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Abstract

Designing algorithms that are non-discriminatory has attracted major attention in recent
years. It has been shown that a causal perspective is necessary to mitigate unfair discrim-
ination. However, little attention has been paid to how algorithms can make fair decisions
under hidden confounding. In this paper, we study counterfactual fairness in the presence
of hidden confounding and make two contributions. First, we show that under commonly
adopted assumptions, counterfactual fairness is invariant across all causal models consis-
tent with the observed data and causal ordering of the variables. In particular, even in
the presence of hidden confounding and non-identifiability of the underlying causal model,
all compatible models yield the same counterfactual fairness conclusions. Second, we show
how instrumental variables, a tool commonly used in causal inference to address hidden
confounding, can help to design fair predictors when the protected attribute is unobserved.
Together, our results extend the scope of causal fairness methods to more realistic settings
where both confounders and sensitive attributes may be partially or entirely unobserved.
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1. Introduction

Machine Learning (ML) methods are increasingly deployed in sensitive domains such as
insurance or criminal justice. In these settings, ensuring that predictive models do not
discriminate against protected groups is of central importance.

To illustrate this, consider the following toy example. Let A be the sex of a person
and let R be the time it took them to run a distance of 10 km. Additionally, we assume
that the physical-education (PE) grade G they got in school and their insurance rate Y are
known. However, assume we do not have access to the underlying physical health H, which
we assume is a confounder for the running time R and PE grade G as shown in the causal
graph in Figure 1(a). The insurance company may want to train a ML model that predicts
the health-insurance rate Y 1 for new customers without discriminating against individuals
based on sex. Sex is therefore referred to as the protected attribute. A predictor Ŷ (R,G)
trained to minimize prediction error may nevertheless discriminate based on sex because
running time partly reflects sex differences. In contrast, a predictor depending only on the
latent health status H would remain invariant under interventions on A.

1. Y is not included the causal graphs as it cannot be used as input to the predictor since it is unobserved
at inference time. The causal relationship to other variables is irrelevant for the prediction task.
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(a) Causal graph with health status H as
hidden confounder.
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(b) Histogram of running times R.

Figure 1: Relationship between sex A, running time R, and PE grade G, along with the
observed distribution of R in our toy example.

While different definitions of fairness exist (Makhlouf et al., 2024), we will focus on the
notion of counterfactual fairness (Kusner et al., 2017), which defines a predictor as fair
if it produces the same output under an intervention on the protected attribute. In our
example, changing an individuals sex in a counterfactual world (resulting in different values
of R and G), should not change the prediction (more detail in Section 2).

A predictor depending only on non-descendants of the protected attribute is trivially
counterfactually fair. In many applications, however, all observed variables are descendants
of the protected attribute. Kusner et al. (2017) propose to base predictions on latent ex-
ogenous variables. Under assumptions such as strictly monotone structural equations and
no hidden confounding, these variables can be identified up to counterfactual equivalence
(Braun et al., 2026). In the presence of hidden confounding, however, multiple latent vari-
able distributions can induce the same observed data distribution while leading to different
counterfactuals, raising concerns about identifiability.

To avoid this non-identifiability problem, existing literature on counterfactual fairness
has therefore mostly assumed that there are no hidden confounders (Kusner et al., 2017;
Chiappa, 2019; Zuo et al., 2022). Other literature has proposed a method aiming at evalu-
ating the extent of unfairness that is caused by hidden confounding (Kilbertus et al., 2017).
This leaves open the question of whether counterfactual fairness is fundamentally ill-posed
in such settings. In this work, we show that this is not necessarily the case and make two
main contributions.

1. We show that counterfactual fairness can remain well-defined despite hidden con-
founding. In particular, under standard structural assumptions, all causal models
consistent with the observed data and causal ordering are counterfactually equiva-
lent with respect to the protected attribute. As a result, predictors learned under
unconfoundedness assumptions yield the same fairness conclusions even when these
assumptions are violated.

2. We propose a method based on instrumental variables (IVs) to construct fair predic-
tors in settings where the protected attribute is unobserved and hidden confounding
is present.
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The remainder of this paper is structured as follows. We formally introduce the concepts
like counterfactual fairness and IVs used in this paper in Section 2. We then review related
work in Section 3 and present our own contribution in Section 4. Lastly, we show simulated
and real-world experiments in Section 5 and close with a conclusion in Section 6.

2. Background

In this section, we review the causal inference framework and fairness concepts required
to formalize our problem and results. We start by formally introducing structural causal
models (SCMs).

Definition 1 (SCM) A SCM is a tupleM = (U ,X ,F , P (U)), where U is a set of exoge-
nous variables and X is a set of endogenous variables. F is a set of functions, one for each
X ∈ X , that define structural equations of the form X = fX(UX ,PaX), where UX ∈ U and
PaX ⊆ X \ {X} are the direct causes of X. P (U) is a joint probability distribution over the
exogenous variables.

When some or all of the variables in X are indexed, we may write Pai, fi, Ui for Xi ∈ X
instead of PaXi , fXi , UXi . Non-independence of variables Ui and Uj ∈ U indicates exogenous
confounding between the variables Xi and Xj ∈ X .

