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Abstract

We resolve the generalized Cartan-Hadamard isoperimetric conjecture in every dimension.

In a complete simply connected smooth manifold with sectional curvature at most x < 0, every
finite-volume set of finite ambient perimeter has perimeter at least that of the equal-volume
ball in curvature . For bounded positive-volume sets, equality in the Euclidean comparison
holds precisely when the set agrees up to null sets with an open region isometric, with its
induced metric, to a round Euclidean ball.
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1 Introduction

A Cartan—Hadamard manifold is a complete simply connected smooth Riemannian manifold with
nonpositive sectional curvature. The generalized Cartan-Hadamard isoperimetric conjecture as-
serts that if its sectional curvature is at most k < 0, then every relatively compact smooth domain
has boundary area at least that of the equal-volume ball in the simply connected space form of
curvature k. This compares arbitrary domains, so geodesic-ball volume comparison alone does
not suffice. We prove the conjecture in every dimension, for arbitrary measurable sets of finite
volume and finite perimeter.

1.1 The model comparison

Write w,, for the volume of the unit ball in R", set m = n — 1, and put s, = |S™| = nw,,. For
b > 0, define

T, b=0, ,
n = = sn . 1.1
sup(r) {b‘lsinh(br), b >0, csp(r) = smy(r) (L.1)

The area and volume of a radius-r ball in curvature —b? are
Ap(1) = 8 s (r)™, Vb(1) = Sm /OT sny ()™ dt. (1.2)
Both functions increase continuously from zero to infinity. The model isoperimetric profile is
(V)= A4V, ' (V), V=>o.

In particular, Z;(0) = 0, and 7 is continuous and strictly increasing on [0, co).
For a measurable set £ C M, its ambient perimeter is

P,(E) = |Dxaly(M) = sup {/ div, X dVol, : X € C(TM), |X], < 1}. (1.3)
E

Here x g is the indicator of E, and |Dxg|, is its variation measure. A set has finite perimeter when
this quantity is finite. Sets are identified up to ambient volume zero. For a relatively compact
smooth domain, perimeter is its boundary area.

Theorem 1.1. Let n > 2, let K < 0, and let (M™,g) be a complete simply connected smooth
Riemannian manifold with sec, < k. Every measurable set E C M with Voly(E) < oo and
P,(F) < oo satisfies

Py(E) > T,/ (Vol,(E)).

For k = 0, the conclusion reads
P,(E) > nwl/™ Vol (E)=/n,
For r = —1, if Voly(E) = nw, [y sinh" ! ¢ dt, it reads
P,(E) > nw, sinh™ 7.

The comparison concerns full ambient perimeter, including boundary on any confining sphere
used in the proof. It applies to unbounded sets of finite volume as well as bounded ones. Balls in
the model spaces attain the bounds.

The Euclidean equality case has the following classification.



Theorem 1.2 (Euclidean equality rigidity). Let (M",g) be complete, simply connected and
smooth, with n > 2 and secy, < 0. Let E C M be bounded and measurable, with 0 < Volg(E) < 00
and Py(E) < co. Then

P,(E) = nwl/™ Vol (E)n—1/n

if and only if E agrees up to ambient volume zero with an open region whose induced Riemannian
metric is isometric to a round Fuclidean ball.

Thus rigidity determines the metric on the entire equality region. It does not require the
ambient manifold outside that region to be flat. Boundedness and positive volume belong to the
equality theorem; Theorem 1.1 has the full finite-volume scope stated above.

1.2 Model-ball spectral and torsional consequences

For a smooth relatively compact domain D in a Riemannian manifold (M, g) and 1 < p < oo, let
W, (D) be the closure of C°(D) in the Sobolev norm, and define

)

) Ip IV gul? d Vol
Ap(D) = 1nf1 b gpcglv 1 s
0£ueW, * (D) Jp lul Olg

(Jp |ul dVOIg)p

T,(D) = sup .
P( ) P(D) fD|VgU|ngOIQ

O;éuEWol

The first is the Dirichlet variational value for —A, ju = A|u|[P~2u, where
Apgu = divg(]Vgqu’_QVgu) is the unnormalized p-Laplacian. The second uses the quotient nor-
malization of p-torsional rigidity in [8, (1.1)—(1.6)].

Corollary 1.3 (Model-ball Faber-Krahn and Saint—Venant comparisons). Let n > 2, k < 0
and 1 < p < co. Let (M™,g) be complete, simply connected, smooth and without boundary, with
secg < k. For a nonempty smooth domain D € M, let B.(|D]|) be a geodesic ball of volume
|D| = Voly(D) in the simply connected n-dimensional space form of curvature . Then

Mp(D) 2 Aip(Ba(IDD), Tp(D) < T, (By(|DI)).

Theorem 1.1 supplies the isoperimetric input for equimeasurable radial rearrangement into
the model ball [21]. This rearrangement preserves the L' and LP integrals and does not increase
the p-Dirichlet energy, giving the two quotient comparisons. The proof appears in Section 9.

1.3 History and related work

The surface inequality originates in Weil’s work and the subharmonic-function approach of Beck-
enbach and Radé; Bol developed the comparison with nonzero model curvature [25, 5, 6]. We
use the smooth surface formulation of Chavel and Feldman [9]. Kleiner proved the model com-
parison in dimension three, including its equality case [16, Theorem 2]|. Croke proved the sharp
Euclidean comparison in dimension four [11]. Kloeckner and Kuperberg subsequently developed
optical and chord-based comparison methods in dimensions two and four; their four-dimensional
negative-curvature comparison includes an explicit restriction on the domain’s chord length and
the radius of its model ball [17, Theorem 1.5].

A second line of work connects isoperimetry to total curvature. Ghomi and Spruck showed that,
in a fixed Cartan-Hadamard n-manifold, the lower bound [ |GK]| > s, for every closed convex



CY! hypersurface I' implies the Euclidean isoperimetric inequality for bounded positive-volume
finite-perimeter sets, with equality only for regions isometric to Euclidean balls [13, Theorem 7.1].
Here GK is the Gauss—Kronecker curvature, and such a convex hypersurface bounds a compact
convex set with nonempty interior. Their analysis of minimizers confined to a geodesic ball
includes the obstacle regularity that we use [13, Lemma 7.2(i),(ii)]; this regularity lemma does not
assume the total-curvature inequality. Ghomi and Stavroulakis prove an inequality for sufficiently
small C? perturbations of a Euclidean ball metric with nonpositive curvature [14]. Their theorem
concerns the metric on the ball itself and does not require an extension to a complete Cartan—
Hadamard manifold. Related results also include Ghomi’s inequalities under negative-curvature
pinching [12].

Recent preprints overlap with several parts of the problem. Chen, Ghomi and Wang establish
Euclidean comparison and rigidity in dimensions three through nine, report calibration verification
through at least dimension thirteen, and announce generalized comparison in dimensions four and
five [10, Theorems 1.1-1.2 and the subsequent discussion]. Their argument uses boundary-pair
integrals, Jacobi fields and a confined profile; its appendix includes exact-arithmetic certificates.
Agnoletto, Da Silva, Nardulli and Resende prove the small-volume model comparison under a
Ricci lower bound, and reduce the unrestricted-volume comparison to equality rigidity in a non-
collapsing boundaryless Alexandrov class with two-sided curvature bounds [1, Theorems 1.1 and
1.3, Assumption 1]. Wheeler proves all-dimensional Euclidean comparison under controlled varia-
tion of a variable negative-curvature scale [26, Theorem 1.1 and Definition 1.2]. These dimensional
or curvature restrictions, and the Alexandrov rigidity condition in the reduction, differ from the
hypotheses of Theorems 1.1 and 1.2.

1.4 Main ideas and proof organization

The central analytic estimate is a sharp critical Sobolev inequality on a hypersurface. Normalize
the curvature bound to —b?, with b € {0,1}. For a locally C1:! immersed hypersurface ¥™ with
m =n—12> 3, let do be its induced area measure, Vy, its tangential gradient, and h its signed
normalized scalar mean curvature for a local unit normal. Put

2m 4 2/m

We prove
2/q

/2 (c\Vsz +m(h? — b2)v2) do > Yy, (/2 v)? da) (1.4)

for Lipschitz tests compactly supported in the interior of ¥. The square h? is independent of the
local normal. The hypersurface need not be complete or connected. The coefficient is the sharp
Euclidean critical Sobolev constant of Aubin and Talenti in this normalization [4, 24].

Sections 2 and 3 establish this estimate. Radial maps into a unit sphere come with positive
weights whose logarithmic Hessians and map differentials satisfy compatible curvature-comparison
bounds. The center and scale can be chosen so that every spherical coordinate has zero mean
for a prescribed compactly supported nonatomic probability measure. The bounds combine into
a completed square in the hypersurface energy. If the critical quotient were below the Euclidean
threshold, local compactness and Brézis—Lieb splitting would give a Dirichlet minimizer [7]. Bal-
ancing its critical mass and using the spherical coordinates as variations forces a first-order identity.
A weighted zero extension then has zero gradient and nonzero mass, contradicting the Dirichlet
condition. The centering and coordinate variations are related to Li and Yau’s conformal-volume



argument [18, proof of Theorem 1]; the maps and weighted centering needed here are constructed
directly.

To compare domains, the difficulty is that the mean curvature of an arbitrary boundary is
uncontrolled. Sections 4 and 5 instead minimize full ambient perimeter at fixed volume inside a
large geodesic ball. This is the confined-profile strategy of Kleiner, with the regularity formulation
of Ghomi and Spruck [16, 13]|. Free variations identify the boundary curvature with the profile
derivative; inward variations control it at contact with the confining sphere. A deletion-and-
volume-repair argument first proves area growth near the singular set. Cutoffs with vanishing
Dirichlet energy then make the constant test legitimate in (1.4). This gives one differential
inequality whose integral is exactly the model comparison. Section 6 supplies the classical two- and
three-dimensional inputs, their strict BV approximation, a common finite-volume cutoff argument,
and metric scaling to arbitrary « < 0.

For equality, Section 7 first uses the proved Euclidean comparison to make a bounded equality
set a local perimeter almost-minimizer. Local regularity [3, Corollary 1.6], followed by a difference-
quotient argument, gives a locally C1! regular boundary with the same signed constant mean
curvature on every component. Singular cutoffs extend first variation and the Sobolev inequality
to ambient tests on the whole perimeter support.

Section 8 locates that support and then recovers the region. In dimensions at least four, the
constant equality test in (1.4) gives a sharp spectral bound. Logarithm coordinates centered at
a squared-distance barycenter use this bound to give an upper estimate for the radial second
moment. A radial flux identity gives the matching lower estimate. Equality forces the outward
normal to be radial with constant radius, so the perimeter support lies on a sphere. Periodic
Wirtinger replaces the spectral argument in dimension two; a punctured flux identity replaces it
in dimension three and produces a sphere in a tangent space whose center may be offset from the
logarithm origin. In all dimensions, BV phase constancy and boundedness identify the occupied
interior. Exponential metric domination and equality of volume then force every metric eigenvalue
to be Euclidean throughout that ball. This last step proves whole-region rigidity, beyond the
preceding containment of its boundary.

1.5 Conventions

All hypersurface metrics and area measures are induced. For a local unit normal N, we use the
signed trace curvature H = divy; N and the signed normalized scalar h = H/m. For a smooth
ambient function u, its restriction satisfies

Asxu = trys; Hesspr u — HNw.

Thus a Euclidean sphere of radius r has outward h = 1/r, and a curvature-—1 sphere has h =
cothr. Reversing N reverses h; only normal-independent expressions are used when no global
normal is chosen. For boundaries of sets, the occupied phase fixes V. All functions are real-valued.
We often write |E| = Voly(E) and P(E) = P,(E), and use P(E; D) = |Dxg|(D) for the perimeter
measure on a Borel set D. For p € M we write log, = exp;l, rp(z) = d(p,x) and D), = rg/Q;
Section 2 proves the comparisons used for these functions.

2 Comparison maps into a sphere

We seek a sphere-valued map with a controlled differential and a compatible Hessian bound for
its weight. These two estimates will combine in the hypersurface Sobolev energy. A second step



chooses the map’s parameters to balance a given measure.
Fix b € {0,1} and a complete simply connected manifold (M™",g) with sec, < —b%. We use
the model functions sn; and csp from Section 1; thus

sny, = csp, csp = b% sy, csy —b*sni = 1.

