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Abstract

We prove the integral scalar-curvature inequality proposed by Gromov. For every dimension
n ≥ 3, there is a constant an > 0, depending only on n, such that∫

M

(Scal−g )
n/2 dVg ≥ an∥M∥

for every closed connected oriented smooth n-manifold M and every smooth Riemannian
metric g. Here Scal−g := max{0,−Scalg}, and ∥M∥ is real simplicial volume. The proof uses the
nonnegative-scalar-curvature vanishing theorem of the companion paper on rational inessentiality.
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1 Introduction

The simplicial volume of a closed connected oriented n-manifold M is the ℓ1-seminorm of its real
fundamental class:

∥M∥ = inf

∑
j

|aj | :
∑
j

ajσj is a finite real singular cycle representing [M ]R

 .

It measures topological complexity through the cost of a fundamental cycle. Gromov’s work on
bounded cohomology connected this invariant with Riemannian volume under lower Ricci curvature
bounds [10]. A lower scalar curvature bound retains much less directional information. The
possibility that it still controls simplicial volume is therefore a particularly strong relation between
local geometry and global topology.

In 1986, Gromov proposed precisely the integral estimate considered here: Conjecture 3.A,
Remark (B), Equation (8′) of [11] asks for a dimension-dependent upper bound on simplicial volume
by the integral of the n/2-power of the negative part of scalar curvature. With

Scal−g := max{0,− Scalg},

the integral
∫
M (Scal−g )

n/2 dVg is invariant under constant rescaling of g. It records both the size
and the concentration of negative scalar curvature.

The conjecture is closely related to the uniform volume assertion

Scalg ≥ −κ2 =⇒ ∥M∥ ≤ Cnκ
nVolg(M), κ ≥ 0.

Although the integral formulation keeps track of a varying scalar curvature, the two assertions, when
required for every manifold and metric in a fixed dimension n ≥ 3, are equivalent by the Yamabe
reformulation. A precise statement appears in [18, Lemma 2.1].

Several results establish related forms under additional geometric or topological hypotheses.
Braun and Sauer prove a macroscopic counterpart when the volumes of unit balls in the universal
cover have a uniform upper bound; their constant also depends on that bound [3, Theorem 1.1]. For
the qualitative case of nonnegative scalar curvature, Ma, Wang, Xie, Yu, and Zhu prove vanishing
when the universal cover is spin [16]. Min, Zheng, and Zhu prove the integral estimate for every
Riemannian metric on every closed Kähler surface, with coefficient 27/2 in the upper bound for
∥M∥, and also treat an infinite family of non-Kähler symplectic four-manifolds [18, Theorem 1.2
and Section 4].

Our argument uses the vanishing theorem of the companion manuscript [20, Corollary 1.5]: a
closed connected oriented smooth manifold of positive dimension admitting a metric of nonnegative
scalar curvature has zero real simplicial volume. We state the exact input in Theorem 2.1. The
work of this paper is the passage from that qualitative vanishing result to a uniform quantitative
estimate.
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Theorem 1.1. For every integer n ≥ 3, there is a constant an > 0, depending only on n, such that
every closed connected oriented smooth n-manifold M and every smooth Riemannian metric g on
M satisfy ∫

M
(Scal−g )

n/2 dVg ≥ an∥M∥. (1.1)

For example, a metric with Scalg ≥ −n(n− 1) satisfies

Volg(M) ≥ an[n(n− 1)]−n/2∥M∥.

The constant is uniform over the topology of M and over all its metrics. In particular, (1.1) permits
the negative scalar curvature to be concentrated in a small region.

The route to the estimate

The first step is a conformal reduction. If ∥M∥ > 0, the vanishing input forces the Yamabe minimizer
in every conformal class to have negative scalar curvature. Normalize it to scalar curvature −1.
Hölder’s inequality bounds the volume of this normalized metric by the integral in (1.1) for the
original metric. It remains to prove

∥M∥ ≤ CnVolg(M) when Scalg = −1.

This reduction is given in Proposition 2.2. The quantitative argument begins with this normalized
problem.

Bounded cohomology supplies a cocycle of supremum norm at most one whose value I on the
fundamental class is at least ∥M∥/2. We realize it as a closed differential form on a simplex of
probability vectors. An equivariant probability map from the universal cover pulls this form back
with integral I. Thus the remaining task is to control this integral by the original volume.

The first construction changes the metric and the probability map together. For a metric h and
weight ϕ, the relevant scalar quantity is

S(h, ϕ) = Scalh−2∆hϕ− |dϕ|2h.

With ϕ = −f , this is Perelman’s modified scalar curvature for the measure e−fdVh [21, Section 1.3].
A graph deformation enlarges h while changing ϕ so that eϕdVh is preserved. Its scalar identity
contains positive squares and a derivative of the prescribed weighted mean curvature. This adapts
the graph stabilization and prescribed-curvature method of [20, Proposition 4.1 and Theorem 5.2].
Choosing that prescription in terms of one probability coordinate at a time gives a gain in the
energy of the probability map. Iterating the construction produces a measured equivariant family
over M , with a density ρ ≤ dVg, a new metric and weight, and a large coefficient E satisfying the
leafwise inequality

S(h, ϕ) ≥ −Cn + 2 log
dVh
ρ

− n logE + E|dF |2h,HS.

Integrals over this family include its auxiliary probability measure. The logarithmic volume term
and the energy term have distinct roles: the first will cancel the volume expansion, and the second
will pay for derivatives of comparison coordinates. The construction also makes |dF |h,HS small in
absolute terms. This allows its label overlaps to be controlled through a fixed graph even after
many deformations. Theorem 4.1 states the full result, including the relation between E and the
complexity of that graph.
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The second construction estimates the degree of a map from a measured family of d-manifolds
to a d-cube. Its bound contains −S/2 and a separate penalty for the derivative of each coordinate.
The perimeter-minus-forcing functional is the µ-bubble functional used in scalar curvature geometry
[12, 4]. Here an ordered family of its minimizing boundaries reduces the dimension one coordinate
at a time. Their normal speed, or lapse, appears both in the scalar identity and in coarea, producing
the needed cancellation. In high dimensions these boundaries can be singular. We move the residual
map away from the target near the singular region, while weighted distance potentials supply the
scalar gain needed to control the change. The resulting Theorem 5.2 is formulated for general
controlled measured bands; it does not depend on simplicial volume.

The final construction connects the cocycle integral I to these degrees. Integrating the cocycle
form on small primal grid cells gives a balanced chain of complementary dual cubes. This follows the
probability-map and auxiliary-degree strategy of [20, Section 3]. An unbiased rounding preserves
the balance relations with integer multiplicities. We adapt Gaifullin’s reflected permutohedral
realization [7, 8], equipping the pairing choices with normalized probability laws and controlling the
resulting smooth charts. An oppositely oriented mirror copy closes the unmatched faces. In the
neighborhood used for comparison, the resolved family retains a side whose oriented pushforward is
exactly the original rounded chain. The construction supplies the chart and metric bounds needed
for the degree estimate and the final averaging.

Compare the probability map with the resolved dual cubes in dimension q = n+m, where m
is the dimension of a dual cube. Let h, ρ,E be the deformed metric, retained density, and energy
coefficient produced above, and set W = log(dVh/ρ). Assign the comparison lengths LT = b∗

√
E in

the m directions tangent to the cube and LN = b∗
√
qE in the n normal directions, with b∗ > 0 fixed

dimensionally. The degree estimate contributes (Lm
T L

n
N )−1, the product metric contributes Lm

T , and
the scalar term 2W −n logE contributes En/2e−W . The factors involving E and the volume density
therefore satisfy

Lm
T

Lm
T L

n
N

En/2e−WdVh = b−n
∗ q−n/2ρ.

On the straight part, where the resolution metric is pulled back from the flat cube, averaging the
normal derivative penalties together with the Hilbert bound for the cocycle form costs at most
Cnq

n/2. For this contribution, if r is the grid spacing, the cell coefficient, dual-cube volume, and
density of grid centers contribute rnrmr−q = 1. The seam contribution is controlled by its small
coordinate volume. The required lower bound for E is an elementary function of q, bounded by an
exponential tower whose fixed height and base polynomial depend only on n. It is fixed by this
transfer construction before the entropy theorem is applied. These balances bound the detector
pairing by I ≤ Cn

∫
ρ ≤ CnVolg(M).

Section 2 gives the conformal reduction and the detector. Section 3 establishes the graph identity,
the prescribed graph equations, and the estimate for one sweep of the probability coordinates.
Section 4 iterates that estimate and controls the label graph. Section 5 proves the degree theorem,
including the treatment of singular hypersurfaces. Section 6 constructs the dual chains and their
smooth resolution and completes the proof of Theorem 1.1.

2 Reduction and the bounded cohomology detector

We first separate the conformal reduction from the quantitative part of the proof. We then construct
a differential form on a simplex of probability vectors that detects simplicial volume. This form will
remain fixed while the metric and the probability map are deformed.
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2.1 The conformal reduction

We use the following result, stated here in the precise form needed.

Theorem 2.1 (OpenAI, Corollary 1.5 of [20]). Let M be a closed connected oriented smooth
manifold of positive dimension. If M admits a smooth Riemannian metric with nonnegative scalar
curvature, then its real simplicial volume is zero.

In particular, the hypothesis permits scalar curvature to vanish identically. Theorem 2.1 is the
only result from the companion manuscript invoked below without proof.

The Yamabe reformulation of the scalar curvature inequality is standard; [18, Lemma 2.1]
records the equivalence of its uniform pointwise and integral forms. We include the short classwise
reduction that identifies the use of the vanishing input.

Proposition 2.2. Fix n ≥ 3. Suppose that a constant Cn <∞ has the following property: every
closed connected oriented n-manifold with a smooth metric h of constant scalar curvature −1 satisfies

∥M∥ ≤ CnVolh(M). (2.1)

Then every smooth Riemannian metric g on every such manifold satisfies

∥M∥ ≤ Cn

∫
M
(Scal−g )

n/2 dVg. (2.2)

Proof. The assertion is immediate when ∥M∥ = 0, so assume that ∥M∥ > 0. Write Y (M, [g]) for
the Yamabe constant of the conformal class of g:

Y (M, [g]) = inf
u∈C∞(M), u>0

∫
M

(
4(n− 1)

n− 2
|du|2g + Scalg u

2

)
dVg(∫

M
u2n/(n−2) dVg

)(n−2)/n
.

The Yamabe theorem, developed through the work of Yamabe, Trudinger, Aubin, and Schoen
[25, 24, 2, 23], gives a conformal metric attaining this value and having constant scalar curvature;
see also [15, Section 11]. Its scalar curvature is negative by Theorem 2.1. After a constant rescaling,
it becomes a metric h with Scalh = −1. Evaluating the Yamabe quotient at the constant function
for this minimizing metric gives

−Y (M, [g]) = Volh(M)2/n.

For each positive u, Hölder’s inequality gives∫
M

Scalg u
2 dVg ≥ −

(∫
M
(Scal−g )

n/2 dVg

)2/n(∫
M
u2n/(n−2) dVg

)(n−2)/n

.

The gradient term in the Yamabe quotient is nonnegative. Taking the infimum therefore yields

−Y (M, [g]) ≤
(∫

M
(Scal−g )

n/2 dVg

)2/n

.

Consequently Volh(M) ≤
∫
M (Scal−g )

n/2 dVg, and (2.1) implies (2.2).

For the rest of the proof we fix Mn and g with Scalg = −1, and prove (2.1). We may continue
to assume ∥M∥ > 0.
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2.2 A bounded cocycle and its probability form

Let Γ = π1(M). This group is countable because M has a finite triangulation. We use two standard
facts about bounded cohomology with trivial real coefficients. First, duality between the ℓ1-seminorm
on homology and the supremum seminorm on bounded cohomology gives

∥M∥ = sup {⟨β, [M ]R⟩ : β ∈ Hn
b (M ;R), ∥β∥∞ ≤ 1} . (2.3)

See [10, Section 1.1]. Second, the isometric Mapping Theorem identifies Hk
b (M ;R) with Hk

b (Γ;R)
for every k ≥ 2, through the classifying map. The version used here applies to connected countable
CW spaces and preserves the seminorms. We use the Mapping Theorem of Gromov [10, Section
3.1] and its canonical group formulation in [13, Theorems 8.3 and 8.6].

We use the homogeneous model for group cochains. Thus an n-cochain is a bounded function
on Γn+1, invariant under simultaneous left translation, and its coboundary is the alternating sum
obtained by omitting one argument. Alternation is a cochain projection of norm at most one and is
equivariantly cochain homotopic to the identity through maps bounded in each degree. It therefore
preserves bounded cohomology classes [6, Section 4.10, Proposition 4.26]. By (2.3), the Mapping
Theorem, and approximation of the seminorm by cocycle representatives, there is a homogeneous
alternating cocycle

c : Γn+1 −→ R, ∥c∥∞ ≤ 1,

whose corresponding bounded singular cohomology class has value

I := ⟨[c], [M ]R⟩ ≥
1

2
∥M∥. (2.4)

For completeness, one can choose a class in (2.3) with value at least 3∥M∥/4, choose a group
representative of norm at most 1 + ε, alternate it, and divide by 1 + ε, with 0 < ε ≤ 1/2. Replacing
the cocycle by its negative first, if necessary, fixes the sign.

We allow a finite number of copies of every group label. More precisely, let L = Γ× {1, . . . , s},
with the free left Γ-action on the first factor, and evaluate c on Ln+1 by projection to Γn+1. The
same notation will be used when further finite copies of L are introduced. Extend c multilinearly to
finitely supported vectors on L.

Let

∆L =

{
p = (pℓ)ℓ∈L : pℓ ≥ 0,

∑
ℓ

pℓ = 1, p has finite support

}
.

On each finite-dimensional face define the n-form

ηp(v1, . . . , vn) = n! c(p, v1, . . . , vn). (2.5)

These definitions agree on common faces.
We call a map F = (Fℓ) with nonnegative coordinates and

∑
ℓ F

2
ℓ = 1 a root probability map. For

the maps used here, whose coordinate supports are locally finite, the squared coordinates pℓ = F 2
ℓ

give the associated map to ∆L.

Proposition 2.3. The form η is closed on every finite-dimensional face of ∆L. There is a smooth
Γ-equivariant map

F : M̃ −→ ℓ2(L), Fℓ ≥ 0,
∑
ℓ

F 2
ℓ = 1,

with finitely many label orbits and locally finite compact supports for its coordinates. If pℓ = F 2
ℓ ,

then the descended form satisfies ∫
M
p∗η = I. (2.6)
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Proof. Write ϵ(v) =
∑

ℓ vℓ for the mass of a finitely supported vector. Multilinear extension of the
cocycle equation gives

0 =
n+1∑
j=0

(−1)jϵ(wj)c(w0, . . . , ŵj , . . . , wn+1).

Choose w0 of mass one and let w1, . . . , wn+1 have mass zero. It follows that c(w1, . . . , wn+1) = 0.
All tangent vectors to a probability simplex have mass zero. Differentiating (2.5) now shows dη = 0.

To construct F , choose finitely many evenly covered open sets in M and smooth nonnegative
bumps subordinate to them whose nonzero sets cover M . Lift each bump to one chosen sheet and
take all its deck translates, denoting the resulting functions by bℓ. Their supports are compact and
locally finite on M̃ . Set

Fℓ =
bℓ(∑

j b
2
j

)1/2 .
The denominator is positive, and the stated properties follow.

Choose a finite oriented triangulation of M . On its lift, assign one label to every vertex
equivariantly, and let paff be the probability map affine in barycentric coordinates on each simplex.
The homotopy (1− t)p+ tpaff is equivariant and has locally finite support. Applying Stokes’ theorem
to each simplex times [0, 1], and cancelling the common faces, shows that its pullback integral is
constant. On a simplex with ordered vertex labels ℓ0, . . . , ℓn, write

paff = eℓ0 +

n∑
j=1

tj(eℓj − eℓ0).

Alternation makes the value of c(paff , dpaff , . . . , dpaff) on the coordinate frame constant and equal to
c(ℓ0, . . . , ℓn). The coordinate simplex has volume 1/n!, so the factor n! in (2.5) makes its integral
exactly this cocycle value. Summing over the oriented fundamental triangulation gives (2.6). The
identification with the chosen group class is the usual cochain realization of the Mapping Theorem:
an equivariant vertex labeling on the universal cover evaluates the homogeneous group cochain, and
two such labelings give cochain-homotopic maps by the simplex prism construction.

2.3 Measured equivariant families

The deformations below use auxiliary probability choices. We record their integration convention so
that the detector value remains unambiguous.

Let (Ω, µ) be a standard Borel probability space with a measure-preserving Γ-action. A measured

equivariant family over M consists of Γ-equivariant Borel data on M̃ ×Ω, smooth in the M̃ variable.
Geometrically one may regard the diagonal quotient

M = (M̃ × Ω)/Γ

as a space whose leaves are ordinary smooth manifolds. If Γω is the stabilizer of ω, the corresponding
leaf is M̃/Γω; the deck action is free and proper in the M̃ factor.

Related equivariant measured bundles are central to the macroscopic volume argument of Braun
and Sauer [3, Sections 1.2 and 4]. Here we need only Borel transverse data and use the following
direct integration convention.

Choose a finite evenly covered atlas Ua of M , chosen lifts Ũa, and a smooth partition of unity
χa subordinate to the atlas. For an integrable equivariant leafwise n-form α, set∫

M
α =

∑
a

∫
Ω

∫
Ũa

(χa ◦ π)αω dµ(ω). (2.7)
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Equivariance and invariance of µ show that this value is independent of the lifts and partition.
The same convention applies to nonnegative densities. We write dVh for the resulting measured
Riemannian density when h = hω is a leafwise metric.

The data used in the first deformation will have bounds in a fixed finite lifted atlas that are
uniform over ω. These bounds may depend on the instance: the original manifold and metric and
the finite sequence of constructions already made. For the forms used here, these bounds ensure
integrability over the compact base and justify differentiation and Fubini. Leafwise Stokes’ theorem
follows from (2.7): apply ordinary Stokes’ theorem in each lifted chart to the partitioned form;
the terms containing dχa cancel on overlaps after the measure-preserving changes of transverse
coordinate.

In particular, suppose that two equivariant probability maps p0, p1 have uniformly locally finite
coordinate supports and uniform leafwise derivative bounds. Their affine homotopy has the same
properties. Stokes’ theorem on the measured product with [0, 1] gives∫

M
(p0)∗η =

∫
M
(p1)∗η.

Thus every probability map constructed below continues to detect the same number I. Enlarging Ω
by an independent probability space also preserves the integral by Fubini. We may discard invariant
null sets whenever needed. More general measured spaces of leaves will enter the degree estimate in
Section 5; their chart and integration conventions will be specified there.

3 Weighted graph deformations and a sweep

This section develops a deformation that changes the metric while preserving a weighted volume
density. Its input is a smooth function on a Riemannian manifold; its output is the metric induced
on the graph of that function. We first compute the change of weighted scalar curvature, then solve
graph equations prescribing weighted mean curvature to control this change. A localized version of
the construction will give an estimate for one sweep through the coordinates of a root probability
map.

For a metric h and a smooth weight ϕ, write

S(h, ϕ) = Scalh−2∆hϕ− |dϕ|2h, divϕ V = e−ϕ div(eϕV ), ∆ϕ = divϕ∇.

Thus the weighted operators use eϕdVh. The scalar quantity is Perelman’s Rm, with his f = −ϕ
[21, Section 1.3]. The estimates below concern its behavior under particular graph deformations.
For antecedents of the graph and vertical Jacobi identities, see [20, Proposition 4.1]; we include the
calculation with the conventions needed here.

3.1 The graph identity

Lemma 3.1 (Weighted graph identity). Let (X,h) be a smooth Riemannian manifold, let ϕ, f be
smooth real functions, and let N > 0. Set

L = (1 +N2|df |2h)1/2, v = L−1, U =
N∇hf

L
, h′ = h+N2df ⊗ df, ϕ′ = ϕ− logL.

View h′ as the induced metric on the graph Σ = {(x,Nf(x)) : x ∈ X} in (X × R, h + dz2), and
extend ϕ constantly in the z-direction. Orient the graph by ν = (−U, v), put II(V,W ) = ⟨∇̄V ν,W ⟩,
and let

H = trΣ II, D = H + ∂νϕ = −divϕ U.
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Here D, and its derivative U(D), are regarded as functions on X through the graph projection. Then

S(h′, ϕ′)− S(h, ϕ) = D2 − 2U(D) + |II|2h′ + |d logL|2h′ . (3.1)

Moreover,

eϕ
′
dVh′ = eϕdVh, N2|df |2h′ = 1− v2 = |U |2h, |d logL|h′ ≤ L|U |h|II|h′ . (3.2)

Proof. Write h̄ = h+dz2, and suppress pullback by the graph projection. The formula for the graph
mean curvature gives H = − divU , while ∂νϕ = −U(ϕ); hence the stated formula for D holds. The
rank-one determinant formula gives dVh′ = LdVh, proving the first assertion in (3.2). The inverse
rank-one formula gives its second assertion.

Let
P = |II|2 +

(
Rich̄−∇̄2ϕ

)
(ν, ν).

The Gauss equation and the decompositions of the Laplacian and gradient of ϕ give

Scalh′ = Scalh̄−2Rich̄(ν, ν) +H2 − |II|2,
∆h̄ϕ = ∆Σ(ϕ|Σ) +H∂νϕ+ ∇̄2ϕ(ν, ν),

|d(ϕ|Σ)|2 = |dϕ|2h̄ − (∂νϕ)
2.

Since S(h̄, ϕ) = S(h, ϕ), their combination is

S(h′, ϕ|Σ) = S(h, ϕ) +D2 − 2P + |II|2. (3.3)

Adding log v to the restricted weight changes the left side by

−2∆Σ,ϕ log v − |d log v|2 = −
2∆Σ,ϕv

v
+ |d log v|2.

The tangential part of vertical translation is

T = ∂z − vν = (vU, 1− v2).

For a hypersurface variation with normal speed v, the variation of H is −∆Σv− (|II|2+Rich̄(ν, ν))v.
The additional variation of ∂νϕ is

v∇̄2ϕ(ν, ν)− ⟨d(ϕ|Σ), dv⟩Σ.

Including the tangential velocity T , and using that vertical translation preserves the metric, weight,
and D, therefore gives

(∆Σ,ϕ + P )v = T (D). (3.4)

The horizontal part of T is vU , so T (D) = vU(D). Substitution in (3.3) proves (3.1). Finally,
differentiating v = ⟨ν, ∂z⟩ tangentially gives dv(V ) = II(V, T ). Since |T |2 = 1− v2 = |U |2, it follows
that |d log v| ≤ v−1|U ||II|, which is the last bound in (3.2).
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A one-coordinate calculation. The square and differentiated terms in the graph identity suggest
an ideal target for ND, the scaled weighted mean curvature. Let F be one smooth input coordinate,
restrict to a region where f > 0, and fix ϵ, a > 0. Also let hin ≤ h be a comparison metric. In the
later sweep, the incoming energy is measured in hin, while h already includes the earlier graphs.

Put A = |U |h. Where A > 0, write U = Ae with |e|h = 1. The longitudinal unit tangent to the
graph is τ = (ve,A). Define

x = −II(τ, τ), X∥ = Nx, t = A2/f, B = 1− |e|2hin
∈ [0, 1].

At A = 0, choose any h-unit vector e, put τ = (e, 0), and use the same definitions. With τ ♭ denoting
the dual covector in the graph metric h′, set

IIrem = II + x τ ♭ ⊗ τ ♭.

The component of IIrem in the τ ♭ ⊗ τ ♭ direction vanishes, so

NU(f) = LA2, |II|2h′ = x2 + |IIrem|2h′ , trh′ IIrem = H + x,

x = e(A) where A > 0.
(3.5)

For the last identity, use ν = (−Ae, v) and A2 + v2 = 1 to compute

II(τ, τ) = −v2e(A) +Av e(v) = −e(A).

The first identity in (3.5) follows directly from the definitions of U,L,A.
Define the ideal target for ND by

Z = ϵa(F 2/f − f) +A2/(2f). (3.6)

Since NU(A2) = 2A2X∥, with both sides zero at A = 0, differentiation gives

−2NU(Z) = − 4ϵa(F/f)NAe(F ) + 2ϵa(F 2/f2 + 1)LA2

− 2X∥t+ Lt2. (3.7)

The first term couples the prescribed F 2/f to the incoming energy. The A2/(2f) term completes
the longitudinal square:

X2
∥ − 2X∥t+ Lt2 = (X∥ − t)2 + (L− 1)t2,

ϵN2|dF |2hin
− 4ϵa(F/f)NAe(F )

= ϵ |N dF − 2a(F/f)Ahin(e, ·)|2hin
− 4ϵa2(F/f)2A2(1−B)

≥ −4ϵa2(F/f)2A2(1−B).

(3.8)

Consequently

Z2 − 2NU(Z) +N2|II|2h′ +N2|d logL|2h′ + ϵN2|dF |2hin

≥ Z2 + (X∥ − t)2 +N2|IIrem|2h′ +N2|d logL|2h′

+ ϵA2
[
(2a− 4a2)F 2/f2 + 2a

]
+ 4ϵa2(F 2/f2)A2B

+ (L− 1)
[
2ϵa(F 2/f2 + 1)A2 + t2

]
. (3.9)

At A = 0, t = 0 and (X∥− t)2+N2|IIrem|2 = N2|II|2; every other direction-dependent term vanishes.
Thus the inequality is independent of the arbitrary direction at such points.

This calculation is algebraic and assumes no equation for D. The complete equation below
realizes ND = Z − βf up to a positive floor, and localization introduces controlled cutoff errors.
A sweep will also have to account for normalization of the output map and the interaction of the
ordered graph metrics.
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3.2 Prescribed graphs on complete leaves

We specify the uniformity required for the analytic construction. A manifold has bounded geometry
here if it has coordinate charts of a common positive size whose smaller concentric domains cover the
manifold, with a common positive buffer to each chart boundary, and with uniform bounds on the
metric, its inverse, and all their coordinate derivatives. These bounds, as well as the chart size, may
depend on the instance. A function is uniformly smooth if all its coordinate derivatives, including
its value, are uniformly bounded on these charts. For a weight ϕ, only positive-order derivatives
are required to be uniformly bounded. The uniform Hölder space below means the Banach space
obtained by taking the supremum of the corresponding Hölder norms in these charts, after a fixed
shrinkage within the buffers.

The use of complete prescribed graphs has precedents in [20, Theorem 5.2]. The following
statement records the precise uniform and measurable conclusions used here and in the hypersurface
argument. Its positive branch realizes the designed prescription with a positive floor and will be
localized for the sweep. Its tangent branch supplies the value approximation and the intrinsic
gradient bound used in Section 5.

Lemma 3.2 (Prescribed graphs on a complete manifold). Let (X,h) be a complete smooth Rieman-
nian manifold without boundary, with bounded geometry as above, and suppose the positive-order
derivatives of ϕ are uniformly bounded. For a graph of height z, set

Lz = (1 + |dz|2h)1/2, vz = L−1
z , Uz =

∇hz

Lz
, Dz = −divϕ Uz.

Consider either of the following equations Dz = p(x, z, vz).

(i) Let N, ϵ, a > 0, 0 < δ ≤ 1, and H∗ ≥ 0. Suppose Fi, β are uniformly smooth, |Fi| ≤ 1, and
0 ≤ β ≤ H∗. On the region z > 0, prescribe

p(x, z, v) =
ϵa(Fi(x)

2 + δ2) + (1− v2)/2

z
− (ϵa+ β(x))

z

N2
. (3.10)

(ii) Let e, w > 0 be constants. Suppose B, f0 are uniformly smooth and B ≥ Bmin > 0. On the
region |(f0(x)− ez)/w| < π/2, prescribe

p(x, z, v) = B(x) tan
(
(f0(x)− ez)/w

)
. (3.11)

In either case there is a smooth solution of bounded height with uniform bounds on all its
derivatives, and it lies uniformly inside the stated open prescription region. Its angle satisfies
vz ≥ v0 > 0. In Case (i) it satisfies

cmin := δ

√
ϵa

ϵa+H∗
≤ f := z/N ≤ 2. (3.12)

In Case (ii) there is η > 0 such that∣∣∣∣f0 − ez

w

∣∣∣∣ ≤ π

2
− η; |ez − f0| <

πw

2
, |z| ≤ ∥f0∥∞ + πw/2

e
.

The constants v0, η and the derivative bounds may depend on all the indicated parameters and
common bounds of the data. The solution is unique among bounded-height solutions whose C2,α

norms in all buffered charts are uniformly bounded for some 0 < α < 1, and whose values have
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a uniform margin inside the prescription region. Each such solution may have its own exponent,
bound, and margin.

The graph metric hz = h+dz⊗dz is again complete and has bounded geometry, and ϕz = ϕ−logLz

has uniform positive-order derivatives. In particular,

eϕzdVhz = eϕdVh, |dz|2hz
= 1− v2z < 1.

For the family assertion, let T be a standard Borel parameter space indexing complete problems
of a fixed dimension. Assume a common chart radius and buffers, common bounds for the metric,
its inverse, and all their chart derivatives, and common bounds for the positive-order derivatives
of ϕ. Require common bounds, including order zero, for all chart derivatives of Fi, β in Case (i)
or B, f0 in Case (ii). In Case (i), let N, ϵ, a, δ range in fixed compact subsets of their permitted
positive ranges, and require a common finite upper bound on H∗. In Case (ii), let e, w range in
fixed compact subsets of (0,∞), and require B ≥ Bmin for one common Bmin > 0. Suppose also
that the data and chart overlaps are Borel and that the charts accessible along each leaf admit a
countable Borel enumeration. Then the preceding estimates for the solutions and their graph metrics
and weights hold with constants common to the family, including a common positive height margin
in Case (i) and a common margin from the poles in Case (ii). The solutions are Borel in the chart
representations and commute with any equivariant identifications of the complete problems.

Proof. We give existence and the estimates together, since the estimates also give uniqueness and
measurable dependence.

Height barriers and comparison. In Case (i), replace Fi, β by tFi, tβ, 0 ≤ t ≤ 1. At t = 0 the
constant f = δ is a solution. For every t, the constant graphs f = cmin and f = 2 are a lower and
an upper barrier, respectively. Indeed their weighted mean curvature is zero, and at angle v = 1 the
right side of (3.10) is nonnegative at f = cmin and strictly negative at f = 2. In Case (ii), replace
f0 by tf0, starting with z = 0. For τ = π/2− η, the graphs

z− =
tf0 − wτ

e
, z+ =

tf0 + wτ

e

have arguments +τ and −τ , respectively. Their weighted mean curvatures have a common bound
independent of η, because their derivatives do not involve τ . Choose η > 0 so small that Bmin tan τ
exceeds this bound. These are then lower and upper barriers for every t. They give the asserted
height and pole margins.

Both comparisons use strict decrease of p in its height argument, with the other arguments held
fixed:

pz = −ϵa(F
2
i + δ2) + (1− v2)/2

z2
− ϵa+ β

N2
≤ − ϵa

N2
in Case (i),

pz = −eB
w

sec2
(
(f0 − ez)/w

)
≤ −eBmin

w
in Case (ii). (3.13)

At an interior positive maximum of the difference between a solution and an upper barrier, their
gradients, hence their angles, agree. The negative elliptic principal part of Dz gives a nonnegative
difference of mean curvatures there, whereas strict height decrease gives a negative difference of
prescriptions. This is impossible. The lower comparison and uniqueness follow in the same way.
On a noncompact manifold the maximum can be replaced by a supremum: take uniform charts
centered at an extremizing sequence, subtract the value of ϕ at each center, and pass to a local
limit. For any individual solution in the stated uniqueness class, its uniform C2,α bound and the
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coefficient bounds give such a limit, which attains the extremum at the center of an interior chart.
This justifies the same comparison without compactness.

