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Abstract

Assuming the stated deterministic critical-reference estimates, we prove that the relative
second moment of the quenched critical spin correlation in the square-lattice Ising model with
independent fair bonds 1± ε grows as (log r)1/4+o(1) for each sufficiently small fixed ε > 0. The
correlation is evaluated at the physical critical temperature, with the thermodynamic limit
taken before the disorder moments and the large-distance limit.
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1 Introduction
Weak random bonds in the planar Ising model provide a basic example in which disorder is
expected to change critical correlations through logarithmic factors. The fluctuations of a quenched
correlation are particularly revealing: the correlation is first computed in a fixed environment,
with its own Gibbs normalization, and only then averaged over the bonds. This paper establishes
the predicted logarithmic growth of its relative second moment for small, fixed binary disorder.
The proof uses deterministic critical-reference estimates from [19]; the stochastic estimates and
the identification of the physical critical point are proved here.

1.1 Model and result

Let E be the unordered nearest-neighbor edges of Z2, each counted once, and let (ξe)e∈E be
independent fair signs on a single probability space. Fix 0 < ε < 1 and set Je(ω) = 1 + εξe(ω).
For Λn = {−n, . . . , n}2, define

H f
n,ω(σ) = −

∑
e={x,y}∈E

x,y∈Λn

Je(ω)σxσy, (1.1)

H+
n,ω(σ) = −

∑
e={x,y}∈E

e∩Λn ̸=∅

Je(ω)σxσy, σx = 1 (x /∈ Λn). (1.2)

In the second sum, edges wholly outside Λn are omitted. For b ∈ {f, +} and β ≥ 0, write ⟨·⟩bn,β,ω for
the Gibbs expectation proportional to exp(−βHb

n,ω). Every expectation is normalized separately
at its indicated environment and boundary condition.

The physical critical inverse temperature is

mε(β) = E
[

lim
n→∞

⟨σ0⟩+n,β,ω

]
, βc(ε) = inf{β ≥ 0 : mε(β) > 0}. (1.3)

Ferromagnetic monotonicity gives the plus limit. Comparison with constant bonds, with β0 =
1
2 log(1 +

√
2), gives

0 <
β0

1 + ε
≤ βc(ε) ≤ β0

1− ε
<∞.

For each integer r ≥ 3, let

Cε,ω(r) = lim
n→∞, n≥r

⟨σ0σ(r,0)⟩fn,βc(ε),ω, Rε(r) = E[Cε,ω(r)2]
E[Cε,ω(r)]2 . (1.4)

The free correlation limit exists by monotonicity in the volume and lies in (0, 1]. In particular
Rε(r) is defined and is at least one. All unqualified expectations E below are over the environment;
auxiliary independent random choices used in the proof will be included explicitly when introduced.

Theorem 1.1. Assume the deterministic reference-model estimates of [19], at the scopes stated in
Section 2. There is ε0 > 0 such that for every fixed ε ∈ (0, ε0),

lim
r→∞, r∈N

log Rε(r)
log log r

= 1
4 . (1.5)

The critical inverse temperature in (1.4) is the physical value (1.3); it is the unique positive solution
of

sinh
(
2β(1− ε)

)
sinh

(
2β(1 + ε)

)
= 1. (1.6)
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The order of limits is essential. The disorder strength is fixed first; the free thermodynamic
limit is then taken for each separation, followed by the disorder moments and the limit in r.
Constants and errors may depend on this fixed positive strength. At ε = 0 the environment is
deterministic and R0(r) = 1.

The reference input concerns deterministic translation-invariant, square-symmetric, finite-
range even perturbations and their critical nearest-neighbor comparison kernels. It supplies
neither a random critical point nor a quenched moment estimate. Section 2 states the particular
reference consequences needed below, including their buffer and symmetry conditions. The proof
of Theorem 1.1 establishes the random estimates from these inputs.

1.2 Historical context

The pure planar Ising model has specific-heat exponent zero, the borderline case left undecided
by Harris’s criterion for the effect of quenched disorder [16, Section 5]. Dotsenko and Dotsenko
obtained the double-logarithmic prediction for the random model’s specific heat [9]. Shalaev’s
renormalization analysis predicted unchanged leading critical indices [20]. Shankar and Ludwig
developed the logarithmic corrections to spin-correlation moments [21, 17]. In particular, Shankar
predicted the factor (log r)1/4 in the second moment of the spin correlation, and Ludwig studied
logarithmic corrections to its moments. The exponent in Theorem 1.1 is thus an established
prediction. The issue addressed here is its derivation for normalized quenched correlations at the
physical critical point, under the stated reference input.

The deterministic reference theory has a different role. Critical nearest-neighbor spin correla-
tions and mixed primary fields have rigorous scaling limits; the limiting fields satisfy operator-
product expansions [7, 8]. Rigorous results for deterministic weak perturbations include energy
correlations in the plane [14], energy correlations on cylinders [2], and boundary spin correlations
in the half-plane [4]. These results provide context for the deterministic bulk premise used here [19];
none supplies the random moment estimates below. The energy and spin operator products enter
the coefficient computation in Section 6, after the local estimates needed for random interactions
have been established.

Rigorous critical behavior at a self-dual random-bond law also predates this work. Building on
disorder-rounding results of Aizenman and Wehr [1], Chayes and Shtengel proved zero magnetization
and algebraic lower bounds on averaged correlations at the binary self-dual law [5, Theorems 1′

and 2′]. Their argument did not exclude a critical phase containing that point. Here the
weak-disorder estimates identify the tuned parameter with the physical critical threshold and
give the logarithmic moment asymptotic there. The probabilistic part uses the random-cluster
representation [13, 12], critical crossing estimates [10, 6], product-space influences [15], and the
monotone-measure extension [11] of the decision-tree inequality of O’Donnell, Saks, Schramm, and
Servedio [18].

1.3 Proof strategy and the role of locality

It is convenient to include inverse temperature in the couplings and use the coordinates

log sinh(2Ke) = t + Dξe, D > 0. (1.7)

For each sufficiently small fixed D, we first choose t by a renormalization construction. The last
part of the proof identifies this choice with t = 0 and then returns to the original parameter β.

At scale rj = r0Lj , the effective interaction is a sum of local even spin functions. Each cell
has one distinguished term whose size is allowed to be large. The other terms are indexed by
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connected sets of cells and have small norms with exponential decay in the size of those sets.
Every term records both the spins on which it acts and the original random variables on which
its coefficients depend. This second record will give exact independence of the leading factors
attached to well-separated spin insertions.

The first difficulty is to transport interactions that are small in high moments but are not
uniformly small. Section 3 constructs an exact local change of representation. An isolated group of
large interactions is integrated as a positive exponential weight. Insertions in the same region are
transported by its normalized conditional law. Reference comparison across a surrounding buffer
bounds the resulting density, and reference even-function decay attenuates its dependence on the
outer spins. Failures of this attenuation have a distant large-field witness, which can be paid
for using independence and high moments. Section 4 turns these observations into the estimates
needed to iterate the construction. In particular, it controls mixed moments of spin sources and
nearby background fields, whose randomness is shared.

The linearized background transport has one expanding mean coordinate and one neutral
covariance coordinate. The first is removed by choosing t; the second, denoted gj , measures
thermal-charge variance per unit area. Section 5 proves contraction of the remaining coordinates.
The nonlinear coefficients of the two surviving effects are computed in Section 6. Its method uses
finitely many microscopic energy insertions: exact partition identities preserve their normalized
charges, and the reference energy and spin operator products determine the logarithmic terms.
Only finite-degree polynomial calculations are needed. This separates the coefficient calculation
from the estimates that justify the real random iteration.

The resulting flow, proved in Sections 7 and 8, satisfies gj ∼ (B0j)−1 for a positive constant
B0. The leading random factor of a transported spin has a bounded positive mean and second
moment j1/8+o(1). Two distant insertions have independent leading factors once their small nonlocal
remainders are removed. Section 9 uses an enlarging terminal buffer to compare the remaining
Gibbs expectation with the critical reference expectation. It obtains the relative second-moment
exponent 1/4 and also a high-moment wired-arm bound.

Finally, Section 10 identifies the physical transition. Twisted torus partition functions locate
the tuned value at the distributionally self-dual point. A product-space influence inequality and a
random-shell exploration inequality make the needed threshold and subcritical estimates explicit.
Planar random-cluster duality then gives positive magnetization above tuning. This final step
connects the local renormalization construction to the critical point used in the statement.

The reusable parts of the method are the positive treatment of large local interactions, the
simultaneous tracking of spin support and random dependence, and the extraction of marginal
coefficients from invariant charges of finitely many insertions. Their application here requires all
three: locality controls dependence, high moments control exceptional fields, and the coefficient
identities determine the logarithmic exponent.

2 Reference averaging, charges, and field products
The changes of scale below use conditional expectations in the critical nearest-neighbor model.
This section records their precise scope and derives three consequences: an invariant coefficient for
each of the energy and spin directions, the large-distance coefficients of the products of these fields,
and a finite set of boundary tests that controls an averaged sup norm. These are deterministic
statements. Estimates for the random lists constructed from them begin in Section 4.
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2.1 The reference measure and its accepted inputs

Write ⟨·⟩0 for critical nearest-neighbor plane expectation on Z2, at coupling Kc = 1
2 log(1 +

√
2).

For a max-norm square BR(z), let PR,z be conditional expectation over its interior, retaining the
spins of its cutting contour. Thus PR,zF is a function of cutting spins whenever F is supported
inside the square. All sup norms in this section are over every assignment of the spins on the
support of the function; for PR,zF these are the cutting spins. We abbreviate PR,0 to PR. Nested
cuts compose by the tower property. In particular, if a square lies inside a larger reference domain,
replacing an observable inside the square by its conditional average preserves its expectation in
that domain, as well as in the plane.

Put F ◦ = F − ⟨F ⟩0, and use this representative for even functions modulo constants. An odd
function already has plane mean zero. Our scalar energy and spin dimension are

e(z) = 1
4

∑
v: |v−z|=1

(
σzσv − ⟨σzσv⟩0

)
, d = 1

8 . (2.1)

We use Euclidean distances for field asymptotics and max-norm squares for conditional averaging.
This distinction changes no buffer condition.

The supplied conformal-universality theorem applies to a fixed deterministic potential on
finite even sets, of fixed finite range, invariant under lattice translations, reflections, and right-
angle rotations. For a sufficiently small fixed coefficient multiplying that potential, it supplies
a critical branch, nonzero field factors, and separated bulk spin and energy limits in smooth
simply connected domains with free, plus, or minus boundary, and in the plane obtained from
periodic-square thermodynamic limits [19, Theorem 1.1]. We use its conditional averaging, thermal,
and marked-source interfaces only for the unperturbed critical reference model in bulk charts with
their prescribed buffers. In particular, its conditional kernels throughout this paper are P ; they
are never conditional kernels of a random effective interaction.

Here are the specific operator and calibration inputs. If F is supported in Bw(0), set

dR(F ) = ⟨F ⟩+disk(4R) − ⟨F ⟩0. (2.2)

For each sufficiently large fixed ratio R/w, and all sufficiently large w, the reference estimate gives

|dR(F )| ≤ C(w/R)b ∥F∥∞ , (2.3)
∥PRF ◦∥∞ ≤ C|dR(F )|+ C(w/R)p ∥F∥∞ , (2.4)

where

(b, p) =


(1, 3), F is even and invariant under right-angle rotations,
(1, 2), F is even,

(d, 1 + d), F is odd.

(2.5)

The constant is uniform over sufficiently large fixed ratios, whereas the fine-mesh threshold can
depend on the ratio. Ratios converging to a fixed admissible value are allowed. The norm bound
is uniform over all cutting configurations [19, Proposition 4.1].

Write O1(z) = e(z) and Od(z) = σz, and omit z when z = 0. There are nonzero constants κb

such that
RbdR(Ob) −→ κb. (2.6)

Moreover the averaged reference fields satisfy

c ≤
∥∥∥wbPwOb

∥∥∥
∞
≤ C, c(w/R)b ≤ |dR(wbPwOb)| ≤ C(w/R)b. (2.7)
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Here and below energy fields are plane-centered. These are the calibration and field-line estimates
of [19, Lemmas 4.5 and 5.3 and Equation (5.18)]. The exact identity behind the last reference is

BbPBw

(
wbPwOb

)
= (Bw)bPBwOb. (2.8)

No convergence rate for primary fields is used in these inputs.

2.2 Invariant energy and spin coefficients

The disk response in (2.4) depends on the observation scale. To use a single thermal coordinate
through successive cuts, we first replace that response by a linear functional invariant under all
cuts.

Lemma 2.1 (Invariant charges). There are linear functionals ℓ on bounded local even functions
modulo constants and ℓs on bounded local odd functions with

ℓ(e(z)) = 1, ℓs(σz) = 1.

They commute with translations and square symmetries and are invariant under reference condi-
tional averaging whenever the cut encloses the support. For b = 1 write ℓb = ℓ, and for b = d write
ℓb = ℓs; the subscript in ℓs means spin. If F has the corresponding parity and support in a square
of radius w above a fixed threshold, then

|ℓb(F )| ≤ Cwb ∥F∥∞ , ℓb(F ) = κ−1
b lim

R→∞
RbdR(F ). (2.9)

The disk in this limit may be centered at any fixed lattice point. In the even case ℓb annihilates
constants.

Proposition 2.2 (Averaging and charge cancellation). Fix ν > 0 smaller than p − b in the
applicable row of (2.5). For all sufficiently large w and R ≥ Cw, a function F of that parity,
supported in Bw(z), satisfies

∥PR,zF ◦∥∞ ≤ C(w/R)b ∥F∥∞ , (2.10)
∥PR,zF ◦ − ℓb(F )PR,zOb(z)∥∞ ≤ C(w/R)p−ν ∥F∥∞ . (2.11)

In particular, the second bound is the improved decay bound for a function of charge zero. We
shall use ν = 1/4. The exponent 3− ν requires the individual even function to be invariant under
right-angle rotations; invariance of its probability law alone does not suffice. For a site at fixed
positive relative distance from the cutting contour,

∥PR,ze(y)∥∞ ≤ CR−1, ∥PR,zσy∥∞ ≤ CR−d. (2.12)

The first bound also holds for a single plane-centered bond product.

Proof of Lemma 2.1 and Proposition 2.2. Fix a sufficiently large integer B and put wk = Bkw.
In the appropriate parity space, with plane centering in the even case, define

vk = wb
kPwk

Ob, Sk = BbPwk+1 .

The lines Rvk are uniformly nonzero and bounded by (2.7), and Skvk = vk+1 by (2.8). If F is
supported in Bwk

, subtract αvk to cancel its response in the disk of radius 4wk+1. Equations (2.3)
and (2.7) give |α| ≤ C ∥F∥∞. Applying (2.4) to this difference proves the quotient bound

∥Sk : Xk/Rvk −→ Xk+1/Rvk+1∥ ≤ CBb−p. (2.13)
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Here Xk is the space of bounded functions of the required parity on Bwk
, with plane mean zero in

the even case and with right-angle rotation invariance imposed when p = 3; its norm is the sup
norm. The same estimate holds after subtracting any multiple of vk, so it is indeed an estimate
for the quotient norm. Combining (2.3) and (2.4) at the fixed ratio B also bounds Sk uniformly.

Choose uniformly bounded projections onto Rvk, using for example the response in a disk at
one fixed large multiple of wk and dividing by its nonzero response on vk. In the resulting bounded
splittings,

Sk =
(

1 βk

0 Dk

)
, ∥βk∥ ≤ C, ∥Dk∥ ≤ CBb−p =: q.

Enlarge B until q ≤ Bb−p+ν < 1. Writing Sk−1 · · ·S0F = akvk + uk gives

∥uk∥ ≤ Cqk ∥F∥∞ , ak+1 − ak = βkuk.

Consequently ak converges to a linear functional a∞(F ) and

|a∞(F )| ≤ C ∥F∥∞ , ∥Sk−1 · · ·S0F − a∞(F )vk∥∞ ≤ Cqk ∥F∥∞ . (2.14)

Define ℓb(F ) = wba∞(F ). Since the line is transported exactly, its coefficient is one on Ob.
Constants have already been removed. Dividing (2.14) by Bkb gives (2.11) at the radii wk and
gives (2.9)’s bound. The construction permits an arbitrary initial function on the first square; it
need not initially be a function of the cutting contour.

To identify the functional independently of the chosen initial scale, first divide (2.14) by Bkb

and test the resulting unscaled decomposition in a plus disk at a fixed sufficiently large multiple
of wk. Conditional averaging preserves that expectation. After multiplication by the disk scale
to the power b, the error is O(Bk(b−p+ν)) and tends to zero because p − ν > b; the line term
tends to κbℓb(F ) by (2.6). This proves the limit in (2.9). It also proves that different initial scales
and bounded splittings give the same functional. For an intermediate radius R, stop one scale
earlier when necessary, choosing k so that B ≤ R/wk < B2. The final averaging ratio then lies
in a fixed admissible compact interval. The input estimates are uniform on such an interval:
otherwise a sequence of failing ratios would have a convergent subsequence, contrary to their
stated converging-ratio version. One additional cut therefore proves both decay bounds and the
disk limit for every sufficiently large radius.

For a cut enclosing F , its disk expectation agrees with that of F in every disk containing the
cut, and its plane expectation also agrees. The disk-limit formula now proves P -invariance. A fixed
shift of the disk center gives the same limit: apply the decay decomposition about the old center,
whose remainder still has sup norm O(R−p+ν) in a square inside the shifted disk. The line term
has the same calibrated one-point limit, by bulk one-point convergence with the insertion displaced
by O(R−1) in rescaled coordinates. This proves translation invariance; the disk symmetry proves
rotation and reflection invariance.

The bounds in (2.12) at the center are (2.7). For a displaced site, first cut at a square centered
there of radius comparable to R and contained inside the requested cut, and then use the tower
property and contraction in sup norm. For a single centered bond, its one-point calibration has
the same nonzero scalar limit as the four-bond average, by the separated reference field theorem
for both bond orientations. The recurrence proving (2.7) uses (2.4) with p = 2 in this case: at a
fixed large ratio,

(Bw) ∥PBwF∥∞ ≤ C + CB−1w ∥PwF∥∞ .

Iteration bounds the left side uniformly. Finally all four incident bonds have equal charge by
square symmetry, and their average has charge one; thus every centered bond has charge one.
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2.3 Extracting product coefficients from separated limits

Normalize the continuum energy ε so that its plane two-point function is |z − w|−2. Let a > 0
be the lattice energy field factor in this normalization; a simultaneous sign change of ε changes
the signed energy–spin coefficient but not any expression used below. Write aσ > 0 for the spin
field factor. The separated primary-field limits, including mixed correlations in a plus disk, are
the accepted reference input and [8, Theorem 1.3]. The continuum product expansions in a fixed
domain are

ε(z)ε(0) = |z|−21 + O(1), ε(z)σ(0) = 1
2|z|σ(0) + O(1). (2.15)

They hold inside correlation functions, uniformly away from other insertions and the boundary [8,
Theorems 6.1–6.2 and Remark 6.4].

Lemma 2.3 (Energy and energy–spin products). Uniformly in the direction of z ∈ Z2 as |z| → ∞,

⟨e(z)e(0)⟩0 = a2 + o(1)
|z|2

, (2.16)

ℓ
(
e(z)e(0)

)
= o(|z|−1), (2.17)

ℓs
(
e(z)σ0

)2 = a2 + o(1)
4|z|2 . (2.18)

The even charge in (2.17) is evaluated modulo the plane mean. In addition to Proposition 2.2, the
proof uses only separated lattice limits and the continuum expansions (2.15).

Proof. Set n = |z| and ζ = z/n. The plane separated energy limit gives (2.16). To extract the
other two coefficients without a lattice collision estimate, fix a small ρ > 0 and cut separately in
the disjoint squares of radius ρn about 0 and z. Put

E0 = Pρn,0e(0), Ez = Pρn,ze(z), S0 = Pρn,0σ0,

and
Φn = n2(EzE0 − ⟨EzE0⟩0), Ψn = n1+dEzS0.

Rounding the square radii leaves fixed buffers. The two conditional replacements preserve
expectations in the plane and in every sufficiently large plus disk: condition on both contours
and use independence of their interiors. They consequently preserve charges by Lemma 2.1.
Proposition 2.2 gives ∥Φn∥∞ + ∥Ψn∥∞ ≤ C, with both supports in BCn(0). Their scale-normalized
charges are

λn = ℓ(Φn)
n

= n ℓ(e(z)e(0)), µn = ℓs(Ψn)
nd

= n ℓs(e(z)σ0), (2.19)

and are bounded uniformly in n.
For either Θn = Φn or Ψn, let b be its leading dimension, and put χn = ℓb(Θn)/nb. Subtract

from Θn the field χnnbPCnOb. This subtraction has bounded norm and zero charge. Its expectation
in a disk of radius 4Bn, with B fixed and large, is therefore O(B−p+ν), by (2.11). Calibration of
the subtracted line yields

lim sup
n→∞

∣∣∣χn − κ−1
b BbdBn(Θn)

∣∣∣ ≤ CBb−p+ν . (2.20)

For a sequence of varying directions the same assertion follows from compact-separated convergence
after passing to a convergent subsequence of ζ. This is the quantitative separation of the two
limits: first n→∞ with B fixed, and then B →∞.
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For the even product the limit of dBn(Φn) is

a2(⟨ε(ζ)ε(0)⟩+disk(4B) − 1
)
.

Rescale this disk by B. The first expansion in (2.15) gives

⟨ε(ζ)ε(0)⟩+disk(4B) = B−2⟨ε(ζ/B)ε(0)⟩+disk(4) = 1 + O(B−2).

Thus BdBn(Φn) tends to zero in the iterated limit. The error in (2.20) also tends to zero, since
the general even exponent p = 2 is already larger than b = 1. This proves (2.17).

For the odd product, plane expectation vanishes, and the separated limit is aaσ⟨ε(ζ)σ(0)⟩+disk(4B).
Let mσ = ⟨σ(0)⟩+disk(4). The second expansion in (2.15) gives

⟨ε(ζ)σ(0)⟩+disk(4B) = B−1−d(1
2Bmσ + O(1)

)
.

Since κd = aσmσ, the odd instance of (2.20) gives µn → a/2 in this sign normalization. Squaring
gives (2.18). All the continuum remainders just used are uniform for |ζ| = 1, which also proves
the claimed uniformity in direction.

