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Abstract

For every fixed integer d ≥ 3, we give a deterministic algorithm that constructs a simple
nonbipartite d-regular Ramanujan graph on every sufficiently large even number n of vertices.
It outputs the full adjacency list in polynomially many bit operations, with an exponent that
may depend on d. Every nonconstant adjacency eigenvalue lies strictly between −2

√
d− 1 and

2
√
d− 1.
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1 Introduction
Nonconstant adjacency eigenvalues that are small in absolute value make the edge distribution
of a regular graph close to the uniform-density prediction, and thus connect spectral estimates
to expansion [Alo86]. The Ramanujan threshold is the sharp asymptotic spectral target in fixed
degree. For a simple d-regular graph G, its adjacency matrix AG has the constant eigenvector
1 with eigenvalue d. The restriction AG|1⊥ measures the remaining spectrum. Throughout this
paper the desired bound is ∥∥AG|1⊥

∥∥ ≤ 2
√
d− 1.

Here 2
√
d− 1 is the spectral radius of the infinite d-regular tree; the Alon–Boppana bound makes

it asymptotically optimal [Alo86, Nil91]. Since d > 2
√
d− 1 for d ≥ 3, this bound also forces G to

be connected and nonbipartite.
The problem addressed here is to construct such graphs deterministically at prescribed sizes,

without a positive error in the spectral bound. Our meaning of explicitness is the production of
the entire adjacency list. The degree is fixed throughout the complexity analysis.

Theorem 1.1. For every integer d ≥ 3 there are constants n0(d) and kd and a deterministic
algorithm with the following property. On input an even integer n ≥ n0(d), the algorithm outputs
the adjacency list of a simple d-regular graph G on n vertices in Od(nkd) bit operations, and

−2
√
d− 1 < λ < 2

√
d− 1 for every eigenvalue λ of AG|1⊥ .

In particular, G is connected and nonbipartite.

The exponent and the size threshold may depend on d. The statement concerns all sufficiently
large even sizes; it does not assert a running-time bound polynomial jointly in n and d, or a local
adjacency-query algorithm.

Corollary 1.2. For every fixed d ≥ 3, a deterministic polynomial-time algorithm, on every
sufficiently large integer input N , produces a simple connected nonbipartite d-regular Ramanujan
graph G with N ≤ |V (G)| ≤ N + 1 ≤ 2N .

Proof. Apply Theorem 1.1 to the least even integer n ≥ N .

1.1 Earlier constructions and the exact threshold

Lubotzky, Phillips and Sarnak and Margulis established arithmetic constructions attaining the
tree threshold in restricted degrees [LPS88, Mar88]. These constructions obtain their spectral
bounds from arithmetic structure and produce infinite families on arithmetic sequences of orders.
Morgenstern extended the available degrees to q+1 for every prime power q, including nonbipartite
families [Mor94]. These exact constructions do not cover every fixed degree and every prescribed
large order simultaneously.

Bilu and Linial introduced a different approach based on graph two-lifts and signings. A two-lift
replaces each vertex by two vertices and each edge by one of the two matchings between the corre-
sponding pairs. Its new eigenvalues are those of a signed adjacency matrix, obtained by assigning
a sign +1 or −1 to each edge. Their deterministic construction gives an O(

√
d log3 d) bound

along iterated lifts [BL06]. Marcus, Spielman and Srivastava then used interlacing polynomials to
attain the exact bound for the largest signed eigenvalue. The bipartite Ramanujan convention
excludes both d and −d from the spectral bound. For bipartite graphs, spectral symmetry also
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controls the negative edge, yielding simple bipartite Ramanujan families in every degree [MSS15,
Theorems 5.3 and 5.5]. Hall, Puder and Sawin extended the covering theorem to arbitrary lift
degrees; in particular, simple bipartite d-regular Ramanujan graphs exist on 2dr vertices for every
positive integer r [HPS18, Theorem 1.2 and Corollary 2.2].

The matching construction of Marcus, Spielman and Srivastava gives bipartite Ramanujan
multigraphs at every even order, with strict bounds on the eigenvalues other than ±d [MSS18,
Theorem 1.1]. Cohen made this construction deterministic in polynomial time [Coh16]. More
recently, Cohen and Maor obtained a quantitative improvement below the tree threshold in this
bipartite multigraph model [CM26, Theorem 1.2]. The restriction to 1⊥ in Theorem 1.1 includes
the negative eigenvalue that bipartiteness would produce.

Recent polynomial expected-time signing algorithms of Jadbabaie, Saberi and Sra attain the
sharp one-sided threshold, and hence the absolute threshold for bipartite inputs, using a Las Vegas
algorithm; their general two-sided bound has an additional factor

√
2 [JSS26, Theorem 6.1]. The

Bilu–Linial conjecture asks whether every d-regular graph has a two-lift whose new eigenvalues all
lie in [−2

√
d− 1, 2

√
d− 1] [BL06, Conjecture 3.1]. Our prescribed-order construction uses partial

pairings and edge switches, and does not resolve that signing problem.
For every fixed degree and every fixed ε > 0, Mohanty, O’Donnell and Paredes gave deterministic

simple constructions with bound 2
√
d− 1 + ε, and order within a factor 1 + o(1) of a requested size

[MOP22]. Alon obtained this bound at every sufficiently large size n satisfying dn even [Alo21,
Theorem 1.3]. His adjustment of the order deletes suitably separated vertices from a slightly larger
graph and matches their neighbors; local eigenvector mass estimates control the resulting spectral
error [Alo21, Section 3]. These constructions leave a positive spectral error. Removing that error
requires controlling the eigenvalues on the much finer scale of their distances from both tree edges.

For every fixed degree and positive error, a uniformly random simple regular graph is near-
Ramanujan with probability tending to one. This is Friedman’s theorem [Fri08]; Bordenave gave
a new proof using nonbacktracking operators and extended the method to random lifts [Bor20].
Exact existence follows from the joint edge universality for uniformly random simple regular graphs
in every fixed degree established by Huang, McKenzie and Yau [HMY24, Remarks 3.10 and 3.12].
The probability of the exact two-sided Ramanujan event tends to approximately 0.69 [HMY24,
Corollary 1.3]. Continuity of the limiting joint edge law gives the same limit for the strict interior
event, so strict existence holds at every sufficiently large size with dn even. Theorem 1.1 supplies
a deterministic polynomial-time construction at the exact threshold and prescribed even order.

1.2 How the construction reaches both spectral edges

Write q = d − 1, s = 2√
q and e = n−2/3+a, where a = 10−4. The first objective is a simple

d-regular graph with nonconstant spectrum in (−s− e/20, s+ e/20) and enough local information
to repair the remaining error. An edge switch deletes {u, v} and {x, y} and inserts {u, y} and
{x, v}. It is valid when the four endpoints are distinct and the inserted edges were absent. A
collection of vertex-disjoint valid switches preserves simplicity, regularity and the vertex set. A
norm bound alone does not determine how a switch affects an eigenvector concentrated near one
of its endpoints. The construction therefore retains two kinds of local information.

To describe them, let v2, . . . , vn be an orthonormal eigenbasis on 1⊥ for this intermediate
graph, with eigenvalues λi, and put xσ

i = s− σλi for σ ∈ {+1,−1}. These signed distances may
be slightly negative. First, the spectral mass near either edge satisfies∑

i:xσ
i ≤w

|vi(p)|2 ≤ Cw3/2 for every vertex p, both signs, and 2e ≤ w ≤ 2d.
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Thus the modes requiring repair have little mass at any one vertex. Summing over vertices also
shows that only O(ne3/2) = O(n3a/2) modes lie within O(e) of either edge. Thus only a small
spectral subspace needs the additional positive bias. Second, choose one spectrum-avoiding bulk
cutoff wσ

B for each sign, at a prescribed scale larger than e, and retain the reciprocal only beyond
that cutoff:

Rσ
B =

∑
i:xσ

i ≥wσ
B

viv
T
i

xσ
i

.

For all but a small fraction of edges (p, p′), the 2-by-2 submatrix on their endpoints is close, entry
by entry, to the tree block

1
d− 2

(√
d− 1 σ

σ
√
d− 1

)
.

The exceptional edge set may depend on the chosen pair of cutoffs. This is a local block comparison;
the full inverse at the tree edge need not exist. Theorem 8.3 states the precise scales and all three
repair hypotheses.

The bulk block comparison lets us eliminate the spectral modes beyond the cutoff and express
positivity as a quadratic-form condition on the remaining near-edge modes. This elimination is a
Schur complement. The original near-edge form can be indefinite. At both edges, a small bias in
the edge-pair distribution gives a positive mean shift to the modes closest to the threshold; the
other near-edge modes retain a fixed fraction of their positive slack after the mean correction. The
local mass bound controls fluctuations around this mean. The proof shows that a collection of valid
simultaneous switches satisfying both strict inequalities exists, before giving a finite deterministic
search for it.

1.3 The four construction stages

Give each vertex d distinguishable half-edges, called stubs. Pairing two stubs creates an edge.
During the construction we maintain a positive precision matrix on 1⊥ for each sign and several
spectral parameters; at completion these matrices become zI−σAG, with z > s and σ = ±1. Their
normalized inverses are compared entry by entry with truncated weighted sums of nonbacktracking
paths, which do not immediately reverse an edge. Lemma 3.1 selects each pair by minimizing a
weighted sum of nonnegative statistics. Each statistic is discounted by its own computed one-step
growth factor, so the same choice preserves all the required estimates.

1. Pair most stubs. Starting from the empty pairing, Proposition 5.1 in Section 5 leaves
a sparse set of unresolved stubs while preserving positivity, trace estimates and entrywise
comparison. Its main difficulty is simultaneous control of polynomially many entries over a
long sequence of choices. Lemma 5.11 bounds the growth of a high moment with a coefficient
independent of the moment order. Taking a sufficiently large fixed moment therefore gives
the required maximum bound.

2. Separate the remaining stubs. Given these estimates, Section 6 pairs the stubs that are
close to one another or to a short return. The surviving stubs occupy distinct vertices, and
no short nonempty nonbacktracking path joins any two of these vertices or returns to one.
The analytic estimates persist during this prescribed cleanup, by Proposition 6.1 and the
structural separation statement in Lemma 4.2.

3. Complete the graph. The separated boundary makes the compression of a smoothly
truncated path reference to unresolved-stub contrasts close to the identity. These contrasts
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are vectors of unresolved-stub coordinates whose entries sum to zero. Each vertex row
of the path reference has at most one substantial boundary coordinate. Exact low-rank
inverse updates, given by Woodbury identities, continue this reference throughout completion.
Section 7 first reduces the squared row energies and then uses those smaller energies to
improve the entry bounds. This order permits an arbitrary matching of the last few stubs.
Proposition 7.1 supplies a simple regular graph with the required spectral confinement and
entry comparison against one smoothly parameterized reference. The construction retains
the path information at the separation stop needed to analyze that same reference.

4. Remove the spectral excess. In Section 8, the parameter dependence of the frozen
reference gives the local mass bound in Lemma 8.1; the retained path information gives the
typical endpoint blocks in Lemma 8.2. Together with confinement, these are the three inputs
to Theorem 8.3. Its biased switches make both signed precisions strictly positive at s on 1⊥,
while preserving simplicity, regularity and the vertex set.

Figure 1 summarizes these successive outputs.

1. Early pairing
Positive signed precisions;
trace and entry bounds.

2. Separation
Distinct unresolved vertices;
no short joins or returns.

3. Boundary completion
Small row energies, then entry errors;
nonconstant spectrum in
(−s− e/20, s+ e/20).

4. Local estimates and switches
Near-edge mass and typical bulk blocks;
nonconstant spectrum in (−s, s).

Figure 1: The four stages on the same n vertices. The first three produce the graph and a reference
matrix from which the local spectral estimates for repair are extracted. Paths in the separation
stage are nonempty nonbacktracking paths. All precisions act on 1⊥; positivity is tracked for both
spectral signs throughout.

The deterministic selection rule belongs to the method of conditional expectations and pes-
simistic estimators [Rag88, WX08]. Here each statistic has its own discount, and the transition
estimates control those discounts along the selected history. Weighting a path of length j by
(σh)j introduces a scalar variable h. For a completed graph, the nonbacktracking path recurrence
leads to the quadratic matrix I − σhAG + (d− 1)h2I, the regular-graph Ihara–Bass pencil [FZ99,
Sections 6 and 8]; the partial configuration instead averages over unresolved stubs, so its identities
and quantitative estimates are proved directly. Likewise, degree-preserving switchings are classical
in regular-graph generation [MW90]; the local spectral inputs and the bias that improves both
edges are established in the repair proof.

Local comparison with tree Green functions and stability under edge resampling were developed
by Bauerschmidt, Huang and Yau for random regular graphs of sufficiently large fixed degree in
the bulk [BHY19, Sections 2, 7 and 11]. Huang and Yau extended this local-resampling approach
to every fixed degree d ≥ 3 and obtained control up to the spectral edges [HY24, Sections 1.4, 3
and 5]. These are methodological precedents for the local comparisons used here; the estimates
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along the deterministic pairing history and the biased simultaneous repair are proved below.
Section 2 fixes notation and parameter order; Section 3 gives the selection principle; and

Section 4 develops the configuration identities and structural estimates. Section 9 assembles the
four stages and proves polynomial bit complexity. Its final check is exact rational positivity of
BT (4(d− 1)I − A2

G)B, where the columns of B form a rational basis of 1⊥; the repair theorem
ensures that the polynomial search contains a passing candidate. The structural enumeration
uses color-coding [AYZ95] and the perfect-hash families of Naor, Schulman and Srinivasan [NSS95,
Theorem 3(iii)]; the weighted configuration estimates and spectral repair are proved here.

2 Conventions and parameters
Throughout the proof d ≥ 3 is fixed, q = d− 1, s = 2√

q, and n is even. Constants may depend on
d and on the fixed parameters and moment orders chosen below, but never on n. The assertion
that a bound has an arbitrarily small power loss means that, for each prescribed fixed η > 0, the
bound holds with factor nη once its preceding loss parameters have been chosen sufficiently small
and n is sufficiently large. A bound denoted no(1) has this usual meaning for every fixed positive
exponent. The two uses will be kept distinct when selecting parameters.

All vertex-space precision matrices and their inverses act on 1⊥. For coordinate entries and
traces we extend such an operator by zero on the constant vector. Stub-space operators on a
contrast subspace are extended by zero in the same way. The distinction between the identity on
a contrast subspace and its zero extension is understood in all compressed identities.

2.1 Matrices used during the construction

The matrix estimates use the inverse of a precision matrix assigned to the current partial pairing;
its normalized form will be denoted by W . The first reference, denoted by P , is a finite weighted
sum of nonbacktracking paths, with degrees below the cutoff L fixed below. Through cleanup the
entry error is E = W − P . At the separated boundary we replace this path sum by a smooth
truncation P̂0 and continue it by exact inverse updates, obtaining P̂ ; the error is then E = W − P̂ .
The precise matrix definitions and update identities begin in Section 4. No positivity of P̂ is
needed.

The symbols below are defined in full where their objects first enter the proof; the table serves
as a reference when moving between stages.

Notation Meaning and definition

S, l Current unresolved stubs and their number; Section 4.
Ξ,D Centered incidence and D = ΞΞT ; Section 4.
M,W Signed precision and its normalized inverse; Section 4.
P,E Truncated path sum and E = W − P ; Lemma 4.1.
P̂ , E Continued smooth reference and E = W − P̂ ; Section 7.
Γ, D Stub compression Γ = ΞTWΞ and D = Γ − Πl; D is distinct from D.
L0, L1, T Centered traces and T = Tr(ΞTW 2Ξ); Section 4.5.

2.2 Stopping sizes and spectral parameters

The unresolved-stub counts decrease as dn → l1 → l0 → l2 → l3 → 0. The first two stops delimit
early pairing and cleanup; l2 separates the two boundary phases, and l3 is the final arbitrary
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matching. Fix a = 10−4 and put e = n−2/3+a. The following table records the principal scales.
The relation ≍ permits fixed positive factors and integer rounding.

Quantity Scale Use

l0 n2/3+.15a Separated boundary size
b ⌈n1/3+.345a⌉ Cleanup steps
l1 l0 + 2b End of early pairing
qL/2 √

l0 n
−.29a Path cutoff

qR0 n.04a Boundary separation
qg0 n.002a Girth exclusion
α∗ n−1/3+a/2 Closest precision parameter
l2 l0n

−g−r End of boundary phase A
l3 nχ End of concentrated updates

The quantities l0, l1, l2, l3 are even. A logarithmic radius or cutoff is rounded to an integer, changing
its associated power of q by a fixed factor. We keep path degrees < L.

For 0 < h < 1/√q define

z(h) = h−1 + qh, α(h) = 1 − qh2, mh = h

1 − h2 .

Choose the largest primary parameter h∗ with α(h∗) ≍ n−1/3+a/2 and 0 < z(h∗) − s < e/20. Write
α∗ = α(h∗). Successive smaller primary parameters have 1 − √

qh increasing by a fixed factor, for
instance a factor of two, up to a sufficiently small fixed constant. Consequently there are O(logn)
primaries, their z − s scales cover [e/20, c] up to fixed factors, and successive positive scales have
ratios bounded above and bounded away from one. Every parameter remains in a fixed compact
subinterval of (0, 1).

During the early and cleanup phases, add an auxiliary point immediately below each primary,
at distance

b′ = n−.16aα(h).

At the largest primary also use h∗ − jbh, 1 ≤ j ≤ kh, where

bh = n−.03aα∗, kh =
⌈ 10
.03a

⌉
.

The j-spacing is exact. These auxiliary groups are disjoint for large n. Both signs σ ∈ {1,−1} are
used at every tracked parameter. Only the primary points are retained after l0 unresolved stubs
remain.

2.3 Order of the constant choices

The stopping sizes and spectral parameters above specify the stages of the construction. The
remaining constants are introduced with the estimates they control in Sections 5–7. The following
list records the dependencies among those choices, for reference when checking that every constant
is fixed independently of n. In particular, a coefficient governing growth over a whole phase
must be fixed before the higher moment order used to extract an individual bound. The list
is a dependency guide; the indicated later arguments define the comparators, row bounds, and
exceptional events.
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1. Boundary phase A (Section 7.4) uses the fixed d, a and spectral moment order k = 8. Its
initial row bounds have constants depending only on d; the row comparison constants,
including the finite enlargements at exceptional events, are fixed at this stage.

2. The smooth reference of Section 7.1 has a row-tail exponent rP > 0; it is permissible to take
rP = .001a. The exponents g = r > 0 are chosen sufficiently small relative to a, rP and the
finitely many fixed drift constants in phase A. These constants depend on k, d and the fixed
row bounds, not on the higher scalar moment orders.

3. In phase A the comparator exponent ζX is chosen as in (7.11), followed by θ > 0 sufficiently
small compared with g. The row-barrier exponents satisfy 0 < rv < rs < rg < r/2 with
strict gaps. The final matching exponent χ satisfies g + r ≪ χ < rP and is larger than these
row-barrier exponents.

4. In Section 6, the exponent ρ > 0 is small enough that 20ρ is below the separation and scale
margins. For each scalar concentration account, its normalization exponent is smaller than
its drift and variance margins; its fixed even moment order is then chosen large enough for
extraction over its polynomial-size family.

5. For the early high-moment account of Lemma 5.11, a sufficiently large fixed even p is chosen
using the uniform growth coefficient in (5.22). Its diagonal weight and outer-entry threshold
are fixed next, determining the finite near radius Rc. The constants used to choose this
threshold depend only on p, d, the finite splitting inequalities, and the uniform row bounds.
Constants depending on the resulting Rc occur only in terms already accompanied by a
negative power of n.

6. Finally, the structural and low-square loss exponents are chosen small enough for these fixed
moment orders and for the finite induction over near radii. The fixed diagram excess cutoff
is large enough for all the moments that have been used.

There is no dependence of a polynomial horizon-growth coefficient on a later scalar extraction order.
The estimates below record this fact at the points where it is essential. All strict comparisons are
unchanged if scales with rational exponents are replaced by dyadic rational approximations within
fixed factors. Rational choices of the parameters h with Od(logn) bits, including exact equally
spaced auxiliaries, will be used for the algorithm.

3 Simultaneous deterministic choice
A single pairing must preserve several estimates at once. We select it by minimizing a weighted
sum of nonnegative statistics, called accounts. Each account receives its own discount, computed
from its exact conditional expectation. This separates the common choice from the different growth
estimates used to analyze its consequences. The underlying method of conditional expectations
and pessimistic estimators is classical [Rag88]; see also [WX08, Section 3]. The lemma below
includes the account-specific discount update in the finite averaging argument.

Lemma 3.1 (Discounted accounts). At a state x, let Ω(x) be a nonempty finite set of candidate
transitions with a specified probability distribution. For each index i in a finite set let Zi(x) ≥ 1 be
a nonnegative account and let Di > 0 be its current discount. Fix nonnegative weights ai. Set

ri = max
{

1, E[Zi(x′) | x]
Zi(x)

}
, D′

i = Di/ri.
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There is a candidate x′ such that∑
i

aiD
′
iZi(x′) ≤

∑
i

aiDiZi(x).

In particular, selecting a minimizer of the left side has this property. If along the selected history
E[Zi(x′) | x] ≤ (1 + ci,t)Zi(x) with ci,t ≥ 0, then

D−1
i,t ≤

∏
j<t

(1 + ci,j) ≤ exp

∑
j<t

ci,j


when the initial discount is one.

Proof. For each index, D′
iEZi(x′) ≤ DiZi(x) by definition of ri. Sum with weights ai and use that

a minimum is no larger than its average. The discount product follows from ri ≤ 1 + ci,t.

For a normalized nonnegative estimator Y that can vanish, apply the lemma to 1 + Y . This
convention keeps the expectation ratio defined and preserves every upper bound obtained by
extracting Y .

An account attached to a surviving label has value 1 + ϕi ≥ 1 while the label is alive and zero
after its death. The same proof applies up to death; after death its contribution remains zero and
its discount need not be changed. When a family contains F labels, each is assigned the fixed
weight 1/F from the beginning of the phase. Hence, if the discounted total is at most K and a
surviving label has D−1

i ≤ B, then 1 + ϕi ≤ FKB. For a normalized pth-power account this costs
the factor (FKB)1/p, which is explicitly allowed when the fixed even order p is chosen. Scalar
trace accounts and aggregate low-square accounts have unit weight; averaging over the O(logn)
spectral parameters would make no difference. Polynomial-size fixed denominators are used for
the individual entry and row families, whose extraction uses high moments.

Lemma 3.2 (Scalar upper-excess account). Let an alive scalar quantity have current value X
and upper threshold T . On its ordinary next transitions suppose the threshold is unchanged and,
for a fixed scale b > 0, its increment ∆ satisfies

|∆| ≤ b, E∆ ≤ µ, E∆2 ≤ ν, µ, ν ≥ 0.

For each fixed even integer p ≥ 2 there is Cp such that the account Z = 1 + ((X − T )+/b)p obeys

EZ ′ ≤
[
1 + Cp

(
µ

b
+ ν

b2

)]
Z.

The same upper bound holds if the ordinary estimates are conditional on an event, provided that
on each other surviving transition the threshold is changed so that the account does not increase.
A death transition may set the account to zero. For two-sided control apply the assertion to X and
−X separately.

Proof. For real x and |y| ≤ 1, Taylor’s formula on the positive half-line, including the possible
crossing of zero, gives

(x+ y)p
+ ≤ xp

+ + pxp−1
+ y + Cp(1 + xp−2

+ )y2.

Substitute x = (X − T )/b and y = ∆/b, take expectations, and use xj
+ ≤ 1 + xp

+ for 0 ≤ j ≤ p.
On other surviving transitions the account is bounded by its old value, and on death it is zero.
Averaging these alternatives gives the same bound without conditioning.
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The later pairing phases use this estimate at a prescribed scale.

Corollary 3.3 (Positive-excess account at a prescribed scale). Let Bs > 0 and λ > 0. Suppose
an alive scalar quantity has an ordinary increment ∆ with |E∆| ≤ µ, E∆2 ≤ ν, and |∆| ≤ λBs.
For each fixed even p ≥ 2, the upper-excess account for either sign, measured in units λBs, has
expectation factor at most

1 + Cp

(
µ

λBs
+ ν

λ2B2
s

)
. (3.1)

The threshold, exceptional-transition, and death conventions are those of Lemma 3.2.

Proof. Apply Lemma 3.2 with b = λBs separately to the quantity and its negative.

We shall take λ = n−ζ . If the sum of the drift and variance terms in (3.1) is bounded and
the total family size is polynomial, choosing p sufficiently large makes the excess o(Bs). More
generally a permitted loss nC in the discount is absorbed by the same extraction, with p chosen
after the fixed exponent C has been determined.

3.1 The induction and its accumulated error bounds

Each transition estimate is proved assuming the current displayed caps. These caps first imply that
every allowed candidate precision remains positive and that all candidate statistics are defined. The
minimizing choice then gives the next caps by the preceding lemmas and their stated extraction
margins. This is an induction on the number of transitions: first define all candidates from the
current estimates, then select a candidate, and finally extract its estimates from the common sum.
The largest discount loss of one account is never charged to another account.

A pathwise drift budget is used only when it can be bounded for every prefix of the selected
history having the asserted caps. In cleanup, earlier actual paths are bounded by actual paths
in the graph at the end of that prefix. The structural accounts control that graph by a separate
discount estimate that does not use the pathwise drift budget. Thus the induction first obtains the
new structural bounds and then uses them to bound the accumulated discounts of the remaining
accounts.

At a phase boundary the accounts may be reinitialized. Normalization by a slightly larger
small power than the preceding extraction loss makes their initial total bounded or no(1). The
number of spectral parameters is logarithmic, and all label families are polynomial. An additive
budget O(logn) is harmless after a normalization by any fixed positive power; it is not charged as
an unscaled multiplicative error.

4 Partial configurations and their deterministic estimates
Two kinds of estimates are needed before pairing can proceed. The structural accounts control
actual paths and separate the unresolved stubs. The analytic estimates turn trace and entry
bounds for the current inverse into the quadratic and moment bounds needed for one transition.
We first derive the common matrix and path identities, then develop these two sets of estimates.
The analytic implications are conditional: Sections 5 and 6 establish their hypotheses inductively
along the selected pairing history.

Throughout this section, an operator on 1⊥ is extended by zero when vertex entries are taken.
All constants are uniform in n; they may depend on the fixed parameters chosen in the parameter
section. The notation no(1) below represents explicitly computable products of fixed powers of
logn and exp(O((log logn)2)).
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4.1 The configuration pencil and a single exposure

We begin by assigning a matrix to each partial pairing. Its dependence on the unresolved stubs
will make the change caused by one exposure explicit.

Give every vertex d distinguished stubs. For a partial pairing, let S be its l unresolved stubs.
For l > 0, let CS be the vertex–stub incidence matrix, and put

t = CS1, Πl = I − 11T

l
, Ξ = CSΠl, D = ΞΞT .

Write ξx for the column of Ξ indexed by x. If A is the adjacency matrix of the resolved pairs,
define

Ae = A+ ttT

l
, M(h) = z(h)I − σAe − hD, mh = h

1 − h2 , W = M(h)−1/mh.

The operators M(h) and W act on 1⊥, and W is used only when M(h) is positive definite. At the
empty pairing, W is the identity on 1⊥. At a complete pairing, define M(h) = z(h)I − σAG and
W = M(h)−1/mh on this subspace; positivity for both signs therefore bounds the nonconstant
spectrum in absolute value by z(h). The partial-configuration pencil lets us maintain this positivity
during the exposure. We have Ae1 = d1 and, writing α = 1 − qh2,

−∂hM(h) = D + h−2αI.

The next lemma identifies the inverse with a formal path generating function and computes its
update when one pair is resolved. Both descriptions will be used: the path expansion controls
entries, and the matrix update controls the change in the inverse. For the relation between
nonbacktracking walks and the quadratic Ihara–Bass matrix polynomial, see [FZ99, Section 6,
Eq. (6.2)]. The recurrence below also includes unresolved averaging blocks, and we prove it directly.

Lemma 4.1 (Path generating function and exposure identities). Let C be the incidence matrix of
all dn stubs. On resolved stubs let P∗ exchange partners, and on S let it be the averaging projection.
Set De = CP 2

∗C
T = dI − D and

Q0 = I, Qj = CP∗[(CTC − I)P∗]j−1CT (j ≥ 1).

Then, as a formal power series on 1⊥,

W =
∑
j≥0

(σh)jQj .

For distinct u, v ∈ S, l > 2, define

U = [ξu, ξv], G0 = I − J2/l, B = G−1
0 = I + J2/(l − 2), H0 = −σhFB,

where J2 is the all-ones matrix and F exchanges the two coordinates. If this pair is resolved, then

D′ = D − UBUT , A′
e = Ae + UFBUT , M ′ = M + U(hI − σF )BUT .

With G = UTWU , Dp = G − G0, and H = (H−1
0 + Dp)−1, the inverse update, whenever its

inverses exist, is
W ′ = W −WUHUTW.

Uniformly for the prescribed compact range of h, if ∥Dp∥ = o(1), then M ′ > 0 whenever M > 0.
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Proof. We first prove the generating-function identity, then the exposure formulas and the assertion
about positivity.

The matrix Qj counts weighted nonbacktracking stub walks. A resolved traversal is determin-
istic; an unresolved traversal lands uniformly in S, independently on each use. After landing, the
arrival stub is excluded from the next departure. Thus every row sum is dqj−1 for j ≥ 1. Since
P 3

∗ = P∗,
CP 2

∗ (CTC − I)P∗ = (De − I)CP∗.

Expansion gives Q1 = Ae, Q2 = A2
e −De, and Qj = AeQj−1−(De−I)Qj−2 for j ≥ 3. Consequently∑

j≥0
(σh)jQj = (1 − h2)[I − σhAe + h2(De − I)]−1 = W.

For the exposure identities, write a = ev(u), b = ev(v) and replace t by t − a − b and l by l − 2
in D = diag(t) − ttT /l and Ae = A+ ttT /l. Direct expansion gives the displayed formulas. The
Woodbury inverse formula [HS81] applies because

[mh(hI − σF )B]−1 +G0 = H−1
0 .

It remains to verify preservation of positivity. Both mh(hI − σF )B and H−1
0 have one positive

and one negative eigenvalue, bounded away from zero uniformly in the prescribed range. The
perturbation Dp = o(1) preserves the latter inertia.

We recall the block congruence behind the Schur-complement argument. For real symmetric
blocks A,D with A invertible, and a compatible real rectangular block B, define

L =
[
I −A−1B
0 I

]
.

