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Abstract

Factor analysis (FA) is a statistical method for explaining how mutually dependent observed
variables can be represented in terms of mutually independent latent factors, and it is widely
used in the psychological, biological, and physical sciences. We revisit this classic method
from the perspective of recent advances in causal structure learning and deep generative
models, introducing a framework for Neuro-Causal Factor Analysis (NCFA ). Our approach
is fully nonparametric: it learns a directed graph between latent and observed variables,
and then fits a deep generative model constrained to respect the Markov factorization of
the graph. Empirically, on synthetic and real data, NCFA attains better reconstruction
error compared to standard FA and better latent distribution recovery compared to a
standard variational autoencoder, all with the advantages of sparser architecture, lower
model complexity, and causal interpretability.

Keywords: measurement model; representation learning; edge clique cover; one pure child.

1. Introduction

Since its development over a century ago, factor analysis (FA) [90] has been applied across
scientific fields, including genomics, computational biology [77; 99], economics [26; 59], so-
ciology [9] and many others. The goal of FA is to offer explanations of variability among
dependent observables via (potentially) fewer latent variables that capture the joint de-
pendence between the observables. For the sake of identifiability, it is common to assume
linearity, although in practice it is well-known that many problems exhibit complex non-
linear latent structures. With the rise of nonparametric deep generative models that allow
representing highly nonlinear relationships between dependent observables, one might hope
to combine the best of both worlds.

Moreover, within applications such as those listed above, FA is considered useful because
the learned factors (latents) may offer an interpretation of relevant observed correlations.
Many applied FA studies provide an interpretation of the learned factors based on the
observed variables whose joint correlation they encode. A natural tendency when trying to
interpret these factors is to assume they reflect possible common causes linking observed
variables. However, the models used in such studies are not necessarily built with causality
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Figure 1: Learning a Neuro-Causal Factor Model.

in mind. Collectively, these considerations purport a need for a framework for nonlinear
causal factor analysis that combines identifiability with flexibility through the use of modern
advances in deep generative models and causality.

To this end, we propose Neuro-Causal Factor Analysis (NCFA), augmenting classic FA
on both fronts by leveraging advancements of the last few decades, including (i) causal
discovery [91; 73] and (ii) deep generative models, such as variational autoencoders (VAEs)
[49; 82]. To formalize this combination of ideas and apply it to settings where FA is typ-
ically invoked, we consider causal models that directly abide by Reichenbach’s common
cause principle [80, p. 157]: dependent variables in a system that do not share a direct
causal relation should be explained by the existence of unobserved common causes which
when conditioned upon render them independent. In particular, NCFA is applicable to
problems where one can assume that the observed (or measurement) variables are rendered
mutually independent when conditioning on a set of unobserved latent variables, which may
be interpreted as causally justifiable factors from the FA perspective.

Contributions Our main contribution is the NCFA framework (Figure 1) for causally
interpretable, identifiable FA models with the flexibility afforded by deep generative mod-
els. Unlike recent work (Section 2) that seeks to combine deep learning with causal models,
NCFA is model-free and fully nonparametric, relying only on simple graphical assump-
tions. This is in contrast to approaches that rely on functional restrictions such as additive
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noise, post-nonlinearity, or auxiliary information. Instead, we ensure identifiability through
the graphical properties of the marginal independence structure induced by a latent factor
model, which has not been previously leveraged for deep causal modeling. These assump-
tions arise in practical applications [e.g., 6; 8; 79] and are weaker than faithfulness. As a
result, we obtain identifiability without imposing parametrization, functional relations, or
conditions on data type (e.g., continuous, discrete, or mixed). Overall, NCFA provides a
model-free perspective on latent causal models. Specifically:

1. NCFA (Algorithm 1) does not assume the underlying structure is known (i.e., it is
learned entirely from data), allows flexible estimation of the latent space with deep
generative models, and comes with fully nonparametric graph identifiability guar-
antees (Theorem 7; see Remark 9 for the distinction from full identifiability of the
latent distribution). Unlike traditional causal discovery methods, NCFA relies only
on marginal independence testing rather than general conditional independence test-
ing, which is notoriously difficult [71; 12; 85]. As a result, the framework applies to
any combination of discrete, continuous, or mixed variables as long as marginal depen-
dence can be consistently tested. The advantages of this approach are illustrated with
concrete examples (Appendix B) that cannot be captured by existing approaches.

2. We introduce the notion of latent degrees of freedom (Section 3), where additional
representational capacity is achieved by giving each causal variable its own factorial
prior. This separates neural network architectural choices from defining properties of
the underlying causal graph.

3. We demonstrate (Section 4) on both synthetic and real data that NCFA injects gen-
erative models with interpretable structure and latent representations without signif-
icantly reducing reconstruction quality compared to unstructured generative models.

4. We provide an open source Python implementation as part of the medil package',
along with a Snakemake workflow for reproducing all results?.

2. Comparison to related work

We divide the vast amount of related work into three areas: factor analysis (Section 2.1),
latent causal discovery (Section 2.2), and deep generative models (Section 2.3). Before de-
scribing each in more detail in its respective subsection, we first summarize their differing
motivations and methods and provide a comparison to our proposed NCFA. A comprehen-
sive comparison with recent related work on deep causal models can be found in Appendix C.

Factor analysis focuses on modeling measurement variables in terms of underlying fac-
tors (which can be interpreted as sources), focusing on model simplicity and interpretabil-
ity, generally by assuming linear relations and jointly Gaussian random variables. Latent
causal models focus on more detailed causal structure, not being limited to measurement
variables and their latent sources, resulting in extremely interpretable models, but often
at the expense of (arguably) strong, untestable assumptions like faithfulness. Deep gen-
erative models focus on learning as accurate a black box model as possible, optimizing a

1. https://medil.causal.dev
2. https://gitlab.com/alex-markham/medil/-/tree/v2.0.0/src/expt
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highly overparameterized and nonlinear model to still achieve generalizability. Although
the interpretation of deep generative models as nonlinear factor analysis is standard in the
literature [e.g., 83; 70; 33|, the additional dimensions of causality and identifiability are new
to our approach. NCFA offers a unifying perspective on structured representation learning,
incorporating the strengths of each of these approaches.

