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Abstract

Finite element (FE) methods remain one of the most widely used approaches across science and engineer-
ing for computing numerical solutions to partial differential equations. Given their widespread use, it is a
natural family of methods to be considered within the framework of probabilistic numerics. Previous work
has introduced the “statistical finite element method” (statFEM) as a tool for coherent treatment of uncer-
tainty when working with FE models. Current formulations of statFEM rely on the discretised system being
represented by a linear system of equations which is then solved. Within the scope of FE approaches there
exists an alternative solution for cases where the modeller wishes to investigate the dynamic properties, i.e.
resonant frequencies and associated mode shapes, of a system. Recovery of these properties requires solving
a generalised eigenvalue problem utilising the discretised mass and stiffness matrices. The contribution of this
work is to show how the approach of statFEM may be readily expanded to also cover this case by forming an
approximate distribution over the eigenvalues and eigenvectors given a random field prior over one or more
of the model properties chosen as a Gaussian process. We demonstrate the effectiveness of this approach on
the classic test case of a cantilevered beam showing the approximated uncertainty recovered over both the

eigenvalues and the eigenvectors.
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1 Introduction

The finite element method (FEM) for numerical solu-
tions to partial differential equations (PDEs) remains
one of the most widely adopted techniques across sci-
ence and engineering. Therefore, for those interested in
uncertainty quantification, it is an important topic for
consideration. Within the scope of probabilistic numer-
ics (Hennig et al., 2015), interest in FEM is no exception
with the key contribution being that of the statistical
Finite Element Method (statFEM) of Girolami et al.
(2021).

Under the model of statFEM, multiple sources of un-
certainty are unified to provide a coherent approach.
The four key sources of uncertainty which are included
are parameter uncertainty (as a random field), load un-
certainty, model discrepancy and measurement noise.
These are combined to provide a complete description
of the uncertainty for both forward and inverse mod-
elling problems. A brief mathematical introduction to
statFEM is presented in Section 2.

Current studies using statFEM have predominantly fo-
cused on “static” problems, i.e. the solution to spatial
PDEs subject to a (temporally) constant load and ne-
glecting their inertia. In the context of structural me-
chanics, the strong form of the static PDE will be,
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with o being the stress tensor and f being the load-
ing. In these static problems, applying FEM reduces
the PDE to solving a linear system of equations of the
form A(@)u = f, with parameters 8 and load f, such
that a distribution over u can be recovered (at least ap-
proximately). Such solutions correspond, for example,

to steady-state thermal problems or static solid mechan-
ics. Note that here we restrict ourselves to the setting
of linear FEM methods; in the nonlinear case, some
further operations are needed, but this topic lies be-
yond the scope of this paper. The interested reader is
directed towards (e.g.) Bathe (2006).

In contrast, engineers are often interested in the dy-
namic response of a system for which the strong form
PDE also contains a term corresponding to the inertia:

piu_v'o’:fv (2)

with the added complication that the system is now
evolving spatio-temporally. For ease of exposition we
neglect damping. The FEM procedure yields the dis-
cretised equations,

Miu+ Ku=f, (3)

with mass matrix M and stiffness matrix K, overdots
are used for time derivatives.

In seeking a numerical solution to these dynamic prob-
lems, the simplest approach is to perform a time-stepping
solution. The challenge in such a setting is that nu-
merical integration must be performed for the spatio-
temporal solution. For example, one could use Runge-
Kutta or Newmark integration, which is often favoured
for these second-order systems. Equation (3) is typi-
cally a very large system of coupled second-order or-
dinary differential equations (ODEs). For even modest
engineering models, the length of vector w (the degrees-
of-freedom, or DOFs) may be of the order of 10°. In the
statFEM literature, this explicit integration has been
the only approach currently explored. For example, see
Duffin et al. (2022) where low-rank approximations of



the covariance are required to manage the computa-
tional load.

However, within traditional FEM/dynamics techniques
an alternative is to target directly the dominant eigen-
values and eigenvectors of the discretised PDE. Each
value-vector pair forming one eigenmode or eigenpair
(in mechanics this is commonly shortened to simply
“mode”). The eigendecomposition is equivalent to solv-
ing the homogeneous solution of the system of ODEs,
independent of a specific forcing profile. Following com-
putation of the eigenmodes, simulation can be achieved
efficiently for a given forcing by means of “modal su-
perposition” (Rao and Yap (1995)). We provide a brief
introduction to the concepts of “modal analysis” in Ap-
pendix A.

The eigenmodes also have a tangible interpretation in
the context of vibration problems where the eigenvalue
corresponds to the square of the resonant frequency.
The eigenvector corresponds to the “mode shape” or
characteristic pattern of movement of the system, when
excited harmonically at the associated resonant frequency.
Recovering this (eigen-)modal solution is computation-
ally favourable and generally more interpretable than
the explicit dynamics approach. It provides a separa-
tion between the intrinsic dynamic properties of the sys-
tem (its resonance frequencies and eigenfunctions) and
the time response to a specific forcing profile. In a de-
sign setting, for example, an engineer is generally more
concerned with ensuring that resonance in the system
does not coincide with some known excitation (e.g. ro-
tating machinery) than simulating the response to indi-
vidual realisations of loading signals. Therefore, devel-
oping a form of statFEM which may be applicable for
such vibration problems based on the eigendecomposi-
tion of the discretised PDE is our current contribution.

Notation: we will use bold face (a) to indicate vectors,
capitalisation (A) for matrix valued quantities, (-)T for
matrix transposes, and (-)' for the Moore-Penrose pseudo-
inverse. I is the identity matrix.

