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Abstract

For the ferromagnetic four-state broadcast model with 0 < A < 1, we prove that recon-
struction on a bounded-degree deterministic rooted tree occurs exactly when its L? capacity
with edge resistances A\~2/¢l is positive. This gives an exact criterion without regularity or
growth-rate assumptions on the tree, including at the exponential critical boundary.

1 Introduction

Let T be an infinite locally finite rooted tree with root p. Assume that every vertex has at most B
children, where B is a fixed positive integer; vertices with zero or one child are allowed. Write |v|
for the depth of a vertex, ch(v) for its children, and L,, = {v : |[v| = n}. The tree is deterministic
and known to the observer.

Fix 0 < A < 1. Give the root a uniform spin in [4], and transmit spins independently along
edges conditional on their parent spins, using

Sy 1-—A

For the uniform probability vector u = (1/4,1/4,1/4,1/4), put

1A
an(T,\) =E TV(P(o, € - | o1,,),u), TV(p,u) = 3 > lpi — 1/4.
i=1

Data processing makes a,, nonincreasing. We say that reconstruction occurs if its limit axo (7', A)
is positive.

A nonnegative flow 6 to infinity assigns a nonnegative number to each edge, with incoming
flow equal to the sum of outgoing flows at every nonroot vertex. Its mass is

o= 0lp,w).
wéech(p)

For an edge e, let |e| be the depth of its child endpoint, and let 0T denote the infinite rays from
the root. Define

Va(0,8) = > (A Foe))®,  cear, (1.2)
ecg
Caps A(T) = sup {|e| : sup VA(6,€) < 1} . (1.3)
£eor

The zero flow is allowed. This is the L? nonlinear capacity with edge resistances A~2l¢l; in the
standard LP normalization, the path potential has exponent p — 1 [8, Section 2].



Theorem 1.1. Let T be an infinite rooted tree with at most B < oo children per vertex, and let
0 < A < 1. For the broadcast model (1.1),

ao(T,A) >0 <= Caps,(T) > 0.

There is no regularity or growth-rate assumption on the tree. In particular, the criterion
applies at the exponential Kesten—Stigum boundary, where an exponential-growth test alone does
not settle the question. The exclusion of A = 1 is essential: an infinite ray then reconstructs
perfectly, whereas its capacity in (1.3) is zero.

History and relation to earlier work

The second-eigenvalue scale in tree broadcasting originates in the branching-process work of
Kesten and Stigum [3]. For a regular tree with d children per vertex, the corresponding bound
guarantees reconstruction when dA\? > 1 [5]. Evans, Kenyon, Peres, and Schulman [1] developed
the relation between broadcasting, the Ising model, and electrical capacity. For Potts channels, Sly
[9] proved sharpness of the second-eigenvalue bound for three states on regular trees of sufficiently
large degree, including nonreconstruction at equality, and proved nonsharpness for at least five
states. Mossel, Sly, and Sohn [6] established three- and four-state nonreconstruction at and
below the bound for Galton—Watson families of sufficiently large mean degree, under hypotheses
covering regular and Poisson offspring. At four states the quadratic correction vanishes, making
higher-order terms decisive [9, 6].

Pemantle and Peres [8] formulated critical Ising criteria on arbitrary trees using nonlinear
capacities and concave recursions. Their free-boundary criterion uses L? capacity with squared
channel resistances, whereas their plus-boundary criterion uses L3 capacity with unsquared
channel resistances [8, Theorems 2.1-2.2]. The present four-state reconstruction criterion has the
L3 exponent but the squared channel resistance A\~2l¢l. The nonlinear recursion used below is the
p = 3 instance of their capacity recursion [8, Lemma 3.1 and Corollary 3.4]; we give the needed
flow construction directly.

Our essential probabilistic input is the preserved class of posterior laws and its moment-saving
inequality from The Reconstruction Threshold for the Ferromagnetic Four-State Potts Model
[7, Proposition 3.2]. That companion studies the threshold on regular and Poisson Galton—
Watson trees. Its posterior-law statement allows arbitrary channel parameters and conditionally
independent products, which is the scope needed here. We state this input precisely in Section 2;
its polynomial-certificate proof is not repeated. All remaining arguments for Theorem 1.1 are
proved below.

