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Foreword:

This is our attempt to put a collection of partially completed solutions scattered
on the web all in one place. This started as our personal collection of solutions
while reading Hartshorne. We were stuck (and are still) on several problems,
which led to our web search where we found some extremely clever solutions by
[SAM] and [BLOG] among others. Some solutions in this .pdf are all theirs and
just repeated here for convenience. In other places the authors made corrections
or clarifications. Due credit has tried to be properly given in each case. If you
look on their websites (listed in the references) and compare solutions, it should
be obvious when we used their ideas if not explicitly stated.

While most solutions are done, they are not typed at this time. I am trying
to be on pace with one solution a day (...which rarely happens), so I will update
this frequently. Check back from time to time for updates. As I am using this
really as a learning tool for myself, please respond with comments or corrections.
As with any math posted anywhere, read at your own risk!



1

1.1

1.

Chapter 1: Varieties

Affine Varieties

(a) Let Y be the plane curve defined by y = 22. Its coordinate ring A(Y))
is then k[z,y]/(y — 2?) = klx, 2?] = k[x].
(b) A(Z) = k[z,y]/(zy — 1) = k[x, L], which is the localization of k[z] at

T
z. Any homomorphism of k-algebras ¢ : k[z, 2] — k[z] must map z
into k, since x is invertible. Then ¢ is clearly not surjective, so in

particular, not an isomorphism.

(c) Let f(z,y) € k[z,y] be an irreducible quadratic. The projective
closure is defined by 22 f(%, %) := F(x,y, z). Intersecting this variety
with the hyperplane at infinity z = 0 gives a homogeneous polynomial
F(z,y,0) in two variables which splits into two linear factors. If
F has a double root, the variety intersects the hyperplane at only
one point. Since any nonsingular curve in P2 is isomorphic to P?,
Z(F)\oo =PN\oo 2 Al. So Z(f) = Al. If F has two distinct roots,
say p,q, then the original curve is P! minus 2 points, which is the
same as A! minus one point, call it p. Change coordinates to set
p = 0 so that the coordinate ring is k[z, ].

. Y is isomorphic to Al via the map t + (¢,t2,t3), with inverse map being

the first projection. So Y is an affine variety of dimension 1. This also
shows that A(Y") is isomorphic to a polynomial ring in one variable over
k. I claim that the ideal of Y, I(Y) is (y — 2%,z — 23). First note that
for any f € flz,y, 2], I can write f = hy(y — 22) + h?(z — 23) + r(x), for
r(z) € k[z]. To show this it is enough to show it for an arbitrary monomial
zoyB27 = 2%(2? + (y — 22))%(2® + (2 — 2%)) = 2%(2*$+ terms with
y—22) (x> + terms with z —23) = hy (y — 22) + ho(z — 23) + 2220437 for
h1,hs € K[y, y, 2]. Now, clearly (y—a2, z—2%) C I(Y). So show the reverse
inclusion, let f € I(Y) and write f = hy(y—2?)+h?(z —23)+r(x). Using
the parametrization (¢,t2,t3),0 = f(¢,t%,t3) = 0+ 0+ r(t), so r(t) = 0.

Let Y C A2 be defined by 22 —yz = 0 and 2z — 2 = 0. If z = 0,
then y = 0 and z is free, so we get a copy of the z-axis. If z = 0,
then y is free, so we get the y-axis. If x # 0,z = 1,y = 22. So Y =
Z(x? —y,z — 1) U Z(z,y) U Z(z,2). Since each piece is isomorphic to
Al (see ex 1), the affine coordinate ring of each piece is isomorphic to a
polynomial ring in one variable.

Let A%2 = A x A'. Consider the diagonal subvariety X = {(x,z) |z € A'}.
This is not a finite union of horizontal and vertical lines and points, so it
is not closed in the product topology of A2 = Al x Al

These conditions are all obviously necessary. If B is a finitely-generated
k-algebra, generated by t1,...,t,, then B & k[z1,...,2,]/Z, where 7 is
an ideal of the polynomial ring defined by some fy,..., f,. Let X C A"
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be defined by f1 = ... = f, = 0. We prove that Zx = Z from which it
will follow that k[X] & k[x1,...,2,]/T = B. If F € Tx, then F" € T for
some 7 > 0 by the Nullstellensatz. Since B has no nilpotents, also F € 7,
thus Zx C Z, and since obviously Z C Zx, equality follows.

Let U C X be a nonempty open subset with X irreducible. Assume U
is not dense. Then there exists a nonempty open set V' C X such that
VNU =, namely X\U. Then X = U°UV ¢, contradicting the fact that X
is irreducible. So U is dense. If U were not irreducible, write U = Y7 UY>5
where each Y; is closed inside of U and proper. Then for two closed
subsets X1, Xo C X, such that Y; =UNX;,(X; UXo)UU®=X,s0 X is
reducible. Contradiction, so U is irreducible. Suppose Y is an irreducible
subset of X and suppose Y = Y; UYs. Then Y = (Y NY)U (YaNY),
so by irreducibility of Y, we have WOLOG Y = (Y1 NY). Since Y is the
smallest closed subset of X containing Y, it follows that ¥ = Y7, so Y is
irreducible.

(a) (i — ii) If X is a noetherian topological space, then X satisfies the
D.C.C for closed sets. Let ¥ be any nonempty family of closed sub-
sets. Choose any X; € ¥. If X; is a minimal element, then (ii)
holds. If not, then there is some X5 € X such that Xo C X;. If X5
is minimal, (ii) holds. If not, chose a minimal X3. Proceeding in this
way one sees that if (ii) fails we can produce by the Axiom of Choice
an infinite strictly decreasing chain of elements of X, contrary to (i).
(ii — i) Let every nonempty family of closed subsets contain a mini-
mal element. Then X satisfies the D.C.C. for closed subsets, so X is
noetherian.

(iii — iv) and (iv —iii) Same argument as above.

(i < iii) Let Cy € C3 C ... be an ascending chain of open sets. Then
taking complements we get C{ D C§ D ..., which is a descending
chain of closed sets. So X is noetherian iff the closed chain stabilizes
iff the open chain stabilizes.

(b) Let X = |JU, be an open cover. Pick U; and Us such that U; C
(Uy U Uy) (strict inclusion). Pick Us such that Uz C (U; U Uz U
Us). Continue in this fashion to produce an ascending chain of open
subsets. By part a), since X is noetherian, this chain must stabilize
and we get a finite cover of X.

(¢) Let Y C X be a subset of a noetherian topological space. Consider an
open chain of subsets Vp C Vi3 C ... in Y. By the induced topology,
there exists open U; C X such that U; NY = V;. Form the open
sets Wy = Ul_, Ui So W, nY = U, = UY, Vi = V4. The chain
Wy € W1 C ... in X stabilizes since X is Noetherian. So the chain
Vo C Vi C...in Y, stabilizes, so by part a), Y is noetherian.
which stabilizes since X is noetherian. Thus the original chain in Y
stabilizes, so by part (a), Y is Noetherian.
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(d) Let X be a noetherian space which is also Hausdorff. Let C' be an
irreducible closed subset. If C' were not a point, then any =,y € C
have disjoint open sets, which are dense by ex 1.6. So C'is a finite
union of irreducible closed sets, ie a finite set of points.

Let Y C A™ with dim Y = r. Let H be a hypersurface such that Y ¢ H
and Y NH # (. Then Z(H) € Z(Y). Let H be defined by f = 0.
Irreducible components of Y N H correspond to minimal prime ideals p
in k[Y] containing f. Since Y ¢ H, f is not a zero-divisor, so by the
Hauptidealsatz, every minimal prime ideal p containing f has height 1.
Then Thm 1.8A, every irreducible component of Y N H has dimension
dim Y — 1.

Let a C A = k[x1,...,x,] be an ideal which can be generated by r el-
ements, say a = (f1,...,fr). Then the vanishing of each f; defines a
hypersurface H;. By applying the previous exercise r times, if the condi-
tions are satisfied, then the dimension drops by 1 each time. If Y C H;,
then intersecting will not drop the dimension by 1. So we get the desired
inequality.

(a) Let Y € X and consider a strictly increasing chain of open sets
YocYiC...CY,inY,wheren=dim Y. Theneach Y; =C; N X
for some closed C; C X. Using the same replacement argument as
in ex 7(c), we get a strictly increasing chain of open sets (CoNY') C
(CiNY)C...C (C,NY)in X. Then by definition, dim ¥ < dim
X.

(b) Let X be a topological space with open covering | JU;. By part a),
we have dim U; < dim X, so sup dim U; < dim X. For any chain of
irreducible closed subsets Cy C Cy C ...C,, choose an open set Uy
such that Co NUy # 0. So Co N Uy C C1 NUy. Continue in this way
to construct a chain (Co N Uy) C (C1 NUp) C ... so that dim Uy >
dim X. Then sup dim U; = dim X as desired.

(c¢) Let X = {0,1} with open sets (J,{0},{0,1}. Then {0} is open and
its closure is all of X, so {0} is dense. Clearly dim {0} = 0, but
{1} c {0,1} is a maximal chain for {0,1}, so dim {0,1} = 1. So with
U = {0}, dim U < dim X.

(d) Let Y be a closed subset of an irreducible finite-dimensional topolog-
ical space X such that dim Y = dim X. Let Y/ C Y be irreducible
with dim Y’ =dim Y. Let Co c C; € ... € C,, =Y’ be a chain of
irreducible closed sets. Then Cy C ... C C,, C X is an irreducible
closed chain which gives dim X > dim Y’. Contradiction.

(e) For n € Z>q, let U, = {n,n+ 1,n+ 2,...}. Then the set 7 =
{0,Uy,Uy, ...} is a topology of open sets on Z>q. In this space, if

C and C’ are closed sets, then it is easy to see that either C' C c’
or C C (| that every nonempty closed set is irreducible, and that
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every closed set other then Z>( is finite. So this is an example of a
Noetherian infinite dimensional topological space.

Define ¢ : k[x,y, 2] — k[t3,t*,t°] by 2 — 3,y — t4, 2 = 5.  is surjective
and ker ¢ = Z(Y'). Since k[t3,t*,¢°] is an integral domain, Z(Y") is prime so
Y is irreducible. Three elements of Z(Y') of least degree are zz—y?, yz—a3,
and 22 —22y. Since these 3 terms are linearly independent, no two elements
can generate Z(Y'). See Kunz, “Introduction to Commutative Algebra and

Algebraic Geometry”, page 137, for a nice proof in full generality.

Let f(z,y) = (22 — 1)%2 + 3% = 2* — 222 + 2. Since R[z,y] C C[z,y]
and both are UFDs, and since f(z,y) factors into irreducible degree 2
polynomials (22 — 1+ iy)(2? — 1 —iy) in C[z,y], f(z,y) is irreducible over
Rlz,y]. But Z(f) ={(1,0),(-1,0)} = Z(x — 1,y) U Z(z + 1, y), which is
reducible.

Projective Varieties

. Let a C S be a homogeneous ideal, f € S a homogeneous polynomial with

deg f > 0 such that f(P) =0 VP € Z(a). Then (ag:ay:...:a,) € P?
is a zero of f iff (ag,...,a,) € A"T! is a zero of f considered as a map
A"l — k. By the affine Nullstellensatz, f € \/a.

Let a € k[zo,...,z,] be a homogeneous ideal.

(i < ii) By looking at the affine cone, Z(a) = () implies that a = @ or
a = 0, in which case v/a =S or @, Sa respectively.

(ii — iii) If /a = S, then 1 € y/a. So 1 € a and thus a = S. But then
Sq C a for any d. Suppose v/a = @B ,-0 54 Then there’s some integer m
s.t. 2 € a for i=0,...,n. Every monomial of degree m(n+1) is divisible
by &I for some i so S4 C a with d = m(n+1).

(iii — i) Let a 2 S4,d > 0. Then z¢ € @, i=0,...,n have no common zeroes
in P*, so Z(a) = 0.

a) Obvious.

(a)

(b) Equally obvious.

(¢) See solutions to (a) and (b).
(d)

(e)

“C” is exercise 1. The reverse inclusion is obvious.

Z(I(Y)) is a closed set containing Y, so Z(I(Y)) 2 Y. Conversely,
let P¢Y. ThenY C YU{P} implies I(Y) D I(YU{P}). So there’s

a homogeneous polynomial vanishing on Y (an(L hence Y'), but not
at P. Thus P ¢ Z(I(Y)). Therefore Z(I(Y)) C Y.

(a) This is the summary of ex 1, 2, 3(d), and 3(e).
(b) Looking at the affine cone, this follows from Cor 1.4
(¢) Upn = (0), which is prime, so by part (b), P" is irreducible.



5. (a) Let Cyp 2 Cy D ... be a descending chain of irreducible closed subsets
of P™. Then by ex 2.3, they correspond to an ascending chain of
prime ideals in k[xo, ..., z,], which must stabilize since k[zo, ..., )
is a noetherian ring. So the chain Cy O C; D ... also stabilizes.

(b) This is exactly the statement of (1.5).

6. Follow the hint. Choose ¢ such that dim Y; = dim Y. Exercise 1.10(b)
says this is possible. For convenience we suppose ¢ = 0. We can write
£

any element = € S, of degree 0 as the polynomial F'(1, %,,io),
0

which is exactly the element o(F) € A(Yp), where « is defined in (2.2)
and ;”—;, ce i—’; are the coordinates on A™. Given a polynomial f € A(Yp),
we homogenize it to F = §(f), where (§ is defined in (2.2). If deg F
= d, we associate the degree zero element % € Sz,- The two processes

are reversible, giving an isomorphism of A(Y;) with the subring of S,,
of elements of degree 0. Clearly S,, = A(Yp)[o, ﬁ] The transcendence
degree of A(Yp)[xo, %} is one higher than that of A(Yp) so by (1.7) and
(1.8A), dim S, = dim Yy + 1. Since dim Y; = dim Y, it follows that dim

Sz = dim S. Thus dim § = dim Yy + 1.

7. (a) dim S(P") = n+1 so the result follows from exercise 6.

(b) mimic the proof of (1.10) in the affine cone.

8. Let Y C P™ have dim n — 1. Then dim k[Y] = dim Y + 1 = n. In the
affine cone, this corresponds to an n—dimensional variety in A”*!. By
Prop 1.13, Z(Y) is principal, generated by an irreducible polynomial f.
SoY = (Z)(f) in the affine cone and thus Y = Z(F) for the form homog-
enized form F corresponding to f. Conversely, let f € k[zg,...,z,] be a
non-constant irreducible homogeneous polynomial defining an irreducible
variety Z(f). Its ideal (f) has height 1 by the Hauptidealsatz, so viewing
this variety in the affine cone A"™! by (1.8A), Z(f) has dimension n-1.

9. Let Y C A" be an affine variety, Y its projective closure.

(a) Let F(xg,...,z,) € Z(Y). Then f := o(F) = F(1,21,...,2,) van-
isheson Y C A", the affine piece of P" defined by zo = 1, so f € Z(Y)
and clearly 3(f) = F, so F € B(Z(Y)). Similar for reverse inclusion.

(b) We know from ex 1.1.2 that (I)(Y) = (y — 2%,z —2%). Y C P? =
{(%, Z—z, 7;—2, D} = {(u?, uv? v?v,v3)}. Assume that Z(Y) = (wy —
22, w?z — 23). Then (0,1,1,0) € Z(Z(Y)) = Y, but (0,1,1,0) ¢
{(US,UU2,U2U,U?’)}. So I(?) € (ﬁ(y - $2),,3(Z - xg))

10. (a) C(Y)=0"4Y)U{(0,...,0)}. Z(C(Y)) =Z(6" 1Y) U{0,...,0)}
IO YY) NZ{(,...,0)}) =Z(Y) for Y C A" since (0,...,0)
Y. So C(Y) is an algebraic set, C(Y) = Z(Z(Y)).

(b) C(Y) is irreducible iff Z(C(Y")) is prime iff Z(Y") is prime by part a)

iff Y is irreducible.

m |l
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(¢) Let dim Y = n. Then there is a descending chain of irreducible
proper varieties corresponding to an increasing chain of prime ideals
in the polynomial ring. In C(Y) the origin is added to the variety,
which corresponds to the prime ideal (zo, .. ., z,) which is now added
to the end of the chain of primes. So dim ¥ + 1 = dim C(Y)

(a) (i — 1) Let Z(Y') = (L1,..., L), where each L; is a linear polyno-
mial. Let H; = Z(L;). Then the H; are hyperplanes and Y = () H;.
(i — i) Let Y = (| H;. Do a linear transformation to get each H; to
be Z(z;). Then Z(Y)=Z(NH;) =Z(N Z(x;)) = (X1, .., Zm)-

(b) By part a), Y is the intersection of hyperplanes. But by ex 1.1.9, the
intersection of P™ with a hyperplane will at most drop the dimension
of Y by 1. So if Y has dimension 7, then Y is the intersection of
at least n — 7 hyperplanes, so Z(Y) is minimally generated by n — r
linear polynomials.

(¢) This is the Projective Dimension Theorem, which is Prop 1.7.1 on
page 48.

(a) a is clearly homogeneous since the image of each y; is sent to an
element of the same degree. Since the quotient k[yo, . .., yn]/ ker 0 is
isomorphic to a subring of k[zo, . .., z,], which is an integral domain,
ker 6 is prime, and Z(a) a projective variety.

(b) If f € ker 0, f(My,...,M,) = 0. Therefore f is identically zero
on any point (My(a),..., My(a)), so Im(vg) C Z(a). Conversely,
Z(a) C Im(vg) iff ker 8 O ZT(Im(vq)). Let f € Z(Im(vg)). Then
f(z) =0V e Im(vq), ie f(Mo,...,M,)=0,s0 f € ker 6.

(¢) Since Z(a) = Im(vq), and the d-uple embedding is an injective iso-
morphism, it is a homeomorphism.

(d) The 3-uple embedding of P! into P® maps (o, 71) to (23, 2321, w023, 23) =

{(%), (22, (%3 1)} = {(w?,vu? u?,v3)}, which is the projective

v v v
closure of {(z1,2%,239)}

vg : P2 — P° is given by (zg,21,%2) — (28, 2%, 23, xow1, ToT2, T122). Let
C C P? be a curve defined by the homogeneous function f(xg,z1,z2) = 0.
Then 0 = f2 € k[z3, 23,23, xoz1, 2022, T122] defines a hypersurface V C
P°. So Z=u(C) =V NY.

To show that ¥ (P" x P®) is a closed set of PV write out its defining
equations:(*) wiwy = wrjwy for 0 < i,k < 7,0 < 4,1 < s, where
Y(z,y) = (wij), w;; = a;b;. Conversely, if w;; satisfy (*), and say woo # 0,
then setting k,! = 0 gives (w;;) = ¥(z,y), where x = (woo, - .., Wr0), Y =
(woos - - -, Wos)- S0 Y(x,y) determines x and y uniquely, ie 1 is an embed-
ding with image W a subvariety defined by (*).

Let Q = Z(zy — zw).
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()
(b)

For 7,5 = 1,9 (P! x P') is defined by a single equation wjjwey =
wp1W10, which is after an obvious change of coordinates xy = zw.

For a = (ag,a;) € P, the set ¥(a x P!) is the line in P? given
by ciwgo = aowio. As a runs through P!, these lines give all the
generators of one of the two families of lines of (). Similarly, the set
(P! x 3) is a line of P3, and as 3 runs through all of P!, these lines
give the generators of the other family.

The curves x = y of @ is not one of these families of lines. This
closed curve is a closed subset of @, but not closed in P x P!.

Let Q, C P? be defined by 22 —yw = 0, Q2 C P3 defined by zy—zw =
0. Then in the affine piece w = 1, 22 — y = 0,2y = z, therefore
y=2%2=2% So (v,y,z,w) = (x,22,23 1), which is the twisted
cubic. When w = 0,z = 0 and y, z are free, which is the line defined
by z =w = 0.

Let C be the conic in P? defined by 2% — yz = 0. Let L be defined
by y = 0. Then C' N L is defined in the affine piece z = 1 by y =
0, which forces = 0, which is the point (0,0,1). Z(P) = (z,y).
I(C) + Z(L) = {a(z® — yz) + B(y)} # .

Let Y = Z(a) be a variety in P*, and let a = (f1, ..., f;). Show that
dim Y > n — ¢ by induction on ¢. If ¢ = 1, then Y is a hypersurface,
so dim Y > n — 1 by ex 2.8. Now assume true for ¢: dim Y >
n—gq. Let a= (f1,..., fg, for1), with fo41 & (f1,..., fg). Then the
hypersurface Z(fq+1) intersects Y, which reduces the dimension of ¥’
by 1. Sodim Z(f1,..., fq, fer1) =dimY -1 >n—qg—1 =n—(g+1).

If Y € P"is a strict complete intersection, then Z(Y) = (f1, ..., frn—r)-
Each f; defines a hypersurface Z(f;) and Y = () Z(f:), so Y is a set-
theoretic complete intersection.

Let Y be the twisted cubic {(z3, 2%y, zy%, y*)}. No linear form van-
ishes on Y and the linearly independent quadratic forms ugus —
UUg, u% — upua, u% — ujuz vanish on Y. Therefore any set of gener-
ators must have at least 3 elements.

Y is the intersection of Hy = Z(2%2—wy) and Hy = Z(y*+wz?—22y2)
as (zy —w2)? = w(y® +wyz? — 22yz) +y? (22 —wy) and (y? —x2)? =
y(y3 + wz? = 2xyz) + 22(2? — wy) and y® = wz? — 2xyz = y(y? —
xz) + z(wz —zy). SoY = Hy N Hs.

Ingredients: 2 3/4 cups all-purpose flour, 1 teaspoon baking soda,
1/2 teaspoon baking powder, 1 cup butter, softened 1 1/2 cups white
sugar, 1 egg, 1 teaspoon vanilla extract

Directions: Preheat oven to 375 degrees F (190 degrees C). In a small
bowl, stir together flour, baking soda, and baking powder. Set aside.
In a large bowl, cream together the butter and sugar until smooth.
Beat in egg and vanilla. Gradually blend in the dry ingredients. Roll



rounded teaspoonfuls of dough into balls, and place onto ungreased
cookie sheets. Bake 8 to 10 minutes in the preheated oven, or until
golden. Let stand on cookie sheet two minutes before removing to
cool on wire racks.

1.3 Morphisms

1. (a)
(b)

This follows from ex 1.1.1(c), Thm 2.3.2(a), and Cor 2.3.7

Any proper open set of Al is A'\S, where S is a finite number of
points. The coordinate ring of A\ {p1, ..., p,} is k[, x%pl, ce ﬁ]
This coordinate ring is not is not isomorphic to k[z]| since any iso-
morphism must take x — p; into k, since x — p; is a unit. Also, any
automorphism must map p; to k as well, so  would get mapped to
k. So any automorphism wouldn’t be surjective, contradiction. So
Al 22 A1\S.

Let characteristic k # 2 and write the conic as F(z,y,z) = az? +
20y + 2cxz + dy? + 2eyz + fz2. We have inserted the factor of 2 to

a b c x
write F' in matrix form F(z,y, z) = ( T Yy z ) b d e y
c e f z

Since the conic is irreducible, this matrix has full rank. Since any
symmetric matrix is diagonalizable, we can assume that F(x,y,z) =
z2 4+ y2 + 22. In particular, any two smooth projective plane conics
are isomorphic, so to study conics, we can just pick one. Picking
F(r,y,z) = 2z — y?, which is nonsingular we can say that any irre-
ducible conic, up to isomorphism in P2, is the image of P! under the
2-uple embedding vy : P! — P? and by ex 2.3.4, these are isomorphic.

In P2, any two lines intersect. So any homeomorphism from A? to P?
would not have an inverse function defined at the point of intersection
of the image two parallel lines in A'.

Let X be an irreducible affine variety, Y be a projective variety, and
let X 2 Y. Then their rings of regular functions are isomorphic, and
since Y is projective, by Thm 3.4(a), O(Y) = k. So O(X) = k and
then by ex 1.4.4, X must be a point.

Let ¢ : Al — A? be defined by t +— (t2,1%). ¢ is clearly bijective
onto the curve y? = z3. Also, since ¢ is defined by polynomials,
it is continuous. The complement of a finite set gets mapped to
the compliment of a finite set, so the map is open. Thus it is a
bicontinuous morphism. However, the inverse function would have
to be (z,y) — y/x, which is not defined at 0.

Let char(k) = p and define ¢ to be the Frobenius morphism. ¢ is
injective since if 2P = yP, then a? — y? = (x —y)? = 0, so = = y.
Surjectivity follows from the fact that k is algebraically closed, thus
perfect. So ¢ is bijective. ¢ is clearly continuous as well since it is

10
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defined by a polynomial t?. The map is open by the same arguments
as in part a) since we are dealing with curves in this case. ¢ is not
an isomorphism however since the corresponding map on coordinate
rings is not surjective.

(a) Let ¢ : X — Y be a morphism. Then there is an induced map on
regular functions ¢* : Oy — Ox defined by ¢*(f) = f o ¢, where
f is regular on the image @(U) for some open U C X. Restricting
this map to functions regular in neighborhoods of P gives the desired
map.

(b) Let ¢ be an isomorphism. Then viewed as a map on the topological
spaces of X and Y, this map is a homeomorphism, and by part a),
the induced map on local rings is an isomorphism. The converse is
obvious.

(c) Let the image ¢(X) be dense in Y. Define for some for some f € k(Y)
and P € X (¢*(f))(P) = f(e(P)) = 0 for some f € k(Y). Assume
(¢*(f)) =0. Then f = 0 on some neighborhood ¢(U) C Y. If f # 0,
then (X)) C Z(f) €Y. Contradiction to ¢(X) being dense in Y,

. This is easy to see for small n and d, but notationally annoying to type

up in the general case. See Shafarevich I example 2 on page 52-53 for a
proof.

Let H C P™ be a hypersurface of degree d. Then the d-uple embedding
vg : P* — PV is an isomorphism onto its image, and H is now a hyper-
plane section in PV. Since PY minus a hyperplane is affine, P® minus the
hypersurface H is also affine.

Let X = A2—{0,0}. To show X is not affine, we will show that Oy2(X) =
k[A?], ie that every regular function on X extends to a regular function
on A%, (Over C this is Hartog’s Theorem). Let f be a regular function
on X. Cover X by the open sets Uy = {z # 0} and Uy = {y # 0}, where
x and y are coordinates in A%, Then the restriction of f to Uj is of the
form ¢;/x", with ¢g; a polynomial and n > 0. We can further assume
that gy is not divisible by z™. Similarly on Us, f = go/y™. Since the
restrictions coincide on U; N Uy, we see that 2"gs = y™g1. Now, from
the uniqueness of the decomposition into prime factors in the polynomial
ring k[z,y], n = m =0 and g; = g2 = f. So f extends over the origin
and thus the ring of regular functions are isomorphic, implying that A2 is
isomorphic to X, contradiction.

(a) This follows directly from the projective dimension theorem, Thm
1.7.2

(b) T'll just cut and paste this: This follows directly from the projective
dimension theorem, Thm 1.7.2. FYI- remember this result. It is used
quite often to show that something is NOT projective.
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10.
11.

12.

13.

14.

15.

P" — (H; N H;) = Ay UAT. Aj NAT is a dense open set in Aj UAT. In
Aj N AT, regular functions are of the form ﬁ of total degree 0. Since
this function extends into both affine pieces, n = m = 0, forcing the degree
on h to be 0, resulting in a constant function.

The homogeneous coordinate ring of P! is k[P!] = k[z,y]. If Y is the image
of P! under the 2-uple embedding, then Y is the hypersurface defined by
xy = 22, so kY] = k[z,y, 2]/(xy — 2?). k[Y] 2 k[z,y] since the space of
elements of degree 1 is 3 dimensional in k[Y].

This question is stupid.

Let X be any variety and let P € X. Irreducible varieties containing P
correspond to prime ideals of k[X] contained in the maximal ideal mx p,
which in turn correspond to the prime ideas of the ring k[X]ny . By
Thm 3.2(c), this is just Ox p, the local ring at P. This question is just
the local statement of the last part of Corollary 1.4.

If P is a point on a variety X, then there is an affine neighborhood Y with
dim Y = dim X. Since OX,p = (93/7137 dim X = dim Y = dim Oyﬁp =
dim Ox p by Thm 3.2(c)

Oy x is clearly a local ring with maximal ideal m = {f € Ox (U) | f(P) =
0V P € UNY}. The residue field is then Oy, x/my,x, which consists of
all invertible functions on Y, ie k(Y). To prove the last statement, let X
be affine and let a = {f € k[X]| fly = 0}. Then dim X = dim k[X] =
ht a+ dim k[X]/a. But the height of a is equal to the height of my x in
Oy x, and dim k(X)/a = dim Y. Therefore dim Oy, x+ dim ¥ = dim X,
ie dim Oy x = dim X - dim Y.

(a) By a change of coordinates let P™ be the hypersurface defined 2o = 0
and let P = (1,0,...,0). If x = (x¢,...,2,) € P"" — {P} a; #
0 for some i. Therefore the line containing P and x meets P" in
(0,21, ...,2,), which is a morphism in a neighborhood z; # 0, so ¢
is a morphism.

(b) Let Y C P3 be the twisted cubic, which is the image of the 3-uple
embedding of P!. If the coordinates of P! are (t,u), then Y is pa-
rameterized by (z,y, z,w) = (¢, t?u, tu?,u3). Let P = (0,0,1,0) and
let P? be the hyperplane in P? defined by z = 0. Then the projec-
tion of Y = (t,t2u, tu® u?) — (#3,t%u,u3) € P2, where the image is
the variety x5 = 2223 For x5 # 0, this is the same as g = 13, ie

@)® _ 2.3 _
= xg,tey’ =

2, This is the cuspidal cubic, with the cusp at
(0,0) in affine coordinates or (0,0, 1) in projective coordinates.

Let X C A" Y C A™ be affine varieties.

12



16.

17.

()

()

(a)

(b)

Let X x Y C A"™™_ Assume that X x Y = Z; U Z; for Z; proper
and closed in X x Y. Let X; ={z € X |z xY C Z;}. Then since Y’
is irreducible, X = X7 U X5, and Xj is closed since it is the image of
the first projection. Since X is irreducible, X = X7 or X = X5, so
X xY = Z; or Zy, contradiction, so X x Y is irreducible.

Define a homomorphism ¢ : k[X] ®; k[Y] — k[ X x Y] by 3 fi ®
gi)(x,y) = fi(x)gi(y). The right hand side is regular on X xY, and
it is clear that ¢ is onto since the coordinate functions are contained
in the image of ¢, and these generate k[X x Y] To prove that ¢ is
one to one, it is enough to check that if f; are linearly independent in
k[X] and g, are linearly independent in k[Y], then f; ® g; are linearly
independent in k[X x y|. Now an equality }, ; c;; fi(z)g;(y) = 0
implies the relation Zj ¢i;9i(y) = 0 for any fixed y, and in turn that
Cij = 0.

The projection maps are clearly morphisms and given a variety Z
with morphisms ¢ : Z — X and ¢ : Z — Y, there is an induced map
X ¢:Z — X xY defined by z — (p(2), d(2)).

Let dim X = n, dim Y = m, t; and u; be coordinates of X and
Y respectively. k[X x Y] is generated by t1,...,tn,u1,. .. Up, SO
we just need to show that all coordinate elements are algebraically
independent. Suppose f(t1,...,tn,U1,...Uy) =0o0n X x Y. Then
for x € X, f(x,u1,...,um) = 0, ie every coefficient a;(z) =0 on X.
Therefore a;(t;,...t,) =0 on X, so f(U,T) = 0, and all the n +m
coordinates are algebraically independent, so dim X X Y =n + m.

X xY CP” x P™ and there are natural projections p; : P* x P —
X,po : P"xP™ — Y. The inverse of p; is X xP™ and the inverse of ps
is P™ x Y, which are both quasi-projective varieties since projections
are regular maps. Therefore X xY = (X xP™)N(Y xP") so X XY
is quasiprojective.

This follows from the same argument as in part a), replacing quasi-
projective with projective.

X xY is a product in the category of varieties since restriction to open

covers gives well defined projections and similarly, we can restrict to
these open covers to get the universal property.

Let X be a conic in P2. By ex 3.1(c), every plane conic is isomorphic
to P'. The local rings over P' are DVR’s which are integrally closed
(AM p 94), so X is normal.

Q1 = Z(zy — zw) C P? is the image of P! x P! under the Segue
embedding. Since this is a nonsingular variety, )7 is normal since
nonsingular implies normal for varieties (Shaf I, Thm II.5.1 p 126).

Let Q2 = Z(zy — 2?). The matrix of this quadratic (as in ex 1)
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18.

19.

0+ 0 0
Lo o0 o . .

is (2) 0 -1 0 which has rank 3. Thus we can do a linear
0 0 0 O

change of coordinates to let Q2 be defined by the equation 22 + 2 —
22 = 0, which is nonsingular everywhere except at (0,0,0,1), so we
can just check normality in the affine piece w = 1. To do this, we
need to show that k[X] is integrally closed in k(X) = {u+vz|u,v €
k(z,y)} and k[X] = {u+ vz |u,v € klz,y|}. Hence k[X] is a finite
module over k[z,y], and hence all elements of k[X] are integral over
Elz,y]. If o = u+ vz € k(X) is integral over k[X] then it must
also be integral over k[z,y]. Its minimal polynomial is T2 — 2uT +
u? — (2% + y?)v?, hence 2u € k[x,y], so that u € k[z,y]. Similarly,
u? — (2% + y*)v? € k[z,y], and hence also (22 + y?)v? € klx,y].
Now since x2 + y? = (v — iy)(x — iy) is the product of two coprime
irreducibles, it follows that v € k[x,y] and thus « € k[X].

By Shaf I, Cor to Thm 3 on page 127, for curves, normal and non-
singular are equivalent, so since this cubic has a singular point at the
origin, it is not a normal variety.

This is Shaf I Ch 2 section 5, page 129-131

If Y is projectively normal, then k[Y] is integrally closed in its field
of fractions. Since the localization of a integrally closed domain at a
maximal ideal is again integrally closed (AM Prop 5.6 pg 61), Op =
E[Y]mp is integrally closed for P € Y, and so Y is normal.

The twisted quartic is just the image of P! under the 4-uple em-
bedding, which is an isomorphism. Since P! is nonsingular, hence
normal, so is the twisted quartic.

To show Y is not projectively normal, use (IT 5.14(d)). The embed-
ding of P! — P3 is induced by a 4-dim linear subspace of HY (P!, O(4)).
The rational map T'(P3, O(1)) — ['(Y, Oy (1)) 2 T'(P!, O(4)) takes a 4
dimensional subspace to a 5 dimensional subspace, so therefore is not
surjective. Therefore by (I1.5.14(d)), Y is not projectively normal.

The twisted quartic is just the image of P! under the 4-uple em-
bedding, which is an isomorphism. Since P! is nonsingular, hence
normal, so is the twisted quartic. Also, k[P'] = k[z,y] is a UFD,
hence integrally closed. Thus projective normality depends on the
embedding.

If ¢ € Aut(A™), then each f; & k, since then ¢ is not surjective.
Therefore each f; is a linear non-constant polynomial, so J € k*

2 pounds ground beef, 1/2 pound fresh ground pork, 1 cup dry bread
crumbs, 2 teaspoons salt, 1/2 teaspoon pepper, 1 large egg, 3 table-
spoons butter, 1/2 cup hot water. Place a medium sized baking pan
into a cool oven and heat oven to 350 degrees. Place the hot water
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into a large mixing bowl and add the butter. Stir until completely
melted. Add all remaining ingredients and mix well. Shape mixture
into a loaf and place in heated baking pan. Cook your meatloaf for
approximately 40 minutes or until an internal temperature of 170
degrees has been reached.

20. Let Y be a variety of dimension > 2 and let P € Y be a normal point.
Let f be a regular function on Y — P.

(a) This is equivalent to saying that every morphism f : (Y — P) — Al
extends to a morphism f : Y — A'. Regarding f as a rational
map from Y to P! and writing I' C Y x P! for its graph, the set
I'N (Y x {oo}) is contained in P x {oo}. Hence its dimension is less
then dim Y — 1. On the other hand, Y x {oo} is defined locally in
Y x P! by one equation, so that dim(I'N (Y x {o0})) > dim ' —1 =
dim Y — 1. This means that I" does not meet Y x {co}. Therefore
the morphism I' — Y is finite. As it is birational and X is normal,
it is an isomorphism.

(b) Over C, f(z) = L can not be extended over all of C' by methods of
elementary complex analysis.

21. (a) G, is a group variety since (Al,+) is a group and the inverse map

defined by y — —y is a morphism.

(b) G,, is a group variety since (A! — {0}, z) is a group and the inverse
map defined by = — % is a morphism.

