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Abstract

We determine the growth exponent, at every fixed positive loop fugacity, of the critical
honeycomb partition function for disjoint polygons separating two prescribed markers on a
balanced cylinder. At fugacity two the cylinder exponent is 1/6; the corresponding planar nesting
exponent and middle-strip nesting exponent are 1/12.
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1 Introduction

The critical activity fixes the weight of each honeycomb polygon, but the sum over disjoint polygons
surrounding a point requires control on every spatial scale. We determine the growth of this
nesting partition function by first calculating a partition function for polygons separating two
prescribed points on a cylinder. Two independent pressure estimates then relate the cylinder to
planar nests. The same analysis also gives bounds for large polygon counts and for the length of
critical self-avoiding paths in a strip.

1.1 The model and its exponents

We realize the honeycomb lattice as the dual of the equilateral triangular tiling with side length one
and a horizontal edge direction. A triangular band has height v/3/2. A polygon is an unoriented
simple cycle of the dual graph. Its length |P| is its number of vertices, and its critical weight is ol

where

1

v

Nienhuis predicted this activity through the dilute O(n) model [18]; Duminil-Copin and Smirnov
proved that its reciprocal is the honeycomb connective constant [5]. Their parafermionic observable
supplies the local boundary cancellation used here. We also use the finite strip transfer construction
and the critical strip-crossing estimate of [19].



Identify the plane with C, with the horizontal lattice direction real and a face center at zero.
For even N = 2m, quotient by the translation iN+v/3/2 and mark the images of 0 and me2mi/3,
Their vertical separation is m bands. This is the balanced cylinder geometry used throughout: a
lattice cut follows m edges in direction €27/ and then m in direction e™/3, closing after one period.
Compactifying the cylinder’s two infinite ends gives a sphere. A polygon separates the markers if
they lie in distinct components of its complement on that sphere. Such a polygon may wind around
the cylinder, or may be contractible and enclose exactly one marker in its disk.

Give every separating polygon an additional factor y, called its loop fugacity, and define

Zv() =Y I xp'.

P PcP

The sum runs over finite families of pairwise vertex-disjoint separating polygons, including the
empty family with weight one. The transfer construction in Section 2 proves convergence of these
masses. Every separating polygon meets the finite arc of the prescribed cut between the markers, so
the number of disjoint polygons is bounded at fixed N. Thus Zy is a polynomial with nonnegative
coefficients and Zn(0) = 1.

Theorem 1.1 (Cylinder fugacity exponent). For every fized x > 0, along even N,

! 2 (arccos( /2))2 0<x<2
s ~ — —— (arccos(x/2))", X <2,
Zn(x) = N"0TM () =0 § 37 ,
gt ﬁ(arcosh(x/Q)) , X > 2.

For the planar counterpart, let P (r) be the sum of [[pcp xp!Fl over disjoint nests around
one fixed face center, with every polygon of diameter at most r; again include the empty nest.
Theorem 11.2 proves the bounded-factor comparison

PX(CON)2 < Zn(x) < CX7COPX(CON)2
for every fixed x > 0 and sufficiently small fixed ¢ > 0. Consequently, for every fixed y > 0,

Py (r) = rT00)/2+0(1)

The square has a geometric origin. Removing essential polygons and large contractible polygons
costs a bounded factor; the remaining polygons form two independent small planar nests, one near
each marker. Figure 3 shows the two planar neighborhoods. The two pressure calculations below
provide the estimates needed for this removal.

In particular, Zy(2) = N'/6t°(1) and Py(r) = r1/12+o(1) Fugacity two arises in the boundary
winding identity because an enclosing polygon has two orientations. If Sy is the same fugacity-two
nesting mass around a middle face of a strip of 2k bands, with no diameter restriction, then

Corollary 11.3 gives
Sk — k1/12+0(1).

1.2 Uniform counts and path length

The fixed-fugacity theorem concerns one parameter at a time. To control polygon counts that grow
with N, we prove a separate estimate uniform over an unbounded fugacity range. Define the critical
coefficient mass wy(a) by

Zn(x) =Y wn(a)x".

a>0



Thus wy(a) sums [[p plPl over families with exactly a separating polygons. Section 8 proves
Zn(2coshv) < exp(Clog N(1 +v?)) (v >0),

with C independent of v, and hence

a2
< — >0).
wn(a) < exp (C’ log N clogN) (a >0)

These are unnormalized coefficient masses. The uniform fugacity bound uses the coarse real-sector
estimate before any counts are truncated; the fixed-parameter asymptotic alone would not give it.

The nesting law also controls a path-length observable. A port is the midpoint of a triangular-tile
edge. In a strip of h bands, consider self-avoiding paths from a fixed bottom boundary port to
either boundary, with no other boundary visit. They include their initial and final half-edges, and
n(7y) counts the visited dual vertices. Proposition 11.5 proves

an(v)n(,y) < h13/12+0(1).
~

Under the normalized critical weights, their expected length conditional on reaching the top boundary
of the bottom |h/4] bands is h*/3+°(1) (Proposition 11.6). The difference between these exponents
comes from the conditioning event, whose unnormalized mass is comparable to h~1/4 by the strip-
crossing theorem of [19, Theorem 1.1]. A positive identity relating visits to an interior edge to nests
around its two adjacent faces supplies the required length comparison.

1.3 Proof strategy

The proof has an algebraic and analytic route to the cylinder exponent, followed by a geometric
route to nesting. We describe the two routes separately because the pressure estimates do not follow
from the cylinder asymptotic.

A finite representation with its normalization. Section 2 constructs the cylinder vacuum
from a polynomial open-strip state. A vacuum state records the pairings of occupied ports made by
paths on one side of a cut, with no external source. Contracting the two half-cylinder states with
the separation rule gives Zy. Degree bounds and reductions at special parameters determine this
contraction exactly.

Writing x = 2cosn, a finite contour deformation expresses its numerator as a sum of particle
integrals with factor €™ . The integer M fixes the two groups’ elementary particle totals as m — M
and m + M. Each group contains main particles and residue-generated far single particles and fused
pairs, the latter counted twice in the elementary degree. Only terms of elementary degree N enter
the identity.

The logarithmic contribution of the particle integrals. Section 3 centers each main group
at the mean density mo(u), where g is a fixed probability density with exponential tails. Walls at
distance proportional to log N leave only O(1) mean mass outside; this is the spatial scale of the
particle calculation. The real quadratic energy of the remaining fluctuations controls their imbalance,
their far-particle counts, and excursions beyond that interval. A Legendre orthogonal-polynomial
ensemble gives a positive reference law for the two large interior groups. Subtracting its logarithmic
interaction removes the diagonal singularity, so the remaining energy is meaningful on empirical
particle measures.



The coefficient of log N must be kept throughout this comparison. The relative fluctuation
determinant contributes 7/8, the two reference partition masses contribute —1/2, and the scalar
vacuum denominator contributes —5/24. Their sum is

To obtain the quadratic term in 7, the phase €™ must be retained during integration. Section 4

proves the reference integration bounds. Section 5 realizes the needed complex displacement by
moving actual particles and computing its Jacobian. Because the interior particle numbers also change
with M, Section 6 constructs a holomorphic approximation to the integer-dimensional integrals
before moving the imbalance sum. The combined particle and imbalance-contour deformations
convert the phase into a quadratic contribution to the real action. These steps yield, locally uniformly
for |[Ren| < m,
log le(\)fg(i\(;osn” < % — ;?Re(nz) +o(1).

Section 7 obtains the matching lower exponent from this harmonic upper envelope. The anchor
n = /2 has the exact value Zxn(0) = 1; subharmonicity propagates near equality, and coefficient
positivity transfers it to each fixed positive fugacity. Thus no lower estimate of a single complex
sector is needed.

From the cylinder to planar polygons and strip paths. Section 9 varies the weight of
essential loops in an annular transfer. Its first two pressure derivatives at zero fugacity control both
their total mass and their first horizontal-span moment. These bounds make the cost of removing
separating essential polygons uniform in N. Section 10 instead varies the weight of all loops in
an open strip. Its first pressure derivative at zero fugacity is affine in N up to an error O(N~1).
Counting each shape’s vertical placements and comparing two strip widths then gives

S <o)

[P]: diam P>

Here [P] is an unrooted, unoriented polygon modulo triangular-lattice translations. This estimate
controls large contractible polygons. Section 11 uses both removal bounds to separate the two planar
nests, then proves the length—nest identity and the raw and conditioned strip-length estimates.

1.4 Earlier work

The electric exponent has a direct Coulomb-gas predecessor. Gamsa and Cardy study the change
in weight of loops separating marked points [7, Section 3, equation (6)]. In the dilute zero-loop
specialization, their scaling dimension for y = 2cosn, 0 < x < 2, is z = n?/(37?) — 1/12, giving
the predicted two-point power —2x = 7(x). Their argument assumes the Gaussian-field scaling
description. Cardy’s annulus calculation likewise permits an independent weight for winding loops
and gives the corresponding radial power [1]. The present argument establishes the finite lattice
normalization and the estimates required for the cylinder and planar observables above; it also
proves the stated positive-fugacity branch for y > 2.

Periodic dilute-loop transfer matrices with seams that change wrapping loop weights were
analyzed by Zhou and Batchelor [24]. Their spectral calculation provides related electric-parameter
formulas. The observable here is a contraction with two specified markers, and includes contractible
polygons surrounding one marker. The finite contraction and its nonvanishing scalar normalization



must therefore be identified in this geometry. Ikhlef and Cardy related local parafermionic equations
to the Yang-Baxter weights of dilute-loop models [14]. Glazman and Manolescu proved invariance
of the boundary two-point function for columnwise rhombic half-planes with angles in [r/3, 27 /3]
[10]. We use their local-weight convention, specialized to the regular honeycomb lattice in the final
statements.

Polynomial exchange equations and special-rapidity reductions have earlier uses in integrable
loop constructions. Di Francesco and Zinn-Justin use them to prove a multiparameter sum rule for
the dense O(1) model [2]. Garbali and Nienhuis develop polynomial states and fusion recurrences
for the dilute O(1) open strip, and obtain determinant expressions for its normalization [8, 9]. They
also note that the polynomial-state method applies at zero loop weight [8, Section 4]. Here the
open-strip polynomial state is supplied by [19]; we construct its periodic limit, the normalized
vacuum quotient, and the two-marker contraction with their physical interpretation.

The analytic reference measure is a classical orthogonal-polynomial ensemble. Andréief’s identity
gives its Gram normalization and tilted factorial determinants [22]. The circle comparison is the
finite upper bound associated with the strong Szeg6 theorem [21]; its Schur-polynomial proof is
related to the unitary trace calculations of Diaconis—Shahshahani and Diaconis-Evans [4, 3]. We
include these arguments in the required normalization. To retain the logarithmic exponent, the
present application also needs uniform source bounds for growing physical tests, a particle realization
of the complex quadratic change of variables, and continuation of the integer dimensions. These are
the roles of Sections 4-6.

2 Cylinder partition functions and contour sectors

Our first task is to express the positive cylinder observable as a finite sum to which asymptotic
analysis can be applied. We prove two exact representations: a sum over three labels at each site,
and an integral over finitely many contour sectors. The normalization is part of each identity. We
then estimate that normalization on the balanced physical cylinder. The construction begins with
the strip estimate needed to control paths in a fixed-width periodic slab. The positive length—nest
comparison will be proved with its applications in Section 11.

We use the honeycomb lattice dual to the equilateral triangular lattice of side length one. A
port is the midpoint of a tile edge. A path between ports visits each honeycomb vertex at most
once, includes its endpoint half-edges, and has weight p"(?), where n(vy) counts visited vertices. A
polygon of length r has r vertices. Put

1 1
A= —, d = cos(2)\) = —, ¢ = cos(3\), p=—F—.
V2 2+ V2

IE

For the strip of H triangular bands, let Ay be the mass of paths from one fixed bottom port to the
other bottom ports and let By be their mass to the top boundary. We use the following results
from [19, Theorem 1.1 and Lemmas 2.1, 2.3]:

cAyg + By =1, 0< By = H_1/4, By is nonincreasing in H. (1)

The same source proves exponential decay of a one-defect transfer at each fixed height, and
boundedness of the corresponding vacuum half-state. Here a defect means one strand attached to
a specified source and continuing to the current cut. We will name each use of these finite-height
facts.



2.1 Strip input and the critical walk bound

The critical activity is the reciprocal of the connective constant, as proved by Duminil-Copin and
Smirnov [5]. For later use we give the short deduction from the strip estimates; it also supplies a
subexponential bound without a limit interchange.

Proposition 2.1 (Critical weight). If ¢, is the number of n-edge self-avoiding walks from a specified

honeycomb vertex and p = lim, ck/n, then p = u=t. Moreover, c,p" = exp(o(n)) as an upper
bound.

Proof. We use the bridge-decomposition method of Hammersley and Welsh [13]; see also Madras
and Slade [16] and Duminil-Copin and Hammond [6, Proposition 2.1]. We give the decomposition
with the present honeycomb endpoint conventions, using the positive strip bound to control each
weak bridge.

Submultiplicativity gives existence of p. Split a walk at a vertex of minimum height, choosing
the first such vertex in a fixed traversal order when necessary. Its two tails start at that vertex and
stay above its height. Translate this vertex to one of two fixed representatives, according to its
triangular-band type. Recording the two tails and the split time recovers the original walk, because
its original root is fixed.

Decompose each nonempty tail by stopping at its last global maximum, then at the last minimum
of the remainder, and continuing alternately. Every piece is a weak bridge: all its vertices lie between
the heights of its endpoints. There are no horizontal edges. Its positive spans, measured in thirds
of a triangular band, are integers, are nonincreasing, and are strictly decreasing after a possible
equality of the first two. Their sum is at most 2n. Consequently there are O(y/n) pieces and at
most exp(O(y/nlog(n + 1))) possible span lists, even after recording the split time and the two
initial types.

For a fixed initial vertex and a specified directed span, the total p#¢d8®_weight of weak bridges
is bounded by an absolute constant. To obtain this from the strip bound By < 1, choose horizontal
band boundaries immediately beyond the two endpoint heights. At a lower endpoint of lower-center
type append the vertical half-edge to the lower boundary. At the other type first append the fixed
descending edge, then the vertical half-edge. Make the reflected construction at the upper endpoint.
All added vertices are outside the old height range, so the extension preserves self-avoidance and has
bounded multiplicity. The starting boundary port and strip height are determined by the starting
vertex and span. The extension adds at most three vertex-weight factors relative to the old edge
count. The same argument applies to downward bridges by reflection.

For each span list, ignore avoidance between successive pieces and sum their weights successively.
This gives a constant to the power O(y/n), and hence

cnp” < exp(O(v/nlog(n + 1))).

Taking nth roots yields p < p~!. If the inequality were strict, choose r with p < r < p~'. The

unrestricted walk series at r converges, so its tail at p decays exponentially in length. A bridge
crossing N bands has length at least a positive constant times N, up to endpoint constants. Its mass
would therefore decay exponentially in N, contradicting By =< N~/ from the strip calculation. [

2.2 The polynomial cylinder vacuum

A cylinder is obtained by making the band direction periodic. Cutting it along a column leaves a
cyclic list of ports; the state on one side of that cut records which ports are joined. We first construct
this state algebraically, then prove that at physical parameters it is the absolutely convergent sum



of half-cylinder configurations. Thus the algebraic normalization and the positive physical state will
be identified before they are contracted.

The local operators and the open-strip input. For complex u, write C' = cos )\, a(u) =
cos(2u — 3\) and

C+ a(u)

—

The six tile coefficients, in the normalization of [10, equation (1)], are

P(u) = sin(2A + u) sin(3\ + u) =

_ dsin(3\ — u) _dsinu _ sinusin(3A — u)
_sin(3X\ — u) sin(2A — u) _sin(u — A)sinu
B = 7(u) =T

The sixth coefficient, that of the empty tile, is one. The two-slot operator R(u) acts on noncrossing
partial pairings. Order its inputs as (south, west) and its outputs as (east, north). Thus the
input cap joins south to west and the output cup joins east to north. The coefficient A belongs
to either south—east or west—north alone; B belongs to either south-north or west—east alone; U
belongs to the cap alone or cup alone. The two simultaneous A connections have coefficient F,
and the simultaneous cap and cup have coefficient F. The empty diagram has coefficient one.
This is the usual two-slot notation in which A labels a single vertical connection and B a single
diagonal connection. Figure 1 shows the port order and the physical column construction used
below. Composition glues occupied slots, annihilates occupancy mismatches, and assigns weight
zero to every closed cycle. Transpose is reflection exchanging input and output slots. The map So
sends a vacancy to a vacancy plus p times a cup and sends an occupied strand to either of two
output slots with coefficient p. The map S3, with no input slots, is the sum of the vacant diagram
and a cup.

The physical geometry fixes how these coefficients count honeycomb vertices. A row of parameter
u; is a rhombus with horizontal sides of length one and upward side vector e/t where t = 3 /8; a
left-to-right column uses R(3A — u;). At u; = X or 2\ the upward side makes angle 7/3 or 27/3
with the horizontal. Splitting the rhombus along its short diagonal gives two equilateral triangles.
Each occupied triangle contributes one factor p, while an unvisited triangle contributes one. This
follows either from the local construction in [19, Section 2|, or by substituting in the weights:

v ‘ A(v) U(v) B(v) E(v) F(v)
Y Y
2 p P20 P

Thus these column diagrams have exactly the vertex weights of the honeycomb paths and polygons,
including the endpoint half-edge convention.

The open-strip results we need are recorded together, so that no cylinder statement is implicit
in the import. Their complete proofs are the local diagram identities, scalar reduction identities,
and vacuum degree bound in [19, Lemmas 2.2, 3.1, 3.2].

Proposition 2.2 (Open-strip polynomial input). Put D(a,b) = a® + b? + 2dab — d? and define

D(a;,a; a; —aj)(a; +aj +
pn(a,...,an) = a('ia?)Pf (ai g((a"a‘)] P)
i<j i j 3y Uy




In odd size the matriz is augmented by a column of ones and its negative transpose; pg = p1 = 1.
This is a symmetric polynomial of per-variable degree at most N — 1, with leading coefficient pn_1.
There is a polynomial vacuum vector Wy with empty component py and the following properties,
where Pny = Wi /pn is interpreted as a rational vector.

1. The local operators satisfy

Ry(v) R (u+ v)Ra(u) = Ri(u)Ra(u+ v) Ry (v),
A) =

RwR(—uw) =1,  R(j

~

1(v
S;St,
Ro(u)Ra(u+ NI @ Sj) = (Sj @ R;(uw)  (J

=2,3),

where Ry(u) = R(u—+ \) and Rs(u) is the one-slot identity. Subscripts indicate the two
consecutive slots on which R acts. The vector Py satisfies adjacent braid covariance:

Py (o gty o) = Ri(uipr — wi) PN (e ooy i1, Wiy -2

At w1 = u; + jA it equals S;Prea; for j = 2 the pair is replaced by u; + A, and for j = 3 it is
deleted.

2. For fj = cos(w + jA) the scalar reductions are

p(Y, fo, f6) = p(Y)(fo+ fo + p) [ [ (z = f-6)(z — f12),

zeY

p(Y, -2, f2) = p(Y, fo) (f—2 + fa+ p) [[ (= + fo)-

z€Y
They also hold with all shifts negated.

3. In the variables ™, Wy is Laurent polynomial with exponents between —(2N —2) and 2N — 2.
Shifting ug, by ™ changes a component’s sign exactly when slot k is occupied. In its last variable
y = up, the vacant part is a polynomial in b = a(y) of degree at most N — 1 with leading
coefficient Wx_1; the occupied part is siny times a polynomial in b of degree at most N — 2.

4. These last-variable polynomials are the unique interpolants at y; = u; + 3\, © < N. Write
bi = a(y;), di = a(u; — 3)\), e; = a(u; + 6)\), and let R; move the inserted row y; from
immediately after row i to the last position by successive braid boxes. Their vector data are

Y = (a(us) + bi + p) ] (aluy) — di)(a(uy) — e))RiS3Wi—o.
<N
J#
Thus, with Ez(b) = Hj<N,j7£i(b - b])/(bl - bj)f

anc WNle b+z zvac

’L<N <IN
Wx(y) =siny Z Y) Cli(aly)).
5 siny;

These identities hold at generic arguments and then by polynomial continuation. In each Wy _o
the interpolated and selected rows are omitted.



We now use these exact finite identities to construct the periodic state. No infinite-cylinder
summation is included in the proposition.

Make the row index periodic, with 1,..., N in cyclic order on a cut. A state is a noncrossing
partial pairing of these ports with disk connectivity. Equivalently, compactify the open end of a
half-cylinder to a point and allow no strand to end there. Its basis is the same as the linear-order
vacuum basis. Until the separating-loop contraction is defined below, every closed cycle has weight
zero, including a cycle that winds around the cylinder. Put
N(N -1)

= e%ui’ Do(x‘, y) = 1‘2 + y2 + 2d$y7 K]tf = 2 :

B=2\= q=e?, T

il
4?

We fix /z; = ™. Vector components can involve these half-powers; scalar contractions below have
integral powers. Identities at generic complex arguments extend as rational identities.

Lemma 2.3 (Homogeneous vacuum polynomial). There is a homogeneous vector Vi of total degree
K73 whose empty component is the symmetric polynomial

2222
hN(xl,...,xN):HDO(xi’xj)Pf[ i ] (3)

i<j i — :Ej Do(Ii, ﬂfj)

For odd N, augment the skew matrix by a last column of ones and a last row of minus ones; set
ho = h1 = 1. In any slot k, the vacant part of Vi is polynomial in xi of degree at most N — 1, and
its occupied part is \/Ty, times a polynomial of degree at most N — 2. In the last slot the leading
vacant coefficient is Viy_1. The quotient Uy = Vy/hy has empty component one and satisfies the
braid and splitting identities

UN(---7ui7Ui+17~--) :Ri(uH_l—ui)UN(...,uiH,ui,...), UN ui+1:ui+j)\:SjUred’ j:2,3.

The merge replaces (¢ 'z, qx) by x; the deletion removes (x,¢>z). Both Vi and Uy are cyclically

covariant. Furthermore, Uy is covariant under reversing the row order, reflecting the pairing, and
replacing u; by 3\ — ;.

Proof. Translate every open-strip argument by w; — u; — iB. Then a; = cos(2u; — 2iB — 3\) ~ rz;,
where r = 623_3i>\/2. Define Vi, hy as the limits of r—Kx Wy, T*KJ*VpN. The scalar Pfaffian gives
Equation (3). Its successive leading coefficients are hy_1, so it is nonzero.

For the vector limit, use the open last-variable interpolation. At a deletion node its scalar factor
is O(r2V=3) and the size-N — 2 vector is O(r¥-2) by induction. Transporting boxes, cardinal
polynomials at the last argument, and sine ratios remain bounded for fixed generic offsets. The
vacant interpolation also contains Wy _1 [[;oy(an — a(u; + 3X)). Since 2N — 3 + Kx_, = Ky,
all terms are O(TKJ*V). Laurent polynomiality then gives the limit and homogeneity. Passing the
interpolation to the limit yields the stated last-slot degrees and leading coefficient. Alternatively its
coefficients are bounded by interpolation at fixed generic offsets. Braid transport moves any slot
to last; the moving boxes stay bounded as that variable tends to zero. Thus no negative powers
remain in any slot. The inherited upper exponent bounds and occupancy signs give all the asserted
per-slot bounds.

The open braid identities pass to the limit because the boxes depend only on differences. The
highest homogeneous terms of the open scalar quotient rules show that the splitting specializations
of hy are generically nonzero, so division gives the displayed identities for Uy.

For cyclic covariance, induct on N and compare the two cyclic orders in the same output slots.
Their empty components agree by symmetry of Ay. On an ascending split among the first N — 1

10



slots, both cyclic orders reduce to the same smaller vector: the splitter occupies the same output
slots, and the remaining orders agree by induction. Braid transport within these slots therefore
gives zeros at up = ug + jA for every a < b < N and j = 2,3. Every nonempty component has an
occupied slot k£ < N. For each of the N — 2 other earlier slots, these two split values give distinct
generic roots in xy. After dividing out /7y, the component has degree at most N —2, whereas it has
2(N —2) such roots. This proves the claim for N > 3. For N = 1 only the empty component occurs;
for N = 2 the cup component is a constant times \/z122, which is already cyclically invariant.
The Pfaffian also gives

S e hN(xl,...,xN)Hxi_(N_l). (4)

Let J reverse the row order and reflect the pairing. The reflected quotient, after multiplication by
the original hy, is the vector

¢ <H xﬁv_l> JVN(G* [as - 0P ).

In a vacant slot, inversion reverses exponents within 0,..., N — 1. In an occupied slot it reverses
exponents within 1/2,..., N — 3/2. Thus this vector has exactly the original per-slot polynomial
and parity bounds. Reversing order together with u; — 3\ — u; preserves ascending splits and braid
covariance, since the local operators are invariant under slot-order reflection. On each split the
two cleared vectors agree by induction. Transporting the split to any other site gives two distinct
generic roots for each of the N — 1 other arguments. These 2(N — 1) roots exceed the degree bound
N —1 (or N — 2 after an occupied square root is removed). The size-one case is immediate. O

Lemma 2.4 (Algebraic stationarity). Let T'(z) pass an auziliary slot, vacant or occupied, through
rows 1,..., N with boxes R(z —wu;) and close the auziliary output to its input on the annulus. With
every closed loop given weight zero,

T(z)Un =Un

as a rational identity in the row and auxiliary parameters.

Proof. At z = u; the corresponding box is the identity. Propagation through the other rows braids
that row around the circle, so braid and cyclic covariance give stationarity at these N values. To
obtain the second set of interpolation nodes, let J reflect the order of the physical slots and their
pairing, and put u; = 3\ — un41—;. Reversing the traversal of the closed auxiliary line gives the
crossing relation

JT(z;u1, ..., un)J = T(6X — z;ul, ..., uly). (5)

Here the local crossing bends the auxiliary input and output in the opposite direction: it exchanges a
single vertical connection with a cap or cup, exchanges two vertical connections with a cap—cup pair,
and preserves the empty and single diagonal connections. Its coefficient permutation is therefore
(1,A,B,U,E,F) — (1,U, B, A, F, E). The displayed weights verify it without a scalar factor:

D3\ —v) = 2(v), ABN—v)=U(v), B(3A—wv)=DB(v), E@BA—v)=F(v).

Apply this local move successively around the auxiliary circle; its encounter order reverses, which
is exactly the relabeling by J. Every resulting closed component still has weight zero. Since
(6X — z) — u}, = 3\ — (2 — un+41-;), the operator obtained is precisely the right side of Equation (5).
By the reflection covariance of the vacuum, JUy(u) = Uy (u'). At z = u; 4+ 3\ the reflected spectral
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parameter is 3\ — u; = u)y_,_;, an identity-box node for that state. This proves stationarity at the
additional N nodes.

Multiply (T(z) —I)Ux by [1; 2(2 —u;). As a Laurent polynomial in e’* it has exponents between
—2N and 2N. All exponents are even, since occupancies on the closed auxiliary occur in pairs.
There is one further leading-coefficient cancellation. As e — oo, the local coefficients satisfy

AU — 0, B — 1, E — k=%, F— kL

Here the unsubscripted U denotes the local tile coefficient. A vacant auxiliary gives the identity.
For an occupied auxiliary, skip vacant sites and pass it across an adjacent cup of the occupied-site
pairing. Joining the two boxes gives coefficient F'/E = 1 for preserving the cup, and coefficient
E? 4+ F? = k? + k=2 = 0 for the other connection. Closed cycles already have weight zero. Removing
cups successively leaves an auxiliary circle, again of weight zero. Thus the highest coefficient of the
residual vanishes. Multiplication by e?V%* now gives a polynomial in e*# of degree at most 2N — 1,
with 2N generic roots. This proves stationarity.

O

2.3 Convergence of the physical cylinder state

Algebraic stationarity does not yet identify Uy with a positive infinite-volume sum. For that
identification we need decay at each fixed circumference. The next lemma also supplies the
spanning-path estimate used by the annular pressure in Section 9.

Fix N and physical row parameters u; € {\,2\}. The cylinder is the quotient by the period
Do e™i/t A column cut is the chain of successive upward rhombus sides; its ports are their midpoints.
Let bps(7, ) be the critical mass of paths crossing M columns from west port type i to east port
type j, meeting these two delimiting cuts only at their endpoints and remaining self-avoiding after
projection to the cylinder.

Lemma 2.5 (Decay across a periodic slab). For every such fized cylinder there are constants
Cn < oo and 0 < ry <1 such that by (i, 7) < C’Nrf\v/[ for all endpoint types and every M > 1.

Proof. A cylinder path lifts to a planar self-avoiding path and uses at most O(NM) vertices.
Proposition 2.1 therefore bounds by (i, j) and all same-side path sums by exp(o(M)), with N fixed.
A finite transfer on partial matching states, with one unmatched port attached to the source and
every closed cycle discarded, computes by (4, 7). Such connectivity records all necessary information:
distinct columns have disjoint vertices. Hence 3 ,, bas(i,j)2M is rational.

In fact bps (i, j) decays exponentially in M. Otherwise, because its coefficients are nonnegative
and subexponential and its generating function is rational, some entry has Y, bas(i,7) = co. We
construct a projection-invalid connector for these precise endpoint types. A single column in the
planar lift is an infinite chain of rhombi, with row labels periodic modulo N. Starting at its west
port of type j, take the single west-to-north turn, then the single south-to-north connection through
successive rhombi. Choose an integer k with ¢ + kN > j + 2N and take the south-to-east turn in
row ¢ + kN. The three kinds of one-arc tile used here have strictly positive weights at both physical
parameters A, 2); only one arc is placed in each tile. Since different rhombi have disjoint interiors,
the lifted path is self-avoiding and meets the column’s west and east cuts only at its endpoints.
After projection, however, its intermediate south-to-north route repeats vertices in a row visited one
period earlier. This is a width-one connector from type j to type ¢ with some positive weight a,
depending only on the fixed cylinder.

Concatenate lifts of bridges counted by the divergent entry with copies of this connector, always
in successive disjoint column slabs. Their interiors are disjoint, so the resulting planar path is
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’E’ row ¢ + kN

north .

output 2 [j row j+ N +1

¢ one period
west ‘R ( ) . east
input 2 Y1 output 1 [j row j +1

south row j E

input 1

local port order one column in the lift

Figure 1: The boxes show cyclic port order, rather than physical angles. On the right, dotted
portions contain the omitted intermediate rhombi. The two displayed south-north passages are one
period apart, so they visit the same vertices after projection onto the cylinder. In the planar lift all
rhombi used are distinct.

self-avoiding. To recover the concatenation, list all column cuts that the path meets exactly once.
Between two adjacent column cuts in this list, a width-one subbridge inside any original valid
slab is still projection-valid. The inserted connectors are precisely the projection-invalid width-one
subbridges: they occupy one entire column and their two cuts are crossed only at their endpoints.
Thus the connectors, the intervening slabs, and their original paths are uniquely recovered from the
concatenated path.

Choose finitely many valid slab widths whose total mass is B with aB > 1. The width generating
function of one valid-slab—connector block is g(2) = a 3, bar(i, )21, with the sum restricted
to those widths. It satisfies g(0) = 0 and ¢g(1) > 1. Hence the generating function >,~,¢g(z)" of
recoverable concatenations has radius strictly less than one. Each slab has at most a fixed constant
times its width in vertices, because its projection is self-avoiding on a fixed cylinder; the connector
has bounded length. Consequently all these planar paths of total width w have length at most Cyw.
Their total critical weight is bounded above by the sum of ¢, p" for n < Cyw, up to fixed endpoint
factors. This is exp(o(w)) by Proposition 2.1, contradicting the radius just obtained.

