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Abstract

Using the companion neutral spacetime Penrose theorem exactly at its stated strong-decay,
future-trapped, positive-area, and future-timelike scope, we prove the sharp purely electric
upper-area inequality in every spatial dimension n > 4 for one-ended charged data satisfying the
charged dominant energy condition and div, ¥ = 0, with the specified decay, integrability, and
finite-flux assumptions. The data may have arbitrary interior topology and ADM momentum,
with a future or past trapping sign chosen independently on each boundary component. Positive
enclosing area and strict ADM timelikeness are conclusions. The polynomial mass rearrangement
is asserted only when the (n — 2)nd power of the enclosing-area radius exceeds |Q]. When
m > |Q|, equality under the stated connected, outermost, outer-area-minimizing future-horizon
hypotheses recovers the original metric, second fundamental form, and electric field as a global
spacelike slice of a Reissner—Nordstrom—Tangherlini exterior. The equality classification includes
only slices whose induced magnetic two-form vanishes.
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1 Introduction

The Penrose inequality relates the total mass of an asymptotically flat initial-data set to the area
required to enclose its black-hole boundary. Penrose proposed this relation as a consequence of
gravitational collapse and cosmic censorship [23]. In three dimensions, Huisken and Ilmanen proved
the Riemannian inequality for a connected outermost minimal component by inverse mean curvature
flow, and Bray treated total horizon area with multiple components by conformal deformation [4, 14].
Bray and Lee extended the numerical Riemannian inequality to spatial dimensions below eight [5].
The spacetime problem retains the second fundamental form and the invariant ADM mass, and the
charged problem must also account for the conserved electric flux. These distinctions affect both
the numerical inequality and the equality statement.

This article proves a reduction from the neutral spacetime inequality to the purely electric
inequality in every spatial dimension n > 4. The neutral input is stated in full in Theorem 2.4. It is
used only at its stated stronger-decay, future-trapped, positive-area, future-timelike scope. We use
this companion result without independently reproving the unrestricted neutral spacetime Penrose
conjecture. Using this input, Theorems 2.5 and 2.7 establish the numerical bound and connected
nonextremal rigidity statement formulated below.

The numerical theorem permits disconnected boundary, with a future or past trapping sign
chosen independently on each component. It first establishes that the ADM vector is future timelike;
write m for its invariant mass. The area is an infimum over full enclosing cuts. Every component
of a cut, including its contact with the given boundary, is counted, and no smooth minimizer is
assumed. If @ is the signed charge and X 4 is the (n — 2)nd power of the corresponding area radius,

the sharp assertion is
m=|Q,  Xa<m+ym?—-Q> (1.1)

On the outer branch X4 > |Q|, the second inequality is equivalent to m > (X4 + Q?/X 4)/2; for
0 < X4 <@/, the stated conclusion reduces to the mass-charge bound. This distinction is necessary
when the enclosing boundary has several components. In spatial dimension three, Khuri, Weinstein
and Yamada proved the corresponding upper area-radius bound for strongly asymptotically flat
Riemannian data with possibly disconnected outermost minimal boundary, source-free electric and
magnetic fields, and the charged scalar-curvature bound [16, Theorem 1.1 and Corollary 1.2]. The
present reduction treats nonzero second fundamental form and spatial dimensions n > 4.

For a connected nonextremal future horizon satisfying the outermost and area-minimizing
conditions below, equality determines all the original fields as a global slice of a Reissner—Nordstrom—
Tangherlini exterior. The argument retains the singular minimizing frontiers that can occur from
spatial dimension eight onward, and the equality analysis takes place on the original data throughout.

The proof has four main ingredients. First, a charge-preserving end preparation reduces weakly
asymptotically flat data with arbitrary timelike ADM vector to strict data with a static end. A
filled scalar system then produces a metric which dominates the original metric and has charged
scalar-curvature control on a suitable height region. Its local regularity rests on a special rank-one
elliptic structure: after freezing the gradient direction, the derivative in that direction satisfies a
divergence-form equation even when the remaining scalar coefficient is merely measurable. This
yields the required gradient estimates in every dimension.

Second, a bounded divergence-flux equation converts electric charge into a controlled decrement
of ADM energy. Its conformal factor has a lower barrier, so the loss of enclosing area is explicit.
A compact pure-trace second fundamental form makes a smooth regular height cut strictly future
trapped. Applying the exact neutral input and optimizing one parameter proves (1.1). The
construction permits sources in the artificial filling; the curvature estimate is used only on the



original source-free exterior.

Third, equality is studied by varying the original data. A measure multiplier for the full area
envelope produces a lapse and shift, together with a positive normal-normal measure in the lapse
Hessian. Atomic minimizing sheets are eliminated by a jump identity. Non-atomic sheets carry
positive Jacobi fields; a capacity and tangent-cone argument controls their singular ends, and a
one-dimensional BV argument removes diffuse multiplier mass on zero-lapse sheets. This is the part
of the proof which retains the singular sets allowed in high dimension.

Finally, closed-form electromagnetic variations produce a global electric potential. Conservation
of volume along electric flow lines forces alignment of the electric field and shift. A cutoff argument
proves staticity across possible interior zeros of the Killing norm; those zeros are then excluded.
A transformation to vacuum static data allows conformal doubling and a direct treatment of the
compactified point. The resulting global base recovers the original spacelike embedding, its future
normal, and the signed normalized electric field. Classical static uniqueness arguments motivate
this final stage [6, 11]. Higher-dimensional static charged uniqueness was developed by Gibbons,
Ida and Shiromizu [12]; the present equality argument must first obtain staticity and then recover
the original slice.

The neutral companion paper [22] and the three-dimensional charged companion paper [21]
supply methodological precedents. Only the displayed numerical neutral theorem is taken as a
premise. We reproduce and justify the auxiliary constructions needed for the present dimension,
field degree, regularity, and boundary conventions.

2 Data, conventions, and the precise conclusions

Throughout the paper n >4, k=n — 1, and

—1
w = Area(SF, o), Cn = % (2.1)

The symmetrization of a covariant two-tensor includes a factor 1/2. We use A = divV, whose
principal symbol is negative. All boundary normals in expansions point into the exterior, toward its
distinguished end.

2.1 Initial data and electromagnetic normalization

Definition 2.1 (Admissible purely electric exterior). Let € be a connected oriented smooth n-
manifold with nonempty compact smooth boundary S. The metric g, symmetric covariant two-tensor
K, and vector field E are smooth up to S. The metric space (£2, g), including S, is complete. Outside
a compact set there is exactly one coordinate end

Q\C ~{x eR": |z| > Ro}.

In particular the remaining topology is compact; there are no additional ends. Put 7 = try K and
define

2im = Ry + 7> — | K|} — k(k — 1)| E|Z,
(Jm)i = VI (K5 — 734j).

We require
fim = |Jmlgs divy £ = 0, tims |Jmlg € LI(QdVg)- (2.3)



For some ¢ > (n — 2)/2, with p = |z|, assume

gij =0 =02(p™%),  Ky=01p"""%,  E'=01(p7"). (2.4)

Here O;(p~*) bounds every coordinate derivative of order ¢ < j by Cyp~%*; it places no restriction

on higher derivatives beyond smoothness. The following finite limits are assumed to exist:

1 .
Eapm = 5 lim. / :R(ajgz'j — 0i9jj)(ns)" dAs, (2.5)
]_ .
T R J
(PADM)Z T ng%o p:R(KZ ngj)(né) dA(g, (26)
1
Q= — lim g(E,vg)dA,. (2.7)

W R—o0 Jp=R

The ADM fluxes use Euclidean coordinate normals and area, whereas the charge flux uses g. No
timelikeness assumption is imposed on the ADM vector. On each connected component S, choose a
fixed sign €, € {1, —1} and require

Hg, +e€,trg, K <0, Hg, =divg, v. (2.8)
No condition is placed on the other expansion. The signs need not agree between components.

The electric field in Definition 2.1 is normalized. Its decay makes |E|? integrable, so the total
constraint energy

b=+ GIEP = (R + 77— |KP), T =, (2.9)
is integrable as well. The closed flux form
a=1igdV, (2.10)
is convenient when changing metrics. No source-free extension of « across S is assumed.

Definition 2.2 (Spacetime conventions). A Lorentz metric G has signature (—,+,...,+). Its
electromagnetic two-form F is normalized by

Ricg —%G =2 (./Tac]:bc — i ch:CdGab> + T, dF =d(xqF) =0. (2.11)

For a spacelike embedding ¢ with future unit normal N, the induced conventions are
K(U,V)=G(VyN,V), E’ = (i F), UF =0. (2.12)

The induced orientation is ¢*(iydVy), and T, (N, N) = i, with momentum constraint .J,, as
in (2.2). Thus the last condition in (2.12) is the purely electric condition on the initial slice. In
dimensions above three, E is not the unrescaled Faraday contraction.

2.2 Full enclosing cuts

Definition 2.3 (Full cut and enclosing area). A full enclosing cut is I' = 9D, the entire intrinsic
manifold boundary of a connected smooth codimension-zero submanifold-with-boundary D C 2
which is closed in €2, has manifold interior in int {2, and contains the whole sufficiently distant
coordinate end. The cut is compact, smooth, embedded and two-sided. Every component and every



portion coincident with S is counted. In particular D = {2 contributes the cut S. Orient each
component toward the end and set

a = Apin = illlfAreag(F), ra = (ajw)/*, Xa=rht (2.13)
The infimum refers to the original metric g. Neither its positivity nor the existence of a smooth
minimizer is part of this definition.

Stokes’ theorem for the region between a full cut and a large coordinate sphere gives

/Fa = wQ@. (2.14)

Component fluxes may have either sign. The adjective “full” is essential: replacing 0D by an empty
relative frontier would discard the obstacle and change the problem.

2.3 The precise neutral input

We record exactly the numerical result used below. Its stronger asymptotic assumptions, sign
convention and strict timelikeness are retained at each application.

Theorem 2.4 (Neutral numerical input). Let d > 3 and let (U% h, L) be a connected oriented
smooth initial-data exterior with nonempty compact smooth boundary T, complete with T included,
with compact complement of exactly one Fuclidean coordinate end. Write

21 = Ry, + (trp L)? — | L3, J = divy (L — (try, L)h).
Suppose j > |J|n, p,|J|n € LY, and for some

d—2
T<qo<d—2

assume

h—6=0¢g(r %), L= 05(7“_1_q0).

Assume that the ADM limits exist, with energy factor [2(d — 1)wg_1]"! and momentum factor
[(d — 1)wg_1]"! applied to the Buclidean fluzes in (2.5)~(2.6), with g, K, replaced by h, L, try, L.
Assume Eaxpm > |Papm|, and suppose every component of T' satisfies

Hpr +trp L <0

with normal toward the end. Let A, > 0 be the infimum of the areas of full cuts in the sense of
Definition 2.3, now in (U, h), with all components and contact with T counted. Then

L/ AL\ @2/
\/giDM — [Papm|* = 5 ( > :

>3 (2.15)

Wd—1
No minimizing cut is required to be smooth or attained. No spin, symmetry, mazimality, vacuum or
stationary-development hypothesis is imposed.

Theorem 2.4 is the numerical part of the neutral companion result [22, Definitions 1.1-1.2 and
Theorem 1.3]. It is an input to this paper. Its charged extension, its weak-decay extension, its
mixed-sign extension, the exclusion of a null endpoint, and every elliptic construction below are
proved here. No auxiliary lemma from either companion paper is implicitly included in this input.
In particular, the three-dimensional charged theorem [21] is not used as a premise.



2.4 Numerical theorem and original-data equality

Theorem 2.5 (Purely electric spacetime Penrose inequality). Assume Theorem 2.J. For every
exterior in Definition 2.1, with full enclosing area as in Definition 2.3,

0 < a < Areay(5), Eapm > |[Papml. (2.16)

Consequently the invariant mass

m = \/512%DM — [Papm/f?

is well defined and positive, and

m > |Q|, Xa<m+/m?— Q2% (2.17)

Equivalently, the mass-charge bound applies when 0 < X 4 < |Q|, whereas
1 Q*
m>— | Xa+ — when X4 > Q). (2.18)
2 X4
For Q =0 this is m > X 4/2.

Definition 2.6 (Connected horizon class). An exterior in Definition 2.1 is in the connected horizon
class if S is connected,

Hs+trs K =0, Areay(I') > A := Areay(S) > 0 for every full cut T', (2.19)

and there is no smooth compact embedded two-sided full enclosing hypersurface entirely in int €2,
possibly disconnected, whose future outward expansion is nonpositive everywhere. No strictly
positive stability eigenvalue, spherical topology, simple connectivity or stationary development is
assumed.

For M > |qo|, put

2M g
fM1q0 (T) =1- yn—2 y2n—4°

-1
Gy = _ff\/fﬂlodt2 + fMJ]odT2 + TQUk’
Fgo = cnqorFdt A dr,

1/(n—2)
T+(M,QO):<M+\/M2—(](2]> .

The static coordinates describe r > r;.. The future horizon is understood in the regular ingoing or
Kruskal extension, with orientation

(2.20)

AV = rFdt Adr A dA,, .
On a static slice the normalized field is E = gor ", / fat,qo Or-

Theorem 2.7 (Original-data rigidity). Assume Theorem 2.4. Let the original data lie in the
connected horizon class, suppose m > |Q|, and assume equality on the outer branch:

(n—2)/(n—-1)
(f) —m+y/m? - Q2 (2.21)

7



Then the entire original (2, g, K, E), including S, is induced by a global smooth orientation-preserving
spacelike embedding into one Reissner—Nordstrom—Tangherlini exterior (2.20) with parameters
(m, Q) and its regular future-horizon extension. The embedding induces precisely the conventions
in Definition 2.2; in particular its induced magnetic two-form vanishes. Moreover py, = Jyn =0
throughout 2.

The image lies in the domain of outer communication together with the corresponding future
horizon. The boundary maps either to a full smooth section of that horizon, meeting each generator
once, or to the bifurcation sphere. The embedding and its future unit normal extend smoothly to S,
and the distinguished end approaches the corresponding spatial infinity. No assertion is made behind
S, in the extremal case, or for disconnected equality boundaries.

Theorem 2.8 (Converse and sharp examples). Let M > |qo| and let a smooth spacelike exterior
hypersurface of (2.20) have boundary a full section of the corresponding future horizon or its bifurca-
tion sphere. Suppose its induced normalized initial data satisfy all the hypotheses of Definitions 2.1
and 2.6, including the vanishing induced magnetic two-form, and suppose its actual invariant ADM
mass and signed electric flux are M and qy. Then

(n—1)/(n—2)
Amin = Areay(S) = w (M + M) , (2.22)

and equality holds in Theorem 2.5. For every n > 4 and every M > |qol|, static examples and
admissible examples with nonzero second fundamental form exist.

Remark 2.9 (Purely electric slices). The numerical theorem allows arbitrary ADM momentum. The
equality classification includes precisely the model slices satisfying its field constraints. A generic
boosted slice of a charged spacetime has a nonzero induced magnetic two-form. The examples in
Theorem 2.8 therefore use compact radial time perturbations of a static slice; their purely electric
character is checked directly.

2.5 Organization and order of implication

The proof proceeds in the following order. The exact neutral premise is Theorem 2.4.

Stage Result used by the next stage Sections

Numerical deformation  Positive area and timelike ADM vector; charged bound of The- 3-6
orem 2.5

Original-data variation  Lapse, shift and potential; elimination of the interior area mul- 7-8
tiplier

Static reduction Positive Killing norm and a complete vacuum static base with 9
regular boundary

Vacuum uniqueness Global round identification; zero-mass rigidity uses the com- 10
pleted numerical theorem

Original-data recovery Theorem 2.7 and the sharp examples of Theorem 2.8 11

The stationary fields are constructed without assuming a stationary development. The proof of
zero-mass rigidity for the doubled vacuum metric uses only the numerical theorem already established
at that point, so this later use introduces no circular dependence on Theorem 2.7.

3 Area positivity and preparation of the asymptotic end

This section makes the reductions needed before the scalar construction. The reductions preserve
the electric flux form and the prescribed trapping sign on each original boundary component. They



do not require a filling, a preferred slice, or a timelike ADM vector at the outset. The conclusion
about the original ADM vector will follow only after the estimate for prepared data has been proved
in Proposition 6.6. Throughout this section, k = n — 1, w = Area(S*), and ¢2 = k(k — 1)/2. Set

1
uzi(Rg—l—(trgKf— |K|3), J =divy(K — (tryg K)g), a=igvoly.

Thus da = 0 on the original exterior. A smooth positive radius function, denoted by r, is fixed on
the entire exterior and agrees with the coordinate radius outside a compact set. Constants on the
compact part may depend on this extension.

3.1 The full-cut convention and positive area

Lemma 3.1 (A bounded flux form). Under the topological, completeness, and asymptotic hypotheses
of Definition 2.1, the full-cut infimum satisfies

0 < a < Areay(S).

This assertion does not use the constraint inequalities or an assumed minimizing hypersurface.

Proof. Choose a small boundary disk in one component of S. A smooth embedded arc beginning
transversely at that disk can be continued into the coordinate end and then along a straight
coordinate ray. By shrinking a tubular neighborhood, obtain a proper embedded tube

0,00) x Bf ™! — Q

whose initial face lies in the chosen boundary disk. The transverse coordinates have fixed small
coordinate width sufficiently far along the ray. Choose a nonnegative function ¢ € Cg° (Bg“l) with
integral one. The form

C(z)dzt Ao A deE

on the tube is closed. Extend it by zero across the lateral boundary; call the resulting smooth closed
form . Its comass is bounded: on the compact part this follows from smoothness, and on the end
from asymptotic Euclidean comparability and the fixed transverse width. Orient the initial disk so
that [¢ 8 = 1.

Every full cut I' is homologous to S with the orientation toward the end. This can be seen by
truncating both exteriors at one distant coordinate sphere and applying Stokes to their difference;
portions of S shared by the two boundaries cancel with their full multiplicity. Equivalently,
integration over the compact difference of the two codimension-zero sets gives the same identity.
Thus

1= /1"/8 < ||/B||comass,oo Areag(r)-

Taking the infimum proves the lower bound. The admissible choice I' = .S gives the upper bound.
In particular, this argument uses the entire intrinsic boundary and never replaces it by an empty
relative frontier. O

The same Stokes comparison, applied to «, shows that every full cut has signed flux w@. No
sign condition is imposed on the flux of an individual component. Fixing « in all the following
constructions therefore fixes both the signed total charge and all original boundary-component
fluxes.



3.2 Conformal changes and a conditional endpoint reduction

We will also need a limited auxiliary magnetic class. Let D,, be a smooth closed two-form of
compact support, normalized by dividing the spatial Faraday form by ¢,. Keep both « and D,,
fixed when changing the metric. For |v|, < 1, define

I,(0) = A(ER + D24+ 2D, B)), i+ Jun(0) = p+ J(0) = (). (3.1)
Here the norm of a two-form is the exterior-algebra norm. Completing a square gives
Iy(v) = 2 (|Dm + 0" AE° 2+ |E2 = v AE2) > E(IE]2 — [v A E[2). (3.2)

In the purely electric case this is exactly the data convention in Definition 2.2. The auxiliary class
will be used only for already future-timelike data with strict trapping and a strict charged margin.
No magnetic endpoint theorem is being assumed.

Lemma 3.2 (Conformal constraint and expansion formulas). Let s be smooth and set gs = e*g,
Ky =¢e’K. Ifv is a g-unit-ball vector, let vy = e *v. Then
k(n —2
625 (,U/s + JS(US)) =p+ J(U) - kAgS - (2)‘d3’3 + ]CK(VS, v), (33)
e’(Hs + €qtrs, g, Ks) = H + €gtrs, g K + kdys. (3.4)

The second formula holds for either fived sign ¢,. With « fized, Es = e ™" E, so in the purely electric
case
2, (v,) = cRe~ 2023 B2 (3.5)

In particular, this cost does not increase if s > 0.

Proof. The scalar-curvature and hypersurface conformal laws give
€ Ry, = Ry — 2kAgs — k(n — 2)[ds|2,  eH, = H + kdys.
Also trg, Ky = e try K. If Il = K —(try K)g, then II; = e*II. Contracting the connection difference
(VE=V)lij = 80l + ;00 — s g

gives J; = e *(J + kK (Vs,-)). These identities prove (3.3)—(3.4). Finally, vol,, = €™ vol, and
i, voly, = «, proving the assertion about E and its norm. O

For s = 2logU/(n — 2), the new bulk term in (3.3) is exactly

2k

— (=AU + K(VU . 3.6
(Tl 2)[7’ ( g ( ) U)) ( )
This form of the identity will be used for the end repairs.

Lemma 3.3 (Increasing the ADM energy). For purely electric data with the weak asymptotic
hypotheses, choose 0 < [ < min{l,q}. There is a smooth positive function ¢g, constant on a
compact set containing S, such that

o =12 "1 —r"P)  far out, —Aypo > |K|g|deolg-

10



For each t > 0, the change
Ut =1 =+ t¢07 g = l’];l/(n_Q)g7 Kt — UE/(TL—Q)K

with fixed o preserves all numerical hypotheses, all prescribed trapping signs, and the signed charge.
It satisfies

Eapm(gt, Kt) = Eapmlg, K) + 2t, Papm(gt, Kt) = Papm(g, K), a(ge) > alg).  (3.7)

If the input has stronger asymptotic derivative bounds, those same derivative bounds are preserved.
In particular, the lemma applies with E = 0 to the strong-tail neutral data used in Theorem 2.4.

Proof. For f(r) =r?>~"(1 — r—#), asymptotic differentiation gives
~Agf =Bn—2+B)r " PO, |K||df]y = O@r"9).

Thus the desired strict inequality holds on a sufficiently distant coordinate region. On that region
—f" > 0. Multiply —f’ by a smooth nondecreasing cutoff that changes from zero to one, entirely in
this valid region, and integrate from infinity. If y is the cutoff, the resulting radial function satisfies

—Ago — |Kgldgoly = x(—Agf — |Klgldflg) + X (= f")|dr[2 > 0.

It is positive and constant on the remaining core. Equations (3.6) and (3.5) preserve charged DEC;
the expansion is only rescaled on S. The asymptotic constraints remain integrable, since the new
Laplacian term is O(r~"~#), the drift term is O(r~"79), and the gradient-square term is integrable.
All other end bounds persist.

The leading change of the metric is 4tr>~"§/(n — 2), which has ADM energy 2t in the stated
normalization. The change in the momentum integrand has sphere integral O(r~?), and hence zero
limit. Charge is unchanged because its flux form is unchanged. Finally U; > 1, so every full-cut
area increases. 0

Remark 3.4 (Order of the endpoint argument). Suppose the numerical estimate has first been proved
for all future-timelike purely electric data, without assuming the conclusion for other data. If an
original data set had Eapy < |Papm|, apply that estimate to Lemma 3.3 with

P - &
- ::| ADM\2 ADM

The invariant mass tends to zero as t | t,, whereas the neutral part of the numerical estimate gives
the fixed positive lower bound X 4/2. This contradiction excludes the endpoint. Thus the following
preparation needs to treat future-timelike data only; the remark is a conditional reduction, not an
invocation of the neutral input on null data.

3.3 Compact inverses for the linear cutoff errors

Lemma 3.5 (Compact inverses with the required moments). Fiz nested compact subannuli inside
{1 < |z| < 4}, with sufficiently many intermediate subannuli to allow two support enlargements,
and fir 1 < p < co. For smooth sources supported in the innermost subannulus there are linear
constructions with the following properties.

(i) If f has zero constant and affine moments, there is a compactly supported symmetric tensor
H in the outer subannulus satisfying

9;0;H;j = f, I Hllwsr < CIIfllwre-

11



(ii) If the vector source F' has zero moments against all Euclidean translations and rotations, there
is a compactly supported symmetric tensor B in the outer subannulus satisfying

9;Bij = Fi,  [[Bllw2r < Cl[F|lwre-

All supports and constants are fixed independently of the sources. There are fixed smooth moment
projections g and gy onto compactly supported bumps such that the preceding inverses apply to
f—I.gf and F — g F'. The norms of these projections are bounded by the sums of the absolute
values of the corresponding moments. In particular, when p > n, the two corrections have controlled
C?7 and CY7 norms, where vy =1—n/p > 0.

Proof. We first describe a compact scalar divergence inverse. On a ball a regularized Bogovskii
operator, with a fixed p € C2° of integral one, is given by

B)@) = [hw)e =) [ ply+ta -y ardy.

It has divergence h — p [ h and gains one Sobolev derivative; see [9]. Its support is contained in the
convex hull of the supports of A and p. The derivative bounds needed here also follow directly from
the first-derivative estimate and

0;B,h = B,(9;h) + By, h,

first for compactly supported smooth h. The kernel estimate does not require the new kernel 9;p to
have integral one.

To work in a connected annulus, cover the prescribed source support by finitely many balls
compactly contained in a larger subannulus, adding balls along paths so that the intersection graph
is connected. Choose a partition of unity and a spanning tree of that graph. In each parent—child
overlap fix a unit-integral smooth bump. Transfer the integral of a child source to its parent using
that bump, beginning at the leaves. This writes a source of total integral zero as a sum of mean-zero
sources on the balls. The transfer coefficients are bounded by the original source norm. Summing
the ball operators gives an operator B with

divBh=h,  |Bhllwicis < Cillhllwiw,  j=0,1,2, (3.8)

and support in a fixed larger compact subset of the annulus.
For (i), set w = Bf. Its component means vanish, since compact support and integration by

parts give
/ui:—/ziﬁjuj:—/zifzo.

Apply B to each u; to obtain T;; with 0;T;; = u;. The symmetric part H = (T + TT)/2 has the
same double divergence as T. Two applications of (3.8) give its W3P bound.

For (ii), translation moments first give a row primitive B with 9;By; = F; and a W*? bound.
Write A;; = (B?j - B%) /2. Rotation moments imply

Q/Aw = _/(szi - ZzFJ) =0.
Solve 9, D;j; = —A;; using (3.8), choosing D;j; = —Dj;. Thus D has a W3P bound. Define

Cij = O1(Diji — Dyj — Djii).
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Then
Ci' — Cji = —2Aij, OJCU =0.

For the divergence identity the first two terms cancel after exchanging 7, , and the third vanishes by
antisymmetry in those indices. Consequently B = BY + C is symmetric, has the required divergence,
and has a W?2P bound. None of these differentiations enlarges support.

For completeness, the moment bumps can be fixed without a choice depending on the source. Let
7 be a smooth nonnegative function supported in the innermost subannulus and positive on a ball.
For the affine basis ¢, € {1, 21,..., 2, }, the matrix Go, = [ npapp is positive definite. The functions
1>, (G7H vy are dual moment bumps. For vector sources use instead a basis of Euclidean Killing
fields and its Gram matrix for the n-weighted Euclidean inner product. A nonzero affine function or
Killing field cannot vanish on a ball, so both Gram matrices are invertible. These projections have
all the asserted norm and support bounds. Sobolev embedding finishes the proof. O

3.4 A strict conformal direction with weak asymptotic data

Lemma 3.6 (The decaying Neumann problem and strictification). Assume g — 6 = Oz(r~—9) with
q>(n—2)/2, and let 0 < B < min{1,q}. Let B > 0 be smooth, with B > |K|, and B = O (r~79).
It is permissible instead that B be compactly supported. There is a unique smooth positive decaying
solution

~Ag¢ = By/|dp|2 + 2 + rh dy¢=—1 on S, ¢ — 0 at infinity. (3.9)

It satisfies

¢ = Oz(r*™™),

—-A
Tﬁﬂﬁ‘ﬁ — 1, }%1_{1;0 /SR Ovpp dAy exists and is strictly negative.  (3.10)

If B is compactly supported and the metric end has all-order r>=" bounds, then ¢ = Oy(r>=™) for
every [.

For purely electric data satisfying charged DEC and the specified weak trapping inequalities, the
change
28¢

gs = €e"%g, Ks = °K, a5 =«

has, for every sufficiently small 6 > 0, a charged margin i, 5 — |Jm.5| > cdr—"=8 and strict trapping
for every prescribed sign. It changes the ADM energy by O(9), leaves momentum and charge
unchanged, and changes the metric by a uniform factor tending to one. It does not decrease any
full-cut area. The same conclusion holds for a fized compactly supported D,, if there is already a
positive charged margin on its support.

Proof. Write ag = r=* and pg = r~"P. Truncate at a distant coordinate sphere Sg, and continue
in A € [0, 1] the problem

—Agpr = AB,/|dor|2 + af + po, dyér =—1on S, ¢r =0 on Sg.

The inner Neumann and outer Dirichlet faces are disjoint. The Poisson problem at A = 0 has a
unique smooth solution. The linearization at any solution is

<d¢R7 dh)g

\/1d9r[2 + aj
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Its drift is bounded by B; the maximum principle and boundary Hopf lemma give a trivial kernel.
Fredholm theory for this scalar mixed boundary problem, or continuation from the mixed Laplacian,
then gives invertibility. We use the usual scalar local and boundary estimates in this argument; see
[13]. There is no meeting edge between Dirichlet and Neumann conditions.

Every solution is nonnegative. An interior negative minimum contradicts the positive right side,
and a minimum on S contradicts the inward derivative —1. Given a supremum bound, local and
boundary W?P estimates, interpolation, and the at-most-linear gradient growth of the equation
give uniform W?2® bounds on a fixed truncation. More explicitly, for p > n,

lorllwzr < Cr(L+[1dérlLe + [6rlLr) < 5l0RIW2s + CR(L + [I9Rll0)-

The resulting C' bound makes the right side C%7, and Schauder estimates and differentiation give
smooth bounds. Positivity of ag makes the square root a smooth function of the gradient on every
compact set.

We next obtain the required supremum bounds. A normalized blow-up on a fixed truncation, if
those bounds failed, would give a nonzero nonnegative solution v of

—Agv = AB|dv], o,v =0, v|g, = 0.

The preceding estimates apply to the normalized solutions as well. The limiting equation is
homogeneous with bounded drift: where dv # 0 use ABVwv/|dv|, and set the drift to zero elsewhere.
The maximum principle and Hopf lemma exclude such a v. This closes the continuation on every
fixed truncation.
For uniformity as R — oo, use fo(r) = r>~"(1 — ) on a sufficiently distant fixed region. As
in Lemma 3.3,
—Agfo — B’df()‘ > copo, Bag = O(Tﬁniq) < Coypo-

For A larger than a fixed constant and chosen also to dominate the values on a fixed inner sphere
SRy, Afo is a supersolution, because

ABy\/A2|dfo|?2 + aZ + po < AB|dfy| + Bag + po < —A4(Afp).

Subtraction of the two equations produces a bounded-drift inequality, so comparison is valid without
a gradient monotonicity assumption. The outer Dirichlet inequality is automatic. It follows that

0 < ér(x) < C(1 +suppg)r?™", Ry <r<R, (3.11)
Ro
with C' independent of R and .

If the suprema on an exhaustion were unbounded, divide by those suprema. Estimate (3.11)
forces their unit maxima into a fixed compact set and bounds their tails by a fixed multiple of 72~".
Local estimates, including the fixed inner Neumann charts, yield a nonzero decaying limit solving
the same homogeneous bounded-drift equation with zero Neumann data on S. Its positive maximum
is attained either in the interior or on S; the strong maximum principle and Hopf lemma exclude
both alternatives. This proves a uniform supremum bound. Exhaustion and local compactness now
produce a smooth solution of (3.9). It is strictly positive by the same minimum argument. The
difference of two decaying solutions solves a homogeneous equation with bounded drift and zero
Neumann data, giving uniqueness.

To check the asymptotic derivatives using only the weak hypotheses, rescale on fixed end annuli
by ¢%(2) = R"2¢(Rz) and ggr(z) = g(Rz). The equation becomes

— gy &k = RB(R2)\/[dg}2,, + 2|2 + R7%|2| 7.
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Its solutions have uniformly bounded suprema by (3.11). The two controlled derivatives of g give
uniformly Lipschitz first-order coefficients and uniformly Hélder principal coeflicients on these
rescaled annuli. W?2P estimates followed by C'7 and Schauder estimates therefore give uniform
second-derivative bounds. This proves ¢ = O(r?~") without a bound on a third metric derivative.
If all end derivatives of g are controlled and B = 0 there, the same argument differentiates repeatedly.
The equation and these bounds also give

By/|doP + 2% = 0(r="71),

which proves the ratio limit in (3.10). The source is integrable. The divergence theorem, remembering

that the outward domain normal on S is —v, gives
(By/|do|2 + =2k + pg) dV,. (3.12)

/ 8,y b dAy = — Areay(S) —/

Sr Q

The flux thus has a finite negative limit. Its difference from the Euclidean derivative flux is O(R™9).
For the final strictification, apply (3.3) with s = §¢. The new linear bulk term obeys

ko (—Ago + K(Vo,v)) > képo.

N{r<R}

Moreover
|dg|?/po = O(r* "+7)

is globally bounded. Thus for sufficiently small § the quadratic term costs at most kdpo/2. In the
purely electric case the conformal electromagnetic cost decreases. On a fixed magnetic support any
existing positive margin absorbs the small change in (3.1); outside that support the purely electric
argument applies. This proves a positive multiple of dpg as a charged margin. On every original
boundary component, exactly,

Hjs+eqtrg, g, K5 = e_5¢(H + €qtrg, ¢ K — kd) <O.

