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Abstract

Taking Cardy’s conformal crossing formula for critical planar Poisson—Voronoi percolation
in every bounded Jordan quadrilateral as an input, we prove that the expected number of
color-pivotal cells for a unit-square crossing is asymptotic to a positive constant times e~3/4,
where the point intensity is e ~2. No rate of convergence in Cardy’s formula is required.
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1 Introduction

Let 1. be a homogeneous Poisson process in R? of intensity e 2. Color its Voronoi cells inde-

pendently black or white, each with probability 1/2. For a bounded quadrilateral @, a black
crossing means a connected black-cell path inside the closed quadrilateral joining its two specified
opposite sides. The cells are those of the full-plane tessellation: the process is not resampled at
the boundary, and no boundary sites are wired together.

A nucleus is color-pivotal for this event if changing only its cell’s color changes whether the
crossing occurs. Write N.(Q) for the number of such nuclei, including nuclei outside ¢ when their
cells meet @, and set N. = N([0,1]?) for a left-to-right crossing. All expectations below average
both the Poisson geometry and the colors.

Assumption 1.1 (Scalar Cardy limit). For every bounded Jordan quadrilateral @ with four
distinct marked boundary points, the critical crossing probability converges, as € | 0, to Cardy’s
conformally invariant value.

Here a Jordan quadrilateral is a Jordan domain with four marked boundary points in cyclic
order and a specified pair of opposite boundary arcs. In the upper half-plane normalization with
marked points 0,z,1,00, 0 < x < 1, the crossing between [0, ] and [1, oo] has Cardy value
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Assumption 1.1 concerns one crossing event at a time. It neither asserts a quantitative convergence
rate nor assumes an exploration or multi-crossing scaling limit.

Theorem 1.2. Under Assumption 1.1, there exists a constant cy € (0,00) such that
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Consequently, the inverse expected pivotal count is asymptotic to 0‘7163/ 4

The constant refers to the specified square, crossing event, intensity convention, and color-
pivotal count. The theorem is conditional on Assumption 1.1; it does not prove Cardy’s formula
for the Voronoi model.

1.1 History and significance

Cardy’s formula [3] predicts crossing probabilities at criticality from the conformal shape of a
planar domain. Smirnov proved the formula and conformal invariance of crossing probabilities for
critical site percolation on the triangular lattice [13]. Schramm’s stochastic Loewner evolution,
the exponent calculations of Lawler, Schramm, and Werner, and their percolation application by
Smirnov and Werner [11, 9, 14] turned this conformal description into precise information about
rare connection events. In particular, the alternating four-arm exponent is 5/4. A bulk site is
pivotal only when four alternating arms emerge from its neighborhood, so this exponent predicts a
pivotal count of order e 2e5/4 = ¢=3/4,

The distinction between an exponent and an amplitude is essential here. An estimate EN, =
g=3/4+0(1) allows a slowly varying or oscillating multiplicative correction. Sharp arm asymptotics,
with a limiting multiplicative constant, have been proved for critical triangular-lattice percolation
by Du, Gao, Li, and Zhuang [5]. Theorem 1.2 concerns a Poisson—Voronoi color-pivotal observable,



under a qualitative crossing-limit hypothesis, rather than an unconditional triangular-lattice arm
probability.

For Voronoi percolation, box-crossing and arm estimates [15, 16] provide the multiscale control
needed to study critical and near-critical behavior; we recall the precise estimates used here
in Section 2. Pivotal measures and their role in near-critical scaling limits were developed for
triangular-lattice percolation by Garban, Pete, and Schramm [6]. The companion manuscript [10]
derives a quenched near-critical theory for Voronoi percolation from the scalar Cardy hypothesis.
In particular, it calibrates local pivotal observables against the inverse expected pivotal count. Its
normalization remains defined through that count. Our task is to show that this normalization is
a pure power of the Euclidean mesh, with a positive limiting coefficient.

Several ingredients have established predecessors. The passage from local crossing data to
joint crossing information uses the quad-crossing framework and gluing theory of Schramm and
Smirnov [12]. The annular exploration calculation uses Zhan’s annulus SLE [17]. We state
the precise inputs from [10] before beginning the proof, and prove the additional annular and
signed-transfer estimates needed for the amplitude.

1.2 The mechanism of the proof

Work temporarily at unit Poisson intensity and enlarge the observation window. Let
Qo =1[-1,1] x [-1/2,1/2], f(R) = P{a site inserted at 0 is color-pivotal in RQq}.

The inputs from [10] imply f(R) = R~%/4t°(1) and allow the final answer to be recovered from the
existence of limp_,oo RY*f(R) € (0,00).

To improve the exponent to an amplitude, we compare differences of connection states across
an annulus. A connection state records which boundary color runs are joined through the interior,
equivalently the noncrossing pairing of the interfaces between those runs. The transmitted
difference vanishes unless at least four interfaces survive across the annulus. With exactly four
surviving interfaces, the two possible interior states differ by a single scalar. This is the source of
a rank-one approximation for long-annulus transmission.

There is a second, stronger estimate. Adding one fair-colored Poisson point produces a signed
change that is invariant under color reversal and rotations. In this symmetry class, the leading
four-interface contribution cancels. An explicit spectral calculation shows that the remaining
transmission decays faster than the inverse square of the annulus scale ratio. This threshold is
important: the point to be inserted ranges over the two-dimensional plane, so the insertion effect
must be integrable in its location. An unsigned four-arm bound, with exponent 5/4, cannot supply
that integrability.

The proof has three stages. First, Sections 3-5 construct the annular transmission limits and
establish their rank-one asymptotic and signed rotational cancellation. Next, Section 6 makes
these estimates uniform over arbitrary signed boundary data and iterates them in the discrete
Poisson model. Finally, Section 7 differentiates f with respect to Poisson intensity. The integrable
insertion estimate controls distant insertions, while the rank-one estimate compares the normalized
effect of nearby insertions at two outer scales. Together they show that the logarithmic derivative
of f has a summable error from —5/4.

The quantitative estimates do not come from a rate in Assumption 1.1. We first choose a large
but fixed annulus ratio, use qualitative convergence to obtain the required contraction beyond
a sufficiently large starting scale, and only then iterate. The uniformity over arbitrary signed
boundary data, and the separation between rank-one contraction and symmetry-enhanced decay,
are the technical features that may be useful for other amplitude problems.



2 Critical inputs and normalization

This section specifies the consequences of Assumption 1.1 that we import from the companion
manuscript [10]. In particular, the exploration and normalization statements below are previously
proved inputs, not additional hypotheses and not conclusions of scalar convergence alone without
further argument. The remainder of this paper proves the annular estimates and the amplitude
from these inputs.

Throughout, C, ¢ denote positive constants whose values may change between occurrences.
A comparison u =< v means that u/v lies between two fixed positive constants. Fixed-factor
changes in arm radii and fixed buffer widths are absorbed in these constants. We use unit-intensity
geometry except when explicitly introducing a mesh parameter. Let b, be a sufficiently large fixed
microscopic radius.

2.1 Arms, localization, and local changes

An arm in an annulus is a monochromatic cell path joining its two boundary components.
Alternating four arms have colors black, white, black, white in cyclic order. Let A(r, s) be their
probability in the square-annulus convention of [10], for b, < r < s.

Proposition 2.1 (Critical arm and localization inputs). There are g € (1,2), a, 8 > 0, and
constants C,c > 0 such that, for b, <r < s <t,

c(r/s)? < A(r,s) < C(r/s)tTe, (2.1)
CLA(r,s)A(s,t) < A(r,t) < CA(r,s)A(s, t). (2.2)

The one-arm probability is at most C(r/s)?. The probability of three alternating arms in a straight
half-plane is at most C(r/s)?.

For a collar of diameter comparable to s, an event determined by the Poisson points in a
slightly enlarged collar makes the graph and all vertex stars in the smaller collar local to those
points, with mesh smaller than any prescribed fized fraction of s. Its failure probability is at most
C exp(—cs?). The widths and constants can depend on that fraction. Such events may be chosen
rotation equivariant about the center. FEvents with disjoint enlarged supports use independent
Poisson variables.

These are Lemmas 2.1 and 2.3 of [10]. The quantitative arm theory builds on the box-crossing
and annealed arm estimates for Voronoi percolation; see [15, 16]. A localization event will be
called a screen. For example, requiring that every ball of a sufficiently small fixed relative radius
in a collar contain a Poisson point is rotation equivariant and has the asserted exponential bound,
by a finite covering and the Poisson empty-ball formula. Extra buffers give locality of both cells
and vertex stars. Thus a point inserted beyond the enlarged support cannot send its cell through
the screened collar.

We will also use the necessary-arm conclusions of Lemma 2.2 of [10]. A color change or a local
insertion that changes a crossing requires four alternating arms out of its interior support. Near a
straight side, these continue as three alternating half-plane arms; beyond the scale of a corner, at
least one arm continues. These statements use the exact closed-cell crossing convention. They
apply to a mixed difference of two local changes as well: if the mixed difference is nonzero, each
local change affects the appropriate crossing in at least one of the other local states. Screens keep
the other modification out of the arm probes used for this implication.



For later independence arguments it is useful to allow failed screens inside an arm probe. Here is
the convention and the estimate behind it. Place screens at geometrically spaced radii. If the largest
failed radius is v, retain only the arm test starting at Cyv, with its screens, where Cy provides a
fixed unused gap. This retained test is independent of the failed screen. Quasi-multiplicativity
and (2.1) give, when Cyv < s,

A(Cov,s) < C(v/r)?A(r, s).

Consequently, summing the failed-screen terms over geometric radii costs at most

CA(r,s) Z(v/r)ge*w2 < CA(r,s).

v>r

If Cyv > s, the exponential bound and the polynomial lower bound give the same conclusion.
The corresponding construction for one-arm and straight half-plane three-arm tests preserves
their displayed power upper bounds. We call these screened arm probes. Their supports can be
separated by fixed-factor gaps, and they can be used in the presence of inserted sites outside their
buffers.

2.2 Fixed-scale convergence and exploration domains

The following inputs are qualitative. Their order of limits will matter: all radii, buffer widths, and
domain tests are fixed before the mesh tends to zero.

Proposition 2.2 (Scaling-limit inputs). Under Assumption 1.1, the following consequences hold.

(i) From every sequence of Poisson meshes tending to zero one can extract, after coupling, a
further subsequence along which the graphs almost surely form a deterministic good sequence
in the sense of [10, Lemma 2.5]. Along such a sequence, critical crossings of Jordan
quadrilaterals converge, also for graph domains whose boundaries and marked points converge
in curve order. Finite joint crossing tests and tests with finitely many separated prescribed
squares have the common triangular-percolation limit.

(ii) Chordal color explorations in converging Jordan graph domains converge to chordal SLEg.
At a pre-query stop on a crosscut, the remaining target face, its boundary banks, and its
conformal maps converge in the sense of the stopped-domain results of [10]. A bank is an
individual boundary arc in prime-end order; distinct banks may have touching physical images.
Each relevant bank is individually simple.

(iii) For some co > 0, in the mesh-first limit the probability of four bulk arms with any specified
color order is at most C(r/s)'T%, and that of siz bulk arms with any specified color order is
at most C(r/s)?T<. Three free arms at a regular boundary, measured in a conformal chart,
have an upper bound with exponent strictly larger than one.

For precise locators, part (i) uses Proposition 2.4, Lemma 2.5, and Proposition 4.5 of [10];
part (ii) uses Proposition 3.1 and Lemmas 3.4-3.7; part (iii) uses Lemmas 2.7, 2.8, and 2.11. The
free boundary-arm estimate in Lemma 2.11 has exponent 4/3. “Free” means that the arms use
the independent fair interior sites, not the sites in the prescribed base arc.

We emphasize two domain qualifications. First, a boundary chart must converge uniformly
on its closure, have no constant boundary subarc, and project injectively on the compact bank
interval where the estimate is used. Separate prime-end banks need not have disjoint physical
projections. The local estimate applies in an annulus by choosing a small graph disk patch with



one side on that bank and the remaining sides in the interior. These are Jordan approximations;
reflection in the parameter coordinate gives bounded distortion on smaller patches. Second, product
colors are conditional on the graph. After an exploration, its remaining colors are fresh, but a
remaining-domain theorem can be used only after its geometric hypotheses have been established.
We never infer uniform convergence after conditioning on arbitrary atypical explored colors. The
uniform operator estimate in Section 6 will instead use independent core variables and bounds on
the signed weights.

We use the site triangulation of the Voronoi tiling from [10]. Its faces are triangles, drawn
through the tiling rather than required to have straight edges. An interface strand, or wall, passes
through a triangle between its two heterochromatic edges. Inside a screened collar, simple site
cycles approximate circles in curve order. They may be constructed by following narrow strips
and retaining simple cuts; same-boundary chords on the domain-facing side can be shortcut while
retaining the specified inner region. Auxiliary uniform angular choices, if needed, preserve rotation
invariance.

All transfer cuts in this paper lie in the bulk. Their incident cells and stars stay away from the
quad boundary, where site connectivity and cell connectivity could otherwise require additional care.
At the actual quad boundary, we retain the original closed-cell event and use the necessary-arm
estimates just stated. Null nongeneric geometries, and null sets of insertion locations in integrals,
are discarded throughout.

2.3 Calibration and the preliminary exponent

Let S; be the probability that a site inserted at the center of Qo = [—1,1] x [-1/2,1/2] is
color-pivotal for its left-to-right crossing in intensity e~2. Equivalently, S is the expectation of
the black-forced crossing indicator minus the white-forced crossing indicator for that site. Set

_ -1
Mme =& 27 e = (ENE(QO)) ) f(R) = Sl/R-
The last equality agrees by Fuclidean scaling with the unit-intensity definition in the introduction.

Proposition 2.3 (Calibration). There are constants ¢, B € (0,00) such that
MeqeSe — ¢, ¢:EN. — B. (2.3)

Moreover,

F(R) = A(by, R). (2.4)

The limits are precisely the single-time Poisson specialization of Lemmas 7.1 and 7.2 of [10],
called “Common calibration” and “The prescribed normalization.” The signed color weight at the
inserted site is 61 — dp; crossing monotonicity identifies its expectation with S.. The comparison
follows from the local pivotal bounds and the square-to-site calibration in Sections 2 and 6 of [10].
These inputs do not assert that R>*f(R) converges.

