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Abstract

We prove the approximation-paving conjecture of Popa and Vaes for every maximal abelian
subalgebra of a complex von Neumann algebra. For each 0 < € < 1, every self-adjoint operator
is a strong limit of self-adjoint operators of norm at most three times its norm, each admitting a
norm paving with error at most € times the approximant’s own norm. The number of projections
is at most Ce~© for a universal constant C'. No separability or conditional-expectation hypothesis
is required.

1 Introduction

Let A be a maximal abelian unital x-subalgebra, or MASA, of a complex von Neumann algebra M.
For a finite partition P = (p;);_; of the unit by projections in A, write

Cp(2) =) pizpi.
i=1

Norm paving asks whether Cp(z) can be made close in operator norm to an element of A. Ap-
proximation paving allows a bounded perturbation of z within any prescribed strong-operator
neighborhood before choosing the partition.

Kadison and Singer posed the pure-state extension problem for the atomic diagonal MASA of B(¢?)
[KS59]. Anderson formulated its diagonal paving counterpart [Anderson79], and Marcus, Spielman
and Srivastava resolved it by mixed characteristic polynomials [MSS15]. For general MASAs,
ordinary norm paving of the original operator is too restrictive: in the separable-predual setting, it
characterizes type I algebras with a normal expectation onto the MASA [PV15, Theorem 3.3]. Popa
and Vaes introduced strong-operator and approximation versions of paving and conjectured that
every MASA has both properties [PV15, Definitions 2.2-2.3 and Conjecture 2.8(1)]. We resolve the
approximation-paving assertion of that conjecture positively.

Popa proved norm paving in ultraproducts of singular finite MASAs, and hence strong-operator
paving in the original finite inclusions [Popal4]. Popa and Vaes established strong-operator and
approximation paving for type I algebras with separable predual and for Cartan inclusions in
amenable algebras or arising from free ergodic profinite actions [PV15, Sections 3-4]. For singular
finite MASAs they obtained quadratic paving bounds [PV15, Theorem 5.1], later sharpened in
[PV16]. These restricted cases do not provide the expectation-free approximation theorem below.



Theorem 1.1. There is a universal constant Cyp, > 0 such that for every 0 < e < 1 there is an
integer R(g) < Cape~® with the following property. Let M C B(H) be a complex von Neumann
algebra, let A C M be a MASA, and let x = x* € M. For every finite F C H and every é > 0, there

exist y = y* € M, a partition P = (pi)fi(i) of the unit in A, and a = a* € A, such that

Iyl <3lzll, [y —2)¢ll <o (&€ F),

and
lall < llyll, [Cp(y) —all < eyl

Zero projections may be included in the partition.

Thus the norm-control constant is universal, and the number of projections is independent of
the algebra, its representation, the operator, and the strong neighborhood. We do not optimize the
sixth-power bound. The relative error in the theorem is measured against the actual approximant’s
norm; a norming test vector and a final clipping argument will ensure that normalization.

There is also a direct consequence for strong-operator paving when a normal expectation exists.
In its definition, the compression is estimated on a large projection whose complement lies in a
prescribed strong neighborhood of zero.

Corollary 1.2. Suppose that a MASA A C M is the range of a normal conditional expectation.
For each 0 < € < 1 there is an integer Rs(e), independent of the inclusion, such that for every
x =x* € M and every strong-operator neighborhood V of zero, there exist an Rgs(e)-partition P in
A, an a = a* € A with ||a|| < ||z||, and a projection ¢ € M with 1 — q € V, satisfying

lg(Cp(x) —a)gll < ez

The proof is given in Section 7.4.

The separate companion [OpenAI26, Theorem 1.1] proves a direct quadratic strong-operator
paving bound for the original operator. Theorem 1.1 instead norm-paves a nearby bounded operator,
with error relative to that approximant’s norm. The two main proofs are independent; the conversion
in Corollary 1.2 retains its normal-expectation hypothesis. We claim no quadratic bound for R(e).

Corollary 1.3 (Quadratic approximation paving for expected MASASs). There is a universal
constant C > 0 such that for every 0 < ¢ < 1 one can choose an integer N(g) < Ce~2 with the
following property. If the MASA A C M is the range of a normal conditional expectation, then the
conclusion of Theorem 1.1 holds with N () in place of R(¢).

The proof is given in Section 7.4.

The measured argument. The first part of the proof develops a measurable version of one-sided
matrix paving for nonsingular equivalence relations. The finite paving-polynomial framework of
[RL20, RS21] supplies the starting point. Its stable expected determinants yield local spectral
probabilities and spectral-shift functions. A buffered pinning lemma selects a color while increasing
the diagonal penalty by a fixed universal factor and controlling the increase of positive-root mass.
The initial root estimate from [RS21, Lemma 24 and proof of Theorem 25] is derived here from
[MSS15, Theorems 4.1 and 5.1], using positive-defect completion and deletion of added Gram
columns.

Nonsingularity is handled by passing to the Maharam extension, where mass transport is
invariant, and weighting the matrix by the height variable. Uniform comparisons between slabs allow
the pinning decisions to descend to a single coloring of the base. Sparse random updates then control



the accumulated cost. Only local independence is needed; auxiliary graph colorings do not increase
the number of colors in the final paving. The slab comparison and buffered-pinning estimates isolate
the two uniformity issues in this passage from finite matrices to measurable operators.

The operator-algebra argument. For a MASA in the centralizer of a faithful normal state, we
first pave the algebra generated by its normalizers, using the Feldman—-Moore representation [FM77]
and the measured theorem. The complementary part has diffuse left—right kernels. We adapt the
free-product matrix dilation of [PV15, proof of Theorem 5.1], using random diagonal phases to
obtain asymptotic freeness with respect to the induced state. The proof controls the moments and
their concentration without assuming traciality, using analytic right multiplication for the modular
group.

Finally, a separable reduction preserves the partition bounds. The corner carrying centralizing
normal positive functionals has a normal expectation; on the complementary corner, almost disjoint
conjugate states produce positive contractions with small diagonal compressions. A three-corner
construction preserves the original off-diagonal entries until the final partition is chosen. This is the
step that removes the normal-expectation hypothesis.

All new estimates needed for these passages are proved below. We use established structure
theorems for conditional expectations, standard form, type I algebras and free products, with their
hypotheses specified at the points of application.

Section 2 fixes the state-topology tools; Sections 3-5 prove the measured paving theorem,
Section 6 handles the state-preserving case, and Section 7 removes the remaining hypotheses.
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2 State topology and bounded sequence quotients

All algebras and Hilbert spaces are over C. A MASA is automatically a von Neumann algebra: its
relative commutant equals itself, by taking real and imaginary parts. Partitions are finite indexed
families of orthogonal projections with sum 1; we allow zero projections. For a self-adjoint operator
t, let ¢4 denote its positive part. We use the same functional-calculus notation for continuous real
functions, including

clip.(t) = max(—c, min(¢, c)), c>0.

Suppose for this section that M has a faithful normal state ¢, and A C M, is a MASA in its
centralizer. Here
M, ={aec M : p(az) = p(za) for all z € M}.

The modular group fixes A pointwise. The conditional-expectation theorem gives a faithful normal
@-preserving expectation F4 : M — A; see [Takesaki72] or [Hiai20, Theorem 6.6]. Set

1/2
)

121, = w(272) =017 = Nz, + 112", -

On bounded sets these seminorms determine, respectively, the o-strong and o-strong™ topologies.
Indeed, in the faithful state representation, | z[|,, = [[2&,||, and M'E, is dense. Boundedness therefore
promotes convergence on &, to strong convergence on all vectors. The bounded o-strong topology is
intrinsic to the von Neumann algebra. Apply the same reasoning to adjoints for the second assertion.
In standard L?(M) notation we write &, = ¢'/2. Elements of A commute with this vector under
the left and right actions.

Lemma 2.1. Every A-partition compression Cg preserves ¢ and is contractive for both state
seminorms. As Q refines through all finite A-partitions,

Co(z) — Ea(z) in ||% (ze M).
The same holds along any refining sequence of partitions generating A.

Proof. The centralizer identity gives p(Cg(z)) = ¢(2z). Compression is unital completely positive,
so its Schwarz inequality gives state-norm contraction; apply it to adjoints as well. On the state
Hilbert space the compression is implemented by the orthogonal projection

C— Y alq.

qeQ

These projections decrease under refinement. Their action on zp'/? is Cg(z)p"/?. Meanwhile
the operators Cg(z) are uniformly bounded. Every ultraweak cluster point commutes with all
projections of A, and hence is in A. Since F4Cg(z) = E4(z), the cluster point equals E4(z). The
Hilbert-space limit of the decreasing projections must therefore be E4(z)p'/2. Repeating for z*
proves the claim. For a generating refining sequence, commuting with all of its partition projections
is already equivalent to commuting with A, so the same proof applies. ]

The following quotient allows us to record vanishing state errors while retaining norm estimates.
Its multiplier condition matters when ¢ is not tracial.



Lemma 2.2. Let
T, = {(z) € £°(M) : ||z 7 — 0},

and let
Co={tel>*(M):t1, CT,, I,t CTI,}.

Then Cy, is a unital C*-algebra and L, is a closed two-sided ideal in it. Constant sequences from M
and all sequences in (*°(A) belong to C,,.

Proof. The set I, is self-adjoint and norm closed. If s, € Z,,, then

Isitill, < llsslH sl > WCsiti) ™M, < 112l ’ 57

©
so st € Z,. The two multiplier conditions now show directly that C, is a unital, norm-closed
x-algebra, contains Z,, and makes it an ideal. Multiplication by a fixed bounded operator is
continuous on bounded sets for strong* convergence, so constant sequences are multipliers.

If a € A, then left multiplication has state-norm bound ||a||, and the centralizer property gives

ltally, = p(a*t"ta) = p(t*taa*) < |la]l* o(t"0).

The last inequality follows from positivity, since p(t*tb) = (b*/?t*tb/2) > 0 for b > 0 in A. The
same estimates apply to adjoints, uniformly on bounded A-sequences. Thus these sequences are
multipliers. ]

Write [t;] for an image in C,/Z,. A sequence of A-partitions of uniformly bounded size acts
by compression in this quotient. If g refines p, its compression applied to a p-compression is its
compression of the original element. Since these maps are unital and positive, a common refinement
preserves separate scalar upper and lower bounds for a self-adjoint element. In particular it preserves
a norm bound.

We will also use the following direct consequence of functional calculus. If a self-adjoint multiplier
sequence T} has [|[T}]|| < ¢, then

wj =Tj — clip.(T}) € Z,, 1T — wjll < e

If T} is block diagonal for a partition, so is w;. This converts the quotient estimates below into
explicit corrections.

3 Finite mixed polynomials and buffered pinning

We develop a rule for fixing one vertex’s color while controlling the total positive-root mass of an
expected characteristic polynomial. The rule will be applied repeatedly in the measured paving
argument; its constants must therefore be independent of the matrix size and of previous color
choices. We first identify the rooted mass and the change caused by one pin, then prove the
inequality that relates them.

3.1 Stable polynomials and local spectral data

Let @ be a finite set, let W = (Wyw)v,weq be Hermitian with zero diagonal, and let a, € R. At
each v, independently choose a color in {1,...,r} with probabilities ¢,; > 0, >, t,; = 1. The matrix

Whav retains the entries between vertices of the same color and sets all other entries to zero. Define

fo(Y) = Edet(diag(Y, + av)veg — Wpav)s fo = 1. (3.1)



All restrictions to subsets of ) use the restricted matrix, penalties, and probabilities. The polynomial
is real and multiaffine, its leading monomial is [],¢q Yo, and

Oy, fq = fo\{u)- (3.2)

We write fg(z) when every variable is set equal to z. The uniform-probability paving polynomial
and its determinant-derivative representation occur in [RL20, Theorem 1.6 and Proposition 1.7];
independent nonuniform distributions are also discussed in [RS21, remark following Lemma 24]. We
give the identities and stability arguments in the form needed for local perturbations below.

Lemma 3.1 (Stability). Put tz-l/z = diag(v/Tvi)veq. Then

fo)={1I %8’:1 [ det(diag(Y + a) — rti/QWtil/Q). (3.3)

vEQR =1

This identity remains valid for complex t,; with ) ;t,; = 1, where the expectation means the finite
algebraic sum with the corresponding product weights, and the same square Toot is used in both
occurrences of tg/Q. The algebraic identity also holds with complex penalties and arbitrary complex
off-diagonal entries of W, still with zero diagonal.

More generally, let H be an open half-plane. If the product of determinants on the right of (3.3),
for every principal restriction, is nonzero whenever all its variables lie in H, then the same holds
for fg. In particular, for Hermitian W and real probabilities and penalties, fq is upper-half-plane
stable and its univariate specialization is real-rooted.

Proof. Expand each determinant by permutations. Since W has zero diagonal, the off-diagonal
terms are collections of disjoint nontrivial permutation cycles. Each such cycle C' has sign minus
and weight

we = H va ZT: H tm' (34)

(vyw)eC i=1veC

in the expectation; unused vertices contribute Y, + a,. Indeed, all vertices on a cycle must receive
one common color, and disjoint cycles involve disjoint independent choices.

In the product on the right of (3.3), suppose a vertex occurs in nontrivial cycles of k different
determinant factors. Its degree in Y, + a,, is » — k. If k > 2, the indicated derivative kills the term.
If k = 0, the normalized derivative sends (Y, +a,)" to Y, + a,. If k = 1, it sends (Y, +a,)" ! to 1/r,
cancelling the factor r from the matrix scaling at that vertex. The remaining terms are precisely
(3.4) for disjoint cycles. The two square-root factors at each cycle vertex multiply to t,;, so this
argument also proves the complex-parameter identity independently of the choices of square roots.
This cycle calculation is algebraic in the entries of W and does not require them to be Hermitian;
that hypothesis is used for the real-data stability conclusion, not for the identity.

For the half-plane assertion, proceed by induction on the subset D of vertices at which r — 1
derivatives have already been taken, simultaneously for all principal restrictions. Fix the other
variables in H and take a vertex v ¢ D. In each determinant, the coefficient of Y}, is its principal
determinant with v removed, even for complex penalties. Extracting the coeflicient of Y, from the
product commutes with all normalized derivatives at vertices in D. Thus this coefficient is exactly
the already-processed product for the principal set with v removed. It is nonzero by induction,
so the polynomial in Y, has degree exactly r. Its roots lie in the closed convex complement of H.
Gauss—Lucas implies that each of its successive derivatives has all roots in that complement and is
nonzero. This proves the induction step.