Proof strategy

We measure a posterior p’s information by the quadratic statistic m = 4E|p — u|?. The companion
inequality saves a cubic term when two informative branches are combined. For the implication
from reconstruction to capacity, a change of variables m — m + Km? turns this branching saving
into a nonlinear inequality that also has a strict saving at one-child vertices. A direct telescoping
construction then produces an admissible flow of positive mass.

The converse starts from a flow and scales it down. At each observation level we add
independent noise, chosen separately at each vertex v so that its terminal information equals the
scaled flow entering v divided by A2/?l. The resulting information stays below this depth-weighted
flow profile. To bound what is lost, we track a signed third moment in addition to m. In the



four-state coordinates, the mixed quadratic term in the product formula cancels. The remaining
loss is controlled by the third moment, whose propagation along an edge has factor A3, rather
than \2.

Sampling a ray according to the flow converts the accumulated loss into sums along a single
path. The two propagation factors leave a summable kernel A~ between depths i and j. The
capacity bound controls its quadratic path sum, and a single choice of noise scale works at every
observation depth. This flow-calibrated degradation and third-moment estimate avoid any need
for comparable branch sizes or a strict exponential growth inequality.

Section 2 introduces the posterior calculus and the companion input. Section 3 constructs the
flow from reconstruction. Section 4 proves the local moment estimates, and Section 5 uses them
to prove the converse. Throughout, set

r=X\¢€(0,1).

2 Posterior experiments and the companion input

An experiment consists of an observation about a uniform input spin in [4]. Let p be its posterior
vector and p the law of p under the marginal law of the observation. A posterior law is symmetric
if it is invariant under all permutations of the four entries. Define

1 1 -1 -1

L=|1 -1 1 —-1|, a=Lp, A@p) =z
1 -1 -1 1
and put
m(u) = ELA, 7(p) = Eyulr1m023], h(p) = |7()|- (2.1)

Here and below, vector norms are Euclidean. The rows of L are orthogonal and span the
orthogonal complement of the constant vector. Consequently

1
Alp) =4p—u)®, 0< A(p) <3, AP <TV(p,u) <

The lower bound follows from |p; — 1/4|> < |p; — 1/4]; the upper bound is Cauchy—Schwarz. In
expectation,

Ap). (2.2)

N

Sm(p) SETV(0) < 3 /m(a). (23

Under degradation of an observation, the new posterior is the conditional expectation of the old
one given the new observation. Convexity of A therefore makes m nonincreasing under data
processing.

2.1 Channels and products

In a channel step with parameter ¢ € [0, 1], first transmit a uniform input I to J through P,
then observe an experiment about J. The uniform distribution is stationary and the channel is
symmetric, so the posterior about I is u + ¢(p — u). Thus

T — tx, m— t2m, T — 37, h — t3h. (2.4)

The completely revealing experiment has m = 3, while the uninformative experiment has
m=h=0.



If two observations are independent conditional on the same input spin, write u x v for their
combined posterior law. The normalized-product rule below is standard in posterior recursions
for reconstruction; see Mézard and Montanari [4, Sections 2.2-2.4]. Sample p, ¢ independently
from their marginal posterior laws u,v. The joint marginal law of the observations is obtained by
weighting this product law by

4

Z=4% pig, P= e i) (2.5)
i=1 Z

The value of P at Z = 0 is irrelevant. Indeed, the likelihood of each observation conditional

on input i, relative to its marginal law, is 4p; or 4¢;. Formula (2.5) follows by averaging their

product over the uniform input. In particular, EZ = 1. Symmetry is preserved by both channel

steps and products.

The columns of L are the four sign triples whose product is one. Permuting these columns
acts on x by coordinate permutations and even sign changes. For any symmetric posterior law, it
follows that m

E.Ti = 0, El‘ifE]’ = gl{i:j}’ (26)

and every degree-three coordinate monomial except z1z2xs has zero expectation. Also |z;| < 1.
Any coordinate monomial of degree at least two is therefore bounded in absolute value by |z|?:
retain two factors and use |z;z;| < (22 + x?) /2, or |z;|> when the indices agree. In particular,

h(p) < m(p). (2.7)

2.2 The moment-saving input

We use the following statement from the companion manuscript. The existence and preservation
of the class, not only symmetry, are essential to its upper bound.