2.4 Positive local tilts and finite boundary tests

We next give two consequences needed for controlling sup norms of random functions. The first
controls a large positive weight inside a small patch; the second reduces a sup norm on a distant
contour to finitely many scalar evaluations. In both, the untouched collar is in the reference model.

Lemma 2.4 (Buffered comparison and normalized positive weights). Consider a finite critical
reference graph in a square chart. Let I, J and Vpin be pairwise disjoint vertex sets, and prescribe
common spin values on Vpin. Suppose I ⊂ Bw(z) and J ⊂ BR(z)c. For R ≥ (1 + c)w with fixed
c > 0, every assignment a on I and assignments τ, τ ′ on J satisfy

C−1
c ≤

P0(σI = a | σJ = τ, σVpin)
P0(σI = a | σJ = τ ′, σVpin) ≤ Cc. (2.21)

For R ≥ 8w ≥ 8, the absolute logarithm of this ratio is at most C(w/R)θ for some θ > 0. The
constants are uniform in mesh, common pins, and auxiliary finite real fields. Either law can be
replaced by a mixture; the comparison also holds after a common conditional randomization, across
fixed polygonal collars of positive relative width, and for different continuations whose reference
interactions agree in the separating chart. Free or fixed physical boundaries can intersect such
collars.

In particular, let W > 0 and f be bounded functions supported in Bw(z), let s/w > 1 leave a
fixed relative collar, and put

Z = ⟨W ⟩0, N = Z−1Ps,zW, M = Z−1Ps,z(fW ). (2.22)

Then
C−1 ≤ N ≤ C, ∥M∥∞ ≤ C ∥f∥∞ , ⟨N⟩0 = 1, ⟨M⟩0 = ⟨fW ⟩0

Z
. (2.23)

The bounds are independent of the amplitude of W . If W and f are spin-flip even, then N and M
are even.
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Proof. The conditional-law assertions are the buffered and shrinking-patch comparison [19, Corol-
lary 2.2]; the comparison across physical boundaries has the same common-pin convention. Apply
(2.21) to the law in the inner square under an arbitrary cutting configuration and to its mixture
induced by the reference plane law. Pointwise comparison of these laws, integrated against W ≥ 0,
gives C−1Z ≤ Ps,zW ≤ CZ. The inequality |fW | ≤ ∥f∥∞ W gives the bound for M . The two
mean identities are the tower property. Finally, global spin flip commutes with the reference kernel,
which proves the parity assertion.

Taking W = eB in (2.22) makes both the denominator and numerator of the tilted expectation
bounded before a farther reference cut is applied. Lemma 4.2 will combine these bounds with
Proposition 2.2 to obtain attenuation uniform in the size of an even local tilt B.

Lemma 2.5 (Finite tests for an averaged sup norm). Fix concentric inner and outer squares with
a sufficiently large fixed ratio of radii and fixed relative buffers. Rescale the inner radius to one;
the resulting mesh is 1/w when the original radius is w in lattice units. For every η > 0 there are
an integer N and a fine-mesh threshold such that, at each finer mesh, one can choose outer cutting
configurations τ1, . . . , τN with

∥PF∥∞ ≤ max
1≤k≤N

|PF (τk)|+ η ∥F∥∞ (2.24)

for every bounded function F supported in the inner square. Here P averages to the outer contour.
The number N is independent of the mesh and of F ; the actual configurations may depend on the
mesh. Consequently, for a random inner function F and q ≥ 1,(

E ∥PF∥q∞
)1/q ≤ N1/q max

k

(
E|PF (τk)|q

)1/q + η
(
E ∥F∥q∞

)1/q
. (2.25)

Proof. Choose an intermediate annular contour separated from both squares by fixed relative
collars. For any outer configuration τ , the induced law on this contour has a density Hτ relative
to the reference plane law satisfying ⟨Hτ ⟩0 = 1 and 0 ≤ Hτ ≤ C. This is the pointwise comparison
used in [19, Proposition 4.1]. Hence PF (τ) = ⟨FHτ ⟩0.

Apply the outer-to-inner version of finite soft-weight replacement [19, Lemma 3.3] to Hτ /C.
For any η0 > 0, it supplies finitely many positive normalized weights U1, . . . , Um and vectors
c(τ) ∈ Rm with

∑
i |ci(τ)| ≤ C, such that, simultaneously for all F ,∣∣∣∣∣PF (τ)−

m∑
i=1

ci(τ)⟨FUi⟩0

∣∣∣∣∣ ≤ Cη0 ∥F∥∞ .

Because Ui ≥ 0 and ⟨Ui⟩0 = 1, each functional F 7→ ⟨FUi⟩0 has norm at most one. Cover the
finite-dimensional coefficient ball {c : ∥c∥ℓ1 ≤ C} by finitely many sets of ℓ1-diameter at most η/2.
From each occupied set choose one actual outer configuration τk. For every τ in that set, the two
approximation errors and the coefficient difference give

|PF (τ)− PF (τk)| ≤ (2Cη0 + η/2) ∥F∥∞ .

Take η0 ≤ η/(4C). The number of sets depends on the tolerance and geometry, but not on
the fine mesh. Taking the supremum over τ proves (2.24). Finally, Minkowski’s inequality and
maxk |Xk|q ≤

∑
k |Xk|q prove (2.25).

The finite tests control images of arbitrary inner functions, so their choice is independent of
the disorder when F is random. Later we apply them after summing all short inputs sent to one
common parent contour. That sum still has its support inside a fixed inner square; this is why the
buffer size in the blocking construction is chosen before the moment estimates.
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3 An exact local change of scale
We now construct the transformation of interactions that will be iterated. Its defining identity
holds for each realization of the disorder. The probability estimates needed to control its iteration
enter only in Section 4. The distinction matters: a principal interaction can be large, and the
construction must still preserve the normalized partition function. We integrate such interactions
through positive conditional weights, while expanding only the remaining small interactions. The
connected expansion used below is the list construction of [19, Section 5, Proposition 5.2], with
this additional positive-weight operation; we include its algebra and counting estimates.

3.1 Lists and the two kinds of support

Let r0 and L be odd positive integers and set

rj = r0Lj , r = rj , R = Lr. (3.1)

Partition Z2 into disjoint squares of side r, with centers in rZ2, and denote this collection by Gr.
These partitions are nested, and the origin is a cell center at every scale. Cells are adjacent when
their closures meet, so corner adjacency is allowed. An animal is a nonempty finite connected set
of cells. Write par(c) for the unique R-cell containing the r-cell c. Distances between cells, when
expressed without units, are maximum-norm cell distances. Physical distances carry the factor r
or R explicitly.

At scale r the index set is

Ir = {pc : c ∈ Gr} ∪̇ {(A, c) : A ⊂ Gr is an animal, c ∈ A}.

The index pc is the principal slot at c. It may use the cells within a fixed distance S of c, called its
halo. The slot (A, c) is an animal slot, with anchor c. Assign sizes

n(pc) = 1, n(A, c) = |A|.

Thus the principal size is one even though its allowed support has a fixed halo. A list h = (hi)i∈Ir

consists of real functions of finitely many spins. Its background functions are invariant under a
simultaneous reversal of all spins. Terms with an identical slot index are added as functions before
a norm is taken. Different list representations of the same total interaction need not coincide.

Every slot records two supports. Its spin carrier contains the spin coordinates used by its
function. Its dependence carrier contains the microscopic edge variables and decision seeds on
which that function, including its choice of representation, depends. Both carriers are contained
in its animal, or in the permitted halo of a principal slot. In every geometric contact test and
output-footprint rule below, we use this full indexed animal or full principal halo, even if the actual
spin or random dependence is smaller. These geometric carriers therefore depend only on the slot
indices. An edge variable is assigned to its incident cells; enlarging a carrier by one safety cell
removes ambiguity at interfaces. Consequently sets of slots whose enlarged dependence carriers are
at distance greater than two use disjoint primitive random variables and are independent. This is
an assertion about the disorder probability space, not about spins in the reference Gibbs measure.
Independent seeds are reserved at all cells and all future scales. A decision at a given scale reads
only the seeds and edge variables in its recorded dependence carrier.

In the plane, the law of the list is invariant under translations of its grid and the symmetries
of the square. Geometric choices of cutting squares are equivariant random choices using these
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independent seeds. For example, a rounding tie is resolved by assigning independent continuous
priorities to its candidates and choosing the smallest priority. We make one realized choice before
performing conditional averaging or taking a logarithm. Assigning a resulting function to an
anchor is a linear operation; only for these assignments may we instead split the function equally
among all tied slots. Both conventions preserve square symmetries in law.

Let ⟨·⟩0 denote critical plane reference expectation, acting on spins only, with the disorder
fixed. We use the projection

πf = f − ⟨f⟩0, ∥πf∥∞ ≤ 2∥f∥∞. (3.2)

All list entries are plane-centered. The removed scalar is saved separately, with its dependence
carrier, and never subsequently treated as an interaction. This convention will also be applied to
coefficients containing source labels. It is essential to save their scalars: only source-independent
scalars cancel automatically in a normalized partition function.

For a finite set of marked sites, introduce commuting variables ζ1, . . . , ζm satisfying ζ2
a = 0. A

source jet is an expression

H(ζ) =
∑

i

hi +
∑

∅̸=J⊂{1,...,m}
ζJ

∑
i

uJ
i , ζJ =

∏
a∈J

ζa. (3.3)

A coefficient carrying J must have a carrier containing the cells of all the corresponding marks. A
one-mark list is anchored at its mark cell and has a marked principal slot there. For more than one
mark we use animal slots and anchor at the first mark, in the prescribed order of labels. Source
coefficients are not used in threshold decisions. The nilpotent variables record derivatives and
products exactly; they place no positivity assumption on the source coefficients. We always use
finitely many labels and source lists with finite weighted indexed norms, defined below.

3.2 Indexed norms and the order of the parameters

The function space at a slot is the finite-dimensional space of functions of its available spins, with
its sup norm. For a tensor in k such spaces we use the projective norm

∥F∥π = inf
{∑

α

k∏
b=1
∥fb,α∥∞ : F =

∑
α

f1,α ⊗ · · · ⊗ fk,α

}
. (3.4)

The infimum is over finite tensor representations, or their norm completion. In particular,
∥f1 ⊗ · · · ⊗ fk∥π ≤

∏
b ∥fb∥∞. A bounded multilinear operation on the component function spaces

extends to this tensor product with the same operator bound. Expectations of random tensors are
taken componentwise; the inequality ∥EF∥π ≤ E∥F∥π then applies.

For v > 0 and 1 ≤ p <∞, define the indexed norms

∥h∥v,∞ = sup
i∈Ir

evni∥hi∥∞, (3.5)

∥h∥v,p = sup
i∈Ir

evni
(
E∥hi∥p∞

)1/p
, (3.6)

∥K∥v,π = sup
i1,...,ik

ev(ni1 +···+nik
)∥Ki1,...,ik

∥π. (3.7)

The first norm is deterministic; whenever a random essential supremum is intended it will be
stated. In the tensor norm the factors retain separate spin variables, even if their carriers overlap.
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Diagonal evaluation and multiplication are bounded operations, but do not replace the projective
norm. Source norms use their marked index sets. Rooted sums that arise when slots are combined
will be bounded by the counting argument below; they are not part of the definition of these
indexed suprema. An admissible source jet, at a fixed disorder realization, has finite deterministic
norms ∥uJ∥v,∞ at a fixed weight with counting slack, for each of its finitely many nonempty label
sets. A finite-volume list also has only finitely many possible anchors. These conditions imply
absolute summability, as verified in Proposition 3.6, and hold for the microscopic initialization and
every finite iterate. On the infinite plane we require only the corresponding indexed and rooted
estimates.

Here is an order of choices sufficient for all later uses. Fix the finite set of even source powers,
including 2, 4, and 400, and then a much larger even background power p. Choose a fixed contour
dilation H large enough for the buffered reference estimates and the finite testing statement in
Section 2. Choose the principal halo S ≥ 105H, increasing its absolute multiplier if a larger
protective neighborhood is used. Let aan be an exponential counting constant for rooted animals,
established below. One may take a slack weight ω > 100aan, a tensor weight 10ω, and background
and moment weights w, v larger than 106(p + 400)4 times that tensor weight. Only finitely many
intermediate weights, all with this counting slack, will occur. They are fixed before L. Set
M = (log L)3 and increase the odd integer L until it pays all the weight comparisons below and
satisfies

S ≪M, 1000M ≪ L. (3.8)

Choose δ > 0 sufficiently small after L. The testing accuracy needed later can then be chosen at
this fixed L, followed by a sufficiently large odd r0. Finally the disorder strength is made small
after these choices. Constants CL may depend on the fixed weights and geometric constants, but
not on the scale, mesh, volume, or principal field amplitudes. The counting constants CL below
can be chosen polynomial in L for fixed weights.

The deterministic hypothesis on the nonprincipal background is

∥hA,c∥∞ ≤ δe−w|A|. (3.9)

There is no such bound on principal slots. At a fixed finite-volume step they are finite real
functions, with a possibly large deterministic bound. No stochastic moment hypothesis is used in
this section.

3.3 Positive treatment of the large principal fields

For each principal slot choose an independent threshold θc uniformly in [δ, 2δ], independently of
the input list, using a fresh seed. Declare c bad when ∥hpc∥∞ > θc. All other entries are called
small entries; in particular their principal norms are at most 2δ. Put an edge between bad centers
at physical maximum-norm distance at most 100HR. A component is selected if its diameter is at
most 1000Mr. The empty set has no selected component.

Selection can be decided locally. Starting at a bad center x, inspect all bad centers within
distance 100HR + 1000Mr of x, and the component of x in this finite inspected graph. If this
component contains a vertex at distance greater than 1000Mr from x, the true component is
already too large. Otherwise every possible first edge leaving the inspected component has its
other endpoint in the inspected ball, so there is no such edge. We have found the entire component
and can test its diameter. This also rejects every infinite component using a finite certificate. The
badness of each inspected center uses only its principal halo and its fresh threshold seed. Thus
selection has a bounded dependence neighborhood of radius CHR.
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For a selected component C, choose a lattice center near the center of its bounding box,
resolving rounding symmetrically, and let QC be the cutting square of radius HR there. Write

BC =
∑
c∈C

hpc , AC = PQC eBC , b′
C = log AC .

Here and throughout, PQ is conditional expectation in the critical reference measure given the
spins outside the interior of Q, as defined in Section 2. In particular it retains the cutting spins.
Our choices of L ensure that all spin supports of BC lie strictly inside QC . Distinct selected squares
have disjoint interiors and large intervening collars: their bad centers belong to distinct components
and hence are separated by more than 100HR, whereas their diameters are O(Mr). An unselected
bad insertion also has its entire spin support outside these collars. Since the integrand is positive,

e−∥BC∥∞ ≤ AC ≤ e∥BC∥∞ , ∥πb′
C∥∞ ≤ 2

∑
c∈C
∥hpc∥∞. (3.10)

Put πb′
C in a nearest parent principal slot and save its scalar. For every unselected bad input,

retain hpc without averaging and add it to the principal slot at par(c). A boundary modification,
specified below, may also retain a selected component; its individual insertions are then treated
this same way. The pure output of all bad backgrounds is therefore principal.

For any spin function F , the normalized tilted conditional operator is

P B
Q F = PQ(eBF )

PQeB
. (3.11)

It is defined for every real bounded B, sends 1 to 1, and obeys ∥P B
Q F∥∞ ≤ ∥F∥∞. These

properties require no smallness or ferromagnetic property of B. The operator still uses only
reference conditional probabilities. The denominator in (3.11), and its logarithm already saved
above, are the normalization that will make the ensuing partition identity exact.

3.4 The transformed moments and their logarithm

Keep the bad configuration and its selected squares fixed. Expand the exponential of all small
entries and source coefficients in ordered occurrences, with the factor 1/k! for k occurrences. An
occurrence remembers its input slot and its source label set, if any. Retain only products whose
source label sets are disjoint, as required by ζ2

a = 0. Repeated background indices are allowed and
their occurrences remain separately labeled.

For each such list, join two occurrences when their full geometric carriers are within 1000HR.
Call this contact graph G. First average the product of the occurrences jointly inside every selected
square, using P BC

QC
. These operators commute because their interiors are disjoint and the reference

specification has the nearest-neighbor Markov property. An additional ordinary conditional average
is used for an occurrence if it is a singleton component of G, has ni < L/2, and has no input bad
center within 1000HR of its carrier. The additional cutting square has radius HR and center
the center of the parent of its anchor. Its support is inside that square, and its collar is disjoint
from all other occurrence supports and all bad supports. The ordinary cuts are also mutually
separated. Long singletons, and short singletons near bad centers, receive only the selected-square
operations already specified. This defines a transformed moment m(I) for every finite labeled set
I of occurrences; set m(∅) = 1.

For clarity, let J index the small background entries and all source entries. An index ι ∈ J
carries a function fι and a label set Jι, empty for a background entry. Write m(fι1 , . . . , fιk

) for
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the transformed moment just constructed. Thus its arguments already include the input functions.
The transformed series is

F(ζ) =
∑
k≥0

1
k!

∑
ι1,...,ιk∈J

Jιa ∩Jιb
=∅ (a̸=b)

ζJι1
· · · ζJιk

m(fι1 , . . . , fιk
), (3.12)

where ζ∅ = 1 and the term k = 0 is 1. Its jointly degree-zero term in all occurrence amplitudes is
1. Define its connected coefficients by the ordinary formal logarithm. More explicitly, for k labeled
occurrences,

c(I) =
∑

P partition of I

(−1)|P|−1(|P| − 1)!
∏

J∈P
m(J). (3.13)

The ordinary variables used to distinguish occurrences in this formula can equivalently be made
square-free. The factor 1/k! is retained when these labeled coefficients are summed over ordered
background occurrences. Lemma 3.3 below proves convergence on the full required ball of small
entries, uniformly over the fixed large fields. It consequently defines a real logarithmic interaction
there, together with a finite jet in the source variables.

For |I| = 1 and ni < L/2, with at most one source label, assign the centered output to the
principal slot at the parent anchor, also for a singleton mark. The same assignment applies when
the short entry has not been averaged because of a nearby unselected bad field. All long singleton
outputs, all outputs carrying more than one mark, and all outputs with at least two occurrences
are put in animal slots. For these animal slots, take the union of the parent footprints of the input
geometric carriers and thicken it by 10000H parent cells. This union is connected whenever c(I)
can be nonzero, as proved below; otherwise its coefficient is zero. Increasing this fixed thickening
if necessary includes the cutting contours and every decision neighborhood. Average the anchor
over the parents of the input anchors, with multiplicity, and keep the stated first-mark anchor for
marked coefficients. Center each resulting function and save its scalar with the same carrier before
discarding its spin support.

At zero background all principal inputs are below threshold. The first derivative on backgrounds
and one-mark lists is therefore the operator T given by

(i, f) 7−→
{(

ppar(c), πPHR,par(c)f
)
, ni < L/2,

the same function in its parent animal slot, ni ≥ L/2.
(3.14)

Here the first cutting square is centered at the indicated parent center. For a spin source whose
scaling dimension is d = 1/8, the scaled one-mark linear transport is LdT ; with q spin labels the
corresponding rescaling factor is Lqd. These rescalings are a choice of coordinates on sources, after
the exact unscaled identity.

Lemma 3.1 (Carriers after one step). The construction has exact finite dependence carriers. Its
principal outputs fit in a fixed halo S at scale R. An animal output generated by input occurrences
of sizes n1, . . . , nk has size

n′ ≤
k∑

a=1

(
C + Cna

L

)
, (3.15)

where C depends only on the fixed protective neighborhoods and not on L. Both the spin carrier
and the dependence carrier satisfy these statements. The same bound holds for the footprint of a
saved scalar.
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Proof. A connected animal of n fine cells has a spanning-tree traversal of length at most 2n in
fine-cell units. Divide this walk into consecutive pieces of length at most L. Each piece, together
with its prescribed O(R)-thickening, lies in a bounded number of parent cells. There are at most
1 + 2n/L pieces, proving the bound for one carrier. A principal halo has fine diameter O(S) and,
since L is large compared with S, its parent thickening has bounded size. Taking the union proves
(3.15). The 1000HR contact rule makes the thickened union connected. Every cut and every tested
bad center is within a fixed HR distance of one of the input carriers. Their input principal halos
add only Sr ≪ R. The selection test and fresh rounding seeds are within the same neighborhood.
This proves the dependence claim, not just the assertion about spin coordinates. In a pure selected
bad output the whole component lies in an O(Mr) square; its cuts and tests thus fit in a fixed
parent halo. An unselected bad input uses an even smaller halo. Short singleton outputs fit in a
fixed parent halo for the same reason. Choosing S to contain these fixed neighborhoods completes
the proof.

3.5 Exactness and the connected expansion

Let µ0 be a finite-volume reference measure in which all the cuts just described are legal. Let Bret
be the sum of the retained bad insertions and set

B′ = Bret +
∑

C selected
b′

C .

The next statement includes all scalars removed from B′ and from logF .

Proposition 3.2 (Exact partition identity). For sufficiently small δ at fixed L, let a finite-volume
real background have finitely many possible anchors, satisfy (3.9), and have finite principal norms.
Every admissible source jet with finitely many labels then has a transformed centered jet H ′(ζ) and
a saved scalar jet s′(ζ) such that∫

eH(ζ) dµ0 = es′(ζ)
∫

eH′(ζ) dµ0. (3.16)

The equality is coefficientwise in the square-free variables and holds for every disorder realization
and every choice of decision seeds. Consequently the normalized source partition function is∫

eH(ζ) dµ0∫
eH(0) dµ0

= es′(ζ)−s′(0)
∫

eH′(ζ) dµ0∫
eH′(0) dµ0

. (3.17)

All pure bad output is principal, and the linearization at zero is (3.14).

Proof. Fix one product F of expansion occurrences. Conditional on all selected cutting spins and
all remaining exterior spins, the reference law factors over the selected interiors. The retained bad
supports are outside these interiors. Therefore∫

eBret+
∑

C BC F dµ0 =
∫

eB′
(∏

C
P BC

QC

)
F dµ0. (3.18)

This is the tower property with the factors PQeB left outside the normalized operators. If an
ordinary singleton cut is used, its interior has a collar from all other factors, including the selected
normalizations and retained bad fields. Conditional averaging of its one occurrence consequently
leaves the right-hand integral unchanged. The resulting integrand is precisely eB′

m(I). Thus
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each expansion term preserves its integral. Summing first for finitely many inputs and sufficiently
small scalar amplitudes gives

∫
eH(ζ) dµ0 =

∫
eB′F(ζ) dµ0. By construction B′ + logF = s′ + H ′.

