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Abstract

Assuming the stated critical-height, local-renormalization, and spin-field inputs from the
companion papers, we determine the center magnetization of the planar XY model in a square
with aligned boundary spins at its mass-defined critical threshold. As n — oo, the magnetization
is Axyn~1/#(logn)/16(1 + o(1)), where Axy is a finite, strictly positive model-specific constant.

1 Introduction

For an integer R > 1, let Ag = [~ R, R]> NZ2. The planar XY model assigns an angle 6, € R/(277Z)
to each vertex. With free boundary conditions and inverse temperature b > 0, its probability density
is proportional to

expqb Z cos(0, —0y) ¢,

lz—y|=1

relative to product uniform measure. Each undirected edge is counted once, and there are no
exterior bonds. Write Egeg for expectation under this law, and define

1
Cy(r) = lim E%€ cos(By — Oy, ), m(b) = lim —=log Cy(r), b = inf{b > 0:m(b) = 0}.
R—o00 ’ r—oo T
(1.1)
The existence of these limits and the fact that 0 < b, < co with m(b.) = 0 are among the inputs
recalled in Section 2.
In A, now fix 6, = 0 at every boundary vertex and retain every nearest-neighbor bond inside
A, including those incident to its boundary. Let E%b denote this law. Our observable is

ap = Egybc cos .

It measures how strongly an aligned boundary influences the center at criticality. The power-law
exponent alone does not determine its normalization: a slowly varying multiplier can remain invisible
to fixed-ratio scaling limits.

Theorem 1.1. Using the height, renormalization, and spin-field inputs from [Ope26a, Ope26b,
Ope26¢] stated in Section 2, there is a constant Axy € (0,00) such that

an = Axy n~8(logn) /191 + o(1)) (n — o0). (1.2)



The dependence on the three companion results is substantive. The height limit fixes the
critical Gaussian coefficient, the local maps supply the analytic renormalization framework, and
the spin-field results provide a rough positive lower bound and a ratio limit. We state the portions
used below before beginning the proof. In particular, the critical magnetic contraction and the
exact cancellation of its scalar factors are proved here; they are not asserted as consequences of a
low-temperature magnetic-flow theorem.

1.1 Historical context

The critical behavior of two-dimensional systems with continuous symmetry differs from the
conventional picture of ordering through spontaneous magnetization. Berezinskii’s analysis of
the spin-wave regime and the vortex picture developed by Kosterlitz and Thouless identified the
mechanism behind a phase with algebraic correlations [Ber71, KT73]. Kosterlitz’s renormalization
analysis predicted the critical exponent and the essential singularity of the correlation length [Kos74].
The treatment of vortices and symmetry-breaking perturbations by José, Kadanoff, Kirkpatrick,
and Nelson made the relation with Coulomb-gas and periodic-field descriptions particularly explicit
[JKKN77]. These works supply the physical and methodological ancestry of the marginal recursion
used here.

Rigorous correlation estimates established important parts of this picture without determining
the exact critical normalization. McBryan and Spencer’s complex-rotation argument gives an
algebraic upper bound [MS77]. Frohlich and Spencer proved low-temperature algebraic lower
bounds for the plane rotator and related models [FS81, Theorem C]|. More recently, van Engelenburg
and Lis proved the exponential-polynomial dichotomy with a polynomial lower bound also at the
critical point [VEL23, Theorem 1]|. Lammers identified the correlation-length relation between the
XY model and its dual height model, relating the massless and delocalized phases [Lam23, Theorem
1]. These results concern the transition and quantitative correlation bounds; they do not determine
the logarithmic factor in (1.2).

The relevance of logarithmic corrections has long been recognized in finite-size scaling. For
example, Kenna and Irving discuss the renormalization-group prediction yn =< N7/ 4(log N )1/ 8 for
the susceptibility on a periodic square [KI95]. This is a prediction for a different observable, not a
proof of the aligned-boundary one-point asymptotic. A square-root relation for the root-mean-square
spatially averaged magnetization cannot by itself identify the center observable studied here.

Rigorous renormalization methods also give more precise information in related models. Dimock
and Hurd control the ultraviolet-regularized sine-Gordon model at weak coupling with parameter
B > 8r [DHO0]. Falco constructs marginal trajectories of order 1/j for the dilute Coulomb gas and
proves multiplicative logarithms for suitable fractional-charge correlations [Fall2, Fall3]. Those
probe observables and their logarithmic exponents are not interchangeable with magnetic observables
of the nearest-neighbor cosine model. The common mathematical feature is that a coupling which
decays as 1/j, when accumulated over scales, produces a power of a logarithm.

Our immediate inputs are the three companion manuscripts [Ope26a, Ope26b, Ope26¢]. Their
roles are different. The local maps and analytic norms come from [Ope26al; the critical Bessel-height
coefficient 87 and the required mixed-geometry height limits come from [Ope26b]. The spin-field
construction in [Ope26¢c| uses the exact center magnetization as its normalization and leaves its
asymptotic size unspecified. Theorem 1.1 identifies that size. The additional work is to enter the
critical maps on finite histories, compare those histories without a rate in the height limit, and
cancel the magnetic scalar factors exactly before estimating terminal errors. We do not use the
public results for related models as substitutes for these companion inputs.



1.2 Proof strategy

The logarithmic factor in (1.2) reflects the marginal coordinate of the critical height recursion. The
positive finite amplitude requires the finer, summable control described next.

Fourier duality expresses a,, as a ratio of two partition sums for heights in 27Z. The numerator
has a circulation of 27 around the center, whereas the denominator has zero circulation. The proof
has two principal difficulties. First, the observation density of the discrete height model cannot
simply be assumed small in a Gaussian large-field norm. Second, entering the recursion in the
presence of a circulation defect can create a large normalization factor. An estimate of that factor
would be an unnecessary additional problem.

We resolve the first difficulty by working on overlapping finite intervals of scales. At a large
target index J, introduce observations on cells of side comparable to J2, and remove exceptionally
large neighboring observation differences by a smooth cutoff. The cutoff error is exponentially small
in J3, whereas the finite physical boxes used in this history have logarithmic side of order J. The
resulting interaction is small in the full analytic norm of the height maps. This construction is
carried out in Sections 3 and 4.

Each history then runs far enough beyond its target interval to determine the critical branch of
the recursion. Two observables of the original height law, the variance of a long-wave fluctuation
and a characteristic coefficient of the mean height, compare the coordinates of different histories
at a common absolute scale. Section 5 proves these comparisons without assuming a rate for the
height scaling limit. Section 6 combines them with the marginal recursion. Its conclusion for the
running gradient coefficient ¢;, at block side L7, is

1 log j
= 1.
b 2jlogL+O< 72 ) (1.3)

where L is a fixed, sufficiently large power of two. Sparse changes of history have summable effects
on this asymptotic.

To resolve the second difficulty, compare squares of side 2n and 2Ln in the dual height rep-
resentation using the same history and the same stopping scale. Section 7 keeps the circulation
insertion linear throughout the exact partition algebra. All scalar factors produced near the insertion
are identical in the two squares. Their size is immaterial because they cancel in the ratio. The
residual insertion contracts quickly enough that the rough lower bound on a,, makes its contribution
negligible even relatively.

What remains is a terminal Gaussian calculation. The energy of the circulation produces the

leading power n=1/8: its coupling to (1.3) produces the logarithmic correction. Section 8 proves, for
n=1L/2,
log L 1
1 —1 =" 4 40O 1.4
08 a1, — log ay = 5= + 1=+ 01 (14)

for some € > 0. Absolute summability, rather than an estimate of the initial magnetic normalization,
yields the finite positive amplitude. The spin-field ratio limit then transfers the result from these
geometric sizes to all integers.

2 Height conventions and local map inputs

The proof combines three inputs: the critical height coefficient from [Ope26b], the local integration
maps of [Ope26al, and the identical-nest comparison of [Ope26c]. We first fix their common
normalization. We then specify the analytic spaces in which the local maps operate. These inputs



include finite-graph inequalities, scaling limits, and local activity maps. The entry construction for
the critical XY model is supplied below.

2.1 Dual heights and finite comparisons

For a graph G consisting of retained nearest-neighbor edges, choose one orientation of each edge
and write v for the oriented gradient. Its unit-conductance Laplacian is Ag = 0*0, so that

(v, Agv) = Z (vy — vz)2 (2.1)

{zy}eE(G)

Thus each undirected edge contributes once. Heights take values in 277, and an edge difference 27k
has weight
py(k) = e I, (b), Zpb(k:)etk = exp{b(cosht —1)}.
k€EZ

An integral connection [ is an edge cochain with values in 27Z; it replaces 0h by Oh + [ in the
weights. Write ZZG for the resulting sum and FZG = ZZG /Zg. Without observations or absolute pins,
a constant translation by 27Z is divided out on each free component. If observations confine the
constants, their translation copies are summed instead. Changing [ by an integral gradient is an
exact change of height variables.

Lemma 2.1 (Fixed-boundary duality). Work at b= b.. Let Gy be the free graph of the M? unit
square faces in [—n,n|?, where M = 2n. Ifl has circulation 27 around the central primal vertex
and zero circulation around all other interior primal vertices, then

an = F(l;% > 0.
The graph retains the edges crossing primal bonds incident to the fized spin boundary.

Proof. This is the fixed-spin duality of [Ope26c, Lemma 2.1]. In its Fourier current expansion,
integration imposes current divergence only at interior spin vertices. Bonds lying along the boundary
have both spins fixed and cancel from the ratio. Every other retained primal bond crosses one dual
bond, including a bond incident to the boundary. Subtract a unit current from the center to the
boundary and rotate the remaining divergence-free current. It is a height gradient, uniquely modulo
one common translation, and the subtracted current gives I. The factors e’ cancel. All remaining
weights are positive. O

We shall use the following finite-graph rules in exactly this normalization. A centered precision
means an additional nonnegative quadratic form, including a limit enforcing centered linear equalities.
A reference cost for a linear statistic X = 3", wedch is R(w) = 3, w?.

Proposition 2.2 (Finite comparison inputs). The comparisons in [Ope26b, Lemmas 2.2 and 2.5]
hold on every fixed primary graph, also with independent Gaussian observation noises.

1. Adding centered precision decreases centered covariance and centered real moment generating
functions. Covariance in an affine sector, including after a real tilt, dominates centered
covariance. In particular, for a centered inversion-symmetric law, log EeX > %Var(X ).

2. A shifted-to-centered partition ratio is at most one and decreases when the same positive
precision is added in the two sectors. The shifts may be integral connections, prescribed
equality values, or observation centers. Monotonicity also holds with a fixed real linear statistic
in the numerator exponent; that tilted ratio need not be at most one. Infinite penalties may
impose nonempty affine constraints.



3. Invariant centered characteristic coefficients are nonnegative and increase with precision. In
the finite-graph situations used here they are positive, and the Hessian of their logarithm at
any phase is at least its Hessian at zero. A phase on a free component is invariant whenever
its coefficient total is an integer.

4. With any extra centered precision, for each fixed integer r > 1 and real t,
Var(X) < CyR(w),  E|X|" < CopR(w)?,  EX/VRW <y (2.2)

The last assertion is used for R(w) > 0; a zero-cost statistic vanishes. One may minimize the
cost over flows with the prescribed divergence and grounded vertices.

The finite Gaussian antecedent is the lattice inequality of Regev and Stephens-Davidowitz
[RSD17]. The required Bessel-weight comparisons are transferred in [Ope26b] through independent
discrete Gaussian chains in series: replace a primary edge by N increments with normalized weights
(b/(2N))**, impose endpoint and period constraints, and then let N — oo at fixed graph. The
physical sum along a chain tends to the law assigning mass py(k) to 2wk. Quadratic observations
remain positive forms in the enlarged coordinates. This procedure also transfers the parity identities
for two Gaussian replicas and the theta comparison used for complex observations. For example, the
latter bounds the imaginary-to-real partition ratio at a real affine shift by the corresponding centered
imaginary ratio; see [Ope26a, Equation (9.29)] and [Ope26b, Equation (5.26)]. The uniform bounds
used here are the primary costs in (2.2), not inverses of the microscopic chain precision.

2.2 The critical Gaussian coefficient

For the free height square B, = {0,...,m — 1}2, put g,,(z) = x1/m. The structural coefficient is
the limit

a(b) = TAE}HOO Vaer,b<h7 ABmgm>-
The existence and the following identifications are inputs from [Ope26b].

Proposition 2.3 (Height and pin inputs). For the mass threshold b. in Theorem 1.1, 0 < b, < 00,
m(b.) = 0, and the primary height coefficient of [Ope26b] satisfies

a(b.) = 8. (2.3)
At a general positive coefficient a = a(b) > 0, the following statements hold.

1. On free rectangles tending after scaling to a fired nondegenerate rectangle U, the tests
(h, Auy f(-/N)), for smooth f mear U, have joint Gaussian Laplace and moment limits
with covariance a [;; Vf - Vg, where the lattice mesh is N~1. Mean-free density smears have
covariance a(—Ay, ~N)1; bounded piecewise continuous densities and face smears, centered by
a volume smear, are allowed.

2. In a fized polygonal geometry made of finitely many rectangular pieces, with positive-width
passages and box pin regions p, the corresponding limits have precision

a_l/ Vo2, ve HY(U), v=0 onp.
U

Free components are taken modulo constants. A fixed finite-rank nonnegative quadratic penalty
in box averages gives the corresponding Gaussian penalty; if it controls all free constants, those
constants are integrated in the limit. Bounded-step coherent rounding is permitted.



3. The fractional free mean modulo 27 tends to uniform measure, independently of the Gaussian
observations. If u,, is the uniform probability on an m-square and t,, is a zero-total profile of
bounded reference cost, then for every fixed nonzero integer k,

E€i<h:kum+tm> — 0
Writing pm for the average of the four face probabilities and z, = Ee"Pm)  one has

lim inf 2¢™ > ¢y G2a/(4m) (2.4)

m—o0 Zm,
for sufficiently large fixed integers G, with ¢, > 0 independent of G.

These statements are [Ope26b, Sections 1.1 and 6, Theorems 2.4, 2.5, and 3.1]. Here and below
all mesh limits precede variation of the fixed geometry. We also use the separated-pin Theorem 3.2 of
[Ope26b] in the following precise form. In a centered high law fi,,,, with penalty || By,h[|* in finitely
many component-local box averages controlling the constants, let H, p be positively separated box
regions. Then

pim (b =0 | hy = 0)
pim (b = 0) ,

_Mm(hH:(”hp:bp)

~ pm(hg =01 hy =0)

Dm(Hap) = log

7Hm(bP)

satisfy Dy, > 0,0 <rgm,m <1, and E, rg,m = e~ DPm_ The quantities have Gaussian limits with

precision a~! [ |Vv|? + || Bv||?. For functions of random guard data, this means approximation in
probability by a sufficiently long fixed list of smooth guard probes, whose joint law and function
converge to the Gaussian counterparts. The probe list is enlarged after the mesh limit. Conditional
Laplace transforms and weak laws have this approximation as well, including when the data are
sampled under a fixed finite real linear tilt. The expectation identity just stated refers to the
centered law.

Section 3.6 of [Ope26b] supplies the restoration bounds used in the entry argument. At zero
guard data, a centered restoration ratio lies between its value in a free patch and its value with a
separating guard pinned. If all restored bonds and forms are supported in H, pinning every primary
height in H makes restoration a fixed scalar. The free-to-guard multiplicative gap is bounded by

pm(hp =0 | hg = 0)
tim (hp = 0)

No observation may cross the separating guard in this comparison.

2.3 Comparing center observables at different sizes

The information from [Ope26¢c| that we need is weaker than the asymptotic formula to be proved: it
permits an arbitrary slowly varying factor. Its sequential form will eventually pass from geometric
square sizes to all integers.

Lemma 2.4 (Center comparison). There is ¢ > 0 such that a, > en='/? for all n > 1. If
ng,nj, — 0o are integer sequences and n)/nyg — d € (0,00), then
ayy

BN A (2.5)

Gy,



Proof. Use the identical nests of [Ope26¢, Section 6.2]. Fix a rectilinear approximation to the disk
with relative error €, an annular ratio A > 1, and an initial lattice radius Ry. Let R; = RoN. In
both squares place exactly the same centered lattice nest, including its filled core, through the largest
N with Ry < nmin(ng,nj,). The bare nest ratio Fiest(Rn) is identical in the two observables.
Every subsequence has a further subsequence on which Ry /ng — t > 0; then Ry /nj, — t/d.
At the fixed parameters both radii stay away from zero and are at most 1. The exterior formula,
Equation (13) of [Ope26¢], gives, with D = (—1,1)? and Gp(z,w) = (27) ' log |z —w| ' + Rp(z, w),

27 log(1/p) + 47> Rp(0,0
log Fext(p) = —  log( /p)Qaﬂ ol )+O(s+n)+o(1)-

Its constants are uniform for the limiting radii in question. The proof of the exterior-attachment
Lemma 6.3 applies to each of these two exteriors: the centered attachment loss depends only on
the final annulus, and the cut and restored exterior energies have the same regular Green part.
Their error is O(e 4 n), independently of the fixed sufficiently large annular ratio. Since N — oo,
the propagated last-guard density bound also applies. Consequently, for any desired accuracy, the
logarithm of each center observable is the sum of its bare nest logarithm and exterior logarithm,
within that accuracy and an o(1) error. Choose €, small, then A large for the pin interactions, and
finally Ry large for the fixed annuli. Subtracting cancels the nest and the regular Green term and
gives
i
log Q) — logan,, = — logd + o(1)

up to an arbitrarily small error. As a = 8, this is (2.5); the subsequence argument proves the full
sequential assertion.
For the lower bound, Equations (18)—(19) of [Ope26¢] give, at fixed parameters,

an > Canest(RN)a Fnest(RN) > C2>\_N/2Fnest(R0)-

The core ratio is positive and AV < Cn. This proves the bound for large n, and positivity handles
the remaining sizes. O

2.4 Covariances, blocks, and analytic norms

We now fix the reference oo = v/87. Its mean-free Gaussian field 1) has covariance AT, the inverse of

the primary unit-edge Laplacian on nonconstant modes; its common mean is independently uniform

modulo w = 27/a. On the plane we use only finite-support covariance formulas. For a dyadic
integer u, set

sin(uz/2)

Py(cosz) = | ————=

ul ) (u sin(z/2)

The apparent singularities in this polynomial are removable. The argument 1 — A/64 is the
specialization of 1 — @/16 in [Ope26a, Equation (9.11)]: for nearest neighbors () = A/4 and
v% =1/4,s0 Ap = Q/ v?] = A. At an entry side m, and at subsequent sides u = mL’, the covariances
are

64
) P, =Py(1— A/64). (2.6)

Cew =A7YH1=Py), Ly=AYP,—Pr,), Csy = ATP,, (2.7)

with C.,, integrated at entry. The first two inverses mean polynomial continuation at the zero
eigenvalue; the last formula acts on nonconstant modes. No independent-variance factor is inserted.
The same polynomials are used on free squares, with even reflection at their walls. Positivity,
finite range, and exact local copying apply to the polynomial accumulated and shell covariances:
their ranges are O(u) and O(Lu), respectively. The terminal covariance need not have finite



range. These assertions and the derivative bounds follow from [Ope26a, Lemmas 8.1 and 4.1] with
this argument. In particular positive-order shell and terminal estimates through the orders used
below hold uniformly when u < M/Dy, with fixed sufficiently large Dy; the plane shell diagonal is
(2m)~!log L with an error that is a negative power of w.

Use the block geometry of [Ope26a, Lemma 4.3]: with p = 32, an intermediate connectivity
radius is 79 = 4p + 20 and the polymer connectivity radius is p = rg + 8. These fixed radii may be
enlarged for the prescribed test collars. Shell covariance ranges are measured in the output blocks of
side Lu, whereas the accumulated covariance C'<,, has range O(u). The radius p is distinct from the
tile parameter R used in the entry construction. Blocks have side u on the plane and torus. On a
free square use nested translated grids, with possible end rectangles whose side lengths lie in [u, 2u).
A polymer X is a nonempty finite block set connected by steps of sup block-index distance at most
p; | X| counts its blocks. Two polymers are compatible when their mutual block-index distance
exceeds p. The coarse closure X consists of the Lu-blocks meeting X. The geometry of [Ope26a,
Lemma 4.3] supplies a fixed ng such that

X[ <[X],  [X]>no = |X|<|X|/2

if | X| < ng, the coarse index diameter of X is at most one. The number of size-p polymers through
a fixed block is at most C?.

