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Abstract

Fix half the labels in a Thorp shuffle on 2d positions and reveal their complete trajectories.
We prove that, after an explicit absolute number of coordinate sweeps, the conditional per-
mutation of the remaining labels approaches uniform in expected total variation as d → ∞,
uniformly in the initial layout. The resulting constructions give full-deck mixing in a constant
multiple of d physical shuffles.

1 Introduction
The random switches in a shuffle do more than move individual cards. They define a bijection
between all starting and ending positions. If the paths of some cards are revealed, the other cards
still undergo a random bijection, but its law depends on the revealed paths. We study when
that entire conditional bijection becomes nearly uniform. This asks for information that is absent
from a one-card mixing estimate: all remaining labels must be randomized together, after the
surrounding motion has been observed.

The Thorp shuffle makes this distinction concrete. Split a deck into two equal halves, pair
the cards in corresponding positions, and independently choose the order of each pair before
interleaving them. For n = 2d positions, undoing a deterministic rotation of the binary coordinates
identifies successive shuffles with fair switches in the cyclic directions of the binary cube. A sweep
visits all d directions once and costs d physical shuffles. Each individual card is uniform after one
sweep. The dependence among the routes of different cards remains substantial.

Write Um for uniform measure on the symmetric group Sm, and use total variation with its
factor 1/2. The mixing time tmix(d) is the least number of physical shuffles at which the full-deck
law is within 1/4 of Un from every deterministic start. Fix m = n/2 outside labels. Given their
full trajectories ℰ through a time interval, list the unoccupied slots at each endpoint in increasing
binary order. The switches map the initial free slots bijectively onto the final free slots; the
resulting permutation of their indices has a conditional law νℰ on Sm. Its definition uses the slot
indices, independently of the order of the labels entering the interval. Section 2 proves both this
construction and the composition rule on consecutive intervals.

The main contribution is the information retained after the outside paths are revealed. An
independent companion [19] gives full-deck mixing after 1600d physical shuffles. That conclusion
concerns the unconditioned deck law; the theorem here controls the entire remaining assignment
conditional on a path environment, with its own explicit time bound.

Theorem 1.1 (Conditional permutation and full-deck mixing). Let n = 2d, and start the shuffle
from any deterministic deck. After J(s0 +1) sweeps, where s0 = 400 and J = 40000, the conditional

1



free-slot law defined above satisfies

sup
initial layouts

𝔼ℰ‖νℰ − Un/2‖TV −→ 0 (d −→ ∞).

Consequently the full-deck law approaches uniform, uniformly in the starting deck, after 16 040 400d
physical shuffles. For every integer t ≥ 0, after t physical shuffles the full-deck distance from
uniform is at least 1 − 2tn/2/n!. Thus the full-deck mixing time is of order d.

The conditional conclusion says that the free-slot permutation is nearly independent of the
revealed environment. Indeed, if g is that permutation, then‖‖‖ℒ(ℰ , g) − ℒ(ℰ) ⊗ Un/2

‖‖‖
TV

= 𝔼ℰ‖νℰ − Un/2‖TV.

The equality follows by summing first over the environment and then over the permutation. For
each fixed ε > 0, Markov’s inequality also shows that the probability of a conditional distance
exceeding ε tends to zero, uniformly in the initial layout. Rare path environments can nevertheless
leave too few useful switches. The proof handles them by deleting a small amount of probability,
with the loss measured under the actual outside-path law; it does not assume that a typical free
set stays typical after further conditioning.

The first proof has three steps. We first mix any ordered half-deck in 400 sweeps from every
start. A two-copy calculation for a single sweep gives the exact collision kernel of a tagged free
card. Splitting it into averages within large subcubes and fluctuations inside those subcubes
produces a two-sweep contraction. Next, we alternate a preparation interval of 400 sweeps with
one active sweep. Truncating the preparation law gives domination by a uniform free set and an
independent uniform slot permutation. The active sweep forces many coin agreements whenever
two copies have many common endpoints. A symmetric-group character bound converts this into
a normalized trace contraction. The preparation domination then turns that trace estimate into a
matrix contraction which can be iterated while the outside paths continue to be revealed. Finally,
we couple the outside half-decks and use the conditional result to couple the remaining labels.

The three subsequent constructions change a specific part of this mechanism. Their separate
quantitative statements and time bounds are given with their proofs. Reset minorization uses an
exact uniform component in a large marginal to create central relative-permutation increments.
Its conditional collision identity gives uniformity even after all reset coins are revealed. Trajectory
overlays preserve the true shuffle law by adding predictable independent switches to a base
trajectory system. They first randomize one group of indices and then use three rounds on
transverse partitions; a local limit estimate for contingency tables completes that route. The last
construction conditions on the unlabelled occupancy history of two colors. Given that history, the
two internal half-permutations are independent. Conditional list estimates and a signed-tabloid
transfer then control a two-block Fourier matrix. These are different conditional objects, and each
construction includes its own mass and independence argument.

The shuffle originates in Thorp’s study of shuffling and Faro [22]. Morris proved an O(d44)
bound for power-of-two decks [10]; Montenegro and Tetali gave the intermediate O(d29) bound [9,
Theorems 6.14–6.15]. Morris subsequently obtained an O((log n)4) bound for every even deck
size [12] and an O(d3) bound for n = 2d [13].

For partial permutations, Czumaj and Vöcking proved that the endpoint positions of any
prescribed ⌊cn⌋ cards mix in O(d2) physical Thorp shuffles, for each fixed 0 < c < 1 and n = 2d [2].
Morris’s chameleon analysis already studies a tagged card conditional on an occupancy history in
an auxiliary zigzag shuffle [10, preprint, Section 4, Lemma 3]. Partial permutation laws also appear
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in the enciphering work of Morris, Rogaway and Stegers [14, Theorem 1 and Lemma 2, proved
in Appendix A]. Hoang, Morris and Rogaway use conditional squared energies and sequential
total-variation comparison in their analysis of swap-or-not [5, Section 3]. Their random-key chain
differs from the deterministic coordinate schedule here. Our conditional permutation estimates
require the additional bijection, truncation and character arguments developed below.

The character input is the uniform Larsen–Shalev estimate [7, Theorem 1.1], in the precise fixed-
slack formulation recorded by Keller, Lifshitz and Sheinfeld [6, Definition 2.1 and Theorem 2.2].
Standard branching, Schur orthogonality and hook-length formulas are used in the conventions
of [21, 3]. Lemmas 4.1 and 4.2 collect the character consequences and an elementary reciprocal-
square degree estimate used across the constructions. The latter is a special case of the general
summability theorem of Liebeck and Shalev [8, Theorem 2.6].

Sections 2–4.5 give the entire first route. Sections 5 and 6 give the reset and overlay constructions.
Section 7 identifies precisely the conditional path theorem and the abstract signed-tabloid transfer
used in the two-half construction. The companion on conditional coordinate sweeps [16] studies
prescribed trajectories in a different, near-uniform line model. It retains a falling-factorial potential
through the conditional moment induction; with no prescribed paths, the resulting dimension
estimate is then transferred analytically to binary sweeps. Its theorem is not an input to the
present kernels.

2 From revealed paths to a permutation kernel
We first specify the information being conditioned on and prove that the unobserved randomness
acts on the whole free assignment. The distinction between a positional bijection and the labels
carried by that bijection will matter when preparation intervals are repeated.

Identify the positions with V = 𝔽d
2, ordered lexicographically. Permutations send labels to

positions, and (gh)(x) = g(h(x)). Put

R(x1, . . . , xd) = (x2, . . . , xd, x1).

One physical shuffle is RS, where S independently fixes or exchanges each pair {x, x + e1}. If Yt

is the physical permutation and Xt = R−tYt, then

Xt+1 = R−tSt+1RtXt.

Thus Xt uses independent fair matching switches in directions 1, . . . , d cyclically. A layer means
one such update; a sweep consists of d consecutive layers containing all directions. At sweep
boundaries Xt = Yt. All interval lengths used below end at such boundaries. Uniform measure on
the full group, and on every ordered-injection space, is invariant under each layer.

Lemma 2.1 (Conditional slot bijections). Fix a deterministic starting layout and a set of outside
labels. For any feasible specification e of their paths through a finite interval, conditional on e
all switch values on edges incident to an outside card are fixed, and all other switch values are
independent fair bits. Let Fs be the set of free positions at boundary s, and let m = |Fs|. Write
ιs : [m] → Fs for the increasing bijection. Every completion of the unexposed bits induces a
bijection Te : F0 → FT , hence a permutation

ge = ι−1
T Teι0 ∈ Sm.

Its conditional law depends on the outside paths and positions, but not on the incoming assignment
of free labels. On consecutive intervals the corresponding permutations multiply with later intervals
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on the left. Conditional on all the outside paths, their remaining switch arrays are independent, so
their conditional laws compose by convolution.

Proof. At a given layer, a specified outside path records both the incoming and outgoing endpoint
of its matching edge and thereby fixes that edge’s coin. If two outside cards meet, feasibility
makes their requirements agree. Conversely, prescribing those values forces the outside paths:
induction on the layer determines their positions regardless of all other switch values. The path
event is exactly a cylinder in the independent time-edge coin array. Conditioning therefore leaves
every unprescribed time-edge coordinate independent and fair, including coordinates earlier than
a future prescribed path segment.

At a layer there are three cases. An outside–outside edge has no free slot. An outside–free
edge has one free input and one free output, and the prescribed coin maps the former to the
latter. A free–free edge has two free inputs and outputs, and its unexposed coin chooses the
identity or transposition. These maps are bijections between the free input and output sets. Their
composition is Te. Relabelling the free cards changes neither the cylinder event nor these maps.
If an incoming label assignment is a bijection a : [m] → ℒ from the slot indices to the free-label
set ℒ, the outgoing assignment is a ∘ g−1

e . Consequently a uniform ge gives a uniform assignment,
whatever a is.

At an intermediate boundary the same increasing map ιs is used as the terminal index map of
one interval and the initial index map of the next. These maps cancel in the product, giving the
stated multiplication order. The unexposed time-edge coordinates of disjoint intervals are disjoint.
The cylinder description proves their conditional independence even when all outside paths,
including future ones, have been revealed. Each factor law is the one obtained by conditioning
only on that interval’s outside paths and starting outside layout.

The lemma extends the elementary path-cylinder observation to a law on Sm. It does not
assert that this law is already uniform. In particular, its one-card marginals need not determine it.
The next two sections supply the contraction of the full law.

[m] F0 FT [m]
ι0 Te ι−1

T

ge = ι−1
T Teι0

Figure 1: A fixed revealed path environment determines the free sets. Unexposed switches
determine a random bijection between them. Increasing slot indices turn this bijection into a
permutation on one fixed group, so consecutive kernels can be multiplied.