O

Proposition 2.6 (Physical cylinder vacuum). At physical row parameters u; € {\,2\}, the column
T(3\) restricted to vectors with zero empty component has spectral radius less than one. Its unique
stationary state with empty component one is the reqular continuation of Un. It equals the absolutely
convergent sum of half-cylinder configurations with vacant far boundary. The right-half state is
UnvBA—wui,...,3\ —up).

Proof. A nonzero diagram propagated from a nonempty input pairing either has a west-to-east
spanning path or closes a discarded cycle. The number of path segments is bounded at fixed N.
Discarding their mutual avoidance bounds their weights by a product of an exponentially decaying
spanning sum from Lemma 2.5 and subexponential same-side sums. Therefore the transfer on the
subspace of zero empty component has spectral radius strictly below one. The empty component
itself is invariant. Writing the transfer in these two blocks proves uniqueness and local analyticity
of its normalized fixed vector, and convergence from a vacant far boundary proves the half-cylinder
interpretation. The rational stationary vector Vi /hy agrees with it wherever defined nearby, hence
extends to the physical parameters. Horizontal reflection gives the stated right-half arguments.
Vertical reflection also recovers the covariance proved algebraically above. O
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2.4 The finite separating-loop formula

Split the cyclic list into consecutive groups X, Y of sizes s,b, where N = s + b, and mark the two
seams. Define Zx y(x) by contracting the left and right vacuum states, assigning a closed loop
weight y if it crosses the X portion of the cut an odd number of times, and weight zero otherwise.
The empty configuration contributes one. If a group is empty all loops have weight zero, so Z = 1.
At physical parameters the markers are face centers. Compactifying the cylinder ends gives a sphere,
on which the odd-intersection rule is precisely separation of the markers. Therefore Zx y (x) counts
disjoint polygon families all separating the markers, with weight [, xp!. Every such loop meets the
cut; disk connectivity on its two sides suffices to test separation. The half-cylinder sums converge
absolutely, and a family has a bounded number of loops at fixed IV, so this interpretation is valid
for every fixed y.

For the balanced observable Zy of the introduction, N = 2m and the prescribed row list is m
copies of 2 followed by m copies of A. Identify the triangular lattice with the complex plane and
start its column cut at the face center f; = 0. Its successive edges have these row vectors, so the
second marker and period are

27ri/3:_N N\/g

Z 44 T V= m(627ri/3 + eﬂ'i/?)) — 3

N3

fa =me 5

The two groups are the two portions of this prescribed cut from 0 to fo and from f5 to V. Translation
or reflection gives the same observable. In particular the markers are half a period apart in height;
their longitudinal displacement is fixed by this construction.

Lemma 2.7 (Characterization of the contraction). The rational functions Zx y(x) are uniquely
determined by the following properties, with x fized.

1. Hxy = hN(X,Y)2ZX’y is polynomial of degree at most 2N — 2 in each argument, and Z is
symmetric within each group.

2. An ascending merge or deletion within either group leaves Z unchanged after making the
corresponding replacement or deletion.

3. Sending one argument to zero or infinity omits that site.

4. Sending x € X and y € Y to infinity at fized generic ratio gives

_ 2 Ty
ZX7Y — Z§7§va7y, Z3;7y — 1 + X<2C) m

5. At size zero, Z = 1.

All limits are rational limits at generic values of the remaining arquments. Hats mean omission of
the indicated sites.

Proof. The right-half arguments are ¢3/z;. Equation (4), homogeneity, and the per-slot degree
bounds for Vy give the polynomial bound for H: occupied half-powers occur in pairs in the
contraction. To exchange sites within a group, move a symmetric braid box from one side of the
contraction to the other by transposition. The two states braid in opposite directions because the
starred arguments reverse differences. Loop parity is preserved: following the arcs in the box layer
shows that each resulting loop has an even total number of X-hits on the two interfaces of that layer.
Thus any cycle discarded on one side has zero gluing weight as well. This proves symmetry and
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also permits a same-group splitting layer to be moved through the contraction. At the descending
specialization on the starred side, apply R(jA) = SjS; and the ascending splitting identity. To
cancel S;, project its output onto diagrams whose first new slot is vacant. For Sy, omitting that
slot leaves the diagonal map with coefficients 1 on a vacancy and p on an occupied strand. For
S3, both new slots are then vacant; omitting them gives the identity. Thus S; is injective, and
SiUred = SjS;Udesc implies S]t‘Udesc = Uyeq. This proves the reduction of Z.

Cyclic covariance and the last-slot leading coefficient show that sending one argument to infinity
inserts a vacant site in the left vacuum. Reflection gives the same statement in the right vacuum.
Horizontal reflection gives the limit at zero.

For completeness, the simultaneous two-site limit requires more than the individual limits.
Reorder within groups so that x,y are adjacent across a marker, and rotate them to the last two
positions. Write P for the other N — 2 arguments. We claim

VN(P7 Z, y)
(zy)N =2

Fix square-root branches on the scaling ray. In the interpolation in g, the deletion nodes are y, = ¢32
for z € (P,x). For N > 3, nodes belonging to P have data O(|z|V~1), cardinal factors O(|z|V~3),
and additional occupied square-root ratios at most O(|z|'/2). After division by (xy)V~2 they are
o(|z]). The leading vacant interpolation term becomes (y — y.)Vy_2 ® @ + o(|z]). At y, = ¢>z the
data are

= Vna(P)@Va(z,y) +o(lz]),  Valz,y) = (x +y)@ + 2c/zy cup. (6)

(z+y2) [[(p—a2)(p — ¢°x) S5V _o(P).
peP

The cardinal factor is asymptotic to (y/y, )™ 2

, with an extra \/y/y, on occupied output. Since
q3¢°% = ¢?, these terms give exactly the remaining terms in Equation (6). The expression for V5
follows directly from the size-two interpolation. Division by the empty components gives factorization
of the normalized left vacuum, and reflection gives that of the right vacuum. The intersection-parity
rule factors on the two subsystems, proving both the pair limit and the displayed Z, ,.

To prove uniqueness, the zero-site value and omission already settle N = 1. At N = 2 with
one site in each group, omission at zero and infinity leaves only a possible difference C'xy of the
cleared numerators. Its quotient by h3 = (x + y)? has a nonzero paired scaling limit unless C' = 0,
so the specified pair limit settles this case. For all other group sizes, induct on N and subtract two
candidate cleared polynomials. The known scalar reductions of hy turn the reductions of Z into
identical values of these polynomials at each split. Omission at zero kills their constant coefficient,
and omission at infinity kills their leading coefficient. In a variable of a group of size s, symmetry
and the two reductions supply 4(s — 1) roots, namely ¢*2 and ¢*3 times every other same-group
argument. If s > b, these roots, together with the zero constant coefficient, exceed the remaining
degree 2N — 3. If s = b > 2, the difference must be a constant multiple of

(H xz) IT  (@F+a2)Do(wi, ). (7)
i i<j
same group

Indeed its degree in each variable is 1+ 4(s — 1) = 2N — 3, exactly the remaining bound, so the
quotient has degree zero in every variable. When one argument from each group tends to infinity,
this factor has the same leading order as h?\, and a nonzero generic coefficient. The pair limit forces
the rational difference to tend to zero, so its constant multiplier vanishes. The size-zero and size-two
conditions cover the remaining balanced cases. O

15



Using the fixed square roots, define the centered normalization hn = hy 1L x;(Nfl)/ > Its

square is
2 2
hy __hy

n2 = -
[icjmizs  [La)"

The three labels as formal site strings. Before writing the label sum, we construct its pair
weights. Give a site in group ¢ = 4+1 on X or 0 = —1 on Y a generic logarithmic coordinate a;,
with x; = e*. Here a; denotes a logarithm, distinct from the earlier open-strip cosine coordinate.
Attach a formal string of length a € {0, 1,2} at

a; +108,...,a; +icaf3, l=0(1-a).

These are prescribed spectral points, with no integration variables yet; at length zero the string
is empty. Thus the three labels record the three possible string lengths. At this stage we assign
weights only between distinct site strings; factors within one string, which have poles at these
spectral points, will later be evaluated by residues. We will first verify the resulting finite algebraic
formula, and then realize these strings as residues of a particle integral.

Put Pj(r) = —2sinh((r +4j/5)/2). Products below are evaluated at the coordinate difference of
their arguments. For two objects in the same group, the site—site, particle-site, and particle—particle
factors are, respectively,

By = PyP oP3P3,  Fy=(PiPy)"', E,=PiP,P ,F,. (8)
For different groups always use the plus coordinate minus the minus coordinate, and use
B.=PiP;, F.=P%  E.=P:PIF. (9)

The same-group factors are even, so no ordering convention is needed there.

For ordered groups o,w and site labels [, k, let a =1 — ol and &/ = 1 — wk, with the plus group
first when they differ. Let z be the difference of the two site coordinates. Multiply their site—site
factor, all factors from a particle in either string to the other site, and all factors between particles
in different strings. Denote this mutual product by Sf”(2) = [[; Pj(2)™. No factor internal to
either string occurs. The exponents are encoded by the Laurent polynomial

a v’
Y nj¢/ =B-F(A+D)+EAD, A=) ¢  D=> ¢ (10)
J h=1 h=1

Here, for 0 = w,
B=+¢2+8 467, F=¢+¢!, E=2++467-F

forc=1,w=-1,
B = 2¢% + 263, F = 2¢, E=2+282—-F

Labels [, belong to {1,0, —1}, also denoted +,0, —, and v; = 2 + (. For a pair of sites set e = 1 if
they belong to the same group and e = —1 otherwise. The arrays below are indexed by j € Z/8Z.
A bracket [a, b, ...] denotes the sum of the corresponding unit vectors; repeated entries are counted
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with their multiplicity. Rows and columns are ordered +, 0, —; a matrix entry 0 is the zero vector,
whereas an entry [0] is the unit vector at residue zero:

(2,3, 5,6 3,5,6] — [0]  [5,6] — [0, 1]
mT = |[[2,3,5] - [0] [2,3,5,6]—[1,7] [3,5,6]—[0] |,
[2,3] —[0,7] [2,3,5] —[0] [2,3,5,6]
(11)
0 [5] [5,6]
m~ =2 [3] [4 [5]
2,3] [38] O
Define -
Qi (u) = ¢™u = TT (1 = ug™)mir b, (12)
§=0

Substitution of a, " € {0, 1,2} gives 3>, (syn; = m{’[h]. Since
Pi(z) = e (FFB2(1 — 7)),

the ratio of Qf’(e*) to the string product is qulkJrzd inj/2 Differentiating Equation (10) at £ =1
gives the pair-phase identity

ﬁw(ez> — Uw(vlk+vkl)/2 1’ 0 =uw, 13
Sqez) 4 (- o=1, w=—1. (13)

Theorem 2.8 (Finite cylinder formula). For x = ¢ 37 + ¢37~ ! and 7 # 0,

7 2 e(,j
3 Zx.y(x) = > M (=20) 2 TT Q1Y (i /). (14)
lie{—1,0,1} i<j
ZiGX li:zz'ey Li=M

The sum includes all allowed integers M. Apparent singularities at colliding arguments are evaluated
by continuation.

Proof. We verify the characterization in Lemma 2.7. The arrays satisfy

Z myi.[j] = 2 + 2elr, ijle,,[j] =e(yr —uvl) (mod 8),
J

J

and their exponents reverse under transposition. These identities give Qf. (u) = Q¢;(1/u) and hence
within-group symmetry. The only possible finite nonzero poles are same-group poles at u = 1, ¢, ¢~ !.
At u = 1 only unequal labels are singular, with simple poles, and exchanging these labels cancels the
residues. At u = ¢ the singular labels are (4, —) and (0,0). The first kernel divided by the second
tends to —1/(4c?); the ratio of the corresponding spectator products for a spectator of label k and
relative type e is ¢°*. Neutrality makes the product of these spectator ratios one. The site weight
ratio is 4¢?, so the residues cancel. Reciprocity treats ¢~ . Cross-group kernels have no such poles.

Here are the finite calculations that also verify the reductions. For a same-group pair z,y, put
u=x/y and w = qy:

u ‘ (l,r) ‘ nonzero value or pole coefficient
q (pole) (+,-),(0,0) —i(24+2v/2), 2iyv2

q2 (+70)7(+7_)’(07_) 2q, (262)717 2q71

q3 ("—a _) 1

17



In the first row the entries mean pole coefficients, obtained after multiplication by 1 —u/q. At ¢,
set L =147 and J =v;+v, —vr — l+7; the three surviving cases have J = 1,2, 1. Their spectator

ratios are
Qp(x/2)Qr(y/2) 7" (w+ 3)2_

Qrr(w/z) wz
At ¢ the product of spectator factors is
—3,)\2 6,2
e e _ 3ek(z_q y) (Z_q y)
Quale/)Q(w/7) = 4 e

These identities require only the following identities of the exponent arrays, with indices taken
modulo eight:

mGgld + 1] +mEg[7] = mali + 1] + mgeli],
myld + 1] +mpgli — 1] — migli] = 2654 (u=q*),
mS lf + 3] +m . [j] = 2052 + 26,3 (u=¢%.

The constants follow from 1 — ¢* = —2ie’®?/2sin(a/2). For the spectators, neutrality gives
S ek = —(I 4+ r). Including site weights, the ¢ reduction is therefore multiplication by

(w+2)
21;[ wz

and the ¢ reduction is multiplication by

op [ E- TG

These are precisely the homogeneous scalar quotient rules for 71%\,, division verifies the two reductions
of Z.

For a single argument x with label [, reciprocity and neutrality bound the product of its
interactions by order 2 —1-1% gt infinity and 2= —D+ at zero. Only I = 0 contributes at leading
order. Its phases multiply to one, leaving respectively [[, z/z and [], z/z, exactly the leading
factors of ?L%V Pole cancellation and these bounds also prove the required polynomial degree after
removing the centering.

For x € X,y € Y tending to infinity together, interactions with the remaining arguments have
order |a:|2(N —2)—(-r)?, Only [ = r survives at leading order. Neutrality cancels the phases and
ratio powers, leaving [], 2y/z? times the separate pair and remaining expressions. This agrees with
Equation (6) for the scalar normalization. Finally, the two-site sum over the three equal labels is

(z +y)°

) 2
xy + x(2¢)7,

and the zero-site sum is one. Lemma 2.7 now proves the formula. ]

2.5 Contour sectors and residue cancellation

For the asymptotic application, s = b = m, N = 2m, and the arguments in X, Y will be respectively
1,¢~ . These are obtained from the physical row parameters 2\ on X and A on Y, whose z-values
are ¢2,q, by the common rescaling z; — ¢ 2x;. Homogeneity of Vy and hy leaves their quotient
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and the contraction unchanged. We first keep the two rays apart and allow distinct real offsets.
Denote the groups by ¢ = +1, —1, in that order, and set

asr =0, a_ = —gf, O<e< 1.

Specialize the logarithmic site coordinates to Sa; = a,,. Eventually ¢ = 1 and the real offsets
coalesce to zero.

A particle of group o at shift j has coordinate u + ia, + i0j 3, with v € R and measure du/(27).
There are three species in each group:

species shifts of its elementary particles ‘ activity
main singleton 0 Po
far singleton 11/4 —Po
far double 5/2, 7/2 4cp?

The signed far species make the residue representation exact. When the main contours are moved
outward, particles left on the far contour cancel against the negative far singletons; a particle
attaching to one of those singletons cancels an original far double. The surviving configurations will
therefore be strings of zero, one, or two particles attached to each site. The proof below establishes
this cancellation with the factorials and phases retained.

The two constituents of a double share one real variable. For fixed numbers ng, t,, D, of the
three species, multiply all site—site factors, all particle—site factors, and all particle—particle factors
between elementary constituents, omitting the internal F, between the two constituents of a single
double. Integrate over the real variable of every singleton and double. Multiply the integral by

11 Py (=po)'* (4c*p3) Pe
oort1 Nng!ty! Dy!

Let I denote the sum of these terms through total elementary degree Y (ns +t» +2D,) < N. This
finite truncation is sufficient for every coefficient used below; no convergence assertion for an infinite
activity series is needed.

Theorem 2.9 (Contour-sector representation). For the prescribed site rays, every 0 < e < 1, and
every n € C, put x = 2cosn. Then

_ min(s,b) '
R Zxy@eosn) = @)Y 3 (—1)bHM e oMM (15)
M=—min(s,b)

The coefficient integrals are absolutely convergent. The identity extends to e = 1 and to coincident
real site offsets by continuation and dominated convergence of the fused integrands.

Proof. Integrability and contour geometry. All coefficient terms on the right have exactly N
elementary particles, because (s — M) + (b+ M) = N. A particle at real coordinate u receives
decay O(e~NlUl) from the N sites; a pair interaction grows at most O(el*~%1). The inequality
|lu — /| < |u| + |u/| therefore bounds the full integrand away from its prescribed poles by a constant
times exp(— > |u|), counting elementary coordinates with multiplicity. The same estimate applies
to smaller elementary degree and to fused particles or residues. Constants may depend on N, sites,
and the fixed contours. This proves the convergence needed for contour movements and removal of
their vertical ends.
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For € < 1, temporarily move the far singletons to a common shift A and the far doubles to
h — 1, h, where

7T—¢e
h .
3<h< 5

The offsets are measured outward from each group’s site ray, in units of io3:

‘ fixed offsets ‘ temporary offsets

main singleton 0 0 — h
far singleton 11/4 h

far double (5/2,7/2) (h—1,h)

site residues | none initially 1or(1,2).

A parenthesized pair shares one real coordinate. Only the far contours are moved in this first step;
the main-contour arrow is the subsequent deformation. Moving the far contours crosses no pole.
Indeed the interaction of a double with any particle has no poles after its two constituents are
multiplied. Relative to the double midpoint, the same-group fused F;F; has only positive exponents
at shifts £1/2, +5/2; the cross-group product has exponent two at —1/2,5/2. The same observation
applies to pairs of doubles. Far particle—site poles are avoided because all far constituent shifts stay
in (2,7/2]. For opposite-group singletons the cross difference lies strictly between zero and seven in
shift units.

Residues and cancellation of unbound particles. Move the main contours from shift zero to shift
h. A same-group site can collect an ordered string of length a = 0, 1,2, at its own coordinate plus
100, ...,icaf. The first attachment occurs at shift one; interaction with it permits a second at
shift two. An attempted third at shift three is canceled by the zero in its interaction with the first.
Quadratic coincidence zeros likewise cancel attempts to attach twice at the same root. A main
particle can also attach one unit below an original far singleton, converting it into a double. These
are all possibilities: fused doubles have no particle poles, and 2h 4+ & < 7 excludes cross-group poles.

Here is an ordering of the deformation that avoids any ambiguity from moving poles. Divide [0, h]
into generic layers of thickness less than 1/3, separating the levels 2 and h — 1. In each layer move
the remaining unbound variables one at a time; freeze every picked residue immediately, including
during the rest of that layer. Unbound variables in a common group then never differ by a full unit
of shift, so they do not create poles with one another. For fixed generic distinct real coordinates of
original far particles, also distinct from site offsets, these are ordinary one-variable contour moves
across simple poles. An attached far spectator appears as the complete double interaction. An
unconverted far singleton is more than one shift unit beyond every site-bound root. Thus residual
integrands have no unaccounted coincident-spectator singularity and satisfy the preceding decay
bound. The identities can consequently be integrated over the original far spectators as well.

The internal weight of a string, including its factors with its own site and excluding activities, is

1 2

ﬁ’ T9 = ﬁ (16)

rog = 1, =
With measure du/(27), the oriented residue multiplier is io. The first Fs pole contributes 1/(2d).
The second attachment contributes —4c? from the Es pole at relative io3, and Fy(2i03) = —1/(2d)
from its site factor. Multiplication gives ro. Attachment at relative —io 3, below a far singleton,
instead contributes 4c?.
Fix a site-string pattern. The effective far singleton activity is —p, + po = 0, from original and
unpicked main singletons. The effective far double activity is 4c?p2 + 4¢2(—p, )po = 0, from original
doubles and attached original singletons. These cancellations respect all factorials. Explicitly, start
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in one group with n,t, D particles of the three species. If r main particles fill the specified site
strings and a attach to a of the original far targets, summing labeled assignments leaves factorial

coefficient .

(n—r—a)l(t—a)la! D!’

Each assignment determines exactly one contour term through its choices at shifts 1,2,h — 1. The
remaining two kinds of singleton and two kinds of double can therefore be combined by the binomial
formula. This argument is coefficientwise in py,p_, so all canceling terms have the same elementary
total. Only completely site-bound configurations survive. In particular every cancellation used for
the degree-N coefficients takes place inside the finite truncation defining 1.

Identification with the finite label formula. Assign label [ = o(1 — a) to a site in group o with
string length a. The coeflicient constraints become "y l; = >y l; = M. We check their mutual
weights explicitly. Use the formal string weights and their pair-phase identity (13) established before
the finite formula. To multiply these phases without a size restriction, put o; =1 on X, 0; = —1 on
Y, and v; = 2 + (2. Neutrality gives Y, 0;l; = 0, while I3 = [;. Hence

LS ouos(uits + s KZ m) (Z aili> D vizi]

z<]
= —§Zli = -3M
(2

The cross sign is (—1)%~ Cx Wy b) = (— )Sb M2 — (—1)$+M _ Thus the product of all pair
phases is exactly ¢=3M(—1)*+M_ Finally, since 3, al®® = N for the string lengths ale",

<2d)NHTa[en =(—2c¢) 4

Indeed the per-site ratio of the right-hand weight to (2d)%r, is (—2¢)'~%, whose product is one.
Taking 7 = ¢3¢’ in Theorem 2.8 now proves Equation (15).

Confluent physical limits. Return the far contours to the fixed shifts in the definition of I. Their
fused pair products have no pole at ¢ = 1. On these fixed contours the same decay bound persists
in a neighborhood of that value and of confluent real site offsets. This justifies both final limits. [J

Lemma 2.10 (Signs at the confluent rays). At e = 1 with confluent real site offsets, extract
constant signs from the site factors and from each full pair of integration variables, multiplying
double constituents before doing so, so that the value at zero real difference is positive, or its leading
quadratic coefficient is positive when it vanishes. Their logarithms then satisfy conjugation under
u > —u. They are reqgular on R except for same-species coincidences with singular part 2log |u — /|,
including double—double coincidences. At fixed far counts, multiply the extracted signs by the explicit
prefactor (—1)°+M in Equation (15). The resulting sign has M-dependence exactly (—1)7, up
to an M -independent sign, where f = fx + fy is the number of far elementary particles. The
remaining explicit phase is e

Proof. For real r, Pj(—r) = —%. Fach fused product has even total exponent, which gives the
asserted conjugation after a real sign has been extracted. Real zeros of an elementary factor occur
only at » = 0 and j € 8Z. Combine the exponents before testing for a zero, in particular for the two
constituents of a double. Ordered by main singleton, far singleton, and far double, the extracted
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pair signs and vanishing orders are

sign matrix | order matrix at r =0

+ - +
same group - + + 213
+ o+ o+
- -+
different groups - - + 0.
+ o+ +
The site—particle signs are (+,—,+) in the same group and (—, —,+) in different groups, with
zero vanishing order in both cases. These tables follow directly from P;(0) = —2isin(j3/2)

and Pgy(r) = —(—=1)kr + O(r?): shift the exponents of PZP,P_o/(PyP_1) or P2P?/P? by every
constituent difference, add them, and cancel opposite powers. Thus there are no other real
singularities.

Let ng,ts, Dy count main singletons, far singletons, and far doubles. Their elementary totals
are Ky =s— M and K_ =b+ M, with K, = n, +t, + 2D,. The cross-group site and pair signs
in the table have parity

bKy +sK_+K.K_=sb+ M (mod 2).

This cancels the prefactor in Equation (15). The remaining negative factors are a same-group
main—far-single pair, a same-group far-single—site pair, and each far-single activity. Their total
parity is

(ny+s+ Dty +n_+b+ 1)t =Mty +t-)=Mf (mod 2),

because t2 = t, and f =t, +t_ + 2D, +2D_. Doubles contribute only positive signs in the tables.
Any fixed extraction of the site-site signs is independent of M. This proves the required imbalance
phase. O

2.6 The Pfaffian denominator at confluence

The reference-kernel reduction uses Schur’s Pfaffian identity and Cauchy’s determinant identity; see
[15, equations (1.1)—(1.2)]. We include their elementary forms in the present normalization. The
confluent kernel and its determinant asymptotic then require the operator estimates below. This is
an estimate for equal group sizes. The contour identity above holds for unequal sizes as well, but
the present denominator theorem does not assert an asymptotic uniform in that larger parameter
domain.

In this subsection N = 2m, the first m logarithmic sites are zero, and the last m are —ig3, all
understood as confluent limits. Set

4 I log N e 4 2de" + 1 YU

— = H.(u)=——"—" " tanh —.
3 35’ 5 () (ev —1yewz 72

At u = 0 use the removable continuation of H,.

Theorem 2.11 (Balanced denominator asymptotic). For N = 2m > 2, with exactly m sites at each
of 0, —i83, the normalization hy is nonzero. As N — oo through these even sizes,

h3, 5
(v/2)N Hi<j H,(a; —aj)2 24

log log N + o(log N). (17)
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Proof. First take distinct sites. Write

sinh u

K(u) = 22
(u) coshu +d’

Ky(u) = tanh ’y?u
Equation (3) and the definition of H, give

3,  det[K(a; — aj)]
[lic; He(ai — aj)? — det[Ko(a; — a;)]’

Here we used the Pfaffian identity

(18)

’Ui—’l)j
V; + U5

V; — U4 )
=[] -—= v; = 7%,

pf ,
; v; + U5

1<

To prove it, clear denominators: the numerator is an alternating polynomial of Vandermonde degree
and is therefore a constant times the Vandermonde. The residue at vy_1 = —wvy, followed by
induction from size two, determines the constant to be one.

For an even-dimensional skew matrix A, adding the all-ones matrix does not change its deter-
minant. Indeed the rank-one determinant formula gives the extra term 1*adj(A)1, which is zero
since adj(A) is skew. Apply this to both matrices in Equation (18), then conjugate by the diagonal
factors e 7%/2. The resulting reference kernel is

Go(u) = e 7/2(1 + Ko(u)) = sech(yu/2),

and the actual kernel is G(u) = e~ 7/2(1 + K (u)). With Fourier convention f(k) = Jp e f(u) du
and ¢ = /2 + ik, their transform ratio is

G(k) _ cos(B¢)sin(n¢/v) _ v 1
= = . = —(1+ R(k)), R(k) = —————. 19
Go(k) 7 sin(7(¢) 2( (k) (k) 2 cos(26¢) (19)
For the first equality, put t = e* and use
t t oo ¢p1 ™
14+ K(u) = . . dt = .
+ K (u) t+ et + t+e"ih’ /0 1+t sin 7p

The beta integral follows by a keyhole contour, initially for 0 < ®p < 1. The second equality in
Equation (19) follows from 7/~ = 3 and m = 4 by the triple-angle identity.

The determinant ratio is now explicit, but direct differentiation at coalescing sites would obscure
its size. We instead view the reference matrix as a Gram matrix. Its orthogonal projection will
occupy an interval of length 2y ~!log N in the real direction; the trace density on that interval will
give the required logarithmic term.

We turn the determinant ratio into a finite-dimensional compression. Let H be the Hilbert space
with norm ” ) k:

2 T2 g ™
1B = [ TP 5 ok = s = 5 eosh
Its functions have bounded evaluation at every z with |3z| < 7/(27). Write k, for the evaluation
vector, and P = Py for the orthogonal projection onto the span of evaluations and their derivatives of
orders 0,...,m — 1 at z = £i3/2. Centering the two site rays changes no differences. The derivative
evaluation vectors are linearly independent. Indeed, a linear relation among them, written in Fourier
variables and multiplied by the common nonzero weight, has the form p, (k)e*/2 4 p_(k)e=PF/2 =0
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on R, where p1,p_ have degree at most m — 1. Sending k to o0 gives p; = 0, and then p_ = 0.
Their Gram matrix is consequently positive definite.

Start with distinct paired real offsets and permute columns by complex conjugation; the reference
matrix becomes the Gram matrix of these evaluation vectors. The actual matrix represents the
sesquilinear form with the Fourier multiplier 3 (I + R) inserted. Passing to divided differences gives
the derivative vectors at confluence. Hence

Iy
(v/2)N Hi<j H.(a; — aj)

The same column permutation is used in numerator and denominator, so it introduces no sign in
their ratio. The reference Gram matrix is nondegenerate by the preceding independence argument.
Moreover Re R(k) > 0 for real k: since 23 Re( = /3, the real part of cos(25¢) is 3 cosh(28k) > 0.
Thus I + PRP is strictly accretive and invertible. Since the removable factors H,(0) and H.(if3)
are nonzero, the compression identity already proves hy # 0 at these balanced confluent sites. The
rest of the proof determines its logarithmic size.

The projection has a useful exact localization formula:

; = det (I+ PRP| (20)

ran P) :

. 2m
ev? — e:l:wﬁ/2

I - P)k.|* = sz”QEI (21)

ev? + @ii’Yﬂ/Q

To see this, augment the reference Gram matrix by k, and take its Schur complement. Under
w = e7?, its kernel is 1/(w + w’) up to separate one-point factors. The Cauchy determinant formula
follows by clearing denominators and using antisymmetry, with the constant fixed by residues. Its
ratio after augmentation is exactly Equation (21). Divided differences give its confluent version and
prove the nondegeneracy of the derivative Gram matrix.

For each fixed horizontal line in the evaluation strip, this implies

| Pk.||? < C'min{1, Ne "1}, (22)
Indeed, for a = e*8/2 and w = €77,

] lw—al>  4RwRa _ )

Cfw+al?  wtaP? "

The product in Equation (21) is therefore within C'Ne~ 7%l of one, and is at most exp(—cNe~71%#]),
In particular, translated to the frame of any real x with |z| < (1 —0)L, the projections Py converge
strongly to the identity, uniformly for fixed § > 0. The complement tends uniformly to zero on every
fixed evaluation vector, and these vectors span a dense subspace by Fourier uniqueness; contraction
of the projections extends this to all of H.
Integrating Equation (22) on horizontal lines near the two edges of the evaluation strip gives,
for every fixed € > 0,
Tr(Pe~* Py < C.L. (23)

Here multipliers are written as functions of k. More explicitly, Plancherel on the line of height y
gives the multiplier v~te~2* and its trace against P is [p || Pkz+iyl|? dv. Choose y near each strip
edge. The sum of the two resulting positive multipliers dominates a constant multiple of e~¢/*l,
while each integral is O(L) by Equation (22).

We claim, for each integer p > 1,

TPRPY) _ [ g 24

lim — ) .
NoSeo oL o
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First truncate the exponentially decaying multiplier R to a bounded frequency interval. For any
multiplier H,
|PHP|, < Tr(P|H|P),

by factoring through |H|'/2P and using the Hilbert-Schmidt inequality. Equation (23) makes the
normalized trace error tend to zero uniformly as the frequency interval grows; a telescoping product
gives the same statement for each fixed power.

For a bounded compactly supported symbol S, cyclicity of the trace writes the corresponding
trace as

Tr(v ! (Sv)P(SP)P1).

The resolution [ |ky)(ky|dz = v™1 turns this trace into [ Fn(z) dx, where
Fy(z) = ((S0)P(SP) ks, l<:>H .

The real-line evaluation vectors have a fixed norm. The multiplier Sv is bounded on the compact
frequency support, and the rightmost operator acting on k, contains P. Hence |Fn(z)| < C||Pks||.
Translate k, to ky and conjugate every P by the same real translation. The multipliers are
unchanged. In the bulk |z| < (1 — §)L, strong convergence of these translated projections therefore
gives, uniformly,
) dh

2m
The transition region has length O(dL); beyond (1+6)L, Equation (22) has an integrable exponential
tail of size o(L). Divide by 2L, then let § | 0. This proves the compact-frequency limit and hence
Equation (24).

