EXACT ORDERS AND INVARIANT ANTICANONICAL LINEAR SYSTEMS

OPENAI

ABSTRACT. On a smooth connected projective complex variety with smoothly semipositive
anticanonical bundle, we prove that asymptotically zero valuation on the curvature-null face is
attained by an effective rational anticanonical divisor. The fixed auxiliary line bundle is arbitrary.
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1. INTRODUCTION

An effective divisor can have normalized order tending to zero while vanishing at the same
center in every degree. For example, order one becomes negligible after division by an unbounded
sequence of integers. Producing a section which is actually nonzero at that center is a stronger
problem. We prove an exact attainment theorem for divisors approaching the anticanonical class
of a smooth projective variety with a smoothly semipositive anticanonical bundle. We then use
generic orbit arcs to translate this control of orders into statements about characters and invariant
sections.

The broader nonvanishing problem asks whether a nef anticanonical bundle on a smooth
projective variety has a nonzero section in some positive power. Numerical effectivity and
effectivity in rational linear equivalence are distinct here. Lazi¢, Matsumura, Peternell, Tsakanikas
and Xie prove numerical effectivity for smooth projective threefolds with nef anticanonical class
and develop nonvanishing methods based on twisted differential forms [23, Theorem A and
Section 5]. Miiller proves anti-log-canonical nonvanishing for projective klt threefold pairs with
nef anti-log-canonical divisor [27, Corollary B]. Our positivity hypothesis is smooth semipositivity,
and our first result retains both rational linear equivalence and the order at a prescribed valuation.

Let X be a smooth connected projective complex variety, of dimension n > 0, and put L = —Kx.
Fix a smooth Hermitian metric on L with semipositive curvature form «, normalized to represent
c1(L). Let v be the maximum complex rank of «, and let Gy be an ample line bundle. Define

DLV n—v—1
E(D):{ Gy , v<n,

0, vV =n.

(1.1)

This functional is nonnegative on effective divisors. Moreover /(L) = 0, since a**! = 0 when
v < n. A discrete valuation v of C(X) is centered on X if its valuation ring dominates the local
ring of a point of X. We allow the zero valuation as well. The value v(D) of a Cartier divisor is
the valuation of a local defining rational function at the center. It is well defined because units
have value zero, and extends rationally to rational divisors.
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Theorem 1.1 (Exact attainment of zero order). With X, L, a,v,Go,{ as above, let v be either a
discrete valuation of C(X) centered on X or the zero valuation. Let M be any fized line bundle.
Suppose that effective integral divisors N; and positive integers m; — oo satisfy

v(V;)

m;

Nj ~m;L+ M, K(Nj)zo, — 0.

There is an effective rational divisor N ~g L such that v(N) = 0.

The null intersection condition is the geometric input; the auxiliary line M is arbitrary. No
irregularity or Euler-characteristic hypothesis is used. The theorem preserves rational linear
equivalence, which is necessary for constructing sections. A limit in the numerical effective cone
would not give its conclusion.

Here is a useful special case. A generic formal arc on X is a morphism + : Spec F[[t]] — X,
for an extension field F'/C, whose fraction point maps to the generic point of X. If —M is
pseudoeffective and N; ~ m;L + M is effective, nef intersection gives 0 < ¢(N;) = ¢(M) < 0.
Thus, if the orders of NN; along 7 are o(m;), Theorem 1.1 supplies a section of some positive
multiple of L whose order along ~ is exactly zero. Corollary 5.1 verifies the centered-valuation
and integrality details, including a point variety and the zero valuation.

1.1. Why finite generation attains the limit. The proof first places the principal corrections
to the given divisors in one function field, and then uses finite generation to attain the limiting
class. Let k C C(X) be the field of rational functions whose polar divisors have ¢-value zero. It is
relatively algebraically closed. Two fixed input divisors give representatives of L + M /m; on a
common finite support, and the principal corrections between those representatives and N;/m;
belong to k.

The geometric task is to find a model Y of k& on which these corrections lie in a finitely generated
divisor section ring. On a smooth resolution 7 : Z — X of the rational map to Y, the null-polar
field makes the section space of the effective divisor Kz, x one-dimensional on the generic fiber
over Y. The null intersection also forces the curvature kernel to be vertical on a nonempty open
set. Section 3 verifies these two inputs to the volume-metric theorem of Metric descent and
rank-preserving contractions [31, Theorem (Toroidal volume metric)]. It gives an effective rational
correction Ay on Y whose pullback is exceptional over X. The semipositive metric it supplies
on —Ky + Ag has locally integrable squared frame norms and is smooth and strictly positive
on an ordinary open set. The correction-ring theorem of Integrable metrics and effectivity with
controlled boundary [29, Theorem (Finite generation near a correction divisor)] then gives finite
generation in the two rational divisor directions selected by the input sequence.

The remaining argument uses the actual rational functions representing sections. In a finitely
generated bigraded ring, a monomial whose normalized degree approaches a boundary ray uses
off-ray generators in negligible degree. For each input section, the valuation inequality selects a
monomial with no larger valuation. One boundary-ray generator therefore has sufficiently small
normalized valuation. Its divisor is effective up to the correction Ay. Birational pushforward
removes that correction; centeredness then turns the resulting upper bound on the valuation into
exact equality with zero. This order of operations allows the exceptional correction itself to have
positive valuation.

The endpoint argument belongs to the study of asymptotic vanishing and multigraded section
rings. Ein, Lazarsfeld, Mustata, Nakamaye and Popa explain how finite generation controls
asymptotic orders and base loci [18, Section 4], with the corrected polyhedral argument [19,
Proposition 1.1]; Corti and Lazié give a multigraded formulation [14, Theorem 3.5]. Lemma 2.1
gives the direct one-ray, one-valuation argument used here. The geometric finite-generation input
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rests on the adjoint-ring theory of Birkar, Cascini, Hacon and McKernan [9] and Cascini-Lazié
[13], in the form [14, Theorem 3.2(1)].

1.2. From orders to invariant sections. For a torus action, the differential of the action gives
—Kx its natural linearization. A nonzero section can transform by a nontrivial character, so
scalar nonvanishing does not by itself give invariance. Along the generic orbit of a one-parameter
subgroup, an eigensection of weight w has order y — w, where p is the fiber weight at the limit.
Exact order zero therefore attains that fiber weight.

Miiller’s equivariant nonvanishing theorem gives invariant anti-log-canonical sections for projec-
tive sub-log-canonical pairs with semiample anti-log-canonical divisor, under commutative linear
algebraic group actions [27, Theorem C]. For smooth varieties with a torus action, we obtain the
following result under smooth semipositivity and a cohomological hypothesis.

Theorgm 1.2. Let X be smooth connected projective over C, with —Kx smoothly semipositive
and H'(X,0Ox) = 0 for every i > 0. For every algebraic torus T acting on X, some positive
anticanonical multiple has a nonzero T-invariant section for its natural linearization.

The proof starts with the source component, which attracts the generic orbit as the one-
parameter subgroup tends to zero. The attracting decomposition of Biatynicki-Birula identifies
this component [8]. The holomorphic fixed-point formula of Atiyah—-Bott, Atiyah—Segal and Atiyah—
Singer [3, 4, 5] supplies cohomology classes of the corresponding extremal weight. Semipositive hard
Lefschetz [16, Theorem 0.1] turns them into twisted differential forms. Saturated determinants,
following the method of Lazi¢-Peternell [24, Lemma 4.1] and its anticanonical adaptation [23,
Lemma 5.1], give effective divisors with bounded order along the generic orbit. Their character
calculation retains the determinant-rank shift. Theorem 1.1 then supplies actual normalized
section weights whose convex hull contains zero. A rational convex combination becomes an
invariant product after clearing denominators. The comparison of fixed-fiber and section-weight
polytopes in the semiample setting is developed in [27, Proposition 3.13 and Corollary 3.14]; here
exact attainment supplies the supporting section weights.

Together with the structural inputs described below, the invariant sections yield the following
scalar consequence: for every smooth connected projective complex variety X with smoothly
semipositive —Kx, there is an integer m > 0 such that

HY(X,-mKx) #0.

Sections 13 and 14 give two descents. The first uses the compact-monodromy structure theorem of
Anticanonical nonvanishing from smooth semipositivity [28, Theorem (Finite cover with compact
torus monodromy)], based on the universal-cover structure of Demailly—Peternell-Schneider and
its rational-connectedness refinement by Campana-Demailly—Peternell [15, 10]. The second uses
a locally constant maximal rationally connected fibration, supplied by Matsumura—Wang [26],
following the earlier smooth structure theorem of Cao-Hoéring [12]. It follows Miiller’s invariant-
section reduction [27, Theorem 2.2] and includes the unipotent part of the commutative algebraic
monodromy. The compact-monodromy argument uses only the structural and finite-cover norm
results of the nonvanishing companion; its nonvanishing theorem is not an input.

1.3. Independent methods and their additional outputs. The exact-order theorem and its
invariant application are followed by two independent constructions. Their purpose is to retain
different information during the passage from twisted sections to anticanonical sections.

The first uses nef reduction and extension. Given bounded orders in |m;L + M|, with ¢(X) =0
and —M pseudoeffective, it separates a fixed divisor of zero arc order from a line bundle on a
base. A fiber-maximum metric makes that line nef; the nef reduction of Bauer and collaborators
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[6] removes its numerical null directions. Extension of first jets by the theorem of Cao—Demailly—
Matsumura [11] proves that the remaining base line is big and yields arbitrarily small normalized
arc orders. Theorem 9.1 records this approximate transfer, which the exact theorem already
strengthens under the same hypotheses. The independent proof also gives the bigness and jet
construction. Its character application, Proposition 10.1, uses ¢(X) = 0 and x(X,0x) # 0
instead of vanishing of all higher structure-sheaf cohomology, together with the stated equivariant
very ample linearization.

There is a second ending to this nef-reduction construction. Starting with invariant sections
of jL — G for unbounded j, where G is a fixed pseudoeffective linearized line bundle, it forms a
base from invariant rational functions with pseudoeffectively controlled poles. It then extends
one nonzero invariant class in a multiplier-ideal quotient. Theorem 11.1 thus removes the fixed
error while keeping invariance throughout. This ending needs ¢(X) = 0 but does not require the
first-jet or weight-polytope steps. The common tools occupy Section 8, the arc and character
applications Sections 9 and 10, and the invariant conversion Section 11.

The other finite-generation construction assumes rational connectedness and controls an entire
collection of divisor classes. A prime divisor D is controlled when al — D is pseudoeffective for
some positive integer a. Proposition 12.1 places the naturally linearized classes of all invariant
controlled primes in one rational polyhedral cone generated by invariant effective rational divisors.
Its generators need not themselves be controlled. Here the effectivity companion’s weighted-
approximation theorem produces an adjoint boundary on a base; its correction disappears under
birational pushforward. Finite generation of the full multigraded ring and then of its invariant
subring gives the cone. Character separation supplies another proof of invariant nonvanishing
in the rationally connected case, as well as the fiberwise input used in the locally constant
MRC descent. Section 12 keeps this weighted metric construction distinct from the unweighted
integrability used for exact attainment.

The proof of exact attainment is organized as follows. Section 2 proves the finite-generator
lemma and its birational application. Sections 3 and 4 construct the null-polar base and prove
Theorem 1.1; Section 5 gives the formal-arc consequence. Section 6 establishes the order/weight
identity, and Section 7 proves Theorem 1.2. The independent methods then supply the additional
conclusions just described, before the paired monodromy descents finish the scalar nonvanishing
consequence.

2. SELECTING A GENERATOR ON THE BOUNDARY RAY

For a field K containing C, a real-valued valuation is a map v : K* — R satisfying

v(fg) =v(f) +vlg),  v(f+g) =minfu(f),v(g)} (f+g#0).

All valuations in this section are trivial on C*. The zero valuation is allowed. If a homogeneous
polynomial has the form fz%y?, we apply v to its coefficient f; the formal variables z,y record
degrees only.

The relevant boundary ray consists of degrees (0,b). A sequence approaches that ray after
normalization when its first degree is negligible compared with its total degree.

Lemma 2.1. Let R C K[z, y] be a finitely generated C-subalgebra, graded by N? with degz = (1,0),
degy = (0,1), and Ry = C. Let v be a real-valued valuation of K, trivial on C*. Suppose that
nonzero homogeneous elements

8 = fjwajybj € R, dj =a; + bj > 0,
satisfy
v(f5)

=0, RACY VANV 3
dj dj !
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Then every finite set of nonzero homogeneous generators of R contains a generator fa:oyb, with
b > 0, such that
o(f) _

b — ,‘Y
Proof. Discard constant generators and write the others as
T = gixy", ui, w; € N, u; +w; > 0.

There are finitely many indices i. Because the generators are homogeneous, s; can be expressed
as a sum of monomials of degree (a;,b;). One nonzero monomial has coefficient valuation at most
v(f;): otherwise the valuation inequality for the sum would contradict its coefficient f;. Let e;;
be the exponents of the generators in such a monomial. Nonzero scalar coefficients have valuation

Zero, SO
> eiju; = ay, > eijw; = by, > eijulgi) < v(fy). (2.1)

We compare the factors with u; > 0 and those with u; = 0. Every positive u; is at least one;

hence

Z €ij S aj.

u; >0
Since the generating set is finite, there are constants C7, Cy > 0 such that these factors contribute
at most Cha; to the second degree and at least —Cha; to the valuation. For example, take

C1 = max w;, Cy = maxmax{0, —v(g;)}.
i (2

The set of nonconstant generators is nonempty because d; > 0.

Some generator must have u; = 0. Otherwise (2.1) would give b; < Cia;, contrary to a;/d; — 0.
For every such generator w; > 0, so we may define

A = min ng)
u; =0  w;

Let c; be the second degree contributed by the factors with u; > 0. Thus 0 < ¢; < Cya;. The
remaining factors contribute second degree b; — ¢;, and their valuation is at least A(b; — ¢;).
Equation (2.1) therefore gives

v(fj) = Abj — (C2 + [A|C1)a;.

Divide by d; and pass to the limit. Since b;/d; — 1, we obtain v > A. A generator realizing the
finite minimum A proves the assertion. ]

The proof needs the finite list of actual coefficients g;. It does not follow from knowing only a
limiting cone of numerical classes. This is the feature that will matter for divisor section rings in
the next subsection.

2.1. Removing a birational correction. We now specify the geometric data to which the
lemma applies. The main point is that the correction on the base need not have valuation zero.
It will disappear under birational pushforward before the last valuation comparison.

All varieties below are integral projective varieties over C. For a Cartier divisor B on a normal
variety Y, we identify sections with rational functions:

HO(Y, 0y (B)) = {h € C(Y)* : divy (h) + B = 0} U {0}
For two Cartier divisors Bi, By, their bigraded section ring is
R(Y;B1,By) = € H(Y,Oy(aBi +bBy))ay’ C C(Y)[x, ). (2.2)
a,beN

Projectivity and integrality give H°(Y, Oy) = C, as required in Lemma 2.1.
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We also use rational powers of rational functions, interpreted as elements of C(Y)* ®z Q,
written multiplicatively. The divisor map and every valuation extend Q-linearly to this group.
Each element becomes an ordinary rational function after a positive integral power is taken. No
extension of the function field by actual roots is intended.