(¢) Hom(X, @) has a group structure given by defining for any ¢1, p2 €
Hom(X, G), (p1 + ¢2)(x) = p(p1(x), p2(x)) € G.

(d) ¢ : O(X) 2 Hom(X,G,) defined by f — f gives the required iso-
morphism.

(e) v : O(X)* = Hom(X,G,,) defined by f — f gives the required
isomorphism.

1.4 Rational Maps

1. Define F' = { fb) pelU . This defines a regular function on U U V.
9p) peV
2. If ¢ is a rational function, then U is the union of all open sets at which ¢
is regular. This is the same idea as in the previous question.

3. (a) Let f : P? — k defined by (zg,z1,72) — x1/x9. This is a rational
function defined where o # 0, ie on the open affine set A2. The
corresponding regular function f|Ag — Alis (21, 12) — 1.

(b) Viewing ¢ now as a map from P? — P! it is easy to see that ¢
is defined everywhere the image is nonzero. The projection map is
(0,1, 22) — (xg,21) and is defined everywhere except at the point
(0,0,1).
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4.

8.

(a) By ex L.3.1(b), any conic in P? is isomorphic to P! and isomorphic
implies birational.

(b) The map ¢ : A — Y defined by t — (t2,#3), with inverse (z,y) —
x/y gives a birational map between A and Y. Since A! is birational
to P!, so is the cubic Y.

(c) Let Y be the nodal cubic defined by y?z = z?(x + 2) in P2. Let ¢
be the projection from the point (0,0, 1) to the line z = 0. On the
open set A% where z = 1, we have the curve y?> = 3 + = which is
birational to a line by projecting from (0,0), given by setting x =
t2—1 and y = t(t*—1), which is found after setting y = tz. Therefore
on Y, the projection map (z,y,2) — (x,y), defined at all points
(2,9,2) # (0,0,1), gives a map to P! and the inverse map is then
(2.) = (52 — 292+ (52 — 22)y : %) for (w,) £ (1, £1).

By the projection map ¢ : Q — A? defined by (w,x,y,2) — (zv/w,y/w)
for w # 0, with inverse map (z,y) — (1 : = : y : xy), gives that Q is
birational to A2, and thus P2. @ is not isomorphic to P? since @ contains
two families of skew lines, but any two lines in P? intersect.

Another way to see this is that Q is just P? with two points blown-up
and then blowing-down the line joining them. Since the blow-up is a
birational map, @ and P? are birational. A cool fancy way to see they are
not isomorphic is to note that K% =8 and K2 = 9. (to be defined later)

Let ¢ : P2 — P? be the Plane Cremona Transformation.

(a) ¢ is P? with 3 points blown up and then the lines connecting them
blown down. See ex V.4.2.3. Since the blow-up and blow-down are
birational, so is ¢. p?(x,y,2) = ©(yz, x2, 1Y) = (2%yz, vy?2, 2Y2?) =
(z,y, z) after dividing by zyz. Thus ¢ is its own inverse.

(b) ¢ is isomorphic on the open set {(z,y, z) | vyz # 0} by part a)

(c) ¢ and ! are defined on P? everywhere except where the 2 coordi-
nates are zero, ie (1,0,0),(0,1,0), and (0,0, 1).

Let f: X — Y. Let f*: Opx — Og,y be a k-algebra isomorphism.
Then this induces an isomorphism on the fraction fields of the local rings
E(X) 2 E(Y). So X and Y are birational. It is easy to see that the
corresponding morphism f maps @ to P (since f* is an isomorphism) and
thus f is an isomorphism on some open neighborhoods U and V' of P and
@ respectively.

(a) Since A" = @" k, |A"| = |k| since cardinality holds over finite direct
sums. Since A" — P, [P"| > |A"|. But A" — {0} — P, so
[P < |A"T! — {0}] = |A™F| = |A"|. Therefore [P"| = |A"| = |k|.
Since any curve X is birational to a plane curve, |X| < |P?| = |k|.
Pick a point not on the curve and project now to P!. This map is
surjective, so | X| > |P!| = |k|. Thus |X| = |k|. The rest follows by
induction, using Prop 4.9 for the inductive step.
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9.

10.

1.5

1.

(b) Any two curves have the same cardinality as k, and the finite com-
plement topology. Thus they are homeomorphic.

Let M of dimension n —r — 1 be a linear space disjoint from X defining
a projection pps : X — P". pjps is surjective, hence it induces an inclu-
sion of the function fields k(X) < k(P") and since both have transcen-
dence degree r, k(X) is a finite algebraic extension of k(P"). If zg,...x,
are homogeneous coordinates on P" such that M = Z(zo,...,z,), hence
Zo, ..., 2, are coordinates on P", then k(X) is generated over k(P") by
the images of the functions %, cee i—g By the theorem of the primitive

element, it is generated by a suitable linear combination " ., o ().

Let L =M N Z(3", . a;z;). Then P* — M 25 Pr+l — {2} 5 P with
pap being the composition and x the image by py, of the center M of pj,.
X c P"— M %5 Z(F), where Z(F) is the hypersurface which is the image

[e3

of X. This gives the inclusions of function fields k(P") — k(Z(F)) —
k(X). Here k(X) = k(]P’)(m;—:l,,fc—g) and k(Z(F)) = k(IP”“)(Z%Om)
By assumption, « is a surjection. Therefore, since py is a dominating
regular map, with an open set X C P — M such that the cardinality of
the fiber pzl (defined to be the degree, which is equivalent to the degree
of the corresponding function field inclusion) is 1, pr|x — Z(F) is almost

everywhere one-to-one, hence is birational.

Let Y be the cuspidal cubic y? = 2. Let (¢,u) be the coordinates on P*.
Then X, the blowing up of Y at (0,0) is defined by the equation zu = ty
inside of A% x P*. Denote the exceptional curve ¢ ~1(0) by E. In the open
sett #0,set t =1to get y? = 23,y = vu = 2%u? = 2% = 22(u? —2) = 0.
We get two irreducible components, one defined by z = 0,y = 0, u free,
which is the exceptional curve E. The other component is defined by
u? = z,y = zu. This is Y, which meets E at v = 0. Y is defined by
y = u3, which is non-singular and isomorphic to A! by projection on to
the first coordinate.

Nonsingular Varieties

(a) Setting the partials equal to 0 gives the only singular point at (0, 0).
This is the tacnode.

(b) Setting the partials equal to 0 gives the only singular point at (0, 0).
Since the degree 2 term zy is the product of two linear factors, this
is the node.

(c) Setting the partials equal to 0 gives the only singular point at (0, 0).
Since the degree 2 term y? is a perfect square, this is a cusp.

(d) Setting the partials equal to 0 gives the only singular point at (0,0).
Intersecting this curve with a line at the origin y = mz, a t3 factors
out of f(¢,mt), so we have a triple point.
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Setting the partials equal to 0 gives y = z = 0, x free. So the singular
points lie on the z-axis and we have a pinched point

Setting the partials equal to 0 gives the singular point at (0,0,0),
which is the conical double point.

Here the singular locus is the line x = y = 0 with 2z free, which
corresponds to the double line.

up(Y)=1o f=fi+ fo+...fa & f(x,y) has a term of degree
1, namely ax + By for a, 5 # 0 < f; =af,=8#0«< Pis

nonsingular.

The multiplicity at P = (0,0) is the smallest degree term that ap-
pears. The multiplicity of P for 5.1(a), (b), (¢) is 2, and 3 for 5.1(d).

(Y- Z)p is finite if the length of the Op-module O, /(f, g) is finite. Let
ap C k[U] be the ideal of P in the affine coordinate ring of some open
affine neighborhood U containing P and no other point of intersection
of Y and Z. By the Nullstellensatz, a» C (f,g) for some r > 0.
Then Op = k[U]q,. It follows that in Op, m” C (f,g). To show that
I(O/(f,g9)) < o0, it is enough to show that [(O/m") < co. To show
this, it is sufficient to show that O/m” is a finite dimensional k-vector
space (AM Prop 6.10). Do this by filtrating (inside O/m") 0 = m” C
m~lC...CmC O/m". Since O is Noetherian, each quotient is a
finite k-vector space, and thus O/m” is finite dimensional.

Now show that (Y - Z)p > up(Y) - up(Z). For the case that P is
nonsingular on both Y and Z, see Shafarevich Bk 1, p 225 ex 3. For
the case that P is singular on one of Y or Z, see Shaf Bk 1, p 226
ex 4. For the general case, let f be homogeneous of degree m and
let g be homogeneous of degree n, with m < n. Start with linearly
independent monomials in k[z,y] : {1,2,y, 22, 4%, zy,...}. Mod out
by (f,g) and take the maximal set of linearly independent terms.
Label these terms My, ..., M, in k[z,y]/(f,g) and count the number
of terms of fixed degree:
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Deg No.Terms

0 1
1 2
m—1 m
m m=m+1—{fn}

m+1 m=m-+2—A{xfm,yfm}

n—1 m
n m—1=m—{g,}
n+l  m—2=m—{xgn,ygn}

n+m—2 1

Therefore the total number of terms, adding up the right column,
is just mn. So we have a chain (0) C (M,) C (Mg, My—1) C ... C
(My,My_1,..., M) of length a in k[x,y]/(f,g), which extends to
a chain of length a in (k[z,y]/(f, 9)) @,y = Op/(f,g). Therefore
WOp/(f,9)) 2 a=mn=pp(Y) up(Z)

Let Lq,..., L, be the distinct linear factors appearing in the lowest
term of the equation of Y. Then if L is not one of these and r is
the multiplicity, then m! C (f,L) by counting dimensions in the
table above. The table then gives a sum of r 1’s, so the intersection
multiplicity is r.

The fact that (Y - L) = m follows exactly from Bezout’s Theorem.
However, doing it their way, if we set L to be the line defined by
y = 0, then for z # 0, Y is defined by f(z) + yg(x,y) = 0, where
f is a polynomial in = of deg n. If x is a root of multiplicity m,
(L-Y)(z,0) = m, so the sums of their intersection multiplicities along
the z-axis is equal to the number of roots of f, which is n. But at

(0,1,0), the intersection multiplicity id d — n since the equation for
fislocally 247" + ...+ zg(x,y) =0. So > (L-Y)p =n+d—n=d.

5. If char k = 0 or char k = p does not divide d, then 2% +y? 4 2? = 0 defines
a nonsingular hyperplane of degree d. If p divides d, then zy?=! +yz¢=1 +

6.

Z.’Edi

(a)

L = 0 works.

i. Let Y be defined by 2% +y°® —zy (node). Blow-up Y at (0,0): Let
t,u be the homogeneous coordinates on P'. Then I' C A% x P! is
defined by xu = ty. Call the exceptional curve E. In the affine
piece t = 1, we get y = zu and 2% +y°% —2y = 2?(2* + 2’ —u) =
0. We get two irreducible components. The exceptional curve is
defined by = y = 0,u free. Y is defined by (z* + z4u® — u) =
0,y = zu, which meets E at (0,0,0). Replacing y = zu, we get Y
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(b)

is defined by z* +y*u? —u = 0. An easy check shows the partial
derivatives never vanish, so Y is non-singular.

ii. Let Y be defined by 3? + 2* + y* — 2% (cusp). Blow-up Y at
(0,0): Let t,u be the homogeneous coordinates on P*. Then
I' ¢ A? x P! is defined by xu = ty. Call the exceptional curve
E. In the affine piece t = 1, we get y = zu and z?u® + z* +
rhut — 23 = 2%(u? + 2% + 2%u* — 2) = 0. We get two irreducible
components. The exceptional curve is defined by z = y = 0,u
free. Y is defined by u? + 22 + 2%u* — 2 = 0,y = wu, which
meets E at (0,0,0). Replacing y = zu, we get Y is defined by
2% +y*u? —u = 0 which meets E only at (0,0,0). An easy check
shows the matrix of the partial derivatives evaluated at (0,0, 0)

is ( Pl (1) 8 ), which has rank = codim Y = 2, so Y is non-

singular. An easy check shows that Y NE = 0 in the affine piece
u # 0, so Y is nonsingular.

Points on the exceptional curve correspond to tangent lines. Since a
node has 2 distinct tangent lines, we expect the blowup of the curve
to intersect the exceptional divisor twice. By a change of coordinates,
Y is defined by zy+ f(x,y) = 0 where f(z,y) has only terms of degree
greater than 2. Let P = (0,0). Blow-up A? at P: T C A2 x P! is
defined by zu = yt. In the affine piece t = 1, y = zu,zy + f(z,y) =
0 = 2%u = f(z,uxr) = 2%(u + g(z,7u)) = 0. Therefore we get 2
irreducible components. One is the exceptional curve E defined by
x =0,y = 0,u free. Y is defined by v = g(x,2zu) = 0, zu = y, which
meets E at (0,0,0) € A}, Similar arguments in the affine piece
u = 1 show that Y N E = (0,0,0) C Af’#o.. An easy check on the
Jacobian shows that these points are nonsingular. Thus ¢~ !(P)NE =
{(0,0,1,0),(0,0,0,1)}.

Let P = (0,0,0) and Y defined by 2% = 2% + y* have a tacnode. The
blowup I' C A? x P! is defined by zu = yt. In the affine piece t = 1,
we have y = zu and z* +y* —2? = 0, which give 22 (22 +z%u*—1) = 0.
We get 2 irreducible components: the exceptional curve I defined by
z =y =0, ufree, and Yo defined by 22 +2?u*—1 = 0. Y|;.0NE =
(). In the affine piece v = 1, we get x = yt and 2* +y* —2? = 0, which
gives y?(y?t* +y? —t%) = 0. This defines two irreducible components:
the exceptional curve F defined by y = « = 0,1t free. 37|u7g0 defined
by y*t* 4+ y? — t2 = 0, which intersects E at (0,0,0) C Ai#o. At this
point, the lowest degree terms are y? —t2 = (y —t)(y + ), so (0,0,0)
is a node and by (b), can be resolved in one blow-up. So the tacnode
can be resolved by two successive blowups.

Let Y be the plane curve y® = 2°, which has a higher order cusp at
0. Since the lowest term is of degree 3, (0,0) is clearly a triple point.
The blowup I' € A% x P! is defined by zu = yt. In the affine piece
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t=1,y=mau,y® = 2" gives 23(2% — u®) = 0. We get two irreducible

components: the exceptional curve E is defined by x = y = 0, u free.
Y is defined by x? = u3, which has a cusp. BY part a), blowing
up a cusp gives a nonsingular strict transform. Therefore 2 blow-ups
resolve the singularity.

At (0,0,0), at least one partial derivative is nonzero by assumption.
At (0,0,0), the partials all vanish since the degree > 1. Thus (0,0, 0)
is clearly a singular point, and it is the only singular point since Y is
a nonsingular curve in P2,

Blow up X at (0,0,0) to get X C A3 x P2, where the coordinates
on P2 are (t,u,v) is defined by xu = yt,xv = zt,yv = zu. Look
at the affine piece t = 1. Then X is defined by f(z,zu,zv) = 0,
which becomes z?f(1,u,v) = 0. The exceptional curve E is defined
by 2% = 0. X\E is defined by f(1,u,v) = 0. So dim X = 2 inside of
A3 o~ Therefore the Jacobian of partials is just (0 fi £ ) which
has rank one since both f,, and f, # 0 since X is nonsingular in P2.
Applying the same argument for the other affine covers, w get that
X is nonsingular.

In each affine piece, the strict transform is defined by the equa-
tions f(1,u,v) = 0, f(t,1,v) = 0, f(t,u,1) = 0. These define Y =
e U P) =Yl =Y C P2,

8. Partials of a homogeneous polynomial are again homogeneous. In the
affine piece ag = 1, the matrix of partials becomes n x t instead of n+1 x ¢.
However, by Euler’s Theorem, the rank of the matrix does not change since
the deleted row is a multiple of the others.

10.

Assume that f is reducible, say f = g- h. By ex 2.7, there exists P such
that g(P) = h(P) = 0. Then f',(P) = g(P)h'+(P) + h(P)g,(P). So if
f(P) = g(P)h(P) =0, f, = 0. Similar for partials with respect to y and
z. Therefore all derivatives would vanish, which contradicts the fact that
Sing Y is proper. Thus f is irreducible and Y is non-singular.

(a)
(b)

This is the argument in the second paragraph in Shaf I, I1.1.4 (the
bottom of page 92).

Let ¢ : X — Y be defined by = — (fi(x),..., fa(z)). Define o* :
mw(x)/mi(w) — m,/m2 on the cotangent space defined by f — fop.
This is well-defined since if f € my (), ie f(p(x)) = 0, then ©*(f) =
flp(@)) =0, 50 *(f) € my. It is easy to see that ¢*(m? ) € mZ,
so taking the dual of this map gives a map ©p x — Oy (p)y

Let ¢ : Z(x — y?) — {x—axis}. be defined by (z,y) — 2. As in a),
define the dual map ¢* : mg/m3 — mo/mé by f— fop. m, = ()
and p(z) = . But @ = y2, so x € m2. Therefore p* = 0. Thus
the map defined on the cotangent spaces is the zero map, so the dual
map is again the zero map.
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11.

12.

13.

14.

Let Y = Z(2? — 2z — yw,yz — 2w — 2w) C P3. Let P = (0,0,0,1). Let ¢
denote the projection from P to the plane w = 0, ie ¢ : Y — P? = Z(w) is
defined by (w,y, z,w) — (x,y,2). To see that p(Y) C Z(y*z — 23 + 22?),
we just have to note that y?z — 2%+ 22? = y(yz — 2w — 2w) + (v + 2) (2% —

xz—yw). Solving for w we get that in Y, w = % and w = jfz. In the

image, these are both equal, so we have =1 : Z(y?z — 2® + 22°%) — Y\ P
EQ—IZ

Y

defined by (z,y, 2) — (z,y, 2,
at (1,0,—1).

)= (z,v, 2, wy—fz), which is not defined

(a) Generalizing the idea in Ex 1.3.1(c), we can write any conic as a
symmetric matrix, which from Linear Algebra, we know we can di-
agonalize. A change of basis corresponds to a linear transformation,
so we can always write a conic f as a sum of squares z3 + ... + 22
where r is the rank of the matrix.

(b) f is obviously reducible for » = 0,1. Now the hypersurface Z(f)
is irreducible iff its defining equation is irreducible. If f factors,
then clearly x,41,...,2, don’'t appear in the factorization. So it’s
enough to check irreducibility in k[zg,...,z,]. This is equivalent
to f defining an irreducible hypersurface in P”. But f defines an
nonsingular, hence irreducible, hypersurface so we’re done.

(c¢) Sing @ is the zero locus of the partial derivatives, each of which has
degree 1 since f is a conic and the characteristic of k # 2. Thus the
variety defined by them is linear. By ex 2.6, dim Z = dim S(Z) - 1
= dim k[zo,...,2n]/ (0, .., 2p) —1=n—71—1.

(d) For r < n, define @ C P" by Z(f) and embed P" < P" as the first
r coordinates. Then the rest is clear since in P? for instance the line
joining (a,b,0) and (0,0, c) is {(sa, sb, sc)|s,t € k*}.

Since this question is local we can assume that X is affine. By the finiteness
of integral closure, the integral closure of k[X], k[X] is finitely generated,
say with generators fi,..., f,. Then for any = € X, O, is generated by
the images of f1,..., f,. Denote the image of f; in the stalk again by f;.
Then O, is integrally closed iff f; € O, for every i. Any rational function
is defined on a nonempty open set, and a finite intersection of these is
again open and is nonempty since X is irreducible. Thus the normal locus
is a nonempty open set, forcing the non-normal locus to be proper and
closed.

(a) Let P € Y,Q € Z be analytic isomorphic plane curve singularities.
Then Opy = Og,z, where Opy = Ellx,y)]/(fr + ...+ fd),OQz =
kl[z,y]l/(gs+- . .+ga) where Y = Z(fr+.. .4 fq) and Z = Z(gs+. ..+
gd). The isomorphism between the completion of the local rings must
map ¢ — azr+[y+h.o.t and y — o/x—l—ﬁly—I—h.o.t for a, o/,ﬁ,ﬁl #0.
This is to guarantee that x,y are in the image and that they span
a 2 dimensional subspace in the image as well. Therefore f(x,y) —
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flax+ By + h.o.t, odr+By+ h.o.t) := ~(<I>1, ®,). Therefore ]7: ug
since any automorphism of A? is given by F(®1, ®3) = GU for some

unit U (see Shaf Bk 1, p 113, ex 10). Therefore f and g have the
same lowest term, so r = s and pp(Y)ug(Z).

(b) Let f = fr +... € k[[z,v]], fr = gsht, where gs, h; are forms of
degree s,t, with no common linear factor. Construct g = gs + gs+1 +
cooyh = hy + hyp1 + ... € K[z, y]] step by step as in the example.
Then fry1 = htgsy1 + gshes1 since s +t = r. This is possible since
gs, ht generate the maximal ideal of k[[x,y]]. Continue in this way to
construct g and h such that f = gh.

(c) Let Y be defined by f(x,y) = 0 in A%. Let P = (0,0) be a point
of multiplicity r on Y. Write f = f,. + hot. Let QQ be another point
of multiplicity =, for » = 2,3. From Linear Algebra, if f = (az +
By) (o’ x+ 3 y)+ hot centered at P and f = (yz—+0y)(y +8 y) + hot
centered at Q, then az + By, o'z + 'y, vz + dy, v x4 6y are all lines
in P!, and in P! (or A?), any 2 or 3 pairs of lines can be moved to
each other by a linear transformation. However, for 4 or more lines,
this can not be done in P! or A2, Therefore the one parameter family
is the fourth line that cannot be mapped via a linear transformation
after equating the other three lines.

(d) Ingredients: 1 Chicken and giblets, cut up; 1 tb Salt; 4 Carrots,

chopped; 6 Celery stalks w/leaves; chop 1 Onion, med., chopped; 1
Garlic clove, minced 1 cup Rice or noodles.
Directions: Put chicken pieces in large pot with water to cover. Add
salt and bring to a boil. Reduce heat to simmer and skim off fat. Add
vegetables and garlic, cover and cook until tender. Remove chicken
and either serve separately or dice and return to soup. Season to
taste. Add rice or noodles and cook until tender.

15. (a) (zo,...,zn) € PV 2oz? + 21y? + 2229 + ... + 2ny297 ! with the
reverse correspondence clear.

(b) The correspondence is one-to-one if f has no multiple factors, ie if f
is irreducible. By elimination theory, the points in PV such that f
and Vf = 0 correspond to the set {g1,...,g,} of polynomials with
integer coefficients which are homogeneous in each f;. Therefore
the points where f,Vf # 0 are in one-to-one correspondence with
g1,-..,gr # 0 which defines an open set in PV. Since Vf # 0, the
curve is non-singular.

1.6 Nonsingular Curves

1. (a) Let Y be a nonsingular rational curve which is not isomorphic to
P'. By Prop 6.7, Y is isomorphic to an abstract nonsingular curve.
Therefore Y is a subset of the complete abstract nonsingular curve
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Z of its function field. But Z is birational to P!, so in fact Z = P!,
so Y C PL. Since Y is not complete, it must be inside some A®.

(b) Embed Y < P!. Since Y is not isomorphic to P!, Y C Al. Since
by part a), Y = A! minus a finite number of points, Y is a principle
open subset, which is affine.

(c) Since by part b), Y is a principal open set, say A1\ {1, ..., a,}, A(Y) =
oY) = klt, ﬁ, e t—lan] This is the localization of a UFD, which
is again a UFD.

2. Let Y be defined by 3? = 23 — 2 in A%, with char k # 2.

(a) f. =322 —1, f; = —2y. The zero locus of the partial derivatives is
the points (+1/+/3,0), which is not on the curve. So Y is nonsingular.
A(Y) = klx,y]/(y*>—23+x) is integrally closed since Y is nonsingular,
and in dimension 1, nonsingular and normal are equivalent. (Shaf 1,
Corollary p 127)

(b) Since k is algebraically closed, x is transcendental over k, and thus
k[z] is a polynomial ring. Since y? € k[z],y € k[z]. So A C k[z].
Since k[z] C A, by taking the integral closure of both sides gives

k[z] C A = A (since A is integrally closed by part a). So A = k|[x].

(c) 0 : A— Adefined by y — —y is an automorphism due to the 3> term
and clearly leaves x fixed. Let a = f(z,y) = yf(z)+g(x) € A. Then
N(f(@,9)) = [(0,9)f(z.~y) = /(@) + g(@)(~f () + 9(2)) =
2 f2(2) + () = —(2° — 2)f*(2) + g°(z) € k[z]. N(1) =1 is
clear, and N(ab) = (ab)o(ab) = ao(a)bo(b) = N(a)N(b).

(d) If a is a unit in A, then aa~! = 1. Taking norms of both sides, we
get N(aa™') = N(a)N(a™') = N(a)N(a)~' = N(1) = 1. So if a is
a unit, its norm must have an inverse in k, ie lie in £*. Assume x
is reducible, ie z = ab for both a,b irreducible. Then takin norms,
N(z) = 22 = N(a)N(b). Since there does not exist any a,b whose
norm is a degree 1 polynomial,  must be irreducible. Similar argu-
ment for y. A is not a UFD since y? = x(2? — 1), so x|y?. If A were
a UFD, then x = uy for some unit u. But by comparing norms as
before, this can not happen. So A is not a UFD.

(e) A is neither trivial nor a UFD, so by ex 1, Y is not rational.

3. (a) Let dim X > 2. Let X = A2, Then the map ¢ : A%\(0,0) — P!
defined by (z,y) — (z : y). Then this map is not regular at the
origin.

(b) Let Y = Al. Then ¢ : P1\A! defined by (z : y) — 2/y. If » had an

extension, then the identity map and ¢ would agree on some dense
open set, and thus be equal, which is a contradiction.

4. Let Y be a nonsingular projective curve. Let f be a nonconstant rational
function on Y. Let ¢ : Y — P! defined by 2 — f(z) in the affine
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piece. Since Y is projective, the image must be closed in P!. Since f
is nonconstant and Y is irreducible, the image must be all of P!. Since ¢
is dominant, it incudes an inclusion k(Y) < k(P!). Since both fields are
finitely generated extension fields of transcendence degree 1 of k, k(P!)
must be a finite algebraic extension of k(Y). To show that ¢ is quasi-
finite (ie ¢~1(P) is a finite set), look at any open affine set V in P!.
Its coordinate ring is k[V], and by Finiteness of Integral Closure Thm
(I.3.9), k[V] is a finite k[V]-module. The corresponding affine set to k[V]
is isomorphic to an open subset U of Y. Clearly U = ¢~1(V), and thus ¢
is a quasi-finite morphism.

Let X be a nonsingular projective curve. Then embed X — Y by a
regular map. Since the image of a projective variety is closed under regular
mappings, X is closed in Y.

(a) If ¢ : P! — P! is defined by x — (ax + b)/(cx + d), then the inverse
map is then given by —i+(zd — b)/(a — zc).

(b) Any ¢ : P! 2 P! € Aut(P'), clearly induces an isomorphism ¢* :
k() = k(x) defined by f — fop. Conversely, given an automorphism
¢ of k(z), this induces a birational map of P! to itself. But any
birational map of non-singular projective curves is an isomorphism.

(c) If p €Aut k(z), o(x) = f(x)/g(x) for (f,g) =1. If deg g, f > 1, the
map won’t be injective, so both f and g are linear, say f(z) = azx+b
and g(z) = cx +d and by (f,g) =1, ad — bc # 0. Therefore PGL(1)
=~ Aut k(r) 2Aut PL.

If A'\P = A'\Q, then there is an induced birational map between P!
and P'. But any birational map between nonsingular projective curves
is an isomorphism, so in particular, it is injective and surjective. Thus
|P| = |Q|. The converse is not true for » > 3 since any set of at most
3 points in P! can be mapped to any other set of the same size under
Aut P'. Any isomorphism between P! and P! fixes at most 2 points, so if
7 > 3, the map must be the identity isomorphism. If P and @ only have 3
elements in common, with other elements different, then A1\ P 2 AN\Q.

1.7 Intersections in Projective Space

1.

(a) By ex 2.12, the homogeneous coordinate ring is isomorphic as a
graded algebra with the subalgebra of k[zg,...,z,] generated by
monomials of degree d. Thus ¢y (l) = (":dl), so Py(z) = ("";dz).
So the degree is n! - &+ = d".

n!

(b) By ex 2.14, the homogeneous coordinate ring is isomorphic as a
graded algebra to the subring of k[zq,...,Zr,y0,...,Yys|] generated
by {x;,yr} with My being the set of polynomials of degree 2k. Each

. . 5 5 r+1\ (s+1
monomial is made up of half 2’s and half y’s, so ¢y (I) = ( —; )( T ) =
("F (1. So the degree = (r +s)! - -k = ("F?).

r rls! r
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2. (a) pa(P") = (=1)"((;) —1) =0
(b) Let Y be a plane curve of deg d. Then dim k[x, y]/(f); = { g

Then Py (2) = (%53) = (2%9). So A(0) = () — (%)
7(61_1)2((1_2). Therefore p,(Y) = (=1)(1— 7((1_1)2(61_2) 1) = (d=1)(d=2)
This result is sometimes called Pliicker’s formula.

(C) pa(H) _ (_1)n—1[(2)_(n7—1d)_1] _ (_1)1'7, (n;d) _ (_1)n(n—d)(n—(fljl).u(l—d) _
(d=1)...(d=n) _ (dﬂ).

n! n

(d) Let Y = X7 N Xy, with X; = Z(fz) Then X; U Xy = Z(flfg), SO
deg X7 U X5 = a+ b. From the exact sequence

0— S/(fif2) — S/(f1) ®S/(f2) — S/(f1, f2) = 0

we get Py = Px, + Px, — Px,ux,- Sop.(Y) = 71[(3_;_6) - (3?1) -
(Sgb)] = 2a%b+ 3ab? —2ab+ 1 = Labla+b—4) + 1.

(e) The graded ring here is isomorphic to @,_o M;@N; C k[zo, ..., zp]
Elyo, .- - Ym].. Tensor products multiply dimensions, so ¢y« z(l)
vy (D)pz(l) and so oy xz = pypz. Thus p, (Y xZ) = (=1)"T5(Py (0
1) = (=1)""*[(Py (0) = 1)(Pz(0) — 1) + (Py (0) — 1) + (Pz(0) — 1)]
pa(Y)pa(Z) + (71)Spa(y) + (71)Tpa(Z)'

3. If P = (ay,ay,ay), then the tangent line T, »(Y) is defined by 3F |p(ap —

ap) + %|p(a1 —a))+ g—i|p(a2 —ay) = 0. This line is unique since P is a
nonsingular point. The intersection multiplicity is the highest power of ¢,
where L = t@ and YUL = F(tay, tas, tas) after looking in A? of the point

= (0,0). Pissingulariff F = Fy+...4+Fy. Therefore multiplicity is > 2.
The mapping P? — (P?)* is defined by (zo,21,%2) — V fl(zg,21,00) 7 0,
ie P is non-singular.

) 1<d
) (l+d+2) I>d
= ]_ —_
( 2)

Il &

=

Pz(0)—

4. By Bezout’s Theorem, any line not tangent to Y and not passing through
a singular point meets Y in exactly d distinct points. Since Sing Y is
closed and proper, the lines intersecting with Sing Y are closed in (P?)*.
By ex 3, the tangent lines to Y are contained in proper closed subsets of
(P2)*, so there exists U # () open in (P?)* intersecting Y in d points.

5. (a) Assume there exists a point P with multiplicity > d. Pick any line
through the singular point P of multiplicity > d and any other point
Q. Then (C.L) = (C.L)p + (C.L)g > d, which contradicts Bezout’s
Theorem.

(b) Let Y be an irreducible curve of deg d > 1, with P having multiplicity
d — 1. Assume that Y is defined by f = f(x,y) + g(z,y), where deg

f($7y) = d_17 deg g(xay) =d. Lett = y/x7y = _f(t7 1)/g(t7 1) and
x = yt. This is just the projection from a point and gives a birational
map to Al
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6. Let dim Y = 1. By Prop 7.6(b), Y is irreducible. Pick any two points on
Y and pass a hyperplane through them. Then by Thm 7.7, we must have
Y C H. Since this is true for any hyperplane through these points, Y is
the line through these two points. Now suppose the assumption is true
for dimension r varieties and let dim Y =r+ 1. Let P,Q € Y and H a
hyperplane through P and @ not containing Y. Then by Thm 7.7 again,
Y N H is linear, so Y contains the line through P and Q. So Y is linear.

(a) Fix P and consider the projection map to P'. X is parameterized by
the fibers of this map, of which are same dimension and irreducible,
so X is a variety of dim r + 1.

(b) For dim Y = 0, Y consists of d points, so X is d — 1 lines. So the
deg X = d — 1. Now suppose dim Y = r. Choose a hyperplane
H through P not containing Y so that the intersection multiplicity
alone any component of X N H is 1. Then by Them 7.7 and 7.6(b),
deg X NH =deg X, and deg YN H <degY =d. XN H is the
cone over Y N H so by induction, def X N H < deg Y N H =d. So
deg X < d.

7. Let Y C P™ be a variety of deg 2. By ex 7, Y is contained in a degree 1

variety H of dimension r + 1 in P™. By ex 6, this is a linear variety and
thus isomorphic to P™*1.

1.8 What is Algebraic Geometry?
Answer: Understanding this guy:
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2.1

2.

Chapter 2: Schemes

Sheaves

. Given the constant presheaf % : U +— A, for A an abelian group with

restriction maps the identity, construct .# %+ as in 1.2. Since the constant
sheaf A is the sheaf of locally constant functions, A satisfies the conditions
of Z#1 and by uniqueness, A = .Z .

(a)

Let ¢ : # — ¢ be a morphism of sheaves. We have the commutative

diagram: .7 (U) &%(U) Let s € ker p(U). Let 3 be its image

L

gp Prp gp
in .%,. Now since s — 0 — 0 in 4, and since the diagram commutes,
5 — 0. Thus 5 € ker ¢, and (ker ¢), C ker ¢,. To show the
reverse inclusion, let 5 € ker ¢,. Pull back 5 to s € F(U). Say
o(U)(s) = t, where t = 0 € ¢,. Therefore in some neighborhood,
say V C U, t|ly = 0. Therefore we have the commutative diagram

%
F(V) V) 4(V) where now ©(V)(s) = 0. Therefore 5 € (ker @),
Pp

(V)
|
Z, 9,

when restricted to a small enough open set. So ker ¢, C (ker ¢),
and equality follows.

If ¢ is injective, then ker ¢ = 0. Therefore (ker ¢), = 0 and so by
part a), ker ¢, = 0 and ¢, is injective. Converse is obvious. Now if
 is surjective, im ¢ = 9. ie (im ¢), = %,, so by part a), im ¢, =9,
and ¢, is surjective. Converse is obvious.

1 —1 k3
1@ ) . .
The sequence ... — Zi~1 "= Fi 5, Zi+l | of sheaves is exact

iff im "' = ker " iff (im '), = (ker ¢*),, iff im @' = ker ¢},
i—1 i
iff ... — F! N T 24 FIHE — s exact.

Let ¢ : % — G be a morphism of sheaves on X. Suppose for every
open U C X,s € 4(U),3 a covering {U;} of U with ¢; € F#(U;)
such that ¢(t;) = s|y,. To show ¢ is surjective, we just have to
show (by 1.2(b)) ¢, is surjective. Consider the commutative diagram:

F(U) &% U) . Pick s, € 4, and pull it back to some s € 4 (U).
Pp

)

( (
Fp £

By assumption, ¢; € .#(U;) exist such that ¢(t); = s|y, Vi. Mapping
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e

these t; to .#), we see that 3t; € .%, such that ¢,(f;) = s,. ie g is
surjective. Conversely, if ¢ is surjective, then ¢, is surjective Vp € X.
Let s € 4(U). Then there exists t, € .%, such that p,(t,) = sp. ie
there exists a neighborhood U, of p such that o(t|y,) = s|y,, so U,
is a covering of U and the condition holds.

(b) The standard example here is ¢ : Oc — OF defined by f +— 2™/,
The stalks are surjective because since by choosing a small enough
neighborhood, every nonzero-holomorphic function has a logarithm.
So by 1.2b, ¢ is surjective. But for U = C*, ¢(C*) is not surjective
since z is a non-zero holomorphic function on C* but does not have
a global logarithm.

(a) By construction, .#, = .Z; and ¢4, = ¢,F. If ¢ in injective, then
@p = @, is injective for all p. By 1.2(b), ¢ is injective.

(b) Let ¢ : .F — ¢ be a morphism of sheaves. Then there is an injective
morphism (%) — ¢ where ¢(.%) is the image presheaf. By part
a), im ¢ — ¥ is injective, so im ¢ is a subsheaf of 4.

