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Abstract

Modeling real-world problems with partial differential equations (PDEs) is a prominent topic in scientific
machine learning. Classic solvers for this task continue to play a central role, e.g. to generate training
data for deep learning analogues. Any such numerical solution is subject to multiple sources of uncertainty,
both from limited computational resources and limited data (including unknown parameters). Gaussian
process analogues to classic PDE simulation methods have recently emerged as a framework to construct
fully probabilistic estimates of all these types of uncertainty. So far, much of this work focused on theoretical
foundations, and as such is not particularly data efficient or scalable. Here we propose a framework combining
a discretization scheme based on the well-known Finite Volume Method with complementary numerical
linear algebra techniques. Practical experiments, including a spatiotemporal tsunami simulation, demonstrate
substantially improved scaling behavior of this approach over previous collocation-based techniques.
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1 Introduction

Partial differential equations (PDEs) are a powerful
language for expressing mechanistic knowledge about
the world. Important applications include continuum
mechanics (Slaughter, 2012), medical imaging (Holder,
2004), weather prediction (Richardson, 2007), and tsunami
simulation (Shuto, 1991). In the following, we focus on
linear PDEs. Let D C R™ be open and bounded. A
linear PDE is expressed by an equation of the form

Dlu] = f, (1)

where f: D = R and D : U C R? — RP is a linear dif-
ferential operator. We consider spatiotemporal domains
in the form of D := [0,7] x X, T' € R, and call X the
spatial domain. Additionally, we write u(t, ) for func-
tions on these domains. Spatiotemporal applications
impose additional constraints in the form of initial and
boundary conditions, restricting the solution at time
t = 0 and at the spatial domain boundaries, respec-
tively. A system of PDEs together with such conditions
is called an initial boundary value problem (IBVP); we
seek u € U satisfying a given IBVP.

In real-world applications, numerous sources of uncer-
tainty affect the solution of an IBVP: initial and bound-
ary conditions are often uncertain, e.g. due to missing
data or measurement noise, and discretizations of the
PDE induce approximation error. A solver that quan-
tifies these uncertainties enables more informed down-
stream decisions. Fig. 1 shows an example scenario of
a wave caused by an earthquake. If we assume that
sensor inaccuracies cause uncertainty about the initial
displacement of the water column, this implies several
different potential trajectories of a tsunami, which may
be modeled by a probability distribution.

In the remainder of this work, we thus view the task of

finding a solution u as a machine learning problem in
the sense of probabilistic numerics (Hennig et al., 2015).
Probabilistic numerical methods frame computation as
Bayesian inference. In our case, we impose a Gaussian
process (GP) prior on u. Then we can condition on PDE
information to obtain a posterior distribution over the
solution.

The theory underlying GP-based solvers for both linear
and non-linear PDEs has been well-studied (Cockayne
et al., 2017; Raissi et al., 2018; Chen et al., 2021; Krémer
et al., 2022; Pfortner et al., 2022). Various techniques
have been proposed to enable inference for larger scale
problems (Chen et al., 2023; Yang and Owhadi, 2023).
These formulations are typically stated for general linear
functionals, but in practice most of the existing liter-
ature instantiates them with point-wise observations
of differential operators (which is called collocation).
Simulating high-frequency physical phenomena using
priors based on stationary covariance functions may re-
quire small length scales. Our work is motivated by the
intuition that highly local point-wise differential obser-
vations may pose difficulties in these regimes. Instead,
we propose the use of non-local observations obtained by
integrating the differential operator over a subdomain,
which is equivalent to the widely used Finite Volume
Method (FVM).

Our central contribution is a framework for effi-
cient inference on FVM observations. We present
a class of GPs in Section 3 that lends itself to particu-
larly efficient application of FVM operators to covariance
functions. The key idea is to use box volumes and tensor
product covariance functions, reducing multidimensional
integrals to efficient one-dimensional integrals. We then
explore how to deal with a large number of observations
in Section 4, leveraging structured volume layouts to
induce Kronecker structure, and combining a Cholesky
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Figure 1: A physics-informed GP models the propagation of a tsunami near a coast.

For visualization purposes, the

seabed topography (the bottom surface) is not true to scale. The middle surface (in shades of blue) depicts the posterior mean
over the deviation of the water from its mean height. The transparent surface at the top depicts the 95% confidence upper
bound, including computational uncertainty from early termination of the iterative solver. An animated version is available at

https://github.com/timweiland/gp-fvm.

decomposition with IterGP (Wenger et al., 2022), a prob-
abilistic linear solver that quantifies the computational
uncertainty induced by early stopping. We validate
the advantage of FVM observations in Section 6.1 by
comparing their scaling behavior to collocation observa-
tions. Finally, we demonstrate real-world applicability
in Section 6.2 by computing a fully probabilistic simu-
lation of a tsunami, and show in Section 6.3 that the
same framework extends to PDE-constrained inverse
problems.

2 Background

2.1 Affine Gaussian Process Inference

The key idea underlying GP-based PDE solvers is that
GPs are closed under affine transformations. Consider
transforming both functions in (1) through a linear func-
tional [ : U — R, which yields

[[Dlu]] = I[f]. (2)

If we model u with a GP, then the posterior u | (I[D[u]] =
I[f]) is again a GP with closed-form mean and covariance,
provided [ o D is a bounded linear functional on the
sample space of the prior (Section 2.2). In the following,
we introduce the necessary notation to formalize this
statement. The underlying assumptions and theory are
in Appendix A.

Definition 2.1. Let k be the covariance function of
a GP,and let £1 : U — R™, Ly : U — R™ be linear
operators. Define L1k : D — R™* by

Lik(zx) := L1]k(-, 2)]. (3)
Define further £1kL5 € R™*"2 by
(L1kL3)ij = Lalx — La[k(x,)];]:. (4)

Similar notation may be defined for Banach space-valued
linear operators (Pfortner et al., 2022, Notation 2).

Now consider the setting where we know that the trans-
formation of f ~ GP(m,k) under the linear operator
L : U — R" yields observations y € R"™ with noise
e ~ N(u,X), where p # 0 is permitted for gener-
ality, though all our experiments use g = 0. Define

G := LEL' + 3 € R™™™ and denote by G' its Moore-
Penrose pseudoinverse. Then:

FILf+e=y~GP(m", k%), (5)
m* () = m(x) + Lk(@) G (y — (L[m] + H))(:G)
k*(ili]_,wz) = k(il?l,wz) —L:]f(:lfl)TGTEk(ZB2) (7)

The operator Z[u] := Llu] — y is often referred to as
an information operator (Cockayne et al., 2019b).
In the following section, we show that certain PDE
discretizations can be formulated through information
operators. Thus, Eqs. (6) to (7) enable closed-form
inference from affine information.

