A UNIFORM HILBERT TRANSFORM ESTIMATE FOR LIPSCHITZ
DIRECTIONS

OPENAI

ABSTRACT. We prove a uniform L? bound for the Hilbert transform along a Lipschitz unit
vector field in the plane, with integration restricted to a fixed absolute multiple of the reciprocal
Lipschitz seminorm. The bound is uniform in the inner truncation and holds for fields depending
on both coordinates. This gives an affirmative answer to Stein’s weak-(2,2) conjecture.
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HILBERT TRANSFORMS ALONG LIPSCHITZ DIRECTIONS 3

1. SHORT TRANSFORMS AND BAND REDUCTION

Let v : R? — S! be a Lipschitz unit vector field. For 0 < € < a, define the short directional
Hilbert transform by
B @)= [ fe-ne@) S
e<|t|<a t
The direction is held fixed at the output point x: the integral samples the straight line through
z in direction v(z). For f € S(R?), the symmetric principal value H, o f = lim¢o H ,f exists
at every point, since f(x — tv(z)) — f(z + tv(x)) = O4(|t|) near zero.

Theorem 1.1. There are absolute constants a. € (0,1/2) and Cy < 0o such that every Lipschitz
field v : R? — S with Lip(v) < 1 satisfies

sup ‘Hé,a*f‘

O<e<ax

L2(R?) < Cs HfHL?(R?) (f S S(RQ))

Its symmetric principal value therefore satisfies

1Hoa flly < Cellflls, Ha: [Hoa f(2)] > X < CI2|fll; - (2> 0).

Both coordinates may enter the field arbitrarily subject to the Lipschitz bound. The supremum
in the theorem is outside the norm, so its first assertion is a uniform operator bound for each
inner truncation. The principal-value assertion is stated on Schwartz functions and gives an
L?-bounded extension by density.

The outer length has a natural scaling. If L, = Lip(v) > 0, put v(X) = v(X/L,) and
f(X) = f(X/Ly,). Then Lip(?) = 1, and changing variables s = Lt gives

HS oy, /(@) = B2 (L), || ], = Lo 1l

The theorem thus has the same constant at outer length a./L,. If L, = 0, the field is constant.
Rotation and Fubini reduce its transform, for any finite outer length, to the one-dimensional
Hilbert transform. These conventions distinguish the short-scale assertion from an estimate at
arbitrary outer lengths for varying fields.

1.1. The problem and its predecessors. Stein’s question places Lipschitz regularity at the
center of the planar directional singular-integral problem. In the formulation [21, Conjecture 1.5],
it asks for a uniform weak-(2,2) bound with the outer length controlled by the reciprocal
Lipschitz seminorm. Theorem 1.1 gives an affirmative answer with a strong L? bound. The scale
restriction limits the turning of the field, but it does not make the operator a Fourier multiplier:
the line used by the integral still varies with the output point.

Lacey and Li trace Stein’s question to Zygmund’s conjecture on almost-everywhere differentia-
tion by averages over shrinking straight segments in direction v(x). They also recall a Besicovitch
obstruction showing that Hoélder regularity of any exponent below one does not by itself give the
corresponding uniform weak-(2,2) estimate for the short positive averaging maximal operator
[21, Preface, Conjecture 1.2 and Chapter 2]. Analytic fields admit additional structure: Bourgain
proved an L? theorem for their averaging maximal operator [4], and Stein and Street proved
local P, 1 < p < 00, estimates for single-parameter singular Radon transforms associated with
real-analytic maps [26]. Their singular-integral theorem includes analytic frozen-direction Hilbert
transforms, with localization depending on the analytic map. The uniform Lipschitz estimate
considered here asks for constants controlled by the Lipschitz seminorm alone.

Several distinct advances explain the remaining difficulty. Lacey and Li proved an annular
weak-(2,2) estimate, together with strong LP estimates for p > 2, for directional Hilbert
transforms with measurable directions [23, Theorem 1.1]. An annular restriction isolates a
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frequency scale; it does not give a uniform strong L? bound for the complete transform. For
Lipschitz unit fields, Guo obtained annular weak-(2,2) and strong LP, p > 2, bounds, uniformly
in the annulus scale, for the r-variation, r > 2, of smooth dyadic Hilbert-transform partial sums
over the short scale range determined by the reciprocal Lipschitz length; the varying dyadic
cutoff is distinct from the hard inner time cutoff in Theorem 1.1 [15, Theorem 1.2 and (1.6)—(1.8)
of the author version]. Lacey and Li’s Lipschitz Kakeya theorem controls averages over short
rectangles on which the field has a prescribed popular direction [20, Theorem 1.4]. For popularity
8, its weak-L? norm costs C6 /2. We use precisely this estimate.

The Lacey—Li memoir develops the relation between those maximal operators and the Hilbert-
transform problem [21]. Its Theorem 1.18 assumes a stronger maximal estimate below L? for the
strong annular conclusion; its full-transform conclusion also requires C'*" regularity. These are
conditional results with hypotheses different from those of Theorem 1.1. For bounded measurable
slopes depending on one coordinate, Bateman proved single-annulus L? estimates for 1 < p < oo
[2]. Bateman and Thiele proved strong LP bounds for the full-line principal-value transform
when 3/2 < p < oo, for every nonvanishing measurable field depending on one coordinate
[3, Theorem 1]. The one-coordinate L? case is already connected to Carleson’s theorem by a
partial Fourier transform [6, 3]; Bateman and Thiele obtain the stated wider p-range. The
one-coordinate hypothesis remains a substantive restriction on the direction field. Guo extended
the one-coordinate setting to fields constant along suitable Lipschitz foliations, with a uniform
transversality assumption [13, 14].

A different family of results combines Lipschitz control with lacunary directions. Guo
and Thiele proved strong LP bounds without a frequency restriction for short principal-value
transforms associated with dyadic roundings of a positive Lipschitz slope [16]; Di Plinio and
Parissis extended this framework to finite lacunary order for fields generated by separated
dyadic roundings of Lipschitz angular functions [10]. The rounded direction field can itself be
discontinuous. These results exploit directional structure beyond that assumed in the present
theorem.

A further reduction separates frequency reassembly from the main single-band estimate. Di
Plinio, Guo, Thiele and Zorin-Kranich established that uniform strong L? bounds on vertical
frequency bands imply the full short principal-value bound under a small uniform Lipschitz
bound in the vertical variable [9, Corollaries 1.3-1.4 of the author version|. We give a commutator
proof adapted to the two truncation endpoints and to the narrow frequency bins used later.
The new estimate to be proved is the logarithmically improved restricted bound on a band; the
principle of band-to-full reassembly is already present in that work.

1.2. The analytic and geometric reductions. We describe the proof before fixing its technical
parameters. Localization and rotation write a short piece of the operator in slope form

dt .

HZ,ah(xay) = / h(l‘ -ty — tu(:v,y)) 1 |u‘ < 1a Llp(u) < Ca
e<|t|<a t

with both input and test supported in a short horizontal strip. Writing n for the frequency dual

to y, a vertical frequency band at scale w means that || is comparable to w~!. For its smooth

projection P,,, the central restricted estimate is

€ -3
(HyoPof, o)l S (L+ [log(IFI/IED]) “\IFIE]L  |fI<1p, |9 <1g.

Here F, E are sets of positive finite measure in the horizontal strip. Its constants are uniform
in w and e. The logarithmic factor makes amplitude-level summation converge. A Lipschitz
commutator then permits Littlewood—Paley reassembly across vertical bands. These implications,
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including all endpoint errors, are proved in this section before the restricted estimate itself is
used.

The difficult regime is |E| > |F|. Write L = log \/|E|/|F|. Positive operator bounds discard
all but very short integration times. The vertical band is then divided into narrow intervals
centered at frequencies 7;, with common width comparable to W1, where W = mw and m
grows subexponentially in L. The components form one finite-dimensional Hilbert space. A wave
packet has horizontal length ¢, transverse width W, and a direction label with precision d = w/?.
Smooth packet forms retain the original field only through scalar selectors of its direction.

Ordinary size and density estimates remove the small-density packets. Each remaining packet
is assigned to a top box whose direction is popular on a measured subset of the test set. The
popularity witnesses are disjoint. Lacey—Li’s theorem controls a decaying weighted count of the
tops, after every thin parallelogram has been enclosed by an admissible orthogonal rectangle.
This step is geometric: it supplies a polynomial cost in L, and does not provide the final
oscillatory saving.

1.3. The phase gain and its iteration. Two statements make the oscillation usable. First, on
every reference line the packet sums have polynomial moment bounds, square-function bounds
and 3-variation bounds. The variation argument combines Lépingle’s martingale inequality with
the comparison between smooth Fourier truncations and conditional expectations developed by
Jones, Seeger and Wright [24, 19]. All three packet estimates hold for every fixed deterministic
subcollection. Popularity and Lipschitz control then produce one exceptional set outside which
each separated list of significant top directions in the required angular cluster and precision
range has at most D = L¢ members, simultaneously over angular resolutions.

Second, a finite Fourier sum with at most D separated real frequencies has a strict improvement
over the usual coefficient exponent. For suitable band-limited probability measures v, we prove

d 1/7«
1 1 log(2D
<(Gar) g R e
r(v) i=1 T p

Xd: al'ei)\it

i=1

The operator constant is exactly one, for complex coefficients and for Hilbert-valued coefficients
acted on by diagonal phases. The proof separates the case of one dominant coefficient from
its complement. In the latter case, separated quantiles give a strict fourth-moment deficit,
which survives a small improvement of the coefficient exponent. An unspecified constant in this
inequality would accumulate at every angular level and destroy the argument.

The iteration organizes directions into nested angular intervals. Each interval carries the
positive mass of the tops whose direction precision is sufficiently fine for that interval; these
are its eligible tops. It also carries an oscillatory amplitude assembled from its packets. The
significant-direction count enters phase averaging through a weighted selection of separated block
children, whose analytic weights cancel the probability cost of retaining them. We compare
mass-normalized p-energies after adding the mass itself as a baseline. On an appropriate spatial
interval, a finer amplitude can be predicted from one good point by diagonal phase motion.
The finite Fourier estimate therefore controls the average of the predicted energy factor. The
comparison errors are proportional to the relative mass lost on the path, so their sum is controlled
by a logarithmic mass telescope.

Packets that stop between two angular endpoints create residual terms. Square summation
handles blocks with a definite mass drop. Across nearly unary portions of a path, the energies
telescope and the remaining residual sums are estimated by 3-variation of one fixed sequence for
that path. The sequence is chosen before the spatial point or mass stop is selected. Normalized
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factors on nested spatial cells can then be integrated without any cost proportional to the
angular depth.

Finally we interpolate among shifted groupings of angular levels. At the central parameter the
packet coefficients contain boundary weights. Averaging one common angular-grid translation
removes these weights, using eligibility as well as angular proximity in the boundary telescope.
With p = LY/2, the strict phase gain leaves a decrease of order (\/f log L)~! in the exponent of
V|E|/|F]. This dominates all fixed polynomial losses and supplies the logarithmic restricted
estimate above.

1.4. Organization, inputs and uniformity. Section 1 gives the analytic reduction and
the precise packet estimates needed for the band theorem. Section 2 proves the ordinary tile
estimates and constructs the popular forest. Section 3 establishes every-line concentration and
the simultaneous count of significant directions. Section 4 proves the constant-one finite Fourier
inequality. Section 5 constructs the angular hierarchy and the predicted factors. Section 6
controls residuals and integrates path products. Section 7 performs interpolation, angular-grid
averaging and the final strong-type assembly.

There are two specialized external inputs: Lacey—Li’s short Lipschitz-popularity maximal
theorem, stated in Theorem 1.2, and the unweighted scalar martingale 3-variation inequality
of Lépingle, used in the form [29, Theorem 1.1, p = 2, r = 3, weight one]. The latter enters
the locally proved Fourier/martingale comparison in Theorem 3.3; we credit its origin to [24].
Standard one-dimensional Hilbert-transform, maximal-function and interpolation facts are
recalled where used. The commutator, tile, concentration, finite-phase and hierarchy arguments
are included in full.

All packet collections, scale ranges and angular depths are finite until estimates independent of
those truncations have been proved. The bin Hilbert spaces are finite-dimensional and complex,
and every constant is independent of their dimension. Pairings are linear in the first variable.
A factor L¢ always has a fixed exponent; it never conceals the number of packets, scales or
hierarchy levels.

1.5. Fourier conventions and the local reduction. We use the Fourier convention
. , 1 . ,
Fem = [ f@pe @ mdndy,  fay) = o [ FEmeesm agan,
R2 (2m)? Jg2

The same convention is used in one dimension. Pairings are linear in the first entry. A constant
depending on a fixed finite list of smooth cutoffs or on their prescribed seminorms is an absolute
constant. No such list will depend on a frequency scale, an inner truncation, the number of
packets, or the dimension of the bin Hilbert space.

1.6. A maximal theorem and elementary analytic tools. We first record precisely the
specialized maximal theorem used later. If an orthogonal rectangle R has long side L(R), short
side W(R), and long-side direction eg € S*, let EX(R) be the arc centered at eg of total length
W(R)/L(R).

Theorem 1.2 (Lacey-Li). Let v :R? — S be Lipschitz and 0 < § < 1. Restrict to rectangles
satisfying

1
LR <—F—
() < 100 Lip(v)’

where the first restriction is void when Lip(v) = 0. Then

(RN EX(R))| > 6|R|,

1
M 5h(z) = sup ﬁéz) / h|  satisfies | Mysh| 20 < COV2 R,
R R

Here the supremum is tested at every point of R, and the constant is independent of v and §.
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This is [20, Theorem 1.4]. Requiring the field to lie in a smaller fixed subarc only restricts
the collection of admissible rectangles. In the bounded slope range, the map ¢t — (1,t)/v1 4 t2
changes slope distances into arc distances by comparable absolute factors. These observations
explain the slope version of Theorem 1.2 used below. When an intermediate box is a parallelogram,
the application of the theorem will explicitly enclose it by a comparable orthogonal rectangle of
admissible length.

We also use the following familiar one-dimensional estimates, with their indicated uniformities.
The Hardy—Littlewood maximal operator is bounded on LP, 1 < p < oo, and

[ _py &
r<|t|<R t »

The supremum in (1.1) is outside the norm; the usual maximal truncation theorem gives
this assertion as well. See [17, Theorems 1.1 and 7.6 and the proof of (7.7)]. Fubini gives
the corresponding horizontal estimates on R2. The L? square-function identities used here
are consequences of Plancherel and finite overlap of smooth frequency annuli. The standard
smooth Littlewood—Paley and random-sign multiplier formulations are also recorded in [27,
Proposition 5.3, Corollary 5.4, and Remark 4.5]. We give the particular Carleson embedding and
commutator arguments needed for our reduction below. The John—Nirenberg and martingale
variation estimates are stated in the sections where their local forms are used.

sup

< Gyl (1.1)
0<r<R<oo

1.7. The local slope operator and its endpoints. Fix an absolute bound Cf,;, large enough
for the slope fields obtained in the following localization; for example, a bound of ten suffices
after taking the squares small enough. Choose an absolute horizontal length by > 0 with
boCLip < 1/10, and subsequently choose 0 < a, < by/100. These constants may be decreased to
accommodate the fixed geometric enlargements in later applications of Theorem 1.2. All such
enlargements are chosen absolutely. For the remainder of the local argument write a = a,, and
put

dt
Hy, Jh(z,y) = / h(x —t,y — tu(z,y)) 0<e<a, (1.2)

e<|t|<a 7’
where |u| <1 and Lip(u) < Crip. The local inputs and tests will be supported in I x R, where
I is any interval of length at most bg.

Lemma 1.3. For |t| Cyip < 1, define
Aih(z,y) = h(x — t,y — tu(z,y)).
Forl <p< oo,
1Ak, < (1 = [¢] Crip)~ 7 1Al (1.3)

and A is a contraction on L*°. Consequently, replacing either symmetric endpoint at scale r by
a measurable endpoint between cr and Cr, with ¢,C > 0 fized and max(1, C)rCrp < 1/2, costs
a bounded LP operator, independently of r.

Proof. For each fixed x, the map ¢, +(y) =y — tu(x,y) is increasing, onto, and satisfies

(1= 1t] Crip) |y — | < |@ai(y) — €2 (y)] < A+t Cuip) [y — ']

The change-of-variables formula for a one-dimensional bi-Lipschitz map, followed by translation
in x, proves (1.3). A difference of endpoint truncations is pointwise dominated by

dt
/ |A¢h| —
dr<jt|<C'r |t|
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with ¢/ = min(1, ¢) and ¢" = max(1, ). Minkowski and (1.3) bound this by C, log(C"/c’) [[h]|,,-
The same proof applies to inner and outer endpoints, and permits endpoints depending on
(2,9). O

We explain the localization of the original unit-field operator. Partition the plane into squares
Q of a sufficiently small fixed side length. For output in @, only a fixed enlargement QT of that
square contributes to a transform of length a.. Rotate coordinates so that the vector at the
center of ) points along the positive first coordinate axis. Since Lip(v) < 1, on the rotated
output square we have

v = (v1,v2), vy > ¢ >0, u = vy/v1, lu| <1, Lip(u) < CLip-

The last inequality follows by subtracting the two ratios and using the lower bound for .
Extend u to the plane with the same Lipschitz bound, using inf.cq(u(2) + Crip| - —2|), and then
clip the extension to [—1,1]. The infimum extension agrees with w on @, and clipping preserves
both agreement and the Lipschitz bound.

At an output point, the substitution s = tv;(x,y) changes dt/t to ds/s and changes the two
endpoints to evi(x,y) and a,vi(x,y). By Theorem 1.3, each endpoint can be replaced by € or
a., respectively, at a uniform L? cost. The rotated sets Q and Q7 fit in a common horizontal
interval of length at most by, after choosing the square side and a, in that order. Thus a uniform
bound for 1;xrH;, ,11xr implies the required bound on this output square. The output squares
are disjoint, the sets Q™ have bounded overlap, and rotations preserve area. Squaring the local
estimates and summing over () therefore proves the global estimate. Notice that both endpoint
errors are uniform in the inner radius e.

1.8. The band theorem and summation of amplitude levels. A vertical band cutoff at
length w > 0 is a multiplier P, = p(wD,), where p is smooth and supported in a fixed compact
annulus {r: ¢, < |r| < Cp}, with 0 < ¢, < C), < 0o absolute. We allow a fixed bounded family
of such cutoffs, including slightly enlarged cutoffs equal to one on the supports of others. All
constants below are uniform when the required finitely many cutoff seminorms are bounded.
The dyadic inverse frequency scale w belongs to 2%.

Theorem 1.4 (Restricted estimate on a vertical band). For the fized absolute constants in
(1.2), there is an absolute C' such that, for every field v with |u] <1 and Lip(u) < Crip, every
0 < € < a, every dyadic w, and every vertical band cutoff P,

€ -3
(HE Pt 9)] < C(1+ log(|F|/|ED) /| FI|E] (1.4)
whenever F, E C I x R have positive finite measure, |f| < 1p, |g| < 1g, and |I] < by.

The proof of Theorem 1.4 will be completed after the packet estimates and their iteration have
been established. The next results show, without using that theorem as a premise elsewhere in
its proof, that it implies Theorem 1.1. The last part of this section then gives explicit sufficient
packet estimates for Theorem 1.4.

Lemma 1.5. Suppose a bilinear form B satisfies

B(f.9)| < Co(1+ [log(IF|/IED)VIFIEl (If] <1r, lg| < 1E)

on finite-measure sets in a fixed measurable domain. Then

1B(f,9)] < CCollfll2 ll9ll.

for finite amplitude decompositions, and hence for all L? inputs whenever the form is obtained
by an L?-continuous truncation or by completion from those inputs.
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Proof. Use disjoint amplitude sets F; = {27! < |f| < 2!} and write f = 3, 2 f;, where |f;| < 1p,.
For the moment all sums are finite. Put a; = 2°/[F;], so 3, a? < 4] f||3. Group the indices into
measure classes

1/2
T = {i: 28 < |F)| < 2811y, Ak:(z(ﬁ) .

1€Ty
If 49 is the largest index in a nonempty class, then
3 < 202N 90 < 9V2 4, < 2V2 Ay
1€y, <19
Make the analogous decomposition g =3, 2J gj, with measure classes J; and square sums B;.
ForieZy, j € 7,
(1+[log(|Ei|/|B;DD > < C(1 + [k —1])~°
The assumed bound, followed by the within-class estimates, gives

B(f,9)| < CCoY (14 [k =) > AxBy < CCo || Allg2 | B2 -
ol

The final step is Young’s inequality for the summable sequence (1 + |k|)~3. This proves the
assertion. Truncating the amplitude decompositions and using the asserted continuity or
completion gives the last statement, with no dependence on the number of classes. Il

1.9. A Lipschitz commutator. The estimate below belongs to the Lipschitz commutator
theory initiated by Calderén and developed by Coifman and Meyer [5, 8]. We give a dyadic
proof with the precise multiplier seminorms needed for Littlewood—Paley reassembly and for the
later narrow-bin reduction. The argument separates low output frequencies from the annular
interactions, because the constant must remain uniform as the number of frequency scales
increases. Let x be a real even smooth cutoff equal to one on [—1, 1] and supported in [—2, 2],
and define

Sk =x(27"D), Ay =Sk — S
Thus Ay, is supported in {2¢~! < |¢| < 2¥+1} and Plancherel gives

I3 = Y 1AKAI.- (1.5)
k

Lemma 1.6 (The required Carleson embedding). For every fized integer ¢, every q € L= (R),
and every h € L*(R),

> 11(Aka)Skrchlly < Cellallz l1hll3 - (1.6)
k

Proof. For a dyadic interval J of length 277, split ¢ = ql3; + ql ). By (1.5), the first part
satisfies

> [ 18ulatanf < Cllal 1.

k>j

The kernels of A, have Schwartz decay at scale 27%. For x € J and k > j, this gives
|Ak(gLne)(@)] < Cllgll 277

After summing the squares, we obtain

> [ 18uaf < CllalEe 11 (1.7

k>3
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For each dyadic interval I of length 2% set ay = [;|Akg|?>. Then (1.7) says 3 ;- a7 <
2
Cllalis 11
Write M for the Hardy—Littlewood maximal operator. Kernel decay, summed on dyadic
annuli about a point of I, gives

sup [Skrch(x)| < Ceessinf Mh(y).
el yel

The shift ¢ is fixed, so moving the kernel center across I changes the bound by only a fixed
factor. If F' > 0 belongs to L?, the dyadic Carleson condition implies

) 2
§ al(essllan) < CHQHio ”FHE
I

Indeed, for each t > 0, sum over the maximal dyadic intervals on which essinf; F' > ¢, apply the
Carleson condition on each such interval, and integrate against 2¢ d¢. Their union lies, up to null
sets, in {F > t}. Apply this assertion with F' = Mh, and use the L? maximal theorem. This
proves (1.6). This is also the usual continuous Littlewood—Paley Carleson embedding; compare
the proof of [28, Proposition 4.1]. O

Lemma 1.7. Let b € WL (R), and let T = m(D), where m is smooth away from zero and
= "lm ()
A(m) = max sup [c[[m®(0)] < oc.
<r<d g
Then
116, T1ORly < CA(m) ||| 1Al - (1.8)

The commutator is initially defined on the Sobolev space W12(R); the estimate gives its bounded
extension to L?. Its constant is independent of ||b|| ., and of all frequency truncations.

Proof. Put Ly, = ||V/|| , and by, = Apb. Cancellation and the first absolute moment of the smooth
kernels give

bl < C27%Ly,  |OSKb]lo < CLy, bl = ARb. (1.9)
Also ||Syb —b||, < C27NL;. Consequently, for each fixed j, the exact identity
b=Sj_ab+ > by (1.10)
k>j—3

has a uniformly convergent high-frequency sum. This identity retains the constant and low-
frequency part of b; no homogeneous reconstruction of a bounded function at frequency zero is
needed.

For any fixed smooth annular cutoff p, let K; be the kernel of m(D)p(277 D). Rescaling and
three integrations by parts on its fixed compact frequency support show

/Ryz\ ()| dz < CA(m)277. (1.11)

In fact the rescaled kernel is bounded by C'A(m)(1 + |z|)~3, which proves the assertion.

First suppose that % is smooth and compactly supported away from zero. Put h; = Aj;h; only
finitely many h; are nonzero. Apply (1.10) to each of them. There are three interactions.

For the low frequencies of b, put B; = S;_4b. The supports of both h; and B;h; lie in

a fixed annulus of radius 2. A slightly enlarged annular multiplier T; therefore satisfies
[B;,T)0hj = [Bj, Tj]Ohj. The kernel formula and (1.11) give

IBj, T;]0hjll, < Lip(B;) / 211 (2)| dz [|0hly < CA(m) Ly ([, -
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The outputs remain in fixed annuli of radius 2/. Finite frequency overlap and (1.5) bound their
sum by C'A(m)Ly, ||hl],.

For k > j + 4, the output of [by, T]0h; lies in a fixed annulus of radius 2¥. Plancherel,
Bernstein’s inequality, and (1.9) yield

1Bx, T10R; 1, < CA(m)Ly27 =" ||Rj] -

Group by k, use frequency overlap, and apply Young’s inequality on £?(Z) to the summable se-
quence 27"1,>4. This bounds the high-low sum by the same quantity and proves its convergence
in L?.

It remains to consider |k — j| < 3. Fix one such difference and write Hy = hj, |r| < 3. The
exact identity

(b, T|0H), = O([bk, T|Hy) — b, T Hy, + T (b, Hy,) (1.12)

treats the possible low output frequencies. Indeed, 9([bx, T|H}) has spectrum in a ball of radius
C2k. Tts A; projection vanishes for i > k + o, with ¢g fixed, and otherwise

|80, TIH) |y < CA(m)Ly2i " ||yl

Another application of (1.5) and Young’s inequality to 27"1,>_., bounds the sum of these
derivative terms. Thus arbitrarily low output frequencies cause no logarithmic loss.

Choose a fixed ¢; so that Sii., equals one on the spectrum of every product b) Hy. For
geL?
1/2

1/2
< (z nHknz) (z ||<Akb'>sk+qgu§)
k k
1/2
< CL (ZHHng) llglls
k

by Theorem 1.6. Since ||T||,_,, < A(m), this bounds T'>", b). Hi. Replacing Hy, by THj, in the
same calculation bounds Y, b, T Hy: the frequency supports are unchanged and Y [|THg||3 <
A(m)2 Y, | Hyll5- Equation (1.12), summed over its seven possible differences, completes the
proof on the chosen dense class.

For h € W12 approximate by (Sy — S_x)h, followed if necessary by smooth compact Fourier
approximations away from zero. The approximation converges in W12, Since b is bounded and
T is L?-bounded, the defining commutators converge in L?. The estimate passes to the limit,
and then defines a bounded operator on all of L?. ]

(smes)

For a vertical multiplier 7', set

Corollary 1.8. For |t| < by and T as in Theorem 1.7,

ITCih — CThlly < CA(m) [¢] [|A]], - (1.13)
The constant is uniform over |u| < 1, Lip(u) < Crip.
Proof. Work first with a smooth field and on one fixed z-fiber. Let ¢4(y) = y — su(z,y). Direct
differentiation gives

CS_IC'; = bsaya bs = —U(l‘, ) © 305_17

and hence, since T' commutes with 9,,

%(cgc;l) — Cylby, TIO,C (1.14)
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The bi-Lipschitz estimates in Theorem 1.3 imply

[Cellamsz + |05, <€ Lin(hs) <

2—2

Apply Theorem 1.7 inside (1.14), integrate from 0 to ¢, and multiply by C;. The estimate is
uniform in the fiber, so integration in x proves (1.13).

A bounded Lipschitz field is approximated by convolutions with smooth approximate iden-
tities, preserving the bounds on its size and Lipschitz seminorm. For each fixed small s, the
corresponding composition operators converge strongly on L?: this follows first for continuous
compactly supported inputs by uniform convergence of the maps, and then by density and their
uniform operator bounds. Passing to the limit proves the assertion for the original field. [l

1.10. Square-function reassembly. The preceding composition estimate pays a factor of
|t|, which cancels the singular measure dt/|t| when commutators are integrated. This is the
mechanism that permits the band estimates to be assembled. Di Plinio, Guo, Thiele and Zorin-
Kranich established this band-to-full reduction under Lipschitz regularity [9, Corollaries 1.3-1.4
of the author version]. We retain the argument here to track the fixed outer endpoint, arbitrary
inner endpoint and horizontal localization used throughout this paper.