On the real frequency axis, |R(k)| <1 and RR(k) > 0: here 28R( = 7/3. Moreover ||PRP||; =

O(L) by Equation (23). For 0 < t < 1, the logarithmic power series and Equation (24) yield

Fy(2) —> (SP0ko, o)y = /}R S(k)

Jim % Trlog(I + tPRP) — /R log(1 + tR(k)) %’:.

Accretivity gives ||(I +tPRP)™|| <1 for t > 0, so the trace derivative is bounded by ||PRP||; =

O(L). The same integrable bound holds for the limiting integral. Thus the limit extends to ¢ = 1.

Taking real parts is equivalent to taking the logarithm of the determinant modulus in Equation (20).
Finally shift the contour from R({ = v/2 to ¢ = 0. The function log(1l + 1/(2cos(25()))

is analytic in the intervening strip, with the branch tending to zero at imaginary infinity; its

horizontal-end contributions vanish exponentially. Therefore

_ 572

1
/Rlog(l + R(k)) dk = /Rlog (1 + 2cosh(2ﬁk‘)) dk = 5

For the last evaluation use evenness and set y = e 2% for k > 0. The logarithm becomes
log[(1—53)/((1—y)(1+y?))]. Termwise integration of its convergent logarithmic series, or monotone
limits of their integrals, gives

y Y B

Combining this with 2L /(27) and 8y = 7/3 gives the coefficient 57/(7237) = 5/24 in Equation (17).
O

1/1log(1—y3)—log(l—y)—log(1+y2)d 1 7 x ) 5r
B Jo 18 6 24) 726

25



3 Centering, coercivity, and the fluctuation spectrum

The finite contour formula expresses the cylinder partition function as an oscillatory sum of particle
integrals. We first identify its exact mean density. Subtracting this density leaves an interaction
whose real part is positive and therefore controls both the particle counts and excursions beyond
a logarithmic wall. We then compare the interior interaction with a reference ensemble whose
normalization and linear statistics can be evaluated. The energy estimates have two uses. The
untruncated real energy estimate controls every valid particle count; the sharper imaginary trial
fields identify the tilt cost in the fixed-fugacity exponent. Both use the same exact compensated-
sector identity, Lemma 3.3. The determinant asymptotic in Theorem 3.10 supplies the remaining
fluctuation contribution. Lemmas 3.11 and 3.12 then give the finite-dimensional approximation
needed to realize that determinant by moving actual particle coordinates.

3.1 The exact mean density

Throughout this section we specialize Theorem 2.9 to N = 2m, s = b =m, € = 1, all real site
offsets zero. Fourier transforms in the real coordinate use e~**“ and inverse measure dk/(27). A
particle is specified by its real coordinate u and its ray label; the imaginary part of its logarithmic
coordinate is determined by that label. An interaction matrix kernel acts by convolution; symmetric
means H”'!(—u) = H!/(u), and forms with complex arguments are continued bilinearly. Write

vy=m/(38), L=(ogN)/v, p=28, r=(3p3)>"

Labels are I = (o, J), where o € {+1,—1} and J = 0, F, P denote the main, far-single and far-pair
species. Their elementary shifts are, respectively, 0, 11/4, and (5/2,7/2), as in Theorem 2.9.
Their multiplicities wy are 1,1,2; a pair still has only one real integration variable. Write H for
minus the sign-normalized particle-particle log interaction, V' for the log (without negation) of the
sign-normalized site-particle interaction (particle row, site column). Differences in these kernels
take the first real coordinate minus the second, e.g. the exponentiated factors use H'! ' (u — ') with
minus sign for labels I, I’. More explicitly use linear combinations of

Ky(u) = —log[2(sin(#/2) cosh(u/2) — icos(0/2) sinh(u/2))], Ko(u) = —log |2sinh(u/2)]

reducing angles to [0,27). Thus H uses the exponents of the log-sinh factors in E (fused for pair
labels), and V' the negative exponents in the site-particle product; cross terms in reverse order
transpose and reflect the kernel. The exponents at angle zero in H are 2d;; by the shift lists;
there are no angle-zero terms of V. These conventions agree with the sign normalization of the
contour-sector identity.

Modulo distributions at zero frequency the transforms of Ky are

ek /(ksinh(rk)), Ko = mcosh(rk)/(ksinh(rk)).

Indeed K/ = %/sinh?((u + i0)/2); shifting by a period and taking the double pole residue gives
—nke™9% /sinh(mk). The second formula follows by even averaging as 6 | 0. Affine terms in
comparisons below are fixed by tails: real parts —|u|/2 + O(e~"l), imaginary parts odd with limits
given by %(77 —0)signu for 0 < § < 27. For the main (near) labels,

~ _ 2mce(k)  [cosh(36k) Pk B

Hnn(k) = m ( e_pk COSh(35k’) y C*(k) = QCOSh(IBk) —1.

26



Define p = 1/c¢,. Shifting by a period and taking simple residues gives

e~ lul _ o—5vlyl
= a1 o)

The value at zero is its removable continuation. This is a positive, even, analytic probability density,
and o(u) =< e~ "%l The lattice activity is denoted by p.

Let u have density me on each main label and vanish on the four far labels. We use (f, Hg) for
the sum of the corresponding double integrals over labels and real coordinates.

Lemma 3.1 (Exact centering). The particle-site kernel satisfies V.= H., * 9. Combining the
site—site factors with exp((p, Hu)/2) gives

H.(0)  (1+d)y
B,(0) 4dcos(8/2)’

Civ HH*(CLZ — aj)2, C* =
1<J

with the fized signs prescribed by the contour-sector formula. Here the logarithmic site coordinates
a; are the balanced confluent sites: m copies of 0 and m copies of —if3. The function H, is the
removable analytic function used in Theorem 2.11.

Proof. On the main rows the identity follows from the displayed Fourier symbols. For an elementary
far shift j in group o, divide the H-row versus near columns (own group first) by 27e, /(k sinh 7k); it
is (cosh(Bk)e?(4=1Bk op=iB)k) " as follows using 2 < j < 5. These entries give V after convolution
for far shifts as well. Equality at nonzero frequencies suffices (matching real tails, with zero limiting
difference, and bounded odd imaginary parts).

For a site pair, the sign-normalized log of B or B, plus the corresponding entry of g * Hy,, * o at
real log difference equals the normalized log of H? at the site log difference (with imaginary shift).
For the same-group formula the symbol divided by 27 /(ksinh 7k) on the left is — cosh(28k) —
cosh(Bk) + cosh(38k)/c«(k). On the right it is —2cosh(B8k) + cosh(48k) — sinh(7k) tanh(35k/2),
the same expression. To check the second expression, factor coshu + d and sinh(u/2) in H,, and
use the scaled K, — K identity

| — o

og |tanh(~yu/2)|(k) = % tanh 2
Cross entries acquire the factor e #* (extra sinh terms cancel since sinh(33k)/c, = sinh(28k) +
sinh(Bk)); H, is analytic and nonzero through this shift, so its log acquires the same shift in the
transform of the second derivative. Again real tails have matching slopes and zero constant, and
imaginary parts are bounded odd. In particular the exponentiated half self term of p * Hy, * ¢ is

O H.(0) (1+d)y
" /Bs(0)  4dcos(B/2)

In Bs(0) the argument is the log difference. Thus all one-particle terms can be centered exactly
using Hy; site pairs together with the mean factor exp((u, Hu)/2) yield [],;.; H(a; — a;j)? times
CH (up to fixed signs).

O
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3.2 Positivity across the six species

Exact centering is useful only if the remaining energy controls every species, including far particles.
We prove that control on arbitrary real fluctuations; no sign condition on the main components is
needed. For a real fluctuation x = (xy) of zero weighted total mass, write

dx:ZwI:x[, D=0, r= Z wrry, B(x):%(w,ReHx)
I l[:o=+1

with primitives starting at —oo. Initially take smooth rapidly decreasing densities.

Lemma 3.2 (Coercivity of the real interaction). Suppose that the components of x are initially
smooth rapidly decreasing real densities and that [ dy = 0. The tail —wrws|u| contributes exactly
| D|3; residual real kernels are integrable. We have

B(a) =< DI+ lerlZy o N2y, = /(1 + k)72 (@ P dk/ (2m).
1

The form extends accordingly and controls HD||%/2 = [(1 + k2)Y2|D|? dk/(27) also.

Proof. Divide the real-kernel transform by = /(k sinh 7k); the matrix in group blocks has diagonals
S, off-diagonals T'. With h; = cosh(j8k/4), upper triangles listed by rows, they are

S : 2(hig — hi2 + hg), hi3 — h1 + h3 + 2hs — ho, his + ho + 2hg;
2(h16-—>h42-+’h8), his + his + hs + hy;
2(h12 + hig + ha + hg).
T: 2(h12 + hg — hg), 2(h1 — hs + h7), 2(h10 + hz);
2h10, 2(h11 + ho);
4(hi2 + hg).

These follow by summing log-factor exponents with angles modulo 27. Expand in v = cosh(Sk/4)—1.
At zero S =T = 2ww', w = (1,1,2)". All coefficient matrices of S + T of positive degrees through
16 are strictly positive definite after division by the corresponding coefficient of hig. Use the ratios

-1

) = # I - y/06° TL06 - 12)
h=1

by the cosh polynomial differential equation (2v +v?)h! + (1 + v)h} = i*h; as polynomials in v. For
clarity the first three normalized S, T triangles are:

1| 511,512, 513 S22, S23 S33
1] 11/8,73/128,17/16 11/8,117/64 15/4
2 1203/136,483/1360,849/1360 203/136,1703/1360 939/340
3 | 685/408,5849/22848,23/51  685/408,3163/3264 1133/476

I | T, T, Tis T2, T3 Ts3
1]3/4,41/128,13/16 95/32, 101 /64 13/4

2 | 35/68,19/272,413/1360 165/544,175/272  513/340
3 19/28,293/22848,55/476 55/476,2035/7616 155/204
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Both sum and difference have positive successive leading minors (they exceed 1/2,1/4,1/10 re-
spectively by substitution). For degrees [ > 4, using 0 < R;(1) < R;(4) gives absolute off-diagonal
bounds 0.21,0.39,0.90 and diagonal lower bounds 1.60,1.75,1.59, enough by diagonal dominance.
This coefficient calculation gives the asserted norm comparison as follows. Near zero, the constant
rank-one term contributes ||D||%, and the strictly positive degree-one coefficients control the remain-
ing directions at constant scale. On each compact frequency interval avoiding zero, positivity and
continuity give uniform upper and lower bounds. At large |k|, the hig = cosh(45k) term is diagonal
and dominates all other entries. Since 7 = 43, multiplication by 7 /(ksinh 7k) gives the scale |k|~*
there. These three ranges prove the two-sided Sobolev bound. Finally Jm = ikﬁ, and d, = > jwrzy,
so the same bound controls the stated H/2-norm of D.

O

The full norm comparison controls counts. The leading low-frequency terms will also identify the
optimal imaginary tilt. In the following calculation, Fourier transforms are implicit on the displayed
variables. At small k the pointwise quadratic symbol of B, using variables D, r, xg,, and suppressing
hats for these variables, is

|D’2 +Q(7, Tgar) + O(’k‘)(‘DP + ’T|2 + |xfar|2)-

Here @ is a constant positive definite real form and Q(r,0) = (k — p?)|r|?. Indeed insert d, = ikD
in the matrices just given. With rows versus near columns, Im H has a term proportional to sign u;
the remaining odd kernel J, has multiplier bounded by Cmin(|k|, (1 + |k|)~!) (integrable with
moments, piecewise smooth of bounded variation). For the main rows the sign coefficients form the
antisymmetric matrix with upper entry p. A far row differs from w;y times its corresponding main
row; the additional coefficients against +, — are sums over shifts j of

((4=4)8,=iB) (c=4), (B, —-4p) (0=-)

In particular the difference of the two additional coefficients is mwy, with the same sign on both
groups of far rays. Write gy for the second (summed) additional coefficient.

3.3 Interior and explicit particles

We retain the collective fluctuations of particles near their mean and estimate the remaining particles
separately. Split the main contours at +L. Keep as explicit particles ¢ all main ones outside the
wall and all far particles everywhere, regarded as positive counting measures by label (unordered,
with the factorial measures of the sector formula). Write n, for their total number of variables,

f:ZI:farwaCIy and let
m;:m—aM— Z wl/(}-

l.oj=0

The remaining interior variables are main-label particles with totals m/ . Splitting including factorials
is exact by symmetry. The physical sector has nonnegative integer m/ . In variational estimates
we also use signed near densities o, on [—L, L] with these same prescribed totals, and we allow
M to be complex. This enlargement concerns trial densities only; it does not change the integer
dimensions of a particle integral.

We regularize only the interaction between interior and explicit particles (denoted by subscripts
n,e), as follows. Fix h > 0 small; it stays fixed through N — oo. Take a positive convolution
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probability ¢ = ¢(*) with transform the average of cosh((m — ht)k)/ cosh(mk) for 0 < t < 1, with
density proportional to exp(—1/v/t). These kernels in real space before averaging are
cosh(u/2) sin(ht/2)
2 (sinh?(u/2) + sin?(ht/2))

by Fourier inversion (elementary sech integral by residues and imaginary translation). Thus v is
even, bounded by C/h, with tail bounded by Che~!“/2 at |u| > 1, and [u?yp < Ch. Its transform is
bounded above and below by C exp(—c(h|k|)'/3) and cexp(— (h|k|)1/3) respectively, by optimizing
ht|k| + 1//t (for the lower bound integrate a comparable interval); 1 — ¢ < Chk2.

Put Sy = 2Ky. Then Sy > Sg 1 > Sy * 1 * 1 on the real line, since convolution once replaces
Ky by averaged Re Kp;, by the transform formulas with matching tails. Let y be an even smooth
cutoff equal to 1 on [~1/2,1/2], zero off [~1,1], 0 < x < 1, with derivatives bounded by C!*T1(i!)2.
Such cutoffs follow by integrating/rescaling bumps formed from exp(—1/z) on = > 0 zero-extended,
by Cauchy estimates on circles of radius cx. Subtract from H,., only on same-label entries (thus
involving an exterior main particle), the real nonnegative kernel

Rp(u) = x(u)(So — So * ) (u).

Call the resulting interaction ﬁne, extending R by zero on other entries. The interaction ﬁ[ne is
smooth Gevrey (some finite order, for fixed h) with at most linear growth and bounded higher
derivatives of each positive order. Here and below Gevrey bounds follow equivalently for bounded
decaying terms from stretched exponential Fourier estimates; for example differentiating under a
bound C exp(—c|k|™) gives C**1(1!)Y/7 bounds, and multiplication of Gevrey functions preserves a
finite order by Leibniz. For Sy * ¢ one can first take two derivatives in the Fourier estimates.

For smooth trial densities define the complex energy

(a C) %( — My Hnn(a - M)) + (O‘ - /L,ﬁ[neC) + %(C?HC)OH

The last term omits all individual explicit self terms. One may fix generic distinct explicit real
positions (null sets of coincidences never needed). Trial bounds will apply for example to smooth
densities, or integrable densities of finite log energy with sufficient decay, by approximation. Point
configurations have logarithmic self singularities, so this formula must be compensated before it is
used in a particle integral. The following reference kernel makes that compensation explicit. Let
u +— t be an increasing bijection [—L, L] — [0, 7] smooth with strictly positive derivative in the
open interval; set p;, = dt/m as a probability there in u (we will specify the map). Use

Heet(t,t') = —2log|2(cost — cost')|

separately on each main group, zero cross. Its pr-mean vanishes by circle reflection (mean of
log |2sin(t/2)| is zero by its Fourier series). Use this kernel for independent reference integrals with
measures

V! H

Under z = cost this is the Legendre orthogonal-polynomial ensemble. Its normalization by
polynomial norms uses Andréief’s identity for the integral of a product of two determinants; see [22,
equations (1.3), (3.1), and Section 5]. The same identity will give the tilted factorial densities in the
fluctuation calculation. For interior configurations X, with these variables, put ¢, = X, s — vyprL-
The smooth (near-diagonal compensated) observable uses

2sint; dt;
sin H 2(cost; — cost;)|*.

1<j

q)M(q) = g(m/pL +4q, C) - %((L Href‘])'
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This notation denotes a single smooth-kernel pairing, not a difference of two infinite empirical self
energies. More explicitly, put a = m/py, — p and

K = Hpp — Hyef, b= Hp,a+ j_:’nec-

The reference kernel is understood in the physical coordinates on each main component. Since its
pr-mean is zero,

Drr(q) = E(m'pr, ¢) + (b, q) + 3(q, Kq).

All diagonal values in the last pairing are the finite continuous values of K; the coordinate construction
below proves the needed smoothness. This is also the meaning of ®j; when ¢ = X, — vpp is a
centered empirical distribution.

Lemma 3.3 (Compensated sector representation). Fiz an explicit configuration ¢ with generic
distinct real coordinates and a physical integer imbalance M for which ml, > 0. After division of the
right-hand side of (15) by (v/2)N [Lic; He(a; — aj)?, its contribution at M,( is

e M [ (X, Q) exp{ = @ar (X = mipn)}, ACX,Q) = exp{~ (X, RuC)}.

The integral includes the two unnormalized reference measures. The explicit integration measures
and their species factorials are retained outside it. The prefactor c¢ is independent of M, satisfies
lce| < exp(Cpne), and uses the fized sign convention of Lemma 2.10. Moreover 0 < A < 1. Sectors
with a negative m. contribute zero.

Proof. Restoring the omitted self terms of H,,,, — H,e contributes per interior variable
(c/d)2sintt (u),

since Es(u) ~ (d/c)?u?. Combined with du/(27), this is ¢/d times the one-particle reference measure.
The scalar cancellation is

(2d)C(c/d) = /2.

Replacing H by H gives exactly the additional factors A and exp((u, Rp¢)). The latter is at most
exp(Cpne): the cutoff can meet p only within distance one of an exterior main particle, where
|u| > L — 1, and its logarithmic singularity is integrable. Missing c¢/d factors and far activities
each cost a fixed constant per explicit variable. Finally the sector sign calculation leaves precisely
the phase e!(M7NM with all remaining signs independent of M at fixed ¢. This proves both the
identity and the prefactor bound. O

The identity is algebraic on distinct interior configurations, hence holds almost everywhere in the
reference integrals. The coordinate choice below gives the smooth reflected extension of K needed
for distributional estimates at the walls. For later interpolation we also define the same compensated
integrand with complex M, m’ and independent nonnegative integer reference dimensions v, always
setting ¢ = X, — vpr. This extension keeps ¢ centered at the actual integer reference dimension;
only v = m/(M) gives the physical identity of the lemma.

We now compare this regularized energy with the positive real form. The loss from omitting the
explicit self interactions will be linear in the number of explicit variables.

Lemma 3.4 (Uniform smoothing inequality). For the trial energy defined above, set

r=Rea—p+¢vx*(, z=Ima
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with all species included for x, only near entries nonzero for z. These are weighted-total neutral.
Then

Re&(a,() > B(z) — B(2) — (x,Im H z) — s(h)(B(z) + B(z) + 1) — Cyne, s(h) — 0. (25)
Proof. At nonzero frequency,
[ Hye — Hyetd] < CH(1+ [K]) 715 (R)

for some ¢p > 0, with no residual distributions at zero. Indeed nonsingular terms have transform
O(e~°¥(1 + £~2)), multiplied by 1 — 12 For the singular Sy term the difference in real space is
(1—x)(So— So*%) with derivatives in L' bounded by O(h?)C™*1(1!)? by even averaging of imaginary
shifts off the singularity, and the cutoff bounds. This gives O(h?) exp(—cy/[k]) in frequency, sufficient
by the lower bound for ¢. Thus the mixed-kernel error is bounded by Ch®||a — pll=1 /2119 Cll =1 /2-
For explicit-explicit pairs only the real kernel matters. Every smooth real summand (apart from
diagonal Sy) changes under 1 x ¢ averaging by O(h)e*d“', using exponentially decaying second
derivatives and the tail and second moment of 1. The diagonal singularity can only decrease. And
the missing same-variable diagonals in the smoothed model cost Op(n.).

To absorb these errors we need a quadratic count bound that is valid even when the interior
trial densities are signed. We obtain it by testing far labels separately and testing main labels only
outside the wall, where those trial densities vanish. Partition the explicit coordinates into unit-scale
cells and let n; denote their variable counts. We claim

> ni < C(1+ |logh|)(B(x) +1). (26)

For far labels use translates of a nonnegative fixed bump covering a unit interval, to test separately
each xy = 9 % (7 positive. For outer main counts on either side of the wall use bumps supported
outside the wall, adapted to cells starting from the wall (the grid may change by bounded overlaps).
For the first cell use a bump rising from zero at the wall to 1 within distance h, plateauing to
distance 2, then cutting off. This captures at least a constant smeared mass from each unsmeared
point of the first cell, by the displayed real kernels. On all these outer tests Re o does not intervene
and g has cell masses summably bounded. The H'/? norms squared of the bumps are O(1 + | log h/)
even at the wall, by the kernel seminorm [ |b(u) — b(v)|?|u — v|~2du dv (equivalence by Plancherel);
for the transition of length h, the translation differences in L? squared cost O(min(l,1%/h)) for
translations by 0 < I < 1. Bounded overlap gives the same squared-norm bound times ) a? for
linear combinations (sum differences pointwise has bounded multiplicity). Duality proves (26).
Also || = {H%l/Q < C(1+ |loghl) Zn? Indeed the spatial kernel for multiplier (1 4 k2)~1/2
is bounded by C(1 + |log |u||)e~°l, by writing the symbol as a gamma-integral of Gaussians.
Convolved twice with ¢ it is bounded by C(1 + |logh|)e~<!“l using the density and tail bounds.
This and (26) control the mixed error just found (substitute @ — p = = 4+ iz — ¥ * (), and the
O(h)e~ !l explicit pair errors, proving (25).
O

Corollary 3.5 (Control of explicit particles). Constants may depend on the fized smoothing
parameter h. One has

|[ReM|* +n? < CRL(B(z) +1),  fe:=> (jv|— L)y < C(B(z)+1). (27)
veEC
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Proof. Outside the wall Re « is absent. For ¢ > L, the total count beyond ¢ is at most twice its
positive smeared cumulative there, hence its square integrates on [L, o0) to O(B(z)+1) by || D||? and
the p-tail. Same on the other side. The cumulative counts are nonnegative integers, so their squares
dominate the counts themselves. Integrating gives the distance sum bound. It also bounds exterior
counts away from the wall; (26) controls the remaining cells near the wall and the far-particle cells
inside it.

Total smeared mass outside the wall is at most Cj,(1 + y/B(x)) also, by the cumulative test
outside distance one from the wall and (26) convolved by 1) for the first cell. Finally [r = — Re M;
test on the wall region with a smooth plateau extending outside by distance one, cost O(\E) in
H'/2, and bound the remainder by the positive tail masses. In particular, retaining a fraction of
B(x) in a trial lower bound gives exponential damping exp(—cp/e ), sufficient for convergence and
tail truncation of the explicit absolute integrals. Summing their factorial measures with factors
exp(Cpne) costs at most exp(Oy(L)): far variables have effective volume O(L), and exterior main
variables have effective volume O(1). This is the coarse cost; part 4 of Proposition 3.6 will improve
it for the configurations needed by the exponent.

O

3.4 The energy gain from an imaginary tilt

The cylinder parameter enters a sector through ¢/"*™/)M We seek trial imaginary densities that
convert this oscillation into a positive real cost while preserving the prescribed totals. The estimates
here are variational statements; the particle contour deformation implementing them is proved in
Section 5.

Let a = Ren, by = Imn (here b; is not a size); suppose |a| < ag < 7, |b1] < by fixed. Allow
Fourier aliases j € Z. In the real negative-log action A, add to Re & the negative log modulus of
et f+2m)M  Uge D, = 071 24, 2 = 24, SO [z =—ImM. Let fg be the cumulative positive
weighted smeared far count to the right, and f}% the unsmeared version. The sign tails and (25) give

A > B(z) - B(z) — zp/wz, +rD)—2% gI/xIDZ —(,J,2)
I:far (28)
— /Gzr — bl/r —s(h)(B(x) + B(z) + 1) — Cyne,

Here © = a + 27(j + fﬁ) Indeed the baseline 4+ versus — sign tails give the 2p terms by total
neutrality and antisymmetry. The additional far rows give sign against z; + z_ with coefficient gy,
and against z, with coefficient wwr; the constant from 2 f}é} — f thus cancels the sign-bias 7 f.

The next proposition starts with the unshifted real action and then gives three uses of an
imaginary trial field. Part 2 permits every Fourier alias. Part 3 suppresses aliases whose effective
phase is large near an end of the wall. Part 4 gives the quadratic dependence on the tilt when those
end phases are bounded.

We make the common assumptions and the end phases precise. An admissible near density
a = (a4, a_) is supported on [—L, L], has the prescribed totals m, (M), and has finite trial energy.
We allow signed real parts. Put

r=Rea—pu+1vx*C(, z=Ima, A=Re&(a,() — log |t/ T2mDM].

Thus [z, = —oIm M. For parts 2-4 below assume that pz, has uniformly bounded H —1/2 porm.
For each sufficiently small fixed 6 > 0, assume that it has a normalized smooth truncation pj,
supported in |u| < (1 — §/2)L, whose difference from py, is exponentially small in total variation
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and H~'/2. The derivatives of each fixed order of pg, are to be polynomially bounded in L. The
hard-wall coordinates constructed below supply these properties.

For a fixed d, choose nonnegative smooth probes ¢1 < 1, supported away from the ends of
+[(1 —29)L, (1 — 0)L], obtained by rescaling fixed bumps, with [ ¢+ < dL. For a = Ren, define

O(u) = a+2r(j + fi(u)), 9i=fﬁf;, U = max{|0],|0_|}.

Here f}é is the weighted smeared far count to the right, as in (28). A polynomial bound throughout
the proposition means a fixed power of L with a fixed multiplicative constant.

Proposition 3.6 (Trial bounds with tilt). Fiz ag < 7 and by < oo, and let n = a + ib; satisfy
la| < agp, |bi| < by. The following bounds hold uniformly for admissible real parts of o, with the
imaginary fields specified below. In parts 1-3, h > 0 is fired and sufficiently small.

1. If M is real and z = 0, then for sufficiently small fixred h > 0, with no truncation of the explicit

counts,
A > cB(z) — CrL — Cpne.

2. Suppose n. is polynomially bounded, and that pr, has the properties stated above. For any
v=ImM € R and any j € Z, the choice z, = —ovpy, gives

A > ¢B(x) — ChL — Cpne + 2mjv — O (v + (1 + f)v]).
There is no polynomial restriction on j in this estimate.

3. Suppose in addition that |j| is polynomially bounded. There are a value v = Im M, independent
of Re M, and an imaginary field z with the required totals such that

A > ¢B(x) + csUL — C, L — Cyne.

The value v is polynomially bounded. Each z, + ovpy, is the derivative of a smooth primitive
supported in |u| < (1 —6/2)L, with polynomial bounds on all required fixed-order derivatives.
Moreover, the number of far particles in [—(1 —26)L, (1 — 20)L] is at most CU for large L.

4. Under the same polynomial hypotheses, suppose U < Uy. Choose a desired error € > 0, then
h sufficiently small, then § sufficiently small. The constant Uy may be fized arbitrarily after
these choices. There are a value v =1Im M, independent of Re M, and an imaginary field z,
with the same support and polynomial reqularity properties as in part 3, such that

Re(n?
A > B(x) + 2L4(77) —CeL —o(L) — Cpne.
K
The selected v is polynomially bounded. The retained coefficient ¢. > 0 can be taken independent
of 0,Uy. On these bounded-U configurations, integrating the explicit factorial measures with
the factor exp(Crne), while using a fized portion of the retained B(x)-damping, costs at most

exp(Ch 0L + o(L)).
The same conclusion allows further fixed exponential factors per explicit particle after reducing

0 as needed.
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The constants are uniform once the polynomial bounds and the previously fixed parameters are fized.
In part 4 the asymptotic limit is taken only after e, h,d, Uy have been chosen in that order; constants
depending on those fized choices are allowed in o(L).

Proof. For part 1, set z =0 in (28). The remaining linear term satisfies

b1 [ 7| < Ch/L(B(2) + 1) < 3B(x) + CpL

by Corollary 3.5; choose h so that the smoothing loss consumes at most another fixed fraction of
B(x). This proves the first bound without any count truncation.

For part 2 suppose that ne is polynomially bounded and use the stated norm and truncation
properties of pr. For z, = —ovpr, v =1Im M, (28) gives

A > cB(x) — CpL — Opne + 2mjv — Cp(v? + (1 + f)|v]). (29)

Here D, = 0, and the mixed baseline and odd-remainder errors cost C|v|y/B(x). This bound uses
no polynomial restriction on j.

For part 3 suppose also |j| < poly(L), with the polynomial fixed. We select v = Im M,
independent of Re M, together with z. In the choices below we first specify smooth z,., D, supported
on |u| < (1 —-6)L (and v = — [ 2,.); then we actually add v(p} — pr) to z, leaving D, unchanged.
Thus each difference z, + ovpy, is a smooth density derivative with primitive compactly supported
in |u| < (1 —46/2)L; all its required sizes and fixed-order derivatives are polynomially bounded. In
evaluating (28) we can neglect the exponentially small correction, at cost o(1)(1 + /B(x)) by the
norm bounds, total variation, and the polynomial count bounds.

Take smooth nonnegative probes ¢4 (u) < 1, supported on £[(1 — 2J)L, (1 — 0)L], rescaled fixed
bumps supported away from their interval edges with mass comparable to L. Set 61 equal to the
corresponding weighted averages of ©; let U = max |01|. A first, coarse tilt uses

D, =0, Zr = _tozei@i
+

with small fixed to > 0. Then — [ Oz, = to Y. 0% [p+. The B(z) cost is at most Ct3 > 0% [ pi;
baseline and odd mixed terms are absorbed similarly with a fraction of B(x). The term with b; is
absorbed as in the real bound. Thus

A > ¢B(x) + ¢sUL — C, L — Cyne. (30)

By positivity, the number of far particles on [—(1 — 20)L, (1 — 25)L] is < CU for large L: their
smeared masses contribute at least a constant each to the drop between the two probe averages.

For part 4 suppose U < Uy, where Uy may be arbitrarily large but fixed. Given a desired small
error, choose a small parameter € > 0, then h sufficiently small (so s(h) < €), then 6 > 0 sufficiently
small relative to these. Uy can be chosen after these parameters. Use a smooth mask 0 < w(u) <1
supported on [—(1 — 38)L, (1 — 36)L], vanishing at distances < v/L of far positions, equal to 1
except in boundary buffers of total width O(JL) inside [~L, L] and holes of total width O, (v/L).
Take fixed-order positive derivatives OU0757Z(L_I/ 2). This is possible by the count conclusion. Put
s(u) = sign(a + 27 (j + f2(w))) and Ay = |a|/(2k), Bo = —pb1/(2x). Use

zr = —Ap s(u)w(u), D, = Byw(u),

with the correction convention above. These are smooth before correction even at jumps. Since
la| <7, la+27(j + f%)| > |al. On the mask support all far smearing tails from points outside their
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own respective side of u are superpolynomially small. Consequently — [ Oz, > |a|Ay [ w — o(1),
and Y gr [ xzrD, = o(1). Moreover

B(z) < (Bf + (v — p*) A7) /w +o(L),  |(z,Jo2)| < o(VL)y/B(z).

Indeed before correction the scaled L? masses of z., D, (squared divided by L) concentrate at low
frequency since their positive-order derivatives have norms o(v/L). Use the symbol expansion and
the upper norm bound, and the odd-remainder multiplier bound.

