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Abstract
We propose a physics-informed machine learning method for reconstructing 3d turbulent wind from partial,
noisy and accumulated over time observations obtained via lidar measurements. This method, which is
optimal in terms of mean squared error, combines Gaussian process regression with a physics-informed kernel
that leverages prior knowledge of the turbulence structure, as provided by the von Karman turbulence model.
The proposed method allows for the incorporation of observations accumulated during the aircraft’s motion.
Furthermore, we demonstrate its robustness when turbulence parameters must be estimated.
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1 Introduction

One of the most promising ways to reduce the environ-
mental impact of future aircraft is to reduce their drag
by equipping them with very high aspect ratio wings.
Unfortunately, due to their size, these wings will be sub-
jected to much greater load stresses, particularly those
caused by turbulence. As these loads could endanger
the structural integrity of the aircraft, one possibility is
to reinforce the wings with additional metal frame but
in this case the added weight would reduce the energy
gain. Another option is to use adaptive wings whose
aerodynamic profile changes in response to turbulent
wind upstream of the aircraft. This method requires an
accurate determination of the three-dimensional (3d)
wind upstream of the aircraft. Wind measurement is
typically performed with a direct detection molecular
lidar located at the front of the airplane in order to de-
tect wind early enough to allow the wings to adjust.
These measurements are taken at points in space along
specific directions from the aircraft, known as lidar axes.
However, these measurements are only partial observa-
tions, that is, the projection of turbulent wind onto the
lidar axes. Furthermore, errors can occur during the
measurement process, this is referred to as measure-
ment noise. Nevertheless, starting from these partial
and noisy observations, we aim to reconstruct the 3d
wind at any point in space.

Reconstruction methods have been developed for turbu-
lences (Fezans et al., 2019; Krishnamurthy, 2023) and
for gusts (Musso et al., 2024). Here we generalize a
method developed in Capmas-Pernet et al. (2026) which
combines, in a static setting, Gaussian process regres-
sion with a turbulence model known as the Von Karman
model. Here we extend this work to define a proce-
dure for estimating the parameters of the Von Karman
model via maximum likelihood estimation. Further-

more, we develop a reconstruction method that takes
into account the observations accumulated during the
aircraft’s flight. This method improves the reconstruc-
tion by taking advantage of the underlying physics of
turbulence. To do this, we will use von Karman’s model
(von Kármán, 1948) for homogeneous and isotropic tur-
bulence as our physical model. Unlike other classical
models, such as the Navier-Stokes equations, this model
is stochastic in the sense that it provides the covari-
ance matrix between the wind velocity vectors at two
points in space. Because of this characteristic, we will
incorporate it into a machine learning method belong-
ing to the class of kernel methods. Furthermore, since
this model incorporates the a priori knowledge of the
turbulence structure we can describe it as a ”physics-
informed kernel”. The method we will use is Gaussian
process regression (or kriging, Krige, 1951) that mini-
mizes the mean square reconstruction error given our
partial and noisy observations. This method is based
on the assumption that the process under study, in this
case the 3d wind, is Gaussian. Finally, as the 3d wind
reconstructed using this method depends on the config-
uration of the lidar axes we will optimize these axes to
minimize the standard deviation of the reconstruction
error which is independent of the measurements.

In Section 2, we present the problem under study. Next,
in Section 3, we introduce the von Karman model, which
will serve as the physics-informed kernel in the Gaus-
sian process regression method in Section 4. Finally, in
Section 5, we will reconstruct the turbulent wind and
optimize the lidar axes, assuming that the aircraft ac-
cumulates observations as it moves. We will see, both
theoretically and numerically, that the oldest observa-
tions eventually cease to have any impact on the quality
of the reconstruction.
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2 Problem modeling