Lemma 3.3 justifies this logarithm, its exponentiation, and the extension to the whole small-entry
ball, including finite source jets. Absolute finite-volume summability, proved in Proposition 3.6,
permits truncation of an infinite slot list. This proves (3.16). Its denominator at zero sources is
strictly positive, so division gives (3.17). No disorder expectation was taken.

Lemma 3.3 (Tree coefficients and weighted summability). Fix an arbitrary real bad background
and its selected squares. For k small or marked occurrences with contact graph G, their connected
coefficient before centering satisfies

c(I) = 0 if G is disconnected, ∥c(I)∥∞ ≤ 2k−1τ(G)
k∏

a=1
∥fa∥∞ otherwise, (3.19)

where τ(G) is the number of spanning trees and τ(G) = 1 for a single vertex. For any of the fixed
output weights, sufficiently large L allows summation of the ordered order-k coefficients, with their
1/k!, at a fixed output anchor at cost Ck

L times the product of the input weighted bounds. This
holds also with a fixed larger output weight, before or after centering, and for a fixed finite number
of marked occurrences or substitutions of input norm factors.

In particular the bounds can be realized by deterministic nonnegative coefficient majorants that
retain every separate factor ∥fa∥∞. If all but one of these factors are small backgrounds, summing
terms of order at least two leaves a factor at most CLδ times the retained factor’s weighted input
bound. This last statement also holds with a marked retained factor under the normalized bad
operators. The analogous multilinear maps on indexed projective tensors have the same bounds,
after the indicated allocation of weights.

Proof. For any subset of labeled occurrences, its transformed moment factors as a function over the
components of its induced contact graph. Indeed a selected cutting square cannot meet supports in
two different components: their distance would then be at most 2HR plus their halos, much smaller
than the contact threshold. Each normalized operator therefore acts on only one component and
sends empty factors to 1. Ordinary singleton cuts likewise act on just that component. This proves
algebraic factorization without asserting probabilistic independence of the spin functions.

Regard each nonempty connected subset of labels as a polymer with activity its transformed
moment. Two polymers are incompatible if they overlap or a contact edge joins them. The
hard-core polymer partition polynomial equals the transformed moment polynomial: every induced
contact graph has a unique decomposition into connected components. Its logarithmic coefficient
is the sum over partitions of the labels into connected blocks, with the hard-core Mayer coefficient
of the quotient contact graph. For a finite graph Q that coefficient is∑

F ⊂E(Q): (V (Q),F ) connected
(−1)|F |.

Its absolute value is at most τ(Q). To see this directly, strictly order the edges and group each
connected subgraph by its greedy minimum spanning tree. For a specified tree, an additional edge
is permitted exactly when it is later than every edge on its tree path. Such edges are optional
independently, so their alternating sum is zero or has absolute value one. The sum over trees gives
the bound.

For every connected block choose an internal spanning tree, and for every edge of a quotient
spanning tree choose one original contact edge between the corresponding blocks. Allowing all
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these choices can only enlarge the bound. Their union is a spanning tree of G with each edge
marked internal or between blocks. Conversely these marks recover the blocks and all the chosen
edges. There are at most 2k−1 markings per spanning tree. Every polymer activity has norm at
most the product of its occurrence norms, since all its conditional operators, tilted or ordinary, are
sup-norm contractions. This proves (3.19), including the vanishing for disconnected G. Labeling
occurrences has avoided any difficulty with repetitions; returning to the exponential series gives
the stated 1/k!.

We give the placement count because the indexed norms alone contain no summation. A
rooted animal of n cells has a depth-first traversal of a spanning tree with at most 2n nearest or
corner steps. Choosing a deterministic traversal for counting gives at most 82n possible encodings.
Choices of an anchor and of a distinguished contact cell contribute polynomial factors in n, hence
can be included in eaann after enlarging aan. If a parent occurrence has size n1, a child occurrence
of size n2 touching its 1000HR neighborhood can be placed in at most

CL2(1 + n1)eaann2 (3.20)

ways. One chooses a fine cell in the parent’s neighborhood, at cost CL2(1 + n1), and then the
child’s animal, its contact cell and anchor. Principal halos change only the constant in this
estimate. A root whose parent anchor is a fixed cell costs at most CL2 anchor choices and the
same exponential animal count. The average assignment of anchors permits rooting at an input
whose parent is the required output anchor; summing this choice costs at most k, harmless below.
For a marked output, root instead at the occurrence containing its first mark.

By Lemma 3.1, an output weight vout costs

evoutn′ ≤ eCvoutk
k∏

a=1
eCvoutna/L.

Choose L so that Cvout/L uses only a small fixed fraction of the smallest available input weight.
The remaining weight pays the animal count and leaves positive slack b at each vertex. At a vertex
with q children, the factors 1 + n in (3.20) are paid by

(1 + n)qe−bn ≤ q! Cq+1
b , n ≥ 1. (3.21)

For example, apply xq/q! ≤ ex to a fixed fraction of bn, and absorb the replacement of n by 1 + n
in Cb. Thus a rooted labeled tree contributes at most Ck

L

∏
a qa! times the input weighted bounds.

Ordering the children at every vertex introduces exactly
∏

a qa! orders. After division by k!, these
objects are counted by plane rooted trees, whose number at size k is at most 4k−1. Factors k and
2k−1 are absorbed by increasing CL. This proves the claimed geometric order bound. Only L2

covering factors have entered, so CL is polynomial in L for fixed weights.
The argument kept the norm of every occurrence as a separate nonnegative factor. The assigned

output footprint depends only on the input indices, and the anchor assignment has at most k
choices, with only a fixed additional multiplicity for parent rounding. We dominate these allowed
assignments by their sum. Conditional kernels are bounded uniformly by one; we do not sum
over badness patterns or possible cutting kernels. This gives deterministic nonnegative kernels
independent of the bad amplitudes. One may therefore retain an arbitrary factor, or finitely many
factors, while bounding all other good background factors by 2δ on principal slots and by δe−wn

on animal slots. Principal input weights are fixed constant costs. A fixed number of distinguished
occurrences adds only a fixed power of k, which a geometric series absorbs. For one retained
factor the terms of order k ≥ 2 carry Ck

Lδk−1; their sum is O(CLδ) after enlarging CL and taking
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δ smaller. The same proof applies to finite rectangular arrays of input indices. Applying the
multilinear bounds to each elementary tensor in (3.4), summing its products of norms, and taking
the infimum proves the projective statements. For tensor outputs allocate the weights and counting
slack separately to the finitely many factors. This explains why only finitely many sufficiently
separated weights were fixed.

Finally, the background connected series converges whenever CLδ < 1. With finitely many
square-free labels, at most that many marked occurrences can appear; the background series still
converges and the resulting jet is polynomial in the bounded marked coefficients. Exponentiation
of the absolutely convergent connected series recovers the transformed moment series. For finite
lists this identity first follows near zero from formal power series and extends through the small-
entry ball by convergence. The same estimates permit passage to absolutely summable slot lists.
Projection (3.2) costs at most two, and a saved scalar costs at most the uncentered function norm,
so all the bounds survive these operations.

Corollary 3.4 (Large generating footprints). Retain the animal footprint of a connected coefficient
before projecting onto constants. For background coefficients from the small-entry expansion whose
footprint has physical diameter at least D, the total absolute sum at a fixed output anchor is at
most

CLδe−cD/R.

The same gain can be retained together with any fixed number of specified input norm factors,
including marked factors. On a torus of side N , writing m = N/R, the total absolute sum of
small-expansion scalar terms whose footprints wrap or fail to fit in a chart of fixed relative size is
at most CLδm2e−cm. Here m is sufficiently large relative to the fixed halos. Pure bad scalar terms
have chart footprints and do not contribute to this last sum.

Proof. A connected union of n′ parent cells has diameter at most Cn′R. Run Lemma 3.3 with
twice the required output weight, and retain one weight after the other has paid the ordinary norm.
The remaining factor is at most e−cD/R. Every coefficient considered contains a small entry, so its
summed background bound is CLδ; the sum over orders at least two is smaller. A short singleton
or pure bad output has a footprint of diameter CR and cannot be nonchart when m is large. A
nonchart connected footprint crosses a distance cN in torus coordinates, or has a lift crossing
that distance in the wrapping case, and therefore contains at least cm parent cells. There are at
most Cm2 anchors. The preceding estimate, applied before the scalar loses its footprint, gives
the claimed total. Retained norm factors survive because the tree proof bounds every occurrence
separately.

Corollary 3.5 (Uniform smallness of the tails). For sufficiently large L and then sufficiently
small δ, the transformed nonprincipal background satisfies ∥h′

A,c∥∞ ≤ δe−w|A| for every disorder
realization. More precisely, with the same output weight w,

sup
(A,c)

ew|A|∥h′
A,c∥∞ ≤ CLδ2 + CLe−cLδ. (3.22)

Proof. Pure bad outputs are principal. Short singleton outputs are also principal, regardless of
nearby bad fields. Every remaining output is therefore either of order at least two in small entries
or comes from a singleton animal of size n ≥ L/2. The first class is bounded by CLδ2 with weight
w by Lemma 3.3. For the second, the weight allocation in (3.15) leaves a fixed positive fraction
of wn unused. Since n ≥ L/2, this gives the factor e−cL while retaining enough slack for the
placement sum. Conditional averaging under any bad tilt cannot enlarge its sup norm. These two
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estimates give (3.22). Choose L to make the second coefficient at most 1/2, and then δ to make
CLδ ≤ 1/2.

3.6 Finite volumes and exact agreement with the plane

Proposition 3.6 (Finite-volume implementation). The preceding transformation and partition
identity apply to finite boxes with fixed or free boundary data, and to tori whose side is an integer
multiple of the working scales, while the scale is sufficiently below the side length. The input
finite-volume lists have finitely many possible anchors and admissible source jets. On a torus,
wrapping interactions remain in torus animal slots. At every fixed number of steps the principal
norms have deterministic bounds uniform in volume, disorder and decision seeds whenever the
microscopic principal norms have such a bound. The total list sums are finite, with bounds that
may grow with the volume. Bulk slots whose full ancestral footprints avoid the boundary agree
exactly with the plane construction. Infinite-plane lists require only the indexed and rooted sums
proved above; no infinite-volume partition integral is used in their definition.

Proof. On a torus use torus distances and connected torus animals. Make cuts only in injective
square charts of radius comparable with HR; the scale is required to be smaller than a fixed
sufficiently small multiple of the torus side. A wrapping carrier is retained as an animal. The
counting and walk-covering arguments hold in charts, and identifying possible placements can
only reduce their number. In a twisted torus the local reference specification includes the twist,
with a local gauge choice in each chart. Only the background deviation from that reference enters
the list. Center chart terms after identifying that local reference with the plane reference. A spin
gauge change conjugates the conditional operators and multiplication of functions, preserves sup
norms and threshold tests, and commutes with the geometric rules. Thus, using the same decision
seeds, the complete local map is gauge covariant. The saved scalars of corresponding chart terms
are identical because their reference expectations agree after the gauge identification. The possible
constant spin reversal between two gauges acts trivially on the even background. In particular,
these scalars cancel when comparing a torus and a twisted torus on matching chart footprints.
The conditional identities and positivity argument are unchanged. The possible nonchart scalar
discrepancy is bounded by Corollary 3.4.

For a box use an ambient grid extending past it and keep prescribed exterior spins as formal
coordinates until they are evaluated. Forbid a selected or ordinary singleton cut if its rule
neighborhood meets a fixed scale halo of the boundary. Retain its insertions instead; short entries
keep the principal assignments already specified. When testing singleton clearance, include every
retained bad insertion, including those retained because of the boundary rule. All cuts that remain
lie entirely in the reference bulk, so their conditional kernels are exactly the reference kernels used
above. Center using the formal plane convention before evaluating exterior spins, or use a fixed
bounded projection off constants for boundary entries. No smallness of a boundary principal slot
is needed. The termwise proof of (3.18) therefore applies in each finite box.

There are only finitely many possible anchors at a fixed step in a finite system: initially they
lie in a bounded ambient grid, and each step moves an anchor only to a parent or a bounded
neighboring parent. For each anchor the number of animals of size n is at most eaann. Since
w > aan, the tail bound proves total absolute summability of all background animal slots. The
same argument, with their fixed exponential weights and finitely many mark anchors, proves
absolute summability for source jets at every fixed number of steps. Their fixed factors Lqd do
not affect this conclusion. Truncating the animal lists and passing to the limit proves the full
finite-volume partition identity and justifies all finite-volume expansions used in Proposition 3.2.
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For completeness let K bound the input principal norms at a given step. A selected component
producing a fixed principal output has at most CL fine centers; only CL such centers can contribute
to the same output halo. Equation (3.10) bounds its centered logarithm by CLK. Retained
principal inputs obey the same bound simply by summation. The convergent small-entry series
adds at most a constant CL. Hence

K ′ ≤ CL(1 + K). (3.23)

Induction gives a finite bound at each fixed step, independent of the volume. This bound need not
be uniform in the number of steps and is not a stochastic smallness assertion.

Finally, every output footprint includes the full input footprints, all cut contours, all selection
and threshold neighborhoods, and the boundary-clearance tests. If these footprints avoid the
boundary, the finite-volume and plane operations read exactly the same spin functions, edge
variables and seeds, so they give exactly the same slot values. Iterate this statement along the
ancestors of a slot. One may equivalently impose boundary clearance by a fixed multiple of each
current scale; the accumulated clearances are bounded by C

∑
a≤j ra ≤ C ′rj . This proves exact

bulk agreement and completes the finite-volume construction.

The transformation thus separates two tasks. Positive conditional averaging handles arbitrarily
large principal backgrounds without a loss depending exponentially on their norms. The connected
expansion preserves small tails and records every source scalar and dependence carrier. We next
estimate these exact lists in the disorder probability space.

4 Moment estimates for local random lists
The exact map of Section 3 is defined for every realization of the disorder. We now estimate that
map in probability. There are two different tasks. Low moments must agree, to a prescribed
accuracy, with the Taylor calculation at zero background. A high moment must remain small even
though individual principal fields are unbounded. The first task uses the rarity of a large field.
The second also uses its geometric isolation. Keeping these tasks separate will allow the second
moment tensors to control sup norms without a circular argument.

Write Xi = ∥hi∥∞, with ni the slot length, and use the weighted norms of Section 3. All ran-
domness below includes the independent seeds reserved for local decisions. In particular, functions
with disjoint enlarged dependence carriers are independent; no assertion about independence of
spins is being made. Fix a finite set of even source powers q, containing 2, 4, 400, and an even
integer p > 8 max q. Increasing p later in the initial choice is harmless. Weights are chosen with the
slack prescribed in Section 3: even their fractions by p and by the source powers exceed the animal
counting exponent. Only finitely many weights occur. They are fixed before L, and compression
of input lengths restores each of them in a single step.

Here are the background hypotheses, for 0 < s < 1:

∥h∥v,p ≤ Bs, ∥h∥v,2 ≤ B2s, B ≥ B2 ≥ 1. (4.1)

The deterministic tail bound remains part of admissibility. Constants in O(·) may depend on
B, B2, on a mixed-moment constant introduced below, and on all the fixed geometric choices.
The notation o(s) will always mean O(s1+κ) for some fixed κ > 0, not a limit uniform in these
constants.
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4.1 The probability and weight estimates used in Taylor expansions

For a principal slot c, let Bc be its bad event. Since its random threshold lies in [δ, 2δ],

P(Bc) ≤ δ−pEXp
c ≤ C(Bs/δ)p. (4.2)

We first record the precise way in which this supplies additional powers of s. If a1, . . . , ak are
nonnegative integers with D =

∑
aℓ ≤ p, then Hölder’s inequality gives

E
k∏

ℓ=1
Xaℓ

iℓ
≤ (Bs)D exp{−v

∑
ℓ

aℓniℓ
}. (4.3)

If a bad indicator at c is also present, use 1Bc ≤ (Xc/δ)p−D before applying Hölder. For D ≤ 4
this gives

E
[∏

ℓ

Xaℓ
iℓ

1Bc

]
≤ Cδ−(p−D)(Bs)p exp{−v

∑
ℓ

aℓniℓ
}. (4.4)

These inequalities allow repeated indices and require no independence.
We will use Lemma 3.3 in the following explicit manner. At a vertex with b children, reserve a

length weight e−an and use
(1 + n)be−an ≤ Cb+1

a b!.

The remaining length weight pays the animal choices and the requested output weight, by
Lemma 3.1. Ordering the children absorbs b!; the number of rooted ordered trees of order k is
at most 4k−1. Consequently a coefficient with k occurrences has summed majorant Ck

L times
its numerical vertex bounds. Distinguishing at most p + 4 max q vertices multiplies this by a
fixed power of k, which can be absorbed by increasing CL. A bad test can be chosen in at most
CL

∑
(1 + ni) positions, since every decision is local. The same reserved length weight pays this

factor. For tensor products there are at most four output roots here; one applies this calculation
to each root before multiplying. Thus all subsequent uses of Hölder are made before sums over
indices. In particular the exponential decrease in every retained index is preserved.

Proposition 4.1 (Taylor transport of background moments). Under (4.1), the mean and the
raw moment and cumulant arrays with at most four arguments are given by the ordinary zero-
background Taylor rule, retaining total background degree at most four, with error O(s5) in the
prescribed weighted indexed projective norms. The coefficient maps are bounded uniformly in the
scale. An output cumulant vanishes if its dependence carriers split into two nonempty mutually
separated families.

Proof. Expand each output slot into its pure bad part, its singleton part, and its absolutely
convergent connected small-field series. The pure bad part has centered sup norm bounded by
twice the sum of the norms of the bad principal inputs that generate it. Each such input carries
its own bad indicator. All conditional moments in the other two parts are bounded by the product
of the input sup norms, because the conditional laws, including the tilted laws, are normalized.

First consider terms without a bad part. On the event that all local bad tests relevant to a
fixed coefficient fail, that coefficient is the ordinary Taylor coefficient. The difference between the
two versions is bounded by their sum of absolute majorants and a union of their local bad events.
For total degree D ≤ 4, (4.4) bounds each such difference by O(sp) with all retained index weights.
The tree calculation above sums the coefficients and the possible test centers. A term containing
a pure bad part is treated by expanding its finite sum of principal input norms and choosing
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one of its bad indicators. For products of at most four outputs the same inequality applies; each
remaining factor either contributes an input norm or a convergent small-field series.

It remains to bound degrees at least five in those series. Retain five input factors, use (4.3) on
them, and bound every other good occurrence by its deterministic threshold or tail bound. The
majorant is bounded by

Cs5 ∑
k≥5

kCCk
Lδk−5 = O(s5),

after decreasing δ. The same argument bounds a high-degree term that has already supplied a
bad part: retain enough input factors to reach degree five, or use the bad indicator when fewer
factors are present. There are at most four unrestricted bad-only factors, so p > 8 max q supplies
all required Hölder powers. This proves the raw moment assertion.

For clarity, the projective estimate here is an estimate before any spin evaluation: a random
elementary tensor has projective norm equal to the product of its factor norms, and the norm of
its expectation is at most the expectation of that product. Applying the finite partition formula

cum(Z1, . . . , Zk) =
∑

π∈P([k])
(−1)|π|−1(|π| − 1)!

⊗
A∈π

E
⊗
a∈A

Za

with factors put in their original argument order proves the cumulant assertion and its error bound.
Finally, disjoint dependence carriers use disjoint primitive disorder variables and seeds. Their joint
moment generating polynomial factors, so its logarithm has no coefficient involving both families.
This is the claimed connected-index restriction.

One related consequence, needed below, keeps the probability norm rather than taking expec-
tation. Retaining two field factors and using Hölder in L2 gives an O(s2) bound for nonlinear
good terms. For a modified singleton or a bad-only term use

∥Xi1Bc∥2 ≤ δ−(p−2)/2(EX2
i Xp−2

c

)1/2 ≤ Csp/2e−vni .

Together with the same tree sums, this proves∥∥h′ − Th
∥∥

v,2 = O(s2). (4.5)

This estimate concerns the error in replacing the map by its linear part. It does not yet bound
the L2 sup norm of that linear part by the second moment tensor; that is the role of the finite
dictionary.

4.2 Attenuation of an isolated positive tilt

The estimate that handles unbounded principal fields is deterministic. It uses the reference
pointwise comparison before any disorder average.

Lemma 4.2 (Positive-tilt attenuation). Let B and F be even functions supported in a square of
radius w, with a proportional empty collar, and let PR average to a surrounding square of radius
R ≥ Cw. There is a constant C, independent of the real function B, such that

inf
a∈R

∥∥∥∥∥PR(eBF )
PReB

− a

∥∥∥∥∥
∞
≤ C

w

R
∥F∥∞ , (4.6)

inf
a∈R

∥∥∥log PReB − a
∥∥∥

∞
≤ C

w

R
min{1, ∥B∥∞}. (4.7)

The centered versions satisfy the same bounds after multiplying C by at most two. In particular, B
need not define a ferromagnetic perturbation or satisfy a smallness assumption.
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Proof. Choose an intermediate square, of radius a fixed multiple of w, whose contour lies beyond
the collar. Put

D = PCweB

⟨eB⟩0
, N = PCw(eBF )

⟨eB⟩0
.

Lemma 2.4 bounds, pointwise, the reference law of the inner spins under any contour assignment
above and below by fixed multiples of its plane law. Integration against eB > 0 therefore gives
c ≤ D ≤ C and |N | ≤ C ∥F∥∞, uniformly in B. Both functions are even and ⟨D⟩0 = 1. The even
part of Proposition 2.2, followed by the tower property, gives

PRD = 1 + dR, PRN = ⟨N⟩0 + nR, ∥dR∥∞ ≤ Cw/R, ∥nR∥∞ ≤ C(w/R) ∥F∥∞ .

Since PRD ≥ c, subtracting ⟨N⟩0 from their ratio proves (4.6). The estimate remains uniform
upon replacing B by tB, 0 ≤ t ≤ 1. Integrate

d
dt

log PRetB = PR(BetB)
PRetB

in the quotient by constants and apply (4.6) with F = B. This proves (4.7) without introducing
e∥B∥ for the bound linear in ∥B∥∞. For the bound independent of that norm, subtract log⟨eB⟩0
and use log PRD = log(1 + dR): since PRD ≥ c, its norm is at most C ∥dR∥∞ ≤ Cw/R. Taking
the smaller of the two bounds proves the stated minimum.