The energy change is

-
Eapm(gs, Ks5) — Eapm(g, K) = —— lim /S OpppdAy. (3.13)
R

W R—oo

Terms quadratic in the decaying conformal factor have vanishing ADM flux. The momentum change
again has zero limit, since its integrand has one extra factor ¢ = O(r>~"). Charge is fixed by .
Finally ¢ is positive and bounded, giving both the area monotonicity and the uniform relative metric
convergence. On a prepared end K = B = 0, and the scalar conformal formula with —A¢ = pg also
proves the asserted prepared scalar decay O(r*”*ﬁ ). ]

Corollary 3.7 (Strict direction for compact variations). On the original weakly asymptotically
flat exterior, choose a smooth majorant B > |K| equal to Cr=1=9 far out and apply Lemma 3.6.
Consider the tangent direction

(gl’K,’ al? D?’?’L) = (2¢g7 ¢K7 O? 0)

at purely electric data, transporting v by the metric square root. On an active ray piy, + Jy(v) =0,
the derivative € = 2(pim + Jm(v)) satisfies

¢ = 2k(—Ap + K(Vo,v)) +4(n — 2)2o|Ef> > 2kpo, € /py —> 2k. (3.14)
At a marginal boundary 0, = —k. The energy derivative is finite, the momentum derivative is zero,

and ¢ = Oz(r>~™).
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Proof. A smooth radial majorant on the end can be patched to a sufficiently large smooth function
on the core; it need not reproduce higher derivatives of K. Differentiate (3.3) and (3.5). The
derivative of the overall factor e=2%? multiplies the active value zero. The drift term is O(r—"79),
and the electric term divided by pg tends to zero. The assertions now follow from (3.10), (3.4), and
(3.13). O

3.5 Matching a neutral vacuum end and moving it to rest

We state the reduction in a form that includes the small magnetic variations needed later. The
purely electric case requires no strict margin in the original data.

Proposition 3.8 (Preparation at rest). Suppose the original data have a future-timelike ADM
vector, and set m = (E3py — [Papm|?)Y2 > 0. Choose once and for all

n
T<q<n—2, 0 < S < min{l, g},

weakening the original decay exponent if necessary. There is a sequence of smooth data on the same
exterior, with the same electric flux form and charge, satisfying

K is compactly supported, gi — 0= Oy(r*™™)  for every I, (3.15)

g > Cj’l“_n_ﬁ, Hj + €q trSa,gj Kj <0,
where ¢; > 0. Its momentum vanishes and

Eapm(gj, Kj) — m, liminf a(g;) > a(g). (3.16)

j—o0

The same conclusion holds with a fixed compactly supported closed D,,, provided the original data are
already future-timelike, have strict trapping, and satisfy a strict charged margin piy, — |Jpm| > cr™8
for some ¢ > 0. The constants and support radii in (3.15) need not be uniform in j.

Proof. The proof has four stages. The last, a small strictification, is supplied by Lemma 3.6. We
first construct data with nonnegative charged margin, compactly supported second tensor, and
energy approaching m.

The matching vacuum plane. In isotropic coordinates (b,y), the Schwarzschild-Tangherlini
metric of mass m has spatial factor (1 +m|y|>~"/2)% (=2 Its leading spacetime perturbation from

Minkowski space is
d 2
2m|y|* " (d62 + ldyl® ) )
n—2

with remainders of squared order and their derivatives. After rotating the original end coordinates,
choose v € [0,1) and v = (1 — v?)~1/2 so that the desired ADM vector is (ym,ymv,0,...,0). Put

b=~(T+ovz'), y'=~@'+T), y-=at,

and take the plane T' = 0 with the future normal. Its induced metric has leading spatial perturbation

2m n
np; = Iy (0 + B(Y = 1)0adjn)
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Direct differentiation gives the leading energy flux vector 2km~y2z;|y|~™. With the convention
K = G(VN,-), the linear expression

2Kij = Orgij — 0ig0; — Ojgoi

gives first momentum row km~y2vz;|y|~™; the transverse fluxes integrate to zero by reflection. The
identity

1 1
— Af|T"dAy = — A =di 1,...,1
S Ao ads = diag(7,1,.., 1),

follows by computing the volume of the ellipsoid |Az| < 1 in polar coordinates. Hence the plane has
exactly the specified energy and momentum with the problem’s ADM normalizations. This is a
neutral vacuum model; the electric form will subsequently be retained on the underlying exterior,
not induced from a charged boosted slice.

Cutoff errors and their moments. Let L — oo and work on 1 < |z| < 4, z = Lz. Use a fixed
cutoff, constant near both boundary spheres, to interpolate the components g(Lz) and LK (Lz) to
the matching plane. The flat linear constraint operators on a metric perturbation h and a tensor p
are

Lh = aiajhij — Atrg h, (Mp)z = 6j (pz‘j — (tr5 p)(sij).

Relative to the cutoff interpolation of the scaled physical sources (2u, J), the new sources are the
flat cutoff commutators plus a CY remainder O(L~29). The scalar commutator consists of (Dx)(Dh)
and (D?x)h; its WP norm is O(L~9) using only the given C? bounds on g. The vector commutator
is (Dx)(p — (trp)d) and has the same WP bound using only the given C* bounds on K. We do
not differentiate the nonlinear remainder or the physical constraint sources.

All affine scalar moments and Killing vector moments of these commutators are o(L?~™). Here
is the reason that no center-of-mass or angular-momentum limit is required. In physical coordinates
the difference between a flat linear source and its physical source is O(r~2472), which is integrable.
The physical sources are integrable by hypothesis, and the matching vacuum end has integrable
linear sources for the same reason. For any such integrable source F',

/ r|F|de = o(L). (3.17)
r<4L

Indeed split at a fixed radius, divide by L, and then make the integrable tail small. Green’s formula
for £ against an affine function and for M against a Killing field therefore bounds the corresponding
linear boundary fluxes by o(L). For constant scalar and translation tests, the difference of boundary
fluxes tends to zero by the matched ADM vector. The difference between the physical and flat
momentum boundary integrands has integral O(r"~2729) = o(1), so the same matching applies to
M. Integrating a commutator against a test leaves these boundary terms minus a cutoff-weighted
source integral. For a degree-one test the latter, divided by L, tends to zero by (3.17); for a constant
test it tends to zero by integrability. Rescaling do = L"dz and the second-order source by L? proves
the claimed o(L?~™) moments.

Apply Lemma 3.5 to cancel the commutators after their moment projections have been removed.
Invert the full trace reversal h — h— (tr h)o and p — p— (trp)d after constructing the two symmetric
primitives. This changes no norm or support conclusion. Taking p > n, the resulting corrections
have scaled C2, C! norms O(L~%). They are smooth and supported strictly inside the transition
annulus. The remaining moment bumps are o(L?>~") in these fixed-scale norms. Nonlinear constraint
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errors are still O(L~29); comparison of the original and interpolated unit balls incurs the same order.
In physical coordinates the charged DEC deficit on this annulus is consequently

o(L™™). (3.18)

The retained electric field contributes at most O(L~2¥), also o(L~"). For the auxiliary magnetic
class its compact support is inside the untouched core once L is large. Positive definiteness follows
from the small scaled metric correction. Only the two weak asymptotic derivative bounds were used
in this construction.

Bending and a conformal repair. Beyond the gluing annulus, use y as spatial parameters on
the neutral vacuum model. The plane is b = vy'. Multiply this function by a cutoff that decreases
slowly as a function of log(|y|/L), and that is zero after a fixed sufficiently long interval in that
variable. Its derivative can be chosen so small, in terms of the fixed v < 1, that the Euclidean slope
stays strictly below one. For large L the graph is then spacelike in the exact vacuum model as well.
It joins the matching plane to the static slice b = 0 within a fixed scaled annulus. The resulting
induced metric is uniformly Euclidean-comparable there, with

|Dg| + |K| < C/r.

The constants may depend on the original timelike vector; no uniformity as that vector tends to
null is required. The graph is exactly vacuum, so its only charged deficit is the cost of the retained
electric form.

We repair both deficits by (3.6). Choose numbers d7, | 0 dominating the coefficient in (3.18).
Choose next 7, | 0 so slowly that

or/er — 0, L2_n/€L—>O.

On the fixed scaled radial interval containing the transitions, let s = |y|/L and construct a
nonnegative smooth function zy, that starts at zero and satisfies

Z’L = Cozp, + Xs

where x, is a fixed nonnegative bump equal to one over the possible annular deficits. Start its
support strictly before those deficits. The constant Cj is chosen using the uniform radial ellipticity
and the bounds on Dg, K. If F] = —zp,, then on this interval

~Ag(Fr(lyl/L)) = IK[1A(FLlyl/L))| = eL™?xs.

The same inequality is nonnegative on the initial ramp; it follows directly by separating the 2z}
coefficient, bounded below by radial ellipticity, from terms bounded by a constant times zy,.
On the static part put

m
AL(S) =1 —|— W

Continue z;, smoothly so that the radial Laplace flux Py (s) = s*A(s)?z1(s) is increasing, has
derivative bounded below by a positive multiple of s~ on the continuation, and satisfies P (s) = s=*
sufficiently far out. This can be done by blending positive derivatives after the end of the preceding
interval. All profiles and their fixed-order derivatives remain uniformly bounded on compact scaled
intervals. Set

Fr(s) :/ zr(0) do, U, =1 —|—5LL2_”FL(|y|/L).
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Thus Fy, > 0, is constant before the repair region, and has a tail azs>~" + O(s2~2*) with uniformly
bounded ay, > 0. On the static end the exact radial Laplacian formula is

AU = sLL_"AL(s)_Q”/("_Q)s_kP,é(s) > cep L s 2k,

It pays for the retained electric cost C(Ls)™2¥ by the second condition on 7. The repair on the
transition pays for (3.18) by the first condition. Uniform comparability of Uy, to one allows the
fixed constants in (3.6) to be included in these choices.

In the untouched core Uy, is constant. Purely electric DEC is preserved there for every Up > 1.
In the auxiliary magnetic class, the original positive margin on the fixed magnetic support absorbs
the o(1) change of the electromagnetic cost. Outside that support the purely electric argument
applies. The trapping inequalities are preserved on the original boundary, since there Uy, is constant.
The repaired data now have compactly supported K and an all-order static conformal end. Their
final ADM energy, computed in the static y coordinates, is

m+2epap = m+ o(1),

and their momentum is zero. The scalar curvature on the static end is O(r~2¥). The electric form
remains exactly a throughout.

Comparison of the enclosing areas. Here no minimizing hypersurface is selected. In the
original x coordinates the repaired metric has a fixed positive Euclidean lower bound throughout
the modified end. Choose a sufficiently small fixed ¢ > 0 and a radial diffeomorphism Wy, that is
the identity for » < /L, whose radial derivative decreases smoothly to ¢ by r = 2v/L, and whose
radial function is er + O(\E) thereafter. It is the identity on the compact part and preserves
orientation. Up to radius L, the original and repaired metrics agree apart from the nondecreasing
conformal factor; the asymptotic Euclidean errors on r > v/L are o(1), and both radial and tangential
derivatives of W, are at most one. On 7 > L those derivatives are at most ¢ + O(L~/2). Choosing
¢ using the fixed lower bound of the repaired metric therefore gives the global quadratic-form
comparison

Uig<(1+4o0(1))g;". (3.19)

The pullback evaluates g only at radii tending to infinity in this last region, so its own Euclidean
comparison error also tends to zero. The map W, carries full cuts bijectively to full cuts, fixing the
original boundary. Restricting (3.19) to each tangent k-plane and taking the infimum gives

a(g”) = (1= o(1))a(g).

This argument applies to disconnected cuts and coincident boundary portions, and is independent
of any regularity or attainment of the infimum.

Finally apply Lemma 3.6 with a compact drift majorizing the now compactly supported tensor.
For each fixed L, take the strictification parameter positive and sufficiently small that the additional
energy change and the uniform relative metric change are less than L~'. This order of choices is
allowed even if the constants of that lemma depend on L. A diagonal sequence gives (3.15)—(3.16).
The strictification keeps K compactly supported, preserves «, and makes all prescribed signs strict
simultaneously. Since m > 0, the final energies are positive for all sufficiently large members of the
sequence. ]
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3.6 Flux forms on a later filling and the final reduction

Lemma 3.9 (Extension with sources confined to the filling). Suppose a compact filling and inner
collars are later attached to the original boundary, with no constraint imposed behind that boundary.
The smooth electric flux form a extends smoothly across the boundary, agrees with the original form
throughout ), and can be made zero beyond a fixed inner collar. Its exterior derivative is supported
strictly on the filling side. In a family obtained by lengthening product necks beyond fized collars,
the extension has uniform fized-order bounds on those collars and is zero on the additional long
portions.

Proof. In collar coordinates with s > 0 on the original side, write « = a(s) + ds A b(s), where a(s)
and b(s) are tangential forms. Closedness says dga(s) = 0 and 9sa(s) = dgb(s). Extend the smooth
family b(s) across zero and define on the interior collar

a(s) = a(0) + /0 " dsb(t) dt.

This gives a closed smooth extension across S, with exactly the original jets. Multiply it by a cutoff
on the interior side that is one on a smaller collar and zero before the end of the fixed collar, then
extend by zero farther into the filling. The derivative of the result is supported where that cutoff
changes, a positive collar distance behind S. The same fixed extension and cutoff work before every
added neck, proving uniformity. A globally closed extension is neither asserted nor needed; for
nonzero total charge it would in general contradict Stokes on a one-ended filling. O

Proposition 3.10 (Reduction of the numerical theorem). Assume that for every prepared data set
in (3.15), with positive energy and zero momentum, the construction of Proposition 6.6 establishes,
for every 0 < s < 1,

2

Then Theorem 2.5 follows for the original purely electric data. The same inequality with invariant
mass in place of energy holds on the strict, future-timelike auzxiliary magnetic class described above.

1 g2 /N =Dk
Eapm > s|Q| + <w> . (3.20)

Proof. First fix a future-timelike original data set and a number s € (0,1). Apply Proposition 3.8.
The prepared energies converge to its invariant mass and are eventually positive; charges are identical
and the full-cut infima have the stated lower limit. Passing to the limit in (3.20) gives

2
25 X4, O0<s<l (3.21)

m > s|Q| +

Only after this timelike result has been established do we apply Remark 3.4; Lemma 3.1 supplies its
strictly positive lower bound. It proves Eapy > |Papwm| for every original purely electric data set,
including the initially possible past or null cases. Thus (3.21) applies to all of them.

Letting s 1 1 gives m > |Q|. If X4 > |Q], the maximum of the right side of (3.21) is attained
at s = |Q|/Xa when Q # 0, and by s | 0 when Q = 0; its value is (X4 + Q?/X4)/2. If
X4 <|Q|, the endpoint s 1 1 gives precisely the required branch. These alternatives are equivalent
to X4 < m+ +/m? — Q? together with m > |Q|. The argument does not assert the polynomial
inequality on the unprescribed branch. For the auxiliary magnetic class the preparation already
assumes strictness and timelikeness; the first limiting argument proves its required extension without
making a magnetic endpoint claim. O
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4 The filled scalar system and its a priori bounds

This section constructs the background on which the scalar deformation is solved, proves its curvature
identity, and obtains bounds for every smooth solution in the continuation family. The argument uses
no energy condition inside the filling. In particular, different trapping signs at different boundary
components cause no incompatibility there. Existence and higher regularity of solutions are proved
in the next section; none of those conclusions is used in the estimates below.

Fix prepared exterior data as in the preceding section. The properties used here are the
following: K has compact support; in the distinguished end g;; — §;; = O;(r*™™) for every fixed
§; Ry = O(r~"=P) for a fixed 8 > 0; the charged energy margin is strict and bounded below by a
positive multiple of »~"~#; and H + ¢, trg, K < 0 on each component S,. Set k =n — 1 > 3. All
tensors, contractions, derivatives, and divergences in this section, unless explicitly distinguished, use
the background metric g.

4.1 Filling and parameter conventions

Lemma 4.1 (A filling with long product collars). For each sufficiently large integer N the exterior
has a smooth oriented extension (My, g, K) without boundary, with the same single end, having the
following properties.

(i) A fized collar through every S,, followed on its inner side by a fized transition to a product,
has H + €, trian K < 0 on its cross-sections, with the normal pointing toward the original
exterior.

(i) Behind that transition is a product cylinder of length Ly = Cy + C1N, with K = —eqLog
there. The cylinders terminate at fixed collars of a compact filling; K on the rest of that filling
may be arbitrary.

(iii) There are coordinate patches of a fized size with uniform metric ellipticity and uniform bounds
for each fixred number of derivatives of g and K. At most C(1 + N) such patches cover the
added region and the original compact core. Its volume is at most C(1 + N).

Here Ly, Cy,C1 can be chosen in advance, with Lo arbitrarily large. The constants in (iii) are
independent of N.

Proof. Cut the original exterior at a large coordinate sphere. A second copy of the resulting compact
manifold, with its orientation reversed and its spherical boundary capped by a ball, provides
a compact filling of the entire boundary S. This construction does not require the individual
components of S to bound separately. Smoothly extend the original metric and tensor a short
distance behind S. Strictness of each expansion persists on a sufficiently short collar. In its
continuation, interpolate the metric to a fixed product metric. During that interpolation add —e,Lg
to K, with a nonnegative cutoff that becomes one before the original strict collar is left. Choose
L sufficiently large to dominate the bounded mean curvatures of all intermediate leaves and the
remaining tangential trace. One can then interpolate K to —e,Lgg while preserving the strict
inequality. This only uses a fixed transition with bounded geometry.

Insert the product cylinder between this transition and the corresponding boundary collar of
the compact filling. Prescribe the same pure trace on the latter collar, and extend K smoothly
and arbitrarily farther into the filling. In particular, the prescriptions for opposite signs are made
on disjoint collars, and are not imposed on the common interior of the filling. There is no energy-
condition requirement in that interior. The fixed pieces have finite uniform atlases; translates of
finitely many product charts cover the cylinders. This proves the last assertion and the volume
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bound. Increasing Cj, C later to accommodate a prescribed ramp does not change these local
bounds. =

Extend 7 to a smooth positive function, uniformly comparable to one on the enlarged core and
unchanged sufficiently far out. This can be done using the fixed collars and by making it constant
on the added products. Consequently every fixed negative power of r is bounded above uniformly
in NV, and bounded below on the enlarged core and any fixed additional end annulus.

Fix 0 < e < 1 and a smooth nonincreasing function 9 : R — [0, 1], equal to one on (—o0, 0] and
to zero on [1,00). The order of choices is: prepared data and the fixed geometric pieces, then e, the
exponents and small constants below, then N, and finally the outer truncation radius. Increasing
that radius will never change N or any of the constants in its equations. We require

N > Ny > max{k,2/e}, 0 =eNe, n =02
t 4.1
p(t) = NO(NE),  1(t) = exp < /0 p(s) ds) | 4.1)

Thus 0 < p < N, l' =pl, I(t) = eVt for t < 0, and [(t) < eforall &. When t > —¢ one also has [ > .
On [—e,—e+1/N], £ <l <el

The notation Py denotes a positive quantity bounded by C(1 + N)™, where C,m depend only
on the fixed choices just described, not on the solution or the truncation radius. The polynomial
may increase from one occurrence to the next. Thus an exp(Py) bound means exp(C(1 + N)™),
rather than a constant with unrestricted dependence on N. Constants for later fixed-IN Schauder
estimates need not have this restriction.

4.2 Implicit variables and the curvature identity

For smooth functions f, Z, define ¢ implicitly and then all other quantities by

1
Z=t+orlogD,  D=1+I0VfP,  w=ID"Vf  aw=lul,  v=|uwf
B kd _ _ k+p
d = D 1 = 1 — = = 1 f— A — 1 —
v, X k—FpU’ d g W w, X g k—l—p w @ w, (42)
uw=e® VD, h=nf, H =IDTVAVRf,  F=AY(K;+ HY),

V=ud (kdZ+ K(w,)), g=g+ldfedf, §=e'g.

Here a positive contravariant tensor acts on covectors to give vectors, and [£|4 = AY &&. In a
g-orthonormal frame with last direction e = V f/|V f|, the eigenvalues of A4 are (1,...,1,d) and
those of A, are (1,...,1,x). In particular,

k
Y A< A <A;<qg ! <d<1. 4.
i vAesAysdasg 0<x<d< (4.3)

For fixed o = |V f|, the derivative with respect to ¢ of the right side of the first equation in (4.2)
is 1+ pv/k > 1. Its limits as ¢ — +o00 are +00. The equation therefore defines a unique smooth ¢
for every (Z,df), including df = 0. Differentiating spatially gives the useful identity

kdZ = (k+pv)dt + H (w,-). (4.4)

For the next calculation, put B = K + H/ and use the preceding frame to write its transverse,
mixed, and axial blocks as T', M, j. Thus T'= B|,., M = B(e,")|.1, j = B(e,e), and trT = F — xj.
Write dt = y + ze” and T° = T — (tr T)g],. /k, and set s, = p+ (k — 1)/2.
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Proposition 4.2 (Exact curvature identity). Let g be any smooth Riemannian metric and K
any smooth symmetric tensor. With T = try K, 2u = Ry + 72 — |K|?, and J = div(K — 7g), the
definitions above give

1
562'535 =pu+Jw)+ T +w(F)—Fr—u tdivV, (4.5)

where

| s (k=12 2 2
T = §\T 1* + | M + spawy|® — ——vly|* + ksp(ly|” + dz*)

4
e (4.6)

W(F —xi)? + x5 = XFj + F? + 2spxjawe.

The right side is smooth also at zero slope; the choice of e there is irrelevant. No constraint inequality,
flatness assumption, or restriction on p’ is used in this identity.

Proof. We supply a tensorial derivation to retain all background-curvature terms. For symmetric
tensors set B(A, B) = (A, B) — (tr A)(tr B) and Py = A — (tr A)g. When such a tensor acts as an
endomorphism, its first index is raised with g. Consider on R, x My the stationary Lorentz metric

g=—1%(dz—df)?+g.

The metric induced on z = constant is g. Its lapse is U = [v/D and its shift is Uw = [’V f. With
the future-normal second-form convention of the theorem, its second form is

b=-U"'symV(Uw) = —H' — p(dt @ v’ + v’ @ dt). (4.7)
Let n = U710, — w. Contracted Gauss and the normal Ricci equation give, respectively,
R = R, + (trb)? — |b]*> — 2Ric(n,n),  Ric(n,n) = —n(trd) — |b]> + U AU,

Because the coefficients are stationary, n(trb) = —w(trbd) and div(Uw) = —U trb. Substitution
proves

R = R, + B(b,b) — 2U 1 div(VU + (trb)Uw). (4.8)

Alternatively, the coordinate z — f displays g as a static warped product, so that R = R; — 2l_1Agl.
Since dV; = VD dV, and g~ = A,

7 Al = U div((U/1)Agdl), VU — (U/1)Agdl = —U (b(w, )",

The last equality follows by differentiating U = Iv/D and using (4.7); its components include all
derivatives of [. Subtracting the two scalar formulas gives

SR; = 1R, + 1B(b,b) + U div(UPw).
Put Q = K — b. The product rule and sym V(Uw)’ = —Ub imply
J(w) — Ut div(UPgw) = B(K, b).
Expanding B(Q, Q) therefore yields

R =p+ J(w) + 3B(Q,Q) — U div(UPyuw). (4.9)
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The conformal scalar law, with dimension n = k + 1, subtracts kAgt + k(k — 1)|dt]?4d /2 from
Rj/2. Moreover,
Agt = Ut div(UAgdt) — pldt[h,,  u=eF ViU

Changing the divergence weight from U to u in (4.9) consequently gives

36 R = p+ J(w) + 3B(Q, Q) + (k — 1) Po(w, Vit) + ksp|dt[%,

1 (4.10)
—u div(u(Pow + kAgdt)).
Equation (4.4), or its transverse and axial components, gives
u(Pow + kAqdt) =V —uFw, utdiv(uw) = F + (1 — x)j — T + 25,0, (4.11)

For completeness, the transverse and axial components of Pow + kAydt are a,M + (k + pv)y and
—ay, tr T + kdz, respectively; those of V/u — Fw are exactly the same. The second equality follows
by taking the trace of (4.7) and then differentiating the weight e(*=1,

It remains to expand the algebraic terms. The blocks of Q) are T, M + pa.,y, and j + 2pa,x.
Thus k1

iB(Q,Q) = 3|T°* - W(trT)2 + M + payy|* — (tr T)(j + 2paw),

and Pg(w, Vt) = ay(M + payy) - y — aw(tr T)z. Insert these formulas and (4.11) into (4.10), and
use trT' = F — xj. The mixed transverse terms complete to |M + syauy|? — (k — 1)?v|y|?/4; the
remaining terms are precisely (4.6). This proves (4.5). Formula (4.10) and (4.11) also express 7 by
smooth tensorial operations, proving the assertion at zero slope. O

4.3 Coercivity with polynomial losses

Lemma 4.3 (Coercivity). For 0 <p < N, 0 <wv < 1, the remainder is nonnegative and
TP + |M* + dj* + F? + |dt], < Cp(1+ N)*T. (4.12)

At dt =0, if By = [T°> + |M|? + xj% + F2, then

1
1
sEy<T <1+ —)Ep. 4.1
In addition, without any N loss,
k*—1
T > |dt|%,- (4.14)

4

Proof. Completing first the x square and then the F' square gives the exact formula

fo— 2
T = %]Tolz + |M + spawy\2 + (k:sp — %v) |y\2

Xauw >2+k+1<F_ X .)2 Xk +2) +v] (4.15)

ksyd (@ + X0
s (“ kd 2% F+17) T2+ Dk +po)

Indeed the last coefficient, before simplification, is

k2 k-1
kx? B spX2v _ k— 2(k+1)d -z v

YT+ ka X k+ pv ’

and the numerator in the final fraction equals [k(k + 2) + v]/[2(k + 1)].
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The coefficient of |y|? is at least (k? — 1)/4 + kp. The coefficient of j2, divided by d, is at least
cr(1+ N)~2. In the variables X = v/dx and Jy = Vd j, the = square is ks, (X + ayJo/(k+pv))?; its
shear coefficient is bounded by 1/k. The shear from the F square has coefficient x/((k + 1)vd) <
1/(k+ 1). These observations control X2, J2, F? with at most Cj(1 4 N)? loss. Recovering M costs
at most Cx(1+ N), since s3/(ksp — (k —1)%v/4) < Cx(1+ N). Finally |T|*> = [T°* 4+ (F — xj)*/k.
This proves (4.12).

When dt = 0, the F, j part is

k+1 o Xpo < k—1 2) 2
“Top?_Ap A .
o% R\ o )

Put z = ,/xj and bound the mixed term by (F? + 22)/(2k). Since 0 < x < 1, the claimed lower

and upper bounds follow, together with the separate T, M terms.

For the sharper gradient bound, minimize over M, F) j, keeping x,y fixed. The transverse
coefficient remaining is ks, — (k — 1)%v/4 > (k? — 1)/4. Put

k(k+2)+wv k2
By,=——F*+—, Dy=k—————d.
2(k+1) 2(k+1)
The axial coefficient divided by d is
ks,B
C = PV
(p7 U) DU +pU

As D, — "1y = B,, one has 0,C = kB2/(D,+pv)? > 0. At p = 0 the inequality C'(0,v) > (k*—1)/4
is equivalent to D, > kv, which follows from D, — kv = (k — k?/(2(k + 1)))d > 0. This proves
(4.14). 0

4.4 The equations, their homotopy, and the height estimate

Choose once and for all
n
4
The interval for by is nonempty for n > 4. Choose ¢, so small that 2p is below the prepared charged
energy margin on the original exterior. In particular, p has a positive lower bound independent
of N on the enlarged core and fixed additional annuli. The exponent restrictions give by < k — 1,
2b; < n, and p3 € L on the end. All integrals of po, p3, and p? are O(1 + N).
Write My g for the filled manifold truncated at » = R. It has only this outer boundary. The
system to be solved is

< by <min{n — 2,n/2}, po=1r"""", pr =121, p = cipo > 0. (4.16)

F =h=nf, divV = uZ, f=Z=0 onr=R,

417
2 =00(T +naw|Vf]) +p—moCn(po+vp1),  mo=1(N(t+e)). (.17)

The constant dg > 0 is fixed sufficiently small independently of N; the floor lemma below specifies
the choice. The penalty Cp is then chosen polynomially large. It is fixed before the truncation
radius.

There are two parts of the continuation. First replace K by sK, 0 < s < 1, everywhere in
F, V., T, leaving the displayed source otherwise unchanged. At s = 0 the trace equation implies
f = 0. In the second part retain K = f = 0 and replace =Z by A\Z, 0 < A < 1. At A = 0 the
sole solution is Z = 0. We will prove uniform a priori estimates on the part of this family where
mint > —e; the floor lemma excludes equality.
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Lemma 4.4 (Height and outer boundary gradient). Every smooth solution of the trace equation in
the first homotopy part satisfies, with constants independent of N, R, s,

|h| < O, W <C(r~" —R™") (r <r<R), |dh| < CR™71 (r=R),  (4.18)

provided R > 2ry, where ro is fized and K =0 on r > rg. For R > Ruyin(IN) these estimates imply
t > —e on the outer sphere, without a prior assumption on the interior floor. The same assertions
hold in the second homotopy part, where h = 0.

Proof. In terms of h the trace equation reads
A;jvivjh
(n/1)* + |dh[?

+tra, (sK) = h. (4.19)

At a positive maximum, the first term is nonpositive and the second is bounded by nsup |K]|; a
negative minimum is treated with the opposite sign. The supremum of |K| on the filling is uniform
in N. Taking C} > nsup |K| proves the first assertion. The same argument with K = 0 proves
h = 0 on the last homotopy part.

Let Bg = C(r=% — R7%). At a contact with h — B, the axis of A, is the radial-gradient
direction, so that

tra, V2B = Coir ™" 2((by + 1)x — k + O(r*™)) < 0.

The error is uniform for 0 < x < 1; choose rg large enough using b1 < kK — 1. Choose C so that

Bgr > Cj, on r = rqg for every R > 2rg. At a positive interior maximum of h — By, the Hessian term

in (4.19) would be negative while h > Bgr > 0, a contradiction. The lower barrier is —Bpr. Their

one-sided boundary derivatives give the last estimate in (4.18); tangential derivatives there vanish.
Onr=R, Z=0and ! <e. Hence

1 1
t 5% og(1+17df|*) > 5% og(l+Cn*R )

For example, in addition to R > 2rg, require Cn~2R™2172 < ¢k — 1. This gives t > —£/2 on the
outer sphere and defines a permissible Ry, (N). d

4.5 Exclusion of the floor

Define, for a symmetric tensor B,
S(B) = 5((tra, B)® = |Bl4,04,)-

Lemma 4.5 (The stationary algebraic comparison). There are constants ¢; > 0 and Cj > 0,
independent of N, such that at any point where dt = 0,

T —S(HT) > 1T — CL(1 + N (vF? + |K?). (4.20)
The same constants apply with K replaced by sK, 0 < s < 1.

Proof. First put B = Hf + K. Its blocks give

k—1 . . .
S(B) = W(F —xj)* - %’T0|2 + dj(F — xj) — d|M|*.
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Subtracting this expression from (4.6) at dt = 0 yields

T—8(B) =T+ (1 +d)|M[* + F/k
E—2 , E—1 ) (4.21)
+ (kx - d) Fj+ (x(l +d) — kx2> 32
The last coefficient is at least y, while the absolute value of the mixed coefficient is at most d. Fix
a small dimension-dependent 3 > 0. If (1 4+ p)v > d3, Young’s inequality in the variables F, /X,
together with
dj _d(k+pv)
X k
gives T — S(B) > $Ey — Ci(1+ N)>vF2. If (1 4+ p)v < &, both d and y differ from one by at most
Cy0r. The quadratic form in (4.21) then differs, by at most Cyéx(|M|? + F? + j2), from

<1+ N/k, v < (14 N)/6,

TOP + 2IM|* + (F = ) [k + 52

The least eigenvalue of the last F,j form is at least 1/(k + 2). Choose 0 small enough to preserve
half this lower bound. Combining the cases proves a fixed positive Ey lower bound with the stated
error.

Finally, polarization of S and d?/x < 1+ N/k give

IS(B) — S(H!)| < CuV/1 + NVEo| K| + Ci| K%

Apply Young’s inequality, using half the positive Ejy lower bound, and then (4.13). This proves the
result. All steps are unchanged on replacing K by sK. O

Lemma 4.6 (Floor exclusion). There is a choice 0 < §y < min{c1,1}/2 and a polynomial Cn such
that, for R > Rmin(N), no smooth solution in either part of the homotopy has mint = —¢.

Proof. Lemma 4.4 excludes a boundary minimum at this value. At an interior minimum dt¢ = 0,
V2t > 0. View g as the metric of the graph z = f(z) in the Riemannian warped product g + (?dz2.
At this point its second form is H/. The ambient scalar curvature is R, — 2pAt. With vertical unit
vector e, = 719, the graph unit normal is Vide, — awe, and the ambient normal Ricci curvature
equals

v Ric,(e, e) — vpV3t(e, ) — dpAt.

