A power saving for square-difference-free sets
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Abstract

We prove that there are absolute constants ¢ > 0 and C' < oo such that every set A C
{1,..., N} with no nonzero square difference satisfies |A| < C N'=¢. This answers the fixed-power
question posed by Green and Sawhney.
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1 Introduction
For a positive integer N, write [N] = {1,...,N}. A set A C [N] is square-difference-free if
(A-An{m*:meN, m>1}=02.
Thus the restriction concerns differences in the integers. Define
s(N) = max{|A| : A C [N] is square-difference-free}.
Our main result is a fixed power saving in this extremal problem.

Theorem 1.1. There are absolute constants ¢ > 0 and C < oo such that, for every integer N > 1
and every square-difference-free set A C [N],

|A| < CN'~.

Equivalently, every subset of [N] larger than CN1=¢ contains distinct elements whose absolute
difference is the square of a positive integer.

The exponent obtained here is positive and absolute, but extremely small. The argument does
not yield a useful numerical value or an optimal exponent. All finite constructions in the proof are
fixed independently of NV and A; their size affects the constants and the exponent.

Remark 1.2 (Square-difference colorings). Theorem 1.1 gives a polynomial bound for the classical
square-difference coloring problem [2, Section 4]. Fix its constants ¢, C, reducing ¢ so that 0 < ¢ < 1
if necessary. Whenever integers r, N > 1 satisfy N > (Cr)l/ ¢, every r-coloring of [N] has same-
colored elements a,a + d? with d > 1. Indeed, a largest color class has size at least N/r > CN'~¢,
Only the two endpoints must share a color; no color restriction is imposed on d. Equivalently, if Gy
is the graph on [NV] joining distinct integers whose absolute difference is a square, then

N —1
> — > ¢

since its independent sets are exactly the square-difference-free sets.

1.1 Previous work

The problem originates in a question of Lovisz. Furstenberg [8, Theorem 1.2] and Sérkozy [16]
proved independently that s(N) = o(IN), using ergodic theory and the circle method, respectively.
Séarkozy’s quantitative estimate has the form s(N) < N/(log N)Y/3+°(1); see also the historical
account in [3]. Pintz, Steiger and Szemerédi [14, Theorem 1] strengthened this to

N
(log N)CPSS loglogloglog N

s(N) <«

for an absolute cpgg > 0. Their argument combines concentration on arithmetic progressions with
an iteration that increases the collection of large Fourier coefficients. Bloom and Maynard [3]

subsequently obtained
N

S(N) < (log N)CBM logloglog N

for an absolute cgym > 0, using bounds for the additive energy of rational numbers with small
denominators to improve the density-increment argument.



Green and Sawhney [9, Theorem 1.1] prove

s(N) < N exp(—ciy/1log N)

for an absolute c¢; > 0. Their arithmetic level-d inequality transfers product-space hypercontractive
estimates to rational Fourier coefficients. Theorem 1.1 answers affirmatively the fixed-power question
posed in [9, Section 1.1]. Adajar et al. [1, Theorem 1.1] extend the arithmetic level-d approach to
fixed integer polynomials having a root modulo every positive integer. For degree at least two they
obtain a density saving exp(—c(log N)*) for every fixed 0 < u < 1/2, with constants depending on
the polynomial and pu.

In the opposite direction, Ruzsa [15, Theorems 1 and 2] constructed square-difference-free sets

of size > N7, where
1 log 7
=Z1(1 =0.733077....
0=y ( + log 65)

His construction uses a set of residues with no square differences modulo a squarefree integer to
restrict selected digits of an integer expansion. Beigel and Gasarch [2, Lemma 3.6 and the proof of
Theorem 3.7] and Lewko [12, Theorem 3] obtained the improved exponent

1 <1 log 12

n=y log 205

> = 0.733411797 . ..

by exhibiting suitable sets of twelve residues modulo 205. Krachun’s construction [11, Theorem 1]
passes the three-quarter threshold and gives

lim inf M

> 0.752796455874514 . . ..
N—oo log

A substantial gap remains between this lower exponent and the upper exponent 1 — ¢ in Theorem 1.1.
Reflection positivity yields multilinear inequalities through the chessboard method of Fréhlich
and Lieb [7, Theorem 2.2] and its abstract formulation by Frohlich, Israel, Lieb and Simon [6,
Theorem 4.1]. Hatami [10, Theorem 2.8 of the arXiv version| characterizes graph seminorms through
mixed Holder inequalities. Conlon and Lee [4, Theorems 1.2 and 1.3] use finite reflection groups
to obtain such inequalities for absolute-value inputs, and also for real-valued inputs when the two
defining sets of simple reflections are disjoint. The signed mixed inequality is a classical feature of
the chessboard method; its role here is to permit Fourier lifts that can change sign. We construct a
finite-field probability law with the particular cycle support, reflection positivity and conditional
mixing needed for the integer problem, and prove the signed inequality for that law directly.

The rational-frequency energy estimates of Bloom and Maynard [3] and the product-space
methods of Green and Sawhney [9] are methodological precedents for the arithmetic part. The
argument retains rational Fourier analysis and rescaling along square-step progressions. Here the
quantity compared between scales is a multilinear functional of a signed Fourier lift.

1.2 Outline of the proof

The proof constructs a nonnegative quantity that dominates a fixed power of the density, and then
proves that this quantity decreases by a power of the interval length. The comparison with shorter
intervals is available for every residue specification. A separate estimate makes a fixed positive
proportion of those specifications negligible; these two estimates produce the contraction.



Here is the quantity to be controlled. Choose a fixed even integer d and a fixed set V' of d labels.
For a finite set P of sufficiently large primes, put Xp = [[,cp Fp. We will construct a probability
law for a tuple (z,),ev in Xp, and for a real function g on this space define

Zp(g) =E [] 9(z0).

veV

Its d-th root will be a seminorm satisfying |Eg| < Zp(g)'/%. To apply it to A C [N], take P to be
the primes between a fixed threshold P and N?, where 3 > 0 is fixed and small. Let G retain the
rational Fourier coefficients of 14 at frequencies of squarefree reduced denominator at most N?
whose prime factors all belong to P, including the zero frequency. Section 5 defines this Fourier lift
precisely. It is real and its mean is exactly |A|/N, although its values may have either sign. With
these choices, write Y (N, A) = Zp(G). The seminorm bound gives

(|Al/N)? <Y (N, A).

Thus a fixed power decay for Y proves the theorem.

The tuple law is constructed separately over each prime field, then multiplied over the primes,
collecting the field labels into vectors z, € Xp. Every individual field label is uniform. The law has
two further properties with distinct purposes. First, it is reflection positive: specified involutions of
V exchange two halves, and the matrix coupling the half-tuples is symmetric positive semidefinite.
Repeated Cauchy—Schwarz across these cuts proves the signed mixed inequality and seminorm
bound (Proposition 4.1). Second, outside a part of mass at most p~*, a designated directed cycle
of 24 labels has nonzero square differences in [, and each of its edge pairs is uniform among
pairs with such a difference. This exact pair law supplies the arithmetic input below. The full
reflection-positive law and its normalized nonexceptional part also satisfy conditional mixing, which
makes inputs with large Fourier denominators negligible (Lemma 4.3). Section 3 constructs these
laws from the graph estimates of Section 2.

The approximation errors require control of signed lifts beyond their means. Every fixed moment
of G grows more slowly than any fixed positive power of N, uniformly in the prime set and in
every retained family of complete denominator classes. Lemma 5.2 proves this by a conditional
square-function estimate and symmetrization. The same bounds, with an explicit fiber-size cost,
remain available after specifying some prime coordinates. Combined with conductor decay, they
justify the Fourier truncations used in both estimates that follow.

For the change of scale, fixing prime coordinates whose product is at most a sufficiently small
fixed power of N makes the low Fourier coefficients exact averages on an integer residue class modulo
an integer D. Splitting that class into progressions of common difference D? and rescaling preserves
square-difference avoidance: a square difference in a rescaled set would give a square difference
in A. The seminorm’s square-affine symmetries therefore compare the specialized functional with
the same functional at length [N/D?], up to a factor tending to one and a power-decaying error
(Proposition 7.2). This comparison applies to all specified residues, without using the exceptional
splitting.

The arithmetic cancellation uses the normalized nonexceptional prime laws. Set aside the finitely
many primes below the tuple-law threshold, together with modulus 8, in one fixed modulus Mj.
Independently choose one residue modulo My for each slot. A fixed positive proportion of these
assignments has strict square differences along the designated cycle: they are 1 modulo 8 and
nonzero squares modulo every odd prime dividing M. For such an assignment, divide [N] into
ordered intervals. Unless all cycle slots choose the same interval, one directed edge goes from an
earlier interval to a later one. Truncating and expanding the other slots reduces its contribution to



the selected pair law. A signed kernel supported on actual shifts m? then bounds that contribution
using the absence of integer square differences (Propositions 6.1 and 8.2). The event that all cycle
slots choose one interval is itself small.

Finally, Section 9 expands the exceptional submeasures by inclusion—exclusion. Exceptional
prime sets of large product are bounded directly by moment estimates. A smaller exceptional
prime set with product gp leads to the shorter scale approximately N/(Mggg)?. Its mass remains
summable even after multiplication by ¢p; this absorbs the factor qéao incurred by a sufficiently
small proposed decay exponent ag. Combining this bound with the universal scale comparison
and the cancellation on a positive proportion of small-residue assignments gives a strict weighted
recurrence. Induction proves Y (NN, A) < N7% and the density inequality above gives Theorem 1.1
with ¢ = ap/d. Figure 1 records the principal inputs to this assembly.

Graph mixing Tuple laws Signed seminorm and
. . conductor decay
Section 2 Section 3 .
Section 4
Uniform lift moments Actual-square kernel
Section 5 Section 6
Square-step Ordered-interval
comparison cancellation
Section 7 Section 8

~ —

Exceptional-measure expansion,
weighted recurrence and induction
Section 9

Figure 1: Principal proof inputs. The full tuple law supplies reflection positivity for the signed
seminorm; the normalized nonexceptional law supplies the strict-square pair law for cancellation.
Both have the conditional mixing used in conductor decay. The two lower branches are combined
only in the weighted recurrence. Arrows indicate dependencies, not equivalences.

1.3 Conventions

All averages on finite sets are with respect to uniform probability measure unless another measure
is displayed. All L" norms of functions on Xp use its uniform product measure. Empty products
are 1; the product over an empty prime set is a one-point space. We write e(t) = exp(2mit) and
identify rational frequencies modulo 1. The conductor of a rational frequency is its reduced positive
denominator; the conductor of 0 is 1.

For nonnegative quantities, U < V means U < C'V for a constant with the dependencies stated
in context. A uniform bound U = N°) means that for every £ > 0 there is a constant C. such
that U < C.N¥¢ for all allowed data. Fixed tuple sizes and fixed moment orders may affect C;; sets,
intervals, chosen residues and retained frequency families may not. All final choices of parameters
are made independently of N and A.



2 Finite-field square constraints

This section controls systems of square constraints on independent field variables. A single constraint
is close to a constant kernel in operator norm. Replacing constraints one at a time then counts any
fixed directed graph without loops or opposite edges. Applying this count to a four-cycle of two
lists gives the operator estimate needed for the tuple measures.

Throughout, finite sets carry uniform probability measure, and e(t) = exp(2wit). For an odd
prime p, write

2 _ _ VPt g
—{U 'UEF;}W Ap(t)_lQ;;(t)) 5p—7 Sp / .
For finite sets X, Y, the operator associated with a kernel K : X x Y — R is

Tk f(x) = Eyey K(2,y) f(y)-

We use || K ||op to mean the norm of Tk from L*(Y) to L?(X). A constant kernel ¢ therefore denotes
the operator f — cEf.

Lemma 2.1 (Counting directed square constraints). Let p be an odd prime and let G = (W, E) be
a finite directed graph with no loops and at most one edge on each unordered pair of distinct vertices.
Put m = |E|, and let (zy)wew be independent uniform elements of F,. Then

H Ap(zy — zy) — 27 < mbp.

(u,v)EE
The assertion includes the empty graph, whose product is 1.

Proof. We first show that the kernel b,(x,y) = A,(y — ) — 1/2 has operator norm at most é,. The
characters « — e(kx/p), k € F), are an orthonormal eigenbasis. The constant eigenvalue is

For k # 0, put Gp(k) = 3 ,cF, e(kuQ/p). The corresponding eigenvalue is

G k)—1

Here the subtraction of 1 removes the zero square, and division by 2 removes the multiplicity of
every nonzero square. Since (u,v) — (u — v,u + v) is a bijection on IFIQ,,

Gp(k)? = > e(k(u’ —v*)/p) = > e(kab/p) =

u,velf, a,beF,

Thus all eigenvalues have absolute value at most d,. In particular,

o f(@)g() (Ap(y — @) = )| < Sl flllglle- (21)

The same bound holds with  — y in place of y — x, since the transposed operator has the same
norm.

Now replace the m edge indicators one at a time by 1/2. In a telescoping error for an edge (u,v),
fix every variable except z,, z,. No other edge has both these endpoints. Consequently all the other
factors separate as C'f(zy)g(2y), where |C|,|f|, |g| < 1. Equation (2.1) bounds the conditional error
by ¢,. Averaging the fixed variables and summing over the edges proves the assertion. O



We next divide the variables into two independent lists. Only constraints between the lists enter
the following kernel; constraints within either list must be treated separately.

Lemma 2.2 (Mixing between two lists). Let I, J be finite disjoint sets, and let G be a directed
graph on I U J whose m edges all join I to J, with at most one edge on each unordered pair. The
directions may vary from edge to edge. For x € IF'IIW Yy € Fg, write z; = x; fori € I, zj = y; for
j € J, and set

K(z,y) = H Ap(zy — 2u).