The angle bound. For a solution, (3.4) and the chain rule give

(∆Σ,ϕ + P )vz = vz⟨px, Uz⟩+ pz(1− v2z) + pvT (vz). (3.14)

Here px differentiates with z, v fixed, and we used T (z) = 1− v2z . The ambient curvature and weight
bounds imply P ≥ −C, since the remaining term |II|2 is nonnegative. At an infimum of vz, taken
by the same recentering procedure, ∆Σ,ϕvz ≥ 0 and T (vz) = 0. Consequently, if vz ≤ 1/2 there,

(1− v2z)|pz| ≤ vz(C + |px|). (3.15)

The height margins just proved bound px uniformly, and (3.13) bounds |pz| below by a positive
constant. Since 1 − v2z ≥ 3/4 in this case, (3.15) gives a uniform positive lower bound for vz. In
using recentered limits at this stage, a solution is first in an individual uniform C2,α class. Ordinary
local bootstrapping gives its individual higher regularity before the common estimates are deduced,
so the differentiations and limits in this argument are justified.

Higher estimates. In a uniform chart let ω = eϕ
√
deth, and divide ω by its value at the chart

center. The resulting density has a common upper bound and a positive lower bound, and all its
derivatives are bounded. The equation is of the form

−∂jAj(x, ∂z) = F (x, z, ∂z). (3.16)

For example Aj = ωhjkzk/Lz after the normalization. On the established height and gradient ranges
the flux and the right side are smooth with uniformly bounded derivatives, and ∂Aj/∂zk is uniformly
elliptic. Differentiating (3.16) gives linear divergence equations for ∂kz. Their leading coefficients
are bounded and uniformly elliptic. Gradient dependence of F produces a bounded first-order
coefficient; the remaining terms are a bounded function plus the divergence of a bounded vector
field. The term Fz∂kz is included in the bounded source, since the gradient is already bounded.

The interior De Giorgi–Nash estimate for these equations, with bounded lower-order coefficients
and source data in Ls/2 and Ls for s > dimX, gives a common Hölder bound for ∂z; see [9,
Theorem 8.24]. The coefficients in the nondivergence form of the original equation are now Hölder
continuous. Interior Schauder estimates give a uniform C2,α bound for some α > 0, after shrinking
within the chart buffers. Differentiating and applying Schauder estimates again yields uniform
bounds for every derivative. All these estimates are local with common buffers, so their constants
are uniform throughout X.

Continuation. Work in uniform C2,α spaces on the open set of functions with a uniform height
margin. The equation Dz − p(x, z, vz) = 0 defines a smooth map to uniform C0,α. At a solution
its linearization has negative uniformly elliptic principal part, uniform Hölder coefficients, and
zeroth-order coefficient −pz bounded below by a positive constant. This linear operator is invertible
on the uniform spaces. To see surjectivity, exhaust a noncompact component by smooth relatively
compact domains and solve the linear Dirichlet problem with zero boundary data on each domain.
The maximum principle bounds the supremum of the solutions by the supremum of the right side
divided by the positive zeroth-order lower bound. Interior Schauder estimates then give the same
C2,α bound in every buffered chart once it lies in the exhaustion. A diagonal local limit solves the
equation on the component with the uniform bound. On a compact component the corresponding
closed-manifold elliptic theory gives the same conclusion. Uniqueness follows from the maximum
principle, using recentered limits on noncompact components. The estimate also makes the inverse
bounded.
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The inverse function theorem gives openness of the set of homotopy parameters with a solution.
The a priori height, angle, and higher bounds are common over the homotopy. For a sequence of
parameters converging to a limit, diagonal smooth convergence on a countable chart cover therefore
gives a solution at that limit with the same bounds and height margin. This gives closedness. Each
homotopy starts from the constant solution specified above, so existence follows. Comparison gives
the claimed uniqueness.

The graph estimates now follow from (3.2). In particular hz ≥ h, and the gradient bound also
gives a uniform upper comparison in the given charts. Thus hz is complete and has uniform buffered
charts with bounds on all derivatives. The corresponding derivative bounds on logLz give those for
ϕz. This also permits successive applications of the lemma.

Borel dependence. For completeness, fix a starting plaque and enumerate the charts accessible
along its leaf by words in the Borel overlap maps. Represent a solution by its functions in this
countable family of charts, in a countable product of smooth function spaces. Compatibility on
overlaps, the equation, the height margin, and the common derivative bounds are Borel conditions:
each can be tested on countably many compact subcharts and dense sets, where the relevant
functions and their derivatives are continuous. The chart data and changes of coordinates are
Borel by hypothesis. The resulting Borel relation between data and local representatives has a
singleton fiber over each set of data, by existence and uniqueness. The Borel injection theorem
[14, Corollary 15.2], applied to its projection to the data, makes the inverse projection Borel. This
proves measurable dependence. The coding refers to a full prescribed problem on the same complete
leaf. It applies independently of the transverse mass of the chart family. Finally, applying an
equivariant identification to a solution produces a solution of the identified problem, so uniqueness
proves equivariance.

3.3 Localization of the positive prescription

The positive solution in Lemma 3.2 is defined on the complete manifold and need not have compact
support. For a probability coordinate we need a graph supported near that coordinate. We obtain
one by forcing the complete solution close to a small constant on an outer region, and cutting it off
there. The following lemma states the quantitative features of this procedure that enter the sweep.

Lemma 3.3 (Localization of the positive graph). Let X,h, ϕ satisfy the hypotheses of Lemma 3.2,
with X connected, and let href ≤ h be a complete second metric. Require the coefficients of href , its
inverse, and all their coordinate derivatives to have uniform bounds in the same buffered charts
used for h. Suppose Fi is uniformly smooth, |Fi| ≤ 1, with compact support K, and let α ≥ 0 be a
uniformly smooth function. Fix

ϵ > 0, N2 = lϵ, a = 1
2 + θ, 0 < l ≤ 1, l ≤ θ ≤ 1

16 .

There is a radius Rloc, depending only on the dimension and a fixed sufficiently small numerical
constant c0 > 0, with the following property. For every sufficiently large H∗, one can choose smooth
functions βs ≥ 0 and 0 ≤ χ ≤ 1 such that, with β = βs + α,

0 ≤ β ≤ H∗, N |dβs|h ≤ c0
(
θϵ3/2 + β3/2s

)
. (3.17)

The function βs vanishes on a neighborhood of K. The function χ is one there, is supported in
{disthref

(x,K) < Rloc}, and changes from one to zero only within a region where Fi = 0 and
β = H∗. This region and the support of dχ have fixed positive buffers in href , independent of H∗.
The derivatives of χ are bounded independently of H∗, χ is flat on its zero set, and |dχ|2h ≤ Cχ.
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Set δ = H−2
∗ , and let f̃ = z/N be the complete solution of (3.10) for this β, δ. Define f = χf̃

and form the graph of height Nf . Denote its quantities by L,U,D, II, put A = |U |h, and set, where
f > 0,

ND0 = ϵa(F 2
i /f − f) +A2/(2f). (3.18)

The expressions A2/f and ND0 are extended by zero where f = 0. The bump f is smooth, 0 ≤ f ≤ 2,
is positive on K, and is flat on its zero set. On the region χ = 1 it satisfies

ND = ND0 − βf + ϵaδ2/f. (3.19)

On the region where the cutoff changes, the following quantities tend uniformly to zero as H∗ → ∞,
with the preceding data and parameters fixed:

N2
∣∣S(h+N2df ⊗ df, ϕ− logL)− S(h, ϕ)

∣∣, A2/f, |ND0|, βf,

|ND|, N |II|, N |d logL|h+N2df⊗df .
(3.20)

In particular, on all of X the function err := ND − (ND0 − βf) tends uniformly to zero. All
data retain the corresponding uniform bounds for each fixed choice of H∗, with the positive-order
convention for weights. For the family assertion, let a standard Borel parameter space index such
problems of a fixed dimension. Require common sizes and buffers for these simultaneous charts,
and common bounds there for h, h−1, href , h

−1
ref and all their coordinate derivatives. Require common

bounds for all derivatives, including values, of Fi, α, and for the positive-order derivatives of ϕ. Let
(ϵ, l, θ) range in a fixed compact subset of the permitted parameter set. Require the data, including
href , to be Borel in the charts and preserved by the equivariant identifications under consideration.
Require also the Borel chart overlaps and countable Borel enumerations of accessible charts in
Lemma 3.2. Then the choices are Borel and commute with those identifications; their bounds for
each fixed H∗, and the limits above as H∗ → ∞, are uniform over the family. When K is empty
one may take f = 0 and omit the operation.

Proof. We first construct the outer coefficient while keeping its transition width bounded. Starting
at a fixed positive distance from K, a scalar profile b can increase from zero to H∗ at speed at most

c0
CN

(
θϵ3/2 + b3/2

)
,

where the fixed factor C leaves room for the estimates below. Choose the speed comparable to this
expression during the increase, with smooth flattening at either end. The width needed is at most

CN

∫ ∞

0

dt

θϵ3/2 + t3/2
= C

N

θ1/3
√
ϵ
= C

√
l

θ1/3
≤ C. (3.21)

For example one can use the primitive of the reciprocal of a smooth positive function comparable
to θϵ3/2 + t3/2 as the new profile coordinate, and compose with fixed smooth flattenings. The last
inequality uses l ≤ θ ≤ 1/16.

One may use this profile in a smooth approximation of disthref
(x,K) with gradient at most 2

and a uniformly small error. Here is a construction with the needed uniformity. Shrinking the
controlled charts gives normal charts at a fixed positive radius, by the uniform geodesic equation
estimates. Average the distance function in such a chart centered at x against a fixed smooth radial
kernel in TxX, at a sufficiently small radius. Written as an integral against a kernel in (x, y), this is
a smooth function of x. The error is at most the averaging radius. To bound the first derivative,
move the center and parallel transport the averaging vectors. At a sufficiently small radius the
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displacement of the exponential images is at most twice the displacement of the center; the distance
function is one-Lipschitz. The derivative bound follows. Higher derivatives have uniform bounds
from the smooth local kernels: in differentiating the normalized kernel one may subtract the distance
at the center, leaving a uniformly bounded oscillation on its support. These derivative bounds
hold in the common buffered charts, since the href exponential maps and kernels have uniformly
bounded derivatives there. The inverse metric inequality h−1 ≤ h−1

ref then bounds the gradient of
the composed profile in h.

Choose this raw profile b to vanish near K, to equal H∗ past the width in (3.21), and to leave fixed
outer buffers. To accommodate α, take a smooth nondecreasing saturation σH∗ : [0,∞) → [0, H∗]
that equals the identity up to H∗/3, equals H∗ from H∗ on, and has a derivative bounded by a
numerical constant. Put

β = σH∗(b+ α), βs = σH∗(b+ α)− α.

Take H∗ much larger than the value and derivative bounds of the already fixed α. Then βs ≥ 0,
and it equals b near K. Wherever the saturation differs from the identity, both βs and the scale of b
are comparable to H∗. The formula

dβs = σ′H∗(b+ α) db+
(
σ′H∗(b+ α)− 1

)
dα

therefore proves (3.17): choose the initial fixed speed factor large enough to handle the first term,

and then choose H∗ large enough for the fixed dα term to be a small fraction of H
3/2
∗ /N . Where

saturation is the identity this is just the raw profile bound. Where b = H∗, the total β equals H∗.
A cutoff supported beyond fixed additional buffers can consequently be chosen once at a radius
Rloc as in the statement. Take it to be the square of a smooth nonnegative cutoff that is flat at its
outer end. This gives |dχ|2 ≤ Cχ and the other asserted cutoff properties. If some outer regions are
empty, the corresponding assertions are vacuous.

We next prove that the complete solution can be cut on this plateau. All constants in the rest
of the proof may use the fixed data and parameters, but not H∗. Write

cH = H−2
∗

√
ϵa

ϵa+H∗
≍ H

−5/2
∗ .

By (3.12), cH ≤ f̃ ≤ 2. Cover the cutoff region by inner chart boxes, each with a fixed succession of
larger buffered boxes whose closures lie in the plateau Fi = 0, β = H∗. Their sizes may use the
current h-chart bounds inside the fixed href buffers; all these bounds were fixed before H∗, so the
boxes and their buffers have sizes independent of H∗. Our target is that, for every integer j ≥ 0
and every M > 0, there is Cj,M such that, for all sufficiently large H∗,

∥f̃ − cH∥Cj ≤ Cj,MH
−M
∗ , (3.22)

on the inner boxes, with norms in these fixed coordinates. The constants use only the indicated data
and parameters fixed before H∗. The family assertion of Lemma 3.2 is applied separately for each
fixed H∗; the estimates that follow establish this superpolynomial decay uniformly as H∗ grows.

There is first a global angle bound

v ≥ c1

1 +
√
H∗

(3.23)

for the uncut graph. In fact, at a recentered infimum with v ≤ 1/2, the formulas for px, pz and
(3.17) give

|pz| ≥ c2(1 + β + f̃−2), |px| ≤ C
(
f̃−1 + f̃(1 + β3/2)

)
.
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For the first bound use 1− v2 ≥ 3/4 in pz; for the second use the fixed bounds on Fi, α and their
derivatives. Since f̃ ≤ 2 and β ≤ H∗, the ratio of the right side of the second estimate, plus a
constant, to the right side of the first is at most C(1 +

√
H∗). Equation (3.15) proves (3.23). This

recentering is done for each fixed H∗, using the individual regularity supplied by Lemma 3.2.
On each of the outer plateau boxes the equation is

ND =
ϵaδ2

f̃
+

1− v2

2f̃
− (ϵa+H∗)f̃ , (ϵa+H∗)c

2
H = ϵaδ2. (3.24)

There is an exponential value estimate on an inner box:

0 ≤ f̃ − cH ≤ C exp(−c3
√
H∗). (3.25)

To prove it, let dface be ordinary coordinate distance to a face of the outer box and put

w1 =
∑
faces

3 exp(−γ
√
H∗ dface).

On the boundary, cH + w1 ≥ 3 ≥ f̃ . Its first and second coordinate derivatives are bounded by
Cγ

√
H∗w1 and Cγ2H∗w1, respectively. Direct differentiation of the weighted graph divergence

therefore bounds its mean curvature from below by

−C(γ2H∗ + γ
√
H∗)w1.

For this graph, the height terms in its prescription satisfy

ϵaδ2

N(cH + w1)
− (ϵa+H∗)(cH + w1)

N
= −ϵa+H∗

N
w1

(
1 +

cH
cH + w1

)
.

The remaining angle term is at most Cγ2H∗w1, because (1−v2)/(cH +w1) ≤ N2|dw1|2/(cH +w1) ≤
Cγ2H∗w1. Choosing γ > 0 sufficiently small and then H∗ sufficiently large makes cH +w1 an upper
barrier. Comparison with this barrier and the lower constant cH proves (3.25) on any inner box a
fixed distance from the faces.

On a smaller box the angle is bounded below independently of H∗. To see this, choose a smooth
chart cutoff 0 ≤ ξ ≤ 1, supported in a region where (3.25) holds and equal to one on the smaller
box. Minimize v/ξ over {ξ > 0}. The global lower bound (3.23) makes a minimum with value below
1/2, if one exists, interior, and at that minimum

v < ξ/2, ξ ≥ c/
√
H∗, ∇Σv = (v/ξ)∇Σξ, ∆Σ,ϕv ≥ (v/ξ)∆Σ,ϕξ.

The formula for the restriction of an ambient function to the graph gives ∆Σ,ϕξ ≥ −C(1 + |II|).
The positive |II|2 term in P , and completion of its square against C|II|/ξ, show that the left side of
(3.14) is at least −CH∗v. On this plateau px = 0. Since v < 1/2, the pz term on its right side is at
most −c/f̃2. Also pv = −v/(Nf̃) and |T (v)| ≤ Cv/ξ, so that right side is at most

− c

f̃2
+
C
√
H∗ v

f̃
.

Combining the two bounds and multiplying by f̃2 would give

c ≤ CH∗f̃
2 + C

√
H∗ f̃ .
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By (3.25), f̃ ≤ 2cH for large H∗, and the last right side tends to zero. This contradiction proves
v ≥ 1/2 on the smaller box.

It remains to control derivatives on the cutoff region without using any growth rate for the
global elliptic constants. In a still smaller box, rescale coordinates x = x0 + cHy and write f̃ = cHg.
The weighted graph curvature in the rescaled chart is cHD, and its right side becomes

cHp(x,NcHg, v) =
ϵaδ2 + (1− v2)/2

Ng
−
c2H(ϵa+H∗)g

N

=
ϵaδ2 + (1− v2)/2

Ng
− ϵaδ2g

N
.

Here 1 ≤ g ≤ 2 for large H∗, and the angle bound gives a uniform gradient bound. The rescaled
metric and normalized weight have uniformly bounded derivatives; the displayed right side and all
its derivatives are uniformly bounded on these ranges. The local higher estimates in the proof of
Lemma 3.2, applied on unit boxes in these coordinates, consequently give uniform bounds for every
derivative of g. Scaling back gives bounds of the form Cjc

1−j
H for the j-th derivatives of f̃ . Interior

interpolation between these polynomial bounds and the exponential bound (3.25), on further fixed
buffered boxes, proves (3.22). Indeed the usual finite-difference interpolation of a j-th derivative
between the supremum norm and a higher derivative norm gives an exponential factor times a power
of c−1

H , which is smaller than every power of H−1
∗ .

We can now cut off. On the transition region, f̃ ≍ cH , its positive-order derivatives are smaller
than every power of H−1

∗ , and the derivatives of χ are fixed. On {χ > 0},

|d(χf̃)|2

χf̃
≤ 2f̃

|dχ|2

χ
+ 2χ

|df̃ |2

f̃
= O(cH).

It follows that A2/f ≤ N2|df |2/f tends to zero. All fixed derivatives of f are O(cH) there. The
graph formulas therefore give ND,N |II|, and N |d logL| tending to zero. They also control ∇D,
so (3.1) gives the first limit in (3.20). Finally Fi = 0 in this region, ND0 = −ϵaf +A2/(2f), and
βf ≤ H∗O(cH) → 0. This proves every limit in (3.20). To verify the extensions at the zero set,
write χ = ζ2, where ζ is smooth and flat there. On {ζ > 0},

|df |2h
f

= 4f̃ |dζ|2h + 4ζ⟨dζ, df̃⟩h + ζ2
|df̃ |2h
f̃

.

The right side extends smoothly and flatly across {ζ = 0}, since f̃ > 0. The same is therefore true of

A2

f
=

N2

1 +N2|df |2h

|df |2h
f

.

Moreover, Fi vanishes on a neighborhood of the zero set of f . Thus ND0 extends smoothly by zero
there, and all jets of f = ζ2f̃ vanish on its zero set.

On the uncut region the last term ϖ = ϵaδ2/f in (3.19) has

∥ϖ∥∞ ≤ δ
√
ϵa(ϵa+H∗) −→ 0, −2NU(ϖ) =

2ϵaδ2LA2

f2
≥ 0. (3.26)

Since ND0 − βf ≥ −(ϵa+ β)f , its contribution inside the curvature square satisfies

(ND0 − βf +ϖ)2 ≥ (ND0 − βf)2 − 2ϵaδ2(ϵa+H∗). (3.27)
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The last loss tends to zero. These estimates on the core and (3.20) on the transition prove the
claimed bound for err. The curvature estimates use the derivative sign in (3.26) and the full
transition estimates, as well as that bound on the value of err.

Every construction has uniform bounds for fixed H∗. For Borel data, the distance to the open
nonzero set of Fi is Borel: using the enumerated charts it is the infimum of lengths of a countable
dense collection of chart paths ending where Fi ̸= 0. The normalized smoothing kernels and all
subsequent scalar operations are Borel and equivariant. Lemma 3.2 supplies these same properties
for the complete solution. This proves the final assertions.

3.4 A sweep of the root probabilities

We now apply the localized graph to each coordinate of a root probability map. The order of the
operations matters: a graph enlarges the metric available to all subsequent coordinates. We use
finitely many colors so that graphs in the same color have disjoint supports and can be performed
simultaneously. For a root probability map, its energy is

eh(F ) = |dF |2h,HS =
∑
i

|dFi|2h.

Fix a smooth nonnegative nondecreasing function Ψ : [0,∞) → [0,∞) such that

Ψ(s) = 0 (s ≤ 8), Ψ(s) ≤ Cs2, |Ψ′(s)|2 ≤ CΨ(s), Ψ(s) ≥ cs2 (s ≥ RΨ), (3.28)

where RΨ and the constants are numerical. Such a function can be obtained as the square of a
smooth nondecreasing function that is zero up to 8, has bounded derivative, and equals s− 8 from a
fixed larger value on. We use either ψ = 0, or ψ = κΨ for a small constant κ > 0. In the latter case,

ψ ≤ Cκs2, |ψ′|2 ≤ Cκψ, ψ(s) ≥ cκs2 (s ≥ RΨ).

Notation for an ordered sweep. We introduce the pointwise quantities for any candidate
sequence of graphs before asserting that the sequence can be constructed. The pass parameters are

ϵ > 0, N2 = lϵ, a = 1
2 + θ, λ = 1

2 − 2θ, 0 < l ≤ 1, l ≤ θ ≤ 1
16 , (3.29)

with N > 0. On one leaf, start with (h0, ϕ0, F ), where Fi ≥ 0 and
∑

i F
2
i = 1. Suppose nonnegative

smooth bumps fi form a locally finite family ordered in finitely many colors, with disjoint supports
within each color, and that Fi ̸= 0 implies fi > 0. Attach also nonnegative functions βi. At this
stage these are candidate data, with no graph equation imposed.

Apply in color order the graph of height N times the sum of the bumps in that color. On the
support of fi, write hi−1, ϕi−1 for the pair before its color and hi, ϕi for the pair afterward; write
j < i for an earlier color. Let Li, Ui, Di, IIi, Hi be the individual graph quantities for fi, and let
h+, ϕ+ be the final pair. The subscript p denotes the current pass in Wp and in the reserve Πp

below. The graph identities give the output and its normalization:

h+ = h0 +N2
∑
i

dfi ⊗ dfi, Wp :=
∑
i

logLi = log(dVh+/dVh0) ≥ 0,

ϕ+ = ϕ0 −Wp, eϕ+dVh+ = eϕ0dVh0 , r :=
∑
i

f2i > 0, Yi = fi/
√
r.

(3.30)

The sums are pointwise finite, with at most one nonzero bump per color. The implication Fi ̸= 0 ⇒
fi > 0 ensures r > 0. In all the quantities below, indices are restricted to fi > 0.
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For each such index, use the longitudinal notation of the one-coordinate calculation, with
h = hi−1, h

′ = hi, and hin = h0:

Ai = |Ui|hi−1
, Ui = Aiei, xi = −IIi(τi, τi), Xi = Nxi, ti = A2

i /fi.

Here τi = (L−1
i ei, Ai) and xi = ei(Ai) when Ai > 0. At Ai = 0 use any unit direction as in (3.5). In

the graph metric hi, define

IIremi := IIi + xi τ
♭
i ⊗ τ ♭i ,

|IIi|2 = x2i + |IIremi |2, tr IIremi = Hi + xi.
(3.31)

In particular, at Ai = 0 the combination (Xi − ti)
2 +N2|IIremi |2 = N2|IIi|2 is independent of the

chosen direction. The losses from comparing the current graph with the input and final metrics are

Bi = 1− |ei|2h0
, Ci =

{
1−N2|dfi|2h+

/A2
i , Ai > 0,

0, Ai = 0.

Metric monotonicity and the inverse graph formula give 0 ≤ Bi, Ci ≤ 1.
The normalization gives probability weights νi = f2i /r. Write Eνbi =

∑
i νibi. The mean and

centered quantities used in the estimate are

m =
∑
i

A2
i , ui =

A2
i

ϵνi
, ū = Eνui =

m

ϵ
,

σi =
F 2
i

νi
, Eνσi = 1,

M0 = a(1− r)− ū/2, Vi = a(σi − 1) + λ(ui − ū), Varν u = Eν(ui − ū)2.

(3.32)

The identity for Eνσi uses Fi ̸= 0 ⇒ fi > 0; the individual ratios σi need not be at most one.
Finally, define two nonnegative quantities:

T0 =
∑
i

A2
i

[
Ci + 4a2σiBi + (Li − 1){2a(σi + r) + ui}

]
, (3.33)

X =
∑
i

[
(Xi − ti)

2 +N2|IIremi |2 +N2|d logLi|2hi
+ β2i f

2
i

]
. (3.34)

The quantity T0 records the gains from the metric comparisons and from each graph’s stretching.
Its full coefficient will yield the sharp quadratic term m2/n in Section 4. The quantity X retains
the derivative squares and the applied coefficients. Together with the mean and variance squares
below, it controls graph curvature; those moment squares also control the normalization.

Proposition 3.4 (One sweep). There is a numerical c > 0 with the following property. For a sweep
without boost, set ψ = 0. For a boosted sweep, given ϵ∗ > 0, there are constants κ > 0, c∗ > 0, and
C∗ <∞, depending only on ϵ∗, for which one may use ψ = κΨ whenever ϵ ≥ ϵ∗.

Let h0, ϕ0, F be a smooth equivariant Borel family on M̃ × Ω, with bounds uniform in the lifted
charts for the instance. Suppose h0 is complete, its geometry and the positive-order derivatives of ϕ0
have the uniform bounds above, and

F = (Fi)i∈L, Fi ≥ 0,
∑
i

F 2
i = 1
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has finitely many free label orbits and uniformly locally finite compact coordinate supports. For
each orbit representative, suppose all its transverse supports lie in a fixed compact subset of M̃ .
Let href ≤ h0 be a complete equivariant Borel leafwise metric whose coefficients, inverse, and all
coordinate derivatives have uniform bounds in the same lifted buffered charts as h0. Suppose a Borel
equivariant coloring χ : L × Ω → {1, . . . , k}, k <∞, has been chosen such that, for each retained ω
and distinct labels i, j with χ(i, ω) = χ(j, ω), the Rloc-neighborhoods in href(ω) of suppFi(·, ω) and
suppFj(·, ω) are disjoint. Fix the pass parameters in (3.29), with ϵ ≥ ϵ∗ in the boosted case.

For any δ0, η0 > 0, there is a candidate sweep as above with smooth nonnegative bumps fi ≤ 2,
supported in the indicated enlargements, positive on the supports of Fi, and flat on their zero sets. Its
output is given by (3.30). The lower bound for r is uniform for the instance. The bumps, coefficients,
all intermediate and final graph metrics and weights, their smooth graph quantities, and Y are
equivariant and Borel and retain the corresponding uniform chart bounds, with the positive-order
convention for weights. The map Y is again a root probability map with the same label orbits.

For each i, the coefficient furnished by Lemma 3.3 has the form

βi = βs,i + ϵψ(Ri), Ri =
∑
j<i

f2j , (3.35)

Here βs,i vanishes near suppFi, and the coefficients satisfy (3.17) in hi−1. Writing

ND0
i = ϵa(F 2

i /fi − fi) +A2
i /(2fi)

on {fi > 0}, extended by zero off the bump, one has

NDi = ND0
i − βifi + erri,

∑
i

|erri|2 ≤ η0. (3.36)

Define the nonnegative reserve

Πp := T0 + cϵ
(
M2

0 + EνV
2
i + θVarν u

)
+ c

r

ϵ
X + c∗ϵr

61{r≥C∗},
(3.37)

where the final term is omitted in a sweep without boost. Then, pointwise,

Q :=
rN2

ϵ

[
S(h+, ϕ+)− S(h0, ϕ0) + ϵeh0(F )− ϵeh+(Y )

]
≥ Πp − 4θ2m− r

ϵ
δ0. (3.38)

The numerical constant c is independent of the instance, the number of colors, and the pass
parameters. The errors δ0, η0 can be prescribed independently before the pass.

Proof. Process the colors in their prescribed order. At a label in the current color, the sum Ri of
earlier bumps and all its derivatives have common bounds for that color, so the function αi = ϵψ(Ri)
is fixed and uniformly smooth. Apply Lemma 3.3 with this αi, using a common sufficiently large H∗
for the color. Uniqueness of the complete solutions and the equivariant cutoff construction make all
choices equivariant. Their Borel dependence follows from the same lemma. Bumps in the same color
are separated, so their sum gives exactly the individual graph at each point of their supports. The
graph metric and weight bounds hold in the same lifted charts as the input bounds. The reference
metric is unchanged during the pass, so the simultaneous chart control required by Lemma 3.3
persists for the next color.
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At any point some Fi is nonzero, and its cutoff is one there. The lower barrier for that color gives
fi ≥ cmin > 0. Taking the minimum over the finitely many colors gives the stated instance-uniform
lower bound for r; also r ≤ 4k. Thus Y is smooth with uniform bounds and

∑
i Y

2
i = 1. The graph

determinant and density identities prove (3.30). By making the error in each color small enough
that its square is at most η0/k, the last conclusion of Lemma 3.3 gives (3.36).

We prove the curvature estimate in the units before multiplication by r/ϵ. Write

G = N2
[
S(h+, ϕ+)− S(h0, ϕ0) + ϵeh0(F )− ϵeh+(Y )

]
, Zi = ND0

i ,

so Q = (r/ϵ)G. For each i, the one-coordinate calculation applies with h = hi−1, h
′ = hi, and

hin = h0. We first account for the difference between the ideal target Zi for NDi and the realized
prescription.

For the moment omit the floor in (3.19). Replacing Zi by Zi − βifi in the first two terms of
(3.1), after multiplying by N2, adds exactly

(Zi − βifi)
2 − 2NUi(Zi − βifi)− Z2

i + 2NUi(Zi)

= β2i f
2
i + 2ϵaβi(f

2
i − F 2

i ) + (2Li − 1)βiA
2
i + 2NAifiei(βi).

Since Li ≥ 1, this is at least

Bi := β2i f
2
i + 2ϵaβif

2
i + βiA

2
i − 2ϵaβiF

2
i − 2NAifi|dβi|hi−1

. (3.39)

On the uncut region the actual floor has nonnegative differentiated contribution by (3.26), and
its square loses at most the quantity in (3.27). On a cutoff transition Fi = 0 and dβi = 0. There
(3.20) makes the actual scalar change small. It also makes every term on the right of the single-step
expansion just obtained small: βiA

2
i = (βifi)ti, the longitudinal terms are controlled by N |IIi| and

ti, and the other terms are controlled by Zi, βifi, Ai. The first term in (3.7) is zero. Thus this
expanded lower bound still holds on a cutoff transition with an arbitrarily small additive error in
these units. It is also valid off the bumps, where all its terms vanish. Choose the floor and transition
errors for each color so their sum is at most δ0 at every point. Telescoping (3.1) over the colors gives

G ≥
∑
i

[
Z2
i − 2NUi(Zi) +N2|IIi|2 +N2|d logLi|2hi

+ ϵN2|dFi|2h0
+ Bi

]
− ϵN2eh+(Y )− δ0. (3.40)

This argument uses the full differentiated floor and cutoff estimates, rather than differentiating the
value error in (3.36).

