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Abstract

We prove Lech’s multiplicity conjecture: Hilbert–Samuel multiplicity cannot decrease under
a flat local homomorphism of nonzero Noetherian local rings. The result holds in arbitrary
dimension, with no restrictions on the residue fields or characteristics.

1 Introduction
For a nonzero Noetherian local ring (A, a) of dimension d, its Hilbert–Samuel multiplicity is

e(A) = lim
N−→∞

d! ℓA(A/aN )
Nd

.

In dimension zero this is simply the length of A. Multiplicity measures the leading-order growth of
the infinitesimal neighborhoods of the closed point. Lech asked whether this invariant can decrease
under a flat local homomorphism [18, 19]. We prove that it cannot.

Theorem 1.1 (Lech’s conjecture). Let (R,m) −→ (S, n) be a flat local homomorphism of nonzero
Noetherian local rings. Then

e(R) ≤ e(S).

There is no restriction on the dimensions, the residue fields, or the characteristics of the rings.

Flatness compares the quotients by mN S, whereas e(S) is defined by the powers of n. Even
when the closed fiber is zero-dimensional, so that both filtrations have finite colength, this difference
prevents a direct comparison of their leading terms from giving the asserted lower bound for e(S).

Previous work. Lech’s original work established the inequality when the source has dimension
at most two and in important cases with complete-intersection closed fiber [18, 19]. His original
equal-dimensional formulation leads to the general one by the reductions recalled in Section 4.
Ma proved the conjecture for equal-characteristic sources of dimension three and established the
general bound

e(R) ≤ max{1, d!/2d} e(S), d = dim R,

in equal characteristic [20, Theorems 1.2 and 1.3]. His use of Cohen factorizations and Hilbert–Kunz
multiplicity is also central to the characteristic-p argument here.
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Ulrich methods and their limits. An Ulrich module is a nonzero finitely generated maximal
Cohen–Macaulay module whose multiplicity equals its minimal number of generators. Such modules
turn multiplicity into a generator count that can be compared across a flat map. Hanes developed
this approach, including its asymptotic form: maximal Cohen–Macaulay modules of positive rank
whose generator-to-multiplicity ratios tend to one also suffice. He obtained graded special cases by
this method [10, Chapter IV, especially Proposition 4.1.5]. Ma’s weakly lim Ulrich sequences allow
the modules themselves to fail to be Cohen–Macaulay: their multiplicity-to-generator ratios tend
to one, while their first higher parameter Koszul Euler characteristics are negligible relative to the
generator counts [21, Definitions 2.2 and 2.9]. For a local domain, existence of such a sequence
implies the multiplicity inequality for every flat local target [21, Theorem 2.11].

In arbitrary dimension, Ma proved the conjecture when the source is a standard graded
algebra over a perfect field, localized at its homogeneous maximal ideal; the flat local target need
not be graded [21, Theorem 3.8]. The proof constructs weakly lim Ulrich sequences in positive
characteristic and uses specialization in characteristic zero. Passing to associated graded rings does
not extend this result to every flat map, because the induced map of associated graded rings need
not remain flat [21, Remark 3.9]. A complementary graded case was proved by Meng: for an equal-
dimensional flat local map, the inequality holds when, up to completion, the target is standard
graded over a field and the extended source maximal ideal is homogeneous [22, Theorem 5.13].

Nor can one require weakly lim Ulrich sequences over every domain: Yhee constructed complete
two-dimensional local domains admitting no such sequence [29, Theorem 6.2]. These examples
are nonnormal. A different obstruction, within normal domains, is supplied by a companion
construction of a complete three-dimensional Noetherian normal local C-domain, with residue field
C, admitting no nonzero finitely generated maximal Cohen–Macaulay module [24, Theorem 1.1].
Thus approaches requiring such a module over every source ring itself cannot be universal; this
finite-module obstruction does not rule out weakly lim Ulrich sequences.

From modules to complexes. Over a d-dimensional local ring, a short complex is a finite free
complex in degrees 0, . . . , d with finite-length homology and nonzero zeroth homology. Iyengar, Ma,
and Walker developed multiplicity and Betti-number inequalities for short free complexes using
lim Ulrich methods [14]. Their approach to Lech’s conjecture in [14, Proposition 8.3] uses a Cohen
factorization and the tensor product of a finite free resolution with a parameter Koszul complex.
This is the predecessor of the construction used here. They also used lim Ulrich sequences to
compare cones of Betti tables with those over linear Noether normalizations [15]. More recently,
they related Ulrich modules to extensions of sheaves from the exceptional fiber of a blowup [16,
Theorem 1.1], obtaining in dimension two short-complex inequalities under geometric hypotheses
[16, Theorems 5.2 and 6.9]. These results motivate seeking positivity directly for complexes,
without requiring Ulrich modules or sequences over every source.

Two difficulties remain in passing from such results to the unrestricted theorem: retaining
coefficient 1 in every dimension, and obtaining the required length estimates in mixed characteristic.
Our argument uses a single estimate for free complexes in both settings. Its constants depend only
on the number of parameters and the ranks, even when the auxiliary ring or its length function
changes.

A uniform estimate for complexes. The main technical ingredient is Theorem 2.1. Let
I = (z1, . . . , zh)C in a possibly non-Noetherian ring C, and suppose an additive length λ, satisfying
the stability hypotheses stated there, makes the powers of z behave as a parameter system: their
positive Koszul homology has length zero and their quotient lengths scale as ah. A finite free
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complex F of length at most h and alternating rank zero, contractible off V (I), whose matrices
have entries in Is, satisfies

λ(H0F ) ≥ λ(C/I)sh
(

rank F0 − Ah
∑

i rank Fi

s

)
for sufficiently large s. The constant does not depend on the ring, the length theory, or any
auxiliary finite extension.

Here H0F denotes the zeroth homology of F . The hypotheses on λ are part of the estimate:
additivity alone does not suffice. In particular, sums and filtered colimits of modules of length
zero must still have length zero when one power of I annihilates all the modules. Positive Koszul
homology is required to have length zero, and need not itself vanish.

The proof combines a blowup comparison with the characteristic-free vector-bundle construction
of Eisenbud–Schreyer [8], which gives cohomology in a single degree. The relationship between free
complexes, cohomology tables, and positivity has also been developed in the categorified duality
of Eisenbud–Erman [7]. Here the needed comparison of Euler characteristics is proved using finite
filtrations and stabilized images of truncation maps. This comparison is needed because the ring
C need not be Noetherian. On the blowup, the differential entries can be divided by appropriate
powers of the invertible ideal IO. Tensoring the resulting complex with a suitable vector bundle
places its global hyperhomology in degree zero, modulo length zero, and hence gives a nonnegative
Euler characteristic. The bundle’s cohomological roots are the integer twists at which all its
cohomology vanishes. These roots, after division by s, are chosen near the roots of the derivative
of
∏h

i=1(x + i); this choice makes all the relevant layer sums have the same leading term. Here the
layers are successive quotients for powers of the invertible ideal IO on the blowup. The alternating
rank identity then leaves precisely the contribution of F0.

The estimate applies to length theories beyond ordinary module length. For the present
problem we use perfection in characteristic p and the perfectoid normalized lengths of Cai–Lee–
Ma–Schwede–Tucker in mixed characteristic [5].

A Dutta-multiplicity consequence. In characteristic p, the same estimate also applies to
arbitrary short complexes. For such a complex over a d-dimensional ring of characteristic p > 0,
its Dutta multiplicity [6] is the Frobenius-normalized Euler characteristic

χR
∞(F ) = lim

n→∞
p−nd

∑
i

(−1)i ℓR Hi(Φn
RF ),

where Φn
RF is obtained by raising the differential entries to their pnth powers. Corollary 5.4 proves

χ∞(F ) ≥ e(R) for every short complex over a complete Noetherian local domain of characteristic
p > 0. This is the case of complete local domains of positive characteristic in the conjecture of
Iyengar–Ma–Walker [14, Conjecture 8.1]. Their full conjecture, for all complete local rings, would
imply Lech’s conjecture [14, Proposition 8.3]. Here the stated domain case is a consequence of the
uniform estimate, not an assumption in the proof of Lech’s conjecture.

How the estimate proves the conjecture. After reductions that preserve multiplicity or use
its additivity, we work with a complete domain source, equal source and target dimensions, and an
algebraically closed target residue field. In positive residue characteristic, a Cohen factorization
supplies a complete local ring T and a perfect ideal J such that S = T/J and e(T ) = e(R).
If d = dim S and h = dim T , a finite free resolution P of S over T has length h − d. Choose
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parameters x1, . . . , xd in S whose ideal is a reduction of its maximal ideal, so its multiplicity is
e(S), and lift them to T . The complex

F = P ⊗T K(x1, . . . , xd; T )

has length h, has degree-zero rank one, and is contractible away from the closed point. Here
K(x; T ) is the Koszul complex. This is the complex to which the uniform estimate is applied.

The two positive-residue-characteristic arguments turn this complex into a multiplicity compar-
ison in different ways. In characteristic p, Frobenius raises the differential entries to arbitrarily high
order without changing their ranks. On each irreducible component of T , normalized length on the
perfection identifies the length of the resulting zeroth homology with a Hilbert–Kunz multiplicity.
The complex estimate gives a lower bound by the Hilbert–Samuel multiplicity of that component.
Associativity and Ma’s perfect-ideal identity then identify the sum with e(S).

In mixed characteristic, roots of parameters and Heitmann’s integral-extension Briançon–Skoda
theorem [11], in the form recalled in [12, Proposition 2.8], replace Frobenius. The extension has
a rank that may grow as the entries become deeper. Dividing normalized lengths by that rank
cancels it from the lower bound. For each fixed extension we obtain an upper bound by replacing
xi with xN

i and taking N to infinity in a prime filtration of S. Only after this limit do we let the
depth of the differential entries tend to infinity. The upper bound is independent of the chosen
extension. Moreover, each top-dimensional filtration prime lies on exactly one component of T ,
which is the reason this summation retains coefficient one.

In residue characteristic zero, we first replace the given map by a finite free map with a common
coefficient field. A finite set of polynomial identities records algebra structures, freeness, locality, a
lower bound on the source multiplicity, and an upper bound on the target multiplicity. The last
two conditions use presentation minors and a reduction relation on the source, and monic initial
relations for the target’s associated graded ring. Artin approximation [1] and specialization preserve
these identities in positive characteristic. A strict counterexample would therefore contradict the
characteristic-p case.

Organization. Section 2 proves the uniform estimate. Section 3 constructs its length inputs in
positive and mixed characteristic. Section 4 makes the flat-local reductions and constructs T and
F . Sections 5 and 6 prove the two cases of positive residue characteristic; Section 5 also proves
the Dutta-multiplicity corollary. Section 7 gives the finite encoding and specialization in residue
characteristic zero, and Section 8 assembles the theorem.

Conventions and background. Rings are commutative with identity. Local rings are Noethe-
rian unless explicitly introduced as auxiliary rings for an additive length; those auxiliary rings
remain exempt from this convention when used in later sections. For an ideal of definition H
of a local ring A, write e(H, A) for its Hilbert–Samuel multiplicity. A system of parameters has
length dim A. A reduction of an ideal I is a subideal Q such that In+1 = QIn for all sufficiently
large n; it is minimal if it is inclusion-minimal among reductions of I. For an ideal of definition,
e(Q, A) = e(I, A). Indeed, the reduction relation gives In+c ⊆ Qn ⊆ In for one fixed c and all n,
so their leading length coefficients agree. We use homological indexing: a sheaf-cohomology degree
v contributes total homological degree i − v to a term of complex degree i. The shift F [t] has
Hi(F [t]) = Hi−t(F ). We use the standard additivity and associativity formulas for multiplicity,
and state the deeper literature inputs where they enter. In particular, the perfectoid length
theorems are inputs, not claims that the auxiliary algebras are flat or Noetherian.
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2 A complex estimate with an additive length
The goal of this section is to bound the zeroth homology of a short free complex from below using
only the order of its differential entries and the ranks of its terms. We first isolate the length
hypotheses, then prove the comparison between the complex and its pullback to a blowup. A
vector bundle with prescribed cohomological roots will turn that comparison into the required
inequality.

2.1 Length hypotheses and the estimate

All complexes in this section are indexed homologically. Thus a sheaf cohomology group in degree
v, arising from the term of a complex in degree i, contributes to total degree i − v.

Let C be a commutative ring, let h ≥ 1, and put I = (z1, . . . , zh)C. Write TI for the abelian
category of C-modules annihilated by some power of I. Suppose that

λ : TI −→ [0, ∞]

is additive on short exact sequences and satisfies λ(0) = 0. We assume, in addition, that direct
sums and filtered colimits of length-zero modules annihilated by a common power of I have length
zero. The standing numerical and homological assumptions are

0 < µ := λ(C/I) < ∞,

λ
(
C/(za

1 , . . . , za
h)C

)
= ahµ (a ≥ 1),

λHi(za
1 , . . . , za

h; C) = 0 (a ≥ 1, i > 0).
(2.1)

No Noetherian hypothesis is imposed on C.
We say that a map between objects of TI is an isomorphism modulo length zero if its kernel

and cokernel have length zero. The length-zero objects form a Serre subcategory. Consequently
one may work in the quotient by this subcategory when taking kernels, images, cokernels, or finite
spectral sequences. In particular, a commutative square whose two vertical maps are isomorphisms
modulo length zero induces such an isomorphism between the images of its horizontal maps. All
uses of this convention below involve finite filtrations.

