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Abstract

We construct graph and conformal deformations of trapped initial-data exteriors in three
and four spatial dimensions. The resulting metrics have nonnegative scalar curvature, strictly
negative inner mean curvature, a lower bound protecting every enclosing cut, and an arbi-
trarily small upper error in ADM energy. We also give a direct four-dimensional maximal
vacuum construction that retains a noncompact decaying second fundamental form. These
constructions give boundary routes to the corresponding numerical Penrose inequalities.
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1 Introduction

The spacetime Penrose inequality compares the invariant ADM mass mapy =  E? — |P|? with
the area needed to enclose a trapped region, where E and P are the energy and linear momentum
of asymptotically flat initial data. The deformations below control energy in a chosen end; for
general weak data, the invariant-mass conclusion uses a separate passage to rest ends, where P = 0.
Reducing the problem to the Riemannian Penrose inequality already exposes the main difficulty.
A deformation must create nonnegative scalar curvature while controlling both quantities in
the comparison: energy at infinity and the area of every enclosing cut. If the deformation is
performed on an exterior with a genuine inner boundary, its boundary flux is a third quantity
that must be controlled.

This paper constructs such boundary deformations in three and four spatial dimensions. It
also develops a direct four-dimensional maximal construction that retains a noncompact decaying
second fundamental form. The common output is a smooth complete Riemannian exterior with
nonnegative scalar curvature, strictly negative inner mean curvature, a metric lower bound
protecting all enclosing areas, and an arbitrarily small upper error in energy. A minimal enclosure
then supplies the boundary to which the Riemannian Penrose inequality applies.

To explain the area comparison, let (M, g, K) be an initial data exterior with compact
boundary and one asymptotically Euclidean end. The tensor K is the second fundamental form.
Orient an inner boundary toward the end, let H be its mean curvature, and write 6 = H +tryan K
for its future expansion. A full enclosing cut is the entire compact boundary of a connected
closed outer domain that contains the distant end and has interior in the open exterior. Every
boundary component counts, including any part coincident with the original boundary. Denote
the infimum of their g-areas by A.(g). The infimum need not be attained. The precise asymptotic
and constraint hypotheses for each construction are stated at its beginning.

Both the area and the horizon predicate matter. In spatial dimension three, Ben-Dov’s
example has an outermost future apparent horizon S with |S| > 16wm3p,; [7]. Carrasco-Mars
construct outer area-minimizing generalized apparent horizons, defined by H = |tr, K|, with
the same strict area inequality [12]. These concern distinct formulations. We use full enclosing
area and specify the expansion condition in each theorem.

The area comparison uses an elementary point that remains valid for all these cuts. In spatial
dimension d, if h > cg as quadratic forms for some ¢ > 0, then the restriction to each tangent



(d — 1)-plane gives
Dl > “"Y/20),  and hence A, (h) > V24, (g).

No selection of a minimizing component and no convergence of minimizers is needed for this
inequality. We use it after constructing a metric of the form

§=eD (g 1) df?), > —e

Here f is the graph height, ¢ is the conformal unknown, and [ > 0 is the warping factor. The
graph term is nonnegative on every tangent plane. Thus the lower bound for ¢ protects the full
enclosing area before the graph is known to have bounded slope.

1.1 The constructions and their relationship

The first two constructions start with strict dominant-energy data, a strictly future-trapped
boundary, and a prepared end with compactly supported K. The third keeps a maximal tensor
tail. The following map separates these geometric outputs from their original-data applications;
the cited statements give the full hypotheses. Here ws = |S3| = 272,

Construction Geometric output Original-data consequence

Prepared dimension three; Theorem 2.3 mapm > /As/(167) for weak decay
compact K q > 1/2; Theorem 2.4

Prepared dimension four; Theorem 8.2 mapm > 3(A. Jw3)?/? for weak decay
compact K q > 1; Corollary 14.1

Direct maximal dimension Proposition 16.2 E > 1(|S]y/ws)?/3 in the maximal-
four; decaying K vacuum application; Theorem 16.1

In the first two applications, weak decay means g — J = Og(r~9) and K = O1(r~179). The
exteriors satisfy the dominant energy condition, integrable constraint densities, finite timelike
ADM charges E > |P|, and weak future trapping. Their separate rest preparations control all
enclosing cuts. In dimension three, the prepared energies tend to mapy and the full enclosing-area
infima converge. In dimension four, the distant-end replacement supplies a one-sided lower area
bound; strictification is removed at each fixed repaired end before the replacement radius tends
to infinity. These inputs are [34, Proposition 7.13 and Proposition 8.8/Lemma 8.9, respectively].

The direct maximal theorem has its own approximation and retains the tensor tail. Its
stated application has ¢ > 1, ball-exterior topology, a connected spherical marginally outer
trapped boundary (64 = 0), a torus action, P = 0, E > 0, outermostness, and outer area
minimization against all enclosures. Here P = 0 identifies energy with invariant mass, and outer
area minimization identifies A, with |S|,. The strict geometric output in the middle column has
its own hypotheses; the theorem records this particular original-data application. The broader
numerical comparison in Corollary 14.1 uses the distinct end-replacement route.

The difference at infinity is concrete. With compactly supported K, the distant trace equation
is a homogeneous graph equation with a positive height term. When try K = 0, the retained
tensor contributes a term quadratic in V f, which becomes a drift along the solution. The equation
remains homogeneous and still forces exponential graph decay at fixed deformation parameter.
The scalar equation behaves differently: its zero-graph limit retains |K|?/2. Section 15 derives
this term and the tail weights needed to control it. That calculation identifies both the shared
argument and the additional preparation, threshold geometry and estimates required for the
maximal route.



1.2 Why the inner boundary matters

The scalar-curvature identity separates the original constraint densities, a nonnegative quadratic
expression, and the divergence of a vector field V. Prescribing this divergence produces the
required curvature sign. At infinity, the integral of V measures the ADM energy change. A
boundary condition for V also prescribes the mean curvature of the deformed inner boundary.
The divergence theorem therefore links the two ends of the construction.

The useful boundaries are threshold trapped-region frontiers. For general K, two signs of the
tensor produce black and white faces, whose names distinguish their expansion equations and the
corresponding Dirichlet heights of the graph. The collars outside these faces supply geometric
barriers for the graph before uniform ellipticity is available. They first confine its scaled height
to the required interval and then force a signed normal slope. That slope makes the possible
negative inner flux exponentially small relative to the positive bulk terms. The all-black maximal
construction has its own threshold argument, using maximality in place of the two-sided trace
budget.

This order is essential. Uniform ellipticity is an outcome of the geometric height, floor and
slope estimates; it is not assumed to prove them. Once the coefficients lie in a bounded elliptic
range, local scalar estimates give the boundary regularity needed for a compact continuation
map. The four-dimensional proof retains the critical interpolation step and the interface measures
produced by reflection. Each application verifies its own boundary conditions and completes its
own degree and bootstrap argument.

There are two kinds of constants throughout. Polynomial bounds in the large deformation
parameter N are used in the final flux comparison. Classical regularity constants may depend
arbitrarily on fixed V. One first exhausts the outer radius with N fixed, then lets N tend
to infinity using only the polynomial estimates. This distinction prevents a local compactness
argument from being mistaken for a uniform estimate in the final mass limit.

1.3 Relation to earlier methods

Penrose’s proposed inequality arose from the relation between gravitational collapse, horizons
and total energy [36]. In the time-symmetric setting the second fundamental form vanishes and
the dominant-energy condition becomes nonnegative scalar curvature. Geroch’s smooth-flow idea
and the conditional argument of Jang-Wald preceded the weak-flow theory [17, 23]; see also the
historical discussion in [21, p. 359]. Huisken—Ilmanen’s weak inverse-mean-curvature flow proved
the three-dimensional Riemannian inequality for each connected component of the horizon [21,
Main Theorem, p. 356]; Bray’s conformal flow gives the bound for the total area of a disconnected
horizon [8, Theorems 1 and 19]. Bray—Lee extended the numerical conformal-flow theorem to
dimensions below eight [11, Theorem 1.4]. The final comparison here uses the numerical clauses
of these theorems after constructing their complete Riemannian inputs.

The graph strategy comes from Jang’s equation and the Schoen—Yau positive-energy ar-
gument [22, 38]. The earlier Schoen—Yau proof establishes the positive mass theorem in the
Riemannian and maximal-data cases by minimal surfaces [37]. A classical Jang graph can develop
a cylindrical end at an apparent horizon; Metzger analyses this blow-up and its exponential
cylindrical convergence near a strictly stable component [30]. Conformal normalization of such
a graph can lose the horizon-area comparison. Bray and Khuri developed the warped-graph
approach to address this obstruction [9, 10]; their 2010 work also proves a sharp spherical case
under its stated hypotheses. The general warped scalar identity already retains a trace discrepancy
before the generalized Jang equation is imposed [10, Identity 9, p. 580].



Han—Khuri prove existence and quantitative boundary blow-up for prescribed warping fac-
tors [19]. Their later coupling to conformal flow gives a reduction contingent on solving the
coupled system with the required boundary behavior [20]. The direct conclusion of that argu-
ment concerns ADM energy, as its Remark 2 explains. Here the coupled equations prescribe a
nonzero divergence source, a trace depending increasingly on graph height, and a penalty near
the conformal lower bound. The boundary analysis proves global existence for these equations
and supplies the area and energy comparisons needed for the subsequent limits.

This distinction concerns the equations, not only their interpretation. Jaracz proves radial
nonexistence for a specified generalized-Jang and zero-divergence system [24]; that result does not
apply to the nonzero-source system studied here. His spacetime Poisson method also provides
a predecessor for conformal strictification [25]. The maximal construction below solves its
own problem with nonzero inner Neumann data and proves the energy and full enclosing-area
comparisons needed to remove the strict approximation.

Trapped-region boundaries and their stability enter through the work of Andersson—Metzger
and Andersson-Eichmair-Metzger [4, 6]. Eichmair’s Perron and almost-minimizing constructions
provide the original higher-dimensional method [14]; the precise total-region theorem used below
is the one recorded by Andersson—Eichmair-Metzger. For the stability operator of marginally
outer trapped surfaces (MOTS) and its principal-eigenfunction characterization of stability we
use Andersson-Mars—Simon [5]. The local arguments below explain the additional threshold
continuity, support transport and collar choices used by the deformation. The analytic part
combines scalar elliptic estimates with the Leray—Schauder degree principle [27]; the particular
boundary homotopies and their admissible open sets are constructed explicitly.

Recent spacetime results also distinguish the relevant scopes. Khuri-Kunduri prove the sharp
inequality for cohomogeneity-one SU(n+ 1)-invariant data in spatial dimensions 2(n+1) > 4, with
their outermost future-or-past horizon condition [26, Theorem 1.1]. The direct maximal theorem
here has different symmetry and outer-area-minimization hypotheses. Allen—Bryden—Kazaras—
Khuri prove a three-dimensional invariant-mass bound by a universal suboptimal constant times
the square root of minimum enclosing area, with additional trace decay and a specified horizon
selection [3, Theorem 1.1 and Remark 1.2].

Two companion manuscripts supply specified inputs: scalar algebra and weak-end prepara-
tions from [34], and full-perimeter enclosure geometry from [35]. Their exact hypotheses and
normalization are checked at each use. The numerical comparisons at the end of the boundary
constructions use Bray and Bray-Lee directly.

1.4 Reading the proof

The three routes retain their own geometry, equations, global bounds and end comparison. Shared
arguments are proved at their first use in the three-dimensional route: threshold continuity,
stable collars and exact support transport in Section 3; the passage from lower tests to sublevel
supports in Lemma 5.1; and scalar measure-source regularity and degree on varying open sets in
Lemmas 6.2 and 6.5. Each later use verifies its tensor, coefficients and boundary conditions.

For dimension three, Sections 4—7 proceed from the coupled equations and conformal floor
through geometric bounds, boundary existence, and the complete-end comparison. Dimension
four follows the same order in Sections 9-13, with its own compact total-region construction and
the critical interpolation in Theorem 12.1. Corollary 14.1 then gives its separate weak-decay
transfer.

Section 15 explains the maximal tensor tail before Sections 17-22 construct the direct route.



Its pointwise scalar and boundary identities come from Section 10, its axial estimate from
Theorem 12.1, and its enclosure input from Proposition 8.3. The maximal part supplies its own
strict approximation, noncompact drift bounds, scalar solve, reflected boundary checks and final
flux estimate.

2 A boundary deformation in three dimensions

The aim of this part is to replace an initial-data exterior by a Riemannian exterior while keeping
a genuine inner boundary. Three quantities have to be controlled together: scalar curvature, the
area of every enclosing cut, and the ADM energy. The inner boundary creates a flux term in
the energy balance. We choose its geometry and the boundary conditions so that this term is
absorbed by a positive bulk integral.

2.1 Initial data, normals, and enclosing area

We work in three spatial dimensions, with zero cosmological constant and G = ¢ = 1. For a
Riemannian metric g and a symmetric covariant two-tensor K, define the constraint densities by

16 = Ry + (trg K)* — |K[2,  8wJ =divg(K — (try K)g). (2.1)
Here J is a covector field. The dominant energy condition is
w=Jlg (2.2)

All initial data considered here are smooth, including at a compact boundary when one is present.
On an asymptotically flat end with Euclidean coordinates x and r = |x|, our basic assumptions

are
Gij — (51']' = OQ(T_q), Kij = Ol(r_l_q), q > % (2.3)

The notation O;(r~*) includes the corresponding coordinate derivative bounds through order j.
We assume that 4 and |J|, are integrable and that the following ADM limits exist and are finite:

1 . i

E = ﬂ 'rli{go s (éygij — &-gjj)n dAs, (24)
1 .

b= o= lim | (K — (trg K)gij)n’ dAs. (2.5)

8w r—o0 Jg.

The normal and area form in these definitions are Euclidean. Whenever E > |P|s, write

m = /E? — |P|3. (2.6)
For a two-sided surface > with specified unit normal v, we use
Hs, = divy v, 0+(Z) = Hsx, + try K.

Thus Euclidean spheres have positive mean curvature for the normal toward infinity. A future
marginally outer trapped surface, abbreviated MOTS, satisfies 6, = 0. A weakly future outer
trapped surface satisfies 8, < 0. Our spacetime sign convention is

K(Y,Z) =g(Vyn, Z), (2.7)

where n is the future unit timelike normal. Equivalently, in Gaussian normal coordinates the
spatial metric has normal derivative 2K.



Definition 2.1 (Exterior and enclosing area). An exterior is a connected orientable smooth
three-manifold €2 with nonempty compact smooth boundary, complete as a metric space with
its boundary included, and with one asymptotically flat coordinate end whose complement is
compact. An enclosing cut is the entire compact smooth embedded two-sided intrinsic boundary
of a connected smooth end-containing domain D closed in €2, whose intrinsic interior lies in int (.
It separates the entire inner boundary from the distant end. The inner side includes the original
obstacle and every bounded complementary pocket. All components of the cut and every portion
coincident with the inner boundary are counted. Its normal points into D, toward the end. We
put
ag(02) = inf{|T'|4 : ' is an enclosing cut}.

When using perimeter compactness, we take the closure of this class among filled inner sets and
include the area of any frontier coinciding with the obstacle. Smooth outward approximation gives
the same infimum. Enclosing cuts and minimizing sets are taken with bounded complementary
pockets filled. Auxiliary perimeter arguments may use competitors containing the inner obstacle
before filling: filling a bounded pocket deletes its frontier, cannot increase perimeter, and leaves
the enclosing infimum unchanged.

The definition permits coincidence because first variations of the minimum need not be realized
by a cut lying strictly outside the obstacle. It permits disconnected cuts because neither the
minimizing hull nor an intermediate trapped boundary need be connected. The smooth-cut
and full-perimeter formulations have the same infimum; we use the independent full-enclosure
geometry of [35, Lemma 2.1].

2.2 Prepared data and the geometric output

The construction itself starts from the following explicit geometric conditions. Its hypotheses do
not require that the data have been obtained by a particular end-replacement procedure.

Definition 2.2 (Prepared three-dimensional data). Let (Qg, g, K) be an exterior in Definition 2.1,
with inner boundary Sy. Suppose K is compactly supported and, on its single coordinate end,
g— 6= 0;(r71) for every fixed j > 0. Assume the physical constraint densities in Equation (2.1)
are integrable, the ADM energy is ¥ > 0, and the ADM momentum is zero. There are 0 < § < 1,
¢ > 0, and a smooth radius extension ¢ > 1, equal to r sufficiently far out, such that

Ry = 0(*),  8r(u—|J]y) > co™".

The boundary is strictly future trapped with its normal into the exterior: 6, (Sy) < 0 on every
component. Its full enclosing-area infimum is denoted by A, = a4(Sp) > 0.

Theorem 2.3 (Three-dimensional boundary deformation). For every prepared exterior (Qq, g, K)
there is a connected one-ended subexterior ) C Qg whose smooth compact boundary B separates
So from infinity, with the following property. For each sufficiently small fixed € > 0 and every
sufficiently large integer N, there is a smooth metric gen on §Q, complete with its boundary
included, for which

REE,N Z 07 HaQ(/g\€,N) < 07 (28)
ae,N > 67469’ 'Eg\e,N < F+ Ne,N (29)



where the boundary normal points into Q and, at fived €, ne v — 0. More precisely, for constants
C,a depending on the fized data and e,

0<nnN<C(l+ N)a(e_dv + e_dv/z).

The new end has Geny — 8 = Oo(r~1) and R, = O(r=3=9") for some &' > 0. Every full enclosing
cut T in Q satisfies ’
|T| > e tA,.

9e,N —

The construction begins by selecting maximal black and white trapped regions. Their outer
collars prescribe opposite signs for the graph slope, but the same negative mean-curvature
condition for the final metric. Section 3 proves the required geometry, including the passage
from weak supports to smooth enclosures. Section 4 specifies the trace and divergence equations
and excludes a lower conformal barrier. The estimates of Section 5 then control the solutions
before uniform ellipticity is available. Section 6 supplies the boundary solve and degree argument.
Finally, Section 7 computes the end charge and proves Theorem 2.3.

The algebraic inputs from [34, Propositions 4.1-4.2 and Lemma 4.3] are its scalar identity,
weighted coercivity, and the pointwise algebraic clause of its floor lemma. Their proofs are
independent of its numerical conclusion. The boundary construction here retains the signed-collar
estimates, boundary flux, homotopy, and degree that a filled construction does not require.

2.3 Consequence for weakly decaying original data

Theorem 2.4 (Minimum-enclosing-area inequality). Let (€2, g, K) be an exterior as in Defini-
tion 2.1. Assume Equations (2.1)~(2.3), integrability of i and |J|4, and the finite ADM limits
(2.4)—(2.5). Orient 02 by the normal into S, and suppose 0, (0) < 0. If E > |P|s, then

aq (00
\VE?—|P]2 > gl(ﬁﬂ). (2.10)

No extension of the data across 0X) is required.

The last assertion will follow from the boundary construction and the weak three-dimensional
preparation theorem of [34, Proposition 7.13]. That preparation supplies compact tensor support,
strict trapping and the weighted margin in Definition 2.2; its energies converge to \/E? — | P|?
and its full enclosing areas converge to the original infimum. We will use only this preparation
theorem, not the companion’s numerical inequality. In particular, the ADM normalizations in
Equations (2.4) and (2.5) remain unchanged.

3 Trapped domains, collars, and weak supports

We need a boundary on which the graph height can be constant and its slope has a definite sign.
A future trapped face supplies one sign; a past trapped face supplies the other. We first choose
maximal regions of these two types, then construct outward collars and compatible height offsets.
The original obstacle stays on their excluded side, so every resulting enclosing cut still controls its
full area. Throughout, the data satisfy Definition 2.2. Write Sy for their inner boundary. Thus
Sp is strictly future outer trapped, K has compact support, and the single end has the all-order



O(r~1) bounds stipulated in that definition. In particular, sufficiently large coordinate spheres
have positive outward mean curvature. The function

m(z) = 87 (u(e) - |7 (2)],) (3.1)

is positive, has a positive lower bound on every compact set, and has the positive r 379 lower
bound on the end, with 0 < § < 1. Let A, denote the prepared data’s filled enclosing perimeter
infimum.

3.1 The bounding-region convention

For a symmetric tensor ) and a two-sided surface 3 with a specified unit normal v, put
O¢(%,v) = Hx(v) + trs Q. (3.2)

For the boundary of a domain the specified normal always points out of that domain. Notice both
elementary identities

O0-(c/2g =Og —¢,  O_q(B,~v)=-0q(Z,v). (3.3)

The factor 1/2 in the first formula is the reciprocal of the surface dimension.
We use the following geometric theorem. Its boundary parts may be disconnected.

Theorem 3.1 (MOTS barriers and the total trapped region). Let (N, g, Q) be a smooth compact
three-dimensional initial data set with boundary U'_ U T y. Assume 'y is nonempty and has
positive expansion with its normal out of N. The inner part I'_ may be empty; when it is present,
assume its expansion is negative with its normal into N.

Consider all smooth domains whose inner boundary is I'— and whose remaining boundary %
lies in the interior of N and satisfies ©g(X) < 0. They avoid Iy, and their normal on ¥ points
out of the domain. If their union is nonempty, its closure has a smooth compact embedded stable
MOTS frontier in the interior, separating it from I',. This closure is itself the closure of such
a domain and contains every domain in the defining class. If I'_ is nonempty, the two strict
barriers also give a nonempty smooth embedded enclosing MOTS.

The total-region assertion is [4, Definitions 7.1-7.2 and Theorem 7.3]; the barrier assertion
is Theorem 3.1 there, with stability furnished by Theorem 4.1. The preliminary conventions
in Section 2 of that paper allow an empty inner boundary. That paper uses open regions;
taking their closures preserves the smooth frontier and its expansion, giving the closed-region
formulation above. These results require no energy condition on ). We therefore apply them to
the shifted tensors in Equation (3.3), even though these tensors need not satisfy the dominant
energy condition. A component of the complement of a smooth trapped domain which meets no
designated outer boundary may be filled: its entire boundary is then deleted and the remaining
boundary has the same expansion. The maximal region is therefore filled in this relative sense.

We use compact inner fillings only to express enclosing competitors. One may attach a
smooth collar behind Sy, extend the one-sided metric smoothly, and complete the inner side by
a fixed compact filling. All competitors contain that filling and only their boundaries in the
original exterior are counted. This introduces no geometric condition behind Sy. For perimeter
minimization with this smooth obstacle, the relevant regularity input is [21, Regularity Theorem
1.3(iii)]: the minimizing boundary is C*! and is smooth away from contact. We retain the filled
enclosing class and its smooth approximation from the independent enclosure geometry of [35,
Lemmas 2.1-2.2]. The trapped regions below are not assumed to minimize perimeter.



3.2 Choosing the two maximal regions

Fix a large sphere Sg, outside supp K such that all coordinate spheres with radius at least Ry
have positive outward mean curvature. A compact smooth domain with O < ¢ < 0 cannot
reach this part of the end. Indeed, at a point where its boundary maximizes the coordinate
radius, it lies inside the tangent coordinate sphere and has the same outward normal. The graph
second-derivative comparison gives Hgpp > Hg, > 0 there; also K = 0 there. This contradicts
its assumed expansion. The same argument applies to an enclosing domain with prescribed
inner obstacle, since the maximum radius is attained on its free boundary. Consequently all
the negative-threshold regions used below lie in one fixed compact radial range. They may be
constructed using any sufficiently distant sphere as the outer barrier, without dependence on that

choice.

For
max O©K(Sy) <c <0, (3.4)

let B, be the closed total trapped region for the condition O < ¢, with Sy as the required inner
boundary and with its inner filling understood. It is nonempty: a sufficiently short outward collar
of Sy supplies a strict seed. Theorem 3.1, applied to K — (¢/2)g, gives its smooth stable frontier
with expansion exactly c¢. The regions B, increase with ¢. Their complement toward the end
has no bounded component, since such a component could be filled to enlarge the total trapped
region.

We will choose ¢, < 0 close to zero and set B = B,,. In the complement of B, use the full
black frontier and a distant coordinate sphere as outer barrier faces. With the normal out of this
complement, the black frontier has expansion for —K equal to —c; > 0. For ¢ < 0 close to zero,
let W, be the closed total trapped region of compact smooth domains in that complement with

O_xg=H —try K <ec. (3.5)

There is no required inner boundary in this application of Theorem 3.1. The shifted expansion
of a reversed black face is —c¢, — ¢ > 0, and that of a distant sphere is also positive. Thus the
theorem applies whenever the defining union is nonempty. When the union is empty we simply
put W. = @. When nonempty, it has smooth stable frontier of white expansion ¢ and lies a
positive distance from all black faces. The family W, is increasing, with the black region held
fixed.

To control limits of the deformation, we choose thresholds at which these regions are right-
continuous. The following lemma includes empty regions.

Lemma 3.2 (Right-continuous thresholds). Let E., ¢ in an interval, be an increasing family of
closed subsets of a fized compact metric space. Outside a countable set of parameters,

E.;, — E. in Hausdorff distance whenever c; | c. (3.6)

Here continuity at E. = & means that E. is empty for every sufficiently close ¢’ > c.

Proof. Choose a countable dense set {z;} and a number L larger than the diameter of the compact
space. Set d.(x) = min{L, dist(z, E.)}, with the value L when E. is empty. For each i, ¢ — d.(x;)
is a bounded nonincreasing real function, so its right discontinuities form a countable set. Avoid
their countable union. Then d, (z;) — d.(x;) for all i whenever c; | c. Every d. is 1-Lipschitz. A
finite net chosen from the dense set therefore upgrades this convergence to uniform convergence
on the compact space.

10



For nonempty E, if points y; € E,; stayed a fixed distance from E,, uniform convergence
evaluated at y; would contradict d; (y;) = 0. The opposite Hausdorff inclusion follows from
E. C E,. For empty E¢, uniform convergence to L is incompatible with any nonempty E.;, since
its distance function has a zero. This proves the stated convention as well. O

Choose ¢ at such a right-continuity point of the black family, then choose ¢,, < 0 at such a
point of the white family for this fixed black region. Both choices can be made arbitrarily close
to zero. Write W =W, , and let  be the closure of the component of the complement of BU W
which reaches the selected end. Its boundary B is a finite disjoint union of complete components
of the two smooth frontiers. Write

B = B, U B, H = Hp(v), Pp =trg K, (3.7)
where v points into €2. Thus
H+ Pg=c¢, on By, H - Pg=c, on B,. (3.8)

The set B, may be empty, and By need not contain every black frontier component: a white
component may cut a black face off from the end. We retain exactly the boundary of the
component that reaches infinity. The compact, disjoint frontiers create no intersection corners.

The excluded side of B contains Sy and a collar of it. Hence every compact smooth enclosing
cut T in ), with all its components retained, is an enclosing competitor for the original filled
obstacle after adjoining the discarded regions to its inner side. It follows that

T, > A, (3.9)

The same conclusion holds for perimeter competitors. This is a statement about inclusion of
competitor classes; no minimizing property of B is used.

Every enclosing cut now carries the area lower bound A,. The next step is local: on each
retained face we need a smooth outward family whose expansion is strictly larger than its threshold.
Stability alone allows a zero principal eigenvalue, so that case requires the maximality of the
chosen region.

3.3 Outward collars, including zero stability eigenvalue

Lemma 3.3 (Collars of a maximal frontier). Let (N9, g) be smooth, with d € {3,4} and a fized
smooth symmetric tensor Q. Let 3 be a compact connected smooth two-sided hypersurface without
boundary, forming a component of the frontier of a closed region D, with normal pointing out of D.
Assume O¢g(X) = ¢ and stability for outward variations. Assume also local outward-replacement
maximality: in some collar of ¥ disjoint from the other frontier components and all designated
barrier faces, no positive outward normal graph can replace 3, leaving D unchanged outside that
collar, and have expansion at most c everywhere on the new component. There is a smooth
foliation Xs, 0 < s < sg, of an outward collar, with X9 = X and positive outward normal velocity,
such that

O¢g(Xs) >c¢ (0 < s < sp), O¢(Xo) =c. (3.10)

In particular its leaf parameter s is a smooth defining function and |Vs| is bounded above and
below by positive constants.

11



Proof. Use normal graphs ¥(v) over 3 and pull their expansion back to ¥. The map
P : CP(N) — CV(%), ®(v) = Og(2(v)) — ¢

is smooth near zero. Let v be the outward normal and II its second fundamental form. The
normal-variation formulas give the linearization L = D®(0) explicitly as

Lv = —Axgv + 2Q(v, grads, v) + (trg V,Q — [TI> — Ric(v, v))v.

The hypersurface dimension is d — 1, so ©Og_.4/(a-1) = ©¢ — ¢. This constant shift has zero
derivative under hypersurface variations; hence L is also the MOTS stability operator for
Q — cg/(d — 1), with principal part —Ay. Stability gives a principal eigenvalue A > 0 and
a positive smooth eigenfunction ¢ [5, Proposition 5.1]. If A > 0, take v = sp. Smooth dependence
gives ®(s¢) = sAp + O(s?) in C°, which is positive for all sufficiently small s > 0. The graph
velocity is positive as well.

Suppose A = 0. The kernel of L is spanned by ¢, and the adjoint kernel is spanned by a
positive smooth function ¢*. These are the principal-eigenfunction facts for a scalar elliptic
operator on a compact connected closed manifold [5, Section 4, Lemma 4.1]. For example,
simplicity of the kernel also follows by writing a kernel element as v = pw and applying the
strong maximum principle to the resulting equation for w, whose zeroth-order term vanishes.
Consider the augmented map

G(v,a) = (<I>(v) —a, /Zv dA) .

Its derivative at (0,0) is
(v,a) — <LU —a, / v dA) . (3.11)
P

This map is an isomorphism. Indeed, to solve Lv —a = f with [ v = b, the Fredholm compatibility
condition uniquely fixes
__Jp¥fda

a JsprdA”

The equation for v then has a solution; adding a multiple of ¢ imposes its prescribed integral
uniquely. Elliptic estimates and this one-dimensional normalization give a bounded inverse
between the indicated Holder spaces.

The implicit-function theorem consequently supplies smooth v(s),a(s) with G(v(s),a(s)) =
(0, s). Differentiating at zero and pairing with ¢* gives a/(0) = 0 and

’ 14
v'(0) Top dA > 0.

After shortening the interval, all these graphs form an outward foliation and have constant
expansion ¢ + a(s). If a(s) < 0 at any positive s in this interval, replace only this frontier
component by ¥(v(s)). This graph strictly enlarges D inside the chosen collar, leaves every other
frontier component and designated barrier fixed, and has expansion at most ¢ on the replaced
component. This contradicts the assumed local outward-replacement maximality. Therefore
a(s) > 0 for every such s > 0.

In either case positive graph velocity and compactness give the asserted bounds on |Vs|.
Smooth elliptic bootstrapping of the graph equation gives smooth leaves in the zero-eigenvalue
case. O
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In the present application d = 3. The full black and white regions are B., and W,, , with
Q = K and Q = — K, respectively. Theorem 3.1 gives their smooth two-sided stable frontiers,
whose retained components have expansion ¢, and ¢,. Total-region maximality verifies the local
replacement hypothesis: a positive outward replacement with expansion at most the threshold,
leaving all other frontier components and designated barriers fixed, would be an admissible strictly
larger trapped region. For white faces the entire replacement lies in the fixed black complement.
Thus the lemma applies separately to each retained face. There are finitely many faces, so
choose disjoint collars in €2 and shorten them to have a common positive parameter range when
convenient. Write vs = Vs/|Vs| for their outward leaf normal; it agrees with v at B.

3.4 From weak exterior supports to a smooth enclosure

The sublevel limits used below need not have smooth frontiers. We now show how an expansion
bound on their exterior supports produces a smooth enclosure. The argument applies to arbitrary
closed sets, without positive reach or a curvature bound on the supporting surfaces.

Definition 3.4. Let (N% g) be a smooth Riemannian manifold, d € {3,4}, with a smooth
symmetric tensor ). Let D C N be closed, and let € 9D be an interior point of N. A smooth
exterior support is a smooth function ¢ near x with ¢(x) = 0, d¢(z) # 0, and D C {¢ < 0}
locally near z. Its normal is n = V¢/|V¢|. Define

(g —n'n?)ViV;¢
Vol

We say D has exterior-support expansion at most c if every such support at every point of its
frontier has £g[¢] < c.

Eqlol(x) =

+tr@ — Q(n,n). (3.12)

For a smooth domain this is exactly the usual upper bound on its outward expansion: at
contact an exterior supporting graph has mean curvature at most that of the enclosed smooth
graph. The definition is unchanged by increasing smooth reparametrizations of ¢, because the
additional Hessian term is a multiple of d¢ ® d¢ and has zero tangential trace.

Lemma 3.5 (Parallel neighborhoods and additive error). Let (N%, g, Q) be smooth, with d € {3,4}.
Suppose the frontier of a closed set D lies in a fived compact interior region and has exterior-
support expansion at most c. Put D, = {y : dist(y, D) < z}. For sufficiently small z > 0, all
exterior supports of D, have expansion at most

c+Cxz. (3.13)

The allowable radius and C depend only on the compact ambient geometry and @), and not on the
support, its second fundamental form, or the regularity of D.

Proof. If D = &, use dist(y, D) = +o0; then D, = @ and the assertion is vacuous. Otherwise,
take a support ¢ to D, at x’. Since ' € dD,, its distance from D is z. For sufficiently small radii
the relevant distance neighborhood of 0D lies in a fixed compact interior neighborhood. There
is therefore a nearest point € D and a length-z minimizing unit-speed geodesic v : [0, z] = N
from x to 2’. This nearest point lies on dD: if it were interior to D, moving a short distance
along v toward 2’ would decrease the distance. The entire segment lies in the fixed smooth
compact neighborhood and is shorter than its injectivity radius. The ball B, (z) is contained in
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D, and touches its exterior support at z’. Its tangent plane there therefore agrees with that of

the support and
Vo) _ .
——— =Y(2). 3.14
GRS 344
Let P, : Ty N — T (4)N denote parallel transport and put P = P,.

For every X € T, N solve the Jacobi boundary problem
J% + Rm(Jx, %)y =0, Jx(0) = X, Jx(z) = PX. (3.15)

Here primes denote covariant differentiation along . The short interval and absence of conjugate
points make this problem uniquely solvable. Its estimates can be seen without division by an
uncontrolled quantity. In a parallel frame write jx (t) = P, 'Jx(t) and R(t) for the curvature
coefficient. The integral equation is

t 1 z
Jx(t) = X + tAx — /0 (t= 9R(s)ix(s) ds,  Ax = /0 (2 — s)R(s)jx(s) ds.
It implies, by absorption for small z,
sup [jx ()] < 2|1X|,  [Ax] < Cz|X]|,
0<t<z

. ) (3.16)
sup |jx(t) — X| < Cz%|X]|.
0<t<z

The second line follows from the same integral equation and the first-line bounds. Also (Jx,%) is
affine in ¢ and has equal endpoint values. Thus (Ax,~(0)) = 0.
We may therefore prescribe the first jet of a smooth unit vector field V near x by

V(z) =4(0),  VxV(z) = Ax.

To realize it with uniform second-jet bounds, choose a smooth local orthonormal frame obtained
by radial parallel transport from x. In that frame take the affine coefficient vector with the
prescribed value and first derivatives, and normalize its length. The orthogonality just proved
means normalization preserves its prescribed first derivatives. The frame has uniformly bounded
derivatives on a fixed small coordinate ball, and Equation (3.16) therefore gives uniformly bounded
second derivatives of V. This construction uses the radial direction and the ambient geometry,
with no derivatives of the support ¢.
Define the local endpoint map

F.(y) = exp, (2V (y)).

Its differential at z is the terminal value of the Jacobi field with initial values X, VxV(z). By
Equation (3.15), it has the exact property

F.(z) =2, (dF.), = P, (VAF,).| < Cxz. (3.17)

The last bound follows by differentiating the smooth map (y,v, 2) + exp, (zv) twice in y, including
the first and second derivatives of V. At z = 0 the map is the identity and its covariant second
derivative vanishes. Its z-derivative is uniformly bounded for the bounded jets just constructed,
giving the displayed Cz bound. The exact middle identity, rather than a near-isometry estimate,
is essential.
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The map F), takes D locally into D,, since its defining geodesic from any y € D has length z.
Consequently ¢ = ¢ o F), is an exterior support to D at x. Its derivative is P*d¢, so its gradient
length is exactly |V¢(z')| and, by Equation (3.14), its normal is 4(0). The covariant chain rule
gives

Hess¢(X,Y) = Hess ¢(PX, PY) + do((VdF,)(X,Y)) at x.

Trace over an orthonormal basis of 4(0)* and divide by the common gradient length. The first
term is exactly the corresponding normalized tangential trace at 2/, and the remaining term has
absolute value at most Cz. Finally, the tensor trace changes by at most Cz, by the C' bound on
@ and parallel transport. It follows that

Eol¥](z) — Eglel(a")] < C-.

The assumed support inequality at x proves Equation (3.13). There is no term containing
z| Hess ¢|. O

Lemma 3.6 (A smooth enclosure from weak supports). Let N be a smooth compact connected
three-manifold with boundary I'— U Ty, where 'y is nonempty and I'— may be empty. Let D be a
nonempty closed subset which contains a relative collar of I'_ when that boundary is prescribed,
and stays a positive distance from I'y . Suppose its interior frontier has exterior-support expansion
at most ¢ for a smooth tensor Q).

For every ¢ > ¢ such that ©¢(T'+) > ¢ with its normal out of N, there is a smooth bounding
domain E containing D in its relative interior, containing the required inner collar, and avoiding
I'y, whose free boundary satisfies

Og(OE\T_)=/¢. (3.18)

Its boundary and the domain may be disconnected. In particular D is contained in the closed total
trapped region at any such larger threshold. No regularity or positive-thickness assumption on D
s required.

Proof. All distance neighborhoods in this proof are relative to N. Since D contains a collar of
I'_ and avoids I'y, their new frontiers, at sufficiently small radii, lie in a compact subset of the
interior. A minimizing segment ending on a new frontier has its nearest point on the interior
frontier of D; it cannot start on I'_ because its covered collar has fixed positive width. Thus
the proof of Lemma 3.5 applies unchanged. Choose 5 > 0 so small that its conclusion holds for
0 < z < (3, all these frontiers avoid the prescribed boundary, and

c+CB<(. (3.19)

We first construct a smooth inner enclosure without imposing any expansion bound on it.
Smoothly approximate the continuous distance function dp = dist(-, D) on N uniformly, with
error less than /32, using a finite coordinate cover, mollification, and a partition of unity. Choose
a regular value in (3/3,/3/2) of the resulting smooth function. Its sublevel set U has smooth
interior boundary and, for example, satisfies

D5/4 cUcC D33/4. (3.20)

The boundary I' _ is contained in its relative interior and I'; is excluded. If a component of N \ U
meets no component of I'y, fill it. This only deletes components of the smooth free boundary.
After this filling the second inclusion in Equation (3.20) need not hold for its interior, but every
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remaining free boundary component still lies in the indicated thin neighborhood, and the first
inclusion still holds.

Choose n € C*°(N), 0 < n < 1, equal to one on that free boundary and supported in {dp < 5}.
Its existence uses the positive separation between this compact smooth boundary and the closed
set {dp > f(}; it requires no smoothness of dp. For a sufficiently large finite constant A, the
tensor

Qa=0Q— %(c/ + An)g (3.21)

makes the free boundary of U a strictly negative inner barrier:
©0,(0U) =0¢(0U) — d—A<O.

All prescribed outer faces remain strictly positive for @ 4, because n = 0 there and their original
expansion exceeds . Apply the barrier part of Theorem 3.1 on each component of N \ U. Each
meets 'y by the filling step and has nonempty inner boundary by connectedness of N and U # @.
We obtain smooth MOTSs ¥ bounding a domain E which contains U and avoids I';. They
satisfy, with their normal out of F,

Op(X) =+ An>{. (3.22)

We claim ¥ misses {dp < (}. Otherwise set z = mingdp < (. The first inclusion in
Equation (3.20) gives z > /4 > 0. Moreover D, lies on the inner side of ¥. To see this directly,
if dp(y) < z, a shortest path from y to D of length less than z cannot cross 3: such a crossing
would have distance from D less than z. Since D C E, the whole path and y lie in E. Closure
gives D, C E.

At a point attaining the minimum, a defining function for the smooth boundary ¥ is therefore
an exterior support to D, with the same outward normal as in Equation (3.22). The parallel
support bound and Equation (3.19) imply

(X)) <c+Cz<{,

contradicting Equation (3.22). This excludes the entire modification range, so n = 0 on ¥ and
proves Equation (3.18). The contained Dg/, gives strict enclosure of D. If desired, fill any
remaining complementary components which meet no designated outer face; this deletes smooth
boundary components and preserves all stated properties. O

For an exterior, truncate by a distant sphere that is strict at the larger threshold. In the
black construction, B already contains the original inner collar. In the white construction there is
no required inner boundary, and the black faces belong to I' ;.. The later applications therefore
need compact avoidance of the foreign faces; they need no boundary regularity of the weak set.
Empty weak sets can be omitted.

The support argument has supplied the geometric compactness needed for the later height
estimate. We can now fix the small offsets in the trace equation. Their size is measured against
the strict constraint margin, while their normal derivatives distinguish the two boundary signs.

3.5 Small offsets and the prepared domain

Proposition 3.7 (Prepared domain). The thresholds and the domain above can be chosen with
the following properties. The numbers cy, c,, < 0 are right-continuity points of their respective full
maximal-region families. The boundary of Q consists of the faces in Equation (3.8), has disjoint
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smooth outward leaf collars as in Lemma 3.3, and preserves the enclosing-area lower bound in
Equation (3.9).

There are a smooth compactly supported function C on 2, constants Cp, > 0, C,, <0, and
positive constants kg on its face collars such that

Cyp < C <Oy, C=Cy—kps in a black collar near By,

o e (3.23)
C =Cy+ kps in a white collar near By,.
For an absent type, its corresponding constant is simply a bound. Set
b_=c,—Cp <O, b+ = —cy — Cy > 0. (3.24)

4

There is a smooth positive function p, equal to a positive constant times r—* on the far end and

satisfying symbol derivative bounds there, such that, for every h € [b_,b],
(h+C)tr K|+ |VC|+p < sm  everywhere on €. (3.25)

The thresholds, collars, offset, and p are fixed before the deformation parameters are chosen. After
fixing the thresholds and collars, the offset and its first derivatives can be made arbitrarily small.

Proof. The large-sphere comparison above confines all negative-threshold regions to a fixed
compact set, independently of how close the thresholds are to zero. Choose a slightly larger
compact set I containing this range and supp K in its interior. Let

mo = minm > 0, Ty = sup| tr K|.
K K

First restrict both negative thresholds to an interval so close to zero that
max{\cb], ‘Cw|} Tg < m0/8,

while retaining Equation (3.4). Lemma 3.2 allows the required successive choices in that interval.
Construct the two regions, select €2, and fix their disjoint collars inside K as above. All ensuing
constants may depend on these fixed choices.

Here is an explicit offset construction. On each collar choose a smooth nonincreasing cutoff
X($), equal to one near s = 0 and zero near the collar’s far end. Choose kg > 0 so that 1 —xps > 0
throughout that collar. For a common amplitude a > 0, define the contribution of a black collar
to be ax(s)(1 — kps), and that of a white collar to be —ax(s)(1 — kps). Extend by zero outside
the disjoint collars and sum. This produces a smooth function on the manifold with boundary §2,
supported in K, with C, = a, Cy, = —a, and kg = akp on the respective collars. These remain
valid bounds when a type is absent. Its C' norm tends to zero with a, even though the collar
widths have already been fixed.

For h € [b_,by] and C € [Cy, Cy),

|h 4+ C| < max{|cp|, |cw|} + Cp — Cl.

Choose a so small that (C, — Cy)To + ||VC|leo < mo/8. The first two terms of Equation (3.25)
are then at most mg/4 on K and vanish outside K. Finally take a fixed smooth positive weight
equal to r—* far out and multiply it by a sufficiently small positive constant. The end lower
bound for m and ¢ < 1, together with compact positivity, allow the choice p < m/4 everywhere.
This proves Equation (3.25). All remaining assertions were proved in constructing the regions
and collars. O
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At the assigned face heights the quantity h + C' consequently has the useful exact values

h+C=¢,=Pg+H on B, when h =b_,

(3.26)
h+C=—-cy,=Pp—H on B, when h =b,.

These identities determine the deformation’s boundary signs. Right-continuity and Lemma 3.6
will exclude limiting sublevel sets away from the corresponding full trapped regions.

4 The elliptic deformation and exclusion of the floor

We define the coupled system, derive its scalar-curvature identity, and choose a continuation
path along which the conformal factor cannot touch its lower bound. We use the fixed data of
Proposition 3.7. Thus €2 has one controlled asymptotically flat end, K is compactly supported,
and its compact boundary B = B, U B,, consists of black and white faces. Either type may be
absent. The normal v points into €2, and

H =divpv, Pp =trg K.

The numbers b_ < 0 < b, the smooth compactly supported offset C, and the positive function
p = O(r~%) are fixed as in that proposition. In particular,

b_ +C = P+ H on By, by +C = Pg — H on B, (4.1)

All compact sets and geometric constants in this section are fixed after this preparation. Extend
the end radius to a smooth function on Q bounded below by one. Write Qp for the large spherical
truncations and Sp for their outer boundary.

A polynomial constant is bounded by C(1 4 N)4, with C, A depending on the prepared data
and fixed auxiliary profiles, but not on R, the homotopy parameter, or the solution. Constants
permitted to depend arbitrarily on fixed N will be identified explicitly. First fix 0 < € < 1, then
choose N sufficiently large, and finally require R > Ruyin(N,€). We always take N > 4 and
N > 2/e.

4.1 Variables and equations

Choose a smooth nonincreasing ¥ : R — [0, 1] equal to one on (—o0, 0] and zero on [1,00). Define

p(0) = Nov), 10 =ewp ([ pls)as)
L(t) = U(t)e”,  pr=p+2.

Thus 1(0) = 1, I(t) = eV for ¢ <0, and [ is constant for ¢t > 1/N. Derivatives of p of every fixed
order are polynomially bounded. Set

(4.2)

0 =eN, =02 (4.3)

Whenever t > —e, one has ¢ < [(t) <e.
For a function f, set

o=|Vfl, D=1+1%"* d=D",
a=Ilo/VD, v=ad>=1—-d, w=IVf/VD, x=4d/(4+ pv), (4.4)
Z=t+tlogD, u=LVD, U=IVD, h=rf.

18



Derivatives and contractions refer to g unless indicated otherwise. At o > 0, write e = V f/o and
Aj =1+ (j —1)e®e. The matrices used below have the direction-free expressions

p+4

Ay =1— A, =1 —
d wew, X 4+ pv

w R w. (4.5)

Vectors and covectors are identified with g.

The unknowns will be (f, Z). For fixed Vf, 0Z/0t =1+ pv/4 > 0, and its defining expression
tends to —oo and +oo at the two ends of the t-axis. It therefore defines a unique smooth
t =t(Z,Vf) for all inputs, without a floor assumption. The coefficients ¢, d, v, w, x, u, U and the
direction-free matrices are smooth at V f = 0; occurrences of o and a in the equations combine
into smooth invariant expressions. One has 0 < y < d < 1 for finite inputs. Define

g=g+12df?, §=e'yg, Hf:LHessf, S=K-+H. (4.6)

VD

The original trace equation is
tra, S =F, F=h+C, (4.7)

where tr4 .S is contraction with the contravariant matrix A. Along the continuation path we will
specify modified right sides F'. The full flux is

V =ud,(4VZ + K (w,")). (4.8)

Here f is the graph height, while Z combines the conformal variable ¢ with the logarithm of the
graph slope. The numbers d and x record ellipticity in the gradient direction, and u weights the
divergence flux. The scaled height h = 7f makes the prescribed trace strictly increasing in f. At
S prescribe f = Z = 0. Initially the inner Dirichlet values are h = b_ on B, and h = by on By,,.

4.2 The exact scalar-curvature identity

The graph-curvature strategy originates in Jang’s equation and the Schoen—Yau positive-energy
argument [22, 38]. Its generalized warped-graph form and Penrose coupling were developed by
Bray and Khuri [9, 10]; see in particular Identity 9 of [10]. We use the independently proved
algebraic identity of [34, Proposition 4.1], with the normalization below. The prescribed trace
F = h+ C, nonzero source, and floor penalty below define a different coupled system; the identity
does not import global solvability of a zero-divergence coupling.

The next identity separates the original constraint densities, a nonnegative quadratic term,
and a divergence. The second equation will prescribe that divergence so that the deformed metric
has nonnegative scalar curvature.

Proposition 4.1 (Deformation identity). Let f,t be smooth and F = tra, (K + HN. At o >0
decompose S relative to Re @ e

T:S’eLXeL’ M:S(eu‘”eiv q:S(eae)) tI‘T:F—Xq
Then

set Scaly = 8n(p+ J(w) + T +w(F) — Ftr K —u ' divV, (4.9)
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where
T = 3|TP + (M +paV 1) - (M + (p + 2)aV 1)
+4(p+ D]t + (x = X*/4)d* +2(p + 1)xqa Oet (4.10)
—xFq/2+3F?/4.
After substituting F' = tra, S, this expression extends smoothly across o = 0.

Proof. Apply the scalar identity of [34, Proposition 4.1] in spatial dimension three, so its surface
dimension is £ = 2. To distinguish the two conventions temporarily, add a subscript A to its
variables. The exact dictionary is

ta =2t, Zx=2Z, Ia(s)=1(s/2), pa=p/2,

4.11
ua = 8, Jp = 8mJ, Sa =S. ( )

The quantities D, d, w,a,v, Hf, F,U are identical. In particular,

2d  4d
24 pav  Ad+pu

=, us=eAVD=u, 2VZy=4VZ,

and the companion metric 24§ is precisely § = e*g. Thus the divergence term, trace prescription
and metric match without rescaling their flux. The physical density conversion gives 87 (u+J(w));
the ADM energy and momentum are not changed by that conversion.

For the quadratic expression, the companion coefficient s, = pa + (k —1)/2 is (p+1)/2, and
dta = 2dt. Its transverse square is |[M + (p + 1)aV t|?. Combining its residual —[a?|Vt|?] with
that square gives (M + paV i t) - (M + (p+ 2)aV t). The remaining gradient contribution is
4(p+ 1)|dt]§1d. Its normal terms become

(X = X2/0)@® + 2(p + 1)xqa det — XFq/2 + 3F%/4.

These substitutions give Equations (4.9) and (4.10). Smoothness at zero gradient is part of the
invariant identity: the temporary axis has not been used to define its coefficients. The import is
pointwise and requires neither an energy condition nor a solved divergence equation. O

Lemma 4.2 (Polynomial coercivity). The weighted coercivity theorem of [34, Proposition 4.2,
with Equation (4.11), makes T nonnegative. For 0 <p < N,

|dt)h, + TP + [M* +d¢* + F> < C(1 + N)AT (4.12)
with universal C, A. At dt = 0 there is the stronger comparison, uniform in p,d,
c(IT"P + IM? + x¢* + F?) < T < O(T[ + M + x¢® + F?). (4.13)
Proof. With x = 9.t and y = V| t, exact completion gives
T = 3T + M + (p+ Day|* + [4(p + 1) — o]|y|”

a 2
-|-4(p+1)d <33+>qu) (4_14)

2 4d(9 - d)
3 F_XQ) ST 2
+4( 3) T 3@+ pu)?

20



Completing first in 2 leaves 3xq?/(4 + pv); completing next in F leaves 3x/(4 + pv) — x%/12 =
4d(9—d)/[3(4+pv)?]. The latter coefficient is at least 32d/[3(4+N)?]. It controls dg? polynomially.
The F-square then controls F?, since x2¢?> < dg®. The transverse gradient coefficient is at least
three, and the shifted M-square controls M with an additional factor (1 + N)2. The squared
d-norm of the shift in the z-square is x?vq?/(16d) < dq?/16, so it also controls dx?. Finally
IT|? = |T"]? + (F — xq)?/2. This proves (4.12). If dt = 0, the sole cross term is —xFq/2. Using
IxFq|/2 < xq*/4+ xF?/4 and 0 < x < 1 proves (4.13). O

The scalar identity separates curvature from divergence. At the inner boundary we must also
relate this divergence flux to mean curvature. Differentiating the definition of Z gives, wherever

df # 0,
4dt+ L dlogD =4dZ = (4 + pv) dt + vdlogo. (4.15)

This relation is smooth in its direction-free form and will be used only in contractions that extend
across df = 0.

Lemma 4.3 (Boundary identity). On a face where f is constant,
V,/u=d(H + 40,t) — H + w,(F — Pp). (4.16)
Its mean curvature in §, with normal into Q, is e~ 2\/d (H + 40,t).

Proof. The tangential Hessian is Hess f|rp = (9, f)I1,. Thus try H/ = w,H and xqg = F — Pp —
wy, H. The normal component of (4.8), using (4.15), is

V,Ju = 4do,t + xw,q = 4d0,t + w,(F — Pg) — vH.

The g-normal is v/dv. Its mean curvature is v/d H, because the tangential metric is unchanged
and its normal first variation is multiplied by v/d. The conformal mean-curvature formula gives
the asserted mean curvature for §. O

4.3 The source, boundary condition, and continuation path

We now prescribe the divergence and inner flux. For the original system, the source is chosen
to give the deformed metric nonnegative scalar curvature. A penalty near the lower bound will
exclude contact with that bound along the continuation path.