In this section, we review the problem under study as
well as the notation as defined in Capmas-Pernet et al.
(2026). Our objective is to determine the 3d wind v(x∗)
for a point of interest x∗ located upstream of the air-
craft. To achieve this, the aircraft is equipped with
a multi-axis UV lidar. Without going into too much
detail about the physics involved, this is a system for
determining the speed of molecules in the atmosphere.
Thanks to it, it is possible to partially determine wind
speed at several points on each axis. However, this is
an optical system based on the Doppler effect, and it
is therefore not possible to obtain, for a given measure-
ment point, the 3d wind speed at that point, but only
its projection on the target axis, in other words a scalar
quantity.
Let d be the number of axes and ∀i ∈ J1, dK let ai ∈ R3

be a director vector of the i-th axis of the form (see
Fig. 1):

ai =
(
sin(φi) sin(θi), sin(φi) cos(θi), cos(φi)

)T
(1)

with φi and θi ∈ [0, 2π]. On each axis we consider
n measurement points evenly distributed at distances,
in meters, between Lmin and Lmax. For the i-th axis,
∀k ∈ J1,nK, these points are defined as follows:

xki = dkai with dk = Lmin + (k− 1)
Lmax − Lmin

n− 1
(2)

At each point xki ∈ R3 is associated an observation
yki ∈ R (m/s) which is the projection of the 3d wind
vki ∈ R3 at point xki on axis ai plus an error term
εki (in meters) which represents the error made when
measuring the projected wind:

yki = ai
T vki + ϵki (3)

Here vki =
(
(vki)1, (vki)2, (vki)3

)T
where (vki)j = vTkiej .

The measurement noises are assumed to be independent
and identically distributed samples from the distribu-
tion N (0,σ2

ins) where σins ∈ R+ is the measurement
noise. We note Yobs ∈ Rnd the vector containing all

Figure 1: Partial observations on a lidar axis unit vector ai
which is defined by the angles φi and θi . At point xki , at a
distance dk on axis ai , we measure the projection yki of 3d
wind vki onto the lidar axis.

our observations, so that (Yobs)(i−1)×n+k = yki. In the
same way, we stack all our 3d velocities into a vector
V ∈ R3nd :

V =
(
vT11, · · · , vTn1, vT21, · · · , vTnd

)T
(4)

Next we define the projection matrix H ∈ Mnd,3nd(R)1

H =


H1 0 · · · 0

0 H2
. . .

...
...

. . .
. . . 0

0 · · · 0 Hd

 with Hi = In ⊗ ai
T (5)

Our measures can therefore be rewritten as follows:

Yobs = HV + η (6)

With η = (ϵ11, · · · , ϵn1, ϵ12, · · · , ϵnd)T . Given Yobs, our
goal is to estimate the turbulent wind v(x∗) as accu-
rately as possible for a given point of interest x∗. To do
this, we introduce a turbulent wind model that will be
useful in the rest of the study

3 Modeling turbulence using the von
Karman model

The von Karman model (von Kármán, 1948) is a model
commonly used in aeronautics to model homogeneous
and isotropic turbulent winds. This is a special case
of the Reynolds-averaged Navier-Stokes equations ap-
plied to wind turbulence, where the time-averaged ve-
locity is assumed to be zero. Its use is justified by
experimental studies conducted on approximately ho-
mogeneous isotropic turbulence, such as the classic tur-
bulence measurements performed by Comte-Bellot and
Corrsin. These studies justify the use of second-order
isotropic statistics and provide reference correlation func-
tions (Comte-Bellot and Corrsin, 1971). The von Kar-
man covariance is commonly used as an empirical para-
metric model for these second-order statistics, thereby
allowing the behavior observed on large scales and in
the inertial range to be reproduced, see F. dos San-
tos (2022). In particular, F. dos Santos (2022) notes
that the Von Karman energy spectrum is one of the
best-suited models for representing turbulence spectra
in various applications. For two points x and y, this
model tells us that the covariance between the i-th com-
ponent of v(x) and the j-th component of v(y) depends
only on r = x− y according to the formula (Batchelor,
1953; Pope, 2000, chapter 6):

Ri,j(r) = E[vi(x)vj(y)]

= σ2

[
rirj
|r|2

(
f(|r|)− g(|r|)

)
+ δijg(|r|)

]
(7)

with for the von Karman model (see Wilson, 1998, sec-
tion 5):

• ri = xi − yi and |r| the Euclidean norm of r

1the set of matrices with nd rows and 3nd columns.