For one tracked free card, Lemma 2.1 gives a simpler linear evolution. Its conditional masses
are averaged across a free–free edge and transported across a mixed edge. The uniform vector on
the free slots follows exactly the same transport. A signed difference from uniform therefore has
sum zero and nonincreasing Euclidean norm. This linear evolution is adapted to the progressively
revealed paths, despite being a formula for the law conditional on their entire final specification:
later prescribed coins do not reveal earlier unexposed ones.
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We will also use uniqueness of an individual path through a single sweep. Just before direction
i is updated, the earlier coordinates equal the card’s terminal coordinates and the later coordinates
equal its initial coordinates. Thus the initial and terminal positions determine every intermediate
position. This statement holds for any cyclic phase and either order of the coordinates.

Finally, the support bound in Theorem 1.1 needs no conditioning. There are at most 2tn/2

coin strings in t physical shuffles. Their support has uniform mass at most 2tn/2/n!, proving the
bound. In particular distance at most 1/4 requires

t ≥
⌈ 2

n
log2

3n!
4

⌉
= 2d − O(1).

For comparison with the lower constants in the separate constructions, the elementary inequality
n! ≥ (n/2)n/2 also gives distance at least 1 − 2−n/2 whenever t ≤ d − 2. Stirling’s bound
log(n!) ≥ n log n − O(n) gives distance tending to one uniformly for t ≤ d. In particular the
weaker lower constants d/2, d − 1 and d used by those constructions follow from this same support
calculation.

Changing the initial deck translates a permutation law, so its distance from uniform is
unchanged. Mixing exists in each fixed dimension: one sweep has positive probability of being the
identity or any specified cube-edge transposition, and those transpositions generate Sn. Identity
sweeps pad finite products to a common length, giving a positive uniform minorization for a
sufficiently long sweep block.

3 Preparing an ordered half-deck
Throughout this section put m = n/2. Our first task is to randomize any specified ordered half-deck
from a deterministic start in 400 sweeps, uniformly in its starting positions. The conditional-
bijection construction of Lemma 2.1 supplies its one-card transition matrices. We first establish the
complementary one-sweep estimates that will make these matrices contract over pairs of sweeps.

Consider one sweep with blocked positions E at its start, r = |E| ≤ m. For the random blocked
paths let E′ be the end positions and Q the conditional single-free-card transition matrix (rows
in Ec, columns in (E′)c). It is doubly stochastic between these two sets, since the conditional
moves are random bijections. Vectors of probabilities or their differences will be row vectors, with
the ordinary Euclidean norm. In particular ‖uQ‖ ≤ ‖u‖, by convexity of the square applied in
each column and then the row sums. Put AE = 𝔼[QQ⊤], the expectation over these paths from
the fixed blocked start. Its entry at x, y ∈ Ec is the probability two copies starting at x, y, run
independently conditional on the common blocked paths, finish at the same position (averaging
also over the paths). It is symmetric and a contraction, as is QQ⊤.

Let h = ⌊d/2⌋, and call the blocks specified by bits > h the coarse blocks (size 2h). For a
free-slot vector u write uc for its orthogonal projection obtained by averaging over free slots within
each such block (ignoring empty ones). Call a blocked set good if its fraction in every coarse block
is at most 3/4. Set q = 7/8 and

ϵn = n

( 3/2
23/4

)2h

.

We use a two-sweep mechanism. From a balanced blocked set, one sweep contracts fluctuations
within large subcubes. It may leave averages that differ between subcubes, but the same sweep
makes the expected energy of those output averages small. Combining the two estimates in the
next sweep will contract the whole vector. The next lemma gives the two estimates and the
probability of an unbalanced output.
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Lemma 3.1 (Coarse-block estimates). For the one-sweep matrix Q defined above and every
free-slot row vector u, a good starting blocked set E satisfies

𝔼‖uQ‖2 = uAEu⊤ ≤ ‖uc‖2 + qd−h‖u‖2. (3.1)

For every starting blocked set E with |E| ≤ n/2, the ending set satisfies

ℙ(E′ not good) ≤ ϵn. (3.2)

If u has sum zero, then its coarse part on the ending free slots satisfies

𝔼‖(uQ)c‖2 ≤ (4 · 2−h + ϵn)‖u‖2. (3.3)

Proof. Write pk(x) for the initial blocked fraction in the block of size 2k−1 having bits > k equal
to those of x and bit k opposite to that of x, and set qk(x) = (1 + pk(x))/2. Let j be the largest
coordinate where x, y differ, or 0 if they coincide. We claim

AE(x, y) = 2−j
d∏

k=j+1
qk(x). (3.4)

For the two-copy experiment averaged over paths, we can generate the blocked motion with
independent switch coins, use these moves for the copies where an edge is incident to a blocked
card, and use two fresh independent arrays of switch coins (one per copy) on free-free edges.
Whenever the copies are at different positions before a stage, their two new bits at that stage
are independent uniform bits given the history up to then: for different edges the coins used are
independent, and if the edge is the same, both its slots must be free and the copies use independent
coins. Up to and including stage j the pre-switch positions are different, due to bit j if j > 0.
Thus the probability of matching the first j new bits is 2−j , after which they are at the same
position on that event. A mismatch in any updated bit persists to the end of the sweep.

For k > j, given they matched the new bits through stage k − 1 (so are now together), they
stay together for sure if the neighbor slot is blocked and with probability 1/2 otherwise. Here the
probability the neighbor is blocked, given this matching so far and their current common prefix, is
pk(x). To see this, before stage k both copies have evolved in the block with bits ≥ k equal to
those of x. Their motion and the event of matching so far only use coin arrays in that block. In
the neighboring block (bit k opposite), independently, the blocked configuration has evolved for
k − 1 stages within the block; each initial blocked card there has uniform marginal position in
it, since its successive new bits are conditionally fair. Thus the blocked probability at the slot
matching the copies’ prefix is the stated fraction. This independence uses a fixed initial E and
disjoint switches of the blocks prior to stage k. Multiplying the stay-together probabilities proves
(3.4), including for j = 0.

To prove (3.1), note that (3.4) is constant between any two fixed distinct coarse blocks. Within
the block of x, its row sum equals

∏d
k=h+1 qk(x): for 1 ≤ j ≤ h there are 2j−1(1 − pj(x)) free y’s

with that last difference, contributing (1 − qj(x))
∏

k>j qk(x), which telescope together with the
diagonal term. This row sum is constant for x in the block, and is at most qd−h when E is good
since the blocks defining pk for k > h are unions of coarse blocks. The coarse-constant subspace is
invariant under AE by the constants and row sums just noted; on it we use contraction. On its
orthogonal complement the between-block entries contribute zero, and the symmetric within-block
matrices have norm at most their maximum row sum (nonnegative entries). By symmetry there
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is no cross term between the two subspaces. This proves (3.1); without goodness we still have
contraction.

We also bound the expected coarse part at the output, with the same choice of coarse coordinates
for use in the next sweep. Let H(x, y) be the probability in the two-copy experiment of equal bits
> h at the output, and Hpre(x, y) the probability of equal bits 1, . . . , h. Then, with the all-ones
matrix denoted by 𝟏𝟏⊤,

H = 2−(d−h)(𝟏𝟏⊤ − Hpre) + AE .

If the first h bits mismatch, the copies remain at distinct positions, so the remaining new bits
match with probability 2−(d−h) by the fresh-bit observation for distinct positions. If the first h
match, also matching the rest means an end collision. Moreover Hpre is positive semidefinite:
conditional on the blocked paths the equality probabilities form a Gram matrix of the transition
probabilities aggregated by output prefix, and we average this matrix. Consequently for u of
sum zero, the expected sum over coarse output blocks of the squared sums of uQ in them is
uHu⊤ ≤ uAEu⊤ ≤ ‖u‖2.

We prove directly the needed negative-dependence inequality. It is a restricted form of the
preservation of negative dependence under partial symmetrization studied by Borcea, Brändén
and Liggett [1, Theorems 4.9 and 4.20]. The blocked-slot indicators throughout the switches
satisfy: for any set of slots the probability all are blocked is bounded by the product of their
marginal probabilities. It holds initially (deterministic); a single fair swap preserves it. For a test
set containing one of the two slots, average the two old bounds, and for one containing both, use
that the product of their marginals can only increase when both marginals are replaced by their
average. Disjoint simultaneous swaps can be processed one at a time. After a sweep all marginals
are r/n by single-card uniformity. For the number B blocked in a given coarse block, expanding
the product of 1+indicator over it thus gives 𝔼2B ≤ (1 + r/n)2h ; Markov’s inequality and the
union bound give (3.2).

On good output the squared block sums are divided by block free-slot counts at least 2h/4 to
form the squared norm (use the unconditional numerator bound), and on bad output the norm is
at most ‖u‖ by contraction. Together with (3.2), this proves (3.3).

Proposition 3.2 (Uniform half-deck preparation). For all sufficiently large d, every ordered list
of k ≤ n/2 distinct labels, from every deterministic starting layout, has endpoint law within n−3 in
total variation of uniform ordered distinct positions after 400 sweeps.

Proof. Fix at most m blocked cards and track one specified free card over sweeps, starting
deterministically, and let us be its law conditional on the blocked paths up through sweep s,
minus uniform on the then free slots. Given those paths, the next blocked paths are fresh from
the then layout, and on revealing them us+1 = usQ for their conditional matrix; future blocked
paths supply no information on the unused free coins of the past, and the uniform vectors are
carried to uniform vectors. In particular there is pathwise norm contraction. Write as = 𝔼‖us‖2,
with a0 ≤ 1. For s ≥ 1, the mean squared coarse part of us is bounded by (4 · 2−h + ϵn)as−1 by
(3.3) given the paths through the previous sweep. Also 𝔼[𝟏{bad after s}‖us‖2] ≤ ϵnas−1 by pathwise
contraction and (3.2) given the previous paths. Applying (3.1) for the next sweep on good starts
and contraction otherwise, we get

as+1 ≤ qd−has + (4 · 2−h + 2ϵn)as−1 ≤ n−1/20as−1
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for all sufficiently large d. Here as ≤ as−1, ϵn decays faster than any inverse power of n, and
log2(8/7)/2 > 1/20. Take the fixed length s0 = 400 sweeps; iterating with sweep index jumping by
two gives as0 ≤ n−10.

It follows that for any ordered list of k ≤ m cards from any fixed start,

dTV(law of their positions after s0 sweeps, uniform ordered distinct positions) ≤ δn := n−3 (3.5)

for large d. For each next card condition first on the paths of the previous cards on the list,
taking them as the blocked cards above. The mean total variation deviation from uniform on
the remaining end slots is at most √

nas0/2 by Cauchy-Schwarz. Conditioning instead only on
the previous endpoints can only lower this averaged bound, by mixtures with the same uniform
comparison given those endpoints. Sum these next-card bounds to bound the joint total variation:
one can interpolate laws by taking an initial part of the list with its actual endpoint law and filling
the rest uniformly without replacement. Consecutive such laws differ in total variation by at most
the averaged next-card deviation (with previous endpoints actual). Since k

√
n · n−10/2 ≤ δn, this

gives (3.5). This sequential total-variation comparison also appears in Morris’s exclusion-process
analysis [11, Lemma 12].