The input energy is already included in (3.9). For the output, normalization is an orthogonal
projection in the target:

dY = r−1/2(I − Y ⊗ Y ) df.

The rank-one inverse identity and metric monotonicity give

N2|dfi|2hi
= A2

i , N2|dfi|2h+
= A2

i (1− Ci) ≤ A2
i .

Consequently

N2eh+(Y ) ≤ 1

r

∑
i

A2
i (1− Ci). (3.41)

Put
Ki = (Xi − ti)

2 +N2|IIremi |2 +N2|d logLi|2hi
, gi = a(σi − r) + ui/2.
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The definitions imply

Zi =
ϵfi
r
gi,

r

ϵ

∑
i

Z2
i = ϵEνg

2
i ,

r

ϵ
(Li − 1)t2i = (Li − 1)A2

iui.

Use these identities, (3.9), and (3.41) in (3.40). After multiplication by r/ϵ, the result is

Q ≥ T0 +
r

ϵ

∑
i

Ki + ϵEνg
2
i +

∑
i

A2
i

[
(2a− 4a2)σi + 2ar − 1

]
+
r

ϵ

(∑
i

Bi − δ0

)
. (3.42)

Indeed rF 2
i /f

2
i = σi. The terms with Bi and Li − 1 in (3.9) become the corresponding terms of T0,

while the output contributes −A2
i +A2

iCi. The remaining height terms give the displayed quadratic
expression.

The remaining quadratic expression has an exact mean and variance decomposition. Use Eνσi = 1
and Eνui = ū from (3.32), and write wi = ui − ū. Dividing the quadratic expression in (3.42) by ϵ,
its contribution from the means is

[a(1− r) + ū/2]2 + ū(2a− 4a2 + 2ar − 1) = [a(1− r)− ū/2]2 − (2a− 1)2ū

=M2
0 − 4θ2ū.

The coefficient of Eν [wi(σi − 1)] in the centered expression is

a+ (2a− 4a2) = 3a− 4a2 = 2aλ.

Completing its square therefore gives the identity

ϵEνg
2
i +

∑
i

A2
i

[
(2a− 4a2)σi + 2ar − 1

]
= ϵ

(
M2

0 + EνV
2
i + (14 − λ2)Varν u

)
− 4θ2m. (3.43)

Here 1
4 − λ2 = 2θ − 4θ2 ≥ 7θ/4. This supplies a reserve for all three squares in the proposition. We

finish by paying the terms in Bi from fixed fractions of this reserve and of the nonnegative βi terms.
Write si = βs,i and bi = ϵψ(Ri), so βi = si + bi with both summands nonnegative. In particular

β2i ≥ s2i + b2i . The negative F 2
i term in (3.39) has no si part, because si vanishes near the support

of Fi. The spatial derivative term satisfies

2NAifi|dsi| ≤ 2c0Aifi(θϵ
3/2 + s

3/2
i )

≤ c0(s
2
i f

2
i + siA

2
i ) + Cc0θ(ϵ

2f2i +A4
i /f

2
i ). (3.44)

For the first pair of terms use 2xy ≤ x2 + y2. For the other pair, divide by ϵ2f2i and use t ≤ 1 + t4

with t = Ai/(
√
ϵfi). This derivative cost occurs only in rows with Fi = 0, hence σi = 0. In those

rows,
Vi = −a+ λwi, ar + ū/2 = a−M0 = λwi − Vi −M0.

Since a ≥ 1/2 and |λ| ≤ 1/2, these equations give

r + ui ≤ 2(|M0|+ |Vi|+ |wi|), r2 + u2i ≤ 12(M2
0 + V 2

i + w2
i ).

After multiplication by r/ϵ, the last cost in (3.44), summed over these rows, is

Cc0ϵθ
∑

{σi=0}

νi(r
2 + u2i ).
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The preceding bound shows that it is a small fraction of the three squares in (3.43) when c0 is
a sufficiently small numerical constant. The first cost in (3.44) is paid by a small fraction of
β2i f

2
i + βiA

2
i . This proves the required absorption when ψ = 0, leaving a fixed fraction of every

asserted square.
Suppose now that ψ = κΨ and ϵ ≥ ϵ∗. Metric addition over earlier colors implies, as quadratic

forms,

hi−1 ≥ N2
∑
j<i

dfj ⊗ dfj .

For a unit vector in hi−1, the vector (Ndfj)j<i consequently has Euclidean norm at most one.
Cauchy–Schwarz applied to dRi = 2

∑
j<i fjdfj proves

|dRi|hi−1
≤ 2
√
Ri/N. (3.45)

For any fixed small ζ > 0, the derivative bound in (3.28) and Young’s inequality give

2NAifi|dbi| ≤ 4ϵAifi
√
Ri |ψ′(Ri)| ≤ ζϵψ(Ri)A

2
i + Cζϵκf

2
i Ri.

The first term is a small fraction of βiA
2
i . For the other costs, use

∑
i

f2i Ri =
1
2

(
r2 −

∑
i

f4i

)
≤ r2/2,

∑
i

ψ(Ri)F
2
i ≤ Cκr2

∑
i

F 2
i = Cκr2.

The profile and its derivative vanish up to 8. Thus the sum of all remaining boost costs in the units
of G is at most

C(ϵ+ ϵ2)κr21{r≥8}. (3.46)

Two positive terms cover this cost. First, for r ≥ 8,

−M0 = a(r − 1) + ū/2 ≥ 7r/16,
ϵ2

r
M2

0 ≥ cϵ2r.

The latter is the mean square in (3.43) expressed in the units of G. Second, the increments f2i in
Ri are at most 4. For r beyond a fixed threshold, the rows with Ri ≥ r/2 carry total increment at
least r/2− 4 ≥ r/4. In fact the first prefix crossing r/2 overshoots it by at most 4. Once r/2 ≥ RΨ,
the lower profile bound on each of these rows gives∑

i

f2i b
2
i = ϵ2

∑
i

f2i ψ(Ri)
2 ≥ cϵ2κ2r5 (r ≥ C∗). (3.47)

To make the parameter choice explicit, let K∗ = C(1 + ϵ−1
∗ ). The cost (3.46) is at most K∗ϵ

2κr2

on r ≥ 8. Choose κ so small that κ−1/2 ≥ C∗ and K∗
√
κ is smaller than the fixed fractions of the

preceding two reserves available for this purpose. If 8 ≤ r ≤ κ−1/2, this cost is at most K∗
√
κ ϵ2r.

If r ≥ κ−1/2, it is at most K∗
√
κ ϵ2κ2r5. It is therefore covered in both ranges. Fixed fractions of

the mean square and of (3.47) remain. One can simultaneously retain a fixed fraction of
∑

i β
2
i f

2
i

for X : reserve, for example, one half of this sum at the outset and use β2i ≥ s2i + b2i on the other
half for the spatial and boost estimates. Take c0, ζ, κ small enough for these fixed allocations.

Insert the absorptions into (3.42) and (3.43). A fixed fraction of
∑

iKi +
∑

i β
2
i f

2
i = X and of

the three mean and variance squares survives. The remaining part of (3.47), after multiplication
by r/ϵ, is c∗ϵr

61{r≥C∗}, with c∗ a positive multiple of κ2. The terms T0 and −4θ2m have not been
spent. Choose the constant c in (3.37) below the fixed numerical fractions that survive for X and
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the mean and variance squares. These fractions are independent of ϵ∗, because κ was chosen to fit
the fixed allocations. This proves (3.38).

Finally, the choices of errors impose no estimate on the growth of analytic constants from one
color to the next. For a fixed color, the reference buffers are fixed for the pass, and the smaller
analytic boxes and all previous geometry bounds are fixed before its H∗ is chosen. There are finitely
many colors, so the raw scalar error can be made at most δ0/k per color and the squared value
error at most η0/k per color. Later choices of H∗ may be arbitrarily larger. The summed errors are
therefore precisely those asserted in (3.36) and (3.38).

4 Entropy metrics with controlled labels

This section turns a root probability map for a metric of scalar curvature −1 into a map with a large
energy coefficient in a weighted scalar inequality. The accompanying volume term is the logarithm
of the actual volume expansion from a density no larger than the original volume density. We will
also make the gradient absolutely small and control all label overlaps by one graph. The last two
properties allow the energy coefficient to be chosen larger than the combinatorial quantities used
later.

Write exp[0](t) = t and exp[j+1](t) = exp(exp[j](t)). We call a function B : [1,∞) → [0,∞)
elementary if, for some fixed H ∈ N ∪ {0} and A,B > 0,

B(q) ≤ exp[H]
(
B(1 + q)A

)
(q ≥ 1).

When the function is prescribed in a fixed dimension, its parameters H,A,B are allowed to depend
on that dimension.

Theorem 4.1 (Entropy metrics). Let (Mn, g) be a closed connected Riemannian manifold, where
n ≥ 3 and Scalg = −1, and put Γ = π1(M). Let (Ω0, µ0) be a standard Borel probability space with
a measure-preserving Γ-action; the one-point space is allowed. Suppose L0 is a countable set with
finitely many free Γ-orbits and

F in : M̃ × Ω0 −→ ℓ2(L0), F in
ℓ ≥ 0,

∑
ℓ∈L0

(F in
ℓ )2 = 1

is equivariant, Borel in the transverse variable, and smooth along M̃ . Assume the following uniformity
for this input. In charts lifted from a fixed finite atlas on M , with fixed inner buffers, the supports
are locally finite with a uniform bound on their number, and all leafwise derivatives of the coordinate
functions have uniform bounds. For each orbit representative ℓ there is a compact set Kℓ ⊂ M̃ such
that suppF in

γℓ( · , ω) ⊂ γKℓ for all γ ∈ Γ and almost every ω. The bounds and compact sets in these
assumptions may depend on the input.

For every prescribed elementary function B and every finite number Emin, there are a standard
Borel probability Γ-space (Ω, µ) extending (Ω0, µ0), a countable set L with finitely many free Γ-orbits,

and equivariant leafwise data on M̃ × Ω: a metric h, a function ϕ, a positive density ρ, and a root
probability map F with labels L. There are also E > Emin, an integer q ≥ n+ 1, and a constant
C = C(n,B) <∞ such that, on an invariant conull set of transverse parameters,

ρ ≤ dVg, W := log
dVh
ρ

≥ 0,

S(h, ϕ) ≥ −C + 2
(
W − n

2
logE

)
+ Eeh(F ), eh(F )

1/2 ≤ E−1/100,

E > B(q).

(4.1)
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Here the extension means that there is an equivariant measure-preserving map Ω → Ω0. All output
objects are Borel transversely and smooth along leaves. In the same lifted charts, the coefficients of
h, their derivatives of every order, and the coefficients of h−1 have uniform bounds; the function
ϕ, the density ratio ρ/dVg, its reciprocal, and their derivatives of every order have uniform bounds.
The coordinates of F have the same derivative and uniform local finiteness properties as the input.
There are equivariant compact sets containing their supports, uniformly in the transverse parameter.
All these output bounds may depend on the input and on the chosen finite construction.

There is, in addition, a fixed Γ-invariant graph G on L, independent of the transverse parameter,
of finite maximum degree ∆. It contains an edge between every pair of distinct labels that are
simultaneously nonzero at any point of any leaf. We may take

q ≥ max{n+ 1,#(Γ\L),∆+ 1}

and a Borel equivariant coloring χ : L×Ω → {1, . . . , q} such that labels of graph distance one or two
have different colors. The set L can be taken to consist of finitely many copies of L0. The constant
C is independent of the manifold, metric, input family, all the uniform bounds just specified, and
Emin.

We prove the theorem using Proposition 3.4. The bootstrap will fix the density ρ, which then
remains fixed through all later sweeps and conformal changes. For W = log(dVh/ρ), the balance
propagated after the bootstrap is

S(h, ϕ)− ϵeh(F )− 2W + n log ϵ ≥ −C + P, W ≥ 0, P ≥ 0.

We first raise an initially small energy coefficient to a dimensional positive value. Subsequent sweeps
have a summable scalar loss and retain the nonnegative surplus P . At the end of a group of sweeps,
that surplus pays for a conformal change which makes the gradient absolutely small. The small
gradient then controls how fast the fixed graph of label overlaps can grow in the next group of
sweeps. The inverse-metric telescope and the assembly of logarithmic shortening also occur in [20,
Lemma 6.1 and Theorem 6.3]; the proof below establishes the forcing and entropy estimates needed
here.

4.1 Colorings and a conformal bootstrap

We first supply the colors required for the sweeps. Let H be any fixed invariant graph of maximum
degree ∆H <∞ on a countable label set L. Adjoin to the transverse space independent uniform
priorities in [0, 1]L, with the Γ-action permuting coordinates. This is a standard Borel probability
extension. Direct every edge from the larger priority to the smaller, after discarding the invariant
null set on which two priorities coincide. This set is null because the label set is countable and the
priorities have continuous laws. For a fixed vertex the probability of a strictly descending path
of length k is at most ∆k

H/(k + 1)!: there are at most ∆k
H paths, and the priorities of the k + 1

distinct vertices in a given descending path have the required order with probability 1/(k + 1)!.
The probability of arbitrarily long such paths is therefore zero. Since the label set is countable, on
an invariant conull set every vertex has finite descending depth. Greedily assign to a vertex the
least color in {1, . . . ,∆H + 1} unused by its lower-priority neighbors, recursively in that finite depth.
This defines a proper coloring. It is Borel, since each vertex’s color is determined in some finite
descending neighborhood, and it is equivariant, since the rule only uses the invariant graph and
priorities. Applying this to the graph square separates vertices of distance at most two.

For the initial map and throughout the bootstrap, graphs of the required finite degree exist with
input-dependent bounds. To see this, choose a compact set in M̃ whose translates cover the universal
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cover. Each label support lies in one of finitely many fixed compact sets translated by its group label.
A support enlargement by a bounded distance in any one of the current uniformly controlled metrics
is contained in an input-dependent compact enlargement in the lifted metric g. Properness of the
deck action implies that only finitely many translates of any of these compact sets can meet another.
Joining all such possible pairs, over all transverse parameters, gives one invariant finite-degree graph
for that step. The color construction just proved supplies the colors of Proposition 3.4. The graph
and color choices are made before the analytic errors for the corresponding sweep are chosen. This
proves availability at each step of the finite bootstrap, with input-dependent degree. The phase
argument below will control the degree relative to the eventual energy coefficient.

Here and below all the notation of a single sweep is that of Proposition 3.4. In particular, its
input is (h0, ϕ0, F ), its output is (h+, ϕ+, Y ), and

N2 = lϵ, a = 1
2 + θ, λ = 1

2 − 2θ,

r =
∑
i

f2i > 0, Y = f/
√
r, Wp =

∑
i

logLi, m =
∑
i

A2
i .

The weights νi = f2i /r sum to one. We recall the probability statistics and their centered combinations
from (3.32):

ui =
A2

i

ϵνi
, σi =

F 2
i

νi
, ū =

m

ϵ
,

M0 = a(1− r)− ū

2
, Vi = a(σi − 1) + λ(ui − ū), ti =

A2
i

fi
.

Indices of vanishing bumps are omitted. In particular Eνui = ū and Eνσi = 1; the ratios σi need
not be at most one. We write E and Var for this finite weighted mean and variance in the pointwise
calculations. The graph operations give

dVh+

dVh0

= eWp , ϕ+ = ϕ0 −Wp, N2eh+(Y ) ≤ m

r
. (4.2)

The added graph tensors are nonnegative. Thus, as quadratic forms, h0 ≤ hi−1 ≤ hi ≤ h+; the
inverse forms reverse these inequalities. In particular, for every covector α,

|α|h+ ≤ |α|hi
≤ |α|hi−1

≤ |α|h0 .

The positive reserve Πp is defined in (3.37), with coefficient exactly one on T0. In a sweep without
boost its final term is omitted; in a boosted sweep its constants c∗, C∗ may depend on the fixed
lower threshold for ϵ. The sweep inequality reads

Q :=
rN2

ϵ

[
S(h+, ϕ+)− S(h0, ϕ0) + ϵeh0(F )− ϵeh+(Y )

]
≥ Πp − 4θ2m− r

ϵ
δ0.

(4.3)

The positive errors δ0, η0 can be prescribed independently before each sweep. The construction
realizes those errors by choosing the analytic parameters for each color after the geometry of the
preceding colors has been fixed.

Lemma 4.2 (Conformal bootstrap). There are constants ϵ∗ > 0 and Cboot < 4, depending only on
n, with the following property. Starting with the input of Theorem 4.1, finitely many sweeps without
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boost, followed individually by conformal changes, produce a metric h∗, a root probability map F∗,
and ϵ0 ∈ [ϵ∗, 2ϵ∗] such that

ρ := dVh∗ ≤ dVg, Scalh∗ ≥ −Cboot + ϵ0eh∗(F∗). (4.4)

The metric and map have the uniformity and support properties in Theorem 4.1. The number of
sweeps may depend on the input.

Proof. We use sweeps with ϕ0 = 0, no boost, and l = θ, where l > 0 will be a sufficiently small fixed
dimensional number. Then ϕ+ = −Wp. After a sweep set

k = e−2Wp/(n−1)h+.

The scalar conformal formula and the definition of S give

Scalk = e2Wp/(n−1)

(
S(h+, ϕ+) +

|dWp|2h+

n− 1

)
. (4.5)

The same reset contracts the volume density:

dVk = e−nWp/(n−1)dVh+ = e−Wp/(n−1)dVh0 ≤ dVh0 . (4.6)

We claim that there are dimensional Cb and ϵb > 0 such that, whenever 2 ≤ C0 ≤ 4, 0 < ϵ ≤ ϵb, and
Scalh0 ≥ −C0 + ϵeh0(F ), one can choose the errors in the sweep so that

Scalk ≥ −(C0 + Cblϵ) + (1 + l)ϵek(Y ). (4.7)

We first derive the budget needed for this step. The reset gives ek(Y ) = e2Wp/(n−1)eh+(Y ).
Substituting the definition of Q and the input scalar inequality into (4.5), and dropping its
nonnegative gradient term, shows that it suffices to have

ϵQ

rN2
≥ lϵeh+(Y ) + C0(1− e−2Wp/(n−1))− Cblϵe

−2Wp/(n−1).

Multiply by rN2, and use N2eh+(Y ) ≤ m/r and N2 = lϵ. A sufficient budget for (4.7) is therefore

ϵQ ≥ lϵm+ C0lϵr(1− e−2Wp/(n−1))− Cbl
2ϵ2re−2Wp/(n−1). (4.8)

To pay this budget when ϵ is small, we need control of both m and the deviation of r from one.
The sweep inequality implies

ϵQ ≥ cn
(
ϵ2(1− r)2 +m2

)
− Cnϵl

2m− rδ′0, (4.9)

where δ′0 > 0 can be chosen arbitrarily small. Here is a proof. Fix a sufficiently small dimensional
mb > 0. If m ≥ mb and ϵb is small enough, then ū = m/ϵ ≥ 4a. Since

−M0 = ar +
ū

2
− a,

the square ϵ2M2
0 controls ϵ2(1− r)2 +m2. This is one of the positive terms in ϵΠp.

Suppose next that m < mb. The prescription term D0
i of Proposition 3.4 satisfies

ND0
i + ti =

ϵfi
r

[
Vi +M0 + (λ+ 1

2)ū+ (32 − λ)ui
]
.
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Both displayed coefficients of ū and ui are positive and bounded below. Moving Vi +M0 to the
other side, taking positive parts, and summing squares therefore yields∑

i

t2i ≤
Cϵ2

r

(
EV 2

i +M2
0

)
+ C

∑
i

(ND0
i + ti)

2
+. (4.10)

The prescription error relation in Proposition 3.4 is NDi = ND0
i − βifi + erri, with

∑
i |erri|2

arbitrarily small. Moreover, the longitudinal component of IIi is −Xi/N , so

NDi + ti = −(Xi − ti) +N
(
tr IIremi − Ui(ϕi−1)

)
.

The terms (Xi − ti)
2, N2|IIremi |2, and β2i f2i occur in X . For the remaining term, choose mb < 1/4.

Then Li ≤ C and |d logLi|hi
≤ CAi|IIi|. Because the metrics increase during the sweep and

ϕi−1 = −
∑

j<i logLj , Cauchy–Schwarz gives∑
i

N2Ui(ϕi−1)
2 ≤ Cm2

∑
j

N2|IIj |2

≤ C ′m2

X +
∑
j

t2j

 .

For example, the first line follows by bounding |dϕi−1|hi−1
by C

∑
j<iAj |IIj |, squaring with

∑
j A

2
j =

m, and then summing the factor A2
i . Choosing mb small absorbs the last sum of t2j in (4.10). Since

m2 =

(∑
i

fiti

)2

≤ r
∑
i

t2i , ϵ2(1− r)2 ≤ C
(
ϵ2M2

0 +m2
)
,

fractions of the M2
0 ,EV 2

i ,X terms in ϵΠp control both required squares. The arbitrarily small errors
in the prescription contribute rδ′0. The term −4θ2m in (4.3) is −4l2m. This proves (4.9).

We now compare the right side of (4.9) with the required budget. When m ≥ mb, the first two
terms on the right of (4.8) are at most lϵ(m + 4r). The squares m2 + ϵ2(1 − r)2 dominate this
expression with a fixed fraction to spare after l is chosen small and then ϵb is decreased if needed.
One may check this separately for r ≤ 2, where m ≥ mb controls the constant part, and for r > 2,
where Young’s inequality controls ϵr by ϵ2(r − 1)2 and a sufficiently small fixed part of m2. The
term Cnϵl

2m is covered at the same time.
When m < mb, the identity Li = (1 − A2

i )
−1/2 gives Wp ≤ Cm. For r /∈ (1/2, 2), Young’s

inequality applied to lϵm(1 + r) again gives the required domination by the two squares, with l
small. For 1/2 < r < 2, the positive terms on the right of (4.8), together with the term Cnϵl

2m
from the coercivity estimate, are at most Cnlϵm. Here

Cnlϵm ≤ cn
2
m2 + C ′

nl
2ϵ2.

On this region re−2Wp/(n−1) has a dimensional positive lower bound. We may therefore choose Cb

dimensionally to cover the last term. These comparisons can be made strict by increasing Cb and
decreasing l, ϵb. They leave a positive multiple of l2ϵ2r in the middle region, and positive square
margins outside it; dividing the latter margins by r gives a positive lower bound for fixed l, ϵ. We
can consequently choose δ′0 small enough for the sweep. This proves (4.7).

The input map has a finite uniform energy bound in g. Thus for some positive, possibly input-
dependent ϵin small enough, Scalg = −1 ≥ −2 + ϵineg(F

in). Choose a dimensional ϵ∗ > 0 below ϵb,
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small enough that 2 + 2Cbϵ∗ < 4, and decrease ϵin further so that 0 < ϵin < ϵ∗. Iterate (4.7) until
the coefficient first reaches ϵ∗. The output coefficient is at most (1 + l)ϵ∗ ≤ 2ϵ∗, and∑

bootstrap sweeps

lϵ = ϵ0 − ϵin ≤ 2ϵ∗.

This bounds the total scalar cost by 2Cbϵ∗, independently of the number of sweeps. By (4.6), every
reset contracts the volume density. The final density ρ = dVh∗ therefore satisfies (4.4). The sweep
construction and finitely many smooth conformal changes preserve all the stated input-uniform
properties.

4.2 The entropy increment and its surplus

Fix ϵ∗ from Lemma 4.2. We now use the boost in Proposition 3.4, choosing its constant κ > 0
sufficiently small depending on this fixed threshold. All constants arising from the boost are
consequently dimensional. The increment estimate has a coarse region, where a fixed fraction of the
reserve remains after paying the budget, and a region near m = 0, r = 1, where the exact quadratic
coefficient will matter.

Lemma 4.3 (Entropy increment). There are dimensional constants m0 > 0, D∗ ≥ 1, l0 > 0, γn > 0,
and Cn <∞ with the following property. For ϵ ≥ ϵ∗, take a boosted sweep with

0 < l ≤ l0, θ = D∗l ≤ 1
16 , N2 = lϵ.

The errors can be chosen so that

S(h+, ϕ+)− (1 + l)ϵeh+(Y ) ≥ S(h0, ϕ0)− ϵeh0(F )

+ 2Wp − n log(1 + l)− Cnl
2 + Pp,

(4.11)

where the nonnegative, pointwise surplus is

Pp = γn
ϵ

rN2
Πp 1{m≥m0}∪ {|1−r|≥1/4}. (4.12)

In particular, on the indicated region Pp retains a fixed fraction of every positive term in the sweep
inequality.

Proof. The output energy bound in (4.2) shows that, in the units of Q, it suffices to prove

Q ≥ lm+ 2lrWp − nrl log(1 + l)− Cnrl
3 +

rN2

ϵ
Pp. (4.13)

The term lm pays for the additional lϵeh+(Y ). We choose δ0 ≤ ϵl3 in (4.3). It remains to compare
the other terms there with the budget in (4.13).

We use a trace identity for the amount of the new graph energy that remains in the final metric.
Set

mf :=
∑
i

A2
i (1− Ci) = N2

∑
i

|dfi|2h+
.

As matrices,
∑

iN
2dfi ⊗ dfi = h+ − h0. Hence

mf = n− tr(h−1
+ h0) ≤ n(1− e−2Wp/n). (4.14)
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The inequality is arithmetic–geometric mean applied to the positive eigenvalues of h−1
+ h0, whose

product is e−2Wp . We also have
Li = (1−A2

i )
−1/2. (4.15)

First choose a small dimensional m0 > 0, in particular m0 ≪ ϵ∗ and m0 < 1/4. We claim that

T0 + ϵM2
0 ≥ cn(m+ rWp) if m ≥ m0 or if m < m0, |1− r| ≥ 1

4 . (4.16)

For m ≥ 2n, the Ci terms of T0 give T0 ≥ m−mf ≥ m−n ≥ m/2. For m0 ≤ m ≤ 2n, first suppose
that every A2

i is at most a small number η = η(n,m0) > 0. Then

2Wp =
∑
i

− log(1−A2
i ) ≤ (1 + Cη)m.

By (4.14),
m−mf ≥ m− n

(
1− e−(1+Cη)m/n

)
≥ cnm.

For the last inequality, the same expression with η = 0 divided by m has a positive minimum on
[m0, 2n], and then η is chosen small. If instead some A2

i > η, the self term of that index in T0
is at least cn(r + ui). It gives a dimensional positive bound if r is bounded below. If r is small,
M0 = a(1 − r) − ū/2 is bounded away from zero unless ū lies in a fixed compact subinterval of
(0,∞). In the former case ϵM2

0 ≥ cnϵ∗. In the latter, ϵ = m/ū ≤ Cn and ui = A2
i /(ϵνi) ≥ cn, since

νi ≤ 1. Each bound controls m ≤ 2n. This proves the m part for m ≥ m0.
For the volume part, indices with Ai ≥ 1/4 satisfy

A2
i (Li − 1)2ar ≥ c r(Li − 1) ≥ c r logLi.

For all other indices, logLi ≤ CA2
i , so their contribution to rWp is at most Crm. If r ≤ 2, the

bound for m already covers this. If r > 2, then |M0| ≥ c(r + ū), and ϵM2
0 ≥ cϵrū = c rm. This

proves (4.16) when m ≥ m0. When m < m0, we have ū ≤ m0/ϵ∗ small and

Wp =
m

2
+O

(∑
i

A4
i

)
≤ Cm.

If |1 − r| ≥ 1/4, choosing m0 still smaller gives |M0| ≥ c|1 − r|. The quantity ϵ(1 − r)2 controls
m+ rm: for bounded r use ϵ ≥ ϵ∗ and m ≤ m0, and for r ≥ 2 use (1− r)2 ≥ r2/4. This proves the
claim in the remaining case.

On the region of (4.16), the positive reserve Πp consequently controls m+ rWp. The positive
terms lm+ 2lrWp in (4.13) use at most CnlΠp, and 4θ2m uses at most CnD

2
∗l

2Πp. For l sufficiently
small after D∗, a fixed fraction of Πp remains. Choose γn below that fraction. The error term rδ0/ϵ
is covered by Cnrl

3. This proves (4.13) on the region where the surplus is retained.
It remains to prove the budget when

m < m0, |1− r| < 1
4 . (4.17)

Here T0 ≥ cnm
2. Indeed, expanding the exponential in (4.14) and using Wp = m/2 + O(

∑
iA

4
i )

gives ∑
i

A2
iCi = m−mf ≥ cnm

2 − Cn

∑
i

A4
i

after decreasing m0. The self terms
∑

iA
2
i (Li − 1)2ar are at least cn

∑
iA

4
i , by r > 3/4 and

Li − 1 ≥ A2
i /2. Adding a sufficiently small fraction of the first estimate to the second proves
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T0 ≥ cnm
2. Since Wp ≤ Cm on this region, this controls the budget whenever m ≥ Kl, for a fixed

sufficiently large dimensional K. In making this conclusion, first fix K; after D∗ is chosen below,
take l small enough that 4D2

∗l
2m is also a small fraction of m2.

We are left with the critical regime m ≤ Kl, still under (4.17). Here Wp = m/2 +O(m2) and
3/4 < r < 5/4, so the budget expands as

lm+ 2lrWp − nrl log(1 + l) = 2lm− nl2 +On(l
3) +On(l

2)|r − 1|.

The target quadratic term is covered exactly by

m2

n
− 2lm+ nl2 =

(
m√
n
−
√
n l

)2

≥ 0.

We must therefore recover m2/n from T0, while paying the displayed r − 1 error and the errors in
that recovery. This is where the coefficient one on T0 in Πp is needed.

In particular eWp = 1 +O(m). Metric addition gives h0 ≤ hj ≤ h+ as quadratic forms. Every
eigenvalue of h−1

0 h+ is at least one, and their product is e2Wp . Each eigenvalue is therefore at most
that product, which proves the comparison

h0 ≤ hj ≤ h+ ≤ e2Wph0 = (1 +O(m))h0.

Normalize the directions ei in the h0 inner product and write the resulting unit vectors as ēi. Put
ξij = (ēi · ēj)2. Before approximating the metric losses, their exact earlier- and later-color telescopes
are

Bi =
∑
j<i

(Ndfj(ei))
2, Ci =

1

A2
i

∑
j>i

A2
j (Ndfi(ej))

2 (Ai > 0).

The first identity follows from hi−1 = h0 +N2
∑

j<i dfj ⊗ dfj and |ei|hi−1
= 1. The second follows

by telescoping the rank-one inverse formula

h−1
j = h−1

j−1 −A2
jeje

T
j

from hi to h+, and using N2|dfi|2hi
= A2

i . Now Ndfj = AjLje
♭
j , with the dual taken in hj−1. The

common metric comparison and Lj = 1 + O(m) show that each summand in the exact formulas
differs from its h0 expression by O(m)A2

j . Their sums therefore give, for Ai ̸= 0,

Bi =
∑
j<i

A2
jξij +O(m2), Ci =

∑
j>i

A2
jξij +O(m2). (4.18)

Inserting (4.18) into T0 yields

T0 ≥ tr

(∑
i

A2
i ēiē

T
i

)2
− Cn

(
m3 +m2|r − 1|+m

∑
i

A2
i (1− σi)+

)
. (4.19)

To see the leading coefficient, the Bi and Ci terms each give one copy of
∑

i<j A
2
iA

2
jξij . In the Bi

terms use 4a2 ≥ 1, Bi ≥ 0; replacing σi by one costs at most Cm
∑

iA
2
i (1− σi)+. The self terms

use Li − 1 ≥ A2
i /2 and 2a ≥ 1. They give

∑
iA

4
i , up to the displayed r − 1 and σi − 1 costs. The

errors in (4.18) sum to O(m3). This proves (4.19). The trace in that estimate is at least m2/n,
since the matrix is positive semidefinite with trace m.
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The last error in (4.19) is paid for by the centered squares. From a(σi − 1) = Vi − λ(ui − ū),
Cauchy–Schwarz and Young’s inequality give, for every fixed c′ > 0,

m
∑
i

A2
i (1− σi)+ ≤ CmϵE

[
ui(|Vi|+ |ui − ū|)

]
≤ c′ϵ

(
EV 2

i + θVaru
)
+ Cc′

m2

θ
ϵ(ū2 +Varu).