2



• f(r) = 2
Γ( 1

3 )

(
r
2l

) 1
3 K 1

3

(
r
l

)
• g(r) = 2

Γ( 1
3 )

(
r
2l

) 1
3

[
K 1

3

(
r
l

)
− r

2lK 2
3

(
r
l

)]
• Kα(·) modified Bessel function of the second kind
of order α and δij the Kronecker delta

• σ ∈ R+ characteristic intensity of turbulence (m/s)
and l characteristic length scale of turbulence (m)

To simplify the notation, ∀r ∈ R3 we note:

R(r) ∈ M3(R) s.t.
(
R(r)

)
i,j

= Ri,j(r) (8)

This is the covariance matrix between the wind velocity
vectors at two points separated by a vector r. Finally,
in a similar manner, it is possible to construct Σ ∈
M3nd(R), the covariance matrix of the vector V defined
by Eq. (4).

Σ = (Σi,j)1≤i,j≤nd (9)

Σ(i−1)n+k,(j−1)n+l = R(xki − xlj) ∈ M3(R) (10)

This matrix will be used as a “physics-informed” ker-
nel for wind reconstruction using a machine learning
method called Gaussian process regression.

4 Gaussian process regression with
physics-informed kernel

Gaussian process regression (also known as kriging, in
reference to Krige, 1951) is a non-parametric machine
learning method belonging to the class of kernel meth-
ods, which represents the output data of our model as
realizations of a Gaussian stochastic process. In this
section, we present a modified version of this method
to adapt it to our case study. For the original version,
see Rasmussen and Williams (2006).

4.1 General principle of the method

Assume that our 3d wind follows a centered Gaussian
process with covariance/kernel k : R3 × R3 → M3(R).
More precisely, suppose that V ∼ N (0,K) with K =
(Ki,j)1≤i,j≤nd a block matrix with blocks of sizes 3× 3
such that:

K(i−1)n+k,(j−1)n+l = k(xki,xlj) ∈ M3(R) (11)

In this case, according to Eq. (6), Yobs is a realization
of the random vector Y with distribution:

Y ∼ N
(
0,HKHT + σ2

insId

)
(12)

Since wind is considered as a Gaussian process, for any
point z ∈ R3, v(z) is a Gaussian random variable. From
observations Yobs, we want to construct another ran-
dom variable, v̂(x∗), which is as close as possible to
the 3d wind at the point of interest v(x∗) (for the dis-
tance induced by the inner product (U ,W ) 7→ E[UTW ]
for any two random vectors U and W with squared in-
tegrable Euclidean norm). The only random variable

that minimizes this distance is the conditional expecta-
tion E[v(x∗)|Y ], and our estimator of the reconstructed
wind v̂(x∗) is defined by:

v̂(x∗) = E[v(x∗)|Y = Yobs] (13)

As we assume that

(
V

v(x∗)

)
is a centered Gaussian vec-

tor, and as the measurement noises are Gaussian, cen-

tered and independent, we have that

(
Y

v(x∗)

)
is a cen-

tered Gaussian vector with covariance:(
HKHT + σ2

insId HCov
(
v(x∗),V

)T
Cov

(
v(x∗),V

)
HT k(x∗,x∗)

)
(14)

with

Cov
(
v(x∗),V

)
=
(
k(x∗,x11) · · · k(x∗,xnd)

)
(15)

In the Gaussian case, the conditional expectation is cal-
culated explicitly, and we have:

v̂(x∗) = Cov
(
v(x∗),V

)
HT

[
HKHT + σ2

insId
]−1

Yobs

(16)
Furthermore, it can be shown that:

E
[(
v(x∗)− v̂(x∗)

)(
v(x∗)− v̂(x∗)

)T ]
= Var

(
v(x∗)|Y

)
(17)

Again, the conditional covariance is calculated explic-
itly

Var
(
v(x∗)|Y

)
= k(x∗,x∗)− Cov

(
v(x∗),V

)
·

HT
[
HKHT + σ2

insId
]−1

HCov
(
v(x∗),V

)T
(18)

This covariance matrix is independent of the observa-
tions and if we note by σ2

L,σ
2
T ,σ

2
V the diagonal elements

of this matrix, these three quantities can be interpreted
respectively as the variances of the reconstruction errors
in the longitudinal, transverse, and vertical components
of velocity. Note that the reconstruction error is optimal
only if the observations and the 3d wind at the point
of interest define a Gaussian vector whose covariance
matrix is known. In practice, this is not necessarily the
case, since the covariance function k is only an approx-
imation of the true covariance.