Like FA, we focus on modeling measurement variables in terms of their underlying
sources; however, NCFA identifies these sources and their structural connections to the
measurements through explicit latent causal structure learning, which is easier and requires
weaker assumptions by focusing on sources cause measurements instead of more detailed
intermediate causal structure. Furthermore, the source distributions and their correspond-
ing functional relations to the measurements are estimated using a generative model whose
architecture is constrained to respect the learned causal structure, gaining some of the ex-
pressiveness of deep generative models but regularized to maintain causal interpretability
and generalizability. Hence, NCFA is motivated by the simplicity of FA, the causal inter-
pretability of latent causal models, and the expressive power of deep generative models.

2.1. Factor analysis

We now give a brief introduction to FA, focusing on the key terms and mathematical ideas
that we connect to latent causal discovery and deep generative models. For a more in-depth
introduction, see Mulaik [69].

Definition 1 A factor model is defined by M = LW + €. A random (row) vector M ~
N(0,X) consisting of n measurement variables is represented as a linear transformation
of a standard jointly normal random vector L ~ N(0,Ix) of K < n latent factors via
factor loading weights W € REX™ plus a jointly normal random vector of n error terms
€ ~N(0,D), where D € R*" is a diagonal matriz.

Given a sample M € R%"™ ~ M and assuming that L. and € are probabilistically inde-
pendent, the factor model can be estimated [1] from the empirical covariance matrix S =
1M T M by finding W and D that minimize the squared Frobenius norm (o= WTW-— 13||%
Such a solution is unique only up to orthogonal transformations of /V[7, and so without fur-
ther (e.g., in our case, causal) assumptions, finding a solution does not always warrant a
meanlngful interpretation of the resulting factor model. This unldenmﬁablhty poses a prob-
lem in ezploratory FA, where there is no prior knowledge about E W or D but less so in
confirmatory FA, where experts incorporate domain knowledge to constrain and interpret
solutions as well as test specific hypotheses.

Additionally, there are possibilities for either restricting or relaxing the FA model, in-
cluding closely related methods like PCA [75; 38; 45], ICA [17; 41], and many others beyond
our scope. Notably, compared to other related work, sparse FA [72; 96; 105], which penal-
izes W according to the number of nonzero entries, produces solutions more closely related
to those we find with NCFA. The two main differences between sparse FA and NCFA are
that (i) rather than explicitly penalizing the solution to encourage sparsity, NCFA simply
learns a causal structure that exhibits a structure typically sought in sparse FA, and (ii)
like most FA methods, sparse FA still assumes linearity and Gaussianity, whereas NCFA
can be highly nonlinear and nonparametric. More recently, Kim and Zhou [48] proposed a
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method similar to the one proposed here, restricted to linear models. Their identifiability
results rely on their Condition 4.2, and are a linear special case of our Theorem 8.

2.2. Latent causal models

Graphical causal modeling [91; 73] focuses on learning a directed acyclic graph (DAG) rep-
resentation of the causal relations among variables. This typically requires a strengthening
of the common cause principle (into what is sometimes called the causal Markov assump-
tion), which additionally assumes causal sufficiency, i.e., that there are no latent variables,
and hence that all probabilistic dependences among the observed variables are due to causal
relations among them. Methods for learning latent causal models have classically focused
on learning DAG-like structure (using mixed instead of only directed graphs) among the
observed variables to the extent allowed by confounding latent variables, exemplified by
algorithms such as FCI [91; 16] and IC [74], which relax the Causal Markov Assumption.
We also mention early work on this problem by [64; 27; 25]. In contrast, research on causal
measurement models [87] is more closely related to the goal of FA, in that it too focuses on
factor-measurement relations. Recently, there has been a surge of interest in these models,
with advances leveraging additive noise models [60; 107; 39; 104; 4], independent mecha-
nisms [35], weak supervision [57; 10], and interventions [13; 14; 2; 92; 98].

2.3. Structured deep generative models

The past decade has seen a flurry of work on training large-scale deep latent variable
models, fueled by advances in variational inference and deep learning [e.g. 52; 49; 82; 22;
32; 81; 88]. More recently, there has been a trend towards structured latent spaces, such as
hierarchical, graphical, causal, and disentangled structures. Conceptually, NCFA provides
a theoretically principled approach to automatically learning latent structure from data in
a way that is causally meaningful. The related work here needs to be divided into two
categories: known (e.g., from prior knowledge) vs. learned latent structure. These can be
further divided into non-causal vs. causal approaches. Given that our main contribution
is learned causal structure, we will focus the discussion on the latter: For causal structure,
identifiability becomes crucial, as it is well-known that nonparametric latent variable models
are unidentifiable in general [42; 58].

Known structure Early work looked at incorporating known structure into generative
models, such as autoregressive, graphical, and hierarchical structure [31; 44; 89; 101; 103;
21; 68]. This was later translated into known causal structure [51].

Learned structure When the latent structure is unknown, several techniques have been
developed to learn useful (not necessarily causal) structure from data [55; 37; 102; 50; 67].
More recently, based on growing interest in disentangled [5] and/or causal [84] representa-
tion learning, methods that learn causal structure have been developed [66; 106; 4; 86; 46].
Subramanian et al. [94] assumes a linear Gaussian additive noise model, whereas Moraffah
et al. [66] uses GANs. Unlike NCFA, neither Moraffah et al. [66] nor Subramanian et al.
[94] come with identifiability guarantees. The remaining papers (detailed in Appendix C)
all rely on functional restrictions (e.g., additive noise models) or auxiliary information (e.g.,
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as in iVAE) to prove identifiability. In contrast to this existing work, NCFA admits non-
parametric identifiability guarantees without additional labels or specifying a particular
parametric or functional form (see Section 3.1).