The Gauss and conformal formulas therefore give the exact equality
%thRE = 1R, — vRicy(e,e) + S(HY) — vptror V2 — ktra, V. (4.22)

The last two terms are nonpositive. Compare this upper bound with (4.5), use F = h and
w(F) = nay|Vf|, and apply Lemma 4.5. It follows that

w L divV > T + naw|Vf| — Py(po + vp1) (4.23)

for some polynomial Py independent of R and the homotopy parameter. Here are all the error
estimates used in this conclusion. The difference u — R,/2 = (72 — |K|?)/2, J(w), and F71 is
uniformly bounded on the enlarged core and vanishes on the end, so is bounded by Cpg. On the
end | Ricy | = O(r™") < Cp1 because 2b; < n. The height barrier gives vF? < Cup; there; on the
core its bound is absorbed by C'pg. The same bounds hold for sK, including its momentum density.
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At t = —¢, mg = 1. Choose dp as in the statement, and then take, for instance, Cy > Py +c.+ 1.
Subtracting the right side of (4.17) from (4.23) gives a strictly positive quantity, contradicting that
equation. This choice is polynomial in NN.

In the last homotopy part, the height comparison gives K = f =0, ¢t = Z, w = 0, and
T = ksp|dt|*>. At a floor minimum the left side is kAt > 0, whereas for A > 0 the right side is
A(p — Cnpo) < 0. For A =0 the equation is div(ku(t)Vt) = 0 with zero boundary data. Testing by
t gives Vi = 0, hence t = 0. This finishes the homotopy check. O

4.6 High levels and graph Sobolev estimates

Proposition 4.7 (Distortion bound). With the choices above, every smooth homotopy solution on
My g with mint > —¢ satisfies

—e<t<Z <Py, t<l<e, lf| + |V f] < exp(Pn). (4.24)
The constants are independent of R > Ruyin(IN) and of the homotopy parameter.

Proof. We give the full high-level argument for the first homotopy part and write K for sK
throughout it. Put ¢p = v/D and a(t) = e* 1!, so that
u=a(t)gp = 1eF? 7 Nayw|V f| = ?(q[) —qph), qp = eFZ70, (4.25)
The penalty can be nonzero only on —¢ < t < —e + 1/N; its absolute size is at most Py.
Equations (4.1) and (4.25) show that a positive threshold Zy = Py can be chosen such that on
Z > Zy
E> 60T + p+ 500mau|V f]. (4.26)

For example, on the penalty band it suffices to make (n/e)(e#% — 1) larger than 2Cy sup(po + p1)/do;
the logarithm of this requirement is bounded by C(1 + N) + C'log(1 + Cy). Off the penalty band
the assertion is immediate.

Let ¢ be smooth, nondecreasing, zero up to Zy, and one above Zy + 1, with bounded derivative.
Testing the divergence equation by ((Z) is legitimate since Z = 0 at the outer boundary. Writing
A=A, and Bg = K(w, ), we obtain

/C(Z)uE v, = —/g’(Z)u(k\dZ|?4 1+ (dZ, Bi)a) AV, < 0/ A
{Zo<Z<Zp+1}Nsupp K

On the last set u < eexp(k(Zp + 1) 4+ ). The support has volume O(1 + N). Using (4.26) proves
/ w(p + nau|V |+ T) dV, < exp(Py). (4.27)
{Z>Zo+1}

Let Ky be the enlarged core and a fixed additional annulus containing supp K in its interior.
On this set p > ¢ > 0, uniformly. Since [ > ¢ > n and ¢qp > 1,

u(p +naw|Vf]) = ape™ D (lp+ nlap — 4p")) = ne™ Vigp.
For any fixed 0 < a < k—1,t > —¢ implies e*?qp = eo‘tq};a/k < CeP=Dtg2 - On the complementary
level set Z < Zy+ 1, qp < exp(k(Zp + 1+ ¢€)). Thus (4.27) and the core volume bound give, in
particular, the fixed-exponent seed

/IC ¢?VD AV, < exp(Py). (4.28)

28



We chose o = 1; this exponent does not deteriorate as N grows.

We next prove the local Sobolev inequality needed to turn (4.28) into a supremum estimate.
Use the graph of f in the ordinary product (My x R, g+ dz?). Over a base patch its measure and
inverse metric are

Ve = S;dVy,  S;=y1+[V/2,  Ar=g' - (1-S)e@e

Both dV; and Ar are comparable to dup = D dVj and A,, respectively, with exp(Py) factors. In

fact )
Sy L+ PV k+po
. 7 p
1 < < 1,1 = .
min{1,1} < ¢p/Sy < max{1,l}, N TV k

The second ratio lies between ¢2 and e?(1 + N/k).
The scalar mean curvature of this graph in the product is

Hr =10 (tr(T —Kl.1)+ S;Z(j — K (e, e))) .

KT
The coefficients satisfy
b - max{1,1"'} q—Dﬁ = ﬁ < max{l,171}.
1Sy — ’ ’ 1Sy \d ZS? - ’
Consequently (4.12) gives
|Hy| < exp(P)(1 + V7). (4.20)

Notice that this uses only v/dj and the transverse Hessian block, not an unweighted bound for the
whole Hessian.

For clarity concerning the ambient geometry in this step, each of the finitely many fixed base
models used in Lemma 4.1 can be extended beyond the patch to a closed smooth manifold. Choose
a smooth Euclidean isometric embedding of that fixed manifold [20], and take its product with the
line. The bound on its second fundamental form is fixed; it is the same on all translated copies
along a cylinder. Its contribution to the Euclidean mean curvature vector of the graph is at most n
times that bound, because the horizontal projection of a graph unit vector has length at most one.
Thus (4.29) holds also for the Euclidean mean curvature vector. A compactly supported base test
lifts to a compactly supported graph test for each individual smooth f.

The Michael-Simon inequality [18], applied to |p|2(*=1/("=2) and followed by Holder’s inequality,
therefore gives

12T 2n /-2 (i) < P(Pw) [ (Ideli, + (1+ T)¢?) dup (4.30)
(dup)

for compactly supported tests in each patch. The Euclidean theorem has no slope or graph-area
hypothesis. The comparisons just established check precisely the metric and mean-curvature terms
used here.

It remains to supply a compatible energy estimate. Globally = > §7 — Pn. Also

dloga = (k — 1+ p)dt, |dlogala, < PNnVT

by (4.12). Test the divergence equation by 1/2¢?*% /a, where v is a compactly supported base cutoff.
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The weight a cancels from u = av/D. After moving the positive principal term to the left, this gives
/ W22 (80T + 2ks|dZ[%) dup
< PN/¢26282 dpp + /62821/J2<d10ga, kdZ + Br) a dup
2 / 272(AZ, Bie) 4 dpup — 2 / 2574 (dib, kdZ + Bi) 4 dpin.

The logarithmic-weight terms cost at most o1/?>7 /2 + Pn?(|dZ|%4 + | K|?) by Young’s inequality.
The term multiplied by s costs a fixed fraction of ksi?|dZ|% plus Csy?|K|?. The cutoff terms cost
another such fraction plus C(1 + s_l)|d¢|§ + C¥?|K|2. Tt follows, on choosing a polynomial s.(N)
sufficiently large, that for every s > s,(IV),

/¢26252(T+ slaZP ) dup < Pa(1+ s)/eQSZ(@ZJZ +[dp[2) dpup. (4.31)

All absorption thresholds are polynomial in V. No derivative of A, is estimated in this test.
Set W = e, kx =n/(n —2), and pg = 25.(N) > 1. Insert ¢ = 1e*? into (4.30) and use (4.31).
For two nested base patches whose gap is b € (0, 1], the resulting estimate, with p = 2s > py, is

3;—-271
HWHLP"”"*(inner,d,uD) < [exp(,PN)(l—i_p)db 2] /pHWHLP(Outer,duD)' (432)

Iteration with p; = pox’ and gaps proportional to b27¢ is legitimate: both 3, 1/p; and >, 4/p;
converge. It gives

sup W< ANb_Cn ||W||Lp0 (outer,dup)> An < eXp(PN). (433)
mner
We record explicitly why starting at the polynomially large pg does not spoil the bound obtained
from (4.28). Let J. > 1 bound that integral and take increasing patches with successive gaps
bj = b,27771 all inside a fixed larger patch. If m; = logmax{1,sup W} on patch j, interpolation
gives
[W o < (sup W)=y < at e + (1= 1/po)mjan,

where a = log Ay + (log Ji)/po + Cy 1og(2/bs) and ¢ = C, log 2 can be increased to be positive. The
supremum on the largest compact patch is finite for each individual smooth solution. Iterating the
recurrence and letting its length tend to infinity thus gives

mo < poa + c(p§ — po) < Pn.

This last estimate is polynomial even though 1 — 1/pg tends to one. The patches covering K have
uniform sizes and geometry, so the conclusion is uniform on that whole set.

Outside K one has K = 0 on a neighborhood. A larger interior maximum of Z above Zy would
have divV = kutra, V2Z <0, contrary to (4.26); the outer boundary has Z = 0. This proves the
global upper bound for Z in the first homotopy part. In the last part K = f =0, t = Z, and the
same high-maximum argument applies whenever A > 0. At A = 0 the solution is zero, as already
proved.

Finally t < Z follows from the implicit relation, gp =€ < exp(Py) follows from the floor,
and |Vf| < ¢p/l < gp/l. Lemma 4.4 gives |f| < Cj,/n. These are the remaining assertions of
(4.24). 0

k(Z—t)
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The estimates in this section are statements about every smooth solution, uniformly in the outer
truncation, and are therefore available before continuation or exhaustion. Their parameter order is
essential: &g is fixed first, C'y is a polynomial penalty, and the distortion bounds are exponential in
a polynomial. The subsequent existence proof may use unrestricted constants at a fixed IV, while
the later mass estimate will use only the polynomial losses proved here.

5 The coupled elliptic construction and its limiting geometry

We now solve the system of Section 4. Its preceding estimates control the unknowns and their first
derivatives, but the trace operator has a coefficient whose modulus of continuity is not initially
controlled. We prove the particular gradient estimate needed for that operator. This estimate, a
scalar potential argument for the second equation, and continuation give smooth solutions. We then
establish the end behavior, mass cost, and height barriers that keep the region requiring charged
curvature control on the original exterior. No charged solvability theorem is used.

The prepared data, dimension, and € > 0 are fixed first, and N is subsequently chosen sufficiently
large. We use (4.2) and (4.17), including

k=n-—1, 0 =eNe, n =102 h=nf.

The notation Py denotes a possibly changing polynomial in 1+ N, with coefficients depending on
the fixed data, dimension, and €. Local elliptic constants may depend arbitrarily on fixed N. They
are not used as uniform constants in the limit N — oco.

5.1 A gradient estimate without a coefficient modulus

Lemma 5.1 (The special scalar gradient estimate). Let g be a smooth uniformly positive metric
on a coordinate ball, or on a smooth coordinate half-ball with a distinguished boundary face, with
bounded smooth coordinate geometry. Suppose an individually smooth function z satisfies

Vz

—1 2
g —(1l=-xe.®e,) :V2z2=0G, €y, = ——,
( ( ) ) V2],

c<x<l1, (5.1)

where ¢ > 0, |Vz|, < M, and |G| < C. The azis at a gradient zero may be chosen arbitrarily. The
coefficient x may be measurable, with no assumed modulus of continuity. In the half-ball case assume
a constant value of z on the distinguished face.

There are o € (0,1) and uniform local C* bounds for Vz, in the interior or up to that face. On
smaller balls or half-balls one also has

/ ]V23|§ dV, < Oyrn 2t 0<r<r. (5.2)
B

Constants depend on n,c, M,C, the coordinate geometry and localization, but not on the modulus of
X or higher derivatives of the individual solution.

Proof. We give the boundary reduction and both improvement arguments.

A local Hessian estimate. Normalize the metric to the identity at a ball center and restrict to
a sufficiently small ball. The coordinate principal matrix a then satisfies

|[I —alp <1-—¢/2,
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where the norm is Frobenius; connection terms are lower-order terms. The full-space operator D2A ™!,
with the Frobenius Hessian norm, has L? norm one by Fourier transformation. Its boundedness on
nearby L* spaces and interpolation give so > 2 for which its norm times 1 — ¢/2 is less than one.
Absorbing the perturbation from the Laplacian and localizing therefore gives, for s = 2, ¢,

1D [,y < Cs (lla s DY [y + 721V llLs(52r)) - (53)

The cutoff commutator contains r~1 DY and r~2Y. The interpolation estimate | DY ||s < dr| D?Y ||+
Csr~!|Y||s, and absorption on nested balls, remove the former. This argument uses only measurable
principal coefficients. The Laplacian estimates are the classical singular-integral bounds [7, 13].

Reflection and its flux correction. Subtract the constant face value. In Gaussian coordinates
write
g = dt® + hgy(y, t) dy®dy®, t>0.

Extend z oddly, A and y evenly, and G oddly across t = 0. For R = diag(l,—1), the reflected
gradient and Hessian are —RVz and —R”(V?2)R, while the principal matrix is RaR. Thus the
equation holds almost everywhere. Tangential derivatives of the face value vanish, so the extension
is individually C' and W?# for finite s. The reflected metric is Lipschitz and smooth on each side,
sufficient for (5.3).

There is one boundary contribution when differentiating the gradient norm. Put

p,=Vz, U,= |pz\3/2, A=gt— (1-xe,®e,, F= (V2z — (Ag2)g)Vz.
The equation and the contracted Hessian identity give
AdU, — Gp, = F, (5.4)
divy F = \V%]g — (Ay2)* + Ricy(p2, p-) (5.5)

on each smooth side. Neither formula differentiates y. Let g = z(y,0), Il = %athab(y,O),
H =try 11, and J = v/det h. Constant face data give (V22)4, = qll,. Thus the normal traces of F
are —Hq? and +Hq?. The coordinate divergence of JF has the plane density —2.J(y,0)H q25{t:0}.
It is canceled by

C=2J(y, O)H(ZJ)Q(Q)Q 1{t>0}at~ (5.6)
This vector has only a normal component. Its divergence differentiates only in ¢, and requires no
tangential derivative of q. For each localized ball, extend the face density 2J(y,0)H (y)q(y)? by zero
in the tangential variables outside the portion of the face lying in that ball. Since C has only a
normal component, this localization creates no additional distributional divergence and its bound
uses only the gradient bound on that face portion.

Normalize [p;|q <1 and set s =1 — |pz|g. The corrected flux is

JADs+B=-2(JF+C), B=2JGp,—4J(y,0)Hq’L{;~0}0;.
Convexity gives
(8g2)* = (1= )V22(ez,e2) + G)° < (1= )|Vl + G¥/x.
Consequently, in distributions,
div(JADs + B) < =2cJ|V?2|2 4+ 2J(G?/c + | Ricy |[p:]2). (5.7)

In an interior chart take C = 0. Radius-r rescaling multiplies face curvature by r, smooth-side
curvature by 72, and the forcing by r/M; if gradients are divided by M;. Thus the additional
bounded flux is small under the stated small-error rescaling. The construction also applies to balls
centered near the reflected face.
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Gradient drop or affine entry. Fix r, € (0,1/32) and by > 0. There exist k. € (4, 1) and a
small error threshold such that a normalized solution on By, with |Vz|, < 1, satisfies either

sup |Vz|g <k, (5.8)

Tx

|2~ Llp(s,) < bor., 5 <|DL|<2 (5.9)

for some affine L. Small errors comprise forcing, metric and connection errors, smooth-side curvature,
and reflected-face curvature. Both k, and the threshold may depend on bg.

Otherwise choose errors tending to zero, with the gradient supremum on B,, tending to one
and without affine entry. Normalize 2;(0) = 0. Equation (5.3) gives uniform local W22 bounds and
hence uniform local L? bounds on Ds;, where s; = 1 — ]szlgj. Equation (5.7) reads

diV(ajDSj + Bj) < —I€|D22j’2 + €5, ”B]Hoo +€ — 0

with uniform ellipticity and x > 0. Weak Harnack, after discarding the Hessian term, gives s; — 0
in measure on Bj o, since infp, s; — 0.

For completeness, convergence of Ds; needs a separate test. With a cutoff ¢ supported in By s,
test the inequality by ¢(%(b — s;)+, 0 < b < 1. Ellipticity and Young give

/{8j<b} ¢P|Dsy]? < C<b2/|DCI2+/c2yBj|2
+b/C|DC||Bj| +6jb/42). (5.10)

Its limsup on a smaller compact ball is at most Cb>. On {s; > b}, measure convergence and the
uniform L? gradient bound make the L' norm of Ds; tend to zero. On {s; < b}, the limsup is at
most Cb. Sending b to zero gives local L' convergence of Ds;. A fixed cutoff in the full deficit
inequality now yields D?z; — 0 in L*(B, /3). Poincaré makes the gradients converge to a constant
vector, of length one because s; — 0. Uniform Lipschitz control gives uniform convergence on
smaller balls to the corresponding affine function, a contradiction. Here and below we use the usual
inhomogeneous weak Harnack and scalar divergence estimates [13].

Improvement near a nonzero affine function. There are ap > 0, A € (0,1/8), and sufficiently
small by, &’ > 0 with this property: if

12 = L[ oo (By) < b < bo, < |DL| <4,

e L

the gradient is uniformly bounded, and metric, connection and forcing errors are at most bd’, then
an affine L' satisfies
2 = L[| poo(py) < DATTO2, |DL' — DL| < Cb. (5.11)

Indeed Y = (2 — L)/b has bounded supremum and bounded local W% norm by (5.3). The
normalized connection term is small because it uses the original gradient bound before division by
b. As by,0’ — 0, Dz — DL = bDY — 0 locally in measure. Freeze only the axis at e = DL/|DL)|,
leaving y measurable. Bounded coefficient differences converging in measure, and the L® Hessian
bound, give

1A Y +Xx02,Y |l 12(8,,,) — 0- (5.12)

B34
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The Dirichlet Laplace inverse on the convex ball B4 has ||[D?v]j2 < [|Avl|2, by integration by parts.
Thus the frozen operator has a zero-Dirichlet inverse in W22 by a contraction of norm at most 1 — c.
Subtract the resulting small correction to obtain Yj, uniformly bounded in W22, with

A Yo +x02,Yo = 0.
The derivative (y = O, Yy € W12 satisfies
div [({ —eo ® eg + xeo @ eg)D(p] =0 (5.13)

in distributions. Differentiation acts on the L? flux x0e,(o; no classical derivative of x is being
asserted. Uniform scalar divergence estimates give (o € C* for some «a; € (0,1). Caccioppoli after
subtraction of a local value gives

/ |DC0|2 S Crn—2+2a1.
Br

The source in AYy = (1 — x)0e,Co therefore has L' mass at most Cr"~ 1791, The gradient of its
localized Newton potential is C*!: for points separated by a, near annuli of radius R < a contribute
CR*, and the far-field gradient difference contributes CaR*~! for R > a. Both dyadic sums
converge. Subtracting this potential leaves a harmonic function on a smaller ball. All first derivatives
of Yy thus have a uniform Hélder bound.

The unfrozen Y has a uniform interior Hélder modulus by the scalar Krylov—Safonov estimate
with bounded forcing [13, Section 9.8]; see also [19] for the homogeneous mechanism. The L2-small
correction Y — Yj is consequently small uniformly on a smaller ball, using the uniform moduli of
both terms. Taylor approximation of Y, first choosing 0 < as < 1 and small A, and then by, &',
proves (5.11).

Iteration and Hessian growth. At each center begin with a fixed gradient normalization and
sufficiently small radius for both error thresholds. On each gradient drop reduce the radius by r.
and the normalization by k.. Since r./k. < 1, normalized forcing stays small; geometric errors
also decrease. If affine entry never occurs, the approximation by a constant has order r'*®¢  where
ag =logk,/logr, > 0.

After affine entry rescale its smaller ball to unit size and keep the same gradient normalization.
Iterate (5.11) at radii A, with errors b; = bpA’®2. Only constants, not affine functions, are subtracted
when rescaling the structural equation, so its axis remains that of the actual gradient. Forcing and
geometric errors decrease like \?, faster than b;. The slope increments Cb; are summable; small b
keeps slopes in [1/4,4]. Combining the two regimes gives uniform affine approximation of order
r1Ta also across the entry scale, for a < min(ag, a2). The affine Campanato criterion gives the
gradient Holder estimate. The same iteration applies in corrected reflected charts.

Finally subtract the first affine jet in (5.3). Its remainder is O(r'*®), and the forcing and
connection terms are bounded. The squared s = 2 estimate gives

/ |D22|2 < C(Tn+rn—2+2oz)7

T

which implies (5.2), with equivalent covariant norms and the same argument on half-balls. O
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5.2 The second equation and coupled regularity

Lemma 5.2 (A bounded solution with natural gradient growth). On a ball suppose a bounded,
individually smooth function Z solves

—div(ADZ)=divB + F,
where A is symmetric, bounded and uniformly elliptic, B is bounded, and
[F| <aolDZP* +p,  p(Br(x)) < Cor™ 2+

for some ag € (0,1), uniformly at the relevant centers. Here u can be a nonnegative measure; in the
application its density is individually bounded. Then Z has a uniform local Hélder modulus. The
same conclusion holds up to a constant Dirichlet face if the equation can be reflected with bounded
coefficients, bounded divergence flux, and the same source growth.

Proof. Choose a fixed large L and set Q1+ = e*X4. The distributional chain rule gives

—div(ADQ+) = div(+Le*ZB)
+ et 4 (£ LF - I?ADZ-DZ - L*B-DZ).

If the lower ellipticity bound is Ag, choose L > 2ay/\g. Young’s inequality absorbs the bounded-flux
cross term into the remaining negative gradient square. The boundedness of Z gives

—div(ADQ+) < div Bx + C(dz + p), | B+]loo < C. (5.14)

The matrix on the left is the same for both signs.
On By, let wy be the zero-Dirichlet potential of the right side of (5.14). Scalar Dirichlet Green
estimates for bounded measurable uniformly elliptic coefficients give

|wi]|oo < C(r + r*0). (5.15)

Here is the dependence on the source hypotheses. The bound G(z,y) < C|z—y|?>~™ and dyadic annuli

give Cr?° for the measure source. The exterior-pole gradient energy bound [ (a—y|>p} |DyG(x,y)* <

Cp?>~" gives L' gradient mass Cp on an annulus of scale p. Summing gives Cr for bounded divergence

data. These scalar Green bounds hold in every n > 3; see [15, Corollary 4.1 and Theorem 3.6]. One

can first use the individually bounded densities here and then pass to their uniform growth bounds.
Put ¢, = C(r +r*), and define

Ui :S}BIPQ:N:+5T_Q:N:+M:I:-

They are nonnegative supersolutions. Let M = supg Z and m = infg Z. On at least half of an
intermediate ball either Z < (M +m)/2 or Z > (M + m)/2. In the first case the uncorrected plus
deficit is bounded below by a fixed multiple of M — m; in the second case the minus deficit is. The
multiplicative constant is positive because Z is bounded. Weak Harnack for the corresponding Uy
therefore lowers the supremum, or raises the infimum, on B, 4, up to Ce,. Thus

oscp, , Z < (1 —cp)oscp, Z + C(r +1%).

Iteration gives a Holder modulus. The same proof applies after the stated reflection. O
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Lemma 5.3 (Estimates for smooth fixed points above the floor). Fiz N and a sufficiently distant
truncation of My. Every smooth solution of the system (4.17), or of its specified homotopy, satisfying
t > —e, has local smooth bounds depending on fired N and the background geometry. The bounds
hold up to the outer zero-Dirichlet face and are uniform as that face tends to infinity, on fired
compact sets and uniformly sized end patches.

Proof. Lemma 4.6 and Proposition 4.7 give
—e<t<Z<Pn, (<I<e |f| +|Df| < ePn.

At fixed N, the eigenvalue x = kd/(k+ pv) is consequently bounded away from zero. The normalized
trace equation is
vD

~(nf —tra, K). (5.16)

Its right side is bounded. Lemma 5.1 therefore bounds D f in C'%, including at the outer face, and
gives (5.2) for f.
Write the other equation in the form of Lemma 5.2, with

Ay Vi =

A =FkuA,, B =uAK(w,-).
The sign of the scalar source is immaterial for its absolute bound. The implicit relation for ¢ gives
|Dt| < Cn(1+|DZ| + |D*f]).
The explicit quadratic formula for 7 then bounds the absolute scalar source by
Cn(1+|DZ?) + Cn|D* fI2.

All lower-order fluxes are bounded. The Hessian estimate supplies
/ ’D2f|2 S CNT'n_2+2a;
Br

we may decrease the exponent when applying Lemma 5.2. This proves a uniform Hoélder modulus
for Z.

At the outer face extend Z oddly and the divergence matrix by A~ = RATR. Extend the
total flux by —R, and the scalar source oddly. The normal flux is continuous, so its distributional
divergence has no plane mass. Boundedness and the source-growth estimates are preserved. This
justifies the use of the boundary case of Lemma 5.2.

The coefficients and right side of (5.16) are now Holder, since they are smooth functions of
Z,Df on the bounded parameter range. Interior and Dirichlet Schauder estimates give f through
second derivatives. Expanding the divergence equation for Z, its principal matrix is Holder and
its remaining source is bounded by Cy(1 + |DZ|?). For finite s > n, use the local interpolation
inequality

IDZ |20y < C 05cqr Z | D*Z|1s(qr) + Ca (050 Z)? (5.17)

on concentric ball or half-ball patches Q € @Q'. It follows by scaled derivative interpolation after
subtraction of a constant. The already proved Holder estimate makes its Hessian coefficient uniformly
small on sufficiently small fixed patches. Local nondivergence W?2* estimates therefore absorb the
quadratic term. The leading estimate constants stay bounded as patches shrink, since the principal
matrices have a uniform Hélder modulus. Lower-order constants may depend on the selected scale.
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Use bounded overlap of patch enlargements and the supremum of their local Hessian norms to
carry out the absorption; these norms are individually finite on every truncation. This proves W?2*
bounds for Z.

Schauder estimates and differentiation now bootstrap both functions. At each differentiation
the f equation is solved first with the known regularity of Z, and then the expanded Z equation
gains the next derivative. These are the usual local and Dirichlet elliptic estimates [13]. All charts,
including uniformly sized end charts and outer boundary charts, have controlled geometry. Hence
the constants on fixed compact sets do not depend on the truncation radius. O

5.3 Solving the trace equation and the coupled system

Lemma 5.4 (The trace equation for an arbitrary trial scalar). On a fized smooth truncation, fiz
Z € CY with zero outer trace. The trace equation F' = nf, with zero outer Dirichlet value for f,
has a unique solution in C*. The solution depends continuously on the trial Z and on the tensor
homotopy. On bounded sets of trials these solutions have bounded C* norms. No floor condition
on the trial is needed.

Proof. For any prescribed Z,Df, the defining relation for ¢ is strictly increasing in ¢, so the
coefficients are smooth functions of these variables. Continue the normalized equation (5.16) from
Af = f, by straight interpolation of the two operators. Its height coefficient is strictly negative
when all terms are placed on the left. At a positive maximum the gradient vanishes, A, = I, and
the maximum test gives f < | tr K|/« /7; the analogous bound holds at a minimum. The same
height bound works throughout the interpolation.

We supply the gradient bound, since ellipticity must not be assumed before it. Put o = |Df]|.

For bounded trial Z, as o — oo, the implicit relation has ¢t < 0 and hence | = eV, so

log o —2k/(k+N)
= — 1 = .
PE N +0O(1), d=o
For N > k this gives
c D
X2 < On(1+0). (5.18)

The constants are uniform on a bounded set of trials. Compact o ranges are included by positivity

and continuity. The normalized right side, using the height bound, is at most Cx(1 4 o) in absolute

value. Straight operator interpolation has the same properties: its axial eigenvalue is at least .
Choose a short distance interval [0, so] and a modulus

$(0)=0, "= -Ko(¥')?, ¢ >0

Choose Ky large first, then sq sufficiently small for the distance geometry and so that ¢’ > 1 can
hold throughout. Finally choose the initial slope sufficiently large that ¥ (sg) exceeds twice the
height bound. This is possible from

Y(s) = Ky Hlog(1 + Ko’ (0)s).

On a boundary collar, £ (dist(-,d)) are upper and lower barriers. The negative axial term x1)”, by
(5.18), has size at least a fixed multiple of Kyt’, and dominates the linear-growth right side and the
bounded second derivatives of the distance.

For the interior estimate consider a positive maximum of

f(z) = fy) — (dist(z, y))
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with distance less than sy, using the smooth ambient metric extension across the outer boundary.
Contacts at a boundary endpoint are excluded by the preceding barriers; contacts at distance sg
are excluded by the height bound. At an interior contact the two gradients are parallel along the
short minimizing geodesic and have length o = 1)/. Parallel transverse endpoint variations bound
the difference of the transverse Hessian traces by C dist(z,y)o. The separate axial variations give

V2 fale e) <4, —V?fy(e,e) <4
Thus the difference of the two operators is at most
Cs00 + (Xz + Xy)¥" < Cspo — ey Koo

For large K¢ this contradicts the absolute linear-growth bound for the difference of their right sides.
The same argument with x,y exchanged proves the Lipschitz bound. It is valid throughout the
operator interpolation.

The gradient bound gives uniform ellipticity. Apply Lemma 5.1, then Schauder to obtain C?#
for some 8 > 0. These bounds make Df Lipschitz, so the original Cb* trial and the smooth
coefficient functions give C* coefficients; Schauder then yields C?® and, by one differentiation, C3.
The Dirichlet linearization has a strictly negative zero-order term. The maximum principle and
the usual elliptic Fredholm alternative therefore make it invertible. The same maximum principle,
applied to the linear equation for the difference, gives uniqueness. Continuation is open by this
invertibility and closed by the uniform estimates. The implicit-function theorem and uniqueness
also give continuous dependence in the stated spaces. ]

Proposition 5.5 (A filled solution). For fized prepared data and € > 0, all sufficiently large N
admit a smooth solution of (4.17) on the entire one-ended filled manifold My, with

t>—e, t<Z<Pny, (<I<e, |fl+|Vf]<eMN.

The functions f and all their derivatives decay exponentially on the end, with constants depending
on fizred N. Moreover

t,Z = 0;(r*™")  for every j, Ayt =O(r " P). (5.19)
The uniform height bound and the radial height estimate of Lemma 4.4 hold on the limiting solution.

Proof. First truncate at a coordinate sphere of radius R, with R > Ryin(IN) as in the floor estimate.
For a trial Z € C1® with zero outer trace solve the trace equation by Lemma 5.4. Freeze this pair
in the divergence equation, except for the gradient of the new Z in its principal flux. The resulting
linear Dirichlet solve defines a map 7" into C%. Indeed its principal coefficients are C1<, its drift
flux is C%*, and its scalar source is C®. Thus T is a continuous compact map on Ch%. Fixed points
bootstrap to smoothness.

Use the homotopy described with (4.17), in reverse order: first take K = 0 and scale the full
scalar source from zero to one, then scale K from zero to its specified value with the full source.
When K = 0, uniqueness of the trace equation gives f = 0 for every trial. At zero scalar scaling the
map is identically zero.

For a homotopy parameter A, write f)\[Z] for the trace solve. Apply degree on the relatively
open moving domain

{(/\7 Z) : mint[Z,Df)\[Z]] > —¢, HZHC’LO‘ < MN,R} .
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The dependence is continuous by Lemma 5.4. Choose My g larger than the fixed-point bound
supplied by Lemma 5.3. There is no norm-boundary fixed point. There is no floor-boundary
fixed point by the floor exclusion, including its outer-sphere estimate and final K = f = 0 stage.
The a priori estimates also hold with a non-strict floor inequality when taking a closure, before
that exclusion is applied. The map has relatively compact image on the bounded trial closure.
Leray—Schauder degree for a bounded relatively open subset of the product with the parameter
interval therefore applies [17, Sections 12-13]. Its degree at the initial zero map is one, by excision
around Z = 0; it stays one throughout the homotopy. This gives a smooth solution above the floor
on each sufficiently large truncation.

Lemma 5.3 gives smooth local compactness uniform in R. To retain the boundary condition
at infinity, we establish uniform end estimates before exhausting. On the end K = 0, and (5.16)

becomes /B /B
D D
7 1 — = nfe.

For fixed N, sufficiently small xy > 0, and a sufficiently large fixed inner radius, the functions
Cne "N(=70) are barriers for both signs of f. The positive zeroth-order coefficient dominates their
radial second derivatives; enlarge ro to control the radial Hessian error. They dominate at the inner
sphere and at the outer zero boundary. Consequently f decays exponentially, uniformly in R. Local
and outer-face estimates give the same decay for every derivative. The implicit relation then gives
exponentially small ¢t — Z, with all derivatives.

Up to exponentially decaying errors, the end equation is

A vip=T

kDgZ + k[(k — 1) + p(Z) — Sosp(z))1dZ|2 = p— I(N(Z +€))Cnpo,  sp=p+ (k—1)/2. (5.20)

Set an(z) = (k—1) +p(z) — doSp(2), and choose @ (0) = 0, Py (0) = 1, with & /Py = ay. On the
bounded range of Z, ®'y has positive lower and upper bounds depending on fixed N. Thus (5.20)
implies

AN (Z) = On(r~"P) + On(e "™7).

