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Abstract

Black-box probabilistic numerical methods offer the tantalising prospect of endowing any (scalar) output
from any (consistent) numerical code with a Bayesian credible interval. The idea is to construct a dataset
containing simulations of increasing precision, and to cast extrapolation of these data to the infinite precision
limit as a prediction task. However, calibrating probabilistic predictions is challenging when working with
a small dataset. For codes with multiple outputs, treating each (scalar) output independently can result
in large variation in credible intervals between outputs whose numerical accuracy ought to be similar. A
principled solution is to formulate a multivariate prediction task, but this requires a statistical model capable
of describing the (possibly complex) multivariate phenomenon being simulated, which goes against the spirit
of the black-box framework. This paper proposes and analyses a simple approach to couple together related
prediction tasks while preserving the simplicity of the black-box framework.
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1 Introduction

Numerical simulations are essential across science and
engineering, enabling prediction, optimisation, and de-
sign for complex systems that are difficult or impossible
to study experimentally. Their value, however, depends
on the trustworthiness of their output: numerical errors
arising from discretisation, round-off, or algorithmic in-
stability can produce precise-looking but misleading re-
sults, undermining the decisions based upon them.

Probabilistic numerics (PN) is concerned with proba-
bilistic uncertainty quantification for numerical tasks,
as has seen success at foundational numerical tasks such
as integration and solving linear systems of equations
(Hennig et al., 2022). However, this has been achieved
by re-inventing numerical methods from the ground-
up, an approach which cannot easily scale to complex
numerical codes that incorporate multiple different as-
pects of numerical approximation. Further, one can-
not simply “replace all instances of classical numerical
methods with PN methods” within a pipeline of code
and expect the probabilistic output to be meaningful,
as this requires specifying an appropriate joint distri-
bution over all unknowns, which is difficult (Cockayne
et al., 2019). As such, there remains a challenge to take
the PN approach to large numerical codes.

The black-boz probabilistic numerics (BBPN) approach
introduced by Teymur et al. (2021) addresses a central
challenge in PN by treating a (consistent) numerical
method as a “black box” and modelling each (scalar)
output f(x) as a function of the numerical tolerances
or step sizes x € [0,00)%, with the aim of inferring
the limiting quantity f(0) corresponding to the exact
quantity of interest. In this framework the function
f is modelled as a realisation of a stochastic process,
so that conditioning on a finite collection of evalua-

tions D = {f(x;)}?_, provides interpretable probabilis-
tic predictions, beyond the observed resolution regime,
for f(0)|D. This perspective was placed on a rigor-
ous theoretical footing by Oates et al. (2024), who for-
malised the approach as Probabilistic Richardson Fx-
trapolation (PRE). In the particular case of a Gaussian
process (GP), which the authors referred to as Gauss—
Richardson extrapolation (GRE), the authors showed
that the conditional mean E[f(0)|D] can be asymptoti-
cally more accurate than the original numerical method,
in close analogy with classical Richardson extrapolation
(Richardson, 1911; Richardson and Gaunt, 1927). How-
ever, for the purposes of this paper the important point
is that BBPN enables principled uncertainty quantifi-
cation while remaining compatible with complex legacy
numerical codes, requiring only black-box access to the
numerical output.

This paper is concerned with uncertainty quantification
for multivariate solver output within the BBPN frame-
work. This setting is important since simulation output
is often rich and structured. For illustration, consider
the dynamical system of Lorenz (1963). Numerically in-
tegrating this system forward with time step = € (0, c0)
produces output {u(t;, x) 1T=1 C R? representing an ap-
proximation to the true state of the system at discrete
time points {t;}-_,. Throughout, z denotes a discreti-
sation parameter to be taken toward O (here, the time
step of the integrator), while ¢ indexes the components
of the multivariate output (here, the simulation times);
this convention is used consistently in what follows.
Though in principle we could take each scalar compo-
nent of this output and apply BBPN using GPs to per-
form uncertainty quantification for the true trajectory
of the Lorenz system, i.e. f(z) = w;(t;;x), this neces-
sitates learning of 3T stochastic processes, each from a
limited dataset. It is well-known that hyper-parameter
estimates are unreliable at small dataset sizes, and this
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Figure 1. Independent versus sequential multi-task GP ex-
trapolation on the Lorenz system. Panels (a) and (b) show
the trajectory of the first coordinate u;(t) with 95% credible in-
tervals; panels (c) and (d) zoom into the extrapolation region
(t > 0.75). The independent GP underestimates predictive
uncertainty beyond the training window, while the sequentially
regularised model maintains well-calibrated credible intervals.

manifests as erratic variation in predictive error bars un-
der this independent approach (left panel of Figure 1).
It is important to emphasise that the Lorenz system
serves only to illustrate multivariate simulator output;
for numerically integrating differential equations, dedi-
cated PN methods should be preferred (Hennig et al.,
2022). Our motivation is to develop BBPN for complex
multivariate simulators that do not easily admit a PN
treatment.

In principle multivariate simulator output can be han-
dled natively within the BBPN framework by construct-
ing an augmented stochastic process model for f(x,t),
where t € T indexes the different (scalar) components
of the simulator output. This approach was explored
briefly in Oates et al. (2024, Section 2.9). Given a
dataset D = {f(x;,)}";, the (multivariate) condi-
tional f(0,-)|D represents a multivariate predictive dis-
tribution for all (scalar) quantities of interest. However,
we find this approach unsatisfactory, as building a suit-
able stochastic process model for f(x,-) : T — R re-
quires a priori knowledge of the simulator output that
goes against the spirit of a “black-box” framework. For
the Lorenz example, this amounts to building a stochas-
tic process to model the solution of the Lorenz system,
which is not entirely straightforward; this could be es-
sentially impossible for numerical simulators producing
complex structured output. As such, it would be desir-
able to find an alternative approach to extend BBPN to
multivariate simulator output, which deliberately avoids
constructing a joint probability distribution over the
variables indexed by 7.