Lemma 2.4 (Exponent without an amplitude). Under Assumption 1.1,
f(R) = RT3/ (R — o0). (2.5)

Proof. Force all cells meeting a central square of radius h in Qg first black and then white, and
denote the difference of crossing probabilities by D.(h). Proposition 4.5 of [10] gives, for each
fixed small h > 0, a common limit of this quantity in the Voronoi and triangular models. The



upper arm bound and [10, Lemma 6.1], “A square can transmit a pivotal change,” compare D, (h)
with the four-arm probability from radius A to radius 1, with constants uniform in small h, after
taking the mesh limit. The corresponding triangular four-arm probabilities have exponent A\ = 5/4
by [14].

Fix n > 0. For an arbitrarily large but fixed ratio L = 1/h, these comparisons and qualitative
convergence imply, for all sufficiently large r depending on L,

ey L3 < A(r, L) < C, L~ M/3,

Choose L so large that both these constants and the constants in (2.2) are absorbed by an
additional factor L"/3. Only after fixing this L choose a starting radius above the convergence
threshold. Iterating over radii r, Lr, L?r, ... gives four-arm bounds with exponents between \ — 7
and A + 7. The bounded initial range and the final incomplete ratio change only the multiplicative
constants, by (2.1) and (2.2). Equation (2.4) then yields Cn_lR_/\_" < f(R) < C,R- ™. Letting
1 J 0 proves the lemma. O

We will henceforth write A = 5/4. The remaining task is to replace the o(1) in this exponent
by convergence of the multiplicative coefficient. The next two analytic sections identify which
annular symmetries make that improvement possible.

3 Four-interface transmission in an annulus

The continuum quantity used below is the probability that four interfaces cross an annulus from
one boundary component to the other. Its existence does not follow by applying the scalar Cardy
hypothesis directly to a multiply connected domain. We establish it from the Jordan-domain
inputs of [10]. We also allow the boundary banks produced by stopped explorations: a bank is
viewed with its access from the domain, so distinct banks may touch in the plane without being
identified.

3.1 Connection states and two caps

Use the site triangulation drawn through the Voronoi tiling, with interface strands drawn across
the heterochromatic edges of its triangular faces. These strands will be called walls. On a simple
site cycle with known colors, a run is a maximal consecutive set of sites of one color, and a switch is
the edge between consecutive runs. Filling the disk bounded by the cycle determines a noncrossing
pairing of its switches by walls. The pairing, together with the run colors, determines connectivity
between boundary sites. Closed walls need not be recorded. We call this pairing the connection
state on the cycle.

Suppose each boundary component of a graph annulus has four switches and four alternating
prescribed runs. All remaining sites have independent fair colors. Let T be the event that all four
outer wall ends reach the inner boundary. There are two possible connection states in a disk filling
the inner cycle: the cap joining its two black runs, denoted b, and the cap joining its two white
runs, denoted w. These are formal planar caps; no random colors are sampled in them. Write Hy,
and H,, for the indicators that the two outer black runs are connected after the corresponding cap
is attached. Figure 1 shows the two cap states when all four walls are transmitted.

Lemma 3.1 (The cap identity). For every coloring of the annulus,

Hy — H,, = 17. (3.1)
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Figure 1: The two cap pairings when all four walls are transmitted. Blue curves are walls; thick
black boundary arcs are black runs, and the other runs are white. The cap changes the outer black
connection bit by one. The straight, unwound walls are schematic: the identity permits winding
and does not prescribe a pairing of numbered inner and outer switches.

Consequently the signed difference between the two inner cap states is transferred to the same
signed difference at the outer cycle, multiplied by the indicator of four-interface transmission. The
identity remains valid under composition across several cycles.

Proof. Walls in a triangulation neither branch nor cross. If fewer than four inner ends are connected
to outer ends, the wall pairing visible from the outer cycle is independent of the inner cap: there is
no choice of pairing on zero or two surviving ends. Thus the left side of (3.1) is zero. If all four are
transmitted, their cyclic order is preserved, with any possible winding retained. The intervening
monochromatic bands carry black connectivity to black connectivity and white connectivity to
white connectivity. Hence H, = 1 and H,, = 0. This is also the usual Hex duality proof after each
run is contracted to a vertex. Composing the planar pairings proves the last assertion; any closed
walls created in the composition have weight one. O

3.2 The boundary convergence used below

For p > 0 let
A, ={e? <|z| <1}

Thus p = log(R/r) for a round annulus with radii » < R. On both circles angles increase
counterclockwise. Write = = (z1, z2, 3, x4) for the outer switches and y = (y1,y2,y3,y4) for the
inner switches, using increasing lifts with x4 < x1 + 27 and y4 < y1 + 27. Common translation of
either lift by 27 does not change the data. The run following the first outer switch is black. For
the 4+ prescription the corresponding inner run is black; for the — prescription it is white.

All limits in this section are taken along deterministic good sequences of triangulations in
the sense of [10, Section 2, “Deterministic sequences and Jordan tests”]. In particular the mesh
tends to zero on compact sets, the joint Jordan-quad crossing limits hold, and the mesh-first arm
estimates recalled above are available. Probabilities are over product colors conditional on these
triangulations.

Definition 3.2. A sequence of marked graph annuli D, has admissible boundary convergence if it
lies in a fixed bounded set and satisfies the following conditions.



1. Each boundary is a simple site cycle. With rotations normalized, its uniformization ¢, :
A, — D, extends continuously to the closed annulus, where p,, — p € (0,00). After linear
identification in logarithmic radial coordinates, these maps converge uniformly on the closed
annulus to ¢. The map ¢ is conformal and one-to-one in A,, and its boundary traversal
specifies the prime-end accesses of D = ¢(A,).

2. Each limiting boundary traversal is a concatenation of finitely many simple arcs, each
understood with its own access. Different arcs may meet in physical projection. The two
boundary components remain distinct as prime-end boundary components.

3. The four switches on each component converge in these coordinates to distinct switches.
Between them the prescribed run colors alternate. The sites strictly between the two cycles
have fresh independent fair colors.

In graph constructions a boundary is taken without chords facing the domain when that is required
for a local boundary chart. Such cuts are obtained by the graph approximation and shortcut
construction of [10, Section 2]; at an exploration frontier, edges between already revealed vertices
are included before the frontier is taken.

The definition permits a slit to have two different banks, even when their images coincide.
It does not identify these banks. The next elementary convergence criterion explains how the
domains arising from stopped explorations fit this definition.

Lemma 3.3 (A back with finitely many attached lobes). Suppose graph annuli consist of an open
annular back and finitely many Jordan lobes attached to it along open seam intervals. Assume
that the backs are Jordan annuli whose two complete boundary traversals converge in curve order
to those of a fixed Jordan annulus, the seam endpoints converge in that order and the limiting
seams remain open, and each lobe converges as a Jordan domain with its boundary traversal. The
seam incidences and cyclic order are fized; lobes are glued only along their specified seams, and
their interiors are disjoint from the back and from one another. Suppose the resulting limiting
domain is an annulus, its hole and a separating open part of the back persist, and the two boundary
components stay physically apart. Different limiting lobes may touch in projection but have disjoint
interiors. Then the annular uniformizations converge uniformly on their closures, with the stated
accesses and traversal order. In particular, if the marked accesses converge and remain distinct,
these domains have admissible boundary convergence.

Proof. Every compact subset of a lobe persists by Jordan convergence. The lobe joins the back
across every compact subinterval of its open seam. Conversely, every point of the limiting boundary
is approached by the approximating boundaries. Contacts between different lobes do not open
passages: the individual Jordan pieces are attached along their specified seams, not through a
point of contact. These facts give kernel convergence with the indicated accesses. The persisting
hole and separating back exclude degeneration of the modulus. The conformal kernel theorem
therefore gives convergence of normalized annular maps on interiors and convergence of their
moduli.

It remains to control the boundary parameters. Fix a nonconstant open subarc of one of the
finitely many Jordan boundary pieces and a point in the persisting back. Jordan-map convergence
in a lobe, or in a disk patch along an unchanged back boundary, gives a positive lower bound for
the harmonic measure of a smaller subarc as seen from a point in that patch. A Harnack chain
through persisting interiors gives the same kind of lower bound from the fixed back point. In
round annular coordinates the harmonic-measure densities from its preimage are bounded above



uniformly: the moduli and the preimage stay in compact nondegenerate ranges. Consequently no
fixed nonconstant subarc of the boundary traversal can be squeezed into an angular interval of
length tending to zero.

The Jordan convergence of the finitely many pieces gives convergence of the full boundary
traversals in curve order. Partition those traversals into finitely many small image arcs, and
apply the preceding lower bound to intervening nonconstant subarcs. A failure of equicontinuity
in angular parameters would traverse one such fixed subarc in a vanishing angular interval, a
contradiction. This proves equicontinuity of the boundary maps. Interior convergence then
identifies every uniformly convergent subsequence, giving convergence on the closure. Small
crosscuts at the finitely many joins give the same conclusion there. There is no constant boundary
interval in the limiting conformal map, by uniqueness for a holomorphic function continuous on a
boundary arc. The boundary order and converging marked accesses thus also identify the limiting
switches. O

3.3 Boundary motion and annular crossing laws

We first remove the rough banks. The arm bounds needed here are mesh-first statements: three
free arms along one regular bank have an upper bound with exponent 1+ 7 for some n > 0, and a
free arm from a shrinking neighborhood to a fixed scale has probability tending to zero. The word
free excludes prescribed sites and cap wires. The local bank versions, including arms approaching
the bank arbitrarily closely, are those of [10, Section 2, “Cardy tests in a boundary chart” and
“Free boundary-arm bounds”].

Lemma 3.4 (Continuity under boundary motion). For a sequence with admissible boundary
convergence, move either cycle slightly into the annulus in round coordinates, and move its switches
slightly with it. Couple all unchanged free colors. The probability that either capped connection test
changes tends to zero as the size of the motion tends to zero, after taking the mesh limit. The
assertion also holds for small piecewise smooth motions in spare space around an inset annulus. It
s uniform along any convergent sequence of admissible data with distinct limiting switches. More
precisely, if H, and Hy, s are either capped indicators before and after a motion of size at most 6,
preserving the run order and its labels away from the moving switches, then

lim lim sup P(H,, # H, ) = 0. (3.2)
010 n—oo ’
Proof. First the mesh in annular coordinates tends to zero. Otherwise a connected cell or triangle
portion of vanishing physical diameter would have preimages with a subsequential nontrivial
continuum limit on which ¢ is constant. Such a continuum cannot meet the interior, where ¢ is
one-to-one, and cannot lie on the boundary, whose finitely many simple arcs contain no constant
interval. Here graph portions, rather than whole cells crossing the domain boundary, are used.
Remove small coordinate neighborhoods of the switches and of the finitely many joins of simple
bank arcs. On each remaining compact bank interval, use disk patches whose boundary consists
of that bank and cuts strictly inside the annulus. Their physical boundaries are Jordan and
their graph approximations converge in curve order. Their uniformizing coordinates agree, with
fixed-scale margins, with the annular coordinates; reflection in the limiting round bank controls
distortion on smaller patches. Thus the local boundary-arm estimates of [10] apply on these
patches even when another prime-end bank has the same physical image.
Cover these intervals by O(s~!) coordinate disks of radius s. Implement a motion much smaller
than s by successively replacing bank intervals, with tapered ends. At graph level choose short

10



transverse joins in disjoint narrow strips from the old cycle to its replacement. Substitute the
intervals in cyclic order, retaining the old cycle off the interval currently being changed and erasing
the joins once the whole cycle is replaced. The graph approximation in curve order ensures that
these are simple cuts. Each join has the same constant color as its run. Moves containing switches
or bank joins are instead included in the exceptional neighborhoods. Two nearby nonnested
contours can be compared through a common slightly inset contour.

Consider one ordinary move on a black bank. If a capped connection test changes, choose a
winning black connection in one test and a winning dual white connection in the other. Contract
the prescribed runs and use the same cap in both tests. Purely wired connections do not change, so
a free segment of a winning path must meet the support of the move. The test neighborhood avoids
every other run and mark. The white path has two free branches leaving that neighborhood. At
least one black branch must also leave freely: a black branch already reaching the same prescribed
run outside the moved interval could be joined there without the local change. Taking simple
paths after contraction gives disjoint white branches, and the opposite-colored black branch is
disjoint from them in the common fair region. This gives three free arms in a slightly shifted
half-patch, with fixed-factor margins. The same argument applies with the colors interchanged.
Forced sites on intermediate cuts are not counted as free arms.

For any fixed larger chart scale, the mesh-first bound for a single disk is O(s!™). The union
over O(s™1) disks therefore costs O(s"). The number of exceptional neighborhoods is fixed. A
change there requires a fair arm approaching from positive parameter distance: connections already
provided by the same run or by the cap do not change. This arm has positive physical diameter,
uniformly after fixing its outer parameter scale, by the no-continuum-fiber observation above. The
ordinary physical one-arm bound consequently makes the exceptional cost tend to zero, including
at a contact between different accesses. One may move each exceptional neighborhood as a single
piece, so this cost is not multiplied by the number of ordinary intervals.

First take the mesh limit, then make the ordinary motions small compared with s, then let s
tend to zero, and finally shrink the exceptional neighborhoods. This proves the assertion. The
same proof with moving marks, or with a moving round radius, proves the stated continuity. [

After applying Lemma 3.4, all prescribed banks can be placed on smooth contours strictly
inside the parameter annulus, with spare space on both sides. There are still two separate issues:
joint ordinary crossings must have a conformally invariant annular law, and those crossings must
determine the capped tests. We address them in that order.

Lemma 3.5 (Ordinary crossings in an annular open set). In an annular open set compactly inside
the parameter annulus, the joint limiting law of any countable collection of regqular ordinary quad
tests is conformally invariant. The tests may be chosen from a countable dense family of polygon
or piecewise smooth quads with positive margins.

Proof. On every strict Jordan disk patch the joint law is the critical triangular percolation law
by [10, Sections 3-4]. This law is conformally invariant; see [2, Theorems 1 and 7] and the
quad-crossing formulation in [6, Section 2.3]. Scalar Cardy sandwiches identify smooth images of
polygon tests and nearby graph crossing conventions with the same limit.

