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Abstract

The singular set of every stationary integral m-varifold in an open Euclidean set has Hausdorff
dimension at most m — 1, in every positive dimension and codimension. This sharp bound proves
the Euclidean singular-set conjecture recorded by Brena, Decio, and De Lellis.

1 Introduction

Stationarity is the weakest variational condition naturally imposed on a minimal submanifold: the
first variation of area vanishes under every compactly supported ambient deformation. Integral
varifolds retain this condition under weak limits while allowing integer multiplicity, self-intersections,
and singularities. Their general regularity problem asks how much of the support must nevertheless
be a smooth embedded minimal submanifold.

Let m,n > 1 and let U C R™*™ be open. An integral m-varifold V has weight yu = 6H™_E,
where F is countably m-rectifiable and 6 is positive, integer-valued, and locally integrable. At
pu-almost every x, write T,V for the approximate tangent m-plane and Pr,y for its orthogonal
projection. Stationarity means

/tr(PTxVDX(:E)) du(z) =0 for every X € CH({U;R™™™). (1.1)

A point p € spt pNU is regular if some neighborhood W of p contains a smooth embedded minimal
m-submanifold ¥, without boundary in W, such that spt uNW = ¥ and VLW = ¢|X| for a positive
integer q. We denote the remaining support points by Sing V. Thus regularity includes equality of
the local support with one embedded submanifold, not merely a smooth parametrization on a set of
full measure. For stationary integral varifolds this is equivalent to local C'' embeddedness of the
support, by constancy and elliptic regularity.

Theorem 1.1. For every stationary integral m-varifold V in an open set U C R™*™  where
m,n > 1,
dimy SingV < m — 1.

Theorem 1.1 proves the Euclidean conjecture recorded as Conjecture 1.1 by Brena, Decio, and
De Lellis [5]. There is no stability, minimizing, orientability, density-upper-bound, or codimension
hypothesis. The estimate is sharp: the sum of the varifolds of two distinct m-planes meeting along
an (m — 1)-plane is stationary, and its singular set is exactly that intersection.



1.1 Context and antecedents

Allard’s compactness and regularity theory [1] supplies the basic passage from weak convergence
to geometric information and gives a relatively open dense regular set. The dimension-reduction
method originating in [11] leads to the classical stratification by translation symmetries of tangent
cones. For stationary integral varifolds, the set of points admitting no planar tangent has Hausdorff
dimension at most m — 1. Naber and Valtorta [18] proved rectifiability of these classical strata for
integral varifolds with bounded mean curvature. The remaining difficulty is therefore the singular
set at higher-multiplicity planar tangents, where Allard’s multiplicity-one regularity theorem does
not apply. Standard treatments of the compactness, monotonicity, and tangent-cone theory used
here include [10, 20].

For area-minimizing integral currents, Almgren’s regularity theory [2] gives an interior singular-
set bound of dimension m — 2 in arbitrary codimension. De Lellis and Spadaro developed a new proof
based on multiple-valued functions, center manifolds, and a frequency analysis of the blow-up [6-8].
These techniques explain the role of subtracting a well-chosen smooth center before normalizing the
height. Their regularity theorems do not apply to arbitrary stationary integral varifolds; even the
crossing example above prevents the same dimension bound in our setting.

Hirsch and Spolaor proved the m — 1 bound for two-valued stationary Lipschitz graphs [12].
Their use of generalized-gradient Young measures retains height and gradient information under
weak convergence and is a methodological antecedent of our measure-valued blow-up, which does not
assume graphicality or two-valuedness. Hirsch and Spolaor also proved almost-everywhere regularity
for stationary codimension-one integral currents whose density is at most two at every support
point [13]. Krummel, Minter, and Wickramasekera [15] obtained singular-set bounds of dimension
at most m — 1 at controlled densities in classes satisfying an explicit epsilon-regularity assumption.

A different line of work addresses higher-order rectifiability. Brakke’s work gives C1® rectifiability,
for every 0 < av < 1, of stationary integral varifolds [3]. Menne proved second-order rectifiability
under locally bounded first variation [17]. Brena, De Lellis, and Franceschini [4] established smooth
rectifiability for stationary integral varifolds; Kolasinski [14] subsequently gave an independent
alternative proof, following a program he attributes to Menne. Smooth rectifiability describes the
measure up to a null set by smooth pieces; it does not assert that the entire support near almost
every point equals one such piece. This distinction is essential for the singular set defined above.

The ambient geometry is also important. De Lellis, Hirsch, Lihn, and Spolaor [9] construct
stationary integral varifolds with planar tangents and infinite local topology in smooth, generally
non-Euclidean metrics. Their examples do not contradict the Euclidean dimension bound proved
here.

Brena, Decio, and De Lellis [5, Conjectures 1.1 and 1.2] separate the dimension bound from the
weaker assertion H"(Sing V') = 0. The latter Euclidean assertion is proved in Almost-everywhere
reqularity of stationary integral varifolds [19], which we henceforth call AE. Our proof uses AE’s
signed-excess theorem and local estimates from its fitting and frequency arguments. The elliptic
correction of the averaged graph in [4, Sections 6.3-6.4] is an antecedent of this fitting construction.
The almost-everywhere regularity conclusion itself is not an input: a set can have zero H™ measure
and still have Hausdorff dimension greater than m — 1. We state the imported measure estimates in
Section 3. Section 4 specifies the local fitting estimates and verifies the hypotheses needed for their
use at the prescribed scales.



1.2 The proof and its new components

Suppose that dimy Sing V' > m — 1 and choose an exponent s strictly between these two numbers.
A first dimension-reduction argument produces a singular point, placed at the origin, an integer Q,
and radii L; | 0 for which the rescaled varifolds converge to the multiplicity-Q) plane. At these same
scales there are nonzero measures o; carried by density-() points in a fixed compact ball, with mass
bounded above and away from zero and the estimate

oi(B,(x)) < Cr®.

Here B, (x) is an ambient Euclidean ball. The limiting measure of centers cannot be carried by an
(m — 1)-plane. This first reduction, proved in Section 2, is the familiar geometric starting point of
dimension reduction; the challenge is to retain these centers in a further, height-normalized limit.

The proof has four further stages. First, we construct smooth reference graphs at the prescribed
scales L;. AE’s minimal fitting gives intervals of radii on which a centered height admits frequency
control. Section 4 proves that these intervals cover every sufficiently small prescribed flat scale,
including their transition regions. Section 5 then normalizes the height by numbers a; | 0. The
normalized second moment is nonzero, the first moment tends to zero, and the reference graphs’
mean curvature and its first derivative are o(a;). Both moment conclusions are needed: subtracting
a reference graph must neither remove the entire limit nor leave an arbitrary translation in it.

Second, Section 6 passes the first variations and signed excess to measures on the limiting plane.
The resulting data consist of a nonnegative height measure, a positive-semidefinite tilt measure, a
mixed height—tilt measure, and a signed mass measure. They satisfy linear first-variation identities, a
positive-semidefinite block inequality, and a one-sided comparison of mass and tilt. This formulation
avoids assuming that the limiting sheets can be globally labeled or represented by a single-valued
function.

Third, the density of the points carrying o; must still be visible after division by a?. Ordinary
uncorrected radial comparison does not provide that precision on curved reference graphs. Section 7
uses geodesic radial fields weighted by the inverse reference-volume density. The resulting curvature
error can be averaged against o; at every radius down to zero. For a fixed [ > 0, its decisive integral
is

l
/ #57mdt < o,
0

which holds exactly when s > m — 1. The centered first-moment estimate then removes the
translation terms and yields a density comparison at every limiting center.

Finally, Section 8 isolates an abstract dimension-reduction statement for these measures. Its
frequency is monotone at the retained centers. A second blow-up makes that frequency constant at
enough independent centers. Equality in the positive-semidefinite inequality then forces the height
measure to vanish, contrary to its normalization. This is the contradiction that proves Theorem 1.1.

The prescribed-scale construction, the averaged curved radial comparison, and the final measure-
valued reduction are the parts needed to strengthen AE’s almost-everywhere conclusion to a
dimension bound. The center-manifold and frequency viewpoint belongs to the broader regularity
tradition described above; our specific local fitting and signed-excess inputs are those of AE. The
initial and final reductions use the classical measure-theoretic framework of [10, 16].

1.3 Conventions

All assertions are local in U, and supports are relative to U until a blow-up is taken. If n,(z) = z/r,
then V. = (n,)4V is the varifold pushforward, whose weight is r~"(n,)xp. Translated blow-ups



will be specified explicitly. Bold balls B,. are ambient, whereas B, denotes a base-coordinate ball.
The letters C, ¢ > 0 denote constants depending only on previously fixed data and may change
between occurrences. Weak convergence of Radon measures is always tested on continuous compactly
supported functions. Positive semidefiniteness of a symmetric matrix-valued measure means that its
contraction with every constant vector is a nonnegative measure.

2 Flat scales carrying many singular centers

The first reduction uses only stationary monotonicity and Hausdorff measure theory. If the singular
set has dimension greater than m — 1, we shall find a singular point with a planar tangent cone
and retain, at the same scales, a nonzero measure of nearby points having exactly the same density.
Retaining this measure is essential: a planar tangent cone at a single singular point gives no
contradiction.

For p € U and r > 0, write

X—-p

np,r(X) = ) Vpr = (np,r)#V

Thus the weight of V. is 7™ ()4 p. After translating p to the origin we abbreviate V,,, to V;.
We use B, for ambient balls and, later, B, for balls in an m-dimensional base plane. The stationary

density is
B
Ov(p) = lim #(B:(p))
0 Wy r™
It exists at every support point, is at least one, and is locally bounded and upper semicontinuous.
Moreover, under locally mass-bounded convergence of stationary integral varifolds,

Vi=Vo, pi—p = Oy, (p)>limsup Oy, (p). (2.1)
(2
These facts follow from monotonicity and integral compactness [1, 20]. For example, to obtain (2.1),
bound each density by its mass ratio on a fixed ball, pass to the limit at radii whose boundary has
zero limiting mass, and then let the radius decrease to zero.

We shall also use two consequences of these facts. First, supports converge locally under this
varifold convergence. The lower density bound prevents support points from persisting where the
limit has zero mass; conversely, any neighborhood of a limiting support point has positive limiting
mass and therefore meets the approximating supports. Second, spt u has locally finite H" measure.
Indeed the lower density bound gives p(B,(p)) > wp,r™ whenever the ball is interior and p € spt p.
A disjoint-ball covering argument on a compact subset of U bounds its Hausdorff measure by a
dimensional constant times the mass in a slightly larger compact set. No local Hausdorff-measure
assumption on the support is needed.

Proposition 2.1 (Flat scales and a measure of centers). Suppose that V is a stationary integral
m-varifold in an open subset of R™™™ and that

m —1 < s < dimy Sing(V).

After a translation there exist a fixed point 0 € Sing(V'), an integer Q > 1, an m-plane 11 through
zero, radit L; | 0, and positive Radon measures o; such that

Ov(0) = Q, Vi, — Q|| locally in R™*™. (2.2)



Each o; is supported in By on singular points of Vi, having density exactly Q. There are constants
¢, C' > 0, independent of i, for which

i(Bu(X)) < Cu* (X €R™", u>0), c<a(By)<C. (2.3)

Proof. The regular set is relatively open in spt u, so the singular set is Borel. The compact-subset
theorem for Hausdorff measure [16, Theorem 8.13] gives a compact subset of Sing(V') with finite
positive H® measure. We recall the two measure-theoretic refinements that we need [10, 16]. On
a set of finite positive H*® measure, the upper s-density is positive and finite almost everywhere.
By restricting to a positive-measure subset where its upper bound is uniform, and then taking a
compact subset, we obtain a compact set K such that

0<H(K)<oo, H(KNB,(X))<Cr. (2.4)

An upper bound initially obtained for centers in K extends to arbitrary centers by doubling the
radius. Enlarging C handles the remaining large radii. Lusin’s theorem permits a further compact
restriction of positive measure on which Oy is continuous. The upper bound in (2.4) is preserved.
For H*-almost every p € K, positive upper density supplies radii r; | 0 and a constant ¢, > 0
with
HH (K N By, (p) > eprs.