Direct multiplication gives

LT

[
A B

BT D

]
L =

[
A 0
0 D − BT A−1B

]
.

Since L is invertible, the inertia of the original block matrix is the sum of the inertias of A and
D − BT A−1B; here inertia records the numbers of positive, negative, and zero eigenvalues. When D
is invertible, the same identity with the block order exchanged gives the other Schur complement.

With K = (hI − σF )B, apply the two Schur complements to
[

M U
UT −K−1

]
. One complement is

M ′ and the other is −mh(H−1
0 +Dp), proving that the inertia of M ′ equals that of M .

Let P = P<L be the degree-< L truncation of this generating function, and write E = W − P .
The formal exposure subtracts the degree-< L truncation of

PU

H0
∑
j≥0

(−(UTPU −G0)H0)j

UTP. (4.1)

This statement is coefficientwise: every factor H0 has positive degree, so every coefficient uses only
finitely many terms, and every coefficient of degree less than L is unchanged on replacing W by P .
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We will repeatedly use a cancellation that is exact, including the finite-population correction.
For two scalar arrays a, c on S, take an ordered distinct pair uniformly in I ⊆ S, where |I| = l− k.
Write ap = (a(u), a(v))T and cp = (c(u), c(v))T for its two-entry arrays. Their contraction satisfies

E[aT
p H0cp]

−2σh = (1 + 1/(l − 2))(
∑

I a)(
∑

I c)
|I|(|I| − 1)

− k
∑

I ac

(l − 2)|I|(|I| − 1) .
(4.2)

Indeed, the swap part has average 2[(
∑

I a)(
∑

I c) −
∑

I ac]/[|I|(|I| − 1)], while the diagonal
part contributes 2

∑
I ac/|I|. Substituting the coefficients of FB gives (4.2). In particular the

expectation vanishes for centered arrays when I = S.

4.2 Structural accounts and separated unresolved stubs

The path bounds will require control of small graph cores. We construct accounts for these cores
and for proximity among unresolved stubs. The proximity and return counts identify the stubs
that cleanup must resolve to obtain separation. We verify that cleanup preserves the core bounds.

In the early phase, expose a uniform ordered distinct pair whose vertices have actual graph
distance greater than g0. The graph on stubs of rejected pairs has maximum degree Dg = Od(qg0).
Every resulting actual graph is simple and has girth at least g0.

Lemma 4.2 (Structural accounts). Fix J = ⌊.9 logq n⌋ and a sufficiently large fixed integer
r∗. The joint discounted-account rule can maintain, through the early and cleanup phases, the
following bound for every connected multigraph core H of minimum degree at least two, excess
r = eH − vH + 1 ∈ {1, . . . , r∗}, and sH = eH ≤ r∗J :

#{stub embeddings of H} ≤ n1−r+o(1)qsH . (4.3)

An embedding is injective on vertices and uses distinct proper stubs for all incidences at a vertex.
The accounts and their next-step averages are computable in polynomial time.

At l = l1, fewer than b unresolved stubs are bad, where a stub is bad if its vertex has a nonempty
actual nonbacktracking return of length at most R0, or lies within distance R0 of another unresolved
stub (including distance zero). Cleanup can resolve all these bad stubs and stop at l0 with one
unresolved stub per unresolved vertex, and no nonempty actual nonbacktracking path of length at
most R0 joining two unresolved vertices, including a return to one vertex.

Proof. We first construct the core accounts and bound their change under rejection in the early
phase. These bounds give a global path count and, in particular, the short-return count needed to
identify bad stubs. We then bound proximity, perform cleanup, and verify that cleanup preserves
the same core and path estimates.

Initial core accounts. Suppressing degree-two vertices in a core leaves a bounded-size multigraph,
apart from the separate case of a cycle. Its subdivisions with at most r∗J edges give (1+logn)O(r∗)

shapes. Cores with a vertex of degree exceeding d need not be included.
We use the following form of the perfect-hash-family theorem [NSS95, Section 4.4, Theo-

rem 3(iii)]: an n-element set has an explicitly constructible k-perfect family of maps to k colors,
of size exp(k)kO(log k) logn, constructible in exp(k)kO(log k)nO(1) time. This is the specialization
ℓ = k of their splitter theorem: splitting a k-element set equally among k colors makes the map
injective on that set. The bounded case k = 1 uses a single constant map. For k = vH , sum the
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unrestricted completion probabilities over embeddings colorful for each map. Every embedding
is included at least once. If an embedding is already incompatible with the partial pairing it
contributes zero; if it has p demanded pairs still pending, it contributes

fp(l) =
p∏

i=1
(l − 2i+ 1)−1.

For one coloring the number of colorful ordered vertex assignments is at most k!(n/k)k. At the
empty pairing the proper stub assignments contribute

∏
x(d)degH(x), where (d)j is a falling factorial.

Since eH ≥ vH and (d)j ≤ dqj−1,∏
x(d)degH(x)
deH

≤ dvH−eHq2eH−vH ≤ qeH .

Stirling’s estimate cancels the factor exp(k) against k!/kk, leaving only a polynomial factor in k.
Since k = Od(logn), the remaining factor kO(log k) logn is no(1). The initial account is therefore at
most n1−r+o(1)qsH .

We use color-coding on a bounded-width tree decomposition, following Alon, Yuster and Zwick
[AYZ95, Section 6, Theorem 6.3]; the states below also retain prescribed stub assignments and
pending demanded-pair counts. These colorful sums do not require enumeration of nk assignments.
Choose a spanning tree of H and a width-one tree decomposition of that tree. Add the endpoints
of the r non-tree edges to every bag. Every edge of H is then covered, the bags containing each
vertex remain connected, and the width is at most 2r + 1 = O(r∗ + 1). In a bag record its vertex
and stub assignments, the subset of colors used in the processed part, and the number of pending
demanded pairs. At a join the color subsets must be disjoint off the bag. At an edge check its two
stub statuses and increment the pending count when appropriate. After totaling by that count,
multiply by fp(l). There are 2O(k)nO(r∗+1) states and transitions, including joins; all counts and
probabilities have polynomial bit length.

Change under rejection. Under unrestricted exposure this account is a martingale. It remains
to bound the cost of restricting to accepted pairs. Conditional on an eventual matching containing
p demanded pairs, the next exposed pair is one of these pairs with total probability 2p/l; otherwise
it is a uniform pair on the other l − 2p stubs. Deleting 2p vertices from a rejected-pair graph
of maximum degree Dg changes its rejected-pair proportion by O(pDg/l

2). The contribution of
demanded hits to a possible increase in acceptance probability is also O(pDg/l

2). Bayes’ formula
thus bounds the account’s conditional expectation by 1 + O(pDg/l

2) times its present value.
Summing to l1 costs exp(O(r∗JDg/l1)) = 1 + o(1). Normalize by n1−rqsH and apply the joint
account rule.

Global path diagrams and short returns. At every early-phase state, (4.3) with r∗ > 10,
increased if necessary, bounds a core of excess r∗ and at most r∗J edges by n1−.1r∗+o(1) < 1. Thus
no such actual core occurs.

A connected union of a fixed number of actual nonbacktracking walks, with total length at
most r∗J and a fixed number of marked endpoints, has excess less than r∗. Otherwise retain a
connected subgraph of excess r∗ and prune its leaves, contradicting the absence of such cores just
proved. Suppressing unmarked degree-two vertices leaves boundedly many vertices, so the number
of diagram shapes is no(1). A diagram with e′ edges and excess r has at most

n1−r+o(1)qe′

embeddings: apply (4.3) to the core and extend its bounded-leaf trees at cost Cqe′−sH ; for a tree
use Cnqe′ . The number of walk descriptions in an embedded diagram is bounded by a constant

15



depending on the fixed parameters. Indeed, branching is possible only at boundedly many marked
or branch vertices, and two visits to the same such vertex are separated by at least g0 steps. The
ratio r∗J/g0 is bounded independently of n.

In particular, the union traced by a nonempty nonbacktracking return of length k contains
a cycle, so its excess is at least one and it has at most k edges. The global diagram count
therefore gives at most no(1)qk such return walks. Summing over k ≤ R0 and allowing at most d
unresolved stubs at each vertex gives at most no(1)qR0 return-bad stubs. This deduction uses only
the early-phase core bound and girth exclusion already established.

Proximity at the end of the early phase. For proximity at l1, count simple paths of lengths 0
through R0 with two distinguished, distinct endpoint stubs required to survive until l1. For an
assignment with p pending required pairs and r marked surviving stubs, its completion probability
is

(l1)r 2p((l − l1)/2)p

(l)r+2p
,

with value zero for incompatibility. This follows by assigning stubs to the future pair slots
and the final surviving slots of a uniform permutation. Multiply the contribution by wp, with
w = 1 + CDg/l1. A demanded next hit removes one factor w and hence pays its entire rejection
inflation. Conditional on a successful non-hit, the pair is uniform on the ordinary stubs; deleting
the 2p+ r distinguished stubs costs only 1 +O((p+ r)Dg/l

2). The initial normalized colorful sum
is no(1): without normalization its expectation is

no(1)O
(
qR0 polylog(n)l21/n

)
.

For positive-length paths this follows by choosing proper incidences, paying (dn)−j(1 + o(1)) for
the j edges and O((l1/n)2) for the two surviving flags; length zero obeys the same bound. Together
with the return-bad count above, this bounds all bad stubs. Both contributions are o(b), since

qR0 l21/n = n1/3+.34a+o(1), b = n1/3+.345a+o(1).

Cleanup. The preceding bounds leave enough steps to resolve every bad stub. Fix the bad set
at l1. Resolve each bad stub as first endpoint, choosing its partner uniformly among surviving
initially clean stubs. Then use any surviving first stub and choose its partner uniformly among the
eligible surviving initially clean stubs until l0; there are exactly b steps available. An untouched
clean stub is initially farther than R0 from every other unresolved stub. A path of length at most
R0 starting there cannot reach a new cleanup edge: before its first such edge it would already
reach an initial unresolved vertex in the initial graph. Its short-path and short-return properties
therefore persist. Every cleanup pair is admissible, and the asserted final separation follows.

It remains to preserve the core accounts during these cleanup steps. Multiply fp(l) by
(1 + Cb/l0)p. If the fixed first stub is demanded, success requires its unique demanded partner;
deletion of at most O(b) possible partners is paid by the lost weight. Otherwise a successful
exposure has probability ratio at most fp(l − 2)/fp(l) = 1 +O(p/l), irrespective of the omissions.
The total discount cost is exp(O(r∗Jb/l0)) = 1 + o(1), as is the change on reinitializing the weights.
This completes the simultaneous account construction. The core bound and girth exclusion
therefore hold through cleanup, so the global diagram and short-return estimates proved above
remain valid there as well.

4.3 Path diagrams, absolute majorants, and polynomial tails

The coefficient majorants and their first-power row bound below hold in the general partial-
configuration setting. The stronger path estimates are conditional on the current early or cleanup
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state having l ≥ l0, the core bound (4.3), and actual girth at least g0. Lemma 4.2 maintains these
properties through both phases; its final separation conclusion is used in Section 7. An admissible
pair has endpoint vertices at actual distance greater than g0.

The global diagram bound proved with the structural accounts counts actual paths over all
choices of endpoints. For entrywise inverse updates we also need bounds with endpoints fixed,
and absolute majorants that include virtual traversals and centering. These majorants will then
control the tail discarded from the formal exposure.

We begin with fixed endpoints. The union of all walks of length at most L has bounded excess.
After the first walk, every walk adding an edge also increases excess: an added forest would have a
new leaf, whereas the only possible leaves are the already present endpoints. At most r∗ + 1 walks
would witness excess r∗. Since L/J is bounded below one, taking r∗ sufficiently large ensures
(r∗ + 1)L ≤ r∗J , a contradiction. The preceding branch-count argument consequently bounds
the number of walks at each length between fixed endpoints by a constant. Likewise, a family of
cycle-containing diagrams rooted at i, with no possible leaf other than i and with each total length
at most J , has bounded excess: each edge-adding member increases it, including the first member.
Lemma 4.3 (Absolute path bounds). In the partial-configuration setting above, let an output
label denote either a vertex coordinate projected onto 1⊥, or a current centered stub ξx. For a label
i write

pi(x) = Pi,ξx , ei(x) = Ei,ξx , wi(x) = Wi,ξx .

We distinguish polynomial coefficient majorants from their numerical evaluations. Let Nk(u, v)
count actual nonbacktracking stub walks of length k from u to v, with N0(u, v) = 1u=v, and define
the following polynomials with nonnegative coefficients:

Ul(z) = C

l

(
1 +

L−1∑
k=1

kqkzk

)
,

Ai,x(z) =
L−1∑
k=0

Nk(v(i), v(x))zk + Ul(z),

Jx(z) =
L−1∑
k=1

Nk(v(x), v(x))zk + Ul(z), Bx,y(z) = Ax,y(z) + C/l.

Here v(i) is the underlying vertex of the output label. The constant C is large enough to include the
virtual, centering, and degree-zero Gram corrections. Coefficientwise absolute values of pi(x) are
bounded by Ai,x; diagonal and cross errors of UTPU −G0 are bounded by Jx and Bx,y, respectively.
The actual-walk counts are symmetric, as are these majorants whenever the input and output are
stub labels. Write

Ai(x) = Ai,x(h), jx = Jx(h), bxy = Bx,y(h).
In particular Ul(h) ≤ C(1 + L)2qL/2/l, and∑

x∈S

Ai(x) ≤ C(1 + L)2qL/2. (4.4)

For the following bounds, assume that the current early or cleanup state has l ≥ l0, satisfies
(4.3), and has actual girth at least g0. Uniformly through l0,∑

x∈S

Ai(x)2 ≤ C,

∑
x∈S

j2
x ≤ nη,

∑
x∈S

jx ≤ nηqL/2.
(4.5)
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For an admissible pair in either phase there is a fixed c′
0 > 0 with

ju + jv + buv ≤ n−c′
0 . (4.6)

The same decay holds after multiplying nonconstant diagonal coefficients by any fixed power of
their length, including for global diagonal entries with their degree-zero norm as baseline.

Proof. Coefficient majorants and the first row sum. An entry involving at least one virtual traversal
at length k is at most Ckqk/l: mark one such traversal, sum prefixes by the row sums, pay its
uniform landing factor 1/l, and sum suffixes backwards using reversibility and the same row sums.
This overcounts and hence is an upper bound. Vertex centering contributes dqk−1/n; averaging an
endpoint against the unresolved stubs contributes at most Ckqk/l. The length-zero corrections
are O(1/l + 1/n). These estimates prove the coefficient majorants and the stated bound on Ul(h).
Reversing a walk proves symmetry. For (4.4), each vertex has at most d unresolved stubs, so the
actual length-k row sum is at most Cdq

k. Summing with weights hk and adding lUl(h) proves the
claim. These arguments use no core or girth hypothesis.

For the remaining estimates we use the stated structural hypotheses.
Actual-walk row squares. First consider actual walks from a fixed vertex to unresolved stubs.

In the squared weighted sum, identical walks contribute at most d: choose the initial departure
uniformly among d stubs and successive departures uniformly among q alternatives, stopping at
the first unresolved departure. A stopped walk of k actual steps has probability d−1q−k, which
dominates d−1h2k.

For two distinct walks ending at the same unresolved stub vertex, remove their common
terminal segment. Summing the possible common continuations with squared weights again costs
at most d by the stopping argument. The remaining pair forms a cycle-containing diagram rooted
at the initial vertex, with no other possible leaf. If its total length u is at most J , the rooted-family
argument above bounds its number by no(1), and u ≥ g0 makes its total weighted contribution
o(1). If J < u ≤ 2L, take a sufficiently large fixed p-th moment over roots. In a union of p such
diagrams every edge-adding diagram increases excess, so a union of excess r has at most min(p, r)u
edges. The global embedding bound gives a moment at most

n1+o(1)(1 + qu/n)p.

Here r∗ is chosen large enough to cover all p diagrams. Thus each root’s count is at most
n1/p+o(1)(1 + qu/n). After multiplication by q−u/2 this is bounded by

n1/p+o(1)(q−J/2 + qL/n) = o(1)

for, for example, a sufficiently large fixed p > 4. Summation over the polylogarithmically many
length choices preserves the decay. This proves the actual row-square bound, with constant
depending only on d once n is large enough.

Adding the virtual and centering terms costs O((1 + L)4qL/l) = o(1) in row-square sum, by
l ≥ l0 and the prescribed relation between L and l0. Thus the actual-walk bound also proves the
first estimate in (4.5).

Return bounds. The global number of return walks of length k is at most no(1)qk, proving the
first-power bound on j. For its square, pair two return walks of lengths k, k′. Excess at least
two costs at most n−1+o(1)q(k+k′)/2 after weighting, whose sum is o(1). At excess one the union
consists of a root-to-cycle tail and the cycle. Each return covers all these edges, so their number is
at most min(k, k′); its weighted embedding bound is no(1). This proves the return-square bound,
after absorbing subpolynomial factors in the prescribed nη.

18



Decay at admissible pairs. For an admissible pair, girth and endpoint distance exclude all
short nonconstant terms. Bounded fixed-endpoint multiplicity bounds the remaining sum by
C
∑

k≥g0 q
−k/2, in addition to the power-small uniform errors. The degree-zero centered Gram

error is O(1/l), even with other stubs at either vertex. Fixed powers of k do not change the
resulting positive decay exponent.

The formal exposure tail. The coefficientwise majorants also control the part discarded
when the formal exposure is truncated. At a current early or cleanup state with l ≥ l0, the core
bound (4.3), and actual girth at least g0, let u, v be any distinct unresolved stubs. The absolute
coefficient tail of (4.1), of total degree at least L, has every entry on global coordinates or current
centered-stub labels bounded by

Btail := Cq−(1/2−ϵ)L ≤ n.30a/
√
l0, (4.7)

where ϵ > 0 is fixed and sufficiently small, and C may depend on ϵ.
To prove this, evaluate the nonnegative coefficient majorants at zh = hq1/2−ϵ ≤ q−ϵ < 1. Put

r = ⌊g0/3⌋. Between two fixed vertices there is at most one actual nonbacktracking walk of length
less than r, counting all lengths together: each such walk is simple, and two distinct ones would
form a cycle shorter than g0. This includes the degree-zero walk when the vertices coincide. Its
contribution is at most one. Bounded fixed-endpoint multiplicity bounds the longer contribution
by Czr

h/(1 − zh) = o(1). The rescaled uniform error also tends to zero:

Ul(zh) ≤ C(1 + L)2q(1−ϵ)L/l = o(1), qL/l0 = n−.58a+o(1).

Consequently all outer majorants are at most 1+o(1). A nonnegative coefficient majorant D(zh) for
the two-by-two middle deviation UTPU −G0 has diagonal entries o(1) and off-diagonal entries at
most 1 + o(1). The degree-zero Gram corrections are O(1/l); the possible degree-zero off-diagonal
contribution for two stubs at the same vertex is included in the bound by one. Since

∥D(zh)∥∞ ≤ 1 + o(1),
∥∥zh(F + J2/(l − 2))

∥∥
∞ = zh

(
1 + 2

l − 2

)
,

the product of the middle and H0 majorants has norm at most q−ϵ(1 + o(1)). For sufficiently large
n this is bounded by a fixed ρϵ < 1. Coefficientwise nonnegative matrix multiplication therefore
bounds the whole formal series at zh by Cϵ. Returning to h pays q−(1/2−ϵ)L for every term of
degree at least L. Finally q−L/2 ≍ n.29a/

√
l0, so choosing ϵ sufficiently small proves (4.7). Every

fixed power of the number of factor positions is also summable, since
∑

m≥0(m+ 1)kρm
ϵ < ∞ for

fixed k. This is a bound on the formal P exposure; it does not assert positivity after an arbitrary
pair is resolved. The actual transitions use admissible pairs, for which (4.6) and the entry caps
give the stronger power-small ratio in their numerical mixed expansions.

4.4 A coefficient bound from positivity of the pencil

The path estimates control entries of the truncation. Positivity at both signs supplies an operator
bound for each coefficient and hence for the whole truncation. We derive that bound from the
scalar polynomials obtained by evaluating the pencil on unit vectors.

Lemma 4.4 (Polynomial operator bounds). If the precision is positive for both signs at h, then

∥hjQj |1⊥∥ ≤ C(1 + j)2, ∥P∥ ≤ C(1 + L)3. (4.8)
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For a fixed stub endpoint, the signed column of P over global vertices has polylogarithmic squared
norm. For the following absolute column and entry bounds, also assume that the current early
or cleanup state has l ≥ l0, satisfies the core bound (4.3), and has actual girth at least g0. For
every fixed integer p ≥ 3, the absolute p-power sum of that column is bounded by a constant; for
sufficiently large n that constant can depend only on d and p. Stub columns have bounded absolute
squared sums, and every outer entry of P in the formal exposure expansion (4.1) has absolute
value at most 1 + o(1).

Proof. Operator bounds. On 1⊥ put F (z) = I − zAe + z2(qI − D). For a complex unit vector v,
v∗F (z)v = 1−xz+yz2 has real x, y and y ≤ q. A nonreal pair of roots has modulus y−1/2 ≥ q−1/2.
A real root in (−h, h) is also impossible. Endpoint positivity would require another root on the
same side of zero in that interval, but their product would be less than h2 ≤ 1/q, contradicting
1/y ≥ 1/q. Linear polynomials and polynomials with roots of opposite signs are excluded directly
by the endpoint signs. Thus every root has modulus at least h. Factoring the scalar polynomial
shows

|v∗F (z)v| ≥ (j + 1)−2 when |z| = h

(
1 − 1

j + 1

)
, j ≥ 1.

Since ∥F (z)v∥ ≥ |v∗F (z)v|, its inverse has norm at most (j + 1)2. Apply the Cauchy coefficient
formula to (1 − z2)F (z)−1; the extra radius ratio is at most a fixed constant. This proves (4.8).
Moreover, ∥ξx∥ ≤ C, so ∑

i

|Pi,ξx |2 = ∥Pξx∥2 ≤ C∥P∥2 ≤ C(1 + L)6,

where i ranges over global vertices. This proves the signed column-square bound from positivity
alone.

Column and entry bounds. We now combine the operator estimate with the path bounds. For
actual paths of length j to a fixed endpoint, bounded multiplicity and the total path count give
an ℓ3 norm O(q−j/6) after weighting, which is summable. Uniform errors have total cube sum
O(n[(1 +L)2qL/2/l]3) = o(1). This proves the cubic bound. For the refined constant, paths shorter
than g0/3 are unique in total at fixed endpoints; their cube sums are at most 1 +

∑
j≥1 dq

j−1q−3j/2.
Longer actual paths have power-small supremum and absolute aggregate squared sum O((1 +L)2),
so their p-power sums tend to zero. The uniform correction has vanishing p-power sum by its
cube bound and vanishing supremum. Apply the triangle inequality in ℓp. The same short/long
separation proves the 1 + o(1) entry bound. The cubic column bound has a constant depending
only on d. Combining it with the entry bound gives, for every fixed integer p ≥ 3 and all sufficiently
large n (depending on p), ∑

i

|Pi,ξx |p ≤ (1 + o(1))p−3∑
i

|Pi,ξx |3 ≤ 2Cd.

Here i ranges over global vertex coordinates. Thus the large-power column constants needed in
the early transition argument can be fixed before its scalar moment order. The same short/long
separation also shows that choosing a fixed distance radius from a fixed positive entry threshold
does not require fixing the later structural losses first.

4.5 Deterministic consequences of the resolvent bounds

This subsection derives deterministic consequences of the trace and entry bounds in (4.9). The
transition arguments in the following sections establish those bounds by induction. At each
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transition these implications are applied only to the current state. We first bound the norm
and spectral tail of a positive weighted inverse. We then use nearby parameter values to obtain
local quadratic and averaged trace estimates, from which the required moments follow. Set
F1 = Tr(DW ) and F0 = TrW . We use the trace notation

Γ = ΞTWΞ, L1 = F1 − (l − 1), L0 = F0 − (n− 1),
Kall = Γ2, Qall = ΞTW 2Ξ, T = TrQall.

At the primaries, the squared-resolvent trace T will be kept away from zero by applying the
account rule to its reciprocal. At all tracked primary and auxiliary points suppose positivity and

|F1 − (l − 1)| ≤ n.09a/α∗, |F0 − (n− 1)| ≤ n.12a/α2
∗, max

i,j
|Eij | ≤ n.37a/

√
l0, (4.9)

where the entries range over the specified global and centered-stub labels. At a current early or
cleanup state with l ≥ l0, the core bound (4.3), and actual girth at least g0, Lemma 4.4 bounds
the formal P outer entries by 1 + o(1). The corresponding numerical W outer entries have the
same bound: W = P + E, and the entry cap in (4.9) is n.37a/

√
l0 = o(1). Write v∗ = .125a and

c = .03a.

Lemma 4.5 (Consequences of the resolvent bounds). At a current early or cleanup state, assume
l ≥ l0, the core bound (4.3), and actual girth at least g0. Assume positivity and (4.9) at every
tracked primary and auxiliary parameter, for both signs. For B+

h = D + h−2αI, the positive
operator Sh = (B+

h )1/2W (B+
h )1/2 has norm at most nv∗/α. For a sufficiently large fixed C, the

sum of its eigenvalues above Cnc/α is at most nv∗/α. These bounds hold at the primaries and
their auxiliaries. At all these points, every global coordinate or centered stub f satisfies

fTW (D + h−2αI)Wf ≤ (1 + h−2)∥f⊥∥2 + n−c1 . (4.10)

At the primaries, the averaged trace identity is

TrKall
l

+ h−2α
T
l

= 1 + h−2 +O(n−c2). (4.11)

The following moment bounds hold at both primaries and auxiliaries:

TrK2
all + α2 TrQ2

all ≤ C
(
n2cl/α2 + n4v∗/α4

)
,

Tr(ΓKall) + αTr(ΓQall) ≤ C
(
ncl/α+ n3v∗/α3

)
,

∥Qall∥ ≤ Cn2v∗/α3.

(4.12)

The decay exponents c1, c2 > 0 are fixed independently of n.

Proof. Reduction to the closest primary. We begin with the norm and spectral tail. Positivity at
the closest primary controls the other primary groups directly; the closest group will require the
auxiliary trace bounds.

For every primary group except the closest one, positivity at the closest point and integration
of −∂hM(h) give

M(h) ⪰ cdα(D + αI).

Indeed the interval between these points has length comparable with α, and on a fixed subinterval
its value of 1 − qt2 is comparable with α. The claim follows there with norm C/α and an empty
tail. It remains to control the closest point.
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A positive finite-difference filter at the closest primary. At that point put Rh = M(h)−1 =
mhW , X = (B+

h )−1/2M(h)(B+
h )−1/2 and S = X−1. Positivity, (4.9), and TrW = O(n) give a

polynomial upper bound on S. The bounds B+
h ⪰ cdα∗I and ∥M(h)∥ = O(1) give an inverse-

polynomial lower bound. Set k = kh and b = bh = n−cα∗.
For the linear pencil X + xI, the alternating trace difference at 0, b, . . . , kb is the nonnegative

quantity

B :=
∑

λ∈spec S

λ
k∏

j=1

jbλ

1 + jbλ
. (4.13)

For bλ small, the product suppresses the contribution of λ; for λ ≥ C/b, it is bounded below by a
positive constant depending only on k,C. A bound on B therefore bounds the spectral tail that
we need. We will obtain that bound from the trace laws for the actual pencil, by comparing its
alternating trace difference with this linear one.

Write the actual pencil in the form X + xI + γ(x)H∗, where

H∗ = (B+
h )−1, γ(x) = z(h− x) − z(h) − h−2α∗x, T (x) = Tr[X + xI + γ(x)H∗]−1.

Taylor’s formula gives γ(x) = O(x2), γ′(x) = O(x), and bounded higher fixed derivatives on the
interval used. At x = jbh, 0 ≤ j ≤ kh, the trace laws imply

T (x) = mh−x[(l − 1) + h−2α∗(n− 1)] +O(n.12a/α∗).

Consequently, ∣∣∣∣∣∣
k∑

j=0
(−1)j

(
k

j

)
T (jb)

∣∣∣∣∣∣ ≤ Ck(n.12a/α∗ + nbk).

Comparison with the linear pencil. We show that the preceding trace difference is B+o(1)+o(B).
The matrices X and H∗ need not commute, so the comparison retains the order of all matrix
factors. For Xg(x) = X + xI + γ(x)H∗ and R(x) = Xg(x)−1, the divided-difference product rule
applied to RXg = I gives

R[x0, . . . , xk] =
∑

0=i0<···<ip=k

(−1)pR(x0)
p∏

t=1

(
Xg[xit−1 , . . . , xit ]R(xit)

)
,

where products retain their displayed order and xj = jb. At nonzero nodes expand about
Aj = (X + jbI)−1. Because ∥γ(jb)H∗Aj∥ ≤ Cb/α∗ = Cn−c, every such Neumann series can be
truncated at a fixed order K with residual norm at most CKb

−1(Cb/α∗)K . After multiplication
by bk, every remaining factor, rank, and initial inverse norm is bounded by a fixed power of n.
Choosing K sufficiently large makes the sum of all residual traces o(1).

After multiplication by (−1)kk!bk and taking the trace, the term with all first divided differences
equal to I and all nodes unperturbed is exactly B. It remains to show that all other terms have
total absolute value o(1) + o(B). Use a common decomposition into the O(logn) dyadic spectral
blocks of S for S and every Aj , all of which are functions of S. In a nonzero block tuple let λ0 be
its largest scale, and let r0 be the rank of a block at that scale. A cyclic trace is bounded by r0
times the product of operator norms, by starting the trace at that block. This choice is available
even when the largest block occurs in an intermediate inverse: cyclicity moves that block to the
beginning of the trace while retaining the cyclic order of all factors. Write s0 = min(λ0, b

−1).
The corresponding main scale is, within constants depending on k, r0λ0(bs0)k. This is an upper
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comparison scale for a mixed block tuple, rather than the value of that tuple. The initial inverse
block has norm at most Cλ0, and every nonzero-node inverse block has norm at most Cks0,
irrespective of where the largest block occurs. The contribution to B from that largest spectral
block is comparable to this scale, since on its dyadic interval λ

∏k
j=1 jbλ/(1 + jbλ) ≍k λ0(bs0)k.

A perturbed first divided difference costs an extra O(b/α∗). Each Neumann correction costs
at most the same. Replacing r ≥ 2 first divided differences and their intermediate inverses by a
single span-r divided difference costs, relative to that main scale,

O
(
α−1

∗ s
−(r−1)
0

)
.