Choose 3/4 < v < 1 and fixed positive smooth weights

- .4 - 2
po =T -, p1L =T ’Y’

with differentiated end bounds. Let m : R — [0, 1] be smooth, equal to one on (—o0, 0] and zero
on [1,00), and set
mo(t) =m(N(t+¢€)), P =Cn(po+uvp)

The positive dg is fixed independently of N, R in Proposition 4.9; thereafter C is a sufficiently
large polynomial constant. Define

= =200T + p+ dorac — mg(t)P. (4.17)

Choose a smooth face function Ng > 1 + suppg |H|. The original second equation and its inner
condition are
divV =uE, VoJu=—H 4+ w,(F — Pg) — Npd. (4.18)
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Lemma 4.3 gives H +40,t = —Np. Only —e <t < —e+ 1/N is penalized in the admissible range.
Since N > 2/e, this band has negative ¢, and

<l<el, cl < L <Cf on the admissible penalty band. (4.19)

The latter constants can be uniform for 0 < € < 1.

Proposition 4.4 (Specified homotopy). There is a continuous piecewise smooth family of systems
indezed by s € [0,4], beginning at (4.7), (4.18) and the original Dirichlet values, and ending at
f =0 and the scalar problem with zero source and zero inner conormal flux. Throughout its first
three stages the source is (4.17), with T evaluated using the actual trace F. Each trace equation
has right-side derivative at least one in h, with x, Z,V f fized.

Proof. Fix a smooth j : R — [0, 1] which vanishes for ¢ < 0 and equals one for ¢ > 1. For
0<A<1put

Vi = uA, (4VZ + AK (w, ), B=—H +w,(F — Pg) — Ngd.
Before the last stage use the boundary condition

Va)w/u=[1—(1=N)j)]

B — (1 - A (AK (w0, )], (4.20)

Outer values remain f = Z = 0 throughout.

We specify two smooth collar modifications. Let vy = Vs/|Vs| be the outward unit normal to
a collar leaf; the leaf coordinate s here is local and is separate from the homotopy parameter.
Choose disjoint collar cutoffs equal to one at the faces. Take n > 0 so small that b_ + 3n < b,.
A black contribution to Dy(z,w, h) is a negative constant times a collar cutoff, times a smooth
directional cutoff supported where w - vy < —1/2 and equal to one at —1, times a nonincreasing
height cutoff equal to one below b_ 4+ 7 and zero above b_ + 2n. A white contribution has positive
sign, its directional cutoff supported where w- vy > 1/2 and equal to one at 1, and a nondecreasing
height cutoff equal to zero below by — 21 and one above b, — 7. Decrease n to separate these
ranges. Their sum Dy is smooth, bounded, supported in the collars, and nondecreasing in h. It is
nonpositive for h < b_ + 7, nonnegative for h > b, — n, and vanishes on black outward and white
inward directions, for every length 0 < |w| < 1.

Choose the magnitudes larger than 2supg |H|+1. Equation (4.1) then gives, for ' = h+C+Dj
at the assigned boundary height b = b4,

F(z,+v,b) > Pp+ H, F(z,—v,b) < Pp— H. (4.21)

These are limiting directional evaluations at @ = 1, x = 0. The compatible direction has equality;
Dy corrects the other one. Its derivatives on bounded height ranges are independent of V. Choose
a smooth compactly supported extension b(z), constant equal to by on each smaller collar. On
these collars let D;(z,w) = Ajw - v, extended by a collar cutoff, with A; > supg |H| + 1. Then
Di(z,0) =0 and D;(xz,+v) = £A; on B.

The four stages are the following.

(i) For 0<s<1,set \=1—s,keep F = h+ C and h|g = b, and use div V) = u= and (4.20).

(ii) For 1 < s <2,set A =0, @« = s — 1, retain h|p = b, and replace the trace right side by
F =h+C+ aDy(z,w,h). Keep the same scalar equation and boundary prescription.
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(iii) For 2 <s<3,set A =0, ( = s — 2, prescribe h|p = (1 — ()b, and use

F=h+(1-{)][C+ Do(z,w,h+ Cb(z))]

+ ([tra, K + Di(z, w)]. (4.22)

Keep the same scalar equation and boundary prescription. At a face, h + (b = b. The value
at w = tv is the convex combination of the preceding directional value and P+ D1 (z, £v),
so (4.21) persists.

(iv) For 3 < s < 4, retain the trace problem at ¢ = 1 and multiply both Z and the right side of
(4.20) by ns =4 — s.

The prescriptions agree at the common endpoints. Their h-derivatives are 1, 1 + a0, Dy, or
1+ (1 —¢)0pDy, all at least one.

At ¢ = 1 the trace equation is tra, H f= h+ Dy (z,w) with zero Dirichlet values. At a positive
interior maximum of f, one has w =0, Ay =1, D1 =0, and IAf = 7f > 0, a contradiction. A
negative minimum is excluded in the same way. Thus f = 0 and t = Z in the last stage. At s =4
the remaining equation is div(4L(Z)VZ) = 0, with zero inner conormal flux and Z = 0 on Skg.
Multiplication by Z and integration give Z = 0. For the fixed-point construction in Section 6,
the final linear scalar problem has zero source and zero inner flux for every input; consequently
that last map has output identically zero. ]

4.4 Elementary height and end barriers

Lemma 4.5 (Height control). Every smooth trace solution in Proposition 4.4 satisfies |h| < Co,
independently of N, R, the homotopy parameter, and the input Z. Its actual right side satisfies
|F| < Cp with the same independence.

Proof. The collar modifications vanish at w = 0. At an interior extremum the trace equation
reads either tr K + IAf =h+C or tr K + IAf = h+ (1 —()C + (tr K. The maximum and
minimum inequalities bound h by fixed bounds for |tr K|+ |C|. Boundary values range between
b_,0,b,. This proves the height bound without using the floor. Boundedness of Dg, D1 and
|tra, K| < 3|K| proves the assertion for F. O

Lemma 4.6 (End height and outer boundary). There are ro,C > 0, independent of N, R and
the homotopy parameter, such that for R > 2rq,

|h| <C(r77—=R77) (ro<r<R). (4.23)
In particular,
IVf|<CR™™/7 on Sk. (4.24)
For fixed €, N, a sufficiently large lower bound for R gives t > —e on Sg.

Proof. Take rg outside the supports of K, C, Dy, D1. There F' = h in the first three stages, and
h = 0 in the last one. For ¢ = r~7 with axis Vi /|V|, the controlled end gives, uniformly for
0<x<1,

tra, Hess¢y =v((y+ Dx —2)r 72+ 0(r77%) <0

after enlarging ro. At a comparison contact, coefficients use the given Z and the common gradient
of test and solution. The positive factor [/(7v/ D) preserves this sign. Height monotonicity
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therefore makes C'(¢v» — R™7) an upper barrier and its negative a lower barrier. Choose C' to
dominate Cy on r = r( for every R > 2r¢. Differentiating at the common outer value gives (4.24);
tangential derivatives there vanish.

At Sk, Z = 0. The monotonicity of its defining expression implies t > —¢ if 2|V f|? < e8¢ — 1.
It suffices to require C2¢?772R~2727 < €8¢ — 1, which is a permissible lower bound depending on
fixed NV, e. O
4.5 Exclusion of a contact with the floor

We exclude a proposed floor contact using the equations at that point. These estimates require
neither an upper bound for Z nor a bound for |V f|.

Lemma 4.7 (Curvature at a minimum of ¢). At an interior point where dt =0 and Hesst > 0,
e Scaly < 1 Scal, —v Ricy(e, €) + S(H), (4.25)
where, for a symmetric tensor A,

S(A) = j(try A)? — gAY, P

+ dAeetr] A—d|A. |2 (4.26)
There are universal cx,nx > 0 and polynomial constants Cy such that, at dt = 0,
T —S(HT) > e.T — On(F? + |K ). (4.27)
If K =0, the more useful uniform estimate is
T —S(HY) > . T — CyvF?. (4.28)

Proof. Consider the graph of f in the Riemannian product with warped fiber (Q x R, g + 12 db3).
Its induced metric is g. At dt = 0 one also has dl = 0, and its second fundamental form, up
to orientation, is H/. Write £ = [710y,. The graph unit normal is VA E — ae. The ambient
curvature formulas at this point are

Scalamp, = Scalg —2Al/1,
Ricamp |10 = Ricy — Hess /1, Ricamp (E, E) = —Al/l,

with zero mixed Ricci terms. Hence the ambient contribution to half the graph scalar curvature is
% Scal, —v Ricgy(e, e) — v tr; Hessl/L.

The last term is nonpositive: at dt = 0, Hess! = Ip Hesst and p > 0. The second-form
contribution is [(tr; HY)% —|H/ |2]/2. Since the inverse graph metric is Ay, its expansion is exactly
(4.26). Finally the conformal contribution at this point is —4At < 0. This proves (4.25).

The pointwise algebraic clause of [34, Lemma 4.3] applies under Equation (4.11). We also
record its three-dimensional calculation, because the boundary homotopy below needs its precise
degenerate normal coefficient. First evaluate S on S = K + H7, whose trace in the transverse
plane is F' — xq. Subtracting (4.26) from (4.10) at d¢ = 0 gives

T —8(8) =T + (1 + a)| M[?

4.29
+x(1+d—x/2)¢* —dFg+ F?/2. (429
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The normal coefficient is at least y, while |dFq| < xq?/2 + d*F?/(2x). Because
d®/x = d(4+pv)/4 <1+ N/4,

Equation (4.13) implies 7 — S(S) > ¢T — C(1 + N)F? with universal ¢ > 0.
To replace S by H = S — K, polarize (4.26). The difference is bounded by

CIK|(T™| + M| +|F| + dlq]) + C|K .

Indeed the only extra normal product is dq tr; K; all remaining products involve transverse
entries, dM, or tr; S = F — xq. By (4.13) and d/\/x < Cv1+ N, this bound is at most
CV1+ N|K|VT 4+ C|K|?. Young’s inequality absorbs a fixed small fraction of 7 and costs only
C(1+ N)|K|?. This proves (4.27).

If (14 p)v < s, then d and x are within C7n, of one. At d = x = 1 the normal block in (4.29)
is 3¢?/2 — Fq+ F?/2; its symmetric matrix has smallest eigenvalue (2 —+/2)/2 > 0. Choose 7, > 0
small enough that its coefficients remain within half this spectral gap. The transverse coefficients
are already bounded below. For K = 0, Equation (4.13) therefore gives T — S(H/) > ¢, T in this
regime. In the remaining regime v > 7, /(1+p), use (4.27) with K = 0 and absorb (1+ N)F? into
C(1+ N)?vF?. This proves (4.28). All formulas extend to ¢ = 0 by their invariant expressions;
there d = x = 1 and the full quadratic expressions are independent of the temporary choice of
axis. O

Lemma 4.8 (Homotopy errors at a floor contact). There is a fived compact set K C € containing
the supports of K,C,b, Dy, D1 such that, at an interior minimum t = —e of a smooth solution in
the first three stages,

div Vy/u > 260T + Tac — C(1 + N)A[1x + v(po + p1)]. (4.30)
Here 69 > 0 can be fixed sufficiently small independently of N, R and the homotopy parameter.

Proof. At this contact dt = 0 and p = N is locally constant as a function of ¢ near its value —e.
Differentiating w in an orthonormal frame gives

Viw; = Hf; — w; Hjw*. (4.31)
In the e-frame the normal vector slot is multiplied by d. Equations (4.13) and d/\/x < Cv1+ N

therefore show
IVw| < C(1+ N)A(|K|+VT). (4.32)

No bound for the uncontracted normal Hessian is asserted.

Each first-three-stage right side can be written as a smooth function F(x,w,h,p). Its h-
derivative is at least one. On the bounded height range supplied by Lemma 4.5, its explicit z- and
w-derivatives are polynomially bounded and compactly supported, apart from the derivative of
the term h. This follows directly from the fixed collar cutoffs and A, = I — (p+4)w @ w/(4+ pv),
whose denominator is at least four. For example its first w-derivatives on |w| < 1 are bounded by
C(1+ N)?2, and the other explicit modifications have bounds independent of N. Combining these
bounds with (4.32) and Young’s inequality therefore produces a fixed finite power of 1+ N. Since
Vp = 0 at the contact and w(h) = Tao, the chain rule and (4.32) give, for every fixed n > 0,

w(F) > tac —nT — Cp(1 + N)*1x. (4.33)
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The dependence Dg(z,w, h + (b(x)) only adds the fixed compact derivative of b and does not
change this conclusion.

The omitted flux is (1 — A\)uA, K(w,-). Let Bx = A\ K(w,-). Its derivative is bounded by
a polynomial constant times 14 /7 on I, by (4.32); derivatives of p vanish. The weight term
requires the contraction rather than a bound for |V logu|. At the contact,

Viogu = Hf (w,-),  (Vlegu, Bx) = a®*(xHL Kee + H!| - K.,).
This involves only xH/, and H, ef | and is controlled by (4.13). It follows that
|div(uBg)|/u < 9T 4 Cy(1 + N)Mx. (4.34)

Combine the scalar identity with (4.25). The difference 8mp—Scal, /2 equals ((tr K)?—|K|?)/2
and is compactly supported; so is J. The term F'tr K is compactly bounded by Lemma 4.5. On
KC, Equation (4.27) therefore contributes ¢, 7 — C(1 + N)A. Outside K, K = 0, F = h, and (4.28)
together with Lemma 4.6 gives ¢,T — C(1 + N)4vr=27. The remaining Ricci term is bounded
below by —C1x — Cvr~3; enlarge K if necessary. Both end weights are bounded by a multiple of
po + p1. Finally subtract the omitted flux and use (4.33)—(4.34), choosing their two n’s with sum
at most ¢, /2. Fix 0 < §p < min(c,/4,1/4). Decreasing it slightly if necessary gives (4.30). O

Proposition 4.9 (Floor exclusion). Choose 0y as in Lemma 4.8. There is a polynomial choice
Cn = C(1 + N)A in the penalty such that, for all sufficiently large N and all R > Rgoor (N, €),
no smooth solution anywhere along Proposition 4.4 can satisfy t > —e and attain t = —e. In
particular every such admissible solution hast > —e on Qg.

Proof. Choose Rgoor to include the requirement of Lemma 4.6. A floor contact cannot occur on
Sgr. In the first three stages, an inner contact has j(t) = 0. Equation (4.20) then cancels the
omitted flux on both sides and gives V,,/u = B. Equation (4.16) forces H + 49,t = —Np, so
0,t < 0. This contradicts the nonnegative derivative into (g at a boundary minimum.
Consider an interior contact. Let Ey = C(1 + N)*[1x + v(po + p1)] denote the error in
(4.30). Because pg has a positive minimum on K, 1x < Cipg. Also vpg < po, and p/pg is globally
bounded. We can therefore choose a polynomial Cy so large that, pointwise for all 0 < v < 1,

P> EN+2p+ po. (4.35)
At the floor mg = 1, so the scalar equation and the lower estimate give

0>67T +(1—0dp)rac +P — Exn —p
> p+po>0,

a contradiction. Enlarging Cy below preserves this inequality and preserves its polynomial
dependence.

In the last stage f = 0, t = Z, u = L, and v = 0. At an interior minimum, 7 =
(|K]? + (tr K)?)/2. Increase Cy polynomially if necessary so that 6o7 + p — Cnpg < 0 at all
such points. For n; > 0, the scalar equation at a floor minimum has left side 4LA¢ > 0 and
strictly negative right side. At an inner floor minimum its flux is 40,t = ns(—H — Np) < 0, also
impossible. If 75 = 0, multiplication of div(4L(t)Vt) = 0 by ¢, with zero outer value and zero
inner flux, gives t = 0. Thus the last stage has no floor contact either. O

We have excluded floor contact for every smooth admissible solution along the specified
homotopy. Section 5 supplies the remaining a priori bounds, and Section 6 proves existence. The
choice of P uses only polynomial losses in N; it is independent of all fixed-IN Schauder constants.
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5 A priori estimates for the deformation

We bound the height, boundary slopes, and conformal variable before using classical regularity.
Fix the prepared exterior of Proposition 3.7, its thresholds and collars, and ¢ > 0. We use the
variables and four stages of Proposition 4.4. A solution is smooth on a finite truncation and
satisfies t > —e¢, so the estimates include putative floor-contact solutions. No Hessian bound or
upper bound for Z is assumed.

A quantity denoted by Il is bounded by C'(14+ N )A, with C, A independent of the truncation,
the homotopy parameter, and N. It can increase at successive uses. The fixed data, collars, and
e can enter C, A. A constant denoted by C'(IN) can depend arbitrarily on these fixed data and on
N, £, T; it is still independent of the truncation and the homotopy parameter. Constants explicitly
described as fixed do not depend on IN. Recall that

(=eN

=072 (<l<e, 0<p<N, <y <d. (5.1)

9

44+ N

In particular IIy7/¢ — 0. This small factor will absorb only terms whose constants are polynomial.

5.1 Sublevels and exclusion of boundary layers

The limiting height will be only lower semicontinuous. We first show how an expansion bound on
its lower tests controls every exterior support of a closed sublevel, including a plateau. This local
step will also apply to the four-dimensional constructions.

Lemma 5.1 (Exterior supports of a closed sublevel). Let U be an open subset of a smooth
Riemannian manifold of dimension d € {3,4}, let Q be a smooth symmetric tensor on U, and let
u:U — R be finite and lower semicontinuous. Fix k < k' and qo € R. A smooth lower test of u
at x is a smooth function ¢ with ¢(z) = u(x) and ¢ < u near x. Suppose every such test with
u(z) < k' and d(x) # 0 satisfies

£qlol(x) < qo,

where Eg is the expansion in Equation (3.12) of the regular level through x, oriented toward
increasing ¢. Equivalently, subtract ¢(x) before applying that formula. Then every smooth exterior
support of the relatively closed set D = {x € U : u(z) < k}, at a frontier point in U, has
expansion at most qq.

Proof. For integers j > 1 define
Si() = (Lt expl—3*(s k=5 D). v =Sou (5.2)

These functions are lower semicontinuous and take values in (0,1). Their lower relaxed limit
lim inf o0, y—a vj(y) is the function I;(x) equal to zero on Dy and one on its complement. Indeed,
at © € Dy, the constant sequence gives vj(z) < Sj(k) — 0, while v; > 0 everywhere. If u(z) > k,
lower semicontinuity gives a neighborhood on which v > k£ + ¢ for some § > 0, and v; — 1
uniformly there.

Let ¢ define an exterior support of Dy at x: ¢(z) =0, dé(x) # 0, and ¢ < 0 on Dy, near x.
Shrink to a small normal-coordinate ball compactly contained in U on which |¢| < 1/2. Then ¢
is a lower test of I at x. Subtract a small positive multiple of the fourth power of the distance
from x to make this contact strict without changing its two-jet; write the resulting function as ¢g.
Minimize v; — ¢o on the closed ball. The preceding relaxed-limit description, the strict contact,
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and vj(z) — 0 show that the minimizers z; lie in its interior for large j, satisfy x; — «, and have
contact values v;(z;) — 0. Thus ¢ + a; is a lower test of v; at x;, where a; — 0.

For each fixed large j, restrict to a neighborhood of x; on which ¢g + a; takes values in (0, 1).
The increasing function S ! makes S5 (¢ + a;) a smooth lower test of u. Its contact height is

vi(x;

](]) Sk+]_1<k,

1 —vj(z;)

for all sufficiently large j. Its gradient is nonzero, since d¢g(z;) — d¢(x) # 0. An increasing
smooth composition preserves the oriented level expansion: it preserves the unit normal, and for

0 >0,

u(ay) =k+j"" 4+ log

tr Hess(6 o tr Hess
HGSS(H o ¢0) — @' Hess bo + 9" doo ® deo, (d(b(‘))(;(e - (b(())’ ¢0) _ (d¢(i)£¢0‘ %o

The hypothesis therefore gives Eg[do + a;](z;) < qo. Letting j — oo yields Eg[¢](x) < qo, because
¢o and ¢ have the same two-jet at x. O

For notation in this section, let B, be the full closed maximal black region at threshold c,
and let W, be the corresponding white region with B., held fixed. These are the families used in
Proposition 3.7.

Lemma 5.2 (Uniform separation from the wrong height). In the first two homotopy stages, the
following holds. If Q C € is compact and disjoint from B, there are ng > 0 and Ng such that

h>b_+mng onQ@Q (5.3)

for every N > Ng, every sufficiently large allowed truncation, and every admissible or floor-contact
solution in those stages. If Q is disjoint from W,,,, the analogous conclusion is h < by —ng. The
compact sets are relative to the full closure: they may contain faces of the opposite color.

Proof. We prove the lower assertion. It is enough to consider an arbitrary sequence N; — oo,
R; — oo and solutions in either of the first two stages. The elementary height and end estimates
in Lemmas 4.5 and 4.6 give

|hi| < Co, |hi| < C(r~” — R;") on the end, 3/4 << 1. (5.4)

Near each white face extend h; to the other side by the constant b,. Extend the fixed geometric
coeflicients smoothly there. The extended functions are continuous. Define the lower relaxed limit

h(z) = lim inf{h;(y) : ¢ > j, dist(z,y) < 1/j}.

]‘)OO
It is lower semicontinuous, bounded, and satisfies the limiting end bound. No equicontinuity of
h; is asserted.

Choose b_ < k' < min{0,b_ + n}, where 7 is the low-height sign range of the added term Dj.
Suppose that a smooth function ¢ touches h from below at x, with h(z) < k' and d¢(x) # 0.
Exclude for the moment the black faces. Subtracting a small fourth-order localization term from
¢ makes the contact strict without changing its two-jet. Minimization on a small closed ball then
produces, after passing to a subsequence, points x; — = and constants ¢; — 0 such that ¢ + ¢;
touches h; from below at x;, and h;(z;) — h(x). The boundary of this ball cannot contain x; by
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strictness. Nor can z; lie on a white face or on the extended side: their values there are by > k.
Thus every sufficiently large ¢ uses the interior trace equation.
At these contacts,

2

7

=71 di < —1t
V=TV S e

— 0, a; — 1, xi — O.

Here a; = [;|V fi|//D; is the deformation variable. Positivity of A,, and the Hessian inequality
at a lower contact imply
l;
tra,, K+ T\/ﬁz tra,, Hess ¢ < Fj(x;).
In the second stage Dy < 0 at these values; in the first stage it is absent. Consequently
lim sup Fj(z;) < k' + Cp. Passing to the limit gives

tr(qg)L Hess ¢
|d¢|

This is the expansion of the level surface of ¢, oriented toward increasing ¢. The only Hessian
used in this passage is the fixed test Hessian. Removing the localization proves the assertion for
non-strict contacts as well.

Fix b_ < k < k' and put E; = {h < k}. Apply Lemma 5.1 with u = h, tensor Q = K, and
go = k' + Cp. The function is finite and lower semicontinuous, and Equation (5.5) supplies the
required bound for every nonzero-gradient lower test below k. We apply the lemma locally away
from black faces, using the constant extensions to obtain open neighborhoods across white faces.
Every exterior support of E}, there consequently has expansion at most &’ + Cj,, with no regularity
assumption on the sublevel.

This argument also rules out a hidden layer at a white face. At every point strictly on the
added side, the relaxed limit equals by > k. Thus Fj, lies locally in the original closed exterior,
and the reversed white face is an exterior support of E; at any contact there, with expansion

—Hp + Pg = —cy, > 0.

For k' sufficiently close to b_, this is strictly greater than k' + C,. The high extension ensured
that all preceding low-value tests came from the interior equation, so the support contradiction
applies at the face itself. Hence E} avoids every white face. The end estimate makes Fj compact.

Adjoin the entire closed region B,,. At a point on its smooth black frontier, every exterior
support of the union also contains the black region locally. The tangency comparison therefore
bounds its expansion by ¢, < k' 4+ C},. At all other frontier points the preceding sublevel argument
applies. The resulting compact closed set contains the required original inner barrier with a
collar, because the black region already does. It avoids the outer barriers. Lemma 3.6 places
it in a smooth black trapped region at any threshold ¢’ > k' + C}, sufficiently close to c,. It is
consequently contained in B.».

Finally let @Q be as in the lemma. Hausdorff right continuity at ¢, gives a § > 0 such that
Be,+5 N Q = &; decrease 0 so that the enlarged threshold is still negative and all barriers remain
strict. Choose k, k', ¢’ with

b_ <k<k, E+Cy<d <cp+0.
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The construction implies Ep N Q = @ for every sequence under consideration. If the uniform
estimate h > k on @ failed, choose violating solutions with N; — oo, R; — oo and z; € Q,
hi(z;) < k. A subsequence has z; — = € @ and h(x) < k, a contradiction. This gives (5.3), after
decreasing its positive margin.

For the upper assertion apply the entire argument to (—h, —K, —C'), interchanging colors. The
reversed black faces have strictly positive white expansion —c¢p,. Their exclusion and compactness
give positive distance from the black region before applying the white version of Lemma 3.6.
Adjoining the full white region is therefore legitimate in the fixed black complement. Empty
white regions and missing face types cause no change: only an actually nonempty sublevel would
supply a trapped seed and hence a contradiction. O

For the truncation quantifier, start with any Ruyin(N) — oo that satisfies the outer estimates
of Section 4, and enlarge it when necessary. Failure of any asserted estimate for arbitrarily large
N and R > Ruin(IN) supplies exactly the sequence excluded above. Only finitely many compact
sets will be needed below, so their thresholds can be chosen simultaneously.

The weak-set argument has kept low heights near black faces and high heights near white
faces. We now sharpen this separation into a nonzero signed boundary slope. That slope makes
the otherwise uncontrolled inner flux small enough for the mass estimate.

5.2 Signed collar barriers

Lemma 5.3 (Boundary slopes). There are fized constants c¢,Cy > 0 such that, for sufficiently
large N and the allowed truncations, the first two stages satisfy

¢/t <O, f <CyfT on black faces,

5.6
¢/t < —=0,f <C./T on white faces. (5.6)

During the third stage one still has |0, f| < Ci/T. On every fized compact region needed for the
final scalar-curvature estimate, the first two stages satisfy b— < h < by.

Proof. Write s for the smooth leaf parameter in an outward collar and vs = Vs/|ds|. All geometric
coefficients of this fixed collar are bounded, with |ds| bounded above and below. At a comparison
contact with hg = b_ + 1(s), ¥’ > 0, the shared gradient gives

7_2

If the slopes are in a fixed positive interval, the first bound is d < C'¢. None of these comparisons
uses an upper bound for Z.
The trace operator on this test is

l
7D

tra, (K + Hess h0>

(5.8)

Hess s(vs, v "
:PS+GHS+XK(VS,VS)+(LX<(SS) ),

d x
ds] TG

where P is the tangential trace of K on the leaf. Thus it is the leaf expansion H, + Ps, with an
error of absolute value at most Cd, plus the displayed logarithmic-slope term. The same formula
for a negative slope has a replaced by —a in the Hessian terms. This is an evaluation at the
contact variables; it does not differentiate the unknown ¢.

30



On a black collar Hs + Ps > ¢, and C = Cy — kps. Choose small positive slopes so that
¥(0) = 0 and 9(s) < kps/2. At the outer end of a sufficiently short fixed collar, Lemma 5.2 lets
this test lie below the solution. In the compatible direction the add-on Dy vanishes. The residual
of the trace equation on the test is therefore at least

1

k38/2—0d+axlds|v. (5.9)

Choose a smooth nonnegative Sy (s) equal to AN for 0 < s < 1/N, supported in 0 < s < 2/N,
and satisfying [ Sy < 2A. Define

Y (s) = mexp </Os Bn(q) dq) :

Choose the fixed A large enough that the final term of (5.9) dominates Cd on s < 1/N, using
(5.7) and a > 1/2 there. On s > 1/N, the first term dominates C'd < C/ for large N; the taper
contributes with the good sign. Since the slope multiplier is at most €24, a fixed sufficiently small
m > 0 enforces all the previous small-slope requirements. This constructs a strict lower barrier
with slopes bounded above and below independently of V.

An upper barrier from b_ is constructed in the same collar with

w(s) = Mexp (- [ oua) da).

The smooth leaf expansion differs from its boundary value by O(s). Choose the fixed M so large
that ¥(s) > Cys dominates this variation, the offset variation, and the height bound at the outer
collar end. The logarithmic-slope term is now negative. On s < 1/N it dominates C'd; on the rest
of the collar the negative margin proportional to s does so. The upper barrier is strict at every
possible positive contact. Its slopes lie in [M e 2A M |, an interval independent of N.

To check the comparison signs, at a negative interior minimum of A — hg the Hessian of A
dominates that of hg, the gradients and Z agree, and hence so do t,1,A,. The right side is
strictly increasing in the height. Thus a strict positive residual for a lower barrier contradicts the
equation. At a positive maximum the inequalities reverse, proving the upper-barrier assertion.
Taking the one-sided derivative at s = 0 proves the black part of (5.6). Replacing (h, K,C) by
(=h,—K,—C) proves the white part.

In the third stage the boundary height is the assigned interpolated constant, say b¢;. Construct
tests be + ¢(s) and b — 1(s) with large positive ¢' and (logy)’)’ = —fn. At s = 0, the two
directional inequalities of Proposition 4.4 say precisely that the positive-slope test has nonpositive
limiting residual and the negative-slope test nonnegative limiting residual. At every comparison
contact, the fixed positive barrier slope and Equation (5.7) give d < C¥¢, so a > 1/2 for large N.
On 1/2 < |w| < 1, the first w-derivatives of A, in Equation (4.5) are bounded independently
of 0 < p < N. The other collar terms have fixed smooth coefficients on the bounded height
range. Thus, at fixed boundary height the coefficient and geometric errors are O(s + d + x),
since |w — (+vs)| = 1 — a < d and the radial comparison segment stays in this range. Changing
the test height supplies, by height monotonicity, a residual of magnitude at least 1(s) with the
required sign. Large fixed slopes dominate the O(s) error and the outer-end height bound. The
logarithmic-slope term has the required sign for both tests, as follows from (5.8); it dominates the
O(d) error on the initial 1/N interval. The remaining margin dominates it beyond that interval.
This proves the two-sided upper derivative bound, without using sublevel exclusion in the third
stage.

31



Finally, on each own-color collar the lower barrier just constructed gives the required one-sided
height bound. On the rest of a fixed compact region use Lemma 5.2; the opposite height bound
on an own-color collar follows from that lemma as well, since the closed collar is disjoint from the
other region. A finite cover proves b_ < h < b, on the compact regions in the statement. O

5.3 A trace estimate with polynomial constants

The collar trace estimate must have polynomial constants: it will control the boundary flux both
here and in the mass estimate. We therefore prove it before comparing with the ordinary product
graph.

Lemma 5.4 (Weighted and unweighted collar traces). In the first two stages let C be a fized
union of disjoint collars of the inner faces, shortened if necessary. For every nonnegative smooth
function ¢ supported in those collars,

/ LpdA, < HN/cu[(l +VT)p + |dp|a,] AV, (5.10)
B
/ pdd, < Iy /c VD[(1+VT)p + ldg|a,] AV, (5.11)
B
The estimates also hold without a support condition on o if the right sides include a fixed collar
cutoff equal to one on B, with its derivative included in the coefficient of .

Proof. For o > 0, write ey = V f /o, the axis denoted by e in Section 4. Set

W:l?f:%:\/gaef.

Its norm in g is @ < 1. For any covector ¢,

[EW)] < [€la, < /1 + N/4[E]a, (5.12)

Direct differentiation, using ulW = Lw, gives

‘hv(;“‘w) = Vd [tra, HY + (dp + pr)ade,t] (5.13)
(hv(\ﬁ\/gm:\/g{trAdHf—i—dpaﬁeft}. (5.14)

For example, divw = tra, H f+dpad, ;t, while differentiating L adds prade,t to the first formula.
Coercivity in Lemma 4.2 bounds both right sides by IIx(1 + VT ). More explicitly, writing
qg= (K + Hf)efef, the normal Hessian term has coefficient d*/2, so it is bounded by V/d|q| + C.
The other Hessian terms are transverse traces, and the gradient term is at most (2N 4 2)+v/d|0, St
All are controlled by the stated coercivity estimate. This also establishes the formulas and bounds
at zero gradient by their smooth direction-free extensions.

Let eg = 1 on a black collar and —1 on a white collar. The signed slopes give w, = epa on B

and a > 1/2 for large N. Thus
uW, = epLa, \/EW,, = €pRa.

The outward integration normal is —v. Apply the divergence theorem to —epuWp, with a
fixed collar cutoff. Its boundary flux is Lay. Equations (5.12) and (5.13), and the fixed cutoff
derivative, give (5.10). Replace u by v/D and use (5.14) for (5.11). No factor £~ was used. [
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5.4 High-level energy and the first upper bound

The signed slopes and polynomial trace estimate are now available. We use them before allowing
any constants that depend arbitrarily on N. The first stage contains the drift in the divergence
equation. We first bound this stage uniformly for A € [0,1]. There is a number My = My(N) > 0
such that

E> 6T +p+ 36otac on {Z > My}. (5.15)

Indeed, outside the support of my this is immediate. On its support, —e < ¢t < —e 4+ 1/N, so [ is
comparable to £. The identity D = €32~ shows that ao tends uniformly to infinity as Z — oo
in that band. The penalty P is bounded on the whole exterior by Ily. It is therefore absorbed
by doTac /2 above a fixed My(N). This choice is independent of R and .

Choose a smooth nondecreasing kg equal to zero on Z < My, equal to one on Z > My + 1,
and with bounded derivative. Test div V) = uZE by ko(Z). Its outer boundary term vanishes since
Z = 0. The drift cross term is bounded by

ukh [(dZ, K (w,)) 4, | < 2ukf|dZ )%+ Cuk)| K.

The last term has bounded integral: it is supported on a fixed compact set and on My < Z < My+1,
where the floor and D = ¢34~ bound u and & by C(N).
At a black face F' — Pg = H, w, = a; at a white face F — Pg = —H, w,, = —a. In both cases

—H +w,(F—Pg)=(a—1)H.
The additional omitted-drift term in the homotopy boundary condition has absolute value at most
Cx < Cd, since Ay K (w,-) has normal component yw, K (v,v). The remaining term is —Npd,
and the boundary multiplier lies between zero and one. Hence
[(Va)w| < Cud = CLVd < C%L on B, (5.16)
where the last inequality uses the lower slope in (5.6). Integration now gives
1 ! 2
/QR uko (5OT+ p+ 25@7’@0) dVy + Q/QR uky|dZ|3 dVy
< C(N) +C%/ Lk dA,. (5.17)
B
Apply (5.10) with the fixed collar cutoff. The boundary cost is at most

HN;/Cu[ko(H\/’THkMdZMX} v,

Let pe > 0 be the minimum of p on the closed collars. Pointwise, 1 4+ T < C(p + 60T there,
with C fixed. Since IIy7/¢ — 0, the first summand is absorbed in the first integral of (5.17).
Young’s inequality bounds the derivative summand by

ukg|dZ %+ C(TInT/0) uk.

The second term again has bounded compact integral because it lies in the transition strip of k.
We obtain

/uko(T+p+7aa) dVvy + /uk6|dZ|?4X dV, < C(N). (5.18)
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The smallness requirement on N in this absorption is independent of My; only its resulting
right-hand constant depends on Mj.

The polynomial boundary absorption is complete. We may now use arbitrary fixed-N
comparison constants. Write I' for the ordinary product graph of f in g + (dbg)?, and dI' =
V1+ 02dV,. The measures dI' and VD dV, are comparable by constants depending only on /.
On every fixed compact set @,

/ e*Z2dT < Cg(N), (5.19)
rne=1(Q)

where 7 is projection to the base. To check this without an upper bound for ¢, observe that
e?? = XY/, u=1e*VD, DY* < C(N)(1 + Tao).

The last inequality follows by splitting loc < 1 and lo > 1, using ¢ <[ < e; on the second set
a > 1/4/2 and the right side grows linearly in o, whereas DA grows at most as C'y/o. Thus the
high-level part of (5.19) follows from (5.18) and the positive minimum of p on Q. On Z < My+1,
both ¢ and €24 are bounded by the floor identity, which controls the remaining compact integral.

5.5 Sobolev inequality and iteration on the ordinary graph

The high-level estimate gives integral control, but degree requires a pointwise upper bound for
Z. The graph Sobolev inequality and iteration supply that bound. The earlier polynomial trace
estimate, not the constants in this iteration, will control the mass limit.

The comparisons in this subsection are uniform in the solution, R, and the homotopy parameter,
but may depend arbitrarily on N. If dy = (1 + 02?)~!, then

d 1402
d =V —=—.
’ @’Ado | FSD|7 d(] 1 _|_ l20'2
The last ratio is bounded above and below by constants depending only on ¢; Equation (5.1)
therefore compares Ag,, Aq, Ay without any bound for Z.

Lemma 5.5 (Local graph Sobolev inequality). For a smooth function w supported over a fized
compact base patch, which may meet an inner face,

[liFscary < CN) [ [IVrwf? +(1+T)e] dr. (5.20)

Proof. Extend the fixed base patch smoothly and embed a compact enlargement isometrically
in Euclidean space by Nash’s embedding theorem [32, Theorem 2, p. 59]. Its product with the
vertical line gives an isometric Euclidean immersion of the graph. The second fundamental form
of the base embedding is bounded, so its contribution to the graph mean curvature vector is
bounded. The scalar mean curvature in the product is

VD
Hp— —Y—
V1 + o2

The prefactor is bounded by C(N), and do/vd = V1 +12062/(1 + 0?) < e. Coercivity therefore
gives |[Hp| < C(N)(1 4 +/T). This estimate involves controlled quadratic energy, not a pointwise
bound for the Hessian.

(trej% H + don(ef,ef)> .
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The ordinary Michael-Simon inequality [31], in the compact-support form stated in [39,
Chapter 4, Section 5, Theorem 5.7, p. 98], gives after the boundary extension described below,
for nonnegative ¢,

2/3
([e2ar) <c|[(vrel+IHloar+ [ paa).
r r or

One can obtain the boundary form directly from the compact-support version by smoothly
extending each smooth graph across its boundary and cutting off on a collar tending to zero: the
cutoff derivative integral converges to the boundary integral, and the added curvature integral
tends to zero. This argument is applied to each smooth graph before the uniform estimate is
taken. The only boundary in the support is an inner face, where f is constant and dA = dA,.
Equation (5.11) and the fixed-N graph comparisons bound its contribution by

CW) [ 10+ VT Yo+ |Vrgl dr.

Apply the resulting inequality to ¢ = |w|*. Cauchy-Schwarz bounds its right side by
1/2
el ( [ + @+ ) .
r

The left side is Hw”é; division, with the zero case separate, and squaring prove the assertion. [

To turn the integral bound into an upper bound, let 1 be a nonnegative cutoff over a fixed
compact patch. For k sufficiently large, independently of R and the solution, test the first-stage
divergence equation by

q= ?7262kZ/L.
The positive measure after cancellation of L is VD dVy. The differentiated test is
o2kZ
dq = ——[2ndy + n*(2k dZ — pr dt)).

Its principal exponential contribution is 8kn?e**?|dZ |124X. The source is bounded below by
00T — Iy everywhere. Coercivity and A, < A; give

dpr|(dt,dZ) a,| < 30T + C(N)|dZ[5,.

Choose k > k.(IN) so that the second term is absorbed by the principal contribution. The drift
terms, with |K(w, )[4, <|K|, obey

2k|(K (w,-),dZ)a,| < k|dZ|% + CE|K?,
prl(K(w, ), dt)a | < 6T + C(N)|K|*.

The cutoff cross terms are handled by the same Cauchy inequalities, leaving C'(N)ke?+% (ldn|2+n?).
The penalty is bounded and contributes to this latter expression. Finally, Equation (5.16) before
its last inequality gives |q(V)),| < Cn?e?*2\/d < Cn?e**4. Converting to the ordinary graph
yields

/€2kZ772(T+ k“VFZ‘Q) dr
r

< C(N)k / 27 (2 4+ |dn[2) dT + C(N) / K202 A, (5.21)
T B
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Use the unweighted trace with ¢ = €472, The boundary term is at most

CN) [ e [2(1+ VT +kITrZ]) +nldnly] dr.

Young’s inequality absorbs its /7 term into the 7 integral and its k|VpZ| term into the k|VpZ|?
integral. The latter absorption costs C'(N)kn?e?*%, which has the allowed size. Hence

/Fezkzn2(7+ k|VrZ?)dr < C’(N)k/re%z(nQ + |dn|2)dT, (5.22)

with constants independent of k > k..
Apply Lemma 5.5 to w = 1e¥? and use (5.22). For nested base patches U, C U,» and a cutoff
satisfying |dn|, < C/(r" —r), this gives

1/(2k)
HGZ”L%(F\UT,)- (523)

e ox ey, ) < [CONE(L+ (7 = 1)7)]
Here I'|y denotes the part of the graph projecting to U. Iterate with k; = 37k, and radii decreasing
geometrically from r’ to r. The sums > kj_l and ) j/k; are finite. Taking the product in (5.23)
therefore gives
S(r) :=supe? < C(N)(r' =)™ [e?|| paru (py,, - (5.24)
Ur r!
Take all these patches inside a slightly larger fixed patch on which (5.19) holds. Increasing k. to
at least two, interpolation gives

z N1-1/k 27 1/(2he)
162 log. < S(r')L-1/k- (/e dF) .

Thus S(r) < C(N)(r' — r)~ AN §(")1=1/k= | For every o > 0, Young’s inequality makes this
S(r) < aS(r') + C(N,a)(r' — )4k, (5.25)

Choose radii increasing geometrically to a fixed outer radius rq, and then choose o < 2~ AMN)k«—1,
Iterating (5.25) has a convergent geometric sum. Its final remainder o/ S(r;) tends to zero,
because each individual smooth solution is bounded on the closed outer patch. The resulting
smaller-patch bound is independent of that individual supremum. A finite cover proves a uniform
compact upper bound for Z, including at every inner face.

Beyond a fixed sphere containing the drift support, the equation is div(4uA,VZ) = uZ, and
= > 0 above My. At an interior maximum above My its left side is nonpositive, because dZ = 0
and Hess Z < 0. The outer boundary value is zero. The compact bound on that fixed sphere
consequently extends the first-stage upper bound to the whole truncation.

5.6 The remaining stages and the bounded-variable conclusion

In the second and third stages the drift is zero. Their source has the same high-Z positivity as
(5.15), with a uniform threshold for the bounded homotopy range. By Lemma 5.3, on an inner

face
Z =t+ $log(l+ 1?0 < t+ Llog(l+ €e*CZ/T2). (5.26)

Thus sufficiently high boundary Z forces j(t) = 1. The prescribed boundary flux is then zero,
since A = 0. At the face A,v = xv, so this is exactly 0,Z = 0. The maximum principle excludes
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a high interior maximum, and the boundary point principle excludes a high maximum on a
smooth inner face with this zero conormal derivative. Both principles are applied to the smooth
individual solution on its finite domain; its coefficients are positive definite there. Locating the
maximum requires no uniform ellipticity constant. The outer value is zero, so these two stages
also have a uniform upper bound.

In the fourth stage f = 0 and t = Z. When the common source/flux scale is positive, the
same maximum and boundary argument works with its positive high-level source. At scale zero
the homogeneous mixed problem and the outer zero Dirichlet value give Z = 0. The upper bound
is consequently uniform also as the scale tends to zero.

Proposition 5.6 (Bounds before regularity). Fiz the prepared data and € > 0. There are Ny and
Ruin(N) — oo such that, for each fited N > Ny and every R > Ryin(N), all smooth solutions of
the four-stage homotopy with t > —e satisfy

W <Co  |f|<Cofr, —e<t<Z<OWN), |V<OW).  (5.27)

The constants are uniform in R and in the homotopy parameter. They include putative floor-
contact solutions, which are then excluded by Proposition 4.9. The fired signed slopes, the
third-stage upper slopes, and the polynomial trace estimates are those of Lemmas 5.8 and 5.4.

Proof. 1t remains to extract the bounds for the conformal variable and the gradient. Since
Z =t+logD/8 and D > 1, the floor gives —e < t < Z. The upper bound for Z gives
8(Z—-t) _1q
2 _ ¢ —2/¢_8(C(N
This proves the asserted fixed-N gradient bound. The height bounds are Lemma 4.5. The finite
collection of sublevel and collar estimates and the polynomial absorption choose Ny once. Enlarge
Rpin(INV) to include the outer estimates and all fixed compact patches used above. The next
section derives Hessian and continuity estimates from these bounds and uses them to prove
existence. O

6 Solving the three-dimensional boundary deformation

The boundary estimates have bounded f, Z and D f for every admissible solution of the contin-
uation equations. We now turn those bounds into existence. Two points need attention. The
divergence equation for Z contains |D?f|?, so the bounded variables do not immediately give
a classical elliptic estimate. Also, a compact solution map must be defined on an open set of
arbitrary inputs, before imposing the admissibility inequality ¢t > —e.

We address these points in order. A gradient-aligned scalar equation gives both continuity
of Df and a local integral bound for D?f. An oscillation argument then gives continuity of Z,
after which ordinary boundary regularity applies. Separately, a scalar Dirichlet problem can be
solved for every bounded input Z, even when its associated t lies below the floor. Freezing that
scalar solution in the divergence equation produces the compact map. The floor exclusion and
the preceding estimates keep its fixed points inside the admissible set along the homotopy of
Proposition 4.4.

All regularity constants in this section may depend on the fixed deformation parameters IV, €
and 7. They are not used in any earlier argument requiring polynomial dependence on N. The
estimates needed for exhaustion will be uniform in the outer radius R at fixed V.
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6.1 From a bounded gradient to a Hessian integral bound

The first equation has two equal transverse eigenvalues; its remaining eigenvector is the gradient
of its solution. This structure gives a gradient estimate before the axial eigenvalue is continuous.
The accompanying Hessian estimate will control the source in the second equation.

In the next two lemmas, D denotes coordinate derivatives; it is not the scalar 1+ 12|V f|? from
the deformation. Balls are Euclidean coordinate balls, and a boundary ball is their intersection
with one side of a smooth boundary. A family of boundary patches has bounded geometry here if
normal-coordinate charts, their inverses, the metric and its inverse, and the derivatives through
the orders used below have fixed bounds. We only apply the lemmas to smooth metrics and
smooth boundaries. Their doubled metrics will be Lipschitz and smooth on each side of a single
plane.

Lemma 6.1 (Axial gradient estimate). Let U’ be compactly contained in an interior or boundary
coordinate patch U in dimension three. In a boundary patch assume that z is constant on the
boundary face. Suppose z is C3, up to that face when present, |Vz| < L, and, almost everywhere,

Vz

Ay :Hessz =G, Ay=1-(1-xe®e, 62@’

0<xo<x<1, (6.1)

where ||Glloo < Q. At zero gradients any measurable unit axis for which the equation holds is
allowed. Then there are o € (0,1) and C < oo, depending only on xo, the patch geometry and the
separation of U’ from the other patch boundaries, such that

HVZHCO’D‘(U,) S C(L + Q) (62)

For all sufficiently small coordinate balls centered in U’, with intersection with the domain
understood at a boundary, one also has

/B - | Hess z|>dV, < C(L + Q)*r'+2. (6.3)

In particular, the constants are independent of continuity moduli of x and G.

Proof. We first obtain an LP Hessian estimate for some p > 2. A divergence identity then shows
that a gradient nearly attaining its upper bound forces the solution to be nearly affine. The
equation with a fixed gradient direction improves that affine approximation. The same steps
survive reflection at a constant Dirichlet face, and iteration gives the stated estimate.

A Cordes estimate above exponent two. For a Euclidean unit vector e,

I = Adlr=1-x < 1—xo. (6.4)

For a compactly supported smooth function v, Plancherel’s theorem gives || D?v||y = ||Av||2. The
Calderén-Zygmund operator taking Av to the full array D?v is bounded on LP, and interpolation
makes its norm arbitrarily close to one as p — 2. Choose once and for all

2<po<3,  Cpll—x0/2) <1 (6.5)

Rescale a metric-normalized patch until the coordinate principal matrix differs from its Euclidean
axial matrix by less than x(/2 in Frobenius norm. Absorbing this difference in the Laplacian
estimate, applying a cutoff, and using || Dv||, < n|/D?vl|, + Cy||v|l, gives

1D*v]| oo (B, ) + 1DV o0 (5, ) < ClvllLro(my) + Ay - Hess vl oo sy )- (6.6)
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The Christoffel terms are bounded first-order terms in this estimate. The same argument applies
when v = z — Lo and Ly is coordinate affine: its extra right side is bounded by C||Dg||s|D Lo|.
The estimate uses bounded measurable principal coefficients only; the assumed C? regularity
allows all of its applications without an approximation issue. The linear estimates just used are
the ordinary Laplacian estimates; see [18, Chapters 7 and 9.

A nearly maximal gradient forces small Hessian energy. The preceding estimate does
not yet give continuity of Dz. To gain continuity we use the fact that the axial direction is Vz
itself. Put H = Hessz and P = Vz. Equation (6.1) gives the pointwise vector identity

1P|
2

Indeed HP = |P|H(e,-) and G = Az — (1 —x)H (e, e), so the two axial terms cancel. The identity

is also valid at P = 0. Taking the divergence of its right side, rather than differentiating x, yields

ANV —GP = (H - Azg)P. (6.7)

P 2
div (AXV|2 — GP) = |H|? - (A2)* + Ric(P, P). (6.8)

Choose ag > 0 so small that (1 + ag)(1 — x0)? < 1. Young’s inequality and the equation show
|H|* — (A2)* > co| HI? — CoG?, (6.9)

where ¢y > 0 depends only on xp.

Consider solutions normalized by |Vz| < 1 on B;. After making the scale small, let the forcing
and the rescaled geometric errors have size at most §. The nonnegative function s = 1 — |Vz|?
then satisfies

div(A, Vs +2GVz) < —2co| Hess z|? + C6 (6.10)

in a weak sense. In the Euclidean case the last term can be replaced by C§2. We allow C§ to
include the geometric errors.

For the compactness step, suppose the normalized errors tend to zero in a sequence and
infp, , s = 0. The inhomogeneous weak Harnack inequality, applied to Equation (6.10) after
dropping its favorable Hessian term, gives s — 0 in measure on By /5. The boundedness 0 < s <1
also gives convergence in every finite LP norm there. To recover the Hessian information, take a
cutoff 7 supported inside By, and use n%(b— s) in the weak supersolution inequality. Ellipticity
and Young’s inequality give

/ P|Ds|? < CbQ/an|2+o(1) (6.11)
{s<b}

for each fixed b > 0 as the errors vanish. The error fields in Equation (6.10) are bounded and
tend to zero, so their products with Ds are absorbed in deriving this inequality. Equation (6.6)
supplies a uniform L? bound for Ds. Its integral over {s > b} tends to zero in L! by Cauchy’s
inequality and convergence in measure. On {s < b} use Equation (6.11), then let b | 0. Thus
Ds — 0 locally in L'. Testing Equation (6.8) with a nonnegative compact cutoff and using
Equations (6.9) and (6.7) now gives

/ | Hess z|* — 0. (6.12)
1/4
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Uniform Lipschitz compactness implies that, after subtracting a constant and taking a subsequence,
z tends uniformly on a smaller ball to an affine function. Its slope has length one because |Vz| — 1
in measure and the Hessians tend to zero.

Consequently, for any prescribed sufficiently small b, > 0 there are fixed r, € (0,1/4),
k. € (4, 1) and d, > 0 such that every normalized solution with errors at most d, has one of the
following properties:

sup |Vz| < ky; or

Tx

sup |z — Lo| < byrs, 3 <|DLo| < 2.

Tx

(6.13)

If this conclusion failed, solutions whose gradient suprema approach one and whose errors approach
zero would contradict Equation (6.12). A gradient-drop constant can always be weakened toward
one to ensure ky > 7x.

Regularity when the direction is fixed. The second alternative in (6.13) supplies a nonzero
affine slope. The comparison equation for that slope has a fixed direction, although its axial
coefficient remains merely measurable. Let ey be a Euclidean unit vector and suppose

A Yo+ X(@)0uee Yo =0 in Byps,  [Vollwea(s, ) < Cro (6.14)
The derivative v = 9., Yy belongs to W12 and, in distributions, satisfies
Aeou) + Oey (X Oeyv) = 0. (6.15)

This follows by differentiating the distribution x0de,v as a whole. It does not assume a derivative
of x exists as a function. De Giorgi’s estimate for this uniformly elliptic divergence equation,
followed by Caccioppoli applied to v — v(xg), gives an exponent oy € (0,1) and

0] 0,0, <C, Dul? < Crlt?2™ 6.16
C%*1(By2) (
By (zo)

for balls in a smaller fixed interior region. These are the scalar divergence estimates with ellipticity
Xo; see [18, Chapter 8§].
All components of DYy, not only v, are controlled by this estimate. In fact,

AYo=fo.  fo=(1— )0, /B o Mol < 0reen (6.17)
r X0

The last inequality follows from Cauchy’s inequality and Equation (6.16). Take the Newton
potential of fj restricted to a slightly larger interior ball; its difference from Y{ is harmonic in that
ball. For two points at distance h, the contribution to the difference of gradient potentials from
annuli of radius r < 2h is bounded by C' " r* < Ch*'. On the remaining annuli the difference
of gradient kernels is at most Chr~3, so their contribution is

Ch Y rot<Ch™. (6.18)
r>2h

The harmonic remainder has its usual interior derivative estimates. Therefore, decreasing the
interior ball if needed,
[¥ollotor () < C- (619)
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Improving the affine approximation. We now compare the original equation with the
fixed-direction equation. Assume that, for a coordinate-affine function Ly,

Iz = Loll oo (5,) < b, 1 <|DLo| <4, V2| < 8. (6.20)

Let the forcing and the first-derivative metric errors be at most bd. For Y = (z — Lg)/b,
Equation (6.6) on fixed nested balls gives

1Y llwzro (B, ,4) < C- (6.21)

In particular, this estimate does not require a bound for DY in the supremum norm. Since
Dz = DLy + bDY, the variable axis converges in measure to eg = DLy/|DLg| as b — 0. More
quantitatively, the coefficient error E caused by replacing this axis by ey is bounded and satisfies

2po

9 _ _ po—2
HEHL"(BM;) < Cb + Cb6, q—po_27 9= 5

> 0. (6.22)

Indeed the unit-direction map is Lipschitz where [bDY| < |DLg|/2, and elsewhere its difference is
bounded; the LP° bound in Equation (6.21) and interpolation give Equation (6.22). The same
estimate includes the metric principal-part error. Hoélder’s inequality, with 1/2 = 1/q + 1/po,
shows that

IlZ = (1 —x)eo ® eo] : DQYHL2(BS < C@®’ +9). (6.23)

/4)

Solve for a zero-Dirichlet correction w on By, with the left side of Equation (6.23) as its
source. This does not require a nondivergence Green function. The convex Dirichlet Hessian
inequality || D*w||s < ||Aw]||2 and Equation (6.4) make the Laplace solution operator a contraction
on W22 WOLQ. Hence

lwllwz2(s,,) < Cxg ' (07 +6),  |lwllo < C +36). (6.24)

The last implication uses W22 < C%1/2 in dimension three. The convex Hessian inequality is
the Miranda—Talenti estimate [40, Section 2, Theorem 3, p. 297]. Now Yy = Y — w satisfies
Equation (6.14) with a uniform 2?2 bound.