(u,v)EE(G)

Then

|K =277 op < (32m) /4y 115, (2.2)
For m = 0, both sides are zero. In particular, the implied constant for any fized pair of lists is
independent of p.

Proof. Put ¢ =27 and B = K — ¢. With respect to the normalized point-mass bases, Ts has
matrix entries B(x,y)//[FL| [F]]. If s, are its singular values, then

1Bllop <D s¢ = tr((TBT5)%)
T

= Exo7m17yo,y1B(m0, yO)B(a:O, yl)B(:El, yO)B(:Ul, yl), (2.3)

where the four lists are independent and uniform. The kernel is real, so no conjugates appear in the
last expression.
Let Q = {0,1}2. Expanding the last line gives

S (o FE T K@y
FCQ (a,b)EF
For each F', its product is the constraint indicator of a graph on
(I x{0,1}) U (J x{0,1}).

Every base edge between i € I and j € J is copied, in its original direction, between (i,a) and (j,b)
for every (a,b) € F. The two endpoints determine the base unordered pair and the corner (a,b).
Hence this graph has no loops or repeated unordered edges, and has exactly m|F| edges. Lemma 2.1
therefore gives
E [] K@) =c"'+Ep,  |Ep| <m|F|5,.
(a,b)eF

The main terms sum to (¢ — ¢)* = 0. The remaining terms have absolute value at most

4
mop Z <4> et = 4m(1 + ¢)%6, < 32mp~1/2.

Combining this with (2.3) and taking fourth roots proves (2.2). O

3 Finite reflection-positive probability laws

We construct probability laws on a fixed set of field labels. Their nonexceptional parts enforce a
directed cycle of square differences. The full laws also satisfy positivity across a family of reflection
cuts. To obtain both properties, we add a finite hierarchy of measures in which successively more
blocks of the index set are marked. A marked block provides a positive quadratic form that
dominates the small negative part at the corresponding unmarked cut.



3.1 The index set and the required properties

Fix the integers
h =24, to = 80, { =2ty +1=161. (3.1)

Let II be the set of permutation words on [h] = {1,...,h}, viewed as bijections from positions to
symbols. Write

K =hl, r=K/2, vV =11, d=|V|=K" n=d/2.

The coordinates of a vertex v € V are called its blocks. Fix a cycle ¢ of length h on the positions.
Composition on the right, w — we, cyclically shifts a word. Define vy, ...,vy_1 € V by giving every
block of v; the word ¢/, and put v, = vo.

A reflection is specified by a block b € [¢] and two distinct symbols «, 8. It acts on V' by swapping
these symbols on the left in block b; denote this involution by 6. Its associated cut is

Vi = {v : a precedes /5 in block b}, Vo =0V,.

The reflection has no fixed vertices, and both halves have size n.

For a finite alphabet X, a measure v on X" defines a matrix whose row index is (2v)vev, and
whose column index is (zp,)vev, . We say that v is reflection positive if this matrix is symmetric
positive semidefinite for every cut above. Equivalently, symmetry holds and

/F((zv)v€V+)F((z6’v)v€V+) dV(Z) >0

for every real function F : X"+ — R.
Recall that @), = {u?:ue IF;;} for an odd prime p. The following proposition summarizes the
construction.

Proposition 3.1 (Tuple laws). There is an absolute integer P such that, for every prime p > P,
there are a probability measure i, on ]FX and a nonnegative submeasure €, < |1, whose mass satisfies

p = 5P(F;‘a/) <p

Writing
o Hp — Ep
Bp = 7"
b L=
the following properties hold.

1. The full law p,, is reflection positive. Both u, and €, are invariant under simultaneous changes
zy F qzy + a, where a € Fy and q € Q. Every single-label marginal of pi,, and p) is uniform
on IFp.

2. On the support of ),
Zu;y — 2oy € Q) (0<j<h).
The marginal of each ordered pair (zy;, zv;,,) under py is uniform on {(z,y) : y — = € Q,}.
3. Put v = 1/64. For either p, = i, or py = py, every v € V, and every f : F), — C with
uniform mean zero,

1B, [F(20) | Gadus] ]y < 271 (3.2)

The norm on the left uses the other-label marginal of p,; the norm on the right uses uniform
measure on .



The cycle length h and the total tuple size d are fixed before any prime or integer interval is
chosen. Thus constants depending on this finite construction remain absolute throughout the proof.

The construction and reflection estimates are given below. Lemma 3.6 will establish the final
assertion and the precise pair marginal.

3.2 Measures with marked blocks

Start with one independent uniform label at each vertex of V. Require a strict square difference
from v to w whenever w, = v,c in at least ty + 1 blocks. In particular these constraints include
every edge of the designated cycle. Multiplying the uniform product measure by the indicator of all
these constraints gives the leading component, an unnormalized measure. Its cut matrices need not
be positive semidefinite; the graph estimates control their negative parts.

To compensate for those negative parts, we introduce components in which vertices that agree
outside a set of marked blocks draw their labels from a common list. A positive weight couples their
choices of list entries. Marking a block then provides a lower bound at its reflection cuts, while
leaving enough unmarked blocks to retain the cycle constraints until the last level. The following
definitions implement this construction.

For S C [{] with s = |S| < tg + 1, regard the blocks in S as marked; blocks outside S are
called clean. We call the marking nonterminal if s < tg and terminal if s = tg + 1. The terminal
components will form the exceptional measure. Let

Us = HW\S, mg =1°,

and let ug : V — Ug forget the marked blocks. At every address u € Ug, choose a list (Yu,i)z’e[ms] of
independent uniform elements of IF,,. All lists are independent. The total number of list entries is

|Us|ms = K55 = d/2° < d. (3.3)
For s < ty, draw an address edge u — u’ exactly when
#{la ¢ S:u, =usc >0 —ty=ty+ 1. (3.4)
For each such edge require
Yo —Yui € Qy forall 4,1’ € [my]. (3.5)

Let Is(Y') be the indicator of all these conditions. For s = tp + 1, impose no conditions and set
Is = 1. The graph on list entries defined by (3.5) will be denoted by Gg.

There are no loops in the address graph: a permutation word cannot equal its nontrivial position
shift. Nor can both directions occur between two addresses. Indeed, the clean blocks counted for
the two directions are disjoint, since a block counted for both would imply ¢ = 1. Their combined
required size is 2(tp + 1) > ¢, which is impossible. Each unordered pair of list entries therefore
supports at most one directed edge in Gg. Lemma 2.1 applies to this graph and all its induced
subgraphs.

Set
1

0= ——.

10h2
For distinct v, w € V, define a symmetric interaction HS as follows. It is zero unless v, w differ by
a symbol transposition in exactly one marked block. In that case, if the positions of the swapped



symbols have gap g, put H2, = §9. Independently of the lists, choose all indices j, € [m,] uniformly
and independently, and give their joint distribution the unnormalized weight

Ws(j) = exp ( > H§w1{jv:jw}) . (3.6)

{v,w}CV

Every sum over {v, w} is over unordered pairs of distinct vertices, so each interaction is counted
once.
Define the finite measure v, ¢ by the identity

/G(Z) de,S’(z) = EYEjIS(Y)WS(j)G((Yug(v),jv)UEV) (37)

for all functions G on IF'X. Both expectations on the right are uniform probability averages. In
particular, v, g has not been normalized to have mass one. We also write v(1) for the total mass of
a finite measure v.

Each vertex has at most s(g) neighbors with nonzero interaction, and each interaction is at most
0. Thus, with the fixed constant

B =exp (W) , (3.8)

we have
1<Ws(j) <B,  wps(F))<B. (3.9)

For a cut with reflection #, define the quadratic form

Qhs(F) = [ Fl()oevi F((onduers) s (2). (3.10)

The notation suppresses the two symbols that specify the cut. Every component has a symmetric
matrix at every cut, as we now verify.

Lemma 3.2 (Symmetry of the component matrices). For every allowed mark set S and every
reflection 0, the measure vy, g is invariant under the permutation (2,) — (zgy). Its matriz at that
cut is symmetric.

Proof. The array H® is invariant under simultaneous application of 6 to both endpoints. In the
reflected block, conjugating a symbol transposition changes only the names of the swapped symbols,
not their positional gap. Interactions in other blocks retain their gap as well. Hence relabeling
indices by j, — jg, preserves their uniform law and weight.

If the reflected block is marked, ug(6v) = ug(v), so no relabeling of lists is needed. If it is
unmarked, 6 acts on addresses. Left symbol permutations commute with the right position shift
¢; therefore it preserves the directed address relation (3.4), including its orientation. Relabeling
lists by this address involution preserves their uniform law and Ig. In either case these bijections in
(3.7) send the output label at v to the label at fv, proving invariance. At the cut this invariance
exchanges the two matrix indices, which is symmetry. O

10



3.3 Strict positivity at a marked cut

The next estimate is the source of domination between successive mark sets. It must remain valid
when different index assignments produce identical field labels.

Lemma 3.3 (Marked-cut lower bound). Put

9
75h—1
10 ’

K= A= (e"=1)", Ce = )\mt_orfrl > 0.

For every S with |S| <ty + 1, every cut in a marked block b € S, and every real F : IFI‘,/+ — R,

anS(F) Z )\Tn/s_n EY,]+IS(Y)F((YUS(U),JU)U€V+)2 (311)

Here the expectation uses all uniform lists and only the uniform indices on V. In particular, the
coefficient in (3.11) is at least ¢, independently of the prime and of the field-list values.

Proof. Index an n x n matrix by x,y € V, and set
Agy = HZ g,

The invariance of H® used in Lemma 3.2, together with its symmetry, gives Ary = Ay,

Suppose the two cut symbols occupy positions ¢ < j in the reflected block of x, and set g = j —i.
The diagonal entry is A, = ¢9. A transposition taking x across the cut must act in this block and
involve a cut symbol. Apart from swapping the two cut symbols themselves, it must either move
the first symbol from ¢ to a position k > j, or move the second from j to a position k < 4. Its gap is
therefore at least g + 1. There are fewer than h? such transpositions, so

2 ¢g+1 1
D Ayl < B2 = —Ag,.
10
y#T

. 2 2 .
For every real vector a, using 2|azay| < ag + aj, gives

a’Aa > Z (Am — Z |A$y]) ai

y#z
9 h—1 2 2
> 159 ijax = n;ax. (3.12)

Write m = mg and J = [m]"+. For j € J, define a vector with one nonzero coordinate for each
vertex z € V4 by

u(j) = (1j,=i)eevs, icfm]-
Using the reflected indices on the minus side, the cross factor of (3.6) is the matrix

C(j, k) = exp(u(j)T (A @ I )u(k)).

Each unordered cross pair is uniquely {z, 0y} with z,y € V., so no extra factor of two appears in
this formula.
By (3.12), D = (A — kl,) ® I, is positive semidefinite. The matrix

R(j, k) = exp(u(j)" Du(k))

11



is positive semidefinite: after taking a square root of D, the bilinear form is an inner product, and
each term of the exponential series is a Gram matrix of tensor powers with a nonnegative coefficient.
The convergent sum is positive semidefinite. Moreover R(j,5) > 1.

The remaining factor is

E(j, k) = exp (Fo > 1{%%}) .

zeVy

As a matrix this is
E= Q& ((e" — 1)L, +117).

zeVy

Every factor dominates (e — 1)I,,,, also for m = 1. It follows that E dominates A\l 7. The entrywise
product of positive semidefinite matrices is positive semidefinite: if they are Gram matrices, the
products of their entries are the Gram matrix of pairwise tensor products. Denoting entrywise
multiplication by o, we therefore obtain

C=(E—Ay)oR+A(Is0oR) = Al (3.13)

The internal weight on the plus half is

{z,y}CV4

The reflected minus weight is the same function of its indices. Thus the full index matrix is
diag(a)Cdiag(a), which still dominates A7 by (3.13).

Fix the lists. Since b € .S, the two reflected vertices v, 0v have the same address. Consequently
both sides of the quadratic form use the same vector

vy (5) = F(Yug(v),j, Jvevy )-

This vector may have repeated entries. No injectivity of the map from index assignments to field
assignments is required for the matrix lower bound. Since | 7| = m", the full uniform index average
is bounded below by
Am=2 Y fy (5)? = AmT " Bie g fy (7).
JjeTJ
Multiply by Is(Y') and average over the lists. This proves (3.11). The stated uniform coefficient
follows from my < myy41. O

3.4 The error at an unmarked cut

At an unmarked cut, the lists themselves split into two independent families. Lemma 2.2 controls
the possible negative part of the cut form.

Lemma 3.4 (Unmarked-cut error). Let b ¢ S specify a cut and suppose s = |S| < to. Let Y
consist of the lists at plus addresses, and let 1.(Y}) impose only the constraints internal to those
addresses. For a real half-label function F', put

le)’s(F) = EY+7j+I+(Y+)F((YUS(U),jU)U€V+)2'
Then, with the fized constant Cy, = (32d?)'/* B2,
Qb 5(F) > —=C.p™'/3D} 5(F). (3.14)

If instead s =ty + 1, the form Qg’s is momnegative.
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Proof. Use 0 to identify the minus-address list space with a second copy of the plus-address space.
Symmetry of the directed graph gives the factorization

Is(Yi,Y_) = L (Vi ) I (Yo ) K (Ya, Y2),

where Kj is the product of the constraints crossing the cut. Its graph is bipartite, simple on
unordered pairs, and may contain both orientations on different pairs. If it has e, edges, then
ey < d? by (3.3). Lemma 2.2 yields

1Ky — 27 |op < (32d%)M4p~ 1",

Every nonzero index interaction changes a marked block, and so preserves the unmarked word in
block b. No such interaction crosses the cut. The index weight therefore factors as W (j4)W4(j-),
with the same function on the reflected halves and 1 < W, < B. Set

G(Yy) = L (YR, Wi (4 ) F(Yug (v),50 Jvevy )-

Then Q;’J’ s(F) = (G, Tk,G). The constant kernel contributes the nonnegative quantity 27 (EG)2.
Cauchy—Schwarz in the uniform index average, followed by I_% =1, and W < B, gives

IG|I3 < B>Dj (F).