A valuation of C(X) is centered on X if its valuation ring dominates Ox ¢ for some point
¢ € X. For a Cartier divisor D, define v(D) by applying v to a local defining rational function at
&. This is independent of the equation, because units have valuation zero, and extends Q-linearly
to rational Cartier divisors. In particular, v(D) > 0 for every effective rational Cartier divisor D.
The zero valuation is centered at the generic point.

Proposition 2.2. Let X,Y be smooth integral projective complex varieties, let W be normal and
projective, and let

x«&w- Ly
be morphisms, with p birational and f surjective and equidimensional. Identify C(Y') with its
induced subfield of C(X) = C(W). Fiz a centered discrete valuation v of C(X), allowing also the
zero valuation.
Let A > 0 be a rational divisor on' Y such that p,f*A = 0. Let Dy, D1 be rational Cartier
divisors on X and put
D(t) = (1 — t)DO +tD1 (0 <t< 1).
For each prime divisor QQ of Y, define
) coeff g p* D(t)
P(t) = min @ ——————~
®) %E:f(E)Q ordg(f*Q)
where E ranges over the prime divisors of W dominating Q). Assume that P(t) = (1—t)P(0)+tP(1)
throughout [0, 1].
Suppose that rational numbers t; € [0,1] tend to zero and that h; € C(Y)* ®z Q satisfy
Nj = D(tj) + diVX(hj) >0, U(Nj) — 0.
Finally, suppose that for some € € Qsq and integer k > 0, the divisors
By =k(A+eP(1)),  Bo=k(A+eP(0))

are Cartier and the ring R(Y'; By, Bo) is finitely generated. Then there is an effective rational
divisor

Q, (2.3)

N ~g Do,  v(N)=0.

The minimum in (2.3) is over a finite nonempty set, since f is surjective and equidimensional.
Only finitely many base primes occur: the pullbacks of Dg, D1 have fixed finite support. Each
coefficient is a minimum of finitely many rational affine functions, so P(t) is piecewise affine. In
applications one restricts to a sufficiently small rational segment ending at ¢ = 0 and rescales the
parameter to obtain the stated affine hypothesis. If Y is a point, the sum is empty and means
P(t)=0.

Proof. Write
dj:aj—l—bj>0, aj,bjEN.
Scale the pair (aj, b;) by a positive integer whenever necessary to clear denominators. The ratio

aj/dj = t; is unchanged. In particular we can arrange that

ekd;

is an ordinary rational function on Y.
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The effective divisor IV; is rational Cartier because X is smooth, so p*/N; > 0. For a prime F
of W dominating a base prime @, let eg = ordg(f*Q) > 0. Taking its coefficient in this pullback
gives

ffp p*D(t;
COGE—])(J) + COGHQ diVy(hj) Z 0.
)

Taking the minimum proves
P(tj> + diVY(hj) > 0. (2.4)
The affine hypothesis now gives
CLjB1 + bjB() = kdj (A + EP(tj)).

Since A > 0, equation (2.4) shows that sjz% y is a nonzero homogeneous element of R(Y'; By, By).
The valuation of D(¢) is affine in ¢, since the two divisors have fixed support and valuation is
Q-linear. Thus

v(s;
v(h;) = v(N;) —v(D(tj)) — —v(Dy), (dj) — —ekv(Dy).
J
Apply Lemma 2.1 to this section ring and to the restriction of v to C(Y). The lemma only
uses this restriction as a real-valued valuation. We obtain a generator represented by a rational
function r, of degree (0,b) with b > 0, such that

ig:l)) S —’U(Do).

Put h, = r/(¢k9) in the rational-power group. The section inequality for r gives
P(0) + A/e + divy (hy) > 0. (2.5)

We have selected the endpoint section on Y. It remains to show that it gives an effective divisor
on X without retaining the correction A/e.

A prime of W is horizontal if it dominates Y, and vertical otherwise. Principal divisors pulled
back from Y have no horizontal components. Consequently the horizontal coefficients of p*D(t;)
are nonnegative, by effectivity of p*IV;; the same is true for p* Dy by passage to the limit. Every
vertical prime dominates a base prime, by equidimensionality. For such a prime F over @), the
minimum defining P(0) and (2.5) show that its coefficient in

p*Do + f*(divy (hs) + A/e)
is nonnegative. This divisor is therefore effective.

Push it forward by p. The assumption p,f*A = 0 removes the correction, while pullback and
pushforward of the principal divisor give divx (hs). Hence

N:Do—I—diVX(h*) >0, NNQ Dyg.

Centering gives v(IN) > 0. The selected generator gives v(NN) = v(Dp) + v(hy) < 0, proving
equality. O

The proof never evaluates the correction f*A at v. Its removal is a divisor identity under
pushforward. This permits an exceptional correction with positive valuation on a higher model.
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3. THE FIELD SELECTED BY THE CURVATURE INTERSECTION

We now construct the base needed for Theorem 1.1. The data X, L, a, v, Gy, £ remain as in
the introduction. A divisor is called null in this section if it is effective and has f-value zero.
Nonnegativity of ¢ implies that every effective divisor bounded by a null divisor is again null.

Lemma 3.1. The set
k={0}U{heC(X)" :4((h)x) = 0}
is a finitely generated subfield of C(X), relatively algebraically closed in C(X).

Proof. The polar divisors of hy + he and hihs are bounded by the sum of the polar divisors of
h1, he. The zero and polar divisors of a nonzero rational function are linearly equivalent, and
therefore have the same ¢-value. These observations prove closure under addition, multiplication
and inversion.

Suppose that b € C(X) is algebraic over k. In a monic equation b” + a1b" ! +--- +a, = 0,
each coefficient belongs to k. At a prime divisor P where b has a pole, the term 6" cannot have
strictly smaller order than every other term. Thus, for some i, i ordp(b) > ordp(a;). In particular
the pole order of b is bounded by the sum of the pole orders of the coefficients. Its polar divisor
isnull, so b € k.

Choose a transcendence basis t1,...,tq of k/C. The algebraic closure of C(t1,...,t;) inside
the finitely generated field C(X) is a finite extension of that rational function field. The
intermediate field k is algebraic over the same field and is therefore finite over it. This proves
finite generation. 0

Choose smooth projective models and morphisms
X< zLy, CY)=k,

with 7 birational and g surjective. Characteristic zero and relative algebraic closedness imply
that its generic fiber is geometrically integral. We first verify two properties which persist under
every birational change of these models.

Lemma 3.2. For every very ample divisor H on'Y,

Umg*H) = 0. (3.1)

If Ez = Kz/x is the effective Jacobian divisor, then
dimg(y) H%(Zy, 0z(Ez)|z,) = 1. (3.2)
Proof. Choose a basis sg, ..., sy of the very ample system. The functions s;/s¢ belong to k, so

their polar divisors on X are bounded by one null divisor D. Their poles on Z are then bounded
by 7*D. Base point freeness says that the componentwise maximum of those polar divisors on Z
is g* div(sg). After pushforward, effectivity and monotonicity give 0 < ¢(m.g*H) < (D) = 0.

The Jacobian section sg, gives one nonzero section in (3.2). Divide any other generic-fiber
section by it. The resulting rational function a € C(Z) = C(X) has horizontal poles bounded by
E 7. There are finitely many remaining polar primes. Each maps into a proper closed subset of Y.
A sufficiently high very ample system has an effective member B vanishing to prescribed orders
on their images; increasing these orders ensures

(a)oo < Ez+ g*B.

This also works when a vertical prime maps to codimension greater than one. Since Eyz is
exceptional over X, pushforward and (3.1) show that the polar divisor of @ on X is null. Thus
a € k. Every generic section is a scalar multiple of the Jacobian section, as claimed. O
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The equality in (3.2) concerns the full adjoint space in degree zero. It has not been deduced
from an eventual rank statement. It identifies the integrated Jacobian volume with a line metric
on the base, rather than with a selected subspace of a larger direct image.

3.1. An equidimensional model without a field extension. Assume d =dimY > 0. We
need a normal projective variety W and a diagram

x<&Zw Ly (3.3)

with p birational, ¥ smooth projective, and f equidimensional and toroidal for strict toroidal
embeddings. All modifications here are birational; in particular the field of the base remains k. A
toroidal embedding is locally modeled on a toric variety with its dense torus; the complement is
its boundary. Strictness means that the irreducible boundary components are normal. Toroidal
morphisms are locally toric morphisms, so boundary strata determine rational cones and the
morphism determines their lattice-linear maps.

Weak toroidalization [1, Theorem 1.1] first gives a birational toroidal diagram with smooth
projective target. For a toroidal morphism, equidimensionality is equivalent to the condition that
every source cone maps onto a target cone [2, Lemma 4.1 and Remark 4.2]. Refine the target cone
complex so that the image of every source cone is a union of cones. Projective refinements exist by
[2, Lemma 4.3]; further projective toroidal resolution makes the target nonsingular. Intersecting
the source cones with inverse images of target cones gives projective source subdivisions and a
compatible toroidal morphism. In a target cone of the new subdivision, an old cone image meets
it in a union of faces which is convex, hence in a face. Thus the new source cones map onto target
cones. This is the equidimensionalization of [2, Proposition 4.4].

In local toric models, a source stratum maps submersively onto its target stratum. Cone
surjectivity bounds the dimension of the fiber in each stratum above by n — d; the opposite bound
for full fibers follows because the target is smooth. This gives equidimensionality. The normal
source may remain singular, and no covering to reduce multiplicities is needed. Resolve it by
Z — W when using smooth differential forms; that resolution need not itself be equidimensional.
We continue to write 7: Z — X and g : Z — Y for the induced maps.

3.2. The horizontal curvature patch. The next calculation verifies the remaining analytic
hypothesis of the toroidal-volume theorem. Let wg be a positive form representing c¢;1(Gy), and
let wy represent a very ample class on Y. When v < n, equation (3.1) implies

(T*)" A g*wg ATrwp T = 0. (3.4)

Indeed the left side is a semipositive top-degree form whose integral is the displayed intersection
number. It therefore vanishes pointwise.

At a maximum-rank point away from the Jacobian divisor, diagonalize 7*«a in coordinates
orthonormal for 7*wy. Its first v eigenvalues are positive and the rest are zero. The left side of
(3.4) is a positive multiple of the sum of the diagonal entries of ¢g*wpy in the remaining n — v
directions. These entries vanish. A semipositive Hermitian form vanishing on a vector has zero
mixed terms with that vector, so

ker 7 C ker dg.
For v = n this inclusion is automatic. The maximum-rank locus is a nonempty ordinary open and
intersects the dense smooth base-change locus, away from the Jacobian divisor. Near a point in
their intersection the rank is constant. On a smaller relatively compact neighborhood the positive
eigenvalues are bounded below, and the kernel inclusion gives

m™a > cgtwy (c>0). (3.5)
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The Jacobian section is nonzero on this patch. If v = 0, the same calculation would force dg = 0
on a nonempty open; thus a positive- dimensional base cannot occur in that case.

We have now proved both analytic inputs from the null-polar field: full rank one in (3.2) and
the patch (3.5). Apply the toroidal-volume theorem [31, Theorem (Toroidal volume metric)] to
(3.3). For a prime E of W put ag = ordg Ky, x. Its conclusion uses

Ay = %:max {0, én:)% ((m - 1) } Q. (3.6)

It supplies Ag > 0, p.f*Ag = 0, and a semipositive metric on —Ky + Ag with locally integrable
squared frame norms, smooth and strictly positive on a nonempty ordinary open. The cited
theorem proves the all-valuation discrepancy calculation and extension across boundary divisors
and codimension two. Its strictness requirement is exactly (3.5); no global strict curvature bound
is being inferred directly from that patch.

The correction-ring theorem [29, Theorem (Finite generation near a correction divisor)] now
applies. For every finite list of rational divisors P; on Y, there exist € € Qs and ky € Z~ such
that all ko(Ag + €P;) are Cartier and their multigraded section ring is finitely generated. This
statement retains the actual rational linear equivalences and the common value of €. We next
choose the two directions dictated by the divisors in Theorem 1.1.

4. PROOF OF EXACT ATTAINMENT

The preceding construction depends only on the curvature-null field. We now place the given
divisors in a two-dimensional section ring and apply Proposition 2.2.

Proof of Theorem 1.1. Choose two input divisors with distinct exponents, write them as Ny, Vs,
and denote their exponents by ui, us. For a rational vector t = (t!,2) put D(t) = t' Ny + t2Ns.
Let t; solve

urth +ugt? =1 th 12 =1/m;

J J ) 3T 3

After discarding finitely many terms, these points approach from one side the rational point ¢,
given by the same first equation and t! +t? = 0. Hence D(t.) ~g L, and there are rational
powers of rational functions h; such that

Nj/mj :D(tj)—l-diVX(hj). (4.1)

A positive power clearing denominators is an ordinary rational function. Its polar divisor is
bounded by a positive linear combination of Ni, Ny, because the left side of (4.1) is effective.
That bound is null. Thus the power belongs to k, and we may regard h; as an element of k* ®z Q.

If £ = C, the principal correction vanishes. The fixed-support limit of the effective divisors
D(t;) is effective, and linearity on that finite support gives

v(D(ts)) = lijm v(Nj)/m; = 0.

Then N = D(t,) proves the assertion.
Otherwise use the equidimensional model of Section 3. Define the divisor P(t) on Y by

B ) coeff g p* D(t)
PO=2 o ods g @

Its support is finite and fixed, since the support of p*D(t) lies in that of p*N; + p*Nay. Each
coefficient is a minimum of finitely many rational linear functions. On a sufficiently short rational
segment [t,to] containing a tail of ¢;, all these minima are linear. Reparameterize this segment
by u € [0, 1], so that u = 0 corresponds to t, and u =1 to tg.
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Apply the correction-ring theorem to P(ty), P(t.). It gives a finitely generated bigraded section
ring for
By = k‘o(Ao + GP(t())), By = ko(A() + EP(t*)).
All the hypotheses of Proposition 2.2 now hold: p,f*Ay = 0 by the toroidal-volume theorem;
the normalized effective divisors in (4.1) approach D(t.) through principal corrections from Y
their valuations tend to zero; and the minimum divisor is affine on the chosen segment. That
proposition gives an effective rational divisor N ~q D(t.) ~g L with v(N) = 0. O

In particular, no valuation of the exceptional correction is assumed to vanish. The proof of
Proposition 2.2 first removes it by pushforward and then uses centeredness on X. This is also
why the fixed valuation may have center of any codimension.

5. EXACT ZERO ORDER ALONG A FORMAL ARC

A generic formal arc on X is a morphism
v : Spec F[[t]] — X

over an extension field F'/C, whose fraction point maps to the generic point of X. For a Cartier
divisor D, write v, (D) for the order in ¢ of its local equation pulled back along the arc. Genericity
ensures that a nonzero equation remains nonzero.