Set M = (log L)3 and enlarge L until M dominates all fixed halos. For every short input,
meaning ni ≤M , the geometric bad-component rule has the following consequence. Its contribution
to the absolute bound for a principal output may be charged

C
M

L
Xi + CXi

∑
c∈W(i)

1Bc . (4.8)

Here W(i) is a deterministic set of at most CL principal centers within CL fine cells of the input
anchor and at distance more than C0M from it. The fixed C0 may be chosen large enough that a
witness carrier is disjoint from this input and from any second short input whose anchor is within
10M of it.

We verify the geometric implication, including the case of a large input. If the singleton is
unaffected by bad centers, apply the even reference estimate on radius CMr and then the tower
property. If it is affected and no witness occurs, all affecting bad centers lie in a square of radius
CMr about its anchor. Their contact component is selected: otherwise the first contact leaving
this square supplies a bad center in the decision window, and hence a witness. The component,
the singleton support, and their halos consequently lie deep inside the selected cutting square.
Lemma 4.2 applies to their union. For a good singleton use (4.6); for the sum of the bad inputs
use (4.7) and then ∥

∑
b∥∞ ≤

∑
∥b∥∞. If a selected square is nearby but its bad support is farther

away than the inner square just described, one of those bad centers is itself a witness. On the
witness event use the contraction of a normalized conditional expectation, or the bound 2

∑
∥b∥∞

for a centered logarithm. This proves (4.8). Enlarging the numerical distances in the blocking
convention makes C0 compatible with the component cutoff; all constants remain independent of
L. Figure 1 shows the inner collar used for attenuation and the separated dependence carriers
used on the witness event.

Long singletons, ni > M , have a separate small factor. Reserve an input length weight after
paying the output weight. Their summed majorant is at most

λL = CLCe−cM , (4.9)
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(a) Isolated bad component

Bad supports
and input hi

radius O(Mr)

Proportional collar

Outer cut: radius HR

Inner normalization square

R = Lr, M ≪ L

(b) A distant bad witness

Local decision window: O(Lr)

ci

Input footprint
ni ≤M

z

Flag footprint

distance > C0Mr

Independent randomness

Schematic; not to scale.

Figure 1: The two geometric mechanisms in the short-input estimate. In (a), the supports of
the bad fields and the short input lie in the dotted square of radius O(Mr). The middle solid
square provides a proportional collar for pointwise normalization of the positive bad weight before
averaging to the selected outer cut of radius HR. The ratio of these radii produces the O(M/L)
centered attenuation. In (b), an exceptional short-input contribution has a bad-center witness z
farther than C0Mr from its anchor ci, but within the local decision window of size O(Lr), where
C0 is the fixed witness-separation constant. The separated footprints include the disorder and
all decision seeds, so the witness flag is independent of that input. The panels illustrate separate
cases; no particular arrangement of bad fields or grid cells is prescribed.

times the relevant input norm. The constants in the exponents depend only on the already fixed
weights and powers. In particular λL is smaller than every inverse power of L as L→∞. Finally,
an analytic background term of order at least two is bounded by CLδ times a positive linear sum
of input Xi: retain one factor, bound all others by their good-field bounds, and sum the trees.
This observation holds in any probability measure, including a measure weighted by a source.

4.3 Reproduction of the background probability norms

Proposition 4.3 (High moments and recovery of L2). Choose L sufficiently large and then δ
sufficiently small. Under (4.1), ∥∥h′∥∥

v,p ≤ Bs/8 + C∗
LB2s + o(s), (4.10)∥∥h′∥∥

v,2 ≤ Cη,LF∗s + ε∗Bs + o(s). (4.11)

Here C∗
L grows at most polynomially in L. For the second inequality, assume that each output

principal slot has diagonal second-moment bound

sup
σ

E|h′
a(σ)|2 ≤ e−2vF 2

∗ s2, F∗ ≥ 1. (4.12)

A bound on its raw second tensor implies this hypothesis. One can choose ε∗ < [100(1 + C∗
L)]−1:

first use the long-slot suppression, then choose the dictionary accuracy η and the mesh threshold
r0. These choices do not depend on B, B2, F∗.
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Proof. For the first inequality, use the absolute decomposition just proved. The nonlinear good
terms cost CLδBs, and long singleton terms cost λLBs. A witness is independent of the short
input it multiplies. Thus

∥Xi1Bc∥p = ∥Xi∥p P(Bc)1/p ≤ CB2δ−1s2e−vni .

Minkowski’s inequality and the finite witness sums give O(s2) at fixed L. It remains to estimate
the attenuated short sum.

Expand its pth power. Join two of the p input anchors when their distance is at most CM ,
choosing C so that different components have disjoint dependence carriers. Call the connected
components bunches. For a term with one bunch, choose the first anchor in at most CL2 ways. A
spanning tree on the p labeled occurrences places each successive anchor in at most CM2 ways.
There are at most pp−2 such trees. Animal shapes and slot lengths are summed with the reserved
weights. Hence the count is at most CL2MCp , and (4.3) bounds its expectation by (Bs)p. After
taking the pth root and including attenuation, this part costs

CL−1+2/pMCpBs. (4.13)

For two or more bunches, their random variables are independent. Suppose a bunch contains
k < p occurrences. Hölder within it uses only Lk norms. For 2 ≤ k < p, interpolate by

∥Xi∥k ≤ ∥Xi∥θk
2 ∥Xi∥1−θk

p , θk = 2(p− k)
k(p− 2) ;

for k = 1 use ∥Xi∥1 ≤ ∥Xi∥2. The product of all bunch estimates, after its pth root, is therefore

sB1−θBθ
2 exp{−v

∑
ni/p}, θ ≥ 1/p.

For the last inequality, a singleton already contributes one to pθ. If there are no singletons and there
are b ≥ 2 bunches, then

∑
kθk = 2p(b− 1)/(p− 2) ≥ 1. All placement counts are polynomial in L:

there are at most p bunch roots, each with CL2 choices, followed by the preceding short-distance
counts. For each of the finitely many bunch patterns, weighted Young’s inequality gives, for any
fixed ε > 0,

CLCB1−θBθ
2 ≤ εB + Cp,εLCpB2.

This also follows directly by maximizing the left side minus εB as a function of B/B2. Since
1/θ ≤ p, the resulting constant remains polynomial in L. Sum over the finitely many patterns.
Increase L to make (4.13) and (4.9) small; choose ε for the multi-bunch terms; then decrease δ for
the nonlinear terms. Allocating less than 1/8 in total to these coefficients of B proves (4.10).

For the second inequality, first use (4.5). The nonprincipal part of Th has input length at least
L/2, and its L2 norm is at most CLCe−cLBs. A principal output of Th has the form πPHRA,
where A is the sum of the short-rule inputs anchored in its parent cell and π denotes plane
centering. All these inputs are supported in one inner square, separated by a fixed proportional
buffer from the HR contour. The weighted placement bound and Minkowski give

∥∥A∥∞∥2 ≤ CLBs.

The finite dictionary of Lemma 2.5 supplies N = N(η, L) actual contour assignments σ1, . . . , σN

such that
∥πPHRA∥∞ ≤ max

ν≤N
|πPHRA(σν)|+ Cη ∥A∥∞ .
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This is a deterministic inequality and thus applies to the random A. Replace each tested value of
Th by that of h′ using (4.5). The L2 norm of the maximum of N values is at most the square
root of the sum of their second moments. By (4.12), after restoring the principal weight, this
costs

√
NF∗s + O(s2). The net error costs CLηBs. Choose L so that the exponential long-slot

coefficient is smaller than the desired ε∗/2; this is possible against the polynomial C∗
L. Then choose

η with CLη < ε∗/2 and increase r0 to the dictionary threshold. This proves (4.11). Notice the
order of the argument: (4.12) is a tensor hypothesis, supplied later by the Taylor flow, whereas
the conclusion is a probability norm of a sup norm. They are not the same assertion.

4.4 Sources and mixed probability measures

Let u be a scaled singleton odd source list. Put Yi = ∥ui∥∞ and suppose, for one of the chosen
even q, that

(EY q
i )1/q ≤ Ue−vni , (4.14)

(EY q
i Xp

m)1/p ≤ U q/pBss e−vqni/p−vnm . (4.15)

The subscript on Bs denotes “source”: Bs is a fixed constant, whereas U may change from one
scale to the next. No independence between ui and a nearby hm is assumed.

Proposition 4.4 (Source Taylor estimates and mixed reproduction). Under the preceding assump-
tions, moments with q source occurrences and at most two background arguments obey the ordinary
Taylor rule through total background degree two, with error O(U qs3) in the weighted projective
norms. Background arguments already present in a tensor count toward that degree. With fewer
source arguments the corresponding bound follows by Hölder. Moreover,∥∥∥u′ − LdTu

∥∥∥
v,q

= O(Us), (4.16)

and the output satisfies

sup
a,b

evqna/p+vnb(E
∥∥u′

a

∥∥q
∞
∥∥h′

b

∥∥p
∞)1/p ≤ U q/p{Bss/8 + CL,Bs + o(s)}. (4.17)

The choices of p, L, δ and the weights can be made before Bs and U . All these estimates retain any
saved scalar’s carrier until after its weighted estimate is taken.

Proof. For a fixed source input define the finite measure dµi = Y q
i dP. Its mass is at most U qe−vqni ,

and (4.15) bounds the pth moment of every Xm in this measure. Consequently, for nonnegative
integers am of total D ≤ p,∫ ∏

m

Xam
m dµi ≤ U q(Bss)De−vqni−v

∑
m

amnm . (4.18)

Indeed, apply Hölder with exponents p/am and p/(p−D), the last factor being the mass of µi.
The powers of U and of the source weight sum to exactly q. A bad indicator supplies the unused
p−D powers as in (4.4).

For q possibly distinct source slots, Hölder first gives

E
[ q∏

ℓ=1
Yiℓ

∏
m

Xam
m

]
≤

q∏
ℓ=1

(∫ ∏
m

Xam
m dµiℓ

)1/q

.

27



Thus (4.18) retains decay in every source and background index. For fewer source occurrences
include unweighted probability measures in this Hölder step. Apply this calculation to the tree
expansion, retaining three background factors in a remainder. Additional good factors are bounded
deterministically, and a changed bad decision is paid by the unused mixed moment powers. The
same summable series as in Proposition 4.1 proves the asserted O(U qs3) bound. In Lq retain one
background factor and use (4.18) with degree q. A bad flag costs O(Usp/q). This proves (4.16),
since p/q > 1.

We give the high mixed estimate separately. Normalized tilted conditional moments and the
deterministic good-field bounds imply a positive linear majorant

Y ′
a ≤

∑
i

KaiYi, Kai ≥ 0. (4.19)

Here the coefficients are deterministic majorants, not the realized coefficients of the map. They
include the factor Ld. Lemma 3.3, with the source vertex retained, proves that their weighted row
sums are bounded by CLd; reserving additional input length weight makes the part with ni > M
bounded by CLCe−cM . These statements mean row sums after paying the requested output weight
from the input weight; they also hold with all the fractional weights appearing below. In particular
no factor

∥∥∥log PeB
∥∥∥ occurs in (4.19). To construct Kai, sum the absolute tree majorants over the

allowed carrier and anchor assignments, taking the prescribed enlarged union of input carriers for
each output. Every realized routing is one of these boundedly many assignments. There is no sum
over patterns of threshold outcomes or over the amplitudes of bad fields.

Fix output background slot b and source input i. Estimate
∥∥∥h′

b∥∞
∥∥

Lp(µi) using the deterministic
decomposition preceding Proposition 4.3. If ni > M , crude Minkowski and (4.15) give∥∥∥∥h′

b

∥∥
∞
∥∥

Lp(µi) ≤ CLU q/pBss e−vqni/p−vnb . (4.20)

There is still a reserved exponential in ni for its subsequent source sum.
Suppose now ni ≤M . Long background inputs and nonlinear good terms cost, respectively,

λLBss and CLδBss, times the common factor U q/pe−vqni/p−vnb . For short background inputs with
anchors within 10M of the source anchor, use (4.15). There are at most CM2 anchors. Animal
lengths and shapes cost a constant after their weight sums. The attenuated part of (4.8), estimated
by Minkowski, therefore costs

CMCL−1Bss U q/pe−vqni/p−vnb .

For its witness part the witness carrier is disjoint from the union of the source and background
input carriers. Exact independence gives(

EY q
i Xp

m1Bc

)1/p =
(
EY q

i Xp
m

)1/pP(Bc)1/p,

so this part gains an additional factor O(Bs/δ) and is O(U q/ps2) at fixed constants. For short
background anchors farther than 10M , the background input is independent of Yi. Drop any
witness indicator and use(

EY q
i Xp

m

)1/p = (EY q
i )1/p(EXp

m)1/p ≤ U q/pBs e−vqni/p−vnm .

Even a crude sum over these anchors has only a polynomial cost in L. Combining these estimates
gives, for short i,∥∥∥∥h′

b

∥∥
∞
∥∥

Lp(µi) ≤ U q/pe−vqni/p−vnb{aLBss + CLBs + o(s)}, aL = CMC/L + λL + CLδ. (4.21)
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We now check the powers when summing sources. Put Fi = (EY q
i ∥h′

b∥
p
∞)1/p. Minkowski in Lq,

applied to (4.19), yields

(E(Y ′
a)q

∥∥h′
b

∥∥p
∞)1/p ≤

(∑
i

KaiF
p/q
i

)q/p

. (4.22)

This is an ℓp/q norm with weights Kai. Apply its triangle inequality to the three terms in braces
in (4.21). Raising the input source weight to p/q gives (e−vqni/p)p/q = e−vni , exactly the weight
needed in the positive source sum. The background output weight remains e−vnb after taking the
power q/p. Hence the short-source coefficient of Bss is at most

(CLd)q/p(CMC/L + λL + CLδ
)
,

whereas the far-background term is a constant CL,Bs independent of Bs. For the long-source part
use (4.20) and the reserved exponential in its row sum; its coefficient is at most CLCe−cMq/p.
First choose L large. Since dq/p < 1 and M is a power of log L, the first attenuation coefficient
tends to zero, as do both long coefficients. Then choose δ small. Their sum can be made less than
1/8. Witness errors have an extra positive power of s and remain o(s) after (4.22), whose use of
the ℓp/q triangle inequality is homogeneous of degree one in Fi. This proves (4.17).

The deterministic estimate (4.19) also explains why marked readout is possible in boxes whose
principal background fields are large near the boundary. Before any probability estimate, the
homogeneous transport of a coefficient with a fixed set of mark labels has a bounded weighted
operator cost per step, with the prescribed factors Ld for its marks. A freshly generated coefficient
with two distinct marks has a bounded bilinear cost in the two singleton lists and retains both
carriers and its saved scalar carrier; apply Lemma 3.3 with two source vertices. A background
factor retained at a merge can then be estimated under the source-weighted measures above, even
when the two sources are correlated with it. No large-field logarithm multiplies either source.

We finish by making the dependence of choices explicit. Fix the source powers, then p, the finite
collection of weights and their counting slack, and the geometric halos. Choose L for attenuation,
long-slot compression and the one-bunch bound. Choose δ for convergence and the small nonlinear
coefficients. The polynomial C∗

L is now fixed. Choose ε∗, dictionary accuracy η, and r0 in that
order. The moment constants B2, B, Bs and the tensor allowances may then be fixed, and finally s
made sufficiently small. In particular an allowance depending on the starting mesh does not force
a new mesh choice. Because every contraction above has fixed slack, the same inequalities hold on
replacing the next-scale targets s, U by s(1 + O(s2)) and U(1 + O(s)), respectively. The stronger
variation U(1 + O(s2)) used after the marked cumulant comparison is therefore covered as well.

5 Linear transport and its distinguished coordinates
The Taylor estimates of Section 4 reduce the background flow to its first four cumulant arrays.
We now identify the directions which linear blocking does not contract. There is one expanding
mean direction and one neutral covariance direction. A spin insertion has one neutral direction
after multiplication by the scale factor Ld. The distinction between a covariance per unit area and
a homogeneous perturbation is essential here.

5.1 Coordinates and exact representatives

Write a(i) for the anchor cell of a slot i ∈ Ir. The array spaces and indexed projective norms are
those of Section 3: the tensor norm at fixed indices is the projective tensor norm of the function
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sup norms, and the array weight is ev
∑

ni . All unmarked arrays in this section are invariant under
grid translations and square symmetries. A connected array is zero unless the safety adjacency
graph of its dependence carriers is connected. This is the support condition satisfied by joint
cumulants of the random lists. Whenever indices are summed, an unused part of the exponential
weight pays the animal counts and polynomial size factors.

Let ℓ and ℓs be the charges of Lemma 2.1. For an even function and a scaled odd function,
respectively, put

qr(F ) = r−1ℓ(F ), qr,s(U) = r−dℓs(U).

These are bounded functionals on a slot of length n, with norms at most C(n + S) and C(n + S)d.
For a homogeneous mean array m and a homogeneous connected two-tensor K, define

xr(m) =
∑

a(i)=c

qr(mi), (5.1)

gr(K) =
∑

a(i)=c

∑
k∈Ir

(qr ⊗ qr)(Ki,k). (5.2)

The values do not depend on the cell c. The second sum converges absolutely: connectivity puts
the second anchor within C(ni + nk + S)r of the first, and exponential weights dominate this
number of placements. The factor r−2 in (5.2) divides the charge covariance by the number of
microscopic sites in one cell. Thus gr is a variance density.

Let PHr,c denote reference conditional averaging to the square contour with radius Hr about
the center of c, followed, for even functions, by plane centering. Define arrays supported on
principal slots by

(vj)pc = r−1
j

∑
z∈c

PHrj ,ce(z), xrj (vj) = 1, (5.3)

(Vj)pc,pc =
∑
z∈c

(
PHrj ,ce(z)

)⊗2
, grj (Vj) = 1. (5.4)

All other entries of Vj vanish. The charge identities follow from ℓ(e(z)) = 1 and |c| = r2
j . The

bounds ∥PHrj ,ce(z)∥ ≤ C/rj show that both representatives have uniformly bounded indexed
norms, including the projective norm of Vj .

Write Tj for linear background transport and T
(k)
j for its induced transport on k-tensors,

including the prescribed reindexing and sums. Nested contours and the tower property give the
exact identities

Tjvj = Lvj+1, T
(2)
j Vj = Vj+1, xrj+1Tj = Lxrj , grj+1T

(2)
j = grj . (5.5)

For example, the L2 child cells partition a parent cell, so transporting (5.3) yields

r−1
j

∑
z∈c′

PHrj+1,c′e(z).

For (5.4), each microscopic diagonal tensor is transported to the same parent contour in both
factors. No off-diagonal microscopic pair is created. These observations also explain why the two
multipliers differ. The coordinate identities follow by preserving charges and dividing by R or R2,
respectively. Reindexing long slots preserves the same total charge sums. We use the bounded
projections

Πm,jm = xrj (m)vj , ΠK,jK = grj (K)Vj .

30



Proposition 5.1 (Background linear splitting). Fix the finite set of weights needed in Section 4.
By taking L sufficiently large, all the following contraction constants can be made smaller than
any prescribed κ > 0:

∥Tjm∥ ≤ κ∥m∥ (xrj (m) = 0), ∥T (2)
j K∥ ≤ κ∥K∥ (grj (K) = 0),

and ∥T (k)
j A∥ ≤ κ∥A∥ for homogeneous connected arrays of orders k = 3, 4. Norms here and below

have the fixed input and output weights allocated to the corresponding estimate. The bounds are
uniform in j. The two projections above intertwine transport with multipliers L and 1.

Proof. Put M = (log L)3. If an input length exceeds M , the unused exponential weight gives
CLCe−cM after all linear placement sums. Charge projection adds only polynomial factors in the
lengths. Consequently these long inputs, including the charge needed to compensate their removal,
have norm at most ηL∥A∥, where ηL → 0 faster than every fixed negative power of L. It suffices
to estimate the inputs of lengths at most M ; constants denoted by CMC include their weighted
index sums.

For the mean, collect all short slots with anchor c into one even function supported in a square
of radius CMr. Homogeneity and square symmetry make this grouped function square symmetric
about c. Its charge is zero, up to the discarded long-input charge. Subtract that charge using a
translated copy of vj before applying the reference estimate. The square-symmetric charge-zero
exponent is 3 − ν, so one child contribution at the parent contour costs CMCL−3+ν . There
are L2 child anchors. Thus the short part is bounded by CMCL−1+ν∥m∥, plus ηL∥m∥ for the
compensation. The grouped function is formed before taking its sup norm; the triangle inequality
and the weighted slot sum bound that norm by the input array norm. This is where the square
symmetry of the law is used.

For the covariance, connectivity and the short-length restriction put the two anchors within
CMr of one another. Separate pairs whose anchors go to different parent cells from pairs going to
the same parent. In the first case, an anchor lies in a strip of width CMr about the boundary of a
parent cell. There are CLM such fine cells per parent. Each centered factor costs at most CM/L
under averaging; after the weighted sums over slot shapes and the other anchor, this contribution
is at most

CMCL−1∥K∥. (5.6)

This bound applies also to pairs inside one parent for which the first anchor lies in that strip.
For the remaining pairs work first with one elementary projective tensor F ⊗G. If c is its first

anchor and zc the center site of c, replace both factors by their charges times the same unit-charge
field:

F 7−→ qr(F ) rPHr,ce(zc), G 7−→ qr(G) rPHr,ce(zc).

Their supports and the original supports are contained in a square of radius CMr. After subtracting
the charge, the even improved estimate and the tower property bound a replaced-factor error
at the parent contour by CMCL−2+ν times the original factor norm. The other factor has its
usual CMC/L bound. Summing L2 first anchors gives CMCL−1+ν∥K∥ for terms containing a
replacement error.

It remains to sum the term in which both factors were replaced. With the first anchor fixed,
the transported elementary pair is the same for every choice of its second slot or anchor. Its scalar
coefficient is therefore the corresponding sum in (5.2), and vanishes on the kernel of gr. For an
anchor outside the strip, every short connected second anchor goes to the same parent, so this
cancellation is complete. Restriction to short inputs leaves only the discarded long-input charge,
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already bounded by ηL. Strip anchors were estimated in (5.6). Homogeneity is needed here to
make the zero coordinate condition hold at every first anchor; it is not a statement about an
arbitrary nonhomogeneous covariance. Taking infima over projective decompositions proves the
asserted tensor bound without any factor depending on the dimension of the function spaces.

