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Abstract

For every fixed inverse temperature 0 < β < 1, we prove that the unscaled spectral gap
of single-site heat-bath dynamics for the zero-field Gaussian Sherrington–Kirkpatrick model
is bounded away from zero with probability tending to one over the disorder. Equivalently,
the Gibbs law satisfies a dimension-free Poincaré inequality for all functions.
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1 The theorem and the structure of the proof
How quickly does local resampling remove fluctuations in a densely coupled spin system? For
the Sherrington–Kirkpatrick model [19], the signs of the interactions matter: each spin interacts
weakly with every other spin, but the sum of the absolute interaction strengths grows with the
dimension. We study heat-bath dynamics, which updates a spin from its conditional Gibbs law, in
the tradition of Glauber’s local stochastic dynamics [17]. Our result is a dimension-independent
Poincaré inequality throughout the high-temperature phase, at each fixed inverse temperature
below one. It controls every real observable on a single event of disorder probability tending to
one.

Fix 0 < β < 1 and put j = β2. Let J be a real symmetric n× n matrix with zero diagonal
and independent off-diagonal entries Jij ∼ N(0, j/n), i < j. For a field h ∈ Rn, write

µh(x) = 1
Zh

exp
{1

2x
TJx+ hTx

}
, x ∈ {−1, 1}n.

Let P hi denote conditional expectation under µh given all spins except the ith. Define the
unscaled Dirichlet form

Dh(f) =
n∑
i=1

Eµh
(f − P hi f)2. (1.1)

We use a rate-one clock at each site in continuous time, giving the generator Lh =
∑
i(P hi −I).

A discrete attempt selects one site uniformly and has transition operator Ph = n−1∑
i P

h
i . Thus

Lh = n(Ph − I), and the discrete gap is the continuous gap divided by n. The gap of a reversible
generator is the infimum of its Dirichlet form divided by the variance, over all nonconstant
functions.

Theorem 1.1. There is a finite constant Cβ, depending only on β, such that

PJ {Varµ0(f) ≤ CβD0(f) for every f : {−1, 1}n −→ R} −→ 1.

Consequently, the discrete-time heat-bath chain that chooses a uniform site has spectral gap at
least 1/(Cβn) with probability tending to one.

The parameter β is fixed before n tends to infinity; the constant Cβ may depend on that
fixed choice. External fields enter the proof through posterior Gibbs laws, while the theorem
concerns µ0. The diagonal convention is immaterial to the Gibbs law: because x2

i = 1, adding
any diagonal matrix to J adds a constant to the Hamiltonian. This observation will let us
introduce a Gaussian diagonal for matrix calculations and remove it again.

1.1 Earlier results and methods

The interval β < 1 is the classical zero-field high-temperature range. Aizenman, Lebowitz,
and Ruelle [2, Proposition 2.1] proved that n−1 logZ0 converges in probability and in mean to
log 2 + β2/4, the annealed free-energy value, throughout this interval. The dynamical question
is whether local resampling also removes fluctuations at a rate independent of the system size.

A basic route to such a bound controls conditional influences. Wu [24] proved a Poincaré
inequality under a Dobrushin spectral-radius condition on a matrix of nonnegative conditional
influences. In dense SK systems, stronger fixed-temperature estimates become possible by
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exploiting the signed random interactions. Bauerschmidt and Bodineau [6] used a Gaussian
field decomposition to prove a high-temperature logarithmic Sobolev inequality; its full spin-flip
energy differs from the heat-bath form (1.1). Eldan, Koehler, and Zeitouni [16] established a
spectral condition for the heat-bath gap, yielding the SK range β < 1/4. Adhikari, Brennecke,
Xu, and Yau [1] obtained constant unscaled gaps for mixed p-spin models under a sufficiently
small weighted condition on their interaction coefficients.

For mixing in single-site discrete attempts, Anari, Jain, Koehler, Pham, and Vuong [3] used
entropic independence to prove an O(n logn) bound in the SK range β < 1/4. Anari, Koehler,
and Vuong [4] extended this order to an inverse-temperature threshold approximately equal
to 0.295. More recently, Wang [23, Theorem 1.1] proved worst-start mixing in Oβ(n log(n/ε))
attempts for every fixed β < 1/2, simultaneously over external fields. Boban, Li, and Oveis
Gharan [7, Theorem 1.5 and Corollary 1.6] obtained a constant unscaled gap and O(n2) zero-field
mixing for β < 1/2 + ε0, with an absolute ε0 ≥ 5 · 10−5. Theorem 1.1 reaches every fixed β < 1
at zero field.

Equilibrium covariance estimates already cover this entire range. El Alaoui and Gaitonde [12,
Theorem 1.1] proved that the expected operator norm of the zero-field spin covariance matrix
stays bounded for every fixed β < 1. Brennecke, Schertzer, Xu, and Yau [9, Theorem 1.1] proved
the operator-norm approximation∥∥∥Covµ0(x) −

(
(1 + β2)I − J

)−1
∥∥∥ −→ 0 in probability.

For a ∈ Rn, the variance of the linear observable aTx is aT Covµ0(x)a. These covariance
results therefore control linear fluctuations. The all-functions heat-bath inequality requires
additional estimates; our proof obtains them at the random posterior fields generated by Gaussian
observations.

Our argument transfers a functional inequality along stochastic localization, introduced
by Eldan [15]. We use its Gaussian-observation representation developed by El Alaoui and
Montanari [13]. The variance-retention and Dirichlet-form framework of Chen and Eldan [11]
explains how posterior estimates can imply an inequality for the initial law. Here an observation
event of exponentially small probability can still carry substantial variance for a particular test
function. We control its probability after weighting paths by the square of that function. The
entropy calculation is a stopped finite-mixture version of the drift-energy representation; see
Lehec [18] and the work of Föllmer discussed there.

Gaussian observations, planted laws, and approximate message passing (AMP) are also
combined in the SK sampling method of El Alaoui, Montanari, and Sellke [14]. Celentano [10]
proved local convexity of the TAP free energy used by that sampler near sufficiently late AMP
iterates. Our argument needs invertibility at every sufficiently accurate solution of the field
equation along the observation path. A scalar entropy inequality and a local-volume estimate give
this uniformity in Section 5. The field recursions retain the Onsager correction of the Thouless–
Anderson–Palmer equations [21] and are related to Bolthausen’s iterative construction [8]. We
initialize them at a Gibbs spin sample and use exact conditional-spin identities through a fixed
finite depth, without requiring convergence of the recursion. Finally, the terminal gap adapts
Wang’s signed two-spin method [23]; Section 8 proves the variant with an entrywise-square cost
and a quartic row error.
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1.2 Notation and elementary identities

For a vector v, set ⟨v⟩ = n−1∑
i vi and let Dv be the diagonal matrix with diagonal v. Vector

products and scalar functions of vectors are understood coordinatewise. Unless another subscript
is displayed, ∥·∥ is Euclidean norm for vectors and operator norm for matrices; ∥·∥F is Frobenius
norm. A centered Gaussian orthogonal ensemble (GOE) matrix of scale j has variances j/n off
diagonal and 2j/n on the diagonal.

If x(i) is obtained by flipping the ith spin, put

dif(x) = f(x) − f(x(i))
2xi

, (∇u)ij = djui.

Thus dif is independent of xi and

di(fg) = f dig + g dif − 2xi(dif)(dig). (1.2)

At a fixed field h0 set

h1 = h0 + Jx, m1 = tanh h1, v1 = sech2 h1.

Since Jii = 0, m1
i and v1

i are respectively the conditional mean and variance of xi. In particular,

Dh0(f) = Eµh0

∑
i

v1
i (dif)2, ∥G∥2

∗ = Eµh0
G2 + Dh0(G). (1.3)

For probability laws ν, µ, their relative entropy is D(ν∥µ) =
∫

log(dν/dµ) dν when ν ≪ µ, and
+∞ otherwise.

Constants are independent of n; dependence on a fixed temperature, construction depth, or
positive stability margin is recorded at its use. Their values may change between displays. The
prerequisites are Gaussian concentration and comparison, Gaussian integration by parts, and
stochastic calculus. We prove the model-specific estimates in the sections below.

1.3 The proof mechanism

There are two parts to the argument: prove useful inequalities for posterior Gibbs laws, then
transfer them to the unobserved law. A long but fixed observation makes most individual spins
predictable. The corresponding small conditional variances, combined with a two-spin curvature
inequality, give a terminal gap. To recover the initial variance, we need a directional covariance
estimate along the path and a mean estimate under square reweighting. The former bounds the
loss of variance; the latter prevents that variance from accumulating on exceptional paths.

The posterior estimates come from finite Onsager-corrected recursions. Exact conditional-
spin identities control their residuals. A telescoping identity for the squared increments then
selects two consecutive small increments without requiring convergence of the recursion. Uniform
matrix estimates handle the resulting adaptive diagonal coefficients under an explicit inverse
margin. To compare these approximate fields with an exact root, stability must hold throughout
the small-residual region and persist when the diagonal variance matrix is replaced by the nearby
response coefficients used in the comparison. A scalar entropy estimate controls a Gaussian
integral, and a local-volume lower bound turns that integral control into exclusion of unstable
approximate roots. All tolerances and finite depths are chosen before the large-n limit.
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1.4 The three inputs

We observe a spin sample in independent Gaussian noise:

X ∼ µ0, Y (t) = tX +B(t), 0 ≤ t ≤ T, (1.4)

where B is standard n-dimensional Brownian motion independent of X. Conditional on the
observations up to t, the spin law is µY (t). The proof uses the following three inputs, established
in the later sections.

1. Stability along ordinary observation paths. Proposition 5.1 gives a deterministic
notion of a good field such that, for typical J , all fields Y (t) are good except on an event
of observation probability at most e−an, where a > 0 is fixed.

2. Two estimates at a good field. For every G, Proposition 7.2 proves

∥Covµh
(G, x)∥2 ≤ C

(
Varµh

(G) + Dh(G)
)
. (1.5)

For N = Eµh
f2 > 0 and ν = f2µh/N , Proposition 7.3 proves, for each sufficiently small

fixed δ > 0,
∥Eνx− t∗(h)∥√

n
≤ Cδ + Cδ√

n

(
1 + Dh(f)

N

)
. (1.6)

Here t∗(h) = tanh r(h), where r(h) is the unique solution of

r − h+ {j(1 − n−1∥ tanh r∥2)I − J} tanh r = 0.

Existence and uniqueness at the fields under consideration are part of Lemma 5.7. The
constant C is independent of δ; Cδ may depend on it. Taking f = 1 gives the same
comparison for Eµh

x.

3. A terminal gap. For a sufficiently large fixed T , Proposition 8.3 gives VarµY (T ) f ≤
2DY (T )(f) outside an event of ordinary observation probability at most e−an.

The transfer uses the two estimates for different purposes. Directional covariance controls
posterior variance loss, while square-reweighted means bound the entropy of the changed
observation law. Their combination controls the contribution of the bad paths before the
terminal gap is applied. Section 2 proves this implication first, so the later technical sections
have a precise target.

1.5 Organization

After the observation transfer in Section 2, Section 3 constructs the matrix diagnostics used by
the adaptive field calculations. Sections 4 and 5 identify the scalar equality law and establish
stability along observations. Section 6 develops the finite recursions and their weak residual
rules; Section 7 uses them to prove the two posterior estimates. Section 8 closes the argument
with the fixed-time terminal gap.
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2 From posterior estimates to a spectral gap
We now prove the transfer announced in the introduction. Its inputs are a covariance bound,
a square-reweighted mean bound, and a terminal gap. The stopping rule and good-disorder
event must be independent of the test function, so we keep the exceptional-path estimate
explicit. The argument uses the Gaussian-channel formulation of localization [13] and the
variance/Dirichlet-form framework of [11]; the finite-spin identities are derived here.

2.1 Posterior martingales and Dirichlet forms

Let Ft = σ(Y (s) : s ≤ t) and write Et for expectation under µY (t). Bayes’ formula gives this
posterior: the likelihood of an observation path given X = x is proportional to exp(xTY (t)−tn/2).
The process

I(t) = Y (t) −
∫ t

0
Esx ds

is the innovation Brownian motion in Ft: conditional expectation makes it a continuous
martingale, and its quadratic covariation is tIn. The Brownian martingale characterization
therefore applies. Applying Itô’s formula to the finitely many posterior weights gives, for every
spin function g,

d(Etg) = Covt(g, x)TdI(t). (2.1)
To verify the cancellation, differentiate the posterior expectation with respect to Y ; its gradient is
Covt(g, x). Each likelihood weight exp(xTY (t)− tn/2) satisfies a stochastic exponential equation.
The quotient rule for their weighted sums then gives (2.1): subtracting Etx dt from dY removes
the finite-variation term.

At every deterministic time,
EDY (t)(f) ≤ D0(f). (2.2)

This is conditional-variance contraction: the ith summand on the left is EVar(f(X) | X−i,Ft),
and the one on the right is EVar(f(X) | X−i). The conditional variance decomposition gives
the inequality after averaging over observations. In this section, an expectation without a field
subscript refers to that experiment, with J held fixed.

2.2 Stopping before stability fails

Stop before the first possible loss of the field estimates. More precisely, fix the terminal horizon
T , take the observation stopping time τ0 from Corollary 5.2, and set τ = T ∧ τ0. This rule does
not use the test function. Before τ , stability holds through residual threshold ρ0

√
n, so both

posterior estimates apply. On the specified matrix event, P(τ0 ≤ T ) ≤ e−an.
For a fixed J , choose the canonical terminal good set

Tn(J) = {h : Varµh
(g) ≤ 2Dh(g) for every g}.

Membership means positivity of a finite-dimensional symmetric quadratic form with coefficients
continuous in h, so this set is Borel. Proposition 8.3 controls the probability that Y (T ) misses
it. Declare the stopped path bad if τ0 ≤ T , or if τ0 > T and Y (T ) /∈ Tn(J). The event is
Fτ -measurable: before T only stopping can make it bad, and at T the remaining condition is
determined by Y (T ). The two failure probabilities give, on the typical matrix events,

P(bad) ≤ 2e−an (2.3)
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for a fixed a > 0, after decreasing the rate if necessary.
Suppose Eµ0f = 0 and Eµ0f

2 = 1. Set

Mt = Etf, Nt = Etf2, Vt = Nt −M2
t , d0 = D0(f).

By (2.1) and optional stopping, u(t) = EVt∧τ is absolutely continuous and satisfies, almost
everywhere,

u′(t) = −E
[
1{t<τ}∥Covt(f, x)∥2].

The directional estimate bounds the loss term before stopping. Together with (2.2), applied
at the deterministic time t, it gives u′(t) ≥ −Cd(u(t) + d0), with fixed Cd. Solving this scalar
inequality from u(0) = 1 yields

EVτ ≥ v − (1 − v)d0, v = e−CdT > 0. (2.4)

All uses of optional stopping here are at bounded times and for bounded random variables at
each fixed n.

2.3 Changing the law of the observations

The variance lower bound alone does not control how much variance lies on bad paths. For
that purpose change the initial spin law to f2µ0, which is a probability law by normalization,
and call the resulting observation law Pf . Its density on Ft is Nt, and its spin posterior is
νt = f2µY (t)/Nt. Since µY (t) has full support and f is nonzero, Nt > 0. Bounded stopping gives
the density Nτ on Fτ . Let

at = Eνtx− Etx.

Equation (2.1) with g = f2 gives dNt/Nt = aT
t dI(t). Under Pf , I has drift at. The drift-energy

entropy identity, in the form discussed by Lehec [18], has a direct finite-mixture proof here. Itô’s
formula for logNt yields

D
(
Pf |Fτ ∥P|Fτ

)
= Ef logNτ = 1

2E
f
∫ τ

0
∥at∥2 dt. (2.5)

The stopped identity needs no limiting integrability argument. At fixed n, the drift satisfies
∥at∥ ≤ 2

√
n and τ ≤ T . Novikov’s condition therefore holds, and the stochastic integral in the

log-density formula has zero mean.
Before stopping, applying (1.6) to f and to 1 gives

bt := ∥at∥√
n

≤ 2Cwδ + Cδ√
n

(
2 +

DY (t)(f)
Nt

)
.

Since bt ≤ 2, we may use b2
t ≤ 2bt. At deterministic t, the density identity and (2.2) imply

Ef
DY (t)(f)
Nt

= EDY (t)(f) ≤ d0. (2.6)

Write Hτ for the entropy in (2.5). The preceding estimates give the quantitative bound

Hτ

n
≤ 2CwTδ + CδT√

n
(2 + d0). (2.7)
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The separation of constants is essential: Cw is independent of δ, whereas Cδ may grow when δ
decreases. We next convert this entropy bound into a bound on the bad-path probability. If
an event has probabilities p and q under two laws, the log-sum inequality for the event and
its complement bounds relative entropy below by p log(1/q) − log 2. With p = Pf (bad), (2.3)
therefore gives, for large n,

p ≤ Hτ + log 2
an− log 2 .

If the ordinary bad probability is zero, absolute continuity gives p = 0. For d0 ≤ 1, (2.7) therefore
implies

p ≤ 4CwT

a
δ + 6CδT

a
√
n

+ 2 log 2
an

. (2.8)

Choose δ > 0 once so that the first term is at most v/8. With this choice fixed, enlarge n
until the last two terms sum to at most v/8. The resulting bound holds simultaneously for all
normalized f with d0 ≤ 1:

Pf (bad) ≤ v/4. (2.9)

Figure 1 records how the two posterior estimates will control the stopped variance and its
exceptional contribution.

Ordinary rarity
P(bad) ≤ 2e−an

Weighted-mean estimate
Hτ

n
≤ 2CwTδ + CδT√

n
(2 + d0)

⇓ entropy inequality; choose δ, then n

Variance on bad paths
E[1badVτ ] ≤ E[1badNτ ] = Pf (bad) ≤ v/4

⇓ terminal gap on good paths
E[1goodVτ ] ≤ 2d0

Directional covariance estimate
EVτ ≥ v − (1 − v)d0

Total remaining variance
EVτ ≤ 2d0 + v/4

v − (1 − v)d0 ≤ 2d0 + v/4 =⇒ d0 ≥ v/4

Figure 1: Variance retention and control of exceptional paths, for a fixed typical matrix.
Normalize f by Eµ0f = 0 and Eµ0f

2 = 1, and put d0 = D0(f) ≤ 1. Along Y (t) = tX +B(t), let
Vt = VarµY (t) f , Nt = EµY (t)f

2, and τ = T ∧ τ0. Here Hτ is the relative entropy of the stopped
observation law induced by the spin law f2µ0, relative to the ordinary law, and v = e−CdT . The
density Nτ converts its bad-path probability into an upper bound on exceptional variance. If
d0 > 1, the final lower bound is automatic.

2.4 Completion of the theorem

We can now close the argument, keeping the order of choices explicit. First choose T from
the terminal estimate. Next choose the stable-field constants, the ordinary failure rate a, and
the finite diagnostic length for the directional estimate; these choices determine Cd and v.
Root stability and the operator bound on J determine the leading weighted-mean constant Cw
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independently of selection depth. We may therefore select δ in (2.8), then its diagnostic length
and Cδ, and finally n0. Every depth and tolerance is fixed before n grows.

With the choices made, the proof needs a finite intersection of matrix events. Include
the directional word event and the word events for the selected weighted-mean construction,
each with its fixed length and coefficient bounds. Lemma 3.1 accommodates each fixed M0,
and Lemma 6.3 supplies an actual inverse margin independent of depth. Add the events of
Propositions 5.1 and 8.3. Their intersection still has probability tending to one, and all constants
and the threshold n0 are uniform on it and over the test functions.

For such a matrix and a normalized f with d0 ≤ 1, use Vτ ≤ Nτ and the stopped density
identity to obtain

E[1badVτ ] ≤ E[1badNτ ] = Pf (bad) ≤ v/4.
On a good path τ = T and the terminal gap applies, so

E[1goodVτ ] ≤ 2EDY (T )(f) ≤ 2d0.

Combining these estimates with (2.4) gives

v − (1 − v)d0 ≤ 2d0 + v/4, hence d0 ≥ 3v
4(3 − v) ≥ v

4 .

The case d0 > 1 already satisfies this bound. Center and rescale any nonconstant function to
obtain Theorem 1.1 once the three inputs have been proved, with the finite constant Cβ =
4eCdT . We do not optimize this constant. For the clock conversion, the self-adjoint operator
H =

∑
i(I − P 0

i ) has form D0, and one discrete attempt is I − H/n. Its gap is therefore the
asserted unscaled gap divided by n.

3 Uniform random-matrix estimates
The field analysis uses random-matrix estimates in two forms. Finite field recursions produce
products whose diagonal coefficients may be chosen after the disorder is observed. Lemma 3.1
controls such products of bounded length, subject to a separate positivity margin whenever an
inverse occurs. We also obtain fixed-vector bilinear estimates and a simultaneous determinant
bound for the stability argument in Section 5. Their expectation calculations use the same
inverse identity. We begin with fixed deterministic coefficients and then use concentration and
finite meshes to obtain the required simultaneous estimates.

Throughout this section, j ∈ (0, 1) is fixed. A centered GOE matrix W has independent
entries on and above the diagonal, with

EW 2
ab = j/n (a < b), EW 2

aa = 2j/n.

We couple J to W by putting J = W −DdiagW . In particular, the off-diagonal law of J is the
law used in the theorem. Fix η > 0 so that, with a+ = 1 + η,

ja2
+ < 1. (3.1)

For a nonnegative diagonal matrix A ≤ a+I, put

χA = 1
n

TrA, BA = jχA, KA(M) = KA(1;M),

KA(z;M) = (I − zAM + z2BAA)−1.
(3.2)
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The associated symmetric matrix is

SA(z;M) = I + z2BAA− zA1/2MA1/2.

The symmetric matrix lets us control the inverse without imposing a positive lower bound on the
individual diagonal entries of A. Whenever SA(z;M) is invertible, the following identities hold:

KA(z;M) = I +A1/2SA(z;M)−1A1/2(zM − z2BAI), (3.3)
KA(z;M)A = A1/2SA(z;M)−1A1/2. (3.4)

To verify the first identity, apply (I − UV )−1 = I + U(I − V U)−1V . For the second, multiply
the two sides using SA = I −A1/2(zM − z2BAI)A1/2. These formulas will also let us truncate
the inverse while retaining bounded matrix factors.

