Determination of a metric and a unitary connection
from one boundary patch
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Abstract

We prove that zero-frequency boundary measurements on any nonempty open
boundary patch determine both a smooth Riemannian metric and a smooth unitary
connection on the trivial Hermitian rank-two bundle over a compact connected smooth
manifold of dimension at least three with smooth boundary. Both inputs and observations
are restricted to the same patch. The metric and connection are determined up to a
diffeomorphism and a unitary gauge that restrict to the identity on the measured patch.
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1 Introduction

A connection Laplacian couples the geometry of a manifold to parallel transport in a vector
bundle. Its boundary measurements therefore pose two simultaneous inverse problems:
determining the metric that governs its principal part and determining the connection
that governs the transport of vector-valued solutions. We consider both unknowns at zero
frequency, with all measurements confined to one boundary patch.

Let M be a compact connected smooth manifold of dimension n > 3, with nonempty
smooth boundary, and let I' C dM be a nonempty relatively open proper subset. The
bundle is the trivial Hermitian bundle M x C2. A smooth unitary connection is written
da =d+ A, where

AeC®(M;T*M ®u(2)), u(2)={BeC>?*:B*=-B}.
For a smooth Riemannian metric g, write Ly 4 = dzg d4. Its zero-Dirichlet realization is
invertible: a section of zero energy is parallel, and a parallel section with zero boundary
trace is zero. Elliptic coercivity then gives, for each f € C°(T; C?) extended by zero to OM,
a unique solution u?’A of
A . A
Lg’Au?’ =0 in M, u?’ lons = f-

The measured object is the sesquilinear energy form
Agarf ) = [ (daf dai )y dVye  fh e CZ(T5C. (1.1)

The Hermitian product is linear in its first argument. All integrations use densities; no
orientation of M is required. In particular, (1.1) specifies the boundary measurement without
presupposing a boundary metric or a boundary measure.

Theorem 1.1. Let M and I' be as above. For j = 1,2, let g; be a smooth Riemannian
metric on M and let A; € C°(M;T*M @ u(2)). If

<A91,A1,Ff7 h> = <A92,A2,Ffv h> fOT’ all f: h e Cgo(r; CQ)?

then there are a smooth diffeomorphism ® : M — M and a smooth map U : M — U(2)
such that

Plr =1d, Ur=1, g2=oq, Ay =U Y ®*ANU +UHdU.  (1.2)
Here I denotes the 2 x 2 identity matrizx.

The two transformations in (1.2) preserve (1.1): the corresponding change of solution
is ug = U~!(uy o ®). Thus the conclusion describes precisely the ambiguities inherent in
these measurements. The patch need not be connected, and the manifold may have several
boundary components.



1.1 Context and contribution

Calderdn’s inverse conductivity problem asks whether electrical measurements at the bound-
ary determine an interior conductivity [3]. For smooth isotropic conductivities in dimension
at least three, global uniqueness was established by Sylvester and Uhlmann [22]. In the
anisotropic formulation the unknown is a metric, or equivalently a positive conductivity
tensor density, and boundary-fixing diffeomorphisms give an unavoidable invariance. Lee
and Uhlmann proved a boundary determination result and uniqueness in the real-analytic
setting under geometric and topological hypotheses [16]. Lassas and Uhlmann subsequently
recovered real-analytic manifolds from local boundary information [14]. The Poisson embed-
ding approach of Lassas, Liimatainen, and Salo [15] expresses the geometry through the
values of harmonic solutions. We use the same broad principle, with source solutions of a
connection Laplacian providing both points and fiber identifications.

For connections, Albin, Guillarmou, Tzou, and Uhlmann recovered Hermitian connections
and matrix potentials from full Cauchy data on fixed surfaces [1]. In higher dimensions,
Cekié¢ established recovery for line bundles on certain known conformally transversally
anisotropic geometries [4], and for smooth unitary Yang-Mills connections of arbitrary rank
from same-patch measurements on an arbitrary fixed smooth metric [5, Theorem 1.3]. His
complex parallel transport method also recovers arbitrary-rank connections and matrix
potentials from full boundary data on fixed geometries conformal to subdomains of R? x M
[6, Theorem 1.1]. In the real-analytic category, Gabdurakhmanov and Kokarev proved joint
recovery of metric, Euclidean bundle, and compatible connection from a boundary patch [9,
Theorem 1.1]. Their use of Green kernels to identify the base and fibers is a close geometric
antecedent. Theorem 1.1 concerns an unknown smooth metric and an arbitrary smooth
unitary connection on the fixed trivial rank-two bundle; it imposes no Yang—Mills equation
on that connection.

The scalar companion [18] develops a smooth continuation argument based on separately
harmonic Green kernels and shrinking geodesic spheres. The present proof uses its product
continuation, sphere geometry, and scalar angular estimate [18, Sections 3-5]. We give the
analytic arguments needed here, including their extension to systems with scalar principal
part. The scalar uniqueness theorem itself is not applied to the matrix-valued boundary
data.

The additional difficulty appears in the first moments of the transfer between local
solution spaces. In scalar harmonic coordinates those moments can be normalized away. For
a connection, a harmonic frame removes the zeroth-order term, but the transfer still has a
matrix-valued first moment. We represent it by matrices D', ..., D™. Their components
complementary to the real scalar matrices satisfy a first-order system whose principal symbol
is the conformal Killing symbol. In dimension at least three this symbol is of finite type:
two prolongations determine all third derivatives from lower jets. The real scalar part of the
displacement is fixed by the coordinate normalization. Together these facts turn an initial
square-root estimate on D into the stronger estimate needed to continue the metric and
connection across a frontier point. This reduction is the main matrix-specific step of the
proof.

1.2 How the proof is organized

Boundary symbol factorization first determines all metric and connection jets on I', after
imposing normal gauge. Attaching a small exterior cap then converts the boundary form
into equality of Green matrices on an open interior set. Source solutions supported in that
set separate points, span fiber values, and realize the allowed harmonic jets. They define a



maximal local isometry with a unitary bundle identification; Section 2 prepares coordinates
and harmonic frames at any putative frontier point.

The local continuation mechanism has three stages. First, Section 3 continues a mixed
Green matrix, initially known when either variable lies in the matched region. Two quantita-
tive unique-continuation estimates, one in each variable, allow continuation across suitable
hypersurfaces in the product. Second, Sections 4 and 5 use this kernel to transfer harmonic
functions across small moving spheres. The transfer is represented by a matrix density of
total mass I. An angular coercivity estimate bounds that density uniformly even as the
spheres shrink. The matrix lower-order terms are absorbed in the same estimate.

Finally, Section 6 extracts the first and second moments of the transfer. The finite-type
argument described above improves the difference of the normalized inverse metrics from
order r to order r3/2, where r is the sphere radius. A continuity argument then lets the
radii collapse, proving local agreement of the normalized operators. Section 7 removes the
remaining conformal factor and extends the resulting isometry and unitary identification
over the whole manifold, including every component of the measured patch.

2 Boundary data, exterior sources, and contact coordinates

We first replace the measurements by a family of interior source solutions. The boundary
symbol determines jets of both the metric and the connection, after a boundary-identity
change of gauge. These jets allow a common exterior cap, on which the Green matrices agree.
Source evaluations in that cap then identify points and fibers simultaneously. The final
part of the section prepares coordinates and harmonic frames at a possible frontier of this
identification. The cap and source-evaluation construction follows the scalar construction
in [18, Section 2]; we give the changes needed for unitary connections and matrix-valued
evaluations.

2.1 Dirichlet solutions and boundary jets

We use positive metric densities throughout. Write Ly 4 = d’{d, with positive principal
symbol, and let L, 4 p denote its zero-Dirichlet realization. Its quadratic form is coercive
on Hi(M;C?). Indeed, the usual elliptic form estimate and compactness reduce coercivity
to the absence of a kernel. A kernel element satisfies dqu = 0; its norm is constant, and
its zero boundary trace makes it zero. Smooth sources and boundary data therefore have
unique solutions smooth up to the boundary. The same facts hold on every smooth extension
used below and on sufficiently small coordinate balls; we use the standard smooth elliptic
Dirichlet theory of [23, Chapter 5].

We also use open-set unique continuation for systems with a smooth, real scalar elliptic
principal part and smooth matrix lower-order terms; see [2, Remark 3|. The usual scalar local
Carleman estimate, summed over components, proves this statement: after conjugation by
the scalar weight, a matrix first-order term is bounded by a constant times || Vv||+7||v]|, and
is absorbed for large Carleman parameter 7. See [11, Chapter XXVIII] for the underlying
scalar estimates. Boundary Cauchy uniqueness follows from the same interior statement.
Extend the coefficients smoothly across a boundary patch and extend a solution with zero
trace and zero covariant normal derivative by zero. Green’s formula leaves no boundary
distribution, so the extension solves the equation weakly. Interior regularity and unique
continuation then give vanishing near the patch and throughout the connected interior.

A unitary gauge V : M — U(2) changes the connection to

AV =vAV + vy, dy (V) = Vldgu, (2.1)



A gauge equal to I on the boundary preserves the measured form. In inward boundary-
normal coordinates (z,s), solve 9sV = —A,V, V(z,0) = I. This gives AY = 0. The gauge
can be made global: in a collar replace the time argument of this solution by a smooth
function equal to s in a smaller collar and equal to zero near the inner edge, and set V =1
farther inside. The ODE preserves unitarity. Apply this construction separately to Ay, Ao,
using gauges Vi, Vo, and retain their names for the final return to the original trivializations.
Until then, A; denotes the gauged connection.

Lemma 2.1 (Boundary jets). Suppose the local energy forms of (g1,41) and (gz, A2)
agree on I'. In their respective boundary-normal coordinates, based on the same boundary
coordinates, and in the normal gauges just constructed, the full Taylor jets of g1, A1 and
go, Ao agree at every point of T.

Proof. Write g = ds? 4 k(s, z), with k a tangential positive matrix, and put p = (k®&,&,)/2.

Green’s formula identifies the measured operator with the density V4u dSy. Relative to the
coordinate density, its principal symbol is

(det k)'/2pI.
Its square determines C' = (det k)k~!. Since the tangential dimension is m =n — 1,
det C' = (det k)™ !, k= (detC)"/m=Do~1,

Thus the boundary metrics and densities agree. Division by their common density gives
equality of the ordinary covariant unit-normal DN operators locally on I'. Localization on
both sides by cutoffs supported in I' gives equality of their full symbols.

We spell out the symbol calculation, extending the metric factorization of [16] to the
present scalar-principal system. Recovery of a connection together with the metric by this
even—odd symbol separation is also developed in [8, Theorem 1.1 and Section 3.3]; the
calculation below uses complex Hermitian fibers. In normal gauge,

Lya=—02—ads+P,  a=ite(k'9:k),

where P is the connection Laplacian on each tangential slice. With D, = —id,, its degree-one
symbol consists of the scalar metric term and —2ik®A,&,. Its degree-zero symbol uses only
slice coefficients and their tangential derivatives. The local Dirichlet factorization has the
form

Lga=(—0s+B—a)(0s+B) (mod V™), b# b— ab— 0sb ~ o(P),

where b ~ pl + by +b_1 + - - - is a left symbol and

DIl
b#mz(l/ﬂ,)“ (0L) (%),
SR

The positive root pI selects the decaying Dirichlet branch. The Poisson parametrix conse-
quently identifies B(0), modulo a smoothing operator, with the outward normal derivative.
This factorization is valid for smooth coefficients: its principal root is scalar and each
subsequent matrix coefficient is solved by scalar division by 2p. The true inverse Dirichlet
problem changes only the local smoothing remainder.

The part of by involving the new jets is

et j e
1 <trk Dok — (88k)(§ € )) I— ik bAa§b7 gﬁ _ k_lf. (2.2)
4 p p



This follows from dsp = — (k) (&%, £)/(2p) and the degree-one factorization equation. At
degree 1 — j, j > 2, the new normal derivatives arise only in 0sba—;/(2p). Inductively their
contribution is

- k) (€, ¢ ik (0I71A,
(Qp:)lj—l [1 <trk 8§/€ _ ( s )/Szg € )) J— 4 ( sp )fb . (23)

4
Every omitted term involves lower normal jets, with tangential derivatives. Differentiating
p, a raised index, or a coefficient multiplying the preceding highest jet produces only such
lower-jet expressions.

Subtract the two symbol recursions after their lower jets have been identified. The metric
term in (2.3) is even in &, whereas the connection term is odd. The odd term determines all
components of the new connection jet. If the even term vanishes for a symmetric tensor 7T,
then T'(v,v) = trg(T) for every unit vector v. Polarization gives T' = try(T)k, and taking
trace gives (m — 1) tri(T) = 0. As m > 2, T = 0. Beginning with the recovered boundary
metric, this proves all normal jets by induction; their tangential derivatives recover all mixed
jets. The remaining normal metric components and normal connection component are fixed
by the coordinate and gauge choices. O

2.2 A common cap and its Green matrices

Jet equality does not assert equality in an interior collar. It provides instead a common
smooth extension on the exterior side of a smaller patch. The following variational argument
turns that exterior region into common interior data.

Proposition 2.2 (Common exterior sources). There are compact connected smooth exten-
sions Nj of the original manifold, with nonempty smooth boundary, and a common connected
open exterior cap E2 C N7, attached through a nonempty open patch P € I', such that the
extended metrics and connections agree on E. For each f € C°(E;C?), the solutions L;})f
agree on . The Dirichlet Green matrices, normalized using metric volume, satisfy

Gl(x7y) = G2($>y) (x7y SN 7é y)a Gj(xvy) = Gj(y,.%')*. (2'4)

Proof. Choose a boundary chart compactly contained in I'; and a nonnegative smooth bump
b whose support is compact in that chart and whose positivity set P = {b > 0} is nonempty
and connected. Using the separate normal collars, move the boundary from s = 0 to the
graph s = —b(z), with b small enough to remain inside an extended collar. The common
open cap is

E ={(z,8): —=b(z) < s < 0}.

Extend the first coefficient fields smoothly to negative s, retaining positive definiteness of
the metric and skew-Hermitian values of the connection. Use the same exterior extension
for the second pair. Lemma 2.1 makes the resulting pasting smooth to all orders on a
neighborhood of supp b. Restricting it to s > —b(z) gives smoothness also at the flat edges
of the bump. The bundles remain trivial in the extended normal gauges.

For the energy comparison only, identify the extensions by the identity on the original
M and by cap coordinates on E. In collar charts this map and its inverse are continuous
and piecewise smooth with bounded first derivatives, and hence bi-Lipschitz. They identify
the relevant H{ spaces. Fix a vector source f compactly supported in E. The solution
w; = L;E f is the unique minimizer of

1
Jj(w) = §/N |dajwly; dVy, —Re/E(f,w> dVy, on Hg(N;;C?).
J
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Its trace on the original boundary is smooth and supported in suppb € I', because the
original and extended boundaries coincide wherever b = 0. Transport w; to Na, and inside
the original M replace it by the second harmonic extension of this trace. The replacing
difference has zero trace on 9M, so its zero extension is in H}(N2). The competitor is
therefore admissible even at the narrowing edges of the cap.

On M, the source is zero and w; is the first harmonic extension of its trace. Equality of
the measured quadratic forms makes its interior energy equal to that of the replacement.
On E, both coefficients and the source pairing are unchanged. Thus min J5 < min J;.
Reversing the argument gives equality, and uniqueness of the minimizer proves w; = ws on
E.

Normalize the Green matrix by

LjaGj(z,y) =6y (@), Gi(9)lan, =0, Lipf(x) = /N Gj(z,y)f(y) dVy, (y)-

The source densities on E coincide. Varying the source gives equality of the distribution
kernels on E x E, hence pointwise equality off the diagonal. Self-adjointness of the Dirichlet
inverse gives the adjoint symmetry in (2.4). O

2.3 Evaluations identify points and fibers
Fix a nonempty open set Uy € E. For f € C2°(Uy; C?), set

wiy=Lipnf, L) f =w;(p). (2.5)

Thus I;(p) is a linear map from the common source space to the fiber at p. The maps agree
on E. This construction is related to the source and Poisson embeddings of [15, Section 6.1
and Appendix A]. The following point-distribution proof, in the spirit of [17, Chapter III,
Section 3], supplies the precise system-valued separation needed here.

