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Abstract

We study tree norms computed by two least nonnegative fields whose difference is the
vector. For Euclidean child aggregation, two root-sum spaces have an averaged asymptotic
midpoint modulus of at least t3/128 for 0 < t < 1, including a reflexive joining-root space.
A reflexive construction with a fixed zero root also satisfies a homogeneous cubic estimate.
These spaces admit no equivalent asymptotically uniformly convex norm. We also obtain
sixth-power and cubic estimates when the aggregation exponent depends on the height of
a finite component.

1 Introduction
A recursively defined norm can be easy to evaluate at one node while its estimates deteriorate
as the tree grows. We study a recursion in which two nonnegative fields encode a vector as
their difference. Each field at a node dominates the norm of its values at the children, and
the recursion chooses the least feasible pair. For Euclidean child aggregation, one of the two
inequalities is consequently tight at every node. We show that this local equality controls
midpoint perturbations uniformly in the height and branching of the tree.

For an infinite-dimensional real Banach space X with norm N , let cof(X) denote its
closed finite-codimensional linear subspaces. The averaged asymptotic midpoint modulus is

δ̂N (t) = inf
N(x)=1

sup
F ∈cof(X)

inf
y∈F

N(y)≥1

(
N(x + ty) + N(x − ty)

2 − 1
)

, t > 0. (1.1)

It measures the mean increase in the endpoint norms when a perturbation avoids a suitable
finite-dimensional part of the space. The usual asymptotic midpoint modulus mN (t) uses
the maximum of the two endpoint norms, with unit directions, in the same infimum and
supremum. The norm is asymptotically midpoint uniformly convex, abbreviated AMUC,
if mN (t) > 0 for every t > 0. This condition was introduced by Dilworth, Kutzarova,
Randrianarivony, Revalski, and Zhivkov [5, Definition 2.2]. The one-sided modulus is

δN (t) = inf
N(x)=1

sup
F ∈cof(X)

inf
y∈F

N(y)=1

(
N(x + ty) − 1

)
. (1.2)

A norm is asymptotically uniformly convex, abbreviated AUC, if this last quantity is positive
for every t > 0.

The averaged and maximum midpoint moduli have the same positivity property, with

1
2mN (t) ≤ δ̂N (t) ≤ mN (t). (1.3)

Indeed, average is at most maximum. For the converse, at a fixed unit center intersect a
witnessing subspace with the kernel of a norming functional. Both endpoint norms are then
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at least one, and their average excess is at least half the maximum excess. Taking the infima
and suprema proves (1.3). For a fixed direction, the mean of the two endpoint norms is an
even convex function of the radius. It is therefore nondecreasing on the positive half-line.
Thus the inner infimum in (1.1) can equally use N(y) = 1, and δ̂N is nondecreasing. In
particular, positivity for 0 < t < 1 implies positivity at every radius.

The distinction from AUC renormability is already established. Dilworth and coauthors
separated the two norm properties on ℓ2 and posed the corresponding renorming question
[5, Theorem 2.4 and Section 5]. Baudier answered the general question negatively by using
the Kadets–Werner modification of the Bourgain–Rosenthal construction [3, Theorem 1 and
Corollary 1]; the underlying construction is due to Kadets and Werner [8, Theorem 2.5]. That
example is nonreflexive [8, Corollary 2.6]. Our focus is the quantitative geometry of norms
given by an explicit tree recursion. The joining-root versions are reflexive and still admit no
equivalent AUC norm.

Tree norms have a substantial history in Banach-space theory. James’s construction
uses sums over disjoint segments of a binary tree [7, p. 739]; Girardi proved AUC for its
canonical predual and full dual [6, Theorems 3 and 5]. A closer comparison is the positive tree
cone recalled by Banakh, following Ghoussoub, Maurey, and Schachermayer [1, Section 2.I,
pp. 28–29]: a nonnegative field at a node dominates the Euclidean norm of its children. That
construction uses interpolation after taking a symmetric convex hull. Here the vector is the
difference of two least such fields, and the norm is an explicit cost at the root. The defining
norm and its completion are proved directly below.

Results and proof structure. Section 2 defines three Euclidean constructions, proves
their completion and finite-coordinate projection properties, and states Theorem 2.1. The
first norm takes the sum of the root fields on the infinite tree. The second joins finite-height
components at a zero coordinate and takes the common root field; it satisfies a homogeneous
cubic inequality. The third keeps a free coordinate at that joining root and takes the sum.
Both root-sum norms have averaged modulus at least t3/128 for 0 < t < 1; the joined space
is reflexive. Distinguishing the root normalizations is essential to the constants.

The shortest quantitative argument is in Section 3. Averaging the fields at x + z and
x − z increases both fields of x by the same nonnegative amount ds at node s. Writing Ps, Qs

for the fields of x, the expression

[ds(2Ps + ds)(2Qs + ds)]2/3

dominates the sum of its values at the children, by Hölder’s inequality and the tight child
inequality. Iterating to the first nodes outside a finite initial set containing the support of
the center controls the complete tail by the defect at the root. No factor is multiplied once
per level. Section 4 supplies the bounded-path argument that excludes AUC renormings.

Section 5 gives a second way to propagate the same root-sum defect. A finite stopping
rule separates paths according to the smaller field, a product of field ratios, and the local
increase. An absorbing martingale controls the small-product event. The proof is uniform
over the finite head and retains the order of its parameter limits. Section 6 gives a different
argument on the joined tree: a logarithmic transform of two bounded supermartingales
bounds a product of ratios and proves a gap for infinite separated midpoint families. The
stopping proof uses a predictable martingale transform, a classical tool studied by Burkholder
[4]. In the logarithmic proof, the selected supermartingale increments split into predictable
drift and centered martingale differences. The exact finite square identities and stopping
estimates used here are proved in place. These arguments explain distinct mechanisms for
uniformity, even though the cubic bound already proves positive midpoint modulus.
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Finally, Section 7 replaces Euclidean aggregation inside a height-h component by ℓ1+1/h

aggregation. This exponent is constant inside each component. Two propagation arguments
control different energies: normalized iteration yields a sixth-power estimate, while accu-
mulated layer energy yields a cubic estimate with coefficient (6e)−3. Their complete proofs
include the outer ℓ2 sum and the precise finite-head and weakly null tail statements. The
cubic estimate also gives a cubic lower bound for the averaged midpoint modulus of this
variable-exponent space.

2 The fields, the roots, and the completed spaces
Our first objective is to define the norms to which the estimates apply. All scalars are real.
A rooted tree has a distinguished root, and every node has finitely many predecessors. Its set
of children is denoted by ch(s). We allow countably many children. For a finitely supported
vector v = (vs), set the fields to zero below its support and compute upwards:

As(v) =
( ∑

c∈ch(s)
Pc(v)2

)1/2
, Bs(v) =

( ∑
c∈ch(s)

Qc(v)2
)1/2

,

Ps(v) = max{As(v), vs + Bs(v)}, Qs(v) = max{Bs(v), −vs + As(v)}. (2.1)

Only the finite predecessor closure of the support has nonzero fields. Empty sums are zero.
Thus this instruction is independent of the depth at which the upward computation starts.
At every node,

Ps(v) − Qs(v) = vs, Ps(v) ≥ As(v), Qs(v) ≥ Bs(v), (2.2)

and at least one of the last two inequalities is an equality. Indeed, subtracting vs from the
formula for Ps gives the formula for Qs. If the maximum for Ps selects its first entry, its
inequality is tight; otherwise the inequality for Qs is tight. Induction also shows that this
is the coordinatewise least nonnegative pair with the prescribed difference and child lower
bounds.