4 Preparation and active sweeps
Now designate m labels as outside cards, leaving m free cards, from any deterministic layout at a
sweep boundary. We will bound the expected distance of the free-slot kernel from uniform on Sm,
conditional on all outside paths. Index the free slots increasingly at each boundary. By Lemma 2.1,
interval kernels compose by convolution, with later increments on the left, independently of the
incoming free-label assignment. Each factor is computed from that interval’s outside paths and
starting outside layout, even when the entire outside history is revealed.

Partition the time here into chunks, each a preparation interval of s0 sweeps and then an active
interval of one sweep. A subprobability is a nonnegative measure of total mass at most one. The
two intervals have different tasks. After averaging over the actual preparation paths, we need
joint domination by a uniform endpoint free set and an independent uniform slot permutation;
this will permit a Schur conjugation average. During the active sweep, we need enough fresh
coin constraints that agreement of many endpoints is unlikely. We achieve both by restricting or
downweighting outcomes, obtaining conditional subprobability laws whose mean missing mass will
be restored at the end.

4.1 Truncating the preparation interval

Given the chunk’s starting layout with free set z0, consider the ordered endpoint injection y at
the end of the preparation interval of fictitious free labels placed canonically in the free slots at
its start. Let p(y) be its probability without conditioning on paths, from this start. Equivalently
y encodes the endpoint free set z and the preparation permutation g on the canonical indices.
Write u∗ = (

(n
m

)
m!)−1 for the uniform injection probability. Weight the preparation outcomes by

min(1, u∗/p(y)) (use 1 at p(y) = 0), using y of this interval’s canonical increment, not the endpoints
of labels carried in from prior chunks. Denote the resulting subprobability on g conditional on
preparation outside paths e by ν̃e

b . Since z = z(e) is determined by those paths,

𝔼e
[
𝟏{z(e)=z}ν̃e

b (g)
]

= min(p(y), u∗) ≤ u∗ for each (z, g). (4.1)
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Thus the retained joint measure averaged over paths is dominated by the law of uniform z and
independent uniform g. By (3.5) the expected removed mass is at most δn. Also the unweighted
marginal of z is within δn of uniform.

4.2 Active truncation

For each free carrier (card considered from its slot at the start of the active sweep), count the
stages of this sweep at which it is on an edge with two free slots. Call the carrier poor if this count
is less than d/4. Retain the active trajectory if at most

L = n1−1/40

free carriers are poor, dropping it otherwise. This criterion does not depend on their incoming
labeling. With active outside paths e′, write ν̃e′

a for the conditional subprobability law of the active
permutation.

At a uniform start set z independent of the fresh switches, the probability of dropping is at
most n−1/40 for large d. In fact for any full sweep switch realization form the meeting graph on
the n initial slots, joining two whose carriers occupy the two slots of the same switch at some
stage. It has d distinct neighbors per slot: after such a meeting at stage i the two differ in bit i
and keep differing there through the sweep, preventing any later meeting in it. The graph does
not use z. Given a particular slot is in the uniform free set, for its d neighbors the probability any
k specified ones are all outside is at most (m/(n − 1))k (sampling without replacement). As in
(3.2), the probability of having more than 3d/4 outside neighbors is at most

(1 + m/(n − 1))d2−3d/4 ≤ n−1/20

for large d (the limiting log2(3/2) < 7/10). This bounds the poor probability for that free slot.
The expected number poor is thus at most mn−1/20; apply Markov’s inequality to obtain the
dropping bound. Generating full switches here computes exactly the expected removed conditional
mass when averaging over the outside paths and the free switches. This path-averaged loss as
a function of the active starting layout depends only on its free set (relabeling the outside has
no effect). Thus from the end of the unweighted preparation interval its expectation is at most
n−1/40 + δn, for any start of the chunk.

The active subprobability has zero sign transform:∑
g

ν̃e′
a (g) sgn(g) = 0.

The free-free edge sets are determined by e′. If there are none, no trajectory is retained for large d
(m > L). Otherwise flip the free coin on one fixed free-free edge at the last stage having any. The
counts for the carriers are unchanged (no further free-free stages), retention is invariant, and this
probability-preserving involution changes the endpoint parity by exchanging the endpoints of the
two carriers there.

4.3 Trace estimate for an active interval

Use unitary complex irreducible representations ρ of Sm, writing the transform of a measure as
F =

∑
g ν(g)ρ(g). Denote by D the dimension and χ the (unnormalized) character. We use the

ordinary trace, with ‖B‖2
HS = tr(B∗B). Write Fa for the transform of ν̃e′

a , and put

A(z) = 𝔼e′ [F ∗
a Fa | active start with free set z], bρ = 𝔼z uniform

tr A(z)
D

.
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The expectation defining A(z) is the same for any outside labeling of the other slots: such a
relabeling just bijects outside paths with the same constraints on switch moves and the same
probabilities and free kernels. For the sign representation Fa = 0. We treat D > 1 next. The
representation-theoretic background used here is recalled in [21, 3].

For the trace, conditional on e′, take two independently generated free switch realizations X, Y ;
letting gX , gY be the resulting permutations, expansion gives tr(F ∗

a Fa) equal to the conditional
average of χ(g−1

X gY ) times the indicators that both are retained. Let f be the number of fixed
points of g−1

X gY . Given a retained X, for any a specified free starting indices to be fixed, their
carriers must have the same paths in Y as in X, by single-sweep path uniqueness from endpoints.
At least a − L of them are not poor in X, so they jointly visit at least d(a − L)/8 distinct free-free
switches (at most two carriers per switch). The coins there in Y would all have to match, and
they are independent fair coins conditional on e′ and X. By a union bound, with β = 1/100 and
for integers n1−β ≤ a ≤ m,

ℙ(f ≥ a, X, Y retained | e′) ≤
(

m

a

)
2−d(a−L)/8 ≤ n−a/32 (4.2)

for large d, since L ≤ a/2 and (em/a)a ≤ n2βa (here e in em/a is the base of natural logarithms).
The endpoint-agreement estimate must now be converted into a character estimate. We record

the two bounds used here and in the reset and overlay constructions.

Lemma 4.1 (Characters and fixed points). Fix 0 < δ < 1/4. For all sufficiently large integers
r, every irreducible character χ of Sr, of degree D = χ(1), and every σ ∈ Sr with f fixed points
satisfy

f ≤ r1−4δ =⇒ |χ(σ)|
D

≤ D−δ, (4.3)

|χ(σ)|
D

≤ D−δrδf . (4.4)

The threshold for r depends only on δ.

Proof. We use the uniform Larsen–Shalev bound [7, Theorem 1.1], in the fixed-slack formulation
of [6, Definition 2.1 and Theorem 2.2]. If ai counts the i-cycles of σ, define nonnegative ei by

∑
i≤s

ei = logr max

⎛⎝1,
∑
i≤s

iai

⎞⎠ , E(σ) =
r∑

i=1

ei

i
.

For each fixed ε > 0 and all sufficiently large r, the bound is |χ(σ)| ≤ DE(σ)+ε, uniformly in σ
and χ. Since

∑
i ei = 1 and e1 = logr max(f, 1),

E(σ) ≤ 1 + logr max(f, 1)
2 .

Taking ε = δ proves (4.3).
For (4.4), conjugate the fixed points to the last f symbols and restrict to Sr−f . The Young

branching rule gives at most rf summands counted with multiplicity, whose dimensions sum to D.
If r − f is above an absolute threshold, the remaining permutation has no fixed points, so the
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same character bound with ε = 1/4 bounds its character on a summand of dimension Dj by D
3/4
j .

Hölder’s inequality therefore gives

|χ(σ)| ≤
∑

j

D
3/4
j ≤ rf/4D3/4.

Combine the normalized estimate with |χ(σ)|/D ≤ 1. For every x > 0 and 0 < δ < 1/4,
min(1, x1/4) ≤ xδ; use x = rf /D. If r − f is below the absolute threshold, then for large r we
have f ≥ r/2 and rf ≥

√
r! ≥ D, so the desired bound follows from the trivial estimate. This also

makes the threshold uniform.

Apply the lemma with r = m and δ = β/8 = 1/800. For large n, n1−β ≤ m1−4δ, so pairs
with f ≤ n1−β contribute at most D−δ to the normalized trace. For larger integer f , use (4.2)
and (4.4); their total contribution is at most

D−δ
∑

f>n1−β

n−f/32mδf ≤ D−δ
∑

f>n1−β

n−(1/32−δ)f = o(1)D−δ.

The estimate holds uniformly over the outside paths. In particular

0 ≤ bρ ≤ 2D−1/800 for all sufficiently large n. (4.5)

To sum the trace estimates, we also need a bound on small representation degrees. The
following elementary argument proves the reciprocal-square case of the more general summability
theorem of Liebeck and Shalev [8, Theorem 2.6]. This case suffices for all the sums below.

Lemma 4.2 (Reciprocal degrees). For the irreducible degrees Dλ of Sr,∑
λ: Dλ>1

D−2
λ = o(1) (r −→ ∞). (4.6)

Proof. Recall that Dλ counts standard Young tableaux of shape λ and equals r! divided by the
product of its hook lengths [21, 3]. If the first row has length r − j, where 1 ≤ j ≤ r/4, fill its
first j boxes with 1, . . . , j. Choose j of the other r − j numbers for the boxes below the first row,
arrange them in one fixed standard order there, and put the remaining numbers in increasing
order along the first row. Every column below that row lies among its first j columns, so these
fillings are standard and

Dλ ≥
(

r − j

j

)
.

There are at most 2j tail shapes, by bounding partitions by compositions. Transposition gives
the same bound for a long first column. The contribution from these shapes tends to zero:(r−j

j

)
≥ ((r − j)/j)j ≥ 3j gives the summable majorant 2(2/9)j , while each fixed-j contribution

tends to zero.
For all remaining shapes, apart from the single row and single column, the maximum L of a

row or column length is less than 3r/4. If L ≥ r/10, transpose if needed and retain the first row of
length L and t = ⌊L/3⌋ boxes below it, deleting corners of the tail. There are at least t tail boxes
because L < 3r/4. The preceding filling argument gives at least

(L
t

)
tableaux of this subdiagram,

and each extends to the original diagram by adding corners. Thus Dλ is at least exponential in r.
If L < r/10, every hook has length at most 2L < r/5, so

Dλ ≥ r!
(r/5)r

,
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again exponential in r. Finally the number of partitions of r is exp(O(
√

r log r)): specify the
multiplicities of parts at most

√
r and the list of at most

√
r larger parts. The contribution from

these remaining shapes also tends to zero.

In particular, ∑
ρ: D>1

D−20 = o(1), (4.7)

and the minimum nontrivial degree D > 1 tends to infinity. Absorbing the factor 2 in (4.5), we
may therefore use bρ ≤ D−1/1600 for all sufficiently large m.

4.4 From traces to contraction over chunks

The active interval has supplied an averaged normalized trace. Its matrix need not be central,
and matrices from consecutive intervals need not commute. We now use preparation domination
to upgrade the trace bound to a positive-operator inequality, uniformly in the incoming outside
layout. This is the step that makes the conditional law of the entire assignment accessible.