4.2 Physics-informed kernel

The main drawback when using Gaussian process re-
gression method lies in choosing a kernel function k :
R3 × R3 → M3(R) that is suitable for the problem.
In general, classical kernel functions are chosen, such as
Gaussian or Matérn kernels (see Genton, 2001, for more
details), for which the hyperparameters are calibrated
using a maximum likelihood method.
Here, we will choose a kernel function that takes advan-
tage of the a priori knowledge of the physics of turbu-
lence, based on the von Karman model to obtain what
is known as a physics-informed kernel. In this case,
the matrix K corresponds to the matrix Σ defined in
Eq. (9). The von Karman model is an experimentally
validated model, but it provides only the covariance
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of our wind, not its distribution. The choice of the
Gaussian model is motivated by the fact that it allows
for optimal Bayesian inversion. We can see that this
choice is robust even in the case of poor model speci-
fication. Indeed, if we generate our observations from
a wind following a multivariate Student’s distribution,
we observe Table 1 that the empirical standard devia-
tion, obtained with 105 Monte Carlo simulations, of our
reconstruction error on the vertical velocity is roughly
equal to that obtained if the observations were from a
Gaussian wind (i.e., when ν = +∞). Thus, although
our model assumes a Gaussian prior, we observe that a
distribution that differs significantly from the Gaussian
(the Student’s distribution being heavy-tailed) has no
significant impact on the estimate.

Table 1: Empirical standard deviation of the reconstruction er-
ror in vertical velocity when the observations are derived from
a wind generated by a centered multivariate Student’s distri-
bution with covariance Σ and parameter ν. Config 1 is the
optimal configuration shown in Fig. 6(a). For Config 2, the
four axes form a cone with a half-angle of π/3.

ν = 3 ν = 5 ν = 10 ν = +∞
Config 1 0.5893 0.5881 0.5877 0.5877
Config 2 0.6214 0.6256 0.6258 0.6260

In practice, however, we do not have access to the true
values of the turbulence parameters θ = (σ2, l), Eq. (7),
and they must be estimated using a maximum likeli-
hood method.

Let Σθ denote the von Karman covariance matrix ob-
tained by Eq. (9) with parameters θ = (σ2, l). In this
case, (Y |θ) follows a centered Gaussian distribution with
covariance matrix:

Cθ = HΣθH
T + σ2

insId (19)

We seek θ̂ = (σ̂2, l̂) that maximizes the (log-)likelihood
of observing Yobs:

θ̂ = arg max
θ∈R2

+

−1

2
ln
(∣∣Cθ

∣∣)− 1

2
Y T
obsC

−1
θ Yobs (20)

Remark that the gradient of this quantity can be calcu-
lated explicitly, thereby improving the convergence of
the optimization.

Our estimator is then:

v̂(x∗) = Covθ̂(v(x
∗),V )HTC−1

θ̂
Yobs (21)

With this definition, the reconstructed wind is not ex-
actly the conditional expectation given the observations.
In fact, even if we assume a Gaussian wind with a co-
variance matrix given by the von Karman model, the
turbulence parameters are approximated, and the co-
variance matrix in question is not the true one. Thus,
it is possible that, on average, the quadratic reconstruc-
tion error obtained by maximum likelihood differs from
the theoretically minimal error obtained given the true
turbulence parameters. Nevertheless, for the method to
be meaningful, this discrepancy must remain small.

