Proceedings of Machine Learning Research 343:646-662, 2026 Probabilistic Graphical Models (PGM)

LOCO-FL: Scaling and Reference Choice for Bayesian
Structural Analysis of Between-Center Heterogeneity in
Federated Learning with Markov Boundaries

Andras Millinghoffer!-? MILLIQMIT.BME.HU
Julia Kisidal? KISIDA.JULIA.LILIQEDU.BME.HU
Andrea Valek?* VALEK.ANDREA@SEMMELWEIS.HU
Miklés Szabd? SZABO.MIKLOSQ@QSEMMELWEIS.HU
Péter Antall2* ANTALQMIT.BME.HU

! Budapest University of Technology and Economics, Budapest, Hungary
2E-Group ICT Software Zrt., Budapest, Hungary

3 Semmelweis University, Budapest, Hungary

4 Heim Pdl Children’s Hospital, Budapest, Hungary

*Corresponding author.

Editors: Gustau Camps-Valls, Manuele Leonelli and Gherardo Varando

Abstract

Multicenter quality-improvement programs still struggle to explain between-center hetero-
geneity using outcome measures alone. We investigate a Bayesian network method that
focuses on Markov boundaries to characterize this heterogeneity at the structural level
of risk models with multiple outcomes. Working with the full structure posterior rather
than a point estimate allows the study of a phenomenon that point-identification learners
overlook: under proper regularization, the resolvable Markov-boundary complexity grows
with sample size. A naive comparison across centers, therefore, mixes sample-size induced
model properties with genuine structural differences. We therefore study a global reference
versus leave-one-center-out (LOCO) references together with sample-size correction, and
show that both can be analyzed within a single reweighting of the per-family BD sufficient
statistics, achieved exactly by adding the S-scaled LOCO counts as pseudocounts to the
score. We investigate augmenting small centers to a larger, common effective size using the
LOCO sample. We present two exact, privacy-preserving (PP) Bayesian federated learning
schemes: a single global-reference scheme and a LOCO-reference scheme (LOCO-FL). We
show that the LOCO-FL scheme supports per-center reference comparison and per-center
scaling under the same institutional-privacy guarantees. Because the LOCO aggregate ex-
cludes a center’s own data, the same LOCO counts can also serve as an informative prior
for that center’s local inference, without self-inclusion. We choose the scale of this prior
empirically, as the value that most reduces the posterior spread, which reveals a trade-off
between variance reduction and loss of the between-center signal. On synthetic data with
known between-center differences, the method recovers these differences above the within-
posterior spread. We report results for an eight-center Hungarian very preterm cohort
(2,939 patients), measuring heterogeneity by posterior Jaccard distances between LOCO
and global references. Results confirm the need to scale to a common effective sample size,
the utility of a single global reference for coarse comparison, and that an empirically scaled
LOCO prior reduces posterior spread.

Keywords: Bayesian network structure learning, multi-target Markov boundaries, privacy-
preserving federated learning, leave-one-center-out references, power priors, effective sample
size, multicenter heterogeneity
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1. Introduction

Federated learning (FL) integrates distributed healthcare data without centralizing patient
records (Sharma and Guleria, 2023) and is the natural setting for multicenter structural
analysis. Two challenges remain. The first is institutional: between-center heterogeneity is
the main concern of quality-improvement (QI) programs, which aim to give useful feedback
to the participating centers while protecting their privacy, that is, without revealing their
outcome measures or their raw data. The second challenge is methodological: the predic-
tive methods that dominate FL, even with recent advances in explainable AI (Schwalbe
and Finzel, 2024; Albahri et al., 2023), cannot capture the multivariate relevance patterns
behind heterogeneity. They can only re-rank centers using aggregate metrics, leaving the
heterogeneity itself unexplained (van der Linde et al., 2024).