Let D, (X) contain X and all blocks at index distance at most two, with the fixed difference
stencils and whole observation cells included. Activities depend on the field in X and a fixed
microscopic collar; D, (X) is the larger testing domain. Our activities are locally analytic functions
of real fields and are periodic under the common shift 1) — 1 + w. Field-even means K (X;—) =
K(X;), a different symmetry from the half-period parity used below. For D = D, (X), write E
for the ambient nearest-neighbor edge set and use the half-edge energy and boundary term

w)=3 X VP

veED ec{tei,tea}

Bu(Daw) =u Z W(U) _w(w)|27
{v,w}eFE
[{v,w}NnD|=1

Tu(D,p) = Y u' max |[V(v)*.

BeD vEB, |a|=2
Physical free-wall stencils are interpreted by even extension. Set
Uu(X,9) = gp(¥) + 0Bu(D, ) + Tu(D,¥),  Wi(X,w) = e"nIH),

For a direction f define
1 fllu,p = maxc{|f(v)], ul V£ (v)], w*|V* £ (v)]}.

The analytic point norm, at a real background 1, is

T

Flaxe =M sup  [DF@) e 4] (2.8)

r>0 T2 N fillu, oo () <1
The term with » = 0 is |F'(¢))|. These real derivatives have locally convergent analytic extensions.
The full derivative sum controls complex translations of test norm less than hy and obeys the
product inequality.



The entry construction needs one additional, homogeneous quadratic regulator. Let By average
over disjoint side-s observation cells. On an open union D of whole cells define

Ep(y) = inf {a (v, Apv) + | Bew - y[*}, (2.9)

v

with free constants on every component. Here Ap retains only internal bonds; it differs at artificial
boundaries from the half-edge allocation gp. Choose constants 1 < p; < py and 0 < hy < 1/po,
with the strict reserves required by the entry estimates. At scale u = mL7, put

Vi(X,¥) = ;sgup {heEp(Bsa(¥ +¢) + ) —pr (ICI%, + ell?) } (2.10)

The Cameron norm ||(||<,, belongs to the ambient accumulated covariance C'«,,, including the pieces
integrated before entry. Only its restriction to D enters the supremum. The variable e is the
independent unit observation noise, included once. For a singular covariance we use its Gaussian
Hilbert space, without inverting a null direction.

For a polymer activity K our norm is

AN K (X )| X,w
WH(X w) X))

(1K w21, = sup (2.11)

The supremum includes all real fields. The activity weight 2( is unrelated to the Laplacian A. A
fixed finite collection of stronger weights, slightly larger regulator coefficients, and analytic-radius
reserves may be chosen throughout.

Proposition 2.5 (Regulator input). The regulator in (2.10) is finite, nonnegative, homogeneous
quadratic, and constant invariant. It is monotone under support enlargement and additive on
compatible separated supports, and

0 <Vj(X,¢) < CEp(Bsarp) < C{p, Apip).

The shell and terminal requlator estimates of [Ope26a, Lemmas 4.4 and 9.2] hold with W[ replaced
by WreVi, at a cost CX1. For a small connected input the output retains the half-exponent reserve

Wfé ; the coefficient of the observation regulator is unchanged. The localizations and analytic
partition map retain their contraction and nonlinear estimates in (2.11).

The key covariance bound underlying this input is AY/2C.,A'/? < I. Restricting to an open
support only lowers the minimized energy in (2.9). It is therefore the homogeneous energy that is
used in (2.10), also when measuring activities in a sector with a magnetic connection.

2.5 The exact partition map and its balanced coordinates

At a finite block scale define
ZJK;) = >, ] K(X;9), (2.12)

C compatible X €C
including the empty collection with value one. Equivalently one sums over block subsets and
multiplies the activities of their p-connected components. A compulsory insertion activity I uses
the degree-one functional

ZUW(K, T;¢) = ZI (X;9) > I 5(;v). (2.13)

C compatible YeC
Y compatible with X (Y eC)



It is the coefficient of 7 in Z,(K + 71I;1), with 72 = 0. An input polymer is called small when
|X| < ng, and large when | X| > ng, with the geometric threshold fixed above.

Proposition 2.6 (Local partition map). In the norms above, shell integration and designated local
subtractions give an exact identity

EZ,(K;¢+¢) = [ (+a)Zru(K'59),  Cov(() =Ty (2.14)
beBL,

The map is complex analytic in small activity inputs, uniformly in finite volume, and its nonlinear
remainder is bounded by CL’Q[EQ when the activity norm and separately measured singleton coefficients
are at most €. It preserves the common-shift period and all symmetries respected by the localizations.
The linear map restricted to large supports has arbitrarily small operator norm, relative to the input
activity norm, after choosing A sufficiently large at fized L.

For small field-even neutral bulk inputs, subtraction of the constant and quadratic gradient term
gives CL™3 before counting fine placements. Subtracting only the constant gives CL™2 for even
inputs and CL~1 without evenness. There are respectively O(L?), O(L), and O(1) placements at a
bulk block, a specified wall, and a fized mark. At o® = 87, the fundamental charge has gain O(L™2);
for field-even bulk inputs, subtraction of its constant-background cosine coefficient gives an additional
L. Higher charges have summable stronger gains.

These are Proposition 4.8, Lemma 4.5, Corollary 4.7, and Proposition 8.3 of [Ope26a]. Before
localization, Gaussian integration groups the union of the coarse closures into components connected
at radius rg. Different such components are beyond the shell covariance range. The subtracted
pieces are assigned to coarse singletons with their original exclusion information retained. Only
designated field-independent coefficients enter a;. In particular, a translated quadratic polynomial
may retain its nonzero value at zero field inside the activity. The same algebra applies in degree
one in 7; no smallness of the vector [ is required to apply the derivative of the map at a small
background. Coefficients copy from the plane whenever their predecessor neighborhoods fit inside
the domain with the fixed clearance supplied by the covariance range.

For a full bulk block define the two singleton functions

G =3 Y V)P ) =u Y cosla(v))

veB ec{+tes,tea} veB

Their coefficients in a general activity are denoted by ¢/2 and z: the singleton part is te% /2 + z¢%.
Denote the remaining activity by R. The linear map is triangular,

(1,2 R)s = (t+ PR Nz + PIR.CyR) + O((t] + 2] + [RI)), (Gl <0 <1,

where \; = L2e=Tu(00)/2 At marginality the product £; = [[;>; An converges. Set Cp; =
Ch—1---Cj for h > j and Cj}.; = I. The balanced coordinates are

T=t+Y_ PiCp;R,
h>j

Z =liz+ Y U1 PChyR. (2.15)
h>j

Both projection series have geometric tails. Their linear map is (T, Z,R) — (T, Z,C;R).

10



The exact Gaussian curves of [Ope26a, Lemma 10.3] are obtained by initializing the interaction
d 0
exp (2 zB: e B)

without a lattice factor. For each fixed entry scale they have T7(d) = d + O(d?), Z{(d) = 0, and
R? (d) = O(d?), analytically on a disk independent of the step. In the following coordinate formulas
u denotes the Gaussian scalar coordinate rather than a physical block side. Define

u=(T))"Y(T), B=R-RIu).

Thus (u,0,0) is an exact fixed-coordinate Gaussian trajectory. Split B = B, + B, into its even and
odd parts under the half-period shift 1 — ¢ + 7/c.

Proposition 2.7 (Balanced parity map). For the critical reference and small, even, translation-
and square-covariant plane activities, the preceding coordinates satisfy

up —u= —H;Z* + O((Jul + Z*)(Z* + || Bel)) + | Be|l* + [ Boll(1Z] + || Boll)).

Zy = Z = —bjuZ +O((u? + Z* + || Bel)| Z| + (Jul + Z% + || Bel| + | Bol*) | Bl

1Be,+ll < 01| Bell + C(|Z] + || Bol)?,

1Bo+ll < 6111 Boll + C(lul + 2 + || Bel)1Z], 61 < 1. (2.16)

The estimates include their differentiated analytic Taylor bounds. The coefficients are bounded above
and away from zero, and
H; — H >0, bj — 2log L. (2.17)

These are the map in Lemma 10.6 and the coefficient calculation in Proposition 8.5 of [Ope26a).

This proposition is a local analytic input, conditional on entry into and continued residence in
its small tube. The uniformity needed when the entry scale varies, the absence of exit, and the
quantitative rate in (2.17) are established in the bulk argument below.

Finally, we record the source estimates used with these local maps. For the one-center connection
I of Lemma 2.1, let r minimize ||Or + [||?> on the free dual square and put n; = or + 1. If Gy, is
the inverse of the killed unit-edge Laplacian on the interior spin vertices, then orthogonal energy
minimization gives

lm]|* = (2m)*G1(0,0). (2.18)
By [Ope26a, Lemmas 4.2 and 5.2],
(Ve (v)] < Cy(1 +dist(v,0))"77%  0<a<h5. (2.19)

On a source-free enlarged rectangle the connection is an exact real gradient; the assertion includes
the reflected stencils at a free wall. Plane and finite-square connection gradients have the same local
limit. The stronger finite-volume difference estimate needed for the magnetic calculation follows
there by subtracting the common finite-range pieces and summing the positive-order tails.

All norm choices follow a fixed order: geometry and test collars; the observation-regulator
reserves; 0, then x with the necessary integration reserves; the analytic radius hg; a sufficiently
large power-of-two block factor L; activity weights; and the small activity tube. For the XY entry
construction, the observation-regulator choices must also satisfy the stronger reserve condition
in Proposition 4.1. This condition is imposed before fixing L and the weights. The subsequent
tile parameters and observation-cell size are chosen after these map parameters. Constants may
depend on parameters already fixed, but never on the volume or the running scale unless explicitly
indicated.
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3 Observations, affine Gaussian shapes, and isolation

We prepare the critical Bessel height law for the local height maps. The preparation has two parts.
First, an entire cutoff changes the finite-volume quantities under consideration by an exponentially
small amount. Second, an exact isolation expansion expresses the cutoff interaction in terms of tile
errors, restoration errors, and exponentially small Gaussian links. The affine Gaussian estimates
below allow the same construction in the sector with one circulation. The next section proves the
analytic norm estimates needed to enter the maps.

3.1 Observation cells and the cutoff

Set @ = v/8m, and use the nearest-neighbor polynomial covariances and subset algebra specified in
the inputs. Thus A is the unit-edge height Laplacian, and the covariance integrated below side m is

Com=A"1—Pp), (3.1)

with polynomial continuation on constants and with the spectral-argument convention fixed there.
There is no additional independent-variance factor. We use the same polynomials on free dual
squares. The remaining reference field has a common constant uniform modulo 27 /«. Statements
about the plane concern local formulas; no probability law on absolute plane heights is required.
The block collars, analytic tests, regulators, and compatibility rules are those of [Ope26a, Sections
9, 8, and 4]. The tile parameter R below is distinct from the fixed block connection radius p.

For a dyadic integer s, partition the microscopic graph into square observation cells of side s.
Write B for cell averaging, and introduce independent standard Gaussian variables e., one per cell.
The observations are

y = Bsh +e. (3.2)

All cuts and clippings in this section retain whole observation cells. In particular a retained
observation face consists of all the microscopic bonds joining the two cells on its sides.

In observation-cell units use the tile geometry of [Ope26a, Theorem 9.1 and Subsection 9.2].
Start with squares of side R, remove the square of side R/2 centered at each grid vertex from the
incident squares, and make each removed square a vertex tile. The remaining parts of the original
squares and the vertex tiles partition the cells. Here R is a large dyadic integer, P = R?, ¢ is a fixed
dyadic period parameter large enough for all fixed collars, and

m = qRs. (3.3)

The block factor L is a sufficiently large power of two. We use square and torus sides compatible
with the grids, at least sP, and divisible by sP. Free-wall tiles are the allowed box clips of this
construction; their cuts lie between cell layers.

Choose the common square-symmetry origins at grid vertices, which are elementary-square
centers in site coordinates. In a pierced square put the source at the central grid vertex and take
the integral connection ! along a grid ray. Thus [ vanishes inside each observation cell and has a
constant value Iy on the microscopic edges crossing an oriented observation face f = (c,c). The
source lies in the central vertex tile, even though four observation cells meet there. Tori in this
proof are unpierced and carry ordinary single-valued heights.

On every observation face retained in the graph insert

T

xr(ds) = / e~ (dr—2)?/2 dz, dy =y —ye + 1y, T = +/s. (3.4)

—-T V21
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The function x7 is entire. For real arguments it lies in (0,1), and 1 — yp(d) < Ce=<T” for |d| < T/2.
Its role is to give the observation law a quadratic large-field reserve on the finite scale intervals used
later.

Lemma 3.1 (Finite-volume cutoff error). On a compatible torus or free square of side M, the
absolute change in the partition sum caused by the product of (3.4), divided by the centered partition
sum without cutoffs, is at most

C(M/s)%e™5. (3.5)

The assertion includes a free square with the integral connection l. On a torus it also holds, with a
smaller ¢1 > 0, after inserting a bounded test, a fired power of a smooth mean-free smear, or a fived
real or complex exponential test of such smears.

Proof. Consider adjacent cells ¢, ¢’. Send the uniform mass on ¢ to its translate in ¢’ along parallel
normal lattice paths. Every path has length s. Giving each starting site mass s~ produces an edge
flow ay with

(af,0h +1) = (Bsh)e — (Bsh)e + y, max lar(e)| < C/s, Zaf(e)Q <C. (3.6)

Indeed at most s starting sites use any given edge, and there are O(s?) edges in the two cells.
Each path crosses the common face once, so its affine offset supplies precisely /. Consequently
dy = <af,8h +1) + e —ec.

Apply the tilted shifted-to-centered comparison of [Ope26b, Lemma 2.2], first on the independent
Gaussian chains in series. Release their endpoint, cycle, and period constraints, and release the
independent observation noises. After the fixed-graph series limit the log transform of one primary
increment at argument u is b.(cosh(27u) — 1). If |w| < ¢y/s, all arguments way(e) are in a fixed
bounded interval. Therefore

> be(cosh(2mway(e)) — 1) + w1y — 1] < Cw®.

The comparison gives this bound for the affine numerator normalized by the centered partition sum
as well. Choosing w proportional to /s and applying the exponential Markov inequality to both
signs shows that the centered-normalized mass of |d¢| > T'/2 is at most Ce™.

On |ds| < T'/2 use the Gaussian tail bound for 1 —x7(d¢); on the complement use 0 < 1—x7 < 1.
Since 1 —I[; xr(dy) <> ¢(1 — xr(dy)) and there are O((M/s)?) faces, this proves (3.5). For the
asserted torus insertions, Holder’s inequality separates the rare-event factor from the test. The
latter has the required higher moments and exponential moments by [Ope26b, Lemma 2.3]. A fixed
complex exponential is handled by its real part in the absolute-value bound. The Hoélder exponent

only decreases the positive rate in (3.5). O

For the pierced square, the input lower bound a,, > cn~ /2 converts (3.5) into a relative error

bound. Its use here requires no information about the eventual normalizing amplitude; the bound
comes from [Ope26¢, Equations (18)—(19)] and the fixed-spin duality of its Section 2. In particular
a polynomial loss when dividing by the magnetic partition ratio is harmless when s is chosen on the
finite histories below.

13



3.2 The affine observation identity and local lifts

Let G be a graph obtained by the cell cuts just described. Write F(G) for its retained observation
faces. Free constants are allowed on every connected component. Define the Gaussian shape energy
by

Eg(y) = inf {a~20v + 1% + | By — y*}. (3.7)

Write Eg = E2. Let ZL(y) be the Bessel height sum with observation penalty exp(—|Bsh — y|?/2)
and with all component constants summed. No cutoff occurs in this definition. More explicitly,
apart from the common normalization of the observation noise, it is

Zew) = > 1T pbc( 2”( )>e_|BSh_y|2/2.

he(2nZ)V(G) e€E(G)

Here E(G) denotes the set of microscopic edges, each counted once; the observation penalty makes
the sum over each component constant finite. When subsequently integrating observations, one
divides out common translations, or uses one period for each free constant.

On the full connected graph, let 7 minimize the unobserved affine energy, and put 1, = Or + I.
The minimizer is determined up to a constant and satisfies

J*m = 0.

For v = r + u, orthogonality gives |v + I|? = |i;|? + |0u|?. Gaussian integration and completion of
the observation square consequently give the affine Gaussian observation law

y = Bsr + Bsat) + e, cov' () = AT, (3.8)

The prime omits constants. The constant of ¢ is uniform modulo 27 /«, and e has the independent
standard Gaussian law already specified. This calculation may equivalently be made by first summing
height translations and then integrating y, with the common translation divided out.

For clarity, define the interaction on every cut graph by

Thly) = PP zL0) TI xrldy). (3.9)
fEF(G)

On the full graph suppress G. Relative to the unpierced Gaussian integral, evaluating J' under (3.8)

introduces the scalar
e ml?/(20%) (3.10)

To see that this is the complete scalar, the Gaussian integral with fixed observations equals a
common determinant factor times e~Z'(¥)/2. Translating by r makes its determinant exactly the
unpierced determinant and leaves the constant energy |n;|?/a?. Multiplication by (3.9) cancels the
observation shape. Thus no additional factor involving a chosen local harmonic lift is present.

We record the lift estimates that determine how the eventual activities copy between the plane
and a square. They are consequences of [Ope26a, Lemmas 4.2 and 5.2, and the duality in Lemma
5.1], with the source period rescaled to 27 in height units.

Extend the chosen integral ray connection [ to the plane. Let 1o, be the divergence-free infinite-
plane connection obtained as the local limit of the square minimizing connections, equivalently
the rotated infinite-plane Green gradient normalized to circulation 27 at the source and zero
circulation elsewhere. Its energy grows logarithmically with the radius; no finite total plane energy
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is assumed. Since 75, — [ has zero circulation around every lattice plaquette, path integration defines
a single-valued real height 7o, by
Ol = Moo — 1.

Use the same ray convention for r and r,, and align their additive constants at one fixed height
vertex adjacent to the mark, chosen consistently with the grids.

Lemma 3.2 (Local lifts and comparison of squares). Let r be the square minimizer at side M and
Too the plane height just defined. If an axis rectangle and its fived collar avoid the source, choose an
integral gauge potential g there with g = 1. The local real lift is X\ = (r + g)/a, and OX = n;/a. At
interior supports meeting the source, the translation from the pierced-plane calculation to the square
is

v = (1 —re)/ (3.11)

In lattice units, for the fized derivative orders used in the maps,
|V ()| < Co(1 + dist(z, source)) 172,
In an inner fixed fraction of the square,
IVoyu| < CoM™, 1<a<5. (3.12)

The connection estimate includes the reflected stencils at free walls. The affine contribution (Bsr)os —
(Bsr)e + 15 to every retained observation difference is bounded uniformly in s and M.

Proof. The minimizing connection is the rotated killed-Green gradient under the crossing corre-
spondence. Away from its source its circulation vanishes, so path integration gives the lift on the
stated rectangle. The positive-order Green estimates in the cited lemmas give the bound on 7;. At
a free wall, odd reflection of the killed potential makes the rotated normal component odd and the
tangential component even, which supplies the required reflected lift.

In a fixed interior fraction of the box, all finite-range polynomial pieces of side below cM coincide
exactly with their plane pieces. For a derivative of order a > 1, each remaining piece is bounded by
Cyt™® at its side t. Summation over dyadic t > ¢M gives (3.12); the smoothed terminal piece has
the same bound. Only positive-order differences of r — r, are used, so the additive normalization
does not affect this estimate.

Finally use the two-cell flow from (3.6) with 7; in place of Oh + I. For cells within distance O(s)
of the mark, its absolute value is bounded by

C 1
— > _ <C
s , 1 + dist(e, source)

e:dist(e,source)<C

For a two-cell pair farther away, the same bound is Cs/(1 + d) < C, where d > cs is its distance
from the mark. This includes the few faces adjacent to the pierced vertex. O

For later copying, a support is called shift-good when its spanning axis rectangle, enlarged by
Hm for a sufficiently large fixed H, misses the mark. On such a support the connection gauges
away and the ordinary calculation is evaluated at ¢ + A. At an interior support near the mark, the
pierced-plane calculation is evaluated at ¥ + vj;. The spanning rectangle in this definition will
include the numerical dependencies of links, as specified below. Thus these statements apply to the
entire calculation on a support, including an insertion, and not just to the fields explicitly occurring
in a factor.
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3.3 A real large-observation bound

The cutoff yields a uniform strict saving in face differences. We first prove the estimate for the
height sum without the cutoff. It is useful on every open patch, including a clipped patch carrying
the connection.

