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Abstract

We prove the packet form of the higher-dimensional Duke equidistribution problem for totally
real fields of any fixed prime degree at least five, allowing arbitrary local homothety types of
full lattices. As the multiplier-order discriminant tends to infinity, the volume-weighted packet
measures converge to Haar probability measure, with no escape of mass.

1 Introduction
Compact diagonal orbits in the space of unimodular lattices encode ideal classes and units of
totally real number fields. The higher-dimensional Duke equidistribution problem asks whether
arithmetically complete families of these orbits become uniformly distributed as their discriminants
grow. The grouping matters: one local homothety type specifies a complete packet, whereas a
multiplier order alone can combine several packets. We prove the prime-degree packet statement for
every such local type.

Fix a prime n ≥ 5, and write

Xn = SLn(Z)\ SLn(R), An = {diag(eu1 , . . . , eun) :
∑

j uj = 0}.

We regard Xn as the space of covolume-one row lattices, with the right action of An, and let mn

be its SLn(R)-invariant probability measure. Haar measure on An is du1 · · · dun−1 in the displayed
logarithmic coordinates.

Let K be a totally real field of degree n, let σ = (σ1, . . . , σn) order its real embeddings, and let
M ⊂ K be a free rank-n Z-submodule spanning K over Q. We call such an M a full lattice. Its
multiplier order and discriminant are

O(M) = {α ∈ K : αM ⊂ M}, D(M) = | Disc(K)|[OK : O(M)]2.

Two such lattices are locally homothetic if M ′
ℓ = cℓMℓ for every rational prime ℓ, where cℓ ∈

(K ⊗Q Qℓ)× and subscripts denote completion. Choose representatives M ′ for their K×-homothety
classes within the local type of M , and normalize

ΛM ′,σ = covol(σ(M ′))−1/nσ(M ′).

The packet PK,M,σ consists of the distinct orbits ΛM ′,σwAn, with

w ∈ Wn = {diag(ϵ1, . . . , ϵn) : ϵj ∈ {±1},
∏

j ϵj = 1}.
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These orbits are compact and their number is finite; the parametrization in Section 2 also proves
these facts. For an orbit O, let νO be its invariant probability and vol(O) its volume for the specified
Haar measure. Set

µK,M,σ =
∑

O∈PK,M,σ
vol(O)νO∑

O∈PK,M,σ
vol(O) . (1.1)

Theorem 1.1. For every fixed prime n ≥ 5 and every sequence (Ki, Mi, σi) as above with
D(Mi) → ∞,

µKi,Mi,σi −→ mn.

The convergence is weak convergence of probability measures. In particular, it holds against every
continuous compactly supported function, and no mass escapes into the cusp.

Theorem 1.1 permits nonmaximal orders of unbounded index and arbitrary local module types.
The field discriminants may remain bounded or grow independently of those indices. The statement
is separate for each local homothety type; it makes no assertion about an individual orbit, a
convergence rate, or composite degrees.

The maximal-order specialization

Take M = OK . Every lattice in its local type is a fractional OK-ideal, and its homothety class is an
ordinary ideal class. Thus the packet is obtained by embedding one representative of each ideal
class, normalizing its covolume to one, and taking the distinct sign translates of its positive diagonal
orbit. For every sequence of totally real fields of degree n with | Disc(K)| → ∞, the volume-weighted
measures of these packets converge to mn by Theorem 1.1. This construction also explains why an
individual ideal class is not the object being averaged.

For general M , the same maximal-order ideal classes remain the global parameters, but each
carries a finite set of local module choices. Proposition A.1 in Appendix A identifies this construction
with the pushforward of adelic torus Haar probability, independently of the rational basis and finite-
lattice presentation. The theorem therefore includes all these presentations of the maximal-order
specialization, as well as arbitrary noninvertible modules over nonmaximal orders.

Context and prior work

Linnik’s ergodic approach connected arithmetic distribution problems with dynamics [8]. Duke proved
equidistribution of the length-weighted closed geodesics associated with fundamental real-quadratic
discriminants on the modular surface [1, Theorem 1]. In higher rank, Einsiedler, Lindenstrauss,
Michel, and Venkatesh developed the relationship between arithmetic separation and entropy for
periodic torus orbits [3]. Their cubic equidistribution theorem combines subconvexity, local analysis,
and measure classification [4, Theorem 1.4]. Their packet construction already distinguishes local
homothety from the coarser condition of having the same multiplier order [4, Section 5.5].

The higher-prime-degree extension described in [4, Section 1.6.3] is conditional on subconvexity.
Khayutin subsequently obtained entropy bounds using arithmetic separation and Galois invariants,
under maximal-order and two-transitivity hypotheses [6, Theorem 1.1]. Lemke Oliver, Thorner,
and Zaman proved equidistribution for sequences of orders in totally real fields of each fixed prime
degree at least five, outside a small exceptional family of fields [7, Theorem 2.3]. Their result allows
nonmaximal orders; the exceptional family has at most On,ε(Xε) fields of discriminant at most X.
Theorem 1.1 treats every field and every full-lattice local type in the stated prime degrees. It gives
an unconditional affirmative answer to this packet form of the higher-dimensional Duke problem,
including sequences in a fixed field with increasing order index.
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The arithmetic ingredient

The proof follows the counting-to-rigidity strategy of Einsiedler–Lindenstrauss–Michel–Venkatesh
[4, Section 2.7.1]: packet averages of lattice-vector counts control the cusp and small ordinary balls,
and these bounds feed into positive-entropy rigidity. Their cubic argument obtains asymptotics for
these averages using global and local subconvexity [4, Sections 2.7.2–2.7.3]. For the same rigidity
step, we obtain the needed upper bounds by retaining the Dedekind-zeta residue in the unfolded
ideal count. Stark’s exceptional-zero descent [14], together with Shiu’s theorem in Pollack’s uniform
formulation [13, 11], supplies the required bounds without a subconvexity hypothesis. Odd degree
excludes the quadratic subfields that occur in Stark’s exceptional-zero alternative.