Corollary 5.1. Let X be smooth integral projective over C, let L = —Kx have a smooth
semipositive Hermitian metric, and let M be a line bundle such that —M 1is pseudoeffective. Let
v be a generic formal arc on X. Suppose that effective integral divisors satisfy

Nj ~ M +m;jL, m; € Lo, Mmj — 00, ’Z)V(Nj) = O(Mj).
Then, for some integer r > 0, there is an effective integral divisor

D ~rL, vy (D) = 0.

Proof. If X is a point, use its zero divisor. Otherwise set n = dim X > 0 and choose G and ¢ as
in Theorem 1.1. Smooth semipositivity makes L nef. If v < n, the functional ¢ is nonnegative on
effective divisors, since its remaining factors are nef; by continuity it is nonnegative on the closed
pseudoeffective cone. If « is the curvature form normalized to represent c¢;(L), then o' = 0, so
¢(L) = 0. Thus
0 <{U(Nj)=4M)+mjil(L)=¢M) <0.
The last inequality uses pseudoeffectivity of —M. This proves ¢(N;) = 0. For v = n, the same
conclusion follows from the definition ¢ = 0.
The generic fraction point of the arc gives an injection

C(X) <= F((t)).

Restrict ord; to C(X)*. Its image is either zero or dZ for an integer d > 0. Let £ be the image
of the closed point of the arc. The local ring Ox ¢ maps into F[[t]], its maximal ideal maps
into tF[[t]], and its units have order zero. Hence the restricted valuation is centered at £. If
it is zero, this forces £ to be the generic point; we use the zero-valuation case of Theorem 1.1.
Otherwise divide by d to obtain a normalized discrete valuation centered at &£. Orders of local
divisor equations agree with arc orders, up to this fixed normalization.

The assumption v, (N;) = o(m;) is exactly the required normalized-order limit, and dividing
by d leaves that limit unchanged. Theorem 1.1 therefore supplies an effective rational divisor
N ~g L with vy(N) = 0. Choose r > 0 clearing the coefficients of N and the rational linear
equivalence. Then D = rN is effective integral, D ~ rL, and v, (D) = 0. O
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In particular, bounded input orders imply the corollary, and the same output D satisfies v, (D) <
or for every § > 0. There is also an independent route to the weaker approximate conclusion. It
starts from the numerical nef reduction of Bauer et al. [6, Theorem 2.1] and uses the multiplier-
ideal quotient extension theorem of Cao—Demailly-Matsumura [11, Theorem 1.1] to obtain the
required jets. The passage from nef reduction to linear equivalence, and the construction of that
quotient, are additional steps; the corresponding anticanonical argument assumes irregularity
zero. The implication proved here uses neither that assumption nor the extension theorem. It
uses the stronger exact valuation theorem, whose finite-generation preparation remains essential.

6. ORBIT ORDERS AND CHARACTERS

We use the left action on sections of a linearized line bundle: (g - s)(z) = g(s(¢~'x)). Thus
a character « means g - s = a(g)s. Fixing this convention is necessary when an order estimate
is converted into a weight estimate. The next two elementary lemmas will be used both for
approximate weights and for exact attainment of a supporting weight.

Lemma 6.1 (The order on a generic orbit). Let an algebraic torus T act on a smooth integral
projective variety X, and let L be a T-linearized line bundle. Let A : G,, = T be a cocharacter,
and let S be its source component: a dense open subset of X tends to S as the parameter tends to
zero. Let pi be the \-weight on L|g. If 0 # s € HY(X, L) has A\-weight w, then

ua(divs) = p — w,

where vy is the order on the arc t — \(t)§ and & is the generic point, viewed as a C(X)-valued
point. For the zero cocharacter the order and both weights are zero.

Proof. The orbit map is defined over C(X)(¢) and remains generic on X. By properness it extends
to the formal disc over C(X). Its center belongs to S. Pull back L to this disc. If the pulled-back
section has order d, its first nonzero class belongs to the fiber of L tensored with the degree-d
parameter ideal quotient. Parameter scaling acts on this quotient, under the declared action on
sections, with weight —d. The first nonzero class therefore has weight u — d. Equivariance gives
w = p — d. The zero-cocharacter arc is constant at the generic point; every nonzero rational
function is a unit there, which proves the last assertion directly. ]

Lemma 6.2 (Multiplying characters). Let T act on an integral projective variety X, and let
L be a T-linearized line bundle. Suppose, for 1 < i < N, that s; € H°(X,r;L) are nonzero
etgensections with characters oy, where r; € Z~qg. If zero lies in the convex hull of the rational
points o;/ri, then HO(X,rL)T #0 for some r > 0.

Proof. The defining linear equations and inequalities have rational coefficients, so there are
rational numbers ¢; > 0 satisfying >, ¢; = 1 and Y, ¢;a;/r; = 0. Clear the denominators of ¢;/r;
to obtain integers n; > 0, not all zero, with }_; n;a; = 0. The product []; s;"* has weight zero and
belongs to H(X,rL), where 7 = 3, n;r; > 0. Its factors are nonzero at the generic point of the
integral variety, so the product is nonzero. O

7. EXACT ATTAINMENT OF SOURCE WEIGHTS

We prove Theorem 1.2 by constructing the small input orders required by Theorem 1.1.
Let X be smooth connected projective with smoothly semipositive . = —Kx, and assume
H(X,0x) =0 for all i > 0. Let an algebraic torus T act effectively on X. If X is a point, its
constant section proves the theorem. Otherwise use Gp and ¢ as in (1.1). The anticanonical line
L = det T'x has its natural linearization. The action on sections is the left action induced by the
action on the total space.
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7.1. Source weights and cohomology. Fix a cocharacter A : G,, — T. Its unique source
component S attracts a dense open subset as ¢t — 0, by the Bialynicki-Birula decomposition [§];
see also the smooth attracting decomposition in [21, Theorem 1.5 and Corollary 7.3]. Let ¢ be
the weight of L on S. This is the sum of the positive normal tangent weights, so ¢ > 0 for a
nonzero cocharacter. For the zero cocharacter take S = X and ¢ = 0. The rational attracting
map to S is dominant. Resolve it and pull back holomorphic forms; birational invariance and
Hodge symmetry give H'(S,Og) = 0 for i > 0.

Average the logarithmic weights of the metric over the circle in A\(G,,,). For a nonzero vector
u € Ly, put g,(s) = log|\(e®)u|. The logarithmic norm of this nonvanishing holomorphic orbit
section is superharmonic by semipositive curvature. Circle invariance therefore makes ¢, concave
in s. There is a smooth function 6 : X — R such that ¢},(s) = 8(A\(e®)z); it is independent of the
scaling of u and equals the fiber weight on each fixed component. If x is in the dense attracting
set, continuity gives ¢},(s) — ¢ as s — —oo. Concavity then gives §(z) < ¢. Density and continuity
extend this inequality to all of X, so every fixed-component fiber weight is at most c.

For all sufficiently large integers [, the weight (I — 1)c occurs in some H%(X, (Il — 1)L). Indeed,
expand the equivariant holomorphic Lefschetz formula at infinity in its weight variable z. For a
normal tangent weight w, the inverse normal factor is (1 — z=%e~%)~1. If w > 0, it has constant
term one and lower powers; if w < 0, all its powers are strictly negative. Every component other
than the source has a negative normal weight. Maximality of ¢ therefore makes the coefficient of
2(=1e precisely x(S, (I — 1)L|g). This polynomial in I — 1 has value x(S, Og) = 1 at zero, and is
nonzero for all large [. See [4, 5] for the fixed-component formula.

Equivariant hard Lefschetz with the smooth semipositive coefficient L [16, Theorem 0.1] gives
a surjection

HY(X, QY "®IL) — HYX,Kx +1L) = HI(X,(l - 1)L).
A circle-invariant Kéhler form makes this map equivariant. On an infinite subsequence we obtain
nonzero eigensections u; of Q% ® [L, with one fixed a, of weight (I — 1)c for A\. Decompose each
into T-weight components and select a nonzero component; all the components have the same
A-weight. Thus the u; can be chosen to be T-eigensections.

7.2. Determinants with bounded orbit order. The use of saturated determinants follows the
method of Lazié¢—Peternell [24, Lemma 4.1] and its anticanonical adaptation in [23, Lemma 5.1].
Those statements include a numerical-nontriviality hypothesis on the twisting line. Here the
positive unbounded twists are already available, and the generic-span and wedge construction
below proves exactly the assertion needed, also for a numerically trivial L.

Each section u; defines a map L~ — Q%. Take the span of their image lines over C(X), of rank
e > 0, and saturate its determinant line in A“Q¢ . This construction is independent of a choice
of rational frame for L. Denote the resulting line bundle by M. Rank-one saturation in a locally
free sheaf is reflexive and hence a line bundle on the smooth variety; its natural linearization
extends from the subbundle locus across codimension two. The needed curvature-intersection
sign is /(M) < 0; it is automatic when v = n. Suppose v < n. The smooth metric on L = —Kx
determines a positive volume form whose Ricci form is a. For every b > 0, scale this volume to
the volume of the Kéhler class Gy + bL and apply the Calabi—Yau theorem [36]. The resulting
Kaéhler metric has Ricci form « > 0. Kéhler curvature symmetries identify the mean curvature of
its tangent bundle with the Ricci endomorphism. Duals and exterior powers therefore make the
mean curvature of A Q% nonpositive.

Apply the subbundle curvature inequality to the inclusion of M where it is nonzero. Its
logarithmic norm extends as a locally quasiplurisubharmonic function across the zero set. Its
Hessian has a smooth lower bound there, so the singular trace measure is nonnegative and the



EXACT ORDERS AND INVARIANT ANTICANONICAL SYSTEMS 15

extension preserves the degree inequality. Hence
M - (Go+bL)" " <0.

Since L1 = 0, all powers above b” vanish in this intersection polynomial. The coefficient of b”
is a positive multiple of ¢(M), so letting b — oo proves the required sign.

Choose a fixed finite collection of the u; whose image lines form a generic basis. Every further
nonzero u; can be completed to a basis by e — 1 members of this collection. There are finitely
many choices; on an infinite subsequence one choice is fixed. Taking these wedges gives nonzero
eigensections of M + m;L, where m; is the sum of the e twists and tends to infinity. Their
weights are (m; — e)c, since each of the e constituent forms contributes its twist minus one. Their
zero divisors N satisfy ¢(N;) = 0, by effectivity and /(M) < 0. Let v be the order obtained by
substituting A(¢)z for the generic point x of X. Properness extends this orbit to a formal arc at
zero, with center at the generic point of S; its order is a discrete valuation up to rescaling, or is
zero. If cpy is the fiber weight of M at S, then

v(Nj) =mjc+ ey — (mj —e)e = cy + ec.

This is Lemma 6.1 for the declared left action. The constant cp; + ec retains the determinant-rank
shift.

7.3. Exact source weights and an invariant product. Theorem 1.1 now gives an effective
rational representative of L of order zero at the generic source. After clearing denominators,
some section of mL restricts nontrivially to S. Its weight decomposition consequently contains a
normalized weight whose value on A is exactly c¢. If T is trivial, this is already a nonzero invariant
section. Assume from now on that T has positive dimension.

The function ¢ is the maximum of the finitely many T-fixed fiber weights evaluated on A:
the source is T-stable and contains a T-fixed point by the Borel fixed-point theorem. It thus
extends to a continuous rational polyhedral homogeneous function on real cocharacters. It is
strictly positive away from zero. Indeed a nontrivial zero or negative locus would, by rational
polyhedrality, contain a nonzero rational cocharacter, contrary to the source-weight calculation.
Every normalized section weight is bounded above by ¢ on each cocharacter, by the same orbit-
order test, and the preceding argument attains this upper bound. The comparison between
fixed-fiber and section-weight polytopes for semiample linearized line bundles, and the resulting
invariant-product criterion, are established in Miiller [27, Proposition 3.13 and Corollary 3.14].
Here exact order attainment supplies the supporting section weights.

Testing a lattice basis of cocharacters and its negatives bounds all normalized section weights.
Their closed convex hull is therefore compact; its support function equals ¢ on rational cocharacters
by exact attainment, and then on all real cocharacters by continuity. Strict positivity of ¢ away
from zero puts zero in its interior. Choose a small simplex surrounding zero in that convex
hull and approximate its vertices by finite convex combinations of actual normalized weights.
Sufficiently close approximations still surround zero, so the finitely many actual weights in
these combinations have zero in their convex hull. Lemma 6.2 now multiplies finitely many
corresponding eigensections to produce a nonzero invariant section.

This proves Theorem 1.2. For an arbitrary torus action, replace T' by its effective quotient
T/ker(T — Aut(X)). The entire kernel, including its finite part, acts trivially on the natural
anticanonical line, so a section invariant under the quotient is invariant under 7'.
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8. NEF BASES AND EXTENSION OF SECTIONS

The nef-reduction arguments in Sections 9 and 11 start from twisted anticanonical sections.
Their common construction is a diagram

x&wly  aL~D+ B,

where L = —Kx, a is a positive integer, W is normal and equidimensional over the smooth base
Y, and p is birational. The divisor D is effective Cartier, and above each prime of Y it has
coefficient zero on at least one component. The line bundle B is the part whose positivity must
be established.

On a smooth resolution of W, a rank-one hypothesis for every relative adjoint twist identifies
the relevant sections with powers of the section defining D, multiplied by the Jacobian section.
The bounded maximum metric lemma below states this hypothesis in ordinary and invariant
forms. It shows that the fiber maximum of the norm of the section defining D gives a locally
bounded semipositive metric on B, hence makes B nef. Nef reduction then identifies its numerical
null directions, and irregularity zero turns the resulting numerical descent into rational linear
descent.

The two applications finish differently. For a prescribed arc, Section 9 proves v(D) = 0 and
extends first jets at one point of the reduced base; this makes its descended line big and yields
arbitrarily small normalized arc orders. Starting instead with invariant twisted sections, Section 11
extends one nonzero invariant class in a quotient of multiplier ideals and obtains an invariant
anticanonical section. We now prove the model, metric, descent and curvature-concentration
statements shared by these constructions.

8.1. Models and connected fibers. The relative section must be normalized over every base
divisor. For that purpose we use a normal equidimensional model. Its smooth resolution is used
for integration, and is not required to remain equidimensional.

Lemma 8.1 (Equidimensional models). Let X --+ Y be a dominant rational map of integral
projective varieties over C. There are a smooth projective birational model Y' of Y and an integral
projective flat family Xo — Y’ with a birational morphism to the graph of the original map. Every
irreducible component of every fiber has dimension dim X — dimY . The normalization V' of Xg
is equidimensional over Y'; in particular, every vertical prime divisor of V. maps onto a prime
divisor of Y'. If C(Y) is algebraically closed in C(X), the morphism from V, and from any
smooth resolution of V', to Y’ has connected fibers. If a torus acts on X and the rational map
18 tnwariant, these constructions and a projective resolution of V' can be made equivariant, with
trivial action on the base.

