Counterexamples to weak chromatic splitting:
sphere kernels and descent exponents
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Abstract

For the derived p-completion of the sphere, the canonical weak chromatic splitting map has
no homotopy retraction at height p for every prime p > 5, and at height p + 1 for every prime

p > 7. The classical sphere product 6§p -1 gives a nonzero kernel class in both ranges.
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1 The canonical weak splitting map

Fix a prime p and work in ordinary p-local spectra, with sphere S = S?p). Let K(a) denote Morava
K-theory of height a, put K(0) = HQ, and write

Lr = LK(O)\/---\/K(T)? X = 51/7\ = hOlimj21 S/p]

Thus L, is Johnson—-Wilson E(r)-localization. For a spectrum Z, let n(Zn) : Z = Lgn)Z be the
localization unit. We study

inx = Ln1(n%)) : Ln-1X — L1 L X. (1)

The weak chromatic splitting conjecture predicts a homotopy retraction of this map whenever X is
the derived p-completion of a finite spectrum. A retraction is a map of spectra r with ri, x ~ id; it
need not be natural in the finite input. We disprove this universal assertion with finite input the
sphere.

For an odd prime, let

frema,S,  dy=2plp-1)—-2, ky=0p-1% 2z =757,
where 31 is the classical first beta element.

Theorem 1.1 (A named kernel at height p). For every prime p > 5, the image of z, in Tk, Lp—1X
is nonzero and is killed by mq,, (ip,x). Consequently i, x has no homotopy retraction.

Theorem 1.2 (The same kernel at height p 4+ 1). For every prime p > 7, the image of the same
2p i gk, LpX is nonzero and is killed by ma k,(ipy1,x). Consequently iy 1 x has no homotopy
retraction.

Corollary 1.3 (The prime-five class). At p = 5, the image of 315 in meosLaX is nonzero and
belongs to the kernel of meos(is x ).

The proof detects z, under a height-(p — 1) unit and kills it under both upper units. The lower
detection follows from the Hopkins—Miller calculation recorded by Heard [10, proof of Theorem 5.6
and Lemma 5.8]: the actual unit detects the named /1, and its kyth power remains nonzero in the
ordinary homotopy fixed point spectral sequence. At the upper height a, we construct a separated
multiplicative filtration with the unit image of 81 in filtration at least two and F a®+2 — (., The
required inequalities are

2k, — (P* +1)=p* —4p+1>0 (p>5),

2k — (P +1)*+1) =plp—6)>0 (p>7).

Completion and naturality then place the nonzero lower image in the kernel of the exact map (1).
For example, at p = 7 the class 336 has degree 82 -36 = 2952 and gives kernels at both heights seven
and eight.

Notation. Let E, be Morava E-theory of the height-a Honda formal group over F,«, and put
Ba = Li(4)S. Unless a localized tensor is explicitly displayed, smash products and function spectra
are ordinary. All homotopy groups are those of the underlying spectra.



1.1 An independent descent-exponent obstruction

The height-p nonretraction also follows from incompatible finite descent lengths. Put t = p — 1, and
let the finite pure-stabilizer subgroup H = C), x C,_1)2 act on E;. In Dy = Fun(BH, Sp(p)), with
pointwise ordinary smash, put Ay = F(H,, S) with its translation action and Jg = fib(S — Ap).
Define expy (V) as the least b > 1 such that JA* AV — V is null, and as infinity if no such b exists.
Set

T(V) = Lgu(EAV),

with H acting on the first factor.

Theorem 1.4 (Incompatible descent exponents). For every prime p > 5, with m = p? + 2,
expy (Ep—1) > m, expy (T(Bp)) < m.

A homotopy retraction of i, x would make E,_1 an H-equivariant retract of T'(By). Hence i, x has
no homotopy retraction, independently of Theorem 1.1.

For the lower bound, a class survives to one specified finite page of the ordinary homotopy fixed
point spectral sequence. No permanent cycle or sphere representative is needed. For the upper
bound, Devinatz—Hopkins’ nilpotence theorem supplies a finite exponent before any homotopy test
is chosen [7, Appendix A, Proposition A.3]. The numerical cochain bound then makes the relevant
map zero after every finite ordinary test. A Brown—Comenetz argument proves that the map itself
is null, and a coherent trace construction transports the resulting finite filtration to height p — 1.
The finite-stage formalism used here belongs to the nilpotence and descent theory of Mathew and
Mathew-Naumann-Noel [20, 21, 22].

1.2 Relation to earlier splitting results

Hopkins’ chromatic splitting conjecture, recorded by Hovey [13, Conjecture 4.2, especially part (v)],
predicts a specific decomposition of chromatic overlap as well as the weak unit retraction. These
predictions differ already at n = p = 2. Beaudry disproves the proposed strong summand formula 3,
Theorem 1.0.4]; Beaudry—Goerss—Henn give a revised decomposition with Moore terms that retains
the canonical unit as a retract [4, Theorem 1.1.6]. Their Conjectures 1.1.10-1.1.11 distinguish the
strong and completed-finite-input weak formulations, and their introduction records the weak form
at all primes through height two. The theorem numbers refer to the versioned texts identified in the
bibliography. Outside finite inputs, Minami reports Devinatz’s counterexample for a BP analogue
allowing completed BP [23, Introduction and Remark 1.1]. The present counterexamples use the
completion of the finite sphere.

Long beta powers in the sphere were known earlier. Lee—Ravenel prove B{’Q_p -1 #0forp>7
and report 517 # 0, B = 0 at five [18, opening theorem and introduction]. Ravenel’s first-beta
detection calculation relates the cobar class to stabilizer cohomology [25, Theorem 4 and its proof
in Section 2]. The additional requirement here is detection after a specified lower localization and
vanishing of that same named sphere product under the upper unit.

Organization. Sections 2-5 prove the named kernel results. Their upper bound uses dimension at
height p 4+ 1 and a semilinear trace-one contraction at height p, retaining the possible inverse-limit
degree in both cases. Sections 6-11 give the independent exponent proof. Appendix A proves the
ordinary filtered-product lemma used by the lower detector and by the finite-page argument.



2 Completion and the canonical map

The lower detectors are local spectra, whereas the weak splitting problem uses a completed finite
input. The following argument connects these settings without interchanging smash products and
inverse limits.

Lemma 2.1. The completion map c: S — X = SI/,\ is a K(a)-equivalence for every integer a > 1.
If1<t<randY is K(t)-local, every map S —Y factors through S — X — L. X.

Proof. Take the inverse limit of the cofiber sequences S LNy SN /p?, with multiplication by p on
the left spheres and identity on the middle spheres. The fiber of ¢ is

C =~ holim(--- % S & ) ~ F(S[1/p], S).

Multiplication by p is an equivalence on this function spectrum, because it is an equivalence on its
first argument. It remains an equivalence after ordinary smash with K (a). But m.(K(a) A C) is a
module over K(a), and is annihilated by p. Thus it is zero, proving the first claim.

A map to a K (t)-local target consequently extends across c¢. The target is also L,-local when
t < r,since an L,-acyclic spectrum is K (t)-acyclic. The extension therefore factors through L, X. O

Proposition 2.2 (An actual sphere kernel). Let n > 2, let 1 <t <n—1, and let z € 7,S. Suppose
a map S =Y to a K(t)-local spectrum carries z to a nonzero element, and the unit S — Ly S
carries z to zero. Then the image zZ € mgLy_1X is nonzero and my(in, x)(Z) = 0.

Proof. Lemma 2.1 factors the detecting map through L,_1X, so Z is nonzero. Write n for K (n)-
localization and A for L,,_i-localization. The relevant two squares are

S o—co—) X X 77—X> LK(n)X

| [ P

L nyc in,X
LK(n)S _— LK(n)X Ly 1 X — Ln—lLK(n)X
Both commute by naturality of localization units. Equivalently,
nxc >~ Ly m)(c)ns, In XAX ™ ALy XTIX -

The first sends z to zero, and the second then gives the asserted kernel of the exact map (1). A
retraction would induce a left inverse on this homotopy group and is therefore impossible. ]

3 The named sphere product at the lower height

The classical first beta element supplies the lower detector at every odd prime. The fixed-point
calculation identifies its image under an actual unit, and the ordinary multiplicative filtration then
detects its long power. This gives one named sphere product for both upper heights.

Fix an odd prime p and put

I _ 1) _ 1)
h=p-—1, d=2p(p—1)—2, zp = B , b1 € mgS.
Theorem 3.1 (The lower sphere product). The image of z, is nonzero in each of
Tap-12Lrp-nS  Tag-vlre-nXs  Tapon:LeX (rzp—1).

All three images are induced by the sphere unit and, for the completed input, by the completion map
S — X.



3.1 The actual unit in the ordinary detector

Let Ej, be Morava E-theory over FF,». Write Sy, for the pure stabilizer and Gj, = Sy, Gal(Ith /Fp)
for the extended stabilizer. Choose the finite subgroup G C Gj whose intersection with the pure
stabilizer is Cp, x Cj,2 and whose Galois projection is onto, as in [10, Section 2]. Put

Y = ENC, n:S—Y.

