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Abstract

We classify all equality cases in the sharp one-dimensional Lieb—Thirring inequality for
every finite matrix size and 1/2 < v < 3/2. For measurable Hermitian positive semidefinite
potentials W with fR tr(W”*l/ %) < 00, equality holds precisely for direct sums, in one constant
unitary basis, of scalar one-bound-state solitons and zero channels. The nonzero solitons may
have independent scales and centers.
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1 Introduction

Lieb—Thirring inequalities compare the binding energy of a Schrédinger operator with an integral
of its potential. Equality asks how the potential must arrange that binding. In one dimension, a
scalar one-bound-state optimizer has a hyperbolic-secant profile. For a matrix potential, several
such profiles can occupy orthogonal internal channels. The issue is whether equality also permits
channels that rotate with position, or several bound states that interact within the same channel.
We prove that throughout 1/2 < v < 3/2 every equality case consists of independent scalar profiles
in one fixed basis.

Let m > 1 be finite, let 1/2 < vy < 3/2, and set p = v + 1/2. For a measurable Hermitian
positive semidefinite function W : R — C™*™ satisfying

/ tr(W(z)P) de < oo, (1.1)
R
let Hy = —d?/dx? — W be the operator associated with

moldl = [0 = [ @ we) v e H @), (1.2)

Lemma 2.1 proves that the form is closed and bounded below and that the negative spectrum is
discrete, with possible accumulation only at zero. We write

Tr(Hw) = > [N(Hw)[,
/\j(Hw)<0

counting multiplicities. The finite-dimensional trace tr is unnormalized; matrix powers are defined
by spectral functional calculus.

Theorem 1.1 (Equality classification). For every W satisfying (1.1),
—1/2\"Y?  D(y+1)
TH'Y<C'/th, C=(7> _— 1.3
HwE S G eV G=Tp) AT e 3

Put r = (v — 1/2)71. Equality holds if and only if there are k € {0,...,m}, a constant unitary
matriz U, positive numbers ay,...,a, and real numbers x1,. ..,z such that almost everywhere

W (z) = U diag(wi(x), ..., w(2),0,...,0)U%,  w;(z) = (r+ 1)aj sech®(ra;(z — x;)).  (1.4)

The case k =0 means W = 0. Each nonzero channel has exactly one negative eigenvalue, —a?, and
therefore every extremal potential has at most m negative eigenvalues, counted with multiplicity.

The inequality in (1.3) is the sharp matrix inequality of [11, Theorem 1.1]. Our contribution is
its equality classification. We retain the analytic constructions in the proof, so that the inequality
and its equality conditions are established here under the same measurable potential hypothesis.
The scales and centers in (1.4) are independent; repeated scales and identical profiles are allowed.

1.1 History and related results

Lieb and Thirring introduced spectral moment inequalities in their work on the kinetic energy
of fermions and stability of matter [8, 9]. Their sharp constants distinguish the regimes in
which binding is best concentrated in a single state or distributed among many states. Keller’s



optimization of the lowest Schrodinger eigenvalue [6] supplies the one-state problem underlying
the scalar profiles in (1.4); their explicit form appears in [9, Section 4(B), Equations (4.19)—(4.20)].
The present question concerns equality in the sum of all negative eigenvalue moments, with a
matrix potential that need not commute with itself at different points.

The sharp scalar endpoint 7 = 1/2 was proved by Hundertmark, Lieb and Thomas [5];
Hundertmark, Laptev and Weidl [4, Theorem 3.1] extended it to operator-valued potentials. The
semiclassical constant is sharp for 4 > 3/2; the lifting of moments of Aizenman and Lieb [1] and
the operator-valued inequalities of Laptev and Weidl [7] are central to this development. Benguria
and Loss [2] gave a commutation proof of the matrix result at v = 3/2. More recently, Read
and Schulz [12] proved the sharp scalar inequality at v = 1, with constant 4/(3/37), and its
operator-valued extension. The matrix companion [11] proves the sharp one-state constant for the
whole open interval considered here.

The endpoint v = 3/2 has a different equality structure. In the scalar finite-rank problem, Frank,
Gontier and Lewin [3, Theorem 5] identify the optimizers as KdV multisolitons. In particular,
several bound states can occur in a single scalar channel at that endpoint. The conclusion of
Theorem 1.1, one bound state per nonzero channel, uses the strict inequality » > 1 and is asserted
only for the open interval.

1.2 Quantitative defects and fixed channels

The proof begins with the finite-interval matrix action method of [11]. For orthonormal real trial
functions approximating finitely many negative eigenfunctions, place the functions in the rows of
U(z) and choose a lower triangular matrix C. The rows of A = CU remain in the successive trial
spans. If K is the diagonal matrix of positive square roots of the trial binding energies, the action
involves A’, K2AA” | and a power of the density AA”. A symmetric matrix path B(x) connects
K to —K and gives a lower bound for that action.

For equality, the lower bound must retain more information. Besides the square ||A’ — BA||12{S,
we retain a term controlling

[B,K? and K?- B?—(AAT)".

Its coefficient depends on the largest binding energy and the exponent, but not on the number of
trial functions. This uniformity is the first essential point: an extremal potential is not known in
advance to have finitely many negative eigenvalues. The integrated trace identity of the matrix
companion supplies the two nonnegative squares from which this estimate follows.

The second point is compactness with a fixed number of columns. As the trial list grows, A
has more rows but still only m columns. Its density therefore has rank at most m. The retained
defect bounds the tail rows by the small binding energies in that tail. This yields strong pointwise
convergence even for an infinite eigenvalue list and gives exact algebraic relations in the limit.
Those relations separate the rows with different energies. A differential inequality then makes
their row spaces independent of position; their mutual orthogonality leaves at most m nonzero
directions. On each resulting finite block, a matrix Riccati equation has a fixed diagonalizing basis
and determines the profiles in (1.4).

Section 2 gives the spectral and convexity preliminaries. Section 3 proves the quantitative
action estimate, and Section 4 recovers the sharp spectral bound. Section 5 passes to exact
relations for an equality case. Section 6 proves that the channels are fixed, solves the Riccati
equation, and treats complex potentials and the converse. Appendices A and B prove the trace
identity, regularized field construction, and connecting-path theorem used by the action estimate.



1.3 Notation
Throughout the proof,

c=v-%€(0,1), p=l+o, r=0', g=r+l, (1.5)
and Y . D
_ a _ VAV _ Yo
DO— = m7 bo— = /_1(1 S ) dS, C’y = bo_ . (16)
The last identity follows from the beta integral. We use the operator norm || - ||op and the

Hilbert-Schmidt norm || A||}g = tr(A*A4). The symbol T' denotes transpose of a real matrix, and
Sym,, is the space of real symmetric n x n matrices with inner product tr(BH). The commutator
is [B, H] = BH — HB. The identity matrix, or identity operator, has the size determined by its
context.

2 Spectral and convexity preliminaries

Two elementary facts let us work with measurable potentials and identify the equality condition
in the potential estimate. The first is the form argument used in the matrix inequality [11,
Lemma 7.1]; we give its proof to fix the precise regularity available below.

Lemma 2.1. Letp > 1 and let W : R — C™*™ be measurable, Hermitian and positive semidefinite,
with [ tr(WP) < co. The form hy on H'(R;C™) is closed and bounded below. Multiplication by
W12 is compact from H* to L?. The negative spectrum of Hyy consists of isolated eigenvalues of
finite multiplicity, with possible accumulation only at zero. Its eigenfunctions belong to H' and

satisfy —" — Wap = M) distributionally.

Proof. Set w = ||W||op. Then w? < tr(WP), so w € LP. The one-dimensional Sobolev estimate, ap-
plied to the norm of a vector function, gives ||[¢||%, < 2||%||2]|%'||2. Holder’s inequality, interpolation
and Young’s inequality imply

LWy < 2Pl 3Pl < el 13+ Celw . (2.1)

A sufficiently shifted form norm is therefore equivalent to the H' norm. This proves closedness
and semiboundedness, and polarization gives continuity of the potential form on H'.