Lemma 3.3 (Large observations). For every preparation graph G and every real observation vector

Y,
Z(l?(y) 2
700) <exp{ —c E dy o (3.13)
¢ fEF(G)
ldy|<2T

Consequently, with a possibly smaller constant ¢ > 0 independent of R, P, s,

Z& ()
Z2(0)

%, (3.14)

[ vrldy) < e 2ser@

JEF(G)

Proof. For each face with |d| < 2T, insert a real tilt wy = cody on the two-cell flow and on the
corresponding noise difference. At the prescribed observation y, the total statistic is the deterministic
number ;s wydy. The flows have bounded overlap: each is supported on its two cells and each cell
meets at most four faces. Hence their combined microscopic coefficients u,. and noise coefficients v,
satisfy

mgx|ue\§0m?x]wf]/s, Zug—i—szgCZw?.
e c f

We spell out the affine comparison used here. On the Gaussian-chain lattice, impose endpoint
matches and observations as squared equality penalties. Put each prescribed offset, including [ and
the observation value, into an additional coordinate fixed to that value in the numerator and fixed
to zero in the denominator, with no original energy on that coordinate. The constraints are then
the same positive semidefinite additions in the affine and centered coordinates. Tilt the affine edge
coordinates and the noise variables themselves. By [Ope26b, Lemma 2.2(ii)], adding these common
precisions decreases the tilted-to-centered ratio. Continuous prescribed observations follow first
from finite quadratic penalties and then from the density limit. Independent continuous Gaussian
variables are allowed in the same comparison, or follow by lattice approximation.

To pass between absolute site heights and relative coordinates, one may temporarily retain
independent site heights with auxiliary positive precision and send that precision to zero. Released
tilts involve only edge and noise variables, so the auxiliary factors cancel. The constrained quantities
in the limit are exactly Z4(y) and Z2(0), with constants summed as defined above. All these limits
are at a fixed primary graph.

Upon releasing the constraints and taking the series limit, the log transform is at most C'>_; w}%.
Indeed max |w¢| < 2¢py/s keeps the edge arguments uniformly bounded, and the noise transform is
quadratic without restriction. Therefore

l
2o Wrds Zg(y) < O,
Z2(0

~—

Choose the fixed ¢ > 0 so small that ¢y — C'c3 > 0; this proves (3.13). For |d| > 2T, the Gaussian
tail in (3.4) gives x7(d) < e°®. Combining the two ranges proves (3.14). O
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3.4 Localization of the affine shape energy

The Gaussian part of the isolation expansion compares energies on different cut graphs. We need
these comparisons to be localized in observation-cell distance with constants independent of s. A
nonzero circulation creates a logarithmic energy near a cell junction. The next lemma isolates that
energy in an exactly local term; the remaining matrix has uniform exponential bounds.

For an observation junction z at which all four faces are retained, let x.(d) be their oriented
circulation. No circulation term is assigned to a junction whose retained sectors have tree adjacency.
For data df = yo — yc + Iy, all k,(d) vanish except possibly at the source, where its absolute value
is 2m if the full star is retained.

Lemma 3.4 (Affine shape localization). On each open preparation graph there are a quadratic form
La with a fixed-radius stencil in the faces, and a symmetric matriz Ng on those faces, such that

Eg(y) = La(d)+ Y. Na(f.g)dsdy, (3.15)
[,9€F(G)
where
0< La(d) <O di 4 Clog(2s) > k.(d)>. (3.16)
f z

The forms and matrices may be defined on arbitrary face arrays d, without imposing a curl constraint.
Their nonlocal entries satisfy
ING(f,9)| < Cecd=th9), (3.17)

Their dependence on the graph is exponentially localized as well. In particular, if faces in a set D are
deleted, extend both matrices by zero on missing faces. With a fized stencil enlargement understood
in the distances,

(N = Newp)(f,9)] < Cexp {—c (dist(f. g) + min{dist(f, D), dist(9. D))} (3.18)

The local stencils agree wherever the graphs agree. For the actual one-source data this implies

< C Z d + ClOg 23)1{pze7"ced star present}- (319)
feF (G

Proof. Trial extensions. Subtract y. from the sites of each cell c. If u is the resulting site field, then
(3.7) becomes

inf {a~?(0u + j(d)|% + [Byul?},

where j(d) equals d¢ on the microscopic edges crossing face f and is zero inside cells. Construct
a linear trial extension t(d) using only a fixed number of cells near each datum. Away from face
endpoints, put opposite half-jumps on its two sides, with the signs canceling j(d), and damp these
values into the cells at scale s. The new differences are bounded by C/s times the data size.

At a vertex with tree adjacency, choose constants on its sectors to cancel the retained jumps. At
a cyclic vertex, first do this for the part with zero total circulation. For the remaining circulation
use, inside a disk of radius cs, the exact lattice angular field: prescribe the affine gradient to
be k,(d)/(27) times the divergence-free infinite-plane connection normalized to circulation 27,
obtained by rescaling [Ope26a, Lemma 5.2]. Path integration constructs the sector fields because
the prescribed and original circulations agree. For unit data its gradient is bounded by C/(1 + d) at
distance d from the junction.
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The constants can be chosen so that the values used for gluing at radii comparable to s are
bounded. Integrating along arcs in an annulus of fixed radii ratio gives this assertion; successive
inner dyadic annuli give, if needed, the sufficient value bound C(1 + log™(s/(1 + d))). In particular
its cell average and its s~ 2-weighted squared site norm are bounded uniformly in s. Glue the vertex
fields, face strips, and zero cell-interior extensions with a partition of unity at scale s. For example,
vertex cutoffs may equal one within sup distance s/10 and vanish beyond s/5; the face strips outside
the smaller neighborhoods have width less than s/10 and central plateaus. On the two sides of a
joined face use matching cutoffs, with differences O(s~!). At free cuts join only sectors connected
by retained faces. Averaging the fixed stencils over square symmetries preserves these properties.

Define

Lald) = a2|t(d) + j(d)[% + [B,H(d)[,

It is exactly local. Its face-strip and gluing energies are bounded by C'3_ ¢ d%. In the inner cyclic
neighborhoods, summing (1 + d)~2 over lattice annuli costs C'log(2s) times the squared circulation.
This proves (3.16).

The correction source. Let Q¢ be the homogeneous massive observation form

Qc(u) = a?|0u|% + | Bsul?, Qc(u,v) = a 2(du, dv)g + (Bsu, Bsv). (3.20)

Cell Poincaré gives, on any union of whole cells,

23l < © (zuam@z(c) S r<Bsu>c|2) . (.21)

This form controls component constants, including on cut graphs.
The linear functional produced by the trial field is

qa(u) = a=2(0t(d) + j(d), du)g + (Bst(d), Bsu).

Write g = >_ dfqy. For each unit face datum, gy is supported on a fixed number of nearby cells,
and we claim

lay(u)| < CQa(u; Uyp)2. (3.22)

Here Uy is a fixed enlargement of those cells and Q¢ (u; Uy) includes their cells and incident retained
faces. The only issue is the angular gradient, whose full squared norm has the logarithmic bound
just obtained. Choose a cutoff £ equal to one on its inner disk and supported in a slightly larger
disk still inside the exact angular region. The connection 7, there is divergence-free, so

(Moo, O(Eu)) = 0.

Subtract this identity from its pairing with du. All surviving terms lie in an annulus with radii
comparable to s. The connection has bounded squared norm on that annulus. Terms containing 9¢
are bounded using |0¢| < C/s and (3.21). The other trial pieces have bounded energy, and Bt is
bounded as proved above. Cauchy—Schwarz now gives (3.22). Thus the logarithmic core energy has
not entered the norm of the correction source.

Let Hg be the positive operator associated with Qg, and let uy solve Qg (uf,v) = qf(v).
Completing the square around t(d) gives

Eg(y) = La(d) — aa(Hg'aa),  Ne(f.9) = —qr(Hg'qg).

This proves (3.15); it also shows that the nonlocal matrix is the negative Gram matrix of bounded
local sources. In particular (3.19) already follows by using the trial field and the stated circulation
pattern.

18



Energy decay away from a source. We give the uniform localization argument because it is also
needed for graph comparison. A solution uy is Qg-harmonic outside Uy. Choose sup-distance boxes
in cell units and a cutoff { which is zero inside one box, one beyond a larger box, and changes
on a layer of a fixed large number of cells. Interpolate it on sites with |0(| < C'/s and test the
equation with C2u]c. The form on cells and joining faces wholly outside the transition layer is
the corresponding outside energy. Gradient cross terms and mass terms in the transition region
are bounded by its energy, with one extra layer on either side, using Cauchy—Schwarz and (3.21).
Consequently, if F'(k) is the energy outside a box at cell distance k, there is a fixed width by for
which

F(k+2by) < C(F(k —bo) — F(k + 2b)).

Rearranging gives a fixed fractional decrease every 3bg layers. The total energy is bounded by (3.22),
SO
Qq(up;dist(-,Uy) > k) < Ce k. (3.23)

The proof is unchanged for arbitrary preparation cuts. Intrinsic face distance can also be used:
assign separate cutoff values to disconnected local sectors and interpolate along retained faces. At a
joined junction the discrepancies are at most four cell steps, so the same gradient bound applies.
Applying the local bound (3.22) for g4 to uy and then (3.23) proves (3.17), after decreasing c.
Comparison of two graphs. Suppose two graphs agree in a box of cell radius k£ about Uy. Multiply
the solution in the first graph by a reversed cutoff, equal to one near Uy and zero beyond a transition
layer halfway out. Transplant it to the second graph and put it equal to zero elsewhere. Its equation
error against a unit-Qg test is bounded by Ce™: pair the uncut equation with the analogously
cut test, and bound the resulting layer terms by (3.21) and the square root of the layer energy in
(3.23). Coercivity of Q¢ bounds the difference from the second solution by the same quantity in
energy norm. This proves exponentially local dependence of the solution and of the matrix entries.
For a deletion set D, each of the two matrices has exponential decay in the entry separation. If
both entries are far from D, their local stencils agree. When their separation is small compared
with their distance from D, compare the solutions in a common box as just done. When the
separation is larger, the separate matrix bounds already give exponential decay in that distance.
Thus the difference has both a separation bound and a bound in the minimum distance to D. Taking
geometric means of these bounds proves the simultaneous estimate (3.18), with smaller exponential
constants. Missing rows and columns cause no problem under the zero-extension convention. [

The same proof supplies the extra estimate used in isolation. Compare a true deletion with its
calculation on an open patch having clearance of order R from artificial boundaries. For entries
near the deletion, the graph-comparison argument has a common box of radius cR. For entries far
from it, each deletion change is already exponentially small by (3.18). Combining these bounds
with separation decay gives, for the error A; at event ¢ with deletion region D,

|A;(f,9)| < Cexp{—c(R+dist(f, g) + min{dist(f, D;),dist(g, D;)})} . (3.24)

All local pieces, including the logarithmic circulation terms, cancel exactly in this difference: the true
and patch calculations have the same retained faces and affine data near the deletion. A physical
free wall is the same wall on both calculations. Enlarging the fixed collars allows the estimate for
the bounded groups of simultaneous events used next. This is the precise reason that links have an
el factor with no additional log s loss.
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3.5 Exact isolation and links with numerical dependencies

We now apply the finite covariant isolation construction of [Ope26a, Subsection 9.2]. We describe
both the scalar normalization and the support labels, because exact copying depends on them.

Color tile centers by their tile type and the square-symmetry orbit of their coordinates modulo
¢, in units of R. In one color group nearby centers into proximity components, with a fixed large
proximity radius. Take ¢ greater than sixteen times that radius. A square-symmetry orbit has at
most eight residue labels. If a group contained two distinct centers with the same label, choose a
shortest proximity path between any such pair. Its interior labels are distinct, so the first repeated
label occurs within eight steps. Its displacement is therefore less than g; since its endpoints have the
same residue, they must be the same center, a contradiction. Thus each label occurs at most once
and the group has at most eight centers. Distinct groups of the same color have disjoint enlarged
neighborhoods. Order the finite list of colors, and process groups within a color simultaneously. An
event isolates every tile in its group, including from the other members of the group, deleting a
bond only when it is still present.

As in the cited construction, a group’s core contains its tiles and their immediate neighbors, its
open patch extends a fixed number of tile units farther, and its guard separates core from exterior.
One may use distances 1, 5, and 3 for core, patch, and start of guard, and distances 12 and 10
for an enlarged patch and guard when testing pins. Enlarge these fixed constants, and first the
proximity radius, whenever the fixed collars demand it. All distances in this paragraph are in units
of R observation cells.

Let 0 and ¢ denote the current open patch before and after one such deletion. Its proxy is

0
Bl() = Zag) e =BEL) ~ EX)) (3.25)

This is [Ope26a, Equation (9.6)] with affine shape energies. Its constants are always centered and
have no cutoff. Delete the physical face cutoff together with that face’s microscopic bonds; thus a
cutoff is present exactly when its face is retained.

At each considered event write the original local weight as Bll- times its cut weight plus their
difference. Selecting the difference marks that event. After a mark skip subsequent events near that
group, with the fixed skip distance enlarged along with the collars; distance 30 in the preceding
geometry suffices before such enlargements. Entire groups are skipped together. The resulting
binary expansion is an exact finite identity. A later considered patch does not meet an earlier
marked core or guard, so its proxy is independent of the signed choice within the earlier difference.
The fixed number of batches and the skip rule imply that every remaining cross-tile bond lies in a
fixed tile halo of a mark. All departures from the path with no marks are confined to these halos.

Let Bg’(o) be the proxies on the path with no marked events. Divide the expansion by

B'(y) =[] BXO(y) [] 22 (0)e P @)/2, (3.26)
i b

where b runs through the isolated tiles. This is the normalization of [Ope26a, Equation (9.7)], again
with centered no-cutoff constants and affine energies. A marked halo retains its full signed height
sum and every affected proxy. Outside these halos expand an unused tile factor as
By (y)/2 ZL(
e y)
T())b H xr(dg) =1+ F(y). (3.27)
b FEF(b)
In the magnetic calculation there is one exception: if the tile containing the source remains unused,
retain its whole factor rather than expanding it around 1. It will be the compulsory insertion. If
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the source belongs to a marked halo, that halo supplies the compulsory factor instead. Exactly one
connected component of every resulting pattern contains the source.

Write E} for the energy appearing in (3.26), so that B!(y) is a constant times e B2, Combining
it with (3.9) leaves the Gaussian factor

exp{5(E'(y) — Ey(y))}- (3.28)

Telescope the energy changes along the no-mark path. For each event, the true change and the
open-patch change have identical local parts; their remaining difference is (3.24). Summing over
events gives a matrix M on face arrays with

E'(y) - By(y) =Y. M(f.g)dpdy,  |M(f,g)| < Ceclredisila), (3.29)
f.9

Before summing, the event localization in (3.24) remains available. It makes the sum over event
positions uniformly convergent. This argument also treats the true free-wall clips, since both paths
use the same physical wall.

Telescoping the numerical dependence. An exponentially small coefficient computed from
the whole graph is not yet an exactly local coefficient. We resolve it into local calculations before
assigning supports. For each event and pair of argument faces, take open cell boxes containing the
event patch and the two faces. The initial radius is a sufficiently large fixed multiple of R plus such
a multiple of the largest separation among the event and argument faces. Include a fixed R-size
halo for every numerical tile rule. Increase the radius one cell at a time. Let A ( f,g) denote the
calculation clipped at radius D, with the same grids and the same true free Walls if one is met.
Write the exact coeflicient as the first clipped calculation plus successive differences

Ai(f,9) = AP g+ S (AP (r, g) — AlPY (1, g)). (3.30)

D>Dq

On finite squares the sequence becomes exact when the clip contains the graph. On the plane it
converges by the solution comparison in Lemma 3.4. Every summand depends on a finite box and
has exponentially small size in its radius, after weakening constants. The first summand has the same
bound by (3.24), because its initial radius is controlled by R and the argument distances. Subsequent
differences have it by comparison on the common interior box. In particular the coefficients retain
both the e~¢# gain and summable decay in the added radius.

On a torus perform the same telescoping only up to a sufficiently small fixed fraction of the
period, and then use the exact residual as a final term. Give that term a winding label. If the
initial radius already reaches the threshold, no initial clipped calculation is needed; the exact term
has exponential decay in the period length because R and the argument distances then control
that length. Otherwise the last residual has the same decay by graph comparison. Include actual
winding paths in the support of either kind of terminal term.

Index the bilinear summands resulting from this telescoping by v, and write x,(y) for one-
half its coefficient times d;d,, with the chosen symmetric matrix convention. Define the link
,(y) = e*®) — 1. The exact version of [Ope26a, Equation (9.10)] is now

B W=BL/2 Z T(1 + 4, (y). (3.31)

v

At every fixed finite-volume field the coeflicient series and this product converge absolutely. Their
integrated absolute estimates are proved in the entry section.
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Support labels and copying. A link whose numerical box has radius D’ in cell units is covered
by a path, or a fixed number of paths, of total length O(R + D’). These paths contain its argument
faces and span its numerical dependence. Choose paths on the underlying uncut grid; deleted faces
do not obstruct a support label. Extend them to the coordinate extrema of the dependence box so
that their spanning rectangle contains that box. When a numerical calculation reaches a free wall,
include a path to the wall in its support. Equivalently one may always extend the paths to all four
sides of the dependence box. Include the symmetric image choices to retain square covariance. On
a torus retain winding lengths and the winding paths specified above. The number of m-blocks met
by such a cover is

O(1+ D'/R). (3.32)

The support is the blocks on the paths and their prescribed fixed collars; the spanning rectangle is
used to check the full region on which its numerical coefficient depends.

These rules make copying exact. First telescope on the same cell grids in the plane and in a
box. Any coefficient whose dependence box and required clearance avoid the physical wall is then
the identical local calculation in both geometries. A coefficient that does depend on the wall is
flagged by a support reaching the wall. On a torus, a small unwrapped neighborhood contained in a
sufficiently small fixed fraction of the side sees precisely the plane terms, since all final residual terms
carry winding supports. In a simply connected patch avoiding the mark, gauge change turns the face
arguments into ordinary differences; the numerical rules are unchanged. Near the mark the same
construction copies the pierced-plane calculation with the translation (3.11). This explains why
the spanning rectangle, including its dependence box, was required in the definition of shift-good
supports.

There are only polynomially many face, event, origin, path, and radius labels of a given length
above an anchor block. The coefficient decay therefore pays the exponential support weights
associated with (3.32) when R is large. More concretely,

16,] < |zl |dpdy| < L(d3 + d2).

Assign to each link a small positive face-square cost using these inequalities. Summing over every
radius and label gives an O(e %) total coefficient at each face. The link fields themselves use only
their two argument faces. No value of a branch potential along a long covering path is estimated or
inserted. The enlarged labels are used also for the unmarked calculation and leave the subsequent
local maps unchanged.

Finally cover every selected tile and marked event by its required halo, and every link by the
just specified paths. Average the resulting patterns over e and the Gaussian modes below m in (3.8).
The covariance (3.1) is positive and has range O(m) by [Ope26a, Lemma 8.1]; its shell continuation
has the same properties at subsequent scales. Choose the fixed connection radius p large enough
to include this range and the activity collars. Distinct connected components of a pattern then
have independent Gaussian integrations, and their numerical choices and field factors separate.
Grouping components gives the compatible subset algebra of [Ope26a, Proposition 4.8]. All original
exclusions are retained, including separation from the component containing the source. In the
pierced sector exactly that component is the compulsory insertion. We have obtained the exact
algebraic representation and its copying rules; the remaining task is to bound its background and
insertion activities in the analytic norm.
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4 Analytic entry with one magnetic insertion

The preparation in Section 3 expresses the observed height interaction as an exact sum of local
patterns. We now estimate that sum in the full analytic norm of (2.11). The distinction between an
ordinary pattern and a pattern meeting the magnetic source is important: ordinary activities will
be arbitrarily small, whereas the single activity carrying the source will have a polynomial bound in
the observation scale. No smallness of that insertion is required.

We use the notation of Section 3. In particular, s is the observation-cell side, R is the tile
parameter, P = R®, m = ¢qRs, and JlG is the cutoff interaction associated with the affine observation
energy ElG The polynomial covariance below m, its continuation on zero modes, and the analytic
norm are those fixed in Section 2. The common constant of the reference field is uniform modulo
27/ av.

The regulator must be chosen to accommodate the large-observation saving. By (3.14) and
(3.19), there is a fixed hy, € (0,1) such that

J&()
Z2(0)

hy
2

< exp { ElG(y) + C'log(2s) 1{pierced star in G}} .
The constants here are independent of R, P,s. Fix hept with hy < hent < 1. An entry-admissible
reserve will mean a choice

hent < h1 < hy < 1/pa, 1 < p1 < po. (4.1)

Such choices exist by taking pi, po sufficiently close to 1. We make this choice, with room for any
fixed finite collection of stronger regulator regimes, before choosing L or activity weights. The proof
below keeps all actual quadratic charges below hept.