Choose a real smooth annular function p so that ", cozp(wn)? = 1 for n # 0. Such a
function is obtained by dividing an ordinary smooth dyadic partition by the square root of its
sum of squares. Set P, = p(wD,). For every finite set W of scales and every choice of signs
ew € {—1,1}, the multiplier T" = }°  cyy €w P satisfies A(mg) < C, by finite overlap of the
annuli. Writing SPh(x,y) = h(z —t,y), we have

dt
H%:/ c,50 <L
’ e<|t|<a t

The vertical multiplier 7' commutes with Sf. Thus Theorem 1.8 implies

dt
gc/ 1< < ca. (1.15)
22 e<|t|<a

i, ) g

All these operators are already bounded on L? for fixed € > 0, with the elementary bound
C'log(a/€); no conclusion of Theorem 1.4 is needed to form their square functions.

Randomize the signs independently and use their orthogonality. For f = 1;«rf, Equa-
tion (1.15) and the triangle inequality in the random-sign L? space give

1/2
(Z |LrnPuts, f E) <Cfll, + ( ) lexRH;,ansz>
wew wew

The horizontal restriction commutes with every vertical multiplier.

1/2

(1.16)

Proposition 1.9. The uniform restricted estimate in Theorem 1.4 implies Theorem 1.1.

Proof. Apply Theorem 1.5 to the localized band form. It gives a uniform local L? bound for
Hj, Py, where P, is an enlarged cutoff equal to one on the spectrum of P,,. Since P, f retains
the same horizontal support,

|LixrHS o Puf |, = | LixwHE o Pu(Puf)||, < C I Pufl-
Insert this in (1.16) and let W increase to all dyadic scales. Plancherel and the square partition

give H]‘IXRHE,af
asserted global bound for the unit field. Finally, for a Schwartz input the symmetric principal

value exists pointwise; Fatou gives its L? bound, and Chebyshev gives the weak estimate in
Theorem 1.1. ]

’2 < C||flly, uniformly in e. The localization already proved above gives the
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1.11. Removing long and very short times. We now reduce Theorem 1.4 to packet estimates.
In this part only, abbreviate Hy, , to H, and put

L =log./|E|/|F].

Fix a sufficiently large absolute threshold Lg, which can be increased after the fixed constants in
the argument are chosen. When L > Lg, choose dyadic numbers satisfying

0.97 0.97 0.9 0.9
%E_L <t<e el <m <2l W = muw. (1.17)

Here 7 is the short-time cutoff. The parameter m sets the number of vertical frequency bins:
their width will be comparable to W~!, and W = muw is the corresponding spatial width. For
every fixed C, the product m®r tends to zero as L — oo; this pays for the binning errors. We
take Lg large enough that 7 < a. For all other values of L, let m =1, W = w, and let 7 € (0,a)
be a fixed small dyadic constant.

Lemma 1.10. For any fized 1 < p < 0o, the contribution of max(e,7) < |t| < a to HP,, has LP
norm at most Cp(1 + L) if L > Lo, and at most a fized C), otherwise. On the remaining times
below w, replacing u by zero costs a uniformly bounded LP operator. The resulting horizontal
symmetric truncation is uniformly bounded on LP.

Proof. The first assertion follows from Theorem 1.3, the uniform L' norm of the convolution
kernel of P, and

dt
/ < 9log(a/7) < C(1 + L097).
r<|t|<a |t|
For the second, the fundamental theorem of calculus gives
(Pyh)(x —t,y — tu(z,y)) — (Pyh)(x —t,y)

1
= —tu(zx, y)/o (OyPuh)(x —t,y — Otu(x,y)) do.

The intermediate maps satisfy Theorem 1.3, and the kernel of 9,P, has L' norm O(w™!).
Consequently,

1A = S7)Puhll, < Cyltlw™ |[A]], - (1.18)

Integrating over any subinterval of 0 < |t| < w against dt/|t| gives a constant. Equation (1.1)
handles the horizontal part, uniformly in its inner and outer endpoints. ]

Every error with LP norm B, contributes at most

I\ /p—1/2
| ‘) (1.19)

Byl P77 = B (5

to the restricted form. In the regime L > Ly, choose one fixed p < 2, for example p = 3/2; the
normalized error is then at most C'(1 4+ L)e~%/3. In the opposite regime |F| > |E|, the fixed
choice p = 4 gives the power (|E|/|F|)'/* for each uniformly bounded error. On a bounded

range of L, fixed operator bounds suffice. These choices are made once and do not approach the
endpoint p = 2.
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1.12. From a spatial truncation to a finite scale sum. Choose an even smooth cutoff yg,
equal to one near zero and compactly supported, and set

O(r) = xo(r) = x0(2r),  ¥(r) = —imsgn(r)d(r).
The function v is smooth and supported in a fixed compact annulus. Its inverse Fourier transform
k is Schwartz, and ky(t) = £71k(t/¢) has multiplier P (£C). Since Yy ¥(UC) =1 for ¢ # 0,

Z ke(t - (t #0).

Le2”
The identity follows by Fourier inversion in tempered distributions; away from zero the kernel
sum is locally uniformly convergent by Schwartz decay for small £ and the bound C'/¢ for large .

Lemma 1.11. For dyadic 0 <r < R,

1
/ {T<‘t'<R} S k(t)| dt<C. (1.20)
R r<t<R
Also,
/yty > ke(t)| dt < CR. (1.21)
r</<R

Both constants are independent of the number of scales. Changing either spatial endpoint by a
fized factor preserves the first bound.

Proof. For r < |t| < R, the omitted scales below r have sum bounded by Cr/|t|?, using
|ko(t)| < CL/|t)? and a geometric sum. The omitted scales above R have sum at most C/R. The
integrals of these bounds over the middle interval are bounded. For |t| < r, the retained sum
is at most C'Yys, 01 < C/r; for |t| > R, it is at most C'R/[t|*. These are integrable on their
respective regions and prove (1.20). For the moment bound, use

[t de = ¢ [ Islji(s)|ds

and },cp ¢ < 2R. Finally, changing an endpoint by a fixed factor changes the spatial kernel
only on an annulus having bounded dt¢/|¢| measure. O

After Theorem 1.10, the only possible remaining times are between r = max(w,¢€) and 7.
Round the lower endpoint to a comparable dyadic number; the resulting annular error has a
uniform LP bound. If this lower endpoint exceeds 7, there is no remaining model. Otherwise
Theorem 1.11 reduces the multiplier, with u frozen at the output point, to

auc(z,y;6,m) = Zw (€ + nu(z,y))), Lc{te2l . w<t<T) (1.22)
el
Here £ is the consecutive set of retained scales; when € < w it is the whole displayed range.
Denote the associated operator by A, r, or simply A. Its spatial representation is

h(z,y) = / Ke(h(z —ty —tu(z,y)dt,  Ke=S k.
R teL

The kernels in this representation are not compactly supported in ¢. This causes no large-time
change-of-variables problem: if both the input and the test are supported in I x R, a nonzero
contribution has ¢ € I — I, hence [t| < by. Every vertical cutoff preserves that horizontal support.
Thus Theorem 1.3 applies to the localized kernel error in (1.20), and its LP cost is uniform.
Only the original input and test carry horizontal restrictions; no spatial support is subsequently
imposed on their convolutions.
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1.13. Narrow vertical bins. Split the vertical cutoff into its positive and negative frequency
parts. Reflection y — —y interchanges the two cases and replaces u by —u, preserving all
assumptions. We work with positive frequencies, so ¢, < wn < C),.

Suppose first that L > Ly and m is as in (1.17). Choose real smooth cutoffs Q;, 1 < j < J <
C'm, supported in intervals of length C'/WW centered at n; < w™!, with bounded overlap and

J
> Qj(m)?=1 on suppp(wn).
=1

One obtains them from a fixed smooth partition at spacing W~! by dividing by the square
root of its sum of squares on a slightly enlarged band. Their normalized profiles and all fixed
derivatives are uniform. In particular, their convolution kernels have bounded L' norms, and

A(Q)) < Cm™. (1.23)

Let @j be a slightly enlarged cutoff equal to one on the spectrum of Q);P,. These cutoffs again
have the stated bin width and normalized smoothness bounds.
Set F JQ = Q;P,f and G? = jg. The identity on the band and self-adjointness of the @); give

<prf>g> = Z<~A@JFJO’G?> +Z<[A7 Qj]Fjoag>' (1'24)
J

J

Indeed, expand P, = }_; Q]sz, commute one @; past A, and use QjFJO = F]O. This identity
does not require A to preserve individual bins.
On localized inputs and tests, Equations (1.13), (1.21), and (1.23) imply

0 4 0
([A,Q1F, )| < Cm~ | FP| gl
In applying the composition estimate, only [t| < by are tested, as explained above. Bounded
2
frequency overlap gives 3 HFJQH2 <C ||f”§, so the total error in (1.24) is at most
Cm® (| £ll5 gl - (1.25)

The harmless integer exponent five includes the factor v/J. More generally, any fixed multiplier
seminorm choice would give Cm®r, and for every fixed C, N,

mYr < Cexp(C'LY — L%97) = O(L~N). (1.26)
The large-L threshold in this statement is absolute after the fixed exponents are chosen.
Let H = C’ with its Euclidean norm, and regard F° = (F]Q)j7 GO = (Gg)j as H-valued
functions. For some fixed power Q = CmC, their norms obey

17 ey < @ 1) 2

a0

< C|F,
L2(H)

2
< CIE.
L2(H)

LY(H
|6 ey =@ 6]y = @116

For the first two columns, apply the uniform scalar kernel bounds and sum over at most Cm
components. For the last column, use Plancherel and bounded overlap. No compact support in
y is asserted after the projections. Horizontal support in I is preserved.

When m = 1, we do not perform this commutation or project the test. Instead retain the
original positive-frequency band cutoff on the input and use one scalar component. It fits in
a vertical frequency interval centered at a fixed 11 < w™! of length C//w = C/W. Its positive
annular support is retained.

(1.27)




16 OPENAI

Lemma 1.12 (Amplitude levels after bin projection). Let h : R? — H satisfy
Ihlle <@, NIkl < @M, ||h]3 < CoMy,
where Mo > 0 and Q < Cexp(CL>?). Write

A = {271 < ||h() Iy < 2 a; = 2'\/| Al /Mo.

For sufficiently large absolute L,

> a; <CVI+L, > a; < Ce " (1.28)
i {i: [log(|Ail/Mo)|>L/4}

Empty level sets are omitted. The constants depend on the fized constants in the hypotheses, not

on the dimension of H.

Proof. The amplitude upper bound implies 2 < 2Q on every nonempty level. If |4;| < e~ /4 My,
then a; < 2'e~%/% and summing the geometric series in i gives CQe L/, If |A;| > e/ My, the
L' bound gives

2 <2Qe M a2 = 4 A /My < 2Q2.
Summing the square-root geometric series over the allowed amplitudes again gives CQe
Since log Q = O(L%?), both tails are O(e~¢).

The remaining level sets occupy at most C'(1 + L) dyadic measure classes. Within a class, the
geometric estimate in the proof of Theorem 1.5 bounds the sum of a; by a constant times its
square sum. Cauchy—Schwarz over the classes and 3, a? < 4Cy give the first bound in (1.28).
The already bounded tails can be included in that bound. g

—L/8

Apply Theorem 1.12 to the two vectors in (1.27). Decomposing them into amplitude levels
produces vector inputs and tests bounded by indicators of new sets. The extra cutoffs @j in
(1.24) remain part of the operator after this decomposition; thus no band support is being
assumed for an individual amplitude slice. If both new sets have retained measures, then their
logarithmic disparity is in

3. 5 1

{4L,4L} - [2L,2L} . (1.29)
Indeed, the two changes of logarithmic measure are each at most L/4, and the logarithm of the
square-root ratio uses one half of their difference. The product of the two sums of normalized
amplitude weights is O(1 + L).

1.14. The admissible packet forms. We next describe the packet model with all geometric
and analytic uniformities that will be used. Fix w € 22, m > 1, W = muw, a finite dyadic scale
set £ C [w, 7], and at most C'm bin centers 7; < w™!. The scalar case m = 1 just described is
included. Constants in this definition are fixed throughout.

Definition 1.13. A tile s has a length ¢; € £, a bounded slope 6, a center z; = (x5,ys), and
precision ds = w/{s. Its box is
l w
Re={@wilo-nl <5 0-w)-ba-n)< T |RI=tW
A t-box is defined by the same formula with slope ¢t. The nominal horizontal length need not be
the Euclidean long side when W > (.

At a fixed scale, slope labels have bounded multiplicity on every interval of length ds. For
each scale and label, the centers lie in one translated box lattice

20 + {(nls, Osnls + kW) : n, k € Z}.
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The lattice and center of a tile are common to every bin component. An admissible collection is
any finite subcollection of such lattices.

Its analyzing and synthesizing waves, denoted ®, ; and ¥ ;, are bounded-normalized modu-
lated Schwartz functions adapted to Rs;. More precisely, each can be written as

einj((y*ys)*as(x*%))d)s ; (‘T —zs (y—ys) —Os(x — xs)) :

ly w
where, for all fixed nonnegative integers a, b, IV,
0508 05,4 (X, Y )] < Capn(1+ X[+ Y]V, (1.30)
The constants are uniform in s, j, w, m. Both waves also have Fourier support in
=l SCW™, g <wn< Oy €4 Ol < el (1.31)

with fixed positive c;7, 0;7' The constant ¢, is chosen sufficiently small compared with the selector
separation constants below and the fixed annular support of .
The scalar selector by ; is smooth, with

b

suppbs; C {t:apds < [t — 05 < Cyds},  di o) <, (1.32)

for every fixed r > 0, where 0 < ¢, < (Y are absolute. Finally, the collection uses one angular
dyadic grid. Each tile has an interval ()4 in that grid, of length Cqds, where Cq, is a fixed large
dyadic number, containing both the wave slope support {—¢/n: (§,1) € supp @SJ- U supp ‘Tls,j}
and every selector support, with a margin at least cqds, where cq > 0 is fixed. The interval is
common to all components. Its level depends only on /5.

The associated form is

As(f,9) =Y [Rs| ™MD (S @) (bsj(u) Vs, g5). (1.33)

seS J

It is linear in f and conjugate-linear in g. The definition makes sense for an arbitrary measurable
bounded field u. In particular, the ordinary scalar and vector estimates in the next section do
not require spatial Lipschitz regularity of u. The stronger estimates later in the proof use the
Lipschitz hypothesis from (1.2).

Proposition 1.14 (Packet representation). The diagonal form
> (AucQifjs9i)

J
is a sum, with absolutely summable scalar coefficients, of averages of forms (1.33). Each form
satisfies Theorem 1.13, uniformly in w, m, L, and has one common angular grid and common
spatial lattices across components. The same assertion holds for m = 1 with the original
positive-frequency band cutoff in place of Q1. The sums can be obtained as limits of finite packet
collections.

Proof. We give the construction, including the normalization and the separation of the different
series forms. At each length ¢, partition the frequency slope —&/n smoothly into intervals of
width cd, d = w/¢, with centers € on a lattice of spacing a fixed small multiple of d. Take ¢ so
small that on every such frequency piece [£(§ + 0n)| < c,/4. Introduce normalized coordinates

X' =1(&+ 6n), Y' =W(n—n)), U'=(u—20)/d. (1.34)

Then
0E+un) = X'+ (wnU',  wn=wn; +Y'/m. (1.35)
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The vertical cutoff restricts Y’ to a fixed compact interval and wn to a fixed positive annulus.
On the support of 9, its argument is bounded away from zero. In view of | X'| < ¢, /4, this forces
¢, < |U'| < C}, with fixed positive bounds. Enlarge these bounds slightly, retaining separation
from zero. Since d <1 and |u| < 1, only bounded values of 6 can contribute.

In the coordinates (1.34), the product of the annular multiplier, the slope partition, and
the vertical cutoff is smooth on a fixed compact coordinate region, with all fixed derivatives
bounded uniformly. For example the slope partition is a smooth function of —X’/(wn), and
(1.35) shows that its derivatives are uniform because wn stays away from zero and m > 1. Choose
slightly enlarged smooth plateaus in X', Y’ ,U’, with the X’-plateau supported in |X'| < ¢,
the U’-plateau supported away from zero, and an additional vertical plateau keeping wn in a
positive annulus. Fourier series on a larger fixed coordinate box now give

> 00, A0005(6m) Bue((u—0)/d),
veZ3

where A, is a localized exponential in (X', Y”), B, is a localized exponential in U’, and for every
fixed NV,
sup a0, < Cn(1+ P (1.36)
£,0,7,w,m
This follows by integration by parts on the fixed coordinate box. Multiplication by the plateaus
restores the original symbol exactly; their supports give the strict spectral and selector restrictions
in Theorem 1.13.

Factor the frequency function A, into two smooth frequency functions by inserting a plateau
equal to one on its support. Both factors retain | X'| < ¢, a vertical interval of length C'/W, and
a positive annular vertical support. Their inverse Fourier transforms are modulated Schwartz
kernels at the scales £, W. Their fixed seminorms, and those of the selector factor, grow at most
polynomially in |v|. The coefficients in (1.36) absorb these losses uniformly. One can do this
simultaneously for every fixed seminorm as follows. Let A = supy g ; . m [@v6,5| and omit zero
values. Extract the common coefficient ¢, = (A*)Y/4, multiply each of the two frequency factors
by (A%)'/4, and multiply the selector factor by a,.¢ g j/(A%)3/*. The product is unchanged. Each
of the three factors now has uniform fixed seminorms, by (1.36), and Y, ¢, < co. In particular,
no derivative order in this construction grows with L or a truncation parameter.

For clarity, consider one such factored term b(u)A(D)B(D). Write K4, Kp for its two
convolution kernels and |R| = ¢WW. At an intermediate convolution center z, put

U.(z) = [RIKa(z —2),  ®:(y) =|RIKp(z —y).
Then the contribution to the bilinear form is exactly
1
R ot 2200002, g) = (1.37

The conjugation in ®, keeps its Fourier support in the same positive-frequency region as that of
V.. Both waves have the carrier 7;(—6, 1) and satisfy (1.30)—(1.31).
Let Q be a fundamental cell of the box lattice, of area |R|. For any integrable function F,

/R2 F(z)dz = /Q n%ZF(z + (nf,0nl + kW)) dz.

Applying this identity to (1.37) and normalizing the average over Q leaves precisely the factor
|R|~! in (1.33). Use the same translation for every j at this scale and slope. There are only
finitely many lengths and relevant slope labels, so a finite product of these normalized translation
measures supplies a common average for their complete sum.
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We also need one angular grid per form. The union of the wave slope supports and all selector
supports for a label @ is contained in [# — Cd, 6 + Cd], with C fixed and independent of j. Choose
a sufficiently large fixed dyadic multiple Hd. Among three adjacent dyadic grids, this interval is
contained in a cell of length Hd with a margin comparable to d. One may see this directly from
the three grids

275(0,1) + n+ (-Dfa) :n,k €2},  ac{0,1/3,2/3}:

they are nested, and their boundary positions at any fixed scale are spaced by one third of that
scale. Taking H large gives the claimed containment and margin. This is the usual adjacent-grid
principle; see [25, Theorem 3.1 and Remark 3.2]. Assign each label to one suitable grid and split
the sum into the three resulting forms. Since d = w// is dyadic, the chosen cell level depends
only on /.

At a fixed length and label, the lattice sums converge absolutely in a bilinear pairing of L?
functions. Indeed, envelope decay and Cauchy—Schwarz give

SR <CUAL, IR (W), 9)* < Clglls -

For example, bound each squared pairing by C|R| times the integral of |f|? against a decaying
box envelope, and then sum those envelopes over the lattice. Their sum is uniformly bounded.
The same argument works with the bounded selector and with vector components, by a further
Cauchy—Schwarz inequality in j. Since the length and label sets are finite, the continuous
representation is justified by these bounds and the summability in v, first on regular inputs
and then on L?. Exhausting each lattice by finite subsets gives the claimed finite packet
approximations.

For each fixed series index and angular grid, all scales and labels are kept in one form before
its estimate is applied. Different series indices remain separate forms and are summed only using
>, ¢ < oo. In particular, their copies of the same spatial lattice are never combined into a
collection with unbounded multiplicity. This completes the representation. (|

1.15. The precise remaining model estimates. The following proposition states the forward
dependency used to finish the band theorem. It also records exactly how much saving survives
the bin and amplitude reductions.

Proposition 1.15. Suppose that the following bounds hold, uniformly for every admissible finite
form As in Theorem 1.13, with the fized packet constants there. The field u : R? — R is bounded
and measurable, the sets F, E C R? are measurable with positive finite measure, and the input

and test satisfy || f(2)ll, < 1r(2), l9(2)lly < 1a(2).
(i) For m > 1, there is a fized exponent Cy such that

[As(f, )| < C(1 +log(2m))“"\/|F||E. (1.38)

(ii) For L > Lo, with 7,m,W as in (1.17), assume in addition that |u| < 1, Lip(u) < Crip,
and F,E C I xR for an interval I with |I| < by. Whenever L/2 <log+/|E|/|F| < 2L,

[As(f,9)] < CL™*\/|F||E. (1.39)

(iii) For m =1, one scalar component, and |E| < |F|, there is a fized ¢ > 0 such that

[As(f,9)l < C\/IF||EI(E|/|F])". (1.40)
Then Theorem 1.4 holds. The constants remain uniform in w, €, and the number of retained
scales.
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Proof. We apply the assumed bounds to the local field and sets of Theorem 1.4, for which |u| <1,
Lip(u) < CLip, and F, E C I x R with |I| < byg. Suppose first that L = log+/|E|/|F| > L. The
time and scale reductions give exponentially small normalized errors by (1.19). The bin error
is smaller than any fixed power of L™!, by (1.26). It remains to estimate the diagonal form in
(1.24).

Apply the amplitude decompositions from Theorem 1.12 to F°, G°. The projections defining
these vectors preserve horizontal support. After omitting levels of measure zero, their level sets
have positive finite measure by (1.27) and lie in I x R; the normalized slices satisfy the stated
indicator bounds. First use finite decompositions. Each pair of slices has a packet representation
by Theorem 1.14; its cutoff is @j, so the slice itself need not have narrow spectrum. Summing
the common series coefficients and averaging the translations preserve each assumed model
bound. Pairs for which both measures are retained satisfy (1.29); apply (1.39) to them. Their
total contribution, divided by +/|F||E|, is at most

CL (1 +L)<CL™.

If either measure is discarded, use (1.38). The sum of those normalized weights is at most
CV1+ Le ¢k + Ce2L; the factor (1 + log(2m))¢" is a fixed power of L. These terms are
therefore exponentially small. The estimates are uniform for the finite amplitude sums. Their
tails converge absolutely by the same bounds, so they apply to the full diagonal form. All errors
and the main term are bounded by C(1+ L)~3\/[F][E], as required.

If L ranges over a fixed bounded interval, use m = 1. No bin projections or their amplitude
losses are needed. The time and scale errors have bounded operator norms, and (1.38), with the
scalar packet representation, bounds the remaining form. The factor (1 + |log(|F|/|E])|)~3 is
bounded below by a positive absolute constant on this interval.

Finally suppose that L is large and negative. Again use m = 1, retain the original scalar
input and test, and apply (1.40). It gives a positive power of |E|/|F|. The errors give the
power (|E|/|F|)"/* by the fixed choice p = 4 in (1.19). Every fixed positive power of this ratio is
bounded by a constant times (1 + |log(|F|/|E|)|)~2. This proves the remaining case.

All arguments include an arbitrary positive inner cutoff. If € > w, the lower retained scale
is raised to a dyadic scale comparable to €, which simply selects a finite subcollection of the
allowed scales. If it exceeds 7, the middle form is empty and the error estimates suffice. If w > 7,
the short-time and horizontal bounds already cover the whole remaining integral. None of the
bounds used here depends on how many scales lie between the endpoints. O

The basic and reverse-disparity assertions of Theorem 1.15 will follow from the ordinary tile
estimates, in particular Theorem 2.1. The remaining large-positive-disparity assertion is the
improvement proved by the popular-forest argument and assembled in Theorem 7.5. Thus the
conditional use of Theorem 1.4 in Theorem 1.9 is separate from, and subsequent to, the proof of
its model hypotheses.

2. ORDINARY TILES AND THE POPULAR FOREST

The purpose of this section is to separate the part of the packet form controlled by ordinary
size and density estimates from the part requiring phase averaging. The size-density—tree
decomposition follows the time-frequency framework of Lacey and Thiele for the Carleson
operator [22] and its planar directional adaptation by Lacey and Li [23, 21]. We prove the
estimates in the present normalization, including arbitrary subcollections and the Hilbert-valued
summation needed for narrow vertical bins.

For the ordinary estimates, write the packet form (1.33) as As(f,g), where S is a finite
collection from one of the forms constructed in the preceding section. The constants in these
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estimates depend on fixed packet adaptation, separation, and multiplicity constants only. In
particular, they do not depend on the number of tiles or lengths, on w, or on m = W/w > 1.
These ordinary estimates hold for every measurable real-valued slope function wu.

2.1. Density and the model estimates. Fix one of the angular dyadic grids. Denote by (¢, 1)
the interval in this grid at the level corresponding to the dyadic length [ that contains . The
intervals are half open. Their length is a fixed constant times w/l; in particular, Q(¢,¢s) = Qs
whenever t € €.

For a box R of length [, width W, slope ¢, and center zr = (xg,yr), put

—Do
BR(:U,y) — <1+ |x—wR| 4 ‘(y_yR) —t(:c—a:R)’> |

z = (2.1)

Here Dy is a sufficiently large fixed integer, chosen once below. For a measurable set E of finite
measure define )
Dp(s) = sup

to<i<r, 1 dyadic | B| JEn{ue(ti)}
teQs, zsER

The boxes in this supremum have the dimensions and slope used in (2.1). Since [ Bg < C|R], all
densities are bounded by a fixed constant. Density is monotone in F; passing to a subcollection
of tiles does not change the density of any remaining tile.

Bpg(z) dz. (2.2)

Proposition 2.1 (Ordinary model estimates). Let the bin Hilbert space be H = C’, where
J < Cpinm. If ||9(2)|ly < 1E(2) and Dg(s) < v for every s € S, with 0 <y < C, then

As(f,9)] < C(L + log(2m)) Y B[ | £ 2z (2.3)
In the scalar case, if |f| <1r, |g| < 1g, and 0 < |E| < |F| < oo, then

9/20
st < CIFIEN () - 2.9

Both conclusions hold uniformly for every subcollection of S.

We first prove the scalar estimates, suppressing the bin index j; size and density selection
and the tree bound provide the scalar model bounds. The final component summation gives the
stated logarithmic vector loss in m.

2.2. Maximal functions and separated synthesis. For a slope t, let M; be the uncentered
strong maximal operator in the coordinates (z,y — tx). We shall use

[Mihlly < Cllnlly, (2.5)

with a constant independent of . Here and below maximal operators act on the absolute value
of their argument. To recall a proof, the one-dimensional uncentered maximal operator M is
of weak type (1,1): a finite interval covering of a compact subset of {Mh > A} has a disjoint
subfamily whose threefold enlargements cover that subset, giving measure at most 3\~ ||A|,.
Approximation gives the full inequality. Apply it to hly~x/2), since the complementary
part has maximal function at most A\/2, and integrate the distribution estimate against 2\ dA.
Fubini’s theorem gives || Mh||3 < C ||h|5. The strong maximal operator is bounded pointwise by
the composition of the two one-dimensional maximal operators. Fubini and the determinant-one
shear prove (2.5).

A consequence we use repeatedly is smooth reproduction on a box. Suppose a Schwartz
function, after removal of a fixed carrier, has Fourier support

€ +tn| < Afr, In| < A/W.
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A product of smooth low-pass cutoffs that equals one on this set reproduces the function. Its
kernel is bounded, for any fixed N, by

Cx (14 rwi)N (1+ |y—m~\)N
rW r w '

Decomposing this majorant into dilated rectangles proves the following statement. If () is an

r x W box of slope t, and Fy, is any finite family with these common spectral bounds, then
supsup |Fy(2)| < Cy inf My (sup [Fy|)(2). (2.6)
ZEQ « ZEQ «

Indeed, replacing the center of any kernel rectangle by any other point of @) changes its required

enlargement by only an absolute factor. A common carrier has modulus one and does not affect

this argument.

A test tree has parameters T = (zp,t,1), where [ < 7 is dyadic, and a box Ry of length [,
width W, and slope t. Its tiles satisfy

s <1, zs € Ry, t e Q. (2.7)

An arbitrary subset satisfying these conditions is also a tree. Choose a fixed ¢; > 0 so that
¢x < ¢1 < min(ep, cq), where cpd; is the lower distance of the selector support from 6. A tile is
separated in this tree if |t — 05| > c1ds.