Lemma 2.3 (Values and harmonic two-jets). Let N be a compact connected smooth manifold
of dimension n > 2 with nonempty boundary, let L = d}da, and let U @ N° be a nonempty
open source set.

1. At each interior point, f — LBlf(p) is onto C%. At any two distinct interior points
the two values are jointly onto C* @ C2.

2. If p ¢ U, the second jets of LBlf at p fill exactly the linear space of jets satisfying
Lu(p) = 0.

3. Each evaluation is zero on ON, and for fized f varies continuously up to that boundary.

Proof. The last assertion is smooth Dirichlet regularity. For the first two, a complex-linear
functional on values or jets is represented by a dual-vector distribution 7', supported at
one or two points. Suppose it annihilates all source solutions, and define v = (LBl)tT by
distributional transposition. Then

(v, f)=(T,Lp'f) =0 (feCXU;C?), Lv=T.

Here the transpose and pairing are bilinear on the dual bundle; no complex conjugation
convention is needed. Elliptic regularity makes v smooth off the support of T'. The interior
with one or two points removed is connected: a path can be diverted around each point
in a punctured coordinate ball when n > 2. Unique continuation from the nonempty set



obtained by removing these points from U makes v supported at those points in the interior.
If a point belongs to U, the asserted initial vanishing is distributional there as well.

At each support point a distribution is a finite sum of derivatives of the point mass. If
its highest derivative order is k, its image under L! has exact highest order k + 2. Indeed,
the highest homogeneous coefficient vector polynomial is multiplied by the scalar elliptic
quadratic polynomial; this multiplication is injective. Consequently no nonzero order-zero
distribution can be the image of a point-supported distribution. There are therefore no
value annihilators, proving both surjectivity claims.

For a two-jet annihilator at p ¢ U, the image T has order at most two. Thus v = ¢d,,
with ¢ a dual-fiber vector. Its image is precisely the functional u +— ¢(Lu(p)). Conversely
all such functionals annihilate the source solutions. Finite-dimensional duality gives the
exact stated jet space. In particular, values and gradients may be prescribed freely, since
the Hessian trace can be chosen to satisfy the equation. O

We can now define the correspondence whose continuation will prove the theorem. A
match consists of a local isometry ® : W — N7, with W C N5 connected, open, and
containing F, and a smooth unitary bundle map J from the second fiber at p to the first
fiber at ®(p). We require

Blp=1d, Jlp=1I  de-a(Ju)=Jdau, J@)Lp) =L®@p).  (2.6)

In the connection identity the first connection is pulled back to W. The identity on FE is a
match.

Lemma 2.4 (The maximal match). All matches agree on overlaps and are injective on base
points. Their union is a unique mazximal match (®,J) on a connected open set W C N3.
On this set,

G1(®(p), ®(q)) = J(p)Ga(p,9)J(0)"  (p,ga €W, p#q). (2.7)

Proof. If two possible images of the same point were distinct, their evaluation identities
would impose a fixed invertible linear relation between the evaluations at two distinct points
of N7. This contradicts joint surjectivity in Lemma 2.3. Once the image agrees, surjectivity
at the source point determines J uniquely. The same argument using the evaluations in No
rules out two base points with the same image. Thus the maps glue on every overlap. Their
union is connected because every domain contains F, and retains all the properties in (2.6).

For fixed p, the evaluation identity and the common source density give (2.7) when
q € Uy, away from the pole. As a function of ¢, the adjoint of each side solves the same
pulled-back connection equation after the bundle identification. Injectivity of ® ensures
that ¢ = p is the only possible pole. Unique continuation on the connected set W \ {p}
proves the identity everywhere claimed. ]

2.4 Coordinates at a possible interior frontier

It remains to show that the maximal domain is the entire interior. We next prepare the
local data needed to enlarge it. The use of harmonic frames is essential: constant coefficient
columns in these frames solve the equation, even when the connection has no nonzero parallel
sections.

Proposition 2.5 (Contact data). If the mazimal domain W has an interior frontier, there
are a point p € OW N N3, a point ¢ € Ny, and charts about p, q, both with coordinate range
a neighborhood of 0 € R™, with the following properties.



1. Both charts avoid Uy. The old match is coordinate identity on its domain in these
charts. That domain contains a region x, < k(x'), where k is smooth, k(0) =0, and

dr(0) = 0.

2. In smooth local unitary frames, the metrics, connection matrices, and Green matrices
agree on the known region (for the Green matrices, on its square off the diagonal), and

91(0) = 92(0) = In-

3. There are invertible matriz functions F; with harmonic columns, chosen as corre-
sponding source solutions. In these harmonic frames there are corresponding harmonic
matriz functions le-, 1 <1 < n, satisfying

tRetr Xj(z)=2a',  Xi0)=0,  9;X}(0)=0lI. (2.8)

4. There are finitely many further corresponding harmonic column functions with zero
value and gradient at 0, whose Hessians at 0 span the space of symmetric C?-valued
tensors H satisfying Y ; Hi; = 0. All these paired functions, including the frames, agree
on the known region and have identical jets at 0.

Proof. Choose a small coordinate ball near an interior frontier and a point of W close
enough to that frontier that its distance to the complement is attained inside the chart.
The Euclidean ball with that center and radius lies in W and touches its complement at an
interior point p. Its boundary gives the required smooth one-sided contact hypersurface.

If pr, € W tends to p, compactness of N; and U(2), using the fixed global trivializations,
gives a subsequence for which ®(p;) — ¢ and J(px) — Jo. Continuity of every source
solution gives

Jol2(p) = I1(q). (2.9)

The point ¢ cannot lie on the boundary, where the right side would be zero, since I»(p)
is onto. Two distinct possible limits ¢ contradict joint surjectivity on Ni; at a fixed q,
surjectivity of I»(p) determines Jy. The full limits therefore exist. Also g ¢ E: otherwise its
identity match on E and (2.9) would relate the evaluations at the distinct points g, p of Nj.
Both p and ¢ consequently avoid U,.

Choose two source solutions whose columns give an invertible matrix Fi(g). Their
corresponding second-side columns give Fy(p), invertible by (2.9). Shrink the charts so
both matrices are invertible. In a harmonic frame, v = Fj_lw satisfies an equation with
scalar elliptic principal part and no zeroth-order term, since every column of F} is harmonic.
Lemma 2.3 is invariant under this smooth frame change. It therefore supplies matrices X!
with value zero and gradients equal to any chosen real coordinate covectors times I. Choose
those covectors independently, and let X} be the corresponding source matrices expressed
in F5.

Set ! = %Re tr X} and ¢! = %Re tr X4. The first functions form coordinates at ¢. On
matched points, the source identity implies JFy = Fy o ® and X4 = X! o ®. Thus the scalar
coordinates and the metric Gram matrices of their differentials agree under the isometry.
Passing to p,q, their Gram matrices agree and are positive definite. Hence the 3! are
coordinates at p. Fix a target chart neighborhood U; on which the z! are coordinates. The
full convergence of partner points permits a source chart neighborhood Us so small that
(W NUsz) C Up. Choose a small coordinate ball Q2 about zero contained in both z(Uj)
and y(Usz), and restrict the two charts to their inverse images of Q. For a matched point in
the restricted source chart, z(®(p')) = y(p') € ; its partner therefore lies in the restricted
target chart. Thus the old map is coordinate identity throughout its domain in these charts.



The matrix gradient identity at ¢ now reads 9;X!(0) = 6!1; equality on the one-sided region
and smoothness give the same identity for X5.

Because the harmonic-frame equation has no zeroth-order term, a jet with zero value and
gradient is constrained only by ¢’ (0)H;; = 0. The jet lemma supplies a finite basis of these
Hessians and corresponding source pairs. They agree on the known region, so their complete
jets agree at the contact point. The same conclusion holds for every smooth coefficient or
paired function already identified there.

Finally polar-orthonormalize the original harmonic frames: write F; = H;S;, with H;
unitary and S; positive Hermitian. On the matched set, JF> = F implies S2 = 57 and
JHy = Hj. In the unitary frames Hj, the old bundle identification is therefore I; connection
matrices and Green matrices agree there. We continue to write F; for the harmonic-frame
matrices in these unitary frames. A common real linear coordinate change makes the metric
at zero Euclidean and the contact hyperplane horizontal. Apply the same linear change to
the list of X Jl»; this preserves all identities in (2.8). Reverse the final normal coordinate if
necessary to put the known side below its graph. In these coordinates the Hessian constraint
is the one in the statement. O

2.5 Dilation of the contact data

The local analysis uses the preceding charts on a small physical scale and a fixed coordinate
range. For A > 0, set

gin(@) = gj(Az), Aja(z) = AA;(Az), (2.10)

Gjix(z,y) = )\”_2Gj()\x,)\y), Fj\(z) = Fj(\x).
Here the metric normalization is A™2 times the pullback metric. Thus the pulled-back con-
nection Laplacian is multiplied by A2, and the factor A2 in the kernel exactly compensates
for metric volume. In particular the displayed kernel still has unit matrix point source
for g; ». Harmonic functions and the harmonic frames dilate by composition, without a
multiplicative factor.

On every fixed bounded coordinate range, these metrics converge smoothly to I, the
connection matrices converge smoothly to zero, and all fixed finite orders of their coefficients
and frames remain bounded. Source-free harmonic-frame operators have zero zeroth-order
terms; their ordinary-coordinate first-order coefficients tend to zero. The known side becomes
r, < A'k(A\z’), which contains every fixed bounded region lying strictly below z,, = 0 for
all sufficiently small A.

We also have uniform kernel bounds on fixed separated sets. An interior parametrix
of order —2 for the original smooth scalar-principal system gives |G;(z,y)| < Clz — y|*™"
in a sufficiently small fixed chart, with a smooth remainder; interior estimates give the
corresponding bounds for derivatives away from the diagonal. After (2.10), every fixed
positive lower bound for |z — y| therefore gives bounds of any prescribed finite order,
uniformly for small A. The local constructions below first specify their bounded ranges and
positive separation margins and then restrict A. They never demand a bound uniform as
the separation tends to zero from this initialization alone.

For the local argument, our convention for a normalized equation in a harmonic frame is

Ljv = _Cij_ngj,Aj (Fjv), c; > 0. (2.11)

The scalar multiplier acts outside the differential operator. Its second-derivative coefficient
matrix is cjgjfl, and its zeroth-order term is zero. This convention applies to both the
original and the dilated data; the functions ¢; will be chosen in Section 4.
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The remaining local task is to continue the match through zero. Sections 3-6 will prove
that the metrics are conformal and that suitable normalizations (2.11) give equal operators
on a neighborhood of zero. Section 7 will then use the vanishing zeroth-order terms to
remove the conformal factor and prove that FyF, ! is a unitary connection identification.
Unique continuation extends every source evaluation, so the local identification enlarges the
maximal match.

3 Continuation of solutions in two variables

The local data give a matrix Green kernel when at least one variable lies in the region
where the two structures already agree. We must continue this kernel to separated pairs
outside that region. This section proves the required continuation for elliptic systems acting
on separate tensor indices. The geometric construction and its scalar analytic foundation
are those of [18, Section 3]; we reproduce the argument, including the interpolation and
overlap constructions, and make the extension to systems explicit. No scalar inverse-problem
uniqueness theorem is used.

3.1 Separate equations and extension from a cross

Let V; be finite-dimensional Hermitian vector spaces. In a coordinate domain in R™, consider
an operator

L; = _Agi‘[‘/i + Cfaa + D;,

where g; is a smooth Riemannian metric and C{, D; are smooth endomorphism-valued
coefficients. A product solution is a Vi ® Va-valued function F'(x,y) satisfying

(LBe)F=0, (I&LY)F=0.

We suppress the identity factors below. The coefficients of one equation act only on its
indicated tensor index and depend only on its indicated variable. In particular, the two
equations commute. Their sum has scalar real elliptic principal part on the product; ordinary
unique continuation therefore identifies product solutions that agree on a nonempty open
subset of a connected common domain. Multiplication of either equation by a positive scalar
function does not change its solutions or any continuation constructed from them.

For matrix Green kernels the first tensor factor is the output fiber. The second is the
conjugate of the input fiber: the equation in y is obtained by conjugating the coefficients
of the second connection Laplacian. Equivalently, the adjoint columns of the kernel solve
the second equation. This convention places the two matrix actions on separate indices, as
required here.

The first construction extends compatible data on (D; x S2) U (S1 X D). Its mechanism
is a basis that is orthogonal both on a large domain and after restriction to the observed
set. Common-basis methods have a classical antecedent in separately harmonic extension
[24]; singular systems also enter quantitative Runge approximation [21]. The interpolation
threshold and the construction below follow the scalar companion.

Lemma 3.1 (Extension from a cross). Let D; be bounded connected coordinate domains,
and let S; @ D; be nonempty open sets. Suppose a product solution F' is given consistently
on

(D1 X SQ) U (Sl X Dg),

with the sum of its two L? norms at most M. Suppose O; € D; are open sets and every
Vi-valued solution w of Liw = 0 on D; satisfies

i 1—y
[l < Clwllas 0l 0<w<l, m+w>l  G1)

11



Then F extends as a product solution to O1 X Os, agreeing with the two given pieces on their
intersections. Its C™ norm on every compact subset of the output product is at most Cry M .
These constants are uniform when geometric margins, ellipticity, the required coefficient
bounds, interpolation constants, and a positive lower bound for v1 + ~vo — 1 are uniform. A
specified output order requires only finitely many coefficient bounds.

Proof. Let H1(D1) be the closed subspace of L?(Dy; Vi) consisting of distributional L;-
solutions. Restriction R : Hi(Dy) — L2(Sl; V1) is compact by interior elliptic estimates and
is injective by unique continuation. The spectral theorem for R*R gives an orthonormal
basis (w;) of Hi(D1) such that

(wiywy) 25,y = 13055, 0 < py <1 (32)
For every N there is a uniform constant C'y with
pj < On(145)"N. (3.3)

Indeed, multiply a solution by a cutoff equal to one near S; and compactly supported in
D;. Interior estimates bound its H* norm by its L?(D;) norm. Fourier truncation in a
containing cube, component by component, gives an approximation of rank O(A™) and error
O(A™F). The minimax characterization of singular values yields i < Cy, j7k/m The fixed
fiber dimension changes only the constants.

For y € S5, expansion in the first variable gives

F(.’E,y) :ij(.f[?)@bj(y), Hbj||L2(SQ7V2) S M.
J
Contracting the first tensor index against w; extends the coefficients to Dj:
bi(y) = M}Q/S > wjalx)Fo(z,y) d, 1651l L2(Dyiva) < Mpj ' (3.4)
1 «

Here F,,(x,y) € V4 are the first-index components in an orthonormal basis of V1; the displayed
contraction leaves a vector in V5. Because the second system acts on that remaining index,
Lob; = 0. Restriction orthogonality proves that this formula agrees with the original
coefficient on Ss. The assumed interpolation gives

-1
lwjllLzon) < Cnjs Ibjlicz,) < OMu™.

Thus the tensor series converges absolutely in L2(O; x Oz): the norm of its jth term is
at most CM M}yﬁwrl’ and (3.3) makes these bounds summable. The limit solves both
equations distributionally. Interior estimates for their elliptic sum give smoothness and the
claimed bounds.

Agreement on the second arm requires a completeness check. Take z € L2(S;V4)
orthogonal to the closure of RH1(D1). The Va-valued function

Yy — /51 ZMFa(w,y) dx

solves the second system and vanishes on S, hence vanishes on connected Dy. Every
second-arm slice therefore belongs to the closed restricted range. Its expansion in the
orthonormal basis w;/u; is complete, with coefficients 11;b;(y). Consequently the series
equals F' on 51 x Os; it converges there by the positive exponent .. On O x Ss it is the
original expansion, converging with exponent ~;. These establish both required agreements.
Only upper bounds for p; have been used, so uniformity does not require continuous choices
of singular bases or lower bounds on singular values. O
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The remaining issue is geometric: we must place two observed sets so that the interpola-
tion exponents add to more than one. Strict Carleman weights will supply those exponents
from a curvature condition on the boundary of the region where the product solution is
known.

