HAMILTONIAN FIXED POINTS BELOW THE STABLE MORSE NUMBER

OPENAI

ABSTRACT. We disprove the stable Morse lower bound for nondegenerate Hamiltonian fixed
points by constructing a simply connected closed Kahler manifold with sixteen fewer fixed
points than its stable Morse number. All the corresponding periodic orbits are contractible.
The construction combines a Hamiltonian involution with integral homology torsion at two
different primes; its proof uses finite-dimensional Morse theory and complex blowups.

1. INTRODUCTION

The Arnold fixed-point problem compares periodic orbits of Hamiltonian systems with critical
points of smooth functions. We consider the proposed lower bound given by the stable Morse
number, with stabilization understood geometrically.

Definition 1.1. Let W be a connected closed smooth manifold. Its stable Morse number
SM(W) is the minimum of # Crit(F) over all integers £ > 0 and smooth Morse functions

F:WxRF SR

such that, when k& > 0, there are a nondegenerate quadratic form @ on R*¥ and R > 0 with
F(z,z) = Q(z) for every x € W and |z| > R. The signature of @ is unrestricted. For k = 0,
there is no condition at infinity. The ordinary Morse number Morse(W) is the same minimum
restricted to k = 0.

These functions have finitely many critical points, and SM(W) < Morse(W). The definition
is a minimum over actual smooth functions; an algebraic complex of small rank alone does not
provide an upper bound.

Let (M,w) be a connected closed symplectic manifold, and let H € C*((R/Z) x M,R).
We use the convention w(Xp,, ) = dH; and denote its flow by ¢t;. A fixed point = of ¢l is
nondegenerate if 1 is not an eigenvalue of dzqﬁ}q Write

Fixo(¢}; H) = {x € Fix(¢}y) : t — ¢4 (2) is contractible in M}.

This counts distinct initial points, with no multiplicity from choices of capping disks. The stable
Morse version of the fixed-point bound asks whether

(1.1) # Fixo(¢; H) > SM(M)

holds whenever every fixed point is nondegenerate. The following theorem disproves this
unrestricted assertion.

Theorem 1.2. There exist a simply connected closed Kahler manifold (M,w) and a smooth
one-periodic Hamiltonian H such that every fived point of ¢}, is nondegenerate and

# Fixo(¢py; H) = # Fix(¢p) = SM(M) — 16.
One may take dimg M = 1412, with SM(M) = 318968 and # Fix(¢k;) = 318952.
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Context and prior work. Arnold’s fixed-point questions ask how much of the critical-point
theory of a small autonomous Hamiltonian persists for a general Hamiltonian path [2]. Conley and
Zehnder established the torus case by variational methods [6]. Floer’s use of pseudoholomorphic
curves turned the problem into a comparison between a Hamiltonian chain complex and the
topology of the ambient manifold [10]. Hofer—Salamon and Ono extended the theory in the
weakly monotone setting [13, 18]; virtual-moduli methods subsequently yielded the general
rational homological bound through work of Fukaya—Ono, Liu-Tian, and Ruan [11, 14, 21]. The
general rational bound counts Betti numbers. The Morse and stable Morse formulations ask for
a geometric critical-point minimum, which can be larger.

The stable formulation is recorded explicitly in [12, Conjecture 1.2]. Its distinction from
the ordinary Morse formulation is essential: Damian exhibited closed manifolds with different
ordinary and stable Morse numbers [7]. In the positive direction, Dimitroglou Rizell and Golovko
proved the stable Morse lower bound for generic Hamiltonians when both the symplectic area
class and the first Chern class vanish on ma(M) [8, Corollary 1.4]. Their argument controls
the simple homotopy type of the Floer complex. An independent proof was obtained by Pdéder
Balkestahl [20, Corollary 1.2]. The almost-quadratic convention for stable Morse functions used
by Dimitroglou Rizell and Golovko agrees with ours by Lemma 2.1. Theorem 1.2 disproves the
unrestricted stable formulation, including its version that counts all fixed points.

Recent integral refinements explain why torsion alone does not force the bound in (1.1).
Abouzaid and Blumberg proved homological lower bounds over fields of arbitrary positive
characteristic [1]. Bai and Xu obtained an integral bound incorporating torsion at all primes
[3, Theorem A], and their subsequent foundations give the same bound in [4, Corollary 1.2].
Its homology is graded modulo twice the minimal Chern number, so classes in different integer
degrees may enter the same group. The geometric stable Morse number retains the integer
degrees. For our examples the two bounds differ: Remark 6.1 computes the cyclically graded
integral bound and shows that our fixed-point count exceeds it.

A separate construction gives nondegenerate Hamiltonian counterexamples to the ordinary
Morse bound in real dimension twelve, with arbitrarily large deficit [19, Theorem 1.1 and
Corollary 1.2]. Those examples use a nontrivial fundamental group and the distinction between
ordinary and stable Morse theory. In the construction below, the ambient manifold and the four
fixed components of an auxiliary involution are simply connected, and Smale’s theorem identifies
both Morse numbers with the minimum allowed by integral homology [23, Theorem 2.4]. The
separation instead comes from distributing torsion at two primes across different integer degrees
and realizing the smaller Morse counts on the fixed components of an involution. The proof
below is independent of that companion construction.

The construction and its mechanism. For a closed manifold W, let b(W) be its total
integral homology rank, and let ¢;(W) be the minimum number of generators of Tor H;(W;Z).
The quantity

AW) =b(W) +2 Z t;(W)

is a lower bound for SM(W). For simply connected manifolds of the dimensions used here,
Smale’s theorem gives an ordinary Morse function attaining this bound. We prove the geometric
lower bound in Section 2 and recall a handle proof of attainment in Appendix A.

The dynamical ingredient is a Kéhler surface Y, obtained by blowing up the four points
{0,000} x {0,00} of CP! x CP'. A half-turn of the diagonal circle action lifts to a Hamiltonian
involution whose fixed set consists of four exceptional projective lines. For the high-dimensional
simply connected Kahler manifold X constructed below, the product involution g on M = X xY
has four fixed components, each diffeomorphic to C' = X x CP'. Smale’s theorem supplies a
Morse function on C' with A(C) critical points.
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Extend copies of this function to a g-invariant Hamiltonian on M, and let ¥° denote its flow.
The flow commutes with g, so (¥€ o g)? = 92¢. For small ¢, the absence of short nonconstant
periodic trajectories on the compact manifold M forces every fixed point of ¥ o g to be an
equilibrium on a fixed component of g. Section 4 proves that these are precisely the 4\(C)
chosen critical points and that they are all nondegenerate.