1.1 Related Works

Work in statFEM stems from the contribution of Giro-
lami et al. (2021) where both the forward and inverse
problems are addressed using a one-dimensional steady-
state Poisson problem as an exemplar FEM application.
Following this first introduction, discussion of the the-
oretical guarantees afforded by adopting the statFEM
approach has received attention, e.g. Papandreou et al.
(2023); Duffin et al. (2026) — these works have also
concentrated on the behaviour of statFEM in the static
case.

There has been work considering alternative approxi-
mations within the forward problem of statFEM, which
is generally intractable. Akyildiz et al. (2022) employ
Langevin dynamics to sample from the distribution over
the solution w4 when parameters in the PDE are defined
as random fields, using a Gaussian process prior. Bar-
ros et al. (2025) presented an alternative approach for
approximating the distribution over the solution in the

forward modelling case through the use of a Copula pro-
cess approach, again shown on a steady-state Poisson
problem.

The approach was later shown to be effective in struc-
tural mechanics settings. Sun et al. (2023) show that
statFEM provides an effective means for forward and
inverse problems in rail buckling where observations
from fibre-optic sensing systems are available. Within a
civil engineering context, Febrianto et al. (2022) demon-
strate the application of statFEM to a bridge struc-
ture in the UK where fibre sensing is again employed
to provide observations with which the model may be
updated.

Although there are currently no applications of stat-
FEM for (eigen-)modal dynamic analysis, management
of uncertainty through eigenvalue problems has been
considered within the structural dynamics community.
For example, Adhikari and Friswell (2007) discuss meth-
ods for discrete dynamic systems — including Taylor
series approximations of the statistical moments. Fur-
thermore, there has been extensive use of random ma-
trix theory (e.g. Soize (2005); Cicirello and Langley
(2013)). However, none of these works directly address
the problem of random fields defined on a finite element
model.

2 statFEM

Girolami et al. (2021) introduced the Statistical Finite
Element Method (statFEM), a hierarchical Bayesian
framework for finite element modelling that coherently
incorporates uncertainty from spatially varying PDE
parameters, applied forcing fields, and model discrep-
ancy.

There are four sources of uncertainty considered in the
formulation of statFEM which give rise to a combined
picture of uncertainty in the forward problem and en-
able a consistent approach to the inverse problem. These
sources are: the model is subject to parameters mod-
elled as a random field (chosen to be a Gaussian process)
across the domain; the load vector is also modelled as
a Gaussian process; there is an additive model discrep-
ancy between the output of the finite element model and
the observed data; and there is measurement noise cor-
rupting the observed quantities. Mathematically, the
model can be written:

y(x,0) = pPu(x,0) + d(x) + e, (4)

where the observed data y(x, 8) is described at a loca-
tion in the domain @, given some spatially (randomly)
varying parameter 6(x) (we drop the explicit depen-
dency of 6 on x for compactness). The observations
are assumed to arise as a result of some physical pro-
cess which is simulated (i.e. the FE model). The nodal
solutions u(x, @) are scaled by p and projected by a
matrix P onto the observation. In the simplest case, P
is a binary matrix which selects the nodes where obser-
vations are made, although it can also be used to (lin-
early) interpolate the mesh or, for example, recover a
distribution over element strains. Since not all physical



mechanisms will be captured in u, statFEM also allows
for a spatially dependent discrepancy model d(x). Fi-
nally, the observations are assumed to be corrupted by
noise e.

In statFEM, the discrepancy is assumed to be a Gaus-
sian process (as in Kennedy and O’Hagan (2001)), and
the noise to be independent additive Gaussian white
noise with a fixed variance. Since both of these are
Gaussian distributed random variables, their summa-
tion is straightforward. The recovery of a distribution
over u is more challenging. In the FEM procedure, the
PDE being modelled is reduced to a linear system

A@)u = f, (5)

with A(0) being a “stiffness matrix” dependent on the
parameter @ and f being the applied loads to the sys-
tem (in structural mechanics terms). Separate Gaussian
process priors are placed over 8 and f in the general
case such that:

0(:6) ~ GP (é(x)a CO(w7ml)) ; (6)
f(x) ~GP (f(z), cs(z,a")) . (7)

Computing the distribution over w is not possible in
closed form since the inversion of A(8) is a highly non-
linear operation. Therefore, a Taylor series method to
compute the first two moments of w is used to arrive at
an approximate Gaussian distribution over w:

p(u |6, f) =~ N(u,Cy), @)
where @ = A(0)~' f and
C. =A0)1CrAB) T+
Ze Ze(cﬂ)edBe (Cf + ]" ® ]-') BdTv (9)
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with the sensitivity matrices defined for each element
ee{l,...,n.} as

9A(B)
90,

Now, with a Gaussian approximation over u, the dis-
tribution over vy is straightforward to write down know-
ing sums and affine transformations of Gaussians. This
gives a statFEM model which is appropriate for many
FEM tasks including, in a mechanics setting, the recov-
ery of displacements in a system subject to static loads.
Following a similar line of reasoning, our contribution
in the next section is to the dynamic case where one is
interested in the eigenmodes of the FE model.

B. = A)™ AB). (10)

3 Eigendecomposition in statFEM

Considering now the structural vibration setting, the
goal will be to find (a subset of) the eigenmodes of the
structural system. We will follow similarly to statFEM,
specifically the case where there exists a random field
over one or more of the physical properties of the system
(@) and the goal is to compute an (approximate) pos-
terior over its eigenvalues (A) and the eigenvector ma-

trix ® = [¢y, ..., @], comprising pairs {\;, ¢i}?:1. By

convention we will order these eigenpairs by ascending
eigenvalue and choose a number of pairs (Q which is typ-
ically much less than the total number of degrees of free-
dom in the model. Note that targeting the eigenvalue
problem changes the nonlinear transformation through
which the parameter distribution must be propagated.