3.2 A geometric criterion for local extension

We next build the interpolation estimates needed in Lemma 3.1. For a metric g, call a
smooth real function € a strict weight at a point where df # 0 if
Vg
Hess, 0(e, e) + Hessy 0(v,v) >0 forallv Le, |v|g =1, e= ), (3.5)
g
For the system L = —A,I 4+ C*0, + D, the strict Carleman estimate gives, after shrinking
the coordinate neighborhood,

T e™w|Ze + IV (e w)|72 < Clle™Lwll?., 7>, (3.6)

for compactly supported vector-valued w. All norms sum over the fiber components. The
scalar form is the elliptic strict-weight estimate of the classical Carleman theory; see [11,
Chapter XXVIII] and [13, Definition 8.3 and Theorem 9(a)]. We recall its energy proof
to record the system dependence. First take one scalar component and L = —A,, write

v =e™w and

eLle”™ = A, +B.,  A.=-Ag—7d02, B, =r1(2V0-V + Ay0).
Here A; is self-adjoint and B; is skew-adjoint for metric volume. Integration by parts gives
I(Ar + Bo)wll? = 14,01 + 1| B,ol® + (147, BrJo,v),
(145, B, v, v) = 4T/Hessg 0(V, Vo) + 473 /Hessg 0(V0,V0) v — 7/(A§e)|u|2.

Choose a real constant m strictly between the negative of the least unit tangential Hessian
value and the unit normal Hessian value. After shrinking the patch, these inequalities have a
positive margin. Add 4m7(A,v,v) to the commutator form. Its gradient coefficient becomes
47(Hessy 6 + mg), and its leading zero-order coeflicient is

4T3|d9|§(Hessgﬁ(e, e) —m) > et

The tangential gradient form is positive. Its mixed and possibly negative normal terms cost
at most C7||Vev||?, and
IVev||* < Cr72(|Bro]|? + Clv]*.

Finally [4m7(A-v,v)| < §[|A-v||? + C7?|jv||%. For large 7, the squared parts absorb the
normal derivative cost and the positive zero-order term absorbs the remaining errors. This
yields the scalar estimate. Summing it over components gives the estimate for —A4I. The
conjugated matrix lower-order terms have norm at most C(||Vv|| + 7||v||), so their squared
norm is absorbed by the 7 and 73 terms after increasing 9. This proves (3.6) for the stated
systems. The constants are uniform on compact sets of strict weights, with fixed positive
strictness margins and bounded matrix coefficients. The scalar cutoff commutators used
below act componentwise, and interior estimates for these systems have the same orders as
in the scalar case.

The existence criterion below is the geometric criterion of [18, Section 3, “A geometric
criterion for local extension”]. Its geometric proof depends only on the principal metrics.
The system estimate just proved and Lemma 3.1 provide the analytic steps in the present
setting. All gradients, lengths, orthogonality relations, and Hessians in its statement use
the principal metrics g1, go and their product connection.
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Proposition 3.2 (Product extension criterion). Let p be smooth near zy = (xo,yo), with
p(z0) =0 and dyp,dyp # 0. Put
o — Vip
" Vip?

H = Hess p.

Suppose that at zg
H((ala _a2)7 (ah —(Ig)) + H((Ulv U2)7 (U17U2)) >0 (Ui L a;, |U’L| = |CL1|) . (37)

Every product solution given on {p > 0} near zy extends to a neighborhood of zy, agreeing
on a smaller part of that side. In fact, the construction uses only two compact product sets
in {p > e} for some e > 0. The neighborhoods and estimates on smaller neighborhoods are
uniform under small smooth perturbations preserving the strict hypotheses, provided the data
on those compact sets are bounded.

Proof. We first split the product Hessian condition into a strict weight in each factor. Their
sum will lie below a defining function for the given side, with a quadratic gap. That gap
places two intersecting product sets in the given side; the weights then yield interpolation
exponents greater than one half, allowing Lemma 3.1 to apply.

Splitting the weight between the factors. We seek symmetric forms P; satisfying
Pi(ai,a;) + Pi(vi,v;) >0, H + de®2 > PP

for some K > 0, with the vectors v; as in (3.7). After division by |a;|?, the first inequality is
the strict-weight condition for a function with gradient V;p and Hessian P;. The second
inequality will give the quadratic gap. To obtain these forms by convex separation, the dual
tests are positive semidefinite forms D whose diagonal blocks are

dia?2 + 5;, d; >0, S;>0o0n ail, trS; = dz|a1]2

This follows by separating the open convex cone consisting of positive definite forms plus
the allowed P; @ P»; the individual dual cones are generated by az®2 + vfw. Normalize
tr D = 1. To obtain a suitable K, it suffices by compactness to prove H : D > 0 on tests
with Ddp = 0.

Represent such a D as a covariance matrix. The normal components measured by
the two partial covectors are opposite. The diagonal-block condition makes each normal
component uncorrelated with its own tangential component, hence with both tangential
components. Their variances coincide, giving dy = do = d > 0 and

D =d(a1,—a2)®? + D, tr(Dy )i = d|ag]?.

The case d = 0 would force D = 0. Among nonnegative tangential forms with these two fixed
traces, every extreme point has rank one: on an image of rank r > 2, a nonzero symmetric
perturbation preserves the two traces because r(r 4+ 1)/2 > 2, and small perturbations of
both signs preserve positivity. The rank-one tests are precisely those in (3.7), multiplied by
d. The asserted positivity follows. Compactness of the normalized tests then supplies K, as
required.

Prescribe partial covectors d,p, d,p and Hessians P; for smooth functions ¢; vanishing at
the respective points. In small coordinates centered there, Taylor expansion gives

O1(x) +02(y) < plz,y) — |z + |y,  p=p+Kp*/2, (3.8)

with ¢ > 0. Each 6; satisfies (3.5). The positive side of p is the positive side of p in this
neighborhood.

14



Placing the cross and obtaining interpolation. Use coordinates (s;, z;) with s; = 6;.
Fix a small £ > 0 so that ¢(s;) = s; — ks? remains a strict weight. Choose successively a

small lateral radius R, a height | < cR?, and e < ki?. Take
D; = {—l < s <1+ 4e, |ZZ| < R}

Use a cutoff equal to one on the inner lateral half and for —I 4+ 3e < s; < [ 4 2¢, supported
in the cylinder and in —1 4 2e < s; < [+ 3e. Let S; € D; include neighborhoods of its top
and lateral derivative supports, where respectively

si>l+e/2 or |z|>R/3,

and an inner top slice near s; = [ + 5¢/4. The two closed product sets D1 x Sy and S7 X Do
lie strictly in the given side. For a top slice, the sum of the two s coordinates is positive.
For a lateral slice, it is greater than —2[, which is dominated by the quadratic gap in (3.8).
Making the sets slightly smaller if necessary gives a common ¢ > 0 with p > ¢ on their
closures.

For an L;-solution normalized by [|w| 2(p,) = 1, apply (3.6) to this cutoff times w.
Interior estimates bound the bottom derivative terms using the large norm and the weight
¢(—1 + 3e). The remaining derivative terms use ||wl|z2(g,) and a weight at most ¢(I + 3e).
On a smaller inner cylinder beginning at s; = —e, the weight is at least ¢(—e). Balancing
the two exponentials yields (3.1) with

o) —o(-l+3e) 1
TS0 3e) — (-l +3e) 2
Indeed at e = 0 the quotient is 1/2 + xl/2. Values of the balancing parameter below 7

are covered by increasing the constant. The output cylinder may be chosen to include a
connected tube from the origin to the indicated top slice.

(3.9)

Constructing and identifying the extension. Lemma 3.1 now gives a product solution
on a neighborhood of zy. It agrees with the old solution there on the positive side: from a
sufficiently near positive-side point, increase sy into the top slice. Since 0s,p > 0 locally,
the segment stays on that side and in the larger constructed cylinder. Agreement on the
slice and unique continuation along a neighborhood of the segment prove agreement at the
original point. All choices have strict margins. Keeping their finitely many compact sets
and shrinking their output neighborhoods once proves the stated perturbation uniformity
by (3.6), Lemma 3.1 and interior elliptic estimates. O

3.3 Gluing along a compact family of surfaces

Proposition 3.2 provides a germ across one surface point. The following formulation records
the geometry needed to combine these germs. In particular, agreement is proved on specified
overlap components, rather than inferred from the existence of a cover.

Lemma 3.3 (Propagation through a compact cylinder). Suppose a region in a product
patch has smooth coordinates (z,a) near B X [a_,a4], where B is a compact base, possibly
with boundary or corners. A single product solution is given on an open set S containing
neighborhoods of the top and lateral boundary. Assume that S is upward closed in a at fized
z. If every level a = constant satisfies Proposition 3.2 outside S, with the positive side
pointing toward increasing a, the solution extends to a meighborhood of the cylinder, agreeing
on S. For fized coordinates, compact sets and strict reference inequalities, the extension has
uniform compact-subset bounds under small smooth perturbations, in terms of bounds on
finitely many compact subsets of the initially given region.
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Proof. Starting from the top, let a, be the infimum of levels down to which an extension
agreeing with the seed has been obtained. In the uniform version include uniform bounds in
this property. At a non-seed point of B x {a.}, Proposition 3.2 uses compact data strictly
above that level. Take a finite cover of the level by such output neighborhoods and seed
neighborhoods. Their data are contained above a, + 7 for one n > 0, so an already reached
level supplies them with the needed bounds.

Shrink the outputs in (z,a) coordinates to boxes B; X (ax — d;, ax + d;). Every connected
component of an overlap contains vertical segments to a common height greater than a..
Both germs equal the preceding extension there. Unique continuation for LY + LY makes
them identical on that overlap component. The same argument gives agreement with S,
because a vertical segment moving upward from a seed point stays in the seed. Boundary
neighborhoods use the given solution. A finite subcover has a positive minimum output
width and therefore passes the putative last level, or includes the endpoint a_. This proves
continuation on the whole cylinder. The same finite constructions retain all strict margins
under small perturbations. Their Carleman, series and interior estimates prove the uniform
assertion. Data bounded up to a limiting surface are never required: each local construction
uses compact sets strictly above it. O

3.4 Initialization at a fixed distance from the diagonal

We now return to the connection Laplacians. In common coordinate patches centered at
0, let (g;,A;) be smooth metrics and unitary connection matrices obtained from interior
patches of compact Dirichlet manifolds. Use fixed local unitary frames, and let G; denote
their matrix Dirichlet Green kernels, normalized with metric volume. Suppose that both
coefficient pairs agree on an open set W containing the lower side of a smooth hypersurface
through 0, and that Gi(z,y) = Ga(z,y) for distinct z,y € W. After a common linear
coordinate change, assume

g1(0) = g2(0) = I, {x, < q(z")} C W near 0, q(0) =0, dq(0) =0,

for a smooth function ¢q. No regularity of the rest of 9W is assumed. For a small spatial
dilation parameter A > 0, put

gin(z) = gj(Az), Ajxa(z) = AMj(Az2), Wy ="',

. (3.10)

On each fixed bounded patch the metrics tend smoothly to the Euclidean metric. The
corresponding dilated systems have uniformly bounded smooth lower-order coefficients on
every fixed bounded set, and W) contains every fixed compact subset of {z, < 0} for
sufficiently small A. Initially define, off the diagonal,

Gl,)x(xay)a RS W)\a

(3.11)
G27,\(Cv,y), T € W)\.

g)\ (.’L', y) = {
The pieces agree on their overlap. They solve the first connection Laplacian in x and the
conjugate second connection Laplacian on the second index in y, in the convention at the
beginning of the section. Indeed, on the observed factor its two coefficient systems agree.
Thus (3.11) is a product solution of the systems already treated.

Proposition 3.4 (Fixed-separation initialization). In this setting, let n > 3 and fix B > 0,
d > 0 and n > 0. For all sufficiently small A, the data (3.11) have a product-solution
continuation to a neighborhood of

{(zy) « [x], [yl < B, |z —y| = d}.
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Every fized C™ norm on a smaller neighborhood is bounded uniformly in \. It agrees with
G1\ when y € Wy and with G\ when x € Wy, on the corresponding overlaps. In particular
these agreements hold on the fixed truncated lower strips y, < —n and x, < —n, respectively.
The smallness threshold for A and the constants may depend on B,d,n, m.

Proof. For the final comparison with the full original cross, fix at the outset
B=B+n+4, d=min(d/2,1/4).

We construct the continuation for these enlarged location bounds and smaller separations,
and then restrict to the stated target. We first cross the limiting plane, then deform
variable-radius tubes to reach those separations. This follows the two-stage construction of
[18, Section 3, “Fixed-separation initialization”]. We first choose the Euclidean geometric
ratios, including the opening of the region reached in the first stage. We next choose the
entire tube cylinder and a bounded positive-separation range containing it. The first-stage
constructions are then made on that range. Only after all these fixed sets have been chosen
do we decrease .

Crossing the plane and obtaining a common seed. We first extend slightly across
the plane in one variable while keeping the other at a comparable positive separation. The
first interpolation exponent can be made close to one; this compensates for the fixed positive
exponent obtained by propagation in the separated second variable.

For the Euclidean equations, the following choices are invariant under translations parallel
to the plane and under a common change of spatial scale. We make the geometric choices
on a unit-scale template. They therefore give an opening constant ¢y > 0 independent of the
bounded range on which the construction is subsequently used. On any fixed compact range
of centers and scales 0 < spin < 8 < Smax, the same strict weights and geometric fractions
work for the dilated systems once A is sufficiently small. The lower-order coefficients are
bounded uniformly there (and converge to zero under the connection dilation).

Fix a point zg of height zero and a separation scale s > 0. In the second factor take

Dy ={s/2 < |y — zo| < 2s}

and an observed ball S5 about zg — se,. In the first take a ball of radius 3v¥ys centered
at xg — Yosen, with 99 > 0 fixed small enough that the two large domains are separated.
Its observed ball has radius (1 — a)tys, with a > 0 to be chosen. These observed balls lie
strictly in the lower half-space. On a fixed compact scale range their heights are bounded
above by a common negative number, since s > syin > 0. Thus, after a finite covering, one
choice of small X places every observed ball in W) with room. No neighborhood of the whole
limiting plane is assumed to belong to W).

There is a two-constants estimate from Sy to a slightly enlarged closed annulus 4s/5 <
ly — xo| < 6s/5, with an exponent 79 > 0 independent of a. Here is a direct way to obtain
it with room for perturbations. On a Euclidean annulus the weight |z — z,|~! is strict: its
radial Hessian is 2|z — z,| 3 and each tangential Hessian value is —|z — z.|~2. Radial cutoffs
n (3.6), followed by exponential balancing, propagate smallness from an inner ball to an
intermediate ball using the norm on an outer ball. A finite chain of overlapping balls with
enlarged balls inside Ds connects So to the target annulus. The annulus is connected since
n > 3. Multiplying the finitely many positive exponents gives the asserted 5. The same
weights and margins work for sufficiently small perturbations of the Euclidean metric.

In the first factor use this radial argument centered at x¢g — Ygse,. Keep the outer cutoff
a fixed distance beyond radius ¥ys, and put the inner cutoff just inside radius (1 — «)dgs.
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Take a concentric target ball of radius (¥ + ¢)s, with ¢ > 0 small; it contains the observed
ball and a ball of radius cs about xg. To see the resulting exponent, let R;, be an inner
cutoff radius, chosen just inside the observed radius, let Riar = (9 +c¢)s, and let Rout > Riar
be a fixed starting radius for the outer derivative support. With §(R) = R~!, exponential
balancing gives

O(Rtar) - H(Rout)

G(Rin) - G(Rout) ‘

The inner core is bounded directly by the observed norm. As « and c¢ decrease, choose the
inner cutoff so that both R;, and Ry, approach ¥gs, while Ry, stays a fixed distance beyond
that radius. Thus y; — 1. Choose these constants so that ;1 + 2 > 1. Lemma 3.1 extends
the kernel to a small ball about xg times the target annulus. On these fixed separated sets
the rescaled Green kernels and their derivatives are uniformly bounded: the same bounds
hold entrywise for the smooth systems used here. To see this, an interior inverse parametrix
has order —2 and frequency pieces bounded by Cn27("=2) (1 4 27|z — y|)~V, up to a smooth
kernel. Summing gives the local bound C|z — y|?>~™ for n > 3. The normalization in (3.10)
preserves this bound; interior estimates for the uniformly elliptic dilated equations give all
fixed derivative bounds away from the pole.