Comparison with multiples of 72~™(1 — r~#/2), on each truncation, gives ®x(Z) = On(r>~™), hence
Z = On(r>™™). These barriers have the required signed Laplacian for large 7; their r~"=P/2 term
dominates both the source and the asymptotically flat metric errors.

Scaled Poisson W2 estimates first give weighted first-derivative Hélder bounds; the source is
a smooth function of Z, the radius weights and exponentially small terms. Scaled Schauder and
differentiation then give Z = O; (r2=™) for every j. The same follows for t. Its Laplacian has the
improved bound in (5.19), since |dZ|?> = O(r?>~2") and 8 < 1. Exhaustion now supplies the asserted
solution with zero limit at infinity. If the limit touched —e, that point would be an interior minimum,
and the identical floor calculation of Lemma 4.6 would exclude it. All height bounds pass to the
limit. O

5.4 Mass, height separation, and the charged region

Proposition 5.6 (The mass cost of the filled construction). Let § = e?!(g + (?df?) be obtained from
Proposition 5.5, and let B, be the ADM energy of the prepared metric g. Then

= lim /S g(V,v) dAg:/M WEAV,,  Expm(d) = Be — S (5.21)
r N

r—00 kw

For fixed €,
F= Pyl + /) = —Pn(t+07%) = —oy(1). (5.22)
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The metric g, = €*¢§, written in its dilated asymptotic coordinates, consequently has

Eapm(gp) < e (B, 4+ on(1)). (5.23)

2—n)

It has all-order metric decay O;(r , a finite ADM energy, and scalar curvature O(r—"=5).

Proof. All terms in u= are integrable. On the end this follows from the exponential decay of f,
T = O(r?>~2"), and the integrable radius weight pg = r~"~7; on the filled compact part it is ordinary
smooth integrability. The divergence theorem on the manifold without an inner boundary proves
the flux limit in (5.21). At infinity V = kVt + o(r!™") in the flux sense, since u = 1 + Oy (r>™™)
and all graph terms decay exponentially. The metric perturbation 2td;; contributes —2k 9;t to the
Euclidean ADM integrand. The normalization 1/(2kw) therefore gives the second identity in (5.21);
all mixed error fluxes vanish.

Only the penalty band can contribute negatively to the integral. There my # 0 implies
—e <t < —e+1/N, and hence ¢ <[ < el for sufficiently large N. Writing o = |V f|,, the definitions
give

u< Cl+ 520), w < Clo, uayo > cl?a?. (5.24)

For example the last expression equals e*"D*[252 exactly. The negative penalty is bounded by

CPNlpo + CPNLa(po + p1).

Absorb its second term into the positive donua,o, using (5.24). The remaining negative part is

bounded by
2

4
CPnLpo + CPNﬁ(po +p)>.

The integrals of pg, pg, p? grow at most polynomially in N: the core volume is O(1 + N), and on the
end 4b; > n. This proves (5.22). Notice that no fixed-N Schauder constant enters this estimate.
A constant metric dilation by e, followed by the corresponding coordinate dilation, multiplies
ADM energy by e(®2¢ proving (5.23). All-order metric decay follows from Proposition 5.5 and
the prepared end. The conformal scalar law, the prepared scalar tail, and Ayt = O(r—"=9) give the
stated scalar decay. O

Proposition 5.7 (Separation of the original boundary by height). There are by > 0 and N,
depending on the fized prepared data and €, such that the solutions of Proposition 5.5 satisfy, for
N Z N27

h < —by on every plus component of S, h > ba on every minus component of S.

The constants are independent of N. For every fized b > 0, the portion of the original exterior on
which |h| > b is contained in a fired compact set, independent of N.

Proof. The last assertion follows immediately from the uniform height tail in Lemma 4.4. We prove
the first assertion by a trace supersolution on each long product and its prescribed collars. Only the
trace equation is used in this comparison, so no sign condition in the distant cap is needed.

Treat a plus component. Choose a small fixed § > 0 below the strict negative leaf-expansion
margin on the prescribed collars. On the middle of its long product use height —). There K = —Lgg,
with Ly the fixed large number used when constructing the filling. Towards the original boundary
let the slope increase from zero to a small positive fixed value a. It can be chosen as a smoothly
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truncated exponential: start with size of order 7, increase exponentially, and stop smoothly at a,
with

|(slope)’| < C(slope + 7).
Its length is O(1 4 |logn|) = O(1 + N), and its total height increase is as small as desired by

choosing a small. The initial smoothing from slope zero has the same displayed bound.
For a height test H, the Hessian multiplier in the trace equation is

1
(n/D)? + [dH[*

Thus the axial Hessian contribution along this ramp is uniformly bounded, since [ < e and

slope + 7 <c
\/(n/1)? + slope?

The transverse contribution of the product metric is zero. The trace of —Lgg is at most —kLg.
Taking Lg large compared with the fixed ramp bound makes the ramp a strict supersolution while
its height is at least —9. This choice is part of the fixed filling geometry, before V.

Continue at small positive slope through the fixed transitions to S, keeping the height there
below —§/2. Then, on a fixed strict trapped collar on the original side, increase the slope smoothly
until the height exceeds the uniform coarse height bound. All these slopes are bounded below by
a > 0; the slopes and their derivatives on this fixed portion are fixed finite numbers. At a contact
with the solution, 1/l < 02 and the axial eigenvalue satisfies

w?
XS 4= G0 1 [dHE

Consequently the trace operator on the test converges uniformly, on that fixed portion, to the
expansion of its coordinate leaf, Higar + triear K. It is strictly negative by construction. The error
from the axial second derivative tends to zero as N — co. With the original choice of §, this trace
is below the test height, including while the height increases to dominate the coarse bound.

On the side of the long product facing the cap, mirror the ramp and continue farther into
product geometry at fixed slope, with height increasing until it also dominates the coarse bound.
This adds only a fixed amount of length after the O(NN) ramp. It closes the comparison region
without assuming anything about the values of h in the cap, even when opposite-sign products join
there.

The test therefore dominates h on both ends of the comparison region and is a strict supersolution
within it. At a positive interior maximum of h — H, the two gradients agree. The implicit ¢, [, and
A, consequently agree when evaluating the test with the actual Z, while the Hessian of h — H is
nonpositive. The trace equation would give h < F(H) < H, a contradiction. Thus h < H < —§/2
on S. For a minus component apply the same argument to —h, —K: D,t, [, x are unchanged
under the reversal, and the trace equation reverses sign. Taking the minimum over finitely many
components gives by. These barriers concern the final system; the homotopy stages need not satisfy
this comparison. ]

Proposition 5.8 (The charged low-height region). Choose bz > 0 sufficiently small relative to by
and the strict prepared matter margin. For every sufficiently large N, put

g=g+1%df?, gy =g
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On the original exterior g, > g as quadratic forms, and
(dhl < n/i < 02,

If a = 1gdVj, is the retained electric flux form, then on the original region {|h| < bs},
R
% > chlol?,. (5.25)
There is ¢, > 0, independent of N, such that on the original band bs/4 < |h| < bs,
R
e2(t+€>$ > Iy(w) + e+ (1 —80) T (5.26)

The band lies in a fixed compact portion of the original exterior. Here 14(w) is the electromagnetic
expression defined with the prepared data; it also permits the compactly supported magnetic form
used in the strict numerical extension.

Proof. The strict margin and the choice of p in (4.17) give py, — |Jm| — p > 0. Since 7 is compactly
supported, we may choose bs < bo, independent of IV, so that

pim = In| = p = bs| 7| = 5 (ttm — | Jim| = p) >0
everywhere on the original exterior. The scalar identity (4.5), the two equations, and w(F') =
nay |V f| give

o~

e2t?g =u+J(w)—p—hr+(1—200)T
+ (1 = d0)naw|V f| + moCn(po + vp1).

The DEC in the retained electromagnetic variables implies p + J(w) > Ig(w) + pim — [Jm]. All

displayed terms on the second line are nonnegative. This proves a positive matter remainder and the

retained (1 — dp)7 throughout the low region. On the stated band its lower bound is uniform: by

Proposition 5.7 the band is contained in a fixed compact set. This proves (5.26), since Ry, = 6*25R§.
The inverse of g is A4. Hence

|dh[5 = n*d|V flg = (n/D)*v < (n/1)*.
For the (n — 1)-form a = tgdV}, the volume factor VD gives the exact norm identity
0|2 = d|E|2 + (w, E)2 = |E|2 — |w A EJ2. (5.27)

The electromagnetic square completion gives I(w) > c,%|oz\§. Set z =t +¢€ > 0. Scalar curvature
scales by e~2* in the preceding inequality, whereas the squared norm of an (n — 1)-form scales by

e 2k% Since k > 1,

R 2 -2z 12~ 2 —2kz| 12 _ 2| |2
%2%6 lafj = cne™ al; = cplaly, -

Finally e?* > 1 and g > g, proving metric dominance. O

6 Conversion of electric flux into an energy decrease

This section completes the numerical argument. The filled scalar construction provides a metric
which dominates the original metric and has the required charged scalar-curvature inequality on a
region separated from the original boundary. A second scalar equation converts the signed total
electric flux into a controlled decrease of ADM energy. A lower bound for its conformal factor retains
a definite fraction of every full-cut area. We then construct a smooth future-trapped boundary and
apply only the neutral numerical input, Theorem 2.4.
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6.1 Data supplied by the filled construction

Throughout this section, n > 4, k =n — 1, w = Area(S*), and ¢2 = k(k — 1)/2. Initially the exterior
data have been prepared as in Proposition 3.8 and Lemma 3.6. We write g for their metric, &, for
their ADM energy, and

ay = iI%fAreag(F), X, = (ay/w)*FD/k, (6.1)

The infimum is over the entire full cuts of this prepared exterior. In particular, a, > 0 by Lemma 3.1.
The prepared tensor K has compact support, the metric has differentiated decay of order 2 — n
to every fixed order, and the charged dominant-energy and prescribed componentwise trapping
inequalities are strict. The optional compact magnetic form is allowed in this paragraph; it will be
specified again in Corollary 6.7.

Fix € > 0. For every sufficiently large approximation integer N, let My be the filled one-ended
manifold of Proposition 5.5. We also denote its background metric by g. It agrees with the prepared
metric on the original exterior. Put

(=eNe, =032 h=nf, 2=t+e, g=g+12dfY,  @g=¢¥5  (62)

The scalar-construction variables satisfy
2>0, (<l<e,  |dhlz <n/l < Y2 (6.3)

For fixed prepared data and ¢, the bounds for ¢, Z, and V f imply that the metric coefficients and
inverse coefficients needed below have bounds of the form exp(Py), where Py denotes a polynomial
in 1 + N whose coefficients may change from occurrence to occurrence. No uniform bound as
N — o0 is claimed for the second scalar solution.

We use the following further conclusions of Propositions 5.6, 5.7, and 5.8. There are constants
b > b3 > 0, independent of IV, such that

|h| > by on S, h — 0 at infinity, (6.4)

and the set {|h| > b3/4} on the original exterior is contained in a fixed compact set. We take
by < 52/2. On
Un = {z in the original exterior : |h(z)| < b3}, (6.5)

the retained curvature estimate is the charged one, with an additional positive margin on b3/4 <
|h| < bs. More precisely, the scalar identity supplies there a constant ¢, > 0, independent of N, and
the nonnegative term (1 — dg)7, with 09 < 1/2. The energy estimate, in coordinates normalized for
gp at infinity, is

Elg) < e V2, +0on(1),  on(1)—0 (N — o). (6.6)

The fixed-N metric g, has all-order differentiated asymptotic decay of order 2 — n after the constant
coordinate dilation, and Ry, = O(r~"=") for a 3 > 0.

Let oo = i vol, on the original exterior. Multiply it by sgn @ when @ # 0, and use either sign
when @@ = 0. Extend this signed form smoothly into the filling, cutting it off on fixed collars on the
inside of S; call the extension . It is closed on the original exterior and need not be closed in the
filling. Define

iEb VOlgb = &, iEext VOlg =a. (6.7)
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Thus the flux of Ej across a large sphere is w|@|. Its divergence vanishes on the original exterior.
The vector Euy is uniformly bounded on the filling and is O(r~%) on the end. Its support in the
filling can be kept in the fixed collars; even an extension over the whole core would have only
polynomially growing L? norms, because that core has volume O(1 + N).

Matrix formulas below use a g-orthonormal frame, or equivalently the g-identification of vectors
and covectors. For clarity, the form norm underlying the charged estimate is

af2 = (1 — [w2)| B2 + g(B,w)? = |E2 — |w A E|2. (6.8)

Indeed g7! = A3 = ¢! — w ® w and volg = VD vol,. Completing the square in the magnetic
two-form, when it is present, gives I(w) > C%|Oé|%]. Since z > 0,

2 2 —2(k—1 2 2
¥ |By|2, = e 2 V3 af2 < a2, (6.9)
Consequently the scalar-construction estimates imply Rg, /2 > ¢i|Ey|2, throughout Uy

Lemma 6.1 (A retained gradient term). The quadratic expression T in the filled scalar construction
satisfies
K —1
4
In particular, on the original band bs/4 < |h| < b3,

T >

|dt[2. (6.10)

k2 —1
8

¢ Ry, /2 > cpe¥|By|2, + cx + |dt[2. (6.11)

Proof. The inverse graph metric is Ag. Hence (6.10) is exactly (4.14) in the Coercivity Lemma
(Lemma 4.3). Combining that estimate with 1 —dy > 1/2 in (5.26), the electromagnetic square
completion above, and (6.9) gives (6.11). O

6.2 Smooth profiles with the sharp limiting coefficient

Lemma 6.2 (Flux profiles). Fiz 0 < s <1 and set

~ log(1— 52)

w=—r—7 <0 (6.12)

For every 6 > 0 there exist smooth functions L > 0 and Hy on R with

L(0) =1, L' >0, Hy =0 on (—o0,yol, supp H{, € (vo,0), H >0, (6.13)
[HiW)| < ky/(k = 1)(k = 1+ 2L(y)/L(y)) e* DV L(y), (6.14)
ks — & < Hyp(0) < ks. (6.15)

In particular Hy is bounded. The function defined by
Bo(0) =0, By(y) = L(y) (6.16)

is strictly increasing, and its range on [yo, 00) is [Bo(yo), 00).
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Proof. Let ag =k —1and ¢ =1— s% On (yo, 00) consider

1 — ce™ 0¥

Lopt(y)* = —3 (6.17)
This is positive and increasing, and Lop¢(0) = 1. Direct differentiation gives
/ a kag a
ky/ao(ao + 2L5p / Lopt )€™ Lopt = — € oY, (6.18)

Its integral from yg to zero is ks.
Here is a positive smooth replacement at the lower endpoint. Take a small ¢ > 0 and a smooth
nondecreasing cutoff x, which is zero below yg + 0 /3 and one above yg+20/3. For y < b, :=yo+o0

define
bo

M@:men—é Xo (V)L (v) do, (6.19)

where the integrand is zero below yo + 0 /3. For y > b, use L = Lqpt. The definitions agree with all
derivatives near b,. The lower constant value is positive, since it is at least Lopt(yo + 0/3). Thus L
is smooth, positive and nondecreasing on the whole line, and still has L(0) = 1.

Choose 0 < (, < 1 smooth with compact support in (yo + o, —0), tending pointwise to one on
(y0,0) as o | 0, and put

! k’a(] apy v /
H0) = )" 2er, Holy) = [ Hy(w)do. (620
On the support of Hj) the function L is exactly Lop, so (6.14) follows from (6.18). Elsewhere its left

side is zero. Dominated convergence gives Hy(0) — ks from below, proving (6.15) after decreasing
o. Finally, B}, > 0 and, for y > 0, L(y) > 1, so

e(k—=y _ 1

Boly) 2 —— (6.21)

This proves the range assertion. O

6.3 The bounded-flux equation on the filled manifold

Proposition 6.3 (Filled flux conversion). Fiz the prepared data, €, s, and one smooth profile from
Lemma 6.2. For each sufficiently large fixed N there is a smooth function y on My such that

kAg,Bo(y) = divg, (Ho(y)Ep), y — 0 at infinity. (6.22)

It satisfies
y>y, y<Pn, y=0;0"") for every fired j, (6.23)

where constants in the last estimates may depend on N and on the fixed profile. Moreover By(y) is
harmonic sufficiently far out, and

lim / Dy da, — 0O o) (6.24)
Sk k

R—o0

Proof. We give the estimates on expanding smooth coordinate-sphere truncations of My, with zero
outer Dirichlet value. There is no inner boundary.
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A background Sobolev inequality. The background filled metric has uniformly controlled local
geometry. Its core is covered by at most C(1 + N) coordinate patches of fixed size and bounded
overlap; the product necks account for the number of patches. The overlap graph is connected to
a fixed annulus in the unchanged asymptotic end by chains of length at most C(1 + N). For a
compactly supported smooth function v, radial integration from infinity and Cauchy—Schwarz give,
on this fixed annulus A,

)220, < c/e 1dvf? vol, (6.25)

For example, the radial weight in this estimate is finite because [z~ r'="dr < co. Local Poincaré
inequalities control the oscillation about each patch mean. On overlapping patches the difference of
the two means is controlled by the gradient energy on their union. Summing along the chains to A,
then summing over the patches, therefore gives

[0 ey < CO+ NI [ Jduf? vol,. (6.26)
N

Combine this with the local Sobolev inequalities on the patches and the ordinary Euclidean Sobolev
inequality on the end, using a cutoff across A. With p, = 2n/(n — 2), this proves

||vH%p*(g) < Sn \dv|§ volg, Sn < exp(Pn). (6.27)
My

The polynomial bound implicit above would suffice. The weaker displayed bound is convenient for
combining constants. Functions with zero trace on a truncation can be extended by zero, so the
same constant works for all outer radii. The local Sobolev and Poincaré inequalities used here are
the usual uniformly elliptic coordinate versions; see [13, Chapters 7-8].

The exact divergence matrix. Set Y = By(y) and Yy = By(yo) < 0. Define
h(Y)=Ho(By'(Y)) (Y 2Y), h(Y)=0 (Y <Yp). (6.28)

This is smooth and bounded on the whole real line. It is identically zero near and below Yj, and
constant for all sufficiently large Y'; all its nonzero derivatives have compact support. The ratio of
volume forms and the inverse metric are

1
Jp = Y9, lgb = e"*VD, g, =e A, (6.29)
volg

Consequently the equation in the fixed background measure is exactly
kdivg(AV,Y) = div,(h(Y)Eexs), A =e2*V/D A, (6.30)

Here JyEp = FEeyt follows directly from (6.7). In particular no graph-volume factor remains in the
right-hand flux.

The transverse eigenvalues of A are e(=2)2,/D and its axial eigenvalue is e(n—2)z / V/D. The
filled-solve estimates therefore give

Avid<A<Anid, Ay +An < exp(Py). (6.31)

If Fy = b(Y)Eex, its L?(g) and L?*(g) norms have polynomial bounds in 1 + N, uniformly in Y’
and in the truncation radius. Indeed b is bounded, the core extension was just described, and the
end integral of rPF is finite for p = 2, 2n.
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Energy and the level estimate. The same estimates apply to the homotopy which multiplies
the right-hand side of (6.30) by a number in [0, 1]. Testing by Y gives

FAN[|AY[I3 < [1Fy [l dY ]2, Y

p. < exp(Pn). (6.32)

For s1 > 0, put us;, = (Y — s1)4 and Ay, = {Y > s1}. Testing by ug,, applying Holder with
exponent 2n, and then using (6.27), yields

s, [l < Cn|Ag |V27HEM - Cy < exp(Py). (6.33)
Thus, for t; > s,
CN P 9 n—1
< = . .
’Atl‘_<t1—81) |A81| ) % n_2>1 (634)

This also holds for the negative levels of Y.
For completeness, start at level one, whose superlevel measure is at most exp(Py) by (6.32),
and set s; = 1+ d,(1 —279). The recursion has the form M1 < CRrd ™ 2p*(j+1)Mf. Choosing d,

to be a fixed sufficiently large multiple of CNMéﬂ_l)/ P* makes M, tend to zero geometrically after a

further fixed exponential rescaling in j. All the constants and the starting measure are bounded by
exp(Pn), so this choice has the same bound. Therefore

1Y ]loo < exp(Pn) (6.35)

uniformly in the radius and in the homotopy parameter.

Existence on a truncation and exhaustion. Fix N and an outer radius. For a continuous
trial function Y of zero boundary value, freeze h(Y)Eext and solve the linear Dirichlet equation
(6.30). On this fixed smooth domain its coefficients are smooth and uniformly elliptic. Linear
divergence-form WP estimates with any fixed p > n show that this solution operator is continuous
and compact into continuous functions of zero boundary value. Fixed points of its homotopy with
the zero map satisfy (6.35). Leray—Schauder degree on a larger ball therefore gives a fixed point,
since the degree at the zero map is one; see [17, Sections 12-17].

For such a solution the bounded divergence data first give local Holder estimates. Then
H(Y)Eey is Holder continuous, divergence Schauder estimates give C1® regularity, and successive
differentiation gives smoothness. These estimates, with the supremum bound, are uniform on each
fixed compact subset as the outer radius tends to infinity. The standard interior and Dirichlet
estimates used at this step apply to smooth uniformly elliptic scalar operators on fixed charts; see
[13, Chapters 6 and 8]. A diagonal subsequence thus gives a smooth solution on My, preserving
the energy and supremum bounds.

The floor and inversion. On a truncation, test (6.30) by (Yo — Y)+. Its support is a region on
which h(Y') = 0. Ellipticity gives zero gradient for this test function, and its outer boundary trace is
zero because Yy < 0. Hence Y > Yj. This passes to the limit. Lemma 6.2 now defines y = B L(y)
everywhere. The inverse is smooth at Yy as well, since B{(yo) > 0. Inequality (6.21) and (6.35) give
y < Pn, while the floor is y > yo.

The end and the total flux. On the end divy, E = 0, so the equation for Y is

kALY = b (Y)Ey(Y). (6.36)
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The drift coefficient is O(r~*), with fixed-N bounds. Choose 0 < 8/ < min(1,n—2). After increasing
the fixed inner radius, positive multiples of 727" (1 — r‘ﬁ/) are supersolutions of the absolute drift
comparison problem: their leading negative Laplacian term has order 7’_”_5/, and dominates the
metric-error and first-order terms. Comparison with both signs, using the uniform bound on the
fixed inner sphere and zero data at the truncation sphere, gives Y = O(r>~") uniformly during
exhaustion. Scaled elliptic estimates for (6.36) then give the first two differentiated orders, and the
same is true for y.

Since supp Hj, € (y0,0) and y — 0, one has Hy(y) = Ho(0) identically sufficiently far out. There
Y is harmonic for g;. The all-order metric estimates for g, and scaled harmonic estimates yield
Y,y = O;(r?~") for every fixed j. Integrating (6.22) on the whole filled truncation now gives, for
every sufficiently large radius,

k[0, da, = Hy0) /S ay(Ep, ) dA,, = Ho(0)w|Q). (6.37)
R R

There is no omitted inner flux. Because B(0) = 1 and B{(y) — 1 = O(y), replacing dY by dy in
this integral has an error O(R%?~™). This proves (6.24). O

6.4 Curvature, mass, and a smooth trapped boundary

Lemma 6.4 (The uncharged metric). Let y be supplied by Proposition 6.3 and set

v =g, = 2Y)g. (6.38)
Then Ry >0 on Uy and
v > Vg, (6.39)
Its ADM energy is
Hy(0
£() = &) - ) (6.40)
On the band bz /4 < |h| < b3 in the original exterior,
k2 —1 k(k—1
EEHIR 12> ¢, + < |dt[2 + 1{y20}(2)|dy|§. (6.41)
Proof. Where the extended flux form is closed, expand the equation as
H| r
kDg,y = F?Eb(y) —k (k: 1+ L) |dyl2,- (6.42)
0
The conformal scalar formula gives
k(k—1
VR, /2 = Ry, )2 — kDgyy — (Q)dy\gb
H|, k-1 L
2 2 0 2
The last expression is nonnegative: the square of its mixed coefficient is at most
k(k—1) k-1 L'\ 5 L
LA k< . +L>—kz(k:—1)(k:—1+2L), (6.44)

exactly by (6.14). Completing the square in Ej proves the assertion on Uy. The positive terms
beyond the electric term in (6.11) have not been used in this completion. If y > 0, then Hj = 0 and

48



L’ > 0, so the entire additional term k(k — 1)|dy|§b/ 2 can also be retained. Multiplication by e?*
proves (6.41). The metric comparison follows from z > 0, y > yg, and g > g.
In coordinates normalized for g;, the conformal ADM calculation is

g(€2y9b)_5(9b)__* lim /S O,y dAy,. (6.45)
R

W R—oo

To check the normalization, the leading perturbation is 2yd;;; its Euclidean ADM integrand is
—2k0;y. The normalizing factor is 1/(2kw). The difference between geometric and Euclidean surface
fluxes, and every quadratic error, is O(R?>~"). Equation (6.24) now proves (6.40). The end scalar
curvature remains integrable: outside a compact set Y is harmonic, so (6.42) has no mixed term
and Ag,y = O(r*=2"), while Ry, = O(r—"=), O

Lemma 6.5 (A freely chosen late plateau). For all sufficiently large N one can choose a smooth
nonnegative function H of |h|, zero on [0,b3/4] and equal to any prescribed finite nonnegative
constant on [bs/2,bs], so that the tensor

Kpew = —a7y,  a=e¢ W (|n|) (6.46)
satisfies the neutral dominant energy condition on Uy. Here b is a fized smooth function with
b=10 on (—o0,0], 0<dv <1, y — b(y) bounded on [yp, 00). (6.47)
The lower bound on N is independent of the prescribed plateau height.

Proof. Choose b’ smooth, zero up to zero and equal to one eventually, and integrate from zero. Then
0<C_<Cy):=e" W<y <0 (y=>w), (6.48)
with constants independent of N. For a pure-trace tensor —a~y the neutral densities are

nk2

,U'IleW_R /2+ D)

Jnew = k da. (6.49)

On the band, multiply the required inequality by e2(**¥). The new quadratic energy is nkC?H?/2,
while (6.3) bounds the momentum by

kC (H|dt + V'dy|z + (n/1)|H']). (6.50)

Set Ay = (k* —1)/8 and By, = k(k — 1)/2. Young’s inequality absorbs the first term of (6.50) into
the two gradient terms in (6.41), at a cost at most C?H?yy, where

K11 2k? k
Xk 4<At+By) 21 ooy =% k=3 (6.51)

There is no use of the y-gradient term where y < 0, because b’ = 0 there. Where y > 0, that term
was retained in full in the preceding lemma. Hence no curvature term is used twice. As nk/2 > 6,
the remaining coefficient

dy, = 5 " Xk=3 (6.52)

is positive in every dimension under consideration.
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Added region Original exterior
No energy condition imposed. a is closed. On S: |h| > by > 2bs.
a supported in fixed inner collars. At the distinguished end: h — 0.

Both scalar solves take place on the filled manifold My .
0 bs/4 bs/2 ch b3

: : : : > |h
Ry, /2 2 ci| By3,

Charged estimate on Uy

Additional positive margin | bs/4 < |h| < b3 |
|

Trace profile H(|h|) 0 ‘ transition ‘ plateau M ‘

Heights in the retained Dy | 0<|hl <ecn

Dy = component of {|h| < ¢} containing the far end, b3/2 < cp, < bs.

Supp(Knew|py) C {x € Dy : b3/4 < |h(z)| < cp}.

Figure 1: Height bands and the late neutral cut. The bars refer only to the original exterior and
encode height, not distance or the topology of level sets. The end component Dy stays outside the
filling; every component of its boundary is retained. After the two scalar solves and the regular
choice of ¢, the finite plateau M is chosen to make that boundary strictly future trapped, without
changing N or either solution. See (6.4)—(6.5), Lemma 6.5, and (6.57).

It is now enough that

(6.53)

R <04, 0<d <min{ o BOE

kC, k&

Indeed this makes the second term in (6.50) at most ¢, + dpC?H2. Choose a smooth cutoff yy,
which is zero on [0, b3/4] and one on [b3/2,bs]. For the desired plateau M < oo, define

H(s1) = tan((arctan M)xp(s1)). (6.54)
Then w0
T

independently of M. Since n/l < ¢Y/2 — 0, one sufficiently large N ensures (6.53) for every finite
plateau. Off the band the tensor vanishes on the required exterior and R, > 0. Although |A|
need not be smooth at its zero set, its composition with H is smooth because H vanishes on a
neighborhood of zero. This proves the lemma. O

Figure 1 records the height bands and the order of the remaining choices.
Proposition 6.6 (Prepared numerical bound). For the prepared data, for every 0 < s < 1,

1—s2
2

& > slQ| + X.. (6.56)

The conclusion also holds for prepared data carrying a smooth compactly supported closed magnetic
two-form, with the charged energy convention used in the filled scalar construction.
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Proof. Keep s, a smooth profile, and ¢ fixed. Take N sufficiently large for all preceding constructions.
Sard’s theorem gives a regular value ¢, € (b3/2,bs) of |h|. Let Dy be the closure of the component
of {|h| < ¢} containing the entire far end. By (6.4), this component cannot cross S into the filling.
Its entire boundary is a compact smooth embedded two-sided hypersurface in the original interior.
It is nonempty: a path in the original connected exterior from the far end to S must cross the
chosen level. All boundary components are retained.

The mean curvature of this fixed compact boundary in + is finite. We may now choose the
plateau M in Lemma 6.5 so large that, with normal toward the end,

Hopy + tropy Knew = Hop, — ka <0 on every component. (6.57)

This late choice does not require repeating either scalar solve or increasing N, by (6.55). Restricted
to Dy, the new tensor has compact support, since h — 0 and H vanishes near zero.

We check the neutral input’s hypotheses explicitly. The exterior Dy is connected and oriented,
smooth up to its nonempty compact boundary, and has exactly the original coordinate end with
compact complement. It is complete with boundary included: it is closed in the original complete
exterior, and (6.39) bounds its metric below by a positive constant times g. The metric is smooth
and has all-order differentiated decay of order 2 — n in normalized end coordinates. Thus the metric
and tensor satisfy the stronger falloffs in Theorem 2.4, with any exponent strictly between (n — 2)/2
and n — 2. The neutral DEC follows from Lemma 6.5; its matter densities are integrable because
the tensor is compactly supported and the scalar curvature is integrable at infinity. The ADM
momentum is zero. The ADM energy exists and is given by (6.40). Finally the new boundary is
strictly future outer trapped by (6.57).

Every full cut of Dy, regarded as a subset of the original exterior, is also a full cut there. This
includes any portions coincident with 9Dy, and counts every component. Therefore its full-cut
infimum apy satisfies

an > eoa, > 0. (6.58)

Indeed the metric comparison acts on all k£ tangent directions, and the class of available cuts has
only been restricted. No minimizing boundary is assumed to be smooth or to exist.

It remains to verify the timelike energy hypothesis of the neutral input for these auxiliary data.
Write ey = E(y). If ey > 0, their zero momentum makes that hypothesis immediate. If ey < 0,
apply the conformal end increase of Lemma 3.3, taking its positive function ¢ constant on a core
containing the boundary and the new tensor’s support. For U = 1 + \¢, transform the data by

=02y K, =UY0DEK (6.59)

The neutral DEC and trapping signs persist, the stronger asymptotic derivatives persist, momentum
remains zero, and full-cut areas do not decrease. Its energy is ey + 2\. For every arbitrarily small
e > 0 choose A = (e — en)/2 > 0. These data satisfy all hypotheses of Theorem 2.4, which would
give

1 1
e> i(aN/w)(kfl)/k > ie(kfl)yOX* > 0. (6.60)
Letting e | 0 is a contradiction. Thus ey > 0, and the same neutral input applied directly gives
Hy(0 1 1—s?
e(k—l)s(g* + ON(l)) _ 0]4;()|Q > ie(k—l)po* = 23 X.. (6_61)

The parameter order is as follows. For the fixed prepared data, fix s € (0, 1), a profile tolerance,
and € > 0 first. Complete the two scalar solves and the regular cut for each sufficiently large IV; the
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tensor plateau is chosen last for that N. Now let N — oo in (6.61), then let £ | 0, and then let the
profile tolerance decrease to zero. Equations (6.15) and (6.12) give (6.56). Only fixed-parameter
estimates were required in the second scalar solve. The electromagnetic input used in this proof was
precisely (6.8) and its lower bound by I4(w), which also holds for the indicated compact magnetic
form. O

6.5 Return to the original data and optimize

Corollary 6.7 (Strict compact-magnetic numerical extension). Let the original exterior satisfy
the numerical geometric and asymptotic hypotheses, and let D,, be an arbitrary smooth compactly
supported closed two-form. With a = igvol, closed, use the electromagnetic convention

Iy(v) = (B[ + Dy +2Dm(v, E)),  pim + Jm(v) = p+ J(0) = L(v).  (6.62)

Assume also that fip,,|Jm|g are integrable and that the ADM and charge flux limits exist with the
stated normalizations. Assume the ADM vector is future timelike, the fized componentwise trapping
inequalities are strict, and for some ¢ >0 and 0 < f < min(1,q),

fim — |Jm|g > cr P, (6.63)

Then, with the original full-cut infimum a and the original normalized electric charge Q,

1— 2

m > s|Q| +

Xa (0<s<1). (6.64)

Equivalently, m > |Q|, and when X4 > |Q| one also has m > (X4 + Q?/X4)/2. No magnetic
equality classification or non-timelike extension is asserted here.