We give details for the real-field optimization so that no slow-variation assumption on zx is
needed. Let subscript £ mean a smooth compact low-pass Fourier cutoff equal to 1 near zero, even
real with values in [0, 1], supported on sufficiently small fixed frequencies depending on €. By the
positive small-frequency expansion, reserving a fraction on all frequencies,

B(x) > c.B(z)+ (1 —Ce) / (D2 + Q(re, 2ane)).

On the mask @, ¢ is superpolynomially small (Schwartz kernel tails, count bound). Thus in this
lower bound we can use (1 — C’e) [w(D? + (k — p*)r?) — o(1) besides the reserve. The pairings
against ws,w can replace D, by Dy, at o(v/L)y/B(z) cost by the derivative bounds and Sobolev
norms. Also

|/(1—w)r| < (CVBL + o(WI)\/B(z) + Ch.

Use the smooth wall plateau of (27) minus w, whose L? norm has the stated bound by the support
estimate and whose derivative norm is o(v/L), then positive outer tail bounds for the rest. Constants
depending on Uy, d, h in these estimates are allowed inside little-oh terms.

Absorb errors with a portion of the reserve, including (25), losing CeL + o(L) with ¢ sufficiently
small. It remains on measure w du to complete squares for Dy, ry, whose linear coefficients in (28)
are 2pAps, —(b1 + 2pBp). The lower cost from these optimizations per unit mass is at worst

(b1 + 2pBy)?

—p?A3 — — :
P Ay 4(/{ _ pg) 0(8)
Adding — B3 — (k — p?) A2 + |a|Ag leaves (a® — b?)/(4x) before errors. Thus
2
A > dB(z)+2L Rz(” ) CeL— o(L) - Cyne. (31)

The retained constant can be taken independent of d,Uy. For these bounded-U estimates the
explicit factorial measures with exp(Cpn.) and a portion of the retained damping cost at most
exp(Che0L + o(L)): outer main points cost bounded grand mass by tail damping, only a bounded
number of far points can be on the interior interval just counted, and the remaining far points use
an effective volume O(0L) + Op, (1) per variable, with factorial divisors. This also works with more
fixed exponential factors per particle, by further reducing 6. Bounds (29)—(31) are deterministic
bounds on trial densities. Implementing them for the complex integrals, including fluctuation
determinants and the discreteness of M, takes further work below.

O
3.5 Coordinates that remove the diagonal singularity

The trial estimates require a probability coordinate concentrated near g, while the reference
ensemble uses a fixed compact interval. We choose a map that has both properties and makes the
true-minus-reference interaction smooth through the endpoints.
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Use a reference parameter s € [-A, A], A= L+dp, and u = W (s). This is odd and W(A —v) =
L — w(v) at the positive end, where w is quadratic near 0, Gevrey, increasing with derivative
comparable to min(v, 1), and w(v) = v —dp for v > 1. Construct it by integrating a cutoff
interpolation of the derivative between v and 1 (fixes dp). Thus W = s except within bounded
endpoint distance and W reflects evenly at the ends. Set

s A
A(s) = Cro(W(s)),  t=0(s) = WLA Ao, Cpl= LA o(W(v))dv = 1+ 0(e ).

So pr, is Ards pushed to physical u. Its stated probability and truncation norm requirements
hold: in the core s = u, and near each wall its density in u is bounded by Ce (L — |u|)~1/?;
the log-kernel estimate for the H~/2 norm thus suffices. Cut smoothly in the core to form P -
Derivatives of Ay are bounded by C**1(11)P Ay, for a fixed P, and \f, = e~ 75l Constants in Gevrey
bounds below can change (including order P), but not with N. These elementary closure estimates
under smooth Gevrey multiplication, composition on a bounded scale, and reciprocal of a function
bounded away from zero follow by multiplying formal Taylor series with coefficients bounded by
CHIMP; in composition of positive degrees totaling I, products of factorials are bounded by !, and
the number of compositions is at most exponential.

Let
K(s,v) = Hp,(W(s) — W(v)) — 1 Hyet(6(s),0(v)), H = 0,0, K,

where 1 denotes the identity matrix.

Lemma 3.7 (Regularity of the compensated kernel). The kernel K is smooth, extending evenly
by reflection in each endpoint variable. K and all derivatives of total order | satisfy bounds
CHYINP( + L), and # and its derivatives satisfy C'T1(1NFe=cls=vl. For the latter estimates one
only extends locally across endpoints. Here and below poly(L) prefactors may replace 1 + L without
harm.

Proof. First suppose |s —v| > ¢g > 0. The sinh terms have the required estimates directly. Split the
cos-difference logarithm into its two sine logarithms. Then sin(|0(s) — 6(v)|/2) is bounded below
by cmaxi, | A, reversing the interval if needed, and sin((6(s) + 6(v))/2) is at least as large. One
derivative in each variable supplies the decaying ratio

AL(s)Ar(v)
(maxg ) Az)?

Higher derivatives preserve this bound, proving the off-diagonal estimate for JZ .

Near the diagonal and away from the endpoints, divide both 2sinh((W(s) — W (v))/2) and
cosf(s) — cosB(v) by s — v. Their natural local scales are respectively 1 and A%, since sin =< A,
there. Averaging derivatives along the joining interval gives uniform Gevrey bounds and lower
bounds on those scales. Their logarithmic ratio is therefore smooth.

Near a common endpoint, let d, d, be the distances from that endpoint. Both differences have
the additional factor ds + d,: even reflection makes their zeros occur at both s = v and the reflected
diagonal. Divide by

(s —v)(ds + dy).

The division is smooth Gevrey, obtained by averaging a derivative of the first divided difference
from its reflected zero. The quadratic fold w’(d) =< d and the sine factors give positive lower bounds
for both quotients on their respective scales. The same log-ratio argument now proves regularity
through the corner. Even reflection in either variable follows from the construction of W and 6.
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Finally, in variables at distance at least L from the endpoints, the compensated kernels continue
analytically for uniformly small complex displacements, with the same fixed-order derivative control
in the remaining variables. Here W (s) = s and 6/ = Cpmp is analytic with relative bounds on
uniformly small disks, so the divided-difference arguments apply there as well. O

The next statement supplies the linear and constant terms needed together with this kernel in
the particle deformation and dimension interpolation. It explains why the exponentially large mean
particle number does not make the compensated coefficients exponentially large.

Lemma 3.8 (Regularity of the compensated source). Suppose | M|, n., L. have fized polynomial
bounds in L. In the s-coordinate, the linear source

b= Hnn(m/pL - ,u) + ﬁnec

i Pps is smooth and even under endpoint reflection. Its derivatives of order r are bounded by
poly(L)C"™ 1 (r)F, for a fized Gevrey order P, and it has the core analytic continuation just described.
Writing

E. = %(C7 HC)Offv
the difference £(m'pr, () — E. is polynomially bounded in absolute value. The unchanged explicit-pair
term FEe, independent of M, has real part bounded below by a negative polynomial; no upper bound
s required.

Proof. For each main component, decompose the centered mean as
m.pr —mo = (m,Cr —m)o+m,(pL — CLo).

The coefficient in the first term is polynomially bounded, since m,, — m is polynomial and C7 — 1 =
O(e7E). Tts convolution is controlled by Hy, * o = V.

The two measures in the second term agree in the core. Near or beyond the ends their densities,
written in ds for p;, and du for g, have derivative bounds with a factor O(e~7%) and exponentially
bounded tails. This factor cancels m/, = O(e7F). Insert a fixed-width physical Gevrey cutoff there.
For convolution of the first density with the diagonal logarithm, subtract —2log|s — v| and its
reflected-image term using the divided differences of W. The remaining kernel is smooth. Transfer
derivatives of the ordinary translated logarithm to the compactly cut off, evenly reflected density.
For convolution with the second density, transfer derivatives in physical v and then compose with
W. Both terms are analytic in the deep core by separation from their supports.

The source ﬁneg has the same bounds for fixed h. Its regularization concerns only exterior main
interactions and leaves an analytic kernel in the core. These arguments also give polynomial total
variation and moments for m’py, — pu, hence the stated constant-term bound by log integrability.
Finally, real logarithmic singularities of explicit pairs are repulsive; away from them the kernels have
at most linear growth. The polynomial count and excursion bounds therefore give Re E. > — poly(L),
including when distinct explicit particles approach each other. O

3.6 The relative interaction operator

The compensated kernel is now smooth. It remains to compare its quadratic fluctuations with those
of the reference law, uniformly as the interval grows. Let Q = (Q+,Q-) be a primitive of a change
of zero mass on each main label in the s-coordinate, initially smooth and zero at both endpoints.
Define

h0(Q.Q) = (@ HesQ): Hiom(Q Q) = ho(@.Q) + [ Q)" (5,0)Q(v) ds v
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where Hioy is the true near interaction form. The second expression is complex symmetric; on
complex fields both energy forms are extended bilinearly. The space X has squared norm hg; in the
t-coordinate the fields extend as odd functions at both ends, completed from smooth ones. Per label

ho = w2 Z n|bn|?, Q= an sin(nt)

n>1

for the real form/norm, since Hyef(t,t') = 43,5, cos(nt) cos(nt’) /n as an integrable-kernel Fourier
expansion and [ cos(nt) dQ = nwb, /2 on Dirichlet fields. For symmetric energy calculations on
complex fields hg(+,-) extends bilinearly; norms and operator adjoints use the ordinary complex
Hilbert convention. The inverse kernel using ds pairing is

7i0 sin((0(s) + 0(v))/2)
G(s,v) = 551 g(ﬁnﬂeﬁ)—GOOVQ))'

In particular j : X — L?(ds) the inclusion has bounded norm uniformly, jj* = G separately
per label: the log singularity is square integrably bounded locally by C(1 + |log|s — v||) using
sin @ < CAp; off diagonal the kernel and derivatives decay exponentially, by writing the squared
ratio as 1+ sin 0(s) sin @(v)/sin?((6(s) — 6(v))/2). Schur’s integral bound applies.

The next estimate controls the number of nearly degenerate directions, not just the smallest
eigenvalue. This distinction is needed when passing from trace estimates to logarithmic determinants.

Lemma 3.9 (Trace bound and small eigenvalues). On the complexification of X, let
T=1+j5*X%j, Ar = 3(T+T%).
There are constants independent of L such that |T —I|; < CL, |T| < C, and
Ap > cL I, Nap(t) == dim 1_ (A7) < CLVE (0 <t <t). (32)

The same lower gap and counting estimate hold for the singular values of T', and for every orthogonal
compression of T.

Proof. Partition [—A, A] into intervals I, of lengths in [1, 2], and use normalized cosine bases e,
n > 0, on these intervals. The mixed-kernel estimates imply

Ce—c|a—b|
(14 n2)(1+m?)

|<ea,n’ =%/6b,m>| <

For a positive frequency, integrate twice by parts: the first boundary term vanishes because the sine
is zero at either endpoint, and the second boundary term involves only the first derivative of the
kernel. Doing this in both variables gives the displayed estimate, including all derivative boundary
terms. Summing the trace norms of these rank-one matrix entries gives || ||y < C'L. Schur’s test
applied directly to its exponentially decaying kernel gives || #|| < C. The bounds for T" follow from
the uniform bound for j.

It remains to control the lower edge of the spectrum. For a two-component field, sum over
components in the following definition:

_ 1Q(s) = Qv)[? 1Q(s)? A s
e(Q) = //S_U<2 —|3 P ds dv + /d(s)<2 a(s) ds, d(s) =A—|s|.

We first establish the two comparisons

ho(Q,Q) < C(e(Q) + 1Ql72as), (@, ATQ)x = ce(Q).
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The circle difference formula for the odd extension in ¢ expresses hg, up to fixed constants, using

the two kernels
0'(s)8 (v) 0'(s)0'(v)
sin?((0(s) — 0(v))/2)"  sin?((0(s) +0(v))/2)’

paired respectively with |Q(s) — Q(v)|? and |Q(s) + Q(v)|2. When |s — v| > cg, the first kernel is
exponentially integrable in the separation. The second kernel has the same property except at a
common endpoint; there it is bounded by a constant times the inverse square of the sum of the
endpoint distances. Its integral in one variable is at most C/d(s). These assertions follow from
A(s) = e=7sl and sin A(s) =< A (s)min(1,d(s)). On the remaining diagonal region the first kernel
is bounded by C|s — v|~2. This proves the upper comparison.

For the lower comparison, push the primitive forward to physical coordinate u = W (s) and extend
it by zero outside [~L, L]. Lemma 3.2 bounds its Fourier seminorm with multiplier ¥2/(1 + |k|).
For any fixed sufficiently large Cj, this multiplier is comparable to the multiplier

’eikz o 1|2 k2
—dz =
/Z|SCO 22 1+ [k|

of the truncated difference seminorm

[ W aur,,
lu—u'[<Co

lu — u/|?

where the zero extension is understood. For an interior point at distance ¢ < C(/2 from a wall,
integration against the adjacent exterior interval gives weight 1/¢ —1/Cp =< 1/¢. Thus interactions
with the exterior zeros give a wall weight comparable to W'(s)/(L — |[W(s)]) =< 1/d(s) near an
endpoint. When the two endpoint distances are comparable, W' (s)W'(v)/|W (s)—W (v)|? < |s—v| 2.
The part with noncomparable distances is bounded by the wall term: for example, integrate |s —v|~2
over d(v) < d(s)/2 or d(v) > 2d(s), using |Q(s) — Q(v)|* < 2|Q(5)|? +2|Q(v)[?. A fixed enlargement
of the endpoint region causes no change in these bounds. This proves the second comparison.

For completeness, divide any interval of length comparable to b > 1 into cells of lengths in
[1/2,1], and let g, be the mean of @ on cell a. The local seminorm controls

Z/ ’Q_Qa‘2+ZMQ+1 _Qa‘2~
a Yla a

The first bound is the elementary variance identity on a cell; the second follows by averaging
the difference over two adjacent cells, whose mutual distances are at most 2. If the mean on the
whole block vanishes, the discrete Poincare inequality gives 3, |¢a]? < Cb? 3", |¢as1 — qal>. Thus
Q|13 < Cb%e(Q) for fields with zero mean on each such block. On the whole interval, the wall
term controls the first and last cell means; summing the successive differences then gives the same
estimate with b =< L, without any constraints. The two comparisons now give the gap cL 2.

For t above a fixed multiple of L~2, choose b = ¢1t~/2 with ¢; sufficiently small. Vanishing block
means impose at most C'L/b linear constraints, and on their common kernel the Rayleigh quotient
of Ar is at least t. The min—max principle proves the counting bound. Below the global gap the
count is zero; the intervening range is handled by changing the constants. Compressing a positive
Hermitian form cannot increase this count. Finally, if a subspace satisfies ||TQ|| < t||@||, then on it
(Q, ArQ) < ||IQIIITQ| < t||Q]|*>. The variational characterization of singular values therefore gives
the same count and gap for T and its compressions. O
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3.7 The determinant contribution

Away from the center and the endpoints, the compensated kernels approach translation-invariant
kernels. Their Fourier symbol determines the leading determinant. Lemma 3.9 supplies the uniform
control near zero needed to integrate its logarithm.

Theorem 3.10 (Relative determinant asymptotics). The Fredholm determinant satisfies
—3log|detT| = (7v/8)L + o(L). (33)

Proof. Accretivity gives an injective operator with closed range. Since T — I is trace class, T
has Fredholm index zero and is therefore invertible. Its Fredholm determinant is defined by the
convergent exterior-power series. Equivalently, take determinants of finite orthogonal compressions
converging strongly to the identity, then pass to the limit in trace norm. The same procedure gives
log|detT| = % Trlog(T*T). We compute this trace through the limiting symbol

 K2Hp(k)
2wk coth(mk/(27))

Too (k)

First consider a nonconstant word in T'— I and T* — I. By cyclicity its trace is an integral
alternating kernels G and % or £ *. The local bound C(1 + |log |s — v||) for G, and exponential
off-diagonal bounds for all kernels, provide an integrable majorant for the relative coordinates in
this cyclic integral. More explicitly, truncate every separation at a fixed radius R. The discarded
integral is bounded by C'Le % times a fixed polynomial in R. Each local logarithmic singularity
can be integrated first against an adjacent bounded 2" kernel. With R fixed, the central region and
the two endpoint regions of width O(R) contribute O(R), which vanishes after division by 2L.

Under translation into either remaining tail, with distance from both the center and the endpoints
tending to infinity, one has W (s) = s and 6(s) or m — 6(s) asymptotic to a constant times =715l
locally with every fixed derivative. Consequently

1 v|s — v
G(s,v) — 9.2 log coth —

The mixed derivative of the reference kernel tends to that of —2log |2 sinh(y(s — v))[; its additional
one-variable terms disappear upon taking mixed derivatives. The Fourier transforms of these two
limiting kernels are reciprocal, respectively

—tanh(ﬂk,‘/(ny)) 27k coth mk
2k ’ 2"

It follows from the logarithmic transform identities that multiplication by the limiting %" symbol
gives T, — I. Dominated convergence, followed by R — oo, proves that the trace of each word,
divided by 2L, converges to the integral of the corresponding matrix trace against dk/(2m).

We pass from words to the logarithm without losing uniformity at zero. For singular values
s;(T), Equation (32) gives

Zlog;:/() #{Sit<t}dt§0Lﬁ.

Thus clipping log(T*T') below 72 changes its normalized trace by at most C'\/7. On the compact
interval containing its spectrum, approximate the clipped logarithm by polynomials vanishing at
one, with error at most €|y — 1|: apply polynomial approximation to the continuous quotient by
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y — 1. The resulting trace error is bounded by €||T*T — I||; < CeL. The symbol has the same
integrable control: its smaller singular value is comparable to k% near zero, its other singular value
stays positive there, and it tends exponentially to the identity at infinity. These assertions follow
directly from the displayed 2 x 2 symbol and its positive Hermitian part. Hence clipping costs
O(4/7) on the symbol side as well. Passing successively L — oo, € | 0, and 7 | 0 yields

. log|detT|
m ==

li

dk
L—oo 2L 2 '

= / log | det Too (k)
R

Set x = S|k| and y = e~*. The determinant is positive, and its positive square root equals
«(k) sinh 1—y3)(1 -y
T - cBsinhEn) (1 =y -y
sinh(4z) coth(3z/2) (1 +y)(1 —y®)

Integrating the absolutely integrable logarithmic series gives

00 2 a2 a2 2
/U log detToo(a:/B)dx_—E—%—ﬁ+478
o
48 °

Here [;°log(l — e ®)dz = —n?/(6a) and [y log(l + e *)dz = m%/12, obtained by termwise
integration; " n~2 = 72/6 follows, for example, from Parseval’s identity. Accounting for both signs
of k, the square of the displayed square root, and v = 7/(38), we obtain

log | det T| = —1727;L +o(L) = —%L +o(L),

which is Equation (33). O

3.8 A finite-dimensional core for particle transport

A determinant calculation on the completed Hilbert space does not yet provide a deformation of a
finite particle integral. We next approximate the relative interaction by smooth fields supported
where the mean particle density is exponentially large. The remaining directions have a negligible
normalized logarithmic cost. Fixing the approximation tolerance before taking the large-size limit is
essential.

Lemma 3.11 (Smooth core approximation). For every sufficiently small fired & > 0 and all
sufficiently large L, there are 6, > 0, independent of L, and a real orthogonal projection P in X, of
rank O¢(L), whose range consists of smooth fields supported in |s| < (1 — 64)L, such that

|7~ 1-P(T-1)P|; < ¢L. (34)

An orthonormal basis of its range can be chosen with every required fized derivative bounded by a
polynomial in L. The images of these basis fields under hy and Heom, Tegarded as test densities for
the ds pairing, have the same bounds and smooth odd reflections at the endpoints. Constants may
depend on & and on the derivative order.

Proof. We first approximate .# on L?(ds). Truncate the cosine basis in each unit-scale cell at
frequency J. The coefficient estimate in Lemma 3.9 gives trace-norm error at most C'L/J, since
Snes(1+n?)~t < C/J and the sum over cell separations converges. Approximate the finitely

42



many retained cosines in each cell by smooth functions compactly supported inside that cell, with
L?-error at most 71, and orthonormalize. For fixed J and sufficiently small 7, their Gram matrices
are uniformly invertible. Replacing a rank-one term u ® v by its smoothed counterpart changes its
trace norm by at most ||u — ul|||v|| + ||@]|||v — ©]|. Summing the absolutely convergent cell expansions
therefore adds at most CynL.

Discard cells meeting |s| > (1 —20,)L. There are O(d,L + 1) such cells, and the total trace-norm
contribution of terms with either index in these cells is of that same order. Denote the resulting
real bump projection by Q). Then

| — Qv Qully < C(JH+ Cyn+6.) L+ O(1).

Choose J, then 7, then d,, so the coefficient on the right is as small as required. There are O¢(L)
bumps; each has uniformly bounded derivatives of every fixed order, with constants allowed to
depend on these fixed choices.

Let b1,...,bq be the orthonormal bump basis and put v; = j*b;. As a function in s, v; = Gb;.
Their Gram matrix in X" is uniformly conditioned. The upper bound follows from ||j|| < C. For the
lower bound, every b in the bump span is a permissible smooth field and satisfies ||b||x < C¢||b]|2,
by the local upper norm estimate and its uniformly bounded H'/L? ratio. Duality gives

- 76, 0) x bl|2
bl = 0 bl Il

6]l 6]l
Thus the map b — Gb loses no linear independence or uniform conditioning.
Choose a smooth cutoff equal to one on a neighborhood of the bump support and zero outside
|s| < (1 —d«)L, leaving a separation at least cd,L between the bumps and its nonconstant region.
Multiply each v; by this cutoff, obtaining v;. The off-diagonal derivative bounds for G imply

”’Ui — 6@”2‘( < Cchefc(;*L.
To check the endpoint term, the explicit sine ratio gives
G(s,v) = O(d(s)e~ =]

when s is close to an endpoint and v lies in a retained cell. Every fixed positive-order derivative
has the same exponential bound, without necessarily retaining the factor d(s). The difference field
vanishes at the endpoint. In particular, the elementary estimate

2
/02 Iq(j)l dd < 2/02 l¢'(d)|*dd,  q(0) =0,

controls its wall contribution. The upper local norm estimate, or its consequence ho(q,q) <
C Hq||12ql( ds) for such fields, then proves the claim. The Gram matrix remains uniformly invertible
because d = O¢(L). If Py, P are the orthogonal projections onto the spans of v;, v;, respectively, the
formula V(V*V)~1V* for a span projection yields

|P — Py|| < CeLCe™L,

The operator B = j*Qp# Qpj has both its range and its adjoint range in ran Py; hence B = PyBPF,.
Writing Ay =T — I, we obtain

|A; — PAP|jy <2||Ay — Bll1 +2||P — Po|| || Bl < C(J 1+ Cyn+ 8. L + o(1).
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This proves (34) after the parameter choices above.

Finally, Gb; has controlled derivatives of any fixed order in the core. Locally subtract the
ordinary diagonal logarithm from G; the remaining divided differences are smooth with uniform
derivative bounds. For the logarithm itself, transfer derivatives to the smooth bump, and use the
exponentially decaying off-diagonal estimates on the rest. Multiplication by the cutoff preserves these
bounds. Passing to an orthonormal basis uses the inverse square root of a uniformly conditioned
d-dimensional Gram matrix; its operator norm is bounded, so pointwise derivative bounds increase
by at most O(v/d). For the action of hg, write the test density as the derivative of H,ef applied to
the derivative of the core field. Subtract its local logarithm and transfer derivatives to that smooth
input. The even endpoint reflections of the kernel give odd reflections of the resulting test density.
Adding the smooth operator J# gives the same assertions for Heoppy- O

The finite core carries almost all of the determinant. Eliminating its coordinates also leaves
a positive interaction on its orthogonal complement. The following statement quantifies both
assertions using the small-value count, rather than the gap alone.

Lemma 3.12 (Determinants and Schur complements). Let S =ran P, R = S*, and
T, = Trr — TrsTgg Tsr-
The Hermitian part ReT. = (T, + T)/2 has the gap and small-eigenvalue count in (32). Moreover,

llog | det T'ss| — log | det T'|| = o¢(L), Z —log A = o¢(L). (35)
A
AGSpe(j%{eTe)

FEigenvalues are counted with multiplicity. Here the notation means

L
lim lim sup w

=0.
&0 Lo L

It does not assert an o(L) error for a fized £&. One may take errors bounded respectively by celsL
and CEY/3(1 4 |log&|)L, after the core approzimation is made with tolerance €.

Proof. The gap for Tgg makes it invertible. Set

Jy = (-Ts¢Tsry,y), YER.

Then T'Jy = (0, T.y), so
J*(ReT)J =ReT., | Jyll = [lyll.

The gap follows immediately. If £ C R is a subspace on which the Rayleigh quotient of Re T is
less than ¢, the quotient of ReT on JFE is also less than t. Since J is injective, min—max proves the
count. These identities use Hermitian adjoints; the matrices of the bilinear energy are, separately,
complex symmetric in a real basis.

We make explicit how the counting bound controls logarithms. If the positive eigenvalues or
singular values of any operator under consideration have counting function N(¢) < CLv/t, then

T N(t
S log — :/ N 4 < 201y,
$; <T Si 0 t

The lower gap justifies the identity even for the finite-size operators. Put B = T'ss®Ir. Equation (34)
gives ||T — B|ly < ¢L, and ||T,||B|| < C, whence ||[T*T — B*B|jy < C¢(L. The function y —
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log max(y, 72) has Lipschitz constant 7=2. The trace difference of this function on two positive

operators is bounded by that constant times their trace-norm difference; this follows first for finite
matrices by the eigenvalue variation inequality and then by finite compressions. Removing the
clipping costs C'L\/T by the preceding integral identity. Thus

log | det T| — log | det B|| < CL(v/T + &772).

Take 7 = £2/5 to obtain the first assertion.
For the second assertion choose 0 < a < ty and split the singular-value expansion of TbTSl as
Bhi + Bio, where
rank By; < CLy/a, | Bio|| < o™t

This is precisely the count for singular values of Tsg below «. Every block of T'— B has trace norm
at most {L, while the off-diagonal blocks have operator norm at most C. It follows that

ReT, =1+ F+E, rankF <2CLyo, |[E|} <CL(1+a™h),

with F, E Hermitian. The factor two in the rank bound accounts for taking a Hermitian part. Since
ReT, > 0, interlacing and integration of its counting function below one imply

Tr(I —ReT,)+ <rank F + ||E|};.

Indeed a rank-r perturbation changes a count by at most r, and integration over (0, 1) then bounds
the contribution of F' by r; the contribution of F is bounded by its trace norm. For 0 < 7 < tg, the
clipped negative logarithm satisfies
log(1/7)
1

—logmax(\, 7) < ———=(1 = A\)4.
-7

Combining this bound with the logarithmic tail integral gives
log(1
Y —logA < 2CLy/T + log(1/7) (CL\/& + C¢L(1 + orl)) .

A<1 l—r

Taking o = 7 = £2/3 proves the stated estimate. The same argument with || ReT — I||; < CL and
fixed 7 also gives >y —log A = O(L) for ReT. O

The centered interaction has now supplied three pieces of information: a positive cost for explicit
particles, the leading interior determinant, and a smooth finite core that captures that determinant
up to a vanishing normalized loss. The next section supplies the remaining probabilistic input:
bounds for linear and compensated quadratic statistics under the normalized reference ensemble.

4 Reference fluctuations and compensated quadratic integration

The preceding section reduced each electric sector to an integral against an explicit positive reference
measure. We now prove the integration bounds used to turn its deterministic energy estimates into
bounds on that integral. The first bound applies at every integer dimension and will also be useful
for the uniform fugacity bound. The sharper estimate uses the electric coordinate and a polynomial
bound on the empirical primitive. Both estimates refer to normalized expectations; the reference
partition factors must be restored when computing cylinder weights.

45



4.1 The normalization and the circle comparison

Denote each reference partition integral more generally by J,(w) with weight w(¢) in dt/(27); the
weight to normalize is wg = 2sint. Its mass is

=l 5 16%(i)*
Jn(wo) =[] (20 4 1)((20))

=0

5 =exp (—% log(n +1) + 0(1)) :

Indeed in & = cost use Gram orthogonalization for dz/m with the Legendre polynomials P; =
(241)~Y(d/dz)!(x® —1); integration by parts gives leading coefficient 27%(24)!/(i!)? and norm squared
2/(2i + 1) for dz. Include the Vandermonde scaling 2%°. The asymptotic follows by Stirling (or the
exact adjacent-factor ratios plus Wallis/Stirling leading order fixing limit 1 of the factors).

The circle estimate is the finite upper bound obtained from monotonicity of the centered Toeplitz
determinants and the strong Szeg6 limit; see [21, Theorems 1.1 and 2.4]. We give a Schur-polynomial
proof to retain the exact coefficient and finite-size normalization. The power-sum and Schur
orthogonality method appears in the trace-moment calculation of Diaconis and Shahshahani [4] and
its development by Diaconis and Evans [3, Section 2]. The contraction argument below applies in
every degree.

Lemma 4.1 (Circle comparison). For a real smooth test f(t) = fo + 23 ;> fr coskt, with smooth
even reflection, put wy = 2(1 & cost). Then

Tn(wse!) To(w_el)e 20 < exp 3 kil (36)
E>1

Proof. Before centering, the product equals the circle Gram determinant of ef of size 2n: shift
its consecutive frequencies to centered half-integers, then split into cosines and sines by evenness.
The two evaluation determinants factor v/2cos(t/2) respectively v/2sin(t/2) per variable times
a polynomial Vandermonde with leading coefficients 2/, yielding exactly the two measures (by
determinant expansion/integration).
For completeness this circle bound follows already on polynomials f and then by approximation.
In the Vandermonde-squared probability on m circles (here m = 2n), the centered integral is the
squared norm of exp(} .~ fxPx) where py = 327 2F. Symmetric holomorphic polynomials have
the orthonormal alternant-quotient basis (strictly increasing nonnegative monomial powers in the
determinant numerator, ordinary Vandermonde denominator), by integrating determinants. Its
reproducing kernel summed over all degrees, as a formal graded identity, is Hm-(l — ziﬂj)_l by
Cauchy—Binet then the elementary Cauchy determinant formula. This kernel equally expands using
exp(Y pi(2)pr(u)/k). Thus the functions [, (px/vk)* /+/ay! in each degree have synthesis norm
at most 1 from coefficient £ (matrix times its adjoint equals the identity in the orthonormal basis).
The indicated exponential series hence has squared norm at most exp (3 k|fx|?); on polynomial
input this series converges to the function also pointwise/absolutely, or take radial limits. This
proves (36).
O

Write Eq for the two-label normalized, independent reference law at nonnegative integer di-
mensions v, < Ce'. We keep the two coordinate roles explicit. In the physical parameter
se[—-A,A],

b= Q= Xoo —vhilo)ds, U@ =) =-X [ 1(6)Qu(s)ds.
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Here A\1(s)ds = dt/m, and @, vanishes at both endpoints. The centering measure is the reference
equilibrium measure, not the finite-dimensional expected empirical measure. For a test written in
the s-coordinate, define its cosine coefficients by

fo(07H(t) = fo0 + 2 for cos(kt).

k>1

The squared dual hg-norm of £ is consequently ||¢]|2 = > ok Kl fok|?. Regularity of a physical test
below refers to s, whereas this norm uses its cosine coefficients in ¢. The following estimate keeps
the reference partition masses visible.

Theorem 4.2 (Normalized reference source bound). For two independent normalized reference
ensembles with dimensions 0 < v, < Coe?*, L > 1, and every real smooth reflected test f,, one has

EoeQ < T Ju, (wo) " exp(|€]|2/2) < exp(CL + ¢]/2). (37)

The constant depends only on Cy and ; a zero-dimensional ensemble consists of the empty configu-
ration and has partition mass one.