For completeness, the determinant hypothesis holds whenever H lies strictly beyond a numerical-
range bound for

1/2

B; = rt!*Wt1/? — diag(a). (3.5)

For example, if Im (Bju, u) < 8 ju/|? and Im Y;, > 3 for all v, a null vector of diag(Y ) — B; contradicts
the imaginary part of its quadratic form. The same reasoning applies after a common rotation of
the half-plane; principal compressions inherit numerical-range bounds. For Hermitian W and real
probabilities and penalties, the matrices (3.5) are Hermitian, giving upper-half-plane stability. Real
coefficients and complex conjugation then give real-rootedness of the univariate specialization. [

Lemma 3.2 (Local spectral data). Fizv € Q, put f = fq, 9 = fo\{v}, and write h = f/g, G =1/h
at univariate arguments. For z € C with Imz > 0,

Imh(z) > Im 2. (3.6)

If s; are the roots of g, with multiplicities, there are v; > 0 such that

»
h(z) = v — . 3.7
(2)=z+a zj: e (3.7)
Consequently, on choosing |cj|* = v;,
—-a, c* .
B = < . S) , S = diag(s;), det(zI — B) = f(z). (3.8)

The function G is the transform

G(z) = /R dy () (3.9)

zZ—X

of the spectral probability measure of B at its first coordinate. Its first two moments are
/xd%(w):—av, /x dyy(x) = a +Zl/],
ZVJ Z ’va| Ztmth

wH#v

(3.10)

Let Ny(x) and Ny(x) count roots strictly greater than x, including multiplicities, and define

en(z) = Nj(@) - Ny(z), b= /OOO (@) de,  my = /Rx+ dv (). (3.11)
Then &, = 1qn<oy off a finite subset of R, and

Ui

1
—arg h(z +in) = (P * &) (x), Py(z) = ORI n >0, (3.12)
where arg h € (0,7). Moreover,
fo(2)
Gulz) = ) Yo = Oxs (3.13)
z%(;? ¢ fQ(Z) 7%;? sz): "

with multiplicities on the right.



If v is made deterministic of color i, write h; for the new quotient relative to the same g, and
put R; = h;/h. Its representation has the same a, and poles s, and masses v;; > 0 which can be

chosen so that
h = Z tm'hi, Z/j == Z tviVij- (314)
i i

If the penalty at v is also changed to Ka,, the quotient becomes
h; =h; + (K — l)av. (3.15)

Here the prime with a color index denotes the buffered quotient, not a derivative. We write Eg),i for
the positive-azis integral of the spectral shift defined using b, and the unchanged g.

Proof. Fix every variable except Y, at z in the upper half-plane. By (3.2), division by g(z) # 0
produces a monic affine polynomial Y, — a(z). Its root cannot be in the upper half-plane by
Lemma 3.1. Hence h(z) = z — a(z) satisfies (3.6).

The rational function A has real coefficients and only real poles. Its upper-half-plane property
rules out poles of order two or higher: the imaginary part of a real leading polar term of such order
has both signs along rays approaching the pole from above. At an actual simple pole the residue
must be negative, as seen by approaching vertically. The polynomial part is z 4 a,,, by comparing the
two highest coefficients of the monic polynomials f and g. This gives (3.7). For repeated roots of g,
assign the total residue to one copy and pad with zero masses at the others. The Schur complement
proves (3.8) and (3.9), first away from the poles and then as identities of rational functions. The
first two moments follow from the first diagonal entries of B and B?. Expanding f/g at infinity,
the coefficient of 1/z is minus the sum of the length-two cycle weights through v, giving the final
identity in (3.10).

For real x away from roots and poles, the Schur complement of 2/ — S in xI — B is h(x). Inertia
is additive under this congruence, so the number of negative eigenvalues of xI — B exceeds that of
xl — S by exactly 1¢j,(,)<0)- This proves the assertion about &, and in particular 0 < &, <1 almost
everywhere.

Factor f and g over their real roots. On the upper half-plane, take each factor z — A with
argument in (0, 7). The sum of the numerator arguments minus the denominator arguments equals
arg h: their difference is a continuous multiple of 27 and tends to zero at z = iR as R — oo. The
argument of x +in — A, divided by T, is the Poisson integral of 1(_, )). Summing and subtracting
gives (3.12). Finally the chain rule and (3.2) give the first identity in (3.13). The second follows by
comparing the finite Stieltjes transforms on the two sides.

Pinning changes only the probability at v, so g is unchanged and f is the weighted sum of
its pinned versions. This gives the first identity in (3.14). Each pinned polynomial is stable by
Lemma 3.1, and thus has the same type of quotient representation. Comparing residues at each
distinct pole gives the second identity; use the same placement on repeated copies for every choice.
Finally changing the v-penalty adds (K — 1)a,g to the polynomial, proving (3.15). O

The two local quantities have different roles. Define the total positive-root mass, with roots
counted according to multiplicity, by

EQ)= > Ap (3.16)
fo(V)=0
The sum-of-measures identity and the definition of the spectral shift give

Q)= my, Ly =E(Q)—EQ\{v}). (3.17)
vEQR



Thus m,, distributes the total cost among the vertices, whereas £, is the cost of inserting v. A buffered
pin at v leaves the deleted polynomial unchanged, so its change of total cost is exactly K;J- — L.
These are costs of the expected characteristic polynomial; in general they are not expectations of
the positive-part trace of the randomly paved matrix. They become the ordinary spectral costs
when all colors are deterministic.

3.2 The initial largest-root bound

The following estimate is obtained in [RS21, Lemma 24 and proof of Theorem 25]. We include a
derivation from the MSS covariance bound, explaining both the positive-defect completion and the
deletion of the added Gram columns.

Lemma 3.3 (Initial largest-root bound). Let T' be a Hermitian contraction on a nonempty finite
index set Q, with zero diagonal. In (3.1), take W =T, a, =0, and t,; = 1/r. Then

max root(fg) < 24/2/r+2/r. (3.18)

In particular, giving every vertex the same penalty b places all roots strictly below zero if 2./2/r+2/r <
b.

Proof. Set Dy =1+ T. Then 0 < Dy < 2I and (Dg)y, = 1. Independently form the columns
Uy = Dé/Qey ® €color(v) in C¥ ®C".
They have squared norm one, their Gram matrix is I 4+ Tpay, and, with d = 2/r,

> Euyuy = (Do/r) @ I, < dlI.
vEQR

Write the positive defect as a finite sum of deterministic outer products. Splitting its positive
eigenvalues into finitely many summands at most one makes each added column have squared norm
at most one. For all original and added columns together, their covariances A; satisty >°; A; = dI
and TrA; <1.

Theorem 4.1 of [MSS15] identifies the expected characteristic polynomial of a sum of indepen-
dent, finitely supported rank-one outer products with the mixed characteristic polynomial of the
covariances. Theorem 5.1 of [MSS15] gives largest root at most (1 + /€)? for positive semidefinite
covariances summing to / with individual traces at most e. Apply these results to A;/d, with
e = 1/d, and rescale the spectral variable. The expected characteristic polynomial of the enlarged
sum has largest root at most

d(1+/1/d)* =1 +2Vd +d. (3.19)

We justify carefully the removal of the added columns. For independent, finitely supported
columns u1, ..., Uy, in a finite-dimensional space, let A; = Euju’; and let U be the matrix of columns.
Then

F(Y) := Edet(diag(Y) — U*U) = (ﬁ(Y] — 85j)) det (I + isjAj) (3.20)

j=1 j=1

s=0

Indeed, the coefficient indexed by a subset .J of columns on either side is (—1)I”I times the expected
principal Gram determinant E det(U3jU). This follows first for deterministic rank-one matrices by
determinant expansion, and then for the mean outer products by independence and multilinearity
in the distinct matrices indexed by .J.

10



The determinant on the right of (3.20) is stable in the variables s;. If it had a null vector with
all Im s; > 0, taking the imaginary part of its quadratic form would force the vector into ker A; for
every j; the identity term then forces the vector to be zero. If a polynomial p is stable, fixing all
variables except s; at upper-half-plane arguments gives

Os;p
>

p

1
Sj—)\k7

Im /\k < 0.

The sum is zero when the degree is zero, and otherwise has negative imaginary part. Thus a new
upper-half-plane variable Y; cannot equal this logarithmic derivative, and (Y; — Os; )p is stable.
Repeating this observation, and then specializing the s; to zero by the zero-free limit theorem,
proves stability of F. The limit is not the zero polynomial, since its leading monomial []; Y; has
coefficient one. The same proof works for every principal set of columns.

Differentiating F' in a diagonal variable deletes the corresponding column from the expected
Gram polynomial. The monic affine argument of Lemma 3.2 therefore applies to the quotient of its
univariate specialization by the deleted polynomial. It has imaginary part at least Im z, and its
polynomial part is z — E [|u;]|*. The residue argument in that Lemma realizes the full polynomial
as the characteristic polynomial of a Hermitian arrow matrix whose principal compression has the
deleted polynomial as characteristic polynomial. The largest eigenvalue of a principal compression
cannot exceed the largest eigenvalue of the whole matrix. Thus deleting columns cannot increase
the largest root.

If the ambient column space has dimension ¢, the exact identity

2B det(zIy, —U*U) = 2"Edet(zl, — UU™)

shows that the enlarged Gram polynomial and the enlarged sum polynomial differ only by zero roots.
Since the bound (3.19) is positive, it also bounds the largest root of the enlarged Gram polynomial.
Delete every added column using the preceding paragraph. The original Gram polynomial is
Edet(z] — (I + Tpav)) = fo(z —1). Shifting by minus one proves (3.18). A common penalty b
replaces fo(2) by fo(z + b), giving the final assertion. O

3.3 Residue tails and exceedance lengths

The rest of this section concerns arbitrary arrow quotients, not just those arising from a coloring.
Let s; € R, v; > 0, and

U

h(z) =z4+a— L

) >

a>0. (3.21)

Let ~v be the first-coordinate spectral probability measure of the corresponding arrow matrix, and
put

m:/x+d'y($), L(a,v) = {)\>0:Z)\I/j5' >)\+a} . (3.22)

J

Here and below | - | denotes Lebesgue measure when applied to a set of real numbers. By Lemma 3.2,
this length is the positive-axis integral of the spectral shift for h.

11



Lemma 3.4 (Control of the residues). Suppose a =1 in (3.21), and set H = [ |z|dvy(z) =1+ 2m.
There is a universal Cy such that

> v < CoH?, (3.23)
|s;|<60H
S Y < com, (3.24)
s;>20H 77
Ui < coH. (3.25)
o< o0 1551

For example, Cy = 6000 suffices.

Proof. The first spectral moment is —1, so H = 1 4+ 2m > 1. By Markov’s inequality,
v([-4H,4H]) > 3/4.
Writing G = 1/h, we obtain

10H 15

dvy(z) >

—Im GI10H) :/ 22+ 100H2 T\ = 939

Since Im(1/G) < 1/(—ImG),

10Hv; , 232
B B < 222 16H.
10H+Z T 100 m h(i10H) < 15H< 6H

For |sj| < 60H, the denominator is at most 3700H?2. It follows that the left side of (3.23) is at most
2220H2.

Let e be the first coordinate vector of the arrow matrix B, and let e; be the other coordinate
vectors, so that (B — s;)e; is a scalar multiple of e of modulus ,/v;. Fix A > 4H and s; > 2.
Spectral calculus on (—oo, A], which is separated from s;, and (e;,e) = 0 give

(e 1000y (Be)| = !<@f’1<—oo 3(B)e)
= \F/ 1) 5 VY

<ASj— X 2s;

The last inequality uses y([—A, A]) > 3/4 and s; + A < 3s;/2. Bessel’s inequality now yields

U
> Y < a((h o).
8;>21 71

Integrating for A > 4H gives

3 V; (SQJ 4H><4/ 00)) dA < 4m.

5;>8H J

For s; > 20H the summand on the left is at least 3v;/(10s;). Thus (3.24) holds with constant 40/3.
The same positive-tail calculation applied to —B has first absolute moment H and positive first
moment [(—z)ydy(z) =1+ m < H. It gives (3.25) with the same constant. These calculations
include zero residues and repeated poles. O
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The next lemma is Boole’s identity for finite positive atomic measures [Boolel857]; see [AW15,
Proposition 2.6 and Appendix A]. For this one-sided normalization, see [PSZ09, Section 1, equa-
tions (1.1), (1.3), and (1.5)]. Its elementary root-sum proof will also fix the sign and endpoint
conventions used here.

Lemma 3.5 (Boole length identity). For finitely many real poles s;, nonnegative weights w;, and
c>0,

/\ER:Z)\_]Sj>c = )\ER:Z)\_JSj<—c :JTJ. (3.26)
J J

If every pole carrying positive weight is strictly positive, the first exceedance set lies in (0,00).

Proof. Merge coincident poles and omit zero weights. If there are no remaining poles the assertion
is immediate. Otherwise list them in increasing order. The rational function is strictly decreasing
between poles. Immediately to the right of each pole it tends to +o0o; before the next pole it tends
to —oo, and after the last pole it tends to zero. Thus the positive-level exceedance consists of
one interval from each pole to the ensuing root of the level equation. Clearing denominators in
2wy /(A —s;) = ¢, comparison of the two highest coefficients shows that the sum of the level roots
exceeds the sum of the poles by (Zj wj)/c. This is precisely the total interval length. Reflection of
the variable gives the negative-level identity. With positive poles the rational function is nonpositive
on (—o0, 0], proving the last assertion. Values at the finitely many poles and endpoints do not affect
these lengths. O

3.4 The buffered choice

The buffer makes it possible to retain coefficient one on the existing cost /. When m is large, we
bound the whole child cost by a multiple of m; when m is small, we reserve half of the existing
length and control the remaining exceedance by the residue tails.

Lemma 3.6 (Buffered pin inequality). There are universal constants K > 1 and C > 0 with the
following property. In (3.21), let a finite family of choices have masses v;; > 0 and probabilities
t; > 0 such that ) ;t; = 1 and )_; t;v;; = v;. Keep the poles s; unchanged, and define

Wiz) =24+ Ka— S 24 ¢ = L(Ka,v; ¢ = L{a,v).
Then
min £, < ¢+ Cm. (3.27)
2:t; >0

The constants have no dependence on the number or positions of the poles, the masses, the probabilities,
or the positive penalty a.

Proof. Dividing the arrow matrix by a sends s; to s;/a, the masses to vj/a?, and both lengths
and m to their values divided by a. It therefore suffices to prove the assertion for a = 1. Write
L=L(1,v) and H = 1+ 2m, and fix Cjy from Lemma 3.4. Only positive-probability choices are
used below.