2.2 PDE Solving as a Learning Problem

Instead of solving Eq. (1) directly, we define n linear test
functionals I : U — R (i € {1,...,n}) to obtain:

(ie{l,...,n}). (8)

This reduces an infinite-dimensional equation system to
a linear system on R™. The constraints on u are strictly
weaker, but the approximation error decreases as the
number of test functionals grows. Methods based on this
approach are called methods of weighted residuals
(MWRs), a class that includes e.g. finite element and
Galerkin methods.

19 [Dlu]] = 19]f]

Choose test functionals () (i € {1,...,n}) and a GP
prior for the solution of the PDE u ~ GP(m, k) such that
Assumption A.2 is fulfilled and (l(i) o D) is a bounded
linear functional on the reproducing kernel Banach space
(RKBS) corresponding to w for all i € {1,...,n}. We
work with RKBSs rather than RKHSs because our priors
have sample paths in the Banach spaces C#(X); in the
RKHS case, this boundedness is equivalent to existence
of the representer (1) o D) k(-) in the RKHS (Kanagawa
et al., 2018, Sec. 4.1). Then according to Theorem A.3,

(ul (190 D) [u] = 1D11]) ~ GP(m", k"), (9)

with closed-form expressions for m* and k*. We may
also combine all n test functionals into one R"-valued
linear operator Lppg instead. The sample paths of the
resulting posterior fulfill Eq. (8) for all i € {1,...,n}.


https://github.com/timweiland/gp-fvm

This is a probabilistic numerical solution of the PDE.
Pfortner et al. (2022, Sec 3) show that this construction
yields a GP with posterior mean matching MWR.

For an IBVP, the initial and boundary conditions may
also be expressed through affine GP inference. We write
Lic, sc for the linear operator that computes all corre-
sponding observations. If we further write Ligyplu] :=
(£107 Bc[u] L:pDE[u])T, then G = ‘C’IBVP]{ﬁ{BVP + X
is the Gram matrix of interest, and GP inference serves
as a full probabilistic pipeline to numerically solve an
IBVP.

3 Volumetric Information Operators

Most GP-based PDE solvers are based on test function-
als z[u] = u(x), inducing the collocation linear operator
Lgu] = Dlu](x). In this Work we instead consider test
functionals of the form Iy [u fv x)dx, where V. .C D
is some chosen volume. Aﬁine mference 1nvolves trans-
forming the covariance function under ly o D, which we
call the Finite Volume Method (FVM) operator:

= / Diu](zx)d. (10)
1%

Mild assumptions on u ~ GP(m, k) yield:

(u | /Vp[u](a,-

with closed-form expressions for m* and k* (Egs. (6)
to (7)). The samples of the resulting posterior fulfill
the PDE on average across the chosen volume V. The
method resulting from this choice of test functional is
classically called the subdomain method. As stated in
Fletcher (1984), the subdomain method is equivalent
to the Finite Volume Method (FVM) due to the diver-
gence theorem. Hence, we use the name GP-FVM for
GPs conditioned on FVM observations in the remain-
der of this work. Fig. 2 shows the difference between
collocation and GP-FVM on an example problem.

)iz = [ flayie ) ~ G ). (1)

GP-FVM requires transforming the covariance function
under Ly . In the following, we explore a framework to
enable efficient inference from FVM observations. We
start with functions v : D C R — R and build up
towards functions w : D ¢ R? — R?. Appendix B
justifies that the constructions of this section satisfy the
assumptions underlying Eqs. (5) to (7).

3.1 One-dimensional domains

For D C R, we consider intervals of the form V := [a, b].
Thus, the FVM operator has the form

/ Dlu (12)

A linear differential operator D is a linear combination
of partial derivatives up to order k € N:

L[a b]

u

=0

Hence, Eq. (12) is equivalent to

ab]

:00/

The fundamental theorem of calculus simplifies the terms
where integrals are mixed with derivatives to differ-
ences of derivatives. GP-FVM thus requires efficient
access to the integral (for ¢ = 0) and arbitrary deriva-
tives u(? of the covariance function. The widely used
Matérn covariance function is isotropic, of the form
kyo(z1,@2) = ky(lz1 — 32| /0) (v € Ry). Forv=q+ 3
(¢ € N), it simplifies to

ky—qy1(r) = exp (,MO Dq (mr) , (15)

where p, is a polynomial of order ¢ with known coeffi-
cients (Rasmussen and Williams, 2005). By the product
rule, derivatives again have the form of an exponential
times a polynomial, so evaluations of the Matérn co-
variance function and arbitrary derivatives thereof are
efficient. One can also derive efficient closed-form inte-
grals of the Matérn covariance function; Appendix H
gives the derivation.

dechH_l (

=0

u® (a)) .
(14)

3.2 Multi-dimensional domains

To transfer the efficiency of the one-dimensional case
to a multi-dimensional input domain D C R%, we re-
duce multi-dimensional integrals to one-dimensional
ones. To achieve this, we restrict ourselves to box vol-
umes of the form V := [ay,b1] X -+ X [ag,bq]. More
complex shapes can be approximated by unions of box
volumes. Due to Fubini’s theorem, Eq. (10) can then
be expressed in terms of one-dimensional integrals. Fur-
thermore, we write the order-k linear differential oper-
ator D as a linear combination of partial derivatives
D> = 9lel /ox$ ... 957, indexed by multi-indices o €
N¢ with |a| := >, ; and scalar coefficients co. This
yields:

by by
Ev[u]:/ Du(x)dzq...dzy

ay

ch/l“

|| <K

d

“u(x)dxy...dxg. (16)

To harness this structure, we use a tensor product of
one-dimensional Matérn covariance functions:

d
k(x1,x%2) := Hk,(ji),gi(xlivx%)- (17)

i=1

This allows us to distribute the partial derivatives and
the one-dimensional integrals to the individual one-
dimensional covariance functions. For two different box
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Figure 2: Learning to solve d¢/dx(x) = cos(x) through collocation and FVM. Both approaches condition a GP prior on i) the
boundary conditions u(0) = u(27) = 0 and ii) a discretization of the differential equation, via point observations X for collocation
and integral observations —— for FVM. Plotted are the resulting posteriors over u(x) and d¢/ax(x), the ground truths, and three

samples per posterior.

volumes V,V’ C D, we get

d
(Lvk)(x2) = > ca [[ Lo ) )(@2),  (18)

la|<k =1
d
o § : @  pr
LykLy, = CaCaIHL[ai,bi]§aikVi7€i [a],bi];a
lee| <k =1
lo/|<K

(19)

with Lpg 45 [u] := f: %u(x) dz. In this way, the multi-
dimensional integrals reduce to linear combinations of
products of one-dimensional integrals of the type in-
troduced in Section 3.1. The smoothness properties
of the one-dimensional covariance functions are trans-
ferred to the tensor product: If v; = ﬁi—i-% (8; € Np) and
m € CP(D) (prior mean), then the sample paths (almost
surely) lie in C#(D) (Wang et al., 2021; Da Costa et al.,
2023). Thus, this prior ensures manageable smoothness
and enables efficient inference from box volume FVM ob-
servations, eliminating the requirement for costly multi-
dimensional numerical quadrature.