Write T = W%, The truncated multiplier Tr = 1{g<r,w<r}T is compact by the
compact embedding of H!([-R, R]) into L?([-R, R]). Moreover,

(T — Tr.p)||3 < Cle{\x|>R}u{w>L}Hpuwﬁil'

The coefficient tends to zero, so T is compact. For each a > 0, an infinite-dimensional spectral
subspace in (—o0o, —a] would contain an L?-orthonormal sequence bounded in H' by (2.1). A
subsequence converges weakly to zero in H', hence its images under T converge strongly to zero.
This contradicts —a > hy[)] > —|T%||% for unit vectors in that subspace. Thus every such
subspace is finite-dimensional. Finally, the weak form equation tested against smooth compactly
supported functions is the stated distributional equation; its potential term is locally integrable
because W € LY and 1 is locally bounded. O
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Lemma 2.2 (Trace Young inequality and its equality condition). For positive semidefinite matrices
W, Z of the same finite size, set

Y(W,Z) = Dy tr(WP) —tr(WZ) + tr(Z9). (2.2)
Then Y (W, Z) > 0, with equality if and only if W = qZ". Also,
Y(W,Z) > 2tx(29) — (2P7' — 1) D, tr(WP). (2.3)

Proof. Scalar maximization over z > 0 gives yz — 29 < D,yP for y > 0, with equality precisely when
y = ¢z". In an orthonormal eigenbasis (v;) of Z, let z; be its eigenvalues and put y; = (v;, Wvj).
Strict convexity of t? on [0, 00) gives

tr(WZ) —tr(Z%) < Dy 4§ < Do > (v, WPuy).
J J

Equality in the second inequality holds exactly when each v; belongs to an eigenspace of W.
Equality in the first then requires Wov; = gzjv; for every j. This proves both directions of
the equality assertion, including zero eigenvalues. Applying the same inequality to 2W, Z gives
tr(WZ) < $tr(Z7) + 2°71D, tr(WP), which is (2.3). O

3 An action estimate that retains the equality defects

The finite-interval argument for the sharp inequality can also measure failure of its equality
relations. We retain the first-order square and a quantitative part of the matrix trace deficit. The
coeflicient of this second defect will be independent of the number of rows. This uniformity allows
us to exhaust an eigenvalue list before knowing that it is finite.

The construction adapts the field, connecting paths, and action identity of [11, Sections 3-6].
Their analytic foundations are proved in Appendices A and B; the additional estimate below
extracts operator-norm rigidity from the trace deficit.

Fix positive integers n,d, a bounded interval Q = (z_,z;), and K = diag(¢y,...,¥¢,) with
0< ¥ <k For Ae H} QR set p= AAT and define

Ex(A) = /Q (14|12 + tr(E2p) — tr(p?)) da (3.1)
For pointwise matrix values A € R"*? and B € Sym,,, put
Dic(A, B) = min {1, |[B, K|, + [ K — B — (AATY'|2, ). (3.2)

Thus ®x = 0 expresses two algebraic relations, while A’ — BA = 0 is a first-order differential
relation.

Theorem 3.1 (Quantitative finite-interval action estimate). Let 0 < o < 1 and k > 0. There
is a constant ¢, = ci(o,k) > 0 with the following property. For n,d,Q, K as above, suppose
U € H}(Q;R™9) satisfies

/ UU" dz = 1I,,.
Q

For every n > 0 there exist a real lower triangular matriz C € R™" and a path B € C*(; Sym,,)
such that
Blx-)=K,  Blzy)=-K,  supl||B()lop <,
HISY)



and, for A= CU,
Ex(A) 2 by Y2+ [ (I4'~ BAIRis + c.0u(A, B)) do —n (3.3)
i=1 Q
In particular, ¢, is independent of n,d, 2, U, and the smallest diagonal entry of K.

3.1 Coercivity at the matrix-field constraint

The algebraic relations ®x (A, B) = 0 require [B, K%] = 0 and p = (K% — B?)?. For 0 < § < 1, we
use a locally Lipschitz field M; : Sym,, — Sym,, extending the commuting rule

Ms(B) = (K* = B>+ 6I)° —6°I if [B,K?| =0and K> — B2 > 0.

Thus the constraint Ms(B) = p is a regularized form of the algebraic equality relation in this case.
The extension to arbitrary symmetric B has a C' primitive J; : Sym,, — R satisfying

dJs(B)[H] = — tr(Ms(B)H). (3.4)

Proposition B.1 constructs these maps and proves their required properties. Along a path B, the
derivative identity converts — tr(Ms(B)B’) into the total derivative of Js(B), which will supply
the boundary term in the action identity. Its endpoint difference is explicit:

Js(—K) = J5(K) = i/e (6 — s> +6)7 —07) ds
i=17 i
— b, fjﬁ? (61 0). (3.5)

i=1

The limit follows by dominated convergence and 20 + 1 = 2.
Define the scalar function

F(A,B) = tr(p?) — tr((K? — B?)p), p=AAT. (3.6)

The following lemma bounds this nonlinear term while keeping the algebraic defect. The constraint
in its hypothesis will later be enforced by a penalty.

Lemma 3.2. The constant c,(o, k) > 0 can be chosen so that, whenever 0 < 6 <1, ||Bllop < K,
and Ms(B) = AAT, one has

F(A,B)+c.®k(A,B) < E,s5,  Ens=n(6k™ +67(k* +4)) +6%. (3.7)
Proof. Write p = Ms(B) > 0. Proposition B.2 gives
Qs:=sT-2sB+K>>0 (sc€R), 0<p<r®I (3.8)

PutV=K?-—B?>+6land B=0— % With the positive normalization constant ¢, specified in
(A.1), define

1

R(t) = jr/R(Qer(éth)I)‘ ds, t>0,

- (3.9)
N = cg/ t9(t7V21 — R(t)) dt = p+ 671
0
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The last identity is also part of Proposition B.2. Since (sI — B)? +V = Qs+ dI > 6] and N > 0,
Theorem A.1 applies. It supplies L(t) = R(t)~! > 0 and Hermitian matrices Z(t) satisfying

VAtl=L*+ 72> +iB,Z), LZ+ZL+i[B,L]=0, (3.10)
and the exact identity
A :=tr(NV) — tr(N?)
—c, /OOO £ (er(R()Z(8)?) + | R()™/? = R(&)2(¢1 + N™)/?|[rg) dt > 0. (3.11)
The matrices in (3.10) may be complex Hermitian even though A and B are real; i denotes the
imaginary unit.

We extract a dimension-independent bound from the part of the integral with 1 <t < 2. On
this interval there are constants a,, A, > 0 such that

] < R(t) < Al (3.12)

For the upper bound, use (s > 0 on a bounded interval in s, and Qs > %521 for |s| > max{1,4k}.
For the lower bound, restrict the integral to |s| < 1, where Qg + (0 + t)I < (4 + 2k + x2)I. These
estimates depend on  alone. Moreover ||N|lop < 27 4+ 1, so H; = (tI + N")Y/2? and L(t) are
bounded in operator norm by constants depending only on o, k.
The two integrands in (3.11) control ||Z(t)||}g and | L(t) — Hy|/}g: indeed tr(RZ?%) = tr(ZRZ)
and
R™Y2 —R?H, = RV*(L — H,).

It follows by averaging over [1,2] that at some ¢ in this interval,
1Z(®)lop + IL(E) = Hellop < C1V/A, (3.13)

where C depends only on o, k. When A = 0, the same conclusion follows by taking a point where
both nonnegative integrands vanish.
Suppose first that A < 1, and use this value of ¢t. The first identity in (3.10) gives

V - N"=(L* - H})+ Z* +i[B, Z].

The boundedness of L, Hy, B, together with (3.13), bounds the norm of this expression by CovV/A.
To control the commutator, the second identity in (3.10) first yields ||[B, L]|lop < 2||Lllop||Z]lop-
Then

[B,V] = [B,L*| + B, Z*| +i[B, B, Z]]

has the same bound. Thus
IV = N7 llop + 1B, Vllop < CaV/A. (3.14)

Here and below the constants in this proof depend only on o, k.
The matrices N = p + d°I and p commute. Because r > 1, the scalar function y — 3" is
Lipschitz on [0, k27 + 1]. Consequently

INT = p"llop < Cad”.