We will also use the following elementary observation about complexes with finite exhaustive
filtrations in a common index range. If a filtration-preserving map induces zero on the first page
of its spectral sequence, it induces zero on the associated graded of homology and hence lowers
the filtration on homology by one. A composition of as many such maps as there are filtration
steps is therefore zero on homology. The same statement holds modulo length zero whenever the
pages under consideration belong to TI .

Theorem 2.1. Let C, I, and λ be as above. Assume that λ is additive on short exact sequences,
that λ(0) = 0, and that direct sums and filtered colimits of length-zero modules killed by a common
power of I have length zero. Assume also (2.1). Let F be a complex of finite free C-modules,
concentrated in degrees 0, . . . , h, which is contractible locally on Spec C \ V (I). Set bi = rankC Fi.
Then Hi(F ) is annihilated by a power of I,

λHi(F ) = 0 (i > 0), λH0(F ) < ∞.

Suppose further that
h∑

i=0
(−1)ibi = 0 and that all differential entries belong to Is, s ≥ 1.
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There is a constant Ah, depending only on h, such that

λH0(F ) ≥ µsh

(
b0 − Ah

s

h∑
i=0

bi

)
. (2.2)

In particular, for fixed h and fixed ranks the error is Oh(1/s), uniformly in C, I, λ, and F .

2.2 Koszul acyclicity modulo length zero

We first prove the homology assertion, which does not require the conditions on ranks or differential
entries.

Lemma 2.2. Under the standing length hypotheses, let F be a finite free complex in degrees
0, . . . , h, contractible locally off V (I). Each Hi(F ) is annihilated by a fixed power of I, all its
lengths are finite, and its positive homology has length zero.

Proof. For each j, the complex F [1/zj ] is exact. A bounded exact complex of projective modules
is contractible, so clearing the finitely many denominators in a contracting homotopy shows that
some power of zj acts nullhomotopically on F . Choose a common exponent a0. It follows that
(za0

1 , . . . , za0
h ) annihilates every Hi(F ), and therefore so does Ih(a0−1)+1.

Put Ka = K(za
1 , . . . , za

h; C). If a ≥ a0, each multiplication by za
j is nullhomotopic on F and

also on its tensor product with any of the other Koszul factors. Splitting the resulting mapping
cones gives

F ⊗C Ka ≃
⊕

T ⊆{1,...,h}
F [|T |]. (2.3)

The splittings can be chosen to preserve the inclusion of the copy of F in Koszul degree zero.
The homology of F ⊗ Ka is annihilated by (za

1 , . . . , za
h), since these multiplications are null-

homotopic on Ka. In the bounded double-complex spectral sequence obtained by taking Koszul
homology first, all positive Koszul rows have length zero by (2.1). The remaining row has terms

Fi ⊗C C/(za
1 , . . . , za

h), 0 ≤ i ≤ h,

of finite length. Hence every Hn(F ⊗ Ka) has finite length, and its length is zero when n > h. The
summand F [h] in (2.3) proves the assertions: H0(F ) is a summand of Hh(F ⊗ Ka), and Hi(F ) for
i > 0 is a summand of Hh+i(F ⊗ Ka).

2.3 The blowup and its exceptional divisor

The homology lengths are now finite. To estimate them, we pass to a space on which I becomes
invertible, while keeping track of the Euler characteristic of the original complex. Let

Y = ProjC
(⊕

n≥0
In
)
, L = IOY = OY (1), E = V (L).

Here OY (1) is the Rees-algebra twist. Indeed, the standard chart corresponding to zi has ring
C[I/zi] ⊆ C[1/zi]. On this chart I becomes (zi) and zi is a nonzerodivisor. Thus L is an invertible
ideal, and E is an effective Cartier divisor, even when C is not Noetherian. Empty charts may
simply be omitted. The generators of I give a closed immersion Y −→ Ph−1

C , and

E = Proj(grI C) −→ Ph−1
C/I .

For a vector bundle V on Ph−1
Z we use the same symbol for its pullbacks to these schemes, and

write V (t) = V ⊗ O(t).
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Lemma 2.3. The graded surjection

(C/I)[Z1, . . . , Zh] −→ grI C (2.4)

has length-zero kernel in every degree. For every vector bundle V on Ph−1
Z and every integer t,

restriction induces isomorphisms modulo length zero

Hv(Ph−1
C/I , V (t)) −→ Hv(E, V (t)).

All of these cohomology modules have finite length. Moreover, for t ≥ 0 the natural map

grt
I C −→ H0(E, OE(t))

is an isomorphism modulo length zero, and Hv(E, OE(t)) has length zero for v > 0.

Proof. Set Ja = (za
1 , . . . , za

h). Since Ih(a−1)+1 ⊆ Ja, the I-adic filtration of C/Ja is finite. There is
a graded surjection

(C/I)[Z1, . . . , Zh]/(Za
1 , . . . , Za

h) −→ grI(C/Ja).

The sum of the lengths of the homogeneous pieces on each side is ahµ. Additivity and nonnegativity
imply that every homogeneous piece of its kernel has length zero. For a given degree n, choose
a > n. The relations Za

i have no effect in degree n, and Ja ⊆ In+1, so the degree-n map is precisely
(2.4). This proves the first assertion. It also gives

λ(C/IM ) = µ

(
M + h − 1

h

)
(M ≥ 1). (2.5)

Write P = (C/I)[Z1, . . . , Zh] and let N be the kernel in (2.4). The degree-zero component of
a homogeneous localization of N , as used on any standard projective chart or its intersections,
is a filtered colimit of homogeneous pieces of N . All these pieces are annihilated by I and have
length zero. The assumed colimit property therefore gives length zero for every such localized
component. Tensoring with the restriction of V (t) preserves this property, since that restriction is
finite projective over the chart ring. The finite standard affine Cech complexes for projective space
and E consequently have termwise length-zero kernels, and restriction is an isomorphism modulo
length zero on their cohomology.

To check finiteness without a hypothesis on C/I, resolve V (t) on Ph−1
Z by finitely many finite

sums of twists of the structure sheaf. Such a resolution exists by taking a finite graded free resolution
of a finitely generated graded module representing V (t) over Z[Z1, . . . , Zh]. This polynomial ring
is regular of finite dimension and therefore has finite global dimension [28, Tags 07NF and 00OE];
its finitely generated graded projectives are graded free, as follows by lifting a homogeneous
basis modulo (Z1, . . . , Zh) and applying graded Nakayama. The sheaf resolution is locally split
because its final cokernel is a vector bundle, so it remains exact after arbitrary base change. The
cohomology of every twist on Ph−1

C/I is finite free over C/I. A finite spectral sequence for the
resolution proves the required finiteness. Finally, for t ≥ 0 the polynomial degree-t piece is the
space of global sections of O(t) and its higher cohomology vanishes. Combining these facts with
(2.4) proves the last assertions.
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2.4 Euler characteristics on the blowup

We now compare the homology lengths of F with those of its pullback to Y . We will also show
that, when the alternating rank is zero, tensoring the pullback with a vector bundle multiplies its
Euler characteristic by the bundle’s rank.

For a bounded complex D of quasi-coherent sheaves on Y , write

Hk(Y, D) = HkRΓ(Y, D).

These groups can be calculated using the finite standard affine Cech cover, whose intersections are
affine. Whenever they are I-power torsion of finite length, put

χλ(D) =
∑

k

(−1)kλHk(Y, D).

Only finitely many degrees occur in our applications.
Pull F back to Y and denote the resulting complex by FY . If the differential entries belong to

Is, define a complex G by
Gi = L−is ⊗C Fi = OY (−is)bi . (2.6)

Its differential is induced by that of FY after inverting L. On a chart where L = (zj), the matrix
in the bases z−is

j Fi is z−s
j di, where di is the matrix for F . It is regular because the entries of di

belong to Ls. The natural inclusions Fi → L−is ⊗C Fi give an inclusion of complexes FY ⊆ G.
In degree i, the quotient G/FY has successive layers OE(l)bi for l = −is, . . . , −1. When the

alternating rank is zero, these finite layer ranges will account, after the Euler comparison, for the
entire difference between χλ(G ⊗ V ) and (rank V )λH0(F ). We first justify the comparison for an
arbitrary bundle V ; the choice of V that gives a nonnegative Euler characteristic will follow.

Lemma 2.4. Let D be either FY ⊗ V or G ⊗ V , with V a vector bundle pulled back from Ph−1
Z .

There is an integer MD such that, for every integer j and every M ≥ MD, the inclusion

D(j + M) −→ D(j)

induces zero on hyperhomology. All hyperhomology modules of D(j) are annihilated by a power of
I and have finite length.

Proof. On a standard affine chart Ui, L is generated by the nonzerodivisor zi. The chart complex
of D consists of finite projective modules and becomes contractible after inverting zi: away from E,
both FY and G identify with the pullback of F . Clearing denominators in a contracting homotopy
gives an exponent mi for which multiplication by zmi

i is nullhomotopic on this chart. Trivializing
L shows that the same exponent works for every twist. It also works on all intersections contained
in this chart. Choose m at least as large as every mi.

The map D(j + m) → D(j) is zero on the internal-homology page of the Cech double complex,
since on each intersection it is identified with a nullhomotopic multiplication by a local equation
to the power m. The Cech filtration has at most h steps. The filtered-complex observation above
therefore shows that D(j + hm) → D(j) is zero on hyperhomology. Every larger twist map factors
through one of these, so MD = hm works.

For a ∈ IMD , multiplication by a on D(j) factors as

D(j) a−→ D(j + MD) −→ D(j).
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Thus IMD annihilates its hyperhomology. If M ≥ MD, the long exact sequence for

0 −→ D(j + M) −→ D(j) −→ D(j)/D(j + M) −→ 0

injects Hk(Y, D(j)) into the hyperhomology of the quotient. That quotient has a finite filtration
by E-layers, each of whose terms is a finite sum of bundles V (t)|E . Their sheaf cohomology has
finite length by Lemma 2.3. The two finite spectral sequences, first for each layer and then for the
filtration, give finite length for the quotient’s hyperhomology and hence for that of D(j).

The Euler characteristics of finite thickenings need not recover that of F . For example, in the
alternating-rank-zero case needed for the estimate,∑

k

(−1)kλHk(F/IM F ) = λ(C/IM )
∑

i

(−1)ibi = 0.

Instead, we compare the images of homology maps from a sufficiently large thickening to a fixed
smaller one. These images will recover the homology of F and of FY , modulo length zero. This
argument gives the first assertion below without the alternating-rank hypothesis; that hypothesis
is used only afterward to prove invariance under twists and the vector-bundle formula.

Lemma 2.5. One has
χλ(FY ) =

∑
i

(−1)iλHi(F ) = λH0(F ). (2.7)

If
∑

i(−1)ibi = 0, then for every vector bundle V pulled back from Ph−1
Z ,

χλ(FY ⊗ V ) = (rank V )χλ(FY ). (2.8)

Proof. Comparison on finite thickenings. For each M ≥ 1 there is a natural comparison

F/IM F −→ RΓ(Y, FY /LM FY ). (2.9)

Filter its two sides by powers of I and L, respectively. At the lth layer, 0 ≤ l < M , comparison
for each free summand is

grl
I C −→ RΓ(E, OE(l)).

Lemma 2.3 says that this is an isomorphism on homology modulo length zero. The finite filtration,
together with the finite complex F , proves the same assertion for (2.9). These comparisons
commute with all transition maps as M increases.
The geometric tower. We identify the eventual images of these two towers. On the geometric side
put

A = RΓ(Y, FY ), BM = RΓ(Y, FY /LM FY ).

The triangles
A −→ BM −→ RΓ(Y, FY ⊗ LM )[1] −→ A[1] (2.10)

are compatible with the transition N → M for N ≥ M . Lemma 2.4 implies that Hk(A) → Hk(BM )
is injective once M is sufficiently large. It also says that the transition on the third terms of (2.10)
is zero on homology once N − M is sufficiently large. Exactness then gives

im
(
Hk(BN ) → Hk(BM )

)
= im

(
Hk(A) → Hk(BM )

) ∼= Hk(A). (2.11)

The reverse inclusion in this equality uses only the compatible maps from A to all BN .
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The Koszul tower. For the algebraic side first use Ja = (za
1 , . . . , za

h) and Aa = F ⊗ Ka. The Koszul
augmentation gives a compatible map

Aa −→ F/JaF

which is an isomorphism on homology modulo length zero. Indeed its cone is obtained by tensoring
the bounded free complex F with the cone of Ka → C/Ja; all homology of the latter cone has
length zero by (2.1).

The inclusion F ⊆ Aa is the subcomplex in Koszul degree zero. For a ≥ a0 it is split on
homology by (2.3). Let Qa = Aa/F . The standard transition Kb → Ka, for b ≥ a, is the identity
in degree zero and multiplies the basis vector indexed by T by

∏
j∈T zb−a

j . Filter Qa increasingly
by Koszul degrees 1, . . . , p, for p = 1, . . . , h. Its associated graded complexes are copies of shifts of
F , and the transition on each such piece has a nonempty index set T . Choose t with ItH(F ) = 0,
as in Lemma 2.2. For b − a ≥ t every transition is zero on the homology of these graded pieces.
A composition of h such transitions is therefore zero on H(Qa). For example, H(Qb) → H(Qa)
is zero when b − a ≥ ht. The long exact sequences for 0 → F → Aa → Qa → 0 now give, for a
sufficiently large and then b sufficiently large,

im
(
Hk(Ab) → Hk(Aa)

)
= im

(
Hk(F ) → Hk(Aa)

) ∼= Hk(F ).