If λ0 ≥ nc/2/α∗, every non-main product therefore has at least one power-small factor, while the
other replacement factors are bounded. Summing the fixed powers of logn and charging to the
largest block bounds these terms by o(B).

Below this threshold, bound absolutely instead. A span-one block, its following inverse, and
one assigned factor b cost O(n−c/2). A higher span r with its following inverse and br costs

O(brα−1
∗ nc/2/α∗) = O(n−rc/2);

the omitted extra factor αr−2
∗ n−(r−1)c/2 is bounded. Node corrections are bounded as well. The

sum of all such tuples is at most n1+o(1)(nc/2/α∗)n−kc/2 = o(1), by the choice of k. This proves
the comparison with the linear pencil.

Spectral tail and transfer to auxiliaries. It follows that B ≤ Ckn
.12a/α∗. For λ ≥ C/b, the

product in (4.13) is bounded below by a positive constant depending only on k and C. Hence the
sum above that threshold, and then the norm, are at most nv∗/α∗ for all sufficiently large n. Passing
between S and Sh only changes a fixed factor mh. At lower auxiliary nodes, M(h−x)−1 ⪯ M(h)−1

and B+
h−x = (1 + o(1))B+

h in relative positive order. The min–max principle transfers the ordered
eigenvalue bounds, increasing the constant in the tail cutoff.

Local quadratic estimate. The spectral norm bound is now available at all tracked points. We
use it to compare the inverse at a primary with its nearby auxiliary. If f is a global coordinate or
a centered stub, the path estimates give Pff = ∥f⊥∥2 +O(n−c′

0) and a power-small derivative of
the nonconstant part. Compare Rh and Rh−b′ , where b′ = n−.16aα. Their precision difference is

b′(B+
h )1/2(I +O(b′/α))(B+

h )1/2.

The proven norm bound gives b′∥Sh∥ ≤ n(.125−.16)a, a negative power. The resolvent identity
therefore gives the positive quadratic-form comparison

Rh −Rh−b′ = b′Rh(B+
h )1/2(I +O(n−c′))(B+

h )1/2Rh

for some fixed c′ > 0. On a diagonal, the entry error divided by b′ is at most Cn.53a/(α∗
√
l0) =

O(n−.045a). Using m′
h/m

2
h = 1 + h−2 yields (4.10) at the primary. For a lower auxiliary point at

distance x, the normalized precision increment is x(I +O(x/α)). Put S̃ = (B+
h )1/2Rh(B+

h )1/2 ⪰ 0.
The map on the vectors (B+

h )1/2Rhf has the form [I+xS̃Tx]−1, where Tx = I+O(x/α) is positive
definite. Indeed,

[I + xS̃Tx]−1 = T−1/2
x [I + xT 1/2

x S̃T 1/2
x ]−1T 1/2

x .

The middle factor has norm at most one, so the full norm is at most
√

∥Tx∥∥T−1
x ∥ = 1 +O(x/α).

Moreover, B+
h−x and mh−x differ from B+

h and mh by relative O(x/α), respectively. Since x/α
is power-small at every auxiliary, these comparisons transfer (4.10) to its own normalization at
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h− x, after reducing c1. In particular
∑

xwi(x)2 ≤ C, global unweighted row squares are at most
C/α, and [(ΞTWΞ)2]xx ≤ C.

Averaged trace identity. Take the D-weighted trace of the same b′ resolvent difference. Its
trace-law error after division by b′l is at most Cn(.09+.16)a/(lα∗α), a negative power. Positivity and
the relative error in the quadratic-form comparison, together with (4.10), give (4.11). Summing
the global and stub versions of (4.10) also gives T ≤ C min(n, l/α).

Moment bounds. We now combine the local quadratic estimate with the spectral bulk and tail
bounds. To express the remaining moments in a common matrix, introduce Y = [Ξ, h−1√

αI],
with the identity projected onto 1⊥, and A = Y TWY . Its nonzero eigenvalues are those of Sh.
Its stub block is Γ, and the stub block of A2 is Kall + h−2αQall, of trace O(l) by (4.10). Split A
into its bulk and tail spectral parts. The bulk norm is O(nc/α); the tail trace is O(nv∗/α). Their
squared parts have norm O(n2c/α2) and trace O(n2v∗/α2), respectively. Positive compression
preserves these bounds. For a positive bulk compression Cb, use TrC2

b ≤ ∥Cb∥ TrCb; for a tail
compression Ct, use TrC2

t ≤ (TrCt)2. This proves the first estimate in (4.12). For the mixed
estimate, split also the stub block of A; its bulk contributes O(ncl/α), and all terms involving
its tail are bounded by O(n3v∗/α3), since c < v∗. Positive order gives the last operator bound.
Together these estimates prove (4.12).

4.6 The estimates passed between pairing stages

The next two sections establish the hypotheses used above by induction. The following table
records their bounds at the two stopping points; these are conclusions of Propositions 5.1 and
6.1, not additional assumptions. Positivity and the first three bounds hold for both signs at every
tracked primary and auxiliary parameter. The last bound is needed only at the primaries, and
cT > 0 denotes a fixed constant.

Quantity After early pairing, l = l1 After cleanup, l = l0

|L1| ≤ n.075a/α∗ ≤ n.09a/α∗
|L0| ≤ n.105a/α2

∗ ≤ n.12a/α2
∗

maxi,j |Eij | ≤ n.33a/
√
l0 ≤ n.37a/

√
l0

T ≥ cTn
−θ/2(n−1 + α/l1)−1 ≥ cTn

−θ(n−1 + α/l0)−1

The entry labels are global coordinates and surviving centered stubs. The early bounds leave a
positive power of slack inside the caps (4.9); cleanup retains those caps. The structural accounts
also leave fewer than b bad stubs at l1, in the sense of Lemma 4.2. At l0 the unresolved vertices are
distinct and have no nonempty actual nonbacktracking join or return of length at most R0. Both
stages also retain the stub diagonal-square bound

∑
x∈S E

2
xx ≤ nη, with a prescribed sufficiently

small fixed loss exponent, and the coefficient and path-multiplicity bounds. The complete inputs
to boundary completion are listed at the start of Section 7; only primary parameters are retained
there.

5 Pairing down to a sparse boundary
We now construct a partial pairing with l1 unresolved stubs. Throughout this phase, both signed
precisions remain positive and their normalized inverses remain close, entry by entry, to the
truncated path matrix P . The structural estimates of the preceding section then leave fewer than
b bad stubs for the separation step to remove.
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All conditional expectations in this section are over a uniform ordered pair of distinct unresolved
stubs whose vertices have distance greater than g0. A conditional expectation for a surviving
output additionally excludes its one or two stub labels from the selected pair. Global vertex
outputs do not impose this exclusion. The notation Eij always uses the vectors attached to the
current labels; thus a stub output is centered using the current unresolved set.
Proposition 5.1 (Early pairing). For the fixed parameters of the construction and all sufficiently
large n, the simultaneous discounted-account rule can be run from the empty pairing down to l1
unresolved stubs. It retains the structural estimates (4.3)–(4.8), positivity of every tracked precision,
and, at every tracked point,

|L1| ≤ n.075a/α∗, |L0| ≤ n.105a/α2
∗, max

i,j
|Eij | ≤ n.33a/

√
l0.

The low-square estimates (5.12) hold with any prescribed sufficiently small fixed loss exponent, for
any fixed near radius needed in the proof. At every primary point,

T ≥ n−θ/2(n−1 + α/l)−1 (5.1)

after a fixed constant is allowed in the right-hand side.
At every exposure, the structural accounts, the trace accounts, the squared entry sums, and

the high entry moments enter the same discounted total. The proofs below establish their one-step
bounds under the common current-state caps. The squared sums make mixed terms in the
high-moment expansion summably small. A separate weighting of pair and diagonal moments
controls the remaining terms with a drift coefficient independent of the moment order. This
independence permits extraction of a simultaneous entry bound after a polynomial loss in the
discount.

At the empty state, W = P = I|1⊥ , L1 = 1 − d, L0 = 0, and T = d(n− 1). Write

Be = n.31a/
√
l0, dm = n.33a/

√
l0.

We maintain max |Eij | ≤ dm together with the squared-sum bounds stated below; in particular,
TS :=

∑
x∈S E

2
xx ≤ nη, with centered stub indices. The deterministic implications (4.9)–(4.12)

are used only at the current state. There, every valid pair has small Dp, so its next precisions
are positive and the update (4.1) is defined. The weighted choice and extraction then give
the displayed caps at the selected next state. This closes the induction without assuming any
candidate’s next-state estimates.

5.1 Trace estimates

We first control the two trace errors L0, L1. We also bound T away from zero; this lower bound
will provide a strict margin in the boundary-completion argument. The signed cancellations needed
for these three estimates are collected in the next lemma.

Put D = Γ − Πl, a centered full stub matrix with pair block Dp, and put Jall = ΓQall. In this
subsection, K,Q, J denote the selected pair blocks of Kall, Qall, Jall, respectively. At the current
state,

Kxx ≤ C, Qxx ≤ C/α,
∑

x

D2
xx ≤ nη,

∑
y

D2
xy ≤ C, (5.2)

by (4.5), the squared-sum bound, and (4.10). On valid pairs, Dp has power-small entries; on
invalid pairs its entries are still bounded. Fixed constants are included in the expectation-error
bounds below. We retain the exact ordered-distinct denominators in the identities that supply the
drift.
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Lemma 5.2 (Uniform pair contractions). Let A,C be centered l-by-l matrices, with A symmetric,
and let a subscript p denote their {u, v} blocks. For a full uniform ordered distinct pair,

ETr(H0Ap) = 0,

ETr(BAp) = 2 TrA
l − 1 ,

ETr(FApFCp) = 2
l(l − 1)

(
TrATrC + Tr(AC) − 2

∑
x

AxxCxx

)
.

The last identity remains valid when C is not symmetric. For a nonnegative summand, restriction
to valid pairs or to survival costs a factor 1 + O((Dg + 1)/l). For a signed summand one must
also subtract the omitted pairs before applying this factor.

Proof. Centering gives
∑

u̸=v Auv = − TrA. Insert B = I+J2/(l−2) and H0 = −σh(F+J2/(l−2))
to obtain the first two identities. Expansion of the last trace gives AvvCuu+AuuCvv+Auv(Cuv+Cvu).
Summing its three terms proves the formula. Each stub has at most Dg forbidden partners, and
survival excludes at most two stubs; the assertion about restriction follows by counting the available
ordered pairs.

Lemma 5.3 (Trace transition bounds). Under the current bootstrap bounds, the conditional
means and second moments of the trace errors satisfy (5.4)–(5.6) at all tracked points. At primary
points, T has the lower relative drift (5.8), the second-moment bound (5.10), and relative step size
|∆T |/T = o(1). All error constants are uniform in the current state.

Proof. We first compute the two centered trace increments. We then obtain the three estimates
on T needed to bound its reciprocal: the lower drift, second moment, and maximum relative
increment. The terms containing the possibly large matrix J require separate estimates.

The centered trace errors.
From D′ = D − UBUT ,

∆F1 = − TrBG− TrHK + TrBGHG.

Expand H = H0 −H0DpH0 + · · ·. In the increment of L1, the constant −2 cancels the change in
its baseline l − 1. This gives

∆L1 = 2 TrH0Dp − (1 + h2) TrBDp − TrH0K + TrH0DpH0K +O(∥Dp∥2). (5.3)

Here H0G0H0 = h2B. Under full uniform distinct sampling, the linear H0 contractions vanish and
ETrBDp = 2L1/(l − 1). The swap-swap term has diagonal contribution 2h2L1 TrKall/[l(l − 1)],
with same-index corrections O(1/l). Its remaining cross contribution is bounded by C(Tr Γ3 + l)/l2;
the O(1/l) changes in swap entries also cost O(1/l).

To restrict these polynomial terms to valid pairs, subtract an absolute error O(Dg/l) and divide
by 1 −O(Dg/l). The remaining inverse series has expectation O(nη/l) by (5.2). Consequently,

E∆L1 = alL1 +O
(
(nη +Dg)/l + nc/(lα) + n3v∗/(l2α3)

)
, −C/l ≤ al ≤ n−c3/l (5.4)

for some c3 > 0. Before conditioning, the coefficient is 2
l−1 [h2(TrKall/l − 1) − 1]. Its stated

bounds follow from the averaged upper bound in (4.10) and ∥ξx∥2 = 1 + O(1/l). The positive
normalization for valid pairs preserves these upper and lower bounds. Also,

E(∆L1)2 ≤ C
(
n2c/(lα2) + n4v∗/(l2α4) + nη/l

)
. (5.5)
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Indeed, the ideal Kuv term uses (4.12), while diagonal same-end ideal terms have coefficient O(1/l).
All other terms use (5.2).

For the global trace, ∆L0 = − TrHQ. The ideal centered term has zero full mean. The term
with a single Dp between pure swaps has diagonal main contribution at most C|L1|/(lα). Its
cross contribution is bounded using Tr(Γ + Πl)Qall, together with the same-index corrections. The
remainder is O(nη/(lα)). Thus, on valid choices,

|E∆L0| ≤ C
(
(|L1| + nη +Dg)/(lα) + nc/(lα2) + n3v∗/(l2α4)

)
,

E(∆L0)2 ≤ C
(
n2c/(lα4) + n4v∗/(l2α6) + nη/(lα2)

)
.

(5.6)

The contractions used here can be read directly from Lemma 5.2: for Kall = Γ2, Tr(DKall) =
Tr(Γ3) − Tr(Γ2), and for Qall ⪰ 0, |Tr(DQall)| ≤ Tr(ΓQall) + T . The diagonal exclusions are
bounded using Kxx ≤ C, Qxx ≤ C/α, and

∑
x |Dxx| ≤ nη/2√

l. Terms with two or more Dp factors
have absolute value at most C∥Dp∥2, respectively C∥Dp∥2/α, because the remaining inverse series
is geometric. Their expectations are bounded by (5.2). The ideal variances are C Tr(K2

all)/l2 and
C Tr(Q2

all)/l2, respectively; applying (4.12) gives exactly the first two summands of (5.5) and (5.6).
Lower drift of T . To prove (5.1), we will control the reciprocal statistic. We first bound E∆T

from below. The exact update of T is

∆T = − Tr
[
B(I −GH)Q(I −HG)

]
− 2 TrHJ + TrHQHK. (5.7)

Using G0, H0 in the outer terms, their full-pair mean divided by T is

2
l − 1 [h2(TrKall/l − 1) − 1] +O((1 + ∥Γ∥2)/l2).

For the first outer term, expand I −G0H0 = I + σhF . The centered FB term averages to zero,
and the other contribution is −2(1 +h2)/(l− 1). For the last term, use the same opposite-diagonal
swap average. Its cross trace satisfies TrKallQall ≤ ∥Γ∥2T ; the diagonal exclusions and O(1/l)
swap errors use Kxx ≤ C.

At primaries, (4.11) therefore bounds this relative drift below by −CαT /l2 − n−c4/l. Pair
smallness and (5.2) bound the change from the ideal outer terms, on valid pairs, by n−c4 TrQ,
decreasing c4 > 0 if necessary. The invalid ideal contributions have average O(DgT /l2).

For the J term, the ideal contraction H0J has zero full mean. In the term with one deviation,
H0DpH0J , diagonal factorization uses Tr Jall = Tr ΓQall, and the cross trace uses D = Γ − Πl.
The swap average is therefore bounded by

C
(
|L1|∥Γ∥ + ∥Γ∥2 + ∥Γ∥

)
T /l2,

apart from same-index exclusions, invalid pairs, and the O(1/l) changes in the swap coefficients.
This main bound is power-small relative to T /l, since |L1| ≤ n.075a/α∗ and n2v∗/(lα2

∗) ≪ 1.
To handle the exclusions and coefficient changes, including the invalid-pair part of the ideal J

contraction, use
|Jxy| ≤ C

√
(Q2

all)yy,
∑

y

√
(Q2

all)yy ≤ Cnv∗α−3/2√
lT .

Their mean, divided by T /l, is at most

C(Dg + 1)nv∗

α3/2
√
lT

,
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which is power-small under the current lower bound (5.1). Finally, terms with at least two
deviations use Evalid∥Dp∥2 ≤ Cnη/l and max |Jxy| ≤ Cnv∗/α2; their contribution is also power-
small relative to T /l. Conditioning on valid pairs preserves the resulting lower drift bound. We
have proved

E∆T /T ≥ −CαT /l2 − n−c4/l (5.8)

with some c4 > 0, for sufficiently small θ, η.
Second moment and maximum increment of T . In (5.7), the outer terms are bounded by

C TrQ, giving second moment CT /(αl). The off-diagonal J terms use ∥ΓQall∥2
F ≤ Cn4v∗T /α5.

For a diagonal Juu, the coefficient Huu has conditional squared average at most Cnη/l over a
uniform valid partner. Indeed, expansion around H0 gives

|Huu| ≤ C(1/l + |Dvv| + |Duv|) (5.9)

on valid pairs: the first pure swap from u touches v, all other factors are uniformly small, and a
non-pure initial swap costs O(1/l). The conditional claim follows from (5.2) and Dg ≪ l. Also,
the norm bound times the trace gives∑

u

J2
uu ≤ C TrQ2

all ≤ Cn2v∗T /α3.

Consequently,

E(∆T )2 ≤ C

(
T
αl

+ n4v∗T
α5l2

+ n2v∗+ηT
α3l2

)
. (5.10)

Individually, |∆T | ≤ Cnv∗/α2 ≪ T under (5.1).

Lemma 5.4 (Trace control by weighted choice). The trace-square accounts and the inverse-T
account have bounded discount loss under the bootstrap bounds and imply the trace conclusions of
Proposition 5.1 with a positive power of slack.

Proof. Trace-square accounts. Track 1 + L2
i /S

2
i , where S1 = n.065a/α∗ and S0 = n.095a/α2

∗. In
(5.4), the coefficient contribution to square drift is at most 2n−c3L2

1/l. Use 2|L|/S ≤ 1 + L2/S2

for each additive mean error. Since
∑
l−1 = O(logn),

∑
l−2 = O(l−1

0 ), and α2
∗l0 ≍ n1.15a, the

normalized mean and variance budgets for L1 are bounded by fixed multiples of

(nη−.065aα∗ +n−.063aα∗ +n−.035a) logn+n−.840a and n−.070a logn+n−.780a +nη−.130aα2
∗ logn.

Both tend to zero. The L0 bounds follow from (5.6): the term involving L1 loses at most
n−.020a logn, and every other normalized term has a larger strict margin. This proves the two
trace-square assertions.

The reciprocal account. Divide (5.10) by T 2 and sum using the current lower bound (5.1).
The result is power-small; the particularly relevant bounds are n4v∗+θ(1/(nα5l0) + 1/(α4l20)) ≪ 1.
The maximum relative increment from Lemma 5.3 permits Taylor expansion of the reciprocal.
Together with (5.8), this yields

E(1/T ′) ≤ (1 + ul)/T + Cα/l2,
∑

ul = o(1)

with deterministic nonnegative upper budgets under the caps. For fl = 1/n+ α/l, use the account
1 + n−θ/4/(T fl). The scaled additive errors Cn−θ/4α/(l2fl−2) sum to o(1). This proves (5.1) with
a positive power of slack.
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5.2 Entry increments and their conditional means

The trace bounds do not alone control each matrix entry. We therefore compare the exact inverse
update with the truncated path update. The resulting expansion has two kinds of terms whose
signs must be retained; all other terms can be estimated by absolute path bounds. The following
classification records every possible position of an error factor.

In the update expansion below, entries are first evaluated on the old output vectors. Recentring
the surviving stub vectors is dealt with explicitly at the end of Lemma 5.6. For a matrix X on
vertex space put

Q(X) = XUHXU
TX, HX = H0

∑
m≥0

[−(UTXU −G0)H0]m.

For X = W or P these series converge numerically on every valid pair. The formula for Q(P ) also
has its coefficientwise meaning from (4.1). Set

T = UTPU −G0, DE = UTEU, RP = [Q(P )]≥L.

We call an entry of T a topology factor: it measures the path reference’s deviation from the pair
comparison block G0. A diagonal topology factor at x is bounded by jx, and an off-diagonal one
by buv. We also call diagonal topology factors local factors. Entries of DE are intermediate error
factors; errors in the two outer entries will be kept separate. The exact increment on the old
output vectors is

∆E = −{Q(W ) − Q(P )} − RP .

This identity fixes the sign of the formal tail. We retain signs for the terms with no intermediate
factor and for the terms with one intermediate error and no topology factor. The proof below
identifies their cancellations explicitly.

For an output label i, let ri(x) = Ai(x) + |ei(x)|. The hypotheses give∑
x∈S

ri(x)2 ≤ C, max
x

ri(x) ≤ C,
∑

x

j2
x ≤ nη, max

u

∑
v

b2
uv ≤ C, Qa := nηqL/2.

Increasing nη by an arbitrarily small exponent if necessary,
∑

x jx ≤ Qa and maxu
∑

v buv ≤ Qa,
by (4.5) and (4.4), respectively. All matrices of majorants on stub labels can be taken symmetric.

Lemma 5.5 (Index-word classification). Expand every occurrence of H0 as −σhF − σhJ2/(l− 2),
every intermediate factor as T +DE, and each outer factor as P +E. A resulting scalar word has
two outer endpoint indices s, t ∈ {u, v}, alternating swap and intermediate factors, and one of the
following descriptions.

1. It contains a non-pure swap −σhJ2/(l − 2).

2. All swaps are pure and it contains an off-diagonal T factor, bounded by buv.

3. All swaps are pure, all T factors are diagonal, and at least two intermediate factors are DE.

4. All swaps are pure, all T factors are diagonal, there is at least one intermediate factor, and
there is at most one DE factor. If s = t, either there is a diagonal T factor at s̄, or the word
has exactly one intermediate factor, namely (DE)s̄s̄. If s ≠ t and there is a T factor, there
is at least one local factor ju or jv. If there is no DE factor, both local factors occur.

5. There are no intermediate factors. Its pure-swap portion has s ̸= t.
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Here ū = v and v̄ = u. The list is exhaustive; the cases are made disjoint by testing them in the
displayed order. With only one intermediate DE and no T , the exceptional same-end word in item
4 is precisely h2xi(s)xj(s)es̄(s̄), where xi, xj are the chosen outer arrays, each a p or e row. All
estimates obtained by retaining at most a fixed number of marked factors in these cases can be
summed over the remaining words with a constant independent of n.

Proof. After item 1 is excluded, a swap changes an endpoint to its opposite. An intermediate
diagonal T leaves that endpoint unchanged. An intermediate off-diagonal T puts the word in
item 2. Exclude items 2 and 3. In a same-end word, the index immediately after the first swap
and immediately before the last swap is s̄. If a local factor at s̄ never occurs, both these visits
must be incident to the sole DE factor. A swap between distinct intermediate positions changes
the index, so a second intermediate position would force either another DE or a local factor at
s̄. Hence the sole intermediate is (DE)s̄s̄. In a distinct-end word consisting only of local factors,
the number of intermediates is positive and even; the indices alternate, so both endpoints occur.
These observations prove items 4 and 5 and their exhaustiveness.

For convergence, let εn bound the absolute entry sum of an intermediate T + DE block on
a valid pair. Equations (4.6) and the entry bootstrap imply εn → 0. There are at most 4m+1

endpoint index strings with m intermediates. If at most b positions are marked, summation of the
unmarked positions is dominated by

Cb

∑
m≥b

(m+ 1)b(Cεn)m−b,

which is bounded for large n. A non-pure swap at a marked position contributes C/l. The
coefficientwise absolute majorants of the tail have the same convergence after its degree restriction
is discarded. This proves the final assertion and also justifies termwise expectation and the use of
Minkowski’s inequality for second moments.

The elementary averaging bounds behind the classification will be used repeatedly. For
nonnegative arrays a, c with bounded squared sums, full independent uniform endpoints satisfy

retained factors absolute first moment second moment
a(u)c(v) C/l C/l2

a(u)c(u)/l C/l2 C/l3

a(u)c(u)jv CQa/l
2 Cnη/l2

a(u)c(u)buv CQa/l
2 C/l2

a(u)c(v)ju Cnη/2/l3/2 Cnη/l2

a(u)c(v)buv CQa/l
2 C/l2

d2
ma(u)c(u) Cd2

m/l Cd4
m/l.

For example, the first-moment cross-topology bound follows from ∥b∥ ≤ maxu
∑

v buv ≤ Qa; the
same-end version uses its row-sum bound before summing a(u)c(u). For second moments of a
cross-topology term, sum b2

uv over its free endpoint and use the bounded suprema of the outer
arrays. For a local factor, use

∑
v j

2
v ≤ nη, or Cauchy–Schwarz for its first moment. These

arguments prove every table entry. Restricting to distinct, valid, surviving endpoints costs a
bounded density factor. Consequently the table also applies under the conditional laws of this
section.
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Lemma 5.6 (Signed entry mean). For every existing output pair, conditionally on its survival,

∣∣E∆Eij

∣∣ ≤ µl, µl = C

[
nv∗/α∗ + nηqL/2 +Dg

l2
+ nη

l3/2 + d2
m

l

]
. (5.11)

This includes recentered stub outputs.

Proof. First consider words without intermediate factors. Their exact H0 contraction is zero for a
full ordered distinct pair by (4.2); the same statement holds coefficientwise for the pure-P tail.
Omitting at most two labels costs C/l2, using their bounded entries and the squared row bounds
in (4.2). If B is the symmetric forbidden-pair indicator, then ∥B∥ ≤ Dg. Thus an opposite-outer
product on forbidden pairs has sum at most Dg∥ri∥2∥rj∥2 ≤ CDg. A same-end product has
at most Dg partners and an extra 1/l from its non-pure swap. After division by l(l − 1), the
forbidden-pair cost is CDg/l

2.
Next retain exactly one intermediate DE , no topology factor, pure swaps, and arbitrary W

outers. This groups all outer choices without losing their signs. Write

YE = Tr(ΞTEΞ), |YE | ≤ |L1| +Qa, ∥ΞTEΞ∥ ≤ Cnv∗/α+ C(1 + L)3.

For same outer endpoint u, the numerator sum is∑
u̸=v

wi(u)wj(u)ev(v) = YE

∑
u

wi(u)wj(u) −
∑

u

wi(u)wj(u)eu(u),

whose magnitude is C(1 + |YE |). For distinct outer endpoints it is a bilinear contraction of ΞTEΞ
with two bounded ℓ2 rows, after a diagonal exclusion, and is bounded by C(1 + ∥ΞTEΞ∥). On a
surviving set I obtained by deleting at most two output labels, the same-end numerator is(∑

v∈I

ev(v)
)(∑

u∈I

wi(u)wj(u)
)

−
∑
u∈I

wi(u)wj(u)eu(u),

and is still bounded by C(1+ |YE |): the first diagonal sum changes by O(dm), and the second factor
is bounded by the two row norms. For distinct outer endpoints, deleting a bounded number of rows
or columns changes the bilinear numerator by C. The required bounded ℓ2 rows of ΞTEΞ follow
from E = W −P and the stub-row square bounds for W and P in (4.10) and (4.5). Forbidden-pair
subtraction costs CDg by the preceding operator-norm argument; the extra intermediate entries
are bounded. These estimates give the nv∗/α∗ contribution in (5.11).

Every remaining word is covered by Lemma 5.5. A non-pure swap gives C/l2 in first moment.
A cross-topology word gives CQa/l

2. If there is no cross topology and at most one intermediate
DE factor, a same-end topology word contains js̄, giving CQa/l

2, and a distinct-end topology word
contains a local factor, giving Cnη/l3/2. A word with at least two intermediate DE factors gives
Cd2

m/l. These statements apply also when an outer is E, since it is bounded by ri. They also apply
to the coefficient tail by absolute majorization. The geometric summation in the classification
lemma gives the same bounds for the entire series.

Finally, for a surviving stub, ξ′
x = ξx + (ξu + ξv)/(l − 2). The old-axis entries of the new E

have sup Cdm: this follows from the difference series, in which every numerical word contains
an E, and from (4.7). For a fixed other output i, E|E′

ui| + E|E′
vi| ≤ C/

√
l. Indeed the old entry

has this bound by its squared row sum. In every update word the selected-axis outer is bounded
and the other outer is at u or v; averaging that outer uses

∑
x ri(x) ≤

√
l∥ri∥2. The formal tail is

bounded coefficientwise by the same argument. Thus the two first-order recentering terms have
mean Cl−3/2, and the term changing both axes has mean Cdm/l

2. Their pointwise total is Cdm/l.
This proves the stated bound.
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5.3 Low square sums

The row-square estimates for W and P already control averages of the squared entries of E in
a row. We now bound the same errors on diagonals and among pairs at a fixed distance. The
exceptional same-end word in Lemma 5.5 copies a selected endpoint’s diagonal error to surviving
outputs. For stub diagonals, deletion of the two selected labels will outweigh this contribution.
For nearby pairs, we must also count those brought close by the new edge. We first bound the
reference entries that arise in this second calculation.

Lemma 5.7 (Aligned short-path residual). Fix an integer k. For i ∈ X, u ∈ S at actual vertex
distance at most k, remove from the actual part of pi(u) the monomial of the unique short path.
The squared sum of the remaining coefficientwise absolute majorants over all these pairs is at most

nη + C(1 + L)4qL/l.

Here X = V or S, and η can be any prescribed positive constant after the structural losses are
reduced.

Proof. For large n, g0 > 2k, so the short path is unique. Expand the square of the remaining
actual paths. A summand consists of that short path and two nonbacktracking alternatives of
lengths a1, a2 < L. Its union has a cycle; the alternative equal to the short path was removed.
If the excess is at least two, the structural diagram estimate gives, after multiplication by
ha1+a2 , at most n−1+o(1)q(a1+a2)/2+k. Summing the logarithmically many lengths is still at most
n−1+o(1)qL+k = o(1).

For excess one the union is unicyclic. Suppress its forced tree tails at the two endpoints. A
nonbacktracking walk can only follow one of the two cycle arcs, possibly with complete laps. If the
short path uses one arc, every alternative distinct from it covers the other arc or completes a lap.
If the short path stays in an attached tree, every alternative reaches the cycle and completes a lap.
Consequently all edges outside the short path belong to each alternative, and eH ≤ min(a1, a2) +k.
The weighted embedding bound is therefore

no(1)qeH−(a1+a2)/2 ≤ no(1)qk.

The number of shapes, length choices, and walk choices is absorbed by an arbitrarily small fixed
power. Bounded stub multiplicities change only constants. Finally there are Ok(l) near pairs, and
the per-entry uniform and centering error is C(1 + L)2qL/2/l. Its square sum has the displayed
size.

