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Abstract

We construct graph and conformal deformations of trapped initial-data exteriors in three
and four spatial dimensions. The resulting metrics have nonnegative scalar curvature, strictly
negative inner mean curvature, a lower bound protecting every enclosing cut, and an arbi-
trarily small upper error in ADM energy. We also give a direct four-dimensional maximal
vacuum construction that retains a noncompact decaying second fundamental form. These
constructions give boundary routes to the corresponding numerical Penrose inequalities.
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1 Introduction
The spacetime Penrose inequality compares the invariant ADM mass mADM =

√
E2 − |P |2 with

the area needed to enclose a trapped region, where E and P are the energy and linear momentum
of asymptotically flat initial data. The deformations below control energy in a chosen end; for
general weak data, the invariant-mass conclusion uses a separate passage to rest ends, where P = 0.
Reducing the problem to the Riemannian Penrose inequality already exposes the main difficulty.
A deformation must create nonnegative scalar curvature while controlling both quantities in
the comparison: energy at infinity and the area of every enclosing cut. If the deformation is
performed on an exterior with a genuine inner boundary, its boundary flux is a third quantity
that must be controlled.

This paper constructs such boundary deformations in three and four spatial dimensions. It
also develops a direct four-dimensional maximal construction that retains a noncompact decaying
second fundamental form. The common output is a smooth complete Riemannian exterior with
nonnegative scalar curvature, strictly negative inner mean curvature, a metric lower bound
protecting all enclosing areas, and an arbitrarily small upper error in energy. A minimal enclosure
then supplies the boundary to which the Riemannian Penrose inequality applies.

To explain the area comparison, let (M, g,K) be an initial data exterior with compact
boundary and one asymptotically Euclidean end. The tensor K is the second fundamental form.
Orient an inner boundary toward the end, let H be its mean curvature, and write θ+ = H+trtanK
for its future expansion. A full enclosing cut is the entire compact boundary of a connected
closed outer domain that contains the distant end and has interior in the open exterior. Every
boundary component counts, including any part coincident with the original boundary. Denote
the infimum of their g-areas by A∗(g). The infimum need not be attained. The precise asymptotic
and constraint hypotheses for each construction are stated at its beginning.

Both the area and the horizon predicate matter. In spatial dimension three, Ben-Dov’s
example has an outermost future apparent horizon S with |S| > 16πm2

ADM [7]. Carrasco–Mars
construct outer area-minimizing generalized apparent horizons, defined by H = | trtanK|, with
the same strict area inequality [12]. These concern distinct formulations. We use full enclosing
area and specify the expansion condition in each theorem.

The area comparison uses an elementary point that remains valid for all these cuts. In spatial
dimension d, if h ≥ cg as quadratic forms for some c > 0, then the restriction to each tangent
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(d− 1)-plane gives

|Γ|h ≥ c(d−1)/2|Γ|g and hence A∗(h) ≥ c(d−1)/2A∗(g).

No selection of a minimizing component and no convergence of minimizers is needed for this
inequality. We use it after constructing a metric of the form

ĝ = e4t/(d−2)(g + l(t)2 df2), t ≥ −ε.

Here f is the graph height, t is the conformal unknown, and l > 0 is the warping factor. The
graph term is nonnegative on every tangent plane. Thus the lower bound for t protects the full
enclosing area before the graph is known to have bounded slope.

1.1 The constructions and their relationship

The first two constructions start with strict dominant-energy data, a strictly future-trapped
boundary, and a prepared end with compactly supported K. The third keeps a maximal tensor
tail. The following map separates these geometric outputs from their original-data applications;
the cited statements give the full hypotheses. Here ω3 = |S3| = 2π2.

Construction Geometric output Original-data consequence

Prepared dimension three;
compact K

Theorem 2.3 mADM ≥
√
A∗/(16π) for weak decay

q > 1/2; Theorem 2.4
Prepared dimension four;
compact K

Theorem 8.2 mADM ≥ 1
2 (A∗/ω3)2/3 for weak decay

q > 1; Corollary 14.1
Direct maximal dimension
four; decaying K

Proposition 16.2 E ≥ 1
2 (|S|g/ω3)2/3 in the maximal-

vacuum application; Theorem 16.1

In the first two applications, weak decay means g − δ = O2(r−q) and K = O1(r−1−q). The
exteriors satisfy the dominant energy condition, integrable constraint densities, finite timelike
ADM charges E > |P |, and weak future trapping. Their separate rest preparations control all
enclosing cuts. In dimension three, the prepared energies tend to mADM and the full enclosing-area
infima converge. In dimension four, the distant-end replacement supplies a one-sided lower area
bound; strictification is removed at each fixed repaired end before the replacement radius tends
to infinity. These inputs are [34, Proposition 7.13 and Proposition 8.8/Lemma 8.9, respectively].

The direct maximal theorem has its own approximation and retains the tensor tail. Its
stated application has q > 1, ball-exterior topology, a connected spherical marginally outer
trapped boundary (θ+ = 0), a torus action, P = 0, E > 0, outermostness, and outer area
minimization against all enclosures. Here P = 0 identifies energy with invariant mass, and outer
area minimization identifies A∗ with |S|g. The strict geometric output in the middle column has
its own hypotheses; the theorem records this particular original-data application. The broader
numerical comparison in Corollary 14.1 uses the distinct end-replacement route.

The difference at infinity is concrete. With compactly supported K, the distant trace equation
is a homogeneous graph equation with a positive height term. When trgK = 0, the retained
tensor contributes a term quadratic in ∇f , which becomes a drift along the solution. The equation
remains homogeneous and still forces exponential graph decay at fixed deformation parameter.
The scalar equation behaves differently: its zero-graph limit retains |K|2/2. Section 15 derives
this term and the tail weights needed to control it. That calculation identifies both the shared
argument and the additional preparation, threshold geometry and estimates required for the
maximal route.
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1.2 Why the inner boundary matters

The scalar-curvature identity separates the original constraint densities, a nonnegative quadratic
expression, and the divergence of a vector field V . Prescribing this divergence produces the
required curvature sign. At infinity, the integral of V measures the ADM energy change. A
boundary condition for V also prescribes the mean curvature of the deformed inner boundary.
The divergence theorem therefore links the two ends of the construction.

The useful boundaries are threshold trapped-region frontiers. For general K, two signs of the
tensor produce black and white faces, whose names distinguish their expansion equations and the
corresponding Dirichlet heights of the graph. The collars outside these faces supply geometric
barriers for the graph before uniform ellipticity is available. They first confine its scaled height
to the required interval and then force a signed normal slope. That slope makes the possible
negative inner flux exponentially small relative to the positive bulk terms. The all-black maximal
construction has its own threshold argument, using maximality in place of the two-sided trace
budget.

This order is essential. Uniform ellipticity is an outcome of the geometric height, floor and
slope estimates; it is not assumed to prove them. Once the coefficients lie in a bounded elliptic
range, local scalar estimates give the boundary regularity needed for a compact continuation
map. The four-dimensional proof retains the critical interpolation step and the interface measures
produced by reflection. Each application verifies its own boundary conditions and completes its
own degree and bootstrap argument.

There are two kinds of constants throughout. Polynomial bounds in the large deformation
parameter N are used in the final flux comparison. Classical regularity constants may depend
arbitrarily on fixed N . One first exhausts the outer radius with N fixed, then lets N tend
to infinity using only the polynomial estimates. This distinction prevents a local compactness
argument from being mistaken for a uniform estimate in the final mass limit.

1.3 Relation to earlier methods

Penrose’s proposed inequality arose from the relation between gravitational collapse, horizons
and total energy [36]. In the time-symmetric setting the second fundamental form vanishes and
the dominant-energy condition becomes nonnegative scalar curvature. Geroch’s smooth-flow idea
and the conditional argument of Jang–Wald preceded the weak-flow theory [17, 23]; see also the
historical discussion in [21, p. 359]. Huisken–Ilmanen’s weak inverse-mean-curvature flow proved
the three-dimensional Riemannian inequality for each connected component of the horizon [21,
Main Theorem, p. 356]; Bray’s conformal flow gives the bound for the total area of a disconnected
horizon [8, Theorems 1 and 19]. Bray–Lee extended the numerical conformal-flow theorem to
dimensions below eight [11, Theorem 1.4]. The final comparison here uses the numerical clauses
of these theorems after constructing their complete Riemannian inputs.

The graph strategy comes from Jang’s equation and the Schoen–Yau positive-energy ar-
gument [22, 38]. The earlier Schoen–Yau proof establishes the positive mass theorem in the
Riemannian and maximal-data cases by minimal surfaces [37]. A classical Jang graph can develop
a cylindrical end at an apparent horizon; Metzger analyses this blow-up and its exponential
cylindrical convergence near a strictly stable component [30]. Conformal normalization of such
a graph can lose the horizon-area comparison. Bray and Khuri developed the warped-graph
approach to address this obstruction [9, 10]; their 2010 work also proves a sharp spherical case
under its stated hypotheses. The general warped scalar identity already retains a trace discrepancy
before the generalized Jang equation is imposed [10, Identity 9, p. 580].
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Han–Khuri prove existence and quantitative boundary blow-up for prescribed warping fac-
tors [19]. Their later coupling to conformal flow gives a reduction contingent on solving the
coupled system with the required boundary behavior [20]. The direct conclusion of that argu-
ment concerns ADM energy, as its Remark 2 explains. Here the coupled equations prescribe a
nonzero divergence source, a trace depending increasingly on graph height, and a penalty near
the conformal lower bound. The boundary analysis proves global existence for these equations
and supplies the area and energy comparisons needed for the subsequent limits.

This distinction concerns the equations, not only their interpretation. Jaracz proves radial
nonexistence for a specified generalized-Jang and zero-divergence system [24]; that result does not
apply to the nonzero-source system studied here. His spacetime Poisson method also provides
a predecessor for conformal strictification [25]. The maximal construction below solves its
own problem with nonzero inner Neumann data and proves the energy and full enclosing-area
comparisons needed to remove the strict approximation.

Trapped-region boundaries and their stability enter through the work of Andersson–Metzger
and Andersson–Eichmair–Metzger [4, 6]. Eichmair’s Perron and almost-minimizing constructions
provide the original higher-dimensional method [14]; the precise total-region theorem used below
is the one recorded by Andersson–Eichmair–Metzger. For the stability operator of marginally
outer trapped surfaces (MOTS) and its principal-eigenfunction characterization of stability we
use Andersson–Mars–Simon [5]. The local arguments below explain the additional threshold
continuity, support transport and collar choices used by the deformation. The analytic part
combines scalar elliptic estimates with the Leray–Schauder degree principle [27]; the particular
boundary homotopies and their admissible open sets are constructed explicitly.

Recent spacetime results also distinguish the relevant scopes. Khuri–Kunduri prove the sharp
inequality for cohomogeneity-one SU(n+1)-invariant data in spatial dimensions 2(n+1) ≥ 4, with
their outermost future-or-past horizon condition [26, Theorem 1.1]. The direct maximal theorem
here has different symmetry and outer-area-minimization hypotheses. Allen–Bryden–Kazaras–
Khuri prove a three-dimensional invariant-mass bound by a universal suboptimal constant times
the square root of minimum enclosing area, with additional trace decay and a specified horizon
selection [3, Theorem 1.1 and Remark 1.2].

Two companion manuscripts supply specified inputs: scalar algebra and weak-end prepara-
tions from [34], and full-perimeter enclosure geometry from [35]. Their exact hypotheses and
normalization are checked at each use. The numerical comparisons at the end of the boundary
constructions use Bray and Bray–Lee directly.

1.4 Reading the proof

The three routes retain their own geometry, equations, global bounds and end comparison. Shared
arguments are proved at their first use in the three-dimensional route: threshold continuity,
stable collars and exact support transport in Section 3; the passage from lower tests to sublevel
supports in Lemma 5.1; and scalar measure-source regularity and degree on varying open sets in
Lemmas 6.2 and 6.5. Each later use verifies its tensor, coefficients and boundary conditions.

For dimension three, Sections 4–7 proceed from the coupled equations and conformal floor
through geometric bounds, boundary existence, and the complete-end comparison. Dimension
four follows the same order in Sections 9–13, with its own compact total-region construction and
the critical interpolation in Theorem 12.1. Corollary 14.1 then gives its separate weak-decay
transfer.

Section 15 explains the maximal tensor tail before Sections 17–22 construct the direct route.
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Its pointwise scalar and boundary identities come from Section 10, its axial estimate from
Theorem 12.1, and its enclosure input from Proposition 8.3. The maximal part supplies its own
strict approximation, noncompact drift bounds, scalar solve, reflected boundary checks and final
flux estimate.

2 A boundary deformation in three dimensions
The aim of this part is to replace an initial-data exterior by a Riemannian exterior while keeping
a genuine inner boundary. Three quantities have to be controlled together: scalar curvature, the
area of every enclosing cut, and the ADM energy. The inner boundary creates a flux term in
the energy balance. We choose its geometry and the boundary conditions so that this term is
absorbed by a positive bulk integral.

2.1 Initial data, normals, and enclosing area

We work in three spatial dimensions, with zero cosmological constant and G = c = 1. For a
Riemannian metric g and a symmetric covariant two-tensor K, define the constraint densities by

16πµ = Rg + (trgK)2 − |K|2g, 8πJ = divg
(
K − (trgK)g

)
. (2.1)

Here J is a covector field. The dominant energy condition is

µ ≥ |J |g. (2.2)

All initial data considered here are smooth, including at a compact boundary when one is present.
On an asymptotically flat end with Euclidean coordinates x and r = |x|, our basic assumptions

are
gij − δij = O2(r−q), Kij = O1(r−1−q), q > 1

2 . (2.3)
The notation Oj(r−a) includes the corresponding coordinate derivative bounds through order j.
We assume that µ and |J |g are integrable and that the following ADM limits exist and are finite:

E = 1
16π lim

r→∞

∫
Sr

(∂jgij − ∂igjj)ni dAδ, (2.4)

Pi = 1
8π lim

r→∞

∫
Sr

(
Kij − (trgK)gij

)
nj dAδ. (2.5)

The normal and area form in these definitions are Euclidean. Whenever E > |P |δ, write

m =
√
E2 − |P |2δ . (2.6)

For a two-sided surface Σ with specified unit normal ν, we use

HΣ = divΣ ν, θ+(Σ) = HΣ + trΣK.

Thus Euclidean spheres have positive mean curvature for the normal toward infinity. A future
marginally outer trapped surface, abbreviated MOTS, satisfies θ+ = 0. A weakly future outer
trapped surface satisfies θ+ ≤ 0. Our spacetime sign convention is

K(Y, Z) = g(∇Y n,Z), (2.7)

where n is the future unit timelike normal. Equivalently, in Gaussian normal coordinates the
spatial metric has normal derivative 2K.
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Definition 2.1 (Exterior and enclosing area). An exterior is a connected orientable smooth
three-manifold Ω with nonempty compact smooth boundary, complete as a metric space with
its boundary included, and with one asymptotically flat coordinate end whose complement is
compact. An enclosing cut is the entire compact smooth embedded two-sided intrinsic boundary
of a connected smooth end-containing domain D closed in Ω, whose intrinsic interior lies in int Ω.
It separates the entire inner boundary from the distant end. The inner side includes the original
obstacle and every bounded complementary pocket. All components of the cut and every portion
coincident with the inner boundary are counted. Its normal points into D, toward the end. We
put

ag(∂Ω) = inf{|Γ|g : Γ is an enclosing cut}.

When using perimeter compactness, we take the closure of this class among filled inner sets and
include the area of any frontier coinciding with the obstacle. Smooth outward approximation gives
the same infimum. Enclosing cuts and minimizing sets are taken with bounded complementary
pockets filled. Auxiliary perimeter arguments may use competitors containing the inner obstacle
before filling: filling a bounded pocket deletes its frontier, cannot increase perimeter, and leaves
the enclosing infimum unchanged.

The definition permits coincidence because first variations of the minimum need not be realized
by a cut lying strictly outside the obstacle. It permits disconnected cuts because neither the
minimizing hull nor an intermediate trapped boundary need be connected. The smooth-cut
and full-perimeter formulations have the same infimum; we use the independent full-enclosure
geometry of [35, Lemma 2.1].

2.2 Prepared data and the geometric output

The construction itself starts from the following explicit geometric conditions. Its hypotheses do
not require that the data have been obtained by a particular end-replacement procedure.

Definition 2.2 (Prepared three-dimensional data). Let (Ω0, g,K) be an exterior in Definition 2.1,
with inner boundary S0. Suppose K is compactly supported and, on its single coordinate end,
g − δ = Oj(r−1) for every fixed j ≥ 0. Assume the physical constraint densities in Equation (2.1)
are integrable, the ADM energy is E > 0, and the ADM momentum is zero. There are 0 < δ < 1,
c > 0, and a smooth radius extension ϱ ≥ 1, equal to r sufficiently far out, such that

Rg = O(r−3−δ), 8π(µ− |J |g) ≥ cϱ−3−δ.

The boundary is strictly future trapped with its normal into the exterior: θ+(S0) < 0 on every
component. Its full enclosing-area infimum is denoted by A∗ = ag(S0) > 0.

Theorem 2.3 (Three-dimensional boundary deformation). For every prepared exterior (Ω0, g,K)
there is a connected one-ended subexterior Ω ⊂ Ω0 whose smooth compact boundary B separates
S0 from infinity, with the following property. For each sufficiently small fixed ϵ > 0 and every
sufficiently large integer N , there is a smooth metric ĝϵ,N on Ω, complete with its boundary
included, for which

Rĝϵ,N
≥ 0, H∂Ω(ĝϵ,N ) < 0, (2.8)

ĝϵ,N ≥ e−4ϵg, Eĝϵ,N
≤ E + ηϵ,N , (2.9)
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where the boundary normal points into Ω and, at fixed ϵ, ηϵ,N → 0. More precisely, for constants
C, a depending on the fixed data and ϵ,

0 ≤ ηϵ,N ≤ C(1 +N)a
(
e−ϵN + e−ϵN/2).

The new end has ĝϵ,N − δ = O2(r−1) and Rĝϵ,N
= O(r−3−δ′) for some δ′ > 0. Every full enclosing

cut T in Ω satisfies
|T |ĝϵ,N

≥ e−4ϵA∗.

The construction begins by selecting maximal black and white trapped regions. Their outer
collars prescribe opposite signs for the graph slope, but the same negative mean-curvature
condition for the final metric. Section 3 proves the required geometry, including the passage
from weak supports to smooth enclosures. Section 4 specifies the trace and divergence equations
and excludes a lower conformal barrier. The estimates of Section 5 then control the solutions
before uniform ellipticity is available. Section 6 supplies the boundary solve and degree argument.
Finally, Section 7 computes the end charge and proves Theorem 2.3.

The algebraic inputs from [34, Propositions 4.1–4.2 and Lemma 4.3] are its scalar identity,
weighted coercivity, and the pointwise algebraic clause of its floor lemma. Their proofs are
independent of its numerical conclusion. The boundary construction here retains the signed-collar
estimates, boundary flux, homotopy, and degree that a filled construction does not require.

2.3 Consequence for weakly decaying original data

Theorem 2.4 (Minimum-enclosing-area inequality). Let (Ω, g,K) be an exterior as in Defini-
tion 2.1. Assume Equations (2.1)–(2.3), integrability of µ and |J |g, and the finite ADM limits
(2.4)–(2.5). Orient ∂Ω by the normal into Ω, and suppose θ+(∂Ω) ≤ 0. If E > |P |δ, then

√
E2 − |P |2δ ≥

√
ag(∂Ω)

16π . (2.10)

No extension of the data across ∂Ω is required.

The last assertion will follow from the boundary construction and the weak three-dimensional
preparation theorem of [34, Proposition 7.13]. That preparation supplies compact tensor support,
strict trapping and the weighted margin in Definition 2.2; its energies converge to

√
E2 − |P |2

and its full enclosing areas converge to the original infimum. We will use only this preparation
theorem, not the companion’s numerical inequality. In particular, the ADM normalizations in
Equations (2.4) and (2.5) remain unchanged.

3 Trapped domains, collars, and weak supports
We need a boundary on which the graph height can be constant and its slope has a definite sign.
A future trapped face supplies one sign; a past trapped face supplies the other. We first choose
maximal regions of these two types, then construct outward collars and compatible height offsets.
The original obstacle stays on their excluded side, so every resulting enclosing cut still controls its
full area. Throughout, the data satisfy Definition 2.2. Write S0 for their inner boundary. Thus
S0 is strictly future outer trapped, K has compact support, and the single end has the all-order
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O(r−1) bounds stipulated in that definition. In particular, sufficiently large coordinate spheres
have positive outward mean curvature. The function

m(x) = 8π
(
µ(x) − |J(x)|g

)
(3.1)

is positive, has a positive lower bound on every compact set, and has the positive r−3−δ lower
bound on the end, with 0 < δ < 1. Let A∗ denote the prepared data’s filled enclosing perimeter
infimum.

3.1 The bounding-region convention

For a symmetric tensor Q and a two-sided surface Σ with a specified unit normal ν, put

ΘQ(Σ, ν) = HΣ(ν) + trΣQ. (3.2)

For the boundary of a domain the specified normal always points out of that domain. Notice both
elementary identities

ΘQ−(c/2)g = ΘQ − c, Θ−Q(Σ,−ν) = −ΘQ(Σ, ν). (3.3)

The factor 1/2 in the first formula is the reciprocal of the surface dimension.
We use the following geometric theorem. Its boundary parts may be disconnected.

Theorem 3.1 (MOTS barriers and the total trapped region). Let (N, g,Q) be a smooth compact
three-dimensional initial data set with boundary Γ− ⊔ Γ+. Assume Γ+ is nonempty and has
positive expansion with its normal out of N . The inner part Γ− may be empty; when it is present,
assume its expansion is negative with its normal into N .

Consider all smooth domains whose inner boundary is Γ− and whose remaining boundary Σ
lies in the interior of N and satisfies ΘQ(Σ) ≤ 0. They avoid Γ+, and their normal on Σ points
out of the domain. If their union is nonempty, its closure has a smooth compact embedded stable
MOTS frontier in the interior, separating it from Γ+. This closure is itself the closure of such
a domain and contains every domain in the defining class. If Γ− is nonempty, the two strict
barriers also give a nonempty smooth embedded enclosing MOTS.

The total-region assertion is [4, Definitions 7.1–7.2 and Theorem 7.3]; the barrier assertion
is Theorem 3.1 there, with stability furnished by Theorem 4.1. The preliminary conventions
in Section 2 of that paper allow an empty inner boundary. That paper uses open regions;
taking their closures preserves the smooth frontier and its expansion, giving the closed-region
formulation above. These results require no energy condition on Q. We therefore apply them to
the shifted tensors in Equation (3.3), even though these tensors need not satisfy the dominant
energy condition. A component of the complement of a smooth trapped domain which meets no
designated outer boundary may be filled: its entire boundary is then deleted and the remaining
boundary has the same expansion. The maximal region is therefore filled in this relative sense.

We use compact inner fillings only to express enclosing competitors. One may attach a
smooth collar behind S0, extend the one-sided metric smoothly, and complete the inner side by
a fixed compact filling. All competitors contain that filling and only their boundaries in the
original exterior are counted. This introduces no geometric condition behind S0. For perimeter
minimization with this smooth obstacle, the relevant regularity input is [21, Regularity Theorem
1.3(iii)]: the minimizing boundary is C1,1 and is smooth away from contact. We retain the filled
enclosing class and its smooth approximation from the independent enclosure geometry of [35,
Lemmas 2.1–2.2]. The trapped regions below are not assumed to minimize perimeter.
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3.2 Choosing the two maximal regions

Fix a large sphere SR0 outside suppK such that all coordinate spheres with radius at least R0
have positive outward mean curvature. A compact smooth domain with Θ±K ≤ c ≤ 0 cannot
reach this part of the end. Indeed, at a point where its boundary maximizes the coordinate
radius, it lies inside the tangent coordinate sphere and has the same outward normal. The graph
second-derivative comparison gives H∂D ≥ HSr > 0 there; also K = 0 there. This contradicts
its assumed expansion. The same argument applies to an enclosing domain with prescribed
inner obstacle, since the maximum radius is attained on its free boundary. Consequently all
the negative-threshold regions used below lie in one fixed compact radial range. They may be
constructed using any sufficiently distant sphere as the outer barrier, without dependence on that
choice.

For
max
S0

ΘK(S0) < c < 0, (3.4)

let Bc be the closed total trapped region for the condition ΘK ≤ c, with S0 as the required inner
boundary and with its inner filling understood. It is nonempty: a sufficiently short outward collar
of S0 supplies a strict seed. Theorem 3.1, applied to K − (c/2)g, gives its smooth stable frontier
with expansion exactly c. The regions Bc increase with c. Their complement toward the end
has no bounded component, since such a component could be filled to enlarge the total trapped
region.

We will choose cb < 0 close to zero and set B = Bcb
. In the complement of B, use the full

black frontier and a distant coordinate sphere as outer barrier faces. With the normal out of this
complement, the black frontier has expansion for −K equal to −cb > 0. For c < 0 close to zero,
let Wc be the closed total trapped region of compact smooth domains in that complement with

Θ−K = H − trΣK ≤ c. (3.5)

There is no required inner boundary in this application of Theorem 3.1. The shifted expansion
of a reversed black face is −cb − c > 0, and that of a distant sphere is also positive. Thus the
theorem applies whenever the defining union is nonempty. When the union is empty we simply
put Wc = ∅. When nonempty, it has smooth stable frontier of white expansion c and lies a
positive distance from all black faces. The family Wc is increasing, with the black region held
fixed.

To control limits of the deformation, we choose thresholds at which these regions are right-
continuous. The following lemma includes empty regions.

Lemma 3.2 (Right-continuous thresholds). Let Ec, c in an interval, be an increasing family of
closed subsets of a fixed compact metric space. Outside a countable set of parameters,

Ecj −→ Ec in Hausdorff distance whenever cj ↓ c. (3.6)

Here continuity at Ec = ∅ means that Ec′ is empty for every sufficiently close c′ > c.

Proof. Choose a countable dense set {xi} and a number L larger than the diameter of the compact
space. Set dc(x) = min{L, dist(x,Ec)}, with the value L when Ec is empty. For each i, c 7→ dc(xi)
is a bounded nonincreasing real function, so its right discontinuities form a countable set. Avoid
their countable union. Then dcj (xi) → dc(xi) for all i whenever cj ↓ c. Every dc is 1-Lipschitz. A
finite net chosen from the dense set therefore upgrades this convergence to uniform convergence
on the compact space.
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For nonempty Ec, if points yj ∈ Ecj stayed a fixed distance from Ec, uniform convergence
evaluated at yj would contradict dcj (yj) = 0. The opposite Hausdorff inclusion follows from
Ec ⊂ Ecj . For empty Ec, uniform convergence to L is incompatible with any nonempty Ecj , since
its distance function has a zero. This proves the stated convention as well.

Choose cb at such a right-continuity point of the black family, then choose cw < 0 at such a
point of the white family for this fixed black region. Both choices can be made arbitrarily close
to zero. Write W = Wcw , and let Ω be the closure of the component of the complement of B ∪ W
which reaches the selected end. Its boundary B is a finite disjoint union of complete components
of the two smooth frontiers. Write

B = Bb ⊔Bw, H = HB(ν), PB = trBK, (3.7)

where ν points into Ω. Thus

H + PB = cb on Bb, H − PB = cw on Bw. (3.8)

The set Bw may be empty, and Bb need not contain every black frontier component: a white
component may cut a black face off from the end. We retain exactly the boundary of the
component that reaches infinity. The compact, disjoint frontiers create no intersection corners.

The excluded side of B contains S0 and a collar of it. Hence every compact smooth enclosing
cut T in Ω, with all its components retained, is an enclosing competitor for the original filled
obstacle after adjoining the discarded regions to its inner side. It follows that

|T |g ≥ A∗. (3.9)

The same conclusion holds for perimeter competitors. This is a statement about inclusion of
competitor classes; no minimizing property of B is used.

Every enclosing cut now carries the area lower bound A∗. The next step is local: on each
retained face we need a smooth outward family whose expansion is strictly larger than its threshold.
Stability alone allows a zero principal eigenvalue, so that case requires the maximality of the
chosen region.

3.3 Outward collars, including zero stability eigenvalue

Lemma 3.3 (Collars of a maximal frontier). Let (Nd, g) be smooth, with d ∈ {3, 4} and a fixed
smooth symmetric tensor Q. Let Σ be a compact connected smooth two-sided hypersurface without
boundary, forming a component of the frontier of a closed region D, with normal pointing out of D.
Assume ΘQ(Σ) = c and stability for outward variations. Assume also local outward-replacement
maximality: in some collar of Σ disjoint from the other frontier components and all designated
barrier faces, no positive outward normal graph can replace Σ, leaving D unchanged outside that
collar, and have expansion at most c everywhere on the new component. There is a smooth
foliation Σs, 0 ≤ s < s0, of an outward collar, with Σ0 = Σ and positive outward normal velocity,
such that

ΘQ(Σs) > c (0 < s < s0), ΘQ(Σ0) = c. (3.10)

In particular its leaf parameter s is a smooth defining function and |∇s| is bounded above and
below by positive constants.
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Proof. Use normal graphs Σ(v) over Σ and pull their expansion back to Σ. The map

Φ : C2,α(Σ) −→ C0,α(Σ), Φ(v) = ΘQ(Σ(v)) − c

is smooth near zero. Let ν be the outward normal and II its second fundamental form. The
normal-variation formulas give the linearization L = DΦ(0) explicitly as

Lv = −∆Σv + 2Q(ν, gradΣ v) +
(
trΣ ∇νQ− |II|2 − Ric(ν, ν)

)
v.

The hypersurface dimension is d − 1, so ΘQ−cg/(d−1) = ΘQ − c. This constant shift has zero
derivative under hypersurface variations; hence L is also the MOTS stability operator for
Q − cg/(d − 1), with principal part −∆Σ. Stability gives a principal eigenvalue λ ≥ 0 and
a positive smooth eigenfunction φ [5, Proposition 5.1]. If λ > 0, take v = sφ. Smooth dependence
gives Φ(sφ) = sλφ + O(s2) in C0, which is positive for all sufficiently small s > 0. The graph
velocity is positive as well.

Suppose λ = 0. The kernel of L is spanned by φ, and the adjoint kernel is spanned by a
positive smooth function φ∗. These are the principal-eigenfunction facts for a scalar elliptic
operator on a compact connected closed manifold [5, Section 4, Lemma 4.1]. For example,
simplicity of the kernel also follows by writing a kernel element as v = φw and applying the
strong maximum principle to the resulting equation for w, whose zeroth-order term vanishes.
Consider the augmented map

G(v, a) =
(

Φ(v) − a,

∫
Σ
v dA

)
.

Its derivative at (0, 0) is
(v, a) 7−→

(
Lv − a,

∫
Σ
v dA

)
. (3.11)

This map is an isomorphism. Indeed, to solve Lv−a = f with
∫
v = b, the Fredholm compatibility

condition uniquely fixes
a = −

∫
Σ φ

∗f dA∫
Σ φ

∗ dA .

The equation for v then has a solution; adding a multiple of φ imposes its prescribed integral
uniquely. Elliptic estimates and this one-dimensional normalization give a bounded inverse
between the indicated Hölder spaces.

The implicit-function theorem consequently supplies smooth v(s), a(s) with G(v(s), a(s)) =
(0, s). Differentiating at zero and pairing with φ∗ gives a′(0) = 0 and

v′(0) = φ∫
Σ φ dA > 0.

After shortening the interval, all these graphs form an outward foliation and have constant
expansion c + a(s). If a(s) ≤ 0 at any positive s in this interval, replace only this frontier
component by Σ(v(s)). This graph strictly enlarges D inside the chosen collar, leaves every other
frontier component and designated barrier fixed, and has expansion at most c on the replaced
component. This contradicts the assumed local outward-replacement maximality. Therefore
a(s) > 0 for every such s > 0.

In either case positive graph velocity and compactness give the asserted bounds on |∇s|.
Smooth elliptic bootstrapping of the graph equation gives smooth leaves in the zero-eigenvalue
case.
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In the present application d = 3. The full black and white regions are Bcb
and Wcw , with

Q = K and Q = −K, respectively. Theorem 3.1 gives their smooth two-sided stable frontiers,
whose retained components have expansion cb and cw. Total-region maximality verifies the local
replacement hypothesis: a positive outward replacement with expansion at most the threshold,
leaving all other frontier components and designated barriers fixed, would be an admissible strictly
larger trapped region. For white faces the entire replacement lies in the fixed black complement.
Thus the lemma applies separately to each retained face. There are finitely many faces, so
choose disjoint collars in Ω and shorten them to have a common positive parameter range when
convenient. Write νs = ∇s/|∇s| for their outward leaf normal; it agrees with ν at B.

3.4 From weak exterior supports to a smooth enclosure

The sublevel limits used below need not have smooth frontiers. We now show how an expansion
bound on their exterior supports produces a smooth enclosure. The argument applies to arbitrary
closed sets, without positive reach or a curvature bound on the supporting surfaces.

Definition 3.4. Let (Nd, g) be a smooth Riemannian manifold, d ∈ {3, 4}, with a smooth
symmetric tensor Q. Let D ⊂ N be closed, and let x ∈ ∂D be an interior point of N . A smooth
exterior support is a smooth function ϕ near x with ϕ(x) = 0, dϕ(x) ̸= 0, and D ⊂ {ϕ ≤ 0}
locally near x. Its normal is n = ∇ϕ/|∇ϕ|. Define

EQ[ϕ](x) = (gij − ninj)∇i∇jϕ

|∇ϕ|
+ trQ−Q(n, n). (3.12)

We say D has exterior-support expansion at most c if every such support at every point of its
frontier has EQ[ϕ] ≤ c.

For a smooth domain this is exactly the usual upper bound on its outward expansion: at
contact an exterior supporting graph has mean curvature at most that of the enclosed smooth
graph. The definition is unchanged by increasing smooth reparametrizations of ϕ, because the
additional Hessian term is a multiple of dϕ⊗ dϕ and has zero tangential trace.

Lemma 3.5 (Parallel neighborhoods and additive error). Let (Nd, g,Q) be smooth, with d ∈ {3, 4}.
Suppose the frontier of a closed set D lies in a fixed compact interior region and has exterior-
support expansion at most c. Put Dz = {y : dist(y,D) ≤ z}. For sufficiently small z > 0, all
exterior supports of Dz have expansion at most

c+ Cz. (3.13)

The allowable radius and C depend only on the compact ambient geometry and Q, and not on the
support, its second fundamental form, or the regularity of D.

Proof. If D = ∅, use dist(y,D) = +∞; then Dz = ∅ and the assertion is vacuous. Otherwise,
take a support ϕ to Dz at x′. Since x′ ∈ ∂Dz, its distance from D is z. For sufficiently small radii
the relevant distance neighborhood of ∂D lies in a fixed compact interior neighborhood. There
is therefore a nearest point x ∈ D and a length-z minimizing unit-speed geodesic γ : [0, z] → N
from x to x′. This nearest point lies on ∂D: if it were interior to D, moving a short distance
along γ toward x′ would decrease the distance. The entire segment lies in the fixed smooth
compact neighborhood and is shorter than its injectivity radius. The ball Bz(x) is contained in
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Dz and touches its exterior support at x′. Its tangent plane there therefore agrees with that of
the support and

∇ϕ(x′)
|∇ϕ(x′)| = γ̇(z). (3.14)

Let Pt : TxN → Tγ(t)N denote parallel transport and put P = Pz.
For every X ∈ TxN solve the Jacobi boundary problem

J ′′
X + Rm(JX , γ̇)γ̇ = 0, JX(0) = X, JX(z) = PX. (3.15)

Here primes denote covariant differentiation along γ. The short interval and absence of conjugate
points make this problem uniquely solvable. Its estimates can be seen without division by an
uncontrolled quantity. In a parallel frame write jX(t) = P−1

t JX(t) and R(t) for the curvature
coefficient. The integral equation is

jX(t) = X + tAX −
∫ t

0
(t− s)R(s)jX(s) ds, AX = 1

z

∫ z

0
(z − s)R(s)jX(s) ds.

It implies, by absorption for small z,

sup
0≤t≤z

|jX(t)| ≤ 2|X|, |AX | ≤ Cz|X|,

sup
0≤t≤z

|jX(t) −X| ≤ Cz2|X|.
(3.16)

The second line follows from the same integral equation and the first-line bounds. Also ⟨JX , γ̇⟩ is
affine in t and has equal endpoint values. Thus ⟨AX , γ̇(0)⟩ = 0.

We may therefore prescribe the first jet of a smooth unit vector field V near x by

V (x) = γ̇(0), ∇XV (x) = AX .

To realize it with uniform second-jet bounds, choose a smooth local orthonormal frame obtained
by radial parallel transport from x. In that frame take the affine coefficient vector with the
prescribed value and first derivatives, and normalize its length. The orthogonality just proved
means normalization preserves its prescribed first derivatives. The frame has uniformly bounded
derivatives on a fixed small coordinate ball, and Equation (3.16) therefore gives uniformly bounded
second derivatives of V . This construction uses the radial direction and the ambient geometry,
with no derivatives of the support ϕ.

Define the local endpoint map

Fz(y) = expy
(
zV (y)

)
.

Its differential at x is the terminal value of the Jacobi field with initial values X,∇XV (x). By
Equation (3.15), it has the exact property

Fz(x) = x′, ( dFz)x = P, |(∇ dFz)x| ≤ Cz. (3.17)

The last bound follows by differentiating the smooth map (y, v, z) 7→ expy(zv) twice in y, including
the first and second derivatives of V . At z = 0 the map is the identity and its covariant second
derivative vanishes. Its z-derivative is uniformly bounded for the bounded jets just constructed,
giving the displayed Cz bound. The exact middle identity, rather than a near-isometry estimate,
is essential.
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The map Fz takes D locally into Dz, since its defining geodesic from any y ∈ D has length z.
Consequently ψ = ϕ ◦ Fz is an exterior support to D at x. Its derivative is P ∗ dϕ, so its gradient
length is exactly |∇ϕ(x′)| and, by Equation (3.14), its normal is γ̇(0). The covariant chain rule
gives

Hessψ(X,Y ) = Hessϕ(PX,PY ) + dϕ
(
(∇ dFz)(X,Y )

)
at x.

Trace over an orthonormal basis of γ̇(0)⊥ and divide by the common gradient length. The first
term is exactly the corresponding normalized tangential trace at x′, and the remaining term has
absolute value at most Cz. Finally, the tensor trace changes by at most Cz, by the C1 bound on
Q and parallel transport. It follows that∣∣EQ[ψ](x) − EQ[ϕ](x′)

∣∣ ≤ Cz.

The assumed support inequality at x proves Equation (3.13). There is no term containing
z| Hessϕ|.

Lemma 3.6 (A smooth enclosure from weak supports). Let N be a smooth compact connected
three-manifold with boundary Γ− ⊔ Γ+, where Γ+ is nonempty and Γ− may be empty. Let D be a
nonempty closed subset which contains a relative collar of Γ− when that boundary is prescribed,
and stays a positive distance from Γ+. Suppose its interior frontier has exterior-support expansion
at most c for a smooth tensor Q.

For every c′ > c such that ΘQ(Γ+) > c′ with its normal out of N , there is a smooth bounding
domain E containing D in its relative interior, containing the required inner collar, and avoiding
Γ+, whose free boundary satisfies

ΘQ(∂E \ Γ−) = c′. (3.18)

Its boundary and the domain may be disconnected. In particular D is contained in the closed total
trapped region at any such larger threshold. No regularity or positive-thickness assumption on D
is required.

Proof. All distance neighborhoods in this proof are relative to N . Since D contains a collar of
Γ− and avoids Γ+, their new frontiers, at sufficiently small radii, lie in a compact subset of the
interior. A minimizing segment ending on a new frontier has its nearest point on the interior
frontier of D; it cannot start on Γ− because its covered collar has fixed positive width. Thus
the proof of Lemma 3.5 applies unchanged. Choose β > 0 so small that its conclusion holds for
0 < z ≤ β, all these frontiers avoid the prescribed boundary, and

c+ Cβ < c′. (3.19)

We first construct a smooth inner enclosure without imposing any expansion bound on it.
Smoothly approximate the continuous distance function dD = dist(·, D) on N uniformly, with
error less than β/32, using a finite coordinate cover, mollification, and a partition of unity. Choose
a regular value in (β/3, β/2) of the resulting smooth function. Its sublevel set U has smooth
interior boundary and, for example, satisfies

Dβ/4 ⊂ U ⊂ D3β/4. (3.20)

The boundary Γ− is contained in its relative interior and Γ+ is excluded. If a component of N \U
meets no component of Γ+, fill it. This only deletes components of the smooth free boundary.
After this filling the second inclusion in Equation (3.20) need not hold for its interior, but every
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remaining free boundary component still lies in the indicated thin neighborhood, and the first
inclusion still holds.

Choose η ∈ C∞(N), 0 ≤ η ≤ 1, equal to one on that free boundary and supported in {dD < β}.
Its existence uses the positive separation between this compact smooth boundary and the closed
set {dD ≥ β}; it requires no smoothness of dD. For a sufficiently large finite constant A, the
tensor

QA = Q− 1
2(c′ +Aη)g (3.21)

makes the free boundary of U a strictly negative inner barrier:

ΘQA
(∂U) = ΘQ(∂U) − c′ −A < 0.

All prescribed outer faces remain strictly positive for QA, because η = 0 there and their original
expansion exceeds c′. Apply the barrier part of Theorem 3.1 on each component of N \ U . Each
meets Γ+ by the filling step and has nonempty inner boundary by connectedness of N and U ≠ ∅.
We obtain smooth MOTSs Σ bounding a domain E which contains U and avoids Γ+. They
satisfy, with their normal out of E,

ΘQ(Σ) = c′ +Aη ≥ c′. (3.22)

We claim Σ misses {dD < β}. Otherwise set z = minΣ dD < β. The first inclusion in
Equation (3.20) gives z ≥ β/4 > 0. Moreover Dz lies on the inner side of Σ. To see this directly,
if dD(y) < z, a shortest path from y to D of length less than z cannot cross Σ: such a crossing
would have distance from D less than z. Since D ⊂ E, the whole path and y lie in E. Closure
gives Dz ⊂ E.

At a point attaining the minimum, a defining function for the smooth boundary Σ is therefore
an exterior support to Dz, with the same outward normal as in Equation (3.22). The parallel
support bound and Equation (3.19) imply

ΘQ(Σ) ≤ c+ Cz < c′,

contradicting Equation (3.22). This excludes the entire modification range, so η = 0 on Σ and
proves Equation (3.18). The contained Dβ/4 gives strict enclosure of D. If desired, fill any
remaining complementary components which meet no designated outer face; this deletes smooth
boundary components and preserves all stated properties.

For an exterior, truncate by a distant sphere that is strict at the larger threshold. In the
black construction, B already contains the original inner collar. In the white construction there is
no required inner boundary, and the black faces belong to Γ+. The later applications therefore
need compact avoidance of the foreign faces; they need no boundary regularity of the weak set.
Empty weak sets can be omitted.

The support argument has supplied the geometric compactness needed for the later height
estimate. We can now fix the small offsets in the trace equation. Their size is measured against
the strict constraint margin, while their normal derivatives distinguish the two boundary signs.

3.5 Small offsets and the prepared domain

Proposition 3.7 (Prepared domain). The thresholds and the domain above can be chosen with
the following properties. The numbers cb, cw < 0 are right-continuity points of their respective full
maximal-region families. The boundary of Ω consists of the faces in Equation (3.8), has disjoint
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smooth outward leaf collars as in Lemma 3.3, and preserves the enclosing-area lower bound in
Equation (3.9).

There are a smooth compactly supported function C on Ω, constants Cb ≥ 0, Cw ≤ 0, and
positive constants kB on its face collars such that

Cw ≤ C ≤ Cb, C = Cb − kBs in a black collar near Bb,
C = Cw + kBs in a white collar near Bw.

(3.23)

For an absent type, its corresponding constant is simply a bound. Set

b− = cb − Cb < 0, b+ = −cw − Cw > 0. (3.24)

There is a smooth positive function ρ, equal to a positive constant times r−4 on the far end and
satisfying symbol derivative bounds there, such that, for every h ∈ [b−, b+],

|(h+ C) trK| + |∇C| + ρ ≤ 1
2m everywhere on Ω. (3.25)

The thresholds, collars, offset, and ρ are fixed before the deformation parameters are chosen. After
fixing the thresholds and collars, the offset and its first derivatives can be made arbitrarily small.

Proof. The large-sphere comparison above confines all negative-threshold regions to a fixed
compact set, independently of how close the thresholds are to zero. Choose a slightly larger
compact set K containing this range and suppK in its interior. Let

m0 = min
K

m > 0, T0 = sup
K

| trK|.

First restrict both negative thresholds to an interval so close to zero that

max{|cb|, |cw|}T0 < m0/8,

while retaining Equation (3.4). Lemma 3.2 allows the required successive choices in that interval.
Construct the two regions, select Ω, and fix their disjoint collars inside K as above. All ensuing
constants may depend on these fixed choices.

Here is an explicit offset construction. On each collar choose a smooth nonincreasing cutoff
χ(s), equal to one near s = 0 and zero near the collar’s far end. Choose κB > 0 so that 1−κBs > 0
throughout that collar. For a common amplitude a > 0, define the contribution of a black collar
to be aχ(s)(1 − κBs), and that of a white collar to be −aχ(s)(1 − κBs). Extend by zero outside
the disjoint collars and sum. This produces a smooth function on the manifold with boundary Ω,
supported in K, with Cb = a, Cw = −a, and kB = aκB on the respective collars. These remain
valid bounds when a type is absent. Its C1 norm tends to zero with a, even though the collar
widths have already been fixed.

For h ∈ [b−, b+] and C ∈ [Cw, Cb],

|h+ C| ≤ max{|cb|, |cw|} + Cb − Cw.

Choose a so small that (Cb − Cw)T0 + ∥∇C∥∞ < m0/8. The first two terms of Equation (3.25)
are then at most m0/4 on K and vanish outside K. Finally take a fixed smooth positive weight
equal to r−4 far out and multiply it by a sufficiently small positive constant. The end lower
bound for m and δ < 1, together with compact positivity, allow the choice ρ ≤ m/4 everywhere.
This proves Equation (3.25). All remaining assertions were proved in constructing the regions
and collars.
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At the assigned face heights the quantity h+ C consequently has the useful exact values

h+ C = cb = PB +H on Bb when h = b−,

h+ C = −cw = PB −H on Bw when h = b+.
(3.26)

These identities determine the deformation’s boundary signs. Right-continuity and Lemma 3.6
will exclude limiting sublevel sets away from the corresponding full trapped regions.

4 The elliptic deformation and exclusion of the floor
We define the coupled system, derive its scalar-curvature identity, and choose a continuation
path along which the conformal factor cannot touch its lower bound. We use the fixed data of
Proposition 3.7. Thus Ω has one controlled asymptotically flat end, K is compactly supported,
and its compact boundary B = Bb ∪Bw consists of black and white faces. Either type may be
absent. The normal ν points into Ω, and

H = divB ν, PB = trBK.

The numbers b− < 0 < b+, the smooth compactly supported offset C, and the positive function
ρ = O(r−4) are fixed as in that proposition. In particular,

b− + C = PB +H on Bb, b+ + C = PB −H on Bw. (4.1)

All compact sets and geometric constants in this section are fixed after this preparation. Extend
the end radius to a smooth function on Ω bounded below by one. Write ΩR for the large spherical
truncations and SR for their outer boundary.

A polynomial constant is bounded by C(1 +N)A, with C,A depending on the prepared data
and fixed auxiliary profiles, but not on R, the homotopy parameter, or the solution. Constants
permitted to depend arbitrarily on fixed N will be identified explicitly. First fix 0 < ϵ < 1, then
choose N sufficiently large, and finally require R ≥ Rmin(N, ϵ). We always take N ≥ 4 and
N > 2/ϵ.

4.1 Variables and equations

Choose a smooth nonincreasing ϑ : R → [0, 1] equal to one on (−∞, 0] and zero on [1,∞). Define

p(t) = Nϑ(Nt), l(t) = exp
(∫ t

0
p(s) ds

)
,

L(t) = l(t)e2t, pL = p+ 2.
(4.2)

Thus l(0) = 1, l(t) = eNt for t ≤ 0, and l is constant for t ≥ 1/N . Derivatives of p of every fixed
order are polynomially bounded. Set

ℓ = e−ϵN , τ = ℓ3/2. (4.3)

Whenever t ≥ −ϵ, one has ℓ ≤ l(t) ≤ e.
For a function f , set

σ = |∇f |, D = 1 + l2σ2, d = D−1,

a = lσ/
√
D, v = a2 = 1 − d, w = l∇f/

√
D, χ = 4d/(4 + pv),

Z = t+ 1
8 logD, u = L

√
D, U = l

√
D, h = τf.

(4.4)
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Derivatives and contractions refer to g unless indicated otherwise. At σ > 0, write e = ∇f/σ and
Aj = I + (j − 1)e⊗ e. The matrices used below have the direction-free expressions

Ad = I − w ⊗ w, Aχ = I − p+ 4
4 + pv

w ⊗ w. (4.5)

Vectors and covectors are identified with g.
The unknowns will be (f, Z). For fixed ∇f , ∂Z/∂t = 1 + pv/4 > 0, and its defining expression

tends to −∞ and +∞ at the two ends of the t-axis. It therefore defines a unique smooth
t = t(Z,∇f) for all inputs, without a floor assumption. The coefficients t, d, v, w, χ, u, U and the
direction-free matrices are smooth at ∇f = 0; occurrences of σ and a in the equations combine
into smooth invariant expressions. One has 0 < χ ≤ d ≤ 1 for finite inputs. Define

ḡ = g + l2 df2, ĝ = e4tḡ, Hf = l√
D

Hess f, S = K +Hf . (4.6)

The original trace equation is

trAχ S = F, F = h+ C, (4.7)

where trA S is contraction with the contravariant matrix A. Along the continuation path we will
specify modified right sides F . The full flux is

V = uAχ
(
4∇Z +K(w, ·)

)
. (4.8)

Here f is the graph height, while Z combines the conformal variable t with the logarithm of the
graph slope. The numbers d and χ record ellipticity in the gradient direction, and u weights the
divergence flux. The scaled height h = τf makes the prescribed trace strictly increasing in f . At
SR prescribe f = Z = 0. Initially the inner Dirichlet values are h = b− on Bb and h = b+ on Bw.

4.2 The exact scalar-curvature identity

The graph-curvature strategy originates in Jang’s equation and the Schoen–Yau positive-energy
argument [22, 38]. Its generalized warped-graph form and Penrose coupling were developed by
Bray and Khuri [9, 10]; see in particular Identity 9 of [10]. We use the independently proved
algebraic identity of [34, Proposition 4.1], with the normalization below. The prescribed trace
F = h+C, nonzero source, and floor penalty below define a different coupled system; the identity
does not import global solvability of a zero-divergence coupling.

The next identity separates the original constraint densities, a nonnegative quadratic term,
and a divergence. The second equation will prescribe that divergence so that the deformed metric
has nonnegative scalar curvature.

Proposition 4.1 (Deformation identity). Let f, t be smooth and F = trAχ(K +Hf ). At σ > 0
decompose S relative to Re⊕ e⊥:

T = S|e⊥×e⊥ , M = S(e, ·)|e⊥ , q = S(e, e), trT = F − χq.

Then

1
2e

4t Scalĝ = 8π(µ+ J(w)) + T + w(F ) − F trK − u−1 div V, (4.9)
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where

T = 1
2 |T tf |2 + (M + pa∇⊥t) · (M + (p+ 2)a∇⊥t)
+ 4(p+ 1)| dt|2Ad

+ (χ− χ2/4)q2 + 2(p+ 1)χqa ∂et
− χFq/2 + 3F 2/4.

(4.10)

After substituting F = trAχ S, this expression extends smoothly across σ = 0.

Proof. Apply the scalar identity of [34, Proposition 4.1] in spatial dimension three, so its surface
dimension is k = 2. To distinguish the two conventions temporarily, add a subscript A to its
variables. The exact dictionary is

tA = 2t, ZA = 2Z, lA(s) = l(s/2), pA = p/2,
µA = 8πµ, JA = 8πJ, SA = S.

(4.11)

The quantities D, d,w, a, v,Hf , F, U are identical. In particular,

2d
2 + pAv

= 4d
4 + pv

= χ, uA = etA l
√
D = u, 2∇ZA = 4∇Z,

and the companion metric e2tA ḡ is precisely ĝ = e4tḡ. Thus the divergence term, trace prescription
and metric match without rescaling their flux. The physical density conversion gives 8π(µ+J(w));
the ADM energy and momentum are not changed by that conversion.

For the quadratic expression, the companion coefficient sp = pA + (k − 1)/2 is (p+ 1)/2, and
dtA = 2dt. Its transverse square is |M + (p+ 1)a∇⊥t|2. Combining its residual −[a2|∇⊥t|2] with
that square gives (M + pa∇⊥t) · (M + (p + 2)a∇⊥t). The remaining gradient contribution is
4(p+ 1)|dt|2Ad

. Its normal terms become

(χ− χ2/4)q2 + 2(p+ 1)χqa ∂et− χFq/2 + 3F 2/4.

These substitutions give Equations (4.9) and (4.10). Smoothness at zero gradient is part of the
invariant identity: the temporary axis has not been used to define its coefficients. The import is
pointwise and requires neither an energy condition nor a solved divergence equation.

Lemma 4.2 (Polynomial coercivity). The weighted coercivity theorem of [34, Proposition 4.2],
with Equation (4.11), makes T nonnegative. For 0 ≤ p ≤ N ,

| dt|2Ad
+ |T |2 + |M |2 + dq2 + F 2 ≤ C(1 +N)AT (4.12)

with universal C,A. At dt = 0 there is the stronger comparison, uniform in p, d,

c
(
|T tf |2 + |M |2 + χq2 + F 2) ≤ T ≤ C

(
|T tf |2 + |M |2 + χq2 + F 2). (4.13)

Proof. With x = ∂et and y = ∇⊥t, exact completion gives

T = 1
2 |T tf |2 + |M + (p+ 1)ay|2 + [4(p+ 1) − v]|y|2

+ 4(p+ 1)d
(
x+ χaq

4d

)2

+ 3
4

(
F − χq

3

)2
+ 4d(9 − d)

3(4 + pv)2 q
2.

(4.14)
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Completing first in x leaves 3χq2/(4 + pv); completing next in F leaves 3χ/(4 + pv) − χ2/12 =
4d(9−d)/[3(4+pv)2]. The latter coefficient is at least 32d/[3(4+N)2]. It controls dq2 polynomially.
The F -square then controls F 2, since χ2q2 ≤ dq2. The transverse gradient coefficient is at least
three, and the shifted M -square controls M with an additional factor (1 + N)2. The squared
d-norm of the shift in the x-square is χ2vq2/(16d) ≤ dq2/16, so it also controls dx2. Finally
|T |2 = |T tf |2 + (F − χq)2/2. This proves (4.12). If dt = 0, the sole cross term is −χFq/2. Using
|χFq|/2 ≤ χq2/4 + χF 2/4 and 0 < χ ≤ 1 proves (4.13).

The scalar identity separates curvature from divergence. At the inner boundary we must also
relate this divergence flux to mean curvature. Differentiating the definition of Z gives, wherever
df ̸= 0,

4 dt+ 1
2 d logD = 4 dZ = (4 + pv) dt+ v d log σ. (4.15)

This relation is smooth in its direction-free form and will be used only in contractions that extend
across df = 0.

Lemma 4.3 (Boundary identity). On a face where f is constant,

Vν/u = d(H + 4∂νt) −H + wν(F − PB). (4.16)

Its mean curvature in ĝ, with normal into Ω, is e−2t√d (H + 4∂νt).

Proof. The tangential Hessian is Hess f |TB = (∂νf) IIg. Thus tr⊥H
f = wνH and χq = F −PB −

wνH. The normal component of (4.8), using (4.15), is

Vν/u = 4d∂νt+ χwνq = 4d∂νt+ wν(F − PB) − vH.

The ḡ-normal is
√
d ν. Its mean curvature is

√
dH, because the tangential metric is unchanged

and its normal first variation is multiplied by
√
d. The conformal mean-curvature formula gives

the asserted mean curvature for ĝ.

4.3 The source, boundary condition, and continuation path

We now prescribe the divergence and inner flux. For the original system, the source is chosen
to give the deformed metric nonnegative scalar curvature. A penalty near the lower bound will
exclude contact with that bound along the continuation path.