The Cartan-Hadamard theorem makes exp, : T,M — M a diffeomorphism for every p; see [22,
Theorem 6.2.2]. For x # p, put r = d(p,x) and 0 = exp;l(ac)/r. The sphere S(T,M @ R) has its
round metric induced by g, and the usual metric on R. Write Jsn—1 for the round metric on the
unit sphere in 7}, M.

In the radial coordinate sny(r/2)/ csp(r/2), the model polar metric dr? + Sl’lb(’f‘)2g§$—1 is con-

formal to the Euclidean polar metric. We dilate this coordinate by a > 0 and apply inverse
stereographic projection, obtaining the map below and its model conformal factor f, .:

sny(r/2) 2z 122
= 0—=< o a = 707 T . 9 |
- acsb(r/Q)’ pal®) 1422771+ 22

— Up,a () — a
Tralz) = e csp(r/2)2 + a? sny(r/2)%

(2.1)

At the pole set ®,,(p) = (0,1) and f, 4(p) = a. In particular the zero-curvature formulas are
explicitly z = ar/2 and f,, = a/(1 + a®r?/4).

Lemma 2.1 (Comparison maps). The map ®,, and the positive function fp,, are smooth on M.
For every X € T, M,

|d®p,a(X)] < fp.alX],

1oy ) (2.2)
Hess Up,a < dup’a ® dUp7a - i(b + fp,a + ’vupva’ )g

The second inequality is one of quadratic forms. The functions depend smoothly on (p,a,x). For
fized o € M, parallel transport of the first component of ®, , from p to o along the unique geodesic
also depends smoothly on (p,a,x).

Proof. The two components of ®,, have squared norms summing to one. In normal coordinates
y = exp, (), its first component is 2zy/(r(1 + 2z%)). The coefficient, the last component, and
fp,a are smooth functions of r? at zero. Their denominators are positive. This proves smoothness
at the pole, including that of u = log f. The map (p,y) + (p,exp,y) from TM to M x M is
a bijective local diffeomorphism, hence a diffeomorphism. Its inverse and the same even radial
expressions prove joint smoothness. The paths ¢ + exp,(texp, ! p) vary smoothly with p; smooth
dependence for the parallel-transport equation proves the last assertion.
We next establish the one-sided distance comparison needed below:

H := Hessr — SCISIZ((:)) (9g—dr®dr)>0 (r>0). (2.3)

Indeed, for a vector X perpendicular to a unit radial geodesic of length r, the Jacobi field with
endpoint values 0, X gives

Hessr(X,X):/ (]DtJ\2—<R(J,1)f'y,J>)dt2/ (| D¢ J > 4 | J|?) dt.
0 0



In a parallel trivialization the last energy is minimized by Jo(t) = snp(t)X/snp(r) and equals
csp(1)| X |2/ sny(r). To verify the minimum, write J = .Jy + V; integration by parts makes the
cross term zero because V vanishes at the endpoints and Jij = b2Jy. The remaining energy of V'
is nonnegative. The radial and mixed components of Hess r vanish, proving (2.3) without a lower
curvature bound.

For an angular variation field J along a radial geodesic, Gauss’s lemma and commutation of
the variation fields give
csp(r)

J|?.
snb(r)‘ |

d
%]JP = 2Hessr(J,J) > 2

Thus |J|?/sny(r)? is nondecreasing, with limit equal to the initial angular squared norm at zero.
Applying this to every angular vector proves the polar metric comparison

g >dr? + snb(r)QgS;hl. (2.4)

The round stereographic metric is 4(dz? + ’2298;“1)/(1 + 22)2. The identities

27 2z
1+22_f7 1+22_fsnb(r)
therefore give
* g5, mer) = f2(dr? + Snb(r)zgggfl) < f?g. (2.5)

This proves the differential estimate off the pole.
For the Hessian calculation write

A=a® 41 D = csp(r/2)? + a®sny(r/2)* = 1+ Asny(r/2)%

Then f =a/D, D' = Asny(r)/2, and D” = Acsp(r)/2. The double-angle identities give

A2
V¥’ D? 4 a® + 1 sny(r)? = Acsy(r)D.

For example, substituting ¢ = snp(r/2)? makes both sides A+ (A% +2b%A)t+2b%A2t2. Consequently

u = _Asnb(r) <0, U = (u/)Q + Csb(r)’
2D snp(r) (2.6)
U,CSb(T) _ —1(52 —|—f2+ (u’)2)
snp(r) 2 '
Combining these identities with (2.3),
_ Lo 2 /
Hessu = du ® du 2(1) + 7+ | Vul?)g + u'H.
The last term is negative semidefinite. Finally, the pole expansions
2 b2
ADpalp(X) = (aX,0),  u=loga— "2+ 0%
show that both estimates in (2.2) also hold at p. O



The zero-curvature case also gives three comparisons that will be used in the equality argument.
They express, respectively, convexity of squared distance, expansion by the exponential map, and
contraction by its inverse.

Corollary 2.2 (Distance and metric comparison). Let (M™, g) be complete and simply connected
with secy < 0. For p € M, write log, = exp;l, rp(x) = d(p,z), and Dy = r§/2. Then

Hessy Dp > g, (exp,)"9 = g |dlogy(X)ly, < X1, (2.7)
Here g, on T, M denotes its constant Euclidean metric.
Proof. With b =0, (2.3) gives

Hess D), = dr, ® dr, +rpHessr, > g

away from p; smoothness of squared distance and normal coordinates give equality at p. The
b = 0 case of (2.4) is exactly (exp,)*g > gp, including at the origin by continuity. Applying this
differential inequality to the inverse map gives the last assertion. O

The map parameters have supplied the geometric estimates. We next choose the center and
scale so that the coordinate functions have zero mean for a prescribed measure. This use of
spherical centering is related to the conformal variational argument of Li and Yau [18, pp. 274—
275]; the required centering statement is proved below for these comparison maps.

Lemma 2.3 (Balancing a nonatomic measure). Let u be a compactly supported Borel probability
measure on M with p({z}) = 0 for every x. If suppu C Bp(o), there are p € Bp(o) and finite
a > 0 such that

/ ®,a(z)du(z) =0 in T,M G R. (2.8)
M

Proof. Write K = supp u, parameterize p by & = exp, ! p, and let P,_, be radial parallel transport.
Define

F(&@) = (P F) = [ (Proso ©1d2)00(0) dp(a).

It is continuous on every cylinder C = {¢ € T,M : |§| < D} X [ag, a1] with 0 < ag < a1 < oo: the
integrand is jointly continuous and has norm one. We choose the two horizontal faces so that F'
points strictly inward on the entire boundary.

First suppose |{| = D. Put p = d(o, -). Radial parallel transport sends £ to DV p(p). Convexity
of p along the geodesic from p to x € K gives

D(p(z) — D)
d(p, )

Here p ¢ K; the derivative is taken only at p # o, so a geodesic passing through o causes no
difficulty. The first component of ®, , is a positive multiple of 6,(x) on this face. Hence

<£7 Pp—)oep(x» < < 0.

€ 1 a) <0 (€l =D, a>0). (2.9)

Set ty(r) = snp(r/2)/ csp(r/2), an increasing positive function for » > 0. Choose ag > 0 so
that aoptp(2D) < 1. Since d(p,z) < 2D for || < D and x € K, we obtain

1 — a2t,(2D)?
F>(&,a0) > aos(2D)

et ) 2.10
“ 1+ a2t,2D)? ~ (2.10)

8



We also have
lim sup wu(Bs(p)) =0. (2.11)
0 peBp (o)
Otherwise there would be € > 0, §; — 0, and centers p; with u(Bjs;(p;)) > €. The closed ball is
compact by completeness, so a subsequence of centers converges to poo. Every Bs(poo) then has
mass at least . Continuity of a finite measure from above gives an atom at p,, a contradiction.
Choose § > 0 so that the supremum in (2.11) is less than 1/4, and choose finite a; > ag
with a1t,(5) > v/3. The last coordinate of ®,,, is at most —1/2 outside Bs(p) and at most one
everywhere. Thus

Pem)< -5 <0 (g <D) (2.12)

Let II¢ be Euclidean nearest-point projection onto the compact convex cylinder. Brouwer’s
theorem gives a fixed point of T(¢) = ¢ (¢ + F(¢)). The projection inequality at that point is

(FChy—Q <0 (yel). (2.13)

On the side face, choosing y = ((1 — )&, a) with small ¢ > 0 contradicts (2.9). On the lower or
upper face, moving the last coordinate inward contradicts (2.10) or (2.12). These choices remain
admissible at corners. The fixed point is therefore interior. Taking both signs of every small
displacement in (2.13) gives F' = 0. Parallel transport is an isomorphism, which proves (2.8) with
the asserted parameters. O

3 The sharp hypersurface Sobolev inequality

We now turn the comparison maps into a sharp inequality on a possibly incomplete hypersurface.
The proof first rules out a Dirichlet quotient below the Euclidean constant; a point cutoff then
permits tests supported on an entire compact component.

Let b € {0,1}, and let M™ be complete and simply connected, with sec;, < —b?. Put m =
n—1>3and

q:%, c:ﬁzq—l oz:mTQ, Ym:ms%m.
Let ™ be a locally C1! immersed hypersurface in M, with its induced metric and area measure
do. It need not be complete and may have boundary. Compactness is understood in the manifold
topology of ¥, and X° denotes its interior. Ambient functions and maps on Y are composed with
the immersion. For a local unit normal N, write mh = divy N almost everywhere. The square
h? is independent of the choice of normal. Define

Ox(v) :/E(C|ng|2+m(h2—b2)vz) do. (3.1)

For open U € X°, let H&(U ) be the closure of compactly supported Lipschitz functions in the
induced H' norm; no regularity of QU is assumed.

Theorem 3.1 (Hypersurface Sobolev inequality). For every Lipschitz function v with compact
support in ¥°,

Qs(0) =Y ([ |v\Qda)2/q. (3.2)

The inequality also holds for the zero extension of every v € HE(U), where U € X° is open.



The constant is sharp: on a geodesic sphere in the space form of curvature —b?, the constant
function gives equality.
By this definition, zero extension satisfies

Eqv € H'(X°), Vs (Eov) = 1yVsv  almost everywhere. (3.3)

Both statements hold for the approximating functions and pass to their H' limits, including when
OU has positive measure. In C'! charts the induced metric is locally Lipschitz and uniformly
positive definite on compact subsets, and h is locally essentially bounded. Thus the potential
in (3.1) is bounded near U and Qy is continuous on Ha(U).

3.1 A geometric square

The comparison maps provide the following lower bound before any minimization takes place.

Lemma 3.2. Fizp € M anda > 0, and let ® = &, , and f = € = f, 4 be the map and functions
of Lemma 2.1. For every compactly supported Lipschitz function v in 3°,

Qs(v) > /

<mf2v2 +m(h + Nu)?v? + ¢|Vsv — avVgu|2) do
b

(3.4)
> / (1)2|d(<1>|g)]2 +¢|Vyv — avVgu|2> do.
b

The same inequalities hold on H&(U) for every U € X°. In particular, Qs is nonnegative on all
these functions.

Proof. Write V = Vyx, and 8 = Nu. The restriction formula is
Asu = trpy Hessg u — mhf. (3.5)

This holds both almost everywhere and weakly: in a C'! parametrization, the induced divergence
expression has Lipschitz coefficients, and the restricted smooth ambient function has Lipschitz
first derivatives. The ordinary chain rule therefore gives the same formula as the distributional
divergence.

Taking the tangential trace in Lemma 2.1, and using [V ul?> = |[Vul? + 2, gives

2Axu < —(m — 2)|Vu|*> — m(b? + £%) — mpB? — 2mhp.

Equivalently,
m(h* — %) > mf? + m(h+ )%+ (m — 2)|Vu|? + 2Axu.

Multiply by v? and integrate by parts. Since ca = 2 and ca? = m — 2, the gradient terms become
|Vl — 4v(Vu, Vu) + (m — 2)v?|Vul? = ¢|Vv — avVul?