3.3 Multi-dimensional codomains

So far we assumed a one-dimensional codomain. As a
final step, we extend to multi-dimensional codomains
to model functions u : D € RY — R%. A multi-output
GP prior for this situation uses a covariance function
kE: R x R? — R¥*d The off-diagonal entries of
the output matrix are the cross-covariances between
different outputs (e.g. Alvarez et al., 2012). To extend
our framework to the multi-output case, we simply set
the cross-covariances between the outputs to zero, i.e.

k(x1,x2) = diag (k11 (1, 22) .. . kara (X1, 22)), (20)

where the k;; : RY x RY — R are tensor product covari-
ance functions as in Eq. (17). This prior assumes that the
outputs are a priori uncorrelated, which is clearly not
correct for realistic PDEs with several output variables.
The dependencies that matter are nonetheless recovered

in the posterior, where the PDE constraint couples the
outputs. Alvarez et al. (2012) instead model output
correlations in the prior; we do not, both for simplic-
ity and because this keeps the cross-output Kronecker
structure intact. The k;; may share hyperparameters or
not; Appendix C.4 shares lengthscales across the three
tsunami outputs, whereas Section 6.3 uses separate ker-
nels for v and f. A multi-dimensional codomain yields
functions u(x) = (uy(x) ... ug (x))7. In this case, linear
differential operators take the form

v
Dlul:= > Y caiD*[uil.

loe| <k i=1

(21)

Dk(x1,x2) is then (Pfortner et al., 2022, Remark 4.1
a linear combination of vectors D%k; (21, x2) € R4
with:

(D%ki,: (w1, 2)); = 0ij - (Dkj5) (T2, 2). (22)
Similarly, DkD’(x1, x2) is a linear combination of scalars
D1k, ;. D¥?'(x1, x2) with:

1192

Dalkl‘lhDa2/(€B17 (I)z) = 57211'2 . DalkililDaz (581, (132).
(23)
Hence, there is no added complexity over the computa-

tions from Section 3.2.

4 Large-Scale Inference

Conditioning on FVM observations in the framework
described in Section 3 produces a GP posterior with
closed-form expressions for the posterior mean and co-
variance given by Eqgs. (6) to (7). The challenge consid-
ered in this section is the computation of the quantities
involved in these expressions. The computation of the
posterior mean (Eq. (6)) requires one linear system solve
involving the Gram matrix G € RV*¥ to obtain the
representer weights:

o= Gi(y — (Lm] + p). (24)



Evaluating the posterior covariance (Eq. (7)) at N* test
points requires N* solves with G. The classic approach
to solve these linear systems is to compute the Cholesky
decomposition G = LLT, where L € RV*V is lower
triangular with positive diagonal entries. This requires
%N 3 FLOPs to leading order. Afterwards, linear sys-
tem solves involving G require O(N?) operations using
forward and backward substitution. This presumes a
nonsingular G: our formal results use the pseudoinverse
G' to also cover the singular case, but all numerical
methods here assume G symmetric positive definite.
However, for the use case of PDE solving, naive compu-
tation of the Cholesky decomposition quickly becomes
infeasible. An example resolution of 100? finite volumes
for a 3D domain already induces Gram matrices with
N > 10%. The corresponding Cholesky decomposition
requires terabytes of RAM and a leading order of % -1018
FLOPs to compute.

4.1 Iterative techniques

Iterative methods such as the conjugate gradients (CG)
method address this problem. CG approximates a solu-
tion to G = b by iteratively searching in G-orthogonal
directions formed from the gradient of  — %wTGw —
xTbh, and is matrix-free: it only requires matrix-vector
products with G. We use an iterative method called
IterGP (Wenger et al., 2022). IterGP generalizes CG
(among other methods) and produces a combined poste-
rior. The combined posterior adds computational
uncertainty to the mathematical uncertainty from
Eq. (7). As CG obtains a better estimate of the repre-
senter weights, the computational uncertainty decreases.
Thus, even after k < N iterations, IterGP produces a
posterior that is exact in the combined sense: it does
not approximate the exact GP posterior, but quanti-
fies the uncertainty induced by early termination. Sec-
tion 6.2 reports a case where this combined posterior is
underconfident.

Iterative methods are especially effective when fast matrix-
vector products with G are available. To achieve this,
we use structured discretization schemes.

Definition 4.1. A box FVM discretization scheme is
a non-empty set V of box volumes. We say that V has
factorized structure if

V:{IlX"'XId‘IiegifOI'Z.Zl,...,d}, (25)

where the one-dimensional partitions G; (distinct from
the Gram matrix G) are, for i € {1,...,d} and N; € N:

Gi = {[ai1, binl, ..., ai N, bin ]} (26)

Write V; for the j-th volume in V and N; = |G;|. De-
fine “stacked” linear operators Ly, Lg, through Ly,[u] €
RW" (‘CV[U])J = L"Vj [u] and Lg, [u] € RNiv (Lg, [u])g =
Lia, ;b ,1ul. Then LykLy, € RV contains the
cross-covariances between the volumes. If V has fac-
torized structure, Eq. (19) shows that £y,kL3, has Kro-
necker structure:

d
Lokl = Y cacar R Lok, LG (27)

ol <k, o’ | <k i=1

Matrix-vector products with Kronecker products are
cheap and only require access to the individual fac-
tors (Van Loan, 2000). Concretely, with N = []. N;,
a dense Gram matrix needs O(N?) storage and O(N?)
per matrix-vector product, whereas the factorized form
stores O(>°, N?) and applies at O(N Y, N;), leaving
the CG iteration count unchanged. For reasonable values
of |Gi|, we can precompute Lg, kl(j)e‘clgl In this way,
even discretization schemes with hundreds of thousands
of volumes remain tractable.