1.1 Our Contribution

This paper proposes a simple-but-useful heuristic to ex-
tend BBPN to multivariate output. Our heuristic is
applicable in settings where the index set 7 can be or-
dered; then we may identify 7 = {1,...,T}.

Further, we assume that the outputs f(-,¢) and f(-,s)

are statistically similar when ¢ &~ s. The reasonableness
of this assumption depends on the context: for com-
plex physical simulations in which ¢ indexes space or
time (or both), the assumption is typically underwrit-
ten by physical constraints, such as continuity of the
continuum quantity of interest—this is the case for the
Lorenz example, where ¢t indexes the (ordered) times at
which the system is simulated. For problems of a more
discrete nature, such as the eigenvalue computation of
Section 4.3, it is a priori less clear whether the assump-
tion can hold, even approximately, though our empirical
results in that setting are encouraging. There is no rea-
son to expect our sequential approach to perform well
when this assumption fails to (at least approximately)
hold; this limitation is discussed further in Section 5.

Our main idea is simple: the miscalibration of independent
predictions stems from unreliable estimation of GP hyper-
parameters from the small per-task datasets, so, assum-
ing a GP model is being used within BBPN, we pro-
pose to regularise the hyper-parameters across the task
index—encouraging the hyper-parameters at task ¢t + 1
to take values similar to those at task t—thereby bor-
rowing statistical strength between related tasks with-
out ever constructing a joint model over T .

This approach is straight-forward to implement and has
complexity O(n®T), linear in the cardinality T of 7. An
example of the output from the sequential method
is shown in the right panel of Figure 1; compared to
independent predictions, our predictive error bars vary
more smoothly and are better-calibrated. Though sim-
ple, we contend that this work represents a necessary
step toward making BBPN a practical solution for quan-
tifying numerical uncertainty in complex multivariate
simulator output.

1.2 Related Work

Statistical models for multivariate functional data are
well-established. Focusing on GPs, notable contribu-
tions include multi-task GPs (e.g. Bonilla et al., 2007)
which, in our notation, construct GP models for f(x,t)
over [0,00)?xT. This approach is equivalent to minimal
norm interpolation in vector-valued reproducing ker-
nel Hilbert spaces (Carmeli et al., 2010; Alvarez et al.,
2012), and also goes under the names of multi-output
GP (MOGP) and co-kriging (Wackernagel, 2003). Ex-
tensions of multi-task GPs to increase expressivity (e.g.
Wilson et al., 2012) and to accommodate multi-resolution
data (e.g. Hamelijnck et al., 2019) have also been con-
sidered. Seeking a compromise between joint modelling
and independent estimation, the semiparametric latent
factor model (SLFM) of Teh et al. (2005) maintains a
small number of latent GPs {g;(x)}7_; and treats the
observable as linear combinations

ft) = () g1(x) + - + cp(t)gp(x) (1)
where both the coefficient functions ¢;(t) and the GPs
gi(x) are to be learned. Our main objection to the
above approaches in the setting of BBPN is that spec-
ifying a suitable statistical dependence model over T
can be difficult; a generic (continuous) covariance ker-
nel is likely to over-smooth parts of complex structured



numerical output. A secondary objection is that the
computational overhead associated with joint modelling
can increase substantially when 7T is a large set, except
perhaps if restrictive assumptions are made on the form
of the joint covariance kernel, or if more sophisticated
computational approximations are used (e.g. Da et al.,
2019).

It is worth emphasising what distinguishes BBPN from
generic multivariate GP regression: the mean and co-
variance structure of BBPN are constructed so that the
convergence of the posterior mean to the quantity of
interest is provably faster than the convergence of the
data on which it is trained, provided sufficient smooth-
ness can be exploited (Oates et al., 2024; Blinded, 2026).
Such convergence acceleration does not occur automat-
ically for a generic multivariate GP model. These theo-
retical guarantees concern the posterior mean and were
established in earlier work; the focus of the present pa-
per is instead on the posterior variance, and how it can
be calibrated in practice for multivariate output.

More broadly, there is a rich literature on multi-fidelity
modelling (see e.g. Peherstorfer et al., 2018), which ap-

proximates high-fidelity simulator output from low-fidelity

output; these methods aim for general usage and do not
explicitly extrapolate to the continuum limit, so for PN,
where the continuum limit is the principal goal, alter-
native frameworks such as BBPN are required.

An equivalent perspective is that we wish to solve multi-
ple numerical tasks, indexed by 7T, using PN. Bayesian
quadrature for multiple related integrals was studied
in Xi et al. (2018), where a joint GP model was con-
structed over the collection of integrands. Solving mul-
tiple related linear systems was addressed through the
lens of PN in Hegde and Cockayne (2025), who assumed
an ordered sequence of tasks and used information from
previous solves to build a preconditioner for the next
task. Our motivation instead derives from complex
numerical simulations for which such “white-box” PN
methods cannot easily be developed.

2 Background

This section presents necessary background, starting
with the sparse PRE approach of Blinded (2026) for
estimating a single (scalar) quantity of interest, in Sec-
tion 2.1, and recalling the role of restricted marginal
likelihood for calibrating uncertainty in Section 2.2. The
challenge of extending sparse probabilistic Richardson
extrapolation (SPRE) to multivariate output is discussed
in Section 2.3.