Lemma 5.8 (Control of squared entry sums). For any fixed radius Rc, the simultaneous accounts
retain

TS =
∑
x∈S

ex(x)2 ≤ nη, TV =
∑
i∈V

E2
ii ≤ nηn/l0,

TXS,k =
∑

i∈X, x∈S
dist(vtx i,vtx x)≤k

ei(x)2 ≤ nη, X ∈ {V, S}, 0 ≤ k ≤ Rc.
(5.12)

The final exponent η > 0 may be prescribed in advance and made arbitrarily small.

Proof. The surviving stub diagonal. The single-intermediate exception of Lemma 5.5, with both
outers equal to P , is the copy increment

Zx = h2[px(u)2ev(v) + px(v)2eu(u)].
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There is a fixed C4 < q2 such that ∑
x∈S, x ̸=u

|px(u)|4 ≤ C4. (5.13)

Indeed, let su be the number of unresolved stubs at the vertex of u. Short paths of length less
than g0/3 are unique in total at each endpoint. The degree-zero contribution, excluding u, is at
most su − 1. The positive-length contribution is bounded by

∑
j≥1

d(d− su)qj−1q−2j = d(d− su)
q(q − 1) .

For q = 2, the sum is at most 3; for q ≥ 3, its maximum over 1 ≤ su ≤ d is strictly below q2. The
long-path and uniform terms have vanishing fourth norm by (4.5)–(4.8). This proves (5.13) with a
strict constant margin.

Summing over surviving x before averaging gives

E
∑

x ̸=u,v

Z2
x ≤ (1 + o(1))2h4C4

l
TS + Cd2

m/l. (5.14)

For its two squared summands use (5.13) and then sum the opposite diagonal square. For the
cross product use ∑

x

(∑
u

px(u)2
)2

≤ Cl, |eu(u)ev(v)| ≤ d2
m.

The conditional restriction has density 1 + o(1), so it preserves the strict margin.
After subtracting Zx, the remainder obeys

E
∑

x ̸=u,v

|∆ex(x) − Zx|2 ≤ C(nη/l + d4
m). (5.15)

Here is the complete reduction to the index-word cases. A distinct-end word has second moment
C/l2 for each x, by the first row of the averaging table. A non-pure same-end word has second
moment C/l3. A pure same-end word with topology and at most one intermediate E has an
opposite local factor or a cross-topology factor; its second moment is Cnη/l2 by the third or fourth
row of the table. A word with at least two intermediate E’s has second moment Cd4

m/l. If exactly
one intermediate is E, no topology occurs, and an outer is also E, use∑

s

|ex(s)|2rx(s)2 ≤ Cd2
m

in addition to the intermediate bound dm; this again gives Cd4
m/l. The only same-end word left

after these tests is Zx, already removed. The formal tail follows the same tests, with no E’s; its
zero-intermediate pure-swap word is necessarily distinct-end. The recentering terms contribute at
most Cd2

m/l after summing over x. Summing the per-output bounds over at most l outputs and
using the geometric Minkowski bound in Lemma 5.5 proves (5.15).

Deletion removes (1 − o(1))2TS/l in expectation. The existing first-order square term is
at most 2µl

√
lTS . Since h4C4 < 1, choose a fixed ε > 0 such that (1 + ε)h4C4 < 1. Apply

(x + y)2 ≤ (1 + ε)x2 + (1 + ε−1)y2 to Zx and its remainder and then Young’s inequality to the
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first-order term. Some fixed part of the deletion remains available to absorb it. The resulting
upper drift is

ET ′
S ≤ TS + C(l2µ2

l + nη/l + d4
m).

The non-logarithmic quantities controlling the sum are

n2v∗

α2
∗l0

= n−.900a,
qL

l0
= n−.580a+o(1),

D2
g

l0
= o(1), nd4

m = n−1/3+1.020a+o(1) = o(1).

The other term in µl costs only n2η logn. A slightly larger small-power normalization makes the
complete additive budget summably small.
Global diagonals. No deletion is used. The copy squares have expected sum at most CTS/l +
Cnd2

m/l
2, by the bounded fourth columns in Lemma 4.4. The classification just proved gives

Cn(nη/l2 + d4
m/l) for the other squares. The first-order term is at most 2µl

√
nTV . At scale SV =

nη′
n/l0, the corresponding multiplier is bounded by Cµl

√
l0/n

η′/2, using 2
√
TV /SV ≤ 1 + TV /SV .

The sum
√
l0
∑
µl is at most an arbitrarily small power, and the summed variance divided by n/l0

has the same property. Choosing η′ larger than the input losses proves the global diagonal bound
with an arbitrarily small final loss.
Existing near pairs. For a fixed k, there are Ok(l) near outputs. All non-copy variance terms cost
Ck(nη/l + d4

m). For a copy term, at a fixed endpoint u,∑
i,x: dist(i,x)≤k

Ai(u)2Ax(u)2 ≤ Ck.

This follows by summing first over the bounded ball around x, using the bounded sup of Ai(u),
and then its squared column sum over stub x. Consequently the copy variance costs CkTS/l,
rather than a self term involving TXS,k. The existing first-order term is Ckµl

√
lTXS,k, and

∑√
lµl

is bounded by an arbitrarily small power.
New near pairs. A newly near pair has a short simple path using the new edge once. For one of
its two orientations, i is at old distance k1 from u, x at old distance k2 from v, and k1 + 1 + k2 ≤ k.
Each choice has bounded multiplicity. The expected sum of the squared new entries is at most

Ck

nη + TS +
∑

X′∈{V,S}, j<k

TX′S,j

 /l. (5.16)

To verify this without discarding an aligned large reference entry, expand the old entry plus
every index word. An old entry, or an outer E whose endpoint is opposite the associated short
neighborhood, is summed by its squared row bound over the free opposite stub; bounded reverse
neighborhood multiplicity gives Ck/l. An aligned outer ei(u) or ex(v) charges TXS,k1/l or TSS,k2/l,
respectively. An intermediate E charges TS/l when diagonal and C/l when off-diagonal, again by
its squared rows. Other factors have bounded sup and can be summed geometrically.

It remains to check a pure reference-tail word. Any intermediate topology factor has second
moment at most nη/l, even with the bounded short-neighborhood multiplicities; a misaligned outer
has the same bound by its squared rows. For aligned outers, split off their unique short monomials.
Lemma 5.7 charges the residual squares by nη + C(1 + L)4qL/l, and the free opposite endpoint
supplies 1/l. If both outers are their short monomials and there are no intermediate factors, a
pure swap has total degree k1 + 1 + k2 < L, so contributes nothing to the tail. A non-pure swap
has coefficient O(1/l), which is already within the claimed bound. This exhausts the reference-tail
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cases. Recentring costs a smaller term, since its sup is Cdm/l. Minkowski’s inequality and the
geometric word summation prove (5.16).

Finally choose the losses in a fixed finite order. Start with a structural loss η0 > 0 so small
that (20 + 4Rc)η0 < η. Choose the normalization and extraction exponents for TS , TV , and then
successively for TXS,0, . . . , TXS,Rc , increasing the available exponent by at least 2η0 at each use of
a preceding estimate. Enlarge the first normalization enough to exceed twice the exponent in its
cumulative first-order budget. Every cumulative additive cost is then o(1) after normalization,
and every multiplier has bounded sum. There are only 2Rc +O(1) accounts per tracked point. All
extraction losses fit below the prescribed η by taking η0 smaller if required. This proves (5.12).

5.4 From averaged errors to uniform entry bounds

The squared-sum estimates now supply a small factor in every mixed moment. Pure powers require
more care: their drift must have a coefficient independent of the fixed moment order. We keep
pair moments and diagonal moments separate, then choose a fixed weight for the latter. This
absorbs the large transfer from pair moments to diagonal moments without enlarging the common
drift coefficient.

Set zij = Eij/Be. For X,Y ∈ {V, S}, let

ΦXY = 1
|X||Y |

∑
i∈X,j∈Y

|zij |p, ΨX = 1
|X|

∑
i∈X

|zii|p, Fp =
∑
X,Y

ΦXY , Dmom
p =

∑
X

ΨX .

Here p ≥ 4 is an even integer, fixed independently of n, and Mp = 1 + Fp +Dmom
p . The notation

Dmom
p is used only in this subsection and is distinct from the two-by-two precision deviation Dp.

All output averages are deterministic uniform sums in the current state.
By (4.5), (4.8), (4.10), and (5.12), some fixed β > 0 has the following properties. Every row

average of |z|2, over either output type, is at most n−β. Every diagonal second average has the
same bound. For any fixed radius Rc, the measure∫

f dµX = 1
|X|

∑
i∈X,u∈S

dist(i,u)≤Rc

f(i, u)

has bounded mass and satisfies
∫

|ziu|2dµX ≤ n−β and
∫

|ziu|pdµX ≤ lΦXS . For example, before
tiny losses the stub-row and near-pair second averages have margin .62a, whereas a global row has
margin at least .97a. Thus β can be fixed, say below .30a, independently of the later choice of p.

Lemma 5.9 (Interpolation and a kernel inequality). Let a measure of bounded mass satisfy∫
|z|2 ≤ n−β and

∫
|z|p ≤ M . For every fixed 0 < t < p,∫

|z|t ≤ n−βt(1 +M)t/p, βt > 0, (5.17)

for sufficiently large n. If a nonnegative kernel K on two probability spaces has both marginal
densities at most b, then for nonnegative f, g and r, s ≥ 0, r + s ≤ 1,∫∫

K(x, y)f(x)rg(y)s dx dy ≤ b

(∫
f

)r (∫
g

)s

.

For K(i, u) = |pi(u)|k, 2 ≤ k ≤ p, with uniform i ∈ X,u ∈ S, one may use b = nη0/l for any fixed
η0 > 0, once n is sufficiently large. The row marginal alone is at most Cp/l. For k = p or 2p, the
constants in the row and column sums can be bounded by a constant depending only on d, for each
fixed p and large n.
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Proof. For t ≤ 2, the second moment and Hölder’s inequality give Cn−βt/2. For 2 < t < p,
interpolation gives

(n−β)(p−t)/(p−2)M (t−2)/(p−2).

The exponent of M is at most t/p. Absorb fixed constants by halving the positive exponent of n,
proving (5.17). For the kernel inequality, apply Hölder to the measure with density K: its mass,
f integral, and g integral are at most b, b

∫
f , and b

∫
g. For the stated kernel, its row sum is

bounded by the squared row bound and the bounded entry sup. The column sum for k = 2 is
polylogarithmic by (4.8); for k ≥ 3 it is bounded. Since |X| ≥ cdl, this proves the marginal claim.
Finally Lemma 4.4 bounds the relevant large-power column sums uniformly in the fixed order,
and the squared row bound gives Cd(1 + o(1))k−2 for row sums. With k fixed, this is at most 2Cd

for large n.

Lemma 5.10 (Linearization and its residual). For every surviving output pair, decompose its
actual increment as ∆Eij = BeLij + Nij, where L is linear in z and evaluated on the old output
vectors. The residual contains the nonlinear terms, the formal tail, and the recentering of surviving
stub outputs. It has sup

|Nij | ≤ C(d2
m +Btail + dm/l)

and conditional second moment

E|Nij |2 ≤ C(nη/l2 + d4
m/l). (5.18)

The leading terms of Lij, up to their signs, are

hpi(u)zvj , hpi(v)zuj , hpj(u)ziv, hpj(v)ziu, (5.19)

and
h2pi(s)pj(t)zs̄t̄, s, t ∈ {u, v}. (5.20)

All other coefficients have sup bounded by a fixed negative power of n. A diagonal coefficient of
HP satisfies, with its first endpoint s fixed,

Es̄
[
|(HP )ss|k1valid

]
≤ Cpn

ηn−c′
0(k−2)/l, 2 ≤ k ≤ p, (5.21)

where the expectation may also omit boundedly many output labels.

Proof. Put TP = I − PUHPU
T . The exact inverse-update difference identity is

(W − Q(W )) − (P − Q(P )) = TP (E − EUHWUTE)T T
P .

It follows either by multiplying the two inverse-update formulas or by using HW − HP =
−HP (UTEU)HW . Thus the linear old-axis increment is TPET

T
P − E. Replacing HP by −σhF

gives (5.19) and (5.20). The difference HP + σhF is power-small by (4.6) and its geometric series.
The leftover one-axis forms are pi(s)ztj and their transposes; the two-axis forms are pi(s)pj(t)zcd,
with coefficient (HP )sc(HP )dt minus its pure-swap value.

The nonlinear term is −TPEUHWUTET T
P , whose entries have sup Cd2

m. Its complete second-
moment classification is as follows. Distinct outer endpoints use two squared rows and cost C/l2.
Same-end words with two intermediate E factors cost Cd4

m/l. If one intermediate and one outer
are E, use

∑
s |ei(s)|2rj(s)2 ≤ Cd2

m and the second E bound to get the same estimate. If both E’s
are outer factors and no intermediate E occurs, a same-end word has either a non-pure swap or an
opposite local/cross-topology factor; its second moment is at most Cnη/l2 by the averaging table.
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These are all possible placements of at least two E’s in Lemma 5.5. For a tail word there are no
E’s: distinct-end words cost C/l2, and same-end words have the non-pure or opposite-topology
factor and cost Cnη/l2. Recentring has squared sup Cd2

m/l
2. The geometric Minkowski bound

now proves (5.18); the sup claim follows also from (4.7).
For (5.21), follow the first pure swap in the (s, s) entry of HP . By Lemma 5.5, either a non-pure

swap occurs, or a local factor at s̄, or a cross factor occurs. Hence

|(HP )ss| ≤ C(1/l + js̄ + bss̄).

Its conditional second moment is Cnη/l; its sup is n−c′
0 . Multiply the second-moment bound

by the (k − 2)-th power of this sup. Omitting a bounded number of partners only changes the
bounded density constant.

Lemma 5.11 (High moments). There is a constant C∗, independent of every sufficiently large
even order p, with the following property. After p is fixed, one may choose a fixed κp > 0, a fixed
near radius Rc, and sufficiently small structural and low-square losses such that

Zp = 1 + Fp + κpD
mom
p , EZ ′

p ≤ (1 + C∗/l + ul)Zp,
∑

l

ul = o(1), (5.22)

with nonnegative deterministic upper budgets ul under the bootstrap assumptions.

Proof. We separate mixed powers from pure powers. The low-square estimates and interpolation
make every mixed contribution a power-small multiple of Mp/l, whose sum is small. Pure powers
can transfer pair moments to diagonal moments at rate CpFp/l; their reverse transfer has the
smaller rate CpD

mom
p /l2. Weighting the diagonal family by κp makes the first coefficient bounded

when κpCp ≤ 1, while the reverse coefficient Cp/(κpl
2) remains summable for fixed p. Thus we

must bound each family’s own 1/l drift independently of p, and verify these two transfer rates. A
fixed threshold on the outer path entries will distinguish the pure powers that need this uniform
bound from terms that gain a small factor. All expectations of nonnegative quantities below
may be taken over independent uniform endpoints, losing a bounded density factor. For signed
first-order terms we retain the survival-conditional mean (5.11). Throughout this proof constants
marked Cp may depend on p, whereas C0, C1 do not.
First-order and residual terms. In the even-power Taylor formula, the first-order term has absolute
mean at most p(µl/Be)|zij |p−1. The sum

∑
l µl/Be tends to zero by a power. Write rij = Nij/Be.

Its sup is a fixed negative power of n. For 2 ≤ k ≤ p,

|zij |p−kE|rij |k ≤ C(1 + |zij |p)n
η/l2 + d4

m/l

B2
e

.

The sum of the displayed coefficient tends to zero. For k < p, finite-term splitting costs only Cp.
For k = p, use |a+ b|p ≤ 2|a|p + Cp|b|p when separating the retained linear part from the residual.
This incurs a factor 2, independent of p, on the retained part.
Intermediate powers of linear terms. Fix 2 ≤ k < p. The minimum of the positive interpolation
exponents in (5.17), for the finitely many powers used below, is positive. Choose the kernel loss
η0 less than half this minimum. For the first term in (5.19), integrating u uses

∑
u |pi(u)|k ≤ Cp,

producing Cp/l. For fixed j, interpolation in the free v row gives

Ev|zvj |k ≤ n−δ(1 +Rj)k/p, Rj = Ev|zvj |p.
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Hölder in the remaining output indices bounds the result by Cpn
−δMp/l. This derivation covers

each of the four orientations and also diagonal outputs j = i.
For (5.20) with s = t, discard one bounded outer factor. Integration of the other outer over

s gives Cp/l, and interpolation in the independent diagonal input zs̄s̄ gives the power saving. If
s ̸= t, retain |pi(s)|k and discard the other bounded outer. Interpolation over t, conditional on s,
yields n−δ(1 +Rs)k/p. Average the output factor first over j, and apply the kernel inequality in
Lemma 5.9 to (i, s), with exponents (p− k)/p and k/p. The cost is Cpn

η0−δMp/l. For a diagonal
output, use |zii|p instead of its output-row average in that kernel inequality. This proves the same
bound.

A leftover one-axis term whose input endpoint differs from its outer endpoint uses the preceding
one-axis calculation. If these endpoints coincide, its coefficient is (HP )ss; integrate the other
selected endpoint first by (5.21), then use the row interpolation in zsj . Here the structural loss η is
chosen below the interpolation saving, including when k = 2 in (5.21). For a leftover two-axis term
retain the outer at s. If its input is zss, the coefficient includes (HP )ss, so (5.21) and diagonal
interpolation apply after discarding the bounded outers. An input zs̄s̄ uses independent diagonal
interpolation; an off-diagonal input uses the kernel argument just given. These three input types
exhaust {u, v}2. Thus every intermediate Taylor power costs Cpn

−δpMp/l for some δp > 0.
Pure powers for independent output pairs. The two-axis pure powers can be charged at once:

Ei,j,u,v|pi(s)pj(t)zcd|p ≤ Cp

|X||Y |
Eu,v|zcd|p ≤ CpMp/l

2.

This holds also for diagonal inputs c = d, because the outputs i, j remain independent. The leftover
one-axis pure powers have either the pointwise power-small coefficient and a row integration, or
(5.21) when input and outer endpoints coincide. Hence they cost a power-small multiple of Mp/l.

It remains to sum the leading one-axis terms without multiplying all their pure powers by Cp.
Choose a fixed threshold εp > 0. The sum of terms with |pi(u)| ≤ εp has pure moment at most

Cpε
p−2
p Fp/l.

This follows from |pi(u)|p1|pi(u)|≤εp
≤ εp−2

p |pi(u)|2 and the row-sum bound. The threshold will be
chosen last to make this coefficient as small as required. Every outer above the threshold is at
actual distance at most a fixed Rc = Rc(p, d) from its selected endpoint, by the short-path and
long-entry estimates in Lemma 4.4. For sufficiently large n, g0 > 2Rc, so an output axis has at
most one such endpoint.

If both output axes have large outers at the same endpoint, say u, the corresponding pure
powers have an extra 1/l gain even after a Cp splitting. To see it for pi(u)zvj , sum |pi(u)|p over i,
using its bounded column sum. Each j has only CRc,d stubs u in its near ball. Therefore

Ei,j,u,v
[
|pi(u)zvj |p1j near u

]
≤ CpΦSY /(|X|l) ≤ CpFp/l

2.

This calculation remains valid when several unresolved stubs have the same vertex; there are at
most d such labels.

If the two large outers occur at opposite endpoints, there are at most two retained terms.
Expand their p-th power, keeping both pure summands with coefficient 1. Each mixed term has
positive powers t, p− t, with 0 < t < p, and is at most

Cp

l2

(∫
|ziu|p−t dµX

)(∫
|zjv|t dµY

)
.
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By (5.17) and the near-pair bounds, this is at most Cpn
−δp(1 + Fp)/l. A single large term has no

mixed powers. Finally the pure powers of all retained one-axis terms satisfy

E
∑

orientations
|hpi(u)zvj |p ≤ C0h

pFp/l.

Here C0 is independent of p: there are only four orientations and four output types, their squared
row constants depend only on d, and their row p-sums are bounded by Cd(1 + o(1))p−2 ≤ 2Cd for
each fixed p and large n. The Young splittings separate a number of groups independent of p and
retain the principal part with only fixed relative factors (at most 2 per splitting), and conditioning
costs a bounded density factor, not a p-th power. Thus these operations only enlarge C0 by a
constant independent of p.
Pure powers for diagonal outputs. For a diagonal i = j, an above-threshold orientation, say at u,
has retained terms

A = 2σhpi(u)zvi, B = h2pi(u)2zvv.

Their pure powers obey

E|A|p ≤ CpFp/l, E|B|p ≤ C0h
2pDmom

p /l.

The first is explicitly a pair-to-diagonal transfer. The second uses a row 2p-sum with a constant
independent of the fixed order, as above. For a mixed power |A|t|B|p−t, first sum over u; the outer
power is 2p− t ≥ p+ 1, so that sum contributes Cp/l. Interpolate over i at fixed v in the positive
power |zvi|t, and then apply Hölder in v against |zvv|p−t. This gives Cpn

−δpMp/l.
The other diagonal two-axis term has off-diagonal input zuv. At least one of its two outer

factors is below the threshold. Keep the other column p-power and sum it over i; this costs
Cpε

p
pΦSS/l. A below-threshold same-end diagonal input costs Cpε

2p−2
p Dmom

p /l. Below-threshold
one-axis terms cost Cpε

p−2
p Fp/l. For a leftover diagonal one-axis term astpi(s)zti, distinguish its

input endpoint. If t = s, its coefficient is ass = (HP )ss. Average the opposite selected endpoint
first using (5.21), discard the bounded outer factor, and then average (i, s). This gives

E|asspi(s)zsi|p ≤ Cpn
η−c′

0(p−2)

l
ΦSX .

If t = s̄, the leftover coefficient has sup n−c for some fixed c > 0. At fixed i, sum the row p-power
|pi(s)|p over s, obtaining

E|ass̄pi(s)zs̄i|p ≤ Cpn
−cp

l
ΦSX .

For a leftover two-axis term, the input zcd is independent of the output i. Discard one bounded
outer factor and sum the other column p-power over i, which gives Cpn

−cp(Fp + Dmom
p )/l. For

sufficiently large fixed p and sufficiently small losses, all these bounds are Cpn
−δpMp/l. Thus every

diagonal pure-power term has now been accounted for.
Combining pair and diagonal moments. Collecting the self-drift, the two transfers between moment
families, and the summable errors gives, for a fixed C1,

EF ′
p ≤

(
1 + C1 + C0h

p + ϵ

l

)
Fp + Cp

l2
Dmom

p + vlMp,

E(Dmom
p )′ ≤

(
1 + C1 + C0h

2p + ϵ

l

)
Dmom

p + Cp

l
Fp + vlMp,
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where ϵ > 0 is any prescribed constant after the threshold is chosen, and
∑

l vl = o(1). To obtain
vl, sum the first-order and residual budgets and the terms Cpn

−δp/l; all have summably small
totals. The coefficient of the nonsummable transfer CpFp/l depends only on p, d and the uniform
row bounds. Constants depending on the resulting near radius Rc occur only with l−2 or with the
power saving n−δp/l, and are included in vl. The change of a denominator |S| to |S|−2 contributes
at most 1 + C1/l, with C1 independent of p. Deletion of labels only lowers their unnormalized
moment sums.

Choose p0 so large that C0q
−p0/2 ≤ 1. For each even p ≥ p0, choose 0 < κp ≤ min(1, (1+Cp)−1),

then choose the threshold so that ϵ ≤ 1. Since h ≤ q−1/2, multiplication of the second inequality
by κp and addition give (5.22) with, for example, C∗ = C1 + 4. The reverse leakage CpD

mom
p /l2

costs Cp/(κpl
2) in the multiplier and has sum o(1). The multiplier from vlMp is at most a fixed

Cpκ
−1
p vl, whose sum also tends to zero. This proves the required independence of C∗ from p.

Proof of Proposition 5.1. At the empty state the accounts have the asserted initial values. Assume
their conclusions at the current state. Each stub has at most Dg = Od(qg0) = o(l0) forbidden
partners, so l − 1 − Dg > 0 throughout this phase and the candidate set is nonempty. The
deterministic implications (4.9)–(4.12) give the row, trace, and operator estimates used in the
transition lemmas. Every available pair is small in its two-by-two deviation, so its next precision is
positive by the inverse-update inertia argument. The structural accounts, Lemma 5.4, Lemma 5.8,
and Lemma 5.11 can therefore be included in the same discounted total.

The high-moment discount loss is at most nC∗+1 for large n since
∑

l l
−1 = O(logn). Extraction

of one entry from a uniform pair average costs at most d2n2, and from a diagonal average costs
less. Fixed κ−1

p is harmless. Choose the even order p large enough that (C∗ + 4)/p < .02a. Then
the discounted total and (5.22) imply max |Eij | < Ben

.02a = dm, with a positive power of slack.
The trace and low-square accounts have their own exponent cushions. Thus account extraction
implies the required bounds at the chosen next state, closing the induction.

There is no reverse dependence in these choices. First fix a sufficiently large even p using
the order-independent C∗; then choose κp, the threshold and its finite Rc; then decrease the
structural and low-square losses for the finitely many interpolations and near-radius inductions.
Their constants can grow but remain independent of n. This proves the proposition.

6 Cleanup of the unresolved boundary
The early phase leaves fewer than b bad stubs. The separation construction in Lemma 4.2 resolves
them in b steps, from l1 = l0 + 2b unresolved stubs to l0. We now prove that this cleanup also
preserves the analytic estimates needed for boundary completion.

Fix an order for the initially bad stubs and use them as first endpoints. After they are resolved,
take the first still-surviving stub in a fixed order. At each step the first endpoint u is prescribed
and the second endpoint v is uniform among the eligible surviving initially clean stubs. Different
steps use distinct first stubs. The eligible set omits only O(b) currently unresolved stubs, and
every resulting pair satisfies the distance and simplicity requirements of Lemma 4.2.

The prescribed endpoint changes the analytic argument: a two-endpoint average is no longer
available. Instead, sums along the distinct first endpoints will be bounded by path sums in the
graph at the end of the already chosen history. This gives the cumulative estimates needed by the
account rule.
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Write fb = b/l0. The parameter choices give

fb = o(1), b3/2/l0 = o(1), fb

√
l0 ≍ n.27a,

fbn
ηqL/2 = o(1), fbn

v∗/α∗ = o(1), α∗
√
l0 ≍ n.575a.

(6.1)

Whenever a small loss nη occurs in this section, its exponent may be prescribed in advance: the
structural and preceding-phase losses are first chosen sufficiently smaller. There are only finitely
many uses of this convention.

For an output label i, assign a level ν(i): level 2 for a global vertex coordinate, level 1 for an
initially bad stub, and level 0 for an initially clean stub. A stub label is used only while it survives.
The total level of an entry Eij is ν(i) + ν(j). Set

Bc = n.35a

√
l0
, Bk = Bcn

4kρ (0 ≤ k ≤ 4), Bm = 2B4.

Choose ρ > 0 sufficiently small that Bm ≤ n.37a/
√
l0 for all sufficiently large n. The bootstrap

bound for an entry of total level k is 2Bk. The small increase in scale between successive levels
will pay for transfers from a global coordinate to a stub, or from a bad stub to a clean stub, in the
inverse update. All primary and auxiliary values of h, and both signs, remain in use.

Proposition 6.1 (Cleanup estimates). Assume the early-phase estimates at l1, and maintain the
structural estimators during cleanup. With the simultaneous discounted-account choice rule, the
cleanup interval can be completed so that, at every chosen state, the precision matrices remain
positive definite, (4.9) holds, and

TS =
∑
x∈S

ex(x)2 ≤ nη, |Eij | ≤ 2Bk.

The second inequality holds for every surviving pair (i, j) of total level k = ν(i) + ν(j). At primary
points the lower estimate for T persists in the form

T ≥ n−θ(n−1 + α/l)−1.

In particular the consequences (4.10) and (4.11), and a polynomial-loss form of (5.1), hold at l0.

The proof has three parts. First we establish pathwise summation bounds and preserve the
scalar traces. Next we classify the inverse-update terms and control the surviving diagonal-square
sum TS . Finally we bound individual entry increments and extract all estimates simultaneously.
Each one-step estimate assumes only the current bootstrap bounds. Throughout the proof, l ≍ l0;
in cumulative upper bounds it is therefore harmless to replace l by l0.

6.1 Majorants along a chosen history

We retain the absolute path and endpoint majorants Ai(x), jx, bxy of Lemma 4.3. Define

ri(x) = Ai(x) + |ei(x)|, Qa = nηqL/2.

On current stub coordinates the arrays rx(y) may be taken symmetric. Their row and column
squared sums are bounded, since this is true for A, P , and W . Consequently the symmetric
nonnegative matrix (rx(y)2)x,y∈S has bounded operator norm: its row sums are bounded, and the
same is true of its column sums.
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Lemma 6.2 (Pathwise summation). Fix any chosen cleanup history up to its current state, and
fix a label i while it is alive. With ut the prescribed first endpoint of step t, one has∑

t

At
i(ut)2 ≤ nη,

∑
t

(jt
ut

)2 ≤ nη. (6.2)

The first estimate also holds with At
i(ut) replaced by rt

i(ut). For every fixed initial stub v, whether
or not it has already been resolved, the actual-path part of bt

utv satisfies the same squared-sum
estimate over t.

Proof. Let G∗ be the actual graph at the last state of the history segment. Every actual path
present earlier is present in G∗. The first endpoints are distinct initial stubs, and at most d such
stubs lie at one vertex. Thus it suffices to bound an absolute weighted path row to all vertices
of G∗. In particular, the target stub need not remain unresolved in G∗. At a fixed length k < L,
the total number of paths is at most Cqk and their fixed-endpoint multiplicity is bounded. Since
h2k ≤ q−k, the squared sum of the weighted row at that length is bounded. Cauchy–Schwarz over
the O(logn) lengths gives a polylogarithmic bound for the total row. This argument also applies
with a fixed stub vertex as the starting point and the distinct ut as targets.

The nonempty-return squared-sum estimate follows in the same way from the global return-
square diagram bound in G∗. Each uniform or centering contribution is at most nη0qL/2/l0, with
a preliminary loss η0. Even summing its square over all l1 initial stubs gives

O
(
n2η0qL/l0

)
= o(1).

Finally,
∑

t |et
i(ut)|2 ≤ bB2

m = o(1) under the entry bootstrap. Choosing η0 small enough proves
all the assertions.

In particular, Cauchy–Schwarz gives∑
t

rt
i(ut) ≤ nη

√
b,

∑
t

jt
ut

≤ nη
√
b,

∑
t

rt
i(ut)jt

ut
≤ nη.