This proves the first inequality. The squared differential norm is the sum over an orthonormal
tangent frame, so |d(®|x)|?> < mf? by Lemma 2.1, proving the second. Reversing a local normal
reverses both h and f; all expressions are therefore globally defined. Finally, all coefficients are
bounded near U, so H}(U) approximation proves the last assertion. O

10



3.2 Compactness below the Euclidean constant

We need only local compactness on the hypersurface. The below-threshold argument follows the
critical-quotient application of Brézis—Lieb [7, Section 4(B)]; we give the details for the present
metric and potential. The critical concentration threshold is the same for both curvature bounds.

Lemma 3.3. For every open U @ ¥° and € > 0, there is Ccyy < 0o such that
(Yin — )02 < c/ |Vsv|? do + CE,U/ v? do, v € HY(U). (3.6)
b b

The inclusion H}(U) — L*(U) is compact.

Proof. The sharp Euclidean Sobolev inequality of Aubin and Talenti [4, 24], in our normalization,
is

2/q
o [ 1DePdrz Y ([ Jeltds) . g Lip(®™) (3.7)
RTYL Rm

Before multiplying by ¢, the sharp constant is m(m—2)|S™|?/™ /4. Normalize the metric at a chart
center. In a sufficiently small chart, its matrix G satisfies (1 — §)Id < G < (1 + 0)Id. Comparing
inverse metrics and volume densities in (3.7) gives

L vserao = v (120) " ol 5)
CZ ' 0 Z I'm 146 Plig :

for chart-supported ¢. The gradient integral is at least (1 — 6)"/2(1 + &)~" times its Euclidean
value, whereas the squared critical norm is at most (1 + 5)m/ 9 times its Euclidean value, and
mlq = (m - 2)/2. )

Choose 0 so that the coefficient in (3.8) is at least Y;,, —e. Cover U by finitely many such charts
and choose chart-supported Lipschitz functions y; with 3°; x? = 1 near U. They are obtained by
normalizing a finite family of cutoffs by the square root of the sum of their squares near U, and
then cutting off outside that neighborhood. The triangle inequality in L%2 and the product rule
give

lvll = ‘ Yo Oav)? <D Il (3.9)
% q/2 %
D IVeOav)l? = [Vso? + 0% Y [Vaxal*. (3.10)

Summing (3.8) proves (3.6) first for compactly supported Lipschitz functions. Taking, for example,
€ = Y,,,/2 gives the continuous inclusion into L?, so approximation proves it for every v € HE(U).

For compactness, extend a bounded H}(U) sequence by zero. Each Xiv;j is a bounded Eu-
clidean H! sequence in its chart, supported in a fixed compact subset. Rellich compactness gives
an L2-convergent subsequence in each of the finitely many charts. The identity vj = Y Xi(Xivj)
then gives convergence in L2(U). No boundary regularity of U is used. O

Lemma 3.4 (Attainment below the threshold). For nonempty open U € ¥°, put
Y(U) = inf{Qx(v) : v € Hy(U), [lv]lq = 1}.

If Y(U) < Y, the infimum is attained.

11



Proof. Write Y = Y(U) > 0, the last inequality following from Lemma 3.2. For a normalized
minimizing sequence, Holder’s inequality and h? — b > —b? give

lvjlls < o (U™, || Vsujll3 < Qu(v)) + mb’e(U)*/™. (3.11)
Thus, after a subsequence,
v; = in Hy(U), v; — ¢ in L*(U) and almost everywhere.

Set t = [;; [¢|7do € [0,1] and z; = v; — 9. The Brézis-Lieb lemma [7, Theorem 1] gives
/ |20 do —s 1 — . (3.12)
U

Weak convergence splits the quadratic form: Qx(v;) = Qx(¢) + @x(z;) + o(1). The bounded
potential and (3.6) give

Qx(2)) = (Y — o)llzll; — (Cevr +mb?)|1z]3-
Letting j — oo and then € | 0, we obtain
Y > Qu(v) + Vin(1 — )9 > V¥ + v, (1 — )1, (3.13)

If t = 0, this contradicts ¥ < Y,,. If Y =0, it forcest = 1. If Y > 0 and 0 < ¢t < 1, strict
concavity gives t2/7 4 (1- t)2/’1 > 1, and the right side is strictly greater than Y. Thus t = 1
in every case. Lower semicontinuity of the gradient energy and strong L? convergence of the
potential term give @Qx () < Y; normalization gives the reverse inequality. O

3.3 Balanced variations

A quotient below the sharp threshold would now have a normalized minimizer . After bal-
ancing its critical mass with a comparison map ®, the spherical-coordinate variations will give
Js ¥?d(®|x)|? do > Qx(1)). The geometric square gives the reverse inequality with an additional
nonnegative gradient square. The two bounds force that square to vanish, and zero extension
supplies the contradiction.

Proof of Theorem 3.1. First let ¥ be connected and boundaryless, and fix a nonempty open U € %
with X\U # @. Suppose Y (U) < Y, and take the normalized minimizer 1 supplied by Lemma 3.4.
Write Y = Qx ().

Push the probability measure |¢|? do, extended by zero, to M by the immersion. Its support
is compact and it has no atoms. Indeed, an immersion is locally an embedding, so a fiber in
the compact support meets each member of a finite embedding-chart cover in at most one point;
every such fiber has zero area measure. Lemma 2.3 supplies fixed parameters p, a such that the
coordinates wi, ..., wy41 of @y 4|y satisfy

n+1

/E || %w; do = 0, Zl wi = 1. (3.14)
]:

These coordinates and u = u,, have bounded first derivatives near U. Multiplication by wj or
w} preserves Hg (U).

12



Let Bg be the symmetric bilinear form associated with Qx. For a bounded Lipschitz multiplier
¢ near U, differentiate the quotient along (1 + s¢) to obtain

Bo($,4() =Y /Z p19¢ do. (3.15)

For small |s|, the factor 1+ s¢ is bounded away from zero, and differentiated mass integrands are
dominated by a constant times [1|9. No regularity or positivity of the minimizer is needed.
Fix a coordinate w = w; and put By, = [5 |[¢|9w?do. Since |w| < 1 and its weighted mean is
Zero,
(1 + sw)||7 =1+ (¢ — 1)Buws® + o(s”).

The numerator has zero linear term by (3.15); its second variation at the minimum therefore gives

@u(Yw) = (¢ —1)Y By. (3.16)

The product rule and the first variation with ¢ = w? give

Qs (Yw) = B (h, pw?) + ¢ /E V2| Vsw|? do

(3.17)
=YB, + c/ V2| Vyw|? do.
b3
Subtract and sum over the coordinates. Since ¢ =¢ —2 and }_; w]2 =1, the result is
/ P2 |d(Ppo|s) P do > Y. (3.18)
pX
Combining this with Lemma 3.2 forces
Vst = apVyu almost everywhere on U. (3.19)

Choose a compactly supported Lipschitz cutoff y on ¥ equal to one near U. By (3.3),
F = (xe™™")Eqy € H'(%)

is the zero extension of e~ *"1), and (3.19) gives VyF' = 0 almost everywhere on all of X. The
local Poincaré inequality in coordinate balls makes F' constant almost everywhere on each ball.
Overlapping balls have the same constant, so connectedness makes F' constant on Y. It vanishes
on the nonempty open set ¥\ U and therefore vanishes everywhere, contradicting |||, = 1. Thus
Y(U) > Y.

Every proper compact support in a connected boundaryless ¥ is contained in such a U: choose
a coordinate ball outside the support and finitely many relatively compact neighborhoods covering
the support that miss a smaller ball. This proves the inequality unless the support is the entire
compact component. In that case, let Ds be the image of a Euclidean ball of radius J in a fixed
chart about a point. Remove that point with a cutoff 75 equal to zero in Dy, equal to one outside
Dys, and satisfying |Vyns| < C/6. For Lipschitz v, metric comparability gives

/ V(L =ms)v)l* do < 2/ \Vsv2do + C||v)|2.6™ 2 — 0.
= Do

Also nsv — v in L? and L9. The potential is bounded on the compact component, so the inequality
for nsv passes to v. This is where m > 2 is needed.

13



Finally, pass to X° if ¥ has boundary. A compact support meets only finitely many connected
components, because the components are open. If a; = fzj |v|?do, the connected result gives

2/q

QE(U) 2 Ym Zai/q Z Ym Zaj
J J

For v € H&(U ), use its deﬁnin_g approximation: Lemma 3.3 gives convergence in L4, and bound-
edness of the potential near U gives convergence of the quadratic form. This proves the final
assertion. O

4 The confined isoperimetric profile

Confinement gives perimeter minimizers at prescribed volume. At volumes where the confined
profile is differentiable, its derivative will determine the mean curvature on the free boundary
and bound it from above on the contact set. Both portions contribute to full ambient perimeter.
These curvature bounds will enter the hypersurface Sobolev inequality once the constant test has
been justified in Section 5.

Throughout this section, M™ is a Cartan-Hadamard manifold; only sec, < 0 is needed. Fix
an open geodesic ball B = B, (o) of finite radius. Its closure is compact, and its boundary is a
smooth strictly convex hypersurface. For a measurable set I, write |E| = Voly(£) and

P(E;U) =|Dxg|(U),  P(E)=P(E;M),

where U C M is open and |Dxg| is the perimeter measure. In particular, P(F) includes any part
of the boundary lying on 0B. Define

I(v) =inf{P(E): |E\B| =0, |E|=v}, 0<wv<|B|. (4.1)

All statements about measurable sets in this definition are understood up to sets of ambient
volume zero.

4.1 Compactness and variation of finite-perimeter sets

For an integrable function u, write v € BV(M) when its distributional gradient Du is a finite
vector-valued measure, and write |Du| for its total variation. For u = xpg, this agrees with the
perimeter measure already defined.

Existence of confined minimizers will follow from compactness, and smooth flows will change
their volume while controlling full ambient perimeter. We recall these facts in the precise forms
used below. In smooth coordinate charts, De Giorgi’s reduced-boundary representation and
Gauss—Green formula [19, Synopsis, pp. 119-120] give the Riemannian identities

Dxg = ~Np HI~1|0°E, /EdideVolg - /8*E<X, Npg) dH .

Here 0* F is countably rectifiable, Ng is its outward measure-theoretic unit normal, and its tangent
plane is N ﬁ almost everywhere. The formulas apply to every smooth compactly supported field
X. To see the metric conversion, write g for the metric matrix, p = v/det g and v for the Euclidean
outward normal. If @ = (vT¢g~')'/2, then

1

Ng=g'v/a, dH} ' =padH}™",  divg X = p~!div(pX).

14



The first two identities follow from orthogonality and the tangent Gram determinant; substitution
in Fuclidean Gauss—Green gives the displayed Riemannian formula. Smooth positivity of the
metric and density compares the BV norms on compact subcharts. Chart partitions then give
the invariant measure identity.

Lemma 4.1 (Compactness and lower semicontinuity). Let K be a compact subset of a smooth
Riemannian manifold without boundary. If functions u; vanish outside K almost everywhere and

sup([[w;l 1 + [Du (M) < oo,
J

then a subsequence converges in L'(M). Total variation is lower semicontinuous under this con-
vergence. If the u; are characteristic functions, their limit is a characteristic function.

Proof. Choose a finite smooth partition on a neighborhood of K, with each partition function
compactly supported in a coordinate chart. The smooth multiplier formula follows by inserting a
multiplier in the distributional test field. Smooth positivity of the metric and volume density on
the compact chart supports therefore bounds the Euclidean BV norms of the localized functions.
Extend each of them by zero within its chart.

For a Euclidean BV function v, convolution satisfies D (v * p:) = Dv * p. and || D(v * pe)|1 <
|Dv|(R™). Apply the fundamental theorem of calculus to the convolution and let its scale tend to
zero in L'. This gives

[o(-+h) = vlly <[] [Do|(R™),  [lv* pe = vl < eCp|Du[(R™).

For fixed €, the convolutions have common compact support and uniformly bounded sup norms
and first derivatives, by the uniform L' bound on v. Approximation on a finite mesh makes this
family precompact in L'. Taking scales to zero and a diagonal subsequence gives compactness in
each chart, hence for the original finite sum. Total variation is a supremum of continuous diver-
gence integrals, so is lower semicontinuous. A further almost-everywhere convergent subsequence
of characteristic functions has values in {0,1}. O

Lemma 4.2 (Perimeter under smooth flows). Let F' : M — M be an orientation-preserving
smooth diffeomorphism, and let E have finite perimeter. If the right side below is finite, then

P(FE) = /8 i1 (@l 47 @), (4.2)
All Jacobians and adjoints use the source and target Riemannian metrics. For a smooth flow Fy

with velocity Z and a set whose perimeter support is compact,

4
dt

P(F,E) — / divy, Z dH". (4.3)
t=0 “E B

For a fixed finite family of flows and perimeter supports contained in a fixed compact set, there
are common C,7 > 0 such that |P(F;E) — P(E)| < C|t|P(E) for |t| < T.