Passing through the Koszul augmentations proves this assertion modulo length zero for the tower
F/JaF .
From Koszul powers to ordinary powers. Here is explicitly why it passes to the ordinary-power
tower PM = F/IM F . The containments

Ih(a−1)+1 ⊆ Ja ⊆ Ia (2.12)

give all the required quotient maps. Choose one sufficiently large a. For M ≥ h(a − 1) + 1, the
composite Hk(F ) → Hk(PM ) → Hk(F/JaF ) proves injectivity of the first map modulo length zero.
Next fix such an M , choose a ≥ M large, and choose b ≥ a so that the image from level b to level
a in the J-tower is the image of Hk(F ). For N ≥ h(b − 1) + 1, the transition factors through

PN −→ F/JbF −→ F/JaF −→ PM .

Its homology image is consequently contained in the image of Hk(F ) modulo length zero; compat-
ibility gives the opposite containment. Thus the eventual image in the P -tower identifies with
Hk(F ) modulo length zero.

Choose M and then N large enough for both this description and (2.11). The compatible
comparisons PN → BN and PM → BM in (2.9) identify the homology images of PN → PM

and BN → BM modulo length zero. These images identify with Hk(F ) and Hk(A), respectively,
modulo length zero. All their lengths are finite by Lemma 2.2, (2.5), and Lemma 2.4. Therefore

λHk(Y, FY ) = λHk(F )

for every k, which proves (2.7).
Tensoring by a vector bundle. The homology comparison is established. To prove (2.8), first
compare consecutive twists of FY . The quotient of FY (j) by FY (j + 1) has term OE(j)bi in degree
i, so its Euler characteristic is(∑

i

(−1)ibi

)∑
v

(−1)vλHv(E, OE(j)) = 0.

10



Euler additivity shows that χλ(FY (j)) is independent of j ∈ Z. Finally resolve V on Ph−1
Z by

a finite complex of finite sums of twists, as in Lemma 2.3. The resolution remains exact on Y .
Tensoring with FY and taking Euler characteristics expresses χλ(FY ⊗ V ) as the alternating sum
of the corresponding twist characteristics. The alternating sum of the ranks of the resolution is
rank V , giving (2.8).

2.5 Bundles with prescribed cohomological roots

We next construct the bundle that determines the signs of the needed Euler characteristic. We use
the product-of-projective-lines construction of Eisenbud–Schreyer [8, Theorem 6.1], verifying its
integral and base-change properties so that it applies over our auxiliary ring.

Lemma 2.6. Given integers r1 > · · · > rh−1, there is a vector bundle V of rank (h − 1)! on Ph−1
Z

with the following property. For every ring A and every integer a, V (a) on Ph−1
A is acyclic if

a = rj for some j. Otherwise its cohomology is a finite free A-module in the single degree

v(a) = #{j : rj > a},

and its Euler characteristic in ranks is
h−1∏
j=1

(a − rj).

For A = C/I, the Euler characteristic with respect to λ is µ
∏

j(a − rj), and the same Euler
characteristic and cohomology vanishing statements hold on E, modulo length zero.

Proof. Put n = h − 1. If n = 0, use the rank-one bundle on P0
Z. For n > 0, multiplication of binary

linear forms defines
f : (P1

Z)n −→ Pn
Z, f∗O(1) = O(1, . . . , 1).

The map is proper and has finite geometric fibers, since a binary form has only finitely many
ordered factorizations into linear factors, up to the scalars already removed by the projective
coordinates. Hence f is finite. On every field fiber, source and target are smooth of dimension n.
Corresponding local rings have equal dimensions, since the residue field extension is finite and
the dimensions are n minus the respective residue-field transcendence degrees. Thus the source
is Cohen–Macaulay and satisfies the dimension criterion for flatness over the regular target [28,
Tag 00R4]. This gives flatness on each field fiber. Since both schemes are flat over Z, the fiberwise
flatness criterion [28, Tag 039D] gives flatness of f . Over Q the finite extension of function fields
is separable. A geometric generic form has n distinct factors and exactly n! ordered factorizations.
Its reduced geometric generic fiber therefore has n! points, so the generic degree, and hence the
constant rank of f , is n!.

Define
V = f∗O(−1 − r1, . . . , −1 − rn).

Finite flatness makes this a vector bundle of rank n!, and its formation commutes with arbitrary base
change. The projection formula reduces the cohomology of V (a) to that of O(a−1−r1, . . . , a−1−rn)
on (P1

A)n. On P1
A, the bundle O(m) has free cohomology only in degree zero for m ≥ 0, only in

degree one for m ≤ −2, and none for m = −1; its Euler characteristic is m+1. These computations
commute with any base change and their complexes split over Z. Tensoring the complexes for
the n factors proves the asserted cohomological degree and product formula over every A. For
A = C/I, a free module of rank q has length qµ. The statements on E follow from Lemma 2.3.

11



2.6 The sign and the leading coefficient

Proof of Theorem 2.1. The homology assertions are Lemma 2.2. It remains to prove the estimate.
We choose the bundle roots to serve two purposes: their positions force the hyperhomology of
G ⊗ V into degree zero, modulo length zero, while their limiting values make every layer sum with
1 ≤ i ≤ h have the same leading term (h − 1)!sh. The alternating-rank identity will then isolate b0.
The derivative of the following polynomial provides exactly these roots:

H(x) =
h∏

i=1
(x + i),

and write ρ1 > · · · > ρh−1 for the roots of H ′(x). Rolle’s Theorem gives

−(j + 1) < ρj < −j.

For all sufficiently large s, depending only on h, round sρj to integers rj so that

−(j + 1)s < rj < −js, |rj − sρj | ≤ 1. (2.13)

Let V be the bundle of Lemma 2.6, and put D = G ⊗ V with G as in (2.6).
We claim that

χλ(D) ≥ 0. (2.14)

In the lth E-layer of a twist of D, the term in homological degree i is V (l − is)|bi
E . If l ≥ 0, then

(2.13) implies
#{j : rj > l − is} ≤ i.

Indeed a root with index j ≥ i is strictly less than −is, and for i = 0 all roots are negative. Thus
the layer’s sheaf cohomology in degree v > i has length zero. In the finite hyperhomology spectral
sequence no term of negative total degree i − v survives modulo length zero. Filtering by the
layers l = 0, . . . , M − 1 shows that

λHk(Y, D/D(M)) = 0 (k < 0).

For M large, Lemma 2.4 makes the map on hyperhomology from D(M) to D zero. The quotient
long exact sequence therefore injects Hk(Y, D) into Hk(Y, D/D(M)), proving length zero for k < 0.

If l < 0, then
#{j : rj > l − is} ≥ i − 1.

For i ≥ 1 this follows because every j ≤ i − 1 has rj > −(j + 1)s ≥ −is > l − is; for i = 0 the
assertion is vacuous. Consequently the corresponding layer has hyperhomology of length zero in
total degrees greater than 1. Filtering the quotient with layers l = −M, . . . , −1 gives

λHk(Y, D(−M)/D) = 0 (k > 1).

For large M the map from D to D(−M) is zero on hyperhomology. The long exact sequence gives
a surjection

Hk+1(Y, D(−M)/D) −→ Hk(Y, D),

and hence length zero for k > 0. Lemma 2.4 supplies finite length in all degrees. We have proved
χλ(D) = λH0(Y, D) ≥ 0, as claimed.
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The inclusion FY ⊗ V ⊆ G ⊗ V has, in degree i, quotient (L−is/OY ) ⊗ V bi , with successive
layers V (l)|bi

E for l = −is, . . . , −1. All Euler characteristics here are finite. Additivity, Lemma 2.5,
and Lemma 2.6 give

0 ≤ (h − 1)!λH0(F ) + µ
h∑

i=0
(−1)ibi

−1∑
l=−is

h−1∏
j=1

(l − rj). (2.15)

The sum for i = 0 is empty.
We make the error in these sums explicit. Set

Ps(x) =
h−1∏
j=1

(x − rj/s), P (x) =
h−1∏
j=1

(x − ρj) = H ′(x)
h

.

On the fixed interval [−h, 0], (2.13) implies ∥Ps − P∥∞ = Oh(s−1), while P and its derivative
are bounded in terms of h alone. The elementary error estimate for left-endpoint Riemann sums
consequently gives, uniformly for i = 1, . . . , h,

s−h
−1∑

l=−is

∏
j

(l − rj) = 1
s

−1∑
l=−is

Ps(l/s)

=
∫ 0

−i
P (x) dx + Oh(s−1)

= H(0) − H(−i)
h

+ Oh(s−1) = (h − 1)! + Oh(s−1).

Since
∑h

i=1(−1)ibi = −b0, substitution into (2.15) yields

λH0(F ) ≥ µsh
(

b0 − Oh

(∑
i bi

s

))
.

The error bound and the threshold for s depend only on h. The homotopy exponents and truncation
levels used earlier may depend on C, F , and V ; they establish exact comparisons and vanishing
modulo length zero and do not enter this numerical error. This proves (2.2) for all sufficiently
large s. Increase Ah, if necessary, to be at least the threshold for s. For the remaining positive
integers s, its right side is nonpositive because b0 ≤

∑
i bi, so nonnegativity of length proves the

same inequality. For h = 1 the empty-product conventions give the argument directly, with exact
sums and no error. The proof is complete.

3 Normalized length algebras
We establish the length inputs for Theorem 2.1 and Lemma 2.2. The mixed-characteristic input
uses the perfectoid results of Cai–Lee–Ma–Schwede–Tucker. We give the characteristic-p argument
in detail, including the passage to the non-Noetherian perfection.

For a Noetherian local ring D of characteristic p and a primary ideal of definition H, write
H [q] for the ideal generated by the qth powers of elements of H, where q = pn. Its Hilbert–Kunz
multiplicity is

eHK(H, D) = lim
q=pn−→∞

ℓD(D/H [q])
qdim D

.

The existence of this limit is Monsky’s theorem [23]; see also [20, Section 2.2].
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Theorem 3.1. Let (D, d, k) be a complete Noetherian local domain of dimension h > 0, with
perfect residue field k of characteristic p > 0. There exist a D-algebra C and a function λ, with
values in [0, ∞], on C-modules annihilated by some power of d, with the following properties.

1. The function is additive on short exact sequences and vanishes on the zero module. Direct
sums, sums, and directed colimits of modules of length zero have length zero whenever a fixed
power of d annihilates all modules under consideration.

2. For every system of parameters z1, . . . , zh of D and every integer a ≥ 1,

λ
(
C/(za

1 , . . . , za
h)C

)
= ahe((z1, . . . , zh), D), λHi(za

1 , . . . , za
h; C) = 0 (i > 0).

In particular, the number µ = λ(C/(z1, . . . , zh)C) is positive and finite.

3. If H is d-primary, then {
λ(C/HC) = eHK(H, D), char D = p,

λ(C/HC) ≤ e(H, D), char D = 0.

The same zero-length stability applies to modules killed by a fixed power of an ideal extended from
any d-primary ideal of D.

For I = (z1, . . . , zh)C, assertions (1) and (2) supply the stability, parameter-length, and
Koszul hypotheses of Theorem 2.1, with µ = e((z), D). Assertion (3) then connects the resulting
zeroth-homology bound to ordinary multiplicities: it identifies the quotient length with Hilbert–
Kunz multiplicity in characteristic p, and bounds it by Hilbert–Samuel multiplicity in mixed
characteristic.

3.1 The normalized length formalism

We use Faltings’ normalized length [9, Appendix 2], developed further by Shimomoto [27, Section 2],
in the formulation of [5, Section 2.2]. Let (A,mA, k) be one of the complete regular local rings

A = k[[t1, . . . , th]] or A = W (k)[[t2, . . . , th]],

and in the second case put t1 = p. Choose compatible p-power roots and set

An = A[t1/pn

1 , . . . , t
1/pn

h ], Λ = lim−→
n

An.

Thus Λ = Aperf in characteristic p. In mixed characteristic Λ denotes the uncompleted tower; its
p-adic completion is denoted by A∞.

We consider the abelian category of Λ-modules annihilated by mN
A for some integer N depending

on the module. The annihilation here is uniform over the whole module. In both constructions
below we choose A ⊆ D with mA ⊆ d and evaluate lengths by restriction of scalars. Thus every
C-module killed by a power of d belongs to this category. A finitely presented module in this
category descends to a finite-length An-module Mn, and its normalized length is

λ∞(Mn ⊗An Λ) = p−nh ℓAn(Mn). (3.1)

The use of An-length instead of A-length makes no difference, because the two rings have the same
residue field. For a finitely generated module the length is the infimum of the lengths of finitely
presented modules surjecting onto it. For an arbitrary module it is then defined by

λ∞(M) = sup{λ∞(N) : N ⊆ M is finitely generated over Λ}. (3.2)
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These definitions are compatible and give an additive function on short exact sequences in this
category [5, Definition 2.2.1 and Propositions 2.2.3, 2.2.6(a)]. In particular, length is monotone
under submodules and quotients.

We record explicitly the consequences for infinite modules that we will need.

Lemma 3.2. Suppose that all the modules in the following assertions are annihilated by a fixed
power of mA.

1. Direct sums, sums, and directed colimits of zero-length modules have length zero.

2. If M =
⋃

n Mn is an increasing union of submodules, then λ∞(M) = supn λ∞(Mn).