Proof. For each label, Cauchy—Schwarz in the unnormalized integral and wo = \/wyw— bound the
tilted integral by the geometric mean of the two tilted w_ integrals. Lemma 4.1 bounds that mean
after subtracting v, f50. Divide by J,, (wo) and multiply the two estimates. The exact normalization
above gives the last inequality, including v, = 0. O

Additive constants in f do not matter. Use || - [|_2 4 on primitives for the Sobolev norm with
squared weights (1 + (n/A)?)~2 in the s-interval orthonormal sine basis (odd endpoint reflection).
These empirical primitives need not be in X. Pairings against smooth odd-reflected tests and mixed
kernels are nevertheless defined by distributions. On a polynomially bounded ||@Q||—2,4 event, dual
Sobolev estimates control these pairings by the physical derivatives of the tests and kernels.

The loss C'L in (37) is suitable for the untruncated count bound, but is of the same order as the
exponent we want to determine. The next estimate removes that loss for dimensions comparable to
m. Throughout its statement and the sharp quadratic estimate below, polynomial derivative bounds
mean the following: for every fixed derivative order r, the relevant C"-norm is at most C, L%, with
C,a, fixed before L — oco. For a kernel this convention applies to derivatives in both variables.
Errors are uniform over families with these fixed bounds.

Theorem 4.3 (Uniform source inequality). If v, < m, G = {||Q||—2,4 < LP} for fived D, and the
tests arise from real smooth even-reflected f,(s) with polynomial derivative bounds in the s-coordinate
as specified above, then uniformly,

Eo[1ge" @] < exp(o(L) + |1€]17/2) (38)

(where the normalized excess limsup is at most zero). The error is uniform once D, the polynomial
derivative bounds, and the constants implicit in v, < m are fized.

Proof. We compare the two Jacobi weights w and w_ after opposite small transports of the particles.
Their geometric mean cancels the terms linear in the source and in the empirical fluctuation. The
surviving gain will be v [(a — 2a?) + o(L), where a is the transport primitive. Its maximizing value
1/4 gives yL/4 per label, the logarithmic normalization loss up to the small boundary error. We
now justify this comparison, including the Jacobian and its uniform error on the event.
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The transport and its smooth error. Fix 0 < 6 < 1/4. Choose a smooth primitive a with
0<a<1/4,equal to1/4on |s| < (1—2§)L, and zero for |s| > (1 —0)L. It may be chosen monotone
in each transition region, with ||a("||e < C,.sL~" for r > 1. For each label and € € {+1, 1}, define

a(s
Fre(s)=5— EL
These are increasing diffeomorphisms, equal to the identity near the endpoints. For every fixed

derivative order,
|Fye —id||cr < Cp gL ecsk,

Indeed v, \;, > ce?L on the support of a, and all relative derivatives of Ay, there are bounded. Write
me = VyArds. Taylor expansion of pushforward against a test function gives

doe = (Foe)sMg — Mg = ea’ ds + Toc(s)ds, |70.cllcr < C’MLC%_C‘*L.

)

For example, the first-order term is —[vsAL(F, — s)]' = ed’; every higher term contains one
additional exponentially small displacement. The remainder is supported in a slightly enlarged core,
has zero integral, and obeys the same bounds after integration.

We prove the comparison for one label, temporarily suppressing o. Put

h(s,v) = Hyet(0(5),0(v)), Kc(s,v) = h(Fc(s), Fe(v)) — h(s,v), g(s)=1logcot(0(s)/2).

The ratio of the two cos-differences defining K. extends smoothly across the diagonal. Its diagonal
value is

sin 0(Fe(s)) 0'(Fe(s)) Fe(s)
sin6(s) 0'(s) )

The one-particle base density in s is wo(6(s))0'(s)/(2m) = sin0(s)AL(s). Consequently its Jacobian
and density ratio cancel exactly the half-diagonal contribution omitted from the Vandermonde
interaction. For X = 3", 5, = m + ¢, the logarithm of the pulled-back base-density ratio is therefore
exactly

K(s,s) = —2log

—%(X K X).
Since hm = 0, its mean—mean and mixed terms satisfy the identities
(m. Kem) = (de,hdo), (g, Kem) = (g, (hd.) o FL).
It follows that, uniformly on G,
—3(X, K X) = —€(q, ha’) — ho(a,a) + o(1).
Here is the precise uniform error estimate. If ¢ = Q’, then

(@, 0)] < Q-2 1'll2,4, (a0, Kq)| < |QI22, 410500 K |2,4:2,4,

where the positive Sobolev norms are dual to the negative norm in the statement, and the last norm
is its tensor product. Derivatives through order three in each variable suffice to bound the last
expression, up to a polynomial factor from the interval length. The divided difference argument for
K., together with the sine bounds away from the diagonal, bounds all these derivatives by LEe~¢L.
The kernel has even reflections at both ends, so its mixed derivatives have the odd reflections
required for this Sobolev pairing. Convolution of kA with the smooth core-supported remainder r. has
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the same bound up to a polynomial factor: subtract the diagonal logarithm and transfer derivatives
to 7¢, as in Lemma 3.7. The assumptions ||Q||_2.4 < L and fixed polynomial source bounds thus
make every error in the preceding formula o(1). This argument also justifies the expansions that
follow.

The change of the source contributes

(foFe— f,X)=¢(f,a)+o(1).
Since we/wy = e, the extra weight contributes
e(go Fe, X) = (g, X) + (g, a') + o(1).

Only the core derivatives of g are involved in this expansion; although g diverges at the endpoints,
the map is the identity there. If D.(X) denotes the pulled-back unnormalized density with weight
weel, and Do(X) the original density with weight wge/, we have obtained

D(X)

log 5 x) = e((9,X) + (f,a') = (g, ha")) + (g, a') = 5ho(a, a) + o(1).

The terms odd in e cancel in the geometric mean. Define G, = (g,a’) — ho(a,a)/2. Then on the
same event G,

Do(X) < e Gote) /D (X)D_(X).

The gain and the normalization. Since ¢ = —6'/sinf, —g’' is bounded on the core and tends to
~ under translations into either tail whose distance from the endpoints tends to infinity. Thus

(9,a") = —/g’a = 7/a+05(L)-
On the support of @/, two points in the same tail satisfy
h(s,v) = 4y min(Js|, [o]) + O(1 + |log min(L, |s — o])]),

and opposite-tail values are bounded. To verify this, use (s) =< €7* in the left tail and 7—6(s) < e™7*
in the right tail, factor the difference of the corresponding squared distances, and take its logarithm.
The additive bounded error is uniform on these transition regions. The logarithmic error has bounded
integral against |a/(s)a’(v)], since ||d’[|1 < C and ||d'||ooc < Cs/L. For an absolutely continuous b of
compact support on [0, 00),

//[0700)2 min(r, t)b' (r)V' (t) dr dt = /OOO b(r)? dr;

this follows by writing min(r,t) = [5° Ly<,Lu<t du. Apply it on each half-line to obtain

ho(a,a) = 4’)//a2 + 05(1), Go = 'y/(a —2a?) + 05(L) > % — CO6L — o5(L).

Finally apply the geometric-mean inequality simultaneously to the two labels, using one common
sign €; this permits the good event to couple both configurations. Cauchy—Schwarz, removal of that
event from the two positive integrals, and change of variables back to their original domains give

Eo[1ge"@)] < exp (—2Ga +o(1) = 3 log J, (o) + WHE)
by (36); the constant Fourier coefficients cancel because ¢ is centered. Uniformly for v, < m,

log J,, (wo) = —yL/4 + O(1). Hence the excess over ||¢||2/2 is at most CSL + os(L). Taking first
L — oo, then ¢ | 0, proves (38) with the stated uniformity. O
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4.2 Integrating a compensated quadratic cost

The source inequality bounds linear statistics. The next lemma converts it into a bound for a
coercive quadratic perturbation of the reference law. It is essential to complete the square before
dropping the positive part of the perturbation: that preserves the correct dependence on the linear
source and the minimizing energy.

Lemma 4.4 (Integration of a compensated quadratic cost). Let F' be a bounded real symmetric
operator on X, with F > gI, g > 0, and let F' — I be trace class. Let | € X be real. Suppose that
there are a smooth real vector test b(s), odd under endpoint reflection, and a smooth real matriz
kernel € (s,v) satisfying € (s,v) = € (v, s)t, odd under reflection in either variable, such that

holl,@) = [bs) Q) ds, k(@ (F = DQ) = [ Q)€ (s,0)Q(v) ds do.
Let ¢ € R. For the compensated cost
V(Q) =c+ho(l,Q) + 3ho(Q,(F —1)Q),  mp=c— Sho(l, F1),

one has
logEge V@ < —mp +CL+ 3 > —log \. (39)
A<1, A€spec(F)

Here and below smooth compensated expressions are evaluated on empirical primitives by distributional
pairing; their individual singular ho-energies are not defined. For the sharp form used below, assume
ve xm, g+ ||F|| + ||l|lx < CL® for fived C,a, and polynomial physical derivative bounds for b
and € in the convention above. Then for every fixred D, (39) holds with CL replaced by o(L) and
expectation restricted to |Q||—2.4 < L. The error is uniform once these bounds and D are fized.
The constant term c is unrestricted: its factor e~ occurs on both sides of the estimate.

Proof. First suppose that all data are generated by finitely many physical sine tests. Put Q, = —F 1,
and complete the square before discarding any positive quadratic terms:

~V(Q) = —mp + ho(Q«, Q) — 5[1Q:|1* = $ho(Q — Qs (F — I)(Q — Q).

With J = (I — F)4, the last term is at most 2ho(Q — Q, J(Q — Q.)). Let gs be a real Gaussian
vector of covariance J. Gaussian linearization and (37) give

EOB_V(Q) < e_mF_||Q*H2/2EgJ [e—ho(ngQ*)Eoeho(Q*-i-gJ,Q)}

< e mrrOLR, olanl/2 = ome L o1 — )12,

The cancellation of the mixed and @Q,-terms in the second line is exact. The nontrivial eigenvalues
of I — J are precisely those eigenvalues of F' below one, which proves the formula.

For general smooth data, truncate in the physical s-sine basis. The resulting kernels converge
with enough derivatives to converge on every fixed empirical primitive. Their operators converge
in trace norm, and the linear Riesz vectors converge in X'; these statements follow by summing
the Fourier coefficient tails and using the bounded embedding X < L?(ds). For sufficiently large
cutoffs the gap is at least ¢g/2, so the infima converge. To control the determinant term, on any
finite-dimensional negative-excess subspace compare a truncated operator to the corresponding
compression of F. For positive operators bounded below by ¢/2, the integral identity for log, or
differentiation along their line segment, bounds the change of log determinant by 2¢g~' times the
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trace-norm error. Interlacing bounds the negative log sum of a compression by that of F'. Fatou’s
lemma now proves (39).

The coarse argument also allows the additional cost —tHQ||2_27 4- Indeed its operator B4, defined
by ho(Q,BaQ) = HQH%Q’A, has bounded norm and trace O(L): factor it through the bounded
L?(ds) embedding and sum (1 + (k/A)?)~2. Its physical sine truncations also converge on empirical
fields. Choosing 2t||Bal| < g/2 preserves a gap.

For the sharpened estimate, take a physical sine cutoff K = L”. Smoothness gives errors smaller
than any prescribed inverse power of L, by choosing a sufficiently high fixed derivative order and
then B. Dual Sobolev estimates make the cost error o(1) on [|Q||_2.4 < L”; trace-norm error
divided by the gap and norm error in the completed square are also o(1). The Riesz vectors of the
first K physical sine tests have a Gram matrix with inverse-polynomial lower bound. To verify this,
test the linear combination of their functionals on the same sine combination as a primitive. Its
L?-pairing is the Euclidean squared norm, whereas the local derivative and boundary estimate for
ho bounds its X-norm by a polynomial times that norm. Duality gives the claimed lower bound.
Consequently every polynomially bounded vector in this finite-dimensional space has a smooth dual
test with polynomial derivative bounds.

Apply (38) in the displayed Gaussian argument when ||g;|| < L?". Outside this ball use (37).
After the factor ell9sI*/ 2 the normalized tilted Gaussian has covariance J(I — J)~!, of polynomial
norm, in polynomial dimension. For covariance norm at most L¢ and dimension at most L€, its
tail outside radius L is bounded, for large B’, by exp(—L?5'~¢/4) times an exponential of a fixed
polynomial. Choose B’ to absorb the factor e“%. This gives the stated o(L) loss. O

5 The electric contour integral

The quadratic integration estimate is real. Electric sectors also carry an oscillatory imbalance
factor, and obtaining its sharp contribution requires a complex displacement. We first implement
the deterministic trial fields by moving the actual particles, while keeping their integer dimensions
fixed. The next section then varies the dimensions through an explicitly constructed holomorphic
approximation.

5.1 Reference dimensions and compensated quadratic costs

Freeze the positions, labels, and counts of the explicit particles ¢ from Section 3. For a pair of
nonnegative integers v = (v4,v_) and an independent parameter M € C, define

FOD) = [ Ay O exp(—0ar(@):  dr = KXo — vibi.

with the two unnormalized reference measures from Lemma 3.3. Thus F), includes their masses
Jy. (wo)Jy_ (wp), but not the extracted site product, the explicit-particle prefactor, or the imbalance
phase. The energy @), retains the prescribed trial totals m/(M); the empirical field is centered at
the actual integer dimensions v. These two quantities need not agree. Their independence will be
needed for interpolation in the next section.
Write ) )
ReM)* +n
dezge"'_(l)/ep HOZHref‘
We use Hy in the s-coordinate on both groups. Derivatives of primitives are densities or distributions
in that coordinate and are pushed forward by W when inserted in £.
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Proposition 5.1 (Bounds at integer reference dimensions). Fiz |Ren| < ag < 7 and |[Imn| < by <
oo, with the parameter conventions of Proposition 3.6. For nonnegative integer dimensions vy, put

L, (M) = log |/ +2m)M @ (A1), v =Tm M.
The following estimates hold.
1. If M is real and 0 < v, < Ce?E, then, without any restriction on the explicit counts,
Ly, j(M) < CLL + Cpne — cpde.
This bound is independent of the integer alias j.

2. Suppose ne is polynomially bounded, as in part 2 of Proposition 3.6. In the same dimension
range, for every real v and integer j,

Ly, (M) < CpLL+ Cpne — cpde — 2mjv + C’h(v2 + (14 flv)). (40)

3. Assume the common hypotheses of parts 8 and 4 of Proposition 3.6, polynomial bounds on
Ne, |7], | M|, Le, and vy < m. Choose the imaginary imbalance and trial density from part 8 of
that proposition. Then

L, ;(M) < CpL + Cpne — cpde — csU?L + o(L). (41)

If U < Uy, the choice from part 4 instead gives

2
3L 2LRe(n )

Lai(M) <
ﬁ’j( )< 8 4k

+ CeL + o(L) + Chne — ¢p ede. (42)
Here 6 can be taken sufficiently small without degrading the displayed damping and per-particle
constants, and Uy may then be fized arbitrarily, as in part 4 of that proposition.

The estimates are uniform once the parameters in the trial bounds and the polynomial size powers
are fixed.

We prove Proposition 5.1 using the real integration bound of Lemma 4.4 and the particle
deformation constructed below.

Throughout this section, a polynomial bound means a bound by a fixed power of L, whose
exponent may depend on previously fixed parameters. It never refers to the exponentially large
reference dimensions. Energy expressions use the complex bilinear extension of hg, whereas norms
and adjoints use the Hermitian convention. Angle brackets against physical test functions denote
distributional pairing.

For smooth real Hilbert fields Y, and a real smooth primitive Zy compactly supported in the
core |s| < (1 —é.)L for some fixed d. > 0, use the functional

Co(Y) = E(mlpy + (Y +iZ0),C) — il +7f +2m))M = e + ho(uz, Y) + ho(Y, TY) /2

with complex bilinear convention; write Cy for Zy = 0, so C,(Y) = Co(Y +iZp). In (41),(42), the
pushforward of Zj by W is the density z, + ocvpr, chosen in parts 3 and 4 of Proposition 3.6. Its
required fixed-order derivative bounds are polynomial. Everywhere in the polynomial regimes u, is
a bounded Hilbert vector of polynomial norm, obtained by duality from a smooth odd-reflected
test in s with polynomial fixed-order derivatives. Indeed use Lemma 3.8, and the action of Heypm
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on smooth core fields (localized diagonal log convolved by their smooth derivatives, as in the
core-subspace proof). Also ¢, is polynomially bounded except for the unchanged explicit-explicit
constant (¢, H()of/2, whose real part is at least —poly(L); the equality in polynomial size for c,
here uses |j| polynomial as well. Without polynomial truncation we will only use Zy = 0; the forms
are still continuous at fixed sizes and generic frozen positions. The infimum
Mz = Y relarllfin XRe CZ(Y)

satisfies the indicated trial lower bounds (with B(x) replaced using (27) by positive damping in d.,
minus a constant). Indeed apply them first on dense smooth Dirichlet fields, then use continuity.
Every such variation preserves the two specified totals. Primitives correspond to s-densities here, so
integrable square-root singularities at physical endpoints do not impede the energy bounds.

The real reference bound already handles parts 1 and 2. For the sharp estimates in part 3, the
imaginary trial density and the relative determinant must both be realized inside the original particle
integral. The following deformation does this while leaving its integer dimensions unchanged.

Lemma 5.2 (Particle contour deformation). Under the hypotheses of part 3 of Proposition 5.1,
choose the core projection P of (34), with S = PX, R = S+, and Schur complement T,. For every
prescribed fized tail exponent, a sufficiently large fized D gives an exact contour deformation of the
reference integral. On ||Q|—2.4 < LP, its compensated cost is Co(Q + a(Q)) — ho(Q, Q)/2 + o(1),
where
Q+a(Q)=iZ0+ Qr + Ts_s}/QQs — T5aPu, — T5aTsrQR.

The extra Jacobian, after the one-coordinate reference-density cancellation, has modulus (1 +
o(1))|det Tss| Y2, The full cost ReCo(Q + a(Q)) has Hessian I on S and ReT. on R, and
its infimum is at least m,. The complementary contribution is smaller than the prescribed stretched
exponential.

Proof. We first construct an affine path of smooth fields with a positive real Hessian. We then
implement this path by particle displacements, compute the compensated cost and the remaining
Jacobian, and estimate the region where a cutoff switches off the deformation.

The affine path and its real cost. Choose P, S, R, T, as in (34),(35) with £ sufficiently small (here
R = S%). After reducing 6. > 0, all core basis and shift functions are supported in |s| < (1 — §.)L.
The frozen affine shifts @ — Q + a(Q) along the successive stages are:

1. Add itZy, 0 <7< 1.

2. Keeping 1Zy added, replace Qs = PQ by Qg — T(Ts_slPuz + BsQR), where By = T§51TSR here
denotes a block map, Qr = (I — P)Q.

3. In the fully shifted coordinates of stage 2 replace the free input QJg of that expression by
D,Qg, with
Dy = ((1=7)I +7Tss) "'/,

Thus the output primitive in the last stage equals iZyg + Qr + D, Qg — T§5}Puz — B;Qpr. Use a
single smooth path parameter in [0, 1] by flattening at stage boundaries. Matrix functions and
their required derivatives here have polynomial norms by (32). For instance the symmetric inverse
square root is given by the positive-resolvent integral w1 [° y 2yl + (1 — 7)) + 1Tss) " dy,
using accretivity (its identity follows from the scalar formula and derivatives on Jordan blocks). All
nontrivial input uses of ) in a are through smooth dual tests with polynomial bounds.
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The real Hessian of the full cost Re Cp(Q + a(Q)) has an inverse-polynomial gap throughout this
path. To check this without treating complex changes as real orthogonal maps, write Ag = Tgg,
Cgs = Tsgr, and By = AglC’g. The linear part of stage 2 sends (s,r) to (s — 7Bsr, 7). Direct
expansion of the complex bilinear quadratic form gives

T[(s — 7Bgr,1), (s — TByr,7)] = T[(s, (1 — 7)7), (s, (1 — 7)r)] + (27 — 72)T[r, 7).

For real s,r, both terms have positive real part, and the coefficients on r add to one. Stage 1
leaves the Hessian unchanged. At stage 3 it is block diagonal, with blocks T, and AgH_ !, where
H, = (1—-7)] +7Ag. The identity

H*Re(AsH - Y)H, = (1 —7)Re Ag + TA5Ag

and the polynomial norms and inverse norms of these matrices give the required gap. Here D,
commutes with Ag and is symmetric, so Dt AgD, = AgH L.

All residual kernels, linear dual tests, and their path derivatives have polynomial physical
derivative bounds, by the core-subspace construction. Their trace norms are polynomial as well,
since the change from T — I has polynomial norm and rank O(L). At the endpoint the Hessian
is I ® ReT.. For the infimum comparison, fix a real r. The stationary point of C,(s + r) in the
complex S-variable is s, = s1 + is9 = —Agl(Puz + Cgr). Completing the complex square at s,
yields

ReC.(s« + 1) =ReC,(s1 + 1)+ %hO(SQ, Re Agsa) > m,.

The remaining endpoint input contributes ||s||?/2. This proves the infimum claim even though the
final contour need not have the initial imaginary trial profile.

Realizing the path as an exact contour deformation. Choose a C*° function x : [0,00) —
[0, 1], equal to one on [0, 1] and zero on [4,00). If the flattened path just constructed is a,, use the
particle-dependent parameter

7(Q) = x(IQI22,.4/ L), a(Q) = ar)(Q),

and homotope from zero by replacing 7(Q) with ur(Q), 0 < u < 1. The empirical primitive, as
a function of a particle at s;, has first derivative —ds, and second derivative (5;1_. Both belong
continuously to the physical H~2 space: in the sine basis their squared norms are bounded
respectively by constant multiples of A=t 3, (14 (k/A)2)"2 and A~ 3", (k/A)?(14 (k/A)?)~2. Thus
the deformation is C? in the real particle variables, which is sufficient for Stokes’ theorem.

Move a particle of label o at s to

Ue(s:Q) = s+ An(5:Q), Au(s:Q) = —

For any fixed derivative order, on the support of this motion,
|0FA|oo < LEDHRe=0L,

Indeed a and its required derivatives are polynomial on ||Q| 2.4 < 2LP, and v, (s) > ce?%F in
its fixed core. This estimate concerns spatial differentiation at frozen Q.

For completeness, the exact change of contour is a change of an integration chain, not an assertion
that the map ¥ is holomorphic or globally injective. Partition every original real coordinate into a
slightly enlarged core interval and its complement, and fix the complementary coordinates. The
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factor A is independent of all active core coordinates. The remaining density times the coordinate
volume form is a holomorphic top form €2 in a neighborhood of the active intervals and their
images. Its reference part is a squared Vandermonde times the holomorphic one-body density, so
coincidences are zeros rather than poles. The regular exponent is holomorphic there by the core
regularity estimates of the preceding section. Hence df2 = 0. On a side face of the homotopy
prism, the corresponding coordinate lies at an interval endpoint and its displacement vanishes in a
neighborhood; its differential is zero on that face, so the pullback of {2 vanishes. Stokes’ theorem
therefore equates the two integrals. Apply this argument for almost every frozen configuration and
sum the finitely many partitions. The estimates below give absolute integrability; configurations
with coincident explicit particles may be omitted as null sets.

The compensated cost after displacement. The contour identity is exact. We now estimate its
pullback uniformly on ||Q||—2.4 < 2LP. Write X = X,,, ¥ =Id + A. Separate the fixed-field single-
coordinate Jacobians 1 4+ AL. The diagonal omission in the Vandermonde log change contributes
half the diagonal of

Hy(¥(s),¥(v)) — Ho(s,v)

per particle (kernels here in s, with appropriate labels). Its exponential cancels the transformed
2sin 0 ¢ ratio and these single-coordinate Jacobians exactly. The difference kernel is defined by
the log of the cos-difference ratio, with analytic branch near 1, and its required derivatives are
exponentially small with odd/even reflections as appropriate. Indeed near a moved diagonal use the
divided-difference bounds in the analytic core and small derivatives of A; off diagonal use the sine
separation bounds with displacements relative to #’. Thus the resulting base negative-log change is
half the difference kernel on X, X. Combining with ®; evaluated after movement and including
the phase in the cost, one obtains uniformly up to o(1)

Co(Q +a(Q)) = 3h0(Q, Q). (43)

This notation always means the compensated smooth expansion, not the two singular forms separately
on an empirical field.

We justify the error in (43) by a single scalar Taylor expansion, which avoids any dimension-
dependent multivariable remainder. Freeze @) and a, and replace A by zA. On the disk |z| < Ry =
exp(yd.L/4), all required spatial derivatives of zA remain exponentially small. Core analyticity
and the divided-difference estimates keep every logarithmic ratio in its branch near one, including
at coincident particle positions. After removing the unchanged explicit—explicit constant, the
logarithmic cost on this disk is bounded by L¢e?7%: every term is linear or quadratic in measures of
total variation O(e?”), with polynomially bounded kernels on the disk. Cauchy’s estimate bounds
the remainder after order K, at z =1, by

CLC exp([2y — (K + 1)76./4] L) .

Choose the fixed integer K so that K + 1 > 8/d..

Each retained coefficient is a polynomial in the components of the frozen displacement in the
real span of the core basis and Zy. It is therefore enough to compute it for real displacements
and extend the resulting polynomial identity to complex coefficients. For real displacements, the
pushforward of the smooth mean has coefficients

(=95)*

dk = k" (VUALAI;).
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Here d; = a/, while all fixed-order derivatives of di, k > 2, are exponentially small. The useful

cancellation is v, LA’; = —aUAlé_l; using the total variation of the mean alone would not prove
this assertion near the edge of the core. All these densities are supported in the core. For the
centered distribution ¢ = @', every positive-order push coefficient, tested against a smooth f, is
(g, AF f(®)) /K. Integration by parts and duality with ||Q||_2_4 make it exponentially small, with all
fixed test derivatives needed below.

These rules give the substitution g — g + a’ directly for the smooth kernel K and the smooth
linear term in ®,;. For the base-kernel difference, its g, ¢ term is exponentially small by the ratio-
kernel bounds and Sobolev duality in both variables. Terms containing means use Hy(Apds) = 0.
The one-mean coefficients reduce to a pushed ¢ paired with Hydy, and the two-mean coefficients pair
positive-order dg, d;. These identities first hold for real diffeomorphisms. Differentiation is legitimate
because the changed mean has smooth core density; local convolution with the diagonal logarithm
transfers derivatives to that density. It gives polynomial smooth norms for Hyd. Consequently the
base half-difference is

(g, Hod') + 1(a’, Hoa') + o(1).

Polynomial continuation of the finite jets, followed by the scalar remainder estimate, proves the
same identity for complex displacements. No pushforward density on the real line is asserted for a
complex contour.

Explicitly ®3/(q) is a constant plus its smooth linear test on ¢ plus (¢, Kq)/2. Hence replacing
q by q + d’ there (and subtracting the phase log) gives exactly (43) minus (q, Hoa') + (a’, Hod') /2,
without ever needing a bare self energy of ¢q. All the Taylor estimates are uniform even close to
particle coincidences: on the growing scalar disk the shifted cos-difference over the original one in a
same-label base ratio remains near 1, by the simultaneous divided difference (the same frozen shift
function is used on the two arguments and has tiny spatial derivatives). The huge constant from a
possible very close explicit-explicit pair never participates in these jets.

The Jacobian from the dependence on the configuration. The preceding cancellation
includes each single-coordinate Jacobian at fixed @). It remains to estimate the part arising from
the dependence of a on the whole configuration. On the full-shift region write

,
DQCLZZ@[,@(%, r=dimS = O(L),
b=1
where ¢, are smooth physical dual tests, and put J; = 1 + 0sA4,(si; Q). The sign J5,Q = —ds,
cancels the minus sign in A = —a/(vAr). The matrix determinant lemma gives exactly, after
factoring []; J;, the reduced determinant

[ox} S’i € ,70'1' Si
det(1+V), Vi = 3 Pmiate)

For the summand test g = ¢pey /(JvAL), centered quadrature is quantified by

19/ ll > < LEe™°F.

> 9ls) = vo [ Argds| = (@o )] < Q024

1:0;=0

The support of ey is inside the core, so all norms on the right have the required exponential factor.
Replacing J by one in the mean term has the same error. Thus Vi = [ ¢pey ds + O(LCe~°F), with
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the labels summed. On S, the derivative of the endpoint affine map is D1; hence I +V = D + Ey,
|Er|| < L€e~¢E. Since || D] is polynomial,

|logdet(I + Dy EL)| < 2r||Dy P EL| = o(1).

|71/2

The principal matrix square root satisfies |det D;| = | det Tsg , giving the asserted modulus.

The transition region and the outer tail. In the transition region, differentiation of the cutoff
adds a single rank-one term with output 0ra, € S + CZy. The total rank is at most » + 1. The
cutoff differentials on point deltas have polynomial bounds on this region, and every entry of the
reduced matrix is at most e“PL, even if bounded without centering. Hadamard’s inequality therefore
bounds its modulus by exp(Op(L?)). This estimate uses the reduced matrix of size O(L), never the
exponentially large particle matrix. Outside the cutoff region the extra determinant is one.
Finally fix a path parameter 7. Its compensated real cost has inverse-polynomial gap and
polynomial linear and trace-norm bounds, with constant bounded below by minus a polynomial.
These bounds are independent of the cutoff exponent D. Choose E once so large that subtracting
L= F ||QH2_2 4 breserves half the gap. Lemma 4.4 and the elementary inequality 1y g|srpy <

exp(L~E|| Q> — L*P~F) yield
EO[1{||QH72,A>LD}€_VT(Q)] < eXp(—L2D_E —I—LEl),

with Fp fixed independently of D. For example, the negative log sum is at most a polynomial
because —log A < g~(1 — A) on [g, 1], while the trace norm and inverse gap are polynomial.

The parameter in the transition region depends on @, so a fixed-parameter estimate alone is
insufficient. On ||Q||_2,4 < 2LP, the physical kernel bounds give |0, V;(Q)| < LE¢*2P | after factoring
out any unchanged explicit-pair constant. A parameter grid of mesh L~=¢~2P~1 approximates every
such cost within one. Bound its exponential by e times the sum over grid costs and apply the
preceding tail estimate at every grid point. The additional logarithmic cost is only Op(log L). The
undeformed outer tail already has fixed parameter zero. Combining this estimate with the transition
Jacobian bound and bounded reference masses gives

exp{—L*P~F 4 LF' + Op(L?)}.

Increasing D makes this smaller than any prescribed exp(—L*2). The factor A, which depends only
on fixed coordinates, remains in [0, 1] in all these absolute estimates. O

Proof of Proposition 5.1. For the estimates without a shift, take absolute values, use 0 < A < 1,
and apply Lemma 4.4 with F' = ReT and infimum mg. The negative log sum is O(L) by (32) and
the trace bound; the reference masses are bounded above. The real trial estimate and (29), with
(27), prove the first two assertions.

On the full-shift range use the sharp version of (39), (35), and the infimum comparison to m..
Including the full Jacobian and both J,, (wg) gives the log bound there

—m + (77/8)L — vL/2 + 0¢(L) + o(L)

by (33). Taking ¢ small, then applying the deterministic lower bounds on m,, and the separate
negligible bad-region estimate (choose its power after the polynomial restrictions), proves (41) and
(42). O
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6 Continuing the imbalance sum

The number of reference particles must next be varied with M. There is no integral of noninteger
dimension to which Cauchy’s theorem could be applied directly. We construct a holomorphic
approximation from polynomial moments of the integer-dimensional integrals. The construction has
two outputs: arbitrarily small absolute error on the integer grid, and a coarse growth bound on a
complex dimension polydisk. The grid-transfer lemma at the end of the section uses both outputs
to carry the sharp integer-dimension estimates to the complex dimensions needed for the imbalance
contour shift.

