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Abstract

We prove Gaussian scaling limits for the two-dimensional discrete Gaussian height model
throughout its rough phase, including the physical roughening threshold, for every finite
square-symmetric interaction set containing the nearest neighbors. After the natural lattice
normalization, the critical effective temperature has the universal value 8. For the ordinary
nearest-neighbor Villain and XY models at sufficiently low fixed temperatures, we also prove
that their Green-function-normalized spin fields converge to the imaginary exponential of a
Dirichlet Gaussian free field.

1 Introduction and statements

Two-dimensional height and planar spin models have phases in which fluctuations remain visible
at every scale. The expected large-scale description is a Gaussian free field for heights and
an imaginary exponential of a Gaussian free field for planar spins. In each case, an effective
parameter derived from the lattice interaction governs the Gaussian covariance. The Berezinskii—
Kosterlitz—Thouless (BKT) picture predicts a universal critical value after the model’s natural
normalization, although the parameter varies throughout the critical phase. Establishing a field
limit in a perturbative regime and identifying that endpoint for the original lattice model are
separate problems. This paper addresses both for discrete Gaussian heights, and proves the full
spin-field limit for the ordinary XY and Villain models at sufficiently low fixed temperature.

1.1 Height model and its physical threshold

An admissible interaction is a finite set J C Z2 \ {0} invariant under every rotation and reflection
of the square and containing Jnn, = {(1,0), (—1,0), (0,1), (0, —1)}. Define

(A)(@) = 7 3 (e +3) = ). ?f:mzyl (1)
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The height variable takes values in 27Z and 3 > 0 is its temperature. For Qp = [~ R, R]?> N Z? let
u& s.r be the law with heights zero outside Qg and weight

exp TN Z Z(O‘ery —0.)% ). (1.2)

Both orientations of each edge occur in the sum. The threshold is
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For n = LY write Ay = (Z/nZ)?. The torus law is
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where (u,v) = Y, uzv,; and steps are taken modulo n. Pinning chooses a representative of the

global height shift. Set & =n"23, 0, and

=n"2 > (02— 0)0um. (1.5)
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On the unit torus T? = R?/Z2, let &1 be the mean-zero real Gaussian free field with covariance
(—Ar)~!, where At is the Euclidean Laplacian. Pairings of continuum functions use Lebesgue
measure.

Theorem 1.1 (Height universality through the roughening threshold). For every admissible J,
the threshold in Equation (1.3) satisfies 0 < Bc(J) < oo. The supremum there is finite when
0 < B < Be(J) and infinite when > Bc(J), including equality.

There are an integer L = L(J) > 2 and a unique positive function Beg(J, 3), defined for
B > Bc(J), such that along the full sequence N — oo

Hy = W O in H3(T?). (1.6)
J
For every smooth real mean-zero f,
lim log BefV(f) = M(ﬁ (—=A7)7Lf). (1.7)
N—o00 QUJ
Furthermore,
Besr(J, BelT)) = 8mv], (1.8)
Pett (S, B) = Best (J; Be(J)) _
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The function Beg(J, -) is differentiable on (Bc(J),00), and for some c; > 0,
Be(J, 8) = B+ Os(e %) (B — o0). (1.10)
For J, ={x € Z*\ {0} : |z|s < p},
<(J
gw(vé’p) —1 (p — o0). (1.11)

In particular fu%m = 1/4 and the nearest-neighbor effective temperature at roughening is 2.

Other torus sizes and the localized phase. The internal transfer theorem gives a stronger
torus statement than the geometric-sequence assertion in Theorem 1.1. Fix an admissible J
and any k = 3/ v?] > 0, and let a(k) > 0 be the structural covariance coefficient constructed in
Section 2. Replace n = LY in the torus law and mean-subtracted field above by any increasing
sequence of integer side lengths. Theorem 3.8 proves convergence in H~3(T?) to the mean-zero



GFF of covariance a(k)(—Ar)~!, together with convergence of the Laplace transforms of smooth
mean-zero tests. When a(k) = 0, the limit is the zero distribution. On the positive branch,
Bt (J, B) = v3a(k), so the same coefficient governs every such sequence. Corollary 3.9 identifies
this branch with physical roughness; below 3.(J), the zero limit expresses the disappearance of
macroscopic height fluctuations at this normalization. The proof of the transfer theorem works
directly with arbitrary lattice sizes. On its zero branch the covariance upper bound alone suffices,
while the positive branch also uses the Dirichlet lower bound. This stronger result is established
before the endpoint analysis and retains the mean subtraction in Equation (1.5).

1.2 Ordinary planar spin models and the Wick convention

Here b > 0 is inverse temperature. Set D = (—1,1)? and D,, = [—1,1]> N n~1Z?2, for every integer
n > 1. Boundary vertices have a coordinate equal to —1 or 1 and their angles are fixed to zero.
Each interior angle lies in R/(27Z). Write E,, for the unordered nearest-neighbor pairs in D,,,
including edges incident to its fixed boundary. With respect to product Haar measure on the
interior angles, the two probability densities are proportional to

Xy: [[ e, (1.12)
{z,y}€bn
Villain: [ ) e t@rtut2mm?/2, (1.13)
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Every edge occurs once. Let L, be the unscaled graph Laplacian on the interior, with zero
boundary values:

(Lnu)(z) = > (u(x) —uly),  Gn=1Ly" (1.14)

YyEDn: |ly—z|=1/n

In particular no factor n? is included in £,,.

Let ®p be the zero-Dirichlet GFF with covariance (—Ap)~!; its local covariance singularity is
(27)~tlog|z — w|~!. For K > 1/(47) define the complex random distribution

VK = 2K [’

where ®p . is the circle average and the limit is tested against smooth functions of compact
support in D. The proof below also constructs this limit; see Junnila et al. [21] for the general
imaginary-chaos theory. The full variance occurs in Equation (1.15), including the finite spatial
part of the Dirichlet Green function. Consequently EVk p(f) = [p f-

Vi, p = limexp { (1.15)
el0

Theorem 1.2 (Full low-temperature spin-field limits). For each M € {Villain, XY} there are a
finite bo(M) > 0 and functions Kp;(b) > 1/(4m) and Ay (b) > 0, defined for all b > bo(M), with
Kp(b)/b— 1 as b — oo, such that

SM,b,n = n_2 Z AM(b)eGn(Z'za;)/(QK]VI(b))ezgx51 R, VKM(b)7D (116)
zeDy,

along the full sequence of integers n — oo, with tightness and convergence in HISS(D) For every
finite collection of complex smooth compactly supported test functions, their smeared fields converge
jointly, including real and imaginary parts. The coefficients Kpr(b) and Apr(b) are independent of
the test functions, the insertion locations, and n.



All mixed smeared moments. For each model, the proof gives more than joint weak conver-
gence. Fix any b > by(M) in the asserted range and any finite list f1,..., f, € C°(D;C), with
the same zero boundary angles and normalization as in Theorem 1.2. Every mixed moment of
the variables Syrp,(f;) and their complex conjugates converges to the corresponding moment
of Vi, ),p(f;) and its conjugate. Equivalently, expectations of every fixed polynomial in these
variables and their conjugates converge. Thus the result also controls integrated multipoint
correlations of arbitrary fixed order. The lower bound by(M) is chosen once, independently of that
order; the temperature remains fixed as all integers n — oo.

Weak convergence alone does not control these unbounded polynomial observables. Theo-
rem 5.12, applied in both Theorems 5.14 and 7.6, supplies the additional control. Away from
collisions, the separated signed multipoint limits pass to integrals by Riemann summation. Near
collisions, positivity, an integrable two-point bound, and Lee—Yang moment bounds make the
omitted contribution vanish, including repeated lattice sites. The uniform bounds on higher smear
moments give uniform integrability of each fixed polynomial. The Lee—Yang control of their growth
with moment order also makes the joint limiting law determined by its moments. This is the step
that connects pointwise correlation information to both full field convergence and convergence of
its smeared moments.

Theorem 1.3 (Villain coefficient bridge). The choices in Theorem 1.2 can be made so that
72b > Be(Jun) throughout the asserted Villain range and

€ Jnn’ 7r2b
Kvinain(b) = W~

(1.17)

The spin theorems concern sufficiently large fixed inverse temperatures. They assert neither a
spin-field limit at the BK'T endpoint nor equality of the two models’ effective coefficients at the same
bare b. The bare conversion in Equation (1.17) is useful for checking constants: Fourier duality
gives integer heights h with weight exp{—>"_(V.h)?/(2b)}; setting ¢ = 27wh in Equation (1.4),
with —A ;= L/4, gives 3 = 72b. The effective conversion requires the source and disorder
calculations in Section 5.

In these conventions, the nearest-neighbor height endpoint Beg(Jun,Bc) = 27 gives
Beott (Jun, Be) /72 = 2/m, the dimensionless stiffness value in the Nelson-Kosterlitz predic-
tion [31]. This arithmetic identifies the normalization correspondence. The height theorem reaches
the physical roughening threshold, whereas Theorem 1.3 identifies the spin coefficient only in its
stated sufficiently-low-temperature range. Extending that bridge and the spin-field limit to a spin
transition would require additional results.

1.3 Normalizations and order of limits

Table 1 collects the conversions used throughout the proof. Table 2 specifies the theorem-level
limiting procedures; in particular the spin inverse temperature is held fixed while the lattice
spacing tends to zero. The auxiliary choices for annular transfer, physical entry, and endpoint
response are given with their constructions in Sections 3, 9, and 10, respectively.

1.4 Context and earlier work

The physical picture originates with Berezinskii and Kosterlitz—Thouless. In a low-temperature
quadratic approximation, Berezinskii derived Gaussian multipoint formulas and algebraic spin
correlations with a temperature-dependent exponent [5]. Kosterlitz and Thouless separated smooth



Quantity Convention and conversion

Height law o € 2nZ; temperature (3; precision (—A;)/B = Ao/k, where Ag = —A;/v%
and k = [‘3/’0?]; ke = 50(‘])/”3

Height limit Covariance a(k)(—A)™! with Beg = via(k); a(k.) = 8 and Beg(J, Bc) =
871"[)3.

Nearest neighbors vy =1/4, =A;,, = L/4, and the endpoint Se(Jun, Be) = 2.

Spin law Inverse temperature b; each unordered edge counted once; boundary angle
zero; G,, = L1 with no n? factor.

Wick field Cov(®p) = (—Ap)~!, logarithmic coefficient 1/(27); exponent i®p/vK;
normalization uses the full variance, so EVi p = 1.

Villain bridge Dual h € Z, energy Y..(Vc.h)?/(2b); 0 = 27h, 8 = m2b, and Kvyiyain(b) =
Bott (Jan, T2b) /72

XY coefficient Kxv(b) is obtained from the XY construction in Section 7; Kps(b)/b — 1

for each model.

Table 1: Normalization dictionary. Temperature and inverse temperature have different roles in
the two lattice descriptions.

Argument Quantifiers and order

Height field Fix J, then L = L(J) and 8 > B(J); let N — oo along every n = L. The
pinned representative is mean-subtracted before testing.

Height endpoint Define Beg by the field limit first; then let 8 | S.(J) from above. The
spread-out limit p — oo concerns the thresholds of the distinct J,,.

Spin field Fix M and any b > by(M); let every integer n — oco. Circle regularization

€ | 0 defines the continuum target locally inside D.

Table 2: Limits in the main results. The finite Gaussian comparison statements themselves require
no thermodynamic limit.



angular fluctuations, or spin waves, from vortices in an approximate description of the planar
model [24]. A vortex is a defect around which the spin angle has nonzero integer winding. In their
BKT scenario, oppositely charged vortices remain paired at low temperature, while spin waves
produce a critical phase with a continuously varying decay exponent. Heating allows vortex pairs
to separate; large-distance screening by the unbound vortices destroys the algebraic behavior.

Kosterlitz’s recursion analysis follows the coupled evolution of vortex activity and stiffness under
changes of scale [23]. Here activity measures the weight of vortex defects, and stiffness measures
the response to a slowly varying twist of the angle field. Bound pairs can change this response,
so the coefficient visible at large distances is renormalized. Nelson and Kosterlitz predicted the
universal limit 2/7 for the dimensionless renormalized stiffness from the low-temperature side, and
expected it to vanish above the transition [31].

Frohlich and Spencer established the transition for several two-dimensional lattice models,
including the planar rotator and Villain models [16]. Their multiscale expansion organizes neutral
collections of charges and controls their cumulative effect. A detailed modern account for the
discrete Gaussian and Villain cases is given by Kharash and Peled [22]. These phase bounds leave
the limiting field and its effective coefficient unidentified.

Dimock and Hurd controlled the infrared renormalisation flow for the sine-Gordon model
with a fixed ultraviolet cutoff, for each fixed coefficient above 87 in their normalization and
sufficiently small activity, with estimates uniform in torus volume [10]. Falco constructed a critical
renormalisation trajectory at small activity for the lattice Coulomb gas and obtained critical
two-point asymptotics for fractional charges, including logarithmic corrections [13, 14]. Using this
approach at the physical threshold of a fixed lattice model requires a controlled passage from
microscopic data to a dilute effective system. This matching problem already appears in the
discussion of Kosterlitz and Thouless [24].

For discrete Gaussian heights, Bauerschmidt, Park, and Rodriguez smooth the microscopic
law to exponentially small activity and prove the macroscopic torus Gaussian limit at sufficiently
high temperature [3]. They also developed infinite-volume and mesoscopic scaling limits in
Bauerschmidt et al. [4]. Park subsequently proved high-temperature central limit theorems
for microscopic multipoint observables [34]. Conjecture 1.3 of Bauerschmidt et al. [3] predicts
the torus Gaussian limit through a critical temperature for sufficiently spread-out J,, together
with the endpoint value, infinite right slope, differentiability above the transition, and spread-out
asymptotics. The discussion following that conjecture also predicts the fixed-interaction conclusions
for every finite range. Theorem 1.1 states these conclusions for every admissible J, including
nearest neighbors, with the critical temperature identified by Equation (1.3).

The structural side of the argument also draws on a substantial probabilistic literature. Regev
and Stephens-Davidowitz proved the finite lattice Gaussian inequalities used below [35]. Aizenman,
Harel, Peled, and Shapiro applied Gaussian monotonicity, graph surgery, and level-set methods to
depinning and the dual spin phase [1]. Lammers and Ott developed absolute-value correlation
inequalities and delocalisation methods [27]. For a broader class of nearest-neighbor square-lattice
potentials, Lammers’ dichotomy theory proves a logarithmic variance lower bound with a universal
positive coefficient throughout the delocalized phase and shows that the delocalized set is closed
in the specified potential topology [26]. The global depinning and dichotomy arguments in these
works use planar structure. Our admissible finite-range graphs can be nonplanar, and the structural
proofs below cover them directly. Recent critical results for hierarchical discrete Gaussian and
related models [6] and Gaussian field limits for six-vertex heights [11] concern different interactions
and further illustrate the range of height universality.

Villain introduced a periodic Gaussian edge weight as an approximation to the planar cosine



model. The Villain duality and the analysis of José, Kadanoff, Kirkpatrick, and Nelson make the
Gaussian and vortex components explicit [20, 36]. The continuum field in our limit is imaginary
Gaussian multiplicative chaos. Lacoin, Rhodes, and Vargas construct the purely imaginary case
for planar Gaussian free fields within their theory of complex chaos [25]; Junnila, Saksman, and
Webb develop a general construction and moment and regularity results [21]. The latter work also
proves that suitably normalized critical XOR-Ising spin smears with plus boundary conditions on
bounded simply connected planar domains converge to smears of a conformally weighted real part
of imaginary chaos. Garban and Septulveda stated and sketched a joint limit of the zero-boundary
discrete GFF and its Wick exponential on a square, and discussed the expected Villain connection
[18, Proposition 6.3 and the discussion preceding Conjecture 3]. Theorem 1.2 proves the full field
statement for both ordinary lattice spin models at sufficiently large fixed inverse temperature.
This is distinct from the interface conjecture in that work. Newman and Wu’s angular-gradient
theorem uses a temperature that tends to zero with the mesh [32]; here the inverse temperature
remains fixed. We derive the smear moment estimates from the finite-graph Lee—Yang theorems
recalled by Newman and Wu, including their detailed Villain proof, together with the scalar
product representation stated there [33].

1.5 Proof organization and the new estimates

We first construct a structural height coefficient a(k) with

k=p/v3  Be(J,B) =via(k). (1.13)

Section 2 uses finite lattice Gaussian comparisons, free rectangular boxes, and folded tests to
yield Gaussian limits and the alternative a = 0 or @ > 8. Section 3 uses an annular exploration
to transfer the positive-coefficient limit to Dirichlet domains, tori, and domains with pins, and
to identify positivity of a with physical roughness. The uniform estimates here must survive
exploration conditioning and pin events of small probability.

The local analytic calculus is developed in Section 4. It keeps neutral, charged, boundary, and
marked terms in distinct estimates and supplies finite-range covariances and regulators with explicit
reserve. Both spin constructions need local corrections that remain controlled under repeated
Gaussian integration, including near inserted spins. For Villain, Section 5 uses exact duality to
initialize this expansion at the ordinary microscopic model. For XY, the cosine interaction requires
an additional estimate: Section 6 represents it exactly and follows the microscopic factors through
successive integrations and local subtractions. The estimates distinguish a live Gaussian history
from completed scalar calculations, whose evaluated sizes multiply in later operations. Taylor
remainders are separated into fixed smooth directions and linear field functionals, called atoms.
Estimates for these atoms control the additional Gaussian sources. A bound on the evaluated
history, together with separate charge estimates, supplies sizes that compose through the local
maps. Section 7 then chooses the three reference quadratic coefficients so that the corrections
decay. An exact Hessian identity and a finite-dimensional degree argument keep that choice inside
the parameter region where the history estimates hold.

In either spin model, marked estimates give all separated fundamental spin correlations and
a common insertion amplitude. The full field law then follows from a uniform two-point bound,
Lee—Yang moment bounds, collision estimates, and Sobolev tightness. These steps retain the full
Green diagonal in Equation (1.16).

For heights near their physical endpoint, the weak-activity maps of Section 8 require physical
initial data: one must first enter their domain from an arbitrary fixed finite-range model. Section 9



compares noisy block averages of the original heights with Gaussian observations. It gives an exact
local expansion of this density comparison, with activity as small as the maps require whenever
a(k) > 0. Mixed pinned domains and complex Gaussian lattice comparisons supply control in the
required analytic norm. Physical terminal observables select the admissible small trajectory in
Section 10. Openness of the supermarginal branch identifies the endpoint value; the marginal
trajectory and its response then give the infinite slope. Figure 1 records which arguments must
precede this last identification.

Finite comparisons Annular transfer .
. . . Local height entry
structural coefficient > and mixed pins > .
; . Section 9
Section 2 Section 3
Covariances, regulators Weak height maps Height endpoint
local partition calculus —>| physical diagnostics [ and infinite slope
Section 4 Sections 8, 10 Section 10
Villain duality Tuned flows Full spin-field laws
and XY histories > marked correlations > and Villain bridge
Sections 5, 6 Sections 5, 7 Sections 5, 7

Figure 1: Dependencies among the main arguments. The upper route identifies the physical height
endpoint; the lower route controls spin insertions and then their full distribution. Arrows show
dependencies, not reading order: the local entry construction is presented after the weak maps
whose parameters it accepts, and supplies their physical initial data for the endpoint argument.
The Villain bridge also uses the high-temperature height result of Section 8, and the endpoint
odd-sector argument returns directly to the structural face ratio in Section 2.
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2 Finite comparisons and the structural height coefficient

The output of this section is a coefficient a(k) determined by Gaussian limits on free rectangles.
Finite lattice comparisons also give the gap a(k) =0 or a(k) > 8x, and localization on the zero
branch. Section 3 will relate this coefficient to the physical roughness threshold and to the field on
other domains.

Throughout this section J has the hypotheses in the introduction, v = vy,

Ag=—Az/v?, k=%  h=o0¢€2nZ (2.1)

An unoriented interaction edge has conductance ¢ = (|J|v?)~!; parallel edges are counted with
their multiplicities. Thus (g, Aog) = 3, ¢(Veg)?, and the Fourier symbol of Ay is |p|? + O (|p[*).
Write Ry = max,c |2|oo. For a finite rectangle B retain only edges whose two endpoints belong
to B, and denote the resulting Laplacian and its inverse on constants’ orthogonal complement by
Ap and G = Ajg. A free height law is the probability law modulo common translations by 277,
with weight exp{—(h, Agh)/(2k)}. Pinning one vertex is one choice of representative. All pairings
on a finite graph are counting-measure pairings.

Here is a useful convention concerning errors. An edge representation X = >, w.Vh has flow
cost Y. wz/c. For a zero-sum vertex profile f,

(f,Gpf) = min > w;/e. (2:2)

Indeed the minimizer is w = ¢VGpf; its difference from every other admissible flow is orthogonal
to gradients in the scalar product Y, wew!,/c. In particular a test of flow cost § has variance at
most kd and all its exponential moments have the corresponding Gaussian bound, by Lemma 2.1.
Nearest-neighbor edges, which are present by hypothesis, may always be used to construct trial
flows.

2.1 Finite lattice Gaussian inequalities

We start from the lattice inequalities of Regev and Stephens-Davidowitz [35, Theorem 2.1,
Corollary 3.2, and Propositions 3.3 and 4.2] and derive the comparison and limiting forms used
below, including proofs to specify the directions. For applications of these inequalities to integer-
height depinning and graph surgery, see Aizenman et al. [1].

Lemma 2.1 (Finite Gaussian comparisons). Let L be a lattice in a finite-dimensional Euclidean
space E, let V = span L, and let Py be orthogonal projection onto V. Suppose T' > 0 is symmetric
and Ty = Py Ty is positive definite. For x € E set wr(x) = Y ,cri,exp{—(u,Tu)/2}. Then

wr(0)*wr(z + y)wr(z —y) > wr(z) wr(y)*. (2.3)

The covariance of the Gaussian on L + x is at least that on L at the same precision, in positive-
semidefinite order; the same lower bound holds after a real linear tilt of the shifted law. For each
fized ambient displacement x, the ratio wpiip(z)/wriip(0) is nonincreasing in t > 0 whenever
B > 0. For the centered Gaussian H on L, every real linear test X = (¢, H) satisfies

$Var(X) <logEe™ < 3(0y, Ty 'y), by = Pyl (2.4)

Centered variances and real moment generating functions decrease when precision increases. For
any two real linear tests,

k(X,X,Y,Y) =EX?Y? - EX’EY? — 2(EXY)? > 0. (2.5)

11



The centered characteristic function is strictly positive, and its logarithm has Hessian everywhere
at least its Hessian at zero. These centered conclusions apply after added centered pins or
equalities. For free graphs they apply to real tests annihilating every released constant. The
centered characteristic function is strictly positive for characters invariant under every released
translation, and its logarithmic Hessian comparison holds along directions annihilating those
constants. The probability of a specified collection of centered lattice equalities increases under a
positive-semidefinite increase of precision.

Proof. Ford € L/2L put z4(s) = > ,caror e~ (utsT(uts)/4 " Coercivity on V makes these sums and
their derivatives locally uniformly convergent for ambient shifts. The bijection (u, v) — (u+v,u—v)
gives
wr(z)wr(y) =Y za(@ +y)zaler —y), Y za(s)* = wr(0)wr(s).
d d

Cauchy—Schwarz proves Equation (2.3). Taking logarithms and differentiating twice in y at
zero gives D?logwr(x) > D?logwr(0). Direct differentiation of the sum gives D?logwr(z) =
—T + T Cov,(H)T. Both covariances are supported on V. Restricting the Hessian inequality to
directions in V' and inverting Ty, there proves covariance minimality.

For xp =T}, P, T2 and u € V, completion of the square gives

(u+z,T(u+2x)) = (u+zp, Tv(u+2x7)) + cr(z), cr(z) = (z,Tx) — (xp, Tyxr) >0

For fixed x and T; =T +tB, B > 0, differentiation in the ambient space gives

d wry, () 1
= —_—= - < N
71 gy = b [B(Cov,(H) — Covo(H) + B, H @ E,H)] <0

This derivative keeps the ambient displacement fixed and includes the Ti;-dependence of both
xr, and the normal scalar cr,(z). A real tilt by ¢ changes the effective displacement on V' to
xr =Ty, lﬁv. Its covariance therefore still dominates the centered covariance. For the centered
law, integrating the Hessian of its logarithmic moment generating function on the segment from
0 to ¢ proves the first inequality in Equation (2.4); symmetry makes the first derivative at zero
vanish. Differentiating this logarithmic moment generating function with respect to 7} gives the
same nonpositive expression with the tilted covariance and mean. Differentiating the resulting
centered comparison twice at zero proves the variance comparison. The second derivative at s = 0
of Vargy (X) > Varg(X) proves Equation (2.5).
Let £* be the dual lattice in V. Poisson summation on V gives

wr(x) = e~ T@20p T e 2T 0 2mi0a1) < 4y(0))
qeEL*

Completion of the square now proves the upper bound in Equation (2.4). For the centered
characteristic function, the same summation gives the strictly positive formula
3 o~ 5 (2ma—ty Ty ! (2mg—Ly))

i(0,H) _ 9€£*
Bt = S o 26
e Ty
qeEL*

> 0.

It is a shifted-to-centered partition ratio on the dual lattice. Equation (2.3) there proves the
assertion about its logarithmic Hessian.
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A collection of centered equalities selects Lg = LN[; ker ¢;, a lattice in its span. The restricted
precision is coercive, so the preceding argument applies directly to its conditional centered law.
In particular the displayed dual sum proves strict characteristic positivity there. This law is also
the dominated limit of the additional precisions ¢}, ¢; ® £;, t T oo, which transfers the centered
comparisons with the original law.

For a free graph choose one representative h;, = 0 on each connected component. Its
representative lattice has a span on which the massless graph precision is coercive. The same
dual formula directly proves strict characteristic positivity on that centered law, and hence for
its translation-invariant characters. To compare a graph with a cut graph, first add nId. On
a connected component choose representatives h,, = 0 and sum its common translation 2mj.
Completion of the square shows that this sum, divided by (27n|B|)~/2, tends to a constant
independent of the representative and is uniformly bounded for 0 < n < 7n9. The remaining
representative weight is bounded by a constant times its massless weight and converges pointwise
to it. Dominated convergence, also after any fixed real tilt annihilating constants, transfers the
comparison inequalities. The same argument applies to bounded observations invariant under
common 27 translations, a fact used below for phases. Finally, for an equality event F, differentiate
its probability along T + tB before taking any infinite-penalty limit. Its logarithmic derivative is
3 tr B(Cov(H) — Cov(H | E)) > 0 by the just-proved centered pin comparison; both means vanish
by inversion symmetry. This proves the last assertion, and dominated limits give its free-graph
versions whenever the event is invariant under the released translations. O

For later use, a consequence of the last Hessian assertion is worth recording. Let ¢ be the
centered characteristic function in Lemma 2.1, let s be a base profile, and let Y have bare variance
at most V. On a free graph take s with integer total on each released component and Y with zero

total on each. Then
V- log éls + 1Y) </~ log é(s) + [t/ V/2. (2.6)

To prove this, set f(t) = logé(s +tY) < 0. The inequality f” > —V and the upper bound
f <0, applied at the maximum of f(¢) + f'(t)u — Vu?/2, imply |f/|> < —2V f. Integration, or
regularization at zeros of — f, gives Equation (2.6). In particular, a positive lower bound transfers
between profiles at bounded bare distance in either direction.

2.2 Saturation on free rectangles
Let By, = {0,...,m —1}2, gy(z) = x1/m, and
am(k) = Varg,, 1(h, AB,,gm)- (2.7)

The energy (gm,Ap,,gm) tends to one, by square symmetry and the definition of v. Thus
0<am<k+o(l).

Theorem 2.2 (All free-rectangle limits). There is a number a = a(k) € [0, k] such that an, (k) — a.
Let B,, be discrete axis rectangles at mesh n~' whose endpoints converge to those of a fized
nondegenerate rectangle B. For every finite collection of smooth shifts g on a neighborhood of B,

log ., exp{(h A, g(/m)} — 5 [ Vgl 28

The corresponding tests converge jointly to centered Gaussian variables with covariance a [5Vg-V';
all joint moments converge. For zero-total profiles f, whose scaled piecewise constant densities
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n2f, converge in L?(B) to a bounded piecewise continuous f of integral zero, the corresponding
assertion s

a —
logEp, ke — S (£,(=Ap.3) " )12, (2.9)

Here the inverse Neumann Laplacian is on integral-zero functions. These statements hold along
every such sequence of rectangles and jointly for mized finite lists of the displayed tests.

Proof. We give separately the cutting, folding, and distributional steps.

Cutting and the existence of a. Cut a square of side M into m-squares and strips of width less
than m. In its affine observation x1/M, the squared cost of omitted seam and strip flows is at
most Cj(m~! +m/M): there are at most C;(M?/m +mM) affected edges and each coefficient
is at most C'y/M. On the remaining squares the observation is m/M times the cell observation.
Cutting increases variance, and the cut components are independent. The triangle inequality in
L? consequently gives

Var: < am + CoVk(m™t +m/M)Y2. (2.10)

First let M — oo, then take m — oo along a liminf subsequence. This proves convergence. Notice
also that each a,, (k) is continuous for k£ > 0, by locally uniform convergence of its defining Gaussian
sums, and Equation (2.10) is uniform when £ ranges over a compact subset of (0, 00). In particular
Va(k) < am(k) + Cy/k/m. Square symmetries make the covariance matrix of the two affine
tests scalar. Cutting a rectangle into small squares proves the affine upper bound a [5 |Vg|?. For
its reverse, let mq(n), ma(n) be the rectangle’s side counts and set V,,(p) = Varp, (h, Ag, (p-x/n)).
Tile a square of side M, divisible by both side counts, with copies of this rectangle. The normalized
affine test p - /M restricts on each cell to n/M times the cell test, up to an irrelevant constant.
There are M?/(m1(n)ma(n)) cells. Cutting and the seam-flow estimate, followed by M — oo at
this fixed n, give

CJ k,p

TtV ) i (o)

Since m1(n)ma(n)/n? — | B, this proves lim inf,, V,,(p) > a|p\2]B| along every admissible rectangle
sequence. Together with the cutting upper bound it gives

Valp| <

lim Varg, (h, Ap, g) = a/ |Vgl|?
n B

for every affine g and every such sequence.
Cutting into cells of small fixed macroscopic diameter and replacing Vg by constants proves, for
smooth or continuous piecewise smooth g with bounded piece derivatives and polygonal interfaces,

limsup Var(h, Ap, g) < a/ Vg% (2.11)
n B

At a fixed partition the omitted edge count is O(n) and coefficients are O(n~!), so their cost tends
to zero. In cell interiors the error cost is bounded by the L? modulus of continuity of the gradient,
which tends to zero as the partition is refined. The identical proof applies to partial gradient
observations restricted to polygonal pieces.

Call a shift g saturated on B if, for every admissible sequence of discrete rectangles B,
converging to B,

lim Varg, (h,Ap,g(-/n)) = a/ |Vgl|?.
n—oo B
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For a partial gradient observation use the same full-limit definition with the energy integral over
its retained region.

This class is linear. Fix a finite list of saturated shifts and any admissible rectangle sequence.
From any subsequence one can extract a further subsequence on which their covariance matrix
converges, by the bare bounds. If C is that limiting matrix and E;; = a [z Vg; - Vgj, then
Equation (2.11), applied to every real linear combination, gives ¥ — C' > 0. Full convergence for
each g; gives (F — (C');; = 0 on this same subsequence. A positive-semidefinite matrix with zero
diagonal has all its entries zero. Thus C' = E. Since this applies to every initial subsequence,
the covariance matrices converge along the original sequence. In particular every finite linear
combination is saturated.

Saturation on a larger rectangle passes to an enclosed rectangle. Partition the complement
into finitely many rectangles, indexed together with the inner rectangle by ¢ = 0,...,r, and write
Ei= [p, |Vg|?. Vanishing seam-flow errors and cutting give

r
%uter,n < Z ‘/i,n + 0(1)
i=0

The outer variance converges to a_; E;, while limsup,, V; , < aF; for every piece. Consequently

'
liminf Vo, > a g E; — E limsup V; , > aF)p.
n X X n
7 i=1

Together with the upper bound this is full convergence on the inner rectangle, on every admissible
sequence. Strict enlargements suffice; compatible rounding of the partition changes only vanishing-
cost flows.

The class is also closed under gradient-energy approximation. If g; are saturated and ||V(g; —
[l r2(B) — 0, with convergence of the corresponding discrete difference energies, then the bare
bound and the triangle inequality for standard deviations give

i sup |y Var(h, A,9) ~ Va V92| < (VE+Va) V(g - )25

Letting 7 — oo proves full convergence for g. The same argument shows that an observation
changed by a flow of cost tending to zero retains its full variance limit. These statements apply
to the fixed smooth and continuous piecewise smooth shifts used below, whose discrete energies
converge by Riemann summation.

The fold. We justify the FKG correlation input [15] directly. A quadratic attractive height law
has the lattice condition p(uAv)p(uVv) > p(u)p(v), since it holds edge by edge for e=c(h=—hy)*/(2k)
On a finite height box this condition implies association by induction in the number of vertices.
Conditional laws in one fewer coordinate satisfy the same condition. Between two values of
the last coordinate the likelihood ratio of their conditional laws is increasing. The induction
hypothesis applied to that ratio proves that the conditional expectation of every increasing
function increases. The conditional covariance decomposition and the one-variable identity
Cov(F(Z),G(Z)) = sE[(F(Z2) — F(Z'))(G(Z) — G(Z'))] > 0 complete the induction. Letting
the box grow proves association in our proper finite Gaussian law. This argument also proves
association after conditioning any set of vertices.

Suppose a rectangle and its discrete graph are invariant under reflection across a site axis or
diagonal. Pin a site of the reflection line and condition its entire height trace. The conditional
law remains invariant under reflection and associated, including interactions crossing the line. For
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a saturated shift odd about that line up to a constant, let X; and X_ be its observations on
edges internal to the two open sides. Then X_ is the reflected negative of X, and their sum
differs from the full observation by a vanishing-cost flow. If X, can be changed by such a flow to
have nonnegative off-line vertex coeflicients, conditional association gives a nonpositive conditional
covariance with X_. Their conditional means are negatives, so the unconditional covariance is also
nonpositive. Write Vi, = Var(X4) and Ey = me{i side} |Vg|?. The vanishing-cost modifications
give Cov(X4, X_) < o(1), and the full observation differs from X, + X_ by a vanishing-cost flow.
Its full variance convergence therefore gives

a(BL +E_) = liTILn Vialln < lianLinf(V+,n +V_ ).

More directly, Vi », > Vin — V-, — 0(1), so the separate upper bound gives

)

limninf Vin>a(Ey +E_)—limsupV_, >aFE,.
n

The same argument applies to the minus side. With limsup,, Vi , < aF4, both partial variances
converge along the full sequence. The folded-shift observation differs from its partial observation
by a vanishing-cost flow, so it too has the required full variance limit.

Here are the required coefficient checks and error bounds. For an axis fold of ¢ = z1, pair
each step (z1, z2) with (=21, 22). The coeflicients of Ap, g vanish away from the two normal-face
strips, are nonpositive in the strip adjacent to the cut, and nonnegative at the outer normal face.
Tangential boundaries preserve this cancellation. Move every cut-strip coefficient to the conditioned
line along at most R; + 1 nearest-neighbor edges. There are O(n) coefficients of size O(n~!), and
the paths have bounded overlap, giving cost O(n~1). Thus (z; — t), is saturated after coherent
rounding of the reflection line and restriction from an enclosing symmetric rectangle. Finite linear
combinations and gradient approximation give every smooth function of either coordinate.

For the diagonal fold put ¥ = y + ¢ and use an enclosing square p < z,Y < ¢q. Take
g=F(z)— F(Y) with F”” <0 and F'(p), F'(q) > 0 on a slightly larger interval. In the interior of
x>Y, Agg > 0: the symmetric second differences of F' decrease with their center, and the step
lists in the two coordinates coincide. At the outer face x = ¢ the missing-step contribution has
leading term a positive constant times F'(q)/n; at Y = p it has leading term a positive constant
times F”(p)/n. The tangential first-order terms cancel in pairs. Uniform strict endpoint positivity
absorbs the O(n~2) remainder. More precisely, in integer coordinates P < i,j < @, the exceptional
sets can be taken as D = {0 <i—j <2R;}and K ={Q —i < Ry, j — P < R;}. Outside D
neither the lower i-face nor the upper j-face truncates a step; outside K the other two faces cannot
both truncate. This proves the stated sign everywhere outside D U K. Move all coefficients in
D U K horizontally from (7, j) to (j,j) on the line. There are O(n) short paths of length at most
2R and O(1) paths of length O(n), with bounded overlap. Their coefficients have size O(n™1).
If the overlap is M, their cost is at most (M/c) Y, d(v)?|P,| = O(n~1). Define the opposite-side
modification by reflected negative, so the line terms cancel exactly. The fold criterion proves
saturation of

(F(x) = F(y + 1)1 {asyty- (2.12)

Every smooth F' on the fixed interval is a difference of two functions with the strict properties just
used: add a sufficiently large fixed cubic with negative third derivative, and then a sufficiently
large positive linear function. Thus Equation (2.12) is saturated for arbitrary smooth F'.

For clarity, coherent rounding preserves these full limits. Choose t,, = r,,/n with r,, = round(nt),
and enclose the target rectangle in the exactly symmetric lattice square P, <@ < Qn, P, —rp <
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J < Qpn — . Its reflection is (4,5) — (j + 7,7 — 1), and its scaled endpoints can be chosen to
converge. The odd seed F(x) — F(y + t,) differs from the fixed saturated seed F(x) — F(y +t)
by discrete gradient energy O(|t, — t|?). For the folded functions f;,, f; of Equation (2.12), the
squared difference energy is at most C([t,, —t| +n~! + [t, — t|?). Indeed the strip between their
diagonals, enlarged by R;/n, meets O(n?|t, — t| + n) edges, each carrying an O(n~!) difference
increment; away from it, smooth derivative differences are O(|t, — t|). Axis hinges satisfy the
same estimate. Thus the fold and restriction limits transfer to each fixed target shift along every
admissible rectangle sequence by the vanishing-cost perturbation bound.

To see that these folds suffice, extend a smooth target g slightly and choose a smooth family F; of
compact support in ¢, on all relevant parameters, satisfying F/(z) = —ggy (2, — t). Differentiating
the integral of Equation (2.12) gives

amay /(Ft($) - Ft(y + t))l{m>y+t} dt = _Fylc—y(x) = gxy(‘rv y)’

The residual is a sum of two univariate functions. Riemann sums of this integral converge in
gradient L?: translations of the bounded piecewise smooth gradients are continuous in L?, including
across the moving diagonal. The bare bound then transfers saturation to g.

Laplace transforms and smears. The lower bound in Equation (2.8) follows from saturation
and Equation (2.4). For the upper bound, cut into cells of side comparable to a small fixed 7.
For fixed 7, the discarded-flow observation F, has bare variance tending to zero. Holder with
exponents p > 1 and p/(p — 1) removes F,, at a cost tending to zero. Precision comparison bounds
the remaining log transform by the sum of independent cell log transforms with argument p. Each
cell variable has bare variance O(r?), so its subGaussian bound gives

log EePX = sp? Var X + O, (r%),

uniformly in the fine mesh. For example Taylor’s integral remainder is bounded by C,E[| X |3ePIX1] =
O,(r?) using the Gaussian tail. There are O(r~2) cells. Apply Equation (2.11), let n — oo, then
r ] 0, then p | 1. This proves the matching upper bound. Apply it to arbitrary linear combinations
to obtain the joint law; the uniform exponential bounds give convergence of moments.

Finally nearest-neighbor Poincaré gives ||u — /|3 < Cpn?(u, Ap,u). Consequently the bare
variance of a density error is bounded by its scaled L? norm squared. Approximate f by finitely
many nonconstant Neumann cosines of the rectangle, and use their smooth inverse-Laplacian shifts.
For a Neumann shift, n?Ap_ g converges in density L? to —Ag: interior errors vanish by Taylor
expansion; boundary coefficients are O(n~?) because the normal derivative vanishes and tangential
steps cancel. At corners both derivatives vanish. The O(n) boundary-layer sites have vanishing
scaled area, so their bounded scaled errors disappear. Use the actual discrete rectangle endpoints
in this approximation and then let them converge. Poincaré and bare domination complete the
density approximation and prove Equation (2.9) and its joint version. O

A face probability can also be used in the zero-total smear conclusions. Replacing it by a
uniform strip of width 7 costs at most Cyr +O(n~1): send each row’s mass normally over distance
at most rn with currents O(n~!). Apply Theorem 2.2 at fixed » and then let r | 0. In particular,
differences of face and volume probabilities have bounded bare cost, and have variance tending to
zero when a = 0.

2.3 Neutral charges and the fractional mean
For a free graph, wp(s) = Ee(h5) is well defined independently of the representative whenever

> 28z € Z. Pin a vertex o and apply Poisson summation in the remaining 277 coordinates.

17



Extending a residual profile by its opposite sum at o identifies its quadratic form with the free
inverse-Laplacian form. The result is the exact identity

Z o~ 5(a-5.Gp(g—5))
. q€ZB: Y q=>"s
N Z e~ 5(0,Gpa)

q€ZP: ) q=0

€ (0,1]. (2.13)

wp(s)

There is no 27 in the dual energy, because the height spacing is 27. Let vg be the centered
neutral charge law in the denominator. Twice differentiating Equation (2.13) at s = 0 in directions
Apg, Apg' gives

Covyy ((a,9), (a,9) =k~ (9, Apg’) — k~* Covp((h, Agg), (h, Apd)). (2.14)

At an arbitrary integer-total profile, one differentiation gives
Oapglogwp(s) = k(g,Es(q — s)). (2.15)

The dual Gaussian comparison implies that the Hessian of logwp in neutral directions is at least
its centered Hessian, namely minus the height covariance. Equation (2.6) applies here.

We will also use the following replica identity, with no limiting assumption. For two independent
centered height copies let S = h; 4+ hy and D = h; — hy. Condition on their common parity class
modulo 47Z after pinning. Then S, D are conditionally independent and identically distributed,
each with half the original precision. For linear tests i, j, put V;; = E[S;S; | parity]. Expansion of
the two independent copies gives

IEV;-j = QCOV(hi,hj), COV(V;;J‘,VTS) = QK(hi,hj,hT,hs). (2.16)

Indeed E[Viers] = }E[SistrDS] by conditional independence; the terms with an odd number of
factors from either copy vanish, and the remaining terms are 2E[h;hjh,hs] + 2C;;Crs — 2C;,.Cjis —
201'3(}]'7«. Subtract 401-er5.

Theorem 2.3 (Uniform fractional mean). Suppose a(k) > 0, and let u,y, be the uniform probability
on By,. Then (h,u,,) modulo 2 converges to uniform measure on the circle, independently of the
Gaussian observations in Theorem 2.2 on a square. More generally, for every fized | € Z\ {0} and
every sequence of zero-total profiles t,, of uniformly bounded bare inverse energy,

wg,, (I, + tm) — 0. (2.17)

Proof. Write g,, = (x1 — (m —1)/2)/m, X = (h, Aggm), and Y = (h, p — u,,), where p is the
uniform right-face probability. The flow bound makes Y uniformly subGaussian. Reflection
changes X to —X and exchanges right and left faces, so

Cov(X,Y) — a/2. (2.18)

Here is a discrete verification of the normalization. The profile Apg,, is supported in fixed-width
side layers. Except in boundedly many corner sites, its right-layer row sums are constant, its
left-layer row sums are their negatives, and all other sums vanish, by pairing steps. Transport these
coefficients to their respective faces along bounded paths; the cost is O(m~!). Corner discrepancies
of size O(m™') can be routed along O(m) paths, at cost O(m™'). Thus Agm — tm(pr — pL)
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has vanishing flow cost. Pairing with g, and using (gm, Apgm) — 1 gives t,,, — 1. This proves
Equation (2.18).

Fix | # 0 and suppose along a subsequence wg(lu,,) — r > 0. Uniform subGaussian bounds
on X,Y allow a further subsequence on which

Fo(t,u) = Eexp{il(h,up) + itX +iuY '}

converges locally uniformly with all derivatives on C?. This follows from the uniform bound
|Ep(t, u)| < EelSHIXIHSUYT - Cauchy’s formula, and a diagonal Arzela—Ascoli argument. The limit
F is real and nonnegative on R? by Equation (2.13).

The Gaussian limit and moment convergence of X imply Var(Vxx) = 2k(X, X, X, X) — 0.
The fourth moments of Y are bounded, so Var(Vyy) is bounded. By Equation (2.16),

Var(ny) = QH(X, X, Y,Y) = COV(VX)(, Vyy) — 0.

Multiply Vxx or Vxy by the conditional characteristic function of D with phase ID+tDyx +uDy.
Its modulus is at most one, so the concentration just proved and conditional independence permit
replacement of V;; by 2C;;. Direct expansion in the two original copies gives

E[SiSjei(lD+tDX+uDY)] = —2(FmFm,ij - Fm,iFm,j)'

Since Eei(!PHtPx+uDy) — F2 it follows wherever F > 0 that (log F)y = —a and (log F)g, = —a/2.
At (0,0) reflection gives F; = 0. Analytic continuation yields

F(t,u) = F(0,u) exp{—at*/2 — atu/2}. (2.19)

Equation (2.6) ensures F'(0,1) > 0, because the bare cost of [Y is bounded.

Now join two horizontally adjacent m-squares to form a free rectangle, and use its centered
neutral charge law. For a charge ¢, let ) be its left total, the right total being —(@). Use the
following trial quadratic form: in each cell route the residual ¢ — Q ppp with its minimizing internal
flow, where pp is its seam-face probability; route ) uniformly across the m nearest-neighbor seam
edges; add the penalty Q2. The resulting form is

kY (8- @Qpp.Gelas — QBpB)) + Dm@®,  Dp=1+k/(cm).
B=L,R

It dominates the actual precision form k(q, Gq) by Equation (2.2). Conditional on @, the trial cells
are independent shifted neutral lattice Gaussians, whose affine variances dominate the centered
ones. By Equation (2.14) and saturation, their sum tends to 2(k — a)/k?, exactly the actual
variance of the global affine test x;/m on the two-cell rectangle. Precision comparison gives the
opposite upper bound for the trial total variance. Thus the variance, over (), of its conditional
affine mean tends to zero.

The sector weights, after common normalization, are e‘DmQ2/2wL(QpL)wR(—QpR). Their
normalizing sum is at most » g e~@*/2 and the @ = 0 term is one. The Q = [ term stays positive
by Equation (2.6). In that sector Equation (2.15) and Equation (2.19) give k(g,E[¢—1p]) — —al/2
in the left cell. Reflection and charge reversal give the same residual pairing in the right cell. The
two seam-face contributions to the global affine mean differ by only O(m™1). Its Q = [ conditional
mean therefore tends to —al/k # 0, whereas the ) = 0 conditional mean is zero. This contradicts
the vanishing sector-mean variance. Thus wg(lu,) — 0.
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If Equation (2.17) failed, its positive lower bound would transfer to {u,, by Equation (2.6), which
is impossible. Joint convergence with the Gaussian observations follows by Fourier polynomials
on the circle and joint characteristic functions; tightness on the circle and the already proved
Gaussian tightness make this convergence of the full joint law. Exponential bounds extend the
joint assertion to moments of the Gaussian coordinates. O

2.4 The charge gap and a uniform critical-scale ratio

Let pp e be uniform probability on face e of a square, and set pp = % > e PBeand zy, = wg,, (PB,,) >
0.

Lemma 2.4 (Face ratio with a common constant). Fiz J, k. Suppose every fized nonzero integer-
total bounded face profile has characteristic coefficient tending to zero as the square side tends to
infinity. This hypothesis holds if a(k) > 0. There are constants c, = c«(J, k) > 0 and an integer
Go, independent of G, such that for every fixed integer G > Gy,

liminf 28™ > ¢, G2-a(k)/(4m) (2.20)
m—00  Z,
The fine-size threshold implicit in this liminf may depend on G. At a(k) = 8w, the same positive
lower bound c, therefore holds for arbitrarily large fired G.

Proof. Tile the Gm-square into G? cells B;. The restriction of the large square’s face probability
to B; has total §; and equals the sum of its exterior-face probabilities with coefficient 1/(4G) per
exterior face. Thus ¢ is supported on boundary cells, 3, & = 1, and 3, &2 < C/G. For a neutral
real profile r, let ; = >_p, r and choose a linear map from @ to an antisymmetric nearest-neighbor
coarse flow F satisfying div F' = ) and zero exterior flux. The quadratic form

To(r) =k <7“z‘ — > Fiepie: GB, <T’z‘ -3 Fiepi,e))

k- 2 2
+cm<z:Fij+zi:Qi

i,5)

(2.21)

is at least k(r,Gp,,,7): use the internal minimizing flows and send each coarse flux uniformly
across the m nearest-neighbor seam edges. The last term is an extra positive penalty. The internal
and seam edges are disjoint, so their costs add. The form is positive definite on the neutral space
because zero cost forces (Q = 0 and then r = 0.

In the numerator of Equation (2.13) take » = ¢ — pp,,; in the denominator take r = q.
Precision monotonicity of a shifted-to-centered ratio shows that replacement by 7, gives a lower
bound for zGy,. Sum this new partition function by integer cell totals n; = > p. ¢. Then Q@ =n—¢
in the numerator and ) = n in the denominator. Divide both sums by the product of the cells’
centered neutral partition functions. Their internal factors become []; wp,(s;), where

F, internal face,
5; = Z Hicpie, H;c = {1/(4G), exterior face in the numerator,
e . . N
0, exterior face in the denominator.

In the denominator exterior H is zero. In either case Y., H;e = n;. All these factors lie in (0, 1].
The penalty exp(—% 5, Q?) is summable over the finite-rank integer sector lattice, uniformly in m.
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Thus dominated convergence is valid at every fixed G. Each nonzero denominator sector contains
a nonzero integer-total face profile and tends to zero by hypothesis. The zero sector equals one, so
the normalized denominator tends to one.

Keep numerator sectors n = e;, with iy at distance at least G/4 from the boundary. Write
Y; = s; — nipp,. The logarithmic Hessian bound for w gives

HwBi(si) > Zm €Xp {—% ZVarBi(h, Yz)} . (2.22)

)

For the linear term at zero, inversion symmetry suffices. On the total-one hyperplane put
Up(H) = logwp (>, Hepp,e), where >, H. = 1. Equation (2.13) makes this function smooth
there, and square symmetry makes its differential at Hy = (1/4,1/4,1/4,1/4) invariant under the
square group. Every tangent vector with zero coordinate sum has group average zero, so this
differential vanishes on it. The face coefficients of each Y; have zero sum, and n = e;, uses only
the base profiles zero and pp,.

Put D;; = (H;+; — H;—;)/2 and S;j = H; +; + H; —;. Reflection in each coordinate splits
Y; into two odd face differences and an even remainder. These three pieces have zero mutual
covariance by symmetry. The odd differences have limiting variance a and zero cross covariance,
as in Equation (2.18); the even remainder has a bounded bare variance times > Sizj, by the
face-to-strip flow estimate. Consequently, for fixed G and fixed face coefficients,

limsup Y  Var(h,Y;) <a)_ D+ Cypy S5 (2.23)

1,3 i3
We construct one coarse flow for each retained sector with bounds uniform in G,4y. In the
continuum square of side GG, let g be the center of cell ig. There is a vector field with divergence
dz, and constant outer normal flux 1/(4G), of the form

T — X0

V(x) + E(x), |E(z)| < C/G, |VE(z)| <C/G> (2.24)

B 27|z — x0|?

For completeness, subtract the expanding field (x — Zeenter)/(2G2), which has divergence G~2 and
the desired boundary flux. Solve the resulting zero-Neumann problem by even reflection to the
torus of side 2G. After rescaling to a fixed torus, subtract cutoff logarithms around its finitely many
reflected poles. Their mutual separations and distances from the original boundary are bounded
below, uniformly for z¢/G in the central square. The remainder solves a smooth mean-zero Poisson
equation with uniformly bounded derivatives. Its Fourier series has coefficients f(p) /|p|?; repeated
integration by parts gives summability after any fixed number of differentiations. This proves
the smooth bounds in Equation (2.24), including up to the reflected boundary. Adding back the
expanding field proves the assertion.

Integrate V over the faces of each continuum unit cell, with outward sign, to define H. It has
divergence e;, and the prescribed exterior flux. The central faces have bounded fluxes. Off the
central cell,

S5l < CA+Ji—iol) >+ C/G* Dij = Vi(i) + O((L+ i — i) + G™2).

Hence 1
§ 2 E 2
Y] 2,J
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The coefficient follows by integrating the squared radial field: |, 10 % (am2r?) 227 dr = (27) L log G+
O(1). The comparison of the sum and integral has summable derivative error. The cross term with
EisO(G'Y,cccl) =0(1), and 3 |E|? = O(1). All constants are uniform for the retained cells.
The internal part F has divergence ei, — €. These vectors, for central 7¢, are linearly independent
because their central coordinates are distinct and £ is supported at the boundary. Prescribe the
linear flow map on them by this construction and extend it to a basis of the neutral coarse space,
using any path flow on the remaining basis vectors. Thus a single quadratic form (2.21) serves all
retained sectors; separate nonlinear choices of precision have not been made.

For these sectors the penalty |le;, — £||3 is bounded by a common constant. The crossing
cost tends to zero as m — oo for each fixed G. Equations (2.22)-(2.25) therefore give at least
cz2mG~Y ™) from each sector in the liminf of the ratio. There are at least ¢/G? retained sectors.
Division by the denominator, which tends to one, proves Equation (2.20), with one positive
constant for all G > G. O

Corollary 2.5 (Exact forbidden range). For every admissible J and k > 0,
a(k)=0 or 8w <a(k)<k. (2.26)

Proof. If 0 < a < 8w, Theorem 2.3 gives the hypothesis of Lemma 2.4. Choose a fixed G so large
that its right side exceeds two. The definition of liminf then gives zg.,, > %zm for all sufficiently
large m. Iteration along m,Gm, G?m, ... contradicts 0 < z,, < 1. The upper bound a < k was
proved in Theorem 2.2. ]

2.5 Localization when the structural coefficient vanishes

Proposition 2.6 (Zero coefficient implies localization). If a(k) = 0, there is a finite constant C
such that
supEo  ho < Cyp. (2.27)
R>1 Jvek,R
Moreover, there is a fized integer m > 1 for which centered height laws on every sufficiently large
square torus of side divisible by m satisfy sup, , E(hy — hy)* < Cpm.

Proof. Good phases at arbitrarily large scales. Some nonzero mean Fourier coefficient stays positive
along a subsequence. Otherwise wg, (ju,) — 0 for all j # 0. Every fixed face profile of integer
total j differs from ju,, by a test of variance tending to zero, by the face extension of Theorem 2.2 at
a = 0. The inequality |Ee’V — Ee!V'| < /E(U — V)2 would then give the hypothesis of Lemma 2.4
with a = 0, whose growth contradiction is impossible. Hence along a subsequence, extracted
diagonally over j,

wa,, (Jum) — rj =1_; >0, ro =1, rp >0 for some ! > 1.

Use Equation (2.21) on a Gm-square, now with shift lug, instead of the face probability. Cell
totals are Q; = n; —[/G? in numerator sectors, with 3, n; = [, and Q; = n; in denominator sectors.
For each fixed G and sector, the crossing cost vanishes as m — oo. The internal shifted profile
differs from n;u,, by a fixed linear combination of face and volume probabilities of total zero, so
its coeflicient tends to 7,,. The quadratic penalty gives summable domination of the sector sums,
exactly as in Lemma 2.4. Therefore, with b(j) = rje_j2/2,

b (1
lin%inf WBg,, (luGgm) > 612/(2G2)(ﬁ02((0))' (2.28)
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The ratio on the right tends to one as G — co. Here is a direct local limit argument. Normalize b
to a probability p. It is even, has exponential tails, positive mass at zero, and positive variance
since p(l) > 0. Let dZ be its support subgroup; then [ € dZ. Its characteristic function ¢ has
modulus less than one away from the finitely many points 27j/d in a period: equality in the
triangle inequality, together with p(0) > 0, requires all support phases to equal one. Near each such
point, ¥(t) =1 — 10%(t — t9)* + O(|t — to|*). Fourier inversion of 1(t)Ne~", splitting into fixed
small neighborhoods of these points and their complement, gives p*V (1) = d(2rNo?)~1/2(1+0(1)),
and the same formula at zero. The complement is exponentially small, and the neighborhood
calculation uses u = VN (t — tg) with a Gaussian dominating bound. This proves the ratio claim.
Choose G first and then arbitrarily large members m of the subsequence in Equation (2.28). We
obtain arbitrarily large scales at which w(lu) is arbitrarily close to one.

A joint phase bound. Fix 0 < dy < 7/10. Tile a torus by m-squares, with averages h;. For any
€ > 0 we can choose one of the preceding good scales so that, for every collection I of distinct cells,

P{dist(lh;, 27Z) > dy for all i € I} < !l (2.29)

uniformly in the number of torus cells. We provide the comparison that makes this a joint, rather
than single-cell, assertion. Add independent N (0, s?) noises to the phases and wrap them modulo
2. Let pr(y) be the resulting joint density. Expanding the wrapped normal introduces integers j;
and the quadratic costs >, (y; + 2mj; — lh;)?/(2s%). Together with the height energy these are a
lattice Gaussian on the height and j coordinates, shifted only in the j coordinates. Add a small
centered height mass to make it positive definite. Increasing the height precision from the cut free
cells to the torus therefore decreases pr(y)/pr(0) by Lemma 2.1. Let the mass decrease to zero
using the translation-invariant clause of that lemma. This yields

pr(y) pi(yi)
pr(0) : E pi(0)

The wrapped-noise supremum bounds pr(0) < (C/s)/!l. Fourier positivity in Equation (2.13)
bounds p;(0) > (27)~!. At a good scale the free-cell phase is within any fixed small distance of
zero with probability arbitrarily close to one: use Ecos(lh) = w(lu) and 1 — cosz > 1 — cos § when
dist(z, 27Z) > 6. Thus, for the noisy free-cell phase,

P{dist(lh + Z,277) > do/2} < Ce “%/5 45,0, G — 0

along increasingly good scales. Integrate the density-ratio bound over the product of these bad
sets. Conditional on original phases which are all bad at threshold dy, the independent noises
retain badness at threshold dy/2 with probability at least P(|Z| < do/2)/"l. Hence the left side of
Equation (2.29) is at most

#(e—cdg/ﬁ P ) |1
sP(1Z] < do/2) "

Choose s small first, then a sufficiently good large scale. This proves Equation (2.29) with the
stated uniformity.

Neighbor differences and bad animals. Declare a coarse cell bad if its phase is bad, or if its
average differs from any axis-neighbor average by more than dy/l. For any list of ¢ pairs of
neighboring cells with mutually disjoint end cells, precision comparison after cutting into pair
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rectangles gives, for each choice of signs n; € {—1,1},

q
Eexp (T Y nj(hi, —hy) ¢ < e®@n(M) 5 (T) — 0.
j=1

The free pair difference is a zero-total bounded density test, so the limit follows from Equation (2.9)
at a = 0; the bound is uniform in the pair’s location and orientation. Chernoff and the 29 sign
choices give a bound [26_Td0/ l+5m(T)]q for simultaneous failures. Choose T large first and m large
afterward. This exponential base can thus be made as small as desired, simultaneously with
Equation (2.29).

For a prescribed sup-norm-connected set of j coarse sites, assign each bad site one of its five
failure types (phase or one of four directed neighbors). One type occurs at least j/5 times. For an
edge type, a greedy extraction gives at least j/Cp mutually disjoint pairs, since each pair meets
only a bounded number of pairs of the same type. For the phase type use Equation (2.29) directly.
Union over the at most 5/ assignments. Taking the preceding bases sufficiently small proves, with
n > 0 arbitrarily small,

P{every site of a prescribed sup-connected size-j set is bad} < 7’. (2.30)

The number of such sets containing a specified root is at most C’f: a depth-first traversal of a
spanning tree has at most 2j steps, each with at most eight choices. We fix the scale so that Cin
is smaller than a sufficiently small absolute constant. Good axis-neighbors have the same nearest
integer label to Ih/(27), because the difference between their labels times 27 is at most 3dy < 2.