Choose a finite-length smooth cut opening the annulus. Any finite collection of tests compactly
contained off the cut fits in a strict Jordan disk, so its joint law agrees in the physical domain
and in the conformal chart. To recover tests meeting the cut, use the Schramm—Smirnov gluing
theorem [12, Theorem 1.19 and Proposition 4.1], only in strict Jordan disk patches. For the critical
triangular crossing law, the crossing of a regular quad in such a patch is measurable, modulo
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null sets, with respect to countably many tests avoiding the finite smooth cut in that patch. Its
hypotheses hold here: independence in the discrete model, RSW, one-arm decay, and a four-arm
exponent strictly greater than one. Regular continuity tests may be used throughout, by Cardy
sandwiches.

Each required quad meeting the annular cut has a slightly larger Jordan disk neighborhood
inside the annulus. The recovering measurable rule in that neighborhood is the same in the chart
and in its image, since their whole disk laws already agree. All recovering tests belong to the
common countable off-cut family. Hence the recovered crossings have the same joint law as well.
This proves the assertion. White crossings are included by Hex duality and continuity. No gluing
assertion along a rough slit is used. O

Proposition 3.6 (The annular transmission limit). For every sequence with admissible boundary
convergence, the probability of T has a limit depending only on the round data (p,x,y) and the
choice of inner colors. Denote these limils by

T+(p7$7y)7 Ti(paxfy)'

They are continuous for p > 0 and distinct switches. The same convergence holds for each capped
connection probability. In particular, it applies to random remaining domains whenever, conditional
on their geometry and explored boundary, their interior colors are fresh and their marked domains
have admissible convergence almost surely in a subsequential coupling. In that case the difference
between the conditional transmission probability and TF evaluated at the actual annular conformal
data tends to zero in mean absolute value.

Proof. By Lemma 3.4, it suffices first to consider smooth inset annuli with spare space. We show
that ordinary quad crossings determine the limiting value of each capped black connection test.
Sample fair colors throughout a slightly larger annular neighborhood in that spare space, overriding
them on prescribed runs only when evaluating a capped test. Ordinary tube tests use the fair
colors. Compare two candidate sequences, one of which may be in round coordinates. Couple
their countable ordinary crossing vectors through the common limiting law of Lemma 3.5. Along
further subsequences include the cap indicators in the coupling; the curve tightness proved below
also allows the chosen winning paths to be included. The two limiting collections are coupled to
have the same ordinary crossing vector.

Fix a small favorable perturbation of the black test in the second sequence. Move black banks
into the annular fluid and extend their runs slightly past the old switches; retreat white banks from
the old fluid. Use positive slacks and taper the motions within the old white intervals, putting
each new switch on the retreated part. Thus every old black attachment lies behind a new black
bank, the new white banks are positively separated from the old fluid, and any removed fluid is in
separate collars of the expanded black runs. All these choices take place in the spare space.

On a positive configuration in the first sequence, contract each prescribed run and attach the
cap edge when it is black. Take an outermost simple winning path between the two outer black
terminals. For example attach an external terminal edge and take the appropriate boundary of
the union of cycles containing it. Contracting connected boundary runs and attaching the cap
preserves the planar embedding. The resulting path has no bypass on its chosen exterior side.
Since it visits each contracted run at most once, it decomposes into a bounded number of free
black segments joining different runs, together with wired or cap joins. Crop their endpoints by a
vanishing graph distance if they end adjacent to a wire.

We recall why these free segments admit simple limiting curves. Many oscillations across
an annulus supply many disjoint free arms; BK and one-arm decay bound their probabilities.
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Successive-excursion compactness therefore gives tightness in the curve metric. A bulk self-contact
with two positive excursions would give four black traversals. In two gaps on the no-bypass
side, intermediate transverse cuts and Hex duality give two additional white traversals: a black
transverse crossing would instead be a bypass. The six arms are disjoint after fixed-factor crops,
also for backtracking pieces. The mesh-first six-arm exponent greater than two excludes such
contacts by a covering argument. At a smooth boundary bank, a repeated visit to the same point
gives at least three free traversals, including when one of the visits is an endpoint; the boundary
exponent greater than one excludes these repeated visits. A single tangential bank contact need
not be excluded: the favorable perturbation accommodates it. At the finitely many switches
one free arm suffices. These are precisely the local no-bypass and free-segment arguments of [10,
Section 4, “Free segments of a terminal path”]. Contracted runs do not change the bulk argument,
whose working annulus avoids them. Constant pauses may be removed.

In a subsequential coupled representation, fix the favorable displacement and then crop each
limiting free segment a small positive amount at its ends, keeping the new endpoints strictly behind
the expanded black banks. A cropped endpoint may still lie on an old bank; the ambient tube may
straddle that bank within the spare space. This positive crop is distinct from the vanishing graph
crop used to remove incidences to a wire. Surround the cropped simple segment by a thin Jordan
tube, with end caps in those endpoint neighborhoods. The approximating free graph segments
supply ordinary fair-color crossings of this ambient tube. The tube can be approximated with
positive margins by a quad from the countable ordinary test family. Its crossing occurs in the first
sequence, and hence in the second for all sufficiently large indices in the coupling. The witnesses
may be chosen from the countable family after taking the subsequential limit; coordinatewise
convergence still applies to each of the finitely many chosen witnesses.

Clip these transferred crossings when they hit the new black banks. Excursions outside the new
fluid can only lie in the collars now wired black. They can be shorted through the corresponding
run, and collars of different black banks are separated. This operation also handles arbitrarily
many backtracks: at graph level every passage between a removed collar and the fluid meets its
boundary cycle. The transferred tubes, together with the unchanged cap or wire joins, therefore
give a winning black connection in the favorably perturbed second test.

Apply this comparison to subsequences realizing the upper and lower limits of the unperturbed
cap probabilities. The upper limit of the first is bounded by the lower limit of the second plus
its boundary-motion error. Remove the favorable perturbations using Lemma 3.4 and reverse
the roles of the sequences. Their upper and lower limits coincide. This proves convergence and
conformal invariance of each cap test on inset annuli. Taking the inset size to zero proves the same
assertions under Definition 3.2. The cap identity gives the transmission limit. Allowing the marks
and round radii to move in the same comparison proves continuity in (p, z,y).

Finally consider random remaining domains under the stated coupling. For almost every
convergent domain realization, the deterministic statement applies to its fresh product-color law;
continuity identifies the same limit for 7% at the actual conformal data. All probabilities are
bounded by one, so bounded convergence gives convergence in mean absolute value. This conclusion
does not assert a uniform conditional estimate over arbitrary atypical explored boundaries. [

Lemma 3.7 (Collisions and symmetries). The functions TT extend continuously by zero when
switches collide on either boundary, uniformly for p in compact subsets of (0,00). They are
invariant under simultaneous rotation of x and y and under global color reversal. Cyclic relabeling
by one switch in either tuple interchanges T and T~ .
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Proof. If two consecutive switches coalesce, four-interface transmission requires a fair arm from
their intervening shrinking run to the other boundary. This arm cannot use another prescribed
run: it lies between the two corresponding transmitted walls. A mesh-first one-arm bound, with a
fixed outer scale and then a shrinking inner scale, proves vanishing. The bound does not depend
on the positions of the other switches and therefore also covers simultaneous collisions. Conformal
invariance gives simultaneous rotational invariance, and fair colors give global color symmetry.
Moving the first switch to the next switch reverses the alternating run labels on that component.
By the defining convention, this interchanges the two inner prescriptions. O

4 The spectrum of four-interface transmission

We now estimate the limiting transmission probabilities T+ (p, z,y) of Section 3 when the modulus
p is large. There are two different conclusions. The leading term separates into an inner factor and
an outer factor. The signed difference TT — T~ has additional decay, and averaging the rotation
of one end improves that decay beyond exponent 2. This last improvement will make the response
to a fair Poisson insertion integrable over the plane.

4.1 The modulus equation

The space of four cyclically ordered, labeled angles is
C={weR:w <wy < wg<wy<wy +2r}/(27Z1).

Thus we quotient by simultaneous full turns, not by cyclic relabeling. We use the product chamber
X =C xC for (z,y). All statements about distances or derivatives on this chamber use local angle
lifts. Constants are uniform as angles approach a collision; moduli are bounded below by a fixed
positive constant.

Proposition 4.1 (Modulus equation). The functions T* are smooth on (0,00) x X and satisfy

4 4
Wi — W
9T = (L + B, - V)T, ngw; BZawiwi—l-Z:Zcot%@wi S (41
=T,y =1 =1 ‘]75’5
For every po > 0 and every fized finite derivative order k, the vector field B, extends smoothly
across angle collisions and

||BpHCk < Ckmoe_p (p = po)-

It is equivariant under permutations within either tuple, common rotations, and cyclic relabelings.
In particular, its normal component at every collision face is zero.

Proof. We first derive a local equation with just one switch active. Write the annulus as the
cylinder 0 < Im z < p, with real period 2w, and take the active switch on its lower boundary.
Parametrize its exploration by the decrease of the modulus. In the annulus Loewner normalization
with zero regular constant at the driving pole, the angular kernel is

N
H,(u) = lim Z cot

N—oo R

u — 2ikp
—

The pole has residue 2, and the imaginary part on the other boundary is —1. The locality theorem
for annulus SLEg [17] identifies the local driving angle with Brownian motion of variance parameter
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6. Only locality before leaving a small simply connected neighborhood of the active switch is used
here.

For completeness, the absence of an additional driving drift depends on the normalization. In a
chordal chart the pole part is 2/(z — U,). If F; is a changing local conformal coordinate, comparison
of pole residues gives the new clock F}(U;)?dt. Comparison of the regular terms, both normalized
to have zero constant, gives 0,F;(U;) = —3F]'(Uy). This cancels the Ité correction «F/'(U;)/2
precisely for kK = 6. No condition on a remote target in the annulus enters this calculation.

Other switches on the active boundary have velocity Hp(u), at angular difference u from the
active one. Switches on the opposite boundary have angular velocity Re Hy,(u + ip). Pairing the
positive and negative terms of the series gives, uniformly with any fixed number of derivatives,

H,(u) — cot(u/2) = O(e™?P), Re Hy(u+ip) = O(e™?). (4.2)

The remainders are smooth periodic functions of u, including at u = 0. Thus, when z; is the active
switch, its equation is

0= —0pT + 3022, T+ Y _ Hpy(xj — x;) 0x, T
i
4 (4.3)
+ Y ReHy(y; — x; +ip) 8,,T.
j=1

For an active switch y;, the equation is obtained by exchanging x and y. Indeed the cylinder change
z — —z + ip exchanges the boundaries and reverses both angle coordinates; the angular kernels
are odd, so transforming back preserves the displayed signs. Averaging these eight equations gives
(4.1). The series estimates give the asserted bounds on B,. The averaged expression treats the
labels within each tuple symmetrically; therefore it is permutation equivariant. At a collision its
two corresponding components agree, proving tangency. The other symmetries follow in the same
way from the kernels.

We justify the Markov identity underlying these equations before assuming differentiability.
On a round annulus choose an arbitrarily small crosscut around the active switch, separated
from all other switches and from the other boundary component. Approximate the smooth
bank by chord-free graph boundaries and complete the neighborhood to a Jordan patch, putting
its second color switch remotely. Up to the pre-query stop at the crosscut, the exploration in
this patch is exactly the exploration in the annulus: no color beyond the crosscut is read. The
stopped-exploration results of [10, Lemmas 3.6-3.7] give convergence of the path together with its
remaining domains. Crosscuts may be chosen as the semicircle crosscuts in the stopped-target
construction; the probability of an endpoint stop vanishes when endpoint neighborhoods shrink.

The unaltered part, obtained by cutting off the fixed crosscut neighborhood, is a Jordan
annular back with unchanged boundary traversal. For the remaining face containing this back, the
stopped-target-face and remaining-domain statements of [10, Lemmas 3.6-3.7] give finitely many
Jordan side pieces attached to the back along open subintervals of that crosscut. Components
already disconnected from this face are discarded; no assertion of finiteness is being made about
all components swallowed by the exploration. We check that its limit is still doubly connected. In
the closed crosscut neighborhood, remove the side-lobe interiors and their open attaching intervals.
The remaining closed set is connected to the original outer complement. Indeed join any of its
points to the old outer bank by a path in that neighborhood whose interior avoids the crosscut.
If this path enters a lobe, replace its portion from first entry to last exit by the corresponding
subarc of the lobe boundary off its open attachment. The entry and exit lie on this retained
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bank, not on the crosscut. This bank meets the crosscut only at its own endpoints and enters no
other lobe interior, since the Jordan interiors are disjoint. Thus each replacement avoids all lobe
interiors and open attachments; finitely many replacements give a path in the complement. The
unchanged inner hole is separated from this connected outer complement by the persisting annular
back. These are precisely the two nondegenerate complementary components. Lemma 3.3 gives
convergence of annular uniformizations on their closures, with the prime-end traversals and marks
in order. The hole and a separating open bulk persist throughout this local exploration, so the
moduli remain nondegenerate. Thus the residual annuli satisfy the hypotheses of Proposition 3.6.
The stopping edge becomes the replacement switch, the other marks are unchanged, and the colors
in the remaining face are fresh. Transmission topology and bounded convergence therefore give
the local mean-value identity for T% at each of these hull stops.

This identity first implies the active equations in the viscosity sense. Work modulo simultaneous
rotation and let a smooth test function touch T from above or below. On a sufficiently small
crosscut stop the modulus and image marks remain in the touching neighborhood. Indeed the
hull capacity tends to zero, and annular maps normalized at a remote mark tend to the identity
on the other compact bank intervals, by reflection. The image of the tip is squeezed between
neighboring unaffected bank points. Applying It6’s formula to the touching function contradicts
a strict inequality with the wrong sign in the active equation, because the stop takes positive
time. The same touching function can be used for all eight active equations, so their average also
holds in viscosity form. On every compact subset of the open chamber the averaged equation is a
smooth, uniformly parabolic linear equation, also after the rotation quotient. Interior parabolic
regularity then gives smoothness and the classical equation. Simultaneous rotation invariance
removes the quotient. O

4.2 The ground-state transform

Define positive functions on the open chamber by

Wi —w;
Jw)= [ sn=o—,  hzy)=J@)"IG)" A=

1<i<j<4

(4.4)

The product J is unchanged by a cyclic relabeling. For one tuple put s; = 37, ; cot((w; — w;)/2).
The elementary three-angle cotangent identity gives

2 — — =20 Ow, log J/° = —.
Ei s; gﬁj csc 3 ) w; 108 6

Substitution in L shows that each tuple contributes —5/8 to h~!Lh. Hence Lh = —\h.