Pass to a subsequence on which V,,,, converges to a stationary integral tangent cone C),. Define
measures on the closed unit ball by

)\i = T;S(np,ri)#<Hs'—(K ﬂﬁm(p))).

They have uniformly bounded mass, mass bounded away from zero, and the upper ball bound in
(2.4). A further subsequence converges to a nonzero measure A with the same upper ball bound. Its
support lies in spt C,.

Set ¢, = Oy (p); at this point g, is not assumed to be an integer. If z € spt A, there are points
p; € K with (p; — p)/r; — z. Continuity on K and (2.1) imply

On the other hand, the density at infinity of C}, about z equals ¢,: sandwich Br(z) between the
balls about zero of radii R — |z| and R + |z|, and use conicality about zero. Monotonicity about z
consequently has equality at every radius.

We spell out the geometric consequence of this equality. The radial displacement X — z lies in
the tangent plane of C), almost everywhere. Testing stationarity with ¢(X)(X — z) gives

[ tme+ (X =2)- V) dG, | = 0.

Differentiating dilated scalar integrals shows that the weight is m-homogeneous about z. Since a
rectifiable weight determines its tangent plane almost everywhere, the varifold is conical about z as
well. Composing dilations about z and about zero now gives translation invariance along the whole
line Rz.

The support of A spans at least m linearly independent directions. Otherwise it lies in a linear
space of dimension at most m — 1; covering its bounded support by 0(6_(m_1)) balls of radius e
would give A\(R™") < Ces~™F! — 0. Choose m independent such directions and let P be their
span. The cone is invariant under every translation in P. If its support contained a point outside P,



subtracting its P-component would give w € P\ {0} in the support. Conicality and translation
invariance would then place every disk tw 4+ (P NBy), 1 <t < 2, in the support. These are disjoint
disks of equal positive m-dimensional measure, all in a bounded region, contradicting local finiteness
of H™(spt Cp). Thus its support is precisely P. Tangential stationarity on this plane gives constant
multiplicity, and integrality gives

Cp = q|P|, @< {L,2,...}.

We have proved that Oy is integer-valued at H*-almost every point of K. One of its countably
many integer level sets therefore has positive H*® measure. Choose a compact positive-measure
subset K¢ of that level set. Repeating the preceding argument with Kg, choose a fixed point
p € K¢ and radii L; | 0 on which its normalized s-mass is bounded below. The resulting tangent
cone is a @Q-plane. Translate p to zero, denote that plane by II, and set

0i = L *(p.;) 4 (HL(Kqg NBL,(p)))-

Compactness of K ensures that the support consists entirely of points from that integer-density
level set. Dilation preserves both density and singularity. The asserted convergence and bounds
follow. O

3 Normal cylinders and signed excess

The next construction compares the varifold with a smooth reference disk, not necessarily a plane.
We fix the geometric conventions and state the two measure estimates from [19] used throughout the
proof. The local minimal-fitting statements will be introduced when the reference disk is constructed
in Section 4.

3.1 Geometry and units

Let S be a small-slope C7 graph over an m-plane, with a fixed normal tube and uniform bounds
through a sufficiently large finite order J. In that tube write

X=y+z, y=7(X)es, z € N,S.

The horizontal and vertical subspaces are TS and N,S. Let Pr denote orthogonal projection onto
the approximate tangent plane of the varifold at X. For v € NS, the shape operator S, is defined
by

(Spa,b) = (IIg(a,b),v), a,b € T,S.

Set
B=1— (P, e=trB=tr(Pr)w, J.=1-S.,, K.,=J\ (3.1)
The tube is chosen so that J, and K, are uniformly bounded. The tensor B is positive semidefinite,
0<e<m,and
(Pr)no(Pr)vn = B — B?, |(Pr)whal® < Bla, al, |(Pr)on] < CVe. (3.2)

These follow by taking blocks in PZ = Pr.
We restrict to an interior cylinder whose support is separated from its artificial vertical boundary
above every compact subset of the base. Every field has compact base support and is multiplied



by a vertical cutoff equal to one near the relevant support. Thus the restriction has no vertical
boundary term in its first variation. All enlargements below stay inside this cylinder.
For the positive integer ) being considered, define measures on S by

M = myup — Qvolg, D =my(ep). (3.3)

Here M is signed and D is nonnegative. In a specified physical system of Euclidean units, let zppys
denote the unscaled normal displacement and put

A=mp(M), A= |zpnys]? + [Hs> +|VFHs|?,  Hs = tris. (3.4)

The curvature and its derivative in this formula are evaluated in those physical units. On scaling a
base chart of physical radius [ to unit radius, all measures, including reference volume, are pushed
forward and divided by [". The factor A is still evaluated physically; it is not replaced by the
squared rescaled height or the rescaled curvature. For a flat reference plane the estimates of [19] use
A = 0. Charging an additional nonnegative height term in an upper bound does not weaken their
applicability.

Normal frames are transported radially from the chart center, and base coordinates are normalized
to have Euclidean metric at that center. For an interior subchart using the inherited frames, the
small geometric parameter remains the original

¥ =1 + Sup |2phys|- (3.5)
This convention matters when the signed-excess theorem is used on much smaller cells: changing
the coordinates alone does not improve a physical curvature error.

3.2 The two imported measure estimates

The first statement identifies an integer using a smooth projected mass average, then controls the
total variation of M. The projected count N(y) counts normal-fiber entries with their integer
multiplicities at almost every base point; exceptional projection fibers are immaterial for the
statement.

Lemma 3.1 (Scalar mass and propagation of the integer). Fix dimensions, a bound for Q, bounded
chart geometry, a mass bound, and an interior enlargement factor ¢ > 1. Suppose

S_mﬂ’#,M(Bcs) < Cy, 57D+ A)(Bes) < €

with € sufficiently small. Put b = (1 + ¢)/2. On the intermediate ball Bys, the count selects an
integer q¢ > 0 with volg{y € Bys : N(y) # q} < Ces™. There is a fized finite test order Js. such that,
for every smooth scalar test n supported in By,

[ ndtrmen — qvols)| < Ces™ e

_ il pi
Ill g = jmax 57| D71]loo.

(3.6)

The derivatives are in base coordinates; this test order is included among the finite orders fized for
the argument. For every nonnegative smooth test x supported in By, with reference integral one
and s™||x|| psse < C1 for a fized constant Cy, one also has

[ xdlnpn) - of < ce (3.7
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Here the constant may depend on C; the factor s™ accounts for the size of a test whose integral,
rather than its supremum, is one. In particular, if such an average is within 1/4 of Q, then ¢ = Q,
and

|M|(Bs) + vols{y € B, : N(y) # Q} < C(D + A)(Bes)- (3.8)

The same integer propagates along comparable working balls By satisfying these bounds, provided
their overlaps have fized positive relative volume. The smallness threshold depends on that overlap
fraction.

This is [19, Lemma 2.5 and its proof], including its distributional, smooth-average, and overlap
conclusions. The distributional estimate first compares the projected measure with a scalar constant;
the integer-count argument places that constant within Ce of ¢. It therefore gives Equation (3.6)
before any identification with (). The enlargement ¢ can be any fixed number greater than one, by
a finite interior covering. In particular we use ¢ = 2 when the room has already been fixed. The
integer must be identified before applying Equation (3.8); a bound for the tilt alone does not specify
which integer to subtract.

For a positive integer j, write exp; and log; for j-fold composition. For sufficiently large T', let

FQ(T) = expyq(y/logaq T). (3.9)
We will use only the properties

(logT)* = o(Fg(T')) for every fixed a > 0, Fo(T) = T°W.

Theorem 3.2 (Signed excess). Fiz an integer Q > 1 and k > 0. In the normal-cylinder setting
above, scale a physical base radius | to one and suppose By is available. Set T = |M|+ D + A. If

T(By) < d = e T, l + sup |2phys| < d, (3.10)

where the supremum is over the restricted support above the available chart, then, for T sufficiently
large,
/ wd(2M — D — CgA) < dexp|—Fo(T)] (3.11)

whenever w is supported in By, 0 <w < 1, and Lipw < 1. The finite derivative order J, threshold,
and constants depend only on the stated fized data. For a subchart in inherited frames, the second
condition is imposed on v in Equation (3.5). For a flat reference, take A = 0 and omit the second
condition.

This is [19, Theorem 3.1]. Multiplying the test by a fixed constant allows any fixed Lipschitz
bound, with that constant on the right-hand side. The theorem does not assume that the multiplicity
is bounded by @: @ is the integer subtracted in M.

3.3 Fixed parameters

All dimensional constants and interior enlargement factors are fixed before small scales are sent to
zero. Fix an integer kernel exponent p > 4, put Jy = m + p + 4, and choose

0< B <1, 0 < ¢ <min{1,1/m}, K >0, k(2Jo +4) < 2831, 3k <C (3.12)

We then fix derivative orders large enough for Theorem 3.2 and the compactness arguments
below. Finally we choose the fitting order and its small height coefficient in Section 4. This
order is noncircular: Jy, 51, ¢, and k do not depend on the fitting order. The two inequalities in
Equation (3.12) will respectively permit the signed comparison in the frequency estimate and in the
height-normalized limit.



4 Fitting intervals and frequency control

Fix the singular origin, integer @, plane II, and target scales L; | 0 supplied by Proposition 2.1. The
scales L; retain the measure of density-Q) centers, but were not chosen by any height or frequency
criterion. We shall cover them by intervals on which a fitted center has uniform height doubling. The
construction of the local fits comes from [19, Section 7]; the selection and comparison of successive
fitting intervals are needed here because the origin need not satisfy a typical-point multiplicity
condition.

At each start, local minimal graphs fit the support until their height test first fails. We glue these
graphs to one reference disk. The failure scales determine the smallest radius on which we estimate
its height and frequency. There are then two possibilities. If this radius is zero, the frequency
estimates apply inward indefinitely. Otherwise we restart at a smaller scale where the varifold is
again close to a plane. On late intervals carrying the targets, the preceding failure bounds the
frequency at the outer end, and the new failure bounds it at the inner end. These two endpoint
bounds are what make height doubling uniform. The last subsection proves that the resulting
intervals contain every sufficiently late L;; no coverage of arbitrary small scales is required.

4.1 Local fits and their gluing

A good start is a sufficiently small dyadic scale R for which Vg is within a fixed small weak-varifold
distance of a multiplicity-Q) plane through the origin in Bggy. Use a metric on varifolds with
bounded mass, and choose a plane whose distance realizes, or approximates within a fixed factor,
the best distance. In particular, if this distance tends to zero, the corresponding varifolds converge
to their chosen planes after taking a subsequence. Throughout a start we work in units of R and
take its chosen plane as horizontal; i denotes the weight of Vi until target units are introduced
explicitly.