3. NCFA models

Consider a collection of jointly distributed measurement variables (Mj, ..., M) for which
we assume that all dependences are explained by the existence of latent common causes
of the measured variables, i.e., that no M; and M; share a direct causal relation. If we
were able to observe these latent confounders and condition upon them, My, ..., M, would
become mutually independent. Since every M; has out-degree 0, any M}, lying on a path
between two other measurements must itself be a collider, and any two dependent measure-
ment variables must share a latent parent; consequently the unconditional (in)dependencies
among My, ..., M, already fully determine their conditional (in)dependencies [61, Propo-
sition 6]. Hence, the only causal structure encoded via conditional independence in the
observed distribution is contained in their marginal independence structure, which can be
represented as an undirected graph:

Definition 2 The unconditional dependence graph (UDG) for the jointly distributed ran-
dom variables (M, ..., M,) is the undirected graph U with node set [n] = {1,...,n} and
edge set B = {i — j : M; L M;}.

To recover a causal interpretation of the relations that hold among the measurement
variables, we extend a UDG graph to a (minimum) MCM® graph. Following the principle of
Occam’s Razor, we would like to explain the observed dependences in (M, ..., M,) in the
simplest possible way, i.e., using the fewest possible latents to serve as the common causes
of the measurement variables that exhibit dependence. To do so, we identify a minimum
edge clique cover (ECC) of the UDG U, which is a collection C = {C1,...,Ck} of cliques
(i.e., complete subgraphs of U) such that for every i — j € E the pair i, j is contained in at
least one clique in C and there exists no set of cliques with this property that has cardinality
smaller than |C|:

Definition 3 Let U be an wundirected graph with minimum edge clique cover C =
{C1,...,Ck}. The (minimum) MCM graph G for U and C is the DAG with vertices [n]U L
where L = {l1,...,lx} and edge set E ={l; — j:j € C;, i € [K]|}. We call |L| the number
of causal degrees of freedom of the model.

Since we assumed all marginal dependencies in (My,..., M,) are explainable by la-
tent common causes, then the observed distribution (Mj,...,M,) is realizable as the
marginal distribution of (Mj,..., M,) in the joint distribution (My,..., M,,L1,...,Lg)
that is Markov to the DAG G, where L; is the random variable represented by the node [; in
G. From a factor analysis perspective, the latents L1, ..., Lx are the factors to be inferred.

The minimum MCM graph defines a putative causal graph that respects the indepen-
dence structure of (M, ..., M,), and our goal is to learn the associated latent representa-
tions from data using a deep generative model. Consider the DAG G depicted in Figure 2(a)

3. These were originally defined in the context of measurement dependence inducing latent (MeDIL) causal
models [61]. A summary of this theory is given in Appendix A.
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Figure 2: (a) shows an example minimum MCM graph with causal degrees of freedom
|L| = 2, with corresponding UDG in (b), and example NCFA-graph with latent
degrees of freedom A\ = 4 shown in (¢). Note that all three graphs encode the
exact same set of (marginal) independencies among the measurement variables.

with two latents. A naive approach would be to design a standard generative model, such as
a variational autoencoder (VAE), such that the decoder respects the Markov properties im-
plied by G, however, it is unlikely that any generative model trained with a two-dimensional
latent space will be able to represent the measurement variables accurately. The difficulty
is that although the true causal structure involves only two latent variables, exactly fit-
ting such a model is very difficult in practice. Thus, there is a tension between expressive
capacity and respecting the causal structure.

We overcome this difficulty by replacing each causal latent with an overparameterized,
factorial prior. The virtue of overparameterization is well-documented in the literature
[78; 11]; in our setting this has the effect of increasing representational capacity without
breaking the Markov structure encoded in G. Formally, given a minimum MCM graph G =
([n]U L, E), we replace each [; with a set of independent latent nodes £; = {€;1,..., %, },
for some k; > 1, each with the same connectivity (i.e., children) as [;. Thus, all told,
we distribute A = ZiG[K] k; latents across the cliques, a hyperparameter called the latent
degrees of freedom. It is easy to check that no matter how the A latent degrees of freedom are
distributed, the resulting DAG has the same independence structure over the measurement
variables as G. This provides a rigorous device for increasing complexity without affecting
the causal structure, and moreover, A is a flexible tuning hyperparameter that can be set
arbitrarily large in practice, resulting in potentially overparameterized models. We call the
resulting graph a NCFA-graph of G with X latent degrees of freedom:

Definition 4 Let G be a minimum MCM graph for the UDGU = ([n], E) and the minimum
edge clique cover C = {Ci,...,Cr} of U. A NCFA graph of G with \ latent degrees of
freedom is a graph G with node set [n] U L and edge set E, where £ = L1 U -+ U Ly for
L; = {&71,. .. ,&Jﬂ} with k; > 1 Vi € [k], and E = {Bz,m —j:J€ Ci, mek;, i€ [k]}

Figure 2 shows an example of the three graph types considered so far in Definitions 2
to 4. Now we shift focus from graphs to models.

Each node ¢; ,,, represents a latent variable Z; ,,. Since the latent nodes in £; all have
the same connectivity as the single latent ;, their joint distribution f(L;) = H%:l f(Zim)
represents the common cause of the measurement variables corresponding to the nodes in Cj,
which was previously only represented by [; in G. The factors to be inferred from a factor
analysis perspective are now the random vectors Li,...,Lg with L; = (Z;1,...,Z;,),
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which still have the causal interpretation afforded by the minimum MCM graph. However,
the multiple latents provide us flexibility to model the effects of the causal factors.

Definition 5 A NCFA model is a joint distribution (My,..., My) for which there is an
NCFA-graph G = ([n]U L, E) and functions f1,..., fn for which M; = fi(pay(i),€;) for all
i € [n], where pay(i) = {Zjm:{jm € pagz(i)}, and the measurement errors ey, ..., e, are
jointly independent of each other and of Z.