Proposition 6.1 (Interpolation of the reference dimension). Fiz polynomial bounds on ne, e, |M]|.
For every fized b > 0 there is a jointly holomorphic function F(v, M), with v = (v4,v_) € C?, on a
neighborhood of the indicated M -disk and the polydisk |vy — m| < \/m, such that

|F(v, M)| < exp(L°), |F(v, M) — F,(M)| < e forve 72, in the polydisk.  (44)

Here C' is fized after the truncation bounds and b are fized. The bounds are uniform in the real explicit-
particle positions on their labeled lines. The integrals include their reference masses J,,, (wo)J,_(wo),
but no external phase factor.

The next three subsections prepare the proof of Proposition 6.1: polynomial approximation, a
finite endpoint-subset expansion, and continuation of the retained factorial moments. The proof is
assembled after these constructions.

6.1 Polynomial approximation under the integer laws

We first make all errors that will be estimated under a positive integer-dimensional probability law.
In @)/, truncate the physical sine expansions of the linear dual test and of the primitive kernel
J . The degrees can be polynomial in L, with error e~ L™ in any prescribed fixed smooth norm.
Indeed a Gevrey bound A*(k!)” and k integrations by parts bound the n-th Fourier coefficient by
CAF(K!)Pn~*; optimizing k gives C exp[—c(n/A)'/F]. The Gevrey scale here is polynomial in L.
Fixed Fourier cutoffs preserve holomorphy in M.

The total variation of each particle or mean measure is 0(67L ), so the exponent error is bounded
by e~ LP0+O(L) uniformly on configurations. Independently of this Fourier cutoff, Lemma 4.4 bounds
the absolute expectation of the original exponential by exp(L°), using the gap, polynomial norm
of the linear term, and polynomial lower bound on the real constant. Since |e™* — 1| < |z|el?l,
choosing By larger than the required precision and Cy makes the error in expectation negligible.
Multiplication by A € [0, 1] does not alter this bound. Thus this first precision choice precedes all
moment constructions.

Orthogonalize the Riesz vectors of the retained physical sine tests. The subspace and its real
orthogonalization are independent of M,v. Let Y € R? be the vector of resulting tests on Q. The
truncated exponential is

g(Y) = eXp(—Cl — 'Y — %YtDY), I +ReD »~ 5], § = L—m’

with D complex symmetric, d, | D||, ||I]| polynomial, and Rec; > —L. Operator-norm convergence
of the truncated kernel preserves this gap. Each coordinate of Y is a centered sum of a physical
cosine polynomial f(s), with polynomial degree and coefficients. The inverse-polynomial Gram
bound established in Lemma 4.4 justifies this last assertion after orthogonalization.
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Lemma 6.2 (Weighted polynomial approximation). For the preceding Gaussian exponential, choose
a=1-—4§/2. Given any fixed precision exponent, there is a polynomial P(Y') of polynomial total
degree K1 such that

sup e~ 2|g(y) — P(y)| < e 27

y€Rd
Its coefficients are holomorphic in M and bounded by an exponential of a fixed polynomial. The
degree and coefficient bounds are fized before any endpoint expansion.

Proof. Use the Gaussian probability measure dj, = (a/7)% 2e_“|y|2dy, and its orthonormal Hermite
polynomials defined by

V2azty—ztz/2 _ 2
€ ;Ha(y)\/a'

Gaussian integration proves orthogonality. For completeness, polynomials are dense: an orthogonal
complement would have an entire Gaussian-weighted Laplace transform with every derivative at
zero equal to zero; Fourier uniqueness then makes the complement zero. The integrability needed
here follows from Gaussian decay.

Let ¢q = [ gHy dpg. Completing the square gives

Za
Co—— = e det(I + D/(2a)) /2
Xa: NG ( /(2a))
x exp{ 31*(2al + D)~ — v/2az*(2al + D)1 — §2*D(2al + D) 'z }.

The square root is the analytic branch specified by the Gaussian integral. Accretivity ensures its
existence and polynomial inverse norms. Set B = D(2al + D)~!. The identity

(2al + D)*(2al + D) — D*D = 4a(al + Re D) = 2ad1

shows ||B|| < 1 — L=C. The other factors in the generating function have size at most exp(L%).
Therefore, for some r = 1 + L~ > 1, integrating the squared generating function at rz against

—d —|22 .

741" dz on C¢ gives .
Zr2‘°‘||ca\2 <el”.
(0%

This follows from monomial orthogonality; convergence follows from r?||B| < 1, with inverse-
polynomial margin.
The Hermite generating identity also gives Mehler’s diagonal formula [17, equation 18.18.28]

2at
S ol H ()2 = (1 — £2)~ 2 exp(ljtw) C0<t<l.

[0}

One direct derivation writes each one-variable unnormalized Hermite polynomial as the moment
of 2ay + iG, for a standard real Gaussian G, and integrates the summed exponential for two
independent copies. Taking t = 7~! bounds the right side by (1 — r_Q)_d/ 2alyl® Cauchy—Schwarz
now bounds the Hermite tail above degree K, after multiplying by e*“|y‘2/2, by el r=K/2_ The
prefactor includes the polynomial-dimensional Mehler factor. A polynomially large K = K attains
any specified By. Completeness and local uniform convergence identify the series with g. Expanding
the retained Hermite polynomials in monomials gives the asserted coefficient bound, since the
dimension and degree are polynomial. The Gaussian coefficient integrals, uniformly dominated on
compact M-sets, prove holomorphy. ]
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Gaussian linearization and (37) imply
Eoeam?/z < eCL(l . a)fd/Z.

Consequently the weighted error in Lemma 6.2 gives an error in expectation smaller than e L by
fixing By after d,rg. From this point onward K; and all polynomial coefficient bounds are fixed.
We next replace each constituent f(s(t)) by

F(s(8) = gp(cost) +ep(t) +r5(),  deggy <dy=[m/L], e <e 7,

where ey is polynomially bounded and supported on min(¢,7 —t) < LP2 /m. Choose D first so
that Kidy = o(m), with ample fixed margin, then choose By after the degree and coefficient bounds
of P, and finally choose Dg. To obtain this decomposition, multiply f(s(¢)) by an even-reflected
Gevrey mask which is zero up to distance LP#/(2m) from an endpoint and one beyond LPZ /m.
The omitted part is e;. Outside the omitted region, integration of Az (s) < e ¥l places s(t) at a
growing distance from the folded endpoint buffer. There " =< min(¢,w — ), with relatively bounded
analytic derivatives on fixed small s-disks. The analytic inverse theorem therefore extends s(t) to a
disk of radius ¢min(¢, 7 — t), with bounded displacement. Shrinking this radius by a polynomial to
handle the physical sine bandwidth gives masked derivative bounds

LE(C'm/LPP= ) (k)

with fixed Co, P' independent of sufficiently large Dg. The resulting cosine Fourier tail above dg is
at most a polynomial times eO@L) exp[—cL(DE*CTDl)/ P ']. Increasing Dg proves the required sup
error. Both the real sup norm of gy and its individual cosine coefficients are polynomially bounded.

Keep the original centering constants of Y. The uncentered sums of all retained tests and edge

functions have magnitude at most e““L¢. A polynomial of total degree K, with the coefficient
bounds already fixed, has derivative at most eLC, on this range. The total perturbation of its
arguments is at most eCL=L"2  Thus the mean-value formula bounds the error in P uniformly by
eLC/JFCL*LBQ, which was made negligible when choosing Bs. This estimate is completed before any
subset of endpoint particles is introduced.

6.2 A finite endpoint-subset expansion

Set x = cost. For each label the normalized reference law is the Legendre projection process for
Lebesgue measure on [—1,1]. Let Ef, be the two endpoint intervals corresponding to min(¢t, 7 —t) <
LP# /m; their total length is O(L*P# /m?). Enlarge Dg, if necessary, so that every factor of A
differs from one only on Ey. This is possible because those factors require physical distance bounded
from a wall. They are bounded in [0, 1] and independent of M, v.

Let S; denote the vector of global sums of the polynomials g¢(z), and let B be the actual labeled
endpoint-particle set. At fixed S7 and centerings, define H(D), for D C B, by using only points of
D in the edge sums and in the product of endpoint factors of A. Define

(B =Y (-1)F-Plg(D).
DCB'’

Méobius inversion on subsets gives the exact identity H(B) = > p/cp I(B'): the coefficient of H(D)

in the sum is (1 — 1)/P\Pl. Bach I(B’) is a polynomial in S of total degree at most K. Uniformly
on integer configurations,

11(B)] < 2/B1eL.
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The exponent here is independent of |B’|, since every possible subset contains at most O(m) points
and the polynomial degree has already been fixed.

For the normalized Legendre polynomials p; = \/(2i + 1)/2 P;, one has |P;(x)| <1 on the real
interval. A direct verification uses

Pi(x) = 1 /7r (z+1ivV1—a? cosqﬁ)idqﬁ.
0

™

Summing the geometric series proves its generating function (1 — 2xz + 22)*1/ 2 hence its equality
with the polynomials from the Legendre recurrence. The integrand has modulus at most one.
Therefore II,,(z,z) = 3., pi(z)* < n?/2. The factorial densities are minors of this positive kernel;
the Gram determinant bound gives, for the total endpoint count Ng of both labels,

Ng BE _ 2D
EO(]C)SIC" ﬂL_CL e

For two labels this follows either from the direct-sum kernel or by summing the binomial convolution
of their separate bounds. Thus truncating the subset expansion at |B’| < K, has error at most

eLcé Z (2ﬁL)k .

|
k>Ke k!

If K.+ 1> 4efy, this tail is at most 2¢L (2e8L/(K. + 1)Kt Choose the polynomial K, large
enough to attain the desired precision. Crucially, this does not increase Ki: the endpoint subset
size and the global polynomial degree are separate orders.

6.3 Continuation of the retained factorial moments

The determinant formulas here are the standard consequences of Andréief’s identity for an orthogonal-
polynomial ensemble [22, equations (1.3), (3.1), and Section 5]. We give the expansion because the
subsequent continuation uses its precise finite degrees.

We describe one label, with integer dimension n, later continued to v. Introduce formal source
variables t = (;), and G(z) = >, t;g;(z), where the g; are the global polynomial tests. The order-k

factorial density, tilted by 22 G1) and without the divisor k!, is

Dy (t) det[Cr (2, Tp )] 0,1 <k,

where
D, = %et(ﬂneGHn), Cp = I, (11,11, |17, ) 110,

These identities are formal at t = 0, where the inverse exists. To prove them, insert an additional
factor [[;(1 4+ h(x;)) in the tilted expectation. Integration of the two polynomial evaluation
determinants gives the Gram determinant with weight e“ (1 + h). Factor out its value at h = 0, and
expand the remaining determinant in its minors. The coefficient of h(x1)---h(xy) is exactly the
formula above.

For a labeled endpoint set write

I(B)= Y ca(B;M,v)S3.
lo| <K
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The coefficients are holomorphic in M, v: they are obtained from P, centerings linear in v, and sums
or products of bounded real endpoint functions evaluated at the specified points. Their magnitudes
are at most eL”. For each split of |B'| = k into k4, k_, integrate these coefficients against 0f|¢—¢ of
the product of the two tilted factorial densities, and divide by ky!k_!. This is precisely the expected
subset sum. Only source degrees at most K are required, regardless of k < K.
In the polynomial-index basis, multiplication by x is the tridiagonal Jacobi matrix J, with
off-diagonal coefficients ‘
i
V(2i—1)(2i +1)

At source degree r, multiplication by e“ has bandwidth at most rdg. In

=@—i )2

a; =

log D,, = Tryp, log(I + I, (e% — 1)I1,,),

a closed index path of degree r has total displacement at most rd,. If its starting index lies farther
than rdy below n, it never meets the upper projection boundary; every inserted 11, can be removed.
The complete coefficient then equals that of loge® = G, and vanishes for 7 > 2. This argument is
an identity of formal series, including the cancellations among the finitely many logarithm terms.
All higher cumulants therefore involve only indices within 2K;d, + O(1) of n.

The kernel correction has the same property. Exactly, C,,II,, = II,, and (I —1I1,,)C,, = 0, so C,, —1I,,
has rows below n and columns at least n. Its degree-r inverse-series coefficient has bandwidth rd,,
forcing both indices within rdy of n. All these assertions concern polynomial kernels coefficient by
coefficient; pointwise evaluation at endpoints is legitimate.

Continue the required finite blocks by replacing a,; with

aysj = (4= +5)7)712

using the branch near 1/2, on |v — m| < em for a small fixed ¢. Choose a fixed offset block, for
example [j| < m/8, and let the projection test the sign of the offset. Our choice Kid, = o(m)
ensures that no retained coefficient reaches its artificial endpoints. The block differs in norm by
O(m~2) from the real constant tridiagonal matrix with entries 1/2. The latter has spectrum in
[—1,1]. On a contour at a sufficiently large constant times m~2 from this interval, a resolvent identity
bounds the continued resolvent by O(m?). For the Chebyshev polynomial T,(z) = cos(p arccos ),
the quadratic-root formula gives |Tp(2)| < Ce“P/™ on this contour. Expanding each g; in its cosine
coefficients and applying the resolvent formula thus bounds ||g;(J)| by e“ZLC. There are at most
exponentially many indices but only polynomially many factors in any retained term; all products,
traces, and formal coefficients therefore have bounds eE°. This resolvent estimate is essential
because an absolute enumeration of paths of length d, would give a much larger bound.

The degree-one trace T;(n) = Tr(II,g;11,,) requires a separate construction. Its forward difference
Tj(n + 1) = Tj(n) = (9j(J))nn is a near-index entry, hence has an analytic continuation h;(v)
on [v —m| < em with bound e“LLE. If hj(m + w) = Y50 hjpw?, Cauchy’s estimate gives
|hjp| < e“FLE(C/m)P. Let S, be the polynomial with S,(0) = 0 and S,(w + 1) — S,(w) = w?.
Define

~

P
Tj(m + w) = Tj(m) + Y hjpSy(w).
p=0

This agrees, at integer w, with summing the truncated forward differences in either direction from

zero. The generating function
tw _ 1

tP e
Zsp(w)a - et—l

p=>0
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and Cauchy’s estimate on a circle of radius comparable to (p +1)/(p + 1 + |w|) give |Sp(w)| <
[C(1+ |w|+ p)]PTL. For |w| < /m and any fixed polynomial P, the continued trace is consequently
bounded by e““L¢, uniformly in the chosen truncation power for sufficiently large L. Its integer-grid
error is at most e““LE\/m(C//m)"T1. Increasing the polynomial order gives any required e~ L7
precision.

The same construction continues the reference masses. The exact norm product gives

1
A?log J, (wp) = log<1 + o+ 1)(2n+3)> .

Keep the exact log J,, and AlogJ,, = O(m™!), Taylor-expand this analytic second difference at
m, and sum twice by polynomial antidifferences. Its Taylor coefficients are O(m=2)(C/m)P. The
polynomial twice-antidifference with values zero at w = 0,1 has generating function

et — 1 —w(et -1)

CENE

and bound [C(1 + |w| + p)]P*2. The resulting analytic logarithm stays O(L) on |w| < y/m. Integer

errors acquire at most a factor m when summed twice; after exponentiation they still attain arbitrary

e~ L7 accuracy. These uniform size bounds do not grow with the final polynomial Taylor order.
Endpoint evaluations are continued directly. The constant kernel is represented by Christoffel-

Darboux [17, equation 18.2.12]:

Hn(.%', y) _ anpn(x)pn—l@/x)' :zn_1(x)pn(y) 7

with the removable diagonal filled by its limit. For  near +1, continue a wavefunction with index

z=v+j by
X (z=D(z+1+1) fz—1\"

This is the Rodrigues expansion at integer z. For |j| < m/8, |[v—m| < \/m, and |z —1| < CL?P? /m?,
the terms with r < 4m are bounded by (CL”#)?" /(r!)?, apart from the square-root prefactor. For
r > 4m, the ratio of successive absolute majorants is at most C|x — 1| < 1/2. Thus the function is

bounded by eLC, also on slightly larger complex endpoint disks. Cauchy estimates give the same
type of bound for its first derivative, including the factor m? from the disk radius. This controls
same-endpoint diagonal quotients; opposite-endpoint denominators are bounded away from zero.

Near —1, use the value at —z and multiply by (—1)7, omitting any putative (—1)”. At integer n
this prescription gives ppj(z) = dy(2)pp+;(x), where dy,(z) = 1 near +1 and d,,(xz) = (—1)" near
—1. Consequently both the Christoffel-Darboux kernel (with its original 2z — y denominator) and
every retained correction kernel are changed by K(z,y) — d,(x)K(z,y)d,(y). For any endpoint set
their determinant is unchanged, because the row and column multipliers contribute ], dn,(z3)? = 1.
This proves agreement at integer dimensions even for configurations using both endpoints, while
providing a holomorphic continuation in v.

Proof of Proposition 6.1. Use the polynomial and endpoint-subset approximations just constructed.
In each retained subset integral, replace the higher cumulants and kernel corrections by their
continued near-index formulas, the constant kernel by the continued Christoffel-Darboux expression,
and the linear traces and masses by their polynomial-antidifference approximants. Reconstruct D,,
by formal exponentiation through source degree K7, and take the indicated source derivatives. The
two labels are combined by independence.
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Every expression before endpoint integration is holomorphic in v, M, with a uniform bound eLe.
Indeed source types, source orders, and determinant sizes are polynomial. Near-index blocks have
length O(m), so an expression with polynomially many index sums has at most exp(poly(L)) terms.
Permutation expansions, source coefficient extractions, and factorials of polynomial orders satisfy
the same bound. Coefficients ¢, include only the fixed polynomial P, centerings, and bounded
endpoint data. Integration over fixed real endpoint regions preserves these bounds and holomorphy
by dominated convergence (or Morera’s theorem). No analyticity of the endpoint factors themselves
as functions of their real positions is needed.

We record the order of the error choices to exclude a circular precision requirement. First fix
By using the original integer-law expectation bound. This fixes the dimension and gap in the
Gaussian approximation. Next fix By and Ki; then D1, By, D, in that order; finally choose K,
for the factorial tail. All errors to this point have already been bounded on the actual integer laws
by e_Lb, with a freely reserved margin. They are not passed through an analytic continuation
formula. The remaining formulas, through degree K7, are polynomial in the linear trace coefficients
and in the kernel entries. Their sensitivity to the final trace and normalization errors is at most
eLC*, for an exponent C, depending only on the choices already made. The preceding size bounds
for trace and mass approximants are independent of their final polynomial Taylor order. Choose
Bs > max(b,Cy) + 1, and the corresponding orders, last. The resulting errors are negligible after
this final amplification. Taking the initially reserved margins, for example replacing each requested

error by eszb, makes their finite sum at most e~L’ for large L. This proves both assertions in
(44). O

Lemma 6.3 (Transfer from the integer grid). Suppose M is in the fized polynomial box and
|F,(M)| < B at all integer grid points of vy —m| < /m, with B > ¢X" | ¥ < b. If v* —m has
polynomial size, then

[F(v*, M)| < Bexp(o(L)). (45)
The estimate is uniform under the stated bounds; in particular it applies to v* =m/(M).

Proof. Taylor-expand F' in its two dimension variables at (m,m). Its bound el on the radius-y/m
polydisk implies that a polynomial P of polynomial degree K approximates it on the half-radius
polydisk to an error o(B), by choosing K so that ¢~“27K = o(B). Put R = |/m/3], and let S
be the sup norm of P on the real square [m — R, m + R]?. The rescaled one-variable Chebyshev
expansion has coefficients at most twice its sup norm and ||T}[|;_; 1) < k*. Holding the other variable
real therefore bounds each partial derivative by CK3S/R. Comparing a maximizer with a nearest
integer point gives
S< max |P|+CK3S/R.

integer square
Since R is exponential and K polynomial, the second coefficient is o(1). Proposition 6.1 and b > ¥
then give S < (14 o(1))B.

The tensor Chebyshev coefficients are at most 45, and there are at most (K + 1)? of them. At
the target, each rescaled coordinate has magnitude poly(L)/R. Its complex inverse-cosine angle
differs from 7/2 by the same order, so every Chebyshev basis value up to degree K is bounded by
exp(CK poly(L)/R) = 1+ o(1). Thus |P(v*)| < C(K + 1)?B, which is Bexp(o(L)). The Taylor
error is negligible relative to B. O

For fixed explicit data, the prescribed totals m, (M) are affine in M. Under the retained polyno-
mial restrictions, m’(M) — m has polynomial size and lies in the dimension polydisk. Consequently

H(M) = F(m/(M), M)
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is holomorphic throughout the chosen polynomial M-disk. At every valid integer M in that disk, it
approximates the original integer-dimensional integral to the precision in (44). The grid-transfer
lemma supplies the sharper bounds on H away from those integer values; they do not follow from
the coarse holomorphic bound alone.

7 The cylinder exponent

We can now sum the contour sectors. The interpolation just proved is needed only during the
summation over imbalance: it gives a holomorphic function approximating the fixed-dimension
integrals to arbitrarily high exponential precision. After moving that sum, we restore the scalar
normalization and obtain the physical lower bound from positivity.

Take the balanced physical cylinder with N = 2m. Its row parameters are 2\ on the first group
and A on the second. Their multiplicative site values g2, ¢ become 1, ¢~! under the common rescaling
by ¢~2, which leaves the contraction unchanged. Thus the logarithmic sites used below are 0, —if3,
as in Section 2.

Define the scalar

I
(v/2)N Hi<j H.(a; — aj)2 7

Theorem 2.11 proves that Ay # 0 and log |[An| = (5/24)log N + o(log N). Dividing the exact
contour-sector identity by the same extracted site product expresses Gy as the sum and integral
over explicit configurations ¢ of a frozen prefactor times

St OME o (M). (47)
M

Ay =

Gn(n) = AnZN(2cosn). (46)

Only valid integer indices and dimensions occur. The explicit measures include their species factorials;
the prefactor is independent of M and has modulus at most exp(Cpne).

Proposition 7.1 (Summed contour bound). Locally uniformly in the strip |Ren| < =,
log |G ()| < 3yL/8 — 2L Re(n*)/(4x) + o(L) (48)

Proof. Fix |Ren| < ap < m, |Imn| < by. Choose the small parameters for (41),(42) as in (30),(31).
We first truncate the damped real sectors and replace their integrals by the holomorphic approxima-
tion. A rectangle summation formula then separates the integer sum into Fourier aliases, each of
which can be moved to the height selected by its trial bound.

Truncation and holomorphic replacement. First the untruncated real bound in part 1 of
Proposition 5.1 lets us restrict ne, fe < L3 and |[M| < T, with T a half-integer of a sufficiently large
fixed polynomial scale to be increased below. Indeed m’(M) on valid indices is O(m); summing the
reserved part of damping in M costs only O(\/f) A reserved exponential damping in £, makes
the summed explicit factorial measures, even with the per-particle factors, cost exp(Op (L)), just by
integration of each variable. Thus these tail errors after prefactors are, say, O(exp(—c;L?)). Under
the resulting restrictions all integers inside the M-cut are valid for large L; v = m/(M) lies within a
polynomial distance of m.

At each retained ¢ use (44) to replace the integral in (47) by H(M) = F(m/(M),M). The
precision power and domain power in (44) can be taken sufficiently large after all polynomial bounds
below; hence the summed error is negligible, even with the phase, prefactors and integration. For
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instance even the undamped truncated factorial measures with fixed per-particle factors cost at
most exp(poly(L)). For each bound (40)—(42) at a particular M below we can transfer it from
all independent integer v near m to H(M) by (45), losing only o(L) in the log. Here truncate j
polynomially when transferring (41),(42); in (40) just transfer for j = 0 and then insert any alias
phase exactly. Indeed the quantitative upper majorants used for |F,(M)| (after removing phases)
are bounded below by exp(—poly(L)) with powers fixed independently of the precision choice. All
such transfers are uniform.

The rectangle formula and alias shifts. Write f,(M) = /™M (M), and let Ry be the
counterclockwise rectangle with real endpoints 7" and imaginary heights +1. Since the residue of
(1 — e2mM)=1 at an integer is —1/(274), the exact summation formula is

_ [ _hOn
k€Z§<T f77<k) B /aRT 1 — e2mM dM.

At the half-integer vertical sides, the kernel has modulus at most one. On the two horizontal sides
its absolutely convergent expansions are

oM Im M =1,

1L _ )iz
1_627T’LM _Zezﬂ'z]M’ ImM: _1
Jj<0

Equation (40) bounds the alias tails by a geometric factor e=2™/, times an exponential of a fixed
polynomial from the explicit truncations. Thus it suffices to retain |j| < J = L 4 O(1), choosing
C'y sufficiently large. This choice can precede the final power of T the Gaussian damping in Re M
is integrable on the whole line, and even any later fixed polynomial interval length is absorbed by
67271-‘].

For each remaining alias, move its horizontal integration at fixed endpoints’ real parts to the
height v selected in (30) if U > Uy, or (31) if U < Uy. The choice depends only on alias, bias,
and explicit data, and has a polynomial bound independent of T'. The connecting verticals and
the original end integrals are all negligible by (40): there the loss ¢, T7%/L can dominate all other
powers, including possible growth from |jv|, by taking the power of T sufficiently large after C;.
These choices only require a fixed polynomial box in (44); the precision there is now chosen as just
described. All movements of H times its phases are thus within its holomorphy domain.

Summing the shifted bounds. On the shifted lines (41),(42) apply, up to o(L) by the transfer.
In the large-U case integrate the bound (41) using exponential f.-damping and factorials, and
absorb its Oy (L) costs by taking Uy sufficiently large (after § and h). In the bounded-U case the
bound (42) costs after prefactors and integration at most an additional Cj 0L + o(L) in the log, as
following (31). More explicitly this case is supported on explicit configurations with at most Cy, far
particles on |u| < (1 — 2§)L, no restriction needed for near outer particles other than being exterior.
Thus this same integrated bound works for each alias and there are only polynomially many; likewise
horizontal length costs at most polynomially. This pointwise split does not require any contour
movement of explicit variables. All constants allow § small after €, h, then Uy arbitrarily large fixed,
little-oh errors then for these fixed choices. Sending the small errors to zero proves (48). O

Proof of Theorem 1.1. By (46), the physical exponent is the contour numerator exponent minus the
scalar exponent. The deformation determinant contributes 7/8, the two reference masses contribute
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—1/2, and the scalar normalization contributes —5/24, all as coefficients of log N. Thus the leading

constants are
7 1 5 1 1 2

8 2 24 6 29w 32
since v = 4/3 and x = (37/4)%. Thus Proposition 7.1 gives, locally uniformly in |Ren| < =,
_ log|Zn(2cosn)| 1 2

log N <H(n) +o(1),  Hn) = — 75 Re(r).

un(n) :

Propagation from the empty-configuration value. The function H is harmonic. Since Zy has
nonnegative coefficients and Zy(0) = 1, the interior point n = 7/2 satisfies un(7/2) = H(mw/2) = 0.
We show that every fixed disk inside the strip contains points ny with uy(nny) > H(ny) — o(1).

Join the anchor to the disk by a compact path in the strip and choose a connected neighborhood
with positive clearance from its boundary. The locally uniform upper bound permits a constant
en 4 0 such that vy = H + ey — uy > 0 on this neighborhood. It is superharmonic and locally
integrable; zeros of Zy(2cosn) give only logarithmic singularities, and the anchor ensures this
holomorphic function is not identically zero. At the anchor, vy = ey.

Choose a finite chain of disks of radius r, with successive centers at distance at most r, leading
into the target disk. Take r small enough that, from any point in one disk, the radius-3r disk stays
in the chosen neighborhood and covers the next disk. The area mean inequality for a nonnegative
superharmonic function implies that if vy (2) < ay at the chosen point, then its integral over the
next radius-r disk is at most 97r2ay. Some point there therefore has value at most 9ay. Starting
at the anchor and iterating the fixed finite chain yields vy (ny) < 9%en = o(1) in the target.

Comparison with positive real fugacities. The disk argument supplies a near-saturating point,
not a pointwise lower bound throughout the disk. Positivity of the physical polynomial converts
this into the desired lower bound at a positive fugacity. For y = 2, take target disks about small
positive real values of 7, sufficiently narrow that |2 cosn| < 2 throughout. Positivity of coefficients
gives Zn(2) > |Zn(2cosny)|. Thus the lower limit of log Zxn(2)/log N is at least the infimum of H
on each such disk. Letting these disks approach zero gives 1/6; the upper bound at zero matches it.

If 0 < x < 2, put 1, = arccos(x/2). Choose real disk centers decreasing to 7, from above, and
radii sufficiently small that |2 cosn| < x throughout. The same positivity argument gives the lower
exponent (1, ), matching the upper bound there. If x > 2, use 1, = iarcosh(x/2) and disk centers
approaching it along the imaginary axis from smaller imaginary parts. Again their radii can be
chosen so that |2cosn| < x. This proves the remaining formula. The argument obtains a lower
bound from the polynomial’s positivity and the interior anchor; it requires no lower estimate on a
single complex contour sector. O

8 A uniform bound for the number of separating polygons

The fixed-fugacity cylinder asymptotic determines the nesting exponent. A different consequence of
the same finite sector identity controls the number of separating polygons, including counts that
grow with the width. For that purpose the fugacity must be allowed to grow without a fixed upper
bound. The real, untruncated sector estimate provides this uniformity directly.

Use the physical balanced two-marker cylinder with even width N = 2m, band parameters 2\
on the first half and X on the second, and A = 7/8. For each integer a > 0, let wy(a) be the critical
mass of families of exactly a pairwise vertex-disjoint polygons, each separating the two markers.
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The weight of a family is [[p plPl with p = (2 + \/i)_l/2 per polygon vertex. In particular the
factor two for a polygon is not included in wy(a). The physical partition is

Zn(x) =Y wn(a)x?,  wn(a) >0,  wn(0)=1. (49)
a>0

This is the separating-loop contraction defined in Section 2. At fixed N it is a polynomial with finite
coefficients; a cut between the two markers bounds the number of disjoint separating polygons.

Theorem 8.1 (Uniform fugacity bound). There are constants C < oo and Ny such that, for every
even N > Ny and every real v > 0,

Zn(2coshv) < exp(Clog N (14 v?)). (50)
The constants are independent of v.

Proof. Set L = (log N)/~, where v = 4/3, and fix the smoothing parameter used in the real-sector
bound. It is fixed independently of N and v. We use the exact sector identity (47) at n = v, retaining
all valid integer sectors and dimensions. The imbalance M remains a real integer throughout this
proof. Thus v = Imn, whereas Im M = 0.
Use the normalization (46),
Gn(n) = ANZN(2cosn).

The scalar Ay is nonzero and independent of . We first bound Gy (iv), and then divide by |Ay|.

Recall the quantities in that identity. The explicit configuration ¢ consists of exterior main
particles and all far particles; n. counts its integration variables, with a fused double counted as
one variable, and

le=> (|Rez|—L)4.

z€C
The interior dimensions m/ (M) are nonnegative integers at most N. Each explicit species retains
its factorial divisor; its elementary multiplicity is one for a singleton and two for a fused double.
The frozen prefactor has modulus at most exp(Cpne). It is independent of n and M.
At n =0, part 1 of Proposition 5.1 gives

M? 2
| By ay(M)] < exp (chL + Chne — o (;” + 6)) . (51)

Its dimension range 0 < m/ < Ce?* includes every valid sector because e?” = N. In particular, (51)
requires no polynomial restriction on M, n., or £.. That assertion uses the coarse real reference-
source inequality and compensated quadratic integration; the later sharp source estimate and
interpolation of dimensions are not needed here.