Choose 0 < ap < a1 and then a fixed A\g € (0,1/4) such that CA;T*' < AjT*2/4 in
Equation (6.19). By first taking ¢ small and then b < b, small, Equation (6.24) has supremum
norm at most )\(1)+a2 /4. Taylor expansion of Y at the center therefore gives an affine function L;
with

sup |z — L1| < bA;T*2,  |DLy — DLo| < Cb. (6.25)

Ao

All constants are uniform in the slope range in Equation (6.20).

Reflection at a constant Dirichlet face. Subtract the boundary value and use normal
coordinates with the face given by x3 = 0. Reflect the metric across this plane and reflect z oddly.
Tangential derivatives of z vanish on the face, so the extension is C''. There is no distributional
Hessian atom. The doubled metric is Lipschitz; the coefficient and lower-order estimates in
Equation (6.6) hold with its essential first-derivative bound.
The flux in Equation (6.7) may have a normal jump. On either side of the face its normal
trace is
((Hessz — Az g)Vz) = —(trr Hess z) 0, 2. (6.26)
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Because the boundary value is constant, trp Hess z is its mean-curvature coefficient times 0, z.
The jump is therefore bounded by C|II| |V z|?. At scale r it is a bounded plane density of size O(r).
Write the plane density and flux after multiplication by the reflected coordinate volume density,
so that the following divergence is Euclidean. Such a signed density a(z’) dfz5=0} is the divergence
of the bounded field a(z’ )1{z;>0103. Thus its negative part is another small divergence error in
Equation (6.10). Smooth-side curvature errors are O(r?). Weak Harnack and the low-truncation
argument remain valid, and the flatness comparison uses the same Lipschitz metric estimates.
This proves all the preceding alternatives for balls meeting the reflection plane as well.

Iteration and the required Hessian bound. There are now two ways to improve the solution
on a smaller ball: its gradient bound decreases, or its approximation by a nonconstant affine
function improves. We choose the constants once so that either route can be repeated. Keep
a2, A from the affine improvement fixed. Choose b, sufficiently small that Cb, /(1 — A\g?) < 1/4,
with C' the slope-increment constant in Equation (6.25). Then choose 7y, k., d, in Equation (6.13)
for this fixed b,. Normalize initially by a fixed multiple of L + @ and choose a uniformly small
initial radius so that the metric and forcing errors satisfy all the preceding smallness conditions.
If the first case of Equation (6.13) holds, rescale the ball by 7, and the gradient bound by k.. The
normalized forcing decreases by r,/k. < 1. Repeating this step either continues forever or reaches
the second case. In the former case the gradient decays with exponent log k. /logr,. In the latter
case apply Equation (6.25) successively, retaining exponent ay. At each affine step, rescale z by
dividing by the spatial scale, subtracting only an additive constant; this preserves its gradient
bound. Its slope changes have total size at most Cb, /(1 — Ag?), so the slopes remain in [1/4,4].
At the jth step the error size is b, \)"*, while the normalized forcing and metric first-derivative
errors have size O()\)). Since ay < 1, their ratio to the error size only decreases. This justifies
every subsequent application of the improvement lemma. To combine the two branches, now
choose

log k.
0 < a <min {ozz, o8 }, o<1 (6.27)
log 7.

At every center we have consequently obtained affine functions L, , satisfying

sup |z — Ly| < C(L +Q)r'te. (6.28)
Br(x)

The slope differences at consecutive radii are bounded by C(L + Q)r®; comparing the affine
approximations on overlapping balls gives Equation (6.2). This also identifies their limiting slope
with Dz, since z is C'. The reflected version gives the estimate up to a boundary.

Finally apply the L? version of Equation (6.6) to z — L 2, after rescaling. The affine error
contributes C(L + Q)r'/?* to the Hessian L? norm; the bounded forcing and affine Christoffel
term contribute C(L + Q)r%/2. Squaring and using a < 1 proves Equation (6.3). O

6.2 Continuity in the presence of a quadratic source

The preceding lemma controls |D? f|? by its mass on small balls. We next show why that control
suffices for the Z-equation. An exponential change of variable absorbs its quadratic gradient
term. The remaining measure has a small Green potential, and weak Harnack then decreases the
oscillation. We allow a measure source so that the argument also covers the inner boundary after
reflection.
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Lemma 6.2 (Natural growth with a measure source). Let n € {3,4} and let Z € LN I/VI:LC2 on
a ball in R™. Fiz a Borel representative with |Z| < M for products with measures. Suppose, in

distributions, that
div(aDZ +b) = e, (6.29)

where a is measurable and symmetric, \I < a < Al for 0 <X <A, |b| < B, and e is a signed
measure satisfying

le] <Co(1+|DZ)dz+p,  p(Br(x)) < Cur" >, 5 >0. (6.30)

Here 1 is a positive measure, and its bound holds at every center and all sufficiently small radii in
a larger patch. Assume the weak exponential product rule (6.31) below is valid with the specified
representative. This is true, in particular, for a function continuous across a flat interface and
smooth on its two closed sides, when the equation includes the normal-flux jump. Then the Sobolev
class of Z has a Hélder representative on smaller balls, with constants depending only on the
displayed bounds and patch separation. If Z is already continuous, this is a uniform estimate for
that function. The conclusion applies up to a smooth face whenever its reflected equation satisfies
these hypotheses.

Proof. The proof has two steps. An exponential change absorbs the quadratic term in DZ; a
small potential correction then permits weak Harnack to decrease the essential oscillation. Both
steps work in the two dimensions stated in the lemma. Restricting all radii to at most one, we
may replace 8 by min{3,1} in the measure bound. We retain the symbol g for this positive
reduced exponent; this also makes the small-scale mollification bound below immediate.

Write £ = —div(aD) and, for s € {—1,1}, set V; = e**4. The assumed product rule is

LV, = div(skVib) — skVise — k*Vi(aDZ - DZ +b- DZ). (6.31)

The term Vge uses the fixed bounded representative. For a continuous piecewise smooth function
the identity follows by integration on the two sides; its common trace multiplies the flux jump.
Choose k > max{1,4Cy/A} and use B|DZ| < (\/2)|DZ|? + B?/(2)). The gradient-square term
from e is absorbed by the negative quadratic term for both signs. Since e *™ < V, < e*M | this
gives
LVy < div Fs + v, |Fs| < C, v=C(dx+pu)>0. (6.32)

Thus no small-ball estimate for |[DZ|? is needed.

On a ball Br in the smaller patch solve the zero-Dirichlet problem Lws = div Fx + v. For the
bounded vector source, the scalar bounded-solution estimate with any fixed p > n gives

lwrlloo < CR P Fyl| o (s, < OR;

this is the scaled divergence-source estimate of [29, Theorem 2.6, p. 50]. For the positive measure
source, extend a elliptically to Bag. The scalar Green comparison theorem [29, Theorem 7.1 and
Remark 2, p. 66], and domain monotonicity, give

0 < Gpy(7,y) < Gpyp(w,y) < Clo—y[*™",  z,y € Bp.
Using Bop keeps both points in a fixed compact interior region of the comparison ball after
rescaling. Dyadic annuli and (6.30) imply
sup | Gp(z,y)dv(y) <CY (277 R)*"w(Byi—ip(x))
©€BR JBr >0 (6.33)
< C(R*+ RP).
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All balls used in this estimate lie in the chosen larger patch.

This potential also gives an energy solution. Mollify the restriction of v to Br and restrict the
resulting positive density again to Bg. Its ball-growth bounds are uniform: above the smoothing
scale use an enlarged ball, and below it use the mollified density bound. The variational solutions
have the preceding supremum bound and obey

A 1D < [y v < [yl (Br).

Weak compactness in VVO1 2 and distributional convergence produce the desired measure-source
solution. Adding the vector-source solution, and taking R < 1, yields

[wslloo < €, er=C(R+R"). (6.34)

All extrema in the rest of this proof are essential extrema. Put Mg = esssupp, Z and
mpg = essinfp, Z. The functions

H, =eMr _ k2 4y 4 ep, H_=e"mr _ ek Ly 4ep (6.35)

are nonnegative almost everywhere and satisfy LHy > 0. At least half of Bp/y satisfies either
Z < (Mr+mg)/2 or Z > (Mgr + mpg)/2. On the first set the positive exponential deficit is
at least ¢(Mpr — mp); on the second set the negative exponential deficit has that lower bound.
Their derivatives are bounded above and away from zero on [—M, M]. Weak Harnack for the
corresponding Hy therefore either lowers the essential supremum or raises the essential infimum
on Bp/, by at least (Mg — mp) — Ceg. Hence

essosc Z < (1 —)essosc Z + C(R+ RP). (6.36)
Brya Br

Choose a positive exponent smaller than min{1, 8} and than —log(1 — ¢')/log4. Iteration gives
an essential oscillation bound Cr7 at every center in a smaller patch. The averages of Z on balls
centered at z are consequently Cauchy as their radii decrease to zero. Their limit defines Z*(z)
at every center; comparison on overlapping balls gives |Z*(z) — Z*(y)| < C|z — y|?. Lebesgue
differentiation identifies Z* = Z almost everywhere. This proves the representative assertion. For
continuous Z the representatives agree everywhere. No conclusion about arbitrary values of the
initially chosen Borel representative on a null set is required.

For the boundary application, flatten a face and set S = diag(1,...,1,—1). An even extension
uses a_ = SayS and b_ = Sb,; its plane source is twice the prescribed total normal flux. An
odd extension after subtracting a constant Dirichlet value uses a_— = SayS, b_ = —S5b; and

the sign-reflected bulk source; its normal flux is continuous. The coordinate volume density is
included in these coefficients. For the smooth reflected solutions used here the product rule
holds, and a bounded plane density has ball mass O(r"~!), giving 3 = 1 for that part of the
measure. This verifies the boundary clause whenever the remaining reflected measure has the
stated growth. O

6.3 Boundary regularity for the coupled equations

We return to the deformation. Its regularity must be obtained in the order D f, then Z, then
D?f, and finally DZ. In the last step, small oscillation of Z absorbs its quadratic gradient term.
This order avoids assuming the Hessian estimate that the second equation still needs.
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Proposition 6.3 (Classical bounds for bounded-variable solutions). Fix the deformation pa-
rameters and assume the bounds in Proposition 5.6. Every smooth solution in the homotopy of
Proposition 4.4, with t > —e, has uniform local classical estimates of every finite order, up to the
inner and outer faces. At fired N the constants are independent of the homotopy parameter and
of all sufficiently large outer radit R. The local patches can be chosen with a uniform positive
radius throughout the end.

Proof. First, control Df and the Hessian measure. Proposition 5.6 bounds f, Z,t and o = |V f|.
At fixed parameters this bounds u, [, D above and away from zero and gives x > xo > 0. After
dividing the scalar trace equation by [/ VD, its right side is

vD
It is bounded throughout the homotopy, including its added collar terms. Lemma 6.1 therefore

gives a uniform C® estimate for f and

/ | Hess f|* < Crit2® (6.38)
B

r

on the uniform patches, including boundary patches where f is constant.

Second, control the oscillation of Z. After multiplication by the Riemannian volume density,
the second equation has coordinate principal coefficients ¢ = 4./det g uAgg, a bounded flux
vector b, and a source bounded in absolute value by

C(1+|DZ* +|D*f]?). (6.39)

Indeed t is a smooth function of x, Z, D f on the bounded variable range. Thus Dt is a bounded
linear combination of DZ, D?f and fixed smooth terms; the expression 7 is quadratic in these
quantities. All other source terms have lower order. The same volume density is included in b, e;
it is smooth and bounded above and away from zero on the chosen patches, so it preserves these
bounds and uniform ellipticity. The prescribed conormal flux at the inner boundary is bounded.
At the outer face Z = 0. Apply Lemma 6.2, with p = C|D?f|?> dz and the bounded reflected
plane density. Equation (6.38) supplies its measure growth hypothesis. We obtain a uniform
positive Holder exponent for Z.

Third, gain two derivatives of f. The coefficients and source of the scalar equation are smooth
functions of xz, Z, Df on the bounded range. They are therefore Hélder now that Z and D f
are Holder. Interior and constant-Dirichlet boundary Schauder estimates give f € C%? for a
uniform 6 > 0. Expand the Z-equation in nondivergence form. Its principal coefficients are
uniformly elliptic and C%?, while its right side is bounded by C(1 + |DZ|?). On an inner face
Df is normal. Therefore A, has zero normal-tangential components there and normal eigenvalue
x. Its boundary equation solves for

aVZZ,HS(:Eazavaf)) (640)

where H; is smooth on a fixed bounded variable range. Its derivatives with respect to z and
its displayed scalar arguments are bounded at fixed parameters. The outer condition remains
constant Dirichlet. These are different, disjoint smooth boundary components; there is no change
of boundary condition along an edge or a corner.
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Fourth, absorb the quadratic growth and control DZ. Continuity of Z supplies the small factor
needed for this step. Fix p > 3. The linear local W?? estimate for the leading nondivergence
operator with Equation (6.40) or outer Dirichlet data has the form, on fixed nested patches
Ur € Vs,

|Zllw2rw.) < C (14 1DZ 1320y + | 21wy, ) - (6.41)
Here the boundary norm is controlled by
1Hs (@, Z, £, DO)lwr-vmravy) < CA+ 121w (6.42)

using trace and composition after extending its smooth expression through the collar. The
derivatives of f, D f entering this extension are already bounded. The leading matrix has a fixed
Holder modulus, so its small oscillation on sufficiently small patches permits the usual freezing
and absorption in the linear estimate. The normal boundary operator is uniformly oblique and
satisfies the complementing condition. The general boundary theory is developed in the two
papers of Agmon, Douglis and Nirenberg [1, 2]. The scalar estimate used here is [1, Theorem 15.2,
estimate (15.5), p. 704].

The outer patches Uy, V,, V," and the constant in (6.41) are fixed before the next radius h
is chosen; only the interpolation is localized further. Let [Z]o0 < Hp. On balls or half-balls of
radius h, the scaled Gagliardo—Nirenberg inequality, applied after subtracting a constant, gives

IDZ|3 25, < Coscn, Z | D*Z||1o(5,)
+ Ch3/P=2(0scp, Z)2.

One can use a bounded extension operator on a half-ball; its constants are uniform in the
boundary charts. Here the interpolation exponents are spatial dimension 3, derivative orders 2
and 1, top-derivative exponent p > 3, height exponent oo, and interpolation parameter 1/2; the
resulting gradient exponent is 2p. This is [33, Lecture II, Equation (2.2), p. 125, and Remark 5,
p. 126], including the lower-order term on a bounded patch. Subtracting a constant gives the
oscillation, rather than the absolute height, as the coefficient of | D2Z||,. Cover V; by radius-h
patches of bounded overlap and take the 7 sum of Equation (6.43). It follows that

IDZ| 20y, < CHOW?||D?Z]| 1y .ty + CHER? 2, (6.44)

(6.43)

Also, for any 7 > 0, | Z|lwip(v,) < 77||DQZHLP(V+) + C),. Each enlarged patch V' is covered by a
bounded number of the patches U, independently of R. Set S = sup, || Z|w2»(v,), finite for each
smooth finite-domain solution. Equations (6.41) and (6.44) give

S < C(Hoh? +n)S + C(h,n). (6.45)

Choose h and then 7 so the first coefficient is less than 1/2. We obtain a uniform W2? bound
and hence a C11=3/? bound for Z.

Finally, obtain all remaining derivatives. The bounds f € C*? and Z € C11=3/P make the
expanded Z source Holder and its normal datum Hs(x, Z, f, Df) of class CHY | after reducing the
positive exponent. Its principal coefficients are Holder as well, so both the interior and normal-
boundary Schauder estimates apply. First the nondivergence Z-equation has Holder source, giving
Z € C*%; the scalar f-equation then gains another derivative. Repetition gives every finite
classical derivative supported by the smooth data. The same procedure holds on the uniform unit
patches of the asymptotic end and on the large outer spheres, whose normal-coordinate constants
are uniform. This proves the asserted independence of R. The prepared background has end
symbol bounds of every order by Definition 2.2; no regularity constant here requires additional
derivatives of the original weak-decay data. O
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6.4 Solving the scalar equation for arbitrary inputs

The previous proposition estimates solutions of the coupled system. To construct such a solution
by degree, we first need an operator defined on all of a Banach space of trial functions Z. In
particular, ¢ > —e cannot be assumed at this stage. The scalar equation remains solvable because
its loss of axial ellipticity at large slope is at most reciprocal-linear.

Lemma 6.4 (Scalar solve for unrestricted bounded inputs). Fiz N >4, 7 > 0, a finite smooth
truncation Qg, and a homotopy parameter s € [0,4]. For every Z € CY*(Qg), 0 < b < 1, the
scalar trace equation of Proposition 4.4, with its prescribed componentwise constant Dirichlet
values for f, has a unique solution. It lies in C>° and is smooth to the extent allowed by the
input. The solution operator

f=8s(2) (6.46)

is continuous in (s, Z), including across the concatenation points of the homotopy. On bounded
subsets of C1 its C3 norm is uniformly bounded at these fized parameters. No lower bound for
t is required.

Proof. For the scalar continuation below, use the affine space of C3? functions with the assigned
Dirichlet values and the equation space C1?. Its individual solutions meet the C® hypothesis of
Lemma 6.1; no uniform third-derivative bound is assumed before that lemma is applied. The
monotonicity 0Z/0t = 1+ pv/4 > 0 defines t = t(x, Z, Df) smoothly for every finite input,
including D f = 0. The principal matrix has no dependence on the value of f. The right side
is increasing in h = 7f, with derivative at least one. At a height extremum the collar terms
vanish and D f = 0, so the equation gives fixed constant upper and lower barriers. Including all
prescribed boundary heights, we obtain

|h| < Co, (6.47)

where the constant can be chosen independently of Z and the homotopy parameter. We include
the fixed boundary values in its choice.

Large slopes. Only |Z| < M is assumed here. As 0 — oo, the implicit equation forces t — —o0
uniformly in Z. There p = N and [ = e™?, so its exact form is

€8Z — egt 4 6(2N+8)t0'2. (648)
Consequently
1
t=—-2%% L0@1), Ixo N+,
N +4
/B (6.49)
d = 0_8/(N+4), X = 0_8/(N+4), TD = 0.

The constants are uniform for |Z| < M at fixed N. Since N > 4, the exponent 8/(N + 4) is at
most one. Combining the large-slope estimates with compactness of the remaining variable range

yields
c

1+o

N> |G <C+0) (6.50)

whenever Equation (6.47) holds.
Boundary slopes. The estimate x > ¢/(1 + o) suggests a concave logarithmic barrier: its axial
second derivative can dominate terms of linear growth in its slope. Let § be smaller than a fixed
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collar radius, half the distance between distinct boundary components, and a normal injectivity
radius of a smooth extension of the finite domain. On a boundary distance collar use

Y(r) =k 'log(1+ Br),  ¢"=—k()>. (6.51)

The upper and lower barriers are the assigned face value plus or minus . On these tests the axis
is normal to the distance leaves, so their principal trace is x¥” + ¢’'Ar. At slopes at least one,
Equation (6.50) gives

—kx(¥')? < —Lcky'. (6.52)

Choose k large enough to dominate all the bounded geometry terms and the linear growth in
Equation (6.50). Next shrink § so that 1/(2k0) exceeds any fixed large-slope threshold used here.
Finally choose B large enough that B§ > 1 and ¥ (0) > 4Cy/7. The latter exceeds twice the
bound for osc f from (6.47). Then ¢’ > 1/(2kd) on this collar and the two barriers compare by
the height monotonicity. This gives a uniform boundary gradient bound.

Interior slopes. Use the same modulus for differences at two points. After increasing B if
needed, consider

f(z) = f(y) — ¥(dist(z,y)), 0 < dist(z,y) <. (6.53)

The distance is taken in the fixed smooth extension. The boundary barriers exclude a positive
maximum with one endpoint on a face: the other point lies in that face’s collar, its distance to
the face is at most the distance between the pair, and v is increasing. The separation choice
prevents endpoints on distinct faces. The inequality ¢(d) > 2osc f excludes the other boundary
of the two-point domain. At a positive interior maximum let r = dist(z,y) and ¢ = ¢’(r). The
two gradients have length ¢ and are parallel transports along the connecting geodesic. Vary both
endpoints simultaneously in parallel transverse directions. The second variation formula for the
short geodesic yields

tros Hess f(z) — tr.s Hess fly) < Cqr. (6.54)

Varying each endpoint separately along that geodesic gives fic,e, (z) < ¢"(r) and fe e, (y) >
—"(r). Subtracting the two scalar equations therefore gives

—2C(1+q) < Gyp(x) — Gyly) < Cqr+ (xa + x)0" (7). (6.55)

By Equations (6.50) and (6.51), the last term is at most —ckq at the large comparison slopes.
Our choice of k gives a contradiction. Thus Equation (6.53) is nonpositive. Reversing z,y proves
the same bound for the absolute difference and, on letting y — x, a global Lipschitz bound for
f. The endpoint variations are interior variations in the smooth extension; the connecting short
geodesic need not stay inside Q2z. This argument used no continuity modulus for x, — x,; only
the common transverse eigenvalues and the radial lower bound were needed.

Continuation and uniqueness. The height and gradient estimates supply compactness for a
scalar continuation. Interpolate the normalized equation with Af = 7f, retaining its prescribed
boundary values. Explicitly, for a € [0,1] take principal matrix (1 — a)l + aA, and right side
(1—a)7f+aGy. The height sign, the linear gradient growth, and Equation (6.50) persist uniformly
in a. The height and logarithmic gradient bounds just proved are therefore uniform. After these
bounds the interpolating equations are uniformly elliptic. Their matrices still have the axial form,
with axial eigenvalue (1 — a) + ay, so Lemma 6.1 applies. Schauder estimates then give a uniform
C?? bound at fixed input Z. The coefficients and right side are now Lipschitz in position on
bounded input sets, which permits their C%? estimates and an upgrade to C>?. Differentiating
once, or using the next Schauder estimate, yields f € C3® because Z € C1b.
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The scalar linearization has the form a” D;j¢ + b'D;p — cp with ¢ > ¢17 > 0 on the bounded
variable range. Indeed the principal matrix is independent of the height, while 0;Gy > 7v/D/l > 0.
The Dirichlet maximum principle gives uniqueness and a zero kernel; the linear elliptic Dirichlet
theory gives an inverse from C? to C’S”b, where the subscript denotes zero data on the entire
boundary. The implicit-function theorem gives openness of the interpolation parameter set. The
uniform classical bounds and compactness give closedness, starting from the invertible Laplace
endpoint. This proves existence. The same maximum principle applied to the difference of
two solutions proves uniqueness of the nonlinear solution. The implicit-function theorem, or
compactness and uniqueness, gives continuous dependence on Z and on the homotopy parameter.
At the finitely many concatenation points the scalar equations agree, so the same continuity holds
there. O

6.5 Degree on the admissible set and exhaustion

We can now construct the compact map. The homotopy parameter s € [0,4] has a separate
role from the deformation integer N: in Proposition 4.4, s = 0 is the original system, s = 1
removes the drift, s = 2 completes the collar modification, and s = 3 makes the scalar solution
f identically zero. On [3,4] the divergence source and the inner flux are multiplied together by
4 — 5. The final compact map is consequently the zero map. The remaining task is to show that
no fixed point can cross the boundary of the admissible set along this path.

Lemma 6.5 (Degree on varying open sets). Let I = [a,b], let X be a real Banach space, and let
T:1xX — X be continuous and map bounded sets to relatively compact sets. Let U C I x X be
bounded and relatively open. Suppose no fized point Z = T(s, Z) belongs to the relative boundary
of U. Then, forUs ={Z : (s, Z) € U}, the Leray-Schauder degree

deg(IX - TS7 usa O)

is well defined and independent of s. Empty sections have degree zero. If Ty is the zero map and
0 € Uy, the common degree is one, and every section contains a fixed point.

Proof. The fixed points in U form a compact set F. Indeed, boundedness of U, compactness of
I and of the images of T give a convergent subsequence of any sequence of such fixed points;
continuity preserves the fixed-point equation. The hypothesis places § inside U. Also {s} x OU;
lies in the relative boundary of U, so each section degree is defined.

Fix sy € I. Cover its compact fixed-point slice by finitely many open balls in X whose closed
balls remain in Us for all s sufficiently close to sg. Relative openness and the finite cover permit
this common parameter interval. Let U be their union. All fixed points in the closed sections
for these nearby parameters lie in U after shortening the interval: otherwise compactness of §
would give an omitted fixed point in the slice at sg. Excision identifies the degree on each Us
with that on U, and fixed-domain homotopy invariance makes the latter constant. If the slice is
empty, compactness instead gives no nearby fixed points in the closed sections, so those degrees
are all zero. Thus the section degree is locally constant, and connectedness of I makes it constant.
These are the excision and homotopy properties of Leray—Schauder degree [27, Sections 12-14,
pp. 59-61]; see also [13]. At the stated terminal map, normalization gives degree one; the existence
property of nonzero degree proves the last assertion. O

Theorem 6.6 (Existence on finite truncations). For the prepared domain of Proposition 3.7 and
every sufficiently small fixed € > 0, there is an integer Ng > 4 and, for each N > Ny, a radius
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Rpin(N), with Rmin(N) — 00, such that the original deformation system has a smooth solution on
every Qr with R > Ruyin(N). It satisfies t > —e on the closure. At fived N, these solutions have
the local bounds of Proposition 6.3, uniformly as R — oo. In particular, any sequence R; — 0o of
such radii has a subsequence converging smoothly on compact subsets of Q to a solution of the
original equations with t > —e.

Proof. Choose the parameters before defining degree. Fix the prepared data, thresholds, collars
and e. Choose an integer Ny so that

No > max{4, |2/e] + 1} (6.56)

and so that the floor test and all estimates of Proposition 5.6 apply for N > Ny. Let R,p(N)
dominate every lower-radius requirement in the a priori estimates and in the floor exclusion; let
Rgeo contain all compact boundary faces, collars and supports of the construction. The end barrier
of that proposition gives a constant Cyyt, independent of N, R, s, such that every admissible or
floor-contact homotopy solution has

IVf| < Couer *R™177  on the outer sphere. (6.57)

The scalar last stage has f = 0 and satisfies the same bound. Choose, enlarging to a radius of a
smooth truncation if necessary,

Rmin(N) = max{]\f, Ryeo, Rap(N),

20 uitl 1/(1+7)
(T\/ edc — 1) }

At Z =0, the value of its implicit expression at t = —e is —e + élog(l + ¢%25?). Equations (6.57)
and (6.58) make this strictly negative. Strict monotonicity of that expression in ¢ therefore
excludes an outer floor contact. The term N in Equation (6.58) ensures Ryin(N) — 00.

The sublevel and collar estimates apply to arbitrary smooth admissible or floor-contact solution
sequences with NV — oo and expanding outer cutoffs, uniformly over the compact ranges of the
homotopy parameters. If the needed conclusion failed for arbitrarily large N with R > Rpin(N),
one could select such a violating sequence. The chosen radius convention would make it precisely
an expanding sequence excluded by those proofs. Thus a single Ny, followed by the radius choices
above, suffices for every homotopy parameter. No upper bound for Z is inserted in the earlier
contact estimates: there o < 7= and [ > ¢ alone give d < (7/¢)2.

Define the compact map on all bounded input sets. For the rest of the degree argument fix
N > Ny and R > Rpin(N). Work in the Banach space

X, ={Z € C**(QR) : Z =0 on the outer face}, 0<b< 1. (6.59)

For an input Z € Xy, first solve f = Ss(Z) by Lemma 6.4. Compute ¢, u, Ay,7T and the full
homotopy source from this input pair. Write By for the frozen drift summand in the flux, E for
the full right side of its divergence equation, and ¢s for the prescribed inner flux. Thus before
the final scaling By = Asud, K(w,-) and Es = uZ; on the final interval Es and ¢s have the
simultaneous scalar factor prescribed in Proposition 4.4. Define Ks(Z) = Z by the linear mixed
problem

(6.58)

div(4uA,VZ + By) = E, in Qp,
(4uAVZ + By), =qs  on B, (6.60)

Z =0 on the outer face.
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All coefficients in this problem are computed from the input (Ss(Z), Z); the only unknown is Z.
The normal v on the inner faces points into the domain. For a test function ¢ vanishing on Sg,
the weak form is

4uAXVZ'Vg0:—/ Escp—/ Bs-ch—/ qsp-

o Qr Qg B

The sign of the boundary term comes from using —v as the integration normal. The scalar
estimate bounds the leading coefficient above and away from zero on each bounded input set.
The nonempty outer Dirichlet face supplies Poincaré’s inequality, so the bilinear form is coercive
and has a unique solution.

On bounded input sets in C1*, Lemma 6.4 bounds f in C3?. Hence the leading coefficient
and drift in Equation (6.60) are C1?, the bulk source is C%*, and the prescribed boundary data
are C1*. The derivatives of t(z, Z, Df) involve only DZ and D?f, so this assertion includes the
quadratic expression 7. Linear regularity gives a bounded output set in C??. The inclusion
C?? — C1? is compact on the finite domain. Continuous dependence of the scalar solve and the
linear problem makes (s, Z) — Ks(Z) a continuous compact homotopy on bounded sets. These
assertions hold also at the concatenation parameters because the defining equations coincide
there. A fixed point solves the coupled system; repeated Schauder estimates make it smooth.

FEzxclude fized points from the boundary of admissibility. Write t5[Z] = t(z, Z, DSs(Z)). The
scalar solution must be computed before this admissibility test. Define

O={(s,2) €[0,4] x Xj : rgiints[Z] > —¢, [|Z]|cnp < My} (6.61)
R

It is relatively open because the scalar solve and the implicit function defining ¢t depend continuously
on (s, Z). Propositions 5.6 and 6.3 give a uniform bound in C'? for all fixed points satisfying
t > —e. If initially needed, use their higher classical bounds to reach the chosen exponent b.
Choose M; larger than this bound. No fixed point lies on the norm boundary of O. No fixed
point lies on its floor boundary either: outer contacts were excluded above and all remaining
contacts are excluded by Proposition 4.9.

Apply degree on the varying admissible sections. The sections Oy need not be constant in s.
Lemma 6.5 applies with I = [0,4], X = X;, Ts = Ks and U = O. We have proved continuity and
compactness on bounded input sets; the norm condition makes O bounded and the scalar solve
makes it relatively open. Its relative boundary can contain only norm contact or floor contact,
and neither can be a fixed point by the preceding estimates. Thus its section degree is constant.

At s = 4, the scalar equation has the unique solution f = 0. The drift vanishes, and both
E4 and g4 vanish for every input. Equation (6.60) then has output identically zero. Moreover,
t4[0] =0 > —¢, 80 0 € O4 and

deg(I — Ky, 04,0) = 1. (6.62)

Homotopy invariance gives the same degree at s = 0. There is therefore a fixed point in Oy,
which is the desired smooth solution with ¢t > —e.

Remove only the outer truncation. Keep N and all other deformation parameters fixed.
Proposition 6.3 gives estimates independent of R on an exhaustion by compact sets, using
boundary charts at the fixed inner faces. A diagonal subsequence converges smoothly on compact
subsets of Q. Both equations and their inner boundary conditions pass to the limit. The strict
finite-domain inequality gives the non-strict limit inequality ¢ > —e. The following section
establishes end normalization, decay and mass flux; those conclusions do not follow from compact
exhaustion alone. O
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7 The complete exterior and its energy

We now obtain the three geometric outputs stated at the beginning: nonnegative scalar curvature,
control of every cut, and an arbitrarily small upper energy error. Their combination will also
yield the numerical comparison. Fix the prepared initial data of Definition 2.2, and the prepared
exterior € of Proposition 3.7. Its boundary B separates the original inner obstacle from the end.
Let A, be the enclosing-area infimum of that original obstacle, measured in the reduced metric g.
In particular every cut enclosing B has g-area at least A,.

We use the notation of Section 4 and take the physical endpoint of the homotopy:

F=h+C, h=rtf, divV = u=Z, E=100T + p+ doTrac — mg(t)P.

Here 0 < 8y < 1, £ = e~V 7 = ¢3/2 and all constants in the prepared data are fixed before
N is taken large. Constants marked Cy in this section are bounded by C(1 + N)¢, with fixed
exponents. Other constants explicitly allowed to depend on fixed N need not have such a bound.

7.1 The limiting solution and its end

Lemma 7.1 (End control). Fiz e > 0 and a sufficiently large N > max{4,|2/e| + 1}. The
truncation solutions of Theorem 6.6 have a subsequence converging smoothly on compact subsets
of Q to a solution of the physical system with t > —e. On the asymptotically flat end, for some
cn > 0 and fized-N constants Cj(N),

IVIf| < Cj(N)e™N"  for each fized j, Z,t = Oy(r™1).

The differences t — Z, g — g, and their coordinate derivatives of any fized order decay exponentially.
The vector field V' satisfies
V =4Vt +O0(r?) (7.1)

and has a finite outward flux limit.

Proof. The compact convergence, including at the fixed inner boundary, follows from Theorem 6.6
and its uniform fixed-N classical estimates. All equations and inner boundary conditions pass to
this limit. To preserve the end normalization, we prove the decay estimates on the truncations
before passing to infinity.

Outside a fixed large sphere, K = C' = 0, and the first equation is

/D
l

At fixed N the preceding estimates make the left side uniformly elliptic, and its positive height
coeflicient is bounded below by a positive constant depending on N. It is bounded above as well.
For sufficiently small ¢y > 0, the functions exp[—cn(r — 79)] are positive supersolutions of the
corresponding linear equation outside a sufficiently large rq: their radial second derivative has size
%, while their tangential second derivatives have size ¢y /r, and the fixed positive height term
dominates both. Multiplying by a constant bounds the solution on S, ; the zero outer Dirichlet
value is also bounded. The maximum principle applied to both signs of f gives the uniform
exponential estimate. The fixed-N unit-patch estimates, followed by the local homogeneous linear
estimates for this equation, give the same decay for derivatives. The corresponding boundary
estimates apply on the large outer spheres. Iterating the smooth equations gives each required
finite derivative order.

tra, Hessy f =

f.
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The relation Z =t + £ log(1 + I?|V f|?) now shows that ¢ — Z is exponentially small, with
derivatives. The graph errors have the same property. On the end the second equation becomes

ANgZ +bn(2)dZ]; = 0™, bn(s) = pr(s) = do(pr(s) —1). (7.2)

Indeed A, = I and u = L(Z) up to exponentially small errors, whereas T = 4(p(Z) — 1)|dZ|?

up to such errors. The py penalty weight is O(r~*); the term with p; is multiplied by the

exponentially small v. All coefficients in this statement are bounded on the fixed-INV solution

range. Differentiably controlled exponential errors can absorb any fixed polynomial power of r.
Define an increasing smooth function on that range by

Br(0) =0,  Dhy(s) = exp(/os ba(2) dz) |

Its derivative is bounded above and below by positive fixed-N constants. The chain rule in (7.2)
gives

AN (Z) =001,
The function is bounded and vanishes at the outer cutoff. To obtain a bound independent of that
cutoff, choose 0 < 7 < 1. For large r, a positive multiple of r~! — #~177 satisfies

—Ag(rfl — ril*”) > op 37,

Here the Euclidean leading term is (1 + 7)r =377, and the metric error is O(r~*). It dominates
the right side after increasing the multiple and the fixed inner radius. Comparison for both
signs yields |®y(Z)| < C'(N)r~!, where C'(N) is a fixed-N constant with no polynomial claim.
Consequently Z = O(r—1).

At sufficiently large radius this estimate and the exponential graph error give t > —e + 1/N;
hence the floor penalty vanishes there. Rescale each annulus of radii comparable to r to unit
size. The equation for ®x(Z) has a bounded rescaled source and uniformly controlled metric
coefficients. Local W?P estimates with p > 3 first give the gradient decay. Its source is then a
smooth weight times a smooth function of the bounded variables, plus the already controlled
exponential errors. Schauder estimates, or a further Sobolev bootstrap followed by them, give
Z = O2(r~!). Inverting ®y preserves these bounds, and the same holds for ¢.

Since L(0) = 1, we have u = 1+ O(r~!) and A, = I + O(e~¥"). With K = 0 on the end, the
definition of V gives (7.1). Moreover divV = uZ is integrable there: T = O(r~%), p = O(r=4),
the penalty has vanished, and 7ao decays exponentially. The divergence theorem on annuli proves
the existence of the outward flux limit. O

Lemma 7.2 (Curvature, completeness, and ADM charge). For the solution in Lemma 7.1,
g =g+ 1df?)

is a smooth complete metric on 0, with nonnegative scalar curvature and strictly negative mean
curvature on B for the normal pointing into ). Its end is asymptotically flat with

G—0=0u(r"Y),  Ry=0(""),  § =min{s1} >0,
where the reduced end has R, = O(r=379%). If

n = lim /S V, dAy,

then

_ g3~
By=EB-or. (7.3)
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Proof. At the physical endpoint the curvature identity gives

%€4tR§ = 87r(u + J(w)) + (1 — (50)T+ (1 — (50)7'a0'
+w-VC — Ftr K — p+my(t)P.

The height bounds on the compact supports of K and C give h € [b_,b4]. Since |w| < 1, the
terms |F'tr K|+ |VC| + p are dominated by 87 (u — |.J|), by the choices in Proposition 3.7 and the
choice of p. Outside those supports the same conclusion uses 87 (u — |J|) — p > 0. All remaining
terms are nonnegative. This proves Ry > 0.

The boundary identity and the prescribed flux give H +40,t = —Np < 0. Since f is constant
on each face, this is exactly the mean-curvature sign for §. Also § > e *€g, so any escaping curve
has infinite length; the compact boundary is included. Smoothness and completeness therefore
follow.

Lemma 7.1 gives the stated metric decay. The prepared-data hypothesis supplies R, =
O(r~379) on the end. Since graph errors are exponentially small, the conformal formula gives

Ry = e *(Ry — 8A4t — 8|dt[7) + O(e™N").

Equation (7.2), the vanishing far-end penalty, and the gradient estimate give Ayt = O(r~%). This
proves the asserted scalar-curvature decay, including the pointwise falloff required by the AF
convention of [8, Definition 21 and Theorem 19].
Exponential graph errors contribute no ADM flux. The conformal change and t = Oy(r 1)
give
ngE—— hm/ O,tdA,.

7r r—00

Replacing the metric normal and area form by their Euclidean versions costs o(1), and the O(r=3)
error in (7.1) has vanishing sphere integral. This proves (7.3). O

7.2 The boundary and floor losses

The mass formula reduces the remaining estimate to a lower bound for the flux. We absorb the
inner boundary term into the positive bulk source and then estimate the penalty near the floor.
Both steps use only polynomial constants.

Lemma 7.3 (Flux lower bound). For fized ¢ > 0, the physical solutions satisfy
SN > —en, 0§€N§0(1+N)C(€+£2/T)—>0.
All constants in this estimate are independent of the fixed-N classical reqularity constants.

Proof. The normal v on B points into 2, so the divergence theorem has the sign
SN = / uEdVg—{—/ V., dAg. (7'4)
Q B

Each integral is finite for a fixed IV, by Lemma 7.1 and compact smoothness.
At a black face, ' — Pg = H and w, = a. At a white face, F — Pg = —H and w, = —a.
Thus at either type of face,

V,Ju=—(1—a)H — Npd > —Cd.
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The signed boundary gradient bounds give o > ¢/7, so
1
Vd< — <ot / V,dA, > —01/ LdA,.
B ¢ JB
Use the polynomial collar trace estimate from Section 5 with the constant test function:
/ LdA, <C(1+ N)C/u(l VT AV,
B C

where C is a fixed compact union of collars. Its polynomial constant is independent of the upper
Z bound. Since p has a fixed positive minimum on C,

/Cu(l VT Y, < c/Qu(aofmp) av,.

The factor C(1 + N)°7/¢ = C(1 + N)©¢'/? tends to zero. For large N, the entire negative
boundary term in (7.4) is therefore at most one quarter of [, u(do7T + p) dVj.

It remains to estimate the floor penalty. On its support, —e <t < —e+ 1/N, so [ and L are
comparable to ¢, with constants independent of N. Directly from their definitions,

u=LV1+1202 < C(l+ o),
LI?0?
w=——0_ <,
V1+1%20%2 — 7

wao = Llo? > cl*0?.

Consequently
umoP < Cn [lpo + 20 (po + p1)].

Young’s inequality, with the square term chosen to be a quarter of §yTuac, yields
£2
umoP < %&ﬂ'uaa + Cn [€po + ?(pg + p%) .

Squaring the constant only changes the polynomial Cy. The integrals of pg, p3, and p? are finite:
on the end their orders are respectively r—4, =8 and %7, with 4y > 3. Integrating leaves at
most C(1 + N)Y (¢ + ¢%/7), after absorption.

Substitute both bounds in (7.4). Positive fractions of the three bulk terms 60T, p, doTac
remain. Dropping them proves the claim. Finally ¢2/7 = ?*/2, so the error tends to zero
exponentially against every polynomial loss. O

Proof of Theorem 2.3. The fixed subexterior and preservation of every full cut are supplied by
Proposition 3.7. Fix € and take the global solutions of Lemma 7.1, obtained by first exhausting
the end at fixed N. Lemma 7.2 gives completeness, the two curvature signs, and the end decay.
The pointwise inequality § > e %€g gives the two-dimensional area inequality on every full cut,
including every component and every coincident portion. The energy formula and Lemma 7.3
give the asserted upper error with ne y = en/(87). This completes the geometric construction
before any Riemannian Penrose comparison. O
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7.3 The Riemannian horizon and the inequality

The deformed metric has nonnegative scalar curvature, strictly negative inner mean curvature
toward the end, and the required asymptotic decay. We replace its inner boundary by an outer
area-minimizing minimal enclosure, then compare its area with the original enclosing infimum.

Theorem 7.4 (Reduced energy inequality). The reduced data satisfy

E>,/A*.
— V167

Consequently Theorem 2.4 holds in its entire stated exterior class.

Proof. For each fixed sufficiently large N, minimize g-area among filled cuts enclosing B, using a
large outer sphere as an auxiliary barrier. The independent enclosure results of [35, Lemmas 2.1-
2.3] apply to this smooth AF metric; we check their hypotheses and the strict detachment here.
A fixed enclosing competitor bounds the area, and local perimeter density estimates prevent
minimizers from escaping to infinity. The positive mean curvature of sufficiently large outer
spheres excludes contact there, as in that enclosure theorem. For the inner barrier, let U
be a short outward normal collar of the filled obstacle and Y its outward unit foliation field.
Strict negativity gives divy Y < 0 throughout the collar. If a perimeter minimizer & omitted a
positive-volume portion D = Uy \ E, Gauss—Green and |Y'|; < 1 would give

PQ(E U US) — Pg(E) < / dngYdVg < 0.
D

Thus E contains a whole inner collar; obstacle regularity upgrades this inclusion to its regular
representative. Its free boundary is disjoint from the obstacle. The resulting cut ' is compact,
smooth, and minimal in dimension three; it may be disconnected. It is outer area-minimizing by
its minimizing property. Equivalently one may first use the ordinary trapped-region theorem for
(g,0) and then take the outer minimizing enclosure. The boundary version of the Riemannian
Penrose theorem applies to the exterior of I'y, by Lemma 7.2 and [8, Theorem 19].

For every two-plane the restriction of § = g + I2df? dominates that of g. The floor therefore
gives

’FN g > 6_4€|FN|9 > 6_4614*.

The last inequality uses that B, and hence I'y, cuts off the original filled obstacle. Lemmas 7.2

and 7.3 now give
EN Tnlg o —2c [ As
E+N>p > 5N -2 [ 2
T T Ter ¢\ Ton

Let N — oo with € fixed, and then € | 0. This proves the reduced inequality.

Finally apply the weak three-dimensional rest-preparation theorem of [34, Proposition 7.13]
to an exterior satisfying the hypotheses of Theorem 2.4. Write (g;, K;) for the resulting data.
Their tensor fields have compact support, their momenta vanish, and their metrics have all-order
r~! decay and the stipulated scalar falloff. Discard a finite initial segment so that E; > 0.
Strict trapping and strict DEC hold on the compact core. The positive minimum there of
87 (pj—|J5l gj)g3+5, together with the end margin, gives the global weighted bound after decreasing
c¢;. The full enclosing area is positive by the geometric enclosure lemma. Thus each fixed j
satisfies Definition 2.2; no constant uniform in j has been used in its deformation solve. The
reduced energies converge to its invariant ADM mass and the full enclosing infima converge to
the original enclosing infimum. Applying the reduced bound to each member of that sequence
and passing to the limit gives Equation (2.10). d
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8 A boundary deformation in four dimensions

The construction in this section keeps a genuine inner boundary throughout the graph deformation.
The boundary has two jobs: it must become strictly mean concave, so that a minimal enclosure
can detach from it, and its flux must be small enough to leave the energy at infinity almost
unchanged. These requirements explain the signed collars and the boundary condition in the
coupled equations. They also distinguish this construction from a solve on a manifold obtained
by filling the boundary.

We first state the geometric output and deduce its numerical consequence. The rest of this
part constructs that output. The proof is independent of the numerical spacetime inequality: its
scalar identity and local analytic estimates apply before any Riemannian comparison is made.

8.1 Data, normalization and the full enclosing area

Here the spatial dimension is four. Write

wy = |5 =22, r—tr, K,  p— %(Rg LKD), T = V(I — ra).
Here 7 denotes the trace of K; the small height regularizer called 7 in the three-dimensional
construction is denoted by 7y in this part. The tensor K is symmetric, and V is the Levi—-Civita
connection of g. Our Laplacian is A, = divg grad,. A hypersurface with unit normal v has mean
curvature H = divia, v and future expansion H + try,, K. At the inner boundary the normal
points into the exterior. In a compact auxiliary region it points out of that region. Every change
of sign below specifies both the tensor and the orientation.

The notation O;(r~?) includes coordinate derivatives of order k < j, bounded by O(r=¢%).
In the Euclidean end coordinates our energy and momentum conventions are
1 . i
Eg = @ P}l_rgo Ix‘:R(ajgij - 3igjj)u5 dA(;, (8.1)
1 . ;
P,=— lim (Kij — 79i)v) dAs. (8.2)

The prepared tensor below has compact support, hence P = 0. No additional normalization of
mass accompanies these density conventions.

Definition 8.1 (Full cuts in a one-ended exterior). Let M be a smooth connected manifold with
nonempty compact boundary S and one Euclidean end with compact complement. A full cut
is the entire intrinsic boundary of a smooth connected codimension-zero outer domain D C M
that is closed in M, contains the entire distant end, has compact boundary, and has its manifold
interior in int M. Its boundary is embedded and two-sided; all components and every portion
coincident with S count. Set

A, = i%f |OmanD|g-

In particular D = M is permitted. The infimum need not be attained.

These are full cuts rather than a selected connected component of a cut. Filling bounded
pockets on the obstacle side removes irrelevant internal frontiers, while leaving a connected
exterior containing the end. The metric comparison in the construction will apply on every
tangent three-plane, so it will control this entire class at once.
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8.2 The geometric output and its immediate use

Theorem 8.2 (Four-dimensional boundary deformation). Let (M*, g, K) be smooth, connected
and orientable, complete with its nonempty compact smooth boundary S included, with exactly one
Euclidean coordinate end and compact complement. Suppose K is compactly supported. Let r be a
smooth positive extension of the coordinate radius. Assume that, for some co >0 and 0 < 6, < 1,

pw—1|Jg > cor ™% on M, H+trg K <0 on every component of S,
with the normal into M. On the end assume
g—38=0;(r"?) for every fived j >0, R, = O(r—470),

and finite ADM energy in Equation (8.1).

There is a smooth closed connected one-ended exterior € C M with nonempty compact
boundary B C int M such that every full cut of B in Q has g-area at least Ay. For every 0 < e <1
and all sufficiently large integers N there is a smooth metric ge n on €, complete with B included,
satisfying

R@,N >0, H?;\E,N (B) <0, ./g\e,N > 6_2697 (83)

§57N —0= 02(7'72)7 R/g\e,N = O(T74751)7 (8.4)
HN —eN —eN

Bjn Bt g (77 e ). (8.5)

The boundary mean curvature uses the normal into Q. The constant Iy = C(1 + N)%cl s
polynomial in N, with C and ape1 depending only on the fived data, € and the fized geometric
choices. The constants in Equation (8.4) may depend arbitrarily on N.

The metric has the form e?(g + I(¢t)?>df ® df): the graph term cannot shorten a tangent
vector, and the floor t > —e protects all enclosing areas. Its inner boundary is not itself used in
the Riemannian inequality. Strictly negative mean curvature supplies an outward barrier for a
new minimal enclosure.

We use the following precise form of the independent smooth enclosure theorem. It concerns
perimeter alone and uses no stationary-field, variation or equality conclusion.

Proposition 8.3 (Smooth full-perimeter enclosure input). Let (X%, h) be a smooth connected
orientable one-ended exterior, complete with nonempty compact smooth boundary B included.
Suppose the end has compact complement and h — 6 = Oy(r=9) for some q¢ > 1. Minimize
the full perimeter of the filled obstacle among enclosing sets; contact with B and all frontier
components count. The minimizing enclosure can be chosen with connected complete exterior, and
its full perimeter equals the infimum over the smooth full cuts of B. Its exterior frontier is outer
area-minimizing against all enclosing competitors, including disconnected ones. If Hp(B) < 0 for
the normal into X, that frontier is a nonempty smooth compact embedded minimal hypersurface
contained in int X .

This is the smooth enclosure theorem from the independent Riemannian geometric preliminar-
ies [35, Lemmas 2.1-2.3]. Its proof uses confinement, BV compactness, smooth-cut approximation
and obstacle regularity. Only its strict-boundary case is used here.
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Corollary 8.4 (Energy bound for the prepared exterior). Under the hypotheses of Theorem 8.2,

1 (ANY3

Ly > 5 ( s ) : (8.6)
Proof. Fix € > 0 and a sufficiently large IV, and abbreviate g = g n. Proposition 8.3 applies to
(©,9): Theorem 8.2 gives smoothness, completeness, one end with exponent ¢ =2 > 1, and the
strictly negative boundary mean curvature. Let ¥ be its detached minimal frontier. Its exterior is
connected, complete with boundary, and has the same end and energy. Outer area-minimization
allows all components of every enclosing competitor. Since ¥ is itself a full cut and the metric
comparison holds on its tangent three-planes,

S > e ¥[8], > e ¥ AL (8.7)

The numerical part of the four-dimensional Riemannian Penrose inequality of Bray—Lee [11,
Theorem 1.4] now applies. Its input is a smooth connected exterior, complete including its
minimal outer-area-minimizing compact boundary, with R > 0, metric decay Oz(r~?), p > 1, and
scalar decay O(r~*), s > 4. Here the exponents are p = 2 and s = 4 + d1; the scalar curvature is
integrable and the energy is finite. That numerical theorem permits disconnected boundary and
imposes no spin hypothesis. Its additional spin premise concerns an equality conclusion, which is
not used. Its mass normalization is 1/(6ws), the normalization in Equation (8.1). Consequently

2/3 2/3
HN —_eN —_eN/2 1 ’E|A 1_ A*

E,+ (¢ N2y> B> o 2 > = 2() .
g+3w3(e +e ) > 725\ o 2S¢ o

First let N — oo at fixed prepared data and e, then let € | 0. Only this numerical inequality is
passed to the limit. O

8.3 The construction and its scales

There are four stages in the proof of the deformation theorem. Section 9 chooses two trapped-
region frontiers and their signed collars. The frontiers allow a small interval of prescribed graph
trace while the original strict dominant-energy margin pays for the unrestricted 7. Section 10 fixes
the coupled equations and excludes first contact with the conformal floor. In Section 11, geometric
support comparisons first confine the scaled height to the correct interval; signed boundary slopes
then make the inner flux small, before any uniform ellipticity is known. Sections 12 and 13 obtain
boundary regularity, construct the compact return map and complete exhaustion and energy
control.

The local scalar identities are given with their proofs and the exact four-dimensional constants.
Their common content is reusable in other graph constructions. The degree argument, signed
boundary estimates, reflected measure estimates and four-dimensional interpolation remain specific
verifications for the boundary problem studied here.

Remark 8.5 (Order of constants and limits). Fix the prepared data, the thresholds and collars,
and € > 0 first. The deformation integer NN is then sufficiently large. A bound denoted Il is
polynomial in NV and uniform in the outer truncation radius, homotopy parameter and solution.
Constants denoted C'(N) in elliptic estimates may depend arbitrarily on N. Exhaust the outer
radius at fixed IV, then pass N — oo using only polynomial estimates, and finally € | 0. In an
application to weakly decaying original data, strictification is removed at each fixed repaired end
only after this prepared construction is finished; the end-replacement radius tends to infinity last.
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9 Threshold exteriors and geometric barriers

Our input is the prepared exterior in Theorem 8.2. Thus the original boundary has strictly
negative future expansion, K has compact support, and, for a smooth positive extension r of the
end radius,

—5
b

1]y > cor™* >0 0<d <1 (9.1)

The enclosing infimum for this prepared metric is denoted by A, with the intrinsic-boundary
convention of Definition 8.1. This section constructs an exterior on which both signs of a
small prescribed trace can be controlled. The original trapping convention is always the future
convention H + trg K < 0. The tensor —K below is used only to construct additional interior
barriers.