Suppose first that m > 1. The means of the two nonnegative statistics

Ai= Y vy, Bi= ), 2

5.
|s;|<20H |s;|>20H 541
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are at most CoH? and Co(m + H) < 2CoH, respectively. Markov’s inequality and a union bound
give a choice satisfying
A; < CLH?, B; < CoH, Co = 8Cy. (3.28)

For A > DH and D > 40, all denominators from poles |s;| < 20H are positive and their total
contribution is at most CoH?/(A — 20H) < CoH. The contribution from poles s; < —20H is at
most CoH as well. Put C3 = 2C5. For the remaining positive poles the identity

Vij Vij Vij
> =(A+H) > - > — (3.29)
o 5200 A T 5 $;>20H (55 + H)(A = ) o >20m St H

holds. Choose D > max{40,2C5 + 1}. For any K > 1, if the entire rational sum exceeds A + K,

then (3.29) forces

Vij 1
> > .
o 20m (85 HH)(A—s5) = 2

Indeed the necessary lower bound for this sum is at least (A — C3H)/(A+ H) > 1/2. By Lemma 3.5
and (3.28), its exceedance length is at most

9 Yii__ < 90yH.
> o
8j>20H J

Including the initial interval (0, DH), we obtain
L(K,v;) < (D + 2Cy)H < 3(D + 2Cy)m. (3.30)

This proves the required bound in this case, with a universal constant, for every K > 1.
It remains to treat 0 <m < 1,s0 1 < H < 3. Set

p=3 Y M ()= —2— (d>0),

)
3j>01+5j 5j§0d+|5j|

using the right limit M_(0+) when necessary. Splitting the positive poles at 60 and using Lemma 3.4
gives
P <9Cy) + Com < Cy, Cy = 10Cy. (3.31)

Here 60 < 60H controls the near part and 60 > 20H controls the tail. For A > 0 away from the
poles, the parent exceedance condition is equivalent to

RO =Y i s14 P2 M)

5;>0 (1 + Sj)()\ - Sj) 14 )\ (332)

The threshold on the right is at most 1 4+ P. All poles of R with positive weight are positive.
Lemma 3.5 therefore gives

L P<CsL, Cs=1+Cy. (3.33)

>77
1+ P

We next prove the uniform bound
M_(L/2) < Gy, (3.34)

with the right-limit interpretation when L = 0. If L > 1, split the negative poles at absolute value
60H. The near part is at most 2CoH? < 18C), while the far part is at most CoH < 3Cy. Thus
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21C) suffices in this case. If L =0, then (3.33) implies P = 0. If M_(0+) > 1, including an infinite
right limit, then M_()\) > 1 4+ X on a nonempty interval immediately to the right of zero. With
no positive-pole contribution this would be an interval of parent exceedance, contradicting L = 0.
Hence M_(0+) < 1.

Finally suppose 0 < L < 1. If M_(2L) > 7C5 + 9, then for 0 < A < 2L we have P < Cj,
M_(A\) > M_(2L), and 1 + A < 3. Consequently the right side of (3.32) is strictly less than
—2(C5 + 1). By the negative-level identity in Lemma 3.5,

P
AeR:RN) < 2Cs+ 1)} = =—
{ (N < =205+ D} = 355
Outside this exceptional set, the parent exceedance holds throughout (0,2L), apart from finitely
many poles. Its length is therefore greater than 3L/2, contradicting the definition of L. It follows
that M_(2L) < 7Cs + 9. Termwise comparison of denominators gives M_(L/2) < 4M_(2L). Thus
(3.34) holds in all cases with, for instance,

<L
5"

Ce = max{21Cy, 1, 28C5 + 36}. (3.35)

For each choice define P; and M_ ; by replacing v with v;. Averaging these nonnegative quantities,
followed by Markov’s inequality and a union bound, gives a single choice ¢ with

P<4P,  M_;(L/2)<4Cs, S 29 <acym. (3.36)

5;>60 57

There is no exception when one of the means is zero: the corresponding nonnegative statistic then
vanishes at every positive-probability choice. When L = 0, finiteness of M_(0+) forces v; = 0 at
every pole s; = 0. The nonnegative averaging identities then force v;; = 0 at those poles for every
positive-probability choice. The right-limit child statistics are therefore finite sums over strictly
negative poles, and their averages equal the parent statistic. Thus the same selection argument
applies at L =0 and at m = 0.

For this choice put Pi(K) = 22,50 Vij/ (K + s;). The child’s exceedance condition is
(K)
Vz'j P —M_ z()\)
>14 - : . 3.37
Z (K—i—Sj)()\—Sj) K+ A ( )

Sj>0

For A\ > L/2 the negative statistic is at most 4Cs by monotonicity. Therefore K > 8Cg makes the

right side of (3.37) at least 1/2. The length of the child exceedance beyond L/2 is at most 2PZ-(K)
by Lemma 3.5. Split the positive poles at 60. For 0 < s; < 60,

1 <61 1

K—l—sj - Kl—i—Sj’

whereas for s; > 60 it is at most 1/s;. Thus

122 o>
2P < ZER2 Y Yi <

5;>60 97

488C
- > L + 8Com. (3.38)

Choose once and for all
K > max{l, 8C6, 97605}.

The first term in (3.38) is at most L/2. Adding the possible length L/2 of the initial interval gives
L(K,v;) < L+ 8Cym. Together with (3.30), this proves (3.27) with C' > max{8Cp, 3(D + 2C3)}.
Scaling back to arbitrary a > 0 completes the proof. O
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We fix the universal constants K, C' supplied by Lemma 3.6 for the remainder of the argument.
By (3.17), at a vertex with positive penalty the lemma supplies a buffered pin increasing £(Q) by
at most C'm,,. The coefficient one on ¢, is what cancels the old insertion cost in this difference. The
measured argument will sum these local charges while making interactions between simultaneous
pins negligible.

4 Measured matrices and coherent choices on Maharam slabs

Let R be a countable nonsingular Borel equivalence relation on a standard probability space (V, ).
All measurable objects are understood modulo null sets, with Borel representatives. Our convention
for the multiplicative Radon—Nikodym cocycle is

dp(w) = w(v, w) du(v) (4.1)

along partial isomorphisms v — w with graph in R. An invariant null set can be removed so that
the cocycle identities hold on the resulting relation.

Consider a measurable system 7" of Hermitian contractions with zero diagonal on the spaces
?%([v]r). The system is principal: the indices are the points of an equivalence class, with one index
for each point. On changing the root within a class, the matrices agree up to conjugation by diagonal
unitaries. Suppose their entries are supported on an undirected Borel graph G in R, of degree at
most a fixed finite number D, and suppose that for a fixed J > 1,

J < w(v,w) < J on every edge of G. (4.2)

A measurable coloring of V' defines T},,, by retaining entries whose two indices have the same color
and setting the other entries to zero. For a function of an orbit matrix, its diagonal entry at the
root v is denoted by a subscript vv.

Theorem 4.1 (One-sided measured paving). There is a universal constant K > 1 with the following
property. Suppose T, R, G, and w satisfy the preceding assumptions. Let b > 0, and choose a
positive integer r such that

2¢/2/r +2/r <b. (4.3)

For every o > 0 and p > 0, there is a measurable coloring of V' with r 4+ 1 colors for which

/V((Tpav — (Kb+0)1)3), du(v) < p. (4.4)

We use the constants K and C' of Lemma 3.6. This section constructs choices that are coherent
along the height coordinate of the Maharam extension: the finite buffered inequality selects a color
at a lifted vertex, but a paving of the base requires the same choice at every height above that
vertex. The proof of Theorem 4.1 is completed by the sparse pinning and descent argument in the
next section. All constants called uniform in this section may depend on D, J,r, b and the fixed
matrix system, but not on a partial assignment or on the endpoints of a slab. Constants for a single
fixed slab will be identified separately.

4.1 Invariant measure and weighted polynomial systems

For the Maharam extension, see [Maharam64] and the formula in [RS06, Section 2, before Theo-
rem 2.1]; the multiplicative coordinate there is y = e~* in our convention. We verify invariance in
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the present cocycle notation before developing the slab construction. The Maharam extension has
vertices u = (v,s) € V x R and relates (v, s) to

(w, s+ logw(v,w)), (v,w) € R.

Projection to V is injective on each lifted orbit: the cocycle identities fix the height over w uniquely.
The measure
di(v, s) = du(v)e*ds

is invariant along this relation. Indeed, writing s’ = s 4 logw(v, w), Equation (4.1) gives

—S

du(w)e* ds' = w(v, w)du(v) ds = du(v)e *ds.

w(v,w)

Consequently the mass-transport identity is
[ 3 Py diitw) = [ 3 Fuy) dity) (45)
Yy u

for nonnegative measurable transports along the lifted relation, and for integrable complex transports.
The identity remains true after restricting both endpoints to a slab or to any further measurable
subset. To justify it, decompose the countable Borel relation into countably many graphs of partial
Borel isomorphisms, using the countable-section decomposition theorem and its application to the
inverse relation. On each lifted graph it is precisely the preceding change of variables; summing the
graphwise identities proves the claim. The scalar polynomial data used below are invariant under
the allowed diagonal-unitary gauges, so they define transports without any choice of gauge.

Fix a bounded interval I and restrict the lifted graph and matrices to V' x I. A partial assignment
on the base V specifies a color at some vertices. At unassigned vertices let t,; = 1/r for every i
and let ¢, = b; at assigned vertices let (t,;); be the corresponding point mass and let ¢, = Kb. Lift
these data unchanged in s, and set

dy=¢* (u=(v,s)), W = d'/?14"/?, Qy = dyCy. (4.6)
The weight d, = e® cancels the density e~ of the invariant measure: an absolute spectral cost
integrated against dp is its normalized cost, divided by d,,, integrated against du ds. This will make
long slabs comparable by ordinary averages over height. We use the finite mixed polynomials and local
data of Lemma 3.2 with these matrices and penalties. A prospective buffered pin at an unassigned
lifted vertex fixes its color and replaces its penalty bd, by Kbd,. During comparisons we also allow
arbitrary vertex deletions and single lifted-vertex changes; these intermediate configurations need
not arise from a base assignment. Distances are always taken in the original restricted lift of G,
including edges whose entries have subsequently been set to zero.

All finite principal systems in a fixed slab, and all their prospective pins, have their roots and
poles in a common interval [— B, B]. For example, an enlarged value of sup,, a,, + r ||W|| is sufficient:
apply Lemma 3.1 to the two half-planes beyond the numerical ranges of the determinant matrices.
The same conclusion holds if some cross edges are cut or interpolated as below, with an enlarged
fixed-slab bound.

There are also estimates which do not depend on the slab. The residue formula in Lemma 3.2,
together with dy/d, < J on edges, gives

au < Kbdy,, S vy <3 [Way? < Jd2Y T Tyl < Jd2.
i Yy Yy
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They hold for each pin alternative as well. They continue to hold under the cuts and real edge
interpolations used later, since these only decrease the absolute values of the entries. The second-
moment formula for -, and the arrow representation therefore give a constant Cl,. such that

My < Clocdy, 0 <4, < Ciocdy, 0< [;,z < Clocdy.- (47)

For the last two estimates, adding the off-diagonal arrow to (—a,) @ S changes the trace of the
positive part by at most the trace norm of that arrow, namely 2(Zj I/uJ)l/ 2. The positive-part trace
variational formula proves this estimate; interlacing gives its nonnegative sign. Here and below h/,
denotes the buffered pin, rather than a derivative.

4.2 Locality and infinite bounded slabs

Lemma 4.2 (Local limits on a bounded slab). On each bounded slab, the finite local functions
ha, Gy P, h;ﬂ-,Ru,i, the probability and residue measures, and the data my, Ly, ;” have unique
limits as finite graph balls increase to a component. They are measurable and independent of the
exhaustion, and the local Cauchy-transform and Poisson-transform identities pass to the limits.
Their supports have a common fized-slab bound, and Equation (4.7) continues to hold.

The Laurent coefficients through order k of hy/z, 2Gu, hui/z, b, ;/2, and Ry ;, and the moments
of vu through order k, depend only on the data within graph distance k of u. The same assertion
holds for coefficients of logarithmic derivatives under data perturbations, with the local perturbation
directions included in the data. It remains valid under arbitrary deletion configurations.

At an unassigned vertex the buffered pin inequality of Lemma 3.6 holds for these infinite local

data. If every base vertex is unassigned, then m, = 0 on every bounded slab.

Proof. We first establish locality directly at the level of formal Laurent series, so that the assertion
does not depend on any limiting argument. For a finite principal set Q and v € Q, put H, g = hy /2.
Expanding the determinant expectation according to the singleton or nontrivial permutation cycle
containing v gives

Ay _ _
Hyg=1+—"= > wez" I I Hyp,. (4.8)
|8‘9>112 zeC\{v}

Here we is the cycle weight in Equation (3.4). Delete v first and then the other vertices of C' in a
fixed order; Q(z) denotes the principal set remaining just before x is deleted. The inverse quotients
in the product telescope to fo\c/fqg\(v) after the displayed powers of z are accounted for. Each
oriented permutation cycle is counted once, with the convention of the finite expansion.

All series H have constant term 1. A coefficient of order at most k in a term coming from a cycle
of length [ uses only coefficients through order k — [ in its inverse factors. Induction on k£ now proves
the radius-k locality assertion: the cycle has length at most &, and the further radii of the needed
factors stay within distance k of v. Formal inversion, multiplication, and differentiation preserve
this property. This proves locality for all the listed series and for their perturbation derivatives,
including complex perturbations; only the algebraic finite polynomial identities were used. The
expansion of zG, is the moment expansion of ~,, proving the moment assertion.

For real data, the measures , are probability measures with support in the common compact
interval [—B, B]. The residue measures have support there and bounded mass for each fixed vertex,
uniformly in the finite principal subset. Locality stabilizes all their moments: for the residue
measure use the Laurent expansion of h,(2) = z+a, — [(z —x) "' dv,(z). Compact-support moment
determinacy proves unique weak convergence. It also gives locally uniform convergence of h,, G,
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and their pin alternatives on C\ [—-B, B], in particular on the upper half-plane. Their limits satisfy
Imhy(z) > Im 2.

For the finite spectral-shift functions &, we have 0 < &, < 1. Every weak-* subsequential limit
therefore has these bounds. The identity

nVargh(z + in) = (Py &) (2)

passes to the limit, since the Poisson kernel belongs to L!(R) and the analytic functions converge.
Poisson approximation uniquely determines the limit function from these identities. Thus the entire
sequence converges weak-*; all functions vanish above B, so their integrals over the positive axis
converge. The integrals defining m also converge by the compact support of 7. Apply this reasoning
to every pin alternative. The inequalities in Equation (4.7) and Lemma 3.6 pass to the limit, the
latter because there are only finitely many choices of color.

Finite graph balls and the corresponding finite polynomial computations are measurable in the
countable Borel relation. Their limits are therefore measurable. The same construction applies
to single-vertex response functions indexed by pairs in an orbit. Components disconnected in the
distance graph do not affect these local functions, so they can be treated separately. Throughout
this construction the heights and weights are absolute on the lifted orbit; they are not reset when
the root changes.