In a pierced square, the compulsory cover is the set of entry blocks covering the mark, a fixed
C' P-cell neighborhood of it, and the prescribed collars. Here C is a sufficiently large fixed geometric
constant. The cover is declared occupied whether or not an isolation error occurs there, and is also
called the token. Its size can depend on R but not on s or on the square side.

Proposition 4.1 (Mesoscopic analytic entry). Choose the regulator reserves as in (4.1), and fix
compatible parameters for the local maps of [Ope26a], including the block factor L, the support
geometry, the activity weight A, and the analytic radius. A fixed finite collection of stronger weights
and entry-admissible regulator regimes may be specified. For every € > 0, one can choose a fixed
dyadic q, an arbitrarily large dyadic R, and then sg, such that the following conclusions hold for
every compatible dyadic s > sg, with P = R® and m = qRs.

1. In the ordinary case, averaging the observation noise and the reference covariance below m
gives local activities K., satisfying

[ K llmav < e (4.2)

This holds on finite plane supports, on compatible tori, and on free squares whose sides are
divisible by sP and are at least sP. Up to a positive field-independent scalar, the corresponding
subset partition function is exactly the averaged cutoff interaction. Activities with their required
clearance from a wall or a torus identification are the corresponding plane activities. The
construction s real, even, and covariant under the block translations and square symmetries
that preserve the chosen hierarchy.
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2. In a pierced free square in which the compulsory footprint and its required collars fit, the same
scalar as in its ordinary counterpart may be extracted. The remaining partition function is

with exactly one insertion activity I,,. Its supports contain the mark block and the compulsory
cover just specified. The background activities K are arbitrarily small in their prescribed
norms, and

[ L |lmav < CrsCR. (4.4)

Here and below Cr may also depend on the fized downstream norm and geometric parameters,
but not on s or on the square side. Ordinary occupied supports remain separated from the
insertion by the original compatibility rule.

3. A support is called shift-good if its spanning rectangle, enlarged by Hm, misses the magnetic
mark. The fixed constant H is chosen from the local-map geometry. On such supports the
pierced background is the ordinary background evaluated at the local lift ) + A, where

XN =mn/a.

On interior supports near the mark, including insertion supports, the activities are copies of
the pierced-plane calculation evaluated at v + var, with yar and its derivative bounds as in
(3.11) and (3.12). Copying always includes the collars and numerical dependence required by
the activity.

The assertions hold simultaneously in the fixed finite collection of reserve regimes. Their constants
are uniform after the geometric parameters have been fized.

We prove the proposition by adapting the real-pattern and analytic estimates of [Ope26b, Section
5, Lemma 5.4], together with the normalization and connected pattern arguments of [Ope26a, Section
9]. The point of the proof is to check the hypotheses of those arguments for the unstrengthened XY
law with cutoffs and for its affine magnetic sector. The Gaussian coefficient in every comparison
below is o = 8.

4.1 Bounded observations and conditional restoration

An isolation error has two positive terms: the restoration kernel before a cut, and the restoration
kernel after the cut multiplied by its Gaussian proxy. Denote these kernels by K, and K., and the
proxy by B;. After conditioning on the guard heights and prescribing the observations, its relative
absolute error is

_ |Ko - Bch|

0; = < 1. (45)

Ko + Bch o
The kernels in this formula include the face cutoffs retained in their respective graphs. A cutoff
common to both terms cancels from the ratio. In particular, inserting these cutoffs does not change
the conditional sampling of guard heights at fixed observations.

First suppose that the observations range over a fixed compact set and that the patch has no
magnetic source. On this set \/g(df) tends uniformly to 1, with positive values; its logarithm
therefore contributes a uniformly vanishing error to (4.5). Other positive real factors only decrease
when multiplied by cutoffs. For a selected isolated tile, whose factor is its normalized interaction
minus 1, the same compact convergence applies to that difference.
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The remaining convergence inputs are precisely the mixed-smear, separated-pin, and conditional-
pin limits of [Ope26b], with the observation mass retained. Core pins and surrounding guards have
fixed positive clearance in tile units. All cuts follow whole observation cells, and free-wall patches
are clipped with the same actual wall. These are the mixed polygonal geometries of the cited limits.
The observation mass controls the constant on each component. Compactness of observation data
is understood modulo component periods, using the joint components of all faces appearing in a
restoration test.

For clarity, the conditional-pin input is convergence in probability under the relevant guard laws,
not convergence uniformly at arbitrary guard values. In the proof of [Ope26b, Equation (5.20)],
conditional terms are integrated under either of the two restoration topologies. The restoration
comparisons of [Ope26b, Lemma 3.9] give exactly these changes of sampling law. The local-limit
inputs required there are smear limits with observation mass, separated hard-pin and conditional-pin
limits, their versions with fixed observation tilts, and the corresponding finite-geometry Gaussian
statements. For the present unstrengthened law these are supplied directly by [Ope26b, Theorem
3.1 and the following restoration estimates]; the additional averaged-bond precision used in that
paper’s strengthened-law entry lemma is absent here.

These statements are uniform on the compact observation sets just specified. One way to see the
needed uniformity is to let the observation data themselves converge in such a compact set. Sampling
tilts then vary continuously, with uniform integrability supplied by the observation exponential-
moment bounds. For each finite list of conditional Laplace terms, differences at converging arguments
tend to zero in probability: their derivatives are bounded by conditional moments on a fixed larger
compact set. The finite Gaussian terms and proxies converge in the same way, and the limiting
positive normalizers stay bounded away from zero. Compactness now gives the claim.

Here is the quantitative estimate supplied by these limits. Let £,ox be the sum of squared affine
face differences on the underlying portion of a P-box in the padded pattern. It may include faces
from a patch whose difference is being tested. Recenter one observation in each joint component
into [—m, 7] by a height period. Paths within the box then give

lyllz < CPE(1 4 \/Epox(y))-

Thus a fixed bound on &y gives a compact observation set. Call an error deep if its core, open
patch, and testing guard lie inside the bounding box with the prescribed positive clearances. At
fixed R, P, there are finitely many box geometries, positive topologies, and choices of deep errors,
and their number jgeep is at most a fixed polynomial Np in P.

For a deep error i, write D; = log(K,/(B;K.)). Decompose this logarithm into its centered
zero-guard value, the change of centered restoration normalization with guard data, and the two
conditional observation Laplace terms minus the proxy energy change. The first term is O(e %)
after refinement. The second lies between log g, and zero, where rg, is the conditional full-core
pin ratio on a neighborhood H; containing the restored bonds. These are the restoration and
pin-interaction estimates just cited.

In the limiting Gaussian problem, let u; . be the cut harmonic prediction from the guard data.
Set &; = Y;ui., where ¥; equals one near H; and vanishes before the guard. The norm ||-||7 is
the continuum gradient-plus-unit-cell-observation energy norm on the cut patch, with gradient
coefficient a2, corresponding to (3.20). The guarded localization estimate of [Ope26a, Equation
(9.23)] gives, for every r > 2,

auss T 1/r —c
(BSaleill3) " < OV PCe (14 \fEban(y)). (4.6)
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Here 7 may be either restoration topology, and the expectation is over its Gaussian guard law with
fixed observation tilt y. The constants and polynomial degree are independent of r. Indeed the
centered prediction is Ag in the energy Hilbert space, where g has identity covariance and ||A|lgs <
CPCe°F. Diagonalization and Gaussian moments bound its L" energy norm by C./7 ||A|lus.
Restoring bonds decreases the guard covariance. The observation tilt adds a deterministic prediction
bounded by CPCe%||y||2, proving (4.6) under both laws.

Subtracting &; from a cut minimizer makes it admissible for restoration without changing the
guard data. Orthogonal projection in the energy space gives

—2logry, < [l&iF

and bounds the linear conditional-Laplace discrepancy by C||y||2|/€i||7- The conditional quadratic
discrepancy from the open-patch proxy is at most Ce=“%||y||3, by the same guarded localization. If
restoration joins free faces, first prescribe finitely many smooth guard probes: the cut and restored
minimizers belong to nested admissible energy spaces, and the correction makes the cut minimizer
trace-matching. Increasing these finite probe lists gives the assertion. Thus the calculation uses
finite-energy predictions, not pointwise values of a rough continuum trace.

Since 0; < min(1, |D;|), these estimates give Gaussian moment bounds of the form

16l £r 7y < €™ OFPEL 4+ 1) (1 + Epox ()

The microscopic conditional approximation transfers these bounded moments under either topology.
For this transfer use the normalized conditional restoration ratio: the conditional expectation of the
positive restoration factor in the centered cut law, divided by its value at zero guard. This ratio lies
between g, and 1, and the limiting Gaussian rg, is strictly positive. Exceptional sets therefore
have vanishing probability under both tilted laws, and there d; < 1 suffices. The cutoff ratios add
only uniformly vanishing logarithms on the compact observation set.

Let 117, be a positive topology’s conditional guard law in the box at fixed observations, and let
Zgeep be its retained deep errors. Holder’s inequality, without an independence assumption on these
errors, now yields

Eur,y H 51 < Cexp {*CRjdeep + R_mgbox(y)} . (47)

7:eIdccp

For jgeep > 1, use moment order max(2, jqeep). The polynomial loss is at most
[Pc(l + jdeep)c(l + gbox)c]jdccp_

Maximizing its energy-dependent part after multiplication by e~ B Eox costs eOlideen 108 R) since
Jdeep < Np = poly(P) and P = R®. Large R absorbs this loss in the exponential rarity. For
Jdeep = 0 the left-hand side is one. The remaining quadratic allowance is precisely

R 28 ox. (4.8)

This transfer needs no convergence rate uniform in R. Fix R, P and the real-data threshold
first, and prove the Gaussian version of (4.7) with a stronger exponential constant. Compactness
and the finite list of geometries make the refinement errors, including exceptional-set probabilities,
smaller than any prescribed positive number. Choose this number below the finite minimum of the
remaining slack for 1 < jgeep < Np, then take s sufficiently large. The prediction constants and
exponential gain have already been fixed; only the refinement threshold depends on this transfer
tolerance. For an isolated selected tile the normalized Gaussian interaction is one, so the same
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compact convergence makes its error from one at most e . These are the event and tile gains
used below in the real pattern estimate.

If a simply connected observation box misses the source, the ray connection is removed by an
integral gauge constant on each observation cell. The preceding argument then applies without
change, with dfc in the bounding face cost. Enlarged guards and counting halos can be increased by
fixed factors. At an actual free wall, including a corner, the guards are clipped with that wall; no
periodic replacement of the boundary condition is used.

4.2 Centered constants and cuts into bounded boxes

The estimates must retain the centered normalization even in the magnetic calculation. In each
pattern telescope only the true centered partition ratios in its affected halos. These are Z%(O)
without cutoffs. The restoration and pin-interaction estimates of [Ope26b] therefore give the same
bounded exponential cost per marked event as in [Ope26b, Equations (5.16) and (5.17)]. A fixed
distinguished halo may have an extra e“® cost. Nothing is telescoped through an unaffected portion
of the volume.

After this accounting, each positive topology has the real field factor

JlG(y) EL(y)/2 Z (y)
LG — e Pely)/ Xoa(dp) 282 4.9
Z80) st Zo0) 9

multiplied by a conditional expectation of products of (4.5) and by the small energy-error factors.
Here F(G) is the set of observation faces retained in that topology. The double telescoping of
normalization constants in [Ope26a, Lemma 9.3] now uses the affine matrices of Section 3. Their
local curl terms cancel exactly: the two paths compare the same deletions with the same nearby
affine data and connection. At artificial boundaries the two paths are clipped identically in the
unchanged collar. Only the exponentially small coefficients on face squares remain.

To estimate a topology, cut it into observation boxes of side P. The shifted comparison [Ope26a,
Equation (9.20)] applies with the connection and with prescribed guard values by Proposition 2.2.
Its guard probabilities still use centered partition sums. Drop the cutoffs on the new box cuts.
The conditional kernels at deep errors, and hence their cutoff ratios, are unchanged. The Gaussian
localization estimate gives, after averaging translates of the cuts, the logarithmic cost

C(R/P)E, (4.10)

where £ is a face-square cost confined to the original padded support. Indeed each face is within the
fixed tile-size neighborhood of a seam for a proportion O(R/P) of the translates; the exponentially
decaying matrix tails have the same bound after summation. A local curl term can add C'log(2s)
only in the box containing the magnetic junction. No other elementary cell junction has nonzero
circulation.

The same averaging retains a fixed positive proportion, for example one half, of the deep errors
while satisfying (4.10), after increasing its constant. One can first separate the common upper
charge for the magnetic curl and then apply the ordinary averaging argument. This is the only
exceptional seam charge associated with the source.

4.3 The compulsory cover and large observations

In the pierced calculation use the compulsory cover defined before Proposition 4.1. Choose its
constant C' large enough that every bounding box belonging to a component disjoint from this cover
can be tested away from the source. There is exactly one token in a pattern.
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In the token component use the good-box estimates outside the fixed number of boxes meeting
the source. In those exceptional boxes take only §; < 1. They contain at most poly(P) events, and
the missing gains can therefore be paid by a constant depending on R. We next give a bound that
applies both to these boxes and to boxes with large observations.

The cutoff large-field estimate and (3.19) give the bound used in choosing h;, above:

J&()
Z2(0)

U
2

< exp { ElG(y) +C IOg(2S) 1{pierced star in G}} : (4'11)

To check the strict inequality hy < 1, combine (3.13) with the Gaussian decay of the cutoff on the
remaining faces. The logarithm of the right-hand side of (4.9) is at most

%Ela(y)—c Z d?c.
feF(G)

Since (3.19) bounds ElG by a fixed multiple of that face sum plus the displayed curl charge, a fixed
fraction of ElG /2 is saved. This fraction is independent of s, R, P. The initial choice of h; can be
made positive by enlarging it while preserving h;, < 1. For a selected isolated-tile difference the
same argument allows the sum of this bound and 1.

It remains to express these affine costs in the homogeneous energy used in the norm. Write

=1y — Bgr,

taking r = 0 in the ordinary sector, and let D be the underlying padded support. Restrictions of a
trial field for E'p(x) show that the sum of the cut homogeneous observation energies is at most Ep(x).
A quadratic inequality in (3.7), followed by (3.19), bounds the affine part from Bsr by O(poly(P))
per broad box, and by Og(log(2s)) for the token calculation. Here the affine face differences of
Bgr are uniformly bounded by the source estimates of Section 3. Choose the quadratic-inequality
parameter so that its increase in hy, is less than one quarter of hent — hp. This is a fixed choice made
before R; its deterministic cost only changes the constants depending on R.

Small face costs are handled by the two-cell Poincare estimate. Their deterministic affine parts
cost their coefficient times the number of faces. In particular, (4.10) adds O((R/P)R?) per affected
halo, and (4.8) adds O(R™'2P2) per occupied bounding box. Link costs have their exponentially
small summable coefficients. Both large-observation thresholds and the regulators are evaluated on
real data. If a box is declared large because Epox > Ugig, insert

1 < expfe1(Enox — Upig) } (4.12)

with fixed sufficiently small €; > 0. Choose it so that its increase in the energy coefficient uses less
than another quarter of heyy — hp. Its positive part uses only a further small increase of the energy
coefficient and O(poly(P)) per such box. Its negative part will pay the lost good-box gains.

The remaining seam, good-box, and link coefficients tend to zero as R increases. Choose R so
that their sum uses less than the remaining half of heny — hy. The actual energy coefficient hygeq
therefore satisfies

hused < hent < hl < h* < 1/]?2, 1< p1 < p2,

with the regulator parameters already fixed in (4.1). This ordering is uniform for large s and applies
in each of the finitely many reserve regimes.
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4.4 Gaussian averaging and the real pattern bound

We now average the observation noise and the reference modes below m. This step uses the
contraction of the homogeneous observation energy and the localized determinant estimate in
[Ope26a, Lemma 9.2]. It is important to apply the trace estimate to the actual quadratic costs
before replacing them by their common energy majorant. A broad box has only O(P?) observation
coordinates, so its contribution has rank O(P?). This remains true for a box meeting the magnetic
source. Every Gaussian adjacent-cell difference has bounded variance: use the two-cell flow from
Section 3, now in the ordinary Gaussian field. Hence the remaining trace estimate is exactly the
localized trace estimate of [Ope26b, Equation (5.24)]. Links retain their exponential path costs.
After fixing norm parameters and then large R, P, choose the finite Uy, so that the negative
term in (4.12) pays the broad-box trace, all polynomial box costs, and all lost item gains. Only after
this choice do we invoke the compact-data estimates and increase s. The identities P = R® give

(R/P)R* =R~ R "“P’=R7

so the seam and good-box allowances leave strict room for the exponential gains.

For a pattern m, let j; count its isolation errors and js its selected tiles. Let dy denote the
cell-distance parameter of a link, including its numerical dependence radius. If X is the covered
block support and Fj its averaged field factor, the resulting real estimate has the form

|Fr(2)| < Cirtiz g=cR(j1+i2) HCe_C(RJ“dE)W,’%O(X,w)evo(x’w), Ko < K. (4.13)
l

For a pattern with the token, multiply the right-hand side by Crs®®. The fixed number of
exceptional boxes and the Or(log(2s)) curl charge are precisely the sources of this factor. There
is only one such factor. The sum over choices of small- and large-observation boxes costs a fixed
exponential per ordinary item, or a fixed Cg in the token component.

If a favorable cut translate was selected according to the real argument, dominate that selection
by the sum over all translates. The number of choices gives at most a polynomial-in-R factor per
error, absorbed in the exponential item gain. No optimized-cut comparison is needed for a pattern
with no error event; fixed token costs are already permitted. In particular, this step never introduces
a determinant whose rank grows with the microscopic cell size s.

The same regulator argument applies on free squares. Restricting to an open support lowers
the homogeneous minimum energy. The positive-order covariance estimates for shells and for the
terminal field follow from the binary-polynomial kernels of [Ope26a], with the convention of Section 2
and even reflection at free walls. The independent-normal factor from other covariance splits is
absent here. Enlarge supports only by aligned whole cells. This proves the energy contraction,
localized trace, and finite-range additivity needed in the free-square estimates.

The strict reserve also allows real translations of the background. If f has scaled analytic test
norm at most 1, replacing ¢ by ¢ + zf in (4.13) costs at most

O IX (4.14)

while leaving the final regulator evaluated at . This is the quadratic completion with reserve in
[Ope26a, Equation (9.28)].

4.5 Complex directions and analytic derivatives

The real bound alone does not imply the full analytic norm. We obtain a separate estimate on a
fixed complex strip and then interpolate. Let z be a real observation direction. On the extended
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Gaussian chain lattice, an affine connection and prescribed real observations become a real linear
tilt and a scalar after choosing coordinates on the underlying centered lattice. The theta parity
identity of [Ope26a, Equation (9.29)] therefore gives

Zy +i2)| _ Z5(i2)

ZEy) 20

The fixed-graph Gaussian-chain limit preserves this inequality. The right-hand side is the ordinary

centered imaginary ratio for the topology, without cutoffs. Its characteristic factor is positive, and
centered pinning increases that factor.

Discard the rarity of the errors, expand into positive topologies, and apply (4.15) to each whole
integrated topology. Use the argument of [Ope26b] from its complex-comparison Equation (5.26)
through its strip estimate (5.27): pin whole observation-cell strips of width R/4 along translated
P-box walls. The mixed limits on the resulting fixed pinned boxes give their Gaussian imaginary
ratios uniformly on each fixed compact set of imaginary directions. The limiting ratios are strictly
positive. The additional imaginary Gaussian wall cost is

(4.15)

OH.., (R/ P)##{active observation cells} (4.16)

on a strip of fixed height Hgi,ip. We distinguish this strip height from the geometric clearance H in
Proposition 4.1. The homogeneous imaginary quadratics cancel against the same proxy quadratics
as in the ordinary argument; connection offsets are real.

The cutoff factors need a simpler estimate. For real a, v, their defining Gaussian integral gives

2y ssla). (4.17)

If the field direction has bounded scaled analytic test norm, the imaginary part of an adjacent
observation difference is Op,,, (s/m). A halo has O(R?) cells, so the sum of these extra logarithmic
costs is Op,,,;, (1) per halo. It does not require a new wall estimate. The real parts of the positive-
topology estimates still have the bounds already proved: on compact-data boxes use the same
comparisons with rarity discarded, and on large-data boxes retain their Gaussian completion and
payments. For a selected tile discard the subtraction from 1 in this rough bound. The token
component may again pay its single factor CrsCE.
Thus, for real x,t with |t| < Hguip and a direction f of scaled point norm at most 1,

Ixysla+iv)| <e

[Fr( 4 (@ + i) )] < exp{o(R)(j1 + ) + Crtyuy (1 + ) [X [ J] CeTFHWE(X, )et00),
4
(4.18)

A token multiplies this by Crs®®. The term o(R) includes the wall cost: per halo (4.16) is
O(R3/P) = O(R™2). Absolute Gaussian integration and analyticity follow from the broad real
estimate with reserve and this strip bound.