Proof. Apply the rest preparation and strict preparation in Proposition 3.8 and Lemma 3.6, retaining
the two closed forms. The magnetic support stays in the compact original region. There the strictly
positive margin absorbs the arbitrarily small rescaling errors. The gluing and bending annuli can be
taken outside that support, so on those annuli and on the end the electric estimates are unchanged.
This yields prepared data with charge @, energies &, ; — m, and full-cut infima a,; > (1 — 0;(1))a.
For each fixed s, apply Proposition 6.6 and then pass to this limit. The right side is increasing in
the area variable, so the lower comparison of infima is sufficient. This proves (6.64). The elementary
optimization is given in Proposition 3.10. The argument does not require the component electric
fluxes to have one sign. O

Completion of Theorem 2.5. Proposition 6.6 establishes (3.20) for every prepared data set with
positive energy and zero momentum, and every fixed s € (0,1). The Reduction of the Numerical
Theorem (Proposition 3.10) therefore proves Theorem 2.5, including positivity of the full enclosing
area, strict future timelikeness of the original ADM vector, and the stated branch distinction. The
endpoint limits in s are taken after the fixed-s inequality is established, so no profile estimate
uniform at s = 0 or s = 1 is required. O

7 The original-data variational identity

We now assume the connected-horizon hypotheses of Definition 2.6 and equality in Theorem 2.5,
with m > |@|. All objects in this section belong to the original exterior (2, g, K, E'). In particular, no
equality statement about one of the auxiliary metrics is used. We first differentiate the full enclosing-
area infimum, then separate the active constraint inequalities from a direction that would improve
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equality. The resulting multipliers are initially measures. Their regularity and the elimination of
their possible singular area sheets are separate steps. Decrease the asymptotic exponent, if necessary,
so that (n —2)/2 < ¢ < n — 2; this retains every original hypothesis.

Write A = Areay(S), k =n —1, and

EapM i Papm)i k-1 Q?
Th = (A/w)l/k7 b0: = , b :_<Tn)’ c = - (1—2(16_1) > 0. (71)
Tn

The vector b is fixed when taking variations. Set B = b°Eapm + >; b*(Papm)i- Thus m’ = B’ at
the original data. On the outer, nonextremal area branch, differentiation at fixed Q) gives

a1
dA?2

k-1 2, —(k=1)y _ ¢
(bt + @2, Y = 5o (7.2)
The strictly positive coefficient in this formula will be essential.
Throughout the variations, an electric field is represented by the closed flux form o = ig vol,.
We also allow a closed, compactly supported two-form D,,, initially zero, representing the spatial
Faraday form divided by c¢,,. For these extended data put

1
pm = 5 (Rg +7° = |[K[*) = (| E* + [ D *),

I = div(K — 7g) — 2C%Dm( L E).

(7.3)

Only the strictly feasible numerical extension of Corollary 6.7 will be applied to data with D,, # 0.
No magnetic equality theorem is assumed. Compactly supported closed variations of either form,
including tests supported up to S, do not change ), by Stokes’ theorem on a truncation.

7.1 The full area envelope

Choose a compact smooth filling O behind .S, with a smooth extension of the metric, and denote
the resulting boundary-free manifold by M. The filling is used only to define perimeter competitors;
no constraint inequality is required there. A filled competitor is a bounded finite-perimeter set
F C M containing O up to null sets. Its perimeter counts the part coinciding with 00 = S.

Proposition 7.1 (Area envelope and regular patches). The least perimeter of filled competitors
equals the full smooth-cut infimum a. The family F, of minimizing filled sets, considered modulo
null sets, is compact in local L', and all its members are supported in a common compact set. Their
exterior end components have the full-boundary convention of Definition 2.35.

Each minimizing frontier is smooth and minimal at its free regular points. Its possible singular
set has Hausdorff dimension at most n — 8. All contact points with S are reqular of class C17V for
some v > 0, and their graph representations belong to WP for every finite p. At an interior regular
point of one frontier, any other minimizing frontier through the point coincides with it locally. On a
smaller neighborhood the minimizing frontiers that meet that neighborhood are disjoint single graphs,
with uniform smooth interior estimates.

For a differentiable metric path with g, = h, the right derivative of its enclosing-area infimum is

. 1
() = pin ap(h), dp(h) =5 /8 o hdAy, (7.4)

Here and below 0*F is used for integration, while “frontier” means the support of its perimeter
measure.
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Proof. Large coordinate spheres have positive mean curvature, uniformly for the finite-dimensional
metric paths considered below. On the region outside one such sphere, the outward unit normal to
their foliation has positive divergence. Applying the divergence theorem to the portion of a filled
competitor outside that sphere shows that clipping off that portion cannot increase perimeter, and
strictly decreases it if the discarded portion has positive volume. The argument holds for almost
every cutting radius by finite-perimeter slicing. Choose two fixed radii, both outside the compact
core. Clipping at the smaller radius gives a common compact truncation, strictly inside the larger
one, for minimization and for all sufficiently small parameters of each path. BV compactness and
lower semicontinuity now give a minimizer; see [1].

A smooth full cut bounds a filled competitor with exactly the same area, including its contact
portions. Conversely, first push O and an arbitrary filled competitor slightly outward by a smooth
ambient diffeomorphism supported in a collar of S. The pushed competitor contains a neighborhood
of the original O, and its perimeter tends to the original perimeter. Strict approximation of finite-
perimeter sets by smooth domains can therefore be carried out while retaining that neighborhood.
It is supported inside a fixed compact truncation. Retain the exterior component containing the end,
filling any bounded exterior components of the smoothed set. This only removes boundary compo-
nents. Its entire smooth intrinsic boundary is a full cut. Passing through these two approximations
proves equality of the infima. The same removal observation shows that a minimizing frontier cannot
leave a removable bounded complementary open component: a nonempty such component has posi-
tive perimeter, whose removal would improve the minimum. The usual indecomposable-component
decomposition gives the same conclusion for finite-perimeter representatives [1].

Here is the local estimate needed at the obstacle. For a local competitor G, replace it by G U O.
Submodularity gives

P(GUO) < P(G)+ P(O)—P(GNnO,). (7.5)

Extend the smooth outward normal of O to a smooth vector field of norm at most one near its
boundary. Its divergence is bounded. The calibration inequality for this field gives P(O)—P(GNO) <
C|O \ G| for changes in a sufficiently small coordinate neighborhood. Since F' minimizes among sets
containing O, it follows that

P(F;B) < P(G;B) + C|F AG] (7.6)

whenever F' A G is compactly contained in the small ball B. This is an unconstrained perimeter
almost-minimizing estimate. In coordinates the Riemannian area integrand is the ellipsoidal
integrand associated with A = (det g)g~!, which is smooth and uniformly elliptic. The error in (7.6)
is O(r™) and therefore is bounded by C,r"~1*7 for any fixed 0 < v < 1 on sufficiently small balls.
The almost-minimizer results in [24, Propositions 4.5-4.7 and Theorems 1.1, 9.5, 10.2-10.3] apply.
They give density and perimeter bounds, local compactness, regularity off a set of dimension at
most n — 8, and convergence as single C! graphs near free regular limit points. On free patches, the
uniform local C*7/4 graph bounds and the smooth minimal-graph equation upgrade this to smooth
convergence on smaller patches by interior elliptic estimates. Tangent sets are perimeter-minimizing
cones. The minimal-boundary formulation and dimension reduction are also described in [25,
Chapter 7, Section 5].

At a contact point a tangent filled cone contains the tangent half-space of O. The corresponding
minimizing hypercone is therefore supported on one side of its boundary plane, and is that plane. One
way to see the last assertion is to integrate the signed coordinate-height equation on its stationary
spherical link; the height has one sign and its spherical Laplacian is a negative constant times itself.
The singular set can be removed in this integration by its dimension and the perimeter bounds.
Equivalently one can use the half-space cone theorem in [25, Chapter 7, Section 4, Theorem 4.5].
The almost-minimizer regularity theorem now gives a C? graph at contact for some 8 > 0; one may
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take 8 = /4. Estimate (7.6), differentiated along smooth flows, bounds its weak mean curvature.
Difference quotients in the uniformly elliptic prescribed-mean-curvature graph equation give W22
regularity. Written in nondivergence form, that equation has Hoélder coefficients and bounded
right-hand side, so local W?? estimates give all finite p; see [13].

If two minimizing frontiers meet at a free regular point of one of them, their union and intersection
also minimize by (7.5), with equality in the sum of the perimeters. They are ordered relative to
the given regular sheet. Their tangent cones at contact are one-sided relative to its tangent plane,
and hence are planes. Regularity and the strong comparison principle for the minimal graph
equation imply local coincidence. Strict compactness and regular convergence then give the asserted
uniform graph neighborhoods: otherwise a sequence of failing frontiers would converge strictly
to a minimizer through the point, where multiplicity-one regular convergence gives precisely the
missing neighborhood. The difference of two distinct ordered graphs solves a linear uniformly elliptic
equation. Positive-solution Harnack and interior derivative estimates imply, on smaller patches, that
its gradient is bounded by a uniform constant times its pointwise separation.

Finally let F} minimize for g;. Compactness, lower semicontinuity and comparison with a fixed
go minimizer show that every convergent subsequence at ¢ = 0 converges strictly in perimeter to an
element of F,. Strict continuity for vector measures then gives convergence of the tangent-plane
area measures [1]. The area Taylor expansion has a uniform remainder on the resulting perimeter-
bounded family. Fixed minimizers give the upper bound in (7.4); the varying minimizers give the
lower bound. This also proves compactness of the minimizing family and continuity of F — a’z(h)
in its strict topology. O

7.2 Strict directions and positive-measure separation

An active ray is a pair (z,v) with |v|y <1 and pm(x) + Jim(2)(v) = 0. Under a metric variation h,
transport the unit ball by the metric square root, so v’ = —h#v/2. Denote by @ the variation of
2(tm + Jm(v)) under that transport. Our test space consists of finite linear combinations of:

(i) arbitrary compact smooth variations (h,p,’, D},), including support up to S, with p = K’
and both form variations closed;
(ii) a metric end prototype h = r?7"§, cut off toward the core;

(iii) second-tensor end prototypes whose Euclidean trace reversal is
IL;; = rk (am? + ajn? —(a- n‘;)éij), nd = x/r, (7.7)
with arbitrary constant a € R™ and a cutoff toward the core;

(iv) the strict conformal direction (h,p) = (2¢g, »K), with both forms fixed.

For the last direction choose 0 < 8 < min(1, q), put pg = r~"~7 with a positive smooth extension of
the radial weight, and take

—A¢ = By\/|[dg]* +r* +po, O =-1,  ¢(c0) =0, (7.8)

where B > |K| is smooth and has simple symbol bounds B = O;(r~'79). The strictification
construction in Lemma 3.6 applies to this decaying drift: its radial barriers dominate the drift
because 3 < q. It gives ¢ > 0, ¢ = Oz(r?> ") and finite gradient flux. In particular
—-A [ ¢l
¢ — 1, —stlet () on active rays, —striet o, —0 it = k. (7.9)
Po Po Po
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Here the extra algebraic electric term is nonnegative: at a purely electric active ray the conformal
derivative of € is
—2kA¢ + 2kK (V,v) + 4(k — 1) 9| B> (7.10)

The prototypes have zero flat linearized constraints on the end. For example II;; = =" (a;x; +
a;x; — (a - x)0;;) satisfies 9;II;; = 0 and Hijnj = r~*q;. Its momentum derivative is a;/k; the scalar
prototype has energy derivative (n — 2)/2. The background errors in the linearized constraints are
O(r~™9). Thus the prototypes span the ADM flux derivatives and their normalized active-constraint
values tend to zero.

Proposition 7.2 (Multiplier identity). There are a probability measure m on Fy, a nonnegative
locally finite measure A on the active rays, and a nonnegative finite measure ¢ on S, such that

%wB — ¢ /f do(h) dn(F) = / ¢ dA — /S 0. (7.11)

for every compact test and every end prototype above. No surjectivity of a constraint map is required.

Proof. Consider the linear image of the test space with components
(€' /po, =0, {caw(h) —2kwB'}pcr,) . (7.12)

The constraint test space is the one-point compactification of the closed active-ray set, with one
artificial infinity point added even if that set is bounded. At infinity assign 2k times the coefficient
of the strict direction. The other two test spaces are S and the compact minimizing family. The
normalized functions are continuous by (7.9) and Proposition 7.1.

This image does not meet the open cone of functions strictly positive on the disjoint union
of the three compact test spaces. Indeed such a direction has positive strict-direction coefficient
because of the infinity test. Apply that positive conformal direction exponentially to the data
after making the other variations additively. On compact subsets, strict first-order positivity on
the active rays implies feasibility for all sufficiently small positive parameters: rays outside a fixed
neighborhood of the active set have a positive zeroth-order gap. On the end the nonconformal linear
errors are O(r~""?) and are dominated by pg. After retaining the nonnegative background through
the conformal formula, the quadratic errors are bounded by Ct?py. The strict first-order term
therefore gives fi, — |Jm| > ¢ipo, with ¢, > 0. The forms remain closed; a newly created magnetic
form has fixed compact support. Trapping is strict, the ADM vector remains future timelike, and
completeness, decay, integrability and existence and differentiability of the fluxes are preserved.
These are precisely the hypotheses of Corollary 6.7. The area infimum stays positive by uniform
metric comparison on the compact core and the controlled tail. Equation (7.4) and strict positivity
of the objective components would now violate the numerical inequality for small positive parameter.

Hahn—Banach separation of a linear subspace from an open convex cone gives a nonzero positive
functional on the continuous functions on this compact disjoint union. The Riesz representation
theorem supplies the three nonnegative measures. Its objective measure has positive mass. Otherwise
testing the strict direction, uniformly positive on the two constraint test spaces, would force both
remaining measures to vanish as well. Normalize the objective measure to have mass one. On finite
active rays divide the constraint measure by pg to obtain A. This measure is finite over compact
subsets, including the boundary. The possible infinity atom contributes nothing on compact tests or
prototypes. Rearranging the annihilation identity gives (7.11). O
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7.3 Normal-motion tests and the sheets selected by the multiplier

Let v and X be the scalar and vector moments of A. Initially these are measures, using the fixed
Riemannian volume-density convention; thus u also denotes the scalar distribution defined by its
moment measure. Positivity and the definition of the active set imply

u > |X|g, Uy, + I (X) =0 (7.13)

as measure identities. In particular, electromagnetic or metric terms of the ray derivative require
moments of order at most one.

Lemma 7.3 (Tangential trace on free sheets). For mw-almost every minimizing frontier, trrop K =0
on each of its free reqular sheets. Every such frontier either equals S, or is wholly inside int Q and
satisfies H = trrgp K = 0 on its reqular part.

Proof. Fix a smooth lapse test s compactly supported in the open exterior, and choose a local
Gaussian Lorentzian metric inducing g, K at time zero. Its spatial metric and first normal jet
are fixed, while its second normal metric jets are free. Choose a two-form whose initial electric
and spatial components are ¢, F and zero. Its first normal derivatives can be chosen so that both
Maxwell equations hold on the initial slice. In general dimension the tangential Maxwell constraints
are dD,, = 0 and da = 0; the remaining equations prescribe the n(n — 1)/2 magnetic and n electric
normal evolution components. The induced flux-form variations under normal motion with velocity
sN are compactly supported and closed, as follows also from Cartan’s formula applied to these
initial Maxwell jets.

Let S denote the electromagnetic stress tensor with the normalization in Definition 2.2. It is
divergence-free at the initial slice. For each > 0, prescribe there the spatial components of Einstein
minus S to be

7® — Um)ilIm)j (7.14)
i Lom + 5
Spatial trace reversal of the second normal metric jets is invertible, so these are legitimate smooth jet
prescriptions. The normal and mixed components remain i, J,, by Gauss—Codazzi. The resulting
variation has h = 2sK.

We check that ¢’ — 0 uniformly on compact active test sets. The tensors in (7.14) converge
spatially in C'. On {j,, > 0} this is ordinary smooth convergence; near a zero of y,,, DEC gives
|Jm| < pm and smoothness gives duy, = VJ,, = 0 at that zero. The bounds

T <ty [VTO] < 2V + |dpin] (7.15)

make the convergence uniform across the zero set. At a positive-density active ray, the limiting
spacetime tensor is v ® 7/, where v(N) = p,,, and v|rq = Jp. It is causal and annihilates the
null vector N + v. Parallel-transport that null vector along spatial curves. Its contraction with
the causal covector is nonnegative and vanishes at the base point; differentiation at the minimum
therefore shows that all relevant spatial covariant derivatives, with last argument N 4+ v, vanish.
Bianchi and the initial Maxwell equations then give the same limiting vanishing for the normal
derivative contracted with N, N + v. Changes of the first argument cost zero, and changes of the
second cost zero because it remains null and ~ is proportional to its metric dual. At a matter zero,
both the tensor and its spatial derivatives vanish by (7.15), and the divergence equation again
suffices. These observations prove the asserted uniform convergence of €.

Apply (7.11) to these tests and pass to the limit. They have no boundary or ADM variation, so

/ / strrgp K dA, dr(F) = 0. (7.16)
* *F
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At free regular points, Proposition 7.1 provides uniform noncrossing graph patches, and frontiers
through a common point have the same tangent plane. Consequently the tangential trace is a
single-valued continuous function on each such patch of the integrated surface measure. There is no
cancellation between different tangent planes in (7.16). A countable cover and Fubini imply the
first conclusion, initially almost everywhere and then everywhere on regular sheets by smoothness.

At contact, the W?2P graph and the smooth obstacle have the same second jets almost everywhere
on their coincidence set. The frontier therefore satisfies H+tri,n, K = 0 almost everywhere throughout
the contact graph, including its free portion. Uniform ellipticity first improves its regularity and
then bootstraps it to a smooth solution of the expansion equation. The strong comparison principle
gives coincidence with S near contact. The set of coincidence is open and closed along the connected
S, so the whole S is present. Its area is already the minimum A, leaving no area for another sheet.
If there is no contact, the compact frontier is separated from .S, and the stated equations hold on
all its regular points. O

7.4 The moment equations and their initial regularity

Proposition 7.4 (Regularity of the measure moments). In the open exterior the moments are
functions satisfying the first Killing initial data (KID) equation

symVX = —uK, (7.17)

and

Hessu = £(u, X, VX) + 5 / Vo @ 1 dAp dr(F). (7.18)
Fu

The equations are distributional, and surface measures in the second equation are expressed relative
to ambient volume. The operator L has smooth linear coefficients. It is specifically the lower-order
operator from the metric adjoint in (7.11), with the flux form fixed and the unit-ball rays transported
as specified above. In particular, it is not an arbitrary operator with smooth coefficients. Locally u is
Lipschitz and X is CYt. The complementarity relations (7.13) hold pointwise.

Proof. For a compactly supported interior variation K’ = p, the coefficient after integration by
parts is
2[u(rg — K) —sym VX + (div X)g] : p. (7.19)

Its trace gives div X = —ur, and its trace-free part then gives (7.17). For metric tests the scalar-
curvature principal adjoint is Hessu — (Au)g. Connection variations in the momentum term give
smooth linear expressions in u, X, V X; fixed-flux field terms and the ray-transport term are algebraic
in those moments. The area term has coefficient —c(g — V% ® V%) /2 on this side of (7.11). Inverting
trace reversal gives (7.18), with the displayed positive normal-normal measure.

Differentiating (7.17) and commuting covariant derivatives expresses every component of V2X
as a smooth linear combination of Rm X, K x du and (VK) x u. Taking traces gives a strongly
elliptic Laplace system for (u, X') with smooth lower-order coefficients. Its source measure has local
growth O(r"~1), uniformly in the minimizer, by the local perimeter bound. A localized elliptic
parametrix has order —2 and kernel bounds C|x —y|?>~™7 for j = 0, 1. Such a potential of a measure
with this growth is locally C7 for every 0 < v < 1: split the potential difference at twice the point
separation, use the growth bound nearby and the first kernel derivative on successive outer annuli
to get O(r(1+ |logr|)). Lower-order terms are included in the parametrix, and the homogeneous
remainder is smooth. Thus u, X are Holder continuous.

The traced differentiated equation for X now has the form of the divergence of a Holder field
plus a Holder function; local elliptic estimates give X € C17, after decreasing v if needed. The lower
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term in (7.18) is therefore continuous. Its positive measure term implies a local lower bound for
the covariant Hessian in the distributional sense. Slice this inequality in smooth flow boxes whose
longitudinal curves are unit-speed geodesics. Multiplying by the smooth volume Jacobian gives the
one-dimensional distributional inequality (uo~)” > —C on almost every such curve. Continuity
extends its integrated convexity inequality to every curve in a smaller box. This is local geodesic
semiconvexity, which implies a local Lipschitz bound by bounding one-sided slopes on short geodesic
segments with endpoints in a fixed larger ball. The differentiated equation for X consequently has
bounded right-hand side componentwise, so V2X is locally bounded and X € C'!. The measure
inequalities now reduce to pointwise inequalities by continuity. ]

For clarity about the field coefficients in this adjoint, holding o = ig vol, fixed gives E' =
—(trh)E/2 and hence

§(2uc2| E|* voly) = uc?(2E;E; — |E|?g;;)h" vol, = —uS;;h" vol, . (7.20)

The ray transport contributes —(Jy,);X; h%. The added variation of volume in the full constraint
pairing is zero by complementarity. These identities, together with the actual gravitational adjoint,
will control null focusing in the next section. In particular, the singular term in (7.18) cannot be
discarded by assuming regularity of a minimizing frontier.

8 Eliminating interior area multipliers

We prove that the area multiplier obtained from separation is concentrated on the given boundary.
The main issue is that an area minimizer can have a singular frontier in high dimension. Atomic
transverse mass forces a regular sheet to be totally geodesic. For the remaining sheets, a common
positive Jacobi field, null focusing, and a cone argument give a uniform curvature bound. A separate
locality argument removes diffuse multiplier mass from sheets on which the lapse vanishes. All these
arguments concern the original smooth data.

Throughout this section, £k = n — 1, and F, and 7 are the compact family and probability
measure of Proposition 7.1 and equation 7.11. We use the full-measure family supplied by Lemma 7.3,
intersected with supp 7. A member of this family has frontier S, or has compact frontier wholly in

the open exterior and satisfies
Hs =0, trsK =0 (8.1)

on every free regular sheet. We retain the local common-sheet, noncrossing, and graphical compact-
ness conclusions of Proposition 7.1. In particular, distinct nearby sheets are disjoint graphs, and on
smaller patches the tilt between them is bounded by a constant times their separation.

The moments of Proposition 7.4 satisfy

symVX = —uK,  Viu=BuX,VX)+M, M= [ vhevhdApdn(D)  (82)
in the open exterior. Here ¢ > 0, u is locally Lipschitz, X is locally C!, and the last formula
defines a tensor-valued measure relative to the smooth volume density. Its singular sets have zero
sheet area. Here B abbreviates the operator £ of Proposition 7.4. It is the precise lower-order
metric-adjoint expression in equation 7.11, with the electric flux held fixed and the unit-ball rays
transported isometrically. It has smooth coefficients and is linear in its displayed arguments. Its
origin, and not merely its regularity, will be used in the focusing calculation. We also have

u > | X, fim = [Iml, Uftm + Jm (X) = 0. (8.3)
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8.1 Local leaf measures and atomic sheets

Fix a free regular incidence point (D, p). The uniform graph conclusion of Proposition 7.1, after
shrinking its neighborhood, provides nested open spatial boxes

peWeV el, W = By x Iy,

in coordinates (y,t), and a larger base ball By D By, with the following property. Every minimizing
frontier that meets V' has in U a unique selected graph ¢t = fr(y) over By; all portions of that
frontier in W belong to this graph. Its graph over Bj lies in the coordinate chart, and the graphs
have uniform interior smooth bounds and are mutually disjoint unless they coincide. The boxes can
be chosen with this property by first taking the uniform graph neighborhood and then choosing the
middle and inner boxes with positive margin from its side and top faces.
Put
Hy = {F € F. : frontier(F) NV # @}.

This is an open subset of the minimizing family. Indeed convergence in that compact family is strict
perimeter convergence, hence its perimeter measures converge weakly. If the limit frontier meets
the open set V, its perimeter measure is positive on a nonnegative compactly supported test in V',
and the same holds for every sufficiently late member of the sequence. This proves openness. The
uniform density bounds also give local Hausdorff convergence of the frontier supports: a putative
boundary point staying a positive distance from the limit frontier would force positive volumes of
both phases in a ball where the limit is constant, contradicting local L' convergence.
The graph map
qv : Hy — C¥(B1),  qu(F) = fr,

is continuous for the topology of smooth convergence on compact subsets. To see this, apply regular
multiplicity-one convergence at the limiting graph on each compact subball; the uniform graph
bounds and uniqueness identify every subsequential limit. Define the finite Borel measure

Av = (qv)«(7lay)

on the entire separable metrizable function space C°°(B7). This definition identifies coincident local
graphs without requiring the image of gy to be a Borel subset of that space. We write G for this
leaf-parameter space and A for Ay, when the box is fixed.

Every source contribution on W is retained: a frontier meeting W also meets V', and is therefore
in Hy. No arbitrary neighborhood of the reference minimizer is used to truncate this measure.
Distinct realized graph parameters are disjoint, so for each y € B; the map

t— fe(y) (8.4)

is injective on the realized leaves. All integrals with respect to A mean the corresponding pushforward
integrals over Hy; the injectivity assertion concerns the realized graphs in those integrals.

Lemma 8.1 (Atomic leaves). If A\({¢p}) > 0, the corresponding regular sheet is totally geodesic on
graph(fy,) N W.

Proof. Fix any point of graph(fs,,) N W and take signed normal-distance coordinates (y, s) about
that sheet on a smaller patch compactly contained in W, writing the sheet as ¥ = {s = 0}. Put
mo = A({lo}) > 0. The ss equation in (8.2) is a one-dimensional second-derivative equation after
slicing by almost every normal line. The bounded nonmeasure terms include B and the coordinate
connection terms. The atom at s = 0 has coefficient ¢mg/2: on the reference graph the unit conormal
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is ds and the sheet and volume Jacobians agree at s = 0. No other graph produces an atom there,
by (8.4). Consequently dsu has bounded one-sided traces v (y) for almost every ¥, and

c

Ty) = v (y) = 5mo. (8.5)

The existence and boundedness of these traces can also be read directly from local semiconvexity of
u along the normal lines.

We compare the tangential equations from the two sides. Let A be the second fundamental
form of the parallel sheet {s = constant}, with normal d;. With A;(V,W) = g(Vy0s, W),

v

(V2u)|rs, = Vi, (uls,) + Asdsu. (8.6)

Average this identity on each of 0 < s < ¢ and —e < s < 0, pairing with any smooth compactly
supported tangential tensor in the y variables. The intrinsic Hessian terms have the same limit:
integrate twice in y, then use uniform convergence of u(y, s) to u(y,0) and smooth convergence of
the parallel metrics. The B terms also have the same limit, since u, X, VX are continuous.

The averaged tangential components of the sheet measure tend to zero. Indeed the conormal of
a nearby graph has tangential component bounded by C|s| relative to ¥ at a point of height s. This
is the graph-difference estimate recalled above, with the smooth change from graph coordinates to
normal coordinates included. Thus in a slab of width € the tangential-tangential source is bounded
in total variation by Ce? times the total sheet measure in a fixed box. Dividing by ¢ still gives a
quantity tending to zero. The atom on X itself has no tangential component.

Subtracting the two limits in (8.6) gives Ag(vT —v~) = 0 as a tensor distribution on X.
Equation (8.5) and ¢mg > 0 imply Ag = 0. The sheet is smooth, so the conclusion holds at every
point of the patch. O

Lemma 8.2 (A common Jacobi field). Let D belong to the full-measure family above, and let ¥ be a
connected component of its reqular interior frontier. Suppose one of its graph patches is a nonatom
in the support of the corresponding leaf measure. Then there is a smooth function ¢ > 0 on X such
that

Lop=Lip=L_p=0. (8.7)

Here Ly, Ly, and L_ are the outward normal linearizations of H, H + trian K, and H — trya, K,
respectively, at X. All have principal part —Ay,, and

Lo = —Asx — (|Ag|* + Ricy (v, ). (8.8)

Proof. Choose a base point p in the specified patch. Since its graph parameter is a nonatom in
the support of the leaf measure, choose distinct realized graphs converging smoothly on compact
subpatches to the reference graph, with representatives D; in the full-measure family. Such
representatives exist because every graph neighborhood has positive pushforward measure, whereas
the reference fiber has measure zero. Compactness of F, permits passing to a subsequence with
D; — D’ for some minimizing filled set D’. We do not assert that D’ = D away from the selected
component.

The limiting frontier of D’ contains the reference graph near p. Indeed points on the converging
graphs are frontier points of D;, and uniform density and local L' convergence put their limits on
the frontier of D’. Set

C = ¥ N frontier(D’).

This set is nonempty and relatively closed in . It is also relatively open: at each of its points the
reference frontier is free and regular, and the common-sheet property of Proposition 7.1 makes the
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frontier of D’ agree with it in a neighborhood. Connectedness gives C' = X. In particular every
point of ¥ is a regular point of the limiting frontier D’.

Choose a nested exhaustion of ¥ by connected precompact smooth domains 2, containing p,
with Q,, C Q,,41; if ¥ is compact, use ¥ itself. Use the fixed normal of ¥ and its normal exponential
map on a tubular neighborhood of each compact stage. Regular multiplicity-one convergence to D’
gives, for sufficiently large j at that stage, a unique normal height h; over 2,,. A finite covering of
the slightly larger compact stage by regular graph patches supplies this assertion uniformly on ,,.
Uniqueness on each normal fiber makes the heights agree on overlaps and on successive exhaustion
stages. Thus there is no choice of branch or monodromy in this construction.

The heights have a strict constant sign on each connected stage. If h; vanished at a point, the
common-sheet property would make its zero set relatively open as well as closed there; connectedness
would force coincidence at p, contrary to the distinct initial graphs. Passing to a subsequence fixes
the sign at p, and hence on every exhaustion stage. Replace h; by —h; in the linear difference
equations if that sign is negative, and normalize by h;(p) > 0. The equations H = 0 and tra, K =0
are unaffected by choosing the fixed graph normal, even if a representative filled set induces the
opposite orientation on its local graph. Subtract the three graph equations (8.1). The integral
of the linearization along the segment between the two graphs gives linear elliptic equations for
hj, whose coefficients converge smoothly on compact subsets to those of Ly, Ly, L_. Harnack’s
inequality and interior elliptic estimates applied to the first equation bound h;/h;(p) above and
below, with all derivatives, on each exhaustion stage. A diagonal subsequence converges smoothly
to ¢, with ¢(p) = 1. Harnack’s inequality gives positivity. Passing to the limit in all three equations
proves (8.7). The same argument applies when the approach is from the other side, since all three
linearized equations are homogeneous. O

The support qualification in this lemma loses no multiplier mass. On each graph box the
complement of the support of A has zero A-measure. A countable collection of such boxes suffices
for the regular incidence set, as explained below.

8.2 Focusing with a measure-valued Hessian

Lemma 8.3 (Weak focusing). On a free reqular sheet satisfying (8.1), define

QJr:u_g(XvV)a Q,:u—l—g(X,I/). (8'9)

These functions are nonnegative and locally Lipschitz. On the open part of the sheet where u > 0,
they satisfy the distributional inequalities

LiQ+ < —u|As + Kean|*. (8.10)

Proof. We first identify the sign of the singular term in the stationary curvature calculation. For
smooth positive v and smooth X, set

g = —u?d2® + g;j(da’ + X'dz)(da’ + X'dz), n=u "9, - X). (8.11)

The second fundamental form of a stationary slice is b = — sym VX /u, with the convention for K
used in the theorem. Define B(P,Q) = P : Q — (tr P)(tr Q). Integrating the momentum term in the
gravitational constraint pairing at fixed lapse and shift gives the algebraic expression

w(Ry — B(K, K) + 2B(K, b)) = u(R, + B(b,b) — B(K — b, K —b)). (8.12)
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At b = K its first metric variation agrees with that of the stationary scalar-curvature action, up to
divergences. The spatial metric coefficient of that variation is —uGy;;, where G is the Einstein tensor
of (8.11). This identity can equally be obtained by substituting b = —sym V.X/u and integrating
the derivatives of a compactly supported metric variation; it uses no field equation.

Let S be the Maxwell stress of a two-form whose slice electric field is ¢, E and whose slice
magnetic part is zero. Only these slice values are needed here. Holding the electric flux form fixed
under ¢’ = h gives

§(2uct|E|? dV,) = uct(2E;E; — |E[*gi;)h" dV, = —uS;;h" dV,. (8.13)

Adding the variation of the volume density in the full matter pairing does not alter the adjoint
coefficient, by ufy, + Jm(X) = 0. Transport of a unit-ball ray contributes —(J;,);X;), where
parentheses include the factor 1/2. It follows from the actual metric-adjoint expression in (8.2) that
a Hessian source M contributes

W(G = S)iy = —(Jon) (X5 + ((trg M)g — M) (8.14)

ij
For a positive semidefinite M, the last tensor is positive semidefinite: for a unit vector v, complete
v to an orthonormal basis and sum M on the remaining basis vectors. In particular the sign is
preserved by trace reversal in precisely this direction.