9.1 Total regions inside a compact barrier

For a smooth symmetric tensor ) and an oriented hypersurface X, write
@Q(E) = Hy +try Q.

When ¥ bounds a compact region, its normal points out of that region. A smooth compact region
may have several components. It includes its entire manifold boundary and is the closure of its
interior. For a compact manifold X with boundary and a number ¢, define

T.(X,Q) = U {E : F € int X is a smooth compact region, ©O¢g(0F) < c}. (9.2)
The empty union has empty closure. All closures in this definition are taken in X.

Lemma 9.1 (Compact total region). Let (X*,g) be smooth, compact, connected, and orientable,
with nonempty smooth boundary, and let Q@ be smooth. Suppose that ©g(0X) > ¢, with the normal
pointing out of X on every boundary component. Then T.(X,Q) is either empty or a smooth
compact region contained in int X. In the latter case its frontier has expansion ¢ and is stable
for outward variations. It contains every region in (9.2) and is itself one of those regions. In
particular, no component of its complement whose closure is contained in int X can be a bounded
hole.

Proof. Replace @ by Q. = Q — (¢/3)g. Since the hypersurfaces have dimension three,
0q.(2) =0q(%) —¢ (9-3)

for every oriented hypersurface. It suffices to prove the result for ¢ = 0, and we use ). throughout
this proof.

The global input is the smooth-frontier part of [6, Theorem 4.6]: for smooth complete
asymptotically flat data in spatial dimensions 2 < n < 7, a nonempty total trapped region has
smooth embedded outermost stable MOTS frontier. No dominant energy condition is required
for this conclusion. The higher-dimensional construction uses the Perron and almost-minimizing
method developed by Eichmair [14], who also explains its adaptation to MOTSs. We now reduce
the compact problem to the boundaryless asymptotically flat setting of the cited total-region
theorem, preserving exactly its trapped competitors.

First attach an outward cobordism from d.X to one three-sphere. Each component of 90X is a
closed orientable three-manifold. Relative one-handles join these components, and the smooth
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surgery theorem for orientable three-manifolds gives a framed link surgery from the resulting
connected three-manifold to S3 [42, Theorem 6 and its proof, pp. 521-522]. Its trace consists
of relative two-handles: reversing a four-dimensional two-handle trace again uses two-handles.
Thus the cobordism has a handle decomposition relative to X with indices at most two. Attach
S3 x [0,00) at its other end, obtaining a boundaryless manifold X. The handle Morse function
provides a proper smooth height ¢ on the extension, with ¢ = 0 on 9X, increasing in an outward
collar, with only critical points of index at most two, and equal to a radial coordinate sufficiently
far out. Extend g a short distance into X as a collar coordinate with negative values.

Extend g smoothly across 0X. We may choose its values near every critical point of ¢ so that

try Hessqg g > 0 for every three-dimensional subspace V' C T,X (9.4)

at that critical point, and hence throughout a smaller neighborhood. Indeed, at an index-
two point the eigenvalues of the Hessian can be arranged as —a,—b, A, B, with a,b > 0 and
min(A, B) > a + b; the sum of the three smallest is positive. At indices zero or one the same
choice is easier. This is achieved by rescaling the positive and negative coordinate directions
in the metric in a Morse chart. The neighborhoods are disjoint and away from the prescribed
original data, so these local metrics extend to a smooth positive metric on the whole extension.
Choose that metric Euclidean on the remote end.
At a regular point of a level of ¢, its mean curvature toward increasing ¢ is

tT (grad q)+ Hess g
H{q:constant} = | dq|

It is positive near the critical points by (9.4). Choose a smooth preliminary tensor extension
agreeing with @), in the prescribed boundary collar. Near each critical point there is a > 0 such
that try Hessq > a on every unit three-plane. After shrinking its neighborhood, H > a/|dq]|
dominates the bounded tangential trace of the preliminary tensor. On the remaining compact
regular part the level mean curvature is bounded below. Retain the tensor near the original
boundary, and add a sufficiently large nonnegative multiple of the metric on the remaining
compact part of the extension. The tangential trace of this addition is three times its coefficient.
We can therefore ensure strictly positive expansion on every regular level of q. The given strict
boundary inequality permits the matching in a collar of 9X, including a collar on the original
side. On the Euclidean remote end take the tensor to be zero; its round levels already have
positive mean curvature. The transition to zero can be made inside that Euclidean region with
a nonnegative metric multiple. We have obtained smooth complete one-ended data without
boundary, exactly Euclidean with zero tensor sufficiently far out.

Every compact smooth weakly trapped region in this extension stays a positive distance
inside X. To see this, extend ¢ to a smooth function on the interior core with values below
those of a fixed smaller collar. If a region enters that collar or the attached extension, the
maximum of ¢ on it occurs at a point in that part. A regular maximum cannot lie in the interior
of the region. At a regular boundary maximum the region is on the inner side of a positively
expanding level, with the same outward normal at contact. Tangential Hessian comparison gives
©¢.(0E) > ©¢.({¢ = qmax}) > 0, a contradiction. At a critical maximum in the interior, a
direction of positive Hessian contradicts maximality. At a critical boundary maximum, the inward
open half-space of a smooth domain contains a vector v with Hess g(v,v) > 0: choose the sign
of a positive Hessian direction to point inward, and perturb it inward if it is tangent. A curve
entering the region with this initial velocity has g(y(t)) = q(v(0)) +t? Hess q(v,v) /2 + o(t?), again
a contradiction. Thus one fixed original-side collar is avoided by every such region.
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The global total region consequently coincides with (9.2); all its candidate regions lie in the
same compact subset of int X. The cited theorem gives its smooth stable frontier. With the
closed representative used here it is a smooth compact region, its frontier has ©¢, = 0, and it
contains every candidate. This proves the assertion at threshold ¢ by (9.3). If a complementary
component has closure in int X, filling it deletes whole smooth boundary components and changes
no remaining outward expansion. The resulting larger region would still be a candidate in (9.2),
contradicting maximality. d

The extension in this proof is auxiliary. Neither a constraint inequality nor a topological
restriction is imposed on it. We will also apply the lemma after compactly supported changes of
Q@ that leave the strict outer barriers unchanged.

9.2 Threshold continuity and collars

Lemma 9.2 (Continuity thresholds). Suppose that the strict barrier condition in Lemma 9.1
holds for every c in an open interval I. The closed regions T.(X, Q) increase with c. Except
at a countable set of thresholds, they are right-continuous in Hausdorff distance. At an empty
right-continuity threshold the regions are empty for all sufficiently close larger thresholds.

Proof. Inclusion of the defining classes in (9.2) proves that T,(X, Q) increases with c¢. These are
closed subsets of one fixed compact metric space (X, distq). Apply Lemma 3.2 to this family. Its
empty-set convention gives precisely the asserted eventual emptiness. Since the exceptional set is
countable, every nonempty open subinterval of I contains a right-continuity threshold. ]

Lemma 9.3 (Outward leaf collars). Let T.(X,Q) be nonempty, and let X2 be one connected
component of its frontier. On the side exterior to this region, ¥ has a smooth foliated collar,
parametrized by s € [0, so|, with |ds| > 0. With normal vs = grad s/| ds|, every leaf satisfies

Oo(Zs) > c. (9.5)
The collars of distinct components can be chosen disjoint.

Proof. Lemma 9.1 supplies a compact smooth frontier with ©g = ¢, stable for the outward
normal. Its component ¥ is closed, connected, and two-sided. Replacing only ¥ by a sufficiently
small positive outward graph with expansion at most ¢ would produce a larger admissible region
in (9.2), contradicting that lemma’s maximality. The graph collar can be chosen inside int X and
disjoint from the other frontier components.

Apply Lemma 3.3 with ambient dimension d = 4 and tensor (). Here the shifted tensor is
Q — (¢/3)g; (9.3) holds for every nearby graph, so its linearization is the same operator L used in
that lemma. In particular, when the principal eigenvalue is zero, the normalized linear map is

C*(2) x R — C%(X) x R, (v,a) — <Lv — a,/ v dA) (9.6)

)
for 0 < o < 1. This is the common zero-mode isomorphism (3.11), whose inverse and resulting
foliation are proved there. The lemma gives ©g = c at s = 0 and ©¢g > ¢ for s > 0, hence

(9.5), with a smooth leaf coordinate and positive normal speed. Apply it to the finitely many
components and shorten the collars to be disjoint. O
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9.3 Exterior supports and smooth enclosing regions

A smooth exterior support to a closed set D at x € 9D is a smooth regular level {¢) = 0} through
x, defined in a neighborhood of z, such that D is locally contained in {¢) < 0}. Its outward
normal is grad /| de|. Saying that D has expansion at most k in exterior supports means that
every such support has ©g < k at contact. This definition makes no regularity assumption on D.

The next argument is useful because the curvatures of these supports need not be bounded.
Ordinary approximate transport of tangent metrics would produce an uncontrolled error multi-
plying their second fundamental forms. We use a map whose differential is an exact isometry at
the contact point.

Lemma 9.4 (Exact support transport). Let g, Q be smooth on a neighborhood of a compact set,
and let D be a compact closed subset of its interior. Suppose that D has expansion at most k in
exterior supports. There are zg > 0 and C < oo such that, for 0 < z < zg, every exterior support
to

D, = {y : disty(y, D) < z}

has expansion at most k+ Cz. The constant C depends only on bounds for the smooth background
geometry and Q in the fited compact neighborhood, and not on the support or its curvature. The
allowable zy is also smaller than the distance required to keep these meighborhoods in the interior.

Proof. Apply Lemma 3.5 with ambient dimension d = 4, tensor ), and the compact closed set D.
Choose its fixed smooth compact neighborhood inside the interior in the present hypotheses, and
shorten zy to keep the distance neighborhoods there. That lemma includes the empty case and
gives exactly the required estimate, uniformly in the support curvature. We record its contact
identities in the present notation.

Let a support {¢) = 0} touch D, at ', choose a nearest point zz € 9D, and let v : [0, 2] = X
be the unit-speed minimizing segment from x to 2’. Put ug = 4(0) and let P; be parallel transport
along 7. The support normal at z’ is P,ug. The common proof constructs, for each X € T, X,
the Jacobi field

D}Jx + R(Jx,¥)7=0, Jx(0)=X,  Jx(z)=P.X. (9.7)
Writing Jx (t) = P,(X + Wx(t)), its short-interval estimates give

sup |[Wy| < C2?|X|, |D;Jx (0)| < Cz|X]. (9.8)
[0,2]

For A, X = D;Jx(0) the first-jet compatibility is
(A;X,uo) =0, |A.| < C-=.

In normal coordinates y° at x, let E,(y) denote radial parallel transport of v € T, X. The unit
field of the common construction is

V(y) = Ey, (y) + Z yiEAzei (y), U<y) =

Its prescribed first jet and uniform second-jet bounds are those established in that proof. The
endpoint map is
Fy(y) = exp, (zU(y)).
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The exact endpoint identity and its covariant second-derivative bound specialize to
F.(z) =4, dF,(z) = P,, |VdF.(z)| < Cxz. (9.9)

The pulled-back level ¢ o F), is an exterior support to D at z, with normal ug and the same
gradient length as ¢ at 2’. For an orthonormal basis e, eo, e3 of uOL, the Hessian identity from
the common proof reads

Hess(1) o F)(eq, €q) = Hess ¢(Pseq, Preq) + dip((VAE;)(€q, €4))-

Its normalized tangential trace is the four-dimensional formula

3
Hyor, (x) — Hw(a:’) = Z<PZU0’ (VAF,)(eq,eq)) = O(2). (9.10)

a=1

There is no error involving Hess . The tensor estimate is

< Cxz.

tr,4 Qx) = trp, (1) Q)

These identities specialize the common proof’s comparison of the two support expansions; the
assumed inequality at x gives the bound k + Cz at . O

Lemma 9.5 (Smooth support enclosure). Assume the hypotheses of Lemma 9.1 at threshold c'.
Let D € int X be a compact closed set whose every smooth exterior support has ©g < k, where
k<. Then

DcCT.(X,Q).

In particular, the right side is nonempty whenever D is nonempty.

Proof. Assume D # @&. Choose 3 > 0 small enough that Dg lies in int X, Lemma 9.4 applies for
0<z<g, and
k+Cp<c. (9.11)

Smooth approximation of the distance function, followed by a regular-value choice, gives a smooth
compact region £ with
D5/4 Cint E C F Cint D35/4.

For example, approximate the distance uniformly to accuracy /16 and choose a regular level
between 73/16 and 95/16.

Choose a smooth function a > 0, supported where dist(-, D) < 3, that is a sufficiently large
constant near F. For Q' = Q — ag we then have ©¢ (0F) = O¢g(9dF) — 3a < ¢’. The boundary
barriers of X are unchanged. Lemma 9.1 applied to Q" produces a nonempty smooth total region
T’ containing E. Its frontier is nonempty because T" is compactly contained in the interior of the
connected manifold X with nonempty boundary. That outward frontier satisfies

Og(dT") = +3a > (. (9.12)

Since D has an open neighborhood in E C T’ the number z = dist(D,dT") is positive and
attained.

Suppose z < 8. Then D, C T'. Indeed, a minimizing segment of length at most z from D
to a point outside T” would first cross 01" at distance strictly less than z. Such segments stay
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in X by our choice of 3. At a pair realizing the minimum distance, dT" is therefore an exterior
support to D,. Its expansion is at most k + Cz < ¢’ by Lemma 9.4 and (9.11), contradicting
(9.12). Consequently z > (.

The frontier of 7" is outside the support of a, so its expansion for the original tensor is exactly
. Thus T" itself is an admissible region in (9.2) for (X, @, ). Since it contains D, the defining
maximality gives D C T" C T (X, Q). O

9.4 The two colors and the trace allowance

Proposition 9.6 (Geometric preparation). For the prepared data satisfying (9.1), there are a
closed connected exterior Q C M with one end and nonempty compact smooth boundary B, two
negative numbers cy, ¢y, and a decomposition of B into black and white components with the
following properties. With the normal v into Q) and Pp = trp K,

H+ Pg=c¢, on black components, H — Pg =c, on white components. (9.13)

The components come from closed total-region families D. and W, at right-continuity thresholds
¢y and ¢y, respectively. The white family is formed with the black region fized, and is allowed to
be empty. Every face has a disjoint smooth collar in 2, with parameter s > 0, |ds| > 0, and the
corresponding expansion toward increasing s is at least ¢y or ¢y .

There are ag > 0, a compactly supported smooth function C, and a positive smooth weight p,
equal to a positive constant times r—*=% on the end, such that |C| < ag and, on smaller collars,

C =ayp— kps on black collars, C = —ag+ ks on white collars, kp > 0. (9.14)

Set
b_=c,—ag <0< —cy+ag=by. (9.15)

Every real-valued function h taking values in [b—,by] on supp KNS satisfies the following inequality
on )
|(h+C)r|+|dC|y+p < p— | J]g, T=tr, K. (9.16)

There is a smooth compactly supported extension b on Q of the boundary values b_ on black faces
and by on white faces, constant on smaller collars. Finally, every smooth enclosing cut of B in
Q has g-volume at least A,.

Proof. Choose a distant sphere Sg, beyond supp K, sufficiently large that it and all farther
coordinate spheres have positive mean curvature. Their expansions for both K and —K are
positive. Let X¢ be the original compact core between S and Sg,. It is connected: paths using
the remote end can be replaced at its connected spherical cross section. Attach a smooth compact
filling F' behind the entire original boundary. Such a filling can be constructed by taking an
oppositely oriented copy of Xy and capping its spherical boundary by a four-ball. Its remaining
boundary identifies with S. Extend g and K smoothly across S into this filling, keeping the metric
positive. Extension of the collar jets followed by a partition of unity does this; no constraint
condition is required in F. The resulting compact manifold X has only the connected outer
boundary Skg,.
For later parameter choices, fix now

U*:H)?JI(M_|J|Q> >O> T*:H;%X’T‘
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Choose 7 > 0 so small that
YT < 04/8 (9.17)

and the original boundary has expansion less than —2v. By strictness and continuity, F' together
with a fixed short exterior collar of S is a smooth compact region whose outward boundary has
expansion less than —v. For every ¢ € (—~,0) form

D, = T,(X, K).

Here K denotes its smooth extension into F'. Lemma 9.1 applies and D, contains that entire filled
neighborhood. Its smooth frontier therefore lies strictly in the original data. Its complement in X
is connected. Indeed the collar of the connected outer sphere belongs to a unique complementary
component; every other component would be an interior hole and could be filled, contrary to
maximality.

Choose ¢, € (—7,0) at a right-continuity threshold by Lemma 9.2. Write Y for the closed
complement of int D,, in X. This is a smooth compact connected manifold with the outer sphere
and the black frontier as its boundary. For the white tensor — K, all these boundary components
have strictly positive outward expansion. On a black component the outward normal of Y is the
reverse of the outward normal of D,,, so the expansion is

—H — trapcb K= —¢, >0. (9.18)

This changes both the normal and the tensor in an auxiliary problem; the original boundary still
has its prescribed future sign.
For ¢ € (—v,0) define the white family

We = T.(Y, - K).

It may be empty. Lemmas 9.1 and 9.2 give a right-continuity threshold ¢,, € (—~,0). Every
nonempty white region lies strictly inside Y, so D, and W,,, are disjoint closed sets, a positive
distance apart. Notice that the black threshold and manifold Y are fixed before making this
second threshold choice.

In the filled one-ended manifold take the component of the open complement of D., UW,,
that reaches the end, and let 2 be its closure. Its boundary is the union of those entire frontier
components adjoining this exterior. To justify the word “entire,” a smooth connected frontier
component has a connected thin collar on each side; the component of its exterior side is therefore
constant along the frontier. Both frontiers are compact and smooth with finitely many components,
and they are disjoint. Thus € is smooth, closed, and connected, and its boundary B is a union of
complete smooth components. It has one end, the original end, and lies in the original manifold
because the black region contains the filling and a collar of S. Its boundary is nonempty: the
component reaching infinity is separated from that nonempty filled region. The inherited metric is
complete up to B; boundary charts give local completeness at finite limit points, and completeness
of the original end prevents escape in finite distance.

Call its retained D,, faces black and its retained W, faces white. The normals into €2 are
the outward normals of these regions. Their threshold equations give (9.13). Figure 1 illustrates
these orientations; Qi there denotes the part of 2 inside a distant coordinate sphere Sr. Apply
Lemma 9.3 to their respective total regions and shorten the collars so they lie on the ) side
and are mutually disjoint. This gives all the asserted leaf inequalities. The support enclosure
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Figure 1: A schematic of the auxiliary exterior; one black and one possible white frontier component
are shown. The white family may be empty. The black region encloses the original boundary.
Both normals point into the retained exterior, but its black and white faces have prescribed
expansion for K and — K, respectively. The drawing represents incidence and orientations, not
the topology or dimension of the hypersurfaces.

Lemma 9.5 is available for the full families D, and W, on X and Y, respectively; in the latter
case the reversed black barriers remain fixed.

All these collars lie in the fixed original core X, so the lower bound o, was fixed before either
threshold or any collar width. For each collar choose a smooth profile gg(s) € [0, 1], supported
in that collar, with ¢p(s) = 1 — aps near its face and ap > 0. Such a profile is obtained by
multiplying this linear function by a nonnegative cutoff supported before the linear function can
become negative. With disjoint supports, define

1, B black,
C_GO%:%QB(S) e {—1, B white.

There is a finite constant M., now depending on the chosen collars and profiles, such that |C] < ag
and | dC| < agM,. Formula (9.14) holds with kg = apaup > 0. Only at this point choose ag > 0
small enough that

ap(2Ty + M) < 0./8. (9.19)

For b_ < h < by we have |h + C| < v+ 2ag, and hence on Xy N Q
|(h+ C)r|+ |dC| < ATy 4+ ao(2Ty + M,) < 0, /4. (9.20)

At points outside supp K the trace term vanishes, so this estimate requires no restriction there
on the value of h.
Finally choose a constant p, > 0 so small that

px < co/4, P+ X pAm0 < 04 /4, p= p*r_4_61,
0

On Xy N, (9.20) plus this choice bounds the left side of (9.16) by 0./2. Outside Xy, K = C =0,
and (9.1) gives the required inequality directly. This proves (9.16). This order of choices uses no
lower bound on collar widths as ¢, ¢, approach zero: the thresholds are chosen first, the collars
next, and their amplitude last. Ordinary collar cutoffs also give the stated compactly supported
smooth extension of the constants b_ and b..

If D, is an admissible closed connected outer domain for a cut in 2, it is also closed in M,
because € is closed in M. It is a smooth codimension-zero submanifold of M, its interior lies in
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int M, and it contains the distant original end. Its entire intrinsic boundary, including every part
coincident with B, is therefore an admissible original enclosing cut. Its area is at least A,. This
proves the final assertion without assuming the existence of a minimizing cut. O

10 A boundary system for scalar curvature

Fix the prepared exterior and the geometric choices of Proposition 9.6. All contractions and
derivatives in this section use its background metric g, unless another metric is indicated. In
particular, 7 = try K is unrestricted. The boundary normal v points into ). Let Qg denote the
truncation at a large coordinate sphere Sg, so its ordinary outward normal at its inner boundary
Bis —v.

The purpose of the system is to produce a metric § = e? (g + I(t)? df?) with nonnegative
scalar curvature and negative boundary mean curvature. The parameter iy below makes the
prescribed trace depend strictly increasingly on f. A separate penalty prevents t from reaching
—e. This section proves that prevention using a coarse height bound. The narrower height interval
needed to use (9.16) will be proved subsequently.

10.1 Variables and a scalar-curvature identity

The warped-graph scalar identity and coupled-Penrose strategy of Bray and Khuri [9, 10] extend
the earlier Jang—Schoen—Yau graph method [22, 38]. The computation below fixes the dimension-
four coefficients and retains the unrestricted trace of K. The trace-discrepancy term already
appears before imposing the generalized Jang equation in [10, Identity 9, p. 580]. The prescribed
F = h 4+ C, nonzero divergence source, and floor penalty are part of the present system; its
existence is proved independently, not inferred from an older zero-divergence coupling.

Fix 0 < € < 1 and a smooth nonincreasing function ¥ : R — [0, 1] equal to one on (—oo, 0]
and to zero on [1,00). For every integer N > 4 define

p(t) = NoVD), 1) = e ( | "p(s) s )
Lot) =*i(t), =N, pgy=1072

(10.1)

Thus 0 <p < N, I(t) = eVt for t < 0, and [ is constant with value between one and e for ¢ > 1/N.
In particular [(—e) = £. The unknowns are real functions f, Z. Define ¢ implicitly, and then all
the remaining variables, by

1
o = |grad f|, D =1+1(t)%c? d=D71, Z:t—l—glogD, h=nnf,
[ grad
w= 82 / a = |wl, v=a’>=1-d, 3d (10.2)

X= 3

Vil

Ag=Td—wew, A, =Id— 3YP ow,  w— LoVD.
3+ pv

We identify vectors and covectors using g. A symmetric endomorphism also denotes the corre-
sponding contravariant tensor, and |£|4 = A(&, €) for a covector £. For fixed df, the derivative of
the defining expression for Z with respect to ¢ is 1+ pv/3 > 1. That expression tends to —oo and
+00 at the two ends of the real line. It therefore defines a unique smooth t = t(2’, Z, df), with 2’
the base point, for all inputs, including inputs below the proposed floor. No gradient bound is
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needed for this definition. The eigenvalues of A4 and A, on the line spanned by grad f are d and
X; their other three eigenvalues are one. Consequently

0< <x<d<1. (10.3)

3+ N
Set

l
g=g+12df*, g=¢3, H' = —=Hess,f, S;=K+H/,
9=y f g g /D g f f (10.4)
F =tra Sy, V =uA,(3grad Z + K(w,-)).

Where o > 0, let e = grad f/o. Decompose Sy into its transverse block T = S|+, mixed block
M = S¢(e,)|qr, and axial entry j = S¢(e, €); write 70 = T — %(trT)g|el. Thus trT = F — xj.
Also write x = e(t) and y = (dt)|... The symbol M in this block notation is a covector, not the
original manifold.

Proposition 10.1 (Scalar identity). For arbitrary smooth f,Z and arbitrary symmetric K,
1
562t Scaly = p+ J(w) + T + w(F) — Fr —u tdiv, V, (10.5)
where the smooth scalar T is given, on {df # 0}, by

1
T = §\T0!2 + M+ (p+ Day* — vly* + 3(p + 1) (Jy|* + dz?)
1
3

The expression extends smoothly across {df = 0}, where any unit axis may be used in the block
exTPTession.

(10.6)
(F —x5)* +xj° — xFj + F? +2(p + 1)xjaz.

Proof. We derive the identity in a stationary Lorentzian metric, keeping its normal second form
distinct from the prescribed tensor K. On the product with coordinate s" use

g=—1%(ds' — df)® +g.

Its constant-s’ slices have metric g. Their lapse, shift, and normal second form, with the convention
that the second form is half the normal metric rate, are

U=I1vD, B=101grad f = Uw,
(10.7)
—wz—m—p(dt@erw@ dt).

Here sym includes the factor 1/2. Put 6 = tryk, and let Ny be the future unit normal. The
contracted Gauss and normal expansion identities are

k=

Scal, = R + 2Ric(Ny, No) + k> — 62, Ric(No, No) = —Nof — k| + UTA,U.
Stationarity gives UNy# = —/3(6) and div g = —U#6. If
B(A,B)=A: B — (try A)(try B), Py=A—(tryg A)g,
the preceding two formulas consequently yield

UR = U(Scaly +B(k, k)) — 2div(grad U + 603). (10.8)
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In the static coordinate s’ — f one instead has
l
R = Scalj —2l*1A§l, AVTOES i div (?Ad grad qﬁ) .
Direct differentiation of U = Iv/D gives

gradU — %Ad gradl = —k(f5,-).
Moreover, using J = div Pg, symmetry of Px, and sym V3 = —Uk gives
div(Pg8) = U{J(w) — B(K, k)}.

Substitute these identities into (10.8), use u = (Scaly, —B(K, K))/2, and put Q = K — k. The
result is

1 1

5 Sealg = p+ J(w) + 5B(Q, Q) - Ut div(U Pow). (10.9)
For example, the divergence arising directly from (10.8) is U~! div(U Pyw); adding J(w) combines
it with —U~! div(U Pxw) to give the last term in (10.9). This also fixes its sign.

The four-dimensional conformal formula is

1 1
562t Scal; = 3 Scalg —3Agt — 3| dt|124d.

Since Agt = U~ div(UAggradt) — p dt\id and u = €?'U, changing the divergence weight from
U to u gives

1 1
€ Sealg =+ J(w) + 5B(Q, Q) + 2P (w, grad ) + 3(p + 1)| i3,

2 (10.10)

—u t div(u(Pow + 344 grad t)).
The following differential identities follow from (10.2):
3dZ = (34 pv)dt + H (w, ),
divw = tra, H' + pdw(t), (10.11)
dlogu = (p+ 2+ pv)dt + H (w, ).
They imply
% = Pow + 3Aggradt + Fw,

wdiv(uw) = try H +2(p + 1)w(t) (10.12)

=F+(1-x)j—7+2(p+ Hw(t).

Adding uFw inside the divergence in (10.10) therefore leaves w(F) + Fu~!div(uw). Its trace
contribution is exactly —F'r, while the remaining quadratic expression is

1
T = 5B(Q, Q) + 2Po(w, grad?) + 3(p + 1) dtf%,
3+p
34+ pv
This is smooth even at w = 0, since (1 —x)j = (3+p)Sf(w,w)/(3+ pv). For the block expansion,

Q@ has blocks T';, M + pay, j + 2pax, and trT = F — xj. Expanding (10.13) gives (10.6). At
w = 0 it reduces to

(10.13)

+F <F+ St(w,w) +2(p + l)w(t)) .

1
T = 5(IS5I* + (tr5.87)%) + 3(p + )] dtf?,

which is independent of the auxiliary axis. This proves all assertions. ]
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10.2 Coercivity and the boundary identity

Throughout the proof, IIx denotes a bound of the form C(1 4+ N)%-c! for a finite nonnegative
integer apo1. Its coefficient C' and exponent ap, may depend on the fixed prepared data, €, the
chosen collars and smooth switches, and any explicitly fixed small absorption constant. They
never depend on R, a homotopy parameter, or a solution. Different occurrences may denote larger
such bounds. Constants denoted by C(N) in later fixed-N analytic estimates have no polynomial
restriction and will not enter a limit requiring polynomial control.

Lemma 10.2 (Polynomial coercivity). For all inputs in (10.2),
ITI? + |[M? + dj* + F? + | dt|3, < TINT. (10.14)
At a point where dt = 0, there are absolute constants ¢c,C > 0 such that

(TP + |MP+ x>+ F2) < T

_ (10.15
< C(T°P + IMP + xj* + F?). )
Proof. Completing squares in (10.6) gives the exact identity
1
T =5 |TP + M+ (p+ Dayl® + (3(p+1) — v) |y
(10.16)

. 2 . 2
xaj 2 XJ d(48 — 3d) ,
3 1)d = — | F—= — 7"
+3p+1) (‘H Sd) +3( 4) TR ER

For the final coefficient, the identity used in this completion is

3.5 (p+1)x*v _ d(48 — 3d)
XX 30 8(3+pu)?

The coefficient of |y|? is at least two, and the last coefficient is at least 45d/[8(3 + N)?]. Thus
dj? < C(3 + N)?T. The inequalities x?> < d? < d then recover F? from its shifted square and
dz? from its shifted square, at polynomial cost. Recovering M costs at most C(1 + N)?|y|?, and
recovering T uses tr'T" = F — xj. This proves (10.14); these observations, for instance, allow one
common bound C(1 + N)? in that inequality.

When dt = 0, complete only the (F, j) terms to obtain

1 2 AW 3x)
= _|T°P + |M|? (F—) (1— 2, 10.1
T =g P+ 2 (=) (122 (10.17)
Since 5/8 <1 —3x/8 <1 and x? < ¥, this gives (10.15) with absolute constants. O

Lemma 10.3 (Boundary conversion). On any smooth face on which f is constant, let P = trp K,
wy, = (w,v), and let H be its background mean curvature for the normal into Q. Then

% =d(H +30,t) — H +w,(F — Pp), H = e 'Vd(H + 30,t). (10.18)

Proof. With IIp(X,Y) = g(Vxv,Y) for tangent vectors, one has tangentially Hess f = (9, f)1Ip,
sotrT = Pg+w,H and yj = F — Pg — w, H. Use this relation in the first identity of (10.12);
as w is normal on the face, it gives

Vo, /u = 3do,t + w,(F — Pgp — w,H),
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which is the first assertion because w2 = 1 — d. The induced metric of g on the face equals g|z,
and its normal in base coordinates is v/dv. In the tangential first variation, 2 df? contributes
zero since the tangential derivatives of f vanish there. Hence Hz = Vd H. Applying the boundary
conformal formula with vz = V/dv proves the second assertion. Both assertions also hold when
df =0. O

10.3 The equations and their four-stage homotopy
Extend the end radius to a positive smooth function » > 1 on 2 and set

po = T_4_61’ p1 = T‘_3, mo(t) = ﬂ(N(t + 6))7 P = CN(PO + Upl)v

~ (10.19)
E=00T + p+ donvac — mo(t)P.

The constant §y > 0 and the polynomial Cy will be fixed in Proposition 10.7. The smooth
positive weight p comes from (9.16); in particular p < Cpy. The combination ac = I|df|?/v/D is
smooth also at df = 0, so all terms of = are smooth functions of the indicated jets. Choose a
constant Np > 1+ supp |H|, and put

B = —H—i—wV(F—PB) — Npgd.

The desired system is

F=h+C, in Qp,
divV =uZ= in

vy = AR, (10.20)
h=b, V,/u=B, on B,

f=2=0, on Sg.

In every boundary flux expression the symbol F' is evaluated using the prescribed trace right
side. Thus the boundary condition contains no second derivative of f. For a solution of (10.20),
(10.18) immediately gives H = —e 'v/d N < 0.

We specify the entire homotopy because its boundary modifications and strictly increasing
height term will be used in the a priori estimates. The stages run from the desired system to
the terminal problem with solution f = Z = 0; Section 13 transfers existence back along this
homotopy. Take a smooth jp : R — [0, 1] which is zero for ¢ < 0 and one for t > 1. For 0 < A <1
put

Vi =uA,(3grad Z + AK (w, -)).

In stages 1-3 use

{div Vy = u= in Qp, (10.21)

(Va)w/u=[1—=(1=XNjo(][B— (1= A)(AK(w,-)),] on B.
Keep the outer data f = Z = 0 throughout.

Here are explicit smooth choices of the auxiliary trace terms. Fix 0 < 4£; < by — b_ and
smooth height switches ¢_, ¢+ such that

-(2)=1 (2<b-+&), q-(2)=0 (22>b-+28),
q+(2) =0 (2<by —261), q+(2)=1 (22by —&1),

where g_ is nonincreasing and g is nondecreasing. Choose a smooth direction switch g; with
values in [0,1], equal to one on (—oo0,—3/4] and zero on [—1/2,00). On each collar write

72



vs = grad s/|ds|, so vs = v at the face, and choose a smooth cutoff wp supported there and equal
to one near the face. The collars are disjoint. With fixed constants

Ap > 2sup |H| + 1, Ay >sup |H|+ 1,
B B

define, extending by zero outside the collars,

Do(z',w, 2) = —Apwp(x')qq(w - vs)g—(z) on black collars,
Do(2',w, 2) = Agwp(2')qa(—w - v5)qe(2) on white collars, (10.22)
Di(2',w) = Aywp(2))w - vs on every collar.

Both terms vanish at w = 0, are bounded for |w| < 1, and have bounded derivatives of every
order on bounded height ranges. These bounds are independent of N. In addition 0,Dy > 0.

The successive trace prescriptions and inner Dirichlet data are as follows; the indicated
parameter moves in the displayed direction.

Stage 1: Decrease A from one to zero, keeping F' = h + C and h|g = b.

Stage 2: Keep A = 0, increase ag from zero to one, and use F = h + C + agDy(2',w, h) and
hlp =b.

Stage 3: Keep A = 0, increase ( from zero to one, and use

F=h+(1-¢)[C+ Do(x',w,h+ Cb(z"))]

+ (ftra, K + Di(2', w)], hig = (1—C)b. (10.23)

Stage 4: Retain the terminal prescription F' = h + trp, K + Dy and hlp = 0. Keep A = 0 and
multiply both right sides of (10.21) by a common parameter -y, decreasing from one to
ZEro.

The endpoints agree, so this is a continuous homotopy. All trace right sides have derivative
at least one with respect to h, with (z/,w,t) fixed. This is also the relevant derivative when
comparing scalar solutions at a shared gradient and shared Z, since t is independent of the value
of f.

Two consequences of these choices will be useful. First, at a stage 3 face, evaluate the
prescribed right side at h = (1 — {)b and at the limiting values w = +v, d = x = 0. It obeys

F(v)>Pg+H, F(-v)<Pg—H. (10.24)

Indeed, on a black face b+ C = P + H, Dy(v,b) = 0, and Do(—v,b) = —Ap; on a white face
b+ C = Pg — H, Dy(—v,b) = 0, and Dy(v,b) = Ag. The terminal expressions are Pp + A;.
Each inequality follows for both endpoints from the choices of Ay, A1, and hence for their convex
combination.

Second, throughout stage 4 the scalar solution is f = 0, for every trial Z. Its equation is
tra, HT = nyf + D, with zero boundary values. At a positive interior maximum w = 0, D; = 0,
Ay =1d, and IAf = nnf > 0, a contradiction; a negative minimum is excluded in the same way.
Consequently in this stage

f=0, t=2, T=Tx+3p@+Ddt]*, Tk =31(K?+7%), (10.25)
and its two remaining equations are exactly

div(3ugradt) = yuZ, 30,t = v[1 — jo(t)](—H — Np).
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10.4 Coarse heights and an outer boundary estimate

Lemma 10.4 (Height bound before the floor). There exist fixred ro and Cy > 0, independent of
N, R, and all homotopy parameters, with the following property. Every smooth solution of the
trace equation in any stage, with its prescribed Dirichlet data, on Qg for R > 2rqy satisfies

\h| +|F| < C,, Ih| < C(r~32 —R™3?) (ry<r<R). (10.26)

Here Z may be arbitrary; the divergence equation and the condition t > —e are not assumed. In
particular, with the prescribed outer value Z = 0,

grad f| < C’*1771R_5/2 on Sg. 10.27
| N

For every fized N there is Ruyin(IN) > 2r¢, chosen to tend to infinity with N, such that every such
solution for R > Rynin(N) has
t>—e on Spg. (10.28)

Proof. At an interior extremum of h, w = 0 and both auxiliary terms vanish. The trace equation
becomes

IAf =h+C —71 instages 1 and 2, IAf =h+(1-()(C —7) in stage 3.

Since [ > 0, comparison at a maximum and a minimum bounds |h| by max(supg [, [|C — 7||0)-
Stage 4 has h = 0. All prescribed trace right sides then bound |F| by a fixed constant, because
Dy, Dy are bounded and || A, || < 1.

Choose g beyond the supports of K,C,b, Dy, D1. At a comparison with a radial function,
the axis of Ay is grad, r/|dr[,. Uniformly for 0 < x <1, the prepared end expansion gives

3 5
tra, Hess, 32 = B (—3 + 2)() Lo <0 (10.29)

after increasing r9. The leading coefficient is at most —3/4, so the choice is independent of
N. Take C, large enough that Ci(r, 32 _ R-3/ 2) dominates the global height bound for every
R > 2rg. On this annulus the scalar equation is
l
——=tra, Hessgh = h.

nvvVD

The functions £C,(r—3/2 — R=3/2) are respectively upper and lower barriers by (10.29). At a
putative first comparison point the gradients coincide, so the same positive trace matrix and the
same positive prefactor occur in both expressions. The Hessian order and the proper height sign
give a contradiction. This proves the end estimate. Differentiating the comparison at the outer
boundary, where h = 0 tangentially, gives (10.27), absorbing the uniform end normal comparison
into C,.

Finally let G(t) = t + ¢log(1 + I(t)?0?) at an outer point. It is strictly increasing and
G(t)=Z7Z=0. Thus t > —e if

1
G(—€) = —e+ 8 log(1 + £*0?) < 0.

By (10.27), it suffices to choose Rupin(N) so large that C262n3? Ruin(N)™® < €8¢ — 1. This uses
only fixed-N enlargement of the outer radius. O
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10.5 The stationary comparison at a minimum of ¢

The scalar identity is useful at a floor contact because a second, Riemannian Gauss calculation
gives an upper bound for the same scalar curvature. Define, for a symmetric tensor A and a
chosen unit axis e,

1 1
S(A) = g(“l A)? — i\Aﬂ\Z +dAgetr) A —d|A.L |2 (10.30)
Lemma 10.5 (Stationary Gauss comparison). At an interior local minimum of t,
1 1 .
56% Scal; < 3 Scal, —v Ricy(e, e) + S(H). (10.31)

At every point where dt = 0 there are an absolute co > 0 and a polynomial bound Iy such that
T —S(HY) > eoT — T (vF? + |K|?). (10.32)
These conclusions extend to df = 0 with any unit axis.

Proof. Use the Riemannian warped product g + 12(db')? and its graph &' = f. At dt = 0 one has
dl = 0, so the graph second form is HY, up to its immaterial overall sign. Its inverse metric is Ag.
The contracted second-form contribution is

s{(tra, HD)? = [HT % 00, = S(H),
as is seen by writing Ay = diag(1,1,1,d). The ambient scalar curvature and Ricci blocks are
Scaly —2Al/1, Ricy — Hess /I, —Al/l,

for the scalar, horizontal block, and unit vertical direction; the mixed block is zero. The graph
unit normal has horizontal part —w and vertical component v/d. Therefore the ambient scalar
minus twice its normal Ricci, divided by two, is

1
3 Scal, —v Ricy(e, e) — vtr  (Hessl/l).

At a stationary point Hess!/l = pHesst, and the conformal term is —3tr, Hesst. Thus we have,
more precisely, the equality

1 1
—e? Scal; = 3 Scal, —v Ricy(e, e) + S(HY)

2 (10.33)
— (34 pv) tr| Hess,t — 3d Hess, t(e, e).
At a minimum the last two terms are nonpositive, proving (10.31).
For (10.32), first subtract S(S¢). An expansion using tr7T = F' — xj gives exactly
T —S8(Sp) = TP + (1 + d)|M* + x(1 + d — 2x/3)5?
(87) = 1T + (1 + M + x(1+d = 2x/3)) o

+ (x/3—d)Fj+ F?/3.

At d = x = 1 the (F, j) quadratic is F?/3 — 2Fj/3 + 452/3, whose matrix has determinant 1/3
and positive trace. It is uniformly positive in a fixed neighborhood of this point. Since

l—d=nu, 1_X:(3+p)v’
3+ pv
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there is an absolute kg > 0 such that this neighborhood contains all inputs with (1 + p)v < ko.
In that region (10.34) controls an absolute fraction of |T°|? 4 |M|? 4 xj2 + F2.
In the remaining region, use x(1 +d —2x/3) > x and |x/3 —d| < d to absorb the mixed term
into, for example, xj2/4 and a multiple of (d?/x)F?2. The only ratio required is
2
df d(3+pv)<3+N a¥s) > RO

) > > .
X 3 = 3 TI1rpT 14N

(10.35)

Keeping also a fixed fraction of F? at the cost of another multiple of F2, this proves a lower
bound by an absolute fraction of the stationary norm minus C(1 + N)?vEF?. Equation (10.15)
converts the norm to 7.

It remains to replace Sy by Sy — K. Polarizing (10.30) bounds the difference by

C(IT| +d|j| + d|M]) | K| + C|K .

The stationary norm controls |T'| and | M|, while d|j| < (d?/x)"/?(xj?)"/?. By (10.35) and Young’s
inequality, for every fixed a > 0 this is at most a7 + Cy (1 + N)|K|?2. Choose « to retain half the
already obtained positive coefficient of 7. This proves (10.32) with absolute ¢ > 0. O

Lemma 10.6 (Errors from the trace switches and drift). Let IC be a fized compact enlargement
of the supports of K,C,b, Dy, D1. For every fized d2 > 0, every smooth trace solution in stages
1-3 satisfies, at a point where dt = 0,

w(F) > nyao — 6T —n1k,

. (10.36)
| div(uAy K (w, )| < 6T + Hylk.

The polynomial may depend on d2 and the fized geometric choices, but no negative power of £ or
NN s required.

Proof. At dt = 0, differentiation gives
Viw :AdHZ, dlogu = H' (w, -), dp=7p/(t)dt = 0.
These formulas and (10.15) show
\Vw| + |dlogula, + |VA,| <Ty(VT + |K)). (10.37)

For clarity, the axial entry in Vw is dHJ,, and its control uses d*/x < (3+ N)/3. In |dlogu|a,
the axial entry has the factor ,/x. Differentiating A, =Id —(3 + p)w ® w/(3 + pv) uses only the
preceding Vw and coefficients bounded by powers of 1 + N, since 3 + pv > 3. This proves (10.37)
without dividing by [ or ny.

Write the relevant prescribed trace as ®(2’,w,t,h). Its height derivative is at least one, so
the chain rule contains the favorable term

Spw(h) > w(h) = nyao.

All other terms are supported in . Lemma 10.4 bounds their height arguments in a fixed range;
derivatives of Do, D1 and b are consequently bounded. Derivatives of tr4, K use VK and (10.37).
The t derivative has zero contribution at the point in question. Thus the remaining absolute error
is bounded by IIx (1 + VT )1x. Young’s inequality proves the first assertion.

Expanding the divergence in the second assertion differentiates A,, K, and w, and adds
(K(w,-), dlogu)4,. The latter is bounded by C|K||[dlogul|s,. Equation (10.37), compact
support, and Young’s inequality give the second assertion with the same allowed dependencies. [J
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10.6 Exclusion of first contact with the floor

Proposition 10.7 (First-floor exclusion). There are a fized 5o > 0 and a positive polynomial Cn
in (10.19) such that, for every N > 4 and every R > Ruin(IN), no smooth solution at any stage
of the homotopy satisfies

mint = —e.

Qg
The choices depend only on the prepared data, €, and the fized switches and collars. They do not
use a height bound sharper than Lemma 10.4.

Proof. Suppose first that a floor minimum is interior and the parameter is in one of stages 1-3. At
that point d¢ = 0 and Hess¢ > 0. Subtract (10.31) from (10.5) and use V) = V—(1-\)uA, K(w, -).
This gives

u~divVy > p— 3 Scaly +J(w) + v Ricy(e, e) + T — SH') +w(F)—Fr
— (1 = Nu tdiv(uA, K (w, -)).

Choose d2 > 0 in Lemma 10.6 so small that the two losses 027 leave at least 27 /2 in (10.32). The
remaining tensor expressions y — Scal, /2 = (72 — |K|?)/2, J, and Fr are compactly supported
and bounded by fixed constants, using Lemma 10.4. On the complement of I, F = h and
F? < Cr=3; also |Ricy | < Cr=*. On K the positive weight py has a fixed positive minimum.
Hence

1k +vF? +v|Ricy | < C(po + vp1).

Combining these bounds yields an absolute ¢35 > 0 and a polynomial Qn > 0 such that, at the
proposed minimum,
utdivVy > e3T + nvao — Qn(po + vp1). (10.38)

Fix 0 < d9 < min(cz/2,1/4). Since t = —e gives mq(t) = 1, choose Cy to exceed Qn + 1 +
supq(p/po). The right side of (10.38) then strictly exceeds 60T + p+ donnac — Cn(po+vp1) = Z,
contradicting (10.21). This choice is polynomial in N.

At an interior minimum in stage 4, (10.25) gives f = 0, ¢t = Z, and v = 0. If v > 0, its
equation at the stationary point is

3At = y(00Tk + p — Cnpo)-

Enlarge Cl, still polynomially, so that Cy > 1 + supq(doTx + p)/po. The right side is strictly
negative, contradicting At > 0. This additional bound is finite because K is compactly supported.
Consider next an inner boundary minimum in stages 1-3. There jo(—¢) = 0, so the same drift
correction appears on both sides of (10.21). Cancelling it gives V,,/u = B. Equation (10.18) and
d > 0 imply
30,t =—H — N <0.

This contradicts the nonnegative derivative into 2z at a boundary minimum. In stage 4 with
v > 0, the corresponding exact formula from (10.25) is 30,t = v(—H — Np) < 0, giving the same
contradiction. The outer boundary is excluded by (10.28).

Finally, at v = 0, f = 0 and the remaining problem is div(3ugrad¢) = 0 with homogeneous
inner conormal data and t = 0 on Sgi. Testing by ¢ gives fQR 3u|dt|? = 0. Connectedness and the
nonempty Dirichlet boundary imply ¢ = 0. Thus no stage admits floor equality. O
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The order of choices is now fixed: choose the background geometric data and e, then dg and
the polynomial penalty C. At each N, enlarge the outer radius as in Lemma 10.4. Subsequent
estimates may increase the lower bound on N or Rpyin(/V), but none will replace Cy by an
arbitrary fixed-IN constant. In particular, the first-floor argument has paid for F'7 using a
bounded compact error and has not used the eventual small-height absorption in (9.16).

11 Separating the graph from the two frontiers

Throughout this section the prepared geometry, its thresholds and collars, and € € (0,1) are fixed.
We consider arbitrary smooth solutions of the four stages of the homotopy in Section 10, on Qp,
satisfying t > —e. The admissible radii satisfy R > Ryin(V), where Ryin(N) — oo and is large
enough for the outer-boundary conclusion of Proposition 10.7. Every assertion of uniformity
includes the homotopy parameter and R. As in Remark 8.5, Iy denotes a polynomial bound in
N, whereas C'(IN) can depend arbitrarily on the fixed integer N. We shall keep this distinction
through the boundary-flux estimate.

11.1 The limiting heights and the two total regions

The large factor [/ny forces a nonconstant test level of h to approach a hypersurface whose
expansion is controlled by the trace equation. A sublevel of the relaxed limiting height need not
have a regular boundary. We first establish the expansion inequality for every smooth exterior
support, including at a plateau and at a face of the opposite color.

Proposition 11.1 (Separation from the two total regions). Let A C Q be compact. In the first
two homotopy stages the following statements hold.

(i) If AND,, = @, there exist 4 > 0 and N4 such that h > b_ 4+ &4 on A for every N > Ny.
(ii) If ANW,, = @, there exist £4 > 0 and Ny such that h < by — &4 on A for every N > Ny4.

Here the total regions are the full closed regions of Proposition 9.6, including components whose
frontiers do not border 2.

Proof. We give the lower-height argument first. Consider any sequence N; — oo of the indicated
solutions; its radii tend to infinity. Extend h; by the constant b, into a small collar across each
white face. The functions on these enlarged neighborhoods are continuous. Define their lower
relaxed limit by

h(z) = lim inf h;(y).

1—>00
Yy—x

It is lower semicontinuous and locally bounded by Lemma 10.4. Fix levels
bo <k <k <min{0,b_ + &}, K +ap <0, (11.1)

where &; is the height-cutoff constant in Dy. We initially work away from black faces.

Suppose a smooth ¢ touches h from below at z, with h(z) < k' and d¢(x) # 0. Subtracting a
small fourth-order function of distance makes the contact strict on a small closed neighborhood
without changing its second jet. The definition of the relaxed limit and minimization on this
neighborhood give, after passing to a subsequence, points x; — = and constants ¢; such that
@ + ¢; touches h; from below at x;, and h;(x;) — h(z). These contacts are interior contacts of the
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original exterior: their heights are eventually strictly below k' < by, so they cannot occur on a
white face or in its constant extension. This remains true when x itself is on a white face.
At contact, dh; = d¢ and Hess h; > Hess ¢. The positive trace matrix therefore gives

1
Vo, /13)? + | do

Here o; = 0 in the first stage. The cutoff construction gives Dy < 0 at these low heights,
everywhere: its white contribution vanishes there, and its black contribution is nonpositive.
Moreover

tra, K+ tra, Hess¢ < hi + C + a; Dy, 0<q; <1. (11.2)

i o b _ vy
TIN; TIN;

— OQ.

Consequently |w;| — 1, d; — 0, x; — 0, and A,, tends to the orthogonal projection onto (grad ¢)*.
Passing to the limit in (11.2) proves

tT (graq ¢)+ Hess ¢
| dg|

@K[¢] = tr(grad(b)LK—f— < k’+a0. (11.3)
The normal here points toward increasing ¢.

We next transfer this test inequality to the closed set Dy = {h < k} by Lemma 5.1, with
ambient dimension four, u = h, tensor Q = K, and ¢y = k' + ag. The coarse height bound makes
u finite, its defining relaxed limit makes it lower semicontinuous, and Equation (11.3) gives the
required bound for every nonzero-gradient lower test at a height below &’. Away from black faces
these hypotheses hold on open neighborhoods; at white faces use the constant extensions already
constructed. The lemma therefore bounds every exterior support of Dy, there by k' + ag, including
when the sublevel has a plateau.

This argument also rules out a boundary layer at a white face. The constant extension need
not make h continuous there. Nevertheless all approximating low contacts used above are interior,
so the support inequality holds at a limiting white-face contact. At every point strictly on the
added side the relaxed limit equals by > k, so Dy, lies locally in the original closed exterior. The
reversed white face would therefore be an exterior support of Dy with expansion

—H+ Pg = —c¢y, >0,

contradicting &’ 4+ ag < 0. Hence Dy misses every white face.

Adjoin the full black total region and consider Dy U D, in the filled black barrier manifold.
At a frontier point belonging to 0D,,, an exterior support of this union also supports the smooth
region D,,, so smooth tangency bounds its expansion by ¢;. At other frontier points the bound is
k' + ag > cp. The coarse end-height decay makes the additional sublevel compact. It lies strictly
inside the distant barrier sphere: otherwise a sphere at its greatest radius is an exterior support
with positive expansion, a contradiction. There are no remaining contacts with the boundary of
the filled barrier manifold. Lemma 9.5 therefore gives

Dy UD,, C Dy whenever k' + a9 < <0 (11.4)

in the chosen threshold range.

If A is disjoint from D,,, its distance from that closed region is positive. Right continuity first
permits ¢ > ¢, close enough that AN Dy = &. We then choose k, k" as in (11.1), close enough to
b_ that k' 4+ ag < . It follows that A N Dy, = &. If a uniform eventual lower bound h > k on A

79



failed, a sequence of violating points in the compact set A would give a point of AN Dy, in its
lower relaxed limit. This contradiction proves the first claim, with, for example, £4 = k — b_.
For the second claim apply the same proof to (—h, —K, —C'). The low-height modification is
now —Dg and again has the required nonpositive sign. Extend across black faces by the high
constant —b_. At a limiting contact, the reversed black face has expansion —¢; > 0 for — K, and
is excluded before using the white barrier manifold. Adjoining W,, and applying Lemma 9.5 now
places the sublevel in W,,. Right continuity at ¢, finishes the proof. This also covers an empty
chosen white region: the distance-cap formulation of right continuity makes the nearby regions
empty if necessary, and a nonempty enclosed sublevel is then impossible. O

11.2 Collar comparisons and boundary slopes

We shorten the disjoint collars to 0 < s < sg so that the offset is exactly linear there. Their
outer leaves are a positive distance from the corresponding closed total region. Proposition 11.1
therefore provides a strict height gap on those leaves in the first two stages. All these leaves and
the compact sets needed below are fixed before increasing N.