Choose ran > 4ehg, where hg is the analytic radius, and then Hgip, > 47an, before choosing R.
Apply the three-lines theorem on both half-strips to

Fr () + 2 )™ Panmp=* X1,

where the constant Dgamp > CH,,,;, is used only in this interpolation. The real boundary has (4.13)

and (4.14); the outer boundary has (4.18). On |z| < ra, the harmonic weight of the real boundary
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is at least 3/4. The exponential gains therefore survive, with a smaller positive constant. Removing
the damping costs e€!X!, which is absorbed by the item and link gains because

| X| < C(j1+j2) +CY (14 de/R)
¢
in the ordinary case, with an additional fixed CR for a token. Finally Cauchy’s estimate followed by
real polarization bounds the order-r analytic derivative contribution by the same pattern bound
times
,rT
(ho/ ran)’”ﬁ.
The series in r converges. We have proved (4.13) in the full analytic point norm, with weakened but
still positive exponential gains.

4.6 Summation, exact copying, and translated norms

All bounding boxes above use only the underlying portions of the original padded activity supports.
They are devices for estimating a pattern, not new activity domains. A cut crossing a topology
may charge underlying faces there, so the estimate also controls differences on an error patch. All
good-error patches tested after cutting are deep in their bounding boxes. Choose cut translates
on the tile grid and imaginary pin strips on the R/4 grid; these choices preserve the tile-junction
geometry. A group meeting a free wall uses its clipped events and patches, with the plane ordering
restricted to present tiles. Its size and counting bounds, including at corners, are the same bounds
used above.

The connected-pattern summation following [Ope26a, Equation (9.34)] now applies. Exponential
item gains pay the activity weights, halo covers, and polynomial labels. A link with dependence
radius D’ has a cover of O(1+ D’/R) blocks and decay exponential in R+ D’, as proved in Section 3;
its gain therefore also pays its cover and radius labels. On a torus the last telescoping term uses a
winding label with the same bound. The finite-range Gaussian averaging factorizes on compatible
components with their original exclusions. Every ordinary connected component contains an item
or a link and hence retains a small factor. By increasing R, their sum gives (4.2).

The component containing the compulsory cover has the bound (4.4); all other components
are ordinary background activities. No additional optional token is summed. This gives exactly
the coefficient partition function (4.3). The normalization constants were centered throughout, so
the extracted scalar is the ordinary one on the same square. The absolute estimates justify every
exchange of pattern summation and Gaussian integration. In particular these are convergent exact
representations, not identities of formal expansions.

Plane objects in this construction are defined on finite supports. The tile and link rules can
respect all block translations and square symmetries, using symmetric spanning paths when necessary.
Padding an event cover includes the numerical rules in a sufficiently large fixed multiple of its
tile-size halo. Link covers also record their numerical dependence. Consequently a support with its
stated clearance has exactly the same local calculation in the plane and in the finite graph.

For the magnetic copying statement, recall that the harmonic energy scalar has already been
removed in (3.9). The remaining localized preparation, including all links, depends on a harmonic
solution only through the arguments of its functions. The polynomial reference covariances themselves
copy with clearance. Replacing ro, by r therefore changes an interior argument precisely by ~,s from
(3.11). On a shift-good support an integral gauge removes the connection and gives the ordinary
activity at the corresponding local lift.

There is one harmless convention needed for background activities at entry. A support in-
compatible with the fixed compulsory token footprint cannot appear in the coefficient partition
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function. Define the background on such a support to be its prescribed ordinary translate if it
is shift-good, and zero otherwise. This leaves the represented partition function unchanged and
preserves the pierced-plane copying rule. It also permits choosing H from the fixed map geometry,
independently of P. Use identical positions in the initial hierarchy in every comparison, and require
the inner supports of the token construction to fit with clearance. The square applications have
M/(sP) — o0, so this requirement is satisfied.

Lastly we check the norm convention for lifted backgrounds, rather than merely their pointwise
copying. On a shift-good support and its collars the lift satisfies

m|VA| +m?|V2\| < C.

The ordinary regulator can use a doubled exponent, at a cost C X1 on support X, as in [Ope26a,
Proof of Proposition 5.7]. For the variational regulator, increase its parameter h, slightly. The
optimized quadratic is bounded by local gradient energy and increases at least proportionally with
h.; applying the quadratic inequality to the translation again costs only CXI. A stronger untwisted
activity weight pays both losses. These changes use the finitely many reserve regimes fixed at the
start. Each downstream contraction may be performed in its own fixed regime, with the same
regulator at successive steps; no reserve is consumed anew at every iteration.

Choose hy, hent from the uniform preparation estimates, then the analytic translation radii
and entry-admissible regulator reserves before L, take L sufficiently large for the desired local-
map contractions, and then take the activity weights sufficiently large. Once these downstream
parameters are fixed, choose R, P, then Uy;g, and finally so as above. This order proves all assertions
of Proposition 4.1 simultaneously. O

5 Finite critical histories and physical readouts

The entry construction provides a small interaction at a large scale, but its cutoff is useful only on
a finite range of larger volumes. We therefore work with a family of finite histories. This section
proves that these histories stay close to the marginal Gaussian reference, and obtains two physical
observables that compare histories with different entry scales. Section 6 will use those comparisons
to determine the gradient coefficient with a summable error.

Throughout this section a = o = 87, and L is the fixed block factor chosen after the geometric
and analytic norm parameters. An absolute index k refers to the physical side L*, rather than to the
number of steps since entry. This distinction matters when two histories have different entry scales.

5.1 The family of histories and the local maps

Fix the parameters of Proposition 4.1, including R, P = R® and ¢, independently of the history
length. For a large integer .J, choose a dyadic observation side s = s; such that

J3<s5<CpLJ3, qRSJ:Li(J). (5.1)

Such a choice is possible because ¢, R, L are powers of two: among any fixed number of successive
dyadic choices of s, one has the required congruence of exponents. In particular i(J) = O (log J).
Starting from the unpierced plane activity of Proposition 4.1, run the local maps through absolute
index 8.J, stopping provisionally if the activity leaves the small ball of the map theorem. We call
this the J-history. A superscript (J) distinguishes its coordinates when necessary. Figure 1 displays
the overlap of two such histories and the intervals that will be retained when they are joined in
Section 6.
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i(J) = O(log J) ‘ history targeted at J

compare physical observables
history targeted at 2J (to 16.J)
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Thick segments are retained in the spliced sequence.

Figure 1: Finite histories overlap well beyond the intervals retained in the spliced sequence.
Coordinates are compared at the same absolute scale using observables of the original height law.
The picture is schematic near the entry indices; no convergence rate at entry is assumed.

We use the singleton and remainder coordinates from Proposition 2.7. The unbalanced coordi-
nates are (¢,z,R): the first two multiply the gradient singleton €% /2 and the fundamental singleton
c%, respectively. The balanced gradient and fundamental coordinates are (7, 7). Parametrizing
the exact Gaussian curves gives the coordinate u, and subtracting the corresponding Gaussian
remainder gives B = B, + B,,, where the subscripts denote the even and odd parts under translation
by 7/a. In these coordinates an exact Gaussian trajectory is (u,0,0,0) with u unchanged by the
map. The curve depends on its entry index; the reference covariance kernels at a specified absolute
index do not.

Lemma 5.1 (Uniform maps and the absolute coefficient estimates). The coordinate changes and
parity-resolved maps of Proposition 2.7 have a common analytic neighborhood and common bounds
for all sufficiently large entry indices i(J). At absolute index k, their two scalar quadratic coefficients
obey

Hy=H+0((1+k)72), bp=b.+0((1+k)%, H>0 b.=2logL  (52)

The coefficients Hy, by, are independent of the entry index. The constants in the parity remainder
bounds are uniform in the J-history.

Proof. The balanced projections are the convergent future linear projection series in [Ope26a,
Equations (8.17) and (8.18)]. Their norms and inverse norms are uniform at every sufficiently
large scale. The covariance used here is the nearest-neighbor polynomial covariance in the fixed
absolute-index convention. Consequently its linear maps and future projection series, and hence its
balanced quadratic coefficients, are functions of the absolute index alone.

We first check that parametrizing the Gaussian curves does not introduce a dependence of
the analytic radius on the entry scale. At side L?, initialize the exact partition algebra with the
exponential of d3" 5 e%/2. A fixed small complex disk in d is permitted by the energy reserve in
the entry regulator. The normalized block energy has the same bound at every entry scale. For
a smooth terminal source, Gaussian completion involves the inverse of I — dCY/2ACY/2, where C
is the reference tail covariance and A is the unit-edge Laplacian. Energy contraction bounds this
inverse uniformly on a fixed smaller disk. The gradient diagnostic and transverse contraction in
[Ope26a, Lemma 10.3] therefore bound all these Gaussian trajectories and their analytic derivatives
uniformly. Smaller diagnostic tori cause no problem in this argument: the Gaussian initialization
has no entry sewing operations. This is also the uniformity argument used at the end of [Ope26b,
Section 5]. The cosine decomposition does not change it, since the pure Gaussian trajectory has
zero charged coordinates. Its balanced gradient coordinate is T¢(d) = d + O(d?), with uniform
first derivative, and therefore has an inverse on a common disk. The transverse derivative of the
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Gaussian remainder at d = 0 is zero. The parity estimates of [Ope26a, Lemma 10.6] thus hold
uniformly after this change of coordinates. The change leaves the Z2 and uZ coefficients unchanged.

The limits and signs in (5.2), with b, = a?log L/(47) = 2log L, follow from [Ope26a, Proposition
8.5 and Equation (8.21)]. We need a rate in this particular calculation. We give the quantitative
version of its finite-depth approximation, since qualitative convergence of these coefficients would
not suffice below.

Truncate each future projection series at depth r. Uniform contraction of the linear remainder
map makes the discarded part at most C'9" for some ¥ < 1. Shell eigenvalue errors and the kernel
errors in fixed-order scaled differences are power-small in L¥, by [Ope26a, Lemma 8.1 and Equation
(8.9)]. We claim that replacing all kernels in the retained depth-r calculation by their continuum
kernels has error bounded by

exp{Cr(1 + r)P}L = (5.3)

for fixed p < oo and ¢ > 0.

Indeed, a quadratic image starts with two singleton inputs and has bounded support size.
Thereafter only linear maps occur. A linear continuation takes block closures, extracts a singleton,
or subtracts that extraction. Support size consequently remains bounded, and the number of
shapes, routed blocks and extraction choices through depth r is at most C’g((HTP). Write singleton
energies throughout in scaled differences with their volume-normalized cell sums. The original two
inputs have bounded polynomial degree. Each subsequent Taylor projection takes at most two
derivatives on a constant or affine background, with output a quadratic polynomial, a constant, or a
single phase harmonic. With independent variables for the successive Gaussian shells, the resulting
Gaussian polynomial-character expectations have at most C7(1 + r) polynomial or derivative slots.
Their pairing expansions have at most factorial growth in this number of slots. Scale ratios and
distances are bounded by C’f”". The real character exponential has modulus at most one; its change
under kernel replacement can be estimated along the line segment between two positive covariance
matrices. These facts bound the expectation, and its derivative with respect to any covariance entry,
by the exponential factor in (5.3).

Only values and fixed-order scaled differences of kernels enter these slots. Later Taylor projections
differentiate the remaining background field, not previously integrated kernels. Converting between
the finitely many scales introduces at most Cg((1+r)2). The volume-normalized lattice sums satisfy
the same bound: couple each lattice sample to its mesh cube and use one additional derivative of
the smooth continuum shell kernel. The block-shape sums are unchanged by this coupling. This
proves (5.3); in particular it is a bound on the explicit singleton calculation, not an assertion of
uniform Riemann approximation for arbitrary activities.

Choose 7 = Cplog(2 + k). A sufficiently large Cyp makes the projection tail O((1 + k)~3), while
exp{CL(1+ )P} L=% = O((1 + k)~3) for large k. Weakening the bound gives (5.2). O

5.2 Periodic physical diagnostics

We now identify observables which test the two nearly marginal coordinates. Fix a sufficiently large
dyadic Dy and use tori of side
Nj, = DoLF. (5.4)

The constant Dj exceeds the causal clearance of the local maps. For each admissible stop, the torus
has its own exact recursion from the same entry scale as the plane history. Its singleton coefficients
agree with the plane ones. Its remainder need not agree with the plane remainder and will be
estimated separately.
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Only stops with Ny > sP are used. Before this condition holds there are at most O(1 + log R)
plane steps. Their bounded map amplification is R, which is absorbed by the exponentially
small entry norm when R is increased. All stopping tori are compatible with the observation and
tile grids.

Let f be the first real horizontal cosine on the unit torus, and put

g=(f,(-Ap)"'f) >0, XN = (y, fn), xn = €. (5.5)

Here fy is sampled at observation-cell centers and includes the cell-area weights, and y is the
uniform mean of the observations. Heights are taken modulo a common translation by 27, so e
is well defined. The expectation in the next lemma is for the periodic Bessel height law before
inserting the cutoff, together with its independent observation noises.

Lemma 5.2 (The two physical limits). As N — oo with s/N — 0, locally uniformly for complex w,

Ee¥ XN — g09w*/2, (5.6)

E(xne”XN) — Exy %" /2 0. (5.7)

All fized source derivatives converge as well. For s/N < P!, the discrepancies can be made
uniformly small by first increasing R, hence P, and then increasing s. The same statements hold
with the cutoff on every stopping torus of a J-history, uniformly up to index 8J.

Proof. We first transfer the height limit in [Ope26b, Theorem 2.4] from free rectangles to the periodic
graph. For a smooth periodic function v, test the height by (0h,dvy). Cut a fixed macroscopic
grid of seams to obtain free rectangles. The retained tests depend only on their internal gradients.
The centered comparison on the independent Gaussian chains therefore bounds their variances
and real transforms by those on the cut graph. There are O(NN) seam edges, with test coefficients
O(N~1). Their squared flow cost is O(N 1), so the omitted test tends to zero in reference cost by
[Ope26b, Lemma 2.3]. The free rectangle limits give the upper bound a [ |Vv|? for each subsequential
covariance limit.

For a function v supported in a coordinate rectangle, choose a pinning band outside its support
and ground one representative height at a point of the band. Adding the hard pin decreases the
variance by the finite comparisons. The mixed pinned limit in [Ope26b, Theorem 3.1] gives the
lower bound a [ |Vv|?, since v is supported strictly inside the pinning band. Hence equality holds
for such local functions. The upper-bound defect of any subsequential covariance limit is a positive
semidefinite form. A vector on which its quadratic form vanishes belongs to its null space, by
Cauchy—Schwarz for positive semidefinite forms. A smooth partition of unity writes every periodic
v as a finite sum of these local functions. Equality thus holds for every v, including their mixed
covariances. The comparison argument is valid on the periodic Gaussian-chain approximation at a
fixed graph before passing to the Bessel limit; no bare inverse-energy bound is transferred.

The corresponding Laplace limits follow by the same two comparisons. For the lower bound, the
centered variance comparison used in the proof of [Ope26b, Theorem 2.4] supplies the variance-based
lower bound for the transform. For the upper bound, cut to the fixed grid of free rectangles and
use their Laplace limits. Holder’s inequality separates the omitted seam term; its reference cost
tends to zero, and the Holder exponent on the retained term can then be sent to one. Uniform
exponential bounds from [Ope26b, Lemma 2.3] give convergence of every fixed moment and local
uniform convergence of the complex transforms. Smooth mean-free density tests follow by solving
the periodic Poisson equation and approximating in reference energy. For the first cosine this also
follows directly from its discrete Laplacian eigenvalue.

35



Cell sampling changes the normalized reference standard deviation of this test by O(s/N), by
the periodic Poincaré inequality or the cell flow estimate. Its observation-noise standard deviation
is also O(s/N). This proves (5.6), including its differentiated version.

The phase requires more than the marginal Gaussian limit. We adapt the replica calculation of
[Ope26a, Lemma 10.1]. Remove the independent observation noise temporarily, and write X](\?)
the height part of the cosine test. We first work at one fixed Gaussian-chain approximation of the
size-N graph. The pin selects a height representative and its law is invariant under h — —h. Let
h1, he be independent copies on the entire subdivided graph, including the chain variables, and put

for

S = hi + ho, A = hy — hs.

Their common coordinatewise parity class is P = S mod 47Z = A mod 4nZ. If Q denotes the
quadratic precision form, the change of variables gives Q(h1)+Q(h2) = (Q(S)+Q(A))/2. Conditional
on P, the fields S, A are consequently independent and identically distributed. Their conditional
laws are centered: each parity coset is preserved by sign reversal. This is the replica identity of
[Ope26b, Equation (2.12), in the proof of Theorem 2.5].

For this fixed approximation write X (h) for the cosine test and p(h) for the mean over the

original sites, both extended as linear forms on the subdivided field. Thus X (h) approximates X](\?)

and u(h) approximates h. Define the scalar sum and difference tests and their conditional variance
by

A= X(h)+ X(h2) = X(S5),
D = X(h1) — X(h2) = X(A),
V =E(A*| P) =E(D* | P).

Put 02 = EX(h)? and x4 = EX(h)* — 30*. Conditional independence gives EV? = E(A2D?). Since
A2D? = (X (h1)? — X (h2)?)?, independence of the original replicas yields EV? = 2EX (h)* — 20*
and therefore
EV =202, VarV = 2x4. (5.8)
For real t define the transform and the difference-character

F(t) = Eeit(h)+itX (h)7 U, = (D) +itX (D),

The character ¥; depends only on the difference field and has modulus one. Conditional independence
gives E(A2¥;) = E(V ;). Inversion symmetry of the second replica gives EW; = F(¢)?. The same
sign reversal and differentiation of F' give, with primes denoting ¢ derivatives,

E(A*W,) = (—F")F + F(—F") + 2(—iF')(iF') = —2(FF" — (F')?).
We have thus proved the exact finite-approximation identity
—2(FF" — (F')*) = 20*F? + E[(V — 20°)¥;], teR. (5.9)

Cauchy—Schwarz and (5.8) bound its last term by v/2k4.
Take the chain limit first, at the fixed original graph. The fixed-graph moment convergence passes
the second and fourth moments, the transforms and their first two derivatives through this limit.

= (k)
Consequently, for Fy(t) = Ee?"*Xx" in the original Bessel law, the absolute difference between the

two sides of (5.9) without its last term is at most /2k4 n, where kg y = IEI(X](\;L))4 - S(IE(X](\?))Q)2.
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The Gaussian moment convergence proved above gives k4 vy — 0 and Var(X](\?)) — ag. Uniform
exponential bounds on compact complex sets permit locally uniform subsequential limits of Fy and
all their fixed derivatives. For any such limit, denoted again by F', (5.9) therefore implies on the
real axis, and then everywhere by analytic continuation,

FF'" —(F')? = —agF*. (5.10)

Half-wavelength translation preserves e’ and changes the sign of the cosine test. Repinning after
translation only subtracts a height in 277, so it leaves this phase unchanged. Hence F'(0) = 0. If F
is not identically zero, solving the equation where F' # 0 and then continuing analytically shows
that F is an exponential quadratic without zeros. Thus F(t) = F(0)e~%9%*/2. The identically zero
limit has the same factorization. Restoring the independent observation noise proves (5.7).

These arguments also give the asserted order of choices. Compare the cell test to the ordinary
sampled cosine with an error bounded by C/P when s/N < P~!. First make this bound small, and
then use convergence of the ordinary cosine tests for all N > sP. Finally the cutoff error (3.5),
including fixed exponential tests and source derivatives, is bounded throughout a J-history by

Cexp{CLJ —cs;} = O(e*dﬁ).
Consequently it changes none of the preceding conclusions. O

We record the map interpretation of these tests. A source w X translates the remaining field by
a smooth function F satisfying B;aF equal to the reference observation covariance applied to the
source. It can be chosen as a microscopic cosine: translation symmetry makes the observation-cell
function a cosine, and cell averaging of the corresponding microscopic cosine has a multiplier
bounded away from zero. Gaussian completion gives

(F,AF) = aw?g 4 Oy ((s/N)¢ + N~°) (5.11)

for a fixed ¢ > 0, with uniform scaled derivatives in the point norm. One can obtain this error by
periodic inverse-energy approximation of the sampled density and the Taylor expansion of the first
discrete eigenvalue.