2.1 Sparse PRE

For BBPN, in this work we employ the recent sparse
PRE (SPRE) method of Blinded (2026). Let 0 € A =
{a;}™, C N& where we adopt the convention that c; =
0. For a numerical method f producing a single (scalar)
output, the idea of SPRE is to model f as a GP, whose

mean function

E[f(x){Ba: € A}] = ) Bax" (2)

acA

depends on unknown coefficients S, which are in turn
assigned an improper flat prior and integrated out, while
the covariance function

Clf (%), f(x)] = k(x, %)

is determined by a symmetric and positive definite ker-
nel k£ to be specified. Compared to a generic GP, the
key distinguishing feature of SPRE is that the index set
A should be selected such that f(x) admits a Taylor ex-
pansion around 0 involving only the monomials indexed
by A. If this can be achieved, then the conditional mean
E[f(0)|D] of SPRE is provably more accurate than the
data on which it was trained. For complex codes which
do not admit a straightforward error analysis, the set
A can be treated as an additional hyper-parameter of
the GP and learned. Compared to the earlier GRE con-
struction of Oates et al. (2024), the SPRE construction
is both simpler and requires fewer data for provable con-
vergence acceleration, especially when the index set A
is sparse; we defer to Blinded (2026) for further detail.

Following standard calculations' the posterior mean and
variance can be explicitly computed. Indeed, let

Va=| z
and also let K := [k(x;, x;)]7,—y, f 1= [f(x:)][oy, k(%) ==
[k(xi, %), and va(x) = [x*]7,. Then, we have
that
E[f(x"){f(xi)}izy] = k(x") TKTH +ra(x") " Ba
VI (i)} = k(" x7) — k(x") TK™'k(x")
Fral) T (VK V) ra(x)

ra(x):=va(x) - VIK 'k(x)
Ba:= (VK 'V, ) 'V K 'f.

In particular we are interested in prediction at x* = 0,
where under our convention v4(0) = e;. Note that
{x;}_, is required to be P4-unisolvent in order for
V K~V 4 to be inverted.

2.2 Calibrating Uncertainty

Since the polynomial coefficients S, are assigned an im-
proper flat prior, we do not have a well-defined marginal
likelihood. Instead we use the restricted marginal like-
lihood (REML) to select a suitable kernel k for SPRE
(Harville, 1974):

$log |K| — 3 log [V K~

prEML(D | 0) exp( - V4|

~ 3TP.A)

1See for instance Section 2.7 of Rasmussen and Williams
(2006).



where P4, = K1 — K’lVA(VIK’lVA)’1V:XK*1 is
the projection matrix that orthogonalises the data with
respect to the polynomial trend.

For the purposes of this work we consider k to be of the
form

ko(x,x') = 0%¢ <”X _g XI)

for hyper-parameters 8 = (log(c?),log(¢)) € R? and a
radial basis function ¢ : [0,00) — [0, 00), though more

sophisticated kernels could also be considered (Rasmussen

and Williams, 2006).

2.3 Extension to Multivariate Output

Extending the SPRE approach to multivariate output
f(x,t) is not entirely straight forward. A simple ap-
proach is to treat each index ¢ € T in turn and fit an
independent GP, calibrating the kernel parameters 6,
in each case using REML as described in Section 2.2
based on the t-specific dataset

Dy = {f(xi,t) } ey

However, the variability of the hyper-parameter esti-
mates obtained using REML leads to high variability
in predictive credible intervals. To illustrate this, we
consider predicting the true solution of the Lorenz sys-
tem at different time points ¢, in each case extrapolating
from data obtained using a numerical integrator run at a
small number of different temporal resolutions (full de-
tails are contained in Section 4.2). The results are illus-
trated in the left panel of Figure 1; predictions made at
consecutive time points can differ substantially in terms
of the length of their predictive credible interval. Fur-
ther, we will show in Section 4 that these independent
credible intervals are over-confident in general.

On the other hand, constructing a joint model for f(x,t)
could be extremely difficult; the complex simulators
that motivate this work return structured output which
is not easily captured by a “generic” GP, and moreover
the computational burden of inference can increase dra-
matically when working with a joint model. This mo-
tivates the development of a simple-but-useful heuris-
tic strategy for multi-output BBPN, which we present
next.

3 Methods

This section presents a simple strategy based on mod-
elling the datasets Dy (t € T = {1,...,T}) as condi-
tionally independent given the hyper-parameters 6.7 =
(601,...,07) of the kernel; this approach obviates the
need to specify statistical dependencies over T, and the
joint log-REML of the full dataset is

L(61.7) = ZlOgPREML(Dt | 0:). (3)

t=1

Then, we aim to “borrow strength” across the outputs
indexed in 7 by forcing hyper-parameters 6; and 6,

to take similar values when considering closely related
outputs t,s € T.

3.1 Global Hyper-Parameters

The simplest way to borrow strength is to learn a sin-
gle global vector of hyper-parameters 8 so that 6.0 =
(0,...,0). Though this pooled optimisation has O(T')
complexity per gradient evaluation—the same asymp-
totic order as the sequential method developed below—
asymptotic order alone does not determine practical
cost, since the optimisation structure, constant factors,
and scope for parallelisation differ between the two for-
mulations. Here we instead consider an embarrassingly
parallel alternative, which first fits hyper-parameters
01.7 by maximising the REML (3), producing an esti-
mator él:T, and then combines these hyper-parameters
to obtain a single parameter vector 0. As a baseline,
we consider the simplest combination strategy via an
arithmetic mean

Finally, predictions are made at each t € T using SPRE
with hyper-parameters 6. This global heuristic will be
employed as a baseline for the sequential method we
develop next.