Proof. Write Jr for the positive ambient volume Jacobian. The Piola pullback of a target test
field X is
Qx(z) = Jp(x)(dF,) X (Fz).
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Ordinary smooth change of variables, tested against smooth scalar functions, gives divQyx =
Jr(div X) o F. Gauss—Green for E implies

div X d Vol, = / (X (Fz), Jp(x)(dFy) ™ Np(x))g dHI ™ ().

FE o*E

Thus the outward vector measure —Dxpp is the pushforward of the vector density a(x) =
Jr(z)(dFy) *Ng(x) against the perimeter measure of E. Since F' is injective and a # 0, its
polar direction at y = F(x) is a(x)/|a(z)|. Its total variation is therefore the pushforward of
|a| d|Dx gl|, with no cancellation. Linear algebra in orthonormal bases gives |a| = Jp,—1(dF| Né)v
proving (4.2). Differentiation of the Gram determinant at ¢ = 0 gives tangential divergence. The
Jacobians and their time derivatives are uniformly bounded over all tangent planes above the fixed
compact set. This justifies differentiation under the integral and proves the final estimate. O

The compactness statement supplies minimizers and compact families of competitors. The
flow formula counts contact perimeter as well as free perimeter, both for volume adjustment and
for one-sided variations.

4.2 Existence, regularity, and variation of the profile

Proposition 4.3 (Confined minimizers and their regularity). For each v € (0,|B|) there is a
minimizer E in (4.1). It has a regular representative for which T' = OFE is the support of its
perimeter measure and is contained in B. There is a compact set S C B such that

1. dimy S <n -8, with S =2 if n < 8§;
2. ¥ =T\ S is a boundaryless Cﬁ)’cl hypersurface, smooth on XN B;
3. T is CYY in an ambient neighborhood of OB, and S is disjoint from a collar of OB;

4. with do denoting area on %, for every Borel set A C M one has

IDys|(A) = / do, P(E)= /E do = I(v). (4.4)

AN
The unit normal on % is the outward normal of E.

Proof. Concentric balls provide finite-perimeter competitors at every volume in (0, |B]). A mini-
mizing sequence has uniformly bounded perimeter and is supported, up to null sets, in the compact
set B. Lemma 4.1 gives an L'(M) limit xg of the same volume with P(E) < I(v). The limit
vanishes almost everywhere outside B; since B has ambient volume zero, it is admissible in (4.1).
Thus it attains the infimum.

For the regularity conclusions, choose a minimizing region supplied by Ghomi—Spruck in the
cited arXiv version [13, Lemma 7.2(i),(ii), p. 35], and denote it by E. Set K = supp |[Dxg|. These
unconditional parts of the Lemma give interior smoothness outside the stated singular set and C'>!
regularity in a neighborhood of the confining sphere in a Cartan-Hadamard manifold; see also
Morgan [20, Section 2 and Corollary 3.8] for the interior theory. For the boundary part, Ghomi
and Spruck use the Euclidean obstacle regularity of Stredulinsky and Ziemer [23] and its local
graph extension to the Riemannian setting. The graph and singular-set description gives | K| = 0.
Off K, xg is locally constant almost everywhere. Take F to be the union of the components of
M \ K on which yg = 1 almost everywhere. This changes only a null set. Every ball centered
on K has positive perimeter, hence contains both phases in positive volume, so 0F = K = T
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At regular points the perimeter measure is the induced area measure. The singular set has zero
m-dimensional Hausdorff measure, giving (4.4).

The free portion in the CU! collar is smooth by interior regularity for the constant-mean-
curvature equation. Hence the actual interior singular set avoids this collar. It is closed away
from the collar and contained in the compact set I', so it is a compact subset of B. Finally, the
CY! regularity is that of the whole hypersurface near 9B; the transition between its free and
contact portions does not create a boundary of X. O

We henceforth use this representative whenever discussing the boundary of a minimizer. Notice
that
P(E;B) >0 (0 < |E| < |B|). (4.5)

Indeed, if Dy g vanished in the connected ball B, then xg would be constant almost everywhere
there, contrary to the volume condition. In particular I(v) > 0, and, by (4.4), a minimizing
boundary has a nonempty smooth free patch.

Lemma 4.4 (Local Lipschitz continuity). The profile I is positive and locally Lipschitz on (0, |B|).

Proof. Positivity was just established. Fix a compact interval [v_,v4] C (0,|B]). The radius of
a concentric ball varies continuously with its volume, and its boundary area is continuous in its
radius. Consequently there is Cp < oo such that I(v) < Cp for all v € [v_,v4].

Consider the family

K={xr: |[F\B|=0, v_ <|F| <vy, P(F)<C}.

BV compactness on a compact neighborhood of B, together with lower semicontinuity and L'
continuity of volume, shows that K is compact in L'(M). For each F € K there is a smooth
vector field Zr compactly supported in B for which

Ay, (F) = /Fdiv Zp dVol, # 0.

Otherwise Dyp would vanish in B, contradicting v— < |F| < v;. Reverse the sign of Zp if
necessary so that Az, (F) > 0. For each fixed Z, the functional Az is L'-continuous. A finite
subcover of K therefore gives smooth fields Zy, ..., Z;, compactly supported in B, and a number
0 > 0 such that

. > . .
1??5}2 Az (F)>20 for every F' € K (4.6)

Let \Ilz be the flow of Z;. These flows preserve B in both time directions. If J;(¢, ) is the
ambient volume Jacobian, then

G(t, F) = |0L(F)| = /F Ji(t,x)dVoly(z),  8G;5(0,F) = A, (F).

Smoothness of the finitely many flows gives uniform bounds on 07 J; on a fixed compact set for
small |¢|. Since |F'| < |B], there is a common 7 > 0 such that

0G5t F) = Agy(F) <6 (<7 Fek, 1<j<h).

For an index satisfying (4.6), the function ¢t — G;(t, F') thus has derivative at least 6 on [—7,7].
It follows that every w with |w — |F|| < 7 is attained for some ¢ satisfying

t _ -1
W5(F)] =w, [t <6 |w—[F|. (4.7)
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By Lemma 4.2, perimeter transforms by the tangential Jacobian of a smooth diffeomorphism
on the reduced boundary. Applied to these finitely many flows, this gives

POYE) = [ 5 (DY @) 1 (@),
IP(W(F) = PP < CIUP(F) (] < 7).

Here C is uniform over the finitely many flows and all m-planes above the compact set B. Equa-
tion (4.7) and the bound P(F) < Cp show that changing the volume by Av costs at most
CCyd~1|Av| in perimeter.

Apply this construction first to a minimizer at v and then to a minimizer at w, where v,w €
[v_,v4] and |[v — w| < é7. Both are in K, and the resulting competitors give

[1(v) — I(w)] < CCu6 v —w).

This proves local Lipschitz continuity. All constants here may depend on the fixed ball and
interval; no uniform regularity of the minimizers is required. O

The profile can now be differentiated at almost every volume. The next lemma identifies its
derivative on free boundary patches and obtains the needed one-sided bound at contact. Figure 1
shows why both parts must enter the same ambient perimeter; in the figure, p = d(o,-).

N =Vp
.~ C=I'noB

free part XN B

0B

Figure 1: The confined problem minimizes full ambient perimeter, including contact with the
confining sphere. The occupied phase fixes the outward normal. Free variations give mh = I'(v);
inward variations give mh < I'(v) almost everywhere on the contact set. The planar drawing is
schematic: the proof does not assume that the contact set contains an open patch.

Lemma 4.5 (Mean curvature at differentiability volumes). Let v € (0, |B|) be a differentiability
point of I, and let E be a minimizer as in Proposition 4.3. With mh = divy N and hg = I'(v)/m,
one has

I'(v) >0, h=hyg onXNBDB, 0<h<hg almost everywhere on X.

In particular, h? < h% almost everywhere on X.

Proof. For a smooth flow W' with E; = W(E), set P(t) = P(E;) and V (t) = |E;|. Whenever the
flow is admissible,
P(t) > I(V(t)), P0O)=I(v), V(0)=v. (4.8)



For a field supported on a free regular patch, admissibility holds for both signs of t. Differentiating
at the minimum in (4.8) gives P’(0) = I'(v)V’(0). The first variation formulas are

V'(0) =/E<Z,N> do,  P'(0) :m/2h<Z,N> do.

Arbitrary smooth compactly supported normal speeds on the patch therefore give mh = I'(v).
This holds on every free regular patch, so h = hg throughout ¥ N B. Such patches exist by (4.5).

To determine the sign of hg, put p(z) = d(o,z) and F(z) = p(x)?/2. The function F is smooth
on M, including at 0. Hessian comparison gives

Hess F =dp®dp+ pHessp > dp@dp+ (g — dp ® dp) = g,
with the inequality at o understood by smooth extension. The flow of —VF' is
Ul(z) = exp, (e P exp, t(2)).
It sends B into itself for ¢ > 0. The volume and perimeter Jacobian formulas give
V'(0) = — /EAFd\/olg < —nv <0, (4.9)

P0) = — /8 .o (Hess F) dH;(z) < ~mP(E) <. (4.10)

These formulas apply to the reduced boundary as a rectifiable set, so they include its contact por-
tion and do not require smoothness at singular points. The integrands and their flow derivatives
are bounded on a fixed compact neighborhood of B. The one-sided derivative of (4.8) now yields

P'(0) — I'(v)V'(0) > 0.

Since V'(0) < 0, division reverses the inequality and gives

g

Oy, (4.11)

I'(v) > V(0

~—

It remains to control the contact set C = I' N dB. At every point of C, the C! boundary of
E is tangent to the sphere and has the same outward normal N = Vp: the region lies on the
inner side of the sphere. At almost every such point z, its local C1! graph has a second-order
expansion. In normal coordinates at x, with the common outward normal pointing upward, write
the boundary of E and the sphere as graphs u and 8. They have equal values and first derivatives
at z, and u < 3. Thus D?u(z) < D?B(z). In these coordinates their second fundamental forms for
the outward normal are —D?u(x) and —D?B(z), respectively. Hessian comparison on the sphere
therefore gives

Ir(z) > Hpp(z),  h(z) > Rz' >0 for almost every z € C. (4.12)

Choose an open collar U of B whose closure avoids S and o and in which T' is C*!. For
arbitrary ¢ € C(U) with ¢ > 0, the smooth field Z = —¢Vp, extended by zero, has an
admissible flow for ¢ > 0, because p is nonincreasing along its trajectories. The one-sided variation
inequality gives

m/z(h — ho)(Z, N do > 0. (4.13)
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For completeness, the perimeter first variation used here is obtained by integrating divy Z =
divs ZT + mh(Z, N) on the whole C'! hypersurface in the collar. The tangential divergence
integrates to zero, since its support is compact in 3. Thus there is no additional term on the
transition between the free and contact portions.

The integrand in (4.13) vanishes on the free portion, where h = hg, while (Z, N) = —¢ on C.
Consequently

Lr=ho)pdo <0 (peCEW). ¢20)

Nonnegative smooth ambient tests determine the sign of a Radon measure, so h < hg almost
everywhere on C, irrespective of whether C' has relative interior. Combining this with (4.12),
h = ho on the free portion, and (4.11), gives

0 < h < hy, h? < h% almost everywhere on X. (4.14)

O]

5 From the hypersurface inequality to model comparison

Fix b € {0,1}, assume secy;y < —b% and let n = m + 1 > 4. We use the confined profile I
in a geodesic ball B = Br,(0) from Section 4. A minimizing boundary has the decomposition
I' = ¥ U S of Proposition 4.3: I" is compact, S € B is closed, and ¥ = I' \ S is a boundaryless

C’llo’c1 hypersurface. Its area measure records the entire perimeter, including obstacle contact:

P(E;D)=0(XND) for every Borel set D C M. (5.1)

At a differentiability volume v, Lemma 4.5 gives 0 < h < I'(v)/m almost everywhere on the
regular boundary. The constant Sobolev test would therefore bound the profile derivative from
below in terms of I(v). Although I' is compact, its regular part ¥ = I'\ S need not be compact, so
compactness of I" alone does not justify that test. We will approximate it by compactly supported
cutoffs whose Dirichlet energy tends to zero. This requires area growth near S, which we obtain
directly from constrained minimality.