This ground-state calculation is the cotangent-diffusion form of the SLE-Calogero—Sutherland
structure studied in [4]; we give the estimates needed here directly. The transformed generator
and its invariant density are

D= %(A +Viogm V),  m(x,y) = J(x)3T(y)"3. (4.5)

Let i be the probability measure proportional to m times Lebesgue angle measure. For T =T+, T,
or a linear combination of them, set W (p) = e*’T(p)/h. Equation (4.1) becomes

W =DW + B, - VW +V,W,  V, =B, Vlogh. (4.6)
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The apparent singularities of V), at collisions are removable. Every cotangent is multiplied by a
difference of two components of B,,, which vanishes on the corresponding collision face. Periodicity
handles the face wy = w; + 27. Thus V}, has smooth bounds O(e™”) up to the chamber boundary,
as does By,.

Lemma 4.2 (Smoothing on the chamber). Fizx py > 0. For either transmission function, or its
sum or difference, the transformed solution satisfies

W (P)lloo + Lip(W(p)) < Cpy (P = po+2). (4.7)

The semigroup Py of D is symmetric on L*(u) and, for every q > 1, maps LI(u) to bounded
functions at every fized positive time. At unit time the evolution in (4.6) maps bounded functions
to Lipschitz functions with a constant uniform in the starting modulus p > pg.

Proof. We first justify using the diffusion all the way to the chamber boundary. The drift in one
tuple is %(Z#i cot((w; — w;)/2))i ;. On the lifted convex chamber, use —logm, shifted to be
nonnegative, as a Lyapunov function. If « = 4/3 is the density exponent, the cotangent identity
shows that its generator has a singular contribution proportional to (a—a?) Y, - ) esc? ((w; —wj)/2).
This coeflicient is negative, so the generator is bounded above. More explicitly, the one-tuple
contribution is

10 1 i — W
D(—lOgJ4/3) = ? — QZCSCQ %
7]

Stopping on inner exhaustions proves that no collision occurs in finite time. Interior existence
and pathwise uniqueness therefore give a global diffusion. A bounded added drift, such as the
time-dependent B,,, preserves noncollision by Girsanov’s theorem on each bounded time interval.
The divergence form of D gives symmetry and invariance of u, first on interior exhaustions and
then by noncollision.

The Feynman—Kac representation for (4.6) uses D + B - V and potential V', with coefficients
read at decreasing moduli from the evaluation modulus down to the initial modulus. Its initial data
at pg obey |W(po)| < C/h. To justify this representation despite the unbounded transformed data,
first apply the killed representation to T" on inner chamber exhaustions. Lemma 3.7 says that the
lateral values of T" tend uniformly to zero on each compact modulus interval. Their contribution
therefore disappears. The h-transform on the exhaustion gives the stated representation; pass to
the limit using noncollision. It suffices to do this for the nonnegative 7% and then use linearity.

Here are the uniform smoothing estimates. The negative logarithm of m is convex on the
lifted chamber, so the drift of D is monotone dissipative. Couple two diffusions by the same
Brownian motion and add to the second a drift toward the first of magnitude their initial distance
divided by the allotted time, until they meet. Dissipativity forces meeting by that time. Girsanov’s
theorem removes the extra drift with all fixed moments bounded in terms of the time and the
initial distance. Localization inside the chamber justifies the coupling, and the preceding change-
of-measure argument excludes collisions for the controlled diffusion. Hélder’s inequality gives the
dimension-free form

|PF(2)|7 < C(q,t,dist(z, 2"))P(|F|7)(2).

One can always choose lifts of z, 2’ at bounded distance. Integration in 2z’ against the invariant
probability u proves the asserted L4-to-supremum estimate.

A bounded drift perturbation and a bounded potential on a unit time interval preserve initial
smoothing from L*(u). Indeed Cauchy-Schwarz applied to the Girsanov density bounds the
perturbed expectation of |f| by C(Py|f|?)!/?; the unperturbed L?*-to-supremum bound for |f|?
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then gives C| f|z1(,). There is exactly this integrability here: h=t € L*(u), since h=*m = 1.
After the first unit interval W is bounded. Its bound persists for all subsequent times because
S WValloo dp < .

The same coupling proves a Lipschitz estimate for bounded data on a unit interval. In the
presence of B, a control of size at most a fixed constant times the initial distance forces meeting;
before meeting the distance stays bounded by the same multiple of the initial distance. The second
moment estimate for the Girsanov exponential bounds its total-variation cost by that distance.
The two Feynman—Kac weights differ by at most the same order, since V' has a uniform Lipschitz
bound. Thus the unit-time Lipschitz norm is bounded by a constant times the initial supremum
norm. Apply this on the last unit interval to obtain (4.7). O

4.3 The two symmetry gaps

The role of rotation averaging can now be seen explicitly. For a tuple with real ordered lift w,
write

u_J:wai, r=w—wl, 0=w (mod 27).
The relative coordinate lies in the bounded convex alcove
A:{T€R4:ZiTiZO, Ty <To<r3<r4<r]+2m}.

This identifies C with a product of a circle and A. Its invariant law is a product as well, since J
depends only on the relative angles. The center part of D is (3/32)93 for each tuple.

Lemma 4.3 (Spectral gaps). The relative-angle diffusion for one tuple has Poincaré gap at least
1/2. Consider the subspace of L*(i1) consisting of functions invariant under simultaneous rotation
of the two tuples and changing sign under one cyclic relabeling of either tuple. On this subspace
—D has gap at least 3/4. On its subspace with both center frequencies zero the gap is at least 1.

Proof. For a mean-zero vector v € R* the Hessian of the negative logarithm of the one-tuple
density satisfies
V2(—log JY3)[v,0] = 120862 T gy — )2 > o2
’ 3 R

The Brascamp-Lieb inequality [1, 7], applied on the convex alcove, therefore gives

Var(F') < i/\VTF\Qd,uT.

The Dirichlet form has factor 3/8, yielding the gap 1/2. One may first use inner convex exhaustions
of the alcove and then pass to the limit.

For the two tuples, simultaneous rotation invariance allows only center frequencies (n, —n),
whose energy cost is 3n2/16. A cyclic relabeling sends @ to § + 7/2 and acts on A by a measure-
preserving affine isometry. If a function changes sign under this relabeling, its relative-angle
mean must vanish unless /™2 = —1, that is, unless n = 2 (mod 4). The same assertion holds
separately for the other tuple. Therefore frequencies not congruent to 2 modulo 4 pay at least
1/2+1/2 =1 in relative energy. The remaining frequencies have |n| > 2 and pay at least 3/4 in
center energy. At (n,—n) = (0,0) the two relative means vanish, giving the gap 1.
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These inequalities give L? semigroup decay through the symmetric Dirichlet form
3 2
E(F,F) = §/|VF\ d.

There is no hidden absorbing boundary: the constant function is in the form domain. Cutoffs
approaching the collision faces have vanishing energy because the density vanishes with power
4/3 > 1. O

Let W_ = (T —T7)/h, and define

WF) ) = o [ Fley+o1)do

on simultaneous-rotation-invariant functions. Equivalently, II is projection to center frequencies
(0,0). A one-step cyclic relabeling switches T+ and T, while & is unchanged. Thus W_ has
exactly the symmetries of Lemma 4.3.

Proposition 4.4 (Uniform transmission asymptotics). There are constants K >0, o > 0, and
C < oo such that, uniformly over the open angle chamber and all sufficiently large p,

IW-(p)lloc < Ce/4, MW (p)lloc < C(L+p)e”,  (4.8)
T=(pw,y) = e P (Kh(z,y) + O(e™P)).

Moreowver,
Lip(W-(p)) < Ce™/%, |IW_(p+0) = W-(p)lloe < Ce™ VI (0<<1).  (4.10)
The function h is uniformly 1/3-Holder on the closed chamber.

Proof. For any transformed solution put F, = B, - VW(p) + V,W(p). Lemma 4.2 implies
| Fpllooc < Ce™ once p is sufficiently large. Variation of constants gives

P
W(p) = Ppp,W(p1) + | PpsFsds. (4.11)
p1
This identity also follows directly by Itd’s formula with D, first stopping on inner exhaustions: on
the interval in question the solution and the forcing are bounded, and collisions are not hit.

For W_ the forcing respects simultaneous rotation invariance and the two cyclic sign changes.
Apply the 3/4 gap to (4.11), and then apply the unit-time L?-to-supremum smoothing to all
semigroup times at least one. For shorter times use the supremum bound on F;. The convolution
with e~ is O(e3P/4). After projecting by II, which commutes with D, the gap is 1 and the
convolution is O((14p)e™?). This proves (4.8). It does not require B, to commute with independent
rotations: the projected forcing is estimated after projection.

For either W or W~ separately, D has a positive gap off constants. Indeed the center gap
is 3/32 and the relative gap is at least 1/2. The same argument shows exponential convergence
of W — [ Wdpu to zero. Also 0, [ Wdp = [ F,du = O(e™?), so its mean converges exponentially.
The first estimate of (4.8) makes the two limiting constants equal; call their common value K.
Multiplication by e~*Ph proves (4.9).

The unit-interval Lipschitz estimate in Lemma 4.2, applied to the homogeneous perturbed
evolution for W_, improves its Lipschitz bound to Ce~3P/4. To obtain time regularity, the same
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diffusion has expected angle displacement at most Cv/¢ in time ¢ < 1, uniformly in its initial
point. Here is a bound that remains valid near a collision. Apply Itd’s formula to squared distance
from the initial lift. Each pair in the scalar product with the singular drift contributes a constant
multiple of

(v —vp) cot(v/2), v,v9 € (0,2m),

which is bounded above uniformly: use v — vy < v for v < 7 and v — vy > v — 27w for v > .
The bounded additional drift and the Brownian quadratic variation then give E|Z, — Zy|> < O,
by localization and Gronwall’s inequality. The Feynman—Kac representation over time ¢, the
spatial Lipschitz bound, and the bounded potential give the time estimate in (4.10). Finally J
is a bounded Lipschitz nonnegative function on the closed chamber, and taking a cube root is
1/3-Holder. The assertion for h follows by taking products. O

5 Separating the conformal data of the two ends

The estimates of Section 4 are expressed in the uniformizing coordinates of the entire annulus. To
use them in a transfer operator, their leading term must instead depend separately on the inner
and outer explored regions. We prove the requisite comparison uniformly over their shapes. Only
separation of the two ends is needed; no boundary smoothness bound is imposed.

Let K; be a closed Jordan region containing 0 in its interior, and let U, be a bounded Jordan
domain containing K;. The annulus under consideration is U, \ K;. Fix constants c., Cy > 0 and
assume that

K; C {|z| <a}, diamK; > c.a, {|]z] < b} C U,, mallr]l |z| < Cyb. (5.1)
zcdUy

We take b/a larger than a constant depending only on ¢,, C,. Each boundary carries four distinct
marked prime ends and alternating color prescriptions.
Normalize the two ends separately. Let

wi i C\ K; — {jw| > 1},  wi(2) =2/l + O(1) (2 — o0),
with I; > 0, and let
we : Up — {|w] < 1}, wo(0) =0, w,(0)=1/l, > 0.

Thus /; is the logarithmic capacity of K; and [, is the conformal radius of U, at 0. Write 3%, 2" for
the angles of the inner and outer marks in these maps. Capacity-diameter bounds for continua
and the Koebe estimates imply

l; < a, lo < b, (5.2)

with constants depending only on ¢, Ci.

Lemma 5.1 (Uniform end-map comparison). Let (p,x,y) be the modulus and marked angles in
a uniformization of U, \ K;, with angular direction the same on both boundary components. Put
p =1log(ly/l;). The common rotational normalization of the annulus map can be chosen so that
a a
b’ b’

Distances in the second inequality use compatible cyclic lifts. The constant is uniform over all
Jordan boundaries satisfying (5.1), including all placements of the marks.

p—p|<C | — 2% + |y — 4°| < C(1 + log(b/a)) (5:3)

20



Proof. Define the single-valued analytic corrections

liw; (2 low,(z
gi(2) =1og "L g () =10y 1elE)

with branches vanishing at infinity and at zero, respectively. The quotient defining g, has no zeros
in U, and the apparent singularity at zero is removable; the exterior quotient has zero winding
and its logarithm is normalized at infinity. Univalent distortion and (5.2) give

90(2)| < Ca/b (2| < Cia),  |gi(2)| < Ca/b (|z] = e1d), (5-4)

for every fixed C1 < oo and ¢; > 0, once a/b is small enough. The relevant sets in these inequalities
are contained in the respective map domains. The same bounds hold in fixed round collars
in the single-end coordinates. If ¢; = w; !, the maximum principle applied to ¥;(w)/w gives
[v;(w)] < a|w]| for |w| > 1. For ¢, = w, !, Koebe’s distortion bound gives |1, (w)| > low|/(1+]w])?.
Thus the inverse exterior map sends 1 < |w;| < 2 into |z| < 2a, and the inverse interior map sends,
for example, 1/2 < |w,| < 1 into |z| > c¢b. These observations are the reason arbitrary roughness
of the physical boundaries does not change the constants.
Consider the multivalued analytic function

H(z) = log(2/l;) + gi(2) + go(2)-

It has period 2mi, and its real part is within Ca/b of 0 on the inner boundary and of p’ on the
outer boundary. Let A(z) be an annulus logarithm, normalized by 0 < Re A < p. Its period is also
27i. The difference H — A is therefore single-valued. In the cylinder coordinate A, the circular
average of the real part of any single-valued analytic function is constant across the cylinder. At
the two boundary circles the averages of Re(H — A) are, respectively, O(a/b) and p’ —p + O(a/b).
Equality of the averages proves |p — p’| < Ca/b. The maximum principle now yields

|Re(A— H)| < Ca/b throughout U, \ K. (5.5)

It remains to compare the angular parts; a bound on real parts alone would not control them
on arbitrary boundaries. Use instead the round collars in the single-end coordinates. The relevant
single-valued functions satisfy

A—logw; = (A—H) + go, A—p—logw, = (A—H)+ (p —p) + g

Near the inner end, A — log w; has real part bounded by Ca/b, by (5.4) and (5.5), and its real
part is exactly zero on |w;| = 1. Schwarz reflection across this circle, followed by interior gradient
bounds on a smaller fixed collar, bounds the variation of its imaginary part along the entire end
circle by Ca/b. Near the outer end apply the same argument to A — p — log w,. Its real part is
zero on |w,| =1 and is bounded by Ca/b in a fixed inner collar. This gives the analogous angular
bound, initially with possibly different additive constants at the two ends.