When modeling a distribution via an NCFA model, the functions f; are treated as
unknowns to be inferred via a deep generative model. In our implementation, we used
VAEs, however, other generative models can be used instead instead. The encoder maps
the observations into the latent space as the joint posterior distribution f(Z | My, ..., My,)
where Z is the random vector that collects the Z;,,, and the decoder maps latents to
observations according to

FMy, . My | Z) = T £(M; | pag(i).
=1

The joint distribution of the latent space is f(Z) = Hfil f(L;); i.e., it is a product of the
(joint) distributions we have specified to represent each of the latent common causes in the
minimum MCM model G for Y. Following training of the generative model, the model may
be used to generate predictions in the observation space via draws from the latent space.
Since our representation of the latent space was constructed according to the minimum
MCM graph G, the resulting predictions can be viewed as causally informed; i.e., they are
observations generated from the estimated distribution of the latent primary causes of the
measurement variables.

3.1. Identifiability of minimum MCM graphs and ECC-model equivalence

While the UDG is identifiable, there may exist multiple minimum MCM graphs that yield
the same UDG. This is because an undirected graph may have multiple, distinct minimum
edge clique covers (see, for instance, Example 4 and surrounding discussion in Appendix B).
In other words, similar to DAGs, minimum MCM graphs may be equivalent when provided
with only observational data.

Definition 6 We say that two minimum MCM graphs G = ([n]U L, E) and G’ = ([n] U
L', E') are ECC-observationally equivalent if i and j are d-separated given O in G if and
only if they are d-separated given () in G'.

While there exist equivalence classes of minimum MCM graphs containing multiple
elements, there also exist classes that are singletons; in other words, there exist undirected
graphs (UDGs) with a unique minimum edge clique cover. For such UDGs, the minimum
MCM graph is identifiable.

Theorem 7 Suppose that the data-generating distribution is Markov to a minimum MCM
graph G, and let U be the UDG induced by G. Then the DAG G is identifiable from the
data-generating distribution if:
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1. U admits a unique minimum edge clique cover, and
2. G is measurement-faithful to the data-generating distribution [61, Def. 5].

Proofs of this theorem and the following corollary are given in Appendix B. A concrete
example of a class of practically relevant models that admit a unique minimum edge clique
cover are those that satisfy the 1-pure-child assumption: For each latent /; in G there exists
a measurement ¢* such that pag(i*) = {l;}. This assumption is widely used in machine
learning [e.g., as in 23; 3; 7; 67], and also appears in biological applications of factor models
[6; 8; 79]. This is also the main condition assumed by Kim and Zhou [48], who study linear
factor models.

Corollary 8 If the data-generating distribution is Markov to a minimum MCM graph G
satisfying the 1-pure-child assumption, and G is measurement-faithful to the data-generating
distribution [61, Def. 5], then G is identifiable.

Of course, this is just one example, and Theorem 7 shows that these are not the only
models to which the identifiability result applies. An explicit construction of a model that
admits a unique minimum edge clique cover but does not satisfy the 1-pure-child assumption
is given in Example 2 (Appendix B). We emphasize once again that these results impose no
functional restrictions, and in particular apply to general nonlinear models without additive
noise or auxiliary information, including potentially mixed discrete variables.

Remark 9 Intuitively, a minimum MCM graph may be viewed as a summary of the
confounding ancestors, and in particular the “causal sources”, of a set of measurement
variables. Imagine an arbitrary DAG, and consider its sink nodes to be the measurement
variables—this is a (non-minimum) MCM graph. For each clique in a minimum edge clique
cover of the corresponding UDG, the collection of common confounding ancestors that are
relevant to that clique in the MCM graph get projected into a single latent factor in the
minimum MCM graph. In this sense, the identified latent variables can be interpreted as a
minimal projection of the underlying confounding structure onto the observational level.

At the distributional level, one could consider the pushforward measure induced by this
projection. For example, in the linear Gaussian case, this would look like principal compo-
nent analysis, and one could make use of linearity and Gaussianity to characterize identi-
fiability of the minimal latent distribution; in the general NCFA setting, the corresponding
latent representation may be nonlinear and nonparametric, but it still plays the same con-
ceptual role as a compressed summary of the common causes.

Moreover, once the minimum MCM graph is identified, existing identifiability results
[50; 67; 100] for deep generative models imply that, under suitable assumptions on the
decoder and latent prior, the associated latent block distributions are identifiable up to the
usual reparameterization ambiguities. Thus, graph identifiability provides the structural part
of the argument, while the generative model identifiability theory supplies the distributional
part.

3.2. Learning

The data to UDG to NCFA-graph and model pipeline of the previous subsections can be
formalized into Neuro-Causal Factor Analysis (NCFA) as Algorithm 1:
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Algorithm 1: Neuro-Causal Factor Analysis (NCFA)
Input: sample S of measurement variables M
Parameter: significance level «, latent degrees of freedom A
Output: neuro-causal factor model <C7 , fin]), with NCFA graph G and loading
functions fi,

1 Obtain undirected dependence graph U/ via pairwise marginal independence tests
with threshold «

2 Identify minimum edge clique cover C of i/ and construct corresponding minimum
MCM graph G

3 Assign remaining A\ — |C| latents to the cliques in C to produce the NCFA-graph G

4 Estimate functions f}, using a VAE constrained by g

To estimate the UDG, pairwise marginal independence tests are used. Starting with the
complete graph, the edge i — j is removed whenever M; and M; are deemed independent,
i.e., according to a test with statistics such as distance covariance [95; 62] or xi correlation
[15; 56]. Since these independence tests are estimated from finite data, they are subject to
Type I and Type II errors, so the estimated UDG u may contain spurious edges or omit true
ones; thus, although Theorem 7 establishes identifiability when the marginal independence
relations are known, the graph recovered from a finite sample need not coincide with the true
minimum MCM graph. A minimum edge clique cover is then identified for the estimated
UDG U. In general, this is an NP-hard problem, however there are both exact algorithms
that work well for small graphs and heuristic algorithms that scale to large graphs [34; 18;
97].

