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Abstract

This paper addresses the challenging computational problem of estimating intractable expectations over
discrete domains. Existing approaches, including Monte Carlo and Russian Roulette estimators, are consistent
but often require a large number of samples to achieve accurate results. We propose a novel estimator,
BayesSum, which is an extension of Bayesian quadrature to discrete domains. It is more sample efficient
than alternatives due to its ability to make use of prior information about the integrand through a Gaussian
process. We show this through theory, deriving a convergence rate significantly faster than Monte Carlo in a
broad range of settings. We also demonstrate empirically that our proposed method does indeed require fewer
samples on several synthetic settings as well as for parameter estimation for Conway-Maxwell-Poisson and

Potts models.
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1 Introduction

We consider the challenge of computing an expectation
over a discrete domain, which can typically be expressed
as an intractable sum to be estimated. More precisely, for
a discrete domain X', an integrable function f: X — R,
and a probability measure P on X with probability mass
function p : X — R, the quantity of interest is:

I=Exe[f(X)] =) fl@)p(x). (1)

reX

In practice, I is typically intractable either because
there are countably many terms (e.g., when X = N),
or because there is a finite but prohibitively large num-
ber of terms, such as the set of all configurations in a
combinatorial structure such as a lattice.

The challenge of estimating I arises for statistical and
machine learning models of discrete data which lack
a closed-form normalization constant, rendering maxi-
mum likelihood training, posterior inference, and model
evaluation computationally intractable. Prominent ex-
amples of unnormalized likelihood models include the
Ising /Potts model for protein sequences (Balakrishnan
et al., 2011) and statistical physics (Baxter, 2016), spa-
tial point processes for ecological and epidemiological
data (Moller and Waagepetersen, 2003), multivariate
count data (Piancastelli et al., 2023), and exponential
random graph models for social networks (Robins et al.,
2007). In Bayesian inference, the intractable constant of
these likelihood models (e.g., a Potts model with large
state spaces) along with the intractable posterior normal-
izing constant leads to the notorious doubly intractable
posterior distributions (Murray et al., 2006).

Despite its broad relevance, surprisingly few methods
exist in the literature for estimating I (in (1)) as com-
pared to its counterpart in the continuous domain. The
most straightforward approach is the Monte Carlo (MC)
method (Rubinstein and Kroese, 2016), where N i.i.d.

samples x1, ..., xn are drawn from P and the intractable
sum is approximated by the empirical average Iuc =
+ Zfil f(2;). Under mild conditions, Iyc is consistent,
however, its convergence rate remains relatively slow,
as MC does not exploit any structural properties of the
integrand f such as smoothness or sparsity. In the contin-
uous domain, a family of approaches has been proposed
that leverage such properties of f and consequently
result in faster convergence rate. Prominent examples
include quasi Monte Carlo (Dick, 2011), Stein variational
gradient descent (SVGD) (Liu and Wang, 2018), clas-
sical cubature methods (Davis and Rabinowitz, 2007),
kernel herding and Stein points (Chen et al., 2010, 2018)
kernel thinning and its variants (Dwivedi and Mackey,
2024, 2022; Li et al., 2024; Carrell et al., 2025), station-
ary points (Chen et al., 2025a), and Bayesian quadra-
ture (Briol et al., 2019)*. In contrast, analogous devel-
opments for the discrete domain are far more limited.

In this paper, we propose a novel approach for discrete
domains called BayesSum. The name comes from the
fact that our approach extends the Bayesian quadrature
algorithm (O’Hagan, 1991; Diaconis, 1988; Rasmussen
and Ghahramani, 2003; Briol et al., 2019) to the com-
putation of intractable expectations taking the form
of sums over a discrete domain X. By leveraging the
structural properties of the integrand f through a prior
Gaussian process (Williams and Rasmussen, 2006) over
X, BayesSum achieves a fast rate of convergence, i.e., we
observe in our experiments that it requires fewer samples
than competing methods to reach the same approxima-
tion accuracy. BayesSum falls within the framework
of Bayesian probabilistic numerical methods (Cockayne
et al., 2019; Hennig et al., 2022) in that it provides
finite-sample Bayesian uncertainty quantification.

In addition to the basic BayesSum algorithm, we in-

!The superior numerical integration performance of points
produced by SVGD and Stein points has been observed
empirically, without theoretical guarantees.



troduce the following variants that further improve its
applicability and efficiency:

1. BayesSum + Bayesian quadrature. BayesSum can be
seamlessly combined with Bayesian quadrature, re-
sulting in a novel algorithm for estimating intractable
expectations over mixed domains with both discrete
and continuous components. Computing expectations
over mixed domains remains largely underexplored
in the literature, with only a few baselines available.

2. Active BayesSum. We propose active BayesSum,
which selects future query locations by maximizing a
utility function, such as expected information gain.
This active learning strategy further enhances the
sample efficiency of BayesSum by only performing
function evaluations at locations most useful for com-
puting the expectation.

3. Stein BayesSum. Similarly to Bayesian quadrature,
a central ingredient of BayesSum is the availability
of closed-form kernel mean embeddings. To this end,
we provide in Table 1 a comprehensive dictionary of
kernel-distribution pairs that admit such closed-form
expressions in the discrete setting. For cases where
closed-form embeddings are not available (e.g., where
P is known only up to a normalization constant), we
propose Stein BayesSum, which leverages discrete
Stein kernels (Yang et al., 2018) to bypass the need
for explicit kernel mean embeddings.

We empirically verify the effectiveness of all of these vari-
ants of BayesSum over several synthetic examples where
we have access to the ground truth of (1) which allows
extensive benchmarking. We then also test BayesSum
in more realistic settings, including to perform param-
eter estimation for a Conway—Maxwell-Poisson model
of count data, and for a large Potts model on a set of
sequences resembling biological proteins.

2 Background and Related Work

In this section, we begin by reviewing existing methods
for estimating intractable expectations over discrete do-
mains. Notably, none of these methods exploit structural
information about the integrand f. Next, we present
Bayesian quadrature, a widely used framework for nu-
merical integration in continuous spaces. Finally, we
introduce Gaussian processes and reproducing kernels
on discrete domains X, which provide the technical
foundations for BayesSum.

2.1 Existing methods

Importance sampling: Beyond the standard Monte
Carlo estimator introduced above, alternative sampling
distributions are often helpful. Importance sampling esti-
mates the expectation in (1) by rewriting the sum under
an easy-to-sample proposal distribution Q with mass
function ¢ that shares the same support as P. Specifi-
cally, I = ¥, v () 58 q(w) = Exglf(X)25]]. This
formulation allows us to approximate I by drawing sam-
ples from Q and averaging the alternative integrand
f(x)p(z)/q(x) (Owen, 2013). The choice of Q is critical
to the variance of the final estimator.

Russian roulette: A specific approach to estimate (1)
over a discrete domain without exhaustively summing
over all configurations in X is to use an unbiased random
truncation scheme, often called the Russian roulette esti-
mator. The key idea is to evaluate the summand only on
a randomly selected subset X/ C X, and to compensate
for the missing terms through appropriately re-weighting
so that the final estimator remains unbiased. In practice,
the Russian roulette estimator is known to suffer from
high variance (Lyne et al., 2015; Hendricks and Booth,
2006). Although it bears similarity to importance sam-
pling, it differs fundamentally by summing over only a
random subset X’ instead of the entire X.

Stratified sampling: Another approach to estimating
(1) is stratified sampling, where the domain is parti-
tioned into M disjoint subsets and | N/M | samples are
drawn from the conditional distribution within each sub-
set, thereby enforcing more uniform coverage of the do-
main (Owen, 2013, Chapter 10). In continuous settings,
quasi-Monte Carlo (QMC) methods can be viewed as a
refinement of stratified sampling, using increasingly finer
partitions that yield low-discrepancy point sets (Caflisch,
1998; Owen, 2003). However, QMC methods are not
directly applicable to discrete domains, as it is unclear
how to construct low-discrepancy point sets in general
discrete spaces. Another limitation of stratified sam-
pling is that it requires a tractable partition of X and
efficient sampling from each partition, which becomes
challenging in domains of high dimensionality.