Following the usual finite element discretisation proce-
dure, the PDE is reduced to a generalised eigenvalue
problem:

where both the mass (M(0)) and stiffness (K(0)) ma-
trices are functions of the physical properties of the sys-
tem, e.g. elastic modulus, density, thickness. Again, a
GP prior over 8 is also chosen such that,

0(x) ~ GP (8(x), co(x, ') (12)

for some mean function @(z) and covariance function
co(x,x’) evaluated at points  and ' in the input do-
main.

The quantity of interest will then be
) = [pr0|opio)e,  (13)

with p(0) = N (é (X(C)) ,Co (X(C), X(C)>) which cor-
responds to the prior over 6 being evaluated at all pairs
of element barycentres X (.

Since the solution to the eigenvalue problem in Eq. (11)
is a nonlinear operation, the integral in Eq. (13) will be
intractable. As in Girolami et al. (2021), a perturbation
approach is adopted to avoid the computational load of,
e.g., Monte Carlo approximation of Eq. (13) given that
0 will likely be high dimensional.

The core approach of the approximation used will be to
consider a series expansion of the quantity of interest
which is considered up to the first order; see Girolami
et al. (2021); Liu et al. (1986). The key results for
the approximate first two moments of the eigenvalues
and eigenvectors will now be shown. See Appendix B
for details on the series expansion and Appendix C for
more details on the required derivatives of the eigen-
value problem w.r.t. the uncertain parameter.

For compactness of notation, we define the mass and
stiffness matrices evaluated at the mean parameter field
as M = M(0) and K = K (). Note that because the
mapping from parameters to the system matrices is gen-
erally non-linear, M and K are first-order approxima-
tions to the true expected matrices E[M] and E[K].
Following the first-order Taylor series expansion, the
zeroth-order approximations for the expected eigenval-
ues and eigenvectors are obtained by solving the de-
terministic generalised eigenvalue problem evaluated at
the mean parameter field:

K(}%:;\zM&)w i:17"'7Q7

—~

14)
the mean eigenvalue matrix is A = diag(A1,...,Aq)
and the corresponding mean eigenvector matrix is ¢ =

(@1, .-, d¢).
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Figure 1: Comparison of Taylor series approximation with Monte Carlo estimates for the first five eigenmodes. From left to right:
first moment of the eigenvalues (\), second moment of the eigenvalues (C,), first moment of the eigenvectors (¢) and second

moment of the eigenvectors (Cy) with colours corresponding to the eigenpair with values \; (—), A2(—

3.1 Eigenvalues

What follows is to compute the covariance of the eigen-
values such that an approximation to their distribution
can be achieved. Leveraging the series approximation
of the eigenvalues and after quite some manipulation,
the following expression for the covariance between the
b and j*" eigenvalue can be recovered:
)%

e G v e
(15)

Q
=
<

Cov(Ai, Aj) -\
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As a note on implementation, it is typical that K will
be very sparse which can and should be exploited. Fur-
thermore, consider the derivative gTK This quantity
will only be non-zero in degrees of freedom (DOFs) re-
lated to nodes in element e. As such, the computation

of the inner product,
oMY -
) ¢iu

1 (0K -
¢ (‘Ai 9.

a0, (16)

should be replaced by indexing the relevant DOFs in
¢,; and using only the element stiffness or element mass
matrix derivatives rather than the full matrices.

3.2 Eigenvectors

The expression for the covariance of eigenvector ¢, and
eigenvector ¢, is significantly more involved although
conceptually follows the same procedure. We begin by
defining

Fy=—d(A-M\I)T 07, (17)
where ()T denotes the Moore-Penrose pseudo-inverse,
which is required since the matrix (A — 5\1-11) is singular
(and hence not invertible). We also define,

0K _ oM 1 TaM _
Dei:(aa _Aiaoe>_( i 90, )M (18)
= ,C%, . (19)
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Dy; is equivalent to D,; but replacing subscripts e with
d and 7 with j. Also note that I}, Dy are symmetric
but transposes are shown for clarity in the following
expression.

Now an expression for the covariance between ¢, and
@, can be shown to be,

Ne MNe

=N"N FD.CSYDLFT

e=1d=1

Cov(¢;, d;) (20)

As when considering the eigenvalues, the computational
burden of Eq. (20) is greatly reduced by exploiting the
very high degree of sparsity in the partial derivatives of
M and K w.r.t. the parameters.

With these two expressions in place, it is possible to
approximate the distribution over the eigenvalues and
eigenvectors as a Gaussian distribution. If desired, a
discrepancy function can also be added in the case where
observations of the eigenvectors have been made via
some identification procedure.

3.3

Implementation Details

As mentioned, to provide efficient computation of the
statFEM solution, it is very favourable to exploit spar-
sity in the quantities which are needed for the covari-
ance calculations. Noting that for these covariances
there is a double sum over the number of elements, re-
ducing operations inside this step is important.

Trivially, in the case where the parameter only affects ei-
ther the stiffness K or the mass M, terms related to the
derivative of the other can be removed. For example,
if only the elastic modulus F is modelled as a GP then

all terms % are 0 (and similarly for the dth element).

This greatly simplifies, for example, D¢; = 86

The other critical optimisation arises from the realisa-
tion that the derivative terms,

o ok
09, 00,’

will be highly sparse. Only the degrees of freedom as-
sociated with the element e or d will be non-zero in the

(21)



derivative. Therefore, we should compute the element
stiffness or mass derivatives
oM, 0K,
86, 06,
which will have much lower dimension. Then, if dofs_e
are the degrees of freedom associated with element e,

the computation of Eq. (16) for element e for all i can
be written,

(22)

inner = dke[..., None]l- \
lam[None,None] *dmel[...,None]
dlde = jnp.einsum(
"ni, nmi, mi -> i",
phil[dofs_e], inner, phi[dofs_e]
)

where we broadcast across the number of eigenmodes
then this operation is vectorised across the number of
elements using vmap in JAX (Bradbury et al. (2018)).