Uniform second moments from coarse connections. Let the coarse torus side be M. For any
two prescribed coarse cells and 1 < ¢ < M /200, their radius-C't neighborhoods are joined by a
good nearest-neighbor path except on an event of probability

Ce™ (2.31)

where C, ¢y > 0 do not depend on M or on the two cells. Here are the geometric and counting
details. A missing good crossing of a coarse rectangle requires a sup-connected bad crossing in
the perpendicular direction: take the boundary of the set reachable from the starting side by
good nearest-neighbor paths and trace its separating boundary. Its length is at least the shorter
rectangle side. For bounded aspect ratio, Equation (2.30) and the preceding rooted count bound
its probability by C's?e™ when the width is comparable to s. Four overlapping strip crossings
produce a good circuit in a square annulus of radii s,2s. Request such circuits around each
prescribed cell for s = t,2t,4t,... up to one scale s, comparable to M/100. Join consecutive
circuits by a crossing of a bounded-aspect rectangle whose ends are inside the smaller circuit
and outside the larger. Connect the two largest circuits by a bounded number of circuits and
crossing rectangles along a chain of centers spaced by at most s,/4. All these rectangles have lifts
to planar rectangles of bounded aspect, so the same separation argument applies even on the torus.
A union bound sums at most C'Y>,+(2"t)%2e 2%, plus a bounded number of M-scale errors, and
proves Equation (2.31) after adjusting constants. For ¢ comparable to M /200 one uses the same
construction with a single macroscopic scale.

Write A; = h;. On successful connection there are good end cells i/, j' within distance Ct of
the prescribed cells 4, j, and |Ay — Aj| < 2dy/l by label agreement. Let

B; = 2dy/1 A; — Ay A — Ayl
K o/L+ dist]([g%cgcJ i~ Al distg‘}]a’))(gCJ J i
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Nearest-neighbor trial paths and the bare Gaussian estimate imply EB} < C,(1 + t)? for a fixed
integer p independent of M. Explicitly, connect any two vertices of cells at coarse distance at most
Ct by a path of length at most Cm(t 4 1). Its flow cost is at most Cym(t 4 1); averaging such
paths bounds the average-difference variance by that number. Its fourth moment is at most a
constant times the square of that variance, by the subGaussian tail. There are O((1 +t)?) possible
end cells for each maximum, which proves a polynomial bound, for example with p = 4. The
constants may depend on the now fixed m.

Partition into the first successful integer value of ¢. For ¢ > 2, that event is contained in failure
at t — 1, whose probability is at most Ce~ =1 Cauchy-Schwarz therefore gives

E(Al - Aj>21{ﬁrst success at t} < Cm(l + t)p/Qe_CO(t_l)/Z'

The t = 1 term is bounded by the same moment bound without its exponential factor. Sum until
the final macroscopic scale. On remaining failure, use a torus path of length O(mM) to bound the
fourth moment of 4; — A; by C,,, M? and multiply by the square root of its exponentially small
failure probability. This term is uniformly bounded. Thus sup,,; ; E(4; — A;)? < oo for large
M. Within a fixed cell, the point-minus-average fourth moment is uniformly bounded by paths
of length O(m), so the same uniform second-moment bound holds for every pair of prescribed
vertices. Finitely many smaller coarse tori can be absorbed into the constant.

Finally embed any desired Qi and its J-interaction collar in a much larger torus with side
divisible by m. Choose a vertex y outside that collar and impose the centered equalities h, = h,
at every vertex outside Qr. The conditional relative law on Qg is exactly the zero-exterior law at
temperature v2k; no interaction wraps across the embedding. Centered equality comparison in
Lemma 2.1 bounds Var(hg — hy) in this conditional law by its unconditioned torus variance. The
latter has the bound just proved, independent of R. Symmetry centers the conditional variable
and proves Equation (2.27). O

3 Annular comparison, the physical criterion, and mixed pins

Throughout this section J is fixed, 49 = —A;/v3, k = 8/v%, and a = a(k) is the free-rectangle
coefficient of Theorem 2.2. A bare variance means the variance of the real Gaussian with exactly
the indicated quadratic form. All lattice pairings include the weights of the specified discrete
smear; in particular a probability cell smear has coefficients equal to the reciprocal of its number
of vertices. Constants may depend on J, k and the fixed continuum geometry. The limits in the
annular argument will always be taken in the following order:

n —» 00, 210, A —> oo. (3.1)

Here n~! is the lattice spacing, ¢ the side of a mass cell, and ) its mass coefficient. An error that
vanishes in the first two limits need not be uniform in A.

The first part transfers the free-rectangle Gaussian coefficient to Dirichlet domains and tori and
identifies its positivity with physical roughness, in Theorem 3.8 and Corollary 3.9. The key step is
Proposition 3.7, which makes the probability that an exterior exploration reaches the test field
vanish in the stated order of limits. The mixed-domain results that follow prepare Section 9; their
relative hard-pin comparisons remain useful when the pin events themselves have small probability.

3.1 A confining band and a sigma-finite cable representation

Let F be a fixed free square, let D € F' be another square, and let g € C2°(D). Choose a closed
polygonal annular subband K € D \ supp g, of positive width, separating supp g from 0D. Leave
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a positive gap on either side of K. Rational axis-parallel ring boundaries and lattice rounding give
the required geometry. A regular partition of K consists of axis rectangles d with sides comparable
to ¢, with uniformly bounded aspect ratios. Write |d| for their scaled counting areas and

Wi a(h) :exp{—;Zdyhfl}, S = (h,u), (3.2)
d

where u is the uniform probability on F;, and hg is the full cell average. In particular these averages
are not projected to mean zero.

There is a convenient canonical normalization of the free, unpinned measure. Choose the
representative h? with hgo = 0 of each common-translation orbit, give these representatives their
normalized free Gaussian-lattice probability, and sum over h = h® 4+ 2mm, m € Z. Denote the
resulting sigma-finite measure by P,,. Its definition is independent of the choice of x(: changing
the representative only relabels the translation sum on each orbit. Define the probability

— — W
Prw = WPy, w Pa(W)’ (3.3)
The denominator is finite and positive. For example, conditionally on the gradient representative,
the band energy is a strictly positive quadratic function of 27wm; completing that square proves
finiteness of its translation sum, and Gaussian domination controls the remaining mean-free linear
functional.

Lemma 3.1 (Band density and its limit). Suppose a > 0. For each fized A >0 and 1 < p < 0o
there is 1 > 0 such that
lim sup lim sup Pn(V/Vpe"SQ) < 00. (3.4)
£10 n—oo
In the first two limits in (3.1), any finite list of bounded piecewise continuous density smears under
Pn,w converges, with all fized moments, to the centered real Gaussian with Neumann precision

—A
Ty = aF+)\1K. (3.5)

At each fized partition, write
Tex(v,w) = a_l/ Vo -Vw + )\Z |d|vgwg.
F d

The fized-partition conclusion also includes any fized finite list of translation-invariant linear
observations having uniformly bounded bare variances and joint free convergence, with the band
averages, to specified continuous linear functionals on H'(F). Their fived-partition limiting
covariance is given by 72’_/\1. For a fized such list, its Laplace and fized-moment limits are uniform
when the coefficients of linear combinations range over a fized compact set. In particular, for

XTL = (h>A09n)7
lim lim Vary X, = a/ |Vgl|2. (3.6)
F

210 n—o0
The limiting fourth moments in this last statement are bounded uniformly for A > Ao > 0.
Proof. At a fixed partition, Theorem 2.2 and Theorem 2.3 give joint convergence of the mean-

free observations and of S modulo 27, with the latter uniform and independent. Summing
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translations consequently integrates the constant against de/(27). This assertion first holds for
continuous compactly supported functions of the actual constant and a finite list of observations:
periodize in the constant and use the stated joint convergence. To remove compact support,
put hx = |K|71 Y, |d|hg. Jensen’s Inequality gives Y, |d|h3 > |K|h%, while S — hk is a
mean-free smear of bounded bare variance. Summing the Gaussian translation tail and using
Gaussian domination with a slightly smaller negative coefficient gives uniform integrability of
every polynomial in the finitely many observations. The same argument allows a sufficiently small
factor e”°. For an additional translation-invariant observation X,, of uniformly bounded bare
variance, the one-dimensional Gaussian translation sum also gives the direct bound

sup Z W(h® + 27rm) < oo
hY mez

at each fixed partition and strength. Its weighted polynomial and exponential tails are therefore
controlled by the free subGaussian tails of X,,. The band normalizer has a positive limit at these
fixed parameters. This proves the asserted extension to such observations; the same bounds give
equicontinuity in coefficients on compact sets.

For uniformity as the partition is refined, do the constant integral first in the continuum. The
remaining penalty is ¢ times a positive quadratic form in the mean-free Neumann field, for W4.
It is the squared L?(K) norm of its cell projection with its K-average subtracted. Let Cy be the
covariance operator of this projected field. The nonzero Neumann eigenvalues of a square are
comparable to m% + m% Thus its inverse has square-summable eigenvalues, and

s%p |Cells < o0 (3.7)
If t; are the eigenvalues of ACy, the determinant factor in P(W?)/P(W )P has logarithm

% D~ {plog(1 +t;) —log(1 + pt;)}.

The linear terms cancel, and its absolute value is bounded by C, 3 ; t?. The explicit one-dimensional

constant integrals contribute bounded positive factors. This proves the bound without ens?,
Neumann Poincaré’s Inequality and the control of the constant by hx give

]2y < Ca (a_llvvﬂg +AY |d\U§>
d

uniformly under refinement. The Gaussian covariance of S under the p-weighted measure is
therefore uniformly bounded. Its one-dimensional Gaussian exponential integral proves (3.4)
after decreasing 1. The fixed partition lattice limit already proved transfers this bound in the
iterated-limsup sense asserted.

The cell projections converge strongly in L?(K). The displayed coercivity and weak H'
compactness show that the corresponding minimizers of %(v, Tv) — (f,v) converge to those for
T)\. Their energies converge as well, by using smooth approximants as recovery sequences. This
proves convergence of the inverse quadratic forms and hence of the finite Gaussian laws. Uniform
exponential moments just established permit moment convergence. Since g vanishes near K and
OF, T\(ag) = —Ag. This proves (3.6). Increasing A decreases the continuum covariance, already
finite at A, so also gives the final fourth-moment bound. O
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The cable construction follows the metric-graph representation of Gaussian fields [29, 30] and
the Brownian interpolation of the integer Gaussian field used by Aizenman et al. [1, Section 7]
to prove their Proposition 7.1. We give the edge-kernel disintegration and stopping argument
explicitly because the present unpinned measure is sigma-finite and the later band penalty changes
the sign law.

For the cable representation, give every retained unoriented bond of conductance ¢, a unit-time
independent Brownian bridge of variance parameter k/c., conditional on its endpoint heights. The
unnormalized transition kernel is the edge weight times a constant independent of the endpoints.
Call the bond open if the bridge does not hit zero. Given nonzero endpoints of the same sign, its
open probability is 1 — exp(—2cc|hghy|/k); endpoints with different signs cannot be joined by an
open bond. Splitting the bridge at the event of hitting zero shows that the closed-edge weight
does not couple endpoint signs. Consequently, conditionally on vertex magnitudes and the open
graph, the signs o¢ of its nonzero components are independent fair signs. Zero singletons may be
given independent dummy signs. Let w = (|h|, open) and write the height/open-state marginal as

P, (dh, dopen) = v, (dw) Ry, (do),
Mc(f) =3 |holfe,  me=Meo(u), Q5= mi. (3.8)
C

zeC

This is a sigma-finite disintegration, rather than a probability measure on w. It can be constructed
directly by summing the finite sign configurations for every vector of magnitudes and every edge
state, with their nonnegative weights. All calculations below are first made for nonnegative
integrands, so Tonelli’s Theorem applies before any finiteness is asserted. To recover the full
cable law, append the conditional bridge kernel IC,,( dcables | o), conditioned on these endpoint
values and edge states. Thus the full law is v, (dw)R,,(do)K,(dcables | o). The sign-resampling
statements below concern the height/open-state marginal. Before any stopping argument, its
cluster integrals are lifted to the full law by this kernel.

An exploration from a vertex reveals its value and reveals outgoing bridges only until the next
vertex or their first zero. Continue at every newly reached vertex. The completed sigma-field
records the visited values, traversed segments, and the first-zero times and locations on outgoing
cut cables. It does not reveal the remaining segments. The Brownian stopping property factors
each unobserved remainder as a transition kernel starting at zero. The conditional law of unvisited
vertex heights is therefore a proper centered Gaussian-lattice probability with zero boundary on
the visited set and conductances c¢./t. > c. on cut remainders of length ¢, < 1. Its unexplored
sign clusters still have fair independent signs. A cluster sum can be disintegrated by declaring
the least vertex of each cluster to be its root. The event that this root is least is measurable at
completion. This counts every cluster once and justifies conditional estimates for nonnegative
intrinsic costs depending only on that cluster’s vertex magnitudes and open states. These costs
are measurable at completion, and their lifted integrals may be conditioned on the realized cable
segments and zero times.

Lemma 3.2 (Path anchoring). Fiz r > 0. After the completed exploration of a cluster of scaled
diameter at least r, the bare variance of the complement’s full-domain average, and of any fized
bounded density smear, is bounded by a constant V,.. If £ < r/C and D is any collection of mass
cells touched by that exploration, then

Varpare | > |d|bghy | < C€* > |d|b3. (3.9)
deD deD
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Here U denotes unvisited vertices, and each average still uses the full cell denominator. The
conclusion also holds when the starting set is the entire exterior of D and the exploration follows
all nonzero components meeting that set. If a cell of side § is visited by a path arriving from
distance at least a fixed multiple of 0, its remaining probability average has bare variance at most
C, independent of 0.

Proof. Extend any variation on the unvisited vertices by zero on visited vertices. On a visited-to-
unvisited nearest-neighbor edge the posterior energy pays at least its original conductance times
the squared difference of this extension. Thus the nearest-neighbor energy of the zero extension is
bounded by a fixed multiple of the posterior energy. The constant depends on J, which contains
the nearest-neighbor steps.

In a fixed-factor enlargement of a touched /-cell, stop a visited path when it has first traveled
distance ¢/ from its initial point in that cell. One coordinate projection spans c'/n levels. Its
jumps are bounded by max.c s |z|; there are therefore visited zeros on a fixed positive fraction of
these lattice levels. Take a comparable enlarged rectangle with N =< ¢n rows and columns. On
each anchored row the one-dimensional telescoping estimate gives

Z v2 < ON? Z (Vew)?

T in row e in row

Let v be the mean on the rectangle. Since the anchored rows contain a fixed fraction of its vertices,

N2 < C Z vg—l—CZ(vm — )2
z in anchored rows z

The ordinary rectangle Poincaré Inequality controls the second sum by CN? times the gradient

energy. Combining the two estimates and dividing counting area by n? gives

n=?2 Z vg < C€2€post(v;enlarged cell).
z in cell
Enlargements have bounded overlap. Cauchy—Schwarz for ) |d|bjvg and the variational formula
for inverse quadratic forms prove (3.9). With one fixed r-sized anchored rectangle, the global
Poincaré Inequality controls the mean and energy on the whole connected square, proving the V,
assertion. For an observation cell use the same proof at scale J: its normalized density has squared
L? norm O(6~2), canceling the §2 in the local estimate. For exterior exploration, the filled exterior
supplies visited zeros for the extension, and any path entering a touched interior cell supplies the
required segment. No planarity of the J-bond graph is used. O

3.2 Cluster-mass tails, sign resampling, and tilt errors

To use the exploration, we must control the cluster masses under the band weight and the errors
caused by resampling signs or changing the posterior mean. The next estimates provide these
controls before the reach argument compares the explored field with a centered pinned law.

For a mean-zero smear f write || f||3,,. = k(f, A(J{’Ff), and for arbitrary f put fO = f—uY, fo.
The following bounds include the sigma-finite normalization needed in the exploration argument.

Lemma 3.3 (Finite bins and reinsertion). For ¢t > 1 and every fized integer p > 1,

vn(Qs < 4t%) < C(1+1), (3.10)

P o
/Q <4¢2 <Z MC(f)2> dl/n = Cp(l + t) (t Zfz + Hf%bare) . (3.11)
s< C ~
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For mean-zero f, its squared-mass root also satisfies

2
v (Qs <423 Me(f)? > ) < C(1+t)exp (—) . (3.12)
C Hbeare
After exposing any cluster C of diameter at least r, let Qu be the sum of squared complement
cluster masses with the original full-domain normalization. For 0 < § < (4V;)71,

E(e’?V | Fo) < 3. (3.13)

Consequently, for every nonnegative intrinsic completed-cluster cost I1(C') depending only on its
vertex magnitudes and open states, and t > to(r),

/ Z I(C)]-mcgﬂ dl/n S 2 / 1Qs§8t2 Z I(C)lmCS% dl/n. (314)
C:diam C>r C:diam C>r

All these bounds are uniform in sufficiently fine meshes.

Proof. Given signless data, E,S? = Q5. Chebyshev’s Inequality gives P,(|S| < Ct) > 1 —4/C?
on the bin. For Y = (h, f), the Rademacher fourth-moment bound E,Y* < 3(E,Y?)? and
PaleyZygmund give fixed positive probability that [Y| > ¢(3 o Mc(f)?)/2. Choose C so the two
events intersect with a fixed positive probability. On each gradient orbit the number of translations
satisfying |S| < Ct is at most C'(1 4 ¢). A mean-zero Y is translation invariant and has the
ordinary Gaussian upper tail by Lemma 2.1. This proves (3.12) and the first bound. For general f
use Y = (h, f%) + S f on the same intersection, integrate the tail, and obtain (3.11). Vanishing
bare norm is interpreted by continuity; then the corresponding mean-zero functional vanishes
identically.

Let Sy be the signed complement mean. Lemma 3.2 and bare domination give E(e*V | F¢) <
eVr#*/2. Condition on the signless complement and use Jensen: Qf, < E,|Sy|*. Integrating the
subGaussian tail yields

E(QY, | Fo) < 2(2V;)7p.

Expansion of the exponential proves E(e?QU | F¢) < (14 28V;)/(1 —26V;) < 3. For large enough
to(r) this implies P(Qu < 4t% | F¢) > 1/2. Since m2, < 4t%, this event gives Qs < 8t2. Multiply
by I(C)1,,.<2t, apply conditional expectation, and sum using the least-root disintegration. The
argument applies to extended nonnegative integrals, so does not presuppose the finiteness it
proves. O

Lemma 3.4 (Damped tails and weighted moments). For every n > 0,
Pn (6—7752 1t2<Qs§4t2> < Cne_c"tg (t>1). (3.15)

If a > 0, then at fized \ all fixed moments under P, w of squared cluster-mass sums and of
stgnlessly selected partial signed sums are bounded in the first two limits. In particular, with
D? =1 +log(1/¢) and any mass cell d,

P
Fw (Z Mc<d>2) +Ew|d.|** < C, DY, (3.16)
C

where d, is any signed partial contribution selected from signless data, with nonnegative coefficients
bounded by the full cell smear. Fized observation cells obey the same statement with a fixed constant
in place of Dy.
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Proof. Choose a small fixed diameter threshold r and a finite family of separated probability
box smears p; such that every cluster of diameter less than r misses at least one box. If these
small clusters contribute at least t2/2 to @, assign each one a missed box. For that box
Mc(p; —u) = —mg, so for some j its mean-zero squared-mass sum is at least ct?>. Equation (3.12)
bounds this part of the bin by C'(1 + t)e_5t2, even without the damping factor.

Otherwise the macroscopic clusters give the pointwise majorant

Qm%
lecguear < Y tTlmc§2t1Qs>t2-
C:diam C>r
Expose each C. Write S = ocme + Sy. If me > t/2, the events |Sy| < m¢/2 and its complement
give
E(e " | Fo) < e e/ 4 P(|Sy| > me/2 | Fo) < Ce™ .

If me < t/2, the condition Qg > t? implies Qp > 3t?/4, whose conditional probability has the
same bound by (3.13). The remaining intrinsic sum 3" (mZ /t?)1,,,<2 is finite after (3.14); indeed
on its reinserted bin its pointwise value is bounded by a constant and the bin has mass O(1 + t).
Absorbing this factor proves (3.15).

To transfer moments, let H be a squared-mass root or a selected signed sum, and let A; be a
dyadic bin for Q5. Conditional Khintchine bounds followed by (3.11) give P,,(|H|*14,) < P,(t)D?",
for a polynomial P, and the appropriate bare-cost scale D. Hoélder’s Inequality with exponents
4,4,2 gives

Pu(WIHIP1a,) < Pu(WerS) VAP, (e 5% 1,4 )V AP, (|H |21 4,) V2.

The exponential factors cancel exactly in this application. Equations (3.4) and (3.15) make the
dyadic sum finite and its tail uniformly small. The lowest bin is handled directly by (3.11).

For completeness, the bare variance of hy — S is O(1 + log(1/¢)). Cut and compare to a fixed
containing square using nearest-neighbor edges. In its discrete Neumann cosine basis the rescaled
coefficients of a probability ¢-cell smear are bounded. Summing inverse eigenvalues up to frequency
¢=1 costs C'log(1/€). Above that frequency, Parseval and the bound |d — ul|3 = O(¢72) give a
bounded remainder. This proves (3.16). The same argument works with an independent auxiliary
fair-sign sample: exchanging the old and new samples preserves the base measure, so the density
moment estimate is unchanged. O

Lemma 3.5 (Asymptotically fair macroscopic signs). Suppose a > 0, and fiz r > 0 and X > 0.
In the height/open-state marginal, jointly replacing the signs of all clusters of diameter at least r
by fresh independent fair signs changes the band law by a total variation error tending to zero as
n — oo and then £ | 0. The contribution of clusters of diameter below r to any fized bounded density
smear tends to zero in every fixred moment when r | 0 after these two limits. For nonnegative such
smears f,p,

lim sup lim sup Ey Z Mc(f)Mc(p) < (f, T/\_lp). (3.17)
210 n—roo C:diam C>r

All fized moments of 3 giam c>r Mc(f)? have limiting upper bounds uniform for A > Xg > 0.

Proof. On Q, < t2, expand the difference of the two quadratic mass energies in the original and
resampled signs. Orthogonality of Rademacher monomials bounds its squared base integral by

2
CA2/1QS§t2 >y (ZMMC(CZ)MC/(CZ)) dv,. (3.18)

C:diam C>r C'#C d

31



Expose C, retain the intrinsic condition m¢ < ¢, and drop the complement truncation. The
inner sum, after its fair signs are averaged, is the conditional second moment of 3" |d|Mc(d)RY.
Equation (3.9) bounds it by C£? Y, |d|Mc(d)?. Reinsert Qs < C(1 + t?) using Lemma 3.3, and
then use (3.11). The result is

Po (1g.<e2 1og W(0') = log W (0)[?) < Ca 1,2 D} + 0,(1). (3.19)

The bin has finite base mass. Equation (3.4) gives uniform L? bounds for both normalized densities
there. Split where the logarithmic difference is larger than a fixed §; on that set use Holder and
(3.19), and on its complement use |e* —e¥| < (e? —1)(e® +e¥). First take the two mesh limits, then
0 | 0. Lemma 3.4 removes the bin cutoff. This proves total variation convergence, also against
functions with the moment bounds of that lemma.

Partition F' into r-cells. A cluster of diameter below r meets only a bounded number of
neighboring cells. For a bounded density f, Cauchy—Schwarz over those cells bounds its squared
mass contribution by C|f||%,r* times the sum of the cell squared-mass contributions. There are
O(r2) cells. Equation (3.11) consequently gives, on a fixed bin, signed second moment at most
Cill £11%7%(1 +1log(1/r)). Higher fixed moments are bounded there. Interpolation, the Hélder
transfer in Lemma 3.4, and its tail truncation prove the asserted vanishing in moments.

Resample signs first at a threshold smaller than ». The fair second moment of the macroscopic
signed contributions is their squared-mass sum, and all terms for nonnegative smears are non-
negative. Remove the still smaller clusters by the preceding bound and apply Lemma 3.1 to the
full smears. This proves (3.17). Jensen in the signs gives (3= Mc(f)?)? < E,| Y ocMc(f)|?; the
same resampling and small-cluster argument bounds its limit by the Gaussian 2p-moment. The
covariance decreases with A\ and is finite at \g, giving the stated uniformity. O

Lemma 3.6 (Finite tilt and size-bias inequalities). Let pu be any proper centered Gaussian-lattice
probability. Suppose the bare variances of real linear tests L, X are at most €2,V , respectively,
where € >0 and V > 0, and put duy = e*dp/u(el). Then, for every z > 0,

ELX| <2VVe, (3.20)
up{|X| > VV (2 + 2)} < 2%/, (3.21)
IE;X? —EX?| +|Vary X — Var X| < CVe(l +¢). (3.22)

The mean and second-moment/variance estimates also hold for V=10, when X = 0 almost surely;
the displayed closed-tail inequality is asserted only for V> 0. For every inversion-symmetric event
E of positive probability,

pi(B) > e u(B). (3.23)

For any two real linear tests X, Y under p,
E[X?Y|] > EX2E|Y]|. (3.24)

Proof. Symmetry and bare domination give 1 < p(ef) and u(eX™X) < exp((e + [t|VV)?/2).
Convexity applied at t = £¢/+/V proves the mean bound; if ¢ = 0, then L = 0 almost surely
and the mean bound follows from centeredness. For V' > 0 and z > 0, Chernoff with this same
bound proves the displayed tail. The case V = 0 gives X = 0 almost surely and hence the non-tail
estimates directly. If ¢ < 1, then

p((eE —1)2) < e — 1< Ce
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Cauchy—Schwarz, the bare fourth-moment bound, and the denominator at least one give the
second-moment error C'Ve. Subtracting the squared mean gives the variance error. For € > 1 the
tail bound controls the two second moments by CV (1 + ¢)2, which proves (3.22). Conditional
symmetry on E gives u(e” | E) = p(cosh L | E) > 1, proving (3.23).

For the final assertion let ¢(¢) = Ecos(tY) > 0. The minimal log Hessian of the positive
characteristic function from Lemma 2.1, applied in the X direction at frequency tY, gives

(E[X sin(tY)])?
(t)
Subtract from the equality at ¢ = 0 and integrate the weaker inequality against 2 dt/(7t?) on (0, oc).

The identity |y| = (2/7) [;°(1 — costy)t—2dt and Tonelli prove (3.24). The bias |Y| preserves
inversion symmetry, so its mean for X is zero. O

E[X? cos(tY)] < EX? ¢(t) —

When an exploration is performed under the band law, write hy = d. + hdU. Relative to the
centered posterior with the restricted band quadratic form, the remaining tilt is L = —AY", |d|d.hY .
Equation (3.9) gives

g2 < CN°0*> " |d|d3. (3.25)
d
For a single exposed macroscopic cluster define e by the same bound with |d.| = M¢c(d). Put
Ey =3 giamo>r €4 If a > 0, Equation (3.16) and weighted Jensen give, for each fixed p and X,

Ewe? + Ew EY < Cpa D + 0,(1). (3.26)

For two fixed observation cells B, i, write QB = 3. giam o> Mc(B)? and define Q; likewise. The
exact summation bound needed below is

> Mce(B)ec(1+ec)(1+ Mc(i))

diam C>r

<VQp(1+VQi)(VE: + Ey). (3.27)

Indeed use Cauchy—Schwarz for the sum of M¢(B)ec, and bound supq ec and supy Mc (i) by the
square roots of their respective squared sums. For a > 0, H6lder and the moment bounds show
that the expectation in (3.27) is Oy, (¢D; + £>D?) in the mesh limit. There is no factor counting
microscopic clusters.

3.3 Stopping the exploration and transferring the field

Proposition 3.7 (Vanishing reach). Suppose a > 0. Under the band law, explore all components
meeting Fy, \ Dy. The probability that any visited vertex is in a fized neighborhood of supp g tends
to zero in (3.1). The same conclusion holds for an exploration starting from a fixed positive-area
region on one side of a separating positive-width band and reaching a fixed closed region on its
other side, provided the closure of the starting region and the target have fized positive clearance
from the band. The two gaps admit the mass-free covering families used below, with all clearances
fized before the lattice and band limits.

Proof. Choose finite coverings by small observation squares B of an inner ring and by squares ¢ of
an outer ring, leaving the clearances shown in Figure 2. Use slightly overlapping enlarged squares
so every path crossing the rings hits the coverings also after lattice rounding. The maximum scaled
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Figure 2: The annular comparison, schematically. The coverings are finite unions of small cells
around the dashed rings. They have positive clearance from the mass subband, the test support,
and 0D. An exploration reaching the test support from F'\ D must pass both coverings. The
drawing does not restrict the finite-range paths to nearest-neighbor paths.

jump tends to zero, so a path from the starting set to the target must meet both coverings, in
order.

Let Cy be the uniform bare variance bound for the remaining average in a cell reached by
a path from afar, from Lemma 3.2. The cell radii can be chosen so small that their continuum
prior variances under 7'y L are at least Co + 2¢g for some ¢y > 0, uniformly over A > 0. To see
this directly, center a truncated logarithm at the cell and cut it off inside a fixed surrounding
ball disjoint from the mass. Its mean over a radius-d cell is clog(1/d) + O(1), while its gradient
energy is ¢'log(1/6) + O(1). The inverse variational principle therefore makes the cell-average
variance grow at least as ¢’alog(1/d). This trial pays no mass term. Fix the coverings at this
point. Lemma 3.1 gives the same strict deficit ¢y for fine £, n at each fixed A.

Write the average at B after exterior exploration as hg = ep + up, its exposed and unexposed
contributions. On omitting the linear tilt, the conditional form is obtained from the prior form
by zero-pinning visited vertices and tightening the cable remainders. The partial average up is
precisely the original full test after those zero pins. Thus its centered variance wp is at most
the full prior variance vp by Lemma 2.1, and on a visit to B it is at most v — ¢g by the local
bound. Equations (3.22) and (3.26) show that restoring the tilt changes the conditional second
moment, and the cross term with eg, by o(1) after averaging. The needed moments of ep follow
from Lemma 3.4. The prior identity EhZB = vp consequently implies

coPw (B reached) < Eye% + o(1).

Every cluster contributing to ep is macroscopic, with a threshold fixed by its distance from the
starting set. Sign resampling, including the same signless selection of exterior clusters, converts its
second moment to the squared-mass sum:

coPw (B reached) < Ey > Mc(B)? + o(1). (3.28)

C meeting the starting set

A second deficit bounds this right side. For each x € B with Ey|h,| > 0, bias the prior by
|h.| and explore only the cluster of x. Its pre-exploration variance for h; is at least v; by (3.24).
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The bias is measurable at completed exploration and hence cancels from the conditional law of the
complement. Its centered remaining variance is at most v;, and is at most v; — ¢g if the cluster
visits i. Its exposed average has absolute value M¢(,)(i). Apply total second moment in this
biased law, multiply by Ey/|h,;| and the averaging weight of x in B, and sum in x. The terms
without a visit or a tilt cancel in the comparison with v;. Clusters causing a tilt must reach the
mass cells, and clusters contributing at ¢« must reach i; both are macroscopic because all three
regions have positive separation. Their remaining errors are bounded by a constant times the
expectation in (3.27), which tends to zero. A point with Ey|h,| = 0 contributes zero directly.
The result is the exact weighted deficit

cwEw Y, Mc(B) <Ew Y Mo(B)Mo(i)? + o(1). (3:29)
C:Crizto c

In particular no estimate on an unsigned sum over all microscopic clusters has been used.

The inverse forms T 1 decrease as A — oo to the form inverse with every function zero almost
everywhere on K. Indeed bounded energies give weak H! compactness and |, K v2 = 0; the
variational principle gives both the limit and recovery by functions already zero there. This hard
band separates the inner and outer regions, so its inverse has zero cross quadratic form for smears
on opposite sides. Equation (3.17) therefore makes E "~ Mc(B)Mc (i) tend to zero after (3.1).
Truncate first at maxc Mc (i) < M. On this event the right side of (3.29) is at most M times this
vanishing cross sum. Its tail tends to zero uniformly as M — oo:

> Mc(B)Mc(i)® < Q5 Qi
C

and Lemma 3.5 gives arbitrarily high uniform moments after the first two limits. Thus
E> crize Mo (B) = 0.

Every exterior-connected cluster meeting B must visit some outer covering cell i. On
max¢o Mc(B) < M its contribution to (3.28) is at most M times the sum of the just estimated
first-mass quantities. The remaining tail is again controlled by the uniform moments of Q. Send
M — oo after the three limits. Each B is reached with probability tending to zero, and their
finite cover gives the assertion. The proof for a different starting region only replaces the filled
exterior by that region; the path anchoring and the two separated coverings have exactly the same
hypotheses. O

Theorem 3.8 (Dirichlet and torus transfer). For a(k) > 0, the centered, unprojected zero-Dirichlet
height law on every fixed square converges, in smooth density observations and their Laplace
transforms, to the real zero-Dirichlet GFF of covariance a(k)(—Ap)~t. For growing square tori, at
every k > 0 the mean-subtracted height field converges to the mean-zero torus GFF with covariance
a(k)(—Ag2)~t, where a = 0 denotes the zero distribution. Convergence holds along every sequence
of increasing integer side lengths and in H=3(T?). For smooth mean-zero f,

a(k)

(£ (~Am) 7). (3.30)

lim log Eefn(/) =
n—oo

On the positive branch the uniquely determined temperature coefficient in Equation (1.18) is
Bert(J, B) = via(B/vF). (3.31)

Proof. Consider X,, = (h,Aogn) in the free square with the band. On the success event of
Proposition 3.7, the exposed contribution to X, is zero. Its centered conditional variance is at
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most its massless zero-Dirichlet variance in D,,: the centered posterior has zeros on the whole
exterior, possibly further pins and tightened edges, and the remaining positive band precision.
Drop the latter extra conditions using Lemma 2.1. The linear-tilt error vanishes by (3.22) and
(3.26). On failure, Cauchy—Schwarz bounds Ey [X%lfai]ure] by its fourth-moment root times the
square root of the failure probability. Lemma 3.1 bounds this fourth moment uniformly after the
first two limits and toward the last limit. Hence (3.6) implies

lirgianarD(h, Aogn) > a/ |Vgl|2. (3.32)
n—o0 D

This is valid along every subsequence of lattice sizes: one uses that subsequence in the band
argument before the other limits. Free-square cutting gives the opposite bound, with the same
gradient energy, for the zero-Dirichlet law. Its logarithmic moment generating function has the
covariance quadratic lower bound of Lemma 2.1. The matching upper bound follows by cutting
into cells of relative side r, Taylor-expanding their centered subGaussian logarithmic moment
generating functions to second order, and summing the O(r3) remainder over O(r=2) cells, as
in Theorem 2.2. Discarded edge flows have vanishing bare cost before cutting. Thus it has the
asserted Gaussian limit for compactly supported shifts.

To pass to density tests, use the deterministic inverse-form liminf and recovery argument given
later in the proof of Lemma 3.12, with the zero condition imposed on every face of this square.
That part of the proof uses only nearest-neighbor compactness, finite differences, and smooth
recovery; it does not use the height transfer proved here. For the area-weighted samples f, of a
smooth density, let Ag p, denote the zero-exterior Dirichlet operator. Its inverse quadratic form
therefore converges to (f,(—Ap)~'f). Put v = (—Ap)~!f and choose g; € C2°(D) converging to
vin H(D). The inverse variational identity gives, at each fixed j,

n—o0

ltn (fr = A0.0,95 A b, (fn = Avpgin)) = [ V(0 = gp)P.

Here the cross pairing and the sampled shift energy converge by finite differences; the inverse term
is the deterministic limit just cited. Letting j — oo makes the bare error vanish, so Gaussian
domination transfers the Laplace limits. This proves the full density-test statement and joint
convergence by real linear combinations. In this argument the band constant was integrated,
rather than fixed; the resulting Dirichlet law is consequently unprojected.

For a torus shift supported in a small square chart, impose the equalities that all heights
outside that square have one common value. They can be imposed by diverging positive quadratic
penalties. Modulo the additive lattice constant, the resulting law is the zero-Dirichlet square law.
The observable annihilates constants, so comparison gives the same lower bound (3.32). Free-cell
cutting gives the upper bound a [ |[Vg|? for every smooth torus shift. The limiting difference
between this upper quadratic form and the actual covariance is positive semidefinite on each finite
list, on every convergent subsequence. A vector at which it vanishes belongs to its null space.
Each chart-supported shift has full variance convergence by the liminf and limsup bounds just
proved. A finite partition of unity writes an arbitrary smooth torus shift as a finite sum of such
shifts. On every covariance-convergent subsequence, all their defect diagonal entries therefore
vanish simultaneously. Positive semidefiniteness annihilates their span, and the arbitrariness of the
initial subsequence proves full variance convergence for the sum. For a = 0 the upper bound alone
gives saturation. The same small-cell upper bound and Hessian lower bound give the Gaussian
Laplace limit for these shifts.

Given mean-zero f, solve —Ag = f on the torus with zero mean. On samples, Agg,, differs from
the area-weighted sample n=2f,,, with its sampled mean subtracted, by a density error tending to
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zero in scaled L2. This follows from the quadratic symbol of Ay and smooth finite differences. The
discrete Poincaré Inequality and bare domination control the error in every exponential moment
with a fixed argument. This proves (3.30) and all joint smooth projections.

Finally consider the Fourier coefficient at m € Z? of H,. If m is zero modulo n, mean
subtraction makes the coefficient zero. Otherwise replace m by its representative m with coordinates
of magnitude at most n/2. The nearest-neighbor lower bound on the symbol gives its bare second
moment at most Ck/|m|?> < Ck, uniformly in n, m. Consequently

s%pIEHHnH%{_z(Tz) <Ck Z (1+|m*) ™2 < 0.

meZ?

Compact embedding into H 3 gives tightness; the smooth joint projections identify every limit and
hence the full sequence. A nonzero smooth test identifies a uniquely. Restoring the normalization
in Equation (1.18) proves (3.31). O

Corollary 3.9 (The physical roughness criterion). For every fized J and k > 0,

ak) >0 <= supEp  hj=oo. (3.33)
R>1 "JwIkR

Proof. When a = 0, Proposition 2.6 gives the uniform zero-boundary point-variance bound.

Conversely suppose the supremum on the right were finite, say at most Cy. For any vertex

x of any zero-boundary square, translate that square by —x and enlarge to a centered square.

Relaxing the additional zero pins increases variance, so Eh2 < Cy. Cauchy—Schwarz then gives

Var(h, f) < Co(X, | f])? for every smear.

Choose a compactly supported logarithmic pole in an interior disk, smoothed at radius . More
explicitly, let it equal log(1/|z]) on 2§ < |z| < rp, smooth it radially to a constant at |z| < 6,
and multiply by a fixed cutoff supported strictly inside the square. Its gradient energy grows as
2mlog(1/0) + O(1), while [|Ags| stays bounded: the inner radial Laplacian has bounded total
mass, and the outer cutoff is fixed. At each fixed ¢, finite differences give a uniform bound
on . |(Aogsn)z| as n — oo. Equation (3.32) would therefore bound a [ |Vgs|* by a constant
independent of §. This is impossible if a > 0. O

Proposition 3.10 (Order and one-sided regularity of the coefficient). The function a : (0,00) —
[0,00) is nondecreasing, upper semicontinuous, and bounded above by k. It is strictly increasing
on its positive set. More precisely, if ko > k1 and a(ki) > 0, then

S S R (3.34)
a(ky) ~ a(k)  ky ki '

If its positive set is nonempty, it equals [k.,00) for some k. > 8w, and the physical critical
temperature is Be(J) = v?,kc. In particular the endpoint is rough.

Proof. Finite precision comparison proves monotonicity and the bare bound a < k. The affine
cutting estimate used to define a gives, for each fixed cell size m,

\/a(k:) < \/am(k’) + C\/k/m,

with harmless vanishing normalization errors if the finite affine energy is not exactly one. The
constants are uniform for k in compact subintervals of (0, 00). Each finite-cell quantity is continuous
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in k, by absolute Gaussian summation, and a,,(k) — a(k). Taking the upper limit as ¥’ — k and
then m — oo proves upper semicontinuity.

For strict growth let A, be a free-cell Laplacian and let g be a nonconstant affine shift. Work
modulo constants, put X = (h, Apg), Ey = (g9, Avg), and U(k) = Var X/E, > 0. Differentiation of
its finite Gaussian sum gives
B Cov(X?2, (h, Aph))

B 2k%E,

U' (k)

Diagonalize the positive form Aj on the mean-free space. The paired fourth-cumulant positivity of
Lemma 2.1 bounds the numerator below by 2(q, Apq), where ¢ = Cov(h, X). Since (¢, Apg) = Var X,
Cauchy—Schwarz in the Ap-energy gives (g, Apq) > (Var X)?/E,. Thus U’ > U?/k?. Integrating
the derivative of 1/U and passing to growing affine cells proves (3.34). Its right side is positive
since a(k1) < k1, and is strictly smaller than 1/a(k;), proving strict increase.

The gap in Corollary 2.5 is a € {0} U [87, 00). Monotonicity makes a nonempty positive set an
upper interval. At its infimum, upper semicontinuity and the gap force a positive value; a < k
implies k. > 8m. Corollary 3.9 identifies this same infimum with the stated physical criterion and
includes its endpoint. Nonemptiness and the exact endpoint value, differentiability above it, and
the infinite endpoint slope are established in the later weak-height and endpoint arguments; none
of those conclusions is assumed here. O

3.4 Fixed mixed domains and the high law

We now fix kp with ap = a(kp) > 0. The results in this subsection are at this one input
temperature; they assert no uniform scaling theorem at nearby temperatures. Lengths are
measured in observation-cell units. On the lattice an observation cell has side s, with s — oo along
dyadic integers, and By takes its uniform height average. A fixed continuum cell has side one, and
B takes its integral average.

Definition 3.11 (Permitted mixed geometry). Start with axis-parallel squares of a fixed dyadic
side R. Remove from each corner the part of the square of side R/2 centered at that grid vertex,
and declare the latter squares to be separate tiles. Thus no tile vertex involves more than three
tiles, and every pair of tiles meeting there also shares a nondegenerate face. Take finite unions of
these tiles, possibly clipped along the R/4 grid by boxes. Tiles may be isolated by removing every
bond between them and other tiles. All exterior boundaries are free. Components are formed by
face connections; boundary point contacts do not join them. Round all faces on observation-cell
boundaries and retain only the prescribed internal J-bonds. Each component before hard pinning
is a bounded Lipschitz union of squares with no opposite-only junction. Hard pins are finite
unions of tiles or boxes on the indicated subdivision grid. The energy space is always that of the
component before pinning, with functions zero almost everywhere on the pinned boxes.

Figure 3 shows the tile partition and its three-tile junctions.

The proofs also apply to any fixed finite list of domains with these geometric properties,
including the rectangular strips used below. In particular, touching boundary points never glue
two components through a set of zero continuum capacity. For the deterministic form arguments
this includes fixed finite face-connected unions of rectangular pieces with bounded lattice rounding,
provided retained faces have the local bounded routes used below and neither point-only nor
opposite-only contacts glue components.
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R/

Figure 3: Permitted mixed tiles in Definition 3.11. Each original R-square loses its four R/4-square
corners to distinct R/2-squares centered at the original grid vertices (dots); four trimmed originals
and their vertex tiles are shown. The R/4 tick marks the subdivision scale. At g, the three incident
tiles A, B, C share the three bold boundary segments pairwise; only two tiles meet at a corner of
C'. Later components are formed by retained face/bond connections; point contacts alone do not
join components.

On a fixed such open graph Uy, let Ag y, retain just its prescribed bonds. For real observation
values y put

h,Agp.h) 1
o= % ew{-TE0D Jypp oy, (3.3
2k 2
he(2rZ)Vs
A
Fyysa') = mjn { LAy 2} (3.36)

An indicated hard pin imposes h = 0, or v = 0, throughout the specified set. Translation sums are
included in (3.35); the observation mass controls every component’s constant mode. Write Py for
the centered high law y = 0,k = kj. In the continuum, the comparison high precision at a’ = ay, is
the coercive form

To (v, w) = a;* / Vo Vw+ 3 (Bo)a(Bw)s on HA(U). (3.37)
4 dcU

Impose the specified zero conditions when pins are present. Superscript cg denotes this continuum
Gaussian comparison. Without pins, Ey annihilates constants on each component.

Lemma 3.12 (Form and free-component limits). On every fized geometry of Definition 3.11, the
discrete real-Gaussian forms converge to their continuum forms, with their stated free and zero-
region boundary conditions. Inverse quadratic forms converge for bounded piecewise continuous
density tests on coercive components. On a massless free component the test must have zero
total, separately on every released component. Energy approximation is valid for shifts and trace-
preserving combinations. The massless free height law at ky,, modulo its constant, has covariance ap,
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times the Neumann inverse form and Gaussian Laplace limits on every component. Its fractional
mean is uniform modulo 27, independently of any fized list of mean-free observations.

Proof. For smooth functions on a neighborhood of the closure, the discrete energies converge
to [|Vu|?: the symbol of Ag has quadratic part |p|?, internal Riemann sums converge, and the
number of edges within a fixed lattice distance of the finitely many faces and corners is O(s), each
with squared smooth difference O(s~2). Nearest-neighbor edges control the H! norm of piecewise
affine interpolants on each constituent square, modulo a componentwise constant. Conversely
all fixed-range differences are bounded by a fixed multiple of nearest-neighbor energy on local
face-connected patches: a retained jump can be replaced by a nearest-neighbor route of bounded
lattice length in one of the finitely many local square-sector patterns. There are no opposite-only
contacts. Thus bounded energies give weak H' compactness on the squares, strong L? compactness,
and matching traces across retained faces. The difference quotients for each step pass weakly to
their directional derivatives. Their sum and the lattice symmetries give the continuum liminf
energy with its exact coefficient.

Here is the density statement with pins and corners. First truncate an H' function to bounded
magnitude; this decreases gradient energy and preserves every zero region. Around each polygon
vertex use a cutoff which is zero within radius 62, one outside radius §, and linear in log r between.
Its squared gradient integral is O(1/|logd|). For a bounded function this removes all vertices at
vanishing energy and L? cost. Away from them, a pinned straight face is treated by the zero-trace
H' approximation on a half-rectangle, extending by zero into the pin before mollification. On a
free face use even local extension and mollification. Interior patches are mollified directly. A finite
partition of unity combines these approximations. They show that restrictions of smooth ambient
functions are dense without pins, and functions smooth away from vertices and vanishing in a
neighborhood of the pinned region are dense with pins. Sampling these functions gives recovery
sequences. Observation-cell averages are continuous under strong L? convergence. The same liminf
and recovery proof applies to a square with zero trace on every face, using zero extension on each
face; this is the deterministic H} inverse-form assertion used in Theorem 3.8. Neumann Poincaré
and cell masses, or a fixed positive-area hard pin, control constants. Minimizing the coercive
forms minus a linear density source now proves inverse convergence by the liminf and recovery
statements. The same reasoning, modulo constants, treats zero-total densities in an unpinned
component.

For the height law, enclose the component in a larger free square. For a smooth ambient shift,
separate its gradient observation into the retained pieces on the component and on the finitely many
remaining polygonal pieces. The omitted seam flows have vanishing bare squared cost by their
O(s) number and O(s™!) coefficients. Cutting increases covariances; the resulting independent
component variances each have the continuum gradient upper bound, by further subdivision into
squares. Their sum already attains that bound in the enclosing free square by Theorem 2.2.
Write U; for the retained pieces and V; s for their partial gradient-observation variances. For
each component i, subtract the limsup upper bounds for the other finitely many pieces from the
full limiting enclosing-square variance. The cutting inequality gives liminf, V; s > ay, fUi |Vgl|?.
Together with its upper bound this proves full variance convergence on that component, along every
admissible mesh sequence. The density of ambient shifts just proved and bare error bounds give
full variance convergence on its full H' energy space. Cutting into small cells and the second-order
logarithmic moment expansion used in Theorem 3.8 give the Gaussian Laplace limits. The form
approximation transfers them to the stated density observations.

Finally consider a character with nonzero integer total charge on one component, including
fixed mean-free observations if desired. Extend its source by zero to the enclosing square. The
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dual shifted-ratio precision comparison from Lemma 2.1 bounds its positive characteristic function
in the cut component by that in the uncut square. This can first be done with a tiny positive
mass, then passed to the translation-modulo law because its total is an integer. Approximation by
bounded-density profiles is justified by the bare norm bounds. The enclosing character tends to
zero by Theorem 2.3. The same argument with joint mean-free sources, or Fourier approximation
of a bounded function of those sources, proves independence of the uniform fractional mean.
Distinct free components were independent from the outset. ]

For finite observation penalties below, fix a finite vector Ozh of cell averages or bounded
piecewise continuous density smears covered by the preceding joint limits, with uniformly bounded
bare covariance after constants are removed. An admitted quadratic penalty is

exp{—%(@sh —2)TQ(Oh — 2)}, Q >0.

The observation family is fixed through the mesh limit. Its center and coefficient matrix may
range over a fixed compact set. Each observation lies in one pre-pin component, and ¢ has no
entries coupling different components. If a component constant is free, the induced quadratic form
on the vector of released constants must have a common positive lower bound. Thus every such
penalty confines all released constants.

Proposition 3.13 (Mixed-boundary height scaling). On a fized permitted component meeting a
nonempty positive-area pin region, the centered massless height law at kyp has the full Gaussian
Laplace and moment limits with covariance ap times the mized inverse: zero on that entire
region and free on the other walls. This includes bounded piecewise continuous smears and energy-
approzimable shifts. Adding an admitted finite observation penalty gives the corresponding Gaussian
limit, also for components without hard pins when translations are summed. The limits are uniform
over the fixed compact coefficient and center sets just specified.

Proof. 1t suffices first to use a smooth shift g vanishing on a neighborhood of the pin p, but allowed
to reach the outer free walls. Choose a subband of positive width between p and supp g, separated
by positive gaps from both. It may follow level strips of sup distance to the whole pin region,
clipped to the component. Select levels on a sufficiently fine fixed rectangular grid, then subdivide
into mass cells. All clearances are fixed before the fine lattice limit. Where the pin has several
components, use the union of these strips and retain those connected pieces through which a path
to the support is possible.

Start with the component unpinned, put the band weight on it, and explore from the entire
pin region. Lemma 3.12 supplies the free Gaussian and fractional-mean inputs to Lemma 3.1. Its
Hilbert-Schmidt bound follows by cutting the domain into finitely many squares: their H'-to-L?
inclusions have fourth-power summable singular values, which bounds the square of the Neumann
inverse after the component constant is removed. The band controls that constant as before.

We verify the local hypotheses of the exploration lemmas at free walls and junctions. A
fixed-factor enlargement of a touched small cell within the component is a connected patch of
a bounded number of comparable rectangles, joined by straight faces of comparable length. Its
Poincaré constant is C¢?: apply the rectangle inequalities and bound the differences of their means
across the common faces by the same gradient energy. Truncate a visiting path when it spans a
comparable cell distance. Some coordinate then spans cfs levels. Bounded jumps and the bounded
number of local rectangles put a positive fraction of anchored rows or columns into one of these
rectangles. The one-dimensional estimate in Lemma 3.2 anchors its mean; the patch Poincaré
Inequality anchors the remaining rectangles. At a corner use all adjacent sectors of the same
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component. The no-opposite-only convention ensures that a retained jump lies in a sector or
crosses between sectors joined through retained faces. A filled starting pin region itself supplies
the initial zero extension for variations. Thus the same local inequality (3.9) holds, and a fixed
macroscopic path anchors the whole component. Small-cell mean-free bare variance still costs
C(1+log(1/¢)): compare first to a containing fixed square patch using its Neumann modes, and
then use the component Poincaré Inequality to compare means.

The two coverings can be made of subdivisions reaching the free walls. A logarithmic trial
restricted from the plane to a straight or sector patch has cell average and gradient energy
proportional to log(1/9), with positive geometric constants; it therefore gives the large pre-
exposure variance required in Proposition 3.7. The anchored post-exposure bound is independent
of the cell radius. For the size-bias step take the starting covering on the test side, with the other
covering on the pin side; both are away from the mass. Every nonzero tilt or exposed contribution
between them again requires a macroscopic cluster. All of Lemmas 3.3-3.6 and both deficits (3.28),
(3.29) therefore apply with the same limit order. The hard-band inverse separates the sides, so
reach of the support has vanishing probability.

The weak Laplacian source of g is the energy functional Fy(v) = [; Vg - Vo, including its
free-face contributions. Its discrete observation X = (h, Ao, gs) is translation invariant and has
bounded bare variance

Varpare Xs < k;h(gsa AO,Usgs) = 0(1)

At each fixed band partition and strength, include X; in the joint free-component limit from
Lemma 3.12. The translation-sum bound in the proof of Lemma 3.1 and this bare bound give
uniform integrability of every fixed power of X, under the normalized band law. Since every
mass-cell average of ¢ is zero, the continuum projected band form on U,

Tex(v,w) = a;l/ Vo -Vw + )\z |d|vgwg,
u d

satisfies
Tea(ang,v) = Fy(v).

Consequently, at every fixed ¢, A,

2
Sli}rgoEWXf = ah/U Vg%, Sli)IgOEWXf =3 (ah/U |Vg]2) .
The fourth-moment limit is independent of £, A\. On successful exploration the centered posterior
has at least the desired pin, so its variance is at most the massless mixed variance. Equa-
tion (3.26) controls the tilt errors. On failure, Cauchy—Schwarz bounds the second moment by
(Ew XY 2Py (failure)'/2. The displayed fourth-moment limit and vanishing reach make this term
vanish in the prescribed order, with no finite-mesh uniformity in A required. Run this comparison
on any lattice subsequence and then take the stated band limits. It gives the liminf lower bound
ap, [ |Vg|? for the actual hard-pin variance. Free cutting gives the matching limsup, hence full
variance convergence. Free cutting also gives the upper logarithmic moment bound, and minimal
Hessian gives the matching lower logarithmic moment bound. The pinned density and form
approximation of Lemma 3.12 extends these conclusions to the asserted tests.

An admitted finite observation penalty can now be integrated against these joint massless
limits. In a pinned component bare Gaussian bounds give uniform integrability for polynomial and
fixed exponential insertions. In free components use the independent uniform fractional means and
their translation sums. The common lower bound on the quadratic form of the released constants
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gives a uniform finite-dimensional Gaussian theta bound on these sums, as in Lemma 3.1. On a
fixed compact coefficient and center set the limiting normalizers are continuous and bounded away
from zero. The same tail bounds give equicontinuity of the integrals there. This proves the last
assertion and its stated compact-set uniformity. O

3.5 Separated Gaussian pins and localization

For disjoint positive-area box regions H,p C U at strictly positive separation, define under the
unpinned centered high law

Py(hyg =0 hy =0)

(3.38)

An empty contribution in a component is zero. Each hard pin means all microscopic heights in
that region vanish. Precision monotonicity gives Dy > 0, by first imposing the pins as diverging
positive quadratic penalties. The individual pin probabilities need not have finite or positive
continuum limits; only their interaction will be compared.

Proposition 3.14 (Gaussian pin determinant and locality). All assertions in this proposition are
for real Gaussians. The discrete limits allow every integer sequence s — oo satisfying the bounded
lattice rounding and retained-route assumptions above. The gradient coefficient may be any fized
ag > 0, independently of the height input ky: for unit-cell mass replace Ty by

Tva, (v, w) = agl /U Vo - Vw + Z (Bv)q(Bw)g.
dcU

At ag = ay, this is (3.37). Let Ey be the Hilbert space with inner product Ty,q,. Set
Vo={ve& :v=0ae onp}t, Ve={ve&:v=0ae on H",

and denote the orthogonal projections by Iy, . Then C = |y, is Hilbert-Schmidt and ||C|| < 1.
The finite interaction is

1 1
Di#(H,p) = —3 log det(Id —C*C) = —3 log det (Id —TL,IT 51T, |y, ). (3.39)

The full-pin interactions for the corresponding discrete real Gaussians converge to (3.39) as s — 00;

for real Gaussians the interaction is the logarithm of the corresponding density ratio at zero.
The same Hilbert—Schmidt property, norm gap, determinant formula, full discrete pin limit,

and exhaustion by finite smooth pin-density probes hold for the modified energy space with form

ag_l/UVv-Vw—i-((’)v)TQ((’)w), 0>0,

where O is a fized finite family of box averages or bounded piecewise continuous density smears,
each supported in one pre-pin component, and Q has no entries coupling different components. The
fixed penalty is coercive on the whole released component-constant subspace. The rank, coefficients,
geometry, and separated positive-area pin regions remain fized through the mesh limit. This
includes each fized confining band partition and strength. It also applies to the fized face-connected
rectangular-piece geometries described after Definition 8.11, with the same pre-pin energy space.
For the locality assertions below, the mass cells may also be axis-parallel rectangles whose
side lengths lie in a fized interval [co, Co] C (0,00) and whose aspect ratios are bounded. Here
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(Bv)g = |d|7! [,v, Bs takes the corresponding discrete uniform averages, and every cell has the
squared-average mass with coefficient one. These bounds include any fized finite normalized shape
list and its bounded lattice rounding. For this local cell mass, harmonic extension and inverse-form
sources have energy tails bounded by Ce™" at distance r from their supports. Cross-projection
Hilbert—-Schmidt norms satisfy the same decay up to a polynomial factor in the number of relevant
cells, with a fixed positive lower bound on the pin clearance for the two restrictions. Consequently
DCUg(H, p) < Ce™ up to such a factor when their separation is r and their volumes are polynomial
inr.

For this local cell mass let Ty o be the operator of Ty and write Ey o = 1d —BT[jlll,B* for the
matriz of (3.36), with its discrete analogue using Bs. Its off-diagonal entries decay e&cponentially.
If bonds at a core are cut, the change of this matriz decays exponentially as either observation
index recedes from the core. Computing this change in an open patch whose guard has width r

makes an error bounded by o
Ce—crfcdlst(l,j) (340)

in cell entries, after local differences are extended by zero. All the preceding locality constants,
including the tail and cross-projection bounds, are uniform when a’ ranges over a fized compact
interval in (0,00) and on the permitted cell ensembles with the stated uniform shape bounds and
uniform polynomial ball volumes in the cell graph. The compared topologies use the same a'. Patch
boundaries follow cell faces and the guard width is measured in the common inclusion cell graph.
The discrete locality estimates also hold on finite periodic identifications satisfying the same cell
and retained-route assumptions and polynomial ball-volume bounds. Distances are then measured
in the quotient inclusion graph, and the guard width is the distance to the bonds actually cut to
form the patch. The patch is a union of intact cells with all crossing bonds cut; an opened periodic
seam counts as part of its boundary. A patch equal to the whole component with its periodic bonds
retained has zero prozy error. Without hard pins these change and error forms have zero row sum
on each underlying component. Thus an entry bound with prefactor § and exponential distance
decay bounds their quadratic forms by

o > (yi —5)°- (3.41)

{i,j} neighboring cells in the region
For hard-wall changes one instead retains the entry bounds on y;y;, with decay from the walls.