4.2 Cholesky preconditioners

The solution of an IBVP needs to satisfy initial and
boundary conditions in addition to the PDE. Thus, the
Gram matrix is constructed from different types of ob-
servations. Applying CG directly to such an inhomo-
geneous matrix may require many iterations to obtain
accurate representer weights. We consider situations
where a reasonable amount of observations is sufficient
to cover the initial and boundary conditions, making a
Cholesky decomposition feasible. This is possible even
for large-scale problems, exemplified by the experiment
in Section 6.2. In these cases, we can separate the
initial and boundary observations from the PDE obser-
vations. First, compute the Cholesky decomposition for
urc, Bc = (u | Lic, Bclu] + €10, BC = Y1, Bc). Then,
we use uic, Bc as a new prior for which we use IterGP to
integrate the PDE observations. This new prior is a full
distribution, not merely a mean; its covariance is a low-
rank downdate of k, so matrix-vector products still re-
duce to the Kronecker factors plus a low-rank correction.
In other words, we apply IterGP with CG actions to
compute uigyp = (UIC, BC | L:PDE[U] + EPDE = YPDE)-
Wenger et al. (2022) show that IterGP generalizes the
Cholesky decomposition through unit vector actions.
Thus, in the sense of IterGP, this strategy constructs a
deflation-based preconditioner which projects onto the
subspace of the search space that satisfies the initial and
boundary observations. All further CG iterations are
then isolated to the PDE and cannot violate initial or
boundary observations. This combines exact computa-
tions where they are affordable with approximate com-
putations where they are necessary. As a consequence,
there is no computational uncertainty for the initial and
boundary conditions. This deflation is one instance of
the preconditioners and policies available within IterGP;
Wenger et al. (2022) discuss further options.

5 Related work

Physics-Informed Machine Learning Popular ma-
chine learning based approaches to PDE solving include
physics-informed neural networks (Raissi et al., 2019),
(Fourier) neural operators (Li et al., 2020; Lu et al.,
2021), and neural ODEs (Chen et al., 2018). The latter
two rely on internal calls to low-level numerical methods,
either to produce training data (neural operators) or to
solve ODEs (NODEs), whereas our method is a classic
stand-alone numerical PDE solver. It is thus closest to
PINNS, but its analytic nature allows for the significant



computational savings outlined above.

Probabilistic Numerics (PN) Our work fits into the
framework of PN methods (Hennig et al., 2015), where
several variations of GP-based PDE solvers have been
considered. Cockayne et al. (2017) propose a solver
based on collocation and also consider inverse problems.
A generalization of collocation to nonlinear PDEs is
given by Chen et al. (2021) through a quadratic op-
timization problem with nonlinear constraints. Other
variants include multistep methods (Raissi et al., 2018)
or the PN method of lines (Kramer et al., 2022).

MWRs Pfortner et al. (2022) prove more generally that
affine GP inference generalizes all methods of weighted
residuals (MWRs), of which FVM is a special case. We
leverage this theoretical result to provide a practical
framework for efficient inference on this observation
class. To the best of our knowledge, our work is the first
to focus on practical aspects of FVM observations for
GP inference.

Scalability Other approaches towards scalable GP-
based PDE solvers include approximations through Fourier
features (Mou et al., 2022), sparse Cholesky decompo-
sitions (Chen et al., 2023), inducing points (Meng and
Yang, 2023), and a stochastic proximal mini-batch ap-
proach (Yang and Owhadi, 2023). The use of Kronecker
structure has been proposed previously in the context of
GPs (Wilson et al., 2015), PDE solvers (Gavrilyuk and
Khoromskij, 2019), and GP-based PDE solvers (Kréimer
et al., 2022; Fang et al., 2023). Our work complements
this view, using a new observation class and an effi-
cient iterative solver that quantifies its computational
uncertainty.

6 Experiments

Here we investigate the utility and scaling behavior of
our GP-FVM framework. First, we run scaling bench-
marks comparing GP-FVM to collocation (Section 6.1).
Then we test our methods on a real-world tsunami sim-
ulation (Section 6.2), demonstrate an inverse problem
(Section 6.3), and propose a calibration method for the
output scale (Section 6.4).

Implementation An efficient implementation of GP-
FVM is available as open-source Python code at https:
//github.com/timweiland/gp-fvm. We build on source
code from Pfortner et al. (2022), which in turn leverage
the ProbNum package (Wenger et al., 2021). The itera-
tive solvers in particular are designed for execution on a
GPU using PyTorch (Paszke et al., 2019). The bench-
marks in Section 6.1 were run on one Intel Xeon Gold
6240 CPU. The tsunami simulation in Section 6.2 was
run on one NVIDIA A100 GPU. The inverse problem
(Section 6.3) and calibration (Section 6.4) experiments
were run on an Apple M1 Max, 32GB RAM. Only
the tsunami simulation uses a GPU; all other experi-
ments run on CPU. All experiments use double precision
(float64) throughout.

6.1 Comparative Benchmarks

Setup We evaluate GP-FVM on three IBVP classes
based on manufactured solutions with known analytical
ground truth. a) 1D Advection (Qpu+£0,u =0, 8 = 0.4)
is a spatiotemporal first-order problem with periodic
boundary conditions. b) 2D Poisson (Au = f) is a
purely spatial second-order problem with homogeneous
Dirichlet conditions. ¢) 2D Wave (9yu = c?Au, ¢ = 1) is
second-order in both space and time. Initial/boundary
conditions are random superpositions of sine modes,
enabling evaluation across many IBVPs. Appendices C.1
to C.3 contain further details.

Evaluation For each IBVP we compute the RMSE
or MAE between the GP posterior mean and the ana-
lytical solution on a grid of test points, reporting the
mean across all IBVPs. For each benchmark we evaluate
collocation and GP-F'VM at increasing discretization res-
olution Nppg, uniformly distributed across the domain
in both cases. Since f is known analytically, neither
method optimizes its observed values; both condition
on known data, pointwise for collocation and volume-
integrated for GP-FVM. Only lengthscales are tuned,
symmetrically for both: 30 Optuna trials (Akiba et al.,
2019) minimizing mean MSE on 5 validation IBVPs, per
method and resolution.