For an arbitrary prescribed local type, we keep maximal-order ideal counting but insert local
containment probabilities: at each prime, the weight records the probability that a vector belongs
to a randomly chosen unit translate of the prescribed module. The essential estimate is a small
positive moment of the local norm, uniform over full local modules whose maximal-order span is the
full ring. Its proof uses a unit in each component projection, not independence of the components
or invertibility of the module. The unit-mass argument in [4, Lemma 9.7] is an antecedent; here we
prove the exact shell normalization and the positive moment for arbitrary local modules with this
full-span condition.

The exact unfolding belongs to the classical Hecke method, presented in the packet setting in [4,
Section 10]. The dynamical conclusion uses the two-sided tube criterion of [3, Corollary 3.3] and the
prime-degree measure classification of Einsiedler, Katok, and Lindenstrauss [2, Corollary 1.4]. We
give the residue estimate, local-module bounds, and the passage to entropy in almost every ergodic
component below.

Proof outline

Put R = OK , D = | Disc(K)|, and q = [RM : M ]. The natural counting scale is Q = q
√

D, and
D(M) ≤ Q2n. Section 2 expresses the packet mean of a lattice-vector count as a maximal-order
ideal sum with local weights. Section 3 proves an exact total-mass identity and a power-saving tail
for these weights. Section 4 combines them with a residue-relative zeta estimate and Shiu’s theorem.
Removing the Euler factors at primes dividing q produces precisely the factor needed to cancel the
local normalization.

The resulting count controls both short lattice vectors and small boxes about vectors with
nonzero coordinates. Section 5 deduces tightness and an O(rn) bound for the mass of ordinary
balls in any limit measure. Since An has dimension n − 1, this bound forces positive entropy in
almost every An-ergodic component. Section 6 gives this implication and applies the prime-degree
measure-classification theorem. In that step it is essential to prove positive entropy for every
invariant probability dominated by a finite multiple of the limit, not only for the limit itself: this
rules out a positive-weight family of zero-entropy components.

2 The packet as a weighted ideal sum
We first identify the packet measure exactly, including its signs and orbit volumes. Throughout the
proof, K is totally real of the fixed prime degree n, and

R = OK , E = R×, D = | Disc(K)|, κK = Res
s=1

ζK(s).

The absolute norm N I of a nonzero fractional R-ideal is extended multiplicatively from integral
ideals. Thus covol(σ(I)) =

√
D N I. We use standard ideal theory and the unit theorem [10,

3



Chapters 3–5], together with the analytic class-number formula [15, Theorem 19.12]. The classical
packet interpretation is discussed in [4, Sections 2 and 5].

2.1 Saturation and local choices

Let J0 = RM , q = [J0 : M ], and Q = q
√

D. For a rational prime ℓ, write (J0)ℓ = jℓRℓ, and put
Lℓ = j−1

ℓ Mℓ. Then

Lℓ ⊂ Rℓ, RℓLℓ = Rℓ, [Rℓ : Lℓ] = qℓ, q =
∏

ℓ

qℓ. (2.1)

Set S = {ℓ : ℓ | q}; off S, Lℓ = Rℓ. Since qJ0 ⊂ M , one has qR ⊂ O(M). Conversely, a multiplier of
M has an integral endomorphism matrix on M and hence is an algebraic integer. It follows that

qR ⊂ O(M) ⊂ R, D(M) ≤ Dq2n ≤ Q2n. (2.2)

Only the last implication, D(M) → ∞ ⇒ Q → ∞, will be needed.
These quantities are constant within the prescribed local type. Indeed, if M ′

ℓ = cℓMℓ, multiplica-
tion by cℓ identifies (RM)ℓ/Mℓ with (RM ′)ℓ/M ′

ℓ. It also identifies the local multiplier orders, since
multiplication in K ⊗Q Qℓ is commutative. The multiplier order commutes with completion: in a
Z-basis of M , its defining condition is that the matrix of multiplication have integral entries, and
the same condition over Zℓ defines the local order. Thus q, Q, O(M), and D(M) are unchanged by
local homothety. Different local types can nevertheless have the same multiplier order.

Choose one fractional ideal I in each ordinary ideal class of R. Let N (I) be the set of lattices
N locally homothetic to M with RN = I. If Iℓ = iℓRℓ, its possible completions are exactly

Nℓ = iℓzℓLℓ, zℓ ∈ R×
ℓ . (2.3)

Indeed, taking maximal-order spans in a local homothety forces the remaining multiplier to be a
unit. Conversely, these local lattices lie between qIℓ and Iℓ and patch uniquely by the primary
decomposition of I/qI. Thus N (I) is finite, [I : N ] = q for all its members, and its cardinality
T = |N (I)| is independent of I. The label count T need not equal the saturation index q. Local
unit Haar probability induces uniform probability on each finite set of local choices, so the choices
at different primes are independent. Every global homothety class in the packet occurs in these sets,
by moving its maximal-order span to the chosen ideal-class representative.

2.2 Real parameters and measure

Let
C = {t ∈ (R×)n :

∏
j |tj | = 1}.