It remains to arrange 4\(C') < A(M). Section 3 constructs X by blowing up projective space
along two disjoint centers with 2-primary and 3-primary torsion. The relevant elementary fact is

d((Z/2)* ® (2/3)") = max(a, q),

where d denotes the minimum number of generators. Multiplication by CP! and by Y combines
the torsion groups in nearby degrees with different multiplicities. When the two primes are
combined into cyclic summands, these products permit different savings in the number of
generators. Section 5 shows that only the ends of the degree range contribute to the resulting
difference

MX xY) —4M\X x CP) = 16.

The final assembly appears in Section 6. This use of mixed-prime torsion, together with the
explicit involution, is the mechanism that puts the Hamiltonian count below the geometric stable
Morse number. The proof does not require Floer theory.

2. INTEGRAL HOMOLOGY AND GEOMETRIC MORSE COUNTS

We first establish the topological comparison used in the construction. Integral homology
gives a lower bound for every Morse function that is exactly quadratic outside a compact set.
On the simply connected manifolds of high dimension used below, this bound is attained by an
ordinary Morse function. Both statements concern actual smooth functions.

For a closed smooth manifold W, write

ri(W) = rank H;(W;Z), ti(W) = the minimum number of generators of Tor H;(W;Z),
and define
(2.1) W)= "r(W),  AW)=bW)+2) t;(W).
All homological degrees in this section are integers. We take r;(WW) and ¢;(W) to be zero outside
the homological range of W.

Another convention allows a uniformly bounded differential perturbation of a quadratic form
at infinity. It gives the same geometric minimum.

Lemma 2.1. Fiz a Riemannian metric on a closed smooth manifold W and the Euclidean metric
on R¥, where k > 0. Suppose Q is a nondegenerate quadratic form on R¥ and F: W x RF - R
s a smooth function with nondegenerate critical points such that

sup [|[dF —dQ| < oo
W xRk

in the product metric. Then there is a smooth function F equal to F' near all its critical points,
with no additional critical points, and equal to @ outside a compact set. Consequently allowing
these bounded differential perturbations in the definition of the stable Morse number does not
change its value.

Proof. Write h = F' — @ and choose K with ||dh|| < K. Compactness of W and integration
along radial segments give

|h(z,2)| < Ko+ K|z|, Kozng%ﬁ}/c|h(x,0)|.
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Nondegeneracy of @) gives a constant ¢ > 0 with [|[dQ(z)|| > ¢|z|, so F has no critical point for
|z| > K/c. Choose a smooth cutoff xr equal to one for |z| < R and zero for |z| > 2R, with
0 < xgr <1and|dxr| < C/R, where C is independent of R. For R > 1, the differential of xgh
on the intervening annulus has norm at most

K+ C(Ko+2K).

This bound is independent of R, whereas ||dQ|| > ¢R there. For sufficiently large R, the function
F = @ + xrh therefore has no critical point in the annulus. It agrees with F' on a ball containing
all the critical points and with ) outside the larger ball. Conversely, equality with Q) outside
a compact set implies the displayed boundedness condition. These two constructions preserve
the number of critical points; for £ = 0 both conventions allow the same ordinary Morse
functions. O

Proposition 2.2. For every connected closed smooth manifold W,
SM(W) > A(W).

Proof. Let F: W x R¥ — R be an admissible function in the definition of SM(TW). We construct
a finite free integral chain complex with one generator for each critical point of F' and with
homology equal to that of W, shifted by a fixed integer. When k = 0, the ordinary Morse
complex has these properties. Suppose k£ > 0.

After a linear change of the auxiliary coordinates, the quadratic form is

Qu,v) = —|uf +v’,  (u,v) e RTx RF

The equality F' = @ still holds outside a sufficiently large Euclidean ball. Choose a radius Ry
such that this equality holds for |(u,v)| > Ry and all critical points lie in W x Bg,. Choose
A > 0 satisfying
A> max {[F],|Q},
X BRO

and then choose T > Ry with T2 > A. At the two levels —A and A, the sublevel sets of F' and
@ agree, including inside the core W x Bp,: at —A the core is excluded, and at A it is included.
Thus, with

K=WxBr, K_=Kn{F<-A}, K,=Kn{F<A},

we have K1 = K N{Q < £A}.

This truncation introduces no boundary critical point in the level band [—A, A]. Indeed,
on the side boundary W x dBp the function is (), and its restricted differential can vanish
only when uw = 0 or v = 0. Its possible critical values there are therefore T2 and —72. In the
band, a gradient-like vector field can consequently be chosen tangent to the side boundary. The
usual Morse attachment argument on this compact manifold with corners gives K the relative
homotopy type, over K_, of a space obtained by attaching one cell of the appropriate Morse
index for each critical point of F'; see [16, Section 3] for the attachment theorem. The tangent
field gives the same deformation argument at the side boundary as in the interior. If necessary,
separate the critical values by a small perturbation supported near the critical points. The
endpoint sublevels are compact manifolds with corners, or empty, and have finite CW type.
Taking a finite CW model for K_ and using cellular approximation for the attachments yields a
finite free relative cellular complex C', with

(2.2) > rank C; = #Crit(F),  H.(C.)

12

H, (K K_;7).

The endpoint pair has a simple geometric description. The homotopy (u,v) — (u, (1 — s)v),
0 < s <1, decreases both () and the Euclidean norm. It therefore preserves both members of
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the pair and deformation retracts (K, K_) onto
W x (D4, {u e DL : [u] > VA}).

For d = 0 the second factor is the pair ({0}, @). The relative integral homology of the displayed
disk—annulus pair is Z in degree d and zero otherwise. The relative Kiinneth formula therefore
gives

(2.3) Hi(Cy) = Hy_y(W;Z).

This also covers positive or negative definite quadratic forms.
It remains to count the ranks in C,. For any finite free integral chain complex, put Z; = ker 9;
and B; = im 0;4+1. Since subgroups of free abelian groups are free,

(2.4) rank C; = rank H;(C,) + rank B; 4+ rank B;_;.

Smith normal form for B; C Z; shows that rank B; is at least the minimum number of generators
of Tor H;(Cy). Summing (2.4) and applying (2.2)—(2.3) gives # Crit(F) > A(W). Taking the
minimum over admissible F' proves the proposition. U

For the upper bound we use the following form of Smale’s Morse theorem. We state the
dimension range for which the handle proof in Appendix A is given.