At a stop with D? blocks, the analytic terminal expansion of [Ope26a, Equations (10.3) and
(10.4)] gives

log Ee"™ —log Epe™N = 1t (F, AF) + O(| Ry || + vi), (5.12)
e~ BB TN (y n e X)) — By = 2pMi(w) + O(| R + ). (5.13)

Here vy, = [tg] + |2x] + [|RI"]], and E, denotes the reference Gaussian observation law. For one fixed
sufficiently small nonzero real w, both displayed linear multipliers are bounded away from zero.
Explicitly the second multiplier is

2

M (w) = %ew/%@tawﬂ ave, (e F(®) 1), (5.14)
The tail diagonal Dy, 1 is bounded, and the last average tends to a strictly negative number for the
fixed w. The number 7, is the variance, in observation units, of the integrated Gaussian means. It
is bounded because the zero-mode continuation at side u contributes O(u?/N?). The compensating
factor €™/2 is necessary: insertion of the retained uniform mean gives the physical mean-phase
insertion times e~"%/2. This prescription is exact for the cutoff interaction, which is periodic in
the common mean. Before tilt and subtraction, the same formula with spatial factor one is a real
positive multiplier bounded above and below.
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5.3 No exit and the nonexponential odd sector

Lemma 5.3 (Smallness on the finite horizons). For every sufficiently small prescribed tube radius,
the entry parameters can be chosen so that all J-histories, for sufficiently large J, remain in that
tube through index 8J. The stopped torus remainders remain in a fixed comparable tube. Moreover,
for every fized 0 < ¢ < 8,

J J J J
sup (Jul” |+ 127 + 1B + IBS) — 0. (5.15)
cJ<k<8J

The analogous stopped torus remainder quantities tend to zero.

Proof. We use the two diagnostics exactly at the finite stops at which they have just been justified.
Before a first candidate exit, contraction of the plane remainder, and separately contraction of the
remainder on each stopping torus, give

IRk, (IR < Co*= e 4 Cp2.

Here p bounds the coordinates before the candidate exit, € is the entry norm, and ¥ < 1. Boundedness
of one map keeps the candidate state in a fixed multiple of that tube. Equations (5.12) and (5.13)
and the nonzero multipliers bound its singleton coordinates by C(0giag + € + pz), where dqjag bounds
the physical discrepancies. Choose p so that the quadratic term is smaller than a fixed small multiple
of p; next choose R large and the entry norm and diagnostic discrepancies small compared with p.
Lemma 5.2 and Proposition 4.1 permit these choices. For large J the candidate cannot be an exit.
The finitely many initial plane-only steps were controlled after (5.4). The coordinate changes are
uniformly bounded by Lemma 5.1, so this argument applies to either coordinate system.

For the convergence assertion, take the supremum limiting plane size over sequences with J — oo
and k —i(J) = oo, k < 8J. Call it go. It lies in the small tube, and all fixed numbers of preceding
steps satisfy the same limiting bound. Iterating contraction over r steps and then sending r — oo
bounds the limiting plane remainder by Cq3. The torus remainder has its own contraction with the
same plane singleton forcing, so the same bound holds at its separate stops. The test errors tend
to zero because s/Nj — 0 on these sequences. The diagnostics therefore give gy < C'q3. Taking
the original tube smaller than 1/C” implies ¢y = 0. Every window in (5.15) satisfies k — i(J) — oo,
which proves the stated uniform result. O

The preceding lemma gives convergence to the Gaussian fixed point. To determine the approach
rate we must also rule out exponential decay in the odd direction. The relevant lower bound is a
statement about the original periodic model at absolute side Ng; it therefore does not depend on
the entry history.

Lemma 5.4 (Positive odd coordinate and contracted remainders). On every fized window cJ <
k<8J,0<c<8, and for large J, the period convention may be kept unchanged and

J J J J J J J J
72" >0, —logzi =o(s), BN <2 IBG <o+ 2 2.
(5.16)

The o(J) and the constants are uniform on the window.
Proof. Let Y, = Eeme for the original periodic height law. We first show

Y > 0, —log Vi, = o(k). (5.17)
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For free squares let z/2° be the positive characteristic ratio of the averaged four-face profile in
[Ope26b, Equation (2.15)]. At a = 87 there is ¢y > 0, independent of the fixed sufficiently large

integer r, such that

face
. . T
lim inf fL > .
n—o00 Znac

Replace ¢y by a smaller number in (0, 1). For each fixed r, iterate the eventual bound ¢y/2 on the r
residue classes of the absolute index. This gives

face

—logz log(2
lim sup SRATS < og( /CO).
k—o00 k r

Sending r — co proves subexponential decay of this free characteristic. The difference of the face
profile and the uniform profile has bounded reference cost. The phase transfer inequality [Ope26b,
Equation (2.2)], or its application in [Ope26a, Lemma 10.7], changes a logarithmic loss o(k) by
at most O(1 + y/o(k)). Periodic edge restoration increases the positive characteristic by [Ope26b,
Lemma 2.2]. This proves (5.17). Observation noise multiplies it by exp{—O((s/Ny)?)}, and the
cutoff changes it by O(e™¢/ 3) on the windows under consideration. Both changes are negligible
compared with (5.17).

Fix a slightly larger window starting at a smaller positive fraction of J. By Lemma 5.3 all
coordinates there tend uniformly to zero. For a fixed small € > 0, consider the cone

1Boll < €lZ].

The parity map makes it forward invariant once the window is sufficiently late. Indeed inside the
cone its scalar equation gives |Z;/Z — 1| = o(1) uniformly, whereas its odd remainder equation
gives || By || < (Pe+ 0(1))|Z]. In particular the sign of Z cannot change inside the cone.

While the trajectory lies outside the cone, |Z| < ¢ 1||B,||; the odd remainder equation then
contracts B, with some factor ¢/ < 1. It gives the same geometric upper bound on Z until the cone
is entered. This alternative cannot persist for a positive fraction of .J. To see this with the physical
observable, the stopped mean-phase expectation has an odd factor under the common-mean integral.
It is bounded by the plane odd singleton and the stopped torus odd remainder. The balance
relations bound the unbalanced plane odd variables by |Z|+ || Bo,||. The torus odd remainder satisfies
a geometric convolution of these plane odd inputs, plus a geometric transient: every nonlinear
odd-sector term contains an odd factor. An interval of length proportional to J outside the cone
would therefore make the phase exponentially small at its last stop, contradicting (5.17). Taking
successively enlarged windows gives cone entrance strictly before the desired window.

Inside the cone, the adjacent |Z| ratios tend uniformly to one. For any prescribed small 6 > 0, the
preceding convolution is thus bounded by C|Z,| +Ce~¢/, since earlier inputs are at most (14 6)"|Z|
after ~ backward steps and 9(1 4+ §) < 1. Equation (5.17) consequently implies |Z;| > e=°(/)
throughout the desired window. In particular all homogeneous contraction transients are negligible
relative to every fixed positive power of |Zj|.

Iterate the even remainder equation with these adjacent ratio bounds. Its forcing is O(Z?), and
the transient is negligible, so || Be || < CZ2. The scalar equation then gives |ug1 —ug| < CZZ. For
r steps backward within an enlarged window,

| Zk—r| < (L4+0)"|Zk],  |up—r| < |ug| + Cr(1 +6)* Z3. (5.18)
Using these bounds in the odd contraction gives

[Boll < C Y 0" (lug] + CL+7)(1+8)* Z7) (1 +6)"| Zi| < Cllur| + Z7)| Zi|,
r>0
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where § is chosen so that (1 + 6)? < 1. The finitely truncated convolution has only a negligible
transient. This proves the norm bounds.

Finally the untilted mean-phase expansion, with its positive linear multiplier described after
(5.14), is My Zy, + o(|Zx|) + O(e=¢’), where M, is bounded positively above and below. The torus
odd remainder has the sharper bound just obtained by the same contraction argument. The physical
phase is positive by (5.17), and its cutoff error is negligible. Thus Zj > 0 in the unchanged period
convention. Since the coordinates also tend to zero, the lower bound Z;, > e °()) is exactly the
logarithmic assertion in (5.16). O

5.4 Readouts common to different entry scales

The estimates obtained so far do not yet identify a single trajectory: each J-history uses different
observation cells and different cutoffs. We now compare their coordinates using observables of the
same original periodic model.

Let X N, be the ordinary microscopic sampled cosine, without observation averaging or noise,

and define ~
X -
Uy = Var(gM), Y, = Eethvi | (5.19)

Both quantities depend only on the absolute index k.

Proposition 5.5 (Common readouts). For every 0 < ¢ < 8, uniformly on c¢J < k < 8J,

a —c
Uk = —— +0((Z)) + O(e™), (5.20)
1-— uy,
Vi = M ZS + O (1| + (22 Z2)) + 0(e=). (5.21)

Here ¢ > 0 may depend on c, and My, is bounded above and below by positive constants and is
common to all histories, up to an exponentially small error which is included in the display. The
coordinate changes also give

th=up +O(ui + Z), 2 =4 Zi+ O((lu| + Z0)Zk),  |[Rell S C(uf + Z7),  (5.22)
where £y, is the absolute-index fundamental balancing factor and is bounded above and below positively.

Proof. At step k compare the plane activity with the exact Gaussian trajectory having parameter
d = uj. The even balanced remainder has size O(Z,z) by Lemma 5.4; the odd remainder has size
O((lug| + Z2)Zx). Undoing the linear balance, using its parity, gives a difference O(Z?) in the
gradient coordinate and

2 = 0 7 + O((Jug| + Z2) Zg). (5.23)

The Gaussian remainder is O(u2). These facts prove (5.22).

The stopped torus requires a separate comparison, since its remainder need not copy the plane.
Run its own exact map from entry, comparing at intermediate index r with its Gaussian trajectory
at parameter u,. Gaussian torus trajectories and their first parameter derivatives are bounded
uniformly: this follows from the same energy completion and contraction argument as Lemma 5.1.
Changing the comparison parameter from u, to u,41 costs O(Z2) by (5.18). The remainder forcing
has zero linear singleton derivative at zero. First the odd torus contraction gives O(Z,). Its even
forcing from odd inputs is then O(Z2). Comparing even components with the Gaussian curve and
iterating contraction gives O(Z2) in the even difference. Returning to the odd equation improves its
forcing to O((|u,| + Z?2)|Z.|): pure odd terms beyond linear have at least three odd factors, and
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every other such term has an even factor of size O(|u,| + Z2). The adjacent-ratio bounds and (5.18)
justify the same geometric convolutions as in Lemma 5.4. Initial transients are O(e~¢”) on the
stated window.

All terminal integrations are analytic on a uniform neighborhood, with a fixed number D2
of blocks and regulator reserve. In the variance diagnostic a term odd under half-period shift
has zero first derivative at the Gaussian trajectory. Hence the difference from that trajectory is
O(Z3) + O(e*d‘] ). It remains to compute the Gaussian value in the coordinate u, rather than
approximate a Gaussian trajectory in activity norm.

Hold its initial parameter d fixed. Let C; be the reference tail covariance at the entry side L.
Direct completion of the initial quadratic exponential gives, beyond the reference source prefactor,

the log transform
d

2
On the first mode the operator AY2C;A'/? has eigenvalue 1 4+ O((L?/N;)?), by the low-pass
polynomial formula. Together with (5.11), two source derivatives therefore give normalized variance
a/(1 —d) + O((L'/Ng)¢ + (s/N)¢ + N;/€). On a fixed positive-fraction window these errors are
O(e_C/J ). Set d = uy and compare the cell test to the original sampled cosine in reference energy.
Removing its noise and cutoff has the same error. This proves (5.20).

For the mean-phase diagnostic the purely even terms integrate to zero. Expanding in the odd
difference from the Gaussian trajectory, using (5.23) and the odd remainder bound, gives (5.21).
The coefficient at zero activity is the untilted terminal fundamental multiplier times E,;l. It is real
positive and uniformly bounded above and below. Finally we verify its independence from the
history. Its high-mean variance includes all Gaussian shells below the stop, including those integrated
at entry below Li/). These variances telescope to the same absolute-index sum for every entry
choice. The remaining tail variance and ¢, also depend only on k. Observation noise contributes
only O((s/N},)?) to the exponent. Thus a single sequence M, can be used in (5.21), absorbing the

exponentially small noise correction into its error. The cutoff removal is again exponentially smaller
still. O

(AYV2E (I — dAY2C;AY?) 7L AY2F). (5.24)

We have proved three facts about every long interior window of a finite history: its state tends to
zero, its odd coordinate is positive and only subexponentially small, and its two scalar coordinates
can be read from physical observables independent of entry. These are the inputs for the trajectory
argument that follows.

6 Joining finite histories and determining the critical trajectory

The bulk estimates provide a small trajectory on each finite scale window. The histories have different
entry scales, so they need not agree as activity families on their overlaps. Their physical readouts
nevertheless determine the two marginal coordinates accurately enough to compare them. We first
use those comparisons to form one infinite sequence, and then determine its leading coeflicient.
The coefficient of the gradient activity obtained at the end of this section is the one needed in the
magnetic terminal calculation.

6.1 An abstract lemma for sparse changes of history

An ordinary evolution step increases the scale index by one. A change of history takes place at a
fixed scale index and does not count as an additional evolution step. The following notation keeps
these two operations distinct. We write (uj, Z;) for the state used to start the ordinary step at index
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J, and (Uj41, ZjH) for the output of that step. At an index where no change of history occurs, the
tilded state is (uj41, Zj41). At a change of history, it is the state immediately before the change.

Lemma 6.1 (A trajectory with geometrically separated jumps). Let H,b > 0, let jo > 1, and let Q
be a set of integers larger than jo. Suppose that the increasing enumeration (q.) of Q satisfies

Gr+1 = Pqr for some fized p > 1.

The set Q may also be finite or empty. For every integer j > jo, let (uj, Z;) and (wjt1, Zj+1) be
real states with positive second coordinates. Assume that both coordinates of every state tend to zero
as its scale index tends to infinity. Suppose that the ordinary evolution satisfies

Ujp1 —uj = —H; Z3 + O((luy] + Z3) Z3), (6.1)
Zi

755 =1-bju; + O(uf + Z3), (6.2)

Hi=H+0(G(™%), b =b+0("?). (6.3)

For q > jo with ¢ ¢ Q, assume (uq, Zq) = (Uq, Zq). At every q € Q, assume instead

ug — tg| < CZ§> (6.4)
|2y — Z4| < C[ag| + Z3) Zy. (6.5)
All constants in these hypotheses are uniform in the scale index. Then, with x, = (H/b)'/?,
i _ 1
- =+ 007, (6.6)
Zj
1
- = ba.j +O(log ), (6.7)
Zj
1 log j 1 log j
u-z,—i—O( : ), Z':+O< : ) 6.8
J bj ]2 J A /ij ]2 ( )

The same estimates hold for the states immediately before jumps.

Proof. We first obtain positive, comparable coordinates without assuming a rate of convergence.
We then derive the rate j~!, and finally identify its coefficient by solving the equation for u/Z
backwards.

Grouping a jump with preceding evolution. Fix an integer K, whose size will be chosen
below. Discard finitely many initial indices so that the intervals [¢ — K, q|, ¢ € Q, are disjoint.
This is possible because the gaps between consecutive elements of Q tend to infinity. Replace
the K ordinary steps from ¢ — K to the state immediately before ¢, together with the jump at ¢,
by one grouped transition. Retain every other ordinary step. Thus consecutive retained indices
have difference either 1 or K. A grouped transition of length K still contains exactly K ordinary
evolution steps.

Write (u, Z) for the state at the beginning of such a transition. For fixed K, induction in the
ordinary recurrence gives, at each of its intermediate ordinary states,

Zini/Z =1+ o(1), Uing = u + O (Z?).
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The errors are uniform along the tail. More precisely, immediately before the jump the K ordinary
steps give

Uy —u=—KHZ? + Ok ((Ju| + Z% + j72)Z%), (6.9)
Z,)Z =1 — Kbu+ Ok (u + Z2 + j72ul), (6.10)

where j = ¢ — K. To see these estimates, use the first recurrence to bound the change in u by
O (Z?), and substitute this bound in the second recurrence. Multiplying its K ratios creates only
terms bounded by O (u? + Z2). Substitution back into the first recurrence then gives (6.9).

The jump changes the right side of (6.9) by at most (C + o(1))Z2. Its contribution to (6.10)
has absolute value at most (C + o(1))|u| + O (Z?). Here the leading constant C' is a constant from
the jump hypotheses, independent of K’; the terms caused by @, — u are included in Ok (Z 2). Any
error bounded by Ci|u| + CxZ 2 can be written as a coefficient of u, of absolute value at most Cy,
plus an Ok (Z?) term. This remains true at u = 0, when the first term is zero.

Choose K sufficiently large compared with the jump constants and with H—1,b~!. After moving
farther along the tail, every retained transition therefore satisfies

Z+
ut —u=—aZ? - =1—-pu+r, Ir| < CxZ2, (6.11)
where
D<o <a<ay < oo, 0< B <B <Py <o0. (6.12)

The bounds also hold for a retained single ordinary step. The coefficients «, 8 may vary from one
transition to another; no regularity of that dependence is used.

Positivity and the two comparison cones. At retained nodes, u strictly decreases, because
Z > 0. Its limit is zero by hypothesis, so u > 0 at every node of this tail. We next show that this
positive coordinate is comparable to Z.

Choose c— > 0 so small that ¢ B < a_/2. Whenever u < c_Z, (6.11) gives

(W —c ZY)—(u—c_Z)=—aZ’ +c_PuZ —crZ < —ta_Z?

on a sufficiently late tail. Consequently the region v — c_Z < 0 is forward invariant, and once it is
entered the quantity u — c_Z becomes strictly negative and then decreases. This contradicts its
convergence to zero. Thus u > c_Z.

Choose c1 > 0 so large that Ciﬁ, > 2a4. Whenever u > ¢ Z, the same computation gives

(ut — ey ZY) = (u—cpZ) = —aZ? + e puZ — cyrZ > hZ?

for some h > 0 on a sufficiently late tail. This region is also forward invariant. Entry would make
u — cy Z strictly positive and increasing, again contradicting convergence to zero. We have proved

c_Z <u<cyZ (6.13)

at all sufficiently late retained nodes.
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The first rate estimate. Put x = u/Z at a retained node. From (6.11) and (6.13),

1 1 Bu—r

75 7T ZA-pusny P O&)

This increment is bounded above and bounded away from zero. Its sum is therefore comparable to
the number of retained transitions. The physical scale index increases by either 1 or K at each such
transition, so that number is comparable to the scale index. It follows that Z =< 7! and v =< j~! at
retained nodes. The intermediate estimates preceding (6.9), together with the jump bounds, extend
these comparisons to every ordinary state and every state before a jump. In particular,

Zi=j Y wuyjxjh, 0<e<w/Z;<C, (6.14)
and the corresponding tilded bounds hold as well.
We now know the order of both coordinates. The remainder of the proof identifies their leading
coefficient. For this purpose we return to the original ordinary steps and keep each jump as a
separate event at its actual scale index.

Backward determination of the ratio. For an ordinary step, division of (6.1) by (6.2), using
(6.14), gives

YL Y (ba? — H)Z;+ O(2)

Ziy1  Zj
- Uy
= b(z; +x.) (2 — ) Z; + O(72), Ty = (6.15)
J
At a jump, direct division and (6.4)—(6.5) yield
Yy _ Ul o ot 6.16
Z 7, = (6.16)

List all ordinary steps and all jumps in their chronological order, and put y = x — x, at every
state in this list. An ordinary step has the form

yt=(l+ay+e, a=be+z)Z c/j<a<Cli, | <Cj

A jump has the same form with a = 0 and |e| < C/q. For two positions s < ¢ in this event list, let

P, ; be the product of the factors 1 + a between them. The factors are at least one, and FP,; — oo
as t — oo for fixed s, because there is one ordinary step at every integer scale and }_; j 1 = 0.

Iterating the equation and solving for the earlier value gives

t—1
Yt Er

Ys = .
Ps,t r—=s PS,T+1

The values y; are bounded by (6.14). Letting ¢ — oo, and bounding the denominators below by one,
therefore shows, for a state at scale j,

<Yk oY ot <&

k>j 9€Q J
q=j

The last bound uses geometric separation: if ¢ is the first jump at or after j, the remaining reciprocals
sum to at most ¢~ /(1 — p~'). This proves (6.6) at every state, including those before jumps.
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Counting ordinary time. For an ordinary step we now have

1 1 Uj
—— — — =b;2L+ 0 ") =bx, + O ).
Zin  Zi  Z
At a jump, (6.5) and (6.14) give
L _llce
Z, 7,

There are O(log j) jumps up to scale j. Telescoping from a fixed initial index to j counts exactly
one ordinary increment for each increase of the scale index by one. The sum of the ordinary errors
is O(logj), and the sum of jump errors has the same bound. Hence (6.7) holds. Inverting that
estimate and using (6.6) proves (6.8), since z,/(bx,) = 1/b. A final jump changes v and Z by
O(j~2), so these conclusions also hold for the states before jumps. O

6.2 Application to the bulk histories

For a dyadic integer J, attach a superscript (J) to the coordinates of the history whose entry index
is ¢(J) and whose last index is 8J. The entry estimate gives i(J) = O(log J). Thus, for every fixed
¢ > 0, the interval [cJ, 8J] lies after entry when J is large. The estimates below are uniform on such
intervals, with constants allowed to depend on c.