Give C counting measure on its 2n sign components and measure du1 · · · dun−1 on the coordinates
uj = log |tj |. The embedding of E is a discrete cocompact subgroup of C. If F is a measurable
fundamental domain, the unit theorem and the totally real case of the analytic class-number formula
[15, Theorem 19.12] give

vol(F ) = 2n−1RK , hK vol(F ) =
√

D κK , (2.4)

where hK is the ordinary class number and RK the regulator in deleted logarithmic coordinates.
The factor 2n−1 comes from the 2n signs and the logarithmic kernel {1, −1}. In the class-number
formula this is the factor 2n/wK , since the roots of unity in a totally real field are exactly {1, −1}.
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Lemma 2.1. The maps

(N, t) 7−→ (Q N I)−1/nσ(N)t (N ∈ N (I), t ∈ C)

induce a bijection from the disjoint union of the quotients by

ϵ : (N, t) 7−→ (ϵN, σ(ϵ)−1t), ϵ ∈ E,

onto the union of the packet orbits. Counting measure on the N labels times the stated measure on
C descends to the sum of the orbit Haar measures. In particular, the packet probability is obtained
by averaging uniformly over I and N (I) and integrating over F with measure dt/ vol(F ).

Proof. Surjectivity follows from (2.3). A global homothety changes a normalized embedded lattice
by an element of C. Since n is odd, each pair of opposite sign patterns has exactly one representative
in Wn; a common negative sign does not change a lattice.

For injectivity, suppose two displayed normalized lattices coincide. Absorb the ratio of the
normalizing scalars into the real diagonal map carrying σ(N) onto σ(N ′). Applying this map to one
nonzero α ∈ N gives σ(β) for some β ∈ N ′. None of the coordinates of σ(α) vanishes, so the map is
multiplication by σ(β/α). Thus N ′ = bN for b ∈ K×. Their maximal-order spans represent the
same ideal class and therefore equal the same chosen I. Hence bI = I, so b ∈ E, and the parameters
differ by exactly the stated action.

Combine an N label with a sign component of C. Its stabilizer in E is the totally positive
subgroup of {ϵ ∈ E : ϵN = N}, and has finite index in E. It acts faithfully by logarithmic
translations. By injectivity, these are all periods of the corresponding An-orbit. Each orbit of labels
therefore contributes exactly one compact An-orbit, with precisely its prescribed Haar volume. This
proves both finiteness and the measure assertion. One may equally use N (I) × F as a fundamental
domain, since the E-action preserves counting measure times dt. The total measure of these
fundamental domains is hKT vol(F ). Dividing by this quantity gives precisely the uniform averages
over ideal classes and finite labels, followed by integration against dt/ vol(F ).

2.3 Containment probabilities and unfolding

Write p | ℓ for the primes of R over ℓ, with ramification indices ep and residue degrees fp. Normalize
vp by a uniformizer, so vp(ℓ) = ep and

∑
p|ℓ epfp = n. For a tuple kℓ = (kp)p|ℓ of nonnegative integers,

define
Pℓ(kℓ) = Pr

z∈R×
ℓ

{x ∈ zLℓ},

where x has those component valuations and the probability is normalized unit Haar measure. The
definition is independent of x because the units act transitively on each valuation shell. For an
integral nonzero R-ideal a, set

P (a) =
∏
ℓ∈S

Pℓ((vp(a))p|ℓ).

For α ∈ I \ {0}, the probability that a uniform N ∈ N (I) contains α is P ((α)I−1).
For a nonnegative Borel function f on Rn, put Ef (Λ) =

∑
0̸=v∈Λ f(v). The product-fiber integral

below integrates f over the C-orbit with absolute coordinate product z, using logarithmic Haar
measure and summing over all sign components:

Vf (z) =
∑

ω∈{±1}n

∫
Rn−1

f

(
ω1eu1 , . . . , ωn−1eun−1 , ωnze

−
∑

j<n
uj

)
du1 · · · dun−1, z > 0. (2.5)
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Proposition 2.2. Writing µ∗ = µK,M,σ, one has∫
Xn

Ef dµ∗ = 1√
D κK

∑
a⊂R, a̸=0

P (a)Vf (N a/Q). (2.6)

The identity holds for nonnegative extended integrals.

Proof. Lemma 2.1 expresses the left side as

1
hK vol(F )

∑
I

∫
F

∑
α∈I\{0}

P ((α)I−1)f((Q N I)−1/nσ(α)t) dt.

The map α 7→ (α)I−1 runs over the integral ideals in the inverse class of I, each fiber being one free
E-orbit. Summing that orbit and integrating over F unfolds to an integral over C, by Tonelli. The
absolute coordinate product of the normalized vector is N((α)I−1)/Q. Translating the first n − 1
logarithms and relabeling the signs identifies the C-integral with (2.5), with Jacobian one. Every
integral ideal occurs in exactly one inverse class. Equation (2.4) supplies the coefficient in (2.6).

When M is an R-ideal, q = 1 and P (a) = 1. Thus (2.6) recovers the maximal-order formula.

3 Uniform control of the local weights
The ideal sum in Proposition 2.2 involves arbitrary local modules. We now isolate two estimates
that are uniform in those modules and in their indices. The first gives the total normalization; the
second makes large local norm contributions negligible.

Let k = (kℓ)ℓ∈S range over nonnegative valuation tuples, and write

dℓ(kℓ) = ℓ
∑

p|ℓ fpkp , d(k) =
∏
ℓ∈S

dℓ(kℓ), P (k) =
∏
ℓ∈S

Pℓ(kℓ).