(4.20)

Choose c′ to use a small fraction of the squares in Πp. The coefficient of ϵVaru in the last term,
relative to θϵVaru, is at most Cc′K

2/D2
∗, because m ≤ Kl and θ = D∗l. Choose D∗ sufficiently

large after K so that this term is absorbed as well. The remaining term is

Cc′
m2

θ
ϵū2 = Cc′

m4

θϵ
= On(l

3).

Here ϵ ≥ ϵ∗, and K,D∗, ϵ∗ are already fixed dimensionally. Also

|r − 1| ≤ C(|M0|+ ū).

Consequently a term On(l
2)|r − 1| is bounded by a small fraction of ϵM2

0 plus On(l
3): use Young’s

inequality on l2|M0|, and use ū ≤ Kl/ϵ∗ on the other part. The errors m3, m2|r − 1|, and 4D2
∗l

2m
in the present region are therefore covered with a remaining error On(l

3).
The just established mean-square estimate also covers the On(l

2)|r − 1| term in the critical
budget. The recovered m2/n then covers 2lm− nl2 by the displayed square. Since r is bounded
above and below, the remaining On(l

3) terms are of the form Cnrl
3. This proves (4.13) in (4.17).

The choices just made have a definite order: first m0 after ϵ∗, then K, then D∗, and finally
l0 > 0 small enough for all the comparisons and for D∗l0 ≤ 1/16. The errors in each sweep are
chosen afterward. Thus every constant in (4.11) is dimensional.

Lemma 4.4 (Bounds supplied by the surplus). For every sweep of Lemma 4.3,

Wp ≤ Cnϵ
1/4(ϵ+ Pp)

3/4. (4.21)

There is also a dimensional ϵexit such that, if ϵ ≥ ϵexit and r ≤ 1/4, then

Pp ≥ cn
ϵ

lr

(
1 +

m2

ϵ2

)
,∑

i

(
D2

i + |IIi|2 + |d logLi|2hi

)
≤ Cn

Pp

θ
.

(4.22)

The errors in the prescription may simultaneously be chosen to have
∑

i |erri|2 ≤ 1.

Proof. If ū = m/ϵ is larger than a fixed dimensional number, then m ≥ m0, so the surplus retains
the mean square and boost. Since |M0| ≥ c(r + ū) in this range and l ≤ 1,

Pp ≥ cnϵ
(r + ū)2 + c∗r

61{r≥C∗}

r
≥ c′nϵū

5/3.

For the last inequality, if r ≤ ū1/3 use ū2/r; if r ≥ ū1/3 use r5, taking the threshold for ū large
enough that ū1/3 ≥ C∗. It follows in all cases that

m ≤ Cnϵ(1 + Pp/ϵ)
3/5. (4.23)
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If any Ai > 1/2, then m > 1/4 > m0, and the self terms in T0 give

Pp ≥ cn
∑

Ai>1/2

(Li − 1).

Indeed their contribution to T0 is at least cr
∑

Ai>1/2(Li − 1), and ϵ/(rN2) = 1/(lr) ≥ 1/r. For

Ai ≤ 1/2, logLi ≤ CA2
i . There are at most 4m indices with Ai > 1/2. Concavity of log(1 + s) on

those indices, together with the last estimate, therefore gives

Wp ≤ Cnm
(
1 + log(1 + Pp/m)

)
(4.24)

when m > 0; when m = 0, Wp = 0. To justify the bound when the number of those indices is smaller
than 4m, use that s log(1 + b/s) is increasing in s > 0. Put x = m/ϵ, y = Pp/ϵ. The elementary
bound 1 + log(1 + t) ≤ C(1 + t)1/4 for t ≥ 0, applied with t = y/x, makes the right side of (4.24),
divided by ϵ, at most

Cnx
3/4(x+ y)1/4 ≤ Cn(1 + y)7/10 ≤ Cn(1 + y)3/4,

where (4.23) was used in the middle inequality. This proves (4.21).
Now suppose r ≤ 1/4. The surplus retains all positive terms because |1− r| ≥ 3/4. Outside a

fixed compact subinterval of ū ∈ (0,∞), the expression M0 = a(1− r)− ū/2 satisfies M2
0 ≥ c(1+ ū2).

On that compact interval, for ϵ sufficiently large,

T0 ≥ m−mf ≥ ϵū− n ≥ cnϵ(1 + ū2)

by (4.14). Multiplying the appropriate retained term by γn/(lr) proves the first inequality in (4.22).
For the second, the retained derivative terms imply

X ≤ CnN
2Pp,

ϵ2

rN2

(
EV 2

i + θVaru
)
≤ CnPp. (4.25)

Also ∑
i

t2i =
ϵ2

r
(ū2 +Varu).

The first inequality of (4.22) controls the ū2 part of this sum divided by N2, and the variance term
in (4.25) controls the other part with a factor 1/θ. Thus

∑
i t

2
i /N

2 ≤ CnPp/θ. Since X contains
(Xi − ti)

2 +N2|IIremi |2 +N2|d logLi|2, this proves the claimed bounds for IIi and d logLi.
For Di, use

ND0
i =

ϵfi
r

(
a(σi − r) +

ui
2

)
, Eσ2i ≤ C

(
1 + EV 2

i +Varu
)
.

Here the second inequality follows by solving the definition of Vi for σi − 1. Since r ≤ 1/4,

∑
i

(D0
i )

2 ≤ Cϵ2

rN2

(
1 + ū2 + EV 2

i +Varu
)
≤ CnPp/θ.

The relation NDi = ND0
i − βifi + erri finishes the estimate:

∑
i β

2
i f

2
i ≤ X , and we choose∑

i |erri|2 ≤ 1. Its contribution 1/N2 is bounded by CnPp using the first inequality of (4.22), ϵ ≥ 1,
and r ≤ 1/4.
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4.3 Accumulation and an absolute gradient bound

The step size has two jobs: the scalar losses On(l
2) must be summable, and the number of support

enlargements before reaching E must grow at most cubically in logE. Since one sweep changes
log(1 + ϵ) by a quantity comparable to l, we take

l(ϵ) =
l∗

(1 + log(1 + ϵ))2
, (4.26)

where the dimensional l∗ > 0 is chosen below l0 from Lemma 4.3. Thus all the parameter choices in
that lemma, including θ = D∗l, apply.

The fixed exponents in the next two lemmas leave room, respectively, for the number of sweeps,
the conformal scalar cost, the outgoing volume estimate, and the final gradient target:

0.26 = 1
4 + 0.01, 0.26 + 0.04 <

1 + 0.32

4
, 0.26 + 3

4(0.04) < 0.32, 0.02 > 1
100 .

The estimates below show how each margin is used.

Lemma 4.5 (Accumulation of entropy passes). Suppose at parameter ϵin ≥ ϵ∗ that

S(h, ϕ) ≥ −C + 2W − n log ϵin + ϵineh(F ) + Pin, W = log(dVh/ρ) ≥ 0, Pin ≥ 0.

Successive sweeps of Lemma 4.3, with ϵnew = (1+ l(ϵ))ϵ, preserve this form of inequality: at the final
parameter E the surplus is P = Pin +

∑
p Pp, the volume logarithm is Wnew =W +

∑
pWp, and the

increase of the scalar constant is Cn
∑

p l(ϵp)
2. Along the entire increasing sequence of parameters,∑

p

l(ϵp)
2 ≤ Cn, #{p : ϵp < E} ≤ Cn(1 + log3(1 + E)). (4.27)

If the initial volume logarithm is zero, then, for all sufficiently large dimensional E,

Wnew ≤ E0.26(E + P )0.75. (4.28)

The same assertion holds if the initial data have parameter E0, surplus P0, and

W ≤ E0.32
0 (E0 + P0)

0.75,

provided E ≥ E0 is sufficiently large dimensionally and E0.32
0 ≤ 1

2E
0.26.

Proof. The accumulation assertion follows by adding (4.11). The energy coefficients telescope
multiplicatively, and

∑
p log(1 + l(ϵp)) = log(E/ϵin). The density identity in (4.2) gives the sum of

the Wp.
Put tp = log(1 + ϵp). Since ϵp ≥ ϵ∗ > 0 and l∗ is fixed small,

tp+1 − tp = log

(
1 + l(ϵp)

ϵp
1 + ϵp

)
≍n l(ϵp) =

l∗
(1 + tp)2

.

Comparison with the integrals of (1 + t)2 and (1 + t)−2 respectively proves the number bound and∑
p

l(ϵp)
2 ≤ Cnl∗

∫ ∞

t0

dt

(1 + t)2
≤ Cn.
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The comparison is valid on each interval [tp, tp+1], since its endpoints differ by a uniformly bounded
small number.

Let k be the number of sweeps in the group under consideration. By Lemma 4.4, since ϵp ≤ E
and Pp ≤ P , ∑

p

Wp ≤ CnkE
1/4(E + P )3/4.

For all sufficiently large E, Cnk ≤ 1
2E

0.01 by (4.27). This proves (4.28) for zero initial volume
logarithm. In the other case P ≥ P0 and E ≥ E0, so the initial term is at most E0.32

0 (E + P )0.75.
The stated condition on E0 pays for this with the other half of E0.26(E + P )0.75.

Call a finite group of these sweeps a phase. There is no conformal change inside a phase. Each
sweep adds the nonnegative tensor in (3.30); hence, if h0 is its starting metric and h+ its final
metric, the successive metrics and their inverses satisfy

h0 ≤ h(1) ≤ · · · ≤ h+, (h+)
−1 ≤ · · · ≤ (h(1))−1 ≤ (h0)−1.

In particular, the starting metric is an admissible reference metric for every sweep in the phase, and
eh+(Y

0) ≤ eh0(Y 0) for its starting map Y 0.
We now finish a phase with an absolute gradient bound. Normalizing the last bumps alone

divides by
√
r, which can make the gradient large where r is small. We first keep a small copy of

the starting map in the normalization; its gradient is controlled by the preceding metric comparison.
A conformal enlargement confined to the small-r region then reduces the remaining gradient there,
and the last sweep’s surplus pays its cost.

Lemma 4.6 (Exit from a phase). Consider a phase starting with root map Y 0 and metric h0, and
let K0 be a finite uniform bound for eh0(Y 0)1/2. Suppose its last sweep has input parameter ϵ, output
parameter E = (1 + l(ϵ))ϵ, and output (h+, ϕ+, Y ). Suppose, with C ≥ 0 and P ≥ Pp including the
surplus from that last sweep, that

S(h+, ϕ+) ≥ −C + 2W − n logE + Eeh+(Y ) + P,

W = log(dVh+/ρ) ≥ 0, W ≤ E0.26(E + P )0.75.
(4.29)

If E is sufficiently large in terms of n,K0, there are a metric ĥ, a weight ϕ̂, and a root map Z on
two copies of the labels such that

S(ĥ, ϕ̂) ≥ −(C + Cn) + 2Ŵ − n logE + Ee
ĥ
(Z) + P ′,

Ŵ = log(dV
ĥ
/ρ) ≥ 0, Ŵ ≤ E0.32(E + P ′)0.75,

e
ĥ
(Z)1/2 ≤ E−1/100.

(4.30)

Here P ′ ≥ 0, and the added scalar cost Cn is independent of K0 and of all other instance constants.
The changes preserve the uniform smoothness and support properties of Theorem 4.1.

Proof. In this proof all derivatives, unless otherwise indicated, use h+. Write r =
∑

i f
2
i for the last

sweep, set s =
√
r, and put

cE =
1√

E(1 +K0)
, Z =

(f, cEY
0)√

r + c2E

.
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The two vectors in the numerator use disjoint copies of the labels. The map is a smooth root
probability map because its denominator is at least cE > 0. Writing the copies as (i, 0) and (i, 1),
we call i their common parent label at the start of the phase; the sweeps within the phase do not
change the label set. The first copy is supported on the last bumps and the second on the starting
map. This parent assignment will be used to compare support overlaps between phases. By (4.14),

N2
∑
i

|dfi|2h+
= mf ≤ n, |ds|2h+

≤ n/N2.

Monotonicity of the phase metrics also gives eh+(Y
0) ≤ K2

0 .
Since Y and Y 0 are unit vectors in orthogonal spaces, their derivatives are perpendicular to

their respective vectors. Differentiating Z = (sY, cEY
0)/
√
s2 + c2E thus gives the exact identity

e(Z) =
r

r + c2E
e(Y ) +

c2E
r + c2E

e(Y 0) +
c2E

(r + c2E)
2
|ds|2.

For r ≥ 1/4, it follows that

E(e(Z)− e(Y )) ≤
Ec2EK

2
0

r + c2E
+

Ec2En

N2(r + c2E)
2
≤ 4 +

16n

N2
≤ Cn

when E is large, since N2 = lϵ tends to infinity under (4.26). For r ≤ 1/4, the norm of the derivative

of normalization is at most 1/
√
r + c2E , so

e(Z) ≤
n/N2 + c2EK

2
0

r + c2E
. (4.31)

The first inequality of (4.22) now implies

Ee(Z) ≤ Cn

l(r + c2E)
≤ Cn

ϵ
Pp.

Thus replacing Y by Z in (4.29) costs a dimensional constant on {r ≥ 1/4} and an arbitrarily small
fraction of Pp on {r ≤ 1/4}, once E is dimensionally large. In particular, no factor K0 occurs in
this scalar cost.

Choose a smooth function u = u(r) ≥ 0, supported in {r ≤ E−0.32}, with

eu ≍ min
(
E0.02,max(1, E−0.16/

√
r)
)
,

∣∣∣∣dudr
∣∣∣∣ ≤ C

r
. (4.32)

For example, smooth, with bounded-width transitions on the logarithmic scale, the function obtained
by truncating −1

2 log r−0.16 logE to the interval [0, 0.02 logE]. The smoothing may vanish whenever
the untruncated function is nonpositive, and changes its value by a bounded amount; this gives
both the support assertion and the comparison in (4.32). Define

ĥ = e2uh+, ϕ̂ = ϕ+ − (n− 1)u, Ŵ =W + nu.

In particular dV
ĥ
= enudVh+ , so this is the claimed volume logarithm. Differentiating r gives

|dr| ≤ 2
√
r

(∑
i

|dfi|2
)1/2

≤ 2
√
nr

N
, |du| ≤ Cn

N
√
r
.
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The coefficient n− 1 in the new weight cancels the Laplacian of u in the weighted conformal formula.
With b = ∇h+ϕ+, that formula is

S(ĥ, ϕ̂) = e−2u
[
S(h+, ϕ+) + 2b(u)− (n− 1)|du|2

]
. (4.33)

With the fixed density ρ, a graph sweep changes W by +Wp and ϕ by −Wp, so it preserves
ϕ+W . The present exit instead satisfies

ϕ̂+ Ŵ = ϕ+ +W + u.

Thus after an exit W need not equal −ϕ, and its volume bound supplies no bound for the gradient of
the weight. We need a bound on b(u) which uses no bound on the size of b. It is enough to estimate
this on the support of u, which lies in {r ≤ 1/4} for large E. At such a point view all the graphs of

the last sweep in the common Euclidean extension of (TxM̃, h0) by their graph directions, one for
each active color at that point. Write ni for the successive unit normals. They are orthonormal: a
later normal lies in the preceding graph plus its new vertical direction and is perpendicular to every
earlier normal. In this space, each gradient is embedded through its graph and padded by zero in
the unused later directions. Writing bi for the embedded gradient of ϕi, orthogonal projection to
the new graph gives the exact recurrence

bi = bi−1 − ⟨bi−1,ni⟩ni −∇hi
logLi,

where the last gradient is embedded in the same space. The normal coefficient is ⟨bi−1,ni⟩ =
−Ui(ϕi−1), and its magnitude satisfies

|Ui(ϕi−1)| ≤ |Di|+
√
n |IIi|,

because Di = tr IIi − Ui(ϕi−1). By orthonormality and (4.22), the norm of the sum of these normal
corrections is at most Cn

√
Pp/θ.

For the subtracted tangent gradients, split the indices according as Ai ≤ 1/2 or Ai > 1/2. In
the first set |d logLi| ≤ CAi|IIi|; in the second there are at most 4m indices. Cauchy–Schwarz and
(4.22) consequently bound the sum of their norms by Cn

√
mPp/θ. The final tangent embedding

sends a vector v to (v, (Ndfi(v))i). Summing the recurrence, the initial gradient has no vertical
component in this common extension, while the vertical component of the final gradient is (Ndfi(b))i.
The normal and tangent bounds therefore prove∑

i

(Ndfi(b))
2 ≤ Cn(1 +m)Pp/θ.

It follows that

|b(u)| ≤ C

r
|b(r)| ≤ Cn

(
(1 +m)Pp

θN2r

)1/2

≤ CnPp√
θE

.

For the last inequality use E ≍ ϵ, N2 = lϵ, and

Pp ≥
cn
lr

(
ϵ+

m2

ϵ

)
≥ c′n(1 +m)

lr

for ϵ ≥ 1. The same first surplus bound gives

|du|2 ≤ Cn

N2r
≤ CnPp

E2
. (4.34)
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All these estimates are only needed where u ̸= 0, a subset of {r ≤ 1/4} for large E. Since
θE ≍n E/(1 + logE)2 tends to infinity, the two derivative terms in (4.33) cost an arbitrarily small
fraction of Pp.

There is enough surplus on this region also for the change in the entropy term. From r ≤ E−0.32

and (4.22),
P ≥ Pp ≥ cnE

1.32.

Using (4.29) and e2u ≤ CE0.04, we obtain there

e2uW

P
≤ CnE

0.04+0.26P−0.25 ≤ CnE
−0.03,

e2unu

P
≤ CnE

−1.28 logE. (4.35)

In the first bound we used E + P ≤ CnP , valid for large E on this region. Both quantities tend to
zero with dimensional constants.

We now assemble these estimates. After replacing Y by Z, write the retained surplus as αnP ,
where αn > 0 is fixed dimensionally. Put Bu = 2|b(u)|+ (n− 1)|du|2. Substituting in (4.33) and
moving the new entropy term to the left gives

S(ĥ, ϕ̂)− Ee
ĥ
(Z)− 2(W + nu) + n logE

≥ −(C + Cn) + e−2u
[
αnP −Bu − 2(e2u − 1)W − 2nue2u

]
+ (1− e−2u)n logE.

We used e−2u(C + Cn) ≤ C + Cn. The last term is nonnegative for E ≥ 1. Equations (4.34) and
(4.35) leave at least a fixed fraction of P in the bracket on the support of u; off that support the
volume and derivative costs vanish. We may thus set

P ′ = α′
ne

−2uP

for a fixed α′
n > 0, proving the scalar inequality in (4.30). The only scalar constant charged was the

dimensional replacement cost.
The volume estimate at exit follows as well. Since P ≤ Cne

2uP ′ ≤ CnE
0.04P ′ and nu ≤ Cn logE,

Ŵ ≤ CnE
0.26+0.04(0.75)(E + P ′)0.75 + Cn logE ≤ E0.32(E + P ′)0.75

for all sufficiently large dimensional E.
Finally, (4.31) and the conformal scaling of energy give

e
ĥ
(Z)1/2 ≤ e−u

√
n/N + cEK0√

r + c2E

.

The choice (4.32) implies
e−u√
r + c2E

≤ C

(
E−0.02

cE
+ E0.16

)
.

Using
√
E/N ≤ Cn(1 + logE), cEK0 ≤ E−1/2, and N ≤

√
E, we conclude that

e
ĥ
(Z)1/2 ≤ Cn

(
(1 +K0)(1 + logE)

E0.02
+
E0.16

N

)
. (4.36)

The first summand is o(E−0.01) for fixed K0; the second is On((1 + logE)E−0.34). Taking E large
enough in terms of n,K0 proves the final inequality in (4.30). The functions u and the normalizing
denominator are smooth with finite bounds in each fixed construction. The supports of Z are
those of the last bumps and of Y 0. Thus the asserted uniformity and compact support properties
persist.
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4.4 A fixed graph and the final parameter choice

Proof of Theorem 4.1. Fix parameters H,A,B for the prescribed elementary bound and set J =
H + 2. This number of phases is fixed before any phase target is chosen. The first target will be
chosen after the bootstrap data and their uniform constants have been fixed; the estimates below
hold for every sufficiently large choice of that target.

Apply Lemma 4.2. At its output W = log(dVh∗/ρ) = 0, ϕ = 0, and ϵ0 ∈ [ϵ∗, 2ϵ∗]. Increasing a
dimensional constant once, (4.4) has the form

S(h∗, 0) ≥ −Cn + 2W − n log ϵ0 + ϵ0eh∗(F∗),

because ϵ0 ranges in a fixed dimensional interval. We use the schedule (4.26) from now on. The bound
(4.27) applies to the entire increasing sequence of energy coefficients, even when it is partitioned
into phases.

Choose a large first target and run the first phase until the parameter first reaches it; call the
actual output parameter E1. The overshoot is at most a factor 1 + l∗. In every sweep of this phase
use h∗ as the reference metric. The possible support enlargement per sweep, including its separation
buffers, has a dimensional radius in this reference metric by Proposition 3.4. The total radius is
therefore at most Cn(1 + log3(1 + E1)).

We record a bound for a single fixed graph sufficient for every coloring in this phase and for
all cooccurrences at its exit. All data before the choice of the first target, including h∗ and its
uniform comparison with g, have already been fixed. The lifted metric h∗ is at least a positive
input-dependent multiple of g. For a fixed finite generating set of Γ, cocompactness implies that
word length is bounded above by an affine input-dependent function of lifted g-distance between
translates of fixed compact fundamental sets. For instance, subdividing a curve into bounded length
pieces and following the finitely many translates meeting successive covering sets gives this bound.
The number of group elements of word length at most L is at most exponential in L. It follows that
the graph joining every pair of labels whose possible enlarged supports in the first phase meet, or
come within a required buffer, has degree at most

∆1 + 1 ≤ exp
(
Cinst(1 + logE1)

3
)
. (4.37)

Here Cinst is finite and fixed before the first target is chosen. It includes the initial number of label
orbits and the compact support bounds. The two copies of labels used at exit and their possible
cooccurrences change this bound only by a fixed factor, which is absorbed in Cinst.

Take E1 sufficiently large for Lemma 4.5 and Lemma 4.6; in the latter the initial K0 is the finite
input-dependent gradient bound of F∗. We now have the scalar inequality, the volume bound with
exponent 0.32, and the absolute gradient bound at E1. Denote the exit metric, map, and fixed
cooccurrence graph by h1, F1,G1.

We next isolate how a small gradient controls the graph in a later phase. Suppose a phase
starts with metric hj , root map Fj with ehj

(Fj)
1/2 ≤ K, and a fixed graph Gj containing all its

possible cooccurrences. Let R bound the following pairwise distance: whenever two possible enlarged
supports meet or come close enough to require separation by a buffer, there are points x, y in the
old nonzero supports of their respective parent labels with disthj

(x, y) ≤ R. If a closure is involved,
allow an arbitrarily small additional distance. Suppose

KR <
√
2.

Choosing the additional distance small enough, the gradient bound gives

∥Fj(x)− Fj(y)∥ℓ2 ≤ K disthj
(x, y) <

√
2.
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Two nonnegative unit vectors with disjoint supports have distance exactly
√
2. Thus Fj(x) and

Fj(y) share a nonzero label, say k. The first parent and k cooccur at x, and the second parent
and k cooccur at y. The two parents are therefore at graph distance at most two in Gj . This
argument applies separately at each transverse parameter; because Gj already contains all possible
cooccurrences, the conclusion holds in that one fixed graph.

After an exit at Ej , we choose a target that both meets this overlap condition and grows by one
exponential level:

Tj+1 = exp(E
1/1000
j ), (4.38)

and call the first parameter reaching it Ej+1. Thus

Tj+1 ≤ Ej+1 ≤ (1 + l∗)Tj+1.

The choice 1/1000 leaves the strict inequality 3/1000 < 1/100: the cubic logarithmic cost of support
enlargement will be smaller than the gain from the preceding gradient bound. For large Ej this
target satisfies E0.32

j ≤ 1
2E

0.26
j+1 . The outgoing bound with exponent 0.32 from phase j and Lemma 4.5

therefore give the bound with exponent 0.26 before the next exit. The next initial gradient bound

is K0 ≤ E
−1/100
j ≤ 1, so all further thresholds for Lemma 4.6 are dimensional. Increasing the first

target once ensures these conclusions in every one of a prescribed finite number of phases.
Use hj , the starting metric, as the reference metric in phase j + 1. Let Rj+1 bound the pairwise

old-support distance in the preceding argument, including both support enlargement radii and all
separation buffers. The number of sweeps gives

Rj+1 ≤ Cn(1 + log3Ej+1) ≤ CnE
3/1000
j .

Consequently

Rj+1E
−1/100
j ≤ CnE

−7/1000
j −→ 0. (4.39)

For large Ej , the overlap condition therefore holds with K = E
−1/100
j . For every relevant pair the

preceding estimate becomes

∥Fj(x)− Fj(y)∥ℓ2 ≤ E
−1/100
j disthj

(x, y) <
√
2.

This uses only the starting metric of the phase, without a comparison constant between that metric
and g.

It follows that every separation graph needed in phase j + 1 is contained in the square G2
j , after

identifying labels with their parents at the start of the phase. At exit there are two copies of each
parent. Joining two such copies whenever their parents are equal or at distance at most two gives a
fixed graph Gj+1 containing all new cooccurrences. If ∆j is the degree of Gj , this construction gives

∆j+1 + 1 ≤ 2(∆j + 1)2. (4.40)

It also doubles the number of label orbits. The preliminary coloring construction applies to these
graphs before each sweep. All analytic support and chart bounds in the resulting finite construction
remain finite for the input, even though they need not satisfy a useful quantitative bound. They do
not enter (4.40).

After J phases, apply the coloring argument to G2
J , whose maximum degree is at most ∆2

J . Take
q to be the maximum of its degree plus one, the number of label orbits, and n+ 1. Equations (4.37)
and (4.40) imply

log q ≤ Cinst,J,n(1 + logE1)
3. (4.41)
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For fixed J, n the coefficient here is fixed before E1 is chosen. The graph GJ and this coloring have
exactly the properties asserted in the theorem.

It remains to make the first target large enough for the already fixed J = H + 2. Let B(q) ≤
exp[H](B(1 + q)A) be the prescribed elementary bound. Equation (4.41) implies

B(q) ≤ exp[H+1]
(
C ′
inst,J,n,A,B(1 + logE1)

3
)

for large E1. On the other hand, the recurrence (4.38) gives, for each fixed J ≥ 2,

EJ ≥ exp[J−1]
(
cJE

1/1000
1

)
(4.42)

for some cJ > 0 and all sufficiently large E1. One proves this by induction: raising a fixed-height
exponential tower with argument ct to the power 1/1000 still dominates a tower of the same height
with argument c′t, for some c′ > 0 and all large t; the next application of exp adds a level. For
height one this follows from (ect)1/1000 = ect/1000; for higher heights, reducing the bottom argument
by any fixed factor absorbs the fixed outer multiplicative factor. This proves the induction.

With the already chosen J = H + 2, the tower heights on the two sides are now the same, and

cJE
1/1000
1 > C ′

inst,J,n,A,B(1 + logE1)
3

for all sufficiently large E1. Thus EJ > B(q). We may choose the first target still larger to have
EJ > Emin, to satisfy the initial gradient threshold involving K0, and to meet all dimensional
thresholds used above. These choices affect only the size of the final parameter and the finite
uniform bounds of the output objects.

Finally we account for the scalar constant. The bootstrap charges at most 2Cbϵ∗, independently
of its input-dependent number of sweeps. The initial logarithmic normalization has a dimensional
cost because ϵ0 ∈ [ϵ∗, 2ϵ∗]. All entropy sweep losses together are bounded by Cn

∑
l2 ≤ Cn. Each

exit charges at most Cn, and their number J = H + 2 depends only on the prescribed elementary
function and n. The input gradient bound K0, the initial small ϵin, the compact support radii, and
all metric and elliptic bounds occur only in the choices of the first target, graphs, and arbitrarily
small analytic errors. None contributes to the scalar constant. Discard the final nonnegative surplus
P ′; the remaining inequality is (4.1) with C = C(n,B).

The density ρ has been unchanged since the bootstrap, so ρ ≤ dVg. The volume logarithm starts
at zero and only increases by Wp ≥ 0 and nu ≥ 0. Finitely many sweeps and exits preserve the
asserted smoothness, uniformity, compact supports, and finite number of free label orbits. The
transverse spaces were enlarged only by the probability products used for the colorings, and the
sweep constructions are Borel on these spaces by Proposition 3.4. This proves all the conclusions.

5 A measured degree estimate

This section bounds the degree of a map from a measured family of Riemannian manifolds to a cube.
Its integrand combines the weighted scalar quantity with a separate allowance for each coordinate
gradient. The conclusion involves ordinary Riemannian volume, integrated also in the transverse
direction. The family need not consist of complete manifolds, and its degree need not be an integer.
We first specify the control at the sides of the cube that makes this statement, and the integrations
in its proof, well defined.
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5.1 Measured bands and degree

We use the following model of a measured space of leaf manifolds. The underlying space X is
standard Borel and has a countable collection of flow boxes

κa : Ta ×Qa −→ X,

whose images cover X and which are Borel isomorphisms onto their images. Here Qa is an open
box in Rd, Ta is standard Borel, and Ta carries a σ-finite measure µa. The plaques κa({t} ×Qa) fit
together as oriented smooth d-manifolds, each Hausdorff and second countable, and each plaque is
open in its leaf. The overlap of two boxes is a countable union of pieces on which the change of
transverse coordinate is a Borel bijection between Borel subsets, preserves the transverse measures,
and the change of leaf coordinate is a smooth orientation-preserving diffeomorphism on open sets,
depending Borel measurably on the transverse coordinate. All functions and tensor fields below are
Borel in the boxes and smooth on plaques. This convention also applies to an open subset along the
leaves, whose leaves are the connected components of that subset.

The measures dµa(t) dVh in the boxes define a single measured Riemannian volume, denoted
simply by dVh. The same convention, with leafwise area in place of volume, defines dAh on regular
submanifolds. One may partition among countably many boxes to define either integral; the equality
on overlaps follows from invariance of the transverse measures. From a plaque, all plaques on its
leaf have a countable Borel enumeration, obtained by following finite strings of overlap maps. In
particular the saturation of a transverse null set is still null in every transversal. We shall discard
such saturations when an assertion holds on almost all plaques.

For t > 0 write Qd
t = (−t, t)d; in dimension zero this denotes one point. We write |G|∞ =

maxi |Gi|, with the empty maximum interpreted as zero.