We address this gap with a Bayesian PGM-based approach: rather than re-ranking
centers based on outcome metrics, we analyze which multivariate relevance patterns differ
across centers and which predictors drive the differences. Probabilistic graphical models
(PGMs) and the concept of Markov boundary provide a principled framework for multi-
variate relevance (Pearl, 1988; Cooper et al., 1997; Koller and Sahami, 1996; Friedman and
Koller, 2000; Tsamardinos and Aliferis, 2003; Theng and Bhoyar, 2024), which extends nat-
urally to the multi-target setting (Antal et al., 2008; Marx et al., 2016; Liu and Liu, 2018;
Wu et al., 2023). Moreover, Bayesian inference for PGMs yields posteriors over model
structures rather than point estimates, enabling full quantification of uncertainty in the
multivariate relevance relations and their context (Friedman and Koller, 2003; Antal et al.,
2008). The present work develops ezact Bayesian FL by sampling over graph structures:
between-center heterogeneity is preserved in the posterior representation rather than col-
lapsed onto a single model, and ordering-MCMC provides asymptotically exact exploration
of the structure posterior rather than the point estimate returned by identification-style
learners.

In this paper, we address the following questions:

Q1 How can the uncertainty in structural relevance be measured and compared across
centers when multiple outcomes are involved?

Q2 How can sample-size effects be adjusted for, so that between-center comparison reflects
genuine heterogeneity across populations of different sizes?

Q3 How can privacy-preserving (PP) federated learning compute LOCO references for
local quality control operations, and how does it accommodate the per-center scaling
required by Q27

Q4 Can the LOCO statistics serve as an informative prior on a center’s local inference,
and how can this be implemented in PP-FL?

Together, these questions motivate a multivariate, uncertainty-aware characterization of
between-center variation at the structural level that complements outcome-level benchmark-
ing, and is particularly relevant for the care of preterm newborns in NICUs, where multiple
correlated outcomes, rare adverse events, small per-center samples, and well-documented
between-center variation in mortality and morbidity (Edwards et al., 2019; Nador et al.,
2025) all coexist. Fig. 1 summarizes the methodology.
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Figure 1: (Left) Standard FL compares each center’s local rate p; to the global rate pgp,
which already includes that center. LOCO-FL broadcasts the aggregate, so each
center reconstructs a leave-one-out reference p_; via self-subtraction, thereby re-
moving the self-inclusion bias. (Right) The per-center LOCO-FL pipeline runs
entirely locally: the leave-one-out statistics feed a fractional posterior that weights
the center’s own data by a and the leave-one-out data by J; ordering-MCMC
then gives the Markov boundary posterior, and finally the between-center Jac-
card spread.