Lemma 11.2 (Collar slopes). For all sufficiently large N, there are constants 0 < ¢4 < Cy,
independent of N, R and the homotopy parameter, such that in the first two stages

C
74 S EBal/f S R

Cy p— {1 on black faces, (11.5)
N 1IN

—1 on white faces.

On these collars h > b_ on black faces and their exterior collars, and h < by on white faces and
their exterior collars. In stage three,

|0vf] < Ca/nn. (11.6)
In stage four f = 0.

Proof. Write vy = grad s/|ds| and let Ps, Hs be the tangential trace of K and the mean curvature
of the collar leaf, with normal vs. For a test height h, = b, + ¢(s) of positive slope, comparison
with a solution uses the test gradient and the solution’s value of Z. With the resulting implicit ¢,
direct contraction gives

Hess s(vs, v "
trAX(K+Hf*):Ps—i—aHs—i—XK(us,ys)—i—aX <(SS) )

ds|— 11.7

‘ds‘ + ’ 8‘ ¢/ ( )

Indeed f, = h./nn and Hess f, = (¢’ Hess s + 4" ds?) /nxn. The factor ¢’/ (ny+v/D) equals a/|ds|,

and tr, 1 Hesss = [ds|H;. For a test b, —1(s) with ¢’ > 0, all terms with prefactor a in (11.7)
change sign.

If the slope is between two fixed positive constants, the floor and the fixed collar geometry

imply
d 3N

d<Cn/0)?=Ce N,  1-a= <d Ny

= d>d 11.8
Tl d (1

and a > 1/2 for large N. Choose a smooth nonnegative cutoff 93, equal to one on [0, 1] and zero
on [2,00), and set

by (s) = Ao Nda(Ns), /0 " b (s) ds < 24s.
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Thus slopes whose logarithmic derivative is +by remain within a fixed multiplicative factor e242

of their initial slopes.

On a black collar a lower barrier is b_ + ¢_(s), with ¢¥_(0) = 0 and ¢” /¢ = by. First
choose As large, depending only on bounded collar geometry. Then choose the slope multiplier
sufficiently small that ¢/ < kp/2 throughout the collar and that its value at s is below the
solution by the strict outer-leaf gap. The direction of its gradient is compatible with the face, so
Dy = 0 at a contact. Since Ps + Hs > ¢, and C = ag — kps, the left side of the trace equation
minus its prescribed right side at this test height is at least

% — Cd + ax|ds|by. (11.9)

The constant multiplying d depends on collar geometry, not on the size of the chosen slope
multiplier. On s < 1/N, the last term dominates Cd by (11.8) and the choice of A2. On s > 1/N,
the first term dominates the exponentially small C'd for sufficiently large N. The residual is
therefore strictly positive.

For an upper barrier use b_+1(s) with ¢/ /¢, = —by. Choose its minimum slope sufficiently
large to dominate the coarse height at sg and all fixed linear spatial variations. Smoothness and
Py + Hy = ¢ give |Ps + Hg — ¢p| < Cs. The residual is consequently bounded above by

—cs+ Cd — ax|ds|by (11.10)

for a fixed ¢ > 0. It is strictly negative by the same two ranges of s. In particular, the favorable
linear term in these comparisons comes from the height and the offset; we have not assumed a
positive derivative of the leaf expansion at s = 0.

At any hypothetical crossing extremum, the test and the solution have the same gradient and
the same Z, hence the same t and positive trace matrix. The prescribed right side is increasing
in h with derivative at least one. The strict residual signs, Hessian comparison, and the endpoint
inequalities exclude such a crossing. Differentiating the resulting barriers at s = 0, and using
upper and lower positive bounds for | ds|, proves (11.5) on black faces. Sign reversal of h, K, C
proves the white assertion. The compatible-direction modification again vanishes there.

In stage three let b, = (1 — ()b be the assigned face height. Use b, + 1(s) and b, — ¢(s), with
' >0, "/ = —by, and with a large fixed minimum slope. For the limiting coefficients a = 1,
x = 0 at s = 0 and height b,, the directional inequalities in the homotopy construction are

Fpresc(V)EPB+H, Fpresc(_V)SPB_H-

Their residuals have precisely the signs needed for the upper and lower tests, respectively. At
positive s and finite d, smooth spatial variation and 1 —a < d, x < d cost at most C(s + d).
Increasing or decreasing the height by (s) improves the respective residual by at least (s).
Choose the minimum slope to dominate the C's error and the coarse height at the outer collar
leaf. The logarithmic curvature contribution in (11.7) has the favorable sign for both tests and
dominates Cd on s < 1/N;on s > 1/N the linear height term dominates it. The same comparison
proves (11.6). All constants are uniform in ¢ € [0, 1] by smoothness of the prescribed convex
combination. The assertion for stage four is the scalar maximum-principle conclusion already
proved in the homotopy construction. ]

Combining the own-color collar comparison with Proposition 11.1 on the compact complement
of smaller own-color collars yields

bo<h<b,y onQnNsuppK in the first two stages, for all sufficiently large N.  (11.11)
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The finitely many compact sets used here are fixed first. Thus (11.11) has exactly the range
required in (9.16); it was not used to establish the floor.

11.3 Polynomial weighted traces and flux

The slope sign supplies a trace inequality with a small coefficient in the boundary flux. Its proof
uses weighted divergences, so it does not require an upper bound for Z or | df|. All measures in
the next lemma are background g measures.

Lemma 11.3 (Weighted trace inequalities). Let C be the union of fized collars, slightly enlarged

if necessary. In stages one and two, for every nonnegative smooth ¢ and every sufficiently large
N,

/B Low dA, < HN/Cu((l +VT)e + | dgla,) AV, (11.12)
/B ¢ dA, < HN/C\/B((l +VT)e + |dela,) dV,. (11.13)

On B, the corresponding homotopy flur satisfies
(Va)y| < Cud < CUTNLO. (11.14)

The constants C' and the coefficients of Il are independent of N, R and the solution.

Proof. Set W = v/dw. For every covector &,

€V < l€la, < /(N +3)/31¢la,  uW =Low, VDW=w.  (1115)

The first assertion follows along the axis from [£(W)|? = dvé(e)? < dé(e)? and is immediate
transversely.
For completeness, write Q5 = tra, H f. Differentiating w and D gives

Viwj = H,LJ; — Hf(w,&)wj —I—pdtiwj,
divw = Q¢ + pdw(t), Qf=F+(d—x)j —tra, K.

The two weighted divergences are exactly

D™Y2div(vVDW) = Vd(Q; + pdw(t)), (11.16)
u”t div(uW) = Vd(Qy + (p + 2 + pd)w(t)). (11.17)

Indeed the second formula follows from uW = Low and dlog Lo = (p + 2) dt. Since Vd |w(t)| <
|dt|a, and 0 < d — x < d, coercivity (10.14) bounds both right sides by Iy (1++/7) on the fixed
collars. No factor {~! or 77]:,1 occurs.

On a face epw, = a > 1/2 by (11.5). Integrate the divergence of e g{uW ¢ separately on each
collar, where { =1 at B and ¢ = 0 near its outer leaf. The outward normal of Qr at B is —v,
so the boundary term is — [ Loap. Taking absolute values of the remaining terms and using
(11.15)(11.17) proves (11.12). Replacing u by v/D proves (11.13). The derivatives of ¢ cost only
a fixed constant.
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On the boundary the compatible slope makes Dy = 0, and the prescribed heights and offsets
give exactly F' — Pp = egH. Moreover w, = ega and (A, K(w,")), = epaxK(v,v). Writing
g =1—(1—=N)jo(t) € [0,1], the flux formula (10.21) is therefore

W) d
=0 1+aH Npd — (1 = XNepaxK(v,v)| .

This is bounded in absolute value by Cd since y < d. Finally ud = Lovd and vd < Cny /¢ at B
by (11.5). This proves (11.14). O

11.4 A high-level integral and graph Sobolev inequality

From this point, constants used to obtain a bounded range may depend arbitrarily on fixed N.
The only large-N absorption needed first uses the polynomial constants just proved:

HNUTN = Tye N2 — 0. (11.18)

There exists Zp(IN) > 0, independent of the solution and R, such that
E>6T +p+ 3domyac on {Z > Zy(N)}, E> 007 —C(N) everywhere. (11.19)

To see the first assertion, only the support of my matters. There —e <t < —e + 1/N, whereas

1
D = 570, :771\/( D >
e NNao ;i v —\/5

At fixed N this last expression tends uniformly to infinity with Z, and dominates the bounded
penalty P. The global lower bound follows from the bounded weights defining P.

Lemma 11.4 (High-level integral). In stage one, choose a smooth nondecreasing ko which is
zero on (—oo, Zy| and one on [Zy + 1,00). For all sufficiently large fixed N,

/ wko(Z)(T + p + nvac) AV, < C(N). (11.20)
Qg
Proof. The test ko(Z) vanishes on Sgi. Integration by parts gives

/uk05+3/uk6\d2|?4x . —/Bko(VA)V—A/uk{)(K(w,-), dZ) 4,

The last integral is absorbed into part of the gradient term plus C'(/V). Indeed it is supported in
a fixed compact set and in the strip Zy < Z < Zy + 1, where

u = le3Z7t < el+3(Zo+1)+6. (1121)

Thus the residual strip integral has bounded background volume and a bounded weight, without
any preliminary gradient estimate.
By Lemma 11.3, the absolute boundary contribution is at most

My [ (L4 VT ko + kol dZ].a,).

c

The fixed collars have ming p > 0. Consequently 1 + /7 < C(p + 69T there. Choose N large
using (11.18) to absorb the nondifferentiated term into the positive source in (11.19). Young’s

inequality absorbs the differentiated term into another part of [wukj|dZ B‘X, with a bounded
remainder by (11.21). This proves (11.20). O
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Let I'y be the ordinary product graph of f in (Q2r x R,g + dz?). Put Ef = 1+ ¢? and
Gy=1d —(0?/E ¢)e ® e, the inverse graph metric on base covectors. The following comparisons
hold without a bound for o:

e WD AV, < dVr, = \/E; dV, < 7'V/D dV,
e?(N +3)
3
They follow from ¢ < [ < e, hence ¢? < D/E; < e?, and 3d/(N +3) < x < d. Thus graph measure
and gradient norms are comparable to v/ D dVy and the A, norm, with constants depending only

on fixed N.
On every fixed compact base set @, (11.20) implies

(11.22)

PPA <Gy < A,

/ 22 AVr, < C(N, Q). (11.23)
Trla

In fact, for = v/D > 1, the elementary estimate z%/3 < C(N)(1 4 (nn/1)(z — 2z~ 1)) gives
DY3 < O(N)(1 +nnao),  e*2VD = %Dl/ff.

On {Z > Zy + 1} use (11.20) and the positive minimum of p on Q. On its complement the floor
bounds D and €24, and the fixed base volume suffices.

Lemma 11.5 (Sobolev inequality on the graph). Fiz a compact base patch and a slightly larger
compact neighborhood. For every smooth ¢ supported over the patch, allowed to meet B, a
stage-one solution satisfies

1/2
(/Ff l* dVrf> < C(N) /Ff (lvpfgoP +(1+ 7')902) dvr,. (11.24)

The constant depends on the fized neighborhoods, and is independent of the graph and the outer
radius.

Proof. Extend the compact base neighborhood smoothly to a compact Riemannian manifold
and fix a smooth Euclidean isometric embedding by Nash’s theorem [32, Theorem 2, p. 59]. Its
product with a line embeds the product graph isometrically. The scalar mean curvature of the
product graph is, up to its normal sign,

_ VD
TV
The prefactor is at most ¢! and E;l < e?d. Coercivity therefore bounds its magnitude by
C(N)(1 ++/T). The additional mean-curvature vector of the fixed embedding has magnitude at
most four times the bound for its second fundamental form. Thus the Euclidean mean-curvature
vector has the same bound, independently of the graph slope.

The four-dimensional Michael-Simon L' Sobolev inequality [31], in the compact-support form
of [39, Chapter 4, Section 5, Theorem 5.7, p. 98], applied to |p|?, gives

Hp [trT —tr . K—l—E;l(j - K(e,e))} .

3/4
( 5 |<P|4> <O [ (P19l + 0 VDIe) € [ e
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We have retained the boundary term. Its form follows, for each individual smooth graph, by
applying the boundaryless inequality to cutoffs tending to one up to the face: the integral of their
normal derivatives tends to the face integral. Artificial patch edges do not contribute because ¢
vanishes there. Along B, f is constant on each face, so the graph face measure is exactly dA,.
Apply (11.13) to |¢|® and use (11.22). This bounds the face contribution by the same two interior
expressions. If I = frf lo|*, Cauchy-Schwarz now gives

1/2
P4 < o(N)IY? </ (IVr,@l* + (1+ T)<p2)> :
Ly
For I > 0 divide by [ 1/2 and square. The case I = 0 is immediate, proving (11.24). ]

11.5 TIteration and a bounded range for all stages

Proposition 11.6 (Global bounded range). For every sufficiently large fized N there is a finite
C(N) such that every above-floor smooth solution in any of the four homotopy stages satisfies

—e<t<Z<C(N), |f| + | grad f| < C(N) on Qg. (11.25)
The constant is uniform in the allowed radii and homotopy parameters.

Proof. We first treat stage one, where the compactly supported drift can prevent a direct maximum
argument. Let ¢ be a smooth base cutoff supported in a fixed compact patch, permitted to meet
B. For k > k,(N) > 1, test the divergence equation with ¢?e?*4 /Ly. We claim

[ EERT + KV, ZP) < Ok [ 4w+ |du), (11.26)
f f
where C(N) is independent of k.

Here are the error estimates establishing the claim. Let dup = v/ D dVy, and write K = K(w, -)

in this computation. Since dlog Lo = (p + 2) dt, the exact tested identity is

[ 0+ okl dzP) duo

¢262k‘Z
= [ ), ddy — 20 [ g, 420, dup
B 0

— 2/e2kzw<3dz+m, dv)a, dup +/e2kz¢2(p+2)<3dz+m, dt)a, dup.

The global lower bound in (11.19) supplies §y7 and costs only C(N)v? on the right. Coercivity
bounds the final integrand, by Young’s inequality, by

L0 T + C(N)?[dZ4 + C(N)y?.

Choose k.(N) sufficiently large to absorb this fixed multiple of the gradient square. The drift
term carrying 2k is bounded by kt?|dZ |2Ax + C(N)k1%2. The cutoff terms cost another fixed
fraction of the k-weighted gradient square plus C(N)k(¢? + | dy|2).

For the boundary term, (11.14) gives |(Vy),|/Lo < CVd < C. Apply (11.13) to 1)?e?*%. The
resulting integrand, apart from its common factor €24, is bounded by

C(N) [(1+ VT2 + 206l | v, + 2k9?| dZ]a, ]
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For any fixed coefficient b = C'(IV) the estimates
BVT < 300T +2b%/60,  20k[dZ|a, < k|dZ|5_+ bk

show that the boundary cost is absorbed with the claimed remainder linear in k. Leaving fixed
positive fractions of the coercive terms and using (11.22) proves (11.26).
Set U = eZ. Applying (11.24) to ¥ U* and using (11.26) yields

1/2
(/ ¢4U4k> < C(N)kz/ UF(? + | dup|2). (11.27)
Ly Ly

Choose nested base patches ), € ()5 in a fixed coordinate neighborhood, or corresponding half
patches at B, with 0 < s —r < 1. Cutoffs have | dy)| < C/(s — r). Iterate (11.27) with k; = 27k,
and geometric gaps. The factor at the jth step is at most

[C(N)R3(1 4 gap; )] /49,

Its product is finite, since 3°;(j + 1)/k; < oo. Tracking the total gap exponent gives

1/(2ks)
sup U < C(N)(s — r)~2/k= </ U2 dvpf> : (11.28)
Qr Crlos
All comparisons here use the same graph measure of the individual solution; its constants are
uniform by the preceding lemmas.

The starting exponent 2k, can exceed the exponent in (11.23). A second, elementary nested-
patch argument closes this point. Write M(s) = supg, U. Interpolation gives

1/(2ky) 1/(2k+)
</ U2k*> < M(s) " V/ks </ U2> .
Tslas Lrlos

The last integral is uniformly bounded by (11.23). If k, = 1 this already suffices. Otherwise
Young’s inequality applied to (11.28) gives, for any ¢q € (0, 1),

M(r) < gM(s) 4+ C(N,q)(s — )2 (11.29)

Choose increasing radii ; tending to a fixed larger radius, with ;41 —r; proportional to 277, and
take ¢ < 1/4. Iteration sums a geometric series with ratio 4¢ < 1. The remaining ¢/ M (r;) tends
to zero: for each individual smooth solution all these patches lie in one compact neighborhood
with finite supremum. Thus M (r¢) < C(N) uniformly. A finite cover gives a uniform Z bound
on a compact set containing B and the support of K.

Outside this set K = 0. At an interior maximum with Z > Zy(N), dZ = 0 and

div(3uA, grad Z) = 3utra, Hess Z <0,

whereas u= > 0 by (11.19). The outer value is Z = 0, so this maximum argument extends the
compact bound through the end. This proves the stage-one Z estimate.

In stages two and three A = 0, so the same maximum argument works everywhere in the
interior. On B the already established face-gradient bounds show that Z can be high only if
t>1:ift <1, then

Z =t+ glog(L+1*|df[*) <1+ glog(1+e*Ciny?).
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For ¢t > 1 the boundary switch satisfies jo = 1 and the prescribed conormal flux in (10.21) is zero.
A high boundary maximum would contradict the boundary point principle applied locally on the
high-level set to div(3uA, grad Z) = uZ > 0. For this application the individual smooth solution
gives a smooth positive elliptic matrix; no uniform ellipticity constant is being assumed before
the bound. Equivalently, the outward derivative at a nonconstant boundary maximum is strictly
positive, whereas the zero conormal flux forces it to vanish. This bounds Z in these two stages.

In stage four f = 0, hence t = Z. At a positive scale multiplying the source and boundary
data, the same high-level interior and boundary arguments apply. At zero scale the homogeneous
mixed problem gives Z = 0. The resulting bound is uniform in the scale.

Finally Z —t = %logD > 0, so the floor and the upper bound give D < e8(C(N)+€)  Since
1 >0>0,|df| <¢'V/D—1< C(N). The coarse bound for h = ny f gives |f| < C(N). This
proves all of (11.25). O

The bounded range now permits fixed-/N regularity and exhaustion. The final mass estimate
will use only the earlier polynomial bounds in Lemma 11.3 and (11.14); the graph Sobolev and
Moser constants are not needed in that limit.

12 Four-dimensional regularity up to the boundary

The second equation has quadratic growth in both grad Z and Hess f. A bound for its ellipticity
constants therefore does not close the regularity argument. We first prove an independent scalar
estimate which gives a positive Morrey exponent for | Hess f|2. That exponent permits a measure
correction in the second equation. All constants in this section may depend arbitrarily on a fixed
N; none of them is subsequently used as a polynomial bound Ily. In coordinate calculations D,,
or D when there is no ambiguity, denotes ordinary differentiation, whereas D = 1+ (2| grad f|? in
the system retains its earlier meaning.

12.1 An independent scalar estimate

Theorem 12.1 (Measurable axial coefficient). Let U be a four-dimensional coordinate ball Ba,
or a half-ball By = By N {x4 > 0}. Assume that the metric is smooth, Cg_l Id < (gi5) < Cy1d,
and that its coordinate C* norm is at most Cy. Assume also uniformly bounded C*® norms for the
charts and inverse charts. On a half-ball use boundary normal coordinates, so gia =1 and gqq =0
fora < 4. Let z be C3, up to the flat face when present, and constant on that face. Suppose,
almost everywhere, that

A, :Hessy z = G, A, =1d—(1 - X)e, ® e,

12.1
o= BRE <Rl (12.1)
| grad z|

Here X and G are measurable. At grad z = 0, any measurable unit axis making the equation true
is allowed. If | grad z| < My and |G| < N1, then there are a € (0,1), 79 > 0 and C < 0o such that

” grad ZHCa(Ul) < C(Ml + Nl), ‘/B (@)U | HeSSg 2‘2 d‘/g S C(Ml + N1)27’2+2a (122)

for x € Uy and 0 < r < rq, where Uy = By or Bf". The constants depend only on xo, the stated
geometry bounds and the separation from the curved patch edges. The C'* norm may equivalently
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be taken for the coordinate gradient components. In particular, no modulus of continuity of G or
X, and no bound for a derivative of either, is assumed.

Proof. We prove the assertion on uniformly small full balls, using a reflection at the flat face.
Rescaling back and a finite local cover give the stated form. The argument first establishes a
local Hessian estimate and a dichotomy: on a smaller ball, either the gradient bound decreases or
the solution is close to a nonconstant affine function. A fixed-axis estimate then improves the
affine approximation. Iterating these alternatives gives Holder gradient control, from which the
local Hessian estimate yields the Morrey bound.

Doubling and a quantitative Hessian estimate. Subtract the constant boundary value.
With Ry = diag(1,1,1,—1), extend the tangential metric block evenly and set Z(z) = —z(R4x)
below the plane. Tangential derivatives of z vanish on the face and the two normal derivatives
agree. Thus 7 is C'; its distributional coordinate Hessian has no surface measure. The doubled
metric is Lipschitz and has the prescribed smooth bounds on each closed side. On the reflected
side the gradient and covariant Hessian are —R, grad z and —R4(Hess, 2) R4, respectively. Extend
X evenly and G oddly. Equation (12.1) then holds almost everywhere on the double. Each
individual doubled function is locally W?2P for every finite p, although these norms are not yet
uniformly bounded.

Make a constant linear coordinate change so that the metric at the center of a ball is the
identity. A plane in the double remains a plane under this change. If the ball is sufficiently small,
the coordinate principal matrix a = (a¥) in (12.1) satisfies

|Id —a(x)|p <1—x0/2 =k < 1. (12.3)

The reason for the strict gap is the exact identity |Id —A,|p = 1 — X in an orthonormal frame;
the small metric oscillation consumes at most half the gap.

Let T = D?A~" on R*, with its values measured in the Frobenius norm. Its L? operator norm
is exactly one, since its Fourier multiplier satisfies

&i&j
Zz]: €]2

2

The Calderén-Zygmund bound gives a finite L* operator norm Cjy. Interpolation between 2
and 4 therefore gives ||T']|, < C}f(p), where 1/p = (1 —9(p))/2 + Y(p)/4 and I(p) | 0 as p | 2.

Choose once and for all 2 < pg < 4 such that Cf(p Vi < 1. For a compactly supported y, write
Ay = a: D*y + (Id —a) : D?y and absorb to obtain

||
1Dy, < 1 L—lla: D%y, p =2, po.

— &[Tl

This proves the needed Cordes estimate without differentiating a.
For later use its local, scaled form is

ID?yllLo(s,,,) < C (Ha : D*yllo(s,) + 7“_2Hy||Lp(B7.)> . P=2,po. (12.4)

Here is the localization. A cutoff across a gap h gives the additional terms Ch~!|| Dy||,+Ch=2||y||,-
On a slightly larger ball, derivative interpolation bounds the first by || D?y||, + C-h2||y]|,. Use
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concentric gaps decreasing geometrically and choose € so that the resulting geometric series
absorbs the larger-ball Hessian norms. For each individual function these norms are finite, so the
terminal term tends to zero. This proves (12.4); the same argument absorbs bounded first order
coefficients. In particular the Christoffel terms in the covariant equation cause no difficulty. The
analytic inputs here are the scalar Calderén—Zygmund and interpolation estimates [18].

A divergence inequality for the gradient deficit. Divide by M; + Nj unless this number is

zero, in which case the claim is immediate. Subtract a constant and rescale space by r and height

by 7. The new gradient has norm at most one and the new forcing has norm at most r. Metric

first derivatives and the second fundamental form of a reflecting plane are O(r); curvature on the

smooth sides is O(r?). After normalizing the metric at the center, all of these errors can be made

uniformly small. In this paragraph write P = grad z, H, = Hessy z, and s =1 — |P|§ > 0.
There is an exact cancellation of the measurable axial coefficient:

A, grad(|P|2/2) = GP = (H, — Agz g)P =: Q, (12.5)
divQ = |H.|2 — (Ag2)* + Ricy(P, P). (12.6)

Indeed grad(|P|2/2) = H.P and Agz = G+ (1 —X)H.(e., ;). The axial parts in the first formula
cancel. In the second formula, div H, = grad Ayz + Ricy(P, -) cancels the third derivatives. Both
identities hold also at P = 0, because the first has both sides zero there. At no point is a derivative
of G or X taken. Choose g9 > 0 with (1 +£0)(1 — x0)? < 1 when xo < 1. Young’s inequality, or
directly Ayz = G if xo = 1, gives

|HZ\3 — (Ag2) > c|HZ\3 — C|GJ?, ¢ = c¢(xo0) > 0. (12.7)

We compute the only surface error in this identity. In boundary normal coordinates on the
original side, P = 2404 at the plane and, for a,b < 4,

(H:)ap = —Tapza = 3(0agap) 24
Writing Hp = % g™ D4,y for the mean curvature toward increasing x4, this gives
Q4 = (244 — Agz)24 = —HBZZ.

Thus the jump of the volume-weighted normal flux on the double is bounded by C|1Ig ||P|*. In

particular it contains no uncontrolled second derivative of z. A bounded plane density j(2') is

the distributional divergence of j(z’)1 {24>0}04; only a normal derivative is taken in this assertion.

After a linear coordinate change use the corresponding constant normal direction. Subtracting

this bounded step field handles the signed jump, without imposing any tangential regularity on j.
More explicitly, put J, = v/det g and let

af = Jy(g" — (1= X)eiel)

be the coordinate divergence matrix. Let j = [JgQ4] be the upper trace minus the lower trace.
Reflection gives @~ = RyQ™, so j = —2J,Hpz}. Then

diV(JgQ) = Jg(‘HzP - (Agz)Q + Ricy (P, P)) +J dH3|{x4=0}'

Since a1Ds + 2J,GP = —2J,Q, the error field 2J,GP + 2j(2')1{;,~0y04 cancels the plane
contribution exactly.
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Consequently (12.5)—(12.7), with volume factors included, imply on a full normalized ball
div(a;Ds + Fy) < —c1|H,|> + e1, | E1|loo + |l€1]]oc — O (12.8)

as the normalized source and geometry errors tend to zero. The matrix a; is bounded, symmetric
and uniformly elliptic, with constants depending only on o and the fixed comparison bounds. For
example, away from the plane one may take the volume-weighted matrix of A,, F1 = 2y/det g GP,
and e; < C(|G|*> + | Ricy |); the step field just described supplies the remaining term in F.

The gradient drop or affine alternative. Fix r, = 1/32. We claim that, for every by > 0,
there are 7, < kx < 1 and §,; > 0, depending only on the fixed parameters and by, such that a
normalized solution on Bi, with gradient at most one and errors at most )¢, satisfies one of

sup | grad z|g < ky; Iz = Ll poo(p,,) < <bo, 3 <|DL| <2, (12.9)

Tk

where L is a coordinate affine function.

To prove the claim, consider a sequence with errors tending to zero and infp,_ s — 0. Weak
Harnack for nonnegative scalar divergence supersolutions, applied to (12.8) with its bounded
vector and scalar errors, yields for some g > 0

1/q
\31/2]‘1/ ) < C(inf5+ 1B oo + |61||OO> Y
B2 Brs

One obtains these fixed radii from the usual concentric weak Harnack inequality by a finite chain
of overlapping balls. Thus s — 0 in measure. The scalar weak Harnack and energy estimates
used here are valid for bounded measurable divergence matrices [18].

There is also Ds — 0 in L' on smaller balls. Indeed, for a fixed cutoff ¢ and b > 0, test the
weak inequality by ¢2(b— s). Discarding its favorable Hessian term and using Young’s inequality
gives

.y C1DsP < 8 [ IDCP 4 CIEE, + (1Bl + o)
s<

The full local L? norm of Ds is bounded by (12.4), the gradient bound and the geometry bounds.
On {s > b}, Cauchy-Schwarz and convergence in measure give a vanishing L! norm. On {s < b}
the displayed estimate bounds the limiting L' norm by Cb. Letting b | 0 proves the claim. Testing
(12.8) with a fixed nonnegative cutoff equal to one on B; /4 NOW gives

/ L[> —s 0.
Biya

The coordinate Hessian also tends to zero in L?, because the connection coefficients tend to zero
and Dz is bounded. After subtracting z(0), the functions are equi-Lipschitz. Poincaré gives
convergence of their gradients in L? to constants, and compactness gives uniform convergence
to an affine function on smaller balls. Since s — 0 in measure and the metrics converge to the
identity, its slope has length one. If (12.9) failed for every k. 1 1 and every tolerance tending to
zero, this conclusion would contradict failure of its affine alternative. This proves the claim.
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All derivatives for a fixed exceptional axis. For a constant Euclidean unit vector eg, let
AgY = AeOLY + X(2)Oege, Y- (12.10)

If Yy € W2?(Bs,,) and AgY) = 0 almost everywhere, we claim that, for some a; € (0, 1),
[1DYollcer (s, ,,) < CllYollw22(s,),,)- (12.11)

Set v1 = 0., Yy € W12, Differentiating the equation in distributions, with no differentiation of its
coefficient as a separate function, gives

Aeévl + 860 ()2860’01) =0.

This is a scalar uniformly elliptic divergence equation. Its local boundedness and Holder estimate
bound vy in Ct. Caccioppoli, subtracting the value at the center of a ball of radius h, then gives

/B " ‘DUl‘Q < Ch2+2a1H%H12/VQ’2(B3/4) (1212)
h\Z

at all centers in a fixed smaller ball. The power follows from h~2 for the cutoff, h?*! for the
squared oscillation, and volume h?.
Normalize the norm on the right to one. Since AYy = (1 — X)0e,v1, it follows that

/B BNSORTClis (12.13)
n(z

Let NV be the Newtonian potential of (AYy, where ( is supported inside B, /2 and equals one on
a slightly smaller ball. The remainder Yy — A is harmonic there, with bounded local L? norm;
the potential has such a bound by local integrability of |=|~2 and the L? bound for AYy. For the
gradient of N, the kernel and its derivative are bounded by C|z|~2 and C|x|~. If two points are
separated by h, the annuli of radii s < 4h give, by (12.13), C'Y" s* < Ch*. On annuli s > 4h
the kernel difference instead gives ChY_ s¥~! < Ch®'. The sums run over dyadic scales; both
converge because 0 < a3 < 1. The harmonic remainder has bounded smooth derivatives on the
final smaller ball. Thus every component of DYy, and not only 0, Yp, satisfies (12.11).

Improvement of a nonzero affine approximation. Suppose on B; that
|z =Ll <b, 0<b<by, 1<|DLI<4, |gradz|; <8, (12.14)

and the source, metric oscillation from the identity and metric first derivatives are at most bd,g.
Put Y = (2 — L)/b. Its coordinate equation has uniformly bounded right hand side on By: the
covariant Hessian of L is a Christoffel symbol times its bounded slope, and division by b leaves a
bound Cé,g. Consequently (12.4) gives a uniform W?#0(Bz/g) bound for Y.

Let eg = DL/|DL| and let ap = Id—(1 — X)ep ® eg. Since Dz = DL + bDY, the set
Ey = {|bDY| > v/b} N By /4 has measure at most CbP/2. On its complement the actual gradient
is bounded away from zero and the coordinate principal matrix differs from ag by at most
C(vVb + bdag). On Ej this difference is bounded. Hélder’s inequality, with 1/2 = 1/py + 1/g¢,
shows explicitly that

llao D2YHL2(B3/4) <C (5aff +Vbo + b(()p072)/4) =:eq. (12.15)

91



Zeros of Dz can occur only in the exceptional set when by is small. The arbitrary permitted
choice of their axis is therefore covered by the same estimate.

Remove this residual by solving ag : D%y, = ag : D*Y on Bj /4 with zero Dirichlet data. To
justify this solve for measurable Y, recall the Miranda—Talenti boundary identity on a Euclidean
ball for smooth zero-trace y [40, Section 2, Theorem 3, p. 297]:

(@ =10 = [ Hon(0,)* = 0.

Here mean curvature is the outward trace convention, equal to minus three times Talenti’s signed
normalized mean curvature. The identity extends by density to W22 N VVO1 2. Hence the Dirichlet
inverse of A has Hessian norm at most one. On this space the map

y — At (ag : D*Y + (Id —ap) : D%y)

is a contraction in the Hessian L? norm with factor at most 1 — xo. Poincaré and the Dirichlet
Laplace estimate identify this as a complete norm and give

ly1llwz22(s,,,) < Cer. (12.16)

The function Yy = Y — y; has uniformly bounded W??2 norm and satisfies the homogeneous
fixed-axis equation. Therefore (12.11) applies to it.

The passage to a small supremum norm must use a separate estimate in dimension four.
Choose any 0 < n < min{1,2 —4/pg}. The W?P0 hound gives a uniform C%7 modulus for Y on
smaller balls. The fixed-axis estimate and the local L? norm give a uniform Lipschitz bound for
Yy. Thus y; has a common C%7 modulus on Byjy. Iftm = ||y1||Loo(Bl/8), a ball of radius em!/"
around a point with absolute value at least m/2 has absolute value at least m/4, provided m is
small. Hence

I3 = em®T4m, m < o/,

If m is not small, the same reasoning on a fixed smaller ball first excludes that case when &; tends
to zero. This argument uses no embedding of W22(R*) into C°.

Choose 0 < ag < ai, then 0 < A9 < 1/8 so that the Taylor remainder constant in (12.11)
satisfies C’)\(1)+O‘1 < %)\(1)“‘2. Next choose daf, bg > 0 so that the correction supremum above is at

most %)\(l)Jraz. Taylor approximation of Yy at the center gives an affine Ly such that

12 = Lill oo (my,) < bAT%, |DLi— DL| < Cb. (12.17)

Reduce by further so that
Cho/(1 — A5?) < 1/4. (12.18)

These estimates concern the almost everywhere coordinate equation on full balls and therefore
apply equally to doubled patches.

The complete scaling iteration. The choices are ordered as follows: first pg, a; and their
constants; then ag, g, dafr, bo; then ki, da from (12.9) for that by. Finally shrink the initial
spatial scale so that its normalized source and geometry errors are bounded by J, where

d < cmin{0at, boOagt /74 }- (12.19)
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Here the fixed ¢ > 0 incorporates all comparison constants in the geometry rescalings. This scale
depends only on the theorem’s parameters, since division by M; + N makes the initial source at
most one. Write the resulting function as u and center all following balls at zero.

After m successive gradient drops the actual rescaled solution is

u(ri'z) — u(0)

uml@) = I gradunly, <1 (Gl < 30 /R

The metric remains the identity at the center; its oscillation and first derivative errors are
at most Corl", with its curvature error shrinking at least as fast. A reflecting plane has the
correspondingly scaled second fundamental form. Since r, < ki, the next application of the
alternative is legitimate. If the affine alternative first occurs after these m drops, rescale its ball
by setting vg(x) = um (r«x)/r«. Then vy has affine error at most by, slope in [1/2,2], bounded
gradient, and source at most

T40(74 /ks)™ < boOafr-

Its geometry satisfies the same tolerance by (12.19).
In all subsequent affine steps use

vi(x) = Ay lvo(Noz), bi = bo A2,

The derivative Dv;(z) = Duvg(Nyz) retains the actual gradient bound. The source and first order
geometry errors are at most boéag)\f) < b;dasr, because as < 1. The affine function used at stage 4
is rescaled in the same way, including its constant term. Thus (12.17) applies inductively. Its
changes of slope sum to less than 1/4 by (12.18), so all slopes remain in [1/4,4]. Only the auxiliary
residual in the proof of an improvement is divided by b;; that residual is never asserted to solve
the original nonlinear axial equation.
Choose
0 < o < min{aw, log k. /logr.}.

If the drops never end, the gradient on B,m is at most k* < r"®, and subtraction of the central
value gives a constant affine approximation with error CTT(HQ). If the drops end after m steps,
the affine approximation at R; = v} has error at most

(1 —
bok N < pgr ORI

The previous drop scales have the same type of estimate. Adjacent radii have ratio r, or Ag, both
fixed, so every intermediate radius has an affine approximation with error Cr'T®. This conclusion
holds at every center of the smaller full patches, including centers whose balls cross the plane.

For clarity, the usual comparison of affine approximations gives the gradient conclusion
directly. If L, L,/ are two such approximations, then | L, — L, sz (B, 1) < Cr'*e, whence
|DLy — DL, j5| < Cr®. Their slopes converge, and the limit is Dz since z is C'. At points
separated by h, compare the two approximations on overlapping balls of radius 4h; the same
affine norm estimate gives a slope difference Ch®. Their limits differ from those slopes by Ch® as
well. This proves the first estimate in (12.2).

Finally take an affine approximation L on B, with error Cr!'*®. Its L? error is at most Cr3+e.
The coordinate equation for z — L has right hand side equal to G plus a bounded Christoffel
coefficient times Dz, whose L? norm is at most Cr? before these iterative rescalings. Equation
(12.4) with p = 2 therefore gives

1D 2, ) < OO 4 12).
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The difference Hessg z — D?z has L? norm at most Cr2. Since o < 1, squaring and restoring
M + Nj proves the second estimate in (12.2). O

12.2 The measure estimate needed in dimension four

The second regularity step is Lemma 6.2 with n = 4. Its input is a bounded scalar function
satisfying
div(ADZ + By) = E, (12.20)

with symmetric measurable uniformly elliptic A, bounded Bi, and a signed source dominated by
|E| < Co(1+|DZ|*)dz + 1,  m(Be(z)) < Cur*™P B>0. (12.21)

The preceding axial theorem will supply the Hessian part of 111. A bounded density on a reflecting
three-plane contributes O(r3), which also has the required positive exponent. The shared lemma
absorbs |DZ|? by its exponential product rule and bounds the remaining Green correction by
C(r+1P).

In the application below each individual solution is smooth, and its reflection is continuous
and smooth on the two closed sides. Its common trace therefore defines the measure products
and verifies that product rule, including the plane flux. The Holder representative supplied by
the lemma agrees everywhere with this continuous function. We now verify the coefficients, the
reflected source, and the ball-growth bound for the actual homotopy before applying the estimate.

12.3 Application to the homotopy and the boundary estimates

Proposition 12.2. Fiz the prepared data, €, a sufficiently large N and any stage of the homotopy.
Every smooth solution on an allowed finite truncation Qg with t > —e has uniform local estimates
for every finite number of derivatives of f and Z, up to both the inner and outer boundary faces.
The constants on the fized compact part and on uniform unit patches of the end are independent
of R and of the homotopy parameters. They may depend arbitrarily on N. On each fixed finite
truncation they therefore bound ||Z||c1,a0 for every prescribed 0 < o < 1.

Proof. We use the uniform family of interior and boundary patches described in the statement,
shrinking them by fixed factors when necessary.

The first Holder estimates and the reflected equation. The bounded range (11.25) keeps
f, Z,t,grad f bounded and [, d, x,u above positive constants depending on N. Divide the trace
equation by 1/ VD to obtain

VD

Ay i Hessy f = Gy, Gf:T(Fpresc_trAxK)’

Gfl < C(N),  0<xo(N)=x=1

(12.22)

All prescribed trace expressions have bounded values on this range. Every boundary value of f is
constant on its face. Thus Theorem 12.1 gives a Holder bound for D f and

/B oy [P < OO0, (12.23)
r\T R

The coordinate and covariant Hessians differ by a bounded Christoffel term times Df, so they
have the same bound at these radii. The bound also holds for the odd double at a face.
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In coordinates set
A = Sx/detguAi(j, Bl = \/detgu (A, K (w, ))Z,

using A = 0 in the later stages. The coordinate Z equation is (12.20), with these bounded
coefficients and the appropriate scalar homotopy factor in E. Its matrix is symmetric and
uniformly elliptic at fixed N. Differentiating the implicit relation for ¢ gives the exact covector
identity

3dZ = (3+pv) dt + H (w, ). (12.24)

Since 3+pv > 3 and all its coefficients are bounded on the range, |D,t| < C(N)(1+|D.Z|+|D2f|)
in coordinates. The quadratic formula (10.6) and the bounded lower order terms in the source

therefore give
|E| < C(N)(1+ D2 + |DZf1?) (12.25)

in the interior. No derivative of the principal matrix has been used to obtain this bound.
At a face take the domain to be x4 > 0 and write Q = ADZ + B;. For x4 < 0 define, with
s=1or —1,

Z(z) = sZ(Ryx), A(z) = RyA(Ryx)Ry, Bi(z) = sRyBi(Ryx).

The reflected flux is @(x) = sR4Q(R4x). Integration by parts on the two sides shows that its
divergence has the reflected bulk source sE(R4z) and the plane term

(1+8)QF dM?|,—0y- (12.26)

Indeed the upper normal component is QI and the lower one is —SQI, so their difference is
(1+ S)QI. For an inner face use even reflection, s = 1. The total conormal flux is prescribed by
(10.21); its coordinate density QI is bounded on the established range. For an outer face use
odd reflection, s = —1. The zero Dirichlet condition makes Z continuous across the face, and
the plane term vanishes. Even reflection at the inner face is also continuous. Each individual
reflected function belongs to W12 and is smooth on the two closed sides, which verifies the weak
chain rule required in Lemma 6.2.
In the full patch, (12.25) and (12.26) give a signed measure dominated by

CN)(1+ D, ZP) da+ i, = C(N)|D22 d + 21Q7 | dH| (a0},

where the Hessian density is reflected and the plane term is omitted for an odd face or an interior
patch. By (12.23), this positive measure satisfies, at every center,

p1(By(z)) < C(N)R*P, B =min{2a,1} > 0.

For balls crossing the plane this follows either from the doubled estimate or by enlarging a ball
centered on the plane by a fixed factor. Lemma 6.2 now supplies a uniform Holder modulus for
Z, including at both boundary types.

Schauder for f and the ordinary normal condition for Z. The actual coefficients in
(12.22) are smooth functions of (x, Z, Df) on the bounded range. This remains true at D f = 0,

as is manifest from 54
Ay =Td——"P
3+ pv

w R w
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The source is smooth in these variables and f, uniformly over the four parameter ranges. The
Holder bounds just proved therefore make the coefficients and source uniformly C%? for some
0 > 0. The scalar Dirichlet Schauder estimate, with the constant face data, gives

[fllcze @ < C(N) (12.27)

on every smaller interior or boundary patch [18]. This application has Holder principal coefficients,
a Holder right hand side, smooth boundary, and uniform ellipticity; it does not apply a system
estimate.

Now expand the divergence equation for Z. Derivatives of its coefficients, which depend
smoothly on (x, Z, Df), are sums of bounded terms and bounded multiples of DZ, D?>f. The
latter Hessian is bounded by (12.27). Thus

a;j(l‘)DijZ = R2, ’R2‘ < C(N)(l + ‘DZ|2)7 (12'28)

with bounded C%? uniformly elliptic principal coefficients. The source contains no second
derivative of Z.

On an inner face D f is normal and hence A, v = yv. Dividing the prescribed flux by 3uyx > 0
gives

8,7 = bo(z, Z, f, D). (12.29)

The function by is smooth on the bounded range, separately on each homotopy stage, with uniform
bounds through their matching endpoints. Extend its displayed expression smoothly in the spatial
variable into the collar. Equation (12.27) then gives

|Daba(x, Z, f, Df)| < C(N)(1 + Dz Z]).

Consequently the Sobolev trace theorem bounds the W'=1/PP norm of this normal datum by
C(N)(1+ || Z]|lw1.») on a larger patch, for each finite p > 1. This derivative count costs DZ and
D?f, never D*Z.

Linear estimates and absorption of the quadratic term. Fix p > 4. On a ball or smooth
half-patch of size h, the local linear W?2P® estimate for (12.28), with zero outer Dirichlet data or
(12.29), has the form

1D?Z)l () < CollDZ3 gy + Col1 4 1 Z i an)- (12.30)

Here C is independent of sufficiently small h; C, may contain inverse powers of h. The constants
are uniform over the locations and the truncations in question.

We specify the linear estimate underlying this assertion. Freeze the continuous principal
matrix at the patch center. The interior constant-coefficient Hessian estimate follows from the
Euclidean one by a fixed linear change of coordinates. At the boundary, normal coordinates give
no mixed normal-tangential entries in the frozen matrix, because its exceptional axis is normal
there. A tangential linear transformation and a normal dilation reduce the frozen principal part to
the Laplacian and preserve the plane. Subtract a Sobolev extension of the normal datum, or of the
Dirichlet datum, to obtain homogeneous boundary data. Even reflection for homogeneous normal
data and odd reflection for homogeneous Dirichlet data give the constant-coeflicient half-space
estimate. The extension costs precisely the W—1/PP norm for the normal datum. Coefficient
oscillation contributes sup |az — a2(z¢)| | D?Z||, and is absorbed on small patches, uniformly by
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the established Holder bound. Cutoffs and interpolation handle the first order terms. Scaling
shows that the coefficient of the interior LP source norm is the constant C,, independent of h;
the lower order and trace terms account for Cj. This proves (12.30) by the scalar local estimates
[18]. The construction requires no meeting of different boundary types, and the inner and outer
faces here are disjoint.

For use in its nonlinear right hand side, the scaled scalar interpolation inequality on @)y, is

||DZ||%2p(Qh) < C oscq, Z ||DQZ||LP(Q}L) + Cpt/P=2 (oscq, Z)2. (12.31)

One can obtain it on the unit patch by subtracting a constant, using a bounded Sobolev
extension on a smooth ball or half-patch, and applying the bounded-domain Gagliardo-Nirenberg
inequality with derivative orders 1,2, exponents 2p, p, oo and parameter 1/2. A convenient modern
formulation is [28, Theorem 1.3]. To see the interpolation mechanism directly for a compactly
supported function v, integration by parts gives

1-1/p
[1DeP? < Cyllele [1D6PP210%0 < Cylolc ([ 1D6P) D700,

Division gives the required product estimate. Extension and cutoff produce the additional ||v]|%,
term on a bounded unit patch. This lower-order term is essential: the bounded-domain Gagliardo—
Nirenberg estimate includes an additive multiple of ||v]|~, SO one may not drop its square after
applying the estimate to v = Z — ¢. Taking ¢ between the maximum and minimum replaces this
norm by the oscillation used here. Finally rescaling « = hy multiplies a squared L% gradient
norm and the Hessian product by h*?~2 which proves precisely the last power in (12.31).

Here is a cover argument that absorbs larger-patch norms without assuming their uniform
boundedness in advance. Use uniformly comparable patches of radius h covering the finite
truncation, and their fixed-factor enlargements. Each enlargement is covered by at most Moy
smaller patches, where Mo, is independent of h, R and the total number of patches. Let

S = sup ||D2Z||Lp(Q{L)'
J

For each individual smooth solution on the finite truncation, S is finite. The Holder estimate
for Z gives 0SC i Z < C(N)hY. Apply (12.31) in the enlarged patches and then cover them by
2h

smaller ones. Its contribution to (12.30) is at most C*C(N)h'YMclo/\?S + C(N, h). Choose h small
enough, also satisfying the linear freezing condition, that this coefficient is at most 1/4. For the
remaining first order term, local interpolation gives, for any & > 0,

1021103, < €1D* 2l 1n(gy,) + Cl ) 2] 1 g,

Choose ¢ so that C’heMclO/f < 1/4. The bounded range controls the last term. Taking the
supremum in (12.30) now gives S < C(N, h)+ S/2, and hence a uniform bound for S. First order
interpolation supplies the corresponding local W?2P bounds for Z. All constants may depend on
the now fixed A and on N, but not on the total number of patches or R.

Alternating Schauder estimates and uniform geometry. Since p > 4, Sobolev embedding
gives Z € CY for some # > 0. In conjunction with (12.27), the trace equation now has
CH9" coefficients and source for 0 < #” < min{#,6'}. One differentiation and the scalar Dirichlet
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Schauder estimate give f € C*?". The equation for Z then has C%?" source, and its normal datum
(12.29) is C1?". The scalar normal-derivative or Dirichlet Schauder estimate gives Z € C2",
The boundary estimate is justified by the same frozen half-space problem used above: its normal
derivative does not annihilate a nonzero decaying solution of the homogeneous principal equation.
Smooth normal coordinates and smooth normal field therefore satisfy its obliqueness condition.

Repeating in the order f then Z increases the number of derivatives by one each time. The
trace equation uses Z without derivatives; the expanded second equation uses only D?f and DZ
in its lower terms; and its boundary expression uses only D f. These are exactly the derivative
counts needed for the iteration. The smooth fixed coefficients give all finite orders.

The compact inner faces have uniform smooth collars. On the prepared end, the metric
and all fixed coefficient fields have uniform bounds on unit patches. Large coordinate spheres
have boundary normal charts with uniform bounds of each finite order, and are separated from
the inner faces. Thus every radius, ellipticity bound, chart constant and local covering number
used above is independent of the sufficiently large truncation radius. Finally a uniform local C?
bound controls any prescribed C1® norm, oy < 1, on a fixed finite truncation. This proves the
proposition. ]

Remark 12.3. Theorem 12.1 also applies in the scalar trial problem below. Its separate height
and gradient bounds give bounded source and a positive axial eigenvalue without the floor.
Interpolation of the principal matrix with Id preserves its three unit transverse eigenvalues. A
trial Z € C1 then supplies the coefficient regularity for scalar Schauder estimates through
f € C390; this requires DZ, but no second derivative of the trial input.

13 Solving the boundary system and controlling its energy

We now construct solutions of the system, exhaust the asymptotically flat end, and compare the
resulting Riemannian energy with the energy of the prepared data. The distinction between two
kinds of constants is essential. Constants in the scalar solution map and in local regularity may
depend arbitrarily on a fixed N; constants used in the final flux estimate are the polynomial
bounds Il established earlier.

13.1 A scalar solution map on the whole trial space

Fix 0 < a < 1, a sufficiently large integer N, and an allowed truncation Q. In this subsection
constants may depend on R, N, and a bound for the trial input in

Xgp=1{ZecC"*Qpg): Z|s, = 0}.

The four stages of the homotopy are parametrized consecutively by s € [0, 4], with s = 0 the desired
system and s = 4 its zero terminal scale. Denote their trace prescriptions by FP'¢(z,w, h,t).
All dependence suppressed in this notation is the smooth dependence specified in the homotopy.

Lemma 13.1 (Scalar trial problem). For every Z € Xg and s € [0,4], the prescribed trace
equation with the assigned constant Dirichlet value on every boundary component has a unique
solution fs[Z] € C3>*(QRr). The map (s,Z) — fs[Z] is continuous into C>* and maps bounded
trial sets to bounded sets, uniformly in s. No lower bound for the implicitly defined t is imposed
on the trial inputs.
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Proof. We use the scalar method of continuity in the affine space of C*® functions with the
assigned boundary values, with equation space C1®. Thus every solution estimated along this
continuation already has the differentiability required by Theorem 12.1; the estimates below are
uniform bounds, not an assumption of uniform third derivatives.

The normalized equation is

D
A, :Hess, f = Gs(z, Z, f, df), Gs = \ZF(FSPWSC —try, K). (13.1)
The implicit relation defining ¢ is smoothly solvable for every (Z, df). Neither ¢, the matrix, nor

the positive prefactor v/ D/l depends on the value of f. The prescriptions satisfy
[FPC —h| < C, OpFP™>1, h=unf,
with the other arguments held fixed. For a second parameter § € [0, 1], use the scalar interpolation
Ag:Hessy f =Gg, Ag=(1-p)Id+pA,, Gzg=(1-p8)nnf+ BGs, (13.2)

with the same Dirichlet values. At a positive interior maximum above a fixed height threshold,
both source summands are positive, whereas the left side is nonpositive. The negative minimum
argument is identical with signs reversed. Including the assigned boundary values gives |h| < C,
uniformly in both parameters and the bounded trial set.
We next check the degeneracy at large gradient, before invoking any regularity theorem. Put
o =|df|g. Uniformly for bounded Z, ¢ — oo forces t — —o0o: a lower bound on ¢ would bound
e81(t)? away from zero, contradicting €% = 5 (1+1(t)202). Thus eventually ¢ < 0 and I(t) = ™,
giving the exact equation
66Z — Ot + 6(2N+6)t0'2. (133)

Writing vy = 6/(N + 3), its consequences, uniformly for Z in a fixed bounded interval, are

log o 3Z
t=— 1
N3tz o
3
d = e SNZ/N) G (1 4 o(1)), = gdo(),  (13.4)
D
YD _ o1+ o1)

For example, the first line follows by taking logarithms of e?N+6)t52 = ¢62(1 — d); the last follows
directly from v D/l = (o2 +172)Y/2 Since N > 4, one has vy < 1. Compactness of the remaining
bounded-gradient range therefore gives constants ¢, C > 0 such that

C
=1 > — < . .
o= 1= BB = ey |Gal <C(1+0) (13.5)

The estimate for the source uses the height bound just proved. Notice also the exact structural
identity

Ag=1d—(1—-xple®e, e = grad f/| grad f|, 0<xsg<1.
In particular, all three transverse eigenvalues remain exactly one throughout the scalar interpola-
tion.
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Here is a gradient estimate using only (13.5). Extend g smoothly across the boundary to a
compact enlargement. All distances below are distances of this extension, at scales below its
injectivity radius. If Hy is the uniform bound for |f|, set

1

Plog(L+B'r),  ai(r) =¢'(r),  ¢"(r) = —ka1(r)*.

¥(r)
First choose k large relative to the constants in (13.5) and the bounded geometry. Next choose
ho < 1/(4k) below all collar, injectivity, and distinct-boundary-component separation scales.
Finally choose B’ so large that

q >1 (0 <r< ho), w(ho) > 2H,. (13.6)

These requirements are compatible: g (ho) tends to 1/(khg) > 4 and ¥ (ho) tends to infinity as
B’ — oc.