Finally suppose all vertices are unassigned. On a finite set @), the weighted polynomial at
common argument z is [[,¢q dv times the unweighted mixed polynomial for 7', with zero penalties,
evaluated at the tuple (b + 2/dy)veq. Its multiaffine Taylor coefficients at the constant tuple b
are the corresponding smaller principal polynomials evaluated at b. All are strictly positive by
Equation (4.3) and Lemma 3.3, including the empty polynomial 1. Hence the weighted polynomial
is strictly positive for every real z > 0. All its roots are real, so its local spectral measures have no
positive support. Taking the local limits gives m, = 0. 0

4.3 Uniform comparison under far deletions

At an unassigned vertex of a slab define the normalized tuple

DI(”? s)=¢e" (m(v,S)’ g(v,S)’ (E/(v,s),i)léiér)‘ (4.9)

We use the sum of absolute values as its norm. The superscript records the slab, and will be omitted
when the ambient configuration is clear.

Lemma 4.3 (Far-deletion comparison). Consider any bounded slab containing V x [0, 1], any base
partial assignment, and any further measurable restriction that retains the central vertices being
tested. Deleting a measurable set of vertices at heights s > R, or at heights s < —R, changes the
tuple in Equation (4.9) by an amount tending to zero in L'(duds) on the central unassigned band
as R — oo. The convergence is uniform in the slab, the partial assignment, and the deletion set.
The same conclusion holds for the union of a far high set and a far low set.

Proof. We prove the analytic comparisons first and then recover the integral data. The transform
G determines the local probability measure; h = 1/G and R; = h;/h then determine the parent
and pinned spectral shifts. For high deletions we test their integrated differences against bounded
complex directions and express a single deletion response as a logarithmic derivative. Stability
bounds that derivative independently of height. We transport its local Laurent coefficients and
use analytic uniqueness to recover the whole-deletion response. Low deletions instead cut a matrix
of small norm. All pre- and post-deletion systems use the same absolute heights, penalties, and
retained probabilities.
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High deletions and test directions. Write D for a set above height R, with R > 1. Then
fi(D) < e ®. For upper-half-plane arguments z we claim

Lo e —cr @) dit) < cb), (4.10)
et [FEE(2) = BRI dii(w) < C(D). (11)

unassigned

Here v denotes a lifted vertex, and R,; = hy;/h, uses the pin with unchanged penalty. The
constants are bounded uniformly for z in upper-half-plane compact sets, independently of the slab
and assignment.

It suffices to bound the integral of each complex difference against an arbitrary measurable
direction A(v) with |[A\(v)| < 1, supported on the tested set. For the first comparison perturb Y, by
¢A(v). For the second, fix a color 7 and add (A(v) to its probability at every tested unassigned vertex,
leaving the other probabilities unchanged. For this second perturbation, first use unnormalized
weights in the polynomial sum. Equivalently, normalize the weights at each vertex and multiply
the resulting polynomial on @ by [[,co(1 + (A(v)). These additional factors cancel in the quotient
deleting one high vertex u, since A(u) = 0.

In a finite principal system, differentiation of the numerator and denominator yields

Uu(2) = Oclog hu(2 Q) g = D Mw)(BY®(2) — BY(2)), (4.12)

v tested

where B, = G, or R,;, respectively, and post(u) means deletion of this one vertex. For the
probability perturbation, the unnormalized derivative at v is exactly the polynomial with v pinned
to color 4; its logarithmic derivative is R, ;. The cancellation just noted allows us to estimate h,(z; ()
using the normalized determinant formula in Lemma 3.1.

A uniform bound for the logarithmic derivative. Fix n > 0 and upper arguments with
Imz > 7. There is a disk |(| < s«, independent of the slab, directions, finite principal set, and
assignment, on which Im h,(z;{) > n/2. For the diagonal perturbation, the relevant determinant
matrices change by norm at most |(|. For the probability perturbation, all tested vertices initially
have probabilities 1/r. The normalized probabilities have analytic square roots near these positive
values on a common disk |(| < ¢/r, and their changes are bounded by a constant times |(| on a
smaller disk. Square roots at all other vertices are unchanged, including the zero probabilities at
assigned vertices. Every changed matrix entry is incident to the central band, and its other endpoint
has height in [—log J, 1 +log J] by Equation (4.2). Bounded row and column sums, using the degree
bound, therefore bound the entire matrix perturbation by C'|(|, uniformly in the enclosing slab.

The initial determinant matrices are Hermitian. Taking s, small enough, their perturbed
numerical ranges have imaginary parts less than 7/2 in absolute value. Lemma 3.1 gives nonvanishing
when all diagonal variables have imaginary part greater than 7/2, for every principal subset. In the
diagonal-perturbation case, regard the shifts as perturbations of the penalties. The final quotient at
the unperturbed vertex u is monic affine in Y},; its zero therefore has imaginary part at most /2.
Evaluating at the common argument z proves the asserted lower bound on the imaginary part of
hu(z;C).

A holomorphic logarithm on the ¢ disk now has imaginary part between 0 and 7. The harmonic
gradient estimate and the Cauchy—Riemann equations give

Uu(2)] < C(n). (4.13)
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The bound does not involve the size of h, or the height of u. Thus high vertices with arbitrarily
large real weights cause no loss of uniformity.

For each fixed bounded enclosing slab, we also need uniform control near infinity. On a common
small ¢ disk all perturbed determinant matrices then have a uniform norm bound. Choose B’ larger
than this bound and larger than every real support bound, with positive slack. For |z| > B’, use the
half-plane in the direction z/ |z| strictly beyond the matrix norm bound. The affine quotient belongs
to a rotated half-plane through the origin, so the same logarithmic argument gives a uniform bound
for U, there. This bound and B’ may depend on the fixed slab; they are uniform in its principal
subsets, directions, and assignment states. In particular the functions U, are analytic and locally
bounded on

Q=C"t U {z:]2] > B}, (4.14)

and are bounded near the removable point at infinity.

As finite balls around u increase, normal families give subsequential locally uniform limits on €2,
also near infinity. The locality in Lemma 4.2, applied to perturbation derivatives, stabilizes every
Laurent coefficient at infinity. All subsequential limits therefore have the same Laurent series and
coincide by the identity theorem on the connected domain ). This defines a unique measurable
function U, for infinite components, retaining Equation (4.13).

The endpoint functions B, are also analytic on §2, with removable values at infinity. At
central vertices they are uniformly bounded on upper-half-plane compact sets. Indeed the residue
representation gives

Zj Vui,j

|hv,i(z)| < |Z| + ay + Tm 2 5

Imhy(z) > Im 2,
and the central residue masses and penalties are uniformly bounded. The same statements hold
after deletions.

Recovering the whole-deletion response. Let H.(z) be the integral against A(v) of the
difference between the endpoint functions before and after deleting all of D. The preceding bounds
show that H, is analytic on €2, including at infinity. We do not sum individual analytic responses
over an entire orbit. Instead we first match their local Laurent coefficients.

For each integer k > 1, partition D measurably into finitely many batches such that distinct
vertices of a batch have distance greater than 2k in the enclosing graph, and delete the batches
in order. The required finite Borel coloring exists for every bounded-degree Borel graph and each
finite-distance graph power [KST99]. For completeness, choose a countable family of Borel binary
labels separating points; assign each vertex a finite prefix long enough to distinguish it from its
finitely many neighbors. These prefixes give a countable proper Borel coloring. Process the countably
many color classes in order, recoloring each class with a palette of size one more than the degree
bound and avoiding the previously assigned neighbor colors. Each class is independent, so this is a
proper finite Borel coloring.

For each batch use the single-deletion logarithmic derivative in the configuration just before that
batch, and put

S = Y [ ) dia).
batches ¥ Patch
Because the batches partition D, Equation (4.13) gives the locally uniform bound |Sk(2)| < C(z)u(D)
on C*, independent of k and of the number of batches. There is a common fixed-slab bound near
infinity as well.
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The Laurent coefficients of S and H, agree through order k. To see this, first apply Equa-
tion (4.12) to one deletion. At these orders only vertices within distance k of the deletion can
contribute, by Lemma 4.2; hence this coefficient identity on an infinite component is verified in a
sufficiently large finite neighborhood. Within one batch the coefficient change at a tested vertex
is the sum of the single changes in the pre-batch configuration, because at most one batch vertex
belongs to its radius-k neighborhood. Sum this coefficient identity over the tested vertices and use
Equation (4.5) to move the sum to the deletion vertices. The transports are integrable: for the fixed
slab and fixed order their coefficients are bounded, and their supports have a uniform finite ball-size
bound. The analytic bounds near infinity justify interchanging coefficients and integrals. Finally
sum over the batches; the successive endpoint changes telescope to H,.

Apply normal families to Si on € with its removable point at infinity. Every subsequential
limit has every Laurent coefficient of H,, since the first k£ coeflicients agree for each k. The identity
theorem shows that this limit is H, throughout Q. It follows that |H.(z)| < C(2)p(D) on CT, with
the slab-independent constants already established there. The fixed-slab compactness near infinity
has thus transferred the uniform upper-half-plane bound; it has not supplied a spectral-support
bound uniform over slabs. For each fixed target z, choosing the measurable complex sign A of the
endpoint difference proves Equations (4.10) and (4.11).

At central vertices h, and h, ; are bounded uniformly on upper-half-plane compact sets. The
identity hPT® — pPOSt = ppreppost(Gpost _ (ypre) therefore gives the same L' comparison for h. Then
h; = hR; gives the comparison for every h; on the central unassigned set. Adding the unchanged
shift (K — 1)a, gives it for h} as well.

Low deletions. Suppose now that D lies below height —R. Cut every edge between D and its
complement, writing Vj for the removed matrix. Each such edge has both heights below —R + log J.
Its entry is therefore O(e™); the degree bound yields ||[Vo|| = O(e™*) uniformly in the slab.
Interpolate by W (t) = Wey + tVo, 0 < ¢t < 1. For finite systems at a central vertex, h,(z;t) lies
in the upper half-plane and is bounded uniformly for upper z in compact sets, by the central
second-moment and residue estimates. Around each real ¢, allow complex perturbations in a disk
of radius ¢n/(r||Vo||) when ||Vo|| > 0, where Im z > 1. The corresponding determinant matrix
perturbation has norm at most ¢n. The complex interpolation still has zero diagonal, so the algebraic
identity and conditional half-plane assertion of Lemma 3.1 apply even though the matrix need not
be Hermitian away from real ¢. The stability and logarithmic gradient argument just given implies

|0¢log hu(25t)| < C(n,7) [Vl -

The zero-norm case is immediate. The argument applies also to each prospective buffered pin,
considered as a separate real-data system under the same edge interpolation. Integrate in real ¢,
using the uniform absolute bound on h and Im h > 5 for reciprocation. We obtain O(e~®) endpoint
comparisons for h, G, h}; at every tested central vertex. In the cut system the low component factors
out of the polynomial quotients, so the endpoint at ¢t = 0 has exactly the same central data as the
deleted system. The finite-ball limits pass these comparisons to infinite bounded-slab components.

Recovering the integral data. At central vertices the probability measures =y, have uniformly
bounded second moments. Therefore m, = [ x4 dv, is uniformly approximated by integration
against continuous compactly supported cutoffs of x. For such a test function, Poisson convolution
approximates it uniformly, so its integral against -, is in turn uniformly approximated by its integral
against —7 1 Im G, (x + in) dx at a sufficiently small fixed 1 > 0.
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For the ¢ data we also have a uniform positive-tail estimate:

/A;o &(z) dz < ZJ(;J M >0, (4.15)

For finite systems, {n(z) = 1 with 2 > M implies 3, v;/(z — s;) > 2 + a, > M. The Boole length
identity used in Lemma 3.6 proves Equation (4.15); weak-* convergence on a fixed bounded slab
gives the infinite version. The bound is uniform at central vertices and for their pins. After choosing
M large, approximate the remaining integral over (0, M) by

1 M
— / arg h(x + in) dz.
0

s

which tends to zero as

By the Poisson identity, the error is at most HP” * Lio,01) — 1(0’M)‘ LR
n 1 0. At this fixed height, arguments are Lipschitz-controlled by differences of h values in Im h > n.

Choose the tail and smoothing errors first; then use the preceding analytic comparisons on the
resulting compact upper-half-plane sets and integrate in x. This proves convergence for m, ¢ and
all the £;. On the central band the measures dii and dp ds, and the normalization factors e*
boundedly comparable, proving the claimed tuple comparison. A union of far high and far low
deletions is handled in two successive steps. Non-strict far cutoffs have the same conclusion, by

inserting a unit of slack in R. O

, are

4.4 A color choice independent of height

Figure 1 summarizes how the far-deletion estimates allow a single base color to be used throughout
a long slab.

Lemma 4.4 (Coherent choices). For every 7y > 0 there are arbitrarily large integers L > 1 with
the following property, uniformly over all base partial assignments. On the slab V x [0, L] one can
choose a measurable prospective color i(v) at each unassigned base vertex, using the same color at
every height, so that

1 , 1

(Z(v,s),i(v) - f(v,s)) dﬂ(l}, 5) < CP + 7o, @ M(v,s) d,ﬂ(U, S).

(4.16)
Here C is the universal constant in Lemma 3.6, and every %,i on the left is the insertion cost after

changing only the lifted vertex u. The same L can be used at every stage of a sequence of partial
assignments.

L unassigned in V x[0,L] L V x[0,L]

Proof. The normalized tuple obeys the exact translation rule
Di(v,5 4+ a) = DI7%(v, 5). (4.17)

Indeed translating the heights by a multiplies all weights d, the matrix W, and the penalties in
the orbit by e*. The spectral quantities m, ¢, ¢} scale by this same factor, which is canceled by the
normalization at the root. The lifted probabilities are unchanged because the partial assignment is
on the base. This proves Equation (4.17) first in finite balls and then in the local limits.

Take a large integer R, use the reference interval [—R, R], and write its tuple as D° in this
proof. For a € [—1, 1], compare this interval and its translate [— R, R| — « to their intersection. The
differences involve only far high and low deletions. Equations (4.17) and Lemma 4.3 imply

/ / D05+ ) = D(v, )| ds dpu(v) < e(R). (4.18)
v unassigned J{s€[0,1]: s+a€[0,1]}
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where e(R) — 0 uniformly in the assignment. We enlarge e(R) if necessary so that it is positive.
Integrating in « turns the left side into the corresponding integral over all pairs (s,t) € [0, 1]%.
Fubini therefore gives a single sg € [0,1] such that

1
/ / ‘Do(v,s) — Do(v,so)’ dsdu(v) < 3e(R). (4.19)
v unassigned J0
The slice can also be chosen so that the local data and the buffered pin inequality hold almost
everywhere on it.
At this slice choose the least minimizing color for £
because there are finitely many colors. Lemma 3.6 gives

/

(0:50),i" This is a measurable function i(v)

6—50( /(v,so),i(v) — E(U’SO) - C’m(v750)) <0.

The tuple norm contains all color alternatives. Consequently Equation (4.19) implies that the
integral of this same normalized difference over v and s € [0, 1], now using the data at s, is at most
a fixed constant times e(R).