2. Background and Related Work

The proposed method combines Bayesian structure learning over Markov boundaries, frac-
tional posteriors and power priors, and exact federated inference through sufficient-statistic
sharing, which we review before relating LOCO-FL to prior work on cross-silo personal-
ization, leave-one-site-out evaluation, and mixture-aware structure learning. Bayesian net-
work structure learning and Markov boundaries: Bayesian inference over directed acyclic
graphs (DAGs) provides a principled framework for multivariate relevance analysis through
the Markov boundary (Pearl, 1988; Koller and Sahami, 1996; Friedman and Koller, 2000;
Tsamardinos and Aliferis, 2003), with extensions to the multi-target setting (Antal et al.,
2008; Marx et al., 2016; Wu et al., 2023). Under decomposable scores, the score of a DAG
factorizes over per-family sufficient statistics. This makes both exact federated implemen-
tation and per-family power-prior reweighting possible in principle, independently of score
equivalence. We use the Bayesian Dirichlet (BD) family (Cooper and Herskovits, 1992;
Heckerman et al., 1995), which includes the Cooper—Herskovits/K2 score, the uniform-
pseudocount variant used here, and the score-equivalent BDeu specialization. Markov-
boundary-set (MBS) posteriors can be estimated efficiently by ordering-MCMC (Friedman
and Koller, 2003; Antal et al., 2008). Fractional posteriors and power priors: The frac-
tional posterior p(f | D;a) o« p(0)p(D | 0)%, « € [0,1], has a long history in Bayesian
robustness (Walker and Hjort, 2001) and as the power-prior construction of Ibrahim and
Chen (2000), with recent theoretical work establishing its concentration and merging prop-
erties (Bhattacharya et al., 2019). The two-component variant p(6 | D1, D2;a, ) o
p(0) p(Dy | 0)* p(Dy | ) is standard in the historical-borrowing literature (Neuenschwan-
der et al., 2009; Hobbs et al., 2011), where D is a historical control and /5 controls borrowing
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strength. Federated Bayesian inference and sufficient-statistic sharing: The starting point
for exact Bayesian federated structure learning is Ma and Sivakumar (2006), who observe
that decomposable scores require only the per-family sufficient statistics, so a single secure-
aggregation round suffices for exact federated structure scoring. More recent work has
extended this idea to the parameter-posterior setting: Jonker et al. (2024, 2025) develop
Bayesian Federated Inference (BFI), in which each center runs a local Bayesian analysis
and a single aggregation round at the server returns the pooled posterior to all clients.
One-shot Bayesian FL more broadly (Neiswanger et al., 2013; Al-Shedivat et al., 2020;
Jhunjhunwala et al., 2024; Liu et al., 2024; Talpini et al., 2025) uses the same idea: clients
send approximate local posteriors or Fisher information once, and the server aggregates
into a global posterior. Cross-silo personalization and the self-inclusion problem: A sepa-
rate line of cross-silo FL aims not at a global model but at per-silo personalization. Liu et al.
(2022) propose mean-regularized multi-task learning (MR-MTL) under silo-specific differ-
ential privacy, in which each silo trains its own model with a regularization term toward
the mean of all silo models. The construction documents the value of per-silo aggregate-
as-reference comparisons, but the reference is the global mean and therefore includes the
silo’s own contribution. Subtracting a silo’s own contribution from a returned global aggre-
gate also appears, in a different role, in iterative-optimization FL, where SCAFFOLD-style
control variates (Karimireddy et al., 2020) use it to reduce the variance of stochastic gradi-
ents. Leave-one-site-out in multicenter FL: Leave-one-site-out (LOSO) is well-established
as an evaluation protocol in multicenter healthcare ML (Kazlouski et al., 2025): a model
is trained on C'—1 sites and tested on the held-out site, reporting cross-site generalization.
As an evaluation protocol, it does not return a per-site reference for downstream analysis,
and a naive implementation requires C' separate aggregation rounds (one per held-out site).
Mixture-aware BN learning and personalized federated structure: Pooling data from hetero-
geneous centers under a single BN learner is a known identifiability hazard: the recovered
graph converges to a pseudo-observational equivalence class that conflates between-center
heterogeneity with sample-size variation. Mixture-aware BN learning approaches recover
subpopulation-specific structures (Shaddox et al., 2020) but typically require centralized ac-
cess to labeled data and scale poorly in the number of centers. The recent NOTEARS-PFL
framework (Liu et al., 2025) learns per-site Bayesian networks under a sparse-group-lasso
penalty within an ADMM-style federated optimization.

3. Methods

We describe the cohort, the structural summaries, the reweighting, and the federated scheme
that computes it.

3.1. Data

The data come from the Hungarian national perinatal registry (Orszigos Kérhazi Féigazgatosag
(OKFO), 2023), restricted to the 2014-2016 period during which an expanded, EuroNeonNet-
aligned protocol (Haumont et al., 2020) was in operation at the participating institutes.
Only newborns born before the 33rd gestational week were retained, on grounds of clini-
cal relevance. Variables were screened for excessive missingness, leaving 51 variables with
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average and maximum per-variable missingness rates of 2.04% and 31%, respectively. Miss-
ingness was handled by univariate imputation from each variable’s marginal discrete distri-
bution, which preserves the multivariate dependency structure needed for structure learn-
ing. Nine variables were originally continuous and were discretized. Following Nador et al.
(2025), ten outcome variables were selected for joint multi-target analysis. Institutes were
filtered at n. > 200, a sensible lower limit for Bayesian structural analysis over 51 discrete
variables, below which the structure posterior remains largely prior-dominated (cf. Fig. 3).
The eight remaining Level-1IT NICUs comprise 2,939 newborns, yet per-center sizes still span
a nearly fourfold range (up to n. = 742), which alone can confound per-center comparison

(Q2).