Here Y is the ordinary homotopy fixed point spectrum and 7 is its unit as a commutative ring
spectrum. Devinatz—Hopkins identify the ordinary finite-group fixed-point spectral sequence with
the local Adams spectral sequence and give strong convergence [7, Theorems 2(ii) and 3]. Its
decreasing homotopy filtration F*r,Y is therefore separated, with

Fm Y/ Fstin Y = ESats,

The Hopkins—Miller calculation gives the positive-filtration part of its Ey page as the correspond-
ing part of

Fpla, 8, A%1/(0®), |l = (1,2h), [B]=(2,2ph), |A]=(0,2ph?);

see [10, Proposition 5.5] and [11, Proposition 2.7]. We need two further assertions of that calculation.
First, Heard identifies 8 with the image of the named stable $; under n [10, proof of Theorem 5.6].
Allowing for the choice of cohomology generator, this says

n.(B1) € F?mgY,  [n(B1)] =cB € B2, ceFy. (2)

The brackets denote the class modulo F3. The Ext-to-group-cohomology comparison and permanence
are also recorded in the discussion after [11, Proposition 2.7]. Second, in positive even filtration
Heard’s ordinary E, calculation is

ESen* = | [ALP] [5]/(5}‘2"'1), in positive filtration, (3)

by [10, Lemma 5.8]. In particular " is nonzero. These inputs hold for every odd prime; the named
detection is not restricted to p = 5. They concern the extended group G and F,, coefficients. The
pure subgroup and its larger coefficient field will be used separately in the exponent argument.

Lemma 3.2 (The ordinary filtered product). Let a finite group @Q act coherently on a commutative
ring spectrum R. The ordinary homotopy fized point spectral sequence has

EQS’t = H*(Q; m R)

and has the cup product on Eo and the derivation rule for its differentials. Whenever this spectral
sequence converges to T, R"? with a separated homotopy filtration whose successive quotients are
E, its product on E is the associated-graded product for that actual homotopy filtration.

The proof is given in Appendix A.

Proposition 3.3 (The actual product in the detector). The unitn:S —Y carries z, = B{‘Z to a
nonzero class in wg,2Y .

Proof. Apply Lemma 3.2 to the ordinary spectral sequence just described. The class of 77*(51)}‘2 in
F2 oY P2 Y s

C/12l8h2 7& 0
by (2) and (3). Hence the homotopy class itself is nonzero. Since 7 is a ring map, this power is
exactly 7, (B{L ), the image of the specified sphere product. O



Proof of Theorem 3.1. The spectrum Y is K (h)-local, since E}, is local and local objects are closed
under homotopy limits. Its unit therefore factors through Lg;)S, where the image of z, must be
nonzero by Proposition 3.3. Lemma 2.1 makes L) (S — X) an equivalence; naturality carries
that nonzero image to Ly )X . For every r > h, the same lemma factors the detecting unit through
S — X — L, X =Y. Its nonzero value on z, proves the remaining assertion. O

At p = 5 this is the named class 51¢ in degree 38 - 16 = 608. Section 5 kills its image at height
five as part of the uniform upper argument.

4 Semilinear descent and an adic bound

At height a = p for p > 5, and at height a = p + 1 for p > 7, the upper arguments need continuous

cohomology to vanish above degree a? + 1, for both sphere coefficients and finite-test coefficients.

We first bound the cohomology of finite adic quotients and then pass to their countable inverse limit.

At height p the Galois quotient has order p, and its semilinear action on Witt coefficients supplies

the required descent. At height p 4+ 1 the full extended group has finite p-cohomological dimension.
Put kg = Fpe and write

(Ea)* = Oa[uil]a Oa = W(ka)[[ub cee 7ua71]]7 my = (pa Upy .- 7ua71)7 |’LL| = _27

and G, =S, x Gal(k,/F,). Here S, is the pure stabilizer over k,.
Exactness of Galois invariants for p-complete twisted Witt modules is proved in [9, Lemma 1.14].
The explicit contraction below applies to arbitrary semilinear modules.

Lemma 4.1 (Trace-one contraction). Let a finite group Q act on a commutative ring W. Suppose
w € W satisfies 30 e g(w) = 1. For any semilinear W-module P, one has HY(Q,P) = 0 for
i >0, with no finiteness or flatness hypothesis on P. In particular this holds for W = W (Fpe) and
Q = Gal(Fpa /Fp,), without a prime-to-p hypothesis on a.

Proof. Use homogeneous group cochains: a degree-¢ cochain is an equivariant function f : Q4! — P,
with differential the alternating deletion of coordinates. For ¢ > 1 define

(hf)(go’ v 7gq*1) = Z V(U’)f(%goa cee agqfl)'

vEQ

For g € Q, replacing v by g7 proves that hf is equivariant: semilinearity converts (gv)(w) gf into
g(y(w)f). In hd + dh, the terms deleting one of the displayed g; cancel in pairs. The term deleting
the inserted coordinate is . v(w)f = f. Thus hd + dh = id in positive degrees, proving acyclicity
for arbitrary P.

For the Witt-ring case, the finite-field trace is onto. Lift a residue trace-one element to wg € W.
Its Witt trace lies in Z;, and is congruent to one modulo p, hence is a unit. Dividing wy by this
invariant unit supplies w. We have not divided by |Q)|. O

Lemma 4.2 (Finite quotients and the extra adic degree). Let G = Sy x Q be profinite with Q finite,
and let D > 0 be an integer such that c¢d,(So) < D for discrete p-primary modules. Let {M;};
be a countable tower of finite discrete p-primary G-modules with surjective transitions, and give
M = @j M the inverse-limit topology. Suppose each M; is a W-module, Sy acts W -linearly, Q)

acts semilinearly, and W admits the trace-one element of Lemma 4.1. Then
Hgts(G7Mj) =0 ($>D)> Hgts(G?M):O (8>D+1)‘

The second conclusion also holds if the first displayed finite-quotient vanishing is supplied directly,
without a semidirect-product hypothesis.



Proof. The pure-subgroup cochain complex is W-linear and has semilinear ()-action, including the
conjugation action on its arguments: for an inhomogeneous b-cochain,

(VF)(515- -5 88) =1 (F (7 17, v )
The pure differential is W-linear and commutes with this action. Its cohomology is therefore
semilinear, whether or not that cohomology has separately been shown finite. The continuous
Hochschild—Serre sequence at the discrete coefficient level is
H'(Q, Hey (S0, M) = HIL (G, M;).

cts

Lemma 4.1 kills its positive @-columns, giving

(G M;) = Hi(So, M;)®

cts

This proves the first bound. Continuous cochains into M are compatible cochains into its finite
quotients. Their transition maps are degreewise surjective: a continuous cochain has a finite value
set, and any choice of lifts of those values gives a continuous cochain into the next finite quotient.
No equivariant section is needed for inhomogeneous cochains. The countable inverse-limit sequence
is therefore

cts

0 —> lim B3, (G, My) — H3(G, M) — lim H3 (G, Mj) — 0. (4)
J J

Both outer terms vanish for s > D 4+ 1. At the remaining boundary degree, the same sequence gives

cts

HRH (G, M) = lim P HE (G, My).
J

Thus the bound retains the possible extra inverse-limit degree. O

Proposition 4.3 (The two upper heights). Let Vi be a finite ordinary p-local spectrum, let
DVy = F(Vp, S), and give M = my(E, N DVp) its m,-adic topology and Morava action. Then

H5(Go, M)=0  (s>a’+1)
in each of the following cases: a =p withp > 5, anda=p+ 1 withp > 7.

Proof. The pure stabilizer is the maximal-order unit group in the central division algebra over Q,
of dimension a?, so it is compact p-adic analytic of that dimension [24, Sections 2.1-2.2]. It has no
element g of order p in either stated range. Indeed, (¢ — 1)®,(g) = 0 in a division algebra and g # 1
imply ®,(g) = 0. The polynomial ®,(X + 1) is Eisenstein, so g generates the degree-(p — 1) subfield
Qp(¢p). The division algebra would then be a vector space over this subfield, forcing p — 1 | a’.
For a = p this forces p — 1 | 1; for a = p+ 1 it forces p — 1 | 4. These are impossible in the stated
ranges. The Lazard-Serre theorem therefore gives cd,(S,) = a? for discrete p-primary coefficients
[29, Section 1, Corollary (1)].

For each ¢, the coefficient module M is finitely generated over the complete Noetherian ring
O,, by the finite construction of DVj. It is complete and separated; its quotients M; = M/ ml M
are finite discrete p-primary modules with surjective transitions. This uses no flatness of M and
allows torsion and both parities. The maximal ideal is invariant. For Vj = 5, continuity of the
action on these quotients is part of the Morava action used by Devinatz—Hopkins [7, Theorem 1(ii)
and Remark 1.3]. For every finite Vp, the actual action and its continuity are also obtained by the
ordinary cooperation construction of Proposition 8.1 below.