. This follows immediately from Prop 1.1 and ex 1.2b

(a) Let #' be a subsheaf of .%. Since the map on stalks .%, - (¥ /F'),
is clearly surjective, so is the natural map % — % /%’ with obvious
kernel .#’. Thus the sequence 0 — %' — F — F/F' — 0 is exact.

(b) If the sequence 0 — %' % F L0 s exact, then the im ¢ =

ker ). By 1.4.(b), im ¢ is a subsheaf of .# and .’ = im ¢. By 1.7a),
im ¢ = % /ker 1, and therefore F" = F | F'.

(a) Apply the first isomorphism theorem to the stalks and then use Prop
1.1.

(b) The stalks are isomorphic, so done.

Let 0 — #' % # % 2" be exact. Then for any open U C X, since ¢
is injective, ker ¢ = 0, so in particular ker ¢(U) = 0 and the sequence
0—IU,#) #iL) U, #) — (U, #") is exact. Thus the functor I'(U, -)
is left exact.

Let . and ¢ be sheaves on X and let U — #(U) & 4(U) be a presheaf.
Let {U;} be an open cover for U C X. If s = (t,u) € F({U) ® 4(U)
restricted to U; equals 0 for every U, then (¢|y,,u|y,) = 0Vi. Since .F#
and ¢ are sheaves, (t,u) = (0,0) = s =0onall of U. If s; = (t;,u;) €
FU;) @ 9U;), sj = (tj,u5) € F(U;) @94 (U;) agree on U; NUj, by a
similar argument as before, since both .# and ¥ are sheaves, there exists
s = (t,u) € F(U) ® 9 (U) whose restriction on U; and U, agree with s;
and s; respectively.
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10.

11.

12.

13.

Let .%; be a direct system of sheaves and morphisms on X. Define the
direct limit of the system lim .%; to be the sheaf associated to the presheaf
Uw— li_n}fi(U ). This has the universal property from the corresponding
statement for abelian groups at the level of stalks. (See Dummit and
Foote, 7.6.8(c))

Since each %, is a sheaf, given any open U C X, we can choose a finite
open cover {U;}" of U and write %, (U) as lim 7, (U;;). Here the limit
is indexed by double intersections with inclusions as morphisms. Since X
is noetherian, this limit is finite, so we have

!lnw(h_r,nnyn)([]z ) = hmij(h_mnyn(Ui 1)) = linmy, (lim;; 7, (Us;)) = hﬂ}nyn(U) = (hi)nnyn)(U)

— — N

This is the same argument as in the previous exercise, but since arbitrary
limits commute, we don’t need to assume the cover to be finite.

[BLOGI Let U be an open subset of X and consider s € .7 (U). We must
show that s : U — Spé(#) is continuous. Let V' C Spé(.#) be an open
subset and consider the preimage s~'V. Suppose P € X is in the preimage
of V. Since s(Q) € Z¢ for each point @ € X, we see that P € U. This
means that there is an open neighborhood U’ of P contained in U and
a section t € F(U’) such that for all Q@ € U’, the germ ¢ty of ¢t at U’
is equal to s|yv, ie s|yv = t. So we have s|;; = t~1(V), which is open
since by definition of the topology on Spé(.%), t is continuous. So there is
an open neighborhood ¢=1(V) of P that is contained in the preimage. P
was arbitrary so every in the preimage s~'V has an open neighborhood
contained within the preimage s~'V. Hence it is the union of these open
neighborhoods and therefore open itself. So s is continuous.

Now suppose that s : U — Spé(F) is a continuous section. We want to
show that s is a section of Z*(U). First we show that for any open V'
and any ¢t € F(U), the set t(V) C Spé(:#) is open. To see this, recall
that the topology on Spé(.#) is defined as the strongest such that every
morphism of this kind is continuous. If we have the topology U, where
U is the collection of open sets on Spé(.#) such that each t € Z#(U) is
continuous and W € Spé(.#) has the property that t~1W is open in X for
any t € % (V) and any open V, then the topology generated by U U {W'}
also has the property that each t € .#(U) is continuous. So since we are
taking the strongest topology such that each t € % (U) is continuous, if
a subset W C Spé(.#) has the property that t=1W is open in U for each
t € F(U), then W is open in Spé(.%). Now fix one s € .% (U) and consider
t € Z(V). For a point x € t~1s(U),s(z) = t(z). That is, the germs of ¢
and s are the same at x. This means that there is some open neighborhood
W of z contained in both U and V such that s|y = t| and hence s = ¢
for every y € W, so S C t71s(U). Since every point in t~1s(U) has an
open neighborhood in t~1s(U), we see that ¢t~1s(U) is open and therefore
by above we get that s(U) is open in Spé(.%#).
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Now let s : U — Spé(F) be a continuous section. We want to show that
s is a section of Z T (U). For every point x € U, the image of x under s is
some germ (¢, W) in %#,. That is, an open neighborhood W of = which we
can choose small enough to be contained in U and ¢t € % (W). Since s is
continuous and we have seen that ¢(W) is open, it follows that s~ (¢(W))
is open in X. This means that there is an open neighborhood W’ of x on
which ¢|y = s|w. Since s is locally representable by sections of .Z, it is
a well-defined section of Z#+.

Let .# be a sheaf on X, s € % (U). Then the compliment of Supp s is the
set {P € U|sp = 0}. For P € U, pick an open neighborhood V' such that
s|ly = 0. For any other P’ € V,spr = 0. Therefore (Supp )¢ is open and
Supp s is closed.

Define Supp . = {p € X | #, # 0}. An example where it need not be
closed can be given by example 19b.

Let Z,% be sheaves of abelian groups on X. For open U C X, p,9 €
Hom(Z|v,¥9u), let (¢+v)(s) = ¢(s)+1(s), which is abelian since 4(U)
is abelian. So Hom(Z#|vy,¥|v) is an abelian group. To show the presheaf
U — Hom(F|y,9|v) is a sheaf, let {U;} be an open cover of U. Let
s € Hom(Z|y,¥|v) such that s|y, = 0 for all . That is, s(f) = 0 on all
Ui, or equivalently, s(f|y,) = 0. Since .Z is a sheaf, 3f’ € .%(U) such that
s(f") =0on U. Therefore s|y = 0. Now suppose ¢; € Hom(U;) such that
for all 4, j, ¥i|v,nu; = ¥jlu.nu;- For an open W C U, the compatibility of
1); give rise to some ¢ € Hom(U) which coincides on the restrictions to
U; for all 1. Therefore Hom is a sheaf.

A sheaf .# on a topological space X is flasque if for every inclusion V' C U
of open set, the restriction map Z(U) — % (V) is surjective.

(a) If X is irreducible, then the restriction maps pyy : #(U) — F(V)
are just the identity maps id : A — A, which are clearly surjective.

(b) Let 0 » %' — .7 — .Z"” — 0 be an exact sequence of sheaves, with
Z' flasque. By ex. 1.8, T'(U, ) is a left exact functor, so we just need
to show that . (U) — Z#"(U) is surjective. Consider open subsets
V,V' C U and a section t € .Z"(U). Assume that ¢ can be lifted to
section s € F(V) and s’ € Z(V'). Then, on V N V', those lifting
differ by an element r € #'(V N V’). Since .#' is flasque, we can
extend 7 to a section 7, and take s’ + 7 in place of s’, which is also
a lifting of t|y. Then s and s’ coincide on V NV’ thus defining a
lifting of ¢ over V U V’. Conclude the proof by transfinite induction
over a cover of U.
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20.

(¢) Let V C U. By (a), the diagram

0 F'(U) F(U) —= F"(U) —0
0 F'(V) F(V) —> F"(V) —>0

has exact rows. Since p and p’ are surjective, so is p”.
(d) For any open V.C U of Y, (fu.Z (V) — f.Z(U)) = (F(f7'V) —
Z (g~ 1(U)), which is surjective since .Z is flasque.

(e) For any s € 4(V), define ' € 4(U) by s’ = { (S)ZZZ
G(U) - 9(V),so0¥ is flasque. For any open U C X, define & (U) —
Y(U) by x +— (P + zp). Suppose that the map P — zp is the zero
map for x € F(U). Then for all P € U,3 open neighborhood Up
such that x|y, = 0. Since {Up} cover U and .Z is a sheaf, z = 0.
Therefore .7 (U) — ¥4 (U) is injective for all U, so . — ¥.

The stalk of ip(A) at @ € {P}~ is just limip(A)(U) = A for Q € {P}~
and 0 if Q@ € {P}~. Now let i : {P}~ < X be the inclusion. Then the
stalk of i.(A) is A on {P}~. So for every stalk, ip(A)p = i.(A)p. So
ip(A) 2i.(A).

Then clearly

(f71fF)U) = h—H>1VQf(U) F(f~1(V)). Define amap hy : f1f.F — F
by by @ -10) = oy Vlopr). (fuf 1) (V) = lim 9 (U).

—U2f(f~1(V))
Since V' 2 f(f~1(V)), define hy : 4 — f.f 719 by ha,(oy) = Ty. Any
h: f7'9 — Z induces f.h: f.f 19 — f.F. Pre-composing with hy we
get fuhohy : 9 — fo.#. Any h : 4 — f..7 induces f~'h : f719 —
f~1f..Z and composing with hi, we get h1 o f'h: f719 — Z. So the
Hom groups are isomorphic.

(a) Obvious since i,.# (U) = (U N Z)
(b) If P € U then for every open V containing P, there exists an open

set V! C U containing P and so every element (V,s) of the stalk is
equivalent to an element (V’, s|y/) of the stalk Zp.

(c) By the previous two exercises, the sequence of stalks is exact regard-
less if Pisin U or Z.

(a) Let {V;} be an open cover of V C X. Let s € 'z (V, % |v) such that
sy, = 0V 4. Therefore supp s|y, in V; = (. So supp s in V is empty
since s, = (s|v;)p Vi and thus s, = 0Vp € V. Therefore s = 0 since
Z is a sheaf. Let s; € ['znv, (Vi, #1v;) such that Vi, j,si|v,ny, =
sjlv,nv;. Since .Z is a sheaf, 3 a unique s € .# (V') such that s|y, =
si. For p € V. —Z,p € V,, therefore s, = (s|v,)p = (8;)p- Since
supp s; in V; C V; N Z, (s;)p = 0. Therefore supp s C Z NV, so
s € Tzav(V, Z|v) and HY(Z) is a sheat.
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(b)

(a)
(b)

Let U =X — Z, j:U — X be the inclusion, and let V' C X be open.
Since HY(F)(V) C .F(V), define HY(F) < .. Since F(UNV) =
(Zl)UNV) = (Zl)i~ (V) = (G(ZIu))(V), we can define

the map & 4, J«(F|y) to be given by the restriction maps of .Z.
Therefore 0 — HY(F) — F — j.(F|v) is exact.

If .7 is flasque, 9 is surjective. Since ¢ is injective, V — im ¢(V) is
a sheaf so by 1.4(b), it is enough to show that im p(V) = ker(¢(V))
for all V. If x € ker ¢(V) for some V, then z|yny = 0. Therefore
supp V € ZNV and thus z € im p(V). If z € im ¢(V'), then for
all Q@ € V\Z,zg = 0. So there exists a neighborhood Vo CUNV
such that x|y, = 0. Since {Vq} is a cover of U NV and j.(F|v) is
a sheaf, ¥(V)(z) = z|yny = 0. Therefore = € ker(¢)(V)).

Ty is just the kernel of the sheaf morphism i# : Ox — 4,0y, which
is a sheaf.

Let i : Y — X be the inclusion map. Define ¢ : O, — i.(Oy)
by restricting f € Ox to Y. This map is surjective with kernel
consisting of functions that vanish on Y, ie Zy. Therefore by the
first isomorphism theorem, Ox /Zy = i, (Oy).

The initial sequence is clearly exact, with the first map being the in-
clusion and the second map is just the restriction f +— (f, f), where
if f & Op(U), set f =0. Same for Q. The induced map on global
sections is in fact not surjective since k& = I'(X,Ox) which has di-
mension 1 and I'(Y, %) = k @ k has dimension 2.

A regular function on U is a function f : U — k, such that is an
open cover {U;} of U on which f|y, is a rational function with no
poles in U;. Since the f; are restrictions of f as functions, they
agree on intersections U;; and therefore define a section of K(U).
The morphism K — ),y ip(Ip) is clear. To show exactness it is
enough to show exactness on the stalks, which takes the form

0—O0p—Kp— () igg)r —0
Qex

Since I is a constant sheaf, it takes the value K at every stalk. On
the right, we have a sum of skyscraper sheaves, all which vanish
except at @@ = P, which by definition is K/Op. Hence the sequence
is

0—-0p—K—K/Op—0

which is exact.

We know I'(X,-) is left exact so we just need to show the map
I'X,K) — I'(X,K/0O) is surjective. Using the description of /O
from the previous part as Y ip(Ip), we have to show that given a
rational function f € K and a point P, there exists another rational
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2.2

3.

function f’ € K such that f’ € Og for every Q # P and f'— f € Op.

Since K 2 k(z), we can write f = ggg = % and then the
points in A' € P! for which f & Og are just b;, and f &€ O if

—va

m < n. In fact, we can write f as f = x & with = 1 a, 8. By
a linear transformation, we can pick P to be 0 € Al. If v < 0,
then choosing f’ = 1 satisfies the required conditions. If v > 0,
then choose f/ = ZI;,,“C with ¢; defined iteratively via cg = % and
¢ =0y Ya; — Z;;E ¢;Bi—j), where a; and 3; are the coefficients for
a =Y ozt and B’ = Y Bz’ respectively. Our chosen f’ satisfies
the requirement that f’ € Og for all Q # P and so consider f — f’.
We have f — f/ = &, — Limic @B )i The jth coefficient

— o v . zv 3’
of the numerator for i < v is o; — Z;:O ¢jBi—j, which is zero due to
our careful choice of the ¢;. So the z” in the denominator vanishes
and we see that f — f' € O, since x 1 §3'.

See Shaf II page 31-32 for everything you ever wanted to know about
gluing sheaves together.

Schemes

-D(f) € X ={p S Alp # f} and Spec Ay = {p € Al(p) N (f) = 0},

homeo

ie such that f & (p). Therefore, as topological spaces, D(f) =~ Spec
Ag. By Prop 2.2b, Ox(D(f)) = Ay, so Ox|p(s) = Oa,. Thus as locally
ringed spaces, (D(f), Ox|p(s)) = Spec Ay.

. Pick z € U and let V = Spec A be an affine neighborhood of z. Pick

f € A such that D(f) € V NU, which you can do since the principal
open sets form a basis for the topology. Since by the previous exercise
D(f) = Spec Ay, D(f) is an affine neighborhood of z in U and (U, Oy) is
a scheme.

(a) Let (X, Ox) bereduced. Then by definition, the nilradical n(Ox (U)) =

0 for any open U C X. Let P € X and let U’ C X be an open affine
neighborhood of P. Then n(Ox p) = n(Ox(U)p) = n(Ox(U))p =
Op = 0, so Ox, p has no nilpotents. (Note: fact that localization
commutes with radicals is from AM p 42)
Conversely, let n(Ox ) = 0 for all p € X. For any open U C X, pick
asection s € Ox (U) and assume that s™—0 for some n. Then looking
at the stalk, we see that s, = 0 for all p € U. By the sheaf property,
since s is zero on a cover of X,s is 0 everywhere and (X,Ox) is
reduced.

(b) Since n(Af) = (n(A))y, any open affine U = Spec A becomes U =
Spec A/n(A) in X,.q. Thus it is a scheme. Define the natural mor-
phism (f, f#) : X,;cq — X by letting f be the identity on sp(X,cq)
and f# be the quotient map by the nilradical.
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(c¢) Let X be reduced and let f: X — Y be a morphism. Then define
g : X — Y,eq by letting g be the same as fon the points of X and
by defining the sheaf map Oy, ,(U) — ¢.Ox as in part b. This is
well-defined since X is reduced and the map Oy (U) — Ox (U) takes
n(Oy (U)) to 0, so it factors through n(Oy (U)).

. Picking any U in an affine cover U; of X, we get a ring map A 2,
I'(X,0x) % T(U,Op). The associated map is then ¢, : Spec (I'(U, Oy)) —
Spec A. Since U is affine, U = Spec I'(U, Oy). Glue all the ¢; to get a
map ¢% : X — Spec A. Then « is a bijection since ¢% is its inverse.

. Spec Z = {0} U {(p)|p is prime in Z}. {0} is open and (p) are closed
since Z is a PID and non-zero prime ideals are maximal. Now let X be a
scheme. Any ring has a unique homomorphism from Z so by ex 4, there
is a unique morphism X — Spec Z for any scheme X.

. Spec 0 = 0 since there are no prime ideals. The unique map ) — X is
the trivial map on points and sheaves, so Spec 0 is an initial object in the
category of schemes.

. Let X be a scheme and let K be any field and let (f, f#) : Spec K — X
be a morphism of schemes. Since Spec K consists of just one point
O, f maps O to some z € X. The map on stalks is f# : Ox, —
Ospeck,e = K. The map on the corresponding residue fields is then
7 k(x) = Oxz/mx.z — Ospec K,z/Mspec K,z = K/0 = K. The isomor-
phism Ospec K2/ MSpec ke = K /0 follows since f# is a local morphism.
Now f# is an inclusion since we have a non-zero homomorphism of fields.

Conversely, let z € X and k(z) — K be given. Define the continuous
map on topological spaces by f : Spec K — X by setting f(O) = .
To construct f# : O, — f«Ospec K, define it locally. If x € U C X,
define f#(U) : Ox(U) — Ospecx(f7H(U)) = K by Ox(U) — Ox, —
OX,J;/mX,w = k(x) — K. Ifz g U7 f*OSpecK(U) = OSpecK(f_l(U)) =
Ospec k(0) = 0, therefore we only need to define the map for open U C X
containing x. fif is a local homomorphism since for all p € X, 0, = O, if
some open neighborhood of p contains x and thus (f, f#) is a morphism
of schemes.

. See Shaf II, example 2 on page 36

. Let X be a scheme, Z C X closed and irreducible. If U C Z is open and
¢ € U such that ( = U, then ( = Z in X since Z is irreducible. So we
can assume that X = Spec A is affine and Z = Spec A/a for some ideal
a € A. Now we can further assume that Z = X = Spec A is irreducible.
It follows that there can only be one minimal prime ideal belonging to the
nilradical n(A), whose closure is then all of X. Uniqueness is clear from
the uniqueness of the nilradical.
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R[] is a PID, so all irreducible elements correspond to prime ideals. Thus
Spec R[z] has a point for every irreducible polynomial and the generic
point corresponds to (0). Closed points correspond to maximal ideals,
which are of the form (x — ), where a € R as well as (z + ) (z + 3) for
B € C. The residue field at the real numbers is R and at the complex
numbers is C. The only non-trivial proper closed sets are finite sets.

Spec k[z] = {0} U {(f)}, where f is an irreducible monic polynomial and
(0) is the generic point. The residue field of a point corresponding to a
polynomial of degree d is Fja. Given a residue field, the number of points
can be determined by using the Mobius Inversion formula, which is done
in Dummit and Foote page 588

Yes, you can glue. See Shaf I page 31-32 for everything you ever wanted
to know about gluing sheaves together.

(a) Assume X is a noetherian topological space. By ex I.1.7¢c, any U C X
is noetherian, and by ex [.7b, U is quasi-compact. Conversely, let
U; C Uy C ... be a chain of quasi-compact subsets. Define U = | U;.
By assumption, U is quasi-compact, so U = | J,, U; so the chain must
stabilize and X is noetherian.

(b) We can refine any given cover into a cover of principal open sets
D(fa). If Spec A = UD(fa), then 0= NV(fa) = V(fa), s0 1 €
(fa). Write 1 = a1f1 + ...+ anfn. Then 1 € (f1,... fn), so Spec
A =U_D(f;). Thus Spec A is quasi-compact.

An example of a non-noetherian affine scheme is Spec k[z1,za,.. ]
which has a decreasing chain of closed subsets V(z1) D V(z1,22) D
V($1,I2,Z‘3) Do

(¢) IfV(a1) 2 V(az) 2 ...is a decreasing sequence of closed subsets, then
it terminates since the corresponding increasing sequence of ideals
a1 C ae C ... terminates since A is noetherian.

(d) Let A = k[zy,xa,...]/(2%,23,...). Then each z; € n(A) and thus
every p € Spec A contains x; and since (x1, xa, . ..) is maximal, there
is only one prime ideal. So Spec A is trivially noetherian, but A is
not noetherian since there is an increasing chain (z1) C (z1,22) C ...
which does not stabilize.

(a) If S, is nilpotent, then every prime ideal contains Sy so Proj S = ().
Now suppose that Proj S = () and let f € S, be a homogeneous
polynomial. Then D(f) = @ so Spec S(y) = D(f) = . Thus S(y) =0,
which implies that i = 0 and hence f™(1) = 0 for some n. Thus f is
nilpotent. S, is generated by homogeneous elements so S C 7(.5).

(b) Let p € U be some prime ideal. Then ¢(S1) ¢ p and so unless
S; = 0, there is some f € Sy such that ¢(f) € p. If for every
homogeneous component f; of f, ¢(f;) € p. Then o(f) € p, so
there must be some homogeneous component f; such that ¢(f;) & p.
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So there is a principal open set D, (¢(f;)) containing p which is
contained in U since every prime ideal in D4 (¢(f;)) does not contain
»(f;) and thus does not contain p(S;). These principal open sets
cover U and since U is a union of open sets, U is open in Proj T
For p € U define f(p) = ¢~ (p). Since p 2 ¢(S+),¢ ' (p) 2 S
so the morphism is well-defined. This morphism takes closed sets to
closed sets so it is continuous and the induced morphism on sheaves
is induced by S(@Pn(p)) — Tipy-

First lets show that the open set U is in fact Proj T'. Let pq4: Sq —
T, be an isomorphism for all d > dy. Pet p be any homogeneous
prime ideal of T" and suppose that p C ¢(S;). Let € Ty be
a homogeneous element of deg > 0. For some n, na > dy, so
2" € Tha = p(Sna) Cp. So x € p and thus T C p. So U = Proj T.
The continuous map on the topological spaces f : Proj T"— Proj S
is given by p — ¢ (p).

Show surjectivity: Let p € Proj S and define q to be the radical
of the homogeneous ideal generated by ¢(p). (Note that the radi-
cal of homogeneous ideals are again homogeneous). First show that
@ 1(q) = p. The inclusion p C ¢~1(q) is clear, so suppose we have
a € ¢ 1(q). Then p(a™) € (o(p)) for some n. This means that
w(a™) =S bip(s;) for some b; € T and s; € p. For m >> 0, every
monomial in the b; will be in T4, and since we have T = Sy for
d > dyp, this means that these monomials correspond to some c; € S.
The element (> b;(s;))™ is a polynomial in the ¢(s;) whose coeffi-
cients are monomials of degree m in the b; and this corresponds in .S
to a polynomial in the s; with coefficients in the c¢;, which isin p, as all
the s; are. Hence, p(a™™) € ¢(p) and so a™ € p and therefore a € p.
Thus ¢~ 1(q) C p and combining this with the other inclusion leads
to the equality p = ¢~1(q). To show that q is prime, suppose that
ab € q for some a,b € T. Then using the same reasoning as before,
we see that (ab)"™ € ¢(p) for some n,m such that (ab)™™ € T>q,.
If necessary, take a higher power so that a™™*, p"™* ¢ T4, as well.
Using the isomorphism 754, = S>4,, this means that o™, pnmk
correspond to elements of S and we see that their product is in p.
Hence one of a™™* or b"™F are in p, say a”™*. Then a"™* € ¢(p)
and so a € q and q is prime.

Show injectivity: Suppose that p,q € Proj T have the same image
under f : Proj T — Proj S. Then ¢~ 1(p) = »~1(q). Consider t € p.
Since t € p, we have t% € p and since ¢q is an isomorphism for
d > do, it follows that there is a unique s € S with ¢(s) = t9°. The
element s is in ! (p) and so since p~1(p) = p~1(q),s € ¢~ 1(q). So
@(s) = t% € g. Since q is prime, ¢ € q and p C q. Similarly, q C p
and equality follows.

Show Isomorphism of structure sheaves: Since Proj S is covered by
open affine of the form D, (s) for some homogeneous s € S, it is
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enough to check the isomorphism on these principal open sets. Note
that D, (s) = D, (s') so we can assume that the degree of s is > do.
With this assumption, f~1D,(s) = D, (t) C Proj T, where t is the
element of T' corresponding to s under the isomorphism Sgeqs —
Tieg s since a homogeneous prime ideal ¢ C T' gets sent to D (s)
iff s is not in the preimage iff t € q. So we have to show that the
morphism S(;) — T4 is an isomorphism. If Sin gets sent to zero then
0=t"o(f) = p(s™)p(f) for some m. Choose m > 0 so we do not
have to handle the case deg f = 0 separately, and so s™f € ker ¢.
Taking a high enough power of s™ f puts it in one of the S; for which

Sq — Ty is an isomorphism and so s™f = 0 and therefore % =0

and our morphism is injective. Now suppose that ti € Tiy). This is

d,
equal in T4 to ttfofo and now t% f has degree high enough to have
a preimage in S. So our morphism is surjective.

This follows from prop 11.4.10

Let V be a variety over an algebraically closed field k. Let P € ¢(V).
Assume the residue field if k. Then {z} is closed iff {x} NT; is closed
in each U; for some open cover {U;} of X. We can assume this cover
to be an affine open cover, so each U; = Spec A;. Since the residue
field of P is k, P corresponds to a maximal ideal m; in each Spec A;
and is therefore a closed point.

Conversely, if P is a closed point of X, then it is closed in some open

affine neighborhood Spec A. Then P corresponds to a maximal ideal
in Spec A, and so its residue field k(P) = Op x/mp = k.

Let f : X — Y be a morphism of schemes over k and let P € X
is a point with residue field k. Then f# : Oy — f.Ox induces a
morphism of residue fields k(f(P)) — k(P). Since X and Y are
schemes over k, these residue fields are both extensions of k and
since k(P) = k, we have the field extensions k — k(f(P)) — k. So
K(F(P)) = k.

Homyq, (V, W) —Homgep,(t(V), t(W)) is defined by ¢ — ¢*, where
by part b, closed points map to closed points. Thus ¢*(P) = ¢(P).
For an irreducible subvariety Y, ¢*(Y) = ¢(Y). The maps on
schemes over k are extensions of ¢ : V' — W so injectivity is clear. To
show surjectivity, given any ¢* : t(v) — ¢(W), we know that closed
points map to closed points, so we can define ¢ to be ¢*|y,. Now, we
need to show that ¢ is regular. Let p € V| p(P) = Q. Choose an
open affine neighborhood U = Spec A of P. Then P € U’ C f~1(U)
for some affine neighborhood U C ¢(V). So f|y+ is a map f : Spec
A’ — Spec A which is induced by a the map A — A’ on rings. This
in turn induces a map of varieties ¢ and thus ¢ is regular.

[BLOG)
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16. Let X be a scheme. f € I'(X,0,) and define Xy = {z € X | f, € m, C

0.}
(a)

zeUNXyiff x € U and f, € m,. Since U is affine, we can take x
to be a prime p € Spec B and so the maximal ideal of the local ring
ism=pB,. femiff f€pandsoUNX; = D(f). Since a subset of
a topological space is open iff it is open in every element of an open
cover, Xy is open in X.

Now assume that X is quasi-compact. Let U; = Spec A; be a affine
cover of X, which can be taken to be finite since X is quasi-compact.
The restriction of a to U; N Xy = Spec (A;)¢ is zero for each i and
so f"a = 0 in A; for some n;. Choose an n > n; for all .. Then
f™a = 0 in each Spec A;. Since X = |J Spec A; and since Oy is a
sheaf, f"a = 0.

Let U; = Spec A;. Then b|XfmUi = be for each 7. Since there
are finitely many affines, we can choose the expression so that all
the n;’s are the same, say n. In other words, 3b; € A; such that
f"b\Ume = b;. Now consider b; — b; on U; N U; := U;;. Since
U;; is quasi-compact and the restriction of b; — b; to U;; N Xy =
(Uij) 5 vanishes, we can apply the previous part to find m;; such that
f™i(b; —b;) =0 on U;;. Again, we choose m bigger than all the m;;
so that they are all the same. So the now we have sections f™b; on
each U; that agree on intersections. Hence they lift to some global
section ¢ € I'(X,Ox). Consider ¢ — f"*™b on X. Its restriction to
each U; N Xy is f™b; — f™b; = 0 and so ¢ = f"*™b on X;. Hence
f7T™b is the restriction of the global section c.

Consider the morphism Ay — I'(Xy, Ox,). If an element f: is in
the kernel then a|x, = 0 and so by part b), we have f™a = 0 as
global sections for some m. Hence f% is zero and the morphism is
injective. Now suppose we have a section b on X¢. By part ¢) there
is an m such that b is the restriction of some global section, say c.
Hence we have found f% € Ay that gets sent to b so the morphism
is surjective.

17. A criterion for Affineness [BLOG]

(a)

Let f: X — Y be a morphism of schemes and let U; be an open
cover of Y. Let f~1(U;) = U; for all i. Then f is a homeomorphism
since for any open V. C X, V = J(V N f~1(U;)) which is open.
Since f~1(U;) 2 Uy, f(V) = UF(V N f7YU,;)) is open in Y. So
f is a homeomorphism. Now for any p € X, p € U; for some i.
Again, since f~'(U;) = U;, the map on stalks f, ' — (U;), is an
isomorphism. Gluing gives an isomorphism on stalks f, : X, — Y},
so f: X — Y is an isomorphism.

If A is affine we can take f; = 1. Conversely, let fi,...,f, € A =
I'(X,Ox) such that each open subset X is affine and (fi,..., fr)
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generate the unit ideal in A. Consider the morphism f : X — Spec
A. Since the f; generate A, the principal open sets D(f;) = Spec
Ay, cover Spec A. Their pre-images are Xy,, which by assumption
are affine, isomorphic to Spec A;. So the morphism restricts to the
morphism ¢; : Spec A; — Spec Ay,. Now we just need to show
that ; is an isomorphism so that the result follows from part a).
Equivalently, we need to show that ¢; : I'(X,Ox)s, — I'(Xy,, Ox)
is an isomorphism for each i. Show injectivity: Let % € Ay, and
suppose that gal(f%) = 0, for fi“ € Ay,). This means that it also
vanishes in each of the intersection Xy, N Xy =Spec (A;)y,. So for
each j there is some n; such that f;” = 0 in A;. Choosing m big
enough, the restriction of f/"a to each open set in a cover vanishes.
So f/™a =0 and in particular, ﬁ =01in Ay,.

Show surjectivity: Let a € A;. For each j # i, we have Ox (Xy,f,) =

(Aj)y, so a|Xf7‘,fj can be written as b{j for some b; € A;. That is,

we have elements b; € A; whose restrictions to Xy,r, is f;”a. Since
there are finitely many, we can choose them so that all the n; are the
same, say n. Now on the triple intersections Xy, r, s, = Spec (4;)y, 7,
= Spec (Ax)y,r; we have b; — by, = f{'a— f{’a = 0 and so we can find
some integer m;i such that f;"’*(b; — by) = 0 on Xy, ,. Replacing
each mjj, by a large enough m, we have a section f;"b; for each Xy,
for j # i together with a section f{”ma on Xy, and these sections
all agree on intersections. This gives us a global section d whose
restriction to Xy, is f{"*™a and so f?’% gets mapped to a by ;.

The nilradical n(A4) of A is the intersection of all prime ideals of A,
so this result clearly follows.

If the map of sheaves is injective, then in particular, A 2 T'(X,Ox) —
I'(X, f.Oy) = B isinjective. Conversely, let A < B be injective. Let
p € Spec A and consider fi : Ay — (fOspee B)p- Then (foOspee )y
is ST1B = B®yu A, where S = A/p. This follows since we can
shrink every open subset U containing p to one of the form D(a) for
some a € A. Then we can compute the stalk by taking the direct
limit over these. Since the preimage of D(a) is D(¢(a)) C Spec B,
(f+Ospec B)p is then the colimit of Ogpe.p evaluated at open sets
D(a) with a ¢ p. That is, the colimit B, for a ¢ p, which is
exactly S™!B. Equality with the tensor product follows from the
universal product of the tensor product. So now the injectivity of
the map on stalks ff : Ay — S7!B follows from the injectivity of
A— B.

We immediately have a bijection between primes of A containing [
and primes of A/I = B where I is the kernel of ¢. We already
know that Spec B — Spec A is continuous so we just need to see
that is is open to show that it is a homeomorphism. Note that for
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19.

2.3

f+1 € A/I, the preimage of D(f) C Spec A is D(f + I) C Spec
(A/I). So principal open sets of Spec (A/I) are open in the image
with the induced topology. Since arbitrary unions of open sets are
open, and principal open sets for a base for the topology, the image
of every open set is open. The stalk A, — B ®4 A, of the sheaf
morphism at p € Spec A is clearly surjective.

(d) If f# is surjective, then it is surjective on each stalk. So for an
element b € B, for each point p; € Spec A, there is an open neigh-
borhood which we can take to be a principal open set D(f;) of Spec
A such that the germ of b is the image of some faﬁi € Ay,. That
is, f{"(a; — f{"'b) = 0 in B. Since all affine schemes are quasi-
compact, we can find a finite set of the D(f;) that cover Spec A, so
we can assume all the n; and m are the same, say n and m. Since
D(f;) is a cover, the f; generate A and therefore so do the f/'™™,
so we can write 1 = > g;f/'t"™ for some g; € A. We now have

b= g:f"™b =73 g:fMa; € image ¢. So ¢ is surjective.

(1 = 3) If Spec A is disconnected, then it is the disjoint union of 2 closed
sets, say U and V. U and V both correspond to ideals, say I and J, so
U = Spec A/I and V = Spec A/J. It follows that Spec A = Spec(A/I)]]
Spec A/J and therefore A = A/I x A/J. (In general, Spec (A x B) &
Spec A]] Spec B).

(3 = 2) Choose e; = (1,0) and ez = (0, 1).

(2 = 1) Since ejes = 0, for every prime, either e; € p or e3 € p. The
closed sets V((e1)) and V((e2)) cover Spec A. If a prime p is in both these
closed sets, then e, es € p and therefore 1 = e; +e5 € p and so p = A. So

the closed sets V((e1)) and V((ez2)) are disjoint. Since we have a cover of
Spec A by disjoint closed sets, Spec A is disconnected.

First Properties of Schemes

. (=) Let F': X — Y denote the morphism of schemes. Let Y =V, = |J

Spec B; such that F~'V; is covered by open affines Spec A;;, where each
A;j is a finitely generated B;-algebra. Each V; NV is open in V; and so
is a union of principal open sets Spec (B;),, of V; since they form a base
of the topology of Spec B;. Considering fj; as an element of A;; under
the morphism B; — A;j, the preimage of Spec (B;)y,, is Spec (Aij)fir,
and the induced ring morphisms make each (A;;)y,. a finitely generated
(Bi)f,,.-algebra.

So we can cover Spec B with open affines Spec C; whose preimages are
covered with open affines Spec D;; such that each D;; is a finitely gener-
ated C;-algebra. Now given a point p € Spec B, p is contained in some
Spec C;. Since these are open, there is a principal open affine Spec B,, C
Spec C; that contains p. Associating g, with its image under the in-
duced ring homomorphisms B — C; and then C; — D;;, it can be seen
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that Spec (C;),, = Spec By,. The preimage of these sets is Spec (Dj;)g, ,
and (D;j)g, is a finitely generated By, -algebra. Spec (D;;),, cover the
preimage of Spec B, and since (D), is a finitely generated By, -algebra,
(Dij)g, is a finitely generated B-algebra (adding g, to the generating set).
Hence the preimage of Spec B can be covered by open affine Spec A; such
that each A; is a finitely generated B-algebra.

(<) Follows from by definition.

2. (=) Let f: X — Y be a quasi-compact morphism. Let V; be an open
affine covering of Y such that f~1(V;) is quasi-compact. Given any open
affine U C Y, cover U NV, by open sets in both U and V;. Since U
is affine, and hence quasi-compact, we can pick a finite number of open
sets. Therefore f~1(U) is a finite union of the preimages of these open
sets. So it is enough to show each distinguished open set has a quasi-
compact preimage. Thus we are reduced to the case f : X — Y where X
is quasi-compact and Y = Spec B is affine. Cover X with finitely many
Spec A;. Let f; : Spec A; — Y be the restriction of f. Choose D(g) C
Y. Then f;1(D(g)) = D(f*g). Finally, f~}(D(g)) = U £, (D(g)) and
each D( fi# g) is quasi-compact since it is isomorphic to Spec (A4;) f#gr SO
f~Y(D(g)) is a finite union of quasi-compact spaces and is thus quasi-
compact.

(«=) Follows from by definition.