On the inward collar of a boundary face with constant value fy, let r be its distance function.
The functions fo 41 (r) are upper and lower barriers. To check the upper barrier at a hypothetical
positive maximum of f — fo — ¢(r), the common gradient is ¢; grad r. The tangential Hessian of
the barrier contributes at most Cq, and its axial contribution is at most —ckq?/(1 + ¢1). By
enlarging k this is strictly less than —C(1 + ¢1), the lower bound for the equation’s source at the
solution height. Ellipticity and the second derivative test contradict the equation. For the lower
barrier both inequalities reverse. At the outer edge of the collar the comparisons follow from
(13.6). Consequently

|f(x) = fo| < (dist(x,face)) in its hg collar. (13.7)
For completeness, the same modulus controls interior pairs. Suppose that

f(x) = fy) — (dist(z, y))

has a positive maximum on pairs of distance at most hg. Neither the diagonal nor the distance-hg
set contains such a maximum. If an endpoint lies on a face, the other endpoint lies in that face’s
collar; (13.7) and monotonicity of ¢ exclude this as well. Thus both endpoints are interior. Let
r > 0 be their distance and orient their unique short geodesic from y to x. The first derivative
test says that their gradients are ¢ (r) times the corresponding parallel unit tangent vectors.

Vary both endpoints in each of three parallel transverse directions. The index-form estimate
for the second variation of distance, using the parallel field along the geodesic, is bounded above
by Cr. The second derivative test for the two-point maximum therefore gives

tr,. Hess f(x) — tr,. Hess f(y) < Cqyr.
Separate axial variations at the two endpoints give
Hess f(x)(e,e) < 9", Hess f(y)(e,e) > —¢".

Because the transverse coeflicients are exactly one at both endpoints, while the axial coefficients
satisfy (13.5), the difference of the two left sides of (13.2) is at most




Their source difference is at least —2C(1 + ¢1). Since ¢; > 1, these inequalities contradict each
other for the already sufficiently large k. No comparison of the two axial coefficients was used.
Only variations of the interior endpoints were required, so the short geodesic need not remain
inside Q. We have proved the two-point modulus; letting y — = gives |df| < ¢'(0) = B'/k
everywhere, including the boundary by (13.7).

The scalar interpolation is now uniformly elliptic. On the given smooth interior and constant-
Dirichlet boundary patches, its equation has the exact form required by Theorem 12.1: the
gradient and source are bounded, and 0 < xo < xg < 1. That theorem first gives a uniform
Holder bound for df, at some positive exponent. The coefficients and source in (13.2) are smooth
compositions of x, Z, f, df, so the scalar Dirichlet Schauder estimate gives C%® bounds for some
o’ > 0. These bounds make f, df Lipschitz. Together with Z € C"®, this yields C%“ coefficients
and source, hence C?® bounds. The compositions are now C'® and the next Dirichlet estimate
gives a C*% bound.

Subtract a smooth extension of the assigned boundary values and work in the affine space
with model Yr = CS’ "*(QRr), where the zero trace is on the entire boundary. The equation defines
a continuously differentiable map into C1*(Qg). Its derivative in f is

VD

Ly = A%jVNﬂp +b'Vip — c(z) e, c(z) =nn |(1—B)+ 5TahF8presc S 0.

Derivatives of Ag and t with respect to df contribute only first derivative terms in ¢. Its
coefficients are C™® and the ellipticity and positivity are uniform on the bounded range. The
maximum principle removes the homogeneous Dirichlet kernel. Linear Dirichlet solvability and
Schauder estimates therefore make L : Yz — C1® an isomorphism [18]. The implicit function
theorem proves openness in 5. The bounds above prove closedness: subsequences converge in
lower Holder norms, their limits solve the equation, and the uniform C%® estimates retain that
regularity. At 8 = 0 the equation is Ay f = ny f, with ordinary Dirichlet solvability. Thus the
scalar equation is solvable at 5 = 1.

For uniqueness, at a positive maximum of the difference of two solutions their gradients agree.
Their matrices and positive prefactors therefore agree, whereas strict height monotonicity makes
the source difference positive, contradicting the Hessian comparison. The reverse comparison
completes uniqueness. Applying the same implicit function theorem with parameters (s, Z) proves
continuous dependence into C®®. At stage junctions use one-sided parameter neighborhoods and
the agreement of the prescriptions. The estimates were uniform on bounded trial sets, which
proves the last assertion. O

13.2 The frozen return map and degree

For each trial Z, the scalar problem has determined f;[Z]; the second equation remains to be
imposed. We freeze its coeflicients and source at the trial pair and solve for a new scalar function.
A fixed point of this return map solves both equations. Arbitrary trial inputs are not assumed to
satisfy the floor.

For a trial pair (fs[Z],Z), evaluate all expressions in the homotopy at that pair. Write
A = uA,, let By = MuA, K (w,-) be its drift, and write @, and g for the prescribed interior
source and inner flux, including the common terminal scale. Define T5Z = Y by the linear
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problem
divg(3AgradY + Bs) = Q, in Qp,

(3AgradY + Bs) -v=¢s on B, (13.8)
Y=0 on Sg

Thus only the occurrence of 3 grad Z in the flux is replaced by 3 grad Y; the coefficients, source,
and boundary expression are frozen. In g5 the value of F' is always its trace prescription.

The matrix A is symmetric positive definite and C*®. On bounded trial sets its ellipticity
constants, C'® norm, and those of By, ¢s are bounded; @ is bounded in C%®. In particular the
source uses dZ and Hess f, whose regularity is already available. With

Hr={Y € H'(QR) : Y|s, = 0},

the weak problem has coercive bilinear form 3 fQR AgradY - grad ¢. Indeed Qg is connected and
SRr is nonempty, so Poincaré’s inequality holds on Hg. The prescribed flux is a bounded linear
functional by the trace inequality. Lax—Milgram gives a unique weak solution. At an inner face f
is constant, so A,v = xv, and its flux condition is equivalently

qgs — Bs v

0,Y =
v 3ux

This is a C® ordinary normal datum. The disjoint Dirichlet and normal faces have no corners.
Linear boundary and interior estimates give Y € C*% with bounds uniform on bounded trial sets;
the weak energy estimate supplies the lower norm in these estimates. Coefficient dependence
and uniqueness, or the same linear estimates applied to differences, give continuous dependence.
Consequently

T:[0,4] x Xp — Xp is continuous and compact on bounded sets. (13.9)

Here compactness uses the compact embedding C*% < C'“ on the fixed truncation.

Every fixed point is smooth. Initially it has Z € C? and f € C%®. The trace equation raises
the regularity of f, and then expansion of the divergence equation, with its normal boundary
datum, raises the regularity of Z. Repetition gives all orders. The smooth a priori estimates from
the preceding sections therefore apply to every fixed point.

Proposition 13.2 (Existence and exhaustion). Fiz the prepared geometry and 0 < € < 1. For
every sufficiently large N and every allowed R, system (10.20) has a smooth solution on Qg with
t > —e. For each such fired N there is a sequence R — oo whose solutions converge smoothly on
compact subsets up to B to a solution on Q with t > —e. This solution satisfies the prescribed
inner boundary conditions, the height interval (11.11), and the weighted trace and flux estimates
of Lemma 11.5.

Proof. Choose N large enough for Proposition 11.1, the collar estimates, and the polynomial
absorption conditions used in Proposition 11.6. Fix an allowed R. By (11.25) and Proposition 12.2,
choose My strictly larger than every C1® norm of an above-floor fixed point on this truncation.
Define

Os = {Z € Xr: || Z]|cra < My, mint(Z, dfs[Z]) > —e}. (13.10)
Q

R

Lemma 13.1 and smooth implicit dependence of ¢ make their union relatively open in [0, 4] x Xp.
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Apply Lemma 6.5 to I = [0,4], X = Xg, Ts from (13.8), and U = {(s,Z) : Z € Os}. The
norm cutoff makes U bounded; the scalar solution map makes it relatively open; and (13.9)
supplies continuity and compactness. Every fixed point is smooth. A fixed point on its relative
boundary would satisfy ¢ > —e and meet either the norm cutoff or the floor. The first is excluded
by the choice of My, and the second by Proposition 10.7. The section degree is therefore constant.
This checks the varying-domain hypotheses for this boundary problem without imposing the floor
on trial inputs.

At s = 4, the scalar prescription is tra, H! = h + D;(z,w) with zero boundary heights. At
an interior extremum w = 0 and D; = 0, so the maximum principle gives f = 0 for every trial Z,
and then ¢t = Z. The terminal scale sets both frozen right sides to zero and the drift is absent.
Testing the frozen equation with Y gives Y = 0; thus T} is the zero map, even though its positive
coeflicients may depend on the input. Its sole fixed point, Z = 0, belongs to O4 and has degree
one. The degree at s = 0 is consequently one, proving existence there.

Now keep N fixed. The preceding choices of sufficiently large N used only the already proved
uniform height and collar results and polynomial losses such as IIyny/¢ — 0. The arbitrary
fixed-N constants in the scalar construction impose no subsequent condition on N. The bounds
in Proposition 12.2 are uniform in allowed R on each compact set, including its portions on B.
A diagonal Arzela—Ascoli argument along R — oo gives smooth convergence on all these sets.
The equation and inner data pass to the limit, as do t > —e¢, the height interval, and the collar
estimates. Smooth convergence on the fixed collars passes the weighted trace and flux inequalities
as well. Strictness of the floor in this exhaustion limit is unnecessary below. O

13.3 Decay on the end

Lemma 13.3 (End estimates). For every solution obtained in Proposition 13.2, with N fized,
there is ay > 0 such that, for every integer j > 0,

VI f| + |Vt — Z)| < Cj(N)e " on the distant end. (13.11)

Moreover

t,Z =0y(r72),  Agt=O0@r"4). (13.12)

The constants in these assertions may depend arbitrarily on N. The zeroth-order estimates and
(13.11) hold uniformly for the finite-truncation solutions up to their outer faces.

Proof. Choose a fixed sphere beyond the supports of K,C, and all collar terms. Along each
finite-truncation solution the trace equation is the homogeneous linear equation

Ay :Hess, f —c(z)f =0, c(x) = WN\/ZE >cny > 0. (13.13)

By (11.25) the coefficients are uniformly elliptic; by Proposition 12.2 all their derivatives are
bounded on uniform unit patches, independently of R. On the end,

(A, : Hess, —c)e ™" = e " (a®A,(dr, dr) — aA, : Hess, 7 — c).

Choose a = ay > 0 so small that the first term is less than cy/4, and then enlarge the fixed
sphere so the second term has magnitude less than ¢y /4. Thus e ?N" is a strict supersolution. A
fixed multiple dominates both signs of f on the initial sphere and dominates the zero Dirichlet
data on Sg. Linear comparison gives |f| < C(N)e ®¥" uniformly in R. Local estimates for
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(13.13), including the zero-Dirichlet estimates on the uniform outer-sphere charts, give the same
exponential decay for every derivative, after harmless reduction of ay if necessary. The identity

Z —t = Yog(1 +1(t)%| df|?)

and the uniform smooth local bounds then give (13.11). Every graph contribution to the metric
and to the equations is exponentially small with unit-patch derivatives.
At zero graph and K = 0, the exact formulas give

u=e*?1(2), V = 3ugrad Z, T =3(p(Z) +1)|dZ*.
Hence the actual divergence equation, divided by u, becomes
30gZ +3bN(2)|AZ|2 = p —mo(Z)Cnpo + En, bn(2) =p(z) +2—bo(p(z) +1), (13.14)

where £y and its derivatives on unit patches are O;(e~*N"). Define the strictly increasing function

BO) =0, P(z) = exp < /0 o (s) ds> . (13.15)

Its derivative is bounded above and away from zero on the fixed bounded range of Z. The chain
rule cancels the quadratic term:

8,02) = T () mo(2)Cwpo + Ex), IAB(Z) < CNETIBL (13.16)

Put f; = 6;/2 and W(r) = r=2(1 — r—71). In dimension four,
AsW = —p1(2+B)r 7, AW = —B1(2+ B1)r 7 + 00 70).

Since 0 < 1 < 01 < 1, a sufficiently large multiple of W is positive and has negative Laplacian
dominating the absolute source in (13.16) on a sufficiently distant end. Enlarge the multiple
to dominate |®(Z)| on its initial sphere. Its value is positive on Sg, whereas ®(Z) = 0 there.
Applying the maximum principle to both ®(Z) — CW and —®(Z) — CW gives

P2 <C(N)™2, |Z| < C(N)r 2,

uniformly on truncations and then in the exhaustion limit.

Here are the differentiated estimates, which do not follow from the pointwise barrier alone.
On an annulus of radius 71, rescale by x = r1y and set U(y) = r?®(Z(r1y)). Its supremum and
its Poisson source in the rescaled equation are bounded: the source is 7 times the right side
of (13.16), of size O (r7°'). The rescaled background coefficients have uniform smooth bounds.
Interior W2P estimates, for a fixed p > 4, give bounded C*? norms of U on a smaller annulus.
The weights have their differentiated power decay, the compositions with Z now have bounded
scaled Holder norms, and the exponential errors remain bounded with all scaled derivatives. The
right side therefore has a bounded C%? norm. Schauder estimates give a bounded C?? norm of
U. The inverse of ® has bounded smooth derivatives on the relevant range. Rescaling back gives
Z = O2(r2), and (13.11) gives the same statement for t. Finally |dZ|?> = O(r~%) in (13.14);
since 01 < 1, this is lower order than =479, Equation (13.11) now gives the asserted bound for
Agt. O
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13.4 Scalar curvature, boundary sign, and finite flux

For the desired system F = h + C and w(h) = nyao. Substitute these into (10.5) and use
divV = uZ= to obtain

%e% Scal; = p+ J(w) + w(C) —p— (h+ CO)7 (13.17)
+ (1 = 60)(T + nnao) +meP > 0.

Indeed |w| < 1, and on supp K the height interval (11.11) permits use of (9.16):
ptJ(w) +w(@) —p—(h+C)r 2 p—[J| = [dC| = p—|(h+C)7] 0.

Outside supp K the same slack inequality needs no height restriction. The other terms are
nonnegative by (10.14) and the definitions of the penalty and §p. Thus the nonmaximal trace
term has been retained and controlled at this final step.

The inner flux condition and (10.18) give exactly

H +30,t=—Np, H= —e_t\/gNB < 0 on every component of B. (13.18)
All quantities here are finite and d > 0 for each fixed N. Furthermore (13.11) and (13.12) imply
g—0=0(r"?),  Scal;=0(r"*""). (13.19)

For the scalar estimate one may use the conformal scalar formula with g = g + O;(e™*N"):
e?t Scal; = Scaly —6A5t — 6] dt|2. The prepared scalar decay and (13.12) give precisely (13.19).
The nonnegative scalar curvature is therefore integrable. The inequality

g=eM(g+1Pdf @ df) > e >y (13.20)

also proves completeness with B included: a g-Cauchy sequence is g-Cauchy, its limit belongs to
the closed complete exterior, and smooth local metric equivalence gives convergence in g.

Proposition 13.4 (Energy comparison). For each fized € > 0 and all sufficiently large N, the
limiting metric has finite ADM energy and

Iy s
E~-<E,+—|(¢t+—|. 13.21

v g+3w3<+m\/> ( )
The polynomial 11y depends only on the prepared data, €, and the fixed geometric choices. In
particular the error tends to zero as N — oo with € fixed.

Proof. We first establish the exact sign and normalization at fixed N. Lemma 13.3 gives
u=1+Opn(r~?) and
V =3grad, t + On(r—°) + On (e 7). (13.22)

Also uZ € L'(Q, dV,): on the end the quadratic term is Oy (r~%), the graph and height-gradient
terms are exponentially small, and the remaining weights are O (r~47%"). The divergence theorem
on a large truncation consequently gives a finite limit

3= lim/ Vo, dAg:/uE dvg+/ v, d4,. (13.23)
Sr Q B

T—00
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The plus sign before the inner flux arises because the domain-outward normal on B is —v.
To compute the metric flux, write § = e*g up to exponential errors. The leading perturbation
relative to g is 2¢d;;, so in four dimensions the change of its energy numerator is

aj(2t5,-j) — 8i(2t5jj) = —68,'75.

All omitted derivatives are On(r~%) or exponentially small. Their sphere integrals tend to zero.
Since dt = On(r~3) and g — § = Oz(r~2), changing the normal and measure in its flux from
Euclidean to background ones also has vanishing error. Equation (13.22) thus proves both
existence of the new energy and the exact relation

E~— E’g:—— hm/ Oyst dAs = —3i. (13.24)

g w3 700 w3
We now use polynomial constants only. Apply Lemma 11.3 with ¢ = 1 and use (11.14). On
the fixed compact collars C one has ming p > 0, and therefore

J v ad, <™ [+ v av,

f c

< HN g Cu(p—i—éoT) dV,

The polynomial absorbs the fixed comparison constant in the second line. Because ny /¢ = e~<N/2,

for sufficiently large N this is at most one half of [ u(p+ doT).
It remains to estimate the penalty. Its support in an above-floor solution lies in —e <t <
—e+ 1/N. For N > 1/e this interval is negative, and uniformly there

=, Ly =< ¢, u < C(l+FPo), uv < Cl30, uao = Lolo? > cl?c®.  (13.25)
For example uv = Lol?0%/v/1 + 1202 < Lolo. Thus on that band
umoP < Iy [lpo + o (po + p1)].

Young’s inequality applied to /nnflo and IInl(po + p1)/\/NN, together with (13.25), yields

everywhere
zoy 2
tpo + —(p5 + p1)
UhYy

umoP < Léounnao + Iy (13.26)

The enlarged Il is still polynomial. The three residual weights are integrable against dVj in
dimension four: pg = r—4791, P = r=8-201 and p? = % on the end, and they are bounded on
the compact part. Combining (13.23), the boundary absorption, and (13.26) gives

52
§ >~y (5—1- >

NN

This and (13.24) prove (13.21). Finally £ = ¢=*N and ¢2/ny = e~“V/?; both dominate every
polynomial loss. No constant from the fixed-N decay or Schauder estimates appears in this
bound. O
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13.5 Completion of the boundary deformation

Proof of Theorem 8.2. The geometric preparation in Proposition 9.6 chooses a closed connected
one-ended exterior €2 inside the original data. It has nonempty compact smooth boundary
and does not change the asymptotic energy. The last assertion of that Proposition compares
every full cut in Q with the original infimum A,. Fix 0 < € < 1. For each sufficiently large
N, Proposition 13.2 gives the desired smooth solution after exhausting the outer radius at that
fixed N. Equation (13.17) gives nonnegative scalar curvature; Equation (13.18) gives strictly
negative inner mean curvature on every face. Equations (13.19) and (13.20) establish the required
asymptotics, integrability and completeness, as well as the lower metric bound. Proposition 13.4
gives finite ADM energy with the stated error. Its polynomial bound uses only the fixed geometric
data and e. Since £ = =N and £2/ny = e~*N/2, this error tends to zero. No estimates uniform
over a further sequence of prepared data, and no convergence of the constructed metrics as
N — 00, are needed. ]

14 Returning to weakly decaying four-dimensional data

The prepared boundary theorem can be used without imposing its improved end decay on the
original data. The necessary reduction is the independent rest-end replacement and strictification
proved in [34, Proposition 8.8 and Lemma 8.9]. We record the application with its order of limits,
since its area comparison is one-sided.

Corollary 14.1 (The one-ended weak-decay consequence). Let (M*, g, K) be a smooth connected
orientable exterior, complete with its nonempty compact smooth boundary included, and with
exactly one Fuclidean coordinate end and compact complement. Assume

g—0=0:(r"7), K:Ol(r_l_q), qg>1.

Use the four-dimensional densities and ADM normalizations of Section 8. Suppose the densities
are integrable, the finite ADM charges satisfy E > |P|, the dominant energy condition holds, and
the boundary satisfies H + trian K < 0 with normal into M. Then

2/3
e (Y o
2 w3

where A, uses every full cut of Definition 8.1.

Proof. Set m = \/E? — |P|?. The rest-end replacement [34, Proposition 8.8] applies with exactly
these one-ended weak-decay hypotheses. It produces data (gr, Kr) on the same exterior, satisfying
the dominant energy condition and the weak future-trapping inequality, with compactly supported
K and an exact static Schwarzschild—Tangherlini tail. Their energy is mpr — m, their momentum
is zero, and their full enclosing infima satisfy

Aulgr) > (1 - or(1))Au(g)- (14.1)

This is the lower bound required below; no equality or convergence of these infima is used.

Fix R first. The strictification of [34, Lemma 8.9] gives (grs, Kr.s) = (€% gg, e**RKpg), for
all sufficiently small s > 0. It preserves completeness and compact tensor support, makes the
boundary strictly future trapped, and gives, for a fixed 0 < §; < 1,

Lrs — |JRrs| > CRs A0 S 0, grs—0= Oj(r_2) (1=0), Ry, = O(r_4_51).
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The densities are integrable and the ADM energy is finite. Thus every hypothesis of Theorem 8.2
is met, with all data and their constants now fixed. Its complete boundary solve and Corollary 8.4
give

B, >3 <A*(9R,s))2/3
9R,s — 2 CL)3 :

The latter corollary already exhausts the domain, takes N — 0o, and removes the conformal floor
for this fixed pair (R, s).

Still at fixed R, strictification supplies Ey, , — mp and A.(gr,s) — A«(gr) as s | 0. Taking
this limit and then using (14.1) gives

mRZ§

) (fh4gR)>2/3:>1((1——OR(1Df£(g)>2/3'

ws -2 w3

Finally take R — oco. The mass and density conventions coincide with those of both preparation
results, so no normalization factor is introduced. The proof has used their preparations and the
boundary construction, without importing a numerical spacetime theorem. O

15 What changes when the tensor reaches infinity

The boundary construction controls two different interfaces of the same deformation. At the inner
boundary it prescribes the normal flux so that the new mean curvature is negative. At infinity it
estimates the total flux so that the new energy is no larger than the old energy, up to an error
tending to zero. Compact support of the second fundamental form simplifies the second task:
sufficiently far out, the trace equation contains only the graph. We now explain precisely how
maximality replaces that simplification. This calculation is also the reason to retain a separate
maximal construction: it carries the original decaying tensor through the deformation instead of
removing it from the end.

We work in spatial dimension four. Write g for the background metric, K for its second
fundamental form, and assume try K = 0. Let N > 4 be a fixed deformation parameter, let
0 < e < 1, and choose a smooth nonincreasing function ¥ equal to one on (—oo, 0] and zero on
[1,00). Set

t
p(t) = N9(Nt), I(t) = exp(/ p(s) ds) ) Lo(t) = e*i(t), (=eN, py =02
0
For functions f, Z, the equation
Z=t+tlogD, D=1+I{t)?Vf}

defines t uniquely: its right side has positive ¢ derivative 1+ p(1 — D71)/3, and tends to the two

ends of the real line with ¢. Put

w IVf
VD’

The deformed metric and flux are

d=D1,

3d 3+p

2

1 A I— ® = LoV D.
v = |w| d, x 310 X 3 pvw w, u 0

G=cMg+2df?),  V=uABVZ+K(w,).
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These are exactly the four-dimensional boundary variables. Thus the inner boundary calculation
remains unchanged. On a face where f is constant, writing H = divg v and Pg = trg K for the
normal into the exterior gives

% = d(H +39,t) — H +w,(F — Pg),  H=e"d(H+30,t). (15.1)

These are the local identities of Lemma 10.3, with H/ = ID~'/2V2f and F = tra (K +HT). All
graph variables and the normal convention agree with that lemma. Its proof uses only the constant
trace of f on the face and the four-dimensional conformal boundary formula; it imposes no support
or energy hypothesis on K. In particular the prescribed flux V,,/u = —H + w,(F — Pg) — Npd,
with N > 0, still makes H = —e~tv/d N < 0.

The new issue lies at the other end of the domain. There the compactly supported offset C
vanishes and the trace equation is

tra (K +H') =nnf. (15.2)

Maximality is useful here for an exact algebraic reason:

2
3+pLK

tra K = —
FAx 3+pvD

(V£ V1)
Consequently (15.2) is, along any fixed solution, the homogeneous linear equation

3+p 1 _UN\/E
==

TIN
A V2f+b-Vf—cpf=0  b=-— —K(Vf,"), > = >0. (153
X f + f Cff 3 +p’U \/E ( f ) Cf e ( )
Here [ < e follows directly from its definition. Thus retaining K introduces a drift, but no
independent forcing of the graph. An arbitrary nonmaximal tensor would leave the term try K
and would not have this property.

Lemma 15.1 (The maximal end equation). Suppose 1 < ¢<2,0< 0 < q—1, g—0gue = O2(r™9)
and K = O1(r~'79) on a four-dimensional end. Assume tr, K =0 and R, = O(r~47%). For fized
N, e, consider smooth solutions on successively larger spherical truncations, with f = Z =0 on
the outer sphere, of (15.2) and

divy V- =u[00T + p + donn|w||V f| — mo(t)Cn(po + vp1)] - (15.4)

Here 0 < 6y < 1, p, po = O(r~*79) with their differentiated bounds, py = O(r=27) for a fized
v > 1, mg is a smooth bounded function, and T is the quadratic term in the four-dimensional
scalar identity. Assume that the solutions have a common bounded range and that, for every
fized derivative order, the background coefficients, weights and solutions have uniform fixed-N
classical bounds on end unit patches, including the outer boundary patches. Assume also that A,
1s uniformly elliptic there. These bounds may depend on N and the derivative order; they are
independent of the outer radius. They are separate assumptions from the displayed O3/O1 decay
rates. Then, uniformly on those truncations,

IV fI < Ci(N)ems ™ (j>0),  |Z]+]t] < C(N)r2,
Every smooth local limit satisfies Z,t = Oa(r=2). Before taking that limit, its scalar equation is
30y7 +3[p(2) + 2 — 8o(p(Z) + V]| dZ2 = BIK2 + p— mo(Z)Cxpo + Ex,  (15.5)

where En and each required fized derivative have exponential unit-patch bounds.
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Proof. The coefficients in (15.3) are uniformly bounded and elliptic at fixed N. For sufficiently
small ¢ > 0, substitution of e~ into its left side gives an upper bound

e (C(N)c? + C(N)c—nn/e) <0

outside one fixed sphere. A multiple of this positive supersolution dominates |f| on that sphere;
the zero outer value is already dominated. Comparison for f and —f gives exponential decay,
uniformly in the truncation radius. The assumed unit-patch estimates, followed by the smooth
linear interior and zero-Dirichlet boundary estimates for (15.3), give the asserted differentiated
decay. These are the smooth-coefficient estimates of [18, Chs. 6-9] and [1]. The implicit formula
for ¢ then shows that t — Z and the graph metric error have the same type of bounds.

It remains to identify what survives when those graph errors are removed. Set the graph
height and its first two derivatives equal to zero in the coefficients, retaining the exponentially
small difference as an error. Then H/ =0, F=0,w=0,D=d=x=1,t = Z and u = Ly(Z).
The smooth scalar quadratic form at this zero graph is

T = LK +3(p(2) + 1)|dZ]%. (15.6)

One can also verify this directly from its block formula. Choose any unit vector e, write
j=K(ee), M =K(e,)|.. and T = K|,1, and use trT'= —j. The terms involving K become
ST + [M|? + 252. Since |T|* = [T°* + j%/3, this is exactly |[K|?/2. The terms linear in dZ
contain w and vanish, leaving the second term in (15.6). In particular setting the graph to zero
does not set the tensor to zero.

Now (log Lp)" = p + 2. Divide (15.4) by Lo, insert (15.6), and move the quadratic gradient
term to the left. Smooth dependence on the bounded solution variables absorbs the graph errors
into &y and gives (15.5).

Define ®(0) = 0 and

#/(2) = exp( [ p(s) +2 = Golols) + 1)] s

On the common bounded range of Z, both ® and its reciprocal are bounded at fixed N. The
chain rule gives
'(2)

2,8(2) = —= (1K + p = mo(Z)Cpo + Ex| .

The right side is Oy (r~*7%), because |K|?> = O(r~2729) and 2 4 2¢ > 4 + §. With a = §/2, set
bg = r~2 — =27, For sufficiently large r, this is positive and

—Agby = (2 + a)r Y L O(r) > e,

A fixed multiple of by dominates both the absolute source and |®(Z)| on the fixed inner sphere.
Since ®(Z) = 0 at the outer sphere, comparison for both signs gives |®(Z)| < C(N)r~2, and
hence |Z| + |t| < C(N)r—2. These estimates hold before exhaustion, so the local limit has the
asserted normalization at infinity.

Finally rescale annuli R < r < 2R to unit size. The metric has uniformly controlled
scaled C1# coefficients for each fixed 0 < 8 < 1. Interior W?P! estimates with p; > 4 first
give |dZ| = On(r~3). The first derivative bound on K, the differentiated weights and the
exponential error then give a controlled scaled Hélder norm for the source. Schauder estimates
yield V2Z = On(r~*). The same follows for ¢ from the graph error. O

110



The term |K|?/2 has two consequences for the rest of the construction. First, the end proof
must use the original decay of K; it cannot invoke a result whose hypothesis is K = 0 outside a
compact set. Second, the continuation must control the corresponding noncompact drift before
these fixed-parameter estimates are available. The appropriate tail weights follow from a short
calculation. Choose

1 <y <min{2,qg—§/2}, po =140 pr=rT.

This interval is nonempty because 6 < g — 1. For a = |w| one has
ar?71 < $a®r™® 4 L2 < C(vpy + po). (15.7)

The first inequality is Young’s inequality; the second uses 2y < 2q — 6. Also |K|?> < Cpo. Thus
the drift error controlled by Ty (|K|* + a|VK]) fits the same kind of floor penalty as in the
boundary construction, with exponents adapted to the original end. Since 4+ > 4, the square
of py is integrable. That last fact is exactly what permits its contribution to the flux loss to be
absorbed with an error tending to zero.

The local comparison is now explicit. Signed boundary faces and their inner flux formula
are shared. The maximal route supplies its own strict approximation and an all-black threshold
boundary; it proves the noncompact drift estimate and its complete boundary continuation
with the weights above. Once these yield the fixed-INV estimates, Lemma 15.1 gives the correct
end normalization. In applying that lemma, unit-scale convolution of the strict end coefficients
supplies their uniform bounds at every fixed derivative order; a subsequent trace-free projection
preserves maximality. This is an actual preparation step, not a consequence of smoothness and
02/0; decay alone. The displayed decay rates are the ones retained from the original data and
used in the final annular estimates. The final comparison still uses the actual metric g, its minimal
enclosure, and its ADM flux. Maximality preserves a method with the original tensor tail; it does
not replace those existence, boundary, or enclosure arguments.

16 The maximal comparison and its scope

Maximality allows the boundary deformation to retain a decaying second fundamental form all
the way to infinity. The reason is the homogeneous trace equation in Section 15: when try K = 0,
the tensor contributes a drift proportional to the graph gradient. Thus the graph can decay
exponentially even though K does not vanish outside a compact set. The conformal equation still
sees | K|?/2. We now construct the solutions for which that end calculation applies.

There are two geometric tasks before solving the equations. We must create strict dominant-
energy slack without destroying maximality or changing the limiting energy and enclosing area.
We must then select an inner boundary whose outward collars control the large graph slopes.
The remaining analysis has the same input and output as the boundary method: nonnegative
scalar curvature, negative inner mean curvature, a lower metric comparison on every cut, and an
upper error in energy. The noncompact drift requires the tail weights and continuation estimates
proved in this part.

The following theorem records the maximal-vacuum application considered here. Corollary 14.1
gives a broader numerical comparison under its one-ended weak-decay and dominant-energy
hypotheses. That corollary first replaces the distant end and tensor. The construction below
retains the decaying tensor tail through the deformation.
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Throughout, four refers to the spatial dimension. The associated spacetime dimension is
five, and a horizon has dimension three. Write ws = |S3| = 272, The notation O;(r~9) includes
coordinate derivatives through order j, with the corresponding additional decay.

Theorem 16.1. Let (M, g, K) be a smooth connected orientable initial-data exterior, diffeomorphic
to R* minus an open ball, complete up to its connected compact boundary S = S3, and with
one asymptotically flat end. Here K is a symmetric covariant two-tensor. Assume the vacuum
constraint equations with zero cosmological constant and maximality:

Ry+ (trg K)? = |K[2=0,  divg(K — (try K)g) =0,  trg K =0. (16.1)

Assume a smooth effective T? = U(1) x U(1) action preserving g, K which, in an asymptotically
Euclidean chart R* = C?, is

(eio‘,eiﬁ) (z1,22) = (emzl,eiﬁzg)

at all sufficiently large radii. No cohomogeneity-one assumption is made. In that chart suppose

9ij — 5ij = OQ(Tﬁq), Kij = Ol(Tiqfl), q > 1. (16.2)
Suppose the following ADM limits exist and are finite:
1 i
b= @)ﬂ{}o ‘z|:r(3jgij — 0ig95)vs dAs, (16.3)
1 )
P,=— lim (Kij — (trg K)gij)vi dAs. (16.4)

3w3 r—00 |z|=r

Assume P =0 and E > 0.
Orient S by its unit normal v toward the end and set Hg = divg v. Suppose

@K(S) = Hg+trg K = 0. (16.5)

Suppose S is outermost toward the end: there is no compact smooth embedded two-sided hyper-
surface in the interior enclosing S, oriented toward the end, with O < 0 everywhere. Suppose
also that S is outer area-minimizing: every compact smooth embedded enclosing hypersurface has
three-volume at least A = |S|,. Disconnected and noninvariant enclosing competitors are included.

Then 2/3
1/ A
E > 3 (27r2> . (16.6)

An enclosing hypersurface separates S from the selected end and bounds with .S a compact
region. The original S is itself allowed when taking the enclosing-area infimum. All hypersurface
areas in this part are three-dimensional volumes. In particular, outer area-minimization in
Theorem 16.1 is not restricted by the torus action. The torus action and outermostness specify the
stated application class; the construction below does not use them. Ball-exterior topology supplies
the compact filling, and vacuum supplies the initial strictification. Outer area-minimization
identifies the final enclosing-area infimum with A. Neither Hg = 0 nor trg K = 0 is imposed.
The conditions P = 0 and E > 0 identify the energy in (16.3) with the ADM rest mass.

The normalization is sharp. The time-symmetric Schwarzschild-Tangherlini family [41] has,
in isotropic coordinates of radius g, the spatial metric

m 2
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see also [11, p. 83]. Its leading metric term is mo~26, so (16.3) gives energy m. The boundary

sphere has volume 8ws(m/2)3/2 = w3(2m)3/2, making the right side of (16.6) equal to m.
Unless a different metric is indicated, norms, contractions, covariant derivatives and index

raising use the background metric g. We use A = div grad. For symmetric two-tensors define

Pp=D— (trg D)g, B(Dl, DQ) =D :Dy— (trg Dl)(trg Dg), (167)
p=3i(Ry—B(K,K)), J = div, Pg. (16.8)

Thus the vacuum constraints give y = J = 0. For an oriented hypersurface the expansion is
O = H + tryan K, with the normal toward the specified exterior. On an inner boundary this
normal points into the exterior domain; on a distant coordinate sphere the outward normal points
toward infinity. We retain these conventions in every boundary flux.

For an inner cut Sp, let

Ag(So) = inf{|X|, : ¥ is a smooth enclosing cut of Sy},

using the full class of cuts in Definition 8.1 and including Sy when it is smooth. The proof uses
this infimum until the final application of the outer area-minimizing hypothesis.

16.1 The geometric output and the route to it

It is useful to state what the construction will produce for strict data before introducing its
equations. This is the point at which the analytic problem rejoins the mass—area comparison.

Proposition 16.2 (Maximal deformation output). Let (M, g, K) be a smooth connected orientable
four-dimensional ball exterior, complete including its compact boundary S, with one Fuclidean
coordinate end. Let r > 1 be a fizred smooth positive extension of its Euclidean radius. Suppose
1<g<2,0<d<qg—1,

trg K =0, g=0pua = O2(r™), K=01(""""), Ry=00"""),  p=|J|Zcor™™ >0,

and suppose Hg + trg K < 0. Assume finite ADM energy and uniform bounds of every fixed
derivative order on end patches of unit size. Write A, = Ay(S) for the infimum over all smooth
enclosing cuts, including disconnected cuts.

There is a smooth cut B enclosing S, with connected one-ended exterior ), such that for each
0 < € < 1 and all sufficiently large integers N there is a smooth metric gy on § satisfying

gy > e %y, R~ >0 Hp <0 E~ <E,+ H—N(e—éN + e~ N2,
= gN — 7 ’ gy — 9 3ws

Here Il has polynomial growth at fized strict data and €. The new metric is complete including
B, has gn — 0puel = O2(r~ 1) and R = O(r=47%), and every smooth cut enclosing B has gy -area
at least e 3€A,.

The proof occupies Sections 17— 22. First we obtain B and its outward collars. Next we prove
a lower bound for ¢, followed by height, boundary-flux and range estimates for every possible
continuation solution. Local regularity and an unrestricted scalar solve then define the compact
continuation map. Only after existence and fixed-N exhaustion do we use the end calculation of
Lemma 15.1. The final flux estimate proves the displayed energy bound. This order separates the
polynomial estimates needed for the mass limit from arbitrary fixed-N regularity constants.
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The trace try K vanishes throughout this construction. Its positive regularizing parameter is
NN = ¢3/2; this parameter is distinct from the trace. The scalar weight is denoted by Lo = e?!I(t).
First fix the strict geometry and its decay exponents, then ¢ > 0 and a sufficiently large N.
Exhaust the outer radius at fixed N, send N — oo using polynomial constants only, then send
€ } 0 and remove the strict approximation. Arbitrary fixed-IN regularity constants do not enter
the final mass limit.

17 Strict data and the geometric inner boundary

This section produces the strict data and the inner boundary used in the deformation. The
approximation is controlled in ADM energy and in the infimum over all enclosing areas. The
geometric construction also supplies a comparison principle for closed sets described by smooth
exterior supports; this will be used before any derivative estimates for the deformation are
available.

17.1 Strict conformal approximation

The spacetime Poisson construction of Jaracz [25] is the model for this reduction. Here the
conformal exponents are four-dimensional, the inner Neumann datum is nonzero, and we prove
preservation of maximality and comparison for the full enclosing-area infimum.

Decrease the decay exponent, if necessary, so that 1 < ¢ < 2, and fix 0 < § < ¢ — 1. Extend
the end radius to a positive smooth function r > 1 on the exterior. We use the enclosing-area
infimum Ag4(S) defined above.

Proposition 17.1 (Reduction to strict data). The data of Theorem 16.1 admit smooth approxi-
mations (gj, K;) on the same exterior such that

—4—0
trg, Kj =0, pj — ‘Jj‘gj 2 ¢r J

— (17.1)
Ok, (S) <0, Ry, =070, ¢ >0.

They have the prescribed Oz (r—%) metric decay and O1(r='9) tensor decay, and all their coordinate
derivatives are bounded uniformly over end patches of unit size, with constants allowed to depend
on j and the derivative order. Moreover,

By — By Ay (S) — A(S). (17.2)

Consequently, it suffices to prove E, > %(AQ(S)/QJ?,)Q/?’ for such strict maximal data on this

exterior. Neither vacuum nor marginality is required of the intermediate approrimations.

Proof. Choose a positive smooth function b > | K|, which equals a constant multiple of r~17¢
sufficiently far out. We first solve

—Agp = by/ ’ dqb\g +r—6 4 7'_4_6, Oy =—1on S, ¢ — 0 at infinity, (17.3)

where v points into the exterior. In particular, the normal derivative in this equation is the
negative of the domain’s outward normal derivative at its inner boundary.
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Here are the existence and decay details. On the compact truncation Mp, impose ¢ = 0 on
the outer coordinate sphere and replace b on the right by Ab, 0 < A < 1. The linearization, with
homogeneous boundary data, is

<d¢7 dv>g .
V1ol +r

Its drift is bounded by b. Its kernel is zero by the strong maximum principle and the boundary
point lemma, since the outer Dirichlet face is nonempty and the inner face has homogeneous
normal derivative. The mixed operator has Fredholm index zero, by deformation to the mixed
Laplacian, and hence is invertible. The two boundary components are disjoint, smooth, and
compact, so ordinary scalar elliptic estimates apply without a junction between boundary types;
see [18, Chapters 3, 6, and 9] and [1, Theorems 7.3 and 15.2-15.3].

For fixed R, the global mixed W?%? estimate, p > 4, and interpolation give

vi— —Agv — b

@lwerag) < Crp(l+ 18l Lo (arg) + 101l o(arg)) < Crp(1+ 1l llo)- (17.4)

These constants are uniform in A. If the suprema were unbounded, divide by their sup norms and
take a subsequence. Compact embedding of WP in C1®, with a smaller a > 0, gives a nonzero
limit v satisfying

—Agv = A\b|dvg, dyv =0o0n S, v = 0 on the outer face.

This is a homogeneous linear equation with a bounded measurable drift: set the drift to
Abgradv/| dv| where dv # 0, and to zero otherwise. The maximum principle and bound-
ary point lemma again exclude a nonzero solution. Thus (17.4) is bounded, and Schauder
estimates and bootstrapping give closedness in the continuity argument. The A = 0 mixed Poisson
problem is solvable, so the implicit function theorem and compactness give a smooth solution for
A = 1. It is nonnegative: a negative minimum is excluded in the interior by —A¢ > 0, on the
outer face by its zero value, and on the inner face by d,¢ = —1.
We next bound these solutions independently of R. On the end consider

T(r) =r—2(1 — Ar—°).
Choose a fixed A > 0, then a large fixed rg, so that 7' > 0 and
(=Ay = bld - NT >cr™70  (r>m). (17.5)
Indeed, —ART = A§(2 + §)r~*79, while both the metric error and b| dT| are O(r~479). Also
—Ayp—blde| < br 3 4740 < ortl,
Comparison on {ro < r < R}, including the zero outer value, therefore yields

0 < ¢r(z) < C(1 +mp)r(z)~2, mp = max ¢g. (17.6)

{r<ro}
If mpr were unbounded along expanding truncations, divide by mp. Local versions of (17.4),
including the inner boundary estimates, give a nonnegative limit attaining value one in the fixed
core. It solves —Awv = b| dv|, has homogeneous inner normal derivative, and is O(r—2) by (17.6).
Its positive maximum is therefore attained at a finite point. The strong maximum principle or
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the boundary point lemma excludes it. We have a uniform core bound, and diagonal compactness
gives a smooth solution of (17.3).

Rescale annuli by their radii. The bound ¢ = O(r~2), the scaled metric bounds furnished
by g — 6 = O2(r~9), and the linear gradient growth in (17.3) first give scaled W?2P estimates by
interpolation. They give Holder control of the gradient; the right side then has the scaled Holder
control needed for Schauder estimates. Hence

¢ = Oa(r™?). (17.7)

The source in (17.3) is O(r~479) + O(r~*7?), and is integrable. The divergence theorem shows
that

I, = lim / 8y, 6 dA,
Sr

R—o0

exists. Replacing this by its Euclidean-coordinate flux changes it by O(R™9), which tends to zero.
For small s > 0 set g, = €2*?g and K, = e¢** K. The trace remains zero. The connection
change is

T(gs)f; — T(9)5; = s(0F b + 65 b — gi;0").
Contracting it against the scaled trace-free tensor, and using the four-dimensional scalar-curvature
formula, gives
e*Ppg = 1 — 3s0¢0 — 35%| Ao,
e*?J, = J + 3sK (grad ¢, -), (17.8)
Ok, (S) = ¢ (OK(S) + 359,9).

The last coefficient is three because the boundary has dimension three. A covector norm contributes
one more factor e~*?, so the first two identities and p = J = 0 imply

* (s — | Jslg,) = 3s[—A¢ — |K|| dg| — s| dg|*]

> 3s[r 470 — 5| dgl?]. (17.9)

The ratio | d¢|?/r~47° is bounded, by (17.7) and § < 1. Thus small s > 0 gives a positive gap of
the asserted order. The boundary expansion is —3se 5% < 0. Moreover,

Ry, = e »?(|K|?> — 6sA¢ — 65%| dp|*) = O(r*7),

because 2 + 2¢g > 4 + §. The original metric and tensor decay is preserved, since ¢ < 2.
Only —6s0;¢ survives from the conformal change in the ADM integrand. Products with a
metric error or with ¢ have vanishing integrated flux by (17.7). Thus

B, =E,— w%[d) — B, (17.10)

Since ¢ is bounded, the comparison e=251%¢ll g < g, < 2519l 4 holds on the entire exterior. Its
three-dimensional area comparison holds for every enclosing cut, and therefore for their infima.
In particular, Ay, (S) — Ag(S), with no compactness assumption on minimizing cuts.
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Smoothing the end. The conformal step has produced strict dominance and convergence of
energy and enclosing-area infima. The differentiated end estimates will also need bounds of every
fixed derivative order on patches of unit size. The original O2/0O; hypotheses do not supply those
bounds; we obtain them by smoothing each fixed strict pair sufficiently far out.

Fix one of these strict pairs and temporarily denote it by (g, K). Let h = g — § in the end
chart. Convolve h and K with a nonnegative smooth kernel of integral one supported in a unit
ball. Interpolate to the original data with a cutoff which is zero for r < Rgn, one for r > 2Rgpy,
and has derivatives of order i bounded by C;R.’. Call the resulting metric and tensor g, K , and
project the tensor to its g-trace-free part:

K = K — {(tr; K)g.

For sufficiently large Rgn, the metric remains positive definite. The available original derivatives
give

hxk—h=0@"""),  Dhxr—h)=00""7%), Kxrn-K=00"17.

Here D denotes coordinate differentiation only in this paragraph. For the trace projection, use
the original trace-free identity in the form

trs K = (5” — gij)KZ'j = 01(7“_1_2(1).

Convolution and interpolation preserve this first-derivative bound. Moreover

trg K = trs K+ (57 — 07)Ki; = Oy (r~729),

Differentiating the last product uses only the available first derivatives of the metric and tensor.
Thus the projection changes the tensor by O;(r~!1729), without requiring a second derivative of
the original K.

For trace-free data with these decay bounds, the constraint pair has the flat linear principal
expressions

(1. 7) = (3(Di05hij — Arhai), D K5) + O(r=2729). (17.11)

The scalar error consists of hD?h, (Dh)?, and |K|?; the momentum error consists of hDK and
(Dh)K. The displayed linear operators commute with convolution. Cutoff derivatives multiply
the preceding convolution differences and contribute O(r~973). The trace projection changes the
momentum by O(r~272¢). Hence the new constraint pair is the interpolated average of the old
pair, up to

O(r2720 4 p7973) = o(r_4_5). (17.12)

Replacing the old momentum norm by its Euclidean norm, and the averaged Euclidean momentum
norm by the new metric norm, each costs O(r=2724): both metrics differ from the Euclidean
metric by O(r~%), while both momenta are O(r~279). The triangle inequality and positivity of
the kernel therefore preserve a fixed positive fraction of the strict dominance gap once Rgy, is
sufficiently large. This radius is chosen separately for each fixed strict pair, so the little-o errors
are smaller than its particular positive gap coefficient. The two needed exponent inequalities are

2¢q—2—-0>0, g—1-56>0.

The same calculation shows that the scalar curvature is still O(r—479).
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Beyond 2Rgy,, derivatives of the convolution kernel bound every higher derivative on unit
patches, using the original zeroth, first, and second derivative bounds. The transition region
is smooth and compact. At infinity the metric’s first derivative changes by O(r~9-2), whose
integrated ADM contribution is O(r'=9) — 0. Thus this smoothing leaves the energy exactly
unchanged. As Rg, — 00, its uniform metric ratio tends to one, so the enclosing infimum
converges as well. Choosing first s | 0, and then a sufficiently large smoothing radius for each s,
proves (17.1) and (17.2). O

For the remainder of the proof fix strict data from Proposition 17.1, and write A, = A4(S5).
Constants may depend on this fixed approximation. Write ¢y > 0 for a fixed constant such that
p—|J| > cor=*79 for these data.

17.2 Threshold regions and outward collars

We use the following part of the total trapped-region theorem: on a complete smooth asymp-
totically flat initial data set of spatial dimension 2 through 7, the nonempty union of bounded
regions with smooth boundary and outward expansion at most zero has a smooth embedded
outermost stable MOTS as its outer frontier. We take its closed, filled representative. Filling a
bounded complementary component deletes boundary components and preserves admissibility.
This is the existence and regularity conclusion of [6, Section 4.3, Theorem 4.6]; it requires no
energy condition. We do not use the additional topology conclusions of that theorem.

Lemma 17.2 (Threshold selection and collars). There is a number ¢ with maxg O < ¢ < 0,
and a closed filled compact region D, containing a smooth compact filling of S and an exterior
collar of S, with the following properties. Its boundary B is a smooth embedded stable threshold
surface, Ok (B) = c. It belongs to an increasing family Dy, maxs O < b < 0, of total regions at
threshold b, all lying in a fized compact set, and

Dy, — D. in Hausdorff distance as b | c. (17.13)

The exterior Q of D, is connected and one-ended. Every smooth cut enclosing B has g-area at
least Ax. Each component of B has a smooth outward collar with leaf coordinate s >0, s =0 at
B, |ds| > 0, whose leaves satisfy

_grads

O ({s = constant}) > c, Vs = s

(17.14)

Proof. The given diffeomorphism of the exterior permits a smooth compact filling behind S.
Extend g, K smoothly over it; the extended metric can be chosen positive definite by interpolation
with any interior metric away from a collar. This extension is used only in the present geometric
construction.

Fix a large radius Ry beyond which every coordinate sphere has O = 3/r + O(r='7%) > 0.
Outside a still larger fixed radius, smoothly cut the metric to the Euclidean metric and the
unshifted tensor to zero. Dilated cutoffs preserve the bounds g — § = Oa(r~9), K = O;(r—179),
and consequently the positive expansion of all spheres in the cutoff annuli. Denote these complete
auxiliary data by (¢®", K*"¥). Choose a fixed nonnegative smooth cutoff £, equal to one on the
filling and throughout a large neighborhood of {r < Ry}, and zero far out. For maxs O < b < 0,
use the tensor

Kgux — J3ux _ %Egaux‘
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Where £ = 1 and the data are uncut, the exact identity is
@Kgux(E) =0Ok(X)—0b. (17.15)

In the cutoff region the added tangential trace is —b& > 0, so all the distant spheres still have
positive expansion, uniformly in b.

A smooth weakly trapped bounded region cannot meet those distant spheres: at a point where
its boundary reaches its greatest radius, its tangent plane and outward normal agree with those
of the coordinate sphere, and its mean curvature is at least the sphere’s mean curvature. The
tensor traces there agree. This contradicts nonpositive expansion. The same argument applies to
the outer frontier furnished by the total-region theorem. Thus all total regions are contained in
the uncut part of the construction.

For every indicated b, strictness at S gives a short outward collar whose leaves have expansion
less than b. The filling together with this collar is a nonempty trapped region for Kj**. The
theorem therefore gives a total closed region D; with smooth stable frontier. Its frontier lies
strictly outside S, in the original data, and has O = b by (17.15). We used one filling and one
set of cutoffs for the entire interval of b. Since & > 0, increasing b decreases the shifted expansion
on every candidate hypersurface. It follows that

by <by = Dy, C Dy,. (17.16)

Choose a compact enlargement () containing all these regions. Lemma 3.2 applies to the increas-
ing family of closed subsets Ep = D of this fixed compact metric space, with maxg O < b < 0.
The preceding construction proves both the common compact containment and monotonicity;
every member is nonempty. Choose ¢ outside the lemma’s countable exceptional set. Its conclusion
is exactly (17.13). Filling bounded complementary pockets ensures that the remaining exterior is
the connected component containing the sole end. Any cut enclosing its entire boundary B also
encloses S, proving the area assertion.

It remains to construct the collars. Apply Lemma 3.3 with ambient dimension four, QQ = K,
threshold ¢, and each connected component of B. The total-region theorem gives a compact
smooth stable frontier; its principal eigenvalue is nonnegative [5, Proposition 5.1]. On an open
neighborhood of this frontier the auxiliary cutoff £ equals one and the data are uncut, so the
relevant shifted tensor is exactly K — (¢/3)g. Its expansion differs from © by the constant c,
with zero derivative under graph variations. Replacing one component by a sufficiently short
outward graph of expansion at most ¢ would strictly enlarge the total region while preserving
every other component. Thus the local maximality hypothesis of the collar lemma holds in this
application.

For clarity, its zero-mode construction uses the expansion £(v) of the outward graph on this
one component and L = DE(0). The common augmented inverse specializes to

(v,a) — (Lv —a, /BvdAg> , C?%(B) x R — C%*(B) x R. (17.17)

Here the integrals are over the chosen component. The positive principal and adjoint eigenfunctions,
their simple kernels, and the positive pairing used to invert this map are those in [5, Section 4,
Lemma 4.1], as in the common proof. That proof gives strictly larger expansion on every positive
outward leaf, including the zero-eigenvalue case; stability alone would not give this conclusion.
Finitely many components permit disjoint shortened collars, proving (17.14). O
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17.3 Exterior supports of nonsmooth sets

The threshold regions control smooth surfaces. The graph-height limit will give only a closed
sublevel set, so we need the same comparison for smooth surfaces that touch such a set from
outside. The next argument transports the supporting tangent plane exactly; this prevents an
uncontrolled curvature of the support from entering the error.

For a closed set A, a smooth exterior support at z € A is a regular level {¢p = 0} in
a neighborhood of z, where ¥(x) = 0, dy(z) # 0, and A C {¢ < 0} locally. Its normal is
vy, = grad /| dip|, and its expansion is

Ox[v] = trg Hess v —|(iz)e|ss¢(yw,l/¢)

Only supports that exist are tested; no regularity is assumed of A itself.

+tryg K — K(vy, vy). (17.18)

Lemma 17.3 (Enclosure from exterior supports). Let A be a compact closed set containing
D.. Suppose that every smooth exterior support to its frontier has expansion at most k', where
c<k <0. Then

A C Dy for every k' < ¢ < 0.

All expansions at the frontier of A are computed in the original strict exterior data.