3. If M = lim−→n
Mn and λ∞(Mn) −→ 0, then λ∞(M) = 0. No injectivity assumption on the

transition maps is required in this assertion.

Proof. A finitely generated submodule of a direct sum is contained in a finite subsum. If the
summands have length zero, additivity gives length zero for each finite subsum, and (3.2) gives
length zero for the direct sum. Both a sum of submodules and a directed colimit are quotients of
direct sums, proving the first assertion. The common annihilating power ensures that those direct
sums belong to the length category.

For the second assertion, each finitely generated submodule of M is contained in some Mn.
Apply (3.2) and monotonicity.

For the third assertion, let N ⊆ M be finitely generated over Λ. Representatives of a finite
generating set lie in a common stage Mn0 . Consequently N is contained in the image of Mn in M
for every n ≥ n0. Monotonicity for submodules and quotients gives

0 ≤ λ∞(N) ≤ λ∞(Mn) (n ≥ n0).

The right side tends to zero. Now take the supremum over N .

3.2 Characteristic p

Assume first that D has characteristic p. The Cohen–Gabber normalization theorem [17, Theo-
rem 1.1] provides a coefficient field k ⊆ D and a system of parameters t1, . . . , th such that

A = k[[t1, . . . , th]] ⊆ D

is module-finite and generically separable; this is also the setup of [5, Section 3]. Work inside a
fixed algebraic closure of Frac(D) and put

A′ = Aperf , C = Dperf , K = Frac(A), L = Frac(D), K ′ = Kperf = Frac(A′).

We apply λ∞ to C-modules by restriction of scalars to A′. To compute these lengths, we
approximate C by algebras obtained from finite root stages of D.

For every q = pn, define
Bq = A′ ⊗A1/q D1/q.

The natural map from this tensor product to C is injective. Indeed, D1/q is torsion-free over A1/q,
and A′ is flat over A1/q: the intervening extensions of regular power-series rings are free. Thus Bq

injects into
K ′ ⊗K1/q L1/q.
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The latter ring is a field, because the finite separable extension L1/q/K1/q is linearly disjoint from
the purely inseparable extension K ′/K1/q. This identifies Bq with the subring A′D1/q of C. These
subrings increase with q and exhaust C: each contains D1/q, and every finite collection of their
coefficients lies in a sufficiently high root extension of D.

We give a self-contained form of the finite-stage comparison in [5, Section 3 and Theorem 3.0.7],
beginning with a trace-dual proof of the conductor bound from [25, Lemma 2.3]. Although Bq

injects into C, passing to a primary quotient can create a kernel. The conductor bound below
controls this kernel by giving elements that multiply C into Bq.

Lemma 3.3. There is an element 0 ̸= g ∈ A such that

gC ⊆ B1, g1/qC ⊆ Bq (q = pn).

Proof. The field E = LK ′ is a finite separable extension of the perfect field K ′, and is therefore
perfect. Since it contains L and is contained in Lperf , it equals Lperf . The ring A′ is normal: any
integral equation and the finitely many fractions involved in an element of Frac(A′) descend to
some normal ring A1/q.

Choose a K-basis b1, . . . , br of L with bj ∈ D. Its trace-dual basis β1, . . . , βr exists by
separability. Since (A \ {0})−1D = L, there is 0 ̸= g ∈ A with gβj ∈ D for every j. The same two
bases are trace-dual after extending scalars to K ′.

Every c ∈ C is integral over A′, as is gβj . The trace TrE/K′(gβjc) is therefore integral over A′

and lies in K ′, so normality puts it in A′. The trace-dual expansion now reads

gc =
r∑

j=1
TrE/K′(gβjc)bj ∈ A′D = B1.

Taking q-th roots inside the perfect ring C gives the second inclusion, because (A′D)1/q = A′D1/q =
Bq.

We next calculate quotient lengths. Let H be d-primary and put

Mq = Bq/HBq, Nq = im(Mq −→ C/HC).

Finite-stage normalization gives

λ∞(Mq) = q−h ℓD(D/H [q]). (3.3)

To see this directly, Mq is the flat base extension of D1/q/HD1/q from A1/q to A′. The q-th power
isomorphism D1/q −→ D identifies that quotient with D/H [q], preserving module length. Length
over A1/q equals length over D1/q because their residue fields agree.

The kernel of Mq −→ Nq is annihilated by g1/q. In fact, an element in Bq ∩ HC is a finite sum
of elements of H times elements of C, and Lemma 3.3 puts its product with g1/q in HBq. For an
endomorphism of a module of finite normalized length, additivity shows that kernel and cokernel
have the same normalized length. Apply this to multiplication by g1/q on Mq to obtain

λ∞ ker(Mq −→ Nq) ≤ λ∞(0 :Mq g1/q)
= λ∞(Mq/g1/qMq)
= q−h ℓD D/(H [q], g). (3.4)
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This last quantity is O(q−1). Indeed, choose da ⊆ H, and let t be a number of generators of H.
The pigeonhole containment

Ht(q−1)+1 ⊆ H [q]

shows that H [q] contains an ordinary power of d whose exponent is O(q). If g is a nonunit,
the domain hypothesis gives dim D/(g) ≤ h − 1, so Hilbert–Samuel growth on D/(g) gives
ℓD D/(H [q], g) = O(qh−1). If g is a unit, this length is zero.

Combining (3.3) and (3.4), we obtain

q−h ℓD D/H [q] − O(q−1) ≤ λ∞(Nq) ≤ q−h ℓD D/H [q].

The submodules Nq increase and exhaust C/HC. They are all killed by H and hence by one fixed
power of mA. The Hilbert–Kunz limit and Lemma 3.2 therefore give

λ∞(C/HC) = eHK(H, D). (3.5)

The quotient lengths are now identified. To obtain the remaining parameter assertions of Theo-
rem 3.1, we first show that positive parameter Koszul homology has length zero; the Koszul Euler
characteristic will then identify the parameter quotient length with Hilbert–Samuel multiplicity.
Fix a system of parameters z1, . . . , zh of D. Flatness at each stage and the q-th power isomorphism
give

λ∞Hi(z1, . . . , zh; Bq) = q−h ℓD Hi(zq
1, . . . , zq

h; D). (3.6)
These are finite lengths: the finite-stage Koszul homology is a finitely generated module annihilated
by a primary parameter ideal. The complex K(z1, . . . , zh; D) consists of finite free modules
in degrees 0, . . . , h, and its homology has finite length. The Frobenius homology estimate of
Roberts [26], in the form [20, Theorem 2.4], thus gives

lim
q=pn→∞

q−h ℓD Hi(zq
1, . . . , zq

h; D) = 0 (i > 0).

This theorem requires a complete characteristic-p local ring and a finite-free complex of length
equal to its dimension with finite-length homology, all of which have just been checked.

Filtered colimits are exact for modules, so

Hi(z1, . . . , zh; C) = lim−→
q

Hi(z1, . . . , zh; Bq).

Each module here is annihilated by (z1, . . . , zh) and therefore by a fixed power of mA. The third
assertion of Lemma 3.2, applied to (3.6), proves

λ∞Hi(z1, . . . , zh; C) = 0 (i > 0). (3.7)

The same argument applies to every fixed parameter list za
1 , . . . , za

h.
Finally, the Koszul Euler characteristic formula for parameter ideals [28, Tag 0AZZ] gives

h∑
i=0

(−1)i ℓD Hi(zq
1, . . . , zq

h; D) = e((zq
1, . . . , zq

h), D) = qhe((z1, . . . , zh), D).

Divide by qh and use the positive-homology limits. The degree-zero term tends to the Hilbert–Kunz
multiplicity of the parameter ideal. Consequently

eHK((z1, . . . , zh), D) = e((z1, . . . , zh), D).

Together with (3.5) and the parameter multiplicity power rule, it gives the quotient formulas in
Theorem 3.1 in characteristic p.
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Finite-length modules. For the Dutta-multiplicity consequence in Section 5, we also need
the same comparison for a finite-length module, since zeroth homology need not be cyclic. For a
D-module M , write

Φn
D(M) = D ⊗D,φn

D
M

for scalar extension along the nth Frobenius endomorphism φn
D : D → D.

Lemma 3.4. In the characteristic-p setup above, let M be a finite-length D-module. If the limit
on the right exists, then

λ∞(C ⊗D M) = lim
q=pn−→∞

q−h ℓD

(
Φn

D(M)
)
.

Proof. The assertion is immediate when M = 0. Otherwise put J = AnnD M , a d-primary ideal,
and let b be a number of generators of M . Define

Mq = Bq ⊗D M, Nq = im(Mq −→ C ⊗D M).

The module Mq is obtained by flat scalar extension from A1/q to A′ of D1/q ⊗D M . Under the
qth power isomorphism D1/q ∼= D, the latter module corresponds to Φn

D(M). It is a finite-length
module over the Noetherian ring A1/q, so finite-stage normalization gives

λ∞(Mq) = q−h ℓD

(
Φn

D(M)
)
. (3.8)

Here the lengths over A1/q and D1/q agree because their residue fields agree.
By Lemma 3.3, multiplication by g1/q defines a D-linear map C → Bq whose composite Bq ↪→

C → Bq is multiplication by g1/q. After tensoring with M , this shows that Kq = ker(Mq → Nq) is
killed by g1/q. The finite normalized length in (3.8) permits the same kernel–cokernel calculation
as in (3.4). Since M is a quotient of (D/J)b, it gives

λ∞(Kq) ≤ λ∞(Mq/g1/qMq)
≤ b λ∞

(
Bq/(J, g1/q)Bq

)
= bq−h ℓD D/(J [q], g) = O(q−1).

The last estimate is the Hilbert–Samuel growth argument from (3.4), with J in place of H: J [q]

contains a power of d with exponent O(q), and dim D/(g) ≤ h − 1 if g is a nonunit. If g is a unit,
the error is zero.

The submodules Nq increase to C ⊗D M and are all killed by J , hence by one fixed power of
mA. Additivity, (3.8), and Lemma 3.2 now give the assertion by taking the limit.

3.3 Mixed characteristic

Assume now that D has characteristic zero. Complete p to a system of parameters p, t2, . . . , th of
D. Cohen structure gives a module-finite inclusion, with the same residue field,

A = W (k)[[t2, . . . , th]] ⊆ D.

It is generically separable because the fraction fields have characteristic zero. Let A∞ be the p-adic
completion of the tower above, and set

C = DA∞
perfd := (D ⊗A A∞)perfd.
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The construction uses the perfectoidization of Bhatt–Scholze [4, Section 8 and Theorem 10.11]; C is
the perfectoid algebra in [5, Notation 4.0.1]. Use its normalized length λ∞, or equivalently restrict
scalars to the uncompleted tower Λ when evaluating bounded mA-power-torsion modules. Indeed,
Λ is p-torsion-free, so Λ/pN ∼= A∞/pN for every N . A module annihilated by mN

A is annihilated
by pN ; its submodules and finite generating sets are therefore the same over the two length bases.

For clarity, the exact perfectoid consequences used here are as follows. Choose 0 ̸= g ∈ A such
that A[1/g] → D[1/g] is finite etale, and write (g)perfd for the almost ideal in [5, Notation 4.0.1].
Corollary 4.0.4 of that paper says that the positive Koszul homology on C of every system of
parameters of An ⊗A D is annihilated by (g)perfd. Taking n = 0 covers every system of parameters
of D, not just the chosen parameters of A. Proposition 4.0.10 identifies the normalized lengths
of (g)perfd-almost-isomorphic mA-power-torsion modules. In particular the Koszul homology just
described has length zero.

Definition 4.0.8 and Corollary 4.0.18 of [5] give, for every d-primary ideal H,

λ∞(C/HC) = eperfd(H, D) ≤ e(H, D),

with equality when H is a parameter ideal. The equality for arbitrary parameter ideals is also
the n = 0 case of Proposition 4.0.14 there. Applying it to (za

1 , . . . , za
h) and using the ordinary

parameter multiplicity power rule yields

λ∞
(
C/(za

1 , . . . , za
h)C

)
= ahe((z1, . . . , zh), D).

All these statements apply to the same algebra C and the same normalized length, while z ranges
over the systems of parameters of D.

We finish by checking the category and stability assertions in both characteristics. A module
killed by a power of d is killed by a power of mA, so the length above is defined on it and is additive
there. If H is d-primary and HN M = 0, choose r with dr ⊆ H; then mrN

A M = 0. Thus a common
power of H supplies the common annihilating power required by Lemma 3.2. The value e((z), D)
is positive and finite. These observations prove all the remaining assertions of Theorem 3.1.

4 Reductions and a finite free complex
For maps of positive residue characteristic, our aim is to obtain a factorization R → T ↠ S with
e(T ) = e(R) and a short free complex over T supported at its closed point. The first reduction
applies in every characteristic and handles arbitrary dimensions and residue fields. The construction
that follows also controls the generic local rings of T ; these will determine the coefficients in the
final multiplicity sums.

4.1 Completion, components, and residue fields

We first make reductions which do not impose any restriction on the characteristic or on the
original residue fields. We use the following localization theorem for Hilbert–Samuel multiplicity:
if (B, b) is an excellent local ring and q ∈ Spec B satisfies

dim(B/q) + dim Bq = dim B,

then e(Bq) ≤ e(B). This is Nagata’s localization theorem; the stated form is recalled in [20,
Theorem 2.1]. It does not require B to be equidimensional.
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Lemma 4.1. For every complete Noetherian local ring (B, b, k) and every algebraic closure k of
k, there is a complete Noetherian local ring B′ and a flat local map B → B′ such that

bB′ = bB′ , B′/bB′ ∼= k, e(B′) = e(B).