3. (a) We only need to show that if f is of finite type then it is quasi-
compact. The others follow immediately from the definitions. Since
f is of finite type, there is a cover of Y by open affines Spec B; whose
preimages are covered by finitely many open affines Spec A;;. By ex
2.2.13(b) that each Spec A;; is quasi-compact. In general, if a space
can be covered by finitely many quasi-compact opens, then it itself
is quasi-compact, so we have found an open affine cover of Y whose
preimages are quasi-compact. Hence f is quasi-compact.

(b) Follows directly from Ex 2.3.1, 2.3.2, and 2.3.3(a)

(c) Cover f=1(V) by affines U; = Spec A; such that each A; is a finitely
generated B-algebra. We can cover each of the intersections U; N U
with distinguished open sets in both U and U;. Let Spec Ay, =
Spec (A;)g, be a cover of U by these principal open sets, which we
can choose to be finite since this morphism is quasi-compact. Since
each A; is a finitely generated B-algebra, (A4;)y, = Ay, is a finitely
generated B algebra, and therefore, since the Spec Ay, form a finite
cover of U, the ring A is a finitely generated B-algebra.

4. Let V; = Spec B; be an affine cover of Y such that each preimage f~'V; =
U; = Spec A; is affine, with each A; a finitely generated B;-module. Cover
each intersection U N U; with distinguished opens D(f;;) = (B;)y,,; of Us.
Note that the preimage of D(f;;) = Spec (A;)y,,, where f;; is associated
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5.

6.

with its image in A;. Since A; is a finitely generated B;-module, it follows
that (A;)y,, is a finitely generated (B;)y,,-module.

Now we have a cover of V' = Spec B by opens Spec By, that are principal in
V' and each of the preimages is Spec C;, with each C; a finitely generated
Bgy,-module. Use the affine criterion from ex 2.2.17. Since Spec B is
affine, by ex 2.2.13(b), it is quasi-compact. So there is a finite subcover
{ Spec By, }™. Since this is a cover, the g;, ..., g, generate the unit ideal.
This mean their image in T'(U, Oy), where U = f~1Spec B also generate
the unit ideal. Furthermore, the preimage of each Spec By, is in fact
Uy, , where we associated g; with its image in I'(U, Oy). So by the affine
criterion, U is affine.

Now let U = Spec A. We need to show that A is a finitely generated B-
module. But this follows from the fact that if fi,... f, € B are elements
which generate the unit ideal, and Ay, is a finitely generated By,-module
for every i, then A is a finitely generated B-module.

(a) Let p € Y be a point. Since the morphism is by assumption finite,
there is an open affine Spec B containing p such that the pre-image
f~'Spec B is affine, say Spec A, where A is a finite B-module. So
we can immediately reduce to the case where X = Spec A and Y =
Spec B. To show that the preimage of p is finite, it is enough to
show that the fiber Spec A ® k(p) has finitely many primes. Since A
is a finite B-module, A ®p k(p) is a finite k(p)-module. That is, a
vector space of finite dimension. Hence there are a finite number of
prime ideals since A ® g k(p) is Artinian and thus the morphism is
quasi-finite.

(b) We can assume that Y is affine and it suffices to show that f(X)
is closed in Y. To say a finite morphism is closed is equivalent to
showing that if y & f(X), then there is a function g € k[Y] such
that g(y) = 1 and f(X) C Z(g). That is, k[X] is annihilated by
f*(g). Let A = Ek[Y],B = k[X], and let m be the maximal ideal of
A corresponding to the point y. By the Nullstellensatz, y ¢ f(X)
iff f*(m)B = B. Now, since B is a finite A-module, the required
assertion follows from Nakayama’s Lemma.

(c) Let X be the bug-eyed line (two copies of A} glued at the compliment
of a point P) and let Y = A} = Spec k[z]. Let f : X — Y be the
morphism defined by gluing A} — A! outside of some fixed point P.
Then f is surjective and quasi-finite since it is the identity outside of
P and f~1(P) consists of 2 points. f is of finite type since Y is affine
and f~1(Y) has a covering of open affines Spec k[r], where k[z] is a
finite k[r]-algebra. Since f~1(Y) is not affine, f is not finite by ex
2.3.4.

Let U = Spec A be an open affine subset of X. By definition, A is an
integral domain so (0) is a prime ideal. A closed subset V(I) contains (0)

44



iff (0) contains I, thus the closure of (0) is V' ((0)), ie Spec A. Hence, by
uniqueness, (0) is the generic point 1 of X. Ox (U)(9) = Oy is the fraction
field of Ox (U).

. IBLOG] Let f : X — Y be a dominant, generically finite morphism of
finite type of integral schemes, with X and Y both irreducible.

Step 1: Show k(X) is a finite field extension of k(Y): Choose an open affine
Spec B=V C Y and an open affine in its preimage Spec A=U C f~'V
such that A is a finitely generated B-algebra (by the finite type hypothe-
sis). Since X is irreducible, so is U, so A is integral.

o

Now A is finitely generated over B and therefore so is k(B) ®p A
B~1'A. By Noether Normalization, there is an integer n and a morphism
k(B)[t1,...,tn] — B~1A for which B=!A is integral over k(B)[t1,...,tn].
Since B~'A is integral over k(B)[t1,...,t,], the induced morphism of
affine schemes is surjective. But Spec B~!A has the same underlying
topological space as f~!(ny) N U, which is finite by assumption. By
the Going-Up Theorem, Spec B~*A — Spec k(B)[t1,...,t,] is surjective
(B~'A is integral and integral over k(B)[t1,...,t,]) we see that n = 0
and moreover, B~1A is integral over k(B). Since it is also of finite type,
this implies that it is finite over k(B). By clearing the denominators from
elements of A we get that k(B~1A) = k(A) is finite over k(B).

Step 2: Show for X and Y both affine: Let X = Spec A, and Y = Spec B
and consider a set of generators {a;} for A over B. Considered as an ele-
ment of k(A), each generator satisfies some polynomial in k(B) since it is
a finite field extension. Clearing denominators, we get a set of polynomials
with coeflicients in B. Let b be the product of the leading coefficients in
these polynomials. Replacing B and A with B, and A, all these lead-
ing coefficients become units, and so after multiplying by their inverses,
we can assume that the polynomials are monic. That is, Ay is finitely
generated over By, and there is a set of generators that satisfy monic poly-
nomials with coefficients in B,. Hence, A, is integral over By, and therefore
a finitely generated Bp-module.

Step 8: The general case: If X and Y are not necessarily affine, then take
an affine subset V = Spec B of X and cover f~!'V with finitely many
affine subsets U; = Spec A;. By Step 2, for each i there is a dense open
subset of V' for which the restriction of f is finite. Taking the intersection
of all these gives a dense open subset V' of V such that f~'V'NU; — V'
is finite for all 7. Furthermore, by the previous step, we see that V' is in
fact a distinguished open of set of V. Shrink V" if necessary so that f~'V’
is affine and replace V with V' and similarly replace U; with U; N f~1V".
Since V' is a distinguished open in V', we still have an open affine subset
of Y and the U; N f~'V’, now written as U;, form an affine cover of f~1V".

Let U’ C (\U; be an open subset that is open in each of the U;. Then
there are elements a; € A; such that U’ = Spec (A4;),, for each i. Since
each A; is finite over B, there are monic polynomials g; with coefficients
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9.

in B that the a; satisfy. Take g; of smallest possible degree so that the
constant terms b; are nonzero and define b = [[b;,. Now the preimage of
Spec By is Spec ((Ai)a,)» (any i gives the same open) and ((A;)q,)s is a
finitely generated B, module. So we are done.

We have to check the patching condition. Let U and V' be two open affine
subschemes of X. Let U = Spec A and V = Spec B. We have to show
a canonical isomorphism ¢ : U’ — V' where U’ is the inverse image of
UNVin U and V' is the inverse image of UNV in V.

Since it suffices to construct a conical morphism on an open cover, we can
assume that U and V are open affines of some common affine scheme W =
Spec C and that A = Cy and B = C,, where f,b € C. It suffices to check
that if A is the integral closure of A, then A ¢ is the integral closure of A Ay.

It is clear that any element of Af is integral over Ay. Indeed, if a/fk e Af,
where a € A satisfies the monic polynomial =™ + ap_12"" Y + ... + ao,
then a/f* satisfies the monic polynomial 2™ + b,,_12" ! + ... + by, where
b; = a;/f**=9. On the other hand, if u belongs to the integral closure of
Ay, then u is a root of a monic polynomial 2" 4 b,,— x4 —i—bo, where
each b; € Ay. Clearing denominators, it follows that a = flu € A for some
power of f. Thus one can glue the schemes U together to get a scheme X.

The inclusion 4 — A induces a morphism of schemes U— U, and thus a
morphism of schemes U — X. Arguing as before, these morphisms agree
on overlaps. It follows that there is an induced morphism X — X.

Now suppose that there is a dominant morphism of schemes Z — X,
where Z is normal. This induces a dominant morphism Zy — U, where
U is an open affine subscheme and Zy; is the inverse image of U. Thus
it suffices to prove the universal property of X in the case when X is
affine. Covering Z by open affines, it suffices to prove this result when Z
is affine. Using the equivalence of categories, we are reduced to proving
that if A < A is the inclusion of A inside its integral closure, and A — B is
a ring homomorphism, with B integrally closed, then there is a morphism
A — B. Clearly there is such a morphism into the field of fractions L
of B. On the other hand, any element of the image is obviously integral
over the image of A, and so integral over B. But then the image of A lies
in B, as B is integrally closed. Suppose that X is of finite type. Clearly
we may assume that X = Spec A is affine. We are reduced to showing
that the integral closure A of a finitely generated k-algebra A is a finitely
generated A-module. Since this is a well known result in algebra, we are
done.

(a) A7 = Spec k[z,y] = Spec (k[z] ® k[y]) = A} x Aj. The points of A},
consist of the maximal ideals m, and the generic point 1. The points
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of the product of sets are then ordered pairs

Points Closure

(Maq, my) {(mg,mp) }

(Ma, ) {(ma,mp) | b€ k}U{(ma,n)}
(’%mb) {(maﬂmb) I ac k} U {(777mb)}
(n,m) The whole space

Look at the prime ideal (zy — 1). Its closure is the set {(mg,, mp) |
ab=1}U{n}. Thus (zy — 1) is not a point of the product of the two
sets.

(b) As a topological space, X = Spec (k(s) x k(t)) contains many points.
E(s) x k(t) is the localization of k[s,t] by the multiplicative set S
generated by irreducible polynomials in s and ¢. But this leaves
many irreducible polynomials in both s and ¢ which are not inverted,
and each of these will generate a prime ideal.

10. Let f : X — Y be a morphism, y € Y a point, and k(y) be the residue
field of y. Let Spec k(y) — Y be the natural morphism.

(a) Then X, = X xy Spec k(y) = f~1(V)xspec 4 Spec k(Y), where
y € V = Spec A C Y some open affine. Then if f~1(V) = |J Spec
Bia

f_l(V) XSpec A SPeC k(y) = (U Spec Bi) XSpec A Spec k(y)
= U(Spec B; XSpec A Spec k(y))
= USpec (B; ®4 k(y))
=U [ spee B:(y) (by claim below)
="y

Claim: Spec (B; @4 k(y)) = f|spec B, (¥)-

Proof: Let B; = B,p =y € Spec A. Then Spec (B® 4 (A/p) ) = Spec
(Bp @4 A/p) = Spec (By/pBy). Now, By = {5 | d & f(p),d € f(A)},
so Spec B, = {q € Spec B | qﬁf(A) C f(p)} = {q € Spec B |

f71(q) S p}.
Therefore
Spec (B,p/pB,) ={q€Spec B|f~'y) Cp,q2 f(p)}
={geSpec B| f~'(q) Cp,f"(q) 2p}
= {q € Spec B | f~'(y) = p}

=f"(p)

Therefore Spec (B; ®4 k(y)) = f~|spec B; (V)
(b) Let X = Spec k[s,t]/(s — t?). Let Y = Spec k[s]. Let f: X — Y be
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defined by s — s. Let y € Y be the point a € k*. Then

X, =X,
= Spec k[svt]/(s —t ) XSpec k[z] Spec k(y)
— Spec (k[s, 1/ (s — ) @p k(a)
= Spec (k[svt]/(s - tz) ®k[s] k[s](s—a)/(s - a)k[s](s—a))
— Spec (kls, /(s — ) ©gq s}/ (5 - a)
= Spec (k[s,t]/(s —t*,s —a)) (since M @ A/I = M/IM)
— Spec (k{t]/(a — 1))

Now, if a = 0, Spec (k[t]/t?). The only prime ideal containing #>
is (t), which is nilpotent, and thus we get a non-reduced one point
scheme.

It a £ 0, Spec (k[t]/(a — 1)) = Spec (k[t]/(v/a — 1)(y/a+ 1)) = Spec
(k[t]/(Va—1t)) x k[t]/(v/a+t) = Spec k x Spec k. Thus X, consists
of two points, (0,1) and (1,0). The residue field k(a) = k(s — a) =
ksl(s—a)/ (s = a)k[s](s—a) = (K[s]/(s = @))(s—a) = (s—a) = k-

Let 1 be the generic point of Y, corresponding to the (0) ideal in
Spec Y. Then

X, = Spec (k[s,t]/(s —t?)

(k[s,t Ok]s] k
= Spec (k[s, t]/(s — t*) @(s) K[s]o)
= Spec (k[s]\0)Lk[s,t]/(s — t?) (since B®4 S™'A = S™1B)
— Spec ((s)]t]/(s - 7))

= Spec of field

and thus we have a point point scheme, with residue field itself, so
the degree is 2 since s — t has degree 2 in t.

Let Y =Y xx X', g : X’ — X any morphism. To show that the
base change f : Y’ — X' is a closed immersion, we can replace X’ by
an affine open neighborhood U’ of a point of f/(Y”). Furthermore,
we may assume that U’ C g~(U) for an affine open set U of Y. Set
U’ = Spec A" and U = Spec A. Since f is a closed immersion, we can
write f~1(U) = Spec B, where B = A/I for some ideal I in A. Then
f~Y(U’) = Spec (A’ ®4 B) = Spec (A’/TA"). Hence f':Y' — X' is
a closed immersion.

See Shaf Bk 2, page 33

) Let Y be a closed subset of a scheme X, and give ¥ the reduced

induced subscheme structure. Let Y’ be any other subscheme of X
with the same underlying topological space. Let f : Y — X be
the closed immersion. Then clearly, as a map on topological spaces,

k h
f:Y' Y = X givessp(Y) & sp(Y) = sp(V(a)) C sp(X).
For any open set U in V(a) C X, since Y = V(a), U open in Y,
the surjective map Ox — f.Oy extends to a surjective map Ox —

f«Oyr — f.Oy. For the case when X is not affine, glue.
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(d)

Let f : Z — X be a morphism. If Z is reduced, then the unique
closed subscheme Y of X such that f factors is clearly the reduced
induced structure on the closure of f(Z) by part ¢). If Z is not
reduced, factor f as f' : Z — Z,eq — X and then use the reduced
induced structure of f'(Zeq)” -

Let ¢ : S — T be a surjective homomorphism of graded rings, pre-
serving degrees. Then ¢(Sy) = T4. By definition, U = {p €
Proj T | p 2 ¢(S+)}, and thus U = Proj T. The map f : Proj T —
Proj S is defined by p — ¢~ 1(p).

Show f is injective: Let ¢~ (p) = ¢~ 1(q) for p,q € Proj T. If p #
q, choose x € ¢\p. Since ¢ is surjective, p~(z) # 0. If o=t C
p,o(p~1(p)) is strictly bigger then p, which is a contradiction, so f
is injective.

Claim: f(Proj ) = V(a), where a = () cp,o; 7 ¢ (p). Let ¢ 2 a and
let ¢’ be the inverse image of ¢(q). Note that ¢(g) is a homogeneous
prime ideal of B since ¢ is surjective. That is, if ab € (q), with
both a and b homogeneous ideals, then a and b have homogeneous
pre-images whose product is contained in ¢, so at least one of a or b
is contained in ¢(g). By definition, ¢’ O ¢. If the inclusion is proper,
pick x € ¢'\g. Then there exists y € ¢ such that ¢(s) = ¢(y). But
then z—y € ¢'\q and ¢(x—y) = 0. But 0 C p for all prime ideals p in
B. Thus x—y C a which is a contradiction and thus ¢’ = ¢q. Therefore
the claim that f(ProjT) = V(a), where a = (,cp,; ro Hp) is
proven and f(Proj T') is closed.

Thus f is a bijection, ¢ preserves inclusions of ideals, and thus f
is a homeomorphism. Finally the map on stalks is the same as the
localization map ¢(p): Sip) — T ®s S(y), which is surjective since ¢
is surjective. Thus f is a closed immersion.

Let I C S be a homogeneous ideal and let T'= S/I. Let Y be the
closed subscheme of X = Proj S defined as the image of the closed
immersion Proj S/I — X. There is a commutative diagram of graded
rings where the maps are projections:

P p—y

e

S/
This corresponds to a commutative diagrams of schemes:

Proj S <—— Proj S/I’

|

Proj S/I
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The map S/I' — S/I is an isomorphism for degree d > dy, so by
ex 2.14(c), the map Proj S/I — Proj S/I' is an isomorphism. The
commutative diagram shows that I and I’ determine the same closed
subscheme.

13. Properties of Morphisms of finite type

(a)

Let f: X — Y be a closed immersion and identify X with a closed
subset V' C Y. Cover Y by open affines U; = Spec A;. Locally on
each U; we have a closed immersion f~*(V NU;) — U; which looks
like A; — A;/a; for some ideal a; C A;. Then A;/a; is a finitely
generated A;-algebra, so f is a morphism of finite type.

Let f: X — Y be a quasi-compact open immersion. Identify X with
an open affine U C Y. For any open affine V C Y, f~}(V)=UnNV.
Cover this intersection with open sets distinguished in both U and
V. Since f is quasi-compact, we can choose a finite number of these
distinguished opens. If V' = Spec A, then each distinguished open
in UNV is Spec Ay for some f € A and Ay is a finitely generated
A-algebra with generating set {%}, so f is of finite type.

Let f: X - Y and g : Y — Z be two morphisms of finite type.
Let h = go f and let U = Spec C be an open affine of Z. By
ex 3.3(b), g71(U) can be covered by finitely many Spec B; such
that B; is a finitely generated C-algebra. Then f~!(Spec B;) can
be covered by finitely many Spec A;; such that A;; is a finitely
generated Bj-algebra. Then we have C' — B; — A;j;, so A;j is a
finitely generated C'—algebra. To see this, it is enough to note for
some n,m, there exists a surjective homomorphism B;[x1, ..., T,] —
A;; and Cly;,...,yn) — B. This gives a surjective homomorphism
Cl21y .-y TnyYis -y Ym] = Aij. Since h=1(U) = |JSpec A;;, h is a
morphism of finite type.

Let f: X — S and g : S’ — S be morphisms such that f is of finite
type. Let f/ : X' — S’, where X' = X xg S’. Pick an open affine
U = Spec A C S, with g7'(U) # 0, and U’ = Spec A’ C g~ *(U)
such that f'~1(U’) # 0. Cover f~1(U) be finitely many open affines
V; = Spec B; such that B; is a finitely generated A-algebra. Now,
f/~YU") is covered by V; xy U’ = Spec (B; @4 A"). If {by,...,b.}
is a finite generating set for B; as an A-algebra, then {b; ® 4 1} is
a finite generating set for B; ® 4 A’ as an A’-algebra. Cover S with
open affines U; and let g~!(U;) be a cover for S’. Then we can cover
each ¢g~1(U;) with open affines V;; = Spec Aj; whose preimage under
f' can be covered by finitely many W;;, = Spec By, such that each
B ;1 1s a finitely generated Aj;-algebra. So f’ is a morphism of finite
type.

The morphism X xgY — S can be factored X x, Y 22 Y — S. The
first map is of finite type since X — S is of finite type and by part
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14.

15.

16.

d). The second map is of finite type by assumption, so part ¢) then
gives that their composition X xgY — S is a morphism of finite
type.

(f) Let f : X — Y be a quasi-compact morphism. Let g : ¥ — Z
be a morphism such that h = g o f is of finite type. Pick Spec
C C Z, Spec B C g~1(Spec C), Spec A C f~1(Spec B), each non-
empty. Then Spec A C h=!(Spec C), so by ex 3.3c), A is a finitely
generated C-algebra and we get homomorphisms C — B — A. If
{ai1,...,a,} are the generators for A as a C-algebra, there is a sur-
jective morphism C[zy,...,2,] — A defined by mapping z; — a;.
Then this factors through a map B[zy,...,x,] — A, where x; — a;.
Since the Clx1,...,z,] — Blx1,...,2,] — A is a surjective map
from Clzy,...,z,] — A, Blxy,...,x,] — A is surjective, so A is a
finitely generated B-algebra. Finally, if Spec C; is a cover of Z, then
there exists a cover Spec B; of Y such that Spec B; C g~!(Spec C;)
for some i. So by the above argument, f~!(Spec B;) can be cov-
ered by finitely many Spec A;j;, such that A;; is a finitely generated
Bj-algebra, so f is locally of finite type. By assumption, f is also
quasi-compact, so f is of finite type.

(g) Since Y is noetherian, it is quasi-compact, so we can cover it with
finitely many open affines Spec B;. Then each f~!(Spec B;) can be
covered by finitely many open affines Spec A;; each of which is quasi-
compact and such that f~!(Spec B;) cover X. So X is a finite union
of quasi-compact sets, so X is quasi-compact. Also, each A;; is a
finitely generated B;-algebra. Then A;; & Blz1,...,x,]/a for some
n and some ideal a. Since Y is noetherian, B; is a noetherian ring,
and so by the Hilbert Basis Theorem, B[x1,...,x,]| is noetherian.
Since homomorphic images of noetherian rings are again noetherian,
we have covered X by noetherian rings and have shown it to be
quasi-compact. Thus X is a noetherian scheme.

We need to show that every open subset in a basis of the topology contains
a closed point and we can assume that X is affine. Clearly every affine
open set contains a closed point in its own topology. Such a closed point
is closed in the whole subscheme since closed points are precisely those
whose residue fields are finite extensions of k.

This is not true for an arbitrary scheme. Consider Spec k[X](,) = {0, (z)}.
Then (z) is a closed point and 0 is not, so the set of closed points is not
dense.

See 7 Algebraic Geometry and Arithmetic Curves” by Qing Liu section
3.2.2 pg 89.

Let X be a noetherian topological space. Let P be a property of closed
subsets of X. Define S = {V C X | V # 0,V is closed and does not
have property P}. If S # ), then S has a minimal element with respect
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17.

to inclusion since X is noetherian. If every proper closed subset of Z
satisfies P, then so does Z be assumption. However, if there is a proper
closed subset of Z that does not satisfy P, then Z is not minimal, which
contradicts the choice of Z. So S = () and X has property P.

(a)

We have already seen in Caution 3.1.1 that sp(X) is a noetherian
topological space, so we just need to show that each closed irreducible
subset has a unique generic point. Note that for a closed irreducible
subset Z of any topological space and an open subset U, either U
contains the generic points of Z, or U N Z = () (since if n ¢ U, then
Uc¢ is a closed subset containing n and so {n} C U¢ and therefore
UNZ =10). So we can reduce to the affine case.

Let X be affine. Then the irreducible closed subsets correspond to
ideals I with the property that I = VJK = VI = /J or VK.
We claim that the ideals with this property are prime. To see this
suppose that fg € V/I. Then /T = ((f)+v1)((g)+V/I) and so either
VI = (f)—i—ﬁorﬁ: (g)—&-ﬁ. Hence, either f € \ﬁorg e VI 1t
is straightforward that p is a generic point for V' (p) so we just need to
show uniqueness. Suppose that p, q are two generic points for a closed
subset determined by an ideal /. Then p = /p = VI = V4. =q

Let Z be a minimal nonempty closed subset. Since Z is minimal it is
irreducible and therefore, by the previous part has a unique generic
point n. For any point x € Z, again since Z is minimal, we have

Z = {z} and so x = 1 by uniqueness of the generic point.

Let z,y be the two distinct points and let U = @ Ify e U, we
are done, so assume not. Then y € {z}. If x € {y}, then = and y
are both generic points for the same closed irreducible subset, which
contradicts the assumption they were distinct. Hence z € {y}c.

If n ¢ U, then n € U° a closed subset, and so X = m Cc U-.
Therefore U = ().

Let X = |JZ; be the expression of X as a union of its irreducible
closed subsets. In particular, the Z; are the maximal irreducible
closed subsets. Let 1 be the generic point of Z; and z a point such
that 7 € {x}. This implies that Z; C {z} and so since the Z; are
maximal, Z; = {z}. Since the generic points of irreducible closed
subsets are unique, this implies that n = x. So 1 is maximal. Con-
versely, suppose that 1 is maximal. 7 is in Z; for some 7. If i is the
unique generic point of Z;, then n € {n’} and so since 7 is maximal,
n=n'. o

Let Z be a closed subset and z € Z. Since {z} is the smallest closed
subset containing z, we have {z} C Z.

Since the lattice of closed subsets of t(X) is the same as the lattice
of closed subsets of X, we immediately have the ¢(X) is noetherian.
Now consider 7, a closed irreducible subset of X, and its closure {n}
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in t(X). This is the smallest closed subset of X containing 7. Since
is itself a closed subset of X, we see that this is 7. So if ' is a generic
point for {n} C t(X), then {n} = {n’}, and so n = n’. Hence each
closed irreducible subset has a unique generic point. If X is itself
a Zariski space, then there is a one-to-one correspondence between
points and irreducible closed subsets. Hence « is a bijection on the
underlying sets. It is straightforward to see that its inverse is also
continuous.

18. [BLOG] Let X be a Zariski topological space. A constructible subset of X
is a subset which belongs to the smallest family § of subsets such that (1)
every open subset is in §, (2) a finite intersection of elements of § is in F,
and (3) the complement of an element of § is in §

(a)

Consider ]_[?:1 Z; NU; C X, where Z; are closed subsets of X and
U, are open subsets of X. Note that (1)+(3) implies that all closed
subsets of X are in § and (2)+(3) implies that finite unions of el-
ements of § are in §. Hence, as long as the Z; N U, are disjoint,
H?:l Z;NU; = U?:l Z;NU; € 5.

Let § be the collection of subsets of X that can be written as a
finite disjoint union of locally closed subsets. We have just shown
that § C §, so by definition, if § satisfies (1), (2), and (3), then
F = F. We immediately have that (1) is satisfied since UNX =U
and X is closed. If [[I_, Z; N U; and [[;, Z/ N U] are two elements
of §', then their intersection is

n

<]i[szi> N (ﬁZQHU£> = [[ @nz)nwinu)
i=1 i=1

4,j=1

which is in § so (2) is satisfied. Show (3) by induction on n. Let
5. C § be the collection of subsets of X that can be written as a
finite disjoint union of n locally closed subsets. Note that (J,, &), = &’
and that we have already shown that the intersection of an element
of &, and an element of F,, isin §. Let S € F. So S =UnNZ.
Then its complement is

Se=Unz)F=vuz =U]](z°n0)

which is in §. Now let S € §,, and suppose that for all i < n,
complements of members of §; are in §. We can write S as S =
Sp—1]] 51 for some S,—1 € F,,_; and S; € §;. The complement of
S is then S¢_; N S§. We know that S¢_; and S are in § by the
inductive hypothesis and we know that their intersection is in §’ by
(2) which we proved above. Hence S¢ is in § and we are done.

Let S € §. if the generic point 7 is in S, then S D {T} =X,s0 S is
dense.
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For the converse, use the fact that for an irreducible Zariski space,
every non-empty open subset contains the generic point (Ex 3.17(d)).
Suppose S = ]_[?:1 Z; N U; is dense. The closure S is the smallest
closed subset that contains S. So any closed subset, in particular
UZ: 2 S, contains its closure. Hence |JZ; 2 S = X. But since
X is irreducible, Z; = X for some i. So up to re-indexing, S =
U, 1T, ! Z:NU;). Since every non-empty set contains the generic
point, S contains the generic point.

(c¢) It is immediate that the closed (resp. open) subsets are constructible
and stable under specialization (resp. generalization). Suppose that
S = ]_[?:1 Z; NU; is a constructible set stable under specialization
and let x be the generic point of an irreducible component of Z; that
intersects U; non-trivially. Since S is closed under specialization, S
contains every point in the closure of {z}. So S contains every point
of every irreducible component of each Z;. That is S 2 |JZ;. Now
consider a point z € S. It is contained in some Z;, and so S C | Z;.
Hence S = |J Z; is closed.

Now let S be a constructible set, stable under generization. Then S°¢
is a closed set, stable under specialization and therefore closed. So .S
is open.

1(_]_[ZmUi> Hf (Z:;NU;) Hf’l(Zi)ﬂf’l(Ui)

Since f is continuous, f~1Z; is closed and f~!'U; is open. Hence the
preimage of a constructible set is constructible.

19. [BLOG]

(a) If S C X is a constructible set then we can restrict the morphism to
fls : S — Y. Soit is enough to show that f(X) itself is constructible.
If {V;} is an affine cover of Y and {Uj,;} is an affine cover for each
F71(V;), then if f(U;;) is constructible for each 4,7, then f(X) =
U f(Usj) is constructible, so we can can assume that X and Y are
affine. Similarly, if {V;} are the irreducible components of ¥ and
{U;;} are the irreducible components of f~1(V;), then if f(U;;) is
constructible for each i, j, then f(X) = f(U;;) is constructlble S0
we can assume that X and Y are 1rredu01ble Reducing a scheme
doesn’t change the topology, so we can assume that X and Y are
reduced. Putting these last two together, we can assume that X and
Y are integral.

Now show that we can assume f to be dominant. Suppose that f(X)
is constructible for every dominant morphism. We have an induced
morphism f’: X — f(X) = C from X into the closure of its image C.
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Then f’ is certainly dominant, so f/(X) is constructible in C. This
means that it can be written as [[U; N Z;, a disjoint union of locally
closed subsets. Since C' is closed in Y, each Z; is still closed in Y.
The subsets U; on the other hand, can be obtained as U = V; N C for
some open subsets V; of Y by the definition of the induced topology
on C. We now have f(X)=][U;UZ;, =[[Vin(C N Z;), which is
constructible.

Let n be the number of generators of B as an A-algebra. We split
the proof of the algebraic result into the cases n =1 and n > 1. If
n = 1, write B = A[t], where t € B generates B as a A-algebra.
Pick a non-zero b € B and write it as b = cgt® 4+ cq_1t4 1 + ... + co,
where ¢4 # 0,¢; € B. If t has no relations, ie B is the polynomial
ring in one variable over A, let a = a4. Let K be an algebraically
closed field, and let ¢ : A — K such that ¢(a) # 0. The polynomial
E?:o ¢(a;)z® has d roots, and K is infinite, so there exists r € K
such that Z?:o @(a;)rt # 0. Extend ¢ to ¢’ : A[t] — K by mapping
ttor.

Now suppose that t € K(B) is algebraic over K(A), where K(A) is
the quotient field of A. Then there exists equations Z?:O a;it’ =0
and Y7, al(b~')" = 0, where a;,a} € K(A) and aq # 0,a., # 0. Let
a = aqal. Let K be algebraically closed and let ¢ : A — K such that
v(a) # 0. First extend ¢ to A, — K in the obvious way by sending

% to ﬁ. Next extend ¢ to some valuation ring R O A,. From the

equations, t,b~! are both integral over A,. Since the integral closure
of A, = ({valuation rings of K(A,)}, t,b~! € R. Since t € R, so is
b, so b € R*. Therefore the extension R — K maps b to z # 0. Since
t € R, A C R, restrict to B to get a map ¢’ : B — K that maps b to
a non-zero element.

For n > 1, proceed by induction.

By part b), there exists some a € A such that D(a) C f(X). We will
show that f(X) N V(a) is constructible in Y. If this intersection is
empty, we are done, so assume not. Note that V(a) = Spec (4/(a)),
so consider the map f’ : Spec B/aB — Spec A/(a) induced by f,
whose image is f(X) N V(a). Since A — B is injective, A/(a) —
B/aB is injective, so f’ is dominant. Also, both rings are Noethe-
rian, so the ideal (a) has a primary decomposition (p;, where p;
are primary ideals. Furthermore, /p; are prime, so relabel these as
Piy...,Pn. Then \/@ = (p; so V(a) = JV(p1) as topological
spaces since V(a) = V(y/a) as topological spaces. For each p;B,
we can do the same since B is noetherian, so we have maps Spec
B/q; — Spec A/p; for primes a; € Spec B, and the union of their
images is f(X) N V(a). While the scheme structure may be differ-
ent, constructibility is a topological property and we are preserving
the underlying topological space. These maps now involve integral
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21.

22.

domains, so each image contains a nonempty subset by part b), and
hence is constructible in V(p;) by Noetherian induction. A locally
closed subset of V(p;) is also a locally closed subset of Spec B, so
in fact images of Spec B/q; — Spec A/p; are constructible in Spec
B. Since constructibility is closed under finite unions, f(X) N V(a)
is constructible. Thus f(X) is constructible.

(d) Let f: Aj — P% be a morphism given by = — (z,1,0). Then f(A})
is neither open nor closed since (z,1,0) is not the zero set of any
ideal of homogeneous polynomials, and neither is its complement.

Let X be an integral scheme of finite type over a field k.

(a) For any closed point P € X, let Spec A be the affine scheme con-
taining it. Let m be the corresponding maximal ideal of P in Spec
A. Then

dim X =dim A (by 1.1)
=ht m + dim A/m (since A/m is a field, has dim = 0)
= ht mA,
= dim Op

(b) Let K(X) be the function field of X. By Them 1.8A, since X is an
integral domain of finite type, by part a) of the theorem, dim X =
tr.d K(X)/k.

(c) Let Y be a closed subset of X. Then codim (Y, X) = codim (Spec
B/b, Spec B) = inf,,>; codim (Spec B/b, Spec B) = inf,>;, ht (p) =
infpey dim Op,X

(d) If Y is irreducible, this is 1.8.A(b). If Y is reducible, let Z C YV
be an irreducible closet subset of largest dimension. Then dim Y+
codim(Y, X) = dim Z+ codim(Z, X) = dim X.

(e) This is prop 1.10

(f) if £ C K is a field extension, dim X’ = dim (X x; k') = dim X+
dim k = dim X.

For (e), consider Spec R[t], C Spec R[t], where mrp = (u). Then with
K = Q(R), dim R[t], = dim K[t{] = 1 # 2 = dim R[t] For (a) and (d)
it suffices to find a maximal ideal of height 1. Consider (ut — 1). In
R[t]/(ut — 1),t becomes an inverse for v and thus this ring is Q(R). R[t]
is a UFD so every principal prime ideal has height one. P = (ut — 1) for
(a) and Y = V(P) for (d).

Ingredients:

4 tablespoons mayonnaise, 2 tablespoons Creole mustard, 1/2 teaspoon
Creole seasoning, 1/8 teaspoon freshly ground black pepper, 1 tablespoon
finely chopped fresh parsley, 1 tablespoon finely chopped green onion, 2
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23.

2.4

teaspoons finely minced red bell pepper, optional, 1 pound jumbo lump
crabmeat, 1 1/4 cup fresh fine bread crumbs, divided,

Preparation: Combine mayonnaise, mustard, parsley, and seasonings; set
aside. Drain crabmeat; gently squeeze to get as much of the liquid out
as possible. Put crabmeat in a bowl. With a spatula or wooden spoon,
fold in mayonnaise mixture and 1 cup of the bread crumbs, just until
blended. Shape into 8 crab cakes, about 2 1/2 inches in diameter. I use a
biscuit or cookie cutter with an open top to shape the cakes and press the
ingredients down to make them hold together. Press gently into reserved
crumbs. Cover and chill for 1 to 2 hours. Heat clarified butter or oil over
medium heat. Fry crab cakes for about 5 minutes on each side, carefully
turning only once. Serve with lemon wedges and Remoulade or other
sauce.

Let V, W be two varieties over an algebraically closed field and let V' x W
be their product. First show that ¢(V') x, (W) is an abstract variety (ie an
integral separated scheme of finite type over an algebraically closed field
k). By Corr 4.6(d), t(V') x t(W) is separated, and since k is algebraically
closed, it is integral by prop 4.10 and of finite type. So (V) xxt(W) = ¢(Y)
for some variety Y. But then Y clearly satisfies the universal property, so
Y =V x W by uniqueness.

