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Abstract

We prove Talagrand’s conjecture that integral and fractional expectation thresholds are
within a universal constant factor, with the same covering budget.

1 Introduction

Expectation thresholds measure how cheaply an increasing family can be covered by elementary
containment events. Their fractional relaxation allows a member to be covered by a total weight
of one, distributed among its subsets. Talagrand conjectured that this relaxation changes the
expectation threshold by at most a universal factor [17, Conjecture 6.3]. We prove this conjecture.

Let X be a finite nonempty set and let F be a nonempty proper increasing subfamily of 2X.
For a family G C 2% and a function g : 2% — [0, 1], define

@ ={HCX:35€G, SCH}, @) => p,
Seg

and

l9) = {H CX:) g(9)= 1}7 w(g,p) = > g(S)p.

SCH SCX

Throughout, p € [0,1] and p® = 1, including when p = 0. Thus a cover supplies, inside each member
of F, at least one generator S € G. If X, includes the elements of X independently with probability
p, the cost of that generator is P(S C X)) = pl8l. We say that F is p-small if there is a family G
with F C (G) and ¢,(G) < 1/2. Its integral and fractional expectation thresholds are

q(F) = max{p € [0,1] : F is p-small},
Qf(}—) = max{p € [07 1] :dg: 2X — [07 1]77_' c <g>7 w(g,p) < 1/2}‘

In particular, ¢(F) < qf(F), by taking g to be the indicator of an integral cover.

These maxima are well-defined. Since @ ¢ F, both feasible parameter sets contain zero. Integral
feasibility is a finite union of closed subsets of [0, 1]. Fractional feasibility is the projection of the
2X

compact set of pairs (p, g) satisfying the displayed constraints in [0, 1] x [0, 1]



Theorem 1.1. For every finite nonempty X and every nonempty proper increasing family F C 2%,
qr(F) < 255124 ¢(F).

Both thresholds use the budget 1/2. The constant is independent of | X|, the sizes of the minimal
members of F, and the support of the fractional cover.

The conclusion preserves the covering budget: every fractional cover of cost at most 1/2 at a
parameter r admits an integral cover of cost at most 1/2 at r/(25 - 512%).

1.1 Thresholds, selectors, and earlier comparisons

Expectation thresholds arose in the study of when a random set first has a prescribed increasing
property. Let p.(F) denote the unique parameter for which P(X, € F) = 1/2. A union bound
applied to an integral cover gives ¢(F) < p.(F); taking expectations in a fractional cover gives
qf(F) < pe(F) as well. Kahn and Kalai [10] conjectured the upper bound p.(F) = O(q(F)log(2|X])).
Frankston, Kahn, Narayanan, and Park [8], building on the sunflower methods of Alweiss, Lovett,
Wu, and Zhang [1], proved the fractional bound

Pe(F) = O(qs(F)logt), ¢ = max{2, max{|H| : H is a minimal member of F}}.

Park and Pham [14] proved the corresponding bound with ¢ in place of ¢y, resolving the Kahn-Kalai
conjecture. These theorems estimate the random-set threshold. Talagrand’s comparison asks
whether fractional certificates themselves admit integral replacements at a constant loss.

Early results obtained such replacements by exploiting the structure of the sets with positive
fractional weight. Talagrand settled the case of singleton sets [17, Section 6]; DeMarco and Kahn [3]
treated clique-counting certificates, and Frankston, Kahn, and Park [9] treated arbitrary weights on
pairs. Fischer and Person extended these methods to nearly linear uniform hypergraphs [5] and
further clique cases [6]. They also proved the comparison with high probability for constant weights
on random uniform supports [7].