3.1 Words and their predictions

A word is an ordered product of diagonal matrices, copies of a symmetric matrix M , and at
most one factor KA(M). Its length is the number of factors. Consecutive diagonal factors may
always be combined, and an absent diagonal factor is interpreted as I. To each word Q we
associate a diagonal matrix P(Q) by the contraction rule below. The estimates will compare the
diagonal of Q with this explicitly defined matrix.

Begin with a word without KA. Consider every complete noncrossing pairing of its occurrences
of M , in their linear order. For each pairing, remove an innermost pair by the rule

MDM 7−→ j
TrD
n

I, (3.5)

where D is diagonal after previous removals. Combine adjacent diagonals and continue. Sum
the resulting diagonal matrices over all complete noncrossing pairings. If there is no complete
pairing, the prediction is zero; if there is no occurrence of M , it is the word itself. The result for a
fixed pairing does not depend on the order of removal: two available innermost pairs are disjoint,
and their removals commute. For words without an inverse factor, this is the operator-valued
semicircular moment rule with covariance map D 7→ jn−1 Tr(D)I; see Speicher [20].

For example, four occurrences of M have two complete noncrossing pairings, giving

P(MD1MD2MD3M) = j2 TrD1
n

TrD3
n

D2

+ j2 TrD2
n

Tr(D1D3)
n

I.

The first term pairs the first two and last two occurrences; the second pairs the outside occurrences
around the middle pair.

For a word containing KA, replace that factor by the formal series

KA(z;M) =
∑
r≥0

(zAM − z2BAA)r, (3.6)

and apply the preceding rule coefficient by coefficient. Ordinary occurrences of M outside this
factor are left unscaled. We prove below that the resulting series P(Q; z) is a polynomial; we
define P(Q) = P(Q; 1).

11



The corresponding trace prediction is p(Q) = n−1 Tr P(Q). To see its cyclic invariance,
draw an ordinary trace word on a circle, with a chord for each pair in a noncrossing pairing.
Its contribution is j for each chord, multiplied by, for each face, the average of the product
of the diagonal matrices on that face’s boundary arcs. Removing an innermost chord gives
exactly (3.5), and the average over the last face is the final normalized trace. This description is
unchanged by rotating the circle. For words with KA(z;M), apply this argument coefficient by
coefficient in (3.6).

Lemma 3.1 (Simultaneous word estimates). Fix L ∈ N, M0 < ∞, and c > 0. There are
constants C, c1 > 0 and n0, depending only on j, a+, L,M0, c, such that the following event has
probability at least 1 − Ce−c1n for n ≥ n0. Simultaneously for all words Q of length at most L,
all their real diagonal factors of norm at most M0, and all 0 ≤ A ≤ a+I, one has

∥Q∥ ≤ C,

∑
a̸=b

|Qab|4
1/4

≤ C, ∥diag(Q− P(Q))∥2 ≤ C. (3.7)

For a word containing KA(J), the assertion is restricted to parameters satisfying SA(1; J) ⪰ cI.
The same conclusion holds with W in place of J , with the corresponding stability restriction.
Thus all diagonal parameters in this assertion may be chosen after the random matrix has been
observed.

If a word has r ordinary occurrences of M outside its one KA(z;M) factor, then P(Q; z) has
degree at most r.

We prove the simultaneous estimate in three steps. For a fixed deterministic diagonal,
Gaussian comparison gives stability along 0 ≤ z ≤ 1. We then calculate the expected diagonal of
a truncated word. Finally, concentration makes the word estimates simultaneous in the diagonal
parameters. The first step supplies stability for each deterministic choice; it does not remove
the separate stability restriction for adaptive A in Lemma 3.1.

Lemma 3.2 (Stability for a deterministic diagonal). There is c0 > 0, depending only on j, a+,
with the following property. For every fixed deterministic 0 ≤ A ≤ a+I, and every fixed R > 2

√
j,

there are constants C, c2 > 0 and n0, uniform in A, such that

P {∥W∥ ≤ R and SA(z;W ) ⪰ c0I for all 0 ≤ z ≤ 1} ≥ 1 − Ce−c2n (n ≥ n0). (3.8)

In addition, for every fixed ε > 0, P{∥W∥ > 2
√
j + ε} ≤ Cεe

−cεn for sufficiently large n.

Proof. We first bound the expected quadratic process that defines the smallest eigenvalue of SA.
Concentration will give a margin at each fixed z, and a finite mesh will extend it along the path.

We use two standard Gaussian facts. A real-valued L-Lipschitz function of a standard
Gaussian vector satisfies P{|F − EF | > u} ≤ 2 exp(−u2/(2L2)). Also, if two centered Gaussian
processes have ordered squared increments, the process with larger squared increments has the
larger expected supremum (Sudakov–Fernique). The latter comparison remains valid after the
same deterministic function is added to both processes; see the deterministic-shift comparison in
Vitale [22]. Both facts apply by finite nets and continuity to the compact index sets below. The
linear map from the independent standard Gaussian coordinates to W , in Frobenius norm, has
norm

√
2j/n.

12



For the comparison, write w = A1/2p for ∥p∥ = 1 and consider

Xp = wTWw, Yp = 2
√
j/n ∥w∥ gTw,

where g is standard Gaussian in Rn. If w′ = A1/2p′, direct calculation gives

E(Yp − Yp′)2 − E(Xp −Xp′)2

= 2j
n

[
(∥w∥2 − ∥w′∥2)2 + 2(∥w∥∥w′∥ − wTw′)2

]
≥ 0.

Consequently, for each z ∈ [0, 1],

E sup
∥p∥=1

{zXp − z2jχA∥w∥2} ≤ E sup
∥p∥=1

{zYp − z2jχA∥w∥2}.

Set Tg =
√
j/n∥A1/2g∥. Since gTw = pTA1/2g ≤ ∥A1/2g∥, the last supremum is at most

sup
0≤v≤√

a+

(2zTgv − z2jχAv
2).

The remaining supremum depends on the Gaussian vector only through Tg. The variable T 2
g has

mean jχA and variance 2j2 Tr(A2)/n2 ≤ C/n. The inequality |
√
x− √

y| ≤
√

|x− y| therefore
shows, uniformly in A, that E|Tg −

√
jχA| = o(1). On replacing Tg by

√
jχA in the preceding

display, the expression becomes 2d − d2, with 0 ≤ d = z
√
jχAv ≤

√
j a+ < 1. Thus, with

δ = (1 −
√
j a+)2 > 0,

E sup
∥p∥=1

{zpTA1/2WA1/2p− z2jχAp
TAp} ≤ 1 − δ + o(1), (3.9)

uniformly in A, z. The supremum in (3.9) is a+-Lipschitz in W for Frobenius norm. Gaussian
concentration gives an exponentially small probability that it exceeds 1 − δ/2, uniformly for
each fixed A, z.

To pass from a fixed z to the entire interval, we also need a bound on ∥W∥. Taking A = I
in the comparison without deterministic offsets gives

Eλmax(W ) ≤ 2
√
j/nE∥g∥ ≤ 2

√
j.

The same holds for −W . Concentration of these two eigenvalues proves the stated norm tail. On
∥W∥ ≤ R, the function of z inside the supremum in (3.9) is uniformly Lipschitz, with constant
at most a+R + 2ja2

+. A sufficiently fine constant mesh of [0, 1], followed by a union bound,
therefore gives (3.8), for example with c0 = δ/4.

3.2 Truncation and the loop recursion

The inverse in a word need not exist for every realization of the matrix. We therefore replace each
word by a globally defined bounded function of W , agreeing with the original word whenever
the required norm and stability conditions hold. This permits concentration and integration by
parts before those conditions are imposed.

Fix a sufficiently large constant R. Let ΠR be metric projection, in the Hilbert space of
real symmetric matrices with Frobenius norm, onto {M : ∥M∥ ≤ R}. This is a nonexpansive
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map and is equivariant under orthogonal conjugation. Put Ŵ = ΠR(W ). Choose a smooth
compactly supported real function f which equals x−1 on the interval[

1
2 min(c, c0), 2 + c+ c0 + ja2

+ + a+R
]
.

This interval contains, with slack, every stable spectrum needed both for deterministic-parameter
estimates and for the restriction SA(1;M) ⪰ cI in Lemma 3.1. Replace KA(z;W ) by

K̂A(z) = I +A1/2f(SA(z; Ŵ ))A1/2(zŴ − z2BAI). (3.10)

Replace every ordinary W in a word by Ŵ as well; denote the resulting word by Q̂θ(z), where
θ lists all its diagonal parameters. These truncated factors equal the original factors on the
stability events where they will be used.

For each fixed length and fixed bounds on the diagonal parameters, there is a constant C
such that

∥Q̂θ(z)∥ ≤ C, ∥Q̂θ(z;W ) − Q̂θ(z;W ′)∥F ≤ C∥W −W ′∥F, (3.11)

LipF
(
Q̂θ(z; ·) − Q̂θ′(z; ·)

)
≤ C

√
∆ if ∥θ − θ′∥∞ ≤ ∆ ≤ 1. (3.12)

The constants are uniform for z ∈ [0, 1] and for all matrix sizes. Here the Lipschitz constants
concern maps into matrices with Frobenius norm.

We verify both estimates with constants independent of dimension. On the operator-norm
ball, all factors are bounded, and their differentials in a perturbation E are bounded in Frobenius
norm by C∥E∥F. The only functional-calculus factor is handled by writing f as a Fourier integral
and using

d(eitS)[E] = it

∫ 1

0
eit(1−u)SEeituS du.

The Fourier transform of f decays faster than any power, so its first two weighted absolute
moments are finite. This formula and the corresponding difference formula give

∥df(S)[E]∥F ≤ C∥E∥F, ∥(df(S) − df(S′))[E]∥F ≤ C∥S − S′∥∥E∥F.

Changing the diagonal parameters by at most ∆ changes their square roots in norm by at most√
∆. Consequently the factors, and their matrix differentials, change by respectively C

√
∆ and

C
√

∆∥E∥F. The product rule proves the same differential assertions for a word. Integrating
along the line segment between two matrices in the convex operator-norm ball proves (3.11) and
(3.12) there. Composition with the nonexpansive projection ΠR proves them everywhere.

These Lipschitz estimates first give the moment bounds needed for the expectation calculation.
For a fixed parameter tuple,

Var(Q̂ab) ≤ C/n, Var
( 1
n

Tr Q̂
)

≤ C/n2. (3.13)

The normalized trace gains a factor n−1/2 in its Frobenius Lipschitz constant. The same estimates
for a difference of two parameter tuples gain a factor ∆ on the right-hand sides. Fourth centered
entry moments are bounded by C/n2, or C∆2/n2 for such a difference, by integrating the
Gaussian concentration tail.
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Lemma 3.3 (Fixed-parameter diagonal expectations). For the truncated words just defined,
uniformly in deterministic diagonal parameters in the indicated bounded ranges, in z ∈ [0, 1],
and in the diagonal index i,

EQ̂θ(z)ii = P(Qθ; z)ii +O(n−1). (3.14)

For words without KA, the prediction has no z dependence. The formal prediction for a word
with r ordinary W letters is a polynomial of degree at most r.

Proof. The calculation has two parts. We first justify integration by parts for the truncated
words and compute the inverse factor alone. We then obtain a recursion in the number of ordinary
W factors; the same recursion determines the formal prediction exactly and the expectation up
to O(n−1).

All constants in this proof depend only on the fixed length and parameter bounds. Lemma 3.2
shows that, for every fixed deterministic parameter tuple, the truncations agree with the actual
matrices for all z ∈ [0, 1], except on an event of probability Ce−c2n. Gaussian integration by
parts can be applied to the globally Lipschitz truncated factors, using weak derivatives. More
explicitly, for a scalar Lipschitz function H,

E[WabH(W )] = j

n
E
[
dH(W )[Eab + Eba]

]
. (3.15)

When a = b, the elementary direction on the right is doubled, as required by the diagonal
variance 2j/n.

For (3.15), remove the projection from the distinguished ordinary W factor. The resulting
expectation error is exponentially small, since the other factors are bounded and Gaussian norm
tails control the removed factor. On the event of agreement, the differential of the inverse is

dKA(z;W )[E] = zKA(z;W )AEKA(z;W ). (3.16)

We may use the expressions on the right, with truncated factors, on the whole probability
space. The error is exponentially small even after the index sums: all factors and their true
truncated differentials are bounded, there are at most a fixed polynomial number of indices,
and the disagreement event has exponentially small probability. More precisely, the elementary
direction Eab +Eba has Frobenius norm at most 2. Both the true weak differential and its formal
replacement are therefore bounded by C in each entry; their difference vanishes on the agreement
event. Each such differential error has expected absolute value at most Ce−c2n. Expanding
the diagonal entry of a length-L word and applying the product rule uses at most (L− 1)nL−1

scalar contributions before any index identifications; the factor j/n in integration by parts only
improves this bound. Thus their total error is at most a fixed polynomial in n times e−c2n,
hence at most C ′e−c′n. Subsequent words have bounded lengths depending only on the original
length. We therefore suppress hats during the loop calculation, with this convention understood.

We now compute the base case, in which the only nondiagonal factor is K = KA(z;W ).
Write ai = Aii, ki(z) = EKii, and r(z) = n−1∑

i aiki(z). Differentiating Kbi in (3.15) gives

E(WK)ii = zj

n
E [(TrKA)Kii] + zj

n

∑
b

E[(KA)biKbi] +O(e−c′n)

= zjr(z)ki(z) +O(n−1).
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For the second sum, the absolute value of the sum over b is at most ∥KAei∥∥Kei∥ ≤ C. The
factorization in the first term follows from (3.13); its covariance is at most Cn−3/2, which is
more than enough. The inverse identity K = I + zAWK − z2BAAK now yields

E(WK)ii = zjrki +O(n−1), ki = 1 + z2jai(r − χA)ki +O(n−1). (3.17)

The loop equations must select the solution near ki = 1. We establish this by continuation
from z = 0, where the inverse is the identity. Put h(z) = r(z) − χA. The truncated ki are
uniformly bounded and continuous in z. If |h(z)| ≤ δ1, the second equation in (3.17) gives
maxi |ki(z) − 1| ≤ Cδ1 + C/n. Choose δ1 > 0 small, using (3.1), so that throughout this region
and for large n, ∣∣∣∣∣z2j

1
n

∑
i

a2
i ki(z)

∣∣∣∣∣ ≤ 1 − δ2

for some fixed δ2 > 0. Averaging the second equation in (3.17) with weights ai gives

h(z) = z2j

(
1
n

∑
i

a2
i ki(z)

)
h(z) +O(n−1),

and hence |h(z)| ≤ C/n while |h(z)| ≤ δ1. Since h(0) = 0, continuity rules out a first exit from
that region for large n. It follows uniformly in z that

EKii = 1 +O(n−1), E(WK)ii = zBA +O(n−1). (3.18)

To complete the base case, we verify the formal identity P(KA(z;W )) = I independently
of the expectation calculation. The cancellation takes place at each coefficient of the series.
In the expansion (3.6), a block −z2BAA may be regarded as the negative contraction of two
adjacent blocks zAW, zAW , since their contraction is z2jχAA = z2BAA. Fix a completely
noncrossing-paired chain (AW )2m with m > 0. Let A be the nonempty set of its pairs which join
two originally adjacent occurrences of W . It is nonempty because every nonempty noncrossing
pairing of a linear order has an adjacent pair. All pairs in A are disjoint. The terms of (3.6)
which give this paired chain are in bijection with subsets T ⊆ A: contract the pairs in T into
the negative deterministic blocks, and pair the remaining occurrences normally. The magnitude
of the final diagonal contribution is unchanged, and its sign is (−1)|T |. Thus the total multiplier
is
∑
T⊆A(−1)|T | = 0. This argument is finite at each power of z and proves the asserted formal

identity. Multiplication by surrounding diagonal matrices proves both claims of the lemma for
words with no ordinary W letters.

For the induction step, select an ordinary occurrence of W in a general word and apply
integration by parts at that occurrence. We describe the resulting finite recursion directly,
without requiring convergence of the formal series. In each product-rule term, mark the partner
of the selected occurrence: for a derivative falling on an ordinary factor, this is the W being
differentiated. If the derivative falls on KA, replace that factor by zKAA W KA and take the
boxed occurrence as the partner. In either case, list the two marked positions in their linear
order, so the marked product reads

U W V W Q.

The two orientations in (3.15) contribute respectively

j

n
E
[
(UQ)ii TrV

]
,

j

n
E(UV TQ)ii. (3.19)
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There is an additional factor z when the derivative fell on KA. The second expression in (3.19)
is O(n−1) by operator-norm bounds, including when it contains two copies of KA. The first
expression is

j

( 1
n
ETrV

)
E(UQ)ii +O(n−1), (3.20)

again by (3.13). The index sums explain the two terms. The opposite orientation identifies the
two interior indices and gives TrV ; the equal orientation reverses the interior path and gives V T .

Consequently EQ̂ii is the finite sum of the leading products (3.20) over all ordinary partners,
plus z times the corresponding leading product for the one KA factor if present, with an O(n−1)
remainder. Each word V and UQ in this recursion has fewer ordinary W letters than the original
word. Each contains at most one KA: if the derivative fell on KA, the splitting places one of its
two copies in each word. Extra diagonal factors A cause no problem, since at most one is added
per decrease of the induction index.

The decrease in the number of ordinary letters holds whether the selected occurrence lies
before or after the inverse. The two possible orders can be checked explicitly. If the original
word is PKARWT , the contraction with KA contributes

zj E
[
(PKAAT )ii

Tr(KAR)
n

]
.

If it is PWRKAT , that contribution is

zj E
[
(PKAT )ii

Tr(RKAA)
n

]
.

Here P,R, T contain no inverse factor. The displayed outer and inner words each have one
inverse factor, even though the original distinguished occurrence may lie anywhere among the
ordinary letters.

It remains to compare this expectation recursion with the formal prediction. Sort the
noncrossing pairings by the partner of the selected ordinary occurrence. The inside and outside
may then be paired independently; their predictions are respectively p(V ) and P(UQ). If the
partner occurs inside the series for KA(z;W ), marking that occurrence in the formal series is
exactly the formal differentiation identity dKA[E] = zKAAEKA. Thus the entire sum over
positions in that series is the single z-weighted product just described.

We can now induct on the number r of ordinary W letters. An ordinary partner leaves a
total of r − 2 such letters in the two smaller words; a partner in KA leaves r − 1. The base
prediction is constant. The recursion therefore proves that the formal prediction is a polynomial
of degree at most r. It also proves (3.14): use the induction hypothesis for the two expectations
in each leading product, and average the diagonal induction hypothesis to handle its normalized
trace. There are only finitely many products and all factors are uniformly bounded. The same
induction, with no inverse factor, proves the statement for ordinary words.

3.3 Making the word estimates simultaneous

Proof of Lemma 3.1. We first make the centered estimates uniform over the diagonal parameters,
then add the expectation estimate from Lemma 3.3. Fix a letter pattern and let θ range over
its parameter box, which has at most CLn real coordinates. Work initially with the truncated
words at z = 1. Conjugation by any diagonal sign matrix preserves the law of W and conjugates
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Q̂θ by that same sign matrix. The diagonal parameters commute with the conjugation, and
both the projection and the functional calculus respect it. Thus E(Q̂θ)ab = 0 whenever a ̸= b.

Define the two matrix seminorms

N2(M) = ∥diagM∥2, N4(M) =

∑
a̸=b

|Mab|4
1/4

.

Both are 1-Lipschitz with respect to Frobenius norm. The entry moment bounds following (3.13)
give

ENk(Q̂θ − EQ̂θ) ≤ C (k = 2, 4). (3.21)

Indeed, sum the n second moments for k = 2, and the at most n2 fourth moments for k = 4, then
apply Jensen’s inequality. For two parameter tuples at distance at most ∆, the same argument,
using (3.12), gives

ENk

(
(Q̂θ − EQ̂θ) − (Q̂θ′ − EQ̂θ′)

)
≤ C

√
∆.

The random norms in this last display concentrate around their means at Gaussian scale
C
√

∆/n, again by (3.12). The centered expectations are deterministic and do not change
Lipschitz constants.

To control every parameter tuple, approximate it successively on finer meshes. For each
ℓ ≥ 0, choose a sup-norm mesh Nℓ of spacing 2−ℓ in the parameter box. It may be chosen with

|Nℓ| ≤ exp(CL(ℓ+ 1)n).

For a tuple θ, choose nearest mesh points θℓ ∈ Nℓ. Then ∥θℓ − θℓ−1∥∞ ≤ C2−ℓ. For all pairs
of mesh points at this distance, concentration and a union bound show that their centered
increments have both N2 and N4 norm at most

C ′√ℓ+ 1 2−ℓ/2,

except with probability Ce−c(ℓ+1)n, provided C ′ is chosen sufficiently large. Specifically, the
squared ratio of this threshold to the Gaussian scale is a constant multiple of (ℓ+ 1)n, and its
constant can be chosen to dominate the logarithm of the number of mesh pairs. The initial mesh
is bounded in the same way using (3.21). Summing the failure probabilities over ℓ, and summing
the convergent increment bounds along each chain, proves, with probability 1 − Ce−c1n,

sup
θ
Nk(Q̂θ − EQ̂θ) ≤ C (k = 2, 4). (3.22)

At each fixed n, continuity of the truncated word and its expectation in θ justifies taking the
limit of the mesh chain. There are only finitely many letter patterns of length at most L, so
their events may be intersected.

The centered words are now controlled on one event for every parameter tuple. Lemma 3.3
supplies the remaining bias estimate, N2(EQ̂θ − P(Qθ)) ≤ C/

√
n, uniformly in θ. Sign symmetry

makes the off-diagonal of EQ̂θ identically zero. Combining these facts with (3.22) proves the
desired diagonal and off-diagonal assertions for the truncated words. Their operator norms are
already bounded by construction. On ∥W∥ ≤ R and at parameters with SA(1;W ) ⪰ cI, the
truncations equal the exact words, proving the GOE version.
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The GOE estimate transfers to the zero-diagonal model through J = W −DdiagW . This last
step uses a Frobenius bound on the removed diagonal. Since

∥DdiagW ∥2
F

law= 2j
n
χ2
n,

it is bounded by a fixed constant except with exponentially small probability. The norm tail for
W , and a sufficiently large choice of R, ensure also that both W and J lie in the operator-norm
ball except with exponentially small probability. For every parameter tuple, (3.11) then bounds
the Frobenius norm of the difference of the truncated word evaluated at W and at J by a fixed
constant. Both N2 and N4 of this difference are bounded by its Frobenius norm. The prediction
is unchanged by this substitution. At parameters with SA(1; J) ⪰ cI, the truncated factors
evaluated at J equal the exact factors. This proves all of (3.7). The polynomial assertion was
proved in Lemma 3.3.