Choose 3/4 < γ < 1 and fixed positive smooth weights

ρ0 ≍ r−4, ρ1 ≍ r−2γ ,

with differentiated end bounds. Let m : R → [0, 1] be smooth, equal to one on (−∞, 0] and zero
on [1,∞), and set

m0(t) = m(N(t+ ϵ)), P = CN (ρ0 + vρ1).

The positive δ0 is fixed independently of N,R in Proposition 4.9; thereafter CN is a sufficiently
large polynomial constant. Define

Ξ = δ0T + ρ+ δ0τaσ −m0(t)P. (4.17)

Choose a smooth face function NB > 1 + supB |H|. The original second equation and its inner
condition are

div V = uΞ, Vν/u = −H + wν(F − PB) −NBd. (4.18)
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Lemma 4.3 gives H + 4∂νt = −NB. Only −ϵ ≤ t ≤ −ϵ+ 1/N is penalized in the admissible range.
Since N > 2/ϵ, this band has negative t, and

ℓ ≤ l ≤ eℓ, cℓ ≤ L ≤ Cℓ on the admissible penalty band. (4.19)

The latter constants can be uniform for 0 < ϵ < 1.

Proposition 4.4 (Specified homotopy). There is a continuous piecewise smooth family of systems
indexed by s ∈ [0, 4], beginning at (4.7), (4.18) and the original Dirichlet values, and ending at
f = 0 and the scalar problem with zero source and zero inner conormal flux. Throughout its first
three stages the source is (4.17), with T evaluated using the actual trace F . Each trace equation
has right-side derivative at least one in h, with x,Z,∇f fixed.

Proof. Fix a smooth j : R → [0, 1] which vanishes for t ≤ 0 and equals one for t ≥ 1. For
0 ≤ λ ≤ 1 put

Vλ = uAχ(4∇Z + λK(w, ·)), B = −H + wν(F − PB) −NBd.

Before the last stage use the boundary condition

(Vλ)ν/u = [1 − (1 − λ)j(t)]
· [B − (1 − λ)(AχK(w, ·))ν ].

(4.20)

Outer values remain f = Z = 0 throughout.
We specify two smooth collar modifications. Let νs = ∇s/|∇s| be the outward unit normal to

a collar leaf; the leaf coordinate s here is local and is separate from the homotopy parameter.
Choose disjoint collar cutoffs equal to one at the faces. Take η > 0 so small that b− + 3η < b+.
A black contribution to D0(x,w, h) is a negative constant times a collar cutoff, times a smooth
directional cutoff supported where w · νs < −1/2 and equal to one at −1, times a nonincreasing
height cutoff equal to one below b− + η and zero above b− + 2η. A white contribution has positive
sign, its directional cutoff supported where w ·νs > 1/2 and equal to one at 1, and a nondecreasing
height cutoff equal to zero below b+ − 2η and one above b+ − η. Decrease η to separate these
ranges. Their sum D0 is smooth, bounded, supported in the collars, and nondecreasing in h. It is
nonpositive for h ≤ b− + η, nonnegative for h ≥ b+ − η, and vanishes on black outward and white
inward directions, for every length 0 ≤ |w| ≤ 1.

Choose the magnitudes larger than 2 supB |H|+1. Equation (4.1) then gives, for F = h+C+D0
at the assigned boundary height b = b±,

F (x,+ν, b) ≥ PB +H, F (x,−ν, b) ≤ PB −H. (4.21)

These are limiting directional evaluations at a = 1, χ = 0. The compatible direction has equality;
D0 corrects the other one. Its derivatives on bounded height ranges are independent of N . Choose
a smooth compactly supported extension b(x), constant equal to b± on each smaller collar. On
these collars let D1(x,w) = A1w · νs, extended by a collar cutoff, with A1 > supB |H| + 1. Then
D1(x, 0) = 0 and D1(x,±ν) = ±A1 on B.

The four stages are the following.

(i) For 0 ≤ s ≤ 1, set λ = 1 − s, keep F = h+ C and h|B = b, and use div Vλ = uΞ and (4.20).

(ii) For 1 ≤ s ≤ 2, set λ = 0, α = s − 1, retain h|B = b, and replace the trace right side by
F = h+ C + αD0(x,w, h). Keep the same scalar equation and boundary prescription.
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(iii) For 2 ≤ s ≤ 3, set λ = 0, ζ = s− 2, prescribe h|B = (1 − ζ)b, and use

F = h+ (1 − ζ)[C +D0(x,w, h+ ζb(x))]
+ ζ[trAχ K +D1(x,w)].

(4.22)

Keep the same scalar equation and boundary prescription. At a face, h+ ζb = b. The value
at w = ±ν is the convex combination of the preceding directional value and PB +D1(x,±ν),
so (4.21) persists.

(iv) For 3 ≤ s ≤ 4, retain the trace problem at ζ = 1 and multiply both Ξ and the right side of
(4.20) by ηs = 4 − s.

The prescriptions agree at the common endpoints. Their h-derivatives are 1, 1 + α∂hD0, or
1 + (1 − ζ)∂hD0, all at least one.

At ζ = 1 the trace equation is trAχ H
f = h+D1(x,w) with zero Dirichlet values. At a positive

interior maximum of f , one has w = 0, Aχ = I, D1 = 0, and l∆f = τf > 0, a contradiction. A
negative minimum is excluded in the same way. Thus f = 0 and t = Z in the last stage. At s = 4
the remaining equation is div(4L(Z)∇Z) = 0, with zero inner conormal flux and Z = 0 on SR.
Multiplication by Z and integration give Z = 0. For the fixed-point construction in Section 6,
the final linear scalar problem has zero source and zero inner flux for every input; consequently
that last map has output identically zero.

4.4 Elementary height and end barriers

Lemma 4.5 (Height control). Every smooth trace solution in Proposition 4.4 satisfies |h| ≤ C0,
independently of N,R, the homotopy parameter, and the input Z. Its actual right side satisfies
|F | ≤ CF with the same independence.

Proof. The collar modifications vanish at w = 0. At an interior extremum the trace equation
reads either trK + l∆f = h + C or trK + l∆f = h + (1 − ζ)C + ζ trK. The maximum and
minimum inequalities bound h by fixed bounds for | trK| + |C|. Boundary values range between
b−, 0, b+. This proves the height bound without using the floor. Boundedness of D0, D1 and
| trAχ K| ≤ 3|K| proves the assertion for F .

Lemma 4.6 (End height and outer boundary). There are r0, C > 0, independent of N,R and
the homotopy parameter, such that for R ≥ 2r0,

|h| ≤ C(r−γ −R−γ) (r0 ≤ r ≤ R). (4.23)

In particular,
|∇f | ≤ CR−1−γ/τ on SR. (4.24)

For fixed ϵ,N , a sufficiently large lower bound for R gives t > −ϵ on SR.

Proof. Take r0 outside the supports of K,C,D0, D1. There F = h in the first three stages, and
h = 0 in the last one. For ψ = r−γ , with axis ∇ψ/|∇ψ|, the controlled end gives, uniformly for
0 < χ ≤ 1,

trAχ Hessψ = γ((γ + 1)χ− 2)r−γ−2 +O(r−γ−3) < 0

after enlarging r0. At a comparison contact, coefficients use the given Z and the common gradient
of test and solution. The positive factor l/(τ

√
D) preserves this sign. Height monotonicity
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therefore makes C(ψ − R−γ) an upper barrier and its negative a lower barrier. Choose C to
dominate C0 on r = r0 for every R ≥ 2r0. Differentiating at the common outer value gives (4.24);
tangential derivatives there vanish.

At SR, Z = 0. The monotonicity of its defining expression implies t > −ϵ if ℓ2|∇f |2 < e8ϵ − 1.
It suffices to require C2ℓ2τ−2R−2−2γ < e8ϵ − 1, which is a permissible lower bound depending on
fixed N, ϵ.

4.5 Exclusion of a contact with the floor

We exclude a proposed floor contact using the equations at that point. These estimates require
neither an upper bound for Z nor a bound for |∇f |.

Lemma 4.7 (Curvature at a minimum of t). At an interior point where dt = 0 and Hess t ≥ 0,

1
2e

4t Scalĝ ≤ 1
2 Scalg −vRicg(e, e) + S(Hf ), (4.25)

where, for a symmetric tensor A,

S(A) = 1
4(tr⊥A)2 − 1

2 |Atf
⊥⊥|2

+ dAee tr⊥A− d|Ae⊥|2.
(4.26)

There are universal c∗, η∗ > 0 and polynomial constants CN such that, at dt = 0,

T − S(Hf ) ≥ c∗T − CN (F 2 + |K|2). (4.27)

If K = 0, the more useful uniform estimate is

T − S(Hf ) ≥ c∗T − CNvF
2. (4.28)

Proof. Consider the graph of f in the Riemannian product with warped fiber (Ω × R, g + l2 db2
0).

Its induced metric is ḡ. At dt = 0 one also has dl = 0, and its second fundamental form, up
to orientation, is Hf . Write E = l−1∂b0 . The graph unit normal is

√
dE − ae. The ambient

curvature formulas at this point are

Scalamb = Scalg −2∆l/l,
Ricamb |TΩ = Ricg − Hess l/l, Ricamb(E,E) = −∆l/l,

with zero mixed Ricci terms. Hence the ambient contribution to half the graph scalar curvature is
1
2 Scalg −vRicg(e, e) − v tr⊥ Hess l/l.

The last term is nonpositive: at dt = 0, Hess l = lp Hess t and p ≥ 0. The second-form
contribution is [(trḡHf )2 −|Hf |2ḡ]/2. Since the inverse graph metric is Ad, its expansion is exactly
(4.26). Finally the conformal contribution at this point is −4∆̄t ≤ 0. This proves (4.25).

The pointwise algebraic clause of [34, Lemma 4.3] applies under Equation (4.11). We also
record its three-dimensional calculation, because the boundary homotopy below needs its precise
degenerate normal coefficient. First evaluate S on S = K +Hf , whose trace in the transverse
plane is F − χq. Subtracting (4.26) from (4.10) at dt = 0 gives

T − S(S) = |T tf |2 + (1 + d)|M |2

+ χ(1 + d− χ/2)q2 − dFq + F 2/2.
(4.29)
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The normal coefficient is at least χ, while |dFq| ≤ χq2/2 + d2F 2/(2χ). Because

d2/χ = d(4 + pv)/4 ≤ 1 +N/4,

Equation (4.13) implies T − S(S) ≥ cT − C(1 +N)F 2 with universal c > 0.
To replace S by Hf = S −K, polarize (4.26). The difference is bounded by

C|K|(|T tf | + |M | + |F | + d|q|) + C|K|2.

Indeed the only extra normal product is dq tr⊥K; all remaining products involve transverse
entries, dM , or tr⊥ S = F − χq. By (4.13) and d/

√
χ ≤ C

√
1 +N , this bound is at most

C
√

1 +N |K|
√

T + C|K|2. Young’s inequality absorbs a fixed small fraction of T and costs only
C(1 +N)|K|2. This proves (4.27).

If (1 + p)v ≤ η∗, then d and χ are within Cη∗ of one. At d = χ = 1 the normal block in (4.29)
is 3q2/2−Fq+F 2/2; its symmetric matrix has smallest eigenvalue (2−

√
2)/2 > 0. Choose η∗ > 0

small enough that its coefficients remain within half this spectral gap. The transverse coefficients
are already bounded below. For K = 0, Equation (4.13) therefore gives T − S(Hf ) ≥ c∗T in this
regime. In the remaining regime v > η∗/(1 +p), use (4.27) with K = 0 and absorb (1 +N)F 2 into
C(1 +N)2vF 2. This proves (4.28). All formulas extend to σ = 0 by their invariant expressions;
there d = χ = 1 and the full quadratic expressions are independent of the temporary choice of
axis.

Lemma 4.8 (Homotopy errors at a floor contact). There is a fixed compact set K ⊂ Ω containing
the supports of K,C, b,D0, D1 such that, at an interior minimum t = −ϵ of a smooth solution in
the first three stages,

div Vλ/u ≥ 2δ0T + τaσ − C(1 +N)A[1K + v(ρ0 + ρ1)]. (4.30)

Here δ0 > 0 can be fixed sufficiently small independently of N,R and the homotopy parameter.

Proof. At this contact dt = 0 and p = N is locally constant as a function of t near its value −ϵ.
Differentiating w in an orthonormal frame gives

∇iwj = Hf
ij − wjH

f
ikw

k. (4.31)

In the e-frame the normal vector slot is multiplied by d. Equations (4.13) and d/√χ ≤ C
√

1 +N
therefore show

|∇w| ≤ C(1 +N)A(|K| +
√

T ). (4.32)

No bound for the uncontracted normal Hessian is asserted.
Each first-three-stage right side can be written as a smooth function F (x,w, h, p). Its h-

derivative is at least one. On the bounded height range supplied by Lemma 4.5, its explicit x- and
w-derivatives are polynomially bounded and compactly supported, apart from the derivative of
the term h. This follows directly from the fixed collar cutoffs and Aχ = I − (p+ 4)w⊗w/(4 + pv),
whose denominator is at least four. For example its first w-derivatives on |w| ≤ 1 are bounded by
C(1 +N)2, and the other explicit modifications have bounds independent of N . Combining these
bounds with (4.32) and Young’s inequality therefore produces a fixed finite power of 1 +N . Since
∇p = 0 at the contact and w(h) = τaσ, the chain rule and (4.32) give, for every fixed η > 0,

w(F ) ≥ τaσ − ηT − Cη(1 +N)A1K. (4.33)
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The dependence D0(x,w, h + ζb(x)) only adds the fixed compact derivative of b and does not
change this conclusion.

The omitted flux is (1 − λ)uAχK(w, ·). Let BK = AχK(w, ·). Its derivative is bounded by
a polynomial constant times 1 +

√
T on K, by (4.32); derivatives of p vanish. The weight term

requires the contraction rather than a bound for |∇ log u|. At the contact,

∇ log u = Hf (w, ·), ⟨∇ log u,BK⟩ = a2(χHf
eeKee +Hf

e⊥ ·Ke⊥
)
.

This involves only χHf
ee and Hf

e⊥ and is controlled by (4.13). It follows that

| div(uBK)|/u ≤ ηT + Cη(1 +N)A1K. (4.34)

Combine the scalar identity with (4.25). The difference 8πµ−Scalg /2 equals ((trK)2−|K|2)/2
and is compactly supported; so is J . The term F trK is compactly bounded by Lemma 4.5. On
K, Equation (4.27) therefore contributes c∗T −C(1 +N)A. Outside K, K = 0, F = h, and (4.28)
together with Lemma 4.6 gives c∗T − C(1 +N)Avr−2γ . The remaining Ricci term is bounded
below by −C1K − Cvr−3; enlarge K if necessary. Both end weights are bounded by a multiple of
ρ0 + ρ1. Finally subtract the omitted flux and use (4.33)–(4.34), choosing their two η’s with sum
at most c∗/2. Fix 0 < δ0 < min(c∗/4, 1/4). Decreasing it slightly if necessary gives (4.30).

Proposition 4.9 (Floor exclusion). Choose δ0 as in Lemma 4.8. There is a polynomial choice
CN = C(1 +N)A in the penalty such that, for all sufficiently large N and all R ≥ Rfloor(N, ϵ),
no smooth solution anywhere along Proposition 4.4 can satisfy t ≥ −ϵ and attain t = −ϵ. In
particular every such admissible solution has t > −ϵ on ΩR.

Proof. Choose Rfloor to include the requirement of Lemma 4.6. A floor contact cannot occur on
SR. In the first three stages, an inner contact has j(t) = 0. Equation (4.20) then cancels the
omitted flux on both sides and gives Vν/u = B. Equation (4.16) forces H + 4∂νt = −NB, so
∂νt < 0. This contradicts the nonnegative derivative into ΩR at a boundary minimum.

Consider an interior contact. Let EN = C(1 + N)A[1K + v(ρ0 + ρ1)] denote the error in
(4.30). Because ρ0 has a positive minimum on K, 1K ≤ CKρ0. Also vρ0 ≤ ρ0, and ρ/ρ0 is globally
bounded. We can therefore choose a polynomial CN so large that, pointwise for all 0 ≤ v ≤ 1,

P ≥ EN + 2ρ+ ρ0. (4.35)

At the floor m0 = 1, so the scalar equation and the lower estimate give

0 ≥ δ0T + (1 − δ0)τaσ + P − EN − ρ

≥ ρ+ ρ0 > 0,

a contradiction. Enlarging CN below preserves this inequality and preserves its polynomial
dependence.

In the last stage f = 0, t = Z, u = L, and v = 0. At an interior minimum, T =
(|K|2 + (trK)2)/2. Increase CN polynomially if necessary so that δ0T + ρ − CNρ0 < 0 at all
such points. For ηs > 0, the scalar equation at a floor minimum has left side 4L∆t ≥ 0 and
strictly negative right side. At an inner floor minimum its flux is 4∂νt = ηs(−H −NB) < 0, also
impossible. If ηs = 0, multiplication of div(4L(t)∇t) = 0 by t, with zero outer value and zero
inner flux, gives t = 0. Thus the last stage has no floor contact either.

We have excluded floor contact for every smooth admissible solution along the specified
homotopy. Section 5 supplies the remaining a priori bounds, and Section 6 proves existence. The
choice of P uses only polynomial losses in N ; it is independent of all fixed-N Schauder constants.
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5 A priori estimates for the deformation
We bound the height, boundary slopes, and conformal variable before using classical regularity.
Fix the prepared exterior of Proposition 3.7, its thresholds and collars, and ϵ > 0. We use the
variables and four stages of Proposition 4.4. A solution is smooth on a finite truncation and
satisfies t ≥ −ϵ, so the estimates include putative floor-contact solutions. No Hessian bound or
upper bound for Z is assumed.

A quantity denoted by ΠN is bounded by C(1+N)A, with C,A independent of the truncation,
the homotopy parameter, and N . It can increase at successive uses. The fixed data, collars, and
ϵ can enter C,A. A constant denoted by C(N) can depend arbitrarily on these fixed data and on
N, ℓ, τ ; it is still independent of the truncation and the homotopy parameter. Constants explicitly
described as fixed do not depend on N . Recall that

ℓ = e−ϵN , τ = ℓ3/2, ℓ ≤ l ≤ e, 0 ≤ p ≤ N,
4d

4 +N
≤ χ ≤ d. (5.1)

In particular ΠNτ/ℓ → 0. This small factor will absorb only terms whose constants are polynomial.

5.1 Sublevels and exclusion of boundary layers

The limiting height will be only lower semicontinuous. We first show how an expansion bound on
its lower tests controls every exterior support of a closed sublevel, including a plateau. This local
step will also apply to the four-dimensional constructions.

Lemma 5.1 (Exterior supports of a closed sublevel). Let U be an open subset of a smooth
Riemannian manifold of dimension d ∈ {3, 4}, let Q be a smooth symmetric tensor on U , and let
u : U → R be finite and lower semicontinuous. Fix k < k′ and q0 ∈ R. A smooth lower test of u
at x is a smooth function ϕ with ϕ(x) = u(x) and ϕ ≤ u near x. Suppose every such test with
u(x) < k′ and dϕ(x) ̸= 0 satisfies

EQ[ϕ](x) ≤ q0,

where EQ is the expansion in Equation (3.12) of the regular level through x, oriented toward
increasing ϕ. Equivalently, subtract ϕ(x) before applying that formula. Then every smooth exterior
support of the relatively closed set Dk = {x ∈ U : u(x) ≤ k}, at a frontier point in U , has
expansion at most q0.

Proof. For integers j ≥ 1 define

Sj(s) =
(
1 + exp[−j2(s− k − j−1)]

)−1
, vj = Sj ◦ u. (5.2)

These functions are lower semicontinuous and take values in (0, 1). Their lower relaxed limit
lim infj→∞, y→x vj(y) is the function Ik(x) equal to zero on Dk and one on its complement. Indeed,
at x ∈ Dk the constant sequence gives vj(x) ≤ Sj(k) → 0, while vj ≥ 0 everywhere. If u(x) > k,
lower semicontinuity gives a neighborhood on which u ≥ k + δ for some δ > 0, and vj → 1
uniformly there.

Let ϕ define an exterior support of Dk at x: ϕ(x) = 0, dϕ(x) ̸= 0, and ϕ ≤ 0 on Dk near x.
Shrink to a small normal-coordinate ball compactly contained in U on which |ϕ| < 1/2. Then ϕ
is a lower test of Ik at x. Subtract a small positive multiple of the fourth power of the distance
from x to make this contact strict without changing its two-jet; write the resulting function as ϕ0.
Minimize vj − ϕ0 on the closed ball. The preceding relaxed-limit description, the strict contact,
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and vj(x) → 0 show that the minimizers xj lie in its interior for large j, satisfy xj → x, and have
contact values vj(xj) → 0. Thus ϕ0 + aj is a lower test of vj at xj , where aj → 0.

For each fixed large j, restrict to a neighborhood of xj on which ϕ0 + aj takes values in (0, 1).
The increasing function S−1

j makes S−1
j (ϕ0 + aj) a smooth lower test of u. Its contact height is

u(xj) = k + j−1 + j−2 log vj(xj)
1 − vj(xj)

≤ k + j−1 < k′

for all sufficiently large j. Its gradient is nonzero, since dϕ0(xj) → dϕ(x) ̸= 0. An increasing
smooth composition preserves the oriented level expansion: it preserves the unit normal, and for
θ′ > 0,

Hess(θ ◦ ϕ0) = θ′ Hessϕ0 + θ′′ dϕ0 ⊗ dϕ0,
tr( dϕ0)⊥ Hess(θ ◦ ϕ0)

| d(θ ◦ ϕ0)| =
tr( dϕ0)⊥ Hessϕ0

| dϕ0|
.

The hypothesis therefore gives EQ[ϕ0 +aj ](xj) ≤ q0. Letting j → ∞ yields EQ[ϕ](x) ≤ q0, because
ϕ0 and ϕ have the same two-jet at x.

For notation in this section, let Bc be the full closed maximal black region at threshold c,
and let Wc be the corresponding white region with Bcb

held fixed. These are the families used in
Proposition 3.7.

Lemma 5.2 (Uniform separation from the wrong height). In the first two homotopy stages, the
following holds. If Q ⊂ Ω̄ is compact and disjoint from Bcb

, there are ηQ > 0 and NQ such that

h ≥ b− + ηQ on Q (5.3)

for every N ≥ NQ, every sufficiently large allowed truncation, and every admissible or floor-contact
solution in those stages. If Q is disjoint from Wcw , the analogous conclusion is h ≤ b+ − ηQ. The
compact sets are relative to the full closure: they may contain faces of the opposite color.

Proof. We prove the lower assertion. It is enough to consider an arbitrary sequence Ni → ∞,
Ri → ∞ and solutions in either of the first two stages. The elementary height and end estimates
in Lemmas 4.5 and 4.6 give

|hi| ≤ C0, |hi| ≤ C(r−γ −R−γ
i ) on the end, 3/4 < γ < 1. (5.4)

Near each white face extend hi to the other side by the constant b+. Extend the fixed geometric
coefficients smoothly there. The extended functions are continuous. Define the lower relaxed limit

h(x) = lim
j→∞

inf{hi(y) : i ≥ j, dist(x, y) < 1/j}.

It is lower semicontinuous, bounded, and satisfies the limiting end bound. No equicontinuity of
hi is asserted.

Choose b− < k′ < min{0, b− + η}, where η is the low-height sign range of the added term D0.
Suppose that a smooth function ϕ touches h from below at x, with h(x) ≤ k′ and dϕ(x) ̸= 0.
Exclude for the moment the black faces. Subtracting a small fourth-order localization term from
ϕ makes the contact strict without changing its two-jet. Minimization on a small closed ball then
produces, after passing to a subsequence, points xi → x and constants ci → 0 such that ϕ+ ci
touches hi from below at xi, and hi(xi) → h(x). The boundary of this ball cannot contain xi by
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strictness. Nor can xi lie on a white face or on the extended side: their values there are b+ > k′.
Thus every sufficiently large i uses the interior trace equation.

At these contacts,

∇fi = τ−1
i ∇ϕ, di ≤ τ2

i

ℓ2i |dϕ(xi)|2
−→ 0, ai −→ 1, χi −→ 0.

Here ai = li|∇fi|/
√
Di is the deformation variable. Positivity of Aχi and the Hessian inequality

at a lower contact imply

trAχi
K + li

τi
√
Di

trAχi
Hessϕ ≤ Fi(xi).

In the second stage D0 ≤ 0 at these values; in the first stage it is absent. Consequently
lim supFi(xi) ≤ k′ + Cb. Passing to the limit gives

tr(dϕ)⊥ Hessϕ
|dϕ|

+ tr(dϕ)⊥ K ≤ k′ + Cb. (5.5)

This is the expansion of the level surface of ϕ, oriented toward increasing ϕ. The only Hessian
used in this passage is the fixed test Hessian. Removing the localization proves the assertion for
non-strict contacts as well.

Fix b− < k < k′ and put Ek = {h ≤ k}. Apply Lemma 5.1 with u = h, tensor Q = K, and
q0 = k′ + Cb. The function is finite and lower semicontinuous, and Equation (5.5) supplies the
required bound for every nonzero-gradient lower test below k′. We apply the lemma locally away
from black faces, using the constant extensions to obtain open neighborhoods across white faces.
Every exterior support of Ek there consequently has expansion at most k′ +Cb, with no regularity
assumption on the sublevel.

This argument also rules out a hidden layer at a white face. At every point strictly on the
added side, the relaxed limit equals b+ > k. Thus Ek lies locally in the original closed exterior,
and the reversed white face is an exterior support of Ek at any contact there, with expansion

−HB + PB = −cw > 0.

For k′ sufficiently close to b−, this is strictly greater than k′ + Cb. The high extension ensured
that all preceding low-value tests came from the interior equation, so the support contradiction
applies at the face itself. Hence Ek avoids every white face. The end estimate makes Ek compact.

Adjoin the entire closed region Bcb
. At a point on its smooth black frontier, every exterior

support of the union also contains the black region locally. The tangency comparison therefore
bounds its expansion by cb < k′ +Cb. At all other frontier points the preceding sublevel argument
applies. The resulting compact closed set contains the required original inner barrier with a
collar, because the black region already does. It avoids the outer barriers. Lemma 3.6 places
it in a smooth black trapped region at any threshold c′′ > k′ + Cb sufficiently close to cb. It is
consequently contained in Bc′′ .

Finally let Q be as in the lemma. Hausdorff right continuity at cb gives a δ > 0 such that
Bcb+δ ∩Q = ∅; decrease δ so that the enlarged threshold is still negative and all barriers remain
strict. Choose k, k′, c′′ with

b− < k < k′, k′ + Cb < c′′ < cb + δ.
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The construction implies Ek ∩ Q = ∅ for every sequence under consideration. If the uniform
estimate h > k on Q failed, choose violating solutions with Ni → ∞, Ri → ∞ and xi ∈ Q,
hi(xi) ≤ k. A subsequence has xi → x ∈ Q and h(x) ≤ k, a contradiction. This gives (5.3), after
decreasing its positive margin.

For the upper assertion apply the entire argument to (−h,−K,−C), interchanging colors. The
reversed black faces have strictly positive white expansion −cb. Their exclusion and compactness
give positive distance from the black region before applying the white version of Lemma 3.6.
Adjoining the full white region is therefore legitimate in the fixed black complement. Empty
white regions and missing face types cause no change: only an actually nonempty sublevel would
supply a trapped seed and hence a contradiction.

For the truncation quantifier, start with any Rmin(N) → ∞ that satisfies the outer estimates
of Section 4, and enlarge it when necessary. Failure of any asserted estimate for arbitrarily large
N and R ≥ Rmin(N) supplies exactly the sequence excluded above. Only finitely many compact
sets will be needed below, so their thresholds can be chosen simultaneously.

The weak-set argument has kept low heights near black faces and high heights near white
faces. We now sharpen this separation into a nonzero signed boundary slope. That slope makes
the otherwise uncontrolled inner flux small enough for the mass estimate.

5.2 Signed collar barriers

Lemma 5.3 (Boundary slopes). There are fixed constants c, C∗ > 0 such that, for sufficiently
large N and the allowed truncations, the first two stages satisfy

c/τ ≤ ∂νf ≤ C∗/τ on black faces,
c/τ ≤ −∂νf ≤ C∗/τ on white faces.

(5.6)

During the third stage one still has |∂νf | ≤ C∗/τ . On every fixed compact region needed for the
final scalar-curvature estimate, the first two stages satisfy b− ≤ h ≤ b+.

Proof. Write s for the smooth leaf parameter in an outward collar and νs = ∇s/|ds|. All geometric
coefficients of this fixed collar are bounded, with |ds| bounded above and below. At a comparison
contact with h0 = b− + ψ(s), ψ′ > 0, the shared gradient gives

d ≤ C
τ2

ℓ2(ψ′)2 , 1 − a ≤ d, Nχ ≥ c1d (N ≥ 4). (5.7)

If the slopes are in a fixed positive interval, the first bound is d ≤ Cℓ. None of these comparisons
uses an upper bound for Z.

The trace operator on this test is

trAχ

(
K + l

τ
√
D

Hessh0

)
= Ps + aHs + χK(νs, νs) + aχ

(Hess s(νs, νs)
|ds|

+ |ds|ψ
′′

ψ′

)
, (5.8)

where Ps is the tangential trace of K on the leaf. Thus it is the leaf expansion Hs + Ps, with an
error of absolute value at most Cd, plus the displayed logarithmic-slope term. The same formula
for a negative slope has a replaced by −a in the Hessian terms. This is an evaluation at the
contact variables; it does not differentiate the unknown t.
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On a black collar Hs + Ps ≥ cb and C = Cb − kBs. Choose small positive slopes so that
ψ(0) = 0 and ψ(s) ≤ kBs/2. At the outer end of a sufficiently short fixed collar, Lemma 5.2 lets
this test lie below the solution. In the compatible direction the add-on D0 vanishes. The residual
of the trace equation on the test is therefore at least

kBs/2 − Cd+ aχ|ds|ψ
′′

ψ′ . (5.9)

Choose a smooth nonnegative βN (s) equal to AN for 0 ≤ s ≤ 1/N , supported in 0 ≤ s ≤ 2/N ,
and satisfying

∫
βN ≤ 2A. Define

ψ′(s) = m exp
(∫ s

0
βN (q) dq

)
.

Choose the fixed A large enough that the final term of (5.9) dominates Cd on s ≤ 1/N , using
(5.7) and a ≥ 1/2 there. On s ≥ 1/N , the first term dominates Cd ≤ Cℓ for large N ; the taper
contributes with the good sign. Since the slope multiplier is at most e2A, a fixed sufficiently small
m > 0 enforces all the previous small-slope requirements. This constructs a strict lower barrier
with slopes bounded above and below independently of N .

An upper barrier from b− is constructed in the same collar with

ψ′(s) = M exp
(

−
∫ s

0
βN (q) dq

)
.

The smooth leaf expansion differs from its boundary value by O(s). Choose the fixed M so large
that ψ(s) ≥ C2s dominates this variation, the offset variation, and the height bound at the outer
collar end. The logarithmic-slope term is now negative. On s ≤ 1/N it dominates Cd; on the rest
of the collar the negative margin proportional to s does so. The upper barrier is strict at every
possible positive contact. Its slopes lie in [Me−2A,M ], an interval independent of N .

To check the comparison signs, at a negative interior minimum of h − h0 the Hessian of h
dominates that of h0, the gradients and Z agree, and hence so do t, l, Aχ. The right side is
strictly increasing in the height. Thus a strict positive residual for a lower barrier contradicts the
equation. At a positive maximum the inequalities reverse, proving the upper-barrier assertion.
Taking the one-sided derivative at s = 0 proves the black part of (5.6). Replacing (h,K,C) by
(−h,−K,−C) proves the white part.

In the third stage the boundary height is the assigned interpolated constant, say bζ . Construct
tests bζ + ψ(s) and bζ − ψ(s) with large positive ψ′ and (logψ′)′ = −βN . At s = 0, the two
directional inequalities of Proposition 4.4 say precisely that the positive-slope test has nonpositive
limiting residual and the negative-slope test nonnegative limiting residual. At every comparison
contact, the fixed positive barrier slope and Equation (5.7) give d ≤ Cℓ, so a ≥ 1/2 for large N .
On 1/2 ≤ |w| ≤ 1, the first w-derivatives of Aχ in Equation (4.5) are bounded independently
of 0 ≤ p ≤ N . The other collar terms have fixed smooth coefficients on the bounded height
range. Thus, at fixed boundary height the coefficient and geometric errors are O(s + d + χ),
since |w − (±νs)| = 1 − a ≤ d and the radial comparison segment stays in this range. Changing
the test height supplies, by height monotonicity, a residual of magnitude at least ψ(s) with the
required sign. Large fixed slopes dominate the O(s) error and the outer-end height bound. The
logarithmic-slope term has the required sign for both tests, as follows from (5.8); it dominates the
O(d) error on the initial 1/N interval. The remaining margin dominates it beyond that interval.
This proves the two-sided upper derivative bound, without using sublevel exclusion in the third
stage.
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Finally, on each own-color collar the lower barrier just constructed gives the required one-sided
height bound. On the rest of a fixed compact region use Lemma 5.2; the opposite height bound
on an own-color collar follows from that lemma as well, since the closed collar is disjoint from the
other region. A finite cover proves b− ≤ h ≤ b+ on the compact regions in the statement.

5.3 A trace estimate with polynomial constants

The collar trace estimate must have polynomial constants: it will control the boundary flux both
here and in the mass estimate. We therefore prove it before comparing with the ordinary product
graph.

Lemma 5.4 (Weighted and unweighted collar traces). In the first two stages let C be a fixed
union of disjoint collars of the inner faces, shortened if necessary. For every nonnegative smooth
function φ supported in those collars,∫

B
Lφ dAg ≤ ΠN

∫
C
u
[
(1 +

√
T )φ+ |dφ|Aχ

]
dVg, (5.10)∫

B
φ dAg ≤ ΠN

∫
C

√
D
[
(1 +

√
T )φ+ |dφ|Aχ

]
dVg. (5.11)

The estimates also hold without a support condition on φ if the right sides include a fixed collar
cutoff equal to one on B, with its derivative included in the coefficient of φ.

Proof. For σ > 0, write ef = ∇f/σ, the axis denoted by e in Section 4. Set

W = l∇̄f = l∇f
D

=
√
d aef .

Its norm in ḡ is a ≤ 1. For any covector ξ,

|ξ(W )| ≤ |ξ|Ad
≤
√

1 +N/4 |ξ|Aχ . (5.12)

Direct differentiation, using uW = Lw, gives

div(uW )
u

=
√
d
[
trAd

Hf + (dp+ pL)a∂ef
t
]
, (5.13)

div(
√
DW )√
D

=
√
d
[
trAd

Hf + dp a∂ef
t
]
. (5.14)

For example, divw = trAd
Hf + dp a∂ef

t, while differentiating L adds pLa∂ef
t to the first formula.

Coercivity in Lemma 4.2 bounds both right sides by ΠN (1 +
√

T ). More explicitly, writing
q = (K +Hf )ef ef

, the normal Hessian term has coefficient d3/2, so it is bounded by
√
d|q| + C.

The other Hessian terms are transverse traces, and the gradient term is at most (2N + 2)
√
d|∂ef

t|.
All are controlled by the stated coercivity estimate. This also establishes the formulas and bounds
at zero gradient by their smooth direction-free extensions.

Let εB = 1 on a black collar and −1 on a white collar. The signed slopes give wν = εBa on B
and a ≥ 1/2 for large N . Thus

uWν = εBLa,
√
DWν = εBa.

The outward integration normal is −ν. Apply the divergence theorem to −εBuWφ, with a
fixed collar cutoff. Its boundary flux is Laφ. Equations (5.12) and (5.13), and the fixed cutoff
derivative, give (5.10). Replace u by

√
D and use (5.14) for (5.11). No factor ℓ−1 was used.
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5.4 High-level energy and the first upper bound

The signed slopes and polynomial trace estimate are now available. We use them before allowing
any constants that depend arbitrarily on N . The first stage contains the drift in the divergence
equation. We first bound this stage uniformly for λ ∈ [0, 1]. There is a number M0 = M0(N) > 0
such that

Ξ ≥ δ0T + ρ+ 1
2δ0τaσ on {Z > M0}. (5.15)

Indeed, outside the support of m0 this is immediate. On its support, −ϵ ≤ t ≤ −ϵ+ 1/N , so l is
comparable to ℓ. The identity D = e8(Z−t) shows that aσ tends uniformly to infinity as Z → ∞
in that band. The penalty P is bounded on the whole exterior by ΠN . It is therefore absorbed
by δ0τaσ/2 above a fixed M0(N). This choice is independent of R and λ.

Choose a smooth nondecreasing k0 equal to zero on Z ≤ M0, equal to one on Z ≥ M0 + 1,
and with bounded derivative. Test div Vλ = uΞ by k0(Z). Its outer boundary term vanishes since
Z = 0. The drift cross term is bounded by

uk′
0
∣∣⟨dZ,K(w, ·)⟩Aχ

∣∣ ≤ 2uk′
0|dZ|2Aχ

+ Cuk′
0|K|2.

The last term has bounded integral: it is supported on a fixed compact set and onM0 ≤ Z ≤ M0+1,
where the floor and D = e8(Z−t) bound u and σ by C(N).

At a black face F − PB = H, wν = a; at a white face F − PB = −H, wν = −a. In both cases

−H + wν(F − PB) = (a− 1)H.

The additional omitted-drift term in the homotopy boundary condition has absolute value at most
Cχ ≤ Cd, since AχK(w, ·) has normal component χwνK(ν, ν). The remaining term is −NBd,
and the boundary multiplier lies between zero and one. Hence

|(Vλ)ν | ≤ Cud = CL
√
d ≤ C

τ

ℓ
L on B, (5.16)

where the last inequality uses the lower slope in (5.6). Integration now gives∫
ΩR

uk0
(
δ0T + ρ+ 1

2δ0τaσ
)

dVg + 2
∫

ΩR

uk′
0|dZ|2Aχ

dVg

≤ C(N) + C
τ

ℓ

∫
B
Lk0 dAg. (5.17)

Apply (5.10) with the fixed collar cutoff. The boundary cost is at most

ΠN
τ

ℓ

∫
C
u
[
k0(1 +

√
T ) + k′

0|dZ|Aχ

]
dVg.

Let ρC > 0 be the minimum of ρ on the closed collars. Pointwise, 1 +
√

T ≤ C(ρ+ δ0T ) there,
with C fixed. Since ΠNτ/ℓ → 0, the first summand is absorbed in the first integral of (5.17).
Young’s inequality bounds the derivative summand by

uk′
0|dZ|2Aχ

+ C(ΠNτ/ℓ)2uk′
0.

The second term again has bounded compact integral because it lies in the transition strip of k0.
We obtain ∫

uk0(T + ρ+ τaσ) dVg +
∫
uk′

0|dZ|2Aχ
dVg ≤ C(N). (5.18)
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The smallness requirement on N in this absorption is independent of M0; only its resulting
right-hand constant depends on M0.

The polynomial boundary absorption is complete. We may now use arbitrary fixed-N
comparison constants. Write Γ for the ordinary product graph of f in g + ( db0)2, and dΓ =√

1 + σ2 dVg. The measures dΓ and
√
D dVg are comparable by constants depending only on ℓ.

On every fixed compact set Q, ∫
Γ∩π−1(Q)

e2Z dΓ ≤ CQ(N), (5.19)

where π is projection to the base. To check this without an upper bound for t, observe that

e2Z = e2tD1/4, u = le2t√D, D1/4 ≤ C(N)(1 + τaσ).

The last inequality follows by splitting lσ ≤ 1 and lσ > 1, using ℓ ≤ l ≤ e; on the second set
a ≥ 1/

√
2 and the right side grows linearly in σ, whereas D1/4 grows at most as C

√
σ. Thus the

high-level part of (5.19) follows from (5.18) and the positive minimum of ρ on Q. On Z ≤ M0 + 1,
both σ and e2Z are bounded by the floor identity, which controls the remaining compact integral.

5.5 Sobolev inequality and iteration on the ordinary graph

The high-level estimate gives integral control, but degree requires a pointwise upper bound for
Z. The graph Sobolev inequality and iteration supply that bound. The earlier polynomial trace
estimate, not the constants in this iteration, will control the mass limit.

The comparisons in this subsection are uniform in the solution, R, and the homotopy parameter,
but may depend arbitrarily on N . If d0 = (1 + σ2)−1, then

|dφ|Ad0
= |∇Γφ|, d

d0
= 1 + σ2

1 + l2σ2 .

The last ratio is bounded above and below by constants depending only on ℓ; Equation (5.1)
therefore compares Ad0 , Ad, Aχ without any bound for Z.

Lemma 5.5 (Local graph Sobolev inequality). For a smooth function ω supported over a fixed
compact base patch, which may meet an inner face,

∥ω∥2
L6( dΓ) ≤ C(N)

∫
Γ

[
|∇Γω|2 + (1 + T )ω2

]
dΓ. (5.20)

Proof. Extend the fixed base patch smoothly and embed a compact enlargement isometrically
in Euclidean space by Nash’s embedding theorem [32, Theorem 2, p. 59]. Its product with the
vertical line gives an isometric Euclidean immersion of the graph. The second fundamental form
of the base embedding is bounded, so its contribution to the graph mean curvature vector is
bounded. The scalar mean curvature in the product is

HΓ =
√
D

l
√

1 + σ2

(
tre⊥

f
Hf + d0H

f (ef , ef )
)
.

The prefactor is bounded by C(N), and d0/
√
d =

√
1 + l2σ2/(1 + σ2) ≤ e. Coercivity therefore

gives |HΓ| ≤ C(N)(1 +
√

T ). This estimate involves controlled quadratic energy, not a pointwise
bound for the Hessian.
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The ordinary Michael–Simon inequality [31], in the compact-support form stated in [39,
Chapter 4, Section 5, Theorem 5.7, p. 98], gives after the boundary extension described below,
for nonnegative φ, (∫

Γ
φ3/2 dΓ

)2/3
≤ C

[∫
Γ
(|∇Γφ| + |HΓ|φ) dΓ +

∫
∂Γ
φ dA

]
.

One can obtain the boundary form directly from the compact-support version by smoothly
extending each smooth graph across its boundary and cutting off on a collar tending to zero: the
cutoff derivative integral converges to the boundary integral, and the added curvature integral
tends to zero. This argument is applied to each smooth graph before the uniform estimate is
taken. The only boundary in the support is an inner face, where f is constant and dA = dAg.
Equation (5.11) and the fixed-N graph comparisons bound its contribution by

C(N)
∫

Γ
[(1 +

√
T )φ+ |∇Γφ|] dΓ.

Apply the resulting inequality to φ = |ω|4. Cauchy–Schwarz bounds its right side by

C(N)∥ω∥3
6

(∫
Γ
[|∇Γω|2 + (1 + T )ω2] dΓ

)1/2
.

The left side is ∥ω∥4
6; division, with the zero case separate, and squaring prove the assertion.

To turn the integral bound into an upper bound, let η be a nonnegative cutoff over a fixed
compact patch. For k sufficiently large, independently of R and the solution, test the first-stage
divergence equation by

q = η2e2kZ/L.

The positive measure after cancellation of L is
√
D dVg. The differentiated test is

dq = e2kZ

L
[2η dη + η2(2k dZ − pL dt)].

Its principal exponential contribution is 8kη2e2kZ |dZ|2Aχ
. The source is bounded below by

δ0T − ΠN everywhere. Coercivity and Aχ ≤ Ad give

4pL|⟨dt, dZ⟩Aχ | ≤ 1
4δ0T + C(N)|dZ|2Aχ

.

Choose k ≥ k∗(N) so that the second term is absorbed by the principal contribution. The drift
terms, with |K(w, ·)|Aχ ≤ |K|, obey

2k|⟨K(w, ·), dZ⟩Aχ | ≤ k|dZ|2Aχ
+ Ck|K|2,

pL|⟨K(w, ·), dt⟩Aχ | ≤ 1
4δ0T + C(N)|K|2.

The cutoff cross terms are handled by the same Cauchy inequalities, leaving C(N)ke2kZ(|dη|2g+η2).
The penalty is bounded and contributes to this latter expression. Finally, Equation (5.16) before
its last inequality gives |q(Vλ)ν | ≤ Cη2e2kZ√

d ≤ Cη2e2kZ . Converting to the ordinary graph
yields ∫

Γ
e2kZη2(T + k|∇ΓZ|2) dΓ

≤ C(N)k
∫

Γ
e2kZ(η2 + |dη|2g) dΓ + C(N)

∫
B
e2kZη2 dAg. (5.21)
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Use the unweighted trace with φ = e2kZη2. The boundary term is at most

C(N)
∫

Γ
e2kZ

[
η2(1 +

√
T + k|∇ΓZ|) + η|dη|g

]
dΓ.

Young’s inequality absorbs its
√

T term into the T integral and its k|∇ΓZ| term into the k|∇ΓZ|2
integral. The latter absorption costs C(N)kη2e2kZ , which has the allowed size. Hence∫

Γ
e2kZη2(T + k|∇ΓZ|2) dΓ ≤ C(N)k

∫
Γ
e2kZ(η2 + |dη|2g) dΓ, (5.22)

with constants independent of k ≥ k∗.
Apply Lemma 5.5 to ω = ηekZ and use (5.22). For nested base patches Ur ⊂ Ur′ and a cutoff

satisfying |dη|g ≤ C/(r′ − r), this gives

∥eZ∥L6k(Γ|Ur ) ≤
[
C(N)k2(1 + (r′ − r)−2)

]1/(2k)
∥eZ∥L2k(Γ|Ur′ ). (5.23)

Here Γ|U denotes the part of the graph projecting to U . Iterate with kj = 3jk∗ and radii decreasing
geometrically from r′ to r. The sums ∑ k−1

j and ∑ j/kj are finite. Taking the product in (5.23)
therefore gives

S(r) := sup
Ur

eZ ≤ C(N)(r′ − r)−A(N)∥eZ∥L2k∗ (Γ|Ur′ ). (5.24)

Take all these patches inside a slightly larger fixed patch on which (5.19) holds. Increasing k∗ to
at least two, interpolation gives

∥eZ∥2k∗ ≤ S(r′)1−1/k∗

(∫
e2Z dΓ

)1/(2k∗)
.

Thus S(r) ≤ C(N)(r′ − r)−A(N)S(r′)1−1/k∗ . For every α > 0, Young’s inequality makes this

S(r) ≤ αS(r′) + C(N,α)(r′ − r)−A(N)k∗ . (5.25)

Choose radii increasing geometrically to a fixed outer radius r1, and then choose α < 2−A(N)k∗−1.
Iterating (5.25) has a convergent geometric sum. Its final remainder αjS(rj) tends to zero,
because each individual smooth solution is bounded on the closed outer patch. The resulting
smaller-patch bound is independent of that individual supremum. A finite cover proves a uniform
compact upper bound for Z, including at every inner face.

Beyond a fixed sphere containing the drift support, the equation is div(4uAχ∇Z) = uΞ, and
Ξ > 0 above M0. At an interior maximum above M0 its left side is nonpositive, because dZ = 0
and HessZ ≤ 0. The outer boundary value is zero. The compact bound on that fixed sphere
consequently extends the first-stage upper bound to the whole truncation.

5.6 The remaining stages and the bounded-variable conclusion

In the second and third stages the drift is zero. Their source has the same high-Z positivity as
(5.15), with a uniform threshold for the bounded homotopy range. By Lemma 5.3, on an inner
face

Z = t+ 1
8 log(1 + l2σ2) ≤ t+ 1

8 log(1 + e2C2
∗/τ

2). (5.26)

Thus sufficiently high boundary Z forces j(t) = 1. The prescribed boundary flux is then zero,
since λ = 0. At the face Aχν = χν, so this is exactly ∂νZ = 0. The maximum principle excludes
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a high interior maximum, and the boundary point principle excludes a high maximum on a
smooth inner face with this zero conormal derivative. Both principles are applied to the smooth
individual solution on its finite domain; its coefficients are positive definite there. Locating the
maximum requires no uniform ellipticity constant. The outer value is zero, so these two stages
also have a uniform upper bound.

In the fourth stage f = 0 and t = Z. When the common source/flux scale is positive, the
same maximum and boundary argument works with its positive high-level source. At scale zero
the homogeneous mixed problem and the outer zero Dirichlet value give Z = 0. The upper bound
is consequently uniform also as the scale tends to zero.

Proposition 5.6 (Bounds before regularity). Fix the prepared data and ϵ > 0. There are N0 and
Rmin(N) → ∞ such that, for each fixed N ≥ N0 and every R ≥ Rmin(N), all smooth solutions of
the four-stage homotopy with t ≥ −ϵ satisfy

|h| ≤ C0, |f | ≤ C0/τ, −ϵ ≤ t ≤ Z ≤ C(N), |∇f | ≤ C(N). (5.27)

The constants are uniform in R and in the homotopy parameter. They include putative floor-
contact solutions, which are then excluded by Proposition 4.9. The fixed signed slopes, the
third-stage upper slopes, and the polynomial trace estimates are those of Lemmas 5.3 and 5.4.

Proof. It remains to extract the bounds for the conformal variable and the gradient. Since
Z = t+ logD/8 and D ≥ 1, the floor gives −ϵ ≤ t ≤ Z. The upper bound for Z gives

σ2 = e8(Z−t) − 1
l2

≤ ℓ−2(e8(C(N)+ϵ) − 1
)
.

This proves the asserted fixed-N gradient bound. The height bounds are Lemma 4.5. The finite
collection of sublevel and collar estimates and the polynomial absorption choose N0 once. Enlarge
Rmin(N) to include the outer estimates and all fixed compact patches used above. The next
section derives Hessian and continuity estimates from these bounds and uses them to prove
existence.

6 Solving the three-dimensional boundary deformation
The boundary estimates have bounded f , Z and Df for every admissible solution of the contin-
uation equations. We now turn those bounds into existence. Two points need attention. The
divergence equation for Z contains |D2f |2, so the bounded variables do not immediately give
a classical elliptic estimate. Also, a compact solution map must be defined on an open set of
arbitrary inputs, before imposing the admissibility inequality t > −ϵ.

We address these points in order. A gradient-aligned scalar equation gives both continuity
of Df and a local integral bound for D2f . An oscillation argument then gives continuity of Z,
after which ordinary boundary regularity applies. Separately, a scalar Dirichlet problem can be
solved for every bounded input Z, even when its associated t lies below the floor. Freezing that
scalar solution in the divergence equation produces the compact map. The floor exclusion and
the preceding estimates keep its fixed points inside the admissible set along the homotopy of
Proposition 4.4.

All regularity constants in this section may depend on the fixed deformation parameters N , ϵ
and τ . They are not used in any earlier argument requiring polynomial dependence on N . The
estimates needed for exhaustion will be uniform in the outer radius R at fixed N .
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6.1 From a bounded gradient to a Hessian integral bound

The first equation has two equal transverse eigenvalues; its remaining eigenvector is the gradient
of its solution. This structure gives a gradient estimate before the axial eigenvalue is continuous.
The accompanying Hessian estimate will control the source in the second equation.

In the next two lemmas, D denotes coordinate derivatives; it is not the scalar 1 + l2|∇f |2 from
the deformation. Balls are Euclidean coordinate balls, and a boundary ball is their intersection
with one side of a smooth boundary. A family of boundary patches has bounded geometry here if
normal-coordinate charts, their inverses, the metric and its inverse, and the derivatives through
the orders used below have fixed bounds. We only apply the lemmas to smooth metrics and
smooth boundaries. Their doubled metrics will be Lipschitz and smooth on each side of a single
plane.

Lemma 6.1 (Axial gradient estimate). Let U ′ be compactly contained in an interior or boundary
coordinate patch U in dimension three. In a boundary patch assume that z is constant on the
boundary face. Suppose z is C3, up to that face when present, |∇z| ≤ L, and, almost everywhere,

Aχ : Hess z = G, Aχ = I − (1 − χ)e⊗ e, e = ∇z
|∇z|

, 0 < χ0 ≤ χ ≤ 1, (6.1)

where ∥G∥∞ ≤ Q. At zero gradients any measurable unit axis for which the equation holds is
allowed. Then there are α ∈ (0, 1) and C < ∞, depending only on χ0, the patch geometry and the
separation of U ′ from the other patch boundaries, such that

∥∇z∥C0,α(U ′) ≤ C(L+Q). (6.2)

For all sufficiently small coordinate balls centered in U ′, with intersection with the domain
understood at a boundary, one also has∫

Br∩U
| Hess z|2 dVg ≤ C(L+Q)2r1+2α. (6.3)

In particular, the constants are independent of continuity moduli of χ and G.

Proof. We first obtain an Lp Hessian estimate for some p > 2. A divergence identity then shows
that a gradient nearly attaining its upper bound forces the solution to be nearly affine. The
equation with a fixed gradient direction improves that affine approximation. The same steps
survive reflection at a constant Dirichlet face, and iteration gives the stated estimate.

A Cordes estimate above exponent two. For a Euclidean unit vector e,

∥I −Aχ∥F = 1 − χ ≤ 1 − χ0. (6.4)

For a compactly supported smooth function v, Plancherel’s theorem gives ∥D2v∥2 = ∥∆v∥2. The
Calderón–Zygmund operator taking ∆v to the full array D2v is bounded on Lp, and interpolation
makes its norm arbitrarily close to one as p → 2. Choose once and for all

2 < p0 < 3, Cp0(1 − χ0/2) < 1. (6.5)

Rescale a metric-normalized patch until the coordinate principal matrix differs from its Euclidean
axial matrix by less than χ0/2 in Frobenius norm. Absorbing this difference in the Laplacian
estimate, applying a cutoff, and using ∥Dv∥p ≤ η∥D2v∥p + Cη∥v∥p gives

∥D2v∥Lp0 (B1/2) + ∥Dv∥Lp0 (B1/2) ≤ C
(
∥v∥Lp0 (B1) + ∥Aχ : Hess v∥Lp0 (B1)

)
. (6.6)
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The Christoffel terms are bounded first-order terms in this estimate. The same argument applies
when v = z − L0 and L0 is coordinate affine: its extra right side is bounded by C∥Dg∥∞|DL0|.
The estimate uses bounded measurable principal coefficients only; the assumed C3 regularity
allows all of its applications without an approximation issue. The linear estimates just used are
the ordinary Laplacian estimates; see [18, Chapters 7 and 9].

A nearly maximal gradient forces small Hessian energy. The preceding estimate does
not yet give continuity of Dz. To gain continuity we use the fact that the axial direction is ∇z
itself. Put H = Hess z and P = ∇z. Equation (6.1) gives the pointwise vector identity

Aχ∇|P |2

2 −GP = (H − ∆z g)P. (6.7)

Indeed HP = |P |H(e, ·) and G = ∆z− (1 −χ)H(e, e), so the two axial terms cancel. The identity
is also valid at P = 0. Taking the divergence of its right side, rather than differentiating χ, yields

div
(
Aχ∇|P |2

2 −GP

)
= |H|2 − (∆z)2 + Ric(P, P ). (6.8)

Choose a0 > 0 so small that (1 + a0)(1 − χ0)2 < 1. Young’s inequality and the equation show

|H|2 − (∆z)2 ≥ c0|H|2 − C0G
2, (6.9)

where c0 > 0 depends only on χ0.
Consider solutions normalized by |∇z| ≤ 1 on B1. After making the scale small, let the forcing

and the rescaled geometric errors have size at most δ. The nonnegative function s = 1 − |∇z|2
then satisfies

div(Aχ∇s+ 2G∇z) ≤ −2c0| Hess z|2 + Cδ (6.10)

in a weak sense. In the Euclidean case the last term can be replaced by Cδ2. We allow Cδ to
include the geometric errors.

For the compactness step, suppose the normalized errors tend to zero in a sequence and
infB1/2 s → 0. The inhomogeneous weak Harnack inequality, applied to Equation (6.10) after
dropping its favorable Hessian term, gives s → 0 in measure on B1/2. The boundedness 0 ≤ s ≤ 1
also gives convergence in every finite Lp norm there. To recover the Hessian information, take a
cutoff η supported inside B1/2 and use η2(b− s)+ in the weak supersolution inequality. Ellipticity
and Young’s inequality give ∫

{s<b}
η2|Ds|2 ≤ Cb2

∫
|Dη|2 + o(1) (6.11)

for each fixed b > 0 as the errors vanish. The error fields in Equation (6.10) are bounded and
tend to zero, so their products with Ds are absorbed in deriving this inequality. Equation (6.6)
supplies a uniform L2 bound for Ds. Its integral over {s ≥ b} tends to zero in L1 by Cauchy’s
inequality and convergence in measure. On {s < b} use Equation (6.11), then let b ↓ 0. Thus
Ds → 0 locally in L1. Testing Equation (6.8) with a nonnegative compact cutoff and using
Equations (6.9) and (6.7) now gives ∫

B1/4

| Hess z|2 −→ 0. (6.12)
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Uniform Lipschitz compactness implies that, after subtracting a constant and taking a subsequence,
z tends uniformly on a smaller ball to an affine function. Its slope has length one because |∇z| → 1
in measure and the Hessians tend to zero.