3.2 Sequential Learning

The global approach has the potential to reduce esti-
mator variance in the small data setting that is typical
for BBPN, but a single fixed choice of 8 could lead to
some predictions being over-confident while others are
under-confident. To address this possibility, we must
allow the 6; to be distinct. Our proposal is to enforce
similarity between hyper-parameters 6; and 6, when
t &~ s, recalling that the index t € T is selected such that
f(-,t) and f(-, s) are expected to be statistically similar
when t =~ s. In practice we achieve this using a hyper-
prior for 81.7 which views (0;)Z_; as a Markov chain,
and then perform maximum a posteriori (MAP) estima-
tion for @1.r. Intuitively, the prior acts as a shrinkage
device: each 6, is informed not only by its own dataset
Dy but also by the datasets of neighbouring tasks, with
the strength of this coupling controlled by the prior.
The approach may thus be understood as a continu-
ous interpolation between the independent and global
extremes, with the appropriate degree of information-
sharing learned from the data.

3.2.1 Gaussian Random Walk Prior

To regularise the kernel hyper-parameters across t € T,
we impose a first-order Gaussian random walk prior on
the state trajectory 6y.7:

011 =0: + €, e ~N(0,Q), (4)

where Q = diag(72,77). Then, with an improper flat
prior on the initial state, p(6;) x 1, the induced prior



over 6.7 is a chain-structured Gaussian Markov ran-
dom field:

T-1
p(01;T) X exp (—; Z(Ot_H — Ot)TQil(OH-l — 0t)> .

t=1

The diagonal structure of Q allows the evolution of the
log-amplitude log o; and log-lengthscale log ¢; to be in-
dependent.

3.2.2 Maximum A Posteriori Estimation

Let A\, = (272)7! and )\, = (277)~!. Combining the
joint log-REML (3) with the Gaussian random walk
prior (4) yields the MAP estimator of the hyperparam-
eter trajectory:

T—1
0.7 = argmax £(91:T) - As (91,t+1 - 91,t)2
011 t=1
ey (5)
“ A D (B — 02,0)7]
t=1

where it can be seen that A, and A\, control the penali-
sation of temporal increments. In the limiting regimes,
Aoy A¢ — 0 recover independent per-time-point esti-
mation, while A\,, \y = 00 recovers the global hyper-
parameter estimation approach.

For the purpose of this work, optimisation is carried out
over 01,7 € R?T using L-BFGS-B (Byrd et al., 1995),
with analytic gradients for the REML. Optimisation
was initialised from the independent estimator, which
maximises only the REML.

3.2.3 Selection of )\, and )\,

The MAP objective (5) involves regularisation parame-
ters A = (Ag, A¢), controlling the smoothness of the log-
amplitude trajectory and the log-lengthscale trajectory.
Since these components may exhibit different degrees of
variability, we treat A\, and )\ as distinct tuning param-
eters and select them jointly by blocked B-fold cross-
validation over the task index, to assess out-of-task gen-
eralisation. For this, we partition 7 into B contiguous,
non-overlapping folds 71, . .., T of approximately equal
size. For A in a finite candidate set A, x Ay, and for
each fold b, the penalised MAP problem (5) is solved on
the training indices T \ Ty, yielding estimates {ét}t¢7’b~
For indices t € Ty, the corresponding hyper-parameters
6, are obtained by linear interpolation in the index vari-
able between the nearest training indices s < t < u,

éf:@+t‘8(@_ég. (6)
uU—s
Under the first-order Gaussian random walk prior, the
conditional expectation E[f; | 85, 0,] is linear in ¢, so
(6) coincides with the posterior mean implied by that
prior. The held-out score for fold b is

Sp(A) = |;'T\ Z log prEML (Dt | ét) :

teTy

Averaging over all B folds yields

S = 2 S,
b=1

and the regularisation parameters are selected as A=
argmaxyep_wa, S(A). The final hyper-parameters ;.7
are obtained by solving (5) on the full dataset with the
selected A. For this work the selection was achieved
using grid search, requiring |A,| |A¢| B MAP optimisa-
tions. Each optimisation involves O(T) evaluations of
REML at cubic cost in the per-task sample size n, yield-
ing overall complexity O(|A, | |A¢| BT n?), with the num-
ber of quasi-Newton iterations an implicit constant. For
typical applications of BBPN, the number T of scalar
quantities of interest can be large (e.g. T ~ 103 — 10°),
while the number n of simulator fidelities is typically
small (e.g. n ~ 10'). A linear complexity in T is there-
fore advantageous, while a cubic complexity in n is not
problematic in this context.

4 Empirical Assessment

The aim of this section is to empirically compare the
independent, global, and sequential approaches to
BBPN. As baselines we also implemented MOGP and
SLFM from Section 1.2, in each case deployed within the
BBPN framework: these models retain the polynomial
prior mean (2) and serve only to replace the covari-
ance structure over [0,00)¢ x T, with predictions still
obtained by conditioning at x = 0. Full details are
contained in Section B.1. Our motivation is complex
numerical simulations where achieving high accuracy is
impractical, but to conduct this assessment we neces-
sarily need to consider simpler simulations for which a
high-accuracy ground truth can be computed.

To this end, two toy examples are considered. The first
is the Lorenz system (Section 4.2); a nonlinear dynami-
cal system which captures some of the features of more
complex dynamical simulations. The second is eigen-
value computation via the QR algorithm (Section 4.3);
a problem from numerical linear algebra for which be-
spoke PN methods have not been developed.

In both cases, the aim is to probabilistically predict the
continuum quantities of interest from finite-resolution
numerical output. Existing work has established theo-
retical and empirical accuracy of point estimators (Tey-
mur et al., 2021; Oates et al., 2024; Blinded, 2026); our
focus is on whether probabilistic predictions are cali-
brated. This requires quantitative measures of calibra-
tion, discussed next.