To determine the extent to which the quality of our re-
construction deteriorates when the turbulence param-
eters are unknown we will estimate the reconstruction

2 3 4 5 6 7 8 9 10

Number of points per axis (n)

0.585

0.590

0.595

0.600

0.605

0.610

0.615

0.620

σ
v

(m
/s

)

theoretical std

empirical std with Karman

empirical std with Gaussian

Figure 2: Standard deviation of the reconstruction error for
vertical velocity as a function of the number of measurement
points per axis. The red curve assumes that the turbulence
parameters are known. The blue curve shows Monte Carlo
standard deviations obtained by maximum likelihood estimates
with the Von Karman kernel. The green curve represents the
empirical standard deviation obtained using maximum like-
lihood estimation of the parameters of the Gaussian kernel

k(x , y) = κ2e−λ|x−y|2 I3. For this figure, we use the same pa-
rameters as those in the scenario described in Section 5.3 with
m = 1 and the optimal configuration shown in Fig. 6(a).

error obtained by maximum likelihood using a Monte
Carlo method. We will focus only on the vertical com-
ponent of the velocity because it is the component (with
the transverse component) that will have the most sig-
nificant impact on the aircraft, due to the aircraft’s
aerodynamics. The effect of longitudinal velocity is neg-
ligible compared to the aircraft’s forward speed.

Let N be the number of Monte Carlo simulations, ∀i ∈
J1,NK we generate observations Y i

obs and a wind vi(x∗)
from Eq. (14) using the von Karman kernel, Eq. (8),
with parameters σ2 and l. Next, we estimate σ̂i and
l̂i using maximum likelihood estimation. Then, using
these parameters and Eq. (21), we obtain our recon-
structed vertical wind v̂i3(x

∗), which we compare with
vi3(x

∗), the true vertical wind. The empirical standard
deviation of our reconstruction error on vertical velocity
is then:

√√√√ 1

N

N∑
i=1

(
v̂i3(x

∗)− vi3(x
∗)
)2

(22)

Fig. 2 compares the empirical standard deviations ob-
tained by maximum likelihood with the theoretical stan-
dard deviations obtained from the formula Eq. (18) for
the true parameters σ = 1m/s and l = 750m. Here, the
estimates were obtained using 4×105 Monte Carlo iter-
ations. Numerically, there is just a small difference be-
tween the two curves, obtained by increasing the num-
ber of measurement points per axis, which justifies the
applicability of our method as well as its robustness.
On average, the estimation of the parameter θ slightly
affect the accuracy of the results. Finally, we compare
these results with those obtained by using a Gaussian
kernel for the reconstruction instead of the Von Kar-
man kernel: k(x, y) = κ2e−λ|x−y|2I3. In this case, the
parameters κ and λ are estimated using maximum like-
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Figure 3: Illustration of the aircraft’s motion. At time t0 +
(m − 1)∆t, measurements are taken at points xm

ki

lihood. The empirical standard deviations are consis-
tently lower than those obtained with the Von Karman
kernel. These differences stem from the fact that the
reconstruction model does not match the model from
which the wind is derived.

5 Accounting for the aircraft’s move-
ment

Until now, we have considered observations in a static
setting, however, to improve the results, we will want to
take advantage of the observations made by the aircraft
as it moves.

5.1 Reconstruction with forward movement
of the aircraft

At a given time t0, we have n×d partial/projected mea-
surements of the turbulent wind. However, our aircraft
is in motion and, after a time interval ∆t, it will have
moved a distance ∆x along the x-axis Fig. 1. Thus, if
at time t0 the measurements are taken at the points
{x11, · · · ,xnd} defined in Eq. (2), then after a time
(m − 1) × ∆t the measurements will be taken at the
points (see Fig. 3):

(xm
ki)

1≤i≤d
1≤k≤n where xm

ki = xki + (m− 1)∆x

1
0
0

 (23)

At time tm−1 = t0 + (m− 1)∆t we have n× d×m ob-
servations from which we want to reconstruct the wind
at the point:

x∗
m = x∗ + (m− 1)∆x

1
0
0

 (24)

where the origin of the coordinate system is taken to be
the aircraft’s position at time t0.