Finally, a connected short k-tuple has all its anchors within CkMr of its first anchor. The
first anchor has CL2 possible positions in a rooted parent cell, and each of the k centered factors
costs CM/L. Weighted sums bound the result by CMCL2−k∥A∥ for k = 3, 4. Together with
the long part and the preceding estimates this tends to zero. The intertwining assertions follow
from (5.5).

5.2 One marked point and tensor copies

For a fixed marked site y, let cj(y) be its cell and put

(wj,y)pcj (y) = rd
j PHrj ,cj(y)σy. (5.7)

This is an odd scaled source list, with all other entries zero. Its total normalized spin charge is
one. For an arbitrary marked list u, and for an array of q marked copies whose slot indices are
kept separate, set

Qj,y(u) =
∑

i

qrj ,s(ui), Qj,q,y(U) =
∑

i1,...,iq

q⊗q
rj ,s(Ui1,...,iq ).

Every marked carrier contains y, so these are bounded functionals in the weighted indexed spaces.
Write Tj = LdTj for scaled odd transport and T (q)

j for its tensor extension. The exact identities
are

Tjwj,y = wj+1,y, Qj+1,q,yT (q)
j = Qj,q,y.

The corresponding projection is Πq,j,yU = Qj,q,y(U)w⊗q
j,y .

Proposition 5.2 (Marked linear splitting). For each fixed finite set of positive integers q, the
operators T (q)

j are bounded uniformly in j, y, L. On ker Qj,q,y their norms tend to zero as L→∞.
A connected array comprising this marked tensor as one grouped argument and at least one even
background argument contracts without removal of a line. The one-source kernel estimate also
holds pathwise, and hence in each of the weighted random-list Lp norms used in Section 4.

Proof. For a short source slot the ordinary odd estimate gives C((n + S)/L)d before source
scaling. Multiplication by Ld and summation with the unused exponential weight give a constant
independent of L; one sums (n + S)d against that weight, rather than replacing it by Md. Long
slots are again bounded by CLCe−cM .

For each short slot individually, subtract its normalized charge times the representative at its
input scale. Both functions fit in a square of radius C(n + S)r containing y. The charge-zero odd
estimate, whose exponent is 1 + d− ν, followed by source scaling, bounds the difference between
the transported slot and its charged representative by C(n + S)CL−1+ν times its norm. Summing
over slots is legitimate by the exponential weights. Long slots admit the same subtraction with a
beyond-polynomially small bound, since charge extraction has only a polynomial size cost. This
gives a componentwise decomposition into a bounded rank-one map and a remainder of arbitrarily
small norm.

Apply that decomposition separately to each factor of an elementary projective q-tensor. The
all-line term is exactly Qj,q,y(U)w⊗q

j+1,y. Every other term contains a small remainder and at
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most q − 1 bounded factors. The sum of its 2q − 1 choices is small for fixed q. Infimizing over
decompositions proves the result in the projective norm. In particular no norm comparison
involving the number of spin configurations is used.

A connected array with an additional background factor has no L2 volume sum: its root is the
fixed mark. Connectivity bounds the remaining anchor sums by powers of the slot lengths. At
least one even factor supplies CMC/L, whereas the scaled marked factors stay bounded. This
proves contraction in the mixed sector. All these are componentwise deterministic inequalities, so
applying the center-coordinate projection to each random realization and then taking its Lp norm
gives the last assertion. The buffer H keeps every point of a cell uniformly away from its cutting
contour, making the constants independent of the position of y in its cell.

6 The marginal coefficients from finite insertions
Linear transport leaves the variance density unchanged. Its first nonlinear increment, and the first
increments of marked charge moments, must therefore be computed. We compute their averages
over scales by comparing linear charges of logarithms with normalized charges of finite products of
microscopic insertions. The latter charges are preserved by the exact partition identities. Only
coefficients through degree four are used; there is no infinite-volume random power series in this
argument.

6.1 A bounded-degree test and its profiles

Give every microscopic site i a formal variable ti and start with the factor 1 + tie(i). Initially its
logarithm is put into the principal slot of its cell. First work with finitely many sites and retain
only the degrees needed below. Apply the ordinary Taylor rules at the zero background, and then
substitute

ti = ληi, P(ηi = 1) = P(ηi = −1) = 1
2 , (6.1)

with independent signs. Coefficient notation [λk] means the coefficient, without a factorial. At
fixed degree and fixed scale every coefficient has bounded range. A large finite window may
consequently tend to the whole plane after that coefficient has been computed. Averaging over the
signs gives homogeneous arrays in the norms of Section 5. For a mark at y start with rd

0σy and
use scaled marked transport.

Let hj be the formal background list and uj,y its scaled marked list. Define

m∗
j = [λ2]Ehj , K∗

j = [λ2] Cov(hj , hj),
W ∗

j = [λ4] cum(hj , hj , hj), Y ∗
j = [λ4] cum(hj , hj , hj , hj).

For a fixed positive integer q the q source indices remain separate in u⊗q
j,y , but that tensor is one

grouped random argument in the joint cumulant

Z∗
j,q,y = [λ2] cum(u⊗q

j,y , hj). (6.2)

Put

βj = [λ4]grj

(
Cov(hj , hj)

)
, bj = βj+1 − βj , (6.3)

αj,q(y) = [λ2]EQj,q,y(u⊗q
j,y), cj,q(y) = αj+1,q(y)− αj,q(y). (6.4)

The definitions include any bounded initial-scale discrepancy between a microscopic list and the
averaged representatives of Section 5.
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Lemma 6.1 (Uniform formal profiles). For j ≥ 1, the arrays m∗
j , W ∗

j , Y ∗
j , Z∗

j,q,y have bounded
indexed projective norms, uniformly in j and y and for every fixed finite set of q’s. Moreover
K∗

j = Vj and the degree-zero marked list is wj,y. The coefficients bj and cj,q(y) are uniformly
bounded.

Proof. Linear insertions propagate by nested averaging. Thus the coefficient of ti at scale r is
PHr,c(i)e(i) in the principal slot of its current cell, giving K∗

j = Vj exactly, and the same statement
for the spin gives wj,y. We explain separately why the mean profile stays bounded despite the
expanding mean direction.

For one microscopic variable, write H
(j)
i,k for its tk

i coefficient in the plane-centered background
log list at scale j. All its anchors follow the same chain of parent cells. The fixed-degree carrier
estimate of Lemma 3.1 bounds the number of occupied slot types and their lengths by constants
independent of j. Increasing L makes these slots short for linear transport. Constants in the
present formal calculation may depend on L and r0. We claim

∥H(j)
i,1 ∥ ≤ Cr−1

j , ∥H(j)
i,2 ∥ ≤ Cr−2

j . (6.5)

The first bound is the reference energy estimate. At a step from radius s to Ls, every freshly
generated quadratic term costs C∥Hi,1∥2, hence at most CL(Ls)−2. To bound the transported
old quadratic terms, condition on one contour outside all earlier cuts. The exact identity, with
saved constants restored, represents the original factor 1 + tie(i). Its quadratic coefficient is zero.
Its first scalar coefficient is zero because e(i) is plane centered. Equating quadratic coefficients
therefore gives, modulo constants,

PHi,2 = −1
2P (H2

i,1). (6.6)

Here each H denotes the sum of its list entries before this common outer average. The linear rule
puts these old short entries in the same parent principal slot; cancellation in (6.6) thus occurs
before taking its norm. The right side is bounded by Cs−2. Combining old and fresh terms proves
the second bound at the next scale. At the first scale the bound is included by the allowed constant
depending on L, r0. This reasoning also covers earlier saved scalar coefficients: they are reinstated
for the exact identity and disappear upon plane centering. Their footprints obey the same carrier
bound.

Only squares of individual signs contribute to [λ2]Ehj . There are at most Cr2
j microscopic

sites which can contribute to a fixed output anchor. Summing the second estimate in (6.5) proves
the bound on m∗

j . The finitely many fixed-degree slot lengths permit the same conclusion with the
indexed exponential weights.

For completeness, the remaining profile recurrences follow by the moment–cumulant partition
formula. The lowest nonzero fourth-cumulant coefficient has four linear background letters, so Y ∗

j

transports homogeneously by T
(4)
j . At degree four the third cumulant has, besides its homogeneous

term, only a quadratic output letter and two linear output letters. Its input partitions use either
Y ∗

j or two copies of Vj . These terms are bounded by the multilinear estimates of Proposition 4.1.
The strict contractions of Proposition 5.1 therefore bound Y ∗

j and W ∗
j . In (6.2), the constant

marked tensor is deterministic. Its first nonzero covariance with a background uses one linear
marked correction and one linear background letter. The recurrence is the contracting connected
marked/background transport, with bounded forcing from the constant marked tensor and Vj ;
hence Z∗

j,q,y is bounded by Proposition 5.2. The degree-two coefficient of cum(u⊗q
j,y , hj , hj) is zero:

at that degree the marked argument is deterministic, and a joint cumulant with a deterministic
argument vanishes.
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Finally, in the degree-four covariance increment the linearly transported covariance has identical
g coordinate. The remaining partitions use W ∗

j , Y ∗
j , Vj⊗Vj , or m∗

j ⊗Vj , all bounded. In the degree-
two marked-charge increment the transported marked tensor likewise has unchanged charge; the
remaining terms use m∗

j , Vj and Z∗
j,q,y, while the connected two-background profile just discussed

vanishes. This proves the asserted bounds on the increments.

6.2 Charges invariant under a finite sequence of cuts

For finitely many microscopic insertions let H
(j)
∗ be the sum of the plane-centered log-list entries

produced through scale j. At any fixed coefficient order this is a finite sum with its full carrier
footprints. Let f

(j)
i be the unscaled coefficient of one square-free spin source in log-list slot i, and

set f (j) =
∑

i f
(j)
i . The scaled source entries are uj,i = rd

j f
(j)
i . In particular,

Qj,q,y(u⊗q
j ) = ℓs(f (j))q.

This identity connects the scalar charge calculation below to the indexed tensor coordinate in (6.4).
Define formal normalized charges by

Ej = ℓ(exp H
(j)
∗ )

⟨exp H
(j)
∗ ⟩0

, Sj = ℓs(f (j) exp H
(j)
∗ )

⟨exp H
(j)
∗ ⟩0

. (6.7)

Both denominators have constant term one, so their formal reciprocals are well defined. Saved
background constants cancel between numerator and denominator. A saved odd scalar is zero by
spin-flip symmetry.

Lemma 6.2 (Finite-insertion invariance). Each coefficient of Ej and Sj in the formal variables is
independent of j. It equals the corresponding normalized charge of the original microscopic product
and, for Sj, its spin insertion.

Proof. Fix the coefficient and place an outer contour beyond every cut and carrier which occurs in
it. For each fixed spin assignment on that contour, apply Proposition 3.2 to the system inside it.
The termwise conditional-expectation proof of that proposition leaves these contour spins fixed:
each inner cut is an application of the tower property within this conditional reference measure.
Thus the conditional partition expression, as a function of the outer spin assignment, agrees before
and after every step. Its source derivative gives the analogous identity with the single odd insertion.
Let Cj be the saved scalar formal series, so that the restored weight is eCj exp H

(j)
∗ . Taking the

reference plane average proves that eCj ⟨exp H
(j)
∗ ⟩0 is independent of j. Taking the disk-response

limit defining ℓ or ℓs proves the corresponding invariance of each charge numerator multiplied by
eCj . The saved scalar with one odd source is zero, so the marked identity has this same scalar
factor. Every operation involves a finite coefficient and finitely many cuts; no interchange with a
convergent infinite formal expansion is involved. Dividing cancels eCj and proves the claim.

We next quantify the difference between these invariant charges and the linear charges ℓ(H(j)
∗ )

and ℓs(f (j)) which occur in the Taylor coordinates. In the following bounds set r = rj and
h = 1 + |i− k| for two distinct sites. For h ≤ Cr we have

∥[titk]H(j)
∗ ∥ ≤

C

hr
. (6.8)
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The norm here is the sum of the finitely many occupied slot norms, with fixed-degree weights; it
also bounds their aggregate sup norm. A mixed coefficient cannot be generated before the two
microscopic descendants have contacting carriers. This requires a generation radius s ≥ cLh. At
radius s a new quadratic coefficient costs CLs−2. Subsequent linear transport along ancestor cells
is nested conditional averaging and has centered-even bound CLs/r. Anchor splitting adds only a
fixed-degree number of terms, already included in the constant. Thus

∑
s=rb≤r
s≥cLh

CLs−2 s

r
≤ CL

r

∑
b:rb≥cLh

r−1
b ≤ CL

hr
.

This also covers h below the starting radius by changing the constant. The last generation has no
further averaging and obeys the same bound.

For one energy site and one spin mark, put h = 1 + |i− y|. The corresponding bounds are

∥[1]f (j)∥ ≤ Cr−d, ∥[ti]f (j)∥ ≤ Cr−dh−1. (6.9)

Indeed a mixed spin/energy generation at radius s ≥ cLh costs CLs−1−d and subsequent odd
averaging costs CL(s/r)d. The geometric sum is CLr−d∑

b:rb≥cLh r−1
b , as claimed. All supports in

these comparisons fit in a square of radius CLr. Charge extraction therefore costs at most CLr for
even functions and CLrd for odd functions.

6.3 The covariance increment

Proposition 6.3 (Averages of the marginal coefficients). The coefficients in (6.3)–(6.4) satisfy∑
j<J

bj = −4πa2 log rJ + o(log rJ), (6.10)

∑
j<J

cj,q(y) =
(

q

2

)
πa2

2 log rJ + o(log rJ), (6.11)

where the second error is uniform in y for each fixed q. Equivalently, their Cesàro means are
−4πa2 log L and

(q
2
)
(πa2/2) log L.

Proof. We first prove (6.10). The coordinate βJ is the coefficient of degree four in the variance
per unit microscopic area of ℓ(H(J)

∗ ). To see this directly, restrict to a large union of cells, sum
its linear charges, divide its variance by the number of microscopic sites, and let the window
grow. At fixed J the coefficient arrays have bounded range, so the boundary contribution vanishes.
Formula (5.2) is precisely the resulting anchored covariance sum. At degree four, averaging the
independent signs leaves only one-site terms and unordered two-site terms. Terms supported on
disjoint noninteracting insertions cancel in the variance subtraction. The surviving pair separations
are at most CLrJ , by the fixed-degree carrier bound.

Fix two sites i ̸= k and abbreviate

Cik = ⟨e(i)e(k)⟩0, Aik = ℓ(e(i)e(k)).

Their invariant energy charge is exactly

E = ti + tk + Aiktitk

1 + Ciktitk
. (6.12)
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The numerator uses ℓ(e(i)) = ℓ(e(k)) = 1 and ℓ(1) = 0; the denominator uses the centering of each
energy. Through degree three,

E = ti + tk + Aiktitk − Cik(t2
i tk + tit

2
k) + O(t4). (6.13)

Here O(t4) denotes only discarded formal monomials of total degree at least four. Consequently
the degree-four variance contribution after ti = ληi, tk = ληk is

A2
ik − 4Cik. (6.14)

The square of the quadratic mixed term supplies A2
ik; its mean is zero. The two linear/cubic

crosses each supply −2Cik. Pure quadratic terms, if present in a different log representation, are
deterministic after the sign substitution and disappear in the variance.

We justify replacing the linear charge by this invariant charge with a bounded total error.
Write Ai = [ti]H∗, Bi = [t2

i ]H∗ and Dik = [titk]H∗ at scale r = rJ . The bounds above give

∥Ai∥ ≤ C/r, ∥Bi∥ ≤ C/r2, ∥Dik∥ ≤ C/(hr).

All columns are plane centered. In particular the denominator in (6.7) has zero first-degree
term. At mixed degree two, exp H∗ −H∗ contributes AiAk, whose energy charge is O(r−1). Thus
the linear charge has first-degree coefficients exactly one and mixed second-degree coefficient
Aik + O(r−1). At t2

i tk, the numerator corrections beyond the linear log charge are the charges of

AiDik, BiAk, 1
2A2

i Ak.

The denominator correction is its quadratic coefficient multiplied by a first-degree numerator. That
coefficient is bounded by C(r−2 + (hr)−1) (in fact the plane-centering cancellation may improve
some of its terms). Multiplying the displayed sup-norm products by the charge cost Cr gives the
same bound. Therefore the linear and invariant coefficients at t2

i tk and tit
2
k differ by

O
(
r−2 + (hr)−1). (6.15)

Since |Aik| ≤ C/h by Lemma 2.3, squaring the second-degree coefficient adds at most C((hr)−1 +
r−2). The first-degree/cubic crosses obey the same bound. This proves that the pair contribution
differs from (6.14) by at most C((hr)−1 + r−2).

For a single site the invariant charge is exactly ti. The pure cubic charge discrepancy consists
of the products AiBi, A3

i /6, and the quadratic denominator term times the linear numerator, and
is O(r−2). Hence its degree-four variance contribution is O(r−2) per site. No bound on the third
log column itself is being assumed: its linear charge is determined by the invariant identity and
these lower-column corrections.

The pair errors have a bounded sum per unit area, since in two dimensions∑
1≤|z|≤CLr

( 1
r(1 + |z|) + 1

r2

)
≤ CL. (6.16)

Indeed the shell n ≤ |z| < n + 1 has at most C(n + 1) lattice points; the first summand contributes
C/r per shell and the second has at most Cr2 terms. The one-site contribution is bounded as well.
One may use the disk |z| ≤ CLr for the pair sum: any noninteracting pair in this range has zero
linear variance contribution and satisfies the same comparison, and beyond this range the linear
coefficient is zero. Thus

βJ = 1
2

∑
0<|z|≤CLrJ

{
ℓ(e(z)e(0))2 − 4⟨e(z)e(0)⟩0

}
+ O(1). (6.17)
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The half accounts for unordered pairs. If the fixed-scale list is only grid-translation invariant, the
intermediate expression averages its linear pair contribution over the first site’s residue class in a
grid cell; the invariant expression is fully translation invariant and the uniform error bound gives
exactly (6.17).

Lemma 2.3 gives, uniformly in direction, ⟨e(z)e(0)⟩0 = a2|z|−2 + o(|z|−2) and ℓ(e(z)e(0))2 =
o(|z|−2). The lattice sum satisfies ∑

0<|z|≤R

|z|−2 = 2π log R + O(1).

For example compare each unit lattice square away from the origin with its radial integral; the
gradient error is O(|z|−3), which is summable outside any fixed disk. For an o(|z|−2) remainder,
split at a fixed large radius, make its coefficient arbitrarily small beyond that radius, and use the
same logarithmic bound. Its sum is consequently o(log R). Applying these facts in (6.17) yields
βJ = −4πa2 log rJ + o(log rJ). Telescoping (6.3) subtracts only the bounded initial coefficient β0,
proving (6.10).

The marked increment

For one energy site i and mark y, the invariant normalized spin charge is exactly

S = 1 + tiSi(y), Si(y) = ℓs(σye(i)). (6.18)

The denominator is one because the energy is centered. Write F0 = [1]f , F1 = [ti]f , and retain the
background columns Ai, Bi above. At first degree the difference between ℓs(f) and S is ℓs(F0Ai),
which is O(r−1) by (6.9). At second degree the numerator corrections are the charges of

F1Ai, F0Bi,
1
2F0A2

i .

Their sup norms, multiplied by the odd charge cost Crd, are bounded by C((hr)−1 + r−2). The
denominator correction has the same bound. It follows that the linear marked charge is

1 + ti{Si(y) + O(r−1)}+ t2
i O
(
(hr)−1 + r−2)+ O(t3

i ).

Its qth power has degree-two coefficient(
q

2

)
Si(y)2 + Oq

(
(hr)−1 + r−2), (6.19)

since |Si(y)| ≤ C/h. Sign averaging eliminates distinct-site quadratic monomials, so only this
one-site calculation is needed. The marked coefficient has range at most CLr; sum (6.19) over
those sites and use (6.16). Uniformly in y,

αJ,q(y) =
(

q

2

) ∑
|i−y|≤CLrJ

ℓs(σye(i))2 + Oq(1). (6.20)

The finitely many coincident or adjacent sites contribute only a bounded amount. The uniform
OPE asymptotic ℓs(σye(i))2 ∼ a2/(4|i− y|2) and the preceding lattice summation give (6.11) after
subtracting α0,q(y). Finally log rJ = J log L + log r0 gives both Cesàro assertions.
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Corollary 6.4 (Bounded first-charge sums). There is a constant independent of J and y such that∣∣∣∣∣∣
∑
j<J

cj,1(y)

∣∣∣∣∣∣ ≤ C.

Proof. For q = 1 the invariant coefficient of t2
i in (6.18) is exactly zero, rather than merely smaller

than its logarithmic scale. Thus (6.20) gives |αJ,1(y)| ≤ C. The initial coefficient is uniformly
bounded, and (6.4) telescopes. This stronger conclusion will control the first marked moment; a
zero Cesàro mean alone would not suffice.

7 The tuned background flow
The linear estimates leave one expanding mean coordinate and one neutral covariance coordinate.
We now choose the initial temperature to keep the first coordinate small and use the averaged
coefficient from Proposition 6.3 to control the second. The construction uses estimates on finite
intervals of scales; it does not assume that an infinite bounded trajectory already exists.

Write mj , Kj , Wj , Yj for the first four disorder cumulants of the background list at scale
j. All tensor norms in this section are the indexed projective norms of Section 3. The initial
bond functions are placed in principal slots, with a crossing bond divided symmetrically between
its incident cells. Their centered random parts are independent symmetric two-point variables.
Consequently, uniformly for t = O(D2),

g0 = ḡ(1 + O(D)), ḡ = γD2, K0 = O(ḡ), W0 = 0, Y0 = O(ḡ2), (7.1)

where γ > 0. Positivity follows from the nonzero energy charge of a bond and the nonzero
derivative of its coupling with respect to D. The initial mean is O(|t|+ D2), and x0 = x(m0) has
nonzero derivative with respect to t at (t, D) = (0, 0). Thus x0 itself can be used as the shooting
parameter on any fixed interval of size O(D2).

Put
B0 = 4πa2 log L, Gj = ḡ

1 + B0jḡ
, sj = G

1/2
j . (7.2)

In particular Gj+1/Gj = (1 + B0Gj)−1 tends uniformly to one as D tends to zero. A trajectory is
kept through scale N if |xj | ≤ XGj for 0 ≤ j ≤ N , where X will be fixed below. An estimate for
its tested next step concerns the actual output at N + 1 without requiring that output to satisfy
the thermal bound.