The goodness threshold will be decreased a finite number of times below. Weak convergence to
a plane, support convergence, and monotonicity then provide a cylinder with base containing B3,
fixed vertical room, and a support-free gap at its vertical boundary. From now on p is restricted to
this working cylinder, as in Section 3; every support condition in the fitting construction refers to
this restriction. On its interior we have the upper mass bound p(B, (X)) < Cu™ at all radii used
below, arbitrarily small support height and weak mass error, and small tilt. The scalar estimate
of [19, Lemma 2.5] also gives small projected mass defect on smaller cylinders. These statements
concern all support points in the cylinder, not a selected collection of sheets. Since the density at
the origin is ), we require the start to be small enough that all needed smaller and fixed-factor
larger density ratios at the origin are uniformly as close to () as prescribed.

Choose a finite center derivative order J > m/2+ 6, larger than the orders needed for the signed
estimate and subsequent compactness arguments. Apply the fitting lemma with order at least J + 1;
denote its exponent kg by k. In particular,

k>4+m/2. (4.1)

Next choose its height parameter mg > 0 sufficiently small. We recall precisely the fitting information
to be used.

Lemma 4.1 (Local fitting inputs). For every x € Bs, there are smooth minimal graphs Sy ¢ =
graph f, ¢ over Bgoe(x), at descending dyadic scales { = 277 starting at j = 0, through the first scale
at which

sup{| Xy — fu,e(Xp)| : X € sptp, Xp, € Beae(w)} < mol*



fails. Every constructed fit, including the first failed one, has support height at most Cmol* on
the fized interior enlargements of this test ball. On Broe(x) its normalized tilt and projected mass
defect are bounded by Cm(2)€2k_2. For a fized-base smooth vector test n supported in Broe(x), put
Nge(w) = n(x + lw) on Bry. Its first height moment is bounded by Cm%fm“k’_l||17x,g||Hq(B7O), for
some fized integer q. Thus the test norm is taken after rescaling the base ball by £~1, with no
additional amplitude factor. Comparable overlapping fits differ in derivative order j < J + 1 by
at most CmE?*=1=3 on smaller common balls. Their fived-coordinate derivatives are uniformly
bounded, and their slopes are arbitrarily small when mg is small.

At a first failure (x,0), every fixed sufficiently small comparable base subball with center in
Bsoe(x) contains a set of base volume at least /™ whose normal fibers contain two entries separated
by at least cmol®. Both entries have small tangent tilt relative to the fit and lie at height at most
Cmol* from it. The constants may depend on the fized relative subball radius and tilt threshold, but
not on the start or the failed scale.

These are [19, Lemmas 7.1-7.2 and Equations (7.7)—(7.8)]. Only small initial height and mass
error are required for these inputs. Indeed the scale-zero correction uses the horizontal plane and
smooth mass averages identifying @); subsequent corrections use the preceding fit and its selected
integer. Compatibility and failed-fit separation use these estimates and the failed height test.
The multiplicity-defect condition imposed later in that source is not used in these arguments. At
every new scale the preceding fit already bounds all support heights on a horizontal enlargement.
Consequently the normal cylinders used in the estimates retain a support-free vertical gap and
sufficient interior room. The initial cylinder supplies this property at scale zero.

Write £, for the first failed scale, and put £, = 0 if no failure occurs. We use the failures in
two ways. Their tents prescribe a spatially varying scale for gluing the local fits; the largest failure
whose 16-fold base ball contains the origin determines the lower end of the radial interval. Define
these two quantities by

t(w) = sup (bg — |w — z|)4, b = max({{; : |z| <164, } U{0}). (4.2)
TEDBs
The maximum exists because the nonzero scales are dyadic. The function ¢ is 1-Lipschitz, t(0) < b,
and hence t(w) < b+ |w|. By decreasing the goodness threshold, every failure scale can be made
smaller than any prescribed fixed positive number. Otherwise the separated entries in Lemma 4.1,
whose direction is nearly vertical, contradict convergence of the support to the start plane on the
initial cylinder.

Glue the fits using the construction in the proof of [19, Proposition 7.3], before its multiplicity-
defect argument. For clarity, regularize ¢ by t. = max(t,€), cover by balls of radii a small fixed
multiple of t., and choose a partition of unity with derivatives controlled at those scales. At a cell
center use a constructed dyadic fit of scale comparable to t. and larger than its failure scale. The
overlap estimate in Lemma 4.1 controls derivatives of the partitioned differences. Passing to a C”
limit as € | 0 gives a graph S with small slope and uniformly bounded C” geometry, for which

Hs| +|ViHs| < Cmdt?*—2, |z] < Cmot* on the support. (4.3)

Here t is evaluated at the fixed horizontal argument; in the height bound one may equivalently use
the horizontal argument of the nearest projection. The same estimate holds for vertical graph-height
differences at fixed horizontal argument. On a cell of size comparable to t > 0, the glued graph
differs from a constructed fit of comparable scale by at most Cm2t?*~! in height. These statements
follow from the overlap estimate for the finitely many comparable fits in each partition sum; they
require no density statement about {¢t > 0}.
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We make slopes, normal tubes, and geodesic coordinate neighborhoods small enough that the
relevant parametrizations and nearest projections have Lipschitz constants below 3/2. The point of
S over horizontal 0 is at distance at most C'mgb* from ambient 0. Use this point as radial center on
S, and denote geodesic distance from it by p. Fix B, = 100 and a sufficiently small r, > 0. We
shall work on

Bb<r<dr, 1>0. (4.4)

All these radii lie strictly inside one geodesic chart. The maximum failure scale is taken small
enough that the interval has the required interior room.

4.2 Weighted height on a fitting interval
Using the integer p > 4 fixed in Section 3, define

o= 1-p*r?E, =21 p* /)

Use the normal-cylinder notation of the preceding section. In particular, B = I — (Pr)pp, € = tr B,
J,=1-8,, and K, = Jz_l. Put w = Vgp, v, = K,u, and

b, = Blvs,vs], hzl—bz/|vz|2.

Then 0 < h < 1. On the central fiber choose any horizontal unit vector in place of u. If this fiber
has positive mass, its tangent is purely vertical almost everywhere on the fiber by rectifiability, so
h = 0 there almost everywhere. The reason for this factor is the sharp projection inequality

b2

(Pr)onvsl? = Blozyvs] = |Buof* < b: = %5
z

= b h.

Weighting squared height by h will therefore pair it directly with the radial tilt b, in Cauchy—Schwarz.
No positive lower bound for A is assumed. Define

H= T_m/¢|z\2hd,u, S=rt  sup |z,

p<r, Xesptp

A=r>m / $dM, E, =2 / $dD, (4.5)
R, = ’I“_m/p21/)bz dp.

The radius in the supremum refers to the projected point. These quantities will compare neighboring
radii without requiring that the center be minimal.

Lemma 4.2 (Weighted bounds). On (4.4), § > 0, § < Cr*=1, and normalized mass is bounded.
For Jo =m+ p+4 as fixed in Section 3,

6’ < H/r* < 082, (4.6)
Hs| +|VEHs| < Cor (p <),
[ s + V- s du < € [ ol d (1)

Moreover a nonnegative smooth test x.,, with reference integral one and support in {p < r/4}, can
be chosen so that its projected mass average is within 1/8 of Q and r™||x,|| o < C. All constants
are uniform among good starts.
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Proof. 1f t(w) > 0 and p(w) < r, choose a failure (x, ¢) for which ¢ —|w —z| > t(w)/2. Since |w| <,
either |x| < 16/ or 16¢ < r + ¢. Thus

¢ < max(b,r/15) < r/15. (4.9)

Equation (4.3) gives § < Cr*~1. The projected cylinder is contained in an ambient ball of comparable
radius, so monotonicity gives its normalized mass bound.

If 6 = 0, the support lies on S in a neighborhood of ambient 0: its projection lies inside {p < r}
because its distance from the radial center is O(mgb*). Tangential stationarity then makes the
multiplicity, extended by zero on the disk, constant. It is positive because 0 belongs to the support.
Normal stationarity and elliptic regularity make S smooth and minimal there. This contradicts the
singularity of 0.

We next locate the height that pays for a witness. The argument is the weighted construction
of [19, Proposition 7.4], with (4.9) replacing its typical-point estimate. If the witness is near the
kernel boundary, move inward by ¢ along the radial geodesic and take a ball of radius a sufficiently
small fixed multiple of /; otherwise take a nearby such ball. This ball lies within the kernel support,
and its center remains within Bsoe(z) in the fitting coordinates. On it ¢ and 1) dominate, up to
fixed constants, their suprema on a small cell containing the original point, and ¢ > c(¢/r)P~!.
Lemma 4.1 supplies separated entries above a set of base volume ¢/™. Two entries separated in a
nearly vertical direction cannot both lie within a sufficiently small multiple of their separation from
a small-slope graph. After transferring to S, at least one entry therefore has height at least cmgl*
and h > 3/4. Small slopes and the height bounds make changes of horizontal argument smaller
than the available subball margin. The projection Jacobian bound converts base volume into the
same lower bound for mass.

In particular 67 > e¢mol*. At a point approaching the height supremum, the witness also satisfies
5r < Cmgl*, by (4.3). Hence

H/r? > c¢6*(0/r)™ P, Lfr > 5k,

where the last inequality uses r < 1. This proves the lower bound in (4.6), for example with
Jo > 2+ (m+p—1)/k; its upper bound follows from the mass bound. The comparison & > cmgl¥,
together with k > 4, proves (4.7).

To prove (4.8), group witnesses by dyadic scale and use each covering grid cell once at its scale.
By (4.3), the curvature-square integral on a cell of size ¢ is at most Cma¢**=8+m gup ¢. Its paying
ball contributes at least cm%£2k+m sup ¢ to the height-square integral. At each scale the paying
balls have bounded overlap, since they are moved by only O(¢). Summing the factors Cm2¢?+~8
proves the assertion. The cells may be used as an overcover, so no measurable choice of witnesses is
necessary.

Finally choose a smooth decreasing radial mass test on a small fixed fraction of r. Compare it
with the corresponding ambient radial test at 0. The displacement of the center is O(mgb*), the
support height is O(r*), and chord and geodesic radii on S differ by O(r3). The radius replacement
has error O(r?), so the normalized averages differ by O(r), including their reference normalizations.
All support encountered by the ambient test lies in the cylinder and has projected radius below /2.
The ambient average is close to (Q by the density-ratio requirement at the start. Decreasing the
fixed parameters gives the stated 1/8 bound. O
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4.3 Frequency estimates and their inward consequences

The preceding lemma gives positive height and the single-radius hypotheses for the frequency
calculation. Set

P=A/H, n.,=E./H ¢ =R.,H,  T=log(r?*/H), g=T"2.

Then T is comparable to |logd| and T > 2|logr| — C. A dot denotes differentiation with respect to
log r.

The use of signed mass in P = A/H is dictated by horizontal stationarity, which controls A.
To see the intended cancellation, temporarily omit the geometric errors in the estimates below.
Signed excess gives 2P < n,, the sharp flux inequality gives n? < ¢, and the variation identities
give A/H =2P —n. + ¢, and H/H < 2n,. For P > 0 these imply

P>2P —n, +nz —2Pn, = (ns — 1)(n. — 2P).

This expression is nonnegative when P > 1/2. The next two lemmas quantify the errors and recover
the inward bounds and height comparison needed on a fitting interval.

Lemma 4.3 (Frequency on a fitting interval). After fixing r. sufficiently small, on (4.4) the
following inequalities hold:

|P] < Cns +7%) + 145, (4.10)

2P§n*+Cg(n*+l)+C’r2+?7q*, ( )

Ny < V/qx + Cr? + NN, (4.12)

[A/H = (2P = n. + )| < C{ry/a +r2(1+ na)} +n(n. + q.), (4.13)

—m < H/H < 2n, + Cr 4+ n(n. + ¢.). (4.14)

Here n = C6* < C'e™T for fixed positive o, ¢, and constants are uniform among intervals. The
functions whose derivatives occur are locally absolutely continuous in logr.