Thus d is the norm of the S-supported part of an ideal. Also set

Zℓ =
∏
p|ℓ

(1 − ℓ−fp)−1, ZS =
∏
ℓ∈S

Zℓ.

Empty products are one.

Lemma 3.1. For the weights just defined,

∑
k

P (k)
d(k) = ZS

q
. (3.1)

If s = 1/(2n), then, for every ε > 0,

∑
k

P (k)d(k)s−1 ≪n,ε
qε

q
. (3.2)

In particular, ∑
d(k)>Q1/8

P (k)
d(k) ≪n

1
q

Q−s/16. (3.3)
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Proof. Normalize additive Haar measure on Rℓ to have mass one. The valuation shell kℓ has mass
Z−1

ℓ /dℓ(kℓ). Its conditional law is invariant under the transitive unit action, so Pℓ is exactly the
fraction of this shell lying in Lℓ. Since Lℓ has mass 1/qℓ, summing over shells and then multiplying
over S proves (3.1). Elements with a zero component have additive measure zero.

Choose an additive-Haar uniform element of Lℓ, and denote its component valuations by vp.
The condition RℓLℓ = Rℓ implies that the projection to every component contains a unit. Modulo
the kth power of its maximal ideal, the projection therefore contains all Zℓ multiples of that unit,
at least ℓ⌈k/ep⌉ elements. Uniform measure on Lℓ induces uniform measure on this finite additive
image. Consequently

Pr(vp ≥ k) ≤ ℓ−⌈k/ep⌉ (k ≥ 1). (3.4)

This argument does not require the component projections to be independent, or even to equal their
full integer rings.

Put j = maxp|ℓ⌈vp/ep⌉. Then dℓ(vℓ) ≤ ℓnj . If j ≥ a ≥ 1, some vp is at least ep(a − 1) + 1.
Equation (3.4) and a union bound give Pr(j ≥ a) ≤ nℓ−a. Hence

ELℓ
dℓ(vℓ)s ≤ 1 + n

∑
a≥1

ℓ(ns−1)a ≤ 1 + Cnℓ−1/2. (3.5)

Using the shell masses once more yields the exact factorization∑
k

P (k)d(k)s−1 = 1
q

∏
ℓ∈S

(Zℓ ELℓ
dℓ(vℓ)s) .

Each factor is at most (1 − ℓ−1)−n(1 + Cnℓ−1/2). For fixed ε > 0 this is at most ℓε at all sufficiently
large primes; the finitely many remaining primes contribute a constant depending only on n, ε. As∏

ℓ∈S ℓ ≤ q, this proves (3.2). Finally, take ε = s/16 and use q ≤ Q to obtain

∑
d>Q1/8

P (k)
d

≤ Q−s/8∑
k

P (k)ds−1 ≪n q−1Q−s/16.

4 Residue-relative weighted ideal counts
Write

aK(m) = #{a ⊆ R : N a = m}, κK = Res
s=1

ζK(s) > 0.

We first retain the residue in the analytic estimates. All constants subscripted by n are uniform
over the fields under consideration.

Lemma 4.1. For D sufficiently large in terms of n,

hζK(1 + h) ≍n κK

(
0 < h ≤ 4

log D

)
, κ−1

K ≪n log D. (4.1)

For the remaining fields, the first comparison holds uniformly for sufficiently small positive h, and
κ−1

K ≪n 1.

Proof. Put L = log D. Stark’s Lemma 3 gives at most one zero in Re s ≥ 1−(4L)−1, | Im s| ≤ (4L)−1;
such a zero is real and simple. His Lemma 8, which also applies to nonnormal fields, says that
a real zero β ≥ 1 − (4n!L)−1 forces a quadratic subfield of K [14, Lemmas 3 and 8]. Since n is
odd, there is no such subfield. Consequently, for a constant cn > 0, every nontrivial zero ρ satisfies
|1 − ρ| ≥ cn/L.
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The real logarithmic derivative of the completed zeta function gives

SK(σ) :=
∑

ρ

Re 1
σ − ρ

= 1
σ

+ 1
σ − 1 + L

2 + ζ ′
K

ζK
(σ) + Gn(σ), σ > 1,

where zeros are counted with multiplicity and

Gn(σ) = n

2

(Γ′(σ/2)
Γ(σ/2) − log π

)
.

This is the Hadamard identity in [14, Equation (9)]. The zero terms are nonnegative, Gn is bounded
on [1, 2], and the Euler product gives ζ ′

K/ζK ≤ 0 there. Thus, at σ0 = 1 + L−1, SK(σ0) ≪n L.
This bound persists uniformly for 1 < σ ≤ 1 + 4/L. Indeed, for ρ = β + iγ, set X = L(1 − β),

Y = Lγ, and U = L(σ − 1). Then X ≥ 0, 0 < U ≤ 4, and |X + iY | ≥ cn. Hence

Re(σ − ρ)−1

Re(σ0 − ρ)−1 = X + U

X + 1
(X + 1)2 + Y 2

(X + U)2 + Y 2 ≤ 4(1 + 3/cn)2.

Summing gives 0 ≤ SK(σ) ≪n L. For FK(σ) = (σ − 1)ζK(σ), it follows that

F ′
K

FK
(σ) = SK(σ) − 1

σ
− L

2 − Gn(σ) = On(L).

Since FK extends analytically to 1 with FK(1) = κK > 0, integration over an interval of length at
most 4/L proves the comparison in (4.1). At σ0, the inequality ζK(σ0) ≥ 1 also gives κK ≫n L−1.