Lemma 6.2 (Comparison at a common scale). Consider two bulk histories with comparable window
parameters J, J'. At an index j belonging to fixed positive-fraction windows of both histories, write
(u, Z) and (u', Z") for their balanced marginal coordinates. For all sufficiently large indices,

lu' —u| < CZ2, |Z' — 7| < C(lu| + Z%) 2. (6.17)
The constants are uniform when the comparison factors for the two windows are fixed.

Proof. The two readouts in Proposition 5.5 concern the same microscopic observables at scale j.
Consequently their values can be written using either history as

Uj =~ + O(Z%) + O(e~0mintI),

—Uu

Y; = M;Z + O((Jul + Z2)Z) + O(e~c0min(: 7)),

and likewise with primes. Here a > 0 is fixed, and M, is common to the two histories and bounded
above and below by positive constants. An exponentially small discrepancy in M; can be included
in the displayed error.

By Lemmas 5.3 and 5.4, the coordinates tend uniformly to zero, Z, Z’ > 0, and —log Z, — log Z' =
o(min(J, J')). The exponential errors are therefore negligible relative to every fixed positive power
of either Z or Z'. The second readout first implies Z’ =< Z: its error relative to its own leading term
tends to zero on each history. Comparing the first readout now gives

“ ¢ <oz

1—vw 1—u

The derivative of a/(1 — u) is bounded below positively near zero, so |u’ — u| < CZ2. Substitute
this estimate and Z’ =< Z back into the second readout. After division by the positive lower bound
on Mj, it gives the second bound in (6.17). O
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Proposition 6.3 (The bulk trajectory throughout an overlap window). Fiz the block factor L and
the other parameters chosen for the bulk maps. For every sufficiently large dyadic J, uniformly in
the J-history at integer indices J/2 < j < 3J, its unbalanced gradient coordinate t;, fundamental
coordinate zj, and plane remainder R; satisfy

S log j 1 — O(i-1 0 Ay
= +0 (). ml=ou™ IR = 0u), 6.18)

The remainder norm is the unbalanced plane activity norm.

Proof. Select a dyadic Jy large enough for the preceding estimates, and use the J-history on
J <j<2J,for J=Jy,2Jy,4Jp, . ... At the index 2J, first evolve the J-history through its ordinary
step from 2J — 1 to 2J. Regard that output as the state before the change, and then replace it
by the state of the 2J-history at the same index. Both states lie in the available positive-fraction
windows. Lemma 6.2 gives (6.4)—(6.5) for this replacement.

Lemma 5.3 makes all selected states and all states before changes tend to zero. Lemma 5.4
provides Z > 0 and the balanced remainder estimates

|Bejll < CZ3, |1Bojll < C(lus| + Z3) Z;.

Inserting them into the bulk recurrences, with the parity structure of Lemma 5.1, gives (6.1)—(6.3)
with
H>0, b=2logL.

The jumps occur at 2Jy,4Jg, 8Jy, - . ., so they satisfy the geometric-separation hypothesis with p = 2.
Lemma 6.1 consequently gives on the selected path

uj = 5 1(1)gL +0 (135‘7) L Zi=0G™. Bl =0G™,  [Buyl = 0G™). (6.19)
The displayed odd bound is sufficient here; its stated forcing estimate in fact gives O(j~2) directly
from u;, Z; = O(577).

These estimates must also hold on histories not selected at a given index. Fix a J-history and
J/2 < j < 3J. Let J' be the dyadic parameter selected at j, so J' < j < 2J’. Then J and J’ are
comparable, and j belongs to fixed positive-fraction windows of both histories. Apply Lemma 6.2
with the selected state as the unprimed state. Since that state has u,Z = O(j~!), the two u
coordinates differ by O(j72), and so do the two Z coordinates. Lemma 5.4 then gives the same
remainder bounds on the J-history. Thus (6.19) holds throughout every window asserted in the
proposition, with uniform constants.

Finally undo the balance transformations and the subtraction of the analytic Gaussian curve
used to define u, Be, B,. The coordinate relations in (5.22) give

t=u+O(u*+ Z%), 12| < C|Z],
IR|I < C(u? + Z% + || Be|| + || Boll)-

The quadratic order in the last line includes the remainder of the Gaussian curve, whose constant
and linear gradient terms have already been separated. Applying these relations to (6.19) proves
(6.18). O

The argument uses uniform convergence on positive-fraction windows and the common physical
readouts with their stated nonlinear errors. The additional errors from entry-scale smoothing and
cutoff removal are exponentially small on those windows. No rate of convergence in the height
scaling limit was used to obtain the coefficient 1/(2log L).
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7 The magnetic recursion in two squares

The bulk trajectory controls activities far from the boundary and the source. We now extend that
control to the free walls and the magnetic mark. The purpose of the extension is to compare two
squares using exactly the same scalar normalization at the mark. The insertion at entry can have a
polynomially large norm; its residual part will contract, while its extracted scalar will cancel in the
comparison.

Fix a large integer j, put M = L7, and consider the free dual squares of sides Q@ = M and
@ = LM, with their common center at the mark. Choose the J-history of Proposition 6.3, where J
is a power of two and J < j < 2.J. Its entry scale is m = L! = qRs, with s <7, J3 and i = O(log J).
In both squares stop at the same scale

v="IL"  j—h= [bgL(jl/lO)], D= % (7.1)
Thus j1/1° < D < Lj'/1% and M/(Ps) — oo. In particular the entry footprint and every fixed
number of blocks about the mark fit strictly inside both squares at all scales used.

We use the blocks, compatibility relation, analytic activity norms, and covariance shells of the
preceding sections. Write 25 (K; ¢) for the subset partition functional at scale L*: it sums products
of the activities K (X;¢) over compatible collections of nonempty connected supports, including the
empty collection. Thus 2% is the functional Z;« of Section 2, indexed here by its absolute scale.
For another activity family I, define

K15 6) = L (K +e0)| . (7.2)
de e=0
Fach term on the right has exactly one I factor; the original exclusions between that factor and the
background factors are retained. The entry representation of Proposition 4.1 has this form in the
pierced square: in its notation, % (K, I;¢) = Z,(nl)(K, I; ).

For every support X at scale L*, let Recty(X) be its axis-parallel spanning rectangle, and let
RectkH (X) be that rectangle enlarged by HL* in each coordinate direction. In a square, call X
bulk-good if RectkH (X) lies strictly inside the square, and a wall support otherwise. Independently,
call X shift-good if RectkH (X)) misses the mark, and a defect support otherwise. These predicates
apply to supports of every size; they specify both the full wall and defect norms below and the
terminal support decomposition.

The constant H is fixed before L, independently of the entry box parameter P. It is large enough
for the testing and assignment radii and for the geometric sum of predecessor-dependence radii
used in copying. The same definition at an output scale uses H coarse blocks. It does not require
a bulk-good fine input to be clear of its entire shell, whose range can be of order L fine blocks.
The entry convention for unused background supports inside the compulsory footprint allows H to
remain independent of P.

Figure 2 shows the geometry of the common stop. The local computations determining the
marked scalars take place in the same interior region; the wall contributions remain in the terminal
activities.

Let K,(C),Q and K ,lc’Q denote the ordinary and pierced background activities. On a shift-good
support the local lift Ag satisfies 9Ag = n;/a and is defined up to a constant multiple of the field
period. On interior supports meeting the mark, the comparison with the pierced plane calculation
instead uses the smooth field

1Q = (rQ —reo) /.
The lift estimates and entry copying established earlier apply in these field units.

47



’U:l/h7 D:M/U—>OO

Common interior data
PTTTTTTTTo T Ty within distance O(v)

! //' determine extracted

1

/ scalars.

Wall terms remain in
7 the terminal comparison.

Figure 2: Two concentric dual squares are stopped at the same block side v. The marked scalar
computations use identical interior data, whereas the remaining backgrounds are compared by
terminal integration. The common interior region has radius O(v), much smaller than M. The
squares and collars are schematic and not drawn to scale.

Proposition 7.1 (Common magnetic normalization). For all sufficiently large j, the exact maps
from entry scale i to stop h can be chosen with the following properties.

1. At the stop, in the fixed norm regimes for the ordinary and defect activities,

C
max (|Kp ol + 1KLL oll) < —. 7.3
g (I gl + I gl) < = (73)
The bulk copies satisfy the sharper conclusion of Proposition 6.3. On shift-good supports,
pierced activities are exactly ordinary activities evaluated at the local lift. Interior pierced
activities copy the plane calculation at the translate g, whenever their required clearance

holds.

. Let al,;Q,b be the designated scalar coefficient at coarse block b in step k, for v = 0,1, and set

h—1
Po=TTTI+akqs)- (7.4)
k=i b

All factors are real and positive. The ratios agree exvactly:

P]l\/[ léM
= = =:pi. 7.5
Po Pg pj ( )

For every fized ea > 0, the initial smallness choices can be made so that |log p;| < eaj for all
sufficiently large j.

. There are a real scalar og and residual insertion activities Iy, ¢ such that integration of the
entry insertion over all shells below v gives the exact field identity

Eini(Kl g, 1iqi ) = P {00 Zi(K} g 8) + (K, g Tngi @) } - (7.6)

48



Here E;.;, denotes successive shell integration, with the remaining field ¢ held fized. The scalar
is common to the two squares,
oM = OLM =: 0y, (7.7)

and every support of I, o contains the designated mark block. Moreover,

| Iholl < Crs“RL20=0/3" Qe {M,LM}. (7.8)

The products in (7.4) contain only the RG extraction factors. They do not include the common
entry scalar or the harmonic-energy factor of the Gaussian sector law.

We prove the proposition in four steps. The localizations and placement estimates are those
of the exact partition map in [Ope26a, Section 4]. The wall and lifted-copy constructions follow
the method of its Propositions 5.5 and 5.7. Their low-temperature conclusions are not inputs here:
the marginal charge estimate, critical forcing, and insertion contraction needed for the present
proposition are established below.

7.1 The wall estimate at the marginal frequency

A small support means one in the small linear-input class of the partition map. Its fine-block size
is bounded by the fixed threshold ng, and its coarse closure has index diameter at most one. In
an ordinary square use the plane localization, including the fundamental harmonic localization,
on small bulk-good inputs. On small wall inputs extract only the neutral constant. Since a small
support has bounded diameter, the latter inputs lie within a fixed number of fine-block layers of a
wall. A small bulk-good input still uses the plane prescription if its shell convolution can see the
wall; its contribution to a wall output is treated as forcing. In contrast, the H coarse-block clearance
of a bulk-good output ensures that every predecessor needed for copying lies in the interior with its
required shell and numerical dependence.

Ordinary activities are even in the field. After neutral constant subtraction, the localization
lemma of [Ope26a, Lemma 4.5] gives a factor CL™2 for a small wall input. There are Oy (L) fine
placements at a prescribed coarse block along a wall, and only O (1) at a corner. It remains to
check the charged part at a® = 8.

Let T" be the shell covariance from side m’ to side Lm/, and let z lie on a small wall support.
The binary kernel estimates, with even reflection at a free wall, give

log L

I(z,z) > C, IT(-,2) = T(x,2) || x < C. (7.9)
Both constants are independent of L after the geometric radii are fixed. For the diagonal estimate,
the direct image supplies the plane value. An image contribution vanishes at binary scales smaller
than a fixed multiple of its separation, by finite range. At scales larger than a sufficiently large fixed
multiple of that separation it is nonnegative: the positive plane binary diagonal and the derivative
estimate give this assertion. Only boundedly many intermediate binary scales can contribute
negatively, and each is bounded. At a corner the same argument applies to the finite set of reflected
images. Other walls are beyond the shell range in the applications where this description is used.
Positive-order binary estimates summed over the shell prove the second bound in (7.9).

Apply the charge-contour estimate of [Ope26a, Equations (4.26) and (8.14)], with shift amplitude
a = «. For nonzero integer charge ¢, its exponential gain is bounded by

Cexp{~a®(lg| - 1/2)T(z, ) + hoalq]}.
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Using (7.9), the fundamental charges have gain CL~2, and the higher charges form a summable
series with stronger powers of L~!. The analytic radius hg is chosen before L to allow the fixed
nonconstant imaginary shift. The observation regulator is admissible in this estimate by [Ope26a,
Lemma 9.2] and its free-square version verified at entry. Thus the charged wall terms have the same
CL~?2 bound required for the placement count.

Let pg be the full ordinary plane activity norm, and let wy be the full norm restricted to ordinary
wall supports as defined above, without a small-size restriction. Large linear inputs have arbitrarily
strong weight contraction after the activity weight is chosen sufficiently large. The analytic nonlinear
bound of the partition map and the preceding small-input estimates give

wiy1 < 01wy + Crpy, + CL(wk, + pr)?, 0 < 1. (7.10)

Here Cppy includes plane inputs and assigned pieces that reach a wall output. Their field evaluations
occur on their original fine blocks with the prescribed collars, so no wall cancellation is needed
to bound them. All norm regimes, including their regulator reserves, are fixed once; the wall
contraction does not consume another reserve at each step.

7.2 Defect localization and exact copying

On a small shift-good input in the pierced square, use exactly the localization pieces of its ordinary
counterpart, evaluated at the lifted field. Designate exactly the same scalar for extraction. In
particular a translated quadratic may have a nonzero value at zero field, but that value remains
part of the quadratic piece; it is not extracted as an additional scalar.

For a small defect input Fg, let

o«
27

27/«
(Foho(@) = 3= [ Foo+0)di

be its neutral projection. In the plane extract E(F)o(¢), where € is the current shell. In the square
extract instead

cQ(Fo) =E(Fg)o(¢ —q)- (7.11)

The neutral projection is invariant under constant field shifts, so the alignment constant in g does
not affect this definition. Every small defect input is interior: its bounded fine-block diameter and
its failure to be shift-good place it within Og(L¥) of the mark, while L* < v/L = M/(DL) for
every input to a step before the stop.

The changed subtraction has the same contraction as ordinary neutral constant subtraction.
Indeed the latter gives CL~! without evenness. On a small fine support at side m’ = L*, the
nonconstant part of 7 has fine test norm at most C'm’/Q. By the analytic derivative bound with
its fixed regulator reserve,

m’ C
lc(Fq) — E(Fg)o(¢) < C@HFQH < 7 lFall (7.12)

The last inequality holds uniformly through the chosen stop for large j. Charged small defect
inputs have gain CL™2 by the same contour argument, now with the interior shell estimates. At
a prescribed output there are only O (1) small fine defect placements. Consequently their total
residual norm is at most CL™! times their input norm.

Translations of shift-good inputs use the norm reserves fixed at entry. On the relevant fine
collars, m/|VAg| and (m/)?|[V2\g| are bounded. The quadratic inequality therefore permits a
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fixed increase in the ordinary regulator exponent, and a fixed increase in the coefficient of the
variational observation regulator. Each costs at most C'¥I on a support X, absorbed by the reserved
activity weight. A localized piece that is assigned to a coarse singleton is still evaluated on the fine
block where its lift is defined. This applies to both gradient pieces and fundamental harmonics;
a deterministic real phase does not enlarge the analytic norm of the latter. Thus pieces reaching
defect outputs have controlled norm without evaluating a lift at the singular core.

Let dj, be the full defect norm, in this fixed reserved regime. The same multilinear partition-map
estimates as for the wall, with the large-input weight gain in the defect norm, give

d+1 < 01dg + CL(pk +wi) + Cr(dg + wi, + pr)?, 6, < 1. (7.13)

The forcing term includes the translated ordinary pieces just described. This proves the analytic
estimate needed near the mark. We next verify the numerical equality that will make its scalar
normalization disappear between the two squares.

Suppose an output support has the stated clearance. Every fine input, assigned singleton
piece, and scalar normalization entering that output then fits in its enlarged neighborhood. On a
shift-good output they share a common lift. Products and Gaussian convolution commute with this
deterministic translation, and the identical localizations preserve the translated-copy identity. For
an interior defect output use instead

Fo(¢) = Foo(o +7q)- (7.14)

The shell kernels agree there by finite range, and (7.11) gives the exact equality

cQ(Fg) = E(Fx)o(C)-

It follows inductively that both activities and designated coefficients copy the corresponding plane
calculation.

This induction includes numerical, as well as field, dependence. In the exact map, predecessor
dependence from relocation and singleton normalizers extends by at most a fixed multiple of the
current scale. Over earlier steps these distances sum to a geometric series. The link construction
at entry records any numerical dependence reaching a wall in its support, so the same argument
starts at entry. Enlarging H by a fixed amount pays these causal radii. A support that still reaches
a wall cannot become a small marked input before the stop: the distance from the mark to the
wall, in stop blocks, tends to infinity. Large inputs do not supply scalar extractions. Thus neither a
long entry link nor a large insertion support can introduce a hidden wall dependence into the local
constants at the mark.

The only differences between pierced and ordinary designated constants arise from small defect
inputs, so they occur at Og (1) blocks per step. At each of these blocks both the pierced and
ordinary constants are the same plane constants in the two squares. All other factors cancel in the
pierced-to-ordinary product within each square. This proves (7.5) exactly.

7.3 Scalar extraction with one insertion

For clarity, we record the scalar algebra before estimating the insertion. Write one exact background
map as

EZ,(K; ¢ +¢) = pe(K) Zi1 (Fr(K); 0),  pe(K) = [[(1 + arp(K)). (7.15)
b
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Here the ayp are the designated coefficients of small linear inputs. Extend the same exact splitting
algebra to coefficients in R[e]/(2). Its degree-zero terms use the background localization; its
degree-one terms use the marked localization and allocation specified below. Write

arp(e) = apy +edh,, Ky =Fu(K),  Ki(e) = Ky +eTi(K)I

Thus 7(K) is the linear map in the insertion slot of this extended construction. It need not be the
derivative of the unmarked map Fy, since the two slots have different localization prescriptions. Put

!
Ak b
I, =TL(K)I, Br = A
= TH(K) S

The coefficient of € in the exact identity is

ES (K, I; ¢ + C) = pp(K) {Be 21 (K45 0) + I 1 (K, 115 0) ) (7.16)

This is differentiation of the partition identity with the stated degree-dependent splittings. No finite
nonzero perturbation by the possibly large I is required.
If an earlier step has already produced a scalar o, linearity applied to 0 2%(K) + #(K, I) gives

oy =0+ P, I = Tp(K)I. (7.17)

In particular the earlier scalar is kept outside the later map. It is not put back into the activity
as 0 K. This elementary identity is important because o need not be small, whereas the operator
controlling I only sees the small background K.

We also specify how the mark is preserved in the exact algebra. Use (7.11) for small insertion
inputs, and assign their extracted constant to the coarse block containing the designated fine mark
block. This assignment lies in their coarse closure, as required by the partition map. A residual
input keeps its closure label, including the mark. In the scalar normalization step the decoration at
block b is .

ap

(1+ap)?
Only a small marked input can give a; # 0, and its designated block is the mark block. Hence
a differentiated decoration is also supported at the mark. Every term in a differentiated product
contains either an insertion input or such a decoration; its final connected support therefore contains
the mark. Original exclusions remain attached to relocated pieces, exactly as in [Ope26a, Proposition
4.8]. The differentiation does not turn a compatible collection into an unrestricted product.

At zero background, the complete residual insertion map after scalar extraction is the subtracted
small linear map together with the unchanged large linear map. The small-input bound just proved
is C/L, with boundedly many marked placements. By increasing the large-support weight after
fixing L, its remaining linear contribution is as small as desired. The multilinear bounds for the
exact partition map give ||7Tx(K) — Tr(0)|| < CL|| K || on the fixed small background ball, and hence

d=(l+a) "' 1, d=-

C
174l < ( + 84+ CLIKT) 1L (7.13)

where d4 tends to zero as the weight is increased. For this degree-one map the background and
insertion may have different designated localizations: the exact splitting algebra is linear in each
input, and its multilinear estimates use the same bounds on these designated pieces. Thus (7.18)
applies to the prescribed marked splitting as well. It imposes no smallness assumption on ||| itself.
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Choose L so that C/L < %L_2/3, the weight so that 4 < %L‘2/3, and then the background
tube so that Cp||K|| < 2L72/3 at every step. Iteration and the entry insertion bound give (7.8).