Proof. For the local cell form, Poincaré on each permitted rectangle and the upper and lower area
bounds give the uniform norm equivalence

e ([0l + Vol3) < To(v,0) < € (ol + [Vol3) (3.42)

The discrete version follows from the same cell inequality, nearest-neighbor domination, and the
bounded routes for retained J-bonds. The proof applies at any fixed positive gradient coefficient.
More quantitatively, if a’ € I = [a—,ay] € (0,00), then

min{l, CLh/CLJr}TU,ah < TU,a’ < max{l, ah/a*}TU»ah'

Thus the coercivity, cutoff absorption, and layer-contraction constants below can be chosen
uniformly on I, in the continuum and on the discrete graphs. In the local estimates below, T
denotes the chosen local cell form, with its coefficient held fixed while topologies are compared.
Each vector in V), minimizes energy subject to its values on p; it is therefore weakly harmonic for
its specified form off p.
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We give the local estimates behind compactness and locality. Let v be harmonic away from a
source region. Test its equation by x?v, with a Lipschitz cutoff supported away from the source.
Expanding the gradient term and applying 2|ab| < ea? + e~!b? absorbs half the gradient term and
bounds the rest by the L? mass on the cutoff layer. The average penalty in a cell wholly inside the
constant part of the cutoff is nonnegative. Cells meeting its transition are contained in a bounded
enlargement of the layer, and their average cross terms are bounded by that layer’s L? mass. Thus

. 2
Tu (U) v;1nner patCh) < C’HUHL2 (enlarged patch)

whenever the inner patch is separated from sources by a fixed positive margin. Here local energy
includes entire cells, and enlarging by finitely many cell layers absorbs the average terms. This
proof uses no integration boundary term, so is valid up to free walls. Discrete differences obey the
same expansion, with cutoff differences O(s~!) and a fixed enlargement by the interaction range.

Using instead a cutoff which retains v near its source and removes its distant tail, harmonic
minimality and (3.42) imply

To(v,v;dist > r+¢1) < CTy(v,v;r < dist <r+¢p).

Equivalently each extra layer reduces the remaining tail by a factor at most C/(1 + C) < 1.
Iteration proves exponential energy and L? decay. A source in one observation cell obeys the same
bound outside that cell. Distances may be measured in the retained face-cell graph. For estimates
on changing topologies they may also be measured in the uncut inclusion-region graph: a retained
path can only become longer on removing bonds, while a distance cutoff in the inclusion graph
still has uniformly bounded differences on retained bonds. Polynomial ball volumes control the
number of layer cells. These cutoff estimates use only the local cell and route bounds and the
graph distance, so they hold on a finite periodic identification with the quotient inclusion distance
as well.

To obtain a trace estimate, cut a bounded patch into its rectangular mass cells. The inclusion
from broken cell H' into L? has singular values bounded by Cj —1/2_ with the appropriate cell-count
factor, by the Neumann cosine eigenvalues on each rectangle and the uniform side-length bounds.
The same bound holds uniformly on discrete rectangles: the nearest-edge cosine eigenvalues control
all frequencies up to the finite lattice cutoff. Apply this inclusion on a first patch, the harmonic
interior bound on a smaller patch, a second such inclusion, and then another interior bound. The
singular-value product inequality so;_1(AB) < s;(A)s;(B) gives

sj(restriction of harmonic extension) < Cj ™. (3.43)

This is Hilbert—Schmidt, with uniformly vanishing squared singular-value tails. Leave an additional
distance margin before these two restrictions; the exponential operator bound already proved
then multiplies the Hilbert—Schmidt bound. Projection onto Vj is unchanged when a function is
multiplied by a cutoff equal to one near H, since their difference vanishes on H. The estimates
therefore apply to the cross projections. For a fixed finite observation penalty on a fixed domain,
Poincaré and control of the released constants still give coercivity with fixed constants. If a pin gap
is smaller than a cell, or an observation crosses a cutoff patch, retain the finitely many involved
averages as extra coordinates F'(v) € R™ in the interior estimate:

1Vl 271 nmery < C V] L2 (0uter) + [F(v)])-

The same estimate holds discretely. Each augmented inclusion H! @ R™ — L? & R™ has $j4m, <
Cj=1/2. The two restrictions therefore give s2j+0(m) < CJ ~1 which is the same square-summable
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tail after a fixed index shift. This proves compactness and (3.43) for the modified fixed form. Its
constants may depend on that penalty; no exponential uniformity as a band rank or strength
increases is asserted.

The intersection V,, N Vi is zero. In fact choose a smooth cutoff equal to one on p and zero near
H. It decomposes any H' test into a function vanishing on p and a function vanishing on H. A
vector in both orthogonal complements is orthogonal to every test, hence zero. Compactness of C'
then gives ||C]| < 1: equality would have an attaining unit vector whose two projections are both
isometries, placing it in the intersection. For the local cell masses with the stated fixed positive pin
clearance, the cutoff can be chosen with uniformly bounded multiplier norm ||xv|e, < M||vl|e,,
by the uniform local coercivity. For a unit v € V},, v — xv vanishes on p and xv vanishes on H, so

1= (v, xv)ey = ((Id —Ig)v, xv)e, < M||(Id =Ilg)v|e, .

Thus ||C||? < 1 — M ~2 uniformly. The determinant formula proved below and the Hilbert-Schmidt
bound then give

IC]IHs
2(1—1C11?)

which supplies the uniform determinant prefactor in the local cell estimates. For a fixed nonlocal
penalty the preceding pointwise gap and penalty-dependent constants suffice. For finite lists of pin
observations the Gaussian Schur formula gives —% log det(Id —C*C). Exhausting the observation
subspaces by smooth density probes gives (3.39), since C*C' is trace class and has norm below
one. Densities in p are total for V},: orthogonality to all their representers means the tested energy
function is zero a.e. on p. The analogous statement holds for H. This totality and Schur-formula
exhaustion are in the specified energy space, so the same argument gives the displayed determinant
for every modified fixed form in the statement.

We spell out why lattice refinement loses no trace. Lemma 3.12 gives convergence of the Gram
matrices of every fixed finite list of density representers and of their pinned projections. A sequence
of unit-energy discrete vectors harmonic off p has weakly convergent interpolants; testing on the
dense shifts from that lemma shows that its weak limit is harmonic off p. Conversely, projecting a
fixed representer onto V}, converges strongly in energy, by convergence of its variational minimum
and norm. If such a bounded sequence has weak limit zero, compact L? convergence and the
interior estimate make its energy near H tend to zero. For a fixed observation penalty the finitely
many averages converge too, so cause no exception. The cutoff observation just used then gives
norm convergence to zero of its projection onto V. It follows by contradiction that residual cross
projections outside a growing finite probe list have uniformly small operator norm in the lattice
limit. Equation (3.43) makes their Hilbert—-Schmidt norms uniformly small as well: first retain
finitely many singular directions and use the operator bound there, then sum the uniform ;52 tail.
Thus the cross products converge in trace norm and are eventually bounded in norm by a fixed
number less than one. The Fredholm logarithm, given by —logdet(Id —K) =Y, ~; tr(K™)/m,
converges. This proves the full discrete Gaussian determinant limit. The exponential Hilbert—
Schmidt estimate proves the claimed decay of the determinant when the separation is large; for
bounded separation its fixed geometry bound suffices.

It remains to verify the local cell statements about Ey; .. Minimizing (3.36) gives v, = Ty (ll,B*y

M2
D{F(H,p) < < THCHIQ{S,

and Ey(y;a’) = y' (1d —BT}; }L,B*)y. The source-tail estimate applied to y = e; gives exponential
off-diagonal entries. Restoring bonds adds a positive form, so the change of the minimum energy
is positive semidefinite. If the added bonds are at a core, use as a competitor the old minimizer
cut to zero in a neighborhood of that core. Its energy excess over the old minimum is exactly
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the squared norm of the correction in the old form, since the old minimizer is stationary. The
correction is supported near the core and has energy bounded by the tail estimate. There is no
new cross-bond energy because it vanishes on both ends of every restored bond. This bounds
diagonal changes by Ce—cdist(icore). ogitive-form Cauchy—Schwarz bounds their entries by the
geometric mean of diagonal bounds. Let Dy and Dpaien be the full and open-patch core changes,
extending the latter by zero. If the patch retains the whole component and all its ambient bonds,
they agree. Otherwise the core estimate bounds their difference by Ce~¢(4i+4) where d; is the
distance from index ¢ to the core. When both indices lie in the patch, cutting its boundary is a
direct sum because the mass is cell-local. The same difference is then a difference of two boundary
changes and is bounded by Ce~¢(it0i) where b; is the distance to that boundary. The guard gives
d; +b; > r — O(1), so the minimum of the two bounds has a factor e™". If an index is outside
the patch, the patch entry is zero and that index has core distance at least r — O(1), giving the
same factor from the core bound. Independently, the full and patch energy matrices have the
off-diagonal spatial decay just proved. Taking a geometric mean with that bound and weakening ¢
proves (3.40) for every entry. Retaining another fraction of the core bound permits summation
over cores with polynomial cell counts.

Without hard pins a componentwise constant y has zero minimum energy; symmetry therefore
gives zero row sums for the matrices and their differences. A symmetric zero-row-sum matrix F
obeys

y'Fy = —% > Filyi —y))”.
i,
For each pair choose a shortest nearest-cell path in the inclusion region. Its length times the sum
of squared differences along it bounds (y; — yj)Q. Pairs of length [ using a given edge have both
endpoints in its [-ball, whose volume is polynomial. Summing the exponential entry bound over [
proves (3.41); no separate flow-congestion assertion is needed. At junctions bounded microscopic
jumps can be shadowed by face-cell paths with bounded excess length, precisely because opposite-
only contacts are excluded. For hard-wall changes the constant need not lie in the null space, so
one uses the proven magnitude bounds directly. O

Proposition 3.15 (Full hard-pin comparison). For every fized geometry and separated box regions
H,p as above, at k = ky,

Dy(H,p) — Dz,g(H, D) (s = 00). (3.44)

The baseline on both sides has unit-cell observation mass, free exterior walls, and no other hard
Pins.

Proof. 1t suffices to treat one component meeting both regions. Place a band K between them
with positive clearances, and replace the unit-cell mass by Wy . Denote the resulting interaction
by Dy . For a pin set Q € {@, H,p, H U p}, let Zys o be its partition sum with mass penalty M,
where M = U denotes the unit-cell mass and M = W the band mass. Direct cancellation gives
the exact identity

Z, Z Z Z
Dy — Dy = log UHup log =—— — log 7 — log vp

3.45
Zw,Hup Zw,z W,H Zwp (8.45)

Each ratio is a change between two fixed finite-rank confining penalties on the same massless

domain. For ) # @, it is the ratio of their expectations in the normalized massless mixed law.
For Q = @, use the sigma-finite per-translation-orbit normalization. Its common massless factor
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cancels inside this ratio. Proposition 3.13 and Lemma 3.12 show that, at fixed band partition and
strength, every ratio has precisely its Gaussian limit. No normalization belonging to two different
pin sets has been compared. By Proposition 3.14, the corresponding Gaussian identity can be
written with the full continuum determinants. Consequently

Dy — Dy — Dg,g — Df,[% at each fixed £, \. (3.46)

To remove the band, explore all clusters meeting p under its unpinned band law p. On the
success event S that H is untouched, the centered posterior g 7 has zero pins throughout the
visited set, tightened outgoing cable remainders, and the restricted centered band mass. It is
obtained from p( - | hy = 0) by further zero pins and increased precision. Its probability of the
untouched pin hy = 0 is therefore at least p(hy = 0| h, = 0). The actual posterior has the linear
tilt from the exposed cell averages, with bare variance at most €2 in (3.25). The event hy = 0 is
inversion symmetric, so (3.23) gives the relative bound

phg =0 F) > e 2u(hy =0| hy=0) onS.
Averaging, for every ¢ > 0,
e PW > By [1se =72 > e 2Py (S N {e? < 6)). (3.47)

The mixed-domain verification in Proposition 3.13 permits Proposition 3.7 and (3.26) here. First
the tilt vanishes at each fixed A; then the reach probability vanishes as A increases. Since Dy > 0,
sending § | 0 proves that Dy — 0 in the three prescribed limits. This is a relative bound,
independent of how small either microscopic pin probability is.

The same conclusion holds for Dj}. A direct way to avoid separate divergent determinants
for an infinitely strong local mass is to run the proof on real Gaussian lattices with coefficient
ap. Their translation integral is Lebesgue measure, all free and mixed form limits follow from
Lemma 3.12, and the cable-sign, path, tail, and tilt proofs are unchanged. Replace each pin
probability by its joint density at zero. Its centered density increases under added precision. The
tilt ratio at zero obeys (3.23), since the conditional centered Gaussian on that pin still has a
symmetric linear tilt. To justify averaging posterior densities, first average probabilities of small
boxes around zero on S, divide by their volumes, and use Fatou and the continuous Gaussian
densities. This proves (3.47) for densities. Proposition 3.14 passes their full-pin interactions to the
continuum at every fixed band partition. Thus Dj — 0 as well. Combining these two vanishing
statements with (3.46) proves (3.44): take a lattice limsup at fixed ¢, A, then refine the band, and
finally increase its strength. O

3.6 Conditional pin data and changes of topology

The phrase “convergence at random pin data” requires a precise interpretation because no
pointwise trace of the continuum GFF is available. Fix an increasing total list of smooth density
observations inside p. A lattice random variable depending on h,, converges in the finite-observation
approximation sense if, for each error tolerance, it can be approximated in probability by a function
of a sufficiently long fixed list of these observations, with that function converging to its Gaussian
counterpart; the error then tends to zero as the list is increased after the lattice limit. This
definition also specifies joint convergence of any finite number of such quantities.

Proposition 3.16 (Conditional convergence and pin ratios). In the centered high law on a fized
permitted geometry, for every fized finite list of real linear cell or bounded piecewise continuous
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density smears X with their sampled profiles, the conditional expectations E(eX | hy) converge in
probability in the finite-observation approximation sense to their Gaussian conditional values. The
same holds jointly for conditional weak laws on fixed finite lists. Define

) = Fothn =01 by =b)

= Bl =0 A=)’ (3.48)

Then
0<ryg(d) <1, Ery = e PvHp) (3.49)

and r converges in the same approximation sense to the Gaussian ratio rif, which is strictly
positive almost surely. The expectation identity in Equation (3.49) is for the centered high law. The
convergence assertions persist under a real exponential tilt Ts =3 ;t;X; s from a fized finite list of
such observations, or energy-approximable observations with the same joint full and hard-pinned
Laplace and moment limits together with the pin probes. The chosen list must have uniformly
bounded bare covariance. The coefficients t; may range over a fized compact set. The limit is the
corresponding tilted Gaussian conditional law. When the centered ratio vy is evaluated at tilted
random pin data its pointwise bounds remain valid, but its expectation need not remain e PvHD),

If restoring bonds supported inside H changes the centered high law from p to v, and Qa(h) =

exp(—(h, Ah)/2) is their positive quadratic penalty, set

E. (Qa | hp =b)
ra(b) = =£ ) 3.50
(®) E.(Qa | by =0) (3.50)
Then d d
v, TA V.
rg<ra<l, =~ —L= . oy < 2 < Pulie) 3.51
HX>TA > d,up E/ﬂ”A H > d,up > ( )

Consequently events about the pin data whose probabilities tend to zero can be transferred in
both directions between these cut and restored topologies with identical exterior. All assertions
concern fixed domains and fized finite lists; they do not assert convergence uniformly at arbitrarily
prescribed microscopic pin values.

Proof. Let X be one real smear, b = h,, and put
ms(b) = E(Xs | b), vps = Var(Xs | hy, =0).

Denote its full and pinned Gaussian limiting variances by v and v,. Conditioning on b gives an
affine Gaussian-lattice law with the same quadratic part as the centered p = 0 law, including
when the affine shift has components normal to the remaining lattice span. Minimal covariance in
Lemma 2.1, also after a further real tilt t{X, gives

Var(X | b; tilt tX5) > vp . (3.52)
Let ZS(N) be the first N pin smears and let Lg be their linear combination using the limiting
Gaussian regression coefficients for X. Redundant directions may be removed, or the inverse Gram
matrix taken on its range. Conditional expectation and variance decomposition give the exact
bound

N)

Ejms — LV 12 = B[ X, — LV > — E Var(X, | b)
<E[Xs— LM?Z -0, (3.53)
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The full and pinned Gaussian limits are given by Proposition 3.13. If f is the energy representer
of X and Py projects onto the first N pin representers, the limiting right side is ||(II, — Py) f||§U.
It tends to zero by totality of the pin density probes. Thus my is approximated in L? by finite
Gaussian linear predictions, and its limiting law is Gaussian of variance v — vy,

Integrating (3.52) twice in ¢ yields

Ys(b) :=E(eXs | b) > exp{ms(b) + vps/2}. (3.54)

Both sides have limiting expectation ¢?/2. For the right side this follows from the just proved
prediction convergence and uniform exponential integrability: Jensen gives Eed™s < Ee?Xs  whose
bare Gaussian bound is uniform for each fixed gq. For the left side it is the full Laplace limit.
Their nonnegative difference therefore tends to zero in L. This proves the conditional exponential
assertion for X, and for every real linear combination of a fixed finite list. To obtain conditional
weak laws, take a countable dense set of those linear combinations. From any subsequence one can
extract a subsequence on which their probability errors tend to zero almost surely. Conditional
exponential moment bounds make the finite-dimensional laws tight, and their Laplace transforms
identify the Gaussian conditional law. Approximation by bounded continuous functions then gives
the asserted conditional weak convergence, including conditional expectations of fixed smooth
quadratic penalties.

For completeness, describe the Gaussian pin ratio explicitly. Let s; be the singular values of
Cc=1 H\vp from Proposition 3.14. In canonical coordinates the pin observations are standard
Gaussian §; on p, and their correlated standard coordinates on H, say 7;, satisfy

2
nj | & ~ N(sj&j, 1= s5).
The ratio of the conditional density at zero to its centered conditional value is consequently

2
S5

1
T = exp —3 Z 1= 32 532 . (3.55)
j J

This is the limit of finite-probe density ratios, rather than a separate density for a full continuum
pin. The exponent is finite almost surely because

2
Z S5 ICI s
1—s3 =~ 1-[C|?

J

< 00

It is therefore strictly positive, and Gaussian integration gives
Er%znq/l—sg = ¢ Dy (Hp), (3.56)
J

At finite lattice spacing, prescribing b identifies an affine copy of the zero-p lattice. Apply the
shifted-to-centered ratio comparison while increasing the quadratic precision on H. It shows that
every normalized conditional penalty ratio lies at most one and decreases when that penalty is
increased. A sufficiently large multiple of the full coordinate-square penalty on H dominates any
fixed smooth positive penalty there. Taking this multiple to infinity yields 0 < rz < 1. Integrating
its definition immediately gives (3.49).

Choose increasing finite smooth penalties )y exhausting the pin on H: successively include a
total list of density probes and increase their positive strengths. Define

_ E(QN ‘ hp = b)
50 = B Qu Thy = 0
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The preceding ordering gives ry s < Ry, < 1. For fixed N, conditional weak convergence and the
hard-p = 0 limit identify Ry s with its Gaussian counterpart. Moreover

E(RN,S - TH,S) = ERN,S - eiDU’S~ (357)

The full interaction limit (3.44) and the cross-projection trace approximation in Proposition 3.14
make the right side tend to zero as N — oo after s — oo. Indeed the corresponding Gaussian
expectations decrease to (3.56), by finite Gaussian conditioning and the convergent determinant.
Markov’s Inequality in (3.57) proves the claimed approximation in probability for the full ratio.
In particular its strictly positive Gaussian limit implies
limlimsup P(rg s <e) = 0. (3.58)
el s—o0

A tilt from the admitted fixed observation list has a uniformly bounded L4 density for every
fixed finite ¢: its normalizing denominator is at least one and the uniform bare covariance bound
controls the numerator’s moments. The bound is uniform when its coeflficients range over a
fixed compact set. Holder therefore transfers every convergence-in-probability statement just
proved to these tilted laws. For a convergent sequence of coefficients in that compact set, the
difference of the corresponding tests has bare variance tending to zero. Gaussian domination and
uniform exponential integrability make the centered conditional numerators and denominators
differ in L' by o(1). Their joint convergence and the strictly positive Gaussian denominator
give convergence of the tilted ratios in probability. A subsequence argument therefore gives the
stated compact-coefficient uniformity. The same argument applies to fixed finite lists of data and
admitted penalties. For a fixed real linear tilt T, conditional exponential moments under the tilted
law are
E(eX*T | hp)

E(e™ | hp)

Apply the joint convergence already proved to numerator and denominator; the Gaussian denomi-
nator is strictly positive. This proves the tilted conditional assertion. The centered mean identity
was used before this change of measure in Equation (3.57); neither that identity nor the centered
density bound in Equation (3.51) is asserted unchanged after tilting.

Finally, the restored-bond penalty is supported inside H, so the same shifted-ratio comparison
puts ra between rg and one. Bayes’ formula on the p-marginal gives
(b) — E/L(QA ‘ b) _ TA(b)‘

EMQ A E;ﬂ“A

The denominator lies in [PV, 1], proving (3.51). For an event A, about p-data, the upper density
bound transfers j,(As) — 0 to v,(As) — 0, since Dy has a finite limit. Conversely, for every
e >0,

Er(e™ | hp) =

dy,
dpp

pp(As) < pp(re <€) + e pp(Ay).
Use (3.58) after taking the lattice limit. This proves the reverse centered transfer. If the pin data

are then evaluated under an admitted observation tilt 7", the tilted pin marginal in either topology
has density .

E(e' | hy, =05

gr(b) = —( IJE 67]3 )

relative to that topology’s centered pin marginal. Conditional Jensen and the same bare bound
give a uniform L? bound for gp. Thus one first transfers a centered pin-data event by (3.51)
and (3.58), and then applies Holder separately in each topology. This completes the conditional
interfaces without changing the centered density comparison. O
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4 Finite-range integration and local partition algebra

The common task is to turn a local activity expansion into an exact expansion on coarser blocks,
with bounds uniform in volume. The later spin and height sections supply their own initial
activities to these operations.

This section fixes the analytic conventions used by the spin and height constructions. A field
is real before analytic continuation. Counting measure is used on vertices and on unoriented
edges. On the nearest-neighbor lattice let 0 be the edge gradient and £ = 0*0. Constants are
averaged uniformly modulo a specified period w, separately from the centered Gaussian integral.
Consequently an independent Gaussian constant can be added at any integration step without
changing a periodic partition integral. Bounds below are uniform in the volume. Constants can
depend on fixed geometric parameters, but a constant asserted independent of L is chosen before
the block ratio L.

Finite-range Gaussian decompositions were developed by Brydges, Guadagni, and Mitter [9]
and, for Green forms under a finite-propagation hypothesis, by Bauerschmidt [2]. The analytic
polymer and extraction framework follows the line of Brydges—Yau and subsequent renormalisation
constructions [3, 7, 8]. We give the polynomial kernels and every estimate needed here, including
the boundary versions, analytic norms, and regulator reserve.

4.1 Polynomial covariances and their boundary versions

Lemma 4.1 (Finite-range decomposition). Set p = 32, v = 1/16, and assume |s| < 1/4. For
integral t > 1 define the polynomial

sin(tz/2) >2p '

Qi(cos z) = (tsin(Z/Q)

Let L be a power of two, S = Lm, and m a power of L. The operator with multiplier

1—9A
A =— 1—-X/16) — 1—-)X/16 4.1
) = (@l = M16) = Qs(1 = 1/16)) (11)
1s positive semidefinite on the plane, the square torus, and the free square of cells. It has range at
most 2pS. The quotient at zero is its polynomial continuation. Together with independent variance
v/(1 4+ s) and the terminal covariance

(1 —9A)Qm. (1 —A/16)

L) = (1+s)A ’

A >0, (4.2)

the shells with upper scale at most m, sum to (1 + 8)715*1 on nonconstant modes. Here Dy > 2
is fixed sufficiently large. In a square of side M > Dy, let m, be the largest nonnegative power
of L strictly below M/Dy. For M < Dy, set m, =1 and use no shells. Since Q1 = 1, the latter
convention gives the same decomposition; for M = 1 there are no nonconstant modes. The constant
mode of the terminal covariance can be set to zero.

For the plane shells and the finite-volume shells included above,

S
Tn(x, <C11+), Tz, 2) > clog L, 4.3
Tt < C (14 10" e (a,) > clog (4.3
IDllase < €S2, VT3, < Com 20D, 1<r<6. (44)
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For mized differences in the two kernel arguments of total order r = |a| + |c|, with the reflected
difference conventions at a free side,

VeV (z,y)| < Cr(m + dist(z,y)) ", 1<r<12.

In particular E|V"((2)|? < Com™2" for 1 <r < 6 when ¢ has covariance T',. These positive-order
diagonal and operator estimates also hold for 'y at scale my, with constants independent of Dg, L
when M > 2m,, as the stopping convention guarantees for M > 2. For M = 1 all positive
differences vanish.

Proof. The square of the Dirichlet sum is a polynomial in cos z of degree ¢t — 1, so (J; has degree
p(t — 1). For t integral,

Qa¢(cos z) = Qy(cos z) cos®(tz/2) < Q4(cos 2).

Iteration proves positivity of every difference in (4.1). Since Q;(1) = 1, division by A is removable,
and multiplication by 1 —~\ leaves degree at most p(S — 1). The spectrum of £ lies in [0, 8], where
1 —~A >1/2. A polynomial of degree d in a nearest-neighbor operator has range at most d. This
proves positivity and the stated, slightly enlarged, range. Telescoping proves the decomposition,
including the empty shell sum when m, = 1 because ()1 = 1. Its continuation at zero is positive
since
2 -1
Qi1 —X/16)=1— 3
Write a shell as the sum of its binary pieces Hy, t = m,2m,...,S/2. On the Fourier square
the nearest-neighbor symbol is A(€) = 432 sin?(&;/2) = |€|?. For 0 < X < 8, the identity just
used and |sinu| < min(1, |u|) give

A+ O(\2).

0 < Hy(A\) < Cmin{t?, A\~  min(1, (¢V/X)72P)}. (4.5)

Indeed the difference factor 1 —cos?P(tz/2) is at most Ct222, whereas Q¢(cos z) < Cmin(1, (tz)~2P);
here z < V/A. A difference of order r has Fourier multiplier at most C,.|¢|". Integrating (4.5) in
polar coordinates, split at |¢] =t~!, gives

r dg -
/\E\ Hi(A(€)) 2n)? <G, 0<r<i2

The corresponding normalized Fourier sums obey the same inequality whenever ¢ < M/Dy: divide
the frequency square into annuli of width M ~! and use that their number of points is bounded by
a constant times their area times M2, with the zero-frequency contribution O(t?/M?). Taking
suprema instead of integrals gives supg |¢ |?"H;, < C,#>72". For the full shell and r = 1, use
directly AI'y, < C'; for r > 1 the binary bounds form a geometric series. For r = 0 their operator
bounds sum to C'S?. Their kernels vanish beyond distance 2pt + O(r), so only ¢ > cdist(z, y) can
contribute. Counting these dyadic scales proves the logarithmic bound and summing ¢t~" proves
the positive-order bounds.

Even reflection of the cell coordinates across —1/2 and M — 1/2 identifies the free operator
with the even subspace of the 2M torus operator. Its kernel is the sum of the four reflected images
in two dimensions. Since the range is less than a fixed small fraction of M, at most a fixed number
of periodic images enter the preceding estimates. The reflected difference conventions are the ones
in those estimates. Orthogonal restriction, with the reflection multiplicity in the counting norm,
also proves the operator estimates.
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For completeness, the lower bound is not inferred from positivity of image terms. Choose a
small fixed a > 0. Whenever both coordinates of the Fourier frequency are between a/t and 4a/t,
the binary multiplier is at least c,t?. This follows by the expansion at zero of Q; — Qoy, uniformly
on the indicated compact annulus after decreasing a. In the plane the annulus has area at least
cat™2. On the torus it has at least c,(M/t)? points for Dy sufficiently large. In the free cosine
basis the factors at cell coordinate i are cos(mu(i + 1/2)/M). Pair each index w in a subinterval
[aM/t,2a M /t] with 2u. The elementary inequality

cos® 0 4 cos?(260) > 7/16

ensures a uniform lower bound on each pair, and each frequency has bounded pairing multiplicity.
Taking the product of the two one-dimensional sums proves Hy(x,z) > c also at a corner. There
are log, L binary pieces, proving the diagonal assertion.

For the terminal remainder use A™'Q,,, < CA~' min{1, (m.v/X)~?}. A positive-order diagonal
integral is finite at zero and bounded by C,m_?"; the discrete sum has the same bound uniformly
for M > 2m,: there are at most C(M/m.)? modes in the disk |¢| < m;!, and the remaining
annuli form a convergent power sum. The operator bounds follow from the same multiplier with
A > cM~2. Reflection gives the free version. For M = 1 there are no nonconstant modes. No
estimate on the value of the terminal constant mode is needed. O

Lemma 4.2 (Killed Green function). For the nearest-neighbor killed Laplacian of the spin square,
let Gy, be its inverse and put M = 2n. In lattice units, for interior vertices and differences
interpreted by odd reflection across the zero sides,

0 < Gp(z,y) <C (1 + log™ (4.6)

1+ |z — y[) ’
VoGr(z,y)| < Cr(1+ |z —y|)™", 1<r<6. (4.7)

After identifying vertices with their positions in (—1,1)%, Gp(x,y) converges locally uniformly
off the diagonal to the continuum Dirichlet Green kernel. Positive-order differences, observed in
lattice coordinates a bounded distance from a source whose distance from the walls tends to infinity,
converge to their infinite-lattice values. These conclusions apply to rotated gradients and to their
local stream lifts, with even reflection of the lift at a free side.

Proof. Use the decomposition of Lemma 4.1 with the factors (1 — y\)/(1 + s) omitted. Odd
reflection gives its Dirichlet version. Sum binary pieces up to a scale comparable to M and keep
the smoothed positive-spectrum remainder. A piece of scale ¢ has differences bounded by C,t™"
and vanishes when t < c|z — y|, apart from reflected images whose distances are no smaller than
the direct distance. Summing proves (4.6) and (4.7); nonnegativity follows independently from
the maximum principle. The terminal remainder has differences O(M ~") and value O(1), since
the smallest Dirichlet eigenvalue is at least c¢M 2.

For the local lattice limit, all fixed-scale pieces eventually coincide with the plane pieces by
finite range. The tail of a derivative of positive order is bounded by C') ;= t™" < C,T~". Taking
the volume limit and then T — oo proves convergence. For the continuum limit, the discrete sine
modes converge to the continuum sine modes: on every fixed mode n?),, converges to its continuum
eigenvalue. If f, g are smooth and compactly supported in the interior, repeated summation by
parts against those sine modes bounds their discrete coefficients by Cy(1 + |k|) ™9, uniformly in n,
for every fixed q. The eigenvalue inequality n2\, (k) > c|k|? then permits dominated summation,
identifying the distributional limit of the kernels with (—Ap)~!. Equation (4.7), multiplied by n
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for first differences on compact subsets away from the diagonal, gives equicontinuity; (4.6) gives
boundedness there. Distributional identification therefore upgrades to local uniform convergence.
Rotating an odd-reflected potential gradient makes its normal component odd and its tangential
component even. Its curl vanishes away from source plaquettes; path integration there supplies an
even-reflected local lift with the asserted difference estimates. O

An activity records a local correction to a Gaussian reference on a connected collection of blocks.
The analytic norms control field derivatives, while the Gaussian regulator permits controlled growth
at large fields. The localization bounds treat neutral, charged, and restricted terms separately,
and Proposition 4.8 combines the resulting local operations into an exact partition map.

4.2 Blocks, analytic norms, and the Gaussian regulator

Fix rg = 4p+20 and R = r¢ + 8, increasing both when a model has a larger finite interaction range.
A polymer is a finite set of blocks connected by steps of sup block-index length at most R. Its size
| X| is its number of blocks. At scale m the plane blocks have side m. In finite volume the grid
levels are the retained activity levels of the construction in use, each with m =1 or m < M/Dj
for its fixed sufficiently large clearance Dy. A coarse grid at S = Lm is present only when S is
retained. On a torus of side M, require m | M at every retained level and use full blocks of side m
with one common origin for the nested grids. This divisibility is a condition for the block calculus;
the spectral decomposition of Lemma 4.1 does not require it. For free cells [0, M)?, choose one
fixed integral translate of all the nested grids. On each axis retain the cuts in that translate of mzZ
whose distance from both endpoints is at least m. At m = 1 this gives unit intervals. At every
other retained level, the clearance ensures that end intervals have lengths in [m, 2m) and other
intervals have length m. Coarser cuts are fine cuts, so this defines nested partitions. Distances
on a torus are periodic. For a retained pair m, S, the closure X is the union of the coarse blocks
meeting X.

Lemma 4.3 (Geometry and counting). There are constants Co,ng and a lower bound for L,
depending only on the fired connection radii, such that

[ X] < Co(1+RIX|/L),  |X]<IX], (4.8)

X is ro-connected, and |X| > ng implies | X| < |X|/2. If |X| < no, the index diameter of X is at
most one. The number of size-n fine polymers containing a fized fine block is at most Ck. For a
fized coarse root, configurations of j mutually compatible fine polymers, with total fine size n and
ro-connected union of closures containing that root, number at most

cm(CLYHY. (4.9)
These statements hold for the irreqular end blocks with the same constants.

Proof. Choose a spanning tree of the fine block graph of X and traverse it in both directions.
Its traversal has fewer than 2| X| steps, each of spatial length at most C' Rm. Break it after each
accumulated length S/4. A resulting piece has diameter at most S/2 and meets a bounded number
of coarse rectangles because every coarse side is at least S. This proves the first inequality in (4.8);
the second follows from nesting. Successive fine blocks in the traversal meet coarse blocks at index
distance at most 1 + C'R/L, which is less than r( for large L. Take ng > 4Cj and then L > 4C\R.
The half-size assertion follows. Increase L further so CRnom < S/2. A coordinate interval of this
length cannot meet three consecutive coarse intervals, proving the diameter assertion.
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A canonical depth-first traversal records a rooted animal by a word of length at most 2n in
a fixed alphabet of allowed fine steps, giving the first count. To encode a family, join its j fine
components by a tree using pairs of blocks whose containing coarse blocks have distance at most
ro. Each joining displacement has length at most C'L in fine block indices and hence has at most
CL? choices. Traverse fine component trees and the joining tree together. A word specifying step
types, component boundaries, and traversal returns has at most C" choices; the long steps are
traversed at most 2(j — 1) times. The first fine root has at most C'L? positions in the specified
coarse block. This gives (4.9), with one unused factor. All estimates use only the lower and upper
bounds m, 2m on side lengths and therefore include end blocks. In the finite-volume decomposition
above, whenever a shell is used its upper scale is at most m, < M /Dy with Dy larger than the
fixed neighborhood radii, so every small neighborhood used here unwraps on a torus. O

Let D,,,(X) consist of the sites in X and all blocks at index distance at most two. Activities
have field support in X with one lattice step of collar; a fixed larger microscopic collar is permissible
if it is at most a fixed small fraction of m. Write D = D,,,(X) and define

@) =5 Y 3 Vo), (4.10)

veD e=+te;
{v,w}€dD
_ 4 a 2
Tm(Dv ¢) - BzC:Dm vég{?(ﬁ=2 ‘v ¢(’U)’ 9

Un(X,¢) = gp(¢) + 0Pn(D, ¢) + Trn(D, ¢),  WE(X,¢) = e Un(X:9),

Here 0D consists of edges with exactly one endpoint in D. Difference stencils based in a block
may leave it; they remain inside its fixed stencil neighborhood. At a free wall the field is extended
evenly, so the crossing first difference is zero.

For a direction f put

[ fllm,p = lgleag{lf(v)!am\Vf(v)I,WQWQf(v)I}

With hg fixed, define the analytic point norm and activity norm by

ha
’F|m,X,¢:Zio Sup ‘DaF(gb)[fla”'ufa”?

a>0 al | fillm, Dy () <1
AXNF(X) | x
Wh(X,9)

(4.11)

1€ ]lm, 4,5 = sup
X7¢

Derivatives are real directional derivatives with locally convergent analytic extensions. The
derivative sum bounds translation by a complex direction of norm less than hy. Leibniz’s formula
gives the point-norm product inequality, since the binomial coefficient cancels the factorials.
Restriction of a coarse test direction to an included fine collar has norm at most one.

Lemma 4.4 (Regulator stability with an unchanged bulk coefficient). There are choices in the
order
0 > 0 small, k > 0 small depending on 9, L large, (4.12)

independent of the volume, for which

EWE(X,¢+¢) <2XW5(Y.¢), Xcv, (4.13)
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when ¢ has covariance I'y,. Connectivity is unnecessary. The estimate holds also with 2k in place
of k. For a connected X with | X| < ng, the right side may instead be 2|X‘WS/Q(X, ¢). At a fized
scale X C X' implies Up (X, ¢) < U (X', ¢). Products on families whose collars are separated
beyond the fluctuation range satisfy the corresponding estimate for the union. At the terminal
scale,

EW,; (X, () < CP] (4.14)
for sufficiently small k, with fixed-volume-independent C.

Proof. We first record the elementary estimates underlying the claim. If B is any rectangle of side
lengths in [m, 2m] and a is a first difference based on its stencil neighborhood, averaging along
coordinate paths gives

m Z la(v)]? < C Z la(v)|? + Cm* max |Val|?, (4.15)
vEF vEB B
2 2 2 4 2 ‘
m mgx|a| < C%M(v)\ +Cm m§x|Va| , (4.16)

where F' is one face, including an adjacent stencil face. To verify these inequalities, compare
a(v) with a(w) along a path of at most 4m + 4 unit steps; its difference is at most C'm max |Val.
Square the comparison and average over all w € B. For (4.15), sum over its at most 2m face sites
and multiply by m. All reflected versions follow by applying the same comparison to the even
extension.

Put D' = Dg(Y) and E = D'\ D. The collars and nesting imply D C D’. Counting at most
CL? fine blocks in each coarse block gives

T(D) < CL™*Tg(D"), (4.17)
P, (D) < L™'Ps(D') + Cgp + CL™*Ts(D').

For the second inequality an old boundary face that survives on 9D’ keeps the same edge increments
with coefficient m/S. Every other old face abuts a fine block in E. Apply (4.15) to that block,
basing a crossing increment at its outside endpoint. Each block is charged on at most four faces.
The first term is bounded by C'gg, and the second sums as in the first line. The same argument for
two sets at the same scale charges disappearing faces to the added blocks; their g and T" increments
absorb ¢ times this cost when 0C < 1. This proves monotonicity, including a nonconnected added
region.
The pure-fluctuation estimate is uniform in L. The one-dimensional inequality

q q—1
u(i)] < ;Z ()] + 3l + 1) — u(j)|
j=1

J=1

on an interval of length ¢ < m, applied in each coordinate and followed by Cauchy—Schwarz, yields
the two-dimensional discrete Sobolev bound

2 2|al—2 a 2
mgx|u] <C Z m Z |Veu(v)|.
a€{0,1}2 veB+

Here BT adds only the fixed difference stencils and has bounded overlap as B varies. Apply it to
u=mV(¢ and u = m?V2(. It bounds U,,(X, ¢) by a fixed multiple of the squared Euclidean norm
of the stacked Gaussian vector

Z=(m"'Vi¢(w):1<j <4, ve DT).
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The operator norm of its covariance is at most C' by (4.4); its trace is at most C'|X| because each
diagonal entry is O(m~2) and |D*| < Cm?|X|. If its eigenvalues are \;, then

Ee?l?I” = H(l —2a\) "2 < exp{2a 3, A}, 2a max; \; < 1/2.

(2

Thus Ee®Wm(X:0) < ¢CalX| for all sufficiently small a. Its exponential cost can be made less than
24X with any fixed ¢ > 0. The terminal positive-difference bounds prove (4.14) by this same
calculation.

It remains essential to treat the bulk cross term without a squared triangle inequality. For an
edge e = {v,w} set ag(e) = (1g(v) + 1x(w))/2, and put

Bu(6,0) => an(e)os(e)d¢(e),  gu(d+C) = gu(d) +2Bu(¢,¢) + gu(Q).

The gradient operator bound gives Var By < Cgg(¢). Summation by parts on D', orienting
crossing edges from v € D' to w ¢ D' and setting h, = ¢(v) — ¢(w), gives the exact identity

8*aD/8¢ =1p Lo — % Z he((51] + 5111)- (4.18)
eecdD’

For the first term, ||T',,|| < C'S? and the pointwise second-difference bound show

Var(1p L4,() < CS*Y " |Lo|> < CTs(D', ¢).
Dl

For the boundary term, the absolute covariance row sum over all crossing endpoints is at most C'S.
Indeed finite range leaves only a bounded number of nearby coarse faces, each of length O(S), and

on one face
CS

Z (l—klogJr S) <CS§,;
m—+ )

j=0
the estimate follows either by integration of log(S/t) or by summing dyadic intervals. Irregular
sides have length at most 25 and reflected images have bounded multiplicity. The matrix row-sum
inequality therefore bounds that variance by CS > 4 h2 = CPs(D’). Since Bp = Bp — Bg, we
have proved
Var Bp < C{gg + Ps(D') + Ts(D")}. (4.19)

Use the squared triangle inequality only on P,,,T,,. Cauchy—Schwarz, followed by the exact
Gaussian moment of Bp, bounds Ee"Un(#+0) by

(Ee4“U7”(<))1/2 exp{rgp + 2k0 Py, + 2kT,, + 4k? Var Bp}.

Subtract the desired exponent k(gps +dPs +Ts). By (4.17) and (4.19) its coefficients are bounded
above by

k(=14 2C8 +4Ck) gp, kK(20/L +4Ck —0) Ps, K(C(1+6)L™2+4Ck —1)Ts.

Choose § so 2C'§ < 1/4, then & so all 8C'k terms fit within a quarter of the corresponding reserves,
then L large. The same choices with reserve cover 2x. Decrease x further to make the fluctuation
prefactor at most 21X!. This proves (4.13) with coefficient exactly  on the bulk energy.
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For small connected X, its fine collar contains at most a fixed number of fine blocks and lies
inside a fixed number of coarse blocks. Equation (4.16) at side S gives

9p + Pn(D) + Trn(D) < CL™*{gpr + Ts(D')}.

Now a squared triangle inequality is harmless for every term: the deterministic coefficient is
O(L™2). The pure fluctuation bound proves the claimed half-exponent estimate for large L.
Finally, separated collars make the involved Gaussian subvectors independent by finite range; sums
of their energies are the energy of the union, and hence their product estimates follow. For same-
scale regrouping only disjoint collars and monotonicity are needed, not Gaussian independence. [

4.3 Neutral, charged, and restricted localizations

In this subsection X is connected and |X| < ng, Y = X, and F obeys
|Flm,x.p < ulWp5 (X, 9). (4.20)

It is periodic under a common translation of period w, and a = 27 /w. Its charge-q projection is

Fy(¢) = 5 /0 e F (¢ + 1) dt.

The regulator is constant invariant; consequently every F, satisfies (4.20), and F,(¢+t) = e“4F (o).
Let H = EFy(6 + ().

Lemma 4.5 (Neutral localization). Suppose the kernels satisfy Lemma 4.1 and the regulator
satisfies Lemma 4.4. If F is even and X lies in the bulk full-block grid, put

cx = H(0), 4i(v) = (v; —vo,)/m, D;; = D*H(0)[4;, ;).

For a fine block B € X define

1 1
Locx p H(¢) = —— |cx + 7= ave 2 p(v, €)' DX p(v,€)],
(€)= 1 [0+ gt 2 wveetans (0, D¥pl0: o)
pi(v, €) = me;Ve,e, d(v).
Then |ex| + | DX| < Cu and
‘H — > Locx,pH < CuL3WE(Y, ). (4.22)
BeX S.Y,¢

If only constants cx /| X| are subtracted, the right side is instead CuL=2WE when F is even, and
C’uL*1W§ without evenness. Constant localization applies equally on irreqular end blocks. For
a translation- and square-covariant bulk family, the sum of the quadratic pieces at each block is
exactly dep /2, where ep = gp and |d| < Ce when u = A~ Xle and A is sufficiently large.

Proof. Constant invariance permits replacing ¢ on the fine collar by ¢ — ¢(vg). Equation (4.16)
on the enclosing coarse blocks and paths of length at most Cm imply

¢ — 3(v0)llm, Dy (x) < CL™Us(Y, 8), (4.23)
If = f(wo)llm,p(x) < C/L, 1 flls,ps(v) < 1.
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The paths and their stencils lie in the coarse collar. For the second differences use m?|V2¢| <
CL~2,/Tg, which is stronger than needed. The constants depend on R,ng, already fixed before L.

We spell out why the derivative sum and arbitrarily large real fields are compatible with Taylor
expansion. At a real interpolated field t(¢ — ¢(vp)), convolution and the small-polymer part of
Lemma 4.4 bound the input analytic derivative sum by

Cuexp{(r/2)t°Us(Y. ¢)}.

After an output derivative, only the nonconstant part of its direction enters H. All these directions
together use at most Chg/L < hy/2 of the fine analytic radius. The remaining radius bounds the
fixed number r of Taylor derivatives by C.hy". Taylor’s formula with its integral remainder and
(4.23) therefore bounds the output derivative sum of an order-r remainder by

CruL ™ (14 4/Us(Y, ) eUsV:d/2 < ¢ uL"WE(Y, ¢). (4.24)

The last inequality is the finite supremum of (1 + \/i)re_“t/ 2 over t > 0. This argument justifies

the derivative sums by their nonnegative absolute majorants. Evenness removes the linear Taylor
term. Thus constant subtraction gives order two in the even case and order one otherwise.

For quadratic localization, Taylor expansion to order two leaves the order-three bound (4.24).
For each v € B and ¢, replace the field modulo constants by the affine function with coordinate
slopes €;V¢,e,;¢(v). The error in fine test norm is at most CL~2y/Ug, by summing second differences
along coordinate paths. On output directions its norm is at most CL~2. The difference between
the two quadratic forms contains one such error and one factor of size CL~!(1 + /Ug), or two
errors. Applying the same radius allocation and exponent slack gives CuLW§. Every full fine
block has m? sites; averaging those affine quadratic forms over v, e and then over B € X gives
exactly (4.21). At zero field the derivative bound and ||4; ||, p,,(x) < C prove |ex| + | DX < Cu.

Finally define Dp = 3 y55 D*/|X|. Translation covariance makes it independent of B;
reflection changes the sign of each off-diagonal entry, and a quarter-turn interchanges the diagonal
entries. Hence Dp = d1d. Direct substitution, retaining both signs of each lattice direction, yields

1 T d 2 _d
oz Z avecp” (d1d)p = 1 Z Z (Vep(v)* = —ep(o).

veB vEB e=*e; 2

The rooted animal count in Lemma 4.3 bounds |d| by Ce3”, ., (Cr/A)" < Ce. Quadratic
localization was asserted only for full bulk blocks; no replacement of an end-block volume by m?
has been made. O

Lemma 4.6 (Charged contraction). There are choices of hg, then L, then a lower bound «g, such
that for a > ag the sum of all nonzero charges satisfies

Y EF (¢ + Q)lsyve < Cul™WE(Y, ¢). (4.25)
q#0

The same argument with shift amplitude a > 0 has charge gain
exp{—(algla — a®/2)T(vo, vo) + holgla}, (4.26)

provided hg is larger than a fized constant times a. It applies whenever this gain is summable.
Fundamental-charge localization at marginal frequency requires a separate subtraction and is not
included in (4.25).

60



Proof. Set w(v) = I'yy(v,v0), wo = w(vg). The binary positive-order kernel estimates and
diam D,,(X) < Cm imply
|w — wollm,pm(x) < C,

uniformly in L. The Gaussian shift identity, with 7 = sgn(q), is
EF,(¢ +¢) = e "0/ [ 0 By (¢ + ( + iaTw)| (4.27)

The shift iaTwy is constant and contributes e~®9wo  Tts nonconstant remainder has fine norm at
most C'a. A coarse direction is its anchor value, of absolute value at most one, plus a nonconstant
part of fine norm at most C'/L. The first contributes |g|a per derivative; summing it gives e0lale,
Choose hg > 4Ca and L so large that the imaginary remainder and all residual directions consume
less than hg. The fine derivative sum then bounds their full contribution by the input norm at the
real field ¢ + (. Lemma 4.4 gives (4.26) times Cqu/2.

For rigor in (4.27), use the Gaussian eigen-coordinates with positive eigenvalues. Their exact
real Cameron-Martin identity is EF,(¢ + ¢) = E[e=*(t0)=="w0/2F (¢ 4 ¢ + zw)] for real z. Both
sides continue analytically in the scalar shift in a neighborhood containing the segment [0, ia7]:
the constant character handles its constant part and the stated radius bound handles its residual
part. A slightly larger Gaussian regulator parameter bounds the integrands and their differentiated
series along this compact segment. Dominated continuation proves the identity. Null covariance
directions do not enter w and cause no change.

Take a = 1. The diagonal lower bound wg > clog L allows first choosing L so wg > 2hg + 2
and then o« so

(algl = 1/2)wo — hoalq| > 4log L + c'a(|g| — 1) log L.

The resulting geometric series over |g| > 1 proves (4.25). Fourier projection and inversion are valid
for values and each derivative because periodic analyticity gives exponentially decaying Fourier
coefficients on every compact real-field neighborhood. The obtained summable output-norm
majorant permits summing the full analytic derivative series as well. O

Corollary 4.7 (Placement factors). For small linear terms at a prescribed coarse block the number
of fine placements is at most CL?. For terms whose fine support is within a fived number of fine
blocks of a specified straight side it is at most C'L, and for terms within a fized number of fine
blocks of one of a fixed number k of marked points it is at most Ck. Thus the neutral bulk, even
wall, and unrestricted marked remainders of Lemma 4.5, after summing placements, are bounded
respectively by

CL'e, CL'e, CkL'c

i output activity norm, apart from large polymers and nonlinear terms. A bulk term whose
fluctuation neighborhood touches a wall can always be bounded without subtraction by Cr, ac and
used as forcing.

Proof. A small support contains at most ng blocks, with boundedly many shapes at its anchor. A
coarse rectangle has at most C'L? fine anchors; its fixed-width boundary strip has at most CL; a
fixed-width neighborhood of a point has at most C'. End rectangles have side between .S and 25,
leaving these counts unchanged. Since | X| < |X]|, the activity weight ratio is at most one. Multiply
the counts by L™3, L72, L™, respectively. The last assertion follows directly from convolution,
the regulator bound, and the finite number Cf, 4 of small supports and assigned pieces. It invokes
no bulk cancellation across a physical wall. O
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4.4 Exact integration, relocation, and constant extraction

For a finite block grid B,,, define the subset partition functional

> 11 K(X,¢), (4.28)

VCBm XeCompgr(V)

with empty product one. Equivalently sum over collections of nonempty R-connected polymers
whose mutual index distances exceed R. This is a finite algebraic sum; no logarithm or infinite-
volume partition function is required to define the local map.

Proposition 4.8 (Exact local partition map). Under the locality, finite-range, and norm hypotheses
already specified, shell integration, localizations on small linear inputs, and extraction of their
designated field-independent coefficients define activities K' and numbers ay,, one at each coarse
block, satisfying the exact identity

EZn(K;¢+¢) = [] (1+ay)Zs(K'; ). (4.29)

beBs

The map preserves the period, locality, and every symmetry respected by the designated localizations.
To first order, K' is the sum of the subtracted small expectations, the unchanged large expectations,
and the nonconstant parts assigned to coarse singletons. When singleton polynomials are measured
separately, write

K(X) = Kreg(X) + 1x—(p} ZtB,VPan,Bv | P Blm.BY.e < CoaWin({B}, ).
vel

Here I is fized and finite, and the P}, g form a fized family of local polynomials, independent of the
activity inputs, with the prescribed collar and period. The displayed point-norm bound is uniform
in v, the retained scale, the block, and the finite volume. Suppose

| Kregllm,ax + Supz ltpu| <e.
vel

If a fized scalar representation retains Kreg = >°,, Kley as separate components, replace | K veg llm, A,k
in this bound by 3, || K eg||m,4 «, and include every sepamtely retained coefficient occurrence in
the absolute coeﬁ?cz’ent sum. With external parameters fized, all designated localization and scalar
extraction maps are fized complex-linear maps of this measured input vector. Let Fyy be the
complete singleton piece assigned from the small linear inputs with original closure Y tob €Y,
retaining Y as its exclusion label, and let ap be the sum of the designated field-independent scalar
contributions from these same local Y — b inputs. Each assigned piece has the prescribed target
collar and period. For every complex input vector obeying the displayed bound, require

|Fypls (1.0
sup sup + |ap| p < CLac,
{YZb P W), o)

uniformly in retained scales and finite volumes. Then on a sufficiently small ball

IK" = Kiinlls,ax < Cr €. (4.30)

This is a complex analytic map of its activity inputs, with the corresponding convergent Taylor
series and derivative bounds. The assertion is not analyticity in the frequency convention c.
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The same finite algebra and spatial enumeration apply to a separately specified representation
under the same locality, finite-range, and exclusion hypotheses, with fixed complex-linear designated
maps, provided its input size includes every retained component and it supplies the corresponding
bounds for compatible-family products, Gaussian integration, complete assigned singleton pieces,
and scalars in its normalized size. The point-norm and complex analyticity assertions above are
statements about the scalar representation.

After L has been fized, taking A sufficiently large makes the contribution from large linear inputs
an arbitrarily small multiple of their norm. The small linear estimates are those of Lemmas 4.5,
4.6 and Corollary 4.7. All constants and smallness radii are uniform in finite volumes. For
the terminal assertion, separately assume that the retained activity grid at scale my satisfies the
grid conditions above and M/m, < DyL; its block count is then at most C(DoL)%. The spectral
decomposition and terminal estimates retain their own stated domains.

Proof. We give the algebra before bounding it. For a configuration of compatible fine polymers
take the union of their coarse closures and its rg-connected components. Fine fields belonging
to different such components have mutual distance greater than the shell range: the support
collar uses only a fixed number of lattice steps and rg > 4p + 10. Their Gaussian subvectors are
independent. For each temporary component Y sum the expectations of products of all compatible
fine families with closure union exactly Y call this sum K(Y'). Independence proves that the
integrated partition functional is precisely the temporary-radius partition expansion in these K.
Its linear term is Y ¢_, EK(X).

Apply the fixed designated localization to each small linear summand, using Lemma 4.5 for
the ordinary choice. Collect pieces assigned to a coarse block b € Y as Fy;. Write identically

KY)=|KY)=-Y Fyp| +> Ay
bey bey

Expand this choice independently in every temporary configuration. A residual retains support Y;
a chosen piece receives support {b}, while its original exclusion information Y is retained. Group
the union of these new supports into its R-connected components. This factorizes even with the
retained exclusions. Indeed a support that shrinks came from a small linear input and has index
diameter at most one. If two original supports violate a temporary exclusion, their new supports
have distance at most ry + 2 < R. They therefore belong to the same final component. There is
no exclusion constraint between distinct final components. Within a component it is retained in
the defining finite sum. Denote the resulting final-radius activities by H(Y").

Let ap be the sum of the designated field-independent coefficients assigned at b. Assume
lay| < 1/2 and put dy = (1 + ap)~! — 1. Multiply the partition expansion with activities H by
[I,(1 +dp). View a chosen d; as a constant decoration that may overlap an occupied old block.
Group the occupied union again by radius R. Since the scalar multiplier is exactly [T,(1 + ap)~?,
this defines K’ and proves (4.29). At first order d, = —ayp, so precisely the designated constants
cancel. A translated gradient polynomial can have a nonzero value at zero field; if that value is
not designated for extraction, the algebra keeps it in K’. This observation will matter for defects.

We next justify the norm bounds, including uniformity of the sums. Initially use the stronger
output weight 4A. Expand each singleton input into its part measured by the activity norm and
its separately measured polynomial parts. After summing the absolute bounds of any separately
retained regular components, an ordinary input has point norm at most e A~ |W,’fl. After summing
v, a separately measured polynomial singleton has point norm at most Cpo >, |t |W) <
(Cpre)A~'WE | with Cy = ACpo1. For P = ep/2, the uniform local bound follows from ep =

m?
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g5 < U,, and the bounds C/U,,, and C on its first and second derivatives in unit test directions;
the regulator absorbs these terms. Compatible fine polymers have disjoint collars. The product
inequality and Lemma 4.4 give, for a family of total size n and j components, of which j,, are
separately measured polynomial singletons after summing their indices, a bound

1O 2/ A)"WEY).

For each large component X;, (4.8) gives | X;| < | X;|/2, whereas every component obeys | X;| < | X;].
Hence multiplication by (4A4)Y! costs at most a product with factor 8X:A=1Xil/2 on a large
component and 8% on a small one. Use (4.9). For fixed L the sum over the size of each large

component is bounded by
Z (CA_1/2)n,

n>no

and tends to zero as A — oco. The sum over each small component has at most ng terms and
a finite cost depending on the geometry, with the additional fixed C4 cost only for separately
measured singletons. Large components retain their original weight gain. The long-jump factor
(CL*)% is a fixed factor per component. Thus all families with j > 2 sum to at most

Z(CL,AE)j < Op.ac?
i>2

when € < (207, 4)~!. The j = 1 terms are bounded linearly, and the large ones can be made
an arbitrarily small linear multiple by increasing A. Bounding the rooted sum over all output
supports is stronger than the required supremum over one output support, so this argument proves
the claimed norm estimate without a volume factor.

For the ordinary localization, |cx| + ||[D¥| < Cu and the normalized formula (4.21) give the
required complete singleton bound: its value is at most Cu(1 + Ug), and its first two derivatives
in unit coarse directions are at most Cuy/Us and Cu. The regulator absorbs these terms. The
finite small-support count then verifies the stated rooted assignment and scalar bound; for other
designated maps use that bound directly. In the relocation estimate keep each Fy;, as one atom
carrying its original label Y, with support Y for its subtraction and {b} for its assignment. Its
fine summands remain combined. A small Y has index diameter at most one, so its possible
labels at a fixed b and the weight change between these two supports have a fixed Cr, 4 cost;
regulator monotonicity handles the support change. Distinct temporary objects have distance
greater than rp, and shrinking a small label by at most one block leaves their assigned collars
disjoint. Count a final connected family by the previous tree of fine objects with one added coarse
vertex for each such atom. An added vertex has only a fixed number of label choices, and its
tree attachments have at most C'L? fine positions or a fixed number of coarse positions. Marking
attachment positions costs only an exponential factor in the old fine size and the number of added
atoms. The rooted assignment bound supplies C7, s per added vertex. Thus the same exponential
family estimate applies, with large objects retaining their original weight gain. The bound at
weight 4 A remains available after relocation, and terms involving at least two objects are bounded
by the same geometric series starting at degree two. The subtraction and designated singleton
insertion are complex-linear, so all other changes so far are included in (4.30).

For clarity, the last decoration sum can be bounded directly without discarding overlaps. Fix
a final support Y and its old occupied set V C Y. The old components are determined by V.
Decorations are compulsory on Y\ V' and optional on V. Put d, = sup, |dp| < Cp, ac. Monotonicity
of the regulator and disjointness of old collars imply that the absolute sum for this V' is at most
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its old activity coefficient times
A"V + d)VIwE(Y).

The old weight 44, compared with the final weight A, supplies 4-VI; optional overlaps cost at
most 2!VI. The holes supply (Ad*)‘y\v‘. Thus the subset sum is bounded by

> 2 Viad) MWV = (1/2+ Ad)Y < (5/8)]
vVcy

when Ad, < 1/8, leaving an exponential reserve. A term with an old activity and a hole contains
at least one factor € from each. If there are no holes, the nonempty-overlap sum is bounded by
|Y'|d.(1 + d.)!Yl; the exponential reserve absorbs |Y|. Pure decorations on a support of at least
two blocks are degree at least two; on a singleton, d, = —ap + O(ag). These bounds give the stated
quadratic estimate at the last step.

The designated maps are bounded complex-linear maps of the measured input vector. All
remaining operations are sums of bounded multilinear maps and the absolutely convergent scalar
inverse series for 1 + ap. Their absolute bounds on a slightly larger input ball imply convergence
of the complex Taylor series and its termwise derivatives on the smaller ball. Symmetry and
periodicity are preserved by the explicit operations. Locality is preserved because every field
used by an output object is inside its output support and fixed collar; its numerical coefficients
can depend on predecessor data only in a fixed larger neighborhood. Iteration expands that
neighborhood by the geometric sum of earlier scale lengths, bounded by a constant times the
present scale. Choosing Dy larger than this constant ensures exact plane/torus agreement on
unwrapped neighborhoods through the stopping scale. Finally, under the hypothesis on the
terminal activity grid, M/m, < DyL bounds the number of terminal blocks. When the terminal
covariance also satisfies (4.14), that estimate controls their final Gaussian integrations. Under
these terminal hypotheses, if every terminal activity norm tends to zero, then its finite subset
expansion tends to one after the designated scalar factors have been removed. O

The parameter order used below is now explicit: fix interaction and connection ranges and ng;
choose 0, then x (with the required exponent and Holder reserves); choose hg large enough for the
specified imaginary translations; choose L large enough for the geometric and small-support gains;
choose A large enough for large supports; finally choose the activity ball small enough for the
inverse series and nonlinear estimates. A large-frequency construction chooses its frequency lower
bound after hg, L. An entry construction using an additional regulator must prove its Gaussian
composition and determinant bounds before applying Proposition 4.8.