The lower Hessian term can be read off explicitly. Write 7, = tr, b and (b2)ij = b,-lblj. The
spatial stationary Einstein identity is

uGij = (Agu)gij — (Viu)ij + (Cb)ij, (8.15)
Cy = u [Ricg +mb — 2% — L(Ry + 7§ + [b?)g| — Lxb+ X(m)g.
At b= K, put T = uS — sym(J,, ® X?) — Cx. Equation (8.14) then gives

try T
n—lg

B(u,X,VX) = T. (8.16)
Thus B has no du term. All its coefficients are smooth fixed-data coefficients multiplying u, X, V.X.
For the mollified pair, the same identity with b = b, shows that C! convergence of b, controls every
non-Hessian spatial term.

We justify the use of this calculation at the regularity of (8.2). Fix relatively compact coordinate
patches U’ € U € {u > 0}, and choose a > 0 with u > a on U. All smoothing below is performed
in U, then restricted to U’. Let p. be a nonnegative standard mollifier, and convolve the coordinate
components of u and f = X°: ue = u * pes Be = B * pe, Xe = g7 'Bc. The spatial metric is not
changed. In components the first equation of (8.2) reads J;0;) = Fﬁj B1 — ukK;;. Hence the residual

Re :=sym Vi + u K = (I'f) x pc — I'Be — (uK) * pe + u K (8.17)
tends to zero in C*(U’). More explicitly, for a smooth coefficient A and a Lipschitz function f,
I(Af) * pe = A(f * pe)llcrwry < Ce(lAll 2@yl fllzee @y + IAller @y 1D fll os ) - (8.18)

For its derivative, differentiate the product to obtain the sum of the commutator of DA with f and
the commutator of A with D f. Both are bounded by the first moment of p. times the displayed
norms. No second derivative of f is used. Since u, > a/2 and Du, is uniformly bounded,

be :i= —sym VX /uc = K = Refuc — K in CY(U"). (8.19)
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In the Hessian equation, first express the measure-valued components relative to coordinate
Lebesgue measure, dividing by the smooth positive volume density. Positivity is unchanged. Convolve
this already un-trace-reversed equation. It gives

V§u€ = B + M + (I'du) * pe — I du, B, — B uniformly on U’. (8.20)

The connection commutator is O(e) in C? because du is bounded. For every z, M,(z) is a positive
semidefinite matrix. We trace this matrix using g(z) only after convolution. Consequently

Pe(x) := (trg(z) Me(x))g(z) — Me(x) >0 (8.21)

exactly, even if its norm diverges as € | 0. There is no product commutator involving a variable
metric times an unbounded singular Hessian.

Apply the smooth stationary calculation to u., X¢ and be. Formula (8.19) controls the induced
constraint densities and all the non-Hessian spatial adjoint terms uniformly. Indeed (8.15) uses only
be, Vbe, ue, X, VX, outside the Hessian term. Equation (8.16) shows that uniform convergence of
due is unnecessary. Writing T, = G, — S, we obtain uniformly on U’

Tc(ne,ne) = pi + o(1), Tc(n.,)|rv = Jm + 0(1), (8.22)
ue(Tg)ij = —(Jm)(in) + (Pg)ij + 0(1).

To see the null sign of the bounded terms, when fi,, > 0, (7.13) forces | X| = u and J, = —pum X /u.
Their limiting block tensor is ¢ ® ¢, with ¢(n) =1 and ¢(V) = —g(X,V)/u. When p,, = 0, all its
blocks vanish. This description, or the direct formula up,, (1 F g(X,v)/u)?, proves nonnegativity on
n + v. Maxwell stress is also nonnegative on null vectors. The exact positivity of P, therefore gives

ue Ricg (ne £ v,n. £v) > —o(1). (8.23)

This is a one-sided estimate; it requires no uniform bound on the full spacetime curvature.

For completeness, apply the null shape-operator equation to the outgoing null geodesics orthog-
onal to the fixed sheet in the smooth metric g.. Use nearby stationary slices as the parameter
surfaces. At the initial slice the null velocity with dz/dr = 1 is u¢(n. +v). Subtracting the stationary
translation 0, leaves the spatial velocity u.v — X¢, whose normal component is ue — g(Xe, ). The
Riccati equation gives the expansion derivative

_UE(‘AE + (be)tan‘Q + Ricg, (nc + v, n + V)), (8.24)

up to a bounded renormalization factor times the initial expansion. Tangential transport contributes
a bounded tangential velocity times the tangential derivative of that expansion. Both error terms
tend to zero uniformly: H + tr K = 0 and b, — K in C'. The spatial expansion linearization
has coefficients converging uniformly to those of L. Its principal part is always the fixed —Ay;
convergence of its action on ue — g(Xe, v) therefore holds in distributions, using uniform convergence
of these functions and uniform bounds on their first derivatives. Combining (8.23)—(8.24) proves
the plus inequality in (8.10). Replace the future normal by —n., equivalently reverse stationary
time and X, b, to obtain the minus inequality. Since U’ @ {u > 0} was arbitrary, this proves the
stated local result. O

8.3 Positive Jacobi fields at singular ends

We give the analytic details needed at singular points. Their purpose is stronger than removability
of a bounded subsolution: a bounded reciprocal Jacobi field must tend to zero at every singular end.
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Lemma 8.4 (Capacity and a local mean-value estimate). Let T be a multiplicity-one locally
perimeter-minimizing hypersurface in a compact smooth ambient patch, of dimension k > 3. Its
singular set has zero surface 2-capacity. A bounded nonnegative continuous function w on the
regular part, satisfying Apw > —Cy there, extends weakly across the singular set and satisfies, for
sufficiently small ambient balls centered on supp T,

1/2
(M / deA) —1—007*2]. (8.25)
TNB,

The supremum is over regular points. Constants are uniform in a fixed compact patch, and under
its sufficiently small rescalings. The assertion also holds for a function defined on one reqular
component and extended by zero on the other components.

sup w<C
TNB, /s

Proof. The singular dimension bound is k — 7, and local perimeter bounds give Area(T'NB,) < Cpk:
see [25]. If the singular set is nonempty, cover a compact part of it by balls B,, with r; arbitrarily
small and ), rf_Q arbitrarily small. Choose cutoffs equal to one on B,,, supported on Bsy,,, with
gradient bounded by C/r;. The maximum of these cutoffs has Dirichlet energy at most C'>"; rf‘z
and support of area tending to zero. Truncation and smooth approximation produce cutoffs x;,

vanishing near the singular set and tending to one almost everywhere, with
/ Vx| dA — 0. (8.26)

The same construction applies on compact cone annuli and their spherical links, where the singular
link dimension is at most k — 8.

On the regular part, test the subsolution inequality by nQXJQ-w, using smooth approximations
or positive truncations if needed. Integration by parts and Young’s inequality bound the Dirichlet
integral of w on smaller patches by

[l < Clul [ (VrnP + 021Vl + CColull [ 72 (3.27)

Thus w has locally square-integrable weak gradient across the singular set. In a bounded compact
test, the extra terms containing Vx; tend to zero by Cauchy-Schwarz and (8.26). This proves the
weak extension. The same proof on any union of regular components is valid, since its boundary
within the support lies in the singular set.

The Michael-Simon surface Sobolev inequality [18], applied in coordinate or isometrically
embedded compact patches, gives for compactly supported v

(k—2)/k
( / |2/ (=2 dA) <C / (IVrol + v?) dA. (8.28)

The ambient embedding contributes a uniformly bounded mean-curvature term. The inequality
extends to the above weak functions by the same capacity cutoffs. After scaling a ball to radius
one, apply the energy estimate to successive positive powers of w 4+ Cor? and nested radial cutoffs.
The Sobolev exponent multiplies each power by k/(k — 2); the resulting geometric iteration gives
the L2-to-L> estimate (8.25). All constants depend only on the ambient patch, dimension, and
perimeter bound. Their scaled versions remain bounded as r | 0. O

Lemma 8.5 (A bounded cone subsolution vanishes). Let C C R¥*1 be a nonflat, multiplicity-one,
perimeter-minimizing boundary cone. A bounded nonnegative continuous function z on its entire
reqular part satisfying

Acz > |Ac|?z (8.29)

in distributions is identically zero. The function may be zero on some reqular components.
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Proof. Only k > 7 can occur. Let L = C NSF be the link, let s = logr, and put V = |A|2. The
inequality becomes

zss + (k—2)zs + Apz > Vz. (8.30)
We first justify testing across the singular link. On each compact axial slab, the Caccioppoli test
772)(?2 gives local W12 bounds and a bound for [ Vn%éz% the axial first-order term is bounded by
the same energy inequality. Passing through the capacity cutoffs of Lemma 8.4 proves the weak
inequality across the singular set. Testing with a nonnegative function equal to one on a smaller
slab also bounds [ Vz there. Positivity allows Fatou’s lemma for this term. The terms involving
Vx; tend to zero by the energy bound and (8.26). These observations justify integration of (8.30)
over the whole link against any nonnegative compactly supported axial test.

In particular the bounded nonnegative function ¢(s) = [; z(s,8) dAr(6) satisfies

"+ (k—2)d >0 (8.31)

on the whole real line. Convolve in s. Each smooth bounded convolution satisfies the same
inequality, so e*~2%¢/(s) is nondecreasing for that convolution. If ¢’(sg) < 0, then for s < sg
¢ (s) < ¢'(so)e=2(0=9) Integrating backward contradicts boundedness. Thus every convolution is
nondecreasing, and the original ¢ has a nondecreasing representative. If z is nonzero, its forward
limit g is strictly positive.

Choose w € C2°((1,2)), w > 0, with integral one, and put wy(s) = T 'w(s/T). The functions

Z(0) = /R wr(s)2(s, 0) ds (8.32)

are bounded uniformly, and their integrals tend to ¢~. Take a weak-star convergent subsequence in
L*°(L) with limit Z > 0. For a compactly supported nonnegative regular link test 1, integration by
parts in s bounds the axial terms by ||z|loo |91 () (lw7[l1 + (kB — 2)[[wi (1), which tends to zero.
Therefore

AzZ>Vz, / ZdAL = g0 > 0. (8.33)
L

Bounded subsolution regularity and the capacity argument give the needed local weak derivatives.
Test this inequality by X?E and use Young’s inequality to obtain

5 [Vt [vig <ol [ Vol —o. (5.34)
L L L

Thus Z is constant on every connected regular component of L, and a positive constant can occur
only on a totally geodesic component.

We show that a nonflat minimizing boundary cone has no such component. A connected totally
geodesic regular component lies in an equator @ = S¥~1. Tt is relatively open there; its relative
boundary lies in the singular set, since at a regular boundary point the same smooth sheet continues.
A closed set of Hausdorff dimension less than (k — 1) — 1 does not disconnect Q: in coordinate
balls one connects points by polygonal paths whose vertices are chosen outside the measure-zero
exceptional sets of segments meeting that set, and then concatenates such paths. Here the singular
set has dimension at most k — 8. It follows that this component contains ) minus the singular set,
and its closure contains the entire equator.

Any other regular component lies strictly in one open hemisphere determined by @. It cannot
meet @) at a regular point without being part of the same regular sheet. On that component the
signed coordinate height h is strictly of one sign and satisfies Aph = —(k — 1)h. It and its gradient
are bounded. Integrate against capacity cutoffs, extended by zero on other components. The
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boundary terms tend to zero by Cauchy—Schwarz; hence [ h = 0, a contradiction. There are no other
regular components. Regular points are dense in the support, and multiplicity one now says that C
is the plane through ). The componentwise interpretation is also consistent with the decomposition
of a multiplicity-one oriented minimizing boundary into minimizing regular components; see [25,
Chapter 7, Section 5, Corollary 5.11 and Remark 5.12]. This contradicts nonflatness. Therefore
(8.33) is impossible and z = 0. O

Lemma 8.6 (Reciprocal Jacobi decay). Let ¥ be a connected reqular component of a compact
interior minimizing frontier, and let ¢ > 0 solve (8.8). Then

irzlfgo >0, p(x) — +00 as x € ¥ approaches the singular set. (8.35)

The second assertion is vacuous for a smooth compact component.

Proof. The Ricci curvature is bounded on a compact neighborhood of the frontier; choose C' with
Ricy(v,v) > —C. For § > 0 put ws = (1 — ¢/d)+ on X, and extend it by zero on other regular
components. Convex truncation of the Jacobi equation gives Aws > —C'’; on {p < d§} this follows
from —Ap/§ = (|A|?> + Ric(v,v))p/§ > —C, and the truncation contributes a nonnegative measure.
Moreover 0 < ws < 1 and ws — 0 almost everywhere as § | 0.

Choose first a fixed radius r > 0 so small that the Cr? term in (8.25), including its constant,
is less than 1/4. Cover the compact frontier by finitely many balls of radius r/2. Dominated
convergence in their radius-r enlargements then permits choosing > 0 so that the integral term is
less than 1/4 in every ball. Thus ws < 1/2 on X, and ¢ > §/2. This proves the first assertion with
the required order of choices, r before 4.

Set z = 1/¢ and extend it by zero to the other regular components. It is bounded and satisfies

Asz = (JA* 4+ Ricy(v,v))z + 23| Vsp? > (JA]? - O)z. (8.36)

Fix a singular point p and any sequence of scales r; | 0. Pass to a subsequence along which the
rescaled frontiers converge to a multiplicity-one minimizing tangent cone C),. The cone is nonflat:
a multiplicity-one planar tangent cone would imply regularity of the frontier at p. These are the
standard compactness and excess-regularity conclusions for minimizing boundaries [25].

On compact subsets of the regular cone the convergence is smooth. The rescaled z have
subsequences converging locally uniformly to a bounded nonnegative function zy. Here is a useful
precise way to obtain this convergence. On a connected regular patch, either z tends to zero at
one base point, in which case Harnack for the positive Jacobi function ¢ forces z — 0 on smaller
patches, or z stays bounded below there along a subsequence. In the latter case the same Harnack
inequality and interior estimates bound ¢ and its derivatives, giving smooth convergence of z. The
uniform upper bound for z was already established. Branches on which the zero extension is used
cause no difficulty; choose the branch in each regular patch and diagonalize. Thus one obtains zy on
the whole regular cone, allowing zero components. Scaling (8.36) and passing to regular patches
gives Ac, 20 > \Acp\on. Lemma 8.5 implies zg = 0.

This regular convergence implies vanishing of the normalized L? integral of z on each fixed
bounded rescaled ball. To check points near the singular cone, first discard a small neighborhood of
that set and of the cone vertex. Their limiting area can be made arbitrarily small. Area convergence
and the uniform bound for z control the discarded part, while smooth regular convergence controls
its complement. The scaled version of (8.25), with source bounded by CTJZHZHOO, now gives uniform
decay on smaller balls.

In particular, if z; € ¥ tends to p, choose scales r; comparable to dy(z;,p). The preceding
argument and the mean-value estimate show z(z;) — 0; any contrary subsequence would have a
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tangent-cone subsequence of the type just treated. A sequence approaching the compact singular
set has a subsequence tending to a particular singular point. Applying this fixed-point argument to
that subsequence proves the uniform sequential assertion in (8.35). ]

8.4 Diffuse mass at a zero lapse and the final curvature bound

Lemma 8.7 (No diffuse leaf mass on the zero set). In a uniform graph box, let \** denote the
nonatomic part of its leaf measure. Let

Zy = {L: graph(f)) "W # @, uw =0 on graph(f,) N W}.

Then
A (Zy) = 0. (8.37)

Proof. On W = By x I, the coordinate tt equation in (8.2) is the following equality of measures:
Ofu = b(y, t) dy dt + dy/gw(& Y)11,(fe(y))d 1, () (dt) AA(E). (8.38)

Here y € By and the left side and bounded-density term are restricted to W as measures. The
indicator records the restriction of the graph measure to the working t-interval; it is not a differ-
entiation of a characteristic function. The density b is bounded, and 0 < wy < w(4,y) < w; for
the contributing graphs. The weight is ¢/2 times the squared conormal on 9y, times the graph
area Jacobian, divided by the volume Jacobian. All contributions on W are included because their
frontiers lie in Hy . Pairing with product tests and using the graph area formula proves the display;
measure approximation then gives its linewise disintegration.

For almost every y, t — u(y,t) is Lipschitz and its derivative v, = dyu(y,-) is a one-dimensional
BV function. This follows from the sliced equation, or from semiconvexity and Fubini. Write
Zy = {t :u(y,t) = 0}. At any point of Z, where the two one-sided precise values of v, agree, their
common value is zero: a nonzero common value would contradict the nonnegative minimum of the
primitive u(y,-) at that point. The diffuse derivative of a one-dimensional BV function does not
charge a fixed precise-value level. In the usual D% + D notation this locality statement is

| D% + D|({v = 0}) = 0; (8.39)

it follows from the BV chain rule, or directly from the one-dimensional coarea formula; see [2,
Proposition 8, equation (16)]. Consequently the diffuse part of Dv, gives no mass to Z,. The
countably many jump points do not affect that assertion.

The bounded term b is zero almost everywhere on {u = 0}. Indeed X = 0 there by u > | X, and
the first derivatives of v and X vanish almost everywhere on their respective zero sets. Thus the
linear expression B(u, X, VX) and the connection term involving du both vanish almost everywhere
there. Fubini gives b(y,-) = 0 almost everywhere on Z,, for almost every line.

Finally, by (8.4) the pushforward of w(¢,y)d\"*(¢) under ¢ — fy(y) is atomless for every y. All
line atoms of the area source in (8.38) therefore come from transverse atoms of \; there are no
hidden atoms produced by the evaluation map. On almost every line, restrict the diffuse part of
(8.38) to Z, and use (8.39) and the preceding vanishing of b. It follows that

/g Wl y) L1y (Fo)) L guty. sy (o110 AN (0) = 0 (8.40)
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for almost every y. The integrand is defined to be zero whenever fy(y) ¢ Iy, so u is evaluated only
inside W. For each leaf set

mw(0) = [ w(t.5) L1 (few)) dy.

This quantity is strictly positive whenever its graph meets W: that intersection projects to a
nonempty open subset of By, and w > wg > 0. A uniform positive lower bound for my over all
leaves is neither asserted nor needed. Integrate (8.40) in y and use Tonelli’s theorem. On Zy the
result is
myw (£) d\"*(¢) = 0.
Zw

Strict positivity of my there gives A"*(Zy) = 0, proving the claim. O

Proposition 8.8 (Elimination of the interior area multiplier). Under the hypotheses above and the
exclusion of a smooth interior enclosing frontier with zero future expansion in Definition 2.6, the
measure T is concentrated on the given boundary:

™= ds, /f do(h) dr(D) = ds(h). (8.41)

Here ég denotes the point mass at the filled minimizer whose frontier is S.

Proof. First consider a connected regular component ¥ with a nonatomic support patch. Choose the
common field ¢ of Lemma 8.2. The functions Q4 of (8.9) are bounded on the compact frontier. By
Lemma 8.6, Q+ /¢ tends to zero at every singular end. If one of these ratios is positive somewhere,
it therefore attains a positive maximum at a regular interior point. This is also immediate when X
is smooth and compact.
Write Q@+ = wv. For an operator L = —A +b-V +d with Ly = 0, direct product differentiation
gives
L(pv) = p[-Av+ (b—2Vlogy) - Vol. (8.42)

At any point where Q1+ > 0, one has u > 0, so Lemma 8.3 applies. The weak strong maximum
principle for the locally Lipschitz v and the smooth coefficients in (8.42) implies that v is constant
at its positive maximum on the connected component of {Q+ > 0} containing that point. This
component is also closed in X: at a regular limit point, Q@+ = vy > 0 by continuity. Since X is
connected, it is all of ¥. Substitution in (8.10) then gives

Ay £ Ken =0,  |As| < |K]. (8.43)

The weak maximum principle used here is the ordinary local elliptic one, for example [13]; no
maximum principle on an unresolved singular boundary is used. If neither ratio is positive anywhere,
Q+ = Q- =0 on %, hence u = 0 there and X = 0 there by domination. Lemma 8.7 excludes
multiplier mass on this alternative in every nonatomic patch. In atomic patches Lemma 8.1 already
gives A = 0.

We make the exceptional set independent of the regular incidence point. The open inner boxes
W constructed above cover all free regular points of all minimizing frontiers. Their union is an open
subset of the second-countable ambient manifold, so choose a countable subcover W;, retaining the
corresponding middle boxes V; and graph maps ¢; on the open families Hy;. In particular the open
sets Hy, x W; cover the regular incidence set in the family-times-manifold topology.

For each i let A; = (qi)«(m|n,, ), let A; be its countable set of atoms, and let Z; = Zy, be the
zero-leaf set from Lemma 8.7. These are measurable sets. For the last assertion, the condition that
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a graph meets W; is open in the graph topology. The condition that u vanishes on its intersection
with W; can be checked at a countable dense set of base points: failure gives, by continuity, an open
base set on which the graph stays inside W; and u > 0. Thus it is a Borel condition.
The set
Ni = (C™(By;) \ supp Ai) U (Z; \ Ay)

has A;-measure zero, since the second term has A;-measure A\I'*(Z;) = 0. Consequently
7({F € Hy, : ¢i(F) € N;}) = 0.

Remove the countable union of these pullbacks, together with the already excluded null set in the
good family. For a remaining frontier and any of its regular points p, choose ¢ with p € W;. Its leaf
is either an atom, giving A = 0 locally, or a nonatom in the support of \;. In the latter case the
common Jacobi argument applies on its entire connected regular component. If that component had
u = 0 everywhere, the leaf would belong to Z; \ A;, which was removed. Therefore the positive-ratio
alternative gives |A| < |K|. This proves the curvature bound simultaneously at every regular point
of every remaining frontier. In particular,

A < sup K], (8.44)
K

where K is a common compact set containing the minimizing frontiers.

Fix such an interior frontier and any proposed singular point. Blow it up at scales tending to
zero. The tangent cone is a multiplicity-one minimizing boundary cone, with smooth convergence
on its regular part. The rescaled bound (8.44) tends to zero, so every regular component of the
cone is totally geodesic. The equator and height argument in Lemma 8.5 shows that the cone is a
plane. Multiplicity-one planar tangent regularity contradicts the point being singular. The entire
compact frontier is therefore smooth.

This frontier is a genuine enclosing cut. In particular the minimizing filled set has no removable
bounded open component of its complement: filling one would preserve the obstacle condition and
strictly reduce its full perimeter. Its components carry the outward normals of that enclosing set,
and (8.1) gives zero future expansion on every component. The assumed exclusion of a smooth
interior enclosing marginal frontier rules it out. Consequently m-almost every frontier is S. The filled
set with frontier S and the prescribed obstacle is unique modulo null sets, and 7 is a probability.
This proves (8.41). O

8.5 Smooth stationarity and the boundary laws

We finish the original-data variation argument. The lapse u and shift X in the following proposition
are the measure moments constructed above; they are unrelated to the lapse notation used locally
in the filled scalar construction.

Proposition 8.9 (Stationary data supplied by equality). There are smooth fields u, X on €,
including S, with uw > |X|, u > 0 in the open exterior and

sym VX = —uK, Ut + I (X) = 0. (8.45)
For any sufficiently small decrease qy < q with gy > (n — 2)/2, their end behavior is

(u, X) = (b°,b%) 4+ Og(r~10). (8.46)
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On R, x intQ set
g = —u?dz? + gij(dz’ + X'dz)(da? + XPdz), £€=0,, F=c,dzAuE’. (8.47)
The stationary fields satisfy Mazwell’s equations and
Eing —S = pnu 2 @ €, Sap =2 (Fachc - %FCdFCdgab) : (8.48)

The extra term is zero unless & is null. The original slice has future normal N = (0, — X)/u and
induces exactly (g, K, E), with F restricting to zero on it. There is a global smooth function p,
including up to S, with

dp = (k—1uE’,  p(co) =0, p=0s(r>™),  d(ixa)=0. (8.49)
Let k = ¢/2 > 0. On S the boundary laws are
X = uv, u+ K(X,v) =k, cH =2L" u, (8.50)

where Ly is the outward normal linearization of H + trg K, and its adjoint uses dAy. Fither u > 0
on all of S, or u =0 on all of S. The nonnegative function W = u? — | X|? tends to one at infinity,
vanishes on S, and is strictly positive in a deleted collar of S. If u >0 on S, then

dW = 2kX" on S. (8.51)
If u=0 on S, writing s for exterior distance from S, there are smooth fields a,Yy such that
U = Sax, X = s%Y,, ayls = K. (8.52)
No assertion of a Lorentzian extension across the zero-lapse boundary is made at this stage.

Proof. Smoothness and boundary moments. Proposition 8.8 removes the interior surface measure
from (7.18). Together with the differentiated KID equation, the resulting equations express all
second derivatives of u, X as smooth linear expressions in their first jets. Ordinary elliptic regularity
makes them smooth in the open exterior. The full first-jet system is closed; along the normals of a
smooth collar it is a linear ODE with smooth coefficients. Starting on an interior collar face, solve
that ODE to S. Smooth dependence on the tangential parameters gives smooth extension of all
fields and their jets. This argument also shows that a zero full first jet at one interior point would
force the solution to vanish throughout the connected open exterior.

There can still, at this point, be constraint moment measures supported on S. Integrate the
smooth interior fields by parts in (7.11). Take K’ = 0 and both form variations zero, and choose
a metric test with value and first jet zero at S. The trace of its normal second derivatives in the
tangential slots is arbitrary, so its scalar-curvature variation at S is arbitrary. Its area and expansion
variations, all integrated interior boundary terms, momentum variation and ray-transport terms at
S vanish. Equation (7.11) therefore kills the scalar boundary moment. Positivity and domination
of the vector moment by the scalar moment kill the vector boundary moment as well. Henceforth
the moments in that identity are just the smooth functions u, X times volume.

The end constants and positive lapse. The closed first-jet system gives, for Y = (u, X) in end

coordinates,
|D*Y| < Cr~ ' YDY| + Or~29)Y]. (8.53)

Indeed curvature, VK, K2, the constraints and the electric stress multiply values, whereas K and
metric first derivatives multiply first derivatives. These orders require only the stated O2/0O; tails.
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Radial integration and Gronwall first give Y = O(r) and DY = O(1): write |Y (r)| as its initial
value plus the radial integral of |[DY| and use the integrability of r~!1=9. Equation (8.53) now gives
a limit of DY on each ray with error O(r~9). The limits agree on all rays, since integration of D?Y
along a path of length O(r) on a large sphere gives an O(r~9) difference. Denote the common linear
part by A.

The scalar affine part cannot be nonzero: u > 0 on all large spheres. Once that part is zero,
|X| < w rules out every growing vector affine part as well. Thus A = 0. Since n > 4 and
q > (n—2)/2, we have ¢ > 1. Integration gives bounded Y, a common constant limit Y5, and
initially Y — Y, = O(r'179). Reinserting boundedness in (8.53) improves the Hessian to O(r=279),
and two integrations give Y — Yoo = O2(r~ 7). The stated weaker exponent qq is therefore available.

Apply (7.11) to the end prototypes and integrate by parts on large truncations. The interior
adjoint equations and the compact boundary terms cancel. Only the constant scalar multiplying
the linear scalar ADM flux, and twice the constant vector multiplying the linear momentum flux,
remain. All other boundary terms vanish by (8.53), the prototype orders and the background decay.
The surviving identity is

2kw (bO(SgADM + bz5(PADM)1) = 2kw(uoo58ADM + Xéo(s(PADM)z) (854)

The prototype fluxes span all entries, proving (8.46). If u vanished at an interior point, smooth
nonnegativity would give du = 0 there. Domination would give X = 0 and VX = 0 there as well,
since | X| < u = O(d?). The full-jet uniqueness noted above would contradict u, = b > 0. Thus
u > 0 in the interior.

The stationary Einstein equation. The stationary metric in (8.47) has second fundamental form
b= —symVX/u= K on each slice. We recall the metric-adjoint computation, now with no interior
area source. Put Q(A,B) = A: B — (tr A)(tr B). Integration of the momentum pairing gives

u(Ry — Q(K, K) +29(K, b)) = u(Ry + Q(b,b) — Q(K — b, K — b)). (8.55)

At b = K its metric first variation equals that of the stationary scalar action, at fixed lapse
and shift, up to the integrated divergence. Its spatial coefficient is —u Ein;;. Equation (7.20)
supplies the electromagnetic coefficient. The variation of the constraint volume factor vanishes by
complementarity, and isometric transport of the active unit-ball rays adds —(Jm)(iX ). Thus

u(Ein —S)ij = _(Jm)(zX

i) (8.56)

Gauss—Codazzi gives the remaining normal and mixed components as piy,, Jp,. Where u,,, = 0, DEC
gives J,, = 0. Where pu,, > 0, equality in

—Jm(X) < [Jm||X| < prmu

forces | X| = u and J,,, = —1,, X” /u. Consequently all components combine to give (8.48), and the
extra matter can occur only at W = 0.

Mazwell tests and a global potential. Test (7.11) with the metric and second tensor fixed and a
compactly supported closed variation of . The resulting identity, after dividing by the nonzero
factor 4c2, is

/ wE’ Ao/ =0 for every compactly supported closed (n — 1)-form o/. (8.57)
Q

Exact tests imply d(uEb) = 0. All closed tests, not only exact ones, are available. Compact-support
de Rham duality on the oriented open manifold int Q therefore makes uE” exact; see [3]. This step
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does not presume simple connectivity. Define p by dp = (k — 1)uE’. Since u is bounded at infinity
and E = Oy(r~*), radial integration and integration along large spheres give one common limit of p
at infinity and p — poo = O2(r?~"). Choose ps = 0. Integration in local collars extends p smoothly
to S.

Independent closed compact two-form tests of D, give

/ D, Nixa =0, and hence d(ixa) =0. (8.58)
Q

The degree of ixa is n — 2, so this pairing and its differential have the required degrees in every
dimension. With orientation volg = udz A voly, a direct orthonormal-frame computation gives

xgF = —cp (v + dz Nixa). (8.59)

Equations (8.57), (8.58) and da = 0 therefore give both Maxwell equations. Contraction of F with
N = (9, — X)/u and pullback to a slice yields ¢, E”; its spatial pullback is zero. This verifies all
conventions in the claimed original-data realization.

Boundary laws. The outward integration normal of 2 at S is —v. The boundary coefficient of a
free second-tensor variation in (7.11) is

—2sym(X° @ V) + 2X,9 — %(g — @), (8.60)
g
Interpreting this first as an equality of measures, its tangential and mixed entries show X, =0
and d¢ = 2X,dA,;. Now use compact scalar tests with (h, K') = (2sg,sK) and the forms fixed.
Their constraint differential terms are —2kuAs+ 2kK (X, Vs); the other terms cancel by the interior
adjoint equation. Since 64 = 0, their expansion derivative is kd,s, while their area derivative is
k [¢s. Thus

—k‘c/SsdAg = Zk/s [udys — (Oyu + K(X,v))s]dAy — k‘/sa,,s d¢. (8.61)

The boundary value and normal derivative of s are independent. The derivative coefficient gives
u = X,, and the value coefficient gives d,u + K(X,v) = ¢/2.

For the last boundary identity, take Lie variations of all the data along a vector field extending
arbitrary sv on S. Such tests are legitimate field variations on the fixed manifold: the jets may be
defined by a smooth extension across S; no flow preserving the boundary is asserted. The active
interior constraints have zero first variation by spatial transport at a minimum of their nonnegative
contractions. The induced rotation of the transported unit ball contributes zero for the same reason.
The area and expansion derivatives at S are, respectively, [¢ Hs and L, s. Hence

c/HsdAg:2/uL+sdAg,
S S

which proves cH = 2L% u. One-sided outer area minimality gives H > 0 by nonnegative outward
tests. The strong minimum principle for this smooth elliptic equation and u > 0 on connected S
gives the boundary dichotomy in the proposition.
The boundary laws give W =0 on S. If u > 0 there, differentiate W and use (7.17); tangential
derivatives vanish and
W =2u(dyu + uK (v,v)) = 2ku.

This is (8.51) and implies positivity in a deleted exterior collar. If u =0 on S, then X = 0 there
and J,u = k. All tangential derivatives of X vanish at .S; the normal-normal and mixed parts of the
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KID equation then give V, X = 0 there. Smooth division by the boundary defining function gives
(8.52). In particular W = k252 4+ O(s®) > 0 in a deleted collar. Finally (8.46) and (b°)2 — |b|? =1
imply W — 1. O

On the positive set of W it will be useful to introduce

A=VW, hy =g+ WX’ X°,

(8.62)
C=h'=g¢g'—u?X®X, A =WT'X"

The stationary metric is then g = —A?(dz — A,)? 4+ hs. These definitions are made only where
W > 0; the next section proves global staticity and rules out interior zeros, rather than imposing
either conclusion here.

9 Electric transport and the complete vacuum static base

The stationary development supplied by the preceding section need not initially have a timelike
Killing field everywhere. We first transport the electric alignment from the boundary, and then
prove staticity without making any regularity assumption on the zero set of the Killing norm. The
charged case is reduced to vacuum by an explicit change of potential. In the zero-charge case,
a complete Riemannian circle extension excludes an additional interior zero set. No black-hole
uniqueness theorem is used in this section.