Separated and Proper Morphisms

. Let f: X — Y be a finite morphism. Since properness is local and f is

finite, we can take both X and Y to be affine, say Spec B and Spec A
respectively. Let R be a valuation ring and K its quotient field. Consider
the following commutative diagram:

Spec K > X

7
Ve
\Li // lf
Ve

Spec R +—>Y

Since everything is affine, we can turn this diagram into a commutative
diagram of rings:

K <~ B

/
ol
ya

R<—A
Now, since A — B is finite, B is integral over A (AM Remark p 60). Then
u(A) — v(B) is integral. But since R is a valuation ring, R is integrally

closed. Since u(A) € R and R is integrally closed, v(B) C R. Thus by
the Valuative Criterion of Properness, f : X — Y is proper.
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2. Let U be the dense open subset of X on which f and g agree. Let Z =
X xgY. Consider f x g: X — Y xg¥Y. Then (f x g)(U) is contained
in A(Y) by assumption. Since Y is separated, A(Y) is closed. Thus
(f xg)"H(A(Y)) is a closed set containing the dense set U, ie all of X. So
(f x g)(X) CA(Y). Thus f = g as maps of topological spaces. To prove
equality of the sheaf maps, it suffices to show equality locally. So we can
let X = Spec B and Y = Spec A and let U = D(h). Then the associated
map on rings f : A — By and g : A — By, are the same by assumption.
Thus for all a € A, @ = @, so there exists an integer n, such that
h"e(f(a) — g(a)) = 0. Thus Im(f — ¢g) € U Ann(h™). A simple check
shows that D(h) C V(Ann (h)). Because X is reduced, and U = D(h) is
dense by assumption, this forces Ann(h) = 0. Similarly, Ann(h™) = 0 for
alln. Thus f: A — B and g: A — B are equal, so the morphisms f,g :
Spec B — Spec A are equal.

a) Consider the case when X = Y = Spec k[z,y]/(z%, xy), the affine
line with nilpotents at the origin, and consider the two morphisms f,g :
X — Y, one the identity and the other defined by z +— 0, ie killing the
nilpotents at the origin. These agree on the complement of the origin,
which is a dense open subset, but the sheaf morphism disagrees at the
origin.

b) Counsider the affine line with two origins. Let f and g be the two open
inclusions of the regular affine line. They agree on the complement of the
origin, but send the origin two different places.

3. Consider the commutative diagram

UNnV ——UxgV

L

X —2> X xg X

Since X is separated over S, A is a closed immersions. Closed immersions
are stable under base extensions (ex II1.3.11(a)) and so UNV — U xg V
is a closed immersion. But U xg V is affine since all of U,V, S are. So
UNV — U xgV is a closed immersion into an affine scheme and so UNV
is affine (ex I11.3.11(Db)).

For an example when X is not separated, consider the affine plane with
two origins and the two copies U,V of the usual affine plane inside it as
open affines. Then U NV is A? — {0} which is not affine (ex 1.3.6).

4. |[BLOG] Since Z — S is proper and Y — S is separated, by Cor. 11.4.8e,
Z —'Y is proper. Proper morphisms are closed by definition and so f(Z)
is closed in Y.

Now show that f(Z) is proper over S:
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Finite type : This follows from it being a closed subscheme of a scheme Y
of finite type over S. (ex 11.3.13(a)

Separated : This follows from the change of base square and the fact that
closed immersions are preserved under base extensions

f(Z) ———Y

|

f(Z) xs [(Z) —=Y x5V

Universally closed: Let T'— S be some other morphism and consider the
following diagram:
TxgZ —7

ol

T xs f(2) — [(Z)

T———8§

Show that T'xg Z — T xg f(Z) is surjective: Suppose z € T xg f(Z)
is a point with residue field k(z). Following it horizontally we obtain a
point 2’ € f(Z) with residue field k(z') C k(z) and this lifts to a point
" € Z with residue field k(z”) D k(z'). Let k be a field containing
both k(x) and k(z"). The inclusions k(z”"), k(x) C k give morphisms Spec
k — T xg f(Z) and Spec k — Z which agree on f(Z) and therefore lift
to a morphism Spec k — T X g Z, giving a point in the preimage of z. So
TxsZ — T xg f(Z) is surjective.

Now suppose that W C T xg f(Z) is a closed subset of T xg f(Z). Its
vertical preimage (f')~'W is a closed subset of T' xg Z and since Z — S
is universally closed, the image s’ o f/((f')~"(W)) in T is closed. As f’ is
surjective, f/((f)~"*(W)) =W and so s'o f/((f)"*(W)) = s'(W). Hence,
s'(W) is closed in T

. IBLOG] Let X be an integral scheme of finite type over a field k, having
a function field K.

(a) Let R be the valuation ring of a valuation on K. Having center on
some point « € X is equivalent to an inclusion O, x € R C K (such
that mp N Oy x = m,) which is equivalent to a diagonal morphism
in the diagram
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Spec K ———= X

| ]

Spec R —— Spec k

But by the valuative criterion for separability, this diagonal morphism
(if it exists) is unique. Therefore, the center, it is exists, is unique.

Same argument as in a), except the valuative criterion now tells us
that exactly one such diagonal morphism exists, so every valuation
of K/k has a unique center.

Ingredients: 2 eggs,1/2 cup milk,3 slices bread, crumbled, 2 pounds
lean ground beef,1/2 cup finely chopped onion,2 tablespoons chopped
parsley,1 clove garlic, smashed, minced,1 teaspoon salt,1/2 teaspoon
pepper Preparation: In a medium bowl, beat eggs lightly; add milk
and bread and let stand for about 5 minutes. Add ground beef, onion,
parsley, garlic, salt, and pepper; mix gently until well blended. Shape
into about 24 meatballs, about 1 1/2 inches in diameter. Place meat-
balls in a generously greased large shallow baking pan. Bake meat-
balls at 450 for 25 minutes. In a Dutch oven, in hot oil over medium
heat, saut onion until tender and just begins to turn golden. Add
remaining sauce ingredients; bring to a boil. Reduce heat, cover, and
simmer for 30 minutes. Taste and adjust seasoning, adding more
salt, if necessary. Add meatballs; cover and simmer 50 to 60 min-
utes longer, stirring from time to time. Cook spaghetti according to
package directions; drain. Serve spaghetti topped with meatballs in
sauce; sprinkle with grated Parmesan cheese.

Suppose that there is some a € I'(X, Ox) such that a ¢ k. Consider
the image a € K. Since k is algebraically closed, a is transcendental
over k and so k[a™!] is a polynomial ring. Consider the localization
k[ail](a_l). This is a local ring contained in K and therefore there is a
valuation ring for R C K that dominates it. Since mpNkla™],-1) =
(a~1') we see that a=1 € mpg.

Now since X is proper, there exists a unique dashed morphism in the
diagram on the left:

Spec K —— X K-<—1T(X,0x)

RN

Spec R——=Spec k R<—k

Taking global sections gives the diagram on the right which implies

that @ € R and so vg(a) > 0. But a=! € mp and so vg(a™t) >

0. This gives a contradiction since 0 = vg(1) = vr(%) = vr(a) +
1

UR(E) > 0.
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6. Since X and Y are affine varieties, say Spec A and Spec B respectively,
by definition they are integral and so f : X — Y comes from the ring
homomorphism B — A, where A and B are integral domains. Let K =
k(A). Then for the valuation ring R of K that contains ¢(B) we have a
commutative diagram

Spec K ——= X

.

Spec R——=Y

Since f is proper, the dashed arrow exists. From Thm II.4.11A, the in-
tegral closure of p(B) in K is the intersection of all valuation rings of K
which contain ¢(B). As the dashed morphism exists for any valuation ring
K containing ¢(B), it follows that A is contained in the integral closure of
©(B) in K. Hence every element of A is integral over B, and this together
with the hypothesis that f is of finite type implies that f is finite.

7. [BLOG] Schemes over R.
()

(b) Since Xy xg C = X if Xy is affine then certainly X is. Conversely, if
X = Spec A is affine, then Xy = Spec A°

(¢) Given fy, we get that f commutes with the involution. Conversely,
suppose that we are given f that commutes with o. In the case where
Y = Spec B and X = Spec A, we get an induced morphism on o
invariants A° — B? and this gives us the morphism X, — Y. If
X and Y are not affine then take a cover of X by o preserved open
affines {U;} and for each i take a cover {V;;} of f~1U; with each V;;
a o-preserved open affine of Y. Let w : Y — Yj be the projection
and recall that it is affine by part b). In the affine case we get
w(Vi;) — w(U;) and we can glue these together to give a morphism
Yy — Xo.

(d) See Case II of part (e)

(e) Case I: o has no fized points: Let x € X = P{. be a closed point and
consider the space U = X\{x,ox}. Since ¢ has no fixed points, and
PGL¢(1) is transitive on pairs of distinct points, we can find a C-
automorphism f that sends (z,o0z) to (0,00). Therefore assume that
x and ox are 0 and oo and so U = Spec C[t,t!]. Note that the
lift of o is still C semi-linear by the commutativity of the following

diagram:
x—tex—oxtlox
C id C [ C id C
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Now o induces an invertible semi-linear C-algebra homomorphism
on C[t,t~!]. We will show that o acts via t — —t~!. The element
t must get sent to something invertible and therefore gets sent to
something of the form at® for some k € Z. Since 02 = id, it follows
that k¥ = +1. Furthermore, by considering o on the function field
C(t), it can be seen that k& = —1 since otherwise the valuation ring
Clt](+) € C(t) would be fixed, implying that o has a fixed point. Now
tot = a is fixed by ¢ and ¢ acts by conjugation on constants, thus
a € R. If a is positive, the ideal (¢ — \/a) is preserved contradicting

the assumption of no fixed points, so a € R<g. Now replacing ¢ with

1
——— by a change of coordinates. With this new ¢, our involution is

V=a

t— —t~h
C[£, % X Y

Now rewrite C[t,t71] as [Zixzy} via =+t~ and — + —t, so the
1+ ) Z Z

involution acts by switching % and % (and conjugation on scalars).
Now consider the two subrings C[—t] and C[t~!] of the function field
C(t). We have isomorphisms

Cl%. %~ - Z
Gy - Cl o t=x

C[%v?] o C[tfl] _tfl _ Z
Eeean) v

and o acts by switching these two rings and conjugation on scalars.
These open affines patch together in a way compatible with o to form
an isomorphism

. CIX,Y, 7] ~ ol
T xy+23)  °C
where o acts on the quadric by switching X and Y, and conjugation
on scalars. Making a last change of coordinates U = (X +Y) and

V = 4(Y — X), we finally get the isomorphism

Pro

Q= Proj XY 2l s CIXY 2]

U2+ V2 + 22) VXY ¥ 22)

I

Pt =X

where o acts on Q by conjugation of scalars alone. Hence

Xo = Qp = Proj _RIX.1, 7]

U2+ V24 Z22)
Case II: o has at least one fixed point: Now suppose that o fixes a
closed point of x. This means that ¢ restricts to a semi-linear au-
tomorphism of the complement of the fixed point Spec C[t] C P¢.
Since o is invertible, t gets sent to something of the form at + b.
There exists a change of coordinates s = ¢t + d such that os = s
and so in these new coordinates we get a ¢ invariant isomorphism
X = PDIQ ®Rr C.
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8. [BLOG] Let P be a property of a morphism of schemes such that:
(a) a closed immersion has P;
(b

) a composition of two morphism having P has P;
(c) P is stable under base extension.
)

(d) Let X Ly and X' L5 ¥ be the morphisms. The morphism f x f’
is a composition of base changes of f and f’ as follows:

Therefore f x f’ has property P.

(e) Same argument as above but note that since g is separated, the di-
agonal morphism ¥ — Y Xz Y is a closed embedding and therefore
satisfies P
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~

N

X
Y xzY
/
X xzY
\
X
Y

(f) Consider the factorization:

Xred

Yied — Y

The morphism X,.q — X — Y is a composition of a closed im-
mersion and a morphism with the property P and therefore it has
property P. Therefore the vertical morphism from the fiber prod-
uct is a base change of a morphism with property P and therefore
by assumption has property P. To see that f,.q has property P, it
remains only to see that the graph I'y ., has property P. For then
frea Will be a composition of morphisms with property P. To see this
recall that the graph is the following base change:

Xred > Yred

Xred Xy Yred —> Yred Xy Yred

But Yred Xy Yred = Yreq and A =idy,_,. So A is a closed immersion
and I is a base change of a morphism with property P.
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9. Let X Ly % Z be two projective morphisms. This gives rise to a
commutative diagram:

’

f idxg’
X—PxY ——P" xP*x~7

RN

Y—————P"xZ

|

Z

where [’ and ¢’, and therefore id X ¢’ are closed immersions. Now using
the Segre embedding, the projection P” x P x Z — Z factors as

PrxPsxZ>Psttswz 7

So since the Segre embedding is a closed immersion, we are done since we
have a closed immersion X — P"*T7+¢ which factors g o f.

10. See Shaf, Bk 2, pg 69 for the statement about complete varieties.

11.

12.

(a)
(b)

The only reason we needed to consider arbitrary valuation rings was
because Thm 6.1A only gives us that some valuation ring dominates
the local ring of 79 on {n;} (see pg 99). But now by part a), we are
allowed to consider only discrete valuation rings.

Let R C K be a valuation ring of K. We will show that mp is princi-
pal, which will imply that R is discrete. Let t € mp. If (¢) = mpg, then
we are done. If not, choose some s € mg\(t). Note that ¢ is transcen-
dental over k. To see this, suppose that it satisfies some polynomial
St gait’ = 0 with ag # 0. Then ap = t>_ a;t""! and so ag € (1).
But ag is a unit so we get a contradiction, hence there is no such poly-
nomial. Now since K has dimension 1 and t is transcendental, K is
a finite algebraic extension of k(t). The element s ¢ (¢) and so it is
algebraic over k. Hence it satisfies some polynomial with coefficients
in k(t). Let .1 ja;s" = 0, with ag # 0 be this polynomial. Then
ap = s a;s°1. Write ag = %. Then we have % =5 a;s1
and so f(t) = g(t)s > a;s*~! implying that f(¢) € (s) € mp. Since
t € mp, the polynomial f(¢) can not have any constant term, else
this term would be in mg contradicting the fact that it is a proper
ideal) and so t € (s) and hence (s) D (). If (s) = mp we are done,
so assume not. Repeat the above process to obtain an increasing
chain of ideals () C (s) C (s1) C ... all contained in mg. Since R
is noetherian, this chain must stabilize and so there is some s; such
that (s;) = mg. Hence mpg is principal and therefore by Thm 1.6.2A,
the valuation ring R is discrete.
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(b) i. Consider an affine neighborhood Spec A of X. Let z1 correspond
to the prime ideal p C A of height 1. Then Ox ,, = A,, which
is a Noetherian local domain of dimension 1. X is nonsingular
so A is integrally closed and thus so is A,. By Thm 1.6.2A, A,
is a DVR. R = Ox 4, clearly has center z;.

ii. Assume X’ is nonsingular. Then by the previous part, R is a
DVR. f induces an inclusion Ox ; — R, so R dominates Ox g,

iii. R is clearly a valuation ring which dominates Ox g, .

2.5 Sheaves of Modules

1. Let (X, Ox) be a ringed space and let £ be a locally free Ox-module of
finite rank. Define &* to be the sheaf Homo, (&, Ox)

(a) We can cover X with open sets U, with &|y, free of rank n,. First
consider X = U,. An element of Home , (0%, O%)(X) is determined
by where it takes the standard basis elements in O% (X), and simi-
larly for any subset U of X. So Homp, (O%, 0% )(X) = O%. Taking
the dual is equivalent to applying Hom again, which is again isomor-
phic to O%. But the isomorphism with the double dual is canonical,
so we can patch these isomorphisms on each U, together to get an
isomorphism &** = &

(b) Define a map on any open set U where & is free: Homo (€|, Ox|v)®0 (1)
F(U) -Homop, (€|u, F|uv) by taking > é;®a; to the map sending é;
to a; from &y (U) to Z|y(U). This determines the whole morphism.
It is injective and surjective, so thus an isomorphism. Now glue all
the maps and take the sheafification to get the desired isomorphism.

(c¢) This follows immediately from the sheafification of the module iso-
morphism (AM p 28): Hom(M ® N, P) = Hom (M, #om(N, P)),
making the obvious module substitutions.

(d) If & is free of finite rank, write & = O%. Then

f*(y ®ox f*éa)

211 1111111
Iy
/—\AA/{X\SAA
&
Q
S
&
>
=

If & is locally free, then do the same argument as above on an open
cover {U;} and glue on intersections.

2. Let (R, m) be a DVR and K = Ry its field of fractions. Let X = Spec R.

(a) X = {0,m} and the nontrivial open sets of X are X, and {0}. Now
Ox(X) 2 R and Ox({0}) = K, so to give an Ox module .Z#, it is
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equivalent to give an R-module M and a K-module L. The restriction
map f : Ox(X) — Ox({0}), (equivalently f : M — L) is an R-
module homomorphism. We can then define an R-linear map p :
M ®r K — L such that p(m ® k) = kf(m). Conversely, given p,
define f : M — L by f(m) = p(m®1). Them f(rm)=p(rm®1) =
rp(m @ 1) =rf(m).

(b) Let & be the Ox module. Since K &2 Ry, MQr K = M®gr Ry = M.
& is quasicoherent iff % = Miff [ = My iff L2 M ®gK iff pis an
isomorphism.

3. Let X = Spec A be an affine scheme. If f : M — 7 is a_homomorphism,
then we get a “global section” homomorphism f(X) : M(X) — Z(X),
which is equivalent to f(X) : M — I'(X,.%). Conversely, if we are given a
map f: M — I'(X,.%), define a map f# locally on D(f), f#\D(f)(%) —
@. Then globally, f;? = f, so the map f — f# is injective. However,

if f# induces f it is also clear that f induces f#, so f — f7# is surjective.

Thus Homy (M, I'(X,.#)) = Homoe . (M, 7).

4. Let X be a scheme and % an Ox-module. Assume that % is quasi-

coherent. Then for every open neighborhood U, Z|y = M. If {m;}icr

is a set of generators of M, then the A-homomorphism A’ 2. M defined
by (a:)icr = > ;c; aiM; is surjective. Constructing a free A-module A7
similarly with ker ¢, we have an exact sequence

AT — AT M —0
Since " is an exact functor, we have
AT — AT - M —0
and thus M = .F | is the cokernel of free sheaves on U.

Conversely, let .# be a sheaf such that for every neighborhood U % is
the cokernel of a morphism of free sheaves on U. Then we have the exact
sequence

F' - F" - Fly —0

Then since % and %" are free and thus quasicoherent, by Prop 5.7, % |
is quasicoherent as well.

The proof for X noetherian is similar and uses the fact that a submodule
of a finite module over a Noetherian ring is finite.

5. Let f : X — Y be a morphism of schemes.

(a) Let f: A7 — A} be the projection to the z-axis. Then ['(AZ, f.Oy2) =
klx,y], which is not a finite k[z]-module, so f.O 42 is not coherent.
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(b) Let f : X — Y be a closed immersion. Let X = [JU; be an
affine open cover of X, where U; = Spec A;. Then f : f~1(U;) —
U, is a closed immersion. By Ex IL.3.11(b) these are of the form
Spec(A;/I;) — Spec A; for some ideal I;. Since A;/I; is a finite
A;-module, f is finite.

(¢c) Let f: X — Y be a finite morphism of noetherian schemes and let
Z be coherent on X. Pick an affine open cover for X = |J Spec
A;. It is enough to show this locally by restricting f to one of these
covers. We get a map f: Spec B — Spec A, where B is a finite A-
module and F|spec 5 = M for some A-module M. Then f..% (Spec
A) = B®a M is just the extension of scalars. Since both B and M
are finite A-modules, so is their tensor product. Thus f.(.%)|spec B
is coherent.

6. (a) Let A be a ring, M an A-module. Let X = Spec A, and & = M.
Let p € V(Ann m). Then p O Ann m, so localizing at p means
everything in Ann m is localized as well. So m, # 0 and thus p €
Supp m. Conversely, let p € Supp m. Then m, # 0 is equivalent
to am # 0 for a € p. Thus a € Ann m, so Ann m must have been
localized as well. So Ann m C p, which is equivalent to p € V(Ann
m). Thus V' (Ann m) = Supp m.

(b) Let A be noetherian and M finitely generated, say M = Amq+...+
Amy,. Then Ann M = () Ann m;. Also, Supp % = Supp M =
{p € Spec A| M, # 0}. Since M, is generated by the images of the
generators m;, M, # 0 iff some m; # 0 in M, iff some Ann(m;) C p
iff Ann M =) Aun m; Cp iff p € V(Ann M).

(¢) The support of a coherent sheaf is locally closed by part b), so is
closed on all of X. (Closed is a local property)

(d) Let U = X — Z and j : U — X be the inclusion. Let U = V(a)°.
From 1.1.20(b), we get an exact sequence

0— HNF) = F — j.F

By prop 1.5.8(c), j.Z is quasi-coherent, and since the sheaf 7 (F) is
the kernel of quasi-coherent sheaves, /5 (%) is quasi-coherent. Then
Do(M)~ 2 2(F) iff To(M) 2T z(F). m € L'z(F) iff Supp m C
V(a) iff V(Ann m) C V(a) iff v/a € vAnn m iff a® C Ann m (by
Noetherian assumption) iff m € I'q(m). Thus T'q(M)~ 2 #Q(F) as
desired.

(e) Let X be noetherian and Z be closed. The question is local so we may
assume X = Spec A and Z = V(a) and F = M. By the argument
of (d), #Q(.F) is quasi-coherent, and if M is finite, so is I'y(M). So
HQ(F) is coherent if .F is.

7. Let X be a noetherian scheme and let .# be a coherent sheaf.
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(a)

Let X = Spec A and let F = M. Then M is a finite A-module,
generated by mq, ..., my. The stalk for z € X is F, = M, for some
p € Spec A. Then M, = Ayx1+...4+Ayx,, where the x; can be taken
to be sections on some principal open set D(f). In M, let the images
of each generator m; be ;i 4. .+ ‘;’i . Set g =[], ; gij- Then
the m; are in the span of the z; in the 10pen set D(fg). Set h = fg.
Then My, = Apx1 + ...+ Apxy,. The x; are linearly independent in
M}, since they are linearly independent in My, so the sum is in fact

a direct sum. Thus .7 |p(,) = M}, is free.

Let .% be locally free. Then by definition, the stalks .%, are free
O, -modules for all z € X. The converse follows immediately by part
a).

If % is invertible, then by part 1.b, # Qo F* = Homo (F,F) =
Ox.

Conversely, suppose there exists a coherent sheaf & such that % ®
¥ =~ Ox. It is enough to show this statement locally. Pick a point
x € X in an open affine neighborhood U = Spec A such that % |y =
M and ¢ lv = N for finite A-modules M and N. By assumption,
T ®0, x 9o = O x. Let z correspond to the prime ideal p in
A. Then the assumption is equivalent to M, ®4, N, = A,. By
assumptions, the following isomorphisms hold:

=
B
~—

(‘T) ®OT,,X Ow,X

(l‘) ®(’)m7x 3/796 ®(9va gx

() R0, x T R0, x Y, Ok (x) k(z)
(F2 ®0, x k() ®k(z) (Y @0, x k(2))

IR T

1R 1R 1R

These are equivalent to:

Ap/pAy = Ap/pAy ®a, Ap
= Ap/pApy ®a, (M ®a, Ny)
= Ap/pAy ®a, (Mp ®a, Np) ®a,/p4, Ap/PAp
= (My ®@a, Ap/pAp) @4, /p4, (Np @24, Ap/pAyp)

In particular, (%, ®o, x k(r)) and (¥, ®o, « k(z)) are 1 dimensional
k(z)-vector spaces. Equivalently, (M, ®4, Ap/pAp) and (N, ®24,
A, /pA,) are 1-dimension free A, /pA,-modules. Since M and N are
finite, by Nakayama’s lemma, the generator of (M, ®a, A,/pAp)
lifts to a generator m of M,. Similarly, let n be the generator of IV,,.
Then n ® m generates M, ® Ny, which by assumption is isomorphic
to Ap. Then the map ¢ : Ay — M, defined by ¢ +— $m, and the

map ¢! : My, — M, ® N, = A, defined by %”/ — "‘%@nH ¢ are
easily checked to be inverses. Thus M, = A, and thus %, = O, x.
So .7 is invertible as desired.
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8. Let X be a noetherian scheme and let .% be a coherent sheaf on X. Let
o(z) = dimyy)F, ®o, k(x), where k(z) = O, /m, is the residue field at
the point z.

()

To show that the set S := {z € X | p(x) > n} is closed, we will show
that its compliment S¢ = {z € X |p(x) < n} is open. Since these
are all local properties, we can assume that X = Spec A is affine,
& = N for some finite A-module N, generated by ny,...,n,.. Let
p be the prime ideal corresponding to x € X. Let n € Z. Then
@(p) =dimyp) Ny ®a, Ap/my = dimy,) Ny /my N,. By Nakayama’s
Lemma, this number is equal to the minimal number of generators of
Ny as an A, module. Let N, be minimally generated by mq,...,m,,
with 7 < n. We argue the same way as in 7(a). In N, write n, =
> %im,. Define s := [[s;;. Then sn; = > bi;m;, where b;; & p.

S
Therjefore s & pand p € D(s). For an arbitrary prime ideal q € D(s),
it is easy to see that Ny is generated by ni,...,n,, so q € S¢. Thus
D(s) C S°. So every point in S° has an open neighborhood contained
in S¢. Since S€ is a union of open sets, it is open and thus S is closed.

Since X is connected, the rank of .# is the same everywhere, say n.
Then for all z € X, .7, = OF™. Thus ¢(z) = dimy,)OF" ®0, k(z) =
dimy, ;) k(2)®™ = n. So ¢ is constant.

Since the criterion is local, we can let X = Spec A and % & M with
M a finite A-module, with A reduced. Since the nilradical commutes
with localization, n(A4,) = n(Ar) =n(A) =0forall f € Aandp €
Spec A. Choose p € X. As in the previous parts, use Nakayama’s
lemma to lift a basis for the k(p)—vector space M, /m, M, to a set of
generators mq,...,m, € M,. By 5.7(b), it is enough to show that
Fr = M, is a free O, = Ap-module. To show this, it is enough to
show that the m; are linearly independent. Suppose > ‘g—:mi =0
with a; € A,b; € p Set b = [[b; and clear denominators so that
Y- aim; = 0. Since the images of the m; are a basis for M, /m,M,
over A,/pA,, each a) € p for all i. Choose e € A such that if
q € D(e), then My/mqM, is generated by the images of the m;. Now
let f = aeb. From our choice of e, if ¢ € D(f), then the images of
the m; in My /mq M, are generators. Since ¢ is locally constant, their
images are in fact basis. In particular, they are linearly independent.
Then Z—:mi = 0 holds in M, and thus a; is in the intersection of
all prime ideals not containing f. This is just the nilradical of Ay,
which is 0 by assumption. Thus a; = 0 and %, is a free O -module
for all z € X and by 5.7(b), .Z is locally free.

9. Let S be a graded ring, generated by S; as an Sy-algebra. Let M be a
graded S-module. Let X = Proj S.

(a)

—~—

TW(M) = @, T(X, M(d)) = @yep (X, M(d)). Any m € My can
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—_~—

be thought of as a section of M(d). Viewing mg as a section, we can

define o = P ey aq : Mg — T'(X, M(d)) which is a homomorphism
on abelian groups. If s € Sy, m € My, then sa(m) is defined as

P

the image of m ® s in I'(X, M (d") ® Ox(d)) under the isomorphism

—_—~ —~

M(d') @ Ox(d) 2 M(d+d'). So sa(m) = a(sm) and thus o : M —

I'.(M) is a graded-module homomorphism.

(b) Now let Sy = A be a finitely generated k-algebra for some field k,
where S is a finitely generated A-module, and let M be a finitely
generated S-module. Let’s show a : M — T',(M) is an isomorphism
for d > 0 in the case M = 5. By (5.19), §' :=I.(S) = Sy1 + ... +
Sym and then there exists some n > 0 such that z}'y; € S for all 7, j.
So everything in S’ of high enough degree will be in S and « is an
isomorphism for d > 0. For the general case...

(c¢) [BLOG] By part (b), M ~ I',(M) if M is finitely generated. By Prop
I1.5.15, ', (%) = .F if .Z is quasi-coherent. So we have to show that

for a quasi-finitely generated graded S-module M, M is coherent and
for a coherent sheaf .# that I',(%) is quasi-finitely generated.

Let M be a quasi-finitely generated graded S-module. Then there is
a finitely generated graded S-module M’ such that M4 = MY, for
d > 0. This implies that for every element f € Sy, My = M(’f) since

m

= ;’Z—ﬂ Since M’ is finitely generated, M(' 7 is finitely generated.
S is generated by S as an Sp-algebra so open subsets of the form
M)y cover X = Proj S and so there is a cover of X on which M is
locally equivalent to a coherent sheaf. Hence M is coherent.

Now consider a coherent Ox-module .%. Then by Theorem I1.5.17,
Z(n) is generated by a finite number of global sections for n > 0.
Let M’ be the submodule of T'y(.%#) generated by these sections.
The inclusion M’ — T',(.%) induces an inclusion of sheaves M —

—_~—

I.(Z) = %, where the last isomorphism comes from Prop I1.5.15.

—_~

Tensoring with O(n) we have an inclusion M(n)’ — .%(n) that is
actually an isomorphism since .#(n) is generated by global sections
in M’. Tensoring again with O(—n) we then find that M' =~ .Z. Now
M’ is finitely-generated and so by part (b), My = I'(X, M’(d)) =
INX,#(d)) =T'.(%)q for d > 0. Hence, My = T', (%) for d > 0
and T'.(.%) is quasi-finitely generated.

10. Let A be a ring, let S = Alzg,...,z,] and let X = Proj S.
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(a) First show that I is in fact an ideal. For any s,t € I, by definition
there exists an n,m > 0 for each ¢ such that z}'s € I and z]*t € I.
Then T is closed under multiplication since st € I. T is closed
with respect to addition since 27" (s +t) € I. Lastly, I is closed
under multiplication by S since for any a € S, az™s € I. So I is
an ideal. To show it is homogeneous, we will show that is s € 1T,
then each homogeneous component of s is in I. Write s € I as
s =89+ 81+ ...+ sy, a sum of its homogeneous components. Then
there exists some n for each ¢ such that 2's =z (sg+s1+. . .+s,) € I.
Since I is a homogeneous ideal, z}'s; € I for all j. Thus s; € I and
I is a homogeneous ideal.

(b) First show that the closed subschemes determined by I and I are
the same, ie Proj (S/I) = Proj (S/I). As I C I, we know that
V(I) c V(I). Conversely, if P = (xg,...,2,) € V(I), then some
x; # 0, say 9. For f € V(I), there exists some n such that 20 f € I,
and thus 23 f(P) = 0. So f(P) = 0 and P € V(I). Thus V(I) =
V(I). To prove equality of sheaves, consider the canonical surjection
S/I — S/I given by @~ a. This induces a surjection of local rings
(/1) sy — (S/I)(y) which associates a/f" to a/f" for homogeneous
a, f with def f > 0 and deg a = rdeg f. it will be enough to show
that this map is also injective. If a/f" = 0, then f™a € I. There is
therefore an n such that 27 f™a € I for all i. For k> 0, f*a € I,s0
a/fm =0isin (S/I)(s). Thus Proj (S/I) = Proj (S/I). Soif I = I,
Proj (S/I) = Proj (S/Iz) implies that Proj S/I; = Proj S/I5. Thus
if I; and I, have the same saturation iff they define the same closed
subscheme of 1.

(c) Let s € T(X, Ox(n)) such that z¥'s € D(X, # (n+k;)). Restricting,
we get zFis € T(Dy(x;), #y(n + k;)). Tensoring by z; ™, we get
s € I'(Dy(x;), #y(n)). The Dy (z;) cover X and £y (n) is a sheatf,
so s € I'(X, #y(n)). Thus I',(Jy) is saturated.

(d) Clear from Prop I1.5.9, Cor 5.16 and c).

11. Let S and T be two graded rings with Sy = T = A. Define the Cartesian
product S x4 T to be the graded ring @)~ 5S¢ ®a Tq. Let X = Proj S
and Y = Proj T B

First show that Proj(S x4 T) 2 X x4 Y. Let ag,...,a,. and fy,...,0s
be the generators of the A-modules S and T, respectively. Then a; ® G;
become the generators of S1 ®4 11 and S x4 T = Aloy; ® §;]. It is easily
checked that S X 4 T(ai®5j) = Sa) ®a T(ﬁj) forall 0 <:i:<r0<j<s.
Thus Dy (o; ® 8;) = Spec S(a,) x4 Spec T(g,) = Dy (i) x Dy(8;). Thus
Proj SxaT =X x4Y.

The sheaf O(1) on Proj (S x4 T') is isomorphic to the sheaf pi(Ox (1)) ®
p5(Oy (1)) on X x Y follows immediately from previous result that Proj
SxaT =X x4Y, Prop 5.12(c), and the universal property of the Carte-
sian product.
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12.

13.

14.

(a) Let X be ascheme over a scheme Y, and let .Z, .# be two very ample
invertible sheaves on X. Letting i; be the closed immersion induced
by .Z, and is be the closed immersion induced by .#. We have the
following diagram:

Pr
TR
i1,2

X ______ > HZDT X ]P>S [ Prs+r+s
l x /
Y P

Then O(1) on P +¢ from the Segre embedding of P" x P* is iso-
morphic to O(1) of P x P5. By the previous example, this is iso-
morphic to p;(Opr(1)) ® p5(Ops(1)). Then since Z = if(Opr(1))
and A = i5(Op: (1)), £ © M = 17 5(pi(Opr (1)) @ p3(Op:(1))) =
i1 (Oprxps(1)). Thus £ @ A is very ample.

(b) To show that £ and f*.# are very ample relative to Z, we need to
exhibit a morphism from X — PJ. We have the following diagram:

X—=P, =Ppxy -2 P

Lf |

Y ——=Py =Py x Z <P x Py x Z —> P>t x 7 = P

lg

Z

Thus we get a map into Pg x Z and by tensoring the pullbacks of
O(1) with respect to the correct maps as above, we see that £ ® f*.#
is very ample relative to Z.

Let S be a graded ring, generated by S; as an Sy-algebra. Let d > 0
and let S@ .= @nzo Sfld), where ST(Ld) = Spq. Let X = Proj S. Since S
is generated by S; over Sy, S(4 is generated by Sgd) = 5S4 over Sy. So
the sets D (f), with f € Sg cover both Proj S and Proj S¥. Via the

S

M M S ~Y d ~ d
identity map 77— 7w, We get S = S((f;. Thus Spec S(y) = Spec S((fg.

Glue these isomorphisms together to get that Proj S = Proj S9. Use
these same maps to find that S(d)s) = S(d)(l)(f) for f € S,. So O(1)
and Ox (d) correspond under these isomorphisms.

Let k be algebraically closed. Let X be a connected normal closed sub-
scheme of P;..
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(a) Let S be the homogeneous coordinate ring of X and let S = @, -, I'(X, Ox(n)).

To show S is a domain, it suffices to show that [x is prime, which is
equivalent to showing that X is irreducible. Note that X is reduced.
Else then some local ring O, x contains nilpotents and then O, x
is not integrally closed since it is not an integral domain. If X were
reducible, then some point z would be contained in two irreducible
components, so the local ring at the point would have zero divisors.
So since X is normal, X is irreducible and S is a domain.
Consider the sheaf £ = @, ., Ox(n). Then £, = @, ~,5(n)4) =
{% € Sy | deg s > deg f}. Any element integral over .%; is of course
integral over Sy, and thus is in S, since X is normal. However,
nothing with total negative degree can be integral over %, so %,
is integrally closed. Thus I'(X,.Z) = P,,5,'(X,0x(n)) = 5" is
integrally closed. S’ is contained in the integral closure of S by pg
122-123, so S’ is the integral closure of S.

(b) This follows exactly from ex 5.9(b) since S = Ox.

(c) Choose d > 0 such that by part ¢), Spq = S),; for all n > 0. Then
if s € K(S@) is integral over S it lies in S'(9 = §(4_ Thus the
d-uple embedding of X is projectively normal.

(d) If X is projectively normal, then S is integrally closed so S = .
Thus S, = I'(X,0x(n)) for all n. Let T = Alzg,...,z,]. Then
T — S is surjective and T}, = I'(P"y, Opr, (n)) by part (a) or 5.13. So
L(P?, Opr, (n)) - I'(X,O0x(n)) is surjective. Conversely, the map is
surjective implies S = S” when S is normal by part (a).

15. Let X be a noetherian scheme, U an open subset, and .% be a coherent
sheaf on U.

(a) Let X = Spec A be a noetherian affine scheme. Let .# be a quasi-
coherent sheaf on X. Then .Z = M for some A-module M. Then
M = |JM,, where each M, is a finite submodule of M. Then
applying ~ to both sides, we see that .% is the union of its coherent
subsheaves.