Results In all cases, GP-FVM outperforms collo-
cation (Fig. 3). The shaded bands show the 25th-75th
percentile range across IBVPs. The gap widens with in-
creasing resolution: for a) advection, GP-FVM achieves
~10x lower RMSE at 64 x 64; for b) Poisson, the gap ex-
ceeds 800x at the same resolution. For all benchmarks,
the log-log plot implies different power-law relationships
between GP-FVM and collocation. Fig. 2 provides some
intuition on why this might be the case: Whereas for
collocation the uncertainty collapses in the derivative
space, for GP-FVM it collapses directly in the original
space. The idea in general is that the integral yields ob-
servations in a space that is closer to the solution space
than for collocation. This is the regime that motivated
our approach: at the small lengthscales needed for finer
features, highly local point observations constrain the
solution poorly, whereas each volumetric observation
aggregates information over a whole cell.

Comparability Collocation can leverage Kronecker
structure in the same way as GP-FVM, so for equal
Nppge both methods have comparable compute and
equal memory requirements.

6.2 Real-world example: Tsunami propaga-
tion

Having established the improved scaling behavior of
GP-FVM over collocation, we now investigate to what
extent it is a feasible choice for less trivial real-world
physical processes, using a fluid dynamics problem as
an example.

Setup We use the linearized 2D shallow-water equations
(Eqgs. (40) to (42), Appendix C.4) to model a fictional
tsunami propagating towards a coast, in a scenario where
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a) 1D Advection (3 = 0.4)
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Figure 3: Scaling behavior of GP-FVM compared to collocation for various problem classes. The plots show the mean error

across all IBVPs in each problem class.

an earthquake causes an anisotropic Gaussian-shaped
displacement of water (Fig. 1). An additional challenge
is that Eq. (40) has a variable coefficient H (¢, x, y) due to
the seabed topography. Since Section 3 assumes constant
coefficients, we approximate H as piecewise constant
on each finite volume. With this and the lineariza-
tion, which drops the nonlinear mass- and momentum-
conservation terms, the example is a proof of concept
rather than a full shallow-water simulation. For details
on these topics, refer to Appendix C.4.

The results (Fig. 1) show a plausible posterior mean;
the arrival time of the synthetic tsunami is similar to
that of a real tsunami observed in this coastal area.

Linear system scale The simulation is based on 918000
FVM observations and a Gram matrix with 9366722
entries; by Section 6.1, collocation would likely have re-
quired prohibitively many more observations for this so-
lution quality. We first solve for the initial and boundary
observations by Cholesky decomposition (Section 4.2),
then run IterGP with CG actions for a budget of 1250
iterations.

Uncertainty The posterior uncertainty (with dedicated
plots in Appendix C.4) reflects the computational un-
certainty induced by early termination of the solver. It
is underconfident relative to the posterior mean qual-
ity, a well-known issue with probabilistic linear solvers
(Cockayne et al., 2019a): the computational uncertainty
cannot match the fast convergence of CG. To alleviate
this, we perform 500 additional iterations with actions
targeted to uncertainty reduction around the shore (Ap-
pendix D); this is a practical budget rather than a tuned
hyperparameter. Uncertainty also collapses at ¢ = 0
and at the boundaries, whose observations are solved by
Cholesky and thus carry no computational uncertainty.

Including the post-iterations, the iterative linear solve
requires about 15 minutes on a single GPU, demonstrat-
ing the feasibility of large-scale probabilistic PDE
simulations in our framework. Feasibility is meant
relative to Section 4: at this size, a naive Cholesky
would require terabytes of RAM and ~10'® FLOPs.
Appendix E visualizes how the CG solver progresses
through the time dimension.

6.3 Inverse problem: Source identification

The GP-FVM framework naturally extends to inverse
problems. Consider the Helmholtz equation V2u-+k2u =

f on [0, 1]? with homogeneous Dirichlet boundary con-
ditions, where we seek to infer the unknown source f
from sparse, noisy observations of the solution w.

Setup We model (u, f) jointly with an independent
multi-output GP prior (Eq. (20)), coupling the outputs
through the PDE constraint via FVM observations on
a 32 x 32 grid. The ground truth source consists of
two localized Gaussian bumps with opposite signs. We
observe u at 100 random interior points with additive
Gaussian noise (g, = 0.005) and condition on v =0 at
the boundary.

Results Fig. 4 shows the posterior mean and standard
deviation for both v and f. The solution w is recon-
structed accurately (maximum error ~ 0.03 against val-
ues of +0.7), and the source f, for which only boundary
values are imposed, is recovered in the interior with
the correct spatial structure: both Gaussian bumps
are localized with the right sign and amplitude. The
posterior standard deviation is largest for f in regions
between the observation points, and smallest for u near
the observations, which is qualitatively consistent with
well-calibrated uncertainty. We do not verify this quan-
titatively: the post-hoc argument of Section 6.4 assumes
noiseless observations throughout, which does not hold
here. This demonstrates that GP-FVM can propagate
information bidirectionally through the PDE: from ob-
servations of u to inference about f.

6.4 Towards calibration of the output scale

A GP prior u ~ GP(0,02k) has an output scale o2
controlling the amplitude of the posterior uncertainty,
normally set via marginal likelihood optimization. For
GP-FVM the “observations” are a mix of genuine data
(initial/boundary conditions) and PDE constraints with
known right-hand side, which makes calibration less
straightforward: calibrating o2 from PDE residuals alone
does not yield well-calibrated posteriors in the solution
space, because the differential operator compresses un-
certainty differently than pointwise evaluation.

Key property If all observations are noiseless, the pos-
terior mean is independent of o%: it cancels in m*(x) =
02k (x)T(02LEL") " y. The posterior covariance scales
linearly: k* = o2v, where v does not depend on o2.
Thus, 02 can be estimated post-hoc as a pure calibration
parameter without re-solving. Noiselessness is essential:

if observations carry noise that does not scale with o2,
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Figure 5: Calibration quality for the 1D advection benchmark.
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pooled over 25 IBVPs. Calibration improves with resolution but
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as in Section 6.3, then o2

mearn.

no longer cancels from the

LOO calibration We estimate o2 via the closed-form
leave-one-out (LOO) predictive distribution of the IC
observations within the full Gram matrix G:

~2 7
0" = — g ,
Nic [G l]ii

i€IC

(28)

where a = G~y are the representer weights. Restrict-
ing the LOO to IC observations, but using the full Gram
matrix inverse, separates data from constraints while
still accounting for how the PDE reshapes the covari-
ance; Appendix G gives the details and the cost, which
is negligible relative to the solve.