Theorem 2.3 (Smale). Let W be a simply connected closed smooth manifold of dimension
D > 9. There is an ordinary Morse function on W with

ri(W) + t:(W) + ti_1 (W)
critical points of index i for every i. In particular,
(2.5) SM(W') = Morse(W) = A(W).

Proof. The existence statement is the torsion-inclusive form of Smale’s theorem; see [23, Theo-
rem 2.4 and the following paragraph]. Appendix A supplies a handle proof in the stated range,
including the cancellation of excess handles in degrees 2 and 3. Summing the prescribed index
counts gives an ordinary Morse function with A\(WW) critical points. Proposition 2.2 and the
inclusion of ordinary Morse functions among the admissible functions then give

A(W) < SM(W) < Morse(W) < A(W).
O

Remark 2.4. The number ¢;(W) counts cyclic invariant factors, so it can combine torsion at
different primes. For example, for distinct primes p, ¢, the minimum number of generators of
(Z/p)* ® (Z/q)" is max(a,b). Reduction modulo p and modulo ¢ gives the lower bound; pairing
min(a,b) summands by the Chinese remainder theorem gives the upper bound. This dependence
on the degreewise distribution of primes is the feature of A used below.

3. A SIMPLY CONNECTED KAHLER MANIFOLD WITH TWO TORSION PRIMES

Fix an integer N > 704. We construct a simply connected compact Ké&hler manifold X of
complex dimension N whose integral homology has prescribed 2-primary and 3-primary torsion.
The construction has two steps. First, quotients of products of elliptic curves provide surfaces
with the required torsion groups. Blowing up projective space along these surfaces, with two
projective-line factors added to one center, then places that torsion in the required degrees.
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3.1. Two quotient surfaces. Write
E=C/(Z+iz7), ¢p = exp(27i/p), No =7+ 17, A3 =7+ (7.
For p € {2,3}, let E, = C/A, and define
op: ExE, — E x Ey, op(z,w) = (2 + 1/p, w).
Multiplication by ¢, preserves A,, so this map is well-defined and holomorphic. It has order
p, and its nonidentity powers have no fixed points: translation by k/p on E is nontrivial for
0 <k <p. Thus
Sp = (E x Ep)/{op)
is a smooth compact connected complex surface. These are classical bielliptic surfaces; see [22, 5]
for their quotient descriptions and integral topology. We give the specific computations needed
here.

Lemma 3.1. The surfaces Sy and Ss admit holomorphic embeddings into CP** and CP'%,

respectively. Set
Ty =(Z/2)%  T3=17/3.

Their integral homology is

Z, 1=0,4,
7?eT, i=1,2,
(3.1) HilSZ) =1 72 i=3,
0, otherwise.

In particular, b(S,) = 8.

Proof. We first construct the projective embeddings. On an elliptic curve, a line bundle of degree
three has three independent sections. Riemann—Roch shows that imposing one or two zeros,
with multiplicities allowed, lowers this dimension by one or two. Its complete linear system is
therefore base-point-free and separates points and tangent directions, giving an embedding in
CP?. Applying this to both curves and then using the Segre embedding gives a holomorphic
embedding

tp: E x E, — CP%.

View a point of CP® as the projective class of a nonzero linear polynomial on (C°)*. To the
orbit of x € F x E,, associate the degree-p polynomial obtained by multiplying representatives
of the points ¢, (), tp(opx), . . ., Lp(ag_lx). Changing representatives changes the product by a
nonzero scalar. Multiplication of linear polynomials is a holomorphic map

(CP®)P — P(Sym? C),

and the product is invariant under cyclically permuting its factors. Consequently it defines
a holomorphic map from S, to the projective space on the right. Unique factorization of
polynomials shows that this map separates orbits.

It is also immersive. Indeed, choose local representatives Ly, ..., L,—1 of the orbit points
and suppose that a tangent vector makes their product stationary as a projective point. Its
derivatives then satisfy

p—1 p—1

Z Lj H Lk =a H Lk
J=0  k#j k=0

for some scalar a. The orbit points are distinct, so the linear polynomials L; are pairwise

nonproportional. Restricting the identity to the hyperplane L; = 0 shows that Lj vanishes on

that hyperplane: the product of the remaining factors is a nonzero polynomial there. Hence
L; is a scalar multiple of L;. Every projective orbit point is stationary, and the immersion ¢,
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forces the original tangent vector to vanish. The quotient map is a local biholomorphism, so the
induced map on S, is immersive. A compact injective holomorphic immersion is an embedding.
Finally,

dim Sym? C? = 45, dim Sym?® C? = 165,

which gives the stated ambient dimensions.
For the homology computation, the universal covering C? — Sp has deck group generated by

a(z,w) = (2 + 1/p, (w), d(z,w) = (2 +1i,w), ta(z,w) = (z,w+A) (A€

Here a? is translation by 1 in the first coordinate. The elements a,d commute and generate a
copy of Z?; conjugation by a on A, is multiplication by (,, while conjugation by d is trivial.
Thus the deck group is A, x 72, and abelianization gives

(3.2) Hy(Sp;Z) = 7’ ® Ap/(Cp — 1)Ap.
For p = 2, multiplication by (, — 1 is —21 on the lattice. For p = 3, its matrix in the basis (1, (3)

is
-1 -1
1 -2/
The latter has determinant 3 and an entry equal to 1, so its Smith normal form has diagonal
(1,3). These computations identify the torsion groups in (3.2) as T).

The complex orientation makes S, an oriented closed real four-manifold. Integral Poincaré
duality and the universal coefficient theorem give

Tor Hy(Sp; Z) = Tor H?(S,; Z) = Tor Hy(Sp; Z) = Tp,

whereas H3(Sp;Z) = H'(S,;Z) is free of rank two. The degree-p covering E x E, — S, gives
px(Sp) = X(E x Ep) = 0. Since the ranks in degrees 0,1,3,4 are 1,2,2, 1, respectively, the rank
in degree two is also two. This proves (3.1). O

3.2. Integral homology under blow-up. We next recall the blow-up formula with integral
coefficients. The coefficient ring matters here: the centers just constructed have torsion, and we
need that torsion to survive as direct summands. The following standard formula is recorded, in
this integral generality, in [9, Theorem 4.1]; we include its proof.