Consequently, for any prescribed sufficiently small b∗ > 0 there are fixed r∗ ∈ (0, 1/4),
k∗ ∈ (r∗, 1) and δ∗ > 0 such that every normalized solution with errors at most δ∗ has one of the
following properties:

sup
Br∗

|∇z| ≤ k∗; or

sup
Br∗

|z − L0| ≤ b∗r∗,
1
2 ≤ |DL0| ≤ 2.

(6.13)

If this conclusion failed, solutions whose gradient suprema approach one and whose errors approach
zero would contradict Equation (6.12). A gradient-drop constant can always be weakened toward
one to ensure k∗ > r∗.

Regularity when the direction is fixed. The second alternative in (6.13) supplies a nonzero
affine slope. The comparison equation for that slope has a fixed direction, although its axial
coefficient remains merely measurable. Let e0 be a Euclidean unit vector and suppose

∆e⊥
0
Y0 + χ(x)∂e0e0Y0 = 0 in B3/4, ∥Y0∥W 2,2(B3/4) ≤ C1. (6.14)

The derivative v = ∂e0Y0 belongs to W 1,2 and, in distributions, satisfies

∆e⊥
0
v + ∂e0(χ∂e0v) = 0. (6.15)

This follows by differentiating the distribution χ∂e0v as a whole. It does not assume a derivative
of χ exists as a function. De Giorgi’s estimate for this uniformly elliptic divergence equation,
followed by Caccioppoli applied to v − v(x0), gives an exponent α1 ∈ (0, 1) and

[v]C0,α1 (B1/2) ≤ C,

∫
Br(x0)

|Dv|2 ≤ Cr1+2α1 (6.16)

for balls in a smaller fixed interior region. These are the scalar divergence estimates with ellipticity
χ0; see [18, Chapter 8].

All components of DY0, not only v, are controlled by this estimate. In fact,

∆Y0 = f0, f0 = (1 − χ)∂e0v,

∫
Br(x0)

|f0| ≤ Cr2+α1 . (6.17)

The last inequality follows from Cauchy’s inequality and Equation (6.16). Take the Newton
potential of f0 restricted to a slightly larger interior ball; its difference from Y0 is harmonic in that
ball. For two points at distance h, the contribution to the difference of gradient potentials from
annuli of radius r ≤ 2h is bounded by C∑ rα1 ≤ Chα1 . On the remaining annuli the difference
of gradient kernels is at most Chr−3, so their contribution is

Ch
∑
r≥2h

rα1−1 ≤ Chα1 . (6.18)

The harmonic remainder has its usual interior derivative estimates. Therefore, decreasing the
interior ball if needed,

∥Y0∥C1,α1 (B1/4) ≤ C. (6.19)
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Improving the affine approximation. We now compare the original equation with the
fixed-direction equation. Assume that, for a coordinate-affine function L0,

∥z − L0∥L∞(B1) ≤ b, 1
4 ≤ |DL0| ≤ 4, |∇z| ≤ 8. (6.20)

Let the forcing and the first-derivative metric errors be at most bδ. For Y = (z − L0)/b,
Equation (6.6) on fixed nested balls gives

∥Y ∥W 2,p0 (B7/8) ≤ C. (6.21)

In particular, this estimate does not require a bound for DY in the supremum norm. Since
Dz = DL0 + bDY , the variable axis converges in measure to e0 = DL0/|DL0| as b → 0. More
quantitatively, the coefficient error E caused by replacing this axis by e0 is bounded and satisfies

∥E∥Lq(B7/8) ≤ Cbϑ + Cbδ, q = 2p0
p0 − 2 , ϑ = p0 − 2

2 > 0. (6.22)

Indeed the unit-direction map is Lipschitz where |bDY | < |DL0|/2, and elsewhere its difference is
bounded; the Lp0 bound in Equation (6.21) and interpolation give Equation (6.22). The same
estimate includes the metric principal-part error. Hölder’s inequality, with 1/2 = 1/q + 1/p0,
shows that ∥∥[I − (1 − χ)e0 ⊗ e0] : D2Y

∥∥
L2(B3/4) ≤ C(bϑ + δ). (6.23)

Solve for a zero-Dirichlet correction w on B3/4 with the left side of Equation (6.23) as its
source. This does not require a nondivergence Green function. The convex Dirichlet Hessian
inequality ∥D2w∥2 ≤ ∥∆w∥2 and Equation (6.4) make the Laplace solution operator a contraction
on W 2,2 ∩W 1,2

0 . Hence

∥w∥W 2,2(B3/4) ≤ Cχ−1
0 (bϑ + δ), ∥w∥∞ ≤ C(bϑ + δ). (6.24)

The last implication uses W 2,2 ↪→ C0,1/2 in dimension three. The convex Hessian inequality is
the Miranda–Talenti estimate [40, Section 2, Theorem 3, p. 297]. Now Y0 = Y − w satisfies
Equation (6.14) with a uniform W 2,2 bound.

Choose 0 < α2 < α1 and then a fixed λ0 ∈ (0, 1/4) such that Cλ1+α1
0 ≤ λ1+α2

0 /4 in
Equation (6.19). By first taking δ small and then b ≤ b∗ small, Equation (6.24) has supremum
norm at most λ1+α2

0 /4. Taylor expansion of Y0 at the center therefore gives an affine function L1
with

sup
Bλ0

|z − L1| ≤ bλ1+α2
0 , |DL1 −DL0| ≤ Cb. (6.25)

All constants are uniform in the slope range in Equation (6.20).

Reflection at a constant Dirichlet face. Subtract the boundary value and use normal
coordinates with the face given by x3 = 0. Reflect the metric across this plane and reflect z oddly.
Tangential derivatives of z vanish on the face, so the extension is C1. There is no distributional
Hessian atom. The doubled metric is Lipschitz; the coefficient and lower-order estimates in
Equation (6.6) hold with its essential first-derivative bound.

The flux in Equation (6.7) may have a normal jump. On either side of the face its normal
trace is (

(Hess z − ∆z g)∇z
)
ν

= −(trT Hess z) ∂νz. (6.26)
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Because the boundary value is constant, trT Hess z is its mean-curvature coefficient times ∂νz.
The jump is therefore bounded by C|II| |∇z|2. At scale r it is a bounded plane density of size O(r).
Write the plane density and flux after multiplication by the reflected coordinate volume density,
so that the following divergence is Euclidean. Such a signed density a(x′) δ{x3=0} is the divergence
of the bounded field a(x′)1{x3>0}∂3. Thus its negative part is another small divergence error in
Equation (6.10). Smooth-side curvature errors are O(r2). Weak Harnack and the low-truncation
argument remain valid, and the flatness comparison uses the same Lipschitz metric estimates.
This proves all the preceding alternatives for balls meeting the reflection plane as well.

Iteration and the required Hessian bound. There are now two ways to improve the solution
on a smaller ball: its gradient bound decreases, or its approximation by a nonconstant affine
function improves. We choose the constants once so that either route can be repeated. Keep
α2, λ0 from the affine improvement fixed. Choose b∗ sufficiently small that Cb∗/(1 − λα2

0 ) < 1/4,
with C the slope-increment constant in Equation (6.25). Then choose r∗, k∗, δ∗ in Equation (6.13)
for this fixed b∗. Normalize initially by a fixed multiple of L+Q and choose a uniformly small
initial radius so that the metric and forcing errors satisfy all the preceding smallness conditions.
If the first case of Equation (6.13) holds, rescale the ball by r∗ and the gradient bound by k∗. The
normalized forcing decreases by r∗/k∗ < 1. Repeating this step either continues forever or reaches
the second case. In the former case the gradient decays with exponent log k∗/ log r∗. In the latter
case apply Equation (6.25) successively, retaining exponent α2. At each affine step, rescale z by
dividing by the spatial scale, subtracting only an additive constant; this preserves its gradient
bound. Its slope changes have total size at most Cb∗/(1 − λα2

0 ), so the slopes remain in [1/4, 4].
At the jth step the error size is b∗λ

jα2
0 , while the normalized forcing and metric first-derivative

errors have size O(λj0). Since α2 < 1, their ratio to the error size only decreases. This justifies
every subsequent application of the improvement lemma. To combine the two branches, now
choose

0 < α ≤ min
{
α2,

log k∗
log r∗

}
, α < 1. (6.27)

At every center we have consequently obtained affine functions Lx,r satisfying

sup
Br(x)

|z − Lx,r| ≤ C(L+Q)r1+α. (6.28)

The slope differences at consecutive radii are bounded by C(L + Q)rα; comparing the affine
approximations on overlapping balls gives Equation (6.2). This also identifies their limiting slope
with Dz, since z is C1. The reflected version gives the estimate up to a boundary.

Finally apply the L2 version of Equation (6.6) to z − Lx,2r after rescaling. The affine error
contributes C(L+Q)r1/2+α to the Hessian L2 norm; the bounded forcing and affine Christoffel
term contribute C(L+Q)r3/2. Squaring and using α < 1 proves Equation (6.3).

6.2 Continuity in the presence of a quadratic source

The preceding lemma controls |D2f |2 by its mass on small balls. We next show why that control
suffices for the Z-equation. An exponential change of variable absorbs its quadratic gradient
term. The remaining measure has a small Green potential, and weak Harnack then decreases the
oscillation. We allow a measure source so that the argument also covers the inner boundary after
reflection.
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Lemma 6.2 (Natural growth with a measure source). Let n ∈ {3, 4} and let Z ∈ L∞ ∩W 1,2
loc on

a ball in Rn. Fix a Borel representative with |Z| ≤ M for products with measures. Suppose, in
distributions, that

div(aDZ + b) = e, (6.29)
where a is measurable and symmetric, λI ≤ a ≤ ΛI for 0 < λ ≤ Λ, |b| ≤ B, and e is a signed
measure satisfying

|e| ≤ C0(1 + |DZ|2) dx+ µ, µ(Br(x)) ≤ Cµr
n−2+β, β > 0. (6.30)

Here µ is a positive measure, and its bound holds at every center and all sufficiently small radii in
a larger patch. Assume the weak exponential product rule (6.31) below is valid with the specified
representative. This is true, in particular, for a function continuous across a flat interface and
smooth on its two closed sides, when the equation includes the normal-flux jump. Then the Sobolev
class of Z has a Hölder representative on smaller balls, with constants depending only on the
displayed bounds and patch separation. If Z is already continuous, this is a uniform estimate for
that function. The conclusion applies up to a smooth face whenever its reflected equation satisfies
these hypotheses.

Proof. The proof has two steps. An exponential change absorbs the quadratic term in DZ; a
small potential correction then permits weak Harnack to decrease the essential oscillation. Both
steps work in the two dimensions stated in the lemma. Restricting all radii to at most one, we
may replace β by min{β, 1} in the measure bound. We retain the symbol β for this positive
reduced exponent; this also makes the small-scale mollification bound below immediate.

Write L = − div(aD) and, for s ∈ {−1, 1}, set Vs = eskZ . The assumed product rule is

LVs = div(skVsb) − skVse− k2Vs
(
aDZ ·DZ + b ·DZ

)
. (6.31)

The term Vse uses the fixed bounded representative. For a continuous piecewise smooth function
the identity follows by integration on the two sides; its common trace multiplies the flux jump.
Choose k ≥ max{1, 4C0/λ} and use B|DZ| ≤ (λ/2)|DZ|2 +B2/(2λ). The gradient-square term
from e is absorbed by the negative quadratic term for both signs. Since e−kM ≤ Vs ≤ ekM , this
gives

LVs ≤ divFs + ν, |Fs| ≤ C, ν = C( dx+ µ) ≥ 0. (6.32)
Thus no small-ball estimate for |DZ|2 is needed.

On a ball BR in the smaller patch solve the zero-Dirichlet problem Lws = divFs + ν. For the
bounded vector source, the scalar bounded-solution estimate with any fixed p > n gives

∥wFs∥∞ ≤ CR1−n/p∥Fs∥Lp(BR) ≤ CR;

this is the scaled divergence-source estimate of [29, Theorem 2.6, p. 50]. For the positive measure
source, extend a elliptically to B2R. The scalar Green comparison theorem [29, Theorem 7.1 and
Remark 2, p. 66], and domain monotonicity, give

0 ≤ GBR
(x, y) ≤ GB2R

(x, y) ≤ C|x− y|2−n, x, y ∈ BR.

Using B2R keeps both points in a fixed compact interior region of the comparison ball after
rescaling. Dyadic annuli and (6.30) imply

sup
x∈BR

∫
BR

GBR
(x, y) dν(y) ≤ C

∑
j≥0

(2−jR)2−nν(B21−jR(x))

≤ C(R2 +Rβ).
(6.33)
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All balls used in this estimate lie in the chosen larger patch.
This potential also gives an energy solution. Mollify the restriction of ν to BR and restrict the

resulting positive density again to BR. Its ball-growth bounds are uniform: above the smoothing
scale use an enlarged ball, and below it use the mollified density bound. The variational solutions
have the preceding supremum bound and obey

λ

∫
|Dwj |2 ≤

∫
wj dνj ≤ ∥wj∥∞νj(BR).

Weak compactness in W 1,2
0 and distributional convergence produce the desired measure-source

solution. Adding the vector-source solution, and taking R ≤ 1, yields

∥ws∥∞ ≤ εR, εR = C(R+Rβ). (6.34)

All extrema in the rest of this proof are essential extrema. Put MR = ess supBR
Z and

mR = ess infBR
Z. The functions

H+ = ekMR − ekZ + w+ + εR, H− = e−kmR − e−kZ + w− + εR (6.35)

are nonnegative almost everywhere and satisfy LH± ≥ 0. At least half of BR/2 satisfies either
Z ≤ (MR + mR)/2 or Z ≥ (MR + mR)/2. On the first set the positive exponential deficit is
at least c(MR −mR); on the second set the negative exponential deficit has that lower bound.
Their derivatives are bounded above and away from zero on [−M,M ]. Weak Harnack for the
corresponding H± therefore either lowers the essential supremum or raises the essential infimum
on BR/4 by at least c′(MR −mR) − CεR. Hence

ess osc
BR/4

Z ≤ (1 − c′) ess osc
BR

Z + C(R+Rβ). (6.36)

Choose a positive exponent smaller than min{1, β} and than − log(1 − c′)/ log 4. Iteration gives
an essential oscillation bound Crγ at every center in a smaller patch. The averages of Z on balls
centered at x are consequently Cauchy as their radii decrease to zero. Their limit defines Z∗(x)
at every center; comparison on overlapping balls gives |Z∗(x) − Z∗(y)| ≤ C|x − y|γ . Lebesgue
differentiation identifies Z∗ = Z almost everywhere. This proves the representative assertion. For
continuous Z the representatives agree everywhere. No conclusion about arbitrary values of the
initially chosen Borel representative on a null set is required.

For the boundary application, flatten a face and set S = diag(1, . . . , 1,−1). An even extension
uses a− = Sa+S and b− = Sb+; its plane source is twice the prescribed total normal flux. An
odd extension after subtracting a constant Dirichlet value uses a− = Sa+S, b− = −Sb+ and
the sign-reflected bulk source; its normal flux is continuous. The coordinate volume density is
included in these coefficients. For the smooth reflected solutions used here the product rule
holds, and a bounded plane density has ball mass O(rn−1), giving β = 1 for that part of the
measure. This verifies the boundary clause whenever the remaining reflected measure has the
stated growth.

6.3 Boundary regularity for the coupled equations

We return to the deformation. Its regularity must be obtained in the order Df , then Z, then
D2f , and finally DZ. In the last step, small oscillation of Z absorbs its quadratic gradient term.
This order avoids assuming the Hessian estimate that the second equation still needs.
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Proposition 6.3 (Classical bounds for bounded-variable solutions). Fix the deformation pa-
rameters and assume the bounds in Proposition 5.6. Every smooth solution in the homotopy of
Proposition 4.4, with t ≥ −ϵ, has uniform local classical estimates of every finite order, up to the
inner and outer faces. At fixed N the constants are independent of the homotopy parameter and
of all sufficiently large outer radii R. The local patches can be chosen with a uniform positive
radius throughout the end.

Proof. First, control Df and the Hessian measure. Proposition 5.6 bounds f, Z, t and σ = |∇f |.
At fixed parameters this bounds u, l,D above and away from zero and gives χ ≥ χ0 > 0. After
dividing the scalar trace equation by l/

√
D, its right side is

Gf =
√
D

l

(
Fs − trAχ K

)
. (6.37)

It is bounded throughout the homotopy, including its added collar terms. Lemma 6.1 therefore
gives a uniform C1,α estimate for f and∫

Br

| Hess f |2 ≤ Cr1+2α (6.38)

on the uniform patches, including boundary patches where f is constant.
Second, control the oscillation of Z. After multiplication by the Riemannian volume density,

the second equation has coordinate principal coefficients aij = 4
√

det g uAijχ , a bounded flux
vector b, and a source bounded in absolute value by

C
(
1 + |DZ|2 + |D2f |2

)
. (6.39)

Indeed t is a smooth function of x, Z,Df on the bounded variable range. Thus Dt is a bounded
linear combination of DZ,D2f and fixed smooth terms; the expression T is quadratic in these
quantities. All other source terms have lower order. The same volume density is included in b, e;
it is smooth and bounded above and away from zero on the chosen patches, so it preserves these
bounds and uniform ellipticity. The prescribed conormal flux at the inner boundary is bounded.
At the outer face Z = 0. Apply Lemma 6.2, with µ = C|D2f |2 dx and the bounded reflected
plane density. Equation (6.38) supplies its measure growth hypothesis. We obtain a uniform
positive Hölder exponent for Z.

Third, gain two derivatives of f . The coefficients and source of the scalar equation are smooth
functions of x, Z,Df on the bounded range. They are therefore Hölder now that Z and Df
are Hölder. Interior and constant-Dirichlet boundary Schauder estimates give f ∈ C2,θ for a
uniform θ > 0. Expand the Z-equation in nondivergence form. Its principal coefficients are
uniformly elliptic and C0,θ, while its right side is bounded by C(1 + |DZ|2). On an inner face
Df is normal. Therefore Aχ has zero normal–tangential components there and normal eigenvalue
χ. Its boundary equation solves for

∂νZ = Hs(x, Z, f,Df), (6.40)

where Hs is smooth on a fixed bounded variable range. Its derivatives with respect to x and
its displayed scalar arguments are bounded at fixed parameters. The outer condition remains
constant Dirichlet. These are different, disjoint smooth boundary components; there is no change
of boundary condition along an edge or a corner.
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Fourth, absorb the quadratic growth and control DZ. Continuity of Z supplies the small factor
needed for this step. Fix p > 3. The linear local W 2,p estimate for the leading nondivergence
operator with Equation (6.40) or outer Dirichlet data has the form, on fixed nested patches
Ux ⋐ Vx,

∥Z∥W 2,p(Ux) ≤ C
(
1 + ∥DZ∥2

L2p(Vx) + ∥Z∥W 1,p(Vx)
)
. (6.41)

Here the boundary norm is controlled by
∥Hs(x, Z, f,Df)∥W 1−1/p,p(∂Vx) ≤ C

(
1 + ∥Z∥W 1,p(V +

x )
)
, (6.42)

using trace and composition after extending its smooth expression through the collar. The
derivatives of f,Df entering this extension are already bounded. The leading matrix has a fixed
Hölder modulus, so its small oscillation on sufficiently small patches permits the usual freezing
and absorption in the linear estimate. The normal boundary operator is uniformly oblique and
satisfies the complementing condition. The general boundary theory is developed in the two
papers of Agmon, Douglis and Nirenberg [1, 2]. The scalar estimate used here is [1, Theorem 15.2,
estimate (15.5), p. 704].

The outer patches Ux, Vx, V +
x and the constant in (6.41) are fixed before the next radius h

is chosen; only the interpolation is localized further. Let [Z]C0,θ ≤ H0. On balls or half-balls of
radius h, the scaled Gagliardo–Nirenberg inequality, applied after subtracting a constant, gives

∥DZ∥2
L2p(Bh) ≤ C oscBh

Z ∥D2Z∥Lp(Bh)

+ Ch3/p−2(oscBh
Z)2.

(6.43)

One can use a bounded extension operator on a half-ball; its constants are uniform in the
boundary charts. Here the interpolation exponents are spatial dimension 3, derivative orders 2
and 1, top-derivative exponent p > 3, height exponent ∞, and interpolation parameter 1/2; the
resulting gradient exponent is 2p. This is [33, Lecture II, Equation (2.2), p. 125, and Remark 5,
p. 126], including the lower-order term on a bounded patch. Subtracting a constant gives the
oscillation, rather than the absolute height, as the coefficient of ∥D2Z∥p. Cover Vx by radius-h
patches of bounded overlap and take the ℓp sum of Equation (6.43). It follows that

∥DZ∥2
L2p(Vx) ≤ CH0h

θ∥D2Z∥Lp(V +
x ) + CH2

0h
2θ−2. (6.44)

Also, for any η > 0, ∥Z∥W 1,p(Vx) ≤ η∥D2Z∥Lp(V +
x ) + Cη. Each enlarged patch V +

x is covered by a
bounded number of the patches Uy, independently of R. Set S = supy ∥Z∥W 2,p(Uy), finite for each
smooth finite-domain solution. Equations (6.41) and (6.44) give

S ≤ C(H0h
θ + η)S + C(h, η). (6.45)

Choose h and then η so the first coefficient is less than 1/2. We obtain a uniform W 2,p bound
and hence a C1,1−3/p bound for Z.

Finally, obtain all remaining derivatives. The bounds f ∈ C2,θ and Z ∈ C1,1−3/p make the
expanded Z source Hölder and its normal datum Hs(x, Z, f,Df) of class C1,θ′ , after reducing the
positive exponent. Its principal coefficients are Hölder as well, so both the interior and normal-
boundary Schauder estimates apply. First the nondivergence Z-equation has Hölder source, giving
Z ∈ C2,θ′ ; the scalar f -equation then gains another derivative. Repetition gives every finite
classical derivative supported by the smooth data. The same procedure holds on the uniform unit
patches of the asymptotic end and on the large outer spheres, whose normal-coordinate constants
are uniform. This proves the asserted independence of R. The prepared background has end
symbol bounds of every order by Definition 2.2; no regularity constant here requires additional
derivatives of the original weak-decay data.

46



6.4 Solving the scalar equation for arbitrary inputs

The previous proposition estimates solutions of the coupled system. To construct such a solution
by degree, we first need an operator defined on all of a Banach space of trial functions Z. In
particular, t ≥ −ϵ cannot be assumed at this stage. The scalar equation remains solvable because
its loss of axial ellipticity at large slope is at most reciprocal-linear.

Lemma 6.4 (Scalar solve for unrestricted bounded inputs). Fix N ≥ 4, τ > 0, a finite smooth
truncation ΩR, and a homotopy parameter s ∈ [0, 4]. For every Z ∈ C1,b(ΩR), 0 < b < 1, the
scalar trace equation of Proposition 4.4, with its prescribed componentwise constant Dirichlet
values for f , has a unique solution. It lies in C3,b and is smooth to the extent allowed by the
input. The solution operator

f = Ss(Z) (6.46)

is continuous in (s, Z), including across the concatenation points of the homotopy. On bounded
subsets of C1,b its C3,b norm is uniformly bounded at these fixed parameters. No lower bound for
t is required.

Proof. For the scalar continuation below, use the affine space of C3,b functions with the assigned
Dirichlet values and the equation space C1,b. Its individual solutions meet the C3 hypothesis of
Lemma 6.1; no uniform third-derivative bound is assumed before that lemma is applied. The
monotonicity ∂Z/∂t = 1 + pv/4 > 0 defines t = t(x, Z,Df) smoothly for every finite input,
including Df = 0. The principal matrix has no dependence on the value of f . The right side
is increasing in h = τf , with derivative at least one. At a height extremum the collar terms
vanish and Df = 0, so the equation gives fixed constant upper and lower barriers. Including all
prescribed boundary heights, we obtain

|h| ≤ C0, (6.47)

where the constant can be chosen independently of Z and the homotopy parameter. We include
the fixed boundary values in its choice.

Large slopes. Only |Z| ≤ M is assumed here. As σ → ∞, the implicit equation forces t → −∞
uniformly in Z. There p = N and l = eNt, so its exact form is

e8Z = e8t + e(2N+8)tσ2. (6.48)

Consequently

t = − log σ
N + 4 +O(1), l ≍ σ−N/(N+4),

d ≍ σ−8/(N+4), χ ≍ σ−8/(N+4),

√
D

l
≍ σ.

(6.49)

The constants are uniform for |Z| ≤ M at fixed N . Since N ≥ 4, the exponent 8/(N + 4) is at
most one. Combining the large-slope estimates with compactness of the remaining variable range
yields

χ ≥ c

1 + σ
, |Gf | ≤ C(1 + σ) (6.50)

whenever Equation (6.47) holds.
Boundary slopes. The estimate χ ≥ c/(1 + σ) suggests a concave logarithmic barrier: its axial

second derivative can dominate terms of linear growth in its slope. Let δ be smaller than a fixed
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collar radius, half the distance between distinct boundary components, and a normal injectivity
radius of a smooth extension of the finite domain. On a boundary distance collar use

ψ(r) = k−1 log(1 +Br), ψ′′ = −k(ψ′)2. (6.51)

The upper and lower barriers are the assigned face value plus or minus ψ. On these tests the axis
is normal to the distance leaves, so their principal trace is χψ′′ + ψ′∆r. At slopes at least one,
Equation (6.50) gives

−kχ(ψ′)2 ≤ −1
2ckψ

′. (6.52)
Choose k large enough to dominate all the bounded geometry terms and the linear growth in
Equation (6.50). Next shrink δ so that 1/(2kδ) exceeds any fixed large-slope threshold used here.
Finally choose B large enough that Bδ ≥ 1 and ψ(δ) > 4C0/τ . The latter exceeds twice the
bound for osc f from (6.47). Then ψ′ ≥ 1/(2kδ) on this collar and the two barriers compare by
the height monotonicity. This gives a uniform boundary gradient bound.

Interior slopes. Use the same modulus for differences at two points. After increasing B if
needed, consider

f(x) − f(y) − ψ(dist(x, y)), 0 < dist(x, y) < δ. (6.53)
The distance is taken in the fixed smooth extension. The boundary barriers exclude a positive
maximum with one endpoint on a face: the other point lies in that face’s collar, its distance to
the face is at most the distance between the pair, and ψ is increasing. The separation choice
prevents endpoints on distinct faces. The inequality ψ(δ) > 2 osc f excludes the other boundary
of the two-point domain. At a positive interior maximum let r = dist(x, y) and q = ψ′(r). The
two gradients have length q and are parallel transports along the connecting geodesic. Vary both
endpoints simultaneously in parallel transverse directions. The second variation formula for the
short geodesic yields

tre⊥
x

Hess f(x) − tre⊥
y

Hess f(y) ≤ Cqr. (6.54)

Varying each endpoint separately along that geodesic gives f;exex(x) ≤ ψ′′(r) and f;eyey (y) ≥
−ψ′′(r). Subtracting the two scalar equations therefore gives

−2C(1 + q) ≤ Gf (x) −Gf (y) ≤ Cqr + (χx + χy)ψ′′(r). (6.55)

By Equations (6.50) and (6.51), the last term is at most −ckq at the large comparison slopes.
Our choice of k gives a contradiction. Thus Equation (6.53) is nonpositive. Reversing x, y proves
the same bound for the absolute difference and, on letting y → x, a global Lipschitz bound for
f . The endpoint variations are interior variations in the smooth extension; the connecting short
geodesic need not stay inside ΩR. This argument used no continuity modulus for χx − χy; only
the common transverse eigenvalues and the radial lower bound were needed.

Continuation and uniqueness. The height and gradient estimates supply compactness for a
scalar continuation. Interpolate the normalized equation with ∆f = τf , retaining its prescribed
boundary values. Explicitly, for a ∈ [0, 1] take principal matrix (1 − a)I + aAχ and right side
(1−a)τf+aGf . The height sign, the linear gradient growth, and Equation (6.50) persist uniformly
in a. The height and logarithmic gradient bounds just proved are therefore uniform. After these
bounds the interpolating equations are uniformly elliptic. Their matrices still have the axial form,
with axial eigenvalue (1 − a) + aχ, so Lemma 6.1 applies. Schauder estimates then give a uniform
C2,θ bound at fixed input Z. The coefficients and right side are now Lipschitz in position on
bounded input sets, which permits their C0,b estimates and an upgrade to C2,b. Differentiating
once, or using the next Schauder estimate, yields f ∈ C3,b because Z ∈ C1,b.
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The scalar linearization has the form aijDijφ+ biDiφ− cφ with c ≥ c1τ > 0 on the bounded
variable range. Indeed the principal matrix is independent of the height, while ∂fGf ≥ τ

√
D/l > 0.

The Dirichlet maximum principle gives uniqueness and a zero kernel; the linear elliptic Dirichlet
theory gives an inverse from C1,b to C3,b

0 , where the subscript denotes zero data on the entire
boundary. The implicit-function theorem gives openness of the interpolation parameter set. The
uniform classical bounds and compactness give closedness, starting from the invertible Laplace
endpoint. This proves existence. The same maximum principle applied to the difference of
two solutions proves uniqueness of the nonlinear solution. The implicit-function theorem, or
compactness and uniqueness, gives continuous dependence on Z and on the homotopy parameter.
At the finitely many concatenation points the scalar equations agree, so the same continuity holds
there.

6.5 Degree on the admissible set and exhaustion

We can now construct the compact map. The homotopy parameter s ∈ [0, 4] has a separate
role from the deformation integer N : in Proposition 4.4, s = 0 is the original system, s = 1
removes the drift, s = 2 completes the collar modification, and s = 3 makes the scalar solution
f identically zero. On [3, 4] the divergence source and the inner flux are multiplied together by
4 − s. The final compact map is consequently the zero map. The remaining task is to show that
no fixed point can cross the boundary of the admissible set along this path.

Lemma 6.5 (Degree on varying open sets). Let I = [a, b], let X be a real Banach space, and let
T : I ×X → X be continuous and map bounded sets to relatively compact sets. Let U ⊂ I ×X be
bounded and relatively open. Suppose no fixed point Z = T (s, Z) belongs to the relative boundary
of U . Then, for Us = {Z : (s, Z) ∈ U}, the Leray–Schauder degree

deg(IX − Ts,Us, 0)

is well defined and independent of s. Empty sections have degree zero. If Tb is the zero map and
0 ∈ Ub, the common degree is one, and every section contains a fixed point.

Proof. The fixed points in U form a compact set F. Indeed, boundedness of U , compactness of
I and of the images of T give a convergent subsequence of any sequence of such fixed points;
continuity preserves the fixed-point equation. The hypothesis places F inside U . Also {s} × ∂Us
lies in the relative boundary of U , so each section degree is defined.

Fix s0 ∈ I. Cover its compact fixed-point slice by finitely many open balls in X whose closed
balls remain in Us for all s sufficiently close to s0. Relative openness and the finite cover permit
this common parameter interval. Let U be their union. All fixed points in the closed sections
for these nearby parameters lie in U after shortening the interval: otherwise compactness of F
would give an omitted fixed point in the slice at s0. Excision identifies the degree on each Us
with that on U , and fixed-domain homotopy invariance makes the latter constant. If the slice is
empty, compactness instead gives no nearby fixed points in the closed sections, so those degrees
are all zero. Thus the section degree is locally constant, and connectedness of I makes it constant.
These are the excision and homotopy properties of Leray–Schauder degree [27, Sections 12–14,
pp. 59–61]; see also [13]. At the stated terminal map, normalization gives degree one; the existence
property of nonzero degree proves the last assertion.

Theorem 6.6 (Existence on finite truncations). For the prepared domain of Proposition 3.7 and
every sufficiently small fixed ϵ > 0, there is an integer N0 ≥ 4 and, for each N ≥ N0, a radius
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Rmin(N), with Rmin(N) → ∞, such that the original deformation system has a smooth solution on
every ΩR with R ≥ Rmin(N). It satisfies t > −ϵ on the closure. At fixed N , these solutions have
the local bounds of Proposition 6.3, uniformly as R → ∞. In particular, any sequence Rj → ∞ of
such radii has a subsequence converging smoothly on compact subsets of Ω to a solution of the
original equations with t ≥ −ϵ.

Proof. Choose the parameters before defining degree. Fix the prepared data, thresholds, collars
and ϵ. Choose an integer N0 so that

N0 ≥ max{4, ⌊2/ϵ⌋ + 1} (6.56)

and so that the floor test and all estimates of Proposition 5.6 apply for N ≥ N0. Let Rap(N)
dominate every lower-radius requirement in the a priori estimates and in the floor exclusion; let
Rgeo contain all compact boundary faces, collars and supports of the construction. The end barrier
of that proposition gives a constant Cout, independent of N,R, s, such that every admissible or
floor-contact homotopy solution has

|∇f | ≤ Coutτ
−1R−1−γ on the outer sphere. (6.57)

The scalar last stage has f = 0 and satisfies the same bound. Choose, enlarging to a radius of a
smooth truncation if necessary,

Rmin(N) = max
{
N,Rgeo, Rap(N),( 2Coutℓ

τ
√
e8ϵ − 1

)1/(1+γ)}
.

(6.58)

At Z = 0, the value of its implicit expression at t = −ϵ is −ϵ+ 1
8 log(1 + ℓ2σ2). Equations (6.57)

and (6.58) make this strictly negative. Strict monotonicity of that expression in t therefore
excludes an outer floor contact. The term N in Equation (6.58) ensures Rmin(N) → ∞.

The sublevel and collar estimates apply to arbitrary smooth admissible or floor-contact solution
sequences with N → ∞ and expanding outer cutoffs, uniformly over the compact ranges of the
homotopy parameters. If the needed conclusion failed for arbitrarily large N with R ≥ Rmin(N),
one could select such a violating sequence. The chosen radius convention would make it precisely
an expanding sequence excluded by those proofs. Thus a single N0, followed by the radius choices
above, suffices for every homotopy parameter. No upper bound for Z is inserted in the earlier
contact estimates: there σ ≍ τ−1 and l ≥ ℓ alone give d ≲ (τ/ℓ)2.

Define the compact map on all bounded input sets. For the rest of the degree argument fix
N ≥ N0 and R ≥ Rmin(N). Work in the Banach space

Xb = {Z ∈ C1,b(ΩR) : Z = 0 on the outer face}, 0 < b < 1. (6.59)

For an input Z ∈ Xb, first solve f = Ss(Z) by Lemma 6.4. Compute t, u,Aχ, T and the full
homotopy source from this input pair. Write Bs for the frozen drift summand in the flux, Es for
the full right side of its divergence equation, and qs for the prescribed inner flux. Thus before
the final scaling Bs = λsuAχK(w, ·) and Es = uΞ; on the final interval Es and qs have the
simultaneous scalar factor prescribed in Proposition 4.4. Define Ks(Z) = Z̃ by the linear mixed
problem 

div(4uAχ∇Z̃ +Bs) = Es in ΩR,

(4uAχ∇Z̃ +Bs)ν = qs on B,

Z̃ = 0 on the outer face.
(6.60)

50



All coefficients in this problem are computed from the input (Ss(Z), Z); the only unknown is Z̃.
The normal ν on the inner faces points into the domain. For a test function φ vanishing on SR,
the weak form is ∫

ΩR

4uAχ∇Z̃ · ∇φ = −
∫

ΩR

Esφ−
∫

ΩR

Bs · ∇φ−
∫
B
qsφ.

The sign of the boundary term comes from using −ν as the integration normal. The scalar
estimate bounds the leading coefficient above and away from zero on each bounded input set.
The nonempty outer Dirichlet face supplies Poincaré’s inequality, so the bilinear form is coercive
and has a unique solution.

On bounded input sets in C1,b, Lemma 6.4 bounds f in C3,b. Hence the leading coefficient
and drift in Equation (6.60) are C1,b, the bulk source is C0,b, and the prescribed boundary data
are C1,b. The derivatives of t(x, Z,Df) involve only DZ and D2f , so this assertion includes the
quadratic expression T . Linear regularity gives a bounded output set in C2,b. The inclusion
C2,b ↪→ C1,b is compact on the finite domain. Continuous dependence of the scalar solve and the
linear problem makes (s, Z) 7→ Ks(Z) a continuous compact homotopy on bounded sets. These
assertions hold also at the concatenation parameters because the defining equations coincide
there. A fixed point solves the coupled system; repeated Schauder estimates make it smooth.

Exclude fixed points from the boundary of admissibility. Write ts[Z] = t(x, Z,DSs(Z)). The
scalar solution must be computed before this admissibility test. Define

O = {(s, Z) ∈ [0, 4] ×Xb : min
ΩR

ts[Z] > −ϵ, ∥Z∥C1,b < M1}. (6.61)

It is relatively open because the scalar solve and the implicit function defining t depend continuously
on (s, Z). Propositions 5.6 and 6.3 give a uniform bound in C1,b for all fixed points satisfying
t ≥ −ϵ. If initially needed, use their higher classical bounds to reach the chosen exponent b.
Choose M1 larger than this bound. No fixed point lies on the norm boundary of O. No fixed
point lies on its floor boundary either: outer contacts were excluded above and all remaining
contacts are excluded by Proposition 4.9.

Apply degree on the varying admissible sections. The sections Os need not be constant in s.
Lemma 6.5 applies with I = [0, 4], X = Xb, Ts = Ks and U = O. We have proved continuity and
compactness on bounded input sets; the norm condition makes O bounded and the scalar solve
makes it relatively open. Its relative boundary can contain only norm contact or floor contact,
and neither can be a fixed point by the preceding estimates. Thus its section degree is constant.

At s = 4, the scalar equation has the unique solution f = 0. The drift vanishes, and both
E4 and q4 vanish for every input. Equation (6.60) then has output identically zero. Moreover,
t4[0] = 0 > −ϵ, so 0 ∈ O4 and

deg(I − K4,O4, 0) = 1. (6.62)
Homotopy invariance gives the same degree at s = 0. There is therefore a fixed point in O0,
which is the desired smooth solution with t > −ϵ.

Remove only the outer truncation. Keep N and all other deformation parameters fixed.
Proposition 6.3 gives estimates independent of R on an exhaustion by compact sets, using
boundary charts at the fixed inner faces. A diagonal subsequence converges smoothly on compact
subsets of Ω. Both equations and their inner boundary conditions pass to the limit. The strict
finite-domain inequality gives the non-strict limit inequality t ≥ −ϵ. The following section
establishes end normalization, decay and mass flux; those conclusions do not follow from compact
exhaustion alone.
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7 The complete exterior and its energy
We now obtain the three geometric outputs stated at the beginning: nonnegative scalar curvature,
control of every cut, and an arbitrarily small upper energy error. Their combination will also
yield the numerical comparison. Fix the prepared initial data of Definition 2.2, and the prepared
exterior Ω of Proposition 3.7. Its boundary B separates the original inner obstacle from the end.
Let A∗ be the enclosing-area infimum of that original obstacle, measured in the reduced metric g.
In particular every cut enclosing B has g-area at least A∗.

We use the notation of Section 4 and take the physical endpoint of the homotopy:

F = h+ C, h = τf, divV = uΞ, Ξ = δ0T + ρ+ δ0τaσ −m0(t)P.

Here 0 < δ0 < 1, ℓ = e−ϵN , τ = ℓ3/2, and all constants in the prepared data are fixed before
N is taken large. Constants marked CN in this section are bounded by C(1 +N)C , with fixed
exponents. Other constants explicitly allowed to depend on fixed N need not have such a bound.

7.1 The limiting solution and its end

Lemma 7.1 (End control). Fix ϵ > 0 and a sufficiently large N ≥ max{4, ⌊2/ϵ⌋ + 1}. The
truncation solutions of Theorem 6.6 have a subsequence converging smoothly on compact subsets
of Ω to a solution of the physical system with t ≥ −ϵ. On the asymptotically flat end, for some
cN > 0 and fixed-N constants Cj(N),

|∇jf | ≤ Cj(N)e−cNr for each fixed j, Z, t = O2(r−1).

The differences t−Z, ḡ−g, and their coordinate derivatives of any fixed order decay exponentially.
The vector field V satisfies

V = 4∇gt+O(r−3) (7.1)
and has a finite outward flux limit.

Proof. The compact convergence, including at the fixed inner boundary, follows from Theorem 6.6
and its uniform fixed-N classical estimates. All equations and inner boundary conditions pass to
this limit. To preserve the end normalization, we prove the decay estimates on the truncations
before passing to infinity.

Outside a fixed large sphere, K = C = 0, and the first equation is

trAχ Hessg f = τ
√
D

l
f.

At fixed N the preceding estimates make the left side uniformly elliptic, and its positive height
coefficient is bounded below by a positive constant depending on N . It is bounded above as well.
For sufficiently small cN > 0, the functions exp[−cN (r − r0)] are positive supersolutions of the
corresponding linear equation outside a sufficiently large r0: their radial second derivative has size
c2
N , while their tangential second derivatives have size cN/r, and the fixed positive height term

dominates both. Multiplying by a constant bounds the solution on Sr0 ; the zero outer Dirichlet
value is also bounded. The maximum principle applied to both signs of f gives the uniform
exponential estimate. The fixed-N unit-patch estimates, followed by the local homogeneous linear
estimates for this equation, give the same decay for derivatives. The corresponding boundary
estimates apply on the large outer spheres. Iterating the smooth equations gives each required
finite derivative order.
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The relation Z = t + 1
8 log(1 + l2|∇f |2) now shows that t − Z is exponentially small, with

derivatives. The graph errors have the same property. On the end the second equation becomes

∆gZ + bN (Z)|dZ|2g = O(r−4), bN (s) = pL(s) − δ0
(
pL(s) − 1

)
. (7.2)

Indeed Aχ = I and u = L(Z) up to exponentially small errors, whereas T = 4(pL(Z) − 1)|dZ|2
up to such errors. The ρ0 penalty weight is O(r−4); the term with ρ1 is multiplied by the
exponentially small v. All coefficients in this statement are bounded on the fixed-N solution
range. Differentiably controlled exponential errors can absorb any fixed polynomial power of r.

Define an increasing smooth function on that range by

ΦN (0) = 0, Φ′
N (s) = exp

(∫ s

0
bN (z) dz

)
.

Its derivative is bounded above and below by positive fixed-N constants. The chain rule in (7.2)
gives

∆gΦN (Z) = O(r−4).
The function is bounded and vanishes at the outer cutoff. To obtain a bound independent of that
cutoff, choose 0 < η < 1. For large r, a positive multiple of r−1 − r−1−η satisfies

−∆g(r−1 − r−1−η) ≥ cr−3−η.

Here the Euclidean leading term is η(1 + η)r−3−η, and the metric error is O(r−4). It dominates
the right side after increasing the multiple and the fixed inner radius. Comparison for both
signs yields |ΦN (Z)| ≤ C ′(N)r−1, where C ′(N) is a fixed-N constant with no polynomial claim.
Consequently Z = O(r−1).

At sufficiently large radius this estimate and the exponential graph error give t > −ϵ+ 1/N ;
hence the floor penalty vanishes there. Rescale each annulus of radii comparable to r to unit
size. The equation for ΦN (Z) has a bounded rescaled source and uniformly controlled metric
coefficients. Local W 2,p estimates with p > 3 first give the gradient decay. Its source is then a
smooth weight times a smooth function of the bounded variables, plus the already controlled
exponential errors. Schauder estimates, or a further Sobolev bootstrap followed by them, give
Z = O2(r−1). Inverting ΦN preserves these bounds, and the same holds for t.

Since L(0) = 1, we have u = 1 +O(r−1) and Aχ = I +O(e−cNr). With K = 0 on the end, the
definition of V gives (7.1). Moreover div V = uΞ is integrable there: T = O(r−4), ρ = O(r−4),
the penalty has vanished, and τaσ decays exponentially. The divergence theorem on annuli proves
the existence of the outward flux limit.

Lemma 7.2 (Curvature, completeness, and ADM charge). For the solution in Lemma 7.1,

ĝ = e4t(g + l2df2)

is a smooth complete metric on Ω, with nonnegative scalar curvature and strictly negative mean
curvature on B for the normal pointing into Ω. Its end is asymptotically flat with

ĝ − δ = O2(r−1), Rĝ = O(r−3−δ′), δ′ = min{δ, 1} > 0,

where the reduced end has Rg = O(r−3−δ). If

FN = lim
r→∞

∫
Sr

Vν dAg,

then
Eĝ = E − FN

8π . (7.3)
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Proof. At the physical endpoint the curvature identity gives

1
2e

4tRĝ = 8π(µ+ J(w)) + (1 − δ0)T + (1 − δ0)τaσ
+ w · ∇C − F trK − ρ+m0(t)P.

The height bounds on the compact supports of K and C give h ∈ [b−, b+]. Since |w| ≤ 1, the
terms |F trK| + |∇C| + ρ are dominated by 8π(µ− |J |), by the choices in Proposition 3.7 and the
choice of ρ. Outside those supports the same conclusion uses 8π(µ− |J |) − ρ ≥ 0. All remaining
terms are nonnegative. This proves Rĝ ≥ 0.

The boundary identity and the prescribed flux give H + 4∂νt = −NB < 0. Since f is constant
on each face, this is exactly the mean-curvature sign for ĝ. Also ĝ ≥ e−4ϵg, so any escaping curve
has infinite length; the compact boundary is included. Smoothness and completeness therefore
follow.

Lemma 7.1 gives the stated metric decay. The prepared-data hypothesis supplies Rg =
O(r−3−δ) on the end. Since graph errors are exponentially small, the conformal formula gives

Rĝ = e−4t(Rg − 8∆gt− 8|dt|2g
)

+O(e−cNr).

Equation (7.2), the vanishing far-end penalty, and the gradient estimate give ∆gt = O(r−4). This
proves the asserted scalar-curvature decay, including the pointwise falloff required by the AF
convention of [8, Definition 21 and Theorem 19].

Exponential graph errors contribute no ADM flux. The conformal change and t = O2(r−1)
give

Eĝ = E − 1
2π lim

r→∞

∫
Sr

∂νt dAg.

Replacing the metric normal and area form by their Euclidean versions costs o(1), and the O(r−3)
error in (7.1) has vanishing sphere integral. This proves (7.3).

7.2 The boundary and floor losses

The mass formula reduces the remaining estimate to a lower bound for the flux. We absorb the
inner boundary term into the positive bulk source and then estimate the penalty near the floor.
Both steps use only polynomial constants.

Lemma 7.3 (Flux lower bound). For fixed ϵ > 0, the physical solutions satisfy

FN ≥ −εN , 0 ≤ εN ≤ C(1 +N)C
(
ℓ+ ℓ2/τ

)
−→ 0.

All constants in this estimate are independent of the fixed-N classical regularity constants.

Proof. The normal ν on B points into Ω, so the divergence theorem has the sign

FN =
∫

Ω
uΞ dVg +

∫
B
Vν dAg. (7.4)

Each integral is finite for a fixed N , by Lemma 7.1 and compact smoothness.
At a black face, F − PB = H and wν = a. At a white face, F − PB = −H and wν = −a.

Thus at either type of face,

Vν/u = −(1 − a)H −NBd ≥ −Cd.
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The signed boundary gradient bounds give σ ≥ c/τ , so
√
d ≤ 1

lσ
≤ Cτ/ℓ,

∫
B
Vν dAg ≥ −C τ

ℓ

∫
B
L dAg.

Use the polynomial collar trace estimate from Section 5 with the constant test function:∫
B
L dAg ≤ C(1 +N)C

∫
C
u(1 +

√
T ) dVg,

where C is a fixed compact union of collars. Its polynomial constant is independent of the upper
Z bound. Since ρ has a fixed positive minimum on C,∫

C
u(1 +

√
T ) dVg ≤ C

∫
Ω
u(δ0T + ρ) dVg.

The factor C(1 + N)Cτ/ℓ = C(1 + N)Cℓ1/2 tends to zero. For large N , the entire negative
boundary term in (7.4) is therefore at most one quarter of

∫
Ω u(δ0T + ρ) dVg.

It remains to estimate the floor penalty. On its support, −ϵ ≤ t ≤ −ϵ+ 1/N , so l and L are
comparable to ℓ, with constants independent of N . Directly from their definitions,

u = L
√

1 + l2σ2 ≤ C(ℓ+ ℓ2σ),

uv = Ll2σ2
√

1 + l2σ2
≤ Cℓ2σ,

uaσ = Llσ2 ≥ cℓ2σ2.

Consequently
um0P ≤ CN

[
ℓρ0 + ℓ2σ(ρ0 + ρ1)

]
.

Young’s inequality, with the square term chosen to be a quarter of δ0τuaσ, yields

um0P ≤ 1
4δ0τuaσ + CN

[
ℓρ0 + ℓ2

τ
(ρ2

0 + ρ2
1)
]
.

Squaring the constant only changes the polynomial CN . The integrals of ρ0, ρ2
0, and ρ2

1 are finite:
on the end their orders are respectively r−4, r−8, and r−4γ , with 4γ > 3. Integrating leaves at
most C(1 +N)C(ℓ+ ℓ2/τ), after absorption.

Substitute both bounds in (7.4). Positive fractions of the three bulk terms δ0T , ρ, δ0τaσ
remain. Dropping them proves the claim. Finally ℓ2/τ = ℓ1/2, so the error tends to zero
exponentially against every polynomial loss.

Proof of Theorem 2.3. The fixed subexterior and preservation of every full cut are supplied by
Proposition 3.7. Fix ϵ and take the global solutions of Lemma 7.1, obtained by first exhausting
the end at fixed N . Lemma 7.2 gives completeness, the two curvature signs, and the end decay.
The pointwise inequality ĝ ≥ e−4ϵg gives the two-dimensional area inequality on every full cut,
including every component and every coincident portion. The energy formula and Lemma 7.3
give the asserted upper error with ηϵ,N = εN/(8π). This completes the geometric construction
before any Riemannian Penrose comparison.
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7.3 The Riemannian horizon and the inequality

The deformed metric has nonnegative scalar curvature, strictly negative inner mean curvature
toward the end, and the required asymptotic decay. We replace its inner boundary by an outer
area-minimizing minimal enclosure, then compare its area with the original enclosing infimum.
Theorem 7.4 (Reduced energy inequality). The reduced data satisfy

E ≥

√
A∗
16π .

Consequently Theorem 2.4 holds in its entire stated exterior class.
Proof. For each fixed sufficiently large N , minimize ĝ-area among filled cuts enclosing B, using a
large outer sphere as an auxiliary barrier. The independent enclosure results of [35, Lemmas 2.1–
2.3] apply to this smooth AF metric; we check their hypotheses and the strict detachment here.
A fixed enclosing competitor bounds the area, and local perimeter density estimates prevent
minimizers from escaping to infinity. The positive mean curvature of sufficiently large outer
spheres excludes contact there, as in that enclosure theorem. For the inner barrier, let Us
be a short outward normal collar of the filled obstacle and Y its outward unit foliation field.
Strict negativity gives divĝ Y < 0 throughout the collar. If a perimeter minimizer E omitted a
positive-volume portion D = Us \ E, Gauss–Green and |Y |ĝ ≤ 1 would give

Pĝ(E ∪ Us) − Pĝ(E) ≤
∫
D

divĝ Y dVĝ < 0.

Thus E contains a whole inner collar; obstacle regularity upgrades this inclusion to its regular
representative. Its free boundary is disjoint from the obstacle. The resulting cut ΓN is compact,
smooth, and minimal in dimension three; it may be disconnected. It is outer area-minimizing by
its minimizing property. Equivalently one may first use the ordinary trapped-region theorem for
(ĝ, 0) and then take the outer minimizing enclosure. The boundary version of the Riemannian
Penrose theorem applies to the exterior of ΓN , by Lemma 7.2 and [8, Theorem 19].

For every two-plane the restriction of ḡ = g + l2df2 dominates that of g. The floor therefore
gives

|ΓN |ĝ ≥ e−4ϵ|ΓN |g ≥ e−4ϵA∗.

The last inequality uses that B, and hence ΓN , cuts off the original filled obstacle. Lemmas 7.2
and 7.3 now give

E + εN
8π ≥ Eĝ ≥

√
|ΓN |ĝ
16π ≥ e−2ϵ

√
A∗
16π .

Let N → ∞ with ϵ fixed, and then ϵ ↓ 0. This proves the reduced inequality.
Finally apply the weak three-dimensional rest-preparation theorem of [34, Proposition 7.13]

to an exterior satisfying the hypotheses of Theorem 2.4. Write (gj ,Kj) for the resulting data.
Their tensor fields have compact support, their momenta vanish, and their metrics have all-order
r−1 decay and the stipulated scalar falloff. Discard a finite initial segment so that Ej > 0.
Strict trapping and strict DEC hold on the compact core. The positive minimum there of
8π(µj−|Jj |gj )ϱ3+δ, together with the end margin, gives the global weighted bound after decreasing
cj . The full enclosing area is positive by the geometric enclosure lemma. Thus each fixed j
satisfies Definition 2.2; no constant uniform in j has been used in its deformation solve. The
reduced energies converge to its invariant ADM mass and the full enclosing infima converge to
the original enclosing infimum. Applying the reduced bound to each member of that sequence
and passing to the limit gives Equation (2.10).

56



8 A boundary deformation in four dimensions
The construction in this section keeps a genuine inner boundary throughout the graph deformation.
The boundary has two jobs: it must become strictly mean concave, so that a minimal enclosure
can detach from it, and its flux must be small enough to leave the energy at infinity almost
unchanged. These requirements explain the signed collars and the boundary condition in the
coupled equations. They also distinguish this construction from a solve on a manifold obtained
by filling the boundary.

We first state the geometric output and deduce its numerical consequence. The rest of this
part constructs that output. The proof is independent of the numerical spacetime inequality: its
scalar identity and local analytic estimates apply before any Riemannian comparison is made.

8.1 Data, normalization and the full enclosing area

Here the spatial dimension is four. Write

ω3 = |S3| = 2π2, τ = trgK, µ = 1
2(Rg + τ2 − |K|2g), Ji = ∇j(Kij − τgij).

Here τ denotes the trace of K; the small height regularizer called τ in the three-dimensional
construction is denoted by ηN in this part. The tensor K is symmetric, and ∇ is the Levi–Civita
connection of g. Our Laplacian is ∆g = divg gradg. A hypersurface with unit normal ν has mean
curvature H = divtan ν and future expansion H + trtanK. At the inner boundary the normal
points into the exterior. In a compact auxiliary region it points out of that region. Every change
of sign below specifies both the tensor and the orientation.

The notation Oj(r−a) includes coordinate derivatives of order k ≤ j, bounded by O(r−a−k).
In the Euclidean end coordinates our energy and momentum conventions are

Eg = 1
6ω3

lim
R→∞

∫
|x|=R

(∂jgij − ∂igjj)νiδ dAδ, (8.1)

Pi = 1
3ω3

lim
R→∞

∫
|x|=R

(Kij − τgij)νjδ dAδ. (8.2)

The prepared tensor below has compact support, hence P = 0. No additional normalization of
mass accompanies these density conventions.

Definition 8.1 (Full cuts in a one-ended exterior). Let M be a smooth connected manifold with
nonempty compact boundary S and one Euclidean end with compact complement. A full cut
is the entire intrinsic boundary of a smooth connected codimension-zero outer domain D ⊂ M
that is closed in M , contains the entire distant end, has compact boundary, and has its manifold
interior in intM . Its boundary is embedded and two-sided; all components and every portion
coincident with S count. Set

A∗ = inf
D

|∂manD|g.

In particular D = M is permitted. The infimum need not be attained.