Kernel thinning: A family of methods closely re-
lated to the estimation of intractable expectations, in
both continuous and discrete domains, is kernel thin-
ning (Dwivedi and Mackey, 2024). Although originally
proposed for compression, i.e., for selecting a small set
of representative samples from a larger collection, the
methods are motivated by numerical integration, re-
ducing to a two-stage procedure of oversampling fol-
lowed by thinning. In particular, KT-Split (Dwivedi and
Mackey, 2022), KT-Split-Compress (Shetty et al., 2022),
Gram—Schmidt Thinning and Gram—Schmidt Compress
algorithms (Carrell et al., 2025) all achieve faster-than-
Monte-Carlo rates for integration error in discrete spaces.
The main distinction, between thinning and quadrature
considered in this paper, is that our setting assumes
access to only N sample points, whereas kernel thinning
begins with a much larger and oversampled candidate
set and subsequently thins it down to N points.

2.2 Bayesian quadrature

The task of estimating I in the continuous setting, i.e.,
I = [ f(z)p(x)dz, using weighted averages of function
evaluations is known as quadrature (Gautschi, 1981).
Quadrature has a long history, and numerous sophisti-
cated methods have been developed (Novak, 2006; Dick,
2011; Bardenet and Hardy, 2020; Sun et al., 2023; Li and
Sun, 2023; Chopin and Gerber, 2024; Chen et al., 2025a).
Of particular relevance to our work is Bayesian quadra-
ture (BQ) (O’Hagan, 1991; Diaconis, 1988; Rasmussen
and Ghahramani, 2003; Briol et al., 2019), in which
the estimator is obtained by integrating the posterior
mean of a Gaussian process (GP). It has been shown
both theoretically and empirically, in the continuous



domain, that BQ estimators attain a faster convergence
rate than standard Monte Carlo (Kanagawa et al., 2016;
Briol et al., 2019; Kanagawa and Hennig, 2019; Kar-
vonen et al., 2020; Wynne et al., 2021; Chen et al.,
2025b); in other words, for a given error tolerance, BQ
requires significantly fewer samples. This improvement
in sample efficiency arises from exploiting the smooth-
ness of the integrand f encoded through the GP prior
covariance. Remarkably, BQ continues to achieve su-
perior performance even when the integrand f is less
smooth than samples drawn from the GP prior, i.e., in
the misspecified setting (Kanagawa et al., 2020). BQ
has been used, for instance, in estimation of normaliza-
tion constants (Osborne et al., 2012), in reinforcement
learning (Paul et al., 2018) and simulation-based infer-
ence (Bharti et al., 2023). It has also been extended to
conditional and nested expectations (Chen et al., 2024,
2025b) as well as multi-output (Xi et al., 2018) and
multi-fidelity settings (Li et al., 2023).

2.3 Gaussian Processes and Reproducing
kernel Hilbert Space on Discrete Do-
mains

Here we briefly recall Gaussian processes and kernels de-
fined on discrete domains, which we will use in BayesSum
to encode prior knowledge about the integrand f.

For a positive semi-definite kernel £ : X x X — R,
its unique associated reproducing kernel Hilbert space
(RKHS) Hy, is a Hilbert space with inner product (-, -)4,
and norm ||-||%, (Aronszajn, 1950) such that: (i) k(z,-) €
Hy, for all z € X, and (ii) the reproducing property holds,
ie. forall h € Hy,z € X, h(x) = (h,k(x,))3,,-

Although kernels defined on continuous domains, e.g.,
Gaussian RBF kernels, remain valid (i.e., symmetric
and positive semi-definite) when restricted to discrete
domains (Steinwart and Christmann, 2008, Theorem
4.16), it is unclear whether the corresponding RKHS
retains the same structural (e.g smoothness) proper-
ties as in the continuous case. For example, on an
open subset X C R? the RKHS of a Matérn kernel
on X C R? coincides with a Sobolev space, consist-
ing of functions with square-integrable derivatives up
to a certain order (Wendland, 2004, Corollary 10.48).
However, when the domain X is discrete, it is unclear
whether such smoothness remains true. An exception
is the Brownian motion kernel kqo(z,y) = min(z,y),
which gives the minimum of the two arguments. On the
discrete domain X = N, its RKHS #j, consists of func-
tions f : N — R satisfying > v [f(n+1) — f(n)]* <
oo (Jorgensen and Tian, 2015), similar to its contin-
uous analogue. If the domain contains 0, however,
then ko(0,y) = 0 for every y, so any Gram matrix
whose design contains 0 has a zero row and column.
We therefore use the shifted Brownian motion kernel
ko(x,y) = ¢+ min(z,y) with ¢ > 0. Indeed, for pairwise
distinct points 0 < z1 < - -+ < xp, its Gram matrix K,
satisfies det(K.) = (¢ + x1) Hf\;(xl —z;-1) >0 and is
thus invertible. The shift adds a constant-function com-
ponent while preserving the increment-based smoothness
encoded by k.

Fortunately, there exist several reproducing kernels which

are explicitly designed for discrete domains. The most
widely used among them is the Hamming distance ker-
nel: for X = {0,1}*, the kernel is k(z,y) = du(z,vy)
where dg(z,y) = Zle 1{z; # y;} represents the Ham-
ming distance between two sequences of length L. This
kernel encodes the prior knowledge that sequences are
more similar if they differ in fewer positions, making
it useful for biological sequences. Another alternative
is the exponential Hamming kernel proposed in Amin
et al. (2023) where k(z,y) = Aexp(—Ady(z,y)) with A
and A being the kernel amplitude and lengthscale. This
kernel encodes similar prior knowledge as above and it
achieves better empirical performances in kernel ridge
regression (Amin et al., 2023), making it the default
kernel in Botorch for categorical inputs (Balandat et al.,
2020). There also exist other kernels defined over dis-
crete domains which are tailored to specific applications;
see Gartner (2008) and Jorgensen and Tian (2015) for
surveys.

Apart from RKHSs, another popular framework built
upon positive semi-definite kernels is Gaussian processes
(GPs) (Williams and Rasmussen, 2006), denoted as
GP(m, k), which is a stochastic process over functions f :
X — R such that every finite collection [f(z1), ..., f(z,)] "
follows a multivariate normal distribution with mean
[m(z1),...,m(x,)]" and covariance [k(z;,z;)]; ; € R™*"™.
One particular application of Gaussian processes over
discrete domains X' (Fortuin et al., 2021) is their use as
probabilistic surrogate models in Bayesian optimization
when the black-box function to be optimized is defined
on discrete domains (Balandat et al., 2020; Ru et al.,
2020; Daulton et al., 2022).

3 Methodology

We are now ready to introduce BayesSum, a Bayesian
estimator for the intractable expectation in Eq. (1), with
N samples x1.xy := [71,...,7x] and corresponding
function evaluations f(z1.x) := [f(z1),..., f(zn)]".

3.1 BayesSum

We begin by positing a GP prior on f. We denote this
prior GP(m, k), with m : X — R a mean function and
k: X x X — R a positive semi-definite kernel function
as reviewed above. Without loss of generality, here we
take m = 0 as any nonzero mean can be absorbed by
centering the observations (i.e., subtracting the empirical
mean). The kernel function k encodes prior knowledge
about the notion of similarity or distance on X (e.g.,
the Hamming distance for biological strings). In this
section, we assume that Exp[y/k(X, X)] < co.