The pure stabilizer fixes W (k). It fixes the residue field and thus the unique Hensel lifts
of the roots of XP* — X, which are the Teichmiiller representatives; continuity then fixes their
convergent Witt expansions. Hence its action on M; is Witt-linear, while @) = Gal(k,/F,) acts
semilinearly by the Witt lift. At a = p, Lemma 4.2 with D = p? gives the bound. The full group
has the split Galois subgroup of order p; this conclusion is specific to the stated coefficients. The
cohomological-dimension theorem was applied only to S,.

At a = p+ 1 with p > 7, the Galois quotient has order p + 1, prime to p. An order-p element of
G, would therefore lie in S,, where we have just excluded it. The full group is a finite extension
of the compact p-adic analytic pure group and has the same dimension a?. The same dimension
theorem now applies to the full group itself and gives H(Gq, M;) = 0 for s > a®. Apply only the
inverse-limit part of Lemma 4.2 to this finite-quotient bound. In both cases the finite quotients
vanish for s > a2, and (4) gives the asserted bound s > a® + 1 for M. O

For the sphere-kernel argument, take Vp = S, so that M = (E,),. The exponent argument
uses the same bound for every finite Vj, including modules with torsion and both parities. In both
applications the topology is the full maximal-ideal topology, as in the continuous-cochain convention
of Devinatz-Hopkins [7, Remark 1.3].

Remark 4.4 (A sharper line for sphere coefficients). For the sphere homotopy fixed point spectral
sequence, Bobkova and collaborators state an E, vanishing line at s = n? + 1 when p — 1 { n [5,
Equation (2) and Remark 1.2]. At p = n = 5 this gives H3(Gs; (E5)q) = 0 for s > 25. That
statement concerns the ordinary sphere coefficients (Ey),. It does not assert the same line for every
finite-test module 7y (E,, A DVp) or identify an actual image filtration. Proposition 4.3 supplies the
common conservative bound used in this paper.

5 Upper annihilation and the canonical kernels

At each upper height, torsion and parity place the unit image of 51 in Adams filtration two. The
cohomological bound of Section 4 makes the sufficiently high filtration zero. To apply this to the
same power detected at the lower height, we identify the Adams filtration with images of tensor
powers of the unit fiber. This also proves its multiplicativity directly.

5.1 Relative Adams stages

We first isolate the finite-stage comparison. In a stable symmetric monoidal co-category with exact
tensor, let E be a unital algebra. Call an object E-injective if it is a retract of E ® Z for some Z. A
relative F-Adams resolution of V' consists of triangles

Ts+1 —>Ts ii)@& T():Vva

where each @), is E-injective and F ® g5 is split monic. All stages map to V by their composites
down the tower. This is the relative convention of [7, Appendix A].

Lemma 5.1 (Equality of relative Adams-stage images). Two such resolutions of V' have the same
stage-s image in [W, V] for every object W and every s > 0.

Proof. Suppose a map fs : Ts — T, over V has been constructed, and put gs = ¢.fs. Choose a
retract
/L_S>E®ZSP_S>Q, ps[/s:L

S 89



and a splitting 05 : £ ® Qs - E ® T with 05(1g ® ¢s) = 1. The composite

70 Qi 25 EQ I E®T,
1E®(tsgs)

(5)
E®ExZ Y EBez,2 Q.

extends g, along ¢s. Indeed, unit naturality gives ng.¢s = (1g ® ¢s)nr,. The splitting removes
1g ® ¢s, and a second use of unit naturality followed by the module unit law gives

Js4s = Ps(M ® 1)(1E ® (LSQS))UTS = Pslsgs = Gs-

Complete this square to a map of fiber triangles to obtain fo41 : Typ1 — Th, ;. Starting with
fo = idy gives maps over V at every finite stage, and hence one inclusion between the stage-s images
in [W, V]. Repeating the construction in the other direction proves equality. The comparison begins
at stage zero on V, so the indices agree. Only these finite-stage maps are used; no equivalence of
towers is asserted. O

5.2 The separated upper filtration
For a positive height a, work in the local category Co = Spg (4, With
B, = LK(a)S, U,V = LK(a)(U AV), I, = fib(B, — E,), € : I, = By.

The tensor unit is B,. These local tensors will be used to describe homotopy classes of the underlying
ordinary spectra.

Lemma 5.2 (The actual Adams filtration). The strongly convergent descent spectral sequence
Ey?" = Hiy(Ga; (Ea)q) = mg—sBa (6)
has the separated homotopy filtration

Ras
Fom.B, = im(m % ) By, 180 = B, (7)

Its successive quotients are E5* with the usual total degree, and F"F$ C F"*s,

Proof. Devinatz—Hopkins give (6) with strong convergence and identify it with the local E,-Adams
spectral sequence [7, Theorem 1(iii)—(iv)]; the full extended group is open in itself. The coefficient
topology is the full maximal-ideal-adic topology of [7, Remark 1.3]. Their ideal (p,v1,...,vq—1)
agrees degreewise with m, = (p, u1,...,uq—1), since v; = w;ut~P" and w is invertible.

The tensor powers Ty = IZ** form resolution triangles

Tor1 — Ts L5 E, @4 Ts. (8)

Their right terms are E,-injective, and multiplication on E, retracts E, ®, ¢s. Thus they form a
relative Adams resolution in the convention just used. By Lemma 5.1, their stage-s images agree
with those in the Devinatz—Hopkins resolution at the same index. This proves (7). In particular
Ty = B, and 17 = I, give the full group and the kernel of 7,B, — mw.FE,, respectively. Strong
convergence supplies separation and the stated associated-graded quotients for these actual image
groups.

A map from a suspended sphere to a local object is equivalently a map from the suspended
local unit. Tensoring two lifts through I©«" and I£+* therefore gives a lift of their product through
2 o(r+5)  This proves multiplicativity. Monoidal localization carries the sphere unit and its products
to the local unit, so these are also the products of the actual sphere images. Smashing localization
is not needed. O



Proposition 5.3 (The zero upper tail). Let a =p with p > 5, or a =p+ 1 with p > 7. Then
Fm.B,=0  (s>a*+2). (9)
Proof. Proposition 4.3, with the finite test 1 = .59, gives
Hi(Gai (B)) =0 (s>a?+1, g€ Z). (10)

At height p this uses the pure stabilizer dimension and the semilinear Witt trace-one contraction for
the order-p Galois quotient. At height p+4 1 the full extended group has no p-torsion, so its dimension
gives the finite-quotient bound. Both cases retain the possible adic inverse-limit contribution in
degree a? + 1.

By Lemma 5.2, the successive quotients of the actual filtration from a? + 2 onward are zero.
That tail is consequently constant, and separatedness makes its common value zero. This proves
(9). It is a statement about homotopy images; the exponent argument will require a separate proof
of map nullity. O

5.3 Annihilating the detected sphere product
Put d =2p(p—1) —2and k = (p — 1)%

Proposition 5.4 (Upper vanishing of the same power). For every x € mgS, the unit image of x* is
zero in wap B, when p > 5. When p > 7, the image of the same product is also zero in ma,Bpi1.

Proof. Let a be either upper height in its stated range, and let z, € myB, be the unit image of
x. Positive stable sphere stems are torsion: suspend into an odd-dimensional sphere in the stable
range and apply Serre’s finiteness theorem [28, Chapter V, Section 3, Proposition 3]. Since (E,)q is
torsion-free, x, maps to zero in m4E, and belongs to Flm B,.

Since d is even and E, has only even homotopy,

F'74B,/F*r4B, = ELH = 0.

Thus z, € F?, and multiplicativity in Lemma 5.2 gives :B]; € F?¢71,.B,. The numerical margins
above the last possible filtration are

2p -1 -+ 1) =p* —4p+1>0 (p>5),
20— 1) = ((p+1)*+1) =p(p—6)>0  (p=7).

Therefore 2k > a? + 2, and (9) gives 2% = 0. This is the unit image of the original sphere product
z*, by the product identification in Lemma 5.2. 0
Proof of Theorems 1.2 and 1.1, and Corollary 1.3. Use the single named product z, = Epil)Q.
Proposition 3.3 detects it under the actual unit to the K (p — 1)-local spectrum ¥ = E[’}%. Proposi-
tion 5.4, applied to x = f1, kills that same product in B), for p > 5 and in By for p > 7.

Apply Proposition 2.2 with t = p—1 and n = p or n = p + 1, respectively. The result is a
nonzero image of z, in wgyL,—1X killed by the actual canonical map i, x. Its two naturality squares
identify that map after completion. A retraction would induce a left inverse on this homotopy group,
which is impossible.

For p = 5 the product is 1% in degree 608, and its upper image lies in F327g03 Bs, while the
zero tail starts at F27. Taking n = 5 gives the named prime-five statement as well. O

10



6 Finite descent and exponent bounds

The exponent argument uses two consequences of a finite descent bound. First, such a bound forces
a horizontal vanishing line on a specified page of the descent spectral sequence. Second, an FEs
vanishing line, together with some finite descent bound, forces a specified fiber map to have zero
image after every chosen exact test. We prove these statements directly from finite tensor cubes,
keeping tested images distinct from null maps.