Proof. Embed the projective graph over Y in P¥ x Y. Over the flat open set the fibers define
a map to the projective Hilbert scheme [20, Theorem 3.2 and the Hilbert-scheme specialization
after Proposition 3.8]. Resolve the closure of its graph, also resolving the base, and pull back the
universal family. Flatness over an integral base embeds each affine coordinate ring in its generic
localization. The generic fiber is integral, so these coordinate rings have neither nilpotents nor
zero divisors. Thus the pulled-back family is integral and is the closure of the original family over
the flat open set. Its map to the graph is birational.

Constancy of the Hilbert polynomial bounds the dimension of every fiber above by the generic
relative dimension. At any fiber component the height bound for the ideal generated by local
parameters of the smooth base gives the opposite bound. This proves purity of fiber dimension.
Normalization is finite, so fiber dimensions and dimensions of images of components are preserved.
A prime divisor mapping into codimension at least two in Y’ would have dimension at most
dimY’ — 2+ (dim X — dimY”’) = dim X — 2, a contradiction.
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For connectedness apply Stein factorization to the normal total space. Its finite intermediate
base has function field the algebraic closure of C(Y’) in C(X); the asserted field condition and
normality of Y’ make the finite birational morphism an isomorphism. The same reasoning applies
after resolution. In the equivariant case, the family over the original open set is stable under
the action. Its closure and normalization are therefore stable, and equivariant resolution in
characteristic zero supplies the last assertion. ]

8.2. A bounded metric from all relative moments. The two nef-reduction arguments below
construct a section of a relative line bundle and normalize its orders over base divisors. The
purpose of this normalization is analytic: it prevents the maximum of the section’s norm on
nearby fibers from tending to zero. Together with rank one for every relative adjoint twist, it
produces a nef line bundle on the base. Ordinary and invariant rank one are separate hypotheses
in the statement.

Lemma 8.2 (Bounded maximum metric). Let X,Y be smooth connected projective varieties, let
L = —Kx have a smooth semipositive metric h, and consider

whx, wly zow

where W is normal integral projective, p is a birational morphism, f is surjective and equidimen-
stonal with connected general fiber, and r is a smooth projective resolution. Write m = pr, g = fr
and E =Kz — 1 Kx > 0. Let B be a line bundle on Y, let a € Z~g, and suppose

0#7¢e H'(W,ap*L — f*B)

has order zero on at least one component above every prime divisor of Y. Assume that, for every
integer | > 1, the ordinary generic adjoint space for Kzy + (al + 1)7*L has dimension one
and is generated, in base frames, by sg(r*1)!. Then B has a semipositive metric with locally
bounded weights. On a smooth connected-fiber open set its weight in a frame B is the continuous
plurisubharmonic function

©p(y) = —log max |r*7 g* Bl pya- (8.1)
Yy

In particular, B is nef.

The same conclusion holds with invariant generic rank one in place of ordinary rank one,
provided an algebraic torus acts compatibly on the diagram with trivial action on'Y, L has its
natural linearization, B has trivial linearization, T is invariant, and h is invariant under the
mazximal compact torus.

Proof. The point-base case is immediate, so assume dim Y > 0. The generic fiber is connected;
the fibers over a sufficiently small smooth-submersion open set U are therefore connected and
smooth, hence irreducible. Shrink U so that neither sg nor r*r vanishes identically on any fiber.

Choose frames § of B and x of —Ky on a base chart. For each | > 1, the relative adjoint
section

w = spg*k (r'rg*B)

generates the relevant generic space. On its locally free base-change locus, Berndtsson’s smooth
direct-image theorem [7, Theorem 1.2] applies to the smooth semipositive coefficient (al + 1)7*L.
In the invariant case, compact averaging is a holomorphic projection on the direct image. It is
orthogonal for the fiber integral metric, by change of variables and invariance of the coefficient
metric. Its invariant line is consequently also a metric quotient and inherits semipositive curvature.
This is the only extra positivity step in the invariant case. If the relative dimension is zero, the
connected smooth fiber is one point and the same assertion follows directly from the coefficient
metric.
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Put b = |r*rg* |%7r* h)as and let du, be the smooth nonnegative density of sgg*x with coefficient
7* L. The preceding positivity gives plurisubharmonicity of

1
—~lo / b du,.

The density has full support on each fiber in U. Smooth proper integration extends the displayed
function across the possible base-change exceptions for this particular [, preserving plurisubhar-
monicity. Thus no common base-change locus for infinitely many [ is required.

Normalize each density to mass one. Its I-th power mean of b increases to the maximum. The
maximum is positive and continuous under a proper smooth submersion, so this convergence is
uniform on compact subsets by monotonicity. The logarithm of the mass, divided by [, tends
uniformly to zero there. Passing to the limit proves that (8.1) is plurisubharmonic on U.

It remains to extend the metric over Y \ U. Regularity of 7 and properness bound b above over
compact base charts; hence ¢z is locally bounded below. At a general point of every boundary
prime @, choose a component I' above ) on which 7 has order zero. Normality makes W smooth
at a general point of I'. We can choose this point so that 7 is nonzero and I' — @ is submersive.
In local coordinates a parameter for () pulls back to a unit times a positive power of a parameter
for I'. Taking a local root of the unit, and completing with the tangential coordinates, shows that
f is open there. A neighborhood on which the norm of 7 is bounded below by a positive constant
therefore covers a base neighborhood. Surjectivity of Z — W gives the same lower bound for the
fiber maximum. Thus ¢g is locally bounded above near a general point of Q.

The removable-singularities theorem for plurisubharmonic functions now extends the weights
across the divisors, except over a closed analytic set of codimension at least two. The Hartogs
extension for plurisubharmonic functions removes that set as well. More explicitly, choose a small
transverse disc whose boundary avoids the missing set and parallel nearby discs with boundaries
in a fixed compact subset of the complement. Outside a proper set of parameters these discs
miss the analytic set. Their boundary maximum gives a common upper bound, and the submean
inequality extends it to the other points of the domain. The original lower bounds persist under
extension. Finally,

pus = @p — log |ul?
for a nowhere-zero holomorphic function u, so the local weights glue to a metric on B. Restricting
the bounded plurisubharmonic weights to the normalization of any curve gives nonnegative degree.
This proves nefness. O

The conclusion over the entire base is local boundedness. Continuity on the smooth locus
is used for the power-mean limit; the extension argument does not require continuity at every
boundary point.

8.3. Descending through the numerical null directions. A nef divisor has degree zero on
the general fibers of its nef reduction. The next argument upgrades this to every contracted curve,
which is the hypothesis needed for numerical pullback. Irregularity zero is then used to turn that
numerical identity into a rational linear identity of line bundles.

Lemma 8.3 (Descent of a nef divisor). Let Y be smooth connected projective with q(Y') =0, and
let B be a nef Cartier divisor on Y. There are smooth connected projective varieties Y' and Z, a
birational morphism p:Y' —'Y, a surjective morphism h :Y' — Z with connected fibers, and a
nef rational Cartier divisor L on Z such that

p*B ~g h*L.
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If dim Z > 0, every irreducible curve through a very general point of Z has positive L-degree.
After multiplying B and L by one positive integer, L is Cartier and the displayed equivalence is
linear.

Proof. Apply the nef reduction theorem of Bauer, Campana, Eckl, Kebekus, Peternell, Rams,
Szemberg and Wotzlaw [6, Theorem 2.1]. It gives an almost holomorphic dominant map Y --» Z
with connected general fibers, numerical triviality of B on its compact general fibers, and positive
B-degree for every noncontracted curve through a very general point of Y. Apply Lemma 8.1 to
its graph, over a smooth projective birational model Z of Z;. Write T'— Z for the flat family
and Br for the pullback of B.

We claim that Br is numerically trivial on every curve in every fiber. Almost holomorphicity
identifies sufficiently general graph fibers with compact fibers in the domain of the original map.
Indeed the complement of that domain has smaller relative dimension over a general base point;
the compact fiber in the domain is already closed, and so acquires no additional points in the
graph. Thus By is numerically trivial on a general fiber.

Let d be the relative dimension. If d = 0 there are no contracted curves on T'. Suppose d > 0
and choose an ample Cartier divisor H on T. Both H and H + Br are relatively ample. Their
top degrees on the fundamental fiber cycles are constant, by flatness and the leading coeflicients
of their Hilbert polynomials, and agree on the general fiber. On any fiber the binomial expansion
of their difference is a sum of nonnegative mixed intersections. Since the fiber has pure dimension
d, every component R occurs with positive multiplicity; we obtain

Br-H¥™1.R=0 for every fiber component R.

If d = 1, every integral curve C' C R equals R, so its degree is already zero. For d > 2, choose d — 1
sufficiently high ample hypersurfaces through a prescribed curve C' C R. Global generation of its
twisted ideal permits successive general choices avoiding all existing components not contained in
C, so the final intersection is proper and one-dimensional. At the generic point of C, their local
equations form a system of parameters; their intersection multiplicity there is positive. Thus the
resulting effective curve cycle contains C' with positive coefficient, also when R is singular. Its
Br-degree is zero, and nefness makes every component degree nonnegative. Hence By - C' =0, as
claimed.

Normalize T and resolve it to Y/, with maps p: Y’ — Y and h: Y’ — Z. A curve contracted
by h either maps to a curve in a fiber of T or maps to a point, so p*B has degree zero on every
such curve. The fibers of h are connected, by Stein factorization and the connected general fibers
of the nef reduction. Lehmann’s numerical pullback theorem [25, Theorem 1.2] applies: the
divisor p*B is pseudoeffective, is numerically trivial on all contracted curves, and the smooth
base Z is Q-factorial. It gives p*B = h*L for a real numerical divisor class L. The pullback map
on numerical divisor spaces is defined over QQ, so the linear equation with rational right-hand side
has a rational solution. Choose such an L. It is nef: for each curve in Z, a projective slice of its
inverse image gives a curve dominating it, and the projection formula gives nonnegative degree.

Birational invariance gives ¢(Y’) = 0. Numerically trivial integral line bundles on a smooth
projective variety belong to Pic® up to torsion; see [22, Definition 6.1 and Theorem 6.3]. Therefore
the rational numerical equivalence just obtained is a rational linear equivalence. Clearing its
torsion and denominators gives the asserted integral scaling.

Finally, choose a very general z € Z and a point y’ € h~!(z) where h is smooth and p is an
isomorphism, such that p(y’) lies outside the countable exceptional union in the nef reduction
theorem. Such a point exists: for each proper closed exception, the image of its complement
contains a dense open subset of Z; on a very general irreducible fiber, the resulting countably
many proper closed subsets cannot cover the fiber. Given any curve through z, normalize it and
slice a component of its inverse image through 1’ to obtain a curve through 1’ dominating it.
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Smoothness at y' permits a nonvertical curve germ, so the slicing may be chosen to retain that
property. Its image in Y is not contracted by the original nef reduction. The positivity part
of that theorem, followed by the projection formula, proves that the given curve has positive
L-degree. g

The reduced base now has positive degree on every curve through a very general point. We
next turn this qualitative condition into an arbitrarily large Seshadri bound after adding a fixed
small ample term. This will give an isolated logarithmic pole strong enough to detect either a
first jet or a nonzero quotient class.

We use the following metric conventions in this extension argument. If a singular Hermitian
metric has squared frame norm h = e~ %, its multiplier ideal Z(h), also denoted 7 (h), consists of
holomorphic germs u for which |u|?e=¥ is locally integrable. The metric he™% has weight o + 1
and curvature i©j, + i99vy. A quasi-plurisubharmonic function has neat analytic singularities if
locally it has the form clog~; | fi? + u, where ¢ > 0, the f; are holomorphic and u is smooth.

Lemma 8.4 (Concentrating curvature at one base point). Let Z be smooth projective of dimension
b >0, let L be a nef Cartier divisor, and suppose every curve through a very general point of Z
has positive L-degree. Fix a very ample Cartier divisor H and rational € > 0. For every ¢ > 0,
all sufficiently large integers k make

Ji = 3(kL + eH)

an ample rational divisor with Seshadri constant greater than ¢ at a very general point. At any such
point z one can choose a smooth positive metric of curvature n on Jx and a quasi-plurisubharmonic
function Y with neat analytic singularities, smooth away from z, such that

n+i00p >0,  Y(w) < clog|w|* + O(1)
in coordinates centered at z.

Proof. Fix the countable union of proper closed subsets outside which the curve positivity holds.
If an integral d-dimensional subvariety U is not contained in this union, then L - H¥ 1. U is a
positive integer. Otherwise nefness and the cutting-through-a-curve argument in the proof of
Lemma 8.3 would make L numerically trivial on U, contrary to a curve in U through a point
outside the union. The mixed term in the binomial expansion consequently gives

JEU > 274dked L.

Choose o > ¢ and then k large enough that this is at least (da)? for every 1 < d < b. The theorem
of Ein—Kiichle-Lazarsfeld [17, Theorem 3.1], applied after clearing rational denominators, gives
the required Seshadri bound.

Choose a rational number c¢q strictly between ¢ and the Seshadri constant. On the blowup of
z, the pullback of J; minus ¢y times the exceptional divisor is ample. To see ampleness rather
than mere nefness, choose ¢y < ¢ < €(Ji; 2); a sufficiently small positive exceptional subtraction
is ample, and the desired divisor is a positive convex combination of that ample divisor and the
nef divisor with coefficient ¢’. For a sufficiently divisible large integer p, a basis of sections of pJj
vanishing to order at least pcy at z therefore has no common zero away from z. If these sections
are s;, put

1
v=—log} sl -
p 5 k

The curvature inequality follows directly, and the pole with coeflicient ¢y > ¢ gives the asserted
upper bound after shrinking the coordinate neighborhood. For dim Z = 1 use J; — cgz on the
curve. g
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9. AN APPROXIMATE TRANSFER THEOREM FOR FORMAL-ARC ORDERS

An order along a generically dominant formal arc records vanishing of effective Cartier divisors
even when the arc’s center is not a closed point. We will transfer bounded orders in a twisted
sequence to arbitrarily small normalized orders in anticanonical systems.

Theorem 9.1 (Approximate arc transfer). Let W be smooth connected projective over C, with
gq(W) =0, and let A = —Kyw admit a smooth semipositive Hermitian metric. Let M be a line
bundle with —M pseudoeffective. Let v be the order along a formal arc over an extension field
of C whose fraction point maps to the generic point of W ; the trivial order is allowed. Suppose
there are effective integral divisors

N; ~ M + m;A, O<mi<mo <, U(Ni):O(l).

For every real § > 0 there are an integer r > 0 and an effective integral divisor N ~ rA with

v(N) < or.

The exact scalar theorem proved earlier yields a stronger conclusion under these hypotheses.
The proof here explains a different mechanism. A fixed part absorbs none of the prescribed arc
order; a nef reduction then leaves a base line whose first jets can be extended. Bigness of that
line supplies sections with arbitrarily small normalized order. Both the assumption ¢(W) = 0
and the pseudoeffectivity of —M have specific roles in this construction.