4.1 Assessing Predictive Calibration

Let y; = f(0,t) denote a true (scalar) quantity of inter-
est that we are attempting to predict, and let

Mt = E[f(07 t)|Dt]7 O—? = V[f(ov t)|Dt]

denote the predictive mean and variance from SPRE,
each for t € 7. From these we can obtain a 1 — «



credible interval

Cli_a(pt,00) = (,Ut — Z21—a/20t, Pt T Z1—a/2 Ut)

where 21_o /2 = 7 (1—«/2) is the (1—a/2)-quantile of
N(0,1). Such predictions are said to be well-calibrated
if their nominal credible intervals achieve the expected
frequentist coverage:

P(yt € CIl—a(Utaot)) =1l-a Vae (07 1)a

where here the probability arises from sampling an in-
dex t uniformly at random from 7. In practice it is too
much to expect BBPN to be well-calibrated, so quanti-
tative measures of miscalibration are needed.

Coverage The actual coverage at nominal level 1 — «
is defined as

T
. 1
Cloa =7 ; Ly € Cli_o(pe, 04)],

and should equal the notional coverage 1 — « if predic-
tions are well-calibrated.

Probability Integral Transform The probability in-
tegral transform (PIT) values u; = ®(z;), where z; =
(y:— 1)/ o+, should be approximately uniform over [0, 1]
when predictions are well-calibrated. Departures from
uniformity can be quantified using the Kolmogorov—
Smirnov statistic

Fr(u) — ul,

Dpr = sup
u€0,1]

where Fr is the empirical CDF of {us}7_;.

4.2 Lorenz System

Our first experiment is the Lorenz system (Lorenz, 1963)
which we previewed in Figure 1. This is a coupled sys-
tem of ordinary differential equations (ODEs)

u(O) = U,

F(u) = (0(U2 —u1), ur(p — uz) — uz, uruz — ﬁu3)T7

with standard parameter values o =10, p = 28, f = %,
and initial condition ug = (-5, 5, 20)T. The quanti-
ties of interest are the solution values u(s;) at T = 40
uniformly-spaced query times s; spanning [0.05,1.00],
indexed by t € {1,...,T}; each scalar component is
treated as a separate extrapolation target and we use
f(z,t) as shorthand.

Experimental Setup To mimic more challenging sit-
uations where numerical accuracy is limited, here we
consider approximation using the forward Euler scheme,

U1 = u;, + 2 F(uyg),

where the time step is © € (0,00). The final output
f(xz,t) represents a numerical approximation to u(s;)
and is obtained by linearly interpolating between the
closest grid points uy and ug41, i.e.

sy —xk

f(.r,t) = uy + (uk+1 — ’U,k) (7)
where 2k < s, < 2(k+1). A high-accuracy reference so-
lution—treated as ground truth—is computed with the
classical fourth-order Runge-Kutta method with step
size = 4 x 107°%, with not-a-knot cubic splines used
to extend the solution beyond the discrete time grid in
place of (7).

Implementation of SPRE For this experiment we
fixed the index set to be A = {0, 1}, based on the first
order accuracy of the forward Euler method.

Each task was extrapolated from n = 12 simulator res-

olutions, corresponding to the step-size grid x € xpase X

{0.4,0.5,...,1.5} with base step size Zpase = 0.01. With
n = 12 design points and |A| = 2, the matrix VK1V 4
remained well-conditioned in all experiments that we
report.

Results The coverage and PIT histograms for all meth-
ods are reported in Figure 2; here we pooled results
for all 3 coordinates of the Lorenz system to produce
a single plot for each method (a break-down of these
results per-coordinate is deferred to Table 1). It can
be seen that global and MOGP led to under-confident
predictive uncertainty in general (e.g. actual cover-
age 35% at nominal coverage 68% for global), while
on the other hand independent and SLFM were over-
confident; only sequential was well-calibrated. Point-
estimation accuracy is also reported in Table 1, where
the root mean squared error of the sequential pos-
terior mean was smaller than that of all other meth-
ods considered. The under-confidence of global can be
attributed to a small number of tasks requiring much
larger predictive error-bars than the rest, typically at
the later simulation times as seen in Figure 1. On the
other hand, the over-confident predictions associated
with independent are well-understood consequences of
estimating hyper-parameters from a small dataset (cf.
Karvonen et al., 2020). The actual estimated hyper-
parameters are displayed in Figure 4, demonstrating
that sequential avoids the substantial fluctuations be-
tween tasks that we see in independent, while also
adapting to different tasks in a manner that global can-
not. The mechanisms for under- and over-confidence,
respectively, in MOGP and SLFM are more complicated,
but this behaviour may be attributable to both hyper-
parameter estimation from a finite dataset and the ad-
ditional difficulty of modelling complex structured mul-
tivariate output with a ‘generic’ GP.

4.3 Eigenvalue Computation

Our second experiment focuses on eigenvalue compu-
tation, a task for which bespoke PN methods are yet
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to be developed. In this example, the index t signifies
the associated eigenvalue index, with ¢ = 1 correspond-
ing to the largest eigenvalue and ¢ = T to the smallest.
The most standard algorithm in this context is the QR
algorithm, which generates a sequence of diagonal ap-
proximations, denoted as ¢;(7), which converge to the
eigenvalues \; of a symmetric matrix as the iteration
count 7 increases. According to the foundational con-
vergence theory (Wilkinson, 1965), the error decay is
governed by

<1. (8)

t

. i i A
@ (1) = X + Cy -1} + O(r7"), "= ‘ ;\H

This formula implies that the convergence occurs expo-
nentially as the number of iterations ¢ is increased.