Proof. First, every set under consideration lies inside one fixed large sphere. Otherwise the
coordinate sphere at its maximum radius is an exterior support with positive expansion, contrary
to k' < 0. Choose a compact enlargement containing this sphere and a small metric neighborhood
of it. All constants below depend only on the smooth geometry and tensor on this enlargement.
Distances may be computed in the complete smooth filling, since the contact points and sufficiently
short segments used below lie in the original exterior: A contains the filling and a collar of S.

For z > 0, put A, = {y : dist(y, A) < z}. Apply Lemma 3.5 in ambient dimension four, with
its set D = A, tensor Q = K, and threshold k’. The compact neighborhood and short segments
required by that local lemma are precisely those just fixed. The definition (17.18) is its normalized
expansion. It follows that every exterior support to A, has expansion at most

K+ Cz, (17.19)

where C' is independent of that support’s curvature.

The exact geometric feature of this application is worth recording. For a nearest pair = € A,
' € 0A,, let P : T, M — T, M be parallel transport along the short minimizing segment. The
Jacobi construction in the common proof gives

F.(z) =4, dF,|, = P, |VAF,|, < C=z. (17.20)
If ¢y defines the support at 2/, then 1) o F, supports A at z, and

Hess (1) o F.),(X,Y) = Hess by (PX, PY)

+ dip (VdFL) (X, Y)). (17.21)

The exact tangent isometry preserves the normalized Hessian trace; only the O(z) second-map
derivative and the C' change of K enter the expansion error. Thus no term multiplying Hess ¢
has been discarded. This local transport step uses compact ambient bounds, while the following
enclosure argument still uses the auxiliary total regions specific to the maximal end.
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Fix k' < ¢ <0, and take 8 > 0 below the preceding injectivity and collar scales, so small that
k' + Cp < . Smooth approximation of the distance function, followed by a regular-value choice,
gives a smooth compact region U with

A5/4 Cint U, UC A35/4.

For example, approximate the distance uniformly within /32, and choose a regular value
between 33/8 and 54/8. Choose a smooth nonnegative function ¢ equal to one near OU with
supp ¢ C {dist(-, A) < }. For sufficiently large finite A, replacing the auxiliary threshold tensor
by

Kcalux _ Acgaux

makes QU strictly trapped: the added term decreases its expansion by 3A. Apply the total-region
theorem to these smoothly modified complete data. Let D be the resulting closed filled total region
and B its smooth frontier. It contains U. All cutoffs were placed outside the fixed enlargement
above; outside the support of (, large spheres retain positive expansion. The maximum-radius
argument confines B to the uncut exterior. There it satisfies

Ok(B)=cd +3A¢>C. (17.22)

Let z = dist(A, E), the global minimum distance. Because D contains Ag/4, one has z >
B/4 > 0. If z < 3, every path of length less than z starting in A remains on the inner side of B:
its first crossing would contradict the definition of z. Taking closures proves A, C D. At a pair
attaining the distance, B is therefore an exterior support to A,. Equations (17.19) and (17.22)
imply

¢ <OB)<K+Cz<K+CB<{,
a contradiction. Thus z > §. Since this is the global minimum, { vanishes at every point of E,
including when the minimum equals 3. It follows that © K(E) = ¢/ everywhere. Its filled inner
region is an admissible threshold-¢’ region for the original auxiliary data, so A C D C Dy, as
required. O

17.4 Fixed collar data

Set b, = ¢. On the disjoint collars supplied by Lemma 17.2, choose a nonpositive smooth
compactly supported function C, equal to —xs near each component of B, with x > 0 sufficiently
small. Indeed, multiply —ks by nonnegative collar cutoffs. The strict gap has a positive minimum
on their compact support, so £ can be chosen small enough that, for a fixed smooth positive
function p equal to a positive multiple of r~*~% on the end,

[dC+p < pu—|J]|. (17.23)

For instance first choose p < (co/4)r~*7?, then bound |dC| by half the remaining strict gap on
its support. These data, the collars, the threshold b,, and the region €2 are fixed before choosing
any of the deformation parameters below.

18 The scalar-curvature deformation

We now fix the strict data and the exterior ) constructed in Section 17. Thus B = 0f) has
expansion Hp + trp K = b, < 0, the tensor is maximal, and the fixed functions C' < 0 and p > 0
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satisfy
dC| + p < i — |J]. (18.1)

The normal v at B points into 2. The compactly supported function C' vanishes on B and equals
—ks in its fixed collars. Throughout this section the base dimension is four and a transverse block
has dimension three.

18.1 Variables and the exact scalar identity

The pointwise identities used here are those of Section 10. We retain their variables and four-
dimensional density conventions below. Their proofs are local and impose no support condition
on K; maximality will enter through try K = 0 in the equations and the estimates for the tensor
tail.

Fix 0 < € < 1. The integer N > 4 is an auxiliary parameter. Fix once and for all a smooth
nonincreasing function 9 : R — [0, 1] equal to one on (—oo,0] and zero on [1,00), and set

o) = Noe), 1) = e ([ p)ds). Lol = 100,

€:€_EN, nN:€3/2.

(18.2)

In particular 0 < p < N, [p/| < [|[¥||N?, I(t) = €N for t <0, and [ < e everywhere. A symbol
Iy denotes a positive polynomial bound in N; its coefficients may depend on the fixed strict
data, collars, cutoffs, €, and subsequently fixed small constants, but not on a solution, the outer
radius, or a homotopy parameter. Its value may increase from one estimate to the next. Arbitrary
constants at fixed N will instead be denoted by C'(N).

On Qr = QN {r < R} the unknowns are f, Z. Define ¢ implicitly and the remaining variables
explicitly by

o = |grad f|, D =1+1(t)%?, d=D™1, Z =1+ ¢logD, (18.3)
lgrad f 9 3d

w=—5" a=|w|, v=a : X= 350 (18.4)

h=nnf, U=I1VD, uw= LoVD. (18.5)

At fixed o, the derivative of the right side of (18.3) with respect to ¢t is 1+pv/3 > 0. Ast — —o0
it tends to —oo, and as t — oo it tends to co. Consequently ¢t = ¢(Z,df) exists uniquely and
smoothly for all finite arguments. Notice that ¢ > —e implies ¢ <[ < e.

For o > 0 put ef = grad f/o and A; = Id+(j — 1)ef ® ey. The two matrices used below have
the globally smooth formulas

3+p
3+ pv

Aj=1d—w®w, Ay =1d—- <xy<d<l1. (18.6)

wQ w, 3N S

They are positive definite; the displayed formulas remove the apparent ambiguity of the axis
when df = 0. We identify vectors and covectors using g, write [£|4 = A(&,€), and put

l
g=g+Pdf ®df, G=¢*g, H' = ——Hessf, S;=K+H,
g=g f @df, g g 7D / ¥ (18.7)

V =uA,(3grad Z + K(w,-)).

122



The trace equation will always be
tl“AX Sf =F. (18.8)

Here F' is the prescribed right side, including its dependence on f, Z, and df when a system is
specified.

For symmetric tensors recall P4 = A — (tr A)g and B(Aj, As) = Ay : Ay — (tr Ap)(tr Ag).
The constraint quantities are p = (Ry — B(K,K))/2 and J = div Px. At a point with o > 0,
decompose Sy relative to e]% @ Rey into its transverse symmetric block T', mixed covector M, and
axial entry j. The letter M in the formulas below denotes only this block. Put

T = O,t, y = (gradt), T0:T—%(F—Xj)IdL. (18.9)
The trace equation gives trT = F — xj.

Proposition 18.1 (Scalar identity). For smooth f,t satisfying (18.8),

1 1
5621511?:§:M+J(w)+T+ w(F) — Ftr K —u 1 divV, (18.10)

where
T = 3|T°P + M + (p+ Day[” —oly|* + 3(p + 1)(|y[* + da?)
— HF —xj)? +x5* — xFj+ F*+2(p + 1) yjaz. (18.11)
This expression extends smoothly across df = 0.

Proof. This is Proposition 10.1, with its axis e = ey and the same graph variables and density
normalization. Its arbitrary trace 7 is zero here.

We record the differential relations needed in the boundary and drift calculations. Differenti-
ating the implicit definition of Z gives

3dZ = (34 pv)dt + H (w, ). (18.12)
If k=—H/ —p(dt ® w’ + v’ @dt) and Q = K — k, then

V/u = Pow + 3Aggradt + Fuw, (18.13)
utdiv(uw) = F + (1 — x)j — trg K 4+ 2(p + Dw(t). (18.14)

These are the identities in the proof of the cited proposition. They follow by inserting tr’T" = F'—xj
and Hf (w,-) =wvdlogo into its invariant formula; their smooth tensor expressions also hold at
df = 0. The quadratic expression there is precisely the displayed T . O

Lemma 18.2 (Polynomial coercivity). The quadratic form in (18.11) is nonnegative, and
TP + [M? + dj* + F? + |dt|3, < TINT. (18.15)
At dt = 0 it has the stronger equivalence
T =< [T+ |M* + xj° + F?, (18.16)

with both constants absolute, independent of N, d, x.
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Proof. Lemma 10.2 applies with the same dictionary. For clarity, its exact square completion is
T =3|T°P + M+ (p+ Dayl* + B(p + 1) — v) |y

-\ 2 -\ 2
xaj 9 XJ d(48 — 3d) .,
1)d A% 2(p A A0 0 g2 18.1
+3(p+1) <x+ 3d> +3< 4) +8(3+pv)2j (18.17)

The last coefficient is at least 45d/[8(3 + N)?] and the coefficient of |y|? is at least two. Undoing
the shifted squares therefore costs only a polynomial in N. When dt = 0, the normal terms
instead reduce to

F(F —x3/4)? + x(1 = 3x/8)5%.
The bounds 5/8 <1 —3x/8 <1 and x? < x give the absolute equivalence claimed in (18.16). [

Lemma 18.3 (Boundary identity). On a hypersurface where f is constant, let H denote its
g-mean curvature for a chosen normal v, and put Pg = trg K. Then

V,/u=d(H + 30,t) — H + w,(F — Pp), (18.18)
H=e'Vd(H +30,t). (18.19)
The identities allow either sign of 0, f, including zero.

Proof. Apply Lemma 10.3 with the chosen normal v and trace relation (18.8). Its formulas use
the signed component w, and extend smoothly to df = 0, so they also apply when the normal
graph slope changes sign. O
18.2 The equations and their homotopy

Choose

1 <7y <min(2,q—4§/2), po =147, pr =12, (18.20)

Here r is the fixed positive smooth extension of the end radius. Fix smooth cutoffs m, jo : R —
[0,1] with m§ =1 on (—o0,0], m{j =0 on [1,00), jo =0 on (—o0,0], and jo =1 on [1,00). Define

P = Cn(po +vp1), mo(t) = my(N(t + €)), = =007 + p+ donnac — mo(t)P. (18.21)

Proposition 18.7 below fixes a single §y > 0 independent of IV and then a sufficiently large
polynomial C. Choose a smooth Ng > 1+ supp|H| on B and write

B:_H—l_wy(F_PB)_NBd, Pp =trg K. (18.22)
The system whose solution we seek is

tra (K+H/)=F=h+C, inQg,

divV = uZ, in Qg,

(18.23)
h=b., V,/u=B8, on B,
f = Z = 0’ on SR

In the boundary datum, F' always means the prescribed trace right side, so the datum contains
no unprescribed second derivatives.
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The two geometric signs follow directly for any smooth solution of (18.23). Maximality and
Proposition 18.1 give the exact decomposition

1
§thR§ = (p+ J(w) +w(C)—p)+ (1 —=38)T + (1 — do)nnac + moP. (18.24)

The bracket is nonnegative by (18.1) and |w| < 1, and all other terms are nonnegative when
dp < 1. On B, subtracting (18.22) from (18.18) gives H + 30,t = —Np, and therefore

R;>0, H=-e'"VdNp<O0. (18.25)

These conclusions use the actual boundary expansion H + Pg = b,. They require no assumption
that H vanishes.
Here is a homotopy to a scalar system with a trivial endpoint. Let

Vi =udy(3grad Z + AK (w,)), 0<A<L.

In the first three stages impose div V), = uZ and

(V)\)V

u

= [1 =1 =XNj0][B = (1= N(AK (w,))]- (18.26)

All outer values remain f = Z = 0. Let v; = grad s/|ds| in the fixed collars. Choose smooth
bounded functions Dy(x,w) and Dy (x,w), supported in those collars and with uniformly bounded
derivatives for |w| < 1, as follows:

e Dy <0, Dy =0 when w-vs >0, and Dy(z,—v) < —2supg |H| on B;
o Dy = Ai(p(x)w - vs, where (g = 1 near B is a fixed collar cutoff and A; > 1+ supg |H|.

Such Dy is obtained by a fixed smooth function of w - v, zero on the nonnegative half-line and
sufficiently negative at —1, times a collar cutoff. In particular Dy(z,0) = D;(z,0) = 0. The
stages, with their endpoints included, are:

1. Decrease A from one to zero, keeping F' = h+ C and h|p = b,.
2. Keep A = 0 and increase a from zero to one, with F' = h+ C' + aDy and h|p = b,.

3. Keep A = 0 and increase ( from zero to one, with

F=h+(1-¢)(C+ Do)+ ¢(tra, K + D1), hlp = (1 = ¢)bs. (18.27)

4. Keep the terminal trace problem
tra, H' =h+ D1, flpus, =0, (18.28)

and multiply both = and the right side of (18.26) by a common factor 7, decreasing from
one to zero.

The prescriptions agree at every junction. In every stage the derivative of F' with respect to h
is one. The form T is always computed from the actual trace equation and the actual tensor
K + HY | including when A = 0.
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Two features of this choice will be used in the estimates. First, in stage three the limiting
values at w = v, —v, with x = 0 and the assigned face height, obey

F(z,v)> P+ H, F(z,—v) < Pp— H. (18.29)

At ¢ = 0 the first equality follows from b, = Pg + H and Dg(z,v) = C|p = 0; the second follows
from the choice of Dy. At ¢ =1 the two values are Pg + A;. Convex combination proves (18.29)
for intermediate ¢. Second, the terminal trace equation forces f = 0 for every C'h® trial Z and
its classical trace solution: at a positive interior maximum the left side is nonpositive and the
right side is ny f > 0, while at a negative interior minimum the signs reverse. Boundary values
are zero. Thus in stage four

f=0, t=2, d=x=1, u=Lo(t), T =2LiK?+3@p+1)dt (18.30)

Lemma 18.4 (Height and initial end bounds). Every smooth homotopy solution satisfies |h|+|F| <
Cy for a fized constant independent of N, R and the homotopy parameter. There are fized ro, Co
such that, for all sufficiently large R depending on N, e, the first three stages satisfy

|h| < Cy(r™" = R™) (rg <r <R), |grad f|g, < Cany'R™17. (18.31)
Moreover t > —e on Sg. None of these assertions assumes an interior lower bound for t.

Proof. At an interior extremum of h, we have w =0, A, =1d, Dy = D1 =0, and tr K = 0. The
trace equation and its positive Hessian coefficient show that a minimum has h > 0 and that a
maximum has h < ||Cl|c. The boundary heights lie in [b,, 0]. Consequently

by < h < [|C|so (18.32)

in stages one through three; stage four has f = 0. All remaining terms in the trace prescriptions
are uniformly bounded for |w| < 1,0 < x <1, so F has a fixed bound as well.
Outside the compact supports the trace equation takes the form

l
UN\/B’

Here sg = 1 in the first two stages and sxg = 1 — ¢ in the third. At a nonzero test gradient
B = a/|grad h|. Test with ¢ = Ca(r~™ — R™7). Since the test axis is radial, the end metric
estimates give, uniformly for 0 < y <1,

ptra, Hessh + sk tra, K = h, 8= 0<sg <1.

tra, H -3 1
ra, Hessyp  —3+ (y+ )x+0(r—1—q)§_ﬂ’ a=(2-7)/2>0,

|grade| r T

after fixing rg sufficiently large. In addition, maximality gives
|tra, K| < Kor~ ' ?min(1, (1 + N/3)a?). (18.33)

Indeed tra, K = (x —1)K(es,ef) and 1 — x = (3 +p)v/(3 + pv) < min(1, (1 + N/3)v). These
estimates hold for every value of .
Put ¢y =1 —277 and Hy = max(|bs|, ||Cl|sc). Choose the fixed coefficient C5 so that

2Hor] 2Korg 71
Cy > max {1, 070 , 070 .
Cy Cy
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For R > 2rg, this dominates the heights at r = rg. On r < R/2, the tensor term in (18.33) is at
most /2, since v < 1+ ¢. On r > R/2, use min(1, (1 + N/3)a?) < /1 + N/3a and require

1/q
R>2 (21{0\/1 + N/3> ‘

C1

The tensor error is then at most cya/(2r).

If h — % had a positive maximum, it would occur in the interior of this annulus. The gradients
there agree and the Hessian of h is no larger than the Hessian of 1). The coeflicients use the
actual Z and this common gradient, so they agree at the contact regardless of the two heights.
On the first half of the annulus the equation gives h < —cja/r + /2 < 1; on the second half
it gives h < —c1a/(2r) < 0. Both are contradictions. At a negative minimum of h + 1 the
Hessian inequality reverses, while its axis and x are unchanged on reversing the gradient; the
same estimates give the lower comparison. This proves the height bound in (18.31).

Because h = 0 at Sg, the two comparisons bound its normal derivative there by C3R~1~7, with
C3 = 2Cyy after increasing 7o so that |dr| < 2. Tangential derivatives vanish, giving the asserted
bound for | grad f|. Finally, at Sg the strictly increasing function G(t) = t+ % log(1 +1(t)?c?) has
G(t) = Z = 0. Since I(—¢) = 4, its root exceeds —e whenever (202 < €5 — 1. It suffices to require

032651\7

RQ’erQ > )
ebe — 1

(18.34)

In stage four the conclusion follows instead from f =0 and Z = 0 on Sg. Every restriction on R
made here depends only on the fixed data, N, ¢, and is compatible with R — oo at fixed N. O
18.3 Exclusion of the lower boundary of the admissible range

The next argument concerns any smooth homotopy solution whose minimum value of ¢ is —e.
It supplies the strict exclusion needed for continuation before any global gradient or Hessian
estimate is available.

Lemma 18.5 (Gauss comparison at a minimum). At an interior minimum of t,
3e* Rs < $R, —vRicy(ef, ef) + S(HY), (18.35)
where, for a symmetric tensor A,
S(A) = L(try A)? — LAY PP + dAcetr] A —d|Ac . (18.36)
At every point where dt = 0, there is an absolute co > 0 such that
T —S(HY) > T — T (vF? + |K|?). (18.37)
At df = 0 the terms multiplied by v vanish and any axis may be used.

Proof. Lemma 10.5, with e = ey, uses exactly (18.36). At a minimum Hess¢ > 0, so its stationary
Gauss identity gives (18.35).
The two algebraic identities used by its floor estimate specialize to

T —8(Sp) =T + (1 + d)|MJ?
+x(1+d—2x/3)j*+ (x/3 - d)Fj+ F?/3 (18.38)
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and
dj_d(S—va) <N—i—3

X 3 - 3
They are (10.34) and the first ratio in (10.35). The common proof splits at (1 + p)v small, uses
stationary coercivity, and replaces Sy by H f=g8 ¢+ — K. It yields an absolute positive c3 and a
polynomial IIx in precisely (18.37), including the smooth extension to df = 0. O

(18.39)

Lemma 18.6 (Coefficient derivatives). The following estimates hold along every smooth trace

solution:
IVw| + [VAy| + |dlogula, <TIn(VT +|K]). (18.40)

Consequently, for each fized n1 > 0,
| div(uAy K (w, -))|

” <mT +1x(K]? +a|VK]). (18.41)
In each of the first three trace stages,
w(F) > nyao —mT — (1 + |K|? + a|VK]), (18.42)

where K is a fixed compact enlargement of the supports of C, Dy, D1. For fixed n1 the bounds
remain polynomial in N.

Proof. Differentiating w = [ grad f//D covariantly gives
Viw = Ad(HZf) + pdw O;t, dlogu = (p+ pv + 2)dt + H' (w,-). (18.43)

In the first formula, d is the scalar D~!. Relative to the axis, the A, factor multiplies the axial
output of H/ by d. The transverse and mixed entries are controlled by (18.15); the possibly large
axial entry occurs as d(j — Kee) and is also controlled because d < v/d. Furthermore d|dt] < |dt|a,.
This proves the estimate for Vw without an inverse power of [ or d. For the second formula
use x < d: the weighted norm of its first term is at most (2N + 2)|dt|4,, while its last term is
bounded by a(|M — K1 |+ X |j — Keel).

Write A, = Id —c(p, v)w ® w, where ¢(p,v) = (34 p)/(3 + pv). The relevant derivatives are

3d 3
dpe= 0 ge= 2B G < oa ).
(3+ pv) (3 + pv)

The p’ contribution retains its factor d, and is bounded by a polynomial times d|d¢t|. All other
terms are bounded by a polynomial times |Vw|. This proves (18.40).

In (18.41), differentiating u contributes at most

dlogul 4, | (w. )

o
The other derivatives contribute at most
|K|(|[VA,| + |Vw|) + a|VK].

Apply (18.40) and then Young’s inequality to IIy|K|v7. Squaring a polynomial remains
polynomial, proving (18.41) with the asserted dependence.

For (18.42), the common height term gives exactly w(h) = nyaco. Derivatives of C, Dy, Dq
cost, on K, a fixed multiple of 1 + |Vw|, hence an arbitrarily small fixed multiple of 7 plus a
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polynomial compact error and IIy|K|?. The only other term is w(tr 4, K) in stage three; it is
bounded in absolute value by a fixed multiple of a|VK| + a|K||VAy|, handled in the same way.
All stage parameters lie in [0, 1], so the estimates are uniform in them. This proves the last
assertion. O

Proposition 18.7 (Floor exclusion). There is a choice 0 < 6y < 1/4 independent of N and a
positive polynomial Cn such that, for every sufficiently large allowed R, no smooth solution of
any of the four homotopy stages has

mint = —e.

Qg
These choices use the fized data and the preceding pointwise and height estimates only. In
particular they do not use existence, an upper bound for Z, or a uniform Hessian estimate.

Proof. We first record all end losses that will occur. There is a fixed constant C, with
1k + |K|* + vF% 4+ v|Ricy | + a| VK| < Ci(po + vp1). (18.44)

On a fixed compact set this follows from positivity of pg and Lemma 18.4. Outside that set,
|F| < |h|+]|K]| in all three trace stages, and the same lemma controls h? by a fixed multiple of r—27.
The metric and tensor decay give | Ric, | = O(r~279), |[K|> = O(r~27%9) and |[VK| = O(r—279).
Since 27 < 2+ g and 2 + 2¢ > 4 + §, the curvature and squared tensor terms have the stated
bounds. For the derivative term the precise estimate is

ar~?271 < %a2r_27 + %r_4_2q+27 < %vpl + %po,

where 2(q — ) > ¢ was used. This proves (18.44). Also p < C,pp for a fixed C,, by its prescribed
tail and compact positivity of pg.

Suppose first that the minimum occurs in the interior in one of the first three stages. Then
dt = 0 and Hesst > 0 there. Proposition 18.1 and (18.35) imply, using tr K = 0,

uw T divV > p— 1Ry + J(w) + vRicy(ep, ef) + T — S(H) + w(F).

Here p — Ry/2 = —|K|?/2 and |J(w)| < C,a|VK]|. Use (18.37), (18.42), and (18.44); then pass
from V to VA =V — (1 — N)ud, K(w,-) by (18.41). Choose the two fixed Young errors smaller
than co/4. This yields an absolute ¢3 > 0 and a polynomial bound HE\, such that at the proposed
minimum

wrdivVy > esT + nyao —Hﬁv(po + vp1). (18.45)

In particular cs is independent of V.
Fix 09 < min(cs/2,1/4). At the floor mg = 1, and the prescribed right side in the first three
stages is 00T + p + donnaoc — Cn(po + vp1). The lower bound in (18.45) exceeds it by at least

(e3 = 60)T + (1 — do)nnao + (Cn — Iiy) (po + vp1) — p.

Choose Cy > H§V + C), + 1. The last display is strictly positive because pg > 0, contradicting the
equation. This choice is polynomial and independent of R and of the solution.

In stage four use (18.30). At an interior floor minimum the left side is ! div(3ugradt) =
3At > 0, while the right side is

(% KI*/2+ p — Cnpo).
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Increasing Cy by a fixed constant makes the bracket strictly negative everywhere, since |K|? <
Cypo- Thus an interior floor minimum is impossible whenever 7 > 0.

An inner boundary minimum in the first three stages is also impossible. At t = —e we
have jo = 0. Since V) =V — (1 — M)uA, K (w,-), the drift correction in (18.26) cancels, leaving
V,/u = B. Lemma 18.3 therefore gives

30,t =—H — Np < 0.

This contradicts the nonnegative derivative into 2p required at a boundary minimum. In stage
four, where f = 0, the corresponding formula is 30,t = n(—H — Ng) < 0 for n > 0. The outer
boundary is excluded by Lemma 18.4.

It remains to consider n = 0. The last-stage equation and boundary conditions then reduce to

div(3Lo(Z) grad Z) = 0, 0Z|p =0, Z|sy = 0.

Multiplying by Z and integrating gives fQR 3Lo(Z)|grad Z|*dV, = 0. Thus Z =t = 0, which is
strictly above the floor. This treats every stage and every possible location of a floor minimum. [

The order of the choices is now fixed: strict background data and collars, € and the cutoffs, the
absolute small &g, the polynomial C'y, and finally sufficiently large IV and allowed R. The estimates
in the next Section concern arbitrary smooth admissible solutions with ¢ > —e. Proposition 18.7
separately ensures that a homotopy solution cannot meet the boundary of this range.

19 Global a priori bounds

Throughout this section the strict background data, collars, and € > 0 are fixed. We consider
arbitrary smooth solutions of the homotopy on Qg satisfying ¢ > —e. Existence is not assumed:
each assertion is an estimate for every solution that might occur. The constants denoted by Iy
are bounded by a polynomial in NV, independently of the solution, homotopy parameter, and
allowed radius. Constants denoted by C'(N) may depend arbitrarily on the fixed integer N. All
integrals without an indicated graph measure use g.

19.1 Separation from the threshold region

Lemma 19.1 (Compact separation). Let Qo be a compact subset of Q disjoint from D.. There
are n2 > 0, Ny, and allowed radii Ryin(N) — 0o such that, in stages 1 and 2,

h >c+ 2 on Qo (N > N(), R > Rmin(N))- (191)
The constants are uniform over both stages.

Proof. We first identify the geometric inequality satisfied by a relaxed limit. Take any sequence
of admissible solutions with N; — oo and allowed R; — oo, and write

h(z) = lim inf{h;(y) :i > j, dist(z,y) < j'}.

J—00

On compact sets this is a finite lower semicontinuous function, by Lemma 18.4. Let a smooth
function ¢ touch h from below at an interior point z, with grad ¢(z) # 0. Subtracting a small
multiple of the fourth power of the distance makes the contact strict without changing its two-jet.

130



Minimization on a small closed ball then gives a subsequence of local lower contacts of ¢ plus
constants with h;, at points x; — x, whose contact values converge to h(x).
At these contacts, ny, grad f; = grad ¢, so

/.
lio'i > 71‘ grad ¢($1)| — 00, di’Xi — O, a; — 1.
"IN,
In particular this conclusion uses the floor and the fixed test gradient, rather than an estimate
for the solution gradients. Put v, = grad ¢/| grad ¢|. Positivity of A, and the Hessian inequality
at a lower contact give

tra, K tra, Hess¢ < F; < hy.

I A
| grad ¢|
The last inequality holds throughout stages 1 and 2 because C' < 0 and Dy < 0. Passing to the

limit proves
tryé Hess ¢

| grad ¢|

The left side is the outward expansion of the regular level of ¢. Neither convergence of the
homotopy parameters nor continuity bounds for the solution coefficients were needed.

Fix c < k < k' < 0. Apply Lemma 5.1 on U = intQ with u = h, Q = K and ¢y = k’. The
relaxed limit is finite and lower semicontinuous. At a nonzero-gradient lower test whose contact
value is less than £, (19.2) bounds its expansion by that value, hence by k’. The lemma therefore
shows that every smooth exterior support to the closed sublevel {h < k} at an interior frontier
point has expansion at most k’. In particular, this conclusion also applies when the sublevel has
a plateau at height k.

Lemma 18.4 makes this sublevel bounded: for a large fixed r, its lower height bound exceeds
the fixed negative number k. Adjoin D. to obtain a compact closed set. At a frontier point on B,
each exterior support also supports D.; tangency comparison with its smooth boundary gives
expansion at most ¢. Lemma 17.3 therefore places the union in D for every k' < ¢ < 0.

Hausdorff right continuity at ¢ and the positive distance of Qg from D, allow us to choose
c<k <k <d <0sothat Do NQy = @. If (19.1) failed, choose N; — oo, allowed R; > i,
and z; € Qo with h;(z;) < c+i~!. A subsequence has z; — = € Qq, and then h(z) < ¢ < k,
contradicting that containment. This also proves uniformity over the two stages. Enlarging the
allowed radius function never invalidates the assertion. O

+tr,: K < ha). (19.2)

19.2 Collar barriers and polynomial trace estimates
Lemma 19.2 (Inner collar slopes). For all sufficiently large N and allowed R, there are fized
constants 0 < c5 < Cg such that

C C
& <o, f < = stages 1 and 2, 10, f| < =5 i stage 3. (19.3)
nN N NN

Here v points into Q). In stage 4, f = 0.

Proof. Use a fixed short collar 0 < s < sg from Lemma 17.2, with C' = —&s, v, = grad s/| ds|,
and 0 < ¢; < |ds| < Cs. All its geometric derivatives are bounded, and Ps; + Hs > ¢, where
Ps = tr{s—constant} /- The finitely many outer collar faces satisfy Lemma 19.1.
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For a positive-slope test hg = c+1(s), the trace operator, with ¢ computed from the solution’s
Z and the common contact gradient, is exactly

Hess s(vs, vs) ”) (19.4)

Pot a4+ K (v, + oy (S st

For a test with negative slope, replace a by —a in this formula. If [¢)/| lies between fixed positive
constants, the floor gives
Ny 3N 3N

d< 02 = Ce N 1—a<d A > . 19.
< Cla /0 = Ce, asd  Fegiozay (19.5)

Thus a > 1/2 and Ny > ¢4d for large N.

Choose a fixed smooth ¥; : [0,00) — [0, 1] equal to one on [0, 1] and zero on [2,00), and put
by (s) = AuNVU1(Ns), where A, > 0 is a fixed collar constant, independent of N. The constant
will be chosen large; its crucial property is

50
0< / bn(s)ds < 2A..
0

For the lower barrier in stages 1 and 2, prescribe ¢/(s) = g— exp( [y by) and ¥(0) = 0. For the
chosen value of A, take g > 0 so small that ¢’ < k/2 and 1(sp) < 2. Positive normal direction
makes Dy = 0. Subtracting the prescribed trace right side from (19.4) gives a residual at least

ks/2 — Cd+ ax| ds|bn(s). (19.6)

The constant C' in this residual depends only on collar geometry. We choose A, so large that
the last term dominates 2C'd on [0,1/N]. On [1/N, s¢|, the first term dominates Cd for large N,
because Ne~*N — 0, and the last term has a favorable sign. This is a strict lower barrier. Its
outer value is below h by separation and its inner value agrees with h.

For the upper barrier take ¢'(s) = ¢4 exp(— [; bn). Choose its fixed minimum slope larger
than twice the bounded linear variation of P; + Hg — ¢ + ks, and choose ¢4 still larger if needed
to dominate the height bound at sp. The residual is now at most —czs + Cd — ax|ds|by, for
fixed ¢y > 0. The same two intervals prove strict negativity. The bounded integral of by leaves
all lower and upper test slopes between fixed positive constants, independently of V.

For completeness, at an interior positive maximum of hy — h, the test Hessian is at most
the solution Hessian, whereas its height is larger. The positive principal matrix and the strictly
increasing dependence of F' on h contradict a positive test residual. This proves lower comparison;
reversing the difference proves upper comparison. In both comparisons Z and the gradient are
the same at contact, so all coefficients other than the height agree. Taking inward derivatives at
s = 0 gives the first assertion of (19.3).

In stage 3 the face height is b; = (1 — {)c. Use be £ ¢(s) with fixed large positive slopes and
" /Y = —by. At s = 0 the two unit-direction inequalities in (18.29) say that the positive-slope
residual is nonpositive and the negative-slope residual is nonnegative. Replacing +v,; by +av;
costs O(d), including the term x K (vs, vs); moving to distance s costs O(s), uniformly in ¢. The
change of height then supplies a strict linear margin, with the desired sign, when the minimum
test slope exceeds the fixed spatial error constant. The term involving by has the correct sign
for both tests and dominates the O(d) error on [0,1/N]. On the remainder the linear margin
dominates it. The height bound handles s = sg. These two comparisons bound the slope in
absolute value in stage 3. The terminal trace equation has f = 0, as established in Section 18. [J
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Lemma 19.3 (Weighted trace and boundary flux). Let C be a fized union of collars. In stages 1
and 2, every nonnegative C' function ¢ satisfies

[ Lop <1y [ u(@+ VT)e+ [ dela,). (19.7)
B C

o<y [ VD(1+VT)e+ldela,). (198)
B c

The integrands vanish outside the support of @ and its derivative; thus both statements localize to
any base patch. Moreover

|(VA)w| < Crud = C7LoVd < Cs(ny /€) Lo. (19.9)

Consequently,
/ (V) < HNUTN/u(er(SOT). (19.10)
B C

All constants in these assertions have the stated polynomial control.

Proof. Set W = lgrad; f = Vdw. For each covector ¢,

EW)| < |€la, €/ (B+N)/3|€|a,, uW = Low.

The second inequality follows from d/x = (3 + pv)/3. Lemma 19.2 gives w-v =a > 1/2 on B.
Direct differentiation yields

divw = tra, H + dpw(t),
u~tdiv(uW) = Vd(tra, H + (dp + p + 2)w(t)),
D™Y2div(vVDW) = Vd(tra, H + dpw(t)).

These last two expressions have absolute value at most Iy (1 + v/7) on the collars. Indeed the
axial tensor term is d*2HJ,, controlled by the dj? term of Lemma 18.2, and v/d |w(t)| < |dt|a,;
all background K terms are bounded there. No inverse power of [ has occurred.

Take a fixed collar cutoff 7, equal to one near B and zero near the outer collar faces. Apply
the divergence theorem to npuW. The domain’s outward normal on B is —v, so the boundary
integral is — [5 Loay. Taking absolute values of the three interior terms, and using a > 1/2,
proves (19.7). The derivative of 7 costs only a fixed multiple of ¢. Using v DW = w instead
proves (19.8). The same computation proves the asserted localization.

On B, positive slope gives w, = a, Dy =0, and F = ¢ = Pg + H. Thus the expression inside
the boundary multiplier of the homotopy is

(a—1)H — Npd — (1 — N)xaK(v,v).

The multiplier lies in [0, 1], and 1 — a < d, x < d. This proves the first inequality in (19.9). The
lower collar slope gives vd < (1|9, f|)~" < Cnn /¢, proving the rest. Finally apply (19.7) with
¢ = 1. On the fixed collars, p has a positive minimum, so 1+ /7 < C(p + 67 with fixed C.
This proves (19.10). O
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19.3 The global high-level energy bound

The collar estimates have already made the inner flux small with polynomial constants. We now
obtain a bounded range for the conformal variable at each fixed parameter. That is a separate
task: its constants may be arbitrary at fixed parameter because the mass estimate will return to
the earlier collar bounds.
We now allow arbitrary constants C'(N). At sufficiently high levels Z > Zy(N) > 0, the
unscaled source satisfies
> 6T + p+ sdonnao. (19.11)
To see this, P is bounded at fixed NV, and on the admissible support of my we have —e <t <
—€e+1/N. There D = %4~ and nyao = (nx/1)(vV'D — D~'/2) tends uniformly to infinity as
Z — 0. Outside this band the penalty vanishes. On the full range we also have = > §o7 — C(N).
Only stage 1 requires an energy argument to handle its nonzero drift. Choose a smooth
nondecreasing kg which is zero below Zj, one above Zy + 1, and has bounded derivative. Testing
the divergence equation with kq(Z), whose outer trace is zero, gives

/ ukoE+3/ ukly| dZ|% :—/ ko(Va)y = A | uk{(K(w,-), dZ) 4.
QR QR x B QR

Young’s inequality absorbs half the gradient term and leaves C' [ uk{|K|?>. This is at most C'(N):

on the derivative strip,

u = 137 < 130t e

and |K|? is integrable since ¢ > 1. By (19.9) and (19.7), the boundary cost is at most

HN"TN | u((1 4+ VT ko + k)| dZ]a,).

The first term is absorbed by a fixed fraction of [ uko(do7T + p) for large N, because IIxny /¢ — 0.
Young’s inequality absorbs the second term into [wkj|dZ |?4X and a bounded derivative-strip
integral over C. We obtain

/Q wlko(T + p + nyao) + kh| dZ[3 ] < C(N). (19.12)

This is uniform in R and in the stage 1 parameter.
Let I' denote the ordinary graph of f in (€2, g) x R with product metric g + db?. This is a
four-dimensional graph. Its measure and gradient satisfy, at fixed IV,

Al <y VDdV,,  |gradp¢| =y |dg|a,. (19.13)
These comparisons use only ¢ <[ < e and 3d/(3+ N) < x <d. Also
DY3 < C(N)(1 +nnao),  €22VD =1"'uD3.

For the first inequality, put y = lo. It is immediate for y < 1; for y > 1 use nyac > (nn/(v/20))y
and y?/3 <y. On any fixed compact base set Q, the positive minimum of p and (19.12) control
the integral of u(1+ nyao) above Zy + 1. Below that level the floor and D = e5(Z=1) bound every
integrand on ). Consequently

/ 27 dT < C(N, Q). (19.14)
rna-1(Q)

Here 7 is the graph projection. The estimate is local in the base; the global estimate from which
it follows is (19.12).
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19.4 Graph Sobolev inequality and the exponential test

We continue with stage 1 for the next two estimates. For a fixed compact base patch and a
function w supported over it, away from S but possibly meeting B, we claim

loolZe(ary < C(N) /F(\ gradp w|? + (1 + T)w?) dr. (19.15)

Extend a compact enlargement of the base metric smoothly to a closed manifold and use a
smooth isometric Euclidean embedding [32, Theorem 2, p. 59]. Its product with R gives a
Euclidean immersion of the graph. The contribution to its mean curvature from the base
embedding is bounded by a fixed constant: it is a trace of the fixed second fundamental form on
a four-dimensional tangent plane. The remaining product mean curvature has magnitude

H + (140 'HL| < o)1+ VT).

vD
VD,
V1 + o2
Indeed the prefactor is bounded at fixed N, while (1 + 02?)~! < C(N)d and the axial term is

controlled by dj? in Lemma 18.2.
The Euclidean submanifold Sobolev inequality in dimension four gives

</F ’w\4d1“)3/4 < C(N)A(\w|2‘gradrw]+(1+ﬁ)’w‘3> dFJrC/B’w‘g'

We have applied the L' Sobolev inequality to |w|?; see Michael-Simon [31] and the precise
rectifiable-submanifold statement in [39, Chapter 4, §5, Theorem 5.7, p. 98]. Its hypotheses hold
for this smooth multiplicity-one immersion with locally integrable mean curvature and compactly
supported test. To justify the displayed boundary term from the interior statement, extend each
individual smooth graph across B and cut off in an exterior strip whose width tends to zero. The
integral of the cutoff gradient tends to the boundary integral, while the strip’s other integrals tend
to zero. This requires smoothness of each graph, not a uniform curvature estimate for extensions.
The induced boundary metric is g|p, since f is constant there.

Apply (19.8) to |w|® and then (19.13). It bounds the last term by the same two interior terms.
Fach such term is at most

o) ([ otar)” ([ Qamadper® + 01+ Tty ar)

by Cauchy—Schwarz. Dividing, and squaring, proves (19.15); the case w = 0 is immediate.
Next let ¢ be a smooth compact base cutoff of the same kind. There is k.(N) > 1 such that
for every real k > k.(N),

1/2

/e2kz¢2(7+ k| grady Z|?) dT < C(N)k/ e27 (1% 4 | dy|?) dT. (19.16)
I Iy

The constant C'(N) here is independent of k. To prove this, test the stage 1 divergence equation
with o = 12e?*% /Ly, Write Q = 1%e?*% and b = AK (w, -). After integration, cancellation of Lg
gives the exact identity

/Q VD Q(E + 6k|dZ[%)
_ _/B(VA),,Q/LO —/Q VD e [29(3dZ + b, dY) a, + 2k¢*(b, dZ) 4]

+/Q VDQ(p+2)(3dZ +b, dt)a,.
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Use E > 60T — C(N), |bla, < |K]|, and Lemma 18.2. For example,
d
(p+2)|dt|a, (|dZ]a, +|K]) < §OT+ C(N)(1dZ[4, +|K[?).

Young’s inequality handles the drift and cutoff products with a fixed fraction of k|dZ |?4X and

a remainder bounded by C(N)ke?*# (1% + | dw|?). Choose k.(N) large enough to absorb the
preceding C(N)|dZ |?4X term.

By (19.9) the boundary contribution is at most C [; @ (enlarging a fixed constant since
nn/¢ < 1). Applying (19.8) to @ gives, only on C Nsupp ¢,

C(N) / VD 2 [(1 + VT)p? + 2| dy| + 2ky?|dZ|a,].

The VT and k|dZ|4, terms are absorbed by small fixed fractions of §o¢*7 and ky?|dZ \ix,
leaving at most C(N)ke?:Z (12 + | dep|?). Finally (19.13) proves (19.16). In particular, neither

the trace cutoff nor differentiation of 1/Lg introduces a constant exponential in k.
19.5 Moser iteration and the full range

Proposition 19.4 (Bounded variables). For every sufficiently large fized N and all sufficiently
large allowed R, every admissible smooth homotopy solution satisfies

Fl<Cofin, —e<t<Z<CO(N), |gradf] <C(N). (19.17)

The constants are independent of R, the solution, and the homotopy parameter. No uniform
Hessian or coefficient continuity estimate is used in obtaining these bounds.

Proof. We first finish stage 1. Apply (19.15) to w = te*? and then use (19.16). If 1) = 1 on a
smaller patch and | dy| < C/gap, the resulting norm step is

1/(2k

HeZHL‘““ (smaller graph) < [C(N)kz(l + gap_Q)} )HezHL%(larger graph)-

Choose k; = 27k, (N) and geometrically decreasing gaps between fixed nested base patches. The
logarithms of the factors sum because >, (1 + 7)/27 < co. Writing S(r) = supg, e? for a nested
family of compact patches gives

Sy < )" =) AN e? | ar (ram-1.(@,)-
Interpolation with (19.14) yields
le”llzk. < Sl "
If k. = 1 this already proves the bound. Otherwise Young’s inequality gives, for every a > 0,
S < aS(r")+ C(N,a)(r" — r/)*A/(N).

Iterate over radii increasing geometrically to a fixed larger radius and take a < 2= A(N)=1 The
sum of the remainder terms is finite. The final term oS (r;) tends to zero for each individual
smooth solution, since all @Q;, lie in a fixed compact patch. The resulting bound is independent
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of that individual supremum. Finitely many such patches prove an upper bound for Z on any
fixed compact base set, including B.
To extend the bound along the end, use (18.41), with a fixed small coefficient:

0
w | div(uA K (w, )] < ZOT + TN (| K[? + a| grad K|).
Since ac = lo?/ VD > e 1a?, Young’s inequality bounds the second term by

)
Svac + C(N)(IK® + | grad KJ?).
The last expression, apart from its favorable term, is o(p) on the end. Indeed 2 + 2¢ > 4 + ¢ and
| grad K|?> = O(r~%724). Beyond a sufficiently large fixed-N sphere, the high-level source (19.11)
therefore implies

div(3uA, grad Z) > 0 where Z > Zy(N).

At an interior maximum its left side is 3uA, : Hess Z < 0, a contradiction. The compact bound
controls the inner sphere and Z = 0 on Si. This proves the global upper bound in stage 1.

In stages 2 and 3, A = 0. The same high-level source is strictly positive, so it excludes interior
high maxima directly. The boundary slope bound implies

Z =t+ tlog(1+ %10, f*) < t+ Llog(l+ €*C¢/nx) on B.

Thus sufficiently high boundary Z forces t > 1. At such points jo(¢) = 1, and the boundary
prescription gives zero conormal flux. The boundary point principle excludes a nonconstant high
maximum there: in a neighborhood of the maximum the individual smooth operator is elliptic
and div(3uA, grad Z) > 0, so its outward conormal derivative at a boundary maximum is strictly
positive, contrary to the zero datum. This uses ellipticity only for each individual solution. The
outer Dirichlet value is zero, so the upper bound follows uniformly through these stages.

In stage 4, f = 0 and t = Z. For positive scaling 7, sufficiently high levels lie outside the
penalty band and have source n(dy7 + p) > 0; the same maximum and boundary point argument
applies. At zero scaling, multiplying the homogeneous equation by Z gives [3Lg|dZ|? = 0, and
the outer value yields Z = 0. These bounds are uniform even as n | 0.

Finally the height bound is Lemma 18.4, and ¢ < Z follows from D > 1. The implicit equation
gives

D = 6(Z2-1) < 66(C(N)+6), ]grad f‘Q = (D - 1)/[2 < (~26(C(N)+e)

This proves (19.17). O

Remark 19.5. Separation, the collar slopes, and (19.7)—(19.10) were proved before introducing
any arbitrary C'(N). The graph comparisons, Moser iteration, and subsequent regularity may
have arbitrary fixed-N losses. The final mass comparison uses the earlier weighted trace and
boundary-flux inequalities directly; none of these later constants enters its limit as N — oo.

20 Local regularity of the coupled system

The bounded-range estimate makes the trace equation uniformly elliptic at fixed N. The second
equation still contains | grad Z|? and | Hess f|?, so classical estimates cannot yet be applied to
it. We first use Theorem 12.1 to control df and the local integral of |Hess f|2. The scalar
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measure-source estimate of Lemma 6.2 then gives Holder continuity of Z, including at both
boundary types. These two gains start the classical bootstrap.

All constants in this section may depend arbitrarily on the fixed data and N. The earlier
polynomial bounds will control the final energy error. In coordinate calculations D denotes
ordinary differentiation; the graph scalar D = 1 + [?|grad f|? retains its earlier meaning in
geometric formulas.

Proposition 20.1. Fiz the strict data, €, a sufficiently large N, and any of the homotopy stages
of Section 18. Every smooth solution on an allowed finite truncation with t > —e has uniform
local bounds for every finite number of derivatives of f and Z, including up to the inner and
outer boundary faces. On the uniform unit patches on the end these constants are independent of
the outer truncation radius and of the stage parameter. They may depend arbitrarily on N. In
particular, on a fized finite truncation they bound the CY* norm of Z for each fized 0 < o < 1.

Proof. Work on the uniform interior and boundary-normal patches of the prepared geometry.

The axial estimate and the Hessian measure. Proposition 19.4 bounds f, Z, ¢, grad f and
keeps 1/ v/D bounded above and away from zero at fixed N. Dividing the trace equation by this
factor gives

vD
A, : Hess f = Gy, Gf:T(F—trAXK), |Gf| < C(N), x>xo0(N)>0. (20.1)
The geometry of each patch has the bounds required by Theorem 12.1, and each face value of
f is constant. Each individual solution is smooth; the theorem’s constants depend only on the
bounded gradient, source, geometry and ellipticity. It gives a uniform Hélder bound for grad f
and

/B . | Hess f|*>dV, < O(N)r2t2, (20.2)
(T R

Coordinate Hessians satisfy the same estimate, since their difference from covariant Hessians is
bounded. At a face the theorem uses the C!' odd graph double and controls its interface flux
explicitly. It has no support hypothesis on K; the prepared tensor tail and geometry supply the
uniform patch bounds used here.

The scalar source and its boundary reflection. In coordinates, absorb the volume density
in the second equation and write it as

div(ADZ + By) = E. (20.3)

Here A and B; are the coordinate versions of 3ud, and AuA,K(w,-), respectively, with the
appropriate homotopy factors in the source. On the established range A is bounded, symmetric
and uniformly elliptic, and By is bounded. The implicit relation for ¢ has derivative 1+ pv/3 > 0,
sot=t(x,Z,Df) is smooth on that range and

|Dt| < C(N)(1+ |DZ| + |D?f)). (20.4)

The quadratic expression for 7, together with the bounded lower-order terms in each stage,
therefore gives
|E| < C(N)(1+|DZ|* + |D*f). (20.5)
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This estimate does not presume a bound for DZ. The prescribed inner conormal value concerns
the total flux and is bounded on this range. The outer value of Z is zero.

To apply Lemma 6.2 at a boundary, flatten the face to x4 = 0, with domain x4 > 0, and write
Q = ADZ + B;. Put R =diag(1,1,1,—1). For x4 < 0 set

Z(z) = sZ(Rx), A(x)=RA(Rx)R, Bi(z)=sRBi(Rz), se{l,—1}.

Then Q(z) = sRQ(Rx) below the plane. Its distributional divergence has reflected bulk source
sE(Rx) and plane source

(14 8)Qf dH? (20.6)

’{M:O}'

At the inner conormal face use s = 1. The added signed density is bounded because Q is the
prescribed total conormal flux in these coordinates. At the outer zero Dirichlet face use s = —1.
The reflected Z is continuous and the normal total flux matches, so there is no plane term. The
coeflicient matrix remains measurable, symmetric and uniformly elliptic. Each reflected solution
is continuous and smooth on its two closed sides. Integration on those sides gives the weak
exponential product rule required by the shared lemma, including the full measure in (20.6).
The absolute source on the doubled patch is consequently dominated by
C(N)A+[DZP)da+po,  po=C(N)D*f|*dz +2|QF [dH®|, _;.
with the bulk density reflected and the plane term omitted where absent. Equation (20.2) and
the area of a three-dimensional plane section give, at every local center,

po(Br(z)) < C(N)r?*8, B =min(2a,1) > 0.

On an interior patch only the bulk term is needed. Thus all the hypotheses of Lemma 6.2, with
dimension four, hold. Its Holder representative agrees with the existing continuous Z, giving a
uniform Hoélder bound up to either face.

Schauder for the trace equation and the normal datum. The actual coefficients in (20.1)
are smooth functions of z, Z, D f, including at D f = 0, since

3+p

A, =1d—
X 3+ pv

w R w

Its source is smooth in the same variables and in f. The Holder bounds just proved therefore
make them uniformly C%? for some 6 > 0. Interior and constant Dirichlet Schauder estimates
give

[fllc2o@ny < C(N) (20.7)

on smaller patches; the hypotheses are precisely uniform ellipticity, C%? leading coefficients and
source, smooth faces and constant Dirichlet data [18, Sections 6.1-6.2].

Expand the divergence equation for Z using (20.7). A derivative of a coefficient depending on
x,Z,Df is a bounded term plus bounded multiples of DZ, D?f. Thus it takes the nondivergence
form

a”(z)Di;jZ = Ry, |Rz| < C(N)(1+|DZ), (20.8)

with uniformly elliptic C%? leading coefficients. No derivative of Z of order two has been placed
on its right side.
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On an inner face, f is constant and D f is normal, so A,v = xv. Dividing the flux condition
by 3ux > 0 gives
o0Z=bx,Z, f,Df), (20.9)

where b is a smooth bounded-range function, separately on each smooth stage of the homotopy.
The formulas agree at stage junctions and have uniform bounds. At zero gradient the smooth
formula for A, above gives the same conclusion. A smooth collar extension of the right hand side
has derivative bounded by

C(N)A+|DZ| +|Df| +|D*f]) < C(N)(1 + |DZ|).

The trace theorem therefore bounds its W' ~'/P? norm on the face by C(N)(1 + || Z|w1.») on a
larger collar patch. In particular, differentiating this extension costs DZ and D?f, and does not
cost D%Z.

Absorbing the quadratic gradient term. Fix p; > 4. The linear local W?2P! estimates for
(20.8), with zero Dirichlet data or (20.9), give on nested patches

1Zllw2n ry < CN) (L+IDZ| 220y ) + 1 Z Il w1 )) - (20.10)
()

We specify why the coeflicient regularity at this point suffices. Freeze the continuous leading matrix
on small patches. The constant coefficient interior Hessian estimate follows from the Laplacian
estimate by a linear coordinate change. At a boundary, use normal coordinates. On that face the
matrix has no mixed tangential-normal entry, by the normal-axis property above. After removing
the boundary datum by its Sobolev trace extension, odd Dirichlet or even homogeneous-normal
reflection gives the constant coefficient estimate. The term (a(z) —a(xg)) : D?Z is absorbed when
its oscillation is sufficiently small. Cutoff terms are first order. This proves the local estimate with
the W1~1/P1:P1 normal trace norm just estimated; it is the scalar Dirichlet /oblique specialization
of [1, Theorems 15.1-15.3, pp. 702-706, especially Theorem 15.2, estimate (15.5)], together with
the interior LP estimate [18, Section 9.5]. Uniform Hélder control fixes the patch size uniformly.
The complementing condition can also be checked directly: a nonzero decaying Fourier mode for
the frozen scalar operator in a half-space has nonzero value and nonzero normal derivative at
its boundary. Thus neither the Dirichlet nor the normal operator annihilates that mode. The
normal field is smooth and has unit transverse component; the boundary is smooth and the
leading coefficients are continuous, as required for this W?2P! specialization. The inner and outer
faces are disjoint, so no change of boundary type occurs within such a patch.