Since [B,V] = [B, K?] and § < §7, (3.14) implies
1B, K213, + | K2 = B = p"[|3, < C5(A +627).
Choose ¢, > 0 sufficiently small, also with ¢, < 1. For A <1 the preceding estimate gives
(A, B) < A+ 6%. (3.15)

For A > 1 this follows directly from ®x < 1. This proves the required uniform control of the
algebraic defect.
It remains to relate A to F'. Expanding N and V gives

F(A,B) = —A+tr(p?) —tr(N9) +dtrp+ 67 tr V.

The first two powers are ordered because N = p + §°1. Also trp < nx? and V < (k? + §)I.
Adding (3.15) now proves (3.7). O

3.2 The action identity and the penalty limit

Proof of Theorem 3.1. Fix 0 < § < 1. Proposition B.3 supplies, for every 0 < ¢ < 1, a lower
triangular matrix C. and a path B, with the prescribed endpoints and operator-norm bound such
that, for A, = C.U,

eB. = Ms(B.) — A AL (3.16)

For fixed 6, K, ), U, the matrices C are bounded uniformly in 0 < ¢ < 1.
Temporarily suppress the subscript € and write

us(A, B) = || Ms(B) — AATs.

Since A € H} and B € C!, the product and chain rules for absolutely continuous functions, (3.4),
and (3.16) yield almost everywhere

!/

(J5(B) +tr(ATBA))" = 2tr((A)TBA) — tr((Ms(B) — AAT)B)
= 2tr((A")TBA) — e tus(A, B).

Complete the square in the action and integrate this identity. Because A vanishes at both endpoints,
the result is the exact formula

Ex(A) = J5(—K) — J5(K)
+/ (14"~ BA%s — F(A, B) + ¢ us(4, B)) da. (3.17)
Q

We now use the penalty to pass from the constraint estimate in Lemma 3.2 to all matrix
values on these paths. The continuous representative of U is bounded on Q. The uniform bound
on C: and the bound ||B:|lop < & therefore place all pairs (A-(z), B:(x)) in one compact set
Ks € R™4 x Sym,, on which ||B|lop < k. On this set F, ®, and us are continuous. Lemma 3.2
implies

limsup sup (F(A,B)+ci®x(A,B) — e us(A, B)) < Eps. (3.18)

el0 (A,B)eKs
Indeed, if the left side exceeded F), 5, some sequence €; | 0 and corresponding pairs in the compact
set would make the expression at least F,, s + 7 for some 7 > 0. Boundedness of F' + ¢, ®x would



force us = O(e;) along that sequence. A convergent subsequence would then give a limiting pair
with us = 0 and F' + ¢, ®x > E), s + 7, contradicting Lemma 3.2.

For any 7 > 0, choose € small enough that the supremum in (3.18) is at most E, s + 7.
Substitution into (3.17) gives

Ex(Ae) > Js(—K) — Js(K) — |Q(Ens +7)

+ [ (14 = BeAdlfhs + enic(Ae, B)) da

Finally, first choose § > 0 so small that the endpoint error in (3.5) and |Q2|E, s together are less
than 7/2. Next choose 7 > 0 with |Q|7 < /2, and then choose the required . These choices prove
(3.3). All compactness arguments were made after fixing ¢; no bound uniform in § is needed. O

4 Recovering the sharp spectral bound

The action estimate implies the sharp inequality by the spectral passage of [11, Section 7]. We
record it before studying equality, so that the finite spectral moment used below has already been
established.

Proposition 4.1. Every potential in Theorem 1.1 satisfies

Tr(Hy )l < 22 / tr(WP).
bs Jr
Proof. First suppose that W is real symmetric. Choose any finite initial list of negative eigenvalues
—k?,...,—k2, with k; > --- > k, > 0, and real orthonormal eigenfunctions ¢;. For 0 < ¢ < k2 put
b; = (k? —&)Y2 and K = diag(¢y, . ..,¢,). There are real smooth compactly supported orthonormal
functions u; with form matrix
(P (i, u))P iy < K2, (4.1)

Indeed, approximate the ; in H', then multiply the family by the inverse square root of its Gram
matrix. The Gram matrix tends to I,,, and the form matrix tends to — diag(k?) by Lemma 2.1;
an operator norm error below £ gives (4.1).

Let U have rows u;, and choose a bounded interval containing their supports. For every lower
triangular C, the ith row a; of A = CU satisfies

hwwlai] + €llasl3 < D CR(eF — £7) < 0.

1<i

Set Z = AT A. The matrices AAT and Z have the same nonzero eigenvalues, with multiplicity.
Summing the preceding bound and applying Lemma 2.2 yields

&AA)gAgmUVZLJﬂZ%}gDUAfﬂWW)

Theorem 3.1, with its nonnegative defects discarded, gives b, >, E?W < D, [tr(WP) + n for every
n > 0. Let n ] 0, then £ | 0, and finally exhaust the negative eigenvalues. The case of an empty
negative spectrum is immediate.

For complex Hermitian W = E + iF', with E, F' real, its realification is

— E —-F
W:(F E). (4.2)



The constant unitary matrix 2-1/2 (% _’f I) conjugates W to W @& W. Hence W is real symmetric

and positive semidefinite, tr(W?) = 2tr(W?), and Tr(Hy)L = 2Tr(Hw)L. Here conjugation
identifies the spectra of Hy and Hgpr. The real inequality, divided by two, proves the result. [

5 From equality to pointwise matrix relations

We now apply Theorem 3.1 to finite collections of negative eigenfunctions. Equality forces each
of its nonnegative errors to vanish. The main issue is that the number of eigenfunctions may
grow without bound, whereas the potential has only m channels. We will use this fixed number of
columns to control the tails of the resulting matrices.

Throughout this section, W is real symmetric, W > 0 almost everywhere, and 0 < [ tr(W?) <
o0o. Suppose that equality holds, in the form

by 3K = D, / tr(WP) do, (5.1)
i€T R
where —k:i2 are the negative eigenvalues of Hyy, repeated according to multiplicity, and

ki >ky>--->0.

By Lemma 2.1, the index set Z is a nonempty finite initial segment of N or all of N, each eigenvalue
has finite multiplicity, and k; — 0 in the infinite case. Fix real orthonormal eigenfunctions
©; € HY(R;R™) and regard them as row vectors. Write

H = 1*(T;R), A = diag(k; : i € T), k= ki.
For operators between real Hilbert spaces, the superscript T will also denote the adjoint.

Proposition 5.1 (Pointwise relations at equality). Under these assumptions, there are rows

a; € HY(R;R™), i € Z, each a linear combination of eigenfunctions with eigenvalue —k2, such that

—a! — a;W = —k?a; in distributions. (5.2)
The rows a; are allowed to vanish. On a common set of full measure, they define a Hilbert—Schmidt
operator A(x) : R™ — J€, and there exists a bounded self-adjoint operator B on F with || Bllop < &

such that
[B,A’] =0, A*-B%=(AAT)",  di(z)=(BA);. (icT). (5.3)

Moreover,

W (z) = q(A(z)T A(x))"  almost everywhere. (5.4)
The operator B is asserted to exist separately at each such point x; no measurable choice is required.

We divide the proof into the construction of a sequence whose errors vanish, convergence of
every fixed row, and control of the remaining rows.

10



5.1 Finite spectral approximations and vanishing errors

Let n; = j when Z = N, and let n; = |Z| when 7 is finite. Choose 0 < §; < 1/j so small that

Ga=(k =2 >0 1<i<ng), Y (k-6 <1/ (5.5)
iSTLj
Set K; = diag({j1,...,jn,;). The same shift &; is used for every eigenvalue: this leaves the

differences of their squares unchanged.

The approximation leading to (4.1) can be made arbitrarily accurate in H'. Apply it to the
first n; eigenfunctions, choosing the H! errors below 1/; and the form-matrix error below &;. This
gives real, smooth, compactly supported functions w; 1, ..., u%;x;, orthonormal in L?(R;R™), such
that

luji — @illgr < 1/7, (hw [, ui0)) 7 1=1 = < -K:. (5.6)

Here hyy[-, -] is the polarized quadratic form, and the second inequality is the ordering of real
symmetric matrices.

Let U; be the matrix with rows u;;, and choose a bounded interval {2; containing their supports
in its interior. Apply Theorem 3.1 with K = K, d =m, k = k1, and n = 1/j. It gives a lower
triangular matrix Cj, a symmetric path B; with || Bjllop < &, and A; = C;U;. Extend A; by
zero outside {; and extend B; by K to the left and by —Kj to the right. All the errors in that
theorem vanish outside €);, so their integrals may be taken over R.