The extensions agree with both lower pieces on their actual comparison domains. For
y € Sa, the series equals G ) for all x in its first output ball. Fix any such z in a truncated
lower half-space contained in W). On Ss both variables then lie in W), so this value also
equals G x. Unique continuation for the second system on the connected output annulus
proves agreement with Go ) throughout that annulus. In the other direction, fix y in the
output annulus and in W). On the first observed ball S;, agreement with the second arm
gives G2 » = G'1». Unique continuation for the first system on its connected output ball gives
agreement with G ) there. Each comparison stays a positive distance from the diagonal.

We make the overlap comparison precise because the two variables may play different
roles in two local constructions. Inside the output just obtained choose a larger comparison
product of the form

" =

P(xg,8) = B(zo,ks) x {(1 =()s < |y — zo| < (1 +()s},

where k,( > 0 are fixed geometric fractions. The first ball is contained in the actual
concentric first output ball, and the annulus is contained in the actual second output. Keep
the full original outputs for the preceding lower-piece comparisons. For coverage retain only

P'(x0,5) = B(zo,e18) x {(1 = {")s < |y — o] < (14 ¢')s}, 0<ea <k 0<( <

The transposed products are used when y is the near-plane variable. If a point belongs to
two retained products, their scales are comparable to each other and to |z — y|, with fixed
constants. Choose €; small enough, relative to x and { — ¢/, that a downward translation
of size at most a fixed multiple of €; times either scale stays inside each larger comparison
product whenever it acts on a retained near-plane variable. This follows directly from the
triangle inequality for the ball and annular distances. On the chosen compact scale range
take g > 0 much smaller than the remaining margins times sy, and with 7y < 7.

For products of the same orientation, lower only their common near-plane variable by

h = max(xy, 0) + 21

(or the analogous expression in y). The other variable remains fixed. For products of
opposite orientations, both x and y lie in retained near-plane balls; lower both by

h = max(xy, yn,0) + 219.
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The scale comparability and the preceding choices keep the entire path in the intersection
of the two larger comparison products. Its endpoint has the near-plane variable below —mnyg
in the first case, and both variables below —7ng in the second. For small enough A these
endpoint neighborhoods lie in the original lower cross, where the preceding comparisons
identify both germs. Unique continuation for the elliptic sum on the component of the
larger intersection containing the path identifies the germs at the starting point. The path
need not remain in the retained products. This proves agreement on every retained overlap
without a connectedness assumption on that overlap.

Apply the same construction with the variable roles and their tensor factors interchanged,
and then return the values to the original tensor order. The resulting germs solve the same
two equations as the first orientation. The overlap comparison therefore applies to them
and produces, for some fixed ¢y > 0, a single-valued continuation in

min(zy, yn) < colz —yl, (3.12)

on every fixed compact range of bounded locations and positive separations. The estimates
are uniform in \ on that range. For coverage near the plane, take xo = (2/,0) and s = |y — x|
when the first variable has the smaller nonnegative height; then z is in the retained first
ball and y in the retained annulus if ¢y is small; for instance c¢o/(1 — ¢g) < €1 guarantees the
required ball inclusion. Points already below the plane are covered by the same construction
near it or by the given cross farther below it. The preceding overlap argument makes these
choices compatible.

Sweeping tubes inward from the common seed. The region (3.12) is now the seed
for the second stage. At fixed center y and direction w, we move x along the ray from y:
large radii lie in the seed, and decreasing the radius will reach the target pairs. Choose
M > B + 3 and introduce

t=M+yn+ely’, ray)=at'™?,  z=y+riyw, =1, (3.13)
where o, ey > 0 will be small. The base is
yn > —B — 1, t < Ty, we St

and a decreases through a fixed interval [Gmin, @max]. The term egly’|?> makes this base
compact. The parameter a decreases while (y,w) remains fixed, as required by the compact-

cylinder propagation lemma. Put m = M — B — 1 > 2. Reserve the bounds 0 < ¢ < 1,
eo < (1+ B?)7! and egTy < 1/4. Once o is chosen below, take

0 < apin <

d 2
= ’ > iny 7~ | >
Q(M n B n 1)1+J Amax max <am1n Com‘T)
and then choose N
To > 2(M + B+ 1), CoaminTOU > 2.

For every target center, t < M + B + 1; hence its target separations exceed Tami (). On the
initial level, corq,,,. > 2t > yp, so this level lies in (3.12). The bottom base boundary has
Yn < 0, and on the face t = Ty we have cor, > 2t > y,, for all allowed a. Thus the initial
level and both base boundary faces are supplied by the seed. The power 1 + ¢ > 1 is what
permits this last inequality at the top face. This known region is upward closed in a: since
min(y, Yn) = Yn + rmin(wy, 0), its defining inequality is y, < (cop — min(wy,0))r, whose
radius coeflicient is positive.
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It remains to check the strict extension criterion outside that region. At the Euclidean
metrics use

p=35(z =y —r®)?), b=Vra.

Away from w + b = 0, multiply the vectors in (3.7) by the common positive factor r, and
write their real and imaginary parts as

Ui =w+ v, v =1, v lw,

B w+b
PR

3.14
+iw, wl(w+b), |wl=]w+b " (3:14)

2

The identity w-(U; —Usy) = b-Us cancels the normal part of the distance Hessian. Consequently
the test is

|7 (Ur — U2)[? = (ra0?ra) (Uz, U2). (3.15)

For bounded b, outside fixed small neighborhoods of b = —w and b = —2w, the first term is
at least c|b|?. To see this, a zero forces the real part of Us to be parallel to w, and equality
of the projected imaginary lengths gives |w 4+ b| = 1. Thus b =0 or b = —2w. Near b = 0,
the real projected difference controls |r . b| to first order; also

I tw| =1—w-b+O(]b?),

so the imaginary projected difference controls |w - b| to first order. This proves the quadratic
lower bound near zero; compactness proves it on the remaining range.
Outside (3.12), yn, > coTq, S0 74/t < 1/cy and

b= (14 0)(ry/t)Vt

has |b| < 4/cp under the reserved bounds. This fixes a compact range for b before o, the
a-interval, Ty, and eg receive their final values. When Vt is close to e,, the two excluded
neighborhoods already lie in (3.12). Indeed,

Tn (14 0)|Vt| o,
Ta 1]

which is arbitrarily small near b = —w and negative near b = —2w as ¢ and the gradient
error tend to zero. On the complement |Uz| is bounded and differentiation of (3.13) gives

14|0%rq| < C(o + Toeo)|b]>. (3.16)

Here the choices can be made in a definite order. First choose a neighborhood radius dg > 0
for b = —w and b = —2w, in terms of ¢y, and upper bounds on o and |Vt — e,| so that their
closures satisfy x,,/rq < c¢p/2. On the complementary bounded b-range let ¢ > 0 be the
constant in the quadratic lower bound. There |Us|? < 2/63. Direct differentiation sharpens
(3.16) to

————— < 0 + 2epTp.

Choose o > 0 small enough that its contribution to this bound is less than ¢§2 /8. Choose
the a-interval and Ty as above, and finally take ey > 0 sufficiently small that all reserved
bounds hold, |Vt — e,| < 2v/egTp has the required smallness, and o + 2e¢Tp < cd3/4. The
second term of (3.15) is then at most (c/2)|b|? in absolute value. The whole test is bounded

below by

2

|b|2 2 (1 =+ U)2aminm20 >0

o
o
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where continuation is needed. Also the two partial gradients of p have lengths at least r,
and Jor,, respectively. This supplies fixed strict margins before any metric perturbation.

All these sets are bounded and stay at separation at least amin(M — B— 1)1+" > 0.
Smooth convergence of the metrics therefore preserves the strict tests for sufficiently small
A. At this point the tube parameters and its compact range have all been fixed. Apply
the first-stage construction on a slightly larger bounded range of locations and separations
containing this cylinder, and then choose A small enough for both its data and the strict
tube tests. Lemma 3.3 continues the kernel through the cylinder, with uniform estimates
and agreement on the seed. A target pair has a = |z — y|/t'77 > amn; if @ > amay it is
already in the coarse region. Hence every target pair is covered.

It remains to identify this extension with both pieces of the full cross (3.11), including
parts of W) not in a truncated half-space. For |y| < B put

D, = B(0, B)\ B(y, d), A=B(=(B+n+2)e,,1/4).

The excluded closed ball lies strictly inside B(0, E), so D, is connected; it contains the
fixed lower ball A, which is disjoint from every excluded ball and lies below x, = —n.
For fixed y € W) in the target range, the constructed kernel and G solve the same
first-variable system on D,. On A the constructed kernel equals G ), which equals G )
because both variables are in ). Unique continuation on D, proves agreement on the
target overlap. Interchanging the variables proves agreement with the other piece. The
inequalities defining B and d leave open room around the original target, so this also gives
the claimed neighborhood and its compact-subset estimates. O

The constants in Proposition 3.4 may deteriorate as d | 0. Its role is to initialize the
sphere construction at fixed positive separations. Lemma 3.3 will subsequently give existence
at each positive radius of a shrinking family. The separate estimate on that family’s transfer
density, rather than an estimate obtained by iterating this continuation, will control the
shrinking limit.

4 Shrinking spheres and harmonic transfer

We now work with the contact data of Proposition 2.5. The two systems agree on the lower
side of a smooth hypersurface through the origin, and their Green matrices agree when both
arguments are on that side. Our aim is to represent a map between their local harmonic
sections by integration over small spheres. Product continuation constructs this map at
each positive radius. A separate estimate in the next section will control its density as the
radii collapse.

The sphere geometry and radius profiles below are adapted from [18, Section 4]. We give
their proofs, including the strict Hessian calculation, and formulate the resulting transfer
for the present matrix equations. The coordinates need not be harmonic.

4.1 A concave depth and the radius profiles

Apply the spatial dilation (2.10). In this section we suppress the dilation subscript on
9;,A;,Gj, Fj and on the paired functions, while retaining A for the dilation parameter. On
every fixed bounded coordinate region, g; — I smoothly and A; — 0 smoothly as A | 0.
The harmonic frames and their inverses have uniform smooth bounds there. All bounded
regions and positive separation scales used below are fixed before the final upper bound on
A is chosen.
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Put
Y={y=0 ) Y| <1, 1<y <1}, to(y) =yu +|y/>
For a sufficiently large fixed L, define
-1
_ _ n
y=ethg  a=4" Q=—" h=Q-a (41)
tr(vgy )

These tensors are defined on a fixed neighborhood of Y, also used for the first-variable
points. Specify the scalar multipliers in the harmonic-frame convention (2.11) by

Lijv = —chj_le(Fjv), ¢ = et co = L_l > 0. (4.2)
tr(vg, )

Their second-derivative coefficient matrices are a and @, respectively, and their zeroth-order
terms vanish because the columns of F; are harmonic. These changes leave the solution
spaces unchanged after the frame identification. For product continuation we use the
positive-principal-symbol convention: —/£; in harmonic frames, or equivalently c;L; in
unitary frames. The corresponding principal metrics are v and @~'. The normalization
ensures

tr(yh) =0, h — 0 in every fixed smooth norm as A | 0. (4.3)
Define a depth function by
to(y)
Hy) = / =215 . (4.4)
1/8

It is negative near the origin and has nonvanishing differential. Its useful feature is strict
concavity for the reference metric:

Hess, t = e~/ (Hess,, to — L|dto|glgl) < —e. (4.5)

Indeed the conformal connection formula cancels the two dtg ® dtg terms. The norm of dtg
is bounded below on the fixed region, whereas Hessg, o is uniformly bounded for small A.
Choosing L first proves the last inequality. All constants describing this reference geometry
are henceforth fixed.

For an integer p, > 2, an amplitude R, > 0, and 0 < § < 1, put

Cs(t) = log(1+€%),  rs(y) = Ruls(t(y))", fe=logrs, B =|dfc|y. (4.6)

We use the y-geodesic ball with center y and radius 75(y). These balls shrink to a point on
{t <0}, including a neighborhood of the contact point. At positive depths bounded away
from zero, their radii retain a positive lower bound. This will let us place cutoff derivatives
where the transfer is already controlled.

Lemma 4.1 (Uniform profile bounds). For the geometry just fized and all sufficiently small
A, the profiles (4.6) satisfy

ﬁ Z Cp*a HGSS’Y f* S 76575 ‘ajf*| S C]ﬂ] (] Z 1)? (47)

uniformly in 0 < 6 < 1. The constants ¢, C; are independent of p. > 2. For fized ps, R, the

functions r§/p* have a uniform Lipschitz bound. The radii increase strictly with &, converge

to zero where t < 0, and obey

sup 71582 —0 asR. 10 (4.8)
0<6<1, yeYy

for each fixed p.
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Proof. Write as = (log¢s)’. With s =t/4,

eS

(1+e%)log(l+es)

as(t) =07 A(s),  A(s) =

The function A is positive and decreasing: setting u = e® gives

u(log(1 + u) — u)

Als) = (14 u)?log(1 + u)?

< 0.

At the negative end A tends to one, and at the positive end it is comparable to (1 4 s)~'.
Differentiating its convergent expressions at the two ends gives \A(j)] < CjAj“; positivity
gives the same bounds on the remaining compact interval. Consequently, on the fixed range
of ¢,

as>c¢>0, a5<0, |9logls| < Cjal, a5 < L5

Since |dt| is bounded above and below, 3 = p.as|dt|,. The identity
Hess, f. = p.asHess, t + p.ajsdt ® dt

and (4.5) prove the first two bounds in (4.7). The chain rule gives the derivative bounds;

their constants can be independent of p, because p.aj < pla} for j > 1.
The estimate 0 < ¢5 < 1 proves the Lipschitz assertion. Moreover,

S

Osls = log(1l +¢€°) — 1s+ i 0

The displayed expression tends to zero at both ends and its derivative in s is —se® /(1 + e*)2,
so it is strictly positive at finite s. The limit of ¢5 is max(¢,0). Finally,
T562 < CR*pieg*_2a

and /s is uniformly bounded on the fixed depth interval. This proves (4.8). O

4.2 The core, cutoff, and order of choices

Choose t, > 0 so small that 3¢, < ¢(1/4), where t(1/4) denotes the value of the increasing
function in (4.4) at t9 = 1/4. Define

K={yeY y,>-1/2, t(y) < 2t},
X € C*(Y"°), X = 1 near K, (4.9)
supp(dx) C {yn < —1/4} U {t > t}.

Such a cutoff exists. Indeed, on K one has tg < 1/4, and thus |¢/|> < 3/4 and y,, < 1/4;
hence K € Y°. Multiply a cutoff changing from zero to one between y, = —3/4 and
yn = —1/2 by a cutoff of ¢ changing from one to zero between 2t;, and 3t;, moving its
endpoints slightly to leave room around K. The inequality 3t;, < ¢(1/4) keeps the support
away from the lateral and upper faces of Y. On the second cutoff region,

rs > Rl > 0. (4.10)

Every point of K can be joined to the known lower region by the vertical segment with the
same y’ and initial height —1/2. That segment stays in K; both ¢ and 75 are nondecreasing
along it. For sufficiently small A, its initial point and a neighborhood of it lie in the known
side.
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We will use the following temporary metric comparison:

Hs(y) = ) 10%h(y)| <ers(y)  (y€Y). (4.11)
laf<8

Coordinate norms in this definition are uniformly equivalent to the reference-metric norms.
This condition will later be improved and then removed by a continuity argument.

Remark 4.2 (Parameter choices). The reference geometry, t,, K, and x are fixed first.
Choose p, sufficiently large and then ¢ > 0 sufficiently small. The lower bounds on p, and
upper bounds on € used below depend only on the fixed geometry and coefficient bounds,
before R, and the final dilation are chosen. Choose R, so that every ball lies in a normal
neighborhood with fixed coordinate room and

rpldlogryls <e  (0<n<1, yeY). (4.12)

The fixed-separation scales determined by these choices are positive, although they may be
small. Only then reduce A to meet the fixed-separation initialization and the coefficient
bounds. The parameter § remains free subject to (4.11). In particular the upper bound on
A does not depend on 4.

4.3 The strict Hessian test for a moving sphere

The difficulty in approaching the diagonal is that the radius varies with the center. The
leading terms from its gradient cancel in the product Hessian test. The strict concavity of
its logarithm provides the positive remainder.

Lemma 4.3 (Strict sphere geometry). Let r = rs satisfy (4.7), (4.11), and (4.12). For p,
sufficiently large and € sufficiently small, the hypersurface

p(x,y) = 3(dy(z,y)> —r(y)®) =0

satisfies the strict criterion of Proposition 3.2 for principal metrics v in the first factor and
Q™! in the second. Both partial gradients are nonzero, and the positive side is the exterior
of the moving ball.