5 The ordinary Villain model and transfer to a full spin field

Throughout this section b is spin inverse temperature. All graph gradients and their adjoints use
counting measure, with one term for each unoriented edge after an orientation has been chosen.
We use the norms, local partition maps, and finite range decomposition of Section 4. The letter K
without a subscript denotes the coefficient in the Gaussian factor for spin correlations; polymer
activities are denoted by K;. In the coefficients Kj; and Aps of Theorem 1.2, we abbreviate the
model subscript Villain to V.

The Fourier and Poisson duality used here goes back to Villain and to the planar-model analysis
of José, Kadanoff, Kirkpatrick, and Nelson [20, 36]. We retain the full finite-volume current and
boundary conventions, since they determine the coefficient bridge and insertion normalization.
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5.1 Exact current duality and the compensation parameter

Lemma 5.1 (Fused boundary and integral duality). Let D,, be the spin square defined in Section 1.2,
and set M = 2n. Fuse its boundary vertices to a single vertex p and delete its perimeter edges.
The resulting planar multigraph has dual the free square grid of M? cells. Write d,d’ for primal
and dual gradients, and R for a signed rotation identifying crossing edges. Then

kerd* = Rimd,  kerd* NZF =RdZM, (5.1)

where divergences on the primal graph are tested off p, and dual heights in either expression are
taken modulo constants. Ifl = Y% | Gd,., with x; € DS and ¢ € {—1,1}, then there are a real
dual stream a and a dual connection n such that

J = —dGhpl, W =J+RdaecZ, d*u’ = —1, (5.2)
w=>b"12 o = 2mVb, ¥ = —a/Vb, n==R"1J/Vb. (5.3)

The connection satisfies
d*n=0, n-d9ewZf  |n|*=(,Gul)/b. (5.4)
For the ordinary Villain measure with boundary spin zero,

, _ Z(19)
Eeilh0) — o—(,Gnl)/(2b) ) 5.5
e e A0) (5.5)
Here Z(9) is the Gaussian integral of energy ||d'v||? /2, with its common constant averaged uniformly
modulo w, against the normalized comb

H Cw(Vy + V), w(t) =w Z d(t —wh) = Z elaat, (5.6)

heZ qEZL

The integral in this statement is a Gaussian lattice sum; it need not be interpreted as an ordinary
function before its first convolution.

Proof. Perimeter edges contribute constants because both endpoint angles are zero. Contracting
the perimeter in the sphere and discarding the final redundant edge leaves M? faces, indexed by
the cells. Each surviving primal edge separates two cells, including the edges ending at the fused
pin, so the dual has precisely the free square adjacency.

For a divergence-free current u, the rotated edge increments R ~'u have zero sum around every
elementary dual plaquette: this sum is the primal divergence at the corresponding interior vertex.
The free dual grid is simply connected. Integrating these increments from a base cell gives a
stream h, unique modulo constants. Integral increments give integral A after fixing its value at the
base cell. Conversely rotated gradients have zero primal divergence. This proves both identities,
including their integral assertion. In particular, there are no additional harmonic currents in this
calculation. One can also transpose this statement: the integer curl map on primal edge cochains
is onto the integer cell charges subject to its single total constraint, and its kernel consists of
integer primal gradients with the pin fixed. Surjectivity follows by routing charges along a dual
tree; exactness of the kernel follows by integrating along primal paths. These integral statements
apply to the multigraph, including parallel edges.

The Fourier coefficient at v € Z of 3, e~ b(t+2mm)?/2 jg 5 positive constant, independent of

u, times e—u?/(2b), Integrating each interior angle in the product of these Fourier series enforces
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d*u = —[. The source need not have total zero: its compensating divergence occurs at p. An
integer solution u” exists by routing each signed source along a path to the pin. Since d*.J = —I,
the first part of the lemma gives u’ — J = Rd’a. All integral solutions are exactly J + Rd'(a + h),
h integral modulo constants. Discrete summation by parts gives

(Ja Rd/f) =0, ||J||2 = (Z7Gnl)a

because a rotated dual gradient has zero interior divergence and the primal potential G,/ vanishes
at the pin. Consequently its energy splits orthogonally. Setting v = (h + a)/v/b gives exactly the
comb constraint ¢+ 9 € wZ and proves (5.5). Gaussian determinants and the constant Jacobian of
the quotient by common height translations cancel between numerator and denominator. Finally
R~1dG,1 is co-closed on the free dual graph, and n — d' = R~1u’/ V/b; these observations give
(5.4). O

For a torus of side M = L%, use the ordinary periodic height graph and write 0 for its gradient,

L = 9*0, and G for the inverse on mean-zero functions. On a free dual square use the same

notation. In both cases the mean-zero Gaussian is supplemented by a uniform common constant in

R/wZ. On the torus, Z(0) is the integer height measure with energy ||@h||?/(2b), modulo constant
heights. Its representative pinned at the origin has exactly the law in Equation (1.4) under

o =2nh = 27Vb, B = m2b, v =

nn

(5.7)

=

For |s| small replace the covariance G by G/(1 + s) and put +s||9¢||?/2 in the interaction.
Since 9*n = 0, this interaction can equally be written

S S
2o 2 _ 2 2‘
5 109 + 0] = Sl

Let Zs(¥,n) denote the partition integral with covariance G/(1 + s), the comb in (5.6), and
interaction +s||0v + n[|?/2. The covariance change introduces only a common determinant factor.
Thus the following identity is exact:

: 1+s Zs(¥,m)
Reil6) _ {_ . } _ Zs(0, '
e exp 5 (I, Gpl) ¢ R p(1), Rup(l) 7:(0,0) (5.8)
In particular the coefficient in this Gaussian factor is
b
K = . .
1+s (5:9)

The positive sign of the compensating gradient interaction is essential in these identities.

Lemma 5.2 (Source lifts). Away from the primal plaquettes carrying l, the connection n is locally
an exact real gradient. If an axis rectangle enlarged by a fized collar contains no source, the
restriction of ¥ modulo w has a real lift A there with O\ =n. For 0 < r <5, in lattice units,

k
IV (v)] < Cb™2 3 (1 + dist(v, ;) 71 (5.10)
=1

The assertion includes the reflected stencils at a free wall. For one source whose distance from
the walls tends to infinity, its connection in any fized neighborhood converges to the corresponding
infinite-plane connection, independently of its macroscopic position.
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Proof. The circulation of R~'J around a dual plaquette is a signed primal divergence of J and
therefore vanishes off . Integrating around paths in a source-free rectangle gives the lift; the
congruence in (5.4) makes its values agree with 9 up to a single phase offset and integer multiples of
w. A rectangle clipped to the square remains simply connected. At its boundary the odd extension
of the Dirichlet potential makes the rotated normal increment odd and the tangential increment
even, giving the free-wall extension of this lift. The derivative estimates and local convergence now
follow by applying Lemma 4.2 to J = — Y, ¢;dG,, (-, x;). In the local limit all fixed finite range
pieces agree with their plane versions, and the tails of each positive-order derivative are summable.
A different common phase offset does not affect either the gradients or neutral projections. [

5.2 Convolving the unsmoothed microscopic comb

Set dy = ~v/(1 + s), where v = 1/16 is the first independent Gaussian variance in Lemma 4.1. All
references to polymer norms below mean the analytic derivative norm with the indicated weight
and regulator from Section 4. In particular its derivative radius hg is fixed before b tends to
infinity.

Proposition 5.3 (Microscopic initialization). After this first convolution and extraction of identical
scalar factors in twisted and untwisted volumes, the plane activities have the form

KH(X6) = Lyimaen(@) + Po(X,0), [Pl SC(2+2), z=e . (5.11)

Here e is the gradient energy on the sites of the block, with the orientation average used in
Lemma 4.5. Finite free or periodic grids have full initial norm at most C(|s| + z). For each
fized C,; < 00, the same bound holds for twists with sup |n| < C,), with C' allowed to depend on
Cy. In an unchanged interior neighborhood the untwisted activities are the plane activities. In
every neighborhood with a common lift X of the twist, the twisted activities equal the corresponding
untwisted activities evaluated at ¢ + .

Proof. For each residual real field ¢ condition independent N (0, dy) variables &, to satisfy &, +
¢y + Uy € WZ. Their conditional probabilities are their Gaussian densities on the translated lattice,
divided by the corresponding lattice sum. The independent convolution of the normalized comb at
v is
wy = w(py + ),  w(t) =Y e T/t (5.12)
q€Z

This is an equality of a Gaussian convolution with a positive atomic measure, so it does not require
a smooth microscopic sine potential.

Assign to v half of each incident oriented squared gradient of ¢ + £ plus ) and call the resulting
local expression E,. Then ", E, = [|0(¢ + &) + n||?>. Expanding the product of

1+ F, = wyesBv/? (5.13)

into occupied site subsets, and taking conditional expectations, gives activities on their radius-
R components. The conditional variables remain independent. Energies involve only nearest
neighbors, so components at distance greater than R use disjoint variable sets and factor exactly.
Extract the initial singleton constants by the exact decoration operation of Proposition 4.8, using

¢) = SEE(©). (5.14)
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where this expectation is unconditioned and €Y has the same energy allocation. The extracted
factors 1 + ¥ are identical in the two partition integrals even at a wall.

Here are uniform estimates that justify these operations and the claimed norm. The analytic
derivative sums of w — 1, w~™! — 1, and of the conditional first and second moment errors relative to
N(0,dp) are O(e~). Indeed a nonzero Fourier mode and its analytic derivatives are bounded by

C(1+ [gla)te™ e o/,

where a is fixed for polynomial insertions and h; > hg is a fixed radius reserve. Their sum is
O(e=) uniformly for small s. The conditional normalization is bounded away from zero, and its
inverse has the same estimate by its convergent geometric series.

For the remaining derivative sums, fix all constrained lattice indices. Then ¢, + &, = why, — Jy,
so E, is independent of ¢ in that summand. A derivative consequently falls on Gaussian densities
or conditional normalizations. The absolute derivative sum of a density at £ is bounded by that
density times

exp{h1|¢|/do + h3/(2do)}-

This follows by expanding the exponential generating function of the Hermite derivatives and
replacing its coefficients by their absolute values. Uniformly over translated lattices of mesh w < 1,
their Gaussian sums, multiplied by w, are bounded when one inserts this factor and <€ for any
sufficiently small fixed € > 0. To see the uniformity, cover the line by its mesh intervals, compare
the Gaussian envelope on each interval with its integral over that interval and its two neighbors,
and sum; the bounded number of intervals around the maximum contributes a bounded amount.

Now expand F, as (w, — 1) 4+ w,(e*F*/2 — 1). Each occupied site costs C(z + |s|), using
leV — 1| < |y|e¥!. Each Gaussian variable appears in a bounded number of local energies. The
preceding square exponential bounds absorb its factors, while the remaining field polynomials and
their small quadratic exponent are absorbed by W (X, ¢). Since |s| can be made arbitrarily small,
this works for any subsequently fixed positive regulator exponent. The result before decorations is

Ko(X)1,x,6 < [C(z + [sDIMWE (X, 6).

The same argument with eV — 1 — y| < %|y[26|y| bounds a singleton Taylor remainder by Cs?W}.
Conditional first and second moments then give

Econa By = €u(¢) + Eed(€) + O(2) W

in the untwisted bulk norm. Its scalar term is removed by (5.14), leaving exactly sep/2 at first
order. All multi-factor and decoration errors are quadratic by the explicitly convergent expansion
in Proposition 4.8. Starting that expansion at a larger fixed site weight absorbs its decoration cost
and proves (5.11). The fixed bound (), adds only a constant depending on C,, per touched site to
these estimates. Finally, when 7 = 9\ and A = ¢ (mod w), both the constrained Gaussian lattice
sum and its energy become their untwisted versions at ¢ + A. The extracted constants were chosen
independently of the twist. This proves the last two assertions as exact identities, not asymptotic
estimates. O

5.3 Bulk shooting, free walls, and the height coefficient

Fix the geometric connection radii, the small-component threshold, and a clearance H much larger
than these constants and the covariance range constant. Choose Dy much larger than H. Choose
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the regulator parameters §, then x, small enough for both x and 2k; choose hg large, then the
power of two L large. Finally choose the defect and untwisted weights Ap, Ay, with Ay /Ap large.
Only after these choices is b taken sufficiently large. Thus constants depending on these choices
are fixed, and the smallness conditions for microscopic initialization and the uniform decaying
recurrences are achieved by increasing a single lower bound on b.

Proposition 5.4 (Scalar tuning). There exist by < oo, p € (0,1), and, for each b > by, a choice
s = s(b) = O(e~) independent of the domain, sources, and translation of the block hierarchy,
such that the plane activities obey

KUX) = Lxqmyden + P, wy = I+ [Py < Copd. (5.15)
Proof. Start with ¢y = s and Proposition 5.3. On small inputs from P; use neutral quadratic local-
ization and charged contraction. For the singleton ¢jep/2, assign its entire Gaussian expectation,
including its scalar part and its unchanged gradient part, to its coarse singleton. The scalar part is
bounded by the positive-derivative estimates in Lemma 4.1. The maps commute with translations
by full blocks and with square rotations and reflections. Lemma 4.5 therefore makes the sum of the
assigned Hessians a scalar matrix, constant over the full coarse block; the sum of its nonconstant
pieces is exactly t;11ep//2. Consequently the exact map has

tit1 =t +0;(Pj), o (Py)] < C|IPsl (5.16)
[Pjs1ll < OIPsll + Croay (1] + P12 (5.17)

Here 6 > 0 is as small as desired. Indeed there are O(L?) small fine inputs per output, and
their neutral and charged remainders are O(L~3) and O(L~%), respectively. Large inputs have an
arbitrarily small weight gain. The separately assigned gradient input has zero subtracted linear
remainder, and all remaining operations cost the quadratic term in (5.17) by Proposition 4.8.

Choose 0 < p < 1, let ¢ = C4z, and take fixed T, Cy large. For s € [—Te,Te], as long as
|t;] < Tep’, induction in (5.17) gives ||P;]| < 2ep’. At j = 0 this follows from C(s* + 2) < 2¢ for
sufficiently small z. For the induction step, choose z so small that

20ep’ + Cp ay, (T +2)%e?p% < 2epi T,
At either boundary t; = £Tep’ of its envelope, (5.16) gives
+tj41 > (T —20)ep’ > Tep ™,

provided T'(1 — p) > 2C. Thus a boundary hit is followed by a strict exit on the same side.

The finite prefix of the map is continuous in s while these bounds hold. This assertion requires
only continuity at each fixed support and each fixed derivative, rather than continuity in a stronger
completed norm. For a fixed support there are finitely many fine supports in a step; the Gaussian
variables can be coupled by rescaling as s varies. The analytic norm and regulator bounds, with
their parameter reserve, dominate the relevant expectations, and dominated convergence applies
inductively, also at converging real backgrounds and directions. The Hessian coefficient is a finite
local sum and is therefore continuous. The bound permits computing one additional step at an
envelope boundary.

Classify a parameter by the side of its first eventual exit. These two classes are disjoint and
relatively open: a strict exit persists by finite-prefix continuity, while an equality at a first hit forces
a strict exit one step later and has the same property. They contain the two respective endpoints of
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the interval. They cannot cover a connected interval. A parameter in their complement remains in
every envelope, which proves (5.15). Translating all plane blocks conjugates exactly the local maps
and their scalar coefficients, so the same chosen parameter works for every translated hierarchy. [

Proposition 5.5 (Walls and arbitrary integer side lengths). On each free square of side M = 2n,
for every integer n, and on each periodic square of side LY, the untwisted activities are exact
copies of the tuned plane activities wherever the required local neighborhoods miss the walls or
unwrap on the torus. If w; is their full norm on the remaining supports, then for some p < p1 <1,

wj < Czp). (5.18)

After the scalar factors of the local maps have been extracted, the terminal partition average tends
to one as M — oo.

Proof. Use the nested cuts of Lemma 4.3: a free end block has side length between m and 2m,
and every retained cut lies at least m from the ends. No divisibility of M is needed. Use the
stopping convention of Lemma 4.1: for M > Dy, stop at the largest nonnegative power m, of L
strictly below M/Dy; for M < Dg, put m, = 1 and integrate no shells. In all cases M /m, < DyL,
so the number of terminal blocks is bounded by a constant depending on Dy, L, and m, — oo
along every integer M — oo. Whenever m, = 1, the only activity level is the initialized level, and
the asserted norm bound is its 5 = 0 bound. Bounds on physical ratios in these finitely many
boxes are obtained directly from their positive exact finite partition sums.

Call a support bulk-good when its sites lie at distance greater than Hm from free walls. On
the torus require that it fit in coordinate arcs leaving gaps greater than Hm in both periods. All
other supports are wall supports. Localize small bulk-good inputs using exactly the plane pieces,
even if the shell being integrated could itself reach a wall from that input. For small wall inputs
subtract only the neutral constant of the full activity, with no gradient localization. The resulting
maps remain exact by Proposition 4.8.

For a bulk-good output every contributing fine support, the one-step neighborhood of every
assigned piece, and each singleton normalization lies in the output neighborhood with the clearance
used in its definition. The source support of a shell path lies within 2pS. Taking H larger than
these range and assignment constants makes these fine data bulk-good and makes their kernels
identical to the plane kernels. Connectivity and exclusions also agree. Induction proves the exact
copy assertion. For a torus, the gaps provide a common lift of each connected neighborhood;
block-period translations preserve the plane prescriptions, so the same assertion holds across a
chosen cut.

Small wall supports in a fixed coarse output can lie only in a strip of bounded fine width next
to a physical wall. There are O(L) such placements. Each activity is even under field negation,
and constant localization therefore leaves O(L~2) by Lemma 4.5; its charged part has the stronger
charged gain. There are no small wrapping inputs before the stopping scale on the torus. Large
inputs gain by weight. Good linear inputs that can feed a wall output are bounded in full by
Cr, A, 15, including their assigned gradient pieces; no cancellation of these pieces on a wall output
is asserted. The nonlinear estimate in Proposition 4.8 gives

w1 < 0w + Cpayuj + Croay (uj + wj)?. (5.19)

Initialization gives wy = O(z) because s = O(z). Substituting (5.15) and iterating the geometric
convolution in (5.19), with z small, proves (5.18) for any fixed p; > max(p, #) sufficiently below
one. At the terminal scale only boundedly many blocks remain. Every nonempty term of their
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finite polymer partition has at least one activity whose norm tends to zero. Lemma 4.4 and the
terminal part of Lemma 4.1 bound its Gaussian expectation uniformly. The empty term equals
one, proving the last assertion. ]

Proposition 5.6 (Identification with the height coefficient). For all sufficiently large b, the
parameter tuned in Proposition 5.4 satisfies
m2b _ 5eH(Jnn77T2b)

Kv(b)

2y —
/Beff(Jnn>7T b) 1 —l—S(b)? 2

(5.20)

The first identity is obtained from the same bulk map as the spin-source estimates below.

Proof. First increase the lower bound on b so that Corollary 8.7, applied with J = J,, and
k = B/v2, = 4n2b, gives a(k) > 0. Thus the hypothesis of Theorem 3.8 holds at the bare height
temperature 8 = 72b, independently of the Villain calculation below. The physical roughness
criterion in Corollary 3.9 places this input in the rough regime; we may further increase the lower
bound to lie strictly above its finite threshold.

Let f be a smooth real mean-zero test on the unit torus. Set

fu(w) = 27vb M2 (f(’u/M) — M_QZf(w/M)> .

Then (far, ) is precisely the test of the centered field o = 27v/b1). Gaussian translation, after
the initial convolution (or first against a bounded smooth comb regularization), gives the Laplace
prefactor

exp{(fa, Gfum)/(2(1 + s))} (5.21)

and translates the entire interaction and comb by x = G fy/(1+ s). Every exact partition identity
with its fixed subtractions is an identity as a function of background field. Therefore the same
scalar factors may be used, and the source ratio is the ratio of terminal averages with backgrounds
¢+ x and ¢.

Fourier series and the rapid decay of the coefficients of f show that M|Vx| and M?2|V?x| are
uniformly bounded. For example the discrete inverse multiplier divided by M? tends on each
nonzero fixed mode 7 to (472|r|?)~!, and repeated summation by parts bounds the sampled source
coefficients by Cp(1 + |7])~ uniformly up to the lattice cutoff. Multiplication by one or two scaled
differences leaves an absolutely summable series. The terminal regulator evaluated at ¢ 4+ x thus
has bounded expectation, using its positive-order Gaussian bounds and a small parameter reserve.
The decaying terminal activities in Proposition 5.5 make both terminal averages tend to one. All
manipulations with combs are legitimate by the initial positive Gaussian lattice sums and the
domination in Proposition 5.3.

The same Fourier calculation in (5.21) gives

272b
1+ s

log Ee/™¥) — == —(f,(~Ar)""f).

Thus its covariance coefficient is 472b/(1+5). The coefficient in Equation (1.6) is Begt /v2,, = 4Bes by
(5.7); uniqueness of the torus coefficient in Theorem 3.8 gives (5.20), using the positivity established
before this calculation. This comparison uses no inference from smooth height convergence to a
spin observable; those observables are treated through (5.8) next. O
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5.4 Marked plaquettes and one spin amplitude

For a source configuration write k for its number of signed unit marks, counting multiplicity. A
support at scale m is shift-good if the rectangle spanned by its sites, enlarged by Hm, misses all
marks. Otherwise it is a defect support. These classifications may overlap the wall classification.
The norm on defect supports uses (2x, Ap); untwisted norms continue to use (k, Ay).

Proposition 5.7 (Translated copies and defect flow). There is a choice of exact twisted maps with
the following properties. On every shift-good support the twisted activity is exactly the untwisted
activity at the local lifted translate. For k < 2 at every scale, or for arbitrary fized k with source
separations at least eM at scales

S=Lm<ceM/(k+1), (5.22)
the full defect norm v; satisfies
vit1 < Ovj + C(uj +w;) + C(uj +wj +v;)?, v; < Czply,  p1 < p2<1. (5.23)

The constants in the decaying regime are independent of k under (5.22). For each fized ke,
the remaining bounded number of scales preserve an o(1) bound as M — oo. Consequently,
after extracting the designated scalar factors, the twisted terminal partition average tends to one
uniformly for separated interior configurations.

Proof. Use the initial activities in Proposition 5.3. For small shift-good inputs use exactly the
pieces of untwisted localization, evaluated at their common lift. Designate for extraction exactly
the same scalar coeflicients as in the untwisted map. In particular the value of a translated
gradient polynomial at zero background is retained inside that polynomial; it is not added to the
designated scalar. For a small defect input use only the neutral constant localization in the original,
untranslated field variable. These prescriptions are permitted exact splittings in Proposition 4.8.

The translated-copy assertion follows by induction. If an output is shift-good, every fine input,
assigned piece, and singleton normalization entering it fits in its enlarged rectangle. Clearance
provides a common source-free lift throughout that rectangle. The induction hypothesis then
translates all products and Gaussian convolutions by the same field, and the identical pieces and
designated constants preserve the equality. A defect output requires no lift on its entire support. In
particular a gradient piece from a good input is translated on the fine block where it was assigned;
moving its support label to a coarse singleton does not evaluate a singular lift at a source core.
All activities remain periodic under a uniform background shift by w.

The estimates for translations can be stated directly in the regulators. On the collar of a
good input, (5.10) bounds m|VA| and m?|V2)\| by a constant. For k < 2 this is uniform without
separation. Under (5.22), put d = eM. At each collar site v, at most one mark has distance
strictly less than d/2 from v; every other mark has distance at least d/2. The collar is at distance
at least (H — C)m from every mark. Hence, pointwise at v,

m r+1 m r+1

Since m < cd/[L(k + 1)], the right side is bounded independently of k. At the initial scale m = 1,
the same division into one nearest mark and the remaining marks, with the nearest contribution
bounded by one without a clearance assumption, gives the fixed bound on sup |n| required by
initialization. Using OA = 1 and summing the pointwise bounds over the collar gives

Un(X, ¢+ A) <2Un(X, ) + C|X].

mT—H’Vr??(U)‘ < Crb_l/Q
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The weight reserve Ay /Ap absorbs e“rIX1 and the regulator exponent doubles. Common values
of the lift cause no loss since the norm is a supremum over real backgrounds; only its derivatives
enter the regulator. Assigned gradient pieces on a good fine block are bounded on their coarse
singleton by the same estimate: mn is bounded there, and the coarse field gradients and analytic
test gradients have their prescribed bounds. Hence all linear forcing from good inputs is bounded
by C(uj + wj), including pieces that reach a defect output.

Small defect inputs within a specified coarse output have only O(1) possible fine placements
per nearby mark, because they have bounded fine diameter and their enlarged hull reaches a mark.
In the regime under consideration at most two marks are locally relevant; counting multiplicity
covers a repeated pair. Field-negation symmetry can fail for a twisted input. Its neutral constant
subtraction nevertheless gains L~! by Lemma 4.5; O(1) placements make this a contraction. The
charged contraction of Lemma 4.6 and the large-polymer weight gain treat the other linear terms.
Products, relocations, and decorations have the quadratic bound of Proposition 4.8, now using
its allowed exponent 2. This proves the first inequality of (5.23). Initialization uses sup |n| < C
from Lemma 5.2. Iterating with (5.15) and (5.18), and decreasing z if needed, proves the second
inequality.

For fixed k, ¢, failure of (5.22) occurs only once m is a fixed positive fraction of M, up to
a factor depending on k,¢, L. For sufficiently large M, let j. be the last activity index in the
decaying regime. It satisfies j. > log; M — Cj ., so the entering activity norms are at most
CrezM logrr2 = o(1) at the already fixed b. There are only boundedly many later scales and
boundedly many blocks at their start. Crude versions of the same finite sums and Gaussian
estimates have constants and positive smallness radii allowed to depend on k,e. The entering o(1)
eventually lies inside each such radius, and every remaining map has no term independent of the
activities, so finitely many maps send o(1) to o(1). On good inputs the scaled lift derivatives are
bounded by a k-dependent constant, and all weight losses occur on boundedly many blocks. The
terminal Gaussian regulator estimate proves the stated convergence of the terminal average. Here
k is fixed before M — oo; no increase of by with that fixed order is needed. O

Proposition 5.8 (A location-independent amplitude). For the single parameter s(b) chosen in
Proposition 5.4, there is c¢(b) € (0,00) such that for every fized k and every sequence of signed unit
sources tending to distinct interior points,

Rn,b (i §15:):1> — C(b)k~ (524)

=1

The limit is uniform on separated compact configurations. For k < 2 the ratios are bounded above
and below by positive constants uniformly in the locations, signs, coincidences, and sufficiently
large n. Moreover |logc(b)| < Cz.

Proof. Let a;.:VB, and aj g be the designated constants of one exact map. Their differences can only
come from small defect inputs. On good inputs they were designated to be identical, including
when a translated gradient piece has a nonzero value at zero. There are boundedly many relevant
fine supports near each mark, and their norms in the decaying regime give

Z a5 — af pi| < Chzp), (5.25)
B/

All individual constants are real and uniformly small. Thus 1+ a; g > 0 and |log(1 + a) — log(1 +
a')| < 2|a — d| for the values occurring here. The initial constants agree exactly. The exact
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partition identities therefore give

Laty, T
log R p(l) =Y log 2B | jog b, (5.26)
B 1t4p Tob

where the two terminal factors tend to one. The logarithmic tail in the sum is bounded by Ckzpy
beyond depth J in the decaying regime. The bounded number of late steps for a separated
configuration contributes o(1). For k < 2 there are no such late steps, and the terminal factors
stay bounded above and below uniformly for large n. Finitely many smaller boxes can be included
by their positive exact partition sums. This proves the uniform ratio bounds.

For a single interior mark, translate all nested cuts by its lattice location. This changes neither
the physical ratio nor the tuned scalar parameter. At every fixed depth the scalar differences in
(5.26) are calculated in a bounded neighborhood of that mark, in fixed relative block positions.
Eventually the kernels there equal the plane kernels. Lemma 5.2 makes their increments tend to
those of the isolated plane source. Their phases modulo w tend to the corresponding isolated phases
up to a common phase offset. Such an offset translates the background argument; neutral constant
projection is invariant under this translation, and the designated good constants were already
fixed. Thus it does not alter a scalar difference. Negating the source and the field also leaves
these constants unchanged. Continuity of each fixed local map in its finitely many phases and
increments follows by the Gaussian lattice-sum domination in Proposition 5.3 and the finite-depth
dominated-convergence argument in Proposition 5.4. Each fixed-depth log increment therefore
tends to a value independent of source location and sign. The summable tail (5.25) defines a finite
real sum log ¢(b), with |loge(b)] < C=z.

To treat k separated marks, use one hierarchy for their joint problem and for each of the &
corresponding single-mark problems. At any fixed depth their scalar-difference neighborhoods are
disjoint for large n. Near one mark the contributions of the other marks to the connection tend to
zero by (5.10); their remaining common phase offsets have no effect on the neutral constants. The
local calculations consequently approach those of its single-mark problem. The position of a mark
relative to all cuts through a fixed depth has only finitely many possibilities. Passing over these
possibilities gives uniformity without selecting a subsequence. The physical single-mark ratio has
the limit ¢(b) regardless of the hierarchy, as just proved using translated cuts. More explicitly,
for a single unit source | = ¢, let S?f be the scalar log sum through depth J in a hierarchy H,
continuing its exact single-mark maps gives

llog Ry (1) = SH| < C2p] + 04 (1)

uniformly in the cuts under consideration. The full physical ratio is exactly independent of H;
the finite-depth sums need not agree. Its limit from the mark-anchored hierarchy therefore places
every residue-class limit of S:’}" within Czpd of logc(b). Finally let the fixed depth tend to infinity
in (5.25). The terminal and late-step errors vanish, yielding (5.24) and its uniformity. O

Corollary 5.9 (Normalized correlations). Put K = Kv(b) = b/(1 + s5(b)) and Ay (b) = c(b)~1,
and write

Zn,x = AV(b)eGn(%m)/(QK)eiem, Z +) = Zn,a?v Z(_) = Znyx'

n,x n,T

For distinct limiting interior locations and any signs,

i=1 i<j

k
1
E H Zr(fgg)Z — exp{—K ZgﬂjGD(:ci,xj)} . (5.27)
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All signed lattice expectations in this display are nonnegative. For some Q < 2 and every compact
interior set, uniformly in n,x,y there,

0<EZ$)LZT) < Oz —y| +n71) 7€ (5.28)

n,x“ny =
These conclusions hold along the full sequence of integers n.

Proof. Insert (5.24) into (5.8). The exact identity

(1,Gpl) ZG Ti, T —1—2299 (i, x5)

1<j

holds for a list of unit sources, including repeated sites when the list is retained with multiplicity.
Its self-energies cancel the full diagonal multipliers, leaving the off-diagonal expression. The factors
A%, cancel ¢(b)¥, and the off-diagonal convergence in Lemma 4.2 proves (5.27). In particular no
finite spatial part of the Dirichlet diagonal has been discarded.

The original current sums have positive coeflicients, so every signed expectation is nonnegative.
The maximum principle gives G, (z,y) > 0. For two unit sources, Proposition 5.8 bounds the
remaining ratio without separation. The logarithmic estimate in Lemma 4.2 then bounds the worst
sign choice by Cexp{Gy(x,y)/K} and hence by the right-hand side of (5.28), with @ = Cy/K.
Increasing the fixed lower bound on b makes @ < 2, since s = O(e~**) and K /b — 1. For repeated
opposite sources this also bounds A%/eG" (@.2)/K 56 the diagonal case is included. The arbitrary-side
construction of Proposition 5.5, together with the finite-residue comparison in Proposition 5.8,
establishes the assertion about the full sequence. O

5.5 From spin correlations to the full complex field

This subsection isolates the probabilistic argument used for both spin models. All test functions
have compact support in D = (—1,1)2. Write D,, = [~1,1]> N n~1Z? and let D2 be its interior
vertices. Here GG, is the inverse of the killed, unscaled nearest-neighbor graph Laplacian, with zero
values on the boundary; there is no factor n? in this graph Laplacian. For a complex distribution
T, write T+ (f) = T(f) and T~ (f) = T(f); thus the test function is not conjugated when the sign
of the field is changed.

The plane-rotator Lee—Yang theorem has its origins in Dunlop—Newman and Lieb—Sokal [12, 28].
The precise finite-graph XY and Villain statements used below are those of Newman—Wu. They
attribute an earlier Villain Lee—Yang result to Frohlich-Spencer [17] and Bellissard, and give the
detailed finite-graph proof used here [33].

Lemma 5.10 (Lee—Yang absolute moment bound). Consider a finite ferromagnetic XY model, or
a finite Villain model with positive edge parameters, with all boundary angles fized to zero. For
arbitrary deterministic numbers Ay > 0, put W =3 o€ and v =FE|W|2. There is an absolute
constant C such that

Wil < Cypv'/2, p>2. (5.29)

Moreover, for every list of vertices, allowing repetitions, and every list o; € {—1,1},

E exp <Z'ZO'Z‘9%> > 0. (5.30)
i=1
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Proof. Let U be an independent uniform angle and rotate every spin, including all boundary
spins, by U. The resulting boundary angle is common and uniform. Conditional on that angle,
subtracting it gives precisely the original fixed-boundary measure. Put X = Re(e!VW). The
Lee—Yang Theorems for finite XY and Villain graphs, including this boundary convention and
nonnegative vertex weights, assert that Ee*X has only imaginary zeros [33, Theorems 1 and 3,
Remark 5]. For the square used here, the theorem can be applied before boundary fusion: attach a
single new vertex of observable weight zero to every original boundary vertex, and let these added
ferromagnetic couplings tend to infinity. The approximating graphs are simple, and their limit is
exactly the common uniformly rotated boundary law in Remark 5. Thus no multigraph convention
is needed after fusion. The variable X is symmetric and bounded, so it satisfies the exponential
square-integrability hypothesis of Newman and Wu [33, Proposition 13]. That proposition gives

Ee*X = ¢B%* H(l + zQ/yJQ»), B >0, Zyj_z < 00, B+ Zyj_Q = %IEX2.
J J J

For real ¢, the inequality 1 4+ v < e therefore implies
Ee!* < exp (%tQEXQ) = exp(t?v/4). (5.31)

The equality uses uniform rotation, which gives EX = 0 and EX? = v/2. The same statement
applies to Y = Im (e W), since its law equals that of X. When v > 0, Chernoff’s Inequality and
leUW |2 = X2 + Y2 give

P{|W| > r} < 4dexp(—r?/(20)), r > 0.

Integrating prP~! times this bound proves (5.29). If v = 0, then W = 0 almost surely and the
conclusion is immediate. The rotation has not changed |W|. In particular, the estimate concerns
the original fixed-boundary field, even though the scalar Lee—Yang Theorem was applied after
rotation.

For positivity, orient the edges arbitrarily and expand each edge kernel in its absolutely
convergent Fourier series. For XY, its coefficients are

B 00 (b/2)2r+|k|
1) = Zrl(r + [k])! =

They are strictly positive when b > 0; at b =0, Ip(0) = 1 and [;(0) = 0 for k£ # 0. For Villain they
are a common positive constant times exp(—k2/(2b)). These formulas also apply edge by edge
when the parameters vary. Integration of the interior angles restricts the integer edge currents to
the divergence prescribed by the inserted integer charges. The fixed boundary angles contribute
the factor one and impose no further constraint there. Every surviving summand is nonnegative.
The denominator is positive, proving (5.30); repeated vertices merely add their charges. O

Lemma 5.11 (Circle Wick field and all mixed moments). Let K > 1/(4w) and let ®p be the
zero-Dirichlet GFF with covariance Gp = (—Ap)~t. For circles contained in D, define

iq)D,e(x) + E¢D,E($)2}
VE 2K '

There is a complex random distribution Vi p such that Vo(f) — Vi p(f) in every finite LP for
every f € C(D;C). The convergence also holds in local mean-square H=2 and hence in probability
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in Hy2(D). Form > 1, 0; € {~1,1}, and f; € C(D;C),

EHVI?jD(fZ) = / Hfl(xl) eXp{—Il{ZO'iO'jGD(JUi,ZEj)} H dl‘l (532)
i=1 D™ iy i=1

i<j
The integral is absolutely convergent. In particular, EVk p(f) = [, f(x)dx.

Proof. Fix a compact set £ € D containing all supports, and choose 0 < p < 1 so that the
closed 2p-neighborhood of F is contained in D. On that neighborhood the fundamental-solution

decomposition is
1 1
Gp(u,v) = —1

+ Rp(u,v),

where Rp is smooth, in particular bounded, also across u = v. Write ¢ = (2rK)~! < 2. For
a,b < p, let Cyp(x,y) denote the covariance of the two circle averages of ®p/v K. We first prove
the uniform estimate

1

max{|z —yl, a, b}

Cap(z,y) = qlog + Op,k(1). (5.33)
This includes coincident centers and equal or unequal radii. Indeed, if r = |z — y| and M =
max{r, a, b}, the double circle average of the logarithm of the distance is

1 [or ,
Lop(r) = %/0 log max{a, | + be'|} dt.

This follows by first averaging over the circle of radius a and using % [log|z — ae®|dt =
log max{|z|,a}. Pointwise comparison gives L, (r) < log(2M). If a = M, its integrand is at least
log M. Otherwise its average is at least the average of log |r + be'|, which is log max{r, b} = log M.
Thus log M < Lgy(r) < log M + log2. The bounded remainder gives (5.33). The logarithmic
integrals in this calculation are finite, so it also justifies the covariance of every circle average used
here.

Gaussian integration, with the full diagonal variance subtracted from the characteristic exponent,
gives for arbitrary radii €1,...,6m <p

i=1 i<j

E H VE‘:Z(J}Z) = exp {— ZO’inCahaj (a:i, JIJ)} . (534)

Here the pointwise superscript means complex conjugation for sign —1. For distinct centers and
m > 2, set
d; = min{p, rjn#l |z; — 25|}, ri = max{e;, d;/4}.

The enlarged circles remain in D. For i # j, both d;/4 and d;/4 are at most |z; — x;|/4, whence
max{|z; — xj|,ri,rj} = max{|x; — x|, &, ¢}

Equation (5.33) shows that replacing the radii by r; changes each off-diagonal covariance by a
bounded amount. The covariance matrix C” of the enlarged circle averages is positive semidefinite.

Therefore 1 1 1
i @] i

1<j
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Since C}; < qlog(4/d;) + CEg, Kk, we have the domination

0<EJ[ VS (2) < Crgem [[ d; . (5.35)

For m = 1, the expectation is exactly one. The constants in (5.35) are independent of every radius,
which is essential when two different regularizations are compared.

Here is an explicit proof that the dominating function is integrable. Put a = ¢/2 < 1. Each
factor satisfies

di_a < pfa + Z |$l — wj‘fa.
J#i

Expanding the product gives finitely many directed graphs on {1,..., m}, each vertex having at
most one outgoing edge and no self-edge. An edge i — j contributes |z; — 2;|7%. Every component
is a tree or a tree attached to a single directed cycle. Integrate vertices with no incoming edge
first. Such a vertex has at most one remaining incident edge, and

sup/]a;—y|*sd37<oo, 0<s<2,
yeEJE

by polar integration over a fixed disk containing all differences £ — E. This removes all attached
trees at a uniform cost. A two-vertex directed cycle contributes |x — y|~2?, which is integrable
because 2a = ¢ < 2. On a cycle with at least three vertices, integrate one vertex using

1/2 1/2
/ |z —y| %z — 2| dx < (/ \x—y_zadx) (/ |x—z\_2adw> < Cga-
E E E

The remaining graph is a path and can be integrated from its ends. Isolated vertices contribute
|E|. This proves integrability of every term of the expansion, including all simultaneous collision
configurations.

At distinct centers, the covariances in (5.34) tend to Gp(z;,x;)/K as all radii vanish, without
any constraint on their relative rates. Dominated convergence now gives convergence of all
integrated mixed kernels. In particular, the second mixed kernel with radii €, shows that V.(f)
is Cauchy in L?. Uniform bounds on the even absolute moments follow by applying (5.35) with m
positive and m negative signs and bounding the test functions by their suprema. The L? limit and
these bounds imply convergence in every finite LP: for a given p, use a uniform even moment of
order strictly larger than p and uniform integrability. Holder’s Inequality then passes every mixed
product to the limit and proves (5.32).

For completeness, the limits form a random distribution. Embed the square in a larger flat
torus and let e,, v € Z?2, be its normalized Fourier basis. For x € C2°(D), the second-kernel bound
gives

sup E|V.(xe,)|? < oo.
e,V

Each coefficient is Cauchy in L? and 3, cz2(1+|v|*) ™2 < co. Dominated convergence in this series
proves that x V. is Cauchy in L?(€2; H=2). On a countable nested family of cutoffs these limits are
compatible, because multiplication by a fixed smooth cutoff is continuous on H 2. They define
Vk.p € ngf(D) almost surely, with the claimed local convergence. In particular this construction
uses the circle averages and the complete Dirichlet variance specified in the statement, including
its finite spatial part. O
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Theorem 5.12 (Transfer from signed correlations to the full spin field). Fiz one of the ordinary
nearest-neighbor XY or Villain models on D,,, at a fixed positive inverse temperature, with zero
boundary angles. Suppose there are constants K > 1/(4m) and A > 0, independent of n, with the
following properties. Put

an(z) = Aexp{Gu(z,2)/2K)},  Up(x) = an(2)e™™,  S7(f)=n"2 Y [(2)U(x).

zeDy,

(i) For every m > 1, every signs o; € {—1,1}, every E € D, and every 6 > 0, uniformly for
x; € EN Dy with |x; — xj| > 0 fori # j,

EﬁUgl(le) —exp{—ll(ZUiajGD(a:i,xj)} — 0. (536)

i=1 i<j
(ii) There is Q € [0,2) such that, for every E € D, some Cg < oo satisfies
0 <E[UZ(2)Uy ()] < Ce(lz —y|+n~") "¢ (5.37)

for alln, all x,y € EN Dy, including x =y, and all o,7 € {—1,1}.

n’

Then
St = Vgp in Hy (D)

loc

along the full sequence of integers n. All finite collections of complex smeared fields converge
jointly, and every mixed moment of such a collection converges to (5.32).

Proof. All signed products of the U,, have nonnegative expectations by Lemma 5.10, since their
deterministic multipliers are positive. We first record consequences of (5.37). If B is a square of
side d < 1 in a fixed compact interior set, then

Sy (18)]” < Cp(d+n~1)"9. (5.38)

To verify this including the lattice diagonal, fix x € BN D,,. The number of lattice points y with
j/n<|z—y| < (j+1)/nis at most C(j+1). Writing h = n~!, summation up to C(d/h+ 1) gives

Y (a—yl+h)@<or’? Y (G+D"9<Cd+ R
yeBND, J<C(d/h+1)

There are at most C(d/h + 1)? possible z, which proves (5.38). The same summation on any fixed
compact set gives a uniform second-moment bound for its indicator smear. For arbitrary complex
weights supported there, positivity and the two-point bound imply

E[S;(f)I? < Cell fll2. (5.39)

Lemma 5.10 applies to S, (w) for every nonnegative weight function w, since n=2a, (z)w(z) > 0.
Decompose a complex f as

f=Ref)y — (Ref)—+i(lmf); —i(lm f)_.

Each of the four weights is nonnegative and at most || f||co. Minkowski’s Inequality, (5.29), and
(5.39) give
155 (Dllee < Cevplfleos P22 (5.40)
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uniformly in n. This estimate applies to bounded weights, so indicators used in the collision
argument cause no smoothness issue.

Fix m > 2, signs o;, and test functions f; supported in £ € D. Expand the mixed moment as
a lattice sum. For a specified pair of indices i, j, consider the part where |z; — ;| < d. A grid of
squares of side d, enlarged by a fixed factor, provides at most Cgd~—? squares B containing every
such pair. For d small these enlarged squares lie in a fixed larger compact £/ € D. Nonnegativity
of every signed correlation and |f;| < || fil|lco show that the absolute value of this part is at most a
fixed test-function factor times

Y E|Sti(s)sy’(1s) I] S7r(le)
B r#i,j

The expectations in this display are nonnegative; their absolute values are bounded by the
expectations of the products of absolute values. Holder with m equal exponents and Lemma 5.10
give for each square

E |S7i(1)Sa' (15) I S7r(1e)|| < ComElSy (15)* < Crm(d + 0719
r#i,j

Indeed, each of the two box factors has L™ norm at most a constant times its L? norm, and all
other factors have uniformly bounded L™ norm. Consequently the contribution from all collision
pairs obeys

lim sup |collision contribution at distance d| < Cg . f,... 1, d>~ @ — 0. (5.41)
n—oo
This includes repeated lattice sites and every combination of signs; it does not assume a correlation
inequality for absolute values of individual spins.

On configurations with mutual distances at least d, use (5.36). Its uniformity and boundedness
show that the lattice sums converge to the corresponding integrals of the continuous separated-point
kernel. One can use a smooth cutoff which vanishes when a pair is within d and is one when all
pairs are at least 2d apart; its Riemann sums converge directly. The omitted lattice contribution
tends to zero by (5.41). The omitted continuum contribution tends to zero by the integrable
domination in Lemma 5.11. Letting d | 0 proves convergence of the mixed moment to (5.32). For
m = 1, uniformity in (5.36) on the support and ordinary Riemann summation give the assertion
without a collision step.

These moment limits identify the joint laws. For any finite list fi,..., fi, each real linear
combination Z, of the real and imaginary parts of the S, (f;) satisfies || Z,|/» < C\/p by (5.40).
Thus, for every t < oo,

tZn] < 00;

sup Ee
n

this follows by expanding the exponential, since (Ct,/p)?/p! is summable in integer p. Every
even moment of the corresponding linear combination Z of the Vi p(f;) is the limit of the lattice
moments just proved. The same moment bound and the same exponential-series argument give
Eetl?l < co. Its characteristic function is therefore determined by its moments, by absolute
convergence of the exponential series. The finite-dimensional lattice laws are tight by their second
moments. Along any weakly convergent subsequence, the uniform moment bounds make every
polynomial uniformly integrable; hence its limit has the continuum mixed moments. Every
real projection of that limit has the characteristic function of Z. The Cramér—Wold Criterion
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identifies the vector law with that of (Vik p(fi),...,Vk.p(fx)). All subsequential limits agree,
giving full-sequence joint convergence of both real and imaginary parts.

Finally choose a larger flat torus containing D, and a nested sequence of smooth cutoffs x;
exhausting D, with x;41 = 1 on a neighborhood of supp x;. Equation (5.39) gives, uniformly in n
and the Fourier index v,

EIS; (xen)? < C.

Therefore
SngHXquTH%H <C; Y (1+v*) 7% < oo, (5.42)
VEZ?

The embedding H~2 < H~3 on the torus is compact: truncate the Fourier series and use that
the ratio of the two squared weights is (1 + |v|?)~! — 0. For any 5 > 0, choose bounds R; so
that the sum of the Markov bounds C} / R]2 from (5.42) is below n. The simultaneous constraints

Ix;Tllz—> < R; have relatively compact closure in H, 3(D), by this compact embedding and
a diagonal subsequence argument. Compatibility of cutoff limits follows from continuity of
multiplication by the cutoffs, so the resulting local limits are distributions. This proves tightness
in ngf(D). The already identified test-function laws identify every subsequential limit in that
space: a countable dense family of smooth compactly supported tests separates distributions and

generates its Borel sigma-field. Hence the full sequence converges to Vi p there. 0

Remark 5.13 (Exact analytic interface for the two models). The hypotheses of Theorem 5.12
can be checked directly from the marked-source output, without an additional field-limit input.
Suppose the output for either model has the form

Eet ZZ 0ilz; _ exp{—(g, Gng)/(QK)} Rn(g), = Z O-Z'(Sx”

where, for every fixed separated list of m unit marks, R,,(¢) — ¢™ uniformly on separated compact
sets, with one ¢ € (0,00) independent of signs and locations. Assume also that R, (¢) < Cg for
one or two marks, including repeated locations. Take A = ¢~!. Multiplication by all prescribed
diagonal factors gives the exact identity

EH Ugl(xl) = AmRn(é) exp {—[1{ ZUinGn(xi,xj)} . (543)

1<j

It holds also at repeated locations, by expanding (¢, G\,¢) before cancelling the individual diagonal
terms. Off the diagonal, convergence of the lattice Green kernel to Gp gives (5.36). The usual
form of the required Green estimates is

1
0 < Gp(z,y) <Cp+ Cglog, z

W, m,yEEﬁDfL,

where log, t = max{logt,0} and C¢ is independent of the spin inverse temperature. Together
with the two-mark bound and (5.43), this gives (5.37) with Q = Cg/K, after modifying Cg for
distances greater than one. Thus increasing the fixed lower bound on inverse temperature so that
K > Cg/2 makes @ < 2. No estimates for coincident charges of arbitrarily large order are required:
positivity, Lee—Yang, and the two-mark estimate handle those collisions in the proof of the theorem.
Sequential convergence for every convergent separated configuration also suffices for the uniform
separated hypothesis: otherwise a sequence of violations has a convergent subsequence in the
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compact separated configuration space, contradicting that sequential assertion. The argument
consequently applies to both ordinary models once their respective marked-source estimates have
been established, with their own fixed K and A and with every integer lattice size n.

Theorem 5.14 (Low-temperature Villain field). There is by(V) < oo such that for every b > by(V)
the ordinary Villain model with zero boundary angles satisfies

n2 Z Ay (b) exp{Gn(z, )/ (2K (b))} 6, — Viky@),p i H, 3(D)

loc
€Dy

along all integers n — 0o, with joint convergence of every finite collection of complexr smears and
convergence of all their mized moments. Here

b _ ﬁeff(c]nnaﬂ-zb) KV(b)

Av(b) = C(b)_l > 0, K\/(b) = 1T S(b) 2 ) b

— 1.

The lower bound can be chosen so that Kv(b) > 1/(4m) and 72b > Be(Jun) for every such b.

Proof. The exact microscopic measure, without an added-noise or small-activity replacement, was
initialized in Proposition 5.3. Propositions 5.4 and 5.8 give the same s(b) and ¢(b) for all domains,
locations, and signed unit observables. Corollary 5.9 verifies both hypotheses of Theorem 5.12,
and s = O(e~) permits the fixed lower bound on b required there. Applying that theorem proves
the field and moment conclusions. Proposition 5.6 supplies the effective-coeflicient identity with
the height law, with the same s. O

6 The ordinary XY model: mixed Gaussian histories

This section constructs the expansion used for the ordinary cosine interaction. The sizes constructed
below are sizes of specified integral representations. Their defining estimate concerns an evaluated
history, and does not assert a pointwise absolute bound at every value of an unintegrated complex
field. This distinction is necessary because the compensating gradient interaction has positive sign.

The aim is the composable activity calculus of Proposition 6.15, used by the recurrence in
Section 7. The branch identity supplies the microscopic factors, and the local operations assemble
them into the selected histories of Definition 6.9. The support and atom estimates, the evaluated-
history bound of Lemma 6.13, and the separate charge payments of Lemma 6.14 together give the
small costs and single-input gains in that calculus.

The Fourier and vortex representations belong to the duality framework of José et al. [20].
The Gaussian-smoothed branch decomposition and the evaluated-history bounds below supply the
additional estimates for the cosine interaction.

6.1 An exact branch representation

Use lattice units, fuse the boundary of the spin square to one vertex, and delete the pinned
perimeter edges, as in Lemma 5.1. Each deleted edge has weight e?“*50 = ¢ or one after the
normalization by e~ used below, so this deletes only a source-independent factor. Let d and O be
the primal and dual incidence operators, and let R be the signed crossing identification, with the

orientations of Lemma 5.1. Inner products count every edge once. Put

G=(09)"", PL=0Gd", Pp=I-P,, p=2mVb,
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where the inverse is on dual scalars of mean zero. Thus Pr = R~1dG,d*(R~1)*. Fix a sufficiently
small number v > 0, independent of b, and define

Vb p—(z—t)?/(20?)
hb(;p) = [ y ert, fb(z) — hb(z)ez2/2+b(cos(z/\/5)—1)’ Fy=fy— 1.

Both functions in the last display are entire. The intervals translated by pZ partition the real line,
up to their endpoints, so >,z hp(x + pm) = 1. Consequently

S e @2 by pm) = 0@/ VD=1, (6.1)
mez

In particular smoothing the branch cutoff has made no change to the spin law.

Lemma 6.1 (Bounds for the branch factor). There are by,C < 0o and kg < 1/2 such that, for
b > bl7

C
[Py +iy)] < exp{koz? + Cy2e/V0Y (log £,)"(2) > —C'  (z,y € R). (6.2)

Proof. On the central interval, 1 — cos(z/v/b) > ca?/b. On a fixed slightly larger interval the
same inequality holds with a smaller ¢ > 0. Outside that interval the Gaussian tail of hy
gives the bound hy(z)eb(cos(®/ vh-1) < Ce=*" | after choosing v small. This proves the bound
globally on the real line. Directly from the integral defining hy, |hs(x + iy)| < v’/ (sz)hb(x); also
bl cos(z/v/b)|(cosh(y/vb) — 1) < Cy2elvl/Vb. Hence | fo(x +iy)| < Ce(1/2-0)z>+Cy?ell/ Vo

To obtain the factor b~', on |z| < Vb write f, — 1 as (hy — 1)e?*/2Hbleos(z/VE)=1) plyg
¢?°/2+b(cos(z/VB)=1) _ 1 The first term uses the exponentially small cutoff error, with the same
imaginary bound. Taylor’s formula with integral remainder bounds the exponent in the second
by Cb=1(|z| + |y))*e!¥//VP. The inequality |e* — 1| < |u|max(1,e™) and the previously proved
real Gaussian margin absorb the x polynomial into a fixed increase of its square coefficient; the y
polynomial is absorbed into ey on |z| > v/b, the global bound and b < Cecw’/2 give the
same result. These increases leave kg < 1/2. Finally differentiation under the positive real integral

shows
(log hy)"(z) = —v™2 + v~ Var,(t) > —v™2.

Adding the second derivative 1—cos(x/v/b) > 0 of the other exponent proves the Hessian bound. [

Proposition 6.2 (Unwrapping and sources). Up to a positive source-independent constant, the
XY partition function is

Z e~lIVall®/2 Ex~n,pr) H Fol(X +Vo)e), Vy = pdGy. (6.3)
qezdual €

> a=0

For an integral source I on primal vertices, choose an integral current dG,l + Rda of divergence [,
and set

¥ =a/Vbh,  n=-R YG.I/Vb.
The numerator for Ee't9) is the same sum with insertion

e_i(X777)+ip(q719)_ (64)

In particular 0*n =0 and ||n||*> = (I, G,1)/b.
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Proof. Apply Equation (6.1) on each edge, with z = v/bdf. For a branch integer m, put w =
RIVb(dO + 27m). Tts divergence is 0*w = pq for an integral mean-zero g. The incidence matrix
of a connected graph maps integral edges onto integral mean-zero vertex arrays: a rooted spanning
tree gives a solution by assigning to each parent edge the sum of charges below it. Thus every
such ¢ occurs. Two integral branch solutions with the same ¢ differ by an integral primal gradient
after crossing. To verify this last claim, integrate their increments along primal paths; zero sums
around dual plaquettes make the result path independent, and fixing its value at the fused vertex
makes it integral and unique. Summing over these gradients unwraps the angular fundamental
domain to the complete transverse real space. Its Jacobian is constant, independent of ¢ and of
the source. Orthogonal decomposition gives w = X + V,, with X € ran Pr; its Gaussian square
splits into || X||% + ||V, ||%.

In the angular insertion the continuous lift gives —i(X,n). Changing that lift by the gradient
part of 2rm contributes —27(dG,l,m) = 27(q, a) modulo 27, because the selected total current is
integral. This is exactly the second factor in Equation (6.4). Orthogonality and the definition of
Gy, give the last two assertions. All sums converge on a finite graph by the real Gaussian branch
bound in Lemma 6.1. O

6.2 Compensation and the Gaussian prescription

Write p = 9¢ and use the parameter notation

p=1+s11, de =1+ s12, 5 = 592, Uw,p) = 5 (s11w7 + 2is12wepe + sp7).-
e

The compensation parameters (s11, $12, S22) lie in a fixed sufficiently small neighborhood of zero
and satisfy
5> des3y,  dy >0 fixed. (6.5)

Before compensation the inverse covariance is p on transverse w and

id,
(Z.’;c ) ) (6.6)

on longitudinal pairs (w,p). Scalars 9 also have a uniform common constant of period b=1/2. The
vertex factors are } . 7 eP%¥v: this common constant enforces 3. ¢, = 0.

Proposition 6.3 (Exact compensation and spin offsets). The normalized integral with inverse co-
variance Equation (6.6), vertex factors, edge factors fy(w), and factor eVP) equals Equation (6.3)
up to one source-independent determinant normalization. If in the interaction one replaces

pp+n, veYv+9, wew—ida/p, (6.7)

including this last replacement in fy,, the integral is the physical inserted partition function multiplied
by
exp{(s + d2/p)|Inl*/2}. (6.8)

These identities have the finite-dimensional limiting interpretation specified in the proof, including
at s = 0.
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Proof. At first take s > 0, finitely many Fourier indices, and multiply every compensating quadratic
by a number A\ < 1. Integration then uses the ordinary complex Gaussian density whose real
precision on w, p is positive. Normalize its Gaussian integral by its determinant, continuously
from real positive diagonal precision. The mixed off-diagonal entries are purely imaginary, so this
prescription is unambiguous. On restoring the full compensation its formal exponent becomes
—||w||?/2 — i(w,p). Integrating a fixed neutral Fourier charge by Gaussian completion gives real
mean Vg and covariance Pr for w; the remaining charge factor is e~ IVal*/2 The matrix calculation
is also obtained by first integrating p at A < 1 and letting A 1 1; the covariance tends to the stated
positive semidefinite matrix. The determinant ratio is independent of q.

For the offset identity put w’ = w — id.n/u in the full compensated exponent. Expansion gives

exactly

—gllw'||? =i, p) —i(w',n) + (s + dZ/p) ] *.
Every additional linear term involving p vanishes since (p,n) = 0. The vertex shift supplies e®(a.9)
The contour translation in w is allowed at every fixed regularization by the strict real Gaussian
margin of Equation (6.2); for an entire integrand the vertical sides of a translating rectangle have
integrals tending to zero.

For completeness the uniform domination needed here, and in subsequent local calculations,
is proved in Lemma 6.13 and Proposition 6.15: at fixed depth it retains e~ a after any fixed
deterministic contour shifts and permits A 1 1 and Fourier truncation removal. The use of that
estimate is noncircular: its proof starts with the same strict, finite regularizations and only uses
their finite Gaussian completion identities. It proves domination before asserting the present
limiting identities. At s = 0, Equation (6.5) forces sj2 = 0; take a limit from the permitted region.
Source-independent determinants cancel in every partition ratio. Thus no positive joint probability
law for (w, 1) is being assumed at a degenerate endpoint. ]

6.3 Kernels and normalized smooth tests

The finite grids, their reflections, and block geometry are those in Lemmas 4.1, 4.2, and 4.3. We
modify only the low-pass polynomial in order to allow increasing differentiability. Let py = 32,
and, for dyadic d, put

QT = H Pd) Ql =1
2<d<r
d dyadic

sin(dt/2) )21’0

P, t)=|——F""=

alcost) (dsin(t/2) ’

The arguments of these polynomials are 1 — A/16, where A is the graph-Laplacian eigenvalue. After
the first piece vI, v = 1/16, the binary scalar pieces have multipliers

B = (1@ (6.9)

Use the same prescription on dual free and primal Dirichlet scalars, writing I'’" for the latter. The
terminal positive remainder is split, for estimates, into binary pieces through a size comparable to
the domain and a final remainder. On the auxiliary torus include the two independent harmonic
transverse directions in this last remainder. Harmless scalar constant variances may also be added
there.