Selector processes supply a different route: they seek a member whose assigned vertex mass is
substantially captured by a random subset. Park and Pham proved Talagrand’s selector-process
conjecture [13], and Bednorz, Martynek, and Meller [2] gave a proof using truncated weights.
Dubroff, Kahn, and Park [4, Theorem 1.2] used selector estimates to round any fractional cover
whose positive coefficients occur only on sets of cardinality at most ¢, with a loss depending on
t. Pham sharpened this loss to O(log(2t)) [15, arXiv version 1, Theorem 1.2]. Here ¢ bounds the
cardinalities of the weighted sets, not their number or the sizes of the minimal members of F. For
example, for 1 < k < |X]|, the family {H C X : |H| > k} has the fractional cover g({z}) = 1/k,
zero elsewhere: its weighted sets are singletons, while its minimal members have cardinality k.

Fischer and Person’s sampling argument for sufficiently large sets [5, Theorem 10], combined
with Pham’s logarithmic rounding bound, gives a loss of order loglog(4|X]). This consequence is
recorded in the expanded version of Pham’s paper [16, Corollary 1.8]. More recently, Park [12,
Theorem 1.2] obtained the dimension-independent bound

q7(F) < Kq(F) max{1,loglog(1/q(F))}

for a universal K. The factor here still grows as ¢(F) tends to zero. Theorem 1.1 removes both
kinds of dependence. Section 4 applies it to Li’s fractional discrete-convexity theorem [11]: for any
class A C 2% with P(X,, € A) > 1/2, the sets not contained in a union of two members of A have a
small integral cover at a universal constant multiple of p.



Remark 1.2 (Talagrand’s original formulation). For p > 0, the weak-smallness probability weights Bg
in [17, Definition 6.1] give fractional coefficients Bg/ (2p|s |); capping these at one preserves coverage
and does not increase cost. Conversely, the masses 2g(S)p|S | can be completed to a probability
distribution by adding the deficit at the empty set. Passing from an arbitrary class to its upward
closure preserves both cover constraints. Thus the increasing-family formulation of Theorem 1.1
also resolves Conjecture 6.3 in its original form.

1.2 The selector estimate and the rounding mechanism

Our selector estimate controls one member simultaneously at several scales. Assign to each
H € F a probability mass Ay supported on H. Independently color the vertices by integers
a(z) € {1,...,s+ 1}, and let A; = {x : a(z) < i}. Theorem 2.1 specifies geometrically increasing
color probabilities for which failure of p-smallness forces, with probability at least 9/10, a single H
satisfying

Ap(A)>1-27" (1<i<s).

The uncaptured masses are summable, so this member has bounded mean color:

Za(l‘))\H(x) =1+ i(l - (4)) <2

T =1

Separate estimates at individual scales could choose different members and would not give this
bound for any one member.

To apply the estimate to a fractional cover of cost at most 1/2 at parameter r, distribute each
nonempty weight g(S) equally among the vertices of S and normalize on each member, following
Pham [15, arXiv version 1, Section 3]. The mean vertex color then equals the weighted mean of
the average colors of those sets. Thus a fixed positive amount of fractional weight lies on sets with
average color at most four. For a suitable fixed base B > 1, the independent variables Y, = Bi-a(2)
satisfy [[,cg Yz = 1 on all these sets. Their common mean can at the same time be made a constant
multiple of p by a suitable choice of the number of colors. Taking p to be a sufficiently small constant
multiple of r, independence bounds the expectation of

PG#SCX €S

from above using the fractional covering cost, while the selector event bounds it from below.
Section 3 makes these bounds incompatible. Only nonemptiness of the weighted sets enters this
final comparison, so their cardinalities need no upper bound.

The proof of the selector estimate in Section 2 develops the minimum-fragment method of Park
and Pham [13] and Pham’s towers of fragments [15, arXiv version 1, Section 2|, together with the
maximal truncations of Bednorz, Martynek, and Meller [2, Section 3.1]. For each coloring and each
member, we move vertices to earlier colors until a set of truncated inequalities holds, minimizing the
total number of color levels moved. The resulting changed sets form a cover. To estimate its cost,
we record the final coloring and the numbers of vertices making each possible color change. These
data determine one common member satisfying the truncated inequalities for the entire group of
original colorings. Maximal truncation bounds the number of candidate vertices at each color, and
a weighted AM—GM estimate pays for their allocation among the scales. Keeping all color changes
in the same record is what permits the simultaneous estimate.