To match these constants, choose C; large and c¢; small, both fixed. The round annulus
Chia < |z] < c1b is contained in the physical annulus. Along a radial segment across it, use
O(1 + log(b/a)) overlapping disks of fixed relative size. The gradient estimate for the analytic
function A — H, whose real part obeys (5.5), bounds the variation of its imaginary part on each
disk by Ca/b. At either end, distortion in the corresponding single-end chart connects this radial
segment to the fixed collar with a bounded additional chart distance. The same interior estimate
and the collar reflection estimate apply there. Thus the two additive constants differ by at most
C(1+1log(b/a))a/b. Choose the common rotation to fix the inner constant. The comparison of all
marked angles, uniformly even when marks are very close, follows. This proves (5.3). O
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Proposition 5.2 (Separated-end transmission). There are constants 1,02 > 0 and C < oo,
depending only on the fized constants in (5.1), such that the transmission probabilities of every
such marked annulus satisfy

7% = K217 (25| < Cla/b)o (5.6)

Here K is the common constant in Proposition 4.4. If one rotates the inner end, with its marks
and prescribed colors, through angle ¢ about O while keeping the outer end fixed, then

% /O%(qu -T;) dqb’ < C(a/b)*2. (5.7)

The same conclusion holds if the outer end is rotated instead. Both estimates remain uniform for
Jordan approzimants to the prime-end boundaries of Section 3, provided they satisfy (5.1) with the
same fixed constants.

Proof. Write p = a/b and q = log(1/p). By (5.2), p’ = ¢+ O(1). Set n = C(1 + q)p, the angular
error in Lemma 5.1. The 1/3-Ho6lder bound for h and the first inequality of that lemma give

le P h(z,y) — e (2% y0)| < Cprp+n'/?).

Combining this with (4.9) proves (5.6); for example any 0 < o1 < min{e, 1/3} is sufficient after
changing the constant. Since e ' = (1;/1,)*, the leading term has exactly the displayed separated
form.

For the signed estimate put U = T+ — T~ = ¢ hIW_. Equations (4.8) and (4.10), together
with the Holder bound for h, show that replacing the actual annular data by the two single-end
data costs at most

Cp* ("% +n+n'?). (5.8)

This bound is uniform over the rotation of either physical end. In particular it is a power
improvement on p2.

The capacity /; is unchanged by rotation of the inner end, and its normalized map is w; ¢(2) =
e"Pw;(e~"z). Consequently its marked single-end angles are exactly y° + ¢1. The factor h is
unchanged by rotating either tuple separately. Thus the rotation average in the unperturbed data
is

e W h(a®, ) (W), 2%, 4°).
whose absolute value is at most C(1+¢)p*t! = C(1+¢)p°/* by (4.8). Add the uniform error (5.8).
Any 0 < 09 < 1/4 is then admissible, after increasing the constant and restricting to sufficiently
small p. Rotating the outer end gives the same projection, by simultaneous rotation invariance.

Every estimate was obtained with constants depending only on the separation and scale
conditions, not on boundary smoothness or mark separation. It can therefore be applied directly
to the continuum function 7" evaluated on the conformal data of the Jordan cycles approximating
an explored domain. Under admissible convergence, Proposition 3.6 separately identifies the limit
of the discrete transmission probabilities with that continuum function; no reflection across a
physically nonsimple limiting bank is being asserted. O

6 Uniform transfer of signed connection states

The estimates of the preceding section concern annuli with four prescribed switches at each end.
A discrete crossing test, however, can present an arbitrarily complicated connection state to an
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annulus. Moreover, the outside of that annulus need not have a scaling limit. We now prove
operator estimates that are uniform over these states and outside data. The important distinction
is between the two annular ends, where arbitrary data are allowed, and an independent region
between them, where the scaling-limit arguments take place.

Throughout this section the Poisson intensity is one, the center of all circles is fixed, and A = 5/4.
We use the localization and mesh-first arm estimates recalled above from [10, Sections 2-3]. The
constants implicit in choices of collars and buffers are fixed once and for all.

6.1 Cuts, connection states, and transfer operators

Fix a sufficiently small constant n > 0. A seam at radius r consists of the marked Poisson process
in the collar
(L =n)r <lz[ <@ +n)r,

together with auxiliary randomness used to select a graph cycle. A local occupancy test, denoted
G, ensures that the graph and the vertex stars through a narrower collar are determined by these
variables and that their diameters are smaller than a fixed small fraction of nr. We choose the
test and the narrower collar with buffers at both ends, so that

P(GS) < Ce . (6.1)

On G, choose a simple site cycle I', surrounding the center, inside the narrower collar. The
choice uses the geometry but not the colors. The test and the choice are rotation equivariant; an
independent uniform angular axis may be included among the seam variables to break ties.

For completeness, such a screen can be obtained by requiring that every point in a closed
intermediate collar be within a sufficiently small distance, proportional to r, of a nucleus in the
larger collar. This covering-distance condition is rotation invariant and has the exponential failure
bound in (6.1). Following a circle in the site triangulation and deleting loops gives the required
cycle. Buffers and the same covering condition determine all its vertex stars. A nucleus beyond
either extremity of the collar cannot affect the graph on the other side: its cell would have to
pass through the screened intermediate collar, where all cells are small. Consequently the graph
on each side of I, including its attachments to the cycle, can be read from the seam and the
Poisson variables on that side. Conditional on the seam, the variables used on the two sides are
independent.

The colors on I', determine an even number of switches. An inside connection state is a
noncrossing pairing of those switches by interface strands in the disk on the inside. The pairing,
together with the monochromatic runs on the cycle, determines all boundary connectivity. Closed
interface loops carry no information and are not stored. We allow every formal noncrossing pairing
as a state, whether or not it is realized by a particular inside graph. Such pairings respect the
alternating color convention: the endpoints of each pair have opposite parity in cyclic order. Gluing
a pairing to the annular strands is therefore defined without a realizability restriction.

Write ¥, for the seam variables and S,(X,) for this finite state set on G,. A message is a
measurable field of signed measures vy, on S,(3,) such that

vy, (S () =0, vy, =0 on Gf.
Its norm is

[v]lr = ess sup [vs, [ITv- (6.2)

T
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Here total variation is the sum of the absolute point masses, so that a difference of probability
measures has norm at most two. Finite state sets can be numbered measurably; the bounded
fields of zero-mass measures, modulo seam-law null sets, form a Banach space B;.
If the collars at radii 7 < s are disjoint, gluing through the intervening annulus defines a linear
map
M, : B, — Bs.

More explicitly, conditional on Y, integrate 3, and the intervening marked process, impose both
seam successes, and push vy, through the annular strands. Closed loops have weight one. For
every fixed realization, this push is a map between finite state spaces and contracts total variation.
Its mass remains zero. The success restrictions are indicators in this integral, not a conditioning
followed by renormalization. Only the output seam is conditioned on in the definition of its message
field. Intermediate successful seams therefore give exactly the composition of these operators, with
the corresponding success indicators imposed. This construction does not assert independence for
unrestricted Voronoi events in neighboring regions; independence is used only for the underlying
marked Poisson variables separated by the specified buffers.

Rotation and global color reversal act on seam variables and states. A message is isotropic if it
is fixed by the rotation action and ewven if it is fixed by color reversal. Both symmetries are exact
for M, s, since the screens and cycle choices have those symmetries.

Proposition 6.1 (Fixed-ratio transfer). There are § > 0 and C' < oo with the following property.
For every sufficiently large integer n, set L = 2". There is a threshold ro(L) such that, for
r > ro(L), the transfer M = M, 1, satisfies

M| < CL™, (6.3)
M =M +E,  rankM; <1, |E| < CL™>79,
||M|B§ven,iso H S CL_2_5.

The constants C, 6 do not depend on L or r. Every norm in the conclusion includes the essential
supremum over successful output seams, including their colors. The rank-one operator may depend
on 1 and L.

The reduction has a simple mechanism. Six surviving interfaces already cost a power strictly
greater than two, while four interfaces leave just one signed connection coordinate. We isolate
an independent region in which to obtain four-tip boundaries, verify their convergence, and then
apply the separated-end estimates to that coordinate. Summing over the first four-tip scales gives
both the rank-one approximation and the color—rotation cancellation.

6.2 An independent region for the limiting argument

Fix L for the moment and rescale by r. Thus the mesh tends to zero as r — 0o, whereas all radii
used in the present argument lie in a fixed finite range. Choose auxiliary starting cycles near radii
8r and Lr/8. Their geometry is determined in small collars separated from both original seams.
From either starting cycle we shall explore towards the middle of the annulus, stopping at one of
finitely many barriers: color-independent site cycles approximating specified concentric circles in
curve order. Their colors remain unread until the exploration proceeds past them. A stopping
circle means the limiting circle of the current barrier. All cycles may be made chord free on the
side approached by the exploration.
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Figure 2: The radial order of two end experiments with separated barriers, on a schematic
logarithmic scale. Explorations start inside the transfer block, independently of its two seams.
FEach shaded end support extends a little beyond its last barrier; the gap between those supports
permits their independent integration. The original seam screens remain imposed throughout.

We impose auxiliary occupancy tests in this intervening region. Unlike the actual seam tests,
these may require a relative mesh tending to zero: use covering distances that tend slowly to zero
in rescaled coordinates. For the fixed finite collection of collars under consideration, their total
failure probability is o(1). Their supports are separated from the input and output seams. On
success, geometry around the two starting cycles and throughout the region between them agrees
with the geometry of a full-plane Poisson sample, obtained by adjoining independent variables
outside that region. In particular, all these o(1) failure bounds hold uniformly conditional on
either or both original seam variables.

There is also a local version of this construction. An end experiment stopped at a barrier uses
only variables from a buffer just before its starting cycle through a small fixed-factor enlargement
past that barrier, together with the variables between its starting cycle and its own seam. Its
localization tests stop at that enlargement. If two barriers are separated by a sufficiently large
fixed factor, the supports for the two end experiments are disjoint. Extra tests across the middle
can then be added when evaluating an actual annular transmission. Deleting those extra tests
from an integral with bounded weights changes it by o(1), uniformly in the original seams. It is
only after this deletion that the two end integrals are factored. Figure 2 records the radial order
and the gaps between the supports of the two end experiments.

The following elementary observation is the uniformity mechanism used below. Its purpose is
to avoid any assertion of a uniform scaling limit conditional on an atypical explored shape.

Lemma 6.2 (Domination before conditioning on end shapes). Suppose a contribution to M, r,v
is expressed, after exploring from the auxiliary starting cycles, as an integral of an inner scalar
coefficient, a bounded middle test, and an outer signed state measure. If the middle test is replaced
with absolute error F' > 0, where F' depends only on the independent region just described, then
the error in output norm is at most

Cllv||r Ecore E" + o(1) V]| (6.6)

The same bound applies to discarding an event there, by taking F' to be its indicator. The expectation
is under the unweighted full-plane comparison law; the bound is uniform over successful output
seams.

Proof. For a fixed realization, pushing vy, to any intermediate state set contracts total variation.
When that set has two states, its zero-mass image has the form a(dp — dy), with |a| < ||v]];,.
Pushing the two-state difference through the other end gives a signed measure ¢ with [|¢||Tv < 2.
Hence the pointwise norm of the replacement error is bounded by 2||v||,F. The same argument,
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summing absolute masses before a two-state reduction, handles discarded events. No regularity of
the dependence of a or ¢ on the seam data is needed.

On the auxiliary localization successes, F' is a function of marked Poisson variables independent
of both original seams and has the stated full-plane comparison law. Integrate the pointwise bound
conditional on the output seam. Auxiliary failures contribute the final o(1) term, also uniformly,
because their supports are off the original seams. The seam success indicators themselves are not

deleted. O

6.3 Exploration up to the first four-tip frontier

First push the input message from its original seam to the inner auxiliary starting cycle, using
the marked variables in the intervening attachment region. The subsequent exploration uses the
colored starting cycle and the variables towards its barrier; it never consults an attached cap state.
Dependence on the input message stays in the pushed signed coefficients. At the outer end the
corresponding attachment operation pushes states from its auxiliary cycle towards the original
output seam.

At the inner auxiliary cycle, reveal its colors and trace every switch into the annulus. A wall is
followed until it pairs with another traced wall or until its next color query would read a vertex
on the current barrier. In the second case, stop before that query. The stopped wall ends at a
switch edge whose next triangle has its opposite vertex on the barrier. No barrier colors have been
read. The analogous outer experiment is directed inwards. Increasing the inner barrier radius by a
factor two, or decreasing the outer barrier radius by a factor two, continues the same wall system.
Tracing all walls in a previously colored sample shows that the outcome does not depend on their
tracing order.

We call the unpaired stopped wall ends the surviving tips. Their number is even and decreases
as the barrier is advanced. The first barrier with at most four surviving tips will be the end’s
reduction barrier. A reduction to zero or two tips kills every zero-mass message. A reduction to
exactly four leaves precisely two cap states. We next verify both this assertion and the geometric
properties needed for the annular transmission limit.

Lemma 6.3 (Frontier and arm counts). For either end experiment, outside an event whose
probability tends to zero as the permitted separation of tips tends to zero, mesh first, the tips at
each of finitely many fized-scale barriers have distinct limiting positions. The boundary facing the
unqueried barrier is a stimple site cycle whose switches are exactly these tips. In particular:

1. If there are zero or two tips, the induced map on zero-mass connection-state measures is zero.

2. If there are at least six tips, siz disjoint bulk arms cross the region from the starting cycle to
the barrier, after fized-factor crops at the two ends.