2.1 Three Euclidean constructions

The local rule is the same in the following spaces, but the underlying trees and the values
taken at the root differ.

(i) On T = N<ω, including the root o = ∅, put

NΣ(v) = Po(v) + Qo(v), v ∈ c00(T ),

and let XΣ be the completion.

(ii) Let Tn =
⋃n

j=0 Nj , n ≥ 1, be disjoint copies with roots rn. Add a root ρ whose children
are the rn, obtaining a tree J . For vectors on J \ {ρ} set vρ = 0. Then Pρ(v) = Qρ(v);
define

N0(v) = Pρ(v) = Qρ(v),

and let X0 be the completion.

(iii) On the same tree J , now allowing the coordinate vρ to vary, put

NJ(v) = Pρ(v) + Qρ(v), v ∈ c00(J ),

and let XJ be the completion.
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In particular, NJ(v) = 2N0(v) on the subspace where vρ = 0. Allowing that coordinate to
vary produces an additional one-dimensional part; it does not change the local recursion.

We call a finite root-containing set initial if it contains all predecessors of its nodes, write
ΠH for coordinate restriction, and put FH = ker ΠH in the corresponding completion. The
next theorem gives the principal quantitative conclusions. The definition of δ̂ is (1.1).

Theorem 2.1. For N = NΣ on XΣ, or N = NJ on XJ , one has

δ̂N (t) ≥ t3/128 (0 < t < 1). (2.3)

For X0, a finite initial set H, a vector x supported in H, and z ∈ FH \ {0}, one has

N0(x + z) + N0(x − z)
2 ≥ N0(x) + N0(z)3

8(2N0(x) + N0(z))2 . (2.4)

Each of XΣ, X0, XJ admits no equivalent AUC norm.

The energy proof in Section 3 gives the first two assertions, uniformly in the height and
branching of H. Section 4 proves the last assertion by following bounded paths whose next
increments are weakly null. The two later probabilistic arguments obtain uniform separation
by controlling the propagation along random paths.

Proposition 2.2. These formulas define infinite-dimensional Banach spaces after completion.
Coordinate evaluations and the fields extend continuously. If H is a finite set containing
the root and all predecessors of its nodes, then coordinate restriction ΠH is a contractive
projection. Its kernel FH has finite codimension, and finitely supported elements of FH are
dense in FH . Both X0 and XJ are reflexive.

Proof of Proposition 2.2. The fields are positively homogeneous and subadditive. To verify
subadditivity, induct upwards: the child Euclidean norms are monotone on nonnegative
arrays and satisfy the triangle inequality. Each entry in either maximum in (2.1) is therefore
subadditive, and a maximum of two subadditive functions is subadditive. Negation inter-
changes Ps and Qs. This proves symmetry and the triangle inequality for each proposed
norm. Moreover,

|vs| ≤ max{Ps(v), Qs(v)} ≤ N(v), N ∈ {NΣ, N0, NJ},

by following the child inequalities to the corresponding root. This proves definiteness and
coordinate continuity. The coordinate vectors are linearly independent, so the spaces are
infinite dimensional.

The fields of ΠHv vanish outside H. Inside H its coordinates are unchanged, and each
maximum is nondecreasing in the child fields; induction gives Ps(ΠHv) ≤ Ps(v) and the same
for Qs. Thus ΠH is contractive. Ignore the fixed coordinate ρ when N = N0. It extends to
the completion and has finite-dimensional range. Applying I − ΠH to finite approximations
proves tail density. Choose an increasing sequence (Hk) of finite initial sets covering the tree.
If a finite vector v is supported in Hk, then

N(x − ΠHk
x) ≤ N(x − v) + N(ΠHk

(v − x)) ≤ 2N(x − v).

Density therefore gives ΠHk
x → x for every completed vector x. In particular, the coordinates

separate points. A completed vector whose coordinates vanish outside a finite initial set
H equals ΠHx, so support in H has its usual coordinate meaning. Subadditivity and sign
exchange give

|Ps(v) − Ps(w)| ≤ N(v − w), |Qs(v) − Qs(w)| ≤ N(v − w).
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The fields therefore extend continuously, and the root norm formulas persist on the comple-
tions.

We prove reflexivity by describing the finite-height components. Set Mn(v) =
max{Prn(v), Qrn(v)} on c00(Tn), and let En be its completion under this norm. Writing
ms = max{Ps, Qs} gives

ms ≤ |vs| +
( ∑

c∈ch(s)
m2

c

)1/2
.

The Euclidean norm of the ms on one level is at most the Euclidean norm of the coordinates on
that level plus the corresponding norm of mc on the next level. Iteration and Cauchy–Schwarz
yield Mn(v) ≤

√
n + 1 ∥v∥2. Conversely the ℓ2 norm of either field on any level is at most its

root value. Since v = P − Q,

∥v∥2

2
√

n + 1
≤ Mn(v) ≤

√
n + 1 ∥v∥2. (2.5)

Hence En is ℓ2(Tn) with an equivalent norm, and is reflexive. The recursion extends to its
vectors by continuity or directly by the finitely many levels.

For v with zero joining coordinate, put L(v) = (
∑

n Mn(v|Tn)2)1/2. The two child arrays
at ρ give

N0(v) ≤ L(v) ≤
√

2 N0(v). (2.6)

For a free root coordinate a = vρ, with the remaining coordinates written as w, let A =
(
∑

n Prn(w)2)1/2 and B = (
∑

n Qrn(w)2)1/2. Then

NJ(v) = max{2A − a, 2B + a}, max{|a|, L(w)} ≤ NJ(v) ≤ |a| + 2L(w). (2.7)

For the lower bound, NJ ≥ |a| and NJ ≥ A + B ≥ L(w). These comparisons identify X0
with the ℓ2 sum of the En under an equivalent norm, and XJ with that sum plus R. The
Hilbert comparisons for individual components need not be uniform in n: we take the outer
sum in the norms Mn themselves.

For completeness, an ℓ2 sum of Banach spaces is complete: a Cauchy sequence converges
in each component, and its Cauchy bounds pass to all finite component sums and then to
their supremum. Its dual is the ℓ2 sum of the component duals. The upper norm bound is
Cauchy–Schwarz; the lower bound follows by testing a functional on finitely many almost
norming component vectors with scalar coefficients proportional to their dual norms. Finite
component vectors are dense. Applying this dual identification twice proves reflexivity when
each component is reflexive. Equivalent norms preserve reflexivity. This proves the assertion
for both joined spaces.

Component root sums. The alternative norm Prn + Qrn lies between Mn and 2Mn, so
it gives the same component completion. Its behavior on individual levels can also be read
directly from the recursion. For a finite vector on Tn, put sa = Pa + Qa. Then

max{|va|, ∥(sc)c∈ch(a)∥2} ≤ sa ≤ |va| + 2∥(sc)c∈ch(a)∥2. (2.8)

Indeed, sa ≥ Aa + Ba ≥ ∥(sc)c∥2 and sa = max{2Aa − va, 2Ba + va}. Iteration bounds its
root value above by

∑n
d=0 2d∥v|level d∥2, while each level norm of v is at most that root value.