Once a GP prior has been selected and conditioned on
noiseless function values f(z1.5) = [f(z1), -+, f(zn)] T,
we obtain a posterior GP on f which induces a univariate
Gaussian posterior distribution A'(1,2) on I with:

I = pp(z1.n) K f(21.8),
6% = Ex xroplk(X, X")] = pp(z1.n) K pp(21:8).

(BayesSum)

Here, pp(z) = Exp[k(X, )] is the kernel mean embed-
ding, Ex x/~p[k(X,X")] is often called the initial error,
and K = k(z1.n5, 71.x) € RV*Y s the associated Gram
matrix with entries K, ; = k(z;, ;). When the kernel



is finite-rank, so that the associated Gram matrix is
singular (e.g., the linear or Tanimoto kernel), a small di-
agonal regularization term is added to ensure numerical
stability. Beyond the posterior mean, BayesSum also
provides a posterior variance at only marginal additional
cost, which quantifies the epistemic uncertainty due to
the reliance on a finite set of function evaluations—a
perspective rooted in the framework of probabilistic nu-
merics (Hennig et al., 2022). We refer to the proposed
estimator as BayesSum?.

Remark 1. The BayesSum posterior mean and vari-
ance mirror those of Bayesian quadrature exactly. The
only distinction is that our domain X is discrete rather
than continuous. For this reason, referring to the method
as quadrature would be misleading, since quadrature con-
cerns numerical integration over continuous domains.
Given this equivalence, the BayesSum posterior mean
can be written as a weighted sum of function evaluations
Zf\il w; f(x;), where the weights wy.n = pp(z1.y) K1
are optimal in the associated RKHS (Huszdr and Duve-
naud, 2012; Briol et al., 2019).

Computational cost: The computational cost of our
BayesSum with N samples is O(N?), which is much
larger than the O(N) cost of Monte Carlo. Numer-
ous approaches have been proposed in the literature
to reduce the cost of Bayesian quadrature in the con-
tinuous domain: for instance, one can use geometric
properties of the point set (Karvonen and Sarkka, 2018;
Karvonen et al., 2019; Kuo et al., 2025), Nystrom ap-
proximations (Hayakawa et al., 2022, 2023), or randomly
pivoted Cholesky (Epperly and Moreno, 2023). Among
these methods, Nystrom approximations and randomly
pivoted Cholesky can also be applied to the discrete
domain. Moreover, since the BayesSum weights do not
depend on the integrand f, they can be precomputed
once and reused, reducing the computational cost to
O(N) (Chen et al., 2025b, Appendix F.1). See Section 4
for details on how this is implemented in our experi-
ments. Furthermore, in scenarios where the dominant
cost arises from function evaluations (e.g., expensive
computer simulations) or from obtaining samples (e.g.,
Markov chain Monte Carlo), the superior sample effi-
ciency of BayesSum allows it to achieve accurate es-
timates with far fewer evaluations than MC, thereby
reducing the overall computational cost in practice.

Hyperparameter selection: The choice of kernel hy-
perparameters, such as amplitude A and lengthscale A
for the exponential Hamming distance kernel k(z,y) =
Aexp(—Ady(z,y)), is crucial for both the accuracy of
the BayesSum estimator and the calibration of its pos-
terior variance. In our experiments, these are selected
via empirical Bayes, which involves choosing the values
that maximize the log marginal likelihood (Williams
and Rasmussen, 2006) from a predefined candidate set,
e.g., {1.0,10.0,100.0,1000.0} for the amplitude A and
{0.1,0.3,1.0,3.0,10.0} for the lengthscale .

Convergence guarantees: The following theorem
shows that the BayesSum estimator I converges to the

2Despite the similar terminology, this should not be con-
fused with kernel Bayes rule (Fukumizu et al., 2011) or kernel
sum rule (Nishiyama et al., 2020).

ground truth I if f € Hj. To optimize the rate of
convergence, one should use samples at which most of
the probability mass is concentrated.

Theorem 1. Without loss of generality, let X admit
an enumeration X = {x;}52, where the first N samples
{x;}| correspond to the observed samples. Suppose
that Exp[y/k(X,X)] < oo, and that the N samples
{2} are non-repetitive. Then, for any f € Hy, |I —
f| — 0 as N — o0o. Moreover, if there exists a constant
C > 0 satisfying sup,cy / k(z,z) < C, then |I — I <

Cllfllw (1 Ly p(a2))

Proof. BayesSum is a special case of Bayesian quadra-
ture, which is worst-case optimal in Hj. From this it
follows that, for any weights wq,...,wy € R,

52 < Ex xep[k(X, X")] = 20 wipp(a;)
+ 30 wiw k(@i ;). (2)

We refer to Section 2 in Briol et al. (2019) for this result.
Select w; = p(x;). Then it is easy to compute that the
right-hand side in (2) equals >, ;o v k(x4 z;)p(zi)p(z))
and it can be further upper bounded with

6% < Z \/W\/k(ﬂﬁj,xj)P(%)p(Ij)

i,j>N

2
= (Z k:(xz,xz)p(xl)> —0 as N — oco.

i>N

The convergence follows because Y .o | \/k(x;, 2;)p(z;) <
0o. The claim of the theorem follows from Equation (5)
in Briol et al. (2019) that |I — I| < ||f]/3,6. In the
bounded-kernel case, |[I—I| < C| f|lx, (1—211\;1 p(z;)) —
0 as N — oo. O

The example in Appendix C shows that the upper bound
in Theorem 1 is relatively tight. It also shows that
I — I| = O(N—**1) for a probability mass function
with tail exponent «, which improves upon the standard
Monte Carlo rate O(N~'/2) whenever a > 3/2.

Remark 2 (Non-repetitive points). We would like to
highlight that our theory requires mon-repetitive sam-
ples. This is a distinctive feature in the discrete domain,
since in continuous domains the probability of drawing
identical samples is zero. We observe empirically that
repetitive sampling leads to notably larger errors in the
experiments (see Figure 6). We attribute this degra-
dation in performance to two factors: (i) the resulting
Gram matriz becomes singular, and (ii) conditioning the
GP prior on repetitive samples leaves the BayesSum pos-
terior unchanged, providing no additional information.

3.2 Estimate intractable expectations over
mixed domains

BayesSum can be seamlessly combined with Bayesian
quadrature (BQ), resulting in a novel estimator for in-
tractable expectations over mized domains, i.e., domains
that involve both continuous and discrete parameters.
Consider a function f : X x Y — R which takes two



Table 1: Closed-form kernel mean embeddings and availability of closed-form initial errors. A check mark in the final column
indicates that the initial error admits a closed-form expression; a cross indicates that it does not. The available formulas and
derivations are given in Appendix B. @ denotes regularized Gamma function (Silverman and Lebedev, 1972), I, denotes regularized
incomplete Beta function (Silverman and Lebedev, 1972), T, denotes Touchard polynomial function (Touchard, 1939), M, denotes
the generalized Touchard polynomial function, and B, denotes complete exponential Bell polynomial function (Bell, 1934). For the
shifted Brownian motion kernel, ¢ > 0 denotes the constant offset. We omit kernel amplitude A, as it merely rescales the kernel

mean embeddings.