3.4 Bilinear forms and regularized determinants

We next extract two forms of the preceding estimates. The first controls bilinear forms for a
prescribed finite family of deterministic vectors. The second controls a regularized determinant
simultaneously over its diagonal parameters and bounded finite-rank perturbations. Their
quantifiers differ, and we keep the two statements separate.

Lemma 3.4 (Bilinear deterministic equivalents). Fix an integer m ≥ 1, a vector bound M1 < ∞,
a tolerance ε > 0, and R > 2

√
j. For every deterministic 0 ≤ A ≤ a+I and deterministic vectors

v1, . . . , vm ∈ Rn with ∥vr∥ ≤ M1, there is an event of probability at least 1 − Ce−c3n on which
(3.8) holds and, with

GA = A1/2SA(1;W )−1A1/2 = KA(W )A,

one has, for every r, s,

|vTr (GA −A)vs| ≤ ε, (3.23)
|vTr (GAW −BAA)vs| ≤ ε, (3.24)

|vTr (WGAW −BAI −B2
AA)vs| ≤ ε. (3.25)

Here C, c3, n0 may depend on j, a+,m,M1, ε, R but are uniform in A, the vectors, and n ≥ n0.
The assertion is for each deterministic choice of these parameters; it does not claim simultaneity
over all vector choices.

Proof. For each of the specified bilinear forms, we calculate its expectation and then apply
concentration. Use the truncations above with a cutoff agreeing with the inverse on the path-
stability event. Sign conjugation makes the off-diagonal expectations of each relevant matrix
vanish. Equation (3.18) at z = 1 gives

EK̂ii = 1 +O(n−1), E(Ŵ K̂)ii = BA +O(n−1).

The identities, valid on the event of agreement,

GAW = KA(W )(I +BAA) − I, WGAW = WKA(W )(I +BAA) −W

therefore give the three diagonal expectation predictions A, BAA, and BAI+B2
AA, with entrywise

errors O(n−1). Their use with truncated factors changes expectations only exponentially little,

19



by the same argument as in Lemma 3.3. In particular, their errors in any of the specified bilinear
forms are O(n−1): for a diagonal error matrix E, one has |vTr Evs| ≤ ∥E∥∥vr∥∥vs∥.

The expectation calculation has identified the three required predictions. To control fluc-
tuations, each truncated bilinear form is CM2

1 -Lipschitz in W for Frobenius norm, by (3.11).
Gaussian concentration gives failure probability Ce−c3n at any fixed positive tolerance. Intersect
these events for the 3m2 forms and with Lemma 3.2. For large n the expectation errors are less
than half the specified tolerance, proving the result.

Lemma 3.5 (A simultaneous regularized determinant bound). Fix ε > 0, an integer r0 ≥ 0,
and M2 < ∞. There is γ0 > 0, depending only on j, ε, such that for every fixed 0 < γ ≤ γ0 and
all sufficiently large n, an event of probability at least 1 − Ce−c4n has the following property.
Simultaneously for all diagonal 0 ≤ V ≤ I and all real matrices E with rankE ≤ r0 and
∥E∥ ≤ M2, put

b = 1
n

TrV, B = jb, L = I + (BI −W )V + E.

Then
1
n

log det(LTL+ γI) ≤ jb2 + ε. (3.26)

The constants C, c4 and the lower threshold on n may depend on j, ε, γ, r0,M2. In particular, V
and E may depend on W .

Proof. We first compute the mean log determinant with E = 0 and a fixed deterministic V .
Regularization will then provide a global Lipschitz bound, allowing a finite mesh in V and finally
the finite-rank perturbation. Set

Lz = I + z2BV − zWV, K(z) = (I − zV W + z2BV )−1.

Since V ≤ I, we use the proof of Lemma 3.2 with the diagonal upper bound equal to 1; its
stability and inverse-norm constants here depend only on j. On the path-stability event from
Lemma 3.2 with A = V , the determinant of Lz equals the positive determinant of SV (z;W ) by
det(I − UV ) = det(I − V U), and both L−1

z and K(z) have uniformly bounded operator norm.
Indeed Lz = K(z)−T , and (3.3) applies. Differentiating the normalized log determinant on this
event gives

d
dz

1
n

log detLz = 1
n

Tr
[
L−1
z (2zBV −WV )

]
= 2zB 1

n
Tr(K(z)V ) − 1

n
Tr(WK(z)V ). (3.27)

Here V L−1
z = K(z)V , which follows by multiplying (I − zV W + z2BV )V = V Lz, and cyclicity

of trace was used.
The derivative is expressed in the two matrices whose diagonal expectations were computed

in (3.18). Let EV be the path-stability event intersected with ∥W∥ ≤ R, for a fixed R > 2
√
j.

This one event applies to the entire interval of z. Equations (3.18), and replacement by the
truncated factors off EV , show uniformly in z, V that the expectation of the right-hand side of
(3.27), multiplied by 1EV

, is

2zBb− zBb+O(n−1) = zjb2 +O(n−1).
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All differentiated quantities are bounded on EV , so integration and expectation may be inter-
changed. Since L0 = I, it follows that

E
[
1EV

2
n

log detL1

]
= jb2 +O(n−1). (3.28)

On EV , the singular values of L1 are bounded below by a positive constant. Therefore

0 ≤ 1
n

log det(LT1 L1 + γI) − 2
n

log detL1 ≤ Cγ.

Off EV , the absolute value of the regularized normalized log determinant is bounded by

| log γ| + C + 2 log(1 + ∥W∥),

for 0 < γ ≤ 1. The norm tails of W and (3.8) make its expected contribution exponentially
small, for each fixed γ. Consequently, uniformly in deterministic V ,

E
[ 1
n

log det(LT1 L1 + γI)
]

≤ jb2 + Cγ +O(n−1) +Oγ(e−cn). (3.29)

The mean bound is uniform in deterministic V . To obtain a single event for all V , we use
the concentration supplied by regularization. Define on all real matrices

Fγ(M) = 1
n

log det(MTM + γI).

Its Frobenius gradient is 2n−1M(MTM + γI)−1. Each singular value of this gradient is at most
1/(n√

γ), and hence

LipF(Fγ) ≤ 1
√
nγ
. (3.30)

For fixed V , the map W 7→ L1 has Frobenius Lipschitz constant at most one. Gaussian
concentration therefore gives

P{|Fγ(L1) − EFγ(L1)| > u} ≤ 2 exp
(

−γn2u2

4j

)
. (3.31)

Choose γ0 ≤ 1 small enough that Cγ0 in (3.29) is at most ε/8. For fixed γ ≤ γ0 and
sufficiently large n, the expectation bound and (3.31) bound all points of any fixed sup-norm
mesh of the cube [0, 1]n by jb2 + ε/2, with failure exp(−cγn2). Indeed a mesh of spacing ∆ > 0
has at most (C/∆)n points, whose logarithm is only of order n. On ∥W∥ ≤ R, if ∥V − V ′∥ ≤ ∆,
then

|b− b′| ≤ ∆, ∥(I + (BI −W )V ) − (I + (B′I −W )V ′)∥F ≤
√
n(2j +R)∆.

By (3.30), the corresponding Fγ values differ by at most (2j+R)∆/√γ, whereas |jb2 − j(b′)2| ≤
2j∆. Choose ∆, depending only on j, R, γ, ε, so that these errors sum to at most ε/4. Including
the exponentially likely norm event proves, simultaneously for all V ,

Fγ(I + (BI −W )V ) ≤ jb2 + 3ε/4.

We have obtained the simultaneous bound for E = 0 with room for the perturbation. The
same Lipschitz estimate (3.30) gives, for every allowed E,

|Fγ(M + E) − Fγ(M)| ≤ ∥E∥F√
nγ

≤ M2

√
r0
nγ
.

This is at most ε/4 for large n, uniformly even when E is chosen from the observed matrix. It
proves (3.26) and the lemma.
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4 A scalar entropy inequality
The stability argument needs a scalar criterion that forces an empirical field law toward a
Gaussian law. We first bound relative entropy below by a squared discrepancy involving the
field and its hyperbolic tangent. We then identify the Gaussian law compatible with the scalar
consistency equations. Together with the equality case of the first estimate, this characterizes
the consistent equality laws.

Throughout this section, N(d, s) denotes the Gaussian law with mean d and variance s. All
scalar expectations are taken with respect to the indicated probability law.

Lemma 4.1 (Scalar entropy inequality). Let 0 < j < 1, d ∈ R, and s > 0. Let P be a probability
law on R with finite second moment, and set

m(y) = tanh y, q = EPm2, b = 1 − q, a = EP [(y − d)m], S = s+ jq.

If s ≥ jq, then

D(P∥N(d, s)) ≥ j(a− sb)2

2sS . (4.1)

Equality holds if and only if P = N(d, s).

Proof. The second-moment assumption makes the right-hand side finite, so it suffices to consider
the case D := D(P∥N(d, s)) < ∞. In this case P is absolutely continuous, and hence q > 0:
otherwise P would be the point mass at zero. Also q < 1, because tanh2 y < 1 for every finite y.
We use the following dimensionless parameters:

k = jq

s
∈ (0, 1], C = ja

s
, B = jb ∈ (0, 1), a0 = 1 −B ∈ (0, 1). (4.2)

In these parameters, multiplying the desired inequality by j gives the target

jD ≥ (C −B)2

2(1 + k) . (4.3)

We will combine two entropy bounds. A monotone change of variables handles one range of
the discrepancy C−B; comparison with a Gaussian of a different variance handles the remaining
range. We retain strictness in both arguments to identify all equality cases.

A change-of-variables bound. For the change of variables, fix u < 1. The map

Tu(y) = y − u tanh y

is an increasing C1 diffeomorphism of R onto itself, with derivative T ′
u(y) = 1−u(1−m(y)2) > 0.

Change of variables in relative entropy yields

D = D((Tu)#P∥N(d, s)) + 2ua− u2q

2s + EP log
(
1 − u(1 −m2)

)
≥ 2ua− u2q

2s + EP log
(
1 − u(1 −m2)

)
.
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The entropy identity is well defined: for fixed u < 1, log T ′
u is bounded, and the second-moment

assumption makes the difference of the Gaussian log densities integrable. To estimate the
logarithmic term, apply concavity on the segment joining 1 and 1 − u. For 0 ≤ v ≤ 1, this gives

log(1 − uv) ≥ v log(1 − u).

Consequently, with ℓ(u) = − log(1 − u) − u,

jD ≥ u(C −B) − ku2

2 −Bℓ(u), u < 1. (4.4)

Completing the square isolates the amount by which this bound can exceed the target in (4.3):

jD − (C −B)2

2(1 + k) ≥ h(u) −
(
C −B − (1 + k)u

)2
2(1 + k) , h(u) = u2

2 −Bℓ(u). (4.5)

We first locate a range in which the extra term h(u) is strictly positive:

h(u) > 0 for u ≤ a0, u ̸= 0, h(a0) ≥ a3
0

6 . (4.6)

For the negative range, integrate v/(1 + v) ≤ v over 0 ≤ v ≤ −u to obtain ℓ(u) ≤ u2/2. Since
B < 1, this proves strict positivity for u < 0. For the positive range, use ℓ(u) =

∑
r≥2 u

r/r: it
shows that ℓ(u)/u2 is increasing on 0 < u < 1. Moreover, using B = 1 − a0,

h(a0) = a2
0

2 − (1 − a0)ℓ(a0) =
∑
r≥3

ar0
r(r − 1) ≥ a3

0
6 .

It follows that h(u)/u2 ≥ h(a0)/a2
0 > 0 for 0 < u ≤ a0, proving (4.6).

We now choose the transport parameter. If u∗ = (C − B)/(1 + k) ≤ a0 and C ≠ B, set
u = u∗ in (4.5). The square vanishes and h(u∗) > 0, so (4.3) is strict. If u∗ > a0, put

C0 = 1 + ka0, C1 = C0 +

√
1 + k

3 a
3/2
0 .

In this case C > C0. The endpoint choice u = a0 in (4.5) still gives

jD − (C −B)2

2(1 + k) ≥ a3
0

6 − (C − C0)2

2(1 + k) .

This proves strictness throughout C0 < C < C1 and leaves only the range beginning at C1.

The remaining range. For C ≥ C1, we use the second moment to obtain the remaining
entropy bound. Put v = EP [(y − d)2]/s > 0. Comparison with the Gaussian N(d, sv) gives the
exact identity

D = D(P∥N(d, sv)) + v − 1 − log v
2 ,

and hence 2D ≥ v − 1 − log v. Cauchy–Schwarz gives

v ≥ a2

sq
= C2

jk
> 1,
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where the last inequality follows from C ≥ C1 > C0 > 1 and jk < 1. The function v 7→ v−1−log v
is increasing for v ≥ 1, so

2jD ≥ C2

k
− j − j log C

2

jk
≥ C2

k
− 1 − log C

2

k
.

The second inequality removes j from the lower bound. Indeed, with C, k held fixed, the
derivative of C2/k − λ − λ log(C2/(λk)) is − log(C2/(λk)) ≤ 0 for j ≤ λ ≤ 1. Thus the
remaining comparison with the target reduces to

f(C) := C2

k
− 1 − log C

2

k
− (C −B)2

1 + k
> 0 (C ≥ C1).

We estimate f at C0 and control its increase from C0 to C1. Direct simplification at C0 gives

f(C0) = 1
k

− 1 + log k + 2a0 − a2
0 − 2 log(1 + ka0)

≥ −2a3
0

3 .

Indeed 1/k − 1 + log k ≥ 0 for 0 < k ≤ 1, and

log(1 + ka0) ≤ log(1 + a0) ≤ a0 − a2
0

2 + a3
0

3 .

The last bound follows by integrating (1 + x)−1 ≤ 1 − x+ x2 from zero to a0. Differentiation
also gives

f ′(C0) = 2
k

− 2
1 + ka0

≥ 2a0
1 + a0

,

f ′′(C) = 2
k(1 + k) + 2

C2 ≥ 1 (C > 0).

For completeness, the first inequality follows from

1
k

− 1
1 + ka0

− a0
1 + a0

= (1 − k)(1 + a0 + ka2
0)

k(1 + ka0)(1 + a0) ≥ 0.

The derivative bounds compensate for the possible negative value at C0. Write ∆ = C1 − C0 ≥
a

3/2
0 /

√
3 and integrate them to obtain

f(C1) ≥ −2a3
0

3 + 2a0
1 + a0

∆ + ∆2

2

≥ a3
0

(
−2

3 + 2√
3(1 + a0)√a0

+ 1
6

)
> 0.

The strict inequality uses 0 < a0 < 1 and 1/
√

3 + 1/6 > 2/3. Since f ′ is positive at C0 and
increasing thereafter, f(C) > 0 for every C ≥ C1.

The two ranges together prove strictness in (4.3) whenever C ≠ B. To finish the equality
case, suppose C = B. The target then has right-hand side zero, so equality is equivalent to
D = 0, or P = N(d, s). Conversely, Gaussian integration by parts gives a = sEP sech2 y = sb
for this law, which verifies equality.
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We next impose the scalar consistency equations used in the application. Here the Gaussian
parameters themselves depend on P : for given t ≥ 0 and σ ≥ 0, set

M = EP tanh y, q = EP tanh2 y, d = t+ jM, s = t+ σ2 + jq. (4.7)

These equations give s ≥ jq, the comparison required by Lemma 4.1. When s > 0, that lemma
restricts equality to Gaussian laws. The next result identifies which Gaussian laws satisfy the
consistency equations when σ = 0, and also treats the degenerate case at t = 0.

Lemma 4.2 (The consistent Gaussian law). Fix 0 < j < 1. For each t ≥ 0, the equation

s∗(t) = t+ jEN(s∗(t),s∗(t)) tanh y (4.8)

has a unique nonnegative solution, where N(0, 0) means the point mass at zero. Its associated
Gaussian law P∗(t) = N(s∗(t), s∗(t)) is the unique Gaussian law satisfying (4.7) with σ = 0.
Thus, among consistent laws with s > 0, equality in (4.1) holds precisely at P∗(t).

The function t 7→ s∗(t) is Lipschitz with constant (1 − j)−1, and

t ≤ s∗(t) ≤ t

1 − j
, q∗(t) := EP∗(t) tanh2 y = s∗(t) − t

j
≤ t

1 − j
. (4.9)

In particular s∗(0) = q∗(0) = 0, and s∗(t), q∗(t) > 0 for t > 0.

Proof. We first show that a consistent Gaussian must have equal mean and variance. We then
solve the resulting one-variable fixed-point equation and prove the bounds in the statement.

Two Gaussian symmetry identities provide the first step. For s > 0, the density ρs of N(s, s)
satisfies

ρs(y) − ρs(−y)
ρs(y) + ρs(−y) = tanh y.

Pairing the integrals over y and −y therefore gives

EN(s,s) tanh y = EN(s,s) tanh2 y. (4.10)

Second, if d ≥ 0 and s > 0, pairing the positive and negative half-lines shows that

EN(d,s)[tanh y sech2 y] ≥ 0. (4.11)

Here the integrand is odd and nonnegative for y ≥ 0, while the density at y is at least its value
at −y when d ≥ 0.

Now suppose a Gaussian law N(d, s) with s > 0 satisfies (4.7) with σ = 0. We begin by
locating its mean. For fixed s, the map

d 7−→ t+ jEN(d,s) tanh y

is a contraction with Lipschitz constant at most j, because its derivative is jEN(d,s) sech2 y ∈ [0, j].
Iteration from zero stays nonnegative, so its unique fixed point d is nonnegative.

To compare this nonnegative mean with the variance, keep s fixed and define

Hs(d) = EN(d,s)[tanh y − tanh2 y].
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For d ≥ 0, Gaussian differentiation and (4.11) give

H ′
s(d) = EN(d,s)[(1 −m2)(1 − 2m)] ∈ [−1, 1].

Indeed the integrand is bounded below by −1, and its expectation is at most E(1 − m2) ≤ 1
after subtracting 2E[m(1 −m2)] ≥ 0. Thus Hs is 1-Lipschitz on [0,∞). By (4.10), Hs(s) = 0.
On the other hand, consistency says d− s = j(M − q) = jHs(d). Consequently

|Hs(d)| ≤ |d− s| = j|Hs(d)|,

forcing Hs(d) = 0 and d = s. The consistent Gaussian law must therefore satisfy (4.8).
It remains to solve (4.8). Set

F (s) = EN(s,s) tanh y (s > 0), F (0) = 0.

It is continuous at zero by bounded convergence. For s > 0, differentiating both the Gaussian
mean and variance gives

F ′(s) = EN(s,s)
[
(tanh y)′ + 1

2(tanh y)′′
]

= EN(s,s)[(1 −m2)(1 −m)] ∈ [0, 1].

The lower bound is pointwise; the upper bound follows from (4.11). Hence F is nonnegative and
1-Lipschitz on [0,∞), with F (s) ≤ s. Consequently, s 7→ t+ jF (s) is a contraction of [0,∞) into
itself and has exactly one fixed point s∗(t). The identity (4.10) then verifies both consistency
equations for N(s∗(t), s∗(t)). If a consistent law has s = 0, then 0 = t+ jq forces t = q = 0, and
hence the law is the point mass at zero and d = 0; this agrees with the solution just constructed.

Existence and uniqueness are now established, including the degenerate case. To obtain the
dependence on time, compare the fixed-point equations at t, t′:

|s∗(t) − s∗(t′)| ≤ |t− t′| + j|s∗(t) − s∗(t′)|,

which proves the asserted Lipschitz bound. The size estimates follow from 0 ≤ F (s) ≤ s, which
gives t ≤ s∗(t) ≤ t/(1 − j), and (4.10) gives q∗(t) = F (s∗(t)) = (s∗(t) − t)/j ≤ t/(1 − j). For
t > 0, the variance s∗(t) is positive, so its Gaussian law is nondegenerate and q∗(t) > 0. The
equality assertion follows from Lemma 4.1.

5 Stable fields along Gaussian observations
The observation argument requires control of every approximate solution of the field equation
at the fields visited by the observation process. We first prove this stability statement, includ-
ing perturbations of the diagonal variance matrix, and then derive a deterministic existence,
uniqueness, and inverse estimate for the field equation.

For a symmetric matrix J , a field h0 ∈ Rn, and y ∈ Rn, define

m(y) = tanh y, q(y) = ⟨m(y)2⟩, b(y) = 1 − q(y),
Vy = D1−m(y)2 , B(y) = jb(y),

FJ,h0(y) = y − h0 + (B(y)I − J)m(y).
(5.1)
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For fixed J , abbreviate Fh = FJ,h; we also suppress h when there is no ambiguity. Hyperbolic
functions act coordinatewise. To measure stability while allowing the diagonal factor to vary,
define, for each nonnegative diagonal matrix A,

HJ(y,A) = I +A1/2
(
B(y)I − J − 2j

n
m(y)m(y)T

)
A1/2. (5.2)

The matrix HJ(y, Vy) is the symmetric version of the possibly nonsymmetric derivative F ′
J,h0

(y).
The external field h0 enters the residual FJ,h0(y) but not HJ(y,A). This separation will let us
use the same matrix witness when the observation field moves.
Proposition 5.1 (Stability along observations). Fix j ∈ (0, 1) and 0 < T < ∞. There are
constants η, c, ϵA, ρ0, a > 0, depending only on j, T , and events Jn for the zero-diagonal Gaussian
matrix J , such that P(J ∈ Jn) −→ 1 and the following assertion holds for every J ∈ Jn.
Let X ∼ µ0, let B0 be an independent standard n-dimensional Brownian motion, and put
Y (t) = tX +B0(t). With conditional probability at least 1 − e−an, simultaneously for 0 ≤ t ≤ T ,
y ∈ Rn, and all diagonal A,

∥FJ,Y (t)(y)∥ ≤ 2ρ0
√
n,

0 ≤ A ≤ (1 + η)I, ∥A− Vy∥F ≤ ϵA
√
n

}
=⇒ HJ(y,A) ≻ cI. (5.3)

We may require j(1 + η)2 < 1 and ∥J∥ ≤ 2
√
j + θ on Jn, for any sufficiently small fixed θ > 0

chosen in the proof.
Corollary 5.2 (Stopping formulation). For every J ∈ Jn there is an observation stopping time
τ0 such that

P(τ0 ≤ T | J) ≤ e−an,

and, for every t ∈ [0, T ] with t < τ0, the implication (5.3) holds at Y (t) with residual threshold
ρ0

√
n in place of 2ρ0

√
n. The stopping rule depends on J and the observations, and is independent

of any test function.
Proof. We express failure of stability through a witness set that is fixed before observing the
path. Let WJ consist of pairs (y,A) satisfying 0 ≤ A ≤ (1 + η)I and ∥A − Vy∥F ≤ ϵA

√
n for

which HJ(y,A) ̸≻ cI. Define the least normalized residual among these witnesses by

dJ(h) = inf
(y,A)∈WJ

∥FJ,h(y)∥√
n

, inf ∅ = +∞.