Proof. In equal characteristic, choose a coefficient field and a presentation B = k[[X1, . . . , Xt]]/I,
and set

B′ = k[[X1, . . . , Xt]]/Ik[[X1, . . . , Xt]].

The map between the power series rings is flat. For example, this follows from the local flatness
criterion modulo (X1, . . . , Xt): the variables form regular sequences in both rings, and the resulting
map of coefficient fields is flat. The quotient map is therefore flat as well and has the asserted
maximal ideal and residue field.

In the remaining case the residue characteristic is p > 0, and the Cohen Structure Theorem [28,
Tag 032A] gives a presentation B = V [[X1, . . . , Xt]]/I, where V is a complete discrete valuation
ring with uniformizer p and residue field k. We explain why V admits a complete discrete valuation
extension V ′ with the same uniformizer and residue field k, even when k is imperfect. Given
a simple algebraic residue extension with irreducible minimal polynomial f , lift f to a monic
polynomial f ∈ V [X]. The algebra V [X]/(f) is finite free over V , and its quotient by p is the
desired residue field. Every maximal ideal lies over (p), so this algebra is local with maximal
ideal generated by p. The element p is a nonzerodivisor, and the algebra has dimension one. It is
consequently a discrete valuation ring. This argument does not require f to be separable.

Repeat this construction along a tower of simple algebraic extensions whose union is k. At
limit stages take unions. Every nonzero element of such a union is pa times a unit for an integer
a ≥ 0; hence every nonzero ideal is generated by an element of least valuation. The union is again
a discrete valuation ring with uniformizer p. Completing the final union gives the required V ′.
The extension V → V ′ is flat because V ′ is torsion-free over V . Now use

B′ = V ′[[X1, . . . , Xt]]/IV ′[[X1, . . . , Xt]].

Flatness of the power series extension follows from the same local flatness criterion, this time with
coefficient map V → V ′.

Finally, for any flat local map with extended maximal ideal, a composition series of a finite-
length module remains a composition series after tensoring: each residue-field factor becomes the
target residue field. In particular

ℓB′(B′/bN B′) = ℓB(B/bN ) (N ≥ 1).

The two Hilbert–Samuel functions, and therefore their degrees and multiplicities, agree.

Lemma 4.2. To prove e(R) ≤ e(S) for all flat local maps of nonzero Noetherian local rings, it
suffices to prove it when R and S are complete, R is a domain, dim R = dim S > 0, and the
residue field of S is algebraically closed. The reduction preserves equal characteristic p when both
original rings have characteristic p.

Proof. Completion preserves dimension and Hilbert–Samuel multiplicity, and a flat local map
induces a flat map on completions. We can thus first assume that R and S are complete. Put
d = dim R and f = dim(S/mS). The dimension formula for a flat local map gives dim S = d + f .
Choose Q minimal over mS with dim(S/Q) = f . Going-down gives dim SQ ≥ d, whereas

dim S ≥ dim(S/Q) + dim SQ ≥ f + d = dim S.
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All these inequalities are equalities. Since S is excellent, Nagata’s theorem gives e(SQ) ≤ e(S).
The map R → SQ is flat local, its closed fiber has dimension zero, and dim SQ = d. Replacing SQ

by its completion preserves these properties. Thus a proof for this new target proves the original
inequality.

Choose a finite prime filtration of the R-module R, with factors R/pj , allowing repetitions.
Flatness gives a filtration of S with factors S/pjS. The flat local map

R/pj −→ S/pjS

has the same zero-dimensional closed fiber, so its source and target have equal dimension. The
additivity formula for multiplicity yields

e(R) =
∑

dim(R/pj)=d

e(R/pj), e(S) =
∑

dim(R/pj)=d

e(S/pjS).

It therefore suffices to prove the inequality for the indicated domain sources. Their quotients
and the corresponding targets remain complete. If d = 0, each such source is a field and has
multiplicity one, while a nonzero zero-dimensional local target has multiplicity equal to its positive
length. This case is settled.

For d > 0, apply Lemma 4.1 to the target. The resulting composite remains flat local and
has the same target dimension and multiplicity. This proves the reduction. The argument also
appears in [20, Lemma 2.2].

4.2 A factorization with a perfect kernel

The passage from a flat local map to a short free complex follows the construction used by
Iyengar–Ma–Walker [14, Proposition 8.3]. We construct one auxiliary ring and one complex for
both cases of positive residue characteristic, while also controlling the local rings needed to sum
the component estimates. A perfect ideal J of a Noetherian local ring T means an ideal for which
T/J has finite projective dimension and

pdT (T/J) = gradeT J.

Proposition 4.3. Let (R,m) → (S, n) be a flat local map of complete Noetherian local rings.
Suppose R is a domain, dim R = dim S = d > 0, the residue characteristic is p > 0, and the
residue field L of S is algebraically closed. There is a factorization

R −→ (T, t) −→ S = T/J

with the following properties. Write b = dim(T/mT ) and h = d + b.
(i) The ring T is complete, its residue field is L, and R → T is flat with regular closed fiber.

Moreover dim T = h and e(T ) = e(R).

(ii) Every irreducible component of T has dimension h. The ideal J is perfect of grade b, and S
has a minimal finite free T -resolution P• in degrees 0, . . . , b with P0 = T .

(iii) Choose lifts x1, . . . , xd ∈ t of a minimal reduction of n. Then

F• = P• ⊗T K•(x1, . . . , xd; T )

is a finite free complex in degrees 0, . . . , h, has F0 = T , and is contractible locally on
Spec T \ {t}. Its differential entries lie in t, and its ranks have alternating sum zero.

21



(iv) If Q ∈ Spec T contracts to zero in R, then TQ is a complete intersection. In mixed charac-
teristic, TQ is regular. Every prime of T which is minimal over J contracts to zero in R. In
mixed characteristic T is generically reduced; a prime Q minimal over J contains a unique
minimal prime of T .

Parts (i)–(iii) preserve the source multiplicity and produce the complex to which Theorem 2.1
will apply. Part (iv) supplies the characteristic-dependent comparisons at primes Q minimal
over J . In characteristic p, its complete-intersection assertion will identify eHK(JTQ, TQ) with
ℓTQ

(TQ/JTQ) in Lemma 5.1. In mixed characteristic, regularity puts each such prime on exactly
one component of T , so the later summation counts it only once.

Proof. Constructing T . Let k be the residue field of R. Choose a complete regular normalization
A ⊂ R with residue field k, such that R is finite over A. In equal characteristic, take a coefficient field
k ⊂ R and a system of parameters a1, . . . , ad, giving A = k[[a1, . . . , ad]]. In mixed characteristic,
choose a coefficient Cohen ring V ⊂ R and a system of parameters p, a2, . . . , ad, giving A =
V [[a2, . . . , ad]]. The Cohen Structure Theorem and completeness give finiteness in both cases; the
maps from these power series rings are injective by dimension. No generic separability is required
here.

Apply the Cohen Factorization Theorem of Avramov–Foxby–Herzog [2] to A → S:

A −→ (U, u) ↠ S,

where U is complete, A → U is flat local, and its closed fiber is regular; see [20, Theorem 3.1].
Regularity ascends along this map because both A and the closed fiber are regular [28, Tag 031E].
Thus U is a regular local ring, with residue field L.

Set T = R ⊗A U . This is finite over U , and multiplication of the two given maps to S induces
a surjection T → S. Its closed fiber over U is

T/uT = (R/mAR) ⊗k L.

The ring R/mAR is local Artinian with residue field k. Its radical is nilpotent, so the displayed
fiber is local Artinian with residue field L. A finite algebra over a complete local ring is a product
of complete local rings; this fiber shows that there is only one factor. Hence T is complete local
with residue field L. Base change shows that R → T is flat and

T/mT ∼= U/mAU.

Its closed fiber is therefore regular of dimension b, and the flat dimension formula gives dim T =
d + b = h = dim U .

A −→ Uy y
R −→ T = R ⊗A U ↠ S.

Figure 1: The construction of the auxiliary factorization. The square is a tensor-product square;
R is finite over A, and A → U is flat local with regular closed fiber. The surjection to S comes
from its given R- and U -algebra structures.
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Figure 1 records the two operations in the construction: the finite normalization A ⊂ R and
the Cohen factorization of A → S.
Preserving multiplicity. To check the multiplicity assertion, lift a regular system of parameters of
T/mT to w1, . . . , wb ∈ t. Lifting regular sequences under a flat local map [28, Tag 00MG] shows
that w is a T -regular sequence and T/(w) is flat over R. Completeness defines the evaluation map

R[[W1, . . . , Wb]] −→ T, Wi 7−→ wi.

The local flatness criterion modulo the variables [28, Tag 00ML] makes this map flat. Its extended
maximal ideal is t, because the images of w generate the maximal ideal of the closed fiber. As in
the last paragraph of Lemma 4.1, the Hilbert–Samuel functions are unchanged under a flat local
map with extended maximal ideal. Adjoining formal variables preserves multiplicity, as follows
also from the associated graded polynomial extension. Therefore

e(T ) = e(R[[W1, . . . , Wb]]) = e(R).

The resolution and the perfect kernel. Start with a minimal free T -resolution of S, possibly infinite.
Each syzygy is flat over R: inductively, the kernel of a surjection between R-flat modules with flat
quotient is flat. Tensoring with k over R consequently preserves exactness and yields a minimal
free resolution of S/mS over the regular local ring T/mT . That ring has global dimension b.
Minimality, or Nakayama’s Lemma, therefore forces the original resolution to vanish in degrees
greater than b. Thus pdT S ≤ b.

The closed fiber S/mS is zero-dimensional, so the image of J in T/mT is primary for its
maximal ideal. Choose in this image a system of b parameters and lift them to elements of J .
Since the fiber is regular, this is a regular sequence on the fiber; flat regular-sequence lifting makes
its lifts a T -regular sequence. Consequently

b ≤ gradeT J ≤ pdT S ≤ b.

This proves perfection and identifies the length of the minimal resolution. The assertions include
b = 0, when the regular sequence is empty and the resolution has only its degree-zero term.
Components and the supported complex. Because R is a finite torsion-free A-module, it embeds in a
finite free A-module. Flatness gives an embedding of T in a finite free U -module. The contractions
to U of the associated primes of T are thus zero. In particular every minimal prime P of T
contracts to zero, and T/P is finite integral over U . It follows that dim(T/P ) = dim U = h.

The field L is infinite, so a minimal reduction of n generated by d elements exists. Lift its
generators to x in T . The ideal J + (x) is t-primary. At a prime outside its vanishing set, either
the localized resolution resolves zero and is split exact, or one of the xi is a unit and its Koszul
complex is contractible. Hence F• is contractible off t. Minimality of the resolution and xi ∈ t put
all its differential entries in t. Its degree-zero term is T , and

∑
i

(−1)i rank Fi =
(∑

i

(−1)i rank Pi

)
(1 − 1)d = 0,

where d > 0 is used.
Local rings over the generic point of R. Finally put K = Frac(A) and KR = Frac(R). Localizing
at A \ {0} gives

T ⊗A K ∼= (U ⊗A K) ⊗K KR.
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Here U ⊗A K is regular, and KR/K is a finite field extension. Express this field extension as a
finite tower of simple algebraic extensions. After base change each step is defined by a monic
polynomial, which is a nonzerodivisor even if the intermediate ring is not reduced. The resulting
local rings are quotients of regular local rings by regular sequences, hence complete intersections.
Every Q contracting to zero in R belongs to this localization, proving the first assertion of (iv).
In mixed characteristic the fields have characteristic zero, so KR/K is separable. The displayed
extension is then finite etale, and its local rings are regular.

Every minimal prime of S contracts to a minimal prime of R by flat going-down; that prime is
zero. This applies to the primes of T minimal over J . Moreover every minimal prime of T avoids
A \ {0} by the preceding torsion-freeness argument, so in mixed characteristic its localization is a
zero-dimensional regular local ring, namely a field. Thus T is generically reduced. At a prime Q
minimal over J , the regular local ring TQ is a domain, which also shows that Q contains exactly
one minimal prime of T .

Remark 4.4. Since T is complete and equidimensional, it is catenary and

dim TQ + dim(T/Q) = h (Q ∈ Spec T ).

In particular a prime Q containing J with dim(T/Q) = d is minimal over J and has dim TQ = b.
In mixed characteristic its localization is regular by Proposition 4.3.

5 The characteristic-p argument
In characteristic p, Frobenius makes the differential entries of the complex from Proposition 4.3
arbitrarily deep. We apply Theorem 2.1 separately to each component of T and add the resulting
inequalities. The following Hilbert–Kunz identity identifies that sum with e(S).

Lemma 5.1 (Ma’s Hilbert–Kunz identity). Let (T, t) be a complete local ring of characteristic
p > 0 with perfect residue field, let J be a perfect ideal, and put S = T/J . For any system of
parameters x1, . . . , xd of S,

eHK(J + (x), T ) =
∑

Q minimal over J
dim(T/Q)=d

e((x), T/Q) eHK(JTQ, TQ).

If each TQ occurring in this sum is a complete intersection, then

eHK(J + (x), T ) = e((x), S).

Proof. The first assertion is [20, Lemma 4.2]. For the second, we use the following complete-
intersection consequence from [20, Section 2.3 and Lemma 4.2]: a primary ideal of finite projective
dimension in a local complete intersection of characteristic p has Hilbert–Kunz multiplicity equal
to its colength. Since J is perfect, JTQ is such an ideal in TQ. Consequently

eHK(JTQ, TQ) = ℓTQ
(TQ/JTQ).