A SCM can be thought of as a model of reality, that describes how observations of X
are generated through the causal mappings in F from background variables U . Each SCM
induces a causal graph with a directed edge from Xi to Xj ∈ X if Xi ∈ Paj and hence we call
Xi a parent of Xj and Xj a child of Xi. The set of all children and children’s children etc.
is called the descendants. From now on, we will consider only SCMs that induce directed
acyclic graphs (DAGs). We furthermore assume that the variables in U are unobserved.

Definition 2 (Interventional SCM) LetM = (U ,X ,F , P (U)) be an SCM. The inter-
ventional SCMMX←x′ is defined by the tuple (U ,X ,FX←x′ , P (U)) where FX←x′ is obtained
by replacing the function fX(UX ,PaX) ∈ F with f̃X(UX ,PaX) := x′ where x′ is a fixed value.
The remaining structural equations are unchanged.

Interventions help us to capture causal effects, because they break all incoming arrows
in the intervened variable and therefore ensure that any association between the intervened
variable and any other variable is due to direct or indirect causal effects.

Definition 3 (Counterfactual) Let M = (U ,X ,F , P (U)) be an SCM, and let X,Y ∈
X . For a given realization U = u of the exogenous variables, the counterfactual variable
YX←x′(u) is defined as the value of Y obtained by evaluating the structural equations of the
intervened modelMX←x′ with U = u.

The corresponding counterfactual distribution is given by

P
(
YX←x′ = y | E = e

)
=

∫
1{YX←x′(u) = y} dP (u | E = e),

where E ⊆ X denotes the set of observed variables and e their observed realisations.
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Counterfactuals compare outcomes across hypothetical worlds that share the same latent
realization while differing through an intervention. This requires a three-step procedure: (i)
abduction, where u is inferred from evidence, (ii) action, where an intervention is applied,
and (iii) prediction, where the outcome is computed under the modified model.

Definition 4 (Counterfactual Equivalence) Let M = (U ,X ,F , P (U)) and M̃ =
(Ũ ,X , F̃ , P (Ũ)) be two SCMs over the same set of endogenous variables X . The two SCMs
are said to be counterfactually equivalent with respect to interventions on X ∈ X if they
induce the same counterfactual distribution P (YX←x′ | E = e) for all Y ∈ X and E ⊆ X .

If the two SCMs are counterfactually equivalent with respect to interventions on all
X ∈ X we say the two SCMs are counterfactually equivalent.

It has been argued that designing fair algorithms for prediction tasks requires reasoning
about causality (Loftus et al., 2018). While different notions of fairness exist (Dwork et al.,
2012; Hardt et al., 2016; Zafar et al., 2017), we will use the concept of counterfactual fairness
that was introduced by Kusner et al. (2017).

Definition 5 (Counterfactual Fairness) Let M be an SCM, let A ∈ X be a protected
attribute, and let Ŷ be a predictor. The predictor Ŷ is said to be counterfactually fair if
under any evidence E = e and A = a with E ⊆ X \ {A} we have

P
(
ŶA←a = y | E = e,A = a

)
= P

(
ŶA←a′ = y | E = e,A = a

)
.

for all a′ and all y.

According to this definition, a predictor is fair if its output is the same in a counterfactual
world where the individual belonged to a different protected group.

Causal Graphical Normalizing Flows A causal graphical normalizing flow (CGNF)
is special normalizing flow generating the observed joint distribution of the variables X in
an SCMM from a latent distribution P (V). It can be used for causal and counterfactual
inference (Balgi et al., 2024). The normalizing flow consists of a conditional normalizing
flow hX for each X ∈ X where the conditioning is on PaX ⊆ X \ {X}.

The parameters of each hX are then chosen such that X
d
= hX(PaX , VX) where

d
=

denotes equality in distribution and each hX is strictly monotonic with respect to VX ∈ V.
The latent joint distribution over the variables in V = {VX | X ∈ X} that generate the
observed variables is typically chosen to be the standard multivariate normal distribution
N (0, In). The parameters of the functions hX are optimized via maximum-likelihood.

When each function fX in F of the SCM M is strictly monotonic and continuous
with respect to UX and when the distribution of the exogenous variables in M, P (U), is
equal to the distribution of the latent variables in the CGNF, P (V), then the structural
equations in the SCM are identified as fX = hX . Thus, the SCM induced by the CGNF
M̃ = (V,X ,H, P (V)) with H = {hX | X ∈ X} is counterfactually equivalent toM.

Instrumental Variables IVs can be used to mitigate bias from hidden confounding when
estimating causal effects between a treatment variable T and an outcome variable Y (Wald,
1940; Angrist et al., 1996). A variable Z is called IV if it satisfies three conditions.
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1. The relevance condition Z ⊥̸⊥ T requires that the instrument must be associated with
the treatment.

2. The exclusion restriction requires that the instrument Z can affect the outcome Y
only through the treatment T .

3. Marginal exchangeability requires that the instrument and outcome do not share com-
mon causes.

In the example in the introduction, when R is the treatment and G the outcome, a
reasonable instrument Z could be the temperature on the day of the run, because it affects
the running time R but only affects the PE grade G through R.