The random vertex colors used below are independent. We write Ag(A) = >, c4 Ag(x). Empty
sums are zero and empty products are one.



2 A multiscale selector estimate

The key estimate finds a single member of the family whose mass is captured at every scale. The
family in this section need not be increasing. Recall that a family F C 2% is p-small if there is a
family G C 2% such that every H € F contains some G € G and > oceg plGl < 1/2.

The argument combines the minimum-fragment method of Park and Pham [13, Definitions 2.3
and 2.5, Proposition 2.6] and its multiscale development by Pham [15, arXiv version 1, Section 2]
with the maximal-cutoff argument of Bednorz, Martynek, and Meller [2, Lemma 3.6]. All the
estimates needed here are proved below.

Theorem 2.1 (Multiscale selector estimate). Let X be a finite set, let F be a nonempty family of
nonempty subsets of X, and suppose that F is not p-small, where 0 < p < 1. For each H € F, let
Ar be a probability mass function on X supported on H. Set D = 256, and let s > 0 be an integer

such that .
|
D' < —.
P D5
=1
Independently color the elements of X by a map a: X — {1,...,s+ 1}, with color probabilities
m=D'p (1<i<s), Tst1 zl—pZDz. (2.1)

=1

For a coloring v, write A;(v) = {x € X : v(x) < i}. With probability at least 9/10, there is an
H € F such that '
Ag(Ai(@) >1-27"  (1<i<s). (2.2)

In particular, with probability at least 9/10, there is an H € F for which

Z a(x) g (x) < 2. (2.3)

zeX

For colorings where simultaneous capture fails, the proof will construct covers from sets of
vertices moved to earlier colors. We will sum these costs against the probabilities of the failing
colorings. The estimate comes from locating the changed vertices within small sets determined by
the final coloring and the numbers moved between colors. The following truncation observation
supplies the size bound for these sets.

Lemma 2.2 (Maximal truncation). Let A be a probability mass function on a finite set X, let
ACX,andletm >0 and 0 <d < 1. Call u € [0,1] admissible if

{z: Az) >u} C A, Z min{A(z),u}(1a(z) — (1 —d)) > mu. (2.4)
zeX

If there is an admissible cutoff, there is a largest one, €, and it satisfies
{o:A@) >} < 7.
Proof. The inclusion in (2.4) is equivalent to
uw > max({\(z) : x ¢ A} U{0}).

The remaining inequality is closed in u, since its two sides are continuous. Thus the nonempty set
of admissible cutoffs is compact and has a largest element e.



Put R={x: A(x) > ¢e}. If e = 1, then R = @ and the assertion holds. Otherwise, consider

flu) = Z min{A(z),u}(1a(z) — (1 —d)) — mu.

rzeX

On a sufficiently short interval to the right of €, the only unsaturated terms are those indexed by R.
Each of these points belongs to A, so the slope on that interval is d|R| — m. This statement also
holds when € = 0 or when € equals one of the weights: weights equal to the cutoff remain constant
when the cutoff increases. An increase of the cutoff preserves the inclusion in (2.4). If d|R| — m
were positive, it would also preserve f(u) > 0 for a small increase, contradicting maximality. Hence
d|R| <m. O

Proof of Theorem 2.1. If s = 0, the only color is 1, and both conclusions are immediate. Assume
henceforth that s > 1, and put d; = 27% for 1 < i < s. Call a coloring a bad if no H € F satisfies
(2.2). We will prove P(a is bad) < 1/10.

Feasible moves and a cover. We may move vertices to earlier colors, obtaining a coloring z < a
pointwise. Write

Ula,2) = {z: 2(2) < a@)},  mila,2) = [4i(2) \ Ay(a)].
Call such a move feasible if there are H € F and €1, ..., € [0, 1] such that, for every i,

R, .= {:L' : )\H(ac) > Ei} - Al(Z),

> min{Ag(z), &} (L, (2) — (1 — di)) > mi(a, 2)e;. (2:5)
rzeX

The right side charges ¢; for each vertex in A;(z) \ A;(a). Removing one of these vertices lowers the
truncated sum by at most ¢; while reducing that charge by exactly €;; hence the inequality survives.
If the vertex has mass at most ¢;, it lies outside R;, so the inclusion survives as well. We will apply
this balance when delaying a vertex from color ¢ to color i + 1.