Parametrisation for SPRE SPRE requires a pa-
rameter x € (0, 00) such that the numerical approxima-
tion becomes exact in the x — 0 limit, and for which
the numerical error admits a polynomial expansion, cf.
(2). To reconcile the exponential convergence of the
QR algorithm with the requirement of a polynomial ex-
pansion, we perform a coordinate transformation on the
design variable:

r=e (9)

where the global decay rate c is empirically estimated.
Substituting (9) into (8) yields:
q(i) = A+ Cy - a/°, ct = —logry,
so that when ¢; is close to ¢, the transformed response
qt(7) converges approximately linearly with respect to z
as x — 0. To select a suitable value of ¢, we perform an
ordinary least squares regression of log|Aq.(7)| against
1, utilizing the median slope across all eigenvalue indices

to ensure robustness against slowly converging compo-
nents (where r, = 1). The original and transformed
datasets are displayed in Figure 5.

Implementation of SPRE In the above parametri-
sation the convergence is approximately linear, and so
for experiment we again fixed the index set to be A =

{0,1}.

Test Problem For empirical validation, we utilize a
2D discrete Poisson—Laplacian operator defined on an
Ixm grid, with | = m = 10 in our experiments, similarly
to Teymur et al. (2021). The analytical eigenvalues for
this system are given by

pm qm
Apg =4 —2cos (l—i-_1> — 2cos <m—|—1> ,

where 1 < p <[, and 1 < g < m, so that we have access
to the exact ground truth.

The (unshifted) QR algorithm was run for 20 iterations
in total, with the fitting window restricted to iterates
i€{3,...,20} (i.e. n =18 data per task); the first two
iterates were discarded as pre-asymptotic transients,
since for the fastest-converging eigenvalues the initial
iterates lie far from the asymptotic regime described by
(8) and would otherwise corrupt the fitted polynomial
trend.

Results Compared to the previous experiment, here
there is greater heterogeneity across tasks; Figure 6
shows representative trajectories together with GP fits
obtained using independent. Faster convergence of
eigenvalue estimates leads to a pronounced linear struc-
ture in the transformed coordinate x, which is favourable
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for being extrapolated, whereas slower convergence of
eigenvalue estimates is more difficult to extrapolate from
the dataset. The resulting differences in both curvature
and uncertainty width across tasks indicate that global
is inadequate, and that 8; should vary with the eigen-
value index t € T.

Figure 3 summarises predictive calibration across all
T eigenvalue tasks. The independent and SLFM ap-
proaches produced pronounced U-shaped PIT distribu-
tions, with coverage falling short of nominal levels (e.g.
actual 47% at the 68% level for independent), reflect-
ing instability in per-task hyper-parameter estimation.
In contrast, global yields a centrally concentrated PIT
distribution, consistent with under-confidence: cover-
age remains above the diagonal at intermediate levels
(actual 85% at nominal 68%), though it aligns rea-
sonably well with the 95% target (actual 97%). The
behaviour of MOGP was more complicated, exhibiting
under-confidence at small and over-confidence at high
nominal coverage. Our sequential method produces
an approximately uniform PIT histogram and a cal-
ibration curve closely tracking the diagonal. Corre-
sponding point-accuracy results are reported in Table 2;
interestingly, independent very slightly out-performed
sequential in root mean squared error (with both out-
performing all other methods), but this small gain comes
at the cost of considerable over-confidence in the asso-
ciated predictive intervals.

The estimated hyper-parameters are displayed in Fig-
ure 7: as with the Lorenz experiment, independent es-
timation produces large spikes in o; and unstable ¢,
whereas sequential yields gradually varying hyper-
parameters across the sequence of eigenvalues, under-
pinning its improved calibration.

Finally, we considered allowing the rate constant ¢; to
be t-dependent: Figure 8 presents GP fits for 15 eigen-
values covering a broad range of rates ¢;, and these fits
are broadly improved relative to Figure 6, suggesting
this additional flexibility may be useful; we leave this

direction for future work.

5 Discussion

Applications of BBPN have to-date been limited by a
lack of effective approaches to handle multivariate out-
put. We showed that a simple, computationally effi-
cient sequential approach to hyper-parameter estima-
tion can deliver reasonably well-calibrated probabilistic
predictions for the limiting continuum quantities of in-
terest. Our principal motivation was settings in which
a realistic joint model for the continuum quantities of
interest is infeasible, but our results suggested that a
sequential strategy may also out-perform explicitly
multivariate methods such as MOGP and SLFM. The prin-
cipal limitation of the sequential approach is its re-
liance on an ordered index set 7 for which f(-,¢) and
f(-,s) are statistically similar when ¢ & s; when this
assumption fails—for example, when the ordering of
T is arbitrary, or when the simulator output changes
abruptly across the index—there is no reason to ex-
pect the regularised hyper-parameters to improve on
independent estimation.

Several extensions merit investigation. The first-order
Gaussian random walk prior (4) was adopted for its sim-
plicity; richer alternatives, such as random walks with a
full covariance matrix Q or vector auto-regressive mod-
els of lag greater than one, would enable more flexi-
ble modelling of the hyper-parameter trajectory, at the
price of additional hyper-hyper-parameters to be esti-
mated from limited data. Replacing the chain-structured
prior with a Gaussian Markov random field on a general
graph would broaden applicability to spatially indexed
simulator output. Finally, allowing task-dependent con-
vergence rates, as explored briefly in Section 4.3, may
further improve calibration for problems exhibiting a
wide range of convergence behaviour.
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A Additional Results for the Lorenz System

This appendix presents the actual estimated hyper-parameters for the Lorenz system experiment, which are con-
tained in Figure 4. Our methods were applied to each of the 3 coordinates of the Lorenz system in parallel, so that
3 sets of results are reported, each a different row in Figure 4. In addition we report detailed summary statistics
for each coordinate in Table 1.