Proof. We verify the transfer of the calculation in [19, Lemmas 8.1-8.2]; this also identifies the
precise single-radius inputs. The definitions and positivity of B give

7 [ ol du < O(H + 8°F.),
r_m/wz\zdu < C{H + 8*(E, + R}, (4.15)
r’m/qﬁdA < O(H + §*E,).

For the first bound use 1 — h < Ce; for the second split at 7/2 and use 1 — h < Cb, on the outer
part. The last bound also uses (4.8), with physical units equal to the current start units.

Here are the details of the mass comparison, where preserving the coefficient one in (4.11) is
essential. For the fixed 0 < ) < 1/4 put 71 = 6. Away from the outer collar we use signed excess;
on the collar we use a radial first-variation test. Choose a radial cutoff x equal to one at relative
depth 1 — p/r < ~? and zero at depth at least 272, and put

Gthin = X0, Pourk = (1 = x)o.
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Cover the support of ¢puk by cells centered at x; of radius A\ = c1y?r, with a smooth partition of
unity ¥, and bounded overlap of fixed enlargements. Choose ¢; small enough that these enlargements
stay inside {p < r} and ¢ is comparable there to ¢; = ¢(z;). Their mass is O(A]*) because dr = o(A1).
Testing normal stationarity with a cutoff times z and using (4.7) yields

AL™(D + A)(Bey,) < €8240,

This is the local estimate in [19, Equation (8.6)]. The scalar estimate selects an integer on each
cell; the small exceptional projection sets cannot fill the prescribed overlaps, so the integers agree
throughout the connected bulk; call their value q. Put e = C'62~*%1. Partition the smooth mass
test from Lemma 4.2 over the cells. Each piece has the scaled derivative norm in Equation (3.6)
bounded by Cr~™. That homogeneous estimate bounds its error relative to ¢ by CeA7'r~", without
dividing by the piece’s possibly small integral. Bounded overlap gives >~ AT* < Cr™, so the total
error is O(e). Since the test average is within 1/8 of @, integrality gives ¢ = Q.

The scalar estimate now bounds |M|(Byy, (z;)) by C(D + A)(Bsa, (x;)). Summing with compa-
rable weights gives the absolute bulk estimate

T2_m/¢bu1k d|M| < CT2_m/¢d(D +A) < C(E.+7*H). (4.16)

In the last inequality a small multiple of F, is absorbed using (4.15).
For signed excess, use fresh charts on the cells and set

d; = max{CA\["™7(Bu, (z;)), 8>} T; = —logd;, 7=|M|+D+A.

The local bounds and the floor give c|logd| < T; < (2Jy + 4)|logd|. The physical smallness
hypothesis follows from

A1 4 sup |z| < €621, k(2Jy +4) < 20.

These are precisely the fixed parameter choices in Equation (3.12); the required derivative orders
were chosen after Jy and «, and before the fitting exponent. The partitioned tests ¥;@puik/(Cd;)
have size and Lipschitz constant at most one in cell units. Applying signed excess to these tests and
restoring the measure factors gives

27’27m/¢bu1k dM < T27m/¢bulk dD‘i‘CQrZim/(bbulk dA

+CrPm N giATd e Ty,
J

The weighted budgets satisfy

S gAPd; < C / $d(D + A) + Crmg>ott,
J

by scalar control on the enlarged cells and bounded overlap. The exponential factor is smaller than
any fixed negative power of T, and the floor costs 7262704 < C'§7/0t*H by (4.6). The signed-excess
remainder is therefore at most C'g(E,+ H). The separate CgoA term is bounded by Cr’H+Cr%5%E,;
since 7262 = o(g), it contributes only Cr?2H + CgFE,. This proves the bulk signed comparison with
leading tilt coefficient one.
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For the thin part, let a be a multiplier with sup(|a| + 7|Vga|) < 1. The radial primitive
constructed in [19, Lemma 8.1, Equation (8.11)], cut off at relative depths between ~y; and 271, gives
a compactly supported tangent field X with

divg X = adthin + ¢, | X|/r + |VSX — athint ® u| < C”y%gb.

Here ¢, is supported on that thicker cutoff collar and |g.| < C’yf“gzﬁ. Its mass contribution is
controlled by the absolute bulk estimate (4.16). In horizontal stationarity, the principal derivative
of X pairs with radial tilt Blu,u]; the remaining derivative has the small factor 4. The resulting
bound is

7“2*m ’/ a(bthin dM’ S Cr27m / (ZsthinB[u; U] dﬂ + C(SQE* + CT’QH

< C6“(E, + R,) + Cr?H.
For the last inequality use, on the thin collar, ¢inin < Cv3(p/r)%¢ and Blu,u] < 2b, + C|z|?e. The

errors use only horizontal stationarity, fixed geodesic geometry, and (4.15). Combining the absolute
bulk and thin estimates proves (4.10), including its version with any bounded scaled C'* multiplier.
For the signed estimate take a = 1 and combine with the signed bulk bound. The small tilt error is
absorbed in CgE,, since every positive power of § is o(g); the radial error remains nR,. This proves
(4.11).

Normal stationarity gives the flux estimate
‘E* — T_m/p¢z (Pr)onv. dp| < Cr*H + nE,.

Projection algebra gives the exact inequality |(Pr),nv.|? < b.h; Cauchy-Schwarz proves (4.12).
Horizontal stationarity with the lift of pu gives (4.13), as in [19, Lemma 8.2]. Its geodesic volume-
distortion multiplier has bounded scaled C'' norm, so the preceding absolute estimate applies with
a uniform constant.
One modification is needed for the height identity because our center need not pass through

ambient 0. Off the central fiber put

_ pKiu

a | Kul?

Then DY = P, 4+ O(p + |z|), where P, is horizontal projection at the nearest point of S. To see
this, the pulled-back radial field pu has derivative Py, + O(p + |z|). Its correction in Y is p times a
function of the tube coordinates and u that is O(]z|), including its angular derivatives. Angular
differentiation therefore costs p- O(|z|)/p = O(|z|), and the remaining derivative costs O(p). Testing
with 1|z|?Y gives the following identity, whose integrand is extended by zero on the central fiber:

2,02 . (PT)thZU} d,u
|Kul?

f— r—m/¢ {yz|2(tr(PTDY) —mh) + (4.17)
This is [19, Equation (8.18)]. First omit the central fiber using a radial cutoff. The transition term
tends to zero because Y = O(p) and the mass of the open shrinking transition annulus tends to
zero. On the fiber h = 0 almost everywhere, so the left-hand side is unchanged; the flux term has a
factor p. The error in DY is O(r) on the support, and (4.15) and the normal flux estimate give the
upper bound in (4.14). The lower bound follows by direct differentiation of the nonnegative weight
r~™). All parameter choices have been fixed independently of the start. O

We now extract the ODE consequences before selecting successive starts. The proof adapts [19,
Proposition 8.3] to finite intervals with controlled endpoint values.
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Lemma 4.4 (Inward control). There is a fized large K such that, writing vo = A/H,
|IP|>K = ¢/|P|>cmin(|P|,n"), v > CGx. (4.18)

When K < P < T4, .
P> —C(rP + gP?). (4.19)

A lower bound for P at the smaller-radius endpoint of a finite interval gives a lower bound throughout
that interval. On an interval extending to zero, P is bounded below for all sufficiently small radi.
If at a sufficiently small starting radius ro one has Py < T¢, then inward throughout the interval

P < exp(1l) max(K, Fp). (4.20)

Such a starting radius exists on every interval extending to zero. Finally, wherever |P| < Cy and n
is sufficiently small depending on Cy, every fixed bounded-ratio subinterval satisfies

H(') = H("), /%M%TSG (4.21)

The constants in the last conclusion depend on Cy and the radius ratio, not on the position of the
interval.

Proof. Equations (4.10) and (4.12) imply |P| < C(,/gx + %) + Cng.. For |P| large, either the
square-root term or the last term controls a fixed fraction of |P|, proving the first assertion of (4.18).
Equation (4.13) then gives its second assertion, after increasing K and decreasing 7.

For positive P, quotient differentiation and the upper height bound give the principal expression
2P — ny, 4+ ¢« — 2Pn,, with the errors displayed in Lemma 4.3. If g, is larger than a sufficiently
large fixed multiple of P?, it absorbs all negative terms, since n, < C V@ + Cr? and nT* = o(1).
Otherwise n, < CP and

¢« > n2 —Cr*P — CnP?, ny > 2P — C(gP 4 1% + nP?).

For large K the principal terms factor as (n. — 1)(n. — 2P), bounded below by —CP(gP +r%+nP?).
Since nT* < g at small radii, the term nP? is absorbed by gP?. This proves (4.19).

If P < —K, the lower height bound gives P = vy — PH/H > c¢q. —m|P| > 0. Thus P decreases
in inward time — logr whenever it is below —K. This proves the finite-interval lower bound from
the inner endpoint. On an infinite interval, such an excursion would also make A < 0 decrease
inward and remain below a fixed negative value. That is impossible because A — 0: its normalized
mass integral is bounded and it has a factor r2.

To prove the upper bound, work on a component where P > K before any exit through P = T%.
In inward time, (4.19) gives

(log P)' < C(r +T71).

The integral of this right-hand side from a sufficiently small radius to zero is less than one, since
T > 2|logr| — C. Moreover Z = T — log P = log(r?/A) satisfies Z' = vy/P — 2 > 0 by (4.18). If
the component starts at ro with Py < T¢, then P < exp(1)Py and T' > Tpy — log Py + log K > Ty /2.
For large Tj these inequalities exclude P = T*. Components starting later at P = K satisfy the
same argument, giving (4.20).

On an infinite interval, suppose no sufficiently small radius satisfied P < T2. Then eventually
P > T? and (4.18) implies Z’ > ¢T? — 2. The lower bound for 7" makes Z positive eventually. Since
Z < T in this regime, one then has Z’ > ¢/Z?, which forces blow-up in finite inward time. The
continuous positive quantities A, H are defined at every finite time in this regime, a contradiction.
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Finally, for |P| < Cp, use the upper height derivative bound if P > 0 and the lower bound if
P < 0. Absorbing ng, gives .
P > cq. — Cg,.

Integration bounds | g, dlogr on every bounded-ratio interval. Equation (4.12) and Cauchy—Schwarz
bound [ n,dlogr, and (4.14) gives both height comparisons in (4.21). O

4.4 Covering the prescribed target scales

We have obtained height comparison whenever the frequency can be bounded above and below on a
radial interval. For a finite interval, Lemma 4.4 uses an upper bound at its outer endpoint and a
lower bound at its inner endpoint. The restart construction supplies them from different failures:
the preceding start’s failure supplies the outer bound, and the current start’s failure supplies the
inner bound. If no failure occurs near the origin, the interval extends to zero and the infinite-interval
conclusions of that lemma apply instead.

We first define the starts and prove that their intervals contain the prescribed targets. Fix
N, = 1000, and choose a dyadic factor

F > 10N, B, /r,. (4.22)

Decrease the maximum failure scale so that F'b < 1/4 and 8N, B,b < r, for every good start. Its
target interval is
B.bR < L < (r«/Ny)R, L>0. (4.23)

Starting at one good dyadic R, if b > 0 choose the next start to be the largest good dyadic scale
at most FbR; if b = 0, stop. Such a next start always exists: every dyadic scale comparable to a
sufficiently late L; by fixed factors is good, because Vi, — Q|II| locally.