5.1 Area growth by deletion and volume repair

Deleting a small ball removes boundary near a singular point and creates at most the area of the
distance sphere. A variation on a fixed free patch will restore the lost volume. We first record
the deletion estimate for finite-perimeter sets, so neither operation presupposes regularity at the
singular point.

Lemma 5.1 (Deleting a geodesic ball). Let E have finite volume and perimeter in a complete
smooth Riemannian manifold, let x € M, and let 0 < r < inj(x). Then

P(E\ By(z)) < P(E; M \ By(2)) + H) ' (0B,()). (5.2)

For all but countably many radii in any bounded interval, P(E;0B,(x)) = 0, so the perimeters on
the two open sides sum to P(FE).

Proof. For a bounded Lipschitz scalar ¢, distributional testing gives

D(pxr) = ¢Dxe + xeVedVol,. (5.3)
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First prove this for smooth multipliers. On a compact neighborhood of a test field’s support,
approximate ¢ smoothly, uniformly and in W', Uniform convergence controls the measure
term and W11 convergence controls the second term, since |xg| < 1. This proves the displayed
distributional identity.

Take

¢e(y) = min{1, max{0, (d(z,y) —r)/e}},  r+e <inj(z).
Its derivative is supported in a compact annulus. The products . xx converge in L' to E\Br ()

because the smooth distance sphere has ambient volume zero. Lower semicontinuity and (5.3)
give

P(E\ B, (w) < timjo ([ 2l Dxp| + 1E Eret A B

< P(E; M\ B,(x)) + =

o B@L

s=r

Polar coordinates identify the last derivative with the area of the distance sphere. Finally, disjoint
spheres can carry positive mass for a finite measure at only countably many radii. O

Lemma 5.2 (Area growth at singular points). Let 0 < v < Vol(B), and let E be a confined
minimizing region of volume v. There are constants C' < oo and rg > 0, depending on E and B,
such that

o(XNB.(x) <Cr™ (xeS, 0<r<ry). (5.4)

Proof. Suppose S # @, since otherwise the assertion is empty. By (4.5) and (4.4), there is a free
smooth boundary point. Choose a neighborhood W of that point with W C B\ S so small that
'MW is smooth. Extend a nonnegative, nonzero normal variation of a smaller patch to a smooth
field Z compactly supported in W. With N the outward normal, this gives

a::/ (Z,N)do > 0.
SNW

Let ¢; be its flow and put G(t) = Vol(¢¢(E)) — Vol(E). The volume Jacobian formula gives
G'(0) = a. Choose ty > 0 so that G'(t) > a/2 for 0 < ¢t < ty. The flow preserves W and B
and fixes M \ W. Whenever a finite-perimeter set F' agrees with F almost everywhere on W, the
volume Jacobian minus one is supported in W, so

Vol(¢y(F)) — Vol(F) = G(¢). (5.5)

The tangential Jacobian formula and locality of the reduced boundary likewise give
P@(F) = P(F) = [ (1 (Dérlrorp) = 1) P ().
o*ENW

On the compact support of the flow, the tangential Jacobians satisfy |J,,, — 1| < Lt uniformly over
all tangent m-planes for 0 < t < ty3. Hence

[P(64(F)) — P(F)| < LP(E;W)t. (5.6)

Every volume deficit 0 < 6 < atg/2 can therefore be repaired by a time 0 < ¢t < 2§/a, at perimeter
cost at most Crd, where Cr = 2LP(E;W)/a. The bound is independent of F' as long as F = F
almost everywhere on W.
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Compactness of S and its disjointness from W U 9B give p, > 0 such that
Bs,. () C B\W (x €9).

After decreasing p., smoothness of the ambient metric on a compact neighborhood of S gives
uniform constants Cy -, C'4 with

Vol(B,(z)) < Cyr", Hy' (0B () < Car™ (z €8, 0<7r < ps). (5.7)

Decrease p, again so that Cypl < aty/2.
Fix x € S. For almost every r € (0,ps), one has P(F;0B,(z)) = 0. At such radii set
F = E\ B,(z); Lemma 5.1, applied to E, gives

P(F) < P(E; M\ Bo(2)) + HI(9B, (). (5.8)

The volume deficit is 6 = Vol(E N B,(x)) < Cyr", and F = E on W. Use (5.5) to repair this
deficit by a flow time ¢ < 2§/a. The repaired set remains in B and has volume v. Minimality,
(5.6), and (5.8) imply

P(E;B,(x)) < H;"(@Br(x)) + CRrod
< Car™ + CrCyr™ < Cor™,

where Cy = Cy + CrCy ps because n = m + 1. The constants are uniform in z € S.
For an arbitrary 0 < r < p,/2, choose a good radius p € (r,2r). Monotonicity of the perimeter
measure gives

P(E;B,(z)) < P(E;By(x)) <2™Cor™.
Together with (5.1), this proves the claim with rog = p./2. O

5.2 Removing the singular set from the constant test

The area bound turns a cutoff gradient of order r~! on a ball of radius  into an energy cost of

order ™2, The small Hausdorff dimension of the singular set will make the sum of these costs
tend to zero. We isolate the cutoff construction because the same conclusion will later apply to
the boundary of an equality set.

Lemma 5.3 (Cutoffs around a set of zero capacity). Let I' be a compact subset of a smooth Rie-
mannian manifold, and let S C T be closed. Suppose that ¥ =T\ S is an embedded, boundaryless,
locally CY hypersurface of dimension m > 3 and finite area. Assume H™ 2(S) = 0 and that, for
some C,rg > 0,

o(XNBy(x)) <Cr™ (x e S, 0<r<r).

There are n; € Lip.(X) such that
0<n <l mle)—1 @ex), [ |[Vepfdo—o. (5.9)
b

If S = @, the choice nj = 1 works in every dimension.
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Proof. If S = @, then ¥ = I' is compact and we take n; = 1, including when ¥ has several
components. Otherwise, use ™ 2(S) = 0 as follows. For each positive integer j, choose a finite
covering

N;
S C U Brﬂ wji), Tji € S,
=1 , (5.10)
J
0 <rj <min(277,rp/4), Zr?fZ <277,

Indeed, Hausdorff nullity first gives a countable open-ball cover with arbitrarily small radii and
sum. Recenter the balls at points of S with a fixed enlargement, starting with tolerances small
enough to absorb this enlargement, and take a finite subcover by compactness.

Put 6(t) = min{1, max{0,¢ — 1}} for ¢ > 0, and define

d(z,xj;)

.. _ 9 PV i L .

nji(z) < i ) Tj 121%1\/ 77ﬂ|2

Each ambient cutoff vanishes on B, (zj;), is one outside Ba,,(7;;), and has Lipschitz constant
at most rj_il. A finite minimum is Lipschitz, and almost everywhere

N;

IVenil? <> | Venil
=1

There is no restriction on the overlap of the balls. Applying the assumed area bound at their
doubled radii gives

Vs do < 3750 (2 0 Bar (a39)

" S (5.11)
<2 CZT <2mC2”

The open balls in (5.10) form a neighborhood of S on which 7; vanishes. Its support is therefore
contained in a compact subset of I' \ S. The embedded graph charts identify the subspace and
manifold topologies on ¥, so this support is compact in 3. For each fixed x € ¥, closedness of S
gives d(x,S) > 0. As the maximum radius tends to zero, the doubled balls eventually miss z, and
nj(z) = 1. This proves (5.9), without assuming completeness of ¥ or finiteness of its components.

O

Lemma 5.4 (The constant test). Let v € (0, Vol(B)) be a differentiability point of I, and let E
minimize the confined perimeter at volume v. Then

m/ 2 do > Y I(v)m=2/m, (5.12)

Proof. Lemma 4.5 gives 0 < h < hy := I'(v)/m < oo almost everywhere on X. If S # &, the
singular-dimension bound gives

dimyS<n—-8=m-7<m-2,  H™%S)=0.

Lemma 5.2 and the compact embedded boundary structure therefore verify the hypotheses of
Lemma 5.3. That lemma supplies cutoffs with (5.9); when S = & take n; = 1.

23



Apply Theorem 3.1 to these cutoffs:

2/q
c/ |vgnj12da+m/(h2 — )2 do > Yo (/ n;?da) .
b by by

The area is I(v) < oo, and |h? — b%| < h3 + b% almost everywhere. Dominated convergence and
(5.9) prove (5.12), since 2/q = (m — 2)/m. The same construction applies in every dimension
under consideration: when 4 < n < 7 the singular set is empty, and when n = 8 its possible
infinite zero-dimensional compact set still admits the covers in (5.10). O

5.3 The profile differential inequality and its integral

The singular set has now been removed from the constant test without assuming completeness
of the regular locus. The curvature bound from the confined profile can therefore be inserted in
the sharp Sobolev inequality. This is the step that reduces the geometric problem to one scalar
differential inequality.

Proposition 5.5 (Profile differential inequality). For almost every v € (0, Vol(B)),

') > m\/bQ + (%)wm. (5.13)

Proof. The profile is locally Lipschitz by Lemma 4.4, hence differentiable almost everywhere. At
a differentiability volume choose a minimizer. Lemma 4.5 gives hg = I'(v)/m > 0 and h? < h3
almost everywhere on its regular boundary. Lemma 5.4 therefore gives

m(h3 — b*)I(v) > Yy, I(v)Mm=2/m,
2/

Since I(v) > 0 and Y, = msp,"", division yields
2/m
hi > b? (sm) :
0=\ 1)
Taking the positive square root proves (5.13). O

Theorem 5.6 (Comparison in the normalized curvatures). Let n > 4 and b € {0,1}. If M"
is complete, simply connected and smooth, with secy; < —b?, then every bounded measurable set
E C M of finite perimeter and positive volume satisfies

P(E) > T,(Vol(E)).

Proof. Choose radii 0 < Ry < R such that E C Bpr,(0) up to a null set, and put B = Bpg(0).

The annulus Br(0) \ Br,(0) has positive volume, so Vol(B) > Vol(E). Recall the model area and
volume functions

,
Ap(r) = 8msnp(r)™, Vo(r) = sm/ sny ()™ dt.
0
Both are strictly increasing from zero to infinity. For A > 0 put

Ry(A) = Ay (A),  Wi(A) = Vy(Ry(A)). (5.14)
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Thus W, is strictly increasing. The identities snj = cs;, and csg —b? sng =1 give

sny(Rp(A))

MHA) = m csp(Rp(A))
1

(5.15)

m\/b2 + (8 /A)2/m .

On every interval [e,v] C (0, Vol(B)), the positive Lipschitz function I has image in a compact
subset of (0,00), where W}, is continuously differentiable. Thus W}, o I is absolutely continuous
there. Proposition 5.5, the chain rule, and (5.15) imply

Wy oI) (s) =Wy(I(s))I'(s) > 1 for almost every s € [e,v].

Integrating yields
Wh(I(v)) >Wy(I(e)) +v—e>v—e.

Letting € | 0, we obtain
Wi(I(v)) > v (0 < v < Vol(B)). (5.16)

This endpoint passage uses only nonnegativity of W,(1(¢)).
Set V' = Vol(F). The choice of B gives 0 < V < Vol(B), and F is an admissible competitor
n (4.1). Consequently
P(E) > I(V).

This step uses the full ambient perimeter of E, with no regularity assumption on its boundary. If
r > 0 is determined by V() = V, then Wy (Ay(r)) = V. Equation (5.16) and strict monotonicity
of W, give I(V) > Ay(r) = Z(V'), which proves the assertion. O

6 All dimensions and finite-volume sets

Theorem 5.6 already gives the comparison for bounded sets of finite ambient perimeter in dimen-
sions at least four. We first obtain the same statement in dimensions two and three by smooth
approximation. A single cutoff argument then removes boundedness, and metric rescaling restores
every negative curvature bound.