If WJ is nonempty, dJ is finite and n−1/2-Lipschitz, because FJ,h(y) = FJ,0(y) − h. Let

τ0 = inf{t ∈ [0, T ] : dJ(Y (t)) ≤ ρ0},

with value +∞ when the set is empty. Continuity makes the first hitting time an observation
stopping time. Before the hit, every violating witness has residual greater than ρ0

√
n. At

a hit, the definition of the infimum supplies a violating witness with residual strictly below
2ρ0

√
n; attainment of the infimum is unnecessary. Proposition 5.1 therefore bounds the hitting

probability.

The proof of Proposition 5.1 has three parts. A Gaussian integral bounds the weight of
unstable configurations; its scalar rate is controlled by the entropy inequality, and its conditional
matrix factor is controlled near the equality laws. A local-volume estimate then shows that any
unstable approximate zero would contribute too much to that integral. Finally we transfer the
resulting estimate to the original observation law, uniformly over the time interval.
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5.1 A Gaussian integral and its scalar rate

We carry out the integral calculation first under a planted Gaussian law, whose relation to the
original law will be proved when we assemble the path estimate. Under this law,

J̃ = W + j

n
11T, h0 = t1 +

√
t g, (5.4)

where W is centered GOE of scale j and g is independent standard Gaussian. We retain the
diagonal of J̃ during this calculation. For a Borel set E ⊆ Rn × Symn, define

It,σ(E) = (2πσ2)−n/2
∫

1{(y,J̃)∈E} exp

−
∥F

J̃ ,h0
(y)∥2

2σ2 + njb(y)2

2

 dy, σ > 0. (5.5)

The weight enjb(y)2/2 compensates for the exponential scale of the local determinant: Lemma 5.6
will use the regularized determinant bound to turn an approximate zero into a lower bound for
this integral. The sets to which we apply the integral depend on y, J̃ and are independent of h0.
Thus the observation can be averaged while retaining the restriction to E .

For fixed y, t, σ, introduce the scalar quantities

m = tanh y, q = ⟨m2⟩, b = 1 − q, B = jb, M = ⟨m⟩,
d = t+ jM, s = t+ σ2 + jq, S = s+ jq,

ay = ⟨(y − d1)m⟩, z = y − d1 +Bm, ψ = j(ay − sb)2

2sS .

(5.6)

Write φd,s for the density of N(d, s), with s denoting the variance, and define

Gt,σ,n(y) =
n∏
i=1

φd,s(yi) enψ. (5.7)

The Gaussian parameters in this expression depend on y through the preceding averages; the
product is therefore not a fixed product density.

Lemma 5.3 (Conditional Gaussian reduction). With the preceding definitions, and with g′ an
independent standard Gaussian vector,

EIt,σ(E) =
∫ √

s

S
Gt,σ,n(y)P

(
(y, J̃) ∈ E

∣∣∣Wm+
√
t+ σ2 g′ = z

)
dy. (5.8)

The conditional distribution in this identity is the usual Gaussian conditional distribution and is
defined for every y, since σ > 0.

Proof. We first evaluate the integral without its indicator. For fixed m, the GOE covariance is

Cov(Wm) = jqI + j

n
mmT.

Convolution with the heat kernel of variance σ2 and with
√
t g therefore produces the Gaussian

vector Wm+
√
t+ σ2 g′, of covariance sI + jmmT/n. Its determinant is snS/s, and its inverse

is
1
s
I − j

nsS
mmT.
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Moreover, F
J̃ ,h0

(y) = z −Wm−
√
t g. The Gaussian density at z, multiplied by enjb2/2, differs

from
∏
i φd,s(yi) by the prefactor

√
s/S and the exponential whose logarithm divided by n is

−Bay
s

− B2q

2s + j(ay +Bq)2

2sS + jb2

2 = j(ay − sb)2

2sS .

This calculation gives the identity for the unrestricted integral. To retain the indicator, condition
the joint Gaussian pair formed by W and the convolved observation on the value z of the
latter. The resulting conditional probability is exactly the factor in (5.8). All integrands are
nonnegative, so Tonelli’s theorem justifies the interchange of integrations.

The scalar entropy inequality controls the remaining integral in (5.8). To apply it, replace
empirical averages in (5.6) by integration against a probability measure P with finite second
moment, keeping the notation M, q, b, d, s, S, ay, ψ. Where needed, write a(P ) instead of ay.
Lemma 4.1 then gives

ψ(P, t, σ) −D(P∥N(d, s)) ≤ 0 (s > 0). (5.9)

At σ = 0, Lemma 4.2 identifies all equality cases: they form the curve

Pt = N(s∗(t), s∗(t)), s∗(t) = t+ jEPt tanh y,

with the point-mass convention P0 = δ0. In particular, s∗(t) ≤ t/(1 − j) and q(Pt) = (s∗(t) −
t)/j ≤ t/(1 − j).

Lemma 5.4 (Uniform scalar rate bounds). Fix j ∈ (0, 1) and T < ∞.
(i) For every smin > 0 and L < ∞, one can choose R < ∞ such that, for all sufficiently large

n, uniformly over 0 ≤ t ≤ T and 0 < σ ≤ 1,∫
{s≥smin, ⟨y2⟩>R2}

Gt,σ,n(y) dy ≤ e−Ln.

For every ε > 0, the unrestricted integral over {s ≥ smin} is at most eεn for all sufficiently
large n.

(ii) Fix t0 > 0. Outside any prescribed open neighborhood of the equality curve {(Pt, t) : t0 ≤
t ≤ T}, there are a, σ∗ > 0 such that the integral of Gt,σ,n is at most e−an, uniformly over
t0 ≤ t ≤ T and 0 < σ ≤ σ∗, for all sufficiently large n. The neighborhood can impose
weak closeness of the empirical law and closeness of any finite list of continuous, at most
linearly growing averages, including all parameters in (5.6).

(iii) For every q0 > 0, there are t0, σ∗, a > 0 such that∫
{q≥q0}

Gt,σ,n(y) dy ≤ e−an

uniformly over 0 ≤ t ≤ t0 and 0 < σ ≤ σ∗, for all sufficiently large n.

(iv) Fix t0 > 0 and ν > 0. For all sufficiently large R1 there is a > 0 such that∫
{⟨y21{|y|>R1}⟩>ν}

Gt,σ,n(y) dy ≤ e−an,

uniformly over t0 ≤ t ≤ T and 0 < σ ≤ 1, for all sufficiently large n.
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All constants are independent of n, t, σ in the indicated ranges. In (ii), neighborhoods are
interpreted on each fixed second-moment ball; the complement of a sufficiently large such ball is
covered by (i).

Proof. We first obtain a Gaussian tail envelope, then prove a compact-set bound by a finite
cover. Strict negativity away from the equality laws will give the second and third assertions; an
exponential tilt will give the fourth.

Throughout, |d| ≤ T + j and s ≤ T + 1 + j. Also a(P )2 ≤ q
∫

(y − d)2 dP and jq/S ≤ 1/2.
The elementary inequality (r − u)2 ≤ 3

2r
2 + 3u2 consequently gives

nψ ≤ 3jq
4sS

∑
i

(yi − d)2 + 3nj
2 ≤ 3

8s
∑
i

(yi − d)2 + 3nj
2 .

On s ≥ smin, it follows that

Gt,σ,n(y) ≤ exp
(
Cn− c

∑
i

y2
i

)
, (5.10)

where c > 0 and C < ∞ depend only on j, T, smin. On
∑
i y

2
i > nR2, use half of the remaining

Gaussian square for integration and the other half for the required exponential decay. This
proves the first assertion of (i).

The estimates on bounded second moments follow from one compactness argument, which
we now give in full. Put

PR =
{
P :

∫
y2 dP ≤ R2

}
.

Tightness and preservation of the second-moment bound under weak limits make this set weakly
compact. Integration of a continuous function of at most linear growth is continuous on it: the
second-moment bound makes the contribution of |y| > K uniformly O(K−1), while bounded
truncations are weakly continuous. In particular, d, s, a(P ), ψ are continuous on PR×[0, T ]×[0, 1]
where s ≥ smin.

For every compact subset C of that region,

lim sup
n→∞

1
n

log sup
t,σ

∫
{(Py ,t,σ)∈C}

Gt,σ,n(y) dy ≤ sup
C

{
ψ −D(P∥N(d, s))

}
, (5.11)

where Py = n−1∑
i δyi ; empty integrals are zero. To establish this bound, fix a strict finite upper

bound r for its right-hand side. At each ξ = (P, t, σ) ∈ C, choose a bounded continuous test
function φξ from the variational formula for relative entropy so that

ψ(ξ) −
∫
φξ dP + log

∫
eφξ dN(d, s) < r.

Such a test also exists when the entropy is infinite. Retain positive slack in the inequality and
then choose a neighborhood of ξ on which continuity controls ψ, the empirical average of φξ, and
d, s. Moreover, on

∑
i y

2
i ≤ nR2, the logarithmic density ratio between N(d′, s′)⊗n and the fixed

law N(d, s)⊗n is at most n times a quantity tending uniformly to zero as (d′, s′) → (d, s); this
follows directly by expanding their Gaussian log densities. For y in that neighborhood, insert
e
∑

i
φξ(yi) and bound its expectation under the fixed product Gaussian. The integral on the

neighborhood is then at most enr, after using less than the reserved slack for the three continuity
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errors. Cover C by finitely many such neighborhoods. An arbitrarily small enlargement of r
absorbs their number and proves (5.11). Combining this bound with (5.9) on the ball and (5.10)
outside it proves the second assertion of (i).

To obtain a strictly negative rate, observe that the same variational formula expresses relative
entropy as a supremum of continuous functions. Thus it is jointly lower semicontinuous in P, d, s
when s is bounded away from zero, and ψ − D is upper semicontinuous. At σ = 0, its zero
set is precisely the equality curve identified above. On a compact set disjoint from any open
neighborhood of that curve its supremum is strictly negative. The same remains true for all
sufficiently small σ: otherwise a convergent sequence with σ ↓ 0 and rates approaching zero
would give an equality point outside that neighborhood. Apply (5.11), with smin = t0, and then
choose the second-moment tail rate in (i) strictly negative. This proves (ii).

Near time zero, the restriction on q supplies the positive variance needed for the same
argument. For (iii), choose t0 so small that t0/(1 − j) < q0/2. The set q ≥ q0 contains no
equality point at σ = 0 and 0 ≤ t ≤ t0. On this set s ≥ jq0 > 0, so the preceding compactness
argument and the tail envelope apply without change, including at t = 0.

It remains to control the contribution of large coordinates in (iv). Fix t0, ν > 0, and take
0 < λ < 1/[8(T + 1 + j)]. Let hR1(y) = y21{|y|>R1}. On a fixed second-moment ball, repeat the
proof of (5.11), this time inserting eλ

∑
i
hR1 (yi). Begin with any small positive rate bound ε in

that proof and its finite collection of tests φξ. Uniformly for |d| ≤ T + j and t0 ≤ s ≤ T + 1 + j,∫ (
eλhR1 (y) − 1

)
dN(d, s)(y) −→ 0 (R1 → ∞),

by Gaussian tails; the choice of λ leaves a uniformly negative quadratic exponent. The same
holds with the integrand multiplied by any of the finitely many bounded eφξ . The additional
logarithmic moment can therefore be made arbitrarily small in every member of the finite cover.
For sufficiently large R1, the tilted integral on the ball is at most e2εn. On ⟨hR1(y)⟩ > ν, remove
the tilt at cost e−λνn. Choosing 2ε < λν/2 gives a strictly negative rate there. The integral off
the ball is estimated without the tilt, using (i) with a larger negative rate. This proves (iv).

5.2 The conditional Hessian

The scalar bounds concentrate the integral near the equality curve. We now show that, there,
the conditional Hessian is positive with an exponential probability bound. The conclusion is
simultaneous over all admissible nearby diagonal matrices, which will be needed to exclude every
unstable approximate zero.

Lemma 5.5 (Conditional stability near the scalar equality curve). Fix 0 < t0 ≤ T , R < ∞, and
η > 0 with j(1 + η)2 < 1. There are c∗, ϵ∗, a∗, σ∗ > 0, a neighborhood U of {(Pt, t) : t0 ≤ t ≤ T},
a tail tolerance ν > 0, and a finite R1 such that the following holds. Suppose

⟨y2⟩ ≤ R2, (Py, t) ∈ U , ⟨y21{|y|>R1}⟩ ≤ ν, t0 ≤ t ≤ T, 0 < σ ≤ σ∗.

Under the Gaussian conditioning in (5.8), with probability at least 1 − e−a∗n, simultaneously for
all diagonal A satisfying

0 ≤ A ≤ (1 + η)I, ∥A− Vy∥F ≤ ϵ∗
√
n,

one has H
J̃
(y,A) ⪰ c∗I. All constants are uniform over the displayed ranges and sufficiently

large n. The tail cutoff R1 may be required to be arbitrarily large after choosing ν; ϵ∗ is then
decreased if necessary.
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Proof. We first compute the Gaussian regression and the finite-rank correction at an equality
law. We then show that the empirical-law and diagonal hypotheses preserve its positive margin,
uniformly over all admissible diagonals.

Gaussian regression and whitening. In a sufficiently small neighborhood of the equality
curve, s and q have positive lower bounds depending on j, t0, T . Indeed s∗(t) ≥ t0, and
q(Pt) = EPt tanh2 y is positive and continuous there. Set

u = m
√
nq
, Z1 = y − d1√

ns
, Pu = I − uuT.

The norms of 1/
√
n, u, Z1 are bounded uniformly by the assumed second-moment bound. Write

W = PuWPu + uwT + wuT + αuuT.

The three blocks in this decomposition are independent before conditioning, with Cov(w) =
(j/n)Pu and Var(α) = 2j/n. The projection of the observation in (5.8) perpendicular to u
observes √

nq w with independent noise of covariance (t+ σ2)Pu; projecting along u observes√
nq α with noise variance t+ σ2. The elementary Gaussian conditional-mean and conditional-

variance formulas therefore give the following representation, using a fresh centered GOE
W0:

PuWPu = PuW0Pu,

w = w̄ + κPuW0u, w̄ = j
√
q/sZ1 − jay

s
u, κ =

√
t+ σ2

s
,

α = 2j(ay +Bq)
S

+

√
t+ σ2

S
uTW0u.

(5.12)

For example, the perpendicular conditional mean is j
√
q/s PuZ1, which equals the displayed w̄

because uTZ1 = ay/
√
qs. The parallel conditional mean follows from uTz =

√
n/q(ay+Bq). The

parallel residual variance is (2j/n)(t+ σ2)/S. These conditional means and residual variances
verify all three blocks of (5.12).

For the moment, fix a deterministic admissible A. We compare the conditional Hessian with
the positive matrix built from the fresh GOE by setting

χ = 1
n

TrA, BA = jχ, SA = I +BAA−A1/2W0A
1/2, Y(p) = S

−1/2
A A1/2p.

Lemma 3.2 gives SA ⪰ c0I except with exponentially small probability, where c0 > 0 is uniform
in A. Let GA = A1/2S−1

A A1/2. Lemma 3.4, applied to the three deterministic vectors 1/
√
n, u, Z1,

says that their Gram entries after Y are as close as desired to their A-weighted Gram entries,
and that the extra vector Y(W0u) has Gram entries as close as desired to those of

BAY(u) +
√
BAN, (5.13)

where N is a unit vector orthogonal to the three deterministic images in this comparison.
Specifically, its mixed entries are BApTAu and its squared norm is BA + B2

Au
TAu. Here N

describes only Gram entries; this notation does not assert a coupling with an additional random
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or deterministic vector. The comparison concerns finite Gram matrices; the associated symmetric
finite-rank eigenvalues depend continuously on their entries, as we verify when returning to
the empirical parameters. Each fixed Gram tolerance has failure probability at most Ce−an

uniformly over the bounded deterministic vectors and over A. Also uTW0u is smaller than any
fixed tolerance with exponentially high probability, since its variance is 2j/n.

The correction at an equality law. We now compute the finite-rank perturbation in
the ideal Gram comparison. Set σ = 0, take s = s∗(t), and replace each weighted average
n−1∑

iAiif(yi) by EN(s,s)[sech2 y f(y)]. Evaluate all other empirical averages under the same
law. Thus ay = sb, BA = B = jb, and κ2 = 1 − jq/s. Write

X1 = Y(1/
√
n), U = Y(u), Z2 = Y(Z1),

using the Gram interpretation just described. Subtracting W0 from (5.12) gives exactly

W −W0 = uw̄T + w̄uT − (1 − κ){u(W0u)T + (W0u)uT}
+ {α+ (1 − 2κ)uTW0u}uuT.

(5.14)

At equality, w̄ = j
√
q/sZ1 − Bu and α = 2B after discarding the vanishing Gaussian scalar.

Whiten by SA, and use (5.13) with BA = B. The perturbation to subtract from the identity
consists of the planted term jX1X

T
1 , the term 2jqUUT, and the whitened version of (5.14).

The terms −2BUUT and +2BUUT cancel. Eliminating the orthogonal direction N by Schur
complement adds (1 − κ)2BUUT to the perturbation. Its total UUT coefficient becomes

2jq − 2(1 − κ)B + (1 − κ)2B = jq(2 −B/s).

Consequently the Schur complement is the identity minus

j{X1X
T
1 + (2 −B/s)M1M

T
1 +M1G

T
1 +G1M

T
1 }, M1 = √

q U, G1 = Z2/
√
s. (5.15)

To prove positivity of this Schur complement, it suffices to examine its three-vector Gram
matrix. Put e = EN(s,s)[m2(1 −m2)]. The Gram matrix of (X1,M1, G1) equals

H =

 b e −2e
e e b− 3e

−2e b− 3e b/s− 2b+ 6e

 . (5.16)

We derive the entries of this matrix explicitly. The density of N(s, s) satisfies p(y)/p(−y) = e2y.
Pairing y and −y shows that every integrable odd function f satisfies Ef(y) = E[f(y) tanh y].
This gives E[m(1 −m2)] = e. Gaussian integration by parts gives

1
s
E[(y − s)(1 −m2)] = −2e, 1

s
E[(y − s)m(1 −m2)] = b− 3e.

Applying it twice, and using (1 −m2)′′ = 4m2(1 −m2) − 2(1 −m2)2, gives the final diagonal
entry b/s− 2b+ 6e. The remaining entries are immediate, proving (5.16).

The coefficient matrix in (5.15) is

C = j

1 0 0
0 2 −B/s 1
0 1 0

 .
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Set d0 = 1 − jb and g1 = je. The first and third columns of I − HC are (d0,−g1, 2g1)T and
(−g1,−g1, d0 + 3g1)T. Adding B/s times the third column to the second makes the second
column (0, d0 + g1, 0)T. Hence

det(I −HC) = (d0 + 2g1)(d0 + g1)2 > 0. (5.17)

The same determinant is obtained from the identity minus (5.15) on any ambient space containing
its three vectors. To determine its sign as a quadratic form, first subtract only jX1X

T
1 ; the result

is positive definite because j∥X1∥2 = jb < 1. The remaining two-vector perturbation has at most
one positive eigenvalue, since its coefficient block j

(
2−B/s 1

1 0

)
has one positive and one negative

eigenvalue. The resulting matrix can consequently have at most one nonpositive direction. The
positive determinant in (5.17) excludes both a zero eigenvalue and a single negative eigenvalue.
Hence the matrix is positive definite. The Schur complement then also gives positivity before N
was eliminated.

Perturbing the scalar law and the diagonal. The equality calculation supplies the positive
margin we need. We first explain why the hypotheses put the actual weighted Gram entries
near these equality values.

Each deterministic vector has coordinates n−1/2 times one of 1,m/√q, (y− d)/
√
s. Products

of two such coordinate functions are bounded by C(1 + y2). For any such product f , the tail
and Frobenius bounds imply∣∣∣∣∣ 1n∑

i

(Aii − (Vy)ii)f(yi)
∣∣∣∣∣ ≤ CR1

∥A− Vy∥F√
n

+ Cν. (5.18)

On |yi| ≤ R1, use Cauchy–Schwarz and boundedness of f ; outside, use |Aii − (Vy)ii| ≤ 2 + η and
the tail hypothesis, with R1 ≥ 1. The corresponding Vy-weighted functions are bounded and
continuous, even when multiplied by y2, because sech2 y decays exponentially. Their averages
are therefore close to the equality-law averages in a sufficiently small weak neighborhood. The
parameters d, s, q, ay are continuous on the second-moment ball, so their denominators and
coefficients are close as well. Finally |BA −B| ≤ j∥A− Vy∥F/

√
n.