Proof of Theorem 9.1. The assertion is immediate if W is a point. We assume positive dimension.
The arc lifts uniquely to every proper birational model, by the valuative criterion. We use the same
letter v for orders there; orders of effective rational Cartier divisors are finite and nonnegative,
and are preserved by pullback.

The common field and its rank-one fibers. Call the indices ¢ > 2 interior. For each i, let K;
be the subfield of C(W) generated by ratios of nonzero sections of the same positive multiple of
N;. We first show that K; is independent of the interior index.

For an interior ¢ and any j, there is a rational ¢ > 0 such that N; — cN; is rationally linearly
equivalent to an effective rational divisor. For j < ¢ choose an index beyond i, and for j > ¢
choose an earlier index, then express m; as the corresponding strict rational convex combination.
The same combination of the effective divisors has class M + m;A. The case i = j is immediate.
Given a ratio of sections of kN, choose a sufficiently divisible d so that d/N; — kIN; has a nonzero
section. Multiplying numerator and denominator by that section realizes the same ratio in |dN|.
Thus K; C K;, and the fields for interior indices coincide; write K for their common value.

Choose finitely many of these ratios attaining the transcendence degree of K and place them
in one complete system |dN;,|. Resolve its map and take the Stein factor. Its function field
F is relatively algebraically closed in C(WW) and contains K: the field of the selected image is
contained in K with the same transcendence degree, so every element of K is algebraic over it.
Apply Lemma 8.1 and then resolve to obtain

S—V, f:V—Y, p:V—W,

where Y, S are smooth projective, V' is normal equidimensional over Y, p is birational, and
C(Y) = F. We also write f,p for the maps from S. Set Ag =p*4A and F = Kg — p*Kw > 0.
The divisor F is exceptional. Thus, for a line bundle @2 on W and an integer u > 0,

HO(S,p*Q +uE) = sgp*HO(W, Q),

by normality of W and extension across codimension two.
The pullback of the hyperplane bundle from the selected image is big on its Stein factor and
remains big after modifying the base. It is linearly dominated by dp*N;,. The interpolation above
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therefore shows that a sufficiently divisible multiple of any interior p*N; linearly dominates the
pullback of any fixed divisor on Y. This remains true on further base modifications.
For every [ > 0 and every interior 4, on the generic fiber one has

Both spaces contain the indicated effective section. If either had two independent sections, a
sufficiently ample base twist would extend them globally by generation of the twisted direct image.
The preceding domination clears this twist using a common effective multiplier. Their ratio would
then be a ratio in a multiple of p*N; + E and would not belong to F', by independence over the
generic base field. Exceptional pushforward identifies its ratio field with that of IV;, contradicting
K, CF.

Rank one now turns interpolation of line bundles into interpolation of horizontal divisors. If
interior indices i < j < k satisfy m; = em; + (1 — ¢)my, with 0 < ¢ < 1 rational, then

Nj ~g c¢N;+ (1 — ¢)Ny.

Clear denominators and restrict to the generic fiber. The two effective sections belong to the
same one-dimensional space in (9.1); their ratio is a scalar in ' and has no horizontal divisor.
Consequently
(p*Nj)hor — C(p*Ni)hor + (1 _ C)(p*Nk)hor.
Fixing two interior indices gives rational horizontal divisors Dy, Cy with fixed finite support such
that
(p*NZ‘)hor =m; Do + Cy (Z > 2).

Since the left side is effective for arbitrarily large m;, each coefficient of Dy is nonnegative.

Take two interior indices j > i and set G = p*(N; —N;) on V. Its horizontal part is nonnegative.
For each prime divisor @) of Y take the minimum of

coeffr G

coeffr f*Q
There are only finitely many nonzero minima. Subtracting their pullback makes G effective: the
equidimensional normal model has no other vertical primes. After clearing denominators this
gives

over the components I' dominating Q).

ap*A~ DV + f*B, a>0, (9.2)
where DV is effective Cartier, B is Cartier, and over every prime of ¥ some component has
coefficient zero in DV. On S put D = (DV)|s by pullback. Its horizontal part is aD.

For fixed I > 0 and sufficiently large ¢, the horizontal formula gives an effective generic-fiber
divisor
Ri,l = (p*NZ' — ZD)‘SW > 0.
Since aAg| Sy ™~ D] s,» multiplication by sg,, embeds the section spaces of laAg and laAg + E on
the generic fiber into those of p*N; and p*N; + E, respectively. The latter spaces have dimension
one by (9.1). The former contain s’, and sgst, in base frames, so they too have dimension one.
For [ = 0 this also uses connectedness of the generic fiber. In particular,

HO(W,laA) = st f*HO(Y,IB) (9.3)
under pullback to S. Indeed any section has this form with a rational base section by the
generic-fiber statement. On V', a pole over a base prime would remain a pole on its coefficient-zero

component, which is impossible. The rational base section is therefore regular. Conversely every
section on the right is regular on S and descends to W.
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Removing the fixed divisor from the arc order. Pass to an infinite subsequence with m; in
one residue class modulo @, and fix an index j in it. For subsequent indices put l; = (m; —m;)/a.
Horizontal equality and (9.2) give actual divisor identities on V'

p*N; =p*N; + ;DY + f*V;, Vi~ 1;B.
To justify the base divisor, subtract first [; B using the line bundle identification. The remaining
principal divisor is vertical; its rational function has zero divisor on the proper normal generic
fiber, and hence belongs to its constant field F'.

The negative parts of the V; are bounded by a fixed effective Cartier divisor R on Y. For a
negative coefficient over ), use a component where DV has coefficient zero. The fixed divisor
p*N; must compensate that coefficient; moreover only finitely many such () can occur. Taking
orders yields

v(N;) > v(N;) + Liv(D) —v(f*R).
The left side is bounded and I; — oo, so v(D) = 0. The remaining task is to find base sections of
small normalized order.

The base line is nef. The normalized section sp on the equidimensional model has order zero
on a component over every base prime. The preceding generic fiber calculation gives ordinary
adjoint rank one for every [ > 1, with generator s Ele in base frames. Thus all the hypotheses of
Lemma 8.2 hold with L = A, 7 = spv and the base line B. It follows that B has a semipositive
metric with locally bounded weights, and in particular is nef. The fixed divisor has zero arc order;

it remains to use the nefness of B to construct base sections of small normalized order.

Nef reduction and a linearly descended base divisor. The base has ¢(Y) = 0: pull
holomorphic one-forms through a resolution of the dominant rational map W --» Y, and use
birational invariance of irregularity. Apply Lemma 8.3 to B. Lift S further to a smooth model S’
mapping to its Y’, and compose to obtain g : 8" — Z. Multiply a, D, B, L by the common integer
from that lemma. Retain D for its pullback, put A’ = p*A and E' = K¢ — p* Ky, and obtain

aA’ ~ D+ g'L, L Cartier and nef, v(D) = 0.
Equation (9.3), the projection formula, and h.Oyr = Oy give for every [ > 0
H(S' K¢ 4 (1 +1a)A") = spishg*H(Z,1L). (9.4)
If Z is a point, the divisor D already proves the theorem. Assume henceforth that b = dim Z > 0.
Choose a very ample H on Z. For some integer mg > 0,
P =mpA" — g*H is pseudoeffective. (9.5)
Indeed a multiple of one interior p*N; linearly dominates g*H, because the original image

polarization is big on the modified base. Writing N; ~ M + m; A and adding the pseudoeffective
negative multiple of p*M proves (9.5).

Extending first jets and proving bigness. Take a singular semipositive metric hp on P.
Skoda integrability and a finite covering of the compact variety S’ give a small rational ¢ > 0
with Z(h%) = Ogr. Use Lemma 8.4 with ¢ = b+ 1 to choose k, a very general z € Z, the ample
rational divisor J = %(kL + eH), its smooth metric of curvature 7, and ¢ with

n+4i00p >0,  (w) < (b+1)log|w|? + O(1).

Choose z also so that some x € g~1(2) lies outside D U E’ and g is submersive at 2. The image
of this nonempty open subset of S’ contains a dense base open, so the additional condition is
compatible with being very general.
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For all sufficiently large { > k put m = 1 4 la and use
mA’ ~g kD + g*(2J) + eP + (m — ka — emg)A'. (9.6)

The last coefficient is nonnegative. The divisor metric of kD, the smooth metric of 2J, the
metric h%, and the smooth semipositive metric on the remaining multiple of A’ define a singular
metric h,, on the integral line bundle mA’. Rational identifications are interpreted on a common
multiple and then rooted. Vanishing by kD cancels its divisorial singularity, so

Og/(—kD) C Z(hy,).

Put ¥ = g*4. Locally ¢ = clog}_; |f;|? + u with ¢ > 0 and u smooth; pullback has the same
form with f; o g and u o g. Surjectivity of g prevents it from being identically —oo, so it still has
neat analytic singularities. The two copies of the base curvature in (9.6) give

iOn,, + (1+5)i00¥ >0  (0<s<1).

The extension theorem of Cao—Demailly-Matsumura [11, Theorem 1.1] applies on the compact
Kéhler manifold S’: h,, may be singular, and ¥ has neat analytic singularities. Injectivity in
degree one, together with the long exact sequence, yields the surjection

HO(SI, Og/(Kgr + mA') ®I(hm)) — H° (Sl, Og(Kg + mA’) & I(:i:l:_)\y)) . (9.7)

The quotient is supported over z, since ¥ is smooth elsewhere. For any holomorphic local
section o of [L near z, the section s E/leg*a lies in the larger ideal twist near the entire fiber,
because | > k. Its quotient class glues with zero off the fiber. Surjectivity and (9.4) produce
u € H%(Z,1L) for which

spshg*(u—o) € Og(Kg +mA") @ L(hme™7)

near x. The effective factors are units at x, and the local weight of h,, is bounded above.
Submersion coordinates and Fubini’s theorem therefore imply local integrability downstairs of

(14— 0)(w) 2o 2+,

If the first nonzero homogeneous term had degree d < 1, integration over a cone of directions
where it does not vanish would contain [ r2d=2(0+1)+2=1 g which diverges. Thus u — o vanishes
to order at least two. First jets of [L are generated at z.

Choose a local frame and prescribe the jets 1,wq,...,wy. The resulting global sections define
ratios with independent differentials at z, so the associated rational map has image dimension b.

Consequently L is big.

Finishing the order estimate. Write L ~qg H; + C with H; ample rational and C' > 0. For
every sufficiently small rational v > 0, the rational divisor (1 —~)L + vH; is ample. A sufficiently
divisible basepoint free multiple has a section not vanishing at the center of the lifted arc on Z,
even if this center is not a closed point. Indeed global generation gives a section which is a unit in
the local ring at that scheme point. Dividing its divisor by the multiple gives an effective rational
divisor H, ~g (1 —~)L + vH; with v(¢g*H,) = 0. Hence

D+ g*(Hy 4+ ~vC) ~g ad’, v(D+ g"(Hy +~C)) = yu(g9*C).

After clearing denominators this is the divisor of a section of a positive multiple rA’; such sections
descend to W. Its order divided by r is yv(¢g*C)/a, which is less than § for a suitable . This
completes the proof. O
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10. EXTREMAL WEIGHTS FROM TWISTED DIFFERENTIAL FORMS

The transfer theorem becomes equivariant when its arc is a generic one-parameter orbit. Its
bounded input order comes from the fixed shift between a cohomological weight and the twist of
a differential form. The output sections approximate every exposed vertex of the anticanonical
weight polytope, after which multiplication clears the weights.

The cohomological assumptions here are ¢(WW) = 0 and x(W, Ow ) # 0. The virtual character
determines the source coefficient directly from this Euler characteristic. The rest of the argument
follows the source-weight construction of Section 7, using pseudoeffectivity of the inverse deter-
minant and approximate arc transfer to approach the vertices. Thus the proof does not require
vanishing of all the higher structure-sheaf cohomology groups or exact attainment of a source
weight.

Proposition 10.1. Let W be smooth connected projective with q(W) =0 and x(W, Ow) # 0.
Suppose A = —Kyw has a smooth semipositive Hermitian metric. Let an algebraic torus T act
faithfully on W, and suppose an equivariantly linearized very ample line bundle is available. For
the natural linearization on A, there is an integer r > 0 with HO(W,rA)T # 0.

Proof. The point case is immediate. In the real character space of T' put
P = conv{fiber characters of A on the components of W7}.

The fixed locus is nonempty and has finitely many components, so this is a rational polytope.
Fix an integral cocharacter A : C* — T'. For a nontrivial action let S} be the source component,
whose attracting set for parameter tending to zero is dense, and let p be the A-weight of A there.
The Biatynicki-Birula decomposition [8] shows that all normal weights at S are positive and
that every other fixed component has a negative normal direction. Following such a direction
backwards along an orbit moves to a component of strictly larger weight for the fixed very ample
linearization. For any nef linearized line bundle, its weight at the zero end minus its weight at
the infinity end is the degree on the parametrized orbit P! and is nonnegative. Iterating the
backwards move therefore terminates at the source and gives

p+ = max(a, A). (10.1)

Here S is T-stable by uniqueness and contains a 7T-fixed point. Faithfulness makes the A-action
nontrivial for every nonzero cocharacter. Since the natural anticanonical weight is the sum of
tangent weights, pu4 > 0 for every such cocharacter. Rational polyhedral separation implies that
0 is in the interior of P. If T is trivial, use the zero cocharacter, Sy = W, and pu4+ = 0 in the
argument below.

The largest cohomological weight. Apply the equivariant holomorphic fixed-point formula
[4, 5] to the virtual character }°;(—1)’H’(W,mA). A fixed component U contributes

e [ ema @l d(qy) T - e,
U v
where d, # 0 are its normal weights and z, the corresponding Chern roots. Expand at infinity.
A positive d,, contributes a series with highest exponent zero, whereas a negative d,, contributes
only strictly negative exponents. Thus for m > 0 the coefficient of t™#+ is exactly

Q(m) = x(S4, mAls, ).
Indeed every other component has a negative normal direction and puy < py. At m = 0,

the connected torus acts trivially on H7 (W, Oy): it acts trivially on ordinary cohomology by
homotopy, hence on its Hodge summands. The constant coefficient is therefore x (W, Ow). It
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follows that Q(0) = x(W, Ow) # 0. Riemann—Roch makes @) a polynomial, so it is nonzero for
all sufficiently large integers m.

For some fixed j, infinitely many H’ (W, mA) therefore contain weight mu. . Average a Kihler
form over the compact circle of \. Semipositive hard Lefschetz [16], applied to (m + 1) A, gives
the equivariant surjection

HOW, Q7 @ (m+1)A) — HY (W, Kw + (m +1)A) = H(W,mA),  n=dimW.

The equality uses the natural anticanonical linearization; its shift is m + 1. Projecting to the
desired circle weight gives a nonzero holomorphic eigenform of weight mu4 for each of infinitely
many m.