(b) Let X = Spec A be a noetherian affine scheme, U an open subset, and
F coherent on U. Let .# = M. Let - U — X be the inclusion. U
is noetherian so i,.# is quasi-coherent on X by Prop 5.8(c). By part
(a), we can write i..# = |J%,, where each ¥, is a coherent subsheaf,
say isomorphic to ﬁa Since X is noetherian, every directed set of
submodules has a maximal element, which is the union of all the
N,. Thus the maximal sheaf is |J N, := .#’, which is coherent by
construction. Then F7|y & i*F' = i*i,.F = F. There exists a
coherent sheaf .#’ on X such that Z'|y = Z.

(c) Let ¢4 be a quasi-coherent sheaf on X such that % C ¢|y. Con-
sider p~1(i..%) C 9. p~1(i.%) is the pullback of a quasi-coherent
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(e)

sheaf under a map of quasi-coherent sheaves so is thus quasi-coherent.
Since p~1(i..F )|y = .F, we can apply the same argument as in part
(b).

Cover X with finitely many open affine sets Uy,...,U,. FExtend
F|uynu to a coherent sheaf .7’ C ¢|y, and glue .# and .F' to-
gether via Uy NU to get a coherent sheaf .% on U N U;. Now repeat
with Us, ..., U, to get the desired result.

Let s € .Z(U) and ¢ be the sheaf on U generated by s. ¢ is coherent

since on any affine open set in U, ¥4|y = M with M generated by the
image of s. So ¢4 extends to a coherent sheaf G’ on X and s € 4/(U).

16. Let (X, Ox) be a ringed space and let .% be a sheaf of Ox-modules.

(a)

Let .Z locally free of rank n. Then it is clear from the construction
of T"(F),S"(F), and \"(Z) they each is again locally free. The
rank of 7"(F) = 0% @ ... ® O% = OF"" is nr. The rank of S"(F)
is equal to the number of homogeneous polynomial of degree r in n
variables, which is (”:ﬁ;l) Lastly, the rank of A\"(%) is equal to
the number of tuples (i1,...,4,), with 1 <i; <...<i. <n= (”)

T
Let .# be locally free of rank n. Let the basis elements be x1,.. ., x,.
Then A\".# = Ox. The multiplication map \".Z @ A" F —
/\" Fisgiven by fr,A. .. p_r@gTiA. . AT — fgriA.. ATy Every
global section f of A" " .Z defines a morphism \" % — \" .Z =2 Ox
defined by g — fAg. Conversely, given a morphism A" % — \" .7 =
Ox, it induces a morphism of global sections ¢ : T'(X,\" #) —
I(X,\"Z) = I'(X,0x). Thus we can define a global section of
N7 F by S (—=DFp(ziy, Ao Axi )i A... Aej, ., where the j
are the elements that do not appear as #; for some [. These operations
are inverses and we get the isomorphism A" .Z = (A" Z)*@\" Z.

[SAM] Let U C X be an open set on which & |y, #'|y, F"|u are free.
It is enough to find a basis independent filtration on U and then glue
them together. First, we can pick any splitting 7|y = F'|p & F"|uy.
Then from this we see that

T

S"(Zlv) = PSUF lv) @ 8" (F"|v)).

=0

Set F"*! = 0 and assume by induction that we have chosen F7, Fi+1 .
such that F*/F™ = §Y(F'|y) ® 8" (F"|y). Consider the image of

STHF ) @ ST |v) — S (F|v)/F?
Its preimage under the projection S”(Z|y) — S™(ZF|vy)/F? is inde-

pendent of the chosen splitting. To see this, suppose that x1,..., 2, is
a basis of #'|y and that y1,...,y, is a basis for #”|y. Then picking

()
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another basis y1 + ¢1,. ..,y + ¢q, Where c1,...,¢, € F'|y, we have
z; ® (y; + ¢j) — x;y; + xicj, which is equal to z;y; in S™(F|y)/F?
because z;c; € S™(F'|y) = F" C FJ. So choose F7=! to be this
preimage. When we are done, the filtration is independent of the
chosen splitting.

(d) [SAM] The filtration is obtained in exactly the same way as in part
(c). The isomorphism is obtained by setting » = n and noting that

n—p

FP/prtl o /p\(y') 2 \(F")

is zero unless p = n’ and n —p = n”, and hence F" = F" = N'(ZF).
(e) [SAM] We proceed by induction on n, the case n = 0 being clear.

For n > 0,
T"(f*(F)) = [*(F)®ox T" ([*(F))
= (f1(F) @10, Ox) ®oy f*(T"H(F))
= fTUF) @10y [H(THF))
= [TUF) @p10, (FTH(FE ) @f10, Ox)
= f*(1T"(7)),

where the last isomorphism follows because f~! is defined as a col-
imit, which commutes with left adjoints (in this case ®).

Let .# be the degree n part of the sheaf ideal such that T(%#)/.% =
S(&). Since f* is a left adjoint, it is right exact, so

[7I = f1(1(F)) = [H(5"(F)) =0
is exact. In fact, for sections z,y of .#, one has f*(z®y) = f*2® f*y
since tensor commutes with f*, so we can write an exact sequence

0— f*I =T(f(F)) = S"(f(F)) =0

We have already shown that T (f*(%)) = f*(T™(%)), so we deduce
that S™(f*(#)) = f*(S™(#)). Showing that A commutes with f*
proceeds in the same way.

17. A morphism f : X — Y of schemes is affine if there is an open affine cover
{V;} such that f=1(V;) is affine for each i.

(a) By definition, there exists an affine open cover {Vy|A € A} such
that all f=1(V)) are affine. The intersection V' N V) has an open
cover of principal open sets D(f;;). Then the restriction f|s-1(v;) :
f~1V; — V; is induced by ¢; : A; — B;, where A; = I'(V;, Oy) and
B; = T(f~%(Vi),Ox). Therefore f~1(D(fi;)) = D(¢(fi;)) and we
have an affine open cover of f~(V;). Thus f|s-1v;y : [ (Vi) = V
is an affine morphism.
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What remains to be shown is that f~1(V;) is actually affine. This
follows from the next lemma:

Lemma: If f: X — Y is an affine morphism, and Y is affine, then
so is X. For any a € I'(Y,0Oy), with D(a) C V;, f~1(D(a)) =
F71(Vi)xv,D(«) is also affine. Hence, let ® := {a € ['(Y,Oy) | D(a) C
V; for some i}. Since Y is quasi-compact, there exists «;,...,a, € @
such that Y = (J_, D(a;) and the f~'(D(w;)) are affine. We set
Y; = D(o;) and X; = f~1(D(c;)). We have the commutative dia-

gram:

X; XLSpec I'X,0x)

-

N

Yi c Y
Thus X; = V1(g (V) a X; — g YY;). Then
by 5.8(c), f«(Ox) = I'(X,0x)™~ as a I'(X, Ox)~-module. Hence
P(X;,0x,) = T(Y;, f.(Ox)) = T(¥;, [(X,0x)%) = T'(X,0x)a..

) =
Letting Z = Spec F( ,Ox), we have that T(g~(Y;), Og-1(v;)) =
[(Y;,9.(02)) 2T(X, OX) . Hence U, is an 1somorph15m for each
¢ and this ¥ is an 1somorphlsm So X is affine.

If f: X — Y is an affine morphism, take an open cover V; of Y.
By part a), each f~! is affine and thus quasi-compact. So there is a
cover of Y with quasi-compact images and thus f is quasi-compact.
To show f is separated, it is enough to show that each restriction
f~Y(V;) — V; is separated. But since this is an affine morphism, this
result follows by Prop 4.1.

Any finite morphism is affine by definition. (finite iff proper and
affine)

[SAM] We wish to glue together the schemes Spec o7 (U) as U ranges
over all open affines of Y. Let U = Spec A and V = Spec B be
two open affines. If U NV = (), there is nothing to do. Otherwise,
cover U NV with open sets that are distinguished in both U and
V. Let W = Spec C be a distinguished open in U N'V. Also, let
A= U),B =&/ (V)and C' = &/ (W). Since & is an Oy-module,

ﬂ(U) PUW (W

]

Oy(U) HOY W

is an Oy (U)-module homomorphism where pyw is the restriction
map given by /. As C is a localization of both A and B, we also
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have that C’ is a localization of both A’ and B’ since & is quasi-
coherent, and hence we can identify A’ and B’ along C’. There are
maps A — A’ and B — B’ given by the Oy-algebra structure of
&/, and they induce morphisms g : Spec &/ (U) — U and h : Spec
F(V)—V.

In fact, the isomorphisms given by the distinguished covering of UNV
patch together to give an isomorphism ¢~ *(UNV) — h=H U N V).
Since these isomorphisms come from restriction maps of a sheaf, it
is clear that they agree on triple overlaps, so this gives a gluing.
Call this scheme X. The maps o/ (U) — U for all open affines are
compatible on overlaps, so glue these together to give a morphism
f: X — Y. For an inclusion U C V of open affine of Y, the mor-
phism f~1(U) — f~1(V) is given by the restriction homomorphism
&/ (V) — o/ (U) by construction above.

If there is an X’ and f' : X’ — Y with the same properties of X, then
we can define a morphism X — X’ by gluing together morphisms on
open affine Spec &7 (U), where U is an open affine of Y. Then this
morphism will be an isomorphism, so we see that X is unique.

[SAM] By construction, for every open affine U C Y, f~1(U) =
Spec «7(U), so f is affine. Also, for every open set U C Y, we have
f:0x(U) = Ox(f~1(U)) = &/(U). The isomorphism is clear is U
is affine, or if U is contained in some open affine. In the general
case, cover Y with open affines U;, and for each U N U;, we have
Ox(f~Y(UNU;)) = &/ (UNU;), which follows from the construction.
Since these isomorphisms are canonical, they patch together to give
the isomorphism for U.

Conversely, suppose that f : X — Y is an affine morphism and set
o = f.(Ox). For every open set U C Y, &(U) = Ox(f~1(U)),
so there is a morphism Oy (U) — Ox(f~(U)), which gives o7 (U)
the structure of an Oy (U)-module. For an inclusion V' C U, it is
clear that the restriction map Ox(f~1(U)) — Ox(f~*(V)) is an
Ox (U)-module homomorphism. So & is an Oy-module.

In particular, for every open affine U = Spec A C Y, f~1(U) = Spec
B is affine by (a). Considering B as an A-module, /|y = B, so &
is a quasi-coherent sheaf of Oy-algebras. Now if V' C U is an open
affine, the morphism on spectra f~1(V) — f~(U) is induced by the
map of rings & (U) = Ox(f~1(U)) — Ox(f~1(V)) = &(V). From
the uniqueness of Spec & in (c), we conclude X = Spec .

[SAM] Let .# be a quasi-coherent o/-module. We glue together the
Ox(f~1(U))-modules (.#(U))~ as U ranges over all open affines of
Y. Given two open affines U and V of Y, we can cover their inter-
section with open sets that are distinguished in both. The sections
of these distinguished open sets are given by localizing modules, and
since they are the same in both .Z(U) and .#(V), there is an iso-
morphism on their intersection. These isomorphisms are compatible
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with triple overlaps because they are given by localization. So we
can glue these sheaves (Ex. 1.22) to get an O x-module which we call
M

We claim that ~ and f, give an equivalence of categories between
the category of quasi-coherent O x-modules and the category of quasi-
coherent &/-modules. Let % be a quasi-coherent Ox-module. Then
(f«Z)"~ is naturally isomorphism to .% because they are isomorphic
on open affines and using Corollary 5.5. Similarly, if .# is a quasi-
coherent o/-module, then f,M is naturally isomorphic to .Z .

18. Vector Bundles. The fact that there is a one-to-one correspondence be-
tween linear classes of divisors, isomorphism classes of locally free sheaves
of rank n, and isomorphism classes of rank n vector bundles is well docu-
mented. See Shaf IT p 64 for the correspondence, among others. So when
your analyst friends start asking you questions about vector bundles, you
stop them immediately and say, “Hey man, I study algebra. Can you call
them locally free sheaves?” Really stress this point. It tends to get the
analysts really frustrated.
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2.6 Divisors

1. Let X be a SINR scheme. (Thats my notation for a scheme satisfying (*),
where SINR is separated, integral, noetherian, regular in codimension 1).
Then X x P™ is integral, noetherian and regular in codimension 1 by Prop
11.6.6 and its proof, since these properties correspond to the properties of
the dense open sets isomorphic to X x A"™. To show separatedness, We
have the following diagram

b

x P™

I,
N

N

Spec

Then ps is a base extension of X — Spec Z, which is separated, and P —
Spec Z is projective, therefore separated. Then the composition X x P™
is separated as well by Cor 11.4.6

[BLOG] After Proposition I1.6.5 we have an exact sequence

Z5 (X xPYLClX -0

The first map sends n — nZ, where Z is the closed subscheme p; o c
X x P!, and the second is the composition of C1 (X xP!) — CI (X x Al) =
Cl X. Consider the map Cl X — Cl (X x P!) that sends Y. n;Z; to
S nipy ' Z;. The composition Cl (X) — Cl (X x P') — Cl (X x Al) =
Cl (X) sends a prime divisor Z to p;*Z, then (X x A') Np;Z, and then
back to Z since (X x A')Np;*Z is the preimage of Z under the projection
X x A' — X. Hence the morphism in the exact sequence above is split.

We now show that the morphism Z — Cl (X x P!) is split as well, by
defining a morphism Cl (X x P!) — Z, which splits 7. Let k : Cl1 (X) —
Cl (X x P!) denote the morphism we used to split j. Then we send a
divisor £ to € — kj&. This is in the kernel of j (since jk = id) and therefore
in the image of 7. So it remains only to see that ¢ is injective.

Suppose nZ ~ 0 for some integer n. Taking the “other” X x Al we have
Z as py *(0). In the open subset X x A! we have Z as X embedding at the
origin. So the local ring of Z in the function field K(t), where K is the
function field of X) is K[t]«). Since nZ ~ 0 there is a function f € K(t)
such that vz(f) = n and vy (f) = 0 for every other prime divisor Y. So

f is of the form t”%, where g € K|[t] and t 1 g(t), h(t). If the degree

of g and h is 0, then changing coordinates back ¢ — t~!, we see that
vy (f) = —n, where Y is another copy of X embedded at the origin or
infinity, depending on which coordinates we are using; the one opposite to
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Z at any rate. If one of g or h has degree higher than zero then, it will
have an irreducible factor in K [t], which will correspond to a prime divisor
of the form pglx for some x € P!, and the value of f will not be zero at
this prime divisor. Hence there is no rational function with (f) =nZ and
so i is injective. Hence Cl (X x P') = Cl (X) x Z.

. Let k be a field of characteristic # 2. Let f € k[x1,...,x,] be a square-
free nonconstant polynomial. Let A = k[x1,..., ., 2]/(2? — f). Following
the hint, in the quotient field K of A, gjzh Z:EZ = ggjj],; since 22 = f
in A, so every element can be written in the form ¢’ + zh/, where ¢’ and
h' are in the k(xy,...,2,). Hence K = k(x1,...,2,)[2]/(2% — f). This is
a degree 2 extension, and thus Galois with automorphism z — —z. Let
a =g+ hz € K, where g,h € k(x1,...,2,). The minimal polynomial
of avis X? — 29X + (g? — h®f). Then « is integral over k[z1,...,x,] iff
29,9% — h2f € k[xy,...,x,] iff 29, W2 f € klxy, ..., 2]

Assume « is integral over k[z1,...,2,] Then g € k[zy,...,x,] and thus

h?f € klxy,...,2,). If h had a nontrivial denominator, then h%f ¢
k[x1,...,z,] since f is square-free. Thus h € k[x1,...,2,] so a € A.

Conversely, if & € A, then 2g,h%f € k[r1,...,2,] so « is integral over
klx1,...,2,]. Thus A is the integral closure of k[z1,...,x,] and is thus
integrally closed.

. Let char k # 2 and let X be the affine quadric hypersurface Spec k[zo, . . ., 7,,] /(23 +
2 2
i+ ...+ xl)

(a) Let r > 2. This follows from the previous example with f = —(23 +
...+ 22), which is square-free. Since the localization of an integrally
closed ring is again integrally closed, X is normal.

(b) [BLOG] Assume that —1 has a root ¢ in k. Consider the change of
coordinates

xo,_)?J(H-yl IlHyo—yl
2 2i

Then 23 + 23 = yoy:.

Let A = Spec k[zo, ..., z,)/(zoz1 + 23 + ... + 22). Now we imitate

Example 11.6.5.2. We take the closed subscheme A"t! with ideal

(1,23 + ... + 22). This is a subscheme of X and is fact V(x1)

considering z; € A. We have an exact sequence

Z—-Cl(X)—Cl(X-2)—-0
Now since V(z1) N X = X — Z, the coordinate ring of X — Z is

k[xo,xl,xl_l,arg,...,xn]/(xoxl + 2 —|—x3)
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As in Example I1.6.5.2, since 29 = —z7 (25 + ... + 22) in this ring
we can eliminate zy and since every element of the ideal (zgx; +
23+ ...+ 22) has an o term, we have an isomorphism between the
coordinate ring of X — Z and k[z1, 27", @2, ..., x,]. This is a unique
factorization domain so by Proposition I11.6.2 Cl (X — Z) = 0. So we
have a surjection Z — Cl (X) which sends n to n - Z.

r=2:

In this case the same reasoning as in Ex I1.6.5.2 works. Let p C A be
the prime associated to the generic point of Z. Then m, is generated
by x5 and 1 = xo_lx% s0 vz(x1) = 2. Since Z is cut out by x1, there
can be no other prime divisors Y with vy (1) # 0. It remains to see
that Z is not a principal divisor. If it were then Cl (X) would be
zero and by Prop I11.6.2, this would imply that A is a UFD (since A
is normal by part a), which would imply that every height one prime
ideal is principle. Consider the prime idea (x1,z2) of A which defines
Z. Let m = (xg,21,...,7,). We have m/m? is a vector space of
dimension n over k with a basis {Z;}. The ideal m contains p and its
image in m/m? is a subspace of dimension at least 2. Hence p cannot
be principle.

r=3

We use Example 11.6.6.1 and Exercise 11.6.3(b). Using a similar
change of coordinates as the beginning of this exercise, we see that X
is the affine cone of the projective quadric of Example I1.6.6.1. Thus,
by Exercise 11.6.3(b), we have an exact sequence 0 - Z — ZP7Z —
Cl (X) — 0. We already know that Cl (X) is Z, Z/nZ, or 0. Tensor-
ing with Q gives an exact sequence Q — Q> — Cl (X)®Q — 0 of Q
vector spaces. Hence Cl (X) = Z as the other two cases contradict
the exactness of the sequence of Q-vector spaces.

r>4

In this case we claim that Z is principle. Consider the ideal (z1) in A.
Its corresponding closed subset is Z and so if we can show that (z1) is
prime, then Z will be the principle divisor associated to the rational
function x1. Showing that (z1) is prime is the same as showing that

A/(z1) is integral, which is the same as showing that %
sy Ty Th
is integral since (z1,zory + 25 + ... + 22) = (v1,23 + ... + 22).

. . k[To,T2,...,Tx]
This is the same as showing that N

variable 1 is missing from the top) which is the same as showing that
f = x3+... 22 is irreducible. Suppose f is a product of more than one
nonconstant polynomial. Since it has degree two, it is the product
of at most two linear polynomials, say agzg + asxs + ...+ apx, and
boxg + boxs + ...byx,. Expanding the product of these two linear

polynomials and comparing the coefficients with f we find that (I)

is integral, (where the
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(d)

6. Let X be the nonsingular plane cubic curve y?z = 2

(a)

a;b; = 1 for 2 < ¢ < r, and (II) a;b; + a;b; = 0 for 2 < 4,5 < r
and i # j. WOLOG we can assume that a; = 1. The relation (I)
implies that b = 1, and in general, a; = bi_1 for 2 <4 < r. Putting
this in the second relation gives (IIT) af 4+ a5 = 0 for 2 <i#j <r
and this together with the assumption that ay = 1 implies that (IV)

a? = —1foreach 2 < j < r. But if r > 4 then we have from (III) that

a3+ a% = 0 which contradicts (IV). Hence 23 +. ..+ 22 is irreducible,

klzo,x2,...,xn]
@it..a?)

hence Z is the principle divisor corresponding to 1. So Cl (X) =0

S0 is integral, so A/(x1) is integral, so (z1) is prime and

For each of these we use the exact sequence of Ex I1.6.3(b)

r=2

We have the exact sequence 0 — Z — Cl (Q) — Z/2 — 0 where
the first morphism sends 1 to the class of H - @ a hyperplane section.
Tensoring with Q we get an exact sequence Q ENG)! (Q)eQ—-0—0
and so since Cl (Q) is an abelian group we see that it is Z ® T
where T is some torsion group. Tensoring with Z/p for a prime
p we get either Z/2 % C1(Q) ® (Z/2) — Z/2 — 0 if p = 2 or
Z/p 2> Cl(Q)® (Z/p) — 0 — 0if p # 2. Hence T = 0, and
so Cl (Q) = Z and the class of a hyperplane section is twice the
generator.

r=3

This is example 11.6.6.1

r>4

We have an exact sequence 0 — Z — Cl(Q) — 0 — 0, hence
Cl (Q) = Z and it is generated by @Q - H.

3 _x22.
Let P,Q, R be collinear points on X. Let the line they lie on be .
By Bezout’s Theorem, P, @ and R are the only points on /NX. Then
P+Q+R ~ 3P, as divisors and thus (P—Py)+(Q—Fy)+(R—P) ~ 0.
Thus P + @ + R = 0 in the group law.

Conversely, let P+ @Q 4+ R = 0 in the group law on X. Let [ be a
line through P and @. Again, by Bezout’s Theorem, this line must
intersect X in another point 7. This is equivalent to P+Q+T1 ~ 3F,.
Then by the uniqueness of inverses in the group law, R =T and P, Q,
and R are collinear.

Let P € X have order 2 in the group law. Then P+ P+ Fy = 0. By
part a), 2P and Py are collinear counting multiplicity. So this line
passes through P with multiplicity 2, which is in fact the tangent
line. Thus Tp(X) passes through Py.

Conversely, let the tangent line P pass through F,. By exercise
1.7.3, the intersection multiplicity with X is > 2. Then by Bezout’s
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Theorem, Tp(X) intersects X in 3 points counting multiplicity, of
which at least 2 are P. Since Py # P, the three points are P, P and
Py. Then P+ P + Py =0 and since Py = 0, we get that 2P = 0 and
P has order 2.

If P is an inflection point, the line T»(X) passes through X at P with
multiplicity > 3. By Bezout’s Theorem, this multiplicity is exactly
3. So in the group law, P + P + P = 0. So we see that P has order
3.

Conversely, let P have order 3. Then P+ P+ P = 0 and by part a),
the three points are collinear. So there is an line [ such that [ N X
in the point P with intersection multiplicity 3. This [ is then Tp(X)
and P is therefore an infection point.

The rational points on any elliptic curve form a finitely-generated
abelian subgroup by the famous Mordell-Weil Theorem. The 4 obvi-
ous rational points on X are (0, 1,0),(1,0,1),(-1,0,1), and (0,0, 1).
Each non-identity point has order 2 and this group is Zs X Zs. By
some simple, but tedious calculations on A2, (see [SAM]) we can show
that these are the only rational points.

7. See Joseph H. Silverman, “The Arithmetic of Elliptic Curves” Prop 2.5
on page 61.

8.

(a)

Let f : X — Y be a morphism of schemes. Lets show that & — f*.&
induces a homomorphism of Picard groups f* : Pic Y — Pic X. By
Prop 11.5.2(e), we see that f* takes locally free sheaves of rank n to
locally free sheaves of rank n. Restricting locally to X = Spec A and
Y = Spec B, we consider £ and .# in Pic Y, where .2 = M and
M = N. Then we have

(M ®o, N)
(M ®p N)

(M ®p N®pg A~

(M ®p A) @4 (N @5 A))”
M®BA®OXN®BA
F*(M) @0, f*(N)
(L) f(A)

Thus f* is a homomorphism. (Also, f*(Oy) = 'Oy ®;-10, Ox =
Ox)

It is enough to show equivalence for the images of points. Let @ €
Cl X and let ¢t be a local parameter at (). Let Ug be a neighbor-
hood of @ in which ¢ = 0 only at . Then {Ug,t),(X — Q,1)} is
a Cartier divisor corresponding to (). The associated sheaf .Z(Q)
satisfies Z(Q)(Ug) = 10y (Ug) and Z(Q)(X — Q) = Oy(X —
Q). F2(Q) = [ 1L(Q) ®s-10, Ox satisties f*L(Q)]j-1 () =

ff(ZeM)

I

1R 1R

i1 1R
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[ (30x|p-1(vy) and f* X( )x—0 = Ox|x—¢q- The associated Cartier
divisor of f*2(Q) is {(f~*(Ug), f*(t)), (f "H(X—Q), 1)} and the cor-
responding Weil divisor is ) | p y vp(t) P, which is exactly the image
of @ under the map Cl (Y) — Cl (X). Note that f*¢t =t since f* is
an inclusion of function fields.

(c) We just need to show that image of the hyperplane divisor is the
same. Assume that X is not contained in the hyperplane zy = 0
whose Cartier Divisor is H = {D4 (), $2)}. The associated sheaf
Z(H) satisfies Z(H)|p, (z;) = $:Opn|p,(2;)- The pullback sheaf
[F¥(H) = fL2(H) ®f=10p Ox satisfies f*(.i”(H))|f71D+(zi) =
lg OX, with associated Cartier Divisor {(f ' D4 (z;), 22)} = {(D4 ()N

)} The corresponding Weil Divisor is obtalned by taking the
Valuatlons of the zo considered as functions on X at codimension 1
subvarieties. The result is the same Weil divisor as in example 2(a).

9.

10. Let X be a noetherian scheme. Define K(X) to be the quotient of the
free abelian group generated by all the coherent sheaves on X, by the
subgroup generated by all the expression .# — %' — %", whenever there
is an exact sequence 0 — %' — .% — #" — 0 of coherence sheaves on
X. If Z is a coherent sheaf, we denote by (%) its image in K(X).

(a) Let X = A} and let .Z be a coherent sheaf on X. If & =~ ¢ for
some coherent sheaf ¢, then there is an exact sequence 0 — 0 —
F =Y — 0,50 9(F) 2y(¥) in K(X) and we only need to consider
coherent sheaves up to isomorphism. Since X = Spec klt] is affine,
we only need to consider .# = M , where M is a finite k[z] module,
which are of the form k[t]™ @ k™. The image of k[t]™ @ k™ in K(X)
is equal to mk[t] + nk, the sum of the components. Also, from the

short exact sequence 0 — k[t] - k[t] — k — 0, we see that y(k) =0
in K(X). in any short exact sequence, the alternating sum of the
ranks is 0, we can never get the equality v(k[t]) = 0 if m # 0. Thus
K(X) = Z, generated by ~(k[t]).

(b) Let X be any integral scheme, .% a coherent sheaf. Define the rank
of Z to be dimg F¢, where £ is the generic point of X and K = O¢ is
the function field of X. If we have a short exact sequence 0 — F#' —
F — F"” — 0, then the sequence 0 — fg’ — Fe — ﬁg” — 0 is
exact. Each term is a finite dimensional vector space, so dimg %#¢ =
dimgﬁé—i— dimg % f’ ’. Thus the rank homomorphism is well defined.
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If U = Spec A is an affine neighborhood of £, then an extension of A
to X (ex 5.15) will have rank 1. Thus the rank map is surjective.

(¢) [BLOG] Surjectivity on the right: Every coherent sheaf % on X —Y
can be extended to a coherent sheaf %’ on X such that F|x_y =%
by ex 5.15, so the morphism on the right is surjective.

Exactness in the middle: Suppose that % is a coherent sheaf on X
with support in Y. We will show (below) that there is a finite filtra-
tion & = %y 2 F D ... D F, = 0 such that each %;/F; 11 is the
extension by zero of a coherent sheaf on Y. Assuming we have such
a finite filtration, we have v(.%;) = Y(Zit+1) + v(Zi/ Fit1) in K(X)
and so y(.F) = Z?;()l v(Zi/Fiy1). Hence, the class represented by
Z is in the image of K(Y) — K(X). Now if > n;vy(.%;) is in the
kernel of K(X) — K(X —Y), the

Proof of claim Let i : Y — X be the closed embedding of Y into X
and consider the two functors i, : Coh(X) — Coh(Y) (ex I1.5.5) and
i* : Coh(Y) — Coh(X). These functors are adjoint (pg 110) and so
we have a natural morphism 7 : .# — i,i*.% for any coherent sheaf
# on X. Let Spec A be an open affine subschemes of X on which
% has the form M. Closed subschemes of affine schemes correspond
to ideals bijectively and so Spec ANY = Spec A/I for some ideal
I C A and the morphism 7 : % — i,i*.% restricted to Spec A has the
form M — M/IM. Thus we see that n is surjective. Let %y = %
and define .%; inductively as .#; = ker(.#;_1 — ,0*.%;). It follows
from our definition that each .%;/.%;,1 is the extension by zero of
a coherent sheaf on Y so we just need to show that the filtration
F D %, D ... Is finite.

On our open affine we have .Z;|spec aI?M. Now the support of
M contained in the closed subscheme Spec A/I = V(I) so by Ex
I1.5.6(b) we have vAnn M D VI D I. Since A is noetherian, every
ideal is finitely generated. In particular, I is finitely generated. So
there exists some N such that Ann M D IV (see the proof of Exercise
I1.5.6(d) for details). Hence 0 = I'VM and so the filtration is finite
when restricted to an open affine. Since X is noetherian, there is a
cover by finitely many affine opens {U;} and so if n; is the point at
which Zi|y, = 0, then Fax(n,3 = 0. So the filtration is finite.

11. The Grothendieck Group of a Nonsingular Curve.
See [BLOG].

12. Let X be a complete nonsingular curve. [SAM]

(a) Let D be a divisor. Consider K(X) — Pic X — Z, where the first
map is projection via the isomorphism K(X) = Pic X @ Z from
the previous problem. For the second map, we write an invertible
sheaf as a Weil divisor Y n;P; and map it to Y n;. Let deg be the
composition K(X) — Z where deg F = deg v(F). It is immediately
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clear from the definition of K (X) that condition (3) is satisfied. From
the definition of degree of a divisor, it is also clear that condition (1)
is satisfied.

If F is a torsion sheaf, then v(.%) = v(Op) for some effective divisor
D = > n;P,. The stalk of Op at P; is k™, whose length as a k-
module is n;. We claim that this is also the length of k™ as an
Op,-module. Since k is algebraically closed, we have an embedding
k — Op, and the residue field of Op, is k. So a filtration of £ as an
Op,-module can be extended to a k-filtration. On the other hand, a
maximal k-filtration of k™ has simple quotients, and we claim that
such a filtration remains simple over Op, . To see this, let M = < a >
be a simple nonzero module. Then it is isomorphic to Op,= Ann a.
Since Op, is local, Ann a C mp , which means that mp/ Ann a must
be 0 since it is a submodule of M. Hence, M = mp/ Ann a = k,
which gives the claim. Thus, deg(.#) = > n; = > pcy len(Fp), so
this function also satisfies condition (2).

Finally, the degree function must be unique. To see why, we can
check by induction on the rank of a sheaf. If a sheaf has rank 0, then
it is a torsion sheaf, and condition (2) forces uniqueness of degree.
For invertible sheaves of rank 1, condition (1) forces uniqueness. For
all other sheaves, we can find an exact sequence as in (Ex. 6.11(c))
and then condition (3) forces uniqueness by induction.
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2.7

1.

4.

Projective Morphisms

Let (X, Ox) be a locally ringed space, and let f : £ — .# be a surjective
map of invertible sheaves on X. Then to show that f is an isomorphism, it
is enough to show that at stalks, f,:.Z, — 4, is an isomorphism, which is
equivalent to showing the surjective map of A-modules f: A, — A, is an
isomorphism, where X = Spec A and p is the prime ideal corresponding
to x € X. Since f is a module homomorphism, scalars pop-out and
fla)=f(1-a)=a- f(1), so f is completely determined by where 1 gets
mapped to. Since f is surjective, there is some element b that gets mapped
to 1, so f is just multiplication by b, which is a unit since b- f(1) = 1, and
thus f is invertible and thus an isomorphism.

Let X be a scheme over a field k. Let £ be an invertible sheave on X
and let {sg,...,sn} and {to,...,t,} be two sets of sections of ., which
generate the same subspace V' C I'( X, %) and which generate the sheaf
£ at every point. Suppose n < m. Let ¢ : X — P} and ¢ : X — P} be
the corresponding morphisms. Consider the map 7 : P* — P}, which is
given by O(1) with sections g, 21, ..., Z,. Letting L = Z(xg, z1,...,Z),
we get that m : P*\L — P} is a morphism. All sections pullback to each
other in the commutative diagram, so they define the same map and thus
differ by the linear projection. Lastly, the automorphism of P comes from
changing the basis {sg,...,sn} to {to,...,tn}.

Let ¢ : P} — P* be a morphism. Then if ¢ is induced by the structure
sheaf Opr and global section ao, ..., am € k = I'(Py, Opy), then ¢(P}) is
the point (ag, ..., am) € Pp*. If ¢ is induced by O(r) for some r > 0, then
 is defined by m 4 1 homogeneous degree r polynomials with no common
zeros in Py, Thus there are at least m + 1 of them so m > n. ¢ is finite
by Thm 8, p 65 in Shaf I, so dim ¢(P") = n.

By first using the r-uple embedding and then project using the homoge-
neous polynomials xg,...,x,,, we obtain . Lastly, apply an automor-
phism of P} corresponding to changing the basis of the linear space in
L(PE, O(r)) used in part (a).

(a) Let X be a scheme of finite type over a noetherian ring A and let &
be an ample invertible sheaf. Then by Thm 7.6, £" is very ample for
some n > 0. Thus we have an immersion X — P¥, which is separated
since both open and closed immersions are separated. P&} — Spec A
is separated so the composition X — Pg —Spec A is separated.

(b) Let X be the affine line over a field k with the origin doubled. In-
vertible sheaves on X are given by pairs of invertible sheaves on A'
whose restrictions to A'\0 are equal. Any pair (.Z,.%") is isomor-
phic to (Oy1,Oy1), since Pic Al = 0, So (£, %) = (A, %) ®
(LN LY = (Op, &) with Z|uig = Opiyo. So Z is the sheaf
corresponding to a divisor n -0 for some integer n. It follows that Pic
X = Z, with every invertible sheaf isomorphic to (O41,.Z(n - 0)) for
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a unique n. Global sections of (Ox1,.Z(n - 0)) are pairs (f,g) with
f €AY, Op),g € DAY, Z(n-0)) and fla1\o = glano. It follows
that f = g so I'(X, (Op1, Z(n-0)) = T(AL,041) NT(AL, Z(n - 0)),
which is k[t] if n > 0 and (¢7™) C k[t] if n < 0. If n < 0, then clearly
no local ring of a point in A'\0 is generated by the images of global
section. If n > 0, then the local ring at the second origin is tink[t](t),
which is not generated by images of a global sections. And if n = 0,
then clearly images of global sections generate each local ring. Let
Zn = (01, Z(n-0)). Then %, ® % = Lutm S0 no power of %,
is generated by global sections if n # 0. And % ® £ = % is not
generated by global sections for all n so X has no ample sheaf.

5. Let X be a noetherian scheme and let £ and .# be invertible sheaves.

(a)

()

(d)

(e)

Let .Z be ample and .# generated by global sections (gbgs). Then
A" is ghgs as well. Let # € Coh (X). Then since . is ample,
FRL"is gbgs for n > 0. Then FQ (L QM) 2 (F QL) QM
is gbgs for n > 0 and thus . ® M is ample since gbgs ® gbgs is
ghgs.

Let £ be ample. Then since .# is coherent, X" ® .4 is gbgs.
For any % € Coh(X), # @ £ is gbgs. Thus ¥ @ (A# @ L") =
(FRL")Q (MR L™)Q L ™~"2 for n > 0. Since each term
is gbgs, so is the entire tensor product and thus .# ® £™ is ample.
Let . and .# be ample. Then for any coherent sheaf .7, .7 ® (£ ®
M) (F QLR M, which is the tensor of sheaves gbgs since .2
and .# are both ample, so is thus gbgs. Therefore .Z ® .# is ample.
& and . are finitely generated by global sections so there are cor-
responding morphisms to P’y and P}, say ¢« and ¢_z such that ¢«
is an immersion and ¢%, (O(1)) = £ and ¢*,(O(1)) = 4. Let ¢ be
the product of & and ¢_s corresponding to the Segre embedding.
Then ¢*(O(1)) = £ ® 4 and ¢ is an immersion since @¢ is. Let
L ® M is very ample.