Definition 5.1 (Controlled measured band). Let T > 0. A controlled measured d-band over Qd
T

consists of a measured space of oriented d-manifolds as above, a leafwise metric h, a function ϕ,
and a map G = (G1, . . . , Gd) : X → Qd

T . For every 0 < t < T the part {|G|∞ ≤ t} has a countable
flow-box cover with the following properties.

1. The boxes have one common positive size and fixed positive buffers: their smaller concentric
boxes cover the indicated part. They can be chosen inside {|G|∞ < t′} for some t < t′ < T .
After rescaling coordinates we may, and do, call them unit boxes with buffers.

2. In these boxes the coefficients of h and h−1 and all their leafwise coordinate derivatives are
bounded by constants common to the cover. The same holds for all derivatives of G and for
all positive-order derivatives of ϕ. No bound on the value of ϕ is required.

3. The sum of the measures of the transversals of this cover is finite. There is a common bound
on the number of plaques of the cover whose buffered boxes meet any one plaque of the cover.

The cover and every bound in this definition may depend on t and on the given band. The leaves
are not assumed complete, and G is not assumed proper.

For d ≥ 1, the stated control implies the version of Stokes’ theorem used here. To see this, choose
a smooth cutoff in each buffered box which is one on its inner box. Dividing the cutoffs by their
sum gives a leafwise smooth, Borel partition of unity on a slightly smaller inner band. The overlap
bound makes the sum locally finite and bounds all its derivatives. The metric and inverse-metric
bounds give uniform bounds for these derivatives in geometric norms. Consequently, for a leafwise
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smooth (d− 1)-form η supported over a compact subcube, with η and dη uniformly bounded there,
chartwise Stokes and Fubini give ∫

X
dη = 0. (5.1)

Indeed, each cutoff multiple of η is compactly supported in its plaque, and the sum of the absolute
integrals is bounded by a constant times the sum of the transverse measures. The terms differentiating
the partition cancel because its sum is one. The same argument gives measured Stokes for leafwise
currents with uniform local mass and boundary-mass bounds in those boxes: apply the current
identity in each plaque to the cutoff multiple of a test form and then sum. This includes test forms
whose pullbacks have noncompact support in a leaf. We will always verify the indicated local bounds
before using current Stokes.

If ω is a smooth, compactly supported d-form on Qd
T with

∫
Qd

T
ω = 1, define

DX(G) =

∫
X
G∗ω. (5.2)

The integral is absolute: its support lies in an inner band, the derivatives of G there are bounded,
and that band has finite measured volume. For d ≥ 1, a compactly supported top form on a cube of
integral zero has a compactly supported primitive. Applying (5.1) to the pullback of this primitive
shows that (5.2) is independent of ω. This is the measured degree, with the usual signed orientation
convention. For d = 0 it means the measured signed count of the oriented points. We abbreviate it
to D when the band and map are understood.

Theorem 5.2 (Measured degree estimate). There are absolute constants C0, C1 > 0 with the
following property. Let q ≥ 2, let d be an integer with 0 ≤ d ≤ q, and let τ > 0. For 0 ≤ r ≤ d set

Tr = 2τ +
rτ

q
, br = τ

(
1 +

1

2q
+

r

4q2

)
. (5.3)

Suppose (X,h, ϕ,G) is a controlled measured d-band over Qd
Td

in the sense of Definition 5.1. Let
B ≥ 1 and L1, . . . , Ld > 0. Suppose throughout X that

Li|dGi|h ≤ B − d

q
(1 ≤ i ≤ d), (5.4)

and suppose that
C0(1 +B)2/3

Li
<

τ

10q
(1 ≤ i ≤ d). (5.5)

Define Hi(G) = 2(Li|dGi|h − 1)+. Then

|DX(G)|(2τ)d ≤ exp(C1d/q)∏d
i=1 Li

∫
{|G|∞<bd}

exp

(
−S(h, ϕ) +

∑d
i=1Hi(G)

2

)
dVh. (5.6)

For d = 0 the product is one, the sum is zero, and S(h, ϕ) = 0; the assertion is the bound of a signed
count by the unsigned count.

The proof removes one coordinate at a time. For r ≥ 1, the gaps Tr − Tr−1 = τ/q and
br − br−1 = τ/(4q2) supply, respectively, chart buffers and room for the residual value error when
locating the integration core, while the permitted scaled gradient of each retained coordinate
increases by 1/q. A family of boundaries ordered by a real parameter supplies the factor 2τ on the
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left. Its normal speed supplies the coarea factor on the right. In dimensions where the boundaries
can be singular we will construct a regular band of the same degree; a scalar gain will pay exactly for
the volume of the graphs used to construct it. The following formulation separates that construction
from the final induction.

Lemma 5.3 (One step of measured descent). Assume the hypotheses of Theorem 5.2 with d ≥ 1,
put p = d− 1, and put

Θ = exp

(
−S(h, ϕ) +

∑d
i=1Hi(G)

2

)
.

There is a Borel family of oriented regular hypersurface portions Σs in the leaves, −τ < s < τ , and,
for almost every s, a positive function vs on Σs, smooth along it and Borel in its charts, with the
following properties. Transverse null subsets and their saturations may be removed for each such s.

1. For every nonnegative Borel function F supported in {|G|∞ < bd},∫ τ

−τ
ds

∫
Σs

vsF dAh ≤
∫
X
F dVh. (5.7)

2. For each such s there is a controlled measured p-band (X+
s , h

+
s , ϕ

+
s , J

+
s ) over Qp

Tp
of degree

DX(G). Its coordinates are indexed by j = 2, . . . , d and satisfy

Lj |dJ+
s,j |h+

s
≤ B − p

q
.

With H+
j = 2(Lj |dJ+

s,j |h+
s
− 1)+, there is an absolute constant C∗ > 0 such that∫

{|J+
s |∞<bp}

exp

(
−S(h+s , ϕ+s ) +

∑d
j=2H

+
j

2

)
dVh+

s

≤ eC∗/q

L1

∫
Σs∩{|G|∞<bd}

vsΘ dAh.

(5.8)

In dimension p = 0 the left side is the measured unsigned count.

The child in the second assertion may be chosen separately for each typical s; no measurability of
those choices in s is asserted or needed.

5.2 An ordered family of boundaries

We prove Lemma 5.3 in this and the next two subsections. Fix intermediate widths

Tp < t1 < t2 < t3 < t4 < Td. (5.9)

Whenever a chart buffer is needed, choose further intermediate widths between these. The width t4
controls confinement and the parent charts, t3 contains the boundary portions to be used, t2 will
bound an auxiliary complete region, and t1 will bound the child. Such choices can depend on the
given band.

Choose once and for all a smooth even function γ with 0 ≤ γ(y) ≤ y2 and with γ(y) bounded
above and below by positive absolute multiples of |y|3/2 for |y| ≥ 1. Let P0 be the solution about
zero of

P0(0) = 0, P ′
0 = L1ψ(P0), ψ(y) = 1 +

γ(y)

8(1 +B)
. (5.10)
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It is odd and increasing and has poles at ±b, where

b =
1

L1

∫ ∞

0

dy

ψ(y)
≤ C(1 +B)2/3

L1
.

For the inequality, split the integral at (1 +B)2/3 and use the |y|3/2 bound on the tail. Choose the
absolute C0 in (5.5) at least this C. Thus

b <
τ

10q
. (5.11)

The local slice calculation. We first record the analytic purpose of the pressure law. Let Σ be
a smooth cooriented local hypersurface, with unit normal ν, and set

D = H + ∂νϕ, H = tr II, II(Y,Z) = ⟨∇Y ν, Z⟩,
P = |II|2 + (Rich−∇2ϕ)(ν, ν).

Put a = L1ψ(D) > 0. When D = P0(s−G1), the derivatives of the raw pressure are ∂sP0(s−G1) = a
and dxP0(s − G1) = −a dG1. The following calculation uses only a positive smooth function v
satisfying the local equation

−
(
∆Σ,ϕ + P − a dG1(ν)

)
v = a. (5.12)

Here ∆Σ,ϕ is weighted by eϕ|ΣdAh, and slice norms use the induced metric. The ordered construction
below will produce this equation on almost every regular slice.

Put ϕΣ = ϕ|Σ + ln v and SΣ = S(h|TΣ, ϕΣ). Gauss’ equation and the normal/tangential
decomposition of derivatives of ϕ give

S(h|TΣ, ϕ|Σ) = S(h, ϕ) +D2 − 2P + |II|2.

Adding ln v to the weight changes this by −2∆Σ,ϕv/v + |d ln v|2. Substitution of (5.12) yields the
exact identity

SΣ = S(h, ϕ) +D2 − 2a dG1(ν) + |II|2 + 2a

v
+ |d ln v|2. (5.13)

This is also the hypersurface calculation behind Lemma 3.1; it is valid for p = 0 with left side zero.
Set t = L1|dG1|h ≤ B and x = v/L1. Since γ(D) ≤ D2,

−2a dG1(ν) ≥ −2t

(
1 +

γ(D)

8(1 +B)

)
,

tγ(D)

4(1 +B)
≤ D2

4
.

We may discard the remaining nonnegative part of D2, and use 2a/v ≥ 2/x. Finally, t ≤ 1+ (t− 1)+
and x−1 + lnx ≥ 1 for x > 0. Thus (5.13) implies

SΣ ≥ S(h, ϕ)−H1(G)− 2 ln(v/L1) + |d ln v|2. (5.14)

The square term will be used later when the weight is changed near singular points. For j = 2, . . . , d,
put HΣ

j = 2(Lj |dΣGj | − 1)+. Tangential restriction gives HΣ
j ≤ Hj(G), so the full pointwise density

comparison is

exp

(
−SΣ +

∑d
j=2H

Σ
j

2

)
≤ v

L1
e−|d ln v|2/2Θ ≤ v

L1
Θ. (5.15)
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For p = 0 the sum and slice gradient are zero, and the left side is one. The remaining work supplies
the slices and speeds, and verifies the controlled-band and degree conditions needed to use this
comparison.

For a small η > 0, prolong P0 smoothly and strictly increasingly past the points ±(b−η), keeping
it unchanged on [−b+ η, b− η]. Denote the resulting smooth function by P̂ and set

hs(x) = P̂ (s−G1(x)), −τ < s < τ.

We will choose η sufficiently small for the given band and then keep it fixed. On every boundary
portion used below, P̂ will agree with P0 and hence obey (5.10).

Least minimizers, including on noncompact leaves. Write Pϕ(E;U) =
∫
∂∗E∩U e

ϕ dAh for
the weighted perimeter of a set of locally finite perimeter. We use local differences of the functional

Pϕ(E)−
∫
E
hse

ϕ dVh. (5.16)

This is a weighted µ-bubble functional. For soap bubbles in Gromov’s terminology, see [12,
Section 55

6 ]; for the weighted functional and its local first- and second-variation formulas, see also
[4, Section 3, Equation (1), and Lemmas 13–14]. Neither term is required to be finite on the whole
leaf. In particular, this construction uses no global weighted-volume bound.

The output will be a canonical nested family Es on each open leaf, independent of the exhaustion
and jointly Borel in the plaque data and s. Each Es will minimize these local differences for compact
variations. The local comparison argument also supplies the perimeter compactness needed later
to turn convergence of sets into graphical convergence at regular limit points. We establish these
properties in turn, before confining the boundaries to the raw-pressure region.

Compact domains and leastness. For a compact subset K of a leaf, minimize (5.16) over sets
which vanish off K, using their full perimeter in the leaf. The empty set is a competitor. On a
neighborhood of K the density is smooth and positive and the forcing is bounded. A bound on
the functional therefore gives a perimeter bound, and BV compactness and lower semicontinuity
give a minimizer; see, for example, [17, Theorem 12.26] for the compactness theorem. Among the
minimizers choose one of minimum ordinary volume. The weighted perimeter satisfies

Pϕ(E ∩ F ) + Pϕ(E ∪ F ) ≤ Pϕ(E) + Pϕ(F ),

and the volume term for a fixed forcing is additive under union and intersection. Thus the intersection
of any two minimizers is again a minimizer. Minimum volume forces the selected minimizer to be
contained, up to null sets, in every other one. It is consequently unique as an L1 set; call it the
least minimizer in K.

Order and exhaustion. The same inequality proves both monotonicities we need. If K ⊂ K ′ and
two forcings satisfy h ≤ h′, a minimizer for (K, h) and one for (K ′, h′) obey

Fh(E ∩ F ) + Fh′(E ∪ F ) ≤ Fh(E) + Fh′(F ),

where F denotes (5.16); the inequality for the volume terms follows on E \F from h ≤ h′. Minimality
in the two domains makes both inequalities equalities, and leastness in K implies E ⊂ F . Exhaust
a leaf by increasing finite unions of compact coordinate subboxes whose interiors exhaust it. The
least minimizers increase with this exhaustion. Their union, interpreted in L1

loc, is independent of
the exhaustion, since each compact subset of either exhaustion is eventually contained in one of the
other. This defines Es, and the forcing monotonicity makes Es ⊂ Et for s < t.
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Local comparison. The limit must still minimize for compact variations, since all later regularity
and compactness arguments use that property. Ball replacement in a relatively compact chart gives
uniform local perimeter bounds for the exhaustion minimizers: choose a radius with controlled
slicing area, replace the set inside that ball by the full or empty ball, and bound the forcing term by
its local supremum times the ball volume. Thus the increasing sets converge locally in BV weakly
and in L1. To pass a comparison to the limit, surround the compact region to be changed by a thin
outer belt on which the proposed competitor agrees with Es. Choose a Lipschitz coordinate level
function across the belt. Coarea bounds the integral, over its levels, of the trace mismatch between
an exhaustion minimizer and Es by their L1 mismatch in the belt. One may therefore splice the
proposed competitor inside a level to the exhaustion minimizer outside it so that the extra trace
area tends to zero. The levels can also be chosen with zero limiting perimeter on their boundaries,
since this excludes only a null set of levels. Minimality before passage to the limit, convergence
of the bounded forcing integrals, and lower semicontinuity give the compact comparison for Es.
The same argument applies under smooth local convergence of the metric, density, and forcing
coefficients. Below we apply it with the unchanged limit as competitor to prove convergence of the
local perimeter measures. Multiplying a density by a positive constant has no effect on any of these
comparisons.

Borel dependence. We explain why all these choices are Borel, including jointly in s. For this
coding, subdivide the original atlas into bounded coordinate boxes with compact closure in the
older boxes, and affinely normalize each to one fixed cube Q = (−1, 1)d. Fix once a countable list
(Rℓ)ℓ≥1 of all open rational boxes with closure in Q. Starting at a plaque, enumerate its accessible
normalized plaque occurrences Borel measurably in slots j ≥ 1, using dummy slots when necessary.
Use the fixed Polish space

Z =
∏
j,ℓ≥1

L1(Rℓ),

with Lebesgue L1 norms and the product topology. A set is coded by its indicator on Rℓ in
occurrence j; dummy entries are zero. Compatibility is tested on compact exhaustions of all overlap
domains, including repeated occurrences. The closures of the first finitely many accessible Rℓ in a
fixed enumeration of the pairs (j, ℓ) give the compact exhaustion domains. The conditions that the
code is an indicator, agrees on overlaps, and vanishes off the specified domain are Borel, and for
fixed plaque data are closed in Z.

Integrals against chartwise Borel smooth densities are Borel by Fubini. Perimeter is Borel as
well: its supremum over divergence integrals may be taken over fixed countable families of rational
smooth test fields in the Rℓ, and finite sums of them. Partitions of unity in a leaf show density
among all compactly supported tests. Norm constraints are checked on countably many dense
coordinate points; overlap maps and a partition by the first covering chart make the integrals Borel.

Fix one plaque-data fiber and one compact exhaustion domain K. A functional sublevel for sets
supported in K bounds their weighted perimeter, since the forcing integral is uniformly bounded
on this fixed compact set. In every active Rℓ the metric and density have a positive lower bound
on its closure, so this gives a Euclidean BV bound there; the indicator’s L1(Rℓ) norm is bounded
by |Rℓ|. Diagonal BV compactness gives convergence in Z along a subsequence. The fiberwise
closed indicator, overlap, and support conditions persist. The volume term is continuous, since K is
covered by finitely many compact subboxes, and perimeter is lower semicontinuous. Each sublevel
is therefore compact in this fixed Polish product. These compactness bounds may depend on the
fiber and on Rℓ; the projection theorem requires compact fibers, not a common bound across plaque
data. Strict sublevels are countable unions of such compact sections. The Borel projection theorem
for sets with σ-compact sections therefore makes the minimum value a Borel function of the chart
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data. Apply it again to minimize volume in the compact set of minimizers. The selected section is a
singleton in the L1 coding, by leastness, so the Borel singleton-section theorem gives the selected
minimizer as a Borel function. These are standard forms of the Arsenin–Kunugui and Lusin–Souslin
theorems; see [14, Theorem 18.18 and Corollary 15.2]. The exhaustion limits agree for different
starting plaques by exhaustion independence. They are therefore Borel on the measured space. We
may use the density-one representative of Es; the support of its boundary measure is also Borel, by
testing its mass on a countable basis of coordinate balls.

Confinement. For sufficiently small η, uniformly for −τ < s < τ , the boundary support in
{|G|∞ ≤ t4} satisfies

supp ∂[Es] ∩ {|G|∞ ≤ t4} ⊂ {|s−G1| < b− η}. (5.17)

In this inner band the side G1 ≤ s− b+ η is full and the side G1 ≥ s+ b− η is empty, up to null
sets. To prove this uniform claim, the ODE at the positive pole gives

b− x =
1

L1

∫ ∞

P0(x)

dy

ψ(y)
≍inst P0(x)

−1/2 (x ↑ b).

Thus at distance comparable to η from a pole the absolute forcing is at least cinstη
−2. The

prolongation is monotone, so this remains a lower bound beyond that position. By the uniform
derivative bound on G1, a chart ball of radius r = c′instη centered at a point with s−G1 ≥ b− η
has forcing at least H = c′′instη

−2 throughout it, if c′inst is small. The balls are taken in a buffered
atlas for a slightly larger band than t4.

Here is the phase-exclusion estimate in such a ball. Normalize the weighted density by its value
at the center; the derivative bounds for ϕ make this density uniformly comparable to coordinate
volume in the ball. Let V (t) be the normalized volume of the complementary phase in a concentric
coordinate ball Bt. Comparison with the set which fills Bt, and perimeter slicing, give for almost
every t < r

Pnorm(Es;Bt) +HV (t) ≤ CV ′(t).

The chart isoperimetric inequality applied to that complementary phase, extended by zero outside
Bt, gives, when V (t) > 0,

V (t)(d−1)/d ≤ C
(
Pnorm(Es;Bt) + V ′(t)

)
.

If the complementary phase occurs in Br/4, the two inequalities first give V ′ ≥ cV (d−1)/d and hence

V (r/2) ≥ crd. They also give V ′ ≥ cHV on [r/2, r]. It follows that V (r) ≥ crd exp(cHr), contrary
to V (r) ≤ Crd when Hr is large. This argument includes d = 1, where the first differential inequality
has exponent zero. Since Hr ≍inst η

−1, small η excludes the complementary phase in the smaller
ball. Negative forcing gives the empty phase by the same argument. Applying these balls beginning
at |s − G1| = b − η, with a small fixed extra margin in the forcing estimate, proves (5.17). In
particular the unprolonged Equation (5.10) holds on all the boundary portions used in the proof.

The local regularity and compactness inputs. We record precisely the local geometric
measure theory used from now on. Set Σall

s = supp ∂[Es]. For d ≥ 2, its regular portion is a smooth
multiplicity-one hypersurface. The remaining set is closed in Σall

s and has Hausdorff dimension at
most

p− 7. (5.18)
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It is empty if this number is negative. These conclusions hold in each relatively compact chart. To
place our functional under the standard codimension-one theorem, normalize ϕ by a constant value
ϕ0 in the chart and use the smooth metric

ĥ = e2(ϕ−ϕ0)/ph.

Its area is the normalized weighted area. Its volume forcing is hse
−(ϕ−ϕ0)/p, bounded smoothly

in a smaller chart. Minimality implies that its perimeter is minimizing up to a fixed multiple of
the volume of the symmetric difference for compact variations. The regularity theorem for such
almost-minimizing boundaries gives C1,α regularity off a closed set of dimension (5.18); see [5,
Theorem A.1 and Remark A.3]. The weak prescribed mean-curvature equation on this regular
portion and elliptic regularity then make it smooth. The cited almost-minimizing formulation
uses integral-current variations. It applies to these set variations as follows. Add a compactly
supported ambient-dimensional integral current to [Es] and truncate its integer BV multiplicity
to the interval [0, 1]. BV truncation does not increase boundary mass, and the volume where the
resulting set changes is at most the mass of the added current. The set comparison therefore implies
that formulation as well.

Local compactness claim. Suppose d ≥ 2 and Ej minimize the absorbed-perimeter functionals for
all compact variations in a common buffered normalized outer chart. Assume that their absorbed
metrics and converted volume forcings converge smoothly on smaller boxes and that Ej → E in
L1
loc. Then E is locally minimizing, the normalized perimeter measures and the associated boundary

varifolds converge weakly locally to those of E, and the supports converge locally. Near every
regular point of the limiting boundary, the boundaries are single smooth graphs converging in
C∞ on a cylinder which may depend on that point. In particular, for every relatively compact
continuity subdomain U , meaning that the limiting perimeter of ∂U is zero, the perimeter masses
on U converge. For the minimizing boundaries considered here, every sequence of controlled plaques
from the fixed band and fixed forcing construction has a subsequence satisfying these coefficient
and set convergence hypotheses after normalization.

Here is the proof, including the local perimeter assertion. In the common normalized coordinates
subtract the value of ϕ at the chart center. The common bounds on all derivatives, and the metric
and inverse-metric bounds, make the normalized metric, weight, and forcing coefficients precompact
in C∞ on every smaller fixed box, by diagonal Arzelà–Ascoli. Pass to such a convergent subsequence;
in particular the absorbed metrics ĥj converge smoothly to a positive metric ĥ∞. Ball comparison
gives the local perimeter bounds used above, so BV compactness gives a further subsequence
converging in L1

loc to a set E. The belt comparison with any compact variation, as proved above
and now with the smoothly converging coefficients, shows that E is locally minimizing.

Write µj = P
ĥj
(Ej ; · ) and µ∞ = P

ĥ∞
(E; · ). To prove convergence of these measures, begin

with a relatively compact coordinate domain V from a convergence-determining family, chosen so
that µ∞(∂V ) = 0. Surround it by a thin outer belt with level domains Vt contained in an outer
enlargement Vϵ. Coarea chooses a level tj at which the trace mismatch between Ej and E tends
to zero. Splice the unchanged E inside Vtj to Ej outside. The common coefficient bounds make
the extra perimeter at the splice tend to zero, and the bounded converted forcing times the L1

mismatch tends to zero as well. Minimality of Ej gives

lim sup
j→∞

µj(V ) ≤ µ∞(Vϵ).

Here the perimeter of the fixed set E in the varying metric converges by uniform convergence of the
metric integrands on unit conormals. Shrinking the belt makes the right side tend to µ∞(V ), because
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µ∞(∂V ) = 0. Lower semicontinuity gives the reverse inequality. Such coordinate continuity domains
determine weak local convergence of Radon measures; the local mass bounds give compactness,
and the equality just proved identifies every subsequential limit. Consequently µj converge weakly
locally to µ∞, and their masses converge on every relatively compact continuity subdomain U .

For precision in passing to varifolds, restrict to a relatively compact subdomain U whose boundary
has zero limit perimeter measure. Such continuity subdomains can exhaust the smaller box. To
check weak convergence of the restrictions of D1Ej as vector measures on U , extend a continuous
vector test there to the outer chart and multiply it by a cutoff supported in U and equal to one
away from a δ-collar of ∂U . Local weak BV convergence handles this cutoff test. On the compact
chart uniform ellipticity gives |D1Ej | ≤ Cµj . For a compact closed δ-collar Fδ, weak perimeter
convergence and the closed-set inequality give lim supj µj(Fδ) ≤ µ∞(Fδ), which tends to zero as
δ ↓ 0 because µ∞(∂U) = 0. The same bound for the limiting vector measure lets the collar shrink
and proves the restriction convergence. The perimeter masses on U also converge. In coordinates
the perimeter integrand for a metric k is pk(x, z) =

√
det k(x) |z|k−1(x). Uniform convergence of this

integrand on unit conormals and the local mass bound replace ĥj by ĥ∞ in that mass convergence.
This is convergence for one continuous positively one-homogeneous integrand with Reshetnyak’s
strict convexity property: equality in its triangle inequality occurs only for vectors on a common
nonnegative ray. Reshetnyak’s continuity theorem [22, Section 4, Theorem 3] consequently gives
convergence for every continuous positively one-homogeneous integrand with linear growth. For a
continuous compactly supported varifold test a(x, P ), use p

ĥ∞
(x, z)a(x, ker z) for z ̸= 0 and zero at

z = 0. This gives precisely the local varifold convergence; the uniform convergence of the metric
integrands gives it also for the original varying metrics.

To prove the support and graph assertions, the first variation in the metric ĥ is, by BV Gauss–
Green, integration of the bounded volume forcing against the reduced-boundary conormal. It
therefore has bounded mean curvature and no singular part. The monotonicity formula gives a
common positive lower mass bound in a small ball about a support point, starting with the unit
density at almost every reduced-boundary point. This lower bound rules out support points a fixed
distance from the limit support. Conversely, every ball about a point of the limit support has positive
limit mass, so weak convergence forces nearby support points. Near a fixed smooth multiplicity-one
sheet of the limit, Allard’s interior regularity theorem gives single graphs with a common C1,αA

bound for some αA ∈ (0, 1) on a smaller cylinder [1]. Compactness and identification of the already
known varifold limit give C1,β graph convergence for every 0 < β < αA. The prescribed equation,
with the smoothly converging coefficients, then gives C∞ convergence on still smaller cylinders by
interior elliptic estimates. The cylinder here may depend on the fixed regular point of the limit;
uniform graph radii in later applications will follow from their separate compactness contradictions.

The varying-metric use of these local theorems reduces to one smooth ambient metric as follows.
Pass further in a smaller compact chart to a subsequence converging so rapidly in C∞ that its
metric is realized on slices 2−j of one extra coordinate, with the limiting metric on slice zero. Indeed,
choose the error through order j below 2−j2 and interpolate by disjoint smooth interval cutoffs.
The resulting product block-diagonal metric is smooth; its slices have bounded second forms. After
smoothly extending from a still smaller box to a closed manifold, a smooth Nash embedding puts this
situation in a single Euclidean ambient space [19, Theorem 2, p. 59]. The preceding monotonicity
and Allard statements apply there, with the same local bounded-mean-curvature property. Applying
this subsequence argument to a sequence on which local convergence failed proves the local support
and graphical convergence asserted above.

For d = 1 the needed facts are elementary. A locally minimizing set has locally finitely many
jumps by the perimeter bound. Two consecutive jumps cannot be arbitrarily close in a controlled
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chart, since one can replace the interval between them by the surrounding phase: delete it if full,
and fill it if empty. This saves two weighted boundary costs and changes the forcing integral by a
quantity tending to zero. Thus the jumps have uniform local separation. The same belt argument
applies directly to normalized weighted perimeter in dimension one, without conformal absorption,
and gives local perimeter convergence together with BV convergence. The separation then gives
the corresponding convergence of these zero-dimensional regular boundaries. There are no singular
points in this case.

5.3 The lapse, coarea, and the descended degree

We now extract a smooth normal speed from the ordered family. Write Σs for the regular part of
Σall
s in {|G|∞ < t3}. The boundary has its exterior coorientation and the induced orientation. Its

singular set has zero p-dimensional area, so it never contributes to the integrals over the boundary
current.

Differentiating the ordered family. On each leaf the sets Et converge to Es in L1
loc as t→ s

except at countably many s. In fact, on a compact chart set K the function t 7→
∫
K 1Et is monotone,

and nestedness identifies its increments with the L1(K) distance between the indicators. It has at
most countably many discontinuities. Use the countable chart exhaustion to obtain the assertion
on the leaf. At such a continuity parameter, the local convergence result above makes Σt converge
smoothly and graphically near each regular point of Σs as t→ s.

In a smaller graph cylinder choose coordinates (y, z) with the sets below the graphs, and write
the graph heights as z = r(t, y). They are monotone in t. They are strictly ordered wherever two
such regular graphs are defined: if r(t, ·) ≥ r(s, ·) for t > s and they touch, their tangent planes agree
at contact. The comparison of the graph mean curvatures at that minimum of r(t, ·)− r(s, ·) gives
Dt ≤ Ds, whereas their equations give Dt = ht > hs = Ds at the same point. This is impossible.
We use the conventions for D and II from the local slice calculation, with ν the exterior unit normal.
The equation D = hs is the first variation of (5.16) on a regular portion.

Choose countably many possible graph cylinders in the chart enumerations, and in each choose
a countable dense set of y-coordinates. At each of these coordinates a monotone height has a finite
derivative for almost every parameter. The test is meaningful even outside an interval of graphical
representation: use instead the monotone column function

t 7−→
∫ z+

z−

1Et(y, z) dz,

which equals r(t, y)− z− in the single-graph situation. Consequently, for almost every continuity
parameter s, the nonnegative difference quotients

wt(y) =
r(t, y)− r(s, y)

t− s
, t ̸= s,

converge to the finite column-derivative values as t → s at all these dense test coordinates. In
particular they are bounded there.

In positive graph dimension the wt solve linear elliptic equations on each smaller cylinder.
This follows by subtracting the two prescribed graph equations and integrating their linearizations
between the two graphs. Smooth graphical convergence gives common smooth coefficient bounds
and ellipticity; the explicit t-dependence of ht gives a smooth bounded source. Harnack’s inequality
with a bounded source, applied using any one of the bounded test values, bounds wt on a smaller
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patch. Interior elliptic estimates then give smoothly convergent subsequences there; these are
the standard local Harnack and interior estimates for uniformly elliptic equations with bounded
lower-order coefficients and source, as in [9, Chapters 6 and 8]. Every such limit takes the already
determined derivative values at the dense test coordinates, so the limits agree. Thus the whole
difference quotient has a smooth local limit. Its normal component is a smooth function v ≥ 0 on
the regular portion. For p = 0 the same conclusion follows from the ordinary almost-everywhere
derivative of a monotone height.

Differentiation of D = hs now identifies this normal speed. Use P from the local slice calculation
and put a = ∂shs = L1ψ(D) > 0; the last equality uses confinement, where the forcing agrees
with the raw pressure. The normal variation formula, with the tangential derivative of D − hs = 0
cancelling, is

−
(
∆Σ,ϕ + P + ∂νhs

)
v = a. (5.19)

The convention for ∆Σ,ϕ is weighted by eϕ|ΣdAh. The variation of ∂νϕ adds v∇2ϕ(ν, ν)− ⟨dϕ, dv⟩Σ
to the ordinary mean-curvature variation, giving the signs in (5.19). A nonnegative v cannot vanish
at an interior point: there the left side is nonpositive, contrary to a > 0. Thus v > 0. In graph
dimension zero the differential terms vanish and the same equation rules out v = 0.