For completeness, only finitely many fields of this fixed degree have discriminant below the
cutoff. One can see this directly here: nonzero vectors of D−1/(2n)σ(R) have absolute coordinate
product at least D−1/2, so Mahler’s criterion puts these lattices in a fixed compact set. Local basis
lifts and a finite cover give bases of R with uniformly bounded conjugates. A basis element outside
Q generates K, since n is prime; its monic integral minimal polynomial therefore has bounded
coefficients. There are only finitely many such polynomials. The simple pole of each of these finitely
many zeta functions now gives the remaining claims uniformly for sufficiently small h > 0.

We also use the following uniform form of Shiu’s theorem [13, 11]: if b is nonnegative and
multiplicative and b(m) ≤ dn(m), where dn is the n-fold divisor function, then

∑
u−v<m≤u

b(m) ≪n
v

log u
exp

∑
ℓ≤u

b(ℓ)
ℓ

 (u1/2 ≤ v ≤ u). (4.2)

Here ℓ denotes a rational prime, and the threshold for u depends only on n. To check uniformity,
the growth conditions in [11, Theorem 1.1], with all excluded residue sets empty, are supplied by
dn(ℓj) =

(j+n−1
n−1

)
≤ nj and dn(m) ≪n,ε mε. Its strict interval condition uβ < v ≤ u is satisfied by

taking β = 1/4; thus (4.2) includes both endpoints of the displayed range.

Proposition 4.2. Fix A0 ≥ 1 and 0 < η ≤ 1. For Q sufficiently large in terms of n, A0, η,∑
x−y<N a≤x

P (a) ≪n
κKy

q
(Q3/4 ≤ x ≤ A0Q, ηx ≤ y ≤ x). (4.3)

The implied constant is independent of A0 and η.
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Proof. Set b(m) = aK(m)1(m,q)=1. This function is nonnegative, multiplicative, and bounded by
dn. Indeed, at every prime ℓ, including the ramified primes, the local generating series for aK is∏

p|ℓ(1 − T fp)−1; it is coefficientwise bounded by (1 − T )−n. Decomposing an ideal into its part over
S and its coprime part, the sum in (4.3) becomes∑

k
P (k)

∑
(x−y)/d(k)<m≤x/d(k)

b(m). (4.4)

First suppose d = d(k) ≤ Q1/8, and put u = x/d. Then u ≥ Q5/8 ≥ D1/4. For h = 1/ log u,
Lemma 4.1 gives ζK(1 + h) ≪n κK log u. There is no upper restriction on u: increasing u only
decreases h, so the lemma applies even when D stays bounded and q grows. Positivity of the Euler
logarithm yields ∑

ℓ≤u

aK(ℓ)ℓ−1−h ≤ log ζK(1 + h).

Since aK(ℓ) ≤ n and
∑

ℓ≤u(log ℓ)/ℓ ≪ log u, replacing ℓ−1−h by ℓ−1 costs only On(1). The latter
prime-sum bound follows, for example, by comparing

∑
ℓ≤u⌊u/ℓ⌋ log ℓ with log(⌊u⌋!). Therefore

exp

∑
ℓ≤u

aK(ℓ)
ℓ

 ≪n κK log u.

Furthermore,
log ZS =

∑
ℓ∈S

aK(ℓ)
ℓ

+ On(1),
∑
ℓ∈S
ℓ>u

aK(ℓ)
ℓ

≪n
log(2q)
Q5/8 ≪n 1.

The first error is bounded by a constant times
∑

ℓ ℓ−2. Removing the primes of S thus gives

exp

∑
ℓ≤u

b(ℓ)
ℓ

 ≪n
κK log u

ZS
. (4.5)

For Q sufficiently large at fixed η, the length v = y/d ≥ ηu is at least u1/2. Applying (4.2), then
(4.5) and (3.1), bounds the contribution of these d by

Cn
κKy

ZS

∑
d(k)≤Q1/8

P (k)
d(k) ≤ Cn

κKy

q
.

For d > Q1/8, terms with d > x vanish because the inner sum in (4.4) then contains no positive
integer. For the remaining terms, x/d ≥ 1, and the elementary bound

∑
m≤z dn(m) ≤ z(1+log z)n−1

for z ≥ 1 follows by summing reciprocals in the first n − 1 factors. Using (3.3), with s = 1/(2n), the
remaining contribution to (4.4) is at most

Cn
x

q
Q−s/16(1 + log x)n−1 = o

(
κKx

q

)
.

This is uniform in the stated range: Lemma 4.1 gives κ−1
K ≪n log(3D), and D ≤ Q2. At fixed A0, η,

increase the threshold until this term is at most κKηx/q ≤ κKy/q. The implied constant has not
changed with η, proving the proposition.
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5 Nonescape and ordinary ball bounds
We apply the weighted count in two ways. Cubes about zero control the cusp; small boxes away
from the coordinate hyperplanes control ordinary neighborhoods in the lattice space.

Proposition 5.1. Every sequence of the packet probabilities with Q → ∞ is tight. More precisely,
for 0 < θ < 1,

lim sup
Q→∞

µ∗{Λ : ∃ 0 ̸= v ∈ Λ, ∥v∥∞ < θ} ≤ Cnθn. (5.1)

Every subsequential probability limit is An-invariant.

Proof. For f = 1[−θ,θ]n , the first n − 1 logarithms in (2.5) are at most log θ. The last coordinate
bounds the sum of their gaps from log θ by log(θn/z). Thus

Vf (z) = 2n

(n − 1)!
(
max{0, log(θn/z)}

)n−1
.