The same bounds apply to every prefix ending at the current chosen state. They will control the
accumulated discounts of the entry accounts, although the distribution at each step averages only
the second endpoint. No future completion is used.

6.2 Trace errors and the lower trace bound

Lemma 6.3 (Persistence of scalar estimates). At a current cleanup state, assume positive definite-
ness and (4.9) at every tracked point for both signs, together with the level-dependent entry and TS

bootstrap bounds. The trace-square accounts at all tracked points and the T -deviation accounts
at the primaries have bounded discount loss at scales strictly inside the corresponding bounds of
Proposition 6.1.

Proof. We keep the trace errors L1 = F1 − (l− 1) and L0 = F0 − (n− 1) at the intermediate scales

S1 = n.085a/α∗, S0 = n.115a/α2
∗.

At each primary, we reinitialize T with its deviation from its value at l1, rather than continue the
reciprocal account used in the early phase. As in the trace calculation there, K,Q, J denote the
current pair blocks of Kall, Qall,ΓQall.
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The stub trace L1. In the expansion (5.3), the signed conditional mean of all terms other than
the ideal term − TrH0K is bounded in absolute value by

C

(
ju +Bm + nη

√
l

+ 1
l

)
.

Here the bounds (5.2) control the endpoint factors, and averaging the random endpoint uses the
row cross norms and TS . Its cumulative bound is

C

(
nη

√
b+ bBm + nηb√

l0
+ fb

)
.

For the pure-swap cross term, the full partner sum cancels by centering when the artificial partner
v = u is included. The full coefficient H0 has a finite-size remainder. More precisely, since
H0 = −σh(F + J2/(l − 2)), uniform averaging over the distinct partners gives

Ev ̸=u[− Tr(H0K)] = σh
TrKall − lKuu

(l − 1)(l − 2) .

Here
∑

v(Kall)uv = 0 was used. The remainder is O(1/l) because all diagonal entries of Kall are
bounded. For the actual eligible set I, its complement has O(b) stubs, and

∥(Kall)u,∗∥2 ≤ Cnv∗/α.

Indeed Kuu ≤ C, and the operator bound for the relevant positive Gram matrix controls its row
norm. The centered cross sum over I is the negative omitted-row sum. Cauchy–Schwarz bounds
this sum, while the non-pure diagonal contribution is O(1/l) directly. Thus the absolute signed
mean is at most

C

(√
b nv∗

αl
+ 1
l

)
.

The sum of conditional second moments is at most

C

(
b+ fb

n2v∗

α2

)
.

All these mean bounds divided by S1, and all second-moment bounds divided by S2
1 , tend to zero

by a fixed power of n.
The global trace L0. For L0, the nonideal mean bound above acquires a factor C/α. The ideal

Q row has norm at most Cnv∗/α2, by (4.12) and Quu ≤ C/α. The same fixed-endpoint calculation
has finite-size remainder C/(αl), and omitted-row contribution C

√
b nv∗/(α2l). The corresponding

cumulative second-moment bound is

C

(
b

α2 + fb
n2v∗

α4

)
.

Division by S0 and S2
0 gives the same power savings for the mean and second-moment budgets. For

extraction, if a scalar increment has signed mean bounded by µt and second moment bounded by νt,
the account 1 +L2/S2 has expectation factor at most 1 + 2µt/S + νt/S

2, using |L|/S ≤ 1 +L2/S2.
The pathwise sums just established therefore give bounded discount loss. The gaps from .085a to
.09a and from .115a to .12a accommodate the total-account extraction factor. Initial trace values
satisfy the smaller early-phase bounds.
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The lower bound for T . We now control T − T (l1). By (5.1), a uniform lower comparison scale
at a primary is

Tmin ≍ n−θ/2l0/α.

This comparison uses αn/l0 → ∞, uniformly over the primary points. In (5.7), the non-J terms
cost at most C/α per step. For the ideal J term, the relevant row and column norms are at most
Cn2v∗/α3, its entries are at most Cnv∗/α2, and its full sums are centered. Thus its cumulative
absolute signed-mean bound and second-moment bound are, respectively,

C

(
n2v∗b3/2

α3l0
+ nv∗b

α2l0

)
, C

(
fb
n4v∗

α6 + bn2v∗

α4l20

)
.

The nonideal J coefficient is bounded using ju +Bm + |Dvv| + |Duv|. Its cumulative mean is at
most

Cnv∗

α2

(
nη

√
b+ bBm + nηb√

l0

)
,

and the crude cumulative second bound Cbn2v∗/α4 suffices. Dividing the means by Tmin and the
seconds by T 2

min gives fixed power savings. One of the potentially tight ratios is bounded by

C
b3/2n2v∗+θ

l20α
2
∗

= o(1).

Choose a small fixed κ > 0 and apply the deviation-square account at scale n−κTmin, taking κ
smaller than the established margins. Its initial deviation is zero, its discount loss is bounded, and
its extracted deviation is o(Tmin). This proves the stated lower bound, with the additional n−θ/2

cushion. All conclusions are uniform on their stated parameter sets: the trace-error estimates hold
at every tracked point, and the lower bound for T holds at the primaries.

6.3 Classification of update terms

The entry expansion used in the early phase must now be grouped for one prescribed endpoint.
We will use this grouping both for TS and for individual entries. For the current pair, write

T = UTPU −G0, Epair = UTEU,

HP = (H−1
0 + T )−1, H0 = −σhF +R, ∥R∥ ≤ C/l.

Thus HP is the coefficient for the numerical update of the reference P , whereas H uses the actual
matrix W . Before recentering the output axes, the error increment is

∆E = −(WUHUTW − PUHPU
TP ) − RP , RP = [PUHPU

TP ]≥L.

The brackets select the formal terms of degree at least L, as in (4.1). We call a diagonal entry
of the reference deviation T a local topology factor, and an off-diagonal entry a cross topology
factor. Their absolute majorants are ju, jv and buv, respectively. The entries of Epair are bounded
by Bm. On every valid pair T and Epair are small, so the endpoint Neumann expansions converge
absolutely and geometrically.

In each scalar term, the two outer entries are evaluated at selected endpoints. We call them
two fixed outers when both are at the prescribed endpoint u, two random outers when both are at
the averaged endpoint v, and distinct outers when one is at each. This convention concerns the
endpoint indices, whether an outer entry comes from P , E, or W .
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Lemma 6.4 (Endpoint word classification). After expansion of a numerical update difference and
of its formal truncation tail, every term is covered by the following classes:

1. a term containing a non-pure swap R, and hence a factor C/l;

2. a pure-swap term with no intermediate endpoint factor;

3. a pure-swap term with exactly one endpoint E factor and no topology factor;

4. a term with a cross topology factor buv;

5. a pure-swap term with local topology factors only, and at most one endpoint E factor;

6. a term with at least two endpoint E factors.
In class 3 the single endpoint E factor may be grouped with W outers. For class 5, if both outers
are at u, an opposite local factor jv is necessary; the symmetric statement holds for two outers
at v. If class 5 has no endpoint E factor and has distinct outers, local factors at both endpoints
are necessary. All remaining factors and choices of their positions can be summed with a bounded
geometric multiplier.

Proof. Expand
H = H0

∑
k≥0

(
−(T + Epair)H0

)k
and the analogous reference coefficient. Every factor is either a pure swap, a non-pure swap, a
diagonal topology entry, a cross topology entry, or an endpoint E entry. If a non-pure swap occurs,
assign the word to class 1. Otherwise first separate the number of endpoint E entries, and then
whether any off-diagonal topology entry occurs. The listed classes cover all resulting cases. The
terms with no endpoint or outer E that cancel numerically leave precisely the formal tail; their
endpoint classification is unchanged by restricting total degree.

To see the useful grouping in class 3, first write the difference of the two numerical updates as
outer differences with the reference coefficient, together with

WUHPEpairHU
TW.

Replacing both coefficients in this expression by their pure-swap parts gives the asserted single-E
term with W outers. The remainders contain topology, a non-pure swap, or a second endpoint E,
and belong to the other classes.

A pure swap changes u to v and v to u. A local topology entry preserves its endpoint. If
both outers are at u, the first and last intermediate positions of a pure-swap word are at v. With
no endpoint E, the first such position supplies jv. With one endpoint E and at least one local
topology entry, there are at least two intermediate positions, so at least one of the first and last
positions is a local topology entry at v. With distinct outers and no endpoint E, a nonempty
local-only word has at least two intermediate positions and visits both endpoints. This proves the
locality assertions, including the cases in which the endpoint E itself is off diagonal.

Finally the uniform small bound for each endpoint error makes the absolute sum over additional
factors geometric. Marking one or two factors of a specified type introduces at most a fixed power
of the word length, still summable. The coefficientwise majorants used for the formal tail have the
same property. Therefore all the estimates below can be proved for the displayed factors and then
multiplied by a fixed constant.

45



6.4 The surviving diagonal-square statistic

Before treating the polynomially many individual entries, we retain an aggregate bound on their
stub diagonals. It controls averages of an opposite-endpoint diagonal error; using only the entry
supremum in those averages would lose the required margin.

For a step with prescribed endpoint u, let

mx = E
[
∆ex(x)1{x survives}

]
(x ̸= u), mu = 0,

and let Vt = E
∑

x survives(∆ex(x))2. Expanding the surviving squares, dropping the nonnegative
deleted old squares, and applying Cauchy–Schwarz gives

ET ′
S ≤ TS + 2

√
TS ∥m∥2 + Vt. (6.3)

Lemma 6.5 (Cumulative diagonal-square budgets). Under the cleanup bootstrap, through every
chosen history segment, ∑

t

∥m∥2 ≤ nη,
∑

t

Vt ≤ nη + CfbTcap,

where Tcap is the chosen bootstrap cap for TS.

Proof. We first estimate the vector of signed means m, retaining the cancellations of the zero-
intermediate and single-E terms. We then bound Vt by absolute squares.

Survival and recentering. We initially work on the old centered axes. If x is an eligible partner,
survival excludes the choice v = x. Inserting this value into the partner average and subsequently
removing it changes its xth component by at most CBm/l; an ineligible x needs no such correction.
There are O(l) components, so the vector cost is CBm/

√
l per step. The recentering formula

ξ′
x = ξx + (ξu + ξv)/(l − 2) gives the same bound. The old-axis error after a candidate update is
O(Bm) by the convergent update expansion and the tail bound. Thus these corrections sum to
O(bBm/

√
l0) = o(1).

Signed means. Let I be the eligible partner set, and write a bar for its uniform average. Full
sums of every centered p or e row vanish. The omitted set has size O(b), so the pure-swap terms
with no intermediate factor have the following vector bounds:

∥(px(u)ex(v))x∥2 ≤ CbBm/l,

∥(ex(u)ex(v))x∥2 ≤ CbBm/l,

∥(ex(u)px(v))x∥2 ≤ CBm(1 + L)3√
b/l.

The first two use the omitted-entry bound Bm and bounded column norms. For the third, multiply
the sum of omitted P columns by the diagonal matrix with entries ex(u); its norm is at most Bm,
while (4.8) bounds the norm of the column sum by C(1 + L)3√

b.
The pure P–P zero-intermediate tail cancels over the full partner set coefficient by coefficient.

For its omitted part, apply the same coefficient operator estimate to the omitted indicator vector,
multiply by the bounded opposite outer entry, and sum the polynomially many degree choices.
Its vector bound is nη

√
b/l. Non-pure swaps contribute C/l per step: the pointwise product of

two fixed columns has bounded ℓ2 norm, as does the averaged product. The cumulative costs just
listed are small, using (6.1) and b2Bm/l0 = o(1).
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For the pure single endpoint E term of Lemma 6.4, the two fixed outers give the vector
(wx(u)2)x times ev(v). Its norm is bounded, and

|ev(v)| ≤ C
|YE | +

√
bTS

l
, YE = Tr(ΞTEΞ).

The omitted diagonal sum was bounded by Cauchy–Schwarz. For two random outers the averaged-
square vector has norm C/

√
l, and its scalar factor is eu(u). With distinct outers, the average row

dot against the uth row of E is O(1/l); multiplication by the bounded-norm fixed column gives a
vector bound C/l. These contributions sum to small quantities, since

|YE | ≤ n.09a/α∗ +Qa, fbQa = o(1), b3/2
√
Tcap/l0 = o(1).

It remains to bound the absolute-mean classes. With a cross topology factor, two fixed outers
cost CQa/l: use the ℓ1 bound on the uth cross row and the bounded norm of the squared outer
column. Two random outers cost C/l: apply the bounded operator (rx(v)2)xv to the bounded-norm
cross row (buv)v, and divide by |I| ≍ l. Distinct outers also cost C/l, by taking the row dot at the
random endpoint before the fixed-column norm.

For local-only topology, two fixed outers require jv and therefore cost CQa/l. Two random
outers require ju and cost Cju/

√
l. With distinct outers and no endpoint E, both endpoint local

factors occur; bound the random factor and use the ℓ1 bound C
√
l for its outer row, obtaining

Cju/
√
l. With exactly one endpoint E and local topology, the same-outer cases still contain the

opposite local factor, while the distinct case is bounded by CBm/
√
l. Two endpoint E factors cost

CB2
m per step. These cases are exhaustive by Lemma 6.4; outer E choices are already included in

r. Their sums are bounded by nη, using Lemma 6.2, bB2
m = o(1), and (6.1).

Squared increments. For the budget Vt, a distinct-outer product gives
C

l

∑
x

rx(u)2∑
v∈I

rx(v)2 ≤ C/l.

With two fixed outers, an opposite local or cross factor has conditional squared mean at most
nη/l, and the fourth sum of the fixed column is bounded. The single opposite diagonal E factor
contributes CTS/l instead. Two endpoint E factors give CB4

m.
With two random outers, a fixed local factor gives Cj2

u, using the bounded fourth-column sum
for each partner; a cross factor gives C/l by its squared row bound. Any remaining endpoint E
factor can be bounded by Bm, giving CB2

m per step. The no-intermediate same-end case already
contains a non-pure swap. Thus there is no untreated same-end term without either the stated
opposite factor, the single opposite diagonal E, or at least two endpoint E factors.

Squares of the finite sums are bounded by the corresponding sums of squares up to constants.
The infinite remainder is handled by weighted Cauchy–Schwarz using its geometric decay, as in
Lemma 6.4. Centering and tail terms obey the same majorizations. Summing gives nη + CfbTcap,
by (6.2); all bB2

m and bB4
m terms are small. This proves the lemma.

To extract the diagonal-square bound, choose a normalization ST larger by a small power
than the preceding TS cap, (

∑
∥m∥2)2, and the small-loss part of

∑
Vt. From (6.3), the account

1 + TS/ST has expectation factor at most

1 + C∥m∥2/
√
ST + Vt/ST .

Choose the new extraction cap Tcap a slightly larger power than ST . Its exponent can still be
prescribed arbitrarily small; moreover fbTcap/ST = o(1). Lemma 6.5 now bounds the accumulated
discount loss. This establishes the required TS bound with the usual extraction cushion.
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6.5 Individual increments and special updates

Let F(P ) = P − PUHPU
TP denote the numerical update of a reference matrix. Before output

recentering, the exact difference identity is

F(W ) − F(P ) = TP (E − EUHUTE)T T
P , TP = I − PUHPU

T . (6.4)

The inverse-update difference identity first gives

F(W ) − F(P ) = TPET
T
W , T T

W = (I − UHUTE)T T
P ,

where the second identity follows by coefficient subtraction. These are algebraic identities for the
convergent numerical updates and do not require P to be positive. The actual error update differs
by the formal tail, whose entries are bounded by (4.7).

Call a surviving update special for an entry if one of its two axes has actual vertex distance
at most Rs = ⌈ρ logq n⌉ from a selected endpoint before the update. Through the life of a fixed
entry, at most CqRs updates are special. To prove this, take the actual graph at the end of the
history segment. Every selected endpoint responsible for a special event belongs to one of the two
radius-Rs balls there. These balls have at most CqRs vertices, and at most d selected stubs can
occur at any one vertex. If nonspecial survival has positive conditional probability, conditioning
on it removes at most another CqRs = O(b) possible partners.

Lemma 6.6 (Level-sensitive jump bound). For a surviving entry Eij of total level k, every allowed
cleanup step satisfies

|∆Eij |/Bk ≤ n−2ρ

for all sufficiently large n.

Proof. In the linear part of (6.4), replacing output axis i by selected stub x has coefficient

−
∑

s∈{u,v}
pi(s)(HP )sx.

Every transfer whose input level is at least the replaced output level has coefficient at most n−βR

for some fixed βR > 19ρ. A surviving initially clean axis is farther than R0 from every selected
endpoint, so both outer entries are small by the path decay and centering estimates. For a surviving
bad axis, the only possible input of equal or higher level is a bad first endpoint u. Its outer entry
at the clean partner v is small. The remaining contribution uses (HP )uu, which is small by the
opposite clean return/cross bound and the pure-swap expansion (5.9). Global axes have only
lower-level selected inputs. The fixed separation margin permits the choice βR > 19ρ by taking ρ
small enough.

Consequently, apart from the persisting identity term, transfers that all decrease level cost
CBk−1 when k ≥ 1. Any term with a nondecreasing transfer costs Cn−βRBm. The nonlinear part
of (6.4) costs CB2

m, and output recentering costs CBm/l. The remaining formal tail costs Btail.
After division by Bk, the first bound is Cn−4ρ, the second is at most Cn−βR+16ρ, and the last
three are smaller than n−2ρ by the parameter margins. There is no decreasing transfer when k = 0.
This proves the claim after absorbing fixed constants.

For each sign of an entry, start its dimensionless comparator at 1 and increase it by n−2ρ at
each special surviving update. Lemma 6.6 implies that its signed positive excess cannot increase
at such a step. The total comparator increase is O(qRsn−2ρ) = o(1).
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6.6 Conditional entry budgets on ordinary updates

The preceding jump bound pays for the few special updates. For the remaining updates we need a
smaller cumulative signed mean and variance. The following estimates use the actual conditional
law of the partner, including the exclusions required for survival.

Lemma 6.7 (Individual predictable entry budgets). For every fixed entry while its labels are alive,
and through every chosen history segment, there is a fixed c5 > 0 such that

∑
t:nonspecial survival

has positive probability

∣∣E(∆Eij | nonspecial survival)
∣∣

Bk
≤ n−c5 ,

∑
t:nonspecial survival

has positive probability

E((∆Eij)2 | nonspecial survival)
B2

k

≤ n−c5 .

(6.5)

Here k = ν(i) + ν(j) is the pair’s total level. Each sum stops when one of its labels dies.

Proof. Conditional on nonspecial survival, the partner is uniform in a set omitting O(b) stubs. All
estimates below hold for such sets, even when the omitted set changes with the history. We give
bounds at the smallest scale Bc; since Bk ≥ Bc, they imply the displayed assertions.

Signed means. For zero-intermediate pure swaps with an outer E, use the centered full partner
sum. An omitted average of an E row has magnitude at most CbBm/l, and an omitted average of
a P row has magnitude at most C

√
b/l by its row norm. Lemma 6.2 therefore gives cumulative

absolute signed-mean bounds

Cnηb3/2Bm/l0, Cb3/2Bm/l0, Cb2B2
m/l0

for pi(u)ej(v), ei(u)pj(v), and the two-outer-E term, respectively. For the first term use∑
tA

t
i(ut) ≤ nη

√
b; for the second and third it suffices to use the entry cap on the prescribed

endpoint. The pure P–P zero-intermediate tail cancels coefficientwise over all partners. In
the omitted part, Cauchy–Schwarz gives C

√
b for the omitted absolute row sum, and the

prescribed-endpoint path sum is nη
√
b. Summing degree choices yields the bound Cnηb/l0.

For the single endpoint E term with W outers, two fixed outers contribute at most

Cnη |YE | +
√
bTcap

l0
.

Indeed their product sums over the prescribed endpoints to at most nη, and the signed opposite
diagonal mean is bounded as in Lemma 6.5. Two random outers cost CfbBm, by the bounded
outer row dot divided by l. Distinct outers cost Cnη

√
b/l0, taking the random row dot first and

then summing the fixed outer.
For a cross topology factor, the cumulative bounds for fixed, random, and distinct outer

endpoints are, respectively,

CnηQa/l0, Cfb, Cnη
√
b/l0.

The first uses its row ℓ1 bound and the summed product of the fixed outers; the second uses
the bounded random outer row dot and the bounded cross-entry supremum; the third uses the
bounded cross row norm against the random outer before summing the fixed one.
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For local-only topology, two fixed outers require the opposite local factor and have the same
CnηQa/l0 bound. Two random outers cost at most Cfb. With distinct outers and no endpoint
E, both local factors are present; bound the random local factor by its supremum and average
its outer with cost C/

√
l. The remaining prescribed sum

∑
t r

t
i(ut)jt

ut
is at most nη, so the total

is Cnη/
√
l0. With one endpoint E and local topology, the same-outer requirements persist; the

distinct case instead costs CnηBm

√
b/l0.

Terms with at least two endpoint E factors have the combined bound

CnηB2
m

(
1 + b/l0 +

√
b/l0

)
.

For two fixed outers this follows from their pathwise product sum; for two random outers their
conditional product mean is O(1/l); for distinct outers average the random row and sum the fixed
one. Non-pure swaps have instead the combined bound

Cnη
(
l−1
0 + bl−2

0 +
√
b l

−3/2
0

)
,

by the same three outer configurations and the additional 1/l factor. Centering contributes CfbBm.
Lemma 6.4 proves that these bounds cover every mean term, including the tail.

Second moments. We next bound the cumulative second moments, keeping the same three
outer configurations. With distinct outers, averaging the random outer square gives C/l, and (6.2)
bounds the sum of prescribed outer squares. The resulting budget is Cnη/l0. With two fixed
outers, an opposite local or cross factor has conditional squared mean at most nη/l; the pathwise
sum of outer product squares is at most nη. The resulting bound is again Cnη/l0, after adjusting
the preliminary loss. The single opposite diagonal E factor costs CnηTcap/l0, while two endpoint
E factors cost CnηB4

m.
With two random outers, a fixed diagonal E or another otherwise unestimated endpoint E

contributes at most CfbB
2
m. A fixed local factor contributes Cnη/l0, because its pathwise squared

sum is bounded and the random outer fourth-product average is O(1/l). The remaining cross
topology term with two random outers requires a joint sum over steps and partners: its outer
squares must be retained. Separate its actual-path and uniform parts by writing

bt
uv ≤ bt,act

uv + U, U = Cnη0qL/2/l0,

where η0 is a sufficiently small preliminary loss and the centering term C/l is included in U . The
squares of these two parts can be estimated separately, up to a fixed factor. For the actual-path part,
bound one outer by its constant supremum and write the other squared outer as C(At

i(v)2 +B2
m).

The numerator of the cumulative partner average is thus bounded by

C
∑

v

∑
t

(
At

i(v)2 +B2
m

)
(bt,act

utv )2.

Dominate every At
i(v) by its terminal actual-path row plus U . This majorant has squared sum at

most nη over the initial stubs; its added uniform squared mass is at most Cl1U2 = o(1). For each
fixed v, the sum

∑
t(bt,act

utv )2 is at most nη by Lemma 6.2. Choosing the preliminary loss smaller
gives a total nη. The B2

m part is at most CbB2
m, using the bounded current cross-row squared

sum at every step. Division by l ≍ l0 gives Cnη/l0 + CfbB
2
m.

For the uniform part, retain both outer squares. At each step their sum is bounded:∑
v∈I

rt
i(v)2rt

j(v)2 ≤
(
sup

v
rt

j(v)2)∑
v∈I

rt
i(v)2 ≤ C.
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Its cumulative partner-average contribution is consequently at most

CbU2/l0 = Cn2η0bqL/l30.

This can be absorbed into the preceding nη/l0 budget. Directly, its ratio to B2
c is

Cn2η0 bq
L

l30B
2
c

= n−1/3−1.085a+2η0+o(1),

which tends to zero by a fixed power.
Non-pure swaps and recentering yield smaller bounds. As before, geometric summability

handles the longer endpoint words, and the same-endpoint configurations without an opposite
topology factor are exactly the zero-intermediate non-pure term, the single opposite diagonal E
term, or a term with at least two endpoint E factors. This verifies exhaustiveness of the square
estimates as well.

Comparison with the target scales. All displayed mean budgets are smaller than Bc by a
fixed power, and all square budgets are smaller than B2

c by a fixed power. Some of the direct
comparisons that control the smaller margins are

fb

Bc
= n−.08a+o(1),

l
−1/2
0
Bc

= n−.35a,

l−1
0
B2

c

= n−.70a,
Qa/l0
Bc

= n−.64a+η+o(1).

The bound on YE gives another power saving, and the terms with Bm, b3/2/l0, or B2
m have

additional margins from (6.1). Choose all preliminary losses, the exponent of Tcap, and ρ within
these strict margins. A common positive c5 then gives (6.5).

6.7 Simultaneous extraction and completion of cleanup

We finish the proof of Proposition 6.1. Give every entry and each of its two signs its own alive-label
account, with the fixed initial family denominator. For an entry of total level k, let ct be its
dimensionless comparator defined above. Its excess account is

1 +
((±Eij/Bk − ct)+

λ

)p

while alive, 0 after death, λ = n−ζ .

Choose ζ > 0 smaller than 2ρ, c5/2, and the individual-increment margins. On an ordinary
surviving branch, the comparator is unchanged. The bounded-increment inequality (3.1), together
with (6.5), gives a pathwise summably small discount budget. On a special surviving branch the
account does not increase, by Lemma 6.6 and the comparator increment. On a death branch it
drops to zero. These statements give the unconditional account estimate; no conditioning of the
actual deterministic choice is required.

For clarity, a step contributes to the predictable budget whenever ordinary survival has
positive conditional probability, even if the chosen branch is special. The proof of (6.5) bounds
precisely this sum along the chosen history by the distinct prescribed endpoints and the current
structural estimates. Thus the per-label discount product is bounded along that history. Structural
estimates at a chosen state come from their separate structural accounts and do not depend on the
entry-discount estimate. This is the order in which the pathwise estimates enter the induction.
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Initially every entry is o(Bc) by the early-phase bound. The comparator is 1 + o(1) throughout
cleanup. There are only polynomially many fixed entry labels and logarithmically many spectral
points. A sufficiently large fixed even p therefore makes the family-size factor after the pth root
smaller than the power saving supplied by λ. The extracted excess is o(1) in units of Bk, proving
|Eij | ≤ 2Bk.

Join these accounts with the diagonal-square accounts of Lemma 6.5, the scalar accounts of
Lemma 6.3, and the retained structural accounts. Give each normalized TS , L0, and L1 account
weight one separately at each tracked spectral point, and each T -deviation account weight one at
each primary. There are only O(logn) such scalar accounts. The fixed family denominators are
used for the polynomially many individual entry labels, not for these scalar accounts. Thus a scalar
account’s extraction factor is only the total normalized account budget no(1) times its bounded
discount loss. The phase initializations and normalizations have the prescribed total-size cushions.
At a current state satisfying the bootstrap bounds, every available pair has small endpoint block
error, so its next precision matrices are positive by the two-dimensional inertia argument. All
candidate statistics are consequently defined. The minimizing choice preserves the total discounted
account; the preceding extraction then supplies the bounds at the next chosen state. This closes
the simultaneous induction and proves Proposition 6.1.

All choices use current data. For each candidate pair, survival and special status are determined
by its endpoints and the current graph; the comparator is then either unchanged or increased by
n−2ρ. The candidate matrix entries and accounts determine their finite conditional averages and
hence their discounts before the minimizing pair is selected. The terminal-prefix graph is used
only to prove bounds on those accumulated discounts. It is not data required by the algorithm.

7 Completion from a separated boundary
We now complete the pairing from the separation stop. The main constraint is to control individual
resolvent entries as the unresolved set shrinks. We compare the resolvent with a smooth path sum
fixed at the stop and continued by exact matrix updates. Separation makes its rows nearly single
coordinates. An initial averaged energy gap then gives small individual row energies, which in
turn permit entry concentration down to a small final matching. The stop configuration and the
completed matching will define one reference throughout the primary parameter interval. Keeping
this same reference as h varies is essential for the local spectral estimates in the next section.

The inputs from the preceding sections are the following:
1. The l0 unresolved stubs lie at distinct vertices. No nonempty actual nonbacktracking path

of length at most R0 joins two of these vertices, including a return to the same vertex.

2. At every retained primary and both signs, the conclusions of Proposition 6.1 and Lemma 4.5
hold. In particular, the precision is positive; the trace, diagonal-square, entry and local-energy
bounds hold; and T has the stated lower bound.

3. The coefficient and actual-path multiplicity bounds through length L hold, including their
versions with any fixed power of the path length.

Only the primary parameters are retained, with both signs. A uniform pair means a uniformly
chosen ordered pair of distinct unresolved stubs; reversing its order gives the same next state.
These finite averages are used only to implement the deterministic account rule. Vertex operators
act on 1⊥ and are extended by zero when entries are taken. Constants are uniform in n and the
retained points, but may depend on the fixed ratio bounds for L/R0. Uniformity in h always
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refers to the convex hull of the retained primaries, contained in (0, h∗]. The stop precision is
positive throughout this interval for both signs: the identity −∂hM = D + h−2αI ≻ 0 makes
M(h) ⪰ M(h∗) ≻ 0 when h ≤ h∗.

Separation makes every subsequent pair of distinct unresolved vertices an allowable simple
edge. Indeed, if a path of length at most R0 from one unresolved vertex used a newly added edge,
the segment preceding the first new edge would be an actual stop-graph path to an old boundary
vertex. That segment has positive length unless it starts at the unresolved vertex itself; the latter
vertex is not incident to any previously added edge. Separation excludes both a short path to a
different unresolved vertex and a short return. This argument applies at every subsequent state
and for every matching of the boundary. Thus the uniform pair averages below require no further
graph-theoretic rejection.

Proposition 7.1 (Completion of the separated boundary). Under these inputs, the account rule
can deterministically complete the pairing. Every added edge is simple and preserves the girth
exclusion. At the end the precision is positive at every primary point for both signs. There is a
reference matrix P̂fin, defined below by exact numerical updates from a smooth coefficient truncation
at the stop, such that at every retained primary parameter and both signs,

max
i,j

|(Wfin − P̂fin)ij | ≤ CBB, BB = n.40a

√
l2
.

The construction retains the stop configuration and the matching added after it. These define
the same family P̂fin(h) throughout the primary interval. All the accounts, candidate values and
transitions in this section can be evaluated in a number of bit operations polynomial in n, with an
exponent depending only on the fixed parameters.

7.1 The reference at the separation stop

The reference must satisfy two different estimates: most of each row on the boundary must be
small, and its compression to boundary contrasts must be close to the identity in operator norm.
The first follows from separation and path counting. The second needs the smooth cutoff below.