For a positive integer Jy define the top polynomial

Jo
pr.o(2) = (1 + & _lfT)Q p otz - xTW) . (2.8)

Lemma 2.2 (Separated synthesis). Let T be separated tiles satisfying (2.7), and let Y4 be either
of their packet families ®5 or Vs. For every fixed Jy,

1/2
PT.Jy Z cs sl < CJo (Z |CS’2|RS’> ) (29)
2

seT seT

1/2
PT,J7, SUDP Z csTs||l <Cy, (Z |68]2|R5]> . (2.10)

a<b | geT seT
a<ls<b 2

The same statements hold for Hilbert-valued sums (3, cs,st,j)j, with Y, ||cs]|3{ |Rs| on the right

and constants independent of J. Bounded scalar factors depending on s, j, such as bs ;(t), can
be incorporated into the coefficients.

Proof. From the packet support and t € g,

(e}

E4+tn=(E+0m) +({E—0)m, 2> < ¢+ s%,

L
where 0 < ag < a1 < oo are fixed. Positivity of ag uses ¢, < ¢1 and the two fixed bounds on wn.
For envelopes, replacing slope 6, by t changes the transverse coordinate over one tile length by
at most Cdgls = Cw < CW. Thus every fixed Schwartz envelope remains a uniform envelope in
the t-coordinates.

At one length there are boundedly many labels, since all labels of the tree lie in an interval of
length O(ds). Within each label the centers lie on a translated box lattice. The inner product of
two normalized packets at this length is bounded by a fixed rapidly decreasing function of their
normalized center separation. Its row and column sums are bounded. The elementary Schur

S
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inequality, obtained by applying 2|asaq| < |as|? + |a4|? to these row and column sums, proves
the fixed-length synthesis bound.

This argument also applies after multiplying packets by pr j,. Their centers belong to Rr,
their lengths are at most [, and their widths are W. Consequently the polynomial can be
absorbed into a fixed larger number of packet decay powers. Multiplication by a polynomial
differentiates the Fourier transform and does not enlarge its support.

Choose a fixed integer ¢o such that 2%°ag > 4a;, and split dyadic lengths according to their
exponents modulo ¢p. Within each resulting list, the displayed annuli are disjoint and have gaps.
Orthogonality in the first ¢-coordinate therefore proves (2.9), also for the polynomially weighted
packets.

On one such list, the sum over all lengths above a given endpoint is exactly a smooth low-pass
convolution in that coordinate applied to the complete sum: choose the cutoff to equal one on
the lower-frequency annuli retained at that endpoint and zero on all higher-frequency annuli.
The gap permits dilates of one fixed smooth cutoff. Their absolute kernels are dominated by the
one-dimensional maximal operator. An interval of lengths is a difference of two endpoint sums.
Apply this observation to the full weighted sum, use its just-proved L? bound, and sum over the
fixed number of lists. This gives (2.10).

For Hilbert-valued sums, the fixed-length and orthogonality bounds follow by summing
the scalar squared bounds over components. The same low-pass convolution acts on every
component, since ag, a1 are common. Its norm is pointwise bounded by the positive kernel acting
on the Hilbert norm of the full sum. The maximal-function proof is therefore dimension free.
Alternatively one can sum the squared scalar maximal estimates. O

For scalar coefficients vs = (f, ®5) /| Rs|, define their size on a collection by

1/2
1 2
size(v) =sup | —=— vs|“| R . 2.11
O =5 |y X IR (21)
‘t_es‘zclds

A one-tile test gives |vy| < C'size(v). If &5 = 0, then v, = 0. Otherwise choose (£, 7) € supp ®s
and put ¢ = —¢/n. The angular margin and ¢; < cq place both ¢ — 2¢1ds and g + 2¢1ds in Q.
At least one is at distance at least 2c¢ids from 6y; use it as the direction of a top centered at zg4
with length ¢s. This is a separated one-tile test of area |Rs|, which proves the bound. Moreover

size(v) < C'||f] » - (2.12)

To prove this, for the separated portion of a fixed tree put By = 3, |vs|?|Rs| and Ay = 3", vs®s.
The pairing is linear in its first argument, so By = (f, Ar). By Theorem 2.2 and Cauchy—Schwarz
with p7},
1/2
Br < ||l IA7lly < C1fll |R2|"* B,

Division, with the zero case understood, proves (2.12).
2.3. Removing large size.

Lemma 2.3 (Size selection). Suppose size(v) < Cyo, with Cy fived. One can remove a collection
of trees so that the remaining size is at most o and

> |Rr| < Co? | fll3. (2.13)
T

The removed tiles partition into ordinary trees satisfying (2.7); their total top area has the same
bound.



24 OPENAI

Proof. First consider positive separated tests, with t — 85 > c1ds. While a test has energy larger
than o?|Rr|/2, choose one whose direction is within e of the infimum of the directions of all
such tests. Here € > 0 is a sufficiently small fixed multiple of mingcs ds. Delete all remaining
tiles with £5 < Ip, t7 € Qg, and z5 € AgRyp, including nonseparated tiles. The fixed absolute
dilation Ag is chosen below. Record the positive separated test tiles present at selection as Q.
The procedure terminates because every selection deletes at least one tile. Thereafter perform
the negative separated selection, using directions within e of the supremum and reversing the
order. At the end, each signed energy is at most 02| Ry|/2; hence the size is at most o.
We prove the area bound for the positive selection. The Qr are disjoint and

B:=Y > |v*Rs| < 0* > |Rr|. (2.14)

T seQr T

The lower comparison is the selection threshold and the upper one follows from the initial size
bound, which persists on every remaining subcollection. We claim
2

> vds| <CB. (2.15)

T s€eQr 2

Expand the squared norm. Pairs with lengths in a fixed ratio have total contribution O(B).
Indeed, spectral overlap forces their labels to lie within O(ds), so there are boundedly many
neighboring labels. Their box shapes are comparable because the transverse discrepancy over
either length is O(w) < O(W). Packet decay and the spatial lattices then give the bounded row
and column sums for the normalized Gram matrix, exactly as in the fixed-length proof above.

For the other pairs fix the top 1" of the longer member ¢ € Qp, and write t = tp. Let Ap
consist of the selected tiles s for which ¢, > Cyl,s and (®,, ®,) # 0 for at least one such ¢g. Choose
the fixed Cy sufficiently large. Spectral overlap and the common vertical frequency range give

|05 — 04| < Cexlds + dyg), |0, — t| < Cad,.
Thus, by the choices of ¢, and Cj,
0, —t| < terds, € Qs (2.16)

The second assertion uses the fixed margin about the wave slope support inside €);.

We next verify a bounded overlap fact for the boxes of A in the coordinates of slope ¢t. These
boxes can all be replaced by fixed comparable 5 x W boxes in those coordinates. Suppose
two of the latter overlap, with /5, much smaller than ¢,. Let t5,ty be the directions of their
respective selecting tests. Because s was in a positive separated test,

ts > 05+ cids > t+ Lends, |ty —t| < Cdy.

After separating the lengths by another fixed factor, ty <t + iclds. If the test selecting s’ had
not yet been selected when s was selected, all its eventual test tiles would still have been present
at that time. It would therefore already have been failing, since deleting tiles only decreases
each fixed test energy. The near-infimum rule, with € < ¢ min d;, therefore forces the test of s’
to have been selected first.

Its length is at least £y. Overlap of the comparable t-boxes bounds the horizontal center
separation by C/y. In the coordinates of ¢y, the transverse center separation is O(W + w) =
O(W): use |ty — t|ly = O(w), or equivalently compare each original tile over its own length.
Also tg € g, by the margin in (2.16). For an absolute Ag this places s in the enlarged deletion
tree of ', a contradiction. At comparable lengths, bounded label and lattice multiplicity give
bounded overlap directly. Splitting lengths into a fixed number of lists proves the asserted
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overlap bound for all of Ar. The same reasoning applies to any fixed enlargement of these boxes
by increasing Ag once.

Let B} be sufficiently rapidly decreasing uniform tile envelopes in the ¢-coordinates, and put
Dy = piljo, with Jy a fixed large integer. Then

DTZB;

sEAT

< C|Rg|V2. (2.17)
2

Here centers of A7 need not belong to Ry. To prove the estimate, test against ||h|, < 1. Since
£y < Ip, the top weight can be passed across a tile envelope by spending fixed decay powers.
Decomposition into dilated tile boxes, followed by the overlap just proved, gives

zs:/|h|DTB;k < C;]Rshl%fDTigngth

<cC / DrMih < C || Drl, |[blly < C|Rz [/,

The notation R! denotes the fixed comparable t-box; changing it by an absolute dilation is
harmless. This proves (2.17).

For each s € A, the sum of its cross terms with Q7 can include all ¢ € Q7 with ¢, > Cop/s,
since the added inner products are zero. Therefore its absolute value is bounded using

Ur(z) = sup Z vg®Pq(2)].
70 \geQr
Ly>r
The coefficient bound |vs| < Co, (2.17), and Theorem 2.2 show that all such cross terms for this
top have sum at most

sEA

Ca/ ( 3 B;‘) Ur < ColRy|Y2||D3!Ur |, < Co Ry

Summing and using (2.14) proves (2.15). Pairing its synthesis with f gives B < ||f||, (CB)/2,

hence B < C'||f||5. The negative selection has the identical proof with order reversed.

Finally, partition each enlarged deletion box Ay R into a fixed number of translated ordinary
top boxes of length 7 and width W, assigning tiles by their centers. Their direction and length
conditions are unchanged, and their total area is O(|Ryp|). This proves the last assertion and
(2.13). O

2.4. Removing large density.

Lemma 2.4 (Density selection). For 0 <n < C, all tiles with Dg(s) > n can be assigned to
keeper boxes Ry, of dyadic length Iy < 7, width W, and slope tr, with the following properties.
There are pairwise disjoint measurable sets Ep such that

Er c EN KnRT N {’U, € Q(tT, lT>}, ’ET’ > C?ﬂRT‘, (2.18)
ST IRrl<CnYE|, K, < C(1+4n V1), (2.19)
T
by <lp, tr € Q, 2 € CKyRr  for each tile assigned to T. (2.20)

After partitioning by centers, the assigned tiles form ordinary test trees of total top area at most

Cn~ Y (1477120 E). (2.21)
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Proof. For each tile to be removed select one box in (2.2) witnessing an average greater than 7.
Since

/2 Br < CK>Do|R|,
R2\K R

choosing the fixed Dy sufficiently large and then K = K, < C(1 + n~Y 100) retains at least
n|R|/2 of the weighted test inside K R. Its unweighted tested set has measure at least n|R|/2,
because Br < 1.

Process these finitely many witnesses in decreasing length order. Keep a witness unless both
its K-dilated spatial box and its dyadic direction interval intersect the corresponding objects
of an earlier keeper. Assign it to any such keeper when it is rejected. The tested sets of the
keepers are disjoint: a common tested point would force both intersections and preclude keeping
the later one. This proves (2.18) and (2.19).

Let a rejected witness have length I/, direction ¢/, and original associated tile s, and let its
keeper have length Iz > I’ and direction t7. Dyadic nesting gives

Q(tT, lT) C Q(t/, l/) C Q, |tT - t/| < Cw/l'.

Choose a point common to the two dilated spatial boxes. Moving from it to the rejected box center,
or to zs, costs horizontally O(K1") and transversely in the tp-coordinates O(KW + K|ty —t'|) =
O(KW). This proves (2.20). A keeper’s own associated tiles satisfy the same conclusion.
Partition C K Ry into O(K?) translated boxes of length Iz, width W, and slope tr, assigning
tiles by their centers. The length and angular requirements for a test tree persist. Their total
area is at most C(1 +n~1/50)n~1|E|, which is bounded by (2.21) after changing the absolute
constant. O

2.5. The tree estimate.

Lemma 2.5 (Tree bound). Suppose a scalar tree T satisfies Dg(s) < n on its tiles and has size
at most o. If |g| < 1, then

IAT(f,9)| < Con|Rr|. (2.22)

The size assumption can be replaced by the same bound on any encompassing collection.

Proof. The assertion is immediate for an empty tree, so assume the tree is nonempty. Work in
centered coordinates (z,y — tx) of the top, so its coordinate extents are [ x W. For clarity write
the transverse coordinate as y’, with top center (0,0). All tile centers satisfy |zs| < /2 and
lyL] < W/2. The packet envelopes are uniform in these coordinates.

Partition the horizontal line into maximal dyadic intervals I for which there is no tile with
xs € 31 and l5 < |I]. The tiles are finite and have positive minimum length, so these intervals
cover the line up to endpoints and are pairwise disjoint. Each parent fails the condition,
furnishing a tile g7 with

by, < 2|1, dist(zq,,I) < CI|. (2.23)

Fix a sufficiently large absolute dyadic constant Cyy. We treat lengths £5 < Cw/|I| and longer
lengths separately on the strip above 1.
For a short tile, density tested at its own box and wave decay give, for every fixed large Ny,

dist(zs, I) ) —No
U ’
Indeed the selector support lies in €2, the density definition includes R with direction 65, and a

fixed number of additional wave-decay powers extracts the last factor while retaining the density
weight.

/ lsbe () W] < Con| Ry| (1 + (2.24)
En{zel}
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Here is an explicit summation of (2.24). At a fixed length there are O(1) labels, and each
horizontal column contains O(1) centers within the transverse top strip. If 5 < r := |I], the
defining property of I gives dist(xs, ) > r. Summing over the one-dimensional center lattice
then bounds its contribution, divided by ConW, by Cr(£s/r)No~1. For r < £, < Cyyr, the same
lattice sum is O(r) after multiplication by ¢4, and there are only a fixed number of such lengths.
Thus the total is O(onWr). All intervals with » < lie within a fixed enlargement of the top’s
horizontal interval, by (2.23); their disjoint lengths sum to O(l). If r > [, all tile lengths are at
most [, all centers are at distance at least r from I, and their restriction |z, < /2 improves
the preceding sum to ConWi(l/r)No~!. For each such dyadic r, only O(1) intervals can occur,
again by the parent witness. Summing proves a total short-tile contribution ConlW.

Now let I admit longer tiles. Choose a dyadic I’ < |I|, greater than ¢,, and small enough that
I < £, for every longer tile. Increasing Cyy once ensures this. It also ensures I’ < 7. By (2.23), a
box of slope ¢, length I’, and width W can contain z,, and the portion I x [-W/2, W/2], with a
fixed enlargement absorbed into the choice of I’. Dyadic nesting puts every longer selector support
inside Q(¢,1"). Consequently the original longer-tile sum vanishes outside Ay = {u € Q(¢,1)}.
We perform all following freezing and error decompositions after multiplying that sum by 14,,
and retain this indicator on both the main term and the error. Individually the frozen terms
need not vanish outside Ay. For the cells

Qri=1Ix[(k =)W, (k+35W],  keZ,
the density test at ¢y therefore yields
Bk = ‘Ql,k NEN {u € Q(t, l/)}‘ < Cn(l + ‘k|)D1’I“/V, (225)

where the fixed Dq can be taken to be Dg. The density weight on the cell is bounded below by
a constant times (1 + |k|)~"0.

Put a = |u — t| at the point of evaluation. For nonseparated tiles, selector support implies
a = dg, so only a fixed number of dyadic lengths occur. Their pointwise sum is bounded by
Co(1+ |k[)™ on Qy, for any fixed Ny. For separated tiles replace bs(u) by 1(a,>a}bs(t). If
ds > a, the error is at most Ca/ds, using the derivative bound on bs. If ds < a, the actual
selector vanishes unless ds > a/C), since |t — 05| < Cqds. There are only a fixed number of these
remaining scales. Summing the geometric series in a/ds, and using lattice overlap at each scale,
bounds the entire error by Co(14 |k|)~™. This argument also covers a = 0, when the separated
error is zero.

The resulting main sum, at each point, is an interval sum of the separated packets with
coefficients vb,(t): its lengths obey Cw|I| < s < w/a. Let M) be the supremum on Q7 of
the absolute values of all such interval sums with arbitrary upper endpoint. We claim that, for
every fixed sufficiently large Na,

> M7 (1 + kDN IIW < Co®|Ryl, (2.26)
Lk

where only the I admitting longer tiles occur. To see this, let U be the maximal interval sum
over all separated lengths of the tree. For each fixed I, every interval sum under consideration
has horizontal t-frequency at most C/|I| and vertical frequency, after the common carrier is
removed, at most C'/W. The same is true after multiplication by any top polynomial. Apply
(2.6) to the weighted sums and dominate their absolute values by pr j,U. Since the cells are
disjoint, the squared cell suprema are bounded in sum by C' || M(pr,, U)||§ For all the present
cells |z| < Cl, and pr.j, < (1 + |k|)?% there. Taking 4.Jy > N3, (2.5) and Theorem 2.2 prove
(2.26).
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The intervals admitting longer tiles have total length O(l), by their parent witnesses and
|I| < 1/Cw. Choose Ny > 2D; + 2. Factoring the full density bound before Cauchy—Schwarz,

1/2
> Mygpry < Cn (Z M7 (1 + ‘k\)N2’I|W)

Ik Ik

1/2
' (Z(l + \k!)QDl_NQUIW) < Con|Rr|.

Ik

The previously bounded pointwise errors have the same total bound by (2.25), taking N; > D +2.
Adding the short contribution proves (2.22). ]

2.6. Proof of the model estimates.

Proof of Theorem 2.1. We first prove the scalar part of (2.3). If ||f|l, = 0 or |E| = 0, the
form is zero; assume otherwise. Process thresholds n = 27" in decreasing order, starting high
enough that no density or size condition fails. At each step first remove densities exceeding 7 by
Theorem 2.4, then lower size to

on =1 |If 1l /1B
by Theorem 2.3. At the start of the step, the remaining collection has density at most 27, as
well as the original bound ~, and size at most \/ian. These bounds persist under all removals
within the step.
The density removals have total ordinary top area at most C(1 +n~'/29)y~1|E|, and the size
removals at most Co, || f ||§ = Cn~!|E|. Applying Theorem 2.5 to every resulting ordinary tree
and summing bounds the form by

Clflla 1BV min(y, 2n)y/m (1 + 7~ 20)n (2.27)
n dyadic
There is no limiting remainder to estimate for a finite collection. Every positive-density tile is
eventually removed. If Dg(s) = 0, testing at R, shows that bs(u)g = 0 almost everywhere, since
the weight is strictly positive; such a term is zero. Zero-size terms are zero as well.

For 0 < < 1, the terms with 1 < v sum to Cv%/?°, and the terms with 1 > v do also: the
relevant powers are n'/2, 9920 below the crossover and yn~1/2, yn=11/20 above it. For bounded
larger ~ the sum is uniformly bounded. This proves the asserted scalar v'/4 estimate, with room
in its exponent.

For (2.4), put r = |E|/|F| < 1. In addition to the threshold size estimate, every tree has size
at most a fixed constant by (2.12). Its actual size at step 7 is therefore at most C min(1, \/n/r).
No change in the removal algorithm is necessary. With the universal density bound, the sum of
the tree contributions at that step is at most

C|E|min(1, \/n/r) min(1,7)n~ (1 4+ 7).

For 7 < 1 < 1, this sums to C|E|r~/?0; the scales n > 1 cost C|E|. For n < r, the sum is at
most
C‘E‘T—l/Q Z(nl/Q + 779/20) < C‘E’r—l/QO - C ‘FHE’ 7,9/20.
n<r
This proves the reverse-disparity claim, including the density-area inflation from the selection.
Finally consider # = C”’. For a scalar measurable h supported in E, write

0y = [ Kkl > )2 da.




HILBERT TRANSFORMS ALONG LIPSCHITZ DIRECTIONS 29

Layer-cake decomposition, retaining the complex phase of h, extends the scalar estimate to

14(F599)1 < O 10, g1 -

Every sliced support lies in E, so its density still has upper bound v. As |g;| < 1, split
the last integral at ag = (2 +m) 2. The portion below ag is at most ag|E|'/?; for the rest,
Cauchy—Schwarz gives

1 1 12 /1 g\ /2
[ Mgl > b da < ([ aillgl > ajaa) ([ )T < 0yt 108Cm) gl

0

Since J < Cpinm and 3~ ng||§ < |E|,

> (lgillF)?* < C(1 + log(2m))|E|.

J

Cauchy—Schwarz in j proves (2.3), even with a square root of this logarithmic factor. All
arguments used only the stated packet hypotheses, which persist on every subcollection. Every
choice of decay or derivative order above is fixed before the parameters and the finite tile
collection are chosen. This completes the proof of Theorem 2.1. ]

For later parameter choices we record a fixed numerical loss available from this proof. In the
regime m = exp(L%?), with L sufficiently large, the last vector estimate implies

As(f,9)] < CLMY B | fll 2y, ba=1, e=1 (2.28)
These exponents are fixed independently of all subsequent density, forest, and mask choices.

2.7. The improvement problem and popular tops. We now turn to the improvement
estimate (1.39) in the local Lipschitz setting: |u| < 1, Lip(u) < CLip, and the sets F, E have
positive finite measure and lie in the horizontal testing strip D = I x R, where |I| < by.
Write H for the finite-dimensional Hilbert space of vertical bins; the input and test satisfy
1f(2)|ly < 1p(2) and [|g(2)|ly; < 1E(2). We use the parameters in (1.17): L is sufficiently large,
m < exp(L%?), W = mw, and every tile length is at most the dyadic cutoff 7 < exp(—L%97).
All tile collections in this part are finite. Every estimate is independent of the number of tiles,
tops, scales, and bins.

2.8. The assignment to popular tops. Using the fixed exponents by = 1 and ¢4 = 1/4 from
(2.28), choose once an integer Cy with c4Cy > by + 42. Remove tiles for which Dg(s) < L=z,
By Theorem 2.1, in the form (2.28), the absolute value of their contribution is at most

CLM= 4 | flly/|El < L™/ |F||E|.

The choice of Cy depends only on the fixed ordinary loss and the fixed target exponent.

Apply Theorem 2.4 to the remaining tiles with threshold 7 = L =2, retaining its unsplit keeper
boxes. Denote the resulting finite collection of tops by 7. A top T has center zp = (z7,yr),
slope st, length I < 7, and box

Re={@y):lo—orl < T 1w-vr) —srle—ap)] < 5 |
We put drr = w/lp, and denote the top assigned to a tile s by T'(s). Set Cps = Co+ 10, increasing
the absolute lower threshold for L if necessary. This exponent absorbs the assignment dilation
C(1 + L€/190)  the witness density ¢L~¢2, and the area bound C'L®2|E|. The density lemma
gives

bs <lrs),  ST(s) €y 05— s7(9)l < Cds, 25 € L9 Ry, (2.29)
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There are pairwise disjoint measurable sets 7 such that
Er CEN LCaSRT, |ET‘ > LiCaS’RT‘,

u(z) —sr| < Cdp (€ Br), S:=Y |Ry| < LB (2.30)
TeT
These inequalities hold for every sufficiently large L, without additional constants in the displayed
powers. The angular inclusion in (2.29) follows from the nesting of the keeper interval inside ;.
The direction bound on Ep follows from the length of that keeper interval. The disjointness and
lower measure bound also imply the stated estimate for S.
The horizontal centers of all tops lie in a fixed slight enlargement of I. Indeed, Er # @&, and
a point of Ep has horizontal coordinate in I and at distance at most LCes|p /2 from xp. Since
LCs1 — 0, this distance is smaller than any prescribed positive absolute constant for sufficiently
large L.

2.9. The adjoint sum and exceptional subsets. Only the retained tiles, with the assignment
T'(s), are used henceforth. With pairings linear in the first entry, define

s j = ‘Rs’_l<gjvbs,j(u)\ps,j>a Ps = (as,j(bs,j)ja P = Z¢s (2-31)

These conventions give precisely the form (1.33):

(f.P)=> IR ZU}»‘I’s,j><bs,j(U)‘1’s,ja9j>-

Indeed (f;, as,jPs;) = as;(fj, Ps,j). For fixed g satisfying [|g(2)[l,, < 1g(2), the supremum of
the absolute value of this pairing over || f(2)||,; < 1r(2) equals [ || P(2)|, dz. Equality follows
by taking f = P/ ||P||,, on F'N{P # 0}, and zero elsewhere.

Put N = /|E|/|F]|. The remaining objective, to be proved by the subsequent estimates, is

L
/ |P()ly, d= < CL™®NIF|, 5 <logN < 2L (2.32)
F

Applying (2.28) with its absolute density upper bound and arbitrary L? input, and then taking
the Hilbert-space dual norm, gives the fixed exponent C'p = by = 1 such that

HP||L2(R2;H) < L¢P |E|. (2.33)
Consequently, for every measurable Z C F,
’Z’ 1/2
/ I1P(2)]l3, dz < CLEP <IF\) N|F|. (2.34)
z

For any prescribed fixed Qg > 0, an exceptional subset with |Z| < L~2(CP+Qo+1)|F| therefore
costs at most CL~®N|F|. This estimate is applied to the original sum P before any masks or
other modifications. It does not require an L? bound for those modified sums.

2.10. A weak L? estimate for the top count. For a top 7', use normalized coordinates

T —ap v (y —yr) — sr(z —27)
pu—
Ir () w ’

Xr(2) = disty(z) = | X7 (2)| + |Yr(2)|.

(2.35)
Fix a sufficiently large absolute exponent Dy > 4. For now let Ko > 1 be any fixed power of L;
the choice used with the masks is specified below. Set C3 = 2P2 and

. —Dy
hT(Z) = Cg (1 + dls;;;f”) y ’I’L(Z) = Z hT(Z). (2.36)
TeT
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In particular, hp > 1 on {disty < Ky}. We use the convention

lall 2oy = sUP A{z € D : [a(2)] > A}/,
A>0

Proposition 2.6. For the tops in (2.30),
7l 200 () < CLCVS. (2.37)

More precisely, if
D, > max(2K,, 20%=, 2),

then one may take the right-hand side to be CL%>D3+/S, provided D, is chosen within an
absolute factor of the displayed mazimum. In particular, when Ko = L*, a permissible exponent
in (2.37) is

Cent (k) = Cas + 3max(k, Cys). (2.38)

Once the fixed power Kj is chosen, this estimate together with S < L% N?|F| makes the
part of F' where n exceeds N times a sufficiently large fixed power of L small enough for (2.34).

Proof. If S = 0, the assertion is immediate, so assume S > 0. We first state the maximal-function
input in the form used here. For a Lipschitz unit vector field vg, let M, s be the supremum
of averages over Euclidean rectangles containing the evaluation point, with long side at most
crr/ Lip(vg), for which the field belongs to the rectangle’s direction uncertainty arc on at least a
0 fraction of the rectangle. The arc is centered at the long-side direction and has total length
equal to the short-to-long side ratio, as in Theorem 1.2. Theorem 1.2, namely [20, Theorem 1.4],
gives

My 50y oo < COV2lall,,  0<6<1. (2.39)

The same estimate holds if the admissible rectangles are required to satisfy a smaller fixed
uncertainty interval, since this restricts the family of rectangles. When Lip(vg) = 0, the length
restriction is understood as absent. We apply this result to vg = (1,u)/v/1 4+ u2, whose Lipschitz
constant is bounded by an absolute constant. We also use the ordinary uncentered strong
maximal operator My, over axis-parallel rectangles, which is bounded on L?(RR?).

Let @ C D have finite measure, let D > D,, and put

_|QNDRr| _ |QNDRy|
ar(D) = = 5
|DRr| D2?| Ry|
Here and below dilation is about the box center in its slope coordinates. We prove, for 0 < § < 1,
that

> |Br| <min (8, CL*D*37%Q)). (2.40)
T:ar(D)>p
Fix a top occurring on the left-hand side. Set
JT:Iﬂ[l‘T—DlT/Q,SL'T—i-DlT/Z], a = |JT|, b=CyDW,

where Cy, > 1 is a fixed absolute constant. The witness set is contained in DR ND, so a > 0.
The slope parallelogram

Ry ={(z,y):x € Jp, |(y—yr)—sr(z—2r)| <b/2}
contains both Ep and Q N DRy. It satisfies
b w
a < min(|I|, Dly),  ab < CywD?* Ry, — > Cyp = Cumdr. (2.41)
a T
Thus the possibly very long horizontal dilation has been clipped before any Euclidean enclosing
rectangle is constructed.
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Suppose first that b/a < g, for a fixed small absolute ¢y. Projection onto the orthonormal

directions
(1,s7) (=s7,1)

6T:,/1+s%’ ,/1+s%

encloses Ry in a Euclidean rectangle Ur whose side lengths are

‘ST| b
LT:\/l—l—s%a—l—ib, Br= ———.
,/1—|—s?p ,/l—i—s%

The slopes are absolutely bounded. Consequently Ly = a, By =< b, |Ur| < CD?|Rr|, and

et =

B
LT§C|I|, ﬁzcde.