The lower triangular form of C; gives a useful additional error. Put Z; = AJTAj, an m x m
positive semidefinite matrix. By (5.6),

E(A) < [ (WZ) —w(Z))de =Ty, Ty= ¥ (CFRE-K)z0. (1)

1<i<n;

Indeed, the ith row of A; is >7;;(C})auj;. Its quadratic form, plus 62-72- times its squared L? norm,
is at most

D CHAEG = 65)) == (Ciki — k7).

1<i I<i

Summing over i proves (5.7), since AjA? and Z; have the same nonzero eigenvalues, with
multiplicity. The ordering of the k; makes every summand of 7; nonnegative.
Recall the nonnegative Young deficit from Lemma 2.2:

Y(W,Z) = Dy tr(WP) —tr(WZ) + tr(Z29) > 0, YW, Z)=0 <= W =qZ". (5.8)

Combining Theorem 3.1, (5.1), and (5.7) yields

0<Ty+ [ (YWZ) + 114 = By s + i, (45, By)) da < d, (5.9)
dj=by [ k=D 67| +1/j —0.
i€T i<n;

Here ¢, > 0 is fixed: its independence of n; is essential. Thus all three integral errors tend to zero,
as does T}.
We will also need a uniform bound on A;. The coercive estimate (2.3) gives

YW, 2,) > %tr(Z}]) _ (27— 1)D, tr(WP). (5.10)

11



Since Z; has size m, scalar Holder’s inequality gives
2 -1
[Ajllis = (tr Z;)T < m?™" te(Z]).

Equations (5.9) and (5.10) therefore bound A; uniformly in L?¢(R) with the Hilbert-Schmidt
norm, independently of its number of rows.

5.2 Convergence of each fixed row

For fixed i € Z, the coefficients (C})i, I < i, are bounded as j — co. To see this, choose a bounded
interval J; so large that the restricted Gram matrix

i
3
([ ereoraz) =2,
Ji l,s=1
where I; denotes the i x 7 identity matrix. Such an interval exists because the full Gram matrix is
the identity. By (5.6), the corresponding restricted Gram matrix of the u;; is at least one half of
the identity for all sufficiently large j. Hence

1/q
03 < [ e de < e ([ 1413 )
1<i i i

The last expression is uniformly bounded. Lower triangularity is used here to keep the number of
coefficients in a fixed row finite.

A diagonal subsequence now makes every coefficient (C}); converge to a limit ¢;;, for [ <.
From T — 0 and (5.7),
¢ =0 whenever k > k;. (5.11)

a; = Z CilP1-

1<i

Define

The sum is finite, and (5.6) implies
(Aj)i. — a; in HY(R;R™) for every fixed 1. (5.12)

The ordering of the eigenvalues and (5.11) show that only eigenfunctions with eigenvalue —k?
occur in a;. This proves (5.2), including the possibility a; = 0. The eigenfunction equations hold
distributionally by testing the form equations against smooth compactly supported functions; the
potential is locally integrable and the rows are locally bounded.

Choose the continuous, locally absolutely continuous representatives of these rows. The Sobolev
embedding H'(R) C Cy(R) shows that (5.12) also gives pointwise convergence at every x. Passing
to a further subsequence, we may arrange that the integrals of the nonnegative integrand in (5.9)
are summable, and that, for every fixed i, the squared L? errors of the derivatives in (5.12) are
summable. A diagonal choice achieves both conditions, by making the first j available derivative
errors and the integral error less than 277 along the chosen subsequence. Consequently, on a

common set of full measure,
Y(VV, Zj) — O, HA; — BjAjHHS — 0, q)Kj (Aj, Bj) — 0, (5 13)
(AL)i.(x) — ai(x) for every i € T. ’

We also exclude the null set where W is not a finite positive semidefinite matrix. It remains to
show that convergence of the individual rows is strong enough to pass to the products in these
relations.
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5.3 Tail control in the row-index space

Pad Aj, Bj, and K; with zeros in the unused coordinates of J#. Thus A; : R™ — JZ, and Bj, K;
are self-adjoint finite-rank operators on 4. Since the omitted k; tend to zero,

1K — A%[lop < max{&;, sup k7} — 0, (5.14)

>N

where a supremum over no indices is zero.
Fix a point z in the full-measure set from (5.13) and suppress = for the moment. Write
pj = AjA;F. The definition of ® and its convergence to zero give

1Bj K Mop = 0, ej:= K7 = B = pfllop = 0. (5.15)

For h > 1, let P, be the orthogonal projection onto the first h coordinates of J#, with all
coordinates included if h exceeds |Z|. Set Qp, = I — Pj, and sj, = sup;~ k?, again with the empty
supremum equal to zero. Then s, — 0. For every unit vector v in the range of Qp,

| Bjv|)* + (v, pjv) < sp + ej. (5.16)
Both terms on the left are nonnegative. Jensen’s inequality for the spectral measure of p;, using
r > 1, implies
(v, p10)" < (o, pl0).
It follows that ||Qnp;Qnllop < (sn +¢j)/". Although J# may be infinite dimensional, Qp,p,;Qp, has

rank at most m, because A; has exactly m columns. Its trace is therefore at most m times its
operator norm. We obtain the two tail bounds

1QnA;lls < msh+e)",  1B;Qullop < (sn +ej)'> (5.17)

The first estimate converts decay of the eigenvalue parameters into decay of the total mass of all
omitted rows. Its factor is the fixed physical dimension m, rather than the number of retained
eigenfunctions; Figure 1 depicts this distinction.

For each fixed h, the first h rows of A; converge by (5.12). The first bound in (5.17) makes
the remaining rows uniformly small by choosing h large and then j sufficiently large. Thus A;
is Cauchy in Hilbert—Schmidt norm and converges to an operator A : R™ — J whose rows are
precisely a;(x):

A; — A in Hilbert-Schmidt norm. (5.18)

This argument applies to the whole subsequence already selected and does not require a further
choice depending on x.

For B; we need only pointwise compactness. Its finite compressions P, B; P}, are bounded
in finite-dimensional spaces, so a diagonal subsequence makes them converge for every h. Self-
adjointness and the second estimate in (5.17) give

IBj — PoaB;jPyllop < 2|B;Qnllop < 2(sn + €)'/

The chosen subsequence consequently converges in operator norm to a self-adjoint B with || B||op < k.
This subsequence, and hence B, may depend on the point x.

13



m columns, fixed

B B E—
first h P A Finite-dimensional convergence
rOwWs ! for each fixed h
all remaining QrA; rank(QpA;) <m
rows . 1QnA; s < m(sh +e)'/"

Figure 1: The number of rows can grow with the number of negative eigenfunctions, but the number
of physical channels remains m. After fixing the first h rows, the identity K]2 R~ sz + (AjA?)T
bounds the operator norm in the remaining rows. The rank bound converts it into a Hilbert—
Schmidt bound, which tends to zero as first j — oo and then A — oco. The drawing is schematic;
all matrices are padded by zero rows in 2.

We can now pass to all the required products. Hilbert—Schmidt convergence of A; implies
operator norm convergence of AjA;fF and of A;‘-FAJ-. Continuous functional calculus for nonnegative
operators then gives convergence of their rth powers. Together with (5.14) and (5.15), this proves

[B,A*] =0, A?-B%=(44T)".

Also BjA; — BA in Hilbert-Schmidt norm. Taking its ith row and using both the derivative
convergence and the first-order error in (5.13) gives a}(x) = (BA);.. for every ¢. Finally, continuity
of the finite-dimensional Young deficit and Y (W, A;-»FAj) — 0 yield Y/(W, AT A) = 0. Lemma 2.2
gives W = q(AT A)".

We have proved these statements at every point of one common set of full measure. The
construction selects no function x — B(x): only the existence of a suitable operator at each such
point enters the next section. This completes the proof of Proposition 5.1.

6 Fixed channels and the equality profiles

The pointwise relations of Proposition 5.1 still involve an auxiliary operator B that may depend
on the point without a prescribed measurable choice. We now extract constant subspaces from
those relations. On each nonzero subspace, B becomes a uniquely determined matrix and satisfies
an ordinary differential equation. This will identify every real equality potential; realification and
a scalar calculation will then complete the proof of Theorem 1.1.