Many different methods that utilize the existence of IVs to handle hidden confounding
have been proposed in the past (Imbens and Angrist, 1994; Robins, 1994; Guo and Small,
2016; Hahn and Ridder, 2017; Puli and Ranganath, 2020; Hartford et al., 2017).

In an SCM with an instrument Z, treatment T , and outcome Y , Braun et al. (2026)
have shown that the outcome function fY is identifiable up to counterfactual equivalence
by training a CGNF where the joint distribution of (VT , VY ) itself is learned via another
normalizing flow. The authors call such model Flow IV. When the variables are one-
dimensional and continuous, the only requirement for the result to hold is that the outcome
function is strictly monotonic with respect to UY and that the instrument is a so called
strong IV (i.e. P (T = t | Z = z) > 0). No assumption about the absence of hidden
confounders between T and Y is required.

3. Related Work

Algorithmic fairness has been studied extensively, with early work focusing on statistical
criteria such as fairness through awareness (Dwork et al., 2012), equality of opportunity
(Hardt et al., 2016), and related notions (Zafar et al., 2017). More recent work has em-
phasized the importance of causal reasoning for fairness, arguing that purely observational
criteria may fail to capture discriminatory mechanisms (Kilbertus et al., 2017; Loftus et al.,
2018; Makhlouf et al., 2024). Within this line of work, counterfactual fairness (Kusner et al.,
2017) has emerged as a prominent framework.

A central challenge in counterfactual fairness is that it relies on a structural causal
model, which is typically not identifiable from observational data alone. Existing approaches
therefore impose assumptions such as the absence of hidden confounders to enable the
identification of the relevant counterfactual quantities. Kusner et al. (2017) construct fair
predictors based on latent background variables, while Chiappa (2019) extend this idea to
path-specific counterfactual fairness. Other work considers settings where the causal graph
is only partially known, but still assumes the absence of hidden confounding (Zuo et al.,
2022; Ma et al., 2022).

Several works have highlighted the limitations of these assumptions. Wu et al. (2019)
study the non-identifiability of counterfactual fairness and propose bounds and algorithms
under model uncertainty. Kilbertus et al. (2020) analyse the sensitivity of counterfactual
fairness to unmeasured confounding in additive noise models. In contrast, we show that
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under mild structural assumptions, all causal models consistent with the observed distribu-
tion are counterfactually equivalent with respect to interventions on the protected attribute,
implying that fairness conclusions remain invariant despite hidden confounding.

Only few works address counterfactual fairness under hidden confounding directly. Ling
et al. (2025) consider graph-structured data and propose identifiable latent variable models
learned via variational inference to capture unobserved confounders. In contrast, we focus
on standard structural causal models and derive conditions under which counterfactual
fairness remains well-defined even when the underlying causal model is not identifiable.

IVs are a classical tool in causal inference for addressing hidden confounding. While
their use in fairness has been limited, Centorrino et al. (2022) study fairness constraints
in structural econometric models and propose IV-based estimation procedures to address
endogeneity when the protected attribute is observed. Recent work has also shown how
IVs can be used for counterfactual inference in nonseparable models (Braun et al., 2026).
In contrast, we demonstrate how IVs can be leveraged to construct counterfactually fair
predictors in the presence of hidden confounding when the protected attribute itself is
unobserved.

4. Counterfactual Fairness under Hidden Confounding

Most existing work on counterfactual fairness assumes the absence of hidden confounding.
In this section, we study when counterfactual fairness remains well-defined despite such
confounding. We first show that, under mild structural assumptions, all causal models con-
sistent with the observed data are counterfactually equivalent with respect to interventions
on the protected attribute. Consequently, fairness conclusions are invariant to hidden con-
founding even when the underlying causal model is not identifiable. We then show how IVs
can be used to construct counterfactually fair predictors when the protected attribute is
unobserved.

4.1. Counterfactual Fairness Under Hidden Confounding when the Protected
Attribute is Observed

Assume that SCMM = (U ,X ,F , P (U)) is the SCM that generated a given data set, and

SCM M̃ = (Ũ ,X , F̃ , P (Ũ)) is an alternative SCM that induces the same observed data

distribution P (X ) and causal ordering of the variables in X . In other words, M and M̃
are observationally equivalent and we can therefore not decide from observed data alone
which of the two is a better model for the data generating process (DGP). Let A ∈ X be
a protected attribute and let X \ {A} = {X1, . . . , Xn} be the remaining observed variables
that can be used as input to a predictor for the prediction target Y . We introduce two
assumptions.

Assumption 6 (Strict Monotonicity) Let Si denote the support of the joint distri-
bution of the parent variables Pai. For each i ∈ {1, . . . , n}, assume that Ui and Ũi are
one-dimensional and absolutely continuous and define

fi(·, p) : R −→ R, u 7−→ fi(u, p),

for each p ∈ Si. Define f̃i(·, p) analogously.
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Assume that, for each i ∈ {1, . . . , n}, the functions fi(·, p) and f̃i(·, p) are continuous
and either strictly increasing for every p ∈ Si, or strictly decreasing for every p ∈ Si.