Proposition 4.5 (Uniform comparison at the targets). All sufficiently late L; belong to intervals
(4.23). After passing to a subsequence, either one interval extends to zero and contains all these
targets, or the indices of their covering intervals tend to infinity. In the latter case, on each
sufficiently late covering interval,

IP(r)|<C  (Bib<r<ry), (4.24)

and (4.21) holds there with uniform constants. In the former case the same conclusions hold on the
sufficiently small-radius part of the fized interval.

Proof. Coverage of the targets. The top of the interval belonging to R is (r./N,)R. Successive tops
decrease to zero unless the construction stops, since the next start is at most FbR < R/4. Suppose a
target L; lies below one top and above the next, but misses the first interval. It must then lie below
its lower endpoint, so L; < B.bR and FbR > 10N,L;/r.. A dyadic scale between 2N, L;/r, and
AN, L;/r, is therefore eligible for the next start. For all sufficiently late i it is good, by convergence
at L; to a plane. Maximality of the next start would make its top larger than L;, a contradiction.
Hence all sufficiently late targets are covered.

A fixed interval containing targets tending to zero necessarily has b = 0. On that interval
Lemma 4.4 first supplies a lower bound and a sufficiently small radius with P < T2, then an upper
bound and height doubling inward. This proves the assertion in the fixed-interval case. After taking
a subsequence, we may therefore restrict to targets whose covering interval indices tend to infinity.
There are then infinitely many starts, all with positive failure parameter b.
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Geometry of the late starts. We first show that the b values of these covering intervals tend to zero.
Otherwise their start scales would be comparable to their target scales, since Byb < L;/R < ry/N,.
The start varifolds would then converge to planes, contradicting failed-fit separation at a scale
bounded away from zero.

In fact the start varifolds converge to multiplicity-Q) planes even without comparability to the
targets. Any subsequential limit is a stationary tangent cone at 0, of density ). Pass also to limits
of the start coordinates and their uniformly controlled center graphs. Because t(w) < b+ |w| and
b — 0, the limiting cone lies within C|w|* of a C! graph through 0. Every conical ray is therefore
in the tangent plane of that graph at 0. Constancy gives a multiplicity-Q) plane. Thus, if a minus
sign denotes the preceding interval, eventually

R=Fb_R_. (4.25)

Indeed the right-hand side is dyadic. If it exceeded the chosen R, then 2R would still be eligible;
planar convergence of Vg on every fixed ball makes 2R good, contradicting maximality. It follows
also that b_ — 0. If not, the preceding starts would be comparable to the current planar starts,
again contradicting separation.

The outer endpoint: the preceding failure. We now work entirely in the current start’s units.
The preceding failure will give an upper support-height bound and a matching lower height integral
on fixed room. Together these bounds will control P(r,). Define the preceding failure height in
current units by
mob®
Fb_ -

In every required fixed bounded region of the current start, all support points are within Chg of
the preceding center, expressed in current units: in preceding units the region has radius O(Fb_),
and (4.3) applies with ¢ < b_ + |w|. The preceding and current start planes make a small angle. To
verify this, take a subsequence: the preceding centers in current units have small slope and pass
within Chg of 0, and the current planar support limit lies in their limiting graphs. The current
chosen planes converge to this support plane. This proves the asserted angle bound, allowing a fixed
enlargement of the small slope threshold.
The current center consequently satisfies

ho =

2] < Chg (4.26)

on the region containing {p < 4r,}. Indeed a current witness of scale ¢ supplies two entries separated
by emof* in a direction nearly vertical also for the preceding plane. Both lie within Chg of its
small-slope center, so cmol* < Chg. Equation (4.3) now proves (4.26). By Lemma 4.2 at radius 47,
the mean curvature and its first normal derivative are at most Chg there as well. Every comparison
is internal to both cylinders: the current cylinder has fixed room, whereas its required region in
preceding units shrinks with F'o_ — 0.

A preceding failure attaining b_ supplies the complementary bound

H(r,) > chd. (4.27)

Its center is within 16b_ of horizontal 0, so the failed-fit lemma may be used on a subball centered
near horizontal 0. The entries lie within ambient radius C'b_ in preceding units: their heights over
the fit are O(mgb® ), and the glued center has the same bound at 0. In current units they are well
inside {p < 7.} by (4.22); their mass is bounded below by a constant times F'~". Their tilt remains
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small relative to the current center. At least one entry of each separated pair has height at least chg
over that center, proving (4.27).

The cutoff normal test with z on fixed room around r,, using (4.26) and its curvature bound,
gives F,(r.) + Ri(ry) < ChZ. Hence (4.10) and (4.27) bound |P(r,)| uniformly, while T(r,) — co.
In particular P(r,) < T(r,)? for all sufficiently late covering intervals, as required for the inward
upper bound.

The inner endpoint: the current failure. For b > 0 we use the same height-versus-tilt comparison
at radius B,b, now supplied by the current failure. On a fixed enlargement, |z| < Cmgb* follows
from t < b+ |wl; the curvature bounds of Lemma 4.2 apply there. The cutoff tilt estimate on room
of scale b gives

E.(B.b) + R.(B,b) < Cm2v?*.

The inverse-square scale in that estimate is canceled by the factors in (4.5). A failure attaining b,
tested on a subball of radius 1072b near horizontal 0, supplies low-tilt entries well inside the kernel
and proves H(B.b) > em2b®:. Thus |P(B.b)| is bounded as well.

The outer bound controls P from above as the radius decreases. The inner bound controls it
from below: once P < —K, it decreases inward, so a value below the inner-endpoint bound could not
recover before that endpoint. Lemma 4.4 therefore gives (4.24). Its final smallness requirement on 7
is uniform on late intervals: use 6 < Cr on the sufficiently small radii and (4.26) on the remaining
radii. This proves the uniform height comparison. ]

5 A centered height blow-up

The interval construction has supplied height comparison at the target scales without changing the
sequence that carries the density centers. We now normalize height at those scales. The resulting
centers have mean curvature negligible at the height scale, and their first height moments vanish.
These two properties will allow both first variation and the density comparison to pass to the limit.

Proposition 5.1 (Centered blow-up at the target scales). Let the stationary integral varifold,
singular origin, integer Q, plane 11, and sequence L; | 0 be as in Proposition 2.1. After taking a
subsequence and identifying I1 with the horizontal plane, there are positive a; — 0 and C7 graph
disks S; over a fized enlargement of Bg C II, converging to I through all derivative orders needed
below, with the following properties. In target units let p; be the weight of Vi, let m; be nearest
projection to S;, and set

Z; = X — TI'iX, Ml = (71-1)#,“1 — QVOISZ., Dl = (7‘(‘1)#(61,[1,1)

All measures are restricted to one fized interior normal cylinder containing the support in question,
with a support-free gap at its vertical boundary. On the part over Bg,

D; + |M;| = O(a?) in total mass, |zi| < Ca; on the support,

7

) (5.1)
sup(|fs,| + |V Hs,|) = o(a), a; () w(zips) — 0.

Moreover the normalized height-square measures have uniformly bounded mass there and are quanti-
tatively nonzero on a fixed compact subset of By; in particular, for all sufficiently large i,

c< a;Q/ en |22 dps < a;z/ |22 dp; < C. (5.2)
T XED3

Ty GBS

Balls in this statement are understood through the graph coordinates over 1. The weak convergence
in (5.1) holds against compactly supported tests in Bs.
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Proof. We prove successively the integral normalization, negligible curvature, uniform support
height, and first-moment centering. In all intermediate estimates we retain larger fixed interior
regions than those in the statement.

Integral normalization and convergence of the centers
For the interval covering L;, let R be its start, use its center S, and put

T, = LZ'/R, a; = I;{(rl) > 0. (5.3)
7
The notation R and S here may depend on i. If ; — 0, then a; — 0 by (4.6) and § < Crf_l. If r;
stays bounded away from zero, we are in the multiple-interval case, and (4.26), with hg — 0, gives
the same conclusion. These cases also show that (cr;) — 0 for every fixed enlargement used below.
Subsequences suffice to handle them.
Proposition 4.5 yields

—m 2 2.9
T / |z]°dp < Cajry,
p<2007;

Ti_mD(Bégoon) < 00?7

(5.4)

where these expressions remain in start units. Indeed (4.21) supplies a radius in [400r;, 6007;] at
which ¢, and hence n,, is bounded. These radii lie below 7, because r; < r,/1000. The weights at
that radius are bounded below on {p < 2007;}, so (4.15) gives the height bound, and the definition
of E, gives the tilt bound. There is also a converse height lower bound ca?r? already on {p < 2r;},
directly from H(r;) = a?r?.

Dilate the center into target units and denote it by S;. Its graphs have uniform high derivative
bounds on fixed balls: their start derivatives are uniformly bounded and the dilation introduces
factors r! ~1 in derivative order j. Their heights at horizontal 0 before dilation are at most C'mgb®,
and their slopes are small. Since b < r;/B,, the center positions remain bounded after dilation. The
sup height estimates show that support points on each needed fixed region are at distance tending
to zero from these graphs in target units. For example, support points in an ambient ball of radius
60 have projected geodesic radius below 180, by the fixed projection bounds and the position of the
radial center. Support convergence to Q|II| therefore places a corresponding patch of II in every
subsequential graph limit. A small-slope graph containing this patch must equal the plane there.
Compactness with extra derivative orders gives the asserted smooth-enough convergence. Passing
to a subsequence also fixes the limiting rotations of the start coordinates. We may now regraph
over II on smaller fixed room.

Curvature below the height scale
We claim that, on a fixed region larger than the one in the statement,
sup(|Hs,| + |V Hs,|) = ola;). (5.5)

Temporarily return to start units. At a point with horizontal argument of norm at most 40r; and
t > 0, choose a witness (x,¢). The argument for (4.9) gives ¢ < max(b,40r;/15) < 3r;. Apply
failed-fit separation on a small subball near that point; its center lies within the allowed 30¢ of
x. The subball, and the changes between its fitting and normal projections, remain inside the
upper-bound region in (5.4). Separation and small slopes give height at least cmof* on mass at
least ¢/™. Consequently

air; > emol®(0/r)™2. (5.6)
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All such witness scales tend to zero uniformly. This is immediate when r; — 0, and otherwise follows
from a; — 0 in (5.6).

The pointwise start-unit curvature estimate is Cm2¢2*=* by (4.3) and ¢ < 2¢. Mean curvature
and its first normal derivative acquire factors 7; and r?, respectively, in target units. Thus, for mean
curvature, (5.6) gives

< Oyt g

The derivative has one additional factor r; < 1. The exponent of ¢ is positive by (4.1). At t =10
both curvature quantities vanish by (4.3). This proves (5.5).

A uniform bound for support height
Integral control alone would not suffice for all later expansions. We strengthen it to
|zi| < Cay (5.7)
on fixed inner room. The normal-displacement trace formula [19, Equation (7.9)] is
Pr: Dz =e; — Hs, - zi + O(]Is, || 2i|* + [TLs, |es] 24]). (5.8)

Since V|z;|? = 22;, the nonnegative ambient function G = |z + af satisfies, on the support,

tr(PrD*G) > —CG. (5.9)

Here the positive 2e; term absorbs its small multiple in (5.8), and (5.5) bounds the term linear in
height by C(|z|? + a?).

For completeness, (5.9) has the requisite mean-value consequence on a stationary varifold. Fix a
support point X, put d = | X — X,|, and take a nonnegative decreasing smooth radial kernel f(d/l),
supported in d < [ and positive at d = 0. Define

10 =17 [ £(d/0G dns.