6.1 The classical lower-dimensional inequalities

We first check that the classical smooth comparisons allow disconnected domains. For b > 0 and
_ -1
r=Y, (V) >0,

csp(r) 50 d csp(r) _ 1 <0

V)= msnb(r) ’ drsng(r) — sny(r)2

Thus Z,, is concave. Since Z(0) = 0, concavity between 0 and u 4 v gives

u v
7 7 >
Py b(u+v), b(v)*u—i—v

Zy(u) = Ty (u + ).
Adding proves subadditivity. Consequently, comparisons for the finitely many connected compo-
nents of a relatively compact smooth domain imply the comparison at its total volume.

In dimension three, Kleiner’s Theorem 2 [16, p. 38] gives the model comparison for every
upper sectional-curvature bound k < 0 on a complete simply connected manifold, for arbitrary
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compact smooth domains. Apply this result to each connected component and use subadditivity
if necessary.

In dimension two, the classical Weil-Bol inequality [25, 6], in the smooth disk formulation of
Chavel and Feldman [9, Isoperimetric Inequality (I), p. 83], gives, for a smooth disk of area V'
and boundary length L under K < x <0,

L? > 47V — kV?;

This disk statement suffices for arbitrary relatively compact smooth domains. The Cartan—
Hadamard theorem identifies the surface with R2. Direct evaluation of the two-dimensional model
functions gives Z (V) = v4nV — kV2. Fill the holes in each connected component, retaining
its outer boundary. The resulting smooth disk has at least the original area and no greater
boundary length. The disk inequality and monotonicity therefore bound the original component’s
boundary length below by the model profile at its original area. Summing and using subadditivity
proves the comparison for the original domain, even when the filled disks overlap.

6.2 Smooth approximation in a fixed neighborhood

Recall that BV (M) consists of integrable functions with finite distributional variation. Strict
convergence means L' convergence together with convergence of the total masses |Du|(M). For
u = Xg, that mass is the full ambient perimeter.

The following form of approximation preserves ambient perimeter. No correction to impose
exactly equal volumes is needed.

Lemma 6.1 (Smooth approximation). Let M be a complete connected smooth Riemannian man-
ifold without boundary. Let E have finite ambient perimeter, and suppose that |E \ K| = 0 for
a compact set K C M. For every open neighborhood U D K with compact closure, there are
relatively compact open sets E; € U with smooth boundary such that

|E; A E] — 0, P(Ej) — P(E).
The sets E;j need not be connected.

Proof. Strict smooth approximation on complete manifolds [15, Theorem 2.12 in the author
preprint] provides smooth compactly supported functions f; with

Ifi — xellL1an — 0, /M |V fj| d Vol; — P(E).

The cited result assumes completeness, smoothness, connectedness, and absence of boundary; it
imposes no curvature condition. We may take real parts, since doing so cannot increase the L'
error or gradient integral, and lower semicontinuity gives the reverse limiting bound.

Choose n € C*°(U) with 0 < n <1 and n =1 near K, and put u; = nf;. Then u; — xg in
LY(M), and xgVn = 0 almost everywhere. Hence

[ Vsl dvoly < [ 19 £ dVoly +9all<llf; = xel-

Lower semicontinuity shows that the left side also converges to P(E). Thus all approximating
functions now have support in the same compact subset of U.
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Write ej = ||u; —xEl/1, and choose 0 < 6; < 1/2 with §; — 0 and e;/0; — 0. For §; < t < 1-4;,
pointwise comparison with xg gives

{u; >t} AE| <67 e (6.1)

The ordinary coarea formula for the smooth function w; gives

1-6;
/ " P({u; > t})dt g/ V| d Vol .
4 M

j
By Sard’s Theorem, almost every ¢ is a regular value. We can therefore choose such a t; €

(5j, 1-— (SJ) with
1

1 — 25

1

P({uj > t;}) < / |Vu;| d Vol +-.

M J
Set E; = {u; > t;}. Its boundary is smooth and compact in U. Equation (6.1) gives L' conver-
gence of the characteristic functions. The displayed perimeter bound and lower semicontinuity
give the claimed perimeter convergence. O

Apply Lemma 6.1 to a bounded finite-perimeter set in a two- or three-dimensional Cartan—
Hadamard manifold. The smooth comparison just proved applies to every F;, including its
disconnected cases. Since |Ej| — |E| and 7} is continuous, it passes to E. Together with The-
orem 5.6, this establishes the normalized comparison for bounded finite-perimeter sets in every
dimension n > 2.

6.3 Removing boundedness

We record the cutoff argument separately, since it applies to any continuous increasing perimeter
lower bound.

Lemma 6.2 (Passage to finite volume). Let M be a complete connected smooth Riemannian
manifold without boundary. Let J : [0,00) — [0,00) be continuous and increasing, with J(0) = 0.
Suppose that P(F) > J(|F|) for every bounded finite-perimeter set F C M. Then the same
inequality holds for every measurable E of finite volume and finite ambient perimeter.

Proof. We use two elementary BV identities. For a compactly supported Lipschitz function ¢ and
bounded u € BV (M), the product rule is

D(pu) = ¢ Du+uVedVoly .

It follows from the distributional product rule for smooth multipliers by smoothing ¢ locally in
charts: the approximations converge uniformly, and their gradients converge in L' on the fixed
compact support. The boundedness of u permits passage in the second term. For 0 < u < 1, the
coarea identity is

1
\Du| (M) :/0 P({u> t})dt. (6.2)

The integrand is measurable: the defining perimeter supremum can be taken over a countable
dense family of compactly supported test fields. For completeness, apply the strict smooth ap-
proximation theorem [15, Theorem 2.12 in the author preprint] to v € BV (M). It applies to
arbitrary integrable functions. The ordinary coarea formula then proves the inequality “>": take
a subsequence whose level sets converge in L' for almost every ¢, and use lower semicontinuity
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and Fatou’s Lemma. Such a subsequence exists because the integral over ¢ € R of the L' distance
between the two level indicators equals the L' distance between the functions. For the reverse
inequality, write u = fol X{u>t} dt, test against div X for X € C°(TM) with [X| < 1, and take
the supremum in the definition of total variation. This also shows that almost every level in (6.2)
has finite ambient perimeter.

Fix o € M and, for R > 0, define

vr(x) = min{l, max{0, R+ 1 — d(o, x)}}.

Completeness makes its support compact. It equals one on Bg(0), vanishes outside Br41(0), and
has Lipschitz constant at most one. The product rule and (6.2) give

/01 P({prxe > t})dt = |D(vrxE)|(M)

S/ WRd\DXE\Jr/ |Vpr|dVol,
M E
< P(E) + |E\ Br(0)|.

(6.3)

Almost every level is a bounded finite-perimeter set, and for every 0 < ¢ < 1 its volume is at least
vr = |E N Br(o)|. The hypothesis and monotonicity of J therefore bound the left side of (6.3)
below by J(vg). Since vg — |E| and |E \ Br(0)| — 0, continuity of J proves the assertion. [

Proof of Theorem 1.1. Null sets have zero perimeter and Z,(0) = 0. The preceding bounded-set
comparison and Lemma 6.2, with J = Zj, prove the assertion for all n > 2 and normalized
curvature parameters b € {0, 1}.
For an arbitrary negative curvature bound, put b = v/—x > 0 and § = b?g. Then
sec; = b~ ?secy < 1, |El; =0"Ely,  P5(E) =b""'Py(E).

The last identity holds for ambient BV perimeter: constant metric rescaling leaves divergence
unchanged, while d Vol; = b"d Vol, and [X|; = b|X|y. In the dual definition of perimeter, the
substitution Y = bX therefore multiplies the supremum by »”~!. The model functions have the
matching relations

V(r) = b Vi(br),  Ap(r) =b""VAbr),  T,(V)=b" "N 6"V).
Applying the normalized result to § and dividing by 4"~ ! gives the claimed inequality for g and
k. The case kK = 0 was proved directly, without a curvature limit. ]
7 Regularity of equality sets

The comparison established in Theorem 1.1 turns an equality set into a local perimeter almost-
minimizer. We first identify its regular boundary and prove the differentiability needed for the
curvature formulas. We then remove the singular set from the integral identities that will locate
the equality region.
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7.1 The perimeter support and its curvature

Proposition 7.1 (Boundary of an equality set). Let M™ be complete, simply connected and
smooth, with n > 2 and secpy;y < 0. Suppose that a bounded measurable set E C M has positive
volume V', finite ambient perimeter A, and

A = nwlt/my=bin,

Putm =n—1, R = (V/w,)"™, and Hy = m/R. The support I' = supp |Dxg| is compact and
has a decomposition T' = X U Z with the following properties:

1. ¥ is a relatively open, boundaryless, embedded C’llo’c1 hypersurface, and Z is compact, with
dimy Z <n — 8. In particular, Z = @ when n < 8.

2. The side occupied by E defines an outward unit normal N on X, and
|Dxg| = do|X, o(¥)=A=s,R", Y =T. (7.1)
Here do denotes induced area on X, extended by zero to M.

3. There are C' < oo and rg > 0 such that

o(XNB.(z)) <Cr™ (xel, 0<r<ry). (7.2)

4. The outward trace mean curvature satisfies H = divpy, N = Hy almost everywhere on X.

These assertions concern the perimeter support and the measurable class of E, not the topological
boundary of an arbitrary representative.

Proof. Almost-minimality and the regular part. Write § = (n — 1)/n and A = A/V. For every
bounded finite-perimeter set F', Theorem 1.1 gives

- <|F|>9
v
Indeed 2% > min{z,1} for z > 0, and the difference of the volumes is bounded by the volume of

the symmetric difference. If EAF is contained, up to a null set, in a compact subset of a bounded
open set O, locality of perimeter cancels the part outside O. Thus

P(E)— P(F)< A < A|EAF). (7.3)

P(E;0) < P(F;0) + A|[EAF]|.

It suffices to consider competitors with P(F'; O) < oo; agreement with E near the complement of
O then gives finite global perimeter as well.

We apply the local smooth-manifold conclusion of [3, Corollary 1.6]. To check its quasi-
perimeter hypothesis, on measurable subsets of O define

G(F)=AFA(ENO)|.
This functional is finite at the empty set and satisfies
|G(F1) — G(F2)| < A[F1 AR

Its continuity exponent is therefore 1 > 1 —1/n, as required in Condition (1.3) of that reference.
The localized inequality says that E minimizes P + G under compact modifications; in particular

29



it does so under the volume-preserving modifications of Definition 1.2. For a ball O centered on
I, the remaining hypothesis P(E;O) > 0 follows from the definition of support. The cited local
conclusion applies in every dimension n > 2 and requires no global lower Ricci bound.

It gives a Cllo’? regular part of full perimeter, a relatively closed singular part of Hausdorff
dimension at most n — 8, and local upper area growth. Here and below the local exponent may be
decreased so that 0 < a < 1. These are statements about the perimeter support: one may take
the density-one representative supplied by the theorem, whose boundary equals that support.
For completeness, the perimeter measure is concentrated on the reduced boundary, giving one
inclusion. Conversely, a boundary point of this representative is an essential boundary point; if
the perimeter vanished in a neighborhood, the characteristic function would be constant almost
everywhere there, a contradiction.

The support is unchanged by modifying F on a null set. It is a closed subset of a compact
set containing F, since completeness makes closed bounded sets compact. Hence I' and its closed
singular subset Z are compact. The local area estimates become Equation (7.2) with uniform
constants by a finite cover of I'.

Near a regular point, the whole support is a graph dividing a coordinate neighborhood into
two connected sides. On either side Dxg = 0, so xg is constant almost everywhere. One way to
see this last fact is to express the distributional derivatives in coordinates, compensating for the
volume density, and mollify on smaller coordinate balls. Overlapping balls give the same constant.
The two side values must differ: otherwise the characteristic function would be constant across
the neighborhood, since the graph has zero ambient volume. The occupied side consequently
defines a consistent outward normal. The divergence formula on a graph identifies its perimeter
with its induced area. Together with the full-perimeter conclusion, this proves Equation (7.1). In
particular, every neighborhood of a support point meets the regular part, so . is dense in I'.