The Hilbert–Samuel associativity formula gives the conclusion. No assumption that x extend to a
parameter system of T is involved.

Theorem 5.2. For every flat local map (R,m) → (S, n) of nonzero Noetherian local rings of
characteristic p > 0, one has e(R) ≤ e(S).
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Proof. Lemma 4.2 reduces the problem to complete rings of the same positive dimension, with R
a domain and the residue field of S algebraically closed. Use Proposition 4.3 to obtain T, J, P•, F•
and the integers d, b, h = d + b. Set

H = J + (x1, . . . , xd)T.

This is a t-primary ideal.
Fix a minimal prime P of T and put D = T/P , with maximal ideal d. This is a complete

local domain of dimension h and has the same algebraically closed residue field. Choose a minimal
reduction (z1, . . . , zh) of d. There is an integer c ≥ 0 such that

dn = (z)n−cdc ⊆ (z)n−c (n ≥ c).

Take the D-algebra C and its normalized length λ from Theorem 3.1. For I = (z)C the length
hypotheses of Theorem 2.1 hold with

µ = e((z), D) = e(D).

For a power q = pn, let F•(q) be the complex obtained by raising every matrix entry of the
differentials of F• to its qth power. This is scalar extension by the nth Frobenius endomorphism of
T and has the same ranks as F•. Its differential entries lie in t[q]. Their images in C therefore lie in

d[q]C ⊆ dqC ⊆ Iq−c.

Frobenius preserves the identities defining a contracting homotopy on each localization where F• is
contractible. Subsequent scalar extension preserves those identities as well. Since (z) is d-primary,
the ideals I and tC have the same radical. Consequently F•(q) ⊗T C is contractible locally off
V (I).

The first differential of the resolution P• has entries generating J , and P0 = T . Thus

H0(F•(q) ⊗T C) = C/H [q]C.

Apply Theorem 2.1 with s = q − c, for q > c. Its degree-zero rank is one, and the ranks of all its
terms are fixed as q varies. The Hilbert–Kunz quotient formula from Theorem 3.1 and Frobenius
scaling give

qheHK(HD, D) = eHK((HD)[q], D)
= λ(C/H [q]C)
≥ e(D)(q − c)h(1 − o(1)).

Dividing by qh and letting q tend to infinity proves

eHK(HD, D) ≥ e(D).

Every component of T has dimension h by Proposition 4.3. The associativity formulas for
Hilbert–Kunz [13, Theorem 3.14] and Hilbert–Samuel multiplicities have the same generic length
coefficients, so

eHK(H, T ) =
∑

P ∈Min(T )
ℓTP

(TP ) eHK(H(T/P ), T/P )

≥
∑

P ∈Min(T )
ℓTP

(TP ) e(T/P ) = e(T ).
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In particular this summation does not assume that T is reduced.
We now verify the hypotheses of Lemma 5.1. The ring T is complete of characteristic p, its

residue field is algebraically closed and therefore perfect, and J is perfect. For every minimal
prime Q of J with dim(T/Q) = d, Proposition 4.3 shows that TQ is a complete intersection. The
chosen x is a system of parameters of S = T/J , and its ideal is a reduction of n. Hence

e(S) = e((x), S) = eHK(H, T ) ≥ e(T ) = e(R),

as required.

5.1 Dutta multiplicity of short complexes

The zeroth homology in the following consequence need not be cyclic. The finite-length-module
comparison in Lemma 3.4 therefore takes the place of the Hilbert–Kunz quotient formula used
above. We use the following terminology of Iyengar–Ma–Walker [14, Sections 2.5–2.6].

Definition 5.3. Let (R,m) be a Noetherian local ring of characteristic p > 0 and dimension d. A
short complex over R is a complex of finite free modules

F = (0 −→ Fd −→ · · · −→ F0 −→ 0)

whose homology modules have finite length and for which H0(F ) ̸= 0. For any bounded complex
G with finite-length homology, write

χR(G) =
∑

i

(−1)i ℓR Hi(G).

When G is finite free, let Φn
RG denote scalar extension along the nth Frobenius endomorphism.

Its Dutta multiplicity is
χR

∞(G) = lim
n−→∞

p−ndχR(Φn
RG).

The limit exists; see [14, Section 4.17]. For a short complex over a complete characteristic-p
local ring, the Frobenius homology theorem of Roberts, as recalled in [20, Theorem 2.4], states
that

lim
n−→∞

p−nd ℓR Hi(Φn
RF ) = 0 (i > 0).

Consequently
χR

∞(F ) = lim
n−→∞

p−nd ℓR H0(Φn
RF ). (5.1)

This holds for arbitrary short complexes; it does not require their zeroth homology to be cyclic.
Iyengar, Ma, and Walker conjectured the lower bound in the next corollary for short complexes

over all complete local rings [14, Conjecture 8.1]. Here we prove the bound for complete domains
of positive characteristic.

Corollary 5.4 (Dutta multiplicity over positive-characteristic domains). Let (R,m) be a complete
Noetherian local domain of characteristic p > 0, and let F be a short complex over R. Then

χR
∞(F ) ≥ e(R).
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Proof. Put d = dim R. If d = 0, then R is a field and F0 is a nonzero free module, so χR
∞(F ) =

rankR F0 ≥ 1 = e(R). Assume d > 0. Splitting off contractible free summands makes F minimal
without changing its homology or Dutta multiplicity. Write bi = rankR Fi; in particular b0 ≥ 1.

First suppose that the residue field is algebraically closed. Choose a minimal reduction
I = (z1, . . . , zd) of m. As in the proof of Theorem 5.2, there is a fixed integer c ≥ 0 with

mq ⊆ Iq−c (q ≥ c).

Use the characteristic-p algebra C = Rperf and normalized length λ from Theorem 3.1. For any
short complex G over R, right exactness gives

C ⊗R H0(G) = H0(C ⊗R G), Φn
R(H0(G)) = H0(Φn

RG).

Lemma 3.4 and (5.1) therefore give

λH0(C ⊗R G) = χR
∞(G).

Let q = pn. The entries of the differentials of Φn
RF lie in m[q] ⊆ mq ⊆ Iq−c. Frobenius

preserves a contracting homotopy at every localization where F is contractible. Thus Φn
RF again

has finite-length homology; it is minimal and has nonzero zeroth homology, so it is short. Scalar
extension to C preserves the same contracting homotopies; since I is m-primary, the extended
complex is contractible locally off V (IC). The defining Dutta limit, with its index shifted by n,
now gives

λH0(C ⊗R Φn
RF ) = χR

∞(Φn
RF ) = qdχR

∞(F ).
Moreover

∑
i(−1)ibi = 0, since F becomes exact over the fraction field of R. Apply Theorem 2.1

to C ⊗R Φn
RF with parameter ideal IC, depth s = q − c, and µ = e(I, R) = e(R). For q > c it

gives

qdχR
∞(F ) ≥ e(R)(q − c)d

(
b0 − Ad

q − c

d∑
i=0

bi

)
.

After division by qd, the right side tends to b0e(R). Since b0 ≥ 1, this proves the corollary in this
case.

For an arbitrary residue field, Lemma 4.1 gives a complete flat local extension (R,m) → (S, n)
with n = mS, algebraically closed residue field, and dim S = d, e(S) = e(R). Put G = S ⊗R F .
This is again a minimal short complex. Frobenius scalar extension commutes with this base change,
and finite-length module lengths are preserved, so

χS
∞(G) = χR

∞(F );

this invariance is also recorded in [14, Section 4.17]. The ring S need not be a domain, so we pass
to its components by a prime filtration rather than apply the preceding case directly.

Choose a finite prime filtration of the S-module S with factors Dj = S/Pj , and put hj = dim Dj .
Additivity of Euler characteristic for the bounded free complex Φn

SG gives

χS(Φn
SG) =

∑
j

χS(Dj ⊗S Φn
SG).

The complexes in the sum have finite-length homology because the contracting homotopies off
n persist after tensoring. The Hochster–Huneke Frobenius homology estimate, in the form [3,
Theorem 5.2], gives constants Cj such that

ℓS Hi(Dj ⊗S Φn
SG) ≤ Cjpn min{hj ,d−i} (0 ≤ i ≤ d).
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Indeed, its complex has length d and finite-length homology, and its finite coefficient module
Dj has dimension hj . When hj < d, every homology length in this summand is O(pnhj ), so its
contribution divided by pnd tends to zero.

When hj = d, the ring Dj is a complete local domain with the same algebraically closed residue
field. The complex Dj ⊗S G is short over Dj : its homology is supported at the maximal ideal
because the localized contracting homotopies persist, and its zeroth homology is nonzero because
its matrices remain minimal and b0 ≥ 1. Inspecting differential matrices gives

Dj ⊗S Φn
SG ∼= Φn

Dj
(Dj ⊗S G).

Lengths of its homology over S and Dj agree. Taking limits, applying the already proved domain
case to these factors, and using additivity of top-dimensional Hilbert–Samuel multiplicity along
the prime filtration, we obtain

χR
∞(F ) = χS

∞(G) =
∑

hj=d

χ
Dj
∞ (Dj ⊗S G) ≥

∑
hj=d

e(Dj) = e(S) = e(R).

This completes the proof.

6 Mixed characteristic
We work one irreducible component at a time. Finite integral extensions make the differential
entries deep enough to apply the uniform complex estimate. An upper bound for the resulting
normalized length is obtained from a prime filtration, and is independent of those extensions after
a separate parameter-power limit. The following two multiplicity estimates supply that upper
bound. Whenever an ideal is used on a quotient ring, its image in that quotient is understood.

Lemma 6.1. Let (A, a) be a Noetherian local ring of positive dimension t, let H be a-primary,
and let f ∈ H. If dim A/(f) = t − 1, then

e(H, A) ≤ e(H, A/(f)).

Proof. Multiplication by f induces a map A/Hj−1 −→ A/Hj whose cokernel is A/(Hj , f). Con-
sequently

ℓA(A/(Hj , f)) ≥ ℓA(A/Hj) − ℓA(A/Hj−1).

For large j these are Hilbert–Samuel polynomials. The polynomial on the right has leading
coefficient e(H, A)/(t − 1)!, and the one on the left has leading coefficient e(H, A/(f))/(t − 1)!.
Comparing them proves the assertion, including the case t = 1.

Lemma 6.2. Let (B, b) be a complete Noetherian local domain of dimension h, and let 1 ≤ d ≤ h.
Suppose that an ideal L ⊆ b and elements x1, . . . , xd ∈ b satisfy

√
L + (x1, . . . , xd) = b. Put

HN = L + (xN
1 , . . . , xN

d ), N ≥ 1.

The following assertions hold.
1. If dim B/L < d, then e(HN , B) = O(Nd−1).

2. If L = q is prime, dim B/q = d, and Bq is regular, then

e(HN , B) ≤ Nde((x1, . . . , xd), B/q) + O(Nd−1).
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All constants concern the fixed data B, L, x and are independent of N .

Proof. Choose a ≥ 1 with ba ⊆ L + (x1, . . . , xd), and set rN = d(N − 1) + 1. The pigeonhole
principle for monomials gives

barN ⊆
(
L + (x1, . . . , xd)

)rN ⊆ L + (xN
1 , . . . , xN

d ) = HN . (6.1)

In particular, on any fixed nonzero quotient A of B of dimension t ≤ d − 1, monotonicity of
multiplicity under inclusion of primary ideals gives

e(HN , A) ≤ e(barN , A) = (arN )te(b, A) = O(Nd−1). (6.2)

This also applies when t = 0.
To use this estimate, we will pass from B to fixed quotients of smaller dimension. Quotienting

by an element of L that lowers the dimension by one can only increase the multiplicity of HN ,
by Lemma 6.1. In the first case we will reach dimension d − 1. In the second case we will first
reach dimension d, choosing the quotient so that its localization at q is the residue field of Bq. The
component B/q will therefore have coefficient one in the associativity formula, while every other
component of that quotient will admit one more dimension-lowering quotient.

The ring B is catenary and equidimensional. Thus, for every prime p ⊂ B, one has dim B/p =
h − ht p. We will also use the following consequence. A list of j partial parameters in B has all
its minimal primes of height j: its quotient has dimension h − j, which gives the lower bound on
these heights, and the generalized principal ideal theorem gives the upper bound. In particular its
quotient is equidimensional.

For the first assertion, select h − d + 1 partial parameters v1, . . . , vh−d+1 in L. Here is the
required prime avoidance argument. After j < h − d + 1 choices, a minimal prime of the preceding
ideal has height j and quotient dimension h − j ≥ d. It cannot contain L, because dim B/L < d.
Hence the next element can be chosen in L outside all these finitely many primes. Each choice
lowers the dimension by one. Applying Lemma 6.1 successively, with HN fixed, gives

e(HN , B) ≤ e(HN , B/(v1, . . . , vh−d+1)).

The quotient on the right is fixed and has dimension d − 1, so (6.2) proves the first assertion.
For the second assertion put c = h − d = ht q. We choose v1, . . . , vc ∈ q that are partial

parameters in B and generate the maximal ideal of the regular local ring Bq. To justify both
conditions simultaneously, suppose that v1, . . . , vj have been chosen, with j < c, and that their
images in

qBq/(qBq)2

are linearly independent over κ(q). Let Ej be the contraction to B of

(v1, . . . , vj)Bq + (qBq)2.