Assumption 6 is weaker than the additive noise assumptions commonly used in prior
work (Kilbertus et al., 2020). It implies that the variables Xi are continuous and one-
dimensonal, while the protected attribute A and prediction target Y are unrestricted and
may be arbitrary random variables (e.g. continuous, discrete, high-dimensional). Intu-
itively, the monotonicity assumption requires that counterfactual interventions preserve the
conditional relative rank induced by the latent noise variables. In the example from the
introduction, a counterfactually fair predictor would then produce the same output for
the fastest female with the highest PE grade among all females and the fastest male with
the best PE grade among males. Under Assumption 6, the structural equations become
invertible with respect to the latent variables given the parent variables. Consequently,
counterfactual outcomes become deterministic.

Assumption 7 We assume that the protected attribute A does not have any parents in the
causal graph of M and in the causal graph of M̃, i.e. PaA = ∅. We furthermore assume
that UA ⊥⊥ (U1, . . . , Un) and UA ⊥⊥ (Ũ1, . . . , Ũn).

Assumption 7 implies that there are no observed or unobserved confounders that affect
A and any other observed variable Xi. Assumption 7 is common in the fairness literature,
and while some authors have criticized it for being too restrictive (Plečko and Bareinboim,
2024), others have argued that it holds in many real-world settings, because typically we
want to ensure fairness with respect to attributes that are in some sense randomly assigned
by nature, such as sex or age (Kusner et al., 2017). Under Assumptions 6 and 7, we obtain
the following result.

Theorem 8 The two SCMs M and M̃ are counterfactually equivalent with respect to
interventions on the protected attribute A.

Theorem 8 implies that, under the given assumptions, counterfactual fairness is invariant
across all observationally equivalent SCMs that induce the same causal ordering of the
variables in X .

Designing a Fair Predictor in Practice Given a dataset generated from SCMM, and
given that Assumptions 6 and 7 are true, we can train a CGNF to generate the observed
distribution. In reality, the causal graph is often provided by experts a priori and hidden
confounding is not identifiable from observed data. Then, it suffices to use the given causal
graph with independent latent terms V1, . . . , Vn when training the CGNF. According to
Theorem 8, the SCM M̃ induced by the CGNF is counterfactually equivalent to the un-
derlying SCM M with respect to interventions on the protected attribute A. Whenever
a predictor Ŷ only takes the latent variables V1, . . . Vn of the CGNF as input, it will be
counterfactually fair with respect to M, because those variables will be unaltered in the
counterfactual world.

If the causal graph provided by the domain expert is not compatible with the observed
data under the no-hidden-confounding assumption, then either 1) the latent distribution
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used in the CGNF needs to be adapted with methods such as Flow IV to ensure compatibility
with observed data, or 2) the DAG used in the CGNF needs to be adapted such that using
independent latent variables is compatible with the observed data. For example, a fully
connected DAG (see Figure 7) and independent latent variables are compatible with any
observed distribution, but the model may have a higher variance compared to a model under
the true DAG.

4.2. Counterfactual Fairness Under Hidden Confounding when the Protected
Attribute is Unobserved

When the protected attribute is unobserved, Theorem 8 no longer applies. However, IVs
can still enable identification of latent representations that exclude information about the
protected attribute while retaining predictive information about downstream variables.

In the example in the introduction, our data might not contain information about the
sex of individuals. However, we may use the temperature on the day that the running ex-
amination was performed as an instrument Z for the running time R. It is not unreasonable
to assume that the weather affects how fast an individual runs, but does not affect the PE
grade other than through the running time.

We then have a setup like shown in Figure 2, where we summarize the effect of A and
H in the variable UR.

G

UGHUR

RZ

A

Figure 2: Running Time example extended by an IV capturing the temperature Z on the
day of the run. The IV affects G only through R and is not confounded with G.

The only observed variable that is not a descendent of the protected attribute A is the
instrument Z, which means that, without further preprocessing, this is the only variable
that a counterfactually fair baseline predictor could use to predict Y . However, according to
Braun et al. (2026), under Assumption 6 and the assumption that the IV is a strong IV, we
can identify UR and UG up to counterfactual equivalence despite the presence of the hidden
confounder H. Since UR is a descendant of the protected attribute A, it cannot be used in
the predictor. However, UG does not contain any information about A and can therefore
be used. UG contains information about the overall physical health status of individuals H
which might be strongly associated with the insurance rate. Therefore, adding UG as input
to the predictor can be beneficial compared to only relying on the instrument Z.

Proposition 9 Given a causal graph as shown in Figure 2 and under Assumption 6, then
(i) UG is identifiable up to counterfactual equivalence (Braun et al., 2026); (ii) a predictor
Ŷ that is a function of Z and UG is counterfactually fair.

Proof Z and UG are non-descendants of A, thus invariant under interventions on A.
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Remark 10 The usefulness of IVs for constructing counterfactually fair predictors de-
pends on the causal role of the hidden protected attribute. If the protected attribute affects
only G but not R, then R is not a descendant of the protected attribute and can therefore
be used directly as input to a fair predictor. Because there exists a bijection between (Z,R)
and (Z,UR), both are equally informative.