Radial stationarity gives

df —m

Togi 2" [ 1a/VrG - (X~ X dy

The discarded term is nonnegative because f is decreasing. Use the primitive Fj(d) = [;°tf(t/l) dt,
whose gradient is — f(d/I)(X — X,) and which satisfies F} < CI1%f(d/l). Stationarity and (5.9) bound
the right-hand side below by —CI?I(I). Integration of this differential inequality down to zero, using
density at least one, bounds G(X,) by a fixed-radius integral of G around X,. The integral is O(a?)
by (5.4) and the mass bound, proving (5.7).

These tests may be made for all points with horizontal arguments in a fixed ball of radius 25 in
target units, using small fixed ambient balls. Their heights already tend to zero by the earlier sup
height estimate. To check that the normal coordinates include all relevant support, in start units use
t(w) < b+ |w| and (4.3): on these arguments the heights are small compared with r;, and changes
from horizontal to projected arguments are smaller still by the small slope. Decreasing r, once fixes
all needed tube and chart margins. Regraphing over II preserves smaller fixed interior regions.
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Vanishing of the first height moment

It remains to prove
a; (i) 4 (zip) = 0. (5.10)

We first use horizontal tests and vertical graph-height differences in the start coordinates. Take
an arbitrary fixed smooth test of w/r;, supported in horizontal Bja,,, so that its derivatives are
bounded at that scale. We do not yet pull tests back through the changing centers. By convergence
of their coordinate changes, this region contains the supports of target tests on Bg C II for all
large i; coordinate conversion will be made after proving the fixed-coordinate limit. Cover {¢ > 0}
there by balls of radii a small fixed multiple of ¢ at their centers, selecting a disjoint smaller family
and a bounded-overlap enlargement. The Lipschitz property of ¢ gives a partition of unity whose
derivatives are bounded at the corresponding cell scales. Height is zero off {¢ > 0}.

On a cell choose a constructed fit of dyadic scale L comparable to ¢t and sufficiently large
compared with it, as in the gluing construction. Cells meeting the test support have centers in an
O(r;) region. More explicitly, choose the enlarged cell radius at most ct(w) with ¢ < 1/10. A cell
meeting Big,, has

|w| < 12r; + ct(w) < 127 + ¢(b + |w)), lw| < 1474,

because b < r;/100. In particular L < Cr; and these centers lie strictly inside the 40r; region used
for (5.6). Applying the first-moment estimate in Lemma 4.1 to the partitioned test, whose required
scaled derivatives are bounded, gives an error at most

CL™m3L* 1, (5.11)
This controls the height over the local fit. Its difference from the glued center has height C’m%L%_1
so the same bound controls that remaining contribution, using the cell mass bound.
To compare (5.11) with the target height scale, choose a witness at the cell center. It satisfies
¢>1/2, hence L < CY, though no converse comparison is required. Equation (5.6) implies

)

m(Q)LQk;—l

< COmgr]2¢R=1=m/2
a;T;

uniformly over the cells. Positivity of the exponent follows from (4.1), and the witness scales tend
uniformly to zero as proved above. Independently, bounded overlap of the cells and L < t give
ST L™ < Cr™. Summing (5.11) therefore gives an error o(a;r™*'). This is exactly the vanishing
first moment after mass and height are expressed in target units.

Finally convert from vertical graph-height differences to normal displacements. At first order
this conversion is the normal projection at the graph point, with uniformly bounded quadratic
error. By (5.7) the vertical differences also have size O(a;). The quadratic error is therefore O(a?),
and test arguments change by O(a;), which has the same harmless effect. The coefficient matrices
converge uniformly on the fixed chart. The normalized first-moment measures have bounded total
variation, so their convergence against fixed smooth tests extends to these converging tests and
matrices. This proves (5.10).

We can now collect the conclusions in target units. The tilt estimate in (5.4) gives D; = O(a?)
on the required room. The scalar estimate, Lemma 3.1, with (5.5) and (5.7), gives |M;| = O(a?)
there as well. Its integer is @, identified by smooth averages and convergence to Q|II|. If a fixed
small physical radius is needed for that estimate, a fixed dilation changes only constants. The

lower height bound after (5.4), originally in geodesic radius 2r;, lies in graph-coordinate Bsg for all
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large i, because the centers converge to II and their radial origins tend to 0. This proves (5.2). All
calculations retained enough room to select the fixed cylinder over Bg, with a vertical cutoff in a
support-free gap. Hence they concern the full local varifold measure required in the statement, and
the proposition follows. O

6 Linearized measures and signed excess

The centered blow-up of Proposition 5.1 has small height, small tilt, and negligible mean curvature
at the height scale. We now retain its second-order information as measures on the limiting plane.
This formulation allows tilt to concentrate: no compactness theorem for a limiting collection of
graphs is required. A related use of measure-valued limits for stationary two-valued graphs appears
in the generalized-gradient Young measures and linear measure solutions of Hirsch and Spolaor [12,
Sections 2-3|. The measure equations needed here are derived directly below.

For a concrete model, let u : 2 — R™ be a smooth harmonic map on an open subset of R™. Its
squared height, height flux, and gradient energy define the measures

vy = |ul? dy, (fu)a = u- Ogudy,
(6u)ab = Oqu - abu dya my = %|Du|2 dy,

where 1 < a,b < m. Their block matrix is a Gram matrix, and harmonicity gives Vi, = 2f,,
div f,, = tr By, and div 8, = Vm, in distributions. Moreover 2m,, = tr 8,. The proposition below
retains these identities and block positivity, with the last equality replaced by a one-sided inequality.
The model explains the roles of the measures; the actual limit is not assumed to admit such a
harmonic-map representation.

Proposition 6.1 (The limiting measure equations). Let V; be stationary integral m-varifolds
converging locally to Q|II|, where Q is a positive integer and II is an m-plane. Let S; be reference
graphs converging to 11 in every fixed finite derivative order used below, on a normal cylinder with
fized interior room over a connected disk 2 C II. The cylinders contain all support used below and
have a support-free gap at their artificial vertical boundaries above each compact base subset. Let p;
denote the weight of V; restricted to this cylinder, m; nearest projection onto S;, and z; = X — m; X.
All pushforwards below use this restriction. Use the horizontal and vertical tangent blocks relative
to S; to set B; =1 — (Pr)pn, € = tr By, D;y = (m;)#(eips), and M; = (m;) 4 — Q volg,. Suppose
a; 1 0 and, on each compact subdisk with interior room,

|M;| + D; = O(a?), |zi] < Ca; on the support,
[Hs,| + [V Hs, | = o(ai), a7 (mi)g(2ip) — 0.

Assume also that a;*(m;)4(|zi|?w:) has a positive uniform lower mass bound on a fived compact
subset of Q. Identify the bases by their converging graph coordinates. After passage to a subsequence
there are Radon measures satisfying

a; *(m) w2 ) = v, a; > (mi) 4 (Bipi) = B,
az-_QDi — dy = tr 3, ai_QMZ- —m, (6.1)
a; * ()4 (2 - (Pr)on ps) = f-

Here v # 0 and dy are nonnegative measures, f is vector-valued, 5 is symmetric matriz-valued, and

m is signed. They obey
v ft
>0 6.2
(f g ) - (6:2)



as a matriz-valued measure, and
Vv=2f  divf=do, / div X dm — / DX :df (X € CX(LR™).  (6.3)
Q Q

Finally, locally on €2,
2m < d(), \m| < Cd(). (64)

The data supplied by Proposition 5.1 satisfy these hypotheses, with a fixed disk containing the closed
unit ball of density centers.

Proof. All estimates are on compact subdisks with a fixed enlargement. Graph volume factors
are included when measures are transported to €2, and tensor components are taken in smoothly
converging orthonormal frames. The assumed mass bounds give weak compactness. The projection
identity

(Pr)no(Pr)on = B; — B < B,

shows both that the flux measures have bounded mass and that the block matrix before passage to
the limit is positive semidefinite. This proves (6.2); the lower second-moment bound gives v # 0.

Vanishing geometric errors

We record the horizontal first variation carefully, since the height normalization may be much
smaller than the curvature of the reference graph. Suppress i temporarily. For a tangent field Y on
S, let J, =1—S8,, where S, is the shape operator, and lift Y to the ambient field J,Y. The curved
first-variation calculation in [19, Lemma 2.2] gives

Pr:D(J.Y)=divsY — B: V7Y + &y, (6.5)

with the following sharper error in the present setting. Choose €; — 0 dominating the fixed geometric
derivatives of S; that tend to zero and such that |Hg,| + |V Hgs,| < €;a;. Then

€| < Cei {|mlel VIV |+ (ail 5] + 2 + Ve )Y ]} (6.6)

Indeed, in frames whose tangent and normal connections vanish at the point of calculation, the
horizontal derivative has blocks

DY) = (V) IS =K. J7,  Ka(a) = (VeS).Y.

Conjugation preserves the trace of VY, and its pairing with B has error O(g;|z|e|V°Y|). Codazzi
gives tr K, = (VyHs, 2). The remaining horizontal terms are bounded by Ce;(as|z| + |2|? + e|2])|Y].
The symmetric sum of the off-diagonal blocks is, when paired with a tangent vector a and a normal
vector v,

{a, J;1[S., S,]Y).

It is O(e?|z||a||v||Y]); pairing with (Pr),, costs at most Cy/e. This proves (6.6), including in
arbitrary codimension.
The corresponding normal formula, obtained from D = J; 1Py, is

Pr:Dz=e—Hg 2+ O(|Is)?|2]* + [[gle|2]). (6.7)

This is the normal trace computation used in the minimal-fitting argument of [19, Equation (7.9)].
At normalization a; 2, every error in (6.6) and (6.7) tends to zero in mass: use |z| < Ca;, [ e;du; =
O(a?), and Cauchy-Schwarz for [|z;|\/€; dpu;.
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Stationarity tested with .J,,Y now yields the last identity in (6.3); the reference-volume integral
of a divergence is zero. Testing instead with |z;|?J,,Y gives Vv = 2f. Terms containing both B;
and |z;|? disappear, and the differentiated height contributes 2z; - (Pr),nJ,,Y; replacing J,, by the
identity has vanishing normalized error. Finally, the normal test ¢z;, with ¢ a smooth base function,
gives [@ddy+ [Ve-df =0 by (6.7). Thus all equations in (6.3) hold.

Applying signed excess at the height normalization

It remains to prove (6.4). There are two requirements for applying Theorem 3.2 at this normalization.
First, its geometric error A; must be o(a?); in target units its height-square term is only O(a?). We
achieve this by changing physical units. Second, the physical chart radius and support height must
be small relative to the local excess budget. We meet that condition by dividing the base into cells
whose radii are powers of a;. These choices do not require a rate relating a; to the original target
scales.

Fix a compact test support and an interior enlargement. Dilate physical space by d} | 0
sufficiently slowly that all required finite geometric derivatives remain bounded and

‘Hsi ’
d;ai

’leSJ
(d})?a;
Such a choice exists because each numerator divided by a; tends to zero, and all the finitely many
graph derivatives tend to their flat values. To obtain a uniform normal tube after dilation, write

the graph as g; and extend it using a fixed smooth cutoff x equal to one on the enlargement. The
new physical graph and its derivatives are

g (v) = di(xgi) (w/dy), DG () = (d) DI (xg;)(v/dL).

— 0,

The cutoff graph tends to zero through all the required finite orders, including order zero. Choosing
d} still more slowly keeps these derivatives bounded and the second derivatives small, which provides
the fixed tube. The mean-curvature bounds are needed only on the unchanged inner region. The
cylinder restriction has a support gap at its artificial vertical boundary, so this operation introduces
no first-variation term.