Lemma 6.4 (High-order kernel estimates). There are constants C,Cy,c > 0, independent of the
shell ratio L, such that, at binary scale r and for every difference order j,

VT, ()] < CCor, IVIT2]ly s < CeP*P1 (j21).  (6.10)
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The kernel has range Cr + O(j). These bounds hold for the reflected kernels and for the last
remainder on nonconstant modes, with v comparable to the domain size. A shell from m to Lm
has diagonal at least clog L on the free grid, plane, or torus, and its positive-order differences on
a region of diameter O(m) obey the bounds obtained by summing Equation (6.10).

Set D, = OT'Y? and B, = R7Y(TP")Y/2. Including first and last pieces and the stipulated
harmonic directions,

E,=B.Bf+D,D; =0, Y E, =1, E>g:=1-) E, has range CS. (6.11)
r r<S

Proof. Each Py is a nonnegative polynomial at most one on the spectrum, of degree po(d — 1).
Thus Q, — Q2 = Q-(1 — Py,) > 0 and its zero at A\ = 0 makes Equation (6.9) a polynomial of
degree O(r). This proves positivity and range. On the Fourier square A < |¢|?, and the product
over dyadic d gives

ID,(6)] < Cmin{r?, €| 2eclos™(IEN)?y,

Indeed for d|¢| > 1 the factor is bounded by C(d|¢])~2P0, whose logarithms sum to a negative
quadratic in log(r|¢|); for 7|¢] < 1 use 1 — Py, < Cr?[€|2. Multiplication by [£] and integration in
two dimensions reduces the pointwise estimate to r~7 e ti—1g—cllogt)? dt, bounded by CeCoi®p=i
by completing the square. Taking a supremum instead of an integral proves the square-root
operator estimate. Discrete Fourier sums give the same bounds on finite periodic extensions.
Reflection has only a fixed number of images within range at scales below the domain; the terminal
Fourier sum gives the remaining cases. For j < 8 + [log(2 + )], the stencil extension is still O(r).

On a small annular frequency band a/r < |£| < 4a/r, the earlier product is bounded below
since its relative errors sum as >, d?[£]|? < Ca?; the last difference is bounded below by c,r?.
Each binary piece consequently contributes a positive constant to its diagonal. For reflected cosine
eigenfunctions, pair a frequency index u with 2u inside a slightly wider band: at least one of their
squared cosines is bounded below at every site. Apply this in both coordinates. The terminal
clearance ensures enough frequencies per band. Summing the binary scales proves the diagonal
assertion.

The scalar pieces telescope to G and G, respectively. Applying gradients yields Py, + Pr = I;
on a torus the harmonic addition supplies the missing two directions. Finally E>g is the identity
minus a finite sum of polynomial kernels of total range C'S. O

The same binary summation proves the high-order version of the Green bounds used for local
lifts:
IVIG(z,y)| < CeC7* (1 + dist(z,y)) 7,  j>1. (6.12)

Indeed pieces of size smaller than a fixed multiple of the distance vanish, except for the difference-
stencil enlargement; the remaining geometric sum of r 7 gives the bound. When the stencil length
is comparable to the distance, its extra factor j7 is absorbed by ¢©03® . The box-scale last piece
has the same bound. Differentiating 17 and integrating it on a source-free local region yields the
corresponding test bounds for local lifts with these high-order constants. Reflections use the
oriented parities of the primal and dual kernels. This extends the fixed-order bounds of Lemma 5.2
to every order needed here.
At scale m let j(m) = 8 4 [log(2 +m)]. A normalized scalar test on a specified region and
fixed collar satisfies
m?Viu| < €07 (0 < j < j(m)); (6.13)
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a normalized edge test satisfies the same inequalities for mw. Here Kj is fixed larger than all
high-order kernel constants. Functions are defined on the entire extended grid, but only the stated
local bounds are imposed; derivatives at walls use reflection. A scalar atom born at m is a linear
functional supported in a fixed multiple of an m-box, annihilating constants, and bounded by one
on these scalar tests. An edge atom uses the edge test convention, without constant annihilation.
Multiplication by any fixed constant merely changes the universal atom bound. For a real charge
array k on X, write
b (k; X) = sup (K, w)l,
u satisfying (6.13)

using a fixed expanded neighborhood of X. Coarse tests restrict to fine tests. If X is small,
subtraction of a constant gives

him(k: X) < hon(k: X)), hpm(k; X) < | S k| + (C/L) b (k; X). (6.14)

The second inequality follows by joining each site to an anchor with a path of length O(m), and
applying the positive-order test inequalities.

The next four lemmas prepare the estimates for a sequence of local integrations and Taylor
subtractions. One term selected from this expansion records which microscopic factors were used,
which components merged, and which Taylor directions were chosen. Its precise record, the selected
history of Definition 6.9, is a rooted forest: microscopic factors are leaves, and operations join or
end their field dependence. A Taylor subtraction on one component introduces atoms; evaluating a
scalar coefficient ends the old field dependence. The forest rules will be specified after the analytic
estimates, then used to check their overlap and scale-weight hypotheses separately on each coupled
live root.

First we separate a coarse Taylor argument into fixed normalized fine directions and linear
coarse coefficients. Lemma 6.5 gives small absolute coefficient sums for this separation. Those
sums will supply the powers of L™! in the local Taylor gains; the atoms remain as field-dependent
factors to be controlled by the subsequent lemmas.

Lemma 6.5 (Smooth directional decomposition). Let S = Lm, and restrict a coarse field
z = (w, ) to the prescribed neighborhood of a small fine activity, with its fine collar. Modulo a
scalar constant, this restriction is a finite sum of fived normalized fine test directions multiplied by
bounded S-atom evaluations, with total absolute numerical coefficient weight at most C'/L. The
bulk error after subtracting a constant oriented edge field and an affine scalar field has such a
representation with total weight at most C/L*. The constants hold for all sufficiently large L and
for the specified reflected and unwrapped periodic regions.

Proof. Use the test convention in Equation (6.13), and put

W (t) = sup t1e~Koi®,
J€No

Choose a periodic lattice box of side T' < S containing the fine region and its collar. A cutoff x
equals one there, is supported in the prescribed coarse neighborhood, and satisfies

‘vkx‘ < Ck+1(k!)35_k.

Such a cutoff is obtained by sampling a fixed compact Gevrey bump after rescaling by S. For
scalar fields expand f = x(¢ — ¥(vp)), and for edge fields expand f = Sxw. Write ¢,(f) for
normalized discrete Fourier coefficients and ry = 1 + ||, using representatives with |¢;| < T'/2.
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The cutoff preserves the derivative allowance at the cost of an exponential factor in the order.
Indeed, a Leibniz term with k derivatives on the cutoff has, relative to eKOjQ, the factor

(K1)3eKol=R=Koi> < (p1)3e—Kok* <

Summing the Leibniz terms, including harmless lattice shifts, gives S7|V7f| < CIt1eKoi® for
0 < j < j(S) on normalized coarse tests. Summation by parts in a coordinate with maximal |¢;]
gives o

ee(f) < CCfr7efe, 0 <j < j(9).

For sufficiently small fixed ¢ > 0,
Ay(z) = Wierg)edf)

is therefore a bounded coarse atom. Scalar coefficients annihilate constants because of the anchor
subtraction. The finite derivative budget suffices: a maximizing index for W (t) can be chosen at
most J whenever logt < Ky(2J + 1); this holds for t = cry, || < CT, and J = j(S).
Let ey denote a Fourier mode. On the fine region the scalar mode e; — ey(vg) has fine test norm
at most
CL_ngW(CT@/L).

Subtracting its discrete affine interpolant gives the bound
CL™ %W (Cr/L).

At orders zero and one this is discrete Taylor’s formula; at orders at least two the two frequency
factors are already present. For edges the Fourier mode carries the factor S~!, and the corresponding
polynomial powers of r, are zero and one. The cutoff equals one at every site needed for the
anchor and its difference stencils, so these are exact identities for the specified restrictions and
affine errors.

For every fixed positive integer IV, shifting the integer in the supremum defining W gives

W(t) > e KoV Ny (g 2K0N)y

If L > (C/c)e?foN | then
W(CT/L) S 6[('01\]2(
W (er)
Choose N > P + 2, where P < 2 is the polynomial power above. Thus

er) N,

Z révii/C’rg/L) S C.
Le7? (ere)

Normalize the fine modes by their displayed bounds and absorb their remaining factors into the
numerical coefficients. This proves the two asserted coefficient sums. Real and imaginary parts
may be separated at a fixed additional cost. Near a wall perform the expansion on the reflected
extension and average the modes over the finitely many nearby reflections, with their prescribed
scalar or oriented-edge signs. Choose xy = 1 also on the required image regions. The identities
and normalized bounds persist. The periodic boxes under consideration unwrap with the stated
clearance, so the same construction applies there. ]

We next control the Gaussian source created by a collection of atoms. The required estimate
must cover every future gradient tail and every point in an atom’s neighborhood, uniformly in
how many scales remain. The two suprema in the following lemma express exactly these choices.
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Lemma 6.6 (Non-tangential square estimate). For a stacked coordinate vector g = (g,)r, put

Tug =2 >y VF}«/ZgT, with binary scale indices including the first and terminal pieces. For each
fixed aperture A and each q > 0,

sup sup u?|VIiT,g(y)|
U |y—z|<Au

1/2
2
< CeClatl) (ZngH%) )

The same conclusion holds for the primal rotated gradient and for their finite direct sums. By
increasing Ko once, the sum of these maxima with weights e~ Koa® has the same square bound.
All constants are uniform in depth and shell grouping, and the conclusions include the reflected,
periodic, and terminal pieces.

2

Proof. Write D, = VT2 The multiplier bounds in Equations (6.9) and (6.10) imply

Id,(€)| < C min{r|¢|, e—cloe™ (rlED)*).

Here |£] may equivalently be replaced by the square root of the lattice Laplacian symbol. On
nonconstant terminal modes the same bound holds because the terminal scale is comparable
to the box side. The white resolution, Equation (6.11), or Fourier Cauchy—Schwarz gives, for
F= Zr Drgra
IF]3 < C> llgell3-
T

Set R, = Tyg — QuF. The term from scale r has multiplier (1 — @Q,,)d, for r > u, and —Q,d, for
r < u. For every ¢ > 0,

|(uV)I Ry r|l2—2 < CeClat1)? min(r/u, u/r).

For r < u, put ¢ = u|¢|. The multiplier is bounded by C(r/u)t4tle=c1e"D*  For r > u, put
t =r|¢| and p = u/r. Use |1 — Q,| < Cmin{1, (pt)?} and

(pt) min{1, (pt)?} < pTHHeatt,

The supremum of a fixed power of ¢ times the logarithmic Gaussian decay costs at most CeCla+D)?,
Young’s Inequality on binary scale indices consequently gives

2
D@V R, < CeCUHDTS 7 gy I3,

For ¢ > 1 the same estimate holds directly for T, g, because only r > u occurs and the derivative
gives the summable gain (u/r)?.
The scaled lattice Sobolev estimate in two dimensions is

2
sup [H(y)P<CY w2 Y |[VPH(2)]”

ly—z|<Au k=0 |z—z|<Bu

To obtain it, apply a cutoff on the larger box and use Fourier Cauchy—Schwarz with weight
(14 u2|€])?%; the inverse-weight sum is O(u~?). Summing the displayed estimate over x and then
over u proves the non-tangential bounds for R, and the positive-order tails. At order zero the
remaining term satisfies

sup  [QuF'(y)| < CM(|F)(z),
ly—a|<Au
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where M is the lattice averaging maximal operator: @, has range O(u) and kernel size Cu~2. The
square bound for M follows from the cube covering inequality and layer-cake integration. These
arguments prove the asserted bounds. Their constants grow at most as Cec(q+1)2; summing with
e~ Kod® ig legitimate for sufficiently large fixed Kj.

Reflection reduces the finite wall problem to periodic extensions with the required signs and a
fixed volume multiplicity. The same Fourier and local estimates hold there, counting norms per
period. The last remainder has the stated box-scale estimates. Harmonic constants, where present,
have zero approximation error since Q,,1 = 1, zero positive differences, and a square bound from
the white resolution. This also covers the finite direct sums in the statement. A grouped shell is
obtained by restricting the binary tail indices and by taking its corresponding coordinate direct
sum, which does not enlarge these estimates. O

Writing a sum of atom evaluations as a linear functional of the stacked Gaussian coordinates
produces a coefficient vector, the combined source I below. The square estimate bounds its norm
and the maximal gradient tails produced by its scalar-coordinate part. Here the assumptions
on birth-box overlap and scale weights are explicit; their validity for each generated live root is
checked in Lemma 6.10 and the attenuation description that follows it.

Lemma 6.7 (Atom source bounds). Consider n, normalized scalar or edge atoms, with a fived
bound on the overlap multiplicity of their comparable birth boxes at each birth size. Couple each
atom only to field pieces at or after its birth. Its scale coefficients may depend on the atom and
have uniformly bounded magnitude and total variation. The resulting combined source on the
stacked unmized coordinates satisfies

1113 < Cna.

This holds on both coordinate components and their direct sum. For its scalar-coordinate component,
the output tails v=* =S <. D, I, satisfy

r>u

2
< COng.
2

sup sup  [v="(y)]
U |y—z|<Au

Proof. Let Mg be the derivative-weighted maximal function in Lemma 6.6. A scalar atom born at
size h may subtract the future scalar field’s anchor value. A lattice path bounds the zeroth order
by Ch times its gradient maximum; the higher test orders are controlled by the corresponding
terms in M. An edge atom obeys the same bound because its test normalization contains the
extra factor h. Thus either atom acts on future fields with absolute value at most

Ch ;gjfg Mg(x),

where B is its comparable birth box and the fixed aperture is large enough to contain the required
collar. For each atom Abel summation writes a weighted future sum exactly as

Z arF, = apTy, + Z(ar — Qp— )Tr.

r>h r>h

The sum of coefficient magnitudes is uniformly bounded by the assumed magnitude and total
variation, so the preceding atom bound persists. All tails here start at a size at least the atom
birth.
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For the family of birth boxes put
= hy'lp,(2)
(e
Bounded overlap and geometric summation over dyadic sizes give

lollss <€, p(2)? <CY hPlp,(x),  lpl3 < Cna.

For the middle inequality compare both sides to the inverse square of the smallest occupied size at
x. Since |B,| < h?, duality and Lemma 6.6 give

(I, 9)] < Czhaigaf/\/lg <CY plz)Myg(z)

1/2
< Cyna (Z HM\%) :

This proves the source bound on all stated components. Apply Lemma 6.6 once more, now to
the scalar-coordinate source itself, to obtain the output square bound. The proof uses the finite
extensions and terminal estimates already included in that lemma, so it applies to all the stated
geometries. [

The source square bound pays the quadratic costs of Gaussian completion. The branch bound
in Equation (6.2) also contains exponential growth in the imaginary argument. We therefore
need all moments of the resulting output fields. The next lemma uses their spatial decay and the
John—Nirenberg estimate to obtain the moment growth used later in Equation (6.25).

Lemma 6.8 (All moments of atom outputs). Under the hypotheses of Lemma 6.7, let v(x) =
> br(x) Dy I (z), where at each output point the coefficients b.(x) have uniformly bounded magni-
tude and total variation in scale. They need not have spatial reqularity. Then

Z lv(z)[P < ng(Cp)?,  p>2. (6.15)

The sum is over the physical lattice, or over one period in a periodic extension, with the fized
reflection multiplicity absorbed into C. The constants are uniform in depth and shell grouping.

Proof. First omit the output coefficients and write f = )", fo for the full output. Keep the allowed
atom-dependent input coefficients. Testing a binary covariance derivative kernel at r > max(hq, u)
against its atom gives Chor~277 for j = 0, 1. For scalar atoms subtract a kernel constant before
testing; for edge atoms the second covariance derivative and edge normalization give exactly the
same bound. The high derivative bounds in Equation (6.10) are absorbed by the test weights,
using Ky as fixed above. The kernel vanishes unless its range reaches the atom box. Summing
over binary pieces, and using the uniform bound on the input coefficients, yields

Chq
(ha + u + dist(z, By))?t7’

V7 £ ()] < j=0,1. (6.16)

The terminal piece satisfies the same estimate at box scale.

Let @ have side v > 1. Call an atom near if h, < Cpu and its birth box is within Cou of Q); all
others are far. Choose Cj greater than the range and cone constants. The number of near atoms
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at size h is at most C'(u/h)?, and their total number is at most Cu?. Lemma 6.7, applied just to
this subfamily and then to the full output operator, gives

1
TAl Z ‘fnear’ S C
Q15

Equation (6.16) bounds their tail from u pointwise on @ by

Chy
Zm_c . wt<ce

« near h<Cou
h dyadic

On @ the full output of each far atom equals its tail from wu: its birth size is larger, or finite range
excludes all smaller pieces. The variation of all far outputs across @) is at most

uh
C Z = <C Z <C.
(u+ hq + dist(Q, By) h dyadic (u+h
For the middle bound, bounded overlap at size h compares the spatial sum with A2 times the
integral of the kernel; that integral is O((u + h)~'). Small sizes contribute 'Y, <, h™' and large
ones C'Y -, uh™2, both bounded. It follows that

SN Rl <G P~ ol <€ (vE @),
Q

In particular f has uniformly bounded BMO norm and, with a fixed enlargement of ) for the
cone,
T.I:=sup sup |f="(y)| < CM(|f])+C.
U |y—z|<Au

The same kernel estimates bound unit-scale neighbor differences. Thus the piecewise-constant
extension has bounded ordinary cube BMO norm, including cubes smaller than a lattice cell.

Here is the needed exponential BMO estimate, in the form of the John-Nirenberg Inequality [19].
In a cube @, stop on maximal dyadic subcubes where the average of |f — fp| exceeds twice the
uniform BMO bound. Their total volume is at most |Q|/2. Their averages differ from fg by a
fixed multiple of that bound, because their parents did not stop. Repeat inside each selected cube
with its own average. After k generations the selected union has volume at most 27%|Q|; outside
it, | f — fo| < C(k+1). Consequently

{z € Q:|f(z) — fol >t} < CIQle™".

This argument applies componentwise to real and imaginary parts.

Select maximal averaging cubes of |f| above a sufficiently large fixed level. By Lemma 6.7
and the square maximal inequality their total volume is O(n,). The averages on these cubes are
uniformly bounded, since their parents are below the chosen level. Outside their union |f| is below
that level. Applying the preceding exponential estimate on the selected cubes therefore gives

Ha : |f(z)] >t} < Cnge™, t>C.
Below this fixed level use ||f||3 < Cn, instead. Layer-cake integration gives

Zlf )P <na(Cp)?, p=>2.

93



For completeness the LP maximal bounds used here need no endpoint hypothesis: the cube covering
inequality applied to |f[1y¢|>¢/2y bounds {M|f| > t}| by ct! 2if|>t/2 || integration gives a
constant uniformly bounded in operator norm for p > 2.

The additive constant in the comparison of 7.1 with M (|f|) is not summed over the whole
plane. On {T3.I < C1} use (T.1)P < CP(T,I)? and the separate square bound in Lemma 6.7. On
its complement choose C; large enough that 7.1 < CM(|f|) and use the LP maximal inequality.
This proves Y., (T.I)? < no(Cp)P. Finally Abel summation at each output point bounds the
requested weighted output by CT,I, proving Equation (6.15).

In finite reflected or periodic geometries, perform the argument on the prescribed extensions
and count volume per period. Bounded overlap implies that the number of atoms per period is at
most a constant times its volume; the square estimate therefore bounds the whole-period average
by a fixed constant. Choose the stopping level above it. All stopping cubes then have the stated
parent bound, and the same proof gives the required exponential tail with prefactor C'n,. The
final box-scale remainder is included in Equation (6.16); harmonic constants, if present, have no
variation and obey their square bound. Thus neither the finite endpoint nor reflection changes any
constant in the conclusion. O

6.4 The precise class of generated histories

We now specify the expansion records described above. The point of the rules is to ensure that
repeated local operations preserve the support separation and bounded overlap required by the
atom estimates. They also determine which microscopic charges remain coupled to future Gaussian
fields, information needed for the separate charge budget.

Use the connected-activity algebra of Proposition 4.8 with field z = (w, ). Shift sectors refer
to uniform translations of ¢ with w fixed, and evenness to simultaneous negation. For an m-block
B write

Enlt) = % S whis(e) {tr10? + 2itrawe(90)e + ta(00)2), (6.17)

where the endpoint weights assign half of each incident edge to its block. A tensor primitive is
this polynomial with an already determined numerical coefficient. Its Gaussian expectation is the
same polynomial plus a constant; assign the whole polynomial to the coarse singleton and only the
contracted numerical constant to the scalar normalizer. The background translate of a gradient
polynomial is never part of that normalizer.

On a small bulk support the neutral even remainder is localized by its constant and quadratic
Taylor coefficients. Evaluate the Hessian on scalar affine directions with slopes m~! and on
constant oriented edge directions of size m~!. Contract with (mw(v),mVi(v)), average the
choices of signed orientation, and then average the anchors in the fine blocks. This is an exact
prescription. Translation and square symmetries make the summed coeflicients a tensor of the
form Equation (6.17). Complex conjugation on real fields changes ¥ to —, so its three parameters
are real. At an even wall subtract the neutral constant; at a defect subtract the neutral constant
without an evenness assumption. Good-class copies use the same prescriptions on neighborhoods
where the kernels agree. Local source translations act on both fields according to Equation (6.7)
and on a local lift for the scalar.

At the microscopic start expand by selecting nonzero vertex charges, edge factors Fj, and
quadratic factors eVs — 1. Use the exact identity

1
Ve —1=U, + / (1—71)U2e™Ve dr. (6.18)
0
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Both endpoints belong to an edge factor’s support. After the first independent piece and temporary
grouping, relocate the complete linear U, expectation with half endpoint weights, keeping its original
exclusion. Its contraction is a designated scalar independent of the source offsets; the remaining
shifted polynomial is retained as a polynomial. The initial bulk tensor is ty = (s11, S12, S22).

Definition 6.9 (A selected history). First truncate the microscopic charge indices and use strict
compensation as in Proposition 6.3. Expand every finite sum, Taylor integral, Fourier direction
choice, vertex/orientation average, and Cauchy contour, and fix one term. Cut its dependency
graph at every scalar coefficient evaluation. The resulting record is a rooted forest of separately
completed Gaussian roots and at most one live Gaussian root. The forest is understood by
occurrences: if the same evaluated coefficient is used twice, its completed calculation has two
separate copies when displayed. A live root is a maximal Gaussian calculation not yet completed
to a scalar. Its shell variables and any future field pieces are represented on one coupled ambient
stack. Its events stay in that root until completion, even if a current attenuation becomes zero.
A completed root has already been evaluated to a number and is never put on that stack again.
The leaves of a live root are selected microscopic factors, new polynomial primitives, and opaque
occurrences of previously completed numerical coefficients. Its internal vertices are the following
operations:

(i) A convolution of a compatible family of fine components with one shell, followed by temporary
reblocking. A term with two or more inputs has no Taylor interpolation at that step.

(ii) A small linear, single-input localization remainder. Its integral Taylor formula evaluates its
one child at pz, 0 < p < 1, with the same real p in both fields. Each Taylor direction is first
expanded using Lemma 6.5; its atom value is kept as a separate factor and its normalized
child direction is fixed before Cauchy differentiation.

(iii) A scalar coefficient calculation, which completes its child root. An assigned constant or
polynomial then uses an opaque occurrence of that evaluated number as a coefficient. The
polynomial’s new linear factors start in the new live root and have no microscopic leaves or
atoms of the completed root attached to them.

(iv) A product of distinct temporary objects obeying their original exclusions, regrouped by final
connectivity, or a product with scalar normalizer decorations. Splitting off a free singleton
tensor is a choice of a summand, not a duplication of its previous history.

A leaf is called live if its dependence on future Gaussian fields remains in the selected term.
The numbers Ny, ng,ne, and the list of original charges of a root refer only to that root. Here
Ny, counts its microscopic leaves and actual polynomial, Taylor, and probe events; fixed-degree
contour representations add a bounded number of events per operation. A product that joins live
components joins them into one live root, using the common-stack construction below. A product
with an opaque coefficient occurrence adds no live Gaussian coordinate or atom.

The coefficient dependencies are acyclic because a coefficient is used only after its evaluation.
Completed numbers may be combined numerically before a new primitive is formed; this uses the
resulting number and does not revive any of their Gaussian roots. If a completed coefficient a is
used m times, there are m opaque occurrences. Expanding those occurrences for bookkeeping gives
m separately completed copies, not one coupled root. In particular an inverse-normalizer term a"
has the product of m completed-root bounds. Every overlap, source-square, and charge-payment
assertion below is per live root; after final evaluation it applies to each completed root separately.
The weight for the full forest is their recursive product, as specified in Proposition 6.15.
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(a) Single-input Taylor (b) Two-input merger (¢) Coefficient detachment

ceA¢(2) Dy, H(pz) merged live history new polynomial primitive
new atom Ay(z) e 57 aly(z)L2(2)
or its contour probe fresh linear factors L1, Lo
f ,
T Imumber only
one shared current shell 1

pz = (pw, p) convolution scalar evaluation: a

. temporary reblocking . .
same real p € [0,1] in both fields no Taylor at this vertex old child history ends

| / N I

one live child H(z) H, i, old child Hoq

microscopic leaves
on X1 on X2 P

d older at
Cauchy: H(pz + tug) once. compatible inputs anc older atoms
Support: X C X' X1UX2 C X' No old leaves attached to L1, L.

microscopic leaves on X

Figure 4: Selected history operations from Definition 6.9 and Lemma 6.10. These are separate
schematic rules; panel (a) shows one selected Taylor direction factor. Solid arrows carry live
field dependence up to its termination; the dashed arrow carries only an evaluated number. Live
microscopic supports only enlarge or unite, Cauchy differentiation uses one shifted child, and
detachment ends the old microscopic and atom ancestry before new polynomial factors are formed.

Cauchy’s formula here is an identity for a derivative of one shifted copy of its child, not a
product of copies. For example, after writing z = Y, c;As(z)uy on the needed region, a Taylor
argument contributes ¢,A,(z) and D,,H (pz) in a selected term. Only the fixed u; enters the
Cauchy shift of H. An atom factor can itself be written as the contour derivative of e!4¢(#) on a
fixed circle. A later Taylor operation applies the same rule to the resulting product. Consequently
it adds deterministic probes and real attenuations; it never multiplies an original charge by a
complex interpolation parameter. An original phase charge on a Gaussian field remains real.

Figure 4 separates three operations and records what happens to their live microscopic ancestry.

Lemma 6.10 (Supports, collars, and overlap). Fach live Gaussian root of Definition 6.9 has the
following uniform properties. They also apply when that root is completed. No assertion combines
atom boxes or source squares of distinct completed roots in the same forest.

(a) A support carrying microscopic leaves or atoms of the live root never shrinks: it is replaced
only by coarse closure or a union. No selected microscopic factor of the same type occurs
twice in one live root.

(b) All fields in the live root can be represented on one ambient stack of shell coordinates.
Individual atom representations require a fized collar, whose width in current block units is
bounded independently of depth and L.

(c) Atom boxes have bounded overlap at each birth scale, uniformly in L and history depth. The
same holds for the fine-scale probe boxes of one step.

(d) If a Taylor operation after the shell ending at S changes the attenuation on one group of live
microscopic leaves, then groups having different relative changes have zero cross entries in
the restricted white tail E>g.

All assertions apply to an early-stopped root, reflected grids, and the auziliary torus.
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Proof. Initially each selected vertex factor appears once at its vertex, and each selected edge factor
of a specified type appears once and contains its two endpoints. Convolution takes closures, a
residual keeps the full temporary support, and products take unions. The only shrinking operation
is coefficient detachment in Definition 6.9(iii), where the old Gaussian root, including its atoms,
has ended. A new polynomial begins with its own support and atoms. Scalar decorations introduce
no field, and choosing a summand or one contour derivative does not copy a microscopic factor.
This proves (a) inductively within each root. A tilt factor and an Fj factor may use the same
physical edge; the no-repetition assertion is separate for each type, as required below.

For (d), fix a Taylor change at scale S. Its child is a single input, so all live leaves in that child
receive the same relative factor. For any other leaf with a different factor, follow the branches
to their first product ancestor. If that product is formed at this regrouping, they were distinct
temporary objects and their original supports have distance greater than r¢S. If it occurs later,
the two unshrunk ancestors are distinct compatible fine components, or distinct temporary objects
at that later step. Their distance is therefore greater than the corresponding fixed radius times a
scale at least S. There is no case of differently changed live branches inside the same temporary
Taylor input: that input was linear. By (a), later closure cannot have hidden an earlier nearby
leaf. Choose 1 larger than the range constant in Equation (6.11). Its white tail then has the
asserted zero cross blocks. Unchanged leaves count as a group with relative multiplier one.

Here is the collar induction needed for (b). If a newly emitted atom uses ¢y birth-block
widths and all inherited dependence uses c, old-block widths, the new dependence is contained in
co + ¢/ L + ¢ current-block widths, with a fixed stencil allowance cs;. Fix ¢, = 2(co + ¢gt) + 1; the
required induction inequality then holds for every L > 2. Let cyer bound the relevant kernel range
in current block units. The small-closure conclusion of Lemma 4.3 makes a support relocation
at most one current block, so fix ¢pove = 1 for that conclusion. Choose the temporary radius
79 > 2¢¢ + Crer + 4 and the compatibility radius R > rg + 2¢move + 4, increasing them if necessary
for earlier kernel ranges. The small-support threshold in Lemma 4.3 uses these fixed radii, and L is
then taken large enough for its small-closure conclusion. The resulting fine small-support diameter
is fixed before this last choice of L, so the Fourier cutoff uses a fixed number of coarse blocks.
These separations are the locality hypotheses used in the factorization proof of Proposition 4.8,
with the present block collars in place of its smaller microscopic collar. Before compatible inputs
meet, all their already integrated shells then have zero cross covariance, including their atom
dependence. The current shell at a multiple-input convolution is shared from the outset. Before
products of temporary objects, use their stronger temporary separation. Gaussian characteristic
functions factor when these cross blocks vanish; Fourier uniqueness proves factorization for the
finite complex Gaussian measures of the strict regularization. The limiting factorization follows
after the endpoint bounds below. This proves the common-stack induction. When a finite-grid
good piece is copied from the plane, only equality of the restricted covariances is needed; the
chosen square roots need not be identical.

For (c), a selected Taylor term emits only its fixed number of direction atoms at the upper birth
scale, and only a single-input temporary object emits them. Distinct batches in one final history
are separated at that birth scale by the same first-product-ancestor argument. In particular an
upper block may contain O(L?) fine inputs, but its multiple-input convolution emits no new Taylor
atoms: the old atoms retain their old birth scales. A tensor is a normalized vertex/orientation
sum; a selected summand contains only its two linear factors, not a pair at every vertex. The same
observation applies to a localized quadratic assignment. Products of these primitives have fine
compatibility or temporary separation. At a fixed scale there are only finitely many such types. If
a coeflicient calculation ends, its older atoms end with it and are not stacked on its newly assigned
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polynomial. Repeated opaque occurrences of that coefficient add no atoms to the new root; if
expanded, each copy is checked on its own completed stack. At the microscopic scale the list of
primitive types and polynomial degrees is fixed. This proves the bounded overlap without an L?
loss. Probes have the same ancestry and a fixed number per node. Reflections, periodic distance,
and the terminal harmonic piece do not alter any of these support arguments. ]

For one shell introduce coordinates x = (x7, x1),y with inverse covariance

I id.J
(Zdijt 8[)’ Jy:(oay)7

and fields w, = Brx7 + Dyxp, ¥, = F}«/Qy, pr = D,y. Use the same letter J for the orthogonal
embedding on the complete stack. Each microscopic leaf and each atom has attenuation one at
birth; passing a Taylor node multiplies its future coupling in both fields by the same number in
[0,1]. Tt may eventually terminate. Thus these scale weights have uniformly bounded variation.

Lemma 6.11 (Contraction of the attenuated stack). Fiz one live Gaussian root. On its distinct
microscopic tilt edges, let R,,x, Ryy be the attenuated edge and gradient totals. On the distinct Fy,
edges let Rpx be its edge total. Then

[Roll <1, B[ <1, |Rp[[ <1, RuJ =Ry (6.19)

Proof. Restrict the white kernels to the distinct edges under consideration and write A, for their
diagonal attenuations. The row covariance is >, A,E,A,. If the history stops early, add the
missing positive tail with the last attenuation. Remove changes in reverse chronological order.
After all later changes have been removed, a change at S leaves a tail PQE>sQP, where P
records all earlier factors and ) the new relative factors. By Lemma 6.10(d), the restricted tail
is block diagonal between groups on which @ differs. On each block @ = ¢I with 0 < ¢ < 1,
whence QE>g(@) <X E>g. Congruence by P preserves this order, even when P varies within a block.
Removing every change leaves ), E, = I. This proves the R,, and Rr bounds. Replacing D, D;
by FE, proves the R, bound. Finally the same attenuation in both fields gives R,,J = R, row by
row. Deterministic probe and twist backgrounds do not change these linear maps. O

6.5 Finite Gaussian completion and endpoint bounds

Lemma 6.12 (Mixed completion and its Cameron bound). Fiz one live Gaussian root. After
incorporating its microscopic quadratic tilts, let © be their diagonal matriz of strengths in [0,1].
The stacked inverse covariance has blocks

M iH b
iH Sy ) where

M = ul — 511 RL,OR,, (6.20)
H=d.J — s12R! OR,,
So = s(I — R,OR,) = 0.

Its Gaussian reweighting determinant has modulus at most e“Nr. Define

D=(So+HM''H)™, C'=M'HD, V=M"1'-C'D'C) =0 (6.21)
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Then M, D are uniformly close to the identity. A source ¢!®¥) contributes e=¥"PY)/2 and the
remaining x integral is a real Gaussian with covariance V evaluated at mean C'Y . If I = Y,
the imaginary evaluation shift iC'I may be replaced by iJI at cost at most BCHI”2, leaving the
remaining real Gaussian estimate unchanged.

Proof. Equation (6.20) follows by substituting the linear maps of Lemma 6.11 into the quadratic
tilts. Those contraction bounds imply M = I 4+ O(|se|) and H = J + O(|se]|), while 0 < Sy < sI.
The Schur complement is therefore positive and close to I. The perturbation of the untilted inverse
covariance has rank at most a fixed multiple of the number of tilt leaves. The untilted covariance
has bounded operator norm, including as s | 0; its product with the precision perturbation is
small in operator norm. Thus the determinant ratio is a product of at most C N, numbers of
modulus in a fixed neighborhood of one. This proves its bound independently of the number of
unused Gaussian coordinates.
For Sy > 0, integration in y or direct block inversion gives covariance

Vo =i
—i(C"ht D )

Its characteristic function with a y source proves the asserted mean and exponential factor.
Positivity of V is the Schur-complement identity V! = M + H So LAt limits prove the positive
semidefinite case.

Let A=1—-RIOR,, A =C"—J. Using Ry,J = R, gives

H'A = (I —SyD) — (doI — s12R,0ORp)
= —A(sD + s121).

For nonsingular A and s > 0 the Cameron square satisfies
AVTIA = ATMA + (sD 4 s121) A(sD + s121) /s < C1,

since 3%2 /s < d;!. The same inequality holds on the supported space by approximation when A is
singular. At s = 0 one has s12 = 0 and H'A = 0, which is exactly the required range condition for
the possibly singular V.

Translate the real Gaussian variable by i¢Al. Its density changes by a phase of modulus one and
the factor exp(||AI[|3_,/2) < ¢CITI* | The remaining evaluation shift is iJI. The entire-function
translation is justified first with positive covariance and strict compensation by Equation (6.2),
then by the same Gaussian majorant on the supported limiting space. Linear z-source factors
can be left in the integrand during this translation; their extra deterministic factor is bounded by
Cauchy—Schwarz using their source norm. No unrestricted imaginary Gaussian is substituted into
Fy. O

We next specify the deterministic decorations retained inside a live-root integral. A polynomial
contour has fixed radius and its atom factor has the form etl4(£)+dal where Z is its attenuated
variable field. The deterministic value d4 is part of this exponential. Likewise, deterministic
offsets remain in the arguments of Fj and of the microscopic quadratic tilts. These decorations
are not structural numerical coefficients, even after the contour variables have been fixed. Only
the following rules introduce them: the fixed Cauchy probes in a selected Taylor calculation; the
intrinsic microscopic offsets in Equation (6.7); and one good-support transport defined below.
They cannot contain an arbitrary numerical multiplier.
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Every retained event of a live root carries at most one physical source decoration. Each root
also has a tag state. The unmarked construction omits the physical-source record, so its roots
start untagged. A present intrinsic physical-source record tags its root at birth even when all its
numerical offsets vanish. A good-support transport is defined only on an untagged root and makes
it tagged. The empty root stays untagged. A representation is untagged when every selected live
root is untagged. A product root is tagged if any input root is tagged, and Taylor operations never
clear that state, even when a current attenuation becomes zero. The transport leaves every opaque
completed coefficient occurrence untouched. Subsequent convolution and Taylor operations carry
existing physical decorations without applying that transport again; new Taylor atoms are outside
the differentiated child and do not receive its same-step probe. Completion ends all the root’s
decorations and its tag state. A new polynomial primitive with a completed numerical coefficient
starts with new atoms and its own untagged state.

For the early class there is a fixed constant Cf,g such that the total deterministic offset at
each selected microscopic edge and |d4| at each atom are at most Cy,e. Physical scalar phase
decorations are real, so their exponentials have modulus one. The constant is uniform for at most
two signed sources, and for the early part of each fixed separated source configuration specified
below. This class also includes the accumulated Cauchy probe decorations. Their uniform bound
follows directly from the birth normalization. If A was born at h and w is a later normalized probe
at scale m > h, then

|A(u)| < Ch/m.

For scalar atoms subtract the probe’s anchor value and use constant annihilation; for edge atoms
use the extra factor h in the test norm. There are a fixed number of probes per passing scale, and
Y m>h, m/h a power of L /M < (1— L~Y~1. At microscopic edges the corresponding sum is bounded
by C3,,~; m~ ! over the geometric scales. Thus these rules give the asserted fixed bounds. The
exception is a probe paired with an original charge phase. At a Taylor node with current charge
array k this contributes at most

exp{Chpm(k; X)}. (6.22)

These factors are retained separately and paid in Lemma 6.14.

Here are the bounds for the physical decorations. On a good support write A = (Ay, Ay),
where A, = —id.n/p and the real local lift satisfies A, = 7 and agrees with ¢ modulo its period.
Let A be an atom born at h, and let C4 be its fixed expanded birth collar. Write v for the physical
representative of v under the prescribed wall reflections, with v = v on the physical grid. At every
point v € C4, the high-order source bound is

IVin(v)] < CeUF*p12 37 (1 4 dist (0", 2;)) 1.
i
This is a pointwise bound on the collar; it does not choose one source as nearest throughout that

collar. Put d;(A) = inf,ec, dist(v’, z;). When the collar has good clearance, the test normalization
and the bound just displayed give

h

|A(A)] < Cb‘l/QZm.

%

For a scalar atom, its zeroth order is a path of length C'h times the gradient bound; its order-j
contribution from source i is bounded by Cb~1/2e~(Ko=Co)i* (b /(1 + d;(A))). For an edge atom
the same calculation uses A/ T1V7y. The good clearance bounds h/(1 + d;(A)) by a fixed constant,
so the higher orders are absorbed by the test weights. In particular, suppose the current support
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has clearance Hm and its inherited collars extend at most c.qym from its hull, with H > c.,. Then
d;(A) > (H — ceo))m. For one or two sources the bound for an old atom of birth size h < m is
therefore Ch/m.
For kg sources at mutual distance at least eMyox, call an atom early when its own birth size
obeys
Lh < ceMypox /(1 + ksre)- (6.23)

Choose ¢ so the birth collar has diameter less than e Moy /4. At each folded point of that collar at
most one source is within €My /3; the identity of that source may vary with the point. Good
clearance bounds its contribution by C, and the other sources contribute at most Ckgch/(€Mpox)-
Taking the pointwise supremum therefore gives

AN < C (1 + Fsrch ) <C
€EMbox
for every early atom. This still applies if its first transport occurs on a later good support, because it
tests the lift on C4. At a microscopic edge the same pointwise argument uses (1+dist(v”, z;)) ™' < 1
for the possible near source. It gives a uniform intrinsic offset for at most two sources at every
volume and for each fixed separated configuration in all sufficiently large volumes. No local scalar
lift is imposed in a defect core; its intrinsic scalar phases remain real.

For clarity, transport acts on a selected untagged live root by substituting z 4+ A for its current
field argument, and acts as the identity on an empty root. Call it an admissible early transport
when every induced offset satisfies the fixed early bounds above; in the separated-source case this is
invoked only when all its atom birth sizes are early. Write an old atom’s factor as etlA(Z<+7az)+da]
where Z. contains its earlier shell fields and 74 € [0, 1] is its current coupling. The factor becomes

et[A(Z<+TAZ)+dA+TAA(A)] .

The new bounded term stays in the decorated endpoint integrand. It is not factored into the
structural numerical coefficient. The analogous rule adds the attenuated physical offsets at
original microscopic leaves and a real phase at original charges. A later defect Taylor substitution
z — pz + t'u changes this atom factor to efl4(4< +7ap2)+da+Ta AN 474t A(W)]  The physical tag stays
fixed, the future coupling is multiplied by the real p, and the new probe increment is covered by the
summable h/m bound above. This proves closure of the early decoration class under subsequent
local operations.

The remaining birth sizes satisfy h > ce Mpox/[L(1 + ksrc)]. In a finite box, bounded overlap
gives at most C(Myoy/h)? atoms of each such size in one live root, including the fixed reflection
multiplicity. There are only Oy, (1) such scales. Hence their total number is at most Cy,,_ e 1.,
independently of the earlier depth. Good clearance still gives |A(A)| < Ckg. for each such
event. For these late events only, factor the possibly large deterministic term e/"A4(®) into an
explicitly recorded late numerical factor. The variable source remains tA(Z) with the original
fixed contour radius. The product of the late factors is bounded by a constant depending on the
fixed configuration per live root. It does not change any earlier event weight. Opaque completed
coefficients are not transported, and no singular lift is imposed on a new defect-core tensor.

Finally a fixed-radius polynomial contour produces a bounded linear Gaussian atom. Within
one live root Lemma 6.10 supplies the overlap hypothesis of Lemma 6.7, so all their source squares
sum to at most CNj. Completing a decorated microscopic tilt produces sources R, ©a or R;,@a
with bounded coefficients at each selected edge. Lemma 6.11 gives the same square bound, or these
sources may be regarded as edge atoms born at size one. The deterministic early atom decorations
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have modulus at most eV after all fixed-radius contours, while physical phase decorations have
modulus one. These are uniform endpoint bounds for the specified decoration class, not changes
of its structural coefficients.

Lemma 6.13 (Estimate for an evaluated history). Fiz one live Gaussian root with an admissible
early decoration record as defined above. Let np be its number of original Fy leaves, and let
Y, be its real original charge source on its shell stack. Keep all admissible early decorations
inside the endpoint integral. Omit only its structural numerical coefficient, its opaque completed
coefficient occurrences, its explicitly extracted late numerical factors, and the phase-probe factors
in Equation (6.22). Then the resulting fully evaluated integral I,(LO) obeys

IZV) < b= exp{CN, — ¢||Ya|%}. (6.24)

The same bound holds for normalized fized-order directional derivatives, with their bounded number
of contour events included in Np. Constants are uniform over the admissible early decoration
class, strict reqularizations, the permitted small parameters, depth, and domain. The omitted late
numerical factors have the separate fized-configuration bound proved after Equation (6.23). Each
other completed root in the forest satisfies its own copy of this estimate.

Proof. The fixed-radius atom contours and the bound |ds| < Ctag give []4 [e/494] < e“Nr within
this endpoint integral. Physical scalar phases have modulus one. The decorated microscopic edge
offsets are uniformly bounded. These facts use exactly the admissible decoration rules and do not
move any early factor into the structural coefficient.

On a shell acting on current phase charges k, the original source is F%/ ’k in the y coordinates.
It is real because all previous charge attenuations were real. Write Y = Y, + Y, ; the preceding
source estimates give ||Y,||? < CNy, and every linear z source has the same bound. Lemma 6.12
reduces the imaginary evaluations at Fj, leaves to the attenuated outputs of JI, I = Y, together
with bounded deterministic offsets. By Lemma 6.8, their values v, obey Y, |vc|P < Nj(Cp)P, p > 2.
Consequently

k42 k+2
2_Jvel/V/b CPP(k +2)
z@: |ve|?e < N, k;) LI < CNy, (6.25)

for all sufficiently large fixed b. The ratio (k + 2)¥72/k! is bounded by an exponential in k times a
fixed polynomial, so the displayed series converges. Bounded offsets add at most C' per leaf. Thus
the imaginary growth term in Equation (6.2) costs e“™r.

Choose k; strictly between ko and 1/2. Small parameter size and Lemma 6.11 give a fixed
v > 0 such that

261 Rp{V + C'D Y CYRY = 25 REM ' RE: < (1 — v)1. (6.26)
For a real Gaussian £ of covariance ¥ = RpV RY., completing the square in Eer1IE+RrCYo||? gives
determinant det(I — 2k1%)~'/2, at most e©"F. Its shifted-mean exponent is r(RpC'Y,, (I —
2r1%) L RpC'Y,). Equation (6.26), or its Schur complement, bounds this by (1 — v)(Y,, DY,)/2
after decreasing v if necessary. It therefore leaves a fixed part of the charge exponential e~ (Yo-DYo)/2
unspent.
Means from Y, and deterministic offsets have square O(N}) on the evaluation edges. The
difference k1 — kg absorbs them with e“™r | using 2|uv| < du? +46~'v?. The same inequality absorbs
cross terms in —R(Y, DY) /2, and linear real Gaussian sources, with an arbitrarily small additional

102



fraction of the retained charge square. Their source squares are O(NN},); Gaussian integration or a
small Holder enlargement gives e“Nr Since D is uniformly positive, the remaining suppression is
e~cl¥el®  Bach branch factor contributes the separate b1 in Equation (6.2). Polynomial derivatives
use their fixed circles and add only a bounded number of source atoms. This proves Equation (6.24)
in strict regularization, with all constants independent of that regularization. O

6.6 Charge budgets and a composable positive size

Lemma 6.14 (Simultaneous charge payment). There are fized choices of sufficiently large L, by and
a constant ¢ > 0 such that all phase-probe costs in one generated live root, a specified bounded final
smooth-test cost, and a factor L™* at every small charged linear step can be included simultaneously
in Equation (6.24). Writing Iy, for the integral with those phase-probe factors restored, this leaves

|Z),| < CNep=F [74neh oxp{ by, g2} (6.27)

apart from its structural numerical coefficient, opaque completed coefficient occurrences, and
explicitly extracted late factors. Here q, are the original nonzero integral charge leaves of this
root and ng, counts only its indicated single-input charged steps. The admissible early decorations
remain inside the evaluated integral.

Proof. Fix one selected live root, rather than the sum of its alternatives or the forest of its
separately completed coefficient dependencies. At a charge-carrying node let H = h,,,(k; X) be the
incoming test budget. At a merger budgets add subadditively by test restriction and the triangle
inequality. Reblocking without localization is nonincreasing by Equation (6.14). At a neutral
Taylor node its real attenuation p € [0, 1] gives

Hout < p(C/L)H7 H — Hoy 2 (1 - C/L)H

Thus a fixed multiple of this decrease pays Equation (6.22). At termination the remaining budget
is consumed, which also permits bounded final test directions.

For a charged small linear node put Q@ = Yk # 0, ¢ = |Q|, £ = log L, and let T" be its shell.
Choose an anchor v in its support. Lemma 6.4, summing its positive-order binary bounds, shows
that T'(-,v) — I'(v, v) on the local support and collar is a fixed multiple of a fine test. Consequently

d:=T(v,v) > ¢, |(k,Te,) — Qd| < C1H.
Fix € = ¢o/(2C1) when C7 > 0. If H < eql, positive-semidefinite Cauchy—Schwarz gives

k,Te,)[? 2d
(k,Tk) > ‘(de) > qT > cq?t. (6.28)
If C7 = 0 this conclusion holds without a case split. Otherwise, for H > eql, Equation (6.14) and

choices C/L < 1/2, £ > 4/¢ give
H — How > (1= C/L)H —q = H/4 > (¢/4)qt. (6.29)

At all other nodes the first inequality in Equation (6.14) is retained; thus no negative budget
decrease is hidden in this dichotomy.

The sum of child budgets minus the parent budget is a nonnegative potential loss at every
node. Summing these losses over this live root, including the final retained budget, gives at most
its original leaf budget

Hyear < CP Z |Qv|- (630)
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Only neutral total charges are multiplied by a Taylor attenuation. Mergers add totals, so every
nonzero sector total remains in pZ, even though individual entries inside a neutral branch may
cease to be integral multiples. Hence ¢ > p at every recorded charged node. A fixed potential
multiplier pays both neutral probes and 44 at each node of Equation (6.29), once b is large.

The alternative using shell energy requires a separate account. At the shell of a recorded
charged step, its temporary branch was a single input. Every other live charge group in the
eventual combined live root is either another temporarily separated object at this step or first joins
at a later product ancestor. Lemma 6.10(a),(d), with the scalar shell range included in the radius
choice, gives zero cross-covariance between that charged branch and every other such group on this
shell. Thus its scalar energy splits off exactly, with a nonnegative remaining square. Two selected
branches at that shell are mutually separated as well. Different recursion levels use disjoint shell
coordinates. A later Taylor attenuation changes future fields only, so it does not alter a payment
on an already integrated shell. Writing £ for the sum of the selected energies and Fy for the
first-piece square, we have

Eo=") ¢,  Eo+&<|v|* (6.31)
v

This is a separation statement about generated single-input histories; positivity alone would not
allow one to split arbitrary charge squares.

Let ¢ be the constant in Equation (6.24). Choose a fixed multiplier D}, large enough for all
potential payments and the specified final normalized tests. Since |q,| < ¢2 for nonzero integers,
increasing b yields

D[I)Hleaf < (6/4)E0

Equations (6.28) and ¢ > p similarly give 4(Np < (¢/4)E, where N counts the energy-paid steps.
These fixed allocations use disjoint portions of Equation (6.31); a fixed positive fraction of Ey
and of the full source square remains. It supplies the microscopic Gaussian in Equation (6.27).
Detached scalar calculations have their own completed integrals and are absent from this live
source square. Reusing an evaluated scalar multiplies its established bound once per opaque
occurrence; it does not reinsert any charge leaf or shell reserve. If the occurrences are expanded,
apply this proof separately to each completed root and multiply the resulting bounds. No joint
overlap or charge-square assertion across those roots is used. O

Proposition 6.15 (The exact XY activity calculus). Fiz the covariance construction and the
local partition map above. Choose the fixed support and collar clearances, small-support threshold,
and Kq first; then choose sufficiently large dyadic L, the polymer weight as in Proposition 4.8, a
sufficiently small parameter neighborhood, and finally sufficiently large b. Within Equation (6.5)
the original XY integrals admit positive representation sizes with all the following properties. Write
sx(R) for the size of a specified representation on X, and |R|| 4 = supy AXlsx(R).

(i) An F, leaf costs C'/b; a monzero charge q costs Ce_d’q2, summable over q # 0; the linear

microscopic compensation costs C|se|, and its nonlinear remainder costs C|se|?. A full-
block tensor costs C|t|, and a localized polynomial costs a constant times its coefficient on
normalized m-scale directions.

(ii) Convolving a compatible product multiplies its input sizes, up to a fixed factor per input.
Temporary exclusions, relocation, scalar normalizer decorations, and separation into a single-
ton tensor and remainder are exact. The animal and placement sums obey Proposition 4.8;
hence all multiple-input and normalizer corrections are quadratic in the input sizes.
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(iii) For a small single neutral linear input of size u, localization has normalized coefficients at
most Cu and remainder size CL™3u in the even bulk after constant and quadratic subtraction,
CL™2u at an even wall after constant subtraction, and CL™'u at a defect after constant
subtraction. Fach small charged single-input step has size at most CL™*u. Constants in
these local gains do not grow with sufficiently large L.

(iv) Sizes bound terminated evaluations and fized-order Cauchy derivatives with bounded smooth
normalized backgrounds. In finitely many normalized source directions the evaluated expres-
stons are jointly holomorphic on fixed bounded polydiscs, with the corresponding Cauchy
bounds after adding their finitely many probe events. They apply to copied good pieces,
their one-time translations to defects, and the intrinsic offsets of Equation (6.7). For fized
separated sources, the lower bound on b is independent of their number; only the boundedly
many late numerical event costs may depend on the fized source configuration. If Ty is an
admissible early transport of an untagged representation, then for any Ay > Ap > 0, before
support relocation

sx(TaR) =sx(R),  AXlsx(TyaR) < (Ap/Av)X!|R] 4,

The transport leaves every opaque completed coefficient occurrence unchanged and is not
defined on an already tagged live root.

(v) Every finite-depth activity, assigned coefficient, and normalized partition identity is continuous
in the permitted parameters, including at s = dys?y and at s = 0, as long as its scalar
normalizers are nonzero. The statement holds on the plane at finite support, on finite
reflected grids, and on auxiliary tori with terminal transverse harmonic directions. The bulk
tensor and its local recursion are the same in all these settings wherever the calculation has
the required clearance.

Proof. For a specified representation write each selected term in the form

cn(a) lp(a) (Tﬁ ahﬂ,) Th(z;dp, ).

v=1

Here h is its unique live root, or the empty root with integral one. The variables « range over the
compact Taylor and contour parameter spaces with their positive product measure. The structural
coefficient ¢, contains the displayed parameter powers, finite averaging coefficients, Fourier /Taylor
direction weights, and contour kernel factors. The factor ¢;, is only the explicitly extracted late
numerical product defined above, and equals one when there are no such events. The aj, are
opaque occurrences of previously completed coefficients. The admissible early record dy and the
generated phase-probe factors paid by Lemma 6.14 stay inside Z; and are not part of ¢, or ¢p,.
Give the live root the weight

W(h) = CNn b™"F exp{—c,bY", ¢} L~ *"h, (6.32)

with W = 1 for the empty root. All counts and charges in this display belong only to h. If
a has a chosen completed representation, let m(a) be the bound supplied by this same rule at
its earlier evaluation, on the source domain where the size will be used. A size at one fixed
source point may instead use the exact modulus |a| there. For a uniform estimate or a later
Cauchy formula on a source polydisc, m(a) must be a completed size uniform on that polydisc,
or another proved bound for the supremum of |a| there; a modulus at one point does not suffice.
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Equivalently one may differentiate a in its separately completed root and use that derivative’s
completed size. These choices also apply when completed numbers are combined before forming a
new primitive. In particular each source-independent component of the full unmarked tensor may
use M(tep i) = |tab,j| < |tj]oo after its evaluated increments have been summed, preserving their
cancellation. This choice asserts no derivative bound in the real reference parameters; only their
continuity is used in (v). The acyclic coefficient dependence makes this a finite-depth recursive
definition. Set

sx(R) = [ len(@l ta(c) (ﬁ m(ah,») W(h) do
h v=1

Choose C, sufficiently large and ¢, > 0 sufficiently small from the bounds in Lemmas 6.13 and 6.14,
which are uniform over the admissible early records and sufficiently large L. Induction over
coefficient evaluations then gives |a| < m(a) and makes this size a positive majorant of every
endpoint forest. No arbitrary numerical factor can be hidden in the endpoint integral because its
admissible records have the specified generation rules and bounds.

The primitive bounds in (i) follow directly: polynomial contours contribute a fixed number
of atoms, and Equation (6.18) has two explicit powers of s, and only a bounded tilt strength in
its exponential. A full tensor has normalized vertex averages: each selected summand has two
normalized atoms and coefficient O([t]).

When compatible live roots are concatenated, their live leaf lists and actual event lists are
disjoint. The common-stack construction joins them into one live root, while their structural and
late numerical factors multiply and their lists of opaque coefficient occurrences concatenate. At
the final endpoint apply Equation (6.27) once to the concatenated live root, whose geometric
properties were proved in Lemma 6.10. Thus no fresh C™» is charged each time an old root
is convolved. Each opaque numerical coefficient is already bounded at its own endpoint. In
particular an inverse-normalizer term a} has size m(ap)™, and its absolute series is at most
m(ap)/(1 —m(ap)) when m(ap) < 1. If these occurrences are expanded, they are m separately
completed roots and their endpoint weights multiply; no common atom-overlap estimate is applied
to them. This proves the product rule. The purely spatial enumeration in Proposition 4.8 uses
precisely these multiplicative sizes: nonlinear inputs carry at least two factors, large supports use
the polymer weight gain, and the inverse scalar decorations use their absolutely convergent small
scalar series. It does not require a pointwise norm at arbitrary remaining fields. This proves (ii).

For (iii) Taylor’s integral formula of order a contributes a direction arguments and a fixed
number of contour events. Apply the exact CL~! directional decomposition of Lemma 6.5 to each
argument before using Cauchy’s formula. This gives C' L™ in the positive coefficient sum. The
evenness assumption makes the linear term vanish when a = 2 or 3. In the bulk, the quadratic
Taylor term has two arguments; replacing one by its affine approximation costs CL~2 and the other
CL™!, so the two-factor difference has C'L=3. The affine polynomial itself is the assigned tensor
prescription of Equation (6.17). Its normalized coefficient is a terminated history with bounded
probes, hence costs C'u by Lemma 6.14. Scalar extraction is the same statement with zero Taylor
arguments. The charged gain is exactly the recorded factor in Equation (6.32). Multi-input terms
receive no such Taylor or charged gain, consistently with both the grammar and the quadratic
counting rule.

For (iv), apply T only to an untagged live root in the displayed representation, and as the
identity to an empty root, using the same source domain and completed coefficient bounds. The
transport rule changes dj, inside Z;, and leaves ¢y, £p,, every m(ayp, ), and the event list defining
W (h) unchanged. Its own-birth bound proves that the new record is admissible. The equality of
representation sizes in (iv) is therefore termwise in their defining nonnegative sums, before any
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support relocation; multiplying by Ag' gives the displayed comparison with the Ay norm. In
particular no factor per old event is charged to a support weight. The endpoint bound for the
transported integrand is available because Lemma 6.13 was proved uniformly over these records.
This is a comparison of the same chosen representations, not merely a comparison of their endpoint
values. At finite strict regularization the factor-by-factor substitution is an exact representation
of the translated activity. The uniform majorants used below pass this identity to the limiting
evaluated expressions on the bounded background domains used here.

The derivative claims in (iv) follow from the derivative version of Lemma 6.13 and the final-test
allowance in Lemma 6.14. A Cauchy derivative in a remaining field direction acts on Z, with every
opaque scalar occurrence fixed. A derivative in a source parameter on which an opaque scalar
depends instead uses its uniform polydisc bound in the preceding definition, or differentiates that
scalar within its separately completed root. Thus cutting a root never discards a source-parameter
derivative. The summable later-probe calculation proves that a tagged root stays in the admissible
class under further defect operations. At late birth sizes only the separate factor ¢;, changes; its
bounded number of events gives a fixed-configuration factor per live root. It does not change
an earlier event weight or an opaque completed coeflicient size. Thus the inverse-temperature
threshold remains independent of the fixed correlation order.