6.1 The channel subspaces are constant

Assume first that W is real and is a nonzero equality potential. Use the rows a;, numbers k;, and
operator A = diag(k;) from Proposition 5.1. For each distinct value o > 0 in the list (k;), let ng
be its finite multiplicity, and let G be the n, X m matrix whose rows are the a; with k; = «.
Each G, has entries in H!(R), and we use their continuous representatives.

At every point in the common full-measure set of that proposition, choose one of the operators
B it supplies. Since B commutes with A2, it preserves each of its eigenspaces. Moreover,

AAT _ (A2 _ BQ)I/T‘
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commutes with both B and A?. Writing B, for the block on the a?-eigenspace therefore gives

GaGh =0 (a# B), (6.1)
G! = B,Gl, [Ba, GoGL] =0,
oI — B2 = (GoGL)', | Ballop < k- (6.3)

These statements hold almost everywhere and require no compatibility between the choices of B
at different points.

Lemma 6.1. For every «, the subspace
Ra = (ker Go(z))t C R™
is independent of x € R. The nonzero spaces Ry are mutually orthogonal, and

> dim R, < m. (6.4)

In particular, only finitely many G, are nonzero. The potential W has a continuous representative,
equal to zero on the orthogonal complement of these spaces and equal to ¢(GLG,)" on Re. With
this representative, every Gy, is C?.

Proof. Fix v € R™. Equation (6.2) implies
[(Gav) (2)|| < k||Ga(z)v] for almost every .

The function G,v is locally absolutely continuous. If it vanishes at g, integration and Gronwall’s
inequality, first to the right and then to the left of zy, show that it vanishes everywhere. Conse-
quently ker G, (z) is independent of x, including points outside the original full-measure set. This
proves the first assertion.

The products in (6.1) are continuous, so their almost-everywhere vanishing implies their
vanishing everywhere. Thus the constant row spaces R, are mutually orthogonal. Any finite
collection has total dimension at most m, proving (6.4) and finiteness of the nonzero blocks.

On the full-measure set from Proposition 5.1, ATA =Y GTG,. Each summand acts on its
own orthogonal space Ry, and only finitely many summands are nonzero. Equation (5.4) therefore
yields

W = qZ(GgGQ)T almost everywhere. (6.5)
e

The right-hand side is continuous and has the asserted restrictions; we henceforth use it as the
representative of W. The row eigenfunction equation (5.2) now reads

G! = oGy — G,W in distributions. (6.6)

Its right-hand side is continuous. Integrating this identity twice shows that the continuous
representative of G, is C?. O

The row spaces already split the physical space R™ into finitely many constant channels.
To determine the potential within one of them, we also need a constant range for GG, in the
eigenfunction index space R".
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Lemma 6.2. For each o with ¢ := dim R, > 0, the range of G, (x) in R™ is independent of x.
In constant orthonormal bases of this range and of Re, the restriction of G is an invertible C?
matriz D : R — R The matriz By = D'D™! is C' and satisfies, everywhere on R,

Bo=BY, o*I-B2=(DD")" >0,  Bj=r(B:-d%. (6.7)

Proof. Choose a constant orthonormal basis of R, and let E(z) be the matrix of the restriction
of G (z) to this space. It has full column rank ¢ at every point, since the kernel of G, is constant.
The projection onto its range is

P(x) = E(x)(BE(z)" E(x) " E(2)".

The commutator in (6.2) shows that B, preserves the range of GG, which is precisely the range
of E. Hence E' = B,FE has its columns in this range almost everywhere. Differentiating the
projection gives

P =(I-PE'(ETE)'ET
+ E(ETE)"YE")T(I — P) =0 almost everywhere.

Since P is C, it is constant.

Choose a constant orthonormal basis of this range as well. The resulting square matrix D is
invertible everywhere and C?. Almost everywhere, D’D~! is the restriction of B, to its invariant
range in these coordinates. Equations (6.2) and (6.3) give the symmetry and square identity in
(6.7) almost everywhere; continuity extends them to every point. Positivity is strict because D is
invertible.

On R,, Equation (6.5) identifies the potential with ¢(DT D)". Equation (6.6) consequently
becomes

D" =a?D — ¢D(DTD)" = o*D — ¢(DDT)"D.

The second equality follows, for example, by a singular-value decomposition. Differentiating
Bo = D'D~! and using ¢ = r + 1 now gives

By =D"D™' — B2 = o®I — q(a*I — B3) — B? = (B2 — o*I),

as claimed. O

6.2 The matrix Riccati equation separates the profiles

Fix a nonzero block and the matrices of Lemma 6.2. Diagonalize the symmetric matrix Bo(z)
at one point by a constant orthogonal change of range coordinates. The right-hand side of its
Riccati equation is a polynomial in By. Uniqueness for this matrix ordinary differential equation
therefore preserves the diagonal form. More explicitly, the strict inequality in (6.7) places each
initial diagonal entry in (—a, «). There is a unique y; € R such that the scalar solution with that
initial value is

bj(x) = —atanh(ra(z — y;)), 1<j <4, (6.8)

The diagonal matrix with these entries solves the same initial-value problem as By on all of R, so
uniqueness gives equality everywhere.

Equation (6.7) implies that DD is diagonal in these coordinates. Since D’ = diag(b;) D, each
row of D is a positive scalar multiple of its value at x,. None of these rows is zero, and their
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directions are mutually orthogonal because DD is diagonal. Taking their normalized directions
as a constant orthonormal basis of R, makes D diagonal with positive entries. The potential in
this fixed basis is therefore diagonal, with entries

q(a® —bj(z)?) = (r + 1)a?sech? (ra(z — y;)). (6.9)

Combining these bases over the finitely many nonzero spaces R, and adding a basis of their
orthogonal complement, proves the required necessity for real W. There are at most m nonzero
profiles by (6.4). The zero potential has the same description with no nonzero profile.

6.3 Complex Hermitian potentials

For a complex Hermitian potential W, take the realification W from (4.2). The proof of Proposi-
tion 4.1 shows that it is equivalent to W @ W by a constant unitary matrix and that both the
trace-power integral and the negative spectral moment are doubled. Thus equality for W implies
equality for the real potential W,

The real result provides a constant unitary matrix V such that

W (z) ® W (z) = Vdiag(fi(z),..., fom(z))V* almost everywhere,

where each f; is either a profile of the form (6.9) or zero. Let P be the projection onto the first
summand C™ and put P = V*PV. Since P commutes with W & W,

~

(fi(z) — fj(x))P;; =0 almost everywhere.

Consequently ]3Z~j = 0 whenever the functions f;, f; are not equal almost everywhere. Partition the
indices into groups of identical functions, including the possible zero function. The range of P
splits as the orthogonal sum of its intersections with these coordinate groups. On each group the
diagonal potential is a scalar multiple of the identity, so any constant orthonormal basis of that
intersection diagonalizes its restriction. Transporting these bases by V to the first summand gives
a constant unitary basis of C™ in which W has the asserted profiles. This proves necessity for
complex Hermitian potentials.

6.4 Each listed potential attains equality

It remains to verify attainment, including the exact spectral moment, without appealing to a
classification of scalar optimizers. Fix a > 0 and zg € R, and set

V(z) = (r + 1)a*sech?(ra(z — x0)), H=-9?-V.

The first-order factorization used in the commutation argument of [2, Section II] also explains why
this profile has only one negative eigenvalue. Put

w(z) = atanh(ra(z — z0)), Q=0 +w, Dom Q = H'(R).

Then Q* = —09, + w on H'(R). Since w and w’ are bounded, both product domains are H?(R),
and direct differentiation yields

Q*Q _ H+a2, (610)
QQ* = —9% 4 a® + (r — 1)a® sech? (ra(z — z0)) > a?. (6.11)
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Here the last inequality uses 7 > 1. The equation Qi) = 0 has the one-dimensional L? solution
space
ker @ = span {sechl/T (ra(z — xo))} .

Thus —a? is a simple eigenvalue of H, and (6.10) excludes eigenvalues below it. If Hp = \¢

with —a? < A < 0, put u = A+ a? and g = Qé. Then ||g|3 = pull¢]3 > 0. Moreover,

Q*Qé = up € Dom Q, so g € Dom(QQ*) and QQ*g = ug. This contradicts (6.11), since u < a?.