Proposition 3.2. Let A be a compact connected Kdhler manifold, and let Z C A be a closed
connected complex submanifold of complex codimension ¢ > 2. Its complex blow-up 7 : A— A
s compact, connected, and Kdahler. If A is simply connected, then so is A. For every integer i
there is an isomorphism of abelian groups

c—1
(3.3) Hy(A;Z) = Hy(A;2) © @D Hi2j(Z; 2).

j=1

Proof. Let v denote the complex normal bundle of Z in A. In local coordinates transverse to
Z, the blow-up replaces a vector in C¢ by a pair consisting of a line and a vector on that line.
These local models give a smooth complex manifold and a proper holomorphic map 7, which is
an isomorphism away from Z. The exceptional divisor is £ = P(v), with projection p : E — Z,
and its normal line bundle in A is the tautological bundle © g(—1). The model also shows that
A is connected; properness over compact A gives compactness.

To obtain a Kéhler form, let w4 be one on A. Choose a Hermitian metric on v and its induced
metric on Og(1), whose curvature is positive on each projective fiber. Since O(—FE)|g = Og(1),
this metric extends to a Hermitian metric on O(—FE). Let n be its real Chern curvature form.
The form 7*w4 is semipositive; along F its kernel is precisely the tangent space to the projective
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fiber, and it is positive away from E. On those kernel directions 7 is positive. Compactness of
the unit tangent bundle now shows that

TFwa +en

is positive for every sufficiently small € > 0. More explicitly, n is positive in a neighborhood
of the kernel directions, while on the complement n*w4 has a positive lower bound and 7 is
bounded. The displayed form is closed and of type (1, 1), hence Kéahler.

Suppose that A is simply connected. Since Z has real codimension at least four, general
position allows paths and contracting disks to avoid Z; consequently A\ Z is simply connected.
Every loop in A can be perturbed off the real codimension two submanifold E. It then lies in
fl\ E = A\ Z and contracts there. This proves simple connectivity of A.

It remains to establish the integral homology formula. We first work in cohomology, always
with coefficients in Z. Write ¢ : E < A for the inclusion and put h = ¢;(Og(1)). By Leray-Hirsch,
the map

c—1 c—1
k—2j k j
P H"¥(2;z2) — H*(E;Z), (uo, - - Ue—1) — Y hip*u;
j=0 j=0
is an isomorphism. It uses an integral basis on every fiber and requires no restriction on torsion

in H*(Z;Z).
The Gysin map for the oriented normal line of F satisfies

Fe(v) = c1(Op(-1))v = —ho.
For 1 < j <c¢—1 define
sj: H*=%(Z;7) — H*(A;7), si(u) = —t. (W p*u).

Then *s;(u) = h7 p*u, so these maps lift all the positive powers of h in the preceding decompo-
sition.

We claim that every class v € H¥(A;Z) with .*v € p* H*(Z;Z) lies in the image of 7*. The
map of pairs

(A, E) — (A,2)

induces an isomorphism on relative cohomology: after collapsing the subspaces, it induces a
homeomorphism A JE = A/Z. Write t*v = p*z. Naturality of the connecting homomorphisms
of the two pairs implies that the connecting image of z vanishes, because its pullback is the
connecting image of t*v, which is zero. Hence z extends to a class u € H*(A;Z). The difference
v — m*u restricts to zero on E and therefore comes from H k(;l, E;7Z). Pulling that relative class
back from H¥*(A, Z;7) proves the claim.

Subtracting suitable classes s;(u;) from an arbitrary v leaves a class covered by this claim.
Thus

c—1 c—1
T+ s HY(AZ) e @ H%(Z;2) — HY(A;2)
j=1 j=1

is surjective. It is injective as well. First, 7* is injective over Z: the map 7 has degree one, so

the pushforward defined using integral Poincaré duality is a left inverse to 7*. If a sum in the
displayed map is zero, restriction to £ and Leray-Hirsch force all its u; for j > 1 to vanish;
injectivity of 7* then forces the remaining class to vanish. We have proved

c—1
(3.4) HMA;Z) = HY (A Z) 0 @ HY % (Z;2).

j=1

If dim¢c A = m, integral Poincaré duality applied to (3.4) in degree 2m — i gives center

summands H;_s.12j(Z;Z). Replacing j by ¢ — j yields (3.3). O
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3.3. The manifold X. The blow-up formula now allows us to place both torsion primes in one
simply connected manifold. The different dimensions of the two centers will give their torsion
contributions different behavior near the ends of the degree range.

Proposition 3.3. For the fized integer N > 704, there is a simply connected compact Kdahler
manifold X of complex dimension N obtained by blowing up CPN along disjoint copies of

ZQZSQ, 23:S3XC]P)1X(C]P)1.

Set L = N — 3. Its only nonzero integral homology torsion groups occur in degrees 1 + 25 and
2427, where 1 < j < L, and are

(3.5) Tor Hi12j(X;7Z) = Tor Hoy9j(X;Z) = (Z/2)" & (Z/3)V,
where

1, =1L,
(3.6) a; =2, g =143, j=2,L—-1,

4, 3<j3<L—-2.
Moreover,
(3.7) b(X) = 41N — 183.

Proof. By Lemma 3.1, Zo embeds in CP**. The embedding S5 < CP'%* and the Segre embedding
give
Z3 < CP'%* x CP! x CP' — CP%?,

since 165 - 2 - 2 = 660. The direct-sum decomposition C™ = C% ¢ C%0 places CP** and CP5%°
in disjoint linear subspaces of CP™. Including that space linearly in CPY gives the required
disjoint centers. Define X by blowing up Zs and then Z3; the latter center is unchanged by the
first blow-up because they are disjoint. Both centers have complex codimension at least two, so
Proposition 3.2 shows that X is compact, connected, simply connected, and Kéhler.

The complex codimensions of Zy and Z3 are N — 2 and N — 4, respectively. The integral
blow-up formula therefore gives

N-3
Hy(X;Z) = Hy(CPY;Z) & €D Hi—2,(S2;Z)
(3.8) . =
@ P Hi—2(S3 x CP! x CP;Z).
r=1

The first center contributes (Z/2)? in each of degrees 1 4 25 and 2 + 2j, for 1 < j < L. For
the second center, the homology of CP! x CP! is free, with ranks (1,2,1) in degrees (0,2, 4).
Kinneth therefore has no additional Tor terms. In either of the two degree lists, its 3-primary
multiplicity is

L—2

q; = Z (Lj=r 4+ 2Lj—pq1 + 1j—r12),

r=1
where 1 denotes the indicator of the stated equality. At the endpoints this gives ¢ = qr = 1,
next to them it gives g2 = gqr—1 = 3, and at every remaining index it gives g; = 4. There is no
torsion outside these lists by (3.1) and (3.8). Thus the profiles are

(a1,...,ar) =(2,...,2), (q1,...,q0) = (1,3,4,...,4,3,1).