Consider a unit band [k, k + 1] in [0, L], where k is an integer with ¥ > R and L — k > R.
Translate it to [0, 1]; its ambient interval becomes [—k, L — k]. Trimming this interval to [—R, R]
removes only far high and low vertices. Lemma 4.3 and Equation (4.17) show that its tuple differs
from D%(v, s) in integrated norm by at most e(R), after enlarging the same uniformly vanishing
error function. Thus the pds integral over this unit band of

e’ (gl(v,s),i(v) - E(U,S) - Cm(”vs))

on unassigned vertices is at most a constant times e(R). All remaining boundary bands have total
length at most 2R + 2. Their normalized data are uniformly bounded by Equation (4.7).
Absolute costs against dp are exactly normalized costs against du ds. Summing the unit-band
estimates and dividing by L bounds the total error by Cie(R) + Co(R + 1)/L, with constants
independent of the assignment. Choose R sufficiently large, then choose L sufficiently large
and satisfying any prescribed lower bound. This makes the error at most 7. Finally m > 0
permits replacing its integral over unassigned vertices by the integral over the whole slab, yielding
Equation (4.16). All choices of the numerical parameters used only uniform estimates, proving
the assertion about using the same L at different stages. Null modifications of base data can be
absorbed into an invariant null set by nonsingularity. O
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(a) Far deletions around a test band (b) One base color at every height

L

High deletion: small measure Boundary
R (D) <e R bands
S Test band [0, 1] Interior unit band
0 reference slice sg [k, k + 1]
R . o
Low deletion: small cut matrix Boundary
|[AW || = O(e~F) 0 bands
Retained reference slab v1 vy U3

Vix [-R R] Long slab V' x [0, L]

Figure 1: Height geometry behind Lemmas 4.3 and 4.4 (not to scale). High and low deletions are
controlled by different estimates. A color selected on the reference slice is used at every height above
the same base vertex. Translated interior unit bands compare with the reference slab in integrated
normalized data; the boundary bands have total length at most 2R + 2. The colored vertical lines
are base fibers {v} x [0, L], not lifted relation orbits.

5 Sparse pinning and descent

5.1 Sparse pinning and removal of unassigned vertices

We retain the notation and hypotheses of Theorem 4.1. In particular, b > 0 and r satisfy its strict
largest-root inequality, and K, C' are the universal constants from Lemma 3.6. The lifted graph on
a slab is always the restriction of the original enclosing graph, including edges at which a particular
matrix entry happens to vanish. All distances below refer to this enclosing graph.

Proposition 5.1. For every (,n > 0 and Ly > 1, there are an integer L > Lo and a measurable
partition

V=UUViU---UV,

such that u(U) < n and the following holds. On the surviving lifted vertices (V \U) x [0, L], let T,
be the restriction of T, keeping only entries between vertices whose basepoints belong to the same V;,
and put

Ap = d'(TE - Kb1)d' 2, di, e = €. (5.1)
Extend mi™ = ((AL)+)uu by zero on the deleted vertices. Then
1
— my Y dip(u) < C. (5.2)
L Jvxo,r)

Proof. We first construct a partial assignment with small mixed-polynomial cost. Polynomial
moments depend on finite graph balls, so sufficiently sparse simultaneous pins have an additive
first-order response except on an event of quadratic order in the update probability. Approximating
the derivative of the positive-part function controls the error in that response independently of the
number of roots. Parameters used to select the slab will be specified below. On a fixed slab [0, L],

write
1

o=
L Jvx|o,r)
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Choose a common spectral support bound [—B, B] for all the finite principal systems, pin alternatives,
and deletion configurations on this slab, as in Lemma 4.2. For 7 > 0, choose a real polynomial P
such that 5
P(-B) =0, /]P@qu@uﬂwgr (5.3)
-B
For example, approximate the indicated step function first by a continuous function in L!([-B, B]),
then uniformly by a polynomial, and integrate that polynomial from —B. It follows that

sup |P(x) —zy| < 7.
[7373}

Define
1

= — mp.q di(u).
L Jvx|o,r) P dpi()

mpuy = /P((E) d’yu(il?), dp
Since 7, is a probability measure and i(V x [0,L]) = 1 —e~L < 1, we have

& —dp| <7t (L>1). (5.4)

The response to one buffered pin. At an unassigned lifted vertex u, consider pinning to a
specified color i, increasing its penalty from bd, to Kbd, at the same time. The total polynomial
response on its component is

D)= Sl )
” (5.5)
— /_B P/(x)(fh;,i(:n) — &, (2)) da.

Here h;“- denotes the buffered alternative; the prime does not denote differentiation. To prove the
identity on a finite principal set, use the fact that the sum of its local spectral probability measures
is the counting measure of the roots. The pre-pin and post-pin polynomials have equal degree and
the same principal polynomial with © removed. Integrating the difference of their root counts above
x against P’(x) gives exactly (5.5).

Put k£ = max{1,deg P}. By the locality in Lemma 4.2, only vertices at distance at most k from
u contribute to the sum on the first line of (5.5). Compute in finite balls large enough to contain
these vertices and their relevant neighborhoods. The local polynomial moments stabilize, while the
functions ¢ converge weak-* on [—B, B]. This proves the identity on infinite components as well.
Since both &-functions take values in [0, 1] almost everywhere, (5.3) implies

|Dp(u) = (6, — £)

<T. (5.6)

One sparse update. For a current partial base assignment, choose the prospective colors i(v)
supplied by Lemma 4.4, with tolerance 79 > 0. The color i(v) is the same at all heights over v.
Properly color the distance-2k power of the base graph with finitely many auxiliary Borel color
classes. The finite Borel coloring fact used in the proof of Lemma 4.3 applies because this power still
has bounded degree. Independently for these auxiliary classes, select a Bernoulli-« indicator, where
0 < a < 1. Every currently unassigned base vertex in a selected class is pinned to its prospective
color, with its penalty buffered, at all heights simultaneously.

Within a radius-k lifted ball, different vertices project to different base vertices, and their pairwise
base distance is at most 2k. They consequently have different auxiliary classes. The indicators of
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all candidate pins affecting the local moment mp, are therefore independent. This assertion uses
injectivity of projection within each lifted orbit; it does not require independent indicators at all
vertices of the base.

If at most one candidate in this local ball is selected, the change in mp, is exactly the sum
of its selected single-pin responses. A ball has at most a fixed finite number N of vertices, so the
probability of two or more selections is at most (];[)aQ. On this event the discrepancy between
the actual change and the sum of single-pin responses is bounded in absolute value by a constant
depending only on N and sup|_p p |P|. Integrate this estimate and exchange roots and pin locations
using (4.5). The result is

« ~
E[®FY | pre] < &p + — Dp(u) dfi(u) + Cpa?. (5.7)
L unassigned
All the transports here are measurable, uniformly bounded on the fixed slab, and supported on
bounded-radius pairs. Thus they are integrable and the signed version of mass transport is applicable.
The constant C'p may depend on the slab, graph and polynomial, but not on the current assignment,

the prospective choices, or a.
By Lemma 4.4, (5.6), and (5.4), (5.7) gives

E[®FY | pre] < (1 + Ca)®p + a1 + (1 + C)7 + Cpa). (5.8)

The same L from Lemma 4.4 works for all partial base assignments, so this step can be repeated.

Iteration and choice of parameters. Start with every vertex unassigned. The initial cost
is ® = 0 by Lemma 4.2. Use fresh independent class indicators at each step and recalculate the
prospective colors from the current assignment. Given S > 0, perform n = [S/a]| steps. For
these fixed parameters there are only finitely many possible histories. At every node one may
choose separately the measurable prospective-color functions furnished by Lemma 4.4; no selection
measurable in an infinite-dimensional space of assignments is needed.

We have na < S+ 1 and (1 + Ca)” < €S+ Tterating (5.8), using the initial bound ®p < 7,
and then using (5.4) again yields

E®gpal < 7+ STV [r + (S +1)(10 + (1 + C)7 + Cpa)]. (5.9)

If U is the final unassigned base set, each still-unassigned vertex has conditional probability a of
being selected at the next step, regardless of its prospective color. Therefore

EpU) = (1 —a)* <e™5. (5.10)

Here is an order of choices which makes both expectations small. First take S so large that
e~ < n/4. Next take 79,7 > 0 so small that the terms in (5.9) not involving Cpa have sum less
than (/8. Choose an integer L > Lo using Lemma 4.4 for this 79. Now choose B and P as above,
thereby fixing Cp. Finally take o small enough that the remaining term in (5.9) is less than (/8.
Thus

E®ana < ¢/4, Eu(Ud) < n/4.

Both random variables are nonnegative. By Markov’s inequality and a union bound, some history
satisfies simultaneously
Pfinal < C, ,U,(U) <n. (511)

Fix such a history.
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Removing the unassigned vertices. We show that deleting &/ x [0, L] cannot increase the
integrated positive cost. Keep the initial and final deletion states fixed. For an arbitrary 9 > 0,
choose another polynomial ) with

B

Q-B) =0, |

Q@) 1 ()] dx < 0.

At each intermediate deletion state, extend mg , by zero at vertices that have already been deleted.
For one deletion at u, the total pre-minus-post polynomial cost is

B
> (mGy —mgy) = /_ L @@, (@) do 2 ~0. (5.12)

Y

For finite sets the identity again follows by integrating the difference of root counts; the boundary
term caused by the loss of one root is Q(—B) = 0. The inequality uses 0 < &, < 1. The finite-range
locality argument used for (5.5) proves the identity in an infinite component.

Partition the set to be deleted into finitely many Borel batches whose distinct vertices have
distance greater than 2max{1,deg @} within each batch in the enclosing lifted graph. For one
batch, at most one deletion affects any local polynomial moment, so the batch change is exactly the
sum of single-deletion responses in its pre-state. Mass transport, (5.12), and telescoping over the
batches show that the integrated pre-minus-post polynomial cost, divided by L, is at least

pU < [0, L)
- —

The error is charged once to each deleted vertex; it is not multiplied by the number of batches.
Intermediate deleted sets need not be constant in the height variable, since Lemma 4.2 allows
arbitrary deletion configurations in the enclosing slab.

At each endpoint the integrated error between the QQ-cost and the positive cost is at most 9.
Thus the pre-minus-post positive cost is at least —3¢. The endpoints are independent of (Q and of
the batch decomposition, so letting 9 | 0 proves the desired monotonicity.

All surviving vertices are now deterministically colored, with penalty Kbd,. Their finite mixed
polynomial is the characteristic polynomial of the corresponding restriction of (5.1), so its local
measure is the diagonal spectral probability measure of that operator. On an infinite component the
same assertion follows from stabilization of polynomial moments and the common compact spectral
support. Hence the surviving positive cost is exactly m$™". Monotonicity and (5.11) give (5.2). O

5.2 Descent from a slab to the base relation

The next estimate converts the integrated weighted cost into the desired spectral error on the base.
A finite ball with a large eigenvalue forces a definite positive cost in its lift; mass transport then
bounds the measure of such bad balls. For an integer k > 1, let Nj be a uniform upper bound for
the number of vertices in a radius-k ball of the base graph.

Lemma 5.2. Fiz 0,3 > 0, and choose a real polynomial p of degree at most k > 1 such that

sw [p(@) — (z = (Kb+ )] < 5
z€[—1,1]
Suppose a base partial assignment, with unassigned set U, and a slab length L > max{1,4klog J}

have surviving cost
1

U=
L Jvxo,r)

m™ dfi(u),
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where m*™Y is defined from (5.1). Complete the base coloring by giving U one additional color, and
denote its paved matriz system by Tpay. Then

2J% N,

[ (@ = (K4 017, du0) < 268+ @) + 2w (5.13)
Proof. Put g(x) = (x — (Kb + 0))3. Since the paved operator is a compression by mutually
orthogonal color projections, it remains a self-adjoint contraction; in particular 0 < g(Tpav) < 1.

For an assigned base vertex v, let By(v) be its radius-k ball in the base graph, and let T}, be the
finite compression of the paved matrix to the assigned vertices of this ball. Polynomial diagonal
moments through degree k at v are unchanged by this compression. Indeed every walk contributing
to such a moment stays within By(v), and edges from assigned to unassigned vertices are zero after
paving. Consequently

(p(TpaV>)vv = (p(T%))vo-

Let F be the measurable set of assigned vertices for which A\pax(7,) > Kb+ o. Measurability
follows by finite matrix evaluation on the Borel balls. If v ¢ F is assigned, then ¢g(7,) = 0 and the
two polynomial approximation errors give

(g(Tpav))vv < 25

On F UU its diagonal is at most 1. Therefore

[ 0T du(0) < 28 + (@) + (). (5.14)

It remains to bound p(F). Set Iins = [klog J, L — klog J]. For u = (v,s) with s € Iin, the entire
ball By (v) lifts into the slab: the height change along each graph edge has absolute value at most
log J. Let @, project onto the assigned vertices of this lifted ball. With Ay, as in (5.1), the order
inequality Ay < (Ap)4 gives, after compression and diagonal congruence,

—-1/2 —-1/2
T, — Kbl < dp Y2 Qu(AL)+ Qudp . (5.15)
The base and lifted finite matrices here are identified up to the allowed diagonal unitary gauge,
which does not affect the inequality or any diagonal spectral quantities. The right side is positive.
If v € F, its norm is greater than o by (5.15), and hence its trace is greater than o. Equivalently,

surv
m

> 5 > 0. (5.16)

yEBy(u) assigned Yy

Here By (u) denotes the lift of the base ball, which agrees with the radius-k enclosing lifted ball at
these interior heights. The comparison uses only Ay < (Ar)4; it does not require positive part to
commute with compression or diagonal congruence.

Integrate (5.16) against du(v)ds/L over F x Iint, and enlarge the resulting nonnegative sum to
all interior roots. Since du(v) ds = dy dji(u), the resulting integrand is a sum of (dy/dy)m;™". On a
radius-k ball, d,,/d, < J*. Exchanging roots and targets by (4.5), each target y has at most Ny
possible roots. Deleted vertices may be retained as locations for the enclosing-ball relation, with
my"" = 0 there. Thus

Iin
a'Lt’u(f) < JEN, .
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Our lower bound on L ensures |fint| /L > 1/2, including the case J = 1. We conclude that

2JFN
u(F) < 2Ny

o

Combining this with (5.14) proves (5.13). O

Completion of the proof of Theorem 4.1. Fix the prescribed o, p > 0. Choose 5 > 0 with 23 < p/4,
and then choose the polynomial and its degree k > 1 in Lemma 5.2. Thus Ny, is fixed before selecting
the slab. Take P

n = p/4, (= STN, Ly = max{1,4klog J}.
Proposition 5.1 supplies a partial assignment and a slab of length at least Ly with u(U) < n and
W < (. Give U the additional color and apply Lemma 5.2. Its right side is strictly less than p, as
required.