These provide direct Hilbert comparisons for the component root-sum convention.
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3 From root defect to boundary energy
To prove Theorem 2.1, we will compare the fields of the center with their averages at the two
endpoints. The following lemma is the required calculation. It bounds the squared increases
at a chosen boundary by a quantity measured only at the root.

Lemma 3.1 (Two-field energy). Let J be a subset of the leaves of a finite tree with root o.
Suppose that P, Q, P ′, Q′ are nonnegative fields, each satisfying

A2
s ≥

∑
c∈ch(s)

A2
c

at every internal node, for each A ∈ {P, Q, P ′, Q′}. Suppose also that P ′−P = Q′−Q = d ≥ 0,
and that at each internal node at least one of the inequalities for P, Q is an equality. If
Pb = Qb = 0 for b ∈ J , then∑

b∈J

d2
b ≤

[
do(2Po + do)(2Qo + do)

]2/3
.

Proof. Put Es = [ds(2Ps + ds)(2Qs + ds)]2/3. We show that Es ≥
∑

c Ec. Suppose first that
P 2

s =
∑

c P 2
c , and put

Us = (P ′
s)2 − P 2

s = ds(2Ps + ds), Vs = (Q′
s + Qs)2 = (2Qs + ds)2.

Use the same definitions at the children. The upper inequality for P ′ and the equality for
P give Us ≥

∑
c Uc. The triangle inequality in ℓ2 applied to the child fields Q′, Q gives

Vs ≥
∑

c Vc. Consequently Hölder’s inequality yields

∑
c

Ec =
∑

c

U2/3
c V 1/3

c ≤
(∑

c

Uc

)2/3(∑
c

Vc

)1/3

≤ U2/3
s V 1/3

s = Es.

If the tight field at s is Q, interchange P, Q in this calculation. At a leaf in J , Eb = d2
b .

Iterating the inequality through the finite tree and discarding the nonnegative energies of the
other leaves proves the assertion.

Lemma 3.2. Let N = NΣ or N = NJ . Suppose that x is a finitely supported unit vector
and that z ∈ FH , where H is a finite initial set containing supp x. If

d = 1
2

(
N(x + z) + N(x − z)

2 − 1
)

,

then d ≥ 0 and N(z)3 ≤ 64d(1 + d)2.

Proof of Lemma 3.2 and the quantitative assertions of Theorem 2.1. We use the fields from
(2.1). For a finite head vector x and a finite tail z vanishing on an initial set H containing
supp x, set

Ps = Ps(x), Qs = Qs(x), P ′
s = 1

2(Ps(x+z)+Ps(x−z)), Q′
s = 1

2(Qs(x+z)+Qs(x−z)).

The coordinate difference identity and convexity give the same nonnegative defect ds =
P ′

s − Ps = Q′
s − Qs. The averaged fields satisfy the upper inequalities by the ℓ2 triangle

inequality. At a first node b outside H, the head fields vanish on its whole subtree, so

db = 1
2(Pb(z) + Qb(z)).
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o

b1 b2 b3

b4 b5

Es ≥
∑

c Ec

Eb = d2
b

Figure 1: The shaded nodes form the finite initial set H. Each boundary node b represents
its entire descendant subtree: the head vector is zero there, while the tail fields Pb(z), Qb(z)
have already been computed. The energy inequality propagates from these boundary values
to the root. The omitted branches contribute zero in a finite-support calculation.

Only finitely many such values are nonzero. Apply Lemma 3.1 to the finite relevant part of H
and its first-exit boundary, retaining at each boundary node its already-computed full-subtree
field values. Discard only subtrees where all four fields vanish. This gives the bound on

∑
b d2

b .
Figure 1 shows the finite part through which the inequality is propagated.

We next convert this energy into a norm estimate for each of the two root conventions.
On H the coordinate of z is zero, so Ps(z) = Qs(z) there. With rs = max{Ps(z), Qs(z)} one
has r2

s ≤
∑

c r2
c on H and rb ≤ 2db at its boundary. Thus ro ≤ 2(

∑
b d2

b)1/2.
The sum of the root fields. First use either root-sum space XΣ or XJ , and write N = NΣ

or N = NJ , respectively. Assume N(x) = 1 and put

d = do = 1
2

(
N(x + z) + N(x − z)

2 − 1
)

.

Since N(z) = 2ro, the energy lemma gives

N(z)3 ≤ 64d(2Po + d)(2Qo + d) ≤ 64d(1 + d)2.

The last inequality uses Po +Qo = 1. The field continuity and tail density from Proposition 2.2
extend this cubic inequality to every z ∈ FH , with the finite unit center x fixed. This proves
Lemma 3.2. If N(z) ≥ t with 0 < t < 1, then d ≥ t3/256: for d ≤ 1 use (1 + d)2 ≤ 4, and for
d > 1 the claim is immediate. Since the average gain is 2d, it is at least t3/128.

Fix either root-sum space X ∈ {XΣ, XJ} with its norm N . For any unit center x0 ∈ X
and ε > 0, choose a finite unit center x with N(x − x0) < ε, then choose a finite initial H
containing its support. For all y ∈ FH with N(y) ≥ 1, put z = ty in the preceding estimate.
Replacing x by x0 loses at most ε in the average, uniformly in y. Thus the supremum over
finite-codimensional subspaces at x0 is at least t3/128 − ε. Letting ε ↓ 0 and taking the
infimum over unit x0 proves (2.3).

The common root field. Now use X0 and write N = N0, with o = ρ in the preceding
calculation. By definition N(v) = Po(v) = Qo(v). Put

d = do = N(x + z) + N(x − z)
2 − N(x).

Now N(z) = ro, and the same energy lemma yields

N(z)3 ≤ 8d(2N(x) + d)2.
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The triangle inequality gives d ≤ N(z). For z ̸= 0 this proves the homogeneous estimate

N(x + z) + N(x − z)
2 ≥ N(x) + N(z)3

8(2N(x) + N(z))2 .

The tail density from Section 2 and continuity extend this inequality to every nonzero
completed tail, proving (2.4).

The factors eight and sixty-four come from the conversion of boundary fields into the
tail norm: the sum of the root fields introduces a factor two before cubing. Both estimates
therefore depend on the same local energy inequality, while their root normalizations remain
distinct.

Remark (reciprocal form). In the finite-head calculation above, let B denote the first-exit
boundary, and retain the fields P, Q and their averaged increments d. For a node s of that
finite tree, put

Bs =

∑
b∈B
s⪯b

d2
b


1/2

, wP
s = 2Ps + ds, wQ

s = 2Qs + ds.

Here s ⪯ b means that s lies on the path from the root to b, including s = b. Both w fields
dominate their child Euclidean norms and equal db at a boundary node, so wP

s , wQ
s ≥ Bs.

Applying Lemma 3.1 to the descendant subtree rooted at s gives B3
s ≤ dswP

s wQ
s . Thus,

whenever Bs > 0,

ds ≥ B3
s

wP
s wQ

s

. (3.1)

The undivided inequality is an equality at every boundary node. This form expresses the
same energy estimate through the accumulated boundary norm Bs.