Let S0 be the unresolved set at the stop and let H0 = 1⊥
S0

. Sending a stub coordinate to its
vertex coordinate gives an isometry V0 : H0 −→ 1⊥. Thus D = V0V

T
0 . We use matrices on H0 also

as zero-extended matrices in S0 coordinates. In particular its identity has coordinate matrix Πl0 .
Fix an even, compactly supported function φ such that φ(x) = 1 for |x| ≤ 1 − δL and φ(x) = 0

for |x| ≥ 1, where 0 < δL ≤ .03a. Its finite smoothness order will be chosen in the proof below. A
piecewise polynomial with rational coefficients, and with the specified derivatives vanishing at its
joins, suffices. Define

P̂0 =
∑
k≥0

φ(k/L)(σh)kQk on 1⊥.

The sum is finite. By the coefficient estimates,

max
i,j

|(P̂0 − P<L)ij | ≤ n.32a

√
l0
.

Indeed the altered actual terms have lengths at least (1 − δL)L, and hence their absolute sum
at fixed endpoints is O(Lq−(1−δL)L/2); the virtual and centering contributions are O(nηqL/2/l0).
Substitution of the prescribed value of L gives the displayed bound. The same argument applies
to centered-stub outputs and to a fixed number of h derivatives, allowing an arbitrarily small
additional power loss.
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Lemma 7.2 (Sparse rows and a small compressed operator). There are constants r′
P > 0 and C

such that
Γ̂0 := V T

0 P̂0V0 = I + D̂0 on H0, ∥D̂0∥ ≤ C

R0
. (7.1)

For every global vertex coordinate i, the vector pi,0 = V T
0 P̂0ei satisfies

pi,0 = ciΠl0es(i) + τi, |ci| ≤ 1, ∥τi∥2 ≤ n−r′
P . (7.2)

The first summand is omitted if there is no actual path from i to a boundary vertex of length
less than ⌊R0/4⌋. Otherwise that vertex and that path are unique, and ci = (σh)dist(i,s(i)). For a
boundary vertex, s(i) is its own stub and ci = 1. The estimate for τi holds also for ∂hτi, after
decreasing r′

P if necessary. All these statements hold uniformly throughout the closed convex hull
of the retained primary parameters.

Proof. Short paths and row tails. Put t0 = ⌊R0/4⌋. Two boundary endpoints within distance t0
of a given vertex would give a boundary-to-boundary path of length at most 2t0. Two distinct
nonbacktracking paths of length less than t0 from a boundary endpoint to a fixed vertex give,
after cancellation of a common terminal segment, a nonempty nonbacktracking boundary return of
length less than 2t0. Both possibilities are excluded. This proves uniqueness of the short summand
in (7.2).

For t0 ≤ k < L, fix a path prefix of length k − t0 starting at i. There is at most one
boundary endpoint within distance t0 of its last vertex. The bounded fixed-endpoint multiplicity
estimate gives at most a constant number of nonbacktracking suffixes of length t0 to that endpoint.
Consequently there are at most Cqk−t0 actual paths of length k from i to the boundary. Applying
the same fixed-endpoint multiplicity estimate to the complete paths yields

∑
s∈S0

∣∣∣∣∣∣
∑

t0≤k<L

φ(k/L)(σh)kQk,actual(i, s)

∣∣∣∣∣∣
2

≤ CL
∑

t0≤k<L

q−kqk−t0 ≤ nηq−t0 .

The virtual and centering contribution to this row has norm at most C(1 + L)2qL/2/
√
l0 =

C(1 + L)2n−.29a. Projection onto H0 is a contraction. These bounds prove (7.2); insertion of
factors k/h proves the derivative statement. The same argument for a boundary input, and
symmetry, gives

max
s∈S0

∥D̂0Πl0es∥2 + max
s∈S0

∥∂hD̂0Πl0es∥2 ≤ n−r′
P

with a possibly smaller exponent. This completes the row estimates.
Moments on boundary contrasts. For the operator estimate, we use the stronger consequence of
separation V T

0 QjV0 = 0 for 1 ≤ j ≤ R0. To verify this also for paths with virtual traversals,
observe that the first virtual traversal must be the first step: a positive actual prefix would already
join a boundary vertex to a missing departure. After a virtual traversal the sole missing stub at its
landing vertex is excluded as the next departure. Any later virtual traversal, or an actual endpoint
on the boundary, would therefore require a positive actual boundary-to-boundary segment of
prohibited length. The only remaining possibility is the single virtual traversal; its averaging
operator vanishes on H0.

To express this vanishing in terms of spectral moments, introduce, for a formal variable t, the
matrix series

Ggen(t) = V T
0 (1 − t2)[I − tAe + t2(qI − V0V

T
0 )]−1V0,

Greg(t) = V T
0 (1 − t2)[I − tAe + qt2I]−1V0.
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The formal Woodbury identity and the preceding vanishing give

Ggen(t) = I +O(tR0+1), Greg(t) = Ggen(t)
(
I + t2

1 − t2
Ggen(t)

)−1

= (1 − t2)I +O(tR0+1).

Let Uk denote the Chebyshev polynomial of the second kind, normalized by Uk(cosϑ) = sin((k +
1)ϑ)/ sinϑ. For every complex unit vector f ∈ H0, the spectral measure µf of Ae/(2

√
q) at V0f

therefore satisfies ∫
U0 dµf = 1,

∫
Uk dµf = 0 (1 ≤ k ≤ R0).

This follows on dividing by 1 − t2 and using (1 − 2xy + x2)−1 =
∑

k≥0 Uk(y)xk with x = t
√
q.

Hence µf agrees, through polynomial degree R0, with the semicircle measure of angular density
(2/π) sin2 ϑ dϑ.

Positivity at the two closest signed precisions implies ∥Ae|1⊥∥ ≤ 2√
q + Cα2

∗. For example,
multiplying the positive precision by h and adding the positive term h2V0V

T
0 gives I−σhAe+qh2I ≻

0. The claimed support bound follows from z(h) = 2√
q +O(α2

∗).
Edge mass and the smooth cutoff. The moment identities give the following bound: for every
u ≥ C ′/R0, the mass within angular distance u of either edge, including mass outside [−1, 1] at that
edge, is at most Cu3. For its proof, choose m = ⌊c/u⌋ with a sufficiently small positive constant c,
so that 2m ≤ R0, and put Km(y) =

∑m
k=0(k + 1)Uk(y). Moment matching and orthonormality

give ∫
Km(y)2 dµf (y) =

m∑
k=0

(k + 1)2 ≤ C(m+ 1)3.

For 0 ≤ ϑ ≤ c0/(m+ 1) every summand satisfies Uk(cosϑ) ≥ c1(k + 1); hence Km ≥ c2(m+ 1)3

there. For y ≥ 1 the same inequality follows from Uk(cosh v) = sinh((k + 1)v)/ sinh v ≥ k + 1.
Markov’s inequality gives mass O((m + 1)−3) = O(u3). Reflection proves the estimate at −1.
Values of u bounded away from zero are covered by increasing the constant.

Put x = t
√
q and write Hb(x) = Greg(t) − (1 − t2)I =

∑
Bkx

k. Its coefficients vanish for
k ≤ R0. Choose a smooth function ψ(k/L) supported in R0/2 < k < CL and equal to one for
R0 < k ≤ L. The ratio L/R0 is bounded above and below by fixed positive constants, so all
derivatives of this cutoff, in the variable k/L, have fixed bounds. For x0 = σh

√
q and ξ ∈ R, we

claim ∥∥∥∥∥∥
∑

k>R0

Bkx
k
0ψ(k/L)eiξk/L

∥∥∥∥∥∥ ≤ C(1 + |ξ|)J0

R0
(7.3)

for a fixed integer J0.
For k > R0, Bk is the compression to H0 of Uk(Ae/(2

√
q)) − q−1Uk−2(Ae/(2

√
q)). Thus each

quadratic form in (7.3) is the integral of a tapered Chebyshev kernel against µf . The cubic edge-
mass bound will control the kernel’s O(L2) edge peaks, up to a fixed power of 1 + |ξ|; smoothness
of the cutoff will give summable decay away from the edges. We now establish these kernel bounds.

Extend the coefficient sequence by zero to all integers. For bk = ψ(k/L)|x0|keiξk/L and
every fixed integer J ≥ 0, the Jth finite difference has ℓ1 norm at most CJL

1−J(1 + |ξ|)J . This
follows by the fundamental theorem of calculus applied J times to the smooth interpolation of
bk; derivatives of |x0|k are harmless because, on the support k ≥ cL, (L| log |x0||)je−cL| log |x0|| is
bounded. Summation by parts, or the trivial ℓ1 bound when the denominator is small, yields∣∣∣∣∣∑

k

bke
ikω

∣∣∣∣∣ ≤ CJL(1 + |ξ|)J(1 + Ldist(ω, 2πZ))−J .
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The sine formula for the two Chebyshev terms, the preceding bound, and |Uk(cosϑ)| ≤ k+ 1 imply,
after increasing J if necessary,

|K(cosϑ)| ≤ CJL
2(1 + |ξ|)J(1 + Lmin(ϑ, π − ϑ))−J .

If y lies just outside [−1, 1], its hyperbolic angle is O(α∗); since Lα∗ = o(1), the corresponding
bound is CJL

2(1 + |ξ|)J .
Integrate first over the edge bins of angular width C ′/R0. Their mass is O(R−3

0 ), so their
contribution is O(L2R−3

0 )(1+ |ξ|)J = O(R−1
0 )(1+ |ξ|)J . The subsequent bins, with angular distance

between 2jC ′/R0 and 2j+1C ′/R0, contribute at most

CL2(1 + |ξ|)J(2j+1/R0)3(1 + c2jL/R0)−J .

For J > 3 their sum is again O(R−1
0 )(1 + |ξ|)J . This holds for every complex unit f . The

numerical-radius inequality ∥T∥ ≤ 2 sup∥f∥=1 |f∗Tf | proves (7.3). If x0 < 0, replace y by −y in
this argument; the two edge bounds are symmetric.
Return to the configuration pencil. The preceding bound concerns the regular pencil. To recover
the desired smooth truncation of the configuration pencil, eliminate in the opposite direction:

Ggen(t) = I +
∑
j≥1

t2(j−1)

(1 − t2)2j
Hb(x)j .

Only j ≤ L/(R0 + 1) can contribute below total degree L. Choose once and for all an integer J∗
larger than all these upper bounds. Insert ψ(k/L) into each factor Hb: this does not change any
coefficient contributing after the final taper φ(k/L). Fourier inversion expresses that taper as

φ((k1 + · · · + kj +m)/L) = 1
2π

∫
R
φ̂(ξ)eiξ(k1+···+kj+m)/L dξ.

At |t| ≤ 1/√q the scalar series t2(j−1)(1 − t2)−2j has a bounded absolute sum for each j ≤ J∗. The
j matrix factors inside the integral are bounded by (7.3). Choose the finite smoothness of φ so
that

∫
|φ̂(ξ)|(1 + |ξ|)J0J∗ dξ < ∞. The tapered jth term then has norm O(R−j

0 ). Summing the
finitely many terms proves (7.1).

7.2 Continuing the reference through every matching

We continue the reference by the same numerical update as the resolvent. An aggregate formula
for all pairs added since the stop will show that its estimates persist for every possible matching.

Let Pt be the stub operator on S0 consisting of the resolved swaps and uniform averaging on
the currently unresolved stubs, and restrict it to H0. Let QR be the orthogonal projection onto
the current unresolved contrasts in this fixed space. Then P 2

t = I −QR, PtQR = QRPt = 0, and
the precision increment since the stop is

V0 [h(I −QR) − σPt]V T
0 .

The Woodbury coefficient at ideal compressed Gram I is Ht0 = −σhPt. This identity is checked
on the three eigenspaces of Pt, with eigenvalues 0, 1,−1, using m = h/(1 − h2). Define

Ht = Ht0(I + D̂0Ht0)−1, P̂t = P̂0 − P̂0V0HtV
T

0 P̂0.

56



By (7.1), the inverse exists and ∥Ht∥ ≤ C. The identity Ht = (I +Ht0D̂0)−1Ht0 also shows that
HtQR = QRHt = 0. Thus these are precisely the iterated exact numerical updates of the reference;
no positivity of the reference is asserted or needed. The formula depends only on the stop data and
the current matching, so it defines the reference simultaneously for all h in the primary interval,
irrespective of the order in which the matching was exposed.

On current contrasts its compressed error is

D̂ = QR(D̂0 − D̂0HtD̂0)QR, ∥D̂∥ ≤ C/R0.

The row norms of this matrix are power-small, uniformly over every matching of S0. To see this
without accumulating a stepwise error, note that PtΠl0es is a partner coordinate or an average of
coordinates, followed by the fixed centering. Therefore (7.2) gives ∥D̂0Ht0Πl0es∥ ≤ Cn−r′

P . The
identity

D̂0Ht = (I + D̂0Ht0)−1D̂0Ht0

preserves this bound. Projection to current contrasts replaces a coordinate by that coordinate
minus an average, so the same estimate holds for rows of D̂.

For every global i, its row on current unresolved stubs is

pi = ciΠles(i) + τi,t, ∥τi,t∥2 ≤ n−rP , (7.4)

if s(i) is still unresolved, and consists only of the stated tail otherwise. Indeed the row is
QR[pi,0 − D̂0Htpi,0], and the preceding bounds apply separately to its short coordinate and its tail.
We may fix rP = .001a, decreasing the intermediate exponent if needed. Initially the diagonal
estimates from the path bounds also give

| Tr D̂0| ≤ nηqL/2,
∑

s

(D̂0)2
ss ≤ nη.

7.3 Pair updates and the initial energy gap

We now turn to the actual resolvent. Its compressed deviation from the identity enters each pair
update. The squared row norms of this deviation will control the averaged increments.

Identify the current unresolved coordinates with an l-element set. Put

D = ΞTWΞ − Πl, Y = TrD, X = TrD2, T =
∑

x

D2
xx, ZD = ∥D∥.

The analogous reference quantities are denoted with hats. They are real symmetric and annihilate
1. From now on put E = W − P̂ , so that D − D̂ = ΞTEΞ. Thus D measures the compressed
resolvent’s deviation from the identity, whereas E measures its error against the continued reference.
Small entries of E, together with the reference bounds, keep the pair updates well defined; the row
energies of D will provide the stronger averaged bounds needed as l decreases.

We track global–global, global–contrast, and contrast–contrast entries of E, using every fixed
contrast evtx x − evtx y whose two stubs are still unresolved. A contrast label is deleted when either
of its endpoints is selected. These fixed output vectors require no recentering. Averaging contrasts
recovers centered-stub entries, with at most a fixed factor in the bounds.

For a selected pair set I = [eu, ev], let F be the two-coordinate swap and let J2 be the all-ones
matrix. We reuse

B = I2 + J2
l − 2 , H0 = −σhFB, A = ITDI, K = ITD2I, J = ITD3I, H = (H−1

0 +A)−1.
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Here I2 is the 2-by-2 identity; the use of A in this subsection refers only to this block. The
projection onto surviving contrasts, in the old coordinate space, is Q = Πl − ΠlIBI

T Πl. Since
QΠlI = 0, the exact Woodbury formula gives

D′ = Q(D −DIHITD)Q. (7.5)

It gives the same recurrence with hats. A global row wi = ΞTWei updates to Q(wi −DIHITwi).
Let ri = wi − ciΠles(i) while the short endpoint s(i) from (7.2) is active, and let ri = wi after its
removal or if it did not exist.

The bootstrap on entry errors and the deterministic reference bounds will give throughout the
two phases

max
x,y

|Dxy| + max
i,x

|(ri)x| ≤ ϵ, max
x,y

|D̂xy| ≤ ϵ, ϵ = n−rP /2. (7.6)

Changing the displayed right side by a fixed factor makes no difference, and we do so where
contrasts are used. In particular all two-coordinate Neumann series converge absolutely with a
uniform geometric bound. The usual inertia argument shows that every candidate pair preserves
positive precision: the ideal middle matrix H−1

0 has one positive and one negative eigenvalue
bounded away from zero, and the perturbation A is o(1).

We give the averaging estimates used below in some detail, to specify both the cancellations
and the absolute bounds.

Lemma 7.3 (Coefficient and averaging bounds). Suppose that D1 = 0, maxx(D2)xx ≤ C0 and
maxx,y |Dxy| ≤ ϵ = o(1). Then ∥H∥ ≤ C, and

|Huu| ≤ C(l−1 + |Dvv| + |Duv|).

The conditional absolute mean of (H − H0)uu with u fixed is at most C(1 +
√
T )/

√
l, and the

conditional second moment of Huu is at most C(1 + T )/l. The kernel |(H − H0)uv| has every
row and column sum at most C(1 +

√
T )

√
l. After subtracting the single-A term −H0AH0, these

absolute bounds gain a factor Cϵ. All these statements remain valid if the possible partner set
omits a fixed number of coordinates.

If x, y are arbitrary scalar arrays and I is the allowed endpoint set, m = |I|, then the pure-swap
single-A contraction has the exact formula

EI [(ITx)TFAF (IT y)] = 2
m(m− 1)

[
YI⟨xI , yI⟩ + xT

IDIIyI − 2
∑
u∈I

Duuxuyu

]
,

where YI =
∑

u∈I Duu. For full pairs the following additional identities hold:

ETr(FAFK) = 2
l(l − 1)

[
Y X + TrD3 − 2

∑
u

Duu(D2)uu

]
,

ETr(FKFK) = 2
l(l − 1)

[
X2 + TrD4 − 2

∑
u

(D2)2
uu

]
,

E[(IT r)TFKF (IT r)] = 2
l(l − 1)

[
gX + rTD2r − 2

∑
u

r2
u(D2)uu

]
, g = ∥r∥2.

Proof. Expand H = H0 −H0AH0 +H0AH0AH0 − · · · . Separate H0 = −σhF + O(l−1) in each
word. For a diagonal coefficient starting at u, a word of pure swaps with at least one A must
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touch either Dvv or Dvu at its first A position. Every remaining A factor has norm O(ϵ). Words
whose first swap is not pure contribute O(l−1), with the remaining series uniformly bounded. This
proves the pointwise diagonal estimate and, without the zero-A term, the corresponding estimate
for H −H0. The same first-position argument gives a row bound for the off-diagonal coefficient;
symmetry gives the column bound. Use∑

v

|Duv| ≤
√
lC0,

∑
v

|Dvv| ≤
√
lT ,

∑
v

D2
uv ≤ C0

to obtain the asserted averages and sums. A word with at least two A factors has a further factor
Cϵ. Omitting a bounded number of coordinates changes these absolute averages by at most a
fixed density factor for large l.

For the signed formula expand the two-coordinate expression as

xuyuDvv + xvyvDuu + (xuyv + xvyu)Duv

and sum over u ≠ v in I. The three remaining identities follow by exactly the same expansion,
respectively with the second matrix D2, with both matrices D2, and with the rank-one matrix
rrT . No independence of entries is used.

For later use, the preceding kernel bounds imply the following bilinear rule. Under a uniform
pair, the absolute contribution of H −H0 against two outer arrays x, y is at most

C(1 +
√
T )

l3/2 ∥x∥ ∥y∥.

For a same-end term this is the conditional diagonal estimate and Cauchy–Schwarz; for an opposite-
end term it is the row-and-column sum bound and the elementary Schur estimate. The remainder
after the single-A term gains Cϵ. These statements also apply to restricted arrays after finitely
many endpoint omissions.
The initial energy gap. The stop estimates give bounded contrast-row and global-tail energies.
The trace variables transfer directly: Y = L1 at the stop. For the diagonal-square statistic T ,
write each Dxx as the cleanup error (W −P<L)ξx,ξx plus the path-reference deviation from (Πl0)xx.
The cleanup bound on TS and the return-square bound in Lemma 4.3 therefore give T ≤ nη,
after choosing smaller incoming losses. The same absolute path majorants give T̂ ≤ nη. More
importantly, the averaged local identity gives a gap below one in the normalized boundary energy:

h2X

l0 − 1 ≤ 1 − cdn
−θ +O(n−c6), c6 > θ. (7.7)

Indeed, expand X = Tr(ΞTWΞ)2 − 2F1 + (l0 − 1) and use (4.11) to obtain

h2X

l0 − 1 = 1 − αT
l0 − 1 − 2h2L1

l0 − 1 +O(n−c2 + l−1
0 ).

The cleanup lower bound gives αT /l0 ≥ cdn
−θ, since l0/(nα∗) ≍ n−.35a. The trace error and the

displayed remainder have fixed power margins; choosing θ below those margins proves (7.7). The
remaining initial bounds needed below are

T + T̂ ≤ nη, |Y | ≤ n.09a/α∗, |Ŷ | ≤ nηqL/2, ZD ≤ Cnv∗/α∗.
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7.4 Phase A: from averaged energy to small rows

The gap (7.7) is initially an averaged statement. We first make it grow as the boundary shrinks,
then use it to contract every contrast row and every global tail. Entry estimates are maintained
throughout so that all candidate precisions remain positive.

Choose the fixed exponents g = r > 0 sufficiently small in the order specified below, put
δ ≍ n−g and l2 ≍ l0n

−g−r, and set

ūl = l

l + δl0
, dl = 1 − ūl, ωl0 = 1, ωl−2 = ωl(1 − dl/l).

Taking logarithms, and summing the O(l−2) one-step error, gives ωl ≍ (ūl/ūl0)1/2. In particular
ωl2 ≍ n−r/2. We maintain the following bounds simultaneously:

ZD ≤
√
l n−.1a, |Y | + |Ŷ | ≤ 2

√
l0 n

−.04a, T + T̂ ≤ nη,

ul := h2X

l − 1 ≤ ūl + o(n−g),

∥D(ex − ey)∥2 ≤ CSωl, ∥ri∥2 ≤ CV ωl,

max |Eij | ≤ CEBA, E = W − P̂ , BA = n.38a

√
l2
.

(7.8)

The last maximum is over the three types of tracked output pairs. The constants in the row and
entry bounds can take finitely many values, as specified at the exceptional events below. Initially
they are chosen above the bounded initial energies. The row and entry account thresholds leave
fixed slack inside these caps, to accommodate the power-small excesses obtained by extraction.
The contrast bound gives an individual row bound because Dex = l−1∑

y D(ex − ey) and Jensen’s
inequality applies.

Operator norm control

The first estimate in (7.8) keeps the operator norm small relative to
√
l. A fixed spectral moment

suffices; the much higher moments used later for individual entries are not needed here. Fix the
even integer k = 8. Orthogonal projection contracts every Schatten norm. In the expansion of
Tr(D −DIHITD)k, the words with exactly one update factor sum to −kTr[H(ITDk+1I)]. The
H0 contribution has zero mean by centering. For the other part,

|(Dk+1)xy| ≤ ZD

√
(|D|k)xx(|D|k)yy,

so Lemma 7.3 gives mean absolute value at most Ck(1 +
√
T )(ZD/

√
l) Tr |D|k/l.

A word with p ≥ 2 update factors has, after a cyclic permutation under the trace, gaps
a1, . . . , ap ≥ 0 with

∑
j aj = k − p. Its absolute trace is at most Ck

∏
j m2+aj , where ms =

Tr(IT |D|sI). Indeed −|D|s ⪯ Ds ⪯ |D|s, so the norm of ITDsI is at most ms. The product acts
in dimension two. Interpolation of the positive spectral measure induced by the two selected
coordinates gives m2+a ≤ m

1−a/(k−2)
2 m

a/(k−2)
k . Here m2 ≤ 2C0 and

∑
j aj/(k − 2) = (k − p)/(k −

2) ≤ 1. Consequently the product is at most Ck(1 +mk). Averaging mk gives 2 Tr |D|k/l. Under
the bootstrap, (1 +

√
T )ZD/

√
l = o(1), and hence

ETr |D′|k ≤ (1 + Ck/l) Tr |D|k + Ck.
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Use the account with normalization l0(nv∗/α∗)k−2. Its initial value is bounded by the initial row
and norm estimates; the additive terms over all steps are bounded after this normalization. The
discount loss is at most nC′

k(g+r). Before this loss and the change from l0 to l, its kth-root bound
relative to

√
l0 is (

nv∗

α∗
√
l0

)1−2/k

= n−.45a(1−2/k)+o(1).

Taking g + r sufficiently small proves the norm bound in (7.8) with a strict power margin.

Trace and diagonal estimates

We next control the traces appearing in signed averages. The diagonal statistic requires a separate
argument: its growth must have an arbitrarily small power loss.

Expanding (7.5), using Q2 = Q and cyclicity of the trace, gives the following exact trace
identities:

∆Y = − TrBA− TrH(K −ABA),
∆X = − 2 TrBK + TrBABA

− 2 TrH(J −ABK −KBA+ABABA)
+ TrH(K −ABA)H(K −ABA).

(7.9)

The factors follow from Q = Πl − ΠlIBI
T Πl and DΠl = D; in particular ITDQDI = K −ABA

and ITDQDQDI = J −ABK −KBA+ABABA.
For Y , centering gives ETrBA = 2Y/(l− 1) and ETrH0K = 0. The single-A term contributes

2h2Y X/[l(l− 1)] +O((1 +ZD)/l) by the first full-pair identity of Lemma 7.3. The remaining terms
have mean absolute value at most C(T + 1)/l: the pair K is bounded, and E∥A∥2 ≤ C(T + 1)/l.
Also

E(∆Y )2 ≤ C(Z2
D + T + 1)/l.

For the off-diagonal HK term use TrD4 ≤ Z2
DX ≤ CZ2

Dl; for its diagonal term use the conditional
second-moment coefficient bound; the remaining terms use E∥A∥2 and bounded K,H. Thus the
drift is a coefficient bounded in magnitude by C/l times Y , plus absolute error C(ZD + T + 1)/l.
The hatted argument is identical and uses ∥D̂∥ ≤ C/R0. Square accounts at scale

√
l0n

−.06a have
initial bounded values. Indeed α∗

√
l0 ≍ n.575a and qL/2/

√
l0 ≍ n−.29a. Their mean-error and

variance budgets have a strict power margin at this scale. A discount loss nC(g+r) is absorbed
before extracting the stated trace caps.

We control T by retaining the loss from deleted diagonals. For a surviving coordinate x, put
fx = Πlex and ax = ITDex. Its new centered vector is fx+(fu+fv)/(l−2). The old-vector diagonal
increment is −aT

xHax; the centering correction has pointwise magnitude Cϵ/l and conditional
absolute mean C/l3/2. For the latter assertion, linear correction terms use

∑
u |Dxu| ≤ C

√
l;

update terms use bounded pair H and the same row bound, and terms with two centering shifts
carry l−2. Conditional on survival of x, the H0 core mean is O(l−2) by the centered-pair formula.
The single-A core mean is bounded by C(|Y | + ZD + 1)/l2 by the restricted single-A identity,
whereas the higher remainder is bounded by Cϵ(1 +

√
T )/l3/2 by the bilinear rule. Under (7.8),

(|Y | + ZD)/
√
l is power-small.

For a fixed x, the second moment of the core increment is at most C(1 + ϵ2T )/l2. Opposite-end
terms use the product of the two row squared sums, divided by l2. Same-end terms use the
conditional bound on H2

uu and
∑

uD
4
xu ≤ ϵ2

∑
uD

2
xu ≤ Cϵ2. The centering squares contribute at

most Cϵ2/l when summed over x. Selection deletes diagonals with expected square mass exactly
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2T/l. Finally, multiplying each conditional mean bound by 2|Dxx| and using
∑

x |Dxx| ≤
√
lT

shows that the signed first-order cost is at most C(
√
T + ϵT )/l. Young’s inequality absorbs this

and the variance terms into a fixed portion of the deletion term, leaving

ET ′ ≤ T + C/l. (7.10)

The proof with hats is the same. Normalize these accounts by a slightly larger arbitrarily small
power of n than their initial losses; since

∑
l−1 = O(logn), the total additive budget is bounded

after this normalization. Extraction with another small power cushion gives T + T̂ ≤ nη.

Growth of the averaged gap

We now compare the normalized energy ul with ūl. ForX, the ideal averages in (7.9) are −4X/(l−1),
zero from −2H0J , and 2h2X2/[l(l − 1)] from the quadratic term, with error C(1 + Z2

D)X/l2. The
full-pair identities above give these coefficients directly. Furthermore |Jxy| ≤ ZD

√
(D2)xx(D2)yy;

the bilinear coefficient rule bounds the ∆HJ mean by C(1 +
√
T )(ZD/

√
l)X/l. All remaining

errors are bounded by C(ϵX/l + (T + 1)/l): terms with one small A and pair K use ∥A∥ ≤ Cϵ;
terms with two A factors use E∥A∥2 ≤ C(T + 1)/l. The second-moment bound is

E(∆X)2 ≤ C{1 + Z4
D/l + (1 + T )Z2

D/l}.

Only the HJ term needs the last two quantities. For its off-diagonal part use TrD6 ≤ Z4
DX ≤

CZ4
Dl; for the diagonal part use |Juu| ≤ CZD and the conditional bound for H2

uu. The other terms
have bounded second moment because their pair factors are bounded. Including the changed
denominator in ul = h2X/(l − 1) gives

E∆ul ≤ −2
l
ul(1 − ul) + n−c7

l
,

∑
l2≤l≤l0

E(∆ul)2 ≤ n−c8 (7.11)

for fixed positive c7, c8 after sufficiently small loss choices. For example the Z4
D/l part of the last

bound contributes at most Cn−.4a∑ l−1. The error terms in the first bound are powers because
ZD/

√
l ≤ n−.1a and ϵ = n−rP /2.

The comparator satisfies ūl−2 = ūl − 2ūl(1 − ūl)/l + O(l−2). The drift of a positive excess
ul − ūl is at most C/l times that excess plus Cn−c7/l. Apply the square positive-excess account
at scale n−ζX , with

g + C(g + r) < ζX < 1
4 min(c7, c8).

Such a choice exists by first making g, r smaller. Its discount loss is at most nC′(g+r)+o(1), and its
initial positive excess vanishes by (7.7), since θ ≪ g. The inequality (x+ y)2

+ ≤ x2
+ + 2x+y + y2

and (7.11) therefore give ul ≤ ūl + o(n−g), with a power margin in the little-oh term.

Contraction of individual rows

The averaged gap supplies a negative homogeneous term in each surviving row’s energy drift.
Contrast rows have a homogeneous update. A global tail has one extra centering term while its
short endpoint survives, and one exceptional transition when that endpoint is removed.