Results Fig. 5 shows a QQ plot of pointwise z-scores for
the 1D advection benchmark, where z(x) = |m*(x) —
Utrue ()] /1/02 v(x, x). Calibration improves with reso-
lution: at 80 x 80 the bulk of the distribution (<1.50) is
well-calibrated, though the tails remain slightly overcon-
fident, while at 20 x 20 and 40 x 40 the posterior is more
noticeably overconfident. This is expected: a scalar o2
rescales the posterior covariance uniformly, but cannot
correct errors in its shape caused by suboptimal length-
scales or insufficient resolution. Principled calibration

of probabilistic PDE solvers remains an open problem:;
we view the LOO approach as a practical step in this
direction.

7 Limitations

Like most classic PDE solvers, our approach requires
iterative numerical linear algebra (here its probabilistic
version, IterGP), which needs careful stabilization; we
currently rely on full reorthogonalization, which is ef-
fective but costly. IterGP and other probabilistic linear
solvers also tend towards overly conservative uncertainty
under the purely exploratory CG policy; Appendix D
suggests an approach, but further treatment remains
beyond the present scope. On a lower level, Kronecker
structure requires factorized discretization schemes; non-
rectangular domains can be covered, but at a compu-
tational overhead. Finally, our framework relies on the
linearity of D for closed-form integral observations; non-
linear PDESs would require linearization, as in Section 6.2,
or a different conditioning scheme.

8 Conclusion

We introduced a framework for efficient probabilistic
inference on PDE solutions from volumetric (FVM)
observations. FVM observations scale favorably: GP-
FVM needs several orders of magnitude fewer observa-
tions than collocation for the same solution quality, and
the matrix-free probabilistic linear algebra we proposed
solves the arising system efficiently. This scales prob-
abilistic solutions to nontrivial simulation problems, a
key step towards real-world applicability of probabilistic
PDE simulators, which remain important also and espe-
cially in machine learning: describing simulation as an
inference scheme opens avenues, such as deep emulator
design, that are hard to reach if simulation is left as a
black box.
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A Affine Gaussian Process Inference,
in Detail

In the following, we elaborate on the assumptions re-
quired for the results in Section 2.1 to hold. The fol-
lowing theory is based on Section 4 of Pfortner et al.
(2022).

First, some assumptions on the prior are necessary. This
requires the following definition:

Definition A.1. A reproducing kernel Banach
space (RKBS) is a Banach space of real-valued func-
tions on a non-empty set X on which all point evaluation
functionals are continuous.

Assumption A.2. f ~ GP(m,k) is a Gaussian process
with index set X on (2, F, P), mean function m : X — R
and covariance function k£ : X x X — R. The sample
paths of f lie in a separable RKBS B and w — f(-,w)
is a B-valued Gaussian random variable.

Under Assumption A.2, we can condition a GP on obser-
vations obtained through linear operators. The following
theorem uses the notation from Eqs. (3) to (4):

Theorem A.3. Let L : B — R” be a bounded linear
operator. Under Assumption A.2, the following results
hold.
Viewing f as a B-valued Gaussian random variable, the
application of L yields

L[f) ~ N (L[], £kL"). (29)
Let € ~ N(u,X) be an R"-valued Gaussian random
variable such that e L f, and let y € R™. Define G :=
LkL + X € R™ ™. Then:

f|£[f}+s:ng77(m*,k:*), (30)

with

m*(@) := m(z) + Lk(@)TG (y — (L[m] + p)),
(31)

k(wl,wg) = k(wl,wg) - ﬁk(QZl)TGTﬁk(aZz) (32)

Theorem A.3 gives closed-form expressions for the pos-
terior obtained by conditioning a GP on linear operator
observations of its paths. Pfortner et al. (2022) also
state the equivalent result for when the codomain of £ is
another real separable RKBS. Classic GP regression on
point evaluations then corresponds to the special case
L = idp.

B Theoretical justification

For affine GP inference based on these ideas to be theo-
retically justified, the introduced priors must satisfy As-
sumption A.2 and the linear operators must be bounded
on their sample spaces.

Pfortner et al. (2022) show that if f is a GP with
paths(f) C CP(X) P-almost surely (3 € Ng), then f ful-
fills Assumption A.2. As mentioned in Section 3.2, this
is the case for the tensor product covariance function.
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For the multi-dimensional codomain case, our choice of
covariance function amounts to modelling d’ indepen-
dent single-output GPs. Each of these single-output
GPs has a sample space in CP(X) for some 3 € Ng. As
a consequence, the overall sample space B is isometri-
cally isomorphic to a subset of the Cartesian product
X?,ZI C# (X), which is again a separable RKBS under
an appropriate norm. Thus, f is a Gaussian random
variable whose values P-almost surely lie in B. Hence,
Assumption A.2 is fulfilled. For more details on the
multi-dimensional codomain case, refer to Pfortner et al.
(2022, Remark 4.2).

We also need to prove that the linear operator we de-
scribed is bounded on the sample space. The linear
operator is the composition of an integral over a finite
box volume with a linear differential operator. Because
the sample space consists of functions in C?(X), we know
that all partial derivatives appearing in the PDE are
bounded and uniformly continuous (assuming 3 is suffi-
ciently large). It immediately follows that D is bounded
as a sum of bounded linear operators.

Furthermore, it is trivial to show that the integral of
bounded and uniformly continuous functions over a finite
box volume is bounded:

LﬂWMSKJWWX
sﬁmmmm

bl bd
:/ / £l o) dza. - - dzy - (35)

al ad

d

= [Ifllco) [J (b — @) (36)
i=1
d

< fllos [T (0 = aa). (37)
=1

Clearly, the integral is also linear. Hence, the opera-
tor that generates our observations is a bounded linear
operator as a composition of bounded linear operators.
This proves that our framework is valid for both the
single-input and the multi-input cases.

C Experiment details

All benchmarks use manufactured solutions with known
analytical ground truth, enabling exact error evaluation
without reliance on external datasets. For each problem
class, initial/boundary conditions are random superpo-
sitions of sine modes, and we evaluate across 50 random
IBVPs. The shaded bands in Fig. 3 show the 25th-75th
percentile range across IBVPs.

C.1 1D Advection

PDE 0,u + 80,u = 0 on [0,2] x [0,1] with 8 = 0.4 and
periodic boundary conditions. The initial condition is
up(z) = Z?=1 ajsin(2mjz) with a; ~ N(0,1/5%). The
exact solution is u(t, z) = uo((x — St) mod 1).



Observation Layout For the initial condition, we
use ~100 uniformly spaced observations. For the peri-
odic boundary, we use 50 observations uniformly spaced
across the time dimension, expressed as Lperiodic,t[t] =
u(t,0) —u(t,1) = 0. PDE observations are uniformly
spread across the domain.