Let v̂m(x∗) denote the wind vector reconstructed from
these n × d × m observations in order to approximate
v(x∗

m) at time tm−1. Similarly to Eq. (16), our estima-
tor is defined as follows:

v̂m(x∗) = Cov
(
v(x∗

m),V
)
HT

[
HΣHT + σ2

insId
]−1

Yobs

(25)
The difference lies in the expressions of the matrices H,
V , Σ, and Yobs, which take into account our n× d×m

measurement points. So H ∈ Mndm,3ndm(R), V and
Σ ∈ M3ndm,3ndm(R) et Yobs ∈ Rndm.

Finally, for the von Karman kernel, Eq. (18), the co-
variance matrix of the reconstruction error is:

Var
(
v(x∗

m)|Y
)
= σ2I3 − Cov

(
v(x∗

m),V
)
·

HT
[
HΣHT + σ2

insId
]−1

HCov
(
v(x∗

m),V
)T

(26)

By increasing the number of observations, we expect
to obtain a more accurate reconstruction of the wind.
However, as the number of observations increases, the
matrices involved become larger, which can lead to nu-
merical errors during matrix inversion in Eq. (25). Fur-
thermore, asm increases, the distances between the first
and last measurement points grow larger, resulting in a
decorrelation between the wind speeds at the observa-
tion points. To observe this phenomenon, let us perform
an asymptotic limited expansion of our reconstruction
error in a simple case when the distance between the
point of interest and the aircraft tends to infinity.

5.2 Asymptotic decorrelation

Suppose we have only one measurement x1 located at a
distance d along a normed axis a = (a1, a2, a3)

T , such
that x1 = da. The point of interest is at a distance
r along the axis of the plane: x∗ = (r, 0, 0)T . In this
simplified case, (HΣHT + σ2

ins)
−1 = 1

σ2+σ2
ins

and the

standard deviation of our reconstruction error for ver-
tical velocity (σV ) is given by:

σV =

√
σ2 − 1

σ2 + σ2
ins

(
cov
(
v3(x∗), aT v(x1)

))2
(27)

We wish to determine the asymptotic rate of conver-
gence of the quantity σV as r → +∞.

To simplify the notation, we note:

A(r)
def
=

1

σ2
cov
(
v3(x

∗), aT v(x1)
)

(28)

Hence,

σV ∼
+∞

σ − 1

2
× σ2

σ2 + σ2
ins

A(r)2 (29)

By taking,

• p(r) = −rda1a3 + d2a3

• q(r) = ∥x∗ − x1∥2 = r2 + d2 − 2rda1

We get,

A(r) =
p(r)

q(r)

[
f
(√

q(r)
)
− g

(√
q(r)

)]
+ a3g

(√
q(r)

)
(30)

After expanding the calculations, we obtain:

A(r) =
2

Γ
(
1
3

) (√q(r)

2L0

)1/3 [
K 2

3

(√
q(r)

L0

)
×
√
q(r)

2L0

×
(
p(r)

q(r)
− a3

)
+K 1

3

(√
q(r)

L0

)
× a3

]
(31)
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According to Abramowitz and Stegun (1964) , ∀ν ∈ C,
in the first order, we have:

Kν(r) ∼
+∞

√
π

2r
e−r (32)

In particular K1/3(r) ∼
+∞

K2/3(r) and after some calcu-

lations, we get:

A(r) ∼
+∞

−a3
√
π

Γ
(
1
3

) ( r

2l

)5/6
e−

r−da1
l (33)

Finally, as A(r) → 0 when r → +∞,

σV ∼
+∞

σ − σ2

σ2 + σ2
ins

× a23π

2Γ
(
1
3

)2 ( r

2l

)5/3
e−

2
l (r−da1)

(34)
From this equation, we can determine the optimal axis
when the point of interest is at infinity. Indeed, this
optimal axis lies in the plane (e1, e3), and we simply
need to find a1 ∈ [−1, 1] that minimizes Eq. (34) with
a23 = 1− a21. The solution is given by:

a1 =

−1 +

√
1 +

(
2d

l

)2
× l

2d
(35)