Conversely, if the protected attribute affects both R and G, then both UR and UG are
descendants of the protected attribute and therefore cannot be used in a counterfactually fair
predictor. Consequently, the setting shown in Figure 2, where the protected attribute affects
R but not G, is the only configuration in which the IV enables identification of a latent
representation that is both informative and counterfactually fair.

5. Experiments

We evaluate the theoretical results from Section 4 on both synthetic and real-world datasets.
The synthetic experiments are designed to validate the invariance properties established in
Theorem 8 and the usefulness of IVs when the protected attribute is unobserved. The
real-world experiment studies whether the same empirical behaviour persists when the true
data-generating process is unknown.

5.1. Synthetic Experiments

For the synthetic experiments, we train a CGNF as a proxy for the true SCM. Unless
stated otherwise, we use the true causal graph and the latent variables V of the CGNF are
assumed to be independent. This corresponds to the standard assumption of no hidden
confounding. The learned latent representations are then used as input to a predictor.

We compare the resulting predictors against several baselines. As an unfair baseline,
we train a predictor that uses all observed variables except for the protected attribute A.
Whenever observed non-descendants of A exist, we additionally include a fair baseline pre-
dictor that uses only those variables as input. In experiments where an IV is available, we
also train a Flow IV model (Braun et al., 2026). Flow IV extends the CGNF framework
by learning the latent distribution under hidden confounding up to counterfactual equiv-
alence. The latent variables learned by the Flow IV model are then used as input to the
predictor. For all methods, predictors are implemented as multi-layer perceptrons (MLPs)
with identical architectures.

To evaluate fairness, we generate factual and counterfactual sample pairs from the un-
derlying SCM. Following a notion of unfairness similar to that proposed by Kilbertus et al.
(2020), we define the unfairness score as

UF =
1

N

N∑
i=1

(
Ŷ (ui)− ŶA←a′(ui)

)2
,

where ŶA←a′(ui) denotes the prediction for the corresponding counterfactual data point
under an intervention on the protected attribute A. The value for the intervention a′ is
drawn randomly from the marginal distribution of the protected attribute. Lower values
of UF indicate greater counterfactual fairness. We additionally report the mean squared
prediction error (MSE) on the target variable.
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We consider three synthetic settings, illustrated in Figure 3 and all DGPs can be found
in Appendix B.1.

X1 X2

A

C

(a) Setup without IV.

Z X1 X2

A

C

(b) Setup with IV and observed
A.

Z X1 X2

A

C

(c) Setup with IV and
unobserved A.

Figure 3: DAGs of the synthetic experiments. Dashed nodes indicate unobserved variables.

Synthetic Experiment 1: Observed A The first experiment evaluates whether coun-
terfactual fairness remains invariant under hidden confounding when the protected attribute
is observed as claimed in Theorem 8. The causal graph is shown in Figure 3(a).

In the first part of the experiment, the DGP satisfies Assumptions 6 and 7. Figure 4(a)
shows that the predictor based on the no-confounding CGNF remains almost perfectly fair
across all confounding strengths, empirically illustrating Theorem 8. This demonstrates
that fairness conclusions remain stable even when the latent confounding structure is mis-
specified. The unfair baseline achieves lower prediction error by exploiting information
about the protected attribute encoded in X1 and X2.

In a variation of the experiment, we replace the structural equations of the DGP with
equations that do not satisfy the strict-monotonicity assumption. Figure 4(b) shows that
the unfairness is notably larger than zero and thereby illustrates that Assumption 6 appears
to be necessary for Theorem 8 to hold.

Synthetic Experiment 2: Observed A with IV In the second experiment, we intro-
duce an IV as shown in Figure 3(b). Because of the presence of the IV, the independent
noise terms of the no-confounding CGNF and the true causal graph are not compatible
with the observed data. We therefore use a fully connected DAG in the no-confounding
CGNF. The experiment studies whether relying on the true DAG and explicitly modelling
the latent confounding structure using Flow IV improves prediction quality over using a
fully connected DAG in the no-confounding CGNF.

The results are shown in Figure 5(a). Consistent with Theorem 8, both approaches
yield predictors that remain almost perfectly fair across all levels of confounding. In this
experiment, the Flow IV predictor does not substantially improve prediction performance
compared to the no-confounding CGNF, despite correctly recovering the latent confounding
structure up to counterfactual equivalence. The unfair baseline achieves the lowest predic-
tion error at the cost of substantial unfairness, whereas, the fair baseline predictor remains
fair but discards all information in X1 and X2.

Synthetic Experiment 3: Unobserved A with IV The final synthetic experiment
evaluates the setting where the protected attribute is unobserved (Figure 3(c)). As discussed
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(a) The DGP satisfies the strict monotonicity
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Figure 4: Prediction error and unfairness for the synthetic experiments with observed pro-
tected attribute A. |ρ| ∈ [0, 1] controls the strength of hidden confounding.
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(a) The protected attribute A is observed.
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(b) The protected attribute A is unobserved.

Figure 5: Synthetic experiments with instrumental variable.

in Remark 10, this is the setting in which IVs become essential for constructing informative
and counterfactually fair predictors. Just like before, we use a fully connected DAG in the
no-confounding CGNF.