4 Bounded paths exclude AUC renormings
The midpoint gain controls two opposite perturbations together. To distinguish it from
one-sided asymptotic convexity, we use positive path vectors that remain bounded as their
paths grow. At each stage, the next coordinate can be chosen from a weakly null sequence of
increments whose norms stay bounded away from zero.

Lemma 4.1 (Bounded trees). Let X be a Banach space. Suppose that for every h ≥ 1
there are vectors u

(h)
s , indexed by s ∈ N≤h, such that 0 < m ≤ ∥u

(h)
s ∥ ≤ M < ∞ uniformly.

Suppose also that for |s| < h the increments d
(h)
s,k = u

(h)
s⌢k − u

(h)
s are weakly null as k → ∞

and have norms at least c > 0, uniformly in h, s, k. If N is a norm and 0 < α ≤ β < ∞
satisfy α∥ · ∥ ≤ N ≤ β∥ · ∥, then

δN

(
αc

2βM

)
= 0.

The conclusion also holds if one infinite tree has these properties.

Proof. Set t0 = αc/(2βM) and suppose 0 < γ < δN (t0). At a current vector u
(h)
s = u, choose

a closed finite-codimensional subspace F such that

N(u + t0N(u)y) ≥ (1 + γ)N(u) (y ∈ F, N(y) = 1).
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Convexity extends this inequality to every w ∈ F with N(w) ≥ t0N(u). More explicitly, for
a unit center x and a unit direction y, convexity at the radii 0, t0, r gives N(x + ry) − 1 ≥
(r/t0)(N(x + t0y) − 1) for r ≥ t0.

Weak nullity persists under an equivalent norm. In the finite-dimensional quotient X/F

the increments converge to zero in norm, so there are wk ∈ F with N(wk − d
(h)
s,k) → 0. For

large k, N(wk) ≥ αc/2 ≥ t0N(u). Choose k with error less than γN(u)/2. The preceding
estimate then gives

N(u(h)
s⌢k) ≥ (1 + γ/2)N(u(h)

s ).

Choose h such that αm(1 + γ/2)h > βM and iterate this choice for h steps, a contradiction.
Restricting an infinite tree to that height gives the same argument. Finally, δN (t0) ≥ 0:
intersect a finite-codimensional subspace with the kernel of a functional norming a given
center. Both signs of every perturbation in that kernel have norm at least that of the
center.

Proof of the renorming assertion in Theorem 2.1. On the infinite tree define vs =
∑

r⪯s er.
Along this path the fields of vs are P = 1, Q = 0, so NΣ(vs) = 1. Its child increments are esk,
and for a finite scalar family (ak) the recursion gives

NΣ
(∑

k

akesk

)
= 2 max{∥(a+

k )∥2, ∥(a−
k )∥2} ≤ 2∥(ak)∥2. (4.1)

Here a+ = max{a, 0} and a− = max{−a, 0}. In particular NΣ(esk) = 2. The map taking the
unit vectors of ℓ2 to esk extends to a bounded linear map by (4.1). Since the unit vectors of
ℓ2 are weakly null, so are these increments against every continuous linear functional on XΣ.
Lemma 4.1 applies with m = M = 1, c = 2.

For a node s ∈ Tn, let vs be the indicator of the path from rn to s, with joining coordinate
zero. Its component fields are again P = 1, Q = 0 along the path. At ρ they both equal one.
Thus

N0(vs) = N0(es) = 1, NJ(vs) = NJ(es) = 2.

At a fixed non-leaf s in a component, the sibling sequence is weakly null: restricting any
functional to that component gives a continuous functional on a space equivalent to ℓ2(Tn)
by (2.5). Alternatively, the sibling computation in (4.1) gives a direct bounded map from
ℓ2; for N0 its factor two is replaced by one. The joined trees contain components of every
finite height. Lemma 4.1 therefore applies to X0 with m = M = c = 1, and to XJ with
m = M = c = 2. In both cases the vanishing one-sided modulus occurs at t0 = α/(2β); for
XΣ it occurs at t0 = α/β.

The argument permits the finite-codimensional subspace to change at every node. Its
contradiction uses only a fixed positive gain and arbitrarily long bounded paths. Reflexivity
of the joined constructions is compatible with this obstruction; it does not imply the existence
of an AUC renorming.

5 Stopping the propagation of normalized defects
We return to the root-sum norm NΣ on the infinite tree from Section 2. This section gives
a second proof that a tail of fixed size forces a uniform midpoint gain. Its main object is a
product of ratios along a branch. We stop the product when either a normalized base field
becomes small, the product becomes small, or an endpoint defect becomes large. A finite
martingale controls the second kind of stop; the other two are controlled directly by the fields.
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Lemma 5.1 (Uniform sequential separation). For each n, let xn, zn be finitely supported real
vectors on N<ω, with NΣ(xn) = 1. Let Hn be the predecessor closure of supp xn, and suppose
that (zn)s = 0 for every s ∈ Hn. Then

NΣ(xn + zn) + NΣ(xn − zn)
2 −→ 1 =⇒ NΣ(zn) −→ 0.

In particular, the assertion is uniform in the height and size of Hn.

Proof. We first work with one pair x, z, writing H for its head and omitting n. Write
C1

s = Ps(x) and C2
s = Qs(x). For s ∈ H define

ws = (C1
s )2 + (C2

s )2, νs = ws

wo
, ui

s = Ci
s√

ws
, ℓs = min{u1

s, u2
s}. (5.1)

Every subtree rooted in H contains a nonzero coordinate of x. The child inequalities therefore
imply ws > 0. At the root, 1/2 ≤ wo ≤ 1, since Po(x) + Qo(x) = 1. Also (u1

s)2 + (u2
s)2 = 1.

Let Is be the children of s in H, and Js the children outside H. Choose an index is ∈ {1, 2}
for which the child inequality of the base vector is tight at s.

For σ ∈ {−1, 1} set

Dσ
s = Ps(x + σz) − Ps(x) = Qs(x + σz) − Qs(x), dσ

s = Dσ
s√

ws
(s ∈ H). (5.2)

The two differences agree because zs = 0 on H. They are nonnegative: at exterior children
the base fields are zero, and upward induction uses the monotonicity of the recursion in both
child bounds. Thus

NΣ(x + σz) = 1 + 2Dσ
o . (5.3)

Here and below, C1(v) = P (v) and C2(v) = Q(v) when an argument is specified. Define the
exterior energies by

Eσ
s = 1

wo

∑
c∈Js

Cis
c (σz)2, E =

∑
s∈H

∑
σ

Eσ
s = 1

wo

∑
s∈H

∑
c∈Js

(
Pc(z)2 + Qc(z)2). (5.4)

Negation interchanges the fields, so the last sum is independent of our choices of is. Only
finitely many exterior terms are nonzero. On H the fields of z agree. The recursion there
gives

Ps(z)2 =
∑
c∈Is

Pc(z)2 + max

∑
c∈Js

Pc(z)2,
∑
c∈Js

Qc(z)2

 .

Telescoping over H proves
NΣ(z)2 ≤ 4woE . (5.5)

We will show that a small root defect forces this exterior energy to be small, independently
of the head.