By Lemma 2.1, all negative spectrum is discrete. Hence —a? is the sole negative eigenvalue.
Finally, 2p — 1 = 27 and the substitution s = tanh y give

(r+1)?

/ V(x)Pdx =
R r
(r4+1)p

1 b
=~ 17 2 1 - 2P 1lgs = 22 427
“ /_1( s) T,

r o

a® / sech? y dy
R

where (r +1)?/r = D! and p — 1 = 0. Consequently
Tr(H)! =a* = 07/ %43
R
The zero potential contributes zero to both sides. Finite orthogonal direct sums add the spectral

moments and trace-power integrals, and a constant unitary conjugation leaves both unchanged.
Every potential listed in Theorem 1.1 therefore attains equality, completing its proof.

A The exact integrated trace deficit

The matrix comparison needed in the action argument has an exact remainder. We give the proof
from [11, Section 3|, retaining both nonnegative terms. Together they control the commutator and
the algebraic equality relation used in the action argument. Throughout this appendix, 0 < o < 1,
,8:0'—%, and r=1/o0, p=1+0, ¢=1+r. Define ¢, > 0 by

o0

;! :/ P2 — (¢ +1)"2) at. (A1)

0

The integrand is O(t°~!) at zero and O(t°~2) at infinity. Scaling therefore gives

ca/ Y2 = (t+y) V) dt =, y > 0. (A.2)
0

Theorem A.1 (Exact trace deficit). Let n > 1 and let B,V € C"*" be Hermitian. Suppose that

Y, = (sI — B)?, Xs=Y,+V>bl (s€R) (A.3)
for some b > 0. Set
R(t) = % /R (Xo+tD)ds,  Pt)=tI—R@), t>0, (A.4)
and ~
N=c, /0 8 P(1) dt. (A.5)
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These integrals converge absolutely in matriz norm, and R(t) > 0. There are continuous Hermitian
matrices L(t) = R(t)™! > 0 and Z(t) satisfying

V4tl=L*4+7Z*+i[B,Z), LZ+ZL+i[B,L]=0. (A.6)

If N >0, then
tr(NV) — tr(N9) = ¢, / t(tr(RZ2) + q||R™Y/2 = RM2(t1 + N™)2 i) dt. (A7)
0

In particular, tr(NV') > tr(N?).

The hypothesis concerns the full symbol X; the perturbation V itself need not be positive.
The proof first recovers L and Z from solutions on the two half-lines, then evaluates a logarithmic
integral, and finally completes a matrix square.

A.1 Half-line boundary maps
Quadratic growth in s, together with (A.3), gives an integrable bound for X;!. Hence R(t) > 0
and R(t) = O(1) as t | 0. Diagonalization of B gives

1
= / (Yo +tI) "V ds = t7V/%1.
R

™

For t > 1, both X, 4 tI and Y, + tI dominate c(s? + t)I, with ¢ > 0 independent of s,t. The
resolvent identity bounds their inverse difference by C(s? 4 t)~2, and therefore

o@t=?), t10
P(t)|lop = ’ ’ A8
I1P(E) o {O(t_g/g)’ o (A8)
These bounds prove the asserted convergence of N.
Fix t > 0 and put V = 9, — iB. We shall use the equation
(=V2+V + D) = 0. (A.9)

Matrix Riccati equations also appear in the commutation method for Schrodinger inequalities [2].
Here their role is to compute the integrated resolvent through boundary data.

For each v € C™" there is a unique H! solution of (A.9) on either half-line with ¥ (0) = v.
Indeed, the sesquilinear form

w(6.0) = [ (T6,90) + (6,(V + 1)) d,

with inner products linear in the second variable, is coercive on H'(R;C"): its Fourier symbol
X +tI dominates c;(1+ s%)I. Zero extension gives coercivity on the trace-zero subspace of either
half-line. Correcting any H' extension of v by the Riesz representation theorem gives the unique
weak solution. The equation implies ¢»” € L?, so this solution lies in H?; both ¢ and 1’ vanish at
the infinite end.

Define the right and left boundary matrices S,7T by

VY(0+) = —Sv,  V(0—) = Tw. (A.10)
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Integration by parts gives a;(¢y, 1) = (v, Sw) on the right and a;(y, ¥y) = (v, Tw) on the left.
Thus S, T are Hermitian. Translation and uniqueness show that Vi) = —S throughout the right
half-line and Vi = T throughout the left half-line. Substituting these relations into (A.9), and
allowing arbitrary boundary data, gives

V 4+tl =S*+i[B,S] =T? —i[B,T)]. (A.11)

Glue the two solutions with boundary value v at zero. The resulting continuous function has
derivative jump —(S + T")v, and hence satisfies

(=V2+V +tI)p = 5(S + T)v.

Fourier inversion, with forward kernel e %%, gives
1
o= /(X + 1)V ds (S + T)o = LR(#)(S + T)o.
s

The inverse symbol is O(s~2), so its Fourier inverse is continuous and this evaluation at zero is
justified. Therefore
=3(S+T)=R'>0, Z:=35-17)

satisfy (A.6), by adding and subtracting (A.11). The second equation in (A.6) determines Z
uniquely from L, since L > 0; in an eigenbasis of L, the map Z — LZ + ZL multiplies its (j, k)
entry by the positive number L;; + Lyj. This also proves the continuity of Z(t), because R(t),
and hence L(t), is continuous.

The diagonal entries of that same equation give Z;; = 0 in an eigenbasis of L, so tr Z = 0.
Multiplication on both sides by R = L~! gives i[R, B] = —(ZR + RZ). Cyclicity of the trace now
yields

tr(R(V +tI)) = tr L — tr(RZ?). (A.12)

In particular, the correction tr(RZ?) = tr(ZRZ) is nonnegative. We will also need the location
of the spectrum of B + iS. The right solutions obey ¢’ = i(B + iS)y. For an eigenvector with
eigenvalue z, the solution is e***v; its square integrability forces Im z > 0.

A.2 A logarithmic integral

The next step converts the boundary matrices into a scalar identity that can be integrated in .

Define

trV 1 det(X, +tI)
Fit)= 22— = [ 1og SN2 T 4 A13
W=7 =7 L G, v ) (A-13)

The determinants are positive, and the logarithmic ratio is O(|s|=2) at infinity. Its derivative in ¢
is the trace of the resolvent difference, with an integrable bound locally uniform for ¢ > 0. Thus
the integral converges absolutely and F' is continuously differentiable.

The first identity in (A.11) factors the symbol as

Xs+tl = (sI — B+1iS)(sI — B—1i9).

If u; + iv; are the eigenvalues of B + 45, counted with algebraic multiplicity, then v; > 0 and

det(X, + 1) :H s—u] 2).
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The denominator in (A.13) has the same form, with centers the eigenvalues of B and widths /2.
Translations of the individual logarithms change their symmetric-cutoff integrals by o(1): for
h(s) = log(s* +v?),

d M

7/ h(s —a)ds = h(M + a) — h(M — a) —s 0

da J_pr
uniformly for bounded a. After centering the factors, the identity

2, .2
/Rlog%ds:Qw(v—w), v,w > 0,

follows by differentiation in v and integration from w to v. Since }_; v; = tr.S = tr L, we obtain

trV
F(t) = v 2tr(L — VtI). (A.14)
Set
G(t) = tr(L — 2v/tI + tR). (A.15)

Both functions are nonnegative. For G, apply A — 2v/t + /X > 0 to the positive eigenvalues \ of
L. For F, take the trace of (A.6) and use (A.14) to obtain

F(t) =t"Y2tr((L — VD)2 + Z2%) > 0.
Equations (A.12) and (A.14) give the identity
tr(PV) = F + G + tr(RZ?). (A.16)

Every term on the right is nonnegative. The bounds (A.8) therefore show that F, G, and tr(RZ?)
are integrable against % dt, and that ¢+ F(t) vanishes at both endpoints.
Differentiating (A.13) and using (A.14)-(A.15) gives

trV 1

F'(t) = TR P(t), tF'(t) = —5F(t) — G(t).

Integration by parts, with the endpoint limits just proved, yields [;* t3Gdt = o I tBF dt.
Consequently, integration of (A.16) gives

(NV) = geq / TG dt + e / " 18 w(RZ2) dt. (A17)
0 0

It remains to express the first integral as tr(/N?)/q plus a nonnegative remainder.