Prior Zero mean, tensor product of 3/2-Matérn covari-
ance functions.

Hyperparameter Optimization Lengthscales are op-
timized per method and resolution via Bayesian opti-
mization (Akiba et al.; 2019) with 30 trials, minimizing
mean MSE on 5 random IBVPs.

C.2 2D Poisson

PDE Au = f on [0,1]? with homogeneous Dirichlet
boundary conditions. The manufactured solution is

u(z,y) = Z?,j:l a;j sin(irz) sin(jmy) with a;; ~ N(0,1/(i+

7)), which automatically satisfies the boundary condi-
tions. The right-hand side f = Au and its FVM integrals
are computed analytically.

Observation Layout 30 boundary observations per
edge. PDE observations uniformly distributed.

Prior Zero mean, tensor product of 5/2-Matérn covari-
ance functions with equal lengthscale in  and y.

Hyperparameter Optimization Same as advection:
30 Optuna trials on 5 random IBVPs.

C.3 2D Wave Equation

PDE 9,u = ¢?Au on [0,2] x [0,1]? with ¢ = 1 and
homogeneous Dirichlet boundary conditions. The ini-
tial condition is u(0, z,y) = Eijzl C;j sin(imx) sin(jmy)
with zero initial velocity, where the coefficients C are
sampled from a Gaussian (see Eq. (39)). The exact

solution is obtained by separation of variables:

u(t,x,y) = Z Cij cos(wy;t) sin(imx) sin(jmy), (38)

2

wij = emy/ 12 + j2.

C= (?l ?2), (39)
C3 (4
1 0.12
_ 05| .. o022
E~ N g5 | ding | 552
0 0.32

Observation Layout 8 x 8 initial condition observa-
tions, 20 temporal x 10 spatial boundary observations
per edge. PDE observations uniformly distributed.

Prior Zero mean, tensor product of 5/2-Matérn covari-
ance functions with shared spatial lengthscale.

Hyperparameter Optimization Grid search over 10
temporal and 10 spatial lengthscales, selecting the com-
bination with lowest error per IBVP.
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C.4 Tsunami propagation

PDEs We model the propagation of a tsunami using
the linearized 2D shallow-water equations (Vallis, 2017):

0

0
0 0
au—varg%thku 0, (41)
0 0
ngrfqugafthrkv— (42)

The vertical deviation of a body of water from its mean
height H(t,z,y) is modelled by h(t,z,y). The water
velocities in the z- and y-directions are modeled by
u(t,z,y) and v(t, z,y), respectively. The scalar param-
eters are the gravitational acceleration g, the Coriolis
coefficient f and the viscous drag coefficient k.

Boundary condition At the boundary, we use radi-
ation boundary conditions with wave speed c(x,y) =
v gH (z,y). For example, at = 0, we use the condition
oh oh
(0. ) —
5 = <095
and similarly for the other boundaries. This condition
effectively allows outward flow and rejects inward flow.

(43)

Bathymetry For the seabed topography (also known
as bathymetry), we use data from the GEBCO 2023 grid
(GEBCO Compilation Group (2023)) of a rectangular
crop of Japan’s coastal area. The data is included in
our code repository.

Finite volume layout We use finite volumes of equal
volume that disjointly span the entire domain. Each vol-
ume has approximately 1km length along the x axis, 5km
length along the y axis and 20 seconds span across the
temporal dimension. This results in 90-170-20 = 306000
volumes, and each volume yields three observations for
the three PDEs. We chose this imbalance between the x
and y axes because the initial condition exhibits higher
frequencies along the z axis.

IBVP scale We consider a simulation length of 30
minutes. For the initial condition, we use uniformly
spaced observations with a spacing of 3km per spatial
dimension. We also use uniformly spaced observations
for the boundary conditions with a spatial spacing of
5km and a temporal spacing of 30 seconds.

Prior We use an independent multi-output covariance
function consisting of three tensor products of 3/2-Matérn
covariance functions with lengthscales 60, 6 and 10 for
the t, x and y dimensions.

Variable bathymetry Eq. (40) uses a variable coeffi-
cient H(t,z,y). It is constant with respect to time, but
not with respect to space due to the variable bathymetry.
To handle this challenge, we assume that the bathymetry
is piecewise constant within each subdomain used to dis-
cretize the PDE. This amounts to forming Hadamard
products of the Kronecker products in Eq. (27) with
rank-one matrices formed by the seabed topography. At
the resolution used for the subdomain observations, the
piecewise constant approximation is nearly exact for the
2 dimension and not too inaccurate for the y dimension.
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Figure 6: Posterior covariance of the tsunami simulation. The heatmaps depict the marginal posterior covariance at the same

discrete locations used to create Fig. 1.

Uncertainty Fig. 6 shows the posterior marginal uncer-
tainty from Fig. 1. The uncertainty reduction in a rect-
angular area between Fig. 1b) and Fig. 1lc) is caused by
post-iterations using the policy described in Appendix D.
This policy is based on 10 -5 - 5 uniformly spaced points
in the subdomain [1200, 1800] x [40, 75] x [33.3, 66.6].

Compute The experiment was run on one NVIDIA
A100 GPU on an internal cluster. One full run of the
experiment requires about 1 hour of runtime, which
includes data loading and writing as well as a high-
resolution evaluation of the posterior. The actual itera-
tive linear solve requires about 15 minutes. We estimate
that we spent about 15 runs in total to fix bugs and
tweak parameters during our research until we converged
at the run presented in the paper.

D Targeted uncertainty reduction

As described in Section 6.2, the posterior uncertainty
visualized in Fig. 1 and Fig. 6 is underconfident. In this
section, we derive a simple technique to obtain better
uncertainty quantification locally in targeted areas of
the domain.

Counsider Eq. (7). Computing the marginal posterior
covariance exactly at N* points given by X* € RV x4
would require N* linear system solves, encapsulated by
G LE(X™).

——

eRNxN*

Instead, we focus on a subsample X € RV*X4 with
N < N*. In the tsunami example, we chose uniformly
spaced points towards the end of the simulation, close
to the shore. Even for a subsample we cannot afford
N accurate linear system solves. Instead, we leverage
similarities between related linear systems by sampling
linear combinations of the columns of Lk(X) € RV*N,

Concretely, we sample a weight vector 3 ~ Dir(1,...,1)
from a Dirichlet distribution and consider the linear
combination £Lk(X)8 € RN. TterGP iteratively builds
up an inverse approximation, which we denote by C; at
iteration 7. Then the residual with respect to the inverse
approximation' is given by

r; = Lk(Z)B — GC;Lk(Z)B. (44)

Using these residual vectors as IterGP actions imple-
ments CG with respect to the right-hand side Lk(X)S.