The projective-line factors in the second center produce the multiplicities (1,2,1): the resulting
3-primary multiplicity is smaller than the 2-primary multiplicity at the two endpoints and larger
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at every interior index. This reversal is what the product comparison in Section 5 will exploit.
Finally, b(Ss) = b(S3) = 8 and b(S3 x CP! x CP') = 32. Summing ranks in (3.8) yields

b(X) = (N +1) +8(N — 3) + 32(N — 5) = 41N — 183.

4. PERTURBING A HAMILTONIAN INVOLUTION

We construct Hamiltonian maps whose fixed points are prescribed by Morse functions on the
fixed components of an involution. The involution used in our example acts on a Kéhler surface
and fixes four projective lines. Its product with the identity on another manifold will therefore
replace one Morse problem on the product by four Morse problems on smaller manifolds.

We use the basic Hamiltonian constructions recalled in [15]. Throughout this section the
Hamiltonian vector field of a function f on a symplectic manifold (P,w) is defined by

w(Xfa ) = df.

We first record the elementary period estimate that makes the perturbation count exact. This is
a short-period estimate of the same kind as Yorke’s Lipschitz bound [24]; the weaker estimate
below suffices.

Lemma 4.1. Let V be a smooth vector field on a closed smooth manifold P, and let 1° denote
its flow. There is a number T > 0 such that, for every 0 <T < T,

V()= = V(z)=0.

Proof. Choose finitely many coordinate balls with compact closures inside their charts, together
with smaller balls whose closures lie in the corresponding coordinate balls and whose union
covers P. Bounds on the coordinate speeds give a time § > 0 such that a trajectory starting in
any smaller ball stays in its larger ball for time §. In these finitely many balls choose a common
positive Lipschitz bound L for the coordinate representatives of V.

Suppose a trajectory of period T' < § starts in one of the smaller balls. Write its coordinate
representation as y : [0,7] — R? and the coordinate vector field as v. Set

= t
m = max |v(y(t))l,

and choose ty at which this maximum is attained. Since y(7T") = y(0),
T
/ w(y(t)) dt = 0.
0

Moreover, |y(t) — y(to)| < T'm for every t. It follows that

[ o) o)

m =
L (T
<= [ ly(to) —y(t)|dt < LTm.
T Jo
Taking 7 = min{d, 1/L} forces m = 0 whenever 0 < T < 7. O

Proposition 4.2. Let (P,w) be a closed symplectic manifold, and let g : P — P be a Hamiltonian
diffeomorphism satisfying g> = idp. Write

Fix(9)=FU---UF,
for its connected fized components. For each j, choose a smooth Morse function h; : F; — R.

There exists a g-invariant smooth function f : P — R with f|r, = h; such that, for all sufficiently
small € > 0, the map

(I)Eijjﬁog,
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where ¢® is the Hamiltonian flow of f, satisfies

(4.1) Fix(®.) = | | Crit(hy).
Jj=1

FEvery fixed point of ®. is nondegenerate. Moreover, ®. is the time-one map of a smooth one-
periodic Hamiltonian. If P is simply connected, all its fized-point loops for this Hamiltonian are
contractible.

Proof. We first describe the geometry of the fixed locus and extend the component functions.
We then identify every fixed point of the perturbation and check its derivative.

Average a Riemannian metric over the group {idp, g}. At a fixed point z, its exponential
chart intertwines g with d,g. Thus the fixed locus is a smooth closed submanifold, with tangent
space

Ef =ker(d.g —I).
It has finitely many connected components by compactness and this local description. Since g is
symplectic, the eigenspace decomposition

T.P=EfoE,, E; =ker(dyg+I),
is symplectically orthogonal: for u € E and v € E,

wz(u,v) = wz(dzg(u), dzg(v)) = —wyz(u,v).

Nondegeneracy of w, then implies that its restrictions to both summands are nondegenerate.
Each Fj is therefore symplectic, and E_ is its symplectic normal space.

Extend the functions h; to a smooth function fon P, using disjoint tubular neighborhoods
of the closed components. Define

f=37+Fog).

Then fog= f and f|r; = h;. Invariance and the symplectic property of g imply g.X; = Xy,
so g commutes with 9®. At a point x € Fj, invariance also gives d,f(v) = 0 for v € E .
Consequently Xy is tangent to Fjj, and its restriction is the Hamiltonian vector field of h; for
w|F;. In particular,

(42) UAS Fj, Xf(.I) =0 <= dmhj =0.

Indeed, at a critical point of hj, the differential of f vanishes on both summands E} and E .
Let 7 be supplied by Lemma 4.1 for X;. Commutation and ¢g* = idp give

(1)2 — 1/}26'

If 2¢ < 7 and ®.(x) = z, then ¢**(z) = x, so the lemma implies X ;(z) = 0. Hence ¢(z) = z,
and the original fixed-point equation gives g(x) = z. Equation (4.2) now shows that x is one of
the prescribed component critical points. Every such point is conversely fixed by both maps.
This proves (4.1).

It remains to check full nondegeneracy. At a point in this finite fixed set, let A, : T, P — T, P
be the linearization of X ;. The point is an equilibrium, so

dy ) = eXp(EAx)'

Equivariance implies that A, commutes with d,.g and preserves E;f and E, . Write its restrictions
as A and A;. On Ej = T,F}, the map A} is the linearization of the Hamiltonian vector
field of h;. The nonsingular Hessian of h; and the nondegenerate form w|p; make A} invertible.
Therefore

d, P, ‘Ei = exp(eA))
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has no eigenvalue 1 for all sufficiently small positive e: its eigenvalues are e* with X # 0. On
the normal space,
de®@e|p- = —exp(eA;) — =1 as € — 0,

so this block also has no eigenvalue 1 for small e. One choice of € works for the finite set of
component critical points.

Finally, choose a smooth Hamiltonian Kz, 0 < s < 1, whose time-one map is g. Choose
nonnegative smooth functions a, b supported in successive disjoint subintervals of (0, 1), each
with integral 1, and put

A(t) = /0 “a(w)du,  Hi(t,z) = alt) Ky (@) + b(t) f(2).

During the first interval, the flow traverses the path of K; during the second, it traverses ¢°
from s = 0 to s = €. Its time-one map is thus %€ o g. The function H. vanishes near t = 0 and
t = 1, so its periodic extension is smooth. If P is simply connected, every fixed-point loop along
this specified path is contractible. ]

We now construct a surface to which the proposition applies. The crucial feature is that
its half-turn fixes entire exceptional curves, including those on which the full circle action is
nontrivial.