A.3 The noncommutative square

For a positive semidefinite matrix D, let
tr D
Vit
For a scalar eigenvalue d > 0, the corresponding summand is f(;i (=12 — (t +y)~/?) dy. Tonelli’s
theorem and (A.2) therefore imply

Fo(t, D) = — 2tr((tI + D)Y? — V/tI).

o / Ry (t, D) dt = ~ tr(DP), (A.18)
0 p
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Now expand the Hilbert—Schmidt square

Dp(t) == |R™Y? = RV2(t1 + D)?||7
= tr(R™" + R(tI + D) — 2(tI + D)'/?) (A.19)
= G(t) — tr(P(t)D) + Fy(t, D).

No commutation is used: the cross terms cancel adjacent factors R~Y/2RY/2, and cyclicity changes
the remaining quadratic term into tr(R(t/ + D)). All three terms in the last line are integrable by
(A.8), (A.16), and (A.18). Thus

o0 oo
o /O (L) dt = tr(ND) — ;tr(Dp) +e /0 9D (1) dt. (A.20)
When N > 0, choose D = N". Since rp = q¢ = 1+ r, the first two terms on the right equal
tr(NY)/q. Substitution into (A.17) proves (A.7) and completes the proof of Theorem A.1.

If B and V commute, the symbol hypothesis implies V' > bI. Simultaneous diagonalization
then gives R(t) = (tI + V)™/2, N = V?, and Z = 0. Both remainders vanish, as required by
scalar equality.

B The regularized field and connecting paths

The finite-interval action argument requires a symmetric matrix path from K to —K whose
derivative measures the difference between a matrix field and AAT. We construct both the field
and the path here. These are the constructions of [11, Sections 4-5]; we include their proofs to
make the analytic input to the equality argument self-contained. The positivity statement below
also identifies the resolvent to which Theorem A.1 applies.

Throughout this appendix, K = diag(k1, ..., k) with k; > 0, K = max; k;, and Sym,, denotes

the real symmetric matrices. We use 8 =0 — % and the constant ¢, from (A.1).

B.1 A field with a scalar boundary integral
For § > 0, define on y > 0

o) == [T (5 o) dt (B.1)

ra t+0 t+d+y

and extend to y < 0 by the tangent line f§(0)y. The resulting function is C1, strictly increasing,
and concave. Indeed, for y > 0,

0o B
(y) = p-1 _ & u
fiW) =asy+0)"""  ag = L T du > 0. (B.2)

Both integrals converge since —% < B < % The extension allows the functional calculus below
even when its matrix argument has negative eigenvalues.

Set
Qs(B) = s’ — 2sB + K2,
/R , (B.3)
M;s(B) = 1%13(1)0 _R(f(s(Qs(B)) — fs(s*)I) ds, B € Sym,,,
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where the symmetric cutoff cancels the leading term —2s fé(SQ)B, which is odd in s. The scalar
counterpart is

15(2) = /R(f(;(sz o)~ f5(s?))ds,  zeR. (B.4)

Proposition B.1 (Regularized field). The limit in (B.3) exists locally uniformly, and My :
Sym, — Sym,, is locally Lipschitz. There is a C' function Js : Sym, — R, normalized by
Js(0) =0, such that

dJs(B)[H] = —tr(Ms(B)H). (B.5)

The scalar function pgs is locally Lipschitz and strictly increasing, with pus(0) =0, and
ps(z) = (z+0)7 — 07 (z>0). (B.6)
For every real unit vector e, and for every standard basis vector e;, respectively,

e Ms(B)e < us(e" K?e — (e' Be)?), (B.7)
Be; =ye; = M;j(B)e; = us(k? —y°)e;. (B.8)

For each diagonal sign matriz S,

M;s(SBS) = SMj(B)S. (B.9)
Finally,
Sk 2 2
Js(—K) = Js(K) =Y | ps(ki — %) ds
e (B.10)
— by > kT (510).
=1

Proof. We first justify the matrix integral, including its local Lipschitz dependence. If a scalar
function h is Lipschitz on an interval containing the spectra of Hermitian matrices X,Y, then

1h(X) = h(Y)lus < Lip(h)[|X —Y|[us. (B.11)

To see this, use eigenbases e; of X and v; of Y. The mixed matrix entries of the two differences are
(h(Xi) — h(v5)){ei, vj) and (A; — vj)(es, v;); square the scalar Lipschitz inequality and sum over i, j.

On a bounded set of B’s the spectrum of Es(B) = —2sB + K? is contained in [—als|, a|s|] for
all sufficiently large |s|. For

hs(y) = f5(s* +y) — f35(5°) — f3(5°)y,

Equation (B.2) gives supjyj<,s 17s(y)| = O(|s)?%=3). Tt follows from (B.11) that

£5(Qs(B)) — f5(s*)I = —2sf5(s*)B + Tu(B),

where both ||Ts(B)||zs and the local Lipschitz constant of T, are O(|s|?~2). For the first bound,
include f§(s?)K? in Ty; for the second, apply (B.11) to hs(Es(B)) and use Es(B1) — Es(Bz) =
—2s(B; — Bs). Because 23 — 2 < —1, these remainders are integrable at infinity. The odd term
cancels at each symmetric cutoff. On bounded s-intervals, (B.11) applies directly to fs. This
proves the asserted convergence and regularity.
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For the primitive, choose a scalar antiderivative g5 = fs. Trace differentiation gives
dtr(gs(X))[H] = tr(fs(X)H). This formula follows for polynomials by cyclicity and for gs by
approximation in C' on compact spectral intervals. For s # 0, the function

tr(gs(Qs(B)) — gs(K?))
2s

B+—

+ f5(s*) tr B

has differential — tr((fs(Qs(B)) — f5(s?)I)H). At s = 0 that differential is constant in B and also
has a primitive. Thus the negative of every finite-cutoff field has zero integral around each closed
piecewise smooth curve in Sym,,. Local uniform convergence passes this property to —Ms. Path
integration, starting at zero, defines J5 and proves (B.5).

For bounded z, the integrand in (B.4) and its Lipschitz constant in z are O(|s|**~2) at infinity.
This proves absolute convergence and local Lipschitz continuity of j5. Strict increase and pugs(0) =0
follow from the same properties of fs. For z > 0, Tonelli’s theorem applied to (B.1) gives

ps(2) = co /OOO P((t+0)" V2= (t+6+2)"2) at.

The normalization (A.1), after scaling, evaluates this as (B.6).
Translations in the variable s remain legitimate with a symmetric cutoff. More precisely, for

fixed a, z € R,
R

Tim [ (fs((s = @) + 2) = f5(s%) ds = pus(2). (B.12)
—o0 J_R

Indeed F,(s) = fs(s> + 2) is even and F!(s) = O(|s|*’~1) — 0 at infinity. Pairing the two short
intervals produced by a translation bounds the difference between the shifted and unshifted cutoff
integrals by

jal*  sup  [F(u)],
R—|a|<u<R+|al

which tends to zero.
Scalar concavity in an eigenbasis of Qs(B) now gives

e’ f5(Qs(B))e < f5(eTQs(B)e).

The scalar argument on the right is (s — e Be)? + e K2e — (e' Be)?. Integration and (B.12) prove
(B.7). If Be; = ye;, functional calculus gives equality in the corresponding coordinate, proving
(B.8). Since SK2S = K2, conjugation inside the defining integral proves (B.9).

On diagonal matrices, (B.5) and (B.8) read

dJs(diag(by, ..., bn)) = — > _ us(k] — b7) db;.
i
Integrating from K to —K gives the first equality in (B.10). For z > 0, 0 < us(z) < 27 and
us(z) — z7. Dominated convergence and the substitution s = k;u give its stated limit. O

The field is defined on all symmetric matrices, but the action argument compares it with a
positive matrix AAT. At such values its directional bound forces positivity of the entire quadratic
symbol Qs(B). This is the condition needed for the trace deficit formula.

Proposition B.2 (Positive values of the field). If M = M;s(B) > 0, then

Qs(B)>0 (s€R), 0<M<kg¥ I (B.13)
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SetV = K?—B%+61 and use B,V in (A.4) and (A.5). Then the symbol (sI—B)?>+V = Q4(B)+dI
1s bounded below by 01, and
N=M+1. (B.14)

In particular, the hypotheses of Theorem A.1 hold.