For both the Flow IV and the no-confounding CGNFs, predictors are constructed using
the latent variables VZ and V2. The latent variable V1 is excluded because it contains
information about the unobserved protected attribute A.

Figure 5(b) shows that the Flow IV model substantially outperforms the fair baseline
predictor while remaining almost perfectly fair across all levels of confounding. In con-
trast, the no-confounding CGNF becomes unfair despite using the same subset of latent
variables. This demonstrates that simply removing latent variables causally downstream
of the protected attribute is insufficient when the latent distribution itself is misspecified.
In this setting, Theorem 8 does not apply because the protected attribute is unobserved.
Therefore, correctly modelling the latent confounding structure via Flow IV is necessary to
obtain a fair representation that remains informative for prediction.

5.2. Law Schools Dataset

We additionally evaluate our approach on the law schools dataset (Wightman, 1998), which
has been widely used in the counterfactual fairness literature (Kusner et al., 2017; Kilbertus
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et al., 2017). The prediction task is to estimate the first-year average Y from the GPA X1,
LSAT score X2, and the protected attribute A, which summarizes race and sex. Following
prior work, we assume the causal graph A→ X1 → X2 and A→ X2.

Because the true underlying SCM is unknown, counterfactual fairness cannot be evalu-
ated directly. Instead, we study the invariance predicted by Theorem 8 in a semi-synthetic
setting. To this end, we train CGNFs under different assumptions about latent confound-
ing by varying the correlation between the latent variables V1 and V2. Those CGNFs serve
as surrogate SCMs that could hypothetically have generated the observed data. We then
evaluate the fairness under these surrogate SCMs just like in the synthetic experiments.

Figure 6 shows that the resulting unfairness scores of the no-confounding CGNF re-
main close to zero across all confounding levels. This empirical stability is consistent with
our theoretical result that counterfactual fairness remains invariant across observationally
equivalent models under the assumptions of Theorem 8.
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Figure 6: Unfairness under surrogate SCMs and prediction MSE on the law schools dataset.

6. Conclusion

In this paper, we studied counterfactual fairness under hidden confounding, including set-
tings where the protected attribute is unobserved. We showed that, under mild structural
assumptions, counterfactual fairness remains identified even under hidden confounding. In
particular, all causal models consistent with the observed data and causal ordering remain
counterfactually equivalent with respect to interventions on the protected attribute. Conse-
quently, predictors learned under no-confounding assumptions can remain counterfactually
fair even when hidden confounding is present. Our synthetic and real-world experiments
empirically support this invariance property. We further demonstrated that IVs can be
used to construct informative and counterfactually fair representations when the protected
attribute itself is unobserved. In this setting, correctly modelling the latent confounding
structure becomes necessary to avoid leakage of protected information into the learned rep-
resentation. A direction for future work is to study the robustness of counterfactual fairness
under approximate violations of the assumptions we make in this work and to study the scal-
ability of our results by performing experiments with many variables and high-dimensional
data.
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Appendix A. Technical Proofs

SCMM LetM = (U ,X ,F , P (U)) be an SCM. We are given the observed joint distribu-
tion of the variables Xn, Xn−1, . . . , X1, and A. We introduce the shorthand notation Gi for
the conditional cumulative distribution function (CDF) Gi(xi;xi−1 . . . , x1, a) := Pr(Xi ≤
xi | Xi−1 = xi−1, . . . , X1 = x1, A = a) for all i ∈ {2, . . . , n} and G1(x1; a) := Pr(X1 ≤ x1 |
A = a). We write Hi for the unobserved conditional CDF Hi(ui;xi−1, . . . , x1, a) := Pr(Ui ≤
ui | Xi−1 = xi−1, . . . , X1 = x1, A = a) for all i ∈ {2, . . . , n} and H1(u1; a) := Pr(U1 ≤ u1 |
A = a). The CDFs exist because for all i ∈ {1, . . . , n}, Ui is absolutely continuous and
fi ∈ F is continuous w.r.t. Ui. The causal graph belonging toM is depicted in Figure 7.

The following structural equations describe the data generating process.
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X1 X2 X3 X4 . . .

U1 U2 U3 U4 . . .

A

Figure 7: A general causal graph that can be transformed into any DAG where A does
not have parents in the graph by removing directed edges. The variable A is a
protected attribute and there may be latent confounding between the variables
Xi, i ∈ {1, . . . , n}.

X1 = f1(U1, A)

X2 = f2(U2, X1, A)

X3 = f3(U3, X2, X1, A)

...

Note that we can assume this structure without loss of generality (w.l.o.g.) because any
SCM with acyclic causal graph can be written in this form.

SCM M⋆ Let M⋆ be defined by the SCM (Ũ , X̃ , F̃ , P (Ũ)) with X̃ = {X̃1, . . . , X̃n, A}
and structural equations

X̃1 = f̃1(Ũ1, A)

X̃2 = f̃2(Ũ2, X̃1, A)

X̃3 = f̃3(Ũ3, X̃2, X̃1, A)

...

and, similarly to Gi and Hi, we define G̃i and H̃i as the conditional CDFs ofM⋆. Let
the two models share the same joint observed distribution, i.e.