Since this cotangent space has dimension c, the ideal q is not contained in Ej . Nor is it contained
in any minimal prime of (v1, . . . , vj): those primes have height j < c. Prime avoidance, with the
single possibly nonprime ideal Ej , therefore supplies an element vj+1 in q outside their union. This
preserves both conditions. At the end, Nakayama’s Lemma gives

(v1, . . . , vc)Bq = qBq.

For c = 0 this is the empty list.
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Set A = B/(v1, . . . , vc), which is equidimensional of dimension d. Repeated application of
Lemma 6.1, followed by associativity of multiplicity, gives

e(HN , B) ≤ e(HN , A) =
∑

p∈Min(A)
ℓBp(Ap) e(HN , B/p), (6.3)

where primes of A are identified with primes of B. The prime q is one of these minimal primes,
and its coefficient is

ℓBq(Aq) = ℓBq(Bq/qBq) = 1.

On this component HN becomes (xN
1 , . . . , xN

d ). The parameter-ideal power formula therefore
makes its contribution exactly Nde((x1, . . . , xd), B/q).

For any other prime p in (6.3), the two distinct primes p and q have the same height c and
are incomparable. Choose wp ∈ q \ p. Its image is nonzero in the complete local domain B/p of
dimension d, and its quotient has dimension d − 1. It belongs to the image of every HN . Thus
Lemma 6.1 and (6.2) give

e(HN , B/p) ≤ e(HN , B/(p, wp)) = O(Nd−1).

The number of these components and their coefficients in (6.3) are fixed and finite. Summing
proves the second assertion.

Theorem 6.3. Assume the notation and conclusions of Proposition 4.3, and suppose that the
source domain R has mixed characteristic. Then

e(S) ≥ e(T ) = e(R).

Proof. Write t for the maximal ideal of T , and recall that dim T = h, dim S = d > 0, S = T/J ,
and

F = P ⊗T K(x1, . . . , xd; T ),

where P is a finite free resolution of S, of length at most h − d. The complex F has length at
most h, has F0 = T , and is contractible away from the closed point. Its differentials have entries
in t, and its ranks have alternating sum zero. The images of x1, . . . , xd form a minimal reduction
of the maximal ideal of S; in particular

√
J + (x1, . . . , xd) = t. The residue field, denoted by k, is

algebraically closed.
Fix a minimal prime P0 of T and put B = T/P0, with maximal ideal b. By Proposition 4.3,

B is a complete local domain of mixed characteristic, has dimension h, and has residue field k.
Choose a parameter ideal (u1, . . . , uh) that reduces b.

Finite extensions that make the differentials deep. Fix an integer q > h and choose roots zi = u
1/q
i

in an algebraic closure of Frac(B). The ring B′ = B[z1, . . . , zh] is a finite domain extension of B.
It is complete local, has residue field k, and has dimension h. The ideal (z1, . . . , zh) is primary
for its maximal ideal. Since b is integral over (u1, . . . , uh), every element of b is integral over
(z1, . . . , zh)qB′.

Choose a ≥ 1 with pa ∈ (z1, . . . , zh)B′, where p is the residue characteristic. Apply Heitmann’s
integral-extension form of the Briançon–Skoda Theorem [11], as stated in [12, Proposition 2.8] to
the generating list

pa, z1, . . . , zh

of the ideal I = (z1, . . . , zh)B′. This list has n = h + 1 members and satisfies the theorem’s
hypothesis p ∈

√
(pa, z1)B′. With k′ = q − h − 1 ≥ 0, its conclusion sends each element integral
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over In+k′ = Iq into Ik′+1 = Iq−h after an integral extension. Here redundant generators are
allowed by the theorem’s statement. Apply it to a finite generating set of b. Taking a prime above
zero in each extension if necessary gives integral domain extensions, which can be embedded in a
common algebraic closure of Frac(B). Adjoin the finitely many integral coefficients witnessing the
resulting memberships. We obtain a domain D finite over B such that

bD ⊆ (z1, . . . , zh)q−hD. (6.4)

We may replace D by its normalization: it remains finite by excellence, and the inclusion persists.
A finite algebra over a complete local ring is a product of complete local rings; since D is a domain,
there is just one factor. Thus D is complete local of dimension h, and its residue field is k because
it is finite over the algebraically closed field k.

Put r = rankB D. For every b-primary ideal H, the finite-module multiplicity formula and
equality of residue fields give

e(HD, D) = re(H, B). (6.5)

Indeed, a Frac(B)-basis of D ⊗B Frac(B) can be cleared of denominators to give an injection
Br −→ D with torsion cokernel. This cokernel has dimension less than h, so it does not contribute
to multiplicity. Moreover, lengths of finite-length D-modules are the same over B and over D
because the residue fields agree. Applying (6.5) to (u1, . . . , uh) and using the parameter-ideal
power formula gives

qhe((z1, . . . , zh), D) = e((u1, . . . , uh), D) = re(B). (6.6)

A lower bound for the normalized length. Use the algebra C and additive length λ supplied for D by
Theorem 3.1, and put µ = e((z1, . . . , zh), D). Extend F along T −→ B −→ D −→ C. Its entries
belong to (z1, . . . , zh)q−hC by (6.4). Local contractions survive this base change. The ideals tD
and (z1, . . . , zh)D have the same radical, so the required support is also preserved. Theorem 2.1,
with s = q − h and zeroth rank one, therefore gives a constant K depending only on h and the
fixed ranks of F such that

λ(C/(J, x1, . . . , xd)C) ≥ µ(q − h)h
(

1 − K

q − h

)
for all sufficiently large q. Together with (6.6), this reads

λ(C/(J, x1, . . . , xd)C)
r

≥ e(B)
(

1 − h

q

)h (
1 − K

q − h

)
. (6.7)

In particular, K is independent of the choices of D, C, and λ as q varies.

The power rule for the quotient lengths. For now keep q, D, C, and λ fixed. For every list of
positive integers a1, . . . , ad, consider

F (a) = PC ⊗C K(xa1
1 , . . . , xad

d ; C).

Before base change this complex is contractible away from the closed point: outside V (J) the
resolution P is split exact, and outside V (x1, . . . , xd) the Koszul complex is contractible. Its length
is at most h. Lemma 2.2 therefore shows that its positive homology has λ-length zero and that its
zeroth homology has finite λ-length. Thus

χλ(F (a)) :=
∑

i

(−1)iλ(Hi(F (a))) = λ(C/(J, xa1
1 , . . . , xad

d )C).
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To check the power rule without any finiteness assumption on partial Koszul complexes, fix all
exponents but ai, and let E denote PC tensored with the remaining Koszul factors. For positive
integers v, w, the composable scalar maps xv

i , xw
i on E give the mapping-cone triangle

Cone(xv
i : E → E) −→ Cone(xv+w

i : E → E) −→ Cone(xw
i : E → E) −→ Cone(xv

i : E → E)[1].

Every cone includes a positive power of each xj , so all three have finite homology lengths by the
preceding argument. Additivity of λ in their long exact homology sequence gives additivity of
Euler characteristic. Hence that Euler characteristic is linear in each positive exponent. Applying
this to all d exponents proves

λ(C/(J, xN
1 , . . . , xN

d )C) = Ndλ(C/(J, x1, . . . , xd)C) (N ≥ 1). (6.8)

No assertion that the homology of E itself has finite length was needed.

An upper bound from a prime filtration. Fix a finite prime filtration

0 = S0 ⊂ S1 ⊂ · · · ⊂ Sm = S, Sj/Sj−1 ≃ T/Qj .

All Qj contain J ; the list records repetitions. Set

MN = C/(xN
1 , . . . , xN

d )C, Hj,N = QjB + (xN
1 , . . . , xN

d )B.

Tensoring each filtration sequence with MN gives a right exact sequence

Sj−1 ⊗T MN −→ Sj ⊗T MN −→ C/Hj,N C −→ 0.

Every module here is killed by J + (xN
1 , . . . , xN

d ), whose extension to D is primary for its maximal
ideal. Their lengths are finite: for example, each Sj ⊗T MN is a quotient of a finite direct sum
of C/(J, xN

1 , . . . , xN
d )C. The image of the first arrow is a quotient of its source, so additivity and

nonnegativity of λ yield

λ(Sj ⊗T MN ) ≤ λ(Sj−1 ⊗T MN ) + λ(C/Hj,N C).

Summing these inequalities, applying the primary-ideal bound from Theorem 3.1, and then
applying (6.5), we obtain

λ(C/(J, xN
1 , . . . , xN

d )C) ≤
m∑

j=1
λ(C/Hj,N C) ≤ r

m∑
j=1

e(Hj,N , B). (6.9)

Thus this use of the prime filtration requires only right exactness of tensor product, not flatness of
C over T .

We apply Lemma 6.2 to each term of the last sum. Since Qj ⊇ J , one has dim T/Qj ≤ d. If
dim T/Qj < d, then also dim B/QjB < d. If P0 is not contained in Qj , its image in the domain
T/Qj is nonzero, and hence

dim B/QjB = dim T/(P0 + Qj) < dim T/Qj ≤ d.

In either case the first assertion of the Lemma gives e(Hj,N , B) = O(Nd−1).
The remaining case is dim T/Qj = d and P0 ⊆ Qj . Such a Qj is minimal over J : a strictly

smaller prime over J would give a quotient of dimension greater than d. The generic regularity in
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Proposition 4.3 gives that TQj is regular. It follows that Qj contains exactly one minimal prime of
T , namely P0, and

BQjB = TQj .

Indeed the localization of P0 is the unique minimal prime of the regular local domain TQj and is
therefore zero. The second assertion of Lemma 6.2 now gives

e(Hj,N , B) ≤ Nde((x1, . . . , xd), T/Qj) + O(Nd−1). (6.10)

The two limits and the component sum. Divide (6.9) by rNd and use (6.8). Let N tend to infinity
while keeping the chosen q, D, C, λ fixed. The preceding asymptotic estimates imply

λ(C/(J, x1, . . . , xd)C)
r

≤
∑

1≤j≤m : dim T/Qj=d
P0⊆Qj

e((x1, . . . , xd), T/Qj). (6.11)

The right side does not involve any auxiliary extension or length algebra. Combine this bound
with (6.7) and then let q tend to infinity. Uniformity of K gives

e(T/P0) ≤
∑

1≤j≤m : dim T/Qj=d
P0⊆Qj

e((x1, . . . , xd), T/Qj). (6.12)

There is no exchange of limits: the N -limit was taken separately for each fixed choice of the data
belonging to q.

Finally sum (6.12) over the minimal primes P0 of T . The ring T is equidimensional and generi-
cally reduced by Proposition 4.3; its generic local lengths are therefore all one, and associativity
gives

e(T ) =
∑

P0∈Min(T )
e(T/P0).

Every Qj of dimension d belongs to exactly one of these components, because TQj is regular. Thus
summation counts each occurrence of Qj in the filtration exactly once. The number of occurrences
of a fixed such prime Q is ℓTQ

(SQ), as seen by localizing the filtration at Q. The multiplicity
formula for S consequently yields

e(T ) ≤
∑

1≤j≤m : dim T/Qj=d

e((x1, . . . , xd), T/Qj) = e((x1, . . . , xd), S) = e(S).

The equality e(T ) = e(R) from Proposition 4.3 finishes the proof.

7 Residue characteristic zero
We deduce the residue-characteristic-zero case from Theorem 5.2 by encoding a hypothetical strict
counterexample in finitely many polynomial equations. We follow the reduction-and-approximation
strategy of [20, Section 5], beginning with the finite free reduction of [20, Lemma 5.1]. For the
subsequent transfer, it is enough to preserve a lower bound for the source multiplicity and an
upper bound for the target multiplicity. This allows us to use a presentation matrix and finitely
many initial relations, without keeping track of the homology of a resolution.
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7.1 A finite free map with a common coefficient field

Lemma 7.1. Let (R,m) → (S, n) be a flat local map between complete Noetherian local rings of
equal dimension and residue characteristic zero. There is a factorization

R −→ R′ −→ S

such that R′ is complete local, e(R′) = e(R), and R′ → S is finite free. Moreover, R′ and S have
the same coefficient field and the same residue field.

Proof. Choose a coefficient field k ⊂ R, and identify it with its image in S. Put L = S/n. A
coefficient field of S containing this copy of k can be chosen as follows. Lift a transcendence basis
of L/k to S. These lifts generate a copy of the corresponding rational function field, because a
polynomial with nonzero residue is a unit whenever it occurs as a denominator. The remaining
algebraic extension of residue fields is separable. Hensel’s lemma lifts each simple algebraic root,
and a maximal compatible choice, obtained by Zorn’s lemma, lifts all of L. We henceforth identify
this coefficient field with L.

Choose a presentation R = k[[X1, . . . , Xa]]/I and set

R′ = L[[X1, . . . , Xa]]/IL[[X1, . . . , Xa]].

The compatible maps from R and L to S give a local map R′ → S. Extension of coefficient fields
on power series rings is flat; for example, the local criterion of flatness applies to the regular
sequence of variables and the field extension on their quotients. Thus R → R′ is flat, its maximal
ideal is m′ = mR′, and its residue field is L. Filtering by powers of the maximal ideal gives

grm′ R′ ∼= (grm R) ⊗k L.