X P Kernel Kernel mean embedding pp(y) Initial error
Nop Poisson(n) ke(z,y) =c+xz Ay c+Y ¥ on 57:]"”' +y(l1 - Q(y+1,m)) v
No NB(7,q) ke(z,y) =c+xz Ay cty— VT8I (t,n+1) v
Ny Log(q) ke(z,y) =c+a Ay R = DO x
No Poisson(n) k(z,y) = (zy+1)" T o (D) y"Tn(n) v
No NB(7,q) k(z,y) = (zy +1)" neo (1)y" Man(7,9) v
7 Skellam (A1, A2) k(z,y) = (zy+1)" o (D" Br(M — Az, A+ (—1)"X2) v
{-1,+1}*  Uniform k(z,y) = exp(—Adu(z,y)) exp(—0.5Xd) [cosh(%)}d v
{0,...,m}* Uniform k(z,y) = exp(—\du(z,y)) (%)d v
{0,1}¢ Uniform k(z,y) = m See Appendix B v

inputs: x € X is a discrete input (e.g. natural numbers)
and y € ) is a continuous input (e.g. real vectors). Let
P be a probability measure over this mixed domain and
the target of interest in this setting is an intractable
expectation over the mixed domain:

I =Ex y)~e[f(X,Y)]. (3)

Following the same framework as BayesSum, we place a
zero-mean Gaussian process prior GP(0, k) on f with a
kernel function k : (X x Y) x (X x V) — R. One valid
option to construct a kernel k over the mixed domain
is to take the product of two kernels ky : X x X - R
and ky : Y x )Y — R. Conditioned on N noiseless
evaluations f(z1.n,y1:8) = [f(z1,91), ..., f(@n,yn)] T,
the GP posterior induces a univariate Gaussian posterior
on [ with the following mean and variance:

Ii=pp(rry, yin) K f (@0, y1n), (4)
52 = ]E(X’y)’(x/’yl)w]p[k'x(x, X/)ky(Y, Y/)]
— pp(r1n, 1) T K (2, Y1) (5)

Here, pp(r1.8,91:8) = Eplkx (X, z1.8)ky (Y, y1.8))] 18
the kernel mean embedding and K = kx(z1.n,21.8) @
ky(y1:n,y1:n) where ® denotes the element-wise prod-
uct of matrices.

3.3 Closed-form kernel mean embeddings

Despite the claimed advantages, a key limitation of
BayesSum is the need for closed-form kernel mean em-
beddings pp and initial error. While a dictionary of
such embeddings and initial error is available in con-
tinuous domains (Briol et al., 2025), we now provide
a complementary (non-exhaustive) dictionary for pairs
of kernels and distributions over the discrete domain
in Table 1. Beyond the distributions listed in Table 1,
closed-form embeddings and initial error can also be
derived when P can be expressed as the push-forward of
a distribution using the standard ‘change-of-variables’
technique (Chen et al., 2025b). In addition, one can
also construct kernels with closed-form embeddings for
a wider class of distribution P—including those that are
known up to its normalizing constant—via the Stein re-
producing kernel (Yang et al., 2018). We call BayesSum
with Stein reproducing kernels Stein BayesSum.

Let X be a finite discrete domain. Given a base kernel
k: X x X — R, the Stein reproducing kernel associated
with the mass function p can be constructed via a dis-
crete Stein operator (Shi et al., 2022). We focus on a
particular discrete Stein kernel based on the difference
Stein operators (Yang et al., 2018):

kp(@,2) = 5,(@) k(z,')s,(2’) — s,(0) AL k(z,2)

— Abk(z,2') T sp(a’) + trace (A} . k(z, 7)) . (6)

Here, A and A* are partial difference operators defined

with respect to a cyclic permutation and an inverse cyclic

Agp(x)
. . . p(x) .

function associated with the mass function p. Notably,

sp is accessible even when p is known only up to its
normalization constant. See Appendix A for detailed
definitions. The Stein kernel £, is a positive semi-definite
reproducing kernel from X x X to R.

permutation, and s,(x) = is the difference score

A nice property of the Stein kernel by its construction
is that the kernel mean embedding up(z) = 0 for any
x € X. However, this means our GP prior on f encodes
beliefs that the intractable sum in (1) has mean zero
when the GP prior mean m = 0. To weaken this, we
place a hierarchical flat prior on the GP prior mean (Kar-
vonen et al., 2018), which results in the following esti-
mator, referred to as Stein BayesSum.

I:=(0"K ') "1TK 'f(x1.n), (Stein BayesSum)
52 = (1TK 1)~ L.

Here, K = ky(z1.n,21.8) € RNVXN g the associated
Gram matrix of the Stein kernel and 1 € RY is a vector
with all entries equal to one. A similar form of the
estimator for numerical integration in the continuous
domain has been adopted in Karvonen et al. (2018, Sec-
tion 2.3) and Oates et al. (2017, Lemma 3). Previous
Bayesian quadrature methods based on Stein kernels, e.g.
Chen et al. (2024, Appendix B.2), introduce an addi-
tional additive constant ¢ into the kernel. This constant
is treated as a kernel hyperparameter and optimized by
maximizing the log-marginal likelihood, which results in
a higher computational cost compared to our estimator.
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Figure 1: Comparison of BayesSum / active BayesSum against baselines: Monte Carlo SMC), Russian roulette (RR), importance

sampling (IS) and stratified sampling (SS). The reported results are absolute error on (a

Poisson distribution (Left), (b) uniform

distribution over X = {0, 1,2}" (Middle) and (c) un-normalized distribution characterized by a Potts model (Right). Results are
averaged over 50 independent runs, while the shaded regions give the 25%-75% quantiles.

3.4 Active BayesSum

Rather than relying on a fixed set of samples, active
learning can provide a principled framework for sequen-
tial sample selection, where future query locations are
chosen to maximize a user-specified wtility function. A
natural choice for this utility is the expected information
gain, which has been shown to substantially improve
sample efficiency over naive randomized sampling in
Bayesian quadrature (Gunter et al., 2014; Osborne et al.,
2012; Gessner et al., 2020). In our setting, the same
utility can in principle be used to guide sample selec-
tion. The primary challenge, however, lies in solving the
resulting optimization problem over a discrete domain.

Let D := {x;, f(z;)}X, denote the set of observed sam-
ples. Under a GP prior with mean m = 0 and covariance
kernel k: X x X — R, the posterior GP conditioned on
D has some mean 7 : X — R and covariance k(z, 2') :=
k(z,2') — k(z,21.8)k(21.8, 21.8) " h(21.5,2"). Recall
from Section 3 that the BayesSum estimator induces
a univariate Gaussian posterior distribution N'(I,52).
As a result, the mutual information between I and a
new observation f(z*) admits the following closed-form
expression (Gessner et al., 2020):

L og (1 _ (]EXNP[k(X,m*)])z)

62k (z*, x*)

The main challenge is to identify the optimal next
query z* € argmax,cy a(x) over the discrete domain
X, where standard gradient-based optimization is not
applicable and exhaustive evaluation of the utility across
the entire X is expensive. In our experiments, we select
next query by maximizing a(x*) over a randomly chosen
small subset Ay,p, C X through exhaustive evaluation.
Although straightforward, this approach may miss the
optimal next query. Another widely used alternative is
to maximize the expected utility under an auxiliary dis-
tribution on X, parameterized by continuous variables
9 (Daulton et al., 2022; Swersky et al., 2020).

4 Experiments

We now illustrate BayesSum across a range of appli-
cations, including several synthetic examples, a Con-
way—Maxwell-Poisson model trained on count data, and
a large Potts model trained on a set of sequences re-
sembling biological proteins. The code to reproduce all
our experiments is available at https://github.com/
seulkang0518/BayesSum.

4.1 Synthetic data

First, we consider toy synthetic settings with the follow-
ing pairs of function f and distribution P:

(a): P is a Poisson distribution over X = Ny with rate
parameter 7 = 30 and f(z) = exp(—(x — 15)2/8).

(b): P is a uniform distribution over the state space X =
{0,1, 2}L and f(z) = exp(—f Zf:l hiz;—p ZiNj sz(xz*
x;)). Here, x; * x; denotes an element-wise product be-
tween their one-hot encoded vectors and ¢ ~ j denotes
adjacent positions on a L x L grid. The dimensionality
of the original configuration space is d = L, and it be-
comes d = 3L after one-hot encoding. We set h; = 0.1,
Jij = 0.1 and 8 = 1/2.269 following Moores et al. (2020).