In the new physical units, the geometric measure A; charges

(di)?[23]* + (df) 72| Hs, |* + () T4V Hs, 2

Expressed with mass returned to target units, it therefore satisfies A; = o(a?). The measures M;, D
in target normalization are unchanged. Thus the geometric error will dlsappear after division by a?;
we now arrange the local hypotheses for signed excess.

Use (¢ and k fixed in Equation (3.12), and cover the test support by cells of target radius \; = af,
with bounded overlap of their fixed enlargements. In particular 3x < . On each enlarged cell use
a normalized budget b; ; for |M;| + D; + A;, enlarged by fixed constants and with floor a?. Thus,
uniformly in the cells,

af S bi’j S Caf/\z_m + a,? = 0(1), Z/\;nbi,j = O(CLZQ) (6.8)

Fresh normal charts on these cells have physical radius O(d});) and physical support height O(d.a;).
Since 3k < ¢ < 1, these are at most bf ; for all large ¢, with the fixed factors absorbed by strictness
of the inequality. All physical hypotheses of signed excess are satisfied.
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Partition a nonnegative smooth test by a smooth partition of unity at scale A;. After the fixed
normalization of its size and Lipschitz constant, the signed-excess error on a cell is o(1)b; j, uniformly
because b; ; — 0 uniformly. Multiplying by A", summing (6.8), and dividing by a? proves 2m < dy.

For the absolute bound, apply Lemma 3.1, from [19, Lemma 2.5], in the same physical units on
any fixed interior ball and its enlargement. Smooth mass averages identify its integer as @ for all
large . Since A; = o(a?), passage to the limit gives, after harmless fixed changes of radii,

[m|(Bu(y)) < Cdo(Bsu(y))-

This inflated-ball estimate implies domination as measures, without a doubling assumption. For a
compact K C O € {2, cover K by sufficiently fine equal-radius balls whose triple enlargements lie in
O and have bounded overlap. Summing gives |m|(K) < Cdy(O). Outer regularity as O decreases to
K, followed by inner regularity, proves |m| < Cdy. This completes the proof. O

7 Density centers survive the height blow-up

The measures of Section 6 retain height and tilt, but the final dimension argument also needs the
large set of density-@Q) centers. Ordinary monotonicity about those centers is not accurate enough at
the height-square scale: a curvature error depending only on the reference graph could dominate a?.
We remove that error by measuring radius along the reference graph and compensating its volume
density.

Fix the integer p > 4 chosen above. For z,y € Il and [ > 0, set

D p—1
bos(y) =17 (1“"”)  dealy) = 2pI (1”‘”) . (7.1)

2 12
+ +

Proposition 7.1 (Comparison at the density centers). In the setting of Proposition 6.1, suppose
that 1 contains a fixed neighborhood of By C II. Let o; be positive measures supported on density-Q
points of V; in the ambient closed unit ball, with

c<0o;(B;) <C, oi(Br(X)) < Cr® (X eR™™ r>0), s>m—1.

Pass to a weak limit o along the subsequence defining the linearized measures. Then o # 0, its
support lies in By C II, and it has the same upper ball bound. There is l, > 0 such that

2l2/¢z7l dm > /waxl dv (x € spto,0 < <ly). (7.2)

Proof. Weak compactness and the stated conclusions about ¢ follow from the mass and ball bounds
and from convergence of the varifold supports to II. We prove (7.2) for each fixed 0 < [ < [, where
l is chosen so all the following constructions have common interior room. All estimates below are
uniform over X, € spto;.

A radial test adapted to the reference graph

Write w = Xy — m; X and translate the reference graph to S = S; +w, which passes through Xy. By
the height bound, |w| < Ca;. In this part of the proof, 7, z, B, e, J, refer to this translated graph,
and p is geodesic distance on S from X, pulled back by w. Translation preserves its geometric
estimates. Changing the reference tangent plane by this translation and the nearby projection
changes squared tilt by at most

e < C(e +a?). (7.3)
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Indeed the two projections differ by O(a;) and the second fundamental forms are uniformly bounded;
squared tilt is comparable to the squared distance of the corresponding orthogonal projections.
Define

d?=p*+ 12, U=pVsp, G=V(d*/2)=J'U+2  Y=JU+-=2

These fields are smooth at the central fiber, and Y - G = d?. Let W be the inverse volume density in
geodesic normal coordinates on S centered at Xy, again pulled back by projection. Thus integration
of Wvolg is ordinary integration in those coordinates. Enlarging the sequence &; — 0 from (6.6) if
necessary, geodesic coordinate estimates give

IVsW| < Ceip, IVoU — 1d| < Ceyp?,

. (7.4)
W(diveU —m)+U -VgW = 0.

The last identity is exact: U is the coordinate radial field and W is the reciprocal volume density.
Apply (6.5) to U and add the normal trace (6.7). Their leading tilt terms cancel. The identity
n (7.4) then cancels the reference-volume error. The result is

£ =Pr:DWY)—mW,

7.5
€] < Ceifelp? + |21) + (ailz] + ) (1 + p) + pv/e 2]} )

For completeness, pairing VU — Id with B costs Ce;p?e. Differentiating W in the horizontal part
gives U - VgW and another error of this size. Its vertical pairing costs Ce;py/e|z|. The remaining
terms are exactly those bounded in (6.6) and (6.7).

Put

a2\’ a2\
Dy(d) = (1 — t?> , U (d) =2p (1 - t2> , I;(Xo, t) = t*m/WtI)t(d) dys;.
- +
Differentiate in logt and test stationarity with W®;(d)Y. Since Y - G = d?, this gives

7
[i(Xo,t) = t*m/ {t;WY (I -Pp)G+ <I>t£} dpi. (7.6)

The test is compactly supported within the normal tube; the cutoff power p > 4 gives more regularity
than this calculation requires.
Here the estimate must hold down to arbitrarily small ¢, with no comparison between ¢ and a;.
Ond<t<l, <1,
Y (I —Pr)G > 3|(I - Pr)G|* — Cej|z|*2,
ol <11~ Pr)G| + Ciye

The first inequality follows from |Y — G| < C¢;|z|p. For the second, take the vertical component
of G and use |P,Pr| < Cy/e and |G| < Ct. Set b = |(I — Pr)G|/t. Then both |z] < ¢t and
|z] <t + Cy/e) hold. In particular,

(7.7)

del <te,  alz <CHBP+e+ad),  |oP < CR() +e).

Using ®; < C'¥, every adverse term in (7.6) is therefore at most Ce;tW:((V')? + e + a7). Absorb
the (b')? term into the positive term from (7.7). Equation (7.3) and comparison of d with ambient
distance yield

ji(Xo, t) > —OEitlim / (67; + a?) dps;. (78)
Bt (Xo)
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Averaging over the centers

Let cg = [pm(1—|y|*)% dy. At the center X, the squared radius d? agrees with the squared ambient
distance to leading order and W (Xy) = 1. Since Xy has density Q,

lim I;( X, t) = .
tlﬁ)lz( 0,t) = Qco

Take any bounded nonnegative continuous center weight g. Average (7.8) against g do; and integrate
in logarithmic radius. Fubini’s theorem and the upper ball bound for o; give

[ 9(X0) (X0, 1) ~ Qea) doi(X0)
l
> —Cllgllwes </(ei + a?)dui) /0 At = —o(a?). (7.9)

The first integral is over fixed interior room and is O(a?). The second is finite precisely because
s > m — 1. To justify the lower endpoint, first integrate between positive radii, then use Fatou’s
lemma for the nonnegative functions gI; and the displayed density limit. This avoids any uniform
rate of density convergence in Xj.

The averaged inequality now gives a lower bound with error o(a?). To obtain the asserted
comparison, we need an upper bound for the same integrand in terms of the original mass defect
and squared height. Translating the reference graph introduces a cross term and an additional
negative square in this upper expansion. The vanishing first moment removes the cross term, and
the negative square can be discarded.

Expansion at a fixed radius

Keep [ > 0 fixed. Write y = m; X and z; = X — y. After translating the new base back to .S;, its
projection and residual are

y = m(X —w), =X —w—y.

All relevant support points satisfy |z;| + |2/| < Ca; in common interior room. Functions such as
q(y) = W(y +w)®;(p(y + w)), and the analogous function with ¥;, have uniform C? bounds and
compact interior support. We claim that, uniformly in the centers,

[ ) dui = [ at) dpi+ ofad). (7.10)

Indeed the nearest-projection formula and smooth convergence to a plane give

Y —y=—Pyy)w+o(a),  sup|Pu(y)w| = o(a;).
Yy

For the first estimate, Dmy(X) = J_ ' P,(y) differs from Py (y) by O(esa;), and the second derivative
of m; is o(1). For the second, w is normal to S; at the center and all tangent planes tend uniformly
to II. Taylor expansion thus leaves only — [ VSiq - Pawdp;, up to o(a?). Replacing the projected
measure by Qvolg, costs o(a?) because |M;| = O(a?). Integration by parts then uses

divg, (Pyw) = Hs, - w = o(a?)

to prove (7.10). Compact support eliminates all boundary terms.
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Taylor expansion in the squared normal height gives, uniformly on the test region,
|<']?

@ ((p° + |23)72) = vulp) ~ o

(p) + o(a?).

The normalized reference-volume integral of W®;(p) is exactly cg, by its geodesic-coordinate
definition. Hence (7.10) expresses the zeroth-order term of I; — Qcg as an integral against M;, with
error o(a?).

For the height term, 2z’ = z; — w + o(a;) uniformly. Put qy(y) = W(y + w)¥;(p(y + w)) > 0.
Moving its argument from 3’ to y costs o(a?) in the height-square integral, and

/Q\I;\Zz' —w*dy; = /q\y!zz‘!Qduz’-i- !w\z/qqf dp; —Qw'/QfoZidMi-

This integral enters I; with the negative coefficient —1~"/(21?), so discarding the |w|? term gives an
upper bound. The mixed term is o(a?) by the centering assumption. We spell out its uniformity,
since the centers move with i. The vector measures a; ' (7;)4(zi1;) have uniformly bounded total
variation and converge weakly to zero. At fixed [, the above center-dependent tests and their smooth
coefficient factors form a relatively compact family in the uniform norm on common interior room.
A finite approximation of this family therefore makes the weak convergence uniform over all its
members. Multiplication by the bounded vectors w/a; preserves this conclusion; these vectors need
not converge.

It follows that, after division by a?, the limiting upper bound for I;(Xo,l) — Qce at a center
tending to x € Il is

Fi(@) = [ bagdm— 5 [ g (7.11)

More explicitly, let prr; denote orthogonal projection onto the limiting plane. The same compact-test
argument applied to the bounded measure sequences in (6.1) gives

a;Q (I;(Xo,1) — Qca) < Fi(priy Xo) + o(1) uniformly for Xy € spto;. (7.12)

The function Fj is continuous. Combining this uniform upper bound with (7.9), and passing to the
limit against any nonnegative continuous g, gives [ gF;do > 0. Continuity implies F; > 0 on spt o,
which is (7.2). Since [ € (0,l.) was arbitrary, the comparison holds for every such radius. O

8 Dimension reduction for the limiting measures

We now separate the final argument from the varifold construction. The preceding sections produced
a nonzero height measure, its flux and stress measures, and a density inequality at many centers.
The following proposition shows that these data cannot have more than m — 1 dimensions of such
centers. Its proof uses a second blow-up: the frequency becomes constant at several independent
centers, and equality in a positive matrix measure then forces the height to vanish.