—— Independent =--- Global —— Sequential —-- MOGP SLFM
Amplitude o, Lengthscale ¢,
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Figure 4. Learned kernel hyper-parameter profiles across time for the Lorenz system. Each row corresponds to a state
component (x, y, z). Left column: amplitude O'S); right column: lengthscale ZEA).

Table 1: Predictive performance across coordinates and methods. RMSE: root mean squared error; 68% /95%: empirical coverage
at nominal levels 0.683 and 0.950; Z/s;: mean and standard deviation of standardised residuals (well-calibrated = Z ~ 0, s, = 1).
Best RMSE per coordinate in bold.

Coord Method RMSE 68% 95% K S»
U1 Independent 1.836 x 10”*  0.325 0.650 +0.474 1.782
Global 2929 x 107! 0.825 0.875 40.457 1.795
Sequential 1.822 x 107! 0.775 0975 —0.087 0.825
MOGP 9.929 x 10°'  0.950 0.975 +0.176 0.648
SLFM 7.396 x 1071 0.175 0.825 40.164 2.096
Us Independent 4720 x 107" 0.300 0.575 +0.272 2.325
Global 9.341 x 107'  0.775 0.850 +0.328 2.112
Sequential 4.652 x 10~1  0.725 0925 +0.045 0.954
MOGP 2.034 x10° 0950 0.975 +40.110 0.428
SLFM 1.587 x 10°  0.225 0.750 +0.214 1.747
us Independent 2721 x 10°Y  0.300 0.600 +0.803 1.840
Global 3.614 x 10 0.900 1.000 +0.240 0.543
Sequential 2.643 x 10~Y 0.725 0900 +0.589 0.863
MOGP 1.068 x 10° 1.000 1.000 +0.081 0.175
SLFM 7953 x 1071 0.175 0.825 40.710 1.480
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B Additional Results for Eigenvalue Computation

This appendix presents additional empirical results for the eigenvalue computation task considered in Section 4.3.
The original and transformed datasets are presented in Figure 5. The different nature of the extrapolation problems,
indexed by t, together with the fits provided by sequential, is illustrated in Figure 6. The hyper-parameter values
that were actually selected by each method are displayed in Figure 7. If we instead allow the rate constant ¢; to
be t-dependent, the fits provided by sequential can be improved; a representative selection of these GP fits is
displayed in Figure 8. In addition we report detailed summary statistics in Table 2.

(a) Error Decay per Eigenmode 100 (b) Regression Observation Space
100 4 7 : —— Eigen-trajectories
_ : e— Sampled observations
T 1072 80 6f | -—- Extrapolation target
= 10 X = y
= g ZTsq |
S 6 60 2 S
— 10 £ ° I
S 3 =41
= -8 =2 © 1
w10 S IS ]
) 40 & B 31 :
5 107104 2 LlI,J) 1
° w 24 1
8 10712 20 i
1
< 14 1
10714 4 1
1
25 5.0 7.5 10.0 125 15.0 17.5 20.0 0.0 0.2 0.4 _ 0.6 0.8
QR iteration i x=e"¢

Figure 5: High-dimensional spectral convergence and mapping characteristics (/ = 10, m = 10, n = 100). (a) The error decay
trajectories for 100 eigenmodes illustrate the diversity of convergence rates within the spectrum. (b) Transformation of iterative
estimates into the mapped regression space x € (0,1]. The clustering of trajectories demonstrates the structural consistency
required for robust Gaussian Process extrapolation toward the theoretical limit x — 0 (indicated by the dashed red line).

QR convergence (n =100 tasks, 2-D Poisson Laplacian, /=10, m =10, window i €[3,20]) Fast (task t=1)

81 —— Fast ——- A;=0.1620

—— Medium 0.170 A - 11=0.1595
7 A t = Slow

0.165 -
6 T = e 0.160 'I(
Medium (task t=77)
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Figure 6: Heterogeneous QR convergence and Gaussian process extrapolation. Left: QR trajectories g:(i) for T eigenvalues,
highlighting three representative tasks: Fast (t = 1), Medium (¢t = 77), and Slow (¢t = 85). The shaded region (i < 20) denotes
the observation window used for training; dashed horizontal lines indicate the true eigenvalues ;. Right: GP posterior fits in

the transformed coordinate x = e~ for the highlighted tasks. Solid curves and shaded regions denote posterior means and 95%
credible bands, respectively; circles denote observations. The dashed horizontal line marks the ground truth A;, and [ is the
extrapolated value at x = 0.

Figure 8 presents GP posterior fits for 15 selected eigenvalue tasks (t =4, ..., 18) of the 2D Poisson—Laplacian, using
per-task convergence rates ¢; estimated individually from the observed QR iterates {¢:()}. Each panel displays the
GP posterior mean (solid curve) and 95% credible interval (shaded band) as a function of the transformed input
x = e %, clipped to x < 0.9 to exclude early iterates dominated by transient behaviour. The dashed horizontal
line marks the true eigenvalue )¢, and the star marker at x = 0 denotes the extrapolated prediction together with
its uncertainty. Panels are coloured by convergence rate ¢; (plasma scale), with warmer colours indicating faster
convergence. Panel (a) shows results from the independent method, in which each task optimises its own GP
hyperparameters independently; Panel (b) shows results from the sequential method, in which hyperparameters
are regularised across adjacent eigenvalue tasks via a geometric random walk prior. The sequential method
yields noticeably tighter and more stable posterior intervals across tasks, particularly for those with irregular
convergence behaviour (e.g. ¢ = 6,7,8,15), demonstrating the benefit of sharing statistical strength across the
eigenvalue spectrum.
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Figure 7: Learned kernel hyperparameter profiles across eigenvalue tasks. Each panel shows the estimated amplitude o; (left
column) and lengthscale ¢; (right column) as a function of eigenvalue index i. The sequential model yields time-varying per-task
hyperparameters, while MOGP and SLFM maintain fixed shared values across tasks.