4 Results

We begin with a small FE model on which we perform
a Monte Carlo analysis to determine the effectiveness of
the proposed Taylor series approximation for the distri-
bution over the eigendecomposition. We choose a sim-
ple rectangular domain of size 1m by 0.5m, and choose
the lower left corner as the origin for the global co-
ordinate system (x = Om, y = Om). This domain is
divided into 15 elements along = and 2 elements along
its shorter side, y. This configuration leads to a mesh
size of 30 elements and 125 nodes; each node has two
degrees of freedom. Each of the elements is chosen as 8-
node quadrilaterals with second-order shape functions
(the “serendipity-quad”); details of the element formu-
lation are given in Appendix D.

A “cantilever”-type boundary is applied, which is equiv-
alent to a Dirichlet condition with zero displacement
constraints in both directions at all nodes falling on the
left-hand edge of the domain, i.e. at * = 0. For this
initial study we select the density p = 1.0kgm™3 and
model the elastic modulus E to vary according to the
following GP, i.e. 6 = E,

E ~GP(E,cg(x,2)) (23)

where we collect * = (x,y) and E = 100Pa. The co-
variance function is chosen to be the commonly adopted
squared exponential covariance function,
p 9  _lm—a'l?
cp(x, ') =05 e 22 . (24)
We will fix the lengthscale of this covariance function
to £ = 0.01 and vary the value of 0% to investigate
the effect of increasing uncertainty on the quality of
the approximation given by the Taylor series. We note
that, unlike Girolami et al. (2021), we do not apply an
additional nonlinear transformation on F before its in-
clusion in the FEM calculations, although this is trivial
to include if the user desired.

In the Monte Carlo study, we vary the value of o from
1% to 20% of the mean value of F in ten equally spaced

linear steps. At each level of op, we draw 1000 sam-
ples from the GP at the barycentres of each element,
and from these compute the generalised eigenvalue de-
composition, storing samples of the first (lowest) five
eigenvalues and their corresponding eigenvectors.

To compare the Monte Carlo samples and the approxi-
mation we have developed, the first two moments of the
samples are computed. However, for the eigenvectors,
to arrive at sensible estimates of these moments, some
post-processing of the samples has to be performed.
Since the samples are eigenvectors, they may have ar-
bitrary scaling or sign from the numerical eigendecom-
position and still be valid eigenvectors of the system of
equations defined by M and K. This scaling clearly
will lead to biased estimates of the mean and covari-
ance if computed from the samples directly. Therefore,
we perform two normalisations to align the eigenvector
samples as well as possible with each other. First, we
remove any sign discrepancies in the samples. We do
this by taking the dot product between the first sample
for that eigenpair and all other samples, and then multi-
plying by the sign of the result. Secondly, we rescale all
the resulting samples independently to have unit norm.
Then we can compute the mean of the samples. The
final stage where we must be careful is that when cen-
tring the eigenvector samples, we have to be mindful
that they are now points on a hypersphere. Therefore,
we project onto the tangent space of the mean eigen-
vector and compute the covariance from centred values
in that tangent space.

We then use two different metrics for comparison of
the eigenvalues and eigenvectors. For the mean of the
eigenvectors, we compute the cosine similarity between
the Monte Carlo mean and the estimate of the first mo-
ment from the Taylor series. In this case, a value of 1.0
indicates perfect alignment and 0.0 complete orthogo-
nality; we choose this over the relative error used for the
other quantities to respect the fact that the scaling of
the eigenvectors could lead to high error despite good
estimates. For the remaining estimates, we compare
using the same relative error as Girolami et al. (2021);
for each q € {S\i, Ch;, Co, }le, we compute the relative
error €,

_lla—a™

= OO, (25)

with g being the statFEM approximation and g(¢)
being the Monte Carlo estimate.

The results of this comparison are shown in Fig. 1. Er-
rors for each of the first five eigenmodes are shown sep-
arately. We observe that the approximation of the first
two moments that we have used is very good for the
first five eigenvalues of the system. In the eigenvalues,
we see some increase in error with an increase in the
eigenvalue being considered, but this is not strictly the
case; for example, A3 shows lower relative error than \;
across all levels of variance in the parameter . Turning
attention to the eigenvectors, in the mean estimate of
the eigenvectors across the first five eigenmodes there is
exceptional alignment according to the cosine similarity,
which is above 0.999 for all levels of variance in E for
each of these eigenmodes. Here we do see more clearly
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Figure 2: The first five eigenfunction solutions, deformation showing the expected shapes with colormap showing the marginal
standard deviation (x10°) of the mode shape at each node interpolated across the mesh.

that the estimates are becoming generally less effective
with increasing eigenvalue, but the effect is small. The
covariance error in the eigenvectors is a more interest-
ing situation, where the error is broadly growing with
increasing variance in F (as would be expected), but
this is not happening monotonically or uniformly across
these first five eigenmodes. We also see that relative er-
ror in the eigenvector covariance is higher than in the
eigenvalues by approximately one order of magnitude;
despite this, the relative errors we are observing here are
comparable to the levels seen by Girolami et al. (2021)
in the static statFEM case for the eigenvectors, while
in the eigenvalues we see much smaller relative error.

We now present a case study on a more realistic en-
gineering system (although it remains a simple one),
again choosing the setup of a cantilevered beam. The
beam is modelled as having a length of 0.86m and height
of 0.001m, which define the rectangular domain of the
beam, which is analysed using a two-dimensional solver.
The domain is discretised into 120 elements, 40 along
the beam’s length and three across its height. The same
element formulations as previously are used.

The thickness, density and Poisson’s ratio for each ele-
ment are considered known, and a random field is placed
over the elastic modulus of the material such that it is
varying across the domain. The elements are modelled
as 0.025m thick with a density of 7850kgm ™3 and a
Poisson’s ratio of 0.33. These properties reflect stan-
dard values for a mild steel component.