Put X = θnQ and U = Q3/4. Up to an n-dependent constant, Proposition 2.2 reduces the first
moment to

1√
D κK

∑
N a≤X

P (a)
(

log X

N a

)n−1
.

If X < 1, the sum is empty. Otherwise its logarithmic factor is at most (log Q)n−1, since θ < 1. The
terms with N a ≤ min(U, X) contribute at most CnQ−1/4(log Q)n−1, by applying Proposition 4.2 at
x = y = U . When X > U , define the truncated cumulative sum

AU (t) =
∑

U<N a≤t

P (a), U ≤ t ≤ X.

Writing each logarithmic power as an integral and applying Tonelli gives

∑
U<N a≤X

P (a)
(

log X

N a

)n−1
= (n − 1)

∫ X

U
AU (t)

(
log X

t

)n−2 dt

t

≪n
κK

q

∫ X

U

(
log X

t

)n−2
dt ≪n

κK

q
X.

Here the same proposition at x = y = t bounds AU (t), and the last inequality follows from∫ 1
0 (log(1/v))n−2 dv < ∞. There is no lower boundary term, since AU (U) = 0, and the logarithmic

weight vanishes at X. If X ≤ U , this part is absent. Dividing by
√

D κK gives On(θn). Since Ef ≥ 1
whenever the displayed cusp event occurs, this proves (5.1).

Mahler’s compactness criterion [9, Section 3, Theorem 2] says that the complement of this cusp
event is compact. Given a desired mass error, choose θ first and then Q sufficiently large. The
finitely many earlier packet supports are compact by Lemma 2.1, so the whole sequence is tight.
The lattice space is locally compact and second countable; weak compactness for tight probabilities
gives probability subsequential limits. Invariance passes to them by testing against continuous
compactly supported functions.

For r > 0, let
B(r) = {h ∈ SLn(R) : max

i,j
|hij − δij | < r}.
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Proposition 5.2. Let µ be a weak limit of packet probabilities along Q → ∞. For every compact
Ω ⊂ Xn there are CΩ, rΩ > 0 such that

µ(xB(r)) ≤ CΩrn (x ∈ Ω, 0 < r < rΩ). (5.2)

Proof. First fix a compact V ⊂ (R×)n and b0 ≥ 1. For w ∈ V and small r, take f = 1w+[−b0r,b0r]n .
Each coordinate has a fixed sign, is uniformly separated from zero, and has logarithmic width
OV,b0(r). Its absolute product lies within Cr of zw =

∏
j |wj |, so

Vf (z) ≤ Crn−11[zw−Cr,zw+Cr](z)

for some C ≥ 1 depending only on V, b0, n. Choose r0 small enough that zw > 4Cr0 on V . Use
Proposition 4.2 with

x = (zw + 2Cr)Q, y = 4CrQ.

This slightly enlarged interval contains every contributing ideal norm. Uniformly in w, for sufficiently
large Q it has Q3/4 ≤ x ≤ A0Q with a fixed A0 ≥ 1, and ηx ≤ y ≤ x with η = 4Cr/A0 ≤ 1, after
decreasing r0 if necessary. For every fixed r ∈ (0, r0), Proposition 2.2 therefore gives, eventually,∫

E1w+[−b0r,b0r]n dµ∗ ≪V,b0,n
rn−1

√
D κK

κKrQ

q
= rn. (5.3)

Here Q = q
√

D. The implicit constant is independent of r. The threshold for Q may depend on r,
which is all that will be needed.

We next choose a suitable lattice vector at each x ∈ Ω. Every full lattice has a vector with no
zero coordinate: for any basis, its combination with coefficients (1, N, . . . , Nn−1) has coordinates
that are nonzero polynomials in N , so an integer N can avoid their finitely many roots. Near each
center choose a continuous local lift to basis matrices, and continue the chosen vector using its
fixed integer basis coefficients. On a sufficiently small neighborhood with compact closure in that
chart, its coordinates remain bounded and bounded away from zero. A finite cover of Ω by such
neighborhoods therefore gives choices wx lying in one compact V ⊂ (R×)n. This pointwise selection
need not be continuous or measurable.

For h in B(r), each coordinate of wxh − wx has absolute value at most r
∑

i |(wx)i|. Thus one
fixed b0 makes every lattice in xB(r) contain a nonzero vector in wx + [−b0r, b0r]n. Equation (5.3)
bounds the packet mass of xB(r) by CΩrn. This set is open, so Portmanteau gives

µ(xB(r)) ≤ lim inf
i

µi(xB(r)) ≤ CΩrn.

The argument holds for every fixed x and r with the same constant on Ω. It proves (5.2) for all
0 < r < rΩ, without any exchange of shrinking-radius and packet limits.

6 Entropy and identification of the limit
The ball estimate has exponent n, whereas An has dimension n − 1. We follow the ordinary-ball
strategy of [4, Section 2.7.1]. We retain the estimate for every invariant probability dominated by
a finite multiple of the limit, so it forces positive entropy after restriction to any positive-weight
collection of ergodic components. Measure classification then identifies the limit.

For an invariant probability ν, write hν(a) for the measure-theoretic entropy of the map x 7→ xa.
Fix distinct real numbers λ1, . . . , λn with sum zero and put

a(t) = diag(eλ1t, . . . , eλnt), λ = min
i̸=j

|λi − λj | > 0.

11



Proposition 6.1 (Entropy from ordinary balls). Let n ≥ 3 and let µ be an An-invariant probability
on Xn. Suppose that for every compact Ω ⊂ Xn there are CΩ, rΩ > 0 such that

µ(xB(r)) ≤ CΩrn (x ∈ Ω, 0 < r < rΩ).