The phase of the exact sector identity is exp(i(n+m f) M), where the far-particle integer f is fixed
by ¢. Replacing n = 0 by iv therefore multiplies its modulus by e M < evIM |, Every other factor
in (51) is unchanged. Combining the prefactor and this estimate bounds the divided numerator by

CnlL Z o—cn M2/ L[ M| Z/ Chne—cnle

MEeZ ¢

We have discarded the nonpositive n? term and relaxed the valid-count constraints, which only
enlarges the positive majorant. All integrals in the last sum retain their species factorials.
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Here is the explicit-configuration estimate. For a far species its real parameter ranges over R,
and

/ e—crlWl=L)+ gy — 2, + 2/cp.
R

For an exterior main species it ranges over |u| > L, giving 2/cj. Fixed contour-measure and activity
constants can be absorbed into . For each of the finitely many species, with parameter domain
Dy, the factorial sum is at most

!
o0 eC’hn

S ( / e—ch<|u—L>+du>"SeCi{(LH)_
n! Dy

n=0

Taking the product gives e“»Z, for L > 1. The elementary multiplicity two of a fused double affects
the admissibility constraint already dropped; it does not remove its factorial divisor or introduce a
second integration variable.

Only the imbalance sum remains. Young’s inequality gives

cnM?  Lov?
+ Y
2L 2¢y,

—cp,M?/L 4+ v|M| < —

SO
— 2 2
Z e cpM*/L+v|M)| < Crh\/ZechLv )
MeZ

Absorbing VL into e“hL proves |Gy (iv)| < e“rL1+v*) for the divided numerator Gy in (47),
uniformly for all v > 0.

Finally divide by the n-independent denominator Apy. The balanced denominator theorem,
Theorem 2.11, gives log|Ay| = (5/24) log N + o(log N). In particular it is nonzero and |Ay|~! <
eC1o8 N for all sufficiently large even N. This bound is independent of v. The physical value
Zn(2coshv) is nonnegative by (49). Dividing the numerator estimate and using L = (log N)/~v
proves (50). O

Corollary 8.2 (Tail in the polygon count). There are constants ¢,C > 0 such that for every
sufficiently large even N and every integer a > 0,

2

ca
< — .
wy(a) < exp (C log N logN> (52)

Proof. For every v > 0, positivity in (49) gives
wy(a)(2coshv)® < Zn(2coshwv).
Since log(2 coshv) > v, Theorem 8.1 yields
wy(a) < exp(C’log N(1+v?) — cw) :

Take v = a/(2C'log N). The exponent becomes C'log N — a?/(4C'log N), as required. This includes
a = 0; indices beyond the polynomial degree have zero mass. O
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9 Winding pressure and essential polygons

Throughout the pressure and nesting arguments, except during the explicitly indicated variation of
the loop fugacity, put

1

ke

A geometric honeycomb polygon has weight p/¥l, where |P| counts vertices. Polygons are unrooted
and unoriented; when translation classes are used, the translation group will always be specified.
The cylinder exponent concerns polygons separating two marked points. To obtain a nesting
law around one planar point, we must remove two kinds of polygon with a bounded multiplicative
cost: essential polygons that wind around the cylinder, and contractible polygons too large to fit
near either marker. We treat them separately. The first two derivatives of an annular pressure
control the total essential-polygon weight and its horizontal-span moment. Section 10 obtains the
planar diameter tail needed for contractible polygons from a separate open-strip pressure. Section 11
then compares the surviving configurations with two independent planar nests and derives the
strip-length estimates. The present section supplies the essential-polygon removal bound.

T T T 4
A= — =2\ = — =— ==
: B 1 =357 3

oo

9.1 The annular transfer and its interpolation data
Let N = 2m, and assign the additive site parameters
by = =bpy =A/2, b1 =+ =bam = —\/2.

The auxiliary argument zy = 3\/2 in the column of boxes R(z —b;) gives the physical box arguments
A and 2A, respectively. In the transfer considered here an essential closed curve receives fugacity y;,
whereas a contractible closed curve receives zero. This convention is specific to the winding pressure.

A state records a cyclic noncrossing partial matching together with a marked complementary
region, namely the region containing the past end of the cylinder. Equivalently, draw the matching
in a disk with a marked puncture and no strand ending at the puncture. There are finitely many
states: an ordinary cyclic noncrossing matching has finitely many regions in which to place the
puncture. This information determines composition. Indeed two realizations of the same state
decompose the disk into disks and one punctured disk; homeomorphisms of these pieces fixing their
boundary arcs identify their sewing rules and distinguish essential from contractible cycles.

Let T\ (z) carry the auxiliary slot around all sites, joining its final output to its initial input.
The local identities of the strip calculation apply, since every cycle internal to one of those identities
is contractible. At (x, z) = (0, z0), the empty-coordinate functional is invariant and the restriction
to vectors with zero empty coordinate has spectral radius less than one. To see the latter assertion
in the refined state space, a nonzero diagram with nonempty initial connectivity either closes a
killed loop or contains a path joining its two longitudinal cuts. The periodic-slab spanning estimate
in Lemma 2.5 therefore gives decay of its powers, exactly as for the unmarked connectivity space.
Consequently the eigenvalue 1 is simple and strictly dominant, with analytic continuation under
small changes of x and of the site parameters.

The matrices Ty (z) commute as z varies. Insert an invertible crossing between two auxiliary
lines, move it through the sites by the three-box identity, and cancel it at the other end; the resulting
diagram reverses the two columns. This proves commutation at generic parameters and hence as
a rational identity. The simple eigenspace at zg is therefore invariant under every T)(z). Denote
its eigenvalue by A(x;z), normalizing an eigenvector to have empty coordinate one. At y = 0, the
empty-coordinate rule gives A(0;z) = 1.
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Lemma 9.1 (Annular pinch and analytic data). The function A(x;z) is rational in €%, with
denominator dividing [[; Z(z — b;), where 2 is the local denominator in (2), and tends to 1 + x
at both ends of this multiplicative coordinate. At the balanced specialization it is invariant under
z+> 3\ — z. For u=b; and generic remaining sites,

: Alxsu+A), j=2,
AQGu+ JAA (G u) = { ( ) : (53)
1, j=3.
Set w = 2i(z — z9) and, with derivatives evaluated at x =0, define
fw) =0A(x;2),  ha(w) = HA(x;2),  g(w) = ha(w) — f(w)?, (54)

(Zv)(w) =v(w+1if) + v(w —if) — v(w).

Then Zf and £Lg vanish to orders 2m,m,m at 0,13, —i3, respectively. The functions f —1 and ho
are even rational functions of eV, vanish at both real infinities, and have poles only at the translates
of these three knots by im, modulo 27i, with the same respective order bounds.

Proof. The common eigenvector is independent of z. Computing the empty output of the transfer
on that vector proves the rationality and denominator bound. A shift z +— z + 7 inserts occupancy
signs that cancel around the closed auxiliary. At either imaginary infinity, A,U — 0, B — 1, and all
entries remain bounded. Only empty input reaches empty output; it contributes the empty diagram
and one essential auxiliary circle, with weights 1 and x. Reflection reverses the row order and
negates all b;; the balanced list is thereby preserved, and simplicity identifies the reflected eigenline
with the original one.

For the pinch, pass the two auxiliaries in order [u + jA,u|. At a host with z = u — by, their
crossing is

M, = Ri(z + jANRa(z),  (I®SHM, = R(SE® ).

At the marked host, z = 0 and My = (S; ® I)(S}®I). Close the paired auxiliary trace and move the
transpose splitter backwards through all other hosts. At the marked host the remaining contraction
is R
(I®8))(S;®I)=R|__,.

For completeness, this identity follows by multiplying on the right by S]t- ® I, using the transposed
splitting identity at « = 0, and cancelling that factor. Cancellation is valid because S} is surjective:
insert vacancy, or one through strand into a fixed output and divide by its nonzero coefficient. The
fused auxiliary is the one of argument v+ A for j = 2, and disappears for j = 3. These are identities
of annular diagrams, so they prove (53) with the essential-loop fugacity retained.

The first two derivatives of log A are f and g. Taking their derivatives in (53) makes . f and
Zg vanish at the points corresponding to both b; + A and b; + 2\. At generic sites the factors
giving these zeros are distinct. Analyticity of the normalized eigenvector near the balanced physical
sites, and regularity of the boxes at all the evaluation points, permit confluence. The two families
give the stated multiplicities. The two sine factors in each Z(z — b;) give the pole list. Since the
denominator is independent of x, taking two y-derivatives does not increase those orders. O

9.2 Uniform Hardy-space interpolation

The interpolation conditions just obtained will estimate the pressure at the physical point w = 0.
Their number grows with the cylinder width, so invertibility alone is insufficient: the inverse must
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remain bounded as the knots coalesce and their multiplicities grow. The following Hardy-space
realization separates that issue from the particular pressure derivatives.
We establish the analytic estimates with constants independent of V. Let H be the Hardy space

on |Imw| < h, where
heP T
2 2y
Its squared norm is the sum of the squared L?(dx) norms on the two boundary lines. With Fourier
convention 9(k) = [ e *y(z) de,

dk
ol = [ 2cosh(38K) B(R? 5 (55)

The reproducing kernel is a positive constant times sech(vy(w — 7)/2). One way to justify the
boundary description is to start with uniformly bounded L? norms on interior horizontal lines.
The Cauchy-Riemann equation gives their Fourier transforms as e "o (k) at height y, initially
in distributions on compact frequency intervals. Monotone convergence of the resulting weighted
integrals gives (55) and the two boundary traces.

The prescribed jets determine a finite Hardy model space. We use the strip form of the standard
model-space construction [20, Section 1], proving its repeated-zero formulation directly below. A jet
of order r at a point means the value and the first » — 1 derivatives there. Let Py be the orthogonal
projection onto their representing vectors for the three knots in Lemma 9.1, with orders 2m, m, m.
List their imaginary coordinates, with multiplicities, as 6, and put

ey _ ei'y@

_ _ -1 |
By(w) = 1;[ pep— Ay =~ "log (2@: 2cos(70)> =~ "log(3N). (56)
Each factor has modulus one on the boundary and at most one in the strip. Thus multiplication by
By is an isometry on H, and
(I - Py)H = ByH. (57)
Indeed division by the finite product cancels precisely the specified zeros, preserves boundary norms,
and leaves bounded interior L? norms. This also proves that the jet space has the asserted dimension.

For 0 < a < 1, define the Fourier multiplier

(2cosh(B(k + ia)) — 1) cosh(38k)
sin(m(a — ik)) '

We use the same symbol for the resulting bounded operator on H.

Da(k) =

(58)

Lemma 9.2 (Coercive jet interpolation). For every fized 0 < a < 1, the operators D, are bounded
and satisfy

ReDo(k) > ¢a >0 (k€R),  [[(PvDalpym) ™'l < gt (59)
Moreover, writing || - ||, for the sum of the two boundary LP norms, one has
1" (1 = Pl Lrmuw=y) < Cae™™,  p=2,4, [y <h+p. (60)
For fized 0 < a <1/2,
| Lf(s)| 4+ |Lg(s)| < Ca|Bn(s)|(1 4 XMW=y 5> 0. (61)

For Zf alone, 2a can be replaced by any fixed a € (0,1).

Proof. We first solve the jet equation in the Hilbert norm. We then obtain the fourth-norm estimate
needed for the quadratic term f2, and divide out the prescribed zeros to estimate the residual.
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The jet equation and coercivity. Partial fractions for the rational functions in Lemma 9.1
use derivatives of (1 + ew_w)_l, up to the specified pole orders, and a constant determined by the
limit at positive infinity. That constant vanishes for 1 — f and hs. The beta integral, followed by a

pole-free contour shift, gives

a—ik)x i0(a—ik)

el d e
——dr=———.
R 1+ ev— sinm(a — ik)
Differentiated terms contribute polynomials in k. Weighting by e®“ changes the shift multiplier to

2 cosh(B(k+ia)) — 1. Kernel jet vectors have transforms equal to polynomials times e*¢ / cosh(33k).
The knot multiset is symmetric, and consequently

e L(1—f)=Dyxn, xzn € PyvH, e Lhy € D, PyH. (62)

All contour shifts used here lie before the first poles of the rational functions.

To check coercivity, symmetry reduces the problem to k& > 0. The real part of 2 cosh(8(k+ia))—1
is positive. If a > 1/2, its imaginary part and that of sin7(a — ik) have the same sign, so the real
part of their quotient is positive. If a < 1/2, their imaginary parts have opposite signs, but

Im(2cosh(B(k +ia)) — 1) < 2sin(fa)
Re(2cosh(B(k +ia)) —1) — 2cos(fa) — 1

< tan(wa).

The last inequality follows, with = pa € (0,7/8), by multiplying positive denominators: the
difference of the cross-products is 2sin(3x) — sin(4z) > 0. This is sufficient since the absolute ratio
of the imaginary and real parts of the denominator is at most cot(wa). Finally

Da(—i—oo) _ ei(7r/2—3[3a)7 Da(—OO) _ e—i(fr/2—3,8a).

These limits have positive real part. Continuity proves the uniform lower bound and boundedness.
Compressing the real-part inequality to the finite-dimensional jet space proves the inverse bound.
The product defining By gives, throughout the closed strip,

|1 — By(w)| < Cmin{1, e 7Rew=A4n)} (63)

For large positive real part, sum the deviations of individual factors from one; for the remaining
points use |By| < 1. It follows by direct integration, for p = 2,4, that

1™ (1 = Bn)llop < Cac®™.
The jet conditions give the exact interpolation equation

PNDafle = PN[eaw<1 - BN)] (64)
Thus ||y g + [|[Dezn||g < Coue®n.
The product estimate. The second pressure derivative involves f2. We therefore need a fourth-
norm estimate in addition to the Hilbert-space bound just proved; it will control this product
without losing a power of N. Here are the additional bounds needed for products of analytic
functions. Embed H in the two-component boundary space, and let II be the orthogonal projection
onto its traces. In each Fourier fiber it projects onto (e™*, e*). Its diagonal entries differ from

the appropriate positive- or negative-frequency projections by bounded square-integrable symbols;
its off-diagonal entries decay exponentially. Such remainders map L? into L? N L™, hence into
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L*. The half-frequency projections are bounded on L*, the p = 4 case of the classical M. Riesz
conjugate-function boundedness theorem; for a real-line reference see [11, 12]. Only boundedness, not
a sharp norm, is used here. An elementary proof for real Schwartz data writes its positive-frequency
part as u + iv, with u half the original data. Fourier support gives [(u + iv)* = 0, whence

o=l fufe)"

The identity is justified first for frequency cutoffs, whose inverse transforms are bounded with
O(|z|~1) tails; density and complex linearity then prove the assertion. Therefore II is bounded from
boundary L? N L* to itself, with the sum norm.
On the full boundary space,
Py =11 — ByIIBy.

Boundary multiplication by By preserves every LP norm. Hence these projection bounds are uniform
in N. Moreover, the commutator of Py with any fixed constant diagonal matrix maps L? to L*
uniformly: only the off-diagonal entries of II occur in its commutator, and multiplication by By
commutes with the diagonal matrix.

Let Degge be the diagonal matrix whose two entries are the limiting values of D, in the dominant
frequency direction of the corresponding boundary trace. On H, D, — Deqge maps boundary L?
to L*. On each dominant half-axis this follows from exponential convergence of the symbol; on
the other half-axis the trace has exponential decay relative to the weighted norm (55). Since
ry = Pyxp, the preceding commutator estimate yields

PnDoxn = Dedgern + En, |ENo4 < Callzn]a-

The right side of (64) has boundary fourth norm at most C,e® N ; the diagonal entries of Degge are
nonzero. This proves the same fourth-norm bound on zx and on D,z y.

Invert the weighted shift multiplier in (62). To move a trace from height h to height h + 3, or
from —h to —h — 3, the multiplier is, up to a constant phase,

o Bk

2cosh(B(k +ia)) — 1

It has finite constant limits on the two half-axes and exponentially decreasing remainders, so
the preceding L? and L* argument applies. Interior lines follow by the two-boundary Fourier
representation. This proves (60).

The second derivative and the residual. Now fix a < 1/2, and write Y5 = €29 Lhy € Doy PnH.
Since .Zg has the prescribed jets,

PnYs = Py[e*(Z(f?) — Bw)]. (65)

If v =1—f, then Z(f?) = 1-22v+.%(v?). The second-norm bound at weight 2a, the fourth-norm
bound at weight a on the shifted lines, and (63) show that the interpolation input has H-norm at
most C,e2?4N . Coercivity gives this bound for Y5 as well.

Subtract the right interpolation input from each left input in (64) and (65). The differences lie
in By H. Division by By is isometric, and evaluation at a real point has uniformly bounded norm
in H. In the first equation the difference is e (By — £ f); in the second it is €2 (%g + By).
This proves (61) and its first-derivative variant. O
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9.3 The size and first spatial moment of winding pressure

We now turn the uniform interpolation estimate into two bounds at the physical point: the first
derivative has order N~1, and the second logarithmic derivative has absolute value O(N~1). Their
polygon interpretation will then bound the total essential weight and its first horizontal-span
moment.

We will use the inverse of .Z. Its convolution kernel on the real line is

_ 1 sinh(27s/(38)) B 1
pls) = Bv3  sinh(ms/B) p(k) = 2cosh(Bk) — 1’

where the quotient at zero is interpreted continuously. This is exactly the mean density o from
Section 3: it canceled the particle-site sources there, and here it inverts the shift operator .Z. The
Fourier identity follows by a residue computation, or by integrating after the substitution u = e°¥.
In particular

(66)

1
«(s) >0, / « =1, «(s <Ce*7‘3|, lim e"p.(s) = ——=.
ps(s) p px(s) < Jim eTp.(s) 53

Lemma 9.3 (Winding pressure bounds). There are constants 0 < ¢ < C' < oo such that, for all
sufficiently large even N,

(67)

c C

In fact €YAN £(0) has a finite strictly positive limit.

C
90)] < & (68)

Proof. The residual estimate already gives both upper bounds. The lower bound requires a separate
argument: after shifting to the edge Ay = v 11og(3N), we identify a limiting interpolation problem
and show that its contribution at the center is strictly positive.

Upper bounds at the center. On the positive real axis the product in (56) satisfies
|By(s)| < exp{—ce?™@N=3)} s >0. (69)

For an individual factor, subtract its squared modulus from one; on €7® > 1 the result is bounded
below by a positive constant times e~ 7*. Multiplying the factors proves (69). The functions f, g are
analytic on a neighborhood of the lines required for . and tend exponentially to constants at both
real infinities. Fourier inversion after subtracting those constants therefore gives

f=pxZf,  g=pxZyg.

By evenness, (61), and (67), their values at zero are bounded by a constant times

o
s —ceV(AN—5) 1 2a(An—s) ds < Ce VAN — g
/0 e (e Jds < Ce 3N

The last inequality follows on substituting u = ¢¥(*~¥~%); the remaining integral is bounded by
L[S e (1 + w7 du.
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The translated interpolation limit. For the lower bound, choose a = v/2 and p = a/y = 1/2.

Translate w = Ay +t in (64) and multiply its unknown and right side by e~@4~. Expansion of each
Blaschke factor, uniformly on compact subsets of the closed strip, gives
BN (AN +1t) — Boo(t) := exp(—e™ ). (70)

Indeed the sum of the first-order terms is e, by the definition of Ay, whereas the sum of their
squared errors is O(N~1) on compact sets. Both products have boundary modulus one. Their
multiplication operators and adjoints converge strongly by dominated convergence, so the boundary
projection formula gives strong convergence of the translated projections to

Py =1 —proj(BsH).

Also (63) supplies an integrable boundary majorant, proving strong convergence in H of the
translated input to e®(1 — Boo(t)).

For a projection P, extend its compression to PD,P + (I — P) on H. Its real part is bounded
below by min(c,, 1), as is the real part of its adjoint. It is thus invertible with uniformly bounded
inverse, including at P = P,,. Write the extended operators as Ay and their strong limit as A. The
identity Ayt — A~ = A (A— An)A~! shows strong convergence of their inverses. The normalized
unknowns consequently converge to x € Py, H satisfying

PooDoz = Poge™(1 — Boo(1))]. (71)
Bounded evaluation on the real line implies
LFAN + 1) — boo(t) := 1 — e~ (D,x)(t).

The first-derivative version of (61) dominates this expression by Ce—ce " (14+e~%). This is integrable
after multiplication by e~7*. Hence

lim YN (0

dm a0 = 05 [

Here the original convolution integrates over s > 0; after translating, its lower endpoint is — Ay,
and the same majorant justifies extending by zero and applying dominated convergence.

e Mhoo(t) dt. (72)

Strict positivity of the limiting moment. The upper estimates have not yet ruled out a zero
limit in (72). To prove strict positivity, we identify the limiting model space with a half-line space,
solve its compressed multiplier equation by one-sided factorization, and evaluate the remaining
weighted integral. Define

OWI)(t) = /]R exp<” =L ev—'ﬂ) 1(v) dv. (73)
It maps L?(dv) onto H, with
WIE) =y ' T(1/2 +i/MUEM), WG = 2,;T||l\|§-
These formulas follow by the substitution » = e*~" and |T'(1/2 + iu)|?> = 7/ cosh(mu); alternatively

the autocorrelation of the integral kernel is a constant times the reproducing kernel of H. Its
nonvanishing Fourier multiplier proves surjectivity.
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Writing 7 = e and y = e’ gives
=r / y ' 21(logy) dy.

The substitution is an isometry from L?(dv) to the data space L?(dy). Multiplication by By, = e™"
translates these data to the right by one, with zero extension. Thus P,, corresponds exactly to
restriction to v < 0. The operator D, corresponds to the multiplier D, (k) on the v-line; denote it
by D. At p=1/2,

e (1 — Boo) = W(eP"1,<p), e = W(eP?),
where the second formula is a convergent pointwise integral. Therefore | = W™z is supported on

v < 0 and
Dl=¢e" (v<0), eboo (t) = W(eP” — DI)(t). (74)

We solve this half-line equation by scalar Wiener—Hopf factorization [23]. Here the factors
can be constructed directly in the convolution algebra of a delta mass plus an integrable kernel.
At this value of a, the smooth coercive symbol D, (vk) tends to the same positive constant 1 at
both infinities, exponentially with all derivatives. The continuous logarithm tending to zero has a
Schwartz inverse Fourier transform ¢. Its conjugation symmetry makes g real. Split ¢ = g4 + q—
by support on the positive and negative half-lines and exponentiate each piece in the convolution
algebra of a delta mass plus L'. The absolutely convergent series give

D=K, +«K_,

where K4, and their convolution inverses, are supported on their respective half-lines. For s > 0,

dy(s) = /e*SUKJF(dv) = exp (/OOO e q(v) dv) >0

Since K_ [ is supported on v < 0, applying the positive-support inverse of K to (74) at v <0
gives

(K- +1)(v) = di.(p) '€ Loco.

Consequently the residual on the entire line is
— Dl =dy(p)” Ky * (" 1y50). (75)

The half-line identities use ordinary L? convolution on the left; on the right they are valid with
the displayed exponential weights. Total variation of the L' kernels justifies all exchanges below.
Integrating (73) against e~ (7Tt dt, then substituting eV~ yields

/ oo (1) dt = LB/2HP) / e~ (4P (70 _ DY) (v) do
R R

Y
I'(3/2 d
_IB/2+p)d(0+p) (76)
v d+(p)
Combining (72), (76), and ¥~ = 3N completes the proof. O

Proposition 9.4 (Suppression of essential polygons). On the balanced cylinder with period V =
iNV/3/2, let [¢] range over simple essential polygons modulo integer horizontal translations, and set
W) = pli. If d,(¢) is their horizontal span, then

S W) <N > W(b)dy(0) < C. (77)
€] [€]
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The total weight of essential polygons separating the two marked points in the balanced two-marker
geometry is bounded uniformly in N. At each fized nonnegative fugacity, deleting all these polygons
changes its partition function by at most a bounded multiplicative factor.

Proof. In a slab of M columns with vacant outer cuts, differentiate the logarithm of the loop
partition at y = 0. Its first derivative counts single essential polygons. Its second derivative is minus
the weight of ordered incompatible pairs, including a polygon paired with itself. After division by
M, strict spectral dominance gives convergence of the two derivatives to those of log A(x; zp): the
spectral projection has nonzero vacuum overlap, equal to one at zero fugacity, and the remaining
spectrum decays exponentially, locally uniformly in the analytic parameter. Combinatorially each
finite polygon or intersecting pair occupies a finite consecutive interval of columns; its number of
placements divided by M increases to one. Monotone convergence gives

F(0) =" W (o),
0
(78)

—9(0) = > WEOW() Y Lynwj)#e)-
oNa i€z

The physical tiles encode precisely the honeycomb polygons with their vertex weights, and on this
embedded trivalent graph intersection is precisely incompatibility.

Let T' be the triangular translation lattice modulo V. Its integer horizontal subgroup has
index N. Fix vertices P, @ of ¢ of the same bipartite type, with A, = z(Q) — z(P) > 0, and put
A =@ — P €T. For a translating vector a € T', let Ip(a) indicate that P lies strictly in the
right-hand component of the complement of ¢’ + a. Along each horizontal coset it is one on the
negative tail and zero on the positive tail. Moreover Ig(a) = Ip(a — A). The difference is finitely
supported, and

> _(q(a) — Ip(a)) = NA,.

acl’
For an integer horizontal A, this is ordinary telescoping in each of the N cosets. In general multiply
A by N, which is an integer horizontal translation modulo V', and telescope the sum of the N
translates of the original difference. If the indicators disagree, the path in ¢ from P to ) meets
¢’ + a; a point on its boundary also gives intersection. Thus at least NA, translating vectors give
an intersection. Choosing the vertices near the two horizontal extremes, and changing one to a
neighbor when necessary to match bipartite types, gives A, > d,.(¢) — C.

Average the inner intersection count in (78) over representatives of I'/Z. Translation by each
representative permutes the horizontal polygon classes and preserves their weights. The resulting
inequality is

F0) Y W () (do(£) = C) < —g(0).
[4]

Now apply Lemma 9.3; in particular —g(0) > 0 by (78). This proves (77).

Every separating essential polygon meets a fixed arc joining the two markers. That arc has
horizontal span O(N). A polygon class can therefore have at most CN +d,(¢) +C translates meeting
it. The two estimates in (77) bound their total weight. If this bound is C', summing all sets of removed
polygons without any compatibility restrictions costs at most 3 ,~q(xC)¥/k! = eXC. Positivity
provides the opposite inequality by retaining only configurations with no removed polygon. O
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10 Open-strip pressure and the planar polygon tail

Essential polygons are now controlled. For large contractible polygons we need a planar estimate,
and the next transfer counts all polygons inside a strip. Let [P] range over unoriented planar
polygons modulo all triangular-lattice translations. Index the triangular bands by integers and let
H(P) be the difference between the highest and lowest occupied band indices. Thus P occupies
H(P) + 1 bands between its extremes. The observable to be recovered from the derivative at zero
loop fugacity is

Qv =Y p"{(N — H(P)),.

[P]

The decisive precision is Qn = c1N + co + O(N~1): positivity and comparison at two widths
will convert that error into a N2 height tail. Here translation classes are taken modulo the full
triangular lattice; this differs from the horizontal classes in Proposition 9.4.

10.1 The variable-fugacity transfer and its boundary terms

We first derive the transfer identities, including the boundary terms created by varying the fugacity.

For the transfer construction, vary A near A\g = 7/8, and put n = —2cos(4\), d = sin(2X). Thus
n is a local analytic coordinate, since dn/d\ = 8 at A\g. A closed cycle now receives weight n. Define
the raw two-slot box r(y) by

ey = dsin(3\) +sinysin(3X —y), A, = dsin(3\ —y),
U, = dsiny, B, = sinysin(3X —y), (79)
E, =sin(2X — y)sin(3\ — y), F, =sin(y — A\)siny.

These are the dilute O(n) weights listed in [24, equation (1.2)], with the common factor sin(2\) sin(3\)

restored. They are, respectively, the coefficients of vacancy, a single vertical strand, a cup or cap
alone, a single diagonal strand, two vertical strands, and a cap together with a cup. Put

L, = sin(2\ 4+ y) sin(3X + ), R, =r(y)/Ly, Py=1r(y)/ey.

At Ao, ey = Ly, so both normalized boxes coincide with the original box. Use the same splitter
diagrams, now with cup coefficients g2 = (2cos \) ™!, g3 = 1, and with occupied-leg coefficient go for
So.
Lemma 10.1 (Local identities away from zero fugacity). With P= Py forj =2, and the identity
forj =3,

R,R_, =1, Pjy = 5;5;

3935

A AU, (80)

(Pe)2(Peijn)1(I @ 8)) = dj(2)(S; @ NP, dj(x) = 14 ng;" =,
€x+jA\Cx
The raw boxes also satisfy the three-box Yang—Baxter identity.
Proof. For unitarity, the one-occupancy sector is the two-by-two matrix with diagonal A and
off-diagonal B. Direct substitution in (79) gives its inverse after normalization by L,L_,. In the
even-occupancy sectors the required identities are
eye_y +nU,U_y=EFE = L,L_,,
e_yUy + (Ey +nFy)U_, =0,
E,)F ,+FE_y+nbyF ,+U,U_, =0.
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They prove RyR_, = I. The factorization at jA follows by substituting y = 2, 3.

We record the coefficient check for splitting to retain the terms arising from the nonzero cycle
weight. In the following tables, subscript 1 means argument x + j\, subscript 2 means argument x,
and every letter has been divided by the corresponding e. Unsubscripted letters belong to ﬁ; for
deletion take B = 1 and the other nonempty two-slot coefficients zero. Write ¢ = ¢; and k = ¢ for
7 =2, k=0 for j =3. Outputs are numbered 1,2, 3, with 1,2 the split slots; a parenthesized pair
denotes an additional cup. In the last block a parenthesized output pairs the two input strands,
whereas an unparenthesized pair denotes through strands. The coefficient equalities are

input | output two boxes fused value

00 %) dj dj
12 UyAs + qB1Bs dj

13 U1Bs + qB1As d]]{?U

23 Us +qA1(E2 —|—7‘LF2) dij

10 1 Aq +q(F1 +nE1)U2 djkA

2 B1As + qU1 By d]]{iA

3 B1Bsy + qU1 A ij

3, (12) qF1E2 dqu
1,(23) A1U2+q(E1E2+F1F2+nE1F2) 0

and, for j = 2,

(Bl + U1U2) dokB
(A1A2 + Bg) dokB
(AlBQ + Az) do A
1 3) k(BlUQ + U1F2> 0
3, (12) k‘UlEQ dQ(]A
11 %] /{?(Ul + Ble) doU
12 k(ElAQ + AlBg) 0

k
k
k

(12) k?FlAQ dgqU
13 k(ElBQ + A1A2) dokE
(13) kF1 B> dokF
23 kB1FE, dokE

(23) | k(U\Us 4+ B1F) | dokF

The terms proportional to n are exactly the closed cups in the contraction. These tables can be
verified without diagrammatic simplifications: put [s] = 7% — T7%, T = ", and p = z/\. At
argument x + [\, the normalized tuple (A, B,U, E, F) is

2IB=p=0, [p+UB-—p—1,2p+, B-—p-1l2-p—1], p+1-1]p+1])
28] +[p+1[B3—p—1]

Substitute go = [1]/[2], n = —(T*+T~*), and clear denominators. Multiplication gives the displayed
right columns, proving all occupancy sectors of (80).

For the three-box identity, specialize its second argument to y = jA, j = 2,3. Splitting,
transposition, and reflection reduce both sides to the same fused diagram with scalar d;(z). Unitarity
gives the further specializations y = j\ — z; y = 0 follows from Ry = I. After clearing scalar
denominators, each occupancy component has exponents between —4 and 4 in e, all of fixed parity.
The five values modulo 7 just listed therefore determine the polynomial at generic z, and rational
continuation proves the identity everywhere it is defined. O
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Let z; be host arguments near \/2, and use the notation

sin(3\/2 — z)

P )\— = —_ —
F=3A-z  mz) sin(3)\/2 + 2)’

K (a) = vacancy + acup.