'Refer to Wenger ct al. (2022) for details.
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Thus, we iteratively solve Gt Lk(X)B. If we sample a
different 3 in each iteration, we effectively spread the
solve across the entire area covered by X.

The idea of using a Lanczos process on the right-hand
side columns in Eq. (7) to build up a low-rank approxi-
mation effective at uncertainty quantification has been
considered previously by Pleiss et al. (2018), which di-
rectly inspired our approach described here. We start
the Lanczos process indirectly through CG, and the
low-rank approximation is automatically constructed by
IterGP’s inverse approximation.

E CG action visualization

Fig. 7 depicts the behavior of CG for the tsunami prob-
lem. CG weighs the subdomain observations by their
current residual. Initially, the residual is the largest
for the volumes near ¢ = 0. Then, the solver gradually
progresses through time. The repeated diagonal lines
are effectively caused by early observations requiring
multiple iterations to sufficiently reduce the residual.
Meanwhile the progress from the previous iterations
already propagates through time.

F Conservation Laws

PDEs are often derived from conservation laws in inte-
gral form. As an example, consider a fluid with density
p(t, ) and velocity u(t, ). Then conservation of mass
with respect to a fixed control volume V with surface A
is expressed by the equality (Kundu et al., 2015):

/V p(t,z)dV

Intuitively, this means that the amount of mass con-
tained inside a static volume may only change through
inflow or outflow through its boundaries.

4
dt

—/ p(t, x)u(t, z)ndA. (45)
A

In the finite volume method, the domain is divided into
a fixed number of control volumes. Then, conservation
laws are solved by balancing fluxes between neighbor-
ing volumes. As a result, the finite volume method is
inherently conservative.

Similarly, our method also divides the domain into vol-
umes. The difference is that our method is based on
fulfillment of some PDE, on average, across the volume.
This PDE may be the differential form of a conservation
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Figure 7: IterGP actions show how the solver progresses through the time dimension. Depicted are the first 500 actions of
IterGP with a CG policy for the tsunami example. Each action is reduced to the FVM components, and then summed up over the
spatial dimensions. The result is a vector containing the weight by which each time slice is targeted.

law. But there is no explicit balancing of fluxes, and
thus, our method is not inherently conservative.

Nevertheless, there are situations where our method can
directly express conservation laws. Assume we model
p(t,x) by a GP as described in Sections 3.1 to 3.2. Then
the left-hand side of Eq. (45) can be computed in closed-
form. Due to our use of box volumes, the surface integral
in Eq. (45) is a one-dimensional integral. For fluids with
constant velocity at the surface, the right-hand side is
thus also tractable. A special case is a volume with closed
boundaries that allow no outward flow, i.e. u(t,z) =0
at the boundaries. In these situations, the fulfillment
of a conservation law at discrete points in time may be
expressed by subdomain observations.

In the spirit of probabilistic numerics, a conservation law
can thus be considered as yet another type of information
about the function we want to infer. It may be used, for
example, to construct priors with samples that are all
(approximately) globally conservative of some quantity.
This prior may then be conditioned on PDE information
to obtain a simulation in the posterior that respects the
conservation law.

Even if the PDE implicitly already contains the corre-
sponding conservation law this may be useful. If the
resolution of the PDE observations is too coarse, numer-
ical dissipation (Trefethen, 1996) may deteriorate the
quality of the solution. Explicitly “injecting” the con-
servation law into the prior may counteract numerical
dissipation.

Overlapping volumes. Nothing in the inference for-
malism requires the volumes to be disjoint: the test
functionals Ly of Section 3 are well defined for over-
lapping V', and the Kronecker structure of Section 4
is preserved as long as the layout remains a Cartesian
product of one-dimensional partitions, which permits
overlapping intervals within each axis. What is lost is
the identification with the Finite Volume Method proper.
That identification runs through the divergence theorem
applied to disjoint control volumes with shared faces
(Fletcher, 1984), so the conservation-law reading above
no longer applies to an overlapping layout, even though
the GP inference itself remains valid.
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G LOO output-scale calibration

The estimator in Eq. (28) rests on a separation between
two kinds of “observation” in the Gram matrix. The
initial-condition observations are genuine data: they
carry information about the amplitude of w, and are
therefore informative about o2. The PDE and boundary
observations are constraints: their right-hand sides are
known, and they shape the posterior without saying
anything about its amplitude. Calibrating o2 from PDE
residuals alone therefore fails, since the differential oper-
ator compresses uncertainty differently than pointwise
evaluation.

Restricting the leave-one-out sum to IC observations iso-
lates the informative subset, while evaluating it against
the full Gram matrix inverse retains the effect of the
PDE and boundary constraints on the covariance struc-
ture. This is what distinguishes Eq. (28) from a LOO
estimate computed on the IC block alone, which ignores
how the constraints reshape the posterior.

The additional cost is small. For IterGP, the diagonal
of G is available from the low-rank inverse approx-
imation the solver already maintains, at O(Nick) for
k iterations. For the Cholesky solver, it requires Nic
back-substitutions at O(NicN?). In both cases this is
negligible relative to the solve itself, and no re-solve
is needed: by the scaling property of Section 6.4, o2
enters only as a multiplicative factor on the posterior
covariance.

H Closed-form Matérn integrals

For v = q + % (¢ € N), the one-dimensional Matérn
covariance function is

bt = o (VBT ) (VBT TY).

with pg a polynomial of degree ¢ (Rasmussen and Williams,
2005). The integrals required by Eq. (14) are therefore
of the form [e~*"rJ dr with A = \/2¢ + 1/¢ and j < q.
Repeated integration by parts gives the antiderivative
in closed form,

(46)

J

/e”‘rrj dr = —e " E

m=0

J! rd—m

—_— 47

Gmyamer 7
S0 every term is again an exponential times a polynomial.
Definite integrals over [a, b] follow by evaluation at the



endpoints, taking care to split the domain at r = 0,
where |z1 — 25| is not differentiable. The same argument
applies to the mixed integral-derivative terms, since
differentiating an exponential-times-polynomial again

yields an exponential times a polynomial. Consequently

all entries of Lg, kl(f)e g, are available in closed form

at O(1) cost per entry, with no numerical quadrature.
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