Then every An-invariant probability ξ satisfying ξ ≤ cµ for some finite c has hξ(a(1)) ≥ λ/3.

Proof. Fix 0 < b < 1/4 and consider the two-sided neighborhoods

Tt = a(t)B(b)a(−t) ∩ a(−t)B(b)a(t), t ≥ 0.

If h ∈ Tt, then
|hii − 1| < b, |hij | < be−|λi−λj |t (i ̸= j). (6.1)

Set r = e−λt. Every term in the determinant expansion other than the product of the diagonal
entries contains at least two off-diagonal entries. Since det h = 1, it follows that

∏
i hii = 1+On,b(r2).

Thus
d(h) = diag

(
h11, . . . , hn−1,n−1,

(∏
i<n

hii

)−1
)

belongs to a fixed compact subset D ⊂ An, and d(h)−1h ∈ B(Cr) for a constant depending only on
n, b.

In logarithmic coordinates, D is a bounded subset of Rn−1. Covering it by a mesh of size
comparable to r, and enlarging C to allow for matrix multiplication, gives

Tt ⊂
Nt⋃

j=1
djB(Cr), dj ∈ D, Nt ≤ Cr−(n−1). (6.2)

For x in a compact set Ω, all the centers xdj lie in the fixed compact set ΩD. The assumed ball
estimate and domination therefore imply, for all sufficiently large t,

ξ(xTt) ≤ CΩ,b,c r−(n−1)rn = CΩ,b,ce
−λt (x ∈ Ω). (6.3)

Since ξ is a probability, the constant can be enlarged to cover the finitely many integer times before
this estimate holds.

We use the entropy criterion of Einsiedler–Lindenstrauss–Michel–Venkatesh [3, Corollary 3.3].
In the notation

B(s,t) = a(−s)Ba(s) ∩ a(−t)Ba(t),

the criterion states the following: if flow-invariant probabilities ξi converge weakly to a probability
ξ, and ti → ∞, then hξ(a(1)) ≥ η provided that, for every compact set Ω, there are an identity
neighborhood B and a constant CΩ such that

ξi
(
xB(−ti,ti)) ≤ CΩe−2ηti (x ∈ Ω).

This criterion applies on the noncompact lattice space; its requirement that the limit be a probability
is essential. Here take the constant sequence ξi = ξ, the neighborhood B(b), ti = i, and η = λ/3.
Since B(b)(−t,t) = Tt, Equation (6.3) proves the required estimate.

Lemma 6.2 (Entropy in the ergodic components). Under the hypotheses of Proposition 6.1, almost
every An-ergodic component of µ has positive entropy for a(1).
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Proof. The group An ≃ Rn−1 is locally compact and second countable, and its action on the standard
Borel space Xn is continuous. The ergodic decomposition theorem [5, Theorem 5.2], specialized to
invariant probabilities, therefore supplies a measurable decomposition

µ =
∫

Z
νz dτ(z)

into An-invariant, An-ergodic probabilities over a factor fixed by An. Set T (x) = xa(1). The
function z 7→ hνz (T ) is measurable. Indeed, choose increasing finite Borel partitions Pk generating
the Borel σ-algebra of Xn. For every T -invariant probability ν,

hν(T ) = sup
k

inf
N≥1

1
N

Hν

N−1∨
j=0

T −jPk

 ,

where Hν denotes the Shannon entropy of a finite partition. The right side is a countable combination
of Borel functions of ν.

The component partition is fixed by T , since a(1) ∈ An. The entropy integral formula for a fixed
invariant partition [12, Theorem 9.8] consequently gives

hµ(T ) =
∫

Z
hνz (T ) dτ(z). (6.4)

The same formula holds after restricting to any measurable collection of components. It does not
require the νz to be T -ergodic: the induced transformation on the component space is the identity
and contributes zero entropy.

If Z0 = {z : hνz (T ) = 0} had weight w = τ(Z0) > 0, then

ξ = 1
w

∫
Z0

νz dτ(z)

would be an An-invariant probability with ξ ≤ w−1µ. Equation (6.4), applied to this restricted
decomposition, would give hξ(T ) = 0, contradicting Proposition 6.1.

Measure classification. Einsiedler–Katok–Lindenstrauss [2, Theorem 1.3 and Corollary 1.4]
prove that, for prime n ≥ 3, an An-invariant and An-ergodic probability on SLn(R)/ SLn(Z) is Haar
whenever some diagonal one-parameter subgroup has positive entropy. Their action is on the left.
The map Γg 7→ g−1Γ, where Γ = SLn(Z), changes our right action by a(t) into the left action by
a(−t). Since entropy is unchanged by inversion of an invertible transformation, their result applies
to our convention without any additional hypothesis.

Proof of Theorem 1.1. Let µi be the packet probabilities for a sequence in the theorem. Equa-
tion (2.2) gives Qi → ∞. By Proposition 5.1, this sequence is tight and every weak subsequential
limit µ is an An-invariant probability. Proposition 5.2 supplies the hypotheses of Proposition 6.1.
Lemma 6.2 shows that almost every An-ergodic component of µ has positive entropy for a(1). As n
is prime, the classification just stated makes every such component equal to mn. Integrating the
components gives µ = mn.

Thus every convergent subsequence has the same probability limit. Together with tightness, this
proves µi → mn and excludes loss of mass. All preceding estimates were for each prescribed local
homothety packet separately, so no averaging over different local module types is used.
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A Adelic formulation and choices
The model of Lemma 2.1 also identifies the measure obtained from adelic torus Haar probability.
We give the identification for arbitrary local type, so the lattice formulation includes all finite lattice
and real diagonalization choices in the usual adelic formulation.