On the witness set, normalization of the direction gives ||vg — er|| < Cdp. Since m — oo, this
error is smaller than any required fixed small multiple of By /Ly, for sufficiently large L. The
fixed widening constant C}, can absorb the absolute aperture constants as well. Choose the
horizontal localization constant so that C|I| meets the length restriction in (2.39). The rectangle
Ur is then admissible with the common popularity parameter

op = cL™ D2

where ¢ > 0 is sufficiently small and absolute. Indeed, |Er| > L~%s|Ryp|, and |Ur| < CD? Ry|.

Moreover,

1 1 > QN DERr|
Ur| Ju, ~© = CD? Ry

Every point of E7 therefore belongs to {M,, 5,1 > cf}.

> cf.

If b/a > ¢, enclose Ry in the axis-parallel rectangle with horizontal side Jr and vertical side
of length b + |s7|a. Its area is at most Cab < CD?|Ry|. It contains Er and Q N DRy, so every
point of E7 belongs to {Ms:1g > ¢8}. This argument also covers boxes whose transverse side
exceeds the horizontal side.

The sets Er are pairwise disjoint. Summing their lower measure bounds and using the two
maximal estimates yields

Z ‘RT| S Lcas
T:CLT(D)>B

U Er

T:aT(D)>5
< CLO (55" +1)872(Q)
< CL*=D?372|Q).

The bound by S is immediate, proving (2.40).
For positive numbers Sy, Ay, direct integration, split at min(1, \/Aq/So), gives

1
/ min(Sp, 4oB~2) dB < 2v/SoAp.
0

Layer cake in (2.40) therefore gives

> " |Rrlar(D) < CLY=D\/S|Q), (2.42)
T
S 1Q N DRy| < CL%D3,/8|Q|. (2.43)
T

In the second line the additional factor D? is the dilation-area ratio.
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Set Dy, = 28D, The explicit formula for hp implies the pointwise bound

hT(Z) < CD2 Z 9 kD2 1DkRT (Z)
k>0

To verify it outside D, Rr, choose the least k > 1 such that z € Dy Ry. Then disty(z) > 282D,
while D, > 2Ky, so hr(z) < Cp,27%P2. Inside DRy, use hy < C3. Applying (2.43),

/ n < CL%D3,/8|Q Y 27K P78 < 0 L% D3, /5|Q|. (2.44)
Q

k>0
The sum converges because Dy > 4. Finally take Q = {z € D : n(z) > A}. This set has finite

measure, since the collection is finite and Dy > 2. The inequality A\|Q| < fQ n proves the asserted

weak L? bound. All exponents in this argument are fixed: in particular the dilation cost before
the final summation is exactly D3, independently of the number of tops and angular scales. [

2.11. Parameters and masks. All logarithms below are natural. Set

p= L1/2, G — 22(L0-7/(210g2)17
(2.45)
K =|(ogL)?’|, B=G~

Thus G and VG are dyadic powers, logG = L%7, and log B = L%7(log L)> = o(L"?). In
particular,

BIOO

m

—0 (L — o0). (2.46)

The parameters have different tasks. The large bin number m permits fine angular phase
separation while keeping changes in the packet envelopes small. The much smaller time cutoff
7 pays for the commutation errors. The scale ratio G will separate prediction and averaging
lengths; grouping K angular transitions into a block gives the ratio B. Their strict asymptotic
ordering is what allows these tasks to coexist.

Let A > 2 be a fixed exponent to be chosen sufficiently large after the unmasked top estimates
in (3.18). Their fixed exponents and dilation K7 = L4 are independent of A. The comparison
of the original and masked sums uses Theorem 2.6 at K7, so its loss ccnt (A7) is fixed before A
is chosen. The count at the A-dependent Ky below is used only after that choice. Constants
in the mask estimates may depend on the fixed value of A. Put r;, = 2[L], and define, in the
coordinates (2.35),

qr(z) = (sinc ngz) sinc YES?) " , sinc(a) = {ii’n(a)/a, Z i 8’ (2.47)

The exponent is even, so 0 < gr < 1 and the mask is real. From now on take
KO — LA+2

in (2.36). A top is called significant at z if disty(z) < K. Every significant top contributes at
least one to n(z).

Lemma 2.7. The mask has Fourier support

_ rr rL
. < — < ——— 3. 2.48
supp qr C {(5777) €+ sl < 7 Il < LAW} (2.48)
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For sufficiently large L, with all other exponents fized,

lgr(2)| < exp(—Llog L) if distp(z) > Ko, (2.49)
lar(2)hr(z) < € for all =, (2.50)
11— qr(z)| <CLY if distp(z) < LA2. (2.51)

In particular multiplication by qr adds at most O(LI_A) times the bandwidths of the top box to
a Fourier support.

Proof. For the Fourier convention e, the transform of sinc(x) is supported in [—1,1]. Taking
its 7-th power convolves that transform r;, times, so the transform of sinc(X/L4)". is supported
in [—ry/LA,rr/LA]. The product of the two one-dimensional functions has this support bound
in each normalized frequency coordinate. The affine coordinate change (2.35) sends these
coordinates to I (& + spn) and W, proving (2.48). The center translation contributes only a
Fourier phase. The calculation can equivalently be performed first for compactly supported
Fourier distributions and then their convolutions; the resulting mask is integrable for ry > 1.

Write d = disty(z). Since at least one of |X7(2)|, |Yr(2)| is at least d/2, the elementary
inequality |sinc(a)| < min(1, |a|~1) gives, for d > 0,

A\ L
gr(2)| < min (1, <2Z> ) : (2.52)

If d > Ko = LA*2, this is at most (2L72)". < exp(—Llog L), proving (2.49). To include
arbitrary distances in the weighted bound, write d = t Ky, with ¢ > 1. Once r1, > Do,

lgr(2)|hr(2) ™! < 27P2(1 4+ t)P2(2L72) 27" < (2L72)"L.

For d < Ky, use g < 1 and hp > 1. This proves (2.50), including the region arbitrarily far from
the top.

Finally, if d < L4/2, both arguments of the sinc functions have absolute value at most L~4/2.
They lie in [0, 1] after evaluation by sinc, and
X2+ YE

g < OLT

0 <1 —sine(Xp/LA) sine(Yr /L) < C

The inequality 1 —a™ < rp(1 —a), for 0 < a < 1, proves (2.51). Since r /L4 = O(L'~4), the
bandwidth assertion follows from (2.48) and addition of Fourier supports under multiplication.

0

For completeness, the spectral enlargement also respects the finer tile coordinates. If ' = T'(s),
an added frequency ((,v) € supp gr satisfies
rp (1 05— 3T|> CL'4 cL4
Osv| < — | — < < .
‘C+SV|LA(ZT+ W) S ME—
Here we used {5 < lp, |05 — sp| < Cds, and ds/W = 1/(mls). Thus all fixed spectral margins
needed later remain available after taking L sufficiently large.

3. REFERENCE-LINE CONCENTRATION AND SIGNIFICANT DIRECTIONS

We use the finite packet forms, their assignment to popular tops, and the notation of the
preceding sections. In particular, all estimates concern one of the separate forms in the packet
expansion. Its label multiplicity and its spatial lattice multiplicity are bounded by absolute
constants. The Hilbert space of bin components is denoted by #, and [|g(2)|l;, < 1g(2) < 1.
Every subcollection in this section is fixed before its functions are evaluated at a spatial point.
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The first task is to control every interval of scales assigned to a top outside one small
exceptional set. We prove moment bounds on each reference line, then obtain the uniform top
and derivative bounds in Theorem 3.6. Theorem 3.7 uses these bounds to replace the original
adjoint sum P by the masked sum F,; and impose the weighted top-count threshold.

For a slope t, put Y;(z,y) = y — tx. A t-box of dimensions r x W is a rectangle in the
coordinates (z,Y;). The affine change to these coordinates preserves area. Fix a reference length
l and consider tiles satisfying

0y <1, 0, —t| < C.BYd,,  dy=w/ls. (3.1)

Here and below the fixed constant C, can be increased finitely many times. This only changes
absolute constants in the conclusions. The inequality B'%0 < m is more than sufficient for all
such choices.

The tiles assigned to one top satisfy the narrower bound |05 — sp| < Cds. The wider B4
window also covers the fixed packet families used for residual estimates, where the reference
slope can be that of a different top; see (5.41) and (5.42).

For a fixed, sufficiently large integer n, write

S A 1(2) = Yi(z))?)
Bﬁ,n(z):<1+(£2)> <1+(Y( )W);( ))> . (3.2)

The change from the packet coordinates of slope 65 to these coordinates has normalized shear
at most C,B*/m. Thus packet bounds with any specified fixed number of derivatives and
any specified fixed decay order imply the corresponding bounds by C’nB;n. We always choose
the available packet decay orders larger than the envelope orders used below. These are fixed
integers; none grows with L, the number of scales, or dim H.

3.1. Positive estimates and the main coefficients. For a reference slope ¢, decompose the
actual coefficient as as = ag**" + ag'", where componentwise

main 1

W = / 1(jue)—t1<d03 95 ()55 ()05 (2) dz. (3.3)

This convention agrees with the pairing, linear in its first argument, used to define as. In
particular the error analyzes bs ;(u)g; — 1{ju—t/<d,}0s,j(t)g;-
We first record a positive estimate which also applies when only one scale is present. For

r>0let kyp(x) =r~1(1422/r?)".

Lemma 3.1. For a fixed scale { = w/d, and any subcollection of tiles satisfying (3.1) at this
scale,

Y llaslly B (2) < Ch. (3.4)
ls={

There are fized constants 0 < ¢ < 1 < C' for which

|u(z) — 1|

dl{u(z)—ﬂgcd}) ; (3.5)

Z ||a§rr||HB§,n(z) < Cn(k&n’ *x kVV,n’ *Y; fd)(z) (36)
ls=1L

fa(z) =C <1{cd§u(z)t|§C/B4d} +

for a fized n' > 2 with 2n’ < n. The constants are independent of the number of labels permitted
in (3.1).

Proof. Minkowski’s inequality bounds the norm of an analyzing coefficient by the integral of its
scalar analyzing envelope times the largest modulus of its multiplier among the components,
divided by ¢W; the factor ||g||,, can be replaced by one. At a fixed source point the support
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condition for by j(u) allows only a bounded number of labels at this scale. This remains true after
taking the maximum over components, since the support condition is the common condition on
the label slope at precision d.

Choose the available analyzing decay order N > 2n, with n,n’, N all fixed. For one label, the
lattice gives the unequal-exponent bound

3 B n (2)B5 . (2)

W < Cn,N,n’kﬁ,n’ (33 - J;I)kW,n’ (Y%(Z) - Yi('zl))

s in that lattice

Indeed, in each normalized coordinate, 1+ |a — b]* < 2(1 + |a — ¢[*)(1 + |b — ¢|*) extracts the
relative kernel with exponent n’ from the two endpoint envelopes. The remaining exponents are
N —n/ at the source and n — n’ at the output. Drop the source factor, which is at most one,
and sum the output envelope. Its lattice sum is uniformly bounded since n —n’' > 1/2: first sum
the vertical centers in each horizontal row, then the horizontal rows. The transverse translations
of the rows do not affect these one-dimensional bounds. The comparison with the reference
coordinates already gives the required analyzing envelope. Summing the bounded number of
labels active at the source and integrating proves (3.4).

For the error, if |u —t| < e¢d with ¢ sufficiently small, the replacement indicator is one
and smoothness gives |bs j(u) — bs j(t)] < C|u—t|/d. The union of labels on which either
multiplier is nonzero is bounded. Outside this region, any nonzero original multiplier requires
|u —t| < C'B*d by (3.1), whereas a nonzero replacement requires |u — t| < d. The multipliers
are bounded there. Again, only boundedly many labels are active at the source, counting both
families. Applying the same lattice calculation with the common factor (3.5) proves (3.6). O

The smoothness and support assumptions on b, ; also show that nonzero main coefficients use
only a bounded number of labels per scale. In such a component, |t — ;5] < ds. On a line of
slope t, the Fourier frequency of a packet is & 4 tn, and hence its support is contained in

calst <[+t < Coty! (3.7)

with absolute 0 < ¢, < C,. This uses the separation of the selector from 65 and the small choice
of the packet bandwidth c,.

Multiplying a synthesizing packet by its top mask preserves (3.7), with slightly relaxed
absolute constants. Indeed the extra frequency on a t-line has magnitude at most

[t et < CL'A(1 + BYm)e;! (3.8)
T(s) W = s - .

CLl—A
< CB*d,. For A > 2 and sufficiently large L, this is less than

ca/(10€5). Moreover, for every fixed derivative order the masked packets have the same uniform
envelope bounds. One can see this either from the explicit sinc product or from its compact
Fourier support and bounded supremum. In particular

00+ 10,)ar| < CL™A(I5" + 1t — sl /W), |8yar| < CL'4/W. (3.9)

These absolute bounds are global and do not require a good-point assumption.

Here £5 < lp(5) and ‘t — S7(s)

Lemma 3.2. For every t-box Q of width W, the main coefficients satisfy

>

2s€Q
£s<length(Q)

main

Qs

2
o, 1Bsl < ClQl (3.10)

The same estimate holds after restricting to any fized subcollection.
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Proof. Let Sg be the finite set in the sum and dualize its weighted coefficient norm against
vectors ¢y satisfying > cs, lesl|? |Rs| = 1. Using (3.3), the dual pairing is bounded by the
integral of the norm of the synthesis

D Ljue)—tl<da} (€s,ibs, (D) ¥s(2)) ;-
s€8q

At each z, the indicators choose a partial interval of the dyadic lengths: |u(z) —t| < w/{s is
monotone in ¢s. The norm of this synthesis is therefore at most its maximal partial length sum.
All its nonzero component frequencies satisfy (3.7).

Write » = length(Q) > 0. Apply the proof of the Hilbert-valued synthesis estimate in
Theorem 2.2, including a fixed polynomial growth weight Pgy about @. This proof applies to the
present reference box even if r is not dyadic or r > 7. For the weighted packet bounds it uses
only center containment in ) and £; < r; multiplication by P preserves frequency support and
gives tile bounds with slower fixed decay. The annular separation and maximal partial sums
depend on the dyadic tile lengths, not on the reference length r. For example, a fixed sufficiently
large integer ¢ gives the admissible polynomial

Po(z) = (1 X W)q (1 L (ile) - Yt(ZQ))2>q’ /P@Z < CpW =G, Q.

r2 W2

The main label count is bounded, so the same synthesis proof yields
1/2
/ ||selected synthesis|| < (/ PQ2> || P maximal synthesis||, < C |Q|1/2 :

Taking the supremum over c¢s proves (3.10). Deleting packets preserves both the synthesis
hypotheses and this proof. ]

3.2. Fourier sums and a dyadic martingale. For a finite sequence (F}) of functions with
values in H, define its interval-sum variation by

3\ 1/3

V3(Fk)(:c):s%p Z ZFk(m) , (3.11)

I€T ||kel X

where Z ranges over finite families of disjoint integer intervals. Empty intervals contribute zero.
This is bounded by the usual 3-variation of partial sums with the initial zero partial sum included:
insert the endpoints of the chosen intervals in order and retain the resulting nonnegative terms.
This formulation allows the interval endpoints to depend on the evaluation point.

Lemma 3.3. Suppose F), € L?>(R;H) has Fourier support in {v : c,2F < |v| < C,2F}, with fired
positive cq, Cy. Then

1/2
IV3(Fi)ll 2(my < CeaCa (Z HFkH§> : (3.12)
k

The constant is independent of the finite index range and of dim H.

Proof. We give the smooth-convolution versus dyadic-expectation comparison explicitly; compare
[19, Lemma 3.2 and Section 4]. Split the integers into a fixed number g of residue classes, large
enough that the annuli in one class have gaps of ratio greater than four. The variation of the
sum is at most the sum of the variations of these classes, so it suffices to treat one class. Its
supports are disjoint, and F' = )", F}, satisfies ||F||§ =>4 ||Fk||§

Choose a smooth function x equal to one on [—1,1] and supported in [—2, 2], and let P; have
multiplier x(27%v). At a sequence of integer indices lying in the annular gaps, P;F is exactly
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the partial sum of all the preceding bands. Include an index below the first band, where this
partial sum is zero.

For each integer 4, let F; be the sigma algebra generated by the intervals [a27¢, (a + 1)277),
a € Z, and let E; be averaging on its atoms. The sigma algebras increase with i and (E;F); is a
martingale. We prove the comparison bound

>IIP = E)Fl; < CIF];. (3.13)

Take a smooth dyadic partition ' =}, f; with f; supported in a fixed annulus of size 27 and
> Hfng < C||F|j3. If j <i— C, then P;f; = f;, and Poincaré’s inequality on each interval of
length 27, followed by Bernstein’s inequality, gives

(P = Ei) filly < C277 | fill, -

If j > i+C, then P, f; = 0. Define its band primitive A; by Ej(y) = fj(u)/(w) Thus A = f; and
|41, < C277 | fjll,- With h =27, averaging on a cell gives E; f; = (A;j((a + 1)h) — Aj(ah))/h
there. The sampling estimate

S A @h) 2 < CHAZ, b= e, (3.14)
a€Z

follows directly from smooth reproduction. Namely, take a Schwartz kernel K; whose Fourier
transform equals one on the spectrum of A; and which satisfies | K;(x)| < Cn27(1 + 27 |z|)~ V.
Cauchy-Schwarz in A; = K; * A; gives ||A;(ah)||* < C [|K;(ah — z)| | Aj(z)||* dz; summing
uses sup, >, |Kj(ah — z)| < C27. Consequently

IE:fi12 < Ch7E S || A (ah)|® < C277 || 15112

For |i —j| < C use the bounded L? norms of P;, E;. The resulting bounds have the form
|(P; — Ei) fill, < ai—j || f5]l, with a fixed £!(Z) sequence a. The triangle inequality followed by
the ¢! % ¢ convolution inequality proves (3.13).

For any sequence (D;), its usual 3-variation is bounded pointwise by 2(3>; || D;||*)*/2: each
endpoint of an increasing sequence is used at most twice, and £ is bounded by ¢2. Thus (3.13)
controls the variation of (P; — E;)F.

Lépingle’s martingale variation inequality [24], in the unweighted L? case and at variation
exponent 3, gives ||V3(E;F)||, < C ||F||y; see [29, Theorem 1.1, with p = 2, r = 3, and weight one].
For a finite index range on R, apply its probability-space version on every atom of the coarsest
sigma algebra, normalizing Lebesgue measure there, and sum the squared inequalities. This
proves the same statement on the line without a finite-measure assumption. For Hilbert-valued
F', apply the scalar inequality to its real and imaginary components. Minkowski’s inequality, in
the form ¢£3(¢2) < £2(¢3), and the outer L? norm give the same constant independently of the
number of components. Combining with the comparison and then taking the selected low-pass

indices proves the estimate for one spaced class. Summing the fixed number of classes proves
(3.12). ([l

3.3. Every-line moment bounds. We use the following precise local form of the John-
Nirenberg inequality [18]; a proof is included to specify the normalization.

Lemma 3.4. Let I be a finite interval and let f be a locally integrable scalar function on I.
Suppose that for each dyadic subinterval J of I, U|_1 i1 f = fi1l < A, where f; denotes its
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Q;ﬁuﬂwzmm+cm.

Proof. If A =0, dyadic differentiation makes f constant almost everywhere, and the assertion is
immediate. Otherwise take the maximal proper dyadic subintervals J of I on which the average
of |f — fr| exceeds 2A. Their total length is at most || /2, the function has |f — f;| < 24
almost everywhere off their union, and dyadic parent maximality gives |f; — f7| < 4A on each
selected interval. Repeat the same selection inside each J, now subtracting its own mean.
At generation k the selected union has measure at most 27% |I|. Outside it, the successive
differences of means and the final differentiation bound show |f — fr| < (4k 4+ 2)A. This proves
an exponential distributional bound for |f — f7| /A. Integrating that bound by layer cake gives
1f = fill LI, de/|T) = CbA; adding the mean proves the lemma. Finite stopping generations and
then monotone convergence justify the argument for any locally integrable f. ]

average. Then, for every b > 1,

Fix a sufficiently large envelope exponent n. At each scale put

1/2
)= Sl Bate o) = Tlos8a(o) &mz(zwwﬁ .
s 4

These quantities can be formed on any fixed subcollection; it is also permissible to dominate a
subcollection by the positive quantities on the full collection.

Proposition 3.5. For every slope t, every collection satisfying (3.1), every line Y; = yo, every
horizontal interval I of length | on that line, and every b > 2, the normalized L*(I) norms of &,

S, and
() (50

are at most Cbc(l + log B)C. The constants are uniform in the line, interval, finite collection,
dimension, and number of scales. In particular the assertion holds for every fized deterministic
subcollection with the same constants.

Proof. We give the local mean and oscillation bounds, including their behavior on intervals
shorter than [. All convolutions in what follows are in the (z,Y}) coordinates.
First, (3.5) satisfies

0< f3<C, > fa<C(1+]1ogB). (3.15)
d dyadic

The first indicators are nonzero for only O(1 + log B) dyadic d at a fixed point, and the second
terms sum geometrically. Average first with the common vertical kernel kyy,/. Its L' norm
is fixed, so (3.15) persists on each reference line. The right side of (3.6), summed over scales,
therefore defines a nonnegative majorant A; for &;.

Let J be any horizontal interval of length r <. If £ < r,

1 i ! -
,/ ke,n'(ﬂf—lvl) dx < g (1 + Chst(:z:,J))
rJJ r r

Hence the local mean of the short-scale part of A; is at most C'(1+1log B), by summing the source
functions before integration. For £ > r, the derivative of its convolution with a bounded source
has supremum at most C//¢. The total oscillation of these terms on J is at most Cr ¥, ¢~ < C.
It follows that A; has local BMO norm O(1 + log B). Its mean on an interval of length [ has
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the same bound, since all scales then belong to the short-scale part. John—Nirenberg on that
interval gives ||&l b7 qz/1) < Cb(1 + log B). We only use domination by the BMO majorant
here; no assertion that an arbitrary function below a BMO function is BMO is required.

For the square function, fixed-scale lattice overlap gives

Uiz < 0 Y [z B 2. (3.16)
Ls=L

For the same interval J, partition center space into t-boxes Qg of dimensions r x W, with
horizontal offset a from J and transverse offset b from the reference line. For z5 € Q4 and
£y < r, the envelope bound implies

/ Bin (@, yo + tw) dz < Cl(1 + |a] + [b])™™
J

for a fixed n; > 4, after choosing n sufficiently large. Indeed the transverse decay gives the b
factor; for a distant horizontal box the integral is bounded by Cr(¢s/(r |a]))™, which is at most
Cls(1 + |al)~™ because ¢; < r. Equation (3.10) gives exactly

main 2 —1 main 2
E ‘as le=W E ‘as |Rs| < C'r.
2s€Qab 25€Qab
£s<r Ls<r

Summing the offsets in (3.16) proves
1
,

/JZU,? dr < C. (3.17)

<r

This argument applies on each line directly; it is not a restriction of an almost-everywhere
plane estimate to a line. Notice also that the factor W has canceled, so the estimate has no
dependence on m. Since main coefficients are bounded, fixed-scale lattice bounds give Uy, < C
and |0,Uy| < C/¢ on the line. The long-scale part of S? has oscillation at most C' on J. By
(3.17), its local BMO norm is bounded; its mean on every length-/ interval is bounded as well.
John-Nirenberg applied to S? gives ISl 2o (1, dayry < CV/b.

It remains to prove the main-term variation bound, with or without the mask. Fix J and
its center boxes Q. as above, and first restrict to scales £5; < r. Group the synthesis by those
boxes. For a fixed box multiply its synthesis by

Puy() = (1 + T T0u) ZQab)2> ;

r

where ¢ is a sufficiently large fixed integer. Because centers lie in Q. and ¢; < r, these
multiplied waves still have fixed tile envelope bounds. Their Fourier supports are preserved by
polynomial multiplication. Using (3.16) and integrating on the entire line therefore gives

2

P > alena, < Cr(1+|b))™™,
l Ls=0
2s€Qab LQ(R;'H)

and the same bound holds with g7(,)®s in place of ®5. Here and elsewhere aMn@ . denotes
componentwise multiplication. The bound follows from (3.10) as above, retaining transverse
decay while integrating the horizontal envelope. Apply Theorem 3.3 with the length index
reversed; this preserves the interval-sum variation. The support hypotheses hold by (3.7) and
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(3.8). On J, Py > ¢(1 + |a|)?®, and multiplication by this one scalar commutes with every
interval sum and with its norm. Thus the L?(J) variation of the synthesis from @ is at most

Crl/2(1+ Jal) 720 (1 + b))~ /2,

Minkowski and summation over a, b give a bound Cr'/2 for the short-scale main variation.

For each longer scale the derivative of main synthesis on the line is bounded by C/¢, also
after masking by (3.9). The variation of the long-scale part therefore changes by at most
Cry is, (=1 < C on J. The full main variation differs from the long-scale variation by at most
the short-scale variation pointwise, by the triangle inequality for (3.11). This proves its bounded
local BMO norm. Taking r = [ proves its bounded mean on I. John-Nirenberg gives normalized
LY norm at most Cb. The variation of the error synthesis is bounded by the positive sum C&;,
since disjoint intervals use each scale at most once. For the masked error the same is true
because |gr| < 1. The already proved error bound completes the proposition. O

All arguments in Theorem 3.5 use only fixed support, decay, and derivative bounds on the
synthesizing waves. They still hold if those waves are replaced by waves with the same supports
and such bounds multiplied by a fixed constant Cj; the conclusions are then multiplied by
CCy. This observation includes fixed polynomial growth weights about a region containing the
centers, provided the polynomial is absorbed into a slower fixed tile envelope. It also includes the
componentwise operator W (9, — in;) on the unmasked synthesizing waves. After demodulation
its multiplier has bounded magnitude on the vertical packet support. These observations will be
used only at fixed orders below.

3.4. Uniform top bounds and neighborhood derivatives. Choose a fixed exponent A; so
that K = L1 contains the polynomial dilation of Ry in which all assigned centers lie, with
a fixed additional margin. This choice depends on the top assignment and the fixed weight
exponent Ds, and is made before choosing A. Set

hY(2) = Cs(1 + distp(2)/Ky)

For an interval J of dyadic lengths define the top sum Fr 7 = ZS:T(S):ﬂ t.cg ¢s- The family
of these sums includes empty intervals and is finite for our finite packet collection. Let DF =

(W(0y —in;) Fy) ;-

Corollary 3.6. For every fized J. > 0 there are a fizxed exponent Ciop and a measurable set
Xiop with |Xiop| < Se="L such that, for all tops T and all z ¢ Xiops

8
sup sup. (1Fr. 5 (2 + (0,0) 5, + IDFr 5 (2 + (0,0))]l5,) < L (BSP (2))®. (3.18)

—Ds

Independently of this exceptional set, for every z, every l, > 0, and every interval J C [li,00),
Lctop
Ly

All packet orders, K1, and Ciop can be fized before A; they are independent of the later mass
cutoff and hierarchy depth.

1 + 570,) Fr.7(2)]l5, < =— (¥ (2))*. (3.19)

Proof. Use Theorem 3.5 on assigned top tiles, with ¢t = sp and | = lp. These satisfy (3.1)
with a fixed angular constant. Write X = (z —z7)/lr and Y = (Ys,.(2) — Ys,.(27))/W. For a
sufficiently large fixed integer ¢, let

X2 4+v2\’
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Its product with any assigned wave is bounded by a slower fixed tile envelope with uniform
constants. Indeed at the centers X,Y are bounded by a fixed fraction of K7, and in moving
away from a center the top scales are no smaller than the corresponding tile scales. The same
statement holds for the fixed derivatives in use. Multiplication by Pr preserves spectrum.
Applying the last observation after Theorem 3.5 gives a uniform polynomial moment bound on
every length-I7 interval of every parallel line for sup; || PrFr || and sup; || PrDFr 7|

We justify the required vertical neighborhood supremum. Demodulate component j by
e~™MiYsr | Fach of the just described weighted sums has vertical Fourier support in [~C /W, C/W].
Choose one Schwartz reproduction kernel Ky with Fourier transform one on that interval. Its
absolute values at all arguments shifted by at most W are bounded by C,,W~=(1 + |y| /W)™
Reproduction, the Hilbert norm inequality, and the supremum over 7 show that its vertical
neighborhood supremum is bounded by convolution of the corresponding unshifted supremum
with this positive integrable kernel. Minkowski in normalized L? on horizontal intervals preserves
the uniform moment estimate. Finally Pr(z + (0,v)) < Pr(z) for |v| < W, uniformly in z,
because K71 > 1. We have therefore proved, on every top-scale box, polynomial moments for Pr
times the entire left side of (3.18).