Proposition 2.1 (Companion input, [7, Proposition 3.2 and Equations (3.8)—(3.9)]). There is a
class C of symmetric posterior laws containing the revealing and uninformative laws and preserved
by channel steps with any parameter in [0,1] and by conditionally independent products. For
p,v €C,

1

Every finite-depth subtree experiment used here has law in C. This includes observations of a
descendant level and observations in which each terminal spin is independently passed through
its own channel P;. At the terminals, membership follows from the revealing law and channel
closure; an empty observation is uninformative. Working toward the subtree root uses channel
steps and products, with conditional independence supplied by the broadcast process. The same
argument covers every partial product at a vertex. No assertion about a limiting posterior law
belonging to C will be needed.

m(pv) < m(p) +m(v) - ¢ (Bu[A%m(v) + m(u)E,[4])

3 From reconstruction to capacity

The nonlinear capacity recursion of Pemantle and Peres [8, Lemma 3.1 and Corollary 3.4] has a
particularly direct flow interpretation in the present normalization. We first give that construction,
then derive its hypothesis from the posterior information.



Lemma 3.1 (A flow from recursive labels). Suppose nonnegative finite labels (z,)ver satisfy

T2y

Zy < Z -
wech(v) 1+ zl?”

Then there is a flow of mass z, whose potential (1.2) is at most one on every ray. In particular,
Capy A\ (T) = 2.

(3.1)

Proof. At each vertex choose coefficients

! such that z, = Z Ao 2w -

/ 2
1+ Zw wech(v)

If the upper-bound sum is positive, multiply all its coefficients by the ratio of z, to that sum;
otherwise all labels in the displayed equality are zero and take all coefficients to be zero. Set
Ly =1, by, = Lydy, recursively, and define

0 < dpw <

O(v,w) = Ly zy.

The displayed equality gives conservation at every nonroot vertex and mass z, at the root. Put
Gy = r=1vl¢,. Then

_ 2
g2(1+22)<g2 (O, w)” = (guwrw)? < g2 — g2,

Summing along any finite initial segment of a ray gives a bound by g/% = 1. Monotone convergence
of the nonnegative sums proves the assertion for every infinite ray. O

For a vertex v, let mq()n) be the quadratic information about o, obtained from its descendants

at distance n, with mq(,o) = 3. Data processing gives limits

my = lim m{™ € [0,3].
n—oo

If reconstruction occurs, (2.3) implies m, > 0. We show that these limiting numbers yield labels
satisfying Lemma 3.1 with a positive root label.
For a fixed vertex v, put

by = My, S= > bu, D = max bybyy (by + buy),
wech(v) ww!

where D = 0 if fewer than two children are present. Then

my, < S —cD. (3.2)

At finite depth the parent information is mg,nﬂ), and the child values after their edge channels

are b, = rmgf ). Choose any pair of children and combine their branch experiments first. Jensen’s
inequality gives EA% > (EA)?, so Proposition 2.1 saves at least cbyby (by + by). Combine the
remaining children using the subadditivity part of the same proposition. Maximize over the
pair and pass to the limit. All sums and maxima are finite. With zero or one child, the empty

observation or channel scaling gives the assertion directly.



There are at most B3 ordered triples of children, and every mixed product in S® is at most
the largest b,, squared times the second largest, hence at most D. Therefore

S <> b + B°D. (3.3)
w
Choose K > 0 with K B3 < ¢ and set y, = m, + Km3. Since m, < S, Equations (3.2) and (3.3)
yield
yo < S —cD+KS* < S+ K b,

:TZyw—Kr(l—rz)me’U. (3.4)

This correction supplies a saving even at a one-child vertex, where the original pair term vanishes:

the positive factor is r — 3.

The bound m,, < 3 gives y,, < (1 + 9K)m,,. With

K(l—r2) 50

0= (1+9K)3 ~

Equation (3.4) implies
Yuw
Yo ST _yu(l—6yn) <1y —
- v — 1+ 20y,

The second inequality is the tangent bound (1 + 275)_1/ 2>1—tfort>0. Thus z, = V25 y,
satisfies (3.1), with z, > 0. Lemma 3.1 proves positive capacity and completes the first implication
of Theorem 1.1.

4 Local estimates for information loss

For the converse, subadditivity alone is not enough: we must bound the information lost when
branches are combined. The next lemma uses only symmetry and one channel-smoothed input.
Unlike Proposition 2.1, it does not require membership in C.