Let Af be the finite adeles of Q, let Ẑ =
∏

ℓ Zℓ, and put AQ = R × Af and AK = K ⊗Q AQ.
Write R̂ = R ⊗ Ẑ. Choose a rational basis b1, . . . , bn of K, and let ρ(α) denote multiplication by α
on row coefficient vectors. It embeds the torus

TK = (ResK/QGm)/Gm in G = PGLn/Q .

The embedding matrix Bσ = (σj(bi))i,j satisfies

ρ(α)Bσ = Bσ diag(σ1(α), . . . , σn(α)). (A.1)

For gf ∈ G(Af ), choose a lift to GLn(Af ) and set

M̂(gf ) = Ẑng−1
f , M(gf ) = K ∩ M̂(gf ),

using the chosen rational basis to identify coefficient vectors with elements of K. This is a full lattice,
and its completion is M̂(gf ): choose an integer d ≥ 1 with dẐn ⊂ M̂(gf ) ⊂ d−1Ẑn, and patch in
the finite quotient d−1Zn/dZn. Changing the projective lift multiplies it by a scalar finite idele.
Every such idele is a rational scalar times an element of Ẑ×; the latter preserves every completed
full lattice. Consequently this change only rescales M(gf ) by a rational number.

Choose g∞ ∈ G(R) with g−1
∞ TK(R)◦g∞ = An, using the odd-degree identification of G(R)

with SLn(R). For g = (g∞, gf ), the adelic packet is the projection of TK(Q)\TK(AQ)g to
G(Q)\G(AQ)/G(Ẑ), equipped with the pushforward of torus Haar probability.

Proposition A.1. The adelic torus quotient is compact. Its packet and canonical probability agree
with PK,M(gf ),σ′ and µK,M(gf ),σ′ for an ordering σ′ of the real embeddings. Every prescribed local
homothety type occurs this way. Changing the rational basis or the projective lifts does not change
the packet; changing the allowed real diagonalizer only reorders the embeddings. Thus Theorem 1.1
includes every such adelic choice.

Proof. Write M = M(gf ) and M̂ = M̂(gf ). First identify the ambient quotient with Xn. Given a
finite matrix lift gf , choose a basis matrix c ∈ GLn(Q) for Qn ∩ Ẑng−1

f . Then cgf ∈ GLn(Ẑ), and
the corresponding real lattice is Zncg∞, normalized to covolume one. Changing this basis or either
matrix lift has no effect on that lattice. This constructs the usual quotient identification directly.
For odd n, the signed real nth root gives [h] 7→ (det h)−1/nh, identifying G(R) with SLn(R) and
G(Z) with SLn(Z).

Multiplication matrices modulo scalars give

TK(Q)\TK(AQ) ≃ K×\A×
K/A×

Q. (A.2)

Here the pointwise lifts can also be seen by elementary linear algebra: over any ground field F0
containing Q, a matrix whose projective class lies in TK becomes a scalar multiple of a multiplication
operator over an algebraic closure. It therefore commutes exactly with the regular representation
already over F0. The centralizer of that representation is the algebra of multiplication operators, so
the matrix belongs to (K ⊗Q F0)×, with scalar ambiguity F ×

0 . Finite lifts may be chosen integral at
almost all primes.
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A finite idele tf acts on the completed lattice by M̂ 7→ t−1
f M̂ . Hence its translates are exactly

the prescribed local homothety type. The stabilizer of M̂ among finite ideles is

{z : zM̂ = M̂} = (O(M) ⊗ Ẑ)× :

equality holds precisely when both z and z−1 preserve M̂ . In the projective torus the stabilizer is
the image of this group, since a representative that preserves the lattice up to a scalar idele can be
rescaled to preserve it exactly. The unit subgroup is compact open in the finite ideles and has finite
index in R̂×; at each prime not dividing q it equals R×

ℓ . Its projective image is compact open as
well. No invertibility of M over O(M) is used.

To describe the quotient and its measure, first divide (A.2) by the image of R̂×. Fractional-ideal
factorization and A×

Q = Q×R×Ẑ× give one real fiber E\C for each ordinary ideal class. These fibers
are compact by the unit theorem, and the omitted finite-unit group is compact. Thus the torus
quotient is compact. At the stabilizer of M̂ , the finite fibers instead retain the translates N (I). The
same decomposition becomes ∐

[I]
(N (I) × C)/E,

with exactly the action in Lemma 2.1. Haar measure pushes to uniform counting measure on each
finite unit orbit and to the stated logarithmic Haar measure on C. After normalization it is therefore
precisely the probability in that lemma. For g∞ = [Bσ], (A.1) identifies the resulting real lattices
with its displayed map. This proves both the packet identification and the equality of measures,
including the orbit volume weights.

Finally, every full M is obtained by choosing a basis matrix for its completed lattice and taking
its inverse as gf . Any other allowed real diagonalizer has the form [BσdP ], where d is diagonal and
P is a permutation matrix, because it must permute the joint eigenspaces. The diagonal factor
translates the real torus and permutes its sign components, preserving its Haar probability; the
permutation reorders the embeddings. If a rational change of basis has matrix c, then B′

σ = cBσ

and ρ′ = cρc−1, while the same packet data have representatives g′
∞ = cg∞ and g′

f = cgf . Thus
the torus is conjugated and the translated packet is left-multiplied by c, which disappears in the
ambient rational quotient.
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