Proposition 4.3. Let Y be the complex blow-up of CP' x CP! at the four points

{0, 00} x {0, 00}
There is a circle-invariant Kahler form wy for which the lifted diagonal circle action is Hamilton-
tan. Its half-turn gy has precisely four fixred components, the exceptional curves E1, ..., Ey4, each

isomorphic to CP'. Along each E;, the derivative of gy is the identity on the tangent bundle
and minus the identity on the symplectic normal bundle. The surface Y is simply connected, and

Z, i=0,4,
(4.3) H,(Y;Z) =75 i=2,
0, otherwise.

Proof. On the standard affine chart C?> ¢ CP' x CP!, let the circle act by
t-(z,w) = (¥™z, 2™ y), t e R/Z.

The four centers are invariant, so the action lifts holomorphically to the blow-up. The surface Y is
Kéhler and simply connected by Proposition 3.2. Averaging a Ké&hler form over the holomorphic
circle action gives an invariant Kéhler form wy. If V' denotes the infinitesimal generator of the
circle action, invariance gives
d(wy (V, +)) = Lywy = 0.

Since HY(Y;R) = 0, this closed one-form is dk for a smooth function k : ¥ — R. Hence the
circle action is Hamiltonian for our sign convention, and the autonomous Hamiltonian k/2 has
time-one map gy .

The downstairs half-turn fixes exactly the four centers. At each center there are complex
coordinates in which the circle has weights («, 8) with o, § € {1, —1}. Regardless of these signs,
the half-turn is

(Zl, ZQ) — (—Zl, —22).
The local blow-up consists of pairs (¢,v), where £ C C? is a complex line and v € £. The lifted
half-turn is
(4, v) — (¢, —v).
It fixes exactly the zero section, acts identically on its tangent, and acts by —1 on its normal line.
Off the exceptional curves the blow-down is an equivariant isomorphism, so no additional fixed
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points occur. The symplectic normal assertion follows also from the eigenspace decomposition
in Proposition 4.2.

The homology formula (3.3) adds one free generator in degree two for each point blown up.
Since the homology of CP' x CP! is free with ranks 1,2,1 in degrees 0,2, 4, respectively, it
gives (4.3). O

For later use, we state explicitly the product construction. Its input is an ordinary Morse
function; its critical points will become genuine Hamiltonian fixed points.

Corollary 4.4. Let (X,wx) be a connected closed simply connected Kahler manifold, let (Y, wy)
be the surface in Proposition 4.3, and give M = X X Y the product symplectic form wx ® wy.
Put C = X x CP'. For every smooth Morse function h : C — R, there is a smooth one-periodic
Hamiltonian H on M such that every fized point of its time-one map is nondegenerate and
contractible for its Hamiltonian path, and

# Fix(¢p) = # Fixo(¢p; H) = 4# Crit(h).

Proof. The Hamiltonian involution g = idx X gy fixes exactly the four symplectic submanifolds
X x Ej, each diffeomorphic to C. Transport h to each of them and apply Proposition 4.2. The
product M is simply connected, so all the fixed-point loops are contractible. More concretely,
use the path generated by the pullback of k/2 in the proof of Proposition 4.3. For a resulting
fixed point (x,y) € X x Ej, the circle part of the path lies in {} x E; and the perturbation
part is stationary. The whole loop therefore contracts in that projective line. O

5. THE DIFFERENCE IN MORSE COUNTS

The four fixed components of the involution on X x Y are copies of X x CP'. We now compare
their combined Morse count with the stable Morse number of the ambient manifold. Set

(5.1) C =X x CP!, M=XxY.

The calculation rests on the fact that torsion at distinct primes can share a generator. For
nonnegative integers a, g,

(5.2) the minimum number of generators of (Z/2)* @ (Z/3)? is max(a, q).

Reduction modulo 2 and modulo 3 gives the lower bound; pairing cyclic summands of different
orders into copies of Z/6 gives the upper bound.

Proposition 5.1. For the manifolds in (5.1),

(5.3) AC) = 114N — 518,  A(M) = 456N — 2056.
In particular,

(5.4) AM) —4X(C) = 16.

Proof. Recall from Section 3 that L = N — 3 and that, in each of the two lists of degrees 1+ 2j
and 2 + 27, the torsion in H,(X;Z) has multiplicities

a;j=2,  (qu,...,q0) = (1,3,4,...,4,3,1), 1<j<L,

at the primes 2 and 3, respectively. Extend both sequences by zero to all j € Z. Put
¢; = max(aj, g;) and

(5.5) S=Y ¢ =2+43+4L-4)+3+2=4L—6=4N —18.
J



14 OPENAI

The homology of CP! is free with ranks (1,1) in degrees (0,2), and that of Y is free with
ranks (1,6,1) in degrees (0,2,4). Thus the integral Kiinneth formula has no torsion-product
terms in either product. It replaces the profiles a, ¢ by their convolutions with

ec =(1,1), em = (1,6,1),

where these sequences start at index 0 and (e xa); = >, exaj—g. By (5.2), the sum of torsion
generator numbers in either one of the two degree lists is therefore

Zmax((e xa);, (exq);).

We compute how much this sum falls short of > (e * ¢); = (34 ex)S. Define the nonnegative
sequences

u; = max(a; — gj,0), vj = max(qj — a;,0).

Since ¢ = a + v = q + u, the loss at index j is exactly

(5.6) (e*c); —max((e*a);, (ex*q);) =min((e*u);, (e*v);).

Here u; = ur, = 1 and u; = 0 elsewhere, whereas vy = vy_1 =1, v; =2 for 3 < j <L —2, and
v; = 0 elsewhere. Consequently the loss can occur only near the two ends of the profiles. Table 1
gives every index at which (e * u); is nonzero. The ends do not overlap, since L > 7.

Kernel e Indices j (exu); (exwv); Loss

(1,1) 1, L+1 1 0 0
2, L 1 1 1

(1,6,1) 1, L+2 1 0 0
2, L+1 6 1 1

3, L 1 8 1

TABLE 1. The loss in the torsion generator count under convolution. Both indices
in each pair have the displayed values; every unlisted index has zero loss.

The total loss is 2 for ec and 4 for eps;. All degree shifts are even, so the two parity lists
remain separate and give identical contributions. Hence

(5.7) Y t(C)=2(25-2), D t;(M)=2(85—4).

The free ranks satisfy b(C') = 2b6(X) and b(M) = 8b(X). It follows that
AC) =2b(X) +8S -8,
A(M) = 8b(X) + 325 — 16.