Let Fb be the transform of the preparation subprobability conditional on paths e. Conditional on
the chunk paths the chunk subprobability (composing preparation then active) has transform FaFb.
Averaging over chunk paths from any start, its squared-matrix estimate in positive semidefinite
order is

𝔼[(FaFb)∗(FaFb)] = 𝔼e[F ∗
b A(z(e))Fb]

⪯ 𝔼e

∑
g

ν̃e
b (g)ρ(g)∗A(z(e))ρ(g) ⪯ bρI. (4.8)

For the equality, the next outside paths start fresh and A(z) does not require their particular
starting labeling. The first inequality is weighted Cauchy-Schwarz applied to A1/2Fb on each vector,
with weights of sum at most 1. For the second, each conjugated matrix is positive semidefinite, so
use (4.1) to bound by the average with uniform z, g. For each z, the uniform g conjugation gives
tr(A(z))I/D by Schur’s lemma.

Use J = 40000 chunks. Conditional on their outside paths let ν be the full probability law of
the overall free-slot permutation and let ν̃ be the composition of the subprobabilities above. Then
ν̃ ≤ ν coefficientwise. Indeed all truncations use only the randomness of their respective interval
conditional on paths and the layout information there, computing increments on canonical slots
regardless of previous free permutations. Write Ftot for the transform of ν̃, the product of the
chunk transforms (latest on the left). Applying (4.8) given previous paths for the last chunk and
iterating gives

𝔼[F ∗
totFtot] ⪯ bJ

ρ I

from any starting layout: the preceding product is determined by the preceding outside paths and
the bound (4.8) is uniform conditional on them. The sign transform is zero. The mass M of ν̃ is
the product of the interval masses. By bounding the deficit of the product by the sum of deficits,

𝔼[1 − M ] ≤ J(2δn + n−1/40).

Here we average the deficits under the ordinary outside path law; the preparation and active loss
bounds hold given the outside layout starting each chunk, with the unweighted preparation path
law for bounding the active loss.
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Finite-group Plancherel and Cauchy-Schwarz now give, with Um uniform on Sm,

1
2𝔼‖ν̃ − MUm‖1 ≤ 1

2

⎛⎝ ∑
ρ: D>1

D2bJ
ρ

⎞⎠1/2

= o(1).

Indeed for the difference v we have ‖v‖2
1 ≤ |Sm|

∑
g |v(g)|2 =

∑
ρ D‖

∑
g v(g)ρ(g)‖2

HS (the equality
also follows directly by the regular character identity). The trivial transform of the difference
vanishes, and at nontrivial representations the uniform transform vanishes. Take expectations
using the matrix bound (and bound the mean norm by its root mean square), then use (4.7) since
J/1600 = 25. Restoring the missing nonnegative measure, we conclude

𝔼 dTV(ν, Um) = o(1) (4.9)

uniformly in the outside starting layout: add at most 𝔼[1 − M ] to the centered subprobability
bound by comparing ν − ν̃ to (1 − M)Um. Here ν itself is conditional on all the outside paths.

4.5 Completing the first route

Couple a chain from any fixed deck and one started uniform (uniformity is preserved by the
independent random positional permutations). After s0 sweeps we can couple the ordered positions
of the m designated outside labels to agree with probability at least 1 − δn, by (3.5) and maximal
coupling; complete the two endpoint decks by their respective conditional laws. On agreement
sample common outside paths for the next J chunks from their path law. Conditional on these
paths the final free orders in each deck have distributions obtained using ν on their possibly
different incoming free orders. Each is within dTV(ν, Um) of uniform on the same set of end free
orders (permuting from any fixed incoming order). Maximally couple them, so the expected
failure probability on this continuation is at most 2𝔼 dTV(ν, Um) = o(1) by (4.9), uniformly on
agreement layouts. This couples endpoints with the correct marginals by path conditioning (on
initial disagreement one can just continue independently). The total failure probability is at most
δn + o(1) < 1/4 for sufficiently large d, bounding the worst-case total variation.

The conditional assertion of Theorem 1.1 was established in (4.9), over 40000(400 + 1) =
16040000 sweeps. The coupling proves its full-deck conclusion: including the initial preparation
gives 400 + 40000(400 + 1) = 16040400 sweeps, each costing d physical shuffles. The conditional
expectation is over the ordinary law of the outside paths; neither the argument nor its conclusion
asserts a bound for each fixed environment.

5 Reset minorization and central relative increments
The argument begins with a quantitative marginal theorem for every fixed positive omitted fraction,
in both coordinate orders. That theorem produces an exact reset minorization. Two copies sharing
a switch environment then have a central relative-permutation increment, whose return probability
controls conditional uniformity.

The preceding route uses preparation domination to average a positive operator. Here we
instead extract an exact uniform component from a long reset block. Uniformly placing the free
labels makes the relative increment of two copies central, so a return probability can be computed
by characters. Here the environment records every reset coin and the paths of the nonhole labels
during the active sweeps.
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Use the model and composition convention of Section 2. In this section N = n = 2d, and
“holes” denotes the labels whose conditional assignment we will randomize.

Theorem 5.1 (Reset construction). For n = 2d, the full-deck law from any deterministic start
has total-variation distance tending to zero from uniform after 171798691968d physical shuffles.

5.1 Partial mixing and forward minorization

The reset needs an ordered marginal estimate for every fixed positive omitted fraction, rather than
only for a half-deck. We prove it through a two-sweep signed-mass estimate, then use the same
marginal bound in the reverse coordinate order to minorize the forward reset kernel.

Fix some observed labels and let h be the number of remaining labels. Lemma 2.1 gives
independent fair coins on the unobserved switches. To describe the conditional distribution for
the position of a single particular hole label, one can evolve probability masses on the holes: at a
pair of two holes the outgoing masses are both the average of the incoming ones, and at a mixed
pair the hole mass goes to the outgoing hole. Which positions are holes at all the times is known
from the observation. Although this description is conditional on the full observation, the forward
calculation of mass through any layer only uses the observed paths up to then, as unobserved
switches are left independent even when conditioning on the future part too. Uniform mass 1/h
per hole follows the same rule. We will bound the expected squared Euclidean norm of signed
masses (mass zero off the holes, total mass zero) evolving by these rules, taking expectation when
the trajectories are random, not conditioned. This is an adapted evolution in the switch process; at
a mixed pair the placement of the outgoing mass uses the fresh fair switch coin. At every update
the squared norm is non-increasing.

Lemma 5.2 (Two-sweep mass contraction). Fix 0 < ρ ≤ 1. For all sufficiently large d depending
only on ρ, any deterministic hole placement with h ≥ ρN and any initial signed masses supported
on the holes and of total mass zero have expected squared norm after two sweeps at most

N−ρ/16L,

where L is their initial squared norm. The masses evolve by the conditional averaging and transport
rules just described. The estimate also holds conditionally on the past when the two sweeps begin.

Proof. Suppose h ≥ ρN , and start at deterministic positions and signed masses with squared
norm L. A block of level i is a set with the last d − i bits fixed (the coordinates here are listed
in the sweep order), of size 2i. Write Hx for the hole indicator and Mx for the mass, and use
block subscripts for sums over a block. Let r = ⌊d/2⌋. After one sweep use primes to denote the
indicators, counts and masses then. Conditional on the first r layers, the updates along the last
d − r coordinates proceed independently for different prefixes of length r. Any fixed level-r block
B has one vertex for each such prefix. Over the remaining layers the expectations per output
of Hx, Mx evolve by ordinary pair averaging, and for M2

x there is an upper bound by ordinary
pair averaging (the square of a pair average is at most the average of the squares). Ordinary pair
averaging through these layers computes the average within a prefix, successively averaging over
each of the other coordinates. So H ′

B is conditionally a sum of independent Bernoulli variables
with mean sum h/2d−r, and the conditional mean of M ′

B is zero. By the same independence, the
conditional variance of M ′

B is bounded by the sum of the output second moments in B, at most
L/2d−r since the norm squared after the first r layers is at most L. It follows (by the Chernoff
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bound for the counts) that the event D that all level-r blocks have hole density at least ρ/2 after
this sweep satisfies

Pr(Dc) ≤ 2d−r exp(−ρ2r/8), 𝔼
[
𝟏D

∑
B level r

(M ′
B)2

H ′
B

]
≤ 2L

ρ2r
,

where the indicated sum with the density requirement is only used on D.
Here is an estimate for the next sweep from a deterministic input satisfying the density

requirement (in the following calculation, input counts and masses refer to that input). Within
a block B of level i, consider the moments per output vertex after the first i layers; they
are the same for each of those vertices, as follows recursively. In notation for a block, write
u = HB/|B|, m = MB/|B|; these are the first moments of indicator and mass. Write q for the
second moment of mass. For the children of a parent use indices 1 and 2. Before the parent merge,
the inputs to a switch come independently from the two child blocks (the layers so far act within
the children with disjoint sets of coins). The new u, m are the averages of the two respective
values, and

q = q1 + q2
2 − q1u2 + q2u1 − 2m1m2

4 .

In fact at a two-hole pair the per-output second moment loses the squared mass difference divided
by 4 compared to just random placement; the correction averages that loss using independence
(mass is zero off the holes). These calculations induct from the singleton blocks and in particular
justify using position-independent output moments within the blocks.

At positive densities let a = m/u and v = q − m2/u ≥ 0 (use Cauchy–Schwarz and support
on the holes). For parents above level r all densities, including the children’s, are at least ρ/2.
Rearrangement gives

v = 1
2 [(1 − u2/2)v1 + (1 − u1/2)v2] + (1 − u)JB, JB = 1

2(u1a2
1 + u2a2

2) − ua2 ≥ 0.

Weighting by block sizes, the sum of |B|vB at level i > r is at most 1 − ρ/4 times that at level
i − 1, plus the sum of |B|JB at level i. The sum of |B|vB at level r is bounded by the sum using
second moments instead, at most the input squared norm. Each |B|JB gives the sum for the two
children minus the value for the parent of the quantity |B|ua2 = M2

B/HB; the sum above level r
telescopes and is bounded by

∑
B level r M2

B/HB. At the root v = q since the total mass is zero.
Thus, iterating, for the second sweep on the event D the expected squared norm conditional on its
input (which has squared norm at most L) is bounded by

(1 − ρ/4)d−rL +
∑

B level r

(M ′
B)2/H ′

B.

Using the pathwise bound L on Dc, the expectation after the two sweeps is at most[
(1 − ρ/4)d−r + 2

ρ2r
+ 2d−re−ρ2r/8

]
L ≤ N−ρ/16L

for d sufficiently large (the first term decays at least as fast as e−ρd/8). This estimate holds each
time, conditionally on the past, with arbitrary input meeting just h ≥ ρN and the signed-mass
conditions (the density event concerns the intermediate time).

Proposition 5.3 (Partial mixing at fixed omitted fraction). For fixed 0 < ρ ≤ 1, set s = ⌈320/ρ⌉.
For all sufficiently large d depending only on ρ, after 2s sweeps the positions of any ordered tuple
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of b ≤ (1 − ρ)N distinct labels are within εN = N−8 in total variation of the uniform ordered
injection, from any deterministic start. The same assertion holds for sweeps in reverse order
d, . . . , 1.