For clarity, this yields a global exceptional-area bound, not merely one inside the top box.
Partition the plane into boxes of dimensions Iz x W, indexed by (a,b) € Z2. On each such box,
1 +disty /K71 < 1+ (|a|+ |b])/K1. Choose g with 2¢ > 8Dy + 4. If the left side of (3.18) exceeds
its right side in that box, its product with Pr exceeds

eL%® (1+ (lal + [bl)/Kr) 72,

Take moment order by, = [L]. The available moment bound is at most a fixed power of L, since
1 + log B is such a power. Choose Cip, larger by a fixed amount. Markov’s inequality and
summation over (a,b) then give

’XT| < C|RT‘ KIQe—(J*-H)L < |RT| e—J*L

for sufficiently large L, after increasing the threshold exponent or the fixed lower bound on L.
Equivalently one can first arrange e~ (/**2L to absorb the polynomial K 2. Taking the union
over tops proves the asserted bound by S = Y, |Rp|. This argument uses fixed ¢ and fixed
packet orders, even though the moment order grows with L.

For (3.19), coefficient norms are bounded, there are boundedly many assigned labels per scale,
and each differentiated wave has a bound C/;! times a fixed tile envelope in slope sp. At a
fixed scale, summing this envelope over assigned centers is at most C¢5 (1 + disty /K;)~3P2.
To see the decay, multiply by the inverse top factor, absorb it into a slower tile envelope as
for Pr, and use bounded lattice overlap. Summing over £s > [, costs >y (=t < C/l,. The
same bound applies to any interval of these lengths by the triangle inequality. This proves the
unconditional derivative estimate and completes the corollary. (]

3.5. The masked sum and the count threshold. The choice of A in the preceding section
can now be completed. Its dependence on the fixed constants just obtained is allowed; their
construction did not depend on A.

Proposition 3.7. Given any fired H > 0, choose A sufficiently large after K1 and Ciop, and
then choose a sufficiently large fixed count threshold exponent C,. There is a measurable set
Feone C F such that

P\ Fend SLIFL, [ IP=Rlly SLINIFL Py= Yarién
conc s
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and (3.18) holds there for every top. On this set,
n(z) = hr(z) < NLO. (3.20)
T

One has Ko = LA2 > K1, so both (3.18) and (3.19) also hold with hy in place of hg}).

Proof. First fix, for example, J, = 10 in Theorem 3.6, and fix the resulting C},, before making
any choice of A. Its exceptional area is smaller than any prescribed fixed inverse power of L
times |F|, since S/ |F| < LEN? < L€, On disty < L4/?, the elementary estimate for the
mask is |1 — ¢gr| < CLY™4: use |1 — sincv| < Cv? near zero and the integer power 2[L] in (2.47).
Outside this region, |1 — ¢p| < 2, whereas

(h&”)7 < O [~ "D2(A/2-A1).

Equation (3.18), with the full length interval, therefore implies outside Xio, that, for any
prescribed fixed Hy,

P~ Pyl < L7 S A% (3.21)
T

once A is chosen large enough. In the near region the factor L¢tr+1=4 suffices; in the far region
use the displayed seventh power to reduce (hg} ))8 to h(T1 ),

Apply (2.37) with dilation Ky to ny = > p h(Tl ). For any finite-measure set Ag in the testing
domain, weak L? and layer cake imply

[, < 2l 1402 < L8V 4072
0
Since S < LY |E| and |E| = N?|F|, choosing H; larger than H by the fixed powers in these

inequalities proves the claimed mask integral even when Ay = F'\ Xiop.
After A has been fixed, (2.37) with dilation Ky gives

‘{Z e F: n(z) > NLC"} < LC_2CnS/N2 < LC_2Cn |F| )

Take C), sufficiently large and define Fionc by deleting this set and Ao, from F. Increasing
the fixed thresholds slightly makes the sum of their areas at most L= |F|. This proves all
assertions. O

The original adjoint estimate (2.3) gives || P|, < L¢F |E|Y? for a fixed exponent Cp. Thus,
by taking H as large as required, any discarded set above has arbitrarily small prescribed
polynomial pairing with the original P. The concentration estimates above hold for finite tile
sets and scale ranges, with constants independent of their cardinalities. After the later assembly
proves the uniform model bound for each finite form, the estimate passes to the convergent
bilinear packet representation as in Theorems 1.14 and 1.15.

3.6. A simultaneous count of separated significant directions. On the set Fio,c from
Theorem 3.7, the weighted threshold (3.20) bounds the total top mass by NL¢". Because
each significant top contributes at least one, this bounds their number by the same quantity,
which may grow with N. For the later finite Fourier gain we need a bound polynomial in L for
significant directions that are p-separated inside an interval of length Bp, with top precisions at
most p/B2%. We derive that bound from the popularity witnesses, simultaneously for every p > 0
and every such list.
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We retain the parameters and the finite family of tops from the preceding sections. In
particular, every top has width W = muw, length Iz < 7, and precision dp = w/lp. Its witness
satisfies

Er C LaORT, |ET| > L_aOlTVV, |u — ST| < codr on Ep, (3.22)

where ag and ¢y are fixed constants; increasing ag absorbs the fixed constants in the first two
bounds. The dilated box in (3.22) is understood in the coordinates of Rp. The sum of the top
areas is S = Y. IpW. A top is significant at z when disty(z) < Ko, with Ko = LA*? as before.

Proposition 3.8. There is a fized exponent Cp with the following property. For every fired
J > 0 and all sufficiently large L, there is a measurable set Egount C R? such that

|6c0unt’ < Se_JL- (323)

Define
ZO - Fconc \ gcounta D= LCD- (324)
For every z € Zy, every p > 0, and every list L of tops significant at z satisfying

_minsy < <p/B> (T
I[JI}SZ:( ST ITneH,Cl st < Bp, dr < p/B” (T € L), (3.25)
lsp —spr| > p (TaT/E‘Cv T#T,)v

one has #L£ < D/100. The exponent Cp depends only on the fized geometric constants, including
the already chosen mask exponent A. It is independent of the number of tops, the number of
scales, and the bin Hilbert space.

The margin in the conclusion permits a fixed number of additional directions and fixed
multiplicity factors in later applications, after increasing the absolute lower bound on L. The
exceptional set will be constructed from one angular bin family for each reference top. It
therefore applies to all p and all lists simultaneously.

We transfer the other tops’ popularity witnesses to a line in the direction of a longest top.
Separated top directions then occupy distinct angular bins, and the following lemma bounds the
number of bins each having a large average on some interval through the evaluation point. The
reference top contributes one additional direction.

3.7. A counting lemma on a line. The popular-bin counting argument is inspired by
Bateman’s one-variable covering/BMO method [1, Section 3.3.2, Lemmas 5-6]. The moment
estimate below is proved directly; the Lipschitz transfer to reference lines and the simultaneous
multiresolution formulation are established here, rather than imported from Bateman’s maximal
theorem.

Lemma 3.9. Let (fy)pep be a countable family of measurable functions on R such that 0 < f, <1
and Yy, fo < Co, where Cop > 1. Fiz H > 0 and 0 < ¥ < 1. There is a measurable function
N R — [0, 0o] with the following properties. If B, is any collection of distinct indices such that,
for every b € By, some interval I, containing x satisfies

0< || <H, ubrl/ fo >0, (3.26)
Iy
then #B, < N (x). Moreover, for every bounded interval U and every A > 0,

Hz e U: N(z) >} < C(|U|+ H) exp(—cIN/Cy), (3.27)

where C,c > 0 are absolute. If the f, depend jointly measurably on an additional parameter, N'
can be chosen jointly measurable in that parameter and x.
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Proof. For t € {0,1/3,2/3} use the dyadic grid whose intervals of length 2% are
D= 2"+ (-D*,j + 1+ (-1)*1) : j € Z}.

These grids are nested: a boundary at scale k 4+ 1 is a boundary at scale k because 3t is an
integer. At a fixed scale their combined boundary points have spacing 2¥/3. Given an interval I
of positive finite length, choose the least integer k with 2% > 3|I|. Its closure meets boundary
points from at most one of the three grids. Hence I is contained in an interval @ from one of
the other grids, and |Q| < 6|I].

Choose an integer k with 6H < 2¥# < 12H, and in each grid retain only scales k < kg. Put
B =19/6. For each b and each grid, call @ bad if

!@*4%2&

Let J! be the intervals maximal under inclusion among these bad intervals. Every bad interval
is contained in a maximal one, since it has only finitely many ancestors up to level kz. For fixed
b, t, the members of J! are pairwise disjoint. Define

Ni(@) =3 > 1glz),  N@)= > M)

beB Qe te{0,1/3,2/3}

Each interval in (3.26) produces a bad dyadic interval containing x, at an allowed scale. Thus
each distinct index in B, contributes at least once to N (z).
For every dyadic interval P at an allowed scale, disjointness within each bin gives the Carleson

estimate
SDMCELE DS /be

b Qegy b Qegy
QCP QCP (3.28)

<o [SR<APL A=C/s
b

All sums here are of nonnegative terms, so this argument also applies to countably many bins
and intervals.

For completeness, (3.28) has an elementary exponential-tail consequence. Fix a root interval
Py of length 2F# . First take any finite subfamily of the selected interval occurrences inside
Py, retaining multiplicities when different bins select the same interval, and let V' count that
subfamily. For an integer r > 1, expansion of V" and the nesting of intersecting dyadic intervals
give

Vi<l Y Q] S rIATIPl. (3.29)
Fo Q12-2Qr
The chain sum counts occurrences with their multiplicities. To obtain the second inequality,
sum first over @, C Q,—1 and apply (3.28); repeat until the remaining sum is bounded by A|Pp|.
Repeated intervals are allowed throughout. Ordering the r occurrences accounts for the factor
r! and can only overcount.

Enumerate all selected occurrences inside P,y. Their finite initial sums increase to N; on Py,

so monotone convergence and (3.29) show

[ e/ 2.4)) < 3277 Bo| = 2/, (3.30)

r=0
In particular the count is finite almost everywhere. Markov’s inequality bounds its superlevel
measure in Py by 2|FPy|exp(—A/(2.A4)). The root intervals of one grid meeting U have total
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length at most |U| + 27 F1. Sum the root estimates and observe that A" > X implies N} > \/3
for at least one grid. Since A = 6Co/¥ and 2¥# < 12H, this proves (3.27).

There are countably many bins and dyadic intervals. For each fixed interval its badness is
determined by a measurable integral. Its maximality adds only finitely many conditions on its
ancestors before level kg. Consequently the displayed count is measurable. The same argument,
using measurability of integrals with a parameter, proves the final assertion. No maximality
selection or exceptional set depending on an uncountable family of intervals is required. ([l

3.8. Transferring witnesses to a reference line. Fix a top R. We use the coordinates
z=(z,yr + sr(zr — zRr) +v).
The significant region of R is contained in
Qr = {|lz — zg| < Kolg, |v| < KoW}. (3.31)

The coordinate change (z,v) — 2z has Jacobian one.
For each integer h, partition each of the two angular annuli

[sr+2"sp+2"Y),  (sgp—2""" sp—2"]

into B2 intervals of length &), = 2"/B2. Here B is a dyadic integer, as stipulated in its definition.
Denote this countable family of base intervals by Bgr. Enlarge every base interval concentrically
by a fixed factor ¢, chosen below, and write b* for the resulting closed interval. For sufficiently
large L, and hence B, these enlarged intervals satisfy

> 1L4(a) <Chin (e €R), (3.32)
beEBR

with a fixed Chi,. Indeed, enlargement moves an endpoint by at most ¢;2"/B2. Once B? > 4cy,
an enlarged interval from annulus h stays at distance comparable to 2" from sg. A point
therefore meets only a fixed number of annuli, and at most a fixed number, depending on ¢y, of
the enlarged equal-length intervals in each such annulus.

Choose a fixed power P, = L sufficiently large to dominate the dilation constants in (3.22),
Ky, and their fixed multiples. It will not depend on R or on a list. Replacing a witness for
this argument by a compact subset Er C Er of at least half its measure is permitted by inner
regularity. The slope condition can first be enforced after deleting a null subset if necessary.
The horizontal projection A7 of Er is compact, and Fubini’s theorem gives

E 1
|Ap| > Z‘L%TV'V > L7, (3.33)

The denominator bounds the length of each vertical section of the dilated witness box. The
original witnesses themselves remain unchanged elsewhere in the proof.

Suppose now that a list satisfies (3.25) at z, and choose R from the list with maximal length.
If the list is empty there is nothing to prove. For T'# R put Ap = |sp — sg|. Then

p<Ap<Bp, dpr<Ap/B*, Ip<Ig<T. (3.34)
There is an interval I containing both A7 and the horizontal coordinate x of z with
|I7| < 2Pplp < 2PplR. (3.35)

For example use the interval centered at zp of radius Prlp; significance gives |x — zp| < Kolp.

For 2/ € Ap, take any (z/,y') € Ep, and let 2/ = (2/,y + sg(2’ — z)) be the point with
horizontal coordinate 2’ on the reference line through z. The top-coordinate representations of
the witness point and z give

Y — (y+ sr(@’ —2))| < PL(W +IpAr). (3.36)
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This bound holds for every possible witness point above z’, so no measurable choice of such
points is needed. By the Lipschitz bound on u,
lu(z") — sp| < codr + Lip(u) P, (W + lrAr). (3.37)
The parameter choices ensure
Lip(u)Ppmr < B71%  BX<m (3.38)

for sufficiently large L. To check the first assertion, log(Prm7t) = —L%%7 + O(L* + log L),
whereas log B = O(L""(log L)?); the fixed Lipschitz constant does not affect this comparison.
Since W = mipdy < m7Ar/B2, the last two terms in (3.37) are at most
A A
(Lip(u) Pom7 + Lip(u)PLTBQ)?Z < 23—1003—:5.

Consequently the transferred error is bounded by (co + 1)Ar/B2.

Let b(T) be the unique base interval containing s7. If its annulus index is h, then 2" < Ap <
21, Choose ¢; large enough in terms of cg so that every point within 2(co + 1)d, of any point
of a base interval lies in its enlargement. Equations (3.37) and (3.38) now show

u(z") € b(T)* (2’ € Ar).
Define, on every reference line, the bin functions
frp(@',v) = 1y (w(@', yr + sr(a’ — 2r) +v)). (3.39)

They are jointly measurable, and their sum is bounded by Ch;, by (3.32). Combining (3.33) and
(3.35), there is a fixed exponent ag such that, with J = L~%2,

1
o /1 Fromy (@', v) dz’ > 9. (3.40)
T

For example any fixed ay > 2ag + aq suffices once L is large. All choices so far precede the
eventual choice of D.

The base intervals b(T") for T € £\ {R} are distinct. Indeed, any one such interval has length
2" /B% < Ar/B? < p/B < p, so it cannot contain two directions from a p-separated list.

3.9. The common exceptional set and the choice of D. Apply Theorem 3.9 to the full
family (3.39), with
Hp = 2PLlR, =L, Co = Chin.

Write Ng(z,v) for its jointly measurable count. This construction depends on R but on neither p
nor a list. Whenever R is a longest member of an admissible list at z = (z,yg + sr(z — xg) +v),
the preceding argument gives

#L < 1+ Ng(z,v). (3.41)
Use the threshold Acount = L*?72 and let

SR = {Z S QR :NR(.Z‘,U) > Acount}-

In (3.27), take U = [xp — Kolg,xr + Kolg]. Since P;, dominates K, that estimate gives, for
each v,

{z € U: Ng(z,v) > Acount | < CPplge %",
Integrating over |v| < KoW and using the Jacobian-one coordinates yields
’5R| < CPLKolRwechz. (3.42)

In particular, for every fixed J > 0, the right-hand side is at most e~/ Z“IzW for sufficiently large
L, because PpKj is a fixed power of L.
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Set Ecount = Ur Er. The top family is finite, and the sets are measurable. Summing (3.42)
proves (3.23). The same proof applies to any countable family with finite area sum by countable
subadditivity. The angular families were already countable, and their finite approximations were
handled in the proof of Theorem 3.9; thus no cardinality or depth factor is introduced by a
limiting operation.

Choose

Cp=ay+4, D=L, (3.43)
At a point outside Ecount, a longest member R of any nonempty admissible list is significant, so
the point lies in Qr and Ng < Acount there. Equation (3.41) gives #£ < 1+ L%+2 < D/100
for sufficiently large L. This proves Theorem 3.8.

Finally, this additional discard is permissible in the original adjoint pairing. The ordinary
model estimate gives || P|, < LE/|E|, and S < L|E|. Consequently

/ 1P| < LO|Eje M2 < LCe2~7/IL N|F), (3.44)
Fconc\ZO

where the last inequality uses |E| = N2|F| and N < e?f. Taking, for example, any fixed
J > 4 makes this smaller than any prescribed inverse power of L times N|F|, after increasing
the absolute lower bound on L. The estimates (3.18) and (3.20), together with the already
established mask replacement, continue to hold on Zy C Fione.

4. A STRICT FINITE FOURIER INEQUALITY WITH CONSTANT ONE

The next estimate improves the sequence exponent in the usual finite Fourier bound while
keeping the operator norm at most one. Keeping this constant prevents a fixed loss from
accumulating over the levels of the angular hierarchy. The distinction between a dominant
coeflicient and a strict norm deficit is related to the study of near-extremizers for discrete Young
and Hausdorff-Young inequalities. Relevant precedents include Fournier’s work on sharpness, the
fourth-moment case of Eisner and Tao, and the quantitative discrete results of Charalambides
and Christ [12, 11, 7]. Here the frequencies are arbitrary separated real numbers and the
averaging probability is specified by its Fourier support. We prove the needed quantitative gap
in that setting, including the exact constant one after the coefficient exponent is improved.

Throughout this section the Fourier transform of a finite measure is 7(w) = [ e~ du(t).

Fix the absolute constants

1
=7 ko = 2719, cpn = 279 (4.1)
For the bound D > 1 from the preceding section and for p > 4, put
Cph a—1 1
“T gDy MT Ty T iy 4.2)
In particular, 2 < a < 7/3,0 < pu < 1/3, and 1 < . < 3/2. The numerical values in (4.1) are
convenient fixed choices satisfying the estimates below.

Proposition 4.1 (Finite Fourier gain). Let Ai,...,A\q € R, where d < D, satisfy |\ — A\j| >
A >0 fori# j. Let v be any positive probability measure on R such that suppv C (—egA, €A).
Then, for every finite p > 4 and every complex coefficient sequence,

d 1/p d 1/r+
Z a;jeit dl/(t)) < <Z |a; T*) . (4.3)
i=1 i=1

(]2

The same estimate holds for coefficients in a finite-dimensional Hilbert space H when the
exponentials act diagonally: in an orthonormal basis, the §-th component may use frequencies \; ¢,

p
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provided they are A-separated as i varies, for each fized §. The right side is then (3, ||aiHTH*)1/T*.
All these estimates have constant one.

We first prove a quantitative gap in the fourth moment when no coefficient dominates. The
proof compares the law of three indices subject to an approximate additive relation with the
independent triple law; separated lower and upper quantiles force a definite difference between
these laws. We then handle a dominant coefficient directly, interpolate, and pass to Hilbert-valued
coefficients.

Lemma 4.2 (A quantitative gap away from a single coefficient). For a separated frequency list
as above, define

Q= {(i,j,k},l) : ‘)\z + )\j — g — /\l‘ < GoA}.
Let x; >0, >, x; =1, and put

Qx) = Z (a:ia:ja:kxl)3/4.

(6,5,k,1)€Q
Then Q(z) < 1. If0 < k < 1 and max; x; < 1 — K, then

R L=K/2) g
Q(x) <1 -6, O = 1096 > 27 K5 (4.4)
Proof. Any three specified indices have at most one completion to an element of Q: two possible
missing frequencies would be within 2¢gA < A of each other. On the finite set of quadruples,
consider the four nonnegative measures

A=uxxjrrlg, B=uxixprileg, C=wxzjrlg, F=xjrpil0.

Fach has total mass at most one, by unique completion. Their pointwise geometric mean is the
summand defining Q(x), so Holder’s inequality already gives Q(z) < 1.

For nonnegative measures on a finite set write H(f, g) = 3" v/fg for their Hellinger affinity.
Cauchy—Schwarz gives

Q(x) < (H(A, B)H(C, E))"/* < H(A, B)V/2. (4.5)
Project A to the three coordinates (i, k,[), obtaining a measure P of mass at most one, and
let Py(i,k,1) = z;z,x; be the independent triple law. For each (i, k,1) there is at most one
completing j. Consequently
H(P, Py) = H(A, B) > Q()?. (4.6)
This identity also holds when a factor z;, xx, or z; vanishes, since the corresponding terms on
both sides are zero.

Adjoin one point to the triple space and place the missing mass of P there, giving a probability
P*. Extend P, by zero at that point. For any two probabilities U,V

S -V < 3 (ST -vvR) P (W Vi) = iR v,

Every event A in the triple space therefore satisfies

Py(A) — P(A) < /1 - H(P, Po)? < /1 - Q(a)". (4.7)

Thus a fourth moment close to the ordinary bound would force the completed triple law close to
the independent law, quantitatively and without a factor depending on the number of frequencies.

Let X be a random frequency with probabilities z;. Choose lower and upper k/4-quantile
frequencies a, b, so that

Pr(X <a),Pr(X >0b) > /4, Pr(X < a),Pr(X >0) < /4.
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They can be chosen with a < b. If a = b, that atom would have mass at least 1 — /2 >1—k, a
contradiction. Hence b — a > A, and [a, b] has mass at least 1 — /2. Of its two closed halves,
choose one, denoted [e, h|, with mass at least (1 — k/2)/2.

Consider the triple event

AZ{)\iZb, /\kga, )\lSh}
For any completion in © with these pair restrictions,
N=A>N—X—eA>b—a—eA>((b—a)/2=h—e.

Thus A, < h forces A\; < e. Under the measure A, the free coordinates (i,7j,k) carry their
independent probabilities, with a possible deletion when no completion exists. It follows that

P(A) <Pr(X >b)Pr(X <a)Pr(X <e),

whereas
Py(A) =Pr(X > b)Pr(X <a)Pr(X <h).

Their difference is at least

1—-r/2  K*(1-k/2)

o = (rk/4)? = )
Combining this with (4.7) gives Q(z)* < 1 — g2. Since (1 —t)1/* <1 —t/4for 0 <t <1,
Q(z) <1—g2/4. This is (4.4). O

Proof of Theorem 4.1. The ordinary fourth-moment bound. Write Ta(t) = 3, a;e** and s = 4/3.
The Fourier support hypothesis and positivity of v give

/]Ta|4 dv < Z lajajakal.
Q

Indeed every other term in the fourth-power expansion averages to zero, and the absolute value
of every surviving Fourier coefficient is at most one. If |a||,. = 1, the last sum is Q(z) for
x; = |a;|*. Thus Theorem 4.2 proves the ordinary norm-one bound

ITallagy < llallpys - (4.8)
For the improved bound at four, put
Cph 4
- log(2D)’ T —y
Then 4/3 < ry <3/2 and
lallpsss < D llallpry,  DP < eer, (4.9)

No dominant coefficient. For a nonzero sequence, normalize z; = |a;|*/3/ 3. lax|*/?. If max; z; <
1 — Ko, (4.4) and (4.9) yield

4 4 4
ITallLay < (1= 0no)e® [lallgrs < llallprs -
Here 6,, > 2754 > cph, and 1 — 4§ < e 9.
A dominant coefficient. Suppose instead that one coefficient has normalized mass exceeding

1 — kg. Divide all coefficients by that coefficient and remove its carrier from 7T'a. The normalized
sum is 1 + U(t), and, if b denotes the £ norm of the other coefficients,

3/4 1
Ko
< —. 4.1
bs (1—H0> < 64 ( O)
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Frequency separation gives the exact identities
Joar=o.  [UFdv =3 faijai* < ¥
i1#10
By (4.8) and (4.9), [ |U|* dv < e®nb?*, and hence [ |U]* dv < e®n/2b3. Expanding |1 + U[*, the
linear term has mean zero. Bounding the remaining terms gives
/\1 + U dv < 14 6b + 4e%n/2p  eoonp?
<14140% <1+ ng4 < (14 )/,

For the penultimate inequality, use b~ < v/b < 1/8; for the last one, use 4/ry > 8/3 and
convexity. Restoring the dominant coefficient proves the norm-one £™-to-L*(v) estimate in this
case too. The zero sequence is immediate.

Interpolation with constant one. The same operator has norm at most one from ¢! to L>®(v).
For 0 <t <1, interpolation between these two bounds gives

1 t 1 t

— =2 =1t

pe 4 Tt T4
One can see the normalization directly from the three-lines lemma [17, Lemma 3.3, p. 57|. For
lallgre = llgll s ) = 1, initially with ¢ simple, interpolate their nonzero magnitudes by

ai(2) = sen(a)lai "D, g(z) = sgu(g) g0~

Here sgn denotes complex phase, and the phase of g is chosen for a bilinear dual pairing. The
zero values stay zero. On the two vertical boundaries, these functions have respective unit norms
in (¢', L") and (£, L*/?). The analytic function [(Ta(z))g(z) dv is thus bounded by one there
and at z = t. Finite sums and simple functions justify analyticity and boundedness on the strip;
density and duality remove the simplicity restriction. Taking ¢t = 4/p gives

1 146 -1

Tt p p
which is precisely r, = 7. This proves the scalar form of (4.3) for every finite p > 4.

Hilbert-valued cocﬁicients. Finally write the Hilbert space as ¢? in an orthonormal basis, and

let Fe(t) =3, ai,ge“\ift. Minkowski’s inequality, the scalar result, and Minkowski’s inequality
again give

)

1/2
IE | o2y < %: 1Fel 700
2/r.\ 1/2
=< Z(Zmi,d”) )
13 i
7,,*/2 1/7"*
< | 20| 2 laigl
£

i

The first inequality uses p > 2, and the last uses r, < 2. Each has constant one and is
independent of the Hilbert dimension. Only the frequency list within an individual component
enters the scalar estimate, completing the proof. O
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5. ANGULAR HIERARCHY AND PREDICTED FACTORS

We continue with the finite popular forest and the set Zy from Theorem 3.8, on which the top
estimates, the bound (3.20), and the separated-top count hold. The parameters p, G, K, B are
defined in (2.45), and «, p, 7+ in (4.2). We use ¢ for individual angular levels and j for blocks of
levels. Each shift chooses different block endpoints. The analytic family constructed below is
shared by all K groupings. Its block identities explain how the phase estimate will compare a
parent amplitude with its children, while its equal-coordinate value leaves the boundary weights
removed in the final angular-grid average. We then prove the estimates that predict amplitudes
at a finer angular level, up to a small error, from one good point on a much longer horizontal
interval. No mass cutoff is used in those estimates.

All sums below are finite. We retain the strictly positive spatial weights hp from (2.36); in
particular,

0 < hy < Cs, /QhT dz < IC|Ry). (5.1)
R

The integral follows by the change of variables to the normalized coordinates of Rp, since the
decay exponent in that definition is greater than two. Its constant includes the fixed polynomial
dilation K2. Constants denoted by LY in this section are independent of the number of tiles,
tops, levels, and Hilbert-space components.

5.1. Eligible masses and shifted blocks. Choose a dyadic number d(0) such that B? <
d(0) < 2B?, enlarging it by a fixed absolute factor if necessary to cover the initial precision
range. For a translation parameter ¥ € [0,d(0)), let

d(i) = d(0)G™, GY = {9+ qd(i),9 + (¢ + 1)d(i)) : g € Z}. (5.2)

Since G is an integer dyadic power, these grids are nested. We fix 9 for now. The top slopes lie
in a bounded interval, so only an absolute number of intervals in gg contain a top slope. These
intervals are the roots. The half-open convention assigns each top 7" a unique interval v;(T) at
every level 1.
For v € g? put
T(w)=AT :sp €v, dpr < d(i)/BQ}, ny(z) = Z hr(2). (5.3)
TeT (v)

We call these tops eligible at v. A node is nonempty if 7 (v) # @. For such a node n,(z) > 0 at
every spatial point. An empty node has mass and amplitude zero and is omitted from every

expression involving a negative power or logarithm of its mass. Thus none of the logarithms
below requires a spatial lower cutoff.