Only the r assigned colors and one extra color occur in the final partition. The auxiliary graph
colors, the slab length, the approximation degrees and the number of updates affect its construction
but not this number of final colors. In particular the graph and cocycle bounds do not enter the
condition on r in the theorem. O

6 Expected maximal abelian subalgebras

We now combine the measured paving theorem with a separate argument for the part of an operator
orthogonal to the normalizer algebra. Throughout this section, M has separable predual, ¢ is a
faithful normal state, and A C M is a MASA contained in the centralizer M,. We write E4 for the
p-preserving normal conditional expectation and use the sequence quotient of Lemma 2.2. Brackets
denote classes in that quotient; a fixed operator also denotes its constant sequence. A partition in
the quotient will always be represented by partitions in A with one fixed finite number of members.

Theorem 6.1. For every v > 0 there is an integer Ry () with the following property. For every
self-adjoint x € M with ||z|| < 1, there are partitions P; of 1 in A, each with Rg(y) members, and
self-adjoint w; € M such that

lwil <2, Jwill, —0,  [Cp@—w)) - Ea@)|| <. (6.1)
The integer Ry (7y) is independent of M, A, @, and x.

6.1 The normalizer algebra

Let NV be the von Neumann algebra generated by the groupoid normalizers of A in M. These are
the partial isometries v with v*v, vv* € A such that conjugation by v carries Av*v onto Avv*. The
algebra N contains A. Since the modular group of ¢ fixes A pointwise, it carries every groupoid
normalizer to another with the same supports and the same induced corner isomorphism. Hence N is
globally modular invariant. Takesaki’s theorem [Takesaki72] gives a normal ¢-preserving conditional
expectation Fy : M — N; uniqueness of the state-preserving expectation onto A gives

E EN = E4. (6.2)

The inclusion A C N is Cartan. For completeness, groupoid regularity here implies regularity by
unitary normalizers. Represent A on a standard probability space. A normal isomorphism between
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two corners of A is represented by a nonsingular measurable partial bijection. On its fixed-point
set, the corresponding partial normalizer belongs to A. On the complement, a countable separating
family of measurable sets partitions the domain into countably many pieces on each of which the
domain and range are disjoint. If v is the restriction to one such piece, then

v+0* 4+ 1 —v'v— v

is a unitary normalizer. Multiplication by its source projection recovers v, and strong summation
recovers the original partial normalizer. Also A is a MASA in N and E4|y is a faithful normal
expectation, as required for the Cartan theorem.

The Feldman—Moore representation [FM77] identifies A with L>°(V, u), where u is the probability
measure given by ¢|4, and identifies N with the algebra of a countable nonsingular equivalence
relation, allowing a scalar unitary cocycle. We use the representation on square-integrable columns,
with the right base point integrated against p and counting measure in its orbit. An algebra
element acts by left matrix multiplication on the orbit column. In the twisted case, changing
the base point changes the matrix by diagonal unitary conjugacy, by the scalar cocycle identity.
The conditional expectation onto A is its rooted diagonal. This is F4|y: if FF: N — A is any
normal conditional expectation, bimodularity gives F'(Cg(%)) = F(z). The bounded compression
net converges ultraweakly to F4(z) by Lemma 2.1, so normality gives F'(z) = F(E4(z)) = Ea(z).

Bounded graph partial-isometry kernels and diagonal coefficients generate N. Their algebraic
span, including products, is strongly dense. A finite such expression has off-diagonal support in a
finite union of partial-bijection graphs, and therefore in an undirected graph of uniformly bounded
degree. Operator-norm bounds in the column representation give the same matrix bounds for almost
every orbit. All models and cocycle identities below may be restricted to a common conull invariant
set for the countably many operators involved.

Fix x = «* with ||z|| < 1, and put

ag = Eax, Y = Enz — ay, Z =x—FEynz. (6.3)

Then ¢ —ap =Y + Z, with |Y],]|Z|| < 2 and ExyZ = 0. The measured theorem will control Y
through its relation matrices. For Z, a unitary dilation with a diffuse left—right kernel will provide
random diagonal compressions whose moments approach a free compression law. Its norm bound
will make the spectral excess state-null, giving a second quotient norm estimate. Common refinement
combines the two bounds; clipping the resulting block-diagonal residual then supplies the correction
in Theorem 6.1.

Lemma 6.2. Let b,o > 0 and let r be an integer such that
24/2/r+2/r <b.
There are sequences of A-partitions with (r + 1)* members whose quotient partition P satisfies
ICP[Y]]] < 6(Kb+ o), (6.4)

where K s the universal constant in Theorem 4.1.

Proof. Bounded Kaplansky approximation, followed by norm approximation inside the generating
algebra, gives self-adjoint finite graph expressions converging strongly-star to Y, with norms at most
3. Subtracting their A-expectations makes their diagonals zero and increases the norm bound to 6;
state-norm contractivity of E4 preserves convergence. For each such expression, cut down by the
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base set on which every incident edge in its finite-degree enclosing graph has cocycle ratio between
J~ ! and J. These sets increase to full measure as J — oo, and the cuts converge strongly-star to
the expression. A diagonal choice therefore gives self-adjoint Y; with

EaY;=0, Vil <6, |IYj=Y[% —0,

whose orbit matrices have bounded-degree support and bounded cocycle ratios, with the bounds
allowed to depend on j.

Apply Theorem 4.1 to Y;/6 and separately to —Y; /6, using state-error tolerances tending to zero.
The rooted diagonal formula for the state says that the positive part above Kb+ o has @p-norm
tending to zero in each case. These positive parts are self-adjoint and uniformly bounded, so they
belong to the null ideal of Lemma 2.2. The sequence Y; — Y belongs to that ideal as well. The
resulting two quotient partitions, each of size r 4+ 1, therefore give respectively

Cp+[Y/6] < (Kb+0)l,  Cp-[Y/6] > —(Kb+ o)l

Take their common refinement. All partition projections commute, and compression is positive
and unital, so both scalar bounds hold after refinement. This proves the lemma. Further finite
A-refinement preserves the bound. O

We have completed the normalizer part. The remaining component has the following target,
whose proof is given after the kernel and free-moment lemmas below.

Proposition 6.3. For every n > 2, there are sequences of n-partitions in A whose quotient partition

P satisfies

ICp[2]] < jﬁ (6.5)

6.2 The diffuse kernel outside the normalizer algebra

We retain the faithful normal state ¢, with A C M, and the algebra N generated by the groupoid
normalizers of A. Use a standard probability model A = L>°(V, ) for ¢|4. We use the standard-
form realization L?(M), equivalently Haagerup L?(M), and write ¢!/2 for the positive vector
implementing ¢. In particular, ap'/2 = ¢/2q for a € A.

For X € M, the commuting left and right actions of A give a finite joint spectral measure vx
for Xp'/2 on V x V. Our first coordinate is the right coordinate: for Borel sets B,C' C V/,

vx(B x C) = |le X215 = /BEA(X*ICX)(U) du(v). (6.6)

Both marginal measures are absolutely continuous with respect to . The right marginal has density
EA(X*X) < || X]|? the left marginal is absolutely continuous because a — ¢(X*aX) is normal on
A. Disintegration on standard Borel spaces therefore gives a measurable kernel kx (v, dw) such that

vx(dv,dw) = du(v)kx (v, dw), Ea(X*aX)(v) :/ a(w) kx (v, dw), kx(v,V) < ||X|?

1%

(6.7)
almost everywhere, for a € A. As usual, individual function identities are understood modulo null
sets. The joint spectral resolution can be constructed from a bounded real coordinate generating
the standard model and the commuting left and right spectral resolutions of that coordinate.

Lemma 6.4. If En(X) =0, then kx(v,-) has no atoms for almost every v € V.
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Proof. Choose Borel representatives for the kernel. The set
T= {(an) : kX(Uv {’LU}) > O}

is Borel and has countable sections in the second coordinate. For example, joint measurability of
the singleton mass follows by using shrinking neighborhoods in a compatible separable metric on
the standard Borel space. The countable-section uniformization theorem expresses 7 as a countable
union of graphs of partial Borel maps. If the conclusion fails, one such map F' : S — V has a domain
of positive p-measure, with

g(v) :=kx(v,{F(v)}) >0 (ves).

There is no assumption that F'is injective. For a p-null Borel set B C V, absolute continuity of the
left marginal gives

/ ~g(w)dp(v) <vx(V x B) =0.
SNF-1(B)

Thus F pulls back null sets to null sets. With e = 1g € A, composition with F' consequently defines
a normal *-homomorphism

0:A— Ae, O(a)(v) =a(F(v)) (veSs), 6(1) =e.

The graph will intertwine A with the possibly proper subalgebra 6(A) of Ae; its polar partial
isometry need not yet normalize A. We will use an expected type I intermediate algebra to split the
right support into corners where these two abelian algebras coincide.

Apply the joint spectral projection of the graph of F' to X gol/ 2 and call the resulting vector .
It is nonzero and satisfies

Ce =¢, al =(l(a) (a € A). (6.8)
Its right spectral density on S is ¢g. In particular, e is its smallest right supporting projection among
the projections of A: if f € A is a projection and (f = (, then e < f.

Take the L? polar decomposition ¢ = uh, where h = |¢| € L?(M)y and u € M is a partial
isometry. Put p = u*u < e and ¢ = uu*. We use here the usual polar decomposition and support
properties of standard-form noncommutative L?; see, for example, [Hiai20, Lemma 11.12 and
Theorem 11.30]. For a unitary a € A, the operator b = 6(a) + 1 — e is unitary and (6.8) reads
a¢ = (b. Taking absolute values gives h = b*hb. Uniqueness of the polar decomposition then gives
au = ub = ub(a). Consequently,

hé(a) = 0(a)h, po(a) = 6(a)p, au=ub(a) (a€A), qge A (6.9)

The identities for all a follow by linearity from unitaries. For the last assertion, the identities imply
that ¢ commutes with A, and A is maximal abelian.
Consider the von Neumann algebra

D =0(A) neMe.

It contains p and Ae, and Ae is a MASA in D. Moreover §(A) C Z(D). If d € pDp, then udu*
commutes with Ag, by (6.9), and hence belongs to Ag. On the other hand,

ub(a)pu* =aq (a € A).
Conjugation by wu therefore identifies pDp with Agq, and
pDp = 6(A)p. (6.10)
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Let ¢ be the central support of p in D. Since Z(D) C Ae, the identity pc = p gives (¢ = (; the
minimal right A-support property gives ¢ = e. Thus D has an abelian projection with full central
support and is type I. Finally, if d € Z(D), then (6.10) gives dp = 6(a)p for some a € A. The central
element d — f(a) annihilates a projection of full central support and is zero. We have proved

Z(D) =0(A). (6.11)
We next need a partition of e by projections e; € Ae such that
(Ae)ej = 0(A)e;. (6.12)

The restriction of F4 to D is a normal conditional expectation onto Ae. The type I MASA theorem
of Akemann and Sherman [AS12, Theorem 4.1] supplies a partition of e by projections in Ae that
are abelian in D. There are only countably many nonzero members, because D has the faithful
normal state ¢|p/p(e). For an abelian projection in a type I algebra,

ejDej = Z(D)ej

This follows, for instance, by writing the type I algebra as a direct integral: an abelian projection
has fiber rank at most one. Together with (6.11) and #(A) C Ae C D, this proves (6.12).

Set 7; = (e; and take its polar decomposition 7; = w;h;. Its right support is at most e;.
Repeating (6.9) shows that h; commutes with §(A) and that

auj = ujf(a) (a € A).

By (6.12) and the support condition, h; commutes with all of A. Therefore the right support
p;j = uju; belongs to Aj; the left support ¢; = ujuj belongs to A by the same polar argument as
before. In addition,
0(A)pj = Apj,  uj(Apj)uj = Ag;.

Thus each nonzero u; is a groupoid normalizer and belongs to V.

Let v; be the normal positive functional whose positive implementing vector is h;. Since h;
commutes with A, this functional centralizes A. In particular v; o Cg = 1); for every finite partition
Q in A. Lemma 2.1, normality, and boundedness of the compression net imply

Y =1 o Ey.

Write f; = d(vj]a)/dp € LY(V, p)+ and f;,,, = min(f;, m). The positive vectors fjl’{nzgol/z belong to
Ap'/? and converge in L?; indeed their squared pairwise distances are

/‘ 1/2 1/2 dp.

Their normal positive functionals are  — [ fjmFEa(x)dp and converge in norm to ;. The limit is
therefore the unique positive implementing vector h;. It follows that

hj € A(,Dl/2, n; € Hn = N(,Dl/2.

The right projections e; are orthogonal and sum to e, so ¢ =3, (e; € Hy, with convergence in L?.

The closed space Hy reduces both the left and right actions of A: for the right action, use
ncpl/ 20 = naapl/ 2. Tt therefore reduces their joint spectral projections, including the graph projection
defining ¢. But En(X) = 0 gives, for n € N,

p(n"X) = p(n"En(X)) =0,
so X¢'? 1 Hy. Thus ¢ L Hy, contradicting ¢ # 0 and the membership just proved. O
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Removing atomic summands. For the remaining treatment of Z = x — Ex(x) we may assume
that A is diffuse. Here are the details of this reduction. If f is an atom of A, then Af = Cf is a
MASA in fMf,so fMf =Cf. Thus f is minimal in M. Let z; be its central support in M. The
algebra zyM is type I, since f is an abelian projection with full central support there. Compression
by f is faithful on its center and has scalar range, so zyM is a type I factor.

The algebra Azy is a MASA in this factor and has the normal expectation E4|..r. Again by
[AS12, Theorem 4.1], it has a partition of zy into rank-one projections. In particular it is purely
atomic. Partial isometries joining any two of these rank-one projections normalize their A-corners.
A compatible system of these matrix units generates z;M, and hence

ZfM C N.

Distinct central supports of atoms are either equal or orthogonal, because each supports a factor
summand. Their sum z,¢ is a central projection, belongs to A, and satisfies z;4 M C N. Consequently

ZatZ =0.

On the complementary central summand, A(1 — z,¢) has no atoms. The algebra generated there by
its groupoid normalizers is N (1 — z,¢): corner normalizers extend by zero, and global normalizers
restrict to this central summand. We may use the normalized restriction of ¢ on the nonzero
complementary summand. This changes state seminorms only by a fixed scalar factor. A partition
obtained there extends to M with the same number of cells by adding z,; to one cell; all estimates
for Z are preserved because Z vanishes on zu.

6.3 Random diagonal unitaries and free moments

It remains to compress the diffuse summand of Z. The next two lemmas supply the free law and its
norm bound for the matrix dilation used to prove Proposition 6.3. The state in the probabilistic
argument need not be tracial.

Lemma 6.5. Let M have separable predual, let ¢o be a faithful normal state, and let D C Mg, be
a diffuse MASA. Suppose that U € M is a self-adjoint unitary with ¢o(U) = 0, and that the normal
positive map

K(a) = Ep(Ual), aeD,

has an almost everywhere diffuse kernel on a standard probability model of (D, ¢o|p). For every
integer n > 2 there are unitaries w; € D, with w' = 1, such that the joint star moments of (w;,U)
converge to those of free unitaries (w,Us), where w is uniform on the nth roots of unity and Ut is
uniform on {—1,1}.