The bar here denotes this affine reflection, not complex conjugation. Define an open transfer ¢(z)
on ordinary disk states by passing auxiliaries [z, z|, the rightmost crossing each host first, with
normalized box Pyuxiliary—host- Insert K (m(Z)) at the bottom and contract with K (m(z))* at the top.
Figure 2 records the auxiliary order and the boundary tensors. The caps are part of the transfer:
they contribute the two scalar factors when auxiliaries are fused.

_ K(m(2))*
z ] z
AL RIS
4
{ ] {1 TN
host lines [ ] { ] Tk
{1 (] T
N L
K(m(z))

Figure 2: The open transfer, drawn as an operator diagram rather than a physical embedding. The
ordered auxiliaries are [z, z|, so the rightmost line crosses each host first; each box has argument
auxiliary minus host. A dashed boundary arc denotes the tensor K (a) = vacancy + a cup, not a
compulsory occupied arc. At z = z = 3)\/2 both cup coefficients vanish, leaving the two physical
columns with vacant auxiliary boundaries.

Lemma 10.2 (Open transfer and its pinches). The matrices t(z) commute and are invariant under
z4>Z. At A= Ao, x; = A\/2, and z = 3)\/2, this is the transfer of two physical columns with vacant
auziliary boundaries. Its simple eigenvalue continuing 1 will be denoted by A,(n;z). It is rational
and mw-periodic in z, equals one at n = 0, and tends to 1 +n at both imaginary infinities. For u = x;,
v =u+ jA, its pinch rule is

_ Ao(nsu+ ), j=2,
Ao(n;v)Ap(nsu) = cpey de(u — x)d; (v — xy,) {1 ( ) i 4 (81)
k ) — 9
where wg = u + v — 3\ and
m(u)A _ ; A_
b = €y T nqjm(u) wo : ¢ = €_wy T+ nfbm(v) wo (82)
L’UJO L—wo

Proof. Exchanging adjacent auxiliaries v, u uses the crossing R,_,, at the bottom, moved to the top
by the three-box identity. For exchanging the two lines of one transfer, the boundary identity is

R;_.K(m(2)) is proportional to K(m(z)).
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The proportionality follows from, at y = z — z,
Uy +m(z)(E, + nEF,) = m(z)(ey, + nm(2)U,).

The transposed inverse crossing contributes the reciprocal scalar, proving reflection symmetry.
For two pairs, the exchanges taking [v, v, u, u] to [u,u,v,v] have operator product

(R—wo)2(Rn)3(R-p)1(Ruwg)2,  h=v—u, wo=v+u—3\

with the rightmost factor acting first. They take the product of bottom caps exactly to its reversal.
By unitarity, this reduces to left-right symmetry of (r(h))s(r(wp))2[K (a) @ K (b)], where a = m(v),
b =m(u). Only the paired output types 12,34 and 13,24 need comparison; their equalities are

aAy,en + ab(nEy, + Fu, )Un = ew,Un + bAw, (En + nFy),

(@ —b)BuwyAp = (1 — ab)Uy,By,. (83)

Substitution from (79) and the sine formula for m proves them. Replacing v, u by u, v and transposing
gives the top exchange, hence commutation.

At the physical center both cap coefficients vanish. Spectral simplicity of the open-strip transfer
gives an analytic simple eigenspace nearby, invariant under all ¢(z) by commutation. The empty-
coordinate rule at n = 0 makes its eigenvalue identically one. At imaginary infinity, A, /ey, Uy/e, — 0,
By/ey — 1, and m(z)m(z) — 1. Thus the empty-output computation is 1 + n. Occupancy signs
prove periodicity, and computing on the fixed common eigenvector proves rationality.

For the pinch, exchange the middle lines using R,,, on the bottom caps and R_,,, on the top,
reaching order [v, u, v, u]. The descending pair v, u crosses first. At host x; = u, the factorization of
P, together with Py = I, inserts a transpose splitter at input. Move it backwards through the
other hosts by the transposed version of (80). Its contraction against the exchanged bottom caps
splits the first pair by S;, with scalar ¢;. In raw coefficients the necessary identities are

aAw, + qjab(nEy, + Fu,) = ¢j(€w, + ngjbAwy,),
aBy, + abUy, = Uy, + DBy, (84)
=m(u — \)(€ew, + nquAwo) (1=2).

Here a = sin(v — 3A/2)/sin(9\/2 — v), and likewise for b; multiplying out proves (84), just as for
(83). Move the first pair’s splitter through the hosts by the reflected splitting identity. The reflected
top calculation, with u, v, gives ¢;. The remaining descending pair has both an input and output
transpose splitter; transposed intertwining reduces it to the other fused transfer. Cancelling the
surjective input splitter is valid as in the annular proof. Every crossed host contributes the two
factors displayed in (81). This proves that identity for generic other sites, hence by continuation. [

10.2 The forced interpolation problem

We have obtained the open transfer and its exact boundary scalars. We next differentiate its
pinches to identify the forced interpolation problem whose value at the physical center is the planar
polygon pressure. Define F,(2) = 0,A0(n; 2)|n=0. In all formulas that follow, raw coefficients and
auxiliary arguments are evaluated at A\g. Movement of evaluation arguments while differentiating
costs nothing, because A,(0; 2) is constant. Introduce

UxA:c jA
$j(@) =qj———= =2
zCx+jA
Uy, U A (85)
bj(u) = ——=——=2 +q; m(a) " +m(u+jA) =",  wo=2u+(j—3)\
Cwo€—wy Cwo €_wp
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The first term of b; comes from differentiating scalar unitarity on the vacuum sector. Formula (81)
gives the remaining terms.

There is one additional evaluation. At z = 0, the top cap has m(0) = 1 and folds the two columns
into one another. A quarter-turn of a raw box changes its argument to 3\ — y, and ey, = e3x—y.
Each folded pair therefore cancels by unitarity at xy, —zy, contributing 1 + nUs,, U_g, /(€z,€—z,.);
the remaining bottom factor is 1 + nm(3\). Hence

Fy(0) = m@3x) + 3 Yoo (86)

 €x,6-z,
At 8\ = m, direct sine identities give

¢3(£) :¢2(x)+¢2(33+)\), bg(u) :bz(u)—i-bg(u—f—)\),
Ba(0) =N, G x) + d(x) = POk, 0

€rC_z

Combining the two differentiated pinches using (87) shows that the even residual

Fo(z +A) + Fo(z = X) = Fo(2) = ) _[d2(2 = A= ap) + ¢2(2A — 2 — 2x)] = ba(z — )
k

vanishes at z = z; + A, z; + 2\ and their reflections about 3A/2. Formula (86) gives zeros at z = A, 2\
as well.
Now set every x; = A\/2 and use s = 2i(z — 3A/2). To distinguish the physical center from the
folded evaluation (86), write
Fol(s) = Fo(3N\/2 + s/(21)).

Thus F,(0) is the pressure derivative at the physical center z = 3)\/2, while F,(0) in (86) is the
folded value at z = 0. Set

Y(s) = LFo(s)=No(s)=b(s),  ¢(s) = da(y)+2(=y), b(s) =ba(A/24y), y=s/(2i). (88

Confluence yields zeros of orders 2N, N, N at 0,i3, —i/3, and simple zeros at +i3/2. The function
F, is even, rational in e®, tends to one at both real infinities, and has poles of orders at most NV + 1
at £3i53, and 2N at 4i¢83, modulo 2mi. These bounds count the two box denominators per host and
the two boundary denominators. Differentiation does not increase the cleared denominator at zero
fugacity: if A(n,s)/D(n,s) equals one at n = 0, its derivative is (A, — Dy)/D there.

Both forcing terms are rational in e® and are O(e~|Re#l) at real infinity. The function ¢ is
analytic in a neighborhood of |Im s| < h, and b has at most simple poles at the two boundary points
+ih. To check the possibly closer poles of b, use the raw coefficients at y = A:

U_s5) sin(—2)) Uaa
= =m(7TA\/2 — =
A_Q)\ Sin(5)\) m( / )’ €\

q2.

The two singular terms at y = A cancel; reflection gives the cancellation at —\. This cancellation is
independent of the hosts. Thus all preceding evaluations and coalescences, including the shifted F,
terms, occur at regular points.

Lemma 10.3 (Open-strip interpolation estimate). For some fized a € (v/2,1), and uniformly in
N,
Y(s)| < Ce™®Ne (14 NYem),  s>0. (89)
Consequently
Fo0) = (ps * (Np + ) (0) + O(N ). (90)
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Proof. The poles of F, — 1 determine the space of unknowns, whereas zeros of Y determine the
interpolation equations. These spaces have the same dimension but different two-dimensional
additions to their common base. We first show that the resulting interpolation remains uniformly
invertible. We then remove the bulk forcing N¢, treat the two boundary poles of b, and estimate
what remains.

The unknown and equation spaces. Use the Hardy space H on |Im s| < 33/2, with norm (55),
and the multiplier D, in (58). Let P project onto the base jets of orders 2N, N, N at 0,3, —if3. Let
P’ increase the two outer orders by one, and let P” instead add the simple knots i3/2, —i3/2. Their
complementary inner functions are B, B’, B”, respectively. The extra orders of P’ come from the
two boundary denominators of the transfer; the extra knots of P” come from the folded evaluation
(86). Partial fractions, as in (62), give

e L (Fo —1) = Dy, x € P'H. (91)
We first prove that
P"D,: PPH — P"H has inverse norm bounded independently of N (92)

for all sufficiently large N and all a in a fixed neighborhood of /2.
At a = /2, the compression to PH is uniformly invertible by (59), and D, (k) — dy = 1 at
both frequency infinities. The orthogonal decompositions of the two enlarged spaces are

P'H=PH ® BE', P'"H = PH @ BE",

where E' and E” are the fixed two-dimensional jet spaces at i3 and +i/3/2, respectively. For each
fixed vector e in either space,

|(Dg — doI)Be| g + ||(D; — dol)Be|lg — 0.

Indeed B(s) — 0 boundedly at every real point, so Be — 0 in real-line L? by domination. Its
weighted Fourier mass on a fixed compact interval consequently tends to zero. Outside that interval
D, — dp is uniformly small, while ||Be||g = ||e||zz. The same argument applies to the adjoint; finite
dimensionality makes convergence uniform on unit balls. The off-diagonal blocks of P"Dg|pry
therefore tend to zero, and its extra block tends to dy times the overlap projection from E’ to E”.
The cross-Gram matrix of the kernel-vector bases is, up to the fixed positive kernel constant,

sec(m/4) sec(mw/12) o wed(n
(SeC(W/12) S€c(7r/4)> , det=2 (m/12) > 0.

Thus the limiting extra block is invertible. The block inverse proves (92) at a = /2. Operator-
norm continuity of D,, uniform for a in compact subsets of (0,1), extends the bound to a fixed
neighborhood. Choose a slightly larger than +/2 within it.
Removing the bulk forcing. Set y =~ —a and

X =D (e™¢(s)).

The unrestricted vector N X solves the bulk part of the equation exactly. Its projection NP’'X is an
admissible unknown; the following estimate ensures that projecting it introduces an error of order
N/ rather than order N. We claim

|1 = PYX|lw < CNH/. (93)
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First, X extends to a slightly wider spatial strip and obeys
X (s)] < Ce M Besl on that wider strip. (94)

Here is the required Fourier-contour justification. Since ¢ is analytic on a wider strip, the transform
of e* ¢ decays exponentially in |Re k| at a rate greater than h. Choose € > 0 such that

1+ € <min(y/2,a).

Its continuation between the horizontal frequency lines at heights +(u + €) has only a possible
simple pole at i(1 — a), originating in its leading positive-real tail. Explicitly, subtract a suitable
multiple of e**/(1 4 €®). This removes that tail; the remaining negative-real tail is O(e®*), sufficient
because a > p + e. Shifting the spatial contour inside the wider analytic strip proves the same
large-frequency decay on all these continued frequency lines. Multiplication by D, ! cancels the pole
at i(1 — a) through its sine numerator. Its shift denominator introduces at most a simple pole at
ip; the poles arising from 1/ cosh(35k) begin at +iy/2, outside the chosen region. On horizontal
frequency tails the bounds remain unchanged up to constants. Fourier inversion on the displaced
contours, including the residue at iy, proves (94).

To estimate the complementary projection, pair X with B'G, ||G||g = 1, using the two boundary
integrals. On each boundary B’ = 1/B’. Move the upper integral a small fixed distance upward
and the lower integral downward, extending the conjugate of G by reflection across the original
boundary. Choose the distance so that the new lines remain in the wider strip of (94) and before
the nearest poles of the finite Blaschke product. The reflected points are interior to H, so the test
functions have uniformly bounded L? norms there. The contour move is justified first for finite
linear combinations of reproducing kernels, which are dense and have exponential tails, and then by
norm convergence. On the displaced lines, the coordinate €7 has negative real part. The explicit
factors give

|1/B'(s)| < Cexp(—cNe VIReshy,

Cauchy—Schwarz and (94) now bound the pairing by the square root of
C/ e~ 2nlulg—eNe= Ml g < ON~21/7,
R

This proves (93).

Removing the boundary forcing. It remains to interpolate e**(b — 1), whose boundary poles
prevent it from belonging directly to H. Choose b, with simple poles at £ih, having the residues of
b divided by the values of B” there. These values have modulus one. One explicit choice is a sum of
the corresponding polar parts multiplied by Gaussians equal to one at their own pole; this gives
uniform decay on every fixed horizontal line and a uniform bound on the real line. Put

U(s) = e**[b(s) — 1 + B"(s) — B"(s)bp(s)]. (95)
The poles cancel, and U has the same prescribed jets as e**(b — 1). Furthermore
Ul < CNYY, Jb(s) = L — e~ *Ul(s)| < C|B"(s)| (s €R). (96)

For the first assertion, e®(B” — 1) has norm O(N%") by (63). Near either boundary pole, the
canceled polar parts are bounded by C min(N, |u|~!), since the tangential derivative of B” is O(N)
on the boundary. Their squared integral is O(INV). Away from the poles, the rational tails and the
Gaussian terms have bounded weighted norm. Since a/y > 1/2, the pole contribution is absorbed.
Removability of the poles and the boundary bounds imply U € H. The second assertion follows
directly from (95) and the real-line bound on b,,.
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The residual and the center value. The exact jet equation for (88) is
P"(Dgx — ND,X —U) = 0.
Compare x with NP'X, using (92). Since N||(I — P")X||g < CN*7, we obtain
|Dgz — NDoX — Ullg < CN".

This difference is in B”H, so divide by B” and use bounded real-line evaluation. Equations (91)
and (96) give
Y (s)] < C|B"(5)|(1 + N/Te™).

The product estimate (69) proves (89). Evenness gives the corresponding estimate on the negative
half-line.

Finally, the real-line functions are regular, and F, tends exponentially to one. Thus the inverse
shift formula gives F, = px * (N¢ + b+ Y'). The error at zero is at most

o N
C/ e—yse—cNe"Ys(l +Na/76_a5) ds = C/ e—cu(l +Ua/'y) du = O(N_l)a
0 ny 0
proving (90). -

10.3 Polygon density and the diameter tail

We now identify the analytic derivative with a positive polygon sum. There are two normalization
factors to keep track of: one transfer step advances two columns, and a polygon shape has several
vertical placements in the strip.

Proposition 10.4 (Linear open-strip pressure). For the polygon sum Qn defined at the start of
this section, there are constants ci,co such that

Qn =Y pPN - H(P)y=c 1N +c+ON). (97)
[P

Proof. At the moving center z = 3\/2, and with the hosts also taken at \/2, both auxiliary caps
are vacancies for all nearby X. The local vacuum weights for P, are identically one. Differentiating
the finite-strip partition at n = 0 therefore counts exactly one polygon, with its original critical
honeycomb weight: derivatives of local occupied weights have an additional factor n and disappear
at zero. Changing the arguments with A contributes nothing to the eigenvalue derivative, since the
base eigenvalue is constant.

The transfer ¢ advances two horizontal columns. Spectral dominance, as in (78), identifies
F5(0) with twice the polygon density per single column. Normalize a representative of a full
translation class so that its lowest occupied band is zero. Its lowest band can then be placed at
precisely 0,1,...,N — H(P) — 1 in the strip. Horizontal half-unit offsets caused by a one-band
translation do not affect density: for each of these (N — H(P)); placements, integer horizontal
translates have density one per column. Monotone counting of finite longitudinal placements
thus gives Qn = F,(0)/2. All passages from finite length use nonnegative polygon sums and the
analytic finite-dimensional transfer; they require no interchange of an uncontrolled infinite derivative.
Equation (90) proves (97), with

1= o s 9)(0), = (p. x)(0).
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Theorem 10.5 (Planar polygon tail). Uniformly for R >0,

C
Pl « = 98
plh < )
[P]:diaEm:(P)>R (1+R)? )

The sum is over unrooted, unoriented polygons modulo triangular-lattice translations.

Proof. Divide (97) by N. Since (1 — H(P)/N)+ increases to one, monotone convergence gives
[P plPl = ¢; < co. Define

Dy =cN—Qy =Y pPlmin(N, H(P)).
[P]

This sequence is increasing, and Dy = —co + O(N~1). Choose an admissible integer M < N/2.
Every polygon with H(P) > N contributes N — M to min(N, H(P)) — min(M, H(P)), so

(N-M) > pPl<Dy-Dy=0NM.
[P):H(P)>N

Thus the height tail is O(N~2). This argument also works if the pressure formula is used only along
even widths, by taking M, N even. Rotate the lattice to obtain the same bound in the three band
directions. The Euclidean diameter is bounded by a constant times the largest of these three band
spans, plus a fixed lattice constant. The union bound proves (98) for large R; total summability

covers bounded R. O

11 Planar nests and strip-length consequences

The two pressure calculations have supplied the needed geometric inputs: essential polygons have
bounded total weight in the two-marker geometry, and planar polygon shapes have a quadratic
diameter tail. We first turn the latter into a bounded removal cost for large contractible polygons.
The cylinder exponent then gives the planar and strip nesting exponents. The final step converts
these nest sums into length-weighted path sums.

11.1 Removing large polygons and comparing two nests

Lemma 11.1 (Macroscopic removal). Fiz c¢g > 0. In an N-band strip, the total weight of polygons
enclosing a specified face center and having diameter greater than coN is bounded by a constant
depending only on co. The same is true of contractible polygons enclosing a specified marker on
the balanced cylinder, with diameter measured on a planar lift. At each fixed nonnegative fugacity,
deleting these polygons changes a mesting partition function by at most a bounded multiplicative
factor.

Proof. For a planar shape of diameter comparable to R, the number of translations fitting in the
strip and enclosing the specified point is at most CN(1 + R): there are O(N) possible vertical
placements, and enclosure forces its horizontal range to contain the point. For dyadic R > ¢gN,
Theorem 10.5 bounds the weight of all such shapes by C R~2. Thus their total weight is bounded by

CY N1 +2cgN)(1+2cgN) 2 < Cq.
Jj=0

87



A simple contractible cylinder polygon lifts to translates of a simple planar polygon with disjoint
interior disks. The boundary lifts are disjoint; if two of their bounded disks overlapped, planar
separation would force nesting, which is impossible for distinct translates of equal-area bounded
disks. Thus its disk projects injectively to the cylinder. For a fixed planar translation class, the
number of placements modulo the period containing the marked point is again at most CN (1 + R):
there are N vertical translation classes modulo period and its horizontal range must straddle the
marker. Counting all these placements, including those not valid under projection, is an upper
bound. The same dyadic estimate applies.

For a fixed remaining nest, sum the removed polygons while ignoring disjointness both among
themselves and with the nest. If their total single-polygon weight is at most C,,, this contributes at
most eXCeo . Positivity gives the reverse inequality by taking the empty removed set. O

Let P, (r) be the planar partition over finite disjoint nests around one face center, with every
polygon of diameter at most r, each weighted by xp/?l; include the empty nest. Recall that Zy (x)
is the balanced-cylinder partition in which every polygon separates the two prescribed markers.

Theorem 11.2 (Normalization by planar nests). For every fized x > 0, and every sufficiently small
fixed cg > 0,
Py(coN)? < Zn(x) < Cx,eoPy(coN)? (99)

for all sufficiently large even N. Consequently, for every fized x > 0,

Py(r) = r70/ZHe) (o), (100)
where T is the exponent in Theorem 1.1. In particular,

Py(r) = p1/1240(1) (r — 00). (101)

Here Py (r) includes the empty nest, and the diameter cutoff applies separately to every polygon in a
nest.

+

/ radius c¢g N

]\g)ebrioili \ N/2 bands
ands N

+

identified boundaries

Figure 3: A schematic fundamental band of the cylinder, with the lattice suppressed. The dashed
column cut follows the two balanced row blocks; its marked seams have displacement —N/4-+iN+/3/4
and are separated vertically by half the period. For small fixed ¢y, their radius-co/N neighborhoods
are disjoint and embed isometrically in the plane. After essential and larger polygons are deleted at
bounded cost, each remaining polygon belongs to a nest in one of these two neighborhoods. The
independent choices give the square of the planar partition in (99).
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Proof. The two cylinder markers have disjoint neighborhoods of radius cy/V, each isometric to its
planar neighborhood, if ¢ is small enough: along the standard balanced column cut their displace-
ment is —N/4 4+ iN V3 /4, and their vertical separation is half the balanced period. Figure 3 shows
the two embedded neighborhoods. Delete all separating essential polygons, using Proposition 9.4,
and all contractible polygons of lifted diameter greater than co/N, using Lemma 11.1 at both markers.
The product of the deletion costs is uniformly bounded.

Every remaining polygon is contractible and encloses exactly one marker in its disk. A planar
simple curve of diameter at most r enclosing a point lies in the radius-r neighborhood of that point:
the point is in the curve’s convex hull, so its distance to each curve point is at most the curve’s
diameter. Hence each remaining polygon lies in its marker’s embedded neighborhood. Conversely, a
planar nest counted by P, (coN) projects into that neighborhood and separates the cylinder markers.
The neighborhoods are disjoint, so the two nests can be chosen independently. Retaining just these
configurations gives the lower bound, and the preceding deletion gives the upper bound in (99).

For each fixed x > 0, Theorem 1.1 gives Zn(x) = N 700+0(1) along even N. Taking logarithms
in the comparison yields P, (coN) = N™0/2+o() Monotonicity in the radius and bracketing an
arbitrary radius between consecutive admissible values prove (100). At x = 2, 7(2) = 1/6, giving
(101). O

11.2 Nests around the middle of a strip

Let Si be the partition sum of nests around a face center f on the middle line of the strip Soi of 2k
triangular bands. Thus Sj sums the finite vertex-disjoint nests enclosing f, with weight [[p 20171,
including the empty nest.

Corollary 11.3 (Middle-face nesting). As k — oo,
Sk — k,l/12+0(1)' (102)

Proof. Choose a fixed ¢y > 0 so small that every nest enclosing f, with each polygon of diameter
at most ¢k, fits inside the strip. By Lemma 11.1, deleting all larger polygons has a bounded cost.
Therefore

Py(cok) < Sk < CPy(cok).

Apply Theorem 11.2. O

11.3 A positive comparison between length and nests

We use the boundary winding identity to count visits to one internal edge by summing over all
ordered boundary sources and endpoints. This local comparison will convert the nesting exponent
into a length exponent. Recall t = 3/8, ¢ = cos(37/8), and d = 1//2.

For a finite simply connected union D of triangular tiles with simple polygonal boundary and a
boundary port a, the boundary identity of [19, Lemma 2.1] is

Z Z PPtV = 1, (103)

bedD vy:a—b

where W measures signed turning from the inward initial direction to the outward final direction. Its
local rule sends the current weight into the two new continuations with multipliers pe’* and pe™™;

their sum is one. At a first self-collision, reversing the closing cycle gives the canceling winding
increments +47/3. In a convex domain every boundary-to-boundary path satisfies |W| < 7, and
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therefore ¢ < cos(tWW) < 1. These conventions also specify the modified interior-source calculation
below.
For a finite convex union D of triangular tiles and an internal honeycomb mid-edge p, define

Ly(D) = Z Z pn(’Y) cos(tW(v)) Lipeqy-
a,bedD ~:a—b

The boundary ports are ordered, and W () is the total signed turning from the initial inward
direction to the final outward direction. Convexity gives ¢ < cos(tW (7)) < 1. For a point r not
on a polygon, let Z,.(D) be the sum over finite sets of pairwise vertex-disjoint simple polygons, all
strictly enclosing r, with weight [], 2p!l; the empty set has weight one. The same definition applies
when r is a mid-edge, excluding polygons through that mid-edge.

Lemma 11.4 (Length and polygon nests). Let f1, fa be the two honeycomb face centers adjacent to
p. Then
d(Z5, (D) + 2,(D)) < Ly(D) < 25, (D) + Z5,(D).

The inequalities also hold, with finite quantities, in every homogeneous infinite strip of fized positive
height.

Proof. Cut the edge at p into two stopping outlets. For a boundary source a, the winding splitting
identity still has total one: every collision stem approaches its closing cycle from outside, so the
two orientations cancel. Subtract this identity from the one without the cut. The total winding
weight of paths visiting p equals that of paths from a stopping at the cut. Reversing these paths
and taking real parts gives L, (D) = F (D) + F_(D), where F, is the real winding-weighted sum of
paths from the specified side p° to the exterior. The initial direction points into the neighboring
vertex on that side.

Apply the same splitting procedure from this interior source, retaining all stopping possibilities.
A return to the other side of the cut traces a polygon ¢ through p. For a fixed initial side it is
counted once and has turning +27, hence real factor cos(2nt) = —d. A collision with a polygon
not enclosing p cancels with its reversed orientation. If its polygon £ strictly encloses p, the stem
approaches from inside. The closing turn of the counterclockwise polygon at the collision vertex is
—m /3, whereas the turn from the stem into that orientation is 4+ /3. The added winding is therefore
8m/3, or —87/3 for the other orientation. Both have factor exp(+it87/3) = —1.

For a fixed enclosing ¢, sum the stems in its interior, excluding its vertices. This is exactly the
corresponding F, for the smaller domain: the stem stops at the mid-edge before its aimed-at vertex,
whose weight belongs to £. If its initial direction already points at an excluded vertex, this stem
sum is one. No further inner polygon is then possible. Write D, for the domain strictly inside an
enclosing polygon ¢, with its vertices excluded and with stopping outlets on the incident half-edges.
Conservation of the initial mass, followed by the collision classification above, gives the recurrence

Fo(D)y=1+dY p"'+2 > pF,(Dy).
V'>p ¢ enclosing p

The factor two in the last sum comes from the two orientations of the enclosing polygon, each with
real factor —1 on the stopped side of the conservation identity. The initial-source convention just
specified gives F,(Dy) = 1 if its first vertex is excluded.

Iterate this recurrence, choosing an outermost enclosing polygon first and then polygons strictly
inside it. Every nested family is obtained once in this order. The iteration terminates either with
the constant term one or with a polygon through p; such a polygon must be the innermost selected
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cycle: p lies on its boundary, so no disjoint cycle strictly inside its bounded disk can enclose p.
Every enclosing cycle removes vertices, so the iteration is finite. It gives, for either sign,

F,(D) = ZP(D) +d Z pw‘zaround(g/)y
2'5p

where Z,;0und(¢') sums the disjoint outer polygons surrounding ¢/, with fugacity two per polygon.
This recursion remains valid if the opposite neighbor of p is excluded; in that case there is no return
to the cut.

A polygon enclosing exactly one of fi, fo uses their separating edge. There can be at most one
such polygon in a disjoint nest, and it is the innermost polygon of that nest: any smaller polygon
around the same face would also have to use that edge. Consequently

Zfl (D) + Zfz (D) = 2ZP(D) +2 Z pw/lzaround(gl)'
2'>p

Together with the preceding expression for Fy + F_ and 0 < d < 1, this proves the finite-domain
claim.

Exhaust an infinite strip by parallelograms. The top/bottom path sums and the nesting sums
increase. The terms with a distant side-wall endpoint tend to zero. To justify the latter assertion,
split a path at p and discard avoidance between its arms. Keep a fixed group of columns containing
p. On either side, the vacuum transfer supplies a uniformly bounded half-state. A top/bottom
endpoint is bounded by the sum over its source column followed by one-defect propagation to
the fixed columns; this sum converges by the fixed-height transfer decay. A side-wall endpoint
contributes a decaying one-defect power, with only finitely many wall ports. Thus each arm is
uniformly summable and its side-wall part tends to zero. The upper bound on L, obtained in this
way and the lower finite-domain inequality also prove finiteness of the limiting nesting sums. [

11.4 Raw and conditioned first-length estimates

We now keep a single bottom boundary port a fixed. Let Py(a) be the self-avoiding port paths
in the open N-band strip from a to either boundary, with no other boundary visit. These are the
bottom arches and the bridges. Their terminal ports are summed over their actual lattice positions;
there is no additional translation sum. Write

Mpy(a)= > p"n(y),

YEPN (a)
where n() counts visited honeycomb vertices. This is an unnormalized first-length mass.

Proposition 11.5 (Raw first-length mass). There is a constant C, independent of the boundary
source and N > 1, such that

Mpy(a) < C(1+ NSyyq) < NW3/12He) (N — o0). (104)

Proof. Sum Ly,(Sy) over one representative of each internal mid-edge orbit under integer horizontal
translation. For each summand, translate its source port to the fixed representative of its boundary
orbit. The marked internal edge then runs through all visits of the translated path. This is a
bijection between the two sets of path—edge pairs, preserving both length and winding; hence
translation invariance turns the sum into the winding-weighted number of internal edge visits for
paths from the chosen source representatives. There is one bottom-port orbit and one top-port
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orbit, whose source totals agree by a half-turn. Thus, if £y is the chosen set of internal mid-edge
representatives, the orbit-count identity is

S LSy =2 Y 5"Only) - 1)cos(tW (7).

pEEN YEPN (a)

A path with n vertices has n — 1 internal mid-edge visits, and its winding cosine is between ¢ and
one. There are O(N) internal edge orbits. These positive sums may be rearranged by monotone
convergence.

Every face-center nesting mass in the strip is at most Sy1: embed the strip in a 2(N + 1)-band
strip whose middle line contains the chosen face center. Lemma 11.4 now bounds the sum of internal
edge visits by CNSn+1. To replace n — 1 by n, add the boundary partition mass Ay + By < 1/¢,
using the strip identity cAny + By = 1. This proves the first inequality; Corollary 11.3 proves its
asymptotic form. O

Proposition 11.6 (Length conditional on reaching macroscopic height). Give Py(a) its normalized
critical weights. Conditional on the path reaching the top boundary of the bottom |N/4| bands, its
expected number of visited vertices is N4/3+to(1)

Proof. Put k = |N/4], and take N large enough that £ > 1. A path is confined to the bottom
k-band strip exactly when it stays below its top line: crossing that line uses a port between the two
adjacent bands. Thus the conditioning event consists of all bridges and precisely the bottom arches
not counted by Ay. Its unnormalized mass is

av =By + Ay — Ay = Bp/e— (1/c— 1)By < N~V4,

Indeed monotonicity gives By, < gy < Bg/c, and the strip theorem gives By < N —1/4,

Restrict the orbit sum in the preceding proof to internal mid-edges whose heights lie in the central
third. For sufficiently large N, each adjacent face center is at distance at least N/3 — O(1) > k
bands from either boundary. Its centered 2k-band strip therefore fits inside Sy, so its nesting mass
is at least Sx. There are at least ¢y N such internal edge orbits, and Lemma 11.4 gives a lower
bound co NSy, for their total winding-weighted visit mass. Any bottom-source path counted there
reaches the top boundary of the bottom k bands; the rotated statement holds for a top source.
Since the winding cosine is at most one and the number of counted visits is at most the path length,
the unnormalized first-length mass of the conditioning event is at least c3/N.Si. Its upper bound is
My (a). By Corollary 11.3 and Proposition 11.5, these bounds both have exponent 13/12. Division
by qn gives N13/1241/4+0(1) — p4/340(1) n
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