3.2. LOCO-FL with MBS Posteriors and Sample-Size Reweighting

Let C' denote the number of centers. We write D, for the data of center c € {1,...,C} and
D_.=U, £ D for the leave-one-center-out (LOCOQO) sample. Per-center sample sizes are
ne = |D¢| and N_. = |D_.|; the pooled sample size is N = > _n.. We work with discrete
Bayesian networks scored by the Bayesian Dirichlet (BD) score (Cooper and Herskovits,
1992; Heckerman et al., 1995) under a uniform Cooper—Herskovits (K2-style) prior with a
fixed pseudocount 71 per cell (a?/y ;) = nforall (V,j, k); we use = 2), sampled by ordering-
MCMC (Friedman and Koller, 2003). Unlike its score-equivalent BDeu specialization, which
sets oz(‘)/,j’k = agss/(rvqy ), the uniform-pseudocount BD score is not score-equivalent. We
adopt it deliberately, because the per-cell BDeu prior vanishes as parent sets grow, making
BDeu unstable and strongly aggg-sensitive for the rare adverse events and small per-center
samples studied here (Silander et al., 2018), whereas a fixed per-cell pseudocount avoids
this problem. The lack of score equivalence does not affect the structural summaries below:
the Markov boundary set (MBS) is invariant across an observational equivalence class,
so its push-forward is the same regardless of which equivalence-class member the score
happens to prefer. Under a continuous prior over the network parameters, faithfulness
holds with probability one, so each per-target MB(Y}; G) is the unique Markov boundary
— the minimal Markov blanket — not merely a blanket. For a target set Y = {Y7,...,Y,}
of ¢ outcomes, the Markov-boundary set (MBS) of Y in a DAG G is the union of these
per-target boundaries, MBS(Y; G) = ?:1 MB(Y}; G), and its complexity is the cardinality
IMBS(Y;G)|. The posterior MBS distribution at a given reference is the push-forward of
the structure posterior through G — MBS(Y; G).

For each reference posterior m over DAGs (per-center, LOCO, global, or any reweighted
variant), the structural posterior is summarized at the level of the MBS rather than at the
full-graph. This compresses the representation to the multi-target relevance information
of interest. As a single scalar of posterior spread we use the expected pairwise Jaccard
distance on the MBS, J(7) = Egg1r ds(S,S"), where d;(S,5") = |SAS'|/|S US| and
S, 8" are independent posterior draws; alongside it we report the unnormalized symmetric
difference |S /A S’|. The same construction compares two reference posteriors, J (74, mp) =
Esmry, §'am, 4. (S, S"), which we call the between-posterior distance. Note that J(-,-) is not
itself a metric between posteriors: J(m,7) equals the within-posterior spread rather than
zero, which is why between-posterior values are always interpreted relative to the within-
posterior spreads.
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To separate sample-size confounding from genuine structural heterogeneity, we weight
the local data D, and the LOCO data D_. by independent weights («, 5). Conceptually,
this is the fractional structure posterior

G | De,D_g; ., B) o p(G)p(De | G)*p(D—c | G)°, (o, ) €[0,1)?, (1)

but under the BD score the marginal likelihood of a DAG factorizes over per-family Dirichlet—
multinomial terms, each a function only of the family count tensor. We therefore reweight
these count tensors and re-score exactly. For each family (V, pay ) define the effective count
tensor

+ BN (2)

N (@, B) = aNy) vl

V.,pay V.pay

and score G by the exact BD marginal likelihood at N(©) with the uniform BD prior oz?/ k=

n (n = 2; ry states of V, gy parent configurations, a%j =>4 a%j’k = ryn, Ny; =
>k Nv,j,k)- The induced parameter posterior is the exact Dirichlet Dir(ao—i—aN(c) +5N(*C)),
in which the B-scaled LOCO counts act as prior pseudocounts that augment the uniform
BD prior. Equation (1) recovers the local posterior at («, 5) = (1,0), the LOCO posterior
at (0, 1), and the pooled posterior at (1, 1), and is computable from the count tensors alone,
hence federated. Sample-size matching targets a common comparison level Ny: a center is
down-weighted only when it exceeds Ny, and a center below Ny retains all its observations
and is augmented from its LOCO sample:

. No max (0, No — n)
c = 17 7)7 c = ) 3
« mln( . 3 N (3)

under which the effective size a.n. + 5.N_. = Ny for every center.
For each variable V' and parent set pay, the BD score depends on D only through the

count tensor N‘(/f}))av of (V,pay ) joint configurations in center ¢. We cap the in-degree at
k = 4, a sensible limit given the available data. This reduces the number of candidate
parent sets per node from 2”71 to Z?:o (";1) = O(n*); however, due to marginalization
and parent-child equivalence, only the count tensors for the unique (k + 1)-sized family sets
need to be shared. The exchange remains exponential, a limit to scaling in k, however,
since each tensor has up to r**! cells for arity-r variables: at n = 51 this amounts to
approximately 2.35 x 108 families and 5.71 x 108 counters in the single aggregation round,
assuming r = 3 for every variable (approximately 1.1 GB data to transfer using 2-byte

integers). The pooled count tensor over all centers is Ny,pa, = >, N, (© and per-family

V,pay’
scores are additive in these counts. In standard privacy-preserving fedell?a“c/ed inference (Ma
and Sivakumar, 2006; Jonker et al., 2024), each center sends its per-family count tensor once
under a secure-aggregation protocol (e.g., Bonawitz et al., 2017); the server forms the pooled
count Ny, and returns it to all centers, which then independently run identical MCMC
on the same pooled posterior. This yields a single global posterior, identical at every center.
The LOCO-FL scheme replaces the final step with a single arithmetic operation at each
client. After receiving the pooled count Ny, , each center ¢ computes its leave-one-center-
out count by local subtraction, which uses only the global aggregate (already returned) and
the center’s own private count (which never left the center). Each center then runs an

independent MCMC chain on p(G | D_.), the LOCO posterior, using N‘(,;C) as sufficient

ay,
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statistics, in parallel with an MCMC chain on its local posterior p(G | D.). The per-center
LOCO-vs-local comparison is then carried out entirely locally via the Jaccard distance, with
no further communication. The reweighting is applied at this stage by forming the effective
counts N‘(/f}))av (a, B) of Eq. (2) before scoring. The pseudocode is given in Algorithm 1.

The LOCO sufficient statistics produced by Algorithm 1 can be re-used in a second
way: instead of serving only as a reference against which to contrast the local posterior,
they can act as an informative prior on the local inference itself. In the reweighting this
corresponds to taking f > 0 with o = 1, where we investigate the effect of 5 on detection
of between-center differences.

To validate the methodology on data with known generating structures, 5 independent
synthetic datasets were sampled for each center matching the center’s original sample size
from its maximum a posteriori (MAP) model with parameters estimated from that center’s
data. On each synthetic dataset we ran 5 independent MCMC chains with an effective data
size of 200, so each synthetic posterior averages 5x5 samplings. The resulting synthetic MBS
posteriors were compared with both the generating model structures and the corresponding
real-data posteriors.

4. Results

We report results for varying sample sizes on the eight-center cohort under the following
configurations: the pooled (global) posterior on all data; the eight leave-one-center-out
posteriors p(G | D_.); the eight local posteriors p(G | D.); and their LOCO combined
variants. We report the within-posterior spread J(7) and the between-posterior distance
J(mq, ™) on the MBS, under both the normalized Jaccard metric and its unnormalized
symmetric-difference (set-cardinality) counterpart. We assessed convergence of the MCMC
samples using the Geweke and Gelman—Rubin tests for the posteriors of all possible pairwise
Markov-boundary membership (MBM) relations. On real data, with an effective sample size
of 200, 75.15% of all the Geweke tests conducted showed within-chain convergence (i.e. the
corresponding p-value was greater than 0.05), whereas 95.17% of all the Gelman—Rubin
statistics were less than 1.01, showing sufficient inter-chain concordance. On synthetic data
our method recovers the known structural differences: the between-posterior distances esti-
mated from the synthetic data follow the true structural distances between the generating
networks (Spearman p = 0.66, p = 1.3 - 107%), and also agree with the between-posterior
distances estimated from the real data (p = 0.72, p = 1077, see Fig. 2 and Fig. 4). The
differences between the generating networks are nevertheless larger than those between the
corresponding MBS posteriors, and they agree with the real-data posteriors the least of the
three (p = 0.48, p = 0.01). With convergence and the recovery of known differences thus
established, the remaining results address the four questions of Section 1 in turn.