(c): P is a distribution specified by a Potts model over
the state space X = {0,1,2}% where the probability
mass function, known up to its normalization constant,
is p(x) o exp(—p 25:1 hizi—B 3 ; Jij(xixx;)) where
weset h; = 0.1, J;; = 0.1 and § = 1/2.269 as above. The
integrand function f(z) = (1 + exp(—+ Zle x;)) "L

(d): P is the product of a uniform distribution over
X =[-1,1] and a uniform distribution over J) = {—1 +
0.1253 j = 0,1,...,16}2. The dimensionality
of this problem is d = 3. The function f(z,y) =
—20exp[—0.2|(1 4+ 0.1y; + 0.1yz)z|] — exp|cos(2mx(1 +
0.05y% + 0.05y3))] + 20 +e.

Cases (a)—(d) cover all the various settings in which the
proposed BayesSum methods in Section 3 are applica-
ble: (a) intractable expectations over countably infinite
domains; (b) expectations over finite but combinatori-
ally large domains; (c) expectations over combinatori-
ally large domains where the underlying distribution
is known only up to a normalization constant; and (d)
expectations over mixed domains. To enable extensive
benchmarking against baseline methods, we set L = 15
in cases (b) and (c), ensuring that the total number
of possible states 3'° ~ 107 remains computationally
manageable such that the target expectation in (1) can
be computed exactly by explicitly summing over all pos-
sible states. For case (a), we truncate the infinite sum
at x = 200 and treat this value as the ground truth, as
both the integrand f(z) = exp(—(z — 15)?/8) and the
Poisson distribution decays exponentially fast. Case (d)
admits a closed-form expression for its ground truth.

Regarding kernel choices for our BayesSum and active
BayesSum, we employ the shifted Brownian motion
kernel k.(x,y) = ¢+ min(z,y) with ¢ = 1 in (a); an
exponential Hamming distance kernel in (b); a Stein
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Table 2: Comparison of empirical convergence rate of different
methods. For each method, we report the estimated a > 0
such that the integration error scales as O(n~%). Larger values
indicate faster convergence.

Method Poisson Uniform Potts
MC 0.455 0.530 0.540
RR 0.335 0.515 —
SS 0.454 0.552 —
IS 0.515 0.545 —
BayesSum 7.322 1.139 1.800
Active BayesSum 7.706 1.251 —

reproducing kernel built upon the exponential Hamming
distance kernel in (c¢); and a product of the Gaussian
kernel over the continuous domain and the exponen-
tial Hamming distance kernel over the discrete domain
in (d). Closed-form expressions for the corresponding
kernel mean embeddings are provided in Table 1. For
benchmarking, we compare against Monte Carlo (MC),
Russian Roulette (RR), importance sampling (IS), and
stratified sampling (SS). In cases (a), (b), and (d), Monte
Carlo samples are drawn independently with replace-
ment, whereas BayesSum samples are drawn without
replacement. This distinction is intentional: duplicate
samples can lead to singular Gram matrices in BayesSum,;
see Figure 6 for a comparison. By contrast, standard
Monte Carlo sampling is performed with replacement
to preserve its unbiasedness. In case (c), samples for
both BayesSum and MC are drawn from an unnormal-
ized distribution using Metropolis-Hastings (Gelman
et al., 1995, Chapter 11). The empirical performance is
reported by the mean absolute error with respect to the
ground truth. Details can be found in Appendix D.

From Figure 1 (Left) (Middle) (Right) and Figure 2
(Left), we observe that BayesSum achieves much smaller
absolute errors than baseline methods for the same num-
ber of samples over all benchmarks from (a) to (d). This
strong performance stems partly from the choice of ker-
nel that encodes prior knowledge of the function f; in
(a) the Brownian motion kernel captures smooth varia-
tions over the inputs, in (b)(c) the Hamming distance
kernel captures smooth variations of f across similar
discrete sequences, and in (d), the product kernel jointly
characterizes smoothness over the continuous domain
and similarity over the discrete domain. We also ob-
serve that active BayesSum can further improve the
sample efficiency of BayesSum, by selecting the next
query point that drives the largest reduction in posterior
uncertainty. We also compare in Figure 6 the perfor-
mance of BayesSum with repetitive versus non-repetitive
samples. We observe that repetitive sampling leads to
larger errors, consistent with Remark 2.

To further illustrate the sample efficiency, we estimate
the empirical convergence rate of all methods by per-
forming a linear regression in log—log space between the
number of samples and the mean absolute error. Note
that for Poisson distribution, the rate is obtained with
many more samples than plotted in Figure 1 (Left).
We observe that MC, RR, SS, and IS all exhibit sim-
ilar convergence rates around 0.5. This is consistent
with the central limit theorem for i.i.d. samples, as
well as for samples drawn from a well-mixed Markov

chain (Owen, 2013). In contrast, Table 2 shows that
both our BayesSum and Active BayesSum achieve sub-
stantially faster rates of convergence, confirming their
superiority in sample efficiency.

In Figure 2 (Middle), we also study the performance of
BayesSum, active BayesSum in case (b) with increasing
dimension d. We observe that the performance margin
over the baselines gets smaller as d increases. This is
expected, since Bayesian quadrature and Gaussian pro-
cess are known to suffer in high dimensions (Chen et al.,
2024; Briol et al., 2019), and a similar phenomenon is
anticipated in discrete domains. We also study the cali-
bration of the BayesSum posterior variance in Figure 5.
We observe that the posterior variances for the uniform
distribution over {0,1,2}¢ in case (b) and the mixed
distribution in case (d) are well-calibrated, whereas the
posterior variance for the Poisson distribution in (a) and
for the Potts model in (d) are underconfident. This be-
havior arises because the Brownian kernel and the Stein
kernel are unbounded or have large kernel magnitudes,
which leads to inflated posterior variances even with
carefully tuning.

4.2 Parameter estimation for unnormalized
models

Conway—Maxwell-Poisson model for count data:
The Conway—Maxwell-Poisson (CMP) distribution is
a generalization of the Poisson distribution over X =
N (Conway, 1961), which has been widely used for count
data in a wide range of fields including transport, fi-
nance, and retail (Inouye et al., 2017; Benson and Friel,
2021; Sellers and Shmueli, 2010). The CMP distribution
has two parameters (61,603) € (0,00) x [0,00) and its
probability mass function p(z; 61, 62) is known only up
to a normalization constant Z(61,0s):

0% (x!) =02

p($§91792) = m7

X

Z(917 (92) = enOEXNPoisson(no) l(z;) (X!>1_92] .
Our goal is to model the sales dataset of Shmueli et al.
(2005) with a CMP distribution with parameters (61, 62).
To estimate these parameters via gradient-based maxi-
mum likelihood, it is necessary to compute the normaliza-
tion constant Z(61,62). To enable the use of BayesSum,
we first rewrite the normalization constant Z(61,62) as
an expectation under a Poisson distribution with rate pa-
rameter 7o: Z(ala 92) = enoEXwPoisson(ng)[%(X!)1_02]7
where 7]y is set to be the empirical mean of the data. The
key reason we write the normalization constant as an
expectation with respect to a fixed distribution is com-
putational: we only need to draw N = 10 samples with-
out replacement and to compute the BayesSum weights
wy.n = pp(71.5) K once at initialization. We use the
shifted Brownian motion kernel k.(x,y) = ¢ + min(x, y)
with ¢ = 1, which admits a closed-form kernel mean
embedding up.