The operator error proves (3.14). For s = tg + 1, no field constraints are present, so the same
factorization gives exactly ngS(F) = (EG)? > 0. O

3.5 Domination and the reflection-positive mixture

We now compare the two preceding lemmas. Marking a further block combines all its plus-side
lists into one longer list. The precise length ms = r® ensures that this identification preserves the
uniform product distribution.

Lemma 3.5 (Domination after marking a block). Let b ¢ S, |S| < to, and set S’ = S U{b}. For
the cut in block b and every real half-label function F,

b o (F) > cor Db o(F). (3.15)

—-1/16

Consequently the measure v, g + p vp,s has a positive semidefinite matriz at this cut whenever

p > Pt := max{3, (Cyr"/c,)'0}. (3.16)

Proof. Let 11, C II consist of words in which the first cut symbol precedes the second. It has
r = K/2 elements. Above each address in Ugs, the old plus addresses are indexed by w € II;.
Identify the new list of length ms11 = rmg with the entries indexed by (w,i) € I x [mg] in those
old lists. Applied at every new address, this identifies the entire new list collection with the old plus
list collection; both have the same uniform product law. Figure 2 separates this relabeling from the
index restriction used below.

If s+ 1 < tg, any new address edge already has at least ¢ty + 1 matching blocks outside b. Every
pair of old plus addresses above its endpoints therefore satisfies the old address edge condition,
regardless of their block words in b. Old internal validity imposes the square constraint on all
entries of every such pair of lists, and hence implies every new validity condition. If s = ¢y, the new
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((1/(’117’11}),7;)Z‘€[ms]>wen+ — (Yé7(w’i))(w,i)eﬂ+x[m5}

r lists, each of length mg one list of length msy1=rms

restrict to w=vy,

jr = (w,i) uniform in I, x [myg] Yq;(vm) = Yiup) i
P(w = vp) =71, P(all v € V select their own sublist) = r~".

Figure 2: The two steps when marking a block b. For a new address u € Ugyyp), the old plus
addresses above it are (u,w), where w € I is the word in block b; the prime on Y/ marks only a
relabeling of the same entries. Regrouping the independent lists preserves their distribution without
a loss. For each v € Vi, with u = ugu{b}(v), restricting its independent new index to w = v
recovers its old emitted label. This second step has the total probability r—".

component is terminal and imposes no conditions, so the same implication holds. Thus under this
identification
L(Y) <Is(Y).

Apply Lemma 3.3 to S’. In the expectation on its right-hand side, restrict every new half index
J», to the sublist labeled by the actual word v, € 1. There are n independent indices, each selecting
that sublist with probability 1/r. The restriction therefore has probability exactly »~". Conditional
on it, the residual indices in [mg] remain independent uniform variables, and the emitted half labels
are exactly the old half labels. Since the test function is squared, restricting the expectation and
then using I, < Ig/ gives

Qp.5/(F) > e.By o Is/(Y)F(24)* > exr™ "Dy 5(F).

This is (3.15).
By Lemma 3.4, the sum of the two cut forms is at least

(cxr™mp~ 16 — CLp™V/BY DY o(F).

The bracket is nonnegative under (3.16). Symmetry follows from Lemma 3.2, completing the
proof. O

Define the unnormalized mixture and its mass by

M,= Y p 1916y, o, Z, = M,(F}). (3.17)
SCly
|S|<to+1

For any fixed cut block b, it has the exact decomposition

Mp: Z p_‘S‘/lﬁ(Vp,S+p_1/16Vp,Su{b})

b¢S
|5|¢§to
p DG N s (3.18)
b¢S
‘S|;¢to+l

Every component containing b appears exactly once, paired with the component obtained by
removing b. Every component not containing b, except those of size tg + 1, is the first member of
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one pair. The remaining components are terminal and are positive semidefinite at this unmarked
cut by Lemma 3.4. Thus Lemma 3.5 and (3.18) show that M), is reflection positive for p > Pt.
The threshold is uniform in the block, cut symbols, and mark sets.

3.6 Normalization, exceptional mass, and cycle support

Let eg be the number of edges of the leading list graph Gg. For this component mg = 1 and Wy = 1.
Lemma 2.1 gives

’VPQ(FX) — 27| <L eop_1/2.
Put
co =271 P = max{3, (2°Tlep)?). (3.19)
For every prime p > Ppass,
co < vpo(Fy) < Z, <2'B. (3.20)
The upper bound uses (3.9) and p~151/16 < 1.
We can therefore define
M p(tot1)/16
Uy = 71), ep = — Vp.S, np = Ep(F;/). (3.21)
P P |S|=to+1

The full law is a probability measure, and ¢, is a nonnegative submeasure. Moreover

_ (7
Mp < Cexep 81/167 Cexc = Co ! (81) B. (3'22)

Since 81/16 — 4 = 17/16, taking p > 061)630/17 ensures 7, < p~* < 1. This defines the normalized
nonexceptional law ) = (1, — €p)/(1 — ). Positive normalization preserves reflection positivity of
Hop-

For later use, in either the full mixture or the normalized nonexceptional mixture, the total
probability of components with S # & is at most

2'B
p1/16, (3.23)
(&)

Indeed their unnormalized weights are at most p~1/ 161/,,,3(15';/ ), and the relevant total unnormalized
mass is at least the leading mass ¢y in both cases.

Each component is invariant under simultaneous square-affine changes of field labels. To see
this directly, apply Yu; — ¢Yu; + a to every list entry, where ¢ € Q). This bijection preserves
the uniform list law, every strict-square difference condition, and the index weights. The output
labels undergo the same affine map. Invariance therefore holds for 1, €5, and . Translations act
transitively on I, so every single-label marginal of each positive-mass normalized component, and
of each of these normalized mixtures, is uniform.

For |S| < tp, the designated vertices v;,vj41 have clean words related by c in all £ — |S| > tg+ 1
clean blocks. Their addresses therefore form an edge in (3.4). Its conditions apply to every pair of
list entries, including the two chosen by the indices. It follows that every nonterminal component is
supported on

Zy, — 20 €Q, forall 0 <j <h. (3.24)

The same support assertion holds for p,.
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The construction has now supplied the probability normalization, all reflection inequalities, affine
invariance, the exceptional-mass bound, and the cycle support. It remains to verify conditional
mixing and identify the selected pair marginals. Those facts use only the graph estimates, component
masses, and invariance just established.

3.7 Conditional mixing and the selected pair marginals

The leading component of the construction has one independent field variable at each vertex before
the constraints are imposed. We first show that, in this component, knowing all other labels predicts
little about a mean-zero function of one label. The other components have small total mass, which
permits the same conclusion with a weaker fixed exponent. We also identify the selected pair
marginals that will supply the square-difference kernel.

Lemma 3.6 (Conditional mixing and pair marginals). For the fized index set V' and the measures
constructed above, there is an absolute threshold P such that the following statements hold for every
prime p > P. Both probability measures

o Hp — &p

//Jpv :U'p = 1— 77p ’ np = SP(1)7

have uniform marginals in each individual label. If p is either measure, v € V', and X is its marginal
on FX\{U}, then every function f :F, — C with E, f(x) = 0 satisfies

1B LF(20) | el 2y <27 Fllz2ge, - (3.25)

The threshold is uniform in the choice of v and p.
For every selected cycle edge vj — vji1, its pair marginal under u, is uniform on

Q= {(z,y) € IF?D ry—x € Q)
Its pair marginal under p, is
(1 — mp) Unif (€2,) + n, Unif (F3). (3.26)

Proof. Choose a fixed threshold Py beyond which the construction and its component mass bounds
hold. By (3.20), the leading mass is at least co = 271, The affine invariance proved above gives
uniform single-label marginals in every normalized positive-mass component. Thus a function with
uniform mean zero is centered in each component separately, and its input L? norm is the same in
each component.

Fix v. Write x = 2z, and y = (24 ) w0y, and use independent uniform measures in these variables
until otherwise stated. Since my = 1, the density of v, z is L(y)K (z,y), where K is the product of
the incident edge indicators and L is the product of all other edge indicators. Both are indicator
functions. If m, is the number of incident edges, put

Cy = 2_mva a(y) = E:EK(:L'v y)v bf(y) = wa(JE)K(ZL‘, y)
For m, > 0, Lemma 2.2, with its operator transposed if necessary, gives
la—colla <A, [bfll2 < Aullfll2s Ay = (32my) V715, (3.27)

The incident constraints form a cross-list graph between the single variable x and the other labels.
Incoming and outgoing edges are both allowed by that lemma. The first inequality applies the
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centered kernel to the constant function, while the second uses Ef = 0. All norms in (3.27) use the
uniform base measures.

Put Zy = v, (1), and let Ty be the conditional operator for the normalized leading component.
Its other-label marginal is Z, ' L(y)a(y) dy, and therefore

_ [bs ()2
Tofll? = Z;'E, L(y) =22 3.28
ITof13 = 2By L) 2L (3.28)
The ratio is defined as zero where a(y) = 0, a set of zero marginal mass. On {a > ¢,/2},

its contribution to (3.28) is at most 2c;'c;'A2|f||3. On the complementary set, Chebyshev’s
inequality gives
Py(a < ¢,/2) < 4AZ/c2.

Weighted Cauchy—Schwarz gives the pointwise bound

[bs(y)[?
a(y)

again with the zero-ratio convention. Thus no lower bound for a(y) is needed on this small set.
Since L < 1, its contribution is at most 4cy 'c; 2A2||f||3. We conclude that

b5 (9)° < a()Ealf ()P K (x,y), < |I£13,

ITof113 < cg ' (2/co + 4/ ALNFIIB < Creaar™ IIF 113,

where the fixed constant
Clead = o+ (22071 4 22¢0%2) /394

works for every slot, since m, < eqg. If m, = 0, the label is independent of all others in this
component, so Ty f = 0 and the same bound holds.
Now let p be either p, or p,. Represent it as a mixture of the normalized positive-mass

components:
Vp,S

Vp,S(l) .

The components with zero mass are omitted. In the nonexceptional law, the terminal components
|S| = to + 1 are also omitted. In either case ag is p~151/161, (1) divided by the sum of these masses
over the retained components. By (3.23),

p:ZaSPSJ pPs =
S

3 s < Caixp” V10, Choix = 2°B/co. (3.29)
S+o

Introduce the component index S as a latent random variable and condition on it as well as the
other labels. Conditional Jensen and the tower property imply

B (£ (20) [ 915 < Eo|E[f(20) | . S]]
=" as|Ts 3
S

< (Creaap™* + Coixp19) || £113.

For the nonleading components we used only conditional-expectation contraction. Its input norm
is the same uniform L? norm in each component, by the marginal statement proved above. Set
Ceond = Clead + Chix- Enlarging the fixed prime threshold so that P > max{F, 3, C’CP’2 } ensures

ond

C’comdp_l/16 < p_1/32 (p > P)
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Taking square roots proves (3.25). All constants involved depend only on the fixed finite construction.
In particular, this is one threshold for both laws and all slots, with no residual multiplicative constant
in the operator estimate.

It remains to identify the pair marginals. By (3.24), the pp-pair is supported on 2,. The
square-affine group acts transitively on this set: the map taking (z,y) to (2/,%') has

_y'—x'
= g

q € Qy, a=1 —qu.
The affine invariance already proved forces the probability of every pair in Q, to equal 2/[p(p — 1)].
In a terminal component, there are still £ — (tog + 1) = 80 clean blocks. The two selected vertices
have distinct clean addresses, and there are no field constraints. Conditional on every index choice,
their labels are therefore selected from two independent uniform lists and form an independent
uniform pair. The index weight is independent of the field entries, so this remains true after
averaging the indices. The normalized exceptional mixture consequently has pair law Unif (]F]%)
Combining it with the nonexceptional part gives (3.26). O

Equivalently, a selected pair under p, has the form (X,X +U), where X is uniform on [, and
U is independently uniform on ). This exact description will be used only for the normalized
nonexceptional law. The full law has the additional term displayed in (3.26); its conditional mixing
estimate is nevertheless the same.

Proof of Proposition 3.1. Choose one integer P at least Pref, Pmass, é?c/ 17, and the threshold in

Lemma 3.6. All these numbers depend only on the fixed parameters (3.1). Equations (3.18)—(3.21)
give the normalized reflection-positive measure and its exceptional submeasure. The invariance and
uniform marginals were proved above; (3.22) and (3.24) give the exceptional-mass bound and cycle
support. Lemma 3.6 supplies the selected pair laws and (3.2). This proves all assertions. O

4 Signed multilinear forms and conductor decay

The tuple laws provide two estimates for functions on products of prime fields. The first follows the
reflection and chessboard method of [7, Theorem 2.2] and [6, Theorem 4.1]; the finite proof below
verifies the required inequality for this particular tuple law. Reflection positivity gives a Holder
inequality for signed inputs and a seminorm that dominates the uniform mean. The conditional
mixing estimate gives a separate bound for inputs supported on large Fourier denominators. This
second estimate also applies to the nonexceptional laws.