Once a minimum edge clique cover is identified, the corresponding NCFA graph with
A latent degrees of freedom is constructed. Here, we ensure that at every clique in the
minimum edge clique cover of U is assigned at least one latent variable. The remaining A —k&
latents are then distributed uniformly over the cliques. Finally, a VAE for the functional
relations specified by the NCFA-graph is trained. One could, in principle, alternatively use
any deep generative model.

Since NCFA constructs its model via the MCM graph LA{, the estimated factors (i.e.,
joint distributions) f(L;) in the factorization of the latent distribution represent the dis-
tributions for the primary causes of the measurement variables to which the latent nodes
in £; are connected. This yields a factor analysis model in which the latent factors can
justifiably be causally interpreted. Furthermore, each causal latent L; = (Z;1,..., Zix,)
is itself Gaussian, L; ~ N(0, I};,), for any choice of k;. Increasing k; grows the dimension
of this Gaussian input to the nonlinear decoder f;, whose pushforward can represent ar-
bitrarily non-Gaussian contributions to M;. Hence, the estimated factors have a causal
interpretation while additionally being as nonlinear as necessary.

4. Experiments

We now evaluate NCFA on synthetic and real data, comparing against classical factor anal-
ysis (FA), a fully connected variational autoencoder (VAE), and a linear Gaussian minimum
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MSE | MCC 1t dCor 1 SFD | Time (s) # Params

FA 13.673 £ 7.358 0.459 4+ 0.051 0.445 £ 0.036 508 £ 2 0.655 £ 0.132 120 £ 0

VAE 0.251 £0.027 0.756 £ 0.055 0.768 4+ 0.017 508 £2 52.644 £ 7.254 7350 £ 0
LG-minMCM 0.965 £ 0.076  0.916 £ 0.016 0.908 £ 0.016 7 +£6 0.061 £ 0.019 35+ 1

NCFA 0.928 £ 0.078 0.898 £ 0.023 0.897 £0.018 5+5 44.357 £9.329 6300 £ 0

Table 1: Results on linear Gaussian simulated data.

MCM model (LG-minMCM). Thus, we compare both sparse causal structure versus fully
connected models (NCFA, LG-minMCM versus VAE, FA) as well as linear Gaussian vs non-
parametric (FA, LG-minMCM versus VAE, NCFA). For quantitative evaluation we report,
for each method:

e MSE: mean squared reconstruction error on held-out data;

e MCC: mean correlation coefficient between matched pairs of learned and ground truth
latents (matched to handle sign/permutation indeterminacy; see our implementation
for details), a standard identifiability metric in the ICA and causal representation
learning literature [40; 47; 28];

e dCor: distance correlation between joint learned and ground truth latent distributions—
unlike MCC’s linear matching, dCor also captures nonlinear reparameterizations, rel-
evant given NCFA’s nonlinear decoder;

e SFD: the shared factor distance between the learned and ground truth minimum
MCM graphs (Appendix D), quantifying how well the causal structure is learned;

e Time: average wall-clock runtime; and
e 7 Params: the number of trainable parameters in the generative model.

Median values of all metrics are reported, plus or minus the median absolute deviation,
computed over 101 random seeds. The first four metrics are computed on held out data,
using a 70/30 train/test split.

LG-minMCM and NCFA both use the 1-pure-child assumption, ensuring fast recovery
of the minimum edge clique cover. LG-minMCM estimates the BIC-optimal UDG, while
NCFA uses xi correlation [15; 56] for independence tests.

All four methods compute held-out MSE identically (see our implementation for de-
tails); FA here is the saturated, fully connected linear Gaussian MCM (K = n), the dense
counterpart to LG-minMCM’s sparse structure, and its large MSE reflects this model’s
unidentifiability (Section 2.1).

For the synthetic experiments, we generate minimum MCM graphs over 10 measurement
variables and 3 latents, with edge probability 0.3. On top of each such graph, we generate a
dataset containing 10 000 observations from a linear Gaussian factor model. Table 1 shows
the results. The assumptions for LG-minMCM are all satisfied, so it performs best on
latent recovery (MCC and dCor), while being faster and using fewer parameters than the
other methods. Nonetheless, the VAE is able to achieve better reconstruction (MSE), at
the cost of worse latent recovery. This gap is not attributable to errors in graph estimation,
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Figure 3: Panels show (a) the full ground truth DAG [29], (b) the true minMCM, and (c) an
example estimated minMCM. False negatives in dashed gray; no false positives.

MSE | MCC t dCor 1 SFD | Time (s) # Params
FA 0.334 +0.048 0.346 £ 0.045 0.565 + 0.065 169 £ 0 0.202 £ 0.048 63 + 0
VAE 0.201 4+ 0.004 0.503 £ 0.019 0.697 + 0.002 169 £ 0 27.186 + 6.171 6321 + 0
LG-minMCM 0.566 + 0.138 0.679 + 0.014 0.570 £ 0.046 3+2 0.051 + 0.023 24 + 1
NCFA 0.209 £+ 0.008 0.885 £ 0.003 0.694 4+ 0.003 10+ 0 20.725 4+ 4.986 5745 + 0

Table 2: Results on real data from Causal Chamber’s interventional light tunnel [29].

since LG-minMCM'’s assumptions are already satisfied here; rather, it reflects a capacity
difference: the fully connected VAE has roughly 200x as many parameters as LG-minMCM
(7350 vs. 35) and no sparsity constraint, letting it fit the reconstruction task more flexibly
at the cost of its latents no longer corresponding to the true causal factors. NCFA attains
comparable latent recovery to LG-minMCM and slightly better reconstruction, with run
time and number of parameters comparable to the VAE. Thus, NCFA performs reasonably
here, almost as well as the simple (correctly specified) parametric model and better than
the VAE, which isn’t designed for latent recovery.