With this approximation, the parameters (6;,62) are
then updated via gradient descent on the estimated neg-
ative log-likelihood using a learning rate of 1 x 1073
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Figure 2: Left: Comparison of BayesSum+BQ and MC over the mixed domain. Middle: Comparison of BayesSum and active
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Figure 3: The optimization trajectory of training CMP model
with normalization constant estimated via BayesSum and MC.
for 800 iterations where convergence is empirically ob-

served. For comparison, we perform the same training
procedure, but with Z(61,60s) approximated instead by
a Monte Carlo estimator ZMC(Gl, 03) with N = 30 sam-
ples at each iteration. As shown in Figure 2 (Right),
maximum-likelihood training with ZBQ yields parame-
ters (01, 02) that better capture the true distribution of
the sales dataset than those obtained with ZMC. This
improvement arises because our BayesSum provides a
more accurate estimate of the normalization constant
even with fewer samples, and consequently, of the gradi-
ent of the log-likelihood at each iteration. This can be
further reflected in Figure 3 where we plot the optimiza-
tion trajectories of (61,602) for BayesSum and Monte
Carlo. The computational time is 4.2s for BayesSum
and 4.0s for Monte Carlo.

Potts model for sequence data: The Potts model is
a popular model for protein sequences due to its explicit
representation of pairwise couplings where mutations at
one site are often compensated by changes at another.
Formally, the Potts model defines the likelihood of a
sequence x = [r1,...,21] € {1,2,..., S} as

exp (ZiL:1 Bhiwi + 3.5 Bij (i * xj))
Z(0)

p(x;0) =

L
Z(0) :Zexp Zﬁhixi-‘rZﬁJij(xi*mj) - (M

invj

Here, the parameter vector @ consists of two components:
h = [hy,...,hr]"T € RE, which denotes the marginal
fields, and J = [J; ;] € RE*E | which encodes the pairwise
interaction strengths between x; and x;. The symbol *
denotes an element-wise product between their one-hot
encoded vectors. 5 = 1/2.269 represents the inverse
temperature. The normalization constant Z(0) is the
sum over ST terms, which quickly becomes intractable
as S and L grow.

We train the Potts model via maximum likelihood using
2000 protein sequences of length L = 15 generated as
follows: each symbol is independently drawn from the
alphabet {1,2,3} with probabilities {0.4,0.4,0.2}. After
one-hot encoding, the total dimension of the problem

becomes d = 15 x 3 = 45. As with the CMP distribution
above, we perform gradient descent on the log-likelihood
and estimate the intractable normalization constant Z
at each iteration. To this end, conditioned on a sample
a’ from the last iteration, we draw [N/M| samples from

a product distribution Hle pj(z; | «') with

p;(z; | 2’;h, J) := softmax(Bh; + BZ Jij (@ % x5)).

i~vj

This product distribution is motivated by the pseudo-
likelihood approach, which replaces the joint distribu-
tion with a product of conditional distributions (Eke-
berg et al., 2013). We repeat this procedure for M
independent choices of z’, yielding a total of N sam-
ples. Then, we approximate Z () using our BayesSum
estimator ZBQ from these N samples. With this ap-
proximation, we are able to optimize the parameters
h,J by performing gradient descent on the estimated
negative log-likelihood, using a learning rate of 1073 for
2000 iterations until convergence is empirically observed.
For comparison, we repeat the same procedure as above
yet with Z(6) estimated by a Monte Carlo estimator
Znc from the same N samples as BayesSum at each
iteration.

In Figure 4, we compare the two Potts models trained
using the above two procedures measured in terms of the
squared discrete kernel Stein discrepancy (KSD?) (Yang
et al., 2018) with respect to the true data generating
distribution. Figure 4 shows that the final Potts model
trained with ZBQ attains much lower KSD? than the
model trained with ZMC, both under an equal com-
putational budget in wall-clock time (top) and under
an equal number of samples (bottom). This result is
consistent with case (b) of the synthetic experiments,
demonstrating that the benefit of employing a more
accurate estimator of the normalization constant would
translate into a better-trained model.

5 Conclusions

In this paper, we introduced BayesSum, a novel al-
gorithm for estimating intractable expectations over
discrete domains. BayesSum offers improved sample
efficiency and provides finite-sample uncertainty quan-
tification for its estimates, making it particularly attrac-
tive in scenarios where obtaining samples or function
evaluations are expensive.
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Supplementary Material

A Details on Stein reproducing kernel over the discrete domain

Let X be a finite discrete domain with an ordering z[!, 22 ... z[¥ll. Define the cyclic permutation operator
- : X — X and its inverse operator — : X — X by —zll = gl mod | Xl gpnq —gli] = g(i=1) mod [X]] {51 any
i=1,2,...,|X]. It follows immediately that these operators are inverses of each other, i.e. =(—z) = —(—z) = z for
any x € X.

Given a cyclic permutation - on X, for any vector x = [x1,...,z3]" € X" define —; as a cyclic permutation of the
i-th location —x := [x1,...,Zi_1, Ti, Tit1, . - -, xh]T. For any function f : X" — R, define the partial difference
operator as A, f(z) := f(x) — f(—~z), i=1,...,d, and write A, f(z) = [Ay, f(2),..., A, f(z)]T € R". The
difference score function is defined as s,(z) := A;(’;()m ). As such, we assume that p has full support on X”, that is,

p(x) > 0 for all x € X".t Similarly, for the inverse cyclic permutation —, define the associated partial difference
operator as: A% f(z) := f(z) — f(~x), i=1,...,h, and write A} f(z) = [A} f(2),..., A} f(z)]T € RY The
superscript * arises because A% is the adjoint operator of A, with respect to the standard ¢; inner product over X'".

B Derivations of closed-form Kernel Mean Embeddings

In this section, we provide detailed derivations of all the closed-form kernel mean embeddings in Table 1.

Poisson distribution and Brownian motion kernel Consider a Poisson distribution whose probability mass
/,](E 67’77
!

function p(z) = T=— for any = € Ny, and the shifted Brownian motion kernel k.(z,y) = ¢ 4+ Ay with ¢ > 0. The
kernel mean embedding can be computed as: for any y € Ny,

pe(y) = (e 4+ minr, )
=0 :

— T

et & e~y
' I+Zy'x!

[
o
+
(]
8

x!
=0 r=y+1
Yy _ o0 —
e m” e m”
st oty ),
=0 r=y+1
y ey
= e+ Yw Ty P>
=0
y _
e m”
=ct Yz ——+y (1= Q+1.1),
=0

where @) is the regularized gamma function and it admits efficient computation in python SciPy package.
The initial error can be computed as:

Ex x~plke(X, X)) =c+ > Y min(m,n) - P(X =m) - P(X' =n)

m=0n=0

(oo}
=c+ Y _ P(min(X,X’) >r)
r=0

:c+ZP(X>T,X'>T)
r=0

— e+ Y PX > =c+ Y (1-QUr+1,n)°,
r=0 r=0

which would involve an infinite sum over regularized gamma function and does not admit a closed-form expression.
In the experiments, we truncate the above infinite sum with first 100 terms.
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Negative binomial distribution and Brownian motion kernel Consider a negative binomial distribution
NB(7, ¢) whose probability mass function P(X = x) = (**77")(1 — ¢)*¢" for any x € Ny, and the shifted Brownian
motion kernel k.(z,y) = ¢+ x Ay with ¢ > 0. The kernel mean embedding can be computed as: for any y € Ny,

o0 Yy y—1
wp(y) = c—|—Zmin(z,y)-P(X =z)=c+ ZP(X >k)=c+y-— Zlq(T,k+ 1).
=0 k=1 k=0

Here, I, denotes the regularized incomplete Beta function, which can be computed efficiently with the Python
package SciPy. The initial error can be computed as:

Ex xrmplle(X, X)) =c+ > (1—I,(r,m+1))*.
m=0

which unfortunately is another infinite sum that does not admit a closed-form expression. In the experiments, we
truncate the above infinite sum with the first 100 terms.