6.1 Finite tensor cubes

Let C be a stable symmetric monoidal co-category whose tensor is exact in each variable. Let A be
an associative unital algebra, with unit 1, and put J = fib(1 — A) and € : J — 1. For V € C form
the augmented Amitsur object

vV — Cy(V), CU(V) =A%) g v,

Cofaces insert the unit and codegeneracies multiply adjacent A-factors. The partial totalization
Tot, is the limit over the full simplex category on [0],...,[s], including codegeneracies. The cubical
comparison is standard descent machinery [21, Proposition 2.14, pp. 1007-1008]; its proof fixes the
finite-stage indexing and functoriality used here.

Lemma 6.1 (Full finite tensor cube). For s > 0 there is a natural equivalence of arrows over idy
(fib(V — Tots C3(V)) — V)

~ (J®<s+1> oy ey, V) .

The transition on the fibers from stage s + 1 to stage s applies € to the final J-factor. Any exact
functor ® : C — Sp preserves this finite fiber sequence.

Proof. Let P1z([s]) be the poset of nonempty subsets of {0,...,s}. The functor
b : Pro([s]) — Axs, S — (S| —1]

uses the order-preserving injection induced by each inclusion of subsets. At [I], with [ < s, the
comma category 6,/[l] consists of nonempty subsets equipped with a weakly increasing map to [].
It is the poset of nonempty faces of the simplicial complex P(s,l) whose simplices are lists

(20,70)s -5 (Ips Jp); 0<ip<---<ip<s, 0<jo<--- < <L

This complex is contractible. The base case P(0,0) is a point. Every simplex either omits the
first-coordinate value s or contains exactly one vertex (s,j). Begin inductively with the cone of
vertex (s,l) on P(s —1,1). This cone is contractible even when [ = s, when its base is not covered
by induction. For each j < [, attach the cone of vertex (s, j) along its base P(s — 1,j). This is its
exact intersection with the previous complex and is contractible by induction, since j < s — 1. The
intersections are simplicial subcomplexes, so each attachment preserves contractibility. The functor
is therefore homotopy initial.

The partial totalization is consequently the limit of the punctured (s + 1)-cube obtained by
tensoring copies of 1 — A and then tensoring with V. Its omitted vertex is V. Taking successive
fibers and using exactness of tensor gives J¥61) ® V| with its canonical arrow to V. Removing
the last direction of the cube gives the stated transition. This is a genuinely finite cubical limit,
so any exact ® preserves it. Finiteness of the list of objects in A<, alone would not justify that
assertion. O
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Fix an exact functor @ : C — Sp. Put V/ = &V, U; = ®(J® @ V), and Ps = Tots(®C%(V)) for
s> 0;set Py =0 for s < 0. Thus Uy = V' and

Ugy1 — V' — P (11)
is a compatible family of fiber sequences. Define its augmentation filtration by
FSﬂ'dV/ = ker(de’ — 7TdPS_1) = im(ﬂ'dUS — del), s > 0. (12)

These groups are defined from finite stages. The argument below will use them without identifying
V'’ with an infinite totalization. Our spectral sequence convention is

B = Homg(PCH(V)),  dv:(s,q) — (s+r,q+r—1).

The full tower has normalized cosimplicial cochains on F1, giving the displayed F» page.

6.2 Exponents and exact finite-page bounds

For b > 1 say that V has A-exponent at most b if the actual map
(V)= @idy : S @V — V
is null. This is stronger than vanishing on homotopy groups after a test.

Lemma 6.2 (Exponent calculus). An A-module has exponent at most one. Bounds are preserved
by retracts and by tensoring with arbitrary objects. For a cofiber sequence U — V — W, bounds
b and c on U and W give bound b+ c on V. If e, (V') is null, V is a retract of an object with m
successive layers AR J¥ @V, 0<i<m.

Proof. The unit map of a module splits by its action, making its fiber map null. Naturality gives
retract invariance, and tensoring a null map gives tensor invariance. In the cofiber sequence, the
composite J¥®@V — V — W is null, so choose a lift £: J®¢® V — U. After precomposition by b
more € factors, naturality identifies the resulting map into U with e,(U)(1 ® £), which is null. Its
composite to V is epy (V). Finally the consecutive maps J®U+Y) @ V — J® @ V have the stated
cofibers. Their composites to V filter cofib(e,,(V)) by these m layers. Nullity of e,,(V) makes V a
retract of that cofiber. O

These bounds describe the thick tensor ideal generated by A; compare [20, Definition 3.18]. We
now fix the page convention for the quantitative use of nilpotence [21, 22].

Proposition 6.3 (Pages and tested images). For any ezact ® : C — Sp and integer b > 1:
(i) If V has A-exponent at most b, then Elffl =0 for all s > b and q.

(ii) If V has some finite A-exponent and Ey? =0 for all s > b and q, then mq®(e;(V)) =0 for
every d.

The second assertion is zero tested image, not nullity of a map.

Proof. In coordinates (s,d) with d = ¢ — s, the derived couple has

Di’d = im(ﬂ'dPs-i-r—l — 7TdPS)
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and maps
i: D3 — psTld g p3d o pstrdll g psd L D,

Here the second E-index denotes total degree; no convergence claim is used. Let ¢ be an actual
exponent bound. Every length-c transition in the fiber tower U; is null, being ® applied to a tensor
multiple of e.(V). For s > 0 the boundary square from (11) is

7TdPs+c — 7Td—1Us+c+1

\ 10

malPs  — mwg_1Usqa.

The image from Py, has zero boundary and lifts to m4V”’; conversely an augmentation class comes
from P;,.. Hence
DY = im(mgV' — 14 Py). (13)

Both sides are zero for negative s. These image groups have surjective transition ¢. The augmentation
into P; is injective on homotopy for s > ¢ — 1, since its kernel is the image of a map factoring
through e.(V). Thus i is an isomorphism for s > ¢. Exactness of the derived couple gives j = 0
and, for s > 0, identifies

EX 2 ker(DEY — DI =2 PomgV! [P i V7,

In particular this is zero for s > ¢. Taking ¢ = b proves (i). For (ii) retain any c¢. The Es line makes
these same quotients zero for s > b. Since F¢ = 0, descending from ¢, or monotonicity when ¢ < b,
gives F* = 0. Equation (12) is exactly the asserted zero image. This argument uses only finite
cubes and never assumes that ® preserves an infinite limit. ]

7 A finite-page lower exponent bound

Fix a prime p > 5 and put t = p — 1, h = p, and m = p? + 2. The lower exponent inequality in
Theorem 1.4 will follow from a class in filtration greater than m on page E,,+1. Proposition 6.3(i)
excludes such a class whenever the exponent is at most m. This argument uses the pure stabilizer
subgroup and its residue field, which we specify independently of the extended group used for the
sphere kernel.

Theorem 7.1 (Pure-stabilizer cohomology). For every odd prime p, putt = p — 1 and let E; be
Morava E-theory for the height-t Honda formal group over ky = ¢, with its coherent stabilizer
action. The pure stabilizer Sy contains a finite subgroup H = C), x Cy2 for which

H*(H; (Ey)x) = kela, 551, A% /(0?),

) (14)
la| = (1,21), 1B = (2,2pt), |A] = (0, 2pt7).

The ordinary-to-Tate comparison is multiplicative and identifies H*(H; (E;)q) with the displayed
Tate group for every s > 0 and q.

The coherent action specializes to the prescribed Honda stabilizer action [7, Theorem 1(ii) and
Remark 2.4]. This is the subgroup denoted F' in [1, Equation (1.2) and Theorem 4.5], where the
height is called n. The positive-filtration comparison is [1, Remark 2.2]; the pure-group calculation
before taking Galois invariants also appears in [10, proof of Proposition 5.5]. We use the cohomology
and its bidegrees here. No differential from the Tate spectral sequence is needed for the argument
below.
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Work in Dy = Fun(BH, Sp(,)) with pointwise ordinary smash, and put Ay = F(Hy, S) with its
translation action. For the exact functor (—)hH , the Ag-Amitsur spectral sequence is the ordinary
homotopy fixed point spectral sequence: its terms are functions on the free H-sets H91!, and taking
fixed points gives homogeneous group cochains. Lemma 3.2 supplies its cup product and derivation
rule without requiring convergence. We will apply the finite-page exponent criterion to this tower.

Proposition 7.2. The H-exponent of E; is greater than m.

Proof. We have m < 2t% + 1, since the difference is p?> — 4p + 1 > 0. Choose a positive N divisible
by p with 2N > m. We show that 8V # 0 on E,, 1 in bidegree (2N, 2ptN). For 2 < r < m all
possible source and target filtrations are positive, so (14) applies. Even r gives odd internal degree
and a zero group. For odd r, internal-degree divisibility forces r = 2ta + 1 with 1 < a < t.