Suppose that £ is very ample and .£" is gbgs for f > ry. Then by
part (d), £" is very ample for n > m +r.

6. The Riemann-Roch Problem. Let X be a non-singular projective variety
over an algebraically closed field, and let D be a divisor on X. For any n >
0, we consider the complete linear system |nD|. Then the Riemann-Roch
problem is to determine dim |nD| as a function of n, and, in particular,
its behavior for large n.

(a)

Let D be very ample and ¢p : X — P} the corresponding embedding
in projective space. We may consider X as a subvariety of P}} with
D = Ox(1). Let S(X) be the homogeneous coordinate ring of X.
The comment after the proof on pg 123 says that I'(X,Ox(n)) =
I'X,0x(1)*) = S, for n > 0. Taking n > 0, we have that dim
InD| = dimj, (X, Ox (1)) — 1 = dimy S, — 1 = Px(n) — 1.
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(b)

Let D correspond to a torsion element of Pic X of order r. Then if
r | n, nD = 0 and thus nD corresponds to Ox. Thus h°(nD) = dim
I'(X,0x) =1 and so dim [nD| = h®(nD) — 1 = 0.

If r t n, then since r is the smallest positive integer such that rD = 0,
we get that nD # 0. Now the fact that dim [nD| = —1 will follow
if we can show that h®(nD) = 0, which is equivalent to showing
that nD is not effective. So assume nD is effective. Since nD # 0,,
nD ~ E > 0, where E is some effective divisor. Then multiplying
both sides by r we get 0 ~ rnD ~ rE > 0 which is a contradiction.
Thus nD is not effective and we are done.

7. Some Rational Surfaces. Let X = P% and let |D| be the complete lin-
ear system of all divisors of degree 2 on X (conics). D corresponds to
the invertible sheaf Ox(2), whose space of global sections has a basis
22,4y, 22, 2y, £z, yz, where x,, z are the homogeneous coordinates of X.

(a)

()

By ex 7.6.1, O(2) is very ample on P? and thus gives an embedding
of P? into P°. To show that the image corresponds to the 2-uple
embedding, fix a conic D € |O(2)|, where D is the zero locus of

2 2 _ z2 2 2 g Tz z
z*. Then F(Pk7$(D)) = Span {P’ %7 2 ?g, 2 :;72} Thus the
2 2 2
embedding corresponding to |D| is gp|(z 1y :2) = (& L : %
—f}-’j : —;’g : % ). Since we have homogeneous coordinates, we can clear

denominators to get exactly the Veronese surface.

To show that points are separated, consider the points (ag : b : ¢o)
and (a1 : by : ¢1). If aqg = 0 and a; # 0, then the function 22
separates points. If ag = a; = 0, then our sections are y2, 22 and
yz. These are just the sections of the very ample sheaf O(2) on
P!, so these sections separate points. This argument is similar for
the other coordinate hyperplanes. Thus we can assume that our
distinct points are off the coordinate hyperplanes and thus in any of
the standard affine open sets we want. Picking the affine set x =1
and our points (a, 3), (7, ), the functions y? — a?(1) and 22 — 5%(1)
separate all points except the case that (v,d) = (£a,£8). For the
case (—a, —f3), use y —yz — (o« — aB)(1). The other cases are similar.

Now show tangent lines are separated. In the affine piece z = 1, we
have 1,22,y% 2y — y,# — y. Let our point be (o, 3). If a # 0, the
curves z — y — (o — $)(1) and 2% — a?(1) have no tangent lines in
common. If 3 # 0, then x —y — (o — 3)(1) and y* — 32(1) have no
tangent lines in common. For the last case, if o = § = 0, then zy —y
and x — y have different tangent lines at the origin. So tangent lines
are separated. The affine piece y = 1 is similar. In the piece x = 1,
we have 1,92, 22,y — yz, 2 — yz, and (0,0) is the only point not dealt
with. y — yz and z — yz have different tangent lines at (0,0), so all
good.

Let Q,R € P2. If P,Q and R are not collinear, then the space of a
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line through P and @ does not go through R. If they are collinear,
then by Bezout’s Them, any conic through P and @) can not pass
through R. Let P = (0,0,1) Then ¢ = span {2?,¢% xy,z2,yz}. In
the affine pieces * = 1 and y = 1, the separation of tangent vectors is
obvious as above. So § gives an immersion U — P*. To see X — P4 is
a closed immersion, see (V, 4.1). The hyperplane divisors on X C P*
are the strict transforms of conics in P? through P. They intersect
in three places if we choose two conics in P? through P intersecting
in four points transversally. So deg X = 3. A line through P and a
conic through P intersect in two places if chosen in general position.
After blowing up P, they intersect in one point. So lines in P? are
sent to lines in P*. Lastly, separate lines through P separate after
blowing up.

8. Let X be a noetherian scheme, let & be a coherent locally free sheaf on
X and let 7 : P(E) — X be the corresponding projective space bundle.
Then by letting Y = X in Proposition 7.12, we get that there is a natural
1-1 correspondence between sections of m and quotient invertible sheaves
E— L —0of &

9. Let X be a regular noetherian scheme and & a locally free coherent sheaf
of rank > 2 on X.

(a) [BLOG] There is a natural morphism « : Pic X x Z — P(&) defined
by (Z,n) — (7*Z) ® O(n). We claim that this gives the desired
isomorphism. Let r be the rank of &. Pick a point ¢ : £ — X and
an open affine neighborhood U of x such that & is free. Let k(x)
be the residue field. On U we have 771U = ]P”(}_1 and so we obtain

an embedding ]P’};(_ml) — Pt — P(E). Clearly, Opsy(n)|v = Oy (n)
1

and we know that Pic ]P’};(_m) = Z so we have obtained a left inverse to
Z — Pic P(F). So it remains to show that « is surjective, and that
Pic X — Pic P(&) is injective.

Injectivity: Suppose that 7.2 ®O(n) = Op(s). Then by Proposition
I1.7.11 we see that m.(7*.Z ® O(n)) = Ox and by the Projection
Formula we have £ @ m,.O(n) = Ox. Again by Prop I1.7.1T we know
that m,O(n) is the degree n part of the symmetric algebra on & and
since rank & > 2 this implies that n = 0 and .2 = Ox. Hence « is
injective.

Surjectivity: Let {U;} be an open cover of X for which & is locally
trivial, and such that each U; is integral and separated. We can
find such a cover since every affine scheme is separated, and X is
regular implies that the local rings are reduced. The subschemes
Vi :=P(&|y,) = U; x P"~! form an open cover of P(&) and since X is
regular, each Uj; is regular, and in particular, regular in codimension
one, and hence satisfies (*), so we can apply Ex I1.6.1 to find that
Pic V; 2 Pic U; x Z.
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Now if £ € Pic P(&) then for each i, by restricting we get an ele-
ment O;(n;) ® 7r.%; € Pic V; & Pic U; x Z together with transition
isomorphisms

aij + (Oi(ni) @ m; L) |v,; — (O;(ng) @ 77 L))y,

that satisfy the cocycle condition. These isomorphisms push forward
to give isomorphisms

Oéij : 7T*<Ol<nl)

Vij) ® L — 7T*<Oj(nj)|Vji) ® Z;

via the projection formula. By Prop II.7.11 and considering ranks,
we see that n; = n;. Furthermore, it can be seen from the def-
inition of P(&) that Oj(n)|y,; = O;j(n) and so our isomorphism
i is O45(n) @ Tt Lilv,, — 04(n) ® 7 Zj|v,;. Tensoring this with
O;j(—n) we get isomorphisms O;; ® 77 Li|y,, — Oi; ® 77 Z; and the
projection formula together with I1.7.11 again tells us that we have
isomorphisms 8;; : Z|v,; = Zjlv,;, and it can be shown that these
satisfy the cocycle condition as a consequence of the «;; satisfying the
condition. Hence we can glue the .%;, together to obtain a sheaf .#
on X such that 7 M ® O(n) is isomorphic to £ on each connected
component of X (where n depends on the component.)

Suppose first that P(&) = P(&7). Let f : P(&) — P(&’) be an
isomorphism. By (a) we may write f*(0'(1)) = O(1)®@7*.Z for some
% € Pic X. By Ex 5.1.d and IL7.11, & = 7, (0'(1)) = 1.(O(1) ®
T =m01) ¥ =R L.

Now Suppose &’ =2 & ® . By (7.11b) we get a surjection 7*&”" =
™E @ L — O(1) ® 1%, which gives a map P(&) — P(&”) by
(7.12). Writing & = &' ®.2~1, we similarly get a map in the opposite
direction inverse to the first.

10. P"™-bundles Over a Scheme Let X be a noetherian scheme.

(a)
(b)

Super

Let & be a locally free sheaf of rank n + 1 on X. Then on an open
affine set U = Spec A on X, we get that & = (9|;‘?(n+1). If = :
P(&) — X is the natural morphism, 7=1(U) = Proj ./ (&)(U) = Proj
Y(O\g(nﬂ))(U) = Proj Alxzo,...,z,] = P}. These constructions
glues to give a P"-bundle over X.

We want to show the following 1:1 equivalence for X regular:

{P"-bundles over X} & {Locally free sheaves &/ ~ of rank n 4+ 1}

where & ~ &' iff & = & @ 4 for some invertible sheaf .#Z on X.
But this follows immediately from parts (b)(c) and ex I1.7.9.
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11. On a noetherian scheme X, different sheaves of ideals can give rise to
isomorphic blown-up schemes

(a)

(b)
()

Let .# be a coherent sheaf of ideals on X. Let U C X be an open
affine set. Then locally, the blow-up of .# is Proj (D,,>, -7 (U)") and

locally the blow-up of .#% is Proj (,,~ -# (U)"¢). These are isomor-
phic by Ex I1.5.13. Gluing gives the global isomorphism Proj(€D,,», #") =

Proj(D,.> I as desired.
This is exactly Lemma I1.7.9

12. [BLOG] Let X be a noetherian scheme and let Y, Z be two closed sub-
schemes, neither one containing the other. Let X be obtained by blowing
up Y N Z (defined by the ideal sheaf Iy + I;). Suppose they do meet
at some point P € Y NZ C X. Then n(P) is contained in some open
affine set U = Spec A, and the preimage of this open is 7~!U = Proj
(B >0(Iy (U) + Iz(U))?). Then Y NU = Spec A/Iy and ZNU = Spec

A/Iz. Then =Y (U NY) = Proj (@yso((Iy + Iz)(A/Iy)([U)?) C ¥V

and

similar for Z. The closed embedding 7=3(U NY) — 7 Y(U) is

given by a homomorphism of homogeneous rings @ ~,(Iy + Iz)¢ —
D yoo((Iy +12)(A/Iy))? and similarly for Z. Clearly the kernel of this
ring_homomorphism is the homogeneous ideal @~ I¢ and similarly for
Z. Now if the two closed subschemes intersect as assumed, then there ex-
ists a homogeneous prime ideal of @, (Iy + Iz)? that contains both of

these homogeneous ideals. But @, I¢ and @4>0l% generate @, 4

generate @ oIy + I 7)% so there can be no proper homogenous prime
ideal containing them both. Hence the intersection is empty.

13. A Complete Non-projective Variety

14.

a)
b

—_ S

(¢

)
)
d)
)

—~

a

Consider & = Op: (—1) on PL. Since O(—1) is invertible, P(O(—1)) =
P! and the natural morphism is 7 : P! = P!, If the sheaf O(1) on
P(O(PY)) = P! were very ample, it would give rise to a projective
immersion @jo(1) Pt < P* x P* = Pf,. Then ¢*(Opn (1)) = Op(1) =
Op1(—1), which is a contradiction, since the pullback of effective
divisors under an immersion is effective.

Let f: X — Y be a morphism of finite type and let .Z be an ample
invertible sheaf on X. Then .Z is ample relative to Y and for some
n > 0, Z" is very ample on X relative to Y. If 7 : P — X is the
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projection, then by Prop 7.10, Op(1) ® 7*£™ is very ample on P
relative to X for m > 0. Thus by Ex 5.12, for n fixed and m > 0,
Op(1) ® L™ is very ample on P relative to Y.

2.8 Differentials
1. Let X be a scheme.

(a)

Let (B, m) be a local ring containing a field k, and assume that the
reside field k(B) = B/m of B is a separable generated extension of
k. To show the exact sequence

0— m/m2 2, QB/k ® k(B) — Qk(B)/k — 0

is exact on the left is equivalent to showing that m/m? KAYo) B/K®k(B)
is injective. This in turn is equivalent to showing that the dual map

6" : Homyp) (g ® k(B), k(B)) — Homk(B)(m/mQa k(B))

is surjective. The term on the left is isomorphic to Homp(Qp /i, k(B)) =
Dery(B,k(B)). If d : B — k(B) is a derivation, then §*(d) is ob-
tained by restricting to m and noting that d(m?) = d(>_a;c;) =
>(ad(c;) + d(a;)e;) = 0 for a;,¢; € m. Now to show that 6*
is surjective, let h € Hom(m/m? k(B)). For any b € B, write
b=c+ X\ with A\ € k&(B),c € m in the unique way using the sec-
tion k(B) — B — k(B) from Thm 8.25A. Define db = h(¢), where

¢ € m/m? is the image of ¢. Then one verifies immediately that d
is a k(B)-derivation and that 6*(d) = h. Thus ¢* is surjective as
required.

With B,k as above, assume furthermore that k is perfect, and that
B is a localization of an algebra of finite type over k. Assume that
Qp/y, is free of rank = dim B+ tr.d. k(B)/k. By part a) we have the
short exact sequence

0— m/m2 LR QB/k ® k(B) — Qk(B)/k — 0

Thus

dimQB/k®/€(B) :dimm/m2+dika(3)/k
n (by assumption) - (Thm 8.6A since k perfect)
dim B + tr.d. k(B)/k = dimm/m? + dimtr.d. k(B)/k

Thus dim B = dimm/m? and B is regular.

Conversely, assume that (B, m) is a regular local ring, where now B
is a localization of an algebra of finite type over k. Let B = A, for
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some prime ideal p. Let K be the quotient field of B. Then by part
a),
dimk(B) QB/k QR k(B) = dimm/m2 + Qk(B)/k
= dim B + tr.d. k(B)/k by Thm 8.6A
=dimg Qp/r ®p K by claim below

Then by Lemma 8.9, Qp;, is free of rank dim B + tr.d k(B)/k.
Proof of claim: By (I1.8.2A), Qp/, ®p K = Qg and since k is
perfect, K is a separately generated extension by Thm 1.4.8A. Then
dim Qg = tr.d. K/k by Thm 8.6A. Thus:

dimKQB/k ®BK = tr.d. K/k}
=dim A
= htp+dimA/p
=dim B + dim A/p
= dim B + tr.d. Frac(A/p)/k
=dim B + tr.d. k(B)/k

(c) Let X be an irreducible scheme of finite type over a perfect field &
and let dim X = n. Let € X be a point not necessarily closed.
Let Spec A be an open affine neighborhood of x and define B =
Ay = Ox ;. By part b), Ox, is a regular local ring if and only if
Qp/k = Qan = (Qx/k)e is free of rank dim B+ tr.d k(B)/k = dim
A =dim X =n.

(d) Let X be a variety over an algebraically closed field k. Let U = {z €
X | O, is a regular local ring }. U is dense since it contains the open
dense set of Cor 8.16. If z € U, then (Qx 3), is free by part ¢) so
there exists an open neighborhood V' of = such that Qx/;|v is free
of rank dim X by ex I1.5.7(a). Using ¢) again, V C U and thus U is
open.

2. Let X be a variety of dimension n over k. Let & be a locally free sheaf of
rank > n on X, and let V C T'(X, &) be a vector space of global sections
which generate &. Define Z C X xV by {(z,5) | sz € my&:}. Let py : X x
V — X and p2 : XXV — V be the projections restricted to Z. Then for all
x € X, the fiber of the first projection p;*(z0) = {(x0, 5) | 82y € MuyEry }-
This is the set of sections that vanish at xg, which is the kernel of the k(zg)-
vector space map V ®y, k(xzg) — &, ®o,, k(xo) & &, ®o,, Oy /My, =
Ero [May by - Since & is generated by global sections, this map is surjective,
so since & is locally free of rank r, dim V — dimker = rk &,, = r. Thus
dimker = dim V —r. Therefore dim Z = dim X 4+ dim V — r. Since we are
assuming that » > n, dimZ =n+dimV —r < dim V. Thus the second
projection ps|z : Z — V can not be surjective. Any s € V not in the
image then has the desired property.

The morphism O, — & is then defined by multiplication by this s as
above. By looking at stalks, we see that the cokernel &’ is locally free
using (Ex IL.5.7(b)) with rank &' = rk & — 1.

95



3. Product Schemes

(a) Let X and Y be schemes over another scheme S. By (8.10) and
(8.11) we get exact sequences

P5Qy/s = Qxxy/s — piflxys — 0
PiQx/s — Qxxy/s — P38ly/s — 0

The existence of the second map in the second sequence gives in-
jectivity of the first map in the first sequence. The first map in
the second sequence gives a section of the second map in the first
sequence. So the first sequence is short exact and splits, giving
Qxxy/s = pix/s O p38ly,s as desired.

(b) Let X and Y be nonsingular varieties over a field k. Then starting
from the short exact sequence of part a),

0 — piQx/k — Qxxy/e — 05/, — 0
take the highest exterior power of each term to get

dim X dim Y dim X dimY

A Qoon= A\ pixpe N\ p5Qvu

Then by (Ex 1.5.16(e)), exterior powers commute with pullbacks, and
we get that wx«y = pf(wx) ® ps(wy).

(¢) Let Y be a nonsingular plane cubic curve and let X be the surface
Y xY. By (8.20.3)7 wy =2 Oy, 80 wyxy = pIOy ®p§0y ~ Oyyxy.-
Then dim; I'(Y x Y, Oyxy) = 1 s0 pg(Y xY) = 1. By (Ex 1.7.2),
pa(Y) = 1(3—2)(3 —1) = 1. Then by part e) of the same exercise,
(Y xY)=1-1-1—-1=—1.

4. Complete Intersections A closed subscheme Y of P} is called a (strict,
global) complete intersection) if the homogeneous ideal Iy of Y in S =
klxo,...,2zy] can be generated by r = codim(Y,P™) elements.

(a) Let Y be a closed subscheme of codimension r in P". If Iy =
(fi,---, fr), then it is obvious that Y = (,_, H;, where H; = Z(f;).
Conversely, Let Y = (" H;, where we can assume that each H; is ir-
reducible and reduced. Now, since the homogeneous coordinate ring

S = k[xo,...,x,] of P is factorial, the irreducibility of each H; im-
plies that (Ip,) is a prime ideal. Thus I, , is a non zero-divisor
mod Ig,; that is (Ig,,Inm,,..., ) is a regular sequence. Now
S/(Iry,...,1In,) has degree > deg H; by Bezout’s Theorem. Since
(Ig,,...,Ip,) is contained in Iy, we must have (I, ..., Iy, ) = INJ,
where codim J > 2. But by the Unmixedness Theorem, the ideal
(Ig,,...,Iy,) has no primary components of codimension > 2, so

J =0 and thus Iy = (Ig,,...,Ia,).
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(b) Let Y be a complete intersection of dimension > 1 in P™ and let Y
be normal. Then the singular locus Sing Y has codimension > 2
and thus the singular locus of the affine cone C(Y) over Y has codi-
mension > 2. Thus the homogeneous coordinate ring of S(C(Y)) is
integrally closed by (8.23b) and thus so is S(Y). So Y is projectively
normal.

(c) Since Y is projectively normal, by (Ex 5.14b), T'(P", Opn(l)) —
(Y, Oy (1)). In particular, taking I = 0 gives that k& — I'(Y, Oy ), so
I'(Y,Oy) = k and thus Y is connected.

(d) Now let dy,...,d,. > 1 be integers, with r < n. Then by applying
Ex 8.20.2 r times, we ge the existence of nonsingular hypersurfaces
Hy,...,H, C P* with deg H; = d; such that Y = (" H;. Y is
irreducible since by part c¢) it is connected and nonsingular.

(e) Let Y be a nonsingular complete intersection as in (d). Then by the
adjunction formula, we immediately get that wy = Oy (> d; —n—1).
For example, if Y = Hy N Hy, then Ky ~ (Kpn +Y)|y = (—n —
1)H + Hi|m, + Ha|g, = (—n — 1)H + deg Hy + deg Hs.

(f) Let Y be a nonsingular hypersurface of degree d in P™. Then by
adjunction, Ky = (Kpn+Y)|y which gives that Ky ~ (—n—1+4+d)H.
Let Iy = (f), where f has degree d. Then we have the exact sequence

0—>Iy—>O[pm—>Oy—>O

Twisting by (—n —1+d) and applying the functor I" we get the short
exact sequence:

0 — T(Y, Iy (d—n—1)) — T(P", Op (d—n—1)) — (Y, Oy (d—n—1) — 0

Note that the sequence is exact on the right by part ¢). Comparing
dimensions we get:

dimk P(]Pn7 Opn (d—’l’L—l)) = dlmk F(Y7 Iy(d—n—l))—i-F(Y, OY (d—n—l))

which is equivalent to

n

(d_ 1) = 0+py(Y)

(g) Let Y be a nonsingular curve in P?, which is a complete intersection
of nonsingular surfaces of degrees d,e. Then by e), we have Ky ~
(d+ e —4) and by a) we have Iy = (f,g), where Y = Z(f) N Z(g).
By similar arguments as in part f), we get that

py(Y) = dimy T(P?, Ops (d + e — 4)) — dimy T(Y, Iy (d + e — 4))

Now, dimy, T(B?, Ops(d + e — 4)) = (4+e71) = (dheldres2)(dress)
Since Iy = (f,g), then any element of Iy (d 4+ e — 4) is of the form

97



hif + hog where the degree of hy is e — 4 and the degree of hs is
d — 4. Thus the dimension of the global section of Iy (d+e —4) =
e—1 d—1

(5 +(%5)- So

pg(Y) =dimy ['(P3,Ops(d + e — 4)) — dimy (Y, Iy (d + e — 4))
_ (d+e—1 _fe—1y _ (d—1

_ (d+gfl)(d+67§)(d+673)37 (e=1)(e=2)(e=3) _ (d—1)(d—2)(d—3)
6 6

_ 3d2e+ede%?2de+6
- 6
=lde(d+e—4)+1

Note, for a nonsingular curve, p, = p, always by Serre Duality (Ch
4).

5. Blowing up a Nonsingular Subvariety As in (8.24), let X be a nonsingular
subvariety and let Y be a nonsingular subvariety of codimension r > 2.
Let m: X — X be the blowing-up of X along Y. Let Y’ = 7= 1(Y).

(a)

By (6.5¢), we get a sequence
Z—ClX—-ClX-Y -0

Now, since 7 is an isomorphism outside of Y’, Cl X-Y ~CX =
Y = Cl X since codim(Y, X) > 2. Then the map 7*Cl X — Cl X
gives a section of the above sequence, so we only need to verify that
Z — Cl X is injective. If nY”’ ~ 0 for some n > 0, then there exists
some f' € k(X) with a zero of order n along Y’. But X — X
is surjective and birational, so f’ corresponds to a regular function
f on X with zeros only along Y. Since codimyxY > 2, this is a
contradiction. Thus the sequence is split short exact and Cl X =
Cl X @Z.

Following the hint, by part a) write wg as f*.# @ £(qY") for some
invertible sheaf .Z on X and some integer q. Now, X —Y = X - Y’,
SO Wg|g_yr 2 wx|x—y. Pic X = Pic U (I1.6.5) so .# = wx. By
adjunction:

wz ®Z(Y')® Oy

[fux ® Z((q+1)Y") @ Oy

frox @y~ @ Oy (Prop I1.6.18)
[fox ® 05(1)" 71 ®@ Oy (7.13)
ffwx ® Oy/(—q—1)

Wy

o~
o~
~)
o~
~

Now take a closed point y € Y and let Z be the fiber of Y’ over y, ie
Z =y xy Y'. By (Ex I1.8.3b),

Wz way ®7T§u)y/

10y @ 5 (f*wx ® Oy/(—q —1))
3 (f*wx ® Oy/(—¢ —1))

Oy ® 30y (—q — 1))

= Oz(fq — 1)

1R 1R 1R
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Z is just P"71 so wz =2 Oz(—r). Thus ¢ =17 — 1.
6. The Infinitesimal Lifting Property [BLOGI

(a) Since g and ¢’ both lift f, the difference g — ¢’ is a lift of 0, and
therefore the image lands in the submodule I of B’. The homomor-
phisms g and ¢’ are algebra homomorphisms and so they both send
1 to 1. Hence the difference sends 1 to 0 and so for any c € k, we
have 0(k) = kO(1) = 0. For the Leibnitz rule we have

0(ab) = g(ab) — g'(ab)
= g(a)g(b) — g'(a)g'(b)
= g(a)g(b) — g'(a)g'(b) + (g'(a)g(b) — g'(a)g(b))
= g(b)0(a) + ¢'(a)0(b)

We can consider it as an element of Hom 4 (€247, I) by the universal
property of the module of relative differentials.

Conversely, for any 6 € Homa(Q24/,1,1), we obtain a derivation
fod: A — I which we can compose with the inclusion I — B’
to get a k-linear morphism from A into B’. Since the sequence is
exact, this # vanishes on composition with B’ — B and so g + 6
is another k-linear homomorphism lifting f. We just need to show
that it is actually a morphism of k-algebras; that is, that is preserves

multiplication:
g(ab) +0(ab) = g(ab) + 0(a)g(b) + g(a)0(b)
= g(ab) + 0(a)g(b) + g(a)(b) + 6(a)d(b) since I? = 0 and 6(a),d(b) € I
= (g9(a) +0(a))(g(b) + 6(b))

(b) A k-homomorphism out of P is uniquely determined by the images of
the z;, which can be anything. So for each i, choose a lift b; of f(x;)
in B’ and we obtain a morphism h by sending z; to b; and extending
to a k-algebra homomorphism. if ¢ € P isin J, then by commutivity,
the image of h(a) in B will be 0, implying that h(a) € I so we have
at least a k-linear map J — I. If @ € J? then h(a) € I? = 0 so this
map descends to h : J/J? — I. The last thing to check is that the
map h is A-linear, which follows from h preserving multiplication.

(¢) Applying the global section functor to the exact sequence of (8.17)
with X = Spec P, Y = Spec A gives an exact sequence

0—>J/J2—>Qp/k®A—>QA/k—>O

which is exact on the right as well by (8.3A). Now, since A is nonsin-
gular, €4y, is locally free and therefore projective so Exti(QA/k, I =
0 for all 4 > 0. So the exact sequence

0 — Hom 4 (Qax, I) — Homa(Qp/®A, I) — Homa(J/J?, I) — Extly(Qasx, 1) — ...
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7.

8.

2.9
(skip)

shows that Hom 4 (Qp/, ® A,I) — Homyu(J/J? 1) is surjective. So
we can find a P-morphism 60 : Qp/, — I whose image is h from part

(b). We then define ¢’ as the composition P LA Qp, — 1 — B’ to
obtain a k-derivation P — B’. Let h’ = h—6. For any element b € J,
we have h/(b) = h(b) — 6(b) = h(b) — h(b) = 0, so h’ descends to a
morphism g : A — B’ which lifts f.

IBLOG] Let X be affine and nonsingular. Let .# be a coherent sheaf on
X. This problem is then equivalent to the following: Given a ring A’,
an ideal I C A’ such that I? = 0 and A’/I = A, such that I = M as
an A-module (where M is the finitely generated A-module corresponding
to %), show that A’ =2 A @ M as an abelian group, with multiplication
defined by (a,m)(a’,m') = (aa’,am’ + a'm).

Using the infinitesimal lifting property, we obtain a morphism A — A’
that lifts the given isomorphism A’/I = A. This together with the given
data provides the isomorphism A & M = A’ of abelian groups where we
use the isomorphism M = I to associate M with I as an A-module. If
a € A, then (a,0)(a’,m") = (aa’,am’) using the A-module structure on A
and M = [. If m € M = I, then (0,m)(a’,m') = (0,a’m) since mm’ € I>.
So we have the required isomorphism.

This follows exactly as the proof of (8.19).

Formal Schemes
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3

3.1
3.2

1.

Chapter 3: Cohomology

Derived Functors

Cohomology of Sheaves

(a) Let X = A} be the affine line over an infinite field k. Let P,Q be
distinct closed points of X. Let U = X — {P,Q}. Then Zy is a
subsheaf of Zx so we have a short exact sequence

O—)ZU—>ZX—>Z{RQ} —0
Taking cohomology gives a long exact sequence
0-I(X,Zy) - T(X,Z) — F(X,Z{RQ}) — Hl(X,ZU) — ...

If we assume H'(X,Zy) = 0, we have the equivalent long exact
sequence:
0-I(X,Zy) 2 Z—~>Z®Z—0— ...

But this would imply that Z surjects onto Z @ Z which is a contra-
diction. So H(X,Zy) # 0.

(b)

. Let X = ]P’,lC be the projective line over an algebraically closed field k.

Then since P! is connected (simply connected in fact), the constant sheaf
K is flasque. From (II, Ex. 1.21d), we can write the quotient sheaf /O
as the direct sum of sheaves )y ip(Ip). Since skyscraper sheaves are
trivially flasque, we have a flasque resolution of Op: as desired.

To show that Op: is acyclic, apply I to the flasque resolutions. The result-
ing sequence is exact by (II,Ex 1.21e) so all higher cohomology vanishes
and so HY(P!,Op1) = 0 for all i > 0. Note, for i > 2 this result follows
immediately from Grothendieck vanishing and for i = 1, H*(P!, Op1) = 0
by either looking at the long exact sequence or from Serre Duality.

Cohomology with Supports: Let X be a topological space, let Y be a closed
subset, and let .# be a sheaf of abelian groups. Let I'y (X, .#) denote the
group of sections of .% with support in Y.

(a) Let
0-% - F 7" >0

be a short exact sequence of sheaves. Clearly I'y (X, #') C T'y (X, &),
so the functor T'y (X, ) preserves injections.

Now let s € T'y(X,.%#) be sent to 0 in I'y (X,.Z"). We can view s
as an element of I'(X,.%#) that gets sent to zero in I'(X,.%#"). Since
I'(X,-) is left exact, s is the image of some s’ € T'(X,.#’). To show
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that T'y (X, -) is left exact, we have to show that s/, =0 forallz ¢ Y.
Let z € X\Y. Considering the short exact sequence of stalks

we see that s, = 0 since s € I'y(X,.#). Thus s, = 0 and so s’ €
I'y (X, #') as desired and the functor T'y (X, -) is left exact.
(b) Let

0-9% - —-F" >0

be a short exact sequence of sheaves with .#’ flasque. By part (a),
Ty (X, ) is left exact, so we just need to show the map I'y (X,.%) —
Ty (X, #") is surjective. Let s” € T'y (X, #"”) and view s” as an
element of T'(X,.#"). Since F#' is flasque, the map I'(X, #) —
['(X, #") is surjective and we can lift s” to a section s € T'(X, F).
Thus for all p € U := X\Y,s, € #,. Therefore s|y € T'(U, 7).
Since #' is flasque, similar as before we can lift s|y to a section s’ €
(X, Z#'). Clearly s}, = s, for all p € U. Therefore s—s" € I'y (X, %)
and s — ¢’ is mapped to s” — 0 = s”. Thus I'y (X,.%) — I'y (X, Z#")
is surjective

(¢) Copy the proof of Prop I11.2.5 and use part b).

(d) Obvious

(e) Using the maps of (d), we get a short exact sequence of chain com-
plexes T'y (X, I*), (X, I°®) and T'(X — Y, I*®), where I® is an injective
resolution of #. This gives the long exact sequence of cohomology.

(f) For any sheaf % T'y(X,.#) =Ty (V,.Z|v), where V is an open sub-
set of X containing Y. Therefore, applying the functors T'y (X, -)
and T'y(V,+|y) to an injective resolution of a sheaf gives the same
complex and thus the same cohomology group.

4. Mayer-Vietoris Sequence. Let Y7,Y5 be two closed subsets of X. Given
F e Ab(X), let 0 —» % — Iy — I; — ... be an injective resolution of .#
where each [I; is constructed using the method of Prop 2.2. That is, each
I; is a direct product of sheaves with support a single point. Then

0 - FylﬁYQ (X7 I’L) - FYl (X7 I’L) @ FYQ (X7 I’L) - FY1UY2 (X7 IZ) - 0

is a short exact sequence. The only hard part is to show surjectivity, which
follows from the structure of the I;. Thus we get the long exact sequence
of cohomology from the above short exact sequence by applying the Snake
Lemma.

5. Let X be a Zariski space. Let P € X be a closed point, and let Xp be
the subset of X consisting of all points @ € X such that P € {Q}~. We
call Xp the local space of X at P and give it the induced topology. Let
j: Xp — X be the inclusion and for any sheaf .#, let ¥p = j*.%. The
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claim is that 'p(X, %) = 'p(X, #p). Any open set containing P contains

lim

Xp, so the gluing property of sheaves does not affect I'(Xp, ¥p) =—pysp
I'U,.Z). Given s € I'p(X,.7) we clearly get a section 5 € I'p(Xp, Zp).
Given s € I'p(Xp, #p), let s € I'(U, %) represent it. By taking a smaller
U, we may assume the support of s is P. Then glue S and 0 € I'(X\ P, %)
together to get a global section. So we have a bijection T'p(X, F) «
Tp(Xp,Zp). 0 — F — Iy — I — ... is a flasque resolution of %,
then 0 — Fp — Iy, p — I p — ... is an injective resolution of .#p and
we can repeat the same argument to show I'p(X, ;) = I'p(Xp, I; ). So
the cohomology groups are equal.

. Let X be a noetherian topological space and let {Z,}aca be a direct
systems of injective sheaves of abelian groups on X. For the first claim in
the hint, “=" is the definition of injective. Suppose the second condition
holds and . is a subsheaf of 4. Let f : % — 7 be a morphism of sheaves
and H a subsheaf of ¢4 maximal with respect to the existence of a sheaf
morphism h : H — 7 extending f. Let s be a section of 4 not in H
and let < s > be the subsheaf of G generated by s. If s € I'(U,¥), then
< s > Zy, < s > NH is a subsheaf of < s > with a map to Z so by
assumption that map extends to a map < s >— Z. So there is a map
from the sheaf generated by s and H to Z extending f, contradicting the
maximality of H. Thus f has an extension to ¢, so T is injective.

For the second claim, we just need to show that any # C Z is finitely
generated. Z(U) is a direct sum of groups r;Z, one for each component of
U. Since the restriction maps of Z are the identity (at least on a connected
U), the maximum r occurs in Z(X). For a fixed ' < r take finite open
cover of connected sets of the union of sets U with I'(U, %) = r'Z. Do
this for each 7" < r to get a finite collection of open sets {U;}. Then the
set {r;}, where I'(U;, #) = r;Z generates #. So any map % ST s
determined by the images of the r;, which by taking equivalent elements
we can assume all lie in some Z,,, then Z — 7, has an extension Zy — Z,,

. . . lim lim .. .
which gives an extension Zy —— Z,, so — I, is injective.

. Let S! be the circle (with its usual topology) and let Z be the constant
sheaf Z.

(a) Using the construction of Prop 2.2, build an injective resolution of
Z. Let .IO = [l,es1ip(Z), where ip ‘is the skyscraper sheaf. I; =
[lpegiir(lo,p/Z) and Iy = [[pcgiir(I1,p/lo,p). To — I1 — Io
induces T'(SY,I) & T(S', 1) & T(SY,L,). kerdy = {f : S! —
11 Zo.p/Z] f locally looks like a Z- valued function modulo constant
functions } and Im dy = {f : S — [[Io.p/Z| f is a Z valued function
modulo constant functions }. Any f € kerds locally looks like a Z-
valued function but as you wrap around S the values may jump by
some integer. So ker ds/Im dy = Z.
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Notes:
1. see also p 220 ex 4.0.4
2. HY(S',7Z) is the abelianization of 7(S') which is Z.
(b) Let Z be the sheaf of continuous real-valued functions and let Z be
the sheaf of all real-valued functions. Then we have a short exact

sequence
0—-%— 29— 2/%—0

This gives a long exact sequence
0— H(S", %) — H°(S',2) % H°(S*, 2/%#) — H'(S*, %) — 0

where the last term is 0 since 2 is flasque. To show that H1(S1, #Z) =
0 is equivalent to show that H°(S', 2) % H(S', 2/%) is surjective.

Let s € H'(S',2/%#). Then s = {(U;,s;)} where on U; N U; #
0, s; — s; is continuous (ie in #). Since S is compact, we can choose
a finite subcover {U;}¥,. Choose these {U;}, such that for an
consecutive sets Uy, Uy, Us,

(U00U1)Q(U10U2)=® (*)

shrinking the U; if necessary.