For a ball or smooth half-patch @} of radius h, subtract a constant from Z. Nirenberg’s
interpolation inequality, with derivative orders 1,2, endpoint exponent oo, Hessian exponent p;
and interpolation parameter 1/2, gives

IDZ|[ 20 9,y < C05¢q,, Z 1D*Z| Lo () + ChYP1=2(0scq, Z)2. (20.11)

This is the bounded-domain form of [33, Lecture II, (2.2) and Remark 5, pp. 125-126]; extension
on half-patches preserves the estimate. The power of h follows by rescaling from dimension four.
Our choice p1 > 4, j = 1, m = 2 avoids the exceptional endpoint cases in that inequality.

The Hoélder estimate for Z makes its oscillation at most Ch?. Cover each larger patch in
(20.10) by such Qp with bounded overlap. Taking the /P! norm of (20.11) over this cover gives

HDZH%?ZH(U) < CUsuposcq, 4 ”D2ZHLP1(U+) + C(N, h),

h
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where U™ is a fixed enlargement. The number of small patches may affect the harmless constant
C(N, h); their overlap, hence the coefficient of the Hessian norm, is bounded independently of
the truncation. Choose h so that this coefficient, including the constant in (20.10) and the fixed
enlargement factor, is less than 1/4. Ordinary interpolation handles the WPt term with another
coefficient less than 1/4.

To make the absorption on enlarged patches precise, use a uniform radius cover of the whole
finite truncation and let S be the supremum of the local W?2P' norms on its smaller patches.
Each fixed enlargement is covered by a bounded number of these patches, independently of the
total number of patches. The last two estimates give S < C(N) + %S . For each individual
smooth solution on a finite truncation S is finite before this inequality is used. Thus S < 2C(N)
uniformly. The same argument on nested compact patches gives the local estimate when no global
cover is needed.

Bootstrap and the continuation interface. Since p; > 4, the bound just proved gives
Z € CY for some 0 > 0. The trace equation now has C1?" coefficients and source after (20.7),
so one differentiation and Dirichlet Schauder give f € 39", with 0 < 6” < min(6,0’). Equation
(20.8) consequently has a C%?" source, and (20.9) has a C1?" datum. The scalar oblique/Dirichlet
Schauder estimate gives Z € CQ’BN; the boundary estimate is [1, Theorem 7.3, estimate (7.8),
p. 668], with the complementing condition verified above. Repeating these two steps in this
order raises the differentiability by one each time, because the trace equation contains Z without
its derivatives and the second equation contains at most D?f and DZ in its lower order terms.
The normal datum has the same derivative count. Smooth prepared geometry and smooth data
complete the bootstrap to every finite order.

For the scalar solve with trial Z € C1® used in Section 21, this argument makes no assertion
that D?Z exists. Its preliminary individual third derivatives for f require only one differentiation of
the trace equation, hence DZ. After the scalar gradient and axial estimates, bounded D? f makes
D Lipschitz; smooth compositions with the trial C® input then give C%® scalar coefficients,
Dirichlet C*® estimates, and one more differentiation gives C*®. The independent scalar gradient
bound and solvability are proved there. Finally, for actual coupled solutions the uniform C?
bound already controls every fixed C® norm, a < 1, regardless of the first Holder exponent
obtained above.

The prepared end has uniform smooth geometry on unit patches. Large outer coordinate
spheres admit boundary normal patches with the same bounds; their curvature and higher
local chart derivatives are bounded uniformly. All the local constants and covering overlap
numbers in this proof can therefore be chosen independently of the outer radius. This proves the
proposition. [

21 Scalar solvability and compact continuation

Fix the strict data and 0 < € < 1. In this section N > 4 and an allowed finite truncation Qg are
fixed. The boundary components B and Si are smooth and disjoint. Fix also 0 < o < 1, with
no requirement that « equal the exponent in Theorem 12.1. We parametrize the four successive
stages of Section 18.2 by s € [0,4]: s = 0 is the desired system and s = 4 is the final zero-scale
system. This parameter is unrelated to a collar coordinate. Constants in the scalar construction
below may depend on N, ¢, R, @ and on a specified bound for the trial input. They need not be
polynomial in N.
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21.1 The trace equation on unrestricted trial inputs

Proposition 21.1 (Scalar solution operator). For every Z € C1%(Qg) and every homotopy
parameter s, the trace equation with its assigned constant Dirichlet values has a unique solution
f = fslZ] € C3>*(QR). No lower bound on t = t(Z,grad f) is assumed. On bounded sets of trial
inputs, these solutions have bounded C** norms, uniformly in s. The map (s,Z) — fs[Z] is
continuous into C> and is locally obtained by inversion of the scalar Dirichlet operator.

Proof. Write the trace prescription at parameter s as

vD
l

FS:an+F£(:c,Z,gradf), Q: y GSZQ(FS—tI‘AxK).

Here F? is smooth in its displayed finite-dimensional arguments. For example, in stage three it is
(1—=0)(C + Do) +((tra, K + D1). The functions Do, D1 are evaluated on w, whose length is less
than one. Thus F? — tr 4, K is bounded on the finite truncation, uniformly in the gradient and
in s. The normalized scalar equation is

Ay : Hess f = Gs(x, Z, f,grad f). (21.1)

Its matrix is independent of the value of f, and 9yGs = nn@ > 0.
For the scalar method of continuity introduce a further parameter 6 € [0, 1], retaining the
assigned Dirichlet values and using

A®) = (1 - 0)1d+0A, =Td—(1 — xp)e; @ ey, xo=1—0+0y, (21.2)

GO = (1 —0)nnf+0Gs, AY)  Hess f = G, (21.3)

At zero gradient these expressions are interpreted by their smooth tensor formulas. In particular,
9G¥ =ny(1—60+6Q) > 0. (21.4)

Every trace stage has coefficient one on h = nyf, so this strict sign holds throughout both
parameters.

Height and large-gradient behavior. At a critical point of f, w = 0, A, = 1Id, t = Z,
Dy(z,0) = Di(z,0) = 0, and tr K = 0. The signs at extrema used in Lemma 18.4 therefore
persist in (21.3): a fixed interval containing the assigned boundary values and the zeros of its
scalar right side contains every solution. Denote its resulting bound by

|fI < My. (21.5)

This argument uses neither the divergence equation nor the floor.

Suppose || Z||co < Mz and put o = |grad f|. The implicit relation Z =t + %log(l +1(t)%0?)
implies ¢ — —oo uniformly as ¢ — oo: if ¢ stayed bounded below, its right side would tend to
infinity. Eventually p = N and [ = e™V*, whence exactly

e = €1 4 (612N 52, (21.6)
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Since the first term tends uniformly to zero and €54 stays between two positive constants, this
gives

log o
t=— o(1
N+3Jr (1),
Q= S-2) — g=o/v+3) 34 (21.7)

T34 N(1—d)
Q=Vor+il?xo.
The constants here are uniform for bounded Z at the fixed parameters. On bounded gradient
sets the implicit equation has bounded t and positive [, d, x. Since N > 4 makes 6/(N +3) < 1,
combining the two ranges yields constants ¢, > 0 and C, > 0 such that
wxxz o (6P <C1to) when |f] < My (21.8)
o
No uniform ellipticity has yet been asserted.

Logarithmic collar barriers. Extend the metric smoothly across all faces to a compact
enlargement. Choose a short distance scale below its injectivity radius, the tubular radii of the
faces, and their positive mutual separation. The geometry of all these collars is bounded. For the
inward distance r from a face with value b, consider

b (), () = logl1 + Bor),

By

! " 2
r)=¢(r)= ———— = —kq5.
Here k and By are constants, not any of the geometric tensors. At a comparison contact the
gradient is +q; gradr. The distance Hessian vanishes in that axial direction, and the three
transverse eigenvalues of A(®) are one. Its contraction on the positive test is consequently

3
xot" + a1y _ Hessr(Eq, E,),

a=1

(21.9)

where E1, Eo, E3 are orthonormal tangent directions to the distance leaf. If ¢; > 1, (21.8) bounds
this above by —c.kq1/2 + Cqi; the negative test has the reverse bound. Choose k so large
that this axial term dominates both the distance Hessian bound and C,(1 4 ¢;), and also the
pair-comparison constants below. Then choose a width d2 < 1/(4k) below all the preceding
geometric scales. Finally choose By large enough that

ql((sz) > 2, ¢(52) > 2Mf + 1. (21.10)

These choices are compatible: as By — oo the two quantities tend respectively to 1/(kd) > 4
and to infinity.

At a positive interior maximum of f — b — ¢ (r) the solution and test have the same gradient
and the solution Hessian is no larger. Evaluating the source at the solution height, which obeys
(21.5), the preceding strict upper bound contradicts (21.3). At the outer end of the collar the
height inequality follows from (21.10), and at its inner end there is equality. The negative test is
handled with the reversed inequalities. Thus

|f(x) — b] < (dist(x, face)) (dist(x, face) < d2). (21.11)

The tests themselves need not stay in the bounded height interval; the source estimate was used
only at solution heights.
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The full two-point comparison. The face barriers control graph slopes only at the boundary.
An interior two-point comparison supplies the missing global gradient bound. Its key feature is
that the three transverse eigenvalues agree at both points; the two axial eigenvalues need only
have the same lower bound.

Let r(x,y) be distance in the smooth extension. On the compact set {(z,y) € ﬁ; cr(z,y) <
d2} consider

f@) = f(y) = d(r(z,y)).

It is zero on the diagonal and negative when r = d5. It cannot have a positive maximum with
a boundary endpoint: if, for example, x belongs to a face of height b, then y lies in that same
face’s collar, its distance to the face is at most r(x,y), and (21.11) and monotonicity of 9 give
b— f(y) < ¢(r(z,y)). The case with y on a face is identical. The separation choice excludes
different faces at such distances.

Suppose then that a positive maximum occurs at an interior pair with 0 < r < d3. The short
geodesic v from y to z is unique in the extension; the distance is smooth at this pair. Write
ey =%(0) and e, = §(r), with unit speed. First variation gives

grad f(z) = qieq, grad f(y) = qiey, q=v¢(r)>1 (21.12)

Parallel translate an orthonormal transverse frame E1, Fsy, F5 along «. Vary both endpoints
simultaneously in the corresponding FE, directions, using geodesic endpoint curves. The first
variation of the distance is zero. The second variation is bounded above by Cr: the parallel
comparison field has index form

— / (Rm(Eq,, %)%, Eq) dv,
0

whose absolute value is at most C'r, and the Jacobi field with the same endpoints minimizes this
index form on the short segment. The second derivative test at the pair maximum therefore gives

3
Z [Hess f5(Eq(r), Eq(r)) — Hess f,(E4(0), E4(0))] < Cqr. (21.13)
a=1

Varying only x in direction e,, and only y in direction e, the distance changes linearly and its
second derivative vanishes. Hence

Hess fi(ex, ex) < 9", Hess fy(ey, ey) > —".
The two axial coefficients need not be equal. Positivity and (21.8) nevertheless imply
XG('f) Hess fx(exa ex) - X@(y) Hess fy(eyv ey)

2c.kq? (21.14)
< (xo(z) + xo(y)) 0" < _17% < —cikaqr.
+q1

There are exactly three transverse eigenvalues at each endpoint, all equal to one. Thus (21.13)
and (21.14), followed by the two scalar equations, give

Gge) (z) — Gge) (y) < Cqir — cikar.

On the other hand, the source growth bound and (21.12) give a lower bound —2C,(1 + ¢q1) >
—4C,q1. Taking k above so that c,k > C + 4C, and d3 < 1 is a contradiction. This uses no
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continuity estimate on the two axial coefficients or on their difference. The connecting segment is
permitted to leave Q2r: only endpoint variations and the extension’s bounded geometry enter the
argument, and the endpoints are interior.

It follows that |f(z) — f(y)| < ¥(r(z,y)) for short pairs. Letting y — x, and also using the
collar comparison at a face, proves

I grad fll oo,y < ¥'(0) = Bo/k. (21.15)

This estimate is uniform in s,6 and on bounded trial-input sets, and was obtained without
assuming the floor or a positive uniform ellipticity constant in advance.

Regularity and the scalar method of continuity. The gradient bound and the implicit
relation now confine all scalar coefficients to a compact range. In particular 0 < xo < xp < 1, and
the normalized source is bounded. There is a small regularity point before applying Theorem 12.1.
An individual C% solution of (21.3) is C3< for a trial Z € C1®. Indeed one differentiation of
the equation gives a linear equation for a first derivative of f. Its coefficients and source involve
Z,grad Z, grad f,Hess f and smooth geometric coefficients; they involve no second derivative
of Z. Difference quotients justify this differentiation initially. In a flattened boundary chart
tangential differentiation preserves the zero Dirichlet value after subtracting the constant face
height. The linear boundary Schauder estimate controls these tangential derivatives through
order two. Solving the original equation for the pure normal second derivative, whose coefficient
is positive, and differentiating that identity in the normal direction recovers the remaining pure
normal third derivative. Every other third derivative already has a tangential index. This gives
individual third-order regularity, without presuming a uniform estimate.

Theorem 12.1 now applies to (21.3), including its constant-Dirichlet faces. It bounds grad f
in €% for some § > 0. Since the trial inputs are bounded in C1®, the coefficients and source
of the scalar equation are consequently bounded in €% for a positive 4. Dirichlet Schauder
estimates give a uniform C%# bound for f. In particular grad f is now uniformly Lipschitz.
Smooth composition with Z, which also has bounded first derivatives, shows that those same
coefficients and sources have bounded C%® norms for the originally chosen, arbitrary o < 1.
Schauder estimates upgrade f to C%®. Their coefficients and sources then have bounded C®
norms, and the preceding differentiation argument gives

[fllgs.agmy) < C- (21.16)
@r)

The linear estimates used here are the interior and Dirichlet boundary Schauder estimates and
their differentiated versions [18, Sections 6.1-6.4]. Their hypotheses hold on the finite smooth
domain: positive uniform ellipticity on the established range, the indicated Holder coefficient
bounds, and smooth constant Dirichlet data on each disjoint component.

For completeness, the local inverse has the required sign. Linearizing A® : Hess f — GS” in
the f variable gives

Lo=ADTVVi0+bVip—nn(1—0+0Q)e,  ¢log, = 0. (21.17)

Its first-order coefficients are bounded Holder functions along each solution. Differentiating the
gradient dependence of A contributes terms involving Hess f only to this first-order part. The
strictly negative zeroth-order coefficient and the maximum principle give a zero kernel. The
linear Dirichlet solvability theorem and Schauder estimate give an isomorphism C’O2 ¢ 00 18,
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Sections 6.2—6.3]; here the subscript means zero trace on all boundary components. Equivalently,
one can continue the linear operator to A — 7y, using its Schauder estimate and the maximum
principle at each point of that linear continuation. With the additional coefficient regularity it is
also an isomorphism C’S’ * — ol

The endpoint 6 = 0 is the solvable linear Dirichlet problem Af = ny f. Subtract a smooth
extension of the assigned face values when working on spaces with homogeneous boundary
data. The implicit function theorem and (21.17) give openness in #. The bound (21.16) gives
compactness in C*®, so passage to a limiting equation gives closedness. Thus the solution exists
at 6 = 1.

If f1 — fo had a positive maximum in the interior, their gradients and therefore their principal
matrices and () would agree there. Their Hessian difference would have nonpositive contraction,
whereas the difference of the sources would be nyQ(f1 — f2) > 0. This contradiction, and its
reverse, prove uniqueness. Finally use (21.17) in C’S”a — O with Z as a C1® parameter.
Smooth composition and the implicit function theorem show that the unique scalar solution
depends continuously on that input in C*®. The same statement holds along each homotopy
stage; the explicit prescriptions and boundary heights agree at their junctions, so it holds across
those junctions as well. O

21.2 The frozen linear return problem

The trace equation is now solvable for every trial Z, including trials below the intended floor.
We can therefore define a compact return map on a fixed function space. The floor becomes a
restriction on the degree domain, rather than an unproved prerequisite for defining the map.
Set
X ={Z e C"™QRr): Z|s, =0}

Given (s, Z) € [0,4] x X, first compute f = fs[Z] by Proposition 21.1 and then all of ¢, [, u, w, ¥,
F and T from this pair. Let As; denote the drift parameter, let gs = 1 in the first three stages and
gs = n in the last, and let by denote the prescribed right side of (V),),/u in the full homotopy,
including its last-stage scale. Define 152 = Z by

div(3uA, grad Z + uA M sK(w,+)) = qsu=  in Qp,
(3uA, grad Z + uA K (w, ), = ubs on B, (21.18)

Z =0 OnASR.

Every quantity in this display except grad Z is frozen at the input pair, including every occurrence
of grad Z in =.

The coefficient A = 3uA, is symmetric and positive definite. On a bounded subset of X its
ellipticity constants are uniformly positive, by Proposition 21.1 and the smooth implicit equation
for t. Let D = uA,\sK(w,-). On the Hilbert space of H! functions vanishing on Sg, the weak
form of (21.18) is

Agrad Z - grad ¢ = —/ RTIE) —/ D -grad g —/ ubse. (21.19)
Qr Qr QR B

The last sign uses the inward normal v on B. Poincaré’s inequality holds because Sg is nonempty
and the domain is connected. Consequently the left side is a coercive bilinear form and the right
side is a bounded linear functional, by the trace inequality. To solve it directly, minimize one half
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of this quadratic form minus the right-side functional on that Hilbert space. Coercivity bounds a
minimizing sequence in H'; weak compactness and lower semicontinuity give a minimizer. Its first
variation is (21.19), and strict convexity gives uniqueness. There is no Neumann compatibility
constraint.

We check the precise regularity of this linear problem. The formula

3+p
3+ pv

Ay =1d—- wRw

is smooth also at zero gradient, and the derivative of the implicit relation in ¢ is 14+pv/3 > 0. Thus
t,u, Ay, D have bounded C1** norms on bounded input sets. Differentiating t = t(z, Z, grad f)
requires only grad Z and Hess f. The expression for T is quadratic in Hess f and grad¢ with
smooth bounded-range coefficients, so ¢;uZ has a bounded C%* norm. The prescribed boundary
expression ubs has a bounded C1® norm. At B the scalar Dirichlet data make grad f normal,
hence A,v = xv; the boundary equation is equivalently

5 bs — A (AK(w, ),

0,7 = e . (21.20)

This is a C1* normal derivative datum, with a denominator bounded away from zero on the
input set. After expanding the divergence, interior and boundary Schauder estimates therefore
give a bounded C*® norm for Z. The estimates apply locally with Dirichlet data on Si and a
uniformly oblique, here normal, derivative on B; these faces do not meet. We use the Dirichlet
estimates just cited and the oblique derivative estimates of [18, Theorem 6.30, p. 127]; the weak
existence argument above fixes the additive constant that is present in a pure Neumann problem.

Subtracting two return equations and applying the same linear estimates proves continuity in
(s, Z) into C*<. The parameter continuity is uniform on bounded input sets. Indeed the negative
zeroth-order bound in (21.17) and the Schauder estimate bound the scalar inverse uniformly on
such a set. Differentiation in a stage parameter, after extending its Dirichlet data, then bounds
the parameter derivative of fs[Z]; the return equation gives the same conclusion for T5Z. The
finitely many stage junctions preserve continuity. The inclusion C%® < C'® on the fixed smooth
compact domain is compact. We have thus constructed a continuous homotopy 75 : X — X
that is compact on bounded sets, jointly in s, before making any floor restriction. A fixed point
satisfies both original equations and their exact boundary conditions. It is smooth: the first gain
is Z € 0%, and successive differentiation of the scalar equation, the divergence equation and its
normal boundary condition then alternately improves f and Z to every finite order.

21.3 Degree on the open floor sections

Proposition 21.2 (Existence and exhaustion). For the fized strict data and every 0 < e < 1
there are Ny and Ruyin(N), with Ryin(N) — 00, such that for every integer N > Ny and every
R > Runin(N) the desired coupled system has a smooth solution on Qpr with t > —e. At each such
fized N, a subsequence as R — 0o converges smoothly on compact subsets of 1 to a solution of
the equations and inner boundary conditions with t > —e. The previously proved height, range
and collar estimates hold for this limit.

Proof. All estimates from Sections 18-20 were conditional estimates for arbitrary smooth homotopy
solutions. Specifically, Lemma 18.4 and Proposition 18.7 precede the bounded-range and derivative
estimates; Lemma 19.1 and Lemma 19.2 apply to solutions satisfying the floor; Proposition 19.4
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then bounds their variables; and Proposition 20.1 bounds their derivatives. None presupposes a
fixed point of the map just defined. On this finite truncation these results give, uniformly in s,

| Z]|c1.e < M, for every smooth fixed point with mint > —e.

The arbitrary exponent o < 1 is permitted because the classical estimates give a C? bound, and
higher bounds as needed. Choose My > M, + 1.

Let
m(s, Z) = mint(z, Z, grad f,[Z]),
Qr
W={(s,Z) €[0,4] x X :m(s,Z) > —¢,||Z]|cr.a < Mo}, (21.21)

Ws={Z:(s,Z) e W}.

The minimum is continuous by Proposition 21.1, so W is relatively open and every section is a
bounded open subset of X. Consider

K={(s,2)eW:Z=T,7}

This is compact: any sequence has a convergent parameter subsequence, and joint compactness
of T on the bounded input ball makes its fixed points converge in X; continuity preserves the
fixed-point equation and membership in the closed set. Every point of K is a smooth solution
with m(s, Z) > —e. Its norm is at most M, < My, and Proposition 18.7 excludes m(s, Z) = —e.
Therefore

Kcw. (21.22)

Apply Lemma 6.5 with I = [0, 4], the Banach space X above, the jointly compact homotopy
(s,Z) +— TsZ, and U = W. The uniform norm bound makes W bounded; continuity of m makes it
relatively open. The preceding compactness argument and (21.22) verify that its closed fixed-point
set is compact and contained in W, so no fixed point lies on the relative boundary. The lemma
gives constancy of

deg(Id —Ts, Ws, 0) (0<s<4).

It applies to these varying sections without a convexity assumption.
At s = 4 the scalar boundary values are zero and the final trace equation is

tra, H =nnf+ Di(z,w).

At a positive or negative extremum w = 0 and D1 (z,0) = 0, so the strict height sign forces f = 0.
This holds for every trial Z, not just at fixed points. Thus t = Z, x = 1 and u = Lo(Z). Both
the drift and the prescribed source and boundary flux in (21.18) vanish. Testing its homogeneous
equation by Z gives

/ 3Lo(Z)| grad Z|* = 0,
Qr

so Ty4Z = 0 for every input. At its sole fixed point Z = 0 one has t = 0, so 0 € W, and
deg(Id =Ty, Wy, 0) = 1 [27, Chapter II, §8, p. 55]. The same degree at s = 0 yields a desired fixed
point in W, proving the assertion on the finite truncation.

We finally make the parameter order explicit. Fix the strict background, ¢, the collars and
the end weights first. The pointwise floor argument chooses the small g and a polynomially
large penalty coefficient C'y without derivative estimates. The separation statement is uniform
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along arbitrary expanding sequences of the first two homotopy stages; applied at the finitely
many fixed collar ends, it supplies the eventual separation needed for the slopes. Increase Ny to
meet this requirement and the finitely many conditions of the form IIxny /¢ < constant. Increase
Ruin(NV) to meet all the fixed-N outer-radius requirements, requiring also Rpyin(N) > N. These
choices give the estimates for every N > Ny and every R > Rpin(N). All subsequent scalar,
degree-radius and classical regularity constants may depend arbitrarily on the now fixed N.
For that fixed IV, take R; — oo and the desired fixed points just obtained. Proposition 20.1
gives uniform bounds of every finite order on each fixed compact subset, including patches meeting
B. Successive compact extractions on a countable exhaustion produce a subsequence converging
in C* on each such compact set for every finite k. All equations, inner data and collar inequalities
pass to the limit. The strict floor may become non-strict, which is the asserted t > —e. The
normalization at infinity is supplied by the uniform tail estimates in Proposition 22.1; it is not
inferred from compact convergence alone. Only after this fixed-N exhaustion will N tend to
infinity in the flux comparison. The latter uses the earlier polynomial estimates directly, and does
not use the arbitrary constants of the present section. O

22 End normalization and the mass—area comparison

Fix the strict approximation data, the threshold exterior 2 with boundary B, and 0 < € < 1.
Take N sufficiently large as in Proposition 21.2. In the first part of this section, N remains fixed
while the truncation radius tends to infinity. Constants in end estimates may depend arbitrarily
on these fixed parameters. In the flux deficit estimate, by contrast, we will return directly to the
polynomial bounds of Lemma 19.3.

22.1 Normalization inherited from the truncations

Proposition 22.1 (Control of the asymptotic end). The exhaustion solutions of Proposition 21.2
admit a smooth local limit (f,Z) on Q satisfying the desired system and t > —e. Every such limit

has
VI f| < Ci(N)e= N (5> 0), Z,t = Oy(r72). (22.1)

The zeroth-order estimates producing this normalization are uniform on the finite truncations.
The resulting metric § = e**(g + 12df ® df) is smooth, complete with its boundary included, and
asymptotically flat with

/g\ij — 61']‘ = OQ(T’_q), 0 S RE = O(T_4_6)7 ﬁB < 0. (222)

Here the normal defining Hp points toward infinity.

Proof. The local compactness and the inner boundary conditions follow from Propositions 20.1
and 21.2. To determine the value at infinity, apply Lemma 15.1 to the finite truncations before
taking their local limit. We verify its hypotheses explicitly.

The strict background has 1 < ¢ <2,0< 8§ < q¢—1, g — 6gua = O2(r79), K = O1(r~179),
trg K =0, and R, = O('F‘L*‘S) by Proposition 17.1. Outside the compact support of C', the trace
right side is ny f. The divergence equation is exactly (15.4), with pg = r=47%, p; = =27 and the
smooth penalty switch defined in (18.21). Their differentiated end bounds follow from the fixed
smooth radial choices. Propositions 19.4 and 20.1 supply the common bounded range and all
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fixed-N classical estimates, on end unit patches and on the zero-Dirichlet outer faces, uniformly
in the truncation radius. The leading matrix is uniformly elliptic on that range.

The lemma therefore gives exponential decay of f and its fixed derivatives, a truncation-
uniform bound |Z| + [t| < C(N)r~2, and Z,t = Oq(r~2) for every local limit. In particular
normalization at infinity follows from a comparison on the actual truncations, not from local
convergence. The equation used for that comparison is

30,7 +3[p(Z) +2 — o(p(Z) +1)]|dZ)?
= 2K1>+ p—mo(Z)Cnpo + En, (22.3)

where the graph error €y has exponential unit-patch bounds. The |K|?/2 term survives because
the tensor is retained; its decay is integrable since 2+ 2g > 4+ 4. All constants in this application
are allowed to depend on the fixed N. They will not be used to estimate the later limit in V.

The signs can now be recorded directly from the desired system. Since F' = nyf + C and
w(f) = ao, the scalar identity becomes

3 Re = [p+ J(w) +w(C) — p + (1 = 60)T
+ (1 — (50)77]\[&0 + mo(t)P. (22.4)

The bracket is nonnegative by |w| < 1 and u—|J| > |dC|+ p; all remaining terms are nonnegative.
The boundary identity and the prescribed conormal datum give

Hp+30,t =—Np, Hp=—e*VdNg<O0. (22.5)

This uses the normal into ) on every component of B.

As quadratic forms § > e~2¢g. A g-Cauchy sequence is therefore g-Cauchy; completeness of
the background exterior and local equivalence of the smooth metrics give completeness with the
boundary included. Since ¢ < 2, the conformal Oy(r~2) term and the exponential graph error
retain the background decay § — 0 = Oz(r~%). Equation (22.3) gives Ayt = On(r=479)
|dt|?> = On(r~%) and 0 < § < 1. Finally,

Rz = e *(Rg — 6Agt — 6|dt|?)

, since

and the exponential graph errors, together with R, = O(r~*79), give the scalar decay in (22.2). O

22.2 The ADM change and a polynomial flux deficit
All integrals in the next Proposition use the background metric g. At the inner boundary v points
into €2, and at a coordinate sphere v, points toward increasing radius.

Proposition 22.2 (Flux and mass comparison). For the limiting solution at fivzed N, the flux

5= lim/S V-yydA,

700

exists and satisfies

S 2

- = w3 = 2.
3(.4)37

There is a polynomial bound I, independent of the exhaustion radius and of the fired-N reqularity
constants, such that

E-=E,

- (22.6)

N

§> Iy (e + EQ) . (22.7)

Consequently, for fized strict data and € > 0, E5 < Eg + o(1) as N — co.
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Proof. The end estimates imply

= 31K1? +3(p(t) + 1)[dt* + On (™),
u=14+0n(r"?), V=3grad,t+On(r")+On(e™).

In particular uZ is absolutely integrable. Its nonexponential terms have decay 2724, »=5, or

=479, The possibly slower weight p; is multiplied by the exponentially small v on this fixed-N
end. The divergence theorem gives

V.-v,dA —/V'I/dA :/ uz=dV,.
/Sr g Ag 5 g o g

Here €, denotes the part of €2 inside S,. Absolute integrability proves existence of the limit and
yields the orientation-sensitive formula

gz/uEd\/;,—&—/ V- vdA,. (22.8)
Q B

We next compute the mass change in the same asymptotic chart. The linear conformal
perturbation is 2¢d;;, and in dimension four its contribution to the ADM numerator is exactly

8]-(2t5ij) — 81(2155”') = —681'23.

The differentiated remainders are Oy (r~37%) + On(r~>) + On(e~") and have vanishing sphere
integrals. They include products of ¢ with g — §, quadratic conformal terms, and the graph
perturbation. Replacing Euclidean surface flux for dt by g-surface flux changes it by Oy (r—9)
after integration. Since the ADM denominator is 6ws, we obtain

E~— Eg——— hm/ 0y tdAg——i.

9 Wsg r—00 u)3
This also proves existence of the ADM energy of g from the assumed existence of £y; no interchange
of the r and N limits is involved.

To estimate (22.8), use the boundary flux bound (19.9) and the weighted trace estimate (19.7)
with test function one. They give

nN
V-v|ldA <C—/LdA
JIv-vida, < [ 1oaa,
NN =
collars

<HN

e collars

u(p + 60T) V. (22.9)

For the last step, p has a positive minimum on these fixed compact collars, and VT < ¢T + C,
with fixed ¢ > 0. Only the polynomial constants in those two earlier estimates enter (22.9). Since
NN/l = e~eN/2, increasing N absorbs this entire cost into, for example, one half of the u(p + do7T)
contribution to the bulk integral.

The negative bulk term is umg(t)P. On its support,

—e<t< —e+1/N, (<l <el, cl < Lg < CH.
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These constants are uniform for 0 < € < 1 and sufficiently large N. From the definitions, rather
than from a derivative estimate, one obtains

u< CWU+Po), w<Clo,  wao = Lylo? > cl*0?. (22.10)

For the middle inequality use vv/D = 202 /V1+ 1202 <lo. Thus Young’s inequality, with Cn
polynomial and 0 < mg < 1, gives

umoP < Ty [Lpo + €2 (po + p1)]
Gy
tpo + —(pg + p1)
NN

< %5077Nua0 + 1y (22.11)

Off the band the left side vanishes, so the final inequality holds everywhere. All weights in the
loss are integrable:

po=r"4"eLl ps € L, pr=rerLl

on the four-dimensional end, using § > 0 and v > 1. Their smooth extensions are bounded on
the compact interior. In particular no integrability of p; itself is being used.
Insert (22.9) and (22.11) into (22.8), absorb the indicated nonnegative terms, and discard the
remaining nonnegative bulk terms. This proves (22.7). Finally,
52
(4 — =e N pe N2,
1IN

which tends to zero against every polynomial in N. The constants used to prove (22.1) have not
entered this estimate. O

Completion of Proposition 16.2. The threshold exterior and its all-cut comparison are supplied
by Lemma 17.2. Propositions 21.2 and 22.1 construct the complete metric with the stated signs
and decay. Its lower metric bound gives the asserted three-dimensional area comparison on each
cut separately. Proposition 22.2 gives the energy estimate, since £ = e~ and ny = ¢3/2. Every
stated output is therefore established before the Riemannian Penrose inequality is applied. [

22.3 A minimal enclosing hypersurface

The boundary B has strictly negative mean curvature in g. We obtain the minimal boundary
required for the Riemannian theorem from the full-perimeter enclosure proposition. Perimeter
here means the full area of the measure-theoretic boundary of a set, including any portion
coinciding with an obstacle.

Lemma 22.3 (Minimal enclosure). The metric g of Proposition 22.1 admits a nonempty compact
smooth embedded minimal hypersurface > enclosing B. Its exterior is connected, complete with
boundary, and has the same single asymptotically flat end. The hypersurface is outer area-
minimizing, with disconnected competitors permitted, and its area A= |E|§ satisfies

A>e %A, (22.12)
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Proof. For the classical codimension-one regularity background, see [15, Sections 5.3-5.4] and
[16]; the smooth-Riemannian formulation is [39, Chapter 7, §5, Theorem 5.8, p. 200]. Apply
Proposition 8.3 to (X,gx) = (€,9). The threshold construction gives a smooth connected
orientable four-dimensional exterior with nonempty compact smooth boundary B and exactly
one end. Proposition 22.1 gives completeness with B included and g — 6 = O2(r™9) with ¢ > 1.
These are the full geometric hypotheses of the cited proposition; it imposes no scalar-curvature
condition and does not require decay exponent two. Its perimeter counts the entire frontier,
including contact with the obstacle.

The strict inequality Hp <0 places the minimizing frontier ¥ strictly outside B and makes
it a nonempty compact smooth embedded minimal hypersurface. The same proposition gives
its connected complete one-ended exterior and outer area-minimization with every component
counted, including disconnected enclosing competitors.

Every such cut encloses the original obstacle. The cut comparison in Lemma 17.2 gives
|X|g > A.. Restriction of g > e~2¢g to each three-dimensional tangent plane gives

X5 = e 3%, > e A,

This proves the asserted area comparison. The argument uses the general full-perimeter proposition
directly, with its full ¢ > 1 decay range. An enclosure result requiring Os(r~2) decay would not
suffice for this application. O

22.4 The Riemannian inequality and the ordered limits

We use the following dimension-four instance of the boundary Riemannian Penrose inequality [11,
Theorem 1.4, p. 84]. Let (&, gs) be a smooth connected four-dimensional Riemannian manifold,
complete with its nonempty compact boundary included, having one asymptotically flat end.
Suppose in that end

(g(op)lj - 62] = 02(7,*[)0)’ Do > ]-7 Rgg = O(Tiso)v S0 > 47

and Ry, > 0 everywhere. If its boundary is minimal and outer area-minimizing, then

2/3
E >1(|M|9<f> . (22.13)

95—2 ws

The boundary may have one or more components, and the ADM normalization is 1/(6ws). The
numerical inequality does not require a spin assumption; the additional spin hypothesis in the
published theorem concerns its equality conclusion. We use only (22.13).

Proof of Theorem 16.1. First keep one set of strict approximation data fixed. For fixed € > 0
and each sufficiently large N, take the exhaustion limit of Proposition 22.1. Apply (22.13) to
the exterior of 3 from Lemma 22.3, with metric g. That exterior is smooth and complete with
boundary, has one end, and has nonnegative scalar curvature. Its decay exponents are pg = ¢ > 1
and so =4+ 0 > 4 by (22.2). Its boundary is compact, minimal, and outer area-minimizing by
the lemma. Its ADM energy exists by Proposition 22.2 and is unchanged by restriction past the
compact region. Thus every hypothesis of the Riemannian theorem has been checked for this new
exterior.
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Equations (22.6), (22.7), and (22.12) give

~\ 2/3
Iy 02 1 (A
E + -2+ |>EB>-|2

iy <14*>2/3
w3 '

Let N — oo with these strict data and e fixed. The error vanishes by its polynomial bound.
Letting € | 0 next yields
1 A* 2/3
E, > ()

2 \ws
for the strict data. No convergence of the metrics § as N — oo has been assumed: only their
individual inequalities and the uniform deficit are used.

Finally remove the strict approximation using Proposition 17.1. The approximation energies
converge to the original E, and their enclosing infima A, converge to the original enclosing
infimum. The given outer area-minimizing hypothesis, including the admissibility of S itself and
all disconnected enclosing competitors, identifies this infimum with A = |S|,. Therefore

1 A 2/3
> — | —= .
Bz 2 (27r2>

The prescribed P = 0 and E > 0 identify this energy with the ADM rest mass m = \/E? — |P|? =
E. The original boundary was used with its future MOTS condition; no minimality or vanishing
tangential trace of K on that boundary was imposed. O

g

References

[1] Shmuel Agmon, Avron Douglis, and Louis Nirenberg. Estimates near the boundary for
solutions of elliptic partial differential equations satisfying general boundary conditions. I.
Communications on Pure and Applied Mathematics, 12(4):623-727, November 1959. doi:
10.1002/cpa.3160120405. URL https://onlinelibrary.wiley.com/doi/10.1002/cpa.31
60120405.

[2] Shmuel Agmon, Avron Douglis, and Louis Nirenberg. Estimates near the boundary for
solutions of elliptic partial differential equations satisfying general boundary conditions. II.
Communications on Pure and Applied Mathematics, 17(1):35-92, 1964. doi: 10.1002/cpa.31
60170104. URL https://onlinelibrary.wiley.com/doi/10.1002/cpa.3160170104.

[3] Brian Allen, Edward Bryden, Demetre Kazaras, and Marcus Khuri. Proof of the spacetime
Penrose inequality with suboptimal constant in the asymptotically flat and asymptotically
hyperboloidal regimes, 2025. URL https://arxiv.org/abs/2504.10641v1l. Preprint
version 1, April 14, 2025.

[4] Lars Andersson and Jan Metzger. The area of horizons and the trapped region. Communica-
tions in Mathematical Physics, 290(3):941-972, 2009. doi: 10.1007/s00220-008-0723-y. URL
https://link.springer.com/content/pdf/10.1007/s00220-008-0723-y.pdf.

154


https://onlinelibrary.wiley.com/doi/10.1002/cpa.3160120405
https://onlinelibrary.wiley.com/doi/10.1002/cpa.3160120405
https://onlinelibrary.wiley.com/doi/10.1002/cpa.3160170104
https://arxiv.org/abs/2504.10641v1
https://link.springer.com/content/pdf/10.1007/s00220-008-0723-y.pdf

[5]

[11]

[12]

[13]

[14]

Lars Andersson, Marc Mars, and Walter Simon. Stability of marginally outer trapped
surfaces and existence of marginally outer trapped tubes. Adwvances in Theoretical and
Mathematical Physics, 12(4):853-888, 2008. doi: 10.4310/ATMP.2008.v12.n4.a5. URL https:
//archive.intlpress.com/site/pub/files/_fulltext/journals/atmp/2008/0012/0
004/ATMP-2008-0012-0004-2a005.pdf. Lemma numbering refers to arXiv:0704.2889v2.

Lars Andersson, Michael Eichmair, and Jan Metzger. Jang’s equation and its applications to
marginally trapped surfaces. In Complex Analysis and Dynamical Systems IV. Part 2: General
Relativity, Geometry, and PDE, volume 554 of Contemporary Mathematics, pages 13—45.
American Mathematical Society, Providence, RI, 2011. doi: 10.1090/conm/554/10958. URL
https://arxiv.org/abs/1006.4601v2. Theorem numbering refers to arXiv:1006.4601v2.

Ishai Ben-Dov. The Penrose inequality and apparent horizons. Physical Review D, 70:124031,
2004. doi: 10.1103/PhysRevD.70.124031. URL https://arxiv.org/abs/gr-qc/0408066v2.

Hubert L. Bray. Proof of the Riemannian Penrose inequality using the positive mass theorem.
Journal of Differential Geometry, 59(2):177-267, 2001. doi: 10.4310/jdg/1090349428. URL
https://doi.org/10.4310/jdg/1090349428.

Hubert L. Bray and Marcus A. Khuri. A Jang equation approach to the Penrose inequality.
Discrete and Continuous Dynamical Systems, 27(2):741-766, 2010. doi: 10.3934/dcds.2010.
27.741. URL https://arxiv.org/abs/0910.4785.

Hubert L. Bray and Marcus A. Khuri. P.d.e’s which imply the Penrose conjecture.
Asian Journal of Mathematics, 15(4):559-612, 2011. doi: 10.4310/AJM.2011.v15.n4.a5.
URL https://www.math.stonybrook.edu/~khuri/Khuri_Bray_AsianJMath.pdf.
d0i:10.4310/AJM.2011.v15.n4.a5.

Hubert L. Bray and Dan A. Lee. On the Riemannian Penrose inequality in dimensions less than
eight. Duke Mathematical Journal, 148(1):81-106, 2009. doi: 10.1215/00127094-2009-020.
URL https://math.duke.edu/~bray/PE/euclid.dmj.1240432192.pdf.

Alberto Carrasco and Marc Mars. A counter-example to a recent version of the Penrose
conjecture. Classical and Quantum Gravity, 27:062001, 2010. doi: 10.1088/0264-9381/27/6
/062001. URL https://arxiv.org/abs/0911.0883v2.

Klaus Deimling. Nonlinear Functional Analysis. Springer-Verlag, Berlin and Heidelberg,
1985. doi: 10.1007/978-3-662-00547-7. URL https://link.springer.com/book/10.1007
/978-3-662-00547-7.

Michael Eichmair. Existence, regularity, and properties of generalized apparent horizons.
Communications in Mathematical Physics, 294(3):745-760, 2010. doi: 10.1007/s00220-009-0
970-6. URL https://arxiv.org/abs/0805.4454v3.

Herbert Federer. Geometric Measure Theory, volume 153 of Die Grundlehren der mathema-
tischen Wissenschaften. Springer-Verlag, New York, 1969.

Herbert Federer. The singular sets of area minimizing rectifiable currents with codimension
one and of area minimizing flat chains modulo two with arbitrary codimension. Bulletin of the
American Mathematical Society, 76(4):767-771, 1970. doi: 10.1090/S0002-9904-1970-12542-3.
URL https://www.math.stonybrook.edu/~bishop/classes/math638.F20/Federer_Re
gularity.pdf.

155


https://archive.intlpress.com/site/pub/files/_fulltext/journals/atmp/2008/0012/0004/ATMP-2008-0012-0004-a005.pdf
https://archive.intlpress.com/site/pub/files/_fulltext/journals/atmp/2008/0012/0004/ATMP-2008-0012-0004-a005.pdf
https://archive.intlpress.com/site/pub/files/_fulltext/journals/atmp/2008/0012/0004/ATMP-2008-0012-0004-a005.pdf
https://arxiv.org/abs/1006.4601v2
https://arxiv.org/abs/gr-qc/0408066v2
https://doi.org/10.4310/jdg/1090349428
https://arxiv.org/abs/0910.4785
https://www.math.stonybrook.edu/~khuri/Khuri_Bray_AsianJMath.pdf
https://doi.org/10.4310/AJM.2011.v15.n4.a5
https://math.duke.edu/~bray/PE/euclid.dmj.1240432192.pdf
https://arxiv.org/abs/0911.0883v2
https://link.springer.com/book/10.1007/978-3-662-00547-7
https://link.springer.com/book/10.1007/978-3-662-00547-7
https://arxiv.org/abs/0805.4454v3
https://www.math.stonybrook.edu/~bishop/classes/math638.F20/Federer_Regularity.pdf
https://www.math.stonybrook.edu/~bishop/classes/math638.F20/Federer_Regularity.pdf

[17]

[18]

[21]

[22]

23]

[26]

Robert Geroch. Energy extraction. Annals of the New York Academy of Sciences, 224(1):
108-117, 1973. doi: 10.1111/j.1749-6632.1973.tb41445.x.

David Gilbarg and Neil S. Trudinger. FElliptic Partial Differential Equations of Second
Order. Classics in Mathematics. Springer, Berlin, Heidelberg, second edition, 2001. ISBN
978-3-540-41160-4. doi: 10.1007/978-3-642-61798-0. URL https://link.springer.com/bo
0k/10.1007/978-3-642-61798-0. Reprint of the 1998 edition.

Qing Han and Marcus Khuri. Existence and blow-up behavior for solutions of the generalized
Jang equation. Communications in Partial Differential Equations, 38:2199-2237, 2013. doi:
10.1080/03605302.2013.837919. URL https://www.math.stonybrook.edu/~khuri/Khuri
_Han_Comm_PDE. pdf.

Qing Han and Marcus Khuri. The conformal flow of metrics and the general Penrose inequality.
Advances in Mathematical Physics, 2018:7390148, 2018. doi: 10.1155/2018/7390148. URL
https://onlinelibrary.wiley.com/doi/10.1155/2018/7390148. Remark numbering
refers to the published article.

Gerhard Huisken and Tom Ilmanen. The inverse mean curvature flow and the Riemannian
Penrose inequality. Journal of Differential Geometry, 59(3):353-437, 2001. doi: 10.4310/jdg/
1090349447. URL https://doi.org/10.4310/jdg/1090349447.

Pong Soo Jang. On the positivity of energy in general relativity. Journal of Mathematical
Physics, 19(5):1152-1155, 1978. doi: 10.1063/1.523776.

Pong Soo Jang and Robert M. Wald. The positive energy conjecture and the cosmic censor
hypothesis. Journal of Mathematical Physics, 18(1):41-44, 1977. doi: 10.1063/1.523134.
URL https://doi.org/10.1063/1.523134.

Jaroslaw S. Jaracz. Nonexistence of solutions to the coupled generalized Jang equation/zero
divergence system. Classical and Quantum Gravity, 40:195013, 2023. doi: 10.1088/1361-638
2/acf17f. URL https://arxiv.org/abs/2304.09332v1. Preprint version 1, April 18, 2023.

Jaroslaw S. Jaracz. Conformal deformations of initial data sets to the strict dominant
energy condition using a spacetime Poisson equation. International Journal of Geometric
Methods in Modern Physics, page 2550198, 2025. doi: 10.1142/S0219887825501981. URL
https://arxiv.org/abs/2405.12249v1. Theorem and equation locators refer to preprint
version 1, May 19, 2024.

Marcus Khuri and Hari Kunduri. The spacetime Penrose inequality for cohomogeneity one
initial data. Advances in Theoretical and Mathematical Physics, 29(7):1905-1943, 2025. doi:
10.4310/ATMP.251120040338. URL https://arxiv.org/abs/2404.13247v1. Theorem
numbering refers to arXiv:2404.13247v1.

Jean Leray and Jules Schauder. Topologie et équations fonctionnelles. Annales scientifiques
de I’Ecole Normale Supérieure, 51:45-78, 1934. doi: 10.24033/asens.836. URL https:
//www.numdam.org/articles/10.24033/asens.836/.

Congming Li and Kai Zhang. A note on the Gagliardo—Nirenberg inequality in a bounded
domain. Communications on Pure and Applied Analysis, 21(12):4013-4017, 2022. doi:
10.3934/cpaa.2022132. URL https://arxiv.org/abs/2110.12967v1.

156


https://link.springer.com/book/10.1007/978-3-642-61798-0
https://link.springer.com/book/10.1007/978-3-642-61798-0
https://www.math.stonybrook.edu/~khuri/Khuri_Han_Comm_PDE.pdf
https://www.math.stonybrook.edu/~khuri/Khuri_Han_Comm_PDE.pdf
https://onlinelibrary.wiley.com/doi/10.1155/2018/7390148
https://doi.org/10.4310/jdg/1090349447
https://doi.org/10.1063/1.523134
https://arxiv.org/abs/2304.09332v1
https://arxiv.org/abs/2405.12249v1
https://arxiv.org/abs/2404.13247v1
https://www.numdam.org/articles/10.24033/asens.836/
https://www.numdam.org/articles/10.24033/asens.836/
https://arxiv.org/abs/2110.12967v1

[29]

[38]

[39]

[40]

[41]

Walter Littman, Guido Stampacchia, and Hans F. Weinberger. Regular points for elliptic
equations with discontinuous coefficients. Annali della Scuola Normale Superiore di Pisa,
Classe di Scienze, 17(1-2):43-77, 1963. URL https://numdam.org/item/ASNSP_1963_3_1
7_1-2_43 0/.

Jan Metzger. Blowup of Jang’s equation at outermost marginally trapped surfaces. Commu-
nications in Mathematical Physics, 294:61-72, 2010. doi: 10.1007/s00220-009-0934-x. URL
https://arxiv.org/abs/0711.4753v3.

J. H. Michael and L. M. Simon. Sobolev and mean-value inequalities on generalized subman-
ifolds of R™. Communications on Pure and Applied Mathematics, 26(3):361-379, 1973. doi:
10.1002/¢cpa.3160260305. URL https://onlinelibrary.wiley.com/doi/10.1002/cpa.31
60260305.

John Nash. The imbedding problem for Riemannian manifolds. Annals of Mathematics, 63
(1):20-63, 1956. doi: 10.2307/1969989. URL https://www.jstor.org/stable/1969989.

Louis Nirenberg.  On elliptic partial differential equations.  Annali della Scuola
Normale Superiore di Pisa, Classe di Scienze, 13(2):115-162, 1959. URL
https://numdam.org/item/ASNSP_1959_3_13_2_115_0/.

OpenAl. The spacetime Penrose inequality and enclosing area. OpenAl Math Release
preprint OAIL:The-spacetime-Penrose-inequality-and-enclosing-area-September-27-2026, 2026.

OpenAl. Conformal flow and the Riemannian Penrose inequality with minimizing frontiers.
OpenAl Math Release preprint OAI:Conformal-flow-and-the-Riemannian-Penrose-inequality-
with-minimizing-frontiers-September-27-2026, 2026.

Roger Penrose. Naked singularities. Annals of the New York Academy of Sciences, 224
(1):125-134, December 1973. doi: 10.1111/j.1749-6632.1973.tb41447.x. URL https:
//doi.org/10.1111/3j.1749-6632.1973.tb41447 .x.

Richard Schoen and Shing-Tung Yau. On the proof of the positive mass conjecture in general
relativity. Communications in Mathematical Physics, 65:45-76, 1979. doi: 10.1007/BF0194
0959.

Richard Schoen and Shing-Tung Yau. Proof of the positive mass theorem. II. Communications
in Mathematical Physics, 79(2):231-260, 1981. doi: 10.1007/BF01942062.

Leon Simon. Introduction to geometric measure theory. Stanford University lecture notes
for the Tsinghua lectures, 2014. URL https://web.stanford.edu/class/math285/ts-g
mt.pdf. Author’s notes: https://web.stanford.edu/class/math285/ts-gmt.pdf.

Giorgio Talenti. Sopra una classe di equazioni ellittiche a coefficienti misurabili. Annali
di Matematica Pura ed Applicata, 69:285-304, 1965. doi: 10.1007/BF02414375. URL
https://link.springer.com/article/10.1007/BF02414375.

F. R. Tangherlini. Schwarzschild field in n dimensions and the dimensionality of space
problem. Il Nuovo Cimento, 27:636-651, 1963. doi: 10.1007/BF02784569. URL https:
//link.springer.com/article/10.1007/BF02784569.

157


https://numdam.org/item/ASNSP_1963_3_17_1-2_43_0/
https://numdam.org/item/ASNSP_1963_3_17_1-2_43_0/
https://arxiv.org/abs/0711.4753v3
https://onlinelibrary.wiley.com/doi/10.1002/cpa.3160260305
https://onlinelibrary.wiley.com/doi/10.1002/cpa.3160260305
https://www.jstor.org/stable/1969989
https://numdam.org/item/ASNSP_1959_3_13_2_115_0/
https://github.com/openai/math/blob/main/preprints/The-spacetime-Penrose-inequality-and-enclosing-area-September-27-2026/paper.pdf
https://github.com/openai/math/blob/main/preprints/Conformal-flow-and-the-Riemannian-Penrose-inequality-with-minimizing-frontiers-September-27-2026/paper.pdf
https://github.com/openai/math/blob/main/preprints/Conformal-flow-and-the-Riemannian-Penrose-inequality-with-minimizing-frontiers-September-27-2026/paper.pdf
https://doi.org/10.1111/j.1749-6632.1973.tb41447.x
https://doi.org/10.1111/j.1749-6632.1973.tb41447.x
https://web.stanford.edu/class/math285/ts-gmt.pdf
https://web.stanford.edu/class/math285/ts-gmt.pdf
https://web.stanford.edu/class/math285/ts-gmt.pdf
https://link.springer.com/article/10.1007/BF02414375
https://link.springer.com/article/10.1007/BF02784569
https://link.springer.com/article/10.1007/BF02784569

[42] Andrew H. Wallace. Modifications and cobounding manifolds. Canadian Journal of Mathe-
matics, 12:503-528, 1960. doi: 10.4153/CJM-1960-045-7. URL https://www.cambridge.or
g/core/journals/canadian-journal-of-mathematics/article/modifications-and-c
obounding-manifolds/F57667117001CFAA8455ACB0753F4530.

158


https://www.cambridge.org/core/journals/canadian-journal-of-mathematics/article/modifications-and-cobounding-manifolds/F57667117001CFAA8455ACB0753F4530
https://www.cambridge.org/core/journals/canadian-journal-of-mathematics/article/modifications-and-cobounding-manifolds/F57667117001CFAA8455ACB0753F4530
https://www.cambridge.org/core/journals/canadian-journal-of-mathematics/article/modifications-and-cobounding-manifolds/F57667117001CFAA8455ACB0753F4530

	Introduction
	A boundary deformation in three dimensions
	Trapped domains, collars, and weak supports
	The elliptic deformation and exclusion of the floor
	A priori estimates for the deformation
	Solving the three-dimensional boundary deformation
	The complete exterior and its energy
	A boundary deformation in four dimensions
	Threshold exteriors and geometric barriers
	A boundary system for scalar curvature
	Separating the graph from the two frontiers
	Four-dimensional regularity up to the boundary
	Solving the boundary system and controlling its energy
	Returning to weakly decaying four-dimensional data
	What changes when the tensor reaches infinity
	The maximal comparison and its scope
	Strict data and the geometric inner boundary
	The scalar-curvature deformation
	Global a priori bounds
	Local regularity of the coupled system
	Scalar solvability and compact continuation
	End normalization and the mass–area comparison