There is a second useful estimate, for every a ∈ H:∑
s∈H
a⪯s

∑
σ

Eσ
s ≤ νa

∑
σ

(ℓa + dσ
a)2. (5.6)

Choose one index i with ui
a = ℓa, and iterate the child inequality for the single field Ci(x+σz)

from a to all first exterior nodes below it. At those nodes the whole base subtree vanishes.
Summing over signs makes the resulting boundary sum independent of i, and division by wo

gives (5.6).
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The identity that propagates the defect. For a fixed sign abbreviate ds = dσ
s . Subtracting the

tight base inequality for Cis from its endpoint inequality yields

νs(2uis
s ds + d2

s) ≥
∑
c∈Is

νc(2uis
c dc + d2

c) + Eσ
s . (5.7)

Whenever uis
s > 0, put Rsc = uis

c /uis
s . Tightness gives

∑
c∈Is

νcR
2
sc = νs. Expanding the

squares in the following display and using that identity rewrites (5.7) as

2(uis
s + ds)

νsds −
∑
c∈Is

νcRscdc

 ≥ Eσ
s +

∑
c∈Is

νc(dc − Rscds)2. (5.8)

The last sum measures the failure of the defect to propagate by the ratios Rsc. Multiplying
those ratios along a branch makes the left side telescope.

Fix 0 < λ < 1/2, 0 < ζ < 1, and h > 0. Inspect the root with Zo = 1. At an inspected
node s, stop when

ℓs < λ, Zs < ζ, or max
σ

dσ
s > h. (5.9)

If none holds, call s a continuation node and inspect its children c ∈ Is with Zc = ZsRsc.
The denominator in Rsc is at least λ at such a node. Let G and S denote the continuation
and stop sets. Every leaf of H has ℓs = 0, so every inspected branch stops. The stops are
incomparable, and the child inequalities give∑

T ∈S

νT ≤ 1. (5.10)

Multiplying (5.8) at s ∈ G by Zs/[2(uis
s + dσ

s )], which is at least ζ/[2(1 + h)], and summing
gives

∑
T ∈S

νT ZT dσ
T + ζ

2(1 + h)
∑
s∈G

Eσ
s +

∑
c∈Is

νc(dσ
c − Rscd

σ
s )2

 ≤ dσ
o . (5.11)

If the root itself stops, this is equality with G empty.
A nonroot stop T has a parent s ∈ G, and RsT dσ

s ≤ h/λ. Use (a + b)2 ≤ 2a2 + 2b2, then
(5.10) and (5.11), to obtain

∑
T ∈S

νT (dσ
T )2 ≤ (dσ

o )2 + 4(1 + h)
ζ

dσ
o + 2(h/λ)2. (5.12)

The first term includes the possible root stop. Classify stops first by ℓT < λ, then by ℓT ≥ λ
and ZT < ζ. At every remaining stop, ZT ≥ ζ and some dσ

T > h. The boundary term in
(5.11) therefore gives ∑

T ∈S

νT ℓ2
T ≤ λ2 +

∑
T ∈S

ℓT ≥λ, ZT <ζ

νT +
∑

σ dσ
o

ζh
. (5.13)

Only the middle term still needs a bound uniform in the tree.

The probability of a small product. Run the following finite random process from o. At s ∈ H
move to c ∈ Is with probability wc/ws, and move to absorbing states labelled 1 and 0 with
respective probabilities

Ps(x)2 −
∑

c∈Is
Pc(x)2

ws
,

Qs(x)2 −
∑

c∈Is
Qc(x)2

ws
.

11



These are nonnegative and sum with the child probabilities to one. Stay at an absorbing state
and run to one step beyond the height of H. Reaching a particular node s has probability
νs. Give that node value ps = Ps(x)2/ws, and an absorbing state its label. The conditional
expectation of the next value is ps, since

∑
c∈Is

wc

ws

Pc(x)2

wc
+

Ps(x)2 −
∑

c∈Is
Pc(x)2

ws
= ps.

The successive values pj thus form a martingale in [0, 1] for the filtration generated by the
path.

On [λ2, 1 − λ2] define H1(p) = 1
2 log p and H2(p) = 1

2 log(1 − p). Their derivatives satisfy

|H ′
i| ≤ Bλ := 1

2λ2 , |H ′′
i | ≤ 2Kλ := 1

2λ4 . (5.14)

At a step starting at s ∈ G take bj = H ′
is

(ps); at every other step take bj = 0. These
coefficients are known before the step. With ∆pj = pj+1 − pj , put

V =
∑

j

(∆pj)2, M =
∑

j

bj∆pj .

The sum M is a predictable martingale transform [4]. Here its second moment follows directly:
conditional mean-zero increments make the cross terms vanish, giving

EV = Ep2
end − p2

o ≤ 1, EM2 =
∑

j

E
[
b2

j (∆pj)2] ≤ B2
λ. (5.15)

Suppose that the path reaches T ∈ S with ℓT ≥ λ and ZT < ζ. All preceding nodes are in G,
and all values through T lie in [λ2, 1 − λ2]. On each such edge s → c, Taylor’s inequality gives

log Rsc = His(pc) − His(ps) ≥ bj∆pj − Kλ(∆pj)2.

After this stop the path meets no further node of G. Thus the later coefficients of M are
zero, and allowing later nonnegative terms in V gives log ζ > log ZT ≥ M − KλV . For
L = log(1/ζ) this event is contained in {M < −L/2} ∪ {KλV > L/2}. Chebyshev’s and
Markov’s inequalities, followed by (5.15), show that

∑
T ∈S

ℓT ≥λ, ZT <ζ

νT ≤ rλ(ζ) := 4B2
λ

L2 + 2Kλ

L
. (5.16)

Different stops correspond to disjoint path events. For each fixed λ, the right side tends to
zero as ζ ↓ 0.

Finishing the estimate in the required order. The head consists of G and the disjoint subtrees
beginning at its stops. By (5.6), the latter contribute at most

4
∑
T ∈S

νT ℓ2
T + 2

∑
σ

∑
T ∈S

νT (dσ
T )2

to E . Write α =
∑

σ dσ
o and β0 =

∑
σ(dσ

o )2. Combining (5.11)–(5.13) with (5.16) proves the
finite estimate

E ≤ 4λ2 + 4rλ(ζ) + 8(h/λ)2 + 2β0

+
(10(1 + h)

ζ
+ 4

ζh

)
α.

(5.17)
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Restore the sequence index. The assumed convergence and (5.3), together with wo ≥ 1/2,
imply dσ

o → 0 for both signs. Keep λ, ζ, h fixed while taking this limit in (5.17). Then

lim sup
n

En ≤ 4λ2 + 4rλ(ζ) + 8(h/λ)2.

Choose λ small, then choose ζ small with that λ fixed, and finally choose h small. The right
side becomes arbitrarily small. Therefore En → 0, and (5.5) proves the lemma.

Corollary 5.2. For every t > 0, the averaged asymptotic modulus of NΣ is positive.

Proof. Fix t > 0. Lemma 5.1 gives an η > 0, independent of the finite unit center x, such that
the average endpoint norm is at least 1 + η for every finite tail z vanishing on its predecessor
closure and satisfying NΣ(z) ≥ t/2. Otherwise a sequence would contradict the lemma;
convexity always bounds the average below by one.