Fix an integer p > 4. For x € R™ and [ > 0 write

12\ P o2\ Pl
@szlm@—wp”), %ﬂ@z%ZMQ—wp”> BNCEY

+ +

We retain the kernels of (7.1) in order to state the measure-theoretic argument independently.
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Proposition 8.1 (Dimension reduction for height and stress). Let  C R™ be connected and open.
Let v be a nonzero nonnegative Radon measure, f an R™-valued Radon measure, 5 a symmetric
matriz-valued Radon measure, and m a signed Radon measure on ). Suppose that

t
(; j/;) s a positive semidefinite matriz-valued measure, dy = trpg, (8.2)

and that, in distributions,
Vv =2f  divf=do, /didem - /DX .df (X € C®(Q:R™).  (8.3)

Assume also that for every open ' @ Q) there is a constant Cqr such that, on €,
2m < d()7 ]m\ < CQ/d(). (84)

Let Z C ) be a Borel set such that for each x € Z,

212 / ¢y dm > / Yy dv (8.5)

for every sufficiently smalll > 0. Then dimy Z < m — 1.

All tensor inequalities in this statement are measure inequalities. For instance, (8.2) means that
contraction with every constant vector in R™*! gives a nonnegative measure. Equivalently, the
matrix density with respect to its trace measure is positive semidefinite almost everywhere. This
latter formulation also allows contraction with bounded, point-dependent vectors.

8.1 Kernel identities and positive height

For the moment fix an arbitrary center z € €2, not necessarily in Z, and restrict to radii with
Bj(z) C Q. Define

H(l) = /%,z dv, A(l) = l2/¢x,l dm,

(8.6)
D) =2 [ dpddo. R = [ tra(y) dB)ly — 2,y — ).

Dots denote derivatives with respect to logl. The distributional identities imply

A=24-D+R, D= /@bm(y)(y—x)-df(y), H=2D, RH>D? 24<D.(87)

Here is the calculation. The identities

Voui = —1"2(y — 2)iuy, Yy = —div ((y — 2)1bzy)

give the second and third formulas. In the stress identity use X = (y — x)¢,; differentiating A
then gives the first formula. Cauchy-Schwarz for the positive matrix measure gives D?> < RH, and
the signed inequality gives 2A < D. Although the kernels are compactly supported powers rather
than C* functions, their use is justified by approximation in C? on a compact interior set. The
choice p > 4 provides that regularity. All quantities and their displayed derivatives are continuous
in the admissible center and radius.

We need positive height before dividing by H. The next lemma is the finite-radius continuation
argument used in the failed-fit analysis of AE; we give it in the measure form required here [19,
Proof of Lemma 7.2].
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Lemma 8.2 (No open zero-height region). For the nonzero measure v on the connected set ) in
Proposition 8.1, equations (8.2)—(8.4) imply H(l) > 0 whenever By(x) C Q and | > 0.

Proof. Suppose that v vanishes on a nonempty open subset. Because v # 0 and 2 is connected,
choose a point x outside spt v so close to its boundary that

lo = dist(z,sptv) > 0, By, (z) C Q.

Then H(l) =0 for [ < ly and H(l) > 0 for lp < [ < lj, where [; > [y is fixed and interior. Put
t =logl, t; =logl;, and on (tg,t1] define

P=A/H, n=D/H, q=R/H.

By (8.7),

n>0, n>2P, q>n? P=2P—-n+q—2Pn>(n—1)(n—2P). (8.8)
For P > 1 the right-hand side is nonnegative. Therefore, going inward from ¢;, P(t) < max{1, P(t1)}.
On Bj,(z), the distributional identities give f = 0 and dy = 0, and (8.4) gives m = 0. The

compact kernels converge uniformly and vanish on the boundary sphere, so A(t) — 0 as ¢ | g, even
if m charges that sphere. Moreover,

(G—QtA)- _ €—2t(R o D) Z _ie—QtH,

because ¢ —n > n? —n > —1/4. Since H = 2D > 0, integration from ty yields

e2(t—to) _ 1
Pit)> ———
()= -

Thus P is bounded on this finite interval. Using ¢ > n? in the exact equation for P now gives
P> %n2 - C.

Integrating from ty + ¢ to t; bounds fttol e n? dt independently of . In particular n is integrable
down to tg. But (log H)" = 2n, which prevents H from tending to zero there. This contradiction
excludes every nonempty open zero-height region. Since the kernel is positive in its open ball, the
stated conclusion follows. O

8.2 A second blow-up at the centers

Proof of Proposition 8.1. The preceding lemma makes P(x,l) = A(x,l)/H(x,l) well defined at
every interior ball. In the harmonic-map model from Section 6, this quotient is half the weighted
Dirichlet frequency
I [ ¢ug|Dul* dy
f w:c,l|u’2 dy

For a nonzero harmonic map homogeneous of degree d about z, the flux identity in (8.7) makes this
frequency equal to d, so P = d/2. For the measure data, constant frequency at the retained centers,
together with the lower bound 2P > 1 supplied by their density comparison, will force the radial
measure identity used below.

At a center in Z, the additional hypothesis (8.5) gives 2P > 1 for small radii. Hence (8.8)
improves to

2P>1, n>2P, P> (n-1)(n—2P)>0. (8.9)
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In particular the finite limit P(z,0+) exists and is at least 1/2.

Suppose that dimy Z > m — 1, and choose m — 1 < s’ < dimy Z. We may first restrict to
centers in a compact interior region for which (8.5) holds on one common interval 0 < < l,. To
justify this restriction, exhaust €2 by compact sets with positive boundary distance and impose the
comparison for all rational radii below 1/k. The resulting sets are Borel by continuity of the kernels,
their union is Z, and continuity in radius supplies the comparison at every radius. One of them still
has dimension greater than s’.

The compact-subset theorem and Egoroff’s theorem now give a compact set K of positive finite
H*' measure on which

P(y,l) — P(y,04) uniformly as (] 0. (8.10)

Indeed first apply Egoroff at dyadic radii; monotonicity supplies the same conclusion between them.
Since each function P(-,[) is continuous, its uniform limit is continuous on K. A further compact
restriction gives

H¥ (K N By(y)) < Cu®’. (8.11)

Choose = € K with positive upper s’-density, and radii ; | 0 such that HY (K N By, (r)) > cl‘;/.

We next normalize the measure tuple at these scales. Fix an open neighborhood Q' € Q of z,
so that the constant in (8.4) is fixed on €. Put Tj(y) = (y — z)/l; and N; = I*H(z,1;). On the
expanding domains T}(2) define

vi =N Tgv, =GN (T)ef By djimg) = GNTH(T) (8, do, m). (8.12)

The identities and inequalities (8.2)—(8.4) are invariant under this normalization, and the new height
at center zero and radius one equals one.

Here are the local mass bounds needed to pass to a limit. At the fixed center x, P is bounded
on 0 <[ < 1,/2. The exact quotient equation and n < ,/q therefore give

P=qg—(1+2Pn+2P>1¢-C.

On every interval of radii with bounded ratio, this bounds [¢dlogl. Since H /H = 2n < 2,/q,
Cauchy—Schwarz gives two-sided comparison of H on the same interval.

To see the resulting mass estimates explicitly, fix R > 0 and discard finitely many j so that
all balls used below lie in €. Comparison on the interval from min{1, R}{; to max{1,4R}l; gives
H(z,7lj) < CrH(w,lj) for R <7 <4R. The kernel ¢, o, is at least chj_m on Bpy,(r); hence

l/(Ble (m)) S CngnH(ac, lj).

The integrated bound for ¢ on [2Rl;,4RI;] supplies 7; € [2R,4R] with n(z,7;l;) < Cg. The kernel
Gu,r1; is also at least ch;m on Bpy, (), so the definition of D = nH gives

dQ(Ble ($)) < CRZT_QH(x, lj), I/j(BR) + dj(BR) < CR.

Positivity bounds 3; by its trace dj;, and Cauchy-Schwarz for (8.2) bounds f;. Finally, jm;| < Co/d;
on every fixed ball for all sufficiently large j. In particular the same constant is available on all fixed
balls of the eventual limit.

Pass to a diagonal subsequence with local weak limits on R™, and denote them by

Voo, f<>07 Boo, dooy, Moo

They satisfy the same measure identities and inequalities. The normalization gives Ho(0,1) = 1, so
Voo # 0 and Lemma 8.2 applies on all of R™.
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The rescaled center measures

Aj =1 (Ty) 4 (HYL(K N By, (x)))
have a nonzero weak limit A on By, with the upper ball bound (8.11). Consequently spt A spans
R™. Otherwise its bounded support lies in an (m — 1)-dimensional linear space and can be covered
by O(e~"=1) balls of radius . The ball bound would give A(R™) < Ce¥~™+1 — 0, contradicting
its nonzero mass.

We have now retained enough centers in the second blow-up. Its remaining feature is that they
all have the same constant frequency. If z € spt A, choose y; € K with Tj(y;) — z. At every fixed
radius 7 > 0,

Pi(Tj(y;),r) = Ply;, ljr) — P(z,0+) = R,

This follows from (8.10) and continuity of the limiting frequency on K. Local mass bounds and
continuous compact kernels permit passage to the weak limits even with these moving centers. Since
the limiting height is positive,

Py(z,7) =Py (2 €sptAU{0}, r>0), Py > 3. (8.13)

The comparison inequality also passes to these centers.

Equality at independent centers

Fix z € spt AU {0}. In the limit, (8.9) and (8.13) give
0=Py > (n—1)(n—2P) >0.

As n > 2Py > 1, this forces n = 2Py =: ng, including the case Py = 1/2. The exact quotient
equation then gives ¢ = n%, or equivalently D = ngH and R = n%H .

Let My be the positive matrix measure in (8.2) for the limiting data. Contract it with
(—no,y — 2z) and integrate against 1, . The result is

n2H — 2noD + R = 0.

With respect to the trace measure, a positive semidefinite matrix whose quadratic form vanishes on
a vector annihilates that vector. Since ¢, > 0 on B,(z), the first row therefore gives

(y — 2) - dfoo(y) = nodro(y) on B(2).

The radius is arbitrary, so this is an identity on R™. Subtracting the identity for center zero yields
z+ foo = 0. The support of A spans R, and hence foo = 0. The identity at zero then gives ngry, = 0,
contradicting ng > 1 and H(0,1) = 1. This proves the proposition. O

8.3 Completion of the varifold argument

Proof of Theorem 1.1. Suppose that dimy Sing(V') > m —1, and choose m —1 < s < dimy Sing(V).
Proposition 2.1 gives the fixed singular point, flat target scales, and center measures satisfying (2.3).
Proposition 5.1 supplies the centered, nonzero height normalization at these scales. Proposition 6.1
then gives on the connected base ball B4 C II the nonzero measure tuple satisfying (6.2), (6.3), and
(6.4). These are precisely the hypotheses (8.2)—(8.4).

Pass to a weak limit o of the center measures. It is nonzero, is supported in II N By, and
retains the upper ball bound with exponent s. The mass distribution principle therefore gives
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dimy spt o > s. Proposition 7.1 supplies (7.2) at every point of spt o, which is (8.5). Applying
Proposition 8.1 with Z = spt o gives

s < dimyspto <m —1,

a contradiction.

For sharpness, take two distinct m-planes intersecting in an (m — 1)-plane, each with multiplicity
one. Their sum is stationary by additivity of first variation. Away from the intersection it is
locally a single smooth plane, whereas at the intersection its support is not a smooth embedded
m-~submanifold. Its singular set therefore has dimension exactly m — 1. O
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