We retain the positivity uniformly for t ∈ [t0, T ] and under small Gram errors. If Q has
finitely many columns, the nonzero eigenvalues ofQCQT agree with those of (QTQ)1/2C(QTQ)1/2,
including multiplicity. The largest eigenvalue, with zero adjoined, is therefore a continuous
function of the Gram matrix and the coefficients. All equality parameters vary continuously
on the compact interval [t0, T ], and s, q stay positive there. The exact calculation thus gives
a uniform positive whitened margin. Choose a fixed tolerance ξ > 0 on coefficients and Gram
entries small enough to preserve, say, half of it. Lemmas 3.2 and 3.4, the Gaussian scalar
estimate, and (5.18) show that this tolerance is achieved for each fixed admissible A with failure
probability at most Ce−an, after choosing the scalar neighborhood, tail tolerance, σ∗, and
Frobenius distance sufficiently small. Returning from whitening multiplies the margin by at
least c0. The omitted mass (B − BA)A has norm at most j(1 + η)∥A− Vy∥F/

√
n and can be

absorbed by decreasing that distance again.
At this stage the margin is proved for each fixed A. To make it simultaneous, we use that

its failure exponent is uniform over the bounded deterministic vector norms. Those bounds were
fixed before choosing the Frobenius distance. Also (5.12) implies ∥W∥ ≤ K1 with failure Ce−a1n

for some uniform K1: the norms of the deterministic means are bounded, and the remaining
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terms are controlled by ∥W0∥. On this event, A 7→ H
J̃
(y,A) is uniformly 1/2-Hölder in diagonal

sup norm. Indeed ∥A1/2 − Â1/2∥ ≤ ∥A− Â∥1/2, while the middle factor in (5.2) has bounded
norm.

Choose a fixed mesh size ζ > 0 small enough that the Hölder error is below one quarter
of the margin. Given A with normalized Frobenius distance at most ϵ from Vy, let SA = {i :
|Aii − (Vy)ii| > ζ}. It has at most αn elements, where α = ϵ2/ζ2. Outside SA replace Aii by
(Vy)ii; on SA, round it within ζ to a grid of [0, 1 + η], including the endpoints. The resulting Â
obeys

∥A− Â∥ ≤ ζ, ∥Â− Vy∥F ≤ 2ϵ
√
n.

For fixed y, these approximants are deterministic and number at most

∑
k≤αn

(
n

k

)
Nk
ζ , Nζ ≤ C(1 + 1/ζ).

Its logarithm divided by n tends to zero as α ↓ 0; for instance it is at most −α logα − (1 −
α) log(1 − α) + α logNζ + o(1) when α < 1/2. Choose ϵ∗ so small that 2ϵ∗ meets all moment
tolerances and this counting rate is less than half the fixed-A failure exponent. A union bound,
followed by the Hölder comparison, proves the desired uniform margin.

For later use, record the order that preserves the concentration exponents. First fix R, t0, T, η,
the limiting margin, and the Gram tolerance ξ. This fixes the vector norm bounds, conditional
concentration exponents, K1, and the mesh ζ. Next take the equality neighborhood and tail
tolerance ν small. Choose any sufficiently large finite R1, then take ϵ∗ small enough for (5.18) and
the union bound. Finally decrease σ∗ so all scalar coefficients lie within the required tolerance.
No concentration exponent is lost when ϵ∗ is decreased. This also proves the last assertion of
the lemma.

5.3 From a small integral to exclusion of approximate zeros

The conditional estimate controls all nearby diagonals for each fixed y satisfying the scalar
hypotheses. Combined with the scalar rate bounds, it will make the expected integral over
unstable configurations exponentially small. To exclude approximate zeros at any y, the next
deterministic lemma gives the complementary lower bound: an approximate zero satisfying a
regularized determinant bound contributes a definite exponential amount to the integral over a
surrounding ball. The regularization makes a sign assumption on the Jacobian unnecessary.

Lemma 5.6 (Local volume at an approximate zero). Fix j,K < ∞, r > 0, and ε > 0. Suppose
∥J̃∥ ≤ K, and a set E ⊆ Rn contains the ball {y′ : ∥y′ − y∥ ≤ r

√
n}. Put

L = F ′
J̃ ,h0

(y) = I + (BI − J̃)Vy − 2j
n
mmTVy, Q = LTL+ γI.

If
1
n

log detQ ≤ jb(y)2 + ε1, ∥F
J̃ ,h0

(y)∥ ≤ ρ
√
n, (5.19)

then
(2πσ2)−n/2

∫
E
e

−∥F
J̃,h0

(y′)∥2/(2σ2)+njb(y′)2/2 dy′ ≥ e−εn (5.20)

for all sufficiently large n, provided the constants are chosen in this order: first ε1 > 0 sufficiently
small in terms of ε; then any fixed γ > 0; then σ > 0 sufficiently small in terms of j,K, r, ε, γ;
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and finally ρ > 0 sufficiently small in terms of those constants and σ. The bound is uniform in
y, h0, n under the stated hypotheses.

Proof. We integrate over a Gaussian ellipsoid centered at the approximate zero. Its covariance is
chosen to control the linearized residual. Let g′′ be standard Gaussian and put ∆ = σQ−1/2g′′,
and restrict to B = {∥g′′∥ ≤ 2

√
n}. For 2σ/√γ ≤ r, all resulting points y + ∆ belong to E.

Changing variables in the integral gives the lower bound

(detQ)−1/2P(B)E
[
exp

{
∥g′′∥2

2 − ∥F (y + ∆)∥2

2σ2 + njb(y + ∆)2

2

} ∣∣∣∣∣B
]
. (5.21)

Here and for the remainder of this proof F = F
J̃ ,h0

. The conditioning has probability tending to
one, and all estimates below remain valid under it with a uniform factor, since P(B) ≥ 1/2 for
large n.

We must control the nonlinear residual on this ellipsoid uniformly in its center. Coordinatewise
Taylor expansion gives

m(y + ∆) = m+ Vy∆ + rm, |(rm)i| ≤ C∆2
i .

Writing b(y + ∆) = b + ℓb + rb, its linear part is ℓb = −2⟨m(1 − m2)∆⟩, and |rb| ≤ C∥∆∥2/n.
Thus, when the product jb,m in F is expanded, its remainder is bounded in norm by

C

(
∥rm∥ + ∥∆∥2

√
n

)
.

For the product of first differences use |b(y+∆)−b(y)| ≤ C∥∆∥/
√
n and ∥m(y+∆)−m(y)∥ ≤ ∥∆∥.

The remaining term −J̃m has remainder bounded by K∥rm∥. Since the covariance of ∆ is
bounded above by σ2I/γ, Gaussian fourth moments give

E
∑
i

∆4
i ≤ Cnσ4/γ2, E∥∆∥4 ≤ Cn2σ4/γ2.

Combining these Taylor estimates with the Gaussian moments, and writing RF = F (y + ∆) −
F (y) − L∆, yields

E[∥RF ∥2 | B] ≤ Cnσ4/γ2, E[|b(y + ∆)2 − b(y)2| | B] ≤ Cσ/
√
γ. (5.22)

All constants depend only on j,K.
The choice of ellipsoid now controls the linear term: the singular values of LQ−1/2 are at most

one. Hence ∥L∆∥ ≤ σ∥g′′∥ pointwise, including on B. Expanding F (y + ∆) = F (y) + L∆ +RF
and applying Cauchy–Schwarz to its cross terms yields

1
n
E
[

∥g′′∥2

2 − ∥F (y + ∆)∥2

2σ2

∣∣∣∣∣B
]

≥ −C
{
ρ

σ
+ σ

γ
+
(
ρ

σ

)2
+
(
σ

γ

)2
+ ρ

γ

}
.

The last mixed term may also be absorbed into the two squares. Apply Jensen’s inequality to
the conditional expectation in (5.21). Its logarithm divided by n is at least

− 1
2n log detQ+ jb(y)2

2 − C

{
ρ

σ
+ σ

γ
+
(
ρ

σ

)2
+
(
σ

γ

)2
+ σ

√
γ

}
+ o(1).
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The determinant hypothesis cancels jb(y)2/2, with a loss of at most ε1/2. Choose the constants
in the order in the statement; the other errors then have total size smaller than ε. This proves
the lower bound.

5.4 Proof of the observation-path statement

Proof of Proposition 5.1. We assemble the scalar, matrix, and local-volume estimates under the
planted law (5.4). After excluding unstable approximate zeros at a fixed time, we remove the
auxiliary diagonal, control the whole path by a fixed mesh, and undo the planting.

Let J be J̃ with its diagonal zeroed. Choose η, θ, q0 > 0 sufficiently small that j(1 + η)2 < 1
and, whenever q ≤ 2q0,

I + (j − 3jq − 2
√
j − 2θ)A ⪰ csmI (0 ≤ A ≤ (1 + η)I) (5.23)

for some csm > 0. These choices are possible because at η = θ = q = 0 the lower scalar bound is
1 + j − 2

√
j = (1 −

√
j)2 > 0. On

∥J∥ ≤ 2
√
j + θ, max

i
|J̃ii| ≤ θ, (5.24)

we have ∥J̃∥ ≤ 2
√
j + 2θ. Since mmT/n ⪯ qI, (5.23) implies H

J̃
(y,A) ⪰ csmI for all q ≤ 2q0.

Choose t0 ∈ (0, T ] small enough for Lemma 5.4(iii).
For the remaining times t ∈ [t0, T ], the conditional Hessian lemma provides the margin

near the equality curve. Choose a second-moment ball whose complement has a fixed negative
rate, using Lemma 5.4(i) with smin = t0. Apply Lemma 5.5 on this ball. Take its equality
neighborhood and tail tolerance, choose its tail cutoff R1 sufficiently large for Lemma 5.4(iv),
and then choose its diagonal-distance radius. Decrease σ∗ > 0 so that Lemma 5.4(ii) excludes the
complement of that equality neighborhood, and so that the small-time scalar bound also holds.
The scalar regions excluded by these choices all have fixed strictly negative rates, uniformly for
0 < σ ≤ σ∗. On the region left over, the conditional matrix margin fails with probability at
most e−a∗n.

Let ϵ∗ > 0 denote the full diagonal-distance radius just chosen. Choose cE > 0 smaller than
both c∗/2 and csm/2. For t ≥ t0, define

Et(W ) =
{
y : ∃A, 0 ≤ A ≤ (1 + η)I, ∥A− Vy∥F ≤ ϵ∗

√
n, λmin(H

J̃
(y,A)) ≤ cE

}
.

For 0 ≤ t < t0, instead put Et(W ) = {y : q(y) ≥ q0}. There is a0 > 0 such that

EIt,σ(Et) ≤ e−a0n (0 ≤ t ≤ T, 0 < σ ≤ σ∗) (5.25)

for all sufficiently large n, uniformly in t, σ. For small times, this follows from the scalar bound
and Lemma 5.3. For larger times, split the conditional integral into the excluded scalar regions
and their complement. The excluded regions have negative rates. On the complement multiply
the conditional probability e−a∗n by the unrestricted scalar integral, whose rate is at most any
prescribed positive number, by Lemma 5.4(i). Taking that number below a∗/2 proves (5.25).
Finitely many pieces can be absorbed by decreasing a0.

We now use local volume to exclude every unstable approximate zero. An individual witness
will force a ball of the excluded set to contribute too much to the integral. Suppose

∥F
J̃ ,h0

(y)∥ ≤ ρ
√
n, ∥A− Vy∥F ≤ 1

2ϵ∗
√
n, λmin(H

J̃
(y,A)) ≤ 1

2cE (5.26)
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for some 0 ≤ A ≤ (1 + η)I, and assume (5.24). There is a constant r > 0, independent of this
witness and of n, t, such that ∥y′ − y∥ ≤ r

√
n implies y′ ∈ Et(W ). For t ≥ t0, the same A

witnesses instability throughout a sufficiently small ball. Indeed,

∥Vy′ − Vy∥F ≤ 2∥y′ − y∥, |b(y′) − b(y)| ≤ 2∥y′ − y∥/
√
n,

and
∥m(y′)m(y′)T/n−m(y)m(y)T/n∥ ≤ 2∥y′ − y∥/

√
n

preserve the full diagonal-distance constraint and the bound λmin ≤ cE if r is small enough. For
t < t0, (5.23) and the chosen cE imply q(y) > 2q0; the same Lipschitz bound for q then gives
q(y′) ≥ q0 for a smaller r.

Set L = F ′
J̃ ,h0

(y). It is a bounded-rank, bounded-norm perturbation of

I + (BI −W )Vy : L = I + (BI −W )Vy − j

n
11TVy − 2j

n
mmTVy.

Here n−1 TrVy = b(y), so the determinant rate in Lemma 3.5 matches the weight in (5.5). That
lemma says that, for any chosen ε1 > 0, one may choose a fixed γ > 0 sufficiently small so that,
except on an event of probability Ce−a1n, simultaneously at every y,

1
n

log det(LTL+ γI) ≤ jb(y)2 + ε1.

The lemma’s rank-perturbation allowance applies here with two rank-one terms of norms at
most j and 2j. Choose ε < a0/2, choose ε1 for Lemma 5.6, then choose γ by the log-determinant
lemma. Next fix σ ∈ (0, σ∗] sufficiently small for the local-volume lemma, and finally fix ρ > 0
sufficiently small for it. A witness (5.26) on the determinant event forces It,σ(Et) ≥ e−εn.
Markov’s inequality and (5.25) show that the probability of such a witness, under (5.24), is at
most Ce−a2n, uniformly in t ∈ [0, T ]. Here the uniformity of the negative rates permits the later
choice of σ required by the local-volume estimate.

The integral argument used a full GOE matrix. We now pass to its zero-diagonal version,
retaining slack in both residual and Hessian bounds. Choose a fixed δD > 0 so small that

δD ≤ θ, δD ≤ ρ/2, (1 + η)δD ≤ cE/4.

The diagonal entries of J̃ are independent N(j/n, 2j/n), so P(maxi |J̃ii| > δD) ≤ Ce−aDn for
large n. On its complement,

∥F
J̃ ,h0

(y) − FJ,h0(y)∥
√
n

≤ δD, ∥H
J̃
(y,A) − HJ(y,A)∥ ≤ (1 + η)δD.

Thus a zero-diagonal witness with residual at most ρ
√
n/2, radius ϵ∗

√
n/2, and Hessian minimum

at most cE/4 would give a witness (5.26). We have proved an exponentially small fixed-time
failure probability for the zero-diagonal matrix, restricted only to ∥J∥ ≤ 2

√
j + θ.

To pass from a fixed time to the whole interval, we control observation increments on a
deterministic mesh. Take a mesh of size ∆ > 0 that includes both endpoints. For a scalar
Brownian motion, the reflection bound implies that sup0≤u≤∆ |B(u)|2/∆ has an exponential
moment at a fixed positive argument. The coordinate Brownian motions are independent.
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Exponential Markov applied to the sum of their squared suprema consequently gives, for each
desired κ0 > 0, a mesh ∆ small enough that

P
(

max
k

sup
tk≤t≤tk+1

∥B0(t) −B0(tk)∥√
n

> κ0

)
≤ Ce−a3n.

The deterministic drift contributes at most ∆
√
n to each increment. Choose the mesh so the

full normalized increment is at most ρ/4. Set ρ0 = ρ/8, ϵA = ϵ∗/2, and c = cE/4. A pathwise
violation of (5.3) then gives a fixed-time violation at a mesh point: the Hessian and its witness
do not use the field, and the residual increases by at most ρ

√
n/4. A union bound over the fixed

finite mesh proves an annealed path failure bound Ce−a4n under the planted law, restricted to
∥J∥ ≤ 2

√
j + θ.

We have obtained a path estimate under planting. To recover the original disorder law,
introduce the partition-function density

Z(J) =
∑
x

ex
TJx/2, L(J) = Z(J)/EZ(J).

Size-bias the original joint law of J,X, withX ∼ µ0, by L(J). Its density in J,X is proportional to
ex

TJx/2 times the original Gaussian density. Gaussian tilting makes X uniform and, conditionally
on X, makes the off-diagonal entries of J independent with means jXiXj/n and variance
j/n. Add independent diagonal entries with law N(j/n, 2j/n)—a centered GOE diagonal plus
jI/n—and conjugate by DX ; the resulting matrix and observation have exactly the law (5.4).
All witness conditions are equivariant under this conjugation, because m(DXy) = DXm(y),
VDXy = Vy, and diagonal A commutes with DX . Conditional observation paths given J are
unchanged by size bias.

Undoing this change of law requires a lower bound for L(J) on typical original matrices. For
independent uniform signs εi, Gaussian averaging gives

EZ2

(EZ)2 = e−j/2E exp

 j

2n

(∑
i

εi

)2
 ≤ (1 − j)−1/2.

To obtain the inequality, introduce an independent standard Gaussian g and use Eεe
√
j/ng

∑
i
εi =

cosh(
√
j/ng)n ≤ ejg

2/2. Paley–Zygmund then yields a constant pj > 0 with P(Z ≥ EZ/2) ≥ pj .
As a function of the independent standard off-diagonal Gaussians, logZ has gradient squared at
most (j/n)

(n
2
)

≤ jn/2. Gaussian concentration about a median therefore has scale O(
√
n). The

preceding positive-probability lower bound implies that this median is at least logEZ −Oj(
√
n):

otherwise its upper concentration tail would be smaller than pj . It follows that, for every fixed
δ > 0,

P{L(J) < e−δn} −→ 0. (5.27)

We can now turn the annealed planted estimate into the required conditional observation
bound. Let pn(J) denote the conditional observation-path failure probability for (5.3). The
planted estimate is

E
[
L(J)pn(J)1{∥J∥≤2

√
j+θ}

]
≤ Ce−a4n.

Choose δ < a4/2. On L(J) ≥ e−δn, this gives an original expectation bound Ce−(a4−δ)n for the
restricted pn(J). Markov’s inequality makes pn(J) ≤ e−an outside an event of probability tending
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to zero, for a fixed sufficiently small a > 0. Equation (5.27) and the usual GOE norm bound,
including diagonal removal, show that the restrictions on L(J) and ∥J∥ hold with probability
tending to one. Intersect these events to obtain Jn and finish the proof.

We finish by checking measurability of the witness events used in the argument. At fixed y,
the matrix-witness sets are projections over the compact diagonal range. For existence of y,A, t
along a continuous path, additionally restrict ∥y∥, ∥J∥, and supt≤T ∥Y (t)∥ by integers. The
witness inequalities are closed and the witness parameter space is compact, so these restricted
projections are closed. Taking a countable union removes the bounds. This also justifies the
conditional probabilities and the restricted integrals above.

5.5 A unique root and quantitative inversion

The preceding proposition supplies stability along random observations at fixed subcritical j.
The following consequence is deterministic: its hypothesis requires positivity throughout the
region of small residual. From that whole-region assumption we obtain a unique zero and a
bound on the distance to it. This separates the probabilistic construction of stable fields from
the inversion used later.

Lemma 5.7 (Root and inverse bound at a stable field). Fix j,K, c, r0 > 0. Let J be symmetric
with ∥J∥ ≤ K, and let h0 ∈ Rn. Suppose

HJ(y, Vy) ⪰ cI whenever ∥FJ,h0(y)∥ ≤ r0
√
n. (5.28)

Then FJ,h0 has exactly one zero r ∈ Rn, and

∥y − r∥ ≤ C∥FJ,h0(y)∥ if ∥FJ,h0(y)∥ < r0
√
n, C = 1 + (K + 3j)/c. (5.29)

In particular this conclusion applies to every field satisfying (5.3), even if that implication is
required only through residual threshold ρ0

√
n.

Proof. We first bound the derivative inverse on the region in the hypothesis. We then prove
existence and uniqueness of a zero, and integrate the inverse bound along a path to that zero.

Put L1 = BI − J − 2jmmT/n. Since F ′(y) = I +L1Vy, the elementary inverse identity gives

F ′(y)−1 = I − L1V
1/2
y (I + V 1/2

y L1V
1/2
y )−1V 1/2

y .

Under (5.28), this inverse exists and has norm at most 1 + (K + 3j)/c, since 0 < Vy ≤ I and
∥L1∥ ≤ K + 3j.

For existence and uniqueness, pass to the coordinates m ∈ (−1, 1)n and define the potential

Φ(m) =
∑
i

∫ mi

0
atanh z dz − hT

0m− 1
2m

TJm+ j

2∥m∥2 − j

4n∥m∥4.

Its critical-point equation is FJ,h0(atanhm) = 0. At any critical point,

V 1/2
y Φ′′(m)V 1/2

y = HJ(y, Vy) ⪰ cI, y = atanhm,

so the critical point has positive definite Hessian and is isolated. Choose a ∈ (0, 1) close enough
to one that

atanh a > 1 + max
i

|(h0)i| +
∑
j

|Jij | + j

 .
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Every critical point lies in the interior of [−a, a]n, and on each face of this box the negative
gradient −∇Φ points strictly inward. The minimum of Φ on the box is therefore attained at an
interior critical point. This proves existence.

To prove uniqueness, consider the negative gradient flow from any point of the box. The
inward-pointing condition keeps the trajectory in the box for all positive times. Its potential
decreases and is bounded below, so

∫∞
0 ∥∇Φ(m(t))∥2 dt < ∞. The squared gradient is uniformly

continuous in time, because the gradient and Hessian are bounded on the box. It follows that the
gradient tends to zero: a nonzero limsup would, by uniform continuity, force disjoint intervals of
fixed positive integral. Every limit point of a trajectory is therefore critical. The critical set is
finite, since it is a compact set of isolated zeros. The limit set of a trajectory is connected: it is
the intersection of the nested compact connected closures of its tails. Each trajectory therefore
converges to one critical point.

It remains to show that all trajectories converge to the same point. The positive Hessian
makes every critical point a strict local attractor. For clarity, in a sufficiently small ball about it
one has (m−m∗)T∇Φ(m) ≥ c∗∥m−m∗∥2, which gives exponential contraction of the distance
along the flow and invariance of the ball. Continuous dependence of the flow on its starting
point, up to the time it enters that ball, shows that each attraction basin is relatively open in
[−a, a]n. These disjoint nonempty basins cover the connected box. Hence there is only one basin
and one critical point, proving uniqueness of r.

We now derive the distance estimate. Suppose ∥F (y)∥ < r0
√
n. Starting at y(0) = y, solve

on the open region ∥F∥ < r0
√
n the ordinary differential equation

ẏ(s) = −F ′(y(s))−1F (y).

The chain rule gives F (y(s)) = (1 − s)F (y) while the solution exists. Its velocity has norm
at most C∥F (y)∥. If its maximal existence interval ended at or before time one, this velocity
bound would give a finite limiting point, whose residual is still strictly less than r0

√
n and whose

derivative is invertible. Local existence would extend the solution, a contradiction. The solution
consequently reaches time one, at which its value is the unique zero r. Integrating the velocity
bound along this path gives (5.29).