Lemma 4.1. Fiz 0 < A < 1. Let pu,v be symmetric posterior laws, with v obtained by a channel
step of parameter X\. There is a finite constant C = C(\) such that

m(pxv) Zm(p) +m) = C(h(p)mv) + m(p)hv)), (4.1)
h(pxv) < h(p) + h(v) + Cm(p)m(v). (4.2)
The first inequality holds with C =17.

Proof. All expectations in this proof are over independent marginal posterior vectors p, ¢ of laws
w,v. Put

v=Lp, y=Lg s=z-y, a=mu), b=m), a=71(), B=1).
Since p = u+ LTz/4 and similarly for g, the product rule (2.5) becomes

N
Z=l+s,  LP=i——  N=wty+R  Ri=zy+amu (4.3)
where {i,j,k} = {1,2,3}. Each coordinate of ¢ is at least (1 — \)/4, so
1+s5>1—-X>0, A< s<3. (4.4)



The quadratic statistic. Using the marginal weight Z in (2.5),
[N|?

—E—L.
mpxv) =By

The second moments in (2.6) give
2 1
E|R|*> = gab, Es? = gab.

In the expansion of E[|N|?(1 — s)], the term E|R|? therefore cancels 2Es?. Terms of degree one in
either vector have zero expectation. For the remaining terms,

E[sx - R] = 2ab, E[sy - R] = 2ap, E[s|R|?] = 6a.

For example, z- R = 2(x122y3+x123y2+ 2223y ); after multiplication by s, only terms proportional
to x1xox3 survive expectation over x. The last identity follows in the same way by retaining only
terms with all three indices in each vector. Thus the expansion is exactly

E[|N|*(1—s)] = a+b—4(ab+ af) — 6af. (4.5)
As (1+s)" ' =1—s+s?/(1+s), we obtain

‘N‘QSQ
m(,u*l/):a+b—4(ab+a5)—6a6+E1+S. (4.6)

The final term is nonnegative. Moreover, (2.7) implies

1
@8] < 5 (h()b + ah()).
This proves (4.1) with constant seven, without any sign assumption on « or 3.

The third moment. The corresponding product formula is

N1 NoN3

T(*v) = Em

Use the exact remainder
s2(3 +2s)

(1+s)2

The numerator NiN2N3 is bounded, and (4.4) bounds the multiplier in (4.7) by a constant
depending only on A times s2. The error in replacing the denominator factor by 1 — 2s is
consequently at most Cy(\)ab.

In the finite polynomial Nj NoN3(1—2s), the only pure terms are x1zox3+1y1y2y3. Every mixed
monomial of degree one in one vector has zero expectation. Every other mixed monomial has
degree at least two in each vector, so its absolute expectation is at most ab, by independence and
the monomial bound following (2.6). Summing the finitely many coefficients and taking absolute
values proves (4.2). Increase the common C()) to at least seven to obtain both estimates. [

(1+s)2—(1-2s)= (4.7)



5 From capacity to reconstruction

Assume Capg (7)) > 0 and choose an admissible flow 6 of positive mass. We construct degraded
observations at every finite depth and bound their information from below uniformly in that
depth. The noise scale will be fixed only after the total loss has been estimated. Noisy boundary
observations also underlie robust reconstruction [2]. Here we choose the noise separately at each
vertex from the flow and use the resulting information to bound that of the original observations.

5.1 A flow profile and terminal observations

For 0 < e <1, let O(v) be the flow €f entering a nonroot vertex v, and define
O(p) =M :=€d], X, =rTOWw).

Conservation becomes

Xo=r Y Xu (5.1)
wech(v)

Every positive-flow edge extends to an infinite ray: at every positive-flow vertex, conservation
gives at least one positive-flow child. Hence admissibility implies X,, < e for all nonroot vertices.
In particular, 6(p, w) < r for each child of the root, and |#| < Br. On every ray { = (vo =
P, V1,02, ..), we therefore have

iXi <Qe, Q=1+ (Br) (5.2)
j=0

The extra term in () is needed because X, = M need not be at most e.
Fix n > 1. At each v € L, observe its spin only after an additional independent channel P; ,
where

ty = 1/ X,/3. (5.3)

These are valid parameters since X, < e < 1. For |[v] < n, let ﬁzv,ﬁv be the statistics of the
experiment about o, using these degraded terminal observations in its subtree. The dependence
on n is suppressed. These laws and their partial products belong to C, as explained after
Proposition 2.1.