An outgoing target must be af¥T?Al. Equality of internal degrees gives a — 1 = pt(a + 1),
which forces a = 1. An incoming source must be a8Y 11 Al whose internal-degree equation is
a —t = pt(a — 1), impossible for 1 < a < ¢t. Thus only the outgoing differential do;4+1 remains. The
same degree argument shows that § exists up to that page; its only possible incoming differential
has length two and odd internal source degree. The derivation rule on that page gives

da41(BY) = NN dor1(B) = 0,

because [ has even total degree, p divides N, and the target is p-torsion. With all incoming
differentials and all other outgoing possibilities excluded through page m, this class is nonzero on
Ep41. Its filtration is 2N > m, contradicting Proposition 6.3(i) if the exponent were at most m. [

At p = 5, where m = 27, one may take N = 15: the class has filtration 30 on Fsg and obstructs
exponent 27. The proof needs only this finite-page survival; it does not use a sphere representative
or the abutment of the ordinary spectral sequence.

8 Ordinary cooperations and finite tests

The upper exponent bound requires the cohomological line of Section 4 after every finite ordinary
test. We therefore identify the tested Amitsur coefficient complex, including its actual coface and
codegeneracy maps. Fix a positive height a, and write

E=E,, kq = Fpa, O =04 =W(ko)[[u1,---,ua-1]],
O, = (E,)y = O[u™Y],  |u| = -2, m=mg = (p,us,...,Ug—1).

Use the coherent action of G, = S, x Gal(k,/F,,) by commutative ring automorphisms, whose special-
fiber action is the prescribed Honda stabilizer action [8, Section 7, Proposition 7.3, Equation (7.3),
and Corollaries 7.6-7.7]. The local category C, = Spg(,) has unit B, = Lg()S and tensor
U®qV = Lg(q)(UAV). All unadorned smash products and function spectra below are ordinary.

Proposition 8.1 (The finite-test coefficient complex). For r > 0, let
ZT’ == LK(a) (E/\(T+1)).
For every finite ordinary p-local spectrum W, there are natural graded isomorphisms

7e(Zy AW) 2 Cos(GT, o (E A W)). (15)
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The first E-factor acts by constant coefficients. The two-factor evaluation is multiplication after
1A g. In the cumulative coordinates 1,91,9192,...,91 - gr on the factors, these isomorphisms
identify every coface and codegeneracy of the unit Amitsur object with the continuous inhomogeneous
group-cochain operator.
Consequently, apply the exact ordinary functor F(Vy, —), for a finite ordinary p-local spectrum
Vo, to the full unit Amitsur tower for E, in Cq. In the page convention of Proposition 6.3, its second
page 18
E>?" = HE (Gq, mg(Eq A DVG)), DVy = F(Vy, S). (16)

Here HZ, means the cohomology of continuous cochains with the adic topology on the indicated

coefficient module.

We prove the comparison by first forming ordinary cooperations, then completing their flat
coefficient modules, and finally applying the finite test. The next three lemmas justify these steps.
Mixed cooperations and their completion will also be used in Section 10. The exact-homology input
originates in Landweber’s work [17]; we use the precise cooperation formulations cited below, with
BP the p-local Brown—Peterson spectrum.

Lemma 8.2 (Ordinary mixed cooperations). For positive heights a,b, the ordinary smash product
has even homotopy
7T*(Ea A Eb) = (Ea)* ®BP, BP,BP X BP, (Eb)*

It is flat over (Eg)« through the first factor.

Proof. Apply the ordinary Landweber cooperation calculation to the p-typical flat Hopf algebroid
(BP,, BP,BP). This gives the displayed BP, formula. It is the p-typical form of the MU, formulas
displayed in [26, Section 15, Proposition 15.1 and Corollary 15.4] and [14, Lemma 4.4]; Morava
E-theory over BP is included in [16, Example 0.1(d)]. The two tensor products use the two different
unit maps into BP,BP. For a Landweber-exact BP,-algebra C, the module BP,BP ®pp, C is flat
over the other BP,-action. Indeed, tensoring with it factors as the exact cofree-comodule functor
followed by the exact Landweber functor on comodules. This is also the opposite-unit criterion
of [16, Lemma 2.2], with conjugation exchanging the units when necessary. Base change along
BP, — (E,)+ proves the asserted flatness. The displayed coefficient and cooperation rings are even
graded, which proves evenness. In particular this argument does not require (Ej). to be flat over
BP,. O

The ring O is complete, Noetherian, regular, and local, with finite residue field. If W is a finite
ordinary p-local spectrum, then
M, =m.(EANW)

is finitely generated over O,. This follows by finite cofiber constructions and retracts from the
assertion for the sphere. Periodicity identifies graded module questions with the two parities over
O. Regularity therefore supplies a finite resolution [30, Tag 0007] of M, by finite graded free
O.-modules. Neither parity of M, is required to vanish.

Lemma 8.3 (Base change and continuous functions). Let Dy be an ordinary right E-module for
which Do ®o, (=) is exact on finitely generated graded O.-modules. The natural comparison

T Do @0, T(EANW) — m (Do A W) (17)

is an isomorphism for every ordinary p-local spectrum W.
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For every profinite set T', the functor Ces(T, —) is exact on finitely generated O-modules with
their m-adic topologies. For every finitely generated graded O.-module My, the natural map is an
isomorphism

Ccts(T7 O*) ®o, M, — Ccts(T7 M*) (18)

The functions and the displayed graded isomorphism are understood degreewise.

Proof. First suppose W finite. The equality
D()/\WED()/\E(E/\W)

is an equality of ordinary derived constructions. The comparison is the balanced homotopy cross
product for this relative smash, so it is natural in both variables before choosing any resolution.
Realize a finite graded free surjection onto 7.(E A W) by an E-module map from a finite wedge
of suspensions of F. Surjectivity makes the homotopy of its fiber the first syzygy. Repeat along a
finite free resolution. At the last stage, lifts of a free basis give an equivalence from a finite free
E-module, since they give an isomorphism on all homotopy groups. Relative smash with Dy is
exact. Induction back through these fiber sequences, using the assumed tensor exactness on each
finitely generated syzygy, proves (17) for finite W.

Every ordinary p-local spectrum is a filtered homotopy colimit of finite ordinary p-local spectra.
Both sides of (17) preserve those colimits: ordinary smash and homotopy groups do so, as does
tensoring a module with 7, Dg. Naturality extends the comparison to arbitrary W.

For the assertion about functions, let M — N be a surjection of finitely generated O-modules.
For every j > 1 the map

M/mI* M — (M/w M) Xy /iy (N/m?TIN)

is surjective. To see this, lift the first component to M} its error against the second component
lies in m/ N, and this error lifts from m/ M. Each quotient is a finite set. Given a continuous map
T — N, first lift its reduction modulo m, and then use these surjections to lift successively while
preserving the previous choice. A lift on each finite value set is continuous. The compatible system
defines a continuous lift to M, since finitely generated modules are complete. Kernels carry their
subspace topologies: the relevant modules are compact Hausdorff, and the induced continuous
bijection from a kernel to its image is a homeomorphism. It follows that Ces(7, —) is exact on these
modules. Apply this exact functor to a finite presentation of M, and compare with tensoring the
same presentation by Ces(T, O). The comparison is an isomorphism on the finite free terms and
hence on M. Applying this argument in each parity proves (18). In particular Ces(T, O.) ®o, (—)
has precisely the tensor exactness used in the first assertion. O

Lemma 8.4 (Flat completion and reduction). Let N be an ordinary E-module with flat graded
homotopy U, = m.N. Its actual K (a)-localization map induces

U, — LN 2 U, := lim U, /m/U..
J

For a flat O-module U and every j > 1,
U/mU =2 U/mU.

Both assertions apply degreewise to the periodic graded modules above.
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Proof. The first assertion is the localization theorem for ordinary Morava E-modules: K(a)-
localization is derived m-completion, and flat homotopy has no higher derived completion. The
natural localization map induces the ordinary completion map [27, Propositions 3.4, 3.6 and
Corollary 3.8].

Here is the algebraic reduction argument, including its needed inverse-limit step. Choose
a resolution P, — Ny of a finitely generated O-module Ny by finite free modules. The tower
P, @0 U/m'U is degreewise surjective. By flatness of U, its first homology is

Tor{ (Ny, O/m') @0 U.