6 Weak residual identities and discrete differentiation
We derive the residual identities needed for the two posterior estimates. Moments of a fixed finite
sequence of primary iterates will locate two consecutive small increments. Ordinary test-vector
recipes then control means under square reweighting; one additional implicit recipe supplies the
linear-response test for the directional covariance estimate. The proof proceeds from discrete
derivative bounds to a weak residual rule, and ends with the terminal identity for that implicit
test.

This section is deterministic. We fix J satisfying the word estimates of Lemma 3.1, fix an
external field h0 ∈ Rn, and take all expectations with respect to µh0 . We fix the depth, the
finite construction, and its coefficient bounds independently of n. These choices determine a
finite required word length, which can increase when the choices change. Constants in derivative
estimates can depend on these choices and on the corresponding word bounds; they are uniform
in n, h0, the spin configuration, and the permitted seeds. The size and inverse bounds for the
initial implicit construction below have the stronger, depth-independent uniformity explicitly
stated there.
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We use the discrete derivatives, product rule (1.2), and norm ∥G∥∗ introduced above, with
dg = (dig)ni=1 for scalar g. All vector functions such as tanh h1 are understood coordinatewise.

6.1 Primary fields

The following recursion has the Onsager-corrected form of iterative TAP constructions, as in
Bolthausen [8]. Here it starts from a Gibbs spin sample and is used only through a fixed finite
depth. Define

m0 = x, b0 = 0, ml = tanh hl, bl = ⟨1 − (ml)2⟩, Rl = ml−1 −ml,

hl+1 = h0 + Jml − jblm
l−1 (l ≥ 1).

(6.1)

The finite-depth objective is visible in the scalar pairings Sl = RT
l m

l/
√
n. Expanding the

squared increment gives
∥Rl∥2

n
= bl − bl−1 − 2Sl√

n
. (6.2)

Since 0 ≤ bl ≤ 1, control of Sl/
√
n through a sufficiently large fixed depth forces two consecutive

residuals to be small. We will prove the moment bounds

ES2
l ≤ Cl, Eν

(
Sl√
n

)2
≤ Cl√

n

(
1 + Dh0(f)

N

)
, N = Ef2 > 0, ν = f2µh0

N
.

These bounds will supply the ordinary and square-reweighted selection estimates in Section 7;
convergence of the primary recursion is not required.

The first residual explains what is needed from a test vector U . Conditional covariance in
one spin gives the exact identity

EGRT
1U = E

∑
i

v1
i di(GUi).

The product rule bounds its right side by C∥G∥∗ whenever ∥U∥ and
∑
i |diUi| are bounded

pointwise. Thus the essential property of our tests is a bound on the sum of their diagonal
derivatives, in addition to a bound on their Euclidean norm. The Onsager corrections will
preserve this property through the finite constructions below. We begin with the primary
fields, whose derivatives enter those tests. We use ∥Q∥ℓ4 = (

∑
i,j |Qij |4)1/4 for the unnormalized

entrywise norm.

Lemma 6.1 (Primary differentiation). Let

H1 = J, M0 = I, Ml = D1−(ml)2Hl, Hl+1 = JMl − jblMl−1. (6.3)

For each fixed l ≥ 1,

∥∇hl −Hl∥F + ∥∇ml −Ml∥F ≤ C, (6.4)
∥∇hl∥ + ∥∇ml∥ + ∥∇hl∥ℓ4 + ∥diag ∇hl∥2 ≤ C, ∥dbl∥ ≤ Cn−1/2. (6.5)

More generally, let gi be a smooth function of a fixed list of coordinates hli and averages bl,
with uniformly bounded derivatives through the orders being used. Deterministic site labels are
permitted, provided the same bounds hold uniformly in i. Its derivative matrix has bounded
operator norm, bounded diagonal ℓ2 norm, and bounded entrywise ℓ4 norm.
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Proof. We first bound the formal matrices in (6.3), then compare them with the actual discrete
derivatives. Expanding Hl+1 produces the chain

JD1−(ml)2J · · ·D1−(m1)2J

and the terms obtained by contracting disjoint pairs of originally adjacent J ’s. Contracting
JD1−(ms)2J contributes −jbsI. This description follows inductively from the two terms defining
Hl+1: either keep its first link, or contract that link with the next one. Multiplicities are retained
when different contractions happen to give the same matrix.

The contraction terms cancel the diagonal predictions. To see this, fix a complete noncrossing
pairing of the original chain. Reinserting each contracted adjacent pair identifies its contribution
with the prediction of this full pairing, multiplied by the signs of the contractions. The
originally adjacent pairs belonging to a pairing are mutually disjoint, and every nonempty
complete noncrossing pairing contains at least one such pair. Summing over their subsets gives
(1 − 1)a = 0, where a ≥ 1 is their number. An odd chain has no complete pairing. Lemma 3.1
therefore bounds the diagonal ℓ2 norm of Hl, and bounds its operator and off-diagonal ℓ4 norms
term by term. Its full ℓ4 norm is bounded as well, since ∥diagHl∥4 ≤ ∥diagHl∥2.

We now compare these formal bounds with the actual derivatives. For a scalar function ψ
with bounded second derivative, Taylor’s theorem gives

|djψ(hli) − ψ′(hli)djhli| ≤ C|djhli|2.

The Frobenius norm of the remainder is at most C∥∇hl∥2
ℓ4 . This proves the magnetization part

of (6.4) once the field part is known. The same argument for ψ(z) = sech2 z gives an operator
bound for its site derivative matrix Ql. Averaging its rows yields

dbl = n−1QT
l 1, ∥dbl∥ ≤ n−1/2∥Ql∥.

In differentiating blml−1, the term from dbl is a rank-one matrix of Frobenius norm at most
∥ml−1∥∥dbl∥ ≤ C. The discrete product error is ∇ml−1 times a diagonal whose diagonal has
norm at most 2∥dbl∥. Its Frobenius norm is bounded, since ∥∇ml−1∥ ≤ C. Starting at ∇h1 = J ,
these estimates close the induction. The resulting bounded Frobenius perturbation preserves
the operator, diagonal ℓ2, and entrywise ℓ4 bounds of the formal matrices.

For the final assertion, apply the same comparison to a smooth function of several arguments.
Expand along the segment between the arguments at x and x(j). The preceding bounds control
the primary linear terms. A linear term involving dbs is a rank-one matrix with a bounded-entry
left vector, hence has bounded Frobenius norm. The squared-average remainder is controlled by

n
∑
j

|djbs|4 ≤ n∥dbs∥4 ≤ C.

Mixed remainders are bounded by sums of pure squares, and primary quadratic remainders are
controlled by the entrywise ℓ4 bounds. This proves the assertion.

We have in particular bounded the Euclidean change of every primary vector under a single
spin flip, at each fixed depth. This is the estimate that will keep the local constructions inside
their buffers.
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6.2 Finite recipes for small vectors

The residuals will be tested against vectors built by finitely many operations. We call these
vectors “small” when their Euclidean norm is bounded; the word does not refer to coordinatewise
magnitude. The following definition specifies the operations and the meaning of their site
partials.
Definition 6.2 (Ordinary admissible recipe). Choose finitely many deterministic seeds s ∈ Rn
of bounded Euclidean norm. Seeds may depend on J and h0, but are fixed as functions of x.
Choose a finite tuple of scalar functions θ satisfying

sup
x

(
|θα(x)| + ∥dθα(x)∥

)
≤ C

for each component. Such scalar functions will be called parameters; they may include the
averages bl.

Given auxiliary fields y1, . . . , ya−1 already constructed, a source has the form

wai =
∑
s

ϕa,s,i
(
(hli)l∈Ia , θ

)
si +

∑
b<a

ϕa,b,i
(
(hli)l∈Ia , θ

)
ybi . (6.6)

All sums and index sets are finite. Coefficients are smooth and bounded, with bounded derivatives
of every fixed order needed in the construction, uniformly on their argument ranges and the
connecting line segments. Define the new auxiliary field by

ya = Jwa − j
∑
l

⟨∂lwa⟩ml−1 − j
∑
b<a

⟨∂ybwa⟩wb. (6.7)

The partial ∂l differentiates the explicitly displayed local argument hli, holding every parameter
and every auxiliary argument fixed. In particular it holds bl fixed even when that average is
among the parameters. The partial ∂yb differentiates the indicated linear auxiliary argument,
with its coefficient held fixed. A partial in an absent argument is zero. Thus ∂ybwa is simply the
coefficient vector ϕa,b.

A terminal vector is another source of the form (6.6), using any already constructed auxiliary
fields. A source wb used again as a terminal vector or in a new source is replaced by its expression
(6.6); auxiliary fields themselves are not expanded. The recipe is admissible from level p if every
explicit primary argument appearing in its source formulas or terminal formula has index at
least p. This condition does not restrict the parameters, or the vectors ml−1 in the correction
terms of (6.7).

The definition permits two operations that we will use repeatedly. Multiplication by a
bounded smooth coefficient of the same allowed arguments gives another source. At any finite
stage we may also add parameters satisfying the stated size and difference bounds. We will use
the deterministic seed 1/

√
n freely; thus ml/

√
n is a source with the single primary argument

hl. Linearity in the auxiliary arguments is preserved in every source. It will be used in both the
derivative estimates and the trace cancellation.

For a terminal vector U admissible from level p, the estimate we seek is∣∣∣EGRT
pU
∣∣∣ ≤ C∥G∥∗.

Its square-density counterpart bounds |Ef2H0R
T
pU | by C(Ef2 + Dh0(f)) when H0 has bounded

size and difference norm. With U = mp/
√
n, the choices G = Sp and H0 = Sp/

√
n will give the

moment estimates above. Lemma 6.5 proves these rules after we establish the required diagonal
derivative bounds.
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6.3 A scalar identity for comparing fields

To pass from Rp+1 = tanh hp − tanh hp+1 to earlier residuals, we use a scalar identity valid for
arbitrary real fields. For z, r0, a ∈ R, define

Φ(z; r0, a) =
∫ 1

0
ea(1−u2)/2 cosh(u(z − r0))

cosh z cosh r0
du. (6.8)

Differentiating ea(1−u2)/2 sinh(u(z − r0)) in u gives[
(z − r0 − a tanh z) − a∂z

]
Φ(z; r0, a) = tanh z − tanh r0. (6.9)

The boundary at u = 0 is zero; the boundary at u = 1, after division by cosh z cosh r0, is the
right side. The identity holds for either sign of a. At a = 0, Φ is the secant slope of tanh, with
continuous value sech2 r0 at z = r0.

These formulas also give the uniform coefficient bounds needed for the recipes. Positivity
of the integrand and the secant-slope formula imply 0 < Φ ≤ e|a|/2. For a in a fixed bounded
interval, every fixed-order derivative in z, r0, a is bounded by a constant times Φ: derivatives of
the hyperbolic factors introduce bounded ratios, and those of the exponential introduce bounded
powers of (1 − u2)/2. The quotient rule then bounds every fixed-order derivative of each ratio
(∂αΦ)/Φ. These assertions are uniform in the two real field arguments and require no stability
assumption.

In the ordinary residual induction we will substitute (z, r0, a) = (hpi , h
p+1
i , j(bp − bp−1)). The

same identity also provides the two tests comparing an approximate field with the stable root,
which we construct next.

6.4 An initial implicit auxiliary field

The directional estimate needs one auxiliary field defined by a linear implicit equation. We
construct it near the stable root, establish its inverse margin, and then control its discrete
derivatives on a smaller region.

Assume the stable-field implication (5.3) holds at h0 through the fixed residual threshold
required in Lemma 5.7. Let r be its unique root, and put t∗ = tanh r and q∗ = ⟨t2∗⟩. Fix k ≥ 2
and consider

Ωρ = {x : max(∥Rk(x)∥, ∥Rk−1(x)∥) ≤ ρ
√
n}. (6.10)

All choices of ρ below depend only on the stable-field constants and the operator bound on J ,
until derivative estimates are considered. For sufficiently small ρ, the primary recursion and
Lemma 5.7 give on Ω2ρ

∥hk − r∥ + ∥mk−1 − t∗∥ ≤ Cρ
√
n, |1 − bk−1 − q∗| ≤ Cρ. (6.11)

The comparison is independent of k: the primary recursion gives

F (hk) = JRk − jbk−1(Rk−1 +Rk) + j(bk − bk−1)mk, |bk − bk−1| ≤ 2∥Rk∥/
√
n,

so the residual is at most Cρ
√
n. Applying the root estimate therefore gives the asserted

comparison with the same depth independence.
Use the scalar kernel with

a = j(1 − bk−1 − q∗), Ai = Φ(hki ; ri, a). (6.12)
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Write A = D(Ai) and χ = ⟨Ai⟩. The initial source w0 is one of

w0,i = Aiei (∥e∥ ≤ 1), w0,i = n−1/2∂r0Φ(hki ; ri, a).

The partial in the second formula holds a fixed. The two choices have complementary roles.
Holding ri, a fixed in the site partial ∂k, the scalar identity and its derivative in r0 give∑

i

[(hki − ri − amk
i ) − a∂k](Aiei) = (mk − t∗)Te,

∑
i

[(hki − ri − amk
i ) − a∂k]

∂r0Φ(hki ; ri, a)√
n

=
√
n{χ− (1 − q∗)}. (6.13)

Indeed differentiating (6.9) in r0 gives [(z − r0 − a tanh z) − a∂z]∂r0Φ = Φ − sech2 r0. Thus the
first source tests a direction of the magnetization error, while the second tests the discrepancy of
the averaged coefficient χ. Both quantities enter the posterior comparison. To put these scalar
identities into a form controlled by the weak residual rule, introduce the coupled source and field

w = w0 +A(yimp − jc1t∗), yimp = Jw − jχw − jc1m
k−1,

c1 = ⟨∂kw⟩.
(6.14)

In this partial, yimp, c1, and a are independent arguments held fixed. Consequently ∂yimpw = A,
and the field equation in (6.14) is exactly (6.7) with one allowed self-dependence: χ is its
auxiliary-partial average, and c1 its primary-partial average. The correction jc1m

k−1 will supply
the scalar cancellation in Lemma 6.6. Its only primary local argument is hk. Once constructed,
yimp is available as the first auxiliary field in any ordinary finite recipe. The scalar

√
nc1 is then

an additional parameter, and t∗/
√
n is an additional seed.

Lemma 6.3 (Implicit construction). For sufficiently small ρ > 0, (6.14) has a unique solution
on Ω2ρ. There are constants independent of the primary depth k such that, throughout this
region,

∥w∥ + ∥yimp∥ +
√
n|c1| ≤ C, I + jχA−A1/2JA1/2 ⪰ cI. (6.15)

On Ω3ρ/2, for all sufficiently large n depending on the fixed depth, the solution also satisfies

∥∇w∥F + ∥∇yimp∥F +
√
n∥dc1∥ ≤ Ck. (6.16)

Proof. We first control the coefficients and solve the implicit linear system. Only then do we
differentiate it, using the larger region to cover spin flips from the smaller one. The uniform
kernel and quotient bounds proved above will control the coefficients even when some Ai are
small.

Put ℓi = (∂zΦ/Φ)(hki ; ri, a). At z = r0 this ratio equals − tanh r0, for every a. Comparison
with z = r0, a = 0, followed by (6.11), gives

∥A−D1−(mk)2∥F ≤ Cρ
√
n, ∥ℓ+ t∗∥ ≤ Cρ

√
n, |χ− bk| ≤ Cρ. (6.17)

In particular, the comparisons put A among the diagonals allowed by the stable-field implication,
once ρ is decreased.

Let u0 = w0/A coordinatewise and p0 = A∂ku0. The quotient bounds just proved give
∥u0∥ + ∥p0∥ ≤ C; their local derivatives have coordinatewise bounds proportional to |ei| in the

46



first case and to n−1/2 in the second. Direct differentiation with the specified partial convention
gives

∂kw = Dℓw + p0, c1 = ⟨ℓw + p0⟩.
We can now eliminate yimp and c1 and solve for the source alone. The resulting linear equation
is [

I −A(J − jχI) + j

n
A(mk−1 + t∗)ℓT

]
w = A

[
u0 − j(mk−1 + t∗)⟨p0⟩

]
. (6.18)

Write the matrix on the left as I +AL2. Its symmetrically normalized version I +A1/2L2A
1/2

differs in operator norm by O(ρ) from

I + jbkA−A1/2JA1/2 − 2j
n
A1/2mk(mk)TA1/2.

For the rank term, use (6.11) and (6.17) in the elementary inequality ∥uvT − u′v′T∥ ≤ ∥u −
u′∥∥v∥ + ∥u′∥∥v − v′∥. The displayed symmetric matrix has the fixed positive margin supplied
by (5.3). Decrease ρ until the perturbation is less than half that margin. The normalized matrix
then has bounded inverse, even though it need not itself be symmetric. The identity

(I +AL2)−1 = I −A1/2(I +A1/2L2A
1/2)−1A1/2L2

gives the same bound for the unnormalized inverse, since ∥L2∥ is bounded. The right side of
(6.18) is bounded in norm, because |⟨p0⟩| ≤ ∥p0∥/

√
n. This establishes the size bounds. To

obtain the last assertion of (6.15), remove the negative rank term from the stable-field matrix
and change bk to χ. The constants used to solve the system and obtain these bounds depend
only on the fixed stability and operator margins.

It remains to bound the discrete derivatives. Compare the equations at x and x(i). On
the stated inner region both configurations belong to Ω2ρ for large n, by Lemma 6.1. In every
coefficient-difference term, retain the solution vector at the common point x. In particular,

dic1 = ⟨(diℓ)w(x) + dip0⟩ + n−1ℓ(x(i))Tdiw,

di{c1(mk−1 + t∗)} = c1(x)dimk−1 + (mk−1(x(i)) + t∗)dic1.

Use the same product arrangement for A and χ in

w = A{u0 + (J − jχI)w − jc1(mk−1 + t∗)}.

For clarity, put v = mk−1 + t∗ and B = u0 + (J − jχI)w − jc1v, and use primes for evaluation
at x(i) in the next display. With ζi = n−1{(diℓ)Tw + 1Tdip0}, the exact equation is[

I −A′(J − jχ′I) + j

n
A′v′(ℓ′)T

]
diw

= (diA)B +A′diu0 − jA′w diχ− jc1A
′dim

k−1 − jA′v′ζi. (6.19)

Thus the left matrix is precisely the matrix in (6.18) evaluated at x(i). The bracket B on the right
is consequently one common-point vector for all columns. This allows the following estimates to
control the Frobenius norm of the entire right side.

We bound its terms in turn. A site coefficient difference times a common vector s of bounded
norm has bounded Frobenius norm, since∑

i,j

s2
i |djψi|2 ≤ ∥s∥2 max

i

∑
j

|djψi|2 ≤ C.
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This applies to A, ℓ, u0, p0, using their coefficient bounds and Lemma 6.1; the seed factors are
retained for u0, p0. The bracket multiplying diA is bounded in norm by the already established
size estimates, so no bound on 1/Ai is needed. Also ∥dχ∥ ≤ C/

√
n, because Ai is a primary site

function with an average parameter of that derivative scale. If ζi = ⟨(diℓ)w + dip0⟩, then

∥ζ∥ ≤ n−1/2(∥Dw∇ℓ∥F + ∥∇p0∥F
)

≤ C/
√
n.

Its multipliers mk−1(x(i)) + t∗ have norm at most 2
√
n, which still gives a bounded Frobenius

norm after summing the squared column norms. Finally |c1|∥∇mk−1∥F ≤ C, by its operator
bound and |c1| ≤ C/

√
n. Applying the uniformly bounded flipped inverses column by column

proves ∥∇w∥F ≤ Ck. Returning to the two displayed difference identities gives ∥dc1∥ ≤ Ck/
√
n

and the required bound for ∇yimp. The operator in (6.18), the regions Ωρ, and the required
buffer inclusions do not depend on the directional seed e. All bounds for its right side and its
derivatives use only ∥e∥ ≤ 1; indeed u0 = e and p0 = 0 for that source. The inverse margins, the
threshold on n, and all these estimates are therefore uniform over the full Euclidean unit ball of
seeds.

Local recipes and their buffers. A local recipe starts with this implicit field and adds
only ordinary auxiliaries. Such recipes are evaluated on the inner region Ωρ, with all estimates
also available on its fixed finite flip-neighborhoods. To define them as functions on the whole
cube, keep the actual solution through Ω2ρ and assign finite values to yimp, c1 outside that
region, defining sources by their stated expressions. The implicit equation is required only inside
the buffer. Every test in a local statement is supported on Ωρ. For a fixed recipe, once n is
sufficiently large, every difference used in the proof stays strictly inside the buffer. The arbitrary
extension therefore does not enter the estimates.

The buffer sizes are chosen before the construction depth; the threshold on dimension is
chosen afterward. To verify this order, choose a finite recipe and let q be the largest number of
successive spin flips used by any difference in its proof. The induction below adds only finitely
many operations at each smaller residual index, so q is finite. The primary bounds give, for
every involved level l,

∥Rl(x(i)) −Rl(x)∥ ≤ 2∥∇Rl(x)ei∥ ≤ Cl.

With C = maxl Cl, a path of at most q flips increases either residual defining Ωρ by at most qC.
Thus n > (2qC/ρ)2 puts every required neighborhood of Ω3ρ/2 strictly inside Ω2ρ. Here q, C,
and the threshold on n may depend on the already fixed recipe and depth; ρ still depends only
on the earlier stability and size margins.

6.5 Trace control for small derivatives

The primary derivative bounds do not yet give the diagonal trace control needed for integration
by parts. For small vectors, the source structure and its correction terms supply this additional
cancellation. We prove it together with the size and derivative bounds used to construct later
auxiliary fields.

Lemma 6.4 (Small-vector differentiation). Every source, auxiliary field, and terminal vector U
in a fixed ordinary admissible recipe satisfies

∥U∥ + ∥∇U∥F + ∥diag ∇U∥1 ≤ C. (6.20)
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The same holds locally for recipes with the single initial implicit field above. In these recipes the
initial partial ∂kw is also a small source. For every primary coefficient and auxiliary coefficient
in (6.7), respectively,

αl = ⟨∂lwa⟩ : |αl| + ∥dαl∥ ≤ C/
√
n,

γb = ⟨∂ybwa⟩ : |γb| + ∥dγb∥ ≤ C.
(6.21)

All local statements include the required fixed flip buffers. Constants can depend on the entire
finite recipe and its primary depth.