In particular, dim R′ = dim R and e(R′) = e(R).
The flat dimension formula for the original map shows that S/mS is Artinian. Since m′S = mS,

this quotient is a finite-dimensional L-vector space. Lift an L-basis to s1, . . . , sq ∈ S. Successively
expressing a remainder modulo m′S, then modulo (m′S)2, and so on, expresses every element of S
as
∑

i aisi with ai ∈ R′. Indeed, the coefficient corrections at step j lie in (m′)j , so they converge
in R′, and the remainders tend to zero in S: the m′S-adic and n-adic topologies agree. Hence S is
finite over R′.

Let P• be a free resolution of k over R. Flatness of R′ over R makes P• ⊗R R′ a free resolution
of L over R′. Therefore

TorR′
1 (L, S) = H1(P• ⊗R S) = TorR

1 (k, S) = 0.

A finite module over a Noetherian local ring with this vanishing is free. Thus R′ → S is finite free,
necessarily of positive rank.

7.2 Encoding the multiplicity bounds

Lemma 7.2. Let (R0,m0) → (S0, n0) be a finite free local map of complete local rings of dimension
d > 0, with a common infinite coefficient field L and residue field L. Put r = e(R0). There is a
finite system

F (t1, . . . , td, Y1, . . . , YN ) = 0
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of polynomial equations over Z with a solution in L[[t1, . . . , td]], having the following property. For
every field K and every solution in A = K[[t1, . . . , td]], the solution determines a finite free local
map

(R, a) −→ (S, b)

of nonzero complete local rings of dimension d and residue field K, for which

e(R) ≥ r, e(S) ≤ e(S0).

Proof. Choose a minimal reduction t1, . . . , td of m0. The induced map

A0 = L[[t1, . . . , td]] −→ R0

is finite, by completeness and the parameter property. It is injective: a nonzero kernel in the
regular local domain A0 would force the dimension of its finite algebra R0 to be less than d. Since
the residue fields agree, the finite-module multiplicity formula and the reduction property give

r = e(R0) = e((t), R0) = rankA0 R0. (7.1)

Here no domain or Cohen–Macaulay hypothesis on R0 is needed. For completeness, a finite module
of rank r over A0 contains a copy of Ar

0 with torsion cokernel; the cokernel has dimension less
than d, so additivity of multiplicity gives the last equality.

We describe the finite system. Throughout the construction, an equality in a presented module
means a coordinate equality with an additional vector witnessing membership in its relation
submodule. Thus, for a matrix U , the assertion w ∈ im U is encoded by w = Uc with a new vector
of unknowns c. The number of coordinates and assertions below is always fixed and finite.

The system records the algebra structures, freeness, and locality. The numerical conditions
use the source’s generic rank for a lower multiplicity bound and the dimensions of the target’s
associated graded pieces for an upper bound.
The source algebra and its generic rank. Fix a presentation

Av
0

U0−→ Au
0 −→ R0 −→ 0.

The entries of a matrix U of this same size are unknowns. On Au, specify a bilinear multiplication
by vectors cij ∈ Au giving the products of standard basis vectors, and specify a unit vector ϵ ∈ Au.
Impose the following identities modulo im U : commutativity and associativity on basis vectors,
the two unit identities on basis vectors, and the assertion that a relation column multiplied by any
basis vector is again in im U . These identities give a unital commutative A-algebra structure on

R = coker U.

They are polynomial equations in the entries of U , the multiplication table, ϵ, and the membership
witnesses.

Impose also the vanishing of all (u − r + 1)-minors of U . If there are no minors of that size,
this condition is empty. Over the fraction field of A, it gives

rankA R = u − rank U ≥ r > 0. (7.2)

These equations are satisfied by the original presentation in view of (7.1). A solution may give
U smaller rank, but this only increases the rank of its cokernel. To turn that rank bound into a
multiplicity bound, we will retain the source reduction (t) as well.

35



The target as a free source-module. Let n > 0 be the original free rank of S0 over R0. Define
the underlying module of the new target to be S = Rn. Give it an R-bilinear multiplication by
specifying

ηiηj =
n∑

h=1
dijhηh, dijh ∈ R,

and a unit δ ∈ Rn. Represent these coefficients and this unit by vectors over A. Impose
commutativity, associativity, and the unit identities on the R-basis η1, . . . , ηn. The underlying
A-module is presented by the block diagonal matrix with n copies of U , so these are again finitely
many polynomial equations, using the source multiplication table and relation witnesses. The
structural map is a 7→ aδ. Consequently, in every solution, S is a unital commutative R-algebra
which is free of rank n as an R-module.
The local ideals and the source reduction. Choose finite generating lists for m0 and n0 that include
the respective images of t1, . . . , td. Represent corresponding lists in R and S by vectors of unknowns,
with their first d entries defined to be tiϵ and tiδ. Denote the generated ideals by a and b. Fix
exponents NR, NS and j for which the original rings satisfy the following conditions, and impose
them on the new data:

aNR ⊆ (t)R, bNS ⊆ (t)S, aj+1 ⊆ (t)aj . (7.3)

Such exponents exist because (t) is primary for both original maximal ideals and reduces m0. For
each standard A-module generator ei of R, impose an expression

ei = ciϵ +
∑

ν

aνwiν , ci ∈ A, wiν ∈ R,

where aν is the source ideal list. Impose the analogous expressions for the un standard A-module
generators of S, using its unit and its ideal list. Thus R/a and S/b are spanned by their units as
A-modules. All these conditions reduce to identities on finite lists of generators and monomials.
Expanding products with the multiplication tables, and representing each coefficient by a vector,
encodes them as polynomial equations.

We first check their consequences, before imposing the target Hilbert-function conditions. By
(7.2), R is a nonzero finite A-algebra, and S = Rn is also nonzero and finite over A. In a finite
algebra over the local ring A, every maximal ideal contains the extended ideal (t). The first two
conditions in (7.3) therefore show that every maximal ideal of R contains a, and every maximal
ideal of S contains b. In particular, both ideals are proper. Since R/a is spanned by the unit and
annihilated by (t), it is a nonzero quotient of K, hence is K. Thus a is the unique maximal ideal
of R. The same argument gives S/b = K and uniqueness of b.

The map R → S is local. Indeed, an element of a is nilpotent modulo (t)R, so its image belongs
to
√

(t)S = b; contraction of b is then a. Positive generic rank implies that R is faithful as an
A-module, so A → R is injective. The map R → S is also injective: if aδ = 0, multiplication by a
on S is zero, whereas S = Rn is faithful. Finiteness now gives dim R = dim S = d. Both rings
are complete, since they are finite over complete A and their maximal-ideal topologies agree with
their (t)-adic topologies by (7.3).

Because (t) ⊆ a, the last inclusion in (7.3) is equality. It makes (t) a reduction of a, whence

e(R) = e((t), R) = rankA R ≥ r. (7.4)

The rank equality has the same proof as (7.1). Thus the reduction relation converts the lower
rank bound into the required source multiplicity bound. Neither a nonvanishing minor nor an
additional condition on the length of the residue quotient is required.
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An upper bound for the target Hilbert function. Write y1, . . . , yq for the chosen original target ideal
list. There is a graded surjection

L[Z1, . . . , Zq] −→ grn0 S0, Zi 7−→ yi + n2
0.

Let I be its homogeneous kernel. Fix a degree-compatible monomial order. Choose finitely many
monic homogeneous polynomials f1, . . . , fb ∈ I whose leading monomials generate the initial ideal
J = in(I). Write

fℓ = Zαℓ +
∑

β∈Bℓ

cℓβZβ, |β| = |αℓ| = aℓ, Zβ < Zαℓ .

Here Bℓ is a fixed finite set. Replace the coefficients cℓβ by unknowns Cℓβ ∈ A and require, on the
new target ideal list b1, . . . , bq, that

bαℓ +
∑

β∈Bℓ

Cℓβbβ ∈ baℓ+1. (7.5)

Membership is expressed using the finitely many degree aℓ + 1 monomials in the ideal list and
coefficient vectors in S. These are again polynomial equations, and the original data provide a
solution.

For any transferred solution, reduce the coefficients Cℓβ modulo (t). Equation (7.5) gives a
homogeneous relation in the kernel of K[Z] → grb S with the same leading monomial Zαℓ . The
leading coefficient is still 1. The higher (t)-adic terms of the other coefficients do not contribute:
their products with a degree-aℓ monomial lie in baℓ+1. It follows that the new initial ideal contains
the monomial ideal J , interpreted over K. The transferred target may have additional initial
relations; this containment is the direction needed for an upper bound. Standard monomials
outside J thus span each new graded piece, whereas they form a basis of the corresponding original
graded piece. Consequently

dimK ba/ba+1 ≤ dimL na
0/na+1

0 (a ≥ 0).

Summation and the equality of dimensions give

e(S) ≤ e(S0). (7.6)

Finally, every coefficient in the foregoing presentations, tables, lists, and membership witnesses
is an unknown; only the sizes, exponents, monomials, and the distinguished coefficients 1 have
been fixed. Accordingly the entire system has coefficients in Z[t1, . . . , td]. It is finite, the original
data solve it in A0, and (7.4) and (7.6) prove the assertion.

7.3 Specialization to positive characteristic

The preceding encoding reduces the problem to transferring existence of a solution of a finite
polynomial system. Artin approximation supplies an algebraic solution whose coefficients can be
specialized.

Lemma 7.3. Let L be a field of characteristic zero. A finite polynomial system over Z[t1, . . . , td]
which has a solution in L[[t1, . . . , td]] has a solution in K[[t1, . . . , td]] for some algebraically closed
field K of positive characteristic.
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Proof. Put B = (L[t1, . . . , td](t))h, whose completion is L[[t]]. Artin approximation [1, Theo-
rem 1.10] gives a solution in B. The henselization is the filtered direct limit of pointed etale
neighborhoods of the origin. Thus the finitely many solution entries and identities descend to one
such neighborhood with an L-rational point over t = 0; this is also the explicit conclusion of [1,
Corollary 2.1].

Shrink about that point. An etale presentation then has the form

E =
(
L[t, z1, . . . , zm]/(G1, . . . , Gm)

)
g∆, ∆ = det

(
∂Gi

∂zj

)
,

where the distinguished point is (t, z) = (0, c), with c ∈ Lm, Gi(0, c) = 0, and g(0, c)∆(0, c) ̸= 0.
The solution entries are elements of E. Choose polynomial representatives with denominators
powers of g∆. For each of the finitely many solution identities, clear denominators and choose a
polynomial expression in the ideal (G1, . . . , Gm) which witnesses that identity. One may multiply
by a further power of g∆ before doing so.

Let W ⊂ L be the Z-algebra generated by the following finite set: the coefficients of Gi and
g, the coordinates of c, the coefficients of the representatives and ideal-membership witnesses
just chosen, and the inverse of g(0, c)∆(0, c). This is a nonzero finitely generated Z-algebra of
characteristic zero. The same presentation defines an etale W [t]-algebra

EW =
(
W [t, z]/(G1, . . . , Gm)

)
g∆.

Evaluation at (0, c) gives a W -valued point. All solution identities hold in EW , by the chosen
witnesses.

Choose a maximal ideal of W and let k0 be its residue field. This field is finite. Indeed, it is a
field finitely generated as a Z-algebra. If it had characteristic zero, Zariski’s lemma over Q would
make it a number field. Finitely many ring generators of a number field are contained in its ring
of integers with one nonzero integer inverted, which cannot contain the inverse of every rational
prime. This is impossible for a field of characteristic zero. In positive characteristic, Zariski’s
lemma makes k0 a finite extension of its finite prime field.

Let K be an algebraic closure of k0. The distinguished point specializes to a K-rational point
of EW ⊗W K over t = 0. The inverted Jacobian and denominator remain nonzero there. The etale
lifting property, or multivariable Hensel’s lemma, lifts this point to a K[t]-algebra map

EW ⊗W K −→ K[[t]].

Explicitly, the point lifts uniquely over each successive quotient K[[t]]/(t)a, since the Jacobian is
invertible, and the compatible lifts give the displayed map by completeness. Applying it to the
solution entries preserves all the polynomial identities and proves the assertion.

Theorem 7.4. For every flat local homomorphism of nonzero Noetherian local rings (R,m) → (S, n)
whose residue fields have characteristic zero, one has e(R) ≤ e(S).

Proof. By Lemma 4.2, it suffices to consider complete rings of the same dimension with algebraically
closed target residue field. Lemma 7.1 then permits us to assume that the map is finite free and
that both rings have the same algebraically closed coefficient field L.

If the common dimension is zero, equality of residue fields and freeness of rank n ≥ 1 give
e(S) = ℓS S = n ℓR R ≥ e(R). Suppose instead that d > 0 and that e(R) > e(S). Lemma 7.2
produces a finite polynomial system with a solution over L[[t1, . . . , td]]. Lemma 7.3 gives a solution
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over K[[t1, . . . , td]] for an algebraically closed field K of positive characteristic. The resulting finite
free local map R̃ → S̃ satisfies

e(R̃) ≥ e(R) > e(S) ≥ e(S̃),

contradicting Theorem 5.2.

8 Proof of the main theorem
Proof of Theorem 1.1. The reductions of Section 4 reduce the assertion to a complete, equal-
dimensional flat local map with domain source and algebraically closed target residue field; the
dimension-zero case is immediate. A source of positive characteristic is covered by Theorem 5.2,
a source of mixed characteristic by Theorem 6.3, and a source of residue characteristic zero by
Theorem 7.4. These cases exhaust the possibilities. Each reduction preserves the source multiplicity
and preserves or decreases the target multiplicity, or recombines the inequalities by additivity.
Thus the inequality holds for the original map.
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