The elastic (Young’s) modulus E in GPa is chosen, as
before, as the random parameter in the model, and a GP
prior is placed over it identically to Eq. (23), keeping the
covariance function as in Eq. (24). Setting F' = 210GPa
to also match a typical set of properties for mild steel,
we choose to demonstrate o = 21GPa — a standard
deviation of 10% of the mean value. Our choice aims to
reflect variability that might arise in the manufacturing
process for this type of metal component. The level of
variability here is quite extreme compared to what may
be seen in practice (2%-5%), but serves to demonstrate
the utility of the presented method.

In Fig. 3, we show the approximate distributions over

the first five eigenvalues of the beam computed by Eq. (15).

As expected, we see strong positive correlation across
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Figure 3: Covariances of the first five eigenfrequencies of the
solution. Mean values are indicated with a dashed line.

the eigenvalue set. The corresponding eigenvectors of
the solution (the “mode shapes”) are also plotted in
Fig. 2.

The eigenvectors are shown with the deformed mesh
indicating the mean eigenvector solution and the colour
map showing the variance over the eigenvector at each
node, interpolated across the mesh. The distribution
of the uncertainty across the eigenvectors may appear
unintuitive. However, considering that the uncertainty
is propagated via a Taylor series expansion, which relies
on the gradients of the eigenvector, it is reasonable to
see such a (spatial) distribution of uncertainty in the
result. Of note, we see in modes three and four, the
uncertainty is concentrated close to the nodal points
(i.e. where the eigenvectors have values close to zero).
The position of these nodal points is very sensitive to
spatial variation in the system properties, which leads
to high uncertainty around them.

Another interesting feature of the solution, which is ap-
parent when considering the form of Eq. (20), is that
there is coupling in the uncertainty between each of
the eigenvectors. Equation (17) contains the expected
eigenvectors from every eigenmode (and the associated
expected eigenvalues); this ensures that there is infor-
mation shared in the uncertainty between the eigen-
modes. This sharing of information is likely responsible
for the unintuitive increase in variance seen in mode
one close to 0.35m along the length of the beam. Fi-
nally, we provide some additional results in Appendix E



showing the cross-covariances between the eigenvectors
and eigenvalues.

5 Discussion

We have presented an approach that expands the ap-
plicability of statFEM methods to a wider community,
those who wish to solve dynamic (vibration) problems.
In this work, we have not directly addressed the case
where an additional discrepancy function is added to
the output of the dynamic statFEM model, but this
follows trivially given the approximate Gaussian distri-
butions shown for the eigenvectors and manifests as an
additive covariance on the eigenvalues. The provision
of this model for the eigendecomposition in statFEM
analysis will allow the inclusion of uncertainty in many
existing fields of engineering research. The analysis of
the dynamic properties of a system is a vital step in the
qualification of, e.g., automotive or aerospace systems;
it also sees wide-reaching use in management and mon-
itoring of civil infrastructure, and design of (for exam-
ple) renewable energy systems such as wind turbines. In
each of these applications, the quantification of uncer-
tainty in these properties, as a result of spatially varying
random parameters, is an important step in improving
the robustness of the decisions made.

It is worth discussing at this point possible limitations
or considerations that a practitioner should consider be-
fore applying the proposed formulation of statFEM to
their problem. An important feature of the statFEM
approach is to allow approximation of the distribution
over the quantity of interest through the use of a Tay-
lor series. This approach leads to a local Gaussian ap-
proximation of the true distribution over the displace-
ment/dynamic properties. Owing to the nature of this
approximation, the distributions will only be valid for
small levels of uncertainty in @, as in the original stat-
FEM. For the dynamic vibration case presented in this
work, the sensitivity of the output is higher than in the
static statFEM case, especially with increasing eigen-
value.

Another limitation to consider in the specific form of
statFEM presented here is that we are still adopting
a Gaussian approximation to the distribution over the
eigenvectors. Since the problem is a real-valued sym-
metric generalised eigenvalue problem, it is known that
all of the eigenvalues should be real and positive and
that the eigenvectors should be a set of real orthogonal
vectors (by convention often orthonormal with respect
to the mass matrix, i.e. ®TM® = ). Under the Gaus-
sian approximation, neither of these properties is pre-
served by construction, some further discussion is pre-
sented in Appendix F. Although for the case shown in
this study, the probability of negative eigenvalues is very
low, it should be noted that there is a non-zero proba-
bility of this solution. Both of these issues may be exac-
erbated if a discrepancy model is additionally applied.
Where to place the discrepancy model in this analy-
sis should be carefully considered by the practitioner.
Mathematically, there is no reason not to include this
over the eigenvectors themselves as an additional co-

variance from an additive GP; however, caution should
be exercised that results stay true to the engineering
inductive biases. Alternatively, the discrepancy could
be delayed and included at the time-series level when
performing simulation, which would avoid this issue but
would not give information about the “corrected” eigen-
vectors, which are likely of interest.

It is also clear that the desire for orthogonality of the
eigenvectors places another limit on the level of uncer-
tainty in 0 for which the approximate solution is valid.
For the eigenvectors, the Gaussian distributions over
them — even given the influence of the other eigenpairs
on the covariance — will not guarantee that samples re-
main orthogonal between ¢, and ¢;. In practice, since
the levels of uncertainty have to remain small for the
Taylor series approximation, this may not be a major
barrier in practical application. In the results, it has
been seen that the estimated mean and covariances re-
main close to the Monte Carlo results, where the vectors
are orthogonal by construction. For example, in the in-
verse problem where eigenfunctions of these systems are
recovered by “Modal Analysis” (see Ewins (2009)), the
eigenfunctions/eigenvectors are only observed at a small
number of discrete locations within the domain and (to
our knowledge) orthogonality conditions on the eigen-
function across the whole domain are not enforced. Sim-
ilarly, if the results of this statFEM approximation were
used to assist in sensor placement optimisation, knowl-
edge of the covariance of the eigenvectors may well be
sufficient to inform better strategies than solely relying
on the solution using mean parameter values.