With angular notations (Eq. (1), Fig. 1), the optimal
axis is parametrized by the angles:

θ =
π

2

φ = sin−1

− l

2d
+

√
1 +

(
l

2d

)2
 (36)

We observe that this axis does not coincide with the
axis of displacement of the aircraft to which the point
of interest x∗ belongs. In particular, the closer the mea-
surement point is, the more the optimal axis tends to
be vertical. However, the information provided by the
measurement at x1 is negligible. Indeed, from Eq. (34),
we know that asymptotically, the standard deviation
of the reconstruction error in the vertical velocity (σV )
converges to the characteristic turbulence intensity (σ)
with a convergence rate given in O

(
r5/3e−2r/l

)
.

In Fig. 4, we can see this asymptotic convergence . We
start with an axis a parameterized as in Eq. (1) with
θ = π/3 and φ = π/4; the measurement point is located
at a distance d = 100m. Graphically, we observe that
when the measurement point is approximately 1000m
away from the point of interest, the standard deviation
of the reconstruction error is equivalent to the standard
deviation of the wind without prior information. The
winds at these two points are completely uncorrelated,
and the observation at x1 provides no information about
the wind at x∗. It is therefore not necessary to accumu-
late observations, as the oldest ones eventually cease to
provide any information about the wind we are trying
to reconstruct.

5.3 Angle optimization

If we look closely at the equations Eq. (25) and Eq. (26),
which give the reconstructed 3d wind and the variance

0 500 1000 1500 2000 2500
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0.975

1.000

σ
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Exact result

Asymptotic equivalent

Figure 4: Standard deviation of the reconstruction error in ver-
tical velocity as a function of distance from the point of in-
terest. The blue curve represents the true standard deviation,
and the red curve represents its asymptotic equivalent. Here
σ = 1m/s, σins = 0.1m/s and a is defined by Eq. (1) with
θ = π/3 and φ = π/4.

of our reconstruction error, respectively, we can see that
they depend only on our lidar axes. This is obvious from
the fact that they depend on the matrix H, which is the
projection matrix onto the axes.

We will therefore seek a configuration Θ = (θi,φi)1≤i≤d ∈
[0, 2π]2d on our axes (ai)1≤i≤d Eq. (1) that minimizes
our reconstruction error. The result will depend on
which criterion we choose to optimize. The main cri-
terion we will consider is the standard deviation of the
reconstruction error on the vertical component of veloc-
ity (criterion C1), as this is the one that will have the
greatest impact on the aircraft. However, we can also
consider the error in the transverse component in addi-
tion to that in the vertical component (criterion C2)


C1(Θ) = σV (Θ)

C2(Θ) =
1√
2

√
σ2
T (Θ) + σ2

V (Θ)
(37)

where σV and σT are defined by Eq. (18). To numer-
ically study the optimal reconstruction error, we will
consider a scenario with the following parameters:

• Turbulence intensity: σ = 1m/s

• Characteristic length scale of turbulence: l = 750m

• Instrumental noise : σins = 0.1m/s

• Lmin = 100m, Lmax = 300m

• n = 4, d = 4 and m ∈ J1, 20K

• ∆t = 0.1s and ∆x = 20m =⇒ speed of 720km/h

• Point of interest at 100m from the aircraft

The optimal angles are obtained through numerical op-
timization, in this case using the BFGS method. To
avoid converging to a local minimum, the algorithm is
run multiple times, each time starting from a random
point selected from [0, 2π]2d, and only the best result is
retained. In practice, the computation time required to
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Figure 5: Standard deviation of the reconstruction error in ver-
tical velocity as a function of the number of time steps m for
the cumulative observations. For each m, the result is obtained
using an optimal axis configuration. The parameters considered
are those defined in 5.3.

obtain an optimal configuration is not a limiting factor.
Indeed, once the arrangement of the lidar axes on the
aircraft is chosen, it is final; thus, the optimization is
not a procedure to be performed during flight, unlike
the reconstruction method, which must be applied in
real time. Fig. 5 shows the standard deviation of the
reconstruction error in vertical velocity as a function of
the number of time steps m for the cumulative obser-
vations. For each m, we seek the configuration Θ∗

m(x∗)
that minimizes C1(Θ), and it is this optimal standard
deviation that is plotted on the y-axis. In other words,
the orientation of the axes varies along this curve.