Proposition 7.1 (Finite-prefix estimates). There are fixed constants X, C and ρ < 1 such that,
for sufficiently small D > 0, every trajectory kept through scale N satisfies the background tail and
moment bounds of Section 4 with s = sj, and

∥mj∥+ ∥Kj∥ ≤ CGj , ∥Wj∥+ ∥Yj∥ ≤ CG2
j , 1

2Gj < gj < 2Gj . (7.3)

The tensor and moment bounds also hold for the tested next step, with a larger fixed constant for
its mean. Moreover, for 1 ≤ j ≤ N ,

Kj − gjVj = O
(
Gj(Gj + ρj)

)
, (7.4)

mj − gjm∗
j = O

(
Gj(Gj + ρj + ρN−j)

)
, (7.5)

Wj − g2
j W ∗

j , Yj − g2
j Y ∗

j = O
(
G2

j (sj + ρj + ρN−j)
)
. (7.6)
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Here Vj , m∗
j , W ∗

j , Y ∗
j are the bounded formal profiles of Section 6. For 0 ≤ j ≤ N , including the

tested next covariance,

gj+1 = gj + bjg2
j + O

(
G2

j (sj + ρj + ρN−j)
)
. (7.7)

The constants are independent of N and of the kept trajectory.

Proof. We first derive the estimates under the corresponding bounds on an input prefix, and then
choose the constants so that the estimates reproduce those bounds. This separation is useful
because no sign condition is available for an individual bj .

The finite Taylor rule in Proposition 4.1 determines the cumulant recursion with remainder
O(G5/2

j ). The required algebra can be described explicitly. Assign a separate letter to every factor
in a Taylor monomial, even when two letters have the same slot index. If I1, . . . , Ik are the groups
belonging to the k output factors, the cumulant of their products is

cum

∏
a∈I1

ha, . . . ,
∏

a∈Ik

ha

 =
∑

π: π∨{I1,...,Ik}=1

∏
B∈π

cum(ha : a ∈ B). (7.8)

The join condition says precisely that the partition connects the output groups. Formula (7.8)
follows by expanding moments into cumulants and applying the defining alternating sum for the
output cumulant. The coefficient of a partition not connecting the groups is zero. It therefore
applies also to correlated input slots.

A singleton block costs m = O(G), a pair costs K = O(G), and blocks of sizes three and
four cost W, Y = O(G2), where G = Gj . For covariance the nonlinear degree patterns with at
most four letters are (1, 2), (2, 1), (1, 3), (2, 2), (3, 1). The three-letter patterns retain W and the
connecting mK partitions; the four-letter patterns retain Y and the connecting KK partitions.
For the third cumulant the only further pattern has four letters and retains Y and KK. For the
fourth cumulant there is only homogeneous linear transport to the stated accuracy. The mean
retains its linear term and the quadratic Taylor coefficient applied to K; its other terms have size
O(G2). In particular the recursions have the form

mj+1 = Tjmj + Qj(Kj) + O(G2
j ), (7.9)

Kj+1 = T
(2)
j Kj + Bj(Wj , Yj , Kj ⊗Kj , mj ⊗Kj) + O(G5/2

j ), (7.10)

Wj+1 = T
(3)
j Wj + Fj(Yj , Kj ⊗Kj) + O(G5/2

j ), (7.11)

Yj+1 = T
(4)
j Yj + O(G5/2

j ). (7.12)

Here Qj is the quadratic Taylor coefficient contracted against a covariance; Bj and Fj denote the
sums of exactly the connected partitions just listed, including their Taylor coefficients. They are
bounded linear maps on the displayed direct sums of tensor spaces. The indexed estimates in
Proposition 4.1 justify all slot sums.

The charge of linear covariance transport is unchanged by Proposition 5.1. Equations (7.3)
and (7.10) therefore first give the coarse estimate gj+1− gj = O(G2

j ). On the kernel of that charge
the linear operator contracts. Subtracting gj+1Vj+1, and using the exact transport of Vj , gives (7.4)
by convolution with this contraction. For clarity, every such convolution uses the elementary
estimate ∑

i<j

κj−1−iGα
i ≤ CαGα

j , κjGα
0 ≤ CαρjGα

j , (7.13)
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for the finitely many positive exponents α used here, where κ < ρ < 1. To verify it, use
Gi/Gj ≤ (1 + B0ḡ)j−i and decrease D so that κ(1 + B0ḡ)α < ρ.

Subtract next the recursion for gjm∗
j from (7.9). The stable mean component is controlled

forward by (7.13). Its forcing is O(G2
j + Gjρj). The thermal component is controlled backward: if

its error is zj , then
zj = L−1zj+1 + O(G2

j + Gjρj), |zN | ≤ CGN .

Summing this equality from N backwards gives |zj | ≤ CGj(Gj + ρj + ρN−j), after enlarging ρ < 1.
This proves (7.5). The fourth and third cumulant recursions, in that order, have contracting
homogeneous operators. Subtract their formal-profile recursions, use g2

j+1 − g2
j = O(G3

j ), and
apply (7.13). The resulting errors are those in (7.6). An unmatched initial profile contributes only
the geometric term. All comparisons at scale zero can likewise be paid by that term.

The definition of bj is the charge of the nonlinear term in (7.10) evaluated on the formal profiles.
Inserting (7.4)–(7.6) therefore gives (7.7). The terminal term in that formula is the cost of using
only a finite thermal prefix.

We now show why this refined estimate reproduces the asserted covariance range. The coarse
one-step bound first makes the tested gN+1 positive and comparable to GN+1, so reciprocals are
legitimate. Taking reciprocals in (7.7) and summing gives, for 1 ≤ k ≤ N + 1,

1
gk

= 1
g0
−
∑
j<k

bj + O

1 +
∑
j<k

sj

 . (7.14)

Indeed gj/Gj is comparable to one on the input prefix, the two geometric errors have bounded
sums, and the reciprocal Taylor remainder is O(Gj), bounded by O(sj). Proposition 6.3 says that
Rk =

∑
j<k(bj + B0) = o(k). Thus for each η > 0 there is Cη <∞ such that |Rk| ≤ ηk + Cη for

every k. Since sj ≤
√

ḡ,

sup
1≤k≤N+1

∣∣∣g−1
k − (ḡ−1 + B0k)

∣∣∣
ḡ−1 + B0k

≤ CD + C
√

ḡ + Cη + Cη ḡ. (7.15)

First choosing η small and then D small makes this strictly smaller than the amount allowed by
Gk/2 < gk < 2Gk. It also proves that

sup
k≤N+1

|gk/Gk − 1| −→ 0 (D ↓ 0), (7.16)

uniformly over all kept prefixes. Only the averaged coefficient was used; individual coefficients
may have either sign.

It remains to fix the constants in the bounds used above. First choose the covariance-kernel
allowance larger than its initial and line contributions. Contraction reproduces this allowance,
with its nonlinear O(G2) loss left for the final smallness choice. Choose X so large that, under
this covariance bound,

xj+1 = Lxj + fj , |fj | ≤ CGj , (L− 1)X > C + 1. (7.17)

Choose the remaining mean allowance from this tube, the initial mean, and stable contraction.
Next choose the fourth-cumulant allowance and then the third-cumulant allowance, using (7.12)
and (7.11). These choices furnish a fixed bound F∗ on the actual next principal raw second tensor.
Indeed, at each principal slot i,∥∥E[h′

i ⊗ h′
i]
∥∥ =

∥∥∥K ′
i,i + m′

i ⊗m′
i

∥∥∥ ≤ CGj + CG2
j ≤ e−2vF 2

∗ Gj ,
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after enlarging F∗ by the fixed factor ev if necessary. This is precisely the tensor input required by
the moment reproduction estimate; no output probability norm has been assumed to obtain it.

For the moment bounds in Proposition 4.3, choose B2 larger than the fixed multiple of F∗ and
the initial second moment bound, and B larger than the initial high-moment bound and C∗

LB2, with
strict room in both inequalities. The dictionary error was chosen to have ε∗C∗

L sufficiently small,
so these choices can also satisfy ε∗B ≪ B2. Finally decrease D to pay all nonlinear remainders, the
variation of Gj , and all fixed constants in the profile comparisons. The tail bound is reproduced by
the exact map. This order closes the input-prefix induction and its tested next step. In particular,
the covariance improvement uses only the previously kept prefix, not an as yet unproved next
thermal bound.

Proposition 7.2 (Existence of a tuned trajectory). For every sufficiently small D > 0 there is
t∗(D) = O(D2) whose background trajectory satisfies |xj | ≤ XGj at every scale. All the bounds of
Proposition 7.1 hold along this trajectory. In the profile estimates its terminal geometric term may
be omitted.

Proof. At every fixed scale the expected list coordinates are continuous in x0. Indeed the map has
finite random footprints; each fresh threshold has a continuous distribution, so equality with that
threshold has probability zero. Almost-sure continuity away from those equalities, together with
the finite-step moment bounds and summable coefficient bounds, gives dominated convergence.
This applies uniformly on each compact parameter interval used below.

Choose the initial interval I0 so that its endpoints have x0 = −XG0 and x0 = XG0. Suppose
Ij is a closed interval all of whose parameters are kept through j, and whose endpoints have
xj = −XGj and xj = XGj . By (7.17), their next coordinates lie strictly below −XGj+1 and
above XGj+1, respectively. Continuity supplies a subinterval Ij+1 ⊂ Ij on which |xj+1| ≤ XGj+1
and whose endpoints attain both bounds. For an explicit choice, take the first hitting of the upper
bound and the last preceding hitting of the lower bound. Between those points neither bound
can be crossed. The nested nonempty compact intervals have a common parameter, giving the
asserted trajectory. Finally, apply the finite-prefix profile bounds to arbitrarily long prefixes of
this trajectory, with j fixed, and let N tend to infinity.

Corollary 7.3 (Decay of the disorder coordinate). Along every tuned trajectory obtained above,

gj ∼
1

B0j
(j →∞),

∑
j≥0
|gj+1 − gj | ≤ Cḡ. (7.18)

The uniform comparison (7.16) also holds over all j ≥ 0 as D ↓ 0.

Proof. In (7.14), Rj = o(j) and
∑

i<j si = o(j) for each fixed D > 0, because si → 0. Thus
g−1

j = B0j + o(j). The coarse increment estimate and
∑

j G2
j ≤ Cḡ give the total-variation

bound.

8 Transport of a spin insertion
Fix a tuned background from Proposition 7.2. A singleton spin insertion at y is transported by
the exact marked map, with the factor Ld included at every step. Denote its scaled random list by
uj = uj,y, and set

αj = 1
rd

j

∑
i

ℓs(uj,i), Aj,q = Eαq
j . (8.1)
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The initial insertion is rd
0σy, so α0 = 1. The deterministic representative wj,y from Proposition 5.2

has normalized spin charge one. All estimates below are uniform in y, including its position within
a grid cell. Let Q be the finite set of even source powers fixed in Section 4, containing 2, 4, 400. It
was chosen before the background moment exponent p and the blocking ratio L. We prove the
moment asymptotics for every q ∈ Q.

8.1 Control of the random marked list

For a random marked list, write ∥u∥v,q for its weighted individual-slot Lq norm, with the weights
of Proposition 4.4. The source-background bound is the mixed bound there; its exponent p is fixed
sufficiently large relative to q. The following statement supplies both that bound and the small
component perpendicular to spin charge.

Proposition 8.1. For each q ∈ Q and sufficiently small D > 0, Aj,q > 0 and there are fixed
constants C∗, Bs, C such that, at every scale,

∥uj∥v,q ≤ C∗A
1/q
j,q , (8.2)(

E ∥uj,i∥q ∥hj,m∥p
)1/p ≤ (C∗A

1/q
j,q )q/pBssje−vqni/p−vnm . (8.3)

For j ≥ 1 one has the stronger estimate

∥uj − αjwj,y∥v,q ≤ CA
1/q
j,q sj . (8.4)

The notation αjwj,y places the representative in its marked principal slot. The allowed disorder
can be chosen uniformly for the fixed finite collection Q.

Proof. Put aj = A
1/q
j,q = ∥αj∥Lq and kj = ∥uj − αjwj,y∥v,q. The source-line projection is bounded in

the weighted norm. Its complement contracts under the scaled linear transport, and Proposition 4.4
bounds the nonlinear difference by CUsj when U = C∗aj . Since linear transport preserves
normalized spin charge,

|aj+1 − aj | ≤ CC∗ajsj , kj+1 ≤ κkj + CC∗ajsj , (8.5)

where the first inequality is the reverse triangle inequality in Lq. In particular aj+1 > 0 and
aj+1/aj = 1 + O(sj) once disorder is small. This proves positivity before any normalization by the
next moment is used.

To close (8.2), reserve a fixed part of C∗aj for the line and the rest for the kernel. Choose C∗
large enough for the bounded line norm and the initial list. The strict contraction in the second
inequality of (8.5) then reproduces the kernel allowance relative to aj+1, after decreasing D. The
mixed output estimate in Proposition 4.4 is

U q/p(Bssj/8 + CL,Bsj + o(sj)
)
.

Choose Bs after the background constants so that its first two terms leave strict room below Bssj ,
and then decrease D so that the remaining room pays the changes from U to C∗aj+1 and from
sj to sj+1. Initially the source is deterministic, so the mixed bound follows directly from the
background moment bound. This closes the simultaneous induction for (8.2)–(8.3).

At zero background the first step gives exactly the representative w1,y. Its perturbation
is O(a0s0), hence k1 ≤ Ca1s1. Divide the kernel recursion in (8.5) by aj+1sj+1. The ratios
aj/aj+1 = 1 + O(sj) and sj/sj+1 = 1 + O(Gj) make its contraction coefficient strictly smaller than
one. Iteration proves (8.4).
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8.2 Connected moments and the scalar recurrence

Fix q ∈ Q and abbreviate Aj = Aj,q. Use separate slot indices for all tensor factors and define

Sj = E[u⊗q
j ], C1,j = cum(u⊗q

j , hj), C2,j = cum(u⊗q
j , hj , hj). (8.6)

In each cumulant u⊗q
j is one random tensor-valued argument; the q marked factors are not separate

cumulant groups. Taking the product of their normalized spin charges gives the scalar coordinate
Aj of Sj . All products and cumulants in (8.6) are therefore defined entry by entry before summing
their indexed projective norms.

Lemma 8.2. For j ≥ 1, with the bounded formal profile Z∗
j,q,y from Section 6,

C2,j = O(Ajs3
j ), (8.7)

C1,j = AjgjZ∗
j,q,y + O

(
AjGj(sj + ρj)

)
, (8.8)

Sj = Ajw⊗q
j,y + O(Ajsj). (8.9)

Consequently the marked charge moments obey

Aj+1 = Aj

(
1 + cj,q(y)gj + O

(
Gj(sj + ρj)

))
. (8.10)

The recurrence also holds at j = 0, where its error is allowed to be O(G0).

Proof. The mixed estimates give initially ∥Ck,j∥ ≤ CAjsk
j for k = 1, 2. Apply the source Taylor

rule through two background degrees, counting the displayed background arguments among those
degrees. For C2 the only retained term is homogeneous linear transport: a nonlinear term in either
background output has at least three background letters, and a nonlinear term in the transported
source tensor also adds a third letter. The degree-zero transport of the grouped source tensor
is deterministic and linear on that tensor. Thus no independent SjKj term is present in this
cumulant recursion. By Proposition 5.2,

C2,j+1 = L2,jC2,j + O(Ajs3
j ), ∥L2,j∥ ≤ κ. (8.11)

The initial grouped source tensor is deterministic, so C2,0 = 0. Contraction now proves (8.7). More
explicitly, for each of the finitely many exponents b below,∑

i<j

κj−1−iAis
b
i ≤ CbAjsb

j . (8.12)

Indeed (8.5) gives Ai/Aj ≤ (1 + C
√

ḡ)j−i, and si/sj ≤ (1 + B0ḡ)(j−i)/2; their product can be
absorbed in the strict contraction by choosing D small.

The corresponding expansion of C1 has its homogeneous term and terms with two background
letters. To see their structure without any assumption on the disorder law, set U = u⊗q in the
moment-cumulant identity. For example,

E[U ⊗ h⊗ h] = C2 + S ⊗K + S ⊗m⊗m + C1 ⊗m + m⊗ C1,

with the indicated permutations of indices. The source-linear, background-quadratic term and
the source-background term covaried with one background are obtained from this identity by
subtracting their products of expectations. Their only possible leading inhomogeneous contribution
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is a bounded bilinear operation on S, K; all the C2 and C1m terms are O(Ajs3
j ) at this stage.

Consequently
C1,j+1 = L1,jC1,j +Hj(Sj , Kj) + O(Ajs3

j ), ∥L1,j∥ ≤ κ, (8.13)

where Hj is exactly the sum of these degree-two inhomogeneous Taylor terms. Since C1,0 = 0,
contraction first gives C1,j = O(AjGj).

In the expansion of Sj+1, the degree-one terms now use C1,j and Sjmj , and the degree-two
terms use SjKj ; all other terms cost O(Ajs3

j ). Since mj , Kj = O(Gj), taking product spin charge
improves (8.5) to

Aj+1/Aj = 1 + O(Gj). (8.14)

To identify its coefficient, expand uj = αjwj,y + (uj − αjwj,y) in the q tensor factors. Every term
except the all-line term contains a kernel factor. Hölder, (8.2), and (8.4) bound its expectation by
CAjsj , proving (8.9).

The formal profile satisfies

Z∗
j+1,q,y = L1,jZ∗

j,q,y +Hj(w⊗q
j,y , Vj).

Subtract this equation multiplied by Aj+1gj+1 from (8.13). The replacements of Sj and Kj by
their line parts cost O(AjGj(sj + ρj)), by (8.9) and (7.4). The change of scalar factors costs
O(AjG2

j ), by (8.14) and gj+1− gj = O(G2
j ). Contraction and (8.12) prove (8.8). Finally insert the

three profile comparisons and (7.5), with its terminal term removed, into the Taylor formula for
the spin charge of Sj+1. Its leading coefficient is exactly cj,q(y) by definition. The accumulated
error is that in (8.10). Scale zero has bounded coefficients and errors of order A0G0, which the
geometric term allows.

8.3 Summation of the moments

Proposition 8.3. For each q ∈ Q and fixed sufficiently small D > 0,

Aj,q = j(q
2)/8+o(1) (j →∞), (8.15)

uniformly in the marked site y. In addition there is a constant independent of sufficiently small D
such that

Aj,2 ≤ C(1 + B0jḡ)1/4 (j ≥ 0). (8.16)

Proof. The error in (8.10) has summable absolute values, because∑
j≥0

Gj(sj + ρj) <∞,
∑
j≥0

g2
j <∞.

All factors are positive and uniformly close to one for small D. Taking logarithms therefore gives

log AJ,q =
∑
j<J

cj,q(y)gj + OD(1). (8.17)

The error is uniform in y. Let µq =
(q

2
)
B0/8. Proposition 6.3 gives

∑
j<J(cj,q(y) − µq) = o(J)

uniformly in y. Abel summation then gives
∑

1≤j<J(cj,q(y)− µq)/j = o(log J): for each η > 0, the
partial sums are at most ηj +Cη, and the summation-by-parts remainder is at most η log J +Oη(1).
The coefficients are bounded, so replacing 1/(B0j) by gj = (1 + o(1))/(B0j) costs another o(log J).
This proves (8.15) from (8.17).
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For the bound uniform in D, write cj = cj,2(y) and µ = B0/8. Uniform Cesaro convergence
gives |

∑
i<k(ci − µ)| ≤ ηk + Cη. Since Gj decreases, summation by parts implies∑

j<J

cjGj ≤ (µ + η)
∑
j<J

Gj + Cη ḡ ≤
(1

8 + η

B0

)
log(1 + B0Jḡ) + Cη. (8.18)

By (7.16), replacing Gj by gj costs at most ∥c∥∞ supj |gj/Gj − 1|
∑

j<J Gj . Choose η and then
the disorder bound so that the total coefficient of the logarithm is less than 1/4. The sums of the
Taylor errors and of g2

j are uniformly bounded (in fact they tend to zero with D). Applying the
logarithmic estimate proves (8.16).

8.4 The first moment

The first charge moment need not be used as a norm. Instead, the second moment estimate
supplies an absolute bound for its Taylor remainders. This avoids presuming either its sign or its
comparability to one.

Proposition 8.4. Uniformly in j and y, for sufficiently small D > 0,
1
C
≤ Aj,1 = Eαj ≤ C. (8.19)

More precisely, supj,y |Aj,1 − 1| → 0 as D ↓ 0.

Proof. Set U∗
j = C(1 + B0jḡ)1/8. Equations (8.2), (8.3), and (8.16), with q = 2, give all one-source

absolute estimates with Aj in the previous proof replaced by U∗
j . To retain the full background

smallness in this passage, write Y = ∥uj,i∥ and H =
∏

m ∥hj,m∥am , with b =
∑

m am ≤ p.
Cauchy–Schwarz gives

E[Y H] ≤
(
E[Y 2H]

)1/2(E[H]
)1/2 ≤ CU∗

j sb
je−vni−v

∑
m

amnm .

The first factor uses the mixed q = 2 measure and the second the background moment bound.
Unused powers in both measures pay any large-field indicator in the Taylor remainder as in
Proposition 4.4. Apply the same connected-cumulant recursions to the single grouped source uj .
They yield

C2,j = O(U∗
j s3

j ), C1,j = O(U∗
j Gj), Sj = Aj,1wj,y + O(U∗

j sj).

The change of its scalar coordinate is bounded absolutely by |Aj+1,1 − Aj,1| ≤ CU∗
j Gj . When

comparing the C1 recursion with its formal profile, use this absolute difference bound in place
of (8.14). Together with |Aj,1| ≤ U∗

j it bounds the change of Aj,1gj by CU∗
j G2

j . The same
contracting convolution proves

C1,j = Aj,1gjZ∗
j,1,y + O

(
U∗

j Gj(sj + ρj)
)
.