Saturated determinants and the fixed order. We use the determinant method of Lazi¢—
Peternell [24, Lemma 4.1] and its anticanonical adaptation in [23, Lemma 5.1]. Those published
statements assume that the twisting line is numerically nontrivial. Here the twists are already
positive and unbounded, so the elementary construction below also handles the numerically trivial
case. The weights of its wedges, including the rank shift, are computed locally.

Put p = n — j and take the generic span of these forms as lines in Qf, over C(W). Let its
rank be s > 0. Wedge s generic basis forms. The saturation of the resulting generic line in
A° ), is a line bundle M, with its induced A-linearization. More concretely, the wedge has some
twist a1 4; removing its common divisorial zero D; gives M = Dy — a; A and a map into \* Q)
nonvanishing in codimension one. The saturation is reflexive of rank one, hence invertible on the
smooth variety. Its map extends across codimension two, and regular generic-line sections factor
through it because their coefficients have no poles in codimension one.

The negative divisor —M is pseudoeffective. When p > 0, the exterior/tensor inclusion places
this saturated line in a positive tensor power of Qtlzv The theorem of Lazi¢c-Matsumura—Peternell-
Tsakanikas—Xie [23, Theorem 4.1], following Ou’s movable-slope theorem [32, Theorem 1.4],
applies to the smooth zero-boundary pair with nef anticanonical divisor. If p = 0, the line is the
underlying trivial bundle, so the same conclusion holds directly.

Complete each eigenform of increasingly large twist to a generic basis using s — 1 members of
the fixed finite basis, then take an infinite subsequence with the same choice of these members.
This gives nonzero eigensections and effective divisors

N; ~ M +m;A, section weight (m; — s)uy, O<mi<mg<---. (10.2)

The exponent m; is the sum of the s form twists m 4+ 1; the subtracted s in the weight is therefore
essential.

Let v be the order along the generic orbit arc ¢t — A(t)€, where £ is the generic point regarded
as a C(W)-valued point. Projectivity extends it to Spec C(W)[[t]], and its fraction point still
maps to the generic point. Its center is in S;. Lemma 6.1 applies with the declared left action on
sections. The order is the fiber weight minus the section weight.

Writing iy for the fiber weight of M on the source, equation (10.2) and Lemma 6.1 give

0(N;) = par + mip — (M — 8)pg = par + Shiy.

These are bounded unnormalized orders. Theorem 9.1 therefore supplies sections of rA with v/r
as small as desired.

Approximating vertices and multiplying characters. Decompose each such section into
T-weight vectors. At least one nonzero component has order no greater than the original section,
since the order of a sum is at least the minimum of its summands’ orders. If its character is «,

Lemma 6.1 gives
(o, \) v
=Hy =
r

r
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Every normalized character o/r of an actual section belongs to P: applying nonnegativity of
order to each integral cocharacter gives all the rational supporting-half-space inequalities from
(10.1).

Choose one integral exposing direction for each vertex of P. In such a direction the maximum
is unique. Compactness of the polytope then turns approach to the maximal value into approach
to that vertex. Thus every vertex is a limit of normalized characters of actual sections. Since
zero is interior, choose finitely many of these normalized characters close enough to the vertices
that zero remains in their convex hull. Lemma 6.2 now gives a nonzero invariant section of a
positive multiple of A. For the trivial torus the transfer theorem has already given the required
section. This proves the proposition. ([l

11. INVARIANT CONVERSION BY A CONTROLLED FUNCTION FIELD

The preceding method works one cocharacter at a time and then multiplies sections. We
now give a second nef-reduction argument which keeps invariance throughout. Its starting point
is a sequence of invariant twisted sections. The base is defined by invariant functions with
pseudoeffectively controlled poles, and the final extension produces one nonzero invariant quotient
class directly. In particular this argument does not need the jet-generation or weight-polytope
steps.

Theorem 11.1. Let X be smooth connected projective with ¢(X) =0, and let A = —Kx carry a
smooth semipositive Hermitian metric. Let an algebraic torus T act on X, and use the natural
linearization on A. Let G be a pseudoeffective T-linearized line bundle. Suppose that for an
unbounded set I of positive integers there are nonzero sections

§; € H'X,jA-a)"  (jeI).
Then HY(X,mA)T # 0 for some integer m > 0.

Proof. We use the maximal compact torus 7T, for averaging. Average the local weights of the
given smooth metric using the natural linearization of A, and call the resulting invariant smooth
semipositive metric h4. Use its pullbacks on all subsequent models. Define F' C C(X) to consist
of the invariant rational functions w for which

bA — Do (u) is pseudoeffective for some integer b > 0, (11.1)

and include zero. Here Dy (u) denotes the effective polar divisor on X. Sum and product
preserve this condition by the usual pole inequalities, and inversion preserves it because a rational
function’s zero and pole divisors are linearly equivalent. Thus F is a field.

It is relatively algebraically closed in C(X). For if u¢ + 3, _,ciut = 0 with ¢; € F, then
at a pole of u of order a > 0 some term satisfies ord(Dx(c;)) > (d — i)a. Consequently
Doo(u) < 32,20 Doo(ci). The root is invariant as well: the connected torus permutes the finite
set of roots trivially. It therefore belongs to F'. The field F' is finitely generated over C. Indeed
take a transcendence basis x for F'/C and extend it by z to one for C(X)/C. The finite degree of
C(X)/C(z, z) bounds [F : C(x)], because z is algebraically independent over F. Hence the latter
degree is finite.

Choose a projective model of F' and apply Lemma 8.1 equivariantly. Denote the smooth base
by Y, the normal equidimensional model by V', and a smooth equivariant resolution by .S, with
maps

p: VX f: V=Y, p:S—=X, f:85-=Y.
The base action is trivial and f has connected fibers. Put Ag = p*A and F = Kg — p*Kx > 0.
The natural section sg is invariant; this follows directly from pullback of top forms.
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We record a domination consequence of the definition of F'. For every smooth birational model
of X mapping to a smooth projective base Y7 with C(Y7) C F, and every ample Cartier divisor
H on Yi, there is an integer b > 0 with

bp*A — ffH pseudoeffective. (11.2)

Choose sections s, ..., sy generating hH with sy # 0. The ratios s;/sg are in F'. On every prime
of the total space, generation ensures that one pulled-back section has zero order, so

div(fyso) < p* Z Doo(8i/s0)-

The pole inequality is valid also on exceptional primes, since the pole divisor of the pullback of a
rational function is bounded by the pullback of its polar divisor. Sum the pseudoeffective bounds
(11.1) and then add (h — 1) f{ H to obtain (11.2).

An invariant relative section with vertical minima. Choose r < s in I. For j € I with
j > s, the invariant function ‘
0 = &7 "’620 s
5"
belongs to F'. Its poles are bounded by (j — r) div(ds), and sA — div(ds) ~ G is pseudoeffective.
At each horizontal prime of V' — Y, the order of u; is zero. If v; denotes the order there of p*d;,
then
(s—=m)v; = (1 —r)vs — (J — 8)vy.
Since v; > 0 for arbitrarily large j, we have vy > v,. Thus the invariant rational section
t = p*(0s/0,) of (s — r)p*A has no horizontal pole. If Y is a point, ¢ is regular by normality and
descends to X, proving the assertion.
Otherwise, over each prime @ of Y, take the minimum of ordr(¢)/ ordr(f*Q) over components
I" dominating ). Let kg clear their finitely many nonzero denominators. Subtracting the pullback
of the resulting Cartier divisor B on Y gives an invariant section

0# 7€ HY(V,ap*A— f*B)T, a=ko(s—r)>0. (11.3)

It has zero order on at least one component over every base prime. There are no vertical primes
above higher codimension on V', so nonnegative orders on these primes and on horizontal primes
prove regularity. Pull 7 to S, and write P, for its effective divisor. Every base line bundle in this
construction has trivial linearization.

Rank one for the invariant direct image. For each [ > 1 consider
& = fo(Kgyy + (al + 1)Ag).

Over a dense base-change open set its invariant part has rank one. To prove the upper bound,
twist by a sufficiently ample H on Y so that H — Ky is ample and the twisted direct image is
generated. Averaging shows that invariant global sections generate the invariant fiber spaces
there. The ratio of any two invariant global sections lies in F': if the denominator has divisor N
on S, then
N ~alAs+ E+ f*(H — Ky).

Equation (11.2) bounds the last summand pseudoeffectively by a multiple of Ag. Pushforward to
the smooth X preserves pseudoeffectivity and kills £, so the polar divisor of the ratio on X satisfies
(11.1). Since all these ratios come from Y, the invariant fiber space is at most one-dimensional.
It is at least one-dimensional, because in local frames 8 of B and 1y of —Ky the section

v = (1f*B) spfry

is a nonzero invariant relative canonical section with coefficient (al 4+ 1)Ag.
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We can now apply the invariant version of Lemma 8.2. The action on the base and its line B
is trivial, sg is the natural invariant Jacobian section, 7 is invariant, and the coefficient metric is
smooth and compact-invariant. The rank-one assertion has been proved for every [ > 1. The
lemma therefore gives locally bounded semipositive weights on B, so B is nef. Notice that this
step uses the invariant adjoint rank and the orthogonal averaging projection; ordinary rank one
has not been assumed.

Nef reduction and a nonzero quotient class. Since Y is dominated rationally by X, pullback
of holomorphic one-forms gives ¢(Y) = 0. Apply Lemma 8.3, lift S further equivariantly, and
clear the common denominators. Retaining p: S — X, Ag =p*A, E = Kg — p*Kx, and writing
g: S — Z, we have a nef Cartier divisor L and an invariant section

7€ H'(S,ads —g"L)", P =div(r) > 0.

The line-bundle identification comes from a base with trivial action, so invariance is preserved. A
zero-dimensional Z finishes the proof by descending 7. Otherwise let b = dim Z > 0.

Fix very ample H on Z. Equation (11.2), using C(Z) C F, gives a pseudoeffective divisor
Ry = bgAg — g*H for some integer by > 0. Take a T.-invariant semipositive singular metric hr
on it. Such a metric is obtained by averaging its local weights relative to an invariant smooth
reference metric. The quasi-plurisubharmonic potentials have uniformly bounded L' norm under
the compact group, so the average is well defined, has semipositive curvature distributionally,
and gives invariant plurisubharmonic weights. Choose a small rational € > 0 with Z(h%) = Os.

Apply Lemma 8.4 with ¢ = 2b. For sufficiently large k, the ample rational divisor By = kL +eH
has Seshadri constant at least 4b at very general points. Choose such a point z with some z € g~!(2)
where ¢ is submersive and P, U E is absent. Put 8 = 3b. The pole construction in the same
lemma, applied to By /2 with ¢ = 3/2, gives a smooth positive metric of curvature wy/2 and a
function v with neat analytic singularities, smooth away from z, such that

00y > —twp, Y < Sloglwl* +0(1).

Give Bj, the induced smooth metric of curvature wy, and put ¥ = g¢g*ip. As in the first-jet
argument, surjectivity of g preserves the local analytic-singularity form and prevents the pullback
from being identically —oo. Thus ¥ has neat analytic singularities, is smooth away from g~'(2),
and satisfies
00V > —3g*wy, U< glog lw|® +0(1)
in transverse base coordinates at the chosen submersion point.
Choose an integer py > k sufficiently large, set m = apg, and use the decomposition

(m+1)As =k(aAs — g*L)+ g"Br + eRoy+ (m + 1 — ka — eby) Ag. (11.4)

The last coefficient is nonnegative. Give the four terms respectively the divisor metric of 7%, the
indicated smooth base metric, hf, and the remaining smooth semipositive metric. They define a
T.-invariant metric hy on J = (m + 1)Ag with

iOn, + (1+)i00¥ >0  (0<s<1).

Its multiplier ideal is exactly

Z(hy) = Os(—kP;). (11.5)
Divisibility by the equation of kP; is sufficient because the remaining singular factor hf is
integrable. It is necessary at the generic smooth point of each prime divisor: the remaining local
weights are bounded above, and an uncancelled integral pole already prevents square integrability
there. The resulting codimension-one divisibility implies divisibility as a holomorphic germ, since
the local rings of the smooth variety are factorial. This proves (11.5).
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Apply [11, Theorem 1.1]. It gives
Z(h
HY(S,05(Ks + J) @ I(h,)) — H" (S, Os(Ks +.7) & —2)
Z(hje=")

The quotient is supported over z. In a local frame e;, of L near z, the section

) surjectively.

sp(rg er)”
is a section of the larger ideal twist near the whole fiber, because py > k. Its quotient class glues
with zero away from that fiber and is invariant, as the base action and its frame action are trivial.
The class is nonzero. At x its coefficient is a unit; the local weight of h; is bounded above, while
the transverse pole has exponent 3/2 = 3b/2 > b. Thus its squared norm for h se~ ¥ is not locally
integrable in the b transverse variables.

Lift this nonzero class and average the lift over T,. The ideals are invariant, the map is
equivariant, and averaging preserves the chosen invariant quotient class. We obtain a nonzero
invariant section of

Ksg+J=mAgs+ E.
Remove the canonical exceptional factor and push to X. It is a section of mA off a codimension-two
subset, hence extends holomorphically over the smooth X. It remains nonzero and 7 -invariant,
therefore T-invariant. This proves the theorem. ]

Corollary 11.2. Let X, T, A satisfy the geometric hypotheses of Theorem 11.1. If for a fixed
0 <p < dim X there are nonzero invariant sections of Q5 ® jA for an unbounded set of positive
integers j, then HO(X,mA)T # 0 for some m > 0.

Proof. For p = 0 the conclusion is part of the assumption. Otherwise use the determinant
construction of Section 10, now with invariant forms throughout. Form the saturated invariant
subsheaf S C Q% spanned generically by the chosen forms, and put G = —( A2ES ) This is a
line bundle on the smooth X, with its induced linearization. The inclusion into the tensor power
of Q% and [23, Theorem 4.1] make G pseudoeffective. A form with arbitrarily large twist can be
completed to a generic basis using a fixed finite collection of forms. Their wedges, followed by
the reflexive determinant map, give nonzero invariant sections of j’A — G, with 7/ unbounded.
Theorem 11.1 applies. O

Remark 11.3. Under the geometric hypotheses of Theorem 11.1, in particular ¢(X) = 0, this
conversion also supplies the nef-reduction route from invariant cohomology. The invariant-index
theorem [30, Theorem (Invariant anticanonical index)] applies to the compact complex manifold
X and its maximal compact torus, with the natural linearization of A = —Kx. It says that the
invariant index agrees with a rational polynomial on every positive multiple of some integer,
and that this polynomial’s value at zero is the actual invariant index at zero. The connected
torus acts trivially on ordinary cohomology by homotopy and therefore on its Hodge summands.
Consequently this zero value is x(X,Ox). If it is nonzero, some fixed ¢ has nonzero invariant
H1(X,mA) for unbounded m. The compact-averaged hard Lefschetz map with coefficient (m+1)A
produces the invariant twisted forms needed by Corollary 11.2. Thus H°(X,mA)T # 0 for some
m > 0 whenever x(X,Ox) # 0. In particular the hypothesis H4(X,Ox) = 0 for every ¢ > 0 gives
the zero index value 1 and ¢(X) = 0. The index theorem and the conversion play separate roles:
the former retains the actual constant term, whereas the latter produces an invariant section
without presuming an equivariant version of an ordinary nonvanishing criterion.