Throughout this section, k = n — 1, ¢2 = k(k — 1)/2, and all spatial norms, divergences, and
volume forms without a subscript refer to the original metric g. Write Q° = Q\ S. We use
Proposition 8.9, whose hypotheses are the connected nonextremal equality hypotheses of the main
theorem. In particular, it supplies smooth functions and fields u, X, p on the original exterior, with

u>0 onQ°, u > X, dp = (k — 1) uk’, d(ixa) =0, a =igvoly. (9.1)

The potential tends to zero at infinity. On R, x ° the stationary Lorentz metric and Faraday form
are
g = —u?dz? + g;j(dr' + X'dz)(da? + X7 dz), F =c,dz NuE’. (9.2)

The Killing field is £ = 0,, and its future unit normal to a constant-z slice is n = (9, — X)/u. Both
Maxwell equations hold. If G is the Einstein tensor and S the electromagnetic stress tensor with
the normalization fixed in the problem, the remaining matter tensor satisfies

G-S=pnu e, tm =0  where u > | X]|. (9.3)
Set )
k-1 Q

W =u? - |X]| g&¢ >0, & o (1 rff’“”) > 0. (9.4)

The boundary conclusions of Proposition 8.9 are
X =uv, ou+ K(X,v) =k onS, Wls = 0. (9.5)

Either u > 0 on all of S, in which case dW = 2kX” there, or u = 0 on all of S. In the latter case, in
the original distance s into the exterior from .S,

u = sa, X =%, als = kK, (9.6)



with smooth a,Y. Thus W > 0 on a deleted boundary collar in either case. On the end, for a fixed

n—2

2

< go < min(g,n — 2), (9.7)

we have

(u, X) = (°,b) + Oo(r~ %), (b2 — b2 =1, p=Oy(r*™™). (9.8)

Decreasing gp while retaining (9.7) is harmless. These are the only conclusions from the preceding
section used below.

9.1 Boundary alignment and electric transport

Lemma 9.1 (Global electric alignment). The potential p is constant on S, and
X ANE =0 throughout Q. (9.9)

Proof. Suppose first that u > 0 on S. The stationary metric is smooth and nondegenerate up to
the hypersurface R x S. Equations (9.5) imply that £ is a null normal to this hypersurface: it is
null, is tangent to it, and is orthogonal to all its tangent vectors. Its null second fundamental form
vanishes, since its flow preserves the metric induced on the transverse sections. The null expansion
equation consequently gives Ricg (&, &) = 0. This assertion only uses the one-sided smooth jets on
the hypersurface. The nonaffine normalization of its null generators contributes a multiple of the
expansion, which is zero.

The extra tensor in (9.3) has zero contraction with (£, &) there. Maxwell null positivity therefore
gives

0 =2[icF|2.

A covector annihilating a null vector has nonnegative Lorentz norm, and its norm is zero precisely

when it is proportional to that null vector’s metric dual. Thus i¢F' annihilates the tangent space of

the horizon. Since i¢F' = cnuE®, the tangential component of E on S is zero. Equations (9.1) and

(9.5) give X A E'=0 and dp|ps = 0. If w = 0 on S, these two assertions follow immediately from

X =0and dp = (k— 1)uEb. Connectedness of S gives a single boundary value, denoted by py.
The divergence-free constraint and Cartan’s formula give

0= d(’LXOé) = EX(ZE VOlg) = i[X,E]+(divX)E VOlg .

In particular,
[X,E]+ (divX)E =0, Lr(XNE)=0. (9.10)

Alignment therefore propagates along every nonzero electric trajectory once it is known at one point
of that trajectory.

Here is the measure argument ensuring sufficiently many boundary hits. Let II be a relatively
compact regular level patch p = pg # 0 in the interior. Follow V' = sgn(pg)E from this patch until
its first boundary hit, with maximal time T'(y) € (0, 00]. Along each trajectory |p| increases strictly,
because

dp(E) = (k — 1)u|E|* > 0

where F # 0. All these trajectories remain in a fixed compact subset of the original exterior: outside
a sufficiently large coordinate sphere, |p| < |po|. The trajectory map (¢,y) — ®¢(y) is injective for
0 <t < T(y), by uniqueness of the flow and strict monotonicity of p.
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Let df be the positive transverse flux measure 7y vol, on II, oriented appropriately. Since
divV = 0, the volume element in this flow tube is dt df. Consequently

/H T(y) df(y) < Voly(Kr) < oo, (9.11)

where K7y is the fixed compact region just described. Hence T'(y) < oo for almost every y in flux
measure. A finite-time trajectory cannot terminate in the interior of that compact region. This
follows by smoothly extending the vector field locally and using ordinary differential equation
existence. Nor can it reach a zero of F at a finite time, by uniqueness. It therefore hits S with
E #0.

Equation (9.10) transports the boundary alignment back to almost every point of II. The flux
density is smooth and strictly positive on this regular patch, so continuity gives alignment on the
whole patch. Varying the patch proves it at every point with p#0and F # 0. If p=0and F # 0
at an interior point, the derivative of p along E is nonzero there, so such a point is a limit of the
preceding points. At zeros of E alignment is automatic. This proves (9.9). O

9.2 Killing identities and a twist estimate through zero sets

On the open set U = {W > 0} define

A=VW, hy=g+W 'X’® X",

9.12
C=hl=g'-u?X®X, Ay =WX, F, = dA,. (6-12)

Here C' is written as a contravariant tensor on the original slice; it extends smoothly and is positive
semidefinite everywhere in the interior. The stationary metric is

g=-X\(dz—A)?+h, onRxU. (9.13)

Lemma 9.2 (Killing curvature and flux identities). Put Dy, = V&, where V is the Lorentz
connection. Then
Ric® € = —(k — 1)2| BJ2¢°, (9.14)

and, throughout the original open exterior,
u ™t div(uC dW) = —2Dg, D® + 2 Ric(¢, €). (9.15)
The smooth antisymmetric tensor @ij = u(dﬁb)ij satisfies Vi@ij =0. OnU itis
U= uWCCI(Fy) - (9.16)

Proof. In spacetime dimension k + 2, the electromagnetic trace reversal is

. 1
Ricyp = 2Fu.Fp — E(chch)gab

apart from the matter term in (9.3), which is trace-free wherever it is nonzero. In an orthonormal
frame whose timelike vector is n, the electric magnitude is ¢, |E|. The mixed Ricci eigenvalue on
the plane spanned by n and E is therefore

1
e <1 - k) B2 = —(k — 1)2|E.
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Lemma 9.1 places £ = un+ X in this plane wherever E # 0. The additional matter tensor annihilates
&, since it is supported where g(£, &) = 0. The same formula holds at £ = 0. This proves (9.14),
including

Ric(¢,€) = (k — 1)%|E*W. (9.17)

For a Killing field, D is skew and V4 (d€”)® = —2Ric® ,£%. Applying the Killing wave identity
to W = —g(&,€) gives (9.15): a stationary scalar has wave operator u~! div(uC d-) because the
spatial inverse block of g is C' and volg = udz A voly. The spatial components of the right side of
the Killing divergence identity vanish by (9.14). Antisymmetry removes the remaining Christoffel
term, and hence VZ@U = 0. Finally,

€ =-—W(dz—A,), d& =—dW A (dz— A,) + WE,.
Raising both spatial indices eliminates the first summand and gives (9.16). O

Lemma 9.3 (Vanishing twist). The two-form Fs vanishes on every component of U. No regularity
of the interior set {W = 0} is required.

Proof. The interior zero set Zy = {W = 0} N Q° is compact, since W — 1 at infinity and is positive
on a deleted boundary collar. On a fixed relatively compact neighborhood of Zy, both u and | X]|
have positive lower bounds. Put a = | X|, e = X/a, and T = e* there. The eigenvalues of C are one
on T and W/u? on e. Smooth nonnegativity of W implies the local estimate

|dW|?> < CoW. (9.18)

For completeness, this follows by restricting to short coordinate line segments, using a bound for the
Hessian, and minimizing the resulting quadratic Taylor upper bound at a point where the function
is nonnegative. A finite cover gives a uniform constant on the chosen neighborhood.

Use a slice-orthonormal frame (e, e4) and complete it by the future normal n. Since £ = un + ae,

WZ’/Q + aDie

u

Din:_

An explicit expansion of the Lorentz norm gives

dw |2 AW
2D, D% = | u2| —~ Z WaDae = —5 > Di. =4 Dip. (9.19)
A A<B

The original fields and their derivatives are bounded on this fixed neighborhood. Equations (9.18),
(9.17), and (9.15) therefore imply

u™t div(uC dW) < Oy (W + |drW ). (9.20)

Choose a smooth compactly supported 7 in this neighborhood. For ¢ > 0, test (9.20) with
n?/(W +6). There is no singular integration here: C, W are smooth and the denominator is positive.
Integration by parts gives, with LW = v~ div(uC dW),

I; 1:/7“72 |dW |2, _ 2/unC dn,dW)
(W +9)? W+5 W+4§

W
[dW & = |drW | + @(dW(e)) :
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Since 0 < C < g~ !, Young’s inequality absorbs both the cutoff term and the |dpW|/(W + §) term.
Explicitly, each is at most I5/4 plus a constant times [ u(n? + |dn|?). The remaining W/(W + §)
term is bounded. Consequently

I;<C, (0<6<1), / n?|dr log W|* < oc. (9.21)
u

Take finitely many such cutoffs equal to one near Zj.
We record the exact flux used at the zero-set cutoff. Contract (9.16) with A, and lower the
remaining index using g. Since CX = (W/u?)X, direct substitution of Fy = d(W~'X") gives

F=QUA);, = (XX)y ~ [XP(drlog W):) (9.22)

7
In particular J is exactly orthogonal to X, and near Zj
|J| < C(1+ |drlog WY). (9.23)

Choose a smooth cutoff x : [0,00) — [0, 1], zero on [0, 1] and one on [2,00). A zero-set cutoff zs
can be chosen to equal x(W/d) near Zy and one outside the fixed neighborhood. Indeed place the
spatial localization transition on a compact set disjoint from Zy; W has a positive lower bound there,
so for all sufficiently small § no transition derivative remains. On the support of dzs, transversality
in (9.22) yields

|J(dzs)| < C% (|dT log W+ |dr log W|2) <C (1 + |dr log W|2) . (9.24)

This is supported where § < W < 24. Its integral tends to zero by (9.21) and dominated convergence.
In particular, an open portion of Z; causes no omitted contribution: all test fields used below vanish
on a neighborhood of it.

Next choose a distance cutoff 5. at S, zero for s < e and one for s > 2¢, with derivative bounded
by C/e. If u > 0 on S, the boundary laws give

W = s, e =vs+ O(s), drW = O(s),

where vs = Vs. Thus J = O(1) and J-vs = O(s) by its exact transversality. The resulting boundary
error is O(e). If u =0 on S, write

W = s?w, w=a?>—s*Y>>0

using (9.6). Then A, = Y”/w, Fy, and C are smooth up to S. Equation (9.16) gives Q@ = O(s%) and
J = O(s%), so the boundary error is O(e?).

It remains to make the test field decay at infinity. In the end coordinates let A, be the constant
limit of As. Choose a smooth function

U(z) = p(r)(Ax)ia’,

where p is zero near the compact core and one far out. Its support is chosen disjoint from the
boundary and zero-set cutoff regions. Set B = A; — di on Y. Then dB = F; and

B = Oq(r— %), Q= O(r 1), (9.25)
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There is no bulk term from the transition of 1, since Q% ViV, = 0 by antisymmetry. If 0 is one
for r < R, zero for r > 2R, and |dfg| < C/R, its error is bounded by

‘/QiijaieR < CR" 2720 . (9.26)

Test Vi@ij = 0 with 258:0rB;, extended by zero where necessary. This is a smooth compactly
supported test in the interior. Antisymmetry gives

/ 25805 Tow = — / QU B;0;(255.0R), (9.27)
Tow = %QU (Fy)ij = %cmcjb(Fs)ij(Fs)ab > 0. (9.28)

The three error estimates are independent of the other cutoffs, which lie between zero and one. Take
R — 00, 0,and 0 | 0, or use a diagonal sequence. Fatou’s lemma in (9.27) gives [, Trw = 0; its
integrability need not be assumed beforehand. Since C' is positive definite on U, Fs = 0 there. [

9.3 The charged polynomial and the regular base attachment

Lemma 9.4 (A global polynomial when the charge is nonzero). If Q # 0, then py, #0, 0 < |py| < 1,
and

1+p?
W =1+p®+dop = (1—p> (1—pp), dy=——"Lb (9.29)
Db Pb
Moreover p lies strictly between 0 and py in the interior, and W > 0 everywhere in °.
Proof. The Maxwell equation in (9.1) gives
div(u™*Vp) = 0. (9.30)

Its coefficients are smooth and elliptic on every compact subset of the interior. A positive maximum
above both boundary and end values, or a negative minimum below them, would be attained in such
a subset. The strong maximum principle therefore applies without requiring a uniform boundary
bound for v, If p, = 0, it would give p = 0 and then E = 0, contrary to @ # 0. Otherwise it gives
the stated strict interval for p.

There is a useful flux which is smooth even at interior zeros of W:

D' = u(de’) = % (Vi + x7(dx”),). (9.31)
The Killing divergence identity and (9.14) imply
divD = 2u~Ydp|?>, DX =uldW(X). (9.32)
On U, Lemma 9.3 and (9.31) also give

U
D=_—=CdW. .
WC w. (9.33)

Choose dy as in (9.29), and put

P=W —1-p?—dyp, j=D—(2p+do)u"'Vp.

79



Equations (9.30) and (9.32) give divj = 0. On U, alignment implies C' dp = (W /u?)Vp; hence

j= %CdP, dP(j) > u~|dP|%. (9.34)
Indeed the axial eigenvalue of (u/W)C' is 1/u, and its transverse eigenvalues are u/W > 1/u. This
also covers points where X = 0. At an interior zero of W, dW = 0 and X # 0. Alignment makes
dp parallel to X, and (9.32) gives D - dp = 0. Thus (9.34) holds there as well, with equality in its
second assertion.

The current j is bounded up to S. This is immediate when u > 0 there. In the other case
dW = O(s) and X7(dX");; = O(s%), so the quotient in (9.31) extends smoothly by u = sa. The
other current is u='Vp = (k — 1)E, already smooth. Since P|g = 0, a distance cutoff gives a
boundary error tending to zero. At infinity,

P = Oy(r~ ), j=O0(r~17%o),

so the cutoff error in integrating P div j is O(R" 272%®), Testing with the product of the boundary
and end cutoffs used above, and using nonnegativity in (9.34), gives

/ u'|dP* = 0.
Qo

Thus P is constant, and its limit at infinity is zero. This proves the first equality in (9.29).

Its root at py, is simple. Otherwise W = (p—py)2. If u > 0 on S, this contradicts dW = 2kX” # 0
there. If u = 0 on S, then dp = (k—1)uE’ gives p—p, = O(s?), whereas (9.6) gives W = k252 +0(s%),
again a contradiction. Writing p = tp, with 0 < ¢ < 1, the polynomial becomes

W =(1-1t)(1 - pit).

Every intermediate value is attained by continuity between the boundary and the end. Nonnegativity
implies pg < 1, and simplicity excludes equality. The displayed formula then makes W strictly
positive at every interior point. ]

Lemma 9.5 (Regular attachment of the orbit base). On each positive component adjacent to S,
the pair (hs, \) has a smooth nondegenerate attachment at S. The attached boundary metric is g|rs,
and

A|s =0, |dA|n|s = K. (9.35)

If u >0 on S, the attachment uses coordinates (X\,y) in place of original coordinates (W,y), and
1
X = 5 AW + W5 (9.36)
K

for a smooth one-form [ in the original collar. In these attached coordinates hs is smooth and
invariant, as a tensor, under A— —X. If u =0 on S, the original smooth structure is retained, A\ is
a smooth defining function, and As is smooth up to S.

Proof. In the positive-u case, W is an original boundary defining function. Equation (9.36) follows
from the boundary identity dW = 2xX° and smooth division by this defining function. More
explicitly, write

1

2K
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Upon setting W = A2, the metric components are

(hs)ax = 4N gww + 40°,

(hs)xa = 2X(gwa + bBa),

(hs)a = gaB + A*BafBp,
where every coefficient on the right is evaluated at (A%, 7). Normal and tangential diagonal coefficients
are even and the mixed coefficients are odd, which is exactly tensor invariance under reflection. At

A = 0 the normal coefficient is £ =2, the mixed coefficients vanish, and the tangential metric is g|rs.
In the zero-u case, put v = (a? — s2|Y|?)"/? in a small original collar. Then

A= sv, hs =9+ 20V’ @ ij Ay = v 2Y7,

These expressions are smooth and nondegenerate, and v|g = k. They prove the remaining assertions.
O

Lemma 9.6 (Local static electrovacuum equations). On each positive component, the extra matter
vanishes and the stationary splitting is locally static. Its field is

F= kcj —(dz — A,) Adp. (9.37)
The orbit fields satisfy
Ap A= \"dpl7, divy,, (A\"'V4,p) =0, (9.38)
—kdp ® dp + |dp|? hs
. -1 _ hs
Ricp, —A™" Hessp, A = =12 (9.39)
Equivalently, with h= N2/ (k=D)p
Ric; = R (d log A @ dlog A — A\ 2dp ® dp) (9.40)
h k-1 ’
div; (A?V;p) = 0. (9.41)

Proof. Where W > 0, equation (9.3) has no matter term. Lemma 9.3 makes A locally exact,
so a local coordinate T has dT = dz — Ay and g = —\?dT? + h,. Alignment gives A; A dp = 0,
proving (9.37). In this splitting the normalized static electric covector is dp/((k — 1)\).

The warped-product Ricci components are

Rng(aT,aT) = )\Ahs)\,

Ricg ;; = Ricp, 45 -\t Hessp, i A

For Fr; = capi/(k — 1), trace reversal gives respectively |dp[} and the right side of (9.39). The
spatial divergence of the raised i7" Maxwell component gives the second equation of (9.38). These
calculations establish all constants in (9.38)— (9.39). Finally apply the conformal Ricci and Laplacian
formulas with conformal logarithm (k — 1)"!logA\. The Hessian terms cancel and yield (9.40)—
(9.41). O

Proposition 9.7 (Charged reduction to vacuum). Suppose @ # 0. On the complete attached orbit

base define
A

C1—pp’

Ao ho = (1 — pyp)¥ * =V, (9.42)
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Then 0 < A\g < 1 in the interior and
Ricp, = Ay ' Hessp, o, Apydo = 0. (9.43)
The metric and lapse extend smoothly to the compact boundary, where
X=0,  |do|n, = ko := k(1 —pg) /=1 > 0. (9.44)

The boundary is totally geodesic and Hessy, A\g = 0 there. The base is complete including its boundary
and has exactly the original coordinate end.

Proof. Lemma 9.4 already gives W > 0 throughout the interior. Set

2 _1 1 1-—
ao = py +do/2 =22—" 20, V():flogﬂ

2pp 2 1—pp

The logarithm is real and V) — 0 at infinity. Direct differentiation, using (9.29), gives
d
&@:aﬁg, dlog A ® dlog A — W ldp @ dp = dViy @ dVj. (9.45)

The second identity follows also from (p+ do/2)? — W = d3/4 — 1 = a2. Equations (9.40) and (9.41)
now give
k

The inverse conformal formulas, with A\g = ¢"® and hg = A\, 2/ (kfl)ivl, prove (9.43). The polynomial

factorization makes these definitions exactly (9.42). It also gives 0 < A\g < 1, since for p = tpy,
0<t<l,
oo 1ot

=— <1
0 1—p§t

Near the boundary the simple root in Lemma 9.4 makes p a smooth function of W = A2. Thus
the positive factor 1 — ppp is smooth in the attached coordinates of Lemma 9.5. Its boundary
value is 1 — p% > 0, and the normal rescaling gives (9.44). Smoothness of hy and the equation
Hessp,, Ao = Ag Ricy,, imply that the Hessian vanishes at the boundary. Its tangential components
are the nonzero normal derivative times the boundary second fundamental form, so the boundary is
totally geodesic.

Completeness of hs including its attachment follows from hs > g. Indeed a finite-length Cauchy
escape has a limit in the complete original metric space. An interior limit is harmless because
W > 0 there, and a boundary limit is contained in the regular attached collar. The same reasoning
proves metric completeness, or equivalently the absence of any finite-length escape. Since

1l—pi<1-mp<1,

ho and hg are uniformly comparable. Completeness passes to hg. The attachment changes only
the boundary collar’s smooth defining function, so the topological end and compact-complement
properties are retained. O
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9.4 Zero charge and exclusion of an interior frontier

Proposition 9.8 (Global positivity when the charge vanishes). If Q =0, then E =0, p =0, and
W > 0 on all of Q°. The attached pair (hs, \) is a complete vacuum static pair with 0 < X\ < 1,
connected compact boundary, and boundary derivative k.

Proof. The boundary value of p is constant by Lemma 9.1. Integrate div(pE) = dp(E) = (k—1)u|E|?
on the original exterior truncated at radius R. The boundary normal in this divergence theorem is
—v on S. The outer term tends to zero by the decay of p and E, and the inner flux is —p,w@ = 0.
Since u is bounded and |E|? is integrable, this gives

(k — 1)/Qu|E|2 =0.

Positivity of w in the interior implies £ = 0, and then p = 0 by its normalization at infinity.
On every component of U, Lemmas 9.3 and 9.6 now give

Hessp, A = ARicy,,, Ap A =0, Scaly,, = 0. (9.46)

Let C be the positive component containing the whole sufficiently distant end. Any other positive
component has compact closure in the original exterior and continuous boundary value A = 0 on its
whole topological boundary, including any part on S. Its positive maximum would be attained in its
interior, contradicting the strong maximum principle. Thus no other positive component exists, and
all deleted boundary collars lie in C. The same compact-superlevel argument gives 0 < A < 1 on C.

We next exclude a finite orbit-metric distance to an interior zero. Near any such zero, u and | X|
are bounded below, and Lemma 9.3 makes the left side of (9.22) zero. Therefore

(drlogW); = |X| 72 X7 (dX°)y5, (9.47)
Its right side is bounded. Together with (9.18), this gives on C near the zero

dW (e))?
[dlog W |;,, = |drlog W2 + (UQ(;V)) <C. (9.48)

Consequently a finite hs-length curve cannot approach the zero: integration of (9.48) would keep
log W bounded on its tail.

Attach S to the base of C as in Lemma 9.5. By (9.46), the Hessian of A\ vanishes at S, and the
boundary is totally geodesic. In Gaussian base distance o from S, smoothness gives the Taylor
expansions

hs = do® + (v + 02 + 0°R) , pdy*dy®, (9.49)
A = ko +az(y)o® + o' Ry. (9.50)

The remainders are smooth for ¢ > 0. The absent quadratic term in the lapse is exactly
Hessp, A(05,05)|s = 0.
Take a circle coordinate 1" of period 27/k, and put

heire = hs + A2dT? on C x (R/(27/K)Z). (9.51)

Collapse this circle at S by attaching a disk in the normal direction. The period is the same over
the entire connected boundary because k is constant. To check regularity, set § = kT, use disk
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coordinates (z1,z2) = (0 cosf,osinf), and write ap = x1dre — xodz,. Besides the Euclidean disk
metric, the polar contribution is

[(;;)2—1]a%w2:[(;;)2_113%

2a3(y
== “ap+oB(o,y)ap

~—

with smooth B. The first term has smooth quadratic coefficients in (z1, z2); the remaining coefficients
have differentiated order at least three. The same holds for the remainder in (9.49). The extended
metric is therefore C*“ for every 0 < o < 1. It is nondegenerate. The warped-product Ricci
formulas and (9.46) give Ricci curvature zero off the attached copy of S, and continuity extends this
identity across it. Harmonic-coordinate regularity for Einstein metrics then makes this extension
smooth [10].

The resulting manifold, denoted by M, is complete and has no boundary. To check completeness
directly, a finite-length curve projects to a finite hs-length curve, hence to a g-Cauchy curve because
hs > g. Completeness of the original metric space supplies a limit in 2. An interior zero of W is
excluded by (9.48). At an interior point of C, the circle has uniformly positive size, so its coordinate
is Cauchy as well. At a point of .S, the regular disk attachment makes all limiting circle phases
converge to that point of the attached zero section. Thus no finite-length escape remains, which
proves completeness.

Suppose an interior frontier of C still existed. A sequence in C approaching such a frontier, lifted
at a fixed circle phase, escapes every compact subset of M. Choose a far coordinate sphere and its
product with the circle,

Yr S x St

It is a compact connected cross-section. Its outside is the asymptotic product end, while its inside
contains the escaping sequence and is noncompact. The inside is connected: excursions of a path
through the outside can be replaced by paths in a thin inside collar of the connected cross-section.
A compact tubular neighborhood of ¥ i therefore separates two noncompact regions. In particular
M has at least two ends.

For clarity, the line needed for the splitting theorem can be constructed directly. Choose escaping
sequences in the two regions and minimizing segments between them. Each segment meets the fixed
compact separating cross-section, and its distances from that cross-section to both endpoints tend
to infinity. Centering there and taking a subsequence gives a complete minimizing line. The smooth,
complete, connected manifold M has Ric = 0, so the Cheeger—Gromoll splitting theorem applies
[8]. It gives M = R x N with N complete and connected. Since the product with a connected
noncompact factor has only one end, N must be compact. Such a product has at most linear volume
growth.

On the other hand, (9.8) shows that h, approaches a positive constant Euclidean metric and
A — 1. The circle has fixed period. Hence the product end in (9.51) gives Vol . (Bgr) > c¢R" for
large R: paths to a fixed far sphere have bounded cost, and the metric on the remaining end is
uniformly comparable to its Euclidean product model. This contradicts linear growth. There is no
interior frontier. Since €2° is connected, C = 2° and W > 0 throughout.

Now h; itself is complete up to its regular boundary by the same projection and collar argument,
and (9.46) holds globally. The boundary assertions follow from Lemma 9.5 and the vanishing
Hessian already proved. O
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Proposition 9.9 (Complete vacuum reduction). Under the stationary interface stated at the start
of this section, the Killing field is timelike on the whole open exterior: W > 0 on Q°. The original
matter densities vanish there, X NE = 0, and dAs = 0. The orbit pair (hs, \) has the regular
attachment in Lemma 9.5.

If Q # 0, define (hg, No) by (9.42); if Q = 0, take (ho, Ao) = (hs,A). In either case this is a
smooth vacuum static pair satisfying (9.43) on a connected orientable exterior, complete including
its connected compact boundary, with compact complement of exactly one Euclidean coordinate end.
Its lapse is zero at the boundary, lies strictly between zero and one in the interior, and tends to one
at infinity. The inward boundary derivative is a positive constant, equal to (9.44) in the charged case
and to k in the uncharged case. The boundary is totally geodesic and Hessp, Ao = 0 there. Gaussian
reflection of ho with odd reflection of Ao is at least C*< for 0 < o < 1.

After a fized linear change of end coordinates,

hog—0 = 02(7‘_%), M —1= OQ(T‘_qO) (9.52)
for qo as in (9.7). No simple-connectivity claim or global primitive of As is needed for this reduction.

Proof. All interior, boundary, and completeness assertions follow from Propositions 9.7 and 9.8,
together with Lemmas 9.1 and 9.3. On W > 0, (9.3) gives p,, = 0, and the matter dominant energy
condition gives J, = 0. Continuity gives the same conclusion up to S.

In the original end coordinates, h, tends to 8+ @b, a positive constant matrix. Equations (9.8)
and (9.12) give differentiated error O2(r~%). In the charged case the additional conformal factor
differs from one by O(72~™"), so the same bound holds for hy and \g. A fixed linear coordinate
change normalizes the limiting matrix and preserves these decay orders.

Finally take Gaussian normal coordinates for hy at the boundary. Total geodesicity makes
the first normal derivative of its tangential metric zero. The vanishing boundary Hessian makes
the second normal derivative of the lapse zero. Even metric reflection and odd lapse reflection
consequently match their derivatives through order two and are C*<. This is the regularity required
for the vacuum doubling argument in the next section. O

10 Vacuum doubling with a weak asymptotic tail

The vacuum pair obtained in Proposition 9.9 has only the asymptotic derivative bounds inherited
from the original data. We prove its uniqueness at that regularity. In particular, the point added in
conformal doubling will initially be a W2 point, rather than a smooth point. The nonnegative
mass statement used below follows from the numerical Theorem 2.5, which has already been proved;
no equality conclusion of that theorem is used.

Proposition 10.1 (Vacuum uniqueness). Let n > 4 and let (B, hg, \g) be a smooth oriented vacuum
static exterior, complete including its connected compact boundary S, with a compact complement of
one Fuclidean coordinate end. Suppose

Hessp, Ao = Ao Ricp,, ApoAo =0, Xols =0, Ao — 1, (10.1)

and O, g = ko > 0 on S, with v pointing toward the end. Assume, after a constant linear
normalization of end coordinates,

n—2

ho —d = Oy(r~ %), Ao — 1= Oq(r— %), 5

<qgo<n-—2. (10.2)
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Then B s globally the exterior of a round sphere in isotropic coordinates. For some R > 0, writing

p=lz| >R,
—_2\ 4/(n—2) _ _
R™ 2 1— R" Q/pn 2
ho = <1 + n—2 > 5, )\0 — W (103)

The identification extends smoothly to S.
We first give the end and analytic ingredients needed in its proof.

Lemma 10.2 (Harmonic coordinates and the missing metric monopole). Under the hypotheses of
Proposition 10.1, put
h=2"Dh, Wy =log .

There are harmonic end coordinates for iL, a number ag > 0, and a > 0 such that, for every derivative
order j,
hij = 8i5 + O (r* "), Vo = —agr®™™ + O, (r* "), (10.4)

Proof. The maximum principle gives 0 < Ag < 1 in the interior. The conformal Ricci and Laplace
formulas applied to (10.1) give

. n—1

We may decrease gg while preserving its strict lower bound. Since n > 4, it is possible to take gg > 1;
hence dp = 1 — qp lies in (2 — n,0). This avoids a logarithmic coordinate correction.

Here are details of constructing coordinates at the stated derivative count. Extend the coefficients
of h to be Euclidean inside a large coordinate sphere, using a transition annulus. The equation for
Yyt =a' + o' is

Agvi = *A;L.Ti + (A5 — A;L)vz

Use weighted scaled C*# norms of order &y, with a fixed 0 < 8 < 1. The Newton operator takes
order §p — 2 to order dg: splitting its integral into |z| < r/2, |z —z| < r/2, and the remaining exterior
annuli bounds the undifferentiated potential by C'(1 4 )%, and local scaled Schauder estimates
give its two derivatives and Holder seminorm. Both integrals at infinity converge because dy < 0,
and dg > 2 — n controls the inner annuli. After choosing the cutoff radius sufficiently large, the
last operator has norm less than one. The Neumann series therefore gives v’ = Oy g(r!=%). The
original Oy bounds supply the scaled Holder bounds for the first-order coefficients used here. The
new coordinate derivative is I + O(r~%), so these are coordinates outside a larger sphere. There
is a derivative-count issue in transferring a metric to these coordinates: its second derivatives use
third derivatives of the coordinate correction. Differentiating the coordinate equation once, the
assumed O metric bounds control its right side in scaled L' for every finite t. Local estimates
give v in scaled W3* with the corresponding decay. Thus the transformed metric first has the
initial weighted WW?2? bounds for any finite ¢, which is enough for the next elliptic step. No third
asymptotic derivative of the original metric has been assumed.

In these coordinates (10.5) is a uniformly elliptic system whose metric equation has principal
part —ﬁ“bﬁaﬁbﬁlj /2 and quadratic first-derivative terms. The equation for Vj has the same principal
coefficients. Scaled interior estimates first give C%# bounds and then, by differentiating the system,
all higher scaled bounds; see the elliptic estimates in [13]. Consequently

v

Nghij = 8ij) = O;(r727200), MgV = O;(r~27%0)
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for every j. Cut the fields off inside a fixed sphere. Their Euclidean Laplacian sources are integrable
and have a finite positive moment of every order smaller than 2gy — (n — 2). Choose

0 < a < min{l, 2¢go — (n — 2)}.

Subtracting the Newton kernel monopole from the potential, the inner annuli are bounded by the «
moment and the outer annuli by the displayed pointwise source bounds. Thus

hij — 6ij = Agr® ™" + O;(r*"79), Vo = —aor®™" + O;(r* " ).

The difference from the Newton potential is an entire decaying harmonic function and vanishes.
Derivative estimates for the remainders follow by the same scaled interior estimates.
Harmonic gauge now eliminates A. Its leading term is

0= Bjﬁij - %aJLJ] + O(‘;L - 5‘ ’871‘) = (2 — n)r_n (Aijxj — %(tl‘ A)l’z) + O(Tl_n).

Hence A = (tr A)I/2, and taking the trace gives A = 0 because n # 2. Finally the harmonic flux of
Ao in hg, with the outward domain normal —v at S, gives

(n — 2)wag = Ko Areap,(S) > 0. (10.6)

All changes between the Euclidean and metric fluxes have vanishing limit by the decay just
established. n

The next lemma specifies the inverse actually required at the point of compactification. Only
compact sources are used.