Retain the index set V = IT¢, where II consists of the permutation words on [h], h = 24, and
¢ =161, and put d = |V|. In particular, d is even. Fix the prime threshold P from Proposition 3.1
and Lemma 3.6, and put v = 1/64. For a finite set P of primes at least P, define

Xp=1[Fp, 1r=Q m

pEP peP

We regard up as a probability law on Xg by collecting, for each slot v, its labels at all primes into
zy € Xp. Every single-slot marginal is uniform on Xp. Unless another measure is specified, norms
and expectations on Xp use uniform probability measure. Set

Zp((gvev) = [ Loz dup(z), Zp(9) = Zp((gher ). (1)
veV

For an empty prime set, Xy is a singleton and the product law has mass one; thus Zz(g) = g%
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4.1 A finite signed reflection inequality

Proposition 4.1 (Signed Holder inequality). For every finite prime set P as above and real
functions g, g, : Xp — R, one has

Zp(9) 20, |1Zp((g90)vev)| < [] Zp(g0)"". (4.2)
veV

The inequality includes inputs with zero diagonal integral.

Proof. Across any reflection cut, the matrix of up is the tensor product of the corresponding matrices
of the p,. It is therefore symmetric positive semidefinite. This also holds for the empty prime set.
We first record precisely what a reflection does to an assignment of functions.

Fix a block and two distinct symbols. Let 6 exchange those symbols in that block, and let V.
be the vertices in which the first symbol occurs before the second. Put V_ = V... Define the two
fold maps ¢4,¢_ : V — V by

by () = {v, v e Vy, b6 (v) = {6’2}, veVy,

v, velV_, v, veV_.

For an assignment a : V — RX?_ abbreviate Zp((a(v))yey) by A(a). The bilinear form of the cut
matrix is evaluated on the two real functions

F(z) = H a(v)(xy), G(z) = H a(0v)(xy).

veVi veVi

Its mixed value is A(a); its two quadratic values are A(a o ¢4 ) and A(a o ¢_). Cauchy—Schwarz for
this positive semidefinite form gives

IA(a))? < Aaopy)A(aog_),  Alaopy)>0. (4.3)

This remains valid when the form has a nontrivial null space. For a constant assignment, F' = G;
hence Zp(g) > 0.

We next specify a finite sequence of folds whose composition is constant. For a word w in block b,
write p; = w!(i) for the position of symbol i. Let ¢ ; be the fold onto p; < pit1, where 1 < i < h.
Swapping symbols 7,7 4+ 1 on the left exchanges precisely the two entries p;, p;+1. Thus this fold
compares these adjacent entries and puts them in increasing order.

In each block use the fixed sequence of comparisons

(1,2),(2,3),...,(h—1,h),

repeated h — 1 times. One sweep moves the largest entry to the last position. Once the last k entries
are the largest k entries in increasing order, the next sweep leaves them there and puts the largest
remaining entry immediately before them. Induction shows that these sweeps sort every position
array to (1,...,h). Concatenating the sequences for all ¢ blocks gives fold maps ¢1,..., ¢, with
T = ¢(h —1)2, such that

¢ro---o¢i(v) =v. foreveryvelV, (4.4)

where v, has the identity word in every block.
To use this sequence, fix any finite nonempty list of real functions fi,..., fr and set

M= max |Zp((faw)eev)|
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The maximum ranges over all assignments, with repetition, and exists because there are only k¢
assignments. If M > 0, choose a maximizer. Each of its folded assignments still takes values in the
same finite list, so each folded integral is at most M in absolute value. Equation (4.3) says that
those two integrals are nonnegative and their product is at least M2. They must therefore both
equal M. In particular, either fold of any maximizing assignment is again maximizing.

Apply the folds in reverse sorting order, ¢r, ¢dr_1,...,¢1. Pullbacks compose on the right, so
the resulting assignment is a o ¢ o - - - 0 ¢p1, which is constant by (4.4). Every intermediate integral
is M, and the last is one of the diagonal values Zp(f;). Conversely, every constant assignment was
included in the maximum. It follows that

M = max Zp(fi). (4.5)
When M = 0, all these diagonal values are zero, so the same identity holds. This is a finite argument
and requires no limiting sequence of folds. The maximizing-assignment argument is analogous to
the proof of the abstract chessboard estimate in [6, Theorem 4.1].
Finally, for € > 0, apply (4.5) to the list

v
v = 5 V.
o= Zolg) 1o V€

Every denominator is positive and Zp(f,) < 1. Multilinearity consequently gives

12p((90)vev)| < [ (Zp(g0) + €)M/
veV

Letting € | 0 proves (4.2), including zero diagonal values. O

4.2 The seminorm and its symmetries

Proposition 4.1 allows us to define, for real g,

lgllp = Zp(g)"/.

For B C P, let Egg denote uniform averaging over the coordinates in B, holding the other
coordinates fixed. We may regard this either as a function on Xp independent of B, or as a function
on XP\B'

Lemma 4.2 (Seminorm properties). The map g — ||g||p is a seminorm on the real functions on
Xp, and

Eg| < [lg]l»- (4.6)
For ap, € Fp and )y, € Qp, let A(z)y = 1p1p + ap. Then
lg o All = llgll»- (4.7)

For every B C P,
IEBgllp\s = [[Egllr < llgll»- (4.8)

Proof. Nonnegativity is already proved. Since d is even, homogeneity of the diagonal form gives
llcgll» = |c||lgl|p for every real c. For real functions g1, g2, expand Zp(g1 + g2) multilinearly and
apply (4.2) to each term. With a = ||g1||p and b = ||g2||p, this gives

0< Zp(gr+92) < Y 647151 = (a + b)?.
SCV
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Taking the nonnegative d-th root proves the triangle inequality, also when one of the seminorms
vanishes.

The probability normalization gives Zp(1) = 1. Insert g in one slot and 1 in all others in (4.2).
The uniform single-slot marginal identifies the left side with |Eg|, proving (4.6). The simultaneous
affine invariance of each p, proves (4.7); its parameters may be chosen independently at different
primes.

Let Gp be the additive subgroup of Xp consisting of vectors supported on B. Then

(Egg)(z Z glx +t).
|G e

The triangle inequality and translation invariance show that this average has seminorm at most
llg|lp. Since the averaged function is independent of B, integration over the prime laws in B, each
of mass one, gives

Zp(Epg) = Zp\p(Epg).

This proves (4.8). All statements include the empty prime set, for which the seminorm is absolute
value. O

4.3 Conductor decay

The characters of Xp are indexed by ¢ € Q/Z whose reduced denominator ¢(¢§) divides [Lyep P
with ¢(0) = 1. We write such a character as e(z£): it means e(né) for any integer n satisfying
n =z, (mod p) for all p € P. This is well defined by the Chinese remainder theorem. The Fourier
coefficient of g is

9(8) = Eexpg(z)e(—28).

For U C P, put qu = [[,cp p, including gz = 1. The exact prime support of a character is the set
of primes at which it is nontrivial; its denominator is exactly the product of these primes.
Recall the exceptional mass and the normalized nonexceptional law,
14 o Hp — €
mp = ep(Fp ), Hp = %'
Tlp

Proposition 3.1 gives 7, < pt< 1.

Lemma 4.3 (Conductor decay). Let P be a finite set of primes at least P, and at each prime
choose py to be either p, or py. Let R > 1, and let g, : Xp — C, w € V', be functions. Suppose
that for one slot v, §,(§) = 0 whenever q(§) < R. Then

< R goll2 [T llgwlla@-1)- (4.9)
WAV

| 11 9uz0) dQ pot2)

weV peEP

All norms on the right use uniform probability measure on Xp. The constant in the inequality is
one.

Proof. Fix the distinguished slot v. For each p, let Y, = F, yAte} , let A\, be the marginal law of the
other labels under p,, and define

Tpf(y) = Ep,[f(20) | (zw)wpo = y]-
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This is an operator from L?(F,, unif) to L?(Yj, \p); its values on marginal-null points are irrelevant.
It preserves constants, and the tower property gives

T,1=1, / T,f d\p = Eper, (). (4.10)
For uniform-mean-zero f, Lemma 3.6 gives

| Tpfll 220, < 27 F1 22 (unif) - (4.11)

Let Hg be the mean-zero subspace of L?(F,,unif), and let Kg be the mean-zero subspace of
L*(Y,, A\p). Thus
L*(Fp, unif) = C1 & H), L*(Yp, Ap) = Cl® K,

with orthogonal sums. Equation (4.10) says that TpHI? C KS . Notice that centering in the codomain
refers to Ap, which need not be uniform.

For U C P, let Hy be the tensor subspace with factor Hg when p € U and factor C1 otherwise;
define Ky in the same way using Kg . The Hy form an orthogonal direct sum of L?(Xp, unif).
Distinct Ky, Ky are also orthogonal: at a prime in the symmetric difference of U, W, one tensor
factor is constant and the other has mean zero. Inner products of pure tensors therefore vanish, and
linearity gives the assertion for the whole subspaces.

Under the product law &, pp, the marginal of all the other labels is A = &), Ap. Conditional
independence across primes shows that the operator from the distinguished slot to all other labels is

T =T

peEP

For completeness, on an input Hp fp(2v,p), the conditional expectation is Hp T, fp, since the condi-
tional law is a product over primes. Such pure tensors span the finite-dimensional domain, proving
the operator identity. Consequently

T(HU) C Ky, HT’HUH < H p_'Y = q[_jﬂ. (412)
peU

The norm bound follows by applying (4.11) one tensor factor at a time; on the constant factors the
norm is one.

Nontrivial characters at p form an orthonormal basis for Hg. Thus Hy consists precisely of
Fourier sums with exact denominator gyy. Decompose the distinguished input as g, = >_, ~r 9v,U;
with g, v € Hy. The images of distinct summands are orthogonal by (4.12) and the orthogonality
of the K. Hence

1Tl = 3 ITgn0Bacy
qu>R

—9 _
< Z qy 7”guUH% <R 27”9@”%'
qu>R

Only distinct exact supports need have orthogonal images; no such assertion is made for different
characters within a single support.

Finally condition the multilinear integral on all labels except those in slot v, and apply Cauchy—
Schwarz. Its absolute value is at most

R goll2|[ TT 9w(zw)
WY ()
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Hoélder’s inequality with d — 1 factors and the uniform marginal in each remaining slot give

H Guw(Zw) < H (EA|gw(Zw)|2(dil)> H ”ngQ(d 1)

wH#v L2(\) wH#v wH#V

1/(2(d—1))

This proves (4.9). If P is empty, the support hypothesis forces g, = 0, so the assertion holds there
too. No reflection positivity of the laws p, was used. O

5 Uniform moment bounds for Fourier lifts

We now transfer a bounded function on an integer interval to the product of its prime residue
spaces. Keeping rational frequencies of bounded denominator need not preserve pointwise bounds
or positivity. The replacement we require is a uniform bound for every fixed moment, valid also
after retaining arbitrary complete denominator classes. We first control a square function of the
exact prime supports, then recover the sum by symmetrization. For related arithmetic moment
estimates and Fourier lifting, see [3, Theorem 2 of the arXiv version] and [9, Section 3]; the uniform
estimate used here is proved below.
Let P be a finite set of primes, and give

Xp=1]][F

peP

uniform probability measure. A character is indexed by £ = 3 cpap/p (mod 1), where a, €
{0,...,p— 1}, and we write

e(z¢) = [ elapzn/p),  elt) = exp(2nit).

peP

Its exact prime support is {p : ap # 0}, and its reduced denominator is the product of these primes.
In particular ¢(0) = 1. Summing a geometric progression in each coordinate shows that these
characters form an orthonormal basis. For U C P, put qu = [[,ep p, with gz = 1.

Let I be a nonempty consecutive interval of integers, of length L, and let f : I — C. Define

Zf = > F1(&)e(z€).
=q

TLGI q( U

For @@ > 1, the Fourier lift is
Lipof= > fu.

UCP

qu <@
If F is a subfamily of these supports, write [,f p.of = > uver fu. Thus retaining a support means
retaining all frequencies of its exact denominator. Each fyy depends only on 2z and has mean zero
in each coordinate belonging to U. Real f gives real fi;, because the summation set is closed under
negation.

Remark 5.1 (A lift need not be nonnegative). Take distinct primes p,q with p,q < @ < pq and
P = {p,q}. Let I have length divisible by pg, and let f be the indicator of the simultaneous
congruences n = a (mod p) and n = b (mod ¢). The cutoff retains the supports &, {p}, {¢} and
omits {p, ¢}. Since each residue pair occurs |I|/(pg) times, summing these three components gives

1zp:a + 1zq=b . 1

'CI,'P, f(ZaZ):
@I = q P pg
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In particular, the lift equals —1/(pq) when both coordinates miss the prescribed residues. This
is why the multilinear estimates must allow signed inputs even when the original function is an
indicator.

Lemma 5.2 (Uniform moments of Fourier lifts). Let Q > 1, let I have length L > 10Q%, and
suppose || flloeo < M. Let F be any subfamily of {U C P : qu < Q}, and put

k=max{|U|: U CP, qu < Q}.

For every integer v > 1, define

1\ 1/(2r)
2yl

Then
HL{PQfH% < 2M(k + 1)AF. (5.1)

Consequently, for fived r, this norm is at most MQ°W as Q — oo, uniformly in I, f, P, and F.

Proof. Conditional square-sum bound. We establish a conditional square-sum bound before esti-
mating moments. For every B C P with ¢p < @, and every fixed value zp, we claim that

ST E(ful? | zp) < 4?4151, (5.2)
0SE
The conditional expectation here integrates the coordinates outside B; those outside U are irrelevant
to its summand.
To compute its coefficients, write U = B LU A and uniquely decompose a frequency on U as
& = &p +n, with exact supports B and A, respectively. After fixing zp, the coefficient of the outside
character e(z4m) is

CB(n; ZB) = %Z f(n)e(_n77> H (plnzzp (p) — 1) (53)

nel peB

Indeed, the sum over the nonzero frequencies at p is

p—1
Z €(G(Zp - n)/p) = plnzzp (p) — 1.

a=1

Let Qg denote the union of the outside-frequency sets arising from U € F with U O B. Different
outside supports give disjoint frequency sets, and all their denominators are at most Q/qp and
coprime to gp. Conditional Parseval therefore identifies the left side of (5.2) with 3>, cq . [es(n; z5)[*.