We can also consider how the results demonstrated here
might be used in the inverse problem setting. Unlike
the usual statFEM construction, although a discrep-
ancy function can be easily added, it is not so clear
that there would not be additional complications in the
inference. The principal problem will be that it is not
usually possible to observe directly the eigenfrequencies
or eigenvectors of a physical system, so the observation
process will be somewhat more complicated. There-
fore, in practice, the formulation we present in this work
would have to form part of a wider hierarchical Bayesian
model that also included the generative model from the
properties (eigenpairs) to the observation space, usually
time-series of accelerations at a small number of fixed
locations in the domain.

Finally, the results of the presented statFEM approach
would allow for uncertainty in system properties to be
propagated forward onto time-series simulations of the
dynamics (under linear dynamic assumptions) through
the construction of linear superposition models. The re-
sponse of the system may be simulated as the response
of a set of harmonic oscillators with frequencies given
by the eigenfrequencies (square roots of the eigenval-
ues); then, these “modal responses” may be combined
through the eigenvectors to describe motion across the
whole domain. Care must be taken in the simulation
of the harmonic oscillator with a random resonant fre-
quency, but this can be achieved in an approximate way
by assuming Gaussian transition densities in a time-
stepping model.



6 Conclusion

In this work, a new statFEM formulation for solving
“modal vibration” problems has been presented, where
the practitioner is interested in the eigendecomposition
of the discretised mass and stiffness of the FE model.
These results are especially of interest to applications
in the structural dynamics and control communities, al-
though they have applications in many engineering set-
tings. We have shown that the fundamental tools of
statFEM, specifically in relation to the Taylor series
approximation of the uncertainty propagated through
the FE solution, can be readily used in the dynamic
vibration case. We have provided expressions that al-
low for a Gaussian approximation of the distribution
of the eigenvalues and associated eigenvectors given pa-
rameters that are varying a priori as a random field,
modelled using a Gaussian process. We have also noted
several limitations of the approach adopted here, which
motivate further work into an improved approximation
of the distributions and the inclusion of this model form
in wider Bayesian frameworks.
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A Modal Analysis in Structural Dy-
namics

This section presents a brief introduction to the con-
cept of modal analysis in structural dynamics for read-
ers who may be unfamiliar with the field. For a compre-
hensive treatment, we direct the reader to Ewins (2009)
as a key reference.

The foundational principle underpinning this approach
is that the dynamic response of a linear system can be
expressed as a superposition of its responses in each
of its individual (eigen-)modes. Consider a discrete
lumped-mass system whose equation of motion is given
by

Ma(t) + Ka(t) = £(¢),

where M, K € RV*N are symmetric positive-definite
mass and stiffness matrices, x(t) € RY is the vector
of displacements, and f(t) € RY represents external
forcing. We can introduce a coordinate transformation
x(t) = ®q(t) and pre-multiply Eq. (26) by ®7:

(26)

OTMOG(t) + T KDq(t) = DT F(1). (27)
When the columns of & = [¢y,...,¢py] are the eigen-
vectors of the generalised eigenvalue problem
K¢, =A\M¢;, (28)
the matrices M and K are simultaneously diagonalised
due to orthogonality (qb;Fquj = 0;; and d);Fquj =
Aidi;). This completely decouples the system of equa-
tions. Here, we are assuming the “mass-normalised”
scaling of the eigenvectors such that ®TM® = 1.

This transformation provides a very intuitive physical
interpretation of the system response. At any degree of
freedom, the total motion is a linear combination of the
responses of IV independent single-degree-of-freedom har-
monic oscillators, combined according to the spatial val-
ues of the eigenvectors.

Two critical properties arise from this process. First,
each independent oscillator possesses a natural reso-
nant frequency w; = v/\;. Consequently, a system with
N degrees of freedom possesses N natural frequencies
(which are generally unique in practice, though physical
symmetries can introduce repeated eigenvalues). Sec-
ond, the eigenvectors ¢,—frequently referred to as mode
shapes—describe the characteristic spatial patterns of
vibration when the system resonates at the correspond-
ing eigenfrequency.

This analysis extends naturally to continuous problems
governed by PDEs; the classic example being the wave
equation describing the transverse motion of a vibrating
string under small deflections. Separation of variables
yields an infinite set of discrete eigenvalues and con-
tinuous spatial eigenfunctions ¢;(x) in place of discrete
eigenvectors. Here, a major benefit of modal analysis
becomes clear: it cleanly separates the spatial and tem-
poral dynamics. The temporal behaviour is governed by
independent one-dimensional harmonic oscillators g;(t),
while the spatial distribution is captured entirely by the
eigenfunctions ¢;(z).

Although a continuous string possesses infinitely many
eigenfrequencies, truncating the expansion to a finite
set of ) modes provides a principled, physics-informed
method to control computational complexity while pre-
serving spatial fidelity. In engineering applications, the
spectral bandwidth of expected excitation loads can di-
rectly inform how many modes ) must be retained.
Crucially, when solving large PDEs approximately us-
ing the FEM, one needs to solve the large generalised
eigenvalue problem only once; subsequent time-stepping
or probabilistic simulations can be performed at low
cost in the reduced @Q-dimensional modal space before
mapping the solution back to the full spatial field.

B Series Approximation in statFEM

To arrive at expressions for the approximate first and
second moments of the eigenvalues and eigenvectors, it
is clearest to first consider the Taylor series approxima-
tion to a general quantity of interest g, which is com-
puted via a FEM procedure. This approach follows the
results that are also found in Liu et al. (1986).