Finally fix a finite calculation depth and a finite geometry. All its support choices and discrete
Fourier direction decompositions are finite; compact Taylor and contour parameters can be fixed
independently of a small parameter variation. Only the microscopic integral charge indices remain
unbounded. Before removing regularizations, all identities are ordinary integrated identities of
entire functions with strict real-density integrability: the x growth is below its Gaussian threshold
by Equation (6.2), the real y precision is positive with strict compensation, and the mixed terms
are imaginary on real coordinates except for controlled lower-degree sources. Lemma 6.12 proves
the integrated formulas and Lemmas 6.13-6.14 give bounds uniform as compensation becomes
full. At fixed geometry the completion before the Cameron estimate is also continuous: its real
covariance V may become singular, but positive Gaussian measures converge to the measure on
its supported space, and its complex shifts are bounded for fixed contour choices. The retained
real-charge Gaussian square dominates the remaining fixed-background costs, which grow only
exponentially linearly in the charge magnitudes. Thus dominated convergence removes charge
truncation and strict compensation at this fixed depth. The same majorants hold uniformly on
each smaller source polydisc, so integrating Cauchy formulas proves holomorphy and convergence
of source derivatives. It also passes real parameter continuity to the limit. Scalar division is
continuous whenever its normalizer stays away from zero, as ensured in the small-activity map.
Plane calculations at finite depth use an auxiliary large torus whose preterminal covariance entries
agree on all required supports, so the same reasoning applies there. This proves (v) and completes
the limiting justification promised in Proposition 6.3. O

7 The XY flow, admissible tuning, and spin-field limit

We apply the representation calculus of Proposition 6.15 to the ordinary nearest-neighbor XY
model. Throughout this section, b denotes spin inverse temperature,

p=1+s11, de=1+s12, s=52, §>disi,
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The constant d, > 0 will be chosen below. The interaction includes the compensating factor
etUWp)  with
1 )
U(w,p) = 5 D (s11w? + 2is1owepe + s22p7),  p = OV
e

The covariance prescription and the regularized interpretation at s = sj2 = 0 are those of
Proposition 6.3. In particular, the prescription is not integration against a positive joint law of
(w, ). Positivity will be used only for the completely restored vortex/transverse ensemble of
Proposition 6.2.

7.1 The exact recurrence

For a full block B, write
1 .
gB (t) == 5 E WtB(e) (tnwz + 21t12we(8¢)€ + t22(a¢)g). (71)

Here wtp assigns half of an edge to each endpoint in B. Thus the weights sum to one when the
blocks partition the whole grid. The tensor norm is the maximum of the three coefficient absolute
values. The size of a remainder is the supremum over its supports of AX! times its positive
representation size. Representation size means the recursive sum in Proposition 6.15, with each
term weighted by its live-root weight and the product of its opaque completed coefficient sizes; it
is not a pointwise supremum over future complex Gaussian fields.

We record precisely which parts of that proposition enter the flow. They hold uniformly
in the number of integrated scales and in the finite-grid size. A microscopic Fp factor has size
C'/b, a nonzero charge has a summable bound e*d’q2, and the nonlinear part of a microscopic
compensation factor has size C|se|?. A tensor singleton has size C|t|. Concatenating compatible
histories multiplies their sizes, up to a fixed constant per input. On a small linear input, neutral
localization gives the following gains:

class ‘ subtracted polynomial ‘ remainder gain
bulk, even | constant and quadratic cL™3
wall, even constant CL™?

defect neutral constant CL™!.

Every small charged linear input instead has gain CL~*. The extracted coefficients, in normalized
fine-scale directions, are bounded by C' times the input size. The same history estimates bound
terminal evaluations and fixed smooth-source derivatives. Finally, local identities are exact, their
finite-depth values are continuous in the admissible parameters including the degenerate boundary,
and their field arguments are analytic in the source neighborhoods used below.

Proposition 7.1 (Bulk recurrence). For every sufficiently small fized 6 > 0, the geometric
parameters, then L, and then A can be chosen so that the exact bulk activities have the decomposition

Kj(X) = 1x_(p€a(t;) + P;j(X), to = (s11, 512, $22)-
If r; is their remainder size, then, while the quantities on the right are small,
[tir1 = tjloo < Cry, (7.2)
rj1 < 0rj + Cra(ltjleo +15)%,
ro < Cra(b™ +[tol3)-
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At every fixed depth these coefficients and the needed fized field derivatives are continuous on the
set where the preceding bounds are retained. The recurrence also holds, with the same bulk tensors,
on an auxiliary torus of side F'L7, through scale L7, if the fixed integer F' is sufficiently large.

Proof. Use the temporary-component, relocation, and constant-decoration identities of Proposi-
tion 4.8. They are algebraic identities for local activities, used with the enlarged fixed separation
radii proved in Lemma 6.10. Their hypotheses here are finite shell range, the retained temporary
exclusions, one-step locality of assigned pieces, and multiplicative bounds for compatible inputs.
Finite range follows from Lemma 6.4; the history construction supplies the other hypotheses,
including the fact that evaluated coefficients are scalar factors and do not retain their extinct
microscopic leaves.

For completeness, the relevant counts are as follows. The maximum fine-block count ng of a
small component and the connectivity radius are fixed before L. The number of small animals
containing a specified fine block is therefore a constant. A coarse block has O(L?) fine blocks,
giving at most C'L? small linear inputs per coarse output. Their neutral and charged contributions
have total operator bound

CL* L3+ L) <C/L. (7.5)

In the neutral bulk quadratic remainder, replace each argument by its affine approximation. The
two-factor difference is the sum of one term with the first argument replaced and one with the
second replaced. The error direction has size C'/L? and the other direction size C//L, so each term
has size C/L3. The first-order term vanishes because the full neutral projection is even under
(w,v) — (—w, —1). This explains the gain used in (7.5) without assigning a Taylor gain to a
nonlinear convolution.

For a large input, the closure estimate leaves an exponential weight gain at least A=1X1/2_ after
the fixed per-input history cost. Taking A large after L makes the sum of its linear contributions
as small as prescribed. To check nonlinear terms, root a compatible family at a specified output
block. If it has ¢ fine components and a total of v fine blocks, a depth-first traversal of the fine
animals and a tree connecting their closures gives at most

CU(CL?)%

choices. The long jumps of that tree have range C'L in fine-block units. For large components
the weight gain sums these choices; the total size of the small components is at most gng. Thus
all terms with ¢ > 2 sum to Cp a(|tj| + 7;)%. Use a temporary output weight 44 before the
constant-decoration step. If ap is the assigned constant, then |ag| < Cp a(|t;| 4+ r;) and

dg=(1+ap) ' —1=—ap+0(a%).

Overlapping a decoration with an old occupied site costs at most two choices, paid by the
extra weight. A decoration at a hole supplies a factor |dg|. The subset sum converges when
Asupp|dp| < 1/8. Every term containing an old component and a decoration is quadratic;
pure decorations are quadratic apart from the displayed cancelling linear singleton. Relocated
multiple-object terms are also quadratic, because their original temporary exclusions are retained.
These counts prove the stated nonlinear bound.

The entire expectation of a tensor singleton is assigned to the coarse singleton. Its nonconstant
part is exactly the same quadratic form; its covariance contraction is a bounded constant. At any
specified fine block only a bounded number of small supports contribute quadratic coefficients,
each bounded by Cr;. Averaging over orientation signs and anchors and summing all fine blocks
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in a full coarse block preserves translation and square symmetries. Hence the sum is precisely
Ep(tj41 —t;), with coefficient bound Cr;. There is no factor L? in this coefficient: the sum over
fine sites is the edge sum already present in (7.1). Complex conjugation combined with ¢ — —
makes the three extracted parameters real. This proves (7.2) and (7.3).

At the first independent piece, the linear compensation factors give the stated tensor and their
designated covariance constants. The remaining single primitives cost C'/b, pp e_qu2, or Cltol?.
Each edge has two endpoints and only finitely many choices of primitive type. The same animal
and decoration counts therefore give (7.4).

All these identities may first be performed with a finite Fourier cutoff and strict covariance
regularization. At a fixed depth there are finitely many geometric choices for each coefficient. The
charge sums retain Gaussian domination; the contour and Taylor parameters range over compact
sets. The completed finite-dimensional integrals are continuous, including singular real Gaussian
covariances, and the scalar denominators stay away from zero. The domination in Proposition 6.15
consequently permits removing the regularizations and taking parameter limits in each of these
exact identities. It also permits fixed smooth-source Cauchy derivatives. This proves the asserted
continuity without a positivity assumption on the mixed Gaussian pair.

For the torus take F larger than the fixed support, kernel, and assignment clearances. Every
small input through the indicated scale has an unambiguous lift to the plane, with its required
neighborhood; a winding input is large. The local tensor assignments are therefore identical to the
plane assignments. Large winding inputs obey the large-support weight estimate. The transverse
harmonic directions are added at the terminal integration, as prescribed in Lemma 6.4, and do
not change any earlier local map. O

7.2 The lower-face diagnostic

The restriction s > d.s%, is essential to the history bounds, so a three-dimensional shooting
argument must respect it. We derive the required boundary information from a positive finite
ensemble. On the auxiliary torus let

dv(q, X) = 27 Le ValP2 T fo((X + Vi)e) dvpp (X),  Vy=21v00Gq, Y qu =0.

Here Pr includes the harmonic transverse directions. This is a positive probability measure. It is
used only as the diagnostic ensemble; no identification with a periodic XY spin law is required.
Choose a real torus function ¢ for which ¢ = dp has norm one and is a lowest nonconstant
frequency mode. For side M, one may normalize a sine wave: ||¢]c < C and ||[V"¢llee < CrM™".
Put
a=s/d, B. =d. + pa, Wext = (A +iaT)g, Yext = TP.

Let Z()\, 7) be the fully integrated compensated partition function evaluated at these external fields,
with the same scalar normalization as Z(0,0). Denote the Hessian at zero of log[Z(\, 7)/Z(0,0)]
by H.

Lemma 7.2 (Exact diagnostic Hessian). Write w = X +V, V, = (Vg, 9), f(w) =11, fo(we), and
O = (n—d.)Vy+ de.0glog f(w).
Then
H,; = s+ pa® — B2 Var,(V,), (7.6)
H). /i = Bc(s12 + Cov, (0,V})), (7.7)
Hy\ = —p — d2 + 2ud. + d2E, 0} log f(w) + Var, (O).
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If |Hxy| < 1 and the parameters lie in a fized sufficiently small neighborhood of zero, then
Var, (0O) < C, with C' independent of the torus size and b in the asserted low-temperature range.
Consequently, if additionally |Hy.| < C19, then

Var,,(Vg) 2 Co(’812| — 02(5)3_ (79)

Proof. Translate the full fields before undoing the compensation. The longitudinal vortex argument
becomes V; +d.Ag: the T-terms cancel because s —dc.a = 0. The linear source on w is (uA+iB.7)g,
the source on p is id.\g, and the direct translation factor is

exp{—pA?/2 — iBAT + (s + pa®)7%/2}.

The constant scalar mode enforces Y g, = 0. At each such charge configuration the p-source gives
the further factor exp{—d AV, — d2A?/2}. Since (X, g) = 0, the linear w-source is evaluated at
Vy 4+ dc.A. Combining these factors gives the exact ratio

Z(\7) —p— 2 2ud, s+ pa®
_ c A2 4 iBo(d. — 1)A
Z(0,0) exp{ 5 + iB.( JAT + 57
«E, [e((udc)AJrchT)ng(Wrdc)‘g) . (7.10)
f(w)

The identity first holds in the strict regularizations and then passes to the prescribed finite-graph
limit by Proposition 6.3. Real positivity of f makes the displayed logarithmic derivatives well
defined. Differentiating (7.10) proves all three Hessian identities; in particular the direct mixed
term is iB.(d. — 1) = iB¢$12.

The branch estimate in Lemma 6.1 gives (log f;)” > —Cy. As Y. g% =1,

97 1og f(w) =Y g2(log fp)" (we) > —C.

Rearranging (7.8), and bounding its deterministic terms, gives Var,(O) < C. Because B, stays
bounded away from zero, (7.7) yields | Cov, (O, Vy)| > (|s12] — C26)4. Cauchy—Schwarz for the
positive measure v now gives (7.9). O

Proposition 7.3 (Admissible infinite trajectory). For all sufficiently large b, there is a choice
|511] + |s12] + 5920 = O(b7 1), S99 > dys3s,
for which the exact bulk flow satisfies
ltiloo < Tep?, ri < 2ep, e=0C,/b, 0<fO<p<l. (7.11)

The constants and the lower bound on b do not depend on a correlation order or a finite-volume
cutoff.

Proof. First choose d, small using the universal variance constant in Lemma 7.2. That constant
requires only |Hyy| < 1 and a fixed small parameter neighborhood; it does not require a decay
estimate or a choice of T'. Fix the history geometry and a sufficiently small 8 > 0. Choose L large
enough for the bulk, wall, and defect small-input contraction counts in Propositions 7.1 and 7.4.
Next choose the defect weight Ap sufficiently large for the large-input contraction and decoration
estimates, and then choose the untwisted weight Ay sufficiently large, with Ay /Ap large enough for
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the support and assignment counts accompanying the same-representation transport comparison in
Proposition 7.4. In the bulk recurrence and in this shooting argument set A = Ay. Both weights
are now fixed and will not be enlarged after a survivor is chosen. The estimates requiring these
choices depend only on the history geometry and the uniform one- or two-source bounds, also
valid in the separated many-source decaying regime; they do not depend on a correlation order
or on the eventual surviving parameters. Fix p € (0,1), and fix p < p; < p2 < 1 for the forced
recurrences, together with the diagnostic torus factor F. All recurrence, translation, and terminal
constants below are evaluated at these fixed choices. Choose C, to dominate the microscopic b1
constant. Choose T' large afterwards, and finally choose the lower bound on b large enough for the
bulk shooting estimates and the wall and defect smallness conditions with these same weights.
Let h ="Te, ¢; = hp?, and use the parameter domain

Py =A{(s11,512,8) : |s11], [s12] < R, dusTy < s < h}. (7.12)

It is a closed topological ball when d,h < 1. Its lower face is the graph s = dys2,. If [t;|00 < 6;
through step j — 1, induction in (7.3) gives r; < 2ep’: it suffices that

Cra(T +2)% < 2(p— 0),

and (7.4) gives the initial inequality by increasing b. At a coordinate equality [t;o| = d;, the
increment estimate gives A
‘tj+1,a| > 05 — 2Cep’ > dj41

on the same signed side, provided T'(1 — p) > 2C. This strict crossing will control boundary
contacts of the exit map.

We next exclude an exit through the positive 22-face for a parameter on the lower face of Pj,.
Suppose the trajectory has stayed inside through step j — 1, and at step j has t23; > d;. The
increment bound implies |tj]sc < Myd;, with fixed My, and the remainder bound still holds at step
j. There is no such event at j = 0, since d,h? < h.

Perform the calculation on the auxiliary torus of side F'L7. After removing its designated
constants there are at most Cr terminal blocks. The terminal expression is its tensor contribution
plus an error whose smooth-source derivatives of order at most two are bounded by Cp(r; +
t;]?). Indeed a single tensor expectation has its unmodified external-field quadratic and a field-
independent covariance constant; every other linear input is a remainder, and every multi-input
term has at least two tensor/remainder factors. The terminal history estimate bounds their
integrals and Cauchy derivatives on fixed small circles in (A, 7). The normalized zero-source
partition is 1 + Op(|t;| 4 r;), so logarithmic differentiation has the same error bound. The chosen
sine mode obeys all the required box-scale test bounds uniformly in j. On the fixed complex (A, 7)-
polydisc, its scalar background, including the constant value on each terminal block, contributes
at most exp{Chy;(k; X)} for the current charge array k on a terminal support X. This cost is
paid by the final normalized-test allowance in Lemma 6.14; the test class defining h,, includes its
zeroth-order bound and does not quotient out constants. The finitely many terminal test events
only change Cr, which is fixed before T'. The uniform majorants on smaller source polydiscs in
Proposition 6.15(iv)—(v) justify the Cauchy derivatives also at the degenerate endpoint s = 0.
Consequently

Hyy = ti; + Op(rj +[t]%),
H)\T/’i =t19,; +ati1; + OF(T]‘ + ‘tj’2)7
H, 7 =too; — 2at12j — a2t117]‘ + OF(T‘]' + |tj|2). (7.13)
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All constants here are independent of T'.
For small h, the first line ensures |Hy)| < 1; the second gives |Hy,| < Cd;. Equations (7.6)
and (7.9) therefore imply, on the lower face,

H. . < d*S%Q + CdzszllQ — Cl(|512| — 025])3_ < Cg(;? (714)

For the last inequality use (z —y)% > 2?/2 — y?, choose d, < ¢1/4, and then make h small enough
to absorb the fourth-order term. On the other hand, |a| < Ch and the last line of (7.13) imply

H.r > 6; — Chd; — Cp(26;/T + Mgo7) > 16;.

Choose T sufficiently large, then h sufficiently small. This contradicts (7.14). These choices are
not circular: the variance bound preceded d,, and the terminal constant C'r was fixed before T

Here is the topological conclusion, including boundary intersections. Put z; = t;/d;, and
interpolate consecutive x;’s linearly in a time variable. If no infinite survivor exists, every parameter
has a first contact with the boundary of the cube Q = [-1,1]3. Denote that point by F(s,).
This defines a continuous map P, — 0Q), as follows. Put D; = {se : zi(se) € @ fori < j}.
Finite-recursion continuity on these relative domains makes the D; nested compact sets. If their
intersection is empty, then Dy = & for some finite N. Let n be the first index at which z,, ¢ Q.
Strict crossing implies that every x;, ¢ < n — 1, is in the interior; the first-contact point lies on
the final segment, possibly at its initial endpoint. Along any convergent parameter sequence,
pass to a subsequence with the same n and with convergent first-contact interpolation fractions.
Closedness of D,, and relative continuity give convergence of both segment endpoints. Their
limiting interpolated point lies on Q. There can be no earlier boundary contact: an equality at
an earlier integer time would force the next endpoint outside @), contrary to membership in D,,.
If the final segment starts on the boundary, strict outward crossing makes that initial point its
unique boundary point; otherwise it starts in the interior and again has a unique boundary point.
This also covers a final endpoint exactly on the boundary. Thus every subsequential limit is the
first-contact point at the limiting parameter, proving continuity including at corners.

On the top and on either vertical face of Pj, the initial point already belongs to 9Q), so
E(se) = Se/h. The lower-face exclusion just proved implies that its first-contact image avoids
the relative interior of the top cube face. Indeed a contact there would require the next discrete
endpoint to have o3 ; > §;, while every earlier endpoint was retained. At the intersections with a
vertical face the initial image lies on that vertical face; it is never in the relative interior of the top
face.

The boundary map E|pp, has degree one. For example, the point (0,0,1) has exactly the
preimage (0,0, k), in the relative interior of the top parameter face; in a neighborhood there
the boundary map is the orientation-preserving map (s11, s12) — (s11/h, s12/h). There are no
preimages on the lower or vertical faces. But any map from the ball P, to the sphere Q) restricts
to a null-homotopic boundary map, by contracting the ball to a point, and has boundary degree
zero. This contradiction proves the existence of a survivor. Fix one such parameter choice for each
b. O

7.3 Walls, sources, and the single amplitude

The block construction is available for every integer side length, including partial terminal blocks,
as in Lemma 4.3. Fix the surviving bulk parameters, independently of the finite grid and of
translations of the nested cuts. Write u; = |tj]o0 + 1 < Cep’. Use the weights Ay = A and Ap
fixed before shooting in Proposition 7.3. The bulk and untwisted wall sizes are measured at Ay,
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and the source-defect sizes at Ap. The same-representation comparison of Proposition 6.15 handles
bounded early translations before relocation. The fixed ratio Ay /Ap pays only the accompanying
support and assignment counts.

Proposition 7.4 (Forced recurrences). For untwisted wall activities let w; denote their full size.
For twisted defect activities let v; denote their full size. There are fized p < p1 < p2 < 1 such that

wjs1 < Owj + Cuy + Cuj + w;)?, wj < Cepl, (7.15)
vir1 < Ovj + C(uj +w;) + C(uy +wj +v;)?, vj < Cepl. (7.16)

The defect statements hold at all scales for at most two unit signed sources, including coincident
sources. For k fized sources separated by at least egn in lattice units, they hold through scales
LIt < cegn/(k +1). The constants in these decaying recurrences and the required lower bound on
b are independent of k. The subsequent bounded number of steps preserve an o(1) activity bound
as n — 0o, with constants allowed to depend on the fized configuration and k.

Proof. Let ¢ bound, in current coarse-block units, every assignment, normalization-provenance,
and collar neighborhood used by one local map. This includes inherited coefficient provenance: its
earlier radii sum geometrically in current units, as in the proof of Proposition 4.8. Let C'xy bound
the diameter of a small input in fine-block units. The fixed geometric choices include H > ¢joc
and (H — ¢oc)L > H + Cx, as well as the kernel clearances. Thus a good output’s enlarged hull
contains all the support and scalar-normalizer provenance needed to compute it, with a clearance
margin.

An untwisted support is bulk-good if its required neighborhood has distance greater than Hm
from the physical walls. On a torus require coordinate gaps of that size so the neighborhood
unwraps. The remaining supports are wall supports. Copy the bulk localization on small good
inputs. On small wall inputs subtract only their neutral constant; the full untwisted activity is
even. To determine a good output, every contributing fine support and every assigned piece lies in
its coarse sites or within the fixed one-step assignment neighborhood. The clearance ensures that
all these supports are good and that the shell covariance agrees with the bulk covariance there.
Connectivity tests, temporary exclusions, and singleton normalizations then agree as well. This
proves equality with the bulk on good outputs by induction, including the normalization step.

At a fixed coarse wall output, a small wall input must lie in a strip of bounded fine-block width
along a side. There are O(L) such positions and only a fixed number of small animals at each
position. Corner positions are already included in this count. Thus even neutral wall remainders
cost CL - L2, and charged ones cost C'L - L™4. Small torus-winding supports are absent in the
regime where the torus clearance is used. Large inputs contract by the weight as before. A good
input contributing to a bad output is bounded crudely by Cu;, including any assigned tensor
polynomial; it is not required to cancel there. The product and decoration counts in the proof
of Proposition 7.1 give the quadratic term. The initial size is wg < Ce, which proves the first
recursion.

For a spin source array [ = Zle 6r0z,., Sr € {1, —1}, use the exact connection of Proposition 6.3.
Its offsets are

n = —R_ldGnl/\/B, 192@[/\/(;7 (vavw) = (w_Zan//'Lap—i—Thw—i_ﬁ)

The symbol a; here denotes the connection lift, not the scalar a = s/d. in the diagnostic. A
support is shift-good if its rectangular hull enlarged by Hm misses every marked source. On that
hull, clipped to the physical square when necessary, the connection has a common lift modulo its
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period; the reflected extensions obey the same identity on the stencil neighborhoods. Let R}m(X )
be the chosen untwisted representation; each selected live root is untagged. On a good support
represent the full twisted activity by TyRi"(X), where A = (—idcn/p, Ay) and 9Ny = 7 on its
enlarged hull.

The first independent-piece integration, temporary grouping, and relocation of the full linear
U, expectation construct Ky before good and defect outputs are classified. The initial field collar
and retained exclusion provenance lie within a fixed number of unit blocks of each output support,
covered by the chosen H. On an initial good output the exact microscopic substitution with the
common lift commutes with this finite algebra. The designated contraction scalars are source
independent, while the whole shifted polynomial remains in the activity. Thus K{V(X,z) =
K§™(X,z+ A) there, and we choose its representation afresh as TAyR{"(X). Initial defect outputs
retain their intrinsic tagged representations, including shifted U, polynomials. The no-return
induction below begins at these classified Ky outputs and applies only to subsequent m — Lm
maps.

For localization on small good inputs copy the untwisted pieces and retain their untwisted
designated constants. In particular no background value of a translated tensor is reassigned as a
scalar constant. On small defect inputs subtract only the neutral constant.

Every support and normalization neighborhood contributing to a good output fits within its
enlarged hull with a clearance margin. More explicitly, if Y is good at S = Lm, every contributing
fine predecessor X, including a predecessor of a scalar normalizer, obeys

dist(z;, Hull X') > (H — ¢1oc)S — Cxm > Hm

for each mark x;; residual predecessors have the stronger bound because their closures lie in Y.
Thus all fine inputs are good and admit the same lift. Using the exact fine activity identities
with this common lift, substitution commutes with the convolution, product, and assignment
identities. This proves the good-output identity inductively, including every designated scalar
normalizer and its provenance. After proving that identity at each still-good output Y, choose
its representation afresh as Ty, ‘;ﬁl(Y) Thus the transport is applied to an untagged root; the
previously assembled tagged representation of that good output is discarded. This is a choice of a
representation of the same exact activity.

At a defect output retain, in each selected term, its concatenated live root with its existing
tags and its separately completed coefficient occurrences. No lift is chosen on that output and no
further Ty is applied to that root. An assigned piece originating at a good fine block is transported
only at that fine block, before relocation, even if its target coarse singleton is a defect. Its opaque
untwisted coefficient is unchanged. The following no-return property justifies this rule. If a fine
support X is defective, some mark has distance at most Hm from its hull. A residual output
contains X, so it is defective at S = Lm. A singleton receiving a small defect coefficient belongs to
X and meets X; its distance from that mark is at most (H + C'x)m. Any output whose assignment
or normalization neighborhood uses that singleton is within a further ¢jo.S. The chosen inequality
(H — cjoc) L > H + C'x makes such an output defective as well. This includes a defect-specific scalar
inverse decoration: it is an opaque number supported at its singleton, and every later use retains
that support or the stated normalization provenance. Defect localization emits only a neutral
constant, so it cannot create a relocated live polynomial elsewhere. A good-origin polynomial
first landing in a defect then follows the residual rule. Consequently no tagged defect ancestry,
including its scalar-normalizer provenance, re-enters a good output.

The derivative bounds for the connection give bounded scaled positive derivatives at every
point of a good fine collar for one or two sources. In the separated k-source regime, at each folded
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collar point at most one source is within eyn/3; the identity of this source may vary with the
point. The others contribute at most Ckm/(eyn) in the scaled bound. The own-birth estimate
after Equation (6.23) applies to every old atom, since its birth size h < m obeys the same early
inequality. Choosing ¢ small therefore puts the transport of each good input in the admissible
early class.

Apply the explicit comparator in Proposition 6.15(iv) to that input before relocation:

AN lsx (TARY™) = A lsx (RI™) < (Ap/Ap) X[ RY™ 4, -

Its structural coefficient, every opaque completed coefficient size, and the live event weight are
identical on the two sides. All bounded early contour translations remain inside the endpoint
integrand. The fixed ratio Ay /Ap is used only in the subsequent spatial enumeration of support
and assignment choices. The product bounds apply to concatenated live roots and multiply
the sizes of completed scalar occurrences separately. This gives good-input forcing C'(u; + w;),
including assigned polynomials on their original good fine blocks, without a cost for every old
event at each scale.

A small defect input has bounded fine diameter and an enlarged hull meeting a mark. There
are only O(1) such fine supports per mark in a coarse output. In the indicated separated regime
the number of relevant marks in this local calculation is bounded; for at most two sources it is
bounded at every scale. Consequently the neutral and charged linear costs are C(L~' + L™%).
Large defect inputs contract by the weight. The product counts give the second recursion; the
microscopic offset bounds give vy < Ce.

To solve the recurrences, take the initial sizes sufficiently small that each quadratic term can
absorb a fixed small multiple of the unknown wall or defect size into a contraction coefficient strictly
less than p. Iterating the resulting linear inequalities and summing their geometric convolutions
gives the displayed Cep| and Cepl bounds. Equivalently, substitution of these bounds into the
two recurrences proves them inductively after choosing their constants and then increasing b.

For a fixed separated configuration, the last scale in the decaying regime is proportional to n.
There are only Oy (1) remaining scales, on grids with Oy (1) blocks. The entering activities
tend to zero. The finite remaining maps and terminal integrals have finite bounds by the history
calculus with the actual source offsets; their constants may depend on k, ¢, b. Each new term
has at least one entering activity, so finitely many applications of these bounds preserve o(1).
In each live root, the number of atoms whose own birth sizes are late is bounded by Cj , 1., as
proved after Equation (6.23). Only their explicitly recorded late numerical product may change
by a fixed-configuration factor. Early decorations stay in the uniform endpoint class, and opaque
completed coefficient occurrences are not transported. Thus neither the original charge and Fj,
weights nor the microscopic lower bound on b is increased with k. O

Let R, (1) be the twisted-to-untwisted ratio of the remaining compensated partition functions,
without the deterministic Gaussian source factor. The exact identity of Proposition 6.3 reads

) 2
Exy s 2 =% — exp {_Sz‘zc/“(z, Gnl)} Ra(l). (7.17)

Proposition 7.5 (A universal spatial amplitude). There is ¢, € (0,00), depending only on b and
the fized surviving parameters, such that, for each fized k and every convergent configuration of
distinct interior continuum locations,

k
R, (Z §T(5xm> — ¢k (7.18)

r=1
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The same ¢, works for both signs, every interior position, every integer sequence n — 00, and
every choice of nested cuts. The ratios for at most two sources are bounded uniformly without a
separation condition.

Proof. After extracting the designated constants at each step, the terminal normalized integrals
in both problems tend to one. There are boundedly many terminal blocks, and Proposition 7.4
and the terminal history estimate bound every nonempty activity contribution by o(1). The same
reasoning includes the bounded number of late steps for a fixed separated configuration.

Write 1 4 a;-‘:VB and 1+ aj’p for the extracted factors. They are real: on real background fields
complex conjugation combined with w — —w preserves the compensated integral and its local
rules, including the real connection offsets. Their distance from one is small in the decaying regime,
so they are positive. The microscopic designated constants are identical in the two problems. At
subsequent scales a difference arises only from a small defect input. The bounded number of such
inputs per source, the extracted-coefficient estimate, and Proposition 7.4 imply

3 ‘log(l +al) —log(1 + a;fg)] < Ckepl. (7.19)
B

This follows from |log(1 + z) — log(1 + y)| < 2|z — y| for the small real coefficients in question. In
a separated configuration the bounded late contributions are o(1). For two sources the estimate
holds throughout. The terminal history bound then gives a uniform ratio bound for all sufficiently
large grids. The finitely many remaining grid sizes are covered by enlarging that bound; their
positive partition functions are finite and their source locations form finite sets.

For a single signed mark remaining macroscopically interior, translate the nested cuts by its
lattice position. This translation does not change the bulk parameters or the exact physical ratio.
At any fixed depth all constants that differ between the two problems are computed within a fixed
lattice neighborhood of the mark. In this neighborhood, as the distance to the boundary tends to
infinity, the grids and kernels are eventually the plane ones. The connection increments converge
to the isolated plane connection. Its phase values modulo the period converge up to one common
phase. A common phase translates the activity argument in the scalar field; neutral constant
extraction is invariant under that translation, and the good-input lift rule preserves the invariance
at every step. The finite-depth continuity of the history integrals therefore proves convergence
of each local constant difference. Simultaneous negation of the fields and the connection proves
that these limits are unchanged by reversing the source sign. They are also independent of the
macroscopic source position, because the fixed-depth limiting grid and increments are the same.

The sum of these isolated differences is absolutely convergent by (7.19). Define its exponential
to be ¢p. It is finite and strictly positive. The terminal ratio tends to one, so it is also the limit
of the exact single-source physical remaining ratio. In particular its value is independent of cuts,
although cuts were translated to compute that limit.

For several separated sources, compare with the individual single-source problems on the
same hierarchy. At each fixed depth the neighborhoods supporting differing constants around
distinct marks are disjoint for large n. The other sources’ connection increments tend to zero in
each neighborhood; their phase contribution is a common phase to leading order and thus does
not affect neutral constants. Finite-depth continuity makes the local differences converge to the
corresponding single-source differences. A mark has only finitely many positions modulo the cuts
at a fixed depth, so this comparison is uniform in those positions. First sum through a fixed
depth, then use (7.19) to send that depth to infinity. The result is klog ¢, proving (7.18) with no
subsequence or location-dependent adjustment. ]
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7.4 The full complex spin field

Theorem 7.6 (Low-temperature XY field). There is by(XY) < oo such that for every fized

b > by(XY), the choices
b

s+dz/p
satisfy Kxy(b) > 1/(4m), Axy(b) > 0, and Kxy(b)/b — 1. Along every integer sequence n — oo,

Kxy(b) = Axy(b) = ¢! (7.20)

n? 3 Axy(b)etnE R B eites, — Vie o) p
zeDg

m ngg(D), and jointly on any finite collection of complex smooth compactly supported test

functions. The limit uses the full Dirichlet-variance Wick convention.

Proof. By Proposition 7.3, s + d?/pu =1+ O(b~!) > 0. This proves the stated asymptotic for the
coefficient Kxy(b) and, on increasing bg, the required lower bound. Let K = Kxvy(b), A = ¢, ! and
write Z,(z) = AeCn(®2)/CK) 0z For signed factors let Z,(x)t] = Z,(x) and Z,(z)) = Z,(z).
Equation (7.17) gives the exact cancellation

k
1
E H Zn(ﬂfr)[g'"} = A*R, <Z §r5zr> exp {_K Zgrthn(azr, a:t)} . (7.21)

r=1 r<t

In particular every self-energy, including its finite position-dependent Dirichlet part, cancels. By
Proposition 7.5 and the lattice Green convergence in Lemma 4.2, at separated convergent interior
points this tends to

1
exp {K > s Gpl(zr, Zt)} :

r<t

These are precisely the separated signed moments of the full-variance Wick exponential. Conver-
gence along every convergent separated configuration sequence is uniform on separated compact
configuration sets: otherwise compactness would supply a convergent sequence on which the error
stayed bounded away from zero.

We check the remaining hypotheses of Theorem 5.12. The two-source ratio bound and the
Green estimates give, uniformly in all lattice points of a fixed interior compact set,

0<E[Z,(2)Zn(y)] <C(lz—y|+n H % Q<2 (7.22)

One may take Q = Cg/K < 2, where Cg is the constant in the discrete logarithmic Green bound,
by increasing the lower bound on b once. Repeated locations are included: their diagonal Green
factor is bounded by the same estimate. The same-sign two-point expression is bounded above by
a constant since G, > 0.

All signed-spin expectations are nonnegative. Indeed the Fourier coefficients of e
nonnegative: expand exp((b/2)e?) exp((b/2)e~") and group equal powers. Haar integration at
interior vertices selects currents with the required integer divergence. Every surviving current has
nonnegative weight, and the pinned boundary supplies the remaining divergence. The positive
deterministic multipliers in Z,, preserve this property.

Finally fuse all fixed boundary vertices into one pin vertex and give that vertex an independent
uniform angle, rotating every spin by the same angle. The resulting measure is the finite free
ferromagnetic plane-rotator measure, with nonnegative edge couplings, and this rotation preserves

bcosb are
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the modulus of each nonnegative weighted complex smear. The Lee—Yang estimate in Lemma 5.10
therefore applies to its real and imaginary projections and gives the absolute-smear moment bounds
needed in Theorem 5.12. Its public theorem hypotheses are finite graph, nonnegative couplings,
and nonnegative smear weights; all are satisfied here. General complex test functions are handled
by splitting real and imaginary parts into nonnegative parts, as in that theorem.

Thus the hypotheses of the transfer theorem are all available: separated signed multipoint
limits for every fixed order, the unrestricted integrable two-point bound (7.22), positivity of every
signed moment, and the rotated Lee—Yang moment bound. That theorem controls collisions,
proves moment determinacy, and gives local negative-Sobolev tightness. It yields the claimed full
complex law and joint smeared convergence. The large fixed by was chosen in the bulk and the
at-most-two-source estimates; Proposition 7.4 supplies every higher fixed order at this same b.
The arbitrary-size hierarchy and the cut-independent amplitude prove the assertion for all integers
n, rather than only a geometric subsequence. O

8 The weak-activity height recursion

This section constructs the height recursion on tori and proves its consequences when a microscopic
smallness estimate is available. Its local maps also apply to a small activity supplied at a later
scale. The two assertions have different hypotheses: the microscopic construction below applies to
a fixed interaction at sufficiently large temperature, or to a sufficiently spread-out interaction at a
prescribed coefficient greater than 8m. For a general fixed interaction near its physical transition,
the small initial activity will instead be supplied by Theorem 9.1.
Write
Q=-Ay, Ag = Q/v?, v =y, k= p3/v?, ko = 8. (8.1)

Write a(k) = a (k) for the structural coefficient of Theorem 2.2. We denote the held-fixed reference
coefficient by o' and put @ = va’. Thus o is a proposed output coefficient, whereas k is the
physical input parameter. On nonconstant modes use covariance Ay ! and integrate the constant
mode uniformly over [0, 27/a). Insert the normalized comb - 7 €499z at every vertex and the
interaction

exp{s(¢, Aop)/2}, s=1-ad/k. (8.2)

The resulting measure, with o = a¢, is exactly the height measure modulo constants: its quadratic
exponent is —(1 — s)(¢, App)/2 = — (0, Apo)/(2k). Comb identities can first be read with positive
Fourier approximate identities and then passed to the limit after the independent Gaussian
integration below. All convolutions are independent of k when a’ is held fixed.

For a block B of side m set

e% (o) 2\J\v2 Z Z Guty — Dz)?, % (p) = m™2 Z cos(agy). (8.3)

zeByeJ TzEB

In particular Y. pe% = (¢, Agg), including the displayed factor 1/2 accounting for the two
orientations of an edge.

The weak-coupling analysis is related to the sine-Gordon contraction of Dimock—Hurd [10] and
the discrete Gaussian maps of Bauerschmidt—Park—Rodriguez [3]. The present map, its complex
activity analyticity, and its near-marginal second-order coefficients are proved below with the
norms used here. Their later application to a fixed rough lattice model also requires the physical
entry theorem of Section 9.

119



8.1 Finite-range kernels and the ultraviolet preparation

We first give the estimates uniformly for J, = {z € Z*\ {0} : |z < p}. Let d, be the largest
power of two not exceeding the integer p, and set v = 3/5. Write N, = (2p + 1)? and

sin((2p + 1)t/2)
(2p + 1)sin(t/2)

bp(t) =

The exact symbols are

N Nyp(p+1)

Np i 1{1 - bp(gl)bp(€2)}7 U2 = m (8.4)

Q) =

On [—7, 7] one has |b,(t)] < 1and |b,(t)| < 7/((2p+1)|t]). Where b, is negative, |t| > 27/(2p+1),
so b, > —1/2. Consequently 0 < vQ < 1 — ¢ for all sufficiently large p. Taylor expansion in a fixed
p€ window, and the preceding bound outside a sufficiently large such window, give

et QO =min{pldh 1) Q) = g1+ 0(l)}. (8.5)
For the lower bound in the remaining compact annulus, any subsequential limit is the product of
two sinc functions; its value is strictly less than one away from the origin. This proves a uniform
positive lower bound there and completes the ellipticity argument.

Fix a sufficiently large power of two L, and let mg be the first power of L at least p?, where
the absolute exponent B is chosen after the finite list of difference estimates below. Define

sin(tz/2)

64
ts1n(z/2)> , Pi=PR(1-Q/16).

Pi(cos z) = (

First take independent normals of variance ~yv?; then take

2 2
v2(1 — Q) v:(1 —1Q)
Cu = Q (1 - ng/d,,)v Iy = Q
On the torus of side n = LY > Dgmyg, let m, be the largest member of {mgL? : j > 0} strictly
below n/Dy. This set contains mg. Use shells whose upper side is at most m,; when m, = my
there are no long shells. The remaining nonconstant covariance is v?(1 — yQ)P,,. /d, /Q; retain the
independent uniform mean. Here Dy is fixed after all support radii have been fixed.

(Pm/dp - PLm/dp)’ m = moLJ (86)

Lemma 8.1 (Kernel bounds). The two kernels in Equation (8.6) are positive semidefinite polyno-
mial kernels, of ranges at most Cmqg and CLm, respectively. For the long-wave shells Ty, with
m > my, and their binary pieces at the corresponding lower scales, the pointwise and positive-order
operator bounds of Lemma 4.1 hold uniformly in sufficiently large p, using ordinary nearest-axis
differences. The positive-order diagonal and operator bounds also hold for the final smoothed
remainder at its stopping scale. Consequently Lemma 4.4 applies to these shell and terminal
integrations.
The ultraviolet covariance is controlled separately by

0 < Ay *CuvAy® = (1 =1Q)(1 = Py /a,) < 1d. (8.7)

No scale-mqg nearest-azxis derivative or whole-requlator averaging bound is asserted for Cyy.
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For each fized admissible scale ratio R, the rescaled plane shell from lower side m to upper side
Rm, and its scaled differences through order eight, converge to the corresponding derivatives of

— sin(u 64 v
P

The parameter u ranges over a compact subinterval of (0,00). The errors have bounds C(p© /m)°,
summable over the starting scales and tending to zero as p — oo. In particular, on the plane, for
bounded «,

Aj = 120 Tingri (0:0)/2 _ A1+ ¢j), A= [20/4m) Z lej| = o(1). (8.9)
J20

The ultraviolet diagonal obeys
Dyy = 702 + Cyy (0,0) = v2(1 4 o(1)). (8.10)

For an arbitrary fized admissible J the shell and terminal long-wave assertions hold with constants
depending on J, a sufficiently small v > 0, and a sufficiently large starting scale. In that version
the summable errors tend to zero as the starting scale tends to infinity; neither Equation (8.10)
nor vy > 1/2 is asserted.

For the physical entry construction there is a second, fized-J family. With integral M and the
same polynomaals Py, set

v? v?

3\425(1—PM% ?\E:E(PM—PLM)-

These are positive semidefinite polynomial kernels of ranges at most CyM and CyLM , respectively,

and 0 < A(l)/Q 2‘}\414(1)/2 =1-Py <Id. For M sufficiently large, the plane shells and the torus

shells whose upper side LM is below n/Dy, with Dy sufficiently large depending on J, satisfy
LM
res <Cy(1+log" )
VeVl (@, y)| < Cop(M +dist(z,y))™",  r=la[+]|d, 1<r<12
ITSHl2 2 < CH(LM)?, IVI (OS2 350 < CppM 2070, 1 <7 <6

F?\?(%’, x) >y 10gL7

Here the constants are chosen before L. In particular the positive-order diagonal bounds of
Lemma 4.1 hold. For the mean-free terminal covariance TS* = v?Pyy, /Q on a torus of side n > 2M,,
those diagonal and positive-order operator bounds hold at scale M, with constants independent of
n/M, and L. Its undifferentiated diagonal satisfies 0 < I'S"(x,z) < C;(1 + log(n/M,)).

At fized J, L, the continuum shell for this family has ven = v/+/32 in place of u in Equation (8.8).
Writing it as G ., for r = |a| + |c| < 8 one has

sup | M"VEVETSH(,9) = 0% 05 Gruen (X = V)l xpar ymyynt| < CorM ™2,

x,y€Z?

For a compact interval I € (0,00) of reference coefficients, the actual fundamental multipliers for
a sufficiently large start m are therefore

1 L _A/'Ten
5 =T ;(0,0) — 02g7T , X = L2 s ©00/2 _ N1 + e,
__Isen C —-1/2
G S < S e

320
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The shell diagonals and these multipliers are identical on a retained torus and the plane. This
entry-family assertion is only for fized J; no uniformity as the interaction range tends to infinity
s asserted.

Proof. For integer scale ratios the elementary identity

sin(Ltz/2)

64
Lsm(tz/2)> < Py(cos z)

Pry(cos z) = Py(cos z) (
holds, with values at removable singularities defined by continuity. The degree of P, is 32(t — 1),
and Pi(1 — ¢q/16) = 1 — (t> — 1)¢/3 + O(¢?). Thus the quotients by @ are polynomials with
nonnegative spectral values, also at zero. A polynomial of degree d in ) has range at most dp
in sup distance, proving the range bounds. Moreover, 0 < 1 —~@Q < Id and 0 < P; < Id on the
spectrum. Multiplication by A(l)/ % on both sides of the ultraviolet multiplier proves Equation (8.7);
both sides of its equality vanish on the constant mode.
For a long-wave shell I'),, split it into its binary pieces. In [£| < ¢/p, the angle z = arccos(1 —
Q(£)/16) satisfies (m/d,)z < m|¢|, and the binary covariance multiplier is bounded by

C'min{m?, [¢]7*(mlé]) ="}

Outside this region it is bounded by Cp?(p/m)5*. Multiplying by the required nearest-difference
symbols and integrating gives, for a binary piece at side m, |V'T| < C,m™" for every required
r < 12. The high-frequency integral has an extra factor p%9m=64; increasing B absorbs this factor

after each of the finitely many rescalings. Spectral supremum estimates give ||T,|| < C(Lm)?

and HV’T%2H2 < Cym~2=1) for 1 < r < 6. For the terminal remainder use the same low- and
high-frequency multiplier bounds, with P, /4, in place of the shell difference. Positive-order
spectral suprema and the normalized torus Fourier sum split at |¢| = m ! give the operator and
diagonal bounds at scale m, whenever n > 2m,. In the low region the radial annulus count gives
C,m; %" for the diagonal of r differences, 1 < r < 6; in the high region the same factor p®m_ 6% is
absorbed by the choice of B. These constants do not require an upper bound for n/m,. Summing
the binary pointwise estimates and using their ranges gives the logarithmic kernel bound and the
positive-order mixed-distance bounds. A fixed low-frequency annulus in each binary piece gives its
strictly positive diagonal lower bound. The Fourier sums have enough frequencies in those annuli
by the choice of Dg. These are precisely the kernel hypotheses used in Lemmas 4.4 and 4.6.

For convergence of these shells, put n = m¢ and divide the integral at |n| = (m/p), with a
fixed sufficiently small € > 0. The tail just estimated is a negative power of m/p, even after eight
scaled differences. In the inner region,

m
o 2recos(l = Q(n/m)/16) = uln|{1 + O((pln|/m)*)}.

P
Taylor expansion of the sine ratios and of the difference multipliers therefore has a power-small
integrated error. All quotients are regular at zero, so no additional infrared truncation is required.
On the diagonal the continuum integral is

1

T 2r

dr _logL

Gr(0) r 21

oo
| P = Pt
The last identity follows by integrating from § to T, changing variables in the second term, and

sending 0 | 0 and T" 1 oo, using P, (0) = 1 and its decay. This proves Equation (8.9) with geometric
summability.
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The multiplier for Dy, /v? tends to one almost everywhere as p — oo. Outside [£| < ¢/p it is
uniformly bounded. Inside that disk, the bound Cmin{m3/p?, 1/(p?|€|?)} has integral at most
Cp~2(1 + log mg). Dominated convergence outside, followed by this vanishing inside contribution,
proves Equation (8.10). Range makes the ultraviolet entries identical on all sufficiently large tori.

For fixed J, let d be the largest power of two not exceeding its sup range, and use m/d in
the polynomial indices. Square symmetry gives Q(¢) = v2[£|? + O;(|€|*); inclusion of the nearest
neighbors implies that zero is its only Fourier zero. Choose vysup ) < 1 and repeat the shell and
terminal arguments with the fixed range in place of p. The polynomial positivity, range, and
ultraviolet energy bound follow directly as before. This proves the fixed-J assertions for the first
family.

We give the estimates for the entry family with its literal, unrescaled polynomial indices. On the
Fourier square, Q(¢) < |£|?. For z = arccos(1 — Q(£)/16) one has exactly sin(z/2) = \/Q(€)/32.
The elementary sine bound and the binary identity give

0 < Py(€) < Cmin{L, (1/Q(€)) "%}
Dy(&) := Py — Py = Py{1 — cos™(t2/2)}

< Cmin{’Q(€), min(1, (t,/Q(£))*4)}.

Consequently the binary covariance A; = v2D;/Q is bounded by C; min{#?, |¢|~2 min(1, (¢|¢])7%%)}.
It is a polynomial of degree O(t), so its range is Cjt. Multiplication by the nearest-axis difference
symbols and radial integration, split at |¢| = t~!, prove (VeVeAi(z,y)| < Cypt™ for 0 <7 =

la| + |c| < 12. Spectral suprema similarly give |]V7"Ag/2||2 < Oy, 272" for 0 < r < 6. Summing
over the binary sides ¢ = M,2M,..., LM /2 proves the operator bound at order zero and at
orders 2 < r < 6; at order one use directly |£|?v?(Py; — Pras)/Q < Cj. At positive pointwise
order, a piece can contribute only when ¢ > ¢ dist(x,y), up to the fixed difference stencil. The
geometric sum of ¢~" then gives C, (M + dist(x,y)) ™", and the same counting at order zero gives
the displayed logarithm. On a fixed annulus c;/t < || < Cj/t with its constants sufficiently
small, P; is bounded below and 1 — cos®(tz/2) > ¢;t2Q for all large t. Its integral gives a positive
constant to each binary diagonal. This proves the lower bound. Choosing Dy larger than twice
the polynomial range constant, enlarged for the fixed difference stencils, makes each retained torus
kernel the periodization of its plane kernel with at most one contributing image, and makes its
diagonal identical to the plane diagonal. Thus all these bounds hold on the retained tori as stated.
For the terminal covariance, its nonconstant multiplier is bounded by

Cy1¢]? min{1, (M,[¢]) =%}

Its spectral supremum after 2r differences proves the positive-order operator bound. Splitting the
normalized torus Fourier sum at |¢] = M ! proves the positive-order diagonal bound: the number
of modes in every radial dyadic annulus is bounded by its area times Cn?, with the same bound
for the innermost disk when n > 2M,.. For 1 < r < 6 the resulting sum is at most C, M, 2r This
argument has no dependence on an upper bound for n/M,. At order zero the annuli between the
smallest nonzero frequency and M ! each contribute at most C, and there are O(1 + log(n/M.,))
of them; the higher-frequency sum is bounded. This proves the stated terminal value-diagonal

bound. Polynomial division at zero proves positivity, range, and the asserted energy inequality for

en
<M-*

For the stated rate of continuum convergence put n = M¢ and use

Q(n/M) = v?[n|*/M? + O (|nl*/M*), %Z(U/M) = ven|n[{1 + Oy (|n*/M?)}.
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The rescaled multiplier is v2(Pys — Pras)/(M2Q). On |n| < MY write each sine ratio as
[2/(2sin(z/2))]%[sin(tz/2)/(tz/2)]%*. Taylor’s formula, the preceding two expansions, and the
bounds |(sin7/r)%| < C(1 + r)~% and |((sinr/r)%)| < C(1 +7)7% for r > 1 give an error
bounded by Cyj M ~2(1+ |n|) 750 after division by |n|?. At zero the difference of the two sine ratios
vanishes quadratically, so this bound extends across the removable quotient. The product of r
scaled difference symbols differs from the corresponding derivative symbol by at most C, M ~1|n|"*1
on this region. These errors are integrable through r = 8. On the complementary region both
covariance multipliers, times a symbol of order r, have integral bounded by

CJL/OO tr—65 dt < CJLM—(64—T)/100.
’ M1/100 - ’ ’

the same estimate bounds the part outside the rescaled Fourier square for the continuum kernel.
For r < 8 this is O(M~1/2). Fourier inversion proves the stated uniform scaled-difference estimate.
Its diagonal case and Gy, (0) = log L/(27) give 65" < Cj1(mL7)~Y2. The mean-value bound
for e=%%/2 uniformly on I, now proves the displayed summable estimate. The fixed parameter
Uen can leave every compact interval when J varies, which is why this second argument is not a

spread-out estimate. O

We use the block geometry, analytic point norm, and exponential regulator of Lemmas 4.3
and 4.4; the activity-weight base is denoted by A, to distinguish it from Ag. Activities have a collar
of width p rather than one nearest-neighbor step. Since p < mg, enlarging the fixed connection
radii contains these collars without changing the counting or regulator proofs. Activities are real,
even, periodic under common translations by 27/a, and covariant under block translations and
square symmetries. Bulk norm parameters can be chosen independently of sufficiently large p.

Proposition 8.2 (Microscopic smallness). For ' in a fized compact interval containing ko or
lying above it, the two ultraviolet integrations have the exact block representation

Ko(X) = 1x—py{se}/2 + 20¢B} + Ro(X), 20 = 2mge~ " P/, (8.11)
For spread-out J,, choose 1/2 <~ <~ and put §y = e VA2 Fop exponentially small s,
IRoll < Cp%(Is +60)%,  [19sRoll < Cp(|s] + o). (8.12)

Thus, uniformly on |s| < C'zy, these bounds are o(zy) and o(1), respectively. Uniformly towards
unbounded a', it suffices to use the weaker bounds Cp®(s?>+dg) and Cp®(|s|+do), and the designated
cosine may be absorbed in the remainder. For fived J these weaker bounds hold with Cy and any
fized 0 < ~' <~ when a' is sufficiently large.

Proof. Write the first Gaussian field as 1 + ¢, where Cov(n) = yv?Id and Cov(¢) = Cyy. Condi-
tioning each 7, on the comb gives the periodic density

2002 ;
w(t) — Ze q*a’yv /2€zqat.
qEZ

Expand in occupied site factors w(¢, + () — 1 and in occupied oriented-edge factors

2
SEGHR g () = W
v
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Assign an edge to the block of its base vertex and group all occupied factors by the enlarged block
connectivity. Gaussian range and the retained collars give exact factorization between separated
components. This is the initial instance of the algebra in Proposition 4.8.

Here are estimates justifying the expansion and its derivatives. An occupied site costs dgy in the
analytic point norm; its Fourier derivatives introduce powers of aq| and factors ehoaldl | absorbed
by the gap v — 7. An occupied edge costs C|s|, using |e*¥/2 — 1| < C|s|(1 4+ E)eF for a fixed
arbitrarily small c. For conditional derivatives one differentiates the shifted Gaussian density while
keeping the constrained lattice value fixed. At the at most twice as many touched endpoints as
occupied edges, the resulting weights are bounded by

C exp{ho|nz|/(v?) + b3/ (270*)}.

The conditional normalizer and its inverse have the same estimates, since w = 1+ O(dp) uniformly
in its argument. These bounds are uniform also for the first two conditional moments, with
polynomial factors absorbed by the same exponential slack.

The field energy from a selected set of edges is bounded by a constant times the regulator
gradient energy on their collars. Indeed, resolve each y into an axis path of length at most Cly| and
apply Cauchy—Schwarz along the path. Summing its translates and then its coefficient 1/(|J|v?)
uses -, ¢y ly|? = 4|J|v?, and gives a bounded constant. For the ¢ energy, put ¢ = (|.J|v?)~! and
let B have one row per oriented interaction edge, with (By), = \/¢/2 V). Both edge orientations
are included, so B*B = Ag and Ey(v)) = |(Bv)¢|?. For a selected edge set S, let Bg be the row
restriction and Ts = BgCyB%. Equation (8.7) implies

IBC2I? = ICH2ACP <1, 0<Ts<Id,  trTs<|S|.

Gaussian diagonalization therefore gives, for 0 < 7 < 1/2,

E exp {TZ Eg({)} = det(Id —27T5)™Y/2? < exp {TM} : (8.13)

es 1-27

Here —log(1 — z) < z/(1 — z) bounds each eigenvalue term. Polynomial occupation factors are
absorbed by

H(l + Ep) < C’ls| exp {52]_%} ,
les lesS
with a fixed reserve below the exponent 1/2. Use Ey(¢p + ¢ +n) < 3Ei(¢) + 3E¢(C) + 3E¢(n). The
background part is placed directly in the output regulator by the deterministic path estimate;
only the selected edge energies of ( are integrated using Equation (8.13). In particular Lemma 4.4
is not applied to Clyy. For the independent field, each touched vertex is incident to at most 2|.J|
oriented edges, and hence
> Ey(n) < % ook
les x touched
There are at most 2|.S| touched vertices. Shifted-lattice Gaussian sums with the displayed derivative
weights and this sufficiently small quadratic growth are bounded by C per touched vertex, including
their normalizers. Combining these facts bounds a term with r occupations by the product of its
site and edge costs, times C" W} .
On one edge, replacing its conditional expectation by the unconditioned linear term costs
Cp©(s% + |s]dp). The unconditioned expectation is exactly sEy(¢)/2 plus a constant. Extract the
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sum of these constants by the constant-decoration identity of Proposition 4.8; its nonconstant
linear part is se% /2. A single site’s fundamental Fourier terms, after the ( integration, have
coefficient 2e~%Pw/2 Summing sites in B gives 20c%. All its higher harmonics cost at least C53
in the compact-a’ regime.

For a prescribed connected support the local choices for r occupations are bounded by
(Cmd|J|)C", by encoding the counts in each block and the sites and edges for each occupation. At
least one occupation is required for every occupied block. Since mg is polynomial in p, this pays
any fixed prescribed initial activity weight. Summing the absolutely convergent expansion with
at least two occupations, and the single-occupation errors just identified, proves Equation (8.12).
Differentiating the edge factors proves the asserted derivative bound by the identical occupation
sum with one power of |s| removed. The weaker bounds follow by putting all site occupations,
including the fundamental one, in the remainder. For fixed J all counting factors are fixed, so
the same proof gives its asserted version. Finally, since v/ > 1/2 and Dy, = v?(1 + o(1)), the
exponent in §3 /2 is strictly negative for large p; polynomial factors do not affect the stated o(zp)
conclusion. O

8.2 The exact local map

At scale m = mgiari L7, use either the first shell family with mgas = mo, or the fixed-J entry
family with any sufficiently large integral mgtare. Write A; for its exact fundamental multiplier,
namely A" in the entry case. Split off the two singleton interactions te% /2 + 2¢% and denote the
measured remainder by R. Assign their complete Gaussian expectations to the containing coarse
singleton, extracting the constant part of the gradient expectation. The surviving coefficients are
exactly ¢t and \jz. For small remainder supports localize the neutral part to constants and e% /2,
and its fundamental charged part to c%. All these are linear operations on the activity being
localized.

We spell out the two modifications of the localizations in Lemma 4.5. If DX is the Hessian on
affine fields in the standard axes, for each y € J take the orthonormal frame (y, R, /oy)/|y|. In this
frame use the two differences with steps y, R /2y, multiply by m /|yl, transform the resulting vector
back to the standard axes, and average the resulting quadratic forms with weights |y|?/(4|J|v?).
Average both orientations as in Lemma 4.5. These weights sum to one. Axis-path Taylor bounds
with nearest second differences control the affine replacement error by the same L™3 estimate, since
ly| < m. The prescription commutes with reflections as well as rotations; a reflection interchanges
the frame orientations. After summing over X at a fixed block, square symmetry makes its Hessian
d1d. For such a Hessian the assigned expression is exactly

1 2 2 d
om2 Z Z 4"3"02 dgﬁ{(ay%ﬁ + (8Rw/2y¢w)2} = 56%((!5)-

zeByeJ

Thus the localization preserves the actual long-range energy, including its allocation to fine and
coarse blocks.

For a fundamental projection on a small support X, evaluate the Gaussian expectation on
constant fields; divide the coefficient by |X| and assign it times ¢} to each B € X. Evenness
cancels the sine coefficients. For v/kg < a < 2v/kg, perform the charged contour shift of Lemma 4.6
with isgn(q)al'y,(+,v0). The density cost and constant character together give

exp{—a’(lq| = 1/2)T'n(0,0)}. (8.14)
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Positive-order kernel bounds show that the nonconstant covariance column has bounded fine test
norm independently of L. Choose hg large enough to contain this residual with strict radius
reserve. The coarse constant derivative factors 04l are then paid by Equation (8.14) for L
large. Every |g| > 2 has spare powers of L. For |q| = 1 the gain is exactly \;L~2, where ); is the
fundamental multiplier of the chosen shell family. It is at most C'L~2 on a fixed one-sided interval
ko < a' < kg + Orer with 0 < dper < 3k fixed and sufficiently small, once the summable diagonal
errors are small. Factoring its character at an anchor in B, subtraction of the constant-background
coefficient leaves a first Taylor difference. On the small support its nonconstant argument and each
coarse direction have fine test size CL™1(1+ \/UL,,) and CL™!, respectively. The unused analytic
radius and the small-support regulator slack absorb this fixed polynomial, giving the further factor
L~!. Averaging the anchor over B proves the claimed localization with ¢%. By Lemma 8.1 the
diagonal error is arbitrarily small by taking p large, or by increasing the starting scale at fixed J.