Expand the product in (5.3) by subsets J C B. Apart from its sign, the corresponding coefficient
vector is

=7 X fmel-n),  neQp. (5.4)

nel
n=zy (q7)

The congruence in this expression is the simultaneous congruence at the primes of J, or equivalently
its unique class modulo ¢;. For J = @ it imposes no restriction.

Write its progression as n = a + ¢jt, where t ranges over a consecutive interval T of length L ;.
Since ¢; < Q and L > 10QF,

|L;—L/qs| <1, L;>0.9L/qy, qsLy/L <1.1.
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After removing the phase e(—an), (5.4) is ¢;L;/L times the normalized Fourier analysis of ¢ —
fla+ qgt) at frequencies ¢ ;7.

These frequencies remain distinct. In fact the denominator of n — 7’ is coprime to ¢y, so
q;(n —n') € Z implies n = 1 (mod 1). Multiplication by ¢ also preserves each reduced outside
denominator. Thus all the resulting frequencies have denominators at most (), are pairwise separated
in circle distance by at least Q~2, and number at most <o pla) < Q?, where (1) = 1 accounts
for the zero frequency.

This is a separated-frequency estimate of large-sieve type; compare [13, Theorem 1]. The length
hypothesis permits the following elementary Gram-matrix bound. Consider the Gram matrix of
these normalized exponential vectors in L?(T). Its diagonal is 1. For distinct frequencies 6,6’
geometric summation gives

iZe(t(&—a’)) < ! L @
Ly T - 2LJH9 — GIHR/Z — 2Ly

Its operator norm is at most its maximum absolute row sum, hence at most
Qqs 1 19

Q4
<1 <14 — < —.
oL, = ' T isr S TR0 18

1+

The norm squared of the Fourier analysis map equals this Gram-matrix norm. Consequently

1/2

1/2
> les(n)? <1.14/19/18 (;}Z\f(a—l—qjt)F) < 2M.

neQp teT

The Euclidean triangle inequality over the 215! subsets J proves (5.2).
Square-function moments. We next use this bound to control

1/2
S(z) = <Z ’fU(ZU)\2> :

UeF

Put T, = ES?" and Ty = 1. Expand the first 7 — 1 factors in this moment and fix their supports
Ui,...,U,—1. Their product depends only on coordinates in W = Uy U---UU,_1, and [W| < (r—1)k.
For a last support U, let B = U NW. Integrating outside W gives exactly E(|fy|? | z5), because
the coordinates of fyy outside B are fresh. For each fixed intersection B, its sum over U NW = B
is bounded by (5.2). Only B with ¢ < @ can occur, and there are at most 2r=Dk pogsible
intersections. It follows that

T, < 4M24ko0r—Dkp

Induction gives
T, < (4M2)T4k7‘2k‘7‘(r—1)/27 HSHQT < oM 2k(r+3)/4. (5.5)

This conditioning argument permits arbitrary overlaps among supports. The remaining task is to
recover their sum from this square function.

Recovering the sum. Fix a size 7 > 1 and color the coordinates independently and uniformly
with j colors. A support is called transversal if it contains exactly one coordinate of each color.
Each support of size j is transversal with probability m; = j!/j7. Fix one coloring ¢, and let T be
its retained transversal supports in F.
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Take independent copies XS , X; of every coordinate. Write swap,, for interchanging that pair,
and define

Dy = [[ (I - swap,) fr(X°).
peU

Coordinatewise centering gives Ex1 Dy = fy(XY): in the expanded product, every term using at
least one copied coordinate has zero conditional mean. Jensen’s inequality therefore gives

S fu > Dy

UeT UeT

<

2r L2r(X0,X1)

Swapping independent copies coordinate by coordinate is a standard symmetrization device; see
[5, Section 4 of the arXiv version|. Independently swapping each coordinate pair preserves their
joint law and multiplies Dy by the product of the associated signs. With independent random signs

(ep)pePa

S by

UeT

=Y Du]]e : (5.6)

L27(X0 X1) UeT peU L2 (X0 X1 ¢)

The signs here are indexed by individual coordinates, not merely by colors. Each monomial contains
one coordinate sign from each color class.
For completeness, the scalar random-sign bound with the constant K, above is

1/2
‘ Zaiei § KQT <Z |ai|2> . (57)

For nonnegative coefficients b;, expansion of the even moment retains only multiplicities 2m; with
>, m; =r. Since (2m)! > 2™m!, that moment is at most

2r

(227;)' Z Hbgmz _ (2r)! (Z bg)r.

L m;! oyl
Zmizr ?

For complex a;, expand (3" a;€;)" (3" aj€;)" and take absolute values termwise; its surviving terms
are bounded by the expansion with b; = |a;|. This proves (5.7) in the required generality.

For fixed copies X°, X!, iterate (5.7) through the j color classes. At each stage one uses
Minkowski in L", in the form

H@'B"F)m S@HBMT)W.

Induction on the number of color classes therefore gives

1/2
S oulle|  <xh (X mir)

UeT peU L27(e) UeT

2r

To estimate this difference square function, index the choices of copies by n € {0,1}/, one choice
for each color. Since each U € T has one coordinate of every color,

Du= Y (D" fu (X )per).
ne{0,1}7
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For each fixed n, the selected full coordinate vector has the original product law. Minkowski in

L?"(¢*(T)) consequently yields
1/2
<Z |fi U\2>

1/2
(50
UeT

veT

<2

2r

< 27|z

2r

Together with (5.6), this proves the transversal bound (2K2,)?||S||2-.
Average over colorings. Since every support is retained with probability 7;, another application
of Minkowski gives

i . .
> fol| < ‘7.*,(2K2T)JHS||27~ < (2eK2:)[|S]l2r-
UeF J:
|U‘:j 2

Here j! > (j/e)?, which also follows by integrating logx from 1 to j. The term of size zero is
constant and bounded in absolute value by S. Summing over 0 < j < k and using (5.5) proves (5.1).

Finally, the product of k distinct primes is at least (k + 1)!, so (k+ 1)! < Q. The bound
log(k!) > klogk — k gives k = O(logQ/loglog Q). For fixed r, the logarithm of the right side
of (5.1), after removing M, is therefore o(log@). Every bound used above was independent of
the interval’s location, the ambient prime set, and the retained family. This proves the asserted
uniformity. O

We record separately the cost of fixing residue coordinates. This cost is a power of the size of
the fixed fiber, and must remain explicit when the moment bound is used in multilinear estimates.

Lemma 5.3 (Specialization of lifts). Let B C P, let zp € Xp, and let G : Xp — C. For every
finite p > 1,
1
1G (25, ) o) < 287 1G L o(xp)- (5.8)

In the setting of Lemma 5.2, this gives, for every fized zp,
1/(2
H(EfP,Qf)(ZB, ')Hm < 2Mqy @) (k + 1) AL,

The same bound holds for either part obtained by cutting the remaining denominator at any H > 1:
before specialization these parts correspond to the whole-support families

F<up={U € F:qnp < H}, Foup={U € F :qnp > H}.

After specialization their Fourier supports lie, respectively, at remaining denominators at most H
and greater than H.

Proof. The specified fiber has uniform probability 1/gp. Its contribution to E|G|P is

qglEZP\B |G(ZBa ZP\B) |p'

Discarding all other nonnegative contributions proves (5.8). Apply Lemma 5.2 to each displayed
family. Every character of fy7, when specialized on B, retains exactly the coordinate support U \ B.
Combining such characters can cancel coefficients but cannot create frequencies outside the asserted
remaining-denominator ranges. This proves the last assertion. O
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In particular, for d > 2, a multilinear estimate using one L? norm and d — 1 norms in L2d-1)

with the same coordinates fixed in every slot, incurs the total specialization factor
1/2 ( 1/(2(d—1))\ 41
qB/ (qB/( ( ))) — 5.
Two specialized L? factors likewise incur ¢g. Multiplying the original bounded function by a fixed
constant simply multiplies every norm bound by the absolute value of that constant.
For later uniform estimates one can make the subpower dependence entirely explicit. Put

k(Q) =max{j € Zso: (j+ 1! <Q}, M (Q) = 2(k.(Q) + 1) A(Q),

The moment bound is at most MM, (Q), and for every fixed r and € > 0, one has M, (Q) < Q°
for sufficiently large Q. The threshold may depend on 7, ¢, but on none of the intervals, functions,
fibers, or retained families. Thus any fixed finite product of the envelopes 9, (Q) remains subpower,
even when their fixed moment orders are very large. The displayed input bounds and specialization
powers remain explicit.

6 A signed kernel for actual square differences

The preceding tuple measures impose square-difference constraints in residue fields. This section
supplies the passage to actual positive integer squares. We construct a signed measure supported
on such squares and approximate its Fourier transform uniformly by a sum over small rational
frequencies. Because every actual square shift vanishes between the supports under consideration,
the signs of the measure cause no difficulty. The weighted square sums and major/minor-arc analysis
have a direct antecedent in [9, Section 5]. Here the signed divisor weight is chosen to match the
strict-square pair law of our finite-field tuples.
For the remainder of the paper, fix
B=10"". (6.1)

Write e(t) = exp(2mit), and let ¢(§) be the reduced denominator of ¢ € Q/Z, with ¢(0) = 1. For
every rational frequency define the normalized unit quadratic sum

= (& m2 = 1. .
9(6)—90((1(5)) me(z%%é)z)x (Em?),  g(0)=1 (6.2)

Here ¢ is Euler’s totient function. If D = 8dy with dy odd and squarefree, call a residue modulo D
a strict square class if it is 1 modulo 8 and a nonzero square modulo every prime dividing dy.

Proposition 6.1 (Ordered square-kernel estimate). Let N > 1 be an integer, put H = NB/2 and
let D = 8dy < NP, where dy is odd and squarefree. Suppose F,J : [N] — C satisfy |F|,|J] <1 and
are supported in residue classes a,b modulo D, respectively. Assume that b — a is a strict square
class, that x < y whenever x € supp F' and y € supp J, and that no such difference y — x is the
square of a positive integer. With

R 1 R 1
F(§) = N;F(n)e(—n@, J(§) = N;J(n)e(—nﬁ),
one has
D 3 g(OF(=&)J ()| < H/3, (6.3)

£€Q/Z: q(§)<H
q(&) squarefree, (¢(£),D)=1
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The implied constant is absolute and is independent of all the data in the statement.

Proof. Put r = b — a modulo D, and denote the frequency set in (6.3) by Z. We first define the
model and actual-square kernels. We then compare their Fourier transforms on minor and major
arcs, and finish with the exact bilinear Fourier identity.

The two kernels. For every odd prime p | dy, choose one root ¢, of  modulo p. The conditions
m = ¢, (mod p) for all such primes, together with m odd, specify one residue class modulo
D' =2dy = D/4. Let pp be D' times the indicator of this class. Thus pp has periodic mean one
and supremum D’. For every odd prime pt D, set

p1p|m -1 1 s .
wp(m) = P = P jz:le(jm/p), wy(m) = gwp(m), (6.4)

where u is squarefree and coprime to D, and w; = 1. The second equality follows by summing all
characters modulo p. In particular |w,| < 1.

The factor 1 — wp(m) = p(p — 1)1, is the density of the uniform unit law modulo p relative
to the uniform law. Hence for any positive integer ¢ coprime to D,

ST (1w, (m) = [](1 = wp(m)) = — 140 g1 (6.5)

ulrad(q) plg #(a)

Here w(u) counts the distinct prime divisors of u, and rad(q) is the product of the distinct primes
dividing ¢. Thus the complete divisor sum converts a uniform residue into a uniform unit, whose
square has Fourier multiplier g. We truncate this sum at v < H in the actual-square kernel. At
a rational frequency with denominator ¢ < H coprime to D, all divisors of rad(q) remain present;
the periodic mean of every term containing a prime outside g vanishes. This will give the exact
low-denominator comparison. The other rational coefficients will be bounded by quadratic Gauss
sums.
Define two finitely supported functions on Z by

D

ko(n) = ~ Lignsn =y (D) > a€)e(—¢n), (6.6)
gex
)= Y Lewearen(m) Y (1) w,(m), (6.7)
1<m<+v'N u< H squarefree

(u,D)=1

The first kernel represents the rational expression in the proposition; the second is supported on
actual positive integer squares. The factor 2m/N is the discrete counterpart of the substitution
dn = 2m dm, matching the uniform weight 1/N in the model kernel. For these kernels use the
positive-sign Fourier transforms

So(a) = Z ko(n)e(an), S(a) = Z k(n)e(an), aeR/Z.
nez nez

Our immediate goal is

sup |S(a) — So(a)| < H™/3. (6.8)
a€R/Z

Put Vy(t) = N3N, e(tn). Expanding the congruence indicator in (6.6) gives

So(e) =" > 8(&e(—jr/D)Vn(a—E+j/D). (6.9)

£€=Zj mod D
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There are at most DH? terms, each of coefficient modulus at most one, and their centers have
denominators at most DH. The centers are distinct. Indeed, an equality £ — j/D = &' — j'/D would
make £ — ¢ have denominator both coprime to D and dividing D, so that £ = ¢’ and j = j/ modulo
D.

Every o € Q/Z has a unique decomposition g = ap + oy in which the denominator of ap has
only prime factors dividing D and ¢; = g(«) is coprime to D. Thus the coefficient of the center «ay
in (6.9), taken to be zero when it is absent, is

e(apr)g(or), qlap)| D, @ < H, q squarefree,

co(an) = { (6.10)

0, otherwise.

The sign is worth recording: in (6.9), ap = —j/D, and its coefficient contains e(—jr/D).