These assertions hold jointly in the measured charts for almost every s. Here are the measurable
details needed for that conclusion. Single-graph regions with buffers can be recognized by countably
many cylinder tests on the L1 subgraph codes, with slope and derivative bounds and with room
at the top and bottom. Their smooth graph representative is unique; the Borel singleton-section
theorem applied to its smooth-function code makes it Borel. The continuity and differentiability
tests above use countable sequences, by monotonicity. The resulting local derivatives and v are
Borel. Fubini on each σ-finite transversal now gives, for almost every s, a null set of exceptional
plaques. There are countably many charts and overlap moves, so their saturations can be discarded
simultaneously. In particular the family of regular portions and the function v used in the integral
below have the asserted Borel descriptions. Set v = 0 on the exceptional parameters and plaques
when writing an integral over the whole parameter interval.

In a graph cylinder, normal speed times area has the expression

v dAh = Jh(y, r(s, y)) ∂sr(s, y) dy,

where Jh(y, z) dy dz is ambient Riemannian volume in the coordinates. The one-dimensional change-
of-variables inequality for a monotone function says that integration against its almost-everywhere
derivative counts at most integration in z. A jump or singular part of the monotone function only
removes mass from the former integral. Apply this to each column and then integrate in y and
the transversal. Partition the counted portions among the countably many graph cylinders so they
are not counted twice within one parameter. They cannot give the same ambient point at two
parameters, by the noncontact argument above. Therefore no ambient point is counted more than
once on the right. Equivalently, the counted images can be taken Borel by the Borel one-to-one
image theorem. Transverse invariance on overlaps gives∫ τ

−τ
ds

∫
Σs

vF dAh ≤
∫
X
F dVh (5.20)

for every nonnegative Borel F supported in {|G|∞ < t3}. Since bd < t3, this proves (5.7).
We will require one more consequence of (5.19). On a family of regular graph patches with

common buffers and graph estimates, all positive-order derivatives of ln v have uniform bounds on
smaller patches. Indeed the coefficients in (5.19) and the derivatives of a are uniformly bounded
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there, and a has a uniform positive lower bound. Confinement provides the finite margin from
the pressure poles needed for these bounds. If the value of v could tend to zero at an interior
point of such patches, Harnack’s inequality with bounded source would bound v on a smaller patch,
and elliptic compactness would give a nonnegative limit with an interior zero satisfying (5.19), an
impossibility. Thus v has a positive local lower bound. Harnack then bounds its local supremum by
a constant times its value at an interior point, since the bounded source can be absorbed using that
lower bound. Interior estimates give |∇rv| ≤ Crv on still smaller patches, and differentiating ln v
gives the claim. This does not bound the value of ln v, which is not required by Definition 5.1. For
p = 0 the assertion about positive-order derivatives is empty.

The local slice calculation now applies to the actual boundaries. Confinement gives D = hs =
P0(s−G1) and hence ∂νhs = −a dG1(ν) on every retained regular portion. Equation (5.19) therefore
becomes exactly (5.12). With ϕΣ = ϕ|Σ+ln v, the scalar bound (5.14) and the pointwise comparison
(5.15) hold on these portions. The derivative bounds just proved supply the required local controls
for this weight.

Degree on the boundary. Let J = (G2, . . . , Gd). Fix a unit-integral one-form a−(z) dz supported
in (−1.9τ,−1.6τ) and one a+(z) dz supported in (1.6τ, 1.9τ). Let β be a unit-integral smooth p-form
supported in a sufficiently small cube about zero in the residual target; for p = 0 let β = 1. Set

χdeg(z) =

∫ z

−∞
(a−(u)− a+(u)) du.

This function is compactly supported in (−1.9τ, 1.9τ) and is one between the two supports. By
(5.11) and (5.17), the low support is in Es, the high support is outside Es, and χdeg(G1) = 1 on the
confined boundary where the residual form is supported. Measured current Stokes therefore gives∫

∂[Es]
χdeg(G1)J

∗β =

∫
Es

(a−(G1)− a+(G1)) dG1 ∧ J∗β

=

∫
X
a−(G1) dG1 ∧ J∗β = DX(G).

(5.21)

All forms here are supported in an inner band. The current [Es] has bounded local volume and
its boundary has the uniform local perimeter bounds proved above, so this is precisely the current
version of (5.1). The singular set contributes no area, and the counted part of the boundary is in
{|G|∞ < t3}. Consequently (5.21) computes the degree by J∗β on that confined regular branch,
with the induced orientation. For p = 0 it gives its measured signed count.

If 2 ≤ d ≤ 7, this regular branch already provides the child. To verify the required uniformity,
fix a typical s. If graph radii and estimates could not be chosen uniformly about the boundary in an
inner region of {|G|∞ < t3}, take offending points in buffered parent charts and pass to normalized
chart limits. Local BV and varifold compactness gives a limiting boundary through the limiting
point. There are no singular points because p− 7 < 0, so smooth graphical convergence near that
point supplies a common graph radius and all interior estimates, contradicting the choice of points.
A fixed fine mesh of graph cylinders now gives at most a bounded number of patches in each parent
plaque. Their transversals are the restricted parent transversals, counted with the patch index.
Their total transverse measure and plaque overlap remain bounded. The graph estimates, together
with the bounds for derivatives of ln v, give the band controls for the induced metric and ϕΣ.

Restrict this branch to
|G|∞ < t1, |J |∞ < Tp.
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The G1 sides of the first restriction cannot be reached by confinement, since |G1| < τ + b < Tp.
Near any other side some residual coordinate has absolute value near t1 > Tp. Hence every inner
residual subcube has buffered graph charts in this restriction. Its degree equals DX(G) by (5.21),
and its coordinate gradients only decrease on restriction to the tangent space. We take J+ = J and
use (5.14).

If d = 1, so p = 0, let X+
s be the confined regular points in Σs ∩ {|G1| < t1}, each with its

boundary orientation, and let J+ be the unique map to the point Q0
T0
. Give these point leaves

the induced zero-dimensional metric and the weight ϕΣ. Confinement gives |G1| < τ + b < T0 < t1
on the counted branch, so this includes every point in (5.21). The local jump separation proved
above bounds the number of such points in each buffered parent plaque. Choose a fixed finite
half-open mesh finer than that separation in the normalized plaque. Each mesh cell contains at
most one counted point. The Borel boundary-support code and the singleton-section theorem make
that point a Borel function of the transverse parameter wherever it exists. These functions give a
bounded number of point charts, with transversals restricted from the parent and counted with
the mesh index. Their total transverse measure is finite and their plaque overlap remains bounded.
Point boxes have the required common buffers, and all metric, map, and positive-order weight
derivative conditions in Definition 5.1 are vacuous in dimension zero, so this is a controlled 0-band.
Its measured signed count is DX(G) by (5.21); its integral is the measured unsigned count. At
each point (5.15) reads 1 ≤ (v/L1)Θ, and confinement places every counted point in |G1| < bd. We
return to the common integral estimate after treating the possible singularities when p ≥ 7.

5.4 A regular descendant in higher dimensions

Assume now p ≥ 7, and fix one of the typical parameters s above. The singular set has zero
p-dimensional area, so it does not change the boundary-current integral. Deleting it can, however,
leave ends of the regular locus over interior residual values, where regular chart radii have no
common lower bound. We must keep those ends away from every inner target subcube and preserve
the degree computed by the closed boundary current.

We will construct a controlled child carried by an open regular subset of this slice, with the
inherited orientation and transverse measure, and with degree DX(G). For each residual row we
require |dJ+

j |h+ ≤ |dGj |h + εgrad and the one-sided value bound |J+
j | ≥ |Gj | − εval, with

d∑
j=2

Ljεgrad <
1

10q
, εval < bd − bp =

τ

4q2
. (5.22)

The gradient bound controls the residual penalties and the child’s coordinate bound. The value
bound, together with confinement of G1, puts the child’s bp integration region over the parent’s
bd region. Write W = dVh+/dAh for its ordinary leafwise volume density relative to the original
induced metric. The scalar and volume target is

dVh+ = W dAh,

S(h+, ϕ+) ≥ S(h, ϕ)−H1(G)− 2 ln(v/L1) + 2 lnW − 1

q
.

(5.23)

The coefficient 2 makes the volume factor cancel after exponentiation, leaving the same lapse factor
as in (5.15). The density W includes neither v nor the transverse measure.

Every constant and error chosen inside this subsection may depend on this slice and on the
band, but must be common across its retained plaques. The choices proceed in three groups. First
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a small parent perturbation creates a target gap around the points without uniform regular charts.
Next we fix the kernel and graph constants using the controlled parent data and that gap. Finally
we choose the marked-set cover small enough for all scalar errors. Its positive radius lower bound
controls the number and derivatives of the kernels for the graph solves; it does not enter the scalar
constants. The adjustable scalar error in (5.23) is at most 1/q, so chart and elliptic constants will
not enter the absolute loss in Theorem 5.2.

Choose a parent atlas with buffers around {|G|∞ ≤ t3} still inside {|G|∞ < t4}. One obtains it
from an atlas for a larger inner cube by a bounded mesh subdivision, restricting transversals by
Borel tests as necessary. Its plaque overlaps, also for the enlarged supports below, remain bounded.
All operations in the parent made below use this atlas.

Uniform regularity tests and avoidance of the remaining points. We use finitely many
graph tests at a time to obtain a regular region with common chart controls. The points not yet
recognized will be excluded from the child, and the target gap below will keep the later homotopies
on the regular locus away from them. Use one common normalized outer cube Q for the buffered
parent plaques. Fix in Q one ordered countable list of tests for graph cylinders, using rational
centers, radii, bounds, and a fixed countable dense set of rotations. Transport this same list, in this
same order, by every parent plaque chart; the list is independent of the plaque and its transverse
parameter. A test recognizes that the boundary in its outer cylinder is exactly one smooth graph,
with a specified slope bound and strict room at its top, bottom, and sides, and that the set is on
its specified side. Its inner cylinder is then an open regular region. At level k use the first k tests
of this fixed list in every plaque, with their specified positive buffers. Elliptic estimates on these
graphs give all interior derivative bounds for a fixed level. Make the tests with strict margins, so a
regular limit point recognized by one of them is recognized by that same test on every sufficiently
close smoothly convergent graphical boundary. The graph coding already described shows that
recognition is Borel.

Let Dk be the part of the boundary support in {|G|∞ ≤ t3} left after removing the open inner
portions recognized through level k in any parent plaque. These are decreasing Borel sets, closed
along each leaf. Every regular point is eventually removed. More precisely, in any converging
sequence of controlled charts with levels tending to infinity, the Dk can accumulate on a compact
subbox only at singular points of the limiting boundary. Outside the limit support this follows from
support convergence. If points of Dkj with kj → ∞ converged instead to a regular limit point, one
test with a fixed index ℓ in the common list would recognize that point with strict room. Smooth
graphical convergence makes the same test recognize the nearby points for large j, and then kj ≥ ℓ,
contradicting their membership in Dkj . This is the compactness fact used in both constructions
that follow.

First make an arbitrarily small smooth perturbation J̄ of J in the parent band, small in value
and first derivative, with all higher derivatives uniformly bounded. We claim it can be made so
that, for some a0 > 0 and some finite k,

|J̄ |∞ > 4a0 on a uniform neighborhood of Dk. (5.24)

After the initial homotopy on the full boundary current, this gap will keep the homotopies over a
small target cube inside a uniformly regular region. To prove the local assertion behind the claim,
fix a positive budget for a constant shift in Rp and an inner compact plaque box. There are a level
and a positive gap, uniform across the controlled plaques, such that some shift in that budget gives
this gap from zero on the marked set in the box. Otherwise take a sequence of failing plaques,
with levels tending to infinity and requested gaps tending to zero. Pass to normalized chart limits,
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including a smooth limit of the maps. On a slightly larger compact box the marked sets concentrate
at the singular set of the limit. By (5.18) this set has dimension at most p− 7, so its image under
the smooth limit map has p-dimensional measure zero. That image is compact. A shift in the
given open budget can therefore avoid it with a positive distance. Uniform convergence of the maps
and concentration of the marked sets contradict the alleged failure. This proves the local uniform
assertion.

Apply these shifts with smooth parent-chart cutoffs equal to one on the inner boxes. For clarity,
simultaneous choices can be made Borel and with bounded overlap. The graph whose vertices are
the buffered plaques and whose edges record meeting supports is a Borel graph of finite degree. It
has a countable Borel proper coloring: a countable separating family of Borel sets distinguishes each
vertex from its finitely many neighbors, and the first finite distinguishing pattern is a countable
color. The finite neighbor lists can be enumerated Borel measurably by the Borel countable-section
theorem. Processing these color classes successively and taking the first one of ∆ + 1 colors avoided
by all earlier neighbors, where ∆ bounds the degree, gives a finite Borel proper coloring. In each
color the cutoff supports are disjoint. Choose rational shifts satisfying the local gap test; the test on
a compact inner box is Borel by projection with compact sections. After a color is treated, increase
the level if necessary and choose the next shift budget smaller than the preceding positive gaps.
The marked sets decrease, so earlier gaps persist. There are only finitely many colors. The budgets
can also make the total value and first-derivative change as small as prescribed; the cutoffs give
uniform bounds for all higher derivatives. Taking a0 smaller than the final gaps and then using the
derivative bound of J̄ extends the gap to a uniform neighborhood. This proves (5.24).

Second, set

α = p− 13

2
> 0. (5.25)

The next cover will support a function large on the remaining marked points while keeping the
total kernel coefficients as small as needed. For any prescribed positive budget and upper radius, a
sufficiently large k′ ≥ k permits a cover of Dk′ in each inner plaque box by finitely many small balls,
of radii ri, such that ∑

i

rαi < the prescribed budget. (5.26)

The radii can also have a common positive lower bound, depending on the budget and the controlled
family. To verify the uniform claim, suppose it failed for levels tending to infinity and for requested
lower radii tending to zero. Pass to a limiting chart. Its compact singular set has zero α-dimensional
Hausdorff measure because p−7 < α. Cover it on a slightly larger compact box by finitely many balls
with radii below the prescribed upper radius and with the α-sum strictly below the budget, allowing
room to enlarge the balls. This finite cover has a positive minimum radius. The concentration
observation about Dk makes the enlarged balls cover the marked points of the sequence eventually,
contradicting failure. Rational chart balls and fixed comparison factors give Riemannian balls with
the same conclusion. Keep only balls meeting the marked set, allowing a small change of centers
and the reserved enlargement. The centers then also lie near Dk. Such finite covers can be selected
Borel: enumerate finite tuples of rational balls, and test whether the compact marked part outside
their union is empty. This is again a Borel compact-section test. The positive lower radius and
(5.26) bound the number of balls in any plaque.

The two uses of (5.25) are distinct: its strict excess over p− 7 made this cover possible, while
α+ 4 = p− 5/2 < p− 2 will make the following potentials superharmonic.

Potentials near the marked set. Choose a small parent normal-coordinate radius R > 0 so
that a ball of that radius about any cover center stays in the gap region |J̄ |∞ > 3a0 and in the
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buffered atlas. It can also be chosen small with respect to the local metric, weight, and forcing
bounds. This radius is fixed before the final cover is chosen; require its ball radii to be much smaller
than R. For a center ci and radius ri let

Ki(x) = (r2i + disth(x, ci)
2)−1/2

on the smaller normal ball, and cut it off within radius R. Choose a radial cutoff which is one
on the smaller ball, is positive before the outer boundary, and near that boundary has the tail
exp(−1/(1− t)) for t < 1 and zero for t ≥ 1, where t = disth(x, ci)

2/R2. Join this tail smoothly and
positively to the inner plateau. Every positive power of the cutoff then has a smooth exponential
flat tail, so each power of Ki used below is smooth. Denote its support by Vi.

On the regular boundary in Vi, for j = α, α+ 4,

−∆Σ,ϕK
j
i ≥ cKj+2

i − C1Vi ,

|dKj
i | ≤ C

(
Kj+1

i + 1Vi

)
.

(5.27)

The constants may depend on the fixed local controls and on p, but are independent of ri and of
the eventual number of balls. To check the first estimate before cutoff, put u = disth(x, ci)

2. The
normal-coordinate Hessian bound, the bounded mean curvature H = hs − ∂νϕ, and the bounded
weight gradient give

∆Σ,ϕu ≥ 2p− C
√
u, |du|2Σ ≤ 4u.

Differentiating (r2i + u)−j/2 therefore gives

−∆Σ,ϕK
j
i ≥ j

(
p− j − 2− C

√
u
)
Kj+2

i .

Both chosen exponents are less than p− 2, so small R makes the coefficient positive. The gradient
estimate follows by one differentiation. On the cutoff annulus the distance from the center is
bounded below by a fixed multiple of R, and all cutoff derivatives are bounded independently of ri;
this accounts for the displayed constant losses. Outside Vi they vanish, as the indicators record.

For j = α, α+ 2, α+ 4, α+ 6 put

uj = εjbase +
∑
i

M∗r
α
i K

j
i , Λ =

(
uα+4

uα

)1/4

, L = |d lnuα|2 + |d lnuα+4|2. (5.28)

These quantities have separate roles. We will make uα large on Dk′ so that its logarithm locates the
region to be excluded. The term Λ2 will supply the positive scalar contribution that pays for the
later coordinate graphs, while L controls the logarithmic derivatives introduced by the weight and
the first graph. Here 0 < εbase < 1 will be small; M∗ will be a large finite number fixed before the
final cover selection. At a point, the sum is over the kernels active there. The overlap bound and
(5.26) allow the total active coefficient

∑
iM∗r

α
i to be made arbitrarily small, uniformly at every

point. In particular, for any δ > 0, first taking εbase small and then the cover budget small enough
gives, for j = α, α+ 4,

−
∆Σ,ϕuj
uj

≥ c
uj+2

uj
− δ. (5.29)

Indeed (5.27) leaves the errors cεj+2
base + C

∑
i:x∈Vi

M∗r
α
i before division by uj ≥ εjbase. Choose ε

2
base

and then the active sum divided by εα+4
base small enough for the displayed δ.

At each point the uj are the moments of positive atoms: one atom at εbase of mass one, and
atoms at Ki of masses M∗r

α
i . Make their total active mass at most two. Moment inequalities give

uα+6

uα+4
≥ Λ2 ≥ uα+2

uα
, |d ln Λ|2 ≤ L

8
, |d lnuα| ≤ C(Λ + 1), Λ ≥ c′u1/αα . (5.30)
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For the first pair, use the probability weights proportional to the atoms’ masses times their α-powers.
If Z is the square of the atom position, then EZ ≤ (EZ2)1/2 and EZ3 ≥ (EZ2)3/2 give the two
inequalities. The second estimate follows directly by differentiating lnΛ = (lnuα+4 − lnuα)/4. For
the third, the gradient bound in (5.27) bounds |duα| by C

∑
iM∗r

α
i (K

α+1
i + 1). The first part

divided by uα is at most Λ by Hölder’s inequality for those probability weights; the second is at most
one after the same small active-mass choice. Finally, monotonicity of the Lr norms for a measure
of mass at most two gives uα+4/uα ≥ (uα/2)

4/α, proving the last inequality. These constants are
independent of M∗ and k′. At a point of Dk′ some ball has distance at most its radius, so its term
in uα is at least c′′M∗. Hence

uα ≥ c′′M∗ on Dk′ . (5.31)

The positive lower bound on all radii and the bounded number of balls per plaque make all uj
smooth in the parent with uniform derivative bounds for the final slice. These bounds are allowed
to depend on that radius lower bound.

Add η0 = (lnuα + lnuα+4)/4 to ϕΣ on the regular boundary. Put Q1 = dη0. The weight-change
formula used in (5.13), now with ∆Σ,ϕΣ

= ∆Σ,ϕ + ⟨d ln v, d · ⟩, yields from (5.29) the scalar gains
cΛ2+L/2−2⟨d ln v,Q1⟩−|Q1|2−δ. Here the high moment in (5.30) supplies Λ2. Since |Q1|2 ≤ L/8,

L
2
+ |d ln v|2 − 2⟨d ln v,Q1⟩ − |Q1|2 ≥

L
2
− 2|Q1|2 ≥

L
4
.

Combining with (5.14), and decreasing c > 0 if necessary, gives for the new weight

S(h|TΣ, ϕΣ + η0) ≥ S(h, ϕ)−H1(G)− 2 ln(v/L1) + cΛ2 +
L
4
− δ. (5.32)

We have obtained a large scalar allowance near the marked set. The next construction uses it to
move the residual map out of the target band there, while paying for the graph volume created in
doing so.

Two graph prescriptions and their costs. We describe the graph calculations first, and then
give a complete region on which the prescriptions can be solved. The first prescription will produce a
function f within two of a small multiple of lnuα, with |df | ≤ 1 in its graph metric. The coordinate
prescriptions then use this controlled gradient to amplify J̄ where f is high; each correction adds at
most e to its coordinate gradient in the final graph metric, in addition to the earlier perturbation of
J̄ . Their scalar gains will pay the exact graph volume factors.

For a current metric and weight (k, φ), a length-one graph of a function f has

Lf = (1 + |df |2k)1/2, Uf =
∇kf

Lf
, kf = k + df ⊗ df, φf = φ− lnLf , Df = −divk,φ Uf .

Lemma 3.1 says

S(kf , φf )− S(k, φ) = D2
f − 2Uf (Df ) + |IIf |2 + |d lnLf |2kf . (5.33)

Also
|Uf |k ≤ 1, Uf (f) = Lf − L−1

f , |df |kf ≤ 1,

dVkf = Lf dVk, Lf − L−1
f ≥ lnLf .

(5.34)

The last inequality holds for every Lf ≥ 1 by differentiation. These relations will make the scalar
cost and the volume change use the same factor Lf .
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For the first graph put

f0 = σ lnuα, Cf = B0 + Λ, Df = Cf tan(f0 − f),

with the argument between its two poles. Here B0 ≥ 2 is fixed and σ > 0 will be small. Pole
avoidance gives |f − f0| < π/2 < 2. Differentiating the prescribed Df gives the exact terms

D2
f − 2Uf (Df ) = D2

f − 2DfUf (lnCf )− 2(Cf +D2
f/Cf )Uf (f0)

+ 2(Cf +D2
f/Cf )(Lf − L−1

f ).
(5.35)

The final term is at least 2 lnLf by (5.34). For the derivative of Cf , Young’s inequality and (5.30)
give

2|DfUf (lnCf )| ≤ 0.8D2
f + 1.25|d lnCf |2 ≤ 0.8D2

f +
1.25

8
L.

The f0 term has absolute value at most

2σC(Cf +D2
f/Cf )(Λ + 1).

Since (Λ+1)/Cf ≤ 1, a sufficiently small σ spends less than the remaining 0.2D2
f on its square term.

Moreover Cf (Λ + 1) ≤ CB0(1 + Λ2), so a further small choice of σ spends less than half the cΛ2

in (5.32) and makes the remaining constant loss as small as prescribed. The available L/4 covers
1.25L/8. Combining (5.32) and (5.33), and discarding nonnegative terms, thus gives

S(kf , φf ) ≥ S(h, ϕ)−H1(G)− 2 ln(v/L1) + c1Λ
2 + 2 lnLf − δ1, (5.36)

where c1 > 0 is fixed, while δ1 can be made arbitrarily small. This calculation is used only where
the current base metric is the original induced metric for which (5.32) was proved.

For the remaining graphs, let ζ(f) be a smooth function valued in [0, 1], zero for f ≤ K and one
for f ≥ K + 1, with derivative bound independent of the threshold K. Write (k(1), φ(1)) = (kf , φf ).
For row j = 2, . . . , d, its graph quantities use the metric and weight after all preceding rows:

L′
j = (1 + |df ′j |2k(j−1))

1/2, U ′
j =

∇k(j−1)f ′j
L′
j

,

D′
j = −divk(j−1),φ(j−1) U ′

j ,

k(j) = k(j−1) + df ′j ⊗ df ′j , φ(j) = φ(j−1) − lnL′
j .

Prescribe successively

ℓj = Aζ(f)J̄j , D′
j = B′ tan

(
ℓj − ef ′j

w

)
, J+

j = J̄j + ef ′j . (5.37)

The constants A,w, e,B′ are positive; their order of choice is given below. Put h+ = k(d), ϕ+ = φ(d),
and

W = Lf

d∏
j=2

L′
j .

The successive volume identities give dVh+ = W dVk relative to the current base metric k. On the
eventual child that base will be the original induced metric, so this product will be the density in
(5.23). In the metric after the first graph, |df | ≤ 1 by (5.34), and later graph metrics only increase.
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The values and first derivatives of J̄ are uniformly bounded in the region in question. It follows
that in each current metric

|dℓj | ≤ Cℓ1{f≥K}, (5.38)

where Cℓ depends on A and the earlier band bounds but not on K, M∗, k
′, or the final cover budget.

For a row graph the analogue of (5.35) is

(D′
j)

2 − 2U ′
j(D

′
j) = (D′

j)
2 − 2

w

(
B′ +

(D′
j)

2

B′

)
U ′
j(ℓj) +

2e

w

(
B′ +

(D′
j)

2

B′

)
(L′

j − (L′
j)

−1).

Choose B′ after w, e so that
B′e

w
≥ 2,

2Cℓ

wB′ ≤
1

2
. (5.39)

Then the differentiated ℓj spends at most half of (D′
j)

2 and the fixed amount 2B′Cℓ/w on {f ≥ K},
while the last term pays 2 lnL′

j everywhere. The other terms of (5.33) are nonnegative. After all p
rows, the sum of fixed errors is therefore at most Crows1{f≥K}, with Crows independent of K,M∗, k

′

and the cover budget. On this support, f < f0 + 2 implies

uα > exp((K − 2)/σ), Λ ≥ c′ exp((K − 2)/(σα))

by (5.30). Choose K large enough that the remaining c1Λ
2 in (5.36) covers Crows there. This proves

the required payment for all row graphs without any estimate on their individual volume expansions.
Pole avoidance in (5.37) also gives the output estimates that will be used for the band sides and

its gradients:

|J+
j − (1 +Aζ(f))J̄j | < 2w,

|dJ+
j |h+ ≤ |dGj |h + εgrad,

|J+
j | ≥ |Gj | − εval.

(5.40)

For the gradient inequality, |df ′j | ≤ 1 in its own graph metric and hence in h+, and all these
metrics dominate the original induced metric and the parent metric on tangent vectors. Thus
|dJ+

j |h+ ≤ |dJ̄j |h + e. For the value inequality use 1 + Aζ ≥ 1 in the first line. The quantities
εgrad and εval can be as small as prescribed by the first-derivative and value perturbation budgets,
respectively, and by e, w. We choose them to satisfy the target budgets (5.22) and also to be smaller
than all the fixed side margins used below.

The full dependency order is

perturbation budgets −→ (J̄ , a0, k) −→ R

−→ (scalar error, εbase) −→ B0 −→ σ

−→ A −→ (w, e) −→ B′ −→ K −→ M∗

−→ (cover budget, k′, radius lower bound).

Each later choice may use the preceding ones. The intended scalar error is much smaller than 1/q,
and εbase is small enough for (5.29). The constants in (5.30) and the positive constant in (5.32)
are independent of the future cover, so B0 and σ can be fixed for (5.36) at this stage. Choose A
large compared with Tp/a0, then w small compared with a0 and all value margins, and e small for
(5.22). Choose B′ by (5.39), and only then K to cover the row errors. Also make K larger than the
baseline value σ ln(εαbase) by a fixed margin. Choose M∗ so large that (5.31) implies

f0 > K + 100 on Dk′ . (5.41)
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Finally choose the cover budget sufficiently small for all the active-mass and error requirements, and
obtain k′ ≥ k and a cover with its positive lower radius bound. This final selection is possible for
every fixed M∗ by (5.26). It also provides all finite uniform derivative bounds needed for the actual
equations. In particular, none of the constants that forced the choices of K or M∗ was allowed to
depend on the final level or cover.

Solving on a complete regular region. The thresholds have distinct jobs: K + 100 places the
marked set beyond the auxiliary cutoff, K + 12 bounds the auxiliary region for solving, and K + 7
bounds the child inside the part where its base metric is unchanged. The lower threshold K + 4 will
already put the output outside the target near the potential cutoff side. Their gaps provide the
spatial buffers below through the uniform derivative bounds for f0.

Σs need not be complete. Use the operations only on the open region

Ω = Σs ∩ {|G|∞ < t2, f0 < K + 12}. (5.42)

By (5.41) it avoids Dk′ with a large margin in f0; by t2 < t3 it also has a margin within the
region of the tests. The uniform derivative bounds on f0 turn these into uniform spatial margins.
Thus the graph tests through level k′ give regular graph charts with uniform buffers and all
estimates on a neighborhood of this region. The estimates for derivatives of ln v apply there. The
functions uj ,Λ, f0, J̄ have uniform derivatives because of the radius lower bound. The weight
ϕΣ + (lnuα + lnuα+4)/4 therefore has the positive-order derivative bounds required for a graph
solve.

Choose a smooth function 0 < ξ ≤ 1 on Ω which tends to zero at the sides in (5.42) and is
one, with buffers, through the smaller bounds |G|∞ ≤ t1 and f0 ≤ K + 7. It can be made from
smooth functions of t22 −G2

i and K + 12− f0, linear near zero and cut off to one away from zero.
Its derivatives in the original regular charts are bounded. Replace the induced metric on Ω by

kaux = ξ−2h|TΣ.

This metric is complete with uniform buffered bounded geometry. Here is the local verification,
which also accounts for possible ends of the original leaves. A ball in an original regular chart of
radius a small fixed multiple of ξ(x) remains in Ω, since ξ(x) is bounded by a constant times each
scalar distance to a side. The bound on dξ makes ξ comparable to ξ(x) on that ball. Rescale the
coordinate ball by ξ(x). The coefficients of ξ−2h and their inverse then have uniform bounds of
every order: for the m-th derivative of the conformal factor the new terms are products of ratios
bounded by constants times ξ(x)m|∇mξ|/ξ, and these are bounded for m ≥ 1. The rescaled boxes
have uniform inner buffers. They also prove completeness. A curve of finite remaining length, or a
Cauchy sequence, eventually stays within the outer part of one such buffered box and converges
there; it cannot escape a leaf through a side or an uncharted end. Equivalently, approach to a side
already has infinite length because |d ln ξ|kaux is bounded. This argument used only the controlled
charts near (5.42), not completeness of a parent leaf.

The restricted chart descriptions are Borel and accessible charts still have a countable Borel
enumeration. The auxiliary atlas may use further countable subdivisions; its total transverse
measure is irrelevant for the graph existence theorem. Apply Lemma 3.2 on these complete leaves.
For the first prescription its positive coefficient is B0 + Λ, its height target is f0, and its constants
e, w in that lemma are both one. For a row prescription the coefficient is the positive constant
B′, the target is ℓj , and the constants are the chosen e, w > 0. All coefficients have the uniform
smooth bounds just established. That lemma gives the bounded solutions with a uniform margin
from the poles and all derivative bounds, and gives their Borel dependence from uniqueness in the

62



countably enumerated charts. It applies successively: a solved graph metric dominates the complete
base, is complete, and has uniform geometry by the solution bounds; its changed weight again has
uniform positive-order derivative bounds. In applying the scalar estimates (5.32)–(5.36), use only
the smaller region where ξ = 1. There the auxiliary metric and the original induced metric agree
with all derivatives.