Let f = ex − ey be a surviving contrast, and put rf = Df , gf = ∥rf ∥2, af = IT rf and
bf = ITDrf . Since Qf = f on its survival event, expansion of (7.5) gives

∆gf = −aT
f Baf − 2aT

f Hbf + 2aT
f HABaf + aT

f H(K −ABA)Haf . (7.12)
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More generally the same identity describes the energy of a centered row updated homogeneously
by r′ = Q(r−DIHIT r). Write g = ∥r∥2, a = IT r and b = ITDr. Suppose its entries are bounded
by Cϵ and g ≤ C. Conditioning the pair to omit a fixed number of coordinates where this same
entry bound holds gives the following estimates.

First, deletion has upper mean −2g/l+Cϵ2/l. The full aTH0b mean vanishes; on the restricted
set the centered-pair formula bounds it by C/l2 + CZDg/l

3. Here each omitted rs is O(ϵ), each
omitted (Dr)s is bounded by

√
(D2)ssg, and the restricted dot product is at most ZDg plus a

bounded omission correction. The ∆H contribution is at most C(1 +
√
T )ZDg/l

3/2 by the bilinear
rule applied to r and Dr. The term aTHABa has upper absolute mean Cϵg/l. Finally the ideal
quadratic term is nonnegative, so restricting the pair inflates its full mean by at most 1 +O(l−1).
The last identity of Lemma 7.3 bounds that full mean by

2h2gX

l(l − 1) + C(1 + Z2
D)g

l2
.

Replacing H by H0, or K −ABA by K, costs Cϵg/l using bounded pair K and ∥H −H0∥ ≤ Cϵ.
The leading deletion and quadratic terms therefore combine as

−2g
l

+ 2h2gX

l(l − 1) = −2g
l

(1 − ul).

This is where the averaged gap becomes a contraction for each row. Under the Phase A caps,
1 − ul ≥ (1 − o(1))dl. The error coefficients just listed are o(dl), since dl ≥ cn−g and g is chosen
below all their fixed exponent margins. We obtain

Esurv∆g ≤ −1.5dlg

l
+ n−c9

l
(7.13)

for a fixed c9 > 0. For the second moment of the homogeneous increment,

Esurv(∆g)2 ≤ C

(
ϵ2g

l
+ Z2

Dg
2

l2
+ nηϵ2Z2

Dg

l2

)
. (7.14)

To verify this bound, first consider the terms in (7.12) that do not involve b. Each is bounded
by C∥a∥2, so its square averages to Cϵ2g/l. The opposite-end part of aTHb uses ∥r∥2∥Dr∥2/l2 ≤
Z2

Dg
2/l2. For its same-end part, use the conditional bound EH2

uu ≤ C(1 + T )/l, the pointwise
bound |ru|2 ≤ Cϵ2, and

∑
u(Dr)2

u ≤ Z2
Dg. The finite sum of these terms changes constants only.

The same identity also gives the pointwise bound |∆g| ≤ Cϵ, since |bs| ≤
√

(D2)ssg ≤ C.
For a global tail with an active short endpoint, an ordinary event omits that endpoint. Its

exact update is
r′

i = Q{ri −DIH(IT ri − ki12)}, ki = ci/l.

If its short endpoint is absent, put ki = 0. To estimate the additional energy terms, write the
additional vector as kiQDIH12. Its cross term with Qri involves ITDQri = bi −ABai. Averaging
its absolute value gives at most CZD

√
g/

√
l+C√

g/
√
l before multiplication by |ki| ≤ l−1. Its cross

term with QDIHai is bounded in mean by C√
g/l3/2, using bounded pair K and E∥ai∥ ≤ C

√
g/l.

The square of the additional vector is O(l−2). Thus the additional mean budget is

CZD
√
g/l3/2 + C/l3/2 + C/l2.
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It is power-small beyond l−1 under the Phase A norm bound. Its pointwise effect on the energy is
O(l−1), so it adds C/l2 to the second-moment budget. Consequently (7.13)–(7.14) remain sufficient
for ordinary global-tail steps, after decreasing c9 and adding this summable term.

If s(i) is selected, it disappears permanently and QΠles(i) = 0. The exact update instead gives
the pathwise bound

∥r′
i∥ ≤ ∥ri∥ + C

√
max

s
(D2)ss. (7.15)

This is a single exceptional event for that row.
Apply upper positive-excess accounts to g/ωl above a fixed constant. Combining (7.13) with

ωl−2/ωl = 1−dl/l leaves negative homogeneous drift; the remaining upper mean is at most n−c10/l.
The sums of the second moments after division by ω2

l are power-small. Explicitly, ωl ≥ cn−r/2

gives ∑ ϵ2g

lω2
l

≤ Cϵ2nr/2 logn,
∑ Z2

Dg
2

l2ω2
l

≤ Cn−.2a logn;

the third term of (7.14) is bounded by the product of these small factors up to nη, and the
additional l−2 terms sum to O(nr/l2). The change of normalization contributes only O(l−2) to this
normalized second budget. Normalized pointwise increments are power-small because ϵnr/2 = o(1).
The positive-excess account lemma, with a sufficiently small scale exponent and then a sufficiently
large even order, controls all the polynomially many contrast and global labels simultaneously.
Contrast labels die at endpoint selection. At the exceptional global event (7.15), the contrast
bound gives maxs(D2)ss ≤ CSωl; thus a larger fixed post-event threshold makes its positive excess
zero. There is at most one such threshold increase per global row. This proves the row-energy line
of (7.8).

Entry comparison in Phase A

It remains to control E = W − P̂ . For an entry whose short coordinates are not selected, both
actual and reference outer rows are small at the chosen endpoints. This gives concentration. The
finitely many selections of short coordinates are handled separately below.

For any two fixed surviving output vectors, the numerical update is

∆Eij = −(ITwi)TH(ITwj) + (IT pi)T Ĥ(IT pj). (7.16)

For a contrast f , the rows here are wi = f + Df and pi = f + D̂f . Call an event ordinary for
this entry when its contrast labels survive and none of its active global short endpoints is selected.
This omits at most a fixed number of coordinates from the uniform pair. On the allowed endpoint
set, all actual and reference outer entries are O(ϵ+ l−1), their full row norms are bounded, and
their full sums are zero. The difference outers and the block D − D̂ have entry bounds CBA by
the induction hypothesis.

The conditional absolute mean budget is

|Eord∆Eij | ≤ C

{
1 + |Y | + |Ŷ | + ZD

l2
+ BAϵ

l
+ nη

l3/2

}
. (7.17)

To prove this, expand both coefficients in (7.16) around H0. The zero-A terms cancel in full-pair
expectation. For the finitely many omitted coordinates, the centered-pair formula and bounded
row entries give C/l2. For the single-A terms use the signed restricted identity in Lemma 7.3.
Its diagonal factor is |Y | +O(1), its cross factor is at most ZD, and the outer dot products are
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bounded. This gives the first fraction, and the hatted version uses ∥D̂∥ ≤ C. Replacing a pure
swap by its O(l−1) part gives smaller terms, since an outer same-end product has average O(l−1)
and an opposite-end product is bounded by the row norms.

For words with at least two A factors, telescope the difference of the two products. A changed
endpoint factor has size CBA, and another endpoint factor contributes Cϵ; averaging the outer
product costs C/l. This gives CBAϵ/l. If all endpoint factors are hatted, the difference is in an
outer row. Its norm is bounded, and the hatted remainder kernel after the single-A term is at
most Cϵ(1 +

√
T̂ )/l3/2 against bounded row norms. This is at most the last fraction of (7.17).

Summation over longer words is justified by their common geometric factor Cϵ; the number of
possible locations of a specified changed factor is absorbed into that summation.

The conditional second moment is at most C{1 + nη(ϵ+ l−1)2}/l2. For opposite-end terms
this is the product of two bounded row squared sums divided by l2. For same-end terms use the
allowed outer supremum and the conditional bound on H2

uu from the coefficient lemma; this gives
the additional displayed factor. Bounding the two terms of (7.16) separately is sufficient for this
estimate. For the pointwise difference, use

H − Ĥ = −H(A− Â)Ĥ

and telescope its outer factors. It gives |∆Eij | ≤ CBA(ϵ+ l−1) on ordinary events.
The mean budget in (7.17), divided by BA, and the second budget divided by B2

A, have
power-small sums. For example, the trace contribution to the first sum is bounded by

C
√
l0n

−.04a

l2BA
= Cn−.42a+(g+r)/2,

the last term contributes at most Cnη−.38a, and the second-moment sum is O(n−.76a+o(1)). The
norm term and the finite-size terms have still smaller bounds. The middle mean term gives
Cϵ logn. These explicit comparisons justify the required choice of the positive-excess scale
exponent independently of its later moment order.

A surviving exceptional event selects a global short endpoint. Put ei = wi − pi. An exact
telescoping form of (7.16) is

∆Eij = −(IT ei)TH(ITwj) − (IT pi)TH(IT ej) + (IT pi)TH(A− Â)Ĥ(IT pj).

For a global–contrast entry, the contrast endpoint coordinates are omitted on every survival
event, so its actual and reference outer entries are small. The only unsuppressed input error
in this display is a contrast–contrast error; the coefficient on an input global–contrast error is
O(ϵ + l−1). For a global–global entry, all input errors on the right are of global–contrast or
contrast–contrast type. Thus choose the constant thresholds in the following finite order: first
the contrast–contrast threshold, then pre-event and post-event global–contrast thresholds, and
then global–global thresholds indexed by the number, zero, one or two, of short-endpoint removals.
Increase each next threshold by a fixed amount exceeding the jump bound supplied by already
chosen lower-type thresholds. For large n the small feedback factor in the global–contrast case is
absorbed by this cushion. Each exceptional event then resets the relevant positive and negative
excesses to zero.

Initial entries are o(BA) by the cleanup bound, the taper-change bound and the fixed contrast
combinations. Apply the positive-excess account lemma on ordinary events to both signs of every
entry. Keep the family denominators fixed and drop dead contrast labels. The moment order is
fixed large enough to overcome the polynomial number of labels; the ordinary discount budgets are
summably power-small. The exceptional threshold rule is pathwise and costs no discount. This
proves the entry line of (7.8), and hence also (7.6).
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Simultaneous choice

The norm, trace, averaged-energy, row and entry estimates have all been derived under the current
bounds (7.8). We now use them together to obtain those bounds at the next chosen state.

All the preceding accounts are placed in the same deterministic sum. Its initial value is no(1):
the scalar accounts are bounded after normalization, each polynomial family of individual excess
accounts has its fixed reciprocal-family weight and initially vanishing excess, and there are only
O(logn) retained spectral parameters. The only permitted polynomial discount losses in Phase A
are the fixed spectral-moment, trace-square and scalar-comparator losses nC(g+r). Their constants
do not depend on the large moment orders later used for maximum extraction. First fix the initial
row comparator constants and the spectral order 8; then choose g = r sufficiently small for those
polynomial losses, the initial gap (7.7), and the fixed margins a, rP . Choose the positive-excess
scale exponents next and their large even orders last. Arbitrarily small structural and diagonal
losses are made smaller as necessary. This gives a joint induction for (7.8). In particular, for a
fixed 0 < rg < r/2 and all sufficiently large n, every surviving contrast squared energy and every
global-tail squared energy at l2 is at most n−rg .

7.5 Phase B: entry concentration on the shrinking boundary

At l2 every contrast row and global tail has power-small energy. We allow slightly larger energy
bounds and use this margin to control entry errors down to l3. Bounds on Y and Ŷ are no
longer needed; we retain the diagonal-square and entry estimates. Summing the Phase A entry
second-moment bound to l3 would give only O(l−1

3 ), which is too large for the desired scale B2
B . We

will instead use the small row energies when estimating the difference of the actual and reference
updates.

Fix 0 < rv < rs < rg, with strict power gaps, and put GS = n−rs and GV = n−rv . The new
barriers allow fixed multiples of these squared-energy scales. Choose χ > rs, rv as in the parameter
hierarchy and let l3 ≍ nχ. From l2 down to l3 maintain

∥D(ex − ey)∥2 ≤ CGS , ∥ri∥2 ≤ CGV , T + T̂ ≤ nη, max |Eij | ≤ CBB, BB = n.40a

√
l2
.

The constants for global and entry labels again admit the finite exceptional-event enlargements
described above. All initial values have power cushions. In particular (7.6) remains available. The
individual row bound implied by contrasts gives

ZD ≤ ∥D∥F ≤ C
√
lGS . (7.18)

The deterministic hatted row bounds are smaller than this scale.

Diagonal squares without a trace cap

We retain (7.10) in this phase without controlling Y . For a fixed surviving coordinate the pure
H0 core mean is O(l−2) by centering. Every other coefficient is bounded absolutely by the
bilinear coefficient rule against a row with squared norm CGS , giving C(1 +

√
T )GS/l

3/2. The
conditional absolute mean of the centering correction is now C

√
GS/l

3/2 + Cϵ/l2. This follows
from

∑
u |Dxu| ≤ C

√
lGS in the linear correction and from the entry bound in the remaining

two-shift terms.
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The second moments, summed over surviving diagonals, are bounded by

C

l
{G2

S + ϵ2GS(1 + T ) + ϵ2}.

For opposite-end core terms use
∑

x(
∑

uD
2
xu)2 ≤ ClG2

S followed by the l−2 pair average. Same-end
terms use the conditional bound for H2

uu and
∑

x,uD
4
xu ≤ Cϵ2lGS . The last term covers the

centering squares. The signed first-order cost, after multiplying the preceding conditional means
by 2|Dxx| and summing, is at most

C

l
{GS(1 +

√
T ) +

√
GS}

√
T + C

√
lT/l2.

Deletion subtracts 2T/l. Since GS and ϵ tend to zero, the terms proportional to T/l are absorbed
directly; Young’s inequality absorbs the terms proportional to

√
T/l, leaving C/l. The hatted

proof is identical. This proves (7.10) again and hence the new arbitrarily small-loss barriers for
T, T̂ .

Preserving the small row energies

For a surviving contrast apply (7.12). Now X/l ≤ CGS , and the relative error in the ∆H cross term
is CnηZD/

√
l ≤ Cnη

√
GS = o(1). The quadratic finite-size error Z2

D/l and the small coefficient
errors are also o(1). The omitted-coordinate error is at most Cϵ2/l, as before. Consequently

Esurv∆gf ≤ −cgf/l + C(ϵ2/l + l−2) (7.19)

with a fixed c > 0. Using gf ≤ CGS and (7.18), the sum of (7.14) divided by G2
S is at most

C(ϵ2/GS +GS + nηϵ2) logn = o(1)

by a power. The normalized additive drift has sum O((ϵ2/GS) logn+ 1/(l3GS)), also power-small.
For a pointwise bound, |af | ≤ Cϵ and |(Drf )u| ≤ CGS ; hence the increments in (7.12), divided by
GS , are power-small. The upper positive-excess account at the loosened scale GS therefore keeps
all contrast barriers.

For an ordinary global-tail step the homogeneous calculation is the same, with g ≤ CGV . The
extra shift from ki = ci/l has mean absolute cross budget

C
√
GS

√
g/l + CGS/l

2 + C
√
g/l3/2.

Here use ∥Dr∥/
√
l ≤ C

√
GS

√
g and (D2)ss ≤ CGS in the exact shift calculation from Phase

A. Young’s inequality against a portion of the negative homogeneous drift leaves upper drift
C(GS + ϵ2)/l + C/l2. Its sum divided by GV is power-small because rv < rs and l3GV −→ ∞.
The homogeneous variance divided by G2

V has the bound

C(ϵ2/GV +GS + nηϵ2GS/GV ) logn,

which is power-small. The shift has pointwise energy effect at most C(
√
GSg + GS)/l and

contributes a smaller summable second budget. Homogeneous normalized increments are small
by |a| ≤ Cϵ and |bu| ≤ C

√
GSGV . Thus the same account lemma keeps the global barrier. The

single exceptional event (7.15) is absorbed by a fixed threshold increase; its additional squared
scale is GS ≪ GV .
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Entry concentration down to l3

For an ordinary event of a tracked entry let Io be its allowed endpoint set. The outer arrays in
(7.16) satisfy

∥wIo∥2 + ∥pIo∥2 ≤ CWg, Wg = GV + l−1,

∥(w − p)Io∥2 ≤ CEg, Eg = min(GV , lB
2
B).

(7.20)

For contrasts the identity coordinates have been omitted; for globals the short coordinate has
been omitted and its remaining centering constant has squared norm O(l−1). The actual tails
have squared norm CGV and the reference tails are smaller by (7.4). Their difference has no
short-coordinate term and has entry supremum CBB, giving both bounds in the minimum. Every
allowed outer entry is O(ϵ+ l−1). Because the full arrays are centered and only boundedly many
coordinates are omitted, their sums on Io are O(1); the difference-array sums are O(BB).

We verify the ordinary conditional mean with these finer norms. For the ideal H0 terms, the
centered-pair formula gives CBB/l

2. Its sum-product difference uses the preceding O(1) and
O(BB) bounds. Its dot-product correction has a coefficient O(l−3) and a difference bounded by
C

√
lBB

√
Wg, which is smaller.

For single-A pure-swap terms telescope the endpoint block and the two outer rows. The
endpoint error block has diagonal sum and operator norm at most ClBB. The signed restricted
single-A identity and (7.20) therefore give CBBWg/l for an endpoint-block difference. For an
outer-row difference with a hatted endpoint block, the diagonal sum of that block is at most√
lT̂ and the dot difference is at most C

√
lBB

√
Wg. After division by the pair count this is

CnηBB
√
Wg/l. The cross contraction uses ∥D̂∥ ≤ C and gives the smaller bound CBB

√
Wg/l

3/2.
The diagonal exclusions in the exact identity are smaller by the same restricted dot bounds.
An O(l−1) swap correction is also smaller: use either the endpoint-error supremum or a hatted
endpoint supremum together with the outer difference, and then the extra l−1 coefficient.

For a word with at least two endpoint factors, a telescoping endpoint difference contributes
CBBϵWg/l. If all endpoint factors are hatted, the remainder coefficient kernel has bound Cnηϵ/l3/2;
against outer norms C

√
lBB and C

√
Wg this gives CnηϵBB

√
Wg/l. The geometric series over

additional endpoint factors converges uniformly. Combining these estimates, the sum of absolute
conditional means divided by BB is bounded by

C
∑
l≥l3

{
1
l2

+ GV + l−1 + nη(
√
GV + l−1/2)

l

}
. (7.21)

This is at most a constant times l−1
3 +GV logn+nη

√
GV logn+nηl

−1/2
3 , and is power-small when

η is chosen below the fixed gaps.
The conditional second moment in (7.16) is bounded by the sum of three terms:

C(EgWg +B2
BW

2
g )

l2
,

CnηB2
BWg

l2
,

CB2
B(ϵ+ l−1)2Wg

l
.

These are respectively: opposite-end terms after telescoping an outer or the coefficient; same-
end terms with an outer error, using its entry supremum and the conditional square of Huu;
and same-end terms with a coefficient error, using ∥H − Ĥ∥ ≤ CBB and the allowed outer
supremum. There are only finitely many two-coordinate terms, so squaring their sum changes
a fixed constant. After division by B2

B, the first numerator uses Eg ≤ ClB2
B and its sum is

bounded by C
∑
Wg/l + C

∑
W 2

g /l
2. The other two sums are smaller by the displayed factors.
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All are power-small by the same calculation as (7.21). The pointwise ordinary bound is again
|∆Eij | ≤ CBB(ϵ+ l−1).

Use positive-excess accounts for both signs at the loosened scale BB. Their normalized ordinary
mean, variance and jump budgets are power-small. The same finite exceptional-event threshold
hierarchy as in Phase A applies verbatim to the exact telescoping identity; surviving contrasts still
exclude their identity coordinates.

To extract all the Phase B barriers jointly, reinitialize the row and entry accounts at l2 with
the loosened scales GS , GV , BB, and use fixed reciprocal-family weights for their individual labels.
The incoming power cushions make their initial excesses vanish; normalize the diagonal-square
accounts with a slightly larger power than their incoming losses. The initial normalized total is
no(1). The estimates above give bounded discount products for these accounts, so the common
discounted sum has the same extraction margins throughout Phase B. At a state satisfying the
caps, (7.6) first makes all candidate precisions positive and all candidate accounts defined. The
minimizing pair then preserves the common sum, and extraction gives the caps at the next chosen
state. This closes the induction from l2 to l3.

7.6 The final matching

There are now few enough unresolved stubs that the entry bound implies an operator bound on
the remaining boundary error block. This allows any final matching. A separate entry calculation
will retain the scale BB without a factor l3.

Pair the last l3 stubs by any fixed perfect matching. In this subsection Pf denotes the involution
of this remaining matching, restricted to the current contrast space; let V be the isometric inclusion
of that space into vertex 1⊥. The remaining precision increment is V (hI − σPf )V T . Its ideal
coefficient is Hf0 = −σhPf , and the actual and reference coefficients are

Hf = Hf0(I +DHf0)−1, Ĥf = Hf0(I + D̂Hf0)−1.

The entry barrier gives

∥D∥ ≤ ∥D̂∥ + ∥D − D̂∥ ≤ C/R0 + Cl3BB = o(1).

Thus both coefficients are bounded. The ideal inverse middle matrix is −σPf/h. Its eigenvalues
have fixed distance from zero, and its inertia agrees with that of m(hI − σPf ). Perturbation by
D = o(1) preserves that inertia. The Schur-complement inertia identity therefore proves positivity
of the final precision, at every primary point and both signs.

To retain the entry scale, we use the sparse rows of the reference inside the exact update. Let
Cerr = V TEV = D − D̂, let εi = V TEei, pi = V T P̂ ei, and put zi = Ĥfpi. The deterministic
reference bounds imply

zi = c̃iΠl3et(i) + τ̃i, |c̃i| ≤ C, ∥τ̃i∥ ≤ Cn−rP ,

with the coordinate summand possibly absent. Indeed Hf0 sends a short coordinate to its partner,
and Ĥf −Hf0 acting on that coordinate has power-small norm by the small reference rows and
the bounded inverse. The old entry error yields

∥εi∥∞ ≤ CBB, ∥εi∥ ≤ C
√
l3BB, ∥Cerr∥max ≤ CBB,

max
s

∥Cerres∥ ≤ C
√
l3BB, ∥Cerr∥ ≤ Cl3BB.
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The exact two-reference Woodbury identity is

E′
ij = Eij − εT

i zj − zT
i εj + zT

i Cerrzj − (εi − Cerrzi)THf (εj − Cerrzj).

It follows by substituting Hf − Ĥf = −HfCerrĤf in the two update formulas; thus it does not
require either reference matrix to be invertible. Every linear displayed term is O(BB): use its
bounded single coordinate part and the estimate

√
l3n

−rP = o(1) for its tail part. The two-
coordinate term is bounded in the same way, using column norms for a coordinate–tail term and
the operator norm for a tail–tail term. In addition ∥εi − Cerrzi∥ ≤ C

√
l3BB. The final quadratic

term is consequently O(l3B2
B) = o(BB). This proves the final entry bound in Proposition 7.1.

The completed graph is simple and d-regular. Since no stubs remain, its precision is M(h) =
z(h)I − σA(G) on 1⊥. At the closest point z(h) < 2√

q + e/20, so positivity gives

max
i≥2

|λi(G)| < 2√
q + e/20.

The fixed stop configuration and completed matching define the same reference P̂fin(h) throughout
the primary interval. Section 8 uses its diagonal derivative bound and BB = o(

√
e) to obtain local

spectral mass bounds. The retained stop-path estimates and the aggregate reference formula give
the typical-edge bulk blocks, with a separate exceptional edge set allowed for each prescribed pair
of bulk cutoffs. Finally, this stage has at most dn/2 pair steps, polynomially many candidate
pairs and output labels, a logarithmic number of retained points, and only fixed-degree moments
and finite matrix operations. The smooth reference has a fixed finite coefficient cutoff of length
O(logn), and its coefficients and accounts use the rational choices specified for the algorithm. The
common arithmetic-precision argument therefore gives polynomial bit complexity for all operations
in this section. This completes the proof of Proposition 7.1.

8 Local projectors and exact spectral repair
Boundary completion leaves a simple regular graph whose nonconstant spectrum lies within e/20
of the desired interval. We remove this error by switching edges. Two estimates make the switches
effective: the spectral mass near each edge is small at every vertex, and the bulk resolvent has
a prescribed 2-by-2 block on most edges. We first derive these estimates, then prove a repair
theorem that uses only these two properties and spectral confinement.

Throughout this section, put

q = d− 1, s = 2√
q, a = 10−4, e = n−2/3+a.

All operators initially defined on 1⊥ are extended by zero on span{1}. Choose an orthonormal
eigenbasis v2, . . . , vn of 1⊥ for the adjacency matrix AG, and write

AGvi = λivi, xσ
i = s− σλi (σ ∈ {+1,−1}).

The graph supplied by the pairing construction has xσ
i > −e/20.

8.1 Extraction of the local spectral estimates

We extract the two local estimates from different features of the reference. For the spectral mass
bound, a bounded diagonal derivative in h gives a resolvent difference of order

√
w, since z(h) − s

is quadratic in hc − h, where hc = q−1/2. A difference quotient then bounds the squared resolvent
by O(w−1/2), and hence the mass at slack at most w by O(w3/2). The typical edge blocks will
instead use the path information retained at the separation stop.
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Lemma 8.1 (Projector estimate from diagonal comparison). Assume xσ
i > −e/20 for all noncon-

stant indices i and both signs. Suppose the final resolvents Rσ(z) = (z−σAG)−1|1⊥ at the primary
points z = z(h) satisfy the entry comparison

max
p

∣∣∣Rσ(z(h))pp −mhP̂
σ
fin,pp(h)

∣∣∣ ≤ CBB, BB = o(
√
e).

Suppose also that the same frozen reference is defined throughout the primary range and obeys

sup
h,p

∣∣∣∣ ddh(mhP̂
σ
fin,pp(h)

)∣∣∣∣ ≤ C.

Assume the primary grid has bounded geometric spacing, as in the construction. Then, uniformly
in p and σ, ∑

i: xσ
i ≤w

|vi(p)|2 ≤ Cw3/2 (2e ≤ w ≤ cd). (8.1)

The constant can be enlarged to make the same assertion valid for all larger w in the bounded
spectral range.

Proof. List the primary gaps increasingly as t0 < t1 < · · · < tN , with 1 < rmin ≤ tj+1/tj ≤ rmax
for fixed constants rmin, rmax. The closest gap is less than e/20, and the largest gap is bounded
below by a positive constant. For 2e ≤ w ≤ cd, choose the least j with tj ≥ w, and set w− = tj ,
wp = tj+1. Choose cd small enough that this successor always exists. Then w ≤ w− < wp ≤ r2

maxw
and wp − w− ≥ (rmin − 1)w. In particular both resolvents are positive. On each eigenspace,

1
(xσ

i + wp)2 ≤ (xσ
i + w−)−1 − (xσ

i + wp)−1

wp − w−
.

The identity z(h) − s = (1 − √
q h)2/h gives |h − h−| = O(

√
w) for the corresponding primary

parameters. The diagonal comparison and its derivative bound therefore give

[
Rσ(s+ wp)2]

pp
≤ [Rσ(s+ w−) −Rσ(s+ wp)]pp

wp − w−
≤ C√

w
. (8.2)

Here the entry error contributes O(BB/w) = o(w−1/2) uniformly because w ≥ 2e. If xσ
i ≤ w, the

positive denominator xσ
i + wp is at most Cw. Multiplying the preceding estimate by Cw2 proves

(8.1). For w bounded below by cd, use
∑

i |vi(p)|2 ≤ 1 and enlarge the constant.

Verifying the reference derivative

To apply Lemma 8.1, we need a derivative bound for the same reference at every primary parameter.
Let S0 be the boundary at the separation stop and l0 = |S0|. Fix the entire matching added after
this stop, independently of h. On the contrast space of S0, let Pf be its involution, and put

Hf0 = −σhPf , Hf = Hf0(I + D̂0Hf0)−1.

Lemma 7.2 and the exact-reference construction following it, in particular (7.1)–(7.4), imply
uniformly over the primary range

∥D̂0∥ ≤ C/R0, ∥D̂0Πet∥ + ∥∂hD̂0Πet∥ ≤ n−c, ∥∂hD̂0∥ ≤ C(1 + L)4
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for some fixed c > 0, after decreasing c to absorb logarithms. For the last bound, differentiate the
finite stop sum defining P̂0 term by term, keeping its coefficients Qj and its taper fixed. By (4.8),
the derivative of its jth term has norm at most Cj(1 + j)2/h. The primary interval is bounded
away from zero, so summing over j < L gives C(1 + L)4; compression by V0 cannot increase this
norm. Consequently Hf is bounded and H ′

f has at most polylogarithmic norm. Moreover,

(Hf −Hf0)Πet = −Hf0(I + D̂0Hf0)−1D̂0Hf0Πet

has power-small norm, as does its derivative: Hf0Πet is a bounded multiple of the centered
coordinate of the partner of t.

For a global vertex p, write the stop row as pp,0 = cpΠet(p) + τp, allowing the first term to
be absent. Equation (7.2) gives power-small norms for τp and τ ′

p. Also |cp| + |c′
p| ≤ C: indeed

cp = (σh)r for a path length r, and supr≥0 rh
r−1 is bounded on the fixed primary range. The

diagonal correction in the frozen reference is −pT
p,0Hfpp,0. Its terms containing a tail have bounded,

in fact power-small, derivatives. For its remaining term, the ideal involution has no fixed point
and hence

(Πet)THf0Πet = σh

l0
.

The preceding coordinate estimate controls the replacement of Hf0 by Hf , including its derivative.
Finally the stop diagonal and its derivative are bounded by the return-path estimates and the
virtual-path estimates. Since mh and m′

h are bounded, the derivative hypothesis of Lemma 8.1
follows. The final entry comparison has error O(BB), and the chosen exponents give

BB = n.40a

√
l2

≍ n−1/3+.325a+(g+r)/2 = o(
√
e).

The bulk resolvent and its typical edge blocks

Set
t∗ = 100a, b∗ = 10a, Wb = n−2/3+t∗ , M = ⌈n1/3+b∗⌉.

For a cutoff wσ
B ∈ [Wb, 2Wb] avoiding the signed slacks {xσ

i : 2 ≤ i ≤ n}, define

Eσ
0 = span{vi : xσ

i < wσ
B}, Rσ

B =
∑

xσ
i ≥wσ

B

viv
T
i

xσ
i

.

The reciprocal is positive on its bulk subspace and zero on the complementary near subspace. The
comparison block is

hc = q−1/2, mc = hc

1 − h2
c

, P σ
tree = mc

(
1 σhc

σhc 1

)
.