Subtracting four times the first identity from the second proves (5.4). Finally, substituting
b(X)=41N — 183 and S = 4N — 18 gives (5.3). O

It remains to realize 4\(C') as a Hamiltonian fixed-point count on M.

6. PROOF OF THE COUNTEREXAMPLE

We now combine the geometric Morse comparison, the two manifold constructions, and the
perturbation of the involution.
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Proof of Theorem 1.2. Fix an integer N > 704 and take the simply connected Ké&hler manifold
X of Section 3. Let Y be the Kéhler surface of Proposition 4.3, and put

M=XxY, C =X x CP!,

with the product symplectic form on M. Both M and C are simply connected. Their real
dimensions are 2N 4+ 4 and 2N + 2, respectively, so Theorem 2.3 gives

SM(M) = A(M), Morse(C') = A(C).

Choose a Morse function on C' with exactly A(C') critical points. Corollary 4.4, applied to
the four fixed components of idx X gy, provides a smooth one-periodic Hamiltonian H whose
time-one map has exactly these 4\(C) fixed points, all nondegenerate. Every corresponding
periodic orbit is contractible because M is simply connected. Proposition 5.1 now gives

# Fixo(¢l; H) = 4N(C) = A\(M) — 16 = SM(M) — 16.
More explicitly, the construction has
SM(M) = 456N — 2056, # Fix(pl) = 456N — 2072.
Taking N = 704 gives the dimension and counts stated in the theorem. O

Remark 6.1 (Comparison with the integral Floer bound). The distinction between integer and
cyclic gradings can be seen numerically in this family. The minimal Chern number v is the
positive generator of the subgroup (c¢i(T'M),m2(M)) C Z when that subgroup is nonzero. An
exceptional line in Y, regarded as a sphere in M with its X-coordinate fixed, has Chern number
2 — 1 = 1: its tangent line has degree 2 and its normal line has degree —1. Hence v = 1 for M.

The integral bound of Bai—Xu [3, Theorem A}, equivalently [4, Corollary 1.2], therefore uses
the two groups

H;(M:;Z)= & Hi(M;Z), iecz)2
k=i (mod 2)
In each parity the torsion is
(Z/z)lﬁ(NfS) ® (2/3)32(N75)’
by summing the profiles of Section 5. Its minimum number of generators is 32(/N — 5). Thus
their lower bound evaluates to

b(M) +2 Z d(Tor H;(M;7Z)) = 8(41N — 183) + 128(N — 5) = 456N — 2104,
1€Z,/2
where d denotes the minimum number of generators. Our Hamiltonian has 456 N — 2072 fixed

points, thirty-two more than this bound. The counterexample therefore distinguishes the
integer-graded geometric Morse count from the established cyclically graded integral count.

APPENDIX A. MORSE ATTAINMENT BY HANDLE CANCELLATION

We prove the existence assertion of Theorem 2.3 for a simply connected closed smooth D-
manifold W, with D > 9. The argument is the classical handle proof of Smale’s theorem [23,
Theorem 2.4]. Its purpose here is to keep the geometric attainment of the integral torsion bound
explicit.

We use the standard correspondence between Morse functions and ordered handle decom-
positions, together with handle slides, insertion of cancelling pairs, and handle cancellation. A
slide over a handle of the same index changes the corresponding integral handle basis by an
elementary addition. Two consecutive handles of indices ¢ and ¢ + 1 cancel when the attaching
sphere of the latter meets the belt sphere of the former transversely in one point. Handle
isotopies, slides, and reorderings carry the subsequent attaching maps along. Thus they preserve
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the represented smooth manifold. The Morse attachment correspondence is reviewed in [16].
We use the cancellation and basis-change theorems in [17, Theorems 5.4 and 7.6].

A.1. Removing handles of index one and coindex one. Choose an ordered handle de-
composition of W. Connectedness allows us to combine the 0-handles along a tree of 1-handles,
leaving one 0-handle. The dual operation leaves one D-handle. We next remove all 1-handles,
allowing the insertion of cancelling 2/3 pairs. This is the handle exchange underlying [17,
Theorem 8.1]; we describe it to specify the role of simple connectivity.

Let P be the union of the 0- and 1-handles. It retracts onto a graph, and 71(P) is the free
group generated by the 1-handles. The boundary 9P is connected, and its inclusion into P
induces an isomorphism on fundamental groups: viewed relative to P, the reversed handles
have indices D — 1 and D. The attaching circles of the 2-handles normally generate 71 (0P),
because the higher-index handles do not affect fundamental groups and 1 (W) = 0.

Fix one free generator. Insert a cancelling 2/3 pair whose 2-handle initially attaches along a
trivial circle in a small ball in 9P. The new 2-handle can be placed with the other 2-handles in
the ordered decomposition. Slide it over those handles until its attaching circle represents the
chosen generator. To justify this step, express the generator as a finite product of conjugates
of the old attaching words and their inverses. A slide is a band sum with an attaching circle,
and choosing the band path and its orientation realizes multiplication by the corresponding
conjugate or inverse. The needed paths can be chosen away from the other attaching circles by
general position; their tubular attaching regions can be made thinner.

The new circle is homotopic to a standard circle running once over the chosen 1-handle and
avoiding the other 1-handles. Choose this standard circle disjoint from the other 2-handle
attaching circles. In the (D — 1)-dimensional boundary, general position turns the homotopy into
an isotopy through embedded circles avoiding those other circles. Indeed, both self-intersections
in a one-parameter family and intersections with the other circles have expected dimension at
most 3 — (D — 1) < 0. Transport the attaching framing along the isotopy. The new attaching
circle now meets the chosen belt sphere once, so the 1-handle and the new 2-handle cancel.
Repeating removes all 1-handles.

Apply the same construction to the reversed decomposition to eliminate the (D — 1)-handles.
Its inserted 2/3 pairs have original indices D — 2, D — 3, so this operation does not reintroduce
1-handles. We obtain an ordered decomposition with one handle in each of indices 0 and D,
none in indices 1 and D — 1, and all other handles in indices 2,...,D — 2.

A.2. An algebraic unit whenever the count is excessive. The simply connected manifold
W is orientable. Fix an orientation, orient the handles, and let C, be their integral chain
complex. The coefficient of an i-handle in the boundary of an (i + 1)-handle is the algebraic
intersection number of its belt sphere and the latter’s attaching sphere in the level between these
indices. Write Z; = ker 9; and B; = im 0;41 as in (2.4). That identity gives

(A1) > rank C; — A(W) =2 (rank B; — t;(W)).