Proof. Put b = V7r, so that |b| = r3. Parallel transport along the radial «-geodesic identifies
the endpoint tangent spaces; let w be its unit direction from y to . Multiply the normalized
vectors in Proposition 3.2 by the common factor r. Their real and imaginary parts can be
written as

Uy =w+ v, vlw, |v=1, Uy =q+1w.

All lengths in the following calculation use . Set s = w + b. In a v-orthonormal frame at y,
the exact conditions on the second vector are

Qs Tl 1
q:sTQs’ s-w =0, w* Q w:sTQs' (4.13)
Here the matrix of a is the identity. Therefore
s _
s-Ua=1 q= WJrO(W), w| = [s| =" + O(|R]). (4.14)

The assumptions make b and h small. Both partial gradients of p are consequently nonzero,
and |Us| is bounded above and below.
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With the product y-connection, the endpoint Hessian of half the squared distance has
value

U1 — Us)? + O(r2)(JUL 1 + |Us?). (4.15)

To obtain the error, parametrize the radial geodesic on [0,1]. In a parallel frame its Jacobi
field with prescribed endpoint values differs from the affine interpolant by O(r?) in C*,
because the curvature is bounded and the velocity has size . The second variation formula
gives (4.15). Replacing the second connection by that of Q~! contributes only O(r?): its
difference from the ~y-connection is O(|h| 4+ |0h|) = O(er), while |dp| = O(r).

The relation s - Uy = 1 implies w - (U} — Us) = b - Uy. Also

Hess, (r?/2) = 2dr ® dr + r* Hess, f..
Thus the Hessian sum in the criterion, multiplied by 2, equals
[Tor (U1 — Ua)|? — |b- Ua* — r? Hess,, fu(Us, Uz) + O(r?). (4.16)

For a real bilinear form, evaluation on a complex vector and its conjugate means the sum of
the evaluations on its real and imaginary parts, as in the criterion.

We record the cancellation quantitatively. The real projected difference is —m,1b +
O(|b|? + |h|). The imaginary part obeys

|Tprw] =1 —w-b+O(|b]* + |h|).
Comparing this length with |v| = 1 and squaring gives
Ty (U = )2 = [bf2 = C(Jbf? + [bl1h] + h[2).
The real and imaginary directions of Uy are almost orthonormal; hence
|- Us|? < (1+C(1b] + |h])) (0]
Using |b| = 7S, |h| < er, and (4.7), expression (4.16) is bounded below by
cr’B —C(r* +r36° + er?B + &%r?). (4.17)

Divide the error terms by r23. Their ratios are bounded by C/3, Cr3?, Ce, and Ce?/$,
respectively. Increasing p. controls the first, and then decreasing ¢ controls the others by
(4.12). This proves strict positivity. O

Proposition 4.4 (Continuation to the sphere family). Make the choices of Remark 4.2.
For all sufficiently small A and every 0 < 6 < 1 satisfying (4.11), the mized Green matriz
extends to a neighborhood of

{(z,y) 1y €Y, dy(z,y) =7s(y) }-

It solves the first system in x and the conjugate second system in the second tensor indez.
On the lower center region y, < —1/4 it agrees with G1, and on the prescribed positive-
depth region t > ty, it agrees with the fixed-separation continuation of Proposition 3.4. The
extension is smooth for each positive 4.

Proof. Deform 7 from 1 down to J, using (y,w) in the unit sphere bundle of ~ as base
coordinates and

T = exp'yy(rn(y)w).
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The base over the closed cylinder Y is compact. The radius has strictly positive derivative
in n, so these variables give cylinder coordinates on every fixed interval § < n < 1. The
positive side of a level is the direction of increasing 1. Since 7, > 5, condition (4.11) holds
at every intermediate radius. Lemma 4.3 applies there.

At n =1 the separations have a positive minimum on Y. The same is true throughout
t >t by (4.10). Proposition 3.4 therefore supplies the top and positive-depth data, with
open room and uniform bounds at any fixed order. In the lower strip y, < —1/4, use the
original kernel G7; this strip lies in the dilated known side for small A. The initialization
agrees with this kernel on their overlap.

These two base regions cover every lateral face of Y: its bottom face is in the lower
strip, and on a remaining lateral or upper face outside that strip one has to > 3/4. Both
regions are independent of 1 and hence upward closed. Together with a neighborhood of
the top level they supply exactly the seed required by Lemma 3.3. That lemma and the
strict sphere test extend the kernel through the whole cylinder, preserving agreement on the
seed. Normal-neighborhood room and positive radii on each fixed interval ensure that all
surfaces remain off the diagonal. O

The proposition gives existence at every admissible positive radius. It does not give
a bound for the kernel as § | 0. We next pass from the kernel to its action on harmonic
sections; this action has a sphere density that can be estimated separately.

4.4 The transfer and its matrix density

Fix 0 > 0 satisfying (4.11), write r = rs, and denote the continued kernel by G(z,y). For a
first-system harmonic section u defined near the closed «-ball centered at y, set

st = [ [0) Vi) - (VRL06y) u@)] dsi@. @8)
9B4(y:r(y))

Here 11 and dS; are the outward unit normal and hypersurface density for the actual metric
g1. The derivative of the kernel acts on its first fiber index. Consequently the displayed
integrand is a section of the second fiber, with the adjoints in the indicated order. For a
first harmonic-frame function v, define

Tyv = Fa(y)~'S(y; Fyv). (4.19)

Let S, denote the unit sphere of (T,R",~,) and do, its rotation-invariant probability
measure.

Proposition 4.5 (Matrix harmonic transfer). Under the assumptions of Proposition 4.4,
there is a smooth matrix function ¥ = s on the unit sphere bundle over Y° such that

T,v = /Sy P (y, w)v(expy (r(y)w)) doy(w). (4.20)

For every yo € Y° and every first harmonic-frame function v defined near B~ (yo, (o)), the
function y +— Tyv is second harmonic-frame harmonic on a neighborhood of yo. For each
pair (vi,v2) of first and second harmonic-frame functions defined on the fixed coordinate
neighborhoods and agreeing on the known side,

/S Y(y,w) doy(w) =1, Tyv1 = va(y). (4.21)
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Proof. The Dirichlet problem on each ball is invertible. In the unitary frame this follows
from the positive connection energy: a zero-boundary null solution is parallel and hence zero.
Invertibility is preserved by the harmonic-frame change and by positive scalar multiplication
of the equation. Its Dirichlet solution operator determines the boundary covariant normal
derivative from the boundary value. Transpose this boundary operator onto the smooth
matrix coefficient in the first term of (4.18), then multiply by the frame factors and pull
the surface density back under w + expj(r(y)w). This gives the smooth matrix density in
(4.20). Smooth dependence of the ball Dirichlet problem on its center and positive radius
gives smooth dependence of .

To prove the local harmonicity assertion, fix yg and v = Fiv. The kernel is defined
on an open neighborhood of the compact sphere over yg. Choose a fixed slightly larger
surrounding surface inside that neighborhood and inside the domain of u. After restricting
the center neighborhood, this surface surrounds all the moving spheres and the intervening
collars remain in the common domain. Green’s identity on each collar replaces (4.18) by its
integral over the fixed surface. Both first-variable equations are homogeneous in the collar.
Applying the second-variable operator under the fixed integral now proves that S(y;u) is
second-system harmonic: the columns of G(z,y)* solve that system. Equation (4.19) proves
the assertion in harmonic frames. This argument applies to arbitrary local harmonic inputs;
they need not extend throughout the coordinate region.

If y,, < —1/4, the kernel is G; and the Green representation formula gives S(y; u) = u(y).
On that region Fy = Fy, so T,v = v(y). For a fixed pair (v, v2), both Tv; and va(y) solve
the second harmonic-frame equation on connected Y° and agree in the lower strip. Unique
continuation proves their equality. Finally constant columns are harmonic in both harmonic
frames and agree there, so the same argument yields the first identity in (4.21). O

Lemma 4.6 (Bounds where the cutoff varies). After the choices in Remark 4.2, for every
fized integer m the angular H™ norms of 15 and its first base derivatives on supp(dy) are
bounded independently of admissible § and sufficiently small X.

Proof. On the lower cutoff region, T}, is evaluation at the center in the harmonic frame.
Normalize its equation to principal matrix a = 7!, use a smooth 7y-orthonormal frame
to pull it back under z — exp) (rz), and multiply by 2. With center and radius regarded
as independent parameters, the resulting Dirichlet systems extend smoothly to » = 0, are
uniformly elliptic, and have the Euclidean Laplacian as limit; their lower-order coefficients
vanish at » = 0. The Dirichlet inverses are uniformly bounded, either by their limiting inverse
and perturbation or by the positive energy before the change of frame. Elliptic boundary
regularity, applied after differentiation in the parameters, shows that the evaluation density
at the center has uniform angular smooth bounds and smooth center—radius dependence.
The center remains a fixed positive distance from the unit sphere in these coordinates.
Substituting the varying radius costs only |dr|, = 73, which is uniformly bounded by (4.12)
and the lower bound for 3.

This evaluation density is the density constructed in Proposition 4.5. Indeed both
represent the same functional on traces of functions harmonic near the closed ball. These
traces are dense in smooth boundary data. For a prescribed smooth trace ¢(w), solve on
the ball of radius (1 + 1) with boundary value ¢ transported along the radial rays. On
pulling this problem back to the closed unit ball, its solution 2, converges in every C* norm
to the solution zy at radius r, by smooth dependence of the Dirichlet inverse and boundary
regularity. Its trace on the original sphere is z,(w/(1 + 7)), which converges in C*(S,) to
20(w) = ¢(w). The corresponding physical solutions are harmonic near the original closed
ball. Thus the two smooth density matrices agree.
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On the other cutoff region ¢ > 3, the radii have the positive lower bound (4.10); all
their required derivatives are uniformly bounded in §. Proposition 3.4 gives uniform kernel
bounds there. The smooth Dirichlet construction of the density therefore gives the same
bounds for 15 and its first base derivatives. Compactness of the cutoff derivative support
completes the proof. O

We have constructed a matrix density that reproduces the matched harmonic pairs and
has controlled data wherever the cutoff changes. The remaining estimate is a uniform bound
on s over the shrinking part of the sphere family.

5 Uniform estimates for the matrix transfer density

The previous section constructs a smooth matrix density on every sphere of positive radius.
We prove that its L? norm stays bounded when the spheres shrink, provided the two
normalized principal matrices differ by O(r). The main analytic input is a scalar coercivity
argument from OpenAl [18, Section 5], whose proof we reproduce below. We then compare
the matrix equation with that scalar operator. The comparison is of lower differential order;
it requires bounded matrix drifts, but no smallness assumption on their difference.

5.1 Moving traces and the matrix equation

Use the reference metric and normalized inverse matrices from (4.1). The harmonic-frame
convention (2.11), with the multipliers ¢; in (4.2), gives equations whose second-derivative
coefficient matrices are positive definite:

L1 = aij(?iaj + Bif)l, Lo = Q”(‘)ﬁj + Bé& (51)

The B; are complex 2 X 2 matrices acting on columns from the left. There is no zeroth-order
term because each column of the defining frame Fj is harmonic. All coefficients have uniform
smooth bounds on the fixed coordinate neighborhood for sufficiently small spatial dilations.
Suppress the dilation and shrinking parameters for now, and write

r=rs, f*:logr, B:|df*"}'a fZ:v’Lf*

The profile bounds supplied by Lemma 4.1 have the form

B>Po,  Hessyfu<—cofy, [VAI<COF (1<j<8). (5.2)
The lower threshold 5y can be increased by increasing p,. Throughout this section we impose
> logh| <er, rB% <e. (5.3)

|| <8

The first is the bootstrap assumption of Section 4; the second is ensured by the choice of
radius amplitude.

Let S,Y be the tangent unit-sphere bundle with fiber probability measure do,. Horizontal
differentiation V uses parallel transport for -, including any base tensor indices, and acts
componentwise on the fixed harmonic-frame components. The measure doy, is parallel. Our
Hilbert norms use dV,(y)doy(w) and the standard Hermitian norm, or the Frobenius norm
for matrices.

There are two different transpose operations in the argument. If C is a sphere operator
on columns, its bilinear row transpose Ct is defined by

/ (CY)V doy, = / Y(CV) doy. (5.4)
S, S,

Yy Yy
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Here the identity is applied to each row of v; it involves no complex conjugation. In
particular, a matrix multiplication M on columns becomes right multiplication ¢ — Y M,
whereas a matrix multiplying the output of the transfer map acts on ¢ from the left. A
star will denote the Hermitian sphere adjoint of a scalar operator, and a dagger its full
Hilbert-space adjoint, including the base integration. Real scalar sphere operators have the
same bilinear transpose and Hermitian adjoint.

For a column v solving £1v = 0 near a closed moving ball, set

V(y,w) = v(expy (r(y)w)).

Solving the ball Dirichlet problem expresses the boundary derivatives of v in terms of its
trace and therefore defines sphere operators C; satisfying V;V = C;V. For scalar functions
write A, = divy V. Let C; o be the corresponding moving trace operators for ¢i Ay, , whose
second-derivative coefficient matrix is @ = y~!. This scalar comparison equation need not
have zero coordinate drift.

On each tangent unit ball, let B be the radial boundary derivative of Euclidean harmonic
extension and A; its ambient derivatives in a y-orthonormal frame. On spherical harmonics
Hi of degree k, B =k and A; : Hr — Hir_1. The operators are parallel with their tensor
indices, and

[B,Af] = Al > ATAT =0. (5.5)
K3

The second identity is the adjoint of the vanishing Laplacian of a harmonic extension. Define

lw(y: )lls = 11+ B)*wly, )l L2(s,)-

These norms are equivalent to the usual sphere Sobolev norms, uniformly in y. They also
apply componentwise to tensors and matrices.

Write U™ for classical angular pseudodifferential operators of order m, scalar or matrix
valued as specified. The notation ¢(y)¥™ means that division by ¢(y) > 0 leaves uniformly
bounded symbol and operator seminorms in the finitely many orders being used. An
allowance 37 for j base derivatives means the corresponding seminorms are bounded by

C;/3.
Lemma 5.1 (Trace expansions). Under (5.2)(5.3),
Clo=1"'Al+ fiB+E +F, Eer¥', Feu (5.6)

The normalized remainders r—'E;, F; have the allowance C'j,Bj through siz base derivatives.
Moreover, on rows,
Ki:=Cl —Cy eV, VK; € p1°. (5.7)

All constants depend on fized smooth background bounds, not on the lower threshold By once
Bo > 1.

Proof. First regard the radius s as an independent parameter. Pull the first scalar equation
back by z — expj(sz) and multiply by s2. Tts principal coefficients are 6% + O(s?) and
its first-order coefficients are O(s). The same statement holds for the system, with scalar
principal coefficients times I. Both Dirichlet operators extend smoothly to s = 0, where
they equal the Euclidean Laplacian. On each fixed Sobolev scale their Dirichlet inverses are
uniformly bounded and smooth for sufficiently small s, by elliptic Dirichlet estimates and
invertibility at zero.

For these smooth strongly elliptic Dirichlet families on the unit ball, the boundary radial
derivative operator is classical of order one. Its principal symbol depends only on the principal
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coefficients and the differentiating vector. The boundary symbol construction, obtained
by choosing the decaying normal root and solving the successive transport equations, is
smooth in (y, s); see, for example, Joshi and Lionheart [12, Section 3, Proposition 3.1]. Their
factorization is for the Hodge Laplacian; its construction applies to the present Dirichlet
systems because their principal symbol is scalar times I, while the transport equations
allow matrix coefficients. The true Dirichlet inverse corrects the parametrix by a smoothing
operator. Differentiating this inverse on arbitrarily high fixed Sobolev scales bounds every
required smooth kernel seminorm of the correction. Thus these assertions hold in the full
symbol topology, including smoothing remainders and parameter derivatives.