By channel scaling, at the terminal level

My =Xy,  he<X,  (Jv| =n). (5.4)
Subadditivity in (2.8), channel scaling, and (5.1) give inductively
My < X, (Jv] < n). (5.5)

A vertex with no observed descendants has the uninformative experiment. Finite branches carry
no flow, so early leaves and zero-flow subtrees are consistent with these bounds.



5.2 Local and accumulated losses
For |v| < n, define the deficit from linear addition by
Dy=71 Y iy — . (5.6)
wech(v)

We first prove that, with a fixed finite C; depending only on B, A,

hy < X3 hy + C1 X2, (5.7)
0< D, <C1X, ()\3 > e+ X3> . (5.8)

The coefficient of the propagated third moment is exactly A3; the constant C; multiplies only the
Nnew error.
Combine the child branches one at a time. After the edge channel, their individual statistics,
now about the spin at v, are
by = i, By = Ahy,.

Every partial product has m at most the sum of its b,,’s, hence at most X,. Applying (4.2) at
each addition gives the partial bound

h<> hy,+CX,» by <H+CX;, H=> h,

The sums on the right may be taken over all children, so this also proves (5.7) after increasing
C1. Every addition has nonnegative deficit by Proposition 2.1. Its deficit is at most

C((H + CX2)by + X,hl,)

by (4.1). Summing and using 3", b, < X, gives D, < 2CX,H + C?X?, proving (5.8). The
second input at every use of Lemma 4.1 is a single child branch after its channel of parameter A,
as required.

Write u > v when u is a descendant of v, including v = v. Iterating (5.7) in (5.8) and using
(5.4) gives, for i = |v| < n,

Dy < CoX, | S0 A= x2 4 N~ 33y, (5.9)
urv urv
lul<n lu|=n

Here Cy = max{Cy,C{} suffices. At each internal descendant the term C; X2 is inserted once
and then propagated with a factor A per edge; no power of C; grows with depth.
Telescoping the deficits (5.6) over the finite tree above L,, now yields

my=1"> Xy— > rPIlD, = M — > VD, (5.10)

VELy [v|<n lv|<n

The last equality uses conservation of ©. It remains to show that this total loss is at most a fixed
fraction of M, uniformly in n.



5.3 Averaging the losses along a flow path

Sample a vertex of L,, with probabilities ©(v)/M and let (Vo = p, Vi,...,V,) be its ancestors.
Conservation gives ), o L O(v) = M for every j < n and therefore

(u € Lj). (5.11)

This remains true with early leaves: their flow is zero. Every path with positive probability
extends to an infinite ray, so (5.2) bounds the sum of its X‘Q/i .
For i < j and |u| = j, the identity responsible for the summable path kernel is

FASUT) X, = N TIO(u). (5.12)

The unique depth-i ancestor of u is specified once u is chosen. Thus, for 0 <1i < j < n,

S X, 3 A6 X2

|v]=i uzv
ul=j
= MN'E[Xy,Xv,], (5.13)
whereas the terminal terms satisfy
STrix, Y AT, = MATTEXY,. (5.14)
|v|=1 urv
lu|=n
Combining these identities with (5.9) gives
Sellp, < CME| YT NTXy Xy + Y ATX | (5.15)
lv|<n 0<i<j<n 0<i<n

For each fixed difference k = j — i > 0, Cauchy—Schwarz and (5.2) give, on every path in the

support,

1/2 1/2

n—1—k
2 2
( Z XVi-Hc) < QG '
i=0

Each individual Xy, is at most /@ e. Summing the geometric weights in (5.15), the expectation
there is at most

Qe L V@Qe

1—-X 1-X\

Choose € € (0, 1] so small that Cy times this expression is at most 1/2. The choice is independent
of n. Equations (5.10) and (5.15) now give

n—1—k

n—1—k
S XuXi, < ( > X)
1=0

1—
=0

(5.16)

my, > M/2>0 for every n > 1.

The original, undegraded level observation has at least this much quadratic information by data
processing. By (2.3),
an(T,\) > M/16 (n>1).

Thus as (T, \) > 0, proving the remaining implication of Theorem 1.1. The degraded experiments
may vary with n; the proof requires only the same positive lower bound at each depth, not their
convergence or mutual monotonicity.

10
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