Logarithmic distribution and Brownian motion kernel Consider a logarithmic distribution Log(q) whose
probability mass function is given by P(X =z) = —m . % for any = € Ny, and the shifted Brownian motion
kernel k.(z,y) = ¢+ min(x,y) with ¢ > 0. The kernel mean embedding can be computed as: for any y € N,

Mp(y):c+Zmin(x,y)~P(X:x):c+Zx~P(X::17)+y Z P(X =ux)

r=y+1
1 Y > q~
. _ x Pl
- In(1—gq) Zq ty Z x

r=1 rz=y+1
1 Sy
_C+y+ln(1—q)nz::l n '

Unfortunately, the initial error Ex x/p[k.(X, X’)] does not admit a closed-form expression.

Poisson distribution and polynomial kernel Consider a Poisson distribution whose probability mass function
ne” "

p(r) = 15— for any x € Ng, and a polynomial kernel k(z,y) = (zy + 1)". The kernel mean embedding can be
computed as: for any y € N,

pe(y) = XT: <;> y"E[X"] = i (;) y"Tn(n).

n=0 n=0

where T),(n) is the Touchard polynomial (Touchard, 1939) and it admits an efficient computation via dynamical
programming (Comtet, 2012). The initial error can be computed as Ex, x~p[k(X, X")] =31 o (") Ta(n)?.

n=0 \n

Negative binomial distribution and polynomial kernel Consider a negative binomial distribution NB(7, ¢)
whose probability mass function P(X = z) = (m+;_1)(1 — q)%q" for any x € Ny, and a polynomial kernel
k(xz,y) = (xy + 1)". The kernel mean embedding can be computed as: for any y € Ny,

T

" (r r
_ NRIX] = nALl .q),
pe(y) nz:% (n>y [X"] nz:% (n>y (7.9)
where M,,(7,q) = Z?:o S(n,j)j!(7+§_1) (%q)j with S(n, j) being the Stirling numbers (Comtet, 2012). The initial
error can be computed as Ex x/~p[k(X, X")] =31 o (1) My (7,9)%

n=0 \n

Skellam distribution and polynomial kernel Consider a Skellam distribution whose probability mass function
P(X=2z)= 6_(A1+/\2)(%)$/21|$‘(2\/)\1>\2) for any « € Z, and a polynomial kernel k(x,y) = (zy + 1)". The kernel
mean embedding can be computed as: for any y € Z,

T

) = 3 (1) = 3 (M) By = A+ (1),

n
n=0 n=0

where B, are the complete exponential Bell polynomials (Bell, 1934). The initial error can be computed as
Ex x~plk(X, X)) =" _, (:L)Bn()\l — Aoy A (1) A0)2,
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Uniform distribution over {—1,+1}? and exponential Hamming distance kernel Consider a uniform
distribution over all possible states {—1,+1}? of an Ising model, and an exponential Hamming distance kernel
k(z,y) = exp(—Adg(x,y)) with a lengthscale A > 0. In this particular domain of {—1,+1}¢, the exponential
Hamming distance kernel can be equivalently written as k(z,y) = exp(f%(d - Z?Zl x;yi)). As a result, the kernel
mean embedding can be computed as follows:

1e(y) = > [exp <—)\> eXP( chyﬂ
) f[exp( xy)

ze{-1,+1}1j=1

Q.exp<2d>f[ S e (Sem)

J=lze{-1,1}

“o ()M (%)
() ()]

Since the kernel mean embedding is a constant function, the initial error is the same as the kernel mean embedding,
ie. Ex x/op[k(X,X")] = exp(—22¢)[cosh(3)]%

[\
S

I
NG
o
]
o)
/T\

>
vl X
N———

&H

Uniform distribution over {0,+1}? and Tanimoto kernel Consider a uniform distribution over all possible
= W whenever (z,y) # (0,0) and
adopt the convention k(0,0) = 1. The exceptional pair contributes 2=%1{y = 0} to the kernel mean embedding.
Hence,

states {0, +1}? of an Ising model. We use the Tanimoto kernel k(z,y)

1 1 d a 2 d— 2
o) = e =00 51 2 2 e G [

5=0 a=max(0,s—d+|y[|*),...,min(s, ||y ||*)
s+llyl®—a>0

The same convention contributes 272 to the initial error. Therefore,

11K a  (d\[(t\[d—t
Ex x/~plk(X, X’ — + = _— .
oo =t Y Y (D002
t=0 s=0 a=max(0,s—d+t),...,min(s,t)
s+t—a>0

The displayed sums contain O(d?) terms for the kernel mean embedding and O(d?) terms for the initial error. These
are substantially cheaper than direct summation over O(2¢) states for the kernel mean embedding and O(22?) pairs
of states for the initial error.

Uniform distribution over {0,1,2}? and exponential Hamming distance kernel Consider a uniform
distribution over all possible states {0,1,2}% of a Potts model, and an exponential Hamming distance kernel
k(x,y) = exp(—Adg(z,y)) with a lengthscale A > 0. The kernel mean embedding can be computed as follows:

d d
. 1 d 142>
—As __ —\\s
pe(y) = 3d E exp(—Adp (z,y)) 3d E ( ) e = ?Td;:o <s> (2e7)* = (3) .

Since the kernel mean embeddlng is a constant over y, the initial error is the same as the kernel mean embedding, i.e.

Ex x~p[k(X,X")] = (1+2€ )%. The same derivations can be extended to uniform distribution over {0,1,..., K}%

for any positive integer K with the corresponding kernel mean embedding pp(y) = (H}ﬁi"; k)d and initial error

Y
Ex,xop[k(X, X")] = (e,

C An Example on the Tightness of the Upper Bound in Theorem 1

The worst-case optimality results cited in the proof of Theorem 1 state that

N
S f@)pl@) = wif (a)
=1

|\f\|Hk<1 =

(C.1)
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Calibration Poisson Uniform: Lengthscale Ablation
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Figure 5: Left: Calibration of the posterior variance of BayesSum in synthetic settings (a)—(d). Middle: Ablation study on different
kernels in synthetic setting (a): polynomial kernels of degree 2, 5, and 8 and Brownian motion kernel. Right: Ablation study of
kernel lengthscales of the exponential Hamming kernel in synthetic setting (b).

where w; are the BayesSum weights (see Remark 1). Suppose that X = N and k is any Matérn kernel. The RKHS of
k on R is a Sobolev space Kanagawa et al. (2018). Being compactly supported and infinitely differentiable, the bump
function f given by f(z) = exp(—1/(1 — 2?)) for || < 1 and f(z) = 0 otherwise is in every Sobolev space. Because
Matérn kernels are stationary, the norm of the translation f(- —a) does not depend on a. Since f(- — a)|y € Hy, for
every a, by selecting a = N + 1 and using (C.1) we obtain

X 1 exp(—1)
= il T OPN D = e

where we used the fact that f(i — (N 4+ 1)) =0if i # N + 1. In combination with Theorem 1 we thus have

p(N + 1),

Cip(N+1)<6<Cy > pli

i>N

for all N € N and some constants C; and Cy. If p(i) = ©(i~%) for @ > 1, the lower bound is of order N~ and the
upper bound of order N=+1, If p(i) = ©(e~*) for ¢ > 0, both the lower and upper bound are of order e~V

D Additional experiments and details

More details on the synthetic settings: Here, we provide details on the baseline methods: Monte Carlo (MC),
Russian Roulette (RR), importance sampling (IS), and stratified sampling (SS).