Proof. Choose an increasing sequence of finite partitions Q in D which generates D, separates
points of a conull standard model, and satisfies

max ¢o(q) — 0. (6.13)
qeQ
Such a sequence is obtained by adjoining a countable separating family and, at each stage, a
sufficiently small-mass finite refinement; the latter exists by diffuseness. Give its cells independent
labels Z; uniform on the nth roots of unity, and put wg = -, Z,q.
We first make the averaged reduced moments vanish by estimating return probabilities for diffuse
kernels. We then control their fluctuations using the small masses of the partition cells, so that one
deterministic labeling works for each prescribed finite list of moments.
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Averaged words and a repeated-cell compression. We first prove that the label expectation
tends to zero for each scalar

Fo = ¢o(mow8x1 . -wg‘xh), h>1, 1<k;<n, (6.14)

where z; = U for 1 < j < h and each endpoint g, zj, is either 1 or U. Expand over cell assignments
qi,...,qn. An assignment survives label averaging only if, in every block of equal cells, the sum of
its exponents is zero modulo n. Consequently every block of its exact equality pattern has size at
least two. For any surviving exact pattern, inclusion-exclusion expresses its word sum as a finite
linear combination of sums

Sy = > ¢o(Toq11 - - - qrTh), (6.15)

q1,-9n€Q
q;=q; if i,j are in one block of 7

where every block of 7 has at least two members. There is no distinctness requirement between
different blocks in (6.15). It is enough to show S; — 0 for each such .

Choose positions ¢ < d in one block whose distance d — ¢ is minimal among all pairs in a common
block. The positions strictly between them belong to distinct other blocks. We impose the equalities
of 7 using auxiliary Haar phases. For a block other than the selected block, place independently
sampled cellwise Haar diagonal unitaries at all but one of its occurrences, and their inverse product
at the remaining occurrence. Haar averaging forces precisely the equality of the cells at those
occurrences. In the selected block, use the same projection ¢ explicitly at ¢ and d and sum over g¢;
put independent Haar diagonals at every other occurrence of that block, with their inverse product
additionally at c. All initial draws are independent. Expanding and averaging now gives exactly Sy
as the auxiliary expectation of

¢0(PRE Co(Yo) POST), Yo = Ude U---dg_1U. (6.16)

When d = ¢+ 1, the last expression is U. The extra inverse product at ¢ can be moved before its
projection, since both lie in D, and is included in PRE. The factors outside the compression are
products of fixed contractions x; and diagonal unitaries. Each interior d; is a cellwise Haar diagonal:
this is also true if it is the inverse product placed at the last occurrence of its block. The interior
diagonals are mutually independent because their positions belong to different blocks. Independence
from PRE and POST is not asserted or needed.

Their independence and orthogonality of the outside projections give

E|Co(Yo)ll, = > 1qUqes1U -+ qa—1Uqll?, - (6.17)

qy9c+15--9d—1€Q

There are no middle cells when d = ¢+ 1. Fix a coarser partition £ from the generating sequence.
When Q refines £, contractivity of Cg in the state norm, applied with each middle cell tuple fixed,
bounds the right side by

> > IpUgeaU---qa U3, - (6.18)

PEE qet1y+,9d—1€Q

Diffuse kernel return probabilities. Here is the limit of this expression without a tracial
assumption. Put m = d — ¢. For each p € £ define

Bi,o(p) = UpU, Bjy1,0(p) = UCo(Bj,0(p))U.
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Expanding the squares in (6.18) and summing the middle cells identifies that expression with
> opee Po(PBm,o(p)p). All Bjgo(p) are positive contractions. By Lemma 2.1, Cgo(t) — Ep(t)
strongly-star on each fixed bounded element. Its contractivity for both state seminorms also controls
a bounded, varying, strong-star null error. Bounded strong-star continuity of multiplication by the
fixed U therefore proves recursively that Bj o(p) converges strongly-star to B;(p), where

Bi(p) =UpU,  Bjt1(p) = UED(B;(p))U.

Thus Ep(Bj(p)) = K?(p). If uo denotes the probability measure on D, state preservation and
bimodularity of Ep show that the limit of (6.18) is

> ook ) = Y [ (€"1,)(0) dyov). (6.19)

peE pe€E P

The positive normal map K is unital. Its kernel is nonsingular in the integrated sense: a fixed
wo-null set receives zero mass for almost every starting point. This follows from normality, since
its indicator is zero in D. In particular the kernel avoids, for almost every starting point, the
fixed exceptional null set on which its successor kernel is not diffuse. Integrating diffuse successor
kernels consequently produces a diffuse kernel. Induction shows that each fixed iterate K™ has an
almost everywhere diffuse kernel. As £ increases along the separating sequence, the cell containing
v decreases to {v} on the chosen conull model. Its return mass in (6.19) therefore tends to zero for
almost every v. It is bounded by K™1(v) = 1. Dominated convergence proves that (6.19) tends to
zero. First fixing £ and letting Q refine, and then letting £ refine, proves

E|Co(Yo)l3, — 0. (6.20)

Nontracial state estimates. We next explain the state estimates that turn this into scalar
moment convergence. For an entire analytic element a for the modular group, the standard-form
right-action identity gives

Itallg, < ||off (@)

[ 11tl 4, - (6.21)

See [Hiai20, Lemma 8.12, Equation (8.4)], applied to a*. Entire analytic elements approximate each
fixed element boundedly in the state norm, for example by Gaussian modular smoothing [Hiai20,
Lemma 2.13]. A centralizer unitary has right-multiplication bound 1. In any scalar word consisting
of fixed bounded factors and varying centralizer unitaries, replace the fixed factors from right to
left by bounded analytic approximants. At a replacement step all factors to the right already have
uniformly bounded right actions, and all factors to the left have uniformly bounded operator norms.
The error in the scalar state value is therefore at most a fixed constant times the state-norm error of
the factor being replaced. Choosing the approximants in that order makes the total error arbitrarily
small, uniformly over the varying diagonals and partitions.

Apply this procedure only to the fixed factors in POST in (6.16). The compression and all
remaining left factors are contractions. With the approximants fixed, the absolute scalar value is
bounded by C'[|Co(Yg)|| 4, where C' is independent of every phase and of Q. Cauchy-Schwarz in
the auxiliary probability space and (6.20) make its phase expectation tend to zero. The uniformly
arbitrarily small replacement error proves S, — 0. Hence

EFg — 0. (6.22)
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Concentration and deterministic labels. It remains to choose deterministic labels simultane-
ously for the moments. Replace all fixed factors in (6.14) analytically, again from right to left, and
call the resulting scalar Gg. It approximates Fg uniformly to any prescribed accuracy. Changing
one label Z, changes a power of wg by a scalar of absolute value at most 2 times g. Telescoping
over the finitely many occurrences, each difference is thus a bounded scalar times ¢o(PRE ¢ POST).
Cauchy—Schwarz gives

|9o(PRE ¢ POST)| < [[gPRE"|; [[¢POST||,
< Cyord®o(q)- (6.23)

The second line follows from (6.21) for both products, including their analytic adjoints. Their
modular norm bounds are uniform over all other labels, since the diagonal unitaries are in the
centralizer. Independent bounded differences (or the martingale variance sum obtained by revealing
one label at a time) now give

E|Go —EGol’ < Clhoa Y #0(q)*> — 0
qeQ

by (6.13). The uniform approximation shows that Fg — EFg — 0 in probability. Together with
(6.22), this gives Fg — 0 in probability.

There are only countably many test words. For successively larger finite lists, convergence in
probability gives a partition far enough along the sequence and a deterministic labeling for which
every word in the list is as small as prescribed. A diagonal choice gives w; with all those moments
tending to zero. The tests include the nontrivial single powers of wy;, so its limiting distribution is
uniform on the nth roots. Also U2 = 1 and ¢o(U) = 0 give the symmetric two-point distribution.
Centered elements of the two limiting generated algebras are linear combinations of the tested
powers and of U, respectively; all alternating centered moments are precisely the tests above. This
establishes the asserted joint free law. O

Lemma 6.6. Let w and Us have the free law in Lemma 6.5, in its reduced free-product representation.
If p1,...,pn are the spectral projections of w, then

n 2
> piUsps|| < NG (6.24)
j=1

Proof. Let Eqy be the Hilbert-space projection onto the vacuum and all reduced words not starting in
the centered part of the w-algebra. For a spectral projection p of w, put ¢ = 1/n. On this subspace,
left multiplication by p is the sum of the scalar action ¢ and creation by p — t1. The two resulting
subspaces are orthogonal, and ||p — 1]|3 = ¢(1 — t); hence

IpEoll = || Eopll = V.

Since Uy is centered, it sends a word starting in the w-centered space to a word starting in the other
factor. Therefore Ur(1 — Ey) = EgUs(1 — Ep), and

pUsp = pUsEop + pEoUs (1 — Ep)p.
Unitarity gives norm at most 2v/t. The sum of the compressions is block diagonal for the mutually

orthogonal pj, so its norm is the largest block norm. O
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6.4 A free-product matrix dilation

Proof of Proposition 6.3. By the atomic reduction following Lemma 6.4, it is enough to work on
the central summand where A is diffuse. Normalize the state on that summand and retain the same
notation. Put z = Z/2, so z is a self-adjoint contraction and Enxz = 0.

The ordinary two-by-two unitary dilation need not have a diffuse kernel over A @ A: already at
z = 0, its identity off-diagonal entry gives an atomic cross-kernel. We replace the second diagonal
algebra by a free diffuse abelian algebra, turning the cross terms into normal functionals on diffuse
spaces. This is the symmetry form of the free-product projection dilation in [PV15, proof of
Theorem 5.1]: with y = (1 + 2)/2, the symmetry below is twice that projection minus the identity.
The kernel and moment lemmas above supply the required freeness in the present nontracial setting.

Let (By, ) be a diffuse standard separable abelian probability algebra and form the reduced
von Neumann free product

(Pﬂﬂ) - (M7 90) * (BOvTB)'

The free-product state is faithful and normal, the two factor expectations preserve it, and its
Hilbert-space representation is the reduced-word representation; see, for example, [HU16]. Both A
and By remain MASAs in P. We give the argument to make its nontracial applicability explicit.
There are unitaries vy € A tending weakly to zero, since A is diffuse. They centralize v, by the
expectation onto M. On L%(P,v) © L?(M, ¢), a dense family consists of vectors of words

zobrz1 - - - bpp, h>1,

where b; € By are centered, the internal x; € M are centered, and the endpoints are arbitrary. To
compute a matrix coefficient of conjugation by v, take another such word with initial endpoint o,
and split the middle product ygvrxo into its centered part and its scalar mean. The centered part
gives a reduced word with zero expectation onto M. The scalar part is ¢(yjvizo) times an expression
with a fixed norm bound and tends to zero. The additional right factor v}, in the conjugation does
not change that norm bound. Conjugation is unitary on the state Hilbert space; density proves that
it tends weakly to zero on the indicated complement. If an element of P commutes with A, its vector
after subtracting its M-expectation lies in this complement and is fixed by all these conjugations.
It must be zero. The element belongs to M, and then to A. Interchanging the factors proves the
assertion for By.

In M = Mata(P) use the state ¢ = tro ®, with normalized matrix trace. The diagonal algebra
D = A® By is a diffuse MASA in its centralizer. Define

U= <z § ) . s=(1-2)V2 (6.25)

—Z

Since z commutes with s, this is a self-adjoint unitary. Furthermore Ep(U) = 0. For a € A and
b € By, direct free-product expectation gives

Ep(U(a®b)U) = (Ba(zaz) + 18(0)E(s?) @ (p(sas)l + 15(b)p(2)1). (6.26)

In particular, Ep,(zbz) = 75(b)¢(2%)1 because ¢(z) = 0. Lemma 6.4 makes the first kernel
a — E4(zaz) diffuse. The other kernels in (6.26) are diffuse because the base algebras are diffuse
and the displayed functionals are normal. Thus the kernel of a — Ep(UalU) is almost everywhere
diffuse.

Apply Lemma 6.5 with ¢9 = ¢. Let Pj; € D, 1 < j < n, be the spectral projections of the
resulting finite-order w;, padded with zero projections when necessary, and set

S =Y P UP;,.

=1
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Each projection is a polynomial in w; and w;. Consequently the scalar moments of the self-adjoint
contractions S tend to the moments of S¢ = 37, p;Urp; in the reduced free law. Let ¢ = 2//n.
Lemma 6.6 gives ||St|| < ¢. Uniform polynomial approximation on [—1, 1], applied to the continuous
function t — (|t| — ¢)2, gives

1151l = )5 — 0. (6.27)

This passage uses moments to obtain a state-norm estimate, not operator-norm convergence in M.
The sequence (S;) belongs to the multiplier algebra of Lemma 2.2: U is fixed and each (Pj;); is
a bounded centralizer sequence. Its excess in (6.27) is self-adjoint, so it belongs to the strong-star
null ideal. Continuous functional calculus in the quotient gives ||[Sj]]| < c.
Compress by the fixed first matrix projection ey1. Write Pj; = p;; ® bj, so the (ij)?:l form a
partition in A. The compressed sequence is

n
e1151e11 = Z Dj1ZPj1
=1

in the first corner. Its quotient norm upstairs is at most ¢. Functional calculus there makes its
absolute-value excess above ¢ strong-star null. These compressed elements belong to M, and the
state on their corner restricts to ¢/2; hence the same excess is strong-star null for (M, ¢). The
compressed sequence is also a multiplier sequence for M, since its partition projections centralize
¢. Its original quotient norm is therefore at most c¢. Multiplying by 2 proves (6.5) on the diffuse
summand. Extending the same colors over the central summand where Z = 0 proves the full
assertion. O

6.5 Completion of the state-preserving paving argument

Proof of Theorem 6.1. Choose
g

24(K + 1)’
choose r with 24/2/r + 2/r < b, and choose n > 2 with 4/y/n < v/2. Use Lemma 6.2 and

Proposition 6.3, and take the common refinement of their partition sequences. It has Rg(y) =
(r 4+ 1)?n members after padding. Finite refinement preserves each quotient bound, so for

b=0c=

TjQ = Op,(z — Eax)

we have H[TJO]H < 7, since the two contributions are at most v/4 and ~y/2.
Let clip, () = max(—y, min(t,v)) for real ¢, and define

w; = T]Q — clipW(T]Q).