Given a unit center x0 in the completion, choose a finite unit vector x with NΣ(x − x0) <
η/2, and let H be its predecessor closure. The finite tails are dense in ker ΠH , as established
in Section 2. A tail of norm at least t is the limit of finite tails whose norms are eventually
at least t/2. Continuity therefore gives the endpoint estimate at x for this completed tail.
Replacing x by x0 loses less than η/2 in the average. Taking z = ty with y ∈ ker ΠH and
NΣ(y) ≥ 1, then performing the defining infimum and supremum, gives δ̂NΣ(t) ≥ η/2 > 0.

6 Logarithmic propagation on the joined tree
We now use the norm NJ on XJ from construction (iii): the finite-height trees are joined
at a root whose coordinate is free, and the norm is the sum of its two fields. The following
argument begins with a finite-tree statement about arbitrary nonnegative fields. It propagates
a positive amount of boundary mass through a product of ratios. Taking logarithms turns
that product into increments of two bounded supermartingales.

Call a nonnegative field a on a finite rooted tree an upper field if a2
s ≥

∑
c∈ch(s) a2

c at every
nonleaf.

Lemma 6.1 (Uniform logarithmic propagation). Fix M ≥ β > 0. Let p, q, r be nonnegative
fields on a finite rooted tree with root o. Suppose that p, q, p + r, q + r are upper fields, and at
every nonleaf the upper inequality for at least one of p, q is an equality. If

po + qo + 2ro ≤ M,
∑

b a leaf
r2

b ≥ β2,

then ro ≥ γ(M, β) > 0, independently of the tree. One possible choice is

h = β2

2M2 , c∗ = β
√

h

8 , H∗ = 1 + log(M/c∗), K = 4(2 +
√

6)H∗
h

,

γ(M, β) = βh

8 e−K .

(6.1)

Proof. Put u = p + r/2 and v = q + r/2. These are upper fields by convexity. We first
distribute probability along the tree. Set µo = 1, and choose masses recursively so that the
masses of the children of every nonleaf sum to its mass and

µs ≥ M−2((ps + rs)2 + (qs + rs)2). (6.2)

At the root the right side is at most one. At every other step the sum of the children’s
required lower bounds is at most the required lower bound at their parent. Assign those
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lower bounds first and distribute the remaining mass among the children. This constructs the
masses. Nodes of zero mass have all three fields zero and can be omitted from the random
process.

Start a path at the root, moving from s to c with probability µc/µs. Once it reaches a
leaf, leave it there until the common terminal time l, the height of the tree. Relative to the
filtration of the path, define

Ui = usi√
µsi

, Vi = vsi√
µsi

, Ri = rsi√
µsi

.

All three processes lie in [0, M ], and Ui, Vi ≥ Ri/2. The upper inequalities give EiU
2
i+1 ≤ U2

i

and EiV
2

i+1 ≤ V 2
i . Conditional Cauchy–Schwarz also makes U, V supermartingales.

At each nonleaf choose U if the inequality for p is tight, and choose V otherwise. Write
W

(i)
i , W

(i)
i+1 for the two consecutive values of the process chosen at time i; choose U once the

path has stopped at a leaf. Subtracting the tight squared inequality for p from the one for
p + r gives

usrs ≥
∑

c

ucrc.

The corresponding formula holds for v when q is tight. Consequently

W
(i)
i Ri ≥ Ei

[
W

(i)
i+1Ri+1

]
.

Put Li = W
(i)
i+1/W

(i)
i when the denominator is positive, and Li = 0 otherwise. A zero

denominator forces Ri = 0 and the conditional product on the right to vanish, so in every
case Ri ≥ Ei[LiRi+1]. Iterating yields

ro ≥ E

Rl

∏
i<l

Li

 . (6.3)

The boundary hypothesis says ER2
l =

∑
b r2

b ≥ β2. Since Rl ≤ M ,

P(Rl ≥ β/2) ≥ β2

2M2 = h.

On this event Ul, Vl ≥ β/4. For the first time Ui < c∗, condition on the path up to that time.
The squared supermartingale inequality gives

P
(
Ui < c∗ for some i, Ul ≥ β/4

)
≤ c2

∗
(β/4)2 .

This follows by summing the conditional estimate over the disjoint first-time events; the same
argument applies to V . Our choice of c∗ makes twice this bound at most h/2. Hence the
event

G = {Rl ≥ β/2, Ui, Vi ≥ c∗ for every i} (6.4)

has probability at least h/2.
We have retained a definite set of paths on which all ratios can be logged. It remains to

prevent their product from becoming too small. Define the increasing concave function

g(t) =
{

log c∗ + (t − c∗)/c∗, 0 ≤ t < c∗,

log t, c∗ ≤ t ≤ M.
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The processes Ai = g(Ui) − g(0) and Bi = g(Vi) − g(0) are nonnegative supermartingales
bounded by H∗. Indeed, conditional Jensen followed by the monotonicity of g proves their
supermartingale inequalities. Let

Z =
∑
i<l

(
g(W (i)

i+1) − g(W (i)
i )
)
.

For either process D = A or D = B, write dD
i = Di − EiDi+1 ≥ 0. Telescoping expectations

gives
∑

i EdD
i ≤ H∗. Expanding squared increments gives∑

i<l

E(Di+1 − Di)2 = E(D2
l − D2

0) + 2
∑
i<l

E(Did
D
i )

≤ 3H2
∗ .

(6.5)

Split each selected increment in Z into its conditional mean and its centered part. The
absolute expectation of the sum of the means is at most 2H∗. The centered parts are
martingale differences, since the choice between A and B is made before the step. Their cross
terms have zero expectation, and their total variance is at most 6H2

∗ by (6.5). Therefore

E|Z| ≤ (2 +
√

6)H∗. (6.6)

Markov’s inequality and (6.1) give P(Z < −K) ≤ h/4, so P(G ∩ {Z ≥ −K}) ≥ h/4. On
G, the product of ratios in (6.3) is eZ . Restricting its expectation to this last event proves
ro ≥ (h/4)(β/2)e−K = γ(M, β).

Lemma 6.2 (Finite-head gap for the joined-root sum). Let x, y be finitely supported vectors
in XJ . Suppose that x is supported in a finite predecessor-closed set H containing the joining
root, and that y vanishes on H. If

NJ(x + y), NJ(x − y) ≤ 2, NJ(y) ≥ ζ, 0 < ζ ≤ 2,

then
NJ(x + y) + NJ(x − y)

2 ≥ NJ(x) + 2γ(2, ζ/4).

Proof. Write o = ρ for the joining root. Use p = P (x) and q = Q(x), and define r by

p + r = 1
2
(
P (x + y) + P (x − y)

)
, q + r = 1

2
(
Q(x + y) + Q(x − y)

)
.

The same r occurs because both differences of fields equal x. Convexity gives r ≥ 0. Take the
finite tree consisting of H and the first vertices outside H on paths to the support of y. Call
those exterior vertices B. Preserve the complete subtree values at them. The four restricted
fields are upper fields; a base tight inequality remains tight at every internal node because
omitted subtrees have zero base fields. At the root the endpoint average gives po +qo +2ro ≤ 2.
At b ∈ B,

pb = qb = 0, rb = 1
2(Pb(y) + Qb(y)).

On H the two fields of y agree. Upward induction therefore bounds both by the Euclidean
norm of the boundary sums Pb(y) + Qb(y) below the node. In particular,

NJ(y) ≤ 2

∑
b∈B

(Pb(y) + Qb(y))2

1/2

= 4

∑
b∈B

r2
b

1/2

.