Consequently, with aj = Aj,1,

aj+1 = (1 + cj,1(y)gj)aj + ej , |ej | ≤ CU∗
j Gj(sj + ρj). (8.20)

Corollary 6.4 gives a fixed bound on every partial sum of cj,1(y), uniformly in y. Abel
summation and Corollary 7.3 therefore imply

sup
J

∣∣∣∣∣∣
∑
j<J

cj,1(y)gj

∣∣∣∣∣∣ ≤ C

g0 +
∑
j≥0
|gj+1 − gj |

 ≤ Cḡ.
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Also
∑

j cj,1(y)2g2
j ≤ Cḡ. Thus the products PJ =

∏
j<J(1 + cj,1(y)gj) are positive and satisfy

supJ,y |PJ − 1| ≤ Cḡ. The inhomogeneous errors have total cost∑
j≥0
|ej | ≤ Cḡ3/2∑

j≥0
(1 + B0jḡ)−11/8 + Cḡ

∑
j≥0

ρj(1 + B0jḡ)−7/8

≤ C
√

ḡ.

The exponent 11/8 > 1 is what makes the first sum integrable on the scale j ≍ ḡ−1. Variation of
constants in (8.20), with a0 = 1, gives

aJ = PJ

1 +
∑
j<J

ej/Pj+1

 .

It follows that supJ,y |aJ − 1| ≤ C
√

ḡ, which proves both assertions.

9 Quenched partition readout and boundary arms
The marked estimates concern random functions in a partition integrand. We now recover the spin
correlation normalized separately in each random environment. Two features of this passage matter.
The charge of an entire source list need not depend on local randomness, so independence will be
used only after replacing it by the charge of the principal slot. Also, large terminal background
interactions cannot be discarded globally. We remove only the interactions meeting a growing
buffer around the two marks and use a conditional reference estimate inside that buffer.

Throughout this section D > 0 is fixed and sufficiently small, and t = t∗(D) is the tuned
parameter of Proposition 7.2. The expectation E includes the independent decision seeds of the
blocking construction. All assertions about growth as the scale index tends to infinity are uniform
in the locations of the marks. Constants may depend on D and on the fixed geometric parameters.
In particular, no uniform large-distance asymptotic as D ↓ 0 is asserted.

9.1 The exact identity and the two local amplitudes

Let y1, y2 ∈ Z2 and put ℓ = ∥y1 − y2∥∞. Fix F larger than all principal support and dependence
halos and all contact distances in one blocking step. Increase it, if necessary, so that the same
separation holds in output-scale units for every step considered below. For sufficiently large ℓ, let
J be the largest integer such that

F ≤ ℓ/rJ < LF. (9.1)

Thus J = logL ℓ + O(1). None of our estimates requires the ratio ℓ/rJ to converge, or either mark
to occupy a prescribed position inside its grid cell.

Use two commuting square-free variables ζ1, ζ2, so ζ2
1 = ζ2

2 = 0. Start the log integrand with
ζ1σy1 + ζ2σy2 ; its initial joint coefficient is zero. At scale j write the source-dependent part of the
transformed log integrand and its saved scalar as

r−d
j

2∑
a=1

ζa
(
Uj,a + kj,a

)
+ r−2d

j ζ1ζ2
(
Uj,12 + kj,12

)
, d = 1

8 . (9.2)

Here Uj,a =
∑

i uj,a,i is the sum of the scaled singleton list, Uj,12 is the sum of the scaled joint
list, and kj,a, kj,12 are the accumulated scalar coefficients with the indicated scaling. Saved scalars
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retain their carriers until all estimates involving those carriers have been made. The individual
singleton lists coincide with those obtained by running one source alone: set the other square-free
variable equal to zero and then differentiate in the chosen variable.

We apply the exact blocking identity first in a free box ΛN containing the marks and all
relevant buffers. Write ⟨·⟩J,N,ω for expectation in its actual terminal background: the reference
measure multiplied by the transformed positive weight and divided by its own source-zero partition
integral. The saved source-zero scalar cancels in this ratio, however large it is. Use the plane
centering convention also for source coefficients near the free boundary. Spin flip then makes
kJ,1 = kJ,2 = 0. Expanding the exponential of (9.2) therefore gives the exact identity

r2d
J ⟨σy1σy2⟩free

N,ω = ⟨UJ,1UJ,2 + UJ,12⟩J,N,ω + kJ,12. (9.3)

This is an identity at each environment and each choice of decision seeds. In particular it computes
the quenched correlation and not a ratio of disorder-averaged partition integrals. For every function
Q, the bound |⟨Q⟩J,N,ω| ≤ ∥Q∥∞ is independent of the terminal interactions outside its support.
This is the reason that the sup-norm errors below remain usable after readout.

We next estimate the plane lists. Their use in (9.3) will be justified by the fixed-step finite-
volume passage below. Let uj,y,pr denote the principal slot of the singleton list at y. In addition to
its total normalized charge αj,y from Section 8, define

α̃j,y = r−d
j ℓs(uj,y,pr), wj,y = rd

j PHrj ,cj(y)σy. (9.4)

The line representative wj,y occupies the principal slot, has normalized charge one, and has
uniformly bounded sup norm. The charge bound of Lemma 2.1, with exponential weights paying
all carrier-size factors, shows that the charge functional is bounded on a singleton list. The
nonprincipal slots of uj,y − αj,ywj,y are exactly those of uj,y. Consequently Proposition 8.1 gives,
for each of the fixed even powers q used below and j ≥ 1,

∥αj,y − α̃j,y∥Lq ≤ CAj,q(y)1/qsj , (9.5)
∥uj,y − α̃j,ywj,y∥v,q ≤ CAj,q(y)1/qsj , (9.6)

where Aj,q(y) = Eαq
j,y and the weighted norm includes slotwise function sup norms. Summation

over slots preserves these bounds because the weight has the counting slack of Section 3.
The random variable α̃J,y is measurable with respect to the environment and all decision seeds

in the fixed principal footprint at y. Those footprints at y1, y2 are disjoint by the choice of F ,
including the safety layer for edge variables. Hence α̃J,y1 and α̃J,y2 are exactly independent. This
assertion concerns the two amplitudes; it makes no independence assertion about the Gibbs state
in which they will be read. Propositions 8.3 and 8.4, together with (9.6), imply, for large J ,

c ≤ Eα̃J,y ≤ C,

∥α̃J,y∥L2 = J1/16+o(1),

∥α̃J,y∥L4 = J3/16+o(1).

(9.7)

For the first assertion the error is at most CA
1/2
J,2 sJ = o(1); for the other two, the error in Lq is

o(A1/q
J,q ). Thus, with ZJ = α̃J,y1α̃J,y2 ,

c ≤ EZJ ≤ C, E|ZJ | ≤ J1/8+o(1), ∥ZJ∥L2 = J1/8+o(1), ∥ZJ∥L4 = J3/8+o(1). (9.8)

The mean factors even if the amplitudes are signed. The upper bound for E|ZJ | also follows from
the L2 bound.
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Lemma 9.1 (Separated joint-source terms). At the stopping scale (9.1), the sum of the sup
norms of the joint-source list and the absolute values of its saved scalar increments, including their
subsequent scaling, has L2 norm at most

CsJJ3/8+o(1) = J−1/8+o(1). (9.9)

Replacing UJ,1UJ,2 by ZJwJ,y1wJ,y2 has the same L2 bound on its sup norm.

Proof. A newly generated coefficient containing both labels is bilinear in the two singleton lists.
Apply the connected coefficient bounds of Lemma 3.3, retaining the output carrier containing both
marks. At zero background degree a pair of principal slots does not merge: their input carriers,
averaging squares, and contact neighborhoods are disjoint, also in output units, by our choice
of F . Their transformed moment therefore factors and contributes zero to the joint logarithmic
coefficient. At the first step the two input sources are principal. At later steps a zero-background
merge must therefore contain a remainder from (9.6); Hölder’s inequality in L4 gives a factor sj in
its L2 cost.

For ordinary analytic terms of positive background degree, retain one background factor before
bounding the others by the small thresholds and the deterministic tail bounds. To spell out why the
retained factor is small despite dependence, suppress the slot weights and write Xa = ∥uj,a,ia∥ and
H = ∥hm∥. The mixed bound of Proposition 4.4, for source power four, and Hölder interpolation
with respect to the measure X4

a dP give

E(X4
aH2) ≤

(
EX4

aHp)2/p(EX4
a

)1−2/p ≤ CU4
a s2

j , Ua = CAj,4(ya)1/4.

It follows that
∥X1X2H∥2L2 ≤

(
EX4

1 H2)1/2(EX4
2 H2)1/2 ≤ CU2

1 U2
2 s2

j .

The slot weights interpolate in the same way.
There is a separate estimate for changes caused by a large-field decision. The actual map and

its ordinary analytic comparison agree unless one of the finitely many local badness tests in that
term succeeds. For a tested principal slot m, let Bm = {∥hm∥ > δ}; a random threshold in [δ, 2δ]
can only reduce this event. The same mixed bound gives

E(X4
a1Bm) ≤ δ−pE(X4

a ∥hm∥p) ≤ CU4
a sp

j , ∥X1X21Bm∥L2 ≤ CU1U2s
p/2
j .

Normalized tilted moments, and their joint logarithmic derivatives, are bounded by a fixed multiple
of X1X2; their bounds contain no exponential of a large principal norm. Thus the last display also
bounds the decision-dependent terms. The number and positions of tested centers cost only the
polynomial carrier factors already paid by the tree weights. Summing the tests and the analytic
coefficients as in Lemma 3.3 gives a fresh joint coefficient of cost at most CU1U2sj , since p/2 > 1.
All additional small factors and placements are paid by the thresholds and exponential slack. This
separates the smallness supplied by a retained analytic factor from the smallness supplied by the
rare decision event.

An animal containing both marks has length at least cℓ/rj+1. Retain one further fixed positive
exponential weight on the output before summing it or saving a scalar. The fresh cost is therefore
at most

CAj,4(y1)1/4Aj,4(y2)1/4sj exp(−cℓ/rj+1). (9.10)

The finitely many initial-scale adjustments obey this bound with a fixed constant. Once generated,
a joint coefficient is transported linearly in that coefficient. The deterministic source bound, with
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normalized tilts and the fixed source rescaling, bounds its total weighted sup cost by a constant K
per step, uniformly in the sizes of the principal background fields. Scalars obey the same bound
when their rescaling is included. Thus their accumulated cost is bounded by the sum of (9.10)
multiplied by KJ−j−1, over 0 ≤ j < J .

For completeness, this sum is uniform over the whole stopping window. For j ≥ J/2, sj ≤ CDsJ

and Aj,4(ya)1/4 ≤ CD,ηJ3/16+η for every η > 0. Writing m = J − j − 1, the remaining numerical
series is bounded by ∑

m≥0
Km exp(−cFLm) <∞.

For j < J/2, the same exponential contains a factor at most exp(−cFLJ/2−1), which pays KJ and
any polynomial bound on the earlier marked moments. This proves (9.9), with arbitrarily small
fixed power losses in place of its o(1).

Finally set Ra = UJ,a − α̃J,yawJ,ya . The identity

UJ,1UJ,2 − ZJwJ,y1wJ,y2 = R1UJ,2 + α̃J,y1wJ,y1R2

and (9.6) give the same L2 bound by Hölder with fourth moments. No independence is used in
this last estimate.

9.2 The fixed-step passage from boxes to plane lists

We explain the finite-volume passage before using the stochastic plane bounds in (9.3). Fix the
marks and the number J of steps. Proposition 3.6 bounds the principal functions deterministically
at each such step, uniformly in N . For the fixed source labels, Lemma 3.3 gives bounded weighted
operator costs for transport and for each merge, also under the normalized bad-field averages.
Starting from the bounded microscopic sources, iteration through these finitely many steps therefore
bounds the source lists and their saved marked increments deterministically, uniformly in N ;
scalar carriers are retained when applying the weights. With any of the fixed exponential weights,
the tails of the source lists and of background lists touching a fixed region are summable, with
constants allowed to depend on J . Given a carrier cutoff, all remaining footprints and all their
decision neighborhoods lie in a fixed finite set. Once N contains that set, their coefficients equal
the plane coefficients exactly under the common coupling of environment and seeds. First use this
equality for the finitely many retained slots and increments, and then let the carrier cutoff increase.
The deterministic tail bounds show that the corresponding errors tend to zero in every fixed Lq

used here. This argument also applies to the carrier-weighted marked scalar increments before
they are summed. Odd local increments vanish by spin flip; in the free box the parity statement
holds for the entire construction.

In this order of limits, Lemma 9.1 and (9.6) imply

r2d
J ⟨σy1σy2⟩free

N,ω = ZJ⟨wJ,y1wJ,y2⟩J,N,ω +RJ,N , lim sup
N→∞

∥RJ,N∥L2 ≤ CsJJ3/8+o(1). (9.11)

Here replacement of the finite-volume principal charges by the plane charges has zero error for all
sufficiently large N . We do not need the terminal measures themselves to converge: a uniform
estimate of the expectation in (9.11) will suffice.

9.3 Removing a buffer and taking the two disorder moments

The functions wJ,y1 , wJ,y2 are supported in a region of bounded diameter in rJ units. Enclose it
by a square buffer with margin

b = J4/25 (9.12)
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Terminal buffer

y1 y2

wJ,y1 wJ,y2

α̃J,y1 α̃J,y2

brJ

ℓ

F ≤ ℓ/rJ < LF

Reference contours
supporting wJ,ya

Random footprints
of the principal
slots

A bounded insertion
enclosure

Schematic; not to scale.

Figure 2: Geometry of the terminal readout. The solid inner squares are the reference contours
defining wJ,ya , centered at the cells cJ(ya). The dashed principal footprints record the disorder and
decision seeds determining α̃J,ya ; their disjointness, including the safety layer for edge variables,
gives independence of the two amplitudes. The dotted enclosure has bounded diameter in terminal
cell units. A surrounding square provides margin of order brJ , where b = J4/25. Removing terminal
interactions whose spin supports meet this square leaves a reference conditional expectation inside
it. The two spin observables are still evaluated jointly in that expectation. Shapes and relative
lengths are schematic.

terminal cells. Figure 2 shows the principal random footprints and the surrounding region used to
compare the spin expectation with its reference value.

Let TJ,N be the sum of the sup norms of all terminal background slots whose spin supports
meet the buffer or its interior. We may bound it by the larger sum over slots whose recorded
carriers meet that region. There are O(b2) possible cells at which to root such a slot. The
exponential weights pay the choices of animals and any distance of their anchors from those cells.
The background Lp bound from Proposition 7.2 and Minkowski’s inequality consequently give

lim sup
N→∞

∥TJ,N∥Lp ≤ Cb2sJ = OD(J−9/50). (9.13)

Finite-box errors vanish by the preceding fixed-step argument. We have chosen the fixed background
moment p sufficiently large; any p > 25 suffices for the probability estimates below, and the earlier
construction allows much larger values.

Put QJ = wJ,y1wJ,y2 and qJ = ⟨QJ⟩0, where the latter is plane reference expectation. If
TJ,N ≤ 1, delete these background slots. For a bounded observable and a perturbation W with
∥W∥∞ ≤ T , differentiation of normalized expectations along exp(tW ), 0 ≤ t ≤ 1, gives∣∣∣∣ d

dt
⟨Q⟩t

∣∣∣∣ = |Covt(Q, W )| ≤ 2 ∥Q∥∞ T.

Thus deletion changes the expectation of QJ by at most CTJ,N . Conditionally on spins outside
the buffer, the remaining law inside is the reference Ising law with some boundary data. The
product QJ is even and has bounded sup norm. Its support diameter in terminal units is bounded
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uniformly in (9.1). The even conditional reference estimate of Proposition 2.2 therefore changes
its expectation from the plane value by at most C/b, uniformly in those outer data. On the
complementary event we use the uniform bound C on both expectations. In particular, if

BJ,N = {TJ,N > J−7/50}, ∆J,N = ⟨QJ⟩J,N,ω − qJ ,

then

|∆J,N | ≤ C(J−7/50 + J−4/25) on Bc
J,N , |∆J,N | ≤ C, lim sup

N→∞
P(BJ,N ) ≤ CDJ−p/25.

(9.14)
The probability bound follows from Markov’s inequality and (9.13); it requires no independence
between TJ,N and the amplitudes.

Here are the distinct estimates needed for the first and second moments. On Bc
J,N , (9.8) gives

E
[
|ZJ∆J,N |1Bc

J,N

]
≤ J1/8−7/50+o(1) = J−3/200+o(1),∥∥∥ZJ∆J,N 1Bc

J,N

∥∥∥
L2
≤ J1/8−7/50+o(1).

On the exceptional event, Hölder’s inequality gives, after the finite-volume limit,

lim sup
N→∞

E
[
|ZJ∆J,N |1BJ,N

]
≤ C ∥ZJ∥L2 J−p/50 = J1/8−p/50+o(1),

lim sup
N→∞

∥∥∥ZJ∆J,N 1BJ,N

∥∥∥
L2
≤ C ∥ZJ∥L4 J−p/100 = J3/8−p/100+o(1).

The first error tends to zero. For some fixed η > 0 the second is O(J1/8−η+o(1)), since p > 25.
Together with (9.11), these estimates prove

lim sup
N→∞

E
∣∣∣r2d

J ⟨σy1σy2⟩free
N,ω − qJZJ

∣∣∣ = o(1),

lim sup
N→∞

∥∥∥r2d
J ⟨σy1σy2⟩free

N,ω − qJZJ

∥∥∥
L2

= O(J1/8−η+o(1)).
(9.15)

Decrease η if necessary to include the joint-source error J−1/8+o(1). The separate L1 estimate is
useful: a relative L2 estimate alone would not recover the bounded first moment.

The two reference averaging squares defining wJ,ya are disjoint. Conditional independence in
the reference model, given their contours, and the tower property yield the exact equality

qJ = r2d
J ⟨σy1σy2⟩0. (9.16)

The separated reference correlation limit, uniformly over the compact window (9.1) and over
directions, gives 0 < c ≤ qJ ≤ C. Thus arbitrary integer separations and grid-cell positions are
covered.

Proposition 9.2 (Disorder moments at tuning). Let C∗,ω(y1, y2) be the free infinite-volume spin
correlation at t∗(D), and let J be determined by (9.1). For every fixed sufficiently small D > 0,
uniformly in the two marks as their separation tends to infinity,

r2d
J EC∗,ω(y1, y2) ≍ 1, r4d

J EC∗,ω(y1, y2)2 = J1/4+o(1). (9.17)
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Proof. For each fixed separation, free ferromagnetic correlations increase as the volume increases
and remain in [0, 1]. Their limit exists, and bounded convergence passes both disorder moments to
the limit. Here J and rJ are fixed during this passage. The first line of (9.15), (9.8), and (9.16)
give the first assertion, including a positive lower bound. For the second, the triangle inequality
and its reverse in L2 give∣∣∣∥∥∥r2d

J C∗,ω(y1, y2)
∥∥∥

L2
− qJ ∥ZJ∥L2

∣∣∣ ≤ O(J1/8−η+o(1)).

The main term is J1/8+o(1), so squaring proves the second assertion. All finite-volume identities
hold for each choice of seeds, whereas the original correlation depends only on the bonds. Averaging
over the seeds thus leaves the asserted disorder moments unchanged.

9.4 A finite-box estimate with wired boundary

The identification of the transition also needs an estimate in boxes whose boundary is fixed to
plus. Such a boundary can create an odd saved scalar, so it is important to keep the carrier of
that scalar until its distance from the central mark has been used.

Proposition 9.3 (Wired arm at tuning). For any square box of radius n centered at a lattice site
y, let ϕw

n,∗,ω be the FK–Ising law at t∗(D) with wired boundary. Then

E
[
ϕw

n,∗,ω(y ←→ ∂Λn(y))400
]
≤ n−400/8+o(1). (9.18)

The estimate is uniform in y. It also holds if the fixed wall is one lattice layer inside or outside
the indicated square, including the convention with bonds crossing to an exterior wired layer.

Proof. Under the Edwards–Sokal coupling [12], the wired arm probability equals the spin expecta-
tion with the corresponding plus wall. Start a single source at y and let Jn be the largest integer
satisfying

rJn ≤ n/(log n)2. (9.19)

Thus rJn ≍ n/(log n)2, Jn = O(log n), and the principal halo remains far from the wall for every
j ≤ Jn.

Use the finite-box blocking rule, which forbids cuts near the wall and leaves those interactions in
the lists. Every singleton term whose full footprint stays in the bulk equals its plane counterpart. By
the weighted L400 source estimate and Proposition 8.3, the sum of the sup costs of these bulk terms
at the final scale has L400 norm bounded by a fixed power of 1 + Jn. Indeed A

1/400
j,400 = j399/16+o(1),

and summing the exponential slot weights only changes its constant. A local odd scalar is zero:
before the boundary spins are evaluated, the bulk kernels and the plane centering are invariant
under simultaneous spin flip.

It remains to estimate all terms that can see the wall, including saved scalar increments.
Every such source footprint contains the mark and reaches the boundary region. At scale j its
carrier length is therefore at least cn/rj . The deterministic weighted source transport costs a
fixed factor K per step, even with arbitrary principal background sizes: selected averages are
normalized, retained large terms do not enlarge a source norm, and the small-field coefficient
sums are bounded. This is the source estimate of Section 4 applied without averaging over the
randomness. Keep an additional exponential carrier weight. At each possible scale of first boundary
contact it supplies exp(−c′n/rj). Sum these contributions, retaining the source rescaling up to Jn;
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changing K absorbs both that rescaling and the sum over the possible first-contact steps. The
total deterministic cost at the stopping scale is at most

CKJn exp(−c′n/rJn) ≤ exp
(
C log n− c′′(log n)2). (9.20)

One can equivalently subtract the plane and finite-box constructions: the first coefficient where
they differ must have a footprint meeting the wall, and each later difference is transported with the
same weighted estimate. This verifies the bound for all nonbulk coefficients without assuming that
their laws agree with plane laws. For an odd scalar the carrier weight is used before its support is
forgotten, so (9.20) includes all nonzero scalar contributions. Initial fixed constants merely change
C.

The exact normalized one-source identity now expresses the plus magnetization, multiplied by
rd

Jn
, as the terminal expectation of the scaled source plus its saved scalar. Its absolute value is

bounded by the total sup costs just estimated, irrespective of the terminal background. Hence, for
some fixed M <∞,∥∥∥⟨σy⟩+n,∗,ω

∥∥∥
L400
≤ r−d

Jn

(
C(1 + Jn)M + CKJne−c′n/rJn

)
= n−d+o(1).

Raising this inequality to the power 400 proves (9.18). Translating the box changes none of the
constants because the source estimates are uniform in its mark. Moving the wall by a bounded
number of lattice layers changes the lower bound on the boundary-reaching carrier length only by
a fixed factor, proving the remaining conventions.