We will also consider the case where the FE solution
is governed by some parameter(s) 8 that vary over the
domain of the model with a prescribed (prior) distribu-
tion

0 ~ GP (8(z), co(z, ')

for two points in the domain = and x'.

(29)

Note that 8 may be vector-valued if a suitable multiple-
output GP can be defined. The goal of this analysis
will be to arrive at an approximation to the quantity
of interest, which is some nonlinear transform (through
the FE model) of the random field 6, g = ¢(8).

The approximation that we will target is

plq) = / p(al0)p(0)d0 ~ N'(g.Cy)  (30)

From the construction of the FEM solution as a summa-
tion over elements and choosing to truncate the Taylor
series at the first order, we can write,

ampl0)+Y 20

for n. elements in the mesh and (as in Girolami et al.
(2021)) considering the value of the random field at the
barycentre of the elements, which we will define as mgc)

for the et element, with 8, being the random variable
0 (:c((f)), and 6, being its mean.

(31)

To approximate the first moment of g (g), we take ex-
pectations over this Taylor series expansion,

N )
a=E |40+ 250
e=1 €

(6 — Be)] =p(0). (32)
0

Then for the covariance of g, by definition, we know
this should equal

(33)



Substituting in the expressions for the Taylor series ex-
pansion and the previous result for g,

B o~ 9 (0)
oq_EKe_l o

(34)
- 99(0) 5
( 20, | Ba—0a) ]|
d=1
-3 000 \'
Cq = et ( - ) (35)
e=1d=1 4 la
with C¢, = ca(a:£ ), ac((i )) again by definition of the co-

variance of 6.

From the final expressions in Eqs. (32) and (35), it can
be seen that the approximate mean is simply the FE
model evaluated at the mean of the random field, and
that the covariance will be dependent on only the co-
variance of the random parameter field and the Jaco-
bians of the nonlinear transform with respect to the
parameters evaluated at the mean.

In practice, this means that the challenge in extending
statF'EM to alternative outputs from the FE model, e.g.
the eigendecomposition, is to be able to express the Ja-

cobian
dp(0)

a0, |
o

(36)

C Derivatives of the Eigendecom-
position

In Section 3, forming the Taylor series approximations
for the covariance matrices of the eigenvectors—given in
Egs. (15) and (20)—requires evaluating the first-order
partial derivatives of the generalised eigenvalue problem
with respect to the spatial parameter field components
0.

We start from the deterministic generalised eigenvalue
problem evaluated at the mean parameter field 6:
K¢, = \iM¢;, i=1,...,Q, (37)

where K 2 K(0) and M = M(0) are real symmet-
ric matrices, and the eigenvectors satisfy the mass or-
thonormality condition (}ZTM (}Sj = 0;; (or compactly,
BTHD —1).

C.1 Eigenvalue Derivatives

Differentiating Fq. (37) with respect to parameter 0,
evaluated at 0 yields:

OK . _ 9, O a‘f - 0,
a0, % % 50, = e, a0, P AM g (38)
Pre-multiplying Eq. (38) by @? gives:
10K -  -1-0
PR Li
0, a0, (30)
8)\ _ M_ - -1 _ 0,
b, O N, M ag’l.
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Due to the symmetry of K and M, we have the identity

éS»Tf( = X(}BTM which causes the terms involving the

eigenvector derivative 8‘51 on both sides of the equation

to cancel 1dentlcally Applylng the mass-normalisation

condition d)i M, = 1, we recover the first-order eigen-

value derivative:
AN OK - OM\ -
90, ¢ ( >\z‘89€> i

(40)

which provides the inner product required for the eigen-
value covariance sum in Eq. (15).

C.2 Eigenvector Derivatives

To determine the eigenvector derivative ?)Z’", we fol-
low classical modal sensitivity and algebralc formula-
tions (Nelson, 1976; Adhikari, 1999). Assuming distinct
eigenvalues, the derivative of the i*? eigenvector can be
expressed as a linear combination of the complete basis:

- N
09, e) * (e
i = ci(-k)d)k = <I>c§ ).

(41)

Substituting Eq. (41
~T
by ¢j

) into Eq. (38) and pre-multiplying
(where j # 1) yields:
_OM\ -
20,

0K
=4 ( 99,
(42)

00,
Invoking mass orthogonality qb M (b = §;; and qb K (b

Xidij, the left-hand side reduces to (A; — A;)c Ej), giving
the off-diagonal coefficients:
' 90,

oK
o (a0, -
(e)

To find the diagonal coefficient c;;

&) (K —NM) del”

(e) _ 1 - OM

G =T -\

©j )\ ) &)iv .7 7é i. (43)

, we differentiate the

mass-normalisation identity ¢; M@, = 1 with respect
to O.:

¢ —TOM -
2 44
BN+ B b =0 (44)
Substituting Eq. (41) and applying ¢, Z\Z{Z)k = 0; yields:
(e) _ 1-10M - 4
i 90, (45)

We can now re-assemble the full eigenvector derivative
vector into a compact matrix expression. Defining the
diagonal matrix of mean eigenvalues A = diag(\y, ..., Aq),
the Moore-Penrose pseudo-inverse (A — XD has diag-
onal entries (A\; — \;) ! for j # i and 0 for j = 4. Thus,
defining the projection matrix
F=-&(A-X\D) 07, (46)
as in Eq. (17), applies the exact weighting required for
all j # i components while mapping the j = i compo-

nent to zero. Combining this with the diagonal contri-
(e)

bution c;;’, we define the complete sensitivity forcing
vector D,; as:
oK - 8M TOM
D= (g~ o ) 8 5 (91 55 01) M1d

(47)



0.01
0.00

1]

—0.01

0.01

(1]

—0.01

1]

é"_ 0.00 :———_____ - e

(1]

LEERR

Figure 4:
deviation

such that the first-order eigenvector derivative evalu-
ated at the mean parameter field is compactly expressed

as: -
99,
00,

which directly underpins the eigenvector covariance ap-
proximation in Fq. (20).