These are full cuts rather than a selected connected component of a cut. Filling bounded
pockets on the obstacle side removes irrelevant internal frontiers, while leaving a connected
exterior containing the end. The metric comparison in the construction will apply on every
tangent three-plane, so it will control this entire class at once.
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8.2 The geometric output and its immediate use

Theorem 8.2 (Four-dimensional boundary deformation). Let (M4, g,K) be smooth, connected
and orientable, complete with its nonempty compact smooth boundary S included, with exactly one
Euclidean coordinate end and compact complement. Suppose K is compactly supported. Let r be a
smooth positive extension of the coordinate radius. Assume that, for some c0 > 0 and 0 < δ1 < 1,

µ− |J |g ≥ c0r
−4−δ1 on M, H + trSK < 0 on every component of S,

with the normal into M . On the end assume

g − δ = Oj(r−2) for every fixed j ≥ 0, Rg = O(r−4−δ1),

and finite ADM energy in Equation (8.1).
There is a smooth closed connected one-ended exterior Ω ⊂ M with nonempty compact

boundary B ⊂ intM such that every full cut of B in Ω has g-area at least A∗. For every 0 < ϵ < 1
and all sufficiently large integers N there is a smooth metric ĝϵ,N on Ω, complete with B included,
satisfying

Rĝϵ,N
≥ 0, Hĝϵ,N

(B) < 0, ĝϵ,N ≥ e−2ϵg, (8.3)

ĝϵ,N − δ = O2(r−2), Rĝϵ,N
= O(r−4−δ1), (8.4)

Eĝϵ,N
≤ Eg + ΠN

3ω3

(
e−ϵN + e−ϵN/2). (8.5)

The boundary mean curvature uses the normal into Ω. The constant ΠN = C(1 + N)apol is
polynomial in N , with C and apol depending only on the fixed data, ϵ and the fixed geometric
choices. The constants in Equation (8.4) may depend arbitrarily on N .

The metric has the form e2t(g + l(t)2 df ⊗ df): the graph term cannot shorten a tangent
vector, and the floor t ≥ −ϵ protects all enclosing areas. Its inner boundary is not itself used in
the Riemannian inequality. Strictly negative mean curvature supplies an outward barrier for a
new minimal enclosure.

We use the following precise form of the independent smooth enclosure theorem. It concerns
perimeter alone and uses no stationary-field, variation or equality conclusion.

Proposition 8.3 (Smooth full-perimeter enclosure input). Let (X4, h) be a smooth connected
orientable one-ended exterior, complete with nonempty compact smooth boundary B included.
Suppose the end has compact complement and h − δ = O2(r−q) for some q > 1. Minimize
the full perimeter of the filled obstacle among enclosing sets; contact with B and all frontier
components count. The minimizing enclosure can be chosen with connected complete exterior, and
its full perimeter equals the infimum over the smooth full cuts of B. Its exterior frontier is outer
area-minimizing against all enclosing competitors, including disconnected ones. If Hh(B) < 0 for
the normal into X, that frontier is a nonempty smooth compact embedded minimal hypersurface
contained in intX.

This is the smooth enclosure theorem from the independent Riemannian geometric preliminar-
ies [35, Lemmas 2.1–2.3]. Its proof uses confinement, BV compactness, smooth-cut approximation
and obstacle regularity. Only its strict-boundary case is used here.
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Corollary 8.4 (Energy bound for the prepared exterior). Under the hypotheses of Theorem 8.2,

Eg ≥ 1
2

(
A∗
ω3

)2/3
. (8.6)

Proof. Fix ϵ > 0 and a sufficiently large N , and abbreviate ĝ = ĝϵ,N . Proposition 8.3 applies to
(Ω, ĝ): Theorem 8.2 gives smoothness, completeness, one end with exponent q = 2 > 1, and the
strictly negative boundary mean curvature. Let Σ be its detached minimal frontier. Its exterior is
connected, complete with boundary, and has the same end and energy. Outer area-minimization
allows all components of every enclosing competitor. Since Σ is itself a full cut and the metric
comparison holds on its tangent three-planes,

|Σ|ĝ ≥ e−3ϵ|Σ|g ≥ e−3ϵA∗. (8.7)

The numerical part of the four-dimensional Riemannian Penrose inequality of Bray–Lee [11,
Theorem 1.4] now applies. Its input is a smooth connected exterior, complete including its
minimal outer-area-minimizing compact boundary, with R ≥ 0, metric decay O2(r−p), p > 1, and
scalar decay O(r−s), s > 4. Here the exponents are p = 2 and s = 4 + δ1; the scalar curvature is
integrable and the energy is finite. That numerical theorem permits disconnected boundary and
imposes no spin hypothesis. Its additional spin premise concerns an equality conclusion, which is
not used. Its mass normalization is 1/(6ω3), the normalization in Equation (8.1). Consequently

Eg + ΠN

3ω3
(e−ϵN + e−ϵN/2) ≥ Eĝ ≥ 1

2

(
|Σ|ĝ
ω3

)2/3

≥ 1
2e

−2ϵ
(
A∗
ω3

)2/3
.

First let N → ∞ at fixed prepared data and ϵ, then let ϵ ↓ 0. Only this numerical inequality is
passed to the limit.

8.3 The construction and its scales

There are four stages in the proof of the deformation theorem. Section 9 chooses two trapped-
region frontiers and their signed collars. The frontiers allow a small interval of prescribed graph
trace while the original strict dominant-energy margin pays for the unrestricted τ . Section 10 fixes
the coupled equations and excludes first contact with the conformal floor. In Section 11, geometric
support comparisons first confine the scaled height to the correct interval; signed boundary slopes
then make the inner flux small, before any uniform ellipticity is known. Sections 12 and 13 obtain
boundary regularity, construct the compact return map and complete exhaustion and energy
control.

The local scalar identities are given with their proofs and the exact four-dimensional constants.
Their common content is reusable in other graph constructions. The degree argument, signed
boundary estimates, reflected measure estimates and four-dimensional interpolation remain specific
verifications for the boundary problem studied here.
Remark 8.5 (Order of constants and limits). Fix the prepared data, the thresholds and collars,
and ϵ > 0 first. The deformation integer N is then sufficiently large. A bound denoted ΠN is
polynomial in N and uniform in the outer truncation radius, homotopy parameter and solution.
Constants denoted C(N) in elliptic estimates may depend arbitrarily on N . Exhaust the outer
radius at fixed N , then pass N → ∞ using only polynomial estimates, and finally ϵ ↓ 0. In an
application to weakly decaying original data, strictification is removed at each fixed repaired end
only after this prepared construction is finished; the end-replacement radius tends to infinity last.
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9 Threshold exteriors and geometric barriers
Our input is the prepared exterior in Theorem 8.2. Thus the original boundary has strictly
negative future expansion, K has compact support, and, for a smooth positive extension r of the
end radius,

µ− |J |g ≥ c0r
−4−δ1 , c0 > 0, 0 < δ1 < 1. (9.1)

The enclosing infimum for this prepared metric is denoted by A∗, with the intrinsic-boundary
convention of Definition 8.1. This section constructs an exterior on which both signs of a
small prescribed trace can be controlled. The original trapping convention is always the future
convention H + trSK < 0. The tensor −K below is used only to construct additional interior
barriers.

9.1 Total regions inside a compact barrier

For a smooth symmetric tensor Q and an oriented hypersurface Σ, write

ΘQ(Σ) = HΣ + trΣQ.

When Σ bounds a compact region, its normal points out of that region. A smooth compact region
may have several components. It includes its entire manifold boundary and is the closure of its
interior. For a compact manifold X with boundary and a number c, define

Tc(X,Q) =
⋃

{E : E ⋐ intX is a smooth compact region, ΘQ(∂E) ≤ c}. (9.2)

The empty union has empty closure. All closures in this definition are taken in X.

Lemma 9.1 (Compact total region). Let (X4, g) be smooth, compact, connected, and orientable,
with nonempty smooth boundary, and let Q be smooth. Suppose that ΘQ(∂X) > c, with the normal
pointing out of X on every boundary component. Then Tc(X,Q) is either empty or a smooth
compact region contained in intX. In the latter case its frontier has expansion c and is stable
for outward variations. It contains every region in (9.2) and is itself one of those regions. In
particular, no component of its complement whose closure is contained in intX can be a bounded
hole.

Proof. Replace Q by Qc = Q− (c/3)g. Since the hypersurfaces have dimension three,

ΘQc(Σ) = ΘQ(Σ) − c (9.3)

for every oriented hypersurface. It suffices to prove the result for c = 0, and we use Qc throughout
this proof.

The global input is the smooth-frontier part of [6, Theorem 4.6]: for smooth complete
asymptotically flat data in spatial dimensions 2 ≤ n ≤ 7, a nonempty total trapped region has
smooth embedded outermost stable MOTS frontier. No dominant energy condition is required
for this conclusion. The higher-dimensional construction uses the Perron and almost-minimizing
method developed by Eichmair [14], who also explains its adaptation to MOTSs. We now reduce
the compact problem to the boundaryless asymptotically flat setting of the cited total-region
theorem, preserving exactly its trapped competitors.

First attach an outward cobordism from ∂X to one three-sphere. Each component of ∂X is a
closed orientable three-manifold. Relative one-handles join these components, and the smooth
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surgery theorem for orientable three-manifolds gives a framed link surgery from the resulting
connected three-manifold to S3 [42, Theorem 6 and its proof, pp. 521–522]. Its trace consists
of relative two-handles: reversing a four-dimensional two-handle trace again uses two-handles.
Thus the cobordism has a handle decomposition relative to ∂X with indices at most two. Attach
S3 × [0,∞) at its other end, obtaining a boundaryless manifold X̃. The handle Morse function
provides a proper smooth height q on the extension, with q = 0 on ∂X, increasing in an outward
collar, with only critical points of index at most two, and equal to a radial coordinate sufficiently
far out. Extend q a short distance into X as a collar coordinate with negative values.

Extend g smoothly across ∂X. We may choose its values near every critical point of q so that

trV Hessg q > 0 for every three-dimensional subspace V ⊂ TxX̃ (9.4)

at that critical point, and hence throughout a smaller neighborhood. Indeed, at an index-
two point the eigenvalues of the Hessian can be arranged as −a,−b, A,B, with a, b > 0 and
min(A,B) > a + b; the sum of the three smallest is positive. At indices zero or one the same
choice is easier. This is achieved by rescaling the positive and negative coordinate directions
in the metric in a Morse chart. The neighborhoods are disjoint and away from the prescribed
original data, so these local metrics extend to a smooth positive metric on the whole extension.
Choose that metric Euclidean on the remote end.

At a regular point of a level of q, its mean curvature toward increasing q is

H{q=constant} =
tr(grad q)⊥ Hess q

| dq| .

It is positive near the critical points by (9.4). Choose a smooth preliminary tensor extension
agreeing with Qc in the prescribed boundary collar. Near each critical point there is a > 0 such
that trV Hess q ≥ a on every unit three-plane. After shrinking its neighborhood, H ≥ a/| dq|
dominates the bounded tangential trace of the preliminary tensor. On the remaining compact
regular part the level mean curvature is bounded below. Retain the tensor near the original
boundary, and add a sufficiently large nonnegative multiple of the metric on the remaining
compact part of the extension. The tangential trace of this addition is three times its coefficient.
We can therefore ensure strictly positive expansion on every regular level of q. The given strict
boundary inequality permits the matching in a collar of ∂X, including a collar on the original
side. On the Euclidean remote end take the tensor to be zero; its round levels already have
positive mean curvature. The transition to zero can be made inside that Euclidean region with
a nonnegative metric multiple. We have obtained smooth complete one-ended data without
boundary, exactly Euclidean with zero tensor sufficiently far out.

Every compact smooth weakly trapped region in this extension stays a positive distance
inside X. To see this, extend q to a smooth function on the interior core with values below
those of a fixed smaller collar. If a region enters that collar or the attached extension, the
maximum of q on it occurs at a point in that part. A regular maximum cannot lie in the interior
of the region. At a regular boundary maximum the region is on the inner side of a positively
expanding level, with the same outward normal at contact. Tangential Hessian comparison gives
ΘQc(∂E) ≥ ΘQc({q = qmax}) > 0, a contradiction. At a critical maximum in the interior, a
direction of positive Hessian contradicts maximality. At a critical boundary maximum, the inward
open half-space of a smooth domain contains a vector v with Hess q(v, v) > 0: choose the sign
of a positive Hessian direction to point inward, and perturb it inward if it is tangent. A curve
entering the region with this initial velocity has q(γ(t)) = q(γ(0)) + t2 Hess q(v, v)/2 + o(t2), again
a contradiction. Thus one fixed original-side collar is avoided by every such region.
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The global total region consequently coincides with (9.2); all its candidate regions lie in the
same compact subset of intX. The cited theorem gives its smooth stable frontier. With the
closed representative used here it is a smooth compact region, its frontier has ΘQc = 0, and it
contains every candidate. This proves the assertion at threshold c by (9.3). If a complementary
component has closure in intX, filling it deletes whole smooth boundary components and changes
no remaining outward expansion. The resulting larger region would still be a candidate in (9.2),
contradicting maximality.

The extension in this proof is auxiliary. Neither a constraint inequality nor a topological
restriction is imposed on it. We will also apply the lemma after compactly supported changes of
Q that leave the strict outer barriers unchanged.

9.2 Threshold continuity and collars

Lemma 9.2 (Continuity thresholds). Suppose that the strict barrier condition in Lemma 9.1
holds for every c in an open interval I. The closed regions Tc(X,Q) increase with c. Except
at a countable set of thresholds, they are right-continuous in Hausdorff distance. At an empty
right-continuity threshold the regions are empty for all sufficiently close larger thresholds.

Proof. Inclusion of the defining classes in (9.2) proves that Tc(X,Q) increases with c. These are
closed subsets of one fixed compact metric space (X, distg). Apply Lemma 3.2 to this family. Its
empty-set convention gives precisely the asserted eventual emptiness. Since the exceptional set is
countable, every nonempty open subinterval of I contains a right-continuity threshold.

Lemma 9.3 (Outward leaf collars). Let Tc(X,Q) be nonempty, and let Σ be one connected
component of its frontier. On the side exterior to this region, Σ has a smooth foliated collar,
parametrized by s ∈ [0, s0], with | ds| > 0. With normal νs = grad s/| ds|, every leaf satisfies

ΘQ(Σs) ≥ c. (9.5)

The collars of distinct components can be chosen disjoint.

Proof. Lemma 9.1 supplies a compact smooth frontier with ΘQ = c, stable for the outward
normal. Its component Σ is closed, connected, and two-sided. Replacing only Σ by a sufficiently
small positive outward graph with expansion at most c would produce a larger admissible region
in (9.2), contradicting that lemma’s maximality. The graph collar can be chosen inside intX and
disjoint from the other frontier components.

Apply Lemma 3.3 with ambient dimension d = 4 and tensor Q. Here the shifted tensor is
Q− (c/3)g; (9.3) holds for every nearby graph, so its linearization is the same operator L used in
that lemma. In particular, when the principal eigenvalue is zero, the normalized linear map is

C2,α(Σ) × R −→ Cα(Σ) × R, (v, a) 7−→
(
Lv − a,

∫
Σ
v dA

)
(9.6)

for 0 < α < 1. This is the common zero-mode isomorphism (3.11), whose inverse and resulting
foliation are proved there. The lemma gives ΘQ = c at s = 0 and ΘQ > c for s > 0, hence
(9.5), with a smooth leaf coordinate and positive normal speed. Apply it to the finitely many
components and shorten the collars to be disjoint.
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9.3 Exterior supports and smooth enclosing regions

A smooth exterior support to a closed set D at x ∈ ∂D is a smooth regular level {ψ = 0} through
x, defined in a neighborhood of x, such that D is locally contained in {ψ ≤ 0}. Its outward
normal is gradψ/| dψ|. Saying that D has expansion at most k in exterior supports means that
every such support has ΘQ ≤ k at contact. This definition makes no regularity assumption on D.

The next argument is useful because the curvatures of these supports need not be bounded.
Ordinary approximate transport of tangent metrics would produce an uncontrolled error multi-
plying their second fundamental forms. We use a map whose differential is an exact isometry at
the contact point.

Lemma 9.4 (Exact support transport). Let g,Q be smooth on a neighborhood of a compact set,
and let D be a compact closed subset of its interior. Suppose that D has expansion at most k in
exterior supports. There are z0 > 0 and C < ∞ such that, for 0 < z < z0, every exterior support
to

Dz = {y : distg(y,D) ≤ z}

has expansion at most k+Cz. The constant C depends only on bounds for the smooth background
geometry and Q in the fixed compact neighborhood, and not on the support or its curvature. The
allowable z0 is also smaller than the distance required to keep these neighborhoods in the interior.

Proof. Apply Lemma 3.5 with ambient dimension d = 4, tensor Q, and the compact closed set D.
Choose its fixed smooth compact neighborhood inside the interior in the present hypotheses, and
shorten z0 to keep the distance neighborhoods there. That lemma includes the empty case and
gives exactly the required estimate, uniformly in the support curvature. We record its contact
identities in the present notation.

Let a support {ψ = 0} touch Dz at x′, choose a nearest point x ∈ ∂D, and let γ : [0, z] → X
be the unit-speed minimizing segment from x to x′. Put u0 = γ̇(0) and let Pt be parallel transport
along γ. The support normal at x′ is Pzu0. The common proof constructs, for each X ∈ TxX,
the Jacobi field

D2
t JX +R(JX , γ̇)γ̇ = 0, JX(0) = X, JX(z) = PzX. (9.7)

Writing JX(t) = Pt(X +WX(t)), its short-interval estimates give

sup
[0,z]

|WX | ≤ Cz2|X|, |DtJX(0)| ≤ Cz|X|. (9.8)

For AzX = DtJX(0) the first-jet compatibility is

⟨AzX,u0⟩ = 0, |Az| ≤ Cz.

In normal coordinates yi at x, let Ev(y) denote radial parallel transport of v ∈ TxX. The unit
field of the common construction is

V (y) = Eu0(y) +
∑
i

yiEAzei(y), U(y) = V (y)
|V (y)| .

Its prescribed first jet and uniform second-jet bounds are those established in that proof. The
endpoint map is

Fz(y) = expy(zU(y)).
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The exact endpoint identity and its covariant second-derivative bound specialize to

Fz(x) = x′, dFz(x) = Pz, |∇ dFz(x)| ≤ Cz. (9.9)

The pulled-back level ψ ◦ Fz is an exterior support to D at x, with normal u0 and the same
gradient length as ψ at x′. For an orthonormal basis e1, e2, e3 of u⊥

0 , the Hessian identity from
the common proof reads

Hess(ψ ◦ Fz)(ea, ea) = Hessψ(Pzea, Pzea) + dψ
(
(∇ dFz)(ea, ea)

)
.

Its normalized tangential trace is the four-dimensional formula

Hψ◦Fz (x) −Hψ(x′) =
3∑

a=1
⟨Pzu0, (∇ dFz)(ea, ea)⟩ = O(z). (9.10)

There is no error involving Hessψ. The tensor estimate is∣∣∣tru⊥
0
Q(x) − trPz(u⊥

0 )Q(x′)
∣∣∣ ≤ Cz.

These identities specialize the common proof’s comparison of the two support expansions; the
assumed inequality at x gives the bound k + Cz at x′.

Lemma 9.5 (Smooth support enclosure). Assume the hypotheses of Lemma 9.1 at threshold c′.
Let D ⋐ intX be a compact closed set whose every smooth exterior support has ΘQ ≤ k, where
k < c′. Then

D ⊂ Tc′(X,Q).

In particular, the right side is nonempty whenever D is nonempty.

Proof. Assume D ≠ ∅. Choose β > 0 small enough that Dβ lies in intX, Lemma 9.4 applies for
0 < z ≤ β, and

k + Cβ < c′. (9.11)

Smooth approximation of the distance function, followed by a regular-value choice, gives a smooth
compact region E with

Dβ/4 ⊂ intE ⊂ E ⊂ intD3β/4.

For example, approximate the distance uniformly to accuracy β/16 and choose a regular level
between 7β/16 and 9β/16.

Choose a smooth function a ≥ 0, supported where dist(·, D) < β, that is a sufficiently large
constant near ∂E. For Q′ = Q− ag we then have ΘQ′(∂E) = ΘQ(∂E) − 3a < c′. The boundary
barriers of X are unchanged. Lemma 9.1 applied to Q′ produces a nonempty smooth total region
T ′ containing E. Its frontier is nonempty because T ′ is compactly contained in the interior of the
connected manifold X with nonempty boundary. That outward frontier satisfies

ΘQ(∂T ′) = c′ + 3a ≥ c′. (9.12)

Since D has an open neighborhood in E ⊂ T ′, the number z = dist(D, ∂T ′) is positive and
attained.

Suppose z < β. Then Dz ⊂ T ′. Indeed, a minimizing segment of length at most z from D
to a point outside T ′ would first cross ∂T ′ at distance strictly less than z. Such segments stay
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in X by our choice of β. At a pair realizing the minimum distance, ∂T ′ is therefore an exterior
support to Dz. Its expansion is at most k + Cz < c′ by Lemma 9.4 and (9.11), contradicting
(9.12). Consequently z ≥ β.

The frontier of T ′ is outside the support of a, so its expansion for the original tensor is exactly
c′. Thus T ′ itself is an admissible region in (9.2) for (X,Q, c′). Since it contains D, the defining
maximality gives D ⊂ T ′ ⊂ Tc′(X,Q).

9.4 The two colors and the trace allowance

Proposition 9.6 (Geometric preparation). For the prepared data satisfying (9.1), there are a
closed connected exterior Ω ⊂ M with one end and nonempty compact smooth boundary B, two
negative numbers cb, cw, and a decomposition of B into black and white components with the
following properties. With the normal ν into Ω and PB = trBK,

H + PB = cb on black components, H − PB = cw on white components. (9.13)

The components come from closed total-region families Dc and Wc at right-continuity thresholds
cb and cw, respectively. The white family is formed with the black region fixed, and is allowed to
be empty. Every face has a disjoint smooth collar in Ω, with parameter s ≥ 0, | ds| > 0, and the
corresponding expansion toward increasing s is at least cb or cw.

There are a0 > 0, a compactly supported smooth function C, and a positive smooth weight ρ,
equal to a positive constant times r−4−δ1 on the end, such that |C| ≤ a0 and, on smaller collars,

C = a0 − κBs on black collars, C = −a0 + κBs on white collars, κB > 0. (9.14)

Set
b− = cb − a0 < 0 < −cw + a0 = b+. (9.15)

Every real-valued function h taking values in [b−, b+] on suppK∩Ω satisfies the following inequality
on Ω:

|(h+ C)τ | + | dC|g + ρ ≤ µ− |J |g, τ = trgK. (9.16)

There is a smooth compactly supported extension b on Ω of the boundary values b− on black faces
and b+ on white faces, constant on smaller collars. Finally, every smooth enclosing cut of B in
Ω has g-volume at least A∗.

Proof. Choose a distant sphere SR0 beyond suppK, sufficiently large that it and all farther
coordinate spheres have positive mean curvature. Their expansions for both K and −K are
positive. Let X0 be the original compact core between S and SR0 . It is connected: paths using
the remote end can be replaced at its connected spherical cross section. Attach a smooth compact
filling F behind the entire original boundary. Such a filling can be constructed by taking an
oppositely oriented copy of X0 and capping its spherical boundary by a four-ball. Its remaining
boundary identifies with S. Extend g and K smoothly across S into this filling, keeping the metric
positive. Extension of the collar jets followed by a partition of unity does this; no constraint
condition is required in F . The resulting compact manifold X has only the connected outer
boundary SR0 .

For later parameter choices, fix now

σ∗ = min
X0

(µ− |J |g) > 0, T∗ = max
X0

|τ |.
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Choose γ > 0 so small that
γT∗ ≤ σ∗/8 (9.17)

and the original boundary has expansion less than −2γ. By strictness and continuity, F together
with a fixed short exterior collar of S is a smooth compact region whose outward boundary has
expansion less than −γ. For every c ∈ (−γ, 0) form

Dc = Tc(X,K).

Here K denotes its smooth extension into F . Lemma 9.1 applies and Dc contains that entire filled
neighborhood. Its smooth frontier therefore lies strictly in the original data. Its complement in X
is connected. Indeed the collar of the connected outer sphere belongs to a unique complementary
component; every other component would be an interior hole and could be filled, contrary to
maximality.

Choose cb ∈ (−γ, 0) at a right-continuity threshold by Lemma 9.2. Write Y for the closed
complement of int Dcb

in X. This is a smooth compact connected manifold with the outer sphere
and the black frontier as its boundary. For the white tensor −K, all these boundary components
have strictly positive outward expansion. On a black component the outward normal of Y is the
reverse of the outward normal of Dcb

, so the expansion is

−H − tr∂Dcb
K = −cb > 0. (9.18)

This changes both the normal and the tensor in an auxiliary problem; the original boundary still
has its prescribed future sign.

For c ∈ (−γ, 0) define the white family

Wc = Tc(Y,−K).

It may be empty. Lemmas 9.1 and 9.2 give a right-continuity threshold cw ∈ (−γ, 0). Every
nonempty white region lies strictly inside Y , so Dcb

and Wcw are disjoint closed sets, a positive
distance apart. Notice that the black threshold and manifold Y are fixed before making this
second threshold choice.

In the filled one-ended manifold take the component of the open complement of Dcb
∪ Wcw

that reaches the end, and let Ω be its closure. Its boundary is the union of those entire frontier
components adjoining this exterior. To justify the word “entire,” a smooth connected frontier
component has a connected thin collar on each side; the component of its exterior side is therefore
constant along the frontier. Both frontiers are compact and smooth with finitely many components,
and they are disjoint. Thus Ω is smooth, closed, and connected, and its boundary B is a union of
complete smooth components. It has one end, the original end, and lies in the original manifold
because the black region contains the filling and a collar of S. Its boundary is nonempty: the
component reaching infinity is separated from that nonempty filled region. The inherited metric is
complete up to B; boundary charts give local completeness at finite limit points, and completeness
of the original end prevents escape in finite distance.

Call its retained Dcb
faces black and its retained Wcw faces white. The normals into Ω are

the outward normals of these regions. Their threshold equations give (9.13). Figure 1 illustrates
these orientations; ΩR there denotes the part of Ω inside a distant coordinate sphere SR. Apply
Lemma 9.3 to their respective total regions and shorten the collars so they lie on the Ω side
and are mutually disjoint. This gives all the asserted leaf inequalities. The support enclosure

66



SR

S

Dcb Wcw

νb

νw

ΩR
H + PB = cb

H − PB = cw

end e

Figure 1: A schematic of the auxiliary exterior; one black and one possible white frontier component
are shown. The white family may be empty. The black region encloses the original boundary.
Both normals point into the retained exterior, but its black and white faces have prescribed
expansion for K and −K, respectively. The drawing represents incidence and orientations, not
the topology or dimension of the hypersurfaces.

Lemma 9.5 is available for the full families Dc and Wc on X and Y , respectively; in the latter
case the reversed black barriers remain fixed.

All these collars lie in the fixed original core X0, so the lower bound σ∗ was fixed before either
threshold or any collar width. For each collar choose a smooth profile qB(s) ∈ [0, 1], supported
in that collar, with qB(s) = 1 − αBs near its face and αB > 0. Such a profile is obtained by
multiplying this linear function by a nonnegative cutoff supported before the linear function can
become negative. With disjoint supports, define

C = a0
∑
B

εBqB(s), εB =
{

1, B black,
−1, B white.

There is a finite constant M∗, now depending on the chosen collars and profiles, such that |C| ≤ a0
and | dC| ≤ a0M∗. Formula (9.14) holds with κB = a0αB > 0. Only at this point choose a0 > 0
small enough that

a0(2T∗ +M∗) ≤ σ∗/8. (9.19)

For b− ≤ h ≤ b+ we have |h+ C| ≤ γ + 2a0, and hence on X0 ∩ Ω

|(h+ C)τ | + | dC| ≤ γT∗ + a0(2T∗ +M∗) ≤ σ∗/4. (9.20)

At points outside suppK the trace term vanishes, so this estimate requires no restriction there
on the value of h.

Finally choose a constant ρ∗ > 0 so small that

ρ∗ ≤ c0/4, ρ∗ max
X0

r−4−δ1 ≤ σ∗/4, ρ = ρ∗r
−4−δ1 .

On X0 ∩ Ω, (9.20) plus this choice bounds the left side of (9.16) by σ∗/2. Outside X0, K = C = 0,
and (9.1) gives the required inequality directly. This proves (9.16). This order of choices uses no
lower bound on collar widths as cb, cw approach zero: the thresholds are chosen first, the collars
next, and their amplitude last. Ordinary collar cutoffs also give the stated compactly supported
smooth extension of the constants b− and b+.

If De is an admissible closed connected outer domain for a cut in Ω, it is also closed in M ,
because Ω is closed in M . It is a smooth codimension-zero submanifold of M , its interior lies in
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intM , and it contains the distant original end. Its entire intrinsic boundary, including every part
coincident with B, is therefore an admissible original enclosing cut. Its area is at least A∗. This
proves the final assertion without assuming the existence of a minimizing cut.

10 A boundary system for scalar curvature
Fix the prepared exterior and the geometric choices of Proposition 9.6. All contractions and
derivatives in this section use its background metric g, unless another metric is indicated. In
particular, τ = trgK is unrestricted. The boundary normal ν points into Ω. Let ΩR denote the
truncation at a large coordinate sphere SR, so its ordinary outward normal at its inner boundary
B is −ν.

The purpose of the system is to produce a metric ĝ = e2t(g + l(t)2 df2) with nonnegative
scalar curvature and negative boundary mean curvature. The parameter ηN below makes the
prescribed trace depend strictly increasingly on f . A separate penalty prevents t from reaching
−ϵ. This section proves that prevention using a coarse height bound. The narrower height interval
needed to use (9.16) will be proved subsequently.

10.1 Variables and a scalar-curvature identity

The warped-graph scalar identity and coupled-Penrose strategy of Bray and Khuri [9, 10] extend
the earlier Jang–Schoen–Yau graph method [22, 38]. The computation below fixes the dimension-
four coefficients and retains the unrestricted trace of K. The trace-discrepancy term already
appears before imposing the generalized Jang equation in [10, Identity 9, p. 580]. The prescribed
F = h + C, nonzero divergence source, and floor penalty are part of the present system; its
existence is proved independently, not inferred from an older zero-divergence coupling.

Fix 0 < ϵ < 1 and a smooth nonincreasing function ϑ : R → [0, 1] equal to one on (−∞, 0]
and to zero on [1,∞). For every integer N ≥ 4 define

p(t) = Nϑ(Nt), l(t) = exp
(∫ t

0
p(s) ds

)
,

L0(t) = e2tl(t), ℓ = e−ϵN , ηN = ℓ3/2.

(10.1)

Thus 0 ≤ p ≤ N , l(t) = eNt for t ≤ 0, and l is constant with value between one and e for t ≥ 1/N .
In particular l(−ϵ) = ℓ. The unknowns are real functions f, Z. Define t implicitly, and then all
the remaining variables, by

σ = | grad f |, D = 1 + l(t)2σ2, d = D−1, Z = t+ 1
6 logD, h = ηNf,

w = l grad f√
D

, a = |w|, v = a2 = 1 − d, χ = 3d
3 + pv

,

Ad = Id −w ⊗ w, Aχ = Id − 3 + p

3 + pv
w ⊗ w, u = L0

√
D.

(10.2)

We identify vectors and covectors using g. A symmetric endomorphism also denotes the corre-
sponding contravariant tensor, and |ξ|2A = A(ξ, ξ) for a covector ξ. For fixed df , the derivative of
the defining expression for Z with respect to t is 1 + pv/3 ≥ 1. That expression tends to −∞ and
+∞ at the two ends of the real line. It therefore defines a unique smooth t = t(x′, Z, df), with x′

the base point, for all inputs, including inputs below the proposed floor. No gradient bound is
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needed for this definition. The eigenvalues of Ad and Aχ on the line spanned by grad f are d and
χ; their other three eigenvalues are one. Consequently

0 < 3d
3 +N

≤ χ ≤ d ≤ 1. (10.3)

Set
ḡ = g + l2 df2, ĝ = e2tḡ, Hf = l√

D
Hessg f, Sf = K +Hf ,

F = trAχ Sf , V = uAχ
(
3 gradZ +K(w, ·)

)
.

(10.4)

Where σ > 0, let e = grad f/σ. Decompose Sf into its transverse block T = Sf |e⊥ , mixed block
M = Sf (e, ·)|e⊥ , and axial entry j = Sf (e, e); write T 0 = T − 1

3(trT )g|e⊥ . Thus trT = F − χj.
Also write x = e(t) and y = ( dt)|e⊥ . The symbol M in this block notation is a covector, not the
original manifold.

Proposition 10.1 (Scalar identity). For arbitrary smooth f, Z and arbitrary symmetric K,

1
2e

2t Scalĝ = µ+ J(w) + T + w(F ) − Fτ − u−1 divg V, (10.5)

where the smooth scalar T is given, on { df ̸= 0}, by

T = 1
2 |T 0|2 + |M + (p+ 1)ay|2 − v|y|2 + 3(p+ 1)(|y|2 + dx2)

− 1
3(F − χj)2 + χj2 − χFj + F 2 + 2(p+ 1)χjax.

(10.6)

The expression extends smoothly across { df = 0}, where any unit axis may be used in the block
expression.

Proof. We derive the identity in a stationary Lorentzian metric, keeping its normal second form
distinct from the prescribed tensor K. On the product with coordinate s′ use

g = −l2( ds′ − df)2 + ḡ.

Its constant-s′ slices have metric g. Their lapse, shift, and normal second form, with the convention
that the second form is half the normal metric rate, are

U = l
√
D, β = l2 grad f = Uw,

k = −sym ∇β
U

= −Hf − p( dt⊗ w + w ⊗ dt).
(10.7)

Here sym includes the factor 1/2. Put θ = trg k, and let N0 be the future unit normal. The
contracted Gauss and normal expansion identities are

Scalg = R + 2Ric(N0, N0) + |k|2 − θ2, Ric(N0, N0) = −N0θ − |k|2 + U−1∆gU.

Stationarity gives UN0θ = −β(θ) and div β = −Uθ. If

B(A,B) = A : B − (trg A)(trg B), PA = A− (trg A)g,

the preceding two formulas consequently yield

UR = U
(
Scalg +B(k, k)

)
− 2 div(gradU + θβ). (10.8)
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In the static coordinate s′ − f one instead has

R = Scalḡ −2l−1∆ḡl, ∆ḡϕ = l

U
div

(
U

l
Ad gradϕ

)
.

Direct differentiation of U = l
√
D gives

gradU − U

l
Ad grad l = −k(β, ·).

Moreover, using J = divPK , symmetry of PK , and sym ∇β = −Uk gives
div(PKβ) = U{J(w) − B(K, k)}.

Substitute these identities into (10.8), use µ = (Scalg −B(K,K))/2, and put Q = K − k. The
result is

1
2 Scalḡ = µ+ J(w) + 1

2B(Q,Q) − U−1 div(UPQw). (10.9)

For example, the divergence arising directly from (10.8) is U−1 div(UPkw); adding J(w) combines
it with −U−1 div(UPKw) to give the last term in (10.9). This also fixes its sign.

The four-dimensional conformal formula is
1
2e

2t Scalĝ = 1
2 Scalḡ −3∆ḡt− 3| dt|2Ad

.

Since ∆ḡt = U−1 div(UAd grad t) − p| dt|2Ad
and u = e2tU , changing the divergence weight from

U to u gives
1
2e

2t Scalĝ = µ+ J(w) + 1
2B(Q,Q) + 2PQ(w, grad t) + 3(p+ 1)| dt|2Ad

− u−1 div
(
u(PQw + 3Ad grad t)

)
.

(10.10)

The following differential identities follow from (10.2):
3 dZ = (3 + pv) dt+Hf (w, ·),

divw = trAd
Hf + pdw(t),

d log u = (p+ 2 + pv) dt+Hf (w, ·).
(10.11)

They imply
V

u
= PQw + 3Ad grad t+ Fw,

u−1 div(uw) = trgHf + 2(p+ 1)w(t)
= F + (1 − χ)j − τ + 2(p+ 1)w(t).

(10.12)

Adding uFw inside the divergence in (10.10) therefore leaves w(F ) + Fu−1 div(uw). Its trace
contribution is exactly −Fτ , while the remaining quadratic expression is

T = 1
2B(Q,Q) + 2PQ(w, grad t) + 3(p+ 1)| dt|2Ad

+ F

(
F + 3 + p

3 + pv
Sf (w,w) + 2(p+ 1)w(t)

)
.

(10.13)

This is smooth even at w = 0, since (1 −χ)j = (3 + p)Sf (w,w)/(3 + pv). For the block expansion,
Q has blocks T , M + pay, j + 2pax, and trT = F − χj. Expanding (10.13) gives (10.6). At
w = 0 it reduces to

T = 1
2
(
|Sf |2 + (trg Sf )2)+ 3(p+ 1)| dt|2,

which is independent of the auxiliary axis. This proves all assertions.
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10.2 Coercivity and the boundary identity

Throughout the proof, ΠN denotes a bound of the form C(1 + N)apol for a finite nonnegative
integer apol. Its coefficient C and exponent apol may depend on the fixed prepared data, ϵ, the
chosen collars and smooth switches, and any explicitly fixed small absorption constant. They
never depend on R, a homotopy parameter, or a solution. Different occurrences may denote larger
such bounds. Constants denoted by C(N) in later fixed-N analytic estimates have no polynomial
restriction and will not enter a limit requiring polynomial control.

Lemma 10.2 (Polynomial coercivity). For all inputs in (10.2),

|T |2 + |M |2 + dj2 + F 2 + | dt|2Ad
≤ ΠNT . (10.14)

At a point where dt = 0, there are absolute constants c, C > 0 such that

c
(
|T 0|2 + |M |2 + χj2 + F 2) ≤ T

≤ C
(
|T 0|2 + |M |2 + χj2 + F 2). (10.15)

Proof. Completing squares in (10.6) gives the exact identity

T = 1
2 |T 0|2 + |M + (p+ 1)ay|2 +

(
3(p+ 1) − v

)
|y|2

+ 3(p+ 1)d
(
x+ χaj

3d

)2
+ 2

3

(
F − χj

4

)2
+ d(48 − 3d)

8(3 + pv)2 j
2.

(10.16)

For the final coefficient, the identity used in this completion is

χ− 3
8χ

2 − (p+ 1)χ2v

3d = d(48 − 3d)
8(3 + pv)2 .

The coefficient of |y|2 is at least two, and the last coefficient is at least 45d/[8(3 +N)2]. Thus
dj2 ≤ C(3 + N)2T . The inequalities χ2 ≤ d2 ≤ d then recover F 2 from its shifted square and
dx2 from its shifted square, at polynomial cost. Recovering M costs at most C(1 +N)2|y|2, and
recovering T uses trT = F − χj. This proves (10.14); these observations, for instance, allow one
common bound C(1 +N)2 in that inequality.

When dt = 0, complete only the (F, j) terms to obtain

T = 1
2 |T 0|2 + |M |2 + 2

3

(
F − χj

4

)2
+ χ

(
1 − 3χ

8

)
j2. (10.17)

Since 5/8 ≤ 1 − 3χ/8 ≤ 1 and χ2 ≤ χ, this gives (10.15) with absolute constants.

Lemma 10.3 (Boundary conversion). On any smooth face on which f is constant, let PB = trBK,
wν = ⟨w, ν⟩, and let H be its background mean curvature for the normal into Ω. Then

Vν
u

= d(H + 3∂νt) −H + wν(F − PB), Ĥ = e−t√d (H + 3∂νt). (10.18)

Proof. With IIB(X,Y ) = g(∇Xν, Y ) for tangent vectors, one has tangentially Hess f = (∂νf)IIB,
so trT = PB + wνH and χj = F − PB − wνH. Use this relation in the first identity of (10.12);
as w is normal on the face, it gives

Vν/u = 3d∂νt+ wν(F − PB − wνH),
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which is the first assertion because w2
ν = 1 − d. The induced metric of ḡ on the face equals g|B,

and its normal in base coordinates is
√
d ν. In the tangential first variation, l2 df2 contributes

zero since the tangential derivatives of f vanish there. Hence Hḡ =
√
dH. Applying the boundary

conformal formula with νḡ =
√
d ν proves the second assertion. Both assertions also hold when

df = 0.

10.3 The equations and their four-stage homotopy

Extend the end radius to a positive smooth function r ≥ 1 on Ω and set

ρ0 = r−4−δ1 , ρ1 = r−3, m0(t) = ϑ
(
N(t+ ϵ)

)
, P = CN (ρ0 + vρ1),

Ξ = δ0T + ρ+ δ0ηNaσ −m0(t)P.
(10.19)

The constant δ0 > 0 and the polynomial CN will be fixed in Proposition 10.7. The smooth
positive weight ρ comes from (9.16); in particular ρ ≤ Cρ0. The combination aσ = l| df |2/

√
D is

smooth also at df = 0, so all terms of Ξ are smooth functions of the indicated jets. Choose a
constant NB > 1 + supB |H|, and put

B = −H + wν(F − PB) −NBd.

The desired system is 
F = h+ C, in ΩR,

div V = uΞ, in ΩR,

h = b, Vν/u = B, on B,

f = Z = 0, on SR.

(10.20)

In every boundary flux expression the symbol F is evaluated using the prescribed trace right
side. Thus the boundary condition contains no second derivative of f . For a solution of (10.20),
(10.18) immediately gives Ĥ = −e−t√dNB < 0.

We specify the entire homotopy because its boundary modifications and strictly increasing
height term will be used in the a priori estimates. The stages run from the desired system to
the terminal problem with solution f = Z = 0; Section 13 transfers existence back along this
homotopy. Take a smooth j0 : R → [0, 1] which is zero for t ≤ 0 and one for t ≥ 1. For 0 ≤ λ ≤ 1
put

Vλ = uAχ
(
3 gradZ + λK(w, ·)

)
.

In stages 1–3 use{
div Vλ = uΞ in ΩR,

(Vλ)ν/u = [1 − (1 − λ)j0(t)][B − (1 − λ)(AχK(w, ·))ν ] on B.
(10.21)

Keep the outer data f = Z = 0 throughout.
Here are explicit smooth choices of the auxiliary trace terms. Fix 0 < 4ξ1 < b+ − b− and

smooth height switches q−, q+ such that

q−(z) = 1 (z ≤ b− + ξ1), q−(z) = 0 (z ≥ b− + 2ξ1),
q+(z) = 0 (z ≤ b+ − 2ξ1), q+(z) = 1 (z ≥ b+ − ξ1),

where q− is nonincreasing and q+ is nondecreasing. Choose a smooth direction switch qd with
values in [0, 1], equal to one on (−∞,−3/4] and zero on [−1/2,∞). On each collar write
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νs = grad s/| ds|, so νs = ν at the face, and choose a smooth cutoff ωB supported there and equal
to one near the face. The collars are disjoint. With fixed constants

A0 > 2 sup
B

|H| + 1, A1 > sup
B

|H| + 1,

define, extending by zero outside the collars,

D0(x′, w, z) = −A0ωB(x′)qd(w · νs)q−(z) on black collars,
D0(x′, w, z) = A0ωB(x′)qd(−w · νs)q+(z) on white collars,
D1(x′, w) = A1ωB(x′)w · νs on every collar.

(10.22)

Both terms vanish at w = 0, are bounded for |w| ≤ 1, and have bounded derivatives of every
order on bounded height ranges. These bounds are independent of N . In addition ∂zD0 ≥ 0.

The successive trace prescriptions and inner Dirichlet data are as follows; the indicated
parameter moves in the displayed direction.

Stage 1: Decrease λ from one to zero, keeping F = h+ C and h|B = b.

Stage 2: Keep λ = 0, increase α0 from zero to one, and use F = h + C + α0D0(x′, w, h) and
h|B = b.

Stage 3: Keep λ = 0, increase ζ from zero to one, and use

F = h+ (1 − ζ)
[
C +D0(x′, w, h+ ζb(x′))

]
+ ζ

[
trAχ K +D1(x′, w)

]
, h|B = (1 − ζ)b.

(10.23)

Stage 4: Retain the terminal prescription F = h+ trAχ K +D1 and h|B = 0. Keep λ = 0 and
multiply both right sides of (10.21) by a common parameter γ, decreasing from one to
zero.

The endpoints agree, so this is a continuous homotopy. All trace right sides have derivative
at least one with respect to h, with (x′, w, t) fixed. This is also the relevant derivative when
comparing scalar solutions at a shared gradient and shared Z, since t is independent of the value
of f .

Two consequences of these choices will be useful. First, at a stage 3 face, evaluate the
prescribed right side at h = (1 − ζ)b and at the limiting values w = ±ν, d = χ = 0. It obeys

F (ν) ≥ PB +H, F (−ν) ≤ PB −H. (10.24)

Indeed, on a black face b + C = PB + H, D0(ν, b) = 0, and D0(−ν, b) = −A0; on a white face
b + C = PB − H, D0(−ν, b) = 0, and D0(ν, b) = A0. The terminal expressions are PB ± A1.
Each inequality follows for both endpoints from the choices of A0, A1, and hence for their convex
combination.

Second, throughout stage 4 the scalar solution is f = 0, for every trial Z. Its equation is
trAχ H

f = ηNf +D1, with zero boundary values. At a positive interior maximum w = 0, D1 = 0,
Aχ = Id, and l∆f = ηNf > 0, a contradiction; a negative minimum is excluded in the same way.
Consequently in this stage

f = 0, t = Z, T = TK + 3(p+ 1)| dt|2, TK = 1
2(|K|2 + τ2), (10.25)

and its two remaining equations are exactly

div(3u grad t) = γuΞ, 3∂νt = γ[1 − j0(t)](−H −NB).
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10.4 Coarse heights and an outer boundary estimate

Lemma 10.4 (Height bound before the floor). There exist fixed r0 and C∗ > 0, independent of
N , R, and all homotopy parameters, with the following property. Every smooth solution of the
trace equation in any stage, with its prescribed Dirichlet data, on ΩR for R ≥ 2r0 satisfies

|h| + |F | ≤ C∗, |h| ≤ C∗(r−3/2 −R−3/2) (r0 ≤ r ≤ R). (10.26)

Here Z may be arbitrary; the divergence equation and the condition t ≥ −ϵ are not assumed. In
particular, with the prescribed outer value Z = 0,

| grad f | ≤ C∗η
−1
N R−5/2 on SR. (10.27)

For every fixed N there is Rmin(N) ≥ 2r0, chosen to tend to infinity with N , such that every such
solution for R ≥ Rmin(N) has

t > −ϵ on SR. (10.28)

Proof. At an interior extremum of h, w = 0 and both auxiliary terms vanish. The trace equation
becomes

l∆f = h+ C − τ in stages 1 and 2, l∆f = h+ (1 − ζ)(C − τ) in stage 3.

Since l > 0, comparison at a maximum and a minimum bounds |h| by max(supB |b|, ∥C − τ∥∞).
Stage 4 has h = 0. All prescribed trace right sides then bound |F | by a fixed constant, because
D0, D1 are bounded and ∥Aχ∥ ≤ 1.

Choose r0 beyond the supports of K,C, b,D0, D1. At a comparison with a radial function,
the axis of Aχ is gradg r/| dr|g. Uniformly for 0 < χ ≤ 1, the prepared end expansion gives

trAχ Hessg r−3/2 = 3
2

(
−3 + 5

2χ
)
r−7/2 +O(r−11/2) < 0 (10.29)

after increasing r0. The leading coefficient is at most −3/4, so the choice is independent of
N . Take C∗ large enough that C∗(r−3/2

0 −R−3/2) dominates the global height bound for every
R ≥ 2r0. On this annulus the scalar equation is

l

ηN
√
D

trAχ Hessg h = h.

The functions ±C∗(r−3/2 − R−3/2) are respectively upper and lower barriers by (10.29). At a
putative first comparison point the gradients coincide, so the same positive trace matrix and the
same positive prefactor occur in both expressions. The Hessian order and the proper height sign
give a contradiction. This proves the end estimate. Differentiating the comparison at the outer
boundary, where h = 0 tangentially, gives (10.27), absorbing the uniform end normal comparison
into C∗.

Finally let G(t) = t + 1
6 log(1 + l(t)2σ2) at an outer point. It is strictly increasing and

G(t) = Z = 0. Thus t > −ϵ if

G(−ϵ) = −ϵ+ 1
6 log(1 + ℓ2σ2) < 0.

By (10.27), it suffices to choose Rmin(N) so large that C2
∗ℓ

2η−2
N Rmin(N)−5 < e6ϵ − 1. This uses

only fixed-N enlargement of the outer radius.

74



10.5 The stationary comparison at a minimum of t

The scalar identity is useful at a floor contact because a second, Riemannian Gauss calculation
gives an upper bound for the same scalar curvature. Define, for a symmetric tensor A and a
chosen unit axis e,

S(A) = 1
3(tr⊥A)2 − 1

2 |A0
⊥|2 + dAee tr⊥A− d|Ae⊥|2. (10.30)

Lemma 10.5 (Stationary Gauss comparison). At an interior local minimum of t,

1
2e

2t Scalĝ ≤ 1
2 Scalg −vRicg(e, e) + S(Hf ). (10.31)

At every point where dt = 0 there are an absolute c2 > 0 and a polynomial bound ΠN such that

T − S(Hf ) ≥ c2T − ΠN

(
vF 2 + |K|2

)
. (10.32)

These conclusions extend to df = 0 with any unit axis.

Proof. Use the Riemannian warped product g + l2( db′)2 and its graph b′ = f . At dt = 0 one has
dl = 0, so the graph second form is Hf , up to its immaterial overall sign. Its inverse metric is Ad.
The contracted second-form contribution is

1
2{(trAd

Hf )2 − |Hf |2Ad⊗Ad
} = S(Hf ),

as is seen by writing Ad = diag(1, 1, 1, d). The ambient scalar curvature and Ricci blocks are

Scalg −2∆l/l, Ricg − Hess l/l, −∆l/l,

for the scalar, horizontal block, and unit vertical direction; the mixed block is zero. The graph
unit normal has horizontal part −w and vertical component

√
d. Therefore the ambient scalar

minus twice its normal Ricci, divided by two, is
1
2 Scalg −vRicg(e, e) − v tr⊥(Hess l/l).

At a stationary point Hess l/l = pHess t, and the conformal term is −3 trAd
Hess t. Thus we have,

more precisely, the equality
1
2e

2t Scalĝ = 1
2 Scalg −vRicg(e, e) + S(Hf )

− (3 + pv) tr⊥ Hessg t− 3dHessg t(e, e).
(10.33)

At a minimum the last two terms are nonpositive, proving (10.31).
For (10.32), first subtract S(Sf ). An expansion using trT = F − χj gives exactly

T − S(Sf ) = |T 0|2 + (1 + d)|M |2 + χ(1 + d− 2χ/3)j2

+ (χ/3 − d)Fj + F 2/3.
(10.34)

At d = χ = 1 the (F, j) quadratic is F 2/3 − 2Fj/3 + 4j2/3, whose matrix has determinant 1/3
and positive trace. It is uniformly positive in a fixed neighborhood of this point. Since

1 − d = v, 1 − χ = (3 + p)v
3 + pv

,
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there is an absolute κ0 > 0 such that this neighborhood contains all inputs with (1 + p)v ≤ κ0.
In that region (10.34) controls an absolute fraction of |T 0|2 + |M |2 + χj2 + F 2.

In the remaining region, use χ(1 + d− 2χ/3) ≥ χ and |χ/3 − d| ≤ d to absorb the mixed term
into, for example, χj2/4 and a multiple of (d2/χ)F 2. The only ratio required is

d2

χ
= d(3 + pv)

3 ≤ 3 +N

3 , v >
κ0

1 + p
≥ κ0

1 +N
. (10.35)

Keeping also a fixed fraction of F 2 at the cost of another multiple of F 2, this proves a lower
bound by an absolute fraction of the stationary norm minus C(1 +N)2vF 2. Equation (10.15)
converts the norm to T .

It remains to replace Sf by Sf −K. Polarizing (10.30) bounds the difference by

C
(
|T | + d|j| + d|M |

)
|K| + C|K|2.

The stationary norm controls |T | and |M |, while d|j| ≤ (d2/χ)1/2(χj2)1/2. By (10.35) and Young’s
inequality, for every fixed α > 0 this is at most αT +Cα(1 +N)|K|2. Choose α to retain half the
already obtained positive coefficient of T . This proves (10.32) with absolute c2 > 0.

Lemma 10.6 (Errors from the trace switches and drift). Let K be a fixed compact enlargement
of the supports of K,C, b,D0, D1. For every fixed δ2 > 0, every smooth trace solution in stages
1–3 satisfies, at a point where dt = 0,

w(F ) ≥ ηNaσ − δ2T − ΠN1K,

u−1∣∣div(uAχK(w, ·))
∣∣ ≤ δ2T + ΠN1K.

(10.36)

The polynomial may depend on δ2 and the fixed geometric choices, but no negative power of ℓ or
ηN is required.

Proof. At dt = 0, differentiation gives

∇iw = AdH
f
i· , d log u = Hf (w, ·), dp = p′(t) dt = 0.

These formulas and (10.15) show

|∇w| + | d log u|Aχ + |∇Aχ| ≤ ΠN (
√

T + |K|). (10.37)

For clarity, the axial entry in ∇w is dHf
ee, and its control uses d2/χ ≤ (3 +N)/3. In | d log u|Aχ

the axial entry has the factor √
χ. Differentiating Aχ = Id −(3 + p)w ⊗ w/(3 + pv) uses only the

preceding ∇w and coefficients bounded by powers of 1 +N , since 3 + pv ≥ 3. This proves (10.37)
without dividing by l or ηN .

Write the relevant prescribed trace as Φ(x′, w, t, h). Its height derivative is at least one, so
the chain rule contains the favorable term

Φhw(h) ≥ w(h) = ηNaσ.

All other terms are supported in K. Lemma 10.4 bounds their height arguments in a fixed range;
derivatives of D0, D1 and b are consequently bounded. Derivatives of trAχ K use ∇K and (10.37).
The t derivative has zero contribution at the point in question. Thus the remaining absolute error
is bounded by ΠN (1 +

√
T )1K. Young’s inequality proves the first assertion.

Expanding the divergence in the second assertion differentiates Aχ, K, and w, and adds
⟨K(w, ·), d log u⟩Aχ . The latter is bounded by C|K| | d log u|Aχ . Equation (10.37), compact
support, and Young’s inequality give the second assertion with the same allowed dependencies.
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10.6 Exclusion of first contact with the floor

Proposition 10.7 (First-floor exclusion). There are a fixed δ0 > 0 and a positive polynomial CN
in (10.19) such that, for every N ≥ 4 and every R ≥ Rmin(N), no smooth solution at any stage
of the homotopy satisfies

min
ΩR

t = −ϵ.

The choices depend only on the prepared data, ϵ, and the fixed switches and collars. They do not
use a height bound sharper than Lemma 10.4.

Proof. Suppose first that a floor minimum is interior and the parameter is in one of stages 1–3. At
that point dt = 0 and Hess t ≥ 0. Subtract (10.31) from (10.5) and use Vλ = V −(1−λ)uAχK(w, ·).
This gives

u−1 div Vλ ≥ µ− 1
2 Scalg +J(w) + vRicg(e, e) + T − S(Hf ) + w(F ) − Fτ

− (1 − λ)u−1 div(uAχK(w, ·)).

Choose δ2 > 0 in Lemma 10.6 so small that the two losses δ2T leave at least c2T /2 in (10.32). The
remaining tensor expressions µ− Scalg /2 = (τ2 − |K|2)/2, J , and Fτ are compactly supported
and bounded by fixed constants, using Lemma 10.4. On the complement of K, F = h and
F 2 ≤ Cr−3; also | Ricg | ≤ Cr−4. On K the positive weight ρ0 has a fixed positive minimum.
Hence

1K + vF 2 + v| Ricg | ≤ C(ρ0 + vρ1).

Combining these bounds yields an absolute c3 > 0 and a polynomial QN ≥ 0 such that, at the
proposed minimum,

u−1 div Vλ ≥ c3T + ηNaσ −QN (ρ0 + vρ1). (10.38)

Fix 0 < δ0 < min(c3/2, 1/4). Since t = −ϵ gives m0(t) = 1, choose CN to exceed QN + 1 +
supΩ(ρ/ρ0). The right side of (10.38) then strictly exceeds δ0T +ρ+ δ0ηNaσ−CN (ρ0 + vρ1) = Ξ,
contradicting (10.21). This choice is polynomial in N .

At an interior minimum in stage 4, (10.25) gives f = 0, t = Z, and v = 0. If γ > 0, its
equation at the stationary point is

3∆t = γ
(
δ0TK + ρ− CNρ0

)
.

Enlarge CN , still polynomially, so that CN > 1 + supΩ(δ0TK + ρ)/ρ0. The right side is strictly
negative, contradicting ∆t ≥ 0. This additional bound is finite because K is compactly supported.

Consider next an inner boundary minimum in stages 1–3. There j0(−ϵ) = 0, so the same drift
correction appears on both sides of (10.21). Cancelling it gives Vν/u = B. Equation (10.18) and
d > 0 imply

3∂νt = −H −NB < 0.

This contradicts the nonnegative derivative into ΩR at a boundary minimum. In stage 4 with
γ > 0, the corresponding exact formula from (10.25) is 3∂νt = γ(−H −NB) < 0, giving the same
contradiction. The outer boundary is excluded by (10.28).