Proof. The proof has two parts. We bound the errors introduced by discrete differentiation,
then cancel the trace predictions of the retained formal terms. Write ∥E∥nuc for the sum of the
singular values of E. The error estimates repeatedly use

| Tr(PE)| ≤ ∥P∥∥E∥nuc, ∥BC∥nuc ≤ ∥B∥F∥C∥F, ∥E∥nuc ≤
∑
j

∥E·j∥. (6.22)

Every bounded-length diagnostic word P has bounded operator norm and bounded off-diagonal
entrywise ℓ4 norm. For the errors arising before we solve the differentiated implicit equations, P
may contain one inverse K from (3.2). Its required margin is supplied by the last assertion of
(6.15).

Source errors. Consider one source term ϕisi. Retain the derivative

Dϕ∇s+
∑
l

Ds∂lϕ∇hl, (6.23)

and put parameter derivatives into the error rather than into the formal expression. Set

Qij =
∑
l

|djhli|, Θj =
∑
α

|djθα|.

The finite sums have the bounds

max
i

∑
j

Q2
ij + ∥Q∥2

ℓ4 + ∥diagQ∥2
2 ≤ C, ∥Θ∥ ≤ C.

Taylor expansion of djϕi has linear parameter terms and a remainder bounded entrywise by

C{Q2
ij +QijΘj + Θ2

j}. (6.24)

After multiplication by si, the linear parameter terms have bounded nuclear norm: each is a
rank-one matrix with a bounded-norm left vector and a bounded-norm right vector. For the Q2

part, the matrix before multiplication by Ds has bounded Frobenius norm. Its product with
Ds has bounded nuclear norm by (6.22) and ∥Ds∥F = ∥s∥ ≤ C. For the mixed part the sum of
column norms is at most

C
∑
j

Θj

(∑
i

s2
iQ

2
ij

)1/2
≤ C∥Θ∥

(∑
i

s2
i

∑
j

Q2
ij

)1/2
≤ C.

For the last part it is at most C∥s∥
∑
j Θ2

j ≤ C. These separate estimates also apply to the
combined remainder in (6.24): entry by entry, assign each summand in the bound its proportional
share of the actual remainder.
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The product rule also has a remainder with entries bounded by

C|djsi|{Qij + Θj}.

Assume ∥∇s∥F ≤ C, which is zero for a seed, holds for the initial implicit field by Lemma 6.3, and
is inductive for later fields. The Θ part has bounded sum of column norms by Cauchy–Schwarz.
For the Q part, test against P and split the trace into diagonal and off-diagonal terms. Hölder’s
inequality gives ∑

i̸=j
|Pji| |djsi|Qij ≤ ∥Poff∥ℓ4∥∇s∥F∥Q∥ℓ4 ≤ C,

∑
i

|Pii| |disi|Qii ≤ ∥P∥∥diag ∇s∥2∥diagQ∥2 ≤ C.

The first line uses exponents 4, 2, 4. In particular, the argument does not assume the diagonal ℓ1
bound for ∇s that we are still proving. Bounded entries of Q also give a bounded Frobenius
norm for this error. We have therefore controlled each source error both in Frobenius norm and
in trace against the indicated words.

Average corrections and size bounds. Next we control the averaged coefficients in the
correction terms. Differentiating a coefficient function in a primary argument gives another
source with the same inputs and bounds. Apply the size and Frobenius parts of the preceding
estimates to that source, then average:

|⟨u⟩| ≤ ∥u∥/
√
n, ∥d⟨u⟩∥ ≤ ∥∇u∥F/

√
n,

which proves the first line of (6.21). The implicit coefficient c1 already has these bounds from
its direct construction. For an auxiliary partial the scale is different: it is a bounded coefficient
vector, rather than a small vector. Averaging its difference estimate |djϕi| ≤ C(Qij + Θj) and
using the row bounds above gives |⟨ϕ⟩| + ∥d⟨ϕ⟩∥ ≤ C. This proves the second line, including the
self-coefficient χ when it occurs.

For a primary correction αlml−1 retain αl∇ml−1. The dropped rank-one matrix has nuclear
norm at most ∥ml−1∥∥dαl∥ ≤ C. The dropped product error is ∇ml−1 times a diagonal of
signed entries 2diαl. Its nuclear norm is bounded by

2∥∇ml−1∥F∥dαl∥ ≤ C
√
nn−1/2 ≤ C.

This also holds for m0 = x. For an auxiliary correction γbw
b, the analogous rank-one and

product errors have bounded nuclear norm using ∥wb∥ + ∥∇wb∥F ≤ C and |γb| + ∥dγb∥ ≤ C.
When primary derivatives in retained terms are replaced by Hl,Ml, their Frobenius errors from
Lemma 6.1 are multiplied either by a small-vector diagonal or by an O(n−1/2) scalar. In the
former case (6.22) applies; in the latter use ∥E∥nuc ≤

√
n∥E∥F. Both give bounded nuclear

norm.
We can now close the induction for the size and Frobenius parts of (6.20). In (6.7), the

terms are a bounded-norm leading term, primary corrections bounded by C
√
nn−1/2, and

bounded-norm auxiliary corrections. The retained source derivative (6.23) is Frobenius-bounded:
use the preceding auxiliary derivative bounds and ∥Ds∂lϕ∇hl∥F ≤ ∥s∂lϕ∥∥∇hl∥. The retained
primary correction is bounded in Frobenius norm by |αl|∥∇ml−1∥F ≤ C. Thus the size and
Frobenius induction closes before we use or prove the diagonal ℓ1 assertion.
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Solving the differentiated self-dependence. The initial implicit source needs one additional
step before the trace cancellation. Retain its site partials, freeze the parameters and averages,
and replace the primary derivatives by their formal matrices. This gives

∇w = A∇yimp +D∂kwHk + E1,

∇yimp = (J − jχI)∇w − jc1Mk−1 + E2.
(6.25)

The errors have bounded Frobenius norm and bounded trace against words containing at
most one K. The parameter c1 causes no exception: write the corresponding source term as
−j(

√
nc1)A(t∗/

√
n), so that it is exactly of the source form above. Its difference bound follows

from (6.16). Solving (6.25) yields

∇w = K{D∂kwHk − jc1AMk−1 + E1 +AE2}, K = (I −AJ + jχA)−1. (6.26)

Testing a propagated error against an ordinary word now puts at most one K into the test word.
The preceding error estimates therefore give both bounded trace and bounded Frobenius norm.
Substitution gives the same conclusion for ∇yimp. Subsequent fields are ordinary: propagating
these errors multiplies them only by ordinary words. Induction therefore bounds the trace of
every final error against an ordinary word. Since the recipe is fixed and finite, the required
increases in word length are finite as well.

Cancellation of the formal traces. All differentiated errors are now controlled. To finish,
we must bound the diagonal ℓ1 norm of the retained formal derivative. A single ordinary field
already illustrates the cancellation. From wi = ϕ(h1

i )si we obtain y = Jw − j⟨ϕ′(h1)s⟩x. If
P = Dϕ′(h1)s, its retained derivative is JPJ − j⟨ϕ′(h1)s⟩I, whose two diagonal predictions
cancel. We now show that the correction at each node gives this same cancellation along every
dependency path, including paths through the implicit field.

At the point x, freeze the local partial vectors and all their averages. Index each primary or
auxiliary field by a node a, and attach its source to the same node: for example, hl has source
ml−1, and ya has source wa. Let pad be the partial of the source at node a with respect to the
field at node d. Introduce a formal variable z, and denote the formal source and field derivatives
by Sa and Ha, respectively. They obey

Sa =
∑
d

Dpad
Hd, Ha = zJSa − z2j

∑
d

⟨pad⟩Sd. (6.27)

At the spin leaf, the source derivative for h1 is I and its field derivative is zJ . A terminal source
uses just the first equation. At z = 1 these are precisely the retained formal derivatives. In the
implicit case the only cyclic node is yimp and its source w; closing it gives

Simp = K(z){D∂kwHhk − z2jc1AShk}, K(z) = (I − zAJ + z2jχA)−1. (6.28)

Every other dependency is acyclic and linear. Solving the single cyclic node therefore leaves at
most one inverse K(z) in each product of the closed formulas.

The averaged term in (6.28) is essential even for k = 2. Write D = D1−(m1)2 and P = D∂2w,
so that b1 = n−1 TrD and c1 = n−1 TrP . Then

Hh2 = z2(JDJ − jb1I), Sh2 = zDJ,
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and the implicit derivative is K(z){z2P (JDJ − jb1I) − z3jc1ADJ}. At degree four, the two
noncrossing pairings of AJAJPJDJ have predictions

j2χb1AP, j2c1
Tr(AD)

n
A.

The first is canceled by the terms from −jχA in the quadratic coefficient of K(z) and −jb1I in
Hh2 . The second is canceled by the degree-four term −jc1AJADJ from the averaged correction.
This calculation exhibits the first cancellation involving both the self-dependent node and its
primary input. We now account for every degree by following dependency paths.

We work coefficient by coefficient. An uncontracted dependency path, followed backwards
from a field to the spin leaf, has successive links JDpad

and ends with the J link of h1. A
terminal source contributes an initial partial diagonal and then such a path. The choices of
input nodes index these paths separately, preserving all multiplicities. Expanding (6.27) is
inclusion–exclusion over disjoint originally adjacent link pairs: the first term keeps the first link,
while the second contracts it with the next link, with factor −j⟨pad⟩, and continues from the
input node’s source. That continuation skips exactly the link just contracted. Every contraction
has degree two in z, equal to the degree of the replaced links. Consequently a coefficient of
degree L involves only uncontracted paths of length L, of which there are finitely many even
with the self-dependence.

To compute the trace prediction, test the formal derivative by a bounded diagonal D. Fix
a nonempty path and a full noncrossing pairing of its links. Reinserting contracted adjacent
pairs restores that same full-pairing prediction. Each contraction contributes its minus sign.
Conversely, all subsets of the originally adjacent pairs of that full pairing occur, with precisely
these signs. Such a full pairing has at least one originally adjacent pair, so its total coefficient
is zero. Paths of odd length have no full pairing. There is no empty path contributing a
derivative of a small seed, because all seeds are fixed with respect to x; parameter derivatives
were already put into the error. Thus the trace prediction vanishes as a formal power series.
The polynomial-prediction assertion for single-inverse words in Lemma 3.1 then makes it zero at
z = 1 in the closed formulas.

To pass from this zero prediction to a bounded trace, we use the small-vector structure.
Every product in a closed formal derivative of a small vector contains either a small-vector
diagonal or a scalar of size O(n−1/2): a path giving a nonzero derivative must enter the primary
nodes before reaching the spin leaf. Entry from a small source uses either its primary partial, a
small vector, or the average of that partial in a correction term. The latter has the indicated
scalar size. For the implicit starting node these are exactly ∂kw and c1 in (6.28).

For a term containing a small diagonal Ds, rotate the tested trace to put that factor first.
The word estimate for the remaining factors and Cauchy–Schwarz give∣∣∣∣∣Tr(DsQ) −

∑
i

si [P(Q)]ii

∣∣∣∣∣ ≤ ∥s∥∥diag(Q− P(Q))∥2 ≤ C.

The normalized-trace prediction is cyclically invariant by Lemma 3.1, so the rotation does not
change the prediction being cancelled. For a term with a scalar of size O(n−1/2), its unscaled
trace error is at most C

√
n by the diagonal ℓ2 word estimate, and multiplication gives the same

O(1) bound. The closed formula has finitely many terms. Combining their errors with the zero
prediction and the already controlled differentiated errors gives

| Tr(D∇U)| ≤ C (∥D∥ ≤ 1, D diagonal).
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Taking Dii to be the sign of diUi proves the remaining assertion ∥diag ∇U∥1 ≤ C. All arguments
were pointwise inside the prescribed buffers, which proves the local version as well.

6.6 The weak residual rule

We now apply the diagonal ℓ1 estimate to the exact conditional integration-by-parts identity at
the first primary field. The scalar integral identity then reduces each higher residual to earlier
ones. We carry out this induction for ordinary tests and square-density tests together.

Lemma 6.5 (Weak residual rule). Let U be a terminal vector in a fixed recipe admissible from
level p ≥ 1. For an ordinary recipe and every scalar G,∣∣∣EGRT

pU
∣∣∣ ≤ C∥G∥∗. (6.29)

For a local recipe with implicit starting index k, the same conclusion holds when p ≤ k and G is
supported on Ωρ.

There is also an ordinary square-density version. If supx(|H0(x)| + ∥dH0(x)∥) ≤ C0, then
for every f , ∣∣∣Ef2H0R

T
pU
∣∣∣ ≤ C{Ef2 + Dh0(f)}. (6.30)

Constants are uniform in f,G,H0 subject to the stated bound, and may depend on p, the recipe,
its coefficient bounds, and the finite set of word diagnostics needed in the proof.

Proof. We induct strongly on p over all finite admissible recipes, proving the two assertions
together. Each step may enlarge the original recipe, but it adds only finitely many auxiliary
operations and invokes only smaller residual indices. Consequently every particular instance of
the induction uses finitely many operations and a finite word-length bound.

At the base level p = 1, condition on all spins except the one being differentiated. Its
conditional mean is m1

i and its conditional variance is v1
i . A function of this single spin is affine,

with linear coefficient di of the function. Taking its conditional covariance with the spin gives
the exact identity

E
∑
i

(xi −m1
i )GUi = E

∑
i

v1
i di(GUi). (6.31)

By (1.2), its right side is

E
∑
i

v1
iGdiUi + E

∑
i

v1
i (diG){Ui − 2xidiUi}.

The diagonal derivative bound makes the first term at most CE|G|. For the second term, the
coefficient vector has pointwise norm at most ∥U∥ + 2∥diag ∇U∥2 ≤ C. Weighted Cauchy–
Schwarz and 0 < v1

i ≤ 1 therefore bound that term by CDh0(G)1/2. This proves (6.29). For a
supported local test, its derivatives vanish outside the one-flip neighborhood of its support; all
bounds used here are available there.

For (6.30), absorb the bounded multiplier by replacing U in the base identity with Ũ = H0U .
This vector still has bounded norm and bounded diagonal derivative ℓ1 norm: the additional
term obeys

∑
i |UidiH0| ≤ ∥U∥∥dH0∥, and the product-error term is bounded by the same

argument using ∥diag ∇U∥2. Apply (6.31) with G = f2 and use

di(f2) = 2f dif − 2xi(dif)2.
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The diagonal-derivative term is bounded by CEf2; the remaining terms are bounded by
C
√
Ef2 Dh0(f) + CDh0(f). The base case is now proved in both forms. Before proceeding to

higher residuals, we record how bounded scalar multipliers affect the tests. If |ϑ| + ∥dϑ∥ ≤ C,
then

∥ϑG∥∗ ≤ C ′∥G∥∗. (6.32)

Indeed arrange the product rule as di(ϑG) = ϑ(x(i))diG+G(x)diϑ, square, and sum with weights
v1
i ≤ 1. In the square-density case such a multiplier can be absorbed into H0; the product retains

its bounded size and difference norm. For local tests only the buffer bounds are needed, since
multiplication does not enlarge their support.

For the induction step, suppose both assertions hold through level p and take U admissible
from level p+ 1. The scalar integral identity suggests the following new source. Set

ap = j(bp − bp−1), U ′
i = Φ(hpi ;h

p+1
i , ap)Ui.

This is a source admissible from level p. Its coefficient and all needed derivatives are bounded
because |ap| ≤ j and the bounds for Φ proved with (6.9) hold uniformly in its two real field
arguments. The level condition on U makes its site partial at level p vanish: ∂pU differentiates
only explicit primary arguments. Parameters and auxiliary arguments remain fixed, including
when their values depend on earlier primary fields. Applying (6.9) coordinatewise therefore
yields

RT
p+1U = (hp − hp+1 − apm

p)TU ′ − apn⟨∂pU ′⟩.

The primary recursion gives

hp − hp+1 − apm
p = JRp + apRp − jbp−1Rp−1,

where the last term is absent for p = 1. Add a last auxiliary field y′ by (6.7) with source U ′,
and write αl = ⟨∂lU ′⟩ and γb = ⟨∂ybU ′⟩. Symmetry of J now gives

RT
p+1U = RT

p y
′ + apR

T
pU

′ − jbp−1R
T
p−1U

′ + j
∑
b

γbR
T
pw

b

+ j
∑
l≥p

αlR
T
pm

l−1 − apnαp. (6.33)

The first line now consists of earlier residuals with admissible sources and bounded multipliers.
After testing, (6.32), (6.21), and the level constraints allow us to apply the induction hypothesis
to each term. In particular the enlarged recipe is admissible from level p, which is also sufficient
for its Rp−1 term.

On the second line, the terms with l > p use the terminal source ml−1/
√
n, admissible from

level p, and multiplier
√
nαl. The multiplier bounds follow from Lemma 6.4. The remaining

term is handled by the identity

RT
pm

p−1 = n(bp − bp−1) −RT
pm

p. (6.34)

This follows from (mp−1 −mp)T(mp−1 +mp) = ∥mp−1∥2 − ∥mp∥2. The first term on the right
of (6.34) cancels apnαp in (6.33); the remaining term is handled with the admissible source
mp/

√
n and multiplier

√
nαp. This completes the induction for both (6.29) and (6.30). In the

local version it stops at level k; each added source respects the support and buffer requirements
of the initial implicit construction.
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The last step puts the implicit source into the form needed for the posterior comparison. The
following identity is a direct application of the weak residual rule, with the averaged correction
retained.

Lemma 6.6 (Terminal residual identity). For the implicit construction at index k and every G
supported on Ωρ,∣∣∣EG [{hk − h0 − (J − jbk−1I)mk}Tw − j(bk − bk−1)nc1

]∣∣∣ ≤ C∥G∥∗. (6.35)

Proof. The vector in braces is JRk − jbk−1(Rk−1 +Rk). To express its pairing with the implicit
source in terms of earlier residuals, use symmetry of J , the equation Jw = yimp +jχw+jc1m

k−1,
and (6.34). The bracketed expression becomes

RT
k y

imp + j(χ− bk−1)RT
kw − jbk−1R

T
k−1w − jc1R

T
km

k.

Apply Lemma 6.5 to the first three terms, absorbing their bounded parameters into the test. For
the last term, use source mk/

√
n and multiplier

√
nc1. The bounds needed for this multiplier

are precisely (6.15) and (6.16).

7 Posterior estimates at a stable field
The residual rules now yield the two posterior estimates used in Section 2. We first select a
finite collection of small-residual regions, then compare the primary iterates with the exact root.
Throughout, J satisfies the required fixed-length word diagnostics, and h0 satisfies the whole
stable-field implication through residual threshold ρ0

√
n. Denote the unique zero of Fh0 by r

and set t∗ = tanh r, q∗ = ⟨t2∗⟩. All expectations and forms here are at µh0 , and Rl = ml−1 −ml

denotes the residual from Section 6.

7.1 Selecting a small-residual region

The primary recursion need not converge. The finite-depth fact we need is that two consecutive
residuals are small on most of the Gibbs mass, with a separate bound after square reweighting.
Smooth cutoffs make that selection compatible with discrete differentiation.

Lemma 7.1. For each sufficiently small fixed ρ > 0, there is a fixed depth d and functions Ck,
2 ≤ k ≤ d, with the following properties:

1. 0 ≤ Ck ≤ 1, and Ck is supported where max(∥Rk∥, ∥Rk−1∥) ≤ ρ
√
n. It equals one where

both norms are at most ρ
√
n/2, and ∥dCk∥ ≤ Cρ/

√
n pointwise.

2. Set Ĉk = Ck
∏k−1
i=2 (1 − Ci) and D = 1 −

∑d
k=2 Ĉk. Then 0 ≤ D ≤ 1 and

Pµh0
(D > 0) ≤ Cρ

n
.

For N = Ef2 > 0 and ν = f2µh0/N ,

Pν(D > 0) ≤ Cρ√
n

(
1 + Dh0(f)

N

)
.

55



All constants are uniform over the field and matrix under the stated diagnostics. The depth and
the required diagnostic length may depend on ρ.

Proof. We use the scalar residual pairing Sl = RT
l m

l/
√
n to control the total squared increment.

First, the primary derivative bounds give ∥dSl∥ ≤ Cl pointwise. In the product rule, the linear
terms are controlled by the operator norms of ∇Rl and ∇ml, multiplied by ∥ml∥/

√
n and

∥Rl∥/
√
n. The cross term for coordinate i has size at most 2∥diRl∥∥diml∥/

√
n; summing its

square uses the bounded column norms and gives the same scale.
Apply Lemma 6.5 with target ml/

√
n and test G = Sl. It gives

ES2
l ≤ Cl

(
ES2

l + Cl
)1/2

, hence ES2
l ≤ C ′

l .

For the square-density version use H0 = Sl/
√
n, which is bounded with bounded difference norm.

Dividing the resulting estimate by N
√
n gives

Eν
(
Sl√
n

)2
≤ Cl√

n

(
1 + Dh0(f)

N

)
. (7.1)

We now use the squared-increment identity (6.2). Choose a fixed d with ⌊d/2⌋ρ2/4 > 2, followed
by ε > 0 with 2dε < 1. Whenever maxl≤d |Sl|/

√
n ≤ ε, telescoping gives

∑d
l=1∥Rl∥2/n < 2. If

every consecutive pair contained a residual larger than ρ
√
n/2, the disjoint pairs (1, 2), (3, 4), . . .

would force the sum to exceed this bound. At least one pair therefore meets the required
threshold.

To implement the selection smoothly, apply a scalar cutoff equal to one on [0, 1/4] and zero
on [1,∞) to each of ∥Rk∥2/(ρ2n) and ∥Rk−1∥2/(ρ2n), and multiply the results to define Ck.
The primary operator and column bounds, with the product rule, give ∥d(∥Rl∥2/n)∥ ≤ Cl/

√
n,

hence the claimed derivative bound. Finally D =
∏d
k=2(1 − Ck): positive deficit implies

maxl≤d |Sl|/
√
n > ε. The preceding two moment bounds and a finite union bound give the

ordinary and square-reweighted estimates.