Define the child to be the open measured band

X+
s = {x ∈ Ω : |G|∞ < t1, f0 < K + 7, |J+|∞ < Tp}, (5.43)

with the final graph metric h+, final graph weight ϕ+, and underlying boundary orientation. Its
artificial sides stay away from each inner residual subcube. For the |G| = t1 sides, confinement
gives |G1| < τ + b < Tp, so any approach to such a side has a residual row |Gj | near t1. Choose
εval < (t1 − Tp)/4; then (5.40) puts |J+

j | beyond Tp already on a uniform neighborhood of that side.
For the f0 = K + 7 side, if f0 ≥ K + 4 some kernel is active, since the baseline value of f0 is less
than K. Its support lies in |J̄ |∞ > 3a0. Moreover f > f0 − 2 ≥ K + 2, so ζ(f) = 1. Choose A so
that (1 +A)3a0 > Tp + 4a0 and take w < a0/2. The first line of (5.40) then puts some |J+

j | beyond
Tp with a positive uniform margin. This occurs before reaching f0 = K + 7. In particular the entire
child lies in the region where ξ = 1, with buffers for all its inner subcubes.

These observations verify every part of Definition 5.1 for the child. To be explicit about its atlas,
use the recognized regular graph patches through level k′ in each parent plaque, restricting their
transversals as necessary. There are only boundedly many such tests per plaque. The derivative
bounds for G, f0, J

+ and the side margins just proved permit a further bounded subdivision covering
any chosen inner residual subcube with buffers. The solved graph metrics and weights have uniform
derivatives in these charts. Holonomy is inherited from the parent overlap maps, with the finite
patch indices when needed. Hence both the total transverse measure and the plaque overlap bound
persist. The transverse measure is precisely the restricted parent measure. It has no lapse factor
and no graph-volume factor; those belong to the leafwise integrations.

Preserving the degree through the modifications. Use in (5.21) a residual form β supported
in |z|∞ < a0, reducing a0 if necessary. First homotope J to J̄ on the whole parent boundary current.
The small value perturbation ensures that the preimages of this support throughout the homotopy
remain in a fixed old inner band. One can justify invariance directly by the homotopy formula.
The difference of the two pullbacks of β is dHβ, where Hβ is its usual transgression along the
homotopy. Multiply by the cutoff χdeg(G1) used in (5.21). The current ∂[Es] is closed, and the
term differentiating this cutoff meets no boundary on the small residual support, by confinement.
Measured current Stokes, with the local mass bounds already proved, therefore makes the integral
of the difference zero. This uses the boundary current across its singular set and so does not assume
regularity of the homotopy there.

The resulting integral for J̄ is entirely in the regular region used for the solves. Indeed |J̄ |∞ < a0
avoids a neighborhood of Dk by (5.24) and avoids every kernel support, which lies in |J̄ |∞ > 3a0.
Thus f0 has its baseline value there. The small perturbation also keeps |G| in the smaller inner
band. Now homotope on this regular region first from J̄ to (1 +Aζ(f))J̄ and then to J+. Along
the first homotopy the multiplier is at least one, so a preimage of the small target support has
|J̄ |∞ < a0. Along the second, the first line of (5.40) shows that it has |J̄ |∞ < a0 + 2w < 2a0. Both
supports thus avoid the marked region and the kernel supports, and retain the same spatial and
G1 margins. Ordinary measured Stokes on the regular buffered charts applies to these homotopies.
The final support lies in (5.43), so its integral is the measured degree of the child. It equals DX(G).

On the child the initial auxiliary metric is the induced metric, so (5.34) verifies the volume
identity in (5.23) for the product W defined above. Choose all the adjustable scalar errors above
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with sum at most 1/q. The absorption of the row errors and (5.36) give the scalar inequality in (5.23)
on the child. This completes the construction in high dimensions. In the case d ≤ 7 treated above,
use W = 1. The volume identity is then immediate, and (5.14) gives the scalar inequality in (5.23).
In dimension p = 0 the same statements hold on the counted points with the zero-dimensional scalar
convention.

Completion of the proof of Lemma 5.3. The coarea assertion is (5.20). The constructions above
give a controlled child of degree DX(G) for each typical s. Its coordinate bound follows from (5.40)
and (5.22):

Lj |dJ+
j |h+ ≤ B − d

q
+ Ljεgrad < B − p

q
.

For a low-dimensional child the same statement holds with zero error. The horizon condition (5.5)
for its rows is unchanged, since q,B, τ, L2, . . . , Ld are unchanged.

Every point with |J+|∞ < bp comes from |G|∞ < bd. For residual rows this follows from the last
line of (5.40) and εval < bd − bp; in low dimensions it is immediate. For the first row confinement
gives

|G1| < τ + b < τ +
τ

10q
< bd.

The same observation covers the counted case p = 0.
The function x 7→ (x− 1)+ is one-Lipschitz, so (5.40) gives

d∑
j=2

H+
j ≤

d∑
j=2

Hj(G) + 2
d∑

j=2

Ljεgrad.

Use this and the scalar and volume relations in (5.23) to compare the integrands on the child:

exp

(
−S(h+, ϕ+) +

∑d
j=2H

+
j

2

)
W

≤ exp

 1

2q
+

d∑
j=2

Ljεgrad

 v

L1
exp

(
−S(h, ϕ) +

∑d
i=1Hi(G)

2

)

≤ e3/(5q)
v

L1
Θ.

(5.44)

The factor W cancels exactly against the term 2 lnW in the scalar bound. The factor v/L1 is the
lapse factor in coarea. This calculation makes no bound on either factor. For a low-dimensional
child use (5.14), with no row error; for p = 0 the same estimate is the pointwise bound for a counted
point. Integrate (5.44) over the child and use its containment in the parent bd region. This is (5.8),
for example with C∗ = 1.

5.5 Completion of the induction

Proof of Theorem 5.2. The case d = 0 is the signed-count inequality in the statement. Suppose
the theorem is known in dimension p = d− 1, with the same q,B, τ and the residual lengths. Its
hypotheses hold for the child of Lemma 5.3, including the unchanged strict horizon condition. For
almost every s the induction hypothesis and (5.8) give

|DX(G)|(2τ)p ≤ eC1p/q+C∗/q∏d
i=1 Li

∫
Σs∩{|G|∞<bd}

vsΘ dAh.
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For p = 0 this is the same use of the unsigned-count bound. Take C1 ≥ C∗. Integrate this scalar
inequality over −τ < s < τ and apply (5.7) with F = 1{|G|∞<bd}Θ. The factor 2τ on the left changes
its power from p to d, and the right is bounded by the integral in (5.6). This proves the induction.

There is no implicit measurable selection of children in this last step. For each typical s a child
proves the displayed scalar inequality against the same parent integral. That parent integral is a
measurable function of s by the lapse construction and is governed by (5.7); it is the only function
being integrated. Its integral is finite because Θ is bounded on the controlled bd region, which has
finite measured volume. The constants C0 and C1 are absolute: C0 came from the fixed pressure
profile, and each descent costs at most eC∗/q after the arbitrarily small slice errors were chosen. All
geometry-dependent constants were used only to make those choices.

6 From bounded cohomology to comparison degree

The entropy construction supplies a root probability map F whose energy eh(F ) has a large
coefficient in the weighted scalar-curvature inequality. Its coordinatewise square takes values in the
probability simplex. We now turn its pairing with the bounded cocycle into comparison degrees
to which Theorem 5.2 applies. A common integer clears the rounded cubical coefficients, giving
integer multiplicities; the resulting measured degree may still be real. Its expectation will retain the
original cocycle pairing exactly. The different lengths assigned to the tangent and normal directions
of the realization are what remove the auxiliary dimension from the final estimate.

The probability-map and auxiliary-degree strategy is adapted from Section 3 of [20]: Lemmas 3.2
and 3.4 develop the probability map and dual chains, and Proposition 3.6 provides their pairing.
Lemma 3.8 supplies a transverse parameter cycle with nonzero intersection count; the proof of
Theorem 3.1 constructs the comparison map and identifies its local degree. We prove the quantitative
measured transfer and its estimates here.

Theorem 6.1. For every integer n ≥ 3, there is a finite constant Cn > 0 such that every closed
connected oriented smooth n-manifold M and every smooth Riemannian metric g with Scalg ≡ −1
satisfy

∥M∥ ≤ CnVolg(M).

We prepare the proof for a manifold with ∥M∥ > 0. Choose the homogeneous alternating bounded
cocycle c, the initial probability map, and the number I ≥ ∥M∥/2 provided by Proposition 2.3;
in particular ∥c∥∞ ≤ 1. We first consider conditional data having the properties asserted by
Theorem 4.1, without yet invoking their existence. Denote the scalar constant in this contract by
Cent. All functions called elementary in this section have a fixed height of exponentiation on a
polynomial, with parameters depending only on n.

Write M = (M̃ × Ω)/Γ for such a measured family. Denote its metric, weight, density, and root
probability map by h, ϕ, ρ, F , and put

e = eh(F ), W = log(dVh/ρ).

Its estimates are

ρ ≤ dVg, W ≥ 0, S(h, ϕ) ≥ −Cent + 2W − n logE + Ee, e1/2 ≤ E−1/100. (6.1)

There is a fixed invariant graph on the countable label set, with finitely many free Γ-orbits, containing
every cooccurrence of nonzero coordinates of F . The integer q ≥ n + 1 bounds the number of
orbits and the maximum graph degree plus one. The equivariant coloring by q colors separates any
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two labels at graph distance at most two. Its dependence on ω ∈ Ω is Borel. Set m = q − n > 0.
Integrals over M and over the measured spaces constructed below include their transverse measures.

Conditional transfer target. For every n ≥ 3, there are a constant Kn > 0 and an elementary function
Ψn : [1,∞) → (0,∞), chosen from n alone, such that every choice of detector and conditional
entropy data just specified, including its constant Cent, satisfies

E ≥ Ψn(q) =⇒ I ≤ Kne
Cent/2

∫
M
ρ. (6.2)

Thus Kn and Ψn are fixed before the manifold, cocycle, instance geometry, and Cent are chosen.
We carry out the estimates for each integer q ≥ n+ 1, uniformly over conditional data satisfying
the stated label and coloring bounds. The grid, the common rounding, and an upper density bound
for the resolution come first. That density bound permits a small collar; the ensuing curvature and
rotation bounds then determine one comparison width and the required energy threshold. Only
after the conditional target is closed will Theorem 4.1 supply an actual pair (q, E) and make Cent

dimension-only.

6.1 A flat neighborhood and a cubical cocycle

For a fixed ω, let K = Kω consist of all nonnegative unit root vectors whose support is a clique in
the label graph. Thus K is the union of the spherical orthants on those cliques. A vector y ∈ K
has a color image zy ∈ Rq, obtained by placing each of its root coordinates at the color of its
label. Distinct labels in a clique have distinct colors. Distant cliques can reuse colors, so the flat
neighborhood below keeps distinct label configurations with the same color image on separate sheets
for comparison, while retaining Euclidean coordinates for the grid averages.

Lemma 6.2 (Flat sheet neighborhood). Put δ = (1000
√
q)−1. There is an oriented flat smooth

q-manifold Uω with a local isometry z : Uω → Rq, and an inclusion of Kω into it, such that the
image of every y ∈ Kω has a flat ball chart of radius 10δ centered at zy. This construction is a
standard Borel family in ω, with countably many charts and an equivariant Γ-action. The map F
lifts smoothly to this family, and, writing zF = z ◦ F ,

eh(zF ) = eh(F ) = e.

There is a closed smooth n-form, again denoted η, obtained in these flat charts by pulling back the
detector form through the cutoff probabilities constructed below. It is Borel and equivariant in the
family, and satisfies ∫

M
F ∗η = I, |η|HS ≤ Cn. (6.3)

Here the exterior Hilbert norm uses the Euclidean metric on the charts. For every fixed derivative
order its derivatives admit an elementary bound in q.

Proof. Take one copy of B(zy, 10δ) ⊂ Rq for each witness y ∈ K. At the same point z in two such
balls, identify the two copies if their witnesses share a label in their nonzero supports. We check
that these identifications give ball charts, rather than a branched space. For every point under
consideration, some coordinate of z is at least q−1/2 − 10δ. Every witness for that point has a
nonzero label at this color. If two witnesses share any label, their labels at every common color
agree: each of the two labels at that color is adjacent to the shared label, so distance-two separation
of colors forces them to be the same. Conversely, agreement at the indicated large color is already
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a shared label. Thus, at z, the proposed identification is precisely agreement on the label at that
large color, which is an equivalence relation.

The same color remains positive in all witnesses at every sufficiently nearby point; indeed the
margin q−1/2 − 21δ > 0 suffices after a further displacement of at most δ. In that neighborhood
the equivalence classes are still distinguished by its label. Each ball therefore projects injectively
as a local chart. Points with distinct Euclidean projections can be separated in Euclidean space,
and points with the same projection and different labels at the large color have disjoint chart
neighborhoods just described. This proves the Hausdorff property. Rational dense choices of centers
in each spherical orthant give a countable subatlas: there are countably many labels and cliques.
The descriptions by labels, clique coordinates, and color assignments are Borel, and are unchanged
by simultaneous translation of labels and ω. They prove all the claimed family and equivariance
properties. At points of K this also shows that its inclusion is unambiguous.

The lift of F is locally in one of these charts: its label at a chosen large color persists in a
neighborhood. A nonnegative smooth root coordinate has zero differential wherever it is zero. All
the nonzero coordinates at a point have different colors. It follows that the nonzero rows of dF are
merely moved to different color positions by dzF , proving the asserted energy equality.

To construct this cutoff pullback, choose a nonnegative smooth function χ which is zero for
t ≤ 12δ, equals t for t ≥ 25δ, lies between zero and max{t, 0}, and satisfies the usual rescaled
derivative bounds |χ(j)| ≤ Cjδ

1−j for j ≥ 1. In a ball put

w(z) =
(χ(zj))

q
j=1

|(χ(zj))qj=1|
, pj = w2

j .

The denominator is bounded below by an absolute positive constant. In fact z is within 10δ of
a nonnegative unit vector, and the change in each coordinate caused by cutting it off is at most
25δ; hence its total change is at most 25δ

√
q. If χ(zj) ̸= 0, every witness in this ball has a positive

coordinate at color j, because its distance from z is less than 10δ. The label for every active
coordinate is therefore unambiguous on chart overlaps. Evaluate

η = n! c(p, dp, . . . , dp)

using those labels. The cocycle law makes this form closed, as in Proposition 2.3, and a straight
probability homotopy from the old probabilities to these new ones preserves the measured pairing.
Its local finiteness and smooth bounds are uniform for the instance, so the measured Stokes argument
of that proposition applies. This gives the first identity in (6.3).

For the dimension-only norm bound, first regard the form on nonnegative unit root vectors w.
In the Euclidean coordinate directions i1, . . . , in, its component is

n!2n
( n∏
j=1

wij

)∑
a

w2
ac(a, i1, . . . , in).

Its absolute value is at most n!2n
∏

j wij . The sum of the squares of these products over all increasing

n-tuples is at most (
∑

iw
2
i )

n = 1. Thus its exterior Hilbert norm is at most a constant depending only
on n. The map z 7→ w(z) has absolutely bounded operator norm of its differential: its denominator
is bounded below, normalization is an orthogonal projection divided by that denominator, and χ′ is
absolutely bounded. Pullback multiplies the exterior Hilbert norm by at most the n-th power of
this operator bound. This proves the second assertion in (6.3). Differentiating the same formulas
a fixed number of times gives elementary bounds (polynomial bounds in q already suffice), since
δ−1 = 1000

√
q.
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Choose a rotation V ∈ SO(q) with Haar probability, independently of the entropy data, and
put ẑ = V z. In these coordinates take the cubical grid of step r and shift s, where s is uniform
in [0, r)q. Fix r = r(q) > 0 so that r

√
q ≪ δ and so that every n-component of η in every rotated

frame changes by at most q−n over a ball of radius 10r
√
q in the inner sheet charts. The derivative

bounds of Lemma 6.2 permit such a choice with an elementary bound on r−1, uniformly in V, s, ω.
A primal n-cell has an axis set I ⊂ {1, . . . , q} of size n, varies along those grid intervals, and

has the remaining coordinates at grid vertices. Orient it in increasing axis order. Include each lift
C whose center is at distance less than 4δ from some witness zy in its sheet chart. The full cell
fits in that chart. Its dual m-cube C# has the same center, varies along the complementary axes
by [−r/2, r/2], and has the other coordinates fixed. It too fits in the chart. Orient it so that the
primal oriented basis, followed by the negatives of its dual oriented basis, is a positive basis of Rq.
Give the primal cell the coefficient

uC =

∫
C
η. (6.4)

These coefficients satisfy the cubical cocycle equations where they are needed. If a primal
(n+ 1)-cell has its center within 2δ of a witness, all its boundary n-faces are included with coherent
lifts, and their signed integrals sum to zero by Stokes. A facet of a dual cube is centered at just
such a primal (n+ 1)-cell. The incidence signs of its incident dual cubes agree, up to one common
sign, with the boundary signs of the primal cell: this follows by placing the varying primal axes
first and the negative dual axes last in the ambient oriented basis. Consequently the dual m-cubes
weighted by uC have balanced oriented boundary near K, in particular at every facet meeting the
tube of radius δ. Indeed the corresponding centers differ from those facet points by at most r

√
q, so

they have the stipulated 2δ witnesses. Projected grid cells on other sheets give no incidence: all
these statements use lifts in the same flat chart.

Lemma 6.3 (Finite-type unbiased rounding). There is an integer D0 ≥ 1, bounded by an elementary
function of q and constant in V, s, ω, and a Borel equivariant random choice of coefficients u′C ∈ D−1

0 Z
such that

Erdu
′
C = uC , |u′C − uC | ≤ rnq−n. (6.5)

The expectation is conditional on the grid and entropy data. Every cocycle equation just described is
satisfied exactly by the u′C .

Proof. The closure equations couple faces whose anchors can differ. We encode all local coefficients
in one ordered finite vector and round within the joint kernel of its incidence equations, so every cell
reads from the same rounded vector. We first establish that the vector has elementary size despite
the infinitely many lifted cells.

All projected centers lie in a fixed bounded Euclidean ball. For fixed V, s, their grid indices and
axis sets therefore have at most (C/r)Cq choices. At a selected center choose, breaking ties by color
order, its largest unrotated color coordinate. This coordinate is at least q−1/2 − 4δ, and its label
occurs in every witness for the center. It determines the lift uniquely, by the proof of Lemma 6.2;
call it the anchor label.

The closed graph one-neighborhood of an anchor has at most q labels. Every center-test witness,
meaning a witness at distance less than 4δ from the center, lies in this neighborhood because it
contains the anchor. Every point of the full cell is within 4δ + r

√
n/2 < 5δ of each such witness.

Thus every active color, whose coordinate is greater than 12δ, occurs in each center-test witness. For
an arbitrary ball-chart witness of the center the corresponding bound is instead 10δ + r

√
n/2 < 11δ,

which is still below the active cutoff and gives the same conclusion. Thus the coefficient uC is
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determined by its projected grid index, its anchor, and the color assignment on this one-neighborhood.
In particular, no labels farther out in the graph enter its calculation.

Choose and order representatives of the at most q anchor orbits, and order each of their finite
one-neighborhoods. An anchor has a unique translate to its representative because the label action
is free. After this translate, its neighborhood is a fixed finite set and the cocycle evaluations are
unchanged by homogeneity. Fix one ordered list of slots consisting of an anchor representative, an
injective color assignment on its neighborhood, an axis set and grid index, and a witness clique in
that neighborhood containing the anchor. It is enough to use the fixed index box |kj | ≤ ⌈3/r⌉+ 3,
which contains every possible selected center for all shifts. The slot is valid when the anchor color is
the canonically chosen largest unrotated color of its center and that center is at distance less than
4δ from the spherical orthant of its witness clique. Give a valid slot the integral of the explicit form
over its primal cell, using the labels specified by the slot, and give an invalid slot value zero. The
preceding active-color observation makes this integral unambiguous. The validity tests and integrals
are Borel in V, s.

This is one vector v = v(V, s) ∈ RN0 for the fixed graph and cocycle, common to all ω. Only its
size and the bounds below are uniform over all graphs and cocycles of the given complexity: there
are at most qq neighborhood color assignments, 2q witness cliques, and (C/r)Cq projected indices,
so N0 is elementarily bounded in q. An actual cell receives the slot t(C,ω) obtained by normalizing
its canonical anchor, restricting its actual coloring, and choosing the first valid witness clique in
the fixed order. Its value is uC = vt(C,ω). This type is Borel and is unchanged by translating C
and ω together. Slots with the same anchor, restricted coloring, axes, and grid index but different
valid witness cliques have the same value: the 5δ observation gives the identical active-label formula
throughout the primal cell.

Impose on this list every integer row b with ∥b∥∞ ≤ 2(n + 1) for which b · v = 0. There are
finitely many candidate rows, so the resulting matrix depends Borelly on v. In particular it includes
the difference row for any two duplicate valid slots. It also includes every needed cubical equation,
even when its faces have anchors normalized by different deck elements: all their values are entries
of this same vector v, and Stokes gives the signed zero sum of those entries. After repeated slots in
its 2(n+ 1) faces have been combined, each coefficient has the stated bound. The kernel of this
integer matrix has a real basis of integer vectors b1, . . . , bk with

k ≤ N0, max
j

∥bj∥∞ ≤ K0 := (CnN0)
CN0 .

To see this, choose a nonsingular maximal minor and solve for its pivot coordinates in terms of
the free coordinates; multiplying each basis vector by its nonzero determinant makes it integral.
Hadamard’s bound for minors of a matrix with entries at most 2(n+1) gives the displayed estimate.
Lexicographically choosing the pivot minor makes the basis Borel. The case of a zero-dimensional
kernel simply has v = 0 and needs no rounding.

Write v =
∑

j tjbj , using the pivot solution, which is Borel. Independently round each tj to the

two adjacent multiples of D−1
0 , choosing their probabilities so that its conditional expectation is

tj . Choose a single integer D0 ≥ N0K0r
−nqn, using uniform elementary upper bounds for N0,K0.

The resulting vector v′ lies in the same kernel, has entries in D−1
0 Z, has expectation v, and satisfies

∥v′ − v∥∞ ≤ N0K0/D0 ≤ rnq−n. All operations, including taking floors and using independent
uniform parameters for the adjacent choices, are Borel. The fixed slot order is used for every pivot
choice. Thus one parameter ξ, independent of Ω, gives one rounded vector v′(V, s, ξ) for all cells.
Set u′C = v′t(C,ω). The invariance of the type under translation proves equivariance, and the common
zero rows prove all the asserted incidence equations.
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The rounded coefficients define the original oriented dual current

Zrd :=
∑
C

D0u
′
C [C

#]. (6.6)

Here [C#] is integration over the oriented cube, and the coefficients are integers. We verify the
local finiteness implicit in this notation. The form bound and rounding give |uC | ≤ Cnr

n and an
elementary bound for each |D0u

′
C |. Let B be a small flat ball in one sheet chart and Q one full

projected dual cube. The intersection Q ∩ z(B) is convex. Any lift of Q meeting B agrees with
the chart inverse on this connected intersection, by uniqueness of lifts for the local diffeomorphism
z. Thus two lifts meeting B, even at different projected points, agree there and then agree on the
connected cube Q. At most one geometric lift of each projected cube meets B. Only finitely many
projected grid cubes meet z(B), with bounded coefficients, proving neighborhood local finiteness.

Let Tδ ⊂ Uω be the strict tube of points at distance less than δ from a witness in its ball chart.
The exact incidence equations in Lemma 6.3 give

∂Zrd

∣∣
Tδ

= 0. (6.7)

This is a local assertion: the boundary current vanishes on test forms compactly supported in Tδ.
To resolve Zrd smoothly, realize each coefficient by |D0u

′
C | oriented copies of its cube, reversing

orientation when u′C < 0. At every facet where boundary balance is required, pair positive and
negative incident copies and glue them by their common face. Leave other facets free, and double this
diagram with an oppositely oriented mirror, joining each free facet to its mirror. All codimension-one
faces of the doubled diagram are now paired. Local axis, grid, and copy indices order the incident
copies, so these choices may be Borel and equivariant.

The doubling does not join the two sides near K, even through a lower face. If a point of any face
maps into Tδ, every path of facet identifications relating chambers incident to that face preserves its
image point. Each facet on the path meets the tube, so was balanced before doubling and was not a
free mirror facet. The entire incidence class at that point stays on its original side or its mirror side.
At a point of a lifted grid face, only boundedly many local grid indices and their boundedly many
copies can meet. Facet identifications preserve that point and its sheet, so even after doubling they
relate only this bounded collection of incident chambers.

Take barycentric subdivision of the doubled cubes. Each top simplex σ has vertices colored
0, . . . ,m by the dimensions of its barycentric faces, and every facet pairing respects these colors.
Write εσ ∈ {1,−1} for its sign relative to that color order, and call this doubled signed simplicial
diagram P . It maps facewise to Uω, with elementary subdivision and incidence bounds. The original
current Zrd remains the object to be represented on Tδ; the doubling supplies closed facet pairings
for the resolution.

6.2 A controlled smooth measured resolution

The diagram need not be a manifold at faces of codimension greater than one. The following
construction replaces it by a measured family of smooth manifolds while preserving the represented
chain. The small portion on which its metric is not the pulled-back flat metric will be controlled by
its coordinate volume.

The reflected gluing below uses Gaifullin’s explicit permutohedral resolution, including the
face-preserving sign-changing pairings, their conjugation under reflections, and the auxiliary bit
toggles [7, pp. 562–563]. We replace his rank-indexed bits by independent subset-indexed bits, put
invariant probability laws on the pairing data, and supply smooth measured charts and quantitative
metric bounds.
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Lemma 6.4 (Measured resolution). For the diagram P there is a standard Borel measured family
A of oriented smooth m-manifolds and a smooth map X : A → Uω, equivariant and Borel in all
the data. The integration identities below are for fixed grid, entropy, and rounding data, including
(V, s, ω, ξ); their integrals use the conditional state measure and depend Borelly on those data. The
points over Tδ represented by original chamber tiles form a Borel leaf-open subset Aorig ⊂ X−1(Tδ).
For every compactly supported smooth m-form α on Tδ,∫

Aorig

X∗α = Zrd(α). (6.8)

For the full doubled diagram, measured oriented integration also gives

X∗[A] = [P]. (6.9)

For a parameter 0 < λ < 1/2 and a choice

0 < 2γ0 < (m+ 1)−(m+1)λm(m+1), (6.10)

there are a smooth metric k and a closed seam set in each tile such that ∥dX∥k ≤ 1, and k = X∗kflat
off the seam. There are buffered smooth charts with elementary overlap, metric, inverse-metric, and
fixed-order derivative bounds whenever λ−1 and γ−1

0 are elementary. In the sorted charts for each
tile, the seam is contained in the union of the slabs |Zj | ≤ λ, 1 ≤ j ≤ m. The k-volume density in
those charts has an elementary upper bound chosen before λ, γ0; in particular this bound does not
depend on these two parameters.

One may prescribe for each chamber over a dual cube a rotation Oσ ∈ SO(q). There is also a
smooth Borel equivariant R : A → SO(q) equal to Oσ off the seam in that tile, equal to the identity
near all tile facets, and homotopic to the identity. Its fixed-order chart derivatives and ∥dR∥k are
elementarily bounded under the same hypotheses.

Proof. Invariant reflection states. For each nonempty proper subset S ⊂ {0, . . . ,m} and each face
with exactly those vertex colors, pair the incident positive chambers with the incident negative
chambers. The two counts agree. Indeed choose a color omitted by S; the given codimension-one
matching in P across facets omitting this color pairs the chambers at that face with opposite signs.
All incident sets are finite by the incidence bound above. Choose uniformly among their possible
pairings, independently for each face and each S, and let pS denote the resulting involution on
chambers. Use also independent uniform bits tS ∈ {0, 1}, one for each S. The state space consists
of ζ = (σ, p, t), with counting measure on σ and these product probabilities on p, t. These are
countable products of finite probability spaces. As the original data vary, the incidence lists and
finite pairing choices are Borel, so the product laws are Borel probability kernels.

Define a move sS by

σ 7−→ pSσ, tS 7−→ 1− tS , pR 7−→ pSpRpS (R ⊊ S),

leaving the other data unchanged. The conjugated pR is again a pairing at each R-face: pS preserves
every such face and flips the chamber sign, so conjugation preserves its face and its sign-reversing
property. Each sS is an involution. If R ⊊ S, the two moves commute. On chambers, for example,
their two orders both give pSpRσ, since after sS the R-pairing is pSpRpS . On a pairing indexed
by a subset of R, both orders conjugate by pSpR; on the other indices the same assertion follows
directly from which of the two moves changes that index. The bits commute as well. Thus all moves
in a nested flag commute, and they act freely: each changes its own bit, so no nonempty product of
these moves can fix a state.
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These moves preserve the state measure. They permute the counting chamber index, flip a
uniform bit, and, conditional on pS , conjugate each relevant uniformly distributed finite pairing by
a permutation of its incident set. The latter operation permutes its finite set of possible pairings
and preserves its uniform law. It also preserves the independent product of those laws. All moves
are Borel and commute with translating the original label data.

Smooth leaves and the measured atlas. Attach the following tile to each state. Start with the positive
simplex x0, . . . , xm > 0,

∑
i xi = 1, and take the closure of its collection of pair ratios (xi/xj)i̸=j in

the product of copies of [0,∞]. For each permutation i0, . . . , im use the coordinate chart

uj = xij/xij−1 ∈ [0, 4), 1 ≤ j ≤ m. (6.11)

All pair ratios in the chart are products of these or their reciprocals, so the uj are independent
coordinates. Sorted orders have uj ≤ 1 and cover the closure. The facet uj = 0 has label
Sj = {i0, . . . , ij−1}; the labels of a corner are nested. Glue each facet to the identical resolved
coordinates in the state obtained by sSj . The commutation just proved makes the gluing consistent
at corners.

Use signed square root coordinates uj = Z2
j , with Z ∈ (−2, 2)m, starting from any state. For

Zj < 0 use the tile obtained by sSj ; use the product of these commuting moves when several
coordinates are negative. At zero use the starting tile as a convention for representing the same
glued point.

Figure 1 illustrates the tile and the four signed quadrants at a two-facet corner when m = 2.

0

1 2

σ

one barycentric
chamber σ ≃ ∆2

X

{0}{0, 1}

{1}

{1, 2} {2}

{0, 2}tile

(a) A chamber and its resolved tile

ZS

ZT

ζsSζ

sT ζsSsT ζ

+−

−+

(b) uS = Z2
S , uT = Z2

T

Figure 1: The reflected resolution in dimension two, following Gaifullin’s permutohedral construction
[7]. In (a), one barycentric chamber σ ≃ ∆2 is paired with its resolved tile. The six facets are
indexed by the nonempty proper subsets of {0, 1, 2}; adjacent labels are nested. The map X sends
the tile interior diffeomorphically to the chamber interior. In (b), at a corner with labels S ⊂ T , a
full state ζ = (σ, p, t) and its three reflected states occupy the four quadrants of signed coordinates.
The commutation sSsT = sT sS and the independent bit toggles give four distinct quadrants of one
smooth chart. The displayed signs compare each chamber sign with that of ζ: blue agrees and
orange is opposite. The gray collar and strips represent the same seam schematically; their widths
are illustrative, and X is not affine.