If the unchanged move z = a is feasible, then a is not bad. Indeed, in this case m;(a,a) = 0.
Replacing each truncated weight by its original value adds only nonnegative terms to the left side
of (2.5): any excess weight lies in R; C A;(a) and has coefficient d;. The resulting inequality is
A (Ai(a)) — (1 —d;) > 0, for the same H at every i.

Fix orders on the finite sets of colorings and members of F. For every a and Hy € F, choose a
feasible coloring z with U(a, z) C Hp minimizing

L(a,2) = > (a(z) - z(x)),

zeX

breaking ties by the fixed order. This minimum exists: the move that sets z(x) = 1 on Hy and
leaves other colors unchanged is feasible with H = Hy and all cutoffs zero. Notice that the witness
H in the minimization is otherwise unrestricted; it need not equal Hy.

Let Z(a) be the set of chosen colorings, with repetitions removed. The changed sets U(a, 2),
z € Z(a), cover F, because each Hj contains its chosen changed set. Failure of p-smallness therefore

implies )
U(a,2)| < =
> P>

z€Z(a)



This remains true if distinct colorings have the same changed set: the displayed sum is then at least
the cost of the cover with its repeated sets removed. Define P(v) = [[ ¢ x Ty (s) for every coloring v.
It follows that

P(a is bad) Z P(a Z plv(@2l, (2.6)

a bad z€Z(a)

Every changed set appearing on the right is nonempty, since a bad coloring has no feasible unchanged
move.

A witness determined by the final coloring and the counts. Group the pairs (a, z) on the right of
(2.6) by z and the array of counts

nip = [{x: 2(x) =4, a(x) = h}| (I1<i<h<s+1).
We call this array the profile. Put

s
tizznim t:Zti:’U(CL,Z”.
i=1

h>i
The profile also determines every quantity in the feasibility tests that depends on a, because

m;(a, z) Z M- (2.7)

j<i<h
Fix z and a profile occurring in the sum. Choose the first H € F that can witness (2.5) with
these data. Such a witness exists, and this choice uses only z and the profile. For this fixed H,
choose at every 7 the largest admissible cutoff in (2.5). The choices for the different indices impose
no restrictions on one another. Lemma 2.2 gives
m; (a7 Z)
d

)

|R;| < < 2t (2.8)
The resulting H, cutoffs, and sets R; are fixed for the entire group. In particular, they witness
feasibility for every original coloring a in that group, irrespective of the member Hj that led to the
choice of z.

For each such original coloring we claim that

{z:z2(x)=i<a(z)} CR; (1<i<s). (2.9)

Suppose instead that a vertex x on the left lies outside R;. Delay its color in z from ¢ to ¢ + 1,
obtaining z’. Since a(x) > i, we still have z’ < a. Choose an Hy for which z was a minimum. The
changed set of 2’ is contained in that of z, so it is still contained in Hj.

Only A;(z) changes under this delay: it loses x, while all other A;(z) remain unchanged.
Correspondingly, m;(a, z) decreases by one and all other m;(a, z) remain unchanged. The inclusion
in test i stays true because x ¢ R;. The left side of that test decreases by min{ Ay (x),e;} < &,
whereas its right side decreases by exactly ;. Thus the same H and cutoffs witness feasibility of z’.
But L(a,z') = L(a, z) — 1, contradicting the defining minimum. This proves (2.9) for every a in
the group. Figure 1 illustrates why moving one vertex back by one level changes only one of the
feasibility tests.