G̃i(xi;xi−1, . . . , x1, a) = Gi(xi;xi−1, . . . , x1, a) ∀i ∈ {1, . . . , n}, (1)
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which implies that we associate the variable Xi with the variable X̃i. According to this
correspondence, the structural equations ofM andM⋆ induce the same causal ordering of
the variables.

Assumption 11 We assume that P (Ũ) = P (ŨA) ·
∏n

i=1 P (Ũi), i.e. the noise terms are
unconditionally independent in modelM⋆.

This corresponds to the case where there is no hidden confounding.
We assume that Assumptions 6 and 7 are satisfied, i.e. fi and f̃i are strictly monotonic

with respect to Ui and Ũi respectively for all i ∈ {1, . . . n} and there is no observed or
hidden confounder between A and Xi (resp. X̃i) for all i ∈ {1, . . . , n}.

Without loss of generality we furthermore assume that the marginal distributions of Ui

and Ũi is Unif(0, 1) for all i ∈ {1, . . . , n}.
Because the variables Ũ1, . . . , Ũn are independent of each other, this then implies

H̃i(ũi; x̃i−1, . . . x̃1, a) = ũi for all i ∈ {2, . . . , n} (2)

H̃1(ũ1; a) = ũ1 (3)

H1(u1; a) = u1. (4)

We introduce the following short-hand notation. Let x′ = (x′n, x
′
n−1, . . . , x

′
1) be defined

as the (deterministic) counterfactual of an individual with observation (xn, xn−1, . . . , x1, a)
under intervention A← a′ inM. This means x′i ∈ R is equal to

x′i = fi(ui, x
′
i−1, . . . , x

′
1, a
′)

with ui = f−1i (xi, xi−1, . . . , x1, a). Let x̃′ = (x̃′n, x̃
′
n−1, . . . , x̃1) be similarly defined as

the counterfactual of an individual with the same observations under intervention A ← a′

inM⋆.

Lemma 12 The noise term u′i = f−1i (x′i, x
′
i−1, . . . , x

′
1, a
′) that generates the counterfactual

outcome x′ is the same as the noise term ui = f−1i (xi, xi−1, . . . , x1, a) that generates the
factual outcome x for all i ∈ {1, . . . , n}.

Proof The lemma follows immediately from the definition of counterfactuals as follows.
For i ∈ {1, . . . , n} we derive the counterfactual x′i.

ui = f−1i (xi, xi−1, . . . , x1, a) (abduction)

x′i = fi
(
ui, x

′
i−1, . . . , x

′
1, a
′) (prediction)

=⇒ u′i := f−1i (x′i, x
′
i−1, . . . , x

′
1, a
′) = ui

We conclude that u′i = ui as claimed by the lemma.

Lemma 13 For any i ∈ {1, . . . , n} it holds that

Hi(ui;x
′
i−1, . . . , x

′
1, a
′) = Hi(ui;xi−1, . . . , x1, a)
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Proof We use the following properties of our problem setup. Note that for each i−1 we have
that Ui−1 is uniquely determined by Xi−1, . . . , X1, A through the function f−1i−1. Therefore,
when we condition Ui on Xi−1, . . . , X1, A, we can add Ui−1, . . . , U1 to the conditioning set
as we do not add or remove any information. But according to the causal graph in Figure 7
we have that Ui ⊥⊥ {Xi−1, . . . , X1, A} | {Ui−1, . . . , U1}. We can therefore write

Hi(ui;x
′
i−1, . . . , x

′
1, a
′) = FUi|Ui−1...,U1

(
ui;u

′
i−1, . . . , u

′
1

)
= FUi|Ui−1...,U1

(ui;ui−1, . . . , u1) (Lemma 12)

= Hi(ui;xi−1, . . . , x1, a)

where FUi|Ui−1,...,U1
is the conditional CDF of Ui conditioned on Ui−1, . . . , U1.

Lemma 14 The functions fi and f̃i satisfy the following equalities

fi(ui, xi−1, . . . , x1, a) = G−1i (Hi(ui;xi−1, . . . , x1, a);xi−1, . . . , x1, a) (i)

f−1i (xi, xi−1, . . . , x1, a) = H−1i (Gi(xi;xi−1, . . . , x1, a);xi−1, . . . , x1, a) (ii)

f̃i(ũi, x̃i−1, . . . , x̃1, a) = G−1i (ũi; x̃i−1, . . . , x̃1, a) (iii)

Proof We first show Equation ii. Equation i then follows immediately from Equation ii.
We have that

Pr(Xi ≤ xi | Xi−1 = xi−1, . . . , X1 = x1, A = a)

= Pr(fi(Ui, xi−1, . . . , x1, a) ≤ xi | Xi−1 = xi−1, . . . , X1 = x1, A = a)

= Pr(Ui ≤ f−1i (xi, xi−1, . . . , x1, a) | Xi−1 = xi−1, . . . , X1 = x1, A = a)

= Hi

(
f−1i (xi, xi−1, . . . , x1, a);xi−1, . . . , x1, a

)
and at the same time

Pr(Xi ≤ xi | Xi−1 = xi−1, . . . , X1 = x1, A = a) = Gi(xi;xi−1, . . . , x1, a)

which together implies that

f−1i (xi, xi−1, . . . , x1, a) = H−1i

(
Gi(xi;xi−1, . . . , x1, a);xi−1, . . . , x1, a

)
.