For the real data [29], we treat sink nodes as measurement variables and the rest as
latents, resulting in the ground truth minimum MCM graph in Figure 3(b). The data is
non-Gaussian, so the LG-minMCM is misspecified. Table 2 summarizes the results. Here,
NCFA attains reconstruction performance comparable to VAE and the best latent recovery
among all methods (in terms of MCC, though its dCor is nearly tied with VAE’s, and
LG-minMCM attains better structural recovery (SFD). The high MCC and low SFD are
empirical corroboration of the identifiability results in Theorem 7 and Remark 9.

5. Conclusion

In summary, NCFA gives a graphical route to factor identifiability. Its main limitations are
the interpretability of the unique minimum edge clique cover assumption and the extent to
which the learned factors are genuinely causal. Future work includes exploring other graph-
ical identifiability results for factor analysis [24; 93; 53; 36], replacing the constraint-based
step with sparsity regularization for end-to-end training [67; 109], and using interventions
to improve interpretability, identifiability, and out-of-distribution generalization [43; 63].
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Appendix A. MeDIL Causal Models

The NCFA models used in this paper are a subfamily of the models known as measure-
ment dependence inducing latent (MeDIL) causal models, originally introduced in [61]. For
contextualization purposes, we give a brief description of MeDIL causal models here.

A MCM graph is a triple G = (M, L, E) where M = {1,...,n} and L = {ly,...,lx}
are disjoint sets of vertices corresponding, respectively, to observed variables and latent
variables, and F is the collection of directed edges between the nodes. In a MCM graph we
require that the nodes in M are all sinks (i.e., have out-degree 0) and that the edges F are
such that G is a directed acyclic graph (DAG). A distribution belongs to the Measurement
Dependence Inducing Latent (MeDIL) Causal Model if it factorizes according to G, i.e., if
the probability density function (or probability mass function) satisfies

n K
f('rh sy Ty Ly e ey le) = H f(xi‘xpag(i)) H f(:l:l]' ’xpag(li))'
i=1 j=1
Since we do not observe the latent variables, but only the observed variables, Xy, ..., X,

the distribution of interest is the marginal obtained by integrating out the latents:

n K
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The MeDIL model M(G) consists of all observable distributions that arise as this marginal.

In general, MCM graphs may have a complex directed acyclic structure over the latents
that induce correlations amongst the observables. However, since we only consider the
observed variables, we may reduce to a minimum MCM representation of the distribution.
In a minimum MCM graph, we further assume that the latent variables are source nodes
(i.e., have in-degree 0) and out-degree at least 1. Hence, a minimum MeDIL model—i.e.,
a MeDIL model that factorizes as in equation (1)—explains the associations among the
observed variables in the simplest possible way: via a collection of independent latents.
These independent latents can be thought of as source nodes in the original MCM graph G,
and the associated minimum MCM graph as the graph produced after we marginalize out
all non-source latent variables. While learning the complex causal structure on the latents
in a general MCM graph may be intractable, one can apply existing methods to estimate
the simpler minimum MCM structure. Intuitively, one can think of learning the minimum
MCM graph of a model as identification of the ”primary causes” of the associations between
the observed variables.

It follows from the factorization of a distribution according to a minimum MCM graph
that the only conditional independence constraints amongst the observed variables are
marginal independence constraints. These, in turn, encode the condition that two nodes
do not have a shared (latent) parent. From the causal perspective, we see that two nodes
in the system are marginally independent if and only if they share a latent common cause.
Hence, minimum MeDIL models are the natural representation of Reichenbach’s Common
Cause Principle.

It follows that a natural representation of the model using only the observed variables is
via an undirected graph U = (M, E), where i — j ¢ E if and only if ¢ and j are independent
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in the joint distribution of the observed variables. We call this graph the unconditional
dependence graph (UDG) of the model. A minimum edge clique cover of the undirected
graph U is a collection of cliques C = {C1,...,Ck} for which every pair i,j satisfying
i1 —j € E is contained in at least one clique in C and there exists no set of cliques with this
property that has cardinality smaller than |C|. Since a UDG depends only on the observed
variables, it is possible to learn a UDG from the available data via pairwise marginal
independence tests. A minimum MCM graph that captures the marginal independence
structure encoded via the UDG is then the minimum MCM graph where we have one latent
l; for each clique C; € C and [; has a directed arrow to each node j € C; (and no other
adjacencies).

To learn the assignment of latents producing a minimum MCM graph from a UDG U, we
must learn a minimum edge clique cover of &. The problem of identifying a minimum edge
clique cover of an undirected graph is NP-hard. There are exact algorithms [34; 97] showing
it to be NP-complete and fixed-parameter tractable. However, there are also polynomial-
time heuristic algorithms [18] that can efficiently handle very large graphs.

Appendix B. Identifiability of minimum MCM graphs: Examples and
Counterexamples

Proof [Proof of Theorem 7] Because the data-generating distribution is Markov to G,
the use of any consistent nonparametric test for independence (e.g., [15]) is guaranteed to
identify all marginal independence statements in the limit. By measurement-faithfulness
(Condition 2), these coincide exactly with the edges of U, the UDG induced by G. Using [61,
Proposition 7] to associate U with a minimum edge clique cover recovering G, the uniqueness
of this minimum edge clique cover (Condition 1) guarantees the identifiability of G. |

Proof [Proof of Corollary 8] We show the 1-pure-child assumption gives Condition 1 of
Theorem 7; Condition 2 is assumed directly in the corollary’s hypothesis. The association
of a minimum MCM graph G with a minimum edge clique cover of U [61, Proposition
7] induces an association between a maximum independent set in & and a set of pure
children in G with different parents. Observe that G satisfies the 1-pure-child assumption
if and only if there exists a maximum independent set {:* fil in U consisting of one pure
child for each latent. In other words, G satisfies the 1-pure-child assumption if and only if
the independence number (i.e., size of a maximum independent set, which is the number
latents with at least one pure child) and intersection number (i.e., the number of cliques in
a minimum edge clique cover, which is the number of latents) of its corresponding U are
equal. It follows from Lemma 2.3.5 of Deligeorgaki et al. [19] that ¢/ has a unique minimum
edge clique cover, giving Condition 1. Hence G is identifiable by Theorem 7. |

The following examples illustrate the types of models that can be identified via Theo-
rem 7.