= F;D.,, (48)

D Quadrilateral Elements

The elements used throughout this work are chosen to
be 8-noded quadrilateral elements. These elements are
quadrilateral with four nodal points defining the cor-
ners of the element and with additional nodes placed at
the midpoint of each side. This element allows the use
of second-order shape functions, which show improved
efficiency in the FEM approximation.

In natural coordinates (&, n), the shape functions of the
element used are as follows:

M) =10-0-n(-€E-n-1),  (19)
No(Em) = 51— €)1~ ), (49b)
Ny(em) = {040 -n)E—n-1), (19
Nign) = 30+ =), (494)
Nalen) = JA+OA+n)E+n—1),  (19)
Nol&n) = 5(1-€)(1 +1), (491)
Ne(en) = ;0= O0 +)(~E+n-1),  (19)
Nu(&m) = (1= €)1 7). (19h)

For the computation of the element stiffness matrices,
we use the usual plane-stress constitutive matrix

E

1—12

D=

1 v
v 1 0 (50)
0 0

with v = 0.33 for all experiments in this work. The
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The first five eigenfunction solutions, deformation showing the expected shapes with colormap showing the standard
(x10%) marginally at each node of the cross covariance between that eigenvector and the fifth eigenvalue.

element stiffness matrix is computed as,

1,1
k= [ | BewDBE M dd (51
which is evaluated via a 9-point Gauss quadrature for
elements of a uniform thickness ¢. |.J| is the determinant
of the Jacobian, which accounts for the scale change
between the global and natural coordinates, and B is
the strain-displacement matrix.

R
Y9N TN
Bmn) =10 oy 0 Dy (52)
8N1 6]%7/1 BNS 8138
oy ox dy ox

which is computable from the partial derivatives with
respect to the natural coordinates £ and n multiplied
by the inverse of the Jacobian,
oz
;- lgg (53
on

E Vector-Value Cross Covariance

In the main body, we have focussed on the (approxi-
mate) marginal distributions over the eigenvalues p(A)
and p(®). In the results, the joint distribution over all
the eigenvalues has been discussed, and the figures have
shown the marginal variance of the approximate eigen-
vector distributions, i.e.

Ne  MNe

=33 FD.CSVDLFT.

e=1d=1

Cov(o;, @) (54)

However, following Appendix B, we can also construct

approximations to the cross-covariances between the eigen-

values and eigenvectors.

C e (ed) oK - OM\ -
Cov(e;, \j) ZZFD”C’ [ <ae Aja—ed é;|.
e=1d=1

(55)

In Fig. 4, we show one example of this computation
for the same case study as the main body. The vari-
ances at each node are shown for the cross-covariance
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Figure 6: Mean values of the scaled inner product pairwise
between samples of the eigenvectors when each eigenvector is
sampled jointly.

of the first five eigenvectors with the fifth eigenvalue,
ie. Cov(g,;, As) fori=1,...,5.

Despite A5 being a scalar, it is possible to see that the
variance in the mode shapes is spatially correlated. This
is a result of the inherent coupling between the eigen-
values and eigenvectors, which share the same stiffness
and mass matrices. It is clear from the formulation
in Eq. (55) that we will observe an interdependence be-
tween the eigenvalue and the eigenvectors in space, since
the associated mean eigenvector a)j appears in the gra-
dient expressions on the right-hand side of the covari-
ance.

F Eigenvector Orthogonality

It has been discussed that we are unable in this work to
enforce, by construction, that the distributions of the
eigenvectors will return samples that remain orthogo-
nal with respect to the mass matrix (or equivalently
the stiffness matrix). Here, we perform a short study
to investigate the level to which we observe this loss of
orthogonality in samples from the approximate Gaus-
sian distributions that we derive in this work.

To check the extent to which this condition is being
violated, we perform a small Monte Carlo study where
we draw samples from the approximated distribution
over the eigenvectors and calculate the quantity ®TM®

12

, which should be equal to the identity matrix given our
belief about orthogonality and the mass scaling applied
to the eigenvectors.

In Fig. 5, we show this for the case where we sam-
ple from each of the eigenvectors independently, i.e. we
compute Cov(¢;, ;) and assume Cov(¢;, ¢;) = 0. The
diagonal is removed, since this was unity within ma-
chine precision and it obscured the off-diagonal informa-
tion, which encodes how far from orthogonal two eigen-
vectors are. We sample fifty independent realisations of
each eigenvector from the approximate Gaussian distri-
bution and plot the average over the resulting values for
®TM®. The samples remain very close to orthogonal
in this case, considering no cross-correlation between
eigenpairs is accounted for and the samples are drawn
from Gaussian distributions. This result would seem to
confirm that the approximation provided by statFEM
in this instance is reasonable.

However, it is possible to improve quite significantly on
this result by sampling jointly across all the eigenvec-
tors if one computes all the pairwise Cov(¢;, ¢;). The
result of considering the full joint distribution p(®) is
shown in Fig. 6. Note that the scaled inner products
reduce to the order of 107, which for an engineering
context is very close to orthogonal and would not cause
large concerns from the physical interpretation of these
quantities. It should be noted that there is clearly an in-
creased computational cost associated with calculating
all of the cross-covariances Cov(¢;, ¢;) for i # j, which
is avoided in the independent case, and also the cost of
sampling increases, since now we must sample from a
covariance matrix that is QN x QN rather than sam-
pling from @ independent N x N covariances. There-
fore, the use-case must dictate the most appropriate
choices for the modeller.
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