Structural uncertainty over sample sizes (Q1) The level of structural uncertainty
and its dependence on sample size is shown in Fig. 3 left. To illustrate the underlying
change in model complexity, Fig. 3 shows the expected MBS cardinality (top middle) and
the number of free parameters of the Markov-boundary subgraph (MBG) spanned by the
MB set (bottom middle). Although the uncertainty is high and depends strongly on sample
size, Fig. 3 right shows the distances to the aggregated global and LOCO references.
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Figure 2: Pairwise distances between centers at a matched effective sample size of 200. In
each panel, the lower triangle shows the Jaccard distance and the upper triangle
the symmetric difference. The diagonal of each triangle gives the within-posterior
spread in that triangle’s metric (zero in the left panel, where each center is a
single MAP structure). Left: between the centers’ maximum a posteriori (MAP)
models. Middle: between MBS posteriors learned on synthetic datasets generated
from those MAP models. Right: between the centers’ MBS posteriors learned on
their real data.

Sample-size matched comparison (Q2) Owing to this sample-size dependence, between-
center heterogeneity must be compared at a common sample size, which is limited by the
smaller centers. Our data include only eight centers with the largest sample sizes after
filtering. Fig. 5 shows the between-posterior distances to the global and to the leave-one-
center-out references, at the matched (200) and full sample sizes.

Global vs. LOCO references (Q3) Besides sample size confounding, the global refer-
ence posterior produced by a standard FL is limited by self-inclusion for per-center prior
incorporation and comparison. The proposed LOCO-FL scheme provides efficiently com-
putable LOCO posteriors, allowing more precise comparison; see Fig. 5.

LOCO prior as an informative prior (Q4) Given the sample-size dependence estab-
lished in Q1 and Q2, and the availability of LOCO posteriors from LOCO-FL, we re-use
the LOCO posterior as an informative prior on a center’s local inference, taking the largest
center as the worked example. Varying both the local base size (200/300/400/orig) and the
LOCO-prior scale, we track the posterior spread and the distance to the pooled reference
and the center’s original MBS posterior (Figs. 6-7).

5. Discussion

We discuss the findings in relation to the four questions in Section 1 and conclude with
limitations.

Significant and growing structural uncertainty (Q1): The learning curves show that the
residual uncertainty is substantial (J ~ 0.3 even at the pooled scale): the expected pairwise
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Jaccard spread J(m) falls with sample size without plateauing (Fig. 3, top left), while in
the unnormalized symmetric-difference metric the spread grows (bottom left), because the
resolvable model complexity itself grows with sample size (MB-set size and MBG parameter
count; middle panels). Two centers with different sample sizes therefore sit at different
points on these curves, so part of any raw structural difference reflects the difference in
sample size, through the implicit complexity regularization, rather than a genuine between-
center difference.

Ezxact sample-size matching (Q2): The exact reweighting corrects this by matching
effective sample size: at a matched size of 200 the between-center Jaccard distances (=~ 0.63—
0.92) clearly exceed the within-center spreads (= 0.34-0.59; Fig. 2, right panel, off-diagonal
vs. diagonal entries of the lower triangle), so the residual heterogeneity is credible above
the per-center noise floor. Own-data reweighting can only equalize centers downward; thus,
the largest reachable size is the minimum per-center size. The remedy is the asymmetric
rule of Eq. (3): trim large centers and augment small ones from the LOCO sample, so that
comparison runs at a common, possibly larger, effective size; this is examined in relation to
Q4.