Example 1 Graphs admitting o pure measurement variable in each clique of a minimum
edge clique cover will have a unique minimum edge clique cover, making the resulting min-
imum MCM graph identifiable (see Theorem 7). From a graphical perspective, we call this
condition the 1-pure child constraint since it insists that each latent node l; in the minimum
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MCM graph has (at least) one child i* which has no other parents than l; (i.e., l; — i* is
an edge of G and i* has no other adjacencies in G).

Example 2 This example shows that the 1-pure-child constraint in Example 1 is not nec-
essary for a UDG to have a unique minimum edge clique cover, and thus Theorem 7 ensures
identifiability of models violating this constraint. In particular, the following UDG U has
the unique minimum edge clique cover C = {{1,4},{2,5},{3,6},{4,5,6}} and hence the
corresponding minimum MCM graph G is identifiable:

o~ — =

\

W—O) — Ut — I

I lo I3 ly
i NS
1 2 3 4 5 6
Note here that the latent variables l1,ly and l3 each have a pure child (1,2 and 3, respec-

tively). However, the latent ly does not. Hence G is identifiable but does not satisfy the
1-pure-child constraint.

Example 3 Since previous work mainly focuses on continuous data, we point out that
our assumptions are easily satisfied by models with discrete variables. For example, As-
sumption 2 in Theorem 7 is known to hold generically [65] for discrete (categorical) DAGS.
Specifically, Meek [65] showed the existence of discrete distributions that are faithful to any
given DAG for any choice of state spaces of the discrete variables. These same distributions
necessarily fulfill Assumption 2 in Theorem 7. Moreover, any marginal independence rela-
tion X 1L X, that is not encoded by the DAG is satisfied by the distributions represented as
points in the open probability simplex that vanish on a collection of 2 X 2 minors of the ma-
triz of parameters encoding the joint probabilities of Xy and Xy [30]. Using computational
algebra software as described in [30], one can check for small examples of DAG models that
the intersection of this set of points satisfying the polynomial constraints corresponding to
X, L X, with the points vanishing on the polynomials corresponding to the CI relations
encoded by the DAG has a lower dimension than the DAG model. This implies that al-
most all points in the DAG model, including points that are not faithful to the DAG, still
satisfy Assumption 2 in Theorem 7. Hence, we may observe that Assumption 2 is strictly
weaker than faithfulness. This, combined with the observations in Examples 1-2 provides a
broad family of discrete models that satisfy our identifiability conditions, and that cannot be
represented by existing work (see Appendiz C).

Example 4 An example of a minimum MCM graph that cannot be identified because it
admits multiple edge clique covers is the following:
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The UDG of G is the edge graph U of the octahedron which admits exactly two
minimum edge clique covers: C; = {{1,3,4},{1,5,6},{2,3,6},{2,4,5}} and Cy =
{{1,3,6},{1,4,5},{2,3,4},{2,5,6}}. Ci recovers the minimum MCM graph G, whereas
Co produces the minimum MCM graph H, depicted below:

l1 lo I3 lg
LSRN
1 2 3 4 5} 6

This issue arises due to the spherical structure of the UDG U, depicted on the left below. In
the remaining two figures, the each shaded triangle represents the children of a latent node
(i.e., a clique in a minimum edge clique cover) of a possible MCM graph with associated
UDG U. The middle figure represents the minimum MCM graph G and the rightmost figure
represents the alternative H.

|
|
/)
16\3 0 3 0 3
5 4’ g 4 g 4
\\ /
2 3 3

The spherical structure of this graph creates symmetry allowing for multiple minimum edge
clique covers. In particular, this gives an example to where we lack identifiability and
Theorem 7 does not apply.

Interestingly, Example 4 illustrates that how identifiability breaks down in practice, in
the sense that if the true minimum MCM graph is G, but the wrong edge clique cover
is chosen, we could learn H instead. Future work, possibly incorporating interventional
knowledge, to address such identifiability concerns would be of interest.

Appendix C. Detailed comparison to related work

Below we describe in detail recent related work, and make comparisons between the assump-
tions made there and in our work. We focus on work with nonparametric identifiability
guarantees, and make comparisons with our Theorem 7.

First, we highlight an important distinction between our work and previous work related
to confounding. The problem of confounding, broadly construed, refers to the estimation
of causal relationships between observables (i.e., measurement variables) when there are
unobserved latent variables (i.e., unmeasured confounders). Crucially, identifying and es-
timating the latent variables themselves is not an issue. This is orthogonal to our setting,
where causal relationships between observables are either meaningless or not the object of
interest (e.g. pixels). By contrast, we are interested specifically in latent factor recovery,
i.e., the identification and estimation of latent structure in causal problems. The latter is
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the typical setting in factor analysis, or more broadly, causal representation learning. To
summarize:

e Confounding: Learn edges M; — M;, but not latents L;

e Factor analysis / representation learning: Learn latents L;, influences L; — M, but
not edges M; — M;

With this in mind, all existing results require various functional restrictions or paramet-
ric assumptions, and generally require auxiliary information, additivity, and/or no inter-
action effects. NCFA does not require these assumptions, and thus our framework applies
more broadly, although it does not consider the most general forms of confounding, as in
Maeda and Shimizu [60] and described above. The tradeoff is that NCFA guarantees model-
free latent factor recovery, whereas papers focused on confounding impose model-specific
functional assumptions to handle more general forms of confounding (i.e., to solve a differ-
ent problem). We emphasize once again that NCFA does not even need assumptions on the
type of data, as it can be continuous, discrete, or mixed.