This homology tower is pro-zero. Indeed, for a finite first presentation 0 - K — Py — Ny — 0,
the corresponding Tor group is (K Nm!Py)/m! K. Artin-Rees [30, Tag 00IN] gives a d such that
KNm!Py C m?K for | > d. For any fixed j, a transition from [ > j 4+ d to j is therefore zero.
Tensoring these zero transitions with U preserves this conclusion.
The homology exact sequence for the countable inverse limit of this degreewise-surjective tower
now gives
No @0 U = 1lim(Ny ©0 U/m'U);

Rk
l

the possible @1 of the first homology is zero because that tower is pro-zero. Finite freeness of the

P; identifies their tensor with U with their inverse-limit tensor. Take No = O/w/; for | > j the
modules on the right are U/m?U. This proves the reduction formula. O

Proof of Proposition 8.1. The completed cooperation theorem gives
F*LK(Q)(E/\E) = CCtS(Ga,O*). (19)

At g, the map is p(1 A g); the first factor acts by constant scalars. This is the evaluation map
of [14, Section 1 and Theorems 4.11 and 6.8]. The equivalent convention in [7, Proposition 2.2,
Equation (2.3), and Equations (2.5)—(2.7)] uses u(g~! A 1); exchanging the factors and inverting the
group coordinate gives the convention above. The coefficient topology is the adic one [7, Remark 1.3].

Put P, = m.(E A E), regarded as an O,-module through the first factor. Lemma 8.2 makes P,
flat. The actual localization map, the reduction in Lemma 8.4, and (18) applied to O,/m’O, give

P, /mJ P, = Cris(Gy, O, /m7 O,). (20)

This isomorphism is induced by the actual ordinary evaluation £ A E 9 B AE Y E followed by
reduction. It is not just an abstract isomorphism of the two reduction modules.
To form higher powers, use a common first factor in the ordinary relative smash products

(EOAEl)/\EO"'/\EO (BEoNE.)~FEyNELN---NE,.

Each E; denotes the same spectrum E; the subscripts mark positions. Iterating (17), including its
extension to arbitrary ordinary W, identifies the homotopy of this ordinary smash with PEo" . The
comparison inserts each pair into the first and one other position and multiplies at the common
position. These modules are flat, since P, is flat.

In each degree the coefficient ring O,/ mJ O, is finite. Continuous functions to it are unions of
function modules on finite quotient sets of G,. Tensors of the function modules on finite sets are
the function modules on their products, and every continuous function on G, to a finite set factors
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through finite quotients in the coordinates. It follows from (20) that the reductions of PEOT are

Cets(G~, 0./m?O,). Apply Lemma 8.4 only now, to this ordinary (r + 1)-fold smash. The result is
W*Zr = Ccts(Gga O*) (21)

For r = 0 this is the locality of E.

The maps in (21) remain the evaluations on the non-first factors followed by multiplication.
In fact each ordinary evaluation extends through localization because its target E is local. On
homotopy its first-factor O,-linearity makes it adically continuous. Lemma 8.4 makes the ordinary
image dense, and the reductions above show that the extension agrees with the displayed continuous
function. Thus the construction preserves the evaluation maps as well as the coefficient modules.

For finite W, the ordinary E-module Z, satisfies the exactness assumption in Lemma 8.3, by
(21) and (18). Those comparisons give (15). This step allows any finitely generated m.(E A W),
including torsion and both parities; no flatness of that module has been used.

The terms of the local unit Amitsur object are exactly Z,. For finite Vj, ordinary duality
identifies F'(Vy, Z,) ~ Z, AN DV}, so the previous formula computes each cosimplicial homotopy
group. Relabel the independent evaluations by their cumulative coordinates

L, g1, 9192, .-, 91 Gr

The cochain identities below can be checked on ordinary evaluations before localization. For finite
W, their target E A W is K (a)-local, since finite dualizable smash preserves local objects. They
therefore extend through localization and remain identities on the tested coefficients. Insertion of
the first unit acts on the coefficient; an interior unit combines two consecutive coordinates, and
insertion of the last unit drops the last coordinate. Explicitly, for a degree-r cochain c,

(500)(917 s ag"’Jrl) = 916(925 s 7gT+1)>
(5zc>(glv cee 7gT+1) = C(gla -3 9iGi4-1, - - - 7gT+1) (1 < { < T)v
(0" 1e) (g1, -, gr1) = clgr, -+ 9r)-

Multiplication of adjacent factors gives each codegeneracy, which inserts the identity in the corre-
sponding coordinate. These are all the inhomogeneous cochain operators, including the degeneracies
of the full cosimplicial object. The first unit insertion also displays the orbit function of every
coefficient. Those functions are continuous, and reduction gives continuous actions on the finite
invariant quotients by powers of m,. The Fs-page of the tower of finite partial totalizations is
cosimplicial cohomology of these homotopy groups, which is (16). O

9 From finite tests to an actual null map

We now bound the exponent of the upper local unit by proving nullity of a specified tensor-power
map.

Proposition 9.1 (The upper null map and its finite layers). Let p > 5 be prime and put h =p. In
Ch, let I, = fib(By, — Ep). The actual map

em(Bh):Iff"'m—)Bh, m=h>+2=p*+2,
is null. Thus expg, (By) < m, and By, is a retract of an object with m successive layers

Ej, @, I, 0<i<m.
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The coefficient line will make this map zero after every finite ordinary precomposition, once
some finite exponent is known. The following property of its target then turns that tested vanishing
into nullity. Its relation to the Brown—Comenetz phantom criterion is [6, Proposition 4.11].

Lemma 9.2 (Ordinary phantoms into a local sphere). Let a > 1. An ordinary map f : U — B, of
p-local spectra is null if its precomposition with every map from a finite ordinary p-local spectrum to
U is null.

Proof. Let M,S = fib(Ly,S — L,—15), and let Ipc be the ordinary Brown—Comenetz dualizing
spectrum for the injective group Q/ Zp)- Gross-Hopkins duality, announced in [12, Theorem 6] and
proved in the form used here in [15, Theorem 10.2(b),(e)], says that

D, = F(M,S, Inc)

is K(a)-local and invertible for ®,. The identification with this monochromatic object uses [15,
Theorem 6.19].

For a local target Z, the ordinary spectrum F(R, Z) is local. A map into it from a K (a)-acyclic
spectrum V' corresponds to a map V A R — Z, and V' A R is still acyclic. Hence ordinary function
spectra compute the local internal Hom, as in [15, Theorem 7.1]. Invertibility of D,, followed by
ordinary closed adjunction, gives equivalences of ordinary spectra

By ~ F(Dq, Dg) ~ F(Dy A M,S, Inc).

The displayed smash is ordinary. Put C = D, A M,S. Brown—Comenetz representability now gives,
naturally in U,
[U, Ba] = Homz(ﬂo(U A C),Q/Z(p)).

Write U as a filtered homotopy colimit of finite ordinary p-local spectra U;. Ordinary smash
with C' and ordinary homotopy groups preserve this colimit, so

mo(UANC) = ligﬂ'()(Ui NC).

The functional corresponding to f vanishes on every term by the assumed finite precompositions. It
therefore vanishes on the colimit, and f = 0. This argument tests by ordinary finite spectra and
uses no interchange of K (a)-localization with this filtered colimit. O

Proof of Proposition 9.1. First obtain some finite exponent for the actual local unit, independently
of any finite test. Devinatz—Hopkins prove that every K (h)-local spectrum belongs to the thick
tensor ideal generated by FEj, in Cp, [7, Appendix A, Proposition A.3]. This is the local nilpotence
consequence of Hopkins—Ravenel; its descendability form is [20, Proposition 10.10]. The objects
of finite Ep-exponent form a thick tensor ideal containing Fj: modules have exponent at most
one, tensoring preserves a bound, and cofiber sequences and retracts preserve finite bounds by
Lemma 6.2. It follows that Bj has some finite exponent c¢. This is one bound on an actual map
before any test is chosen; the nilpotence theorem supplies no numerical value needed here.

Apply the full local-unit Amitsur construction in Cp, to By, and then the exact ordinary functor
F(Vy, —) for a finite ordinary V. Proposition 8.1 identifies its second page with

HE(Gh g By A DVE)).

Proposition 4.3 makes this page zero for s > h? + 2 = m. The tested-image assertion of Propo-
sition 6.3(ii) applies using the already known finite exponent c. It concerns the full finite partial
totalizations and their finite fiber cubes, and gives

Vo, If?hm] — [V, By]  zero for every finite ordinary V.
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Thus the actual arrow e, (By), regarded in ordinary spectra, vanishes after every finite ordinary
precomposition. Lemma 9.2 makes it null as an ordinary map and hence null in the full subcategory
Ch.

For clarity, all layers needed next occur at finite stages. Set I,?ho = By, and for 0 < j < m put

Fj = cofib(I2n™ — 120m=9)),
The consecutive maps form a finite filtration 0 = Fy — F; — --- — F,,. The cofiber of If?h(iﬂ)
1 f? "is B, @p 1 ;? "' The cofiber comparison for consecutive composites therefore identifies

%

cofib(F; = Fjq1) ~ Ep ®p If?h(m_j_l) (0<j<m).

Finally F,, = cofib(e,,(By)). A nullhomotopy of e,,(By,) makes By, a retract of this cofiber. This
proves both assertions. ]

10 Field-valued points and coherent trace

Continue with p > 5, t = p — 1, h = p, and the pure subgroup H of Theorem 7.1. To transport the
finite upper layers, we need exponent one for modules over the mixed algebra

D = FE; AN Ey, D/:LK(t)D.