At s = 0 the radial operator is B, and the first s-derivative of its principal symbol
vanishes because the principal coefficients have no linear term in s. Taylor expansion in the
symbol topology therefore gives, for the scalar equation,

B + sBi(y) + s>Ba(y, 5), B €W Byeul (5.8)

The system and scalar radial operators have identical principal symbols for every s and
coincide at zero. Their difference is consequently s times a smooth family in WP,

Differentiating the center of the exponential map while transporting w parallel gives a
Jacobi field with initial derivative zero. In the unit-ball coordinates its velocity is

s ei + O(s%));

putting s = r(y) adds f;w. Tangential derivatives act directly on boundary data and are
identical for the scalar and matrix equations. For the radial component use (5.8). The
leading terms are 7~ 'A; + f;B; the order-one errors have size O(r) and the order-zero errors
are bounded, since 3 < e/3. This proves (5.6) after sphere adjunction. The radial difference
U0 multiplied by the center velocity O(r~! + ), proves (5.7). Base derivatives cost at
most one factor 8 each by the profile bounds. Sphere transposition and commutation with
the smooth angular connection fields preserve these orders and bounds. O

Write the second system in the reference connection as £ = Q% ViV, +b5V;; equivalently,

vk = BE+QY I‘,’fj (7)I in coordinates. Set D; = V;+C!. The matrix density of Proposition 4.5
satisfies - ‘

Py=0, P=r|QYD:D,+ bgDz} . (5.9)

Products are covariant products, and b4 multiplies D; from the left. In particular, Q
is not differentiated by a base adjoint. Indeed, differentiation of T,v = [V doy, gives
Vi(Tyv) = [(Diw)V doy by (5.4). Differentiate once more and apply the second system
equation, which holds for every local first-system harmonic v by Proposition 4.5. The
resulting expression pairs to zero with all such traces. These traces are dense in smooth
boundary data: solve the Dirichlet problems on slightly enlarged balls with transported
smooth boundary values and let their radii decrease to the given radius. Smooth parameter
dependence gives convergence in every fixed boundary smooth norm. This proves (5.9).

Write the scalar comparison equation on the second side as c;Ay, = QYV,;V; + bé,ovi.
Define the scalar operator, acting entrywise on matrices,

Po=r [QijDi,ODj,O + bzé,oDl%O} ’ Dip=Vi+Ciy. (5.10)

The next subsections prove coercivity for Py. The proof uses only its trace expansion and
coefficient bounds; it assumes no scalar transfer density or scalar Green-kernel identity.

30



5.2 The model operator and its principal perturbations

We separate a degree-raising model operator from the remaining principal and lower-order
terms of the moving trace equation. We continue under the hypotheses of Lemma 5.1,
including (5.3).

Define

Df =V;+fiB, Dy =-Vi+fiB, T=YADS, 1= AD;. (511)

The symbol T here denotes a differential operator on sphere functions; the transfer functional
continues to be denoted T},. Expand (5.10) by (5.6). The identities (5.5) give

Df (r~'A%) =r'AID} ZA;-*A;-* =0.

Thus, in ordinary base coordinates and an orthonormal sphere trivialization,
Py=2T+U+J, (5.12)
where J is a uniformly bounded family in ¥!, with no base derivatives, and

U= Us()0, Uy € eplolp?lol, (5.13)
la|<2

Up to five derivatives of these coefficients have the additional allowance C;/37. The second-

base-derivative term is precisely A
rQ" 0y, 0y, ; (5.14)

its coefficients are real scalars independent of the sphere variable.

We detail these bounds. The pure angular second derivative contracted with a vanishes.
The remaining contraction is (h%/ 7)ATA}, and belongs to the zero-base-derivative term of
(5.13). The mixed correction is 21 A7 D} and has the stated small bounds. The D+ D™
term has coefficient r; its base orders two, one and zero have coefficients O(r), O(r3) and
O(rf?), respectively. The condition 732 < ¢ gives (5.13) for all three. Terms containing F;
obey the same bounds. Terms containing F; also do so, except for their cross terms with
r‘lA;'f, which are bounded angular order-one terms and belong to 7. The drift term with
A7 belongs to J as well. Differentiating any of these expressions gives the stated coefficient
bounds by (5.2) and (5.3). A horizontal connection written in this trivialization adds a
bounded angular first derivative, which preserves the same estimates. The bounds for J
use the fixed background and remain uniform as Sy is increased.

The decomposition identifies the model operator 27" and the second-order perturbation /.
To carry the model estimate over to Py we shall need more than an ordinary first-derivative
estimate: the error forms also contain mixed base and angular derivatives. For a sphere
function ¢, put

NP = [ (IVel+ Bl + B IVl + Bllelin) dVi. (5.15)

The last two terms of A/ place half an angular derivative on V¢ and three halves on ¢.
They will bound the remaining error forms left by the comparison with F.
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5.3 A comparison of raising and lowering operators

The next estimate supplies these two derivative strengths for the model operator. Spherical
harmonics are trace-free symmetric tensors, and comparing their raising and lowering
operators is familiar from energy identities in tensor tomography; see, for example, [10, 19].
Here the negative Hessian of the spatial weight supplies the positive term that absorbs the
bounded curvature. The particular weighted estimate below is adapted from OpenAl [18,
Section 5, weighted raising estimate]. We include the degree calculation because it is the
source of the additional half angular derivative used in the perturbation argument.

Lemma 5.2 (Weighted raising estimate). Let n > 3, and suppose (5.2) holds on a fized base
region with uniformly bounded reference geometry. There are By and ¢ > 0, depending only on
that geometry and the constants in (5.2), such that every smooth, compactly base-supported
function with zero fiber mean satisfies

ITel? = I T° 0l = e N (). (5.16)

Proof. Both operators change angular degree by exactly one, so it suffices to prove the
estimate at one input degree k > 1. Identify that component with a harmonic homogeneous
polynomial v(z) of degree k. Use the Fischer inner product, in which the monomials 2
are orthogonal with squared norm «!. Polynomial differentiation a; = 0,, is adjoint to
multiplication M; = z;. On harmonic polynomials of degree k the Fischer squared norm is
the normalized squared sphere norm multiplied by

Nk:n(n+2)(n+2k—2), Nozl.

For completeness, integration against a standard real Gaussian identifies the Fischer norm
on trace-free homogeneous polynomials with their Gaussian L? norm; integrating radially
then gives the factor Nj. These classical identities are also recorded in [20, Equation (2.1)
and Theorem 2.1].

Set d = k+n/2 — 1 and use D;t = +V,; + kf; at this fixed degree. For harmonic
polynomials g; of degree k, the Laplacian of ), M;q; is 2, a;q;. Since

A.(|z]%s) = 4d s (s € Hi—1),

its harmonic projection is >°; M;q; — |2|?> 3, aiqi/(2d). Orthogonality of this projection and
its complement shows that its squared norm is

Sl + Y (a0 aig) — 47| Y @i
% 1,5 7

2

Changing from Fischer adjoints to sphere adjoints gives

Aﬂ?'ik =

where Il 1 is harmonic projection in homogeneous degree k£ 4+ 1. Consequently Nj times
the left side of (5.16) is

(2d +2) |||DVo|* + > (a;Dfv, aiD;'v) - % ’Z aiD;FvHQ — QdHZ aiDi_vHQ. (5.17)
4. i i

All norms in this calculation include integration over the base and use the polynomial inner
product in the fibers. The factors are Nii1/Ni = 2d + 2 and Ny /Ni_1 = 2d.
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Write Cj; = 2k(Hess, fi)ij and
Clav] = / ZC’U (a;v,ajv) dV,.
y
,L’-]

Covariant integrations by parts give

2
> (a;D; v, a;D}v) = HZ @Dy || = Clav] + Ok o], (5.18)
2,] (]
2
|S-aDfo||” < kID0|2 = Clav] + O o], (5.19)
1D o] = ||D+UH2+/ 6 C Jol? AV, (5.20)
Y

Here and below a form denoted O(k?)||v||?> has absolute value at most a fixed constant
times that quantity. To verify the first two formulas, move a Dj across the pairing and
commute Dj_D;r to D;FD]-_ —C;j. The reordered term in (5.19) is at most k|| D~ v||?, because
S laiw|? = k|lw|? for w € Hj. The extra commutator is curvature: it acts as a sum of
rotations of norm O(k) at degree k, and the two contractions supply one more factor k. This
proves the claimed error bounds. Expanding the two squares proves (5.20). For complex
functions all the displayed forms are understood through their real parts.
Substituting (5.18) into (5.17) rewrites that expression as
2427|1042 [ a0 - acte]
) : (5.21)
+2|> @Dy v+ 0 |v]*
(2

We must control the remaining negative divergence square while retaining both an ordinary
derivative estimate and an additional half-order angular derivative estimate. The latter
requires a coefficient of size k/3 in front of | D v|?, including when & is much larger than /3.
Choose a small constant ¥ > 0. On the fraction 1 — ¢ of its negative divergence square use
(5.19)-(5.20). On the remaining fraction use the pointwise convex combination

S antef < (141D
' , (5.22)
+¢ (ﬂZwDiv} - 8k362lv|2> . C=alp

The fraction 1 — 9 in the integrated estimates is constant; the y-dependent ( is used only in
this pointwise inequality. The first bound follows from the adjoint multiplication operators,
since the contraction (g;) — >_; a;¢; has squared norm at most k +n — 1 on polynomials of
degree k. The second follows from Dj” + D; = 2kf; and |, fia;v|? < kB2|v|%,

Combining these bounds in (5.21), the coefficient retained for |[DTv|? is

(24 2/d)[d -k —O(n— 1) +9¢(k +n —1)]. (5.23)

Since d — k = (n — 2)/2, a sufficiently small fixed ¥ makes this at least a fixed positive
constant plus a positive multiple of ¢1k/S3. The coefficient of |3, a;D; v|? is nonnegative
when 3y is sufficiently large. The Hessian contribution is exactly

—(2+42/d) |(d—1+9)Clav] + (1 — ﬁ)k/y o CJof? dVV} . (5.24)
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For k > 1 and n > 3, both coefficients inside this expression are positive. The Hessian
hypothesis bounds it below by ck® [ B|v|?. This absorbs the curvature error O(k?)||v||? by
increasing [y, and absorbs the last term of (5.22) by choosing ¢; sufficiently small. We have
therefore retained positive multiples of

k
D" 0|2, /Yﬁymv?dv% kS/Ymdevw.

The first controls both || Vo||? and k2 [ 82|v|?, since its cross term is —k [ A f. [v|? > 0. For
the weighted derivative use the pointwise inequality

g|Vv|2 < 2;|D+v\2 + 2k36|v)?.

No differentiation of 3~! is required. Dividing by Nj, and then summing the orthogonal
degree components, proves (5.16); the weights (1 + k)® are comparable to k* because the
zero degree is excluded. O

5.4 Keeping the principal perturbations

The raising estimate controls the model operator. The scalar operator (5.10) also contains
second base derivatives and a small second-order angular perturbation. We retain these
terms in a comparison of squared norms.

Proposition 5.3 (Scalar coercivity). Fiz uniform smooth bounds for the reference geometry
and scalar comparison equations, and the constants in (5.2). Suppose Py is the scalar
operator (5.10), with the scalar trace operators of Lemma 5.1. There exist By sufficiently
large, €9 > 0 and C' < oo, depending only on these fized bounds, such that (5.3) with ¢ < gg
implies

N(p) < C||Pog (5.25)

for every smooth, compactly base-supported function @ with zero mean on each sphere. These
constants are independent of the shrinking parameter. Only the eight indicated derivatives
of the small tensor h are required.

Proof. Let a dagger denote the full adjoint for dV,do. Covariant integration and the degree
shift give
Z:=T"-T'=>"fiA. (5.26)
i

A direct expansion yields

1T +w)el* — 12T + UMl

(5.27)
=4(IT¢l? = IT°¢l*) + (¢, ),
where
E=2(T U]+ 2U", T) + U, U] — 2UZ + UZ)T). (5.28)
We will prove
[(Ep, )| < CeN(p)>. (5.29)

Here are the complete order and weight counts needed for this claim. An operator has
count (m, s) if its coefficient at 0 is angular order m — |a/, of size O(B*~1o1), with the
derivative allowances already specified. Adjoints preserve the count, and products add the
counts. When a base derivative hits a coefficient it consumes one differential order and
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adds a factor 3, so it preserves the weight index. A commutator of scalar angular operators
loses one angular order: the products of their principal symbols cancel. Hence a scalar
commutator loses one in total order while preserving the sum of the weight indices. The
counts of T,TT, U, Z are, respectively,

2,1, (1), (2,0), (L1),

and every occurrence of U carries the factor €. Thus (5.28) has count at most (3,1) and a
factor O(e); the quadratic U term is smaller.

There is a further cancellation that the total count alone does not express: no third base
derivative survives. To check it explicitly, use an orthonormal sphere trivialization and write
the base measure as p(y) dy. The sphere probability measure is then fixed. Write

U= Cijaiaj + Bié‘i +C, &= TQij — J' e R.

The coefficients B* and C are angular operators. Replacing a horizontal derivative by a
coordinate derivative plus its angular connection term changes only base orders at most
one, so these are all the second-base coefficients. If a star denotes the sphere adjoint, direct
integration by parts gives

Ut =t = (2u7'0;(uc) — B' — (B')") 0;
+ w90 (ue) — o (u(BH*) +C¢* - C.

In particular it has base order at most one. In [T 2] and its partner, the possible third-
base-derivative coefficient is a commutator of an angular coefficient with »Q%, which is zero
by (5.14). For [UT, U], first write it as [UT — U,U]. The operator U — U has no second
base derivative, since the coefficient in (5.14) is real. Taking adjoints against the smooth
base density only produces lower base orders. Its remaining possible third-base-derivative
coefficients commute for the same reason. Finally, /Z already has at most two base
derivatives. It follows that £ is a sum of terms of precisely the following three permitted
types:

55*1\1/165, ev?9,, B3, (5.30)
This argument also covers lower orders, since 8 > 1.

For the first type in (5.30), integrate once in the base. The principal form is bounded
by Ce [ 87| 8yel? jo- A derivative of its coefficient costs one factor 5 and leaves an evlo,
term. This includes differentiation of the weight itself: |d3| < C3? implies |d(57!)| < C.
The second type has the form bound

Ce [ Nowelaliellszdy < Ce [ (57 0uel o+ BllelB) dvi

The third type is bounded by Ce [ 8]/¢|13 /- The lower-order term from differentiating
a coefficient satisfies the same bound. Replacing coordinate derivatives by horizontal
derivatives adds a bounded angular first derivative, again controlled by these norms. A fixed
finite partition of the base region has the same harmless lower-order errors. This proves
(5.29).

The constants in the preceding estimates are uniform for all 8 > £y once a fixed lower
threshold is met. Choose ¢p small relative to the constant in Lemma 5.2. Dropping the
nonnegative second squared norm in (5.27) gives N (¢) < C||(2T 4+ U)p||. Finally,

1T¢ll < Cllellzv.mics,) < CBy 'N(p),
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so a sufficiently large By absorbs J and proves (5.25).

All these operations use angular symbol estimates pointwise in the base, and ordinary
base differential operators of degree at most two. Formal adjoints, the commutator expansion
and the one integration by parts use at most the five base coefficient derivatives specified in
(5.13). Forming these coefficients uses at most one base derivative of a trace operator; six
trace derivatives therefore suffice. Since its weight dependence is through r and f;, profile
derivatives through order seven suffice, within the eight allowed in (5.2). Differentiating
a factor such as h/r five times uses only five derivatives of h, with the remaining factors
bounded by the permitted powers of 5. Higher angular symbol seminorms depend on
the fixed smooth first-metric family: the tensor h is evaluated at the center, so angular
differentiation introduces no further center derivatives of it. The scalar drifts have fixed
smooth background bounds. Thus the eight smallness derivatives in (5.3) suffice in every
fixed dimension; no smallness of all derivatives of h is used. ]

5.5 The matrix comparison and the density bound

The scalar calculation is now complete. We use it entrywise before introducing any matrix
coefficients into a squared-norm comparison. This order matters: matrix principal symbols
need not commute, whereas the preceding commutator argument is scalar.

Proposition 5.4 (System coercivity). Fiz uniform smooth bounds for the harmonic-frame
systems and the reference geometry, and the constants in (5.2). There are By sufficiently
large, 9 > 0, and C, depending only on these bounds, such that (5.3) with € < &g implies

N(p) < C||Pol| 2

for every smooth compactly base-supported matriz function o with zero fiber mean. The
constants are independent of the shrinking parameter and of sufficiently small spatial dilations.