The quotient norm bound and continuous functional calculus show that (w;) has zero quotient
image. It is self-adjoint, hence ||ij<p — 0. Also HTJOH < 2, so ||wj|| < 2. The operator T]Q7 and
therefore wj, is block diagonal for P;. Since E 2 belongs to A, this gives

Cp,(r —wj) — Bar = Tjo —wj; = clipW(TJO),

of norm at most . These are all the assertions of (6.1). O
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7 Passage to arbitrary von Neumann algebras

We first remove the separability assumption from the state-preserving result. We then treat the part
of an inclusion on which no normal positive functional centralizes the MASA. The two arguments
will be combined using corners by projections in the MASA; these projections need not be central
in the ambient algebra. The support e of the centralizing functionals will carry an expected MASA,
while its complement A has none of those functionals. Only after choosing the finite vector tests will
we split e = f + g, with a faithful state on the f-corner and a residual projection g that annihilates
the test vectors.

7.1 Separable reduction

Lemma 7.1. The conclusion of Theorem 6.1 holds without the assumption of separable predual,
with the same partition-size bound.

Proof. Let ¢ be a faithful normal state on M, let A C M be a MASA in its centralizer, and fix
a self-adjoint contraction z € M. Construct countable sets of generators as follows. Start with
1,x. At each stage form the unital Q(7)-algebra generated by the current set and its adjoints. For
every element t of this countable algebra, add E4(t) and the projections of finite A-partitions Qy j
satisfying

|ca. ) - EA(t)Hj <1k, k>l

These partitions exist by Lemma 2.1. Repeat this procedure countably many times, let B be the
union of the resulting countable algebras, and set

Ml:W*(B), A = AN M.

Every element of M is the limit of an operator-norm bounded sequence from B in ||HZZ£ Indeed,
Kaplansky density gives bounded strong-star approximants from the norm closure of B, and one can
then approximate in norm by elements of B. On bounded sets the state sharp seminorm determines
the strong-star topology, so sequences suffice here. Taking real and imaginary parts separately gives
this assertion for arbitrary elements. Since 4 is contractive for the state sharp seminorm and in
operator norm, it follows that E4(M7) C A;.

Suppose z € My commutes with A;. Choose bounded ¢; € B converging to z in the state sharp
seminorm, and choose one of the stored partitions Q; C Ay for each t; so that its compression error
is less than 1/j. Since Cg,(2) = z, contractivity gives

# # #
e = Ba@)IF < 2ll2 =417 + |[Co, (1) = Balty)|| — 0.
Thus z = E4(z) € Ay, proving that A; is a MASA in M;. It lies in the centralizer of ¢|ys,. The
GNS representation of this restricted faithful normal state is faithful and normal, and its Hilbert
space is separable because the countable set B applied to the cyclic vector is dense. Hence M;
has separable predual. The restriction of E4 is its state-preserving expectation onto A;. Applying
Theorem 6.1 in M; proves the assertion, including the unchanged bound on the partition size. [

7.2 The corner without centralizing normal functionals

We use standard form in the next argument. Write a&b for the commuting left and right actions, with
the right action of b given by Jb*J. Every normal positive functional 6 has a unique representative
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&p in the natural positive cone. This cone is selfdual and is preserved by £ — uéu* for a unitary u.
Moreover,

1€ = €ulI” <116 — ¥l - (7.1)

These standard-form facts hold for arbitrary von Neumann algebras; see [Hiai20, Theorem 3.12].
The inequality also appears in [Araki74, Theorem 4(8), Equation (5.10)]. For two functionals in a
non-o-finite algebra, it can also be applied in the corner supported by supp(é + 1), where their sum
is faithful.

Lemma 7.2. Let D C P be a MASA such that no nonzero mormal positive functional on P
centralizes D. For every normal state 8 on P, every integer m > 2, and every a > 0, there are a
positive contraction s € P and an m-partition (p;)", in D such that

0(s) >1—aq, pispi <mlp; (1 <i<m). (7.2)
Proof. In standard form, each finite partition Q in D defines an orthogonal projection
Poé = ¢éq.
q€Q

These projections decrease under refinement to the projection onto the D-central vectors. A nonzero
central vector ¢ would give a nonzero D-central normal positive functional a +— (a(, (): conjugation
by a unitary of D can be transferred to the commuting right action. The hypothesis therefore
implies Pg — 0 strongly along the net of finite partitions.

Choose independent random labels Z;, uniform on the mth roots of unity, and put u = >~ co Z4q.
For 1 < k < m, independence and ]EZ(;C =0 give

E (u¥u,&) = (Pots, &) — 0.

Each overlap is real and nonnegative, by the natural-cone properties. Consequently, for a sufficiently
fine partition there is one choice of labels making all these overlaps arbitrarily small. The states

0; =00 Ad(u™), 0<j<m,

have natural-cone vectors {; = wépu™I. Their pairwise overlaps are among those just considered.
Equation (7.1) shows that [|0; — 0k|| 5 is arbitrarily close to 2 for every j # k.

Fix a small n > 0. The positive support projection of 6; — 0, attains half the norm of that
Hermitian functional, since its value at 1 is zero. Thus the labels can be chosen so that there are
projections g € P with

0i(qgjn) >1—mn,  Oplgr) <n (G #k). (7.3)
For 0 <t <1 put

1
aj=——=> @ik b= lpwy(ey).
ki

Spectral calculus and Equation (7.3) yield
n .
0;(0)) 21—~ 00" < Vit J(m =1t (k£ ). (7:4)

For the first estimate, use 6;(1 —a;j) < nand 1 —b; < t71(1 — a;). For the second, the positive-
summand inequality 1 — gj; < (m — 1)(1 — a;) gives

11 = gjx)b;1% = [16;(1 = gje)bsl < (m — 1)t
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Splitting b;&, = b;qkék + bj(1 — qjx )&k proves the claim, using the adjoint of this operator-norm
estimate.

The pairwise separating projections need not be mutually orthogonal, so they cannot simply be
added to form a partition. Sequential products give positive effects with sum at most the identity
while retaining almost full mass for their respective states. Define

Vo =1, V}:(l—bjfl)--'(l—bo), Sj:Vj*ijj (0§]<m)

These positive elements need not be projections. They satisfy
m—1
si=ViV;=ViiVip, Y s =1=VyV,, <1 (7.5)
=0

Telescoping the products of contractions also gives

IVi&; =&l < D gl

k<j

By Equation (7.4), whenever n < t,

1Vi&ill = /1 =n/t = j(Vn+/(m = 1)t).

For fixed m, choosing ¢ small and then 7 sufficiently small makes every 8;(s;) = ||b;V;¢;]|* arbitrarily
close to 1.
Set

1 m—1
§= — Z w7 sul.
m 4
7=0

Then 0 < s < 1 and §(s) is the average of the 6;(s;), so it exceeds 1 — a with the choices above.
Since v™ = 1, Equation (7.5) gives

m—1 ; ; 1 m—1 . m—1 L
usuTt = — u sjlu <1, (7.6)
TR TR P

j=0
Let p1,...,pm be the spectral projections of u for the mth roots, allowing zero projections. Com-
pressing Equation (7.6) by p; gives mp;sp; < p;, as required. ]

Corollary 7.3. Under the hypotheses of Lemma 7.2, let P act normally on a Hilbert space and let
x =a* € P satisfy ||x|| < 1. For each m > 2, the operators sxs supplied by that lemma approzimate
x strongly, with associated m-partitions P satisfying

lsasl <1, [|Cp(sws)] < 1/m.
Here the approximation is on any prescribed finite set of vectors, to any positive accuracy, while m
stays fixed.

Proof. For test vectors £1,...,&;, normalize the sum of their vector functionals and those of
x€1,...,x&€; to obtain a normal state 6. If this sum vanishes, all tests are zero and one may take
s = 0. Otherwise Lemma 7.2 makes

0((1—5)%) < 1—0(s)
arbitrarily small. Thus 1 — s is arbitrarily small on every test vector and its image under x. The
identity
sts—x=sx(s—1)+(s— 1)z
proves the strong approximation. Finally, —s? < szs < s% and s? < s imply —p;/m < p;szsp; <
p;/m. The norm of the block diagonal sum is the maximum of its block norms. O
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7.3 Assembly of the three corners
Lemma 7.4. For any MASA A C M, set

e= \/{supp()\) : A€ M, X centralizes A}, h=1-—e.

Then e, h € A. If e £ 0, there is a faithful normal conditional expectation E : eMe — Ae. If h #£ 0,
the inclusion Ah C hMh has no nonzero centralizing normal positive functional.

Proof. The support of an A-central normal positive functional is invariant under every unitary in A,
and hence belongs to A by maximal abelianness. Such a functional is faithful on its support corner,
and remains faithful and centralizing upon restriction to any nonzero A-subprojection of its support.

Choose a maximal orthogonal family (gg) of nonzero projections in A, each subordinate to
the support of one such functional. Their sum is e: a nonzero remainder under e¢ would have
nonzero intersection with one of the defining supports, contradicting maximality. On each ggMgsg,
normalize the restricted functional to a faithful normal state. The corner Agg is a MASA in
its centralizer. Takesaki’s conditional expectation theorem [Takesaki72], in the state formulation
[Hiai20, Theorem 6.6], gives a faithful normal expectation Eg : ggMqg — Agg. Its hypotheses hold
because the centralizer is fixed by the modular group and a state is finite on the subalgebra.

Define

E(2) = ZEB(%Z(]@), z € eMe. (7.7)
B
The orthogonal block sum is well defined, bounded in norm by ||z||, and belongs to Ae. It is positive,
unital, Ae-bimodular, and fixes Ae. For a bounded increasing net of positive elements, normality
of every Ej identifies the supremum of every gg-block; this proves normality of E, even for an
uncountable family. If z > 0 and E(z) = 0, faithfulness on each corner gives ggzqs = 0, hence
zl/qu =0 for all 8. Since > 3qs = e, this forces z = 0. Thus F is faithful.

An Ah-central normal positive functional on hMh would extend by z +— hzh to an A-central
one on M supported under h. The definition of e excludes a nonzero such functional. All corner
MASASs used here remain maximal abelian: an element in a corner commuting with the corner of A,
extended by zero, commutes with A. ]

Proof of Theorem 1.1. If x = 0, take y = a = 0 and the one-part partition, padded with zero
projections to the size chosen below. Otherwise, by scaling it suffices to prove the assertion for
|z|| = 1, with an arbitrary strong-approximation tolerance ¢ > 0. Fix 0 < & < 1 and put v = ¢/4.
Let r¢ be the partition-size bound R () in Theorem 6.1, and fix m > 2 with 1/m < . We shall
use

R(e)=ry+m+ 1. (7.8)

More explicitly, the choices in the state-paving proof may be taken as

S
~ 7T 96(K + 1) R T e | “ el

Here 2¢/2/r +2/r < b/2+b%/16 < b, 4//n < /2, and 1/m < ~. Consequently r¢ = (r + 1)?n and

Rie)=(r+1)’n+m+1<Cpe®  (0<e<) (7.9)

for a universal constant C,,. Only the universal buffer K enters this constant; graph, slab, and
approximation parameters do not enter the color count. These choices precede the finite test set
and its tolerance.
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Let e, h and E be as in Lemma 7.4. Given a finite set F' of test vectors, choose a unit vector &g
such that ||z&|| > 3/4, and put F/ = F U {&}. On Ae consider the normal positive functional

Y(a) = Z (ae, ), a € Ae,

cer

and let f = supp(¢) € Ae and g = e — f. The equality 1(g) = 0 implies g§¢ = 0 for every & € F’.
Empty corners below are interpreted as zero.

If f#0, then 9|4y is faithful. After normalizing it, compose it with the restriction E : fM f —
Af to obtain a faithful normal state ¢ on fM f. Bimodularity of E/ and commutativity of Af show
that Af is in the ys-centralizer. Apply Theorem 6.1 and Lemma 7.1 to the self-adjoint contraction
xp = fof. They give

yr=ap—w,  w=w, |w|<2 |Cp ) -dff <7 df =By,
where Py is an ry-partition of f, and w can be chosen arbitrarily small on the vectors f§ for § € F.
Indeed, the bounded self-adjoint corrections in that theorem have state norm tending to zero, hence
converge strongly in the given normal representation.

On g put y, = 0. On h put x5 = hxh and use Corollary 7.3 to choose y;, = sxjs arbitrarily
close to xj on the vectors h&, € € F', together with an m-partition P}, of h such that

lynll <1, [ICP, (yn)ll < -

Keep all off-diagonal blocks of « between f, g, h, and replace its diagonal blocks by the operators
just constructed. Explicitly, set

Yy=yr+ys+uyn+ Z bxe.
bee{f,9,h}
b#c
This operator is self-adjoint. The difference y — x is block diagonal: its f-block has norm at most 2,
its g-block has norm at most 1, and its h-block has norm at most 2. Hence

ly ==l <2, lyll <3. (7.10)

The g-block of the difference annihilates F’. Choosing the other two approximation errors sufficiently
small therefore ensures

I(y — 2)¢]| <min{é,1/4} (¢ € F'). (7.11)
In particular ||y|| > 1/2, by applying this inequality to .
Use the projections of Py, the projections of Py, and the single projection g as distinct members
of one A-partition P, padding with zeros in absent corners. It has the size in Equation (7.8) and
kills every off-diagonal block between f, g, h. With d = d; on f and zero on g + h, we obtain

d=d" e A, |Cply)—d] <.

Since compression is norm-contractive, ||d|| < ||y|| + 7. Clip d by functional calculus to the interval
[— llyll, ly]|], obtaining a € A with |la|| < |ly|| and |ja — d|| <. It follows that

ICp(y) —all <2y =¢/2<e|ly|l.

Equations (7.10) and (7.11) give the remaining requirements. The partition size depends only on ¢,
since the bound in Theorem 6.1 is uniform over the state-preserving inclusions used here. Finally,
scaling y and a by the original ||z||, and first dividing the requested strong tolerance by that norm,
proves the theorem with the universal constant x = 3. O
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7.4 Consequences for related paving formulations

The main theorem concerns norm paving of bounded approximants. The two introductory conse-
quences use the normal-expectation hypothesis to pass between that formulation and strong-operator
paving of the original operator. The quadratic consequence additionally uses the separate companion
theorem.

Proof of Corollary 1.2. By Theorem 1.1, every such z is (¢/12, R(e/12); 3)-approximately pavable
in the terminology of [PV15, Definition 2.3]. Apply [PV15, Proposition 2.4(1)] with &’ = ¢/6. Its
error is 2- 3 (/6) = ¢, so Rs(¢) = R(e/12) suffices. O

Proof of Corollary 1.3. By [OpenAl26, Theorem 1.1], every self-adjoint x € M is (¢/2,7./2) so-
pavable, where 7.5 < Ce™? for a universal C. Since /2 < ¢, [PV15, Proposition 2.4(2)] makes
x (g,r, /2;3)—approximately pavable. Its proof supplies self-adjoint approximants and diagonal
witnesses, with paving error relative to the approximant’s norm. The strong-limit net in [PV15,
Definition 2.3] supplies the finite-vector conclusion with the fixed count N(e) = r, /2- O
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