Other leaves, if present, have nonnegative r2
b and cause no loss. Lemma 6.1 with M = 2 and

β = ζ/4 gives ro ≥ γ(2, ζ/4). The average norm equals NJ(x) + 2ro.
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The next theorem is a separated-family formulation of asymptotic midpoint uniform
convexity; see Basset et al. [2, Definition 6.15 and Proposition 6.16]. Here the field argument
supplies the gap directly, with the explicit constant from Lemma 6.1.

Theorem 6.3 (Separated midpoint families). For every ε > 0 there is η(ε) ∈ (0, 1) such that,
for x, z1, z2, . . . ∈ XJ ,

NJ(x + zj), NJ(x − zj) ≤ 1 (j ≥ 1),
NJ(zi − zj) ≥ ε (i ̸= j)

}
=⇒ NJ(x) ≤ 1 − η(ε).

For 0 < ε ≤ 2, one can take η(ε) = min{1/2, γ(2, ε/16)}.

Proof. The hypotheses imply NJ(zj) ≤ 1, so for ε > 2 there is no such family and any
η ∈ (0, 1) works. Suppose 0 < ε ≤ 2 and fix 0 < δ < min{1/3, ε/8}. Choose a finite vector x′

with NJ(x − x′) < δ, and let H be the finite predecessor closure of supp x′ together with the
root. The bounded sequence ΠHzj lies in a finite-dimensional space. Hence we can choose
i ̸= j so that, for u = (zi − zj)/2, NJ(ΠHu) < δ. Then

NJ(u) ≥ ε/2, NJ(x + u), NJ(x − u) ≤ 1.

For example, x + u is the average of x + zi and x − zj . The completed tail u − ΠHu
can be approximated, by the density statement of Section 2, by a finite tail y satisfying
NJ(y − (u − ΠHu)) < δ. Consequently

NJ(y) ≥ ε/2 − 2δ ≥ ε/4, NJ(x′ ± y) ≤ 1 + 3δ ≤ 2.

Apply Lemma 6.2 with ζ = ε/4 to obtain

1 + 3δ ≥ NJ(x′) + 2γ(2, ε/16) ≥ NJ(x) − δ + 2γ(2, ε/16).

Let δ ↓ 0. This proves the stated conclusion, with room to choose the displayed η strictly
below one.

7 Changing the child exponent with the height
We now change the child aggregation to an ℓp norm, choosing p = 1 + 1/h on a tree of height
h. This choice keeps the powers ph ≤ e that arise in iteration bounded independently of h.
The resulting outer Hilbert sum is reflexive and admits no equivalent AUC norm. Its midpoint
estimates will be uniform in the component height. We first consider centers with finite total
support and perturbations that vanish on a finite subtree containing the center’s support
in each nonzero component. A normalized boundary calculation bounds the sixth power of
the perturbation by the excess in the sum of the squared endpoint norms. Accumulating the
energy that has left these subtrees gives cubic control of the radius of a ball containing both
endpoints. We then obtain a bound for arbitrary centers with weakly null perturbations, and
a positive averaged midpoint modulus.

7.1 The norm and its completion

For an integer h ≥ 1, let

Th =
h⋃

j=0
Nj , ph = 1 + 1

h
.

The root o is the empty sequence; the children of s are the sequences si, i ∈ N, when |s| < h.
We write t ⪯ s when t is a prefix of s, including t = s. All vectors and arrays in this section
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are real. For v ∈ ℓph
(Th), define two nonnegative arrays from the leaves upward. At a node s,

put

as =
(∑

i

Psi(v)ph

)1/ph

, bs =
(∑

i

Qsi(v)ph

)1/ph

,

where both values are zero at a leaf, and set

Ps(v) = max{as, vs + bs}, Qs(v) = max{as − vs, bs}. (7.1)

Thus Ps(v) − Qs(v) = vs. The pair is the coordinatewise least nonnegative pair with this
difference and with each array dominating the ℓph

norm of its children. Indeed, at a node
whose child values have been fixed, every feasible pair must have Ps ≥ max{as, vs + bs} and
Qs = Ps − vs. The formulas are increasing in both child bounds, so induction from the leaves
proves minimality throughout the tree. At least one of the two child inequalities is an equality
at every node.

Define

νh(v) = Po(v) + Qo(v), Eh = (ℓph
(Th), νh), Xv =

( ∞⊕
h=1

Eh

)
ℓ2

.

We write ∥x∥2
v =

∑
h νh(x(h))2 for its norm.

Proposition 7.1. The recursion (7.1) defines a norm equivalent to the usual ℓph
(Th) norm.

In particular, Eh is complete and reflexive, with separable dual. The space Xv is complete
and reflexive, its dual is separable, and vectors with finite total coordinate support are dense
in it. Every finite coordinate projection is bounded and has finite rank.

Proof. Write p = ph and Ms = max{Ps(v), Qs(v)}. The recursion gives

Ms ≤ |vs| + ∥(Msi)i∥p.

Taking the ℓp norm on a level and proceeding upward proves that all the defining arrays have
finite level norms and that

Mo ≤
h∑

j=0
∥(vs)|s|=j∥p.

In particular, the recursion is defined for every v ∈ ℓp(Th). Conversely, iteration of the child
inequalities gives, on every level j,

∥(Ps(v))|s|=j∥p ≤ Po(v), ∥(Qs(v))|s|=j∥p ≤ Qo(v).

Since v = P (v) − Q(v), these estimates imply

(h + 1)−1/p∥v∥ℓp(Th) ≤ νh(v) ≤ 2(h + 1)1−1/p∥v∥ℓp(Th). (7.2)

They also give |vs| ≤ νh(v) for every coordinate s.
Negation exchanges the two arrays, and positive scaling scales them. If (P, Q) and (P ′, Q′)

are feasible pairs for v and w, then (P + P ′, Q + Q′) is feasible for v + w, by the triangle
inequality in ℓp. Minimality therefore gives the triangle inequality for νh. The lower bound
in (7.2) gives definiteness. Norm equivalence proves completeness of Eh and density of its
finitely supported vectors.

On a countable set, the usual dual of ℓp, 1 < p < ∞, is ℓp/(p−1): Hölder gives the pairing
in one direction, and testing a functional on finitely supported signed powers of its coordinate
values gives the converse and the dual norm. Applying this twice proves reflexivity, and finite
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support approximation proves dual separability. Equivalent norms preserve the continuous
dual, bidual, and surjectivity of the canonical map into the bidual, so these properties hold
for Eh.

The outer-sum argument in Proposition 2.2, applied to these component norms, proves
completeness and reflexivity of Xv and the dual identification

X∗
v =

( ∞⊕
h=1

E∗
h

)
ℓ2

under the componentwise pairing. Finite component approximation and separability of each
E∗

h give separability of this dual. Truncating the component sum and then approximating
within the retained components proves finite total support density in Xv. Coordinate
evaluations are bounded by the norm; each finite coordinate projection is consequently a
finite sum of bounded rank-one operators.

The spaces also retain uniformly bounded paths with weakly null increments. This
supplies their obstruction to asymptotically uniformly convex renormings before we turn to
their midpoint gains.