All probabilistic assertions are made under the unweighted exploration law, before conditioning on
a particular history.

Proof. First consider two tips approaching the same point of the barrier. Use a graph disk patch
with its base on the barrier and a half-annulus on the exploration side. Extend each stopped wall
through its last triangle to the base, only for this geometric argument; no barrier color is queried.
The two wall fingers give two proper traversals of the half-annulus, with fixed margins at its two
semicircular ends. Following the sites on their banks gives three disjoint free arms in the sectors
on the two exterior sides and between the fingers. These sites are on the exploration side, not on
the barrier. Short spokes through successive wall triangles keep each bank in its sector. The base
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through the tips prevents an exterior bank from escaping around a finger’s end. Cropping the last
mesh steps gives the same count when two stopping triangles share a barrier vertex.

This is the free-bank-shadow count for two traversals in the boundary argument of [10, Section 3].
The local boundary three-arm exponent is strictly greater than one. Covering the barrier by
O(s71) patches of radius s therefore excludes colliding tips as s | 0, mesh first. The BK inequality
applied to the free shadows also makes the number of fixed-scale traversals tight.

For the frontier assertion, fill the starting side of the starting cycle with a disk, using the
sphere for the outside experiment. Attach the queried triangles along the explored bands and add
all edges between revealed vertices. The resulting graph is two-connected: attaching a triangle
along an existing edge preserves two-connectivity, as does adding an edge between existing vertices.
Thus the boundary of its face containing the unqueried barrier is a simple cycle. The barrier and
its paths towards the unexplored middle remain in that face. In particular each stopping triangle
is incident with this same face on its unread side.

There is a useful invariant: every revealed vertex has a revealed path of its own color to the
starting cycle. It holds initially, and a newly queried triangle vertex has the color of one endpoint
of the incoming heterochromatic edge, extending such a path. Thus an added heterochromatic
edge between revealed vertices cannot belong to an unstarted wall. Such a wall would either
close in the annulus or return to the barrier without visiting the starting cycle; in either case
it would separate one bank from that cycle, contradicting its revealed same-color path. Every
heterochromatic revealed-vertex edge therefore belongs to the traced wall system.

To identify the colors along the frontier, extend the stopped walls to the barrier as above. These
proper arcs, together with the walls that paired back to the starting cycle, divide the explored
collar into regions with their consistent bank colors. Every revealed vertex is either a starting-cycle
vertex or was queried in a wall triangle. Its color agrees with the relevant bank. An added edge
cannot cross one of these wall arcs, and the preceding invariant excludes any untraced switch
there. Previously crossed switch edges have triangles on both sides in the revealed bands. The
only switches exposed to the remaining face are consequently the surviving stopping edges.

With zero or two switches there is just one noncrossing cap pairing. Every input state gives
that same pairing, so a zero-mass difference vanishes. With six or more surviving wall fingers,
their bank shadows give six disjoint site arms in successive sectors between the starting cycle and
the barrier. Fixed-factor crops remove the two ends, where different shadows could otherwise meet.
The arbitrary-color six-arm bound is applicable, so no particular numbering or color order of the
six arms is required. O

The next lemma verifies the non-Jordan boundary issue rather than presuming that scalar
Cardy convergence applies to a random annulus.

Lemma 6.4 (Admissibility of four-tip frontiers). At a fized barrier, restrict the unweighted
exploration law to the event of exactly four surviving tips. Along subsequences with good geometry
as in [10, Section 2], the four monochromatic frontier arcs are tight in curve order. In every
coupled subsequential limit, after constant pauses are erased, each arc is simple and meets the
stopping circle only at its two prescribed endpoints. The four endpoints are distinct.

For two such experiments ending at well-separated barriers, their residual annulus satisfies the
admissibility conditions of Proposition 3.6. If t,. is the discrete through-transmission probability
conditional on the complete geometry and the two end histories, and T;. is the continuum transmis-
ston function evaluated on its actual conformal data, then, for fited L and the fized finite list of
barriers,

Ecore [1{f0ur tips at both ends}|tT - TT|:| = 0(1) (67)
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The expectation concerns unweighted histories, not a uniform conditional estimate for all possible
histories.

Proof. The BK and successive-excursion argument gives tightness of the four frontier arcs. Indeed
repeated annular traversals provide disjoint free arms; all sites used, including those on the
auxiliary starting cycle, have their original fair colors. This is applied first at fixed radii and
then at successively smaller excursion scales. The contact arguments below are the face-boundary
arguments in [10, Section 3]; we give the details relevant to the present frontier.

Every frontier vertex off the starting cycle belongs to a revealed wall band. On its revealed
side it has an opposite-colored neighbor with a bank path back to the starting cycle. Consequently
a visit of a frontier arc to the stopping circle other than at its designated endpoint, with a positive
excursion on both sides of the visit, gives three free arms in a half-patch: two along the arc and one
along the opposite bank. The same argument excludes an intermediate return to an endpoint. The
boundary three-arm exponent and a covering of the circle exclude all such visits. A nonconstant
interval contained in the circle is excluded by the one-arm bound at a countable dense set of circle
points. Constant pauses can be removed from the parametrization. Distinctness of the four tips
follows from Lemma 6.3.

Consider next a self-return of one monochromatic frontier arc at a point away from the starting
and stopping circles. Separate the two visits by a fixed positive excursion scale. In a smaller
annulus around the proposed contact, the arc supplies four proper traversals. Its opposite bank
paths lie on the revealed side of the frontier cycle. They may all be joined through the starting
cycle when making the planar separation argument. This joining set need not be monochromatic
at the starting cycle: the working annulus misses that cycle, and within the working annulus every
part of the joining set is genuinely of the opposite color.

At least two complementary sectors have a frontier traversal on their boundary whose revealed
side faces the sector. Each such sector contains an opposite-colored longitudinal crossing. To
verify this assertion, choose transverse cuts at intermediate scales with margins, leaving both
ends of that frontier traversal beyond the cuts. If the joined neighbor set did not cross the sector
longitudinally, planar duality would provide a transverse crosscut avoiding it. Start this crosscut
from that frontier traversal and stop at its first subsequent hit of the frontier cycle. In the disk on
the revealed side, the two traversal ends and the two crosscut ends alternate along the frontier.
The crosscut therefore separates their neighbor spokes, contradicting the joined neighbor set, which
lies on the revealed side and avoids the crosscut.

The argument remains valid when the traversals backtrack. Choose the transverse cuts along
intermediate graph cycles, or apply Hex duality with such a cycle temporarily wired in the sector.
Two disjoint cuts bound a quadrilateral whose side arcs belong to the chosen traversals and whose
interior avoids those whole proper traversals, not merely the selected side subarcs. Thus the
crosscut’s first subsequent frontier hit lies outside the whole traversal from which it started, so
the alternating boundary order used above persists under backtracking. The crosscut is in the
quadrilateral’s interior, whereas the end spokes are beyond the cuts. They thus avoid the crosscut
even if other portions of the frontier enter the sector. Cropping the margins leaves two disjoint
opposite-colored arms in different sectors, in addition to the four arms along the monochromatic
arc. This gives six disjoint bulk arms. The bulk exponent strictly greater than two excludes these
contacts by a covering argument. At a self-contact on the starting circle, the four arc traversals
alone suffice: the arbitrary-color four-arm exponent is strictly greater than one, and the possible
contact locations lie on a fixed circle.

All these exclusions are made for distinct visits with fixed positive excursion scales before those
scales decrease. Countably many scales and finite ball coverings make the assertions simultaneous.
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They bound joint probabilities with the four-tip event; no division by the probability of a rare
history is involved.

We now identify the remaining domain; see Figure 3. Cut along the barrier, using the four
short incidences from the tip edges through their terminal triangles. Between consecutive tips,
the frontier arc and its corresponding barrier interval bound a lobe polygon. The four lobes are
attached over open intervals to the untouched region on the middle side of the barrier. Each lobe
converges in order to a Jordan lobe, because its frontier arc is simple and meets the barrier only
at its endpoints. Different lobe boundaries may touch in physical projection; their interiors remain
disjoint, and their distinct accesses are retained. With two well-separated barriers there is a fixed
open annular region between the ends.

We verify that adjoining the lobes still gives an annulus, even when their boundaries touch. On
either side of this open annular region, start with the closed disk bounded by the corresponding
stopping circle, using the sphere for the outer side. The complementary set on that side is obtained
by removing the lobe interiors and their open attachment intervals. Each lobe’s free frontier arc
remains in this complement: it cannot enter another lobe’s interior, since their Jordan interiors
are disjoint, and it meets the stopping circle only at its own endpoints, never on another open
attachment. Connect a point of the remaining closed set to the preserved starting-side region
by a path in the closed disk, with its interior off the stopping circle. Whenever the path enters
a lobe, replace the portion from its first entry to its last exit by the intervening subarc of that
lobe’s free frontier. The entry and exit lie on this free arc. The replacement avoids every lobe
interior and every open attachment, so it cannot undo previous replacements. There are only four
lobes; after finitely many replacements the path is wholly in the complementary set. Thus each
side has a connected complement. The two such nondegenerate continua are separated by the
open annular region and exhaust the complement of the residual domain. The domain is therefore
doubly connected, with its two boundary components physically apart.

Lemma 3.3 now gives uniform convergence of the closed-annulus parametrizations with their
prime-end order. The boundary traversal consists of finitely many individually simple arcs. These
are exactly the hypotheses required by Proposition 3.6.

Finally extract, from any sequence of scales, a further sequence on which the localized full-plane
geometries are good in the sense of [10, Section 2]. Conditional on those geometries, couple
convergent subsequences of the frontier histories just described. All unqueried colors in the residual
face remain independent and fair. Apply Proposition 3.6 path by path to the converging graph
annuli. The continuum function on the actual approximating conformal data also converges, by
its continuity. Bounded convergence proves (6.7) along the further sequence and hence along
the original sequence. Unused colors on the removed sides of the frontiers may be revealed or
integrated in their own end variables; they do not affect this argument. O

The probabilistic conclusions of the last two lemmas all concern the independent region.
Lemma 6.2 therefore makes their discarded probabilities and the error in (6.7) uniform for the
operator norm, even when a message depends arbitrarily on the seam and on its attachment
information. This is the reason the explorations start at auxiliary cycles rather than at the original
seams.

6.4 The first-reduction decomposition

Index the inner barriers by radii

a; =8-2r, j=1,2,...,
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Two distinct banks at a contact

first access
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Ls Ly second access

The contact is boundary,
not a gluing interval.

Dashed circle: stopping barrier.
Its open intervals lie inside the glued domain.

Figure 3: The decomposition at an inner four-tip frontier. The four monochromatic frontier arcs,
drawn alternately black and gray, bound Jordan lobes L1, ..., L, with the stopping barrier. Each
lobe is attached to the untouched annular back along an open barrier interval; the common shading
denotes the resulting unqueried domain. The starting side remains in the complement. At the
other end the construction is reversed. The inset records two accesses at a possible contact between
different banks: the contact is not added to the fluid and does not join the accesses. All curves
are schematic. Actual banks may be rough and may touch each other, although each individual
frontier arc is simple.

and the outer barriers by
b, =2"%Lr/8, k=1,2,....

Each list is finite, ending before the opposite starting region. Fix a large integer d so that
j+k<n-—d (6.8)

ensures disjoint buffered end supports and sufficient separation for Proposition 5.2. A used pair
is a pair satisfying (6.8) at which the two experiments first reduce to exactly four tips. A first
reduction to fewer than four contributes zero by Lemma 6.3.

Choose 7 > 0 smaller than the excess of the mesh-first six-arm exponent over two. Let p;n and
P2 be the subprobability laws of the corresponding first four-tip histories, including local screens
and the variables attaching each history to its original seam. The inner law integrates the input
seam. All outer laws and outer integrals below are conditional on the fixed output seam X,; in
particular they define fields over that seam, not averages of it. The dependence on seam variables
in the attachments will be kept in the scalar and signed measure factors below, rather than in
any assertion about typical shapes. We first bound the masses of these unweighted history laws;
pointwise bounded message factors will then preserve the bounds up to constants.

Lemma 6.5 (First-reduction tails). For fized L, the end-history subprobability masses satisfy, in
the mesh-first limit,

1P lrv ess sup 2" (- | Sp)||lvy < €27 FFT2= G40k 4 o(1) (6.9)

Lr
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for each used pair (j, k). Consequently, after inserting arbitrary middle tests of modulus at most
one, the same bound up to a constant holds for the corresponding operator contribution on inputs
of norm at most one. The part of the transfer not represented by used pairs has norm at most

C(n+1)2L7%77 +0(1). (6.10)

Both estimates are uniform for input messages of norm at most one and for successful output
seams.

Proof. Before the first reduction at level j, there are at least six tips at the preceding level.
Lemma 6.3 then requires six arms from the starting region to that level. The mesh-first six-arm
bound gives €2~ (2177 with a changed constant for the first few levels. The same statement
holds at the outer end, uniformly in its original seam: the necessary six-arm event is read in the
independent region, while attachment variables and success indicators have total conditional mass
at most one. Multiplying the two separate mass bounds proves (6.9). For used pairs the physical
end experiments also have disjoint buffered supports, so their joint law is the product used in the
operator contribution. Arbitrary input weights are bounded pointwise by their total variation, as
in Lemma 6.2; the number of switches on the input seam does not enter the estimate.

To bound the remainder, run the inner exploration to its longest allowed level. If it never
reduces, it has paid a six-arm probability over n — O(1) dyadic levels. Otherwise let j be its first
reduction level. If the reduction has fewer than four tips, its contribution is zero. In the remaining
case run the outer experiment as far as (6.8) allows, possibly through no additional level. If it
does not reduce in time, the two experiments together have paid six-arm probabilities over at least
n — O(1) levels. Their buffered supports remain disjoint. Summing the resulting bounds over the
at most O((n + 1)?) possible terminal levels proves (6.10). The finitely many auxiliary localization
failures and near-coincidences of tips cost o(1) for fixed L, uniformly by Lemma 6.2. O

At a four-tip inner frontier let B and W denote respectively the black-join and white-join cap
states. The pushed input message is

aj(v; Hi)(0p —ow),  laj(v; Hi)| < o]l (6.11)

where H; includes the inner history and its attachment to the input seam. The coefficient is linear
in v. Similarly, pushing dp — dyr from an outer four-tip frontier to the output seam gives a signed
measure qi(H,) satisfying

llar(Ho)|ITv < 2. (6.12)

Lemma 3.1 says that the residual annulus sends the first cap difference to the second multiplied
by its through-transmission probability. Thus the used-pair contribution has the form

/@j(U;Hi)Emid[lGauxtr | Hi, Hy) qi(Ho) dpi (H;)dp™ (Ho), (6.13)

where G,ux denotes the additional middle screens and E,;q integrates the middle Poisson geometry
conditional on the two end histories. The probability ¢, already integrates the fresh colors in the
remaining face, conditional on all geometry. The end laws are a product because their buffered
supports are disjoint. The conditional factor in square brackets still couples the ends, and must
not yet be factored.