Finally, at γ = 0, f = 0 and the remaining problem is div(3u grad t) = 0 with homogeneous
inner conormal data and t = 0 on SR. Testing by t gives

∫
ΩR

3u| dt|2 = 0. Connectedness and the
nonempty Dirichlet boundary imply t = 0. Thus no stage admits floor equality.
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The order of choices is now fixed: choose the background geometric data and ϵ, then δ0 and
the polynomial penalty CN . At each N , enlarge the outer radius as in Lemma 10.4. Subsequent
estimates may increase the lower bound on N or Rmin(N), but none will replace CN by an
arbitrary fixed-N constant. In particular, the first-floor argument has paid for Fτ using a
bounded compact error and has not used the eventual small-height absorption in (9.16).

11 Separating the graph from the two frontiers
Throughout this section the prepared geometry, its thresholds and collars, and ϵ ∈ (0, 1) are fixed.
We consider arbitrary smooth solutions of the four stages of the homotopy in Section 10, on ΩR,
satisfying t ≥ −ϵ. The admissible radii satisfy R ≥ Rmin(N), where Rmin(N) → ∞ and is large
enough for the outer-boundary conclusion of Proposition 10.7. Every assertion of uniformity
includes the homotopy parameter and R. As in Remark 8.5, ΠN denotes a polynomial bound in
N , whereas C(N) can depend arbitrarily on the fixed integer N . We shall keep this distinction
through the boundary-flux estimate.

11.1 The limiting heights and the two total regions

The large factor l/ηN forces a nonconstant test level of h to approach a hypersurface whose
expansion is controlled by the trace equation. A sublevel of the relaxed limiting height need not
have a regular boundary. We first establish the expansion inequality for every smooth exterior
support, including at a plateau and at a face of the opposite color.

Proposition 11.1 (Separation from the two total regions). Let A ⊂ Ω be compact. In the first
two homotopy stages the following statements hold.

(i) If A ∩ Dcb
= ∅, there exist ξA > 0 and NA such that h ≥ b− + ξA on A for every N ≥ NA.

(ii) If A∩ Wcw = ∅, there exist ξA > 0 and NA such that h ≤ b+ − ξA on A for every N ≥ NA.

Here the total regions are the full closed regions of Proposition 9.6, including components whose
frontiers do not border Ω.

Proof. We give the lower-height argument first. Consider any sequence Ni → ∞ of the indicated
solutions; its radii tend to infinity. Extend hi by the constant b+ into a small collar across each
white face. The functions on these enlarged neighborhoods are continuous. Define their lower
relaxed limit by

h(x) = lim inf
i→∞
y→x

hi(y).

It is lower semicontinuous and locally bounded by Lemma 10.4. Fix levels

b− < k < k′ < min{0, b− + ξ1}, k′ + a0 < 0, (11.1)

where ξ1 is the height-cutoff constant in D0. We initially work away from black faces.
Suppose a smooth ϕ touches h from below at x, with h(x) < k′ and dϕ(x) ̸= 0. Subtracting a

small fourth-order function of distance makes the contact strict on a small closed neighborhood
without changing its second jet. The definition of the relaxed limit and minimization on this
neighborhood give, after passing to a subsequence, points xi → x and constants ci such that
ϕ+ ci touches hi from below at xi, and hi(xi) → h(x). These contacts are interior contacts of the
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original exterior: their heights are eventually strictly below k′ < b+, so they cannot occur on a
white face or in its constant extension. This remains true when x itself is on a white face.

At contact, dhi = dϕ and Hesshi ≥ Hessϕ. The positive trace matrix therefore gives

trAχi
K + 1√

(ηNi/li)2 + | dϕ|2
trAχi

Hessϕ ≤ hi + C + αiD0, 0 ≤ αi ≤ 1. (11.2)

Here αi = 0 in the first stage. The cutoff construction gives D0 ≤ 0 at these low heights,
everywhere: its white contribution vanishes there, and its black contribution is nonpositive.
Moreover

li
ηNi

≥ ℓi
ηNi

= eϵNi/2 −→ ∞.

Consequently |wi| → 1, di → 0, χi → 0, and Aχi tends to the orthogonal projection onto (gradϕ)⊥.
Passing to the limit in (11.2) proves

ΘK [ϕ] := tr(gradϕ)⊥ K +
tr(gradϕ)⊥ Hessϕ

| dϕ|
≤ k′ + a0. (11.3)

The normal here points toward increasing ϕ.
We next transfer this test inequality to the closed set Dk = {h ≤ k} by Lemma 5.1, with

ambient dimension four, u = h, tensor Q = K, and q0 = k′ + a0. The coarse height bound makes
u finite, its defining relaxed limit makes it lower semicontinuous, and Equation (11.3) gives the
required bound for every nonzero-gradient lower test at a height below k′. Away from black faces
these hypotheses hold on open neighborhoods; at white faces use the constant extensions already
constructed. The lemma therefore bounds every exterior support of Dk there by k′ +a0, including
when the sublevel has a plateau.

This argument also rules out a boundary layer at a white face. The constant extension need
not make h continuous there. Nevertheless all approximating low contacts used above are interior,
so the support inequality holds at a limiting white-face contact. At every point strictly on the
added side the relaxed limit equals b+ > k, so Dk lies locally in the original closed exterior. The
reversed white face would therefore be an exterior support of Dk with expansion

−H + PB = −cw > 0,

contradicting k′ + a0 < 0. Hence Dk misses every white face.
Adjoin the full black total region and consider Dk ∪ Dcb

in the filled black barrier manifold.
At a frontier point belonging to ∂Dcb

, an exterior support of this union also supports the smooth
region Dcb

, so smooth tangency bounds its expansion by cb. At other frontier points the bound is
k′ + a0 > cb. The coarse end-height decay makes the additional sublevel compact. It lies strictly
inside the distant barrier sphere: otherwise a sphere at its greatest radius is an exterior support
with positive expansion, a contradiction. There are no remaining contacts with the boundary of
the filled barrier manifold. Lemma 9.5 therefore gives

Dk ∪ Dcb
⊂ Dc′ whenever k′ + a0 < c′ < 0 (11.4)

in the chosen threshold range.
If A is disjoint from Dcb

, its distance from that closed region is positive. Right continuity first
permits c′ > cb close enough that A ∩ Dc′ = ∅. We then choose k, k′ as in (11.1), close enough to
b− that k′ + a0 < c′. It follows that A ∩Dk = ∅. If a uniform eventual lower bound h ≥ k on A
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failed, a sequence of violating points in the compact set A would give a point of A ∩Dk in its
lower relaxed limit. This contradiction proves the first claim, with, for example, ξA = k − b−.

For the second claim apply the same proof to (−h,−K,−C). The low-height modification is
now −D0 and again has the required nonpositive sign. Extend across black faces by the high
constant −b−. At a limiting contact, the reversed black face has expansion −cb > 0 for −K, and
is excluded before using the white barrier manifold. Adjoining Wcw and applying Lemma 9.5 now
places the sublevel in Wc′ . Right continuity at cw finishes the proof. This also covers an empty
chosen white region: the distance-cap formulation of right continuity makes the nearby regions
empty if necessary, and a nonempty enclosed sublevel is then impossible.

11.2 Collar comparisons and boundary slopes

We shorten the disjoint collars to 0 ≤ s ≤ s0 so that the offset is exactly linear there. Their
outer leaves are a positive distance from the corresponding closed total region. Proposition 11.1
therefore provides a strict height gap on those leaves in the first two stages. All these leaves and
the compact sets needed below are fixed before increasing N .

Lemma 11.2 (Collar slopes). For all sufficiently large N , there are constants 0 < c4 < C4,
independent of N,R and the homotopy parameter, such that in the first two stages

c4
ηN

≤ εB∂νf ≤ C4
ηN

, εB =
{

1 on black faces,
−1 on white faces.

(11.5)

On these collars h ≥ b− on black faces and their exterior collars, and h ≤ b+ on white faces and
their exterior collars. In stage three,

|∂νf | ≤ C4/ηN . (11.6)

In stage four f = 0.

Proof. Write νs = grad s/| ds| and let Ps, Hs be the tangential trace of K and the mean curvature
of the collar leaf, with normal νs. For a test height h∗ = b∗ + ψ(s) of positive slope, comparison
with a solution uses the test gradient and the solution’s value of Z. With the resulting implicit t,
direct contraction gives

trAχ(K +Hf∗) = Ps + aHs + χK(νs, νs) + aχ

(Hess s(νs, νs)
| ds| + | ds|ψ

′′

ψ′

)
. (11.7)

Indeed f∗ = h∗/ηN and Hess f∗ = (ψ′ Hess s+ψ′′ ds2)/ηN . The factor lψ′/(ηN
√
D) equals a/| ds|,

and trν⊥
s

Hess s = | ds|Hs. For a test b∗ − ψ(s) with ψ′ > 0, all terms with prefactor a in (11.7)
change sign.

If the slope is between two fixed positive constants, the floor and the fixed collar geometry
imply

d ≤ C(ηN/ℓ)2 = Ce−ϵN , 1 − a = d

1 + a
≤ d, Nχ = 3N

3 + pv
d ≥ d, (11.8)

and a ≥ 1/2 for large N . Choose a smooth nonnegative cutoff ϑ2, equal to one on [0, 1] and zero
on [2,∞), and set

bN (s) = A2Nϑ2(Ns),
∫ s0

0
bN (s) ds ≤ 2A2.

80



Thus slopes whose logarithmic derivative is ±bN remain within a fixed multiplicative factor e2A2

of their initial slopes.
On a black collar a lower barrier is b− + ψ−(s), with ψ−(0) = 0 and ψ′′

−/ψ
′
− = bN . First

choose A2 large, depending only on bounded collar geometry. Then choose the slope multiplier
sufficiently small that ψ′

− ≤ κB/2 throughout the collar and that its value at s0 is below the
solution by the strict outer-leaf gap. The direction of its gradient is compatible with the face, so
D0 = 0 at a contact. Since Ps +Hs ≥ cb and C = a0 − κBs, the left side of the trace equation
minus its prescribed right side at this test height is at least

κBs

2 − Cd+ aχ| ds|bN . (11.9)

The constant multiplying d depends on collar geometry, not on the size of the chosen slope
multiplier. On s ≤ 1/N , the last term dominates Cd by (11.8) and the choice of A2. On s ≥ 1/N ,
the first term dominates the exponentially small Cd for sufficiently large N . The residual is
therefore strictly positive.

For an upper barrier use b−+ψ+(s) with ψ′′
+/ψ

′
+ = −bN . Choose its minimum slope sufficiently

large to dominate the coarse height at s0 and all fixed linear spatial variations. Smoothness and
P0 +H0 = cb give |Ps +Hs − cb| ≤ Cs. The residual is consequently bounded above by

−cs+ Cd− aχ| ds|bN (11.10)

for a fixed c > 0. It is strictly negative by the same two ranges of s. In particular, the favorable
linear term in these comparisons comes from the height and the offset; we have not assumed a
positive derivative of the leaf expansion at s = 0.

At any hypothetical crossing extremum, the test and the solution have the same gradient and
the same Z, hence the same t and positive trace matrix. The prescribed right side is increasing
in h with derivative at least one. The strict residual signs, Hessian comparison, and the endpoint
inequalities exclude such a crossing. Differentiating the resulting barriers at s = 0, and using
upper and lower positive bounds for | ds|, proves (11.5) on black faces. Sign reversal of h,K,C
proves the white assertion. The compatible-direction modification again vanishes there.

In stage three let b∗ = (1 − ζ)b be the assigned face height. Use b∗ + ψ(s) and b∗ − ψ(s), with
ψ′ > 0, ψ′′/ψ′ = −bN , and with a large fixed minimum slope. For the limiting coefficients a = 1,
χ = 0 at s = 0 and height b∗, the directional inequalities in the homotopy construction are

Fpresc(ν) ≥ PB +H, Fpresc(−ν) ≤ PB −H.

Their residuals have precisely the signs needed for the upper and lower tests, respectively. At
positive s and finite d, smooth spatial variation and 1 − a ≤ d, χ ≤ d cost at most C(s + d).
Increasing or decreasing the height by ψ(s) improves the respective residual by at least ψ(s).
Choose the minimum slope to dominate the Cs error and the coarse height at the outer collar
leaf. The logarithmic curvature contribution in (11.7) has the favorable sign for both tests and
dominates Cd on s ≤ 1/N ; on s ≥ 1/N the linear height term dominates it. The same comparison
proves (11.6). All constants are uniform in ζ ∈ [0, 1] by smoothness of the prescribed convex
combination. The assertion for stage four is the scalar maximum-principle conclusion already
proved in the homotopy construction.

Combining the own-color collar comparison with Proposition 11.1 on the compact complement
of smaller own-color collars yields

b− ≤ h ≤ b+ on Ω ∩ suppK in the first two stages, for all sufficiently large N. (11.11)
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The finitely many compact sets used here are fixed first. Thus (11.11) has exactly the range
required in (9.16); it was not used to establish the floor.

11.3 Polynomial weighted traces and flux

The slope sign supplies a trace inequality with a small coefficient in the boundary flux. Its proof
uses weighted divergences, so it does not require an upper bound for Z or | df |. All measures in
the next lemma are background g measures.

Lemma 11.3 (Weighted trace inequalities). Let C be the union of fixed collars, slightly enlarged
if necessary. In stages one and two, for every nonnegative smooth φ and every sufficiently large
N , ∫

B
L0φ dAg ≤ ΠN

∫
C
u
(
(1 +

√
T )φ+ | dφ|Aχ

)
dVg, (11.12)∫

B
φ dAg ≤ ΠN

∫
C

√
D
(
(1 +

√
T )φ+ | dφ|Aχ

)
dVg. (11.13)

On B, the corresponding homotopy flux satisfies

|(Vλ)ν | ≤ Cud ≤ C
ηN
ℓ
L0. (11.14)

The constants C and the coefficients of ΠN are independent of N,R and the solution.

Proof. Set W =
√
dw. For every covector ξ,

|ξ(W )| ≤ |ξ|Ad
≤
√

(N + 3)/3 |ξ|Aχ , uW = L0w,
√
DW = w. (11.15)

The first assertion follows along the axis from |ξ(W )|2 = dvξ(e)2 ≤ dξ(e)2 and is immediate
transversely.

For completeness, write Qf = trAd
Hf . Differentiating w and D gives

∇iwj = Hf
ij −Hf (w, ∂i)wj + pd tiwj ,

divw = Qf + pdw(t), Qf = F + (d− χ)j − trAd
K.

The two weighted divergences are exactly

D−1/2 div(
√
DW ) =

√
d
(
Qf + pdw(t)

)
, (11.16)

u−1 div(uW ) =
√
d
(
Qf + (p+ 2 + pd)w(t)

)
. (11.17)

Indeed the second formula follows from uW = L0w and d logL0 = (p+ 2) dt. Since
√
d |w(t)| ≤

| dt|Ad
and 0 ≤ d−χ ≤ d, coercivity (10.14) bounds both right sides by ΠN (1 +

√
T ) on the fixed

collars. No factor l−1 or η−1
N occurs.

On a face εBwν = a ≥ 1/2 by (11.5). Integrate the divergence of εBζuWφ separately on each
collar, where ζ = 1 at B and ζ = 0 near its outer leaf. The outward normal of ΩR at B is −ν,
so the boundary term is −

∫
B L0aφ. Taking absolute values of the remaining terms and using

(11.15)–(11.17) proves (11.12). Replacing u by
√
D proves (11.13). The derivatives of ζ cost only

a fixed constant.
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On the boundary the compatible slope makes D0 = 0, and the prescribed heights and offsets
give exactly F − PB = εBH. Moreover wν = εBa and (AχK(w, ·))ν = εBaχK(ν, ν). Writing
qλ = 1 − (1 − λ)j0(t) ∈ [0, 1], the flux formula (10.21) is therefore

(Vλ)ν
u

= qλ

[
− d

1 + a
H −NBd− (1 − λ)εBaχK(ν, ν)

]
.

This is bounded in absolute value by Cd since χ ≤ d. Finally ud = L0
√
d and

√
d ≤ CηN/ℓ at B

by (11.5). This proves (11.14).

11.4 A high-level integral and graph Sobolev inequality

From this point, constants used to obtain a bounded range may depend arbitrarily on fixed N .
The only large-N absorption needed first uses the polynomial constants just proved:

ΠN
ηN
ℓ

= ΠNe
−ϵN/2 −→ 0. (11.18)

There exists Z0(N) > 0, independent of the solution and R, such that

Ξ ≥ δ0T + ρ+ 1
2δ0ηNaσ on {Z > Z0(N)}, Ξ ≥ δ0T − C(N) everywhere. (11.19)

To see the first assertion, only the support of m0 matters. There −ϵ ≤ t ≤ −ϵ+ 1/N , whereas

D = e6(Z−t), ηNaσ = ηN
l

(√
D − 1√

D

)
.

At fixed N this last expression tends uniformly to infinity with Z, and dominates the bounded
penalty P. The global lower bound follows from the bounded weights defining P.

Lemma 11.4 (High-level integral). In stage one, choose a smooth nondecreasing k0 which is
zero on (−∞, Z0] and one on [Z0 + 1,∞). For all sufficiently large fixed N ,∫

ΩR

uk0(Z)
(
T + ρ+ ηNaσ

)
dVg ≤ C(N). (11.20)

Proof. The test k0(Z) vanishes on SR. Integration by parts gives∫
uk0Ξ + 3

∫
uk′

0| dZ|2Aχ
= −

∫
B
k0(Vλ)ν − λ

∫
uk′

0⟨K(w, ·), dZ⟩Aχ .

The last integral is absorbed into part of the gradient term plus C(N). Indeed it is supported in
a fixed compact set and in the strip Z0 ≤ Z ≤ Z0 + 1, where

u = le3Z−t ≤ e1+3(Z0+1)+ϵ. (11.21)

Thus the residual strip integral has bounded background volume and a bounded weight, without
any preliminary gradient estimate.

By Lemma 11.3, the absolute boundary contribution is at most

ΠN
ηN
ℓ

∫
C
u
(
(1 +

√
T )k0 + k′

0| dZ|Aχ

)
.

The fixed collars have minC ρ > 0. Consequently 1 +
√

T ≤ C(ρ+ δ0T ) there. Choose N large
using (11.18) to absorb the nondifferentiated term into the positive source in (11.19). Young’s
inequality absorbs the differentiated term into another part of

∫
uk′

0| dZ|2Aχ
, with a bounded

remainder by (11.21). This proves (11.20).
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Let Γf be the ordinary product graph of f in (ΩR × R, g + dz2). Put Ef = 1 + σ2 and
Gf = Id −(σ2/Ef )e⊗ e, the inverse graph metric on base covectors. The following comparisons
hold without a bound for σ:

e−1√
D dVg ≤ dVΓf

=
√
Ef dVg ≤ ℓ−1√

D dVg,

ℓ2Aχ ≤ Gf ≤ e2(N + 3)
3 Aχ.

(11.22)

They follow from ℓ ≤ l ≤ e, hence ℓ2 ≤ D/Ef ≤ e2, and 3d/(N+3) ≤ χ ≤ d. Thus graph measure
and gradient norms are comparable to

√
D dVg and the Aχ norm, with constants depending only

on fixed N .
On every fixed compact base set Q, (11.20) implies∫

Γf |Q
e2Z dVΓf

≤ C(N,Q). (11.23)

In fact, for x =
√
D ≥ 1, the elementary estimate x2/3 ≤ C(N)(1 + (ηN/l)(x− x−1)) gives

D1/3 ≤ C(N)(1 + ηNaσ), e2Z√
D = u

l
D1/3.

On {Z ≥ Z0 + 1} use (11.20) and the positive minimum of ρ on Q. On its complement the floor
bounds D and e2Z , and the fixed base volume suffices.

Lemma 11.5 (Sobolev inequality on the graph). Fix a compact base patch and a slightly larger
compact neighborhood. For every smooth φ supported over the patch, allowed to meet B, a
stage-one solution satisfies(∫

Γf

|φ|4 dVΓf

)1/2

≤ C(N)
∫

Γf

(
|∇Γf

φ|2 + (1 + T )φ2
)

dVΓf
. (11.24)

The constant depends on the fixed neighborhoods, and is independent of the graph and the outer
radius.

Proof. Extend the compact base neighborhood smoothly to a compact Riemannian manifold
and fix a smooth Euclidean isometric embedding by Nash’s theorem [32, Theorem 2, p. 59]. Its
product with a line embeds the product graph isometrically. The scalar mean curvature of the
product graph is, up to its normal sign,

HΓf
=

√
D

l
√
Ef

[
trT − tre⊥ K + E−1

f (j −K(e, e))
]
.

The prefactor is at most ℓ−1 and E−1
f ≤ e2d. Coercivity therefore bounds its magnitude by

C(N)(1 +
√

T ). The additional mean-curvature vector of the fixed embedding has magnitude at
most four times the bound for its second fundamental form. Thus the Euclidean mean-curvature
vector has the same bound, independently of the graph slope.

The four-dimensional Michael–Simon L1 Sobolev inequality [31], in the compact-support form
of [39, Chapter 4, Section 5, Theorem 5.7, p. 98], applied to |φ|3, gives(∫

Γf

|φ|4
)3/4

≤ C(N)
∫

Γf

(
|φ|2|∇Γf

φ| + (1 +
√

T )|φ|3
)

+ C

∫
∂Γf

|φ|3.
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We have retained the boundary term. Its form follows, for each individual smooth graph, by
applying the boundaryless inequality to cutoffs tending to one up to the face: the integral of their
normal derivatives tends to the face integral. Artificial patch edges do not contribute because φ
vanishes there. Along B, f is constant on each face, so the graph face measure is exactly dAg.
Apply (11.13) to |φ|3 and use (11.22). This bounds the face contribution by the same two interior
expressions. If I =

∫
Γf

|φ|4, Cauchy–Schwarz now gives

I3/4 ≤ C(N)I1/2
(∫

Γf

(|∇Γf
φ|2 + (1 + T )φ2)

)1/2

.

For I > 0 divide by I1/2 and square. The case I = 0 is immediate, proving (11.24).

11.5 Iteration and a bounded range for all stages

Proposition 11.6 (Global bounded range). For every sufficiently large fixed N there is a finite
C(N) such that every above-floor smooth solution in any of the four homotopy stages satisfies

−ϵ ≤ t ≤ Z ≤ C(N), |f | + | grad f | ≤ C(N) on ΩR. (11.25)

The constant is uniform in the allowed radii and homotopy parameters.

Proof. We first treat stage one, where the compactly supported drift can prevent a direct maximum
argument. Let ψ be a smooth base cutoff supported in a fixed compact patch, permitted to meet
B. For k ≥ k∗(N) ≥ 1, test the divergence equation with ψ2e2kZ/L0. We claim∫

Γf

e2kZψ2(T + k|∇Γf
Z|2) ≤ C(N)k

∫
Γf

e2kZ(ψ2 + | dψ|2g), (11.26)

where C(N) is independent of k.
Here are the error estimates establishing the claim. Let dµD =

√
D dVg, and write κ = K(w, ·)

in this computation. Since d logL0 = (p+ 2) dt, the exact tested identity is∫
e2kZψ2(Ξ + 6k| dZ|2Aχ

) dµD

= −
∫
B

ψ2e2kZ

L0
(Vλ)ν dAg − 2kλ

∫
e2kZψ2⟨κ, dZ⟩Aχ dµD

− 2
∫
e2kZψ⟨3 dZ + λκ, dψ⟩Aχ dµD +

∫
e2kZψ2(p+ 2)⟨3 dZ + λκ, dt⟩Aχ dµD.

The global lower bound in (11.19) supplies δ0T and costs only C(N)ψ2 on the right. Coercivity
bounds the final integrand, by Young’s inequality, by

1
8δ0ψ

2T + C(N)ψ2| dZ|2Aχ
+ C(N)ψ2.

Choose k∗(N) sufficiently large to absorb this fixed multiple of the gradient square. The drift
term carrying 2k is bounded by kψ2| dZ|2Aχ

+ C(N)kψ2. The cutoff terms cost another fixed
fraction of the k-weighted gradient square plus C(N)k(ψ2 + | dψ|2g).

For the boundary term, (11.14) gives |(Vλ)ν |/L0 ≤ C
√
d ≤ C. Apply (11.13) to ψ2e2kZ . The

resulting integrand, apart from its common factor e2kZ , is bounded by

C(N)
[
(1 +

√
T )ψ2 + 2|ψ|| dψ|Aχ + 2kψ2| dZ|Aχ

]
.
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For any fixed coefficient b = C(N) the estimates

b
√

T ≤ 1
8δ0T + 2b2/δ0, 2bk| dZ|Aχ ≤ k| dZ|2Aχ

+ b2k

show that the boundary cost is absorbed with the claimed remainder linear in k. Leaving fixed
positive fractions of the coercive terms and using (11.22) proves (11.26).

Set U = eZ . Applying (11.24) to ψUk and using (11.26) yields(∫
Γf

ψ4U4k
)1/2

≤ C(N)k2
∫

Γf

U2k(ψ2 + | dψ|2g). (11.27)

Choose nested base patches Qr ⋐ Qs in a fixed coordinate neighborhood, or corresponding half
patches at B, with 0 < s− r ≤ 1. Cutoffs have | dψ| ≤ C/(s− r). Iterate (11.27) with kj = 2jk∗
and geometric gaps. The factor at the jth step is at most[

C(N)k2
j (1 + gap−2

j )
]1/(2kj)

.

Its product is finite, since ∑j(j + 1)/kj < ∞. Tracking the total gap exponent gives

sup
Qr

U ≤ C(N)(s− r)−2/k∗

(∫
Γf |Qs

U2k∗ dVΓf

)1/(2k∗)

. (11.28)

All comparisons here use the same graph measure of the individual solution; its constants are
uniform by the preceding lemmas.

The starting exponent 2k∗ can exceed the exponent in (11.23). A second, elementary nested-
patch argument closes this point. Write M(s) = supQs

U . Interpolation gives(∫
Γf |Qs

U2k∗

)1/(2k∗)

≤ M(s)1−1/k∗

(∫
Γf |Qs

U2
)1/(2k∗)

.

The last integral is uniformly bounded by (11.23). If k∗ = 1 this already suffices. Otherwise
Young’s inequality applied to (11.28) gives, for any q ∈ (0, 1),

M(r) ≤ qM(s) + C(N, q)(s− r)−2. (11.29)

Choose increasing radii rj tending to a fixed larger radius, with rj+1 − rj proportional to 2−j , and
take q < 1/4. Iteration sums a geometric series with ratio 4q < 1. The remaining qjM(rj) tends
to zero: for each individual smooth solution all these patches lie in one compact neighborhood
with finite supremum. Thus M(r0) ≤ C(N) uniformly. A finite cover gives a uniform Z bound
on a compact set containing B and the support of K.

Outside this set K = 0. At an interior maximum with Z > Z0(N), dZ = 0 and

div(3uAχ gradZ) = 3u trAχ HessZ ≤ 0,

whereas uΞ > 0 by (11.19). The outer value is Z = 0, so this maximum argument extends the
compact bound through the end. This proves the stage-one Z estimate.

In stages two and three λ = 0, so the same maximum argument works everywhere in the
interior. On B the already established face-gradient bounds show that Z can be high only if
t ≥ 1: if t < 1, then

Z = t+ 1
6 log(1 + l2| df |2) ≤ 1 + 1

6 log(1 + e2C2
4η

−2
N ).
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For t ≥ 1 the boundary switch satisfies j0 = 1 and the prescribed conormal flux in (10.21) is zero.
A high boundary maximum would contradict the boundary point principle applied locally on the
high-level set to div(3uAχ gradZ) = uΞ > 0. For this application the individual smooth solution
gives a smooth positive elliptic matrix; no uniform ellipticity constant is being assumed before
the bound. Equivalently, the outward derivative at a nonconstant boundary maximum is strictly
positive, whereas the zero conormal flux forces it to vanish. This bounds Z in these two stages.

In stage four f = 0, hence t = Z. At a positive scale multiplying the source and boundary
data, the same high-level interior and boundary arguments apply. At zero scale the homogeneous
mixed problem gives Z = 0. The resulting bound is uniform in the scale.

Finally Z − t = 1
6 logD ≥ 0, so the floor and the upper bound give D ≤ e6(C(N)+ϵ). Since

l ≥ ℓ > 0, | df | ≤ ℓ−1√
D − 1 ≤ C(N). The coarse bound for h = ηNf gives |f | ≤ C(N). This

proves all of (11.25).

The bounded range now permits fixed-N regularity and exhaustion. The final mass estimate
will use only the earlier polynomial bounds in Lemma 11.3 and (11.14); the graph Sobolev and
Moser constants are not needed in that limit.

12 Four-dimensional regularity up to the boundary
The second equation has quadratic growth in both gradZ and Hess f . A bound for its ellipticity
constants therefore does not close the regularity argument. We first prove an independent scalar
estimate which gives a positive Morrey exponent for | Hess f |2. That exponent permits a measure
correction in the second equation. All constants in this section may depend arbitrarily on a fixed
N ; none of them is subsequently used as a polynomial bound ΠN . In coordinate calculations Dx,
or D when there is no ambiguity, denotes ordinary differentiation, whereas D = 1 + l2| grad f |2 in
the system retains its earlier meaning.

12.1 An independent scalar estimate

Theorem 12.1 (Measurable axial coefficient). Let U be a four-dimensional coordinate ball B2,
or a half-ball B+

2 = B2 ∩ {x4 > 0}. Assume that the metric is smooth, C−1
g Id ≤ (gij) ≤ Cg Id,

and that its coordinate C2 norm is at most Cg. Assume also uniformly bounded C3 norms for the
charts and inverse charts. On a half-ball use boundary normal coordinates, so g44 = 1 and ga4 = 0
for a < 4. Let z be C3, up to the flat face when present, and constant on that face. Suppose,
almost everywhere, that

Az : Hessg z = G, Az = Id −(1 − χ̃)ez ⊗ ez,

ez = grad z
| grad z| , 0 < χ0 ≤ χ̃ ≤ 1.

(12.1)

Here χ̃ and G are measurable. At grad z = 0, any measurable unit axis making the equation true
is allowed. If | grad z| ≤ M1 and |G| ≤ N1, then there are α ∈ (0, 1), r0 > 0 and C < ∞ such that

∥ grad z∥Cα(U1) ≤ C(M1 +N1),
∫
Br(x)∩U

| Hessg z|2 dVg ≤ C(M1 +N1)2r2+2α (12.2)

for x ∈ U1 and 0 < r ≤ r0, where U1 = B1 or B+
1 . The constants depend only on χ0, the stated

geometry bounds and the separation from the curved patch edges. The Cα norm may equivalently
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be taken for the coordinate gradient components. In particular, no modulus of continuity of G or
χ̃, and no bound for a derivative of either, is assumed.

Proof. We prove the assertion on uniformly small full balls, using a reflection at the flat face.
Rescaling back and a finite local cover give the stated form. The argument first establishes a
local Hessian estimate and a dichotomy: on a smaller ball, either the gradient bound decreases or
the solution is close to a nonconstant affine function. A fixed-axis estimate then improves the
affine approximation. Iterating these alternatives gives Hölder gradient control, from which the
local Hessian estimate yields the Morrey bound.

Doubling and a quantitative Hessian estimate. Subtract the constant boundary value.
With R4 = diag(1, 1, 1,−1), extend the tangential metric block evenly and set z̃(x) = −z(R4x)
below the plane. Tangential derivatives of z vanish on the face and the two normal derivatives
agree. Thus z̃ is C1; its distributional coordinate Hessian has no surface measure. The doubled
metric is Lipschitz and has the prescribed smooth bounds on each closed side. On the reflected
side the gradient and covariant Hessian are −R4 grad z and −R4(Hessg z)R4, respectively. Extend
χ̃ evenly and G oddly. Equation (12.1) then holds almost everywhere on the double. Each
individual doubled function is locally W 2,p for every finite p, although these norms are not yet
uniformly bounded.

Make a constant linear coordinate change so that the metric at the center of a ball is the
identity. A plane in the double remains a plane under this change. If the ball is sufficiently small,
the coordinate principal matrix a = (aij) in (12.1) satisfies

| Id −a(x)|F ≤ 1 − χ0/2 =: κ < 1. (12.3)

The reason for the strict gap is the exact identity | Id −Az|F = 1 − χ̃ in an orthonormal frame;
the small metric oscillation consumes at most half the gap.

Let T = D2∆−1 on R4, with its values measured in the Frobenius norm. Its L2 operator norm
is exactly one, since its Fourier multiplier satisfies

∑
i,j

∣∣∣∣ξiξj|ξ|2

∣∣∣∣2 = 1.

The Calderón–Zygmund bound gives a finite L4 operator norm C4. Interpolation between 2
and 4 therefore gives ∥T∥p ≤ C

ϑ(p)
4 , where 1/p = (1 − ϑ(p))/2 + ϑ(p)/4 and ϑ(p) ↓ 0 as p ↓ 2.

Choose once and for all 2 < p0 < 4 such that Cϑ(p0)
4 κ < 1. For a compactly supported y, write

∆y = a : D2y + (Id −a) : D2y and absorb to obtain

∥D2y∥p ≤ ∥T∥p
1 − κ∥T∥p

∥a : D2y∥p, p = 2, p0.

This proves the needed Cordes estimate without differentiating a.
For later use its local, scaled form is

∥D2y∥Lp(Br/2) ≤ C
(
∥a : D2y∥Lp(Br) + r−2∥y∥Lp(Br)

)
, p = 2, p0. (12.4)

Here is the localization. A cutoff across a gap h gives the additional terms Ch−1∥Dy∥p+Ch−2∥y∥p.
On a slightly larger ball, derivative interpolation bounds the first by ε∥D2y∥p + Cεh

−2∥y∥p. Use
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concentric gaps decreasing geometrically and choose ε so that the resulting geometric series
absorbs the larger-ball Hessian norms. For each individual function these norms are finite, so the
terminal term tends to zero. This proves (12.4); the same argument absorbs bounded first order
coefficients. In particular the Christoffel terms in the covariant equation cause no difficulty. The
analytic inputs here are the scalar Calderón–Zygmund and interpolation estimates [18].

A divergence inequality for the gradient deficit. Divide by M1 +N1 unless this number is
zero, in which case the claim is immediate. Subtract a constant and rescale space by r and height
by r. The new gradient has norm at most one and the new forcing has norm at most r. Metric
first derivatives and the second fundamental form of a reflecting plane are O(r); curvature on the
smooth sides is O(r2). After normalizing the metric at the center, all of these errors can be made
uniformly small. In this paragraph write P = grad z, Hz = Hessg z, and s = 1 − |P |2g ≥ 0.

There is an exact cancellation of the measurable axial coefficient:

Az grad(|P |2g/2) −GP = (Hz − ∆gz g)P =: Q, (12.5)
divQ = |Hz|2g − (∆gz)2 + Ricg(P, P ). (12.6)

Indeed grad(|P |2g/2) = HzP and ∆gz = G+ (1 − χ̃)Hz(ez, ez). The axial parts in the first formula
cancel. In the second formula, divHz = grad ∆gz + Ricg(P, ·) cancels the third derivatives. Both
identities hold also at P = 0, because the first has both sides zero there. At no point is a derivative
of G or χ̃ taken. Choose ε0 > 0 with (1 + ε0)(1 − χ0)2 < 1 when χ0 < 1. Young’s inequality, or
directly ∆gz = G if χ0 = 1, gives

|Hz|2g − (∆gz)2 ≥ c|Hz|2g − C|G|2, c = c(χ0) > 0. (12.7)

We compute the only surface error in this identity. In boundary normal coordinates on the
original side, P = z4∂4 at the plane and, for a, b < 4,

(Hz)ab = −Γ4
abz4 = 1

2(∂4gab)z4.

Writing HB = 1
2g
ab∂4gab for the mean curvature toward increasing x4, this gives

Q4 = (z44 − ∆gz)z4 = −HBz
2
4 .

Thus the jump of the volume-weighted normal flux on the double is bounded by C| IIB ||P |2. In
particular it contains no uncontrolled second derivative of z. A bounded plane density j(x′) is
the distributional divergence of j(x′)1{x4>0}∂4; only a normal derivative is taken in this assertion.
After a linear coordinate change use the corresponding constant normal direction. Subtracting
this bounded step field handles the signed jump, without imposing any tangential regularity on j.

More explicitly, put Jg =
√

det g and let

aij1 = Jg
(
gij − (1 − χ̃)eizejz

)
be the coordinate divergence matrix. Let j = [JgQ4] be the upper trace minus the lower trace.
Reflection gives Q− = R4Q

+, so j = −2JgHBz
2
4 . Then

div(JgQ) = Jg
(
|Hz|2 − (∆gz)2 + Ricg(P, P )

)
+ j dH3|{x4=0}.

Since a1Ds + 2JgGP = −2JgQ, the error field 2JgGP + 2j(x′)1{x4>0}∂4 cancels the plane
contribution exactly.
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Consequently (12.5)–(12.7), with volume factors included, imply on a full normalized ball

div(a1Ds+ E1) ≤ −c1|Hz|2 + e1, ∥E1∥∞ + ∥e1∥∞ −→ 0 (12.8)

as the normalized source and geometry errors tend to zero. The matrix a1 is bounded, symmetric
and uniformly elliptic, with constants depending only on χ0 and the fixed comparison bounds. For
example, away from the plane one may take the volume-weighted matrix of Az, E1 = 2

√
det g GP ,

and e1 ≤ C(|G|2 + | Ricg |); the step field just described supplies the remaining term in E1.

The gradient drop or affine alternative. Fix r∗ = 1/32. We claim that, for every b0 > 0,
there are r∗ < k∗ < 1 and δalt > 0, depending only on the fixed parameters and b0, such that a
normalized solution on B1, with gradient at most one and errors at most δalt, satisfies one of

sup
Br∗

| grad z|g ≤ k∗; ∥z − L∥L∞(Br∗ ) ≤ r∗b0,
1
2 ≤ |DL| ≤ 2, (12.9)

where L is a coordinate affine function.
To prove the claim, consider a sequence with errors tending to zero and infBr∗ s → 0. Weak

Harnack for nonnegative scalar divergence supersolutions, applied to (12.8) with its bounded
vector and scalar errors, yields for some q > 0(

|B1/2|−1
∫
B1/2

sq
)1/q

≤ C

(
inf
Br∗

s+ ∥E1∥∞ + ∥e1∥∞

)
−→ 0.

One obtains these fixed radii from the usual concentric weak Harnack inequality by a finite chain
of overlapping balls. Thus s → 0 in measure. The scalar weak Harnack and energy estimates
used here are valid for bounded measurable divergence matrices [18].

There is also Ds → 0 in L1 on smaller balls. Indeed, for a fixed cutoff ζ and b > 0, test the
weak inequality by ζ2(b− s)+. Discarding its favorable Hessian term and using Young’s inequality
gives ∫

{s<b}
ζ2|Ds|2 ≤ Cb2

∫
|Dζ|2 + C∥E1∥2

∞ + Cb
(
∥E1∥∞ + ∥e1∥∞

)
.

The full local L2 norm of Ds is bounded by (12.4), the gradient bound and the geometry bounds.
On {s ≥ b}, Cauchy–Schwarz and convergence in measure give a vanishing L1 norm. On {s < b}
the displayed estimate bounds the limiting L1 norm by Cb. Letting b ↓ 0 proves the claim. Testing
(12.8) with a fixed nonnegative cutoff equal to one on B1/4 now gives∫

B1/4

|Hz|2 −→ 0.

The coordinate Hessian also tends to zero in L2, because the connection coefficients tend to zero
and Dz is bounded. After subtracting z(0), the functions are equi-Lipschitz. Poincaré gives
convergence of their gradients in L2 to constants, and compactness gives uniform convergence
to an affine function on smaller balls. Since s → 0 in measure and the metrics converge to the
identity, its slope has length one. If (12.9) failed for every k∗ ↑ 1 and every tolerance tending to
zero, this conclusion would contradict failure of its affine alternative. This proves the claim.
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All derivatives for a fixed exceptional axis. For a constant Euclidean unit vector e0, let

A0Y := ∆e⊥
0
Y + χ̃(x)∂e0e0Y. (12.10)

If Y0 ∈ W 2,2(B3/4) and A0Y0 = 0 almost everywhere, we claim that, for some α1 ∈ (0, 1),

∥DY0∥Cα1 (B1/4) ≤ C∥Y0∥W 2,2(B3/4). (12.11)

Set v1 = ∂e0Y0 ∈ W 1,2. Differentiating the equation in distributions, with no differentiation of its
coefficient as a separate function, gives

∆e⊥
0
v1 + ∂e0(χ̃∂e0v1) = 0.

This is a scalar uniformly elliptic divergence equation. Its local boundedness and Hölder estimate
bound v1 in Cα1 . Caccioppoli, subtracting the value at the center of a ball of radius h, then gives∫

Bh(x)
|Dv1|2 ≤ Ch2+2α1∥Y0∥2

W 2,2(B3/4) (12.12)

at all centers in a fixed smaller ball. The power follows from h−2 for the cutoff, h2α1 for the
squared oscillation, and volume h4.

Normalize the norm on the right to one. Since ∆Y0 = (1 − χ̃)∂e0v1, it follows that∫
Bh(x)

|∆Y0| ≤ Ch3+α1 . (12.13)

Let N be the Newtonian potential of ζ∆Y0, where ζ is supported inside B1/2 and equals one on
a slightly smaller ball. The remainder Y0 − N is harmonic there, with bounded local L2 norm;
the potential has such a bound by local integrability of |x|−2 and the L2 bound for ∆Y0. For the
gradient of N , the kernel and its derivative are bounded by C|x|−3 and C|x|−4. If two points are
separated by h, the annuli of radii s ≤ 4h give, by (12.13), C∑ sα1 ≤ Chα1 . On annuli s > 4h
the kernel difference instead gives Ch∑ sα1−1 ≤ Chα1 . The sums run over dyadic scales; both
converge because 0 < α1 < 1. The harmonic remainder has bounded smooth derivatives on the
final smaller ball. Thus every component of DY0, and not only ∂e0Y0, satisfies (12.11).

Improvement of a nonzero affine approximation. Suppose on B1 that

∥z − L∥∞ ≤ b, 0 < b ≤ b0,
1
4 ≤ |DL| ≤ 4, | grad z|g ≤ 8, (12.14)

and the source, metric oscillation from the identity and metric first derivatives are at most bδaff .
Put Y = (z − L)/b. Its coordinate equation has uniformly bounded right hand side on B1: the
covariant Hessian of L is a Christoffel symbol times its bounded slope, and division by b leaves a
bound Cδaff . Consequently (12.4) gives a uniform W 2,p0(B7/8) bound for Y .

Let e0 = DL/|DL| and let a0 = Id −(1 − χ̃)e0 ⊗ e0. Since Dz = DL + bDY , the set
Eb = {|bDY | >

√
b} ∩B3/4 has measure at most Cbp0/2. On its complement the actual gradient

is bounded away from zero and the coordinate principal matrix differs from a0 by at most
C(

√
b + bδaff). On Eb this difference is bounded. Hölder’s inequality, with 1/2 = 1/p0 + 1/q,

shows explicitly that

∥a0 : D2Y ∥L2(B3/4) ≤ C
(
δaff +

√
b0 + b

(p0−2)/4
0

)
=: ε1. (12.15)
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Zeros of Dz can occur only in the exceptional set when b0 is small. The arbitrary permitted
choice of their axis is therefore covered by the same estimate.

Remove this residual by solving a0 : D2y1 = a0 : D2Y on B3/4 with zero Dirichlet data. To
justify this solve for measurable χ̃, recall the Miranda–Talenti boundary identity on a Euclidean
ball for smooth zero-trace y [40, Section 2, Theorem 3, p. 297]:∫ (

(∆y)2 − |D2y|2
)

=
∫
∂B
H∂B(∂νy)2 ≥ 0.

Here mean curvature is the outward trace convention, equal to minus three times Talenti’s signed
normalized mean curvature. The identity extends by density to W 2,2 ∩W 1,2

0 . Hence the Dirichlet
inverse of ∆ has Hessian norm at most one. On this space the map

y 7−→ ∆−1
D

(
a0 : D2Y + (Id −a0) : D2y

)
is a contraction in the Hessian L2 norm with factor at most 1 − χ0. Poincaré and the Dirichlet
Laplace estimate identify this as a complete norm and give

∥y1∥W 2,2(B3/4) ≤ Cε1. (12.16)

The function Y0 = Y − y1 has uniformly bounded W 2,2 norm and satisfies the homogeneous
fixed-axis equation. Therefore (12.11) applies to it.

The passage to a small supremum norm must use a separate estimate in dimension four.
Choose any 0 < η < min{1, 2 − 4/p0}. The W 2,p0 bound gives a uniform C0,η modulus for Y on
smaller balls. The fixed-axis estimate and the local L2 norm give a uniform Lipschitz bound for
Y0. Thus y1 has a common C0,η modulus on B1/4. If m = ∥y1∥L∞(B1/8), a ball of radius cm1/η

around a point with absolute value at least m/2 has absolute value at least m/4, provided m is
small. Hence

∥y1∥2
2 ≥ cm2+4/η, m ≤ Cε

η/(η+2)
1 .

If m is not small, the same reasoning on a fixed smaller ball first excludes that case when ε1 tends
to zero. This argument uses no embedding of W 2,2(R4) into C0.

Choose 0 < α2 < α1, then 0 < λ0 < 1/8 so that the Taylor remainder constant in (12.11)
satisfies Cλ1+α1

0 ≤ 1
2λ

1+α2
0 . Next choose δaff , b0 > 0 so that the correction supremum above is at

most 1
2λ

1+α2
0 . Taylor approximation of Y0 at the center gives an affine L1 such that

∥z − L1∥L∞(Bλ0 ) ≤ bλ1+α2
0 , |DL1 −DL| ≤ Cb. (12.17)

Reduce b0 further so that
Cb0/(1 − λα2

0 ) < 1/4. (12.18)

These estimates concern the almost everywhere coordinate equation on full balls and therefore
apply equally to doubled patches.

The complete scaling iteration. The choices are ordered as follows: first p0, α1 and their
constants; then α2, λ0, δaff , b0; then k∗, δalt from (12.9) for that b0. Finally shrink the initial
spatial scale so that its normalized source and geometry errors are bounded by δ, where

δ ≤ cmin{δalt, b0δaff/r∗}. (12.19)
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Here the fixed c > 0 incorporates all comparison constants in the geometry rescalings. This scale
depends only on the theorem’s parameters, since division by M1 +N1 makes the initial source at
most one. Write the resulting function as u and center all following balls at zero.

After m successive gradient drops the actual rescaled solution is

um(x) = u(rm∗ x) − u(0)
rm∗ k

m
∗

, | gradum|gm ≤ 1, ∥Gm∥∞ ≤ δ(r∗/k∗)m.

The metric remains the identity at the center; its oscillation and first derivative errors are
at most Cδrm∗ , with its curvature error shrinking at least as fast. A reflecting plane has the
correspondingly scaled second fundamental form. Since r∗ < k∗, the next application of the
alternative is legitimate. If the affine alternative first occurs after these m drops, rescale its ball
by setting v0(x) = um(r∗x)/r∗. Then v0 has affine error at most b0, slope in [1/2, 2], bounded
gradient, and source at most

r∗δ(r∗/k∗)m ≤ b0δaff .

Its geometry satisfies the same tolerance by (12.19).
In all subsequent affine steps use

vi(x) = λ−i
0 v0(λi0x), bi = b0λ

iα2
0 .

The derivative Dvi(x) = Dv0(λi0x) retains the actual gradient bound. The source and first order
geometry errors are at most b0δaffλ

i
0 ≤ biδaff , because α2 < 1. The affine function used at stage i

is rescaled in the same way, including its constant term. Thus (12.17) applies inductively. Its
changes of slope sum to less than 1/4 by (12.18), so all slopes remain in [1/4, 4]. Only the auxiliary
residual in the proof of an improvement is divided by bi; that residual is never asserted to solve
the original nonlinear axial equation.

Choose
0 < α ≤ min{α2, log k∗/ log r∗}.

If the drops never end, the gradient on Brm
∗ is at most km∗ ≤ rmα∗ , and subtraction of the central

value gives a constant affine approximation with error Crm(1+α)
∗ . If the drops end after m steps,

the affine approximation at Ri = rm+1
∗ λi0 has error at most

b0k
m
∗ r

m+1
∗ λ

i(1+α2)
0 ≤ b0r

−α
∗ R1+α

i .

The previous drop scales have the same type of estimate. Adjacent radii have ratio r∗ or λ0, both
fixed, so every intermediate radius has an affine approximation with error Cr1+α. This conclusion
holds at every center of the smaller full patches, including centers whose balls cross the plane.

For clarity, the usual comparison of affine approximations gives the gradient conclusion
directly. If Lr, Lr/2 are two such approximations, then ∥Lr − Lr/2∥L∞(Br/2) ≤ Cr1+α, whence
|DLr − DLr/2| ≤ Crα. Their slopes converge, and the limit is Dz since z is C1. At points
separated by h, compare the two approximations on overlapping balls of radius 4h; the same
affine norm estimate gives a slope difference Chα. Their limits differ from those slopes by Chα as
well. This proves the first estimate in (12.2).

Finally take an affine approximation L on Br with error Cr1+α. Its L2 error is at most Cr3+α.
The coordinate equation for z − L has right hand side equal to G plus a bounded Christoffel
coefficient times Dz, whose L2 norm is at most Cr2 before these iterative rescalings. Equation
(12.4) with p = 2 therefore gives

∥D2z∥L2(Br/2) ≤ C(r1+α + r2).
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The difference Hessg z − D2z has L2 norm at most Cr2. Since α < 1, squaring and restoring
M1 +N1 proves the second estimate in (12.2).

12.2 The measure estimate needed in dimension four

The second regularity step is Lemma 6.2 with n = 4. Its input is a bounded scalar function
satisfying

div(ADZ +B1) = E, (12.20)
with symmetric measurable uniformly elliptic A, bounded B1, and a signed source dominated by

|E| ≤ C0(1 + |DZ|2) dx+ µ1, µ1(Br(x)) ≤ Cµr
2+β, β > 0. (12.21)

The preceding axial theorem will supply the Hessian part of µ1. A bounded density on a reflecting
three-plane contributes O(r3), which also has the required positive exponent. The shared lemma
absorbs |DZ|2 by its exponential product rule and bounds the remaining Green correction by
C(r + rβ).

In the application below each individual solution is smooth, and its reflection is continuous
and smooth on the two closed sides. Its common trace therefore defines the measure products
and verifies that product rule, including the plane flux. The Hölder representative supplied by
the lemma agrees everywhere with this continuous function. We now verify the coefficients, the
reflected source, and the ball-growth bound for the actual homotopy before applying the estimate.

12.3 Application to the homotopy and the boundary estimates

Proposition 12.2. Fix the prepared data, ϵ, a sufficiently large N and any stage of the homotopy.
Every smooth solution on an allowed finite truncation ΩR with t ≥ −ϵ has uniform local estimates
for every finite number of derivatives of f and Z, up to both the inner and outer boundary faces.
The constants on the fixed compact part and on uniform unit patches of the end are independent
of R and of the homotopy parameters. They may depend arbitrarily on N . On each fixed finite
truncation they therefore bound ∥Z∥C1,α0 for every prescribed 0 < α0 < 1.

Proof. We use the uniform family of interior and boundary patches described in the statement,
shrinking them by fixed factors when necessary.

The first Hölder estimates and the reflected equation. The bounded range (11.25) keeps
f, Z, t, grad f bounded and l, d, χ, u above positive constants depending on N . Divide the trace
equation by l/

√
D to obtain

Aχ : Hessg f = Gf , Gf =
√
D

l

(
Fpresc − trAχ K

)
,

|Gf | ≤ C(N), 0 < χ0(N) ≤ χ ≤ 1.
(12.22)

All prescribed trace expressions have bounded values on this range. Every boundary value of f is
constant on its face. Thus Theorem 12.1 gives a Hölder bound for Df and∫

Br(x)∩ΩR

|D2
xf |2 dx ≤ C(N)r2+2α. (12.23)

The coordinate and covariant Hessians differ by a bounded Christoffel term times Df , so they
have the same bound at these radii. The bound also holds for the odd double at a face.
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In coordinates set

Aij = 3
√

det g uAijχ , Bi
1 = λ

√
det g u

(
AχK(w, ·)

)i
,

using λ = 0 in the later stages. The coordinate Z equation is (12.20), with these bounded
coefficients and the appropriate scalar homotopy factor in E. Its matrix is symmetric and
uniformly elliptic at fixed N . Differentiating the implicit relation for t gives the exact covector
identity

3 dZ = (3 + pv) dt+Hf (w, ·). (12.24)

Since 3+pv ≥ 3 and all its coefficients are bounded on the range, |Dxt| ≤ C(N)(1+ |DxZ|+ |D2
xf |)

in coordinates. The quadratic formula (10.6) and the bounded lower order terms in the source
therefore give

|E| ≤ C(N)(1 + |DxZ|2 + |D2
xf |2) (12.25)

in the interior. No derivative of the principal matrix has been used to obtain this bound.
At a face take the domain to be x4 > 0 and write Q = ADZ +B1. For x4 < 0 define, with

s = 1 or −1,

Z̃(x) = sZ(R4x), Ã(x) = R4A(R4x)R4, B̃1(x) = sR4B1(R4x).

The reflected flux is Q̃(x) = sR4Q(R4x). Integration by parts on the two sides shows that its
divergence has the reflected bulk source sE(R4x) and the plane term

(1 + s)Q+
4 dH3|{x4=0}. (12.26)

Indeed the upper normal component is Q+
4 and the lower one is −sQ+

4 , so their difference is
(1 + s)Q+

4 . For an inner face use even reflection, s = 1. The total conormal flux is prescribed by
(10.21); its coordinate density Q+

4 is bounded on the established range. For an outer face use
odd reflection, s = −1. The zero Dirichlet condition makes Z continuous across the face, and
the plane term vanishes. Even reflection at the inner face is also continuous. Each individual
reflected function belongs to W 1,2 and is smooth on the two closed sides, which verifies the weak
chain rule required in Lemma 6.2.

In the full patch, (12.25) and (12.26) give a signed measure dominated by

C(N)(1 + |DxZ|2) dx+ µ1, µ1 = C(N)|D2
xf |2 dx+ 2|Q+

4 | dH3|{x4=0},

where the Hessian density is reflected and the plane term is omitted for an odd face or an interior
patch. By (12.23), this positive measure satisfies, at every center,

µ1(Bh(x)) ≤ C(N)h2+β, β = min{2α, 1} > 0.

For balls crossing the plane this follows either from the doubled estimate or by enlarging a ball
centered on the plane by a fixed factor. Lemma 6.2 now supplies a uniform Hölder modulus for
Z, including at both boundary types.

Schauder for f and the ordinary normal condition for Z. The actual coefficients in
(12.22) are smooth functions of (x, Z,Df) on the bounded range. This remains true at Df = 0,
as is manifest from

Aχ = Id − 3 + p

3 + pv
w ⊗ w.
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The source is smooth in these variables and f , uniformly over the four parameter ranges. The
Hölder bounds just proved therefore make the coefficients and source uniformly C0,θ for some
θ > 0. The scalar Dirichlet Schauder estimate, with the constant face data, gives

∥f∥C2,θ(U ′) ≤ C(N) (12.27)

on every smaller interior or boundary patch [18]. This application has Hölder principal coefficients,
a Hölder right hand side, smooth boundary, and uniform ellipticity; it does not apply a system
estimate.

Now expand the divergence equation for Z. Derivatives of its coefficients, which depend
smoothly on (x, Z,Df), are sums of bounded terms and bounded multiples of DZ,D2f . The
latter Hessian is bounded by (12.27). Thus

aij2 (x)DijZ = R2, |R2| ≤ C(N)(1 + |DZ|2), (12.28)

with bounded C0,θ uniformly elliptic principal coefficients. The source contains no second
derivative of Z.

On an inner face Df is normal and hence Aχν = χν. Dividing the prescribed flux by 3uχ > 0
gives

∂νZ = b2(x, Z, f,Df). (12.29)

The function b2 is smooth on the bounded range, separately on each homotopy stage, with uniform
bounds through their matching endpoints. Extend its displayed expression smoothly in the spatial
variable into the collar. Equation (12.27) then gives

|Dxb2(x, Z, f,Df)| ≤ C(N)(1 + |DxZ|).

Consequently the Sobolev trace theorem bounds the W 1−1/p,p norm of this normal datum by
C(N)(1 + ∥Z∥W 1,p) on a larger patch, for each finite p > 1. This derivative count costs DZ and
D2f , never D2Z.