The compact-factor application of these invariant conclusions is given in the descent section.
Only the geometric structure and finite-cover norm are needed there; neither of the proofs above
uses the headline nonvanishing theorem.
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12. CONTROLLED PRIME DIVISORS AND INVARIANT SECTION RINGS

Exact order preservation studies one valuation at a time. We now give a different finite-
generation argument, in which the entire character of a section is retained. The geometric input
is a smooth connected rationally connected projective variety V', an algebraic torus 7' acting on
V', and a smooth semipositive metric on L = —Ky. We always use the natural linearization of L.
Rational connectedness supplies H*(V, Oy/) = 0 for i > 0 and Pic’(V) = 0. Put n = dim V. If V
is a point, its constant section proves the desired nonvanishing; assume below that dim V' > 0.

Our first aim is to put a finite bound on a collection of divisor classes. Call a prime divisor D
on V controlled if aL — D is pseudoeffective for some integer a > 0. An effective integral divisor
supported on controlled primes is itself dominated by a positive multiple of L: add the finitely
many domination relations, with their multiplicities. Conversely, each component of a dominated
effective integral divisor is controlled.

We retain linearizations in this bound. Write PicT(V)@ for the group of linearized line bundles
tensored with Q. It is finite dimensional. Indeed, Pic’(V) = 0 makes the ordinary rational Picard
group finite dimensional, and the kernel of forgetting a linearization is the character lattice of
T. Every line bundle becomes linearizable after a positive power. To see this first for an ample
line, a very ample power gives a projective representation of the torus, which lifts after a further
power. Write an arbitrary line as a difference of ample lines to obtain the general assertion.

For an invariant rational divisor D, denote its divisor linearization by [D]”; its canonical
rational section is invariant. We regard a character 7 as the corresponding linearization of the
trivial line. With the left action on sections, an eigensection of a linearized line BT of character 7
has zero divisor of linearized class BT — 1.

Proposition 12.1 (Finite cone of controlled invariant divisors). Let V' be smooth, connected,
rationally connected and projective over C. Suppose that L = — Ky has a smooth semipositive
metric, and let an algebraic torus T act on V. There is a rational polyhedral cone in PicT(V)R
generated by classes of invariant effective rational divisors and containing [D]T for every invariant
prime D for which aL. — D is pseudoeffective for some integer a > 0.

The generators are effective but need not be controlled. To prove Proposition 12.1, we first
show that all but finitely many controlled primes come from divisors on a common base. We
then construct an adjoint ring whose invariant generators control the rational pullbacks of every
invariant effective divisor on that base. An auxiliary boundary makes finite generation possible
and disappears under rational pullback to V.

12.1. The field of functions with controlled poles. Let P consist of zero and the rational
functions whose poles are supported on controlled primes of V. Sums and products stay in P. If
u # 0 belongs to P, its zero divisor is linearly equivalent to its polar divisor, hence is dominated
by a multiple of L. Thus u~! € P as well. This proves that P is a T-stable subfield of C(V).

The field is relatively algebraically closed. In fact, if u is algebraic over P and had a pole at
an uncontrolled prime, all coefficients of a monic equation for v would have nonnegative order
there. Its leading power would then have strictly smaller order than every other term, which
is impossible. Also P is finitely generated over C. For completeness, choose a transcendence
basis t1,...,tq for P/C and extend it to a transcendence basis of C(V'). The algebraic closure
of C(ty,...,tq) inside this finitely generated field is finite over C(t1,...,t4), so its intermediate
algebraic extension P is finite too.

Choose controlled primes Dy, ..., Dy spanning the classes of all controlled primes in Pic(V)g.
If a controlled prime D is not among them, clearing denominators and torsion gives a principal
divisor supported on D, D1, ..., Ds whose coefficient at D is nonzero. Its defining function belongs
to P. Thus the valuation of D is nontrivial on P, and D is vertical for any rational map with
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target field P. In particular, only finitely many controlled primes can be horizontal. If P = C,
this proves Proposition 12.1 directly: there are only finitely many controlled primes, and we take
the cone of the invariant ones.

Suppose trdege P > 0. Choose a smooth projective equivariant model Y of P and an equivariant
diagram

viudLy, cw)=r (12.1)
with U smooth projective and 7 birational. We require that the strict transform of each prime of
V' either dominate Y or map onto a prime divisor of Y. Here is a construction with this property.

Finitely many generators of P have a common controlled polar bound N > 0. A sufficiently
large full linear system of a multiple of N contains these generators as ratios, and every ratio
of its sections still has controlled poles. After linearizing a multiple, its image is an equivariant
projective model with function field P. Over a dense open, the closures in V' of the fibers form a
flat family. Resolve equivariantly the graph of its rational map to the Hilbert scheme and pull back
the universal family. This uses the Hilbert-family and flattening constructions of Grothendieck
and Raynaud—Gruson [20, 34]. Flatness with fixed Hilbert polynomial bounds fiber dimension
by dimV — dim Y. The main component is birational to V. A divisor coming from V therefore
cannot map to codimension at least two: that would force its generic fiber dimension to exceed
this bound. Resolve the total space equivariantly; strict transforms retain the asserted images.
Relative algebraic closedness of P makes f have connected fibers by Stein factorization. Pullback
of holomorphic one-forms, followed by birational invariance, gives Pic®(Y) = 0.

Define rational pullback of divisors and linearized line bundles by

p° = m f*.

For line bundles, one can equivalently pull back on the big open set where V' --+ Y is defined
and extend reflexively across codimension two. Since V' is smooth, this extension is a line bundle;
the equivariant structure extends uniquely. If 0 : Y’ — Y is a smooth birational modification,
resolve the diagram above it and use the same notation. Then p® commutes with ¢* and kills
o-exceptional divisors, including their divisor linearizations. Indeed, a prime of V' above such
a divisor would have image of codimension at least two on Y, contrary to the model property.
That property persists over Y': a horizontal prime remains horizontal, and a prime mapping onto
a divisor of Y maps onto its strict transform, because ¢ is an isomorphism at its generic point.

We can now reduce the proposition to a statement about divisors on Y. On a nonempty Zariski
open subset of Y, the morphism f is smooth with geometrically connected, hence geometrically
integral, fibers. If the generic point of a prime @ lies in this open, exactly one prime of U dominates
Q, and its multiplicity in f*@Q is one. Every other component of f*@Q) maps into a smaller subset
of Y'; by the model property it is exceptional over V and pushes to zero. Consequently, if a prime
D of V maps onto such a @, then

p°Q = D.
The controlled primes not covered by this statement form a finite set: they are the finitely many
horizontal controlled primes already identified and the finitely many primes over the excluded
base divisors. If D is invariant, its image () is invariant, and the equality also holds for their
divisor linearizations.

It therefore remains to find a rational polyhedral cone of invariant effective classes containing
p°[R]T for every invariant effective integral divisor R on Y. Adding the classes of the finitely
many invariant controlled exceptions will finish the proof. We may construct this cone on any
smooth equivariant modification o : Y/ — Y: the effective total transform o*R has its canonical
divisor linearization, and p°[o* R]T = p°[R]7.
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Lemma 12.2. For the diagram (12.1) and any very ample divisor H on'Y, some integer a > 0
satisfies

ar*L — f*H pseudoeffective. (12.2)
IfE = KU/V} then
rank f.Op(F) = 1. (12.3)
Moreover there is an invariant effective integral divisor J with
(fOu(EN* =0y(J), p°[J]T =0, (12.4)

where the first identification uses the canonical inclusion of constants.

Proof. The homogeneous coordinate ratios for H belong to P, so they have a common controlled
polar bound N. On U the corresponding sections have a common factor and define f; hence
7N — f*H is linearly equivalent to an effective divisor. Combine this with the pseudoeffectivity
of alL — N.

Twist f.Op(E) by a large multiple bH so that its global sections span its generic fiber. Divide
these sections by the Jacobian section of E and by a fixed rational frame with divisor bH. The
resulting rational functions on U have poles bounded by E + f*(bH). Their pushdowns to V' have
no poles contributed by E; the remaining polar divisor is bounded by p®(bH). The preceding
common-factor argument shows that this effective divisor is controlled. Thus all these functions
belong to P = C(Y), and their span over P has dimension at most one. The Jacobian section is
nonzero, proving (12.3).

The inclusion of constants makes the rank-one reflexive hull Oy (J) for an effective integral
divisor J. Every construction is equivariant, so J is invariant. If a base prime () has a component
above it that is not m-exceptional, F has coefficient zero there. A rational function on the base
with a pole at @) cannot therefore represent a local section of f,Oy(F). Its coefficient in J is
zero. The remaining components of J have only exceptional preimages, which proves the second
identity in (12.4). O

The field construction has now supplied a rank-one adjoint image and an exceptional correction
J. We next use smooth semipositivity on V to produce a strictly positive metric on —Ky + J. Its
integrable object will be the canonical section of J, which is the precise input needed for weighted
approximation.

12.2. The weighted metric and its disappearing boundary. By (12.2), 7*L has a singular
metric whose curvature dominates a positive multiple of f*wy. Mix its weight with the pulled-back
smooth semipositive weight, using a sufficiently small positive coefficient for the singular term.
Skoda’s local integrability theorem [35] and compactness give a metric h such that

On(m*L) > ef*wy, J(h) = Oy, €>0. (12.5)

The identity
KU/Y + ﬂ'*L =F — f*KY

identifies the reflexive hull of the adjoint direct image with —Ky + J. Apply the singular direct-
image metric theorem of Paun—-Takayama [33, Theorem 3.3.5]. Its multiplier-ideal inclusion is
an isomorphism here by (12.5). The rank-one fiber integral therefore gives a singular metric
with weights ¢ on —Ky + J, extending across divisors and then across codimension two. It has
curvature at least ewpr: locally subtract a potential of this form from the coefficient weight before
applying positivity, and restore it afterward.

For clarity, its required integrability follows directly from the same integral. The section
induced by the Jacobian section of F is represented by sy in a local frame of the reflexive hull.
Integrating its squared fiber norm against base coordinate volume gives the integral upstairs of
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the corresponding canonical-valued form with coefficient metric h. This is finite by J(h) = Oy
and properness. Fiber integration on the smooth locus, which has full measure, proves

si?e™? € Lio(Y),  T(p) 2 Oy(=J). (12.6)

This is the weighted input of [29, Theorem (Weighted anticanonical approximation)]. It does not
require an unweighted integrability assertion for e™%¥.

We record the complete output of that theorem at this use. A power of an ample line on Y
is T-linearizable, since PicO(Y) = 0; the zero divisor of an eigensection of a very ample power
is invariant and ample. Choose a small positive rational multiple A of this divisor so that
B = —Ky + J — A still has a strict curvature bound. Resolve the full system of a sufficiently
divisible r B together with J by an equivariant sequence of smooth blowups o : Y’ — Y and write

o*|rB| = G + |Mov/,

with the mobile system base-point free. Weighted approximation gives

U=G/r—o"J— Kyy, coeff ¥ < 1. (12.7)
Writing ¥ = U+ — U~ with disjoint positive and negative parts, put Dy = ¥~. Then
Dy ~g Ky’ + 9" + Mov/r + o* A. (12.8)

Here U™ is an effective simple-normal-crossings klt boundary, and the last two summands are
nef and big together. The support of Dy is contained in that of ¢*J and the exceptional divisor
of 0. The divisors G, Ky/y, Ut Dy are invariant and the free system |[Mov| is torus-stable.
Identity (12.8) is an ordinary rational linear equivalence; we construct the needed linearized
classes separately below.

The support statement has the crucial additional consequence

p°[Do]" = 0. (12.9)

Indeed p°® kills the effective divisor ¢*J by (12.4), and it kills every o-exceptional prime by
the model property. An effective divisor supported on this union has zero pushdown. Its
canonical invariant section also pushes to the constant rational section, so the equality includes
the linearization. No character shift is lost in (12.9).

12.3. The multigraded ring and the finite cone. We now build the cone of base pullbacks
required above. Let Ry be any invariant effective integral divisor on Y’. Since [DO]T disappears
under p°, the divisor Do + tRy for a small rational ¢ > 0 has the same rational pullback class as
tRy. We will place these divisors in a finite multigraded ring and express their invariant sections
through its generators. This is why we need a whole neighborhood of [Dg]” in the linearized
Picard space, rather than just the single adjoint ring of Dy.

Because o is a sequence of smooth blowups, there is an effective exceptional rational divisor
F with —F relatively ample. One constructs it successively by giving sufficiently small positive
coefficients to the later exceptional divisors. For small rational § > 0, 0*A — JF' is ample and
Ut 4 §F is still a klt boundary with simple normal crossings. If ¢ is the identity, take F' = 0.
Thus (12.8) expresses Dy as Ky plus that boundary and an ample rational class.

Choose a fixed small ample rational part A,. Every rational class in a sufficiently small
neighborhood of the underlying class of Dy can be written

Ky + A + Ay,
with A; > 0 and klt. For a finite set of classes, choose general members of sufficiently divisible

very ample systems for the remaining ample parts, divided by their multiples. They can be chosen
transverse to one another and to the fixed boundary, with coefficients less than one. Consequently
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their union has simple normal crossings. Small character changes only change linearizations, so
the same construction gives a neighborhood in PicT (Y")g.

Choose rational vertices U7 , ..., Ul of a polytope with [Dg]” in its interior. After a common
multiple k, let & be integral linearized representatives of kU!. The ordinary ring

S
R=p H (Y’, ®5§fi> (12.10)
LeNS =1

is finitely generated by the multigraded adjoint-ring theorem of Cascini-Lazi¢ [13, Theorem Al;
compare [14, Theorem 3.2(1)]. We take k sufficiently divisible to turn the rational linear
equivalences above into isomorphisms of line bundles. This identifies (12.10) with a divisible
subring of the stated adjoint ring. The linearizations give an algebraic T-action on R, independently
of the general boundary representatives used to prove finite generation.

Here is the invariant-ring step explicitly. Enlarge finitely many multihomogeneous generators of
R to their finitely many character components. They define an equivariant multigraded surjection
from a polynomial ring to R. Projection to weight zero is exact for a torus, so the invariant
polynomial ring surjects onto RT. If the variable weights are 71, ..., ny, its invariant monomials
have exponents

(a'lv"'7aN)€NNa Zaznzzo
These are the lattice points of a rational polyhedral cone; Gordan’s lemma makes their semigroup
finitely generated. Thus R’ has finitely many nonzero multihomogeneous generators u, .. ., up.