On the auxiliary localization successes, the residual frontiers and both ¢, and 7, depend only
on the auxiliary-cycle explorations and the intervening independent geometry. Attachments to
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the original seams enter only the signed coefficients. The error |t, — T;| thus has exactly the
independent-region measurability required by Lemma 6.2.

By Lemmas 6.4 and 6.2, replace t, by T, in (6.13) with o(1)||v||, error in output norm. For
fixed n, this error may be summed over all used pairs. The frontiers themselves are still the actual
graph cycles. Their single-end conformal maps and capacities can therefore be used directly in
Proposition 5.2, without asserting smoothness at contacts of a limiting boundary.

6.5 Rank-one factorization and signed cancellation

We now complete Proposition 6.1. An inner frontier at level j surrounds the center, stays inside
radius comparable to a;, and reaches that radius at its tips. Its logarithmic capacity /; is therefore
comparable to a;. An outer frontier at level k surrounds a disk of radius comparable to b and
has a point at distance comparable to b; its conformal radius [, is comparable to b,. Write y°
and 20 for their single-end switch angles. By (5.6),

T.(H;, H,) = K U(H;)V (H,) + O((a; /by) 1), (6.14)
where
U(H) =IO, V(H,) =1,

These factors depend on their own end histories only, and
\U(H;)V (H,)| < CL™2MNI+k), (6.15)

For the separated leading term, delete the extra middle screens. This changes the integral by
o(1)||v||» for fixed L: the screens use independent interior variables and fail with probability o(1),
while all weights at these fixed scales are bounded. Keep the original seam screens and the local
end screens. The remaining end experiments now use disjoint Poisson supports for every used pair.
Define the scalar functionals and output messages

wiv) = [ ajo H)UUH) dplf (), on = [ V(H)au(H,) dof (H,).

The leading contribution of that pair is exactly Kuj(v)vy. The same definitions make sense
separately for every level in each finite list, whether or not a pair of levels has disjoint supports.
For such additional pairs we use the product of the two separate integrals, not a claim about
simultaneous experiments.

Set

Ml’l) =K (Z Uj(v)> <Z Uk> . (616)
J k

This operator has rank at most one. By the separate six-arm bounds and (6.15), its norm is at
most

CL™A Y o7 NEHh < o=, (6.17)
j?k
The extra product terms introduced by allowing j + k£ > n — d have norm at most
cL™ 3 27N < O+ 1)2L72 (6.18)
j+k>n—d

This numerical estimate requires no independence for overlapping actual experiments.
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Decrease o if necessary so that A+ 01 < 24 7. The errors in (6.14), summed using Lemma 6.5,
have norm at most

CL= 1 Z o= (2+7-A=01)(j+k) | o(1) < CL A 4 o(1). (6.19)
j+k<n—d

Together with (6.10) and (6.18), this proves the first two estimates of Proposition 6.1, with a
smaller positive exponent saving, in the mesh-first limit. All errors are measured in output total
variation, not merely after testing a fixed continuum event.

It remains to prove the stronger estimate for an even isotropic input v. After the continuum
replacement, delete the extra middle screens as above. Only 7, then depends on both ends; all
other factors belong to their separate, independently integrated end laws. Rotate all inner end
data, including the seam and the revealed history. By equivariance of v, the coefficient o;(v; H;) in
(6.11) is unchanged. Reverse all colors of the inner data instead. The message is still unchanged as
a geometrically transformed signed measure, but the reference vector g — dyr changes sign. Thus

aj(vyrotg H;) = o(v; Hy), aj(viflip H;) = —aj(v; H;). (6.20)

The inner end law is rotation and color-reversal invariant. The outer measure factor is unaffected
by either transformation of the inner data. Labels for the four tips may be chosen independently
of colors using the auxiliary angular axis, and transported under rotations. For each fixed outer
history H,, color reversal gives the identity

| wsws T, (s, Ho) diip (1)
. . (6.21)
= §/aj(U;Hi)[Tr(H¢,Ho) — T,.(flip H;, H,)] dp;' (H).

Now average rotations of the inner data in the right side. Since a; and the inner law are rotation
invariant, its contribution is one half of the integral against the rotation average of 7T — T'~, with
its appropriate inner prescriptions. In particular one must retain the sign; replacing this difference
by an unsigned four-arm event would lose the required exponent.

Equation (5.7) bounds the averaged difference by C/(a;j/bi)?>T72. The local end experiments
and screens can be chosen rotation and color-reversal invariant. Decrease o9 so that 0 < o9 < 7.
The used-pair contributions are bounded in total variation by

CL 292 Z 9~ (T=02)(j+k) 4 o(1) < CL™2792 4 o(1). (6.22)
Jj+k<n—d

Adding the unused contribution (6.10) proves the desired power strictly greater than two.

Finally choose § > 0 smaller than all the positive savings just obtained, decreasing it to absorb
the polynomial factors in n. For each fixed sufficiently large n, choose r¢(2") so that every o(1)
term is smaller than the required fixed power of L. This proves (6.3)—(6.5). Notice the order: the
ratio is chosen first and the scale threshold afterwards. No rate of convergence in Cardy’s formula,
in the good-sequence extraction, or near a nonsimple limiting bank is used.

6.6 Iteration and failed screens

The block estimates have two consequences. The first uses the signed symmetry estimate to control
a Poisson insertion. The second uses the rank-one approximation to compare two responses at
different distant boundaries.
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Corollary 6.6 (Fair-insertion message). There are 0 < v < 1 and C < oo such that the following
holds. Insert a nucleus at the center of a cut, with an independent fair color. At a seam of radius
s, take the difference of the inside state laws “with this insertion” minus “without this insertion,”
conditional on the seam and with its screen success imposed. Its message Is satisfies

1 L|ls < Cs™>7 (6.23)

for all sufficiently large s. The estimate remains valid in the presence of fixed data outside the
screened collar that do not enter its inside. The seam tests and the selected cycle are those of the
base process, without the insertion.

Proof. Choose a ratio L from Proposition 6.1 so large that the constant per block in (6.5) is
absorbed by a smaller power saving. Choose s, > ro(L) sufficiently large. For given s, use radii

rj:Ljro, 0<j<N, rN =28, Sx < 1o < Ls,.

All screens use the base process. At a successful seam, the inserted point cannot reach or alter its
cycle, by localization. The two inside state laws consequently have the same state space and each
has mass one. Their difference has zero mass, norm at most two, and is even and isotropic.

If every seam is successful, iterating (6.5) bounds the message by C(s/rg) 27" for some
0 < v < 1. Since rg stays in a fixed compact range of positive scales, this gives (6.23) for that
contribution.

For the remaining contribution, group configurations by the largest failed radius v = r; < s.
The exact partition, with the final success kept in every term, is

N N-1 N
1G7“N - H 1G7"i + Z 1G»C“j H 1Gn"
i=0 j=0 i=j+1

Form a fresh difference of inside state laws at the next cut Lv = r;j;1, multiplying both laws by
the same base-process indicator 1g¢. Earlier screen outcomes are left unrestricted. This weighted
difference still has zero mass for each successful seam at Lv: for each common base configuration
the two state laws have equal total mass. It is also even and isotropic. The collar at v is disjoint
from that at Lv, so conditional on the latter seam its norm is at most

2P(GS | £Ly) < Ce™ . (6.24)

Success at Lv ensures that both configurations use the same cut there, independently of what
happened at smaller radii.

Transfer this reset message through the successful cuts above Lv. Those success restrictions
ensure that v is indeed the largest failed radius; no restriction on earlier failures was needed. The
sum of these contributions is bounded by

—2—v
—cv? s —2—v
C E e (Lv) <(Cs

ve{ro,....,rN_1}

The final inequality follows by summing the exponentially decaying weights times v?>*" over the

geometric sequence. This proves the claim. Outside data beyond the final screened collar have no
effect on the inside law or on the argument, which proves the stated stability. ]
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For a message space By, the projective norm on its algebraic tensor square is
m m
lz]|x = inf {Z lwillel|ville = 2 = Zul v, m< oo} .
i=1 i=1
We may complete in this norm. Bounded linear functionals ¢, ¢’ on B; satisfy
(€@ ))<=z
In particular, evaluating © ® v — v ® u gives the determinant £(u)¢' (v) — £(v)¢' (u).

Corollary 6.7 (Contraction of antisymmetric products). There are v/ > 0, sg < 0o, and a fived
ratio L > 1 such that, for r > sq and s/r = LY, the transfer

M == Ms/L7s tt MT,LT‘
with all intermediate seam successes imposed satisfies
IMuA Mol < Cs/r) [[ull|[v]l, (6.25)

for any two zero-mass input messages u,v € By. Here u A\v =u®v—vQu and || - ||» s the
projective tensor norm. Fized-factor unused intervals at the two ends change only the constant.
No assertion of this contraction through a failed intermediate cut is made.

Proof. For one block write M = M; + E as in (6.4). Since M; has rank at most one, M; ® M;
vanishes on antisymmetric tensors. On that subspace,

IM @ M| < 2|M] | B] + | B|}? < €L~

Choose L large enough to absorb C' into a smaller exponent saving v/ > 0, simultaneously with
its choice in Corollary 6.6. Iterating the estimate and using ||u A v||x < 2[u||,||v]|, gives (6.25).
The argument holds first for finite tensor sums and then for their projective-norm completion.
Ordinary Markov pushes contract total variation, so fixed-factor omitted end intervals affect only

the constant after rounding to the ratio-L grid. O

7 The intensity derivative and the pivotal amplitude

The preceding section supplies two estimates with different roles. Corollary 6.6 makes the effect of a
distant fair insertion integrable, even after division by the central pivotal probability. Corollary 6.7
makes the normalized effect of a nearby insertion almost independent of the size of the rectangle.
Together they give a summable error for the logarithmic derivative of f. Throughout this section
the Poisson intensity is one, unless otherwise specified, and A = 5/4.

7.1 Differentiating the intensity

Let Xr(n) be the indicator of a black left-right crossing of RQ)y for a colored point configuration
n, with the closed-cell convention of Theorem 1.2. If 0P and 0% denote an inserted black and white
point at the origin, respectively, put

Hp(n) = Xr(nU{0°}) — Xgr(nu {0"}).
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Thus Hg € {0,1}, and f(R) = EHg(n) for the unit-intensity fairly colored process. For y # 0,
write yf for an independently fairly colored inserted point and define

Kr(y) =E[Hr(nU{y"'}) — Hr(n)]. (7.1)

The expectation includes the extra color. Values at y = 0 and at null nongeneric insertion locations
are immaterial to the integrals below. In particular, K is an insertion difference of a color-pivotal
probability, not a probability of Poisson pivotality.

Lemma 7.1 (Intensity differentiation). The function f is continuously differentiable on (0,00).
For every R > 0, K is absolutely integrable and

5 f(R)= | Kg(y)dy. (7.2)
RQ

Proof. Let ny have intensity ¢ and fair colors. Euclidean scaling gives
Gr(t) == EHg(n) = f(VIR). (7.3)

We justify differentiation of the full-plane expectation before using this identity. All the estimates
in this paragraph are uniform for ¢ in a compact subinterval of (0, c0).

For n > ng(R), let Hg,,, be the same test computed from the points in B(0, 2"), together with
the central insertion. A locality screen in a collar well inside B(0, 2™) determines every cell meeting
RQo, including its intersections with the boundary. Consequently Hp, = Hpr outside an event
of probability at most Crexp(—cr4™). The same screen gives Hg 41 = Hpp. Finite-volume
Poisson differentiation follows by differentiating the absolutely convergent Poisson series; see also
[8, Theorem 19.1]. Equivalently, for a bounded function F of the process in a bounded set D,

GEF(1.0 D) =E[F(r.01 D) (NtiD) -1o1)]. (7.4)
Here Ny(D) is the number of Poisson points in D. Apply this to F' = Hg,41 — Hpp on
D = B(0,2"*1). The score in parentheses has second moment |D|/t. Cauchy-Schwarz therefore
bounds the derivative by Cr2"exp(—cg4™). The differences of the expectations and of their
derivatives are uniformly summable. Hence Gp is C' and its derivative is the limit of the
finite-volume derivatives.

The add-one version of finite-volume differentiation is

d
GEHRa) = [ E[Hran U () ~ Hialn)] dy
dt B(0,2")

For fixed y the integrand converges to its full-plane counterpart. For |y| > CR + C, a screen
surrounding RQ) and the origin, at distance comparable to |y| and strictly short of y, prevents
the insertion from changing any cell used by the test. Its failure probability is at most C’Re_CR|y|2.
The screen can be taken inside B(0,2") whenever y € B(0,2") and n is sufficiently large; thus
this is also a dominating bound for the finite-volume integrands. On a fixed bounded set the
bound 2 suffices. Dominated convergence proves absolute integrability and identifies G;(1) with
the integral in (7.2). Equation (7.3) proves the asserted derivative formula and, locally at each R,
the C! assertion for f. O
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7.2 An integrable tail after normalization

The exponential localization in Lemma 7.1 is a finite-scale statement. We need a bound uniform
as R grows, with the small factor f(R) retained. This is where the signed insertion estimate is
essential.

Lemma 7.2 (Normalized insertion tail). There are constants & > 0, mg < oo, and C < oo such
that for mg < m < R/100,

[ Knwldy < Ry m~¢ + BF), (75)

Proof. Use the exponent 0 < v < 1 of Corollary 6.6 and the one-arm exponent 5 > 0 from the
critical inputs. All screens and arm probes below have fixed-factor buffers. Independent probes
mean probes determined by disjoint sets of Poisson coordinates, not unrestricted Voronoi events
in disjoint planar regions.