Counting the original colorings. Given z and the profile, an original coloring a is determined by its
changed vertices of each color i in z, together with their original colors h > i. By (2.9), the number

of possibilities is at most
ﬁ |l b (2.10)
i\t ) \(in)n>i)

6
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Figure 1: The one-level delay in the reconstruction argument. A vertex originally colored h > i has
been moved to ¢; delaying it to ¢ + 1 removes it from A; alone. At the same time m; decreases by
one, lowering the right side of (2.5) by ;. Its membership in every other cumulative set A; stays
fixed. The drawing is schematic; h may equal i + 1.

where the second factor is a multinomial coefficient. The sets R; may overlap and may contain
vertices of other colors in z. Counting arbitrary subsets of them only adds possibilities to (2.10);
every actual coloring has a unique encoding of the indicated form.

For t >0, (2.8) and (}) < (en/k)* give

S ) t; S
|RZ| e2 iNts
< —_— < L. .
H( t; - H t; _H(€4) (2 11)
=1 i:t; >0 =1

To see the last inequality, apply weighted AM—GM with weights «; = ¢;/t on the positive rows:

11 (2_i>ai < ) 27'<

it >0 \ M it;>0

Raising this inequality to the power ¢ yields exactly the second inequality in (2.11). Rows with
t; = 0 contribute a factor of one.
For each pair in the group, its probability and cost satisfy the exact identity

p)ti I =5, (2.12)

¢ i<h

pP@ =P

i=1

All color probabilities are positive. Combining (2.10)—(2.12), the contribution of a fixed z and profile
to the right side of (2.6) is at most

& e4ip h t; i
P(Z)izl_ll [( T ) ((nih)h>i>}£[iﬂ-h ] (2'13)

The witness and the sets R; can depend on the full profile, but none of that dependence remains in
this bound.

For fixed row sums t1, ..., ts, we can consequently sum (2.13) over all nonnegative integer profiles
with those row sums, including profiles that do not occur. The multinomial theorem gives, for each
row,

ti
t; i

> Qn>>H%“:Zm <1
(Pin)r>i>0 th)h>i) p>; h>i

n>i Min=ti



Finally, summing over all colorings z uses Y, P(z) = 1. Thus the right side of (2.6) is at most

s ; t; s t:
ed'p e \"
> (7)) - i) 21
t1,..,ts>0 i=1 ¢ t1,.,ts>0 i=1

t14-+ts>0 t14--+ts>0

where both sums run over integer tuples. Put p = °7_, e/64%. For a fixed total £ = t; + - -+ + tg,
each monomial in (2.14) occurs in the expansion of p’ with a multinomial coefficient at least one.
Since

< i < —
P=%3 " 21
we obtain 1
. . P
right side of (2.6) < b= 2
g ( )_;p T <2

Together with (2.6), this proves that the bad probability is at most 1/10.
For every nonbad coloring the same H satisfies all inequalities in (2.2). Since the colors are
integers,
S S .
Z a(x)Ag(x) =1+ Z(l —Au(4;(a))) <1+ 22_’ <2
zeX i=1 i=1

This proves (2.3) and completes the proof. O

3 Rounding a fractional cover

We convert the color bound into independent numerical variables on the vertices. Their means
will be small, while the common member supplied by Theorem 2.1 will force a positive amount of
fractional-cover mass onto sets whose products are at least one. Comparing the resulting lower
and upper bounds on the same expectation completes the proof. This conversion follows the
selector-to-rounding approach of Dubroff, Kahn, and Park [4, Section 2] and Pham [15, arXiv
version 1, Section 3]. In particular, the equal distribution of a set’s weight among its vertices in
(3.2) is Pham’s construction. The simultaneous color bound supplies the additional control used
here for arbitrary set sizes.

Proof of Theorem 1.1. Put
D = 256, B =512, C = 25B*

Let r € (0, 1] and suppose that g : 2% — [0, 1] satisfies

. (3.1)

N | —

S gs) =1 (HeF), Y gs)r<

SCH SCX

Set p = r/C. We prove that F is p-small.
First observe that g(@) < 1/2, since its contribution to the second sum in (3.1) is g(@). For
each H € F, define

My= Y g(5)>1-g(2)>
oASCH



The function Ay vanishes off H and is a probability mass function: summing over x counts each
nonempty S exactly |S| times.