Table 2: Predictive performance on the QR eigenvalue extrapolation problem. RMSE: root mean squared error; 68%/95%:
empirical coverage at nominal levels 0.683 and 0.950; Z/s,: mean and standard deviation of standardised residuals (well-calibrated
= Z=0, s; =~ 1). Best RMSE in bold.

Method RMSE  68%  95% z S»
Independent 1.502 x 10! 0.480 0.760 —0.157 2.571
Global 2433 x 107! 0.850 0.970 +0.030 0.754
Sequential 1.636 x 10~ 0.700 0.910 —0.138 1.850
MOGP 2.264 x 1071 0.680 0.820 +88.4 837.3
SLFM 2.081 x 107 0.350 0.550 —2.238 14.24
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Figure 8: GP posterior fits for 15 selected eigenvalue tasks using per-task convergence rates c;, estimated individually from the
observed QR iterates {qg:(/)}. Each panel shows the GP posterior mean (solid curve) and 95% credible interval (shaded band) as
a function of x = e~ ', together with the true eigenvalue \; (dashed horizontal line) and the extrapolated prediction at x = 0
(star marker). Panels are coloured by convergence rate c; (plasma scale). (a) Independent method: each task optimises its own
hyperparameters independently. (b) Sequential method: hyperparameters are regularised across adjacent tasks via a random walk
prior, yielding tighter and more stable posterior intervals.
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B.1 Implementation

For all experiments in the main text we employed the Matérn—% kernel, for which the radial part is ¢(r) = (1 +
V/3r) exp(—+/3r); (in)sensitivity to this choice is explored in Section C. The hyper-parameter candidate sets A, and
Ay were each of size 20, with values representing a logarithmic grid. A total of B = 5 folds of cross-validation were
used. In addition we implement two ‘generic’ multivariate models as baselines, the details of which we now briefly
report.

MOGP As an example of a multivariate model we consider MOGP. The prior mean was specified in the same
manner as SPRE in (2), and a tensor product covariance function

Clf(x,t), f(X',t")] = ko (x,x") k7 (t, 1),

where the kernel k7 was parametrised as kr(i,j) = [BB" + 107°I; ; for a matrix B that represents an additional
hyper-parameter to be estimated (this is known as the intrinsic coregionalisation model, due to Bonilla et al.,
2007). The tensor product structure allows for a Kronecker decomposition of the full covariance matrix, reducing
the complexity of marginal likelihood evaluations to O(T? + n?). For the experiments that we report, we jointly
optimised the hyper-parameters 8 and B using L-BFGS-B over 5 random restarts, with a coregionalisation rank of
2 (i.e. the number of columns in B).

SLFM As a second baseline we implemented SLFM in (1), with the latent factors g; each modelled as an inde-
pendent GP, with mean again specified in the same manner as SPRE in (2), and Matérn—% covariance k;, with
individual hyper-parameters 8; to be estimated. Consequently, the covariance function has the form

CLf(x,0), f(X, )] =D calt)ea(t' Yo, (x,X')

=1

where the ¢;(t) are additional hyper-parameters to be estimated. For the experiments that we report, we jointly
optimised the hyper-parameters 8; and c; using L-BFGS-B over 5 random restarts. To control the difficulty of the
hyper-parameter optimisation we fixed p = 2, so that SLFM encodes a relatively simple dependence structure over

T.

The code to reproduce our experiments is available in the sequential-spre repository on GitHub.
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C Sensitivity to the Kernel

The aim of this appendix is to explore the (in)sensitivity of our conclusions to the choice of kernel k, which in
the main text was Matérn—%. For this purpose we focused on the Lorenz experiment from Section 4.2. Figure 2 is
reproduced using the Matérn—% kernel in Figure 9. Figure 4 is reproduced using the Matérn—% kernel in Figure 10.
In both cases our conclusions are not substantially changed; the main difference is that MOGP now demonstrates a
mixture of under-confidence (at low nominal coverage) and over-confidence (at high nominal coverage), whereas for
the Matérn—% kernel MOGP was over-confident at every nominal coverage level.

Independent Global ) Sequential MOGP SLFM

1.0
o
0.0 02 04 0.6 08 L0 04 04 0.6 08 1.0

PIT Value PIT Value PIT Value PIT Value

90%

Actual Coverage

=== Perfect Calibration

0.0 02 04 0.6 08 1.0 0.0 02 04 0.6 08 1.0 0.0 02 04 06 08 1.0 0.0 02 04 0.6 08 1.0 0.0 02 04 0.6 08 1.0
Nominal Coverage Nominal Coverage Nominal Coverage Nominal Coverage Nominal Coverage

Figure 9: Calibration diagnostics for the Lorenz system under an additional configuration using a Matérn-5/2 kernel.
Columns correspond to the methods independent, global, sequential, MOGP, and SLFM. Top row: histograms of PIT values,
with the dashed horizontal line indicating the Uniform(0, 1) density. Bottom row: empirical coverage plotted against the nominal
level, with the dashed diagonal representing perfect calibration. The results are consistent with those in Figure 2, with sequential
providing the best-calibrated predictive intervals among the methods considered.
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Figure 10: Learned kernel hyperparameter profiles over time for the Lorenz system under an additional configuration using
a Matérn-5/2 kernel. Each row corresponds to one state component (x, y, z). The left column shows the amplitude aﬁ'), and the

right column shows the lengthscale zﬁ‘). The sequential model yields smoothly varying hyperparameter trajectories over time,
whereas the independent estimates exhibit erratic fluctuations, and the global, MOGP, and SLFM models retain constant shared

values.
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