The graph equation. Choose graph coordinates (y, z) € R™ xR with z = u(y) on ¥ and E below
the graph, up to a null set. Let G(y, z) be the ambient metric matrix and W (y, z) = \/det G(y, 2).
The graph area integrand is

Ly(y.2.p) = W(5.2) [(=p. )7 G(y.2) " (=p.1)]

For a smooth compactly supported function ( in the graph domain, the graph u + t( gives

admissible sets for both signs of small ¢t. The sharp deficit P(F) — nwy! "|F|? is nonnegative and

vanishes at F' = E. Its volume derivative has coeflicient nw,lZ "9V9-1 = Hy. Define

B(yv Z7p) = ang(.% Z,p) - HOW(?%Z)

Differentiating area and the volume between the two graphs gives

/ [0, Ly, u, Du) - DC + By, u, Du)¢] dy = 0. (7.4)

The derivative D here is Euclidean differentiation in y. The matrix d,,L, is positive definite.
Indeed, the Hessian of a positive definite norm is positive in directions transverse to its radial
kernel, and a nonzero slope variation (—v, 0) is not radial at (—p, 1). On compact sets of arguments
the equation is therefore uniformly elliptic.

The local graph-regularity result in Lemma 7.2 applies to this weak equation: a C® graph
stationary for area minus Hy times volume is locally C1''. Thus Du is locally Lipschitz. The
proof of that result follows in the next subsection; it obtains this conclusion without an advance
bound on second derivatives.
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The signed curvature. We can now interpret the graph equation geometrically. On a CU!
graph the induced metric and its volume density are locally Lipschitz. For a tangential field
X = X'F; in a parametrization F, with induced metric (ai;), metric compatibility gives, almost
everywhere,

divey X = 9; X" + %X’a]kaiajk = \/dlew az(V detaXl>~
The identities are also distributional: Lipschitz coefficients obey the product rule, and the weak
mixed derivatives of F' commute. Consequently compactly supported tangential Lipschitz fields
have zero integral divergence. Splitting a field into its tangential and normal parts now gives

divps Y =divs(Y") 4+ H(Y,N),  H = divyg N, (7.5)

almost everywhere and weakly on each regular chart.

For the graph variation used in Equation (7.4), take Y = (0,. The area derivative is
[ divpy Y do, and the volume derivative is its outward flux. By Equation (7.5), the graph equation
becomes

/E(H — Ho)(0,, N)C do = 0.

The factor (9,, N) is strictly positive, because E occupies the lower side; equivalently its product
with the graph area density is W. Arbitrary compactly supported ¢ therefore give H = Hy almost
everywhere. The coefficient Hy came from the same global deficit on every patch, so this is the
same signed outward curvature on every component. This completes the proof. O

7.2 Local regularity of the graph equation

The local input used above concerns the graph equation itself. Its proof first bounds the energy
of difference quotients, uniformly in their step, and then controls their gradients by comparison
with a constant-coefficient equation.

Lemma 7.2 (Regularity of a stationary graph). Let Q C R™ be open, with m > 1, and let
u € CI{)’?(Q) for 0 < a < 1. Let G(y,z) be the matriz of a smooth Riemannian metric on a
neighborhood of the graph of u in R™ x R, and put

Wi 2) = At G2, Loly.zp) = Wiy ) [(-p.1)7Cly.2) (-p.1)] .

Fiz Hy > 0 and write B(y, z,p) = 0:Ly4(y, 2,p) — HoW (y,2). If
| pL(y.u. Dw) - DE + Blyw Dudy =0 (¢ € ()

then u € CLY(Q).

loc

Proof. Difference quotients and an energy bound. The positivity of 0,,L, was verified after Equa-
tion (7.4). Shrink the graph chart so that its arguments and the segments between nearby argu-
ments lie in one compact ellipticity region. Choose a Euclidean ball B4, compactly contained in
its parameter domain. For a coordinate unit vector e and 0 < § < p, put

~ u(y +de) —u(y)

U(y) - 5 ) (TS B3p-
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Each v is C', though no uniform bound on Dv is yet known. The identity

v(y) = /01 Oeu(y + sde) ds

does give a uniform C%® bound for v.
Subtract the translated equations and divide by . To describe the coefficients explicitly, set

Ts(y) = (1 = 5)(y, u(y), Du(y))
+ s(y + de,u(y + de), Du(y + de)).

The resulting weak equation is
/ ((aDv + f)-DC + (b- Do+ d)C] dy = 0, (7.6)
where
1 1
o= / OppLy(T)ds, b= / 0,B(T,) ds,
0 0
1
£ = [ @0Ly(T) +0.0,Ly(T)0) s,
0
1
d— / (0.B(T}) + 0.B(T)v) ds.
0

In these expressions 0, differentiates only the explicit y argument. The known C® norm of u
bounds the C%® norms of all T}, uniformly in s and §. Smooth composition on the compact
argument set, together with the bound for v, shows that a, f have uniform C%® bounds and b, d
are uniformly bounded. The matrices a are symmetric and uniformly elliptic.

Test Equation (7.6) with x?v, where y is supported in Bs, and equals one on Bj,. Such tests
are justified by smooth approximation. Ellipticity gives a multiple of [ x2|Dv|? on the left. All
other terms are bounded by Young’s inequality and the uniform bounds on v, f,b, d, absorbing
the terms linear in Dwv into that left side. In particular, the first-order term involving b - Dv is
absorbed in this way. The remaining bound is C [(x? + |Dx|?), so

/ \Dv2dy < C, (7.7)
2

P

uniformly in the difference step. No bound on a second derivative of u has been used.
Harmonic comparison and the gradient bound. Fix x € B, and 0 < r < min{p, 1}. On B,(x),
let w — v € H(B,(x)) solve
div(a(z)Dw) = 0.

Existence and uniqueness follow by minimizing the positive quadratic Dirichlet energy in v +
H}(B.(x)). Put z = v — w. Subtract the equations and test with z; the constant vector f(z)
integrates to zero against Dz. With all norms on B, (), ellipticity and the coefficient bounds give

D=3 < Cro(|[Dull2 + |B;|'/2) || Dz|l2
+C(I Do)z + B ?)]|2] 2.
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The second line includes the first-order term b-Dv. Zero-boundary Poincaré gives ||z||2 < Cr||Dz||2.
Since r < r® for r < 1, it follows that

1/2 1/2
(/ |Dv — Dw\2> <Cr* 1+ </ |Dv|2> : (7.8)
By (x) By (x)

Energy minimization after subtracting an affine function also gives, for every constant vector p,

1/2 1/2
(-/ \Dw — p\2> <cC (-/ \Dv — p\2> . (7.9)
BT(Z’) Br(l’)

We use the following elementary interior estimate for this constant coefficient equation. For

0<~y<1/4,
1/2 1/2
<—/ \Dw — (Dw)BW(z)P) < Coy (—/ \Dw _p\2> . (7.10)
By () B, (2)

Here subscripts on a function denote its average. To justify the estimate at the weak regularity in
use, mollify Dw—p in an interior ball. Its components solve the same constant coefficient equation.
A linear coordinate change, with distortion controlled by ellipticity, makes them harmonic. The
mean value formula reproduces each such function by convolution with a smooth radial averaging
kernel of radius comparable to r. Differentiating that kernel and applying Cauchy—Schwarz bounds

its gradient on B, »(x) by
1/2
cr! (—/ | Dw — p|2> .
By (x)

The radius of the averaging kernel is chosen small enough that its support remains in the trans-
formed interior ball. Letting the mollification scale tend to zero proves the same estimate for a
representative of Dw — p, and its oscillation on B, (x) is at most this bound times 2vr. This
proves Equation (7.10).

We control the mean gradient and its oscillation together: harmonic comparison contracts the
oscillation, while the coefficient errors are summable on geometric scales. Define

1/2
Pr = Do, J(T) = <_/ ‘DU _pr|2> .
Br(l') BT(J?)

Using p = p, in the preceding estimates and comparing averages on the two balls gives

J(yr) < CvJ(r) + Cvfm/Qra(l + |pr| + J(r)), (7.11)
|p'yr - pr| < 'Y_m/ZJ(T)' (7'12)

Fix v so that Cy < 1/2, and choose a fixed ¢ > 1 with ¢/2 > y_m/Q. Then
S(r)y =1+ |p:| +£J(r) satisfies S(yr) < (1+ C'r*)S(r).

Choose one starting radius 7, < min{p, 1}. Its starting averages are bounded uniformly for every
x € B, by Equation (7.7). On the geometric scales r; = 7’7, the product of 1 4 C’rjo-‘ is finite,
because }_; i < oo. Thus |pr;| is uniformly bounded. Each fixed-step quotient is C", so these
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averages tend to Dv(zx) as j — co. We obtain a bound for Dv(z) uniform in « € B, in e, and in
the sufficiently small step ¢.

Finally,
Du(y + de) — Du(y)

Du(y) = 5
holds classically. The uniform bound just proved bounds increments of Du along every coordinate
direction. On a smaller coordinate cube, join two points by coordinate segments and add the
increment bounds. The sum of their lengths is at most \/m times the Euclidean distance between
the points. Therefore Du is locally Lipschitz and u € o 1(Q) O

loc

7.3 Integral identities across the singular set

The regular boundary now has constant mean curvature. To use it in the rigidity argument, we
must justify integral tests that need not vanish near its singular set.

Lemma 7.3 (Cutoffs for an equality boundary). Under the hypotheses of Proposition 7.1, there
are n; € Lip.(X) such that

0<n; <1, nj(z) —1 (zexn), /E|v2nj|2do' 0.

Proof. It Z = &, then ¥ =T is compact, and we take ; = 1. Otherwise n > 8, m > 7, and
dimyZ<m-7<m-2, H"Z)=0.

The compactness, finite area, embedding and uniform growth hypotheses of Lemma 5.3 follow
from Proposition 7.1. That lemma supplies the stated cutoffs. In particular their supports are
compact in the manifold topology of 3, and the construction does not assume that ¥ is complete
or has finitely many components. O

For every smooth ambient field Y defined near I', the cutoffs and Equation (7.5) imply
/ divys Y do = H, / (Y, N) do. (7.13)
b b

Indeed, apply the compact-support identity to 7;Y and expand:

/77j diVTnga—{—/<Vg17j,YT) do
b b
— Ho [ 0;(v.N) do.
M

The middle integral has absolute value at most || V|| A/2||Vsn; |2, which tends to zero. All other
terms converge by dominated convergence, since the ambient data are bounded near compact T'.
The same identity holds on any compact boundaryless component of ¥ directly, by integrating
Equation (7.5) on that component.

When n > 4, the same cutoffs extend Theorem 3.1 to every smooth ambient function v
restricted to ¥. Here the signed normalized mean curvature is h = H/m = 1/R, and we use the
case b = 0. With ¢ = 2m/(m — 2) and ¢ = 4/(m — 2), the result is

2/q
/ |Vsv|? do + —/ v2do > ms™ (/ |U\‘1da> . (7.14)
)
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To justify passage from n;v to v, boundedness of v and its gradient near I' gives convergence in
L? and L9, and

Vs(njv) — Vsv = (n; —1)Vsv+0Vgn; — 0 in LQ(Z).

The first term tends to zero by dominated convergence and the second by Lemma 7.3. Thus the
whole Dirichlet energy, including its cross term, converges. In particular the constant function
and fixed ambient perturbations of it are now legitimate tests; no completeness of the regular
locus has been introduced.

8 Rigidity of the equality case

We prove Theorem 1.2. Let M™ and E satisfy its hypotheses, and assume equality in the Euclidean
perimeter bound. In particular, E is bounded and has positive finite volume and finite ambient
perimeter. Retain the notation

m=n—1, V=Vol(E), R=V/w,)/", A=P(E)=s,R"

By Proposition 7.1, the perimeter support is a compact set I' = X U Z, its regular part carries all
the perimeter, and its outward trace curvature is Hy = m/R. We first show that I" is contained in
the exponential image of a Euclidean sphere of radius R. The argument depends on the dimension.
A single final argument then recovers both the set and the metric on its interior.

8.1 A barycenter and a flux inequality

We record two observations used in the higher-dimensional and curve cases. If p is a nonzero
finite positive measure of compact support in M, the function

Fo) = [ Dula)dula),  Dye) = dd(p.a)?

is continuous and proper. Indeed, if the support lies in By(0), then d(p,xz) > d(p,0) — a, so
F(p) — oo as p leaves compact sets. Completeness and Hopf-Rinow give a minimizer. Squared
distance is smooth on M x M, and differentiation on compact sets gives

/ log, v du(z) = 0 (8.1)
M

at any minimizer. Uniqueness of the minimizer is not needed.