Let Cy be the cone generated by the rational pullbacks p°[div(u;)]T. These are classes of
invariant effective divisors on V. We claim that Cy contains p°[Ro]? for every invariant effective
integral divisor Ry on Y’. Choose a small rational ¢ > 0 such that [Dg]” 4 t[Rg]” belongs to the
vertex polytope. Express it as a rational convex combination of the U!. Clearing denominators
and torsion gives an equivariant isomorphism between a positive multiple of Dg + tRy and one
multidegree in (12.10). Its canonical section gives a nonzero element of R” in that multidegree.
Express it as a polynomial in the u; and retain the terms of that multidegree. At least one
nonzero monomial occurs, and its degree is a nonnegative integral sum of generator degrees. Thus
the corresponding linearized class lies in their cone. Only equality of homogeneous degrees is used
here; the selected monomial need not have the same zero divisor as the original section. Apply
p°, use (12.9), and divide by the positive factor containing ¢. This proves the claim.

Apply this claim to the total transforms of invariant effective divisors on the original base Y.
Compatibility of p® with o* gives the required cone of their rational pullbacks. Add the invariant
effective classes of the finitely many controlled primes excluded in the initial comparison with
base divisors. The resulting rational polyhedral cone proves Proposition 12.1.

12.4. A weight bound and character separation. The cone gives finitely many effective
generators. To obtain an invariant anticanonical section, we must still put the specified natural
linearization of L in their cone. The following fixed-point calculation supplies the sign needed for
separation. It is a bound on some cohomology weight, rather than the weight-zero index theorem.

Lemma 12.3. Let V be smooth connected projective with H'(V,Oy) = 0 for i > 0, and let
v: Gy, — Aut(V) be an algebraic action. Give L = — Ky its natural linearization. There is a
constant C' such that, for every sufficiently large integer m, some H1(V,mL) has a v-weight at
most C.

Proof. 1If the action is trivial, all weights are zero and the ordinary Riemann—Roch polynomial
x(V,mL) has constant term one, so the assertion follows. Otherwise use the holomorphic fixed-
point formula of Atiyah-Bott, in its fixed-component equivariant index form [3, 4, 5]. For a fixed
component Z, let a be the nonzero weights of its normal tangent bundle, with Chern roots z, ;.
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The anticanonical fiber weight is by = >, ;ja. Its contribution to the alternating cohomology
character is
tmbz/ emer ) ¢d(Z2) [[(1 — ¢ e )7L
z o
The integral is a finite cohomological expansion. Denote the alternating sum of the cohomology
characters by x,(V,mL). Grouping by bz writes it as

Xo(VomL) =Y t™ Ry(m, 1), (12.11)
b
where each Rp is polynomial in m with rational functions of ¢ as coefficients.

At m = 0, the left side is one. As t — 0, each component having a positive normal tangent
weight has contribution tending to zero; the other components have by < 0. Hence at least
one b < 0 has Ry(0,t) # 0. Multiply (12.11) by one fixed nonzero Laurent polynomial clearing
the denominators of every coefficient. For the selected b, the exponents lie in mb + [—Cq, Cy).
Some coefficient is a nonzero polynomial in m, so this block is nonzero for all large m. The
finitely many windows for different b are disjoint for large m. Thus the multiplied character has
a nonzero exponent bounded above independently of m. Removing a fixed Laurent-polynomial
factor changes the minimum exponent only by a fixed number. The original virtual character
therefore has such an exponent too, and it occurs in at least one actual cohomology group. [

We now obtain an independent proof of the rationally connected special case of Theorem 1.2.
Its additional output is the controlled-divisor cone just constructed. The proof uses that cone
and character separation, and will supply the fiberwise section in the locally constant MRC
application of Section 14.

Theorem 12.4. Let V' be a smooth connected rationally connected projective complex variety
with smoothly semipositive —Ky . For every algebraic torus T acting on V', there is an integer
m > 0 such that

HY(V,—mKy)T #0

with the natural anticanonical linearization.

Proof. Let C be the cone in Proposition 12.1. Suppose L’ ¢ C. Rational polyhedral separation
gives a rational functional A on the linearized Picard space with

MLTY >0, A€ <o.

After positive rescaling, its restriction to characters is pairing with a cocharacter v : G,, — T,
possibly zero. Lemma 12.3 gives cohomology classes with v-weights uniformly bounded above
and with unbounded positive m.

Average a Kédhler form and the smooth metric over the maximal compact torus. Smooth-
coefficient hard Lefschetz then gives the equivariant surjection

H WV, Q0 ® (m+1)L) — HYV,Ky + (m + 1)L) = H1(V,mL).

This is the smooth case of the Demailly—Peternell-Schneider theorem [16, Theorem 0.1]. The
coefficient shift m + 1 and its equivariant identification use the natural action on L. Pass to
a subsequence with fixed p = n — ¢, and choose T-eigensections a,, of Q@ ® (m + 1)L whose
v-weights are bounded above.

Take the generic span of their untwisted lines in QF,, of rank s, and saturate its determinant
to a line bundle M C A°® Q’XJ/. This line inherits a T-linearization. The inverse-determinant
pseudoeffectivity theorem of Lazi¢-Matsumura—Peternell-Tsakanikas—Xie [23, Theorem 4.1],
following Ou’s generic nefness theorem [32, Theorem 1.4], gives —M pseudoeffective. Its hypotheses
apply because V is smooth projective and — Ky is nef; the exterior construction is a direct
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summand of a cotangent tensor power, and saturation of the line persists in that summand. If
p =0, M = Oy instead.

Choose finitely many «,, forming a generic basis. Each further nonzero «,, can be completed
to a generic basis using this fixed set. Their wedge gives a nonzero eigensection of M + kL, for
unbounded positive k, whose v-weight is still bounded above. The wedge lands in M + kL by
saturation in codimension one and reflexive extension. Let Dy be its divisor and 7 its character.
Then kL — Dy, has class —M, so each component of Dy, is controlled. Each is also invariant,
because T is connected and Dy, is the zero divisor of an eigensection. Consequently [Dy]? € C.
On the other hand,

A(DWT) = AMT) 4+ FALT) = (i, v) > 0
for large k, a contradiction.

Thus LT € C. A real nonnegative expression in its finitely many rational generators admits a
rational nonnegative expression. Clear denominators and torsion in the linearized Picard group
and multiply the canonical invariant sections of these effective divisors. The product is nonzero
since V is integral, and is a section of a positive multiple of the naturally linearized L. If LT is zero
in the rational class space, clearing its torsion gives the constant invariant section directly. [

13. DESCENT WITH COMPACT ISOMETRIC MONODROMY

We first apply the invariant results when the residual monodromy lies in a compact torus. The
geometric structure is supplied by the finite-cover theorem of Anticanonical nonvanishing from
smooth semipositivity [28, Theorem 2.1], based on Demailly—Peternell-Schneider and Campana—
Demailly—Peternell [15, 10]. Its nonvanishing theorem is not used in the argument below.

Let X be smooth connected projective with smoothly semipositive —Kx. The cited structure
theorem gives a connected finite étale cover v : S — X and an equivariant product description of
its universal cover N

X=C*"xFxZ, S=(C*x FxZ)/A.
Here A acts by translations on C%, trivially on the compact simply connected Ricci-flat projective
factor F', and through a compact connected real torus on Z. The variety Z is smooth projective,
its anticanonical line is smoothly semipositive, and H(Z,Oz) = 0 for every i > 0. The compact
action has algebraic torus closure G C Aut(Z), with its natural anticanonical linearization. There
are invariant canonical frames 19, nF on C% F. Any factor may be a point.

Theorem 1.2 gives a nonzero s € H%(Z, Kgm)G for some m > 0. If Z is a point, take m =1
and s = 1. Equally, the controlled-field conversion and its index application can be used here: Z
has irregularity zero and actual index one, and its natural compact action meets precisely those
hypotheses.

Under the determinant identity for the product tangent bundle, the section

pro(ng ™) @ prr(np™) @ pry s
belongs to H O(JN( ) K):(m) It is nonzero, since the first two factors never vanish and s is nonzero
on a nonempty open set of Z. Translations preserve 1y, the action on F preserves ng, and
the residual action on Z fixes s. Thus this product is A-invariant and descends to a nonzero
holomorphic section of K¢™. It is algebraic by projectivity. The finite étale norm [28, Lemma 2.2]
then gives a nonzero section of Ky degv,

The product is used on the universal cover; the finite cover S need not split as a product. The
next argument starts from a locally constant rationally connected fibration instead. Its algebraic
monodromy can have a nontrivial unipotent part, which requires an additional fixed-vector
argument.
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14. DESCENT THROUGH A LOCALLY CONSTANT MRC FIBRATION

We apply Theorem 12.4 to the rationally connected fibers of a locally constant fibration.
The constant extension of a section on one fiber gives a relative anticanonical section precisely
when the section is fixed by monodromy. The argument below first reduces monodromy to a
connected commutative algebraic group, then uses its unipotent part to pass from torus invariance
to monodromy invariance. The final two steps remove the base canonical bundle and descend
through a finite cover. This is the invariant-section reduction of Miiller [27, Theorem 2.2 and its
proof], with the fiberwise section supplied here by the controlled-cone theorem.

Let X be a smooth connected projective complex variety, and assume that —Kx has a
smooth Hermitian metric with semipositive curvature. The structure input is Matsumura—Wang’s
theorem for projective klt pairs with nef anti-log-canonical divisor [26, Theorem 1.1, Definition 2.3,
Theorem 4.12, and the conclusion of §4.4]. We use its zero-boundary case. The hypotheses hold
because smoothness implies the klt condition and smooth semipositivity implies nefness. The
theorem gives a finite quasi-étale cover pg : X9 — X and a holomorphic maximal rationally
connected fibration

Jo: Xo — B, Kp, ~q0,
where By is projective and the fibration is locally constant. Concretely, for a fixed connected
rationally connected fiber F', there are a representation

po : m1(Bo) — Aut(F) and an isomorphism Xg ~ (By x F)/m(By)

over By; the group acts by deck transformations on By and through pg on F. The rational
linear equivalence of Kp, is the conclusion of Theorem 4.12, not merely the numerical triviality
in the introductory statement of Theorem 1.1. The same formulation appears in Miiller [27,
Theorem 2.1]. Cao-Héring [12] provides the earlier smooth locally trivial structure theorem; the
constant transition maps used here come from Matsumura—Wang.

Purity of the branch locus makes pg étale, since its target X is smooth. Hence X is smooth and
projective. Local product charts for fy imply that By and F' are smooth as well: the embedding
dimension and the dimension of a product of analytic germs are sums, so a smooth product has
smooth factors. The fiber F' is projective because it is closed in Xy. On the fiber over b € By the
tangent sequence gives

Killr ~ Ki' ® (det T, Bo) ® OF.
A choice of nonzero vector in the constant determinant line therefore transfers the restricted smooth
semipositive metric to —Kp. Rational connectedness and Hodge symmetry give H!(F,Or) = 0
for every ¢ > 0. Thus F' has all the nonequivariant hypotheses of Theorem 12.4.

14.1. Making the monodromy group connected and commutative. The structure theorem
of Demailly—Peternell-Schneider [15, Structure Theorem (iii), p. 218] shows that m;(Xy) is
virtually abelian. Since fy is a fiber bundle with connected fiber, its homotopy sequence makes
m1(Xo) — m1(Bp) surjective. The image of an abelian finite-index subgroup is again abelian of
finite index. Consequently 71 (Bp) is virtually abelian.

To place monodromy in a fixed algebraic group, choose an ample line bundle A on Xy and
put Ap = A|p. The restrictions of ¢;(A) form a flat section of R?(fg)«Z, so monodromy fixes the
integral class c1(Ar). Since H'(F,Op) = 0, the exponential sequence makes the Chern-class map
Pic(F) — H?(F,Z) injective. It follows that po(y)*Ar ~ Ap for every € m1(By). Choose a > 0
such that A% is very ample. The projective embedding by A% identifies Aut(F, A%) with the
closed stabilizer of the embedded F in PGL(H(F, A%)*). Monodromy therefore lies in a linear
algebraic group. This argument uses a projective action and requires no choice of linearization on
Aor Ap.
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Pass to the connected finite étale cover of By corresponding to an abelian subgroup of finite
index in 71 (By), and pull back X¢. The resulting monodromy has commutative Zariski closure H:
the commutator morphism is trivial on the dense product of the monodromy image with itself.
Pass next to the cover corresponding to the inverse image of the identity component H°. The new
monodromy is dense in H°, since each component of an algebraic group is open and closed. Write

f:Y—B  p:Y—X,  G=pm(B) " =H

for the resulting fibration, composite finite étale cover, and monodromy closure. These finite
covers of projective varieties are projective, and K pg is still torsion. In particular G is a connected
commutative linear algebraic group acting on the same fiber F'.

14.2. From a torus-fixed section to a section on X. We use the natural action on anticanon-
ical bundles: an automorphism acts on K}l = det Tr by the determinant of its differential. It
induces an algebraic representation on every finite-dimensional space H(F, K;™). This specified
action is also the action in the relative canonical transition functions of the locally constant
fibration.

Let T' C G be a maximal algebraic torus. Theorem 12.4 gives an integer m > 0 for which

W= H(F,K;™)" #0.

If F' is a point, take m = 1 and the constant section; the rest of the argument is unchanged.
The trivial torus is allowed. The inclusion G C Aut(F') makes the action faithful, so there is no
ineffective subgroup that could introduce a scalar character on the natural anticanonical line.

For completeness, the following elementary argument explains why W contains a vector fixed
by all of G. Jordan decomposition in a connected commutative linear algebraic group over C
gives

G=TxU,
where U is connected and unipotent. Commutativity makes W stable under U. Its Lie algebra
acts on W by commuting nilpotent endomorphisms Ny, ..., N, after choosing a basis of the Lie

algebra. Their kernels have nonzero intersection: successively restrict IV; to the intersection of the
preceding kernels, which it preserves by commutativity; a nilpotent endomorphism of a nonzero
finite-dimensional space has nonzero kernel. A nonzero vector in this intersection is fixed by U,
because U is connected and is generated by the exponentials of its Lie algebra. We obtain

0#seWY=HYF K;™)¢.

This is the connected-group step in [27, Lemma 2.3 and the proof of Theorem 2.2]; we have
retained the unipotent argument because G need not be a torus. The input here is a fixed vector
for the natural linearization, not a section of an unspecified character.

Since s is fixed by monodromy, its constant extension to B x F' descends to a nonzero section

o€ H(Y,Ky[p).

The canonical bundle formula reads Ky = Ky p ® f*Kp. Choose r > 0 with Kj; ~ Op and a
nowhere-zero section 7 € H°(B, K5"). Then

o" @ frr™m e HOY, K™\ {0}.
All these holomorphic sections are algebraic by projectivity. Finally, let d = degp. Since p is
finite étale, Ky ~ p*K™", and the norm of this section is a section of K)_(mrd. It is nonzero:
over the generic point the norm is a product of nonzero conjugates in a finite field extension.
Thus X has a nonzero section of a positive anticanonical power. The construction uses the locally

constant product only after passing to the universal cover of the base; no product decomposition
of a finite cover of X is required.
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