Linear estimates and absorption of the quadratic term. Fix p > 4. On a ball or smooth
half-patch of size h, the local linear W 2,p estimate for (12.28), with zero outer Dirichlet data or
(12.29), has the form

∥D2Z∥Lp(Qh) ≤ C∗∥DZ∥2
L2p(Q2h) + Ch

(
1 + ∥Z∥W 1,p(Q2h)

)
. (12.30)

Here C∗ is independent of sufficiently small h; Ch may contain inverse powers of h. The constants
are uniform over the locations and the truncations in question.

We specify the linear estimate underlying this assertion. Freeze the continuous principal
matrix at the patch center. The interior constant-coefficient Hessian estimate follows from the
Euclidean one by a fixed linear change of coordinates. At the boundary, normal coordinates give
no mixed normal–tangential entries in the frozen matrix, because its exceptional axis is normal
there. A tangential linear transformation and a normal dilation reduce the frozen principal part to
the Laplacian and preserve the plane. Subtract a Sobolev extension of the normal datum, or of the
Dirichlet datum, to obtain homogeneous boundary data. Even reflection for homogeneous normal
data and odd reflection for homogeneous Dirichlet data give the constant-coefficient half-space
estimate. The extension costs precisely the W 1−1/p,p norm for the normal datum. Coefficient
oscillation contributes sup |a2 − a2(x0)| ∥D2Z∥p and is absorbed on small patches, uniformly by
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the established Hölder bound. Cutoffs and interpolation handle the first order terms. Scaling
shows that the coefficient of the interior Lp source norm is the constant C∗, independent of h;
the lower order and trace terms account for Ch. This proves (12.30) by the scalar local estimates
[18]. The construction requires no meeting of different boundary types, and the inner and outer
faces here are disjoint.

For use in its nonlinear right hand side, the scaled scalar interpolation inequality on Qh is

∥DZ∥2
L2p(Qh) ≤ C oscQh

Z ∥D2Z∥Lp(Qh) + Ch4/p−2(oscQh
Z
)2
. (12.31)

One can obtain it on the unit patch by subtracting a constant, using a bounded Sobolev
extension on a smooth ball or half-patch, and applying the bounded-domain Gagliardo–Nirenberg
inequality with derivative orders 1, 2, exponents 2p, p,∞ and parameter 1/2. A convenient modern
formulation is [28, Theorem 1.3]. To see the interpolation mechanism directly for a compactly
supported function v, integration by parts gives∫

|Dv|2p ≤ Cp∥v∥∞

∫
|Dv|2p−2|D2v| ≤ Cp∥v∥∞

(∫
|Dv|2p

)1−1/p
∥D2v∥p.

Division gives the required product estimate. Extension and cutoff produce the additional ∥v∥2
∞

term on a bounded unit patch. This lower-order term is essential: the bounded-domain Gagliardo–
Nirenberg estimate includes an additive multiple of ∥v∥∞, so one may not drop its square after
applying the estimate to v = Z − c. Taking c between the maximum and minimum replaces this
norm by the oscillation used here. Finally rescaling x = hy multiplies a squared L2p gradient
norm and the Hessian product by h4/p−2, which proves precisely the last power in (12.31).

Here is a cover argument that absorbs larger-patch norms without assuming their uniform
boundedness in advance. Use uniformly comparable patches of radius h covering the finite
truncation, and their fixed-factor enlargements. Each enlargement is covered by at most Mcov
smaller patches, where Mcov is independent of h, R and the total number of patches. Let

S = sup
j

∥D2Z∥
Lp(Qj

h
).

For each individual smooth solution on the finite truncation, S is finite. The Hölder estimate
for Z gives osc

Qj
2h
Z ≤ C(N)hγ . Apply (12.31) in the enlarged patches and then cover them by

smaller ones. Its contribution to (12.30) is at most C∗C(N)hγM1/p
cov S + C(N,h). Choose h small

enough, also satisfying the linear freezing condition, that this coefficient is at most 1/4. For the
remaining first order term, local interpolation gives, for any ε > 0,

∥DZ∥
Lp(Qj

2h
) ≤ ε∥D2Z∥

Lp(Qj
2h

) + C(h, ε)∥Z∥
Lp(Qj

2h
).

Choose ε so that ChεM1/p
cov ≤ 1/4. The bounded range controls the last term. Taking the

supremum in (12.30) now gives S ≤ C(N,h) +S/2, and hence a uniform bound for S. First order
interpolation supplies the corresponding local W 2,p bounds for Z. All constants may depend on
the now fixed h and on N , but not on the total number of patches or R.

Alternating Schauder estimates and uniform geometry. Since p > 4, Sobolev embedding
gives Z ∈ C1,θ′ for some θ′ > 0. In conjunction with (12.27), the trace equation now has
C1,θ′′ coefficients and source for 0 < θ′′ ≤ min{θ, θ′}. One differentiation and the scalar Dirichlet
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Schauder estimate give f ∈ C3,θ′′ . The equation for Z then has C0,θ′′ source, and its normal datum
(12.29) is C1,θ′′ . The scalar normal-derivative or Dirichlet Schauder estimate gives Z ∈ C2,θ′′ .
The boundary estimate is justified by the same frozen half-space problem used above: its normal
derivative does not annihilate a nonzero decaying solution of the homogeneous principal equation.
Smooth normal coordinates and smooth normal field therefore satisfy its obliqueness condition.

Repeating in the order f then Z increases the number of derivatives by one each time. The
trace equation uses Z without derivatives; the expanded second equation uses only D2f and DZ
in its lower terms; and its boundary expression uses only Df . These are exactly the derivative
counts needed for the iteration. The smooth fixed coefficients give all finite orders.

The compact inner faces have uniform smooth collars. On the prepared end, the metric
and all fixed coefficient fields have uniform bounds on unit patches. Large coordinate spheres
have boundary normal charts with uniform bounds of each finite order, and are separated from
the inner faces. Thus every radius, ellipticity bound, chart constant and local covering number
used above is independent of the sufficiently large truncation radius. Finally a uniform local C2

bound controls any prescribed C1,α0 norm, α0 < 1, on a fixed finite truncation. This proves the
proposition.

Remark 12.3. Theorem 12.1 also applies in the scalar trial problem below. Its separate height
and gradient bounds give bounded source and a positive axial eigenvalue without the floor.
Interpolation of the principal matrix with Id preserves its three unit transverse eigenvalues. A
trial Z ∈ C1,α0 then supplies the coefficient regularity for scalar Schauder estimates through
f ∈ C3,α0 ; this requires DZ, but no second derivative of the trial input.

13 Solving the boundary system and controlling its energy
We now construct solutions of the system, exhaust the asymptotically flat end, and compare the
resulting Riemannian energy with the energy of the prepared data. The distinction between two
kinds of constants is essential. Constants in the scalar solution map and in local regularity may
depend arbitrarily on a fixed N ; constants used in the final flux estimate are the polynomial
bounds ΠN established earlier.

13.1 A scalar solution map on the whole trial space

Fix 0 < α < 1, a sufficiently large integer N , and an allowed truncation ΩR. In this subsection
constants may depend on R, N , and a bound for the trial input in

XR = {Z ∈ C1,α(ΩR) : Z|SR
= 0}.

The four stages of the homotopy are parametrized consecutively by s ∈ [0, 4], with s = 0 the desired
system and s = 4 its zero terminal scale. Denote their trace prescriptions by F presc

s (x,w, h, t).
All dependence suppressed in this notation is the smooth dependence specified in the homotopy.

Lemma 13.1 (Scalar trial problem). For every Z ∈ XR and s ∈ [0, 4], the prescribed trace
equation with the assigned constant Dirichlet value on every boundary component has a unique
solution fs[Z] ∈ C3,α(ΩR). The map (s, Z) 7→ fs[Z] is continuous into C3,α and maps bounded
trial sets to bounded sets, uniformly in s. No lower bound for the implicitly defined t is imposed
on the trial inputs.
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Proof. We use the scalar method of continuity in the affine space of C3,α functions with the
assigned boundary values, with equation space C1,α. Thus every solution estimated along this
continuation already has the differentiability required by Theorem 12.1; the estimates below are
uniform bounds, not an assumption of uniform third derivatives.

The normalized equation is

Aχ : Hessg f = Gs(x, Z, f, df), Gs =
√
D

l

(
F presc
s − trAχ K

)
. (13.1)

The implicit relation defining t is smoothly solvable for every (Z, df). Neither t, the matrix, nor
the positive prefactor

√
D/l depends on the value of f . The prescriptions satisfy

|F presc
s − h| ≤ C, ∂hF

presc
s ≥ 1, h = ηNf,

with the other arguments held fixed. For a second parameter β ∈ [0, 1], use the scalar interpolation

Aβ : Hessg f = Gβ, Aβ = (1 − β) Id +βAχ, Gβ = (1 − β)ηNf + βGs, (13.2)

with the same Dirichlet values. At a positive interior maximum above a fixed height threshold,
both source summands are positive, whereas the left side is nonpositive. The negative minimum
argument is identical with signs reversed. Including the assigned boundary values gives |h| ≤ C,
uniformly in both parameters and the bounded trial set.

We next check the degeneracy at large gradient, before invoking any regularity theorem. Put
σ = | df |g. Uniformly for bounded Z, σ → ∞ forces t → −∞: a lower bound on t would bound
e6tl(t)2 away from zero, contradicting e6Z = e6t(1+ l(t)2σ2). Thus eventually t < 0 and l(t) = eNt,
giving the exact equation

e6Z = e6t + e(2N+6)tσ2. (13.3)

Writing γN = 6/(N + 3), its consequences, uniformly for Z in a fixed bounded interval, are

t = − log σ
N + 3 + 3Z

N + 3 + o(1),

d = e−6NZ/(N+3)σ−γN (1 + o(1)), χ = 3
N + 3d(1 + o(1)), (13.4)

√
D

l
= σ(1 + o(1)).

For example, the first line follows by taking logarithms of e(2N+6)tσ2 = e6Z(1 −d); the last follows
directly from

√
D/l = (σ2 + l−2)1/2. Since N ≥ 4, one has γN < 1. Compactness of the remaining

bounded-gradient range therefore gives constants c, C > 0 such that

χβ := 1 − β + βχ ≥ c

1 + σ
, |Gβ| ≤ C(1 + σ). (13.5)

The estimate for the source uses the height bound just proved. Notice also the exact structural
identity

Aβ = Id −(1 − χβ)e⊗ e, e = grad f/| grad f |, 0 < χβ ≤ 1.

In particular, all three transverse eigenvalues remain exactly one throughout the scalar interpola-
tion.
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Here is a gradient estimate using only (13.5). Extend g smoothly across the boundary to a
compact enlargement. All distances below are distances of this extension, at scales below its
injectivity radius. If H0 is the uniform bound for |f |, set

ψ(r) = 1
k

log(1 +B′r), q1(r) = ψ′(r), ψ′′(r) = −kq1(r)2.

First choose k large relative to the constants in (13.5) and the bounded geometry. Next choose
h0 < 1/(4k) below all collar, injectivity, and distinct-boundary-component separation scales.
Finally choose B′ so large that

q1 ≥ 1 (0 ≤ r ≤ h0), ψ(h0) > 2H0. (13.6)

These requirements are compatible: q1(h0) tends to 1/(kh0) > 4 and ψ(h0) tends to infinity as
B′ → ∞.

On the inward collar of a boundary face with constant value f0, let r be its distance function.
The functions f0 ±ψ(r) are upper and lower barriers. To check the upper barrier at a hypothetical
positive maximum of f − f0 − ψ(r), the common gradient is q1 grad r. The tangential Hessian of
the barrier contributes at most Cq1, and its axial contribution is at most −ckq2

1/(1 + q1). By
enlarging k this is strictly less than −C(1 + q1), the lower bound for the equation’s source at the
solution height. Ellipticity and the second derivative test contradict the equation. For the lower
barrier both inequalities reverse. At the outer edge of the collar the comparisons follow from
(13.6). Consequently

|f(x) − f0| ≤ ψ
(
dist(x, face)

)
in its h0 collar. (13.7)

For completeness, the same modulus controls interior pairs. Suppose that

f(x) − f(y) − ψ
(
dist(x, y)

)
has a positive maximum on pairs of distance at most h0. Neither the diagonal nor the distance-h0
set contains such a maximum. If an endpoint lies on a face, the other endpoint lies in that face’s
collar; (13.7) and monotonicity of ψ exclude this as well. Thus both endpoints are interior. Let
r > 0 be their distance and orient their unique short geodesic from y to x. The first derivative
test says that their gradients are q1(r) times the corresponding parallel unit tangent vectors.

Vary both endpoints in each of three parallel transverse directions. The index-form estimate
for the second variation of distance, using the parallel field along the geodesic, is bounded above
by Cr. The second derivative test for the two-point maximum therefore gives

tre⊥ Hess f(x) − tre⊥ Hess f(y) ≤ Cq1r.

Separate axial variations at the two endpoints give

Hess f(x)(e, e) ≤ ψ′′, Hess f(y)(e, e) ≥ −ψ′′.

Because the transverse coefficients are exactly one at both endpoints, while the axial coefficients
satisfy (13.5), the difference of the two left sides of (13.2) is at most

Cq1r − 2ckq2
1

1 + q1
.
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Their source difference is at least −2C(1 + q1). Since q1 ≥ 1, these inequalities contradict each
other for the already sufficiently large k. No comparison of the two axial coefficients was used.
Only variations of the interior endpoints were required, so the short geodesic need not remain
inside ΩR. We have proved the two-point modulus; letting y → x gives | df | ≤ ψ′(0) = B′/k
everywhere, including the boundary by (13.7).

The scalar interpolation is now uniformly elliptic. On the given smooth interior and constant-
Dirichlet boundary patches, its equation has the exact form required by Theorem 12.1: the
gradient and source are bounded, and 0 < χ0 ≤ χβ ≤ 1. That theorem first gives a uniform
Hölder bound for df , at some positive exponent. The coefficients and source in (13.2) are smooth
compositions of x, Z, f, df , so the scalar Dirichlet Schauder estimate gives C2,α′ bounds for some
α′ > 0. These bounds make f, df Lipschitz. Together with Z ∈ C1,α, this yields C0,α coefficients
and source, hence C2,α bounds. The compositions are now C1,α and the next Dirichlet estimate
gives a C3,α bound.

Subtract a smooth extension of the assigned boundary values and work in the affine space
with model YR = C3,α

0 (ΩR), where the zero trace is on the entire boundary. The equation defines
a continuously differentiable map into C1,α(ΩR). Its derivative in f is

Lφ = Aijβ ∇i∇jφ+ bi∇iφ− c(x)φ, c(x) = ηN

[
(1 − β) + β

√
D

l
∂hF

presc
s

]
> 0.

Derivatives of Aβ and t with respect to df contribute only first derivative terms in φ. Its
coefficients are C1,α and the ellipticity and positivity are uniform on the bounded range. The
maximum principle removes the homogeneous Dirichlet kernel. Linear Dirichlet solvability and
Schauder estimates therefore make L : YR → C1,α an isomorphism [18]. The implicit function
theorem proves openness in β. The bounds above prove closedness: subsequences converge in
lower Hölder norms, their limits solve the equation, and the uniform C3,α estimates retain that
regularity. At β = 0 the equation is ∆gf = ηNf , with ordinary Dirichlet solvability. Thus the
scalar equation is solvable at β = 1.

For uniqueness, at a positive maximum of the difference of two solutions their gradients agree.
Their matrices and positive prefactors therefore agree, whereas strict height monotonicity makes
the source difference positive, contradicting the Hessian comparison. The reverse comparison
completes uniqueness. Applying the same implicit function theorem with parameters (s, Z) proves
continuous dependence into C3,α. At stage junctions use one-sided parameter neighborhoods and
the agreement of the prescriptions. The estimates were uniform on bounded trial sets, which
proves the last assertion.

13.2 The frozen return map and degree

For each trial Z, the scalar problem has determined fs[Z]; the second equation remains to be
imposed. We freeze its coefficients and source at the trial pair and solve for a new scalar function.
A fixed point of this return map solves both equations. Arbitrary trial inputs are not assumed to
satisfy the floor.

For a trial pair (fs[Z], Z), evaluate all expressions in the homotopy at that pair. Write
A = uAχ, let Bs = λuAχK(w, ·) be its drift, and write Qs and qs for the prescribed interior
source and inner flux, including the common terminal scale. Define TsZ = Y by the linear
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problem
divg(3A gradY +Bs) = Qs in ΩR,

(3A gradY +Bs) · ν = qs on B,

Y = 0 on SR.

(13.8)

Thus only the occurrence of 3 gradZ in the flux is replaced by 3 gradY ; the coefficients, source,
and boundary expression are frozen. In qs the value of F is always its trace prescription.

The matrix A is symmetric positive definite and C1,α. On bounded trial sets its ellipticity
constants, C1,α norm, and those of Bs, qs are bounded; Qs is bounded in C0,α. In particular the
source uses dZ and Hess f , whose regularity is already available. With

HR = {Y ∈ H1(ΩR) : Y |SR
= 0},

the weak problem has coercive bilinear form 3
∫

ΩR
A gradY · gradφ. Indeed ΩR is connected and

SR is nonempty, so Poincaré’s inequality holds on HR. The prescribed flux is a bounded linear
functional by the trace inequality. Lax–Milgram gives a unique weak solution. At an inner face f
is constant, so Aχν = χν, and its flux condition is equivalently

∂νY = qs −Bs · ν
3uχ .

This is a C1,α ordinary normal datum. The disjoint Dirichlet and normal faces have no corners.
Linear boundary and interior estimates give Y ∈ C2,α with bounds uniform on bounded trial sets;
the weak energy estimate supplies the lower norm in these estimates. Coefficient dependence
and uniqueness, or the same linear estimates applied to differences, give continuous dependence.
Consequently

T : [0, 4] ×XR −→ XR is continuous and compact on bounded sets. (13.9)

Here compactness uses the compact embedding C2,α ↪→ C1,α on the fixed truncation.
Every fixed point is smooth. Initially it has Z ∈ C2,α and f ∈ C3,α. The trace equation raises

the regularity of f , and then expansion of the divergence equation, with its normal boundary
datum, raises the regularity of Z. Repetition gives all orders. The smooth a priori estimates from
the preceding sections therefore apply to every fixed point.

Proposition 13.2 (Existence and exhaustion). Fix the prepared geometry and 0 < ϵ < 1. For
every sufficiently large N and every allowed R, system (10.20) has a smooth solution on ΩR with
t > −ϵ. For each such fixed N there is a sequence R → ∞ whose solutions converge smoothly on
compact subsets up to B to a solution on Ω with t ≥ −ϵ. This solution satisfies the prescribed
inner boundary conditions, the height interval (11.11), and the weighted trace and flux estimates
of Lemma 11.3.

Proof. Choose N large enough for Proposition 11.1, the collar estimates, and the polynomial
absorption conditions used in Proposition 11.6. Fix an allowed R. By (11.25) and Proposition 12.2,
choose M0 strictly larger than every C1,α norm of an above-floor fixed point on this truncation.
Define

Os =
{
Z ∈ XR : ∥Z∥C1,α < M0, min

ΩR

t
(
Z, dfs[Z]

)
> −ϵ

}
. (13.10)

Lemma 13.1 and smooth implicit dependence of t make their union relatively open in [0, 4] ×XR.
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Apply Lemma 6.5 to I = [0, 4], X = XR, Ts from (13.8), and U = {(s, Z) : Z ∈ Os}. The
norm cutoff makes U bounded; the scalar solution map makes it relatively open; and (13.9)
supplies continuity and compactness. Every fixed point is smooth. A fixed point on its relative
boundary would satisfy t ≥ −ϵ and meet either the norm cutoff or the floor. The first is excluded
by the choice of M0, and the second by Proposition 10.7. The section degree is therefore constant.
This checks the varying-domain hypotheses for this boundary problem without imposing the floor
on trial inputs.

At s = 4, the scalar prescription is trAχ H
f = h+D1(x,w) with zero boundary heights. At

an interior extremum w = 0 and D1 = 0, so the maximum principle gives f = 0 for every trial Z,
and then t = Z. The terminal scale sets both frozen right sides to zero and the drift is absent.
Testing the frozen equation with Y gives Y = 0; thus T4 is the zero map, even though its positive
coefficients may depend on the input. Its sole fixed point, Z = 0, belongs to O4 and has degree
one. The degree at s = 0 is consequently one, proving existence there.

Now keep N fixed. The preceding choices of sufficiently large N used only the already proved
uniform height and collar results and polynomial losses such as ΠNηN/ℓ → 0. The arbitrary
fixed-N constants in the scalar construction impose no subsequent condition on N . The bounds
in Proposition 12.2 are uniform in allowed R on each compact set, including its portions on B.
A diagonal Arzelà–Ascoli argument along R → ∞ gives smooth convergence on all these sets.
The equation and inner data pass to the limit, as do t ≥ −ϵ, the height interval, and the collar
estimates. Smooth convergence on the fixed collars passes the weighted trace and flux inequalities
as well. Strictness of the floor in this exhaustion limit is unnecessary below.

13.3 Decay on the end

Lemma 13.3 (End estimates). For every solution obtained in Proposition 13.2, with N fixed,
there is aN > 0 such that, for every integer j ≥ 0,

|∇jf | + |∇j(t− Z)| ≤ Cj(N)e−aNr on the distant end. (13.11)

Moreover
t, Z = O2(r−2), ∆gt = O(r−4−δ1). (13.12)

The constants in these assertions may depend arbitrarily on N . The zeroth-order estimates and
(13.11) hold uniformly for the finite-truncation solutions up to their outer faces.

Proof. Choose a fixed sphere beyond the supports of K,C, and all collar terms. Along each
finite-truncation solution the trace equation is the homogeneous linear equation

Aχ : Hessg f − c(x)f = 0, c(x) = ηN

√
D

l
≥ cN > 0. (13.13)

By (11.25) the coefficients are uniformly elliptic; by Proposition 12.2 all their derivatives are
bounded on uniform unit patches, independently of R. On the end,

(Aχ : Hessg −c)e−ar = e−ar(a2Aχ( dr, dr) − aAχ : Hessg r − c
)
.

Choose a = aN > 0 so small that the first term is less than cN/4, and then enlarge the fixed
sphere so the second term has magnitude less than cN/4. Thus e−aNr is a strict supersolution. A
fixed multiple dominates both signs of f on the initial sphere and dominates the zero Dirichlet
data on SR. Linear comparison gives |f | ≤ C(N)e−aNr uniformly in R. Local estimates for
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(13.13), including the zero-Dirichlet estimates on the uniform outer-sphere charts, give the same
exponential decay for every derivative, after harmless reduction of aN if necessary. The identity

Z − t = 1
6 log(1 + l(t)2| df |2)

and the uniform smooth local bounds then give (13.11). Every graph contribution to the metric
and to the equations is exponentially small with unit-patch derivatives.

At zero graph and K = 0, the exact formulas give

u = e2Z l(Z), V = 3u gradZ, T = 3(p(Z) + 1)| dZ|2.

Hence the actual divergence equation, divided by u, becomes

3∆gZ + 3bN (Z)| dZ|2g = ρ−m0(Z)CNρ0 + EN , bN (z) = p(z) + 2 − δ0(p(z) + 1), (13.14)

where EN and its derivatives on unit patches are Oj(e−aNr). Define the strictly increasing function

Φ(0) = 0, Φ′(z) = exp
(∫ z

0
bN (s) ds

)
. (13.15)

Its derivative is bounded above and away from zero on the fixed bounded range of Z. The chain
rule cancels the quadratic term:

∆gΦ(Z) = Φ′(Z)
3

(
ρ−m0(Z)CNρ0 + EN

)
, |∆gΦ(Z)| ≤ C(N)r−4−δ1 . (13.16)

Put β1 = δ1/2 and W (r) = r−2(1 − r−β1). In dimension four,

∆δW = −β1(2 + β1)r−4−β1 , ∆gW = −β1(2 + β1)r−4−β1 +O(r−6).

Since 0 < β1 < δ1 < 1, a sufficiently large multiple of W is positive and has negative Laplacian
dominating the absolute source in (13.16) on a sufficiently distant end. Enlarge the multiple
to dominate |Φ(Z)| on its initial sphere. Its value is positive on SR, whereas Φ(Z) = 0 there.
Applying the maximum principle to both Φ(Z) − CW and −Φ(Z) − CW gives

|Φ(Z)| ≤ C(N)r−2, |Z| ≤ C(N)r−2,

uniformly on truncations and then in the exhaustion limit.
Here are the differentiated estimates, which do not follow from the pointwise barrier alone.

On an annulus of radius r1, rescale by x = r1y and set U(y) = r2
1Φ(Z(r1y)). Its supremum and

its Poisson source in the rescaled equation are bounded: the source is r4
1 times the right side

of (13.16), of size ON (r−δ1
1 ). The rescaled background coefficients have uniform smooth bounds.

Interior W 2,p estimates, for a fixed p > 4, give bounded C1,θ norms of U on a smaller annulus.
The weights have their differentiated power decay, the compositions with Z now have bounded
scaled Hölder norms, and the exponential errors remain bounded with all scaled derivatives. The
right side therefore has a bounded C0,θ norm. Schauder estimates give a bounded C2,θ norm of
U . The inverse of Φ has bounded smooth derivatives on the relevant range. Rescaling back gives
Z = O2(r−2), and (13.11) gives the same statement for t. Finally | dZ|2 = O(r−6) in (13.14);
since δ1 < 1, this is lower order than r−4−δ1 . Equation (13.11) now gives the asserted bound for
∆gt.
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13.4 Scalar curvature, boundary sign, and finite flux

For the desired system F = h + C and w(h) = ηNaσ. Substitute these into (10.5) and use
div V = uΞ to obtain

1
2e

2t Scalĝ = µ+ J(w) + w(C) − ρ− (h+ C)τ
+ (1 − δ0)(T + ηNaσ) +m0P ≥ 0.

(13.17)

Indeed |w| ≤ 1, and on suppK the height interval (11.11) permits use of (9.16):

µ+ J(w) + w(C) − ρ− (h+ C)τ ≥ µ− |J | − | dC| − ρ− |(h+ C)τ | ≥ 0.

Outside suppK the same slack inequality needs no height restriction. The other terms are
nonnegative by (10.14) and the definitions of the penalty and δ0. Thus the nonmaximal trace
term has been retained and controlled at this final step.

The inner flux condition and (10.18) give exactly

H + 3∂νt = −NB, Ĥ = −e−t√dNB < 0 on every component of B. (13.18)

All quantities here are finite and d > 0 for each fixed N . Furthermore (13.11) and (13.12) imply

ĝ − δ = O2(r−2), Scalĝ = O(r−4−δ1). (13.19)

For the scalar estimate one may use the conformal scalar formula with ḡ = g + Oj(e−aNr):
e2t Scalĝ = Scalḡ −6∆ḡt− 6| dt|2ḡ. The prepared scalar decay and (13.12) give precisely (13.19).
The nonnegative scalar curvature is therefore integrable. The inequality

ĝ = e2t(g + l2 df ⊗ df) ≥ e−2ϵg (13.20)

also proves completeness with B included: a ĝ-Cauchy sequence is g-Cauchy, its limit belongs to
the closed complete exterior, and smooth local metric equivalence gives convergence in ĝ.

Proposition 13.4 (Energy comparison). For each fixed ϵ > 0 and all sufficiently large N , the
limiting metric has finite ADM energy and

Eĝ ≤ Eg + ΠN

3ω3

(
ℓ+ ℓ2

ηN

)
. (13.21)

The polynomial ΠN depends only on the prepared data, ϵ, and the fixed geometric choices. In
particular the error tends to zero as N → ∞ with ϵ fixed.

Proof. We first establish the exact sign and normalization at fixed N . Lemma 13.3 gives
u = 1 +ON (r−2) and

V = 3 gradg t+ON (r−5) +ON (e−aNr). (13.22)

Also uΞ ∈ L1(Ω, dVg): on the end the quadratic term is ON (r−6), the graph and height-gradient
terms are exponentially small, and the remaining weights are ON (r−4−δ1). The divergence theorem
on a large truncation consequently gives a finite limit

F := lim
r→∞

∫
Sr

V · νg dAg =
∫

Ω
uΞ dVg +

∫
B
Vν dAg. (13.23)
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The plus sign before the inner flux arises because the domain-outward normal on B is −ν.
To compute the metric flux, write ĝ = e2tg up to exponential errors. The leading perturbation

relative to g is 2tδij , so in four dimensions the change of its energy numerator is

∂j(2tδij) − ∂i(2tδjj) = −6∂it.

All omitted derivatives are ON (r−5) or exponentially small. Their sphere integrals tend to zero.
Since dt = ON (r−3) and g − δ = O2(r−2), changing the normal and measure in its flux from
Euclidean to background ones also has vanishing error. Equation (13.22) thus proves both
existence of the new energy and the exact relation

Eĝ − Eg = − 1
ω3

lim
r→∞

∫
Sr

∂νδ
t dAδ = − F

3ω3
. (13.24)

We now use polynomial constants only. Apply Lemma 11.3 with φ = 1 and use (11.14). On
the fixed compact collars C one has minC ρ > 0, and therefore∫

B
|Vν | dAg ≤ ΠN

ηN
ℓ

∫
C
u(1 +

√
T ) dVg

≤ ΠN
ηN
ℓ

∫
C
u(ρ+ δ0T ) dVg.

The polynomial absorbs the fixed comparison constant in the second line. Because ηN/ℓ = e−ϵN/2,
for sufficiently large N this is at most one half of

∫
Ω u(ρ+ δ0T ).

It remains to estimate the penalty. Its support in an above-floor solution lies in −ϵ ≤ t ≤
−ϵ+ 1/N . For N > 1/ϵ this interval is negative, and uniformly there

l ≍ ℓ, L0 ≍ ℓ, u ≤ C(ℓ+ ℓ2σ), uv ≤ Cℓ2σ, uaσ = L0lσ
2 ≥ cℓ2σ2. (13.25)

For example uv = L0l
2σ2/

√
1 + l2σ2 ≤ L0lσ. Thus on that band

um0P ≤ ΠN

[
ℓρ0 + ℓ2σ(ρ0 + ρ1)

]
.

Young’s inequality applied to √
ηNℓσ and ΠNℓ(ρ0 + ρ1)/√ηN , together with (13.25), yields

everywhere

um0P ≤ 1
2δ0uηNaσ + ΠN

[
ℓρ0 + ℓ2

ηN
(ρ2

0 + ρ2
1)
]
. (13.26)

The enlarged ΠN is still polynomial. The three residual weights are integrable against dVg in
dimension four: ρ0 = r−4−δ1 , ρ2

0 = r−8−2δ1 , and ρ2
1 = r−6 on the end, and they are bounded on

the compact part. Combining (13.23), the boundary absorption, and (13.26) gives

F ≥ −ΠN

(
ℓ+ ℓ2

ηN

)
.

This and (13.24) prove (13.21). Finally ℓ = e−ϵN and ℓ2/ηN = e−ϵN/2; both dominate every
polynomial loss. No constant from the fixed-N decay or Schauder estimates appears in this
bound.
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13.5 Completion of the boundary deformation

Proof of Theorem 8.2. The geometric preparation in Proposition 9.6 chooses a closed connected
one-ended exterior Ω inside the original data. It has nonempty compact smooth boundary
and does not change the asymptotic energy. The last assertion of that Proposition compares
every full cut in Ω with the original infimum A∗. Fix 0 < ϵ < 1. For each sufficiently large
N , Proposition 13.2 gives the desired smooth solution after exhausting the outer radius at that
fixed N . Equation (13.17) gives nonnegative scalar curvature; Equation (13.18) gives strictly
negative inner mean curvature on every face. Equations (13.19) and (13.20) establish the required
asymptotics, integrability and completeness, as well as the lower metric bound. Proposition 13.4
gives finite ADM energy with the stated error. Its polynomial bound uses only the fixed geometric
data and ϵ. Since ℓ = e−ϵN and ℓ2/ηN = e−ϵN/2, this error tends to zero. No estimates uniform
over a further sequence of prepared data, and no convergence of the constructed metrics as
N → ∞, are needed.

14 Returning to weakly decaying four-dimensional data
The prepared boundary theorem can be used without imposing its improved end decay on the
original data. The necessary reduction is the independent rest-end replacement and strictification
proved in [34, Proposition 8.8 and Lemma 8.9]. We record the application with its order of limits,
since its area comparison is one-sided.

Corollary 14.1 (The one-ended weak-decay consequence). Let (M4, g,K) be a smooth connected
orientable exterior, complete with its nonempty compact smooth boundary included, and with
exactly one Euclidean coordinate end and compact complement. Assume

g − δ = O2(r−q), K = O1(r−1−q), q > 1.

Use the four-dimensional densities and ADM normalizations of Section 8. Suppose the densities
are integrable, the finite ADM charges satisfy E > |P |, the dominant energy condition holds, and
the boundary satisfies H + trtanK ≤ 0 with normal into M . Then√

E2 − |P |2 ≥ 1
2

(
A∗(g)
ω3

)2/3
, ω3 = 2π2,

where A∗ uses every full cut of Definition 8.1.

Proof. Set m =
√
E2 − |P |2. The rest-end replacement [34, Proposition 8.8] applies with exactly

these one-ended weak-decay hypotheses. It produces data (gR,KR) on the same exterior, satisfying
the dominant energy condition and the weak future-trapping inequality, with compactly supported
KR and an exact static Schwarzschild–Tangherlini tail. Their energy is mR → m, their momentum
is zero, and their full enclosing infima satisfy

A∗(gR) ≥ (1 − oR(1))A∗(g). (14.1)

This is the lower bound required below; no equality or convergence of these infima is used.
Fix R first. The strictification of [34, Lemma 8.9] gives (gR,s,KR,s) = (e2sϕRgR, e

sϕRKR), for
all sufficiently small s > 0. It preserves completeness and compact tensor support, makes the
boundary strictly future trapped, and gives, for a fixed 0 < δ1 < 1,

µR,s − |JR,s| ≥ cR,s r
−4−δ1 > 0, gR,s − δ = Oj(r−2) (j ≥ 0), RgR,s = O(r−4−δ1).
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The densities are integrable and the ADM energy is finite. Thus every hypothesis of Theorem 8.2
is met, with all data and their constants now fixed. Its complete boundary solve and Corollary 8.4
give

EgR,s ≥ 1
2

(
A∗(gR,s)
ω3

)2/3
.

The latter corollary already exhausts the domain, takes N → ∞, and removes the conformal floor
for this fixed pair (R, s).

Still at fixed R, strictification supplies EgR,s → mR and A∗(gR,s) → A∗(gR) as s ↓ 0. Taking
this limit and then using (14.1) gives

mR ≥ 1
2

(
A∗(gR)
ω3

)2/3
≥ 1

2

((1 − oR(1))A∗(g)
ω3

)2/3
.

Finally take R → ∞. The mass and density conventions coincide with those of both preparation
results, so no normalization factor is introduced. The proof has used their preparations and the
boundary construction, without importing a numerical spacetime theorem.

15 What changes when the tensor reaches infinity
The boundary construction controls two different interfaces of the same deformation. At the inner
boundary it prescribes the normal flux so that the new mean curvature is negative. At infinity it
estimates the total flux so that the new energy is no larger than the old energy, up to an error
tending to zero. Compact support of the second fundamental form simplifies the second task:
sufficiently far out, the trace equation contains only the graph. We now explain precisely how
maximality replaces that simplification. This calculation is also the reason to retain a separate
maximal construction: it carries the original decaying tensor through the deformation instead of
removing it from the end.

We work in spatial dimension four. Write g for the background metric, K for its second
fundamental form, and assume trgK = 0. Let N ≥ 4 be a fixed deformation parameter, let
0 < ε < 1, and choose a smooth nonincreasing function ϑ equal to one on (−∞, 0] and zero on
[1,∞). Set

p(t) = Nϑ(Nt), l(t) = exp
(∫ t

0
p(s) ds

)
, L0(t) = e2tl(t), ℓ = e−εN , ηN = ℓ3/2.

For functions f, Z, the equation

Z = t+ 1
6 logD, D = 1 + l(t)2|∇f |2g

defines t uniquely: its right side has positive t derivative 1 + p(1 −D−1)/3, and tends to the two
ends of the real line with t. Put

d = D−1, w = l∇f√
D
, v = |w|2 = 1 − d, χ = 3d

3 + pv
, Aχ = I − 3 + p

3 + pv
w⊗w, u = L0

√
D.

The deformed metric and flux are

ĝ = e2t(g + l2 df2), V = uAχ
(
3∇Z +K(w, ·)

)
.
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These are exactly the four-dimensional boundary variables. Thus the inner boundary calculation
remains unchanged. On a face where f is constant, writing H = divB ν and PB = trBK for the
normal into the exterior gives

Vν
u

= d(H + 3∂νt) −H + wν(F − PB), Ĥ = e−t√d (H + 3∂νt). (15.1)

These are the local identities of Lemma 10.3, with Hf = lD−1/2∇2f and F = trAχ(K +Hf ). All
graph variables and the normal convention agree with that lemma. Its proof uses only the constant
trace of f on the face and the four-dimensional conformal boundary formula; it imposes no support
or energy hypothesis on K. In particular the prescribed flux Vν/u = −H + wν(F − PB) −NBd,
with NB > 0, still makes Ĥ = −e−t√dNB < 0.

The new issue lies at the other end of the domain. There the compactly supported offset C
vanishes and the trace equation is

trAχ(K +Hf ) = ηNf. (15.2)

Maximality is useful here for an exact algebraic reason:

trAχ K = − 3 + p

3 + pv

l2

D
K(∇f,∇f).

Consequently (15.2) is, along any fixed solution, the homogeneous linear equation

Aχ : ∇2f + b · ∇f − cff = 0, b = − 3 + p

3 + pv

l√
D
K(∇f, ·), cf = ηN

√
D

l
≥ ηN

e
> 0. (15.3)

Here l ≤ e follows directly from its definition. Thus retaining K introduces a drift, but no
independent forcing of the graph. An arbitrary nonmaximal tensor would leave the term trgK
and would not have this property.

Lemma 15.1 (The maximal end equation). Suppose 1 < q < 2, 0 < δ < q−1, g−δEucl = O2(r−q)
and K = O1(r−1−q) on a four-dimensional end. Assume trgK = 0 and Rg = O(r−4−δ). For fixed
N, ε, consider smooth solutions on successively larger spherical truncations, with f = Z = 0 on
the outer sphere, of (15.2) and

divg V = u [δ0T + ρ+ δ0ηN |w||∇f | −m0(t)CN (ρ0 + vρ1)] . (15.4)

Here 0 < δ0 < 1, ρ, ρ0 = O(r−4−δ) with their differentiated bounds, ρ1 = O(r−2γ) for a fixed
γ > 1, m0 is a smooth bounded function, and T is the quadratic term in the four-dimensional
scalar identity. Assume that the solutions have a common bounded range and that, for every
fixed derivative order, the background coefficients, weights and solutions have uniform fixed-N
classical bounds on end unit patches, including the outer boundary patches. Assume also that Aχ
is uniformly elliptic there. These bounds may depend on N and the derivative order; they are
independent of the outer radius. They are separate assumptions from the displayed O2/O1 decay
rates. Then, uniformly on those truncations,

|∇jf | ≤ Cj(N)e−cj(N)r (j ≥ 0), |Z| + |t| ≤ C(N)r−2.

Every smooth local limit satisfies Z, t = O2(r−2). Before taking that limit, its scalar equation is

3∆gZ + 3[p(Z) + 2 − δ0(p(Z) + 1)]| dZ|2 = δ0
2 |K|2 + ρ−m0(Z)CNρ0 + EN , (15.5)

where EN and each required fixed derivative have exponential unit-patch bounds.
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Proof. The coefficients in (15.3) are uniformly bounded and elliptic at fixed N . For sufficiently
small c > 0, substitution of e−cr into its left side gives an upper bound

e−cr(C(N)c2 + C(N)c− ηN/e
)
< 0

outside one fixed sphere. A multiple of this positive supersolution dominates |f | on that sphere;
the zero outer value is already dominated. Comparison for f and −f gives exponential decay,
uniformly in the truncation radius. The assumed unit-patch estimates, followed by the smooth
linear interior and zero-Dirichlet boundary estimates for (15.3), give the asserted differentiated
decay. These are the smooth-coefficient estimates of [18, Chs. 6–9] and [1]. The implicit formula
for t then shows that t− Z and the graph metric error have the same type of bounds.

It remains to identify what survives when those graph errors are removed. Set the graph
height and its first two derivatives equal to zero in the coefficients, retaining the exponentially
small difference as an error. Then Hf = 0, F = 0, w = 0, D = d = χ = 1, t = Z and u = L0(Z).
The smooth scalar quadratic form at this zero graph is

T = 1
2 |K|2 + 3(p(Z) + 1)| dZ|2. (15.6)

One can also verify this directly from its block formula. Choose any unit vector e, write
j = K(e, e), M = K(e, ·)|e⊥ and T = K|e⊥ , and use trT = −j. The terms involving K become
1
2 |T 0|2 + |M |2 + 2

3j
2. Since |T |2 = |T 0|2 + j2/3, this is exactly |K|2/2. The terms linear in dZ

contain w and vanish, leaving the second term in (15.6). In particular setting the graph to zero
does not set the tensor to zero.

Now (logL0)′ = p+ 2. Divide (15.4) by L0, insert (15.6), and move the quadratic gradient
term to the left. Smooth dependence on the bounded solution variables absorbs the graph errors
into EN and gives (15.5).

Define Φ(0) = 0 and

Φ′(z) = exp
(∫ z

0
[p(s) + 2 − δ0(p(s) + 1)] ds

)
.

On the common bounded range of Z, both Φ′ and its reciprocal are bounded at fixed N . The
chain rule gives

∆gΦ(Z) = Φ′(Z)
3

[
δ0
2 |K|2 + ρ−m0(Z)CNρ0 + EN

]
.

The right side is ON (r−4−δ), because |K|2 = O(r−2−2q) and 2 + 2q > 4 + δ. With α = δ/2, set
b0 = r−2 − r−2−α. For sufficiently large r, this is positive and

−∆gb0 = α(2 + α)r−4−α +O(r−4−q) ≥ cr−4−α.

A fixed multiple of b0 dominates both the absolute source and |Φ(Z)| on the fixed inner sphere.
Since Φ(Z) = 0 at the outer sphere, comparison for both signs gives |Φ(Z)| ≤ C(N)r−2, and
hence |Z| + |t| ≤ C(N)r−2. These estimates hold before exhaustion, so the local limit has the
asserted normalization at infinity.

Finally rescale annuli R < r < 2R to unit size. The metric has uniformly controlled
scaled C1,β coefficients for each fixed 0 < β < 1. Interior W 2,p1 estimates with p1 > 4 first
give | dZ| = ON (r−3). The first derivative bound on K, the differentiated weights and the
exponential error then give a controlled scaled Hölder norm for the source. Schauder estimates
yield ∇2Z = ON (r−4). The same follows for t from the graph error.
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The term |K|2/2 has two consequences for the rest of the construction. First, the end proof
must use the original decay of K; it cannot invoke a result whose hypothesis is K = 0 outside a
compact set. Second, the continuation must control the corresponding noncompact drift before
these fixed-parameter estimates are available. The appropriate tail weights follow from a short
calculation. Choose

1 < γ < min{2, q − δ/2}, ρ0 ≍ r−4−δ, ρ1 ≍ r−2γ .

This interval is nonempty because δ < q − 1. For a = |w| one has

ar−2−q ≤ 1
2a

2r−2γ + 1
2r

−4−2q+2γ ≤ C(vρ1 + ρ0). (15.7)

The first inequality is Young’s inequality; the second uses 2γ < 2q − δ. Also |K|2 ≤ Cρ0. Thus
the drift error controlled by ΠN (|K|2 + a|∇K|) fits the same kind of floor penalty as in the
boundary construction, with exponents adapted to the original end. Since 4γ > 4, the square
of ρ1 is integrable. That last fact is exactly what permits its contribution to the flux loss to be
absorbed with an error tending to zero.

The local comparison is now explicit. Signed boundary faces and their inner flux formula
are shared. The maximal route supplies its own strict approximation and an all-black threshold
boundary; it proves the noncompact drift estimate and its complete boundary continuation
with the weights above. Once these yield the fixed-N estimates, Lemma 15.1 gives the correct
end normalization. In applying that lemma, unit-scale convolution of the strict end coefficients
supplies their uniform bounds at every fixed derivative order; a subsequent trace-free projection
preserves maximality. This is an actual preparation step, not a consequence of smoothness and
O2/O1 decay alone. The displayed decay rates are the ones retained from the original data and
used in the final annular estimates. The final comparison still uses the actual metric ĝ, its minimal
enclosure, and its ADM flux. Maximality preserves a method with the original tensor tail; it does
not replace those existence, boundary, or enclosure arguments.

16 The maximal comparison and its scope
Maximality allows the boundary deformation to retain a decaying second fundamental form all
the way to infinity. The reason is the homogeneous trace equation in Section 15: when trgK = 0,
the tensor contributes a drift proportional to the graph gradient. Thus the graph can decay
exponentially even though K does not vanish outside a compact set. The conformal equation still
sees |K|2/2. We now construct the solutions for which that end calculation applies.

There are two geometric tasks before solving the equations. We must create strict dominant-
energy slack without destroying maximality or changing the limiting energy and enclosing area.
We must then select an inner boundary whose outward collars control the large graph slopes.
The remaining analysis has the same input and output as the boundary method: nonnegative
scalar curvature, negative inner mean curvature, a lower metric comparison on every cut, and an
upper error in energy. The noncompact drift requires the tail weights and continuation estimates
proved in this part.

The following theorem records the maximal-vacuum application considered here. Corollary 14.1
gives a broader numerical comparison under its one-ended weak-decay and dominant-energy
hypotheses. That corollary first replaces the distant end and tensor. The construction below
retains the decaying tensor tail through the deformation.
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Throughout, four refers to the spatial dimension. The associated spacetime dimension is
five, and a horizon has dimension three. Write ω3 = |S3| = 2π2. The notation Oj(r−q) includes
coordinate derivatives through order j, with the corresponding additional decay.

Theorem 16.1. Let (M, g,K) be a smooth connected orientable initial-data exterior, diffeomorphic
to R4 minus an open ball, complete up to its connected compact boundary S ∼= S3, and with
one asymptotically flat end. Here K is a symmetric covariant two-tensor. Assume the vacuum
constraint equations with zero cosmological constant and maximality:

Rg + (trgK)2 − |K|2g = 0, divg
(
K − (trgK)g

)
= 0, trgK = 0. (16.1)

Assume a smooth effective T 2 = U(1) × U(1) action preserving g,K which, in an asymptotically
Euclidean chart R4 = C2, is

(eiα, eiβ) · (z1, z2) = (eiαz1, e
iβz2)

at all sufficiently large radii. No cohomogeneity-one assumption is made. In that chart suppose

gij − δij = O2(r−q), Kij = O1(r−q−1), q > 1. (16.2)

Suppose the following ADM limits exist and are finite:

E = 1
6ω3

lim
r→∞

∫
|x|=r

(∂jgij − ∂igjj)νiδ dAδ, (16.3)

Pi = 1
3ω3

lim
r→∞

∫
|x|=r

(
Kij − (trgK)gij

)
νjδ dAδ. (16.4)

Assume P = 0 and E > 0.
Orient S by its unit normal ν toward the end and set HS = divS ν. Suppose

ΘK(S) := HS + trSK = 0. (16.5)

Suppose S is outermost toward the end: there is no compact smooth embedded two-sided hyper-
surface in the interior enclosing S, oriented toward the end, with ΘK ≤ 0 everywhere. Suppose
also that S is outer area-minimizing: every compact smooth embedded enclosing hypersurface has
three-volume at least A = |S|g. Disconnected and noninvariant enclosing competitors are included.
Then

E ≥ 1
2

(
A

2π2

)2/3
. (16.6)

An enclosing hypersurface separates S from the selected end and bounds with S a compact
region. The original S is itself allowed when taking the enclosing-area infimum. All hypersurface
areas in this part are three-dimensional volumes. In particular, outer area-minimization in
Theorem 16.1 is not restricted by the torus action. The torus action and outermostness specify the
stated application class; the construction below does not use them. Ball-exterior topology supplies
the compact filling, and vacuum supplies the initial strictification. Outer area-minimization
identifies the final enclosing-area infimum with A. Neither HS = 0 nor trSK = 0 is imposed.
The conditions P = 0 and E > 0 identify the energy in (16.3) with the ADM rest mass.

The normalization is sharp. The time-symmetric Schwarzschild–Tangherlini family [41] has,
in isotropic coordinates of radius ϱ, the spatial metric

gm =
(

1 + m

2ϱ2

)2
δ, K = 0, ϱ ≥

√
m/2;
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see also [11, p. 83]. Its leading metric term is mϱ−2δ, so (16.3) gives energy m. The boundary
sphere has volume 8ω3(m/2)3/2 = ω3(2m)3/2, making the right side of (16.6) equal to m.

Unless a different metric is indicated, norms, contractions, covariant derivatives and index
raising use the background metric g. We use ∆ = div grad. For symmetric two-tensors define

PD = D − (trgD)g, B(D1, D2) = D1 : D2 − (trgD1)(trgD2), (16.7)
µ = 1

2
(
Rg − B(K,K)

)
, J = divg PK . (16.8)

Thus the vacuum constraints give µ = J = 0. For an oriented hypersurface the expansion is
ΘK = H + trtanK, with the normal toward the specified exterior. On an inner boundary this
normal points into the exterior domain; on a distant coordinate sphere the outward normal points
toward infinity. We retain these conventions in every boundary flux.

For an inner cut S0, let

Ag(S0) = inf{|Σ|g : Σ is a smooth enclosing cut of S0},

using the full class of cuts in Definition 8.1 and including S0 when it is smooth. The proof uses
this infimum until the final application of the outer area-minimizing hypothesis.

16.1 The geometric output and the route to it

It is useful to state what the construction will produce for strict data before introducing its
equations. This is the point at which the analytic problem rejoins the mass–area comparison.

Proposition 16.2 (Maximal deformation output). Let (M, g,K) be a smooth connected orientable
four-dimensional ball exterior, complete including its compact boundary S, with one Euclidean
coordinate end. Let r ≥ 1 be a fixed smooth positive extension of its Euclidean radius. Suppose
1 < q < 2, 0 < δ < q − 1,

trgK = 0, g−δEucl = O2(r−q), K = O1(r−1−q), Rg = O(r−4−δ), µ−|J | ≥ c0r
−4−δ > 0,

and suppose HS + trSK < 0. Assume finite ADM energy and uniform bounds of every fixed
derivative order on end patches of unit size. Write A∗ = Ag(S) for the infimum over all smooth
enclosing cuts, including disconnected cuts.

There is a smooth cut B enclosing S, with connected one-ended exterior Ω, such that for each
0 < ϵ < 1 and all sufficiently large integers N there is a smooth metric ĝN on Ω satisfying

ĝN ≥ e−2ϵg, RĝN
≥ 0, ĤB < 0, EĝN

≤ Eg + ΠN

3ω3
(e−ϵN + e−ϵN/2).

Here ΠN has polynomial growth at fixed strict data and ϵ. The new metric is complete including
B, has ĝN −δEucl = O2(r−q) and RĝN

= O(r−4−δ), and every smooth cut enclosing B has ĝN -area
at least e−3ϵA∗.

The proof occupies Sections 17– 22. First we obtain B and its outward collars. Next we prove
a lower bound for t, followed by height, boundary-flux and range estimates for every possible
continuation solution. Local regularity and an unrestricted scalar solve then define the compact
continuation map. Only after existence and fixed-N exhaustion do we use the end calculation of
Lemma 15.1. The final flux estimate proves the displayed energy bound. This order separates the
polynomial estimates needed for the mass limit from arbitrary fixed-N regularity constants.
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The trace trgK vanishes throughout this construction. Its positive regularizing parameter is
ηN = ℓ3/2; this parameter is distinct from the trace. The scalar weight is denoted by L0 = e2tl(t).
First fix the strict geometry and its decay exponents, then ϵ > 0 and a sufficiently large N .
Exhaust the outer radius at fixed N , send N → ∞ using polynomial constants only, then send
ϵ ↓ 0 and remove the strict approximation. Arbitrary fixed-N regularity constants do not enter
the final mass limit.

17 Strict data and the geometric inner boundary
This section produces the strict data and the inner boundary used in the deformation. The
approximation is controlled in ADM energy and in the infimum over all enclosing areas. The
geometric construction also supplies a comparison principle for closed sets described by smooth
exterior supports; this will be used before any derivative estimates for the deformation are
available.

17.1 Strict conformal approximation

The spacetime Poisson construction of Jaracz [25] is the model for this reduction. Here the
conformal exponents are four-dimensional, the inner Neumann datum is nonzero, and we prove
preservation of maximality and comparison for the full enclosing-area infimum.

Decrease the decay exponent, if necessary, so that 1 < q < 2, and fix 0 < δ < q − 1. Extend
the end radius to a positive smooth function r ≥ 1 on the exterior. We use the enclosing-area
infimum Ag(S) defined above.

Proposition 17.1 (Reduction to strict data). The data of Theorem 16.1 admit smooth approxi-
mations (gj ,Kj) on the same exterior such that

trgj Kj = 0, µj − |Jj |gj ≥ cjr
−4−δ,

ΘKj (S) < 0, Rgj = O(r−4−δ), cj > 0.
(17.1)

They have the prescribed O2(r−q) metric decay and O1(r−1−q) tensor decay, and all their coordinate
derivatives are bounded uniformly over end patches of unit size, with constants allowed to depend
on j and the derivative order. Moreover,

Egj −→ Eg, Agj (S) −→ Ag(S). (17.2)

Consequently, it suffices to prove Eg ≥ 1
2(Ag(S)/ω3)2/3 for such strict maximal data on this

exterior. Neither vacuum nor marginality is required of the intermediate approximations.

Proof. Choose a positive smooth function b ≥ |K|g which equals a constant multiple of r−1−q

sufficiently far out. We first solve

−∆gϕ = b
√

| dϕ|2g + r−6 + r−4−δ, ∂νϕ = −1 on S, ϕ −→ 0 at infinity, (17.3)

where ν points into the exterior. In particular, the normal derivative in this equation is the
negative of the domain’s outward normal derivative at its inner boundary.
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Here are the existence and decay details. On the compact truncation MR, impose ϕ = 0 on
the outer coordinate sphere and replace b on the right by λb, 0 ≤ λ ≤ 1. The linearization, with
homogeneous boundary data, is

v 7−→ −∆gv − λb
⟨ dϕ, dv⟩g√
| dϕ|2g + r−6

.

Its drift is bounded by b. Its kernel is zero by the strong maximum principle and the boundary
point lemma, since the outer Dirichlet face is nonempty and the inner face has homogeneous
normal derivative. The mixed operator has Fredholm index zero, by deformation to the mixed
Laplacian, and hence is invertible. The two boundary components are disjoint, smooth, and
compact, so ordinary scalar elliptic estimates apply without a junction between boundary types;
see [18, Chapters 3, 6, and 9] and [1, Theorems 7.3 and 15.2–15.3].

For fixed R, the global mixed W 2,p estimate, p > 4, and interpolation give

∥ϕ∥W 2,p(MR) ≤ CR,p
(
1 + ∥ dϕ∥Lp(MR) + ∥ϕ∥Lp(MR)

)
≤ C ′

R,p(1 + ∥ϕ∥∞). (17.4)

These constants are uniform in λ. If the suprema were unbounded, divide by their sup norms and
take a subsequence. Compact embedding of W 2,p in C1,α, with a smaller α > 0, gives a nonzero
limit v satisfying

−∆gv = λ∗b| dv|g, ∂νv = 0 on S, v = 0 on the outer face.

This is a homogeneous linear equation with a bounded measurable drift: set the drift to
λ∗b grad v/| dv| where dv ≠ 0, and to zero otherwise. The maximum principle and bound-
ary point lemma again exclude a nonzero solution. Thus (17.4) is bounded, and Schauder
estimates and bootstrapping give closedness in the continuity argument. The λ = 0 mixed Poisson
problem is solvable, so the implicit function theorem and compactness give a smooth solution for
λ = 1. It is nonnegative: a negative minimum is excluded in the interior by −∆ϕ > 0, on the
outer face by its zero value, and on the inner face by ∂νϕ = −1.

We next bound these solutions independently of R. On the end consider

T (r) = r−2(1 −Ar−δ).

Choose a fixed A > 0, then a large fixed r0, so that T > 0 and

(−∆g − b| d · |)T ≥ c r−4−δ (r ≥ r0). (17.5)

Indeed, −∆RT = Aδ(2 + δ)r−4−δ, while both the metric error and b| dT | are O(r−4−q). Also

−∆gϕ− b| dϕ| ≤ br−3 + r−4−δ ≤ Cr−4−δ.