Proof. By Lemma 5.2, after s pairs of sweeps the bound is N−20L, since sρ/16 ≥ 20.
Take the ordered tuple in the proposition, indexing its labels by 1, . . . , b. For label i, condition

on the trajectories of labels 1 through i − 1. The number of holes is at least ρN . Initialize signed
mass by the point mass for i minus uniform mass on the holes, so its squared norm is at most 1. By
the conditional trajectory description the final signed mass is the endpoint probability difference
from uniform on positions other than the previous labels’ endpoints. Its expected total variation
norm is at most 1

2
√

N N−10 by Cauchy–Schwarz and the squared-norm bound. Conditioning on
just the previous labels’ endpoints instead does not increase this expected bound, by averaging
(the uniform reference is unchanged given those endpoints). Total variation from the uniform joint
injection is bounded by summing these conditional variation estimates: telescope the laws using
the actual distribution for an initial segment and the uniform sequential conditional kernels for
the remaining labels. This proves the asserted total-variation bound. Its proof only used the order
of the coordinates as an indexing, so works in the reversed order as well.

Corollary 5.4 (Forward reset minorization). Let K be the kernel of the 2s forward sweeps in
Proposition 5.3 on an ordered injection state space Ω with b ≤ (1 − ρ)N labels. Then

K2(x, y) ≥ p0
|Ω|

, p0 = 1 − 2εN .

Proof. The kernel K is doubly stochastic. Its transpose K∗ uses the inverse permutation law,
sweeps in reversed order, so Proposition 5.3 applies row-wise to both kernels. Write

K2(x, y) =
∑

z

K(x, z)K∗(y, z).

In this inner product truncate each factor above by w = 1/|Ω| (take the minimum). The truncated
factors are w − az, w − bz with nonnegative deficits satisfying

∑
z az ≤ εN and

∑
z bz ≤ εN ; their

product is at least w2 − w(az + bz), giving the displayed lower bound.

5.2 Comparison conditional on a switch environment

We have proved uniform marginal control in both coordinate orders and converted it into pointwise
minorization. The reverse-order estimate was used to control columns of the forward kernel; the
actual reset is still a product of forward sweeps. We next exploit the minorization without changing
that actual run.

From now on let ρ = 2−20, with d sufficiently large, and fix a set of k = ρN nonhole labels; let
H be the set of h = N − k hole labels. These roles of the labels are for the comparison only. Run
l = 128 blocks, each consisting of a reset of 4s sweeps followed by a single mixing sweep (all sweeps
are actual random shuffles). Write X for the process as permutations taking labels to positions.

Define an environment by revealing all the reset coins and, during the single mixing sweep
of each block, revealing the switches touched by the nonhole trajectories and their values. The
environment determines all nonhole paths. Conditional on it, the unrevealed switches during
mixing sweeps (the two-hole switches) are independent and fair, by the fixed-values observation as
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for trajectories earlier: every completion has the same nonhole paths, using also the fixed reset
values. We may generate Y independently of X conditional on the environment with the same
conditional law, by sharing the reset and touched switch values and independently redrawing the
two-hole switches during mixing sweeps. The copies have the same nonholes in the same positions.
Unconditionally this joint generation can be done chronologically, generating fresh coins for X
and using independent coins for the redraws (the switches to be redrawn in a layer are known
upon entering it).

For this environment ℰ , let pℰ be the final law of the hole assignment conditional on ℰ , a
bijection from the h hole labels to their available endpoint positions, and let uℰ be uniform on
those h! assignments.

Proposition 5.5 (Uniformity conditional on the reset environment). For the run just defined,
with ρ = 2−20, s = ⌈320/ρ⌉ and l = 128 blocks of 4s reset sweeps followed by one mixing sweep,

𝔼‖pℰ − uℰ‖TV −→ 0 (d −→ ∞),

uniformly over deterministic starting decks. The environment ℰ reveals every reset coin and the
nonhole paths during the mixing sweeps, as above.

Proof. The relative permutation X−1Y acts on H, starts at the identity and does not change
during a reset. In a layer of a mixing sweep it is multiplied on the left by a product of relative
transpositions: transpose the two incident labels of X at a two-hole switch if the value for Y differs.
Indeed if the switches act by TX , TY on positions and X, Y here denote the pre-layer values, the
new relative permutation is (X−1T −1

X TY X)X−1Y . Given the X switches and paths, these relative
toggles are independently fair. We write Q for the resulting multiplier over one mixing sweep; it
only uses the hole injection for X at the sweep start and the switches (including redraws) in that
sweep, not the prior relative permutation.

For now mark two types of events for X only (and these marks do not change its run). At
each reset mark an acceptance such that the injection of the h ordered hole labels just afterwards,
jointly with acceptance, has probability p0/|Ω| for each injection conditional on the past. This
is the elementary minorization-splitting mechanism developed systematically by Nummelin [15,
Section 2]. Here the calculation is finite and explicit. By the K2 bound applied with b = h, given
the start x and sampled endpoint y of the hole labels, accept with probability p0/(|Ω|K2(x, y))
using independent extra randomness. The statement holds also with the past including the other
copy in the chronological construction (we do not condition here on the environment, and the
relative permutation is unchanged during the reset).

To describe the second mark, consider a mixing sweep with hole injection for X uniform at its
start, as upon acceptance. The graph on all positions at the start, connecting two whose paths
share a switch in X, is simple and d-regular: after two paths meet they differ in that updated bit
which doesn’t change again during the sweep, so they cannot meet at a switch along any later
coordinate. This graph is defined by the fresh X coins independent of the hole injection; given the
graph the nonholes are on a uniform k-subset of vertices. The probability any vertex has at least
⌈d/2⌉ nonhole neighbors is at most

N2dρd/2 = N−8

by a union bound and sampling without replacement. Mark the mixing sweep as good for X on
the complementary event; every hole label then has at least d/2 two-hole switches on its path.

Let ν on the symmetric group on H be the subprobability law of Q with this goodness
requirement when the X hole injection starts uniformly. Its mass q is at least 1 − N−8. The
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increment and goodness depend on no nonhole identities, and this law is central (invariant under
conjugation) by the symmetry of the uniform injection under hole relabelings. After a reset, jointly
requiring acceptance and goodness gives exactly this sublaw with the additional factor p0: writing
ℱ for the past before the reset in the chronological construction, we have

Pr(accept, good, Q = g | ℱ) = p0ν(g).

In particular if GX denotes all accepts and all good marks for X, and S denotes the final relative
permutation, we have

Pr(GX) = (p0q)l, Pr(S = id, GX) = pl
0 ν∗l(id).

Indeed, for the relative multiplication the placement of X’s holes after the accepted reset is
uniform independent of the past, regardless of the current relative permutation. The relative coin
differences in the next sweep come from the independent redraws and give the multiplier law
described above, allowing iteration with convolution.

We record two properties used to estimate this convolution. Conditional on X in a good mixing
sweep, the sign of Q is fair since there is a two-hole switch and the relative toggles are independent.
And for any A ⊂ H,

ν{Q : Q fixes A pointwise} ≤ 2−d|A|/4 ≤ h−|A|/4.

For this estimate, imagine using the switches for Y but starting the mixing sweep at the very
same permutation as X. The final relative permutation for this sweep would be Q. Within one
sweep a path with given start and end is unique (updated bits equal end bits and not-yet-updated
bits equal start bits). Fixation of a label thus requires agreement at every switch on its X path.
In a good sweep at least d|A|/4 distinct two-hole switch coins are involved on the paths for A,
counting any such switch at most twice towards the path incidences. Their agreement probability
gives the bound.

5.3 Return estimate for the central sublaw

The accepted reset has made the relative increments central and independent of their previous
product. The remaining question is how quickly their convolution puts mass 1/h! at the identity.
This return estimate will control the mean squared density of a conditional assignment, rather
than an unconditional marginal. We show

h! ν∗l(id) ≤ ql + o(1).

Use Lemmas 4.1 and 4.2 with group size parameter h. For a permutation σ of H, let F (σ) count
its fixed points. Write θλ =

∑
σ ν(σ)χλ(σ)/dλ, where dλ is the irreducible degree. Taking δ = 1/32

in Lemma 4.1, for F ≤ h7/8 the normalized absolute character is at most d
−1/32
λ for large h. For

f > h7/8 the pointwise fixation estimate gives

ν(F = f) ≤
(

h

f

)
h−f/4 ≤ h−f/10

for large h, using
(h

f

)
≤ (eh/f)f . The all-fixed-point bound (4.4) gives

|χλ(σ)|/dλ ≤ d
−1/32
λ hf/32.
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The tail satisfies ∑
f>h7/8

h−f(1/10−1/32) ≤ 1

for large h. Summing these character estimates against ν therefore gives |θλ| ≤ 2d
−1/32
λ .

By centrality each averaged representation matrix is scalar by Schur’s lemma, with scalar θλ.
Taking the regular representation trace for the convolution therefore gives h! ν∗l(id) =

∑
λ d2

λθl
λ.

The trivial term is ql and the sign term is zero. With l = 128 the sum of absolute values of the
other terms is at most 2l∑

λ d−2
λ excluding those two terms, hence is o(1) by Lemma 4.2. This

proves the return estimate.

5.4 From the return estimate to conditional uniformity

Write pG
ℰ for the subprobabilities of pℰ including the requirement GX . For the conditionally

independent copy Y , define its own event GY by the same acceptance and goodness requirements,
with independent auxiliary randomness. By the triangle inequality with the subprobabilities and
Cauchy–Schwarz,

𝔼‖pℰ − uℰ‖TV ≤ 1
2 Pr(Gc

X) + 1
2

√
h! Pr(S = id, GX , GY ) − 2 Pr(GX) + 1.

Indeed pℰ − pG
ℰ is nonnegative of expected mass Pr(Gc

X), and for the remaining difference with
uniform the expression inside the square root is the expectation of h!

∑
(pG

ℰ − 1/h!)2. This identity
uses the two conditionally independent copies and their separate marks; assignment agreement
is S = id. Dropping GY from the positive term and using the convolution formulas with the
return estimate bounds the expression by 1 − (p0q)l + o(1) = o(1); likewise Pr(Gc

X) = o(1). This
truncation by good subprobabilities only costs small mass in total variation. All estimates are
uniform over the deterministic starting deck, proving Proposition 5.5.

5.5 Full-deck mixing

Proof of Theorem 5.1. Unconditionally, the nonhole marginal is close to uniform: the first 2s
sweeps already have the partial mixing estimate for its k labels, and subsequent independent
switches in the actual run preserve the uniform marginal kernel-wise, so they cannot increase its
distance from uniform. Thus its total variation from uniform is at most εN . The distribution
obtained by assigning holes uniformly given the environment has these very nonhole endpoints
and uniform assignment on their complement, so is within εN of uniform on the whole deck.
By the conditional bound, the actual endpoint distribution differs from this distribution by o(1)
in total variation. The bound is independent of the initial deck. We have proved an upper
bound on the required time for large d by 128(4s + 1)d physical shuffle steps. With ρ = 2−20,
s = 320 · 220 = 335544320, and the resulting upper time is 171798691968d complete shuffles.