(a) The ground truth is computed by summation over the first 200 terms n = 0, ..., 200. For IS we use a negative
binomial distribution NB(7,p) as the proposal distribution Q. We pick 7 = 5 and the success probability
p = n/(7+n) such that the mean of the proposal distribution matches the mean of the distribution P = Poisson(n).
For RR, we draw a random subset X’ C & according to a geometric distribution with parameter p, = 0.95.
Hence, the inclusion probability for the element at position z’ € X is given by pi. For SS, the set X = N is
partitioned into two disjoint regions, R; = {n € N:n < ¢} and Re = {n € N: n > c¢}. The cutoff parameter
¢ =100. An equal number of N/2 samples are drawn independently via inverse cumulative distribution function
of each region. For Active BayesSum, a candidate subset Xg,, C X is chosen as Xgp = {0,1,...,200} over
which the utility function is evaluated and maximized.

(b) The ground truth is computed by exact summation over the full index set. For IS, we uses a fully factorized
proposal distribution Q with g(x) = ngl q¢i(z;), where each ¢;(z;) o< exp(—S h, ;) is a categorical distribution.
For RR, we first denote Z = {0, 1,...,3"} as the index set of all possible sequences in X = {0,1,2}". Hence,
each index j € 7 is in bijective correspondence with the sequence in X'. Next, we draw the random index subset
T’ C T according to a geometric distribution with parameter p, = 0.95. Therefore, for each index j € Z, the
inclusion probability is given explicitly by pl. For SS, we partition the index set Z into four index subsets
R1, R2,R3, Ry of equal sizes. Then we draw | N/4| number of samples uniformly and independently from each
subset, which gives N samples in total. For Active BayesSum, a candidate subset Xy, C X with 2000 points
are chosen randomly out of X', over which the utility function is evaluated and maximized.

(¢) The ground truth is computed by exact enumeration over all configurations. Samples from the un-normalized
Potts model are drawn using either Gibbs sampling or the Metropolis—Hastings algorithm (Gelman et al., 1995),
with a burn-in of 10 iterations and thinning by a factor of 5. Both MC and BayesSum are computed with the
same set of samples in order for consistent comparison.

(d) The ground truth admits a closed-form expression:

1 1—e 020k 2
:ﬁz > |- 0.2al _< FZ

h1€H hoeH n=1

sin( nﬁL)) +20+e€|,
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a=1+01(hi+hs), B=2m(14+005(h]+h3)), H={-1401255:;j=0,1,...,16}
and I, (x) denotes the modified Bessel function of the first kind of order.

Moreover, in this setting, we use the following kernel

k‘((xv y)7 (Zlv y/)) = k/‘y(l‘, 33/) + ky(ya y/) +kx (l‘, JU/) ky(ya y/)a

where ky depends only on the continuous coordinates and ky depends only on the categorical coordinates. In
particular, kx(x,2’) is the Gaussian kernel with lengthscale £ = 0.8; and ky(y,y’) is the exponential-Hamming
kernel with lengthscale A = 1.0. Under the joint distribution P = Px x Py, The kernel mean embedding at
(@', y") equals up(x’,y") = ppy (') + pey (V') + ppy (2') - ppy (y'). Here, both kernel mean embeddings pp, and
ppy, admit closed-form expressions from Briol et al. (2025) and our Table 1.

Additional experimental results: In Figure 5 (Left), we report the calibration of the BayesSum posterior
variance. Here, coverage refers to the proportion of times that a confidence interval contains the true value across
repeated experiments. The black diagonal line denotes perfect calibration, while curves above or below this line
indicate underconfidence or overconfidence, respectively. We observe that the posterior variances are well-calibrated
for the uniform distribution over {0, 1,2} in (b) and the distribution over mixed domain in (d), whereas the posterior
variance is underconfident for the Poisson distribution in (a) and the Potts distribution in (c). This behavior arises
because the shifted Brownian motion kernel k.(z,y) = A(c+ min(z,y)) in (a) and the Stein kernel in (c) are both
unbounded, which leads to inflated posterior variances even when the kernel amplitude A is carefully selected.

In Figure 5 (Middle), we run an ablation study on the choice of kernels in case (a) of the synthetic setting using
non-repetitive samples. The Brownian motion kernel achieves lower error compared to polynomial kernels since
the integrand is not an polynomial function. Meanwhile, the performance of polynomial kernels improves as the
degree of the polynomial increases from 2 to 8. This is expected since the higher-degree polynomial kernels can
better approximate the integrand. In Figure 5 (Right), we run an ablation study on the choice of lengthscales
in the exponential Hamming distance in case (b) of the synthetic setting. Performance is similar for lengthscales
0.01,0.03,0.1 whereas larger lengthscales 0.3,1.0 achieve worse performances. This highlights the importance of
lengthscale selection in BayesSum. In the experiments in the main text, we optimize the kernel lengthscales via
maximizing the log marginal likelihood, which gives a lengthscale of 0.01, falling within the optimal range as shown
in the ablation study as desired.

In Figure 6, we compare the absolute integration error of BayesSum under two sampling schemes: (i) points
drawn i.i.d. from a distribution with replacement; and (ii) points drawn i.i.d. from the same distribution without
replacement. This distinction is unique to discrete domains, since repeated samples occur with probability zero in
continuous spaces. As illustrated in Figure 6(Left) and (Right), using unique (non-duplicated) points consistently
yields lower error. This is expected: repeated evaluation points provide no additional information to the BayesSum
estimator and therefore do not improve its accuracy. In Figure 6(Middle), the two curves are nearly identical.
This is because the state space has cardinality 3' ; when drawing samples i.i.d. from the uniform distribution
over X = {0,1,2}'°, duplicates almost never occur in practice. Consequently, the i.i.d. and unique-sample schemes
achieve indistinguishable performance.

More details on the unnormalized models: Here, we provide additional details for the two unnormalized
models: (a) the Conway—Maxwell-Poisson (CMP) model for count data, and (b) the Potts model for sequence data.

(a) The initial parameters are set to (61, 6) = (0.5,1.2). BayesSum employs the shifted Brownian motion kernel
ke(x,y) = ¢+ min(z,y) with ¢ = 1 and amplitude 1. In Figure 3, the optimal parameter location is obtained by
computing the log-likelihood over the entire grid [0.0, 3.0] x (0.0,0.8] and selecting the point that achieves the
maximum value.

(b) The initial parameters @ = (h, J) are drawn independently from a normal distribution A/(0, 0.01%) at each
coordinate. BayesSum employs an exponential Hamming kernel k(z,y) = exp(—A H(z,y)), with lengthscale
A =0.1104 and amplitude 1. The discrete KSD values in Figure 4 are based on the discrete difference Stein
operator of Yang et al. (2018): the cyclic permutation on the single-site state space {0,1,2} is defined as
s+ (s+1) mod 3 (i.e. 0 = 1 — 2 — 0), and is applied to the one-hot-encoded vectors; its inverse is implemented
by a cyclic shift in the opposite direction. The discrete KSD values are computed between the trained Potts
model p(z;0) and a fixed set of 2000 samples drawn from the true data distribution. For KSD computation, we
use the same exponential Hamming kernel as in BayesSum. In terms of computational costs, reported wall-times
were calculated excluding hyperparameter-selection cost for both BayesSum and MC. Lastly, experiments with
higher dimensions, L = 20 and L = 30, were implemented. Figure 7 shows that overall, BayesSum continues to
outperform MC in regimes with larger L. However, marginal advantages slowly decrease as L increases, which
is expected with the curse of dimensionality that adversely affects the kernel-based methods.
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Figure 6: Comparison of BayesSum with i.i.d. samples with replacement (solid line) and without replacement (dashed line) in the
setting of the Poisson distribution (Left), Uniform distribution (Middle) and the mixed distributions over continuous and discrete
domain (Right).
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Figure 7: Comparison of a large Potts model trained via maximum log likelihood, with the normalization constant estimated by
BayesSum and Monte Carlo, under the same computational time (top) and sample size N (bottom). Error bars represent the
standard error repeated over 30 random seeds. Left: L =20. Right: L = 30.
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