Comparison on {r0 ≤ r ≤ R}, including the zero outer value, therefore yields

0 ≤ ϕR(x) ≤ C(1 +mR)r(x)−2, mR = max
{r≤r0}

ϕR. (17.6)

If mR were unbounded along expanding truncations, divide by mR. Local versions of (17.4),
including the inner boundary estimates, give a nonnegative limit attaining value one in the fixed
core. It solves −∆v = b| dv|, has homogeneous inner normal derivative, and is O(r−2) by (17.6).
Its positive maximum is therefore attained at a finite point. The strong maximum principle or
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the boundary point lemma excludes it. We have a uniform core bound, and diagonal compactness
gives a smooth solution of (17.3).

Rescale annuli by their radii. The bound ϕ = O(r−2), the scaled metric bounds furnished
by g − δ = O2(r−q), and the linear gradient growth in (17.3) first give scaled W 2,p estimates by
interpolation. They give Hölder control of the gradient; the right side then has the scaled Hölder
control needed for Schauder estimates. Hence

ϕ = O2(r−2). (17.7)

The source in (17.3) is O(r−4−q) +O(r−4−δ), and is integrable. The divergence theorem shows
that

Iϕ = lim
R→∞

∫
SR

∂νgϕ dAg

exists. Replacing this by its Euclidean-coordinate flux changes it by O(R−q), which tends to zero.
For small s > 0 set gs = e2sϕg and Ks = esϕK. The trace remains zero. The connection

change is
Γ(gs)kij − Γ(g)kij = s(δki ϕj + δkj ϕi − gijϕ

k).

Contracting it against the scaled trace-free tensor, and using the four-dimensional scalar-curvature
formula, gives

e2sϕµs = µ− 3s∆gϕ− 3s2| dϕ|2,
esϕJs = J + 3sK(gradϕ, ·),

ΘKs(S) = e−sϕ(ΘK(S) + 3s∂νϕ
)
.

(17.8)

The last coefficient is three because the boundary has dimension three. A covector norm contributes
one more factor e−sϕ, so the first two identities and µ = J = 0 imply

e2sϕ(µs − |Js|gs) ≥ 3s
[
−∆ϕ− |K|| dϕ| − s| dϕ|2

]
≥ 3s

[
r−4−δ − s| dϕ|2

]
. (17.9)

The ratio | dϕ|2/r−4−δ is bounded, by (17.7) and δ < 1. Thus small s > 0 gives a positive gap of
the asserted order. The boundary expansion is −3se−sϕ < 0. Moreover,

Rgs = e−2sϕ(|K|2 − 6s∆ϕ− 6s2| dϕ|2
)

= O(r−4−δ),

because 2 + 2q > 4 + δ. The original metric and tensor decay is preserved, since q < 2.
Only −6s∂iϕ survives from the conformal change in the ADM integrand. Products with a

metric error or with ϕ have vanishing integrated flux by (17.7). Thus

Egs = Eg − s

ω3
Iϕ −→ Eg. (17.10)

Since ϕ is bounded, the comparison e−2s∥ϕ∥∞g ≤ gs ≤ e2s∥ϕ∥∞g holds on the entire exterior. Its
three-dimensional area comparison holds for every enclosing cut, and therefore for their infima.
In particular, Ags(S) → Ag(S), with no compactness assumption on minimizing cuts.
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Smoothing the end. The conformal step has produced strict dominance and convergence of
energy and enclosing-area infima. The differentiated end estimates will also need bounds of every
fixed derivative order on patches of unit size. The original O2/O1 hypotheses do not supply those
bounds; we obtain them by smoothing each fixed strict pair sufficiently far out.

Fix one of these strict pairs and temporarily denote it by (g,K). Let h = g − δ in the end
chart. Convolve h and K with a nonnegative smooth kernel of integral one supported in a unit
ball. Interpolate to the original data with a cutoff which is zero for r ≤ Rsm, one for r ≥ 2Rsm,
and has derivatives of order i bounded by CiR−i

sm. Call the resulting metric and tensor g̃, K̃, and
project the tensor to its g̃-trace-free part:

Ksm = K̃ − 1
4(trg̃ K̃)g̃.

For sufficiently large Rsm, the metric remains positive definite. The available original derivatives
give

h ∗ κ− h = O(r−q−1), D(h ∗ κ− h) = O(r−q−2), K ∗ κ−K = O(r−q−2).

Here D denotes coordinate differentiation only in this paragraph. For the trace projection, use
the original trace-free identity in the form

trδK = (δij − gij)Kij = O1(r−1−2q).

Convolution and interpolation preserve this first-derivative bound. Moreover

trg̃ K̃ = trδ K̃ + (g̃ij − δij)K̃ij = O1(r−1−2q).

Differentiating the last product uses only the available first derivatives of the metric and tensor.
Thus the projection changes the tensor by O1(r−1−2q), without requiring a second derivative of
the original K.

For trace-free data with these decay bounds, the constraint pair has the flat linear principal
expressions

(µ, J) =
(

1
2(∂i∂jhij − ∆Rhii), ∂jKij

)
+O(r−2−2q). (17.11)

The scalar error consists of hD2h, (Dh)2, and |K|2; the momentum error consists of hDK and
(Dh)K. The displayed linear operators commute with convolution. Cutoff derivatives multiply
the preceding convolution differences and contribute O(r−q−3). The trace projection changes the
momentum by O(r−2−2q). Hence the new constraint pair is the interpolated average of the old
pair, up to

O(r−2−2q + r−q−3) = o(r−4−δ). (17.12)

Replacing the old momentum norm by its Euclidean norm, and the averaged Euclidean momentum
norm by the new metric norm, each costs O(r−2−2q): both metrics differ from the Euclidean
metric by O(r−q), while both momenta are O(r−2−q). The triangle inequality and positivity of
the kernel therefore preserve a fixed positive fraction of the strict dominance gap once Rsm is
sufficiently large. This radius is chosen separately for each fixed strict pair, so the little-o errors
are smaller than its particular positive gap coefficient. The two needed exponent inequalities are

2q − 2 − δ > 0, q − 1 − δ > 0.

The same calculation shows that the scalar curvature is still O(r−4−δ).

117



Beyond 2Rsm, derivatives of the convolution kernel bound every higher derivative on unit
patches, using the original zeroth, first, and second derivative bounds. The transition region
is smooth and compact. At infinity the metric’s first derivative changes by O(r−q−2), whose
integrated ADM contribution is O(r1−q) → 0. Thus this smoothing leaves the energy exactly
unchanged. As Rsm → ∞, its uniform metric ratio tends to one, so the enclosing infimum
converges as well. Choosing first s ↓ 0, and then a sufficiently large smoothing radius for each s,
proves (17.1) and (17.2).

For the remainder of the proof fix strict data from Proposition 17.1, and write A∗ = Ag(S).
Constants may depend on this fixed approximation. Write c0 > 0 for a fixed constant such that
µ− |J | ≥ c0r

−4−δ for these data.

17.2 Threshold regions and outward collars

We use the following part of the total trapped-region theorem: on a complete smooth asymp-
totically flat initial data set of spatial dimension 2 through 7, the nonempty union of bounded
regions with smooth boundary and outward expansion at most zero has a smooth embedded
outermost stable MOTS as its outer frontier. We take its closed, filled representative. Filling a
bounded complementary component deletes boundary components and preserves admissibility.
This is the existence and regularity conclusion of [6, Section 4.3, Theorem 4.6]; it requires no
energy condition. We do not use the additional topology conclusions of that theorem.

Lemma 17.2 (Threshold selection and collars). There is a number c with maxS ΘK < c < 0,
and a closed filled compact region Dc, containing a smooth compact filling of S and an exterior
collar of S, with the following properties. Its boundary B is a smooth embedded stable threshold
surface, ΘK(B) = c. It belongs to an increasing family Db, maxS ΘK < b < 0, of total regions at
threshold b, all lying in a fixed compact set, and

Db −→ Dc in Hausdorff distance as b ↓ c. (17.13)

The exterior Ω of Dc is connected and one-ended. Every smooth cut enclosing B has g-area at
least A∗. Each component of B has a smooth outward collar with leaf coordinate s ≥ 0, s = 0 at
B, | ds| > 0, whose leaves satisfy

ΘK({s = constant}) ≥ c, νs = grad s
| ds| . (17.14)

Proof. The given diffeomorphism of the exterior permits a smooth compact filling behind S.
Extend g,K smoothly over it; the extended metric can be chosen positive definite by interpolation
with any interior metric away from a collar. This extension is used only in the present geometric
construction.

Fix a large radius R0 beyond which every coordinate sphere has ΘK = 3/r +O(r−1−q) > 0.
Outside a still larger fixed radius, smoothly cut the metric to the Euclidean metric and the
unshifted tensor to zero. Dilated cutoffs preserve the bounds g − δ = O2(r−q), K = O1(r−1−q),
and consequently the positive expansion of all spheres in the cutoff annuli. Denote these complete
auxiliary data by (gaux,Kaux). Choose a fixed nonnegative smooth cutoff ξ, equal to one on the
filling and throughout a large neighborhood of {r ≤ R0}, and zero far out. For maxS ΘK < b < 0,
use the tensor

Kaux
b = Kaux − b

3ξg
aux.
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Where ξ = 1 and the data are uncut, the exact identity is

ΘKaux
b

(Σ) = ΘK(Σ) − b. (17.15)

In the cutoff region the added tangential trace is −bξ ≥ 0, so all the distant spheres still have
positive expansion, uniformly in b.

A smooth weakly trapped bounded region cannot meet those distant spheres: at a point where
its boundary reaches its greatest radius, its tangent plane and outward normal agree with those
of the coordinate sphere, and its mean curvature is at least the sphere’s mean curvature. The
tensor traces there agree. This contradicts nonpositive expansion. The same argument applies to
the outer frontier furnished by the total-region theorem. Thus all total regions are contained in
the uncut part of the construction.

For every indicated b, strictness at S gives a short outward collar whose leaves have expansion
less than b. The filling together with this collar is a nonempty trapped region for Kaux

b . The
theorem therefore gives a total closed region Db with smooth stable frontier. Its frontier lies
strictly outside S, in the original data, and has ΘK = b by (17.15). We used one filling and one
set of cutoffs for the entire interval of b. Since ξ ≥ 0, increasing b decreases the shifted expansion
on every candidate hypersurface. It follows that

b1 < b2 =⇒ Db1 ⊂ Db2 . (17.16)

Choose a compact enlargement Q containing all these regions. Lemma 3.2 applies to the increas-
ing family of closed subsets Eb = Db of this fixed compact metric space, with maxS ΘK < b < 0.
The preceding construction proves both the common compact containment and monotonicity;
every member is nonempty. Choose c outside the lemma’s countable exceptional set. Its conclusion
is exactly (17.13). Filling bounded complementary pockets ensures that the remaining exterior is
the connected component containing the sole end. Any cut enclosing its entire boundary B also
encloses S, proving the area assertion.

It remains to construct the collars. Apply Lemma 3.3 with ambient dimension four, Q = K,
threshold c, and each connected component of B. The total-region theorem gives a compact
smooth stable frontier; its principal eigenvalue is nonnegative [5, Proposition 5.1]. On an open
neighborhood of this frontier the auxiliary cutoff ξ equals one and the data are uncut, so the
relevant shifted tensor is exactly K − (c/3)g. Its expansion differs from ΘK by the constant c,
with zero derivative under graph variations. Replacing one component by a sufficiently short
outward graph of expansion at most c would strictly enlarge the total region while preserving
every other component. Thus the local maximality hypothesis of the collar lemma holds in this
application.

For clarity, its zero-mode construction uses the expansion E(v) of the outward graph on this
one component and L = DE(0). The common augmented inverse specializes to

(v, a) 7−→
(
Lv − a,

∫
B
v dAg

)
, C2,α(B) × R −→ C0,α(B) × R. (17.17)

Here the integrals are over the chosen component. The positive principal and adjoint eigenfunctions,
their simple kernels, and the positive pairing used to invert this map are those in [5, Section 4,
Lemma 4.1], as in the common proof. That proof gives strictly larger expansion on every positive
outward leaf, including the zero-eigenvalue case; stability alone would not give this conclusion.
Finitely many components permit disjoint shortened collars, proving (17.14).
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17.3 Exterior supports of nonsmooth sets

The threshold regions control smooth surfaces. The graph-height limit will give only a closed
sublevel set, so we need the same comparison for smooth surfaces that touch such a set from
outside. The next argument transports the supporting tangent plane exactly; this prevents an
uncontrolled curvature of the support from entering the error.

For a closed set A, a smooth exterior support at x ∈ ∂A is a regular level {ψ = 0} in
a neighborhood of x, where ψ(x) = 0, dψ(x) ̸= 0, and A ⊂ {ψ ≤ 0} locally. Its normal is
νψ = gradψ/| dψ|, and its expansion is

ΘK [ψ] = trg Hessψ − Hessψ(νψ, νψ)
| dψ|

+ trgK −K(νψ, νψ). (17.18)

Only supports that exist are tested; no regularity is assumed of A itself.

Lemma 17.3 (Enclosure from exterior supports). Let A be a compact closed set containing
Dc. Suppose that every smooth exterior support to its frontier has expansion at most k′, where
c ≤ k′ < 0. Then

A ⊂ Dc′ for every k′ < c′ < 0.

All expansions at the frontier of A are computed in the original strict exterior data.

Proof. First, every set under consideration lies inside one fixed large sphere. Otherwise the
coordinate sphere at its maximum radius is an exterior support with positive expansion, contrary
to k′ < 0. Choose a compact enlargement containing this sphere and a small metric neighborhood
of it. All constants below depend only on the smooth geometry and tensor on this enlargement.
Distances may be computed in the complete smooth filling, since the contact points and sufficiently
short segments used below lie in the original exterior: A contains the filling and a collar of S.

For z > 0, put Az = {y : dist(y,A) ≤ z}. Apply Lemma 3.5 in ambient dimension four, with
its set D = A, tensor Q = K, and threshold k′. The compact neighborhood and short segments
required by that local lemma are precisely those just fixed. The definition (17.18) is its normalized
expansion. It follows that every exterior support to Az has expansion at most

k′ + Cz, (17.19)

where C is independent of that support’s curvature.
The exact geometric feature of this application is worth recording. For a nearest pair x ∈ A,

x′ ∈ ∂Az, let P : TxM → Tx′M be parallel transport along the short minimizing segment. The
Jacobi construction in the common proof gives

Fz(x) = x′, dFz|x = P, |∇ dFz|x ≤ Cz. (17.20)

If ψ defines the support at x′, then ψ ◦ Fz supports A at x, and

Hess(ψ ◦ Fz)x(X,Y ) = Hessψx′(PX,PY )
+ dψx′

(
(∇ dFz)x(X,Y )

)
.

(17.21)

The exact tangent isometry preserves the normalized Hessian trace; only the O(z) second-map
derivative and the C1 change of K enter the expansion error. Thus no term multiplying Hessψ
has been discarded. This local transport step uses compact ambient bounds, while the following
enclosure argument still uses the auxiliary total regions specific to the maximal end.
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Fix k′ < c′ < 0, and take β > 0 below the preceding injectivity and collar scales, so small that
k′ + Cβ < c′. Smooth approximation of the distance function, followed by a regular-value choice,
gives a smooth compact region U with

Aβ/4 ⊂ intU, U ⊂ A3β/4.

For example, approximate the distance uniformly within β/32, and choose a regular value
between 3β/8 and 5β/8. Choose a smooth nonnegative function ζ equal to one near ∂U with
supp ζ ⊂ {dist(·, A) < β}. For sufficiently large finite Λ, replacing the auxiliary threshold tensor
by

Kaux
c′ − Λζgaux

makes ∂U strictly trapped: the added term decreases its expansion by 3Λ. Apply the total-region
theorem to these smoothly modified complete data. Let D̃ be the resulting closed filled total region
and B̃ its smooth frontier. It contains U . All cutoffs were placed outside the fixed enlargement
above; outside the support of ζ, large spheres retain positive expansion. The maximum-radius
argument confines B̃ to the uncut exterior. There it satisfies

ΘK(B̃) = c′ + 3Λζ ≥ c′. (17.22)

Let z = dist(A, B̃), the global minimum distance. Because D̃ contains Aβ/4, one has z ≥
β/4 > 0. If z < β, every path of length less than z starting in A remains on the inner side of B̃:
its first crossing would contradict the definition of z. Taking closures proves Az ⊂ D̃. At a pair
attaining the distance, B̃ is therefore an exterior support to Az. Equations (17.19) and (17.22)
imply

c′ ≤ ΘK(B̃) ≤ k′ + Cz ≤ k′ + Cβ < c′,

a contradiction. Thus z ≥ β. Since this is the global minimum, ζ vanishes at every point of B̃,
including when the minimum equals β. It follows that ΘK(B̃) = c′ everywhere. Its filled inner
region is an admissible threshold-c′ region for the original auxiliary data, so A ⊂ D̃ ⊂ Dc′ , as
required.

17.4 Fixed collar data

Set b∗ = c. On the disjoint collars supplied by Lemma 17.2, choose a nonpositive smooth
compactly supported function C, equal to −κs near each component of B, with κ > 0 sufficiently
small. Indeed, multiply −κs by nonnegative collar cutoffs. The strict gap has a positive minimum
on their compact support, so κ can be chosen small enough that, for a fixed smooth positive
function ρ equal to a positive multiple of r−4−δ on the end,

| dC| + ρ ≤ µ− |J |. (17.23)

For instance first choose ρ ≤ (c0/4)r−4−δ, then bound | dC| by half the remaining strict gap on
its support. These data, the collars, the threshold b∗, and the region Ω are fixed before choosing
any of the deformation parameters below.

18 The scalar-curvature deformation
We now fix the strict data and the exterior Ω constructed in Section 17. Thus B = ∂Ω has
expansion HB + trBK = b∗ < 0, the tensor is maximal, and the fixed functions C ≤ 0 and ρ > 0
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satisfy
|dC| + ρ ≤ µ− |J |. (18.1)

The normal ν at B points into Ω. The compactly supported function C vanishes on B and equals
−κs in its fixed collars. Throughout this section the base dimension is four and a transverse block
has dimension three.

18.1 Variables and the exact scalar identity

The pointwise identities used here are those of Section 10. We retain their variables and four-
dimensional density conventions below. Their proofs are local and impose no support condition
on K; maximality will enter through trgK = 0 in the equations and the estimates for the tensor
tail.

Fix 0 < ϵ < 1. The integer N ≥ 4 is an auxiliary parameter. Fix once and for all a smooth
nonincreasing function ϑ : R → [0, 1] equal to one on (−∞, 0] and zero on [1,∞), and set

p(t) = Nϑ(Nt), l(t) = exp
(∫ t

0
p(s) ds

)
, L0(t) = e2tl(t),

ℓ = e−ϵN , ηN = ℓ3/2.

(18.2)

In particular 0 ≤ p ≤ N , |p′| ≤ ∥ϑ′∥∞N
2, l(t) = eNt for t ≤ 0, and l ≤ e everywhere. A symbol

ΠN denotes a positive polynomial bound in N ; its coefficients may depend on the fixed strict
data, collars, cutoffs, ϵ, and subsequently fixed small constants, but not on a solution, the outer
radius, or a homotopy parameter. Its value may increase from one estimate to the next. Arbitrary
constants at fixed N will instead be denoted by C(N).

On ΩR = Ω ∩ {r < R} the unknowns are f, Z. Define t implicitly and the remaining variables
explicitly by

σ = | grad f |, D = 1 + l(t)2σ2, d = D−1, Z = t+ 1
6 logD, (18.3)

w = l grad f√
D

, a = |w|, v = a2 = 1 − d, χ = 3d
3 + pv

, (18.4)

h = ηNf, U = l
√
D, u = L0

√
D. (18.5)

At fixed σ, the derivative of the right side of (18.3) with respect to t is 1 + pv/3 > 0. As t → −∞
it tends to −∞, and as t → ∞ it tends to ∞. Consequently t = t(Z, df) exists uniquely and
smoothly for all finite arguments. Notice that t ≥ −ϵ implies ℓ ≤ l ≤ e.

For σ > 0 put ef = grad f/σ and Aj = Id +(j − 1)ef ⊗ ef . The two matrices used below have
the globally smooth formulas

Ad = Id −w ⊗ w, Aχ = Id − 3 + p

3 + pv
w ⊗ w,

3d
3 +N

≤ χ ≤ d ≤ 1. (18.6)

They are positive definite; the displayed formulas remove the apparent ambiguity of the axis
when df = 0. We identify vectors and covectors using g, write |ξ|2A = A(ξ, ξ), and put

ḡ = g + l2df ⊗ df, ĝ = e2tḡ, Hf = l√
D

Hess f, Sf = K +Hf ,

V = uAχ
(
3 gradZ +K(w, ·)

)
.

(18.7)
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The trace equation will always be
trAχ Sf = F. (18.8)

Here F is the prescribed right side, including its dependence on f , Z, and df when a system is
specified.

For symmetric tensors recall PA = A − (trA)g and B(A1, A2) = A1 : A2 − (trA1)(trA2).
The constraint quantities are µ = (Rg − B(K,K))/2 and J = divPK . At a point with σ > 0,
decompose Sf relative to e⊥

f ⊕Ref into its transverse symmetric block T , mixed covector M , and
axial entry j. The letter M in the formulas below denotes only this block. Put

x = ∂ef
t, y = (grad t)⊥, T 0 = T − 1

3(F − χj) Id⊥ . (18.9)

The trace equation gives trT = F − χj.

Proposition 18.1 (Scalar identity). For smooth f, t satisfying (18.8),

1
2e

2tRĝ = µ+ J(w) + T + w(F ) − F trK − u−1 div V, (18.10)

where

T = 1
2 |T 0|2 + |M + (p+ 1)ay|2 − v|y|2 + 3(p+ 1)(|y|2 + dx2)
− 1

3(F − χj)2 + χj2 − χFj + F 2 + 2(p+ 1)χjax. (18.11)

This expression extends smoothly across df = 0.

Proof. This is Proposition 10.1, with its axis e = ef and the same graph variables and density
normalization. Its arbitrary trace τ is zero here.

We record the differential relations needed in the boundary and drift calculations. Differenti-
ating the implicit definition of Z gives

3 dZ = (3 + pv)dt+Hf (w, ·). (18.12)

If k = −Hf − p(dt⊗ w♭ + w♭ ⊗ dt) and Q = K − k, then

V/u = PQw + 3Ad grad t+ Fw, (18.13)
u−1 div(uw) = F + (1 − χ)j − trgK + 2(p+ 1)w(t). (18.14)

These are the identities in the proof of the cited proposition. They follow by inserting trT = F−χj
and Hf (w, ·) = v d log σ into its invariant formula; their smooth tensor expressions also hold at
df = 0. The quadratic expression there is precisely the displayed T .

Lemma 18.2 (Polynomial coercivity). The quadratic form in (18.11) is nonnegative, and

|T |2 + |M |2 + dj2 + F 2 + |dt|2Ad
≤ ΠNT . (18.15)

At dt = 0 it has the stronger equivalence

T ≍ |T 0|2 + |M |2 + χj2 + F 2, (18.16)

with both constants absolute, independent of N, d, χ.

123



Proof. Lemma 10.2 applies with the same dictionary. For clarity, its exact square completion is

T = 1
2 |T 0|2 + |M + (p+ 1)ay|2 +

(
3(p+ 1) − v

)
|y|2

+ 3(p+ 1)d
(
x+ χaj

3d

)2
+ 2

3

(
F − χj

4

)2
+ d(48 − 3d)

8(3 + pv)2 j
2. (18.17)

The last coefficient is at least 45d/[8(3 +N)2] and the coefficient of |y|2 is at least two. Undoing
the shifted squares therefore costs only a polynomial in N . When dt = 0, the normal terms
instead reduce to

2
3(F − χj/4)2 + χ(1 − 3χ/8)j2.

The bounds 5/8 ≤ 1 − 3χ/8 ≤ 1 and χ2 ≤ χ give the absolute equivalence claimed in (18.16).

Lemma 18.3 (Boundary identity). On a hypersurface where f is constant, let H denote its
g-mean curvature for a chosen normal ν, and put PB = trBK. Then

Vν/u = d(H + 3∂νt) −H + wν(F − PB), (18.18)
Ĥ = e−t√d (H + 3∂νt). (18.19)

The identities allow either sign of ∂νf , including zero.

Proof. Apply Lemma 10.3 with the chosen normal ν and trace relation (18.8). Its formulas use
the signed component wν and extend smoothly to df = 0, so they also apply when the normal
graph slope changes sign.

18.2 The equations and their homotopy

Choose
1 < γ < min(2, q − δ/2), ρ0 = r−4−δ, ρ1 = r−2γ . (18.20)

Here r is the fixed positive smooth extension of the end radius. Fix smooth cutoffs m∗
0, j0 : R →

[0, 1] with m∗
0 = 1 on (−∞, 0], m∗

0 = 0 on [1,∞), j0 = 0 on (−∞, 0], and j0 = 1 on [1,∞). Define

P = CN (ρ0 + vρ1), m0(t) = m∗
0(N(t+ ϵ)), Ξ = δ0T + ρ+ δ0ηNaσ −m0(t)P. (18.21)

Proposition 18.7 below fixes a single δ0 > 0 independent of N and then a sufficiently large
polynomial CN . Choose a smooth NB > 1 + supB |H| on B and write

B = −H + wν(F − PB) −NBd, PB = trBK. (18.22)

The system whose solution we seek is
trAχ(K +Hf ) = F = h+ C, in ΩR,

div V = uΞ, in ΩR,

h = b∗, Vν/u = B, on B,

f = Z = 0, on SR.

(18.23)

In the boundary datum, F always means the prescribed trace right side, so the datum contains
no unprescribed second derivatives.
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The two geometric signs follow directly for any smooth solution of (18.23). Maximality and
Proposition 18.1 give the exact decomposition

1
2e

2tRĝ =
(
µ+ J(w) + w(C) − ρ

)
+ (1 − δ0)T + (1 − δ0)ηNaσ +m0P. (18.24)

The bracket is nonnegative by (18.1) and |w| ≤ 1, and all other terms are nonnegative when
δ0 < 1. On B, subtracting (18.22) from (18.18) gives H + 3∂νt = −NB, and therefore

Rĝ ≥ 0, Ĥ = −e−t√dNB < 0. (18.25)

These conclusions use the actual boundary expansion H + PB = b∗. They require no assumption
that H vanishes.

Here is a homotopy to a scalar system with a trivial endpoint. Let

Vλ = uAχ
(
3 gradZ + λK(w, ·)

)
, 0 ≤ λ ≤ 1.

In the first three stages impose div Vλ = uΞ and

(Vλ)ν
u

=
[
1 − (1 − λ)j0(t)

][
B − (1 − λ)(AχK(w, ·))ν

]
. (18.26)

All outer values remain f = Z = 0. Let νs = grad s/|ds| in the fixed collars. Choose smooth
bounded functions D0(x,w) and D1(x,w), supported in those collars and with uniformly bounded
derivatives for |w| ≤ 1, as follows:

• D0 ≤ 0, D0 = 0 when w · νs ≥ 0, and D0(x,−ν) < −2 supB |H| on B;

• D1 = A1ζB(x)w · νs, where ζB = 1 near B is a fixed collar cutoff and A1 > 1 + supB |H|.

Such D0 is obtained by a fixed smooth function of w · νs, zero on the nonnegative half-line and
sufficiently negative at −1, times a collar cutoff. In particular D0(x, 0) = D1(x, 0) = 0. The
stages, with their endpoints included, are:

1. Decrease λ from one to zero, keeping F = h+ C and h|B = b∗.

2. Keep λ = 0 and increase α from zero to one, with F = h+ C + αD0 and h|B = b∗.

3. Keep λ = 0 and increase ζ from zero to one, with

F = h+ (1 − ζ)(C +D0) + ζ
(
trAχ K +D1

)
, h|B = (1 − ζ)b∗. (18.27)

4. Keep the terminal trace problem

trAχ H
f = h+D1, f |B∪SR

= 0, (18.28)

and multiply both Ξ and the right side of (18.26) by a common factor η, decreasing from
one to zero.

The prescriptions agree at every junction. In every stage the derivative of F with respect to h
is one. The form T is always computed from the actual trace equation and the actual tensor
K +Hf , including when λ = 0.
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Two features of this choice will be used in the estimates. First, in stage three the limiting
values at w = ν,−ν, with χ = 0 and the assigned face height, obey

F (x, ν) ≥ PB +H, F (x,−ν) ≤ PB −H. (18.29)

At ζ = 0 the first equality follows from b∗ = PB +H and D0(x, ν) = C|B = 0; the second follows
from the choice of D0. At ζ = 1 the two values are PB ±A1. Convex combination proves (18.29)
for intermediate ζ. Second, the terminal trace equation forces f = 0 for every C1,α trial Z and
its classical trace solution: at a positive interior maximum the left side is nonpositive and the
right side is ηNf > 0, while at a negative interior minimum the signs reverse. Boundary values
are zero. Thus in stage four

f = 0, t = Z, d = χ = 1, u = L0(t), T = 1
2 |K|2 + 3(p+ 1)|dt|2. (18.30)

Lemma 18.4 (Height and initial end bounds). Every smooth homotopy solution satisfies |h|+|F | ≤
C0 for a fixed constant independent of N,R and the homotopy parameter. There are fixed r0, C2
such that, for all sufficiently large R depending on N, ϵ, the first three stages satisfy

|h| ≤ C2(r−γ −R−γ) (r0 ≤ r ≤ R), | grad f |
∣∣
SR

≤ C3η
−1
N R−1−γ . (18.31)

Moreover t > −ϵ on SR. None of these assertions assumes an interior lower bound for t.

Proof. At an interior extremum of h, we have w = 0, Aχ = Id, D0 = D1 = 0, and trK = 0. The
trace equation and its positive Hessian coefficient show that a minimum has h ≥ 0 and that a
maximum has h ≤ ∥C∥∞. The boundary heights lie in [b∗, 0]. Consequently

b∗ ≤ h ≤ ∥C∥∞ (18.32)

in stages one through three; stage four has f = 0. All remaining terms in the trace prescriptions
are uniformly bounded for |w| ≤ 1, 0 ≤ χ ≤ 1, so F has a fixed bound as well.

Outside the compact supports the trace equation takes the form

β trAχ Hessh+ sK trAχ K = h, β = l

ηN
√
D
, 0 ≤ sK ≤ 1.

Here sK = 1 in the first two stages and sK = 1 − ζ in the third. At a nonzero test gradient
β = a/| gradh|. Test with ψ = C2(r−γ − R−γ). Since the test axis is radial, the end metric
estimates give, uniformly for 0 < χ ≤ 1,

trAχ Hessψ
| gradψ|

= −3 + (γ + 1)χ
r

+O(r−1−q) ≤ −c1
r
, c1 = (2 − γ)/2 > 0,

after fixing r0 sufficiently large. In addition, maximality gives

| trAχ K| ≤ K0r
−1−q min(1, (1 +N/3)a2). (18.33)

Indeed trAχ K = (χ− 1)K(ef , ef ) and 1 − χ = (3 + p)v/(3 + pv) ≤ min(1, (1 +N/3)v). These
estimates hold for every value of t.

Put cγ = 1 − 2−γ and H0 = max(|b∗|, ∥C∥∞). Choose the fixed coefficient C2 so that

C2 ≥ max
{

1, 2H0r
γ
0

cγ
,
2K0r

γ−1−q
0
cγ

}
.
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For R ≥ 2r0, this dominates the heights at r = r0. On r ≤ R/2, the tensor term in (18.33) is at
most ψ/2, since γ < 1 + q. On r ≥ R/2, use min(1, (1 +N/3)a2) ≤

√
1 +N/3 a and require

R ≥ 2
(

2K0
√

1 +N/3
c1

)1/q

.

The tensor error is then at most c1a/(2r).
If h−ψ had a positive maximum, it would occur in the interior of this annulus. The gradients

there agree and the Hessian of h is no larger than the Hessian of ψ. The coefficients use the
actual Z and this common gradient, so they agree at the contact regardless of the two heights.
On the first half of the annulus the equation gives h ≤ −c1a/r + ψ/2 < ψ; on the second half
it gives h ≤ −c1a/(2r) < 0. Both are contradictions. At a negative minimum of h + ψ the
Hessian inequality reverses, while its axis and χ are unchanged on reversing the gradient; the
same estimates give the lower comparison. This proves the height bound in (18.31).

Because h = 0 at SR, the two comparisons bound its normal derivative there by C3R
−1−γ , with

C3 = 2C2γ after increasing r0 so that |dr| ≤ 2. Tangential derivatives vanish, giving the asserted
bound for | grad f |. Finally, at SR the strictly increasing function G(t) = t+ 1

6 log(1 + l(t)2σ2) has
G(t) = Z = 0. Since l(−ϵ) = ℓ, its root exceeds −ϵ whenever ℓ2σ2 < e6ϵ − 1. It suffices to require

R2γ+2 >
C2

3e
ϵN

e6ϵ − 1 . (18.34)

In stage four the conclusion follows instead from f = 0 and Z = 0 on SR. Every restriction on R
made here depends only on the fixed data, N, ϵ, and is compatible with R → ∞ at fixed N .

18.3 Exclusion of the lower boundary of the admissible range

The next argument concerns any smooth homotopy solution whose minimum value of t is −ϵ.
It supplies the strict exclusion needed for continuation before any global gradient or Hessian
estimate is available.

Lemma 18.5 (Gauss comparison at a minimum). At an interior minimum of t,
1
2e

2tRĝ ≤ 1
2Rg − vRicg(ef , ef ) + S(Hf ), (18.35)

where, for a symmetric tensor A,

S(A) = 1
3(tr⊥A)2 − 1

2 |A0
⊥|2 + dAee tr⊥A− d|Ae⊥|2. (18.36)

At every point where dt = 0, there is an absolute c2 > 0 such that

T − S(Hf ) ≥ c2T − ΠN

(
vF 2 + |K|2

)
. (18.37)

At df = 0 the terms multiplied by v vanish and any axis may be used.

Proof. Lemma 10.5, with e = ef , uses exactly (18.36). At a minimum Hess t ≥ 0, so its stationary
Gauss identity gives (18.35).

The two algebraic identities used by its floor estimate specialize to

T − S(Sf ) = |T 0|2 + (1 + d)|M |2

+ χ(1 + d− 2χ/3)j2 + (χ/3 − d)Fj + F 2/3 (18.38)
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and
d2

χ
= d(3 + pv)

3 ≤ N + 3
3 . (18.39)

They are (10.34) and the first ratio in (10.35). The common proof splits at (1 + p)v small, uses
stationary coercivity, and replaces Sf by Hf = Sf −K. It yields an absolute positive c2 and a
polynomial ΠN in precisely (18.37), including the smooth extension to df = 0.

Lemma 18.6 (Coefficient derivatives). The following estimates hold along every smooth trace
solution:

|∇w| + |∇Aχ| + |d log u|Aχ ≤ ΠN (
√

T + |K|). (18.40)

Consequently, for each fixed η1 > 0,

| div(uAχK(w, ·))|
u

≤ η1T + ΠN

(
|K|2 + a|∇K|

)
. (18.41)

In each of the first three trace stages,

w(F ) ≥ ηNaσ − η1T − ΠN

(
1K + |K|2 + a|∇K|

)
, (18.42)

where K is a fixed compact enlargement of the supports of C,D0, D1. For fixed η1 the bounds
remain polynomial in N .

Proof. Differentiating w = l grad f/
√
D covariantly gives

∇iw = Ad(Hf
i·) + pdw ∂it, d log u = (p+ pv + 2)dt+Hf (w, ·). (18.43)

In the first formula, d is the scalar D−1. Relative to the axis, the Ad factor multiplies the axial
output of Hf by d. The transverse and mixed entries are controlled by (18.15); the possibly large
axial entry occurs as d(j−Kee) and is also controlled because d ≤

√
d. Furthermore d|dt| ≤ |dt|Ad

.
This proves the estimate for ∇w without an inverse power of l or d. For the second formula
use χ ≤ d: the weighted norm of its first term is at most (2N + 2)|dt|Ad

, while its last term is
bounded by a(|M −Ke⊥| + √

χ |j −Kee|).
Write Aχ = Id −c(p, v)w ⊗ w, where c(p, v) = (3 + p)/(3 + pv). The relevant derivatives are

∂pc = 3d
(3 + pv)2 , ∂vc = − p(3 + p)

(3 + pv)2 , |∇v| ≤ 2a|∇w|.

The p′ contribution retains its factor d, and is bounded by a polynomial times d|dt|. All other
terms are bounded by a polynomial times |∇w|. This proves (18.40).

In (18.41), differentiating u contributes at most

|d log u|Aχ |K(w, ·)|Aχ .

The other derivatives contribute at most

|K|(|∇Aχ| + |∇w|) + a|∇K|.

Apply (18.40) and then Young’s inequality to ΠN |K|
√

T . Squaring a polynomial remains
polynomial, proving (18.41) with the asserted dependence.

For (18.42), the common height term gives exactly w(h) = ηNaσ. Derivatives of C,D0, D1
cost, on K, a fixed multiple of 1 + |∇w|, hence an arbitrarily small fixed multiple of T plus a
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polynomial compact error and ΠN |K|2. The only other term is w(trAχ K) in stage three; it is
bounded in absolute value by a fixed multiple of a|∇K| + a|K||∇Aχ|, handled in the same way.
All stage parameters lie in [0, 1], so the estimates are uniform in them. This proves the last
assertion.

Proposition 18.7 (Floor exclusion). There is a choice 0 < δ0 < 1/4 independent of N and a
positive polynomial CN such that, for every sufficiently large allowed R, no smooth solution of
any of the four homotopy stages has

min
ΩR

t = −ϵ.

These choices use the fixed data and the preceding pointwise and height estimates only. In
particular they do not use existence, an upper bound for Z, or a uniform Hessian estimate.

Proof. We first record all end losses that will occur. There is a fixed constant C∗ with

1K + |K|2 + vF 2 + v| Ricg | + a|∇K| ≤ C∗(ρ0 + vρ1). (18.44)

On a fixed compact set this follows from positivity of ρ0 and Lemma 18.4. Outside that set,
|F | ≤ |h|+|K| in all three trace stages, and the same lemma controls h2 by a fixed multiple of r−2γ .
The metric and tensor decay give | Ricg | = O(r−2−q), |K|2 = O(r−2−2q) and |∇K| = O(r−2−q).
Since 2γ < 2 + q and 2 + 2q > 4 + δ, the curvature and squared tensor terms have the stated
bounds. For the derivative term the precise estimate is

ar−2−q ≤ 1
2a

2r−2γ + 1
2r

−4−2q+2γ ≤ 1
2vρ1 + 1

2ρ0,

where 2(q− γ) > δ was used. This proves (18.44). Also ρ ≤ Cρρ0 for a fixed Cρ, by its prescribed
tail and compact positivity of ρ0.

Suppose first that the minimum occurs in the interior in one of the first three stages. Then
dt = 0 and Hess t ≥ 0 there. Proposition 18.1 and (18.35) imply, using trK = 0,

u−1 div V ≥ µ− 1
2Rg + J(w) + vRicg(ef , ef ) + T − S(Hf ) + w(F ).

Here µ−Rg/2 = −|K|2/2 and |J(w)| ≤ C∗a|∇K|. Use (18.37), (18.42), and (18.44); then pass
from V to Vλ = V − (1 − λ)uAχK(w, ·) by (18.41). Choose the two fixed Young errors smaller
than c2/4. This yields an absolute c3 > 0 and a polynomial bound Πf

N such that at the proposed
minimum

u−1 div Vλ ≥ c3T + ηNaσ − Πf
N (ρ0 + vρ1). (18.45)

In particular c3 is independent of N .
Fix δ0 < min(c3/2, 1/4). At the floor m0 = 1, and the prescribed right side in the first three

stages is δ0T + ρ+ δ0ηNaσ − CN (ρ0 + vρ1). The lower bound in (18.45) exceeds it by at least

(c3 − δ0)T + (1 − δ0)ηNaσ + (CN − Πf
N )(ρ0 + vρ1) − ρ.

Choose CN ≥ Πf
N +Cρ + 1. The last display is strictly positive because ρ0 > 0, contradicting the

equation. This choice is polynomial and independent of R and of the solution.
In stage four use (18.30). At an interior floor minimum the left side is u−1 div(3u grad t) =

3∆t ≥ 0, while the right side is

η
(
δ0|K|2/2 + ρ− CNρ0

)
.
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Increasing CN by a fixed constant makes the bracket strictly negative everywhere, since |K|2 ≤
C∗ρ0. Thus an interior floor minimum is impossible whenever η > 0.

An inner boundary minimum in the first three stages is also impossible. At t = −ϵ we
have j0 = 0. Since Vλ = V − (1 − λ)uAχK(w, ·), the drift correction in (18.26) cancels, leaving
Vν/u = B. Lemma 18.3 therefore gives

3∂νt = −H −NB < 0.

This contradicts the nonnegative derivative into ΩR required at a boundary minimum. In stage
four, where f = 0, the corresponding formula is 3∂νt = η(−H −NB) < 0 for η > 0. The outer
boundary is excluded by Lemma 18.4.

It remains to consider η = 0. The last-stage equation and boundary conditions then reduce to

div(3L0(Z) gradZ) = 0, ∂νZ|B = 0, Z|SR
= 0.

Multiplying by Z and integrating gives
∫

ΩR
3L0(Z)| gradZ|2 dVg = 0. Thus Z = t = 0, which is

strictly above the floor. This treats every stage and every possible location of a floor minimum.

The order of the choices is now fixed: strict background data and collars, ϵ and the cutoffs, the
absolute small δ0, the polynomial CN , and finally sufficiently large N and allowed R. The estimates
in the next Section concern arbitrary smooth admissible solutions with t ≥ −ϵ. Proposition 18.7
separately ensures that a homotopy solution cannot meet the boundary of this range.

19 Global a priori bounds
Throughout this section the strict background data, collars, and ϵ > 0 are fixed. We consider
arbitrary smooth solutions of the homotopy on ΩR satisfying t ≥ −ϵ. Existence is not assumed:
each assertion is an estimate for every solution that might occur. The constants denoted by ΠN

are bounded by a polynomial in N , independently of the solution, homotopy parameter, and
allowed radius. Constants denoted by C(N) may depend arbitrarily on the fixed integer N . All
integrals without an indicated graph measure use g.

19.1 Separation from the threshold region

Lemma 19.1 (Compact separation). Let Q0 be a compact subset of Ω disjoint from Dc. There
are η2 > 0, N0, and allowed radii Rmin(N) → ∞ such that, in stages 1 and 2,

h ≥ c+ η2 on Q0 (N ≥ N0, R ≥ Rmin(N)). (19.1)

The constants are uniform over both stages.

Proof. We first identify the geometric inequality satisfied by a relaxed limit. Take any sequence
of admissible solutions with Ni → ∞ and allowed Ri → ∞, and write

h(x) = lim
j→∞

inf{hi(y) : i ≥ j, dist(x, y) < j−1}.

On compact sets this is a finite lower semicontinuous function, by Lemma 18.4. Let a smooth
function ϕ touch h from below at an interior point x, with gradϕ(x) ̸= 0. Subtracting a small
multiple of the fourth power of the distance makes the contact strict without changing its two-jet.
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Minimization on a small closed ball then gives a subsequence of local lower contacts of ϕ plus
constants with hi, at points xi → x, whose contact values converge to h(x).

At these contacts, ηNi grad fi = gradϕ, so

liσi ≥ ℓi
ηNi

| gradϕ(xi)| −→ ∞, di, χi −→ 0, ai −→ 1.

In particular this conclusion uses the floor and the fixed test gradient, rather than an estimate
for the solution gradients. Put νϕ = gradϕ/| gradϕ|. Positivity of Aχ and the Hessian inequality
at a lower contact give

trAχi
K + ai

| gradϕ|
trAχi

Hessϕ ≤ Fi ≤ hi.

The last inequality holds throughout stages 1 and 2 because C ≤ 0 and D0 ≤ 0. Passing to the
limit proves

trν⊥
ϕ

Hessϕ
| gradϕ|

+ trν⊥
ϕ
K ≤ h(x). (19.2)

The left side is the outward expansion of the regular level of ϕ. Neither convergence of the
homotopy parameters nor continuity bounds for the solution coefficients were needed.

Fix c < k < k′ < 0. Apply Lemma 5.1 on U = int Ω with u = h, Q = K and q0 = k′. The
relaxed limit is finite and lower semicontinuous. At a nonzero-gradient lower test whose contact
value is less than k′, (19.2) bounds its expansion by that value, hence by k′. The lemma therefore
shows that every smooth exterior support to the closed sublevel {h ≤ k} at an interior frontier
point has expansion at most k′. In particular, this conclusion also applies when the sublevel has
a plateau at height k.

Lemma 18.4 makes this sublevel bounded: for a large fixed r, its lower height bound exceeds
the fixed negative number k. Adjoin Dc to obtain a compact closed set. At a frontier point on B,
each exterior support also supports Dc; tangency comparison with its smooth boundary gives
expansion at most c. Lemma 17.3 therefore places the union in Dc′ for every k′ < c′ < 0.

Hausdorff right continuity at c and the positive distance of Q0 from Dc allow us to choose
c < k < k′ < c′ < 0 so that Dc′ ∩ Q0 = ∅. If (19.1) failed, choose Ni → ∞, allowed Ri ≥ i,
and xi ∈ Q0 with hi(xi) ≤ c + i−1. A subsequence has xi → x ∈ Q0, and then h(x) ≤ c < k,
contradicting that containment. This also proves uniformity over the two stages. Enlarging the
allowed radius function never invalidates the assertion.

19.2 Collar barriers and polynomial trace estimates

Lemma 19.2 (Inner collar slopes). For all sufficiently large N and allowed R, there are fixed
constants 0 < c5 < C6 such that

c5
ηN

≤ ∂νf ≤ C6
ηN

in stages 1 and 2, |∂νf | ≤ C6
ηN

in stage 3. (19.3)

Here ν points into Ω. In stage 4, f = 0.

Proof. Use a fixed short collar 0 ≤ s ≤ s0 from Lemma 17.2, with C = −κs, νs = grad s/| ds|,
and 0 < cs ≤ | ds| ≤ Cs. All its geometric derivatives are bounded, and Ps + Hs ≥ c, where
Ps = tr{s=constant}K. The finitely many outer collar faces satisfy Lemma 19.1.
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For a positive-slope test h0 = c+ψ(s), the trace operator, with t computed from the solution’s
Z and the common contact gradient, is exactly

Ps + aHs + χK(νs, νs) + aχ

(Hess s(νs, νs)
| ds| + | ds|ψ

′′

ψ′

)
. (19.4)

For a test with negative slope, replace a by −a in this formula. If |ψ′| lies between fixed positive
constants, the floor gives

d ≤ C(ηN/ℓ)2 = Ce−ϵN , 1 − a ≤ d,
Nχ

d
= 3N

3 + pv
≥ 3N

3 +N
. (19.5)

Thus a ≥ 1/2 and Nχ ≥ c4d for large N .
Choose a fixed smooth ϑ1 : [0,∞) → [0, 1] equal to one on [0, 1] and zero on [2,∞), and put

bN (s) = Λ∗Nϑ1(Ns), where Λ∗ > 0 is a fixed collar constant, independent of N . The constant
will be chosen large; its crucial property is

0 ≤
∫ s0

0
bN (s) ds ≤ 2Λ∗.

For the lower barrier in stages 1 and 2, prescribe ψ′(s) = q− exp(
∫ s

0 bN ) and ψ(0) = 0. For the
chosen value of Λ∗, take q− > 0 so small that ψ′ ≤ κ/2 and ψ(s0) < η2. Positive normal direction
makes D0 = 0. Subtracting the prescribed trace right side from (19.4) gives a residual at least

κs/2 − Cd+ aχ| ds|bN (s). (19.6)

The constant C in this residual depends only on collar geometry. We choose Λ∗ so large that
the last term dominates 2Cd on [0, 1/N ]. On [1/N, s0], the first term dominates Cd for large N ,
because Ne−ϵN → 0, and the last term has a favorable sign. This is a strict lower barrier. Its
outer value is below h by separation and its inner value agrees with h.

For the upper barrier take ψ′(s) = q+ exp(−
∫ s

0 bN ). Choose its fixed minimum slope larger
than twice the bounded linear variation of Ps +Hs − c+ κs, and choose q+ still larger if needed
to dominate the height bound at s0. The residual is now at most −c7s + Cd − aχ| ds|bN , for
fixed c7 > 0. The same two intervals prove strict negativity. The bounded integral of bN leaves
all lower and upper test slopes between fixed positive constants, independently of N .

For completeness, at an interior positive maximum of h0 − h, the test Hessian is at most
the solution Hessian, whereas its height is larger. The positive principal matrix and the strictly
increasing dependence of F on h contradict a positive test residual. This proves lower comparison;
reversing the difference proves upper comparison. In both comparisons Z and the gradient are
the same at contact, so all coefficients other than the height agree. Taking inward derivatives at
s = 0 gives the first assertion of (19.3).

In stage 3 the face height is bζ = (1 − ζ)c. Use bζ ± ψ(s) with fixed large positive slopes and
ψ′′/ψ′ = −bN . At s = 0 the two unit-direction inequalities in (18.29) say that the positive-slope
residual is nonpositive and the negative-slope residual is nonnegative. Replacing ±νs by ±aνs
costs O(d), including the term χK(νs, νs); moving to distance s costs O(s), uniformly in ζ. The
change of height then supplies a strict linear margin, with the desired sign, when the minimum
test slope exceeds the fixed spatial error constant. The term involving bN has the correct sign
for both tests and dominates the O(d) error on [0, 1/N ]. On the remainder the linear margin
dominates it. The height bound handles s = s0. These two comparisons bound the slope in
absolute value in stage 3. The terminal trace equation has f = 0, as established in Section 18.
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Lemma 19.3 (Weighted trace and boundary flux). Let C be a fixed union of collars. In stages 1
and 2, every nonnegative C1 function φ satisfies∫

B
L0φ ≤ ΠN

∫
C
u
(
(1 +

√
T )φ+ | dφ|Aχ

)
, (19.7)∫

B
φ ≤ ΠN

∫
C

√
D
(
(1 +

√
T )φ+ | dφ|Aχ

)
. (19.8)

The integrands vanish outside the support of φ and its derivative; thus both statements localize to
any base patch. Moreover

|(Vλ)ν | ≤ C7ud = C7L0
√
d ≤ C8(ηN/ℓ)L0. (19.9)

Consequently, ∫
B

|(Vλ)ν | ≤ ΠN
ηN
ℓ

∫
C
u(ρ+ δ0T ). (19.10)

All constants in these assertions have the stated polynomial control.

Proof. Set W = l gradḡ f =
√
dw. For each covector ξ,

|ξ(W )| ≤ |ξ|Ad
≤
√

(3 +N)/3 |ξ|Aχ , uW = L0w.

The second inequality follows from d/χ = (3 + pv)/3. Lemma 19.2 gives w · ν = a ≥ 1/2 on B.
Direct differentiation yields

divw = trAd
Hf + dpw(t),

u−1 div(uW ) =
√
d
(
trAd

Hf + (dp+ p+ 2)w(t)
)
,

D−1/2 div(
√
DW ) =

√
d
(
trAd

Hf + dpw(t)
)
.

These last two expressions have absolute value at most ΠN (1 +
√

T ) on the collars. Indeed the
axial tensor term is d3/2Hf

ee, controlled by the dj2 term of Lemma 18.2, and
√
d |w(t)| ≤ | dt|Ad

;
all background K terms are bounded there. No inverse power of l has occurred.

Take a fixed collar cutoff η, equal to one near B and zero near the outer collar faces. Apply
the divergence theorem to ηφuW . The domain’s outward normal on B is −ν, so the boundary
integral is −

∫
B L0aφ. Taking absolute values of the three interior terms, and using a ≥ 1/2,

proves (19.7). The derivative of η costs only a fixed multiple of φ. Using
√
DW = w instead

proves (19.8). The same computation proves the asserted localization.
On B, positive slope gives wν = a, D0 = 0, and F = c = PB +H. Thus the expression inside

the boundary multiplier of the homotopy is

(a− 1)H −NBd− (1 − λ)χaK(ν, ν).

The multiplier lies in [0, 1], and 1 − a ≤ d, χ ≤ d. This proves the first inequality in (19.9). The
lower collar slope gives

√
d ≤ (l|∂νf |)−1 ≤ CηN/ℓ, proving the rest. Finally apply (19.7) with

φ = 1. On the fixed collars, ρ has a positive minimum, so 1 +
√

T ≤ C(ρ+ δ0T ) with fixed C.
This proves (19.10).
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19.3 The global high-level energy bound

The collar estimates have already made the inner flux small with polynomial constants. We now
obtain a bounded range for the conformal variable at each fixed parameter. That is a separate
task: its constants may be arbitrary at fixed parameter because the mass estimate will return to
the earlier collar bounds.

We now allow arbitrary constants C(N). At sufficiently high levels Z > Z0(N) > 0, the
unscaled source satisfies

Ξ ≥ δ0T + ρ+ 1
2δ0ηNaσ. (19.11)

To see this, P is bounded at fixed N , and on the admissible support of m0 we have −ϵ ≤ t ≤
−ϵ+ 1/N . There D = e6(Z−t) and ηNaσ = (ηN/l)(

√
D −D−1/2) tends uniformly to infinity as

Z → ∞. Outside this band the penalty vanishes. On the full range we also have Ξ ≥ δ0T −C(N).
Only stage 1 requires an energy argument to handle its nonzero drift. Choose a smooth

nondecreasing k0 which is zero below Z0, one above Z0 + 1, and has bounded derivative. Testing
the divergence equation with k0(Z), whose outer trace is zero, gives∫

ΩR

uk0Ξ + 3
∫

ΩR

uk′
0| dZ|2Aχ

= −
∫
B
k0(Vλ)ν − λ

∫
ΩR

uk′
0⟨K(w, ·), dZ⟩Aχ .

Young’s inequality absorbs half the gradient term and leaves C
∫
uk′

0|K|2. This is at most C(N):
on the derivative strip,

u = le3Z−t ≤ e1+3(Z0+1)+ϵ,

and |K|2 is integrable since q > 1. By (19.9) and (19.7), the boundary cost is at most

ΠN
ηN
ℓ

∫
C
u
(
(1 +

√
T )k0 + k′

0| dZ|Aχ

)
.

The first term is absorbed by a fixed fraction of
∫
uk0(δ0T + ρ) for large N , because ΠNηN/ℓ → 0.

Young’s inequality absorbs the second term into
∫
uk′

0| dZ|2Aχ
and a bounded derivative-strip

integral over C. We obtain∫
ΩR

u
[
k0(T + ρ+ ηNaσ) + k′

0| dZ|2Aχ

]
≤ C(N). (19.12)

This is uniform in R and in the stage 1 parameter.
Let Γ denote the ordinary graph of f in (Ω, g) × R with product metric g + db2. This is a

four-dimensional graph. Its measure and gradient satisfy, at fixed N ,

dΓ ≍N

√
D dVg, | gradΓ ϕ| ≍N | dϕ|Aχ . (19.13)

These comparisons use only ℓ ≤ l ≤ e and 3d/(3 +N) ≤ χ ≤ d. Also

D1/3 ≤ C(N)(1 + ηNaσ), e2Z√
D = l−1uD1/3.

For the first inequality, put y = lσ. It is immediate for y ≤ 1; for y ≥ 1 use ηNaσ ≥ (ηN/(
√

2l))y
and y2/3 ≤ y. On any fixed compact base set Q, the positive minimum of ρ and (19.12) control
the integral of u(1 + ηNaσ) above Z0 + 1. Below that level the floor and D = e6(Z−t) bound every
integrand on Q. Consequently ∫

Γ∩π−1(Q)
e2Z dΓ ≤ C(N,Q). (19.14)

Here π is the graph projection. The estimate is local in the base; the global estimate from which
it follows is (19.12).
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19.4 Graph Sobolev inequality and the exponential test

We continue with stage 1 for the next two estimates. For a fixed compact base patch and a
function ω supported over it, away from SR but possibly meeting B, we claim

∥ω∥2
L4( dΓ) ≤ C(N)

∫
Γ

(
| gradΓ ω|2 + (1 + T )ω2) dΓ. (19.15)

Extend a compact enlargement of the base metric smoothly to a closed manifold and use a
smooth isometric Euclidean embedding [32, Theorem 2, p. 59]. Its product with R gives a
Euclidean immersion of the graph. The contribution to its mean curvature from the base
embedding is bounded by a fixed constant: it is a trace of the fixed second fundamental form on
a four-dimensional tangent plane. The remaining product mean curvature has magnitude

√
D

l
√

1 + σ2

∣∣∣tr⊥H
f + (1 + σ2)−1Hf

ee

∣∣∣ ≤ C(N)(1 +
√

T ).