The support obstruction was proved in Section 2; in particular it implies the lower bound
tmix ≥ d for all sufficiently large d.

6 Trajectory overlays and row-column-row mixing
We add independent switches along selected trajectories of a base shuffle. A character estimate
mixes the resulting permutation on one group of indices. A sequence of calls on two transverse
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partitions then reduces full mixing to a local limit theorem for finite contingency tables.
Unlike the first route, which conditions on specified outside labels, this route conditions on a

complete base shuffle. Independent extra switches then permute chosen groups of base indices.
Predictability of their placement ensures that the resulting physical shuffle still has the original
law. The useful output is uniformity of an entire group permutation conditional on the base, on
average over that base.

Use V = 𝔽d
2, with the convention that the later permutation acts on the left. For a finite set

A, write 𝔖(A) for its symmetric group. As in Section 2, the layer directions are cyclic and their
current phase may be arbitrary.

The base shuffle has exactly these layer dynamics. We first prove a partial mixing estimate
to prepare the environments for the extra switches.

Theorem 6.1 (Trajectory-overlay construction). For n = 2d, the full-deck law from any deter-
ministic start has total-variation distance tending to zero from uniform after 33030144d physical
shuffles.

6.1 Mixing a fraction of the base indices

Fix K = 8, and let q = n/K; throughout this section only sufficiently large d need be considered.

Lemma 6.2 (Preparing a group of base indices). After 20d layers, the ordered positions of any q
specified cards in the base shuffle have total-variation distance o(1) from uniform ordered distinct
positions. The estimate is uniform in their starting positions and in the starting cyclic phase.

Proof. The same deferred-column realization appears in the companion on random coordinate
frames [20, Lemma “Independent shear realization”]; we give the construction here for the required
one-eighth-deck estimate.

We introduce a randomized linear change of frame, just for proving this estimate. Restart
notation at layer 1 for the layers in the estimate, with cyclically ordered i1, i2, . . .. Represent the
layer permutation as LtT̃t, where T̃t is an independent ordinary fair layer along eit , and

Ltx = x + ℓt(x)eit .

Here ℓt are independent random linear forms subject to ℓt(eit) = 0, uniform under that condition
and independent of the T̃t’s. Each Lt consists of switches on the same matching, so this factorization
has the required shuffle law. With At = Lt · · · L1, A0 = I, map locations after layer t through A−1

t .
In this frame the layer dynamics conditional on the Ls’s are independent arrays of fair switches in
directions

vt = A−1
t−1eit ,

by conjugating T̃t. Their conditional laws depend only on the directions.
For t > d, conditional on previous directions, vt is uniform outside the hyperplane spanned by

vt−d+1, . . . , vt−1. In fact the columns of the inverse transform evolve by

A−1
s ej = A−1

s−1ej + ℓs(ej)vs,

using L−1
s = Ls. Thus

vt = vt−d +
t−1∑

s=t−d+1
ℓs(eit)vs.
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These coefficients are independent fair bits independent of all vp for p < t: in the indicated range
they update only the column it, not used as a direction again until time t (so they do not affect
updates via vs before then either). All coordinates of each form except its constrained one are
independent on the coordinate basis. The first d directions are independent in the linear-algebra
sense, by triangularity of the updates, and inductively every window of d directions is linearly
independent by the last display. This proves the assertion about the hyperplane.

Order the q cards. In the changed frame, let pt be the conditional position distribution of card
j given the directions through layer t and the paths through layer t of cards 1, . . . , j − 1. Write Ft

for the free positions, i.e. those not occupied then by the given j − 1 cards, with size r = n − j + 1.
We track ut(x) = pt(x) − 1/r on Ft. The recursive conditional-law calculation can be done as
follows. Reveal the new direction, then the updates of the given path cards. Neither revelation
biases the previous law of card j given the history: the new direction’s law given past directions is
independent of the past switches, and the updates of the path cards in this direction are from fair
switches on their edges with law independent of card j’s location. Conditional on the updates,
the switches on the other edges are still fair and independent. On any pair of two free sites the
probabilities of card j are averaged. For a free site paired with a path card, its probability is
deterministically moved to the new free site of that pair. These operations carry the uniform law
on the free sites to the new such uniform law. Consequently

∑
u2

t does not increase in an update,
and its decrease includes (ut(x) − ut(y))2/2 for each matched pair of free sites before the update.

After the first d layers, split the free sites just before an update into F 0, F 1 using the two cosets
of the hyperplane for its direction. Given the history so far, every opposite-side pair is matched
with probability 2/n. Both sides have size at least n/2 − q. Suppressing the time subscript, we
have ∑

x∈F 0,y∈F 1

(u(x) − u(y))2 ≥ (n/2 − q)
∑

x

u(x)2

because the two sums of u on the respective sides are negatives of one another. The conditional
expected ratio bound for the new squared norm relative to the old is therefore 1/2 + q/n, meaning
the new expectation is at most this multiple of the old squared norm. Since the initial squared
norm is at most 1, at T = 20d the expected total-variation distance of the conditional law from
uniform on the free sites is at most

1
2
√

n (1/2 + q/n)(T −d)/2

by Cauchy-Schwarz.
At this last time the conditional law given the full linear transforms and the path data in their

frame only needs the directions and the path data, by the conditional switch laws. Undoing the
final linear transform preserves the comparison with the uniform free-site law. Giving only the
linear transforms and the previous cards’ final positions instead of their paths cannot increase
the expected bound (by mixing the conditional laws; the uniform comparison depends only on
final positions given the transforms). Summing the bound over j ≤ q bounds the expectation over
the transforms of the distance of the ordered q-tuple law conditional on them from uniform. Here
we used the sequential total-variation bound by the sum of expected distances of the successive
conditional laws from the uniform remaining-site laws; it follows by replacing conditionals from
last to first and using the triangle inequality. Our sum tends to zero since q = n/8 and n = 2d.
Unconditioning proves the partial mixing estimate.
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6.2 An overlay on the base trajectories

The marginal estimate has prepared the starting positions of the indices that will receive extra
switches. We now define those switches so that their conditional law can be studied separately
while the resulting physical process remains an ordinary Thorp shuffle.

Call the initial position names of the base shuffle its indices, in V . Just before a layer, the
matching of locations induces a matching of the indices via their base positions at that time.
We can put extra switches on selected edges of this index matching chosen from the pre-layer
base data. In our overlay construction we supply these switches from fresh arrays of independent
fair coins independent of the base arrays. Form the actual layer coins on the location pairs by
xoring the corresponding extra bits (0 where absent) with the base bits. The actual shuffle has the
ordinary law: conditional on the past and the extra bits for a layer, the base bits in that layer still
have their independent uniform law, since the selection and extra bits do not use the current base
coins. So the resulting coin array has the independent fair law at every layer given the past. If the
base permutation (indices to current positions) is B, the actual permutation is BD, with D the
overlay permutation on indices, initialized to the identity. At each layer D is left-multiplied by the
extra switches in the pre-layer index matching and B is then updated by the base switches on
locations. This gives exactly the xor dynamics just specified.

For a fixed group A ⊆ V of q indices, we call the following procedure a call on A.

Proposition 6.3 (A conditional group permutation). Let A ⊂ V have q = n/8 indices. Use
k = 65536 phases, each consisting of 20d preparation layers without extra switches and one active
sweep with extra switches on the pairs whose two base indices belong to A. Let κℬ be the law of
the resulting multiplier on 𝔖(A) conditional on the full base shuffle ℬ. Then

sup
pre-call base histories

𝔼
[
‖κℬ − UA‖TV | pre-call history

]
−→ 0.

The assertion is uniform in the starting cyclic phase and in the initial base placement. The
multiplier law is independent of the incoming overlay permutation.

Given the base trajectories, the left multiplier is a product of independent random permutations
on A, with laws determined, phase by phase, by the segments of ordered base trajectories of A in
the active layers (including their positions just before the active layers). These laws describe the
multipliers irrespective of the incoming overlay. For analyzing the expected conditional distance we
can use an ideal experiment with independent such segments, each started from uniform ordered
distinct locations of the indices in A and run with ordinary base layers. Indeed the joint law of
the actual segments, even given data before the call, is within o(1) in total variation of this ideal
segment law for constant k. This follows by Lemma 6.2 in each 20d-layer preparation interval,
conditional on earlier base history, followed by the same ordered-location transition dynamics on
the active layers. These dynamics do not depend on the placements of other indices. Equivalently
one can couple each new segment start to a fresh uniform one and use matched segment dynamics
when the coupling succeeds, with failure probability bounded by the sum of the partial mixing
errors. Since the conditional distance is a bounded function of the segments, it suffices to bound
its expectation in the ideal experiment.

It remains to prove the conditional group estimate for these independent ideal segments, which
we do next.
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6.3 Estimate for an ideal active segment

Let E denote an ideal segment environment, i.e. the ordered placement and d-layer base trajectories
of A in the experiment above. Conditional on E, denote by μE the law of the overlay multiplier
on A generated by the internal extra switches. We visualize its generation with labels starting
at the corresponding indices of A (identity overlay at the start for describing this multiplier); in
locations, these labels follow the actual switched paths. An internal encounter of such a label is
when it is on a location pair having two indices in A. The set of locations occupied by the labels
from A is precisely the base location set of A throughout. Thus in the actual switch dynamics an
internal encounter is pairing with another label from A.

Fix constants
h = 1/32, η = 1/4096, δ = η/4.

Call the extra-switch outcome good if at most q1−η/2 of its labels have fewer than hd internal
encounters. Denote by μ′

E the subprobability obtained from μE by counting only switch outcomes
that are good (there is no renormalization).

The mass discarded has expectation o(1). For every fixed starting placement, averaging over
the base and extra switches gives the same product law of independent fair actual switch arrays,
by predictability and the base-coin xor argument. Hence the actual location-switch array is
independent of the uniformly sampled starting placement of A, even though the choice of extra
edges depends on that placement. In d consecutive directions, any two actual labels (considering
labels on all the start sites) can be paired at most once. They could pair only at the direction
of the last, in layer order, of the bits on which their start sites differed. Before that direction
such an unchanged different bit would preclude pairing on another direction. Afterwards all still
unprocessed bits are equal, so pairing in an unprocessed direction (requiring a difference there) is
impossible. Each label therefore has d distinct partners. Conditional on a specified active label’s
start position and on the actual location switch arrays, its partners’ start positions are determined;
the other q − 1 active start positions are a uniform subset among the n − 1 others. Its number of
encounters is hypergeometric from sampling d sites out of n − 1 with q − 1 active. This law differs
from a binomial with parameters d, (q − 1)/(n − 1) in total variation by at most

(d
2
)
/(n − 1), by

coupling sampling with and without replacement. For large n the binomial mean is at least d/16;
the probability to be below hd is at most exp(−d/128) by the binomial Chernoff bound. With
the sampling error included, the resulting bound times qη tends to zero. The expected number of
low-encounter labels and Markov’s inequality now give the claim on discarded mass.