In particular the averaged plus magnetization vanishes at tuning. The next section uses the
stronger finite-box bound (9.18) to identify the tuned parameter and to show that magnetization
becomes positive above it.

10 Identification of the physical transition
The construction in Proposition 7.2 selects a parameter t∗ = t∗(D), and Propositions 9.2 and 9.3
give correlation moments and a wired one-arm estimate there. We now show that t∗ = 0 and that
this value is the magnetization threshold. The first assertion uses partition functions on tori and a
product-space influence inequality. The second uses the high moment in Proposition 9.3 to control
a decision-tree exploration in a fixed environment.

For a finite graph G = (V, E), put ve = e2Ke − 1 and write

ϕG,t,ω(A) = 1
ZG,t,ω

2k(A) ∏
e∈A

ve, A ⊂ E. (10.1)

Here k(A) counts components of the spanning subgraph (V, A); a specified boundary wiring is
imposed before counting components. Superscripts f and w indicate free and wired boundaries. All
these probabilities are normalized at fixed ω. The Edwards–Sokal coupling [12] identifies the wired
connection probability to the boundary with the corresponding plus-boundary spin expectation.
In infinite volume it gives

⟨σ0⟩+t,ω = ϕw
t,ω(0←→∞). (10.2)

Finite-energy bounds, positive association, and comparison in the couplings hold uniformly on
any fixed compact (t, D) window considered below. In particular, for some η > 0, every one-edge
conditional open probability, with any other edges prescribed, lies in [η, 1−η]. This follows directly
from (10.1): that probability is either ve/(1 + ve) or ve/(2 + ve).

54



10.1 Torus duality and twisted partition functions

Let Tℓ = (Z/ℓZ)2 have its usual square cellulation. For A ⊂ E(Tℓ), let H(A) ⊂ H1(Tℓ;F2) = F2
2

be the image of its cycle space, and put r(A) = dim H(A). The complementary dual configuration
A∗ contains the dual of each edge outside A. For each nonzero character χ : F2

2 −→ F2, define the
increasing, translation-invariant event

Hχ = {A : χ|H(A) ̸= 0}.

Thus Hχ asks for an open cycle detected by χ.

Lemma 10.1 (Torus duality). Under the intersection pairing,

H(A∗) = H(A)⊥, r(A∗) = 2− r(A). (10.3)

If v∗
e∗ = 2/ve, then complement duality carries the torus FK law at v to a measure whose density

with respect to the torus FK law at v∗ lies between 1/4 and 4.

Proof. The cycle space of (V, A) has dimension |A| − |V |+ k(A). A cellular boundary is supported
on A precisely when its face coefficients are constant on each complementary dual component. The
space of such boundaries therefore has dimension k(A∗)−1: its face coefficients have k(A∗) degrees
of freedom, and adding the constant two-chain does not change the boundary. Consequently

|A| − |V |+ k(A) = k(A∗)− 1 + r(A). (10.4)

Apply the same identity on the dual cellulation and add the two identities. The torus Euler formula
|V | − |E| + |F | = 0 gives r(A) + r(A∗) = 2. Primal and complementary dual cycles have zero
intersection, since a primal edge and its transverse dual cannot both be present. This inclusion,
together with the dimension identity, proves (10.3).

The ratio of the two unnormalized weights is

2k(A)∏
e∈A ve

2k(A∗)∏
e/∈A(2/ve)

=
( ∏

e∈E

ve

)
2k(A)−k(A∗)−|E|+|A|

=
( ∏

e∈E

ve

)
2|V |−|E|−1 2r(A),

where the last equality uses (10.4). The first factor is independent of A, and 1 ≤ 2r(A) ≤ 4.
Normalization proves the claimed comparison.

Choose signs sχ
e ∈ {−1, 1} representing the cocycle χ, and let Zχ(K) be the Ising partition

function with interactions Kesχ
e σxσy. Write Z0(K) for the ordinary partition function. Expanding

eKesχ
e σxσy = e−Ke

(
1 + ve1{σx=sχ

e σy}
)

shows that a component of A contributes two compatible spin assignments exactly when the
product of seam signs around each of its cycles is 1. An incompatible component contributes zero.
Hence, for every environment, not only after averaging,

Zχ(K)
Z0(K) = ϕTℓ,t,ω(Hc

χ). (10.5)

55



At the critical reference couplings there is a0 > 0, independent of ℓ, such that

a0 ≤ ϕref
Tℓ

(Hχ) ≤ 1− a0 (χ ̸= 0). (10.6)

For completeness, choose a coordinate generator on which χ is nonzero. In a narrow toric strip
along that generator, a bounded number of overlapping fixed-aspect rectangle crossings, with
transverse crossings in their overlaps, produces an open generator cycle. The arbitrary-boundary
crossing bounds of [6, Theorem 1.1], applied in the rectangular charts, and FK positive association
give a uniform lower bound. Make both generator cycles in the dual configuration in the same way.
Their homology has rank two, so (10.3) forces H(A) = 0. Lemma 10.1 compares the complemented
law with the critical dual FK law by an absolute factor. This proves the upper bound in (10.6).
Only finitely many crossings are used, so their lower bounds do not deteriorate with ℓ.

Lemma 10.2 (Transfer of torus nondegeneracy). Fix a sufficiently large integer Q. After choosing
the smallness constants of the construction sufficiently small, there is a1 > 0 such that, for
ℓJ = QrJ and every nonzero χ,

a1 ≤ EϕTℓJ
,t∗,ω(Hχ) ≤ 1− a1 (10.7)

for all sufficiently large J .

Proof. Apply the exact finite-volume map of Proposition 3.6 to the untwisted model and to the
χ-twisted model, using the corresponding critical reference partition function in each case and the
same decision seeds. A twist is removed on a contractible chart by a spin gauge transformation.
Every background function is even, so the ambiguity of a simultaneous sign change on the chart
does not alter it. Conditional reference averaging, the local decisions, and plane centering in this
gauge therefore give identical chart coefficients and identical saved scalar increments in the two
runs.

Here is why the errors outside charts remain uniform in J . Choose Q larger than the fixed
halos and chart margins in the construction. A principal output uses only a short parent footprint,
by Lemma 3.1. That footprint lifts to the plane at every scale up to J , and its environment and
seeds have the planar law. A nonchart footprint has length at least cm when the torus has side
m at the scale carrying that footprint. Changing between input and output cells changes this
constant by the fixed factor L only. It cannot satisfy the short-footprint rule for a principal output.
This also proves that a seam crossing a short footprint causes no exception: it is removed by the
local gauge, whereas a genuinely nonchart input remains in the tail.

Keep the scalar supports until applying the enhanced tree weights in Lemma 3.3 and Corol-
lary 3.4. Summing the possible nonchart footprints, including the neighborhoods used by the
decisions, bounds the uncancelled scalar increment at this step by

CLδm2e−cm.

There are O(m2) possible roots; the additional length weight pays e−cm after the animal sum.
The side lengths m decrease geometrically and remain at least Q, so their total is bounded by
CLδQ2e−c′Q, independently of J . The final tail functions have total supremum norm at most
CδQ2. These estimates use the finite-volume weighted bounds before forgetting supports, and
apply also to normalized conditional operations on nonchart terms.

To see precisely how these errors enter the desired ratio, let cχ
J , Hχ

J denote the accumulated
scalar and terminal background for a twist, and use superscript 0 for the untwisted run. Exact
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partition preservation gives

Zχ(K)
Z0(K) = Zχ(Kref)

Z0(Kref) ecχ
J −c0

J
⟨eHχ

J ⟩J,ref,χ

⟨eH0
J ⟩J,ref,0

. (10.8)

The brackets are normalized terminal reference expectations in the respective exact partition
identities. Chart scalar increments cancel in cχ

J − c0
J , leaving the nonchart bound above. At the

final scale there are only O(Q2) principal slots. Their laws agree in charts with the planar laws, so
the high-moment bounds along the tuned flow imply that their total supremum norm converges to
zero in probability as J →∞. Denote this total, in the two runs together, by PJ . Exact partition
preservation and | log⟨eH⟩| ≤ ∥H∥∞ now give∣∣∣∣∣log Zχ(K)/Z0(K)

Zχ(Kref)/Z0(Kref)

∣∣∣∣∣ ≤ PJ + CδQ2 + CLδQ2e−c′Q, PJ
P−→ 0. (10.9)

The reference ratios here are on the same microscopic torus; exact blocking has not replaced
them by a limiting torus ratio. First fix Q, then choose δ and the permitted disorder so that the
deterministic errors are smaller than a fixed tolerance depending on a0, and finally let J grow. By
(10.5) and (10.6), on an event of probability tending to one all three tuned character probabilities
lie in a common compact subinterval of (0, 1). Their values always lie in [0, 1], so averaging proves
(10.7).

10.2 Sharp thresholds after averaging the environment

We next prove the threshold estimate needed for the torus events. The environment is independent
across bonds, but the FK edges are not. A monotone sequential representation lets us apply the
product influence theorem while keeping the useful derivative as a quenched covariance.

Lemma 10.3 (Torus threshold inequality). Fix a compact parameter window containing 0 and
t∗(D), with uniformly positive, bounded couplings. If A is any increasing translation-invariant
event on Tℓ and fℓ(t) = EϕTℓ,t,ω(A), then

f ′
ℓ(t) ≥ c log ℓ fℓ(t)(1− fℓ(t)), ℓ ≥ 3, (10.10)

with c > 0 independent of ℓ and A.

Proof. For a fixed environment abbreviate its FK law to ϕ, and set Xe = 1{e∈A} and ce(ω) =
Covϕt,ω (1A, Xe) ≥ 0. Differentiating the finite sum in (10.1) gives

f ′
ℓ(t) =

∑
e

E[λe(t, ω)ce(ω)], λe = d
dt

log ve. (10.11)

Since dKe/ dt = 1
2 tanh(2Ke), the coefficients λe = tanh(2Ke)e2Ke/(e2Ke − 1) have uniform

positive lower and upper bounds.
Represent each environment bit by a uniform variable Ve, with ξe = 1 when Ve ≥ 1/2. Order

the FK edges arbitrarily as e1, . . . , eM and use further independent uniforms Ui to set

Xei = 1{Ui≥1−pi}, pi = ϕt,ω(Xei = 1 | Xe1 , . . . , Xei−1).

The conditional FK laws are increasing both in the prescribed past and in the couplings. Induction
in i therefore makes the entire sample increasing in all the Ui and Ve. Let F be the Boolean
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indicator of A in this product representation. For one uniform coordinate z, its influence Iz is the
probability, over all other coordinates, that the section of F in z has values zero and one on sets
of positive Lebesgue measure.

We first bound an FK-uniform influence. Fix the environment and let P = (Xe1 , . . . , Xei−1) be
the past. Write

p(P ) = ϕ(Xei = 1 | P ), ab(P ) = ϕ(A | P, Xei = b), b = 0, 1.

The future uniforms couple the two branches monotonically. As both intervals for Xei have length
at least η, the section in Ui is nonconstant exactly when the two resulting Boolean outputs differ.
Averaging those future uniforms gives a1(P )− a0(P ). Consequently

IUi = Eϕ
(
a1(P )− a0(P )

)
≤ 1

η(1− η)Eϕ
(
Covϕ(1A, Xei | P )

)
≤ CEcei(ω). (10.12)

For the last inequality, total covariance gives an additional term

Covϕ

(
ϕ(A | P ), ϕ(Xei = 1 | P )

)
≥ 0.

Both functions are increasing in P , and the marginal distribution of P is positively associated.
This proves the indicated sign.

For the environment coordinate Ve, condition on every other bond. Let ϕ− and ϕ+ be the FK
laws with its low and high value, and put R = v+

e /v−
e ≥ 1. Changing this bond multiplies the

weight by RXe , so direct normalization gives

ϕ+(A)− ϕ−(A) =
(R− 1) Covϕ−(1A, Xe)

1 + (R− 1)ϕ−(Xe) . (10.13)

Monotonicity of the common-uniform coupling makes the left side the conditional influence of Ve.
The ratio R is uniformly bounded. After averaging the other bonds, the low-bond covariance is at
most twice Ece(ω), since both low- and high-bond covariances are nonnegative. Thus IVe ≤ CEce(ω)
as well.

Translation invariance of the averaged law and of A makes Ece(ω) constant within each of the
two edge orientations. Each orientation has ℓ2 edges. Equation (10.11) therefore implies

max
z

Iz ≤ Cℓ−2f ′
ℓ(t). (10.14)

There is no symmetry requirement on the chosen ordering or the sequential sampler: only
the averaged covariances were compared by translation. There are N = 2M = 4ℓ2 product
coordinates. The BKKKL inequality [3], in the null-set-invariant formulation [15, Theorem 2.3
and Equation (2.3)], gives

max
z

Iz ≥ cfℓ(t)(1− fℓ(t))
log N

N
.

Combine this with (10.14) to obtain (10.10).

Proposition 10.4. For every sufficiently small fixed D > 0, the tuned parameter is t∗(D) = 0.
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Proof. The dual transformation v∗
e∗ = 2/ve is equivalent to sinh(2Ke) sinh(2K∗

e∗) = 1. Thus, in the
coordinates (1.7), it sends (t, D, ξ) to (−t, D,−ξ) on the dual lattice. At t = 0 the environment
law is invariant. Write ai = EϕTℓ,0,ω(r(A) = i). Lemma 10.1 gives a0/4 ≤ a2 ≤ 4a0. In particular,
a1 + a2 ≥ 1/5 and a0 + a1 ≥ 1/5.

There are three nonzero characters of F2
2. A one-dimensional homology space is detected by

two of them, whereas a two-dimensional space is detected by all three. Therefore∑
χ̸=0

Eϕ0,ω(Hχ) = 2a1 + 3a2,

∑
χ̸=0

Eϕ0,ω(Hc
χ) = 3a0 + a1.

It follows that at t = 0 at least one character has probability bounded below by an absolute
positive constant, and at least one has probability bounded away from one. The two characters
need not be the same.

Apply Lemma 10.3 to each Hχ along ℓJ = QrJ . On (0, 1) it states

d
dt

log fℓJ
(t)

1− fℓJ
(t) ≥ c log ℓJ .

If t∗ > 0, integrate from 0 to t∗ and use the upper bound in (10.7). Every character probability at
zero would tend to zero. If t∗ < 0, integrate from t∗ to zero and use the lower bound in (10.7);
every character probability at zero would tend to one. Both conclusions contradict the preceding
absolute bounds. Hence t∗ = 0.

10.3 Arm decay below zero and percolation above zero

Proposition 9.3 and Proposition 10.4 already imply zero plus magnetization at t = 0. The
next argument extracts a stronger consequence strictly below zero. It applies the monotone
OSSS inequality in each good environment, so it does not require a sharpness theorem for a
translation-invariant deterministic coupling field.

Lemma 10.5 (Averaged subcritical arm bound). For every fixed t′ < 0 in the parameter window
and sufficiently small fixed D > 0,

Eϕw
t′,ω(0←→ ∂Λn) ≤ Ct′,Dn−6. (10.15)

Proof. Put m = ⌊n1/2⌋ and, for z ∈ Λ2n, define

qz(ω) = ϕw
z+Λm,0,ω(z ←→ z + ∂Λm).

Use the wall convention of Proposition 9.3; shifting the wall one lattice step does not affect its
uniform estimate. Let Gn = {qz ≤ n−1/50 for every z ∈ Λ2n}. Markov’s inequality, the 400th
moment in Proposition 9.3, and a union bound give

P(Gc
n) ≤ Cn2n400/50m−400/8+o(1) = n−15+o(1) ≤ Cn−6. (10.16)

All boxes use the same global environment; independence of these box events is unnecessary. On
Gn, the same inequalities hold throughout t ∈ [t′, 0] by monotonicity in t.

Fix such an environment, and consider

fω(t) = ϕw
Λ4n,t,ω(An), An = {0←→ ∂Λn by a path in Λn}.
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Choose k uniformly from {1, . . . , n}, independently of the FK configuration. Explore all open
components in Λn meeting its square shell ∂Λk, revealing all edges of the induced graph on
Λn incident to the vertices reached. Retain their actual connectivity; the shell vertices are not
identified with one another. Every path witnessing An meets the chosen shell, and its whole open
component is explored. Thus this algorithm determines An.

For an edge e = xy within Λn, the chance that the chosen shell lies within distance m + 2
of x or y is at most Cm/n. Otherwise, querying e requires that one endpoint is already joined
to the shell by a revealed open path, and hence has an open arm of radius m. The endpoint
box is contained in Λ4n. Conditional on all edges outside that box, the domain Markov property
gives an induced boundary partition, dominated by full wiring. Its conditional arm probability is
consequently at most qx or qy, uniformly for t ∈ [t′, 0]. The revealment δe(t) therefore satisfies

max
e

δe(t) ≤ C(n−1/2 + n−1/50) ≤ Cn−1/50. (10.17)

Edges outside Λn are never queried.
The monotone-measure OSSS inequality [11, Theorem 1.1], averaged over the independent

choice of shell, gives

fω(t)(1− fω(t)) ≤
∑

e

δe(t) Covϕw
Λ4n,t,ω

(1An , Xe).

The shell construction is the exploration underlying [11, Lemma 3.2]; here its revealment is bounded
using the quenched local arms on Gn. Differentiating the FK weights as in (10.11) and using their
positive lower derivative bound yields

f ′
ω(t) ≥ cn1/50fω(t)(1− fω(t)).

The event that all four edges incident to zero are closed has probability at least η4, by sequential
conditioning and finite energy. Hence fω(0) ≤ 1− η4. Integration of the preceding logit inequality
gives

fω(t′) ≤ C exp{−c|t′|n1/50}.

After averaging, (10.16) contributes at most Cn−6. Finally, the restriction of the infinite wired law
to this cylinder event is dominated by the wired law in Λ4n, by domain comparison. This proves
(10.15).

Proposition 10.6 (Transition in the (t, D) coordinates). For every sufficiently small fixed D > 0,
the disorder-averaged plus magnetization vanishes at t ≤ 0 and is positive at every t > 0.

Proof. At zero, Proposition 9.3 implies Eϕw
Λn,0,ω(0←→ ∂Λn)→ 0 by Hölder’s inequality. Equa-

tions (10.2) and monotonicity give zero magnetization for t ≤ 0.
Fix s > 0 small enough that −s lies in the parameter window. Planar free/wired duality sends

the infinite free FK law at (s, D, ξ) to the infinite wired dual law at (−s, D,−ξ). This identity
follows first from the finite planar bond expansion and then by taking free and wired limits; see also
the boundary conventions in [6, Section 2.5]. The dual environment still has the same independent
binary law. Failure of a primal crossing of a fixed-aspect rectangle of diameter comparable to n
entails a dual crossing in the transverse direction, and hence a dual arm of length at least cn from
a vertex in that rectangle. There are O(n2) possible vertices. Lemma 10.5, translated to each such
vertex and applied at −s, therefore bounds the averaged failure probability by Cn−4.

For each n = 2kn0, use the four rectangular sides of Λ2n \ Λn, each of width n and length 4n.
Their longitudinal crossings intersect in the corner squares and contain an open circuit surrounding
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Λn. Require also a left–right crossing of [n/2, 5n] × [−n/4, n/4]. Its initial point lies inside Λn

and its endpoint lies outside Λ4n, so it must intersect both this circuit and the circuit at scale 2n.
Rounding rectangle endpoints by a lattice step is harmless; one may choose n0 divisible by four.
All aspect ratios are fixed and there are five requested crossings per scale. The probability that
any of them fails is at most

C
∑
k≥0

(2kn0)−4,

which is smaller than one for large n0. On the complementary event the joined circuits form an
infinite open connected set. Thus the joint law obtained by first sampling the environment and
then its infinite free FK configuration has positive probability of an infinite cluster. This joint
law is translation stationary. If the origin had zero probability of belonging to an infinite cluster,
every vertex would have probability zero, and countable subadditivity would exclude an infinite
cluster anywhere. Hence the origin has positive connection probability. Wired domination and
(10.2) give positive averaged plus magnetization at s. Monotonicity extends this conclusion to
every t > 0.

10.4 The physical inverse temperature and the correlation ratio

We finish by matching the parameter just identified to the original bonds 1 + εξe. For ε ∈ (0, 1)
define

b±(β, ε) = log sinh
(
2β(1± ε)

)
.

The mean (b+ + b−)/2 is continuous and strictly increasing from −∞ to +∞ as β runs through
(0,∞). It has a unique zero β∗(ε), characterized by

sinh
(
2β∗(ε)(1 + ε)

)
sinh

(
2β∗(ε)(1− ε)

)
= 1. (10.18)

Continuity and strict monotonicity imply β∗(ε)→ β0 as ε→ 0. At this parameter put

D∗(ε) = 1
2
(
b+(β∗, ε)− b−(β∗, ε)

)
.

Then D∗(ε) > 0 for ε > 0 and D∗(ε) → 0. Choose ε0 > 0 so that this value belongs to
the permitted disorder interval whenever 0 < ε < ε0. At β∗ the physical model is exactly
(t, D) = (0, D∗). Proposition 10.6 makes its magnetization zero; monotonicity gives the same
conclusion below β∗.

If β > β∗, both increments b±(β, ε) − b±(β∗, ε) are strictly positive. Choose s > 0, inside
the parameter window, smaller than their minimum. With the same environment, the physical
couplings at β dominate those with log-sinh values s + D∗ξe. The latter model has positive
averaged magnetization by Proposition 10.6. Consequently

βc(ε) = β∗(ε), mε(βc(ε)) = 0. (10.19)

This comparison keeps D∗ fixed; no assumption about holding the physical log-sinh difference
constant while varying β is used.

Proof of Theorem 1.1. Fix ε ∈ (0, ε0) and use D = D∗(ε) > 0. By (10.19) and Proposition 10.4,
the tuned free infinite-volume correlation of Proposition 9.2 is Cε,ω(r) at the physical critical
inverse temperature. That proposition gives, at its stopping scale J = log r/ log L + O(1),

r2d
J ECε,ω(r) ≍ 1, r4d

J ECε,ω(r)2 = J1/4+o(1).
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The factors r4d
J cancel in the ratio of the second moment to the square of the first. Thus

log Rε(r) = (1/4 + o(1)) log J + O(1), log J

log log r
−→ 1,

which proves the asserted limit along all integer r →∞. The disorder remains fixed throughout
this final limit. The thermodynamic limits and the separate Gibbs normalizations required in the
definition of Rε are those already established in Proposition 9.2.
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