We verify that these are ordinary smooth charts. On an overlap of two permutations, a cut Sj
which is not a cut of the other permutation has uj ≥ 4−2m. To see this, choose a pair of indices
on opposite sides of that cut whose order is inverted in the other permutation. Their ratio in
the first ordering is at most 4muj ; its inverse in the second ordering is at most 4m. The asserted
lower bound follows. At a cut common to both permutations, the ratio for the second chart is the
first ratio at that cut multiplied by a product of ratios within the blocks between common cuts.
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Those within-block ratios and their required reciprocals are bounded away from zero on the overlap.
After taking square roots, the transition at a common cut is consequently its signed coordinate
times a smooth nonvanishing factor. All other transition coordinates are smooth monomials with
denominators bounded away from zero.

The sign in this transition is fixed on each region with fixed signs at the noncommon cuts. The
remaining state relation is a product of the common reflections, and its product is unique by their
free action on the bits. Commutation makes this sign rule persist across the zero coordinates. Thus
the transitions are smooth and invertible across every corner. A point incident to j facets has
exactly the finite star of 2j states under these reflections, and hence has one neighborhood of this
form rather than several branches.

The signed charts give smooth leaf neighborhoods. We next check the topological and transverse
properties needed for measured integration. The leaves are Hausdorff. Distinct points with distinct
resolved coordinates can be separated in the tile model. If their resolved coordinates agree but
their finite stars differ, choose neighborhoods in these two stars avoiding all nonincident facets;
no further identification then joins them. Each leaf has at most countably many states reachable
by the finitely many moves and at most countably many charts, so it is second countable. The
total space is standard Borel: the quotient of the state–tile space identifies finite classes at each
tile point, for which Borel representatives can be selected by a fixed enumeration. More explicitly,
charts can be indexed by the starting chamber, its bit array, and the flag, with the pairing arrays
as transversal parameters. The bits determine the crossings at nonzero signed coordinates; the
moves can then be inverted to recover the pairing array. With the zero convention above this makes
the chart maps injective. Changes of transversal are the measure-preserving moves on countably
many Borel overlap pieces. A plaque meets only elementarily many plaques in this atlas: for each
second flag only the states in the two finite flag reflection groups can occur. These observations give
precisely the measured flow-box properties of Theorem 5.2.

The chamber signs orient the leaves. In a flag chart the Jacobian sign from positive ratio
coordinates to oriented barycentric coordinates depends only on the permutation. Changing one
signed coordinate from positive to negative changes the Jacobian sign of uj = Z2

j once, while the
move changes the chamber sign once. The induced orientation is therefore the same across each
facet. The transverse measures here are nonnegative; the signs enter only through this orientation
in integrals of forms. The value of ω is constant along each tile leaf, and translation by Γ reindexes
the states and preserves these measures.

The map and the local current. Recover the raw xi from (6.11) by normalizing the successive products
1, u1, u1u2, . . . , u1 · · ·um. If vσ,i are the vertices of the indicated chamber in its flat chart, map its
tile by

X =

m∑
i=0

bivσ,i, bi =
exp(−1/xi)∑
l exp(−1/xl)

, (6.12)

where exp(−1/xi) is extended by zero at xi = 0. On a facet with label S, all coefficients outside
S vanish to infinite order in its signed coordinate. The vertices in S are the same on the paired
chambers, and their coefficients are smooth functions of the squares of the signed coordinates. Thus
X is smooth through the gluing. Its denominator is at least e−(m+1), since some xi ≥ 1/(m+ 1),
which also gives elementary upper derivative bounds in the tile charts.

On the positive simplex the map x 7→ b is a diffeomorphism. Given positive bi of sum one, its
inverse is obtained from the unique t ∈ (0, 1/maxi bi) satisfying∑

i

1

− log(tbi)
= 1;
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the left side increases smoothly from zero to infinity. The inverse function theorem also gives the
smooth inverse. This diffeomorphism preserves orientation. Indeed it extends to the closed simplex
preserving every face, and the linear homotopy to the identity has the same property, so its relative
topological degree is +1. It follows that the tile interior maps diffeomorphically, with sign εσ,
onto the interior of its chamber. Each chamber’s state probability integrates to one and the tile
boundaries have leafwise measure zero. Fubini and change of variables therefore give, for every
compactly supported smooth m-form α,∫

A
X∗α =

∑
σ

εσ

∫
σ
α.

This proves (6.9). To obtain the local identity, define Aorig as the image in X−1(Tδ) of tile points
belonging to original chambers. At an interior point this subset is leaf-open. At a lower face, the
incidence argument preceding the lemma shows that every state in its finite reflection star is on the
same side. A neighborhood in that star can be chosen to keep its image in the strict tube and to
avoid nonincident facets, so it stays on that side. This proves leaf-openness and makes the definition
unambiguous at glued points; the finite indexed charts also make it Borel. Applying the same
change-of-variables calculation only to original tile interiors, for a form supported in Tδ, gives (6.8):
each original cube is counted with its coefficient D0u

′
C , and each chamber’s state fiber has mass one.

The metric and upper density. The signed charts admit a background metric k0 with elementary
bounds for its coefficients, inverse, and every fixed number of derivatives in buffered charts. To
construct it, take smooth product cutoffs supported in the signed boxes (−2, 2)m and equal to one
on [−1, 1]m, and average their Euclidean chart metrics with the normalized cutoff weights. The
smaller boxes cover, by sorted flags. The overlap bound above bounds the number of terms per
plaque. The transition formulas and their inverses are products of at most O(m) factors, and every
required reciprocal at a noncommon cut is at most 4O(m). Their fixed-order derivatives consequently
have elementary bounds. These facts give the claimed bounds for the average and its inverse, and
make the construction Borel and equivariant. The same transition and product estimates, applied
to (6.12), give an elementary upper bound for dX and its fixed-order derivatives before any choice
of λ. The affine simplexes have diameter at most r

√
m.

Put Θ =
∏

i xi. Choose a smooth j = j(Θ) equal to one for Θ ≤ γ0, zero for Θ ≥ 2γ0, and
between zero and one elsewhere, with the rescaled smooth cutoff estimates. It is smooth in the
signed charts and the same on both sides of every facet. Set

k = X∗kflat + j2k0, seam = {Θ ≤ 2γ0}. (6.13)

We call the complement of this closed seam the straight part. The metric is positive definite near
the tile boundary because j = 1 there. Where j < 1, one has Θ > γ0, hence xi ≥ γ0 for every i, and
X is an immersion. The formula proves ∥dX∥k ≤ 1 and equality of metrics off the seam.

The upper density bound requires no inverse estimates. As quadratic forms, k ≤ X∗kflat + k0, so
its volume density in every sorted box is bounded by the upper bounds for dX, k0 already chosen.
Call a common elementary bound H0(q). In a sorted box |Zj | ≤ 1. If all |Zj | > λ, normalization of
the successive products gives

Θ ≥ (m+ 1)−(m+1)λ2(1+2+···+m) = (m+ 1)−(m+1)λm(m+1).

Condition (6.10) shows that the seam lies in the stated union of slabs. Its coordinate volume in
such a box is at most an elementary factor times λ. The bound H0(q) was fixed before this factor
was made small.

74



The remaining metric estimates may depend on γ0. On the part with j < 1, all positive ratios
are bounded below by powers of γ0, so the product formulas control the inverse from raw barycentric
to signed coordinates. The normalized weights in (6.12) obey bi ≥ e−1/γ0/(m+ 1). On a tangent
vector w = (wi),

∑
iwi = 0, their derivative is

dbi(w) = bi

(
wi

x2i
−
∑
l

bl
wl

x2l

)
.

These differences control w: if their common subtracted mean is a, the relation
∑

iwi = 0 expresses
a as a weighted average, with weights x2i , of the negatives of those differences. Thus |w| is bounded
by a polynomial in m times e1/γ0 maxi |dbi(w)|. Finally, the affine map from the barycentric simplex
to a simplex in a subdivided cube has elementary inverse bounds. Its matrix has r-scaled rational
entries with bounded denominators, and its nonzero determinant and cofactors give this by minors.
These estimates control the inverse metric where j < 1; where j = 1, k0 already supplies that control.
Differentiating the formula for k a fixed number of times now gives elementary bounds, including
the curvature bound, when γ−1

0 is elementary.

Frame interpolation. The comparison needs a constant frame ordering tangent and normal axes on
each straight tile, a frame that glues smoothly near facets, and a homotopy to the identity for the
degree calculation. Choose a Borel skew-symmetric logarithm Aσ of each Oσ with operator norm at
most π. Such a choice follows by decomposing an orthogonal rotation into its two-dimensional angle
blocks with principal angles and, on its −1-eigenspace, pairing a Borel choice of orthonormal basis;
the even dimension there follows from determinant one. Define on that tile

R = exp((1− j)Aσ).

It is the identity in a neighborhood of each facet and thus glues smoothly despite the change of σ.
It equals Oσ where j = 0, and replacing 1− j by t(1− j), 0 ≤ t ≤ 1, gives the asserted homotopy.
The cutoff and metric inverse estimates give the derivative bounds. The choices can be made on the
indexed chamber data, so they are Borel and equivariant as asserted.

For our use, choose Oσ to take z-increments to rotated grid increments, putting the m axes
tangent to the dual cube first and the n complementary axes last. Use a signed permutation if
needed to have determinant one. Thus Oσ = QσV for a signed permutation Qσ ∈ SO(q) with this
order. Signs will not affect any row norm or any cubical test.

6.3 The comparison map and its degree

The parameter selection below fixes λ(q) and γ0(q) deterministically. For those choices the bounds
in Lemma 6.4 give fixed elementary numerical envelopes KR(q) and Kscal(q) such that

∥dR∥∞,k ≤ KR(q), (−Scalk)+ ≤ Kscal(q)

for every allowed diagram and every V, s, ω, rounding parameter, and state. These envelopes come
from the uniform chart derivative bounds and do not use Cent. Fix the single number

τ = τ(q) =
1

300
√
qmax{r−1, δ−1, 1 +KR(q)}

. (6.14)

It has an elementary reciprocal and is common to all those parameters. In particular 3τ
√
q ≤

min{r/100, δ/100, (1 +KR(q))
−1}.
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Fix V, s and the rounding parameter for the moment. Take the product of M̃ and the tile
family A over their shared ω, and divide by the diagonal Γ-action. Orient the product with the
M̃ directions first and the A directions second. The resulting measured leaves have dimension
n+m = q. Using the leaf-open set Aorig from Lemma 6.4, work only on the open set of pairs (x, a)
with a ∈ Aorig for which X(a) is in the lift of the ball chart of F (x), at distance less than δ/4.
Define there

G(x, a) = R(a)(zF (x)− zX(a)). (6.15)

Here zX(a) = z ◦ X(a). The requirement on the lifts is part of the domain; coincident color
coordinates on incompatible sheets are never compared. The map is invariant under the diagonal
action.

Use the band {|G|∞ < 3τ} in that open domain, and put bq = τ(1 + 3/(4q)), the inner width in
Theorem 5.2 when d = q. Let D be its measured degree.

Lemma 6.5 (Comparison degree). The band in (6.15) satisfies the chart and integration control
assumptions of Theorem 5.2, for each fixed instance, the product metric h + L2k with any fixed
L > 0, and the pullback of the entropy weight ϕ. Its degree is Borel in the auxiliary parameters and
satisfies

ErdD = D0I (6.16)

for every fixed V, s.

Proof. The local pushforward (6.8) will express the degree using a smoothed form of Zrd. Its
primal-cell periods are the integer coefficients D0u

′
C . Their expectations match the periods of D0η;

a compatible piecewise cubical primitive and mollification then give the same measured pairing with
F . We first verify the band control that makes these integrations valid.

The controlled comparison band. Before taking the quotient, the product flow boxes use the
entropy transversal ω and the state transversals of A. Variation along the tile keeps ω constant.
These transversals carry the invariant measures constructed above. A group element that stabilizes
a product leaf acts freely and properly because it acts so on the M̃ factor. Hence the quotient
leaves are ordinary oriented Hausdorff second countable manifolds. The actions reindex labels and
states, leave the color and flag coordinates unchanged, and preserve the transverse measures and
orientations.

For an inner closed comparison cube there is a uniform margin from the boundary of the allowed
sheet domain. Indeed R is orthogonal and (6.14) gives |zF − zX |2 ≤ 3τ

√
q ≪ δ/4. The large witness

color at F remains present with a uniform small buffer. In a flat ball chart a lifted path whose
projected coordinates stay in the ball stays in that same lift, by uniqueness of lifts for a local
diffeomorphism. The nearby points therefore remain in coherent sheet charts. Facets that lead to
the mirror are outside this region. The available smooth bounds for the instance give fixed buffered
coordinate charts for all the data in these regions.

To check the finiteness condition on those charts, choose lifts of a finite buffered atlas on M . On
their compact closures F uses only uniformly finitely many possible labels, by the lifted support
bounds in Theorem 4.1. Any nearby cell lift has its anchor in a closed one-neighborhood of one
of these labels. The numbers of projected grid indices, chamber subdivisions, and copies there
are bounded as above. Thus only finitely many chamber indices are needed over each such base
chart, uniformly for the instance. Their state probabilities have total mass one per chamber, and
the sum of transverse measures of this covering is finite. Plaque overlaps are bounded by the tile
overlap bound and the bounded overlap of the base atlas. In the quotient only finitely many deck
changes meet two of these buffered base charts. Subdividing their inner boxes and, when necessary,
restricting to Borel transverse sets gives the flow boxes stipulated in Theorem 5.2. All metric and
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data bounds in this verification may depend on the instance. It also justifies Fubini and measured
Stokes for the integrations that follow.

The local convolution form. Choose a smooth unit-integral top form β on Rq supported in a Euclidean
ball about zero of radius less than min{τ, r/10}. In calculating the degree using β, homotope R to
the identity as in Lemma 6.4. All maps in this homotopy are orthogonal on the difference variable.
Their pullbacks of β are thus supported where the difference has this same small norm, strictly
inside both the sheet domain and the original band. Measured Stokes for this supported homotopy
shows that it does not change the degree.

After removing the rotation, fiber integration of (z, w) 7→ z − w against β and the original
current Zrd gives a smooth n-form αrd near K. More explicitly, in a flat chart put d(z, w) = z − w.
Integrate d∗β along each compatible C# in the second variable, multiply by D0u

′
C , and sum. The

sum is locally finite and uses the original side. By the local identity (6.8), Fubini, and change of
variables on tile interiors, the degree is

D =

∫
M
F ∗αrd. (6.17)

Boundary cancellation of the dual cubes shows that dαrd = 0 on, for example, the tube of radius
δ/8 around K. To verify this directly, apply fiber Stokes to each cube. Its boundary terms only
involve facets within the support distance of the point z; these lie in the balanced tube and cancel
with their paired incidence signs.

For every primal n-cell sufficiently near K in the same sheet,∫
C
αrd = D0u

′
C . (6.18)

Indeed a primal n-cell and a complementary dual m-cell of this grid meet only when their indices
match, and then at their common center. If their axis sets differ, a coordinate fixed for both is a
grid vertex for the primal cell and a half-step center for the dual cell, so their difference in that
coordinate is at least r/2. If their axis sets agree but their grid indices differ, a differing coordinate
gives the same separation. Such pairs cannot meet the support of β. For the matching pair, the
difference map from C × C# contains the support ball in its image with multiplicity one. Our
fiber integration convention is

∫
C

∫
C# d∗β =

∫
C×C# d∗β with the base-first product orientation. The

differential of d(z, w) = z − w sends this ordered frame to the primal basis followed by the negative
dual basis, so its orientation is positive by our choice of the dual orientation. Its integral is therefore
one, proving (6.18). The small support and the chart buffers ensure that only the indicated lifts
contribute.

The detector pairing. Set α = Erdαrd −D0η. It is a smooth closed form on that tube, and (6.5),
(6.4), and (6.18) give

∫
C α = 0 on all the primal n-cells there. We explain why its measured pairing

with F vanishes, including when F meets grid faces.
Use all lifted full q-cells needed to cover the tube of radius δ/32 aroundK. Taking r

√
q sufficiently

small as above, these cells lie in the tube of radius δ/8, all their n-faces are selected, and their
shared faces fit in coherent sheet charts. On one grid interval [a, a+ r], project a function to its
linear interpolation between the endpoints and project a one-form f(t)dt to the constant one-form
with the same integral. The homotopy for a one-form is the function

h(f(t)dt)(t) =

∫ t

a

(
f(v)− r−1

∫ a+r

a
f(s) ds

)
dv,
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which vanishes at both endpoints; the homotopy on functions is zero. Direct differentiation gives
id − P = dh + hd. Apply these operations one coordinate at a time, with the ordinary exterior
differential signs. The tensor-product homotopy still commutes with tangential restriction to a face,
since the one-dimensional primitive vanishes at the endpoints. The full projection of an n-form has,
for each axis set, coefficients obtained by integrating on its n-faces and interpolating linearly in
the remaining axes. Hence the full projection of α is zero. Since dα = 0, the homotopy supplies a
primitive on each full cube, and its tangential restrictions agree on shared faces.

This piecewise primitive has bounded coefficients for the instance and is also a weak primitive
on the tube: in distributional Stokes the terms on each shared face cancel by agreement of its
tangential restrictions. On a smaller tube mollify it in the flat coordinates. This can be done with
the same small Euclidean convolution in every chart: the buffered sheets give a unique lift of the
convolution ball, and on overlaps the piecewise primitive and flat coordinates agree. Its smooth
exterior derivatives are the mollifications of the smooth form α, and converge to α there. The
construction is Borel and equivariant and has bounded coefficients for the instance. Measured Stokes
applied to the pullback of each smooth primitive gives zero; convergence and the uniform chart
bounds give

∫
M F ∗α = 0. All expectations and integrals above are measurable by their locally finite

chart formulas, and their absolute bounds for the instance justify their interchange. Using (6.3) in
(6.17) now proves (6.16).

6.4 The two comparison lengths and the final average

We finish by estimating these degrees. We will see separately how the straight part uses the
dimension-only Hilbert norm of η and how the small coordinate volume of the seam pays for its
rougher bound.

Proof of Theorem 6.1. The case ∥M∥ = 0 is immediate. Otherwise we first prove the conditional
target for the data above, choosing Ψn from the requirements on E derived below, and then apply
it to the entropy output. Choose a positive constant b∗, depending only on n, whose smallness will
be fixed in the estimate below, and put

LT = b∗
√
E, LN = b∗

√
qE, htot = h+ L2

Tk. (6.19)

Once the degree hypotheses are verified, its length denominator, the product volume, and the
entropy contribution will combine as

Lm
T E

n/2

Lm
T L

n
N

e−WdVh = b−n
∗ q−n/2ρ. (6.20)

This is the cancellation of the tangent volume and all powers of E. The estimates below justify the
degree application and bound the straight angular sum by a dimensional multiple of qn/2, while the
collar volume controls the seam.

Use the weight ϕ, constant in the tile directions. The product scalar formula and the definition of
S give S(htot, ϕ) = S(h, ϕ)+L−2

T Scalk. By the definition ofKscal(q), the lower bound E ≥ b−2
∗ Kscal(q)

ensures L−2
T Scalk ≥ −1. By (6.1),

S(htot, ϕ) ≥ −Cent − 1 + 2W − n logE + Ee. (6.21)

Assign Li = LT to the first m comparison rows and Li = LN to the last n rows. On the band,
the derivative in tile directions of each row of G, measured with k, has norm at most two. The dX
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term has norm at most one, and the dR term has norm at most 3τ
√
q∥dR∥k ≤ 1 by (6.14). The

horizontal derivative is a row of a rotation of dzF . It follows that

Li|dGi|htot ≤ Cn

(√
q +

√
qE E−1/100

)
.

Take B to be this upper bound increased by two. Then Li|dGi| ≤ B − 1 = B − q/q. The horizon
condition of Theorem 5.2 holds after an elementary increase of E: it suffices to test the smallest
length LT , and, for E ≥ 1,

C(1 +B)2/3

LT
≤ chor,nq

1/3E−13/75 <
τ

10q
.

Here chor,n depends only on the absolute horizon constant and the dimensional choice of b∗, and
13/75 = 1/2 − (2/3)(1/2 − 1/100) > 0. Thus the displayed strict horizon inequality follows if
E ≥ (20chor,nq

4/3/τ)75/13. We may therefore apply Theorem 5.2 with d = q.
Write Hi = 2(Li|dGi| − 1)+, as in that theorem. At a straight point in a tile, let I be the n-set

of grid axes normal to its dual cube. Put Ai = (V dzF )i, with covector norms measured by h, and
define

U2
I =

q

e

∑
i∈I

|Ai|2h if e > 0, UI = 0 if e = 0. (6.22)

Here
∑

i |Ai|2 = e. At a straight point k = X∗kflat and R = QσV is constant. For a tangent
comparison row corresponding to axis i, the squared row norm is exactly L−2

T + |Ai|2. Thus∑
tangent

Hi ≤ L2
T e = b2∗Ee,

by 2(
√
1 + t− 1) ≤ t. Normal rows have no tile derivative, so Cauchy–Schwarz gives∑

normal

Hi ≤ 2LN

∑
i∈I

|Ai| ≤ 2b∗
√
n
√
EeUI .

Completing the square in
√
Ee, for b∗ < 1, shows that∑

iHi − Ee

2
≤ cnU

2
I , cn =

nb2∗
2(1− b2∗)

. (6.23)

Choose b∗ sufficiently small that

EV exp(2cnU
2
I) ≤ Cn (6.24)

for every fixed horizontal differential and every fixed I. Here is a direct verification of this choice.
If u is one coordinate of a uniform point on Sq−1, its sphere moments satisfy

E(qu2)j =
qj(1 · 3 · · · (2j − 1))

q(q + 2) · · · (q + 2j − 2)
≤ 2jj!.

Consequently Eetqu2 ≤ (1 − 2t)−1 for 0 ≤ t < 1/2. The singular-value decomposition of dzF
expresses each q|Ai|2/e as a convex combination of such random variables, with its singular-value
weights. Jensen’s inequality gives the same exponential bound for that convex combination. Another
application of Jensen to the sum of the n rows in (6.22) bounds its exponential moment by (1−2nt)−1.
Choosing, for instance, 2ncn < 1/4 proves (6.24). No independence of the rows of V is used.
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At a seam point the uniform tile row bound gives a rougher estimate which is still independent
of the instance. By the triangle inequality for each row, (a− 1)+ ≤ a, and Cauchy–Schwarz on the
horizontal rows, ∑

i

Hi ≤ 2LN
√
qe+ 4qLN/LT ≤ 2b∗q

√
Ee+ 4q3/2.

Completing the square once more gives∑
iHi − Ee

2
≤ cseam,nq

2, cseam,n = 2 +
b2∗
2
. (6.25)

Apply the degree inequality, then use (6.21). Its loss is exp(Cq/q), an absolute constant. The
product volume form is dVhtot = Lm

T dVh dVk, so the measure factor is exactly (6.20). Together with
(6.16) and |ED| ≤ E|D|, this gives the following inequality, with Cout = exp(Cdeg +(Cent+1)/2)b−n

∗ ,
where Cdeg is the absolute exponent in Theorem 5.2:

D0I(2τ)
q ≤ Coutq

−n/2

∫
M
ρEV,s,rd

∫
{a: |G(x,a)|∞<bq}

B(x, a) dVk(a), (6.26)

where the fiber integral includes its state transversals and only the compatible original-side band,
and

B(x, a) =

{
exp(cnU

2
I), a straight over axes I,

exp(cseam,nq
2), a in the seam.

The entropy constant enters only through this final prefactor, not the geometric bounds used below.
The length and volume prefactor has no exponential loss in m; the seam exponential will be absorbed
by the choice of λ.

Fix x, ω, and put y = F (x). At a coupled pair in (6.26), a fixed projected grid index has at
most one possible cell lift in the ball chart of y. Its full primal and dual cells fit in that chart by
(6.14) and the buffers, and the lift there is unique. Moreover each point of its primal cell is within
10r

√
q of y: the dual point is within bq

√
q of y, and the dual and primal extents are at most r

√
m/2

and r
√
n/2. The variation choice for r and the rounding error now give the copy-count estimate

D0|u′C | ≤ D0r
n
(
|ηI(y)|+ 2q−n

)
, (6.27)

where the component is in the V -rotated frame.
On a straight tile the k-volume is exactly the flat volume of its image in the chamber. The

signed permutation in G does not change its cube test, which is |ẑy − ẑX |∞ < bq. Summing the
chamber pieces in a copy is thus bounded by the m-area of its whole dual cube inside that test;
the state probabilities for each chamber integrate to one. For a fixed axis set I, summing over all
projected centers and averaging the shift gives exactly

r−q

∫
Rq

∫
[−r/2,r/2]m

1{|ẑy−c−t|∞<bq} dt dc = r−qrm(2bq)
q. (6.28)

Here t is placed in the complementary axes. This identity is just the density r−q of centers under
uniform shift; extending the sum to the full grid is an upper bound for the selected lifted cells.

The form bound holds in every rotated frame. Using Cauchy–Schwarz jointly in V and the
(
q
n

)
axis sets, and then (6.24), we obtain

EV

∑
|I|=n

(|ηI(y)|+ 2q−n)ecnU
2
I ≤

(
EV

∑
I

|ηI(y)|2
)1/2(

EV

∑
I
e2cnU

2
I

)1/2

+ Cnq
−n

(
q

n

)
≤ Cnq

n/2.

(6.29)
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This use of Cauchy–Schwarz allows the form components and row norms to depend on the same
rotation. Combining (6.27)–(6.29), the straight part of the inner expectation in (6.26) is at most
CnD0q

n/2(2bq)
q, because rn+m−q = 1. Multiplying by its prefactor q−n/2 bounds that part, for a

fixed dimension-only constant Cstr,n, by

Cstr,nD0(2τ)
q, (6.30)

since (bq/τ)
q = (1 + 3/(4q))q ≤ e3/4.

For the seam use only the consequence |zX − zy|2 ≤ bq
√
q of the cube test. Discard the tile

boundaries, which have leafwise measure zero. The remaining set is the disjoint union of tile interiors
indexed by their actual chamber σ and its state arrays. Partition each such interior into positive
sorted-coordinate pieces, for example by taking the first sorted permutation in a fixed order. On
these pieces 0 < Zj ≤ 1, so no signed-chart reflection changes the chamber. The conditional state
measure over each actual chamber has mass one, and its k-density is at most the elementary H0(q)
chosen before λ.

Retain the compatible-sheet restriction at this point. For a fixed projected grid index the
uniqueness proved before (6.27) allows at most one compatible geometric lift. Apply the rough copy
bound D0|u′C | ≤ Cη,nD0r

n from that equation, where Cη,n depends only on the form norm, and
use the uniform density bound. Only after these bounds may we drop the restrictions on available
sheets, roundings, and chambers and sum over all projected centers and chamber shapes.

For a fixed actual chamber shape, normal axis set I, and positive sorted flag, (6.12) has rotated
position

ẑX = s+ r
(
k + 1

21I
)
+ dI,shape,flag(Z).

Here 1I is the coordinate indicator vector of I. The displacement d is independent of the pairing
and bit arrays, of λ, γ0, and of the shift; it is determined by the fixed chamber shape and the
barycentric formula. For each fixed Z the shift integral of the rough test is consequently

1

rq

∫
[0,r)q

∑
k∈Zq

1{|s+r(k+ 1
2
1I)+d(Z)−ẑy |2≤bq

√
q} ds = r−q VolRq(Bbq

√
q)

≤ r−q(4τ
√
q)q.

This calculation is valid despite the shift dependence of the actual diagram, because the copy, lift,
and density bounds were imposed before the enlargement to all centers. Tonelli’s theorem applies to
these nonnegative bounds.

In each positive sorted piece the seam lies in
⋃

j{Zj ≤ λ}, of coordinate volume at most mλ. A
cube has 2mm! barycentric top chambers and at most (m+ 1)! sorted flags per chamber. Thus the
seam part of the inner expectation is bounded by

C∗(q)λD0(2τ)
q, (6.31)

where one may take the elementary envelope

C∗(q) = max

{
1, Cη,nH0(q)

(
q

n

)
(2mm!)(m+ 1)!mrn−q(2

√
q)q exp(cseam,nq

2)

}
.

Every factor here was bounded before choosing λ. Thus C∗ is independent of λ, γ0, τ , of the bounds
KR,Kscal, and of Cent. The powers τ q in the shift count have already canceled those in (2τ)q.
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The two fiber estimates now have the same normalization. Insert (6.30) and (6.31) into (6.26),
using q−n/2 ≤ 1 for the seam, and cancel the positive factor D0(2τ)

q. For the conditional data and
parameter bounds used so far, this gives

I ≤ Cout

(
Cstr,n + C∗(q)λ

) ∫
M
ρ. (6.32)

We now fix these bounds before invoking the entropy theorem. For each integer q ≥ n + 1,
the form derivative bound first gives a deterministic r(q) with elementary reciprocal. The size
bound for the universal type list, D0, incidence counts, and the bounds for k0, dX, including H0(q),
have elementary envelopes uniform over all permitted graphs and cocycles. Fix b∗ using (6.24);
this determines the dimensional constants cseam,n and chor,n, independently of Cent. The displayed
formula for C∗(q) is consequently available at this stage. Set

λ(q) =
1

4C∗(q)
, γ0(q) =

1

4
(m+ 1)−(m+1)λ(q)m(m+1).

These deterministic choices have elementary reciprocals and satisfy (6.10). The resolution estimates
now give common elementary envelopes for its fixed-order chart derivatives, hence KR(q),Kscal(q),
and then the common τ(q) in (6.14). None of these choices uses the entropy constant.

For integer j ≥ n+ 1, define

Ψ◦
n(j) = max

1, b−2
∗ Kscal(j),

(
20chor,nj

4/3

τ(j)

)75/13
 ,

and define a majorant on all t ∈ [1,∞) by

Ψn(t) = 1 + max
j∈Z

n+1≤j≤max{n+1,⌈t⌉}

Ψ◦
n(j).

Every expression used here has an elementary upper bound; the finite maximum is bounded by an
increasing elementary envelope at max{n+ 1, ⌈t⌉}. Thus Ψn is an elementary majorant fixed solely
from n, and it dominates both the curvature and strict horizon requirements. Hence every conditional
datum with E ≥ Ψn(q) satisfies all hypotheses used in (6.32). Our choice C∗(q)λ(q) = 1/4 and the
definition of Cout prove (6.2) with

Kn = eCdeg+1/2b−n
∗
(
Cstr,n + 1/4

)
.

This closes the conditional target for all the specified data before any entropy family is chosen.
Now apply Theorem 4.1 with B = Ψn, Emin = 1, the detector root map as F in, and the one-point

transverse space Ω0. The detector construction uses finitely many compactly supported bump
representatives and their deck translates, giving the required uniform support and derivative bounds
in a lifted atlas and the equivariant compact support sets. After pulling the detector map to
Ω and embedding its labels equivariantly among the output’s finite copies, the measured affine
probability homotopy of Section 2 preserves I; the output therefore supplies the conditional data
with E > Ψn(q). Its constant Cent = Cent(n,Ψn) depends only on n. Since ρ ≤ dVg and the
transverse measure over M is a probability measure,

I ≤ Kne
Cent/2

∫
M
ρ ≤ Kne

Cent/2Volg(M).

Finally I ≥ ∥M∥/2, so the constant Cn = 2Kne
Cent/2 proves the theorem.
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Proof of Theorem 1.1. Fix n ≥ 3, and let Cn > 0 be the constant for the normalized scalar-curvature
estimate in Theorem 6.1. Proposition 2.2 gives

∥M∥ ≤ Cn

∫
M
(Scal−g )

n/2 dVg

for every metric in the theorem. Taking an = C−1
n > 0 proves the stated integral bound.
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