Proof. By (B.7), positivity of M and strict increase of us imply e K2e > (e Be)? for every real
unit vector e. Completing the scalar square gives

e'Qs(B)e= (s —e'Be)® + e K% — (e"Be)> > 0.

Thus Q4(B) > 0, also as a Hermitian matrix on C*. Moreover, (B.7) gives M < pus(k?)I < k%1,
using (a + b)7 < a? + 7.

Write Y = (sI — B)?. Diagonalization of B and (B.12) allow replacement of the scalar
subtraction f5(s?)I in (B.3) by f5(Ys). Since both Q(B) and Ys are positive, their difference
under f5 is, by (B.1),

Co [*4p (Va4 @+ = (Qu(B) + (t+0)D)7") dt

T 0 S S .
For fixed B, §, both matrices being inverted are bounded below by ¢(1 +t + s2)I. Their difference
is K? — B2, so the resolvent identity bounds the norm of the integrand by Ct5(1 + t + s2)72.
Integrating first in s yields C't?(1 + t)~3/2, which is integrable on (0,00). Fubini’s theorem is
therefore applicable and gives

M = cg/ 2 ((t 4 0)"YV2I — R(1)) dt.
0
Subtracting this expression from (A.5) and scaling (A.1) gives (B.14). O

B.2 Choosing the lower triangular coefficient matrix

Let £,, be the real lower triangular n x n matrices. Their dimension equals that of Sym,,. This
dimension match allows us to prescribe a symmetric terminal value by choosing C' € L,,. At a
simple initial problem there is one choice up to signs of the rows. Continuation preserves the
parity of this number, and hence produces the required terminal value.

Proposition B.3 (Connecting path). Let Q = (z_,x.) be bounded and let U € H}(Q;R™*9),
where n,d > 1, satisfy

/ UU" da = I,.
Q
For every §,& > 0 there are Cz € L,, and B: € C1(Q;Sym,,) such that, with A. = C.U,
eB. = Ms(B.) — A.Al,  B.(z_)=K, B.z;)=-K. (B.15)
They satisfy
sup || Be(@)][op < K, sup [|C:[lns < oo, (B.16)
CEEQ O<€S1

where the second bound is for fixed 0, K, 2.
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Proof. Use the continuous representative of U. Choose a smooth, nonnegative, compactly supported
cutoff x on Sym,,, equal to one on {B : ||Bl|op < £} and invariant under conjugation by diagonal
sign matrices. Averaging a cutoff over the finite sign group produces such a function. The truncated
field M = xMs is bounded and globally Lipschitz.

Fix ¢ > 0. For C € £,, and 0 € [0, 1], the equation

eB' =0M(B) — (CU)(CU)", B(z_)=K (B.17)
has a unique C' solution on €. Define the continuous endpoint map
®(C,0) = B(x4+) + K € Sym,, .

Let G be the group of diagonal sign matrices, acting by C' — SC on L, and by conjugation on
Sym,,. Equivariance of the field and uniqueness of the ODE give

B(SC,0) = SB(C,0)8. (B.18)

We record the three facts needed for continuation: compactness of the zero set, freeness of the
sign action there, and one regular orbit of zeros at # = 0. At a zero, integration of (B.17) gives

CCT = 2K +6 /Q M(B(2)) d. (B.19)

Consequently all zeros lie in a bounded set, and their joint set in £, x [0,1] is compact. For
0 < € <1, this calculation gives the uniform bound

ICllfs < 2tr K +nlQ sup [|M(B)]op. (B.20)
BeSym,,

No row of C' can vanish at a zero. Otherwise the reflection changing only row ¢ would fix C;
ODE uniqueness and (B.18) would force Be; = ye; throughout the interval. Equation (B.8) would
then give

ey’ = OX(B@)nus(ki — %), yla—) = ki
The coefficient x(B(z)) is continuous and the right side is locally Lipschitz in y. Uniqueness forces
y = kj, contradicting y(x4) = —k;. Thus the action of G on the zero set is free.
At 0 = 0 one has
®(C,0) =2K — e tCCT. (B.21)

Its lower triangular zeros are exactly C' = diag(dy, . .., d,) with d; = ++/2¢k;. Indeed, the first row
of CCT = 2¢K fixes |d;| and forces all other entries of the first column to vanish, and induction
does the same for subsequent columns. These 2" zeros form one sign orbit. At each, the derivative
in a lower triangular direction H has diagonal entries —2¢~1d; H;; and lower off-diagonal entries
—e~1d;jH;j for i > j. It is therefore an isomorphism £, — Sym,,.

We next justify the continuation using only smooth approximation and the regular-value
argument for parity [10, Sections 2-4]. Suppose there were no zero at # = 1. Compactness and
freeness give a bounded invariant open set O C L,, containing the projection of every zero, whose
closure lies where all rows are nonzero. There is a positive lower bound for ||®||gs on

(80 x [0,1]) U (O x {1}). (B.22)

Reparametrize 6 by a smooth map equal to zero near zero and equal to one at one. The resulting
map F' agrees with (B.21) on an initial collar and retains the gap on (B.22).
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Extend F' constantly beyond the two ends of the parameter interval, smooth by convolution,
and splice to (B.21) in a smaller initial collar. Averaging the approximation ¥y in the form
U (C,0) > 5V (SC,0)S
Seg

|g\

gives a smooth equivariant approximation ¥ that still equals the initial map on that collar. It can
be made uniformly close enough on O x [0, 1] to preserve the positive gap.

Freeness permits an equivariant perturbation with arbitrary target directions. At each Cy € O,
choose a ball whose distinct sign translates are disjoint, and a smooth bump b supported in this
ball with b(Cy) = 1. For H € Sym,, the map

Vu(C) = > b(SC)SHS
Seg

is equivariant and satisfies Vi (Cy) = H. Choose a basis of target matrices and then a finite
collection of such neighborhoods covering O. This gives finitely many smooth equivariant maps
Vi, ..., Vy whose values span Sym,, at every point of O.

Let h > 0 be smooth, vanish near zero, and be positive outside the collar where ¥ is the initial
map. Choose it so that every zero of h lies within that collar, and set

U, (C,0) = U(C,0) + h(0 Zaj o

For « in a sufficiently small open ball, the gap on (B.22) persists. At a zero of this family with
0 < 0 < 1, its full differential in (C, 6, «) is onto: when h(6) > 0 the parameter directions span
the target, and when h(f) = 0 the derivative in C is the isomorphism computed for (B.21). Its
interior zero set is consequently a smooth manifold. Sard’s theorem [13], applied to projection
of this manifold onto the parameter ball, gives arbitrarily small o for which zero is a regular
value of (C,0) — U, (C,0). For completeness, if the full derivative is (L1, L2) in the (C,0) and «
directions, regularity of that projection means that each w admits v with Liv + Low = 0. Hence
ran Ly C ran Ly, and surjectivity of (Lj, Lo) implies surjectivity of L;.

For such an «, the zero set in O x [0, 1] is a compact smooth one-dimensional manifold with
boundary. The gap excludes boundary zeros except at § = 0, where the initial collar gives
exactly the 2" regular zeros above. The free sign action has a quotient that is again a compact
one-dimensional manifold with boundary: a neighborhood disjoint from its nontrivial translates
supplies the local interval or half-interval chart. All 2" boundary points form one orbit, so the
quotient has exactly one boundary point. This is impossible, since a compact one-dimensional
manifold is a finite union of circles and closed intervals. Therefore the original map ®(-,1) has a
Zero.

It remains to remove the cutoff. For the path at this zero and any fixed real unit vector e, put
y = e' Be. Whenever |y| > , Equation (B.7) yields

eT Ms(B)e < ps(e" K2e —y?) < 0.

Since x > 0 and (CU)(CU)T > 0, the ODE implies 3’ < 0 there. Both endpoint values lie in
[—k, k]. An excursion above k cannot start from x while y is nonincreasing; an excursion below
—K cannot return to —x while y is nonincreasing. The two endpoint conditions therefore rule out
both excursions. This holds for every e, so || B(z)||op < k. Consequently x(B) = 1, giving (B.15),
and (B.20) supplies the remaining assertion in (B.16). O
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