If v1,...,vg are the immediate children of b, then their eligible top sets are disjoint subsets
of T(b). More precisely,
ny — Z Ny = Z hr > 0, be Qf (5.4)
v child of b TeT(b)
dp>d(i+1)/B2

The same assertion holds between any two levels, with the corresponding eligibility cutoff. In
particular, every positive mass difference used below is itself a sum of the same positive functions

hp.
For a packet s and a top T, define their last eligible levels by
ks = max{i > 0: ds < d(i)/B?}, kr = max{i > 0: dp < d(i)/B?*}. (5.5)

The initial precision choice makes these sets nonempty. The assigned-top relation £5 < lp(y)
gives dp(s) < ds, and therefore ks < k(). Thus a packet is stopped only while its assigned top
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levd 0 1 2 3 4 5 6 T 8 9
0_:0 I T T 1

c=1 - — — —
0__2 I T T 1

block ancestor J

immediate parent bI]D D— neighbors v’
v
|

local neighbor radius ~ «——! ~ G~1/4d(3)

FiGURE 1. Shifted blocks and boundary masses, schematically. The upper
diagram uses K = 3. Each shift starts with 1 + ¢ transitions and then uses
blocks of K transitions; colored arrows are the final transitions for that shift. At
a final transition ¢ — i + 1, the mass m, includes all of n;, and the masses of
neighboring children outside b but inside J. The neighbor radius is determined
by the immediate scale d(i), even when J begins much earlier. Neither diagram
is to scale.

is still eligible. Since the collection is finite and all precisions are positive, the maximum of the
kr is finite. The grids may be defined at every level, but no amplitude requires a level beyond
this maximum. We also keep the first block endpoint past this maximum, so that terminal
blocks have the same notation as other blocks.

For each o € {0,..., K — 1} use the endpoints

ig =0, il =14+0+(G-1)K (j=>1). (5.6)
The first block has between one and K transitions; all subsequent blocks have K. The transition
i — i+ 1 is the final transition of a block for precisely the shift ¢ =4 (mod K). For this shift,

let a(i) be the starting level of that block. Given an immediate child v € GY,; with immediate
parent b € G/, denote its ancestor at level a(i) by J(i,v). Define

my = ny + Z Ty . (5.7)
U'Eg?+1, v’ CJ(4,0), v'¢b
dist (v,0") <G~ 1/4d(3)

Here the distance is the distance between the angular intervals. The summands outside b have
disjoint top sets, and these sets are disjoint from 7 (b). They all consist of tops eligible at J (i, v).
Consequently,

ny < np < My <N ) (5.8)
In particular, m, — n, is a sum of positive top weights. The use of the larger block ancestor in
(5.7) never changes the radius of the neighbor test: that radius is always tied to the immediate

transition scale d(i). Figure 1 shows the shifted block endpoints and the top sets entering m,,.
For ¢ = (Co,...,Cx_1) € CK and nonempty v at level 5 + 1, put

wy(C, 2) = exp (Cz‘ mod K 108 ;:LZ((ZZ)Q - (5.9)
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All logarithms in this formula are real logarithms of positive numbers. Thus the weights are
entire functions of ¢ and have modulus at most one when all R¢, > 0.

5.2. The analytic family and its block comparisons. For a nonempty node v at level h,
define the H-valued analytic amplitude by

ks—1
Av(<a Z) = Z qr(s) (Z)és(z) Ty (T(s)) (Z)ju/K H Wy, 1(T(s)) (Ca Z)' (510)
818 (s) €V i=h
ks>h

The condition ks > h already ensures eligibility of T'(s) at v. The empty product is one. This
single definition is used for every shift. At fixed z, it is a finite sum of entire H-valued functions
of (.

We first exhibit two algebraic uses of this common family. For the block comparison,
temporarily fix a shift o and parameters satisfying

R =p, Ry =0 (o' #0), [, <I* (5.11)

We refer to this choice of real parts as the vertex corresponding to o. Write i; = i and p; = d(i;).
Thus ‘
a<-i <p, (5.12)
Pj+1
including the first, possibly shorter, block.
For a nonempty J € QZ, call its nonempty descendants at level i, its block children. For
such a block child ¢, all packets entering A, have the same transition factor from J to ¢. Denote

it by Ae = H:fl;*l Wy, ,,, along that descendant path. Only the last transition of this block has
a nonzero real exponent. Separating packets according to whether their stopping level precedes
141 therefore gives the exact identity

e \H
Ay = =|—] . .
J Z )\CAC + BJ, |>‘c| (mc> (5 13)
cCﬂJ
cEg¢j+1

The remainder B is precisely the sum in (5.10) over i; < kg < ij41. Its assigned tops need not
lose eligibility at the end of the block. Thus residual packets and lost top mass are different
parts of the block decomposition.

For each nonempty J, we add the mass to the normalized p-th power of the amplitude. The
resulting positive amount V; and its multiplicative comparison factor 5; are

Vy
ng+ Y ne A,

We use 69 for the same ratio with B; omitted only in the numerator. The mass baseline makes
V; and every denominator positive, including when all its block-child amplitudes vanish. The
sum is over the nonempty descendants at the end of the block. Equivalently, the denominator is
the lost eligibility mass n; — >, n. plus the block-child amounts . V.. This is the comparison
later used in the exact path expansion.
At any one spatial point, abbreviate n = n; and normalize the child amplitudes by
lc —_ Xc - nlcjlilAc? 69 - 1 + HZC li MACXCH{;—[
n 1+ > L | X|%,

The ratio follows by dividing (5.14) by n and using pu = e — 1. Also > .l < 1. Thisis a
pointwise identity: the masses, scalar factors, and vectors still vary with the spatial point. The

Vi=ns+n5 A%, By = (5.14)

(5.15)
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vector sum in its numerator is the weighted child sum whose phase motion we will compare with
the weighted child energies in the denominator.

The boundary mass m, is designed to pay for selecting separated children in that comparison.
At the final transition of this block put ¢ = i;11 — 1 and

Q=G Y4 = G¥p; 4. (5.16)

Fix one spatial point and choose any finite subfamily C of nonempty block children. Join distinct
¢, € C when dist(c, ) < Q. Give the children independent exponential clocks of rates n., and
retain a child when its clock rings before those of all its neighbors. The rates are positive. The
clocks have no ties with probability one, and the retained intervals have pairwise distance at
least (. The retention probability of c is

o —nct —n st Nc Ne
e = / nee e H et dt = —m——— > —. (5.17)
0

o ~e nC + Zc’wc ncl o mC

To see the inequality, let b be the immediate parent of ¢. The eligible top sets of ¢ and its
competitors inside b are disjoint subsets of 7 (b), so their masses sum to at most n,. Every
competitor outside b lies inside J and within Q = G~/4d(i) of ¢, so its mass is included among
the additional terms of m. in (5.7). Thus m. bounds the entire competing mass even when only
a subfamily of children is used.

Multiplying the coefficient of a retained child by 7, ! reconstructs its original coefficient in
expectation. The corresponding expected r.-power cost is

Tx

E[l{c retained}ﬂgl} =1, E |:1{c retained}ﬂ-g“} = Trgi

The coefficient exponent in (5.13) matches this cost exactly. The identities r.(1 — u) = 1 and
urs =re — 1 give

1—7« T __ nC/mC et
e A = <1 (5.18)

Te -

The first identity also turns 107 into lc, the weight in the denominator of (5.15). The
later snapshot construction will use this selection for the child vectors it retains and check the
remaining hypotheses of the finite Fourier estimate.

The same analytic family has a second algebraic use at the equal-coordinate parameter

¢ =WK,.. ukK).
Let v be a root and let s be a packet contributing to A,, with 7' = T'(s). Apart from the factor
qrds, the coefficient of s in nﬁ/KAv((C, z) is

B ks=l /o n/ K
nu/Kn Mé?) H 7.+1( )
v Vg °

i=0 \"wip1(T)

Cancelling consecutive eligible masses identifies it as

s /K
g = kH1 <"(T)>H . T=T(s). (5.19)
)

i=0 \ i (T

The empty product is one, and each factor lies in (0,1] by (5.7). Thus for each root the
equal-coordinate value produces its portion of the masked packet sum with only these boundary
ratios in its coeflicients. The remaining tasks are to estimate the vertex values, interpolate those
estimates to (¢, and remove the boundary ratios by averaging the angular-grid translation.
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5.3. Full-root variation and amplitude bounds. We now leave the temporary vertex
specialization and return to the general range 0 < R(, < u for every coordinate, with arbitrary
imaginary parts. The following bounds control the endpoint weights without a loss proportional
to the number of levels. Along one eligible top path, write n; = n,, ) and
P; =log i , R; = log Mo (T) (5.20)
Ti+1 41

Both are nonnegative as long as the top remains eligible at level 7 + 1.

Lemma 5.1 (Full-root variation bound). Fiz an eligible path from a root vo(T) through level k.
At every spatial point,

k—1 Mg (T k-1 Mg (T
S R < Klog—® ¥ p —log 2D, (5.21)
i=0 T (T) i=0 T (T)

For a fixzed starting level h < kp, define, for h < k < kp,

k—1
wrnk(C,2) = nvk(T)(Z)fu/K I woir ) (¢ 2).
i=h
If 0 < R, < p for every o, then the supremum plus total variation of this sequence, with the
endpoint k varying, is bounded by
kr—1

—u/K
sup Jwrkl + . lwrnken — wrnl < Chp [1 + K(L+[¢]l,) log
h<k<kr k=h

T (T)
hr

(5.22)

The same bound holds upon restricting the endpoints to a subinterval.

Proof. Fix a shift o. For the transitions i = ¢ (mod K) with i < k, (5.8) gives

R; <log M
Ni+1
For this fixed shift, the intervals of levels [a(7), i 4 1] are successive blocks starting at zero. Their
logarithms telescope. The endpoint of the last completed block is at most &, so the sum is at
most log(ng/ng), by monotonicity of the masses. Summing over the K shifts proves the first
inequality in (5.21). The second is an ordinary telescope. This is a full-root bound. In particular,
it remains applicable to weights occurring on a later segment even when another shift’s block
starts before that segment.
Set a = u/K, solely for this proof, and use the specified logarithm

k—1
Ly = —alogny — Z Gi mod K I, wr g = el
i=h
Its increment is
Liy1 — Ly = aPy — Ck mod K Bk (5.23)

Since ng > hr and all real transition exponents are nonnegative, |el*| < h7.*. For any complex
A? B7

1
e — A < B~ A [ eI 4t < 1B - Almax(|e?),[e”]).
0

Using this inequality for adjacent logarithms and then (5.21) proves (5.22). Notice that the
exponential of the sum of the absolute logarithmic increments has not been used. Such an
exponential would be unsuitable when Ay is very small. O
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Lemma 5.2 (Amplitude bounds). On Zj, for 0 < R(, < p,

146(¢, 2)llye < LEA A+ [1€lla)m0(2)- (5.24)

More precisely, the contribution of any one eligible top T to A,, also when restricted to any
interval of packet lengths, is bounded by

LE(1+ [I¢lly)lar(2)hr(2)*. (5.25)

If all eligible tops of v are insignificant at z € Zy, then
140 (¢, 2) g < LEQA+1ICNlp)e 18 Fny (2). (5.26)

Proof. For vectors fp, ..., fi and scalars wy, . ..,wy, summation by parts gives

(5.27)

J
> -
i=h

k
> wifi
i=h

k—1
< PR
< (Iwk! + ;L |wis1 wz|> X,

Group the packets assigned to T according to their stopping level. The resulting initial sums, or
the sums obtained after restricting to an interval of packet lengths, are interval partial sums
of the original top’s length sequence. By (3.18) and the fact that the K(-dilated weight is at
least the corresponding K-dilated weight, their norm at z € Zy is at most LEhp(2)%. The mask
gr(z) is common to this whole top. Apply (5.27) and (5.22).

To see that the logarithmic factor can be absorbed uniformly, use (3.20) and log N < 2L.
Since nvo(T) S n and hT S Cg,

v 1
Oglog% SCL—l—longh—.

T T
Here and below log™ 2z = max(0,logx). Also u/K < 1. The elementary boundedness of
2%1og?(1/z) on (0,1], for fixed § > 0 and fixed ¢, shows that

— n’U
ST 4 K (1 + [¢]l,) log —o B

< LY+ [¢]l5) R

This proves (5.25). Summing over the eligible tops and using ht < C3hy proves (5.24). For
insignificant tops, the mask estimate after (2.47) gives |¢r| < e F1°8L. Applying the same
summation proves (5.26). O

5.4. Spatial meshes for prediction. Return to a fixed shift ¢ and a vertex parameter
satisfying (5.11). Write i; = if and p; = d(i;) as in the block comparison above, and take
J e g;’;_ . Its block children and their factors are those in (5.13). Let R be any top eligible in J,

and parametrize a line of slope sgr by z(x) = (x, y« + sgrx). On this line use one nested dyadic
grid in the parameter z, at lengths

w

v H
= -1 ==
Pj+1\@ Po\/é

These are dyadic lengths because w, d(0), G, and v/G are dyadic. They increase with j. The
grids can, for example, have common origin zero. Each Hj; cell is a union of H;_1 cells.

H; (5.28)
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5.5. Positive-mass motion and the locality of other shifts.

Lemma 5.3 (Mass motion). Fiz R,J,j as above and an interval I of horizontal length H; on a
line of slope sg. Consider the masses nj,n.,me in (5.13), the masses used in the factors \., and
those used in any endpoint multiplier of a packet contributing to A.. Fach such mass, and each
of its positive subset-complement differences used below, is a sum of weights of tops T satisfying

|s7 — sr| < Cpy, dr < pj/B>. (5.29)

There is an absolute constant C' such that, with enoy = C’G_l/Q, every nonzero such mass a
satisfies

|0z log al < IOV most everywhere on I. (5.30)

J
If r =a/(a+b) is one of the ratios of a submass to its containing mass, then

2€m0V 2€mOV
Oy 1 < —(1-— <
o 1ogr| < 2 (1) < 2
When b = 0, the ratio is identically one and its derivative is zero. In particular, nonzero ny —n.
and me—n, have the relative motion bound (5.30). All these masses vary by a factor 1+0(G~1/?)
across I.
For the parameters (5.11), the block factors also satisfy, for x,z¢ € I,

Ac()
Ac(Z0)
for some absolute co > 0 and all sufficiently large L.

(—logr). (5.31)

—1l< G (5.32)

Proof. All descendants of J have slopes inside J, so their top slopes are within p; of sg. Their
eligibility cutoffs are at most p;/ B2. A mass in an additional boundary term (5.7) at a transition
i > ij can come from an interval outside J, because the block associated to another shift can
start before i;. However, that interval is within G='/4d(i) of the relevant child and has width
d(i 4+ 1). The relevant child is a descendant of J, and d(i) < p;. Hence every added slope is
within Cp; of sg. The tops in an added interval have precision at most d(i + 1)/B?; those in
the immediate-parent mass have precision at most d()/B?. This proves (5.29), including for
weights below the block. Taking a difference of the relevant nested top sets preserves the same
property. This argument uses the neighbor radius at the immediate transition, rather than the
possibly larger width of the other shift’s block ancestor.

In normalized coordinates of a top 7', horizontal motion along sr has velocities 1/lp and
(sr — s7)/W. Differentiating (2.36), using the Lipschitz property of the absolute value at almost
every point, gives

1 |3R—5T|> < Pj 2

Oploghr| <C(—+—— | <O |51 J).

19z log hr| < <ZT+ W - Bzw+mw
The factor K ' available from the dilation is not needed. Multiplying by H; and using (5.12)
yields

C B B _1/2
For a positive sum a = ) 4 h7, its logarithmic derivative is the weighted average of the logarithmic
derivatives of the summands. This proves (5.30), also for positive differences, which are such
sums by their set interpretation.
If a,b > 0, direct differentiation gives

a b

a+b a+bd

0, log (0 loga — 9, logh).
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This proves (5.31); the inequality 1 —r < —logr holds for 0 < r < 1. If the complementary top

set is empty, r = 1 everywhere. In particular, writing ¢, = —logr > 0,
2e _
|02y < HLOV - e 28"“”(]7«(1'0) < gr(z) < 62£m°VqT(xo) (x,z0 € 1). (5.33)

The inequalities remain valid for an identically zero loss.

Finally, a block factor is a product of at most K transition factors. The simpler bound
|0z log 7| < 2emov/H; shows that its specified complex logarithm changes by at most CK (1 +
1¢]l4)G~/2. For (5.11) this is LG~'/2 and tends to zero faster than any negative fixed power
of L. Exponentiating proves (5.32) after decreasing c¢g. This last argument does not require any
bound on the size of a logarithmic loss itself. (I

5.6. Variation of moving endpoint weights. The next estimate makes explicit why the
motion of the analytic weights can be controlled from a single point, even for very small hp. For
a finite scalar sequence a = (ay) let

lallgy = Sl}ip |ak| + Z laks1 — agl.
k

Only this elementary finite-sequence norm is used here.

Lemma 5.4 (Moving weights). In the setting of Theorem 5.3, fiz a top T contributing to A.,
and take endpoint weights wy, = WTij4 k- If zo € IN Zy and the parameters satisfy (5.11), then,
uniformly for 2’ € I,

1w (ZDillgy < LEhr(20)~, (5.34)
[(wr(2") — wr(20))k |l gy < GY2LE hep(z0) 2 (5.35)

Both conclusions hold for any interval of endpoints. Neither assumes that 2’ belongs to Zy.

Proof. Parametrize the interval by its horizontal coordinate =, and write h =441 and a = pu/K
in this proof. Use P;, R; from (5.20) for h < i < kp. By (5.33), each of these nonnegative losses
is comparable throughout I to its value at z, with factor e?€mov) and its absolute derivative is
bounded by Cepoy/H; times itself. Define

kp—1
B(z) = > (aPy(z) + |¢i mod k| Ri(%)).
i=h
It follows that B(x) < e“emovB(x0). By the full-root bound,

Mo (T) (ZO)
hr(20)

The full-root mass is used only at the snapshot in this inequality; its spatial derivative is not
needed.

Let L = logwy be the specified logarithm in the proof of Theorem 5.1, and put gy = 0, L.
Equation (5.23) and the mass derivative bound imply

B(xo) < CK(1 4 [C][5) log (5.36)

Cemov
sup |gi| < —7=(a + B(x)),
k J

C’Emov
D gk — qrl < —B(x).
k HJ
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For example, the initial term is ¢, = —a0d, log ny, and subsequent differences are the derivatives
of aP; — (; mod Kk Ri- At every point of I,

S%p lwi ()| < hp(z)™* < e**mvhp(z9) ™ ®.

The complex-exponential estimate used for (5.22) therefore gives
lw(@) Iy < Chr(z0)~*(1 + B(o)).
For finite sequences the product rule for differences gives
labllgy < Sup |ax [1bllgy + Sup [kl > lar1 — axl.
k
Using d,wr = wiqr and the preceding estimates yields

Céemoy

105w (@) ||y < h(20) (1 + B(o))”. (5.37)

The functions involved are absolutely continuous on the line. Integrate (5.37) between xy and
«’, over distance at most H;, and use the triangle inequality for the finite-sequence norm. This
proves the difference bound with right side Cemoyvhr(20) (1 + B())?.

At the snapshot, (3.20), (5.11), and (5.36) bound the last expression by G~2LChp(z)~2.
Indeed the only possible nonpolynomial quantity is log™(1/h7(20)), whose square is absorbed
by the difference between exponents a < 1 and 4. The same argument proves (5.34). There is
no assumption that G~/ 2B(xp) is small: very small h is allowed, and only a polynomial in its
logarithm has appeared. ]

5.7. Amplitude motion from one good snapshot.

Lemma 5.5 (Predictable amplitude motion). Fiz a block child ¢ of J, a path top R eligible in
J, and an H; cell on a line of slope sg. Let t. be the angular center of c. If zo € Zy lies in that
cell and 2z’ = zo + (b, spb) is any other point in the cell, then, for the parameters (5.11),

[4c(C: 2") = De(b)Ac(C, 20) [l £ G Onel20),  De(b)vw = exp(i(sr — te)mb). (5.38)

Here ¢y > 0 is absolute and may also be used, after decreasing it, in (5.32). The estimates hold
at all displaced points in the cell, not just its points in Zy.

Proof. Fix one top T contributing to A.. Its contributing packets have ks > 4,1, hence
- B?w

by > 1y : ,
Pj+1

lr > 1. (5.39)
Also st € ¢, s0 |sp — tc| < pjq1/2, while |sp — sg| < Cp;.

Consider any interval partial sum S of these unweighted packets on 1. The good-snapshot
estimates (3.18), including their demodulated vertical-derivative and vertical-neighborhood
versions, bound S and W (9, — in,)S, by LEhr(20)® throughout the vertical neighborhood of
radius W at zp. Put v = (sg — s7)b and first move to z; = zp + (0, v). Since

CBw
VG

the fundamental theorem of calculus after componentwise demodulation gives

lv| < Cp;H; < <W,

HS(Zl) - diag(ein”v)S(zO)H < LchT(Zo)SLI[)/' < GV2L % (20)".



HILBERT TRANSFORMS ALONG LIPSCHITZ DIRECTIONS 61

Next move from 27 to 2’ along slope sy by horizontal distance b. The nonexceptional horizontal
derivative estimate in Theorem 3.6, applied to lengths at least [, bounds this change by

b _
LChT(Z0)8|l‘ < G 1/2LchT(2’0)8.

To justify its spatial weight here, the two displacements change the normalized coordinates of
T by at most C/(B>V/G) + CB/(mv/G). Tts weight at every intermediate point is therefore
comparable to hp(zp). If the derivative estimate is expressed using the smaller dilation K7, that
weight is bounded above by the Ky-dilated weight used here. No good-point estimate at z; or 2’
has been invoked for this horizontal move.

The replacement of s by t. in the diagonal phase costs at most

b _
Clsr — 1o 5(z0) )| < G210 by (),
because 7, =< w~! uniformly in v. This proves, uniformly over the interval partial sum,

1S(2") = De(b)S(20)|| < G™Y2Lhy(20)%. (5.40)

The same bound holds with the mask gr multiplying S at its own evaluation point. Indeed
lgr| < 1, and its formula (2.47), together with boundedness of the derivative of sinc, gives

lar(2') — qr(z0)| < L€ <|Zb| + sk — sl bl V;T‘ ’b’> <G72LC.
T
Combining this with the snapshot bound for S proves the masked version of (5.40). This
estimate uses absolute motion of the mask and does not divide by ¢, which may vanish.
Group the masked packets by stopping level and denote their sums by fi(z). Their weighted
contribution to the difference in (5.38) is

S wi(2) (fi(2)) — De(b) frlz0))
k
+ Z(wk(zl) — wi(20)) De(b) fr(20)-
k

All interval partial sums of the first parenthesis have norm at most G~/ 2LCh7(20)8, by the
masked version of (5.40). The snapshot partial sums in the second line have norm at most
LChr(20)%. Apply (5.27) to both lines, then (5.34) and (5.35). The result for this top is at
most G_1/2LChT(zo)4. Sum over the tops eligible in ¢. Since h4T < Cg’hT, this is at most
G~12Ln(2y). Finally logG = L%7 absorbs every fixed power of L into a smaller positive
power of G, proving (5.38). O

5.8. One deterministic residual sequence for each path. We now refine Zy by a set which
depends on the angular translation but not on (. Its purpose is to make the later residual
estimates available on most of the path weight. The subsets of packets used in its definition
must be fixed before evaluating a spatial point or choosing a mass cutoff.

For each possible path top R, let

Pr=1{s:l; <lp, |0s—sgl<CB}, (5.41)

where the absolute constant is large enough to cover the assigned-top comparisons below. Apply
the main/error decomposition of Theorem 3.5 with reference slope sg to this fixed collection.
Denote the resulting positive error sum by £ and positive main square function by Sr. The
absolute envelopes can use fixed decay exponents slow enough to dominate the norms of the
unweighted synthesis packets. There is no loss in doing so because the packet bounds are
available with arbitrarily large fixed decay exponents.
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For each shift o, define a second fixed collection

_ 17 < ks <4y, 5.42
QRro ]L>J0 {S' T(s) € T(Ui;'.H(R)) ' o)
i7, 1 <kr

For blocks at whose endpoint R is still eligible, these are the packets that stop within the block
while their assigned tops remain eligible in the child vig (R). The union takes all such blocks at
once, fixing one packet collection before any spatial point or mass cutoff is chosen. Let Vg, be
the 3-variation of the sequence formed by summing gr()¢s from this collection at each packet
length. It permits any finite list of disjoint intervals of that one length sequence. Subsequent
choices of those intervals may depend on the evaluation point; the collection and its length
sequence remain fixed.

Every packet in Qp , satisfies the hypotheses of Theorem 3.5 with ¢t = sg and [ = [z. Indeed,
ks <17, < kg gives

Ly < pg. (5.43)
Since s7(s) and sk are in the same block-child interval of width pj1,
105 — si| < |05 — s7(s)| + |57(5) — SRl < Cds + pj1 < CB%d, < CBYd,.

For later use, if a residual packet only lies in the larger path node J = v;, (R) and has {5 < g,
then [s7(,) — sr| < pj < Bpj11 < B3d,; thus it belongs to Pg as well. These facts explain both
choices of fixed collections.

Lemma 5.6 (Good paths). There is a fized exponent Cpan, chosen independently of the
mass cutoff below, such that the following construction is valid. Call R bad at z if any of
Er(2),Sr(2),Vro(2), 0 < 0 < K, exceeds L=, Otherwise call it good at z. For every fized
angular translation,

Z R hR(Z)]'{R bad at z} dz < Se_loL- (544)
R

The constant 10 may be replaced by any prescribed absolute constant by increasing the fired
exponent. The measurable set

Z =ZJy= {z €Z: Y, hgr(z)< e_L} (5.45)

R bad at z

is independent of ( and satisfies
1Zo\ Z| < Se %t < LCe™PL|F|. (5.46)

Its removal is therefore allowable in the target estimate (2.32), using the original adjoint sum’s
L? bound.

Proof. Fix R, a line of slope sgr, and any horizontal interval I of length [r on that line. By
Theorem 3.5, the normalized L?(I) norm of each indicated quantity is at most Cb¢ (1 + log B)C.
The same bound holds for Vg, because (5.42) is a fixed subset satisfying (3.1). As logB =
KlogG is bounded by a fixed power of L, this bound is polynomial in L when b is a fixed
positive multiple of L.

For clarity, fix an arbitrarily large absolute number Jy. Choose b = [L] and then a fixed
exponent Chatn sufficiently larger than those in the moment bound. Markov’s inequality gives,
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for all large L,
Hx e I:Ep(x) > L} + |{z € I: Sp(x) > LOath}|
K-1
+ Y {z€l:Vgo(z)> Lo} <e Pl

o=0
The factor K + 2 is polynomial and is absorbed by the same choice. Alternatively one may
increase the fixed multiple in the choice of b; neither choice depends on the number of scales or
tops.

Partition the whole reference line into intervals of length [z. Along this line hg changes by

at most an absolute factor on each such interval, directly from (2.36). Hence the preceding
estimate implies

/th{R bad} dr < CeiJoL/hR dzx.
I I

Sum over the intervals and integrate in the transverse coordinate y — spx; this change of
coordinates has determinant one. Using (5.1) gives

/ th{R bad} dz < Lce_JoL’RR’.
R2

Sum over R and take Jy large enough to obtain (5.44). This establishes the estimate with its
full spatial weight, not only on the central part of R.
Markov’s inequality applied to the nonnegative sum defining (5.45) gives its first measure

bound. Since S < LY|E| = LY N?|F| and N < e?/'| the second follows. For example, Cauchy—
Schwarz and the previously proved adjoint estimate give

Ly WP S 120\ 212 Py < L0652 N] ),
0

which is smaller than any required fixed negative power of L times N|F'|. The estimate is applied
to the original sum P, as required for exceptional discards.

Finally, all packet collections used here depend only on the finite geometric data, the angular
translation, and the shift. They do not depend on z, (, significance, or a mass cutoff. Their
finite length variations and the other thresholded quantities are measurable in z. They are
measurable jointly with ¢ as well: at the finitely many relevant angular levels, membership of
each of the finitely many top slopes in its interval changes at finitely many translation endpoints.
On the complementary parameter intervals all the relevant membership data are fixed. This
also proves the asserted independence from (. O

5.9. Mass stopping and the exact path expansion. Choose a cutoff
M = LA, (5.47)

where the fixed exponent Aj,; will be taken sufficiently large in the residual estimates. Every

threshold and exponent in the preceding lemmas has already been fixed without reference to

Ajpr. Statements below that use M hold for each such fixed exponent after increasing the lower
threshold for L.

For convenience set

Cy = LP(1 + M)* 1, (5.48)

with a fixed sufficiently large C'. Equation (5.24) and pu = o — 1 imply that a node of mass
ny < M satisfies

VJ < CMTLJ. (5.49)

Indeed Vj/ny <1+ LC”n?*1 for the parameters.
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Lemma 5.7 (Expansion into top paths). Fix z € Z, a root, a shift, and parameters as above.
Starting from a node with ny > M, expand

Vi=258s <TLJ - e+ Vc> ; (5.50)

and stop a branch on first reaching a node of mass at most M. At each expanding node, split
ng — Y .M into the individual weights of the tops which do not remain eligible at the block
endpoint. At a stopped node split V; proportionally among its eligible top weights. This gives
exactly one terminal path for each eligible root top R, with a terminal amount er satisfying

0 < er < Cuyhg, Vioot = Y _€R 1T B (5.51)
R

J active on R’s path

If npoot > M, at least one half of this sum comes from tops which are good at z. Consequently,

‘/root(z) <2Cm Z hR(Z) H /BJ(Z)' (552)
R eligible at root J active on R’s path
R good at z

If Nyoot < M, (5.49) applies instead.