Federated LOCO posteriors (Q3): Fig. 5 shows that the global reference gives a rea-
sonably good ranking of center deviations, while the LOCO references, which avoid self-

0 500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000

Now a0 e N o

N o
= = 2 4

500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000

Figure 3: Across all panels, the MBS posterior is characterized as a function of (sub)sample
size for the pooled (all), per-center (single) and LOCO (loco) posteriors, in terms
of its within-posterior spread (top left: Jaccard distance, bottom left: symmetric
difference), its expected complexity (top middle: MBS cardinality, bottom middle:
free-parameter dimension of the MBG), and its deviation from the pooled refer-
ence posterior (top right: Jaccard distance, bottom right: symmetric difference).
Gray diamonds denote values corresponding to the pooled dataset, whereas di-
amonds and crosses in various colors denote points corresponding to the LOCO
and per-center posteriors of the same institute, respectively.
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Figure 4: Comparison of pairwise distances between centers in different scenarios: the x-
axis shows the between-posterior distances among the centers’ real-data posteriors
at matched effective size 200; the y-axis shows the expectation of the structural
distances between the reference model structures (blue) and posterior samples
from the synthetic data generated from the reference models (orange). The left
panel shows Jaccard distances, whereas the right panel shows the symmetric
differences.
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Figure 5: Distance of each center’s MBS posterior to the global (all) and leave-one-center-
out (loco) references, at the matched (200) and full sample sizes; Jaccard distance
(left) and symmetric difference (right).

inclusion, give a sharper range of deviations, illustrating that the LOCO-FL method effi-
ciently provides LOCO posteriors for the centers, both for comparison and prior incorpora-
tion. The privacy and security advantages of LOCO-FL are as follows: First, with secure
aggregation, the server observes only the global sum Ny, ,, never an individual count
N‘(/?I)Jav' Second, it requires a single secure-aggregation round and one broadcast, rather
than the C rounds a naive per-held-out-center construction would require. Additionally,
note that a server with the global aggregate and a LOCO reference could recover that cen-
ter’s statistics. Client-side subtraction is the only construction in which the single (global
aggregate, own count) pair that is ever co-located sits at the center that already owns its
count. The («, B) reweighting of Q2 inherits this locality and is applied entirely client-side.

Effect of LOCO priors (Q4): The augmented posterior converges to the pooled reference
as the weight for the incorporated LOCO prior grows (Fig. 6). Furthermore, for most base
sample sizes, the posterior spread first falls and then rises (Fig. 7). Thus, borrowing from
D_. biases each posterior toward the pooled structure, tightening the per-center spread
while attenuating the between-center signal. This can be expected in the small-sample
regime, where the raw spread exceeds the between-center distance. This also connects
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Figure 6: Local-plus-LOCO augmentation for the largest center, for several local base sizes
(200/300/400/orig), each augmented by a LOCO prior of increasing scale (z-
axis: total effective size). From left to right, the first and second panels show
the within-posterior spread and the between-posterior distance from the pooled
reference, quantified by Jaccard distance. The third and fourth panels show the
corresponding measures using symmetric difference.
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Figure 7: Effect of the scaled LOCO prior on the original local posterior for the largest

center. The first and third panels show the change in spread, quantified by Jac-
card distance and symmetric difference, respectively, between posteriors from the
augmented datasets and the original local dataset. The z-axis indicates the differ-
ence in data size, i.e., the effective number of LOCO samples added. The second
and fourth panels show the between-posterior distances between the augmented
datasets and the original local posterior, with the z-axis indicating the combined
data size. Colors denote different effective local base sizes; the dashed gray line
indicates the spread of the posterior for the original local dataset (n. = 742).

to the “larger effective size” objective of Q2: since resolvable complexity grows with n,
comparing at a common larger size via LOCO augmentation resolves finer structure than
the minimum-size floor permits. Note that the LOCO evidence enters as exact Dirichlet
pseudocounts rather than a power on the integrated posterior, so the construction is exact
under decomposable scores, avoiding the normalizing-constant and boundary-degeneracy
issues that complicate selection of the borrowing strength in structure-level power priors.