Proof. Put ¢' = by — byl and use D; = Do + K; from (5.7). Let Ly denote left
multiplication by a matrix M. Expansion, without interchanging any factors, gives the
identity

P—-F = T[Qij(Di’OKJ’ + KZ'DJ‘70 + KZK]) (5 31)
+ LqiDi70 + Lb% Kl] . '
Thus D; oK denotes composition and includes differentiation of K;. There is no derivative
of ¢* or b} in this formula. Left multiplication commutes with the row action of a sphere
operator when its matrix depends only on the center, but no such commutation is needed in
(5.31).
The trace expansion gives C € (r~t + B+ 1)¥!. Together with K; € ¥° VK, € B0,
and bounded drifts, (5.31) consequently yields

I(P = Po)gllzz < € (I¢llzzvms,y + IrVellze) - (5:32)

To see the weights explicitly, every term with a derivative of ¢ in the base is r¥V.
Products of K; with the leading r_lA;f leave a bounded ¥! term after multiplication by 7;
products with f;B have coefficient O(r3). Differentiating K; gives 7Y%, The remaining
products have smaller orders and bounded coefficients. Since rf3 < /4, all constants in
(5.32) are uniform as the lower threshold /3y increases.

Apply Proposition 5.3 to the four entries of ¢. By the definition of N,

lollzevamy < By 'N(g),  |IrVellre < eBy*N(p).
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It follows that
N (@) < Col|Poll 2 + CoC (Bt + 285 )N ().

Increase the fixed lower threshold so that the last coefficient is at most 1/2. This proves the
assertion. In the parameter choices for the construction, this increase is made when p, is
chosen, before € and the radius amplitude are fixed. O

We record two bounds needed to use coercivity on the actual density. First, Pyl is
uniformly bounded: the raising part in (5.12) annihilates constants, the zeroth base coefficient
of U is bounded in ¥2, and J is bounded in ¥!. Equation (5.32) then shows that PI is
uniformly bounded in L?. Second, for any fixed smooth base cutoff ¥,

I[P, x]wl 2 < Cy (Hme(oX;Hl(sy)) + HrvaLZ(SWOX» ; (5.33)

where O, is any fixed small neighborhood of the supports of its derivatives. Indeed,
2T, x] = 23", A¥(Vix), U has second base coefficient 7Q% and first base coefficients bounded
in ¥!, and J commutes with y. The additional first base coefficients of P — Py are r¥°, by
(5.31). These observations give exactly (5.33).

Proposition 5.5 (Uniform transfer density). Choose the fized geometry as in Section 4,
then choose p, sufficiently large, € > 0 sufficiently small, and the radius amplitude R, > 0
sufficiently small that 7‘5,6’(% < e for 0 < d < 1. For all sufficiently small spatial dilations
there is a constant C, independent of the dilation and d, such that

Ix®sllr2(s,vy < C (5.34)

whenever 37, <g |0%h| < ers on Y. Here x is the fized cutoff from (4.9) and 15 is the
left-acting matriz density of Proposition 4.5.

Proof. The reproduction identity [sdo, = I makes ¢ = x(¢s — I) mean zero on each
sphere. It is smooth and compactly supported in the base. Equation (5.9) gives

Py = —xPI+ [P x](Ys —I).

The first term has the uniform bound just established. For the second, (5.33) requires only
one angular derivative and rVs on the cutoff derivative region. The uniform bounds of
Lemma 4.6 supply these: in the lower region the density is the normalized ball evaluation
kernel, and in the other region the radii have a fixed positive lower bound. System
coercivity bounds N(p), hence ||¢| 2, uniformly. Adding the fixed matrix function I
proves (5.34). O

The estimate controls the density of the actual transfer functional. In the next section
its first and second Taylor moments will turn this bound into quantitative information about
the difference of the two harmonic-frame equations.

6 Matrix moments and extension across the contact point

The transfer density constructed in Section 4 has a uniform L? bound whenever the two
normalized principal tensors differ by at most a small multiple of the sphere radius. We
now improve that comparison from order r to order 73/2. This strict improvement will allow
the radii to tend to zero while keeping one fixed dilation of the original coordinates.

The scalar argument uses affine and quadratic moments of the transfer density; see [18,
Section 6]. In a harmonic frame, the first moments are matrices and need not vanish. We
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approximate them by a matrix-valued displacement independent of the shrinking parameter.
Its component complementary to the real scalar matrices satisfies a first-order system with
conformal Killing principal part. The finite-type property of that system provides the
additional power of the radius.

6.1 A finite family of harmonic jets

We use the coordinates and harmonic frames of Proposition 2.5. Before dilation, their matrix
coordinate functions satisfy

1
§RetrX§(x)=x’, Xj0)=0, oXxi0)=61, 1<I<n.

There are also finitely many paired harmonic columns whose value and gradient vanish at the
origin and whose first-side Hessians form a basis of the vector-valued trace-free symmetric
Hessians there. All these pairs agree on the known side of the contact hypersurface.

For the dilation parameter A, replace the coordinate matrices by

vl ~1
Xj(?/) =A Xj(/\y)7 (6.1)
and replace each of the additional columns u; by A™2u;(A\y). Let
(vl,yav2,u)7 1 S 14 S N7

be the resulting list of column pairs, including all columns of the X ]l The list is finite and
fixed independently of the shrinking parameter d. Taylor’s formula at the origin shows that
these functions have uniform bounds of every fixed smooth order on the fixed dilation range.
To obtain the second-side bounds, note that each paired difference, expressed in the common
coordinates, vanishes on an open set accumulating at the origin. Every derivative therefore
vanishes at the origin by continuity. Each additional column pair thus has zero value and
gradient on both sides, as required for its quadratic rescaling; the coordinate pairs have
the common zero value required for linear rescaling. Taylor’s formula then gives uniform
bounds of every fixed order on both sides.

Recall the harmonic-frame equations, written with positive definite second-derivative
coefficients:

L= aijai(?j + B{BZ, Lo = Q”f)zaj + Bé@z, Q=a+h. (6.2)

The tensors a, Q are real and scalar in the fiber index; the B; are complex 2 x 2 matrices. All
coefficients have uniform smooth bounds for small A. There is no zeroth-order term because
the columns of the frames are harmonic. In ordinary coordinates, B;". — 0 smoothly under

dilation, whereas a — 207,

Lemma 6.1 (Uniform spanning by the selected jets). For all sufficiently small X\ and every
y €Y, the vectors
(0iv1,0(y), 90501, (y)), I1<v <N,

span, over C, the space of pairs (p, H) with p; € C% and H;; = Hj; € C? satisfying
ainij + Bipi = 0. (6.3)

The coefficients realizing prescribed such data may be chosen by a smooth right inverse, with
uniform bounds to every fized order.
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Proof. As A\ — 0, the coordinate columns converge smoothly to yleq, 1 <1<n, 1 < a <2,
where e, is the standard basis of C?. The additional columns converge to the trace-free
quadratic polynomials specified by their Hessians at the origin. At any point y, the latter
give arbitrary trace-free Hessians, and the affine columns correct their gradients to any
prescribed values. Thus the limiting jets span all (p, H) with >°, H;; = 0, uniformly for
yey.

The spaces in (6.3) form a smooth vector bundle of constant rank: contraction with the
positive definite tensor a is onto C?. They can be trivialized by the gradient and the trace-
free part of the Hessian, the remaining trace being determined by (6.3). In this trivialization
the selected jets give a smooth matrix of constant full row rank at A = 0. Compactness of Y
preserves this rank, with a positive lower bound on its nonzero singular values, for small .
If this matrix is T, the right inverse T*(TT*)~! has the asserted smoothness and uniform
bounds. Each selected column satisfies (6.3), so its range is precisely the stated space. [

6.2 Displacement and weighted remainders

Throughout the next three subsections we fix 0 < § < 1 and assume the provisional
comparison

Hs(y) := > [0%h(y)| <ers(y), yeY. (6.4)
ja]<8

Write r = rs. Since ry > r5 when ¢’ > 4, the bound (6.4) also holds with every intermediate
radius used to continue from ¢ =1 to 0’ = §. Proposition 4.5 and Proposition 5.5 give

va @) = [ (w) v10 (exp](r(y)w)) doy(w),
/Sy ’ (6.5)
/S Vly,w)doy(@) =1, Xl r2rxs,) < C.

The constant is independent of § and of sufficiently small A\. The measure in the last norm is
dV,(y)doy,(w); on the fixed coordinate range it is uniformly equivalent to the corresponding
Euclidean base measure.

Set x(y,w) = exp) (r(y)w). The first Taylor coefficients of the transfer formula involve
the matrix moments

M'(y) =/S U(y,w) (@' (y,w) — y') doy(w).

These moments depend on ¢ through the density and the sphere. We need a displacement
that remains fixed as the radii shrink. The paired coordinate matrices provide such a choice,
and the moment estimate below will show that it differs from M only by a second-order
€rTor.

Define matrices D*(y), 1 <i < n, by the linear system

X,-X{=Y"D9X{, 1<i<n. (6.6)

i
The map on the right sends the n matrices D to n matrices by right multiplication with the
indicated coefficients. It converges uniformly, with derivatives, to the identity map because

%X ! — 6L1. Hence (6.6) defines smooth D' with uniform smooth bounds. In particular, D
is independent of §. For each selected pair define

Rl, =V2v —Vip — DiBivL,,. (67)

These remainders also have uniform smooth bounds and are independent of 4.
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Lemma 6.2 (Weighted moment bounds). Under (6.4),
IXD/rllp2(vy < C, xR /7| r2(vy < C, I1<v<N. (6.8)
The constants are uniform in § and small X.

Proof. Writing p(y) = [|¥(y, -)ll12(s,), uniform normal coordinates and Cauchy—Schwarz
give |M(y)| < Cr(y)p(y). Taylor expansion in the fixed chart, followed by (6.5), gives

V2y — Vlpy = Miaivl,u + By, By (y)| < CT(?J)%(Z/)' (6.9)

This calculation uses only the uniform second derivatives of the selected columns and
|z — y| < Cr; the coordinate displacement is a scalar, so no matrix factors have been
interchanged.

Apply the same calculation to the coordinate matrices. Subtracting (6.6) shows that the
uniformly invertible map defining D sends D — M to an error bounded by Cr2p. Therefore

|ID—-M|<Cr?p, |D|<Crp, |R,|<Crp.
Multiplication by x and integration prove (6.8). O

The next estimate turns these weighted L? bounds into bounds for enough derivatives to
compare the equations. No derivative of the shrinking radius is taken in this interpolation
step.

Lemma 6.3 (Pointwise interpolation). Choose

n 1
* 1 5 = 57 * 2 * 9 Z 1 E
d.=10+5, =g po>2 m > [10+ 3d,]
There is a fived pg > 0 such that, if y € K and r(y) < po, then
Yo D)l < Cry)'?, > 10°Ru(y)] < Cr(y)*. (6.10)
lal<10 la]<10

The threshold and constants are independent of 6 and small .

Proof. By Lemma 4.1, #'/P+ has a uniform Lipschitz constant. Set s = r(y)". Since > 1/p,,
for r(y) sufficiently small every z € B(y, s) satisfies

|r(2) /P — 7 (y) /P | < Cr(y)" < Sr(y)Vre.

Consequently cr(y) < r(z) < Cr(y) on this ball, with constants depending only on the
fixed p.. Because y = 1 on a neighborhood of the compact set K, the ball lies in that
neighborhood after a further fixed reduction of pg. The weighted bounds yield

Dl 22(By,s)) < Cr(y), IR L2(B(y.s)) < Cr(y)*.

For any smooth vector- or matrix-valued function U with a bounded C™ norm, Taylor
expansion to degree m — 1 and equivalence of norms on the finite-dimensional polynomial
space give

0°U (y)| < Cs71"2|U || 25 ye)) + Cos™ 1oL o] <m. (6.11)

Indeed the Taylor remainder has L? norm at most C,,s”1"/2, and, after rescaling the ball

to unit radius, each coefficient of its Taylor polynomial is bounded by that polynomial’s L?
norm. This proves the displayed inequality componentwise.

For |a| < 10, the first term of (6.11) applied to D is at most Cr(y)!~"% = Cr(y)"/?;
for R, it is at most Cr(y)>~ "% = Cr(y)3/2. The second term is at most C,r(y)"(m~10) <
Conr(y)3/?, taking py < 1. This proves (6.10). O
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6.3 The equation for the displacement

The weighted moments give a preliminary r'/2 bound for D. To improve it, we compare
the two harmonic equations on the selected columns. This comparison separates the scalar
tensor h from the matrix part of D.

For a selected first-side column write w = vy, and R = R,,. Using vy, = w+ DFopw+ R,
expand Lova, = 0 and use Liw = 0. In the third derivatives use

aijaiajﬁkw = —(8kaij)8i8jw — (8kB{)8Zw - Bi&lakw
The resulting identity is

(W1 + a"8,D7 + a9, D" + BY(D)]9,05w + V' dyw

= —LoR — 21" (9;D*)9;0pw — D*h¥9,0,0w, (6.12)

BY(D) = —D*dya" + L(B4D? + B}D' — D' Bi — D'BY), (6.13)

Yk = BY — BY + QY9,0,D* + B9, D* — D'9,BY. (6.14)

In particular, ) is independent of the selected column. The order of the factors in (6.13)

records the noncommutativity of the matrix drifts. The drift of £y acting on D¥9pw places
B3 on the left of D¥, while differentiating the first-side equation places B} on its right.

Let II be the projection of symmetric contravariant spatial tensors onto their y-trace-free
part, acting entrywise on matrices:

y 1 g
(7)Y =T — E(’Ylekl)a”-
Recall that 'yijhij = 0.

Lemma 6.4 (Projected displacement equation). There is a smooth matriz-valued symmetric
tensor £ such that

hIT + T (a"gD? 4 a9, D" + BY(D)) = 9. (6.15)
Fory e K with r(y) < po,
Yo 10%E(y)| < Cr(y)*?. (6.16)
|| <8

Proof. Denote the right-hand side of (6.12) for the column v, by Z,. Its derivatives
through order eight are bounded by Cr3/2 on the stated set. For L3R, this uses derivatives
of R, through order ten in (6.10). Every derivative of either remaining product contains a
derivative of h of order at most eight and a derivative of D of order at most nine or eight,
respectively. Thus (6.4) and (6.10) give the factor r'/2. The other factors are fixed smooth
derivatives of the selected columns.

At each point, Lemma 6.1 permits linear combinations of the identities (6.12) for which
the combined gradient is zero and the combined Hessian is any prescribed a-trace-free
symmetric covariant tensor with values in C2. Such Hessians satisfy (6.3) with zero gradient.
They annihilate the ) term and test precisely the y-trace-free part of the coefficient of the
Hessian.

More explicitly, choose a smooth uniformly bounded basis H, of scalar symmetric
Hessians with a%/ (Hs)ij = 0, and use the right inverse in Lemma 6.1 to realize He,, for
a = 1,2, with zero gradient. The resulting combinations of Z,, give the two columns of the
contraction of the projected coefficient with H,. Inverting this spatial duality defines £ and
proves (6.15). The coefficients realizing these prescribed jets are smooth functions of y and
give zero combined gradient identically. We form these combinations before differentiating,
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so the Y term is identically zero. The resulting formula expresses £ using only the Z,, and
coefficients with uniformly bounded derivatives. Differentiating that formula through order
eight proves (6.16), without introducing derivatives of ). O

Define the real-linear projection on matrices
q(Z)=Z — iRetr(2)I, Vo={ZeC”?:RetrZ=0}.

Write D! = d'I + W', where d' € R and W* € V. Taking half the real trace in (6.6), and

using the exact trace coordinate identity for both sides, gives
1 PN
d' = —-Retry W, X.. 6.17
2 e 1ir Zl: 7 1 ( )

Thus d is a zero-order real-linear expression in W with uniformly smooth coeflicients.
Apply ¢ in the matrix index to (6.15). The term h* I vanishes, as do all derivative terms
involving d'I. Substituting (6.17) in the remaining zero-order terms gives

(a"oW? +a o W’) + Bf (W) =&/, & = q(€). (6.18)

Here By is a real-linear zeroth-order operator with uniformly smooth coefficients, and &
satisfies (6.16). There are no hidden first derivatives in By: differentiation of (6.17) occurs
only in the terms proportional to I, which have already been removed by gq.