Minor arcs. We initially assume NN is sufficiently large by an absolute amount. Take the major
arcs to be the closed balls of radius 2N 910 about all reduced rationals of denominator at most
N1/10. They are disjoint for sufficiently large N, since two distinct centers are at least N1/ apart.
The minor arcs are their complement. We write [|t|| for the distance of a real number ¢ to the
nearest integer.

For a on the minor arcs, Dirichlet approximation with Qo = | N 9/ mj gives coprime integers a, q
satisfying

1
1<q¢<Qo la—a/ql < — <
’ aQo ~ ¢*’
where the difference is represented by a real number of least absolute value. For completeness,
partitioning the circle into Q)¢ intervals and placing the Q¢ + 1 points 0, v, ..., Qo in them gives

integers 1 < h < Qg and b with |ha —b| < Q. Reducing b/h to a/q gives the displayed bounds.
If ¢ < N0 the first approximation bound would put a within 2N~910 of a major-arc center.
Consequently
N0 < g < N0, (6.11)
Let M = [v/N|. Uniformly in real § and integers 1 < L < M, differencing and a geometric sum
give

L 2 M
> e(am® +0m)| < M+> min(M,]|]204] 7). (6.12)
m=1 j=1

Indeed, pairs at distance j leave a linear phase with coefficient 2«5 in the inner sum. Its remaining
factors, including e(675), have modulus one. This also proves the asserted uniformity in the linear
twist,.

Partition the j indices into consecutive blocks of length |g/4|. Two distinct indices in a block
differ by 0 < h < g/4. The residue 2ah is nonzero modulo ¢: since (a,q) = 1, its vanishing would
force ¢ | 2h, whereas 0 < 2h < ¢/2. This argument includes even q. Hence

1
12ah]| > [|12ah/q|| - 2h/q* > %

In each block the points 2« are therefore separated on the circle by at least 1/(2¢). Ordering
their distances to zero bounds the contribution of one block by O(M + qlog(2q)): only a bounded

number can lie within distance 1/q of zero, and the others contribute a harmonic sum. There are
O(M/q+ 1) blocks, so

M
> min(M, [|2a]|7") < (M/q+1)(M + qlog(2q)). (6.13)
j=1
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By (6.11), (6.12)—(6.13) imply

L
sup max Z e(am? + 0m)| < N92°\/log N.
0eR L<M m=1

Partial summation with the weight 2m/N gives

< N7V /logN. (6.14)

sup

2m 9
—e(am® + 0m
9eR 2 N( )

mgx/ﬁ

For a periodic function, use Fourier coeflicients normalized by its period. The Fourier coefficient
¢* norm of pp is D': its character expansion has D’ coefficients of modulus one. By (6.4), the
corresponding norm of each w,, is one, and that of w, is at most one by the convolution inequality.
The entire periodic weight multiplying the quadratic phase in S thus has Fourier coefficient /! norm
at most D'| H| < DH. Expansion into these characters and (6.14) yield

1S(a)| < DHN™Y20\/log N (v on the minor arcs). (6.15)

Every center in (6.9) has denominator at most DH < N38/2 < N1/10 o it is a major-arc center.
On the minor arcs its distance from « exceeds 2N 919, The elementary estimate

Vv ()] < min(1, (2N][£])~)

therefore gives
|So()| < DH?N /10 (o on the minor arcs). (6.16)

Reduction on a major arc to periodic means. Write a = ag + y, where ¢ = ¢(ag) < N1/10
and |y| < 2N~910. If a. # g is a center in (6.9), rational separation gives ||, — ap|| > 1/(¢DH).
Because ¢DH < NY10438/2 for all sufficiently large N we have ||o — || > 1/(2¢DH). The
contributions of these other centers sum to

So(a) = co(a) Vi (y) + O(¢D*H3/N). (6.17)

For an admissible u, put
1
au(m) = pD(m)wu(m)e(a0m2)a Au = Ti Z au(m)v Ty = lcm(Qa Dlv U)

The sequence a, has period T,, < gDu and supremum at most D. Breaking a partial sum into
complete periods and one remaining interval shows, for every real ¢t > 0, that

Z ay(m) — Ayt

1<m<t

< DT,.

This includes the fractional part of t. For f,(z) = (2z/N)e(yx?) on [0,v/N], direct differentiation
gives
1+ |y|N

VN
!fy(\/ﬁ)w/o @) de < =2

31



Stieltjes partial summation consequently gives

2 VN 9
Z Wme(ym A/ iUe (yz?) dz

aD?u(1 + V)
n 0( 1t ) |

The integral equals N~} fo (yt) dt. Comparing the integral to its integer Riemann sum bounds
its difference from Vy(y) by O((1 + |y|N)/N). Since |A,| < D, that error is dominated by the
preceding displayed error. Summing over u < H proves

S(a)ZC(ao)VN(y)+O<qD2H2\(/1N+‘y’N)>, c(og) = > (-1#™A4,.  (6.18)

u<H squarefree
(u,D)=1

The use of /N as a real endpoint in this calculation accounts for rounding, while the sum itself
contains only integers m with m? < N.

We have reduced the major-arc comparison to ¢(ag) and co(cp). We next compute the contribu-
tion at primes dividing D, and then the divisor sieve on the coprime denominator g.

The prescribed roots, including the prime two. At an odd prime p | D, the local factor of
pp 18 ply—c, (- For every j > 1, squaring maps the lifts of ¢, modulo P’ bijectively to the residues
congruent to » modulo p. Indeed, if x is such a lift, then

(z + tp*)? = 22 + 2ztp*  (mod pFtl),

and 2x is invertible modulo p. This proves the bijection inductively over k. For a primitive additive
character e(am?/p?), its expectation under this normalized root restriction is therefore e(ar/p) if
j =1, and zero if j > 2: in the latter case one averages a nontrivial character over all the lifts of a
single residue modulo p. If no p-part is present in the character, the expectation is one.

At two the local factor of pp is 21,, oqqa. For j < 3, every odd square is » modulo 27, so the
expectation of e(am?/27) is e(ar/27). For j > 3, the kernel of the squaring homomorphism on
(Z)27Z)* has exactly four elements. To see this, if (x — 1)(z + 1) is divisible by 27, exactly one
of these two consecutive even factors has 2-adic valuation one, and the other is divisible by 2771,
The four solutions modulo 27 are 1, —1,1+ 2771 —1 + 2/~ The image of squaring thus has 2773
elements. Every element of this image is 1 modulo 8, and this residue class also has 2/~ elements.
The square of a uniform odd residue modulo 27 is consequently uniform among all residues equal to
1 modulo 8. For j > 3, a primitive character averages to zero on that class.

Apply these local facts to the decomposition oy = ap + a1 already used in (6.10). Chinese
remaindering shows that the factor at primes dividing D is

e(apr), qlap)|D,

0,  qlap){D. (6:.19)

Empp(m)e(apm?) = {

The expectation here is the uniform average over any common period. The normalized odd-root
restrictions, and the normalized oddness restriction at two, are precisely responsible for the factor
D in the model kernel. In particular, choosing only one odd root introduces no additional factor in
(6.19).
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The coprime divisor sieve. Every prime of an admissible u is coprime to D. If such a prime
does not divide g1, its mean-zero factor w, is independent of the exponential and all other factors
by the Chinese remainder theorem. Thus A, = 0 unless u | rad(qi).

Suppose first that ¢ < H. All divisors of rad(q;) then occur in the sum. By (6.5), the divisor
weight is the density of the uniform unit law modulo ¢; relative to the uniform law. If p/ exactly
divides g1 with j > 2, its local primitive unit quadratic average vanishes. Indeed, conditional on a
unit x modulo p/~!, the p lifts  + tp’~! have phase factors differing by e(2atx/p), where p { 2ax.
Their sum is zero. If ¢ is squarefree, the unit average is exactly g(a;). Together with (6.19), this
proves

c(ap) = co(a) (g1 < H). (6.20)

For qg; > H the model coefficient is zero, and we need a bound for the truncated divisor sum. We
give the prime-power calculation explicitly. For an odd prime p, an integer 7 > 1, and p t a, write

Gila)=— 3 elam?/p),  Gola)=1.

m mod pJ

Because two is invertible modulo p/, the substitution (m,n) + (m — n,m + n) is a bijection.

Consequently .
G =5 3 elauw/pl) =p. (6.21)

p%

u,v mod pJ

Let Tj = E,, 1mod ps 1p|me(am2/p7). For j = 1 one has 71 = 1/p; for j > 2, substituting m = pt gives
T; = p~'1Gj_2(a). It follows that

pT; — Gj(a)

o1 Bils 2p~7/2. (6.22)

Bj := Epy moa pjwp( m)e (am2/p7)
For j > 2, the last bound follows from (p+1)/(p—1) < 2 and (6.21). For j = 1, the bound obtained
from the formula is (1 +p~%/2)/(p — 1); its ratio to p~*/? is 1/(,/p — 1) < 2. Thus the exponent-one
case is included.
For a fixed divisor u | rad(q1), the coprime local mean is a product of factors from (6.21) and
(6.22). Its modulus is at most 2*(*)g, /2 The factor at primes of D has modulus at most one by
(6.19). Dropping the restriction v < H after taking absolute values therefore gives

le(ag)| < g7 S0 200 = gelag 1P g VB < g1, (6.23)
u|rad(q1)

The penultimate implied constant is absolute. For example, one may use

C, = H max(1, 3p*1/6),

p<T729
p odd prime

since 3 < p!/% for every prime p > 729. Repeated prime powers only increase qi/ % This argument
covers all prime powers in ¢;, and if g(ap) 1 D, every coefficient under discussion is already zero by

(6.19).
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Completion of the uniform comparison. On the minor arcs, (6.15) and (6.16) apply. On a
major arc, (6.17), (6.18), (6.20) and (6.23) apply, with |[Vx(y)| < 1. For clarity, every approximation
error is bounded here using the fixed value (6.1):

DHN-Y2,/log N < N-0-049955 /]o5
DH2N-/10 < y—0.09998
gD?H3 /N < N—0-899965,
¢D*H?*(1 + |y|N)
VN

In the last two lines ¢ < N/ and |y| < 2N~9/19, Each bound is O(N—#/6) = O(H~'/3) with an
absolute constant. Together with the coefficient bound this proves (6.8) for all sufficiently large V.
All size and separation thresholds used above are absolute. For the bounded remaining range, the
elementary bounds ||S||ec < DH and ||Sp|lcc < DH? absorb that range by increasing the absolute
constant. Thus (6.8) is uniform in all the data of the proposition.

< Sjv~70.29997.

The directional bilinear identity. It remains to pass from the Fourier comparison to the
supports in the statement. Extend F' and J by zero to Z. For any finitely supported kernel h define

Bu(F,J) = % S S h(n)F(x) I (x4 ).

TE€EZn€EL

Both sums use counting measure; the displayed 1/N normalizes only the base variable. Let

Fla) =3 F(x)e(~za),  J(a)=_J(ye(-ya),  Su(a) = h(n)e(an).

TEL YEZ nez
Expanding and integrating the characters imposes y = z + n, giving the bilinear identity

By(F,J) = % /0 " S (@) F(—a)J(a) da.

There are no conjugates in this identity. Cauchy—Schwarz and counting-measure Plancherel now
give

15 = Soll

‘Bk*ko(Fﬂ])’ < N

IFll @)l ez < HY3, (6.24)
because each of the last two norms is at most v/ N.

Every term in By(F,J) contains F(z)J(z + m?) with m > 1, and this product is zero by
hypothesis. Thus By(F,J) = 0 term by term, regardless of the signed weights in (6.7). For a pair
x,y with F(z)J(y) # 0, the ordering assumption gives 1 <y —ax < N —1, and the residue conditions
give y —z = r (mod D). Consequently both indicators in (6.6) are automatic for every contributing
pair. Its expansion is exactly

BiolF. ) = 5 > FEI0) So€)-6ly )

=D g(&)F(=&)J(&).

£e=

Combining this with (6.24) proves (6.3). O
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Remark 6.2. The normalization for later interval restrictions follows directly from the proposition.
Suppose I1, Iy C [N] are nonempty intervals with max I; < min I5, and let = be the frequency set
n (6.3). Suppose Fj is the indicator of the restriction of a square-difference-free set to I; and a class
a; modulo D, where as — a7 is a strict square class. The coefficients

D DN ~
ci(6) = 77 Y Fi(n)e(—n&) = - F(€)
P> I
satisfy
_ 13 DN?
> a©)a(-9e(é)| < H Tk

£e=
This conclusion uses the integer supports of the restrictions; it requires no pointwise positivity of a
Fourier lift.

7 Comparison along square-step progressions

We next compare the product-space functional with the same functional on shorter intervals. Fixing
a few prime coordinates makes its low Fourier coefficients exact averages on a residue class. Splitting
that class into progressions with square step preserves the forbidden integer differences and permits a
change of scale. The comparison proved here uses no induction hypothesis. Restriction to square-step
progressions is already a key feature of quantitative square-difference arguments; see the Main
Lemma of [14] and [9, Lemma 6.2]. Here it is used to compare the signed multilinear functional
itself.

Keep the constants v = 1/64 and 3 = 107> fixed as above. Enlarge the fixed prime threshold P,
if necessary, so that the tuple measures are available for every prime p > P and

[ a+r®)-1<y  lol@)] <a©) (1)

p=>P
p prime

whenever ¢(§) is squarefree and all its prime factors are at least P. Such a choice is possible: the
product converges, while the prime Gauss estimate used in Proposition 6.1 gives

1
LY a2 L

p—lxem p—1 Vvp—17

for all sufficiently large p and all a # 0 in F,,. Chinese remaindering then gives the second inequality
in (7.1), including ¢(§) = 1. Define the fixed integer

My=38 [] »p (7.2)
3<p<P
p prime

In particular My > 8.
For every positive integer N, put

Q=N", H= NP2 Pn = {p prime : P < p < Q},
~1000(d + 1) 07 4
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For a square-difference-free set A C [N], the quantity that will eventually be estimated by induction
is

Y(N,A) = Zpy (Linpy,0la)- (7.4)
It is nonnegative by Proposition 4.1. We also set

fs(n) = Mo1lin=s (mod Mp)yla(n) (s € Z/MoZ),  1a = EgmodM,fs- (7.5)

The factor My in this definition will be retained in the estimates. All constants below may depend
on P, d, 3,v and the earlier fixed construction parameters.