Indeed the prefactor is bounded at fixed N , while (1 + σ2)−1 ≤ C(N)d and the axial term is
controlled by dj2 in Lemma 18.2.

The Euclidean submanifold Sobolev inequality in dimension four gives(∫
Γ

|ω|4 dΓ
)3/4

≤ C(N)
∫

Γ

(
|ω|2| gradΓ ω| + (1 +

√
T )|ω|3

)
dΓ + C

∫
B

|ω|3.

We have applied the L1 Sobolev inequality to |ω|3; see Michael–Simon [31] and the precise
rectifiable-submanifold statement in [39, Chapter 4, §5, Theorem 5.7, p. 98]. Its hypotheses hold
for this smooth multiplicity-one immersion with locally integrable mean curvature and compactly
supported test. To justify the displayed boundary term from the interior statement, extend each
individual smooth graph across B and cut off in an exterior strip whose width tends to zero. The
integral of the cutoff gradient tends to the boundary integral, while the strip’s other integrals tend
to zero. This requires smoothness of each graph, not a uniform curvature estimate for extensions.
The induced boundary metric is g|B, since f is constant there.

Apply (19.8) to |ω|3 and then (19.13). It bounds the last term by the same two interior terms.
Each such term is at most

C(N)
(∫

Γ
|ω|4 dΓ

)1/2 (∫
Γ
(| gradΓ ω|2 + (1 + T )ω2) dΓ

)1/2

by Cauchy–Schwarz. Dividing, and squaring, proves (19.15); the case ω = 0 is immediate.
Next let ψ be a smooth compact base cutoff of the same kind. There is k∗(N) ≥ 1 such that

for every real k ≥ k∗(N),∫
Γ
e2kZψ2(T + k| gradΓ Z|2) dΓ ≤ C(N)k

∫
Γ
e2kZ(ψ2 + | dψ|2g) dΓ. (19.16)

The constant C(N) here is independent of k. To prove this, test the stage 1 divergence equation
with φ = ψ2e2kZ/L0. Write Q = ψ2e2kZ and b = λK(w, ·). After integration, cancellation of L0
gives the exact identity∫

ΩR

√
DQ

(
Ξ + 6k| dZ|2Aχ

)
= −

∫
B

(Vλ)νQ/L0 −
∫

ΩR

√
De2kZ[2ψ⟨3 dZ + b, dψ⟩Aχ + 2kψ2⟨b, dZ⟩Aχ

]
+
∫

ΩR

√
DQ(p+ 2)⟨3 dZ + b, dt⟩Aχ .
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Use Ξ ≥ δ0T − C(N), |b|Aχ ≤ |K|, and Lemma 18.2. For example,

(p+ 2)| dt|Aχ(| dZ|Aχ + |K|) ≤ δ0
8 T + C(N)(| dZ|2Aχ

+ |K|2).

Young’s inequality handles the drift and cutoff products with a fixed fraction of k| dZ|2Aχ
and

a remainder bounded by C(N)ke2kZ(ψ2 + | dψ|2). Choose k∗(N) large enough to absorb the
preceding C(N)| dZ|2Aχ

term.
By (19.9) the boundary contribution is at most C

∫
B Q (enlarging a fixed constant since

ηN/ℓ ≤ 1). Applying (19.8) to Q gives, only on C ∩ suppψ,

C(N)
∫ √

De2kZ[(1 +
√

T )ψ2 + 2|ψ|| dψ| + 2kψ2| dZ|Aχ

]
.

The
√

T and k| dZ|Aχ terms are absorbed by small fixed fractions of δ0ψ
2T and kψ2| dZ|2Aχ

,
leaving at most C(N)ke2kZ(ψ2 + | dψ|2). Finally (19.13) proves (19.16). In particular, neither
the trace cutoff nor differentiation of 1/L0 introduces a constant exponential in k.

19.5 Moser iteration and the full range

Proposition 19.4 (Bounded variables). For every sufficiently large fixed N and all sufficiently
large allowed R, every admissible smooth homotopy solution satisfies

|f | ≤ C0/ηN , −ϵ ≤ t ≤ Z ≤ C(N), | grad f | ≤ C(N). (19.17)

The constants are independent of R, the solution, and the homotopy parameter. No uniform
Hessian or coefficient continuity estimate is used in obtaining these bounds.

Proof. We first finish stage 1. Apply (19.15) to ω = ψekZ and then use (19.16). If ψ = 1 on a
smaller patch and | dψ| ≤ C/gap, the resulting norm step is

∥eZ∥L4k(smaller graph) ≤
[
C(N)k2(1 + gap−2)

]1/(2k)∥eZ∥L2k(larger graph).

Choose kj = 2jk∗(N) and geometrically decreasing gaps between fixed nested base patches. The
logarithms of the factors sum because ∑j(1 + j)/2j < ∞. Writing S(r) = supQr

eZ for a nested
family of compact patches gives

S(r′) ≤ C(N)(r′′ − r′)−A(N)∥eZ∥L2k∗ (Γ∩π−1(Qr′′ )).

Interpolation with (19.14) yields

∥eZ∥2k∗ ≤ S(r′′)1−1/k∗∥eZ∥1/k∗
2 .

If k∗ = 1 this already proves the bound. Otherwise Young’s inequality gives, for every α > 0,

S(r′) ≤ αS(r′′) + C(N,α)(r′′ − r′)−A′(N).

Iterate over radii increasing geometrically to a fixed larger radius and take α < 2−A′(N)−1. The
sum of the remainder terms is finite. The final term αjS(rj) tends to zero for each individual
smooth solution, since all Qrj lie in a fixed compact patch. The resulting bound is independent
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of that individual supremum. Finitely many such patches prove an upper bound for Z on any
fixed compact base set, including B.

To extend the bound along the end, use (18.41), with a fixed small coefficient:

u−1| div(uAχK(w, ·))| ≤ δ0
4 T + ΠN (|K|2 + a| gradK|).

Since aσ = lσ2/
√
D ≥ e−1a2, Young’s inequality bounds the second term by

δ0
4 ηNaσ + C(N)(|K|2 + | gradK|2).

The last expression, apart from its favorable term, is o(ρ) on the end. Indeed 2 + 2q > 4 + δ and
| gradK|2 = O(r−4−2q). Beyond a sufficiently large fixed-N sphere, the high-level source (19.11)
therefore implies

div(3uAχ gradZ) > 0 where Z > Z0(N).

At an interior maximum its left side is 3uAχ : HessZ ≤ 0, a contradiction. The compact bound
controls the inner sphere and Z = 0 on SR. This proves the global upper bound in stage 1.

In stages 2 and 3, λ = 0. The same high-level source is strictly positive, so it excludes interior
high maxima directly. The boundary slope bound implies

Z = t+ 1
6 log(1 + l2|∂νf |2) ≤ t+ 1

6 log(1 + e2C2
6/η

2
N ) on B.

Thus sufficiently high boundary Z forces t ≥ 1. At such points j0(t) = 1, and the boundary
prescription gives zero conormal flux. The boundary point principle excludes a nonconstant high
maximum there: in a neighborhood of the maximum the individual smooth operator is elliptic
and div(3uAχ gradZ) > 0, so its outward conormal derivative at a boundary maximum is strictly
positive, contrary to the zero datum. This uses ellipticity only for each individual solution. The
outer Dirichlet value is zero, so the upper bound follows uniformly through these stages.

In stage 4, f = 0 and t = Z. For positive scaling η, sufficiently high levels lie outside the
penalty band and have source η(δ0T + ρ) > 0; the same maximum and boundary point argument
applies. At zero scaling, multiplying the homogeneous equation by Z gives

∫
3L0| dZ|2 = 0, and

the outer value yields Z = 0. These bounds are uniform even as η ↓ 0.
Finally the height bound is Lemma 18.4, and t ≤ Z follows from D ≥ 1. The implicit equation

gives
D = e6(Z−t) ≤ e6(C(N)+ϵ), | grad f |2 = (D − 1)/l2 ≤ ℓ−2e6(C(N)+ϵ).

This proves (19.17).

Remark 19.5. Separation, the collar slopes, and (19.7)–(19.10) were proved before introducing
any arbitrary C(N). The graph comparisons, Moser iteration, and subsequent regularity may
have arbitrary fixed-N losses. The final mass comparison uses the earlier weighted trace and
boundary-flux inequalities directly; none of these later constants enters its limit as N → ∞.

20 Local regularity of the coupled system
The bounded-range estimate makes the trace equation uniformly elliptic at fixed N . The second
equation still contains | gradZ|2 and | Hess f |2, so classical estimates cannot yet be applied to
it. We first use Theorem 12.1 to control df and the local integral of | Hess f |2. The scalar
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measure-source estimate of Lemma 6.2 then gives Hölder continuity of Z, including at both
boundary types. These two gains start the classical bootstrap.

All constants in this section may depend arbitrarily on the fixed data and N . The earlier
polynomial bounds will control the final energy error. In coordinate calculations D denotes
ordinary differentiation; the graph scalar D = 1 + l2| grad f |2 retains its earlier meaning in
geometric formulas.

Proposition 20.1. Fix the strict data, ϵ, a sufficiently large N , and any of the homotopy stages
of Section 18. Every smooth solution on an allowed finite truncation with t ≥ −ϵ has uniform
local bounds for every finite number of derivatives of f and Z, including up to the inner and
outer boundary faces. On the uniform unit patches on the end these constants are independent of
the outer truncation radius and of the stage parameter. They may depend arbitrarily on N . In
particular, on a fixed finite truncation they bound the C1,α norm of Z for each fixed 0 < α < 1.

Proof. Work on the uniform interior and boundary-normal patches of the prepared geometry.

The axial estimate and the Hessian measure. Proposition 19.4 bounds f, Z, t, grad f and
keeps l/

√
D bounded above and away from zero at fixed N . Dividing the trace equation by this

factor gives

Aχ : Hess f = Gf , Gf =
√
D

l

(
F − trAχ K

)
, |Gf | ≤ C(N), χ ≥ χ0(N) > 0. (20.1)

The geometry of each patch has the bounds required by Theorem 12.1, and each face value of
f is constant. Each individual solution is smooth; the theorem’s constants depend only on the
bounded gradient, source, geometry and ellipticity. It gives a uniform Hölder bound for grad f
and ∫

Br(x)∩ΩR

| Hess f |2 dVg ≤ C(N)r2+2α. (20.2)

Coordinate Hessians satisfy the same estimate, since their difference from covariant Hessians is
bounded. At a face the theorem uses the C1 odd graph double and controls its interface flux
explicitly. It has no support hypothesis on K; the prepared tensor tail and geometry supply the
uniform patch bounds used here.

The scalar source and its boundary reflection. In coordinates, absorb the volume density
in the second equation and write it as

div(ADZ +B1) = E. (20.3)

Here A and B1 are the coordinate versions of 3uAχ and λuAχK(w, ·), respectively, with the
appropriate homotopy factors in the source. On the established range A is bounded, symmetric
and uniformly elliptic, and B1 is bounded. The implicit relation for t has derivative 1 + pv/3 > 0,
so t = t(x, Z,Df) is smooth on that range and

|Dt| ≤ C(N)(1 + |DZ| + |D2f |). (20.4)

The quadratic expression for T , together with the bounded lower-order terms in each stage,
therefore gives

|E| ≤ C(N)(1 + |DZ|2 + |D2f |2). (20.5)
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This estimate does not presume a bound for DZ. The prescribed inner conormal value concerns
the total flux and is bounded on this range. The outer value of Z is zero.

To apply Lemma 6.2 at a boundary, flatten the face to x4 = 0, with domain x4 > 0, and write
Q = ADZ +B1. Put R = diag(1, 1, 1,−1). For x4 < 0 set

Z̃(x) = sZ(Rx), Ã(x) = RA(Rx)R, B̃1(x) = sRB1(Rx), s ∈ {1,−1}.

Then Q̃(x) = sRQ(Rx) below the plane. Its distributional divergence has reflected bulk source
sE(Rx) and plane source

(1 + s)Q+
4 dH3∣∣

{x4=0}. (20.6)

At the inner conormal face use s = 1. The added signed density is bounded because Q+
4 is the

prescribed total conormal flux in these coordinates. At the outer zero Dirichlet face use s = −1.
The reflected Z is continuous and the normal total flux matches, so there is no plane term. The
coefficient matrix remains measurable, symmetric and uniformly elliptic. Each reflected solution
is continuous and smooth on its two closed sides. Integration on those sides gives the weak
exponential product rule required by the shared lemma, including the full measure in (20.6).

The absolute source on the doubled patch is consequently dominated by

C(N)(1 + |DZ|2) dx+ µ0, µ0 = C(N)|D2f |2 dx+ 2|Q+
4 | dH3∣∣

{x4=0},

with the bulk density reflected and the plane term omitted where absent. Equation (20.2) and
the area of a three-dimensional plane section give, at every local center,

µ0(Br(x)) ≤ C(N)r2+β, β = min(2α, 1) > 0.

On an interior patch only the bulk term is needed. Thus all the hypotheses of Lemma 6.2, with
dimension four, hold. Its Hölder representative agrees with the existing continuous Z, giving a
uniform Hölder bound up to either face.

Schauder for the trace equation and the normal datum. The actual coefficients in (20.1)
are smooth functions of x, Z,Df , including at Df = 0, since

Aχ = Id − 3 + p

3 + pv
w ⊗ w.

Its source is smooth in the same variables and in f . The Hölder bounds just proved therefore
make them uniformly C0,θ for some θ > 0. Interior and constant Dirichlet Schauder estimates
give

∥f∥C2,θ(U ′) ≤ C(N) (20.7)

on smaller patches; the hypotheses are precisely uniform ellipticity, C0,θ leading coefficients and
source, smooth faces and constant Dirichlet data [18, Sections 6.1–6.2].

Expand the divergence equation for Z using (20.7). A derivative of a coefficient depending on
x, Z,Df is a bounded term plus bounded multiples of DZ,D2f . Thus it takes the nondivergence
form

aij(x)DijZ = RZ , |RZ | ≤ C(N)(1 + |DZ|2), (20.8)

with uniformly elliptic C0,θ leading coefficients. No derivative of Z of order two has been placed
on its right side.
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On an inner face, f is constant and Df is normal, so Aχν = χν. Dividing the flux condition
by 3uχ > 0 gives

∂νZ = b(x, Z, f,Df), (20.9)
where b is a smooth bounded-range function, separately on each smooth stage of the homotopy.
The formulas agree at stage junctions and have uniform bounds. At zero gradient the smooth
formula for Aχ above gives the same conclusion. A smooth collar extension of the right hand side
has derivative bounded by

C(N)(1 + |DZ| + |Df | + |D2f |) ≤ C(N)(1 + |DZ|).

The trace theorem therefore bounds its W 1−1/p,p norm on the face by C(N)(1 + ∥Z∥W 1,p) on a
larger collar patch. In particular, differentiating this extension costs DZ and D2f , and does not
cost D2Z.

Absorbing the quadratic gradient term. Fix p1 > 4. The linear local W 2,p1 estimates for
(20.8), with zero Dirichlet data or (20.9), give on nested patches

∥Z∥W 2,p1 (U ′) ≤ C(N)
(
1 + ∥DZ∥2

L2p1 (U) + ∥Z∥W 1,p1 (U)

)
. (20.10)

We specify why the coefficient regularity at this point suffices. Freeze the continuous leading matrix
on small patches. The constant coefficient interior Hessian estimate follows from the Laplacian
estimate by a linear coordinate change. At a boundary, use normal coordinates. On that face the
matrix has no mixed tangential-normal entry, by the normal-axis property above. After removing
the boundary datum by its Sobolev trace extension, odd Dirichlet or even homogeneous-normal
reflection gives the constant coefficient estimate. The term (a(x) −a(x0)) : D2Z is absorbed when
its oscillation is sufficiently small. Cutoff terms are first order. This proves the local estimate with
the W 1−1/p1,p1 normal trace norm just estimated; it is the scalar Dirichlet/oblique specialization
of [1, Theorems 15.1–15.3, pp. 702–706, especially Theorem 15.2, estimate (15.5)], together with
the interior Lp estimate [18, Section 9.5]. Uniform Hölder control fixes the patch size uniformly.
The complementing condition can also be checked directly: a nonzero decaying Fourier mode for
the frozen scalar operator in a half-space has nonzero value and nonzero normal derivative at
its boundary. Thus neither the Dirichlet nor the normal operator annihilates that mode. The
normal field is smooth and has unit transverse component; the boundary is smooth and the
leading coefficients are continuous, as required for this W 2,p1 specialization. The inner and outer
faces are disjoint, so no change of boundary type occurs within such a patch.

For a ball or smooth half-patch Qh of radius h, subtract a constant from Z. Nirenberg’s
interpolation inequality, with derivative orders 1, 2, endpoint exponent ∞, Hessian exponent p1
and interpolation parameter 1/2, gives

∥DZ∥2
L2p1 (Qh) ≤ C oscQh

Z ∥D2Z∥Lp1 (Qh) + Ch4/p1−2(oscQh
Z)2. (20.11)

This is the bounded-domain form of [33, Lecture II, (2.2) and Remark 5, pp. 125–126]; extension
on half-patches preserves the estimate. The power of h follows by rescaling from dimension four.
Our choice p1 > 4, j = 1, m = 2 avoids the exceptional endpoint cases in that inequality.

The Hölder estimate for Z makes its oscillation at most Chθ. Cover each larger patch in
(20.10) by such Qh with bounded overlap. Taking the ℓp1 norm of (20.11) over this cover gives

∥DZ∥2
L2p1 (U) ≤ C sup

Qh

oscQh
Z ∥D2Z∥Lp1 (U+) + C(N,h),
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where U+ is a fixed enlargement. The number of small patches may affect the harmless constant
C(N,h); their overlap, hence the coefficient of the Hessian norm, is bounded independently of
the truncation. Choose h so that this coefficient, including the constant in (20.10) and the fixed
enlargement factor, is less than 1/4. Ordinary interpolation handles the W 1,p1 term with another
coefficient less than 1/4.

To make the absorption on enlarged patches precise, use a uniform radius cover of the whole
finite truncation and let S be the supremum of the local W 2,p1 norms on its smaller patches.
Each fixed enlargement is covered by a bounded number of these patches, independently of the
total number of patches. The last two estimates give S ≤ C(N) + 1

2S. For each individual
smooth solution on a finite truncation S is finite before this inequality is used. Thus S ≤ 2C(N)
uniformly. The same argument on nested compact patches gives the local estimate when no global
cover is needed.

Bootstrap and the continuation interface. Since p1 > 4, the bound just proved gives
Z ∈ C1,θ′ for some θ′ > 0. The trace equation now has C1,θ′′ coefficients and source after (20.7),
so one differentiation and Dirichlet Schauder give f ∈ C3,θ′′ , with 0 < θ′′ ≤ min(θ, θ′). Equation
(20.8) consequently has a C0,θ′′ source, and (20.9) has a C1,θ′′ datum. The scalar oblique/Dirichlet
Schauder estimate gives Z ∈ C2,θ′′ ; the boundary estimate is [1, Theorem 7.3, estimate (7.8),
p. 668], with the complementing condition verified above. Repeating these two steps in this
order raises the differentiability by one each time, because the trace equation contains Z without
its derivatives and the second equation contains at most D2f and DZ in its lower order terms.
The normal datum has the same derivative count. Smooth prepared geometry and smooth data
complete the bootstrap to every finite order.

For the scalar solve with trial Z ∈ C1,α used in Section 21, this argument makes no assertion
that D2Z exists. Its preliminary individual third derivatives for f require only one differentiation of
the trace equation, hence DZ. After the scalar gradient and axial estimates, bounded D2f makes
Df Lipschitz; smooth compositions with the trial C1,α input then give C0,α scalar coefficients,
Dirichlet C2,α estimates, and one more differentiation gives C3,α. The independent scalar gradient
bound and solvability are proved there. Finally, for actual coupled solutions the uniform C2

bound already controls every fixed C1,α norm, α < 1, regardless of the first Hölder exponent
obtained above.

The prepared end has uniform smooth geometry on unit patches. Large outer coordinate
spheres admit boundary normal patches with the same bounds; their curvature and higher
local chart derivatives are bounded uniformly. All the local constants and covering overlap
numbers in this proof can therefore be chosen independently of the outer radius. This proves the
proposition.

21 Scalar solvability and compact continuation
Fix the strict data and 0 < ϵ < 1. In this section N ≥ 4 and an allowed finite truncation ΩR are
fixed. The boundary components B and SR are smooth and disjoint. Fix also 0 < α < 1, with
no requirement that α equal the exponent in Theorem 12.1. We parametrize the four successive
stages of Section 18.2 by s ∈ [0, 4]: s = 0 is the desired system and s = 4 is the final zero-scale
system. This parameter is unrelated to a collar coordinate. Constants in the scalar construction
below may depend on N, ϵ,R, α and on a specified bound for the trial input. They need not be
polynomial in N .
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21.1 The trace equation on unrestricted trial inputs

Proposition 21.1 (Scalar solution operator). For every Z ∈ C1,α(ΩR) and every homotopy
parameter s, the trace equation with its assigned constant Dirichlet values has a unique solution
f = fs[Z] ∈ C3,α(ΩR). No lower bound on t = t(Z, grad f) is assumed. On bounded sets of trial
inputs, these solutions have bounded C3,α norms, uniformly in s. The map (s, Z) 7→ fs[Z] is
continuous into C3,α and is locally obtained by inversion of the scalar Dirichlet operator.

Proof. Write the trace prescription at parameter s as

Fs = ηNf + F 0
s (x, Z, grad f), Q =

√
D

l
, Gs = Q

(
Fs − trAχ K

)
.

Here F 0
s is smooth in its displayed finite-dimensional arguments. For example, in stage three it is

(1 − ζ)(C +D0) + ζ(trAχ K +D1). The functions D0, D1 are evaluated on w, whose length is less
than one. Thus F 0

s − trAχ K is bounded on the finite truncation, uniformly in the gradient and
in s. The normalized scalar equation is

Aχ : Hess f = Gs(x, Z, f, grad f). (21.1)

Its matrix is independent of the value of f , and ∂fGs = ηNQ > 0.
For the scalar method of continuity introduce a further parameter θ ∈ [0, 1], retaining the

assigned Dirichlet values and using

A(θ) = (1 − θ) Id +θAχ = Id −(1 − χθ)ef ⊗ ef , χθ = 1 − θ + θχ, (21.2)
G(θ)
s = (1 − θ)ηNf + θGs, A(θ) : Hess f = G(θ)

s . (21.3)

At zero gradient these expressions are interpreted by their smooth tensor formulas. In particular,

∂fG
(θ)
s = ηN

(
1 − θ + θQ

)
> 0. (21.4)

Every trace stage has coefficient one on h = ηNf , so this strict sign holds throughout both
parameters.

Height and large-gradient behavior. At a critical point of f , w = 0, Aχ = Id, t = Z,
D0(x, 0) = D1(x, 0) = 0, and trK = 0. The signs at extrema used in Lemma 18.4 therefore
persist in (21.3): a fixed interval containing the assigned boundary values and the zeros of its
scalar right side contains every solution. Denote its resulting bound by

|f | ≤ Mf . (21.5)

This argument uses neither the divergence equation nor the floor.
Suppose ∥Z∥C0 ≤ MZ and put σ = | grad f |. The implicit relation Z = t+ 1

6 log(1 + l(t)2σ2)
implies t → −∞ uniformly as σ → ∞: if t stayed bounded below, its right side would tend to
infinity. Eventually p = N and l = eNt, whence exactly

e6Z = e6t + e(6+2N)tσ2. (21.6)
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Since the first term tends uniformly to zero and e6Z stays between two positive constants, this
gives

t = − log σ
N + 3 +O(1),

d = e6(t−Z) ≍ σ−6/(N+3), χ = 3d
3 +N(1 − d) ≍ d,

Q =
√
σ2 + l−2 ≍ σ.

(21.7)

The constants here are uniform for bounded Z at the fixed parameters. On bounded gradient
sets the implicit equation has bounded t and positive l, d, χ. Since N ≥ 4 makes 6/(N + 3) < 1,
combining the two ranges yields constants c∗ > 0 and C∗ > 0 such that

χθ ≥ χ ≥ c∗
1 + σ

, |G(θ)
s | ≤ C∗(1 + σ) when |f | ≤ Mf . (21.8)

No uniform ellipticity has yet been asserted.

Logarithmic collar barriers. Extend the metric smoothly across all faces to a compact
enlargement. Choose a short distance scale below its injectivity radius, the tubular radii of the
faces, and their positive mutual separation. The geometry of all these collars is bounded. For the
inward distance r from a face with value b, consider

b± ψ(r), ψ(r) = 1
k

log(1 +B0r),

q1(r) = ψ′(r) = B0
k(1 +B0r)

, ψ′′ = −kq2
1.

(21.9)

Here k and B0 are constants, not any of the geometric tensors. At a comparison contact the
gradient is ±q1 grad r. The distance Hessian vanishes in that axial direction, and the three
transverse eigenvalues of A(θ) are one. Its contraction on the positive test is consequently

χθψ
′′ + q1

3∑
a=1

Hess r(Ea, Ea),

where E1, E2, E3 are orthonormal tangent directions to the distance leaf. If q1 ≥ 1, (21.8) bounds
this above by −c∗kq1/2 + Cq1; the negative test has the reverse bound. Choose k so large
that this axial term dominates both the distance Hessian bound and C∗(1 + q1), and also the
pair-comparison constants below. Then choose a width δ2 < 1/(4k) below all the preceding
geometric scales. Finally choose B0 large enough that

q1(δ2) ≥ 2, ψ(δ2) > 2Mf + 1. (21.10)
These choices are compatible: as B0 → ∞ the two quantities tend respectively to 1/(kδ2) > 4
and to infinity.

At a positive interior maximum of f − b− ψ(r) the solution and test have the same gradient
and the solution Hessian is no larger. Evaluating the source at the solution height, which obeys
(21.5), the preceding strict upper bound contradicts (21.3). At the outer end of the collar the
height inequality follows from (21.10), and at its inner end there is equality. The negative test is
handled with the reversed inequalities. Thus

|f(x) − b| ≤ ψ
(
dist(x, face)

)
(dist(x, face) ≤ δ2). (21.11)

The tests themselves need not stay in the bounded height interval; the source estimate was used
only at solution heights.
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The full two-point comparison. The face barriers control graph slopes only at the boundary.
An interior two-point comparison supplies the missing global gradient bound. Its key feature is
that the three transverse eigenvalues agree at both points; the two axial eigenvalues need only
have the same lower bound.

Let r(x, y) be distance in the smooth extension. On the compact set {(x, y) ∈ Ω2
R : r(x, y) ≤

δ2} consider
f(x) − f(y) − ψ(r(x, y)).

It is zero on the diagonal and negative when r = δ2. It cannot have a positive maximum with
a boundary endpoint: if, for example, x belongs to a face of height b, then y lies in that same
face’s collar, its distance to the face is at most r(x, y), and (21.11) and monotonicity of ψ give
b − f(y) ≤ ψ(r(x, y)). The case with y on a face is identical. The separation choice excludes
different faces at such distances.

Suppose then that a positive maximum occurs at an interior pair with 0 < r < δ2. The short
geodesic γ from y to x is unique in the extension; the distance is smooth at this pair. Write
ey = γ̇(0) and ex = γ̇(r), with unit speed. First variation gives

grad f(x) = q1ex, grad f(y) = q1ey, q1 = ψ′(r) ≥ 1. (21.12)

Parallel translate an orthonormal transverse frame E1, E2, E3 along γ. Vary both endpoints
simultaneously in the corresponding Ea directions, using geodesic endpoint curves. The first
variation of the distance is zero. The second variation is bounded above by Cr: the parallel
comparison field has index form

−
∫ r

0

〈
Rm(Ea, γ̇)γ̇, Ea

〉
dv,

whose absolute value is at most Cr, and the Jacobi field with the same endpoints minimizes this
index form on the short segment. The second derivative test at the pair maximum therefore gives

3∑
a=1

[
Hess fx(Ea(r), Ea(r)) − Hess fy(Ea(0), Ea(0))

]
≤ Cq1r. (21.13)

Varying only x in direction ex, and only y in direction ey, the distance changes linearly and its
second derivative vanishes. Hence

Hess fx(ex, ex) ≤ ψ′′, Hess fy(ey, ey) ≥ −ψ′′.

The two axial coefficients need not be equal. Positivity and (21.8) nevertheless imply

χθ(x) Hess fx(ex, ex) − χθ(y) Hess fy(ey, ey)

≤
(
χθ(x) + χθ(y)

)
ψ′′ ≤ −2c∗kq

2
1

1 + q1
≤ −c∗kq1.

(21.14)

There are exactly three transverse eigenvalues at each endpoint, all equal to one. Thus (21.13)
and (21.14), followed by the two scalar equations, give

G(θ)
s (x) −G(θ)

s (y) ≤ Cq1r − c∗kq1.

On the other hand, the source growth bound and (21.12) give a lower bound −2C∗(1 + q1) ≥
−4C∗q1. Taking k above so that c∗k > C + 4C∗ and δ2 < 1 is a contradiction. This uses no
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continuity estimate on the two axial coefficients or on their difference. The connecting segment is
permitted to leave ΩR: only endpoint variations and the extension’s bounded geometry enter the
argument, and the endpoints are interior.

It follows that |f(x) − f(y)| ≤ ψ(r(x, y)) for short pairs. Letting y → x, and also using the
collar comparison at a face, proves

∥ grad f∥C0(ΩR) ≤ ψ′(0) = B0/k. (21.15)

This estimate is uniform in s, θ and on bounded trial-input sets, and was obtained without
assuming the floor or a positive uniform ellipticity constant in advance.

Regularity and the scalar method of continuity. The gradient bound and the implicit
relation now confine all scalar coefficients to a compact range. In particular 0 < χ0 ≤ χθ ≤ 1, and
the normalized source is bounded. There is a small regularity point before applying Theorem 12.1.
An individual C2,α solution of (21.3) is C3,α for a trial Z ∈ C1,α. Indeed one differentiation of
the equation gives a linear equation for a first derivative of f . Its coefficients and source involve
Z, gradZ, grad f,Hess f and smooth geometric coefficients; they involve no second derivative
of Z. Difference quotients justify this differentiation initially. In a flattened boundary chart
tangential differentiation preserves the zero Dirichlet value after subtracting the constant face
height. The linear boundary Schauder estimate controls these tangential derivatives through
order two. Solving the original equation for the pure normal second derivative, whose coefficient
is positive, and differentiating that identity in the normal direction recovers the remaining pure
normal third derivative. Every other third derivative already has a tangential index. This gives
individual third-order regularity, without presuming a uniform estimate.

Theorem 12.1 now applies to (21.3), including its constant-Dirichlet faces. It bounds grad f
in C0,β for some β > 0. Since the trial inputs are bounded in C1,α, the coefficients and source
of the scalar equation are consequently bounded in C0,β′ for a positive β′. Dirichlet Schauder
estimates give a uniform C2,β′ bound for f . In particular grad f is now uniformly Lipschitz.
Smooth composition with Z, which also has bounded first derivatives, shows that those same
coefficients and sources have bounded C0,α norms for the originally chosen, arbitrary α < 1.
Schauder estimates upgrade f to C2,α. Their coefficients and sources then have bounded C1,α

norms, and the preceding differentiation argument gives

∥f∥C3,α(ΩR) ≤ C. (21.16)

The linear estimates used here are the interior and Dirichlet boundary Schauder estimates and
their differentiated versions [18, Sections 6.1–6.4]. Their hypotheses hold on the finite smooth
domain: positive uniform ellipticity on the established range, the indicated Hölder coefficient
bounds, and smooth constant Dirichlet data on each disjoint component.

For completeness, the local inverse has the required sign. Linearizing A(θ) : Hess f −G
(θ)
s in

the f variable gives

Lφ = A(θ)ij∇i∇jφ+ bi∇iφ− ηN (1 − θ + θQ)φ, φ|∂ΩR
= 0. (21.17)

Its first-order coefficients are bounded Hölder functions along each solution. Differentiating the
gradient dependence of A(θ) contributes terms involving Hess f only to this first-order part. The
strictly negative zeroth-order coefficient and the maximum principle give a zero kernel. The
linear Dirichlet solvability theorem and Schauder estimate give an isomorphism C2,α

0 → C0,α [18,
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Sections 6.2–6.3]; here the subscript means zero trace on all boundary components. Equivalently,
one can continue the linear operator to ∆ − ηN , using its Schauder estimate and the maximum
principle at each point of that linear continuation. With the additional coefficient regularity it is
also an isomorphism C3,α

0 → C1,α.
The endpoint θ = 0 is the solvable linear Dirichlet problem ∆f = ηNf . Subtract a smooth

extension of the assigned face values when working on spaces with homogeneous boundary
data. The implicit function theorem and (21.17) give openness in θ. The bound (21.16) gives
compactness in C2,α, so passage to a limiting equation gives closedness. Thus the solution exists
at θ = 1.

If f1 − f2 had a positive maximum in the interior, their gradients and therefore their principal
matrices and Q would agree there. Their Hessian difference would have nonpositive contraction,
whereas the difference of the sources would be ηNQ(f1 − f2) > 0. This contradiction, and its
reverse, prove uniqueness. Finally use (21.17) in C3,α

0 → C1,α with Z as a C1,α parameter.
Smooth composition and the implicit function theorem show that the unique scalar solution
depends continuously on that input in C3,α. The same statement holds along each homotopy
stage; the explicit prescriptions and boundary heights agree at their junctions, so it holds across
those junctions as well.

21.2 The frozen linear return problem

The trace equation is now solvable for every trial Z, including trials below the intended floor.
We can therefore define a compact return map on a fixed function space. The floor becomes a
restriction on the degree domain, rather than an unproved prerequisite for defining the map.

Set
X = {Z ∈ C1,α(ΩR) : Z|SR

= 0}.

Given (s, Z) ∈ [0, 4] ×X, first compute f = fs[Z] by Proposition 21.1 and then all of t, l, u, w, χ,
F and T from this pair. Let λs denote the drift parameter, let qs = 1 in the first three stages and
qs = η in the last, and let bs denote the prescribed right side of (Vλs)ν/u in the full homotopy,
including its last-stage scale. Define TsZ = Z̃ by

div
(
3uAχ grad Z̃ + uAχλsK(w, ·)

)
= qsuΞ in ΩR,(

3uAχ grad Z̃ + uAχλsK(w, ·)
)
ν

= ubs on B,

Z̃ = 0 on SR.

(21.18)

Every quantity in this display except grad Z̃ is frozen at the input pair, including every occurrence
of gradZ in Ξ.

The coefficient A = 3uAχ is symmetric and positive definite. On a bounded subset of X its
ellipticity constants are uniformly positive, by Proposition 21.1 and the smooth implicit equation
for t. Let D = uAχλsK(w, ·). On the Hilbert space of H1 functions vanishing on SR, the weak
form of (21.18) is∫

ΩR

A grad Z̃ · gradφ = −
∫

ΩR

qsuΞφ−
∫

ΩR

D · gradφ−
∫
B
ubsφ. (21.19)

The last sign uses the inward normal ν on B. Poincaré’s inequality holds because SR is nonempty
and the domain is connected. Consequently the left side is a coercive bilinear form and the right
side is a bounded linear functional, by the trace inequality. To solve it directly, minimize one half
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of this quadratic form minus the right-side functional on that Hilbert space. Coercivity bounds a
minimizing sequence in H1; weak compactness and lower semicontinuity give a minimizer. Its first
variation is (21.19), and strict convexity gives uniqueness. There is no Neumann compatibility
constraint.

We check the precise regularity of this linear problem. The formula

Aχ = Id − 3 + p

3 + pv
w ⊗ w

is smooth also at zero gradient, and the derivative of the implicit relation in t is 1+pv/3 > 0. Thus
t, u,Aχ,D have bounded C1,α norms on bounded input sets. Differentiating t = t(x, Z, grad f)
requires only gradZ and Hess f . The expression for T is quadratic in Hess f and grad t with
smooth bounded-range coefficients, so qsuΞ has a bounded C0,α norm. The prescribed boundary
expression ubs has a bounded C1,α norm. At B the scalar Dirichlet data make grad f normal,
hence Aχν = χν; the boundary equation is equivalently

∂νZ̃ = bs − λs(AχK(w, ·))ν
3χ . (21.20)

This is a C1,α normal derivative datum, with a denominator bounded away from zero on the
input set. After expanding the divergence, interior and boundary Schauder estimates therefore
give a bounded C2,α norm for Z̃. The estimates apply locally with Dirichlet data on SR and a
uniformly oblique, here normal, derivative on B; these faces do not meet. We use the Dirichlet
estimates just cited and the oblique derivative estimates of [18, Theorem 6.30, p. 127]; the weak
existence argument above fixes the additive constant that is present in a pure Neumann problem.

Subtracting two return equations and applying the same linear estimates proves continuity in
(s, Z) into C2,α. The parameter continuity is uniform on bounded input sets. Indeed the negative
zeroth-order bound in (21.17) and the Schauder estimate bound the scalar inverse uniformly on
such a set. Differentiation in a stage parameter, after extending its Dirichlet data, then bounds
the parameter derivative of fs[Z]; the return equation gives the same conclusion for TsZ. The
finitely many stage junctions preserve continuity. The inclusion C2,α ↪→ C1,α on the fixed smooth
compact domain is compact. We have thus constructed a continuous homotopy Ts : X → X
that is compact on bounded sets, jointly in s, before making any floor restriction. A fixed point
satisfies both original equations and their exact boundary conditions. It is smooth: the first gain
is Z ∈ C2,α, and successive differentiation of the scalar equation, the divergence equation and its
normal boundary condition then alternately improves f and Z to every finite order.

21.3 Degree on the open floor sections

Proposition 21.2 (Existence and exhaustion). For the fixed strict data and every 0 < ϵ < 1
there are N0 and Rmin(N), with Rmin(N) → ∞, such that for every integer N ≥ N0 and every
R ≥ Rmin(N) the desired coupled system has a smooth solution on ΩR with t > −ϵ. At each such
fixed N , a subsequence as R → ∞ converges smoothly on compact subsets of Ω to a solution of
the equations and inner boundary conditions with t ≥ −ϵ. The previously proved height, range
and collar estimates hold for this limit.

Proof. All estimates from Sections 18–20 were conditional estimates for arbitrary smooth homotopy
solutions. Specifically, Lemma 18.4 and Proposition 18.7 precede the bounded-range and derivative
estimates; Lemma 19.1 and Lemma 19.2 apply to solutions satisfying the floor; Proposition 19.4
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then bounds their variables; and Proposition 20.1 bounds their derivatives. None presupposes a
fixed point of the map just defined. On this finite truncation these results give, uniformly in s,

∥Z∥C1,α ≤ M∗ for every smooth fixed point with min t ≥ −ϵ.

The arbitrary exponent α < 1 is permitted because the classical estimates give a C2 bound, and
higher bounds as needed. Choose M0 > M∗ + 1.

Let

m(s, Z) = min
ΩR

t
(
x, Z, grad fs[Z]

)
,

W = {(s, Z) ∈ [0, 4] ×X : m(s, Z) > −ϵ, ∥Z∥C1,α < M0},
Ws = {Z : (s, Z) ∈ W}.

(21.21)

The minimum is continuous by Proposition 21.1, so W is relatively open and every section is a
bounded open subset of X. Consider

K = {(s, Z) ∈ W : Z = TsZ}.

This is compact: any sequence has a convergent parameter subsequence, and joint compactness
of Ts on the bounded input ball makes its fixed points converge in X; continuity preserves the
fixed-point equation and membership in the closed set. Every point of K is a smooth solution
with m(s, Z) ≥ −ϵ. Its norm is at most M∗ < M0, and Proposition 18.7 excludes m(s, Z) = −ϵ.
Therefore

K ⊂ W. (21.22)

Apply Lemma 6.5 with I = [0, 4], the Banach space X above, the jointly compact homotopy
(s, Z) 7→ TsZ, and U = W . The uniform norm bound makes W bounded; continuity of m makes it
relatively open. The preceding compactness argument and (21.22) verify that its closed fixed-point
set is compact and contained in W, so no fixed point lies on the relative boundary. The lemma
gives constancy of

deg(Id −Ts,Ws, 0) (0 ≤ s ≤ 4).

It applies to these varying sections without a convexity assumption.
At s = 4 the scalar boundary values are zero and the final trace equation is

trAχ H
f = ηNf +D1(x,w).

At a positive or negative extremum w = 0 and D1(x, 0) = 0, so the strict height sign forces f = 0.
This holds for every trial Z, not just at fixed points. Thus t = Z, χ = 1 and u = L0(Z). Both
the drift and the prescribed source and boundary flux in (21.18) vanish. Testing its homogeneous
equation by Z̃ gives ∫

ΩR

3L0(Z)| grad Z̃|2 = 0,

so T4Z = 0 for every input. At its sole fixed point Z = 0 one has t = 0, so 0 ∈ W4 and
deg(Id −T4,W4, 0) = 1 [27, Chapter II, §8, p. 55]. The same degree at s = 0 yields a desired fixed
point in W0, proving the assertion on the finite truncation.

We finally make the parameter order explicit. Fix the strict background, ϵ, the collars and
the end weights first. The pointwise floor argument chooses the small δ0 and a polynomially
large penalty coefficient CN without derivative estimates. The separation statement is uniform
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along arbitrary expanding sequences of the first two homotopy stages; applied at the finitely
many fixed collar ends, it supplies the eventual separation needed for the slopes. Increase N0 to
meet this requirement and the finitely many conditions of the form ΠNηN/ℓ < constant. Increase
Rmin(N) to meet all the fixed-N outer-radius requirements, requiring also Rmin(N) ≥ N . These
choices give the estimates for every N ≥ N0 and every R ≥ Rmin(N). All subsequent scalar,
degree-radius and classical regularity constants may depend arbitrarily on the now fixed N .

For that fixed N , take Rj → ∞ and the desired fixed points just obtained. Proposition 20.1
gives uniform bounds of every finite order on each fixed compact subset, including patches meeting
B. Successive compact extractions on a countable exhaustion produce a subsequence converging
in Ck on each such compact set for every finite k. All equations, inner data and collar inequalities
pass to the limit. The strict floor may become non-strict, which is the asserted t ≥ −ϵ. The
normalization at infinity is supplied by the uniform tail estimates in Proposition 22.1; it is not
inferred from compact convergence alone. Only after this fixed-N exhaustion will N tend to
infinity in the flux comparison. The latter uses the earlier polynomial estimates directly, and does
not use the arbitrary constants of the present section.

22 End normalization and the mass–area comparison
Fix the strict approximation data, the threshold exterior Ω with boundary B, and 0 < ϵ < 1.
Take N sufficiently large as in Proposition 21.2. In the first part of this section, N remains fixed
while the truncation radius tends to infinity. Constants in end estimates may depend arbitrarily
on these fixed parameters. In the flux deficit estimate, by contrast, we will return directly to the
polynomial bounds of Lemma 19.3.

22.1 Normalization inherited from the truncations

Proposition 22.1 (Control of the asymptotic end). The exhaustion solutions of Proposition 21.2
admit a smooth local limit (f, Z) on Ω satisfying the desired system and t ≥ −ϵ. Every such limit
has

|∇jf | ≤ Cj(N)e−cj(N)r (j ≥ 0), Z, t = O2(r−2). (22.1)

The zeroth-order estimates producing this normalization are uniform on the finite truncations.
The resulting metric ĝ = e2t(g + l2df ⊗ df) is smooth, complete with its boundary included, and
asymptotically flat with

ĝij − δij = O2(r−q), 0 ≤ Rĝ = O(r−4−δ), ĤB < 0. (22.2)

Here the normal defining ĤB points toward infinity.

Proof. The local compactness and the inner boundary conditions follow from Propositions 20.1
and 21.2. To determine the value at infinity, apply Lemma 15.1 to the finite truncations before
taking their local limit. We verify its hypotheses explicitly.

The strict background has 1 < q < 2, 0 < δ < q − 1, g − δEucl = O2(r−q), K = O1(r−1−q),
trgK = 0, and Rg = O(r−4−δ) by Proposition 17.1. Outside the compact support of C, the trace
right side is ηNf . The divergence equation is exactly (15.4), with ρ0 = r−4−δ, ρ1 = r−2γ and the
smooth penalty switch defined in (18.21). Their differentiated end bounds follow from the fixed
smooth radial choices. Propositions 19.4 and 20.1 supply the common bounded range and all
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fixed-N classical estimates, on end unit patches and on the zero-Dirichlet outer faces, uniformly
in the truncation radius. The leading matrix is uniformly elliptic on that range.

The lemma therefore gives exponential decay of f and its fixed derivatives, a truncation-
uniform bound |Z| + |t| ≤ C(N)r−2, and Z, t = O2(r−2) for every local limit. In particular
normalization at infinity follows from a comparison on the actual truncations, not from local
convergence. The equation used for that comparison is

3∆gZ + 3
[
p(Z) + 2 − δ0(p(Z) + 1)

]
|dZ|2

= δ0
2 |K|2 + ρ−m0(Z)CNρ0 + EN , (22.3)

where the graph error EN has exponential unit-patch bounds. The |K|2/2 term survives because
the tensor is retained; its decay is integrable since 2 + 2q > 4 + δ. All constants in this application
are allowed to depend on the fixed N . They will not be used to estimate the later limit in N .

The signs can now be recorded directly from the desired system. Since F = ηNf + C and
w(f) = aσ, the scalar identity becomes

1
2e

2tRĝ = [µ+ J(w) + w(C) − ρ] + (1 − δ0)T
+ (1 − δ0)ηNaσ +m0(t)P. (22.4)

The bracket is nonnegative by |w| ≤ 1 and µ−|J | ≥ |dC|+ρ; all remaining terms are nonnegative.
The boundary identity and the prescribed conormal datum give

HB + 3∂νt = −NB, ĤB = −e−t√dNB < 0. (22.5)

This uses the normal into Ω on every component of B.
As quadratic forms ĝ ≥ e−2ϵg. A ĝ-Cauchy sequence is therefore g-Cauchy; completeness of

the background exterior and local equivalence of the smooth metrics give completeness with the
boundary included. Since q < 2, the conformal O2(r−2) term and the exponential graph error
retain the background decay ĝ − δ = O2(r−q). Equation (22.3) gives ∆gt = ON (r−4−δ), since
|dt|2 = ON (r−6) and 0 < δ < 1. Finally,

Rĝ = e−2t(Rḡ − 6∆ḡt− 6|dt|2ḡ
)

and the exponential graph errors, together with Rg = O(r−4−δ), give the scalar decay in (22.2).

22.2 The ADM change and a polynomial flux deficit

All integrals in the next Proposition use the background metric g. At the inner boundary ν points
into Ω, and at a coordinate sphere νg points toward increasing radius.
Proposition 22.2 (Flux and mass comparison). For the limiting solution at fixed N , the flux

F = lim
r→∞

∫
Sr

V · νg dAg

exists and satisfies
Eĝ = Eg − F

3ω3
, ω3 = 2π2. (22.6)

There is a polynomial bound ΠN , independent of the exhaustion radius and of the fixed-N regularity
constants, such that

F ≥ −ΠN

(
ℓ+ ℓ2

ηN

)
. (22.7)

Consequently, for fixed strict data and ϵ > 0, Eĝ ≤ Eg + o(1) as N → ∞.
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Proof. The end estimates imply

T = 1
2 |K|2 + 3(p(t) + 1)|dt|2 +ON (e−cr),

u = 1 +ON (r−2), V = 3 gradg t+ON (r−5) +ON (e−cr).

In particular uΞ is absolutely integrable. Its nonexponential terms have decay r−2−2q, r−6, or
r−4−δ. The possibly slower weight ρ1 is multiplied by the exponentially small v on this fixed-N
end. The divergence theorem gives∫

Sr

V · νg dAg −
∫
B
V · ν dAg =

∫
Ωr

uΞ dVg.

Here Ωr denotes the part of Ω inside Sr. Absolute integrability proves existence of the limit and
yields the orientation-sensitive formula

F =
∫

Ω
uΞ dVg +

∫
B
V · ν dAg. (22.8)

We next compute the mass change in the same asymptotic chart. The linear conformal
perturbation is 2tδij , and in dimension four its contribution to the ADM numerator is exactly

∂j(2tδij) − ∂i(2tδjj) = −6∂it.

The differentiated remainders are ON (r−3−q) +ON (r−5) +ON (e−cr) and have vanishing sphere
integrals. They include products of t with g − δ, quadratic conformal terms, and the graph
perturbation. Replacing Euclidean surface flux for dt by g-surface flux changes it by ON (r−q)
after integration. Since the ADM denominator is 6ω3, we obtain

Eĝ − Eg = − 1
ω3

lim
r→∞

∫
Sr

∂νg t dAg = − F

3ω3
.

This also proves existence of the ADM energy of ĝ from the assumed existence of Eg; no interchange
of the r and N limits is involved.

To estimate (22.8), use the boundary flux bound (19.9) and the weighted trace estimate (19.7)
with test function one. They give∫

B
|V · ν| dAg ≤ C

ηN
ℓ

∫
B
L0 dAg

≤ ΠN
ηN
ℓ

∫
collars

u(1 +
√

T ) dVg

≤ ΠN
ηN
ℓ

∫
collars

u(ρ+ δ0T ) dVg. (22.9)

For the last step, ρ has a positive minimum on these fixed compact collars, and
√

T ≤ cT + Cc
with fixed c > 0. Only the polynomial constants in those two earlier estimates enter (22.9). Since
ηN/ℓ = e−ϵN/2, increasing N absorbs this entire cost into, for example, one half of the u(ρ+ δ0T )
contribution to the bulk integral.

The negative bulk term is um0(t)P. On its support,

−ϵ ≤ t ≤ −ϵ+ 1/N, ℓ ≤ l ≤ eℓ, cℓ ≤ L0 ≤ Cℓ.
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These constants are uniform for 0 < ϵ < 1 and sufficiently large N . From the definitions, rather
than from a derivative estimate, one obtains

u ≤ C(ℓ+ ℓ2σ), uv ≤ Cℓ2σ, uaσ = L0lσ
2 ≥ cℓ2σ2. (22.10)

For the middle inequality use v
√
D = l2σ2/

√
1 + l2σ2 ≤ lσ. Thus Young’s inequality, with CN

polynomial and 0 ≤ m0 ≤ 1, gives

um0P ≤ ΠN

[
ℓρ0 + ℓ2σ(ρ0 + ρ1)

]
≤ 1

2δ0ηNuaσ + ΠN

[
ℓρ0 + ℓ2

ηN
(ρ2

0 + ρ2
1)
]
. (22.11)

Off the band the left side vanishes, so the final inequality holds everywhere. All weights in the
loss are integrable:

ρ0 = r−4−δ ∈ L1, ρ2
0 ∈ L1, ρ2

1 = r−4γ ∈ L1

on the four-dimensional end, using δ > 0 and γ > 1. Their smooth extensions are bounded on
the compact interior. In particular no integrability of ρ1 itself is being used.

Insert (22.9) and (22.11) into (22.8), absorb the indicated nonnegative terms, and discard the
remaining nonnegative bulk terms. This proves (22.7). Finally,

ℓ+ ℓ2

ηN
= e−ϵN + e−ϵN/2,

which tends to zero against every polynomial in N . The constants used to prove (22.1) have not
entered this estimate.

Completion of Proposition 16.2. The threshold exterior and its all-cut comparison are supplied
by Lemma 17.2. Propositions 21.2 and 22.1 construct the complete metric with the stated signs
and decay. Its lower metric bound gives the asserted three-dimensional area comparison on each
cut separately. Proposition 22.2 gives the energy estimate, since ℓ = e−ϵN and ηN = ℓ3/2. Every
stated output is therefore established before the Riemannian Penrose inequality is applied.

22.3 A minimal enclosing hypersurface

The boundary B has strictly negative mean curvature in ĝ. We obtain the minimal boundary
required for the Riemannian theorem from the full-perimeter enclosure proposition. Perimeter
here means the full area of the measure-theoretic boundary of a set, including any portion
coinciding with an obstacle.

Lemma 22.3 (Minimal enclosure). The metric ĝ of Proposition 22.1 admits a nonempty compact
smooth embedded minimal hypersurface Σ enclosing B. Its exterior is connected, complete with
boundary, and has the same single asymptotically flat end. The hypersurface is outer area-
minimizing, with disconnected competitors permitted, and its area Â = |Σ|ĝ satisfies

Â ≥ e−3ϵA∗. (22.12)
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Proof. For the classical codimension-one regularity background, see [15, Sections 5.3–5.4] and
[16]; the smooth-Riemannian formulation is [39, Chapter 7, §5, Theorem 5.8, p. 200]. Apply
Proposition 8.3 to (X, gX) = (Ω, ĝ). The threshold construction gives a smooth connected
orientable four-dimensional exterior with nonempty compact smooth boundary B and exactly
one end. Proposition 22.1 gives completeness with B included and ĝ − δ = O2(r−q) with q > 1.
These are the full geometric hypotheses of the cited proposition; it imposes no scalar-curvature
condition and does not require decay exponent two. Its perimeter counts the entire frontier,
including contact with the obstacle.

The strict inequality ĤB < 0 places the minimizing frontier Σ strictly outside B and makes
it a nonempty compact smooth embedded minimal hypersurface. The same proposition gives
its connected complete one-ended exterior and outer area-minimization with every component
counted, including disconnected enclosing competitors.

Every such cut encloses the original obstacle. The cut comparison in Lemma 17.2 gives
|Σ|g ≥ A∗. Restriction of ĝ ≥ e−2ϵg to each three-dimensional tangent plane gives

|Σ|ĝ ≥ e−3ϵ|Σ|g ≥ e−3ϵA∗.

This proves the asserted area comparison. The argument uses the general full-perimeter proposition
directly, with its full q > 1 decay range. An enclosure result requiring O2(r−2) decay would not
suffice for this application.

22.4 The Riemannian inequality and the ordered limits

We use the following dimension-four instance of the boundary Riemannian Penrose inequality [11,
Theorem 1.4, p. 84]. Let (E , gE ) be a smooth connected four-dimensional Riemannian manifold,
complete with its nonempty compact boundary included, having one asymptotically flat end.
Suppose in that end

(gE )ij − δij = O2(r−p0), p0 > 1, RgE = O(r−s0), s0 > 4,

and RgE ≥ 0 everywhere. If its boundary is minimal and outer area-minimizing, then

EgE ≥ 1
2

( |∂E |gE

ω3

)2/3
. (22.13)

The boundary may have one or more components, and the ADM normalization is 1/(6ω3). The
numerical inequality does not require a spin assumption; the additional spin hypothesis in the
published theorem concerns its equality conclusion. We use only (22.13).

Proof of Theorem 16.1. First keep one set of strict approximation data fixed. For fixed ϵ > 0
and each sufficiently large N , take the exhaustion limit of Proposition 22.1. Apply (22.13) to
the exterior of Σ from Lemma 22.3, with metric ĝ. That exterior is smooth and complete with
boundary, has one end, and has nonnegative scalar curvature. Its decay exponents are p0 = q > 1
and s0 = 4 + δ > 4 by (22.2). Its boundary is compact, minimal, and outer area-minimizing by
the lemma. Its ADM energy exists by Proposition 22.2 and is unchanged by restriction past the
compact region. Thus every hypothesis of the Riemannian theorem has been checked for this new
exterior.
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Equations (22.6), (22.7), and (22.12) give

Eg + ΠN

3ω3

(
ℓ+ ℓ2

ηN

)
≥ Eĝ ≥ 1

2

(
Â

ω3

)2/3

≥ 1
2e

−2ϵ
(
A∗
ω3

)2/3
.

Let N → ∞ with these strict data and ϵ fixed. The error vanishes by its polynomial bound.
Letting ϵ ↓ 0 next yields

Eg ≥ 1
2

(
A∗
ω3

)2/3

for the strict data. No convergence of the metrics ĝ as N → ∞ has been assumed: only their
individual inequalities and the uniform deficit are used.

Finally remove the strict approximation using Proposition 17.1. The approximation energies
converge to the original E, and their enclosing infima A∗ converge to the original enclosing
infimum. The given outer area-minimizing hypothesis, including the admissibility of S itself and
all disconnected enclosing competitors, identifies this infimum with A = |S|g. Therefore

E ≥ 1
2

(
A

2π2

)2/3
.

The prescribed P = 0 and E > 0 identify this energy with the ADM rest mass m =
√
E2 − |P |2 =

E. The original boundary was used with its future MOTS condition; no minimality or vanishing
tangential trace of K on that boundary was imposed.
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