Let T be either 3 or a compact boundaryless component of ¥, and put a = Area(T"). The
global first-variation identity from Section 7 applies on T'. The distance comparison Corollary 2.2
yields, for every p € M,

7m§/%mV%M=T/W%WMU
T R Jr

1/2
< % <a/T7‘§ do) . (8.2)

All fields may be multiplied by an ambient cutoff equal to one near I', so their lack of compact
support on M causes no difficulty. In particular,

2 2
/Trp do > R“a. (8.3)
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If the opposite inequality also holds, all inequalities in Equation (8.2) are equalities. Consequently
VD, = RN almost everywhere on 7. (8.4)

For example, the squared L? norm of the difference is
rZdo + R*a— 2R | (VD,,N)do = 0.
T T

Continuity upgrades Equation (8.4) to every point of T: a nonempty open regular patch has
positive area. Since |[N| = 1, this puts 7" on the distance sphere r, = R.

8.2 Dimensions at least four

Here m > 3. The cutoff passage in Section 7 has established Equation (7.14) for every smooth
ambient function restricted to X. Retain ¢ = 2m/(m—2) and ¢ = 4/(m—2) = ¢—2. The constant
function v = 1 attains equality, since A = s, R™.

Let ¢ be such a restriction with [, ¢do = 0. Boundedness permits Taylor expansion for

v=1+7¢:
2/q
(/ |1+Td>|qda> — A%/
b
2/mAQ/q—l —

The constant terms in Equation (7.14) agree, and the linear terms vanish. Since msy,
m/R? and ¢ = q — 2, comparison of the quadratic terms proves

7_2
L+(g- 1) /E $*do + 0(72)1 . (8.5)

/E|Vg¢|2d02 %[g¢2 do. (8.6)

The cutoff limit has already been taken before the expansion; no mean-zero condition on cutoff
approximations is asserted.

Choose a barycenter p for the measure do on ¥ and an orthonormal basis e, ..., e, of T,M.
The smooth functions ¢;(z) = (log, z,e;) have zero mean by Equation (8.1). Because dlog, is

contracting,
n m

D Vseil> = |dlog,(v)]* < m

i=1 j=1
for any orthonormal basis vy, ..., vy, of T,;X. Summing Equation (8.6) gives
A@wgﬁA (8.7)
Together with Equation (8.3), this yields Equation (8.4) on X. Its density in I" therefore implies
I'c{x e M:d(p,z) =R} (8.8)

Neither connectedness nor completeness of the regular part was used.
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8.3 Dimension two

Now m = 1 and I' = ¥ is a compact embedded C! curve without boundary, with total length
A = 27R. Choose a connected component 7" and let L = length(7') > 0. A connected compact
one-dimensional manifold without boundary admits a periodic arclength parametrization of period
L. Here this can also be seen by continuing an oriented arclength chart: a traverse of arbitrarily
large length cannot stay injective in a component of finite length, and local uniqueness gives a least
positive period. Its image is open and closed in the component, and one least period traverses it
once.
The periodic Wirtinger inequality says that

/T\vm\?da > (22)2/%& do, /T¢do:0. (8.9)

For completeness, in arclength coordinates the assertion follows by expanding a trigonometric
polynomial in Fourier modes; the zero mode is absent. Periodic convolution approximates a C*
function and its derivative uniformly, preserving the zero mean, so the same inequality holds for
all the tests used below.

Take a barycenter of the area measure on 7. Apply Equation (8.9) to its logarithm coordinates
and use the contraction of dlog, as above. The result is

L3
2
do < ——.
/TTP 7= 2n)e

On the other hand, Equation (8.3) gives [,72do > R*L. Thus L > 2rR = A. Since L < A, this
component has all the length, and every inequality just used is an equality. Another component
would contain a regular open arc of positive length, which is impossible. Hence T' = I', and
Equation (8.4) again proves Equation (8.8).

8.4 Dimension three

Here m = 2 and ¥ =T is a compact embedded C! surface, with A = 47 R%. Write h = 1/R, so
its trace curvature is 2h. The critical Sobolev argument used for m > 3 is replaced by a punctured
radial flux calculation.

Fix p € ¥ and, away from p, define

\Y
r="rp, Y:T*QVDP:TT, t = (Y,N).

Since Hess D), > g and |Vr| =1,

divys Y = 72 tryy; Hess D, — 27‘72’V2T‘2
> 2r (1 — |Vygr?) = 22 (8.10)
Choose a smooth nondecreasing function x : [0, 00) — [0, 1] that is zero on [0, 1] and one on [2, 00).

The field x(r/e)Y extends smoothly by zero near p. Apply the global first-variation identity and
differentiate the cutoff. The term containing x’ is nonnegative, and Equation (8.10) gives

/Ex(r/s) [h; -2 (t - Z)Q

/
do > J., J. :/ X0/E) G do (8.11)
» Er
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Indeed the left integrand before completing the square is 2ht — 2t2 = h2/2 — 2(t — h/2)2.
We claim that
lim J. = 2. (8.12)
el0

Use exponential coordinates at p, with the first two coordinate axes in 7,,%. In a neighborhood
of p the entire support is a graph (y,b(y)), where b(0) = 0 and Db(0) = 0. For small ¢ this one
graph contains the whole annulus contributing to J.; no other sheet or component enters it. Set
y = ez. For fixed z # 0,

d
Ll 5 —dz Vel — L
19 &

Here r = |(y,b(y))| exactly, by the radial distance formula. On the support of x’ one has 1 <
r/e < 2. Thus z stays in a fixed bounded disk and, using the vanishing slope of b, away from
zero. The area density is uniformly bounded there, |Vyr| < 1, and |x/'(r/e)/(r/e)] < [|X/||co-
Dominated convergence after extension by zero to the fixed disk gives
/ 2

. X'(12]) / /

lim J, = L= dz =27 s)ds = 2.

EJ/O 3 R2 ‘Z‘ 1 X( )
This proves Equation (8.12).

Because h?A/2 = 27, Equation (8.11) implies

2
0< /Ex(r/e)(t _ h/2)%do < Z/Ex(r/s) do — %JE 0.

Fatou’s lemma yields ¢ = h/2 almost everywhere off p, without any prior integrability assumption
on t? at the pole. Continuity makes this identity valid at every point of ¥\ {p}.

This everywhere off-diagonal identity has been proved for each fixed p. We may therefore now
fix 9 € ¥ and evaluate it at xg for every p # xg; there is no intersection of uncountably many
exceptional null sets. The identity VDy(zo) = — log,, p gives

| log,, p|*
~{log, p, N(zp)) = - 5m

Completing the square, including p = x¢ by continuity, we obtain
I' Cexp,, {v € TpoM : |v+ RN(x0)| = R}. (8.13)

The Euclidean sphere in Equation (8.13) passes through the origin of T, M its center is — RN (xo).
Figure 2 depicts this distinction.

8.5 Recovering the whole ball and its metric

The three dimension regimes give the same conclusion: for some o € M, T is contained in exp,(.5),
where S is a Euclidean sphere of radius R in T,M. Let Uy be the open ball bounded by S and
put U = exp,(Up). The ball need not be centered at the tangent-space origin.

The global exponential diffeomorphism maps the two connected components of T,M \ S onto
those of M \ exp,(S). Their interior component U is bounded, since its closure is a compact image.
The exterior component is unbounded: vectors escaping to infinity in the Euclidean exterior have
image distances d(o,exp,v) = |v| escaping to infinity. Exterior connectedness uses n > 2. The
smooth hypersurface exp,(S) has zero ambient volume.
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A planar section of the tangent-space sphere

Figure 2: In dimension three, the open ball Uy C T,,M has radius R and center —RN(zg), so
the logarithm origin lies on its boundary. At this stage the perimeter support is known to lie on
exp,, (0Up). The phase-recovery argument identifies the occupied phase and then proves that the
induced metric on the enclosed region is Euclidean.

The distributional derivative of xg is supported on I', so it vanishes on each complemen-
tary component. A function with all weak coordinate derivatives zero is locally constant almost
everywhere, as follows by mollification in coordinate balls. Overlapping balls then make xpg
almost everywhere constant on each connected component. Its two constants belong to {0,1}.
Boundedness of E forces the exterior constant to be zero, because the open exterior contains
positive-volume balls arbitrarily far from E. Since V > 0 and the separating sphere has zero
volume, the interior constant is one. Therefore

E =U up to a set of volume zero. (8.14)

Only containment of the perimeter support in the sphere was needed.
By Corollary 2.2, the pullback metric g = (exp,)*g dominates the constant Euclidean metric
go on all of T, M, hence also on the offset ball Uy. On that ball, Equation (8.14) gives

Vol=(Ug) = V = w, R™ = Vol (Up).

The smooth relative density \/dety, g is at least one. Equality of its integral with Vol,, (Up) and
continuity make it identically one on Uy. All eigenvalues of g relative to g, are at least one and
their product is one. Each eigenvalue is therefore one, and

(exp,)"g = go on Up.

Thus exp, : Up — U is a Riemannian isometry, proving the necessity in Theorem 1.2.

For the converse, let F' : Br(0) C R” — U C M be a Riemannian isometry onto an open
region with its induced metric. Put p = F(0) and L = dFjy. For |v| < R, the image of the segment
s — sv is an ambient geodesic with initial data (p, Lv): the Levi-Civita connection on an open
region is the restriction of the ambient connection. Geodesic uniqueness gives

F(v) = exp,(Lv).

Consequently U = Br(p). This formula extends smoothly to the closed Euclidean ball through
the ambient exponential map. Its pullback metric is Euclidean in the interior and therefore on
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the boundary by continuity. The boundary is a smooth sphere of area s,,_1 R"~!, which equals its
ambient perimeter by the divergence formula. Its volume is w, R", so equality holds. Perimeter
and volume are unchanged by null modifications. This proves the sufficiency and completes
Theorem 1.2. No flatness outside the equality region is implied.

9 Spectral and torsional comparison

We now derive the model-ball variational comparisons stated in Corollary 1.3. Theorem 1.1 allows
the modulus of each compactly supported smooth test on the original domain to be replaced by
an equimeasurable radial test on its model ball with no greater energy. The point to check is that
the radial rearrangement belongs to the model ball’s Dirichlet Sobolev space.

Proof of Corollary 1.8. Let M, D, k and p satisfy the hypotheses of the corollary. Fix 0 # v €
C®°(D) and extend u = |v| by zero to M; this is a compactly supported Lipschitz function.
Put b = v/—k and take the interval density a(r) = Au(r) on (0,00), whose cumulative mass is
Fu(r) = Vy(r). Thus a(F,;'(s)) = Z;(s). Apply Nobili and Violo’s Pélya—Szegs theorem [21,
Theorem 1.1] on M with constant one. Its metric BV perimeter is the ambient Riemannian
perimeter (1.3), as recalled after Definition 2.8 of [2]. Hence Theorem 1.1 gives the required
support-neighborhood bound at every finite volume, trivially also for sets of infinite perimeter.
The positive superlevels of © have finite volume, and its relaxed metric p-energy is at most its
Riemannian energy [21, Definition 2.1]. The theorem and [21, Lemma 3.1] give the decreasing
equimeasurable rearrangement u* for a(r)dr, bounded and locally absolutely continuous, with
weighted derivative energy at most [5, [Vgv[f d Vol,.

Write B = B(|D|), with center o. Since suppu € D, its volume is strictly below |D], so
u* vanishes on an interval before R =V, *(|D|). We use the radial construction in [21, proof of
Theorem 1.6, Section 7.1]. The polar density is a(r) = nw,r™ twy(r), where wy(r) = (sny(r)/r)" !
extends smoothly and positively at zero and is log-convex. Define @(z) = u*(dx (0, z)). In normal
coordinates it is bounded and locally WP away from the origin, with finite gradient p-energy.
Its gradient is therefore also locally integrable across the origin. Integrating by parts outside the
radius-e ball, the inner boundary term is O(¢"~!) because u* is bounded. This term tends to
zero since n > 2, so the weak gradient extends across the origin. Equivalence of Sobolev norms
in smooth coordinates and vanishing near R now give u € T/VO1 P(B). The model radial gradient is
the radial derivative, and therefore

/|vna|gdvolng/ V02 dVol,, /|a|qczv01ﬁ:/ |7dVol, (¢=1,p).
B D B D

Taking the Rayleigh infimum and the torsion-quotient supremum proves the claims. The defining
density of C2°(D) and the finite volume of D allow both variational values to be computed on
the tests used above. O
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