We can do the exact same derivations to show that

f̃−1i (x̃i, x̃i−1, . . . , x̃1, a) = H̃−1i

(
G̃i(x̃i; x̃i−1, . . . , x̃1, a); x̃i−1, . . . , x̃1, a

)
which, using Equation 1 and Equation 2, implies that

f̃−1i (x̃i, x̃i−1, . . . , x̃1, a) = Gi(x̃i; x̃i−1, . . . , x̃1, a).

This immediately implies Equation iii.
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Proposition 15 Given an observation (xn, . . . , x1, a), the counterfactual outcome x′ under
intervention A = a′ in M is equal to the counterfactual outcome x̃′ under intervention
A = a′ inM⋆, i.e. M andM⋆ are counterfactually equivalent with respect to interventions
on A.

x′ = x̃′

Proof We start by deriving the counterfactual outcome underM

ui = f−1i (xi, xi−1, . . . , x1, a) (abduction) (6)

= H−1i (Gi(xi;xi−1, . . . , x1, a);xi−1, . . . , x1, a) (Lemma 14 ii) (7)

x′i = fi(ui, x
′
i−1, . . . , x

′
1, a
′) (action) (8)

= G−1i

(
Hi(ui;x

′
i−1, . . . , x

′
1, a
′);x′i−1, . . . , x

′
1, a
′) (Lemma 14 i) (9)

= G−1i

(
Hi(ui;xi−1, . . . , x1, a);x

′
i−1, . . . , x

′
1, a
′) (Lemma 13) (10)

= G−1i

(
Gi(xi;xi−1, . . . , x1, a);x

′
i−1, . . . , x

′
1, a
′) (11)

where in the last equality we have plugged-in the expression from Equation 7 for ui.

Next, we derive the counterfactual outcome underM⋆

ũi = f̃−1i (xi, xi−1, . . . , x1, a) (abduction) (12)

= Gi(xi;xi−1, . . . , x1, a) (Lemma 14 iii) (13)

x̃′i = f̃i(ũi, x
′
i−1, . . . , x

′
1, a
′) (action) (14)

= G−1i (ũi;x
′
i−1, . . . , x

′
1, a
′) (Lemma 14 iii) (15)

= G−1i (Gi(xi;xi−1, . . . , x1, a);x
′
i−1, . . . , x

′
1, a
′) (16)

Comparing the expressions in Equation 11 and Equation 16, it can be seen that x′i = x̃′i
for all i ∈ {1, . . . , n} as claimed by Proposition 15.

It now only remains to prove Theorem 8.

Proof Let the SCM M̃ now be defined as in Section 4. It follows immediately from
Proposition 15 that M⋆ is both counterfactually equivalent to M and M̃ with respect to
interventions on A. Therefore, due to the transitivity of the equivalence relation,M is coun-
terfactually equivalent to M̃ with respect to interventions on A as claimed by Theorem 8.

Appendix B. Experimental Details

The replication code and data for all our experiments can be found on GitHub (https:
//github.com/Marbr987/counterfactual-fairness-with-ivs).
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B.1. Data Generating Processes Used in the Synthetic Experiments

DGP of synthetic experiment 1: Observed A The data for the first part of this
experiment, where the structural equations are invertible with respect to U , is generated
via the following DGP

A ∼ N (0, 1), X1 = A+ U1, X2 = sin(X1) +A+ U2, Y = X1 +X2
2 ,

where the exogenous variables (U1, U2) follow a bivariate Gaussian distribution

(U1, U2) ∼ N
((

0
0

)
,

(
1 ρ
ρ 1

))
.

The data for the second part of the experiment is generated via the following DGP

A ∼ N (0, 1), X1 = sin(2 (A+ U1)), X2 = sin(2 (X1 +A+ U2)), Y = X1 +X2
2 ,

where the exogenous variables (U1, U2) follow a bivariate Gaussian distribution

(U1, U2) ∼ N
((

0
0

)
,

(
1 ρ
ρ 1

))
.

DGP of synthetic experiment 2: Observed A with IV We generate data from the
following DGP

A ∼ N (0, 1), Z ∼ N (0, 1) X1 = (Z +A+ U1)/
√
3,

X2 = sin(
1

3
X1 +

π

2
) · A+ U2√

2
, Y = X1 +X2

2 ,

where the exogenous variables (U1, U2) follow a bivariate Gaussian distribution

(U1, U2) ∼ N
((

0
0

)
,

(
1 ρ
ρ 1

))
.

DGP of synthetic experiment 3: Unobserved A with IV In the last experiment,
we generate data from the following DGP

A ∼ N (0, 1), Z ∼ N (0, 1) X1 =
√
0.2Z +

√
0.8 (
√
07A+

√
0.3U1),

X2 =
√
0.2X1 +

√
0.8U2, Y = X1 +X2

2 ,

where the exogenous variables (U1, U2) follow a bivariate Gaussian distribution

(U1, U2) ∼ N
((

0
0

)
,

(
1 ρ
ρ 1

))
.
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