Limitations: The present work is limited by the following four factors. First, the LOCO-
prior scaling reported here is screened empirically for the value that most reduces the
posterior spread (Fig. 7), not selected by a principled criterion. Minimizing within-center
spread and maximizing between-center separation coincide only approximately, since bor-
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rowing that tightens a center’s posterior also pulls it toward the pool and attenuates the
very between-center signal to be detected. A principled per-center choice of the borrowing
strength, whether by a marginal-likelihood (empirical-Bayes) criterion or by a detection-
targeted criterion that maximizes the between-center distance relative to the within-center
spread, is the natural next step. Second, the screen is demonstrated on a single worked
center (the largest), at a fixed local effective size. A systematic per-center profile across
all eight centers, together with how the spread-minimizing scaling varies with each center’s
sample size and case-mix divergence from the LOCO pool, remains to be established, and
the regime of practical interest is a bounded one, since unbounded borrowing converges
every center to the pooled reference and dissolves the heterogeneity (Figs. 6-7). Third,
the analysis rests on a single national cohort; the complexity-growth and augmentation
findings require replication on an independent registry and a sensitivity analysis over the
prior pseudocounts. Fourth, the cost of the single-round exactness of LOCO-FL is the
high communication volume (Section 3.2): scaling beyond the present n and in-degree limit
requires candidate-parent screening and the compression of the count tensors by context-
specific independences, e.g., decision-tree local structures (Boutilier et al., 1996; Friedman
and Goldszmidt, 1996; Chickering et al., 1997).

6. Conclusion

To understand and improve the quality of care in multicenter programs, we examine risk
factors using a Bayesian, systems-based approach, studying the full posterior over Markov-
boundary sets. This uncertainty-preserving analysis shows that the statistically resolvable
model complexity does not saturate within the observed sample-size range, so a naive com-
parison of center-specific risk models and their posteriors mixes sample-size induced model
properties with genuine between-center differences. A single two-parameter reweighting of
the per-family BD sufficient statistics independently scales a center’s own counts and incor-
porates the leave-one-center-out counts as pseudocounts; it contains the local, LOCO, and
pooled posteriors as special cases and provides an exact sample-size correction for Bayesian
network structure inference, computable from the shared count tensors alone. We showed
that matching the centers to a common, realistically attainable effective sample size raises
the between-center distances above the within-center posterior spreads. We also showed
that the global reference suffices for a coarse ranking of between-center differences, whereas
LOCO references support fine per-center comparison. Additionally, LOCO references can
serve as informative priors, reducing a center’s posterior spread, although only bounded
borrowing preserves the between-center signal. Finally, the proposed LOCO-FL scheme
obtains the LOCO references and the per-center scaling from a single secure-aggregation
round via client-side subtraction, under the same institutional-privacy guarantee as stan-
dard federated scoring, and with a by-design safeguard: the global aggregate and a LOCO
reference are never co-located at the server, nor at any party other than the center itself.
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Appendix

Algorithm 1: LOCO-FL: leave-one-center-out federated inference via local subtraction.
Input: Per-center datasets Di,..., D¢; family set F; BD prior pseudocount 7; scaling
weights (a, ).
for each family (V,pay ) € F in parallel do
for each centerc=1,...,C do
c)

Locally compute count tensor N‘(/

from D
ypay ¢

end

Securely aggregate Ny,pa, > . N‘(/%av at the server
Server broadcasts Ny,pa,, to all centers

for each center ¢ =1,...,C in parallel do
Compute LOCO count by subtraction: N‘(/;)‘;)V < Nvpa, — N‘(/?;av
end
end
for each center c=1,...,C in parallel do
Run ordering-MCMC on the LOCO posterior p(G | D_.) using {N{(,;gv}(wpav)ef

Run ordering-MCMC on the local posterior p(G | D.) using {N\(/c;))av} (or on the
reweighted score (1) with weights (a, 3))

Compute per-center Jaccard distances between LOCO, local, and global posterior sam-
ples

end
Output: Per-center MBS strata, posterior spreads .J, and LOCO-vs-local distances.
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