Proposition 8.3 (Weak local maps). Choose the regulator parameters and hg first, then L
sufficiently large, and then A sufficiently large depending on L. On a fized small activity ball the
exact partition algebra induces analytic maps

ty t+ PIR
2y | = [Nz + PPR |+ Nt 2, R), (Gl <0 <1, [P} + [P} < CrL,a, (8.15)
Ry CiR

where 0 can be chosen arbitrarily small and
ING (8, 2, R)|| < Croa(lt] + [2] + | RID*. (8.16)

The same ball has uniform analytic Taylor coefficient and differentiated estimates at fized a’. These
assertions hold on a fived one-sided reference interval kg < a’ < ko + Oret, uniformly in sufficiently
spread-out J, for the first kernel family. For every fived J, they hold at a sufficiently large starting
scale for either the first family or the entry family of Lemma 8.1.

On a compact subinterval of a’ > ko, one may omit the cosine coordinate and leave every
charged activity in the remainder. Choose L depending on the gap from kqo; then the corresponding
map has the same assertions with its z row deleted. For o' > 4ko there is also such a map with a
charged contraction uniform in a'.

The scalar coefficients obtained on the plane are exactly the torus coefficients through the
stopping scale. Torus remainders and their activity derivatives obey the same estimates. Fach
fized-support finite recursion and each finite scalar projection is continuous in the parameters
while its preceding activities remain in the small ball. This last assertion does not assert norm
analyticity under variation of «.

Proof. The preceding neutral and fundamental subtractions give CL™3 in point norm before
support counting. There are O(L?) small fine supports above a prescribed coarse block, with
weight ratios bounded independently of L, A. Thus these subtracted linear terms have norm at
most C'/L. Large supports have the closure-size gain of Lemma 4.3, which makes their linear
contribution arbitrarily small by increasing A after L. The extracted scalar projections are bounded
by Cr.a. This proves the triangular linear part and ||C}|| < 6.

Apply Proposition 4.8 with the enlarged collars. Temporary connectivity contains the covariance
range, so convolution factorizes; all exclusions on an original support are retained when a localized
piece is relocated to a singleton. Only small supports shrink, and their coarse diameter is at
most one; hence separated final components carry no remaining mutual exclusion. Constant
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decorations are removed by their convergent inverse series. The counting and product estimates in
that proposition bound every term with at least two inputs by Cp a(|t| + |z] + || R])?. They also
converge absolutely for complex activities in the same real-field norm. Bounded multilinear sums
and the constant inverse series prove analyticity and the differentiated bounds, without an appeal
to analytic dependence on the period.

If a’ > ko stays in a compact interval, the fundamental charged estimate before counting is
CL~%/047)  Tts product with the O(L?) small-support count is uniformly small once L is chosen
for the positive gap, so fundamental localization is unnecessary. For o > 2v/kg use a contour shift
of the fixed size 21/kg. Its gain is exp{—[2v/koc|q| — 2ko]T,,(0,0)}. The coefficient is already at
least 2kg for |g| = 1 and increases linearly with «|q|. Taking L large pays the output constant
derivative factors uniformly and leaves at least L™ in point norm. This proves both no-cosine
variants.

A small output support depends on predecessor data within a fixed number of its blocks: convo-
lution uses a fixed enlargement, relocations originate only from small supports, and normalization
adds singleton decorations. Iterating these dependencies contributes a geometric sum of smaller
physical radii, bounded by a fixed multiple of the current scale. With Dy larger than this multiple,
the needed covariance entries and activities unwrap identically to the plane. Large torus supports
retain the closure-size contraction and need not be identified with plane supports. Applying the
same norm estimates inductively proves the torus assertion, and applying their differentiated
forms proves its derivative assertion. At fixed depth, absolute expansions or dominated Gaussian
integrals with regulator reserve give continuity in all parameters of every fixed local coefficient.
Uniform geometric tails then give continuity of the scalar projection series used below. O

8.3 Balancing and the quadratic coefficients

Let 0 < p=1— X< g, with pg small enough that A > 6. In this subsection A\; denotes the exact
multiplier of the chosen family: Equation (8.9) for the first family, and AS" for the entry family.
The operators C}, P} , P} are likewise those of that family’s map. Define

A .
€j= HT}L’ Ch:j:Ch,1-~~Cj (h>]), Cj;jZId.
h>j

The corresponding summable diagonal estimate makes the product convergent and ¢; = 1+ o(1)
uniformly. Set

T=t+) PiChjR, (8.17)
h>j
Z =iz + > N, PEC R (8.18)
h>j

Both series converge in operator norm, since their tails are bounded by C0" and C'(6/A)". The
identities £;11\; = Al; and cancellation of the first term in each series show directly that the
linear part is (T, Z, R) — (T, A\Z,C;R).

Proposition 8.4 (Balanced map). On a fized small norm ball the maps in these coordinates have
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the form

Ty =T +bT? + b5 2% + Ey
Zy=(1—p)Z+b5TZ + By, (8.19)
Ry = CiR+O((IT] +1Z] + | BI)?),

Bl < CLITI+120)° + (1T + | ZDIIR] + [ RI*}-

All errors are analytic in the activity coordinates with the corresponding Taylor and derivative
estimates. Under half-period translation the scalar coordinates have parities T — T and Z — —Z;
this accounts for all displayed quadratic monomials on pure scalar inputs.

Proof. The linear changes in Equations (8.17) and (8.18), together with their inverses, are uniformly
bounded on the product space. Apply them to the analytic expansion in Proposition 8.3, keep the
quadratic terms containing only 7', Z, and place every term with a factor R in the displayed error.
The quadratic terms in R4 have the same bound by the inverse coordinate change. Translation
by 7/« commutes with convolution, reblocking, and localization, preserves energy, and changes
the sign of the fundamental cosine. The projection series commute with this involution as well.
Its even and odd scalar parities exclude TZ from the first equation and 72, Z? from the second.
Cauchy estimates on a smaller fixed ball give all claimed differentiated bounds. O

Proposition 8.5 (The secular quadratic terms). In the continuum limit at a’ = kg, the balanced
coefficients are independent of the scale and satisfy

bt =0, b = —b <0, b* = —H < 0. (8.20)

The positive numbers b, H stay in compact subintervals of (0,00) as u ranges over the compact
interval in Lemma 8.1. Consequently, given € > 0, one can first take po small and then p large so
that, uniformly in j, ]b;-t\ <e and —b;-z , —b3* lie in fived compact positive intervals. For every fized
J the same conclusion follows by making the starting scale sufficiently large. At that fixed J the
coefficients converge to their continuum limits as j — oo when a’ = k.

For the fized-J entry family, use its own multipliers A\§" and its own projection operators in
the same balanced coordinates. Its critical continuum coefficients are

bgl =0, béfl = —ben, bgi = —Hen,
8-
ben = 2log L,  Hup = %esmve“ log L > 0,
v

N

At this fixed J, the corresponding discrete coefficients converge to these limits at criticality and
have the stated positive bounds on a sufficiently small one-sided reference interval once m is large.
If d is the largest power of two not exceeding the sup range of J, then uwy = v/(d\/32) is the width
of the first fized-J family at the same block ratio, and Hey = d*Hyy, whereas bey = byn. These
entry-family bounds are not uniform in a varying J.

Ven =

Proof. We first justify the limiting calculation, and only then calculate its coefficients. A quadratic
coefficient in the balanced map is the quadratic image of its two singleton inputs followed by the
linear projection series. Truncating those series at depth r costs at most C8" (or C(6/\)"). At
any fixed depth there are finitely many connected block configurations: quadratic images of pure
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singleton inputs have bounded size, and each step has bounded range in the rescaled block coordi-
nates. Each coefficient is thus a finite volume-normalized sum of Gaussian polynomial /character
expectations and their Taylor projections on constant or affine backgrounds. Lemma 8.1 gives
convergence of every covariance and derivative entering these expectations. The rescaled difference
in direction y, divided by |y|, converges to its directional derivative; the weighted sum of its squares
converges to [ |[V¢|2. The frame prescription has the same limit even before its Hessian is scalar,
because two frame derivatives transformed back to the axes recover the entire usual gradient.
Spatial Riemann sums and Gaussian moment formulas therefore give convergence at finite depth.
Uniform geometric tails permit sending » — oo afterwards. This proves existence of the limiting
quadratic map. Its kernels are related by dilation, so its coefficients are independent of scale, and
¢; = XA =1 at marginality.

To identify the coeflicients, start at side one with the exponential interaction of te% /2 + 2%
and iterate r shells, with M = L". At order one its remainder is zero, and its order-two initial
remainder is bounded independently of r. At order two the marginal increments add, while
Rﬁ)l = CjRg-Q) + O(1) keeps the remainder coefficients uniformly bounded. Thus the final scalar
quadratic coefficients are r times the unknown coefficients in Equation (8.20), up to bounded
errors. The unbalanced coordinates have the same leading terms because their difference from the
balanced coordinates is a bounded projection of R®. This argument is a finite-order calculation
in the exact block algebra; no infinite-volume interacting measure is assumed to exist for nonzero
formal ¢, z.

Two diagnostics read these scalar terms. The first is the fundamental cosine coefficient of the
connected log density per output block on a constant background. The second is its neutral Hessian
in g1 on the affine background 0 + g - /M, after averaging 6 over one period. Here connected log
density means only its Taylor polynomial through degree two, computed in a large box and then
per output block with boundary terms removed. At fixed r all its kernels have bounded range.
The linear singleton terms read z and ¢ exactly; the linear remainder terms are bounded by the
activity norm. The degree-two connected terms of the unchanged first-order singleton inputs are
also bounded in output block units. An affine derivative may be anchored in its cluster because of
the neutral phase average, and the resulting fixed powers of its diameter are summable against its
exponential support weight. Therefore each diagnostic differs from its output scalar coefficient by
O(1), uniformly in r. Extracted constants disappear from both diagnostics. These facts justify
reading the secular coefficients from the original Gaussian integral rather than from its block
representation.

That integral uses the covariance G in Equation (8.8), with G/(0) = log M/(27). In the t?
contribution to the neutral gradient Hessian, a background gradient can occur only in a linear
gradient fluctuation. Its covariance integrates to a derivative integral of GGj;, hence to zero.
Boundary terms vanish on taking the per-block limit because this kernel has finite range. There is
no t? secular term.

For the mixed term, Gaussian differentiation gives

Cov (%WC(x)\Q, cos(a(6 + C(y))))
- ‘ijm — )= MO cos(a).

The output block area therefore makes the mixed diagnostic

2
_()431\426—0426*1\4(0)/2 ‘/Rz ‘VGM(:I:)‘Q da. (8.21)
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Parseval and radial integration show

1 [ log M
[Iveul = o [T () - Puarn)<E = 22
21 Jo r 2

+0(1).

For example, subtract the indicator of [M~!, 1] in this last integral; near each endpoint its error is
integrable uniformly by P,(r) = 1+ O(r2) and P,(r) = O(r~%%). At o? = 87, M2e~*"Cu(0)/2 — 1,
Dividing Equation (8.21) by r = log M/ log L gives

2
b= ZL log L = 2log L > 0. (8.22)
T

For the 22 term, averaging the phase in the connected product of two cosines gives

%e—QQGM(O)(ea2GJM(I_y) — 1) cos (ag (x— y)/M)

The second-cumulant factor 1/2 and two derivatives in g1, with output area M? cancelling the

affine scaling, give

a2

a2 2
- 1 ]\/ - . .
e @ GM(O)/ 23 (e @) _ 1) dx (8.23)
4 R2

We verify its logarithmic asymptotics, including its sign. Put

B 1 —cos(n - x) _dnp
Fu@)= [~ Pl

Radial integration gives F,(z) = (27r) ! log |z|+d, +0(1) as |#| — oo, uniformly for u in a compact
interval. One direct proof replaces P, by the indicator of a unit radial disk: their difference
is integrable in dr/r because it is O(r?) at zero and decays at infinity. In the disk term the
circle character average at argument ¢ is O(¢t~'/2). This bound follows by excluding arcs of size
t~1/2 about its two stationary angles and integrating by parts on the remaining arcs. Its radial
integral therefore has a convergent constant after subtraction of log |z|. The same proof yields
Fu(z) = (2m)tlog(1 + |z|) + O(1) globally.
Since Gy (z) = Gp(0) — Fyu(x) + Fyu(z/M), writing ¢, = —d,, gives

M
log™* +C. (8.24)

%logf\j+cu+o(1) (1< |z| < M), GM(x)S%
For completeness the finite range and logarithmic error also have an elementary radial representation.
The function sin(u|n|)/(u|n|) is the characteristic function of the planar projection of the uniform
probability measure on the sphere of radius v in R3: rotate 7 to an axis and integrate the uniform
axial coordinate on [—u,u]. Thus P, is the Fourier transform of its 64-fold convolution, a radial
probability density ¢, supported in the disk of radius R, = 64u. It is bounded and smooth
to every order used here, as follows from the integrability of |n|"P,(n) for these orders. The

fundamental-solution identity Alog|z| = 27dy gives

1
Fu(z) = %/qu(y){log |z —y| — log |y} dy.
Both sides vanish at zero and have Laplacian ¢,; the radial harmonic difference is therefore zero.

Angular averaging of the logarithm is log max{|z|, |y|}, by its mean-value identity inside or outside
the corresponding circle. Consequently F,(x) = (27) !log|z| — ¢, exactly for |z| > R,, where
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cu = (27)7! [ qu(y) log ly| dy. The scaling q,(y) = u=2q1(y/u) also proves ¢, = ¢; + (logu)/(27).
The formula for G now shows Gps(x) = 0 for |z| > MR, confirming the claimed range without
inferring pointwise positivity from spectral positivity. At a? = 8, the integrand in Equation (8.23)
has prefactor M~%. On intermediate logarithmic shells its radial part is e®™ d|z|/|x|, and

02 " cos? ¥ dd¥ = 7. The regions |x| < R, and the —1 term contribute O(1), uniformly on compact
u intervals. On R, < |z| < MR, the exact formula for F,, makes the exponential part of the radial

integral

MR1L
7_[_eiérrcu / 687rFu(T/M)£ — 77@8776“ IOgM =+ 0(1)
" r

Indeed F,(t) = O(t?) near zero, and after t = r/M the integral of (e3™+(Y) — 1)/t is bounded on
[0, R,]. Tt follows that

0427'['

H= Teﬁ‘“u log L > 0. (8.25)

The continuity and boundedness of ¢, on the compact u interval make this positivity uniform. The
finite-depth convergence proved at the start, first uniformly in small ¢ and then in the summable
lattice error, now proves all discrete assertions of the proposition. This computes both signs
directly in the compensated positive-gradient convention of Equation (8.2).

For the entry family, the fixed-depth Gaussian expectations at the start of the proof converge
by its order-eight scaled-difference bound, and the same geometric projection tails are uniform once
its own diagonal errors are small. The localizations and normalized singleton inputs are unchanged:
in particular ¢ = M~2Y", .5 cos(ag,) converges to the unit-block cosine integral in both families.
The limiting calculation therefore uses Gy ., in the two diagnostics. Equations (8.22) and (8.25)
give precisely be, and He, displayed above. The identity ¢, = ¢1+(logu)/(27) gives e57(¢ven—Cu
d*. No coordinate factor changes this number: the balanced factor ¢ tends to one at criticality in
either continuum limit. O

wh’/ —

8.4 Shooting away from marginality

Proposition 8.6 (A vanishing-activity shot). In each of the following regimes there is a choice of
the input s in Equation (8.2) for which all interaction activities tend to zero exponentially in scale:

(i) J = J,, a prescribed fized ' > ko, and p sufficiently large;

(ii) an arbitrary fized admissible J and o' sufficiently large.

The shot satisfies |s| < Cz., where x, is exponentially small in a’v? in (i), and z. < Cje~ in

(ii). At the input k = a'/(1 — s) its actual structural coefficient is exactly a’.

Proof. Use the no-cosine map of Proposition 8.3. In (i) take L for the gap a’ — ko and then p
large; in (ii) use its uniform high-frequency contraction. Balance ¢ by Equation (8.17), now with
no Z coordinate. The recursion is

Ty =T+ O((T| + 1R 1)*),  Rjwa = CiR; + O((Ty] + | R;1)?).

Proposition 8.2, after allowing exponent slack, supplies |Ry|| < Cz, and Ty = s + O(z,) on
|s] < C’x4. The constant in the last O(z,) can be made independent of any fixed C’: the
dependence on s outside its linear term is at most C(s? + |s|dp) and hence is o(z,) on every such
interval.
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Choose 0 < 03 < 1 and a fixed large envelope constant D. While
T;| < D0} (8.26)

holds, the remainder recursion and geometric summation imply || R;|| < DRx*Gg for a fixed Dp:
its forced contribution is bounded by Cz2 3", - j 0i=1=hg2h which is at most C’ xf@% This estimate
also propagates torus remainders through their stopping scales. Choose C’ so that the two
endpoints s = £C"x, start outside the two opposite sides of Equation (8.26).

If equality first occurs at scale j, then |71 — Tj| < foﬁgj , whereas the envelope decreases by
D(1 - (93)1'*9%. For small enough x, the next iterate exits strictly on the same side. A strict exit
persists under a sufficiently small change of s by finite-time continuity. Thus the sets of parameters
eventually exiting on the positive and on the negative side are disjoint relatively open sets; when
equality occurs its strict next exit gives the same openness. Both sets are nonempty. If there were
no survivor, they would disconnect the shooting interval, which is impossible. The maps can be
evaluated for the one extra step at an exit because the whole enlarged envelope lies in their fixed
small domain. A survivor obeys Equation (8.26) and the remainder estimate at all scales, proving
decay of every activity.

It remains to identify the shot with the physical coefficient. For a smooth mean-zero con-
tinuum test f, let f, be its sampled lattice source including the area n~=2 and discrete mean
subtraction. Completing the Gaussian square in the original comb integral gives the prefactor
exp{(fn, Ag ' fn)/2} for the ¢ field and the ratio of the full interaction integrals at the translated
background F,, = Ay 1. and at zero. This translation includes the constraint itself before ultravi-
olet integration. Therefore all field-independent constants extracted at every scale cancel exactly
in the ratio. At m, there are boundedly many blocks. The terminal field obeys the regulator
estimates with reserve; F;, and its first two scaled differences are uniformly bounded by discrete
Fourier summation of the smooth sampled source. The activity decay thus makes each of the two
terminal interaction averages tend to one, by the finite block expansion and dominated Gaussian
integration. Finally,

(fur Ay fr) — (f, (=AT) 7 ) r2(r2)

by the quadratic symbol at zero and the rapid Fourier decay of f. Since o = v/a'¢, the height
Laplace limit has coefficient a’. We next prove positivity of the structural coefficient at this
input using only its unconditional free-rectangle upper bound, before using the positive-coefficient
transfer theorem.

Fix a nonzero smooth real mean-zero f and let g = (—Aq2)~!f, with zero mean. Write g,
for its sample and Varr, for variance in the physical height law on the torus of side n. For a
fixed integer ¢ > 2, partition a fundamental square into ¢? axis rectangles by rounding the cuts
in/q, 0 < i < q, and delete every interaction edge joining different rectangles or crossing the
fundamental-square seam. For all sufficiently large n, these are free rectangles of side comparable
to n/q. Define

Xp = (O’, Aogn)7 X;Ut = Z (U|Ba ABgn|B)-

B in the partition

There are at most Cj4n deleted edges, and periodic smoothness gives |V.g,| < Cj,/n on all of
them, including the wraparound edges. The difference X,, — X" is represented by these edge flows
with weights ¢.Vegn, so its flow cost in Equation (2.2) is at most Cj, 4/n. Lemma 2.1 therefore
gives

Vary, (X, — XS") < Cyqqk/n. (8.27)
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Each summand in X" annihilates the constant on its rectangle. Deleting the crossing precisions
and releasing the rectangle constants are thus permissible in the free-graph comparison of Lemma 2.1.
Under the cut law the rectangle representatives are independent, and hence

Varr, (X5") <> Varp (o, Apgn|B).
B

For this fixed finite partition, apply the unconditional Equation (2.11) along n = L™ — oo to each
sequence of rectangles. Their rounded endpoints converge to the indicated continuum endpoints.
The L? triangle inequality and Equation (8.27) give

1/2
\/\m < {ZVﬂTB,k(U, ABgn|B)} + Cuqg\/k/n,
B

and therefore

N—oo

lim sup Varr_ (0, Aogrn) < a(k) D /B IVgl* = a(k)(f, (=Ar) ' ). (8.28)
B

No positivity assumption on a(k) enters this comparison, and no limit in ¢ is required.

To replace the gradient observation by the density source used in the shot, put e, = f,, — Aogn.
The quadratic symbol and smooth finite differences imply n=23"_ [n2e,(2)|?> — 0, with 3" e, (z) =
0. The torus Poincaré bound from the nearest-neighbor edges gives

Varr, (0, e,) < k(en, Afen) < Crkn? Z len(x)]? — 0.

x

Thus Equation (8.28) holds with f,, in place of Ayg,. Bare Gaussian domination for every fixed
real multiple of f,, gives uniform exponential moments; the shot’s Laplace limit consequently gives
convergence of its second moments. Its limiting variance is a/(f, (—Aq2)~'f). The energy of the
chosen nonzero f is positive, so Equation (8.28) implies a(k) > @’ > 0. Theorem 3.8 now applies
on the positive branch and identifies the same torus Laplace limit with coefficient a(k). Uniqueness
on this one nonzero test proves a(k) = @', as claimed. O

Corollary 8.7 (Every sufficiently high input). For every admissible fized J, the positive-coefficient
regime is nonempty and its physical onset is finite. Moreover,

a(k) =k+0;(e%),  Beg(J,8) =B+ 0y P (kB — ). (8.29)

Proof. For each sufficiently large o', Proposition 8.6 gives an input k(a’) with a(k(a’)) = @’ and
|k(d') — d'| < Cje=% after absorbing the factor o’ into a smaller exponent. This already proves
nonemptiness and finite onset by the equivalence of positive coefficient and physical roughness
in Corollary 3.9. To cover every high input k, choose 8, = e~ </%/2 and shoot at a’ = k — 8,
and a/, = k + 0. For large k the shot errors are less than d;/2, so k(a”) < k < k(a/,). The
monotonicity in Proposition 3.10 gives k — 0 < a(k) < k + 0. This proves the first assertion of
Equation (8.29). Substitute k = 3/v? and Beg = v2a(k) to obtain the second. O

Corollary 8.8 (Spread-out onset). For the spread-out family,
Be(Jp)

3 — 1.
8mv;
P
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Proof. Corollary 2.5 and Corollary 3.9 give k.(J,) = Bc(J,)/ v?]p > 8. For every fixed a’ > 8,
regime (i) of Proposition 8.6 gives a rough input k(a’, p) = a’ +0(1). Hence limsup,,_,, kc(J,) < a’.
Letting this fixed a’ decrease to 87 proves the result. The block factor may depend on a’ — 87 in
this argument; the limit is taken in p before decreasing a’, so that dependence does not affect the
squeeze. ]

9 Entry from a positive Gaussian coefficient

Fix an admissible finite interaction set J. We use Ag = —A;/v%, k = B/v%, and the structural
coefficient a(k). In this section ky, is fixed and ap = a(kp) > 0. In particular a; > 87. The input
temperature k and the reference coefficient o’ will vary near kj, and ay,, respectively; a = va/. A
derivative in k always holds o’ fixed. Fix a compact interval I € (0,00) with aj € int I, and take
a’ € I in all comparison-energy estimates below. The results on mixed domains that are used
below are Propositions 3.13, 3.15, 3.16, and 3.14. The microscopic scaling hypotheses are imposed
only at kj,. The pure real-Gaussian locality bounds in Proposition 3.14 are uniform on I; each
comparison of topologies uses the same a’.

9.1 Statement and the observation identity

For a dyadic integer s, let Bs average over the disjoint square cells of side s, and introduce the
observations
Y = Bsh +n, n~ N(0,I). (9.1)

The noises are independent of h. Work modulo common translations by 27, with the common
mean in one period. The comparison observation is Bsat) 4+ 7, where the mean-free covariance of
1 is Aar and its common mean is uniform modulo 27 /«. Both conventions give ordinary Gaussian
formulas on tests annihilating constants. On a finite torus the observation density of the height
model is proportional to Zg(y; k), in the notation of Section 9.2 below and of Proposition 3.13. Its
Gaussian comparison density is proportional to exp(—FEg(y)/2). Thus its exact Radon-Nikodym

derivative is
Zean(y; k:)eEfun(y)/2

/ qull(z; k)eEqu(Z)/2 d'Ya’,s (Z)

This identity introduces observations of the original heights; it does not change their interaction.

Here and below the block supports, point norm, and ordinary regulator W/ have the definitions
of Lemmas 4.3 and 4.4. Enlarging their fixed collars to contain the finite range of J is understood.
We will multiply this regulator by a nonnegative quadratic factor ', defined in Equation (9.13).
Write

(9.2)

|F(X) u, X,
W (X, p)els(Xw)?

1 lu,a,v = g(ugA‘X' w=mL/. 9.3)

The point norm includes the full analytic derivative sum at radius hg; it is not a norm restricted
to bounded fields.

Theorem 9.1 (Local entry at every positive coefficient). Fiz J, kp,ap, as above. Fix admissible
parameters for the small-activity maps of Proposition 8.3, including their block factor L, activity
weights A, and analytic radius hg, with the regulator choices allowed by Lemma 9.2. For every
€ > 0 there are a fized dyadic integer q, an arbitrarily large dyadic R, P = R®, a dyadic s, and a
neighborhood U C (0,00) x int I of (kn,an), such that the following assertions hold at m = qRs.
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On the plane there are real, even, square-covariant local activities K,,(X;k,a'), invariant
under translations of the block grids and under common field translation by 2w /«, with

1K (k,a') m,ay <€ ((k,d)) €U). (9-4)

Their subset expansion on every dyadic torus fitting the hierarchy and with side n > sP is an
exact representation of Equation (9.2), after integrating the observation noise and the Gaussian
covariance below side m, up to a field-independent factor that cancels upon normalization. The
torus activities obey the same estimate. A support whose padded neighborhood unwraps has exactly
its plane activity. This copying property persists under the local maps up to their specified stopping
scale. Here fitting means that n/s is a multiple of qR, the torus uses the same grid origin, and
n/(mL7) is an integer for every retained coarse grid.
On a smaller neighborhood the activities are analytic in k at fized a’. For every integer r > 0
there is C < oo such that
101K (k,y a')||lm,av < Cre. (9.5)

The constants may depend on s, R, J, ky and the chosen neighborhoods. Finite-support evaluations,
their field derivatives, and scalar localization projections are continuous in a’.

The choices are made in the following order: the downstream norm parameters and the
imaginary field strip widths are fized first; then R and P; then a finite large-field threshold; then s;
and finally U. No uniform scaling assertion at temperatures other than ky, is part of either the
hypotheses or the proof.

One may start the split map with ¢t = z = 0 and R = K,,,. Its first localization, or its balanced
coordinates, consequently has size O(e). The entry estimates hold on the full positive neighborhood
U. The near-critical split continuation is used on its subset with kg < a’ < kg + dref, the one-sided
interval of Proposition 8.3. When aj = 8, this includes the nearby warmer true references used
in the endpoint argument. On a compact reference interval strictly above 87 one may instead use
the gapped continuation.

The remaining subsections prove Theorem 9.1. The isolation expansion in Section 9.2 produces
local differences controlled on bounded real observations by the mixed-pin results; the observation-
energy regulator of Lemma 9.2 and the real pattern estimates then control large observations.
Gaussian averaging, complex comparison, and analytic interpolation upgrade these bounds to the
full norm in Equation (9.3), and connected pattern sums complete the construction.

9.2 A finite, covariant isolation expansion

Use the tiles specified in Proposition 3.13 and shown in Figure 3: in units of s cells start with
the square grid of side R, remove the square of side R/2 centered at each vertex from its incident
squares, and declare each removed square a tile as well. The retained parts of the original squares
and these vertex squares partition the cells. Cuts are placed between site layers. Thus every
junction has at most three incident tiles and every pair meeting there also shares a segment.
The mixed-domain results apply to unions of these tiles, to graphs with selected tiles isolated by
deletion of all their exterior J-bonds, and to their R/4-aligned box clippings. Components are
defined before any hard pins, and point contacts do not identify components.

Here is a completely finite ordering of the bond deletions. Color tile centers by their tile
type and the square-symmetry orbit of their coordinates modulo a dyadic period ¢, in units of R.
Within each color, group centers into proximity components, with proximity radius 100 initially.
Choose g greater than 16 times this radius and increase both fixed constants if collars require it.
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Each group contains at most eight centers: a shortest path repeating a residue label has at most
eight steps, hence displacement less than ¢; it must therefore repeat the same center. Removing
such a repetition leaves at most the eight distinct orbit labels. Distinct groups of one color have
disjoint enlarged neighborhoods. Order the finitely many colors once and for all. An event isolates
every member of its group, also from the other members, counting a bond only if it is still present.

For each group its core contains the tiles at center distance at most 1 from a member; its open
patch contains those at distance at most 5; its guard contains the patch tiles at distance at least 3.
All distances here are sup distances in units of R. For sufficiently large s, every changed bond is
inside the core and the guard separates the core from the exterior. When a guard itself is tested as
a pin, use the enlarged patch through distance 12, with outer guard starting at distance 10. These
constants may be enlarged a fixed number of times. In all subsequent uses the proximity radius
is enlarged first so that simultaneous marked interiors are separated. Grid origins are chosen at
elementary-square centers; square symmetries and block translations preserve all these rules.

For an event i, let 0 and ¢ be its current open patch before and after deletion of its designated
bonds. Put
. Zo(o; kh)

ZC(O; kh) .

The energies use the current a’, whereas the scalar constants always use kj. In the height sum
replace the old bond weight by B; times the cut weight plus their difference. Selecting the difference
marks the event. After a mark skip every subsequent event with a member within distance 30 of
that marked group, increasing this constant with the collars if necessary. All events in a group are
skipped together. Events in one color are processed simultaneously.

This defines an exact binary expansion: at each considered event the two summands add to
the original integrand. A later considered patch does not meet an earlier marked core or guard, so
its replacement is independent of which of the two signed terms in that earlier difference is being
evaluated. Marked interiors have no mutual bonds. Once all batches have been processed, any
undeleted cross-tile bond has an endpoint in a fixed halo of a mark. Conversely every difference
from the path with no marks is confined to such halos. These facts follow directly from the skip
distance and the bounded number of batches; the necessary halo radius is a fixed constant in R
units.

Let BZ-(O) denote the factors along the path with no marks. Divide the full expansion by

T8 W) 1 26(0: kn)e 2012, (9.7)
i b

Bz(y) = Cj exp{_%(Eo(y) - Ec(y))}a Ci (9'6)

Here b runs through the isolated tiles. A halo of a mark retains its whole signed height sum and
every affected replacement factor. Outside all halos, expand each remaining factor as 1+ Fp, where

" Zn(y; k)eEb(y)/Z
oY) = Zy(0; k)

_1 (9.8)

Selecting Fy is called selecting an additional tile. All factors whose rules and inputs are identical
to the path with no marks cancel exactly; in particular no comparison of centered normalizers
over the unaffected volume is made.

Let Ey be the quadratic energy in Equation (9.7). Work first on the plane. To compare a
whole batch, telescope its events one at a time in a finite exhaustion. The intermediate topologies
are permitted by the real-Gaussian locality statement of Proposition 3.14, uniformly for o’ € I.
The enlarged patches of distinct groups in that color are disjoint, so the open-patch proxy of an
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event is the one in the simultaneous rule. Its true-minus-proxy error retains exponential decay
both from its core and in the separation of the two observation indices, as well as the guard factor
e~°E. Summing over the event locations is finite with this retained decay. The same estimates
pass from the finite exhaustion to the whole batch. Summing the finitely many batches gives a
matrix M for Egy — Ep with zero row sums and

| My,| < CemeR—clo=yl, (9.9)

Cell indices are used here. The constants are uniform on I.

We verify the exact image formula on the allowed tori. Every no-mark batch endpoint is
invariant under translations by ¢R cells. Put N =n/s. When N is a multiple of ¢R and the grid
origins agree, this pattern descends to the torus. Every group and proxy patch has diameter at
most a fixed multiple of R; after R is large, N > P = R® makes projection injective on each such
patch. For any no-mark batch endpoint 7, its plane observation precision is

TT@/ = AO’T/CL/ + B:Bs

Cell Poincaré and the unit squared-average mass give coercivity, uniformly for o’ € I, and the
source-tail bound in Proposition 3.14 gives exponential cell decay to the inverse column with
source Bje,, where e, is the unit cell vector. The sum of its translates with y replaced by y + z,
2z € NZ2, is locally absolutely convergent. Applying the finite-range precision termwise gives the
periodized source. Uniqueness from the same coercivity on the torus identifies this sum with its
torus inverse column. Thus for the comparison-energy matrices E; = Id —B, T, al,B;",

EM(z,y)= Y E)(z,y+2).
2€NZ2

The proxy matrices, extended by zero outside their patches, have finite support. Their torus
copies are likewise the sums over the corresponding event lifts, because those patches unwrap
with the same phase. Subtracting the before-and-after energy matrices and these proxies proves
M;EZ) = LeNzZ2 MSEO;J)FZ This uses only the periodic batch endpoints; the intermediate topologies
in the preceding finite telescope need not be periodic. Write the zero-row-sum quadratic form as a

sum of weighted (y, — yy+z)2, retaining each image displacement z separately, and expand

e(Brn—FEo0)/2 _ H {1+ 4yy-(y)} (9.10)

(z,y,2)

The definition of ¢ is the exponential of the corresponding quadratic summand minus one. Its
absolute estimates have cost Ce i+ where d is the full displacement in cell units, times a
small positive quadratic cost along a path connecting its endpoints. Indeed |e! — 1| < |t[el*l and
(Yo — yy+z)2 <dY.on path(vey)z; polynomial factors in d can be absorbed by weakening c. Include
both coordinate-order paths to preserve square symmetry. The sum of all reserved path costs
is exponentially small per edge, because the number of possible endpoints within path length
d is polynomial in d. Equation (9.10) is absolutely convergent at a fixed finite-torus field. Its
integrated absolute convergence will also follow from Equation (9.27) below.

Cover every mark and selected tile by its required tile halo, padded also for the estimates
below. Cover a link by its complete path, including its winding if it projects to a torus. Take
all m-blocks met by these covers. Apply the polynomial positivity and range argument for the
fixed-J entry family in Lemma 8.1. Since 4g = Q/ v?], the covariance

Cem =C2, = Ay (1 —Py) (9.11)
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is v3(1 — Pp,)/Q, where P,,, = Py (1 — Q/16) and @ = —A ;. The numerator vanishes at Q = 0,
so the quotient has polynomial continuation there. Its spectral values are nonnegative because
0 < P, <1, and its degree is O(m), giving range O (m). Continue it by the literal shells
r, =TI = Ay 1(Pu — Pry), u = mL’. After the shells with upper side at most a chosen
my = mL" h > 0, the remaining mean-free covariance is T'" = Ay 'P,.., together with the
uniform common mean. Its positive-order terminal bounds are asserted when n > 2m,; the activity
construction separately uses the fitting grids and their specified stopping clearance. Their sum on
nonconstant modes is exactly Ay 1 Polynomial constant-mode continuations are included in the
independent high integrations and are absorbed by the uniform mean. Increasing s makes m exceed
the fixed-J starting scale in Lemma 8.1. For an allowed split continuation its exact multiplier is
A", and its balanced factor is £; = [[},> j()\zn /A); all projection operators in the balance sums are
those of these entry shells. The entry-family diagonal estimate proves convergence of this product.
Average each pattern over n and (<, in y = Bsa(¥ + (<) + 1. Choose the fixed connectivity
radius to contain the covariance range and all activity collars. The union of covers then has
connected components whose field factors, choices, and Gaussian integrations factor. Grouping
these components gives exactly the subset algebra of Proposition 4.8. In particular it retains all
exclusion rules of the original marked expansion. Winding links retain their large supports. Every
operation on an unwrapped padded support is therefore identical on plane and torus, which proves
the claimed locality once the following norm estimates have been established.

9.3 The observation-energy regulator
Choose, with strict margins,
max (0,1 — ap/kp) < h1 < hy < 1/p2, 1< pp < po. (9.12)

These choices are possible because ap/kn, > 0. Reduce the allowed parameter neighborhood so
that its bare large-field coefficient remains strictly below h1. For u = mL’ and the enlarged site
set D = D,(X) let Ep be the open observation energy, with all internal J-bonds and whole s-cells.
Define

Vi) = 5 (B (B +0)+ ) =i (2, + o)} (9.13)

The norm |[[(]|<, is the Cameron norm of all Gaussian pieces strictly below u, and e has the
unit-noise Cameron norm. A singular covariance means its Gaussian Hilbert space; thus no inverse
is taken on a null space. Only restrictions to D matter.

Lemma 9.2 (Regulator composition). The supremum in Equation (9.13) is finite. Uniformly in
scale and volume,

0 < Vi(X, 1) < CEp(Bsawy) < Cu, Ag pi). (9.14)
It is monotone on support enlargement and adds on compatible separated supports. Shell averaging
satisfies the requlator estimates of Lemma 4.4 with W* replaced by W*5e¥7, and with a fized C'X| in
place of the former fixed per-block constant. For a small input polymer the half-exponent reserve in
W is preserved. The same assertion holds for terminal integration. Consequently the localization,
charge estimates, and exact partition map of Lemmas 4.5, 4.6 and Propositions 4.8, 8.3 retain
their stated contractions and analytic nonlinear bounds after this modification.

Proof. Write Ep(y) = (y, My), and let L map the Gaussian Hilbert coordinates £ of ({,e) to
Bsa( + e on D. The fundamental bound is

IMYV2L)| < 1. (9.15)
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For the uncut full observation covariance it is the defining inverse covariance identity. Restriction
to an open set only lowers the minimized energy: use the actual restricted field as trial function.
Equivalently, the field portion follows from A(l)/ 2C’<uAé/ 2 < I, and the observation minimization
also permits its actual noise. The same proof includes any future Gaussian pieces. Constants are
killed by the energy, including on the torus.

Put H = h,M and Q = L*HL. Equation (9.15) and p1h, < 1 imply
2V = (£ Hf) + (L"Hf, (7' 1 - Q)'L*Hf),  f=Bsoy. (9.16)

This proves finiteness, positivity, and the first bound in Equation (9.14). The second follows by
trying a1 with zero noise in the minimization defining Ep. Increasing D increases the minimized
energy; taking the same full Gaussian Hilbert coordinates proves monotonicity of the supremum.
For separated compatible sets the accumulated covariance has finite range inside their fixed collars;
their coordinates and energies split, proving additivity.

For composition let z be standard coordinates for the next shell and Tz = Bsa(r,. Completing
its Gaussian square gives the identity

1 1
(Ezeplvf(ﬂ'Tz)) e det (I — plT*HjT)_l/(Zpl) exp {2 sgp[QVj(f +Tz) — p11||z|]2]} , (9.17)

where H; is the quadratic matrix in Equation (9.16). The supremum on the right is exactly the
supremum defining the next V, since it combines the old coordinates and the shell coordinates
with the same Cameron penalty. Enlarging the support only increases it. Applying Equation (9.15)
to both coordinate sets shows that the determinant has a strict stability margin depending only
on Equation (9.12).

For a positive matrix F with || F|| <1—§, —logdet(I — F) < §~'tr F. The trace needed here
is at most a constant times

EEp(Bsocr,) < E((r,,A4o0,pCr,) < C|X]|.

The last inequality is precisely the positive-order difference bound for the shell kernels; the factors
u~2 cancel the number of sites in each block. Its constant is independent of the microscopic cell
size and of sufficiently large L. The terminal covariance satisfies the same bound. No determinant
over all microscopic height variables is introduced by this argument.

Apply Holder with exponents p; and p;/(p1 — 1) to the two regulators. Choose x small enough
for the latter power and for the analytic reserve required by Lemma 4.4. Its proof then gives Wff
for a small polymer after the shell v — Lu, while Equation (9.17) transports the factor e"" without
increasing its coefficient. Since V;(ty) = t*V;(¢) for 0 <t < 1 and constants do not affect it, all
Taylor interpolation arguments in Lemma 4.5 keep this factor bounded by its output value. The
remaining polynomial losses are absorbed by the half-exponent reserve in W. Imaginary charge
shifts use only bounded nonconstant directions, whose internal energy is O(|X]|); their costs follow
from the same reserve and completion. Thus the linear powers of L™! are unchanged. The extra
fixed C!*! is paid by the same large-component weight gain, choosing L and A as in the toolkit.
Product, decoration, and regrouping estimates use monotonicity and additivity just proved, so

their quadratic nonlinear bounds also hold. ]

9.4 Centered accounting and the real pattern estimate

Fix a pattern with j; marks, jo additional selected tiles, and selected links of lengths d,. All fixed
factors below can depend on the already chosen norms. In a marked patch, prescribe its guard
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heights b7 and denote the two interior kernels by K,, K.. Define

| Ko (y, b)) — Bi(y)Ke(y, D))
Koy, 00) + Bi(y)Koly, 1) = (9.18)

)

5i(y7 bf) =
Factors depending only on the guard or its exterior cancel in this ratio. Given all guards the
different marked interiors have no direct coupling. Therefore taking absolute values of their product
of differences gives the sum of the 27 positive topologies, with the factors B; on cut choices, times
the expectation of []; d; in each topology. This is an exact conditional integration followed by an
inequality; it requires no independence of the random guards.

Lemma 9.3 (Local normalization accounting). Let G be any one of these positive topologies
in a padded halo containing all its affected tiles and interacting components. After division by
Equation (9.7), its contribution, apart from the additional tile and link factors, is at most

A —e Z
(Cir+CeRE(y) LEal(y )/20%’]]31@&%,{:1_[5@-(%({). (9.19)

The energy € is a sum of squared nearest-cell differences inside a fized padded halo of the marks.
Both its size in tiles and the number of charged centered normalizers are O(j1), uniformly in the
containing torus.

Proof. Write 7 for the pattern together with a choice of its positive topology. After all common
factors have canceled, let A be the affected halo tiles and let Z;, Zy be the remaining proxy events
on this path and the no-mark path. The set Z, includes every surviving unmarked replacement
and the factor B; on every marked cut choice. Write AE; = E,, — E,,, so that B; = C,e~AEi/2,
The notation Zg, Fg includes the product and sum over all components of G, respectively. Define

Zely: k
Qi (y) = Pew)/2 Gég k;EG,yk IT s

i marked

Apart from the separately selected tile factors and links, this positive topology’s contribution to
the majorant after division by Equation (9.7) is exactly

H’LEZ’T B (y) ZG(y’ k)EG Y3k Hz marked di
[licz, BY(W) TTyealZs(0; kp)e=Ev(®)/2]

= CW,G(k)eQ”vG(y)ﬂ Q%l(y)’

where
Zc(0;k) [ Liez. CT
C7T7G(k) — G( 0 )H €I7r : ,
Hz‘GIo Ci HbeA Zb(O, kh)
Qra =Y Ey—Eg— Y AEf+ > AE}.

be A 1€L, i€ZLo

Thus every external proxy factor is in C; ¢ and Qg q; the defining B; inside each ¢; remains there.
The two telescopes below bound these two prefactors.

At y = 0, a true restoration ratio for a positive bond form supported on a core is sandwiched
between its open-patch ratio and its ratio with the outer guard pinned. To see the direction,
interpolate the bond precision: the derivative of the logarithm of the centered partition ratio
is the negative centered expectation of the added quadratic form. Added exterior precision or
centered pins decrease this expectation by Lemma 2.1. The guard-pinned ratio is independent of
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the exterior. The logarithmic gap between these two ratios is bounded by D(H,p), where H is
the union of core tiles and p is the guard: increasing core precision as far as a full core pin can
only increase the guard pin probability further. By Proposition 3.15 and the localization estimate,
this gap is bounded and at kj, differs from its exponentially small Gaussian counterpart by an
arbitrarily small amount for large s. Fixed-patch continuity permits Equation (9.6) to keep its
constants at kp when k is nearby.

To count only local errors, take the union of tiles within distance Sy of all marks, with Sy
larger than all skip and dependence radii, and telescope on its enlargement through distance 2.5y.
Perform separately the ordinary sequence ending at G and the sequence ending at the topology
with no marks. Count every event touching this enlarged union, including events clipped at its
artificial boundary; there are O(j1) of them. At a clipped event use the open-patch proxy clipped
in exactly the same way on both paths. The two paths are identical near the artificial boundary,
so these proxy factors cancel in their quotient. Their final tile integrals also cancel off the affected
halo. The remaining true/proxy ratios are bounded by the centered comparison just proved, one
per event. The only k versus kj, isolated-tile constants are those in the affected halo; they cost a
bounded factor per tile. This gives Cr (k) < e“It and excludes any extensive normalization loss.

Apply the identical double telescoping to the Gaussian energies. Proposition 3.14 bounds
each local-versus-true error matrix by an exponentially small prefactor, with decay in both cell
separation and distance from that event’s core. Each matrix has zero row sums on its unpinned
components. Express it in pair differences and assign shortest face-cell paths inside the padded
union. The absence of opposite-only junctions makes these paths available. A path of length d
using a fixed edge has endpoints within its d-ball; polynomial ball growth and exponential decay
bound the total charge on that edge. Summing event locations retains |Qx.g(y)|/2 < Ce “EE(y),
with a weaker c¢. On a small torus the same argument is performed on the torus itself; the number
of halo tiles is still O(j1), and image paths are charged with their full lengths. This proves
Equation (9.19). O

Cut G into boxes of side P = R® in cell units, with cuts on a translate of the R grid. Delete
every bond crossing a cut, even when it wraps between two copies of the same box. Retain a mark
only if its guard and the larger separating patches used for testing that guard lie deep inside one
box. Averaging over the finitely many translates loses at most C(R/P)j; marks. The Gaussian
energy increase in undoing the cuts, averaged over the same translates, is at most C(R/P)E(y).
Indeed the cut-error matrices decay exponentially away from the cut seams; assign their pair
differences to paths and then average the probability that the seam is near a path edge. This
probability is O(R/P). Applying Markov’s Inequality to the two nonnegative averaged quantities
chooses a translate retaining, for large R, at least j;/2 marks while paying the stated energy with
a changed constant. All these choices remain inside the original padded covers. More precisely, a
“box” in this argument is the clipping GNQ by a translated P-square (), component by component,
not the full square Q. No cells outside the already chosen padded halo are added. The underlying
cells of a clip retain their face adjacency before the topology’s bond deletions; &ox denotes the
sum of squared differences over these adjacent cells. Selected isolated tiles use the same convention
on their existing halos. These are permitted rectangular clippings of the mixed geometry. Each
contains at most C'P? observation cells, and all their energies are supported in the original D, (X).
A halo has diameter O(R) and therefore meets only a bounded number of P-squares. Consequently
the number of occupied clipped boxes is at most C(j1 + j2). A clipping with no mark halo or
selected tile contributes the exact factor one and is not counted. Selected links are estimated on
their own paths and do not create extra boxes.
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There is also an exact comparison of the non-Gaussian terms across these box cuts. Write
Ja(y,b; k) for the joint unnormalized density of the continuous observations and all retained
prescribed guards. The shifted-versus-centered comparison of Lemma 2.1 gives

Ja(y, bik) _ Jgew(y, b k)
JG(0,0,k) - Jcht(0,0; k)

(9.20)

It applies to the affine lattice of heights and Gaussian noise with these prescribed observations:
restoring the cut bonds adds a positive quadratic form independent of the prescribed values.
Continuous observation coordinates cause no change: fixing them embeds the height lattice as
(h,y — Bsh) in height-plus-noise space. Prescribed guards restrict this to an affine sublattice. The
parity proof in Lemma 2.1 uses only sums and differences of lattice points, and therefore also
proves the shifted ratio comparison for this lower-rank lattice, including a shift normal to its span.
Thus no density approximation at a rare guard event is used.

Let S be the event that all retained guards vanish, let 6(b) = [1; ;etained %i (¥; 0Y), and let Py g,
be the unpinned centered high law in topology 7. Dropping the unretained factors using J; < 1
replaces Qan by the no-smaller factor Q¢ below. The factor to which the comparison is applied is
exactly

oEa(y)/2220 J6 (Y, b K)O (D)

Qc(y) =

Z¢(0; k)
Ze(y: b
a2 G% k; Ec 4 (b).

Since J;(0,0;k)/Z;(0; k) = Py 0.,(S), summing Equation (9.20) gives

_ Pgo.k(S)
Q y) < e(EG Echt)(y)/QéQ cut (Y).
G( ) Pcht70;k(S) ¢ ( )

Cutting all crossing bonds factors the last quantity over the translated P-squares that meet G.
For each square let b be its entire clipped union of pieces of GG, grouping all current-topology
components in that square in one factor. Retention puts every retained mark’s complete guard
and testing data in one such b. Thus

Z(
cut = Eb(y[,)/Q b yb7 E
Qo) = IT | o400/ 200 T 007

Every denominator here is the centered, unpinned Z,(0; k). The expectation is under the unpinned
tilted high law of that box, with its guard data jointly random.

For the remaining centered factor, enumerate the retained guards p;, write ¢; for the outer
guard of the enlarged testing patch, and put S;—1 = (,.;{hp, = 0}. The skip and retention
distances place both the cut seams and all previous p, outside this enlarged patch. Inside it the
two current topologies therefore have the same open graph U;. Its centered law before either
displayed pin has no hard pins. Deleting exterior precision gives the lower bound below; adding
the centered outer pin gives the upper bound, because that pin then separates the exterior. Thus
for 7 = G, G,

Py, 0 (hp, = 0) < Pro(hp, = 0] Sim1) < P05 (hp; = 0| hg, = 0).
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The log ratio of the two outer terms is Dy, r(pi, ¢;), the interaction in Equation (3.38) for this
unpinned local law at k. Consequently

PGyo;k(S) < H PUiv()%k/'(hpi =0 hg, = 0) _ eZi Dy, k(Pisgi) < Cir
Pgeut 0,,(S) — Py, o (hp; = 0) -

For the last bound Proposition 3.15 is applied at kj to these unpinned local graphs, and Proposi-
tion 3.14 bounds their limits. After s is fixed, finite-graph continuity gives the same bound for
nearby k. Combining this with the chosen seam-energy bound therefore bounds Equation (9.19)
by the displayed product of centered-normalized box expressions and

(Cit+C(R/P)E(Y) (9.21)

Conditional kernels at a retained mark are unchanged because its guard still separates it from the
box exterior.

Lemma 9.4 (Good-box gain). Fiz any finite threshold U. At (kp,ayp), after s is sufficiently large,
and then throughout a sufficiently small parameter neighborhood, each box expression just obtained
satisfies

Cexp{_CRjdeep + R_12gbox<y)} (922)

whenever Epox (y) < U?. Here Jdeep s its number of retained marks. The positive constants c¢,C
can be chosen before U and s. An additional isolated selected tile has the same small factor e~
in its bounded-gradient region.

Proof. Translate each connected underlying component by a common height period so that
one observed cell value lies in [—7,7]. The ratios in question are exactly invariant under this
simultaneous translation of heights and observations. Paths in a box bound every remaining |y, |
by a polynomial in P times 1 + 1/&pox(y): a spanning tree in each connected clipped component
has at most C'P? cells and gives such paths without any convexity assumption. Thus the stipulated
gradient bound leaves a compact set of observation vectors. There are finitely many box geometries,
positive topologies, mark choices, and translations at fixed R, P.

In the Gaussian limit the centered-normalized partition factor eZ¢®W)/2Zq(y; k) /Za(0; kp)
tends to one. For a deep mark, decompose the log ratio in Equation (9.18) into its centered
y = b = 0 value, the change in its conditional centered normalization as the guard changes from
zero to b, and the conditional log Laplace change due to y, minus its comparison-energy change.
The first term is O(e~“F) by Propositions 3.15 and 3.14. The second is between log 75 (b) and zero
by Proposition 3.16, with H containing the restored bonds.

For the quantitative limiting bounds let u. be the cut Gaussian harmonic prediction of the
guard data, and let x g equal one near H with support disjoint from the guard. The localization
lemma gives, for every r > 2,

1 < OV poly(P)e (14 \/Enox(y). (9.23)

Here T is the continuum gradient-plus-unit-cell-observation form. The bound holds when the data
have either topology’s centered law: restoring bonds decreases their covariance. In the energy
Hilbert space with norm |[|-||7, write the centered random prediction as Ag, where g denotes standard
Gaussian energy coordinates. The localized prediction map satisfies ||A||us < C poly(P)e % by
Proposition 3.14. This normalization includes the coefficient 1/aj in T'; g has identity covariance

el ]
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in these energy coordinates. Diagonalize AA*, with eigenvalues A; > 0. Minkowski’s Inequality in
L"/? and the standard real Gaussian moment bound give

27- = H > Nig?
:

Prove this first for finite projections; the Hilbert—Schmidt bound and monotone convergence give
the same estimate for the full prediction. Covariance ordering only decreases the trace for restored
data. A tilt by y adds a deterministic prediction si,. The localized operator bound and the period
recentering already used on the box give

[1Ag]lr|

e S 2 Ailgillze < O tr(AAY).

lyllr < Cpoly(P)e™ |yl < C poly(P)e™ (L +1/Epox(y)),

enlarging the fixed polynomial if necessary. The triangle inequality proves Equation (9.23) with
the displayed /r dependence. Its constant and polynomial degree are independent of 7, so the
subsequent choice r = O(jqeep) has only polynomial moment losses.

The negative log Gaussian full-core pin ratio is at most || xzuc|/?/2: this cutoff corrects the
conditional mean to zero on H without changing its guard values. The linear-in-data part of the
conditional Laplace discrepancy is bounded by C||y||||xzue||7. To verify this also when restoring
bonds glues two free faces, first prescribe a finite list of smooth guard probes. The cut and restored
predictions minimize the same cut energy on nested admissible spaces. Subtracting xgu. from
the cut minimizer leaves all guard probes unchanged and makes it admissible in the restored,
trace-matching subspace. Orthogonal projection then bounds the difference of minimizers by
X muel|7. The conditional quadratic parts differ from the open-patch comparison in Equation (9.6)
by at most Ce™%||y||?, again by guarded localization. All these arguments use finite-energy
predictions, so they never prescribe pointwise values of a continuum rough Gaussian trace.

To transfer these estimates to the microscopic guards, first work under the centered high laws
and use finite smooth guard lists and finite smooth core penalties. Proposition 3.16 gives the joint
conditional convergence for each topology in its own centered law. Increasing the probe lists and
the core penalty approximates the full pin ratio there: the centered identity Ergy = e PUHP) and
Proposition 3.15 close the approximation error, and the Gaussian ratio is strictly positive almost
surely.

For a cut centered law p and a restored centered law v with identical exterior, let A; be any
failure event about their common guard data. Equations (3.51) and (3.58) give

vp(As) < PPy (Ag), pip(As) < py(rr < ) + 27 wp(Ay).

The interactions have finite limits. Taking s — oo and then € | 0 transfers vanishing failure
probabilities in both directions. Thus both topologies’ conditional approximations hold jointly
when their guard data are sampled under either centered law.

Only after this centered transfer, change the sampling law separately in each topology 7. For a

fixed observation vector y,
BSh7y)

Yk, B) — e
dPT,O;kh ET,O;khe(Bsh’y) ‘

At fixed R, P, U these are tilts by a fixed finite list of cell observations with bounded bare covariance

and coefficients in a compact set. The displayed densities have a common L? bound for every fixed

finite ¢, by the density moment estimate in Proposition 3.16. Holder in each topology therefore

transfers the centered failure bounds to its own tilted law. There are only finitely many topologies
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and required moment orders at these fixed parameters, so the choices are common to all of them.
On exceptional data use §; < 1. Consequently bounded moments of d; have the Gaussian upper
bounds derived from Equation (9.23); no uniform claim for arbitrary prescribed microscopic guards
is needed.

Use |(z —1)/(z+1)] < |logz| for z > 0. Hélder over the jgeep < poly(P) retained marks gives
their product a factor e ¢deer  with polynomial losses in P, the moment order, and 1 + Eox.
For clarity, if a per-mark bound has the form e=“RPCjC(1 + ) maximize (1+ &£)e~R 7€ to
obtain a factor [C(1 + jR'?)¢). Its logarithm is O(j log R) because j < poly(P), and is absorbed
by coRj/2. This proves Equation (9.22) in the limiting Gaussian calculation with slack.

The same argument works along every convergent sequence in the compact set of translated
observation vectors, using uniform exponential integrability of the finite probes. A subsequence
contradiction therefore makes the bound uniform there for sufficiently large s. All finitely many
box calculations are then continuous in k, a’; their strict slack gives a common neighborhood. This
last continuity is on fixed finite microscopic graphs. It invokes no scaling theorem away from
kp. Equation (9.8) is handled by the free mixed-domain convergence in exactly its own finite tile:
its normalized ratio tends to one uniformly on the same compact sets, so its error can be made
smaller than e ¢, O

In a box outside this gradient threshold discard its §;’s. Completing the square and centered
Gaussian domination give

26, (y; k) 1
Fay (y)/2m < exp {2 max (0,1 — a//k)EGb (y)} . (9.24)

Indeed the bare comparison observation covariance with coefficient & is bounded by max(1,k/a’)

times the reference covariance; inverting on the complement of the constant mode gives the stated

energy coefficient. Constants cancel on that mode. Fixed centered normalization ratios at nearby

parameters cost a bounded factor per active tile. For a bad selected isolated tile, the bound for

|Fy| follows by adding one to Equation (9.24). Group these tiles also into boxes of side at most P.
On every bad box insert the upper bound

1 < exp{e1(&(y) — Upip)}, (9.25)

where €1 > 0 is fixed sufficiently small. Differences are always those on the underlying uncut
cells, even if the current topology has fewer bonds. Choices of good and bad boxes cost only an
exponential per active tile. The real estimate now consists of the mark and tile gains in the good
boxes, the tiny seam cost C(R/P)E, the link costs in Equation (9.10), and the broad quadratic
costs in bad boxes with the negative constants from Equation (9.25).

9.5 Averaging without a microscopic volume loss

Let X be the padded m-block cover of the pattern and D = D,,(X). All its positive quadratic
costs are bounded by h1Ep/2 once R is large and £; is small. Here are the two required form
comparisons. First, the sum of cut-box minimized energies is at most Fp: restrict any trial field
in the latter minimization to the boxes and discard crossing bonds. Second, on two neighboring
observation cells, cell Poincaré and the observation penalty give

e — ywr|? < C Z |(Bsv). — y. | + (v, Ap,pv)/a’ on these cells
z€{z,x'}
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Sum this inequality over the good-box edges with coefficient R~!2, and over the localized seam
and path edges with their coefficients. Their multiplicities are bounded: the boxes are disjoint
clippings and the selected-tile halos have fixed overlap, while the seam and path bounds were
proved above. Minimizing over v gives } ,,,q R 1280« < CR™2Ep and bounds the seam and
path total by another small multiple of Ep. Equation (9.12) supplies strict room beyond the
broad coefficient in Equation (9.24).

Gaussian completion bounds the resulting background quadratic by Vp in Equation (9.13).
The determinant actually integrated is estimated with its localized costs rather than with the
larger form hi Ep. Its covariance contraction has a strict margin from one. Its trace is bounded by

C poly(P)Npaa + CR™2P?Nyooq + C(R/P)R*(j1 + jo) + C>_ e BT poly(dy).  (9.26)
4

Here Npaq and Ngooq count occupied clipped boxes, not all boxes in the containing torus. For
the first term the rank is the number of observed cells in the bad boxes, at most C'P? per box,
and the covariance contraction bound controls every eigenvalue. For the good-box term, every
adjacent-cell difference of Bsa(<,, + 1 has variance bounded by a constant independent of s, m:
the height part is bounded by the nearest-cell flow comparison and the two independent noise
variables have variance two. There are at most C'P? such differences per clipping. Multiplication
by the allowance R~'? therefore gives C R~12P? per occupied good box. This accounts for the
whole observation rank; it uses no cancellation of its noise coordinates. For the seam and link
terms sum their localized coefficients against the same adjacent-cell variance bound. There are
O(R?) cells per halo item. The strict covariance margin converts this trace estimate into the
corresponding logarithmic determinant bound.