6.4 Finite type and the improved estimate

We prove the finite-type statement needed for (6.18). In Euclidean space, conformal Killing
vector fields have degree at most two; see, for example, [7, Section 3]. The calculation below
establishes the corresponding injectivity on third derivatives and includes the uniformity
needed for the variable-coefficient equation.

Lemma 6.5 (Prolongation of the conformal Killing principal part). Let n >3, let a = v~}

be a smooth positive definite tensor on a coordinate domain, and let V' be a finite-dimensional
real vector space. Suppose that a V -valued vector field W satisfies

(a" W7 + d"oW*) + CY (W) = EY,

where C' is a smooth real-linear zeroth-order operator. Fvery third derivative of W is then
a smooth linear combination of derivatives of W through order two and derivatives of E
through order two. The coefficient bounds are uniform when a is uniformly elliptic and the
indicated background coefficients range in bounded smooth sets.

Proof. Differentiate the equation twice. At a point, its highest-order part is a linear map
from the tensor of third derivatives of W to the twice-differentiated trace-free symmetric
gradient. We first show that this map is injective. A constant linear change of coordinates
sets a’/ = §Y at the point, and each real component of V can be considered separately.

A tensor in the kernel defines a homogeneous cubic vector field Z whose trace-free
symmetric gradient vanishes: that gradient is homogeneous quadratic and all of its second
derivatives are zero. Hence

1
0;Z; + 0;Z; = 26,50, o= —divZ. (6.19)

n

Differentiating and combining the three permutations of the indices gives

&-@Zk = (53-;681»0 + (Sikaj(f — (5¢j8k0.
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Taking divergence in k yields
(n - 2)8i6j0' == —&L'jAO'.

Its trace gives (2n — 2)Ao = 0; since n > 3, the Hessian of o is zero. The preceding formula
therefore gives 0;0;0,Z), = 0, so the homogeneous cubic Z vanishes. This proves injectivity.

Let T, denote this injective map on third-derivative tensors, using fixed Euclidean inner
products on the finite-dimensional tensor spaces. It has the smooth left inverse (T;7,) 7.
Uniform ellipticity and compactness of bounded coefficient ranges give uniform bounds
for this inverse. All other terms in the twice-differentiated equation contain at most two
derivatives of W or of EZ. Applying the left inverse proves the claim, including the smooth
coeflicient bounds after further fixed numbers of differentiations. O

Proposition 6.6 (Strict improvement of the principal tensors). With the fixed choices in
Lemma 6.3, there are constants C' and pg > 0, uniform for sufficiently small A, such that
(6.4) implies

Hs(y) < Crs(y)*?  ify € K and r5(y) < po. (6.20)
On the same set, the derivatives of D through order nine are bounded by C’r?m.
Proof. Apply Lemma 6.5 to (6.18) with V' = V). For each multi-index « of order three, it
gives an identity of the form

OW =" CocOW + > Facd&, (6.21)
¢l<2 ¢l<2

with uniformly smooth coefficient maps.
Fix y € K with 7(y) < po. By the core geometry of Section 4.2, the vertical segment

z(s) = (¥, 5), —1 < s <y,

stays in K, and r(2(s)) < r(y). At its initial point, D and all its derivatives vanish: the
paired coordinate matrices agree on an open neighborhood in the known lower region. The
same holds for W.

Let W(s) consist of all coordinate derivatives of W through order two at z(s). Differen-
tiating this vector with respect to s either gives another one of its components or a third
derivative, to which (6.21) applies. Thus

W/(s) = A(s)W(s) + F(s),  W(=3)=0, |A(s)| <C,  |F(s)| < Cr(y)*?

The bound for F' follows from (6.16), since the entire segment has radius below py. Its
length is uniformly bounded, so the elementary integral form of Gronwall’s inequality gives

S 10°W(y)| < Cr(y)*/2.

o] <2

This argument holds at every point of the stated set. Differentiating (6.21) k — 3 times,
for 3 < k <9, expresses the derivatives of W of order k in terms of its derivatives through
order k — 1 and derivatives of & through order k£ — 1. Induction and (6.16) therefore give
the same bound through order nine. Notice that the last step uses precisely eight derivatives
of 50.

Equation (6.17) now gives the same estimates for d and hence for D. Finally, differentiate
(6.15) through order eight. Its right-hand side uses derivatives of D through order nine and
of £ through order eight, all bounded by C%/2. This proves (6.20). O
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6.5 One dilation for all shrinking radii

We have proved the strict improvement assuming the provisional bound. We now remove
that assumption for all positive shrinking parameters. The order of choices matters: the
threshold for the improvement must be fixed before the final choice of the dilation.

Proposition 6.7 (Local equality of the normalized equations). In the contact coordinates
and harmonic frames of Proposition 2.5, there is a neighborhood of the origin on which the
two metrics are smoothly conformal and the harmonic-frame equations, multiplied by the
positive scalars making their principal tensors equal, coincide. All the finitely many selected
pairs of harmonic-frame columns agree on that neighborhood.

Proof. First fix the reference geometry and uniform smooth bounds for all sufficiently small
dilations. Choose p, large enough for the sphere geometry, the angular estimate, and
Lemma 6.3. Next choose ¢ sufficiently small and R, sufficiently small to satisfy those results,
including 3% < €. As explained in Remark 4.2, every fixed-separation range needed for the
continuation and cutoff bounds is then fixed before A. Proposition 5.5 and all estimates of
this section have constants uniform for sufficiently small A.

Choose 0 < py < po, with p, < 1, so small that Cp1/2 < ¢/2in (6.20). Thus, wherever
that estimate applies and 75 < p, it improves (6.4) to Hg < ers/2.

As A =0, h — 0 in C3(Y). The numbers

Py H%/in 71, R.(2ty)P~

are positive and fixed independently of A. We can therefore choose one sufficiently small A
such that .
sup Hg < imin {p*,n%;nrl,R*(%b)p*}. (6.22)
Y

We also make the known lower region contain {y, < —1/4} on the fixed ranges, as in the
sphere construction. Fix this A for the rest of the proof.
Let
Z={6€(0,1]: Hg(y) < ers(y) for every y € Y'}.

It contains 1 by (6.22). For any ¢ € Z, the preceding estimates improve the inequality to
Hg < erg/2 throughout Y. Indeed, Proposition 6.6 handles the points in K with 75 < p.
Equation (6.22) handles all points with 75 > p,. At a point outside K, either y, < —1/2,
where equality of the coefficients is already known, or ¢ > 2¢;,. In the latter case £5(t) > t,
so rs > R.(2ty)P* and (6.22) again applies.

The set Z is relatively closed in (0, 1] by continuity and compactness of Y. It is also
relatively open: at any positive §, the radius has a positive minimum on Y, so the strict
factor 1/2 just proved persists for nearby parameter values in the weaker defining inequality.
Since (0, 1] is connected, Z = (0, 1].

On the fixed open set K° N {t < 0}, which contains the origin, rs; — 0 as 6 — 0. The
coefficients h, D, R, are independent of §. The provisional bound and (6.10) therefore imply

h =0, D =0, R, =0
there. In particular all selected pairs agree. Subtracting their equations now gives
(B — B)ov1, =0 (1<v<N).

The gradient projection of the space (6.3) is all of (C?)": for any gradient one can choose
the trace of the Hessian to satisfy that constraint. Lemma 6.1 therefore implies B; = Bs.
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Together with Q = a, this proves equality of the normalized harmonic-frame operators.
The definition of ) shows that the two inverse metrics are positive scalar multiples, so the
metrics are smoothly conformal. Undoing the fixed dilation proves the stated conclusion in
the original contact coordinates. O

The remaining conformal factor and the metric carried by the harmonic frames are
addressed next. The local conclusion just proved supplies the equality of equations needed
to recover both the Riemannian metric and a unitary connection identification.

7 Exact identification and the measured boundary

Proposition 6.7 identifies the metric up to conformal scale and identifies the normalized
equations in harmonic frames near a contact point. We first show why, for a connection
Laplacian without an additional potential, this is already an exact local isometry with a
unitary connection identification. We then return to the maximal match of Section 2 and
prove that it extends over the whole manifold and fixes every part of the measured boundary.

7.1 Removing the conformal factor

Lemma 7.1 (Exact local identification). In the contact coordinates and unitary frames
of Proposition 2.5, suppose that on a connected neighborhood ) of zero the metrics satisfy
g2 = €2? g1, and that the equations in the harmonic frames F};, after scalar normalization to
the same principal part, have equal first-order coefficients. Then

g2 = g1, Jloc = F1F2_1 € U(2)a dAl(Jlocu) = Jloch2u on .

Moreover this identification agrees with the old match on the known side and matches all
corresponding source evaluations throughout Q.

Proof. Let
Cj = F; ' (dFy + AjFy).

These are the connection matrices in the harmonic frames; they need not be skew-Hermitian
in the standard matrix inner product. The negative of the actual connection Laplacian,
expressed in such a frame, is

Ag,c; = g7 ((0i + Cja) 0+ Cja) — Thilg;) (0 + Cjn))-

Its zeroth-order term is zero, because the columns of F; are harmonic. The common-
principal-part hypothesis therefore says

e2wA92702 = A91301' (7'1)

Indeed their second-order coefficients agree after the indicated conformal normalization,
their first-order coeflicients agree by assumption, and both zeroth-order coefficients vanish.
Put ¢ = (n — 2)w/2. The conformal change of the Christoffel symbols gives

eQwAg%CQ = A91702 + 2<d¢, 0+ Cg>gl .

Comparison of first-order terms with (7.1) yields Co = Cy — d¢ I. Substitution, with matrix
multiplication in its displayed order, gives

Agl,cl—ddﬂ +2(d¢, 0+ C1 — d¢I>91 = A9176'1 - (Ag1¢ + ’d¢|5271)l'
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Here Ay, = divy, Vg,. The zeroth-order terms in (7.1) consequently imply
ANgd+1dol =0, Ay (e?) =0.

On the known open side the metrics already agree, so e = 1. Unique continuation on €
gives e =1 everywhere. Since n > 3 and w is real, w = 0, and hence C = Cb.

The last equality is equivalent to d4, (Fi Fy 'u) = Fi Fy 'ds,u. Although the harmonic
frames are not unitary, Jioc = F1F5 1is. To see this, parallel transport the intertwining
identity along any path starting in the known side. Both connection transports are unitary,
and Jjoc is the old unitary identification at the initial point. It remains unitary along the
path; connectedness of € proves the assertion everywhere.

For an arbitrary source f € C°(Up; C?), both wi,f and Jiocwo f, in the common coordi-
nate domain, are solutions of the first homogeneous connection equation. The charts avoid
Up. Their difference vanishes on the known side, so unique continuation makes it zero on
Q. Thus all evaluation identities hold, not only those for the finite family used in the local
argument. On an overlap with the old match, the two proposed first-side images of a point,
together with their invertible fiber maps, would impose an invertible linear relation between
the two first-side evaluation maps. Joint surjectivity in Lemma 2.3 forces the image points
to coincide. Surjectivity at the second-side point then forces the fiber maps to coincide as
well. Thus the local identification agrees with the old match on every overlap. O

7.2 The match fills both interiors

The source-evaluation argument below follows the embedding architecture of [15, Section 6.1].
The maximal matching, boundary completion, and recovery on the whole measured patch
adapt [18, Section 7]; we give the details for the unitary bundle identification as well as the
base map.

Proposition 7.2 (Global interior identification). The maximal match of Lemma 2.4 is
defined on N3, and its base map is an onto isometry ® : N3 — N7.

Proof. If its domain had an interior frontier, Proposition 2.5 and the dilation in Section 2.5
would supply the local data used in Sections 4-6. Proposition 6.7 gives conformally equal
metrics and equal normalized harmonic-frame equations on a neighborhood of the contact
point in the original charts. Apply Lemma 7.1. Coordinate identity and Jj,. extend the
old match to a neighborhood containing the frontier point. The concluding assertion of
Lemma 7.1 ensures agreement on every overlap. This contradicts maximality. The domain,
already nonempty and open, has no relative frontier in the connected interior, and is therefore
all of N5.

The image is open because ® is a local isometry. To see that it is relatively closed,
suppose ®(py) — ¢ € Ny. Compactness gives a subsequence with py — p € Nz and
J(pr) — Jo € U(2). If p € ONa, continuity of the evaluations and (2.6) would give
Ii(q) = Jol2(p) = 0, contrary to Lemma 2.3. Thus p is interior, and continuity gives
®(p) = q. Connectedness of Ny makes the image all of that interior. Injectivity was proved
in Lemma 2.4; the inverse is smooth because the map is a bijective local diffeomorphism. [

7.3 Boundary extension and the original gauge

Proposition 7.3 (Completion and the measured patch). The interior maps (®,J) extend
smoothly to the extended manifolds, with ® : No — N1 a diffeomorphism and J a unitary
bundle map intertwining the connections. They preserve the original copies of M and satisfy

dp=1d, Jp=1.
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Proof. An onto interior isometry preserves lengths of curves in both directions and therefore
preserves intrinsic distance. The metric completion of the interior of a compact smooth
Riemannian manifold with boundary is the manifold with its length metric. In particular, a
curve touching the boundary can be pushed slightly into an inward collar with arbitrarily
small change of length; uniform local metric comparisons identify the resulting completion
with the original compact topology. Thus ® and its inverse extend to mutually inverse
homeomorphisms of Ns, N1, mapping boundary to boundary.

The extensions are smooth. In a sufficiently thin uniform collar, the distance s; to
ON; is smooth and its gradient generates inward unit normal flow. The isometry preserves
distance to boundary, so s1 0 ® = s9, and in the interior it intertwines these gradient fields.
On a fixed small level sy = sg > 0, the map is already smooth. For 0 < s < sg, express it
using that smooth level map and the smooth normal flows on the two sides. This gives a
smooth extension to s = 0; the inverse has the same construction. Parallel transport for
Ajq, Ay along these normal curves similarly extends J smoothly, retaining unitarity and the
connection intertwining identity.

The maps are identity on the open cap, hence on its closure by continuity. With closure
taken in IVj, the original interiors satisfy

Mg = N2\ E.

Bijectivity and identity on E preserve these complements, and hence their closures, the
original copies of M. The restricted diffeomorphism fixes the attachment patch P = {b > 0},
and J = I there.

We must recover the boundary identity on every part of I', which may have more than
one component. For f € C2°(T;C?), let uj now denote the harmonic solutions on the original
manifolds with boundary value f. On the second manifold define 41 = J~!(uj o ®). The
metric and connection identities make u; second-harmonic. On P, it has the same boundary
value as uy. It also has the same covariant normal derivative there. Indeed equality of the
measured forms, tested against arbitrary functions supported in P, gives the equality of
smooth densities

(Virlur) dSg, = (Vir2ug) dSy, on P.

The densities agree by Lemma 2.1, the isometry transports the outward normal, and the
bundle map equals I on P. Thus %1 — us has zero Cauchy data there. Boundary and interior
unique continuation give u; = ug throughout M.

Taking boundary traces yields

J(p)f(p) = f(@(p)) (p€OM, feCX(I;C?). (7.2)

If p e T" and ®(p) # p, choose f nonzero at p, supported in a small neighborhood of p
avoiding ®(p). Equation (7.2) contradicts invertibility of J(p). Hence ®(p) = p on T
Arbitrary vector values of f(p) then give J(p) = I there. O

Proof of Theorem 1.1. The boundary-identity gauges V; of Section 2 put the connections
in normal gauge. Lemma 2.1 and Proposition 2.2 produce common exterior Green data.
Lemmas 2.3 and 2.4 define the maximal match, and Proposition 2.5 supplies the local
contact data wherever an interior frontier is present. Proposition 6.7, followed by Lemma 7.1,
removes that frontier. Propositions 7.2 and 7.3 give a smooth global metric and connection
identification fixing the entire measured patch. _

To distinguish the original connections in this final step, write A;ng for them, so the
connections used in the proof were

Aj — ‘/j—lA;)I‘ig‘/} + V]—ldvj
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In the original trivializations the bundle map from second to first fiber is

U= Vio®)JVy L.

It is smooth and unitary, and equals I on I',; since both original gauges equal I on the entire
boundary. The intertwining identity is dg,. yorie(Uu) = Ud jorisu. Expanding it gives
1 2

AYE — UTH @AYV + UTNU,  go = Dy

These are the asserted identities. The argument uses densities and a single nonempty cap;

it requires neither orientability nor connectedness of the boundary or of I'. O
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