Here H acts on the first factor. Section 11 will make each transformed layer a D’-module in Dy.
The K (t)-acyclic spectra form a smash ideal. Monoidal localization of D into C;, followed by the
lax monoidal inclusion into ordinary spectra, therefore gives D' = L k(D a commutative algebra
structure in Dg. Its localization map is equivariant and is a map of these commutative algebras.

Proposition 10.1 (The completed mixed trace). The mized H-algebra D’ has an underlying
degree-zero class whose H-trace is a unit. Every D'-module in Dy therefore has H-exponent at most
one.

A trace unit gives the required coherent retraction by induction and coinduction. We first prove
that implication. We then construct the trace unit from the two formal-group isomorphisms supplied
by the factors of D: the fixed Ej factor forces H to act freely on field-valued points of

R = 7TOD/mt7TOD.

The ideal is H-stable. The mixed cooperation calculation of Lemma 8.2 makes D even periodic,
with an orientation and periodic unit from F;.

Lemma 10.2 (Coherent trace splitting). Let D’ be a commutative algebra in Dy. Suppose an
underlying class z € oD’ has unit trace

v=">g(z) € (mD)*.

geH
Then every D'-module U in Dy has expy(U) < 1.

Proof. Since H is finite, the underlying object Ay AU is F(H4,U), with diagonal action. Untwisting
the value at g by the action of g~! on U identifies it with the coinduction of the underlying spectrum:

0: Ay AU — Coind? (Res? U).
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Indeed, on functions the diagonal action is (hf)(g) = hf(h~1g), and (0f)(g) = g~ f(g) turns it into
translation (h0f)(g) = (6f)(h~1g). For finite H, the finite coproduct-product equivalence in spectra
identifies induction with coinduction. Induction adjunction takes the underlying multiplication map
. U — U to a map with coherent H-action

r,: Ag NU — U.

Let j : U — Ag A U be the unit map. Under 6, its component at g is ¢g~' : U — U. The
induction map has component gu. at g, so the underlying composite is

T = )9l =AY o) = M
geH g

The middle equality uses the compatibility of the D’-module structure with the H-action. Since v
is a unit, this is an equivalence of underlying spectra. Equivalences of H-diagrams are detected on
underlying objects, so r.j is an equivalence in Dy. Hence (r,j)~'r, retracts j there. Its fiber map
is null, which is exponent at most one. The class z was only an underlying class; no homotopy-fixed
lift of it is needed. O

Lemma 10.3 (Freeness on field-valued points). For every unital ring map x : R — Q to a field, the
equality x o g = x for g € H implies g = 1.

Proof. We first recall explicitly the naturality of the formal group used here. For a complex-oriented
even periodic commutative ring spectrum B, an orientation and a periodic unit give a coordinate in
degree zero. The finite projective-space calculation and its surjective restriction tower give

BY(CP*) = (mB)|[z5]].

Products of projective spaces give the corresponding group law. A unital ring-spectrum map
f : B — C carries an orientation to an orientation and a periodic unit to a unit. Its coordinate
therefore has an invertible linear coefficient in the chosen coordinate of C'. The inverse of this
coordinate substitution gives an isomorphism from the base change of the formal group of B to
the formal group of C. The product calculation gives compatibility with group laws, and this
construction respects composites of ring-spectrum maps. All later base changes are base changes of
these algebraic formal groups along maps of coefficient rings.

Let p: mgD — €) be the composite through x. Write ¢, : By — D and ¢, : Ep, — D for the two
factor maps, and let p;, pp, be their coefficient composites with p. The map p; factors through

Ot/mt = kt — Q.

The last map is injective, since it is a unital map from a field. After base change along p¢, pn, p, the
factor maps give formal-group isomorphisms

¢t - Fro — Fpo, én: Frno — Fpa-

Let gp denote the action of g on D. The equality z o g = x implies p o mo(gp) = p, so naturality
makes gp an automorphism u, of the single formal group Fp . Since gpty, = vp, naturality with
the second factor gives ug¢y, = ¢p,. Thus ug is the identity. But gpi; = 14g; naturality with the first
factor gives

UgPr = Ot 9o,
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where gq is the specialization of the prescribed stabilizer automorphism. Consequently gq is the
identity.

On the special fiber the pure stabilizer element g is its specified automorphism of the Honda
formal group over k;. This is the special-fiber content of Lubin—Tate deformation [19, Proposition 3.3
and paragraph 3.4], with its coherent realization as above. If g # 1, some coefficient of the power
series g(X) — X is nonzero in k;. It remains nonzero under the injective map k; — €, contrary to
go = 1. Therefore g = 1.

This proof used only the coefficient map to 2 for algebraic base change; it did not require a
ring-spectrum map to a spectrum with coefficient field €2. The assertion concerns equality of actual
field-valued maps; invariance of their kernels alone would not give the conclusion needed next. [

Lemma 10.4 (Algebraic trace one). Let a finite group H act on a commutative ring R. Suppose
that for every unital field-valued map x : R — Q, x o g = x implies g = 1. Then

1 €im(Tr: R — RT), Tr(r) = > g(r).
geH

Proof. The trace image is an ideal of RY, since trace is additive and a Tr(r) = Tr(ar) for a € RH.
Suppose this ideal is proper, and choose a maximal ideal q containing it. For every r € R, the monic
orbit polynomial [[ ¢ (X — g(r)) has coefficients in RY. Thus R is integral over RY. Lying over
gives a prime p of R above q. The quotient and inclusion into its fraction field give a unital map
x: R — Q = Frac(R/p) killing q.

The multiplicative unital maps x4 : R — €, x4(r) = x(g(r)), are pairwise distinct by the
hypothesis. Such distinct maps are linearly independent as functions. To prove this, suppose
Yo aixi = 0 is a nonzero relation with the least possible number of nonzero coefficients. One
term is impossible by evaluation at 1. If v > 1, choose an element b € R distinguishing x1 from x,.
Subtract x,(b) times the relation at r from the relation at br. The result is

> ai(xi(b) — xo(0))xi(r) = 0.

i<v

Its coefficient at 4 = 1 is nonzero in the field, giving a shorter nonzero relation, a contradiction.

In particular the function /.y x4 is not zero: each of its coefficients is 1 in the field, even if
the characteristic divides |H|. On the other hand it equals z o Tr, which is zero since x kills the
trace ideal. This contradiction proves the claim. If R is the zero ring, the conclusion holds directly
with 1 = 0. O

Proof of Proposition 10.1. Lemmas 10.3 and 10.4 give z € R with Tr(z) = 1. Lift it to zg € 7D,
and put v = 3>, g(z0). Then
v—1¢€mmyD.

The mixed module 7, D is flat over (E}), by Lemma 8.2. Lemma 8.4 therefore identifies the homotopy
of its actual localization D — D’ with the ordinary m-adic completion of 7, D.
At the finite adic stage moD/m]moD, the element

j—1
wj = (1-v)"

k=0

satisfies vw; = 1 — (1 — v)7 = 1. These inverses are compatible under reduction. Here j is a finite
truncation level; the quotient rings themselves are not required to be finite sets. The comparison
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with completion is induced by the actual ring map D — D’. Multiplication by the image of v is
O¢-linear and adically continuous and agrees with multiplication by v on the dense ordinary image.
It hence agrees with the levelwise multiplication on the completion. The compatible w; give an
inverse to the image of v in moD’.

Localization is equivariant, so that image of v is the H-trace of the image of zy. Lemma 10.2
now applies. If the completed ring is zero, its unit is zero and every unital module is contractible,
giving the same conclusion. O

11 Transport of the finite layers and the canonical unit

The upper null map supplies a retract built from m local Ej-module layers. We now transport those
individual layers by the exact functor on ordinary p-local spectra

T: Sp(p) — DH, T(V) = LK(t)(Et A V),

with H acting through the coherent action on E;. Applying T to a local layer means applying it to
the underlying ordinary spectrum of that object of C;,. The mixed trace will make each resulting
layer have H-exponent at most one.

Proposition 11.1 (The cross-height upper exponent). Let p > 5 be prime, witht = p — 1 and
h =p. One has
expy (T(By)) <m = p* + 2.

Proof. The inclusion Cp, — Sp(,) is exact and lax symmetric monoidal. Since Ej, is local, the
localization unit identifies the included local algebra FEj with its given ordinary algebra. Each local
layer Ej, ®p, I,?hl in Proposition 9.1 consequently has an ordinary Ej-module structure. Ordinary
smash with E; makes it a D = E; A Ep-module with compatible H-action.

The K (t)-acyclic spectra form a smash ideal. Thus the localization into C; is symmetric monoidal
for its localized tensor, and the inclusion back into ordinary spectra is lax symmetric monoidal.
Applying localization to the algebra and this module gives, after that inclusion, a D’-module
structure on the transformed layer in Dy. Proposition 10.1 gives every such layer H-exponent at
most one.