Lemma 7.1 (Exact coefficients on a fiber). Let N > 1, let A C [N], and define fs by (7.5). Let
I C [N] be a nonempty interval, let B C Py, and put

QB:Hpv S:PN\Ba D:M()qB-
peEB

Fiz s mod My and zp € Xp, and let a mod D be their combined residue class. If

91 = (L1,px.0fs) (2B, ),

then every character & on Xs satisfying q(§)qp < Q has coefficient

g91(§) = T > la(ne(—n). (7.6)
n=q n(fnlod D)

Here qz = 1, and the hat denotes the normalized Fourier coefficient on the remaining product space.

Proof. Write x¢(z) = e(z€) for a product-space character. Each original character has a unique
decomposition & + 7, where £ is supported on § and 1 on B. Their denominators are coprime, so
q(§ +n) = q(§)q(n). The hypothesis ensures that every character n on Xp is retained in the lift.
Orthogonality over this entire character group gives

3O = 3 3 fme(—n(€ +n)xa(z5)
n on Xp ’I| nel
=18 3 Fs(n)e(—né).
|I| nel

n=zp (mod p) (p€DB)
Substituting (7.5) proves (7.6). O

Proposition 7.2 (Comparison with a shorter interval). There are constants Cyy < 0o and Ny with
the following property. Let N > Ny, let A C [N] be square-difference-free, and let B C Py satisfy
qp < N7. Put

D2N’

S=Px\B, D=Mys N =[N/D*, A=

For any s mod My and zp € Xp, define

9= ('C[N],PN,QfS)(ZBv )
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Then 1 < N' < N, and

Zs(g) < M4 Y(N',A') + Cy N~ 7.7
s(g) < hax, (N',A)) + Oy (7.7)
A’ square-difference-free

Moreover, for arbitrary choices s, mod My and zp, € Xp, one for every v € V, the functions

v = (Lin),py,0fs0) (2B, )

satisfy

Zs((ghoer)l AT V(N A G (7.8)
A’ square—aiﬁerence—free

All constants are uniform in N, A, B, s, zg and the mized specifications. Finally,

2

D
L<A<l+ A =14 04(D?*/N) =14 Ogp,(N127). (7.9)

Proof. We first record the parameter inequalities that make both lifts available. Since 7 < /2,
Hqp < NP7 < Q.

Also N
—2arl—271
N > o3 2 My*N . (7.10)
Because 1/2 — 27 > 0, this lower bound is at least N/2 for sufficiently large N. As D > 8, we have
N’ < N for every integer N > 2. Hence, with Q' = (N")?,

H<Q<Q, N=10Q°% N >10Q"° (7.11)

once N is sufficiently large. The length conditions follow from 65 < 1 and the uniform growth of
N’ in (7.10).

Removing large remaining conductors. Split g = g<pg + g>p according to the denominator on the
remaining prime coordinates S. Before specialization, these pieces retain exactly the denominator
families

{UCPN:qu<Q, qu\p < H}, {UCPN:q<Q, aqnp > H}.

Thus Lemma 5.2 applies to both pieces. For a function v on Xp X Xg, uniform counting gives the

specialization bound
1
|lu(zg,-)||r < qB/T||u||r (r>1);

this is also the estimate in Lemma 5.3. Since |fs| < My, it follows that, for g. € {g, 9<m,9>n} and
every fixed even r,
1
lgall» < Mogy" N°O). (7.12)

All subpower bounds in this proof are uniform over the indicated sets and fibers.
Telescope the d inputs in the diagonal integral from g to g<p. Each difference has one input
g>pg. Lemma 4.3 and (7.12) imply, for every fixed € > 0,

1Zs(9) — Zs(9<m)| < CcH 7 qpN*. (7.13)

Indeed the specialization powers in that lemma add to

1 d—1

S S
22—
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The factors d and M(‘)i are fixed and are included in C.. Applying the moment lemma with sufficiently
small individual exponents makes the aggregate moment loss at most N°®.

Splitting the exact fiber into square-step progressions. Let a mod D combine s and zg. By Lemma 7.1,
for every remaining ¢ with ¢(§) < H,

i©=72 Y lae(-ne) (7.14)

Let
J,={j€[D?*:j=a (mod D)}, ¢j =j— D?

Al ={n' € [N']: D*n/ +¢; € A}.
There are exactly D elements of J,. The map (n’,j) — D?*(n’ — 1) + j bijects [N] x [D?] with
[D2N']. Restricting j to J, selects exactly the residue class @ mod D. The definition of A’; assigns
zero to all padded points greater than NV, so this decomposition incurs no additive error.
Each A;- is square-difference-free: a difference m? > 0 between its elements would give the
difference D?>m? = (Dm)? between the corresponding elements of A. This argument concerns actual

integer squares.
For p € S, the integer D is invertible modulo p. Define

Tj(2)p = D %(zp — ¢;) (mod p), hil = Linn,smlag-

Each Tj is a translation followed by multiplication by the nonzero square (D~1)2. Multiplication of
a remaining frequency by D? preserves its exact denominator, so changing variables n = D?¢ in the
Fourier expansion of (7.14) gives the exact identity

g<m(z Z hH(T, (7.15)
JEJa

For clarity, the coefficient of e(z&) on the right is

DN’

> e cg( > Ly, (n D%’g))

j€Ja n/ <N’

which is exactly (7.14).
The seminorm triangle inequality and affine invariance in Lemma 4.2 now imply

Zs(g<m)"* < Z Zs(hj!)!* < Nma Zs ().
JGJa a

Consequently,

Zs(g<n) < X max Zs(hlT). (7.16)
J a

The averaging by D is essential: the number of progressions causes no further loss.

Recovering the smaller-scale functional. Set

Q _
h‘] — E[N’},S,Ql 1A;.
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The difference h?/ — hf has conductor greater than H. By (7.11), the moment lemma applies at
scale N’ to these lifts and their pieces. A second telescoping application of Lemma 4.3, this time
without specialization, gives

|Zs(hiT) — Zs(hS)| < C-HV(N')? (7.17)

uniformly in j.
The lift h]Q depends only on coordinates in 8’ = Py \ B, because every prime in a denominator
at most @’ is itself at most @Q’. On the other hand, the full lift

/
uj = Livy ey lag

becomes exactly h]Ql after uniform averaging over BNPy+. Character orthogonality removes precisely
the denominators containing one of those primes. By Lemma 4.2, coordinate averaging contracts
the seminorm; unused probability factors integrate to one. Therefore

Zs(h?) = Zsi (b)) < Zp,, (uf) = Y (N', A)). (7.18)
This also covers primes of B larger than @)’, which are absent from Py already.
Combining (7.13), (7.16), (7.17), and (7.18) proves (7.7) with error
C. (HgpN* + MHT/(N')7). (7.19)
Uniform error bounds and mived inputs. The definition of N’ gives 1 < A < 1+ D?/N, and
D?/N < MEN~1F27 = o(1).
Since d is fixed, these inequalities prove (7.9) and show that A? is bounded for large N. Choose
e = Bv/8 in (7.19). Its two terms, before the bounded factor A%, are at most
N—3ﬂv/8+7’ and N—3ﬂ'y/87
respectively. As 7 < 8v/1000 and o9 = y7/4 < 7/4, they are O(N~°). This establishes the
diagonal bound with constants independent of any inductive estimate for Y.

Every g, in the mixed statement is real and satisfies the same diagonal bound. Its right-hand
side is nonnegative and independent of v. Proposition 4.1 therefore gives (7.8). O

In particular, the mixed estimate holds pointwise after specifying all labels at primes in B,
regardless of the law used to choose those labels. It can therefore be integrated against any such
probability law. When the prime laws form a product, the remaining coordinates still carry the full
laws used in Proposition 7.2. No reflection positivity is required of the law on the specified labels.

8 Contraction on ordered intervals

A tuple of residue classes s = (s, )vey € (Z/MoZ)V is called good if
Spj., — Sv; 18 a strict square class modulo M (0 <j<24),

where vo4 = vg. Thus each difference is 1 modulo 8 and a nonzero square at every odd prime
dividing My. Let
p=My{s € (Z/MyZ)" : s is good}|. (8.1)

We will bound the contribution of each good tuple when every prime uses the nonexceptional part
of its measure. First we show that these assignments have a fixed positive proportion; the proof
also explains the cycle length 24. We retain the parameters and lifts from the preceding section.
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Lemma 8.1 (Existence of good residue assignments). The proportion p defined in (8.1) satisfies
p> My > 0.

Proof. We construct a length-24 sequence of admissible increments with sum zero at each factor of
My. Modulo 8, take all the increments equal to 1; their sum is 24 =0 (mod 8).

Let p < P be an odd prime. If —1 is a square modulo p, repeat the pair (1, —1) twelve times.
Both entries are nonzero squares and each pair has sum zero. If —1 is not a square, put

S={2?:2 €T}

The sets S and —1 — S each have (p + 1)/2 elements, so they intersect. Thus —1 = a + b for some
a,b € S. Neither a nor b is zero, since otherwise —1 would be a square. The triple (a, b, 1) consists
of nonzero squares and has sum zero. Repeat this triple eight times. This also covers p = 3, where
the triple is (1,1,1).

The Chinese remainder theorem now gives increments Ao, ..., Ass (mod M), each a strict
square class, with Z?io Aj; = 0. For each initial residue a (mod M), prescribe

j-1
Svy = @, svj:a—i—ZAi (1<j<24).
i=0
The last edge has increment Ao because the sum of all the increments is zero. The slots vy, . . ., Va3

are distinct, since their block words are the distinct cyclic shifts of the identity word. Repetition of
residue values at nonadjacent slots causes no difficulty. The other d—24 residues are unrestricted. We
have therefore exhibited at least Mj - Mg*% good assignments among the M(‘)i possible assignments,
which proves the bound. O

The length 24 is divisible by 8, 2, and 3, exactly the three local cycle lengths used in this
construction. Thus this choice works uniformly for every prime included in the fixed modulus.
We now prove the analytic estimate for each good assignment.

Proposition 8.2 (Contraction for good residue assignments). There are absolute constants C' and
Ny such that, whenever N > Ny, A C [N] has no positive square difference, and s is good, one has

|/ I Livipa.ofs(z0)d Q) (up — £p)| < CNT°. (8.2)

veV PEPN
The constants are uniform in A and s.
Proof. Write 7, for the total mass of ¢, and set
ty — €
Hp = 1p_ . A= & 1y
"l PEPN

It suffices to prove the assertion with A° in place of the measure in (8.2), since the latter is
[1,(1 —mp)A° and 0 < [[,(1 —np) < 1. The single-slot marginals of A° are uniform. Moreover,
at each prime its marginal on any directed cycle edge is uniform on strict square pairs. We use
conductor decay for A°, without any claim that this normalized measure is reflection positive.
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Selecting an ordered pair. Put K = | N7 |, and partition [N] into ordered consecutive intervals
I, ..., Ik of sizes differing by at most one. Writing w; = |I;|/N, we have the exact identity

K
Linpy.ofs = will, py.qfs-
=1

Thus the integral is an average over independent interval choices in all slots, with probabilities w;.
For large N, every interval has length at least %N 1=7Since 1 — 7 > 643, this length is at least
10Q°. Lemma 5.2 therefore applies uniformly to every interval lift and every exact-denominator
truncation used below. Its application to fs, which is bounded by the fixed constant My, changes
only the constants. All occurrences of N °() in this proof are uniform over these interval choices,
residues and sets.

First consider assignments for which all 24 cycle slots choose the same interval. Their total

probability is
K
Z wi24 < (max wi)23 < N787,
7
i=1

For every assignment, ordinary Hélder and the uniform single-slot marginals give

|/1;[Gv(zv)dA°

Here d is even, so the required moment is supplied directly by Lemma 5.2. The contribution of
these assignments is therefore O(N~237+0(1)): there is no restriction on the interval choices in the
other slots.

In every remaining assignment there is a directed cycle edge u — v whose first interval precedes
its second. Indeed, if the cyclic sequence of interval indices had no ascent, it would be nonincreasing
all the way around the cycle, and hence constant. Fix one ascending edge, and denote its two
intervals by Iy, Iz for the rest of this argument. All integers in I; precede all integers in Is.

Eliminating the other slots. Retain these two lifts in full. In each of the other d — 2 slots,
truncate the lift to exact conductors at most 7' = N7. Lemma 4.3, applied during a telescoping
replacement of these slots, bounds the total error by

= H 1Golla = NO(1)> Gy = ‘CI(U)J)NanSv‘

O(T—'N°W) = O(N~ o))y, (8.3)

Every norm used here is controlled by Lemma 5.2: the retained and discarded pieces are subfamilies
of complete exact denominator pieces. This error is estimated before the Fourier expansion that
follows.
Each Fourier coefficient in a truncated slot has modulus at most M, and there are at most
D g<T ¢(q) < T? frequencies. The product expansion of all other slots consequently has total
coefficient absolute sum at most
Cd7MOT2(d_2) <K N2, (8.4)

For one term in this expansion, let B C Py be the union of the prime supports of its characters,

and put
R= H p.
pEB

The conductors are squarefree, so their least common multiple satisfies

R< T4 2 < N7, (8.5)

41



Condition on all slot labels at the primes in B. The expanded characters become constants
of modulus one. Since A° is a product over primes, the tuple laws at the remaining primes are
unchanged and independent. The two selected labels now have fixed coordinates a1 p,a2 p at B,
whose difference is a nonzero square at each prime in B. At every remaining prime their pair
marginal is still uniform on strict square pairs.