Let α, β be outcomes of independent extra-switch arrays given E, identified also with their
permutations. Write F for the number of fixed points of α−1β. For all sufficiently large n and
integers f ≥ q1−η, we have

Pr(α good, F ≥ f) ≤ q−c∗f , c∗ = h/8, (f ≤ q). (6.1)

Indeed fix E and the switches of a good α. Agreement of the two paths of a label at their
endpoint (i.e. agreement of the output index) requires agreement at every layer: in locations in
the cyclic-direction frame, the start and end of a d-layer path specify it since each bit is processed
only once. For any set of f agreed labels at least f/2 have at least hd encounters in α’s outcome.
Making β follow those paths fixes its extra coins on their internal encounters, at least hdf/4 distinct
coins since each pair can be counted at most twice in its layer. These coins are independent given
E. Union bounding over sets costs at most

(q
f

)
≤ (eq/f)f ; this times 2−hdf/4 is at most q−hf/8 by

d ≥ log2 q and the choice of η, for large n. This proves (6.1).
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We use irreducible complex unitary representations πλ of 𝔖(A) with dimensions Dλ and (un-
normalized) characters χλ. Write ν̂(λ) =

∑
g ν(g)πλ(g) for the matrix of a (possibly subprobability)

law. Define the per-segment factor

bλ = 1
Dλ

𝔼E Tr
(
μ̂′

E(λ)∗ μ̂′
E(λ)

)
= 𝔼

[
𝟏α good, β good

χλ(α−1β)
Dλ

]
. (6.2)

The second equality uses the independent switches of α, β conditional on E. Moreover the
expectation of the matrix inside the trace is bλI. The law of the subprobability kernel is invariant
under conjugating by permutations of A: this renames the uniformly placed indices, with the same
good-outcome rule. The scalar matrix claim follows by Schur’s lemma. The representation-theoretic
background used here is recalled in [21, 3].

Apply Lemma 4.1 with group size q and δ = η/4 = 1/16384. Since 4δ = η, if the number f of
fixed points is at most q1−η, then

|χλ(σ)|
Dλ

≤ D−δ
λ .

For all f , the same lemma gives
|χλ(σ)|

Dλ
≤ D−δ

λ qδf . (6.3)

Applying the small-f bound and (6.1), (6.3) in (6.2) (bounding by absolute values), and using
δ < c∗, yields

0 ≤ bλ ≤ 2D−δ
λ (6.4)

for large q, since
∑

f≥q1−η q−(c∗−δ)f = o(1). For the sign representation we have the better bound
bsign = o(1). If the environment contains any internal match then the sign expectation before
truncation is zero by the fair extra coin on it. Its magnitude after truncation is then at most the
mass discarded. If there is no internal match, no outcome is good, for large q. This proves the
sign estimate by the bound on expected discarded mass.

The reciprocal-degree estimate of Lemma 4.2 gives∑
λ: Dλ>1

D−2
λ = o(1). (6.5)

Now take k = ⌈4/δ⌉. In the independent segment experiment let ν ′ denote the product law
obtained by convolving the k subprobabilities (multipliers applied on the left). At each nontrivial
representation the expected squared Hilbert-Schmidt norm of its matrix is Dλ times the product
of the bλ factors: iteratively use independence and the scalar matrix expectation after (6.2) for
the latest matrix in the product. The estimates are uniform even if cyclic phases differ. By finite
group Plancherel, for the uniform probability UA on 𝔖(A),

q!
∑

g

|ν ′(g) − UA(g)|2 = |ν ′(𝔖(A)) − 1|2 +
∑

λ̸=triv
Dλ‖ν̂ ′(λ)‖2

HS.

The mass deficit tends to zero in expectation (bounded by the sum of discarded masses), thus also
in expected square. The expected sign term tends to zero. The expected sum for Dλ > 1 is at
most

2k
∑

Dλ>1
D2−δk

λ = o(1)

by (6.4), (6.5). These account for all irreducibles (the one-dimensional ones being trivial and
sign for large q). By Cauchy-Schwarz the expected ℓ1 error tends to zero. Reinstating the
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discarded masses costs o(1) also in expected ℓ1, since the product law before truncation dominates
ν ′ pointwise. This proves Proposition 6.3 for independent segments, and hence for the actual
segments by the comparison in the call construction.

6.4 From group calls to the whole permutation

We can now randomize any one prescribed group of n/8 indices, conditional on the base in expected
total variation. Mixing the groups of just one partition would preserve which labels belong to each
group. Two transverse partitions remove that obstruction. We prove the required three-round
comparison, including its discrete total-variation conclusion.

Choose two partitions of the base index set V , one into R1, . . . , RK , the other into C1, . . . , CK ,
with |Ri ∩ Cj | = n/K2; this is possible for large d. Make calls for the R-groups, then the C-groups,
then the R-groups again, one call for each group of the indicated partition, in any fixed order within
each partition. Conditional on the full base, the multipliers from distinct calls are independent
(they use independent extra coins on edges prescribed from the base). In expectation over the base,
their product law has total-variation error o(1) from the product law using independent uniforms
on the called groups. This follows by the per-call error just proved, summed over the 3K calls,
replacing conditional laws in the product and mapping to the composed permutation. Inside each
partition these ideal uniforms together act as an independent uniform shuffling within each group.

The remaining comparison concerns only uniform group shuffles. Alternating independent row
and column permutations were studied by Håstad in the square lattice shuffle [4]. Here the number
of blocks is fixed and their intersections grow; the proof uses the resulting contingency-table local
limit.

Lemma 6.4 (Three rounds on transverse partitions). Let R1, . . . , RK and C1, . . . , CK partition V ,
with |Ri ∩ Cj | = n/K2. Independently shuffle uniformly within every R-group, then within every
C-group, and then within every R-group again. For the fixed K = 8 and n = 2d, the resulting
permutation law has total-variation distance o(1) from uniform on 𝔖(V ) as d → ∞.

Proof. The product law is invariant on both right and left by the product subgroup of permutations
within the R-groups, due to the first and last ideal shuffles. As with a uniform permutation,
its probabilities are constant on permutations having the same count matrix X = (Xij), where
Xij counts moves from Ri to Rj . Indeed permutations with equal counts can be identified by
rearranging inputs within the groups (matching their output groups) and then rearranging outputs
within the groups. Thus it suffices to compare just the count laws.

For a uniform permutation let this table law be pn; in general write pM for the analogous law
on M items for K groups of equal size m = M/K. Its probability is zero off nonnegative integer
tables with all row and column sums m, and on such tables is

pM (x) = (m!)2K

M !
∏

i,j xij ! . (6.6)

This follows by partitioning each input group into its outputs’ groups, then ordering the inputs
assigned to each output group. In the ideal shuffle, at the middle stage each C-group contains n/K2

labels from each initial R-group. Within each C-group these labels are uniformly permuted with
also n/K2 slots belonging to each R-group. Conditional on the first shuffles the resulting tables
within the C-groups are independent with law pn/K , independent in law of that conditioning. The
last R-shuffles do not change total counts. Write T (ℓ) for the row-to-row count table contributed
by Cℓ. These tables are independent with law pn/K , each has row and column sums a0 = n/K2,
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and Xij =
∑K

ℓ=1 T
(ℓ)
ij . Figure 2 distinguishes the geometric columns from the destination-group

columns of these tables.

R1 a0 a0 a0 a0

R2 a0 a0 a0 a0

R3 a0 a0 a0 a0

R4 a0 a0 a0 a0

C1 C2 C3 C4

Before the column shuffles

Each cell contains a0 = n/K2 labels
of its initial row color.

shuffle within
one Cℓ

(here ℓ = 4)

R1 T
(ℓ)
11 T

(ℓ)
12 T

(ℓ)
13 T

(ℓ)
14

a0

R2 T
(ℓ)
21 T

(ℓ)
22 T

(ℓ)
23 T

(ℓ)
24

a0

R3 T
(ℓ)
31 T

(ℓ)
32 T

(ℓ)
33 T

(ℓ)
34

a0

R4 T
(ℓ)
41 T

(ℓ)
42 T

(ℓ)
43 T

(ℓ)
44

a0

R1

a0

R2

a0

R3

a0

R4

a0

in
iti

al
R

i

final Rj

Row and column sums are a0.

T (1), . . . , T (K) independent, T (ℓ) ∼ pn/K , Xij =
K∑

ℓ=1
T

(ℓ)
ij .

Figure 2: The middle round in the row–column–row construction (schematic K = 4; the proof uses
K = 8). Every Cℓ contains a0 labels from each initial Ri and a0 slots in each final Rj . Independent
column shuffles produce the tables T (ℓ); their columns index final Rj groups. The first and last
row shuffles supply right and left invariance, respectively, making the permutation law uniform
conditional on its count matrix.

Here is the comparison of this sum with pn. We may assume n is divisible by K3. Use as free
coordinates the upper-left (K − 1) × (K − 1) subtable, treated as a vector of size b = (K − 1)2.
For M divisible by K2 and X ∼ pM , center the vector at its coordinate mean M/K2 and divide
by

√
M ; call the result ZM . Let J be the linear map completing a free-coordinate vector to a full

matrix with zero row and column sums. Uniformly for ‖z‖ bounded on the centered scaled lattice,

Pr(ZM = z) = M−b/2 (G(z) + o(1)) , G(z) = cK exp
(
−K2‖Jz‖2/2

)
, (6.7)

where matrix norm here is Euclidean and cK > 0 depends only on K. To see this, substitute
xij = a +

√
M(Jz)ij with a = M/K2 in (6.6) (nonnegativity holds for bounded z and large M).

Stirling’s formula and expansion of x log x − x about a have canceling linear terms in the sum.
The constant terms cancel with the numerator and M ! and the quadratic terms give K2‖Jz‖2/2,
with remainders o(1) for bounded z. The square-root factors give MK−1/2−K2/2 = M−b/2 times a
constant (2π)−b/2KK2−K and 1 + o(1), proving (6.7).

Writing W for an independent uniform vector on [0, 1)b, ZM + W/
√

M has density converging
in L1 to G. On compacts this follows from (6.7) and continuity. Tail probabilities are uniformly
small on taking large compacts since each count coordinate is hypergeometric with variance at
most M ; the limit density is integrable since J is injective. This proves the L1 convergence and in
particular normalization, so G is a centered nondegenerate Gaussian density.

For the sum of K tables from pn/K , the centered vector at scale 1/
√

n is a sum of K independent
Zn/K/

√
K. First add independent noise Wi/

√
n to each summand. By the density convergence,

independence and total-variation contraction under addition, the noisy sum converges in total
variation to the law with density G: the sum of K centered Gaussians of this law each divided by√

K has the same law. This convergence still holds keeping only the noise on the first summand.
Indeed that smoothed summand by itself converges in total variation to a Gaussian (scaled by
1/

√
K). Its distance to its translate by any vector of norm at most (K − 1)

√
b/

√
n therefore tends
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to zero uniformly, by continuity of translations of the Gaussian density in L1. Conditioning on
the other summands and their noises bounds by this o(1) the distance induced by removing their
noises. Thus, with a single noise, both the centered scaled sum and the pn vector are close to the
same law by (6.7) and the sum argument. Total variation between these two noisy laws equals the
discrete total variation without noise since both lattices have the same cells spread out uniformly
by the noise. This proves the desired count-law comparison, hence mixing of the ideal product.