The functor T' preserves cofiber sequences and retracts. Apply it to the finite filtration and
retraction of Proposition 9.1, and add the m layer bounds using Lemma 6.2. This yields the stated
bound. The construction used ordinary module structures on the individual layers; it required no
preservation by 1" of the Cp, tensor product. O

Corollary 11.2 (The exponent contradiction for the canonical unit). Let p > 5 be prime, put
t=p—1and h=p, and let X = SI/J\ be the derived p-completed sphere. The canonical map

. h
inx = Li(ny) s LeX — LiLgmX
has no homotopy retraction in ordinary spectra.

Proof. The functor T inverts K (t)-equivalences: the cofiber of such a map is K(t)-acyclic, and
remains so after ordinary smash with E;. Every L;-localization unit is a K (t)-equivalence. Lemma 2.1
says that the actual completion ¢ : S — X is a K(a)-equivalence for each positive a, in particular
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for a = t,h. Write Ay : Z — L;Z for the lower localization unit. Consider the square of actual
localization and completion maps

U(h)
s — By,

Ax Cl J/)\LKUL)X Ly ny(c)

LX % LiLgn X.

It commutes by naturality of the two localization units. Both vertical arrows become equivalences
under T: for the left one use the K(t)-equivalences just stated, and for the right one use that
L n(c) is an equivalence followed by a K (t)-equivalence. Moreover T'(S) =~ E;, with coherent
H-action, since F; is K (t)-local.

A homotopy retraction of 75, x would therefore, after applying 7" and these identifications, exhibit
E,; as a retract of T'(By) in Dy. Proposition 11.1 and preservation of exponent bounds under
retracts would give expy (E;) < m. The finite-page lower result Proposition 7.2 gives the strict
inequality expg(E:) > m, a contradiction. O

Proof of Theorem 1.4. Proposition 7.2 gives the strict lower bound and Proposition 11.1 gives the
upper bound, both for m = p? 4+ 2 in the single category Dg. The preceding corollary proves that
a retraction of the canonical map would turn the lower object into an H-equivariant retract of
the upper object and contradict those bounds. This proves every assertion of the theorem. The
lower bound uses finite-page survival only; the upper bound uses the actual null map and its finite
layers. O

A Ordinary products in homotopy fixed points

We prove Lemma 3.2 by constructing relative products on the ordinary bar tower. The construc-
tion supplies cup products and differential derivations independently of convergence; separated
convergence identifies the final product with the product on actual homotopy groups.

Proof of Lemma 3.2. Use the homogeneous free bar construction EQ,, with EQ, = Q"1 and let
EQ®) be its s-skeleton. The full totalization tower of the group-action resolution is

Vi = Fo((EQ®),,R),  holim,V, = Fo(EQ,R) = R"?.

Here F denotes the derived spectrum of equivariant maps. The skeletal filtration gives the usual
homogeneous cochains and hence the displayed Fo page.

For the prismatic geometry below, compare Basterra—Mandell [2, proof of Theorem 7.1, pp. 23—
26]. Their bar diagonal for a (partial) non-unital F; algebra over a base ring spectrum H uses
the same half-cut regions and inverse barycentric coordinates. Here we construct the equivariant
relative maps for £Q and identify the resulting F, product with the associated-graded product on
actual homotopy groups under the lemma’s stated filtration hypothesis. For barycentric coordinates

t=(to,...,tq) € A9, set c.;y =0 and ¢; = to+ - - - + t;. Define two barycentric vectors by
0;(t) = 2(min(c, %) — min(¢;_1, %)), (22)
pi(t) = 2(max(c;, %) — max(c;_1, %))

They are nonnegative and each has sum one. Equivalently, their ith coordinates are twice the
lengths of the intersections of [¢;_1, ¢;] with [0, ] and [4, 1]. The formulas are continuous, including
when a cumulative sum equals %
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For an order-preserving map 6 : [q] — [q'], let (0.t); = 3 g(;)=; ti- Each interval belonging to 0.t
is the union of the consecutive intervals belonging to the corresponding fiber of 6; an empty fiber
gives an interval of length zero. Additivity of intersection lengths gives

00,8) = 0,0(2),  p(But) = O.p(t).

The realization relation is [§*0,t] = [0, 0,t] for 0 € EQy. Thus for every bar simplex o € EQ, the
formula

0[o,t] = (o, £(t)); [0, p(1)])

is compatible with all faces and degeneracies and defines a continuous map 6 : EQ — EQ x EQ. It
is Q-equivariant because the action changes o and leaves the barycentric coordinates fixed. Moreover

[o,t] — ([0, (1 = 7)t + 7L(t)], [0, (1 — T)t + 7p(t)]), 0<7<1,

is compatible with the same identifications and is equivariant. It is a homotopy from the ordinary
diagonal to 4.

Choose k with ¢;_1 < % < ¢k. The support of £(t) is contained in the front face [0, ..., k], and
the support of p(t) is contained in the back face [k, ..., q|. These faces have dimensions k and ¢ — k.
Degenerate faces can only lower those dimensions. Consequently

S(EQWYc |J EQY x EQY).

i+j<s

This also identifies the cellular chain map. On the region c;_1 < & < ¢y, the map ¢ — (£(t), p(t)) is
a homeomorphism onto AF x AY9~%_ with inverse

t¢:€i/2 (i<k), tk:(fk—Fpk)/Q, ti:pi/Q (Z>k)

In the oriented coordinates t1,...,%, on the source and /1, ..., 0, pry1,. .., pq on the product, its
Jacobian determinant is 2¢ > 0. The regions meet on their boundaries. The image of the cellular
fundamental chain is therefore

q

(0] — > [olo,..) © [0l k...
=0

with degenerate terms omitted in normalized chains. This is the Alexander—Whitney diagonal, now
obtained from the explicit map.

Write EQ/EQ®) for the based cofiber of (EQ®), — EQ,, and set EQ\") = @&. The
skeletal inclusions are Q-CW cofibrations, so these quotients represent their homotopy cofibers.
For a,b > 0, the skeletal containment above makes the composite of § with the quotient to
(EQ/EQW) A (EQ/EQ®—Y) constant on EQ =1 if i+ j < a+b, then i < a or j < b. We
get a (Q-equivariant relative map

EQ/EQ™Y — (EQ/EQ"™V) A (EQ/EQ"™Y).
Multiplication on R and precomposition give
Fo(EQ/EQ™, R) A Fo(EQ/EQ" ™V, R) — Fo(EQ/EQ“T"™V, R).

These maps are compatible as a and b vary, since they are induced by the same § and the nested
skeletal quotients.
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For completeness, the associativity needed for powers also holds within this relative filtration.
Partition [0, 1] into any m successive intervals of positive lengths. For the jth output vector, divide
the lengths of its intersections with [¢;—1,¢;] by the length of the jth interval. The preceding
naturality and equivariance proof applies verbatim. If k; is an index whose coordinate interval
contains the jth cut, the supports lie in the successive faces [0, ..., k1], [k1,..., k2], ..., [Fm—1,-- -, 4]
Their dimensions sum to ¢; boundary cases can only reduce the sum. Thus the same construction
gives m-fold relative maps. Composing cut maps is exactly refinement of the partition. The positive
interval lengths form a convex simplex, so the partitions for two parenthesizations are joined by
varying those lengths. This gives a homotopy through maps with the same relative skeletal property.
Thus the relative products are associative up to filtered homotopy, as required for their iterated
products.

Put I, = Fo(EQ/ EQC~Y R) for s > 0. The quotient cofiber sequence for two successive skeleta
gives

cofib(Iyy1 — I,) ~ Fo(EQ® /EQEY, R) ~ fib(V, — Vi_1).

The fiber sequences I, — R"@ — V,_; form a diagram with the identity on R"@ and the tower
transition on the right. The stable fiber diagram identifies the connecting maps of the displayed
cofiber sequences with those of the V; tower, with the usual rotation signs. Thus the paired relative
spectral sequence is the ordinary tower spectral sequence with the same filtration index. The relative
products pair these sequences and their exact couples. On cellular cochains the displayed chain
formula is the ordinary cup product; in inhomogeneous coordinates its value is

(v —w)(g1s- - Gatb) = V(g1,---+9a) (91 9a)W(Gat1, - - - s Jatb)s

with the usual graded signs. The cellular boundary formula for a product, together with the
internal Koszul sign, gives the derivation rule in the paired exact couples and hence on every
spectral-sequence page. This Fo product is the ordinary cup product used by the ordinary-to-Tate
comparison in Section 7. Since each subsequent product is induced on homology, the products agree
on every later page as well.

The fiber sequence for I, identifies its image in . R"Q with ker(mRhQ — T Va—1). After
forgetting the relative conditions, the product just constructed is homotopic to the actual product
on Fo(EQ+, R) by the equivariant homotopy from ¢ to the diagonal. Thus these relative products
multiply the actual filtration groups. Passing to successive relative quotients is exactly the product
in the paired spectral sequence. When the stated convergence identifies those quotients with F,
this is the associated-graded homotopy product as stated. O
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