Each summand on the right is nonnegative. If the total handle count exceeds A(W), some B;
therefore has rank greater than ¢;(W). Since the chain groups in degrees 1 and D — 1 vanish,
such an index satisfies 2 <7 < D — 3.

The subgroup Z; is a direct summand of C;, because C;/Z; = B;_ is free. The nonzero Smith
invariant factors of 9;41 are consequently those for the inclusion B; C Z;. Exactly ¢;(W) of them
are nonunits: these are the cyclic invariant factors of Tor H;(W;Z). The strict rank inequality
thus gives at least one unit invariant factor. Row and column operations can place a 1 in the
boundary matrix. They are realized geometrically by handle slides, relabelings, and choices of
orientation in indices ¢ and ¢ + 1.
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The relevant levels are connected, so the slide bands can be chosen. More precisely, the
union P; of all handles of index at most ¢ is simply connected, since it has no 1-handles. Its
reversed handles relative to the boundary L = OPF; have indices at least D — ¢ > 3. They
induce isomorphisms on components and fundamental groups; hence L is connected and simply
connected. The same reasoning applies to the level before the i-handles. Attaching spheres of
one index have codimension at least two in their attaching level, which allows slide paths to
avoid their disjoint attaching regions after those regions have been made sufficiently thin.

We have produced an attaching sphere A = S% and a belt sphere B = SP~1=% in L, with
algebraic intersection number 1. To cancel their handles, we must make their geometric
intersection a single point. This is the remaining geometric step.

A.3. Converting the unit to a single intersection. First suppose i >3 and D —1—1i > 3.
Put all attaching and belt spheres at this level in transverse position. A pair of opposite-sign
intersections of A and B determines a Whitney circle, using one arc in each sphere and choosing
the arcs to avoid the other intersection points. Since L is simply connected, the circle bounds
a Whitney disk. The high-dimensional Whitney trick [17, Theorem 6.6] removes the pair.
Its dimensional hypotheses are precisely available here: both sphere dimensions are at least
three, and the interior of the two-dimensional Whitney disk can avoid every attaching and belt
sphere. The Whitney move can thus be performed without disturbing their other intersections.
Repeating leaves one intersection of A and B.

The cases in which one sphere has dimension two require control of the complement of the
other sphere, as in the low-index refinement of the Whitney theorem in [17, Theorem 6.6]. Here
this control can be seen directly. By reversing the decomposition if necessary, it is enough
to treat ¢ = 2. Here L is the boundary after the 2-handles have been attached to the unique
0-handle. Let

By,...,By CL
be all their belt spheres, and put V =L\ U;'L:1 Bj. The plan is to move a disk in the chosen
attaching sphere into V' by a relative homotopy, then use general position to turn the resulting
sphere homotopy into an isotopy. We first determine the fundamental group of this complement.

The manifold L is obtained from SP~! by surgery on the attaching circles. Each surgery
replaces S' x DP=2 by D? x SP=3 whose belt sphere is {0} x SP~3. After removing this belt
sphere, the replacement piece is

(D?\ {0}) x SP~,
It retracts onto its attaching boundary S' x SP~3. Performing these retractions simultaneously
shows that V has the homotopy type of the exterior of the original attaching circles in SP~!.
That exterior is simply connected: a loop can be filled in the sphere, and a filling disk can be
put in general position away from the circles. Moving away from their cores and away from their
small tubular neighborhoods gives the same fundamental group. Thus

(A.2) m (V) =m(L)=0.

Let A =2 S? be the chosen attaching sphere of a 3-handle, and choose a pair of opposite-sign
intersections with the chosen belt sphere. Join them by an arc in A avoiding all other intersections
with all the B;. A small disk A C A around this arc contains exactly that pair; its boundary

and a collar outside it lie in V. The oriented normal bundles of the belt spheres have rank two.
Excision and the Thom isomorphism identify

(A.3) Hy(L,V;7Z) = EBZ,
j=1

where the coordinates of [A] are its intersection numbers with the B;j. They all vanish, so
[A] =0.
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The same conclusion holds in relative homotopy. To see explicitly why no assumption on
ma(L) is needed, (A.2) and the long exact sequences give

mo(L, V) = coker(ma(V) — ma(L)),
Hy(L,V;Z) = coker(Hy(V; Z) — Ha(L; Z)).

Absolute Hurewicz in degree two is an isomorphism for both simply connected spaces. It therefore
induces an isomorphism between these cokernels. The disk A, regarded as a map of pairs into
(L,V), can consequently be homotoped into V', with its boundary moving in V. The homotopy
extension property extends this boundary motion through maps of the collar into V| fixing its
outer edge. Together with the disk homotopy this gives a homotopy of A stationary outside A
and the collar. At its endpoint the chosen pair has disappeared and every other intersection
with the belt spheres is unchanged.

We can realize this homotopy by an isotopy of the attaching sphere. First smooth it relative
to the initial sphere and the stationary region. General position for a one-parameter family
of maps of a 2-sphere eliminates self-intersections and intersections with the other attaching
2-spheres: their expected dimensions are at most 2+ 2+ 1 — (D — 1) < 0. The immersion
condition holds by the same parametric general-position argument. The level has dimension
at least eight, so these perturbations can be made relative to the prescribed region. At the
endpoint the altered disk and collar form a compact subset of the open set V; a sufficiently
small approximation preserves their avoidance of the belt spheres. Keep neighborhoods of the
remaining transverse intersections stationary. Intermediate crossings with belt spheres impose
no restriction on this isotopy. Isotopy extension transports the attaching framing, and the other
attaching tubes can be shrunk to remain disjoint. Repeating the operation leaves exactly one
intersection with the chosen belt sphere.

A.4. Completing the cancellation. In every case, the unit coefficient has now been represented
by one geometric intersection. Order the chosen i-handle last among the i-handles and the chosen
(i + 1)-handle first among the (i + 1)-handles. They are consecutive and cancel. Intersections
with other handles do not obstruct this cancellation; their attaching maps are transported by
the cancellation diffeomorphism. The resulting decomposition still has no handles of indices 1 or
D—1.

Every cancellation decreases the total number of handles by two. Whenever that count exceeds
A(W), Equation (A.1) produces another cancellable pair by the argument above. The process
therefore terminates with exactly A(W) handles. At this stage every nonnegative summand in
(A.1) vanishes, so rank B; = t;(W) for every i. Equation (2.4) then gives precisely

rank C; = T‘Z(W) + tl(W) + ti—l(W)~

The Morse function associated with the final handle decomposition has these critical-point
counts. This proves the existence assertion in Theorem 2.3.
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