Lemma 8.2 (Bulk estimates and typical edges). The projector estimate (8.1) implies

sup
p

[
(Rσ

B)2]
pp

≤ C√
Wb

. (8.3)

If wp ≍ Wb is a primary gap, every entry of Rσ
B −Rσ(s+ wp) is O(

√
Wb).

For the typical-edge assertion below, the additional inputs are the following specific conclusions
at the separation stop:
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1. Only O(l0) edges of G were added after the stop, with l0 ≍ n2/3+.15a. At most n.08+o(1) stop
vertices have a nonempty actual nonbacktracking return of length at most rn = ⌊.08 logq n⌋+2.

2. The number of actual nonbacktracking paths of any length k < L between fixed endpoints is
bounded by a constant. The stop reference is the weighted sum of these paths with coefficient
φ(k/L)(σh)k, up to a matrix whose entries are o(n−.04). The taper is bounded and equals
one for k ≤ rn, and h ≤ hc.

3. The final reference has the form P̂fin = P̂0 − P̂0V0HfV
T

0 P̂0, where V0 is an isometry from an
(l0 − 1)-dimensional space, ∥Hf ∥ ≤ C, and ∥P̂0∥ ≤ C(1 + L)3. At the comparison primary
points the final resolvent has entry error O(BB) = o(n−.04) relative to mhP̂fin.

The return count, multiplicity and virtual-path assertions are consequences of Lemmas 4.2 and
4.3; the norm bound is Lemma 4.4; the reference representation and final error are furnished by
Section 7 and Proposition 7.1. All inputs are uniform in the primary points used below. For each
pair of cutoffs as above, all but a fraction O(n−.1) of the oriented edges (p, p′) have, for both signs,
their endpoint block of Rσ

B within n−.024 of P σ
tree. The estimates are uniform in the cutoffs; their

exceptional sets may depend on the cutoffs.

Proof. Partition the bulk slacks into dyadic intervals [2jWb, 2j+1Wb). Their contributions to
[(Rσ

B)2]pp are at most C(2jWb)−1/2 by (8.1). Their sum, followed by the bounded contribution
from slacks bounded below by a constant, proves (8.3).

On the excluded subspace the diagonal mass of Rσ(s+ wp) is at most CW 3/2
b /Wb = C

√
Wb,

since xσ
i > −e/20 and Wb ≫ e. On the included subspace the positive difference of the reciprocal

weights is
1
xσ

i

− 1
xσ

i + wp
≤ CWb

(xσ
i )2 .

Its diagonal mass is O(
√
Wb) by (8.3). Cauchy–Schwarz, applied separately to these two positive

operators, gives the entry comparison.
For the typical-edge assertion, the edges added after the separation stop contribute only O(l0)

exceptions. Set rn = ⌊.08 logq n⌋ + 2 = .08 logq n+O(1). At that stop, the global diagram estimate
for one return shows that only n.08+o(1) vertices have a nonempty nonbacktracking return of
length at most rn. For an old edge with neither endpoint in this set, the direct edge is the only
nonbacktracking path between its endpoints in the short range 1 ≤ k ≤ rn − 1: an alternative,
closed with the direct edge, would give a nonempty endpoint return of length at most k + 1 ≤ rn,
after stripping any terminal reversal. The diagonal short-path term is the identity. Bounded
fixed-endpoint multiplicity bounds the remaining weighted actual paths, whose lengths begin at
rn, by

C
L−1∑
k=rn

q−k/2 ≤ Cdq
−rn/2 = n−.04+o(1).

The virtual and projection terms are smaller. Thus the stop reference has the normalized endpoint
block (

1 σh
σh 1

)
+O(n−.04+o(1)).

The frozen correction is −pT
p,0Hfpp′,0, with ∥Hf ∥ ≤ C. The coefficient bound (4.8) gives∑
p

∥pp,0∥2 ≤ l0∥P̂0∥2 ≤ Cl0(1 + L)6.
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Consequently, outside a fraction at most n−.2 of the vertices, the squared row norms are at most
n−.03. Take the union of the exceptional sets for the two signs at their comparison points. Fixed
degree transfers these vertex exceptions to the same order of edge exceptions, and the frozen
correction is then O(n−.03). Finally, h− hc = O(

√
Wb), the final entry error is O(BB), and the

bulk entry comparison costs O(
√
Wb). These errors are smaller than n−.024. All the exceptional

fractions just counted are O(n−.1), as asserted.

8.2 A deterministic exact-repair theorem

Theorem 8.3 (Exact repair by simultaneous switches). Fix an integer d ≥ 3 and a constant
C0 ≥ 1. Put

q = d− 1, s = 2√
q, a = 10−4,

e = n−2/3+a, Wb = n−2/3+100a, M = ⌈n1/3+10a⌉.

There are constants n0, k, depending only on d,C0, and a deterministic algorithm with the following
property for n ≥ n0.

Let G be a simple d-regular graph on n vertices. Let v2, . . . , vn be an orthonormal eigenbasis
of AG on 1⊥, with eigenvalues λi, and put xσ

i = s− σλi for σ ∈ {+1,−1}. Assume the following
three properties.

1. Spectral confinement. For every i = 2, . . . , n and both signs, xσ
i > −e/20.

2. Local spectral mass. For every vertex p, both signs, and every w ∈ [2e, 2d],∑
2≤i≤n
xσ

i ≤w

|vi(p)|2 ≤ C0w
3/2.

3. Typical edge blocks. For every pair wσ
B ∈ [Wb, 2Wb] \ {xσ

i : 2 ≤ i ≤ n}, define

Rσ
B =

∑
2≤i≤n
xσ

i ≥wσ
B

viv
T
i

xσ
i

.

All but a fraction C0n
−.1 of the dn oriented edges (p, p′) satisfy the following bound for both

signs: ∥∥∥∥∥
(

(Rσ
B)pp (Rσ

B)pp′

(Rσ
B)p′p (Rσ

B)p′p′

)
− 1
d− 2

(√
q σ
σ

√
q

)∥∥∥∥∥
max

≤ n−.024.

Here ∥ · ∥max is the largest absolute entry. The exceptional edge set may depend on the chosen
pair of cutoffs.

Given the adjacency list of G, the algorithm finds M vertex-disjoint switches, each deleting two
edges and inserting two edges. In Od,C0(nk) bit operations it outputs the adjacency list of a simple
d-regular graph G′ on the same vertices such that

−2
√
d− 1 < λi(G′) < 2

√
d− 1 (2 ≤ i ≤ n).

In particular, G′ is connected and nonbipartite.
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Proof. Fix one admissible bulk cutoff for each sign. We will bias the distribution of an edge pair
so that its expected switch improves the near spectrum at both edges. Second moments control
the error from using only M switches and from eliminating the bulk. Finally, we realize the draws
in a polynomial finite sample space and test every candidate exactly.
Step 1: reduce positivity to the near subspace. A draw consists of two oriented edges g = (u, v)
and j = (x, y) of G. With Ug,j = [eu − ex, ev − ey], replace {u, v}, {x, y} by {u, y}, {x, v}. This
is a valid switch when its four endpoints are distinct and both inserted edges are absent from
G. Figure 2 illustrates the operation. Degree-preserving switches are classical in regular-graph
sampling [MW90]. Switching arguments for local Green-function comparison appear in [BHY19,
Sections 7 and 11] and [HY24, Sections 3 and 5]; the distribution here is chosen to improve both
signed near-edge forms. For a vertex-disjoint collection of M valid switches, concatenate their
columns to obtain U . The change of the signed precision is

sI − σAG′ = sI − σAG + UCσU
T ,

where
Cσ = blockdiag(σF, . . . , σF ), F =

(
0 1
1 0

)
.

All columns of U lie in 1⊥.

u v

x y
Original edges

u v

x y
Switched edges

Figure 2: A degree-preserving switch deletes uv and xy and inserts uy and xv. The four endpoints
are distinct, and the inserted edges must be absent. The crossing in the right panel is not a
vertex. With U = [eu − ex, ev − ey] and F the two-coordinate swap matrix, the adjacency change
is −UFUT .

For the fixed cutoffs, put Eσ
0 = span{vi : xσ

i < wσ
B}, and let UE denote the coordinates of U in

this subspace. Define
SB = C−1

σ + UTRσ
BU. (8.4)

The two original edges in a draw each contribute one endpoint block to UTRσ
BU . Replacing these

by their tree blocks and setting the cross-edge entries to zero gives the ideal 2-by-2 block

σF + 2P σ
tree = 1

d− 2

(
s σd
σd s

)
.

It has determinant −1, one eigenvalue of each sign, and inverse

Kσ = d

d− 2

(
−s/d σ
σ −s/d

)
. (8.5)

If SB is sufficiently close in norm to the block diagonal matrix of these ideal blocks, it has the
same inertia as C−1

σ . To see why this suffices even when some old near slacks are negative, let
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DB = diag(Eσ
0 )⊥(xσ

i ) > 0 be the old bulk precision within 1⊥, and let UB be the bulk coordinates
of U . The two Schur complements of (

DB UB

UT
B −C−1

σ

)

give
In(DB) + In(−SB) = In(−C−1

σ ) + In(DB + UBCσU
T
B ),

where In records positive, negative and zero eigenvalue counts. The equal middle inertias cancel,
proving that the updated bulk precision DB + UBCσU

T
B is positive definite. Eliminating this bulk

leaves the exact near Schur complement

diagEσ
0
(xσ

i ) + UES
−1
B UT

E . (8.6)

This is the Woodbury identity on the positive old bulk [HS81]; no positivity of the old near block
is required.
Step 2: give the near spectrum a positive mean shift. The inverse Kσ in (8.5) determines the
ideal contribution of one switch after the bulk has been eliminated. Let UE,g,j denote the near
coordinates of the two columns of Ug,j , and put

Hσ = UE,g,jKσU
T
E,g,j .

Thus replacing S−1
B in (8.6) by the block diagonal matrix with blocks Kσ replaces the near

correction by
∑M

r=1H
σ
r . Since Kσ is indefinite, we must control this sum through the choice of the

edge-pair distribution.
First let ν0 be the law of two independent uniformly chosen oriented edges. For g = (u, v) and

nonconstant indices i, write

zi(g) = (vi(u), vi(v))T , Mi =
(

1 λi/d
λi/d 1

)
.

Regularity and orthogonality give

Eν0zi(g) = 0, Eν0 [zi(g)zk(g)T ] = δik

n
Mi.

For indices in Eσ
0 , the entry of the single-switch correction is

Hσ
ik = (zi(g) − zi(j))TKσ(zk(g) − zk(j)).

Its uniform mean is
Eν0H

σ
ik = 2δik

n
Tr(KσMi) = − 4δikx

σ
i

(d− 2)n.

Consequently the uniform mean correction only multiplies each old slack by 1 − 4M/((d− 2)n) > 0.
It cannot turn a negative slack into a positive one. We therefore bias the correlations between the
two edges on the modes closest to either threshold.

Choose cutoffs tτT ∈ [2e, 3e] avoiding the signed slacks {xτ
i : 2 ≤ i ≤ n}, and set

Tτ = {i : xτ
i < tτT }, JT ≍ n3a/2+a/10.
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Define the tilted law ν by multiplying the ν0 probabilities by

1 + 1
B∗

−2n
JT

∑
τ=±1

∑
i∈Tτ

zi(g)TKτzi(j)

 , (8.7)

where B∗ > 0 is a sufficiently large fixed constant. This is a positive probability density. Indeed,
(8.1) and Cauchy–Schwarz bound the absolute value of the bracket by

C
ne3/2

JT
= O(n−a/10) = o(1).

Every nonconstant eigenvector has mean zero on either endpoint of a uniform oriented edge. The
bracket therefore has mean zero under ν0 even when either edge is fixed. The density is normalized
and both edge marginals under ν remain uniform.

Expansion under this tilted law gives

EνH
σ
ik = δik

− 4xσ
i

(d− 2)n + 4
B∗JTn

∑
τ : i∈Tτ

Tr(KσMiKτMi)

 . (8.8)

The first term is the uniform mean computed above. In the tilt correction only the two cross-edge
terms in the expansion of Hσ

ik survive. Each forces the two near indices to agree with the tilting
index, and each contributes the same trace divided by n2. Their negative signs cancel the negative
sign in (8.7), giving the displayed factor 4/(B∗JTn).

For a σ-near mode, only Tσ can occur in the sum, since the two signed slacks add to 2s and
2Wb + 3e = o(1). On these modes Mi is uniformly positive definite, because s < d, and

Tr(KσMiKσMi) = ∥M1/2
i KσM

1/2
i ∥2

F ≥ cd.

The positive bias satisfies M/(JTn) ≍ n−2/3+8.4a ≫ e. It overwhelms the possible slack −e/20
on Tσ. Outside Tσ, the slack is at least 2e, and multiplication by 1 − 4M/((d− 2)n) = 1 − o(1)
preserves a fixed fraction of it. Thus the same law improves both signed forms:

diag(xσ
i ) +MEνH

σ ⪰ ceI on Eσ
0 . (8.9)

Step 3: restrict the draws to typical edges. For the bulk cutoffs fixed in Step 1, keep only
oriented edges whose endpoint blocks have the required accuracy for both signs. The numerical
implementation below includes every edge with the proven n−.024 accuracy and includes only
edges with Cn−.02 accuracy. Condition ν on both sampled edges lying in this set. The removed
probability is O(n−.1). Approximate the resulting law in total variation by n−C , for a sufficiently
large fixed C, retaining a bound Cd/(dn)2 for every point probability.

For any draw, the projector estimate at scale 2Wb gives

∥UE,g,j∥2
F ≤ CW

3/2
b , ∥Hσ∥F ≤ CW

3/2
b .

Consequently, the restriction and the probability approximation change the left side of (8.9) by at
most

CM(n−.1 + n−C)W 3/2
b = o(e).

Denote the approximating law, including the probability rounding in Step 7, by µ. Unlike ν, it
need not have exactly uniform marginals; the pointwise density bound is what the remaining
estimates use.
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Step 4: control fluctuations and collisions. Take M draws with law µ, requiring only pairwise
independence between draws. The bulk inverse error will be sandwiched by UE , so a bound
∥UEU

T
E ∥ = O(M/n) makes o(en/M) the bulk error scale needed to obtain an o(e) error in the

near form. We prove that, with probability 1 − o(1), simultaneously for both signs,∥∥∥∥∥
M∑

r=1
Hσ

r −MEµH
σ

∥∥∥∥∥ = o(e),

∥UEU
T
E ∥ ≤ CM/n,

∥SB − blockdiag(σF + 2P σ
tree)∥ = o(en/M).

(8.10)

Here and below a block diagonal notation in this display has M blocks. We supply all three
second-moment estimates.

Pairwise independence makes the cross terms in the squared Frobenius norm of a centered sum
vanish. Hence

E
∥∥∥∥∥

M∑
r=1

(Hσ
r − EµH

σ
r )
∥∥∥∥∥

2

F
≤ CMW 3

b .

For the sum UEU
T
E the same estimate applies to its centered version. Uniform-density domination

gives its mean the positive-order bound CMI/n: for any unit vector in the near subspace, average
the squares of its four endpoint values and use that an endpoint of a uniform oriented edge is
uniform on vertices. Since

√
MW

3/2
b = n−5/6+155a+o(1) ≪ e, M/n,

Markov’s inequality proves the first two assertions.
To prove the third, first retain the two endpoint blocks belonging to each separate sampled

edge. They have error O(n−.02) by construction; after forming the difference columns this is still
a block-diagonal operator error O(n−.02). All the other entries concern endpoints in different
edge slots. This includes the two edge slots within a draw. Such a pair of edge slots has joint
density bounded by a constant relative to two uniform oriented edges: within one draw this is the
pointwise bound for µ, and between draws it follows from pairwise independence and the bounded
marginal densities. For any prescribed endpoint in each slot, (8.3) therefore gives

E |(Rσ
B)pq|2 ≤ C

n2

∑
p,q

|(Rσ
B)pq|2 ≤ C

n
√
Wb

.

There are O(M2) such entries. Passing from the endpoint columns to their differences has operator
norm

√
2, so the total squared Frobenius budget is at most CM2/(n

√
Wb) up to a fixed factor.

Its square root obeys

M
√
nW

1/4
b

= nb∗−t∗/4+o(1) = n−15a+o(1) ≪ en/M = n−9a+o(1).

This is exactly the strict inequality t∗ > 8b∗ − 4a. Also n−.02 = o(en/M). Markov’s inequality
now proves the third assertion of (8.10). All the displayed separations have a fixed power margin,
so the o(1) probability bounds can be imposed simultaneously.

The same density estimates show that endpoint coincidences within or between draws, or a
proposed new edge already present in G, have total probability Od(M2/n) = n−1/3+20a+o(1) = o(1).
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Indeed each particular coincidence or adjacency has probability Od(1/n); there are O(M2) pairs of
slots. Original edges have distinct endpoints by simplicity. On the complementary event all four
endpoints of every switch are distinct and different switches are vertex-disjoint. Thus the switches
are simultaneously valid, introduce neither loops nor repeated edges, and preserve every degree.

The following ratios collect the margins used above. Fixed factors and integer rounding do not
change their powers of n. The first ratio grows; every error ratio tends to zero for a = 10−4.

Contribution Comparison scale Ratio, up to fixed factors

Mean bias M/(JTn) e n7.4a

Conditioning error Mn−.1W
3/2
b e n−.1+159a

Near fluctuation
√
MW

3/2
b e n−1/6+154a

Bulk fluctuation M/(
√
nW

1/4
b ) en/M n−6a

Typical-block error n−.02 en/M n−.02+9a

Collision probability M2/n 1 n−1/3+20a

Since e = o(M/n), the near-fluctuation estimate also supplies the second line of (8.10). No
common exceptional edge set over different cutoff pairs is used: the cutoffs were fixed before the
law was conditioned.
Step 5: conclude strict positivity at both edges. For a collection satisfying all these conclusions,
the inverse perturbation identity and the bounded inverse in (8.5) give∥∥∥S−1

B − blockdiag(Kσ)
∥∥∥ = o(en/M).

Write Kσ = blockdiag(Kσ, . . . ,Kσ). The near Schur complement is exactly

diag(xσ
i ) +

M∑
r=1

Hσ
r + UE(S−1

B − Kσ)UT
E .

The last term has norm o(e) by the second line of (8.10). The centered fluctuation and the change
from ν to µ each cost another o(e). The positive mean bound (8.9) therefore makes this Schur
complement positive definite. The updated bulk was already positive definite. Thus the full signed
precision is positive definite on 1⊥, for both signs. This proves the asserted strict spectral bounds
for at least one collection.
Step 6: compute rational approximations to the law. It remains to find such a collection deter-
ministically. All accuracies in this paragraph can be n−C for any sufficiently large fixed C. Use
the rational matrix

A⊥ = AG − d11T /n,

which agrees with AG on 1⊥ and has eigenvalue zero on the constant direction. For each sign,
choose rational cutoffs for the eigenvalues of σA⊥, with the corresponding slack thresholds in the
interiors of [Wb, 2Wb] and [2e, 3e], respectively. These cutoffs can have a gap at least an inverse
polynomial from the spectrum. To see this, approximate s to much greater precision, place more
than 2n rational candidates at spacing comparable to the interval width divided by n, and put
disjoint small neighborhoods around them. At most n neighborhoods can contain eigenvalues.
Exact rational inertia tests at the endpoints, together with a zero-eigenvalue test at an endpoint,
identify an empty neighborhood. Choosing the candidates in a fixed interior subinterval ensures
that the error in approximating s does not change the required slack interval.

The projectors onto Tτ and the operators Rσ
B can now be approximated in operator norm

without resolving any internal eigenvalue spacings. On a fixed rational interval containing [−d, d],
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define a continuous cutoff function equal to its required zero or one value outside the separating
gap, with linear interpolation inside the gap. For the bulk reciprocal use a very accurate rational s̃:
set the function equal to 1/(s̃− t) on the bulk side and zero on the excluded side, and interpolate
through the empty gap. These functions have polynomially bounded Lipschitz constants and
rational values of polynomial bit length at rational arguments. The reciprocal approximation has
an additional error at most C|s̃− s|/W 2

b , which is made negligible by the chosen precision.
After affine scaling to [0, 1], a function with Lipschitz constant Lf has Bernstein polynomial

[Ber12] of degree D with uniform error at most Lf/(2
√
D). This follows by writing the Bernstein

polynomial as Ef(X/D) for X ∼ Bin(D, t) and applying Cauchy–Schwarz to E|X/D − t|. Take
a polynomially large degree D to obtain the desired inverse-polynomial accuracy, and evaluate
these rational polynomials at σA⊥. The spectral theorem transfers the scalar error to operator
norm. Sandwich the resulting operators by I − 11T /n to remove the artificial constant eigenvalue.
Rational matrix-polynomial evaluation has polynomial bit complexity: the degree is polynomial,
its coefficients have polynomial bit length, and direct products and sums increase bit lengths by at
most polynomial factors.

Use the approximate bulk blocks and approximate P σ
tree to accept all edges with the proved

n−.024 accuracy and only edges with Cn−.02 accuracy. For example, use a rational entrywise
threshold between these two scales; the approximation error is much smaller than either threshold.
The sum in the tilt is basis-invariant: for endpoint indices gr, jt it equals

2∑
r,t=1

(Kτ )rt(ProjTτ
)gr,jt .

Thus the approximate projectors and rational approximations to Kτ give rational positive weights
for every accepted edge pair. Normalize these weights. Errors can be made small enough, including
the factor n/JT , that the law is within n−C in total variation of the conditional tilted law. Its
point probabilities remain bounded by Cd/(dn)2.
Step 7: enumerate a polynomial sample space. Choose a prime P between nC′ and 2nC′ , up
to immaterial rounding, where C ′ is a sufficiently large fixed constant and P > M . Bertrand’s
theorem and deterministic trial search provide such a prime in time polynomial in n. There are
Od(n2) accepted ordered edge-pair outcomes. Floor their probabilities times P , then distribute the
remaining counts among the largest fractional remainders. The counts are nonnegative, sum to P ,
and differ by at most one from their unrounded values; outcomes outside the accepted support
retain count zero. Assign that many residues of FP to each outcome. The total variation error is
Od(n2/P ) and the maximum probability increases by at most 1/P ; both are within the stipulated
bounds for large enough C ′. Choose the preceding approximation precision and C ′ so that their
combined total-variation error is at most n−C . The resulting rounded law is a choice of µ with all
the properties used in Steps 3–5.

Use the standard affine construction of pairwise-independent variables (see [PR08, Section 2.2]).
Enumerate all P 2 seeds (γ, β) ∈ F2

P and use the residues

γr + β (1 ≤ r ≤ M)

to select the draws. Under a uniform seed, any two residues are independent and uniform: for
r ̸= t, the map (γ, β) 7→ (γr + β, γt+ β) is bijective since r − t ̸= 0 in FP . Mapping residues to
outcomes preserves pairwise independence. The estimates above therefore prove that a positive
fraction, indeed a fraction 1 − o(1), of these seeds satisfy all the required events.
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For each seed, discard collections with intersecting endpoint sets or an invalid switch, build
the candidate graph, and test its spectrum exactly. A rational contrast basis tests the positivity of

4qI −A2
G′ on 1⊥

by exact rational congruence and inertia. Positive definiteness gives the strict conclusion of the
theorem. Symmetric elimination uses a nonzero diagonal pivot if available, otherwise an invertible
off-diagonal 2-by-2 pivot, with a remaining zero block contributing zero eigenvalues. Fraction-free
arithmetic or determinant bounds keep all intermediate bit lengths polynomial: Schur-complement
entries are ratios of minors of the original pivoted rational matrix. The same procedure implements
the cutoff tests above. A passing seed exists by the preceding argument, and the number of seeds
and all work per seed are polynomial in n.

Finally, d > 2
√
d− 1. A disconnected regular graph has an additional d-eigenvector orthogonal

to 1, and a bipartite regular graph has a −d-eigenvector. The verified strict bound excludes both
possibilities.

Remark 8.4 (Inputs supplied by the pairing construction). The theorem uses only the three stated
properties of G. The completed pairing supplies xσ

i > −e/20 and the final entry comparison.
Its frozen-reference conclusions verify Lemma 8.1; its separation-stop path estimates verify the
typical-edge assertion in Lemma 8.2. The repair therefore applies to precisely the graph constructed
in the preceding sections, with no change of vertex set.

9 The algorithm and its bit complexity
The preceding sections prove existence of a successful choice at every stage. During pairing,
the algorithm chooses a minimizer of the discounted accounts; during repair, it enumerates a
polynomial family of simultaneous switches and accepts the first graph passing an exact spectral
test. We now verify that these operations fit the stated bit model, and then assemble the theorem.
All computations use rational numbers, except for real quantities used solely to analyze their
bounds.

Proposition 9.1. For each fixed d and the fixed choices in Section 2.3, every stage of the preceding
construction is implementable with polynomially many bit operations in n.

Proof. Rational parameters. Choose dyadic rational representatives for all power scales, within
the fixed factors allowed above. Comparisons for a fixed rational exponent can be made by integer
powers, so these representatives require Od(logn) bits and are computable in polynomial time.
Integer power comparisons similarly determine the logarithmic radii. Approximate the primary
h values to sufficiently high inverse-polynomial precision, strictly below 1/√q; choose the small
auxiliary spacings rationally and exactly equally spaced where required. The strict exponent
margins preserve every estimate. The piecewise-polynomial cutoff for the smooth reference can
have rational breakpoints and coefficients and fixed finite smoothness, for example by rescaling
the integral of tj(1 − t)j at its transition intervals. Its Fourier transform is used only in the proof
of an estimate, never by the algorithm.

Candidate computations. There are at most Od(n2) choices at a pairing step and Od(n) steps.
Distances, stub eligibility, and exceptional-event flags are finite graph computations. The precision
matrices have rational entries of polynomial bit length. Their inverses on 1⊥ can be computed in a
rational contrast basis or after adding the constant projection. The coefficients of the path series
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are computed from the displayed matrix recurrence, of length Od(logn). The frozen reference is
evaluated from its explicit Woodbury formula at the current matching, rather than through an
uncontrolled sequence of rational expansions.

The structural completion estimators are computed with the colorful dynamic program described
in the structural section. Its shapes have Od(logn) vertices and bounded treewidth once the fixed
excess cutoff has been chosen. The factor 2O(k) for the color subset and the exp(k)kO(log k) logn
hash-family size are polynomial in n when k = Od(logn). Pending-edge probabilities are rational
products with Od(logn) factors. These observations give polynomial time and bit length for every
such estimator.

All moments have fixed integer order. Traces, squares, even powers, positive parts of rational
numbers, comparator values, and uniform conditional expectations are therefore rational and
computable in polynomial time. There are polynomially many accounts, including the fixed
contrast labels and their pairs.

Discounts. At a step the expectation ratio for an account is computed from its undiscounted local
statistic, its fixed phase baseline, and its comparator and event flags. It is not computed recursively
from the discounted total. A sum over the polynomially many candidates has polynomial bit length.
A discount is a product of polynomially many such ratios; consequently it too has polynomial bit
length. Dynamic comparators are explicit rational functions or products of polynomially many
polynomial-bit factors. Sums and comparisons of the discounted accounts can thus be carried out
exactly.

For completeness, the polynomial bit bounds for static matrix inverses follow from the deter-
minant formula: after a common denominator is cleared, minors of a polynomial-bit matrix of
dimension Od(n) have polynomial bit length by the determinant bound. Exact rational symmetric
inertia can be computed by a nonzero diagonal pivot, or, if all diagonals vanish and a nonzero
off-diagonal remains, by an invertible 2-by-2 pivot. The remaining zero block contributes zero
eigenvalues. Fraction-free elimination [Bar68, Section I] or the minor formulas give the same bit
bound for intermediate quantities.

Repair and verification. The repair section constructs inverse-polynomially separated cutoffs,
rational polynomial approximations to the required spectral functions, and a polynomial-size
prime-field sample space. Enumerating that sample space and performing the graph updates
therefore takes polynomial time. The precision exponent is fixed after the analytic margins have
been chosen. In particular, after affine rescaling to [0, 1], if a spectral cutoff function has a known
Lipschitz bound Lf ≤ nc and the target error is n−C , its Bernstein approximation may be taken
of degree D = ⌈n2(c+C)⌉, polynomial in n for fixed c, C. Its rational sample values and polynomial
coefficients have polynomial bit length. Increasing the fixed precision and prime-denominator
exponents pays for both the tilt factor n/JT and the total probability-rounding error.

For each simple regular candidate, take the explicit rational contrast basis

B = [e1 − en, . . . , en−1 − en].

Its columns are linearly independent and span 1⊥. The condition

BT (4qI −A2
G)B = 4qBTB − (AGB)T (AGB) ≻ 0

is equivalent to the strict nontrivial spectral bound and is decidable by exact rational inertia.
Indeed, this congruence tests the quadratic form on all of 1⊥; an orthonormal basis is unnecessary.
Regularity makes that subspace invariant under AG, so the form is positive exactly when every
eigenvalue there has square less than 4q. The repair theorem guarantees that the search finds a
passing candidate with a strict spectral inequality.
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All constants, polynomial degrees, moment orders, and approximation exponents depend only
on d. A sufficiently large finite exponent kd bounds their combined bit cost. This bound holds
once the finitely many large-n requirements are met.

Proof of Theorem 1.1. Start with d distinguishable stubs at each of n vertices. Apply Proposi-
tion 5.1, rejecting stub pairs whose vertices have distance at most the girth exclusion radius.
The rejected-pair graph has maximum degree Od(qg0) = o(l0), so the candidate set is nonempty
throughout this phase. Apply Proposition 6.1 to reach l0 unresolved stubs. The structural
estimates guarantee that these stubs lie at distinct vertices and are mutually separated, with no
nonempty short nonbacktracking return at any remaining vertex.

The reference construction and Proposition 7.1 then complete the configuration to a simple
d-regular graph. For every primary parameter and both signs, its precision is positive; at the
closest parameter this gives

∥AG|1⊥∥ < s+ e/20.

The final entry comparison and the diagonal derivative bound for the same frozen reference give
the local spectral mass estimate by Lemma 8.1. The retained path estimates at the separation
stop, together with that entry comparison, give the typical bulk edge blocks by Lemma 8.2. These
are precisely the remaining hypotheses of Theorem 8.3. Apply that theorem. This produces a
simple d-regular graph on the same n vertices with every nonconstant eigenvalue strictly in (−s, s).

The exact-repair theorem also proves connectedness and nonbipartiteness. Proposition 9.1
supplies a finite exponent kd for the bit cost. Choose n0(d) to satisfy the finitely many large-n
requirements in the construction. This proves all parts of Theorem 1.1.
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