Define r; = s;41 — s; and extend by zero so r; is defined on all of
Ui~ Set r = {(U“Tl)} On Uz' n Uj, Ty —Tit+1 = T4 (since Ti+1 = 0 on
U; NU;41) which is continuous by (*). Therefore r € HY(S', 2/%).

Define t = {(Uj,t;)}, where t; = s; + ;. Then ti|lv,nv,, = si +
Sit1 — S = Sit1 = tiy1|vinu,,, - Thus ¢ is a function ¢ : ST — R and
t € H°(S', 2) gets mapped to itself in H(S', 2/%). Thus t is in
the image of a.

Define ' € HO(SY, 2) by v'|v.nv,,, = { r; on U;NUj4q

0 else . Then

' +% 7 so r is in the image of . Therefore s = t — r is in the image
of a, so « is surjective and H'(S, %) = 0.

3.3 Cohomology of a Noetherian Affine Scheme

1. Let X be a noetherian scheme. If X = Spec R is affine, then X,oq =
Spec R/n(R) is affine, where n(R) is the nilradical or R.

[BLOG] Conversely, let X,eq be affine. We want to show that X is affine
by using Theorem 3.7 and induction on the dimension of X. If X has
dimension 0, then affineness follows from the noetherian hypothesis since
it must have finitely many points and each of these is contained in an
affine neighborhood. So suppose the result is true for noetherian schemes
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of dimension < n. Let X have dimension n. Let .4 be the sheaf of
nilpotent elements on X and consider a coherent sheaf .%#. For every
integer ¢ we have a short exact sequence

0> N7 S /. F G, —0

where ¥, is the quotient. This short exact sequence gives rise to a long
exact sequence

.= HY(X,9)) - HY(X, /".7) - H (X, /7)) - H (X, 9,;) — ...

Since X is noetherian, there is some m for which 4% = 0 for all d > m,
so if we can show that H'(X,¥,) is zero for each d, then the state-
ment H'(X,.7) = 0 will follow by induction and the long exact sequence
above. Since the sheaf ¥; = A1 . .ZF/ 4. Z on X and X,eq has
the same underlying topological space as X but with the sheaf of rings
Ox,., = Ox /A, we see that ¥, is also a sheaf of Ox,_,-modules. Since
cohomology is defined as cohomology of sheaves of abelian groups, we
have HY(X,9;) = H'(X1ed,%;) and so it follows from Them 3.7 that
H'(X,%;) =0 and thus X is affine.

2. Let X be a reduced noetherian scheme. If X is affine, then each irreducible
component is a closed subscheme of X and thus affine by Corr I1.5.10.

Conversely, let X = X; U X, U ... U X,, where each X; is irreducible
and affine. Let .#; be the ideal sheaf of X;. Let I be a coherent ideal
sheaf on X. Then we have the filtration

IDH5 IDH - S - ID...DH...-Fpy-1
Rename each element in the filtration so that we have
Iyo2Li2L2...201,

Now, I,, = 0 since anything in .#; -. .. .#, vanishes on all of X and thus is in
the nilradical of Ox. Since X is reduced, I,, =0. For all j =0,...,n—1,
the quotient I;/I;41 is a coherent sheaf on the irreducible component
Xji1. Therefore 0 = HY(X;41,1;/1j41) = HY(X,1;/Ij11) by Serre’s
theorem. Then from the taking the cohomology of the short exact sequence
0— Ij+1 — Ij — Ij/[j+1 —0
we see that
HYX,I,)=0= H' (X,I, 1)=0=...= H(X,I)=0

and thus X is affine again by Serre’s Theorem.

3. Let A be a noetherian ring and let a be an ideal in A.
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(a) Let
oML M2 Mo
be a short exact sequence of A-modules. Clearly I'q(M') — T'q(M)
is injective. Now let m € ker g with a”m = 0 for some n. By the

left-exactness of I, there exists m’ € M’ such that f(m’) = m. Then
a™m’ Cker f =0. Thus m’ € To(M’) and T, is left exact.

(b) Now let X = Spec A, Y =V/(a). Let
0—-M-—-Ih—1; —...
be an injective resolution of M. Then
0— M — I~0 — I~1 — ...

is a flasque resolution of M. Hi(M) is the cohomology of O —
La(ly) — To(f1) — ... and HL(X, M) is the cohomology of 0 —
Ty (X,Iy) — Ty (X, ;) — .... By by Ex IL5.6, T'o(L;) = 'y (X, ;).
Thus Hi(M) = Hi (X, M).

(c) H{ is a quotient of I'y(I;) and therefore every element of H:(M) is
annihilated by some power of a.

4. Cohomological Interpretation of Depth

(a) Let A be noetherian. If depth, (M) > 1, then there exists x € a such
that x is not a zero-divisor for M. But then neither is ™ for any n.
Thus a” can not annihilate any element and thus I'; (M) = 0.

[BLOG] Now suppose I'; (M) = 0 and M is finitely generated. So for
any nonzero m € M and n > 0, there is an « € a™ such that xm # 0.
This means that a € p for any associated prime p of M (i.e. primes
p such that p = Ann(m) for some m € M). So a Z Upcass(an)p
[Eisenbud, Lemma 3.3, Thm 3.1(a)]. The latter set is the set of zero
divisors of M (including zero) [Eisenbud, Thm 3.1(b)] and so we find
that there is an element x € a that is not a zero divisor in M. Hence
deptho M > 1.

(b) [SAM]| Let T,, be the statement that depth,M > n if and only if
Hi(M) = 0 for all i < n. We prove by induction on n that T, is true
for all n. The case n = 0 is (a), so suppose it true for n and choose
M with depthqM > n+ 1. Let z1,...,2,41 € a be an M-regular
sequence; we get a short exact sequence

0—MZ M- M/x;M—0
which gives rise to a long exact sequence on cohomology

o= HFM Y Moy M) — HY (M) — HY (M) — ...
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The first term vanishes since depthyM/x1M > n. Also, the map
H!(M) — HP(M) is multiplication by x1, which is not injective
(Ex. 3.3(c)) if H}(M) # 0, so we conclude that H?(M) = 0. So
depthy M > n + 1 implies that H:(M) =0 for all i < n + 1.

Conversely, suppose that H:(M) = 0 for all i« < n + 1. Then the
long exact sequence on cohomology gives that H:(M/z1 M) = 0 for
all ¢ < n. By induction, depthy M/x1 M > n — 1, so depthy M > n.
Hence 1,41 is also true.

5. Let X be a Noetherian scheme and let P be a closed point of X. Let U
be any open neighborhood of P.

Then every section of Ox over U — P extends uniquely over a section
OX of U
< T(U,0x) — T'(U — P,0x) is bijective

& HY(U,Ox|v) = HH(U,Ox|u) =0 (by Ex 2.3(e))

& HY(Spec Op, Ospec 0p) = Hp(Spec Op, Ospec 0,) = 0 (by Ex 2.5)
& HY(Op) = H}(Op) = 0, where m is the maximal ideal of Op (by Ex
3.3(b))

< depthnOp > 2 (by Ex 3.4(b))

6. Let X be a noetherian scheme.

(a) If X is affine, then ~ gives an equivalence of categories Mod(A) =

(b)

~

Qco(X), where X = Spec A. So an injective A-module I induces
an injective object I € Qco(X). In the general case, we need to
show that if f : U < X is an inclusion of U = Spec A in X, then

f«(I) is injective. By pg 110, Home, (-, f«(I)) = Hom@U(f*-,f) =
Home,, (|, I), which is a composition of the exact functors - |y and

Home,, (-, I) and thus is exact. Therefore f.(I), and thus ¢ in (3.6)
is injective.

(¢) By part (b), an injective resolution in Qco(X) is a flasque resolution

and hence can be used to compute cohomology.
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4.1

Chapter 4: Curves

Riemann-Roch Theorem

. Let X be a curve and let P be a point. To show that there exists a non-

constant rational function f € K(X) which is regular everywhere except
at P is equivalent to showing that h°(nP) # 0 for n > 0. Using the
title of the section as a hint, let’s use the Riemann-Roch Theorem for the
divisor nP. Then h(nP) — h!'(nP) = deg nP + 1 — g. By Serre Duality,
HY(X,nP) = H°(X,Kx — nP). The degree of Kx —nP =29 —2—n
so for n > 0, the degree of Kx — nP < 0 and thus by Serre Duality,
HY(X,nP)=0. Thus h°(X,nP) =n — 1+ g and again for n > 0, this is
non-zero and we are done.

Let X be a curve and let P;,..., P, € X be points. Then for each F;,
apply the previous exercise to obtain an f; regular everywhere except at
P;. Then let f =3 f; be the desired function.

Let X be an integral, separated, regular, 1 dimensional scheme of finite
type over k which is not proper over k. Following the hint, embed X in a
proper curve X over k. By remark 11.4.10.2(e), X can be embedded as an
open subset of a complete variety. Then Proposition 1.6.7 and Proposition
1.6.9 show that X can be embedded as an open subset of a complete curve,
which we call X. The complement of X in X is closed, and hence a finite
set of points. Say X = X U{P,...,P.}. Let f be as in the previous
exercise. Then by (I1,6.8), f defines a finite morphism X — P!. Thus
FH(AY) = X is affine.

Using (IIT Ex, 3.1, Ex, 3.2), we reduce to the case X is integral. Let X
be the normalization of X. Then X is not proper since by (ILLEx 4.4), X

would be proper. Thus by the previous exercise, X is affine and by (III,
Ex 4.2), X is affine.

dim |D| =h°%D) -1
=deg D—g+h°(K — D)
<deg D — g+ h°(K) (since D effective)
<degD-g+yg
<deg D

Equality occurs iff h%(K — D) = h°(K) = g. If D = 0, then certainly equal-
ity holds. If g = 0, then since D > 0, equality holds as well. Conversely,
suppose that h%(K—D) = h°(K) = gand g > 0. Then h°(K—D) = h%(K)
so D ~ 0. Since D >0, D =0.

Let X be a curve of genus g. Let D = ZgH P; for g + 1 points P; on X.
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By Riemann-Roch,

(D) =deg D+1—g+ h'(D)
=g+1+1—g+h'(D)
=2+ h'(D)

Thus h°(D) > 2 so there exists a nonconstant rational function f € k(X)
with poles at a nonempty subset of the P; and regular elsewhere. This f
gives a finite morphism X — P! by (IL.6.8) with f~!(x.,) at most these
g+ 1 points P;. Thus deg f < g+ 1.

7. A curve X is called hyperelliptic if g > 2 and there exists a finite morphism
f: X — P! of degree 2.

()

Let X be a curve of genus 2. Then deg K = 2g—2 =2 and dim |K| =
h°(K) —1 = g—1 = 1. To show |K]| is base point free, cheat a
little and skip ahead to Prop IV.3.1. Lets show that dim |K — P| =
dim |K|—1. This is equivalent to showing that h°(K — P) = h?(K) —
1 =g —1=1. By Riemann-Roch,

(K —-P) =deg K—P+1—g+h'(K—-P)
=29—-2-1+1-2+4h"P)
= hO(P)
=1

So by the proposition, |K| is base point free. Note that h?(P) = 1
since h?(P) > 1 since P is effective and h°(P) < 1 else X would be
rational. Since g # 0, this is clearly not the case. Thus we get a
morphism g : X — P!, which is finite by (I1.6.8) of deg K = 2
and thus X is hyperelliptic.

Let X C @ be a curves of genus g corresponding to a divisor of
type (g + 1,2). We have to give a finite morphism f : X — P!
of degree 2. Viewing @ = P! x P!, consider the second projection
restricted to the curve X: ps|x : X — PL. This is non-constant and
thus finite by (I11.6.8). Let P € P! be a point. Then by (11.6.9),
deg p3|x(P) = (deg p2)(deg P) which gives 2 = deg ps. Thus X is
hyperelliptic and there exist hyperelliptic curves of any genus g > 2.

8. pa of a Singular Curve Let X be an integral projective scheme of dimension
1 over k, and let f: X — X be its normalization. Then there is an exact
sequence of sheaves of X,

(a)

0—O0x — f,Ox — Z Op/Op — 0
Pex

Since X is a nonsingular projective curve, f.O g has no nonconstant
global sections. Since ),y Op/Op is flasque, by (III, Ex 4.1),
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HY(X, f,03) = Hl()?,C’)X) so we get an exact sequence

0— HY(X, Y 0,/0,) = H'(X,0x) — H'(X,0%) = 0
PeX

Using (III, Ex 5.3), we get po(X) = pa(f() + 2 pex dimy, 5p/(9p =
Pa(X) =220p

(b) If po(X) =0, then ép =0 for all P € X. That is, every local ring of
X is integrally closed, hence regular. Then X = P! by (1.3.5).

()

9. Let X be an integral projective scheme of dimension 1 over k. Let X,cg
be the set of regular points of X/

(a) Let D = Y n;P; be a divisor with support in X,eg. Then £(Ox) =
1 — p, so by using the exact sequence

0—-%(D)—Z4D+P)—kP)—0

as in the proof of the Riemann-Roch Theorem, the result follows
immediately

(b) Let D be a Cartier divisor, # = £ (D), and let L be very ample.
Choose n > 0 such that .# ® £ is generated by global sections.
Then by Exercise I1.7.5(d), .# ® ™! and "1 are very ample. By
(I1.6.15), we may write 4/ @ "t =~ £L(D') and LT = L(D").
Then D' — D” ~ D. By replacing D’ with a linearly equivalent
Cartier Divisor, we may assume that D = D’ — D",

(¢) By (b), we only need to prove this in the case .¥ = £(D) with
D an effective very ample Cartier divisor. D is the pullback of a
hyperplane, which we may choose to miss the singular locus of X. In
that case, Supp D C Xeg.

(d) X is Cohen-Macauley so by (I11.7.6) H(X, (D)) = Ext"(Z(D),w%) =
Ext'(Ox,w%®Z(~D)) = H(X,w4®.%(—D)). Sodim H*(X, Z(D)) =
(K — D). We get the formula from part (a).

10. Let X be an integral projective scheme of dimension 1 over k, which is
locally a complete intersection and has p, = 1. Fix a point Py € X,eg.
Use Ex 1.9c to write any invertible sheaf as a Weil divisor in X,.,. By
Ex 1.9d applied to K we get deg K = [(K) — 1 = dim H)(X,w%) — 1 =
dimy HY(X,0x) — 1 =p, — 1 = 0. Where we used (IIL.7.7) since X is a
local complete intersection. Now we show that for any divisor D of degree
0 there is a unique P € Xjegsuch that D ~ P — Py. Apply Ex 1.9 to
D+ Py. Sincedeg (K — D — Py) = -1, weget (D+P)=1+1-1,s0
there is a unique P such that D + Py ~ P.
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4.2 Hurwitz’s Theorem

1. To show P" is simply connected, I know of three ways. One is the way
Hartshorne wants you to do it which is done in other solutions. Another is
to compute the fundamental group 71 (P™) and to show it is 0. The third
way is to use the Fulton-Hansen Theorem, which states:

Let X be a complete irreducible variety, and f : X — P™ xP" a morphism
with the property that dim f(X) > n. Then f~1(A) is connected, where
A denotes the diagonal in P™ x P™.

Now, we claim that if X is an irreducible variety and f : X — P" is
a finite, unramified morphism, then if 2dim X > n, then f is a closed
immersion. Indeed, saying that f is unramified means that the diagonal
Ax C X xpn X = (f x f)"}(Apn) is open and closed. The diagonal is
connected by the Fulton-Hansen theorem, so Ay = X Xpn X and f is
injective. Thus f is closed and we get as a corollary that every subvariety
of P™ with dimension > n/2 is simply connected. In particular, P" is
simply connected.

2. Classification of Curves of Genus 2: Fix an algebraically closed field k of
characteristic # 2.

(a) Let X be a curve of g = 2 over k. Then the canonical linear system
| K| determines a finite morphism f:X — P! of degree 2g—2 = 4—2 =
2. By Hurwitz’s theorem, we get

2(2) — 2 = 2(—2) + deg R

Thus deg R = 6. If Q € P! is a closed branch point, then deg f*(Q) =
2, so there must be six ramification points, each with ramification in-
dex 2.

(b) Let a1,...,a6 € k be distinct points. Let K be the extension of
k(z) determined by the equation 22 = [[°(z — ;). Then X is the
projective closure of the affine plane curve defined by this equation
and f is the projection onto the x—coordinate. Away from the «;,
x — «y is a local parameter so there is no ramification. At the «;, z
is a local parameter. Thus there is ramification at each «;. Again by
Hurwitz’s formula, with n = 2 and deg R = 6, we get that gx = 2.

(c) Let Py, Py, P3 be three distinct points in P!. By (I, Ex 6.6) we just
need to find the correct linear fractional transformation ¢ € Aut(P!)
which will send P, — 0, P, — 1, P3 — oco. The following does just
that:

z—P)  Py—P3 :
7z7pi3 P,—P, lfpl,P27P37éOO

L=l if P =00
— Z—P3 1
5o if P3 =00
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(d) Ok
(e) This follows immediately from (a) - (d)

3. Plane Curves: Let X be a curve of degree d in P?. For each point P € X,
let Tp(X) be the tangent line to X at P. Considering Tp(X) as a point of
the dual projective plane (P2)*, the map P — Tp(X) gives a morphism of
X to its dual curve X* in (P?)*. Note that even though X is nonsingular,
X* in general will have singularities. Assume that char k& = 0.

(a) Fix a line L C P? which is not tangent to X. Define ¢ : X — L
by P — Tp(X)N L. Let’s consider the case when P € L. Change
coordinates such that P = {(0,0)}, the origin in A? and such that L
is defined by {y = 0} and Tp is defined by {z = 0}. Then for any
point @ = (Q,Q,) € X, the tangent line at @, Ty, is defined by
{%|Q(x — Q)+ %|Q(y — @Qy) = 0}. Then ¢(Q) can be found by
setting y = 0 and solving for x, which gives

o]
oy lQQy
QD(Q) - yg)f + Qz
s le
Note that ¢(0) = 0. Let ¢ be a local parameter at 0 € Al. Then

of
oy 'Y

©*(t) = %7 + x. Since Tp = {z = 0}, 2—5(0) = 0 and x vanishes at
oz

0 to order > 2. Since % -y € mZ and % # 0, ¢*(t) € mi. So ¢ is
ramified at 0.
Now consider the case that P ¢ L. Change coordinates such that
P =1{(0,0)} in A%, L is the line at infinity, and Tp = {z = 0}. Then
for any @@ € X, the projective tangent line at Q = {(Qz, Qy)} is
%|Q(x - Qz2) + %|Q(y — Qyz) = 0. The line at infinity is found
by setting z = 1. Then a point is mapped to the intersection of the
tangent line and the line at infinity. So @ gets mapped to the slope
of its tangent line. So ¢ : X — P! maps Q — (_%‘Q : %b). Since
%H(O,o)} # 0, near P we have ¢ : X — A! where Q — —%\Q/%b.
Since (0) = 0, the equation of X is then f(x,y) = ax + by + cx? +
dzxy + ey? + higher order terms. Let t be the local coordinate at 0.
Then:
) emd & 9 cm?

& a—y(ax + by + cx? + dzy + ey?) € m3

& b+ dx + 2ey € m}

Sb+2eyecmd (Th={zx=0}=y¢gmd)

< f|m,has degree >3 iny

< intersection multiplicity of f with Ty is > 3

< 0 is an inflection point

This ¢ is ramified at P if and only if either P € L or P is an inflection
point of X. By Hurwitz’s formula, the degree of the ramification
divisor is finite, so X has only a finite number of inflection points.
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(b)
()

Let O = (0,0) in A? and change coordinates such that P = (0,1) €
A2, Let L be the line at infinity. Let ¢ : X — P! be the projection
from O. Then (x,y) — (x :y). Near P, ¢ : U — Allﬁéo is defined by
(z,y) — x/y. Then p(P) = 0. Now, ¢ is ramified at P iff ¢*(t) =
% € m%, where t is a local parameter of 0. Since y # 0,% € m% iff
r € m% iff {x = 0} tangent to X at P.

Applying Hurwitz’s theorem, we get

(d—1)(d—2)—2=d(—2)+deg R

Sodeg R =d? —d = d(d—1). R is reduced since 0 is not on any
inflection or tangent line, so the number of tangent lines to X is thus
deg R=4d(d—1).

Choose O € X not containing any inflectional or multiple tangents
and consider the projection ¢ : X — P! from O. Then deg ¢ = d—1.
By Hurwitz’s theorem:

29x —2 =mn(2gy —2)+deg R
=(d—1)(—2)+deg R
=2d+2+deg R

Rearranging gives deg R = (d — 1)(d — 2). The map is unramified at
O since O is not an inflection point and thus O lies on (d+ 1)(d — 2)
tangents of X, not counting the tangents at O.

e Y (P)={Q € X|P € To(X)}. If P does not lie on any inflection
tangent or multiple tangents, then by part (c), |~ *(P)| = d(d — 1)
Thus deg ¢ = d(d — 1). By Hurwitz’s theorem, deg R = 3d? — 5d.
Ignoring the ramification of type 1 in part (a), we get the desired
result.

Let X be a plane curve of degree d > 2 and assume that the dual
curve X* has only nodes and ordinary cusps as singularities. Since
the map ¢ : X — X ™ is finite and birational and X is already normal,
by the universal property of normalization, X is the normalization
of X*. Following the hint we find that

pal(X) = 5(d(d = 1) = D(d(d— 1) - 2)

pa(X*) = pu(X)+ no. of sing pts
pa(X) + no. of inflection pts of X + no bitangents of X
3(d —1)(d — 2) + 3d(d — 2) + no. of bitangents

Equating the two and solving for the number of bitangents gives the
desired result.
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(g) A plane cubic has degree 3, so plugging in from the equation in part
(e), we get that there are 3-3(3—2) = 9 inflection points, all ordinary
since r = 3. The fact that a line joining 2 inflection points meets at
at third inflection point will follow from Ch 4, Ex 4.4b or from Shaf
I p 184.

(h) A plane quartic has deg 4 so, by part (f) the number of bitangents is
14(4-2)(4 - 3)(4 +3) =28.

4. A Funny Curve in Characteristic p: Let X be the plane quartic curve
23y + y32 + 23z = 0 over a field of characteristic 3. Then looking in the
affine piece z = 1, the partials of X are:

fl=32%y+1=1
fh =2 +3y* =a®

Thus for no point are the partials all zero, so X is nonsingular. Similar
calculations for the other affine pieces.

To show that every point is an inflection point, we compute the Hessian
form (Shaf I p 18):

1 12 1 2

Tx Ty Tz 61’2/ 3x 02
14 1! 1’ .

o Ty Sy | =0 0 Oy 3y
PSR T 8 3z 0 6zx

Since this matrix is the zero matrix O3 in characteristic 3, every point P €
X satisfies the equation det 03 = 0 and thus every point is an inflection
point.

The tangent line at a point P = (o, Yo, 20) is fr.(z — o) + f,,(y — yo) +
fL(z — z0) = 0 which is equivalent to 23(z — z0) + 23(y — vo) + vi(z —
29) = 0. This is equivalent to z3z + 23y + yiz = 0 since 23z + z3yo +
Yoz0 = 0 since it lies on X. Thus the natural map of X — X* given
by P — Tp(X) is (z0,y0,20) — (23,3, 23), the Frobenius map. The
corresponding morphism on the function fields is then purely inseparable
and finite, so by Prop 2.5, X & X*.

5. Automorphisms of a Curve of Genus > 2. Let X be a curve of genus > 2
over a field of characteristic 0. Let G have order n. Then G acts on the
function field K(X). Let L be the fixed field. Then the field extension
L C K(X) corresponds to a finite morphism of curves f : X — Y of
degree n.

(a) Let P € X be a ramification point and e, = r. Let y € ¥ be a
branch point. Let z1,...,zs be the points of X lying above y. They
form a single orbit for the action of G on X. Since the z;’s are all in
the same orbit, they all have conjugate stabilizer subgroups, and in
particular, each stabilizer subgroup is of the same order . Moreover,
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the number s of points in this orbit is the index of the stabilizer, and
so is equal to |G|/r. Thus for every branch point y € Y, there is an
integer r > 2 such that f~ly consists of exactly |G|/r points of X,
and at each of these preimages, f has multiplicity r.

We therefore have the following, applying Hurwitz’s formula:

29x —2 = |G|(29v —2) + X, Ly - 1)
=G|y =2+ 5,1 - 1))

which rearranging gives the desired form:

(ox ~2m=29y ~213 011

T
i=1 v

(b) Suppose first that gy > 1. If the ramification R = >_7_,(1— —) =0,
then gy > 2, which implies that |G| < gx — 1. If R # 0, this forces
R>1/2. Then 2gy —2+ R > 1/2, so we have |G| < 4(gX —1). This
finishes the case gy > 1.

Now assume that gy = 0. Then the equation from part (a) reduces
to
2x —2 = |GI(~2+ R)

which forces R > 2. It is elementary then to check that if R =
>y (1= 1) > 2, then in fact R > 245. Therefore R —2 > 1/42.
Therefore G| < 84( 1) as claimed.

6. f« for Divisors: Let f: X — Y be a finite morphism of curves of degree
n. We define a homomorphism f. : Div X — DivY by f.(> n;P;) =
> n; f(P;) for any divisor D = 5" n;P; on X.

(a) For any locally free sheaf & on Y of rank r, define det& = A"& €
Pic Y. In particular, for any invertible sheaf .# on X, f..# is locally
free of rank n on Y, so we can consider det f,.# € Pic Y. Let D be
a divisor on X. Since f : X — Y is finite, we can assume that X
and Y are affine. Then £ (—D) is quasicoherent and by Prop II1.8.1,
R'f.#(—D) = 0. Then from the short exact sequence

0—-%(-D)—-0Ox —-0p—0
we get the short exact sequence
0— f.Z(-D) — f.Ox — f.Op — 0
Assume that D is effective. Then by Prop. 11.6.11b, we get that

det f,.Z(—D) = det f,O0x ® (det f,0p)
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(b)

()

(d)

Since f.Op =2 @, Of,p,det f,Op = det Oy, p = Z(f. D). There-
fore det f.Op' = Z(—f.D). For an arbitrary divisor D, write
D = D; — Dy as the difference of two effective divisors. Then ten-
soring

0—%(D1)—0Ox —0p, —0
with £ (D)~ ! we get

0— .2(D)— Z(Dy)™ ' - 0O0p, =0

Applying f. and taking determinants of this short exact sequence we
get f..Z(D) as above.

Since Z(D) only depends on the linear equivalence class of D, so
does f.D. Since def f =n, f* of a point is a degree n divisor. Thus
fxf* is multiplication by n.

[SAM] Since X and Y are nonsingular curves, Qx and €y are their
respective dualizing sheaves. From (Ex. I11.7.2(a)), we have f'Qy =
Qx. By (Ex. II1.6.10(a)), this means that f.Qx = Homy (f.Ox,Qy)
(f«Ox)* ® Qy. The determinant of the RHS is det(f.O0x) ! @ QP"
because (f.Ox)* is locally free of rank n, and Qy is a line bundle,
so we are done.

By Prop 2.3, Kx ~ f*Ky + R. Therefore f,Kx ~ nKy + B. Thus
ZL(-B) 2 Q" @ L(f.Kx) ' By parts (a) and (b), we get that
L(—B) 2 QP" @ det f,Ox ®det(f.Qx)"! = (det f.Ox)>.

7. Etale Covers of degree 2. Let Y be a curve over a field k of characteristic

£9.

(a)

(b)

Each stalk of f,Ox is a rank 2 free module over the corresponding
stalk of Oy . So each stalk of f,Ox is isomorphic to the corresponding
stalk of Oy . Thus .% is invertible. Then taking determinants of terms
in

0— 0y — f,Ox - —0

as in Ex I1.6.11, we get that .Z = det .Z = det f,Ox ® (det Oy )™t =
det f,Ox. Thus £? = £ (—B) = Oy since there is no ramification.

f: X — Y is an affine morphism and if Spec A pulls back to Spec
B, then clearly B is integral over A so f is finite. Thus X is integral,
separated, of finite type over k and dim X = 1. Thus X is a curve.
Since the integral closure of a Dedekind Domain and a localization
of a Dedekind Domain at a maximal ideal is a DVR, we see that X
is smooth. The function field of X is clearly a degree 2 extension of
kE(Y) so deg f = 2. Thus by Ex I11.10.3, f is étale.

The map o — (0 +70)/2 from f,Oy — Oy is a section of the short

exact sequence
0— 0y — f,Ox - Z—0
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Thus the sequence splits and f,Ox = Oy & Z. So by Ex II1.5.17,
X 2 Spec (Oy @ .%). So starting with X we get £ which gives
back X. Starting with .Z, we get Spec (Oy & .£) which gives .Z
back. Thus the processes are inverses.

4.3 Embeddings in Projective Space

1. Let X be a curve of genus 2. Let D be a divisor on X such that deg
D > 5. Then D is very amply by Cor 3.2(b).

Conversely, let D be very ample. If deg D = 1 or 2, then ¢|p| : X —
PN — P3 and the image is either a line or a conic in P3. However, both
are contained in some P? and thus X is a line or a plane conic. Since
gx = 0, this can not happen.

Now let deg D be 3 or 4. Then D is non-special and thus by Riemann-
Roch:
h°(D) =degD+1-g
{3,4}+1-2
2.3}

Thus dim |[D| =1 or 2 Since X can not be embedded into P!, deg D # 3.
If D were very ample of degree 4, then | p| : X — P? embeds X as a deg 4
plane curve of genus 2. But Pliiker’s formula gives that g = (d—1)(d—2)/2
and 2 # 3. Thus deg D # 4. Thus deg D > 5

2. Let X be a plane curve of degree 4 (and thus gx = 3)

(a) By Ex I1.8.20.3, wx = Ox(1) so the effective canonical divisors are
just the hyperplane sections.

(b) Let D be an effective divisor of degree 2 on X. Since K is very
ample, we have an embedding ¢|x| : X < P?. Let L = P+ Q. Let
[ be the line through P and Q. If P = (@), then [ is the tangent line
through P. Thus we can assume that K = P+ @Q + R+ S. Then
dim |D| = dim |K| — 2 = 2 — 2 = 0, where the first equality comes
from Prop 3.1(b).

(c) A degree 2 morphism ¢ : X — P! is induced by a deg 2 divisor D
with dim |D| > 0, By part (b), this can not happen and thus X is
not hyperelliptic.

3. Let X be a curve of genus > 2 which is a complete intersection in some
P™. Assume that X = (| H; where each H; is a hypersurface. By (II,
Ex 8.4(d)), K is a multiple of the hyperplane divisor. Therefore £ (K) &
Ox(n) for some n > 0 since 2g —2 > 0. Then |K| induces the d -uple
embedding and thus K is very ample. Thus by ex. 3.1, if g = 2, deg
K = 2 is not very ample and thus X is not a complete intersection.
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4. Let X be the d-uple embedding of P! in P? for any d > 1. We call X the
rational normal curve of degree d in P.

()

()
(d)

By (II,LEx 5.14), the d-uple embedding is projectively normal since
P! is already projectively normal. We know the image of the d-uple
embedding is Z(ker #), where 6 is the corresponding ring homomor-
phism. Then it is easy to check that ker @ is generated by

2
Tipo — TiTit2and ToTg — T1Td—1

fori=0,...,d—2

Let Xy CP*,d<mn,and X ¢ P*~!. By (I, Ex 7.7), if d <n,X C
P"—1. Therefore d = n.

Another way to do this is to notice that if H if the hyperplane divisor,
then deg H = d and dim |H| = n since X ¢ P"~!. Pick a point
P € X not in Bs |H|. Then deg (H — P) = d — 1 and dim |H —
P| = n — 1. Continue to get a divisor D with deg D = 0 and dim
|D| = n — d. This is only possible if d = n. By Riemann-Roch,
hO(H) =n+1—g+ h°(K — H). Therefore h°(K — H) = g. But
h°(L) = g and we can pick a hyperplane through any point so for all
Pe X, h°(K — H) = g. We can not have every point P € X a base
point of |K| so thus g = 0. Thus X C P! and Z(H) = Ox(n). The
embedding X < P" is induced by the complete linear system |H]|.

Take n small enough such that the curve is in P but not in P?~1.
Then by part (b), n =2

Obvious.

5. Let X be a curve in P3 not contained in any plane.

(a)

Let O ¢ X be a point such that the projection from O induces a bira-
tional morphism ¢ from X to its image in P2. If the image ¢(X) were
non-singular, then ¢ is an isomorphism and X = ¢(X). Since X is
not contained in a hyperplane, I'(P3, Ops(1)) — I'(X, Ox (1)) is injec-
tive and thus dim H°(X, Ox (1)) > 4. ¢(X) is a complete intersection
so by Ex IL5.5(a), dim HO(p(X), Op(x)(1)) < dim HO(P?, Op2(1)) =
3. The pull back of a hyperplane section under the projective map is
a hyperplane section so we see that X % ¢(X).

Let X have degree d and genus g. Then project from a point (which
is degree preserving), so we have ¢(X) has degree d as well. X is
the normalization of ¢(X) so by Ex 1.8 X has a lower genus. Thus
9x < Gp(x) = 3(d = 1)(d - 2).

Now let {X;} be the flat family of curves induced by the projection
whose fiber over ¢t = 1is X, and whose fiber X over ¢t = 0 is a scheme
with support ¢(X). Assume that Xy does not have any nilpotents.
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Then X, would be the curve ¢(X). But the genus of p(X) is larger
then the genus of X which would contradict the fact that all the
fibers of a flat family have the same Hilbert Polynomial.

6. Curves of Degree J

(a) Let X be a curve of degree 4 in some P*. If n > 4, by ex 3.4(b),
n = 4 and ¢ = 0 thus X is the rational quartic. If X C P3 not
contained in any hyperplane, then by ex 3.5(b), g < 3. If g = 0, X
is a rational quartic curve. If ¢ = 2,deg K = 2,deg H = 4 and
so by Riemann-Roch, h°(H) = 3. But h°(H) > 4 since X ¢ P2
Thus the other possibility is that ¢ = 1. If ¢ = 1 and X C P2,
g=4-1)(4-2)/2=3.

(b) From the short exact sequence
0—-Ix —>0Op —0x —0
we can twist to get the short exact sequence
0—Ix(2) — Ops(2) = Ox(2) = 0

Now dim H(P?, Ops(2)) = (*3?) = 10 and dim HO(X,0x(2)) =
h(2H) = 8+1—1 = 8 by Riemann Roch. Therefore dim H°(P?, I (2)) >
2. Thus X is contained in two quadric hypersurfaces which are nec-
essarily irreducible since X is not contained in a hyperplane. The
intersection of these 2 quadric hypersurfaces has degree 4 by Bezout’s
Theorem and thus must be all of X.

7. The curve X defined by zy + x* + y* = 0 has a single node. A curve
projecting to this curve would have degree 4 and genus 2 by Pliiker’s
formula. By Ex 3.6, no such curve exists.

8. We say a (singular) integral curve in P™ is strange if there is a point which
likes on all the tangent lines at nonsingular points of the curve.

(a) The tangent line at (¢, P, t?p) points in the direction of (1, ptP~1, 2pt?P~1) =
(1,0,0) and thus contains the point of infinity on the z-axis. (0,0, 1,0)
is the other point on the curve. In z, y, w coordinates, the parametriza-
tion is (#?P~1,¢P,¢?P). The tangent at (0,0,0) points in the (1,0,0)
direction so it still contains (1,0,0,0). Thus (1,0,0,0) is contained
in all tangent lines of X.

(b) When char(k) = 0, X has finitely many singular points. By choosing
a point in general position, we can still project X into P3. Let P € X
be a strange point. Choose an affine open set such that P is the point
at infinity on the x-axis as well as the other necessary conditions as in
the proof of Thm 3.9. The resulting morphism is ramified at all but
finitely many points of X. The image is thus a point, else the map
would be inseparable which would contradict the fact that char(k) =
0. Thus X = PL

119



9.

10.
11.

12.

4.4

Let X be a curve of degree d in P? not contained in any plane. Then 3
points are collinear iff there is a multisecant line passing through them. A
hyperplane in P? intersects X at exactly d points iff the hyperplane does
not pass through any tangent lines of X. By Prop 3.5, the dimension of
the tangent space of X is < 2. By similar arguments, we can show that
the dimension of the space of multisecant lines is < 1. Thus the union
of these spaces is a proper closed subset of (P?)* which has dimension 3.
Thus almost all hyperplanes intersect X in exactly d points.

(a) Let X be a nonsingular variety of dimension r in P with n > 2r = 1.
Then to show that there is a point O ¢ X such that the projection
from O induces a closed immersion of X into P"~!, we need to find
a point not lying on any tangent or multisecant line. This is done in
Shaf I, page 136.

(b)

Elliptic Curves
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