Suppose, for a contradiction, that F is not p-small. Let s be the largest nonnegative integer for
which

s 4 1
Di< . .
pizzl <3 (3.3)

Such an integer exists: zero satisfies the restriction, and p > 0 makes the geometric sums unbounded.
Apply Theorem 2.1 to these probability masses and this choice of s. Thus the colors a(x) are
independent, with

Pla(z) =i) =m; = D'p (1<i<s), Pla(z) =s+1)=mer1 =1 —pzs:Di.
i=1

With probability at least 9/10, there is an H € F such that > a(z)Ag(x) < 2. Denote this event
by &, and set

Y, =B z=3% ¢S ]] Y (3.4)
o£SCX zes
Fix an outcome in € and a corresponding member H. Writing a(S) = |S|™' ¥ cqa(x) for
nonempty S, we have
1
= Z g(S)a(s) = Za(x))\H(x) <2
H giscH x

Apply Markov’s inequality to the probability distribution g(S)/Mp on the nonempty subsets of H.
It gives

M
Z 9(5) = TH
oASCH
a(s)<4

For every set in this sum,

H Y, = BISI(4-a(9)) > 1,

z€S
Consequently Z > My /2 > 1/4 on €. This holds for each outcome, although the corresponding H
may depend on the coloring. Since Z is nonnegative everywhere,

9

EZ > IP’(E) 0 (3.5)

For the upper bound, maximality of s gives

1 s+1
3 < p> D' <2pD*t
i=1
As B > D, it follows that

B~6HD < D=t < 4, (3.6)

The variables Y, are independent and identically distributed, and their common mean pu satisfies
S
p= B (p > (D/B)' + 7rs+1B‘(5“)>

i=1

< B <pZ2—i n 4p> < 5B% = g (3.7)

i=1



The same estimates hold when s = 0, with the first sums empty. Independence now yields

EZ= Y g(S)ull

P#ASCX

1
< 3 9(8)r/5) |S|< S g 'SlSTo' (3.8)
@;ASCX @;ASCX

Here the factor 1/5 is valid because every set in the sum is nonempty. The bounds (3.5) and (3.8)
contradict one another.

Thus F is r/C-small for every admissible » > 0. At r = 0, the family F itself is a cover of cost
zero, since @ ¢ F. Taking r = q¢(F), with this last observation covering the case q¢(F) = 0, proves

q7(F) < 25-512% ¢(F).

4 A consequence for unions of two sets

The comparison also strengthens a recent bound for sets that cannot be covered by two members of
a large class. For A C 2% write u,(A) = P(X,, € A) and define

Bada(A) ={SC X :S¢ A1 UA,; for all A;, A, € A}.

When p1,,(A) > 1/2, Li’s fractional discrete-convexity theorem [11, Corollary 3.1] provides a fractional
cover for this family. Combining that input with Theorem 1.1 gives the following integral conclusion.

Corollary 4.1. Let X be a finite nonempty set, let 0 < p < 1, and let A C 2% satisfy pu,(A) > 1/2.
Set C' = 25-512%. There is a family G C 2% such that

s
Bads(A) C (G), 2(2790) g%.

Seg
In particular, Bada(A) is (p/(2C))-small. No monotonicity assumption on A is needed.

Proof. 1If Badz(.A) is empty, take G = @. Otherwise this is a nonempty increasing family. It is
proper because A is nonempty and hence @ ¢ Bada(.A). Li’s theorem, in the covering formulation
given by Park [12, Theorem 3.4], supplies a fractional cover of Bada(.A) of cost at most 1/2 at
parameter p/2. Its coefficients may be capped at one without affecting coverage or increasing cost.
Theorem 1.1 therefore yields an integral cover of cost at most 1/2 at parameter p/(2C). O

Park [12, Corollary 3.5] obtained the same conclusion with smallness parameter

p
K max{1,loglog(1/p)}

for a universal K. Corollary 4.1 removes the double logarithmic loss while retaining unions of two
members and the covering budget 1/2.
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