7.2 A directional covariance bound

On each selected region, the implicit test vector converts the residual identity into a comparison
with t∗. Its auxiliary scalar error is estimated first; only then do we test in an arbitrary Euclidean
direction.

Proposition 7.2. There is a constant C such that, at every field satisfying the above stable-field
implication,

∥Covµh0
(G, x)∥ ≤ C

(
Varµh0

(G) + Dh0(G)
)1/2 (7.2)

for every G. The constant is uniform in n, h0, and G on the specified matrix events; only a fixed
finite diagnostic length is required.

Proof. Fix an index k ≥ 2 and work on the small-residual region (6.10), with the buffered
implicit construction (6.14). Abbreviate m = mk, p = m− t∗, and put

a = j(1 − bk−1 − q∗), L∗ =
√
n
(
χ− (1 − q∗)

)
.

Here χ = ⟨Ai⟩ and Ai = Φ(hki ; ri, a) are defined globally by (6.12), even though the implicit
vector is only needed locally. Thus |L∗| ≤ C

√
n and ∥dL∗∥ ≤ Ck pointwise, by the primary

derivative bounds and ∥dbk−1∥ = O(n−1/2).
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For either of the two allowed sources w0, the following pointwise identity holds on the buffered
region: (

hk − h0 − (J − jbk−1I)m
)T
w − j(bk − bk−1)nc1

=
∑
i

[
(hki − ri − ami) − a∂k

]
w0,i + j(1 − q∗ − χ)pTw − jc1R

T
k p. (7.3)

Here the zeroth-order term in the first sum acts by multiplication on w0,i. For the verification,
subtract the root equation to write the vector on the left as hk − r − am − Jp + j(1 − q∗)p,
then substitute Jw = yimp + jχw + jc1m

k−1. Apply (6.9) to the contribution A(yimp − jc1t∗),
holding its auxiliary arguments and parameters fixed, and use nc1 =

∑
i ∂kwi. The remaining

scalar terms cancel by

pT(mk−1 + t∗) + n(bk − bk−1) = n(1 − bk−1 − q∗) +RT
k p,

which follows by expanding p = m− t∗ and Rk = mk−1 −m.
Lemma 6.6 controls the tested left-hand side of (7.3). The last term on the right also has

tested expectation at most C∥G∥∗: apply Lemma 6.5 to target p/
√
n and multiplier

√
nc1. The

latter is bounded with bounded difference norm on the buffer. Meanwhile the size estimates for
the implicit solution and Lemma 5.7 give

|j(1 − q∗ − χ)pTw| ≤ C0ρ|L∗|. (7.4)

The source size and stability margins determine C0 independently of k and the selection depth.
This lets us choose ρ first so that C0ρ < 1/2 and all stability and flip-buffer conditions hold.
The selection depth in Lemma 7.1 is chosen afterward. This order will permit absorption of the
scalar error without a self-dependent choice of depth.

First control the averaged coefficient by taking w0,i = ∂r0Φ(hki ; ri, a)/
√
n. The second identity

in (6.13) makes the first sum in (7.3) equal to L∗. Test with G = C2
kL∗. The cutoff and difference

bounds give
∥C2

kL∗∥∗ ≤ C + ∥CkL∗∥L2(µh0 ).

Indeed its difference vector is bounded pointwise: |L∗| = O(
√
n) multiplies ∥d(C2

k)∥ = O(n−1/2),
and ∥dL∗∥ = O(1). Absorbing (7.4) now yields

∥CkL∗∥L2(µh0 ) ≤ C ′
k. (7.5)

Now test a direction by taking w0 = Ae, where e is any deterministic vector with ∥e∥ ≤ 1. By
the first identity in (6.13), the first sum in (7.3) is pTe. Test with ĈkG. The residual estimates
control the left side and the last term by C∥G∥∗; the middle term is bounded by (7.5) and
Cauchy–Schwarz, since 0 ≤ Ĉk ≤ Ck. Thus

|E[ĈkG(mk − t∗)Te]| ≤ C∥G∥∗.

Summing Lemma 6.5 with the constant target e over l = 1, . . . , k gives the same bound for
E[ĈkG(x−mk)Te]. Sum over k. The deficit has contribution at most

2
√
n ∥G∥L2(µh0 )Pµh0

(D > 0)1/2 ≤ C∥G∥∗.
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Thus |E[G(x− t∗)Te]| ≤ C∥G∥∗ uniformly over ∥e∥ ≤ 1. Centering G and taking the supremum
over this seed class gives (7.2). The uncentered estimate also records the ordinary-mean
consequence: take G = 1 to obtain ∥Eµh0

x− t∗∥ ≤ C. This norm is the unnormalized Euclidean
norm. It compares the mean itself with t∗; no approximation of the derivative of the mean
map is used here. The local construction required n above a fixed threshold. In the remaining
dimensions, the elementary bounds ∥Cov(G, x)∥2 ≤ nVar(G) and ∥Eµh0

x− t∗∥ ≤ 2
√
n extend

both conclusions after enlarging C.

7.3 Means under square reweighting

For the change of observation law we need a different estimate, valid for arbitrary square densities.
It uses only ordinary recipes and trades a small fixed leading error for a constant depending on
that tolerance.

Proposition 7.3. For every sufficiently small fixed δ > 0, there is a constant Cδ such that, for
N = Eµh0

f2 > 0 and ν = f2µh0/N ,

∥Eνx− t∗∥√
n

≤ Cδ + Cδ√
n

(
1 + Dh0(f)

N

)
. (7.6)

The leading constant C is independent of δ and of the selection depth. This estimate requires
only ordinary word diagnostics, of a fixed length that may depend on δ.

Proof. Select the cutoffs with a fixed threshold ρ ≤ δ small enough for Lemma 5.7. On each
cutoff support, the residual-to-root comparison gives

∥mk − t∗∥ ≤ Cδ
√
n.

Here the constant comes from the recurrence and the inverse bound in Lemma 5.7, and is
independent of k. For ∥e∥ ≤ 1, sum the square-density version of Lemma 6.5 with target e
through k, using multiplier Ĉk. After division by N , this bounds

|Eν [Ĉk(x−mk)Te]| ≤ Cδ

(
1 + Dh0(f)

N

)
.

The cutoff weights sum to at most one, so all root-comparison terms together cost at most
Cδ

√
n. The leftover mass contributes at most 2

√
nPν(D > 0), which is controlled by the second

part of Lemma 7.1. Add the terms, divide by
√
n, and take the supremum over e to obtain (7.6).

The leading C comes from root stability; only Cδ and the finite diagnostic length depend on the
selected tolerance. Any dimensions below a fixed threshold required by this construction are
covered by the elementary bound ∥Eνx− t∗∥/

√
n ≤ 2 after increasing Cδ; this leaves the leading

constant unchanged. The argument has used no implicit test vector.

8 The spectral gap at a large observation time
We complete the observation argument by proving a gap after a sufficiently large fixed observation
time. The deterministic two-spin curvature estimate is uniform over external fields. The final
probabilistic statement instead concerns the specified observation law, at fixed j < 1. We adapt
the signed two-spin method of Wang [23, Lemma 3.4], retaining the signed first-order interaction
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and estimating the remaining terms by an entrywise-square matrix and a quartic row error. The
complete calculation below proves the precise variant used here.

For a symmetric matrix J with zero diagonal, define the symmetric matrices

Uij = tanh Jij , Qij = U2
ij , r4(U) = max

i

∑
j

U4
ij .

In particular, Uii = Qii = 0. The square defining Q is entrywise. At a field h0, put

Hf =
∑
i

(I − Pi)f =
∑
i

(xi −m1
i )dif, gi = dif, ai = v1

i gi.

Each Pi is an orthogonal projection in L2(µh0), and therefore H is self-adjoint and positive, with

Eµh0
[fHf ] = Dh0(f). (8.1)

Lemma 8.1 (Signed curvature inequality). There are universal constants u0 > 0 and C < ∞
such that, for every n, every symmetric zero-diagonal J satisfying maxi,j |Uij | ≤ u0, every
h0 ∈ Rn, and every real function f on the discrete cube,

Eµh0
[(Hf)2] ≥ (1 − Cr4(U))Dh0(f) − Eµh0

[
aTUa+ C|a|TQ|a|

]
. (8.2)

Here |a| denotes coordinatewise absolute value.

Proof. The curvature bound is obtained by summing an exact two-spin calculation. Fix i ≠ j,
condition on the other spins, and call the remaining spins x, y. Their conditional density is
proportional to exp(αx+ γy + Jijxy). Introduce the scalar parameters

a = tanhα, b = tanh γ, A = 1 − a2, B = 1 − b2, u = tanh Jij .

The letters a, b, A,B have these scalar meanings only during the pair calculation. Use E0
for the product law of means a, b, and Eij for the interacting conditional law. The identity
eJijxy = cosh(Jij)(1 + uxy) gives their exact density ratio:

dµij
dµ0,ij

(x, y) = 1 + uxy

1 + uab
. (8.3)

Expand f in the four-dimensional space of functions of x, y. Its two gradients then have the
unique representation

gi = p+ r(y − b), gj = s+ r(x− a)

with real p, s, r. The shared coefficient r is the mixed-spin term of this expansion. The conditional
means and variances satisfy

x−m1
i = (x− a)(1 − uxy)

1 + uay
, v1

i = A(1 − u2)
(1 + uay)2 ,

y −m1
j = (y − b)(1 − uxy)

1 + ubx
, v1

j = B(1 − u2)
(1 + ubx)2 . (8.4)

For a function F of one spin, write F (z) = F + z dF , and set

F1(y) = gi(y)
1 + uay

, F2(x) = gj(x)
1 + ubx

.
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The identity (1 − uxy)2(1 + uxy) = (1 − u2)(1 − uxy) and independence under E0 give the
following exact expression for the cross term:

Eij [(x−m1
i )gi (y −m1

j )gj ]
AB

= 1 − u2

1 + uab

(
dF1dF2 − uF 1F 2

)
. (8.5)

Both terms follow from the one-spin identities E0[(x−a)F2(x)] = AdF2 and E0[(x−a)xF2(x)] =
AF 2, together with their y counterparts. Thus the cross term has been reduced to four scalar
coefficients.

The four coefficients appearing here are

dF1 = r(1 + uab) − uap

1 − u2a2 , F 1 = p− (b+ ua)r
1 − u2a2 ,

dF2 = r(1 + uab) − ubs

1 − u2b2 , F 2 = s− (a+ ub)r
1 − u2b2 .

Consequently the right-hand side of (8.5) is

K
[
(−u+ u2ab)ps+ u2bA rp+ u2aB rs+Rr2], (8.6)

where

K = 1 − u2

(1 + uab)(1 − u2a2)(1 − u2b2) ,

R = (1 + uab)2 − u(b+ ua)(a+ ub)
= 1 + uab+ u2(a2b2 − a2 − b2) − u3ab.

The mixed coefficients rp and rs begin at order u2: their first-order terms have canceled. Keeping
this cancellation is what will leave only a quartic row cost after Young’s inequality.

For |u| ≤ 1/4 and |a|, |b| ≤ 1, all denominators above are bounded away from zero. There is
thus a universal constant C1 such that

|K − 1| + |R− 1| ≤ C1|u|.

Consequently the ps coefficient in (8.6) is −u+O(u2), both mixed coefficients are O(u2), and
the r2 coefficient is 1 +O(|u|). These constants are uniform in the conditional means a, b: all
the displayed rational functions and their required derivatives are bounded on the compact
parameter range.

Return temporarily to the notation ai = v1
i gi and aj = v1

j gj for the two gradient weights.
Equations (8.3) and (8.4) imply

Eij [aiaj ]
AB

= E0
[
wu(x, y)gi(y)gj(x)

]
, wu(x, y) = (1 − u2)2(1 + uxy)

(1 + uab)(1 + uay)2(1 + ubx)2 . (8.7)

Uniformly in a, b, x, y, one has

c1 ≤ wu(x, y) ≤ C2, |wu(x, y) − 1| ≤ C2|u| (|u| ≤ 1/4)

for universal positive constants c1, C2. Expanding gi(y)gj(x) and using that the centered factors
have zero product-law mean gives

Eij [aiaj ]
AB

= ps+ e0ps+ e1rp+ e2rs+ e3r
2, |eℓ| ≤ C3|u|. (8.8)
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To obtain the four error bounds, expand the product into its ps, rp, rs, and r2 terms. Each
centered spin is bounded by two, and the uniform estimate for wu − 1 controls every resulting
coefficient.

Adding u times (8.8) to (8.6), and decreasing the universal u0 > 0 if necessary, yields

Eij [(x−m1
i )gi (y −m1

j )gj ] + uEij [aiaj ]
AB

≥ 1
2r

2 − C4u
2|ps| − C4u

2|r|(|p| + |s|)

≥ −C5u
2|ps| − C5u

4(p2 + s2).

The last inequality is Young’s inequality, absorbing the mixed terms into r2/2.
We must now express the two scalar costs in the heat-bath weights that can be summed over

pairs. The lower bound for wu in (8.7), followed by product independence, gives

Eij |aiaj | ≥ c1AB E0|gi(y)gj(x)|
= c1AB E0|gi(y)|E0|gj(x)| ≥ c1AB|ps|.

Similarly, the density in (8.3) and the ratios v1
i /A, v1

j /B are bounded above and below by
universal positive constants for |u| ≤ u0. Hence

Eij [v1
i g

2
i ] ≥ c2AE0g

2
i ≥ c2Ap

2 ≥ c2ABp
2, Eij [v1

j g
2
j ] ≥ c2ABs

2.

The comparison constants do not deteriorate when a conditional variance A or B is small.
Substituting these bounds into the preceding scalar inequality proves the pair estimate

Eij [(x−m1
i )gi (y −m1

j )gj ] ≥ − uEij [aiaj ] − C6u
2Eij |aiaj |

− C6u
4Eij [v1

i g
2
i + v1

j g
2
j ]. (8.9)

To assemble the curvature form, first condition on all but spin i in the diagonal term of
E(Hf)2. Their sum is

∑
i E[v1

i g
2
i ] = Dh0(f). Next average (8.9) over the outside spins and sum

over ordered pairs i ̸= j. The signed and absolute pair costs become the two quadratic forms in
(8.2). The quartic cost is bounded by

2C6 r4(U)
∑
i

E[v1
i g

2
i ].

Increasing C proves the lemma.

The curvature inequality is useful when the few coordinates with appreciable conditional
variance occupy a small principal submatrix. Bandeira, El Alaoui, and Rödder [5, Theorem 1.1]
combine uniform bounds on small principal submatrices with a sufficiently large constant field
to prove polynomial mixing. Here the matrix bounds enter the signed curvature form directly.
We next obtain matrix control uniform over every such coordinate set; the set will later depend
on the spin configuration.

Lemma 8.2 (Small principal submatrices). Fix j ∈ (0, 1). There is a finite constant M ,
depending only on j, with the following property. For every ε > 0 there is α ∈ (0, 1/2) such that,
with probability tending to one over J ,

max
i,j

|Jij | ≤ n−1/4, ∥J∥, ∥U∥, ∥Q∥ ≤ M, r4(U) ≤ Mn−1/2, (8.10)
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∥USS∥ ≤ ε, ∥QSS∥ ≤ ε for every S ⊆ {1, . . . , n} with |S| ≤ αn. (8.11)

The same M works for all ε.

Proof. For any deterministic unit vector z, the centered Gaussian variable zTJz has variance

4j
n

∑
i<k

z2
i z

2
k ≤ 2j

n
.

Thus
P{|zTJz| > t} ≤ 2 exp{−nt2/(4j)}. (8.12)

To pass from fixed quadratic forms to norms, choose a 1/4-net of the unit sphere in Rk with at
most 9k points. Every symmetric k × k matrix B then satisfies

∥B∥ ≤ 2 max
z in the net

|zTBz|;

to see this, approximate a unit vector maximizing the absolute quadratic form and bound the
change by 2∥B∥/4. Taking k = n in (8.12) proves ∥J∥ ≤ M0 with probability at least 1 − e−cn

for a sufficiently large constant M0 = M0(j).
For a fixed row i and a fixed set S of at most k indices, Gaussian independence within that

row gives

P

∑
ℓ∈S

J2
iℓ > t

 ≤ exp
{

−nt

4j + k

2 log 2
}
. (8.13)

Use exponential Markov with parameter n/(4j) to obtain this estimate: each nonzero Gaussian
square contributes the factor

√
2 to the moment generating function. Choosing the full index

set and taking a union bound over rows bounds every row square sum by a fixed M1 = M1(j),
with failure at most e−cn. Separately, the Gaussian entry tail and a union bound give

P{max
i,ℓ

|Jiℓ| > n−1/4} ≤ 2n2 exp{−
√
n/(2j)} = o(1).

Since | tanh z| ≤ |z|, these bounds imply ∥Q∥ ≤ M1 and r4(U) ≤ M1n
−1/2, using the maximal

absolute row-sum bound for the operator norm of a symmetric matrix. Moreover,

| tanh z − z| ≤ |z|3/3, ∥U − J∥ ≤ 1
3 max

i

∑
ℓ

|Jiℓ|3 ≤ M1
3 n−1/4.

The scalar inequality follows by integrating |1 − sech2 z| = tanh2 z ≤ z2. This proves (8.10),
with a fixed M .

The global bounds have fixed M ; we now select the small-set fraction α. Put k = ⌊αn⌋.
Bounding sets of size exactly k suffices, because a smaller set can be enlarged and restriction
cannot increase a principal-submatrix norm. The

(n
k

)
possible sets have logarithmic count at

most nh(k/n), where
h(t) = −t log t− (1 − t) log(1 − t),

and h(t) → 0 as t ↓ 0. Applying the sphere-net argument on each support and using (8.12) gives

P
{

max
|S|=k

∥JSS∥ > ε/2
}

≤ 2
(
n

k

)
9k exp{−nε2/(64j)}.

62



Choose α > 0 sufficiently small that this tends to zero exponentially in n. Then ∥U − J∥ = o(1)
proves the assertion for U .

Finally, (8.13), with t = ε, and a union bound over all rows and all k-element sets give

P

max
i

max
|S|=k

∑
ℓ∈S

J2
iℓ > ε

 ≤ n

(
n

k

)
exp

{
−nε

4j + k

2 log 2
}
.

Decreasing α further makes this probability exponentially small. On its complement, the
maximal row sum of every QSS is at most ε, which proves the remaining assertion.

We apply these matrix bounds to a noisy observation. The following statement allows any
initial spin law, with the interaction still drawn at a fixed j ∈ (0, 1); the exceptional probability
concerns the observation at that fixed matrix.

Proposition 8.3 (Terminal observation gap). Fix j ∈ (0, 1). There are finite T > 0, c > 0, and
events Eterm

n depending only on J , with PJ(Eterm
n ) → 1, such that the following holds for every

sufficiently large n and every J ∈ Eterm
n . Let X have any probability law on {−1, 1}n, possibly

depending on J , and let Z be an independent standard Gaussian vector. Set Y = TX +
√
T Z.

Then, conditionally on J , except on an event of probability at most e−cn, the inequality

VarµY (f) ≤ 2DY (f) (8.14)

holds simultaneously for every real function f on the cube. All constants and matrix events are
independent of the law of X.

Proof. Choose the tolerances in the order needed to absorb the curvature costs. Let C be the
constant in Lemma 8.1, and choose ε > 0 with (1 + C)ε ≤ 1/8. Lemma 8.2 supplies α and the
fixed global bound M . Finally choose the fixed observation time T large enough that

16M2

T 2 ≤ α

2 , (1 + C)M
(
2 sech(T/4) + sech2(T/4)

)
≤ 1

8 , e−T/8 ≤ α

4(e− 1) . (8.15)

Let Eterm
n be the events supplied by that lemma. For all sufficiently large n, their bounds also

ensure max |Uij | ≤ u0 and Cr4(U) ≤ 1/8.
First count coordinates whose observation field remains small. Given X, the indicators

1{|Yi|<T/2} are independent; symmetry of the Gaussian noise gives the same success probability
pT for either sign of Xi. The Gaussian tail bound yields

pT = P{|T +
√
TZ1| < T/2} ≤ P{Z1 < −

√
T/2} ≤ e−T/8.

For BY = #{i : |Yi| < T/2}, exponential Markov inequality yields

P{BY > αn/2 | X, J} ≤ e−αn/2(1 + pT (e− 1))n ≤ e−αn/4.

The same bound holds after averaging over X.
Suppose now that BY ≤ αn/2. For every spin configuration x, ∥Jx∥2 ≤ M2n, and conse-

quently

#{i : |(Jx)i| > T/4} ≤ 16M2n

T 2 ≤ α

2 n.
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It follows, simultaneously for all x, that

S(x) = {i : |Yi + (Jx)i| < T/4} satisfies |S(x)| ≤ αn. (8.16)

At this fixed field Y , set qf (x) =
∑
i v

1
i (x)gi(x)2 and η = sech2(T/4). Since 0 < v1

i ≤ 1, one has
pointwise

∥a∥2 ≤ qf (x), ∥aS(x)c∥2 ≤ ηqf (x).

We may now use S(x) even though it depends on the configuration, because (8.11) holds for every
small set on one matrix event. Split the quadratic form between S(x) and its complement. The
small-set bound handles its first block, and the global norm handles the cross and complementary
terms, giving

aTUa ≤
[
ε+M(2√

η + η)
]
qf (x).

The identical argument, with |a| and Q, gives the same upper bound for |a|TQ|a|. Lemma 8.1
and (8.15) therefore imply

EµY [(Hf)2] ≥ [1 − Cr4(U) − (1 + C){ε+M(2√
η + η)}] DY (f)

≥ 1
2DY (f).

It remains to translate curvature into a gap. The kernel of the self-adjoint operator H
contains exactly the constants: vanishing E[fHf ] forces every one-spin conditional variance to
vanish, and the strict positivity of the Gibbs law propagates equality across every cube edge. For
an eigenfunction with positive eigenvalue λ, the curvature estimate and (8.1) imply λ2 ≥ λ/2,
hence λ ≥ 1/2. Expand in an orthonormal eigenbasis to obtain (8.14). The observation failure
bound was e−αn/4, uniformly in the initial spin law, so we may set c = α/4.
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