Proof. Identity (5.50) follows directly from (5.14), because V, — n, = n& P ||A.||’. The term
ny— ..M is a sum of top weights by (5.4), now between the endpoints of the whole block.
Every top either remains eligible in exactly one block child or loses eligibility and terminates
at J. The construction therefore branches by disjoint top sets, assigning each top exactly one
path. It terminates after finitely many blocks even if no mass stop occurs, since no top is eligible
beyond the final level. At such a final expanding node the block-child sum is empty and all tops
terminate directly.

If R terminates directly at an expanding node, its terminal amount is hr. If it reaches a
mass-stopped node ¢, the terminal amount is (V./n.)hg, which is at most Cyrhr by (5.49).
Repeated use of (5.50) proves the equality in (5.51).

To verify the claim about bad paths, it is useful to normalize the expansion by actual
probabilities. At an active node define

DJ:nJ—ZnC—l-ZVC:nJ—i-Z(VC—nC)>M.

Choose a block child ¢ with probability V./Dj, or a directly terminating top R with probability
hr/D ;. These probabilities sum to one. At a mass-stopped node choose an eligible top with
probability hr/n.. The probability of a given complete terminal path is exactly its summand in
(5.51) divided by Vieet- In fact, for an active edge J — ¢, V./Dj = 5;V./V;, and at a direct
terminal edge hr/Dj = Byhr/Vy. The successive V. factors cancel; at a mass stop the last
factor hr/n. leaves the amount (V./n.)hgr. This proves the asserted probability identity without
an independence assumption on the amplitudes.

For a directly terminating top, its last conditional probability is hg/Dj < hr/M < hgr. If a
top terminates in the next node by a mass stop, the combined last choice of that child and then
that top has conditional probability

Ve hr hr

D7Jn70 < CMM < CMhR~
Earlier conditional probabilities are at most one. Thus the unconditional probability of any
specified terminal top is at most Cyyhr. This estimate also covers tops which terminate after
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many active ancestors; it uses only the last active step. By (5.45), the total probability of bad
terminal tops is at most

1
Cu Z hr(z) < CM(B*L < =
2
R bad at z
for all sufficiently large L. Here log Cyy = O(plog L + log(1 + M)) = o(L) for each fixed Ajy.
The probability identity now implies that good tops carry at least half of the total amount, and
the bound on e proves (5.52). O

The remaining path estimate, proved below in Theorem 6.3, is

hi 11 By < LYP(1+ M)C/RQ hg. (5.53)

J active on R’s path

/ZI’T{R good}

Sections 5.11 and 6 prove (5.53) from the estimates established above. Once that estimate is
available, (5.52) and (5.1) control the integral of Voot by summing over the eligible root tops.

5.10. Path drops and marked spatial cells. Fix a top R and one shift. Let Jr be the last
block index with i, < kg. For 0 < j < Jg put

Jj = Uz'j (R), n; = an, Njp+1 = 0, hj =N —Nj+1, U; = 7]_ (5.54)
For j < Jg, the path block child is v;,, (R). For j = Jg there is no path child: R ceases to be
eligible at the next block endpoint. Other tops in J; may still continue, and all their children are
retained in (5.13) and (5.14). Only the path notation sets the next mass to zero. In particular,
the last possible path drop has hj =n; and u; = 1.

The actual active indices form the prefix before the first mass at most M, equivalently the
indices with n; > M. A path which stops by mass need not reach its final possible block Jr. At
the last active index of such a path we retain the actual eligible next mass in (5.54); it is not set
to zero merely because the expansion stops there.

Lemma 5.8 (Drops and marking). At a point of Zy, the active path drops satisfy

S w;<1+4logt % < CL. (5.55)
j:nj>M

On each line of slope sg, mark an Hj cell I when

(5.56)

N | =

inf n;(z) > M, sup hj(z) >
zel zel

Every point of a marked cell is active and has hi > ¢ for an absolute ¢ > 0. At an active point
in an unmarked cell with by > 1, one has M <mn; < M +1 for all sufficiently large L. There is
at most one such index on each active path, and its factor is bounded at points of Zy by

By, < LEP(1+ M)C. (5.57)

If an index is inactive at a point, the cell containing that point is unmarked. Finally, even in
the last possible block,

lr
H: < . 5.58
NN (5.58)

Proof. If there are no active indices there is nothing to prove in (5.55). Otherwise let ¢ be the
last active index. For j < ¢, the next mass is also greater than M, and

Njt1 n;
ujzl—iglog 2
1 Mj+1
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The last term u, is at most one, whether its next mass is positive or zero. Therefore the sum is
at most 1 +log(ng/nq) < 1+log(ng/M). This argument deliberately does not telescope through
a possibly tiny mass below the stopping cutoff. Equation (3.20) gives the last inequality.

Both n; and hj are positive sums of weights of tops eligible at J;, except that the difference
can be identically zero. In the last possible block it is simply n;. Thus Theorem 5.3 gives relative
variation 1 + O(Gil/ 2) across the whole H j cell. A marked cell has positive supremum of A7, so
this difference is not identically zero there, and its infimum is at least %e‘CGim > i for large
L. The first marking condition supplies activity everywhere on the cell.

Suppose instead that z is active, its cell is unmarked, and h}(z) > 1. The second marking
condition then holds, so the first one fails: the cell has infimum mass at most M. The relative-

motion bound implies
M < nj(z) < O < M+ 1,

where the last inequality holds because M is a fixed polynomial in L. Its drop of at least one
gives n;41(2) < M (or zero at the last possible block), and all subsequent masses are at most
that mass. This is consequently the last active index and can occur at most once. At a point of
Zy, since the denominator of (5.14) is at least n;, (5.24) gives

%47
By, < =2 <1+ L0071 < LO(1+ M)C,
nj
proving (5.57). If nj(z) < M, its cell cannot have infimum greater than M, proving the assertion
about inactive indices. This observation will justify assigning the value one to the auxiliary
phase factor on every unmarked cell.
Finally, eligibility at the starting level gives dg < p;/B?, equivalently Ip > B?w/p;. Together
with (5.12), this yields
Ho_ 1
lR o B2,Oj+1\/§ B B\/@
This only uses eligibility at the start of the block, and therefore applies to the final possible
block as well. O

All constructions above are finite and measurable. Their constants are uniform in the finite
depth, so no lower bound on a nonzero top weight, or on the number of angular levels retained,
is part of the argument. The limits from finite packet collections and the angular-translation
average are taken only after the subsequent sections have obtained the uniform estimates.

5.11. Prediction and averaging on marked cells. Fix a shift at a vertex of the analytic
parameter simplex, with imaginary parameters of Euclidean norm at most L?. Retain the block
notation, path top R, and meshes from the preceding construction. Thus J is the path interval
at level 7;, its block children ¢ have width p;1, and

w

v g v
: -1 = :
pi+1VG VG

The first inequalities include the initial, possibly shorter, block. The path child is denoted by a
when it exists. At the last path block there is no path child, even when some other tops continue;
in that case the relative path drop is u; = 1.

Gpj+1 < pj < Bpj+1,  Hj=

Proposition 5.9 (Averaging factors on marked cells). There is an absolute cay > 0 with the
following property, for all sufficiently large L. On a fived line of slope sg, each marked Hj-cell I
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meeting Z admits a nonnegative function I'; which is constant on the H;_1-subcells of I, satisfies
[I|71 [;T; <1, and obeys

59(2) < exp(G~u,;(2))Tj(2) (ze€I). (5.59)

SetI'; = 1 on unmarked cells and on cells not meeting Z. The functions can be chosen measurably
on each fized line. No choice jointly measurable in the family of parallel lines is needed.

We first construct a normalized prediction B whose average is at most one for suitable
probability measures. We compare it with 59, then blend it with one to obtain B, whose
comparison error contains the relative path drop. Finally we pass to uniform cell measure, take
the finer-cell supremum B%, and normalize it to obtain I';. The losses in these last operations
also contain the relative path drop.

5.12. Snapshot data and denominator shrinkage. Fix a marked cell I meeting Z, and
choose one snapshot zg € I N Z. Parameterize the line by horizontal displacement b from zg, and
also write I for the translated parameter interval. All unprimed masses and amplitudes below
are evaluated at zp; a prime denotes evaluation at zg + (b, sgb). Let n = nj(29) and v = u;(zp).
If the path child exists, then v = 1 — ny/n; otherwise v = 1. The positive-mass motion bounds
give
%’U <uj(z) <2v (zeI) (5.60)

for large L. Marking ensures v > 0. Only nonempty children are used. Their masses are positive
at every point, since the sets of eligible tops are fixed and their weights are strictly positive.

Use the pointwise normalization (5.15), with [, and X, evaluated at the snapshot and the
primed quantities evaluated at the displaced point. That identity expresses Bf} in either set
of data. The next construction shrinks snapshot vectors to obtain one-sided denominator
comparisons for those children. When v < 1/2, the path vector will instead remain unchanged
so that its numerator and denominator variations can be compared together. All vector norms in
this section are in H. The weights satisfy >, l. <1, and, when there is a path child, }°..,lc < v.
When there is none, an off-path sum means the sum over all children.

Choose a fixed exponent C, large enough for the estimates below, and put

K, = L%(1+ N*"). (5.61)
Equations (3.20) and (5.24) imply, at the snapshot,
HXCH S K*u n# S K*7 Zlii‘u ||XC|| S K*U' (562)
c#a

Enlarging the fixed exponent absorbs absolute constants here and below. For the last estimate
use

17X, =P A = Pl (A ne).
The sum over all children in this estimate is at most K.

Let v > 0 be a sufficiently small fixed exponent below the motion exponent in Theorem 5.5,
and set € = G~7. This choice is independent of the depth, dimension, and parameters L, p, D.
Decreasing -, if necessary, absorbs the fixed powers of L in the following consequences of the
motion estimates:

Nirx! Dc(b)zg/PXcH < ell/rpk, (5.63)
P INLAL — pH N D(b) Al

Both estimates hold throughout I, without a good-point hypothesis at the displaced point. For

< eK,l.. (5.64)

the scalar rescaling in the first one, write l(l;/ch = n_l/pn?/p_lAc. The exponents —1/p and
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a/p — 1 are absolutely bounded. Their factors have the stated relative mass motion; the error

in A, is bounded by (5.38), and its snapshot size is at most LEn,.. This proves (5.63). For the

second estimate use n* 1, the relative complex motion of A, |Ac] <1, and ntIn, = ntl, < K.l,.
Shrink A, radially toward zero by a distance at most 2en., choosing

G fa=2en/JAdD A Ac£0,
‘ O’ AC:O.

If no eligible top in c is significant at zg, set A, = 0. This fits within the same error: Theorem 5.2
and the mask suppression give

|Ac|| < LCellogln, < en,

for such a child. There is one exception: when v < 1/2, leave the path vector unchanged, setting
A, = A,. Define X, = nk— 1 4,. For every child to which shrinkage was applied,

|| Xell” = le || Xe

(beI). (5.65)

Indeed radial shrinkage reduces the norm of lc/ PX, by the smaller of its whole norm and 25[0/ P L,
whereas (5.63) permits a reduction of at most slc/ Pnt at a displaced point.

The bounds in (5.62) continue to hold with X.. Including the shrinkage error in (5.64) gives

=X X! — 11PN D.(b) X, (5.66)
5.13. Exact averaging of the prediction. On the whole parameter line, define
~ ~ 1+ || F)|*
b= I ADR, Ay = IEOIT (5.67)

The masses, scalar weights, and vectors are fixed snapshot data. Only the diagonal unitaries
D (b)ge = €' (SrTtIeb vary,

Lemma 5.10 (Fourier-supported averaging). There is a fized sufficiently small € > 0 such that,
with

Q=G"pj11,  6=€Q/u, (5.68)
every positive probability v satisfying supp v C (—9,d) obeys fB dv <1.

Proof. Use only children for which X, # 0; an empty collection gives the assertion immediately.
Apply the clock selection from (5.17) to this finite subfamily at the snapshot, with @ as in
(5.68). The clock rates are fixed as b varies. Each retained set has pairwise interval distance at
least @, and the retention probabilities satisfy m. > n./me..

Every used child other than the possible unshrunk path child contains a significant eligible
top at z9. From each retained child other than that possible exception, select one such top.
Their slopes are Q)-separated, their precisions satisfy

dr < pj+1/B* < Q/B?,

and their diameter is at most p; < Bp;1 < BQ. The simultaneous count in Theorem 3.8, with
D as chosen in Equation (3.43), bounds this list by D/100. Adding the possible retained path
child leaves at most D members. Clock exclusion separates that extra child too; it does not
require a significant representative for that one child.
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J

FIGURE 2. The horizontal-length axis (schematic) for a marked block. Here
Q = G3/4pj+1 is the retained angular separation and Gpjy1 < p;j < Bpjy,
including the initial block. The quantity I, = B?w/ pj+1 is the lower bound for
predictable packet lengths in (5.39). On an interval of length H;, the separated
relative phases oscillate many times while the packet envelopes move little.
The preceding mesh also satisfies Hj_1p;/w = G~1/2 which controls the step
supremums. Absolute frequency constants are suppressed.

In each Hilbert component, the retained carrier frequencies are separated by at least c¢Q/w,
with ¢ > 0 absolute, since 7¢ < w™!. Choose € < ¢yc. For a retained set S, let

Fs(b) =Y m Ui A De(b) X
ceS

Expectation over the clocks gives EsFs = F'; no independence of retention indicators is asserted
or needed. Put r = r,. Minkowski in that expectation, (4.3), and Jensen for the concave function

t1/7 give
) 1/r
.

1/r
(Z e el )
’ , 1/r 1/p
(ch ) g(ZzC p) . (5.69)

The power of . uses 7(1 — ) = 1. The third line uses the retention cancellation (5.18) for the
present child subfamily. The last inequality in (5.69) is Holder with weights of total mass at
most one and 7 < p; the missing mass can be placed at a zero vector. Raise to power p, add one,
and divide by the constant denominator in (5.67). O

X

1El oy < Es (Z 7l el
ceS

X,

IN

X, X,

IN

Figure 2 summarizes the horizontal scales used in the comparison and discretization below.

5.14. Comparison to the actual factor. On the underlying real Hilbert space put £L(Y) =
log(1 + | Y|[?). For p > 4,

Vel <p, D2 < ot (5.70)

Indeed its radial first derivative is prP=1/(1 + rP), its radial second derivative is

plp— D=2 p*r2?

1+47rp (14 rp)2’
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and each tangential Hessian eigenvalue is pr?=2/(1 + rP). Splitting into 7 < 1 and r > 1 proves
the bounds; the formulas extend continuously at zero. No dimension enters these estimates.
If v > 1/2, every child was shrunk. The denominator comparison (5.65), the sum of (5.66),
and (5.70) yield
log 89(z) —log B(b) < CpK,ev, v >1/2. (5.71)
The factor v here costs only an absolute factor of two.

For 0 < v < 1/2, retaining that factor requires the unshrunk path vector. Write o, = Ag/ [Aq|
and remove D, (b) and o, from the predicted numerator. With

Y =1YPX,,
Co = ltll_#_l/p Aol = lzlz_a/p(na/ma)uv

Z1(b) = 0, ' Da(b) ™Y 117HAD(b) X,

c#a
Ri=Y L%
c#a
the prediction becomes
~ 1+ ||CY + Z1(b)|P
Aoy = LG A0 (5.72)

1+ HY”p + Ry
Here Y, C,, and the denominator are constant on the whole line. Since n, < m, < n, both [,
and ng/mg liein [1 —v,1]. As1—a/p > 0, we have

0<Cy <1, 1-C, <Cu, 1Z1(b)| < Kyv. (5.73)
In the actual numerator remove D,(b) and o/, = X/ |\, |. Define
Y =107 X, Co=l I R =Xl
c#a

and let Z{ be the remaining, similarly rotated off-path sum. The actual ratio has the form (5.72)
with primes. We have

|[Y'—Y| < CeK,, |Cr, — Cq| < Cev,
|21 — Z1|| < CeK,v, R, > Ry. (5.74)

The first and last statements follow from (5.63) and (5.65). For the off-path sum, sum (5.66)
over ¢ # a, whose weights sum to at most v. Changing the removed scalar phase costs at most
Ce times the off-path size, because |0}, — 04| < Ce.

The extra v in the coefficient estimate follows from the complementary-mass assertion of
Theorem 5.3. If r = A/(A+ B), with A > 0, B > 0, and the positive summands change relatively
by at most Ce, then

Ir' —r] < Cer(1—r), |logr’ —logr| < Ce(l —r).

If B = 0, the ratio is identically one. Apply this to n,/n, with complement n — n,, and to
Ng /Mg, with complement m, —n,. Both values of 1 —r are at most v. The bounded nonnegative
powers defining C, give its claimed variation. This concerns the modulus of the path weight; its
scalar phase has already been removed.

Set v = Ry /(1 + |[Y|” + R1). We claim

log 89(2) — log B(b) < Cp*KZev + CpK.er,
—log B(b) > v — CpK,v. (5.75)
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Hold Z; = Z1(b) fixed when comparing Y with Y. The derivative in V of L(C,V + Z1) — L(V),
along that segment, is bounded by

Pl Cul + CP* (11— Cul VI + | Z1])) < CP K.

Equation (5.74) bounds its change by Cp?K2ev. The changes in C,, Z; fit the same bound by
(5.70).
For the residual denominator, set
J(V) = —log(1 + Rie M),

Its derivative has norm at most pRy /(e“(V)+R;). On the segment from Y to Y, [L(V) — L(Y)| <
CpK .e. This tends to zero as L increases, so that residual ratio is at most 2t, and J(Y')—J(Y) <
CpKer. The actual residual R} > R; can only decrease the actual ratio. This proves the first
inequality of (5.75). For the second, use C, < 1, (5.70), and log(1 +¢) > t/(1 + t):

- logﬁ =L(Y) - L(C.Y + Z1) + log(1 + Rle—ﬁ(Y))
> —pl||Z1|| +t >t — OpK,v.
5.15. Absorbing the baseline error by blending. The parameter sizes give
pK, = G as L —» 00, (5.76)

with every preceding constant fixed. Indeed log N < 2L, = O(L~/?), and log G =< L7/19, so
log(pK.) = O(VL +log L) = o(log G). All the preceding smallness requirements consequently
follow from a single sufficiently large lower bound on L.

Set 61 = v/ and blend the prediction with one:

B(b) = (1 — 011)3(b) + Ob. (5.77)
It retains average at most one for every probability in Theorem 5.10. Concavity of the logarithm
gives _ N
log B —log 8 > —6log 3.
For v < 1/2, Equation (5.75) yields
log 89 —log B < (Cp?KZ2e + CpK.0n)v + (CpK.e — Oyt
< (CP*KZ%e + CpK,\/e)v.
The last coefficient of ¢ is nonpositive for large L. For v > 1/2, use (5.71) and log 5 < L(F) <
p||F|| < CpK, to obtain the same last bound. Therefore
BY(z) < etVB(b), ar, = Cp*K2e + CpK, e < G/3 (5.78)

for sufficiently large L. The baseline has absorbed the term proportional to t; the remaining
error is proportional to v.

5.16. Changing to uniform measure without a loss per level. Choose a fixed nonnegative
Schwartz function k of integral one with supp kc [—1/4,1/4]. For example, square the absolute
value of the inverse Fourier transform of a nonzero smooth function supported in (—1/8,1/8)
and normalize its integral. Let H = H;, h = G~/ s = HG~Y®, and ky(t) = s~ 'k(t/s). Let
I" be the concentric enlargement of I of length (1 + h)H, and define

dvy(t) = (|1If++ * k) (t) dt. (5.79)

This is a positive probability whose Fourier transform is supported in [—1/(4s),1/(4s)]. Since
H§ = ¢G4, this support lies strictly inside (—4,) for large L.
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Every point of I is at distance at least hH/2 from the complement of I*T. The Schwartz
tail beyond (hH)/(2s) = GY16/2 is O(G~1/8), by a fixed tail estimate. Thus the density in
(5.79) is at least H~'(1 — CG~'/16) on I. Writing w; for uniform probability on I, choose
0<n<CG /1% <1/2s0 that

v > (1 —n)wy, v = (1 = n)wr + Nrem (5.80)

for a positive probability viem.
The bound [ B dvy < 1 alone would lose an amount of order 1 on changing measure. We
need a bound proportional to v. If 5 < 1 on the whole line, then B < 1 and its uniform average

is already at most one. Otherwise choose by with (bp) > 1. When v < 1/2, the denominator
and path vector in (5.72) are fixed. For all b € R,

log B(b) > log B(bo) — p || Z1(b) — Z1(bo)|
> —2pK,v.

Consequently
(1—B(b)y <CpK,v  (beR). (5.81)
This does not assume an upper bound on Rj: its contribution cancels in the logarithmic difference.
Equivalently, a value exceeding one already forces Ry /(1 + ||Y]||?) < e“PE«v — 1. For v > 1/2,
Equation (5.81) follows from nonnegativity since pK,v > 1. The blend inherits the same lower
bound, as (1 —B)y = (1 —0u)(1 — §)4.
In the case where the prediction exceeds one somewhere, (5.80) gives

1 Z/B dvy > (1—77)/[)’ dwr + n(1 — CpK,v).
Including the easier case B < 1, this proves
/B dw; <14 CGYpK, 0. (5.82)
The relative mass drop has survived the change of probability.

5.17. Step supremums and normalization. The points sg,t. lie in J, so all component
frequencies of D, have magnitude at most Cp;/w. For v > 1/2, differentiating (5.67) and using
(5.62) gives ||OpF'(b)|| < C(pj/w)K,. For v < 1/2, remove the path carrier as in (5.72). The off-
path frequencies are (t, —t.)n¢, again of magnitude at most Cp;/w, so ||0,Z1(b)|| < C(p;j/w)Kv.
In both cases,

’d log B(b)‘ < CpK,o?2.
w

db
Blending cannot increase the absolute logarithmic derivative, because
d 1-60)5 d .~ (1—6w)p
— = 7 < ——<1.
dblogB B 5 log 83, 0< B <1

On each H;_j-subcell I' C I, let B! equal SUp, 7 B(b). The prediction is positive and
continuous, and these compact-cell supremums are finite. The meshes are nested. Since
Hj—lpj/w = G_1/27

B< B <evB, by =CpK.G Y2, (5.83)
Use the fixed half-open mesh convention at endpoints; taking supremums over closed subcells
preserves the inequalities. Define

m; = max (1,/8ti dw1> , T;=8/m; onl. (5.84)
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This function is nonnegative, constant on the finer cells, and has average at most one. Equa-
tions (5.82) and (5.83) yield

logmr < (bg + CG~Y0pK, ). (5.85)

Proof of Theorem 5.9. Perform the construction on each marked cell meeting Z. Equa-
tions (5.78), (5.83), and (5.84) give

89(2) < e"2VB(b) < e®LVBH(b) = e*LVmT;(b).
By (5.85), the exponent is at most
(G734 CpK,.G™Y/? + CpK.G~Y16)0,

Equations (5.76) and (5.60) bound this by G~ u;(z), for a fixed positive exponent: choose
Cay < min(y/4,1/64) and then take L sufficiently large. This proves (5.59) with no error
independent of the mass drop.

There are countably many cells on each fixed line and finitely many levels in the current
truncation. Choose one snapshot in every relevant cell, use (5.84) there, and set I'; = 1 elsewhere.
This is a measurable step function of the line parameter. The proof of Theorem 6.3 integrates
the original integrand on lines where its slice is measurable, as holds for almost every transverse
parameter. It therefore needs no jointly measurable snapshot choices across parallel lines. [

6. RESIDUAL TERMS AND INTEGRATION ALONG PATHS

We work with a finite tile collection and a fixed angular translation. Fix a shift ¢ and a
parameter ¢ whose real part is the corresponding vertex: (, = p, all other real parts vanish,
and [|S¢||, < L2. All estimates in this section are uniform in these choices, the number of tiles,
the angular depth, and dim H. We take L sufficiently large that

> 0<p< ! (6.1)
o —. .
p ) P= 15

We retain the stopping threshold M = LA™ from (5.47); its fixed exponent will be chosen at
the end of the residual estimates.

Fix a path top R. We retain the block notation of the hierarchy: J; = v;; (R), nj = nJ;, and
Aj = Ay;. The last possible block is the last one whose starting node contains R as an eligible
top. At this last block there is no path child, even if other tops continue; the next path mass is
defined to be zero. At every other block write Jj;q for the path child and set

h*
h’f:nj—njﬂ, ’LL]':*].
J n;
An index is active if n; > M. The active indices form a prefix. On Z, the mass bound (3.20)
and monotonicity give

> u; <CL. (6.2)
7 active

Indeed, except for the last active index, use 1 — nj1/n; < log(n;/nj+1) and telescope down to
a mass larger than M. The final summand is at most one. This proof also applies when the
path stops by ineligibility.
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6.1. Marked residuals. For n > 0 and A € H, put
Vi, 4) = nt 2 1P = (1 + [ a]),

The function £,(Y) = log(1 + [|Y||) is globally p-Lipschitz on the underlying real Hilbert space.
Away from zero its derivative has norm p ||Y[[P~" /(1 4 ||[Y|?) < p, and the assertion at zero
follows by continuity. Since 3; and 69 have the same denominator, the decomposition (5.13)
therefore implies

log 35, — log 89, < Cpn; " HBJj . (6.3)

Lemma 6.1 (Square summation of residual blocks). At a point z € Z where R is a good path,

1/2
(Slmaor) <o »
J

Here the sum can be restricted to any subset of the possible blocks. The fized exponent Cy is
independent of M .

Proof. A residual packet in block j has

£ ij <ks< ij+1. (65)
Because p;/pj+1 < B, this block contains at most N, := C(1 4 log B) dyadic packet lengths.
Also sp(s), Sr € Jj, so the top assignment and (6.5) imply

05 — sgr| < Cds + p; < CB3ds < CBd,.

Thus the reference-line estimates apply whenever ¢; < [g.
The coefficient multiplying () ¢s in By; is a product of transition weights of modulus at

most one, followed by n;k“ /(7[“((3))' The ending mass is at least hp(,). Consequently the modulus

of the coefficient multiplying ¢, is at most |QT(5)|h;é; /)K < C. This last bound follows from the
mask estimate (2.47): on the significant region hp > 1, while off that region the mask has faster
decay than this fixed small negative power of hrp.

At z let e/ and ay be the sums of the absolute error and main envelopes, respectively, at
length ¢ in the fixed family Pg of (5.41). The preceding bounds place every residual packet with
£y < IR in this family, so its absolute envelopes are included in these positive sums. Goodness of
R, as specified in Theorem 5.6, gives

1/2
Z er < LC, (Z a%) < L.

<lp (<lp

The contribution of such lengths to HBJj H is bounded by C' Zzte (e¢ + ag), where Z; is the set of

residual lengths in that block. The sets Z; are disjoint. Positivity and Cauchy—-Schwarz within
each block therefore give
1/2

Z( Z 6@) SZ%

J ZGI]', I<Ilgr

Z( > az) < Nien Y, af.

i EEI]',ZSIR
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The factor Ny is polynomial in L.

Before the last possible block, R remains eligible at the child level. Hence dg < pji1/ B? < dg,
and consequently ¢s < lg. Lengths larger than [z can occur only in the last possible block. At
each of its at most Ny, lengths, the total absolute coefficient envelope is bounded by a constant,
by Theorem 3.1, applied with reference length equal to that scale. To recall the reason this
bound has no factor counting the available labels, the condition |0 — sg| < CB*d, makes the
analyzing and synthesizing box envelopes comparable to common sr-coordinate envelopes, since
W > B*w. Summing centers first produces a common positive convolution kernel of integral
O(1). At each source point only boundedly many selector labels are nonzero. Summing these
labels then uses ||g||,; <1, and costs O(1). The uniformly bounded multipliers just considered
preserve this absolute estimate. The last block therefore contributes at most C Ny, in norm.
Combining the estimates proves (6.4). O

By Theorem 5.8, at any marked point one has hj > ¢, for a fixed ¢, > 0. Monotonicity of
the masses therefore implies

#{j: j marked at z, t <n; <2t} <C(1+1), t > M. (6.6)

For completeness, all but the final marked index in this shell account for disjoint mass drops of
size at least ¢, while the mass lies in an interval of length at most ¢; the final index costs one
even if its drop leaves the shell. Dyadic summation gives

S o nt oY @My < oM (6.7)

j marked at z r>0

Combining (6.3), Theorem 6.1, and Cauchy—Schwarz yields

> (logBy, —logBy) < CpLoM />, (6.8)

7 marked at z

6.2. Unary segments and their energy telescope. Call an active index unary at z if its
cell is unmarked and hj(z) < 1. At such an index the path child exists: at the last possible
block the drop would instead be n; > M. A significant top has mass at least one. Thus every
significant top eligible in .J; must remain eligible in the path child, since the total mass removed
from that child is A7 < 1.
At a unary index write
Aj=NAj +U; + W (6.9)
Here )\; is the path-child coefficient in (5.13); U; consists of the residual packets assigned to
tops which remain eligible in the path child. These are exactly the packets of the fixed subset
QR in (5.42) which stop in block j. The term W; collects all contributions of tops eligible in
Jj which do not continue in the path child, including their residual packets and, when present,
their contributions through other children.