Finally every summand in (5 depends only on a small marked input and the background
normalizer at its assigned block. The copying argument in the preceding subsection makes both
its numerator and denominator identical in the two squares. This also holds for the insertion
activities by induction through (7.16). At entry the compulsory footprint fits with clearance in
both squares; a support too small to contain it has insertion coefficient zero in both. Starting with
o; = 0, Equation (7.17) therefore gives oy = oy This equality does not require a bound or a
sign for the accumulated scalar.

7.4 Completion of the background bounds

Proof of Proposition 7.1. The constructions above give the exact identities and the copying asser-
tions. We complete the uniform estimates and the parameter choices. Fix the kernel and assignment
radii, the clearance H, and the finite list of norm regimes with their translation and integration
reserves. Choose L and then the activity weights as in the local estimates. The constants in the
small-support bounds before placement counting are independent of L. After these choices take the
bulk diagnostic tube sufficiently small. Proposition 4.1 supplies arbitrarily small entry backgrounds
in all of these fixed regimes, and the bulk analysis keeps the plane activities in the prescribed tube.

The two recursions (7.10) and (7.13) now keep the wall and defect backgrounds small throughout
the history. More explicitly, by decreasing the tube the quadratic terms can be absorbed into a
slightly larger contraction 63 < 1 and a constant multiple of their forcing terms. Iteration first
for wy and then for dj proves the assertion. On the last positive-fraction window, Proposition 6.3
gives pr < C/j. The geometric convolutions in the two recursions therefore give wy, + dp, < C/j;
the earlier part of each convolution is exponentially small in j. This proves (7.3), including its
uniformity for Q = M and Q = LM.

All coefficients and localizations are real. Their scalar coefficients are bounded by a fixed map
constant times the small background tube, so \a’,;@’b] < 1/2 and every extracted factor is positive.
Only boundedly many factors per step differ between the pierced and ordinary maps. Since

[log(1 +a) —log(1+d)| <2la—d|  (la],|a'] <1/2),

their cumulative ratio has logarithm at most €35 in absolute value after the tube is decreased
in terms of the prescribed e5. This decrease is made after the fixed map constants and remains
compatible with the preceding choices.

The same smallness gives the insertion operator bound chosen after (7.18). Iterating (7.16),
keeping the scalar outside each subsequent map as in (7.17), proves (7.6). The equality of its scalar
between the two squares and the norm bound have already been established. This proves all parts
of the proposition. O

8 Terminal integration and the normalization constant

We now compare two squares using the same finite history. The comparison removes all scalar
contributions from the microscopic magnetic core. What remains is a deterministic energy difference
and a small terminal partition function. The accuracy of the latter comparison, rather than an
estimate on the core amplitude, will give a convergent normalization.

Let M = L7, n = M/2, and use the history with J < j < 2J as in Proposition 7.1. For
Q € {M, LM}, the subscript @ will indicate the free dual square of side Q). Both calculations stop
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at the scale in (7.1):
v="L"  j-h=|log, (G|,  D=M/ (8.1)

In particular,

There are Op(D?) terminal blocks in either square. All constants below may depend on the
parameters fixed before choosing the history, including L, but not on j.

Write E, ¢ for expectation under the remaining reference Gaussian field in the square of side
Q, together with its common constant, which is uniform modulo 27/a. Recall that o? = 8. For
e € {0,1}, define

2§ =B 20 (K} g5 ), Jo = EwIh (K} 0, Ing; ¥).
Here 23, is the compatible-support partition polynomial, and .#, is its part with exactly one marked
activity, as in Proposition 7.1. In particular, Jg does not include the separately extracted scalar og.

8.1 Uniform terminal integration

The fact that D grows is useful: it separates the magnetic core from the wall at the terminal scale.
It also requires a terminal estimate whose constants do not depend on the total number of blocks.

Lemma 8.1 (Terminal partition expansion). For the backgrounds of Proposition 7.1,
25 =1+ 0,(D?*/j), (8:3)
log 2§ = > E. oK o(X;9) + OL(D*/57). (8.4)
X

They are real and positive for all sufficiently large j. Moreover,
[Tl < CLD?(Tn |- (8.5)

These estimates hold with the fized requlator and activity-weight reserves used in the magnetic
construction.

Proof. The terminal regulator estimate in Proposition 2.5 gives
P
E.q [] Gn(Xa;v) < I +I%l 56
a=1

for compatible supports, with any one of the fixed reserved regulators G;, used here. The constant
in this bound is independent of @Q/v. To recall why the terminal estimate has this uniformity,
the positive-order differences of the remaining covariance are bounded at scale v, and its energy
form is bounded by the full reference form. The blockwise Gaussian quadratic estimates in the
regulator proof therefore have uniformly bounded operator norm and trace proportional to the
number of blocks being tested. Their exponential moments cost at most C'¥ on a support X.
Neither estimate uses an upper bound on the number of blocks in the entire square. Regulator
composition and monotonicity apply the same estimate to the union of compatible supports. The
common constant causes no additional cost, since the activities are periodic and the regulators
depend only on nonconstant fields. These are the terminal bounds of [Ope26a, Sections 9 and 4];
their kernel hypotheses hold equally at the earlier stop (8.1).
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Proposition 7.1 bounds each background by C'/j in the activity norm. Sum first over supports
through a specified anchor block and then over the O (D?) anchors. The exponential cost in (8.6)
is absorbed by the reserved activity weight. It follows that the absolute sum of terms of degree p in
the terminal partition polynomial is bounded by

(CLD?/j)P.

Since D?/j — 0, the terms of degree at least two have total size Or,(D*/j2). The constant term is
one and the degree-one term is the sum in (8.4). This proves (8.3); expanding log(1 + x) proves
(8.4). Reality follows from the real-coefficient construction, and closeness to one then gives positivity.
The same calculation with one distinguished marked factor bounds the sum by

CLD*|Ing| > (CLD?/j)P.
p>0

Absorbing this convergent series proves (8.5). O

8.2 Cancellation of the magnetic scalar

Let dg /o denote the ratio with the observation cutoffs used for this history. This notation depends
on the chosen history; only the two squares under simultaneous comparison use it below. Set

>, Hg=exp{—Eq/(2”)}.

Eq = |mq

The common preparation scalar cancels between the two sectors. The exact identities (7.4) and
(7.6) therefore give

~ 0iZh+ Jo P}
dgys = HijCg%, pj = PZ > 0. (8.7)

Both p; and o are exactly the same for Q = M and () = LM. The equality of o; is algebraic; its
sign has not been assumed.

Lemma 8.2 (Relative removal of the residual insertion). There is ¢ > 0 such that, for all sufficiently
large j, o; > 0 and

Lo

202 +log pj +logo; + log Zég —log Zg +O0(e™) (8.8)

logag/ = —
for both Q@ = M and Q = LM.

Proof. The bounds on s, the entry index i, and the terminal index h give s = O (j%), i = Or(log j),
and j —h = Op(logj). By (7.8) and (8.5), the marked term in the physical ratio (8.7) is bounded
by
Jo
H P 2
| QPj Z%
Here Hg < 1, the denominator is bounded below by Lemma 8.1, and Proposition 7.1 gives
|log pj| < €2j. The positive number ez may be chosen arbitrarily small by shrinking the background
tube after fixing the map constants. Choose ez < (log L) /6.
Lemma 2.4 gives ag/y > e L=9/2. Consequently, (8.9) is exponentially small relative to ag /2-
The cutoff error is even smaller: the preparation bound has the form

C(Q/s)*e™* = exp{—c1s + OL(j)},

< poly(j)L™%/3¢2 (8.9)
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and s > czj%. The ordinary cutoff denominator is 1 + o(1) after division by its uncut partition
function, so the same bound, with a changed constant, controls the error in the ratio. Dividing by
the crude lower bound again shows that dg /s = ag/2(1+ O(e™9)).

The exact identity (8.7) now implies

l
Hapsoy 22 = agpa(1 + O(e™))
i Z% Q/2 :

Every factor on the left except o; is positive. Thus o; > 0 for large j, and taking logarithms proves
(8.8). This argument uses neither positivity of individual activities nor an a priori lower bound on
the extracted insertion scalar. O

The two scalar logarithms in (8.8) cancel when the square is enlarged. It remains to compute
the difference of the terminal background terms to a summable accuracy.

8.3 The first-order magnetic difference

Define the first-order term
Fo = E.qKj o(X;¥)
X

and its magnetic double difference
Aj= (FIZ/M - FLOM) - (F]l\/[ - F](\)/[)'

The word “double” here refers simply to taking first a difference between the magnetic and ordinary
sectors and then a difference between the two square sizes.

Lemma 8.3 (First-order terminal comparison). With the running gradient coordinate tj, of Propo-
sitton 6.3,
2
A :%(ELM—EM)-}-OL (?2+D1]> . (8.10)
Proof. We split the supports into shift-good bulk supports, shift-good wall supports, and the
remaining supports near the mark. These are the same support classifications used for the copying
prescriptions in Proposition 7.1. For a support of size p, all the enlarged rectangles and test collars
used below have diameter at most C'rpv. Polynomial factors in p are harmless in sums with the
reserved exponential activity weight.
First discard supports with p > caD, where ¢y > 0 is a sufficiently small fixed constant depending
on the geometry. Their full norm is O(1/7), so their total integrated contribution in either square is

OL(D2j_le_CD).

This is smaller than 1/(Dj) for all sufficiently large j. We can therefore assume p < coD throughout
the local comparisons.

Shift-good bulk supports. The pierced activity is the ordinary plane activity evaluated at ¥ + Ag,
where the local lift satisfies OAg = 1;,9/a. The remainder after the running gradient and fundamental
singletons has norm O(j~2) by Proposition 6.3. Its translated norm has the same bound with the
fixed reserves, and summing over the O, (D?) possible anchors costs O, (D?/52).

The fundamental singleton has zero expectation, before and after the translation, because
integration over the common constant annihilates every nonzero charge. For the gradient singleton,
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the cross term has zero Gaussian expectation. Its translated-minus-untranslated expectation
is therefore exactly the deterministic gradient energy of Ag, with coefficient ¢,/2. The energy
allocations €% in the bulk map partition this energy. Summing the bulk singleton contributions
gives the corresponding portion of ¢, Eg/ (202).

We may complete this portion to the full energy when taking the difference of squares. The
omitted wall positions occupy a strip of width Op(v) and length Of(Q). The source bounds in
Equation (2.19) give |n.q| < CL/M there, hence an omitted energy Or(v/M) = Or(D™1). The
positions omitted near the mark can be chosen identically relative to the center in the two squares.
Their energies individually need not be small. Their difference, however, is small. On their region
of radius Of,(v), the square-to-plane alignment estimate (3.12), together with (2.19), gives

Cr

- < Cp/M L
ey —mae| < CL/M, | pa| + | < T+ dist(0)

Thus, summing over lattice annuli,

v v?
Yo mev@P = Ima(e)?| < Cr (M + M2> = On(D7Y).
dist(e,0)<Crv

The same estimate covers the allocation collars and half-edge conventions. Since t, = O(1/j), the
resulting error is Or(1/(Dj)).

Shift-good wall supports. For these supports one must use the full O(1/5) activity norm; it is not
a bulk remainder. The support is a macroscopic distance from the source. Subtracting a constant
from the local lift, which has no effect after common-mean integration, gives scaled test norm at
most Cp/D on its testing neighborhood. The source derivative bounds, with the reflection stencils
at a free wall, give this estimate also for the derivatives required in that norm.

Let K be the corresponding ordinary wall activity and let A be this constant-subtracted lift.
The function

F(u) = E. oK (1 +u))

is even in u: the ordinary activity is even in the field and the Gaussian field, including its uniform
constant, is invariant under sign reversal. Consequently f’(0) = 0. Taylor’s formula, the analytic
derivative bound, and terminal regulator integration give

2
1
|f(1) — f(0)] < C;)Z; — X the summable support weight.
J

Choose c2 small enough that the translation stays inside the fixed analytic radius; the reserved
regulators handle its real part. There are O (D) wall anchors, with at most additional polynomial
factors in p from the collars. The weighted sum is therefore Or,(1/(Dj)). This estimate explains
why a bound by the absolute wall activity norm would lose the required accuracy.

Supports near the mark: deterministic translation. For a support which is not shift-good and
has p < oD, the enlarged support lies in the interior of both squares. The magnetic activities
copy a common pierced-plane activity after translation by <, and the ordinary activities copy the
ordinary-plane activity. The change vras — var, after subtraction of a constant, has local scaled test
norm at most Crp/D by Equation (3.12). The first derivative estimate therefore bounds the effect
of changing this deterministic translation by Crp/(jD) times a summable support weight. Such a
support has only polynomially many possible anchor positions in p near the mark. Its weighted
sum is Or(1/(Dj)).
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Supports near the mark: terminal covariance. The preceding comparison must also change the
terminal Gaussian law. We give this step explicitly. Average each activity over its common constant
first, so the resulting function is invariant under addition of any constant to the field. Continue the
polynomial covariance decomposition from scale v to a fixed sufficiently small dyadic fraction cs M
of the smaller square. With c¢3 and then ¢y chosen using the interior clearance, all these polynomial
pieces agree on the enlarged support in the two squares, modulo common constants. This is the
exact finite-range copying property, including polynomial continuation on the zero mode. Common
constants are invisible to the mean-averaged activity.

We can consequently realize the restrictions of the two fields as a common Gaussian part plus
respective independent tails. Anchor each tail at a fixed point in the enlarged rectangle. The
positive-order terminal covariance estimates at scale csM imply, for every fixed r > 2,

CL,r poly(p)
L7 (scaled test norm) — D ’

||anchored tail| (8.11)

For completeness, the difference estimates through order five bound the scaled differences of orders
one and two in supremum on each v-block by the rescaled discrete Sobolev estimate used in the
regulator proof. Summing the first differences along paths from the anchor bounds the field value
itself. The enclosing rectangle has block dimensions O (1 + p), so these sums introduce only
a polynomial factor in p. Gaussian moment estimates give the stated L" bounds. The factor
v/M = D~! comes from the first positive-order tail estimate.

Interpolate each tail separately to zero, keeping the common part fixed. The fundamental
theorem of calculus and the first derivative activity bound reduce the difference of expectations
to (8.11). Holder’s inequality with a fixed terminal regulator reserve bounds the accompanying
regulator. Along this interpolation the covariance on gradients is no larger than the original one,
so the terminal integration estimate remains valid. The deterministic alignment translations cost
only another exponential-in-p factor. The local variational regulator agrees in the two squares by
finite-range copying on the open testing support; all remaining exponential factors are absorbed by
the reserved weights. Summing the O(1/3) full activity norms, polynomially many anchors, and
exponentially weighted shapes gives O (1/(Dj)).

This compares covariances only through the small smooth tails that the activity can detect. No
comparison of microscopic-dimensional Gaussian densities is needed. Combining the bulk, wall, and
near-mark estimates proves (8.10). O

8.4 The deterministic energy increment

We next compute the constant in the leading energy increment. Its normalization is important: the
Laplacian here counts each undirected unit edge once.

Lemma 8.4 (Square Green-function increment). Let G,, be the Green function of the unscaled
Laplacian killed on the boundary vertices of the spin square A,. For the connections in the dual
squares of sides M = 2n and LM, there is ¢4 > 0 such that

ELM—EMZQWIOgL—I—OL(n_C4). (812)

Proof. The orthogonal energy minimization and crossing correspondence in Equation (2.18) give
the exact identity

Ey = (27)%G(0,0). (8.13)
We verify the accuracy needed for the Green increment:
log L

GLn(Oa 0) - Gn(07 0) =

+Op(n~). (8.14)

™
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Write M = 2n, fix a sufficiently small dyadic stop fraction p, and use the low-pass multiplier
gt (A) = P (1 — \/64)

from Equation (2.6), now applied to the killed Laplacian. Odd reflection gives the same binary
decomposition and multiplier estimates in this geometry, as in [Ope26a, Lemmas 4.1 and 4.2].
Let d; be the plane diagonal at the origin of the polynomial covariance A~ (g;(A) — go¢(A)), with
polynomial continuation at zero, and let Ty be the smoothed terminal diagonal at the center of the
square of side @, stopped at scale pQ). All preterminal pieces at the center are plane pieces by their
finite range. Their common terms cancel exactly, giving

log, L—1

Grn(0,0) — Gn(0,0) = > dorpns + Tronr — T (8.15)
r=0

The plane diagonal estimate for each of these logy L terms is log2/(27) with an error bounded by
a negative power of its scale. This is the continuum kernel estimate in [Ope26a, Lemma 8.1]; the
value of the limiting diagonal is the radial integral

1 /00 P(r)— P(2r) p log 2
— =
2 Jo r o’

where P is the continuum low-pass multiplier, P(0) = 1, and P(r) — 0 at infinity. Since their scales
are comparable to n, their total contribution is log L/(27) + Or(n™¢).

The two smoothed terminal diagonals have the same continuum limit, with power accuracy. We
verify this stronger quantitative assertion directly. The eigenvalues of the killed square are
. 2 ko

k
A, M = 4 sin? ™ + 4 sin

— 1< <M -—1.
oM 2M7 _klakZ_

The smoothed terminal diagonal at the center is consequently

4 M mky ko qpn (Ak,ar)
Th =~ », sin®——sin® —= 00020 (8.16)
M by Fe 2 2 )\]@M

The elementary eigenvalue bounds and the multiplier estimate give
M Near 2 ekl lgpnr (k)| < Cpmin{1, [K] 72},

where p is the fixed power in the kernel construction. Thus the part of (8.16) with |k| > B is
bounded by C,B~¢ for some ¢ > 0, uniformly in M.

For |k| < B, one has M2\ 5y = w%|k|? + O(B*/M?). In the sine formula for g,a/, the rescaled
numerator argument and denominator converge to their continuum values with errors bounded
by a polynomial in B times M ~!. The ratio is interpreted continuously at zero. Its fixed power,
the reciprocal eigenvalue, and the O(B?) terms in the sum therefore have combined error at most
CpBC/ /M for a fixed C’ > 0. This is a deliberately weaker bound than the eigenvalue Taylor error,
and suffices here. The limiting sum depends on p but not on M. Taking B = n® with a sufficiently
small fixed 0 > 0 makes both errors negative powers of n. The stop fractions are the same in the
two squares, so their limiting terminal sums cancel. This proves (8.14). Multiplying it by (27)? in
(8.13) proves (8.12). O
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8.5 A summable ratio and the full limit

All quantities involving the microscopic magnetic core have now cancelled. The universal logarithmic
correction comes from the running gradient coefficient in Lemma 8.3.

Proposition 8.5 (Summable enlargement ratio). For n; = L7 /2, there exists e > 0 such that

log L 1 L
9] 9. 8.17
3 + 16 L(j ) ( )

logay, , —loga,;, = —

Proof. Subtract the two identities in Lemma 8.2. The common log p; and logo; cancel exactly.
Lemmas 8.1 and 8.3 give

1—1

logar, —loga, = — 502

(E Ey)+0 D4+1+‘Cj
LM M L j2 D] € .

Use a2 = 87 and Lemma 8.4 to obtain

log L log L D* 1 _
1 -1 = t O | = + — < 8.18
ogarn 0g an 3 + tp 3 + O, (]2 + Dj +n ( )

for some ¢5 > 0. Proposition 6.3 and (8.2) imply

1 log h 1 log j
" ShlogL L( h2 ) 2jlogL T L( 7 )

Finally D*/j2 = Or(j~%°) and 1/(Dj) = O(j~"/1). Substitution in (8.18) proves (8.17), for
example with any fixed 0 < € < 1/10. O

Proof of Theorem 1.1. For n > 1, define
B(n) = logay + ~1 L ogl
=lo —logn — —loglogn.
n gan 3 gn 16 glogn
Because logn; = jlog L —log2,
1 .72
loglog n;y1 —loglogn; = ; +O0L(j77).

Proposition 8.5 therefore implies B(njt1) — B(nj) = Or(j7'7¢). The increments are absolutely
summable. Each B(n;) is a finite real number by positivity of a,;, so there is a finite real limit B
along this geometric sequence.

It remains to remove the restriction on the side lengths. For an arbitrary integer n tending to
infinity, let n; be the preceding geometric size, so n; < n < nj;1. From any sequence of such n,
extract a subsequence on which n/n; — d € [1, L]. Lemma 2.4 gives

1
loga, —logan; — —3 log d.
On this subsequence, logn —logn; — logd and loglogn —loglogn; — 0. Hence B(n) — B(n;) — 0.
Every sequence admits such a subsequence, and the same argument applies to every subsequence;

thus B(n) — B along all integers. Setting Axy = eP> proves the claimed asymptotic. The
finiteness of By gives both Axy > 0 and Axy < 0. O
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