We conclude that the overlay product conditional on the base has expected total-variation
distance o(1) from a uniform permutation on V . Multiplying by the final base permutation (fixed
under the conditioning) preserves the comparison with uniform. Removing the conditioning and
mapping back to the deck locations proves total-variation distance o(1) for the actual shuffle. All
estimates hold for any initial deck by identifying its cards with their starting positions. The shuffle
has uniform stationary law since every layer applies a random permutation according to switches
independent of the incoming deck. We used 3K · k · 21d full layers of the type counted as steps
in the shuffle definition. This gives the upper bound by an absolute multiple of d for sufficiently
large d. The choices give δ = 1/16384, k = 65536, and 3Kk · 21 = 33030144, so the upper time is
33030144d complete shuffles.

This proves Theorem 6.1. The support bound of Section 2 also gives tmix ≥ d for all sufficiently
large d.

7 Two independent half-permutations
The previous constructions extract contraction from repeated active intervals. This construction
uses two long independent blocks. For the second block, reveal only which slots contain each of
two colors at every layer. That observation leaves independent internal permutations of the two
colors. We will trim their large tuple marginals and combine them with inverse-image information
from the first block. The two orientations have different roles and must both be retained.

7.1 The two precise inputs

Here we use two companion results. We state their full hypotheses so that the conditional law to
which each applies is explicit. Write inj(I, J) for the set of injections from a finite ordered set I
into a finite set J .

The conditional path theorem [17, Theorem 4.1] has the following form. Fix 0 < p < 1 and
define

ρp = 3 + p

4 , cp = −1
8 log2 ρp, b = ⌈10/cp⌉. (7.1)

For every deterministic starting deck, every specified base set of r0 labels, and every ordered list
of k additional labels satisfying r0 + k − 1 ≤ pn, after 2b sweeps,

𝔼ℋ ‖ℒ(list endpoints | ℋ) − Unif inj([k], V ∖ Eℋ)‖TV ≤ kn−4. (7.2)

Here ℋ is the full labelled base-path history and Eℋ its endpoint set. The estimate holds for every
cyclic coordinate order, including the reverse order. It also holds after coarsening ℋ, provided the
endpoint available set remains determined. All thresholds depend only on the fixed p.

The abstract conditional-product transfer [18, Theorem “Conditional-product transfer”] con-
cerns V = A ⊔ C with |A| = |C| = h, and H = SA × SC . Partition each half into L equal
buffers, where L ≥ 2C0 and C0 = 2000000. Suppose a subprobability ξ on SV has both ordered
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inverse-image marginals x−1|A and x−1|C pointwise at most twice uniform. For every environment
z, let νz

A, νz
C be subprobabilities on the two half-groups. Assume that, in each factor and for

every buffer, the ordered image tuple on the complement of that buffer has marginal at most
twice uniform. For each z, choose an arbitrary deterministic permutation tz ∈ SV . If Z has any
probability law, put

ω = 𝔼Z

[
δtZ ∗ (νZ

A ⊗ νZ
C )
]
, θ = ω ∗ ξ.

Then, for all sufficiently large h, every irreducible representation of SV of degree D > 1 satisfies

‖θ̂‖op ≤
√

22 D−1/40. (7.3)

The Hilbert–Schmidt norms in that theorem use ordinary, unnormalized trace. For either J ∈
{A, C}, let νJ be a factor satisfying the buffer caps and let γ be an irreducible representation of SJ ,
of degree Dγ . The underlying buffer estimate is ‖ν̂J(γ)‖2

HS/Dγ ≤ min(1, 2D
−1/2
γ ). For irreducibles

α of SA, β of SC , and λ of SV , write cλ
αβ for the multiplicity of α ⊗ β in the restriction of λ to H.

These multiplicities are retained through the estimate cλ
αβ ≤ min(Dα, Dβ), where each D denotes

the corresponding degree. For the final Fourier sum we will use the local reciprocal-square estimate
in Lemma 4.2.

These are separate inputs. The first supplies conditional tuple information from the shuffle;
the second converts explicit caps and a conditional product into an operator bound. The product
property will now be proved for the actual shuffle environment.

7.2 Inverse-image caps for the first block

Theorem 7.1 (Two-half construction). Set L = 223, p = 1 − 1/(2L), and choose b by (7.1). For
n = 2d, the full-deck law from any deterministic start approaches uniform in total variation after
400bd physical shuffles.

For these choices, L divides h = n/2 for all sufficiently large d. Fix two halves A, C of V and
partition each into L buffers of size h/L. Let X, W be independent permutations each generated
by 2b forward sweeps, and let μ be the law of WX.

The inverse of X is generated by the independent involutive layers in reverse order. Apply (7.2)
with empty base and a list consisting of A, and then of C. Since h − 1 ≤ pn, each ordered
inverse-image half-tuple has distance at most hn−4 from uniform.

We use the following elementary truncation rule repeatedly. If probability laws P, Q are on
one finite set, then

P{v : P (v) > 2Q(v)} ≤ 2‖P − Q‖TV,

since P (v) ≤ 2(P (v) − Q(v)) on those atoms and the total positive excess is the variation distance.
Delete from the law of X every permutation whose inverse-image tuple on either half is an atom
of more than twice its uniform probability. Call the resulting subprobability ξ. It obeys both
required pointwise caps, and

1 − ξ(Sn) ≤ 4hn−4 = 2n−3. (7.4)

The deletion for the other half cannot increase a marginal. Thus one common ξ has the two caps
simultaneously.
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7.3 The occupancy environment and the conditional product

Color the positions at the start of W by membership in A or C, regarding those starting positions
as distinct labels for this block. Let Z record the set of positions occupied by each color after
every layer, including the initial and final boundary. It records no labels within a color.

Lemma 7.2 (Independent internal permutations). For every feasible occupancy history Z = z,
all mixed-color switch values are fixed and all same-color switch values are independent fair bits.
Choose tz to send the increasing list of A to the increasing list of its endpoint color set and likewise
for C. Then

W = tz(YA × YC),
where, conditional on Z = z, YA ∈ SA and YC ∈ SC are independent. Their conditional laws
depend only on z.

Proof. At a mixed-color edge, the next pair of colors determines whether its coin is zero or one. At
a same-color edge, either coin gives the same outgoing colors. Conversely, once the coins specified
at the mixed edges of z are fixed, induction on layers forces precisely the occupancy history z,
independently of all same-color coins. Thus the event Z = z is a cylinder in the time-edge array.
Its unprescribed bits remain mutually independent.

A label of color A uses fixed transports at mixed edges and only the independent bits on A–A
edges otherwise. The analogous assertion for color C uses the disjoint array on C–C edges. For
fixed z those two sets of time-edge coordinates are deterministic. Applying the slot-bijection
construction separately to the two colors gives bijections onto their endpoint sets. The stated
tz identifies these sets with the original halves, giving the independent permutations YA, YC . In
particular no independence of the color history itself from the internal permutations is being
used.

Write μz
A, μz

C for these two conditional probabilities. Fix a buffer B ⊂ A. Apply (7.2) to W
with all C labels as base and the list A ∖ B as the additional labels. Here

r0 + k − 1 = h + (h − h/L) − 1 = n − n

2L
− 1 ≤ pn.

The error is at most (h − h/L)n−4. The full labelled C paths determine the color occupancy
history Z, and Z still determines their endpoint set. Hence the allowed coarsening in (7.2) gives
that same expected error conditional on Z. Applying the deterministic bijection t−1

Z sends the
comparison law to uniform ordered distinct images in A. We conclude

𝔼Z

‖‖‖(μZ
A)A∖B − (UA)A∖B

‖‖‖
TV

≤ (h − h/L)n−4. (7.5)

The same argument applies to every buffer of C, interchanging the colors. The endpoints’ available
set is essential here: ordinary unconditional list mixing would not imply (7.5).

For each z, delete from μz
J all permutations whose ordered image tuple outside any buffer

exceeds twice its uniform probability, for J = A, C. Denote the subprobabilities by νz
J and their

masses by aJ(z). The truncation rule and (7.5) give

𝔼Z

[
(1 − aA(Z)) + (1 − aC(Z))

]
≤ 4L(h − h/L)n−4 = (2L − 2)n−3.

Every surviving factor satisfies each cap for its particular z, even if the loss at that environment is
large. Lemma 7.2 now permits the product of these two deletions: define

ω = 𝔼Z [δtZ ∗ (νZ
A ⊗ νZ

C )].
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It is dominated pointwise by the true law of W . Its missing mass is 𝔼[1 − aAaC ], bounded by the
preceding display because 1 − aAaC ≤ (1 − aA) + (1 − aC).

We have now established every conditional-law hypothesis of the transfer: the environment
has its original probability law, each conditional measure is an actual product, each factor has all
its buffer-complement caps, and the first block has the two inverse-image caps. Define θ = ω ∗ ξ.
Independence of the original blocks and positivity of convolution give θ ≤ μ pointwise, while

1 − θ(Sn) ≤ 2Ln−3 = o(1). (7.6)

The integer L is large but fixed before d tends to infinity.

7.4 Fourier completion and physical time

Applying (7.3) gives the degree-power operator bound for every Dλ > 1. We include the final
deduction to keep the mass, parity and time conventions visible in this application.

The original block law μ has expected sign zero. Indeed, condition on all switch coins except
any one coin in a physical layer. Flipping that fair coin composes the final permutation with a
conjugate transposition and reverses its sign. From θ ≤ μ and (7.6),

|θ̂(sgn)| ≤ 1 − θ(Sn) ≤ 2Ln−3.

Let j = 100 and q = θ(Sn). The trivial Fourier coefficient of θ∗j − Un is qj − 1 = o(1) and its sign
coefficient is θ̂(sgn)j = o(1). For all other irreducibles, without assuming their matrices commute
or are normal, ∑

Dλ>1
Dλ‖θ̂(λ)j‖2

HS ≤ 22j
∑

Dλ>1
D

2−2j/40
λ = 22100 ∑

Dλ>1
D−3

λ = o(1).

We used submultiplicativity of the operator norm, ‖B‖2
HS ≤ D‖B‖2

op, and Lemma 4.2, since
D−3 ≤ D−2. Plancherel and Cauchy–Schwarz imply ‖θ∗100 − Un‖1 = o(1). Restoring the missing
measure costs 1 − q100 = o(1), so ‖μ∗100 − Un‖TV → 0.

Each of X, W costs 2bd physical shuffles. One macro-step therefore costs 4bd, and the 100
independent macro-steps cost 400bd. They concatenate at sweep boundaries and hence have
exactly the physical shuffle law at that time. Translation by any fixed initial deck preserves total
variation. This proves Theorem 7.1.
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