We first explain how arm requirements can be multiplied by a signed message estimate. The
integrand in (7.1) is a mixed difference: one difference changes the central color, and the other
inserts the point at y. If this mixed difference is nonzero, changing the central color changes a
crossing for at least one setting of the insertion, and changing the insertion changes a crossing
for at least one setting of the central color. A screened probe separated from both changes reads
the same base colors in all four configurations. Thus the necessary-arm implications for a local
change apply to these common colors; see [10, Section 2, “Necessary arms for a local change”].
They apply even when the two crossing changes occur in different configurations.

The conditional version is equally important. Every formal noncrossing pairing can be drawn
as disjoint wall arcs in a topological disk. Coloring its complementary regions alternately realizes
the prescribed boundary runs and the pairing. Thus two formal cap states give two planar fillings
agreeing on every exterior probe; the deterministic necessary-arm argument does not require
Poisson geometry inside the replaced disk. Fix a successful cut about y, its seam, and all exterior
variables. The exterior test is now a function of the inside connection state. If a necessary central
or enclosing four-arm event does not occur, the central black-minus-white test is zero for every
such state. If a necessary side or corner arm event does not occur, each crossing test with the
central color fixed is constant across inside states. These are the same planar necessary-arm
implications, applied to two possible cap states on the cut. The insertion message has zero mass,
so it annihilates the latter constants. Its conditional answer is consequently bounded by its total
variation norm times the necessary probe indicators. Those indicators are measurable outside the
cut. Disjoint buffered supports then allow their probabilities to be multiplied.

We use screened arm probes with failures allowed, whose probabilities are still bounded by
a constant times their intended arm bounds; see the convention in Section 2 and [10, Section 2,
“Buffered localization”]. Indeed, group failures by the largest failed radius v and retain the arm
test starting a fixed factor beyond v, independently of the failure. For a four-arm probe starting
at 7, the relevant estimate is

e~ A(Cyv, R) < CA(r,R)(v/r)%¢™"  (Cov < R),

where ¢ is the polynomial exponent in (2.1). For a side or corner probe the corresponding endpoint
losses are bounded by C(v/d)? or C(v/u)?, respectively. If a failed screen crosses the junction
between side and corner probes, the lost factors are therefore only polynomial. If the retained test
has no remaining radial range, the same comparison follows from the polynomial lower bound, or

37



directly from the displayed power factor for a side or corner probe. Summing over geometric v
preserves the indicated arm cost as long as the retained probes and the failure event have disjoint
buffered supports. A failure large enough to reach the central probe requires a separate argument
below: that probe is then dropped, not treated as independent. An unweighted exponentially
small error alone would not suffice when R is arbitrarily large.

Insertions near the center. Putt = |y| and suppose m < ¢t < R/100. First fix a small constant
c1 > 0, and then choose a > 0 sufficiently small relative to ¢;. Choose a cut about y of radius at, a
central four-arm probe from b, to at, and a four-arm probe surrounding both insertions from a~'t
to aR. Short or overlapping endpoint ranges are omitted at constant cost. The buffers of these
three constructions can be chosen disjoint. On cut success, Corollary 6.6 gives a bound Ct~2~" for
the insertion message. The central color difference requires the first four-arm probe; transmission
of a change from the region containing both insertions to the crossing requires the second. Thus
the success contribution is at most Ct=27% A(b,, t) A(t, R).

For failures, let v be the largest failed radius about y, with the initial radius comparable
to t. If v < c;1t, the central probe and an enclosing probe retain disjoint supports after the
fixed buffer adjustments. The preceding failed-screen estimate bounds their total contribution
by Ce_CtQA(b*, t)A(t, R). If v > ¢1t, drop the central probe. Retain instead a screened four-arm
probe centered at the origin, from radius C(v + t) to aR, enclosing both modifications and with
its support separated from the failed screen. The same necessary-arm implication supplies this
probe. When its radial range is nonempty, quasi-multiplicativity and (2.1) give

e~ A(C1(v+1t),aR) < CA(b,, R)(v + t)9e ™"

Since t < ¢; 'v, summation over these geometric v is at most CA(by, R)e=¢*. If the retained
radial range is empty, then R < C'(v +t) < C'v; the absolute failure bound and A(bs, R) > ¢cR™Y
give the same conclusion. Combining success and both failure cases proves

|Kr(y)| < Ct=>" A(bs, t)A(t, R) + CA(bs, R)e "’
< Cf(R)t. (7.6)

In the last line we used quasi-multiplicativity and (2.4). In particular,

/ Kn()ldy < CF(R) [~ 7 < Cf(Rym™. (7.7)
m<|y|<R/100 m

Insertions near a side or corner. Consider R/100 < |y| < 10R, including points outside the
rectangle. Fix a sufficiently large constant d,, and then a sufficiently small constant p > 0. If Cp
is the set of the four corners of RQ), set

d(y) = min{pR, max{d,, dist(y, d(RQo))}}, u(y) = min{pR, max{d,, dist(y,Cr)}}.

We take R large enough that d. < pR. Always d. < d(y) < u(y) < pR; write d = d(y) and
u = u(y). The constants in the estimates may depend on d, and p. There is a central four-arm
probe up to radius cR, where c¢ is fixed and much smaller than 1/100, disjoint from the other
regions used below. Its cost is at most C'A(bs, R).

At an interior point gy, use the insertion estimate on a cut of radius a small fixed fraction of
d. At the bottom cutoff a constant bound suffices, and can be bounded by Cd—27" because d,
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is fixed. At an exterior point with distance above the bottom cutoff, successful screening at this
scale leaves the quad unchanged. Only screen failures contribute there, with a bound exponential
in d?, which is no larger than Cd=27".

If u/d is larger than a sufficiently large constant, the closest part of the boundary is a straight
side. A crossing change then requires three alternating free arms in a half-plane probe centered at
the projection onto that side, from radius Cd to radius cu. Its cost is at most C(d/u)?. If the
projection is at a corner, the two distances are comparable and this probe is unnecessary. When
u is uncapped and is a sufficiently small fraction of R, retain a one-arm probe centered at the
nearest corner from radius Cu to radius cR. Its cost is at most C'(u/ R)ﬁ . For u capped above,
this factor is a fixed positive constant, so the corresponding probe can be omitted. These are
precisely the local-change arm implications for the unwired, closed-cell crossing convention. They
also cover a modified cell meeting a side or a corner.

The insertion cut, the side probe, the corner probe, and the central probe can be given disjoint
buffered supports. To arrange this, first fix the central radius cR, then choose the distance cap pR
much smaller. A corner probe is used only in a corner neighborhood, far from the center. Fixed
multiples are lost between consecutive probes, which changes only constants. To include failures,
choose a sufficiently small fixed co > 0. For a largest failed radius v < co R about y, the central
probe remains disjoint from the failed-screen support. Retain the side and corner probes only
beyond that support. If a junction has been passed, the center of the affected side or corner stage
lies within O(v) of y, so a fixed-factor enlargement provides the required separation. Omitting an
entire side stage loses at most C(1 + v/d)?, and shifting or omitting a corner stage loses at most
C(1 +v/u)P. Since the first possible failed radius is a fixed fraction of d,

Y e (14 v/d) (1 +vju)® < CdTE

v>c3d

The retained central probe supplies A(b,, R) throughout this case. For v > co R, discard all arm
probes and sum the absolute failure probabilities, obtaining Ce=“R* This is bounded by the right
side of (7.8): A(b«,R) > cR79 and d. < d < u < pR make the reciprocal of that right side at
most a fixed power of R. This case includes every failure whose support reaches the central probe,
because |y| > R/100 and the central probe radius was chosen much smaller than R/100. Thus no
overlapping supports have been treated as independent. The conditional total-variation argument
on screen success, together with these failure bounds, proves uniformly that

|Kr(y)| < CA(by, R)d~2" <d>2 (é)ﬁ. (7.8)

U
For completeness, a dyadic class with distances comparable to d,u has area at most Cud.
Below the upper cap, it lies in corner disks of radius Cu and boundary strips of width Cd. If
u is capped, the total strip length is O(R) = O(u); if both distances are capped, the ambient
region has area O(R?) = O(ud). These assertions apply equally outside the rectangle. The bottom
classes have the same bounds with d, in place of a smaller distance. Summing (7.8) first over
dyadic d < u gives

C /u\?
S Cudd > (dfuwiu/) = () L

d<u d<u
< Cu~"(u/R)?,
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where v < 1 is used. The remaining dyadic sum is bounded by

CRP Z ubv < CR ¢ for every 0 < § < min{g, v}.
d«<u<pR

The strict inequality accommodates the logarithm when 8 = v. Together with (2.4), this proves

/ Kr(y)|dy < Cf(R)RS. (7.9)
R/100<|y|<10R

Far exterior insertions. For |y| > 10R an agreement screen between the test rectangle and
y gives |[Kr(y)| < Ce=lW. Its integral is at most Ce “R*. The polynomial lower bound for
f following from (2.4) absorbs this into C'f(R)R~¢. Combining this with (7.7) and (7.9), and
decreasing the exponent, proves (7.5). O

7.3 Comparing the normalized derivatives

The tail estimate permits us to discard insertions far from the origin. For the remaining insertions
we use the same interior messages in two different rectangles. Rank-one approximation then
controls a determinant, so that no unknown leading factor needs to be identified.

Lemma 7.3 (Two-size determinant). Let v/ > 0 be the exponent in Corollary 6.7. There are
constants C,c > 0 such that, for sufficiently large m, 100m < R < R’ < 2R, and almost every
0 <yl <m,

[KrW)f(R) = Kr(y)f(R)| < C(m/R)* 4 Cem™. (7.10)

The constants are independent of the distance from y to the origin.

Proof. Take concentric cuts about the origin, starting at radius 10m and ending at a radius
comparable with a small fixed fraction of R, with consecutive radii in ratio L. Round the final
radius down to the last such scale. Its ratio to R is bounded below by a positive constant depending
only on the already fixed L. All cut collars lie strictly inside both rectangles and outside both
inserted points. If necessary, enlarge the fixed lower bound on R/m; the remaining bounded ratios
follow by increasing C|, since all four scalar quantities in the determinant are bounded.

First restrict every test to success of every cut screen, with the screens evaluated on the
common base process. The probability discarded is bounded by

C’Z exp(—em?L¥) < Ce ™",
Jj=0

At the first cut let a be the signed connection-state message obtained by changing the central
color. Let b, be the difference of this message with and without the extra fair point at y. Both
have zero mass conditional on each seam, and their total variation norms are bounded by 2 and 4,
respectively. They depend on neither R nor R’: on screen success their construction uses only
the common interior Poisson variables and the first seam. In particular this description does not
require disjoint neighborhoods of 0 and y.

Let T be the composed transfer through the intervening cuts. The exterior crossing tests in
RQo and R'Qq define bounded linear functionals /g and g/ at the final cut. The four restricted
expectations are

lr(Ta), {r(Ta), Lr(Tby), Lr(Tby).
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Their determinant is the evaluation of 7% on by, ® a — a ® b, by £ ® . Corollary 6.7 therefore
bounds it by C(m/R)*}*¥ ". Restoring the discarded events changes the determinant by at most
Ce™" | because each scalar factor is bounded. This proves (7.10). O

Proposition 7.4 (Summable logarithmic error). There are constants o > 0 and C < oo such that

‘Rf’(R)

OB A‘ <CR™® (7.11)

for all sufficiently large R.

Proof. Set g(R) = Rf'(R)/f(R), which is defined and continuous for large R by Lemma 7.1 and
(2.4). We first prove a uniform estimate on each interval [R,2R]. Fix

/ /

C— 1% 14
A2+ 20+ V)’ 8

The exponent estimate (2.5) implies f(s) > s~ for all sufficiently large s. For R < R’ < 2R,
divide (7.10) by f(R)f(R') and integrate over |y| < m. The result is

Kr(y) , Kr(y)
|/y|Sm R

< CR2>\+2nm2 [(m/R)QA-H/ + e—ch]

< CR™V'/2 (7.12)
Indeed the power in the first term is exactly
V' +2m+C2+22+ V) = -1 /2,

and the exponential term is smaller. For large R, the chosen m satisfies all the scale restrictions
of Lemmas 7.2 and 7.3. Lemma 7.2 bounds each complementary normalized integral by C R~¢¢.
Since g(R) =2 [ Kr(y)/f(R)dy by (7.2), we obtain

sup |g(R) —g(R)| < CR™“, a =min{v//2,(£} > 0. (7.13)
R<R'<2R

The values ¢g(2"Rp) form a Cauchy sequence, because the successive errors in (7.13) are
summable. The same estimate between dyadic points shows that g(R) has a finite limit v as
R — o0, and summing along R,2R,4R, ... gives

lg(R) — 7| < C> (PR < C'R™™.
Jj=0

It remains to identify this limit. Integration yields

8 £() ~ log (o) = [ o) %

Dividing by log R shows that log f(R)/log R — «. By (2.5) the same limit is —A. Thus v = — A,
proving (7.11). 0
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7.4 Completion of the normalization

Proof of Theorem 1.2. By Proposition 7.4,

d
— 1 A — —1l-«a )
L os(Rf(R)) = O(R™)
The right side is integrable at infinity. Since f(R) > 0 for large R, the logarithm has a finite real
limit. Consequently
R4 f(R) — a € (0, 00). (7.14)

Positivity and finiteness follow from convergence of the logarithm, rather than merely boundedness
of the normalized probabilities. In fact the argument also gives R>*f(R) = a(1 + O(R™?)).
Recall that S. = f(1/¢), me = ¢~ 2, and ¢. = (EN:(Qo))~!. The calibration limits (2.3) are

MmeqeSe — ¢ € (0,00), ¢:EN. — B € (0,00).

Equation (7.14) gives S. ~ a4, hence ¢. ~ (c/a)e®/*. It follows that
B
S/AEN, —» 7“ —: ey € (0,00).

Here N, counts color-pivotal sites for the original unwired unit-square event. The Poisson insertion
was used only to differentiate f; it has not changed the pivotal count in this last formula. Taking
reciprocals proves the equivalent assertion for the near-critical scale. ]
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