Lemma 10.3 (Compact-source inverse and perturbation norm). Let (M,~) be connected, complete,
without boundary, and have one Fuclidean coordinate end with compact complement. Suppose v is
uniformly positive, locally W2, and smooth off a compact set, where

ns

n
—<s<mn, p=

> n.
2 n—s

Suppose on its end v — 9 = O;(r~1) for every j and some ¢ > 0. Fiz a compact set K whose interior
contains all nonsmooth points, and a larger compact set Ky. For every 0 < b < n — 2 there is a
unique operator P, such that

2
APy f =, 1Py fllw2.s (i) + Sggrb > rIDIPf| < O\ fll s () (10.7)
= ]:O

for f € L? supported in K, with P,f — 0 at infinity. The same bound holds for higher scaled
derivatives on the end, with a constant depending on the derivative order.

Write X = P,(L}), endowed with ||v||x = ||Avl|ps(x)- If v agrees with v outside K and is
sufficiently close in W2*(K), then

H(Av’ — Ao —a,'Ryv

<O (I = wee) + 1By e o]l

4(n—1)
n—2

‘LS(K
(10.8)

Ay, =
Here the curvature term is used when its support is contained in K.

87



Proof. Sobolev embedding gives continuous coeflicients, first derivatives in LP, and uniform ellipticity
on compact coordinate patches. In nondivergence notation A, = a”9,0; + B'9;, the principal
coefficients are continuous and B € LP. Freeze the principal coefficients on a small ball. The
constant coefficient W?2# estimate absorbs their small oscillation. For the first-order term use

1B Dolss < 1Bl Doller, =2+
s p n
Interpolation of || Dv||;» between the local W2* norm and a zeroth-order norm allows absorption,
with an additional zeroth-order constant. Cutoffs and a finite cover give the local W?* estimate.
These estimates are uniform for coefficients converging in W?#: their principal coefficients converge
uniformly, and the LP first-order coefficients are uniformly equi-integrable. The same argument
gives estimates for smooth approximations and their Dirichlet problems.
For large R, direct differentiation gives

Ayt =bb+2-n)r " +0(r ") <0 (r>R). (10.9)

Solve on expanding smooth truncations with zero outer Dirichlet value, initially using smooth
coefficient and source approximations. The maximum principle on the exterior region bounds the
solution there by its supremum on 7 = R times Cr~?; local estimates also bound its scaled exterior
derivatives. The compact-core supremum is bounded by C/||f||zs uniformly in the exhaustion and
approximations. Otherwise divide by that diverging supremum. The local estimates and the compact
embedding of W2* into C? give a nonzero limit harmonic on all of M, bounded by Cr~? at infinity.
The divergence-form strong maximum principle contradicts this limit. A maximizing point cannot
escape the fixed core because of the exterior barrier. Passing first in the coefficient and source
approximations on a truncation, and then through exhaustion, proves existence and (10.7). The
decaying homogeneous maximum principle proves uniqueness, including for sign-changing solutions.
Thus X is a Banach space isometric to L.

For completeness, the perturbation estimate is an estimate between these particular spaces,
rather than an assertion about all weighted sources. The second-order coefficient difference is
bounded in C° by C||v — ¥|lyy2.s. The first-order difference is bounded in LP by the same quantity,
while Dv € LP(K) by (10.7). Since p/2 > s, their product lies in L*(K). Finally R./v € L*® because
v € CY(K). This proves (10.8). All constants are for the fixed sets and reference metric; one chooses
the perturbation size only after those constants have been fixed. O

Lemma 10.4 (Conformal correction and its mass). In Lemma 10.3, suppose in addition that R, = 0
weakly, that v has a finite ADM energy, and that ¢ > (n — 2)/2. Choose b so that

n—2
2

<b<n-—2, b+qg>n—2. (10.10)
Every sufficiently small compact W2* perturbation v has a unique small correction v € X for which

U=1+v>0, 7=UY0"2y  R-=0

The correction depends continuously on ' in W22, and differentiably along smooth one-parameter
perturbations. Its energy satisfies

1
ERF)=¢& —7/]%/1 dV.,. 10.11
B =0 - gy [, B0, (10.11)
In particular the energies converge under compact smoothing in W2* followed by this correction.
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Proof. The conformal scalar-curvature equation is
—anAyv 4+ Ry (1 +v) = 0.

Equivalently, on X,
v="P, 07" Ry = (Ay = Ay)v + a7 Ry (10.12)

Curvature is a continuous map from positive W?2* metrics to L®: its second-order terms have
continuous coefficients, and its quadratic first-order terms are in L?/2 ¢ L*. Thus R, tends to
zero in L®. By (10.8), the operator on the right involving v has norm less than 1/2 after shrinking
the metric neighborhood. Its Neumann inverse gives the solution and its stated dependence.
Estimate (10.7) makes ||v]|co < 1/2, so U is positive.

Outside K, v is y-harmonic. The divergence theorem, valid also for the weak equation on the
compact part, therefore gives the finite flux

r—00

F(v) := lim/ 8V7vdAW:a;1/ Ry, (14 wv)dV,. (10.13)
Sy M

The usual conformal ADM calculation in the fixed end chart gives

2

2w 2)WF(U).

EWUYA) —E(y) = ~

Here the errors from vDv have integral O(r"~272%), and those from the background metric and
its first derivative have integral O(r"~2797%). Both vanish by (10.10). Also v/ = ~ at infinity,
so its uncorrected ADM energy is unchanged. This proves (10.11), including existence of the
corrected ADM limit. Continuity and differentiation follow from the compact integral, the operator
convergence in (10.12), and W25 < C°. O

Lemma 10.5 (Smooth nonnegative mass from the numerical theorem). Let (M,~) be a smooth
connected oriented complete manifold without boundary, with one Euclidean coordinate end and
compact complement, scalar curvature zero, and finite ADM energy. Assume that v — 3§ = O;(r™9)
for every integer j > 0, with ¢ > (n —2)/2. Then E(y) > 0.

Proof. Fix a smooth point o. The local Dirichlet Green function for —A, in a small ball has a
positive fundamental pole at o. Cut it off inside that ball. Its distributional Laplacian is —d, plus a
smooth compact source supported in an annulus away from o. Subtract the decaying solution of
that compact source given by Lemma 10.3. The result G is harmonic off o, tends to zero at infinity,
and has the same positive pole. The maximum principle on the region between a small sphere about
o and a large outer sphere gives G > 0; the strong principle gives G > 0. In normal distance d from
o, the local fundamental solution estimates give, with ¢ > 0,

G =cd®* (1 +o0(1)), 4G = (2 —n)ed (1 + o(1)),

uniformly in angle. These local estimates follow by rescaling the smooth elliptic coefficients in the
Green equation. At the retained end G = Oy(r7?) for any 0 < b < n — 2, by Lemma 10.3 and
exterior estimates; its harmonic flux there is finite.
For fixed € > 0, set
Ye = (1+eG)¥"2r on M\ {o}.
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This metric is scalar flat. On a sufficiently small sphere d = ¢, the normal toward the old end is the
increasing-d normal, and its conformal mean curvature has the sign of

2(n—1) ~n—1 2(n-1)

H, + +o(t ™ <o0.
For this fixed €, choose such a sphere and discard its inside. The remaining manifold is a connected
smooth exterior, complete including its compact boundary, with precisely the old coordinate end.
Give it second tensor and electric field zero. It has zero matter constraints, a strictly future
trapped boundary, and the required O2 metric decay with any fixed exponent between (n — 2)/2
and min{q,n — 2}. Its energy exists: choose b additionally so that b+ ¢ > n — 2, and use the finite
harmonic flux and the ADM calculation of Lemma 10.4.

The numerical Theorem 2.5, at Q = 0, applies to this exterior. In particular it proves that its
energy is positive; timelikeness and a positive full-cut infimum are conclusions of that theorem, not
additional assumptions here. The conformal mass formula gives

2¢ .
E0e) = () = =g /S 9, GdA, —s £(7).

Send € | 0, choosing the small inner sphere only after each € is fixed. This proves the assertion. The
argument uses only the already established numerical theorem in dimension n and imposes no spin
assumption. ]

Lemma 10.6 (Rigidity of the compactified zero-mass metric). Let (M,~y) be oriented and satisfy
the hypotheses of Lemma 10.3, with Ry, = 0 weakly, £(y) = 0, and ¢ > (n —2)/2. Suppose 7y is
smooth except at one point and possibly along a smooth compact hypersurface where it is C*5. Then
(M, =) is Euclidean space after passage to smooth harmonic coordinates.

Proof. Fix K containing all nonsmooth points. A finite coordinate partition, mollification, and a
cutoff within K give smooth positive metrics 7, agreeing with v off K" and converging in W?2$ and
uniformly. Positivity follows from uniform convergence and the compact lower ellipticity bound. By
Lemma 10.4, they have positive conformal corrections U; — 1. The corrected metrics are smooth by
elliptic regularity, complete because the factors are uniformly bounded above and below, scalar flat,
and have one retained coordinate end with decay exponent min{q, b} > (n — 2)/2. Their energies
converge to zero by (10.11) and are nonnegative by Lemma 10.5.

More generally, let H be an arbitrary smooth symmetric tensor compactly supported in a smooth
patch of 7, and set 7, = v + tH for |t| sufficiently small. Enlarge K once to contain supp H, and
choose its reference inverse before varying ¢. Use this same P,, this same K, and (10.12) to obtain
U; = 1+ and scalar-flat 7;. For each fixed ¢, approximate ; smoothly in W?2#, keeping its exterior
fixed, and correct using that same reference inverse. The corrected smooth metrics converge to 7,
and their energies converge by (10.11). Consequently

E(Ht) > 0 for both signs of ¢, E(Fp) = 0.

Only after taking the smoothing limit at each fixed ¢t do we differentiate this two-sided inequality at
t=0.
Since Ry = 0 and Uy = 1, differentiation of (10.11) gives

d| .. 1
0= — E(Wt):—i/MRi/[H]dVVZ

1 .
= ST - /M<R1c,y,H> av;,. (10.14)

2(n—1
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The last identity follows by integrating R'[H] = divdiv H — Atr H — (Ric, H); the support lies in
a smooth interior patch, so no boundary terms occur. Thus Ric, = 0 on every smooth patch. It
vanishes across the hypersurface by its C?# regularity as well. At the exceptional point, D%y € L*
and Dy D~ € LP/?2 ¢ L* imply that distributional Ricci curvature has L® coefficients. There is
therefore no point-supported curvature term, and Ric, = 0 weakly throughout M.

We detail the regularity upgrade, so that comparison geometry is applied to a smooth metric.
Fix n/2 < s <n and p = ns/(n — s) > n. In an original chart the scalar Laplacian has the form
a’ 0;0; + B'9;, where a is continuous, Da, B € LP, and DB € L*®. Indeed DB consists of bounded
coefficients times D%y and quadratic D+ terms in LP/? ¢ L°. Normalize a(z) = I by a constant
linear change and rescale x = xo + rz. The rescaled drift B,(z) = rB(z¢ + rz) satisfies

la(zo +7-) = I]joc — 0, IBrll Lo (Ba) = P Bl Lo(Bar (o)) — O

Let Gp be the flat Dirichlet inverse on B;. On D, = W2P(B;) N Wol’p(Bl) the equations for
harmonic replacements y* = z* 4 v’ are

v' = Gp|[-B.+ (I —a,): D*v' — B, - Dv'].

The operator involving v* has norm at most C,(||I — ar||eo + || Br|lp), because || Dvl|oo < Cpllv|lyy2.e-
Choose r so this norm is less than 1/2. The Neumann series gives existence, uniqueness in D,, and
vtz < Cpl|Bi|lp- A further decrease of r makes ||Dy — Il < 1/2. Integrating along straight
segments in B; makes y injective and bilipschitz, so it gives harmonic coordinates on a smaller ball.

Approximate the metric smoothly in W2 on the rescaled ball. Then aj — a uniformly, B; — B
in L?, and DB; — DB in L. The same contraction gives harmonic coordinates y; — y strongly in
W?2P and C!. For w; = dyy;, differentiation gives

aj: Dzwj = —(8gaj) : D2yj — ((9gBj) . Dyj — Bj . ij.

The right side is bounded in L*: its first and last products are in L?/2 ¢ L*, and its middle product
is in L°. Local frozen-coefficient estimates give uniform W?2* bounds for w; on smaller balls. Applied
to differences, these estimates and the already strong W?P convergence give strong local W
convergence of y; to y.

The inverse chart = y~! is C! bilipschitz and W?2? N W35, This follows by twice and three
times differentiating y(z) = id: the second derivatives of x are bounded factors times D?y o ,
and its third derivatives are bounded factors times D3y o x or (D?y o z)2. The latter belongs to
LP/2 c L5, The transformed metric remains W2 for the same reason: its second derivatives contain
D?~ and D3z in L*, and products of two factors among D~ and D?z in LP/2. On a fixed smaller
image chart the smooth transformed metrics converge strongly in W?#*. Composition convergence
follows by approximation of the composed functions by smooth ones and the uniform Jacobian
bounds; the other factors converge in the displayed norms. Since Ricci curvature is continuous from
uniformly elliptic W?2*® metrics to L, the smooth Ricci transformation laws pass to this limit. Thus
the weakly Ricci-flat metric satisfies, in these harmonic coordinates,

a®0,00vij = Qij(v', D),

where Q is quadratic in D~y and belongs to L' with t = p/2 > s.
To obtain actual higher regularity from this equation, take a cutoff 1 supported in a small ball
and put u = ny;;. It has zero trace and satisfies

a: D*u = nQij + 2a(Dn, Dy;;) + (a : D*n)y;; =: F € LY,
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using Dy € LP C L and boundedness of v. Choose the ball so that, after normalizing a at its center,
the oscillation is small enough for the Dirichlet Neumann inverse of a : D? at both exponents s and
t. The inverse at t gives a zero-trace solution v € W?! of a : D?v = F. Since t > s, both v and v
belong to W?2*; their difference has zero trace and solves the homogeneous equation. Uniqueness of
the same inverse at s gives u = v. Thus the metric actually gains W?! regularity on the smaller
ball, rather than merely satisfying a conditional higher-norm estimate.

As long as s < n, the improved exponent is t = ns/[2(n — s)], so 1/t =2/s—2/n. Since s > n/2,
finitely many iterations reach an exponent greater than n, taking slightly smaller exponents if an
endpoint is met. The metric is then C1P, its quadratic source is C*#, and Schauder gives C'*f
followed by smoothness. The classical harmonic-coordinate regularity theorem [10] is used only for
this final smooth continuation, after the initial Sobolev steps just proved.

The resulting smooth metric is complete and Ricci flat. Its single Euclidean end gives asymptotic
volume ratio one: the compact part has finite volume and the metric error tends to zero, so distance
and volume comparison with exterior Euclidean annuli gives this limit for balls about any fixed point.
Bishop—Gromov comparison and its equality case [26] now apply. The volume ratio is nonincreasing,
has limit one both at radius zero and at infinity, and hence is identically one. The equality case
identifies the complete manifold with R"™. O

Proof of Proposition 10.1. At S, (10.1) gives Hess A\g = 0. Since d,\g = k¢ > 0, the tangential
Hessian identity shows that S is totally geodesic. In Gaussian coordinates, reflect hg evenly and
Ao oddly. The vanishing first normal derivative of the tangential metric and the vanishing second
normal derivative of Ay make these extensions C*# for 0 < # < 1. The static equations hold across
the seam by continuity. On the resulting two-ended double set

1 4/(n-2)

where g is now the odd extension. The factor is positive at every finite point and on the seam.
The conformal scalar law, Ry, = 0, and Ap,Ag = 0 show that R, = 0, also across the seam.
On the retained end,

o ((1 + /\o)2>2/(n2) DY

(1—Xo)?
=14+
4o +

40 40

Lemma 10.2 therefore implies a decay strictly faster than r2~", with all derivatives, and zero ADM
energy. On the other end, expressed using the positive lapse on its original copy,

1— )2 2/(n-2) ag\ 4/ (=2 o
A (3 s

for some o > 0, decreasing it if necessary. In inverted coordinates y = z/|x|? this is a positive
constant Euclidean metric plus an error satisfying

. . ag\ Y2
D7 (y = cd)| < Cyly[* ™, = (2) > 0. (10.16)
Fill y = 0 with that value. Take 0 < o/ < 2 and then fix

g < s < min {n 21},} . (10.17)

92



This is a nonempty interval. Estimate (10.16) gives W2 coefficients, since s(a’ —2) +n > 0. They
are continuous and positive at the point. There is no distributional derivative concentrated there:
the boundary terms obtained by integrating the first derivatives over |y| = € tend to zero by (10.16).
Equivalently these are genuine W?2* extensions. Scalar curvature is thus L*®, and its vanishing off
the point implies weak vanishing everywhere.

The filled double is connected, oriented, complete, without boundary, and has just the retained
coordinate end with compact complement. Completeness near the filled point follows from its
uniform ellipticity; it follows at the seam from its regular positive metric. It satisfies Lemma 10.6,
so it is Euclidean space.

The seam is a connected compact embedded totally umbilic hypersurface in this Euclidean
space. Indeed its original second fundamental form is zero, and the conformal change (10.15) adds
a constant multiple of its induced metric, with nonzero coefficient because kg > 0. A connected
Euclidean totally umbilic hypersurface with nonzero principal curvature is contained in a sphere:
the Codazzi equation makes that curvature constant, and differentiation of its center x — v/kgye
gives zero. Compactness makes it the whole sphere. The retained component is its unbounded side.
After a translation denote the sphere radius by R.

On that component hg = U ("=2)§, with U = 2/(1 + A). Scalar flatness makes U Euclidean
harmonic, and it has boundary value two and limit one at infinity. The exterior Dirichlet maximum
principle identifies it uniquely as 1 + R" 2p?~". This proves (10.3). The smoothness of the
identification at the seam follows either from its harmonic coordinates or from normal geodesic
collars of the two smooth metrics. O

11 Recovery of the original data and sharp examples

The preceding uniqueness statement identifies the entire static base. We now use that global
identification to recover the original metric, second fundamental form, and signed normalized electric
field. The boundary analysis distinguishes a future horizon section from a bifurcation sphere. We
then verify the converse and examples within the purely electric class.

Proposition 11.1 (Global recovery of the original exterior). Under the connected nonextremal
equality hypotheses, the original (2, g, K, E) admits a global orientation-preserving smooth space-
like embedding, including its boundary, into the reqular future horizon extension of the Reissner—
Nordstrom—Tangherlini exterior

2 —13,2 .2 2m Q?
Gmq = —f(r)dT* + f(r)”" dr® 4+ 170y, f(r):l—rk—_l—i—m, (11.1)

with Faraday form
k(k—1)

Fno= chr_k dT A dr, Cp = — (11.2)

It induces exactly g, K, E with K(U,V) = Gy, o(VuN, V) and E’ = ¢; 1 *(inFn.q), and 1*Fp, o = 0.
Its boundary is a full smooth future horizon section if u|s > 0, and is the bifurcation sphere if u|s = 0.
The future normal and all induced data extend smoothly to the boundary; the end approaches the
corresponding spatial infinity. Moreover py, = Jyn = 0 on the original exterior.

Proof. We use the lapse and shift u, X, the Killing norm W = u? — | X \g, and the static base from
Proposition 9.9 and Lemma 9.5. On the open exterior they satisfy

A=VW >0, hy=g+W X o X,

11.3)
A, =WTIX), dA, =0, g=—-\(dz — A4,)% + hs. (
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The associated Faraday form is

F=cydzANub’ = %(dz—As)/\dp, As ANdp = 0. (11.4)

The matter tensor already vanishes where W > 0, which is the whole open exterior; continuity will
give its vanishing on S.
If @ # 0, write s = p|g. The explicit vacuum transformation is

A
1 —sp’

W=(0-p/s)(1—sp), 0<|s|<1, Ao ho = (1 — sp)?/ ("2, (11.5)
The map p — A2 = (1 —p/s)/(1 — sp) has nonzero derivative on the interval between s and zero.
Consequently the global round identification of (hg, Ag) in Proposition 10.1 makes p, A, and the
conformal factor relating hs to ho radial. If @ = 0, E = 0 and (hs, A) = (ho, Ag), so the same
conclusion holds. In either case the static base is globally diffeomorphic to [0,00) x S¥, and it is
simply connected. Thus the closed one-form in (11.3) has a global primitive on its open part:

A, =d®, T=z—9. (11.6)

The stationary metric is therefore globally static there, and the original slice z = 0 is the graph
T = —® over this base.

Choose the round identification to preserve the given orientation. In outward radial distance o
the base and lapse have the form

hs =do® +r(0)%ok, A= Ao).

The normalized electric field of a static slice is radial. Maxwell closure fixes its coefficient, including
its sign:
Ey = Qr%o,. (11.7)

Indeed the electric flux form on a static slice is, with the stated orientation and normalization, the
restriction of the closed spacetime Maxwell flux form. A round sphere in a static slice and the
sphere with the same base labels in z = 0 are homologous in the stationary product, by varying
their time coordinate over that compact sphere. Their fluxes agree. The latter has flux w@, so
radial divergence freeness gives exactly (11.7), not an unsigned coefficient. Equivalently (11.4) says

% = (k—1)AQr " (11.8)

For the radial null vector A™'07 + 0,, the electric stress has zero null contraction. The warped
product Ricci formula therefore gives
k N
0=—— 7"”—7“’).
T ( A

Hence /) is constant. The end asymptotics fix this constant as one: h; is a radial conformal
change of the identified vacuum base with factor tending to one, and A — 1. Thus

r'=X>0. (11.9)
The radial scalar-curvature constraint is
k(k—1) 2k 1 _
Rhs = T(l _ ,r,/2) _ 77“”, iRhg — 6721@27, 2]6
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Writing f = 7?2 = A? and using 7 as coordinate yields

d 2m, 2
Sy =ener ey (11.10)

for a constant m.,. By base attachment, the boundary area is the original area A. Put r, = (A4/ w)l/ k.

The boundary lapse vanishes, so
2

2m* = T'Z_l + =1
T
The equality hypothesis with m > |Q| gives

1 = m) M. = m. (11.11)

In particular rj, is the outer simple root of f. Since ' = A > 0, the entire open base has range
1, < 1 < oo. Equations (11.8) and (11.9) give dp = (k — 1)Qr~*dr. Substitution into (11.4) gives
precisely (11.2). The metric becomes (11.1).

The graph map =z — (T,r,9) = (—®(z),r(x),¥(x)) already recovers the original data on °.
Indeed its pullback metric is hs — W A2 = g. In the stationary coordinates its future unit normal is

0, — X

u

N =

(11.12)

The stationary equation sym VX = —uK gives the prescribed second fundamental form with this
normal. Directly contracting the first expression in (11.4) with (11.12) and restricting to z = 0
gives ¢, E”. Its tangential restriction is zero. These identities also show why the global primitive
has recovered the original slice, rather than just a static replacement.

It remains to verify the extension in regular horizon coordinates. The boundary surface gravity
from the stationary boundary law is

K= kol (1 — g:) = 1f’(rh) > 0. (11.13)

27“h T 2
Choose a tortoise primitive r, satisfying dr,/dr = f~!. Near the simple outer root,
e = (26) " Hlog W 4 b(W), (11.14)

where b is smooth. The inversion from r to W = f(r) is smooth near the root.
Suppose first u|g > 0. In the original smooth collar (W, y), the boundary laws and attachment
give

b _ —1 _ -1
X, = (2r)"dW + W5, As = (2k) "dlogW + 3, (11.15)

with 3 smooth and closed on the whole original collar. The global function ¥ = & — (2x)~! log W
has differential § where W > 0. Fix wg > 0 in the collar and define

w
Vext(Wy) = V(wo,y) + | B(Ow)(w,y) dw.
wo
This is a global smooth function up to W = 0 and agrees with ¥ for W > 0. Closedness of 3 also
verifies its tangential derivatives, so no period or patching ambiguity occurs.
The angular labels extend smoothly in the original collar as well. In the global radial coordinates
already obtained, the original orbit metric has the form hs = A1(p)dp? + As(p)or, with positive
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radial coefficients. Fixed-angle curves are therefore its normal geodesics after parametrization by
hs distance. This remains true after the radial conformal change from the vacuum base. In the
attached collar the map J(\,y) = (—A,y) is a smooth isometry of h, fixing S. Let 7 be its normal
geodesic projection to S. Uniqueness of normal geodesics gives mo J = 7. If ¥ : S — S¥ is the
boundary angular diffeomorphism, 9y o 7 is a smooth J-invariant extension of the global radial
labels. Those labels are consequently smooth even functions of A with smooth tangential parameters,
hence smooth functions of W = A% up to zero.

On the original slice the ingoing coordinate

v=T+r,=—d+r,
is smooth by (11.14)—(11.15). In these coordinates the metric and field are
Gmo=—f dv? + 2dvdr + r’oy, Fro= cnQr* dv A dr. (11.16)

This is the regular future horizon extension. The cancellation in T" + r, fixes the future choice. The
boundary map has the form (v(y),r,9(y)), where ¥ : S — SF is a diffeomorphism. It therefore
meets every future horizon generator exactly once. Since r — 7y is a positive constant multiple of W
to first order, the collar map is an immersion.

If instead u|g = 0, in an original smooth distance coordinate o the boundary factorizations are

u = opa, X = o2y, als = k.

Consequently A is a smooth positive defining function and A; = X g /W is smooth on the original collar.
The same fixed-level integral construction, now applied to As; without a logarithmic subtraction,
extends its global primitive ® smoothly to this collar. Hence T'= —® is smooth there. Use Kruskal
coordinates

U= —e=T) v = enlntT), (11.17)

Since e = )\e"b(kz), both coordinates are smooth on the slice and vanish at S. Their normal

derivatives are nonzero, with opposite signs. They give a smooth immersion through the bifurcation
sphere; the round angular labels extend by the smooth base collar in this case.

In both cases the induced metric of the extended immersion equals the original positive metric
by continuity. The unique future unit normal consequently extends smoothly, and so do the second
fundamental form and the Faraday contractions, with the identities already proved on the interior.
The interior graph is injective because its base projection is a diffeomorphism. At the boundary the
angular map is a diffeomorphism, and r = r;, separates boundary points from interior points. The
collar descriptions prove immersion there. Moreover r is proper on the original closed exterior: it
tends to infinity on the sole coordinate end and the remaining core is compact. The inverse image
of any compact target set is therefore a closed subset of a compact r-sublevel set. Thus this is a
proper injective immersion and hence a global embedding including S.

Finally the lapse and shift have controlled constant timelike limits at the original end. In the
static end coordinates the graph slope is uniformly bounded away from the null slope. More explicitly
)\2]d<1>\,213 = |X|§/u2 tends to [b|2/(b°)? < 1. Integration along end rays gives |T'| < cr + o(r) + C
for some ¢ < 1, after choosing the time origin. Thus the end approaches the corresponding spatial
infinity. The already vanishing matter constraints extend to S by smoothness, completing the
proof. O

Figure 2 summarizes the two boundary constructions and their dependence on global uniqueness.
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On Q% W=u?—|X[2>0, A=VW.

u|5 >0 u|5 =0
Original collar (W, y) Original collar (og,y)
W is a smooth boundary defining function. u = opa, X = o3Y, als = k.
T T
W = \? retain the collar
1 A
Attached base collar (A, y) Attached base collar (), y)
New smooth structure. Original smooth structure retained.
hs is smooth in the attached collar. A, is smooth up to S.
Y ¥
Both attachments: hgslrs = glrs, Als = 0, |[dAnls = & > 0.
Vacuum reduction and global uniqueness
A, = do, T = z — &; the original interior slice is the graph T' = —.
I |
ingoing coordinates Kruskal coordinates
v =T + r, is smooth on the original slice. T = —® is smooth; use (U, V, ).
S — (U(y),rh,ﬂ(y)) S — (070)19(?:/))
Full future horizon section Bifurcation sphere

Figure 2: Boundary attachment and recovery of the original slice in the connected nonextremal
equality case. For positive boundary lapse, the upper left arrow is the squaring correspondence
from the attached collar to the original collar; its inverse is not smooth at the boundary. For zero
boundary lapse, the original smooth structure is retained (Lemma 9.5). The global primitive ®
enters only after the uniqueness argument, as in (11.6). The two regular spacetime extensions then
recover the original ¢, K, E, by (11.16), (11.17), and Proposition 11.1.
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Proposition 11.2 (Converse and sharpness). Every model slice in the stated converse class, with
parameters M > |qo| and actual invariant ADM mass and signed fluz equal to M, qo, attains equality.
For every such parameter pair and every n > 4, this class contains the static exterior slice and
smooth compact radial time perturbations of it with K # 0.

PRl = M /M2 - g2

The degenerate metric on the future horizon is rf_ak on its generator labels, independently of the
position along a generator. Thus a full section, including the bifurcation sphere, has area wri. The
assumed lower bound for all full cuts, and the fact that the boundary is itself a full cut, give

Proof. Let

Amin = Areay(S) = wrﬁ.

Using the actual mass and signed charge specified in the converse now gives the equality formula.
This argument does not identify the ADM parameters of arbitrary unqualified model slices.
We verify the advertised examples, including their geometric hypotheses. Put

f=1—2Mpr*1D 4 qu—2k+2.
The static T' = 0 slice has
g=ftdr’ +r%0,, K=0, E=qr */fo, r>rg. (11.18)

The simple root makes the boundary a regular bifurcation sphere: in proper distance s > 0,
r—ry = f'(ry)s?/4+ O(s*). Thus g and E are smooth to the boundary and complete with it
included. The boundary is totally geodesic and future marginal.
The ambient metric and field obey the stated Einstein—Maxwell normalization in every dimension.
For an explicit check, their time and radial mixed Ricci eigenvalues are
1 k

2 9 2k
_Qf//_gf,:_(k—l) aQr

and their angular mixed eigenvalue is

(k=11 f)—rf _

r2

(k—1)ggr—2".

With ¢2 = k(k — 1)/2, these are exactly Ricy, = 2FycFp¢ — (FoqF?/k)Ggp. The Faraday form is
closed, and its spacetime dual has constant sphere flux, hence is closed as well. Gauss—Codazzi
and these Maxwell equations give p,, = J,, = 0 and div E = 0 on every spacelike slice with the
prescribed induced fields and vanishing induced magnetic two-form.

For a nonstatic example choose a smooth nonconstant 7(r) compactly supported in an interval
ry + 9 <r < R, and use the graph T' = 7(r). After multiplying 7 by a sufficiently small constant it
is spacelike, since

gr = a(r) dr? + 2oy, a=f1t—f(")?>o. (11.19)

Near the boundary and infinity this is exactly the static slice. Its magnetic two-form vanishes

identically, because
(AT Adr) = 7'(r)dr Adr = 0.

Its normalized electric flux is gg by Maxwell closure. For example its electric field is qor *a=129,,
as follows by contracting the Faraday form with its future unit normal.
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The end is unchanged. Its momentum is zero, and its energy is M: in asymptotic Cartesian
coordinates the metric perturbation is (f~' —1)n;n;, with f~! —1 = 2Mr~("=2) 4 O(r~2("=2)). The
ADM integrand has radial component (n —1)(f~! —1)/r, giving precisely M with the normalization
[2(n — 1)w]~L. All required asymptotic derivative bounds and integrability statements follow.

Every full cut has area at least wrﬁ. Indeed angular projection onto the boundary sphere has
differential whose k-dimensional Jacobian is at most (ry /r)¥ <1 for the metric (11.19), regardless
of its positive radial coefficient. The integral of the pullback boundary volume form over an
end-oriented full cut is wri, by Stokes on the compact region between the cut and a large round
sphere. This remains valid for disconnected cuts and portions on the original boundary, with their
full intrinsic boundary counted. The comass bound for that pullback form proves the area lower
bound. The boundary attains it.

There is also no smooth interior full weakly future trapped cut. For clarity its exclusion can be
checked directly for every spacelike radial graph above. Its outward unit normal within the slice is
a~Y2(d, + 7'd7), while its future unit spacetime normal is

AP
—ﬁaT—l- O

Va
The round sphere expansion is consequently

k

9+ (T) - T\/a
because spacelikeness gives | f7/| < 1. If an interior compact full cut were weakly future trapped,
take a point where its radial coordinate is maximal. The full exterior it bounds contains every
point with larger radius, so its end-oriented normal at that point is the outward radial normal. It is
tangent there to its enclosing round sphere from the inside. The graph mean-curvature comparison
gives Heyy > Hgphere at contact, and their tangential traces of K agree because the tangent planes
agree. Equation (11.20) contradicts weak future trapping. This uses the full-cut condition to fix the
normal also when the cut is disconnected.

Finally choose 7 with 7/(r¢g) = 0 and 7”(r¢) # 0 at some interior point. At that point the
radial second fundamental form component of the graph is K, = \/f(ro) 7" (r¢) with the stipulated
future normal convention. Thus K is nonzero. These examples satisfy all the connected-horizon
hypotheses, have the same area, energy, momentum and signed charge as the static examples, and
attain equality. ]

N

(1+ fr') >0 (r>ry), (11.20)

Completion of Theorems 2.7 and 2.8. Proposition 11.1 proves the Original-Data Rigidity Theo-
rem 2.7. Proposition 11.2 proves the Converse and Sharp Examples Theorem 2.8, including the
nonstatic purely electric examples. O
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