Those latter tops are all insignificant at z. Their contributions within A;; are whole interval
sums on individual tops, so Theorem 5.2 bounds the contribution of each by LE (1 + ||C||)|qr|h4.
Since hr is bounded above by an absolute constant and |gp| < e 18 there, this is at most
Ce Lhy for sufficiently large L. The masses of these tops sum to h}. Therefore

IW;|| < CeEh3. (6.10)

This estimate uses a sum of top masses, not the number of such tops.
Partition each consecutive run of unary indices into consecutive segments [e, f). Starting at
e, end a completed segment as soon as its accumulated drop is at least one. Each individual
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drop is less than one, so every completed segment has total drop in [1,2). At the end of the run,
retain the final remainder as one segment if it is nonempty. Hence every segment satisfies

Ac g = Z hi =ne—nyp <2, ng>M -2, nj=<n. (e<j<f). (6.11)
e<j<f
The endpoint remains an eligible path node, including when it is the node where the mass

stopping rule first applies.
The number of segment starts in a mass shell obeys

#{le,f): t <me <2t} <C(1+1), t> M. (6.12)
Completed segments account for disjoint drops of size at least one. For each remainder other
than the final remainder on the path, charge it to the next interruption of a unary run. Such an
interruption is either marked, with drop at least c¢,,, or is an active unmarked index with drop
at least one. The mass at this interruption differs from the start mass of the remainder by less
than two. Thus the interruptions charged by starts in [¢,2t) lie in the enlarged shell [t — 2, 2¢)
and their fixed positive drops give O(1 + t) choices. The one possible final remainder adds one.

For one segment define

i<j<f

Al = ( 11 Aj> Ay, Vi =V(ng, A7), e<i<f,

with the empty product equal to one. Since n; > n;11, a —p < 0, and |\;| < 1, we have
Vit < hi + Vi, ka =V (6.13)

Indeed, the baseline terms differ by k7, while the energy term on the left is at most n;" " || Af ||
The denominator of 3, contains the energy of the path child and the nonnegative energies of all
other children. It is therefore at least h} + V;;1. It follows that

Z log 87, <log Ve —log Vy — Z log(1 4 A} /Vit1).
e<i<f e<i<f
On the other hand, (6.13) gives
log V' —log Vy < ) log(1+ hi/Viiy).
e<i<f
Subtracting these inequalities produces the useful estimate
> log By, <log(Ve/VE)+ > [log(1+ hi/Viiy) —log(1+ h}/Vig1)]
e<i<f e<i<f (6.14)
< Opng " max || A; - Aj]l.

To justify the last line, first use the Lipschitz estimate for £, to obtain
|log V(n, A) —log V(n, A")| < pn*~*||A - 4|

For h > 0, the derivative of z +— log(1+ he™") has absolute value h/(e®* + h). Along the interval
between log V;11 and log V7, |, both endpoint amounts, and therefore every intermediate amount,
are at least n;11. The corresponding correction term is bounded by
:
Ni+1
Now use (6.11) and >> ;. hi/nit1 < 2/(M — 2). This proves (6.14), including its endpoint
case.

p"éﬂ:ll HAi—i-l - A:+1|| .
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6.3. Common residual weights and variation. We give the coefficient calculation needed
to apply the good-path variation estimate. It is important here that the same angular grid
underlies all shifts.

For integer levels k along the path put vy = vg(R) and ap = ny,, S0 a;; = nj. For a fixed
segment [e, f) and a block index j € [e, f), define

k—1 a Cr mod K
wi(k) = a," T (“) i<k <ig. (6.15)

r=i; \"r+1
Here i; denotes the angular level at the start of block j.

Every packet in Up, for j < b < f, is assigned to a top in v;,_,(R). It follows by nesting
that its top lies in v (R) at every intermediate level k < i1, in particular at its stopping level
ks. Multiplying its coefficient in U, by the path propagation factor [[;<, ., Ar therefore gives
exactly wj(ks)qT(S)¢s. This identity holds for every contributing top, whether or not that top is
significant. Thus the scalar coefficient depends only on the stopping level, rather than on the
packet or top inside that level.

Lemma 6.2 (Variation of the common coefficients). Uniformly over the segments and their
starting indices,

if—2
sup w(R)] + D Jwj(k+ 1) — wj(k)| < L (6.16)
i;<k<if k=i,

The exponent Cy, is fixed before M is chosen.

Proof. Every ending mass in this sequence is at least a;, = ny > M — 2. Since all real parts

of ¢ are nonnegative, |w;(k)| < a,;“/K <1 when M > 3. Using the real logarithms of positive
masses, a logarithmic increment of the coefficient is

1% ag m
:710g _CkmodKIOgﬁ'

logw;(k + 1) — logw;(k) K80 p—

The logarithm here is the specified linear expression defining the coefficient, so no branch of a
complex logarithm is being chosen. The first sum of absolute increments telescopes. For the
second use Theorem 5.1 on the entire root-to-endpoint path. All its summands are nonnegative,
whence

ip—2
> [logw;(k + 1) — logw; (k)| < (M + K max |ggy> log 0t
< [Cw,

The last step uses Nyoot < NLE on Z, log N < 2L, ng > M —2>1, and max, || < p+ L?.
The full-root bound is needed: a denominator m, belonging to a different shift may involve a
block whose starting level precedes the segment. No estimate using only log(ne/ny) is asserted.

For two successive logarithmic values zp, z1 in this sequence, both |e*| and |e*!| are at most
one. Along the straight segment between them, |e<1_t)z0+tz1| < 1. Integration of the derivative
of the exponential consequently yields |e*! — e*| < |z; — zg|. The logarithmic-increment bound
proves (6.16). O
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Let Qr denote the fixed residual subset in (5.42). For each unary segment [e, f) define

Aef(z) = max Z ar(s)(2)#s(2)

ie <a<b<i
teSas0<if SGQR,U
a<ks<b

An empty sum has value zero. Finite depth makes the maximum finite. The interval of stopping
levels [a, b] corresponds to an interval of dyadic packet lengths. The latter follows directly from
the definition ks = max{k : ds < d(k)/B?}, which is monotone in f;. Since distinct unary
segments have disjoint level intervals [i.,if), one may choose a maximizing interval in each
segment and apply the single good-path 3-variation bound to all those disjoint intervals. Thus

1/3
(Z Ae,f(z)3) < L%, (6.17)

e, /)

The segments may depend on z; the variation is a supremum over all choices of disjoint intervals,
so this dependence does not alter the inequality. The underlying packet subset itself is the single
deterministic set Qg ;.

Abel summation for a finite scalar sequence (wy) and vector sequence (Fj) gives

b b—1 t
> wpFr| < <|wb| + ) ok — wk+1!) max > F
k=a k=a A== k=a
Applying this identity with (6.15), and then iterating (6.9), yields

max ||4; — Af|| < LA, s+ Ce A, . (6.18)
e<i<f ’ ’

Indeed the propagated W; terms have modulus at most their unpropagated bounds because

|Aj| < 1. There are no residual terms beyond iy in this calculation: U; uses only i; < ks < ij41

with j < f. When f is a mass-stopping node it is still an eligible node and (6.11) applies. A

final block ending by ineligibility cannot be unary and is excluded from this calculation.
Using (6.12) and dyadic mass shells, we get

Z n£_1+“)3/2 < C’Z(QTM)_UQ*‘?“/Q < CM~V/2430/2,
e.f) >0

2/3
(Z ng1+u)3/2> < CM~V3tn,

le.f)

Holder with exponents 3/2 and 3, followed by (6.14), (6.17), and (6.18), therefore bounds the
sum of the unary log factors by

Z log 3, < CpLCM~Y3+1 4 CpeF (,max nf) Z uj. (6.20)

active
7 unary at z J J active

(6.19)

For the error term, use n, > n; and p — 1 < 0 within a segment to obtain né“lhj» < ng_lh; =

nfu;. By (3.20), maxn¥ < exp(CVL). Together with (6.2), this makes the second term in
(6.20) tend to zero.
Choose a fixed exponent Cieg larger than all polynomial exponents in (6.8) and (6.20), and

then choose
AM > 4(Cres + 2), M == LAJ\/I. (621)
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By (6.1), —1/3 +pu < —1/4 and —1/2 + u < —5/12. Since p = L'/2, this choice makes both
principal residual costs bounded by an absolute constant for sufficiently large L. None of the
good-path thresholds or the exponents used to select Ay; depended on M.

6.4. The path product and its integral.

Theorem 6.3 (Integrated path product). With M chosen by (6.21), the estimate (5.53) holds
for every path top R, every shift, and every vertex parameter with ||3¢||, < L?. Its constants
are independent of the tile collection, angular depth, and Hilbert-space dimension.

Proof. Fix a line of slope sg, and on that line use the functions I'; constructed in Theorem 5.9.
At a point of Z where R is good, the active indices fall into the marked indices, the unary indices,
and at most one active unmarked index with i > 1. For the marked indices, combine (5.59),
(6.8), and (6.2). Their phase-domination losses have sum at most CLG~¢, which is bounded.
The unary factors have bounded log product by (6.20) and (6.21).

At the possible remaining index, Theorem 5.8 gives M < n; < M + 1. From (5.24) and the
baseline n; in the denominator of 3,

By, <1+ L3t < LP(1 4+ M)©.

Here C is fixed, since « stays in a fixed compact interval below three. We have therefore proved
the pointwise domination

Jr
H B;(2) < LOP(1+ M)© H I(2), z € ZN{R good}, (6.22)
J active at z 7=0

where Jg is the last possible block index for R. It is legitimate to include every possible index
on the right: if n;(z) < M, its mesh cell cannot satisfy infn; > M, so it is unmarked and
I'j(2) = 1. Unmarked active indices likewise have I'; = 1.

Recall that I'; is constant on the mesh of length H;_; and has average at most one on every
cell of length H;. The meshes are nested. On any cell I of the largest mesh H,, successive
averaging from the smallest mesh upward therefore gives

Jr
/I T[T)(x) dz < 1. (6.23)
7=0

More explicitly, all later factors I'y, £ > j, are constant on each Hj; cell. Integrating I'; on those
cells can thus only decrease the integral of the nonnegative product. Iterate this observation for
i=0,1,..., g
The weight hp is uniformly comparable on I. This remains true for a terminal block and for
the short first block: eligibility of R at i; gives p; > B2dpg, and every block has pi/pj+1 < B.
Thus
w

Ir
pi+1VG ~ BVG

Along the line of slope sg, the transverse normalized coordinate of R is fixed and the horizontal
normalized coordinate changes by at most H;/lg. The definition (2.36) consequently gives
supy hrp < Cinfy hg, with an absolute constant depending only on the fixed decay exponent. By
(6.23),

H; (6.24)

JR
/hR [T da < (suphg)|I| < C/hR dz.
I G I I
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Sum over the largest-mesh cells and use (6.22). Whenever the original integrand in (5.53) has a
measurable slice on this line, we obtain

he [[ By de <LP1+ M) [ hgda

/ZO{R good} on the line line

7 active

The snapshots used to construct the I'; need only be chosen on this one line. There are
countably many mesh cells, so these choices give measurable step functions on that line. No
jointly measurable choice of snapshots across different lines is required. The original integrand
n (5.53), expressed entirely through hg, the good sets, and the finite hierarchy factors 3, is
nonnegative and Lebesgue measurable. In the coordinates (x,y — spx), it has a measurable slice
for almost every transverse parameter. The preceding line estimate therefore holds for almost
every such parameter. Integrating it and applying Tonelli, using the Jacobian-one coordinate
change, proves (5.53). O

All sums and products in this section were finite. The shell counts, Abel estimates, and
mesh averaging bounds contain no factor equal to the number of scales, tiles, or hierarchy levels.
They therefore apply with identical constants to every finite truncation required in the packet
reduction.

7. INTERPOLATION, BOUNDARY AVERAGING, AND COMPLETION

We continue with a finite popular collection and its adjoint sum P = ) _ ¢;. Thus N =
(|E|/|F|)'/2, L/2 <log N < 2L, and S < L¢|E|. All statements in this section are uniform in
the finite collection, its depth, and the dimension of H. We write 1} for the translation of the
angular grid. The set Zy and the functions P, P;, h7,n do not depend on 1J, whereas the smaller
set Z = Zy, the angular masses, and the analytic sums do. Until the boundary-averaging step,
we fix ¥ and suppress it in the notation.

7.1. From the path estimate to analytic interpolation.

Proposition 7.1 (Vertex estimate). For every nonempty root v, every shift o, and every
parameter with
RC = peq, (IS¢ < L2,
one has
Hng/pilA Ol s (Z) = < LOs'P. (7.1)

The constant and exponent are independent of the shift and the grid translation.
Proof. Recall the nonnegative amount
Vo =ny +ng Pl AP
On the set where n, < M, Equation (5.24) gives
V, < LYP(1 4+ M)*1n,

Here and below the bound on the imaginary parts is absorbed into L€P. On the remaining set,
apply Lemma 5.7. At least half of the root amount is carried by good paths, and the terminal
amount of a path ending at R is at most LEP(1 + M)*'hp. Consequently,

/ V, < LYP(1 + M)~ ! /nv
Z
+2LP(1+ M) N /Z I s

R:sr€ev N{good R} active path of R
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The root and its descendants contain only their eligible tops; sums over tops here and subsequently
are understood with that convention. Theorem 6.3, namely Equation (5.53), bounds each integral
in the second line by LEP(1 + M) [ hr. Moreover,

by the definition of the dilated decaying weights. We conclude that
/ V, < L1+ M)°s.
Z

Since M is a fixed power of L, taking a p-th root and using nP||A,||? < V,, proves the result. [J
Lemma 7.2 (Interpolation of the shift parameters). Equation (7.1) also holds at
¢ =WK,. .., n/K).
Proof. Let
S,={ac [O7OO)K D2 g G0 = i}, Fo((2) = nv(z>a/p7114v((7 z).

Every nonempty mass is positive. For each fixed z, the defining sum is a finite sum of exponentials
of linear functions of {, with real logarithms of positive ratios as coefficients. In particular it is
entire in (.

We first give a uniform bound on the tube over &, without using the vertex estimate. From
Equations (5.24) and (3.20), and from [n, < [n < LYS, we have, for a € &, and n € RE,

1/p
1Fu(a+ i)l o2y < LE(L+ p+ [nll2) (/Z ng)
< LO(1 + nlla) (NLE)@-D/pgi/p, (7.2)

The factor involving N is at most exp(Cv/L), since log N < 2L, p = L'/2, and 2 < o < 3 for
sufficiently large L.
Multiply the analytic family by

D(C) = exp (Z cﬁ) .
On the tube under consideration,

D(a + in)| = exp([lall3 — [7]|3) < exp(u® — [Inl3).

At a vertex, Proposition 7.1 controls DF, whenever ||n||s < L2. For |||l > L?, Equation (7.2)
gives the same bound: indeed

(L + [[nll2) exp(u® = [In]l3 + CVL)

is bounded by an absolute constant in this range, after increasing the fixed lower threshold for L.
Thus the damped family has norm at most LES'/? at every vertex, uniformly in all imaginary
parts.

Here are details that justify applying scalar three-lines to this family. Test against any element
b of the dual unit ball Lp/(Z ;H). One may first restrict the pairing to a bounded set on which
every nonempty mass used in the finite family is bounded below by a positive constant. Such
sets exhaust Z, and the restriction does not increase the norm of b. On each such set, integration
defines an entire scalar function; logarithms of the finitely many masses are bounded there. The
crude bound above and the damping make this scalar function bounded on every interpolating
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strip. If two real vectors ag, a; have established uniform bounds for all imaginary parts, apply
the bounded scalar three-lines lemma [17, Lemma 3.3, p. 57] to

Z— /ZD((l — 2)ag + za1 +in)(Fy((1 — 2)ag + za1 +in,-),b) dz,

with the indicated preliminary restriction understood. The boundary lines have the required
bounds because their imaginary vectors are still arbitrary. The real parts throughout the strip
remain in the simplex. Starting with its vertices and successively taking convex combinations
proves the same bound at their barycenter, with no factor depending on K. Exhaustion of
Z, followed by duality, removes the preliminary restriction. Finally D((¢) = exp(u?/K) is an
absolute factor. This proves the lemma. O

7.2. The central weight and the exponent budget. The central coefficient identity (5.19)
gives weights ks € (0, 1]. Define

Wi =D Fsqr(s)$s-

By that identity, its portion in root v is m’f/KAv(CC).
Put v = 1—«a/p+u/ K, which is positive for the values of L under consideration. Interpolation
and Holder’s inequality give, for each root,

/

A\ L/p
/Z Ity A (€O < Ing/P " Au (¢l o (2) </Z an)
< LESYP| R YP(NLOYY.

Only an absolute number of roots meet the bounded set of top slopes. Since S < LC|E| =
LEN?|F|, summing over them proves

/Z Wyl < LC|F|N 1H@-e)/ptu/K. (73)
9

We record explicitly why this improves by every fixed negative power of L. The net decrease
of the exponent of N is

a—2 pu 1 a—1
op = - === —-2- .
L P K p(a K)

The separated-count bound is a fixed power of L, so the definition of « gives a —2 > ¢1/log L
with a fixed ¢; > 0. Also a — 1 < 2 and K > (log L)%. For sufficiently large L, therefore,

C1 Cl\/z
5> ——L 5. logN > .
b= oVTLlogL LR8N = g L

In particular, for every fixed ) > 0, after increasing the absolute lower threshold for L,
Equation (7.3) implies, uniformly in ¥,

/ Wl < L-ON|F|. (7.4)
Zy

This conclusion absorbs any fixed polynomial losses in the preceding estimates; none of their
exponents is changed here.
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7.3. Boundary averaging with the eligibility condition. We now restore the dependence
on the uniformly translated angular grid. The next estimate is pointwise on the fixed set Zj.

Lemma 7.3 (Expected boundary loss). Let € = 4G~Y%. For z € Zj,
Eg||Py(z) — Wo(2)|| < LCen(2). (7.5)

Here the expectation is normalized Lebesgue measure for the common translation modulo d(0);
independent translations at different levels are neither assumed nor needed.

Proof. Fix z € Zy and a top T, and suppress z from the masses. For ¢ < kr let

Ti(’ﬁ) _ logM >0, Ml(b) = Z hy.
Ty, (T) U:|sy—sr|<bd(i)
dy <d(i)/ B

Unlike r;, the latter mass does not depend on the grid translation. Each mass in this display is
at least hp when ¢ < kp, and is at most n.

Let b;(9) € [0,1/2] be the distance from s7 to the nearer boundary of its level-i interval,
divided by d(i). An extra top counted in m,,, (1) — My, (7) has slope within ed(i) of s7. Indeed
the neighbor distance in Equation (5.7) is G~'/4d(i), and the two level-(i + 1) interval lengths
add at most 2d(i)/G. Such a top is eligible at level i 4 1, hence also at level i. It lies outside the
immediate parent. It follows that r; = 0 if b; > €. If 0 < b; < ¢, the immediate parent contains
every top counted by M;(b;), whereas its extra mass is disjoint from these inner tops and is at
most M;(e) — M;(b;). Consequently

ri(¥) < log Mi\z‘[gf(i;)) (7.6)

Endpoint coincidences can be omitted: for the finite set of slopes and levels they form a null set
of translations.
For a fixed number 0 < b < ¢, set r = [logs(€/b)]. The inclusion

Miyr(€) < M;(b) (7.7)

uses both conditions in the definition of M;: the radius satisfies ed(i + r) < bd(i), and the
precision threshold d(i + r)/B? is no larger than d(i)/B2. To handle the end of the path without
losing a term, define
w — log(Mi(e)/hT), 0<1i<kr,
"o, i > k.

If i +r < kr, Equation (7.7) applies. If i + r > kp, use M;(b) > hr instead. In both cases

M;(e)
log Mi(b)

< a; — Qi
Summing and cancelling gives

M;(e) n
Z log Mi(h) < Z a; < rlog - (7.8)

i<kr 0<i<min(rkr) T

This argument also covers kr = 0, with empty sums.
Because d(0)/d(i) = G" is an integer, the common uniform translation is uniform modulo
every d(i). Thus each b; has density 2 on [0,1/2]. Linearity of expectation, Equation (7.6), and
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Equation (7.8) imply

, ¢ o Mile)
Eﬁi;ﬁnw) < 2/0 Kz:le 8 20 (b) db
< 2log(n/hr) /06 [log(e/b)] db < Celog(n/hr). (7.9)

For completeness the integral in the last line equals €/(1 — G~!): express the ceiling as a sum of
indicators of b < eG™7, j > 0, and integrate. The dependence of the different b;’s is absent from
this calculation.

On the fixed top T, the value of ks depends only on the stopping level k;. As packet length
increases, ks increases; Equation (5.19) shows that these values are nonincreasing. Their deficits
from one are nondecreasing and satisfy

0<1l -k < %Z ri(9),
i<kp
using ks < kr and 1 — e™® < x. Group the packets by stopping level. Every interval of these

levels is an interval of packet lengths, so Equation (3.18) bounds its unweighted sum by Lch%
Summation by parts against the monotone deficits, and |gp| < 1, therefore give

Z (1 - Hs)QTd’s

< L%%% S ri(9).
s:T(s)=T

i<kp

For example, write the deficits as sums of their nonnegative increments and use the bound
on the corresponding suffix sums; the sum of these increments is their largest value. Taking
expectations, using p/K < 1, and summing over tops proves

Eyl|Py — Wyll < LE Y b log(n/hr).
T

The weights have a fixed absolute upper bound. For every such weight,
hlog(n/hy) < Chy(1 4 log, n),
because h7 log, (1/h) is bounded on a fixed bounded interval. Equation (3.20) gives 1+log, n < L
on Zy. This proves Equation (7.5). O
7.4. Recovering the original adjoint sum.
Theorem 7.4 (Improvement for the popular model). The popular adjoint sum satisfies Equa-
tion (2.32); namely,
[Pl S L70N]
F

Proof. We make the exceptional-set comparison explicit because the good set depends on the grid.
Write ||P|l2 < LY?/|E|, as supplied by Equation (2.3). Proposition 3.7 and Proposition 3.8
allow the fixed polynomial thresholds to be chosen so that

L upI<L7oNEL [P - R < LON|F. (7.10)
F\Zo ZO

Indeed a discarded area at most L~2¢P~6%0|F| has the stated first bound by Cauchy-Schwarz.
The exponentially small concentration and count exceptions meet this area bound for sufficiently
large L.

For each fixed translation the good-path construction gives

|Zo \ Zg| < Se9F.
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This is Markov’s inequality applied to the weighted bad-path mass: its integral is at most
Se19L and the deletion threshold is e . Since S < LEN?|F| and N? < e*f,

/ 1P| < L7 /| B| (Se=9F)/2 < LCe™SL2N|F| < L3N] F|. (7.11)
ZO\Zﬁ

These are bounds for each translation; no union over translations is taken.
For every ¢, the triangle inequality gives the following decomposition, whose left side is
independent of :

Luens [pi+ [ wp=ris [ im-wel+ [ el (r2)
F F\Zlg Z19 Z19 Zﬁ

The first two terms are controlled by Equations (7.10) and (7.11). The final term is controlled
by Equation (7.4) with @@ = 30. Average the remaining term over translations. It is nonnegative
and Zy C Zg, so Tonelli’s theorem and Lemma 7.3 yield

Ey [ 1P -Woll < [ EollPy— Wil
Z.g Zo
< Lce/ n < LYN|F| < L73°N|F|.
Zo

The penultimate inequality uses Equation (3.20); the last uses e = 4G~/* and log G =< L7. All
functions being averaged are measurable: for finitely many tops, packets, and levels, the angular
assignments change only at finitely many translation values, and the good sets were defined by
measurable quantities. Thus this averaging is legitimate even though Zy and Wy use the same
translation. Averaging Equation (7.12) now proves the asserted estimate. In particular, on every
discarded set we have estimated the original sum P. O

7.5. Choice of parameters and completion of the reductions. We collect the order of
the absolute choices. First fix the packet adaptation, separation, and overlap constants and
the fixed geometric enlargements used with Theorem 1.2. Fix the local slope bound Ctp, strip
length by, and outer length a = a, as in (1.2), with the required room for those enlargements.
Choose the low-density exponent Cy by (2.28), before constructing the popular forest.

Next fix the decay exponent in the top-count weight and the concentration orders that
determine K. Choose the fixed mask-removal and exceptional-area powers, then choose A using
the count at dilation K7, whose constants do not depend on A. The count at the larger dilation
Ky = L2 is used only after this comparison. Fix the threshold in (3.20), the separated-count
exponent defining D, and the good-path thresholds. These choices determine the polynomial
powers in the motion, prediction, and residual estimates.

Now choose M = LAM as in (6.21). For large L, u < 1/12, so this fixed exponent controls
both

pLC’M—l/Q-i-M and pLCM—1/3+M

in the marked and unary residual estimates. The good-path thresholds were fixed before Ay,
and their required proportion remains valid:

e FLCP(1+ M)* L =exp(— L+ O(VLlog L) + O(log L)) < %

for sufficiently large L.
Finally choose L after the outer length and all fixed exponents. It ensures 7 < a, the
geometric smallness requirements, and all the inequalities used above, because

log B = O(L"(log L)?) = o(L"?), log(N*) = O(V'L) = o(log G),
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and, for every fixed exponent C,
log(mCT) =0(L%) - (L) — —oo.

It also enforces the saving in (7.4). All choices are independent of the depth, tile count, and
dimension.

Theorem 7.5 (The three model estimates). For the packet forms in (1.33), let u be a bounded
measurable real slope, let F, E C R? be measurable sets of positive finite measure, and suppose
Ifllx < 1F and ||g||x < 1g pointwise. The following estimates hold uniformly over every finite
subcollection.

(i) Form > 1,

IA(f,9)] S (1 +1og(2m))\/|F||E|.
(ii) Suppose L > Lg, with T,m,W chosen by (1.17), and L/2 < log+/|E|/|F| < 2L. If
u| <1, Lip(u) < CLip, and F, E C I X R for an interval I of length at most by, then
P

A(f, )| < L7/ |F|B].

(iii) For the scalar model with m =1 and |E| < |F|, there is an absolute ¢ > 0 such that

[E1\°
Aol S VIFIEL () -
||
Proof. The first and third assertions are precisely the ordinary estimates proved with (2.3). For
the second, the fixed deletion of tiles with Dg(s) < L~ in Section 2.7 contributes at most
CL=9/]F]|E], by (2.28). Assign the remaining tiles to the popular tops as already constructed.
Their adjoint sum is P, and the coefficient convention in Equation (1.33) gives

|Apopular(fvg)| S/FHPH

Theorem 7.4 bounds this by L2 N|F| = L=2°/[F[[E]. Adding the deleted contribution proves
the second assertion. All preceding arguments apply to arbitrary finite tile sets and thus give
the claimed uniformity. O

Completion of the proofs of Theorems 1.1 and 1.4. Theorem 7.5 supplies exactly the three hy-
potheses of Proposition 1.15. That proposition therefore proves the band restricted estimate
(1.4). The dependence here is forward: the reductions established the implication from the
model estimates, which have now been proved without using the band restricted theorem.

All estimates were obtained first for finite packet collections and positive inner truncations,
with constants independent of both. The summable smooth expansions and translated-lattice
averages in the packet reduction consequently pass to their limits as specified in Proposition 1.15.
The amplitude summation, vertical Littlewood—Paley reassembly, and spatial localization proved
in the reductions give a uniform strong L? estimate for the original fixed-field transform with
a positive inner cutoff. For a Schwartz input its symmetric principal value exists pointwise;
Fatou’s lemma gives the same strong bound for the principal-value operator, which extends by
density. For the already chosen outer length a = a, Chebyshev’s inequality gives the weak (2,2)
assertion of Theorem 1.1. The constants are independent of the vector field, the input, and the
level in that inequality. The dilation calculation following Theorem 1.1 gives the outer length
a./ Lip(v) for positive Lipschitz seminorm; constant directions have already been handled by
the one-dimensional theorem. d
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