When we increase the number of time stepsm for aggre-
gating observations, we would logically expect our re-
constructed wind to be more accurate. However, we saw
earlier that once measurement points are too far from
the point of interest, they no longer provide any useful
information, according to Eq. (34) and Fig. 4. With
∆x = 20m, we therefore expect that beyond m = 50,
the oldest observations will have no impact. In re-
ality, as can be seen in Fig. 5, this phenomenon oc-
curs much earlier. For our scenario, this occurs around
m = 10. This can be explained by the fact that when
m = 10, the closest observations are located approx-
imately 100m from the aircraft’s position at time t0,
and the farthest ones at a distance of 500m. The point
of interest, meanwhile, is located at a distance of 300m
(relatively to the aircraft’s position at time t0). In other
words, the measurement points encompass the point of
interest, and the information obtained from observa-
tions at more distant points is largely contained within
these points. Fig. 6 shows the optimal axes for criteria
C1 and C2 when m = 1 and m = 10. First observation,
no axis is parallel to the aircraft’s axis. Indeed, with
such an axis, we would be as close as possible to the
point of interest, but at the same time the projection of
the vertical and transverse components of the velocity
onto this axis would be zero, which would provide no
information. In the case of criterion C1, all four axes lie
in the (e1, e3) plane, which is consistent with the fact
that we only wish to reconstruct the vertical velocity.

For criterion C2, the axes are no longer in the same
plane, since we are also seeking to accurately estimate
the transverse velocity, and for optimal axes we obtain
σT = σV . In any case, we consistently observe a 2-by-
2 symmetric arrangement of our axes relatively to the
aircraft’s axis, see Table 2. This is a consequence of the
isotropy property of the turbulence derived from the von
Karman model. Finally, it should be noted that taking
cumulative observations into account significantly re-
duces the standard deviation of the reconstruction error
(by about 40%). Furthermore, our estimator requires
only matrix products and inversions to be computed.
Its algorithmic complexity is O

(
(ndm)3

)
. In our sce-

nario, where n = 4, d = 4, and m = 10 is sufficient, this
poses no problem for real-time computations.

Table 2: Angles (in degrees) between the aircraft’s axis and
each of the 4 lidar axes. The lidar axes considered are the
optimal axes for criteria C1 and C2 with m = 1 and m = 10.

Axis 1 Axis 2 Axis 3 Axis 4
C1 m = 1 37.64 56.88 37.64 56.88

m = 10 35.32 43.41 43.41 35.32
C2 m = 1 48.98 48.98 48.98 48.98

m = 10 31.90 31.90 36.18 36.18

6 Conclusion

We have developed a method for reconstructing 3d tur-
bulent wind from partial and noisy observations that
can take into account measurements accumulated over
time. The proposed method is optimal in the sense that
it is the only function of the observations that mini-
mizes the mean squared error. This method, known
as Gaussian process regression, relies on an appropriate
choice of the covariance function for our observations.
The 3d turbulent wind is thus viewed as a stochas-
tic process whose covariance/kernel function is given
by the von Karman turbulence model. This model is
used as a “physics-informed kernel” in Gaussian pro-
cess regression to take advantage of prior knowledge of
the turbulence structure. The reconstruction method
is robust; on average, an error in the estimate of the
turbulence parameters slightly affects the reconstruc-
tion error. Since the reconstructed wind field depends
on the lidar angles, these angles are optimized to min-
imize the standard deviation of the reconstruction er-
ror. This optimization can be performed after taking
into account that the aircraft accumulates observations
as it moves, thereby improving the quality of the re-
construction. Numerically, for an aircraft traveling at
700km/h, 10 sets of measurements are sufficient, and
an improvement in accuracy of approximately 40% is
observed compared to the static case. Finally, it may
be interesting to generalize our reconstruction method
to non-homogeneous and non-isotropic turbulence.
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