Thus Equation (9.26) is independent of s: the determinant never counts the microscopic height
dimension. Since P = R® and Ngood < C(j1 + j2), both the good-box allowance and the seam
term are O(R™2)(j; + jo), absorbed by the real per-item gain. This is the reason for choosing the
allowance R~12 in Lemma 9.4. Its polynomial maximization cost is still only O( Jdeep l0g R), sO
that lemma’s constants remain independent of the later threshold and of s.

A bad box contains at most a polynomial number of marks and tile items. Its loss of their gains
is at most a polynomial in P, R in the logarithm. Choose the finite Uy, so that g1 Ugig exceeds this
loss, the first term of Equation (9.26), and all per-box combinatorial costs, leaving a further factor
el per item. Only after this choice apply Lemma 9.4 to choose s. The finite choice of optimized
cut translate does not create a random determinant: replace the pointwise optimum by a sum
over its at most polynomially many translates. For a nonempty configuration this polynomial is
absorbed by the per-item exponential gain. The all-empty configuration has no cut choice or cost.

We obtain for the Gaussian-averaged pattern Fj the real estimate

|Fr()] < CI2 exp{—cR(j1 + jo)} [ | Ce™FHW0 (X, ) o X0, (9.27)
¢

with kg < k and fixed reserve in both quadratic estimates. The optional W*0 records the small
reserved path and direction costs. Completion also permits replacing the background by ¢ + x f,
for a real direction of scaled point norm at most one, at extra cost

eCr* X1, (9.28)

To see the bound with the regulator still evaluated at 1, use the strict gap h1 < hs and Cauchy—
Schwarz in the optimized quadratic form. The excess on the direction is bounded by C(f, Ao pf) <
C|X|, since its first differences are O(m~') and there are O(m?|X|) sites. The bounded-range
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corner and collar bonds change only this fixed constant. This reserve is also why a translate does
not consume the final regulator.

Equation (9.27) proves absolute integrated convergence for the link expansion. For a finite
torus first sum the finite positive topologies for each microscopic height configuration, then perform
the Gaussian integrations just bounded, and finally sum links. Tonelli for absolute values and the
resulting summability justify all exchanges in the signed identity.

9.6 Complex fields, analytic directions, and input derivatives

A separate bound on imaginary directions is necessary because taking absolute values inside each
conditionally oscillating guard kernel would lose the cancellation in its Gaussian energy. We give
the finite theta identity that avoids that loss. For a positive definite precision 7" on the unpinned
height coordinates set

w(t) = Y e WINEERO () = 3T e @RI e pf24.
heA pEA+c/2

Sum and difference of the two lattice variables give, for real z, z,

w(z)w(iz) = Z lwe(x + i2)|?, w(0)w(z +iz) = Z we(x 4 i2)% (9.29)

The cosets are invariant under sign reversal, which explains the second equality. The triangle
inequality proves |w(z + iz)|w(0) < w(z)w(iz). Since Z(y) = e_”y”2/2w(B;y), including its
Gaussian prefactors gives the useful form

|Z(y + iv; k)| _ Z(iv; k)
Z(y;k)  — Z(0;k)

Every free component’s constant is controlled by the observation mass. Hard-pinned subspaces
use their own lattice, so the identity applies there too; a vanishing auxiliary mass also deals with
any redundant semidefinite presentation.

The centered imaginary ratio equals ellvl?/2Re , whose characteristic factor is positive.
Centered zero pinning increases this characteristic function. In detail, condition on the pinned
coordinates; the remaining law is a real tilt of the centered pinned Gaussian lattice. Equation (9.30)
bounds its characteristic modulus by that of the centered pinned law. Average the conditional
characteristic functions and use positivity of the centered full characteristic function. This proves
the claimed direction without taking absolute values of individual lattice Fourier summands.

For an imaginary observation direction v of any prescribed fixed supremum, expand each
microscopic difference into its positive topologies, discarding difference rarity for the moment but
retaining the link gains. Apply Equation (9.30) to each whole integrated topology. Pin whole
strips of width R/4 along translates of the P-box cuts. These thick walls separate the region
into bounded boxes. Bonds can then be cut through the middles of the zero strips, since every
deleted endpoint is already zero. All strips are intersected with the same active halo; neither walls
nor auxiliary boxes enlarge its support. Thus each pre-pin component is a permitted rectangular
clipping, exactly as required for Proposition 3.13.

On these fixed pinned boxes that lemma gives the Gaussian imaginary ratio, uniformly for
bounded v, with arbitrarily small multiplicative error per box after s is large. It remains true
nearby by finite-graph continuity. The additional Gaussian pin energy over the unpinned energy
is, after averaging wall translates, at most

C|jv||2,(R/P) #{active cells}. (9.31)

(9.30)

i(Bsh,v)
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For this bound use the massive-form localization away from each wall; near it use the uniform
observation-energy bound. The proportion of near-wall cells is O(R/P) and the decaying tails
have the same average. There is no zero-row-sum requirement here because v is bounded. The
optimizing wall translate need not equal the translate used for the real estimate.

The Gaussian shape factors in Equation (9.7) cancel this Gaussian imaginary ratio: for a
quadratic E, RE(y + iv) = E(y) — E(v). The double telescoping in Lemma 9.3 bounds the
remaining shape discrepancies by exponentially small localized costs. For the real part of each
positive topology we use the following separate consequence of the good-box proof, with no d;
factors:

P22 < 2ep(REW)  (E0) < Uiy

At (kp,ap) its left side tends uniformly to one on the compact set of recentered observations, by
the same fixed mixed-domain convergence. Choose s so that it is at most 3/2 for every one of
the finitely many positive topologies. Finite-graph continuity then makes it at most 2 on one
parameter neighborhood. Thus the displayed numerical constant is independent of R, P and the
threshold; only the required s and neighborhood depend on these earlier choices. This establishes
the estimate without deleting factors from an inequality that contained []; §;. For bad boxes use
Equation (9.24) and the same threshold penalty. Hence the real-part determinants are precisely
the localized determinants already bounded. In particular the good-box allowance still costs at
most C’R*12P2Ng00d < CR2(j1 + j2), even though no mark gain is used on this strip boundary.
Bad-box determinants are paid by their threshold penalties as before, and empty boxes remain
exact identities. Thus this cost belongs to the o(R) term below. Links at complex arguments
retain their tiny path costs directly. For a fixed strip height H we have therefore proved the second
bound

|Fr(v + (z +iy) f)| < exp{o(R)(j1 + j2) + Cry(1 + 2?)| X |} [ Cem (R0
¢ (9.32)
W (X, )e o)y < H.

Here H is fixed before R; the o(R) includes Equation (9.31), since each halo has O(R?) cells
and R?/P = R~2. On each fixed finite calculation analyticity follows from Gaussian domination
with quadratic reserve. The same domination and the absolute link sum prove analyticity after
averaging.

Choose a desired radius ro > 4ehg and then H > 4ry. For fixed real 1, f, apply the three-lines
theorem on each of the strips 0 < +Sz < H to Fy(1+ zf)e PZIX] with D > Cy. Equation (9.28)
bounds its real boundary and Equation (9.32) its other boundary. On |z| < r( the real-boundary
harmonic weight is at least 3/4. Consequently the gain e—cR(1472) gurvives with a smaller ¢; the
damping and its removal cost only e“ro-# X1, Moreover

1 X| < C(jr+j2) + C D _(1+de/R), (9.33)
V4

so these losses are absorbed by the item and link gains after increasing R. We have recovered
Equation (9.27), with weaker constants, on the complex directional disk of radius rg.

Cauchy’s Inequality bounds the diagonal rth derivative by rlry" times this bound. Real
polarization bounds the multilinear derivative by a further factor " /r!. Thus its contribution to
the point norm is at most (hg/ro)"r" /r! times the pattern bound, and the sum over r converges
because rg > 4ehgy. This proves the full analytic point norm estimate, including independent real
directions in each slot.
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For input derivatives, fix the already chosen s, R. Every scalar denominator in the unsummed
expansion is independent of k, by Equation (9.6) and Equation (9.7). On a sufficiently small
complex k-disk about kj, absolute values of the height weights are bounded by weights at a nearby
real precision. Discarding the imaginary-direction cancellation and using broad bare quadratic
completion on every active tile now costs at most ¢Cs r(1+72) per pattern. This constant is finite:
there are finitely many microscopic sites per active halo, their centered moments are bounded
under the observation mass, and the local normalization accounting compares only these halos.
The quadratic stability margin and exponential link decay persist on a smaller disk.

On its real diameter we already have the small complex-field estimate. Apply the two-constants
principle separately to the upper and lower half-disks, after the same field-translation damping.
On a concentric disk of relative radius p the harmonic measure of the circular boundary is O(p).
Choose p so small that its contribution O(pCs gr) is less than a fixed fraction of the remaining cR
per item. The pattern estimate is then still exponentially small on that complex k-neighborhood.
Cauchy’s Inequality there proves Equation (9.5); for example one may take constants bounded
by rlp." times a fixed factor on an inner disk. This interpolation is performed on each local
pattern integral, not on a volume-dependent total partition function. Finally, varying a’ changes
finite Gaussian integrals, the quadratic forms, and the common frequency continuously. The
same absolute estimates with reserve give dominated convergence on each fixed support, for each
field derivative and scalar projection. This proves the stated continuity in @’ without asserting
differentiability of a norm whose period changes.

9.7 Connected pattern sums and completion of entry

After the preceding estimates assign a positive weight w(I) to each halo item and link, including
all its analytic and geometric constants. For a fixed m-block B, their placement sums obey

sup Z w([)(QA)|cover([)|€|cover(1)| < efcR =: ng. (9_34)

B r. cover(]) meets the connection neighborhood of B

Indeed a halo has bounded block diameter and only polynomially many cell-root and event labels
in a fixed m-block. A link of length d uses at most C(1 4+ d/R) blocks. Its endpoints and path
descriptions have polynomially many choices at each fixed length; allowing translations and cover
attachments adds at most an exponential in 1+ d/R. These factors, the weight (24)l<verl and
the displayed extra exponential are absorbed by e~c(B+d) A1l counted cells are observation cells;
their count is independent of s. Repeated roots use subsets of their finite local labels, bounded by
the corresponding product of 1+ w([I).

Here is a direct connected-sum bound. Root a connected collection of items at an item meeting
a specified block, and choose a canonical spanning tree of the item adjacency graph. A child can
attach to any block of its parent’s cover. At bounded depth let the sum of all possible descendant
trees attached at a fixed block be T'. The unordered-child sum is bounded by its exponential
generating bound, so for a parent cover S it is at most el®/T. Starting with depth zero and
using Equation (9.34), induction gives T' < ng < 1 at every depth: the factor el3l reserved there
pays all descendants. Monotone convergence bounds the sum of all finite trees. Canonically
assigning each actual collection to one tree only decreases this positive overcount. The factor 2!°!
in Equation (9.34) pays the choices of occupied covered blocks and regrouping into the subset
convention. Therefore the connected pattern sum at weight A is at most Cng in the norm of
Equation (9.3). The same encoding works for projected torus covers rooted at actual blocks; a
winding item’s full cover and length have already been charged.
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Choose R large enough that Cnp < €, and then make the choices of threshold, s, and parameter
neighborhood in the order stated in Theorem 9.1. The expansion in Equations (9.6)—(9.10) is exact,
the integrated sums are absolutely convergent, and grouping separated components is exactly the
partition algebra. This proves Equation (9.4) and its torus version. Equation (9.34) with the
parameter derivative costs proves the differentiated bounds after the same possible reduction of
the neighborhood.

For completeness, inserting a bounded function of Y in Equation (9.2) preserves the exact
observation identity before high-mode averaging; all local expansions are identities in its integrand.
Subsequent smooth-source tests are implemented by their Gaussian translations, with the same
normalized denominator. Thus the entry does not assume that a height observable already
equals an observable of the auxiliary Gaussian field. Its purpose is the exact local interaction
representation to which those translations and the terminal diagnostics apply. Finally, shell range
and padded supports imply plane copying through the stopping scale by Proposition 8.3; large
noncopying torus supports have the same weight-gain estimates. Lemma 9.2 supplies all regulator
hypotheses for continuing that map. This completes the proof of Theorem 9.1.

10 The endpoint and the response of the effective coefficient

Throughout this section J is fixed, v = vy, Ag = —A;/v? and k = B/v?. Write a(k) for the
coefficient constructed in Sections 2 and 3, and put k. = 3.(.J)/v?. Corollary 3.9, Proposition 3.10,
and Corollary 8.7 give

0 < ke < 00, {k :a(k) > 0} = [k, 00), a(k) € {0} U [8, 00).

On its positive set a is strictly increasing and right continuous. Right continuity here follows
also directly by combining monotonicity with upper semicontinuity. We shall prove a(k.) = 8,
differentiability on (k., 00), and an infinite right derivative and right difference quotient at k..

A reference coefficient, denoted throughout by a’, is held fixed when differentiating in k. In
particular a prime on a’ is part of its name, not a derivative. We write d%a(k‘) for the derivative of
the physical coefficient. Set a = va/ and A = L2~/(4m),

The critical small-activity Coulomb-gas trajectory constructed by Falco [13] is a rigorous
predecessor of the marginal flow analysis. Here the preceding entry theorem and the physical
terminal diagnostics identify which trajectory is selected by the original fixed-range height model.
The finite-volume response then connects that trajectory to the endpoint slope.

10.1 Physical terminal diagnostics

Fix kp with ap = a(kp) > 0. Choose the downstream norm parameters in Proposition 8.3 and
Theorem 9.1 first. The entry construction then chooses R, P = R®, a finite large-field threshold,
and s, in this order, before the parameter neighborhood, and starts the long maps at m = ¢Rs.
We use the observation Y = Bsh + n of Theorem 9.1, where the noises have variance one. All
choices are fixed on a sufficiently small neighborhood of (kp, ap). Near 87 retain the gradient and
fundamental coordinates (¢, z) on the allowed one-sided interval 87 < a’ < 87 4 dyef; On a compact
reference interval strictly above 87 choose L for its gap and retain only ¢. All these continuations
use the fixed-J entry shells I'}" and their exact multipliers A" from Lemma 8.1.

Choose a sufficiently large fixed dyadic integer D and use actual tori of sides

n; = Dm;, m; = Lim. 10.1
J J J
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The choice of D exceeds the causal neighborhoods in Proposition 8.3. Consequently all singleton
coefficients through the stop at m; agree exactly with the plane coefficients. These sides satisfy
the entry divisibility condition, since n;/s = DgRL’ is a multiple of ¢R with the chosen grid
origin. The torus remainder need not agree with the plane remainder: noncopying supports are
estimated by the same contraction. Winding links keep their full covers, as in Theorem 9.1, so
they cannot change a singleton in a padded unwrapped neighborhood. When n; < sP, only the
plane steps are used. Their number is at most Jp = max{0, [log; (R*/(Dq))]}, independently of
5. Equation (9.34) gives an entry norm at most Ce™“% so the bounded plane map amplifies it
by at most C(‘)] ® — ROM: increasing R keeps all these steps small. For each valid stopping size
n; > sP, its own exact torus history starts at m and runs through all steps up to j. No identity
on a smaller invalid torus is needed.

Let f be the real first horizontal cosine on the unit torus and let f,, be its cell-center samples,
weighted by the cell area. Put

Xn = (Y7 fn)v 9= (fa (_AT)_lf) > 0.

The height component is (h, B} f,,). Its difference from the ordinary sampled smooth test has
bare inverse-energy norm tending to zero as s/n — 0. Also Var(n, f,) = O((s/n)?). The field and
Laplace conclusions of Theorem 3.8 therefore apply to X, including convergence of every fixed
moment.

For a real source w near zero, Gaussian completion translates the observation argument of
the entire interaction by its reference covariance applied to wf,. This translate equals BsaF' for
a microscopic cosine F': translation and reflection symmetry make the translated cell function a
cosine, and the average of a microscopic sampled cosine is that cell cosine times a nonzero scalar.
The scalar is uniformly bounded at the sizes (10.1). Its energy satisfies

(F, AgF) = d'w?g 4+ o(1) (s/n — 0). (10.2)

All its scaled derivatives needed in the point norm are bounded. Field-independent extracted
constants cancel in the ratio.

Write R for the stopped torus remainder and v; = [t;] + |2 + [R{*"]|, omitting 2 in the
one-coordinate scheme. Terminal integration has only D? blocks, and its regulators integrate with
reserve by Lemma 9.2. Expanding the exact terminal partition ratio at zero activity gives
1

—log Eye®*ri = Sti(Fy AoF) + O(IR" || + v73). (10.3)

wXy, .
nj

log Ee

The bound is uniform for w in a fixed complex disk; thus it also holds after taking any fixed
number of source derivatives. The constant mean integral kills the linear fundamental term.

A second diagnostic detects that term. Write y,, = e?¥, where Y is the spatial mean modulo
2. Let Chigh,; be the sum of the polynomial Gaussian pieces integrated through side m;, including
their constant-mode continuations, and define the variance in phase units by

Tav = Var(a BsChigh,; + 7)-

Here 7 is the spatial mean of the observation noise. This high mean is independent of all mean-free
Gaussian variables and of their source tilt. Its variance is bounded: a polynomial piece with upper
side u < m; contributes O(u?/ n?), the sum over such sides is geometric, and Var 7 = (s/n;)?.
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Let Z; be the stopped subset expansion with its common field-independent factors removed.
Let C be uniform on [0,27/«), let (, ; have the remaining mean-free terminal covariance, and let
Fj(w) be the field translate above at side n;. Put

Cnj,a’ = (fnj7 [I + a/BSAS_B:]fn]‘>7
Zj(w) = Ecg, ; Z2i(C + G j + Fj(w)),
Nj(w) = Ecy. ,[€°CZ;(C + o + Fj(w))].

Gaussian completion and the uniform mean integral give the exact normalized mixed identity

rae /2N (w) — N;(0)
Z;(0) '

—c, . gw?/2

e " E[Xn.GWX"i] —Exn, =€

J
Indeed absorbing the integrated high mean into C' leaves the physical character unchanged, whereas
inserting e before that change contributes the Gaussian characteristic e=™/2. This proves the
positive sign in the displayed prefactor. The source annihilates constants, so it does not change
that argument. The denominator is the common zero-source normalizer; also ¢, o — a'g as
s/n; — 0.
At zero activity Z;(0) = 1, and on the small ball it is 1+ O(v;). In N (w) — N;(0) the constant
and linear gradient terms vanish under the mean character. Exact integration of the linear cosine
term therefore makes the preceding mixed functional z; M;(w) + O(||RY"[| 4 v3), where

D? . .
M;(w) = 767—3"/276!21)“‘”’7/2 avey (efme(w’z) —-1). (10.4)

Here Dy, ; is the diagonal variance of the remaining mean-free Gaussian field. The entry terminal
bound gives Dy j < Cy(1 4+ log D), so it is uniformly bounded. For a fixed small nonzero real w,
the average in (10.4) tends to a strictly negative number: the spatial cosine has zero mean and
a strictly positive second moment. In particular |M;(w)| > ¢, > 0 for all sufficiently small s/n;.
The error in this mixed diagnostic is again O([|RY"|| + 1/]2) These estimates, including their input
derivatives at fixed a’, follow by the analytic terminal expansion, rather than by differentiating a
limiting measure.

Lemma 10.1 (Phase factorization at a true reference). At (k,a’) = (kn,ap),

E[xne"*"] — Exn] exp(angw?/2) — 0

locally uniformly for complex w. The conclusion does not assert that Ex, has a nonzero limit or
that the torus mean is asymptotically uniform.

Proof. We give the replica argument, since Gaussian convergence of X, alone would not imply
this assertion. First remove the independent observation noise; its nonconstant test variance tends
to zero, and its mean characteristic is a bounded deterministic multiplier. Take two independent
pinned lattice fields AV, (2. The sum and difference are conditionally independent, with the
same centered law, when their common coordinatewise parity class is fixed. This is the elementary
change of variables (h(), ) — (R + ) h(1) — h?): the quadratic energy splits and the two
fields belong to the same coset of twice the height lattice.

Let V be the conditional second moment of the cosine test of the sum field. Expansion in the
independent original copies gives

EV =2VarX,, VarV =2(EX} - 3(EX2)?).
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The last expression tends to zero by Gaussian fourth-moment convergence. Multiplication by a
bounded character of the difference field therefore replaces V' by its mean with error tending to
zero. Define B

Fn(t) — Eeih+itX".

The corresponding product expectation of the squared sum test and the difference character is
—2(F,F" — (F")?). More explicitly, for complex ¢,

—2(F,FY — (F!)?) = 2 Var(X,,)F2 + E[(V — 2 Var(X,,))e!P+tXn (D)),

If EetXr < eBot?/2 for real t, the last expectation has modulus at most \/2/@4(X7,J)62BO(I“‘t)2 by
Cauchy—Schwarz. Consequently every locally uniform subsequential limit F' satisfies

FF" — (F')? = —apgF?. (10.5)

Bare domination supplies locally uniform bounds on the entire functions and all their fixed
derivatives. The real transforms are nonnegative by the Gaussian-lattice Fourier representation. If
F is not identically zero, solve (log F')"” = —apg on any positive interval. Analytic continuation
then makes F' an exponential quadratic everywhere; in particular it has no isolated zero. Reflection
or translation by half a cosine wavelength changes X,, to —X,, without changing h, so F”’ (0) =0.
Thus F(t) = F(0)e 9%*/2. The identically zero limit has the same factorization. Analytic
continuation to t = —iw gives the stated Laplace version. Every subsequence has only limits of
this form, which proves the assertion for the original sequence. O

Proposition 10.2 (No exit and vanishing at true references). For every sufficiently small prescribed
tube radius p > 0, the entry choices can be made so that the true-reference plane trajectory stays
in this tube at every step and tends to zero. The stopped torus remainders also tend to zero. If
a(k.) = 8w, the same entry choices keep all true-reference trajectories (k,a(k)), k € [ke, ke +9), in
that tube for some § > 0. Each of these trajectories tends to zero; uniform convergence in k is not
asserted here.

Proof. At the true reference both diagnostics tend to zero: Equation (10.3) uses the structural
Laplace limit, and the mixed diagnostic uses Lemma 10.1. Their discrepancies can be made
uniformly small for n > sP by choosing P large first and then s sufficiently large. The block-profile
error and the noise variance are O((s/n)?) < O(P~?), which explains this order. Before the first
candidate exit, the separate torus recursion gives

IRE"| < 0¥ + Cp

with the same earlier plane singleton inputs. At the candidate exit the new activities are still in a
fixed multiple of the tube by the bounded map estimates. The nonzero two diagnostic multipliers
therefore give |t;| + |zj| < C(Sgiag + € + p?). Choose p first, with Cp < 1, and then dgiag + £ < p.
This excludes the exit. The initial plane steps corresponding to sizes below sP were controlled
just after Equation (10.1).

For convergence let ¢ be the limsup of the plane activity size. Contraction bounds the limsup
of its remainder, and separately that of the stopped torus remainder, by Cq?. Taking limsups in
the two diagnostics gives ¢ < C’¢?. The tube is chosen smaller than 1/C’, so ¢ = 0.

For the final assertion, right continuity gives a(k) | 87 as k | k.. Fix a slightly larger input
k1 > kc. Finite-volume Gaussian comparisons sandwich the mean-free Laplace functions for
k. < k < k1 between those at the two endpoints. Their limiting Gaussian coefficients approach
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the same value as k1 | k.. Entire-function bounds turn this into uniform smallness of the requisite
second and fourth moment discrepancies. The replica calculation in Lemma 10.1 then gives the
mixed discrepancy uniformly as well: otherwise a violating sequence has an entire subsequential
limit obeying (10.5), which is impossible. Choose the auxiliary bracket endpoint k; sufficiently
close to k. first, then a common large-scale cutoff for the two fixed endpoint laws and entry scales
with sP above that cutoff. Finally shrink the actual input neighborhood to [k, k. + 6] C [k, k1] as
required by entry. The preceding first-exit argument now holds throughout this right neighborhood.
For each fixed input its limiting discrepancy is zero, so the individual limsup argument still proves
convergence. O

10.2 Exact Gaussian curves and positive response

Lemma 10.3 (Removing all pure gradient drift). Fiz J, an allowed compact interval of reference
coefficients, and admissible long-map parameters, including L, A, hg, k, the requlator margins
hy,p1,p2 when €V is used, and the terminal clearance D. There is a sufficiently large starting
scale muyin and a disk |d| < dy such that, at every entry scale m > mpyin and every reference in
that interval, the long maps have exact Gaussian trajectories satisfying

TY(d) = d + O(d?), Z9(d) =0,  RI(d)=0(d*).

The bounds are uniform in the step, the entry scale, and the reference, and analytic in d. The
maps Tjg have analytic inverses on a common smaller disk. In particular both disks can be chosen
before the physical entry scale and its observation-cell size are selected. In the coordinates

uj = (Tjg)_l(Tj)? Bj=TRj — R?(”j)? (10.6)

the exact pure Gaussian trajectory is (u,0,0) at every step. Its first coordinate is unchanged, so
there is mo nonlinear forcing depending only on w.

Proof. At side m initialize with the exponential of d ) 5 e% /2, with no height-lattice factor. Expand
it by the same occupied-block algebra. The singleton linear term is de%; /2 and the remainder is
O(d?) in any prescribed fixed activity weight, since the small exponential energy is absorbed by the
regulator reserve. We check that this assertion is uniform in the starting scale. A direction of scaled
point norm one has e} (f) < C: there are O(m?) sites in a block and each fixed-range difference is
Oj(m™1). Polarization gives |De%(¢)[f]] < Cyv/Un and |D%e}[f, g]| < Cy; all higher derivatives
vanish. The analytic derivative sum of a sufficiently small energy exponential is therefore absorbed
by a fixed part of W}, uniformly for m > myi,. The occupied-block expansion with the fixed
weight A has bounds (C4|d|)X! and, after removing its linear singleton, C'4|d|>. The optional
factor ¢V > 1 only improves this initialization. Common-shift invariance keeps every charged
coordinate zero.

Direct Gaussian completion bounds all terminal logarithmic ratios under the smooth shift F' by
C'|d|, uniformly in the stopping scale. Indeed the tail covariance contracts the kinetic energy, and the
relevant inverse (I — dC"/?AqC"/?)~! is uniformly bounded on a fixed complex disk; determinants
cancel from the ratio. The kinetic contraction is the form inequality 0 < C124,0Y2 < T for the
remaining covariance, so its resolvent norm is at most (1 — |d|)~!. The selected kinetic energy has
shell and terminal expectation at most C|X|, uniformly in the starting scale, by the positive-order
kernel estimates and Equation (9.15). Thus the terminal analytic estimates use the same regulator
reserve at every such scale.

Take diagnostic tori of side n = DmIL’ with the fixed D chosen large enough for locality.
The first Fourier mode used in the gradient diagnostic has energy bounded above and below
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uniformly in m,j. Indeed its symbol converges to the continuum symbol for m > mpy,, and
its s-cell averaging multiplier is bounded away from zero when s/n < 1/D (here s < m). The
independent observation-noise contribution is uniformly bounded as well. No lower restriction
n > sP is needed for this Gaussian initialization, because there are no entry sewing operations.
The gradient diagnostic consequently gives, before a first exit from a fixed small tube, a bound
Cld| + CIR* || + Cp? on its scalar coordinate, with constants independent of m, s, j. Contraction
bounds the remainder by C|d|? + Cp? there. Choose the tube radius first and then the common dy
sufficiently small. The same first-exit argument works for complex d, using absolute values of the
analytic diagnostic, and excludes an exit on that disk. More quantitatively, on each parameter disk
|d| <0 < dy take the tube radius p = M§, with M fixed larger than the diagnostic constant. For
sufficiently small common dg the same estimates exclude exit from that tube. This gives a uniform
O(9) trajectory bound, and contraction improves the remainder to O(62). Applying the conclusion
with 0 = |d| gives the stated pointwise bounds. The derivative at d = 0 is exactly the unchanged
gradient singleton, so the uniform analytic bounds give Tjg = d + O(d?), with a uniform derivative
bound for the error. Taking do smaller makes |(77)'(d) — 1] < 1/2. The quantitative analytic
inverse theorem gives the common inverse disk. Exactness of the Gaussian integrations shows that
the trajectory with initial parameter d maps to the trajectory with that same parameter at the
next step. This proves the last assertion. Finally (R7)'(0) = 0, so the contracted linear remainder
map is unchanged by (10.6). O

Lemma 10.4 (Finite-volume response inequality). For a pinned periodic height law with precision
Ao/k, let C denote its covariance. For every real fo annihilating constants,

9 (Cfo, AcCfo) _ Var(h, fo)*
2 Nar(h, fo) > > . 10.7
ak ar( fo) — k’2 - kQ(fo’Ag»fO) ( )
In particular, if U, = Var(X,,)/g at an input with a(k) > 0, then
lim inf U}, (k) > a(k)?/k* > 0. (10.8)

n— o0

The same strictly positive lower bound, weakened by a fized factor, holds uniformly on a sufficiently
small neighborhood where the limiting variance is bounded below.

Proof. Differentiate the absolutely convergent pinned lattice sum:

1
O Var(h, fo) = 575 Cov((h, fo)?, (h, Aoh)).
Express the positive form Ag as a sum of squares of real linear forms #,.. The paired fourth-cumulant
inequality in Lemma 2.1 gives

Cov((h, fo)2, £,(h)?) > 2Cov((h, fo), £(h))".

Summing gives the first inequality in (10.7). On the quotient by constants, Cauchy—Schwarz gives
(fo,C'f0)? < (fo, A$ fo)(C fo, AoC fo); pinning selects a representative and changes neither side.
Take fo = B} f,. Its bare Green form tends to g. The observation-noise variance is independent
of k and tends to zero, while the height variance tends to a(k)g. Division by g proves (10.8). The
neighborhood version follows from a positive lower variance bound and continuity of £ and of the
fixed bare denominator. O
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Proposition 10.5 (Openness and differentiability above 87). If a(kp) > 8, then ky has an open
neighborhood on which a > 81 and a is continuously differentiable. Consequently

a(k.) = 8. (10.9)

Proof. Use the gapped scheme without Z and the coordinates of Lemma 10.3. Analyticity, exact
vanishing on B = 0, and the diagonal balanced linearization give

B[l < [0+ C(ul + BB, (10.10)
us = ul < C(ful + | Bl BI| (10.11)

On a smaller tube the first factor is at most #’ < 1. These inequalities keep nearby entry data in
the tube, make B decay geometrically, and give a uniformly convergent limit u(k,a’). For fixed
a’ it is analytic in k on a complex neighborhood. The convergence of its k derivatives follows by
Cauchy’s formula on a smaller disk.

The scalar limit is jointly continuous in the real parameters. To verify the point concerning
changing frequency, truncate the sole gradient balance sum in Equation (8.17) after M terms. Its
remaining operator norm is O(QM ), uniformly on the chosen compact reference interval in (87, 0o);
this scheme has no Z balance sum. Every retained scalar evaluation is a finite-support integral or
a finite Taylor projection. Absolute expansions and Gaussian domination with reserve give its
continuity under varying a’. First take the parameter limit at fixed M, then M — co. The tail of
(10.11) is uniformly summable. The same argument, with Cauchy’s formula in &, proves continuity
of Ortso. No norm continuity of periodic activities as their period varies is used.

At (kp,ap), Proposition 10.2 gives us = 0. Terminal differentiation at a zero gives

U;Lj(k) — a'Opus(k,a'). (10.12)

Here U, is the physical variance defined in Lemma 10.4, with the same s, f,,, and sequence n;
throughout the neighborhood. To check (10.12), undo the balance and Gaussian curve changes:
the gradient singleton derivative tends to Jruco, and the remainder derivatives tend to zero by
differentiated contraction. The torus remainder has its own differentiated contraction with these
same singleton inputs and also tends to zero. Differentiating (10.3) twice in w and once in k leaves
a'Oxuso by (10.2). All discarded terms converge uniformly on compact subsets of the zero set. This
argument computes the derivative of the actual finite-volume observable and does not differentiate
a reference-dependent substitute. Equation (10.8) implies Oxtoo(kn, ar) > 0.

Choose k_ < kp < k4 so close that us(k—,ap) < 0 and us(ky,ap) > 0, with Oguse > ¢ > 0
on the intervening neighborhood. Joint continuity preserves this bracket for every reference a’
in an open interval about aj. The Intermediate Value Theorem supplies a unique zero k = k(a’)
there. At this zero the terminal activities vanish and the physical variance tends to a’g; the
structural limit identifies a(k(a’)) = a’. Structural strict increase makes this assignment unique
even outside the chosen bracket. Uniqueness and compactness show that k(a’) is continuous; it is
strictly increasing, and hence its image contains an open interval about kj,.

Use one fixed entry construction and one fixed sequence of physical functions U,, on a compact
subinterval of that image. At each input evaluate its derivative using the appropriate reference
a’ = a(k), held fixed during that evaluation. Uniform convergence in (10.12), continuity of the zero
assignment, and continuity of its right-hand side imply uniform convergence of U], to a continuous
function. The variances themselves converge to a(k) uniformly there: each U, is nondecreasing
by Lemma 10.4, and pointwise convergence to the continuous a becomes uniform by squeezing
between the values on a finite grid whose successive a values differ by an arbitrarily small amount.
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The Fundamental Theorem of Calculus, applied before the limit and then passed under the uniform
bound, proves that a is continuously differentiable, with derivative a(k)Oguoo(k, a(k)).

If a(k.) > 8, the zero interval just obtained would contain inputs below k. with positive
coefficient. This contradicts Corollary 3.9. The positive-coefficient gap therefore forces (10.9).
Strict increase gives a(k) > 8w for every k > k¢, so the differentiability conclusion applies
throughout that interval. O

10.3 Critical state estimates

The endpoint value and differentiability above it are now established. To prove the infinite slope,
we first need the decay rate of the actual critical trajectory. The free-face estimate from Section 2
will rule out exponential decay of its odd part; the local map will then determine its slower decay.

Initialize the two-coordinate maps at the actual onset, with the fixed entry choices of Proposi-
tion 10.2, and allow true references o’ = a(k) for k > k. sufficiently close. The entry-family balanced
coordinates of Equations (8.17)—(8.18) separate the two scalar directions from the contracted
remainder. Equation (10.6) then parametrizes the exact Gaussian curves by u and measures the
remainder relative to those curves by B, leaving the fundamental coordinate Z unchanged. A
common translation by 7/« splits the remainder as B = B, + B, into its even and odd parts.
This convention can be reversed once, changing the sign of the fundamental coordinate, without
affecting the physical field.

Lemma 10.6 (The parity-resolved map). There are 01 < 1, a fized small tube, and a constant C
such that, uniformly in that tube and for the stated references,

10.13
10.14
10.15
10.16

up —u= — H;Z% + O((lul + Z*)(Z* + || Bell) + | Bell* + | Bol|(1Z] + | Boll)).
Zy =22 = —bjuZ + O((u® + 2% + || Bel)| Z| + (ful + Z* + || Be|| + [ Bo 1)) | Boll)

1Be+ll < 01l1Bell + C(1Z] + || Bol)?,

1Bo+ll < 6111 Boll + C(lul + 22 + || Bel)| Z].

— — ~— ~—

(
(
(
(

The remainders have the differentiated Taylor bounds implied by these orders. Here Hj = —b3%

J,en

and b; = —bfen are the coefficients of the actual entry-family balanced map. They are uniformly

bounded above and bounded below by positive constants. At the onset,

8r-m

Hj — H := Hyy = VB log [ >0, bj — b= bey = 2log L > 0.

All occurrences of H,b and bounds for H;,b; in the remaining endpoint argument refer to this
entry family.

Proof. The linear balanced map is diagonal on (7', Z) and contracted on the remainder. Lemma 10.3
removes every term that survives on Z = B = 0. Half-period symmetry makes the first coordinate
even and the second odd. Their surviving quadratic terms are —HjZ2 and —b;uZ, with the
entry-family signs and limits in Proposition 8.5. Indeed the change is T = Tjg (u) = u+ O(u?) and
R =DB+TRj(u)=B+ O(u?), with both corrections depending only on u and with Z unchanged.
The balanced linear scalar map has no remainder forcing. Substitution to quadratic order can
therefore change only the pure u? coefficient in the first scalar equation; it preserves the coefficients
of Z% and ©Z. The even remainder is forced at lowest order by two odd factors. The odd remainder
has no linear fundamental forcing by the diagonalization and is forced by uZ and higher orders.
Terms linear in a remainder, with a small coefficient, are absorbed by increasing the contraction
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constant from 6 to 67 < 1; small quadratic terms involving B, in its own equation are absorbed
there as well. Taylor expansion on a smaller analytic ball now gives exactly (10.13)—(10.16).
Cauchy’s formula gives the corresponding differentiated bounds. The estimates remain valid with
the entry regulator by Lemma 9.2. ]

Lemma 10.7 (The odd sector is not exponentially small). At k = k., the pair (Z;, B, ;) does not
satisfy | Z;| + || Bo,j|| < CY? for any 9 < 1.

Proof. Let 22 be the positive characteristic ratio of the averaged four-face probability profile on
a free square of side n. The critical coefficient is 87, so Lemma 2.4 gives a common ¢y > 0 such
that, for every fixed sufficiently large G = L",

lim inf z2ce / face >
pegien Gn/ n Z €0

Replace ¢y by a smaller number in (0,1). For each fixed r, the inequality with ¢y/2 holds beyond
a threshold that may depend on r. Iterating separately on the r residue classes of the index j in
(10.1) gives

lim sup — log.sz;ce < 10g(2/c0)'
j—s00 J r
Since 7 is arbitrary and 2% < 1, —log zf° = o(j).
We spell out the change from a face profile to a uniform profile. Their difference has uniformly
bounded bare energy. Along that direction write £(t) = logw(p + tq). The logarithmic Hessian
comparison of Lemma 2.1 gives ¢ > —M for a fixed M, and £ < 0. Thus 0 > £(0) +t/'(0) — Mt%/2
for every real ¢, so [¢/(0)| < v/2M|£(0)|. Integrating the Hessian bound from 0 to 1 gives

0(1) > £(0) — /2Me(0)] — M/2.

It follows that the uniform-profile characteristic also has negative logarithm o(j). Restoring the
periodic bonds increases this characteristic ratio by precision comparison. The independent mean
observation noise contributes the positive factor e~ Va&*(M/2_ whose logarithm is bounded. Therefore

—logEe™ = o(j). (10.17)

If the plane odd sector decayed exponentially, the linear balance relation and the contracted
torus odd recursion would make its unbalanced fundamental singleton and stopped torus odd
remainder exponentially small as well. To see the latter without identifying the two remainders,
iterate its contraction: it is bounded by an exponentially decaying initial term plus a convolution
of a fixed geometric kernel with the exponentially small plane odd forcing. In the terminal integral
for e’ | every nonzero term contains an odd factor, since the common-mean integral otherwise

vanishes. Absolute terminal bounds on the remaining factors would then give |Eeiy”i | < Cﬁ{ for
some ¥ < 1, contrary to (10.17). O

Lemma 10.8 (The compulsory state strip). At k., after a finite step and a choice of the half-period
convention,
Z; >0, |Bojll <cZj, ||Bejll < CeZ3.

The first two remainder inequalities persist in a sufficiently small tube, also for sufficiently small
uw=1—X>0. Any trajectory in these cones which tends to zero satisfies

72 72

j j 2
T < ui < B:l| = 0O(Z: 10.18
c W7, u; C+M 7 | Bl (Z3) ( )
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after a further transient, with fired 0 < c— < c4. At k. in particular,
W
Zj=j ! Z;j= L — \/H/b. 10.19
R AL (10.19)

The strip in (10.18) is a necessary condition for convergence to zero; its boundaries are not asserted
to be forward invariant.

Proof. Fix € > 0 small. When ||B,|| < ¢|Z|, Equation (10.14) gives |Zy| > (1 — 0o(1))|Z]| at
criticality, with preserved sign, whereas (10.16) gives || B, +| < 6he|Z| + o(|Z]). Thus this cone
is invariant in a small tube, and its ratio tends to zero. If the cone is never reached on a tail,
|Z| < e7Y|B,| there; Equation (10.16) gives || B, || < (81 + C8/€)|| Bo|| when the tube has radius
§. Choosing 01 +C§/e < 1, and using | Z| < e7Y|| B, || at each later step of this alternative, contracts
the whole odd pair geometrically. This contradicts Lemma 10.7. The odd pair cannot become
zero, for then it would stay zero. Reverse the convention if necessary to make Z positive.

Its step ratio now tends to one. Iterating (10.15) against this slowly varying sequence gives
| Be|| < CeZ?: choose a number r < 1 with 2 > 6, then eventually Z, > rZ, and sum the
geometric convolution of Z?. The homogeneous term is negligible since log Zj = o(j). Taking C.
larger makes this even cone invariant whenever the step ratio remains close to one; this applies
uniformly for small ¢ and a small tube.

Within these cones, making £ and the tube smaller, (10.13)—(10.14) have the form

uy —u=—H;Z%  Z./Z=1—p—bju+0(Z%, (10.20)

where 0 < fi, < ﬁIj <hgand 0 <b_ < Ej < by. A trajectory converging to zero therefore has
For ¢ > 0 put f.(Z) = ¢Z?/(u + Z). For a step with u = f.(Z), the Mean Value Theorem,
(10.20), and fi(Z) = cZ(2u+ Z)/(u+ Z)? show that

fe(Z) — f(Z4) 2u+ 27 1 ~ 72
- C— 1 10.21
72 Cu+Z M+Z+bjc(u+Z)2 +o(1), (10.21)

uniformly for fixed ¢ in the small tube. The error is uniform also when p/Z tends to zero or
infinity. The prefactor (2u + Z)/(p + Z) lies in [1,2]. If ¢ = c_ is sufficiently small, the right
side is less than h_/2; if ¢ = ¢4 is sufficiently large, it exceeds 2h. For the latter assertion write
r=p/(u+ Z): the bracket is 7 4 bjc(1 — r)?, whose minimum yields a positive lower bound after
multiplication by large c. The choice of tube is made after fixing c4.

The gap estimates on the exterior regions use the uniform coefficient bounds, rather than
monotonicity of the effective coefficients. Write Z, = Z(1 — q), where ¢ = p + gju +e; and
lej] < CpZ?, and shrink the tube so |g| < 1/2. If 0 < u < f. (Z), then for ¢ < 0 the barrier
decrement is negative, whereas for ¢ > 0 convexity gives

fcf(Z) - fcf(Z—&-)

7 <2c_(14+brc_)+2Coc—Z < h_J/2.

Here choose c_ so that the first term is at most h_/4, and then the tube so the second is at most
h_/4. Thus the lower gap decreases by at least h_Z2/2 throughout that exterior region.

For the upper region choose c; so large that min{cy /4,b_c% /16} > 2h,, and then the tube
so Co(p+ Z) < b_cy/2. Ifu > fo, (Z), then ¢ > p+ (b—/2)u > 0. The identity fi(y)/y =
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c(2u + 1)/ (1 + y)? shows that fi(y) > (y/Z)fA(Z) for 0 < y < Z. Since Z; > Z/2, the Mean
Value Theorem gives, with r = u/(p + 2),

Jerl2) = fe(Ze) ey [, bocs

72 =z 5 (1 —7)?| > min{cy/4,b_c%/16} > 2h,.

Hence the upper gap increases by at least hy Z2 throughout its exterior region.

A trajectory converging to zero has u > 0 at every such step. Starting on either barrier therefore
gives a strictly signed gap at the next step, and the corresponding exterior gap inequality keeps
that gap bounded away from zero afterwards. This contradicts u, Z — 0. The strict inequalities in
Equation (10.18) follow. This argument does not assert forward invariance of the strip.

In particular v < CZ. Equation (10.16) now has forcing O(Z?), and its geometric convolution,
using the step ratio close to one, gives || B,| = O(Z?) after a transient. At = 0 the strip gives
u =< Z,s0 (10.20) gives cZ < 1—Z,/Z < CZ. Hence 1/Z, —1/Z is between two positive constants
eventually, which proves Z; < j ~1 and divergence of its sum. Since the remainders are O(Z?) and
the coefficients converge, x; = u;/Z; satisfies

Tjy1 — x5 = (b:r? — H+0(1))Z;.

It lies between two positive constants by the strip. For any d > 0, once the error is small, at or
above \/H/b+ ¢ its increment is at least ¢sZ; and cannot cross that level downwards. Divergence
of ¥~ Z; would force violation of the upper bound. Below \/H /b — § the reverse argument violates
the positive lower bound. Consequently z; tends to \/H/b. 0

10.4 Ceritical derivative growth

The critical state estimate gives Z; < j ~1 50 its cumulative effect over scales is not summable. We
now differentiate the finite maps to determine how this affects the response to the physical input.
The finite-volume response inequality will select the growing derivative direction and its sign.
Let
pj = 8ku]', dj = 8ij, ’l“j = 6kBj

with o’ held fixed at each input. These derivatives exist at each finite step by Theorem 9.1 and
the analytic maps. They are not derivatives along the curve k — (k, a(k)).

Lemma 10.9 (Stable or growing derivative). At the critical input the derivative either tends to
zero in all coordinates, or its scalar part aligns with the unstable eigenspace of

0 —2H
M = (—b —M) . (10.22)
The second alternative actually occurs. More precisely, eventually
d; 1

pj >0, pj — 00, b — =3 b/H, Il = o(p;)- (10.23)
j

Proof. Differentiate the map in Lemma 10.6. Equation (10.19) and || B|| = O(Z?) give

(?) = [I + Z(M +o(1))] (Z) +0(Z||r)), (10.24)
i

[rell < Oa2lrll + CZ(pl +1d]), 62 <1. (10.25)
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In particular there is no derivative of A here.

Put dy = VbH. The eigenvalues of M are dy and —2dy, with an unstable eigenvector
(1, —%\/b/ H). In scalar eigenvector coordinates write £ for the unstable component and w for the
stable one. Choose C large and set y = max(|w|, C1||r||). For any prescribed small € > 0, the cone
y < gl¢| is invariant on a sufficiently late tail. Indeed the stable scalar component has multiplier
1 —2dyZ + o(Z), the unstable component has multiplier 1+ dyZ + o(Z), and the r contribution to
either scalar is at most CZy/C;. Choose C; so this coefficient is smaller than dy/10, then take
the tail perturbation smaller than a fixed multiple of edy. The r component contracts by 62 with
forcing O(Z|€|); taking the tail still later makes it satisfy the same strict cone inequality. Inside
the cone || > (14 doZ/2)||.

If the cone is never entered on this tail, || < y/e. The stable estimate, after the above choice of
(1 and a sufficiently small tail perturbation, and the fast remainder estimate give y+ < (1 — c¢Z)y
as long as this alternative persists. For the remainder part use oy + CZy/e < (1 — ¢Z)y at
sufficiently small Z. Thus y — 0 and £ — 0, since > Z = oo. If the cone is entered, it remains
entered and |£| diverges. Applying the same comparison with arbitrarily small prescribed e shows
y/|&| — 0. This proves the dichotomy and alignment.

We now use the physical response to select its alternative and sign. Undoing the coordinate
changes gives t; = p; + O(u;p;) + O(||r;|)); analogous bounds hold for the fundamental derivative.
A stopped torus remainder derivative satisfies, separately from the plane remainder,

j—1
|ORT| < COL + O >0y (18] + IZl]), & — 0. (10.26)
=Jo
The update of the unbalanced remainder has no linear forcing from a singleton. Its differentiated
forcing therefore has the coefficient O(|t;| + |2i] + ||R!°"||), which tends to zero by the state
contraction. This proves (10.26), with the bounded initial segment absorbed into its first term.
If all derivatives tended to zero, the convolution would tend to zero and terminal differentiation
would give Uy, (kc) — 0, contradicting (10.8). In the growing alternative the cone bounds the
magnitude of every earlier scalar derivative on the growing tail by a fixed multiple of its current
magnitude. Split the convolution into a fixed initial segment and a tail on which d; is arbitrarily
small. It follows that its right side is o(|p;|). The same holds for the plane remainder. Differentiating
the terminal logarithmic ratio twice in the source and once in k£ consequently gives

Uy, (ke) = alke)pj + ol|p;))- (10.27)

Linear odd terms vanish in this mean-free diagnostic. The positive lower bound in (10.8) forces
the sign in (10.27) to be positive. The unstable eigenvector then gives exactly (10.23). O

Lemma 10.10 (Entering the cones at nearby references). Fix M, large and n. > 0 small with
strict inequalities 1, < %\/b/H < My, and fix any n1 > 0. A single sufficiently late finite step can
be chosen so that, for every sufficiently close warmer true reference, the state enters the cones of
Lemma 10.8 and the derivative satisfies

p >0, —M, <d/p < —n. <0, 7]l < mp.

The scalar inequalities in (10.18) and a bound || B|| < CpZ? hold from this step onward, with C
depending only on the coarse state estimates, independently of the chosen step, prescribed tube,
and warmer reference. The step can also be required to lie in any prescribed sufficiently small state
tube. This conclusion uses no continuity in the full activity norm as a’ varies.
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Proof. For every fixed step the scalar coordinates and their held-reference k derivatives converge
to their critical values as k | k.. Here is the precise continuity argument. The initial finite-support
integrals are continuous in (k,a’): at the fixed entry mesh the massive energy matrices have
uniform coercivity, and all link sums have uniformly summable truncations. A finite number
of convolutions and local projections can be tested on fixed fields and directions, including the
constant, affine, and Gaussian arguments of the localization rules. Gaussian domination with the
reserve in the We regulator passes the limit in each such integral. For any fixed depth there is a
locally uniform Cauchy disk in k, so the same statement holds for its input derivatives. The radius
is allowed to depend on that finite depth. Truncate the two balance sums in Equations (8.17)
and (8.18). Here the reference interval is chosen with A > A, := 1 — pp > 6, so their remaining
operator norms are respectively O(0™) and O((0/\)M), uniformly on that interval. Remove
these tails after taking the parameter limit at fixed M. The analytic inverse Gaussian coordinates
preserve scalar continuity. These operations prove the asserted finite-step scalar continuity without
comparing functions of different periods in a norm.

For the remainder norms use upper limits at each fixed step. They are initially bounded,
including their input derivatives, by the uniform entry estimates. Their upper limits obey (10.15)—
(10.16) along the limiting critical scalar trajectory. Contraction first gives an odd bound O(Z);
substituting that bound gives an even bound O(Z?), and substituting « = O(Z) and that even
bound gives the odd bound O(Z?). The homogeneous terms vanish relative to these powers
because the critical scalar sequence varies only on the 1/j scale. The coarse choice of C. can be
made with a strict margin over the eventual even upper-limit ratio, since both bounds use the
same geometric contraction. Retain that fixed choice.

For the derivative upper limits, (10.25) gives a geometric convolution forced by C'Z(|p| + |d|)
along the critical trajectory. Its ratio to the growing critical p tends to zero, by the same split into
a fixed initial history and a late history as in (10.26).

The quadratic remainder constant can also be fixed independently of the selected step. Let
qo0 € (v/01,1) be a fixed lower bound for Z, /Z in the persistent remainder cones of the coarse tube
and reference range, as in the proof of Lemma 10.8. Each nearby true-reference trajectory stays in
that tube and tends to zero by Proposition 10.2. Applied to any tail in the cones, the exterior-gap
argument proving (10.18) therefore gives 0 < u < ¢+ Z at every step of that tail. The even cone
and (10.16) consequently give

|Bousl < 01, + F 22

with F' fixed by the coarse state estimates. The preceding upper-limit convolution also gives a
fixed eventual bound D, for limsupy,;. [|Bo,;(k)||/Z;(k.)*. Choose C, larger than both D, and
F/(q2 — 61), with strict margins. Then 6,C, + F < ¢2C,, so the displayed recursion preserves
| Bo|| < C,Z2. Together with the even cone this gives the fixed constant Cg = C, + C,.

Now choose a finite step so late that all state and derivative inequalities, including the fixed
quadratic remainder bound, have strict margins there and the state lies in the prescribed small
tube. Finite-step scalar continuity and the remainder upper-limit bounds preserve those margins
for k > k. sufficiently close. The invariant remainder cones persist, the scalar strip applies to their
convergent tails, and the fixed quadratic bound just proved persists at every later step. O

10.5 The warmer crossover and the infinite endpoint slope

The preceding growth concerns derivatives at the critical input. To identify the slope of the
limiting coefficient, we must also follow nearby warmer trajectories through their eventual decay.
We first take their terminal-volume limit at each fixed input, then let that input decrease to k..
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The crossover estimate below shows that the growth accumulated before decay persists in this
order of limits.

Proposition 10.11 (Divergent response from the warmer side). As k | ke,

k) — 400, atk) —alke) (10.28)

ar® k— k,

Proof. The fixed late entry step from Lemma 10.10 will be chosen after the constants below. For a
warmer reference put g = 1 — L22*)/(47) ~ 0 held fixed in each input differentiation. Work first
in the fixed coarse tube of the preceding state argument. For a convergent tail in its persistent
remainder cones, the reduced state equation and scalar strip give, uniformly in this tube,

c(p+2)<1-2.)Z<C(p+2). (10.29)

Indeed

w+ 22/ (n+ Z) ) VA +< Z

2
=1- € [3/4,1].
p+Z w+Z M+Z> 13/4,1]

The O(Z?) error in (10.20) is absorbed by the earlier small choice of the coarse tube. That choice
and the reference range also make the right side of (10.29) less than 1/2, so Z decreases along the
whole tail.

Use the equivalent state size 0 = |u| + |Z| + || Be|| + || Bol|| for the tubes, and write the fixed
coarse tube as o < p.. The persistent remainder cones and the upper scalar strip imply, at every
step after cone entry,

UjS(l+C++€+CQpC)Zj =: KZjSKZjOSKUjoa 7> Jo.

Here K depends only on the coarse state estimates, not on the late step or the smaller derivative
tube chosen below. This tail bound uses no differentiated estimate. At any chosen fixed late step,
scalar continuity makes the initial Z bounded above and bounded below by positive constants
uniformly as k | k..

We record the derivative comparison with its parameter order. Fix positive bounds Hy, b4
for the entry-family coefficients. Choose M, > %\/b/ H large and then 7 > 0 small so that the
two broad endpoint signs verified below have strict margins. While Z > p, the state strip gives
pu+bju < C.Z for a fixed Cy. Next choose 1, > 0 so small that

Choose €1 > 0 after these constants, small compared with all the strict endpoint margins and
with H_n,. Then choose the remainder ratio 77y > 0 and the state tube sufficiently small that the
differentiated Taylor errors below have size O(£1Z) and the strict remainder contraction preserves
II7|l < mip. In particular, its radius pg < p. in the state size o is chosen after 7y, using the fixed
Cp from Lemma 10.10. Apply that lemma with the smaller entry radius pq/(2K). It supplies
a single late entry step with oj, < pa/(2K), and the preceding tail bound gives o; < pq/2 for
every j > jo. Thus the differentiated estimates apply throughout the tail. Shrink the warmer
neighborhood so that its initial Z also exceeds p. Put x = d/p. In the cone

_M* S X S m, p > 07 HTH S mp,
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the differentiated maps give

p+/p=1-2H;Zz+ O(e12), (10.30)
di/p=(1—-p—bju)zr—b;Z+0(12), (10.31)

with the just chosen e1. Terms involving B = O(Z?) and higher scalar orders are included in that
error; those involving r are bounded by C'Zn;. Equation (10.25) remains valid.

The unperturbed ratio map in (10.30)—(10.31) is increasing on this fixed interval: its derivative
has positive numerator 1 — pu—bju—2H;b; Z 2 and a positive squared denominator. At an endpoint
x its increment has numerator

2H; Zx* — (u + bju)z — b; Z. (10.32)

At x = — M, this is positive by at least ¢Z if M, is large; at = n it is negative by at least cZ if
7 is small. These strict signs absorb the errors in (10.30)—(10.31). The denominator stays positive
in the small tube. The remainder inequality, its strict contraction, and small Z preserve ||r| < n1p.
Thus the full derivative cone is invariant.

While Z > pu, the upper boundary can be replaced by the already chosen r = —n,: Equa-
tion (10.32) there is at most Z(2H n? + Cyns — b_) < —b_Z/2. The critical entry value lies
strictly below this boundary by Lemma 10.10. The choice of €1 preserves this sign and makes
2H_n, — O(e1) > 0. Consequently throughout this first stage,

pe > (1+cZ)p. (10.33)

Let jx be the first index with Z < p. It is finite by (10.29). Before that index the relative
decrement is comparable to Z. Taking logarithms in (10.29) therefore gives

Z Zj > clog(Zj, /1) — C — 0.
Jo<j<ijx
The last step crosses p by a ratio bounded below by 1/2, which accounts for the fixed additive
constant. The initial pj, stays bounded below positively. Equation (10.33) implies p;, — oo as

p 0.
After crossover, (10.29) gives Zj11 < (1 — cu)Zj, and hence

N Z;<Zj [(ep) < C. (10.34)
J2Jx
The larger invariant ratio cone gives p; /p > 1 —CZ, so the possible decrease of p on this entire tail
is at most a fixed multiplicative factor. For each fixed u > 0, |p+/p — 1| < CZ and summability
imply the existence of a finite positive limit po. The equation for d has a multiplier tending to
1 —p < 1 and a forcing tending to zero; the contracted remainder equation has the same property.
Thus
Pj = Do > 0, dj — 0, r; — 0, Poo — 00 (e 0). (10.35)

For the last limit combine the divergent pre-crossover gain with (10.34).

On compact subintervals of k > k. sufficiently close to k., the parameter u is bounded away
from zero and is continuous by Proposition 10.5. All tail estimates just used are then uniform.
Undoing the coordinates and applying the differentiated terminal diagnostic, including the separate
torus convolution estimate, yields

U, (k) —> a(k)pso (k)
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uniformly on those compact subintervals. This uses the physical functions U, of the current entry
construction. Each is continuously differentiable and nondecreasing in k by Lemma 10.4, and the
structural limit gives U, (k) — a(k) pointwise. On a compact warmer interval, a is continuous by
Proposition 10.5. A finite grid on which its successive increments are arbitrarily small, together
with monotonicity of each Uy, ;, therefore makes this convergence uniform. Write v(k) = a(k)poo (k).
The displayed uniform derivative convergence makes v continuous, as the uniform limit of the finite
continuous derivatives. Applying the Fundamental Theorem of Calculus to this same sequence

and passing to the limit gives
Yy

a(y) —a(x) = / v(k) dk

x
for every = < y in the compact interval. Thus La(k) = v(k) there, and (10.35) proves the first
limit in (10.28). Finally a is right continuous at k. and differentiable on its right. For any M > 0,
the derivative exceeds M on a sufficiently short right interval. Apply the Mean Value Theorem
on [k, k] to obtain (a(k) — a(k.))/(k — kc) > M there. Since M is arbitrary, the second limit
follows. H

Corollary 10.12 (Completion of the height assertions). For every admissible finite-range J, the
uniquely determined effective temperature is

Bea(J, B) = via(B/v3), B> Be(J).

It has the field, Laplace-functional, and tightness conclusions in Theorem 1.1, is differentiable for
B > B(J), and satisfies

5eﬁ(<]a/6) - Beff(Ju ﬁC(J))

(T, Be(J)) = 8mv?, lim = +4o00.
Pear (1 Bel.)) T BB B = Be(J)
Its high-temperature normalization and spread-out onset are
e (J
Beff(Jaﬁ):ﬁ"'OJ(e JB)v g ( 2P) — L

For nearest neighbors the endpoint value is 27.

Proof. The physical criterion, including the endpoint, is Corollary 3.9. Its torus coefficient and full
Laplace and distributional limits are Theorem 3.8; a single nonzero mean-free test determines that
coefficient uniquely. Those structural limits hold along all growing square sides, so they apply
to every sequence n = L, with for example L = 2, independently of the larger auxiliary factor
used in the endpoint maps. Equation (10.9) and Propositions 10.5 and 10.11 give the endpoint
and regularity statements. The change of variables k = 3/ v?, cancels the two factors v?, in the
derivative and in the difference quotient. Corollaries 8.7 and 8.8 supply the last two asymptotics
with exactly this normalization. Finally U?]nn =1/4, so 871'1)‘2]nn = 2. O
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