e Maeda and Shimizu [60] (CAM-UV) study causal additive models with unobserved
variables, with a focus on causal discovery under unmeasured confounding. In order
to identify confounders, this paper assumes an additive noise model that is further
additive over the parents, similar to CAM [76], along with faithfulness-type assump-
tions. As dscribed above, their focus on confounding is orthogonal to the present
work: Maeda and Shimizu [60] study causal discovery between measurement variables
where latent variables appear as nuisance confounders, whereas in latent factor models
(i.e., here) the latent variables are the target of interest.

e Yang et al. [106] (CausalVAE) introduce CausalVAE for structured causal disentan-
glement. Built upon the framework of auxiliary variables introduced by Khemakhem
et al. [47], this paper makes several assumptions that we do not require: 1) The latent
SEM is linear, and 2) They observe additional signal in the form of auxiliary vari-
ables u associated with the true causal concepts. The latter assumption is crucial for
identification.

e Shen et al. [86] (DEAR) again use auxiliary variables (i.e., iVAE) as weak supervi-
sion for disentangled generative causal representation learning. In addition to extra
auxiliary information in the form of annotated labels of the ground-truth factors,
a super-structure of the latent DAG is required, as the authors “leave incorporat-
ing causal discovery from scratch to future work”. Moreover, they make parametric
assumptions including a linear latent SEM and a post-nonlinear model inspired by
DAG-GNN [108].

e Ashman et al. [4] (Neurall ADMG / DDECI) learn latent causal models in the form of
an acyclic directed mixed graph (ADMG). As with Yang et al. [106], they make several
strong identifying assumptions that we do not require: 1) Additive noise models, 2)
No interaction between parents and confounders, and 3) At least two pure children
for each latent. In our case, only one pure child suffices, but is not necessary, for
identification (see Theorem 7 and its special case Corollary 8).
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e Kaltenpoth and Vreeken [46] (No-cadillac) perform nonlinear causal discovery with
latent confounders, similar to Maeda and Shimizu [60]. As in Maeda and Shimizu
[60], the focus is on confounding (i.e., relationships between measurement variables),
which are restricted by a post-nonlinear model similar to DAG-GNN [108]. The latent
variables are assumed to be i.i.d. Gaussian, and their results impose four additional
nontrivial graphical assumptions. By contrast, NCFA requires two simple graphical
constraints (expressed in Theorem 7), and imposes no parametric assumptions.

e Li et al. [54] (DeFuSE) also consider nonlinear causal discovery with confounders
by assuming the latent structure is completely known (and in particular, dim(Z) =
dim(X)) along with Gaussian noise and Gaussian confounders. They further assume
an additive noise model and that each nonlinearity is of sublinear growth. None of
these assumptions are required by our approach, and in particular we allow for any
number of latents, independent of dim(X).

Appendix D. Evaluation Metrics

Distance measures Unlike classical VAE methods, NCFA has a causal discovery step in
which it infers the UDG upon which the VAE in the model is based. The structural Ham-
ming distance (SHD) is commonly used to quantify the difference between graph structures
and is simply defined to be the number of edges that appear in one graph but not the other.
SHD, however, is not applicable in our case as (i) it is defined for graphs having the same
number of vertices, whereas for a fixed finite sample from a set of measurement variables,
differently estimated minimum MCMs may have differing numbers of latent variables, and
(ii) even if we compute, e.g., the SHD between the undirected graphs U,U’ (which do have
the same number of vertices), this aligns poorly with intuitions about distance between
their respective generating MCM graphs G, G’. To remedy this, we introduce the following
distance:

Definition 10 The shared factor distance between biadjacency matrices By € {0,1}K1n
and By € {0,1}52"  corresponding to minimum MCM graphs Gi,Gs each with n = |M|
measurement variables and K; latents, respectively, for i = 1,2, is defined as

SFD(B1, B2) = > |(BI Bu)ij — (B] B

i<j

The SFD is a proper distance metric [20], satisfying nonnegativity, symmetry, the trian-
gle inequality, and (as detailed below) identity of indiscernibles. The intuition behind this
definition is that we transform a given minimum MCM structure into a weighted undirected
graph, allowing it to be easily compared to other minimum MCM structures over the same
set of measurement variables. Via this transformation, the weights keep track of how many
latent parents each pair of measurement variables have in common as the (7, j)-th entry in
the matrix B) B; records the number of colliderless paths between measurement variables
i and j in the graph. For our graphs, two nodes admit such a path between them if and
only if they are connected by a latent, and this connection adds exactly 1 to the (i, j)-th
matrix entry. Hence, these matrices will be equal if and only if the MeDIL models are
identical (for a consistent ordering of measurement variables) [19, Section 2.2]. Figure D.1
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provides an example comparing the SFD between minimum MCMs and the SHD between
their corresponding (unweighted) undirected graphs.

l1 lo l1 Iy I3 4 l1 lo
PE Y S vROX XY P RS
m1 Mg M3 My mi1 M2 M3 Mgy m1 Mg M3 My
(a) Gi () Go (¢) Gs
U m2 Uy, ma2 U3 m2
RN RN /
mi my mi my mq my
N |/ AN N |/
ms ms ms
(d) (e) (f)
1 1 00
1 110 1 0 1 0 1 110
312{0111} B2=1o 1 01 332[0011]
(9) 001 1 (1)
()

‘ Gi and Go G and Gz G and G3
1 1 2
10 5 7

(4)
Figure D.1: Pairwise comparison of structural Hamming distance and shared factor distance

on three causal factor structures, Gi, G, and Gsz. For each structure G;, we also
show its associated undirected graph U; and its biadjacency matrix B;.

structural Hamming distance
shared factor distance
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