Let S =Py \ B, let s1 = s, and sy = sy, and define functions on Xgs by

gl(z) = (LLL',’PN,QfSi)(ai,B)Z)) 1= 1)2

With Fourier coefficients normalized for uniform measure on Xg, their conditional pair integral is
exactly
S Gi1(=9)5:(9)a(6). (8.6)
£ on Xg
To see this, simultaneous translation kills character pairs whose frequencies do not sum to zero. For
a matching pair, the multiplier is the character average of the difference of the labels. At every odd
prime a uniform nonzero square is the square of a uniform nonzero unit. The Chinese remainder
theorem therefore identifies this average with the unit-square multiplier g(¢) used in Proposition 6.1.
FEstimating the selected pair. Specialization on a uniform coordinate block of size R costs at
most R'/2 in L?: for every function G,

IG(as,)II5 < RIGI3.

This inequality holds at every specified fiber, independently of the law under which that fiber was
selected. Hence ||g;||2 < RY2N°(M). By the bound |g(¢)| < ¢(¢)~'/3, Parseval and Cauchy-Schwarz,
the part of (8.6) with conductor exceeding H has modulus at most

H3|g1a]lg2]l2 < HYPRNM), (8.7)

We next identify the remaining coefficients with actual integer fibers. Put D = MyR. The
parameter inequalities

dr < —— < — (8.8)
imply RH < @ and, for sufficiently large N, D < N®. For a remaining frequency ¢ with ¢(¢) < H,

all frequencies £ + 7, where 1 ranges over the character group on B, therefore occur in the original
liftt. Summing this entire character group gives

)= |11| S fu(n)e(—n(€ + n))e(as 5n)
non B "' ner;
_ ,ID‘ S La(m)e(—ng), (8.9)
¢ nel;

n=a; (mod D)

where a; (mod D) combines s; (mod My) and the coordinates a; g by the Chinese remainder
theorem. Character orthogonality supplies the factor R, while the definition of f,, supplies M.
Goodness of s and the constraints at the conditioned primes show that as — a; is a strict square
class modulo D.

The remaining frequencies of conductor at most H are precisely the frequencies with squarefree
conductor at most H coprime to D. Indeed, D contains every prime less than P; every prime divisor
of such a conductor is consequently an available prime at least P, at most H < (), and outside B.
This includes the zero frequency under the convention ¢(0) = 1.
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Define functions on [N] by

E(?’L) = 114(”)111' (n)lnzai (mod D)-

They are bounded by one, their supports are ordered, and there is no positive square difference from
the first support to the second. Moreover, D is eight times an odd squarefree number and D < N#.
All hypotheses of Proposition 6.1 hold. If the Fourier coefficients of F; use normalization N~!, then
(8.9) gives §i(€) = DNEy(€)/|I;]. Thus the part of (8.6) of conductor at most H is bounded in
modulus by

D?N? N N
A 9(&) F1 (&) F2(€)
11172 q(&)<H, q(¢) squarefree
(q({),D =1
< H'Y3Dp T < H-/3DN?T. (8.10)

The factor D in Proposition 6.1 has canceled one of the two fiber-normalization factors.
Combining (8.7) and (8.10) bounds each conditional pair integral by O(N—A/6+(d+2)m+o(1)),

This is uniform over all conditionings of positive probability. Averaging them, and then summing

the Fourier expansion using (8.4), bounds the truncated integral for each unequal-cycle interval

assignment by
1) (Nfﬂ/6+(3d+2)‘r+o(l)) ]

Averaging interval assignments incurs no further loss. Including the equal-cycle contribution
and (8.3), the original integral has modulus at most

O (N7 . N=ymolt) . N=B/0+E2)ro(1)) (8.11)

Finally, 237 = 58880, 77 = 400, and

I6; ( 1 3 > B

——Bd+2)T>p - — =) > % > 200.

g~ B>\~ Gao00) = 7 7 20

The finitely many uniform moment losses in each term can be bounded by N0, after increasing the
absolute threshold in N. Equation (8.11) is consequently O(N~7°), as required. All estimates used

absolute values of signed Fourier lifts; no pointwise positivity of a lift was needed. O

9 Exceptional terms and the power-saving induction

We now combine the scale comparison, which applies to every small-residue assignment, with the
cancellation obtained for good assignments. For good assignments the nonexceptional contribution
is already negligible; we control the exceptional parts by expanding the prime measures. The
other assignments are bounded directly by the scale comparison. Expanding measures rather than
comparing integrands pointwise keeps the argument valid for signed Fourier lifts throughout.

The finite set V and the constants P, My, 3,~, T, 09 have now been fixed. Lemma 8.1 has also
established the fixed positive proportion p of good small-residue assignments. The prime threshold
P was chosen so that

. (9.1)

| =

[[Ta+p?)-1<

p>P
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For every positive integer n, define

Y(n) = max Y(n, A). (9.2)
ACn)
A square-difference-free

This is a finite nonnegative number, by Proposition 4.1. Write 7, = EP(FX ) for the mass of the
exceptional measure, so 0 < 7, < p~4. For B C Py, put

N
a=[Ipr, nm=]lm ns= {J : (9-3)
peEB pEB (MOQB)
Empty products have value 1, so gz = 1y = 1 and ng = [N/MZ].

Proposition 9.1. There are absolute constants K < co and N1 > 2 such that, for every integer

N Z N17
Y(N)S KN+ (1+un) | (1=p)Vnz)+p Y. nsYns) |, (9.4)
@#BCPN
gp<NT7
uy = (1+ MEN*1Hd 1, (9.5)

In particular, uy — 0 as N — oco. The constants K, N1 do not depend on any proposed induction
bound for Y.

Proof. Fix a square-difference-free set A C [N]. Write

Gs=Linpyals  Ps((zo)oev) = [] Gsulz0),
veV

where s = (s,)yev is a small-residue assignment. By (7.5), 14 = E,f,;. The lift is linear, and the
product-space integral is multilinear, so

Y (N, A) :ES/CPSd Q) - (9.6)
PEPN

For B C Py, define the nonnegative finite measure

I{B:®€p® ® Hp-

peEB pEPN\B

Its mass is np. The finite product expansion gives the following identity of signed measures:

® Hp — ® (hp —€p) = Z (-1 k. (9.7)

pEPN pPEPN @#BCPyN

For any real integrand @, integration followed by the triangle inequality therefore yields

/@d@upg /@d@(uz,—sp) —1—2 /<I>d/<aB

B#0
This step makes no sign assumption on ®. Notice also that the measure outside B in each summand
is the full measure p,.

. (9.8)
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We first bound the summands with gg > N7. A summand of zero mass is zero, so assume ng > 0.
Each normalized exceptional measure €,/1, has uniform single-label marginals: its invariance under
simultaneous translation implies that any one label is uniformly distributed on F,. The same
uniformity holds for p,. Consequently every single-slot marginal of kg /np is uniform on Xp,. No
independence between different slots is needed. Ordinary Hdélder’s inequality gives

/<I>S dkp

The last inequality is Lemma 5.2, applied at the fixed even order d and with the loss in each factor
chosen sufficiently small. The bound |fs| < My only introduces a fixed factor. The constant C. is
independent of B, A, N, and s.

The exceptional masses are summable with the extra factor ¢p:

<ng [ 1Gs.llacxp, ) < CnpNe (e > 0). (9.9)
veV

_ 1
> apms= ] O+pp)-1< JJ(1+p 3)—1g1. (9.10)
@#BCPN pEPN p=P
It follows from (9.9) that
C
> ‘/@Sd@ <N
@#BCPnN
gp>NT"
Choose € = 7/2. Since o9 = y7/4 < 7/2, we obtain
> /cpsde < K1N7%, (9.11)

gp>NT

uniformly in the residue assignment. Thus the number of exceptional subsets has already been
accounted for by the convergent product (9.10).

Now suppose ¢gg < N7 and np > 0. Condition on all the labels at primes in B under kp/np.
The remaining prime law is exactly ®p€7>1v\ B Mp- For each realization, the function in slot v is G,
specialized at its prescribed labels in B. The mixed assertion of Proposition 7.2 applies to these
arbitrary slotwise residues and labels. With

D%n
Dp = Mogs, AB = BTB7
it gives
’/(I)S dig| < np (XY (np) + KaN~7). (9.12)

The same inequality is trivially true when np = 0. Crucially, the error and its lower threshold for N
are uniform in B and in every conditioned tuple. No induction hypothesis has been used.
The ceiling in the smaller scale produces a uniform multiplicative error. For gg < N7,

D2
15A3g1+WB§1+M§N2H,

and hence A4 < 1+ uy. Moreover, > BronB < 1/4 by (9.10). Summing the errors in (9.12) is
therefore harmless.

If s is good, Proposition 8.2 bounds the first term on the right of (9.8) by K3N 0. Combining
this with (9.11) and (9.12), we obtain

[#d@ < KiN= 4 (1) 3 npV(ns)
BCP
p @;;SWTN
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For a nongood s, apply the mixed scale comparison directly with B = &:

‘/cpsd@up
p

Averaging these two estimates in (9.6) gives (9.4), since the good assignments have probability p.
The estimate is uniform in A, so we may take its maximum. Finally, 27 < 1 by the fixed parameter
choice, and My, d are fixed, so uy — 0. All constants in the proof came from the preceding estimates
and fixed parameters; none depended on an induction constant. ]

< (I4+un)Y(ng) + KaN~%°.

Theorem 9.2. There are absolute constants ag > 0 and Cy < oo such that, for every positive
integer N and every square-difference-free set A C [N],

Y(N,A) < CuN—.

Proof. We make all remaining parameter choices before starting the induction. The finite construc-
tion fixes h,tg, £, d; the conditional and kernel estimates fix v and 8. The threshold P was then
chosen, and with it Mg, 7, and og. In particular the probability p of Lemma 8.1 is already a fixed
positive number. We shall not enlarge P after choosing the exponent below.

Put r=1-3p/4,s01/4 <r <1, and choose

. (1 oo log(l/r)}
ao—mln{4, 2 Tlog My | ° (9.13)

Table 1 summarizes the roles of the parameters; among the listed quantities, only those in the last
row vary with the interval length.

Parameters Role and order of choice

h,to, 4, d Fixed cycle length, marking depth, block count, and tuple size (Section 3).

v, 8 Fixed conductor-decay and rational-frequency cutoff exponents (Sections 4
and 6).

P, M, Prime-law threshold and modulus containing all smaller primes; fixed before
choosing the decay exponent (Section 7).

T, 00 Fixed partition exponent and common error exponent; chosen in (7.3).

P, ag Fixed positive residue proportion and induction exponent; ag is chosen only
after My and p in (9.13).

Q,H, Py Scale-dependent cutoffs and prime set, defined from N in (7.3).

Table 1: Parameter roles. Every construction size and exponent is fixed independently of N and A;
the Fourier cutoffs and available prime coordinates change with V.

Every quantity in (9.13) is fixed and positive. Thus 0 < g9 < min(1/2,0¢), and
0 := M1 — p+ p/4) = MZ"r < \/r < 1. (9.14)

There is no requirement that ag be numerically useful.
For every finite Py, the bound 7, < p~* and 2ag < 1 give

(9.15)

e

> gyt =[] Q+np*)—1< J[a+p ) -1<
2@#BCPN PEPN p>P

46



Let k = (1 —6)/2 > 0. Choose an integer N, > Nj so large that, for every N > N,,
Qun < k, KNW™90 < g, (9.16)

where K, N; are supplied by Proposition 9.1. This is possible because uy — 0 and ag < gg. The
choice of N, is independent of Cjy. Choose Cy > 1 large enough that

Y(n) < Con= (I <n < Ny). (9.17)

Only finitely many values are involved, so such a finite constant exists. For an elementary bound, the
lift in Y (n, A) has at most 2n2P frequencies and each coefficient has modulus at most 1. Since its tuple
law is a probability measure, 0 < Y (n, A) < (2n?%)?. Thus, for example, Cy = max{1, 2deﬂd+a°}
suffices in (9.17). This also covers n = 1 and the cases of an empty prime set.

Suppose now that N > N, and Y(n) < Con~? for every positive integer n < N. Every smaller
scale appearing in (9.4) lies in this range. Indeed, Mygp > 8 gives

1<ngp<N/64+1< N (N >2).
The ceiling goes in the favorable direction for a negative exponent:
ngao < N~ Mgaoq%ao'

Apply the induction hypothesis at every such scale in (9.4), and then use (9.15). Extending the
positive subset sum to all nonempty B can only increase the bound, and therefore

V(N) < KN7% 4+ (1 4+ un)CoN"OME [1—p+p > npgh®
B#g
< KN + (14 un)0CyN %
< KN + (1 — H)CQNiaO < C()Niao.

In the third line we used (9.16) and 6 + k = 1 — &; in the last line we used Cy > 1. This closes
strong induction. In particular, increasing Cy to cover the finite base range does not change the
validity of the large-scale step. O

Proof of Theorem 1.1. Let N > 1 and let A C [N] have no positive integer-square difference. Put
G = Lin)py,@la. Its constant Fourier coefficient is [A|/N, and every nonconstant character on
Xp, has uniform mean zero. The mean inequality in Lemma 4.2 and Theorem 9.2 yield

A

2 = BG| < 25, (6)/ = Y (N, ) < /AN
Thus C = Cé/d < 0o and ¢ = ag/d > 0 are absolute constants for which |A| < CN!'~¢ for every
such N and A. O
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