Proposition 7.2. The space Xv admits no equivalent asymptotically uniformly convex norm.
More precisely, if a∥ · ∥v ≤ N ≤ b∥ · ∥v with 0 < a ≤ b, then δN (a/b) = 0.

Proof. For s ∈ Th, let es be its coordinate vector and put bs =
∑

t⪯s et. The path indicator
itself is a feasible P array for bs, with Q = 0, and its root coordinate supplies the reverse
inequality. Hence νh(bs) = 1. For a nonterminal s, the vector esi has fields P = 1, Q = 0 at
si and P = Q = 1 at each proper ancestor. Thus νh(esi) = 2. The sequence of distinct child
vectors (esi)i is weakly null in Eh, by (7.2) and ph > 1, and hence in Xv. Since bsi − bs = esi

and the component heights are unbounded, Lemma 4.1 applies with m = M = 1, c = 2,
α = a, and β = b. It gives δN (a/b) = 0, excluding an AUC norm.

7.2 A boundary quantity and a sixth-power estimate

Fix h and abbreviate p = ph. A finite set A ⊂ Th is ancestral if it contains the root and every
prefix of each of its elements. In the next two arguments, the center x ∈ Eh is supported on
A, while y ∈ Eh vanishes on A. Write

B = νh(x), Y = νh(y), Mσ = νh(x + σy) (σ ∈ {+, −}).

The arrays for x vanish off A. On A, monotonicity of the recursion shows that the arrays for
x + σy have the form

Ps(x + σy) = Ps(x) + dσ
s , Qs(x + σy) = Qs(x) + dσ

s , dσ
s ≥ 0. (7.3)

The increments are equal because the coordinate difference is still xs. In particular, Mσ =
B + 2dσ

o ≥ B.
Let H consist of the nodes outside A whose parents belong to A. This is a possibly

infinite antichain. At each node s ∈ A, fix one of the labels P, Q whose old value equals its
child norm. For i ∈ H, let vσ

i be the value at i of the endpoint array with the label chosen by
its parent. The same label is used for both signs. On the subtree below i, the center is zero,
so negation interchanges the two arrays and

v+
i + v−

i = Pi(y) + Qi(y). (7.4)

We shall propagate one of these two boundary vectors to the root.
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Lemma 7.3. Let x, y ∈ Eh, with x supported on a finite ancestral set A and y zero on A.
Put B = νh(x), Y = νh(y), and Mσ = νh(x + σy). With e = exp(1) and

c6 = 2 exp(−(e − 1))4−6, U2 = M2
+ + M2

−,

one has
U2 − 2B2 ≥ c6U−4Y 6. (7.5)

A quotient with numerator and denominator both zero is interpreted as zero. The same
estimate holds when x = 0 and y is arbitrary.

Proof. The total array Rs = Ps + Qs of any vector satisfies ∥(Rsi)i∥p ≤ Rs, by Minkowski.
Consequently its pth powers sum to at most Rp

s on any antichain below s. This follows
first for finite antichains by iterating the child inequality, and then for countable ones by
increasing finite subsets.

There is a feasible pair for y which uses its minimal arrays off A and whose two values at
s ∈ A both equal  ∑

i∈H: s⪯i

(Pi(y) + Qi(y))p

1/p

.

Grouping boundary descendants by the first child proves the child inequalities. The antichain
estimate just proved makes the sums finite. Minimality, (7.4), and Minkowski give

Y ≤ 2∥(Pi(y) + Qi(y))i∈H∥p ≤ 2
(
∥(v+

i )i∈H∥p + ∥(v−
i )i∈H∥p

)
.

Choose a sign σ with ∥(vσ
i )i∈H∥p ≥ Y/4. For this sign, put

Rs = Ps(x + σy) + Qs(x + σy), ds = dσ
s (s ∈ A), di = vσ

i (i ∈ H).

Let Ls be the old value at s ∈ A of its chosen tight array. Subtract its old equality from the
new child inequality. For children in A, use (a + d)p − ap ≥ dp, and for boundary children
use that the old value was zero. It follows that∑

i child of s

dp
i ≤ (Ls + ds)p − Lp

s ≤ pRp−1
s ds.

Here and below a node in A with no boundary descendants makes no contribution. Define
zs = ds/Rs when Rs > 0, and zs = 0 otherwise. All child values vanish when Rs = 0; for
positive Rs we have

zs ≥ 1
p

∑
i child of s

(
Ri

Rs

)p

zp
i . (7.6)

The weights in this sum have total at most one.
To keep track of the boundary mass, define for s ∈ A ∪ H

Ws = 1
Rp

s

∑
i∈H: s⪯i

(vσ
i )p (Rs > 0), Ws = 0 (Rs = 0).

The antichain bound gives 0 ≤ Ws ≤ 1. At s ∈ H we have Ws = zp
s , and at s ∈ A the

quantity Ws is the weighted sum of the child quantities with the weights in (7.6). For a node
with remaining height m = h − |s|, we claim

zs ≥ CmW pm

s , C0 = 1, Cm = p−1Cp
m−1. (7.7)

It holds at boundary nodes because zs = W
1/p
s , 0 ≤ Ws ≤ 1, and Cm ≤ 1. At nodes of A of

depth h, Ws = 0. For the induction step, insert the child bounds into (7.6) and apply Jensen
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to the power pm, placing any missing weight at zero. This proves (7.7), including countably
many children by the same Jensen inequality for a probability measure on a countable set.

At the root,

Ch = p−(1+p+···+ph−1) ≥ exp(−(e − 1)), ph+1 ≤ 2e < 6.

Indeed ph ≤ e and log p ≤ p − 1 bound the first geometric sum after taking logarithms. If
Y = 0, the conclusion is immediate from M± ≥ B. Otherwise let M = Mσ = Ro. The
selected sign gives Wo ≥ (Y/(4M))p, so Y/(4M) ≤ 1. Equation (7.7) therefore yields

M − B = 2do ≥ 2M exp(−(e − 1))
(

Y

4M

)6
.

Since M ≤ U ,
M2 − B2 ≥ M(M − B) ≥ c6M−4Y 6 ≥ c6U−4Y 6.

The other squared endpoint norm is at least B2, proving (7.5). If x = 0, then U2 = 2Y 2, and
the same inequality holds directly because c6 ≤ 8.

We can now sum the component estimate without a constant depending on the number
of components or their heights.

Theorem 7.4. Let x ∈ Xv have finite total support. In each component where x(h) ̸= 0,
choose a finite ancestral set Ah containing that support. Suppose y ∈ Xv vanishes on every
such Ah. With S = ∥x + y∥2

v + ∥x − y∥2
v, one has

S − 2∥x∥2
v ≥ c6S−2∥y∥6

v, c6 = 2 exp(−(e − 1))4−6. (7.8)

The right side is zero when S = 0.

Proof. Set Yh = νh(y(h)) and U2
h = νh(x(h) + y(h))2 + νh(x(h) − y(h))2. Lemma 7.3 applies

also to components with x(h) = 0. Summing it reduces the assertion to

∑
Uh>0

Y 6
h

U4
h

≥ S−2
(∑

h

Y 2
h

)3

.

For S > 0, this is Jensen for the cube with weights U2
h/S and values Y 2

h /U2
h . Components

with Uh = 0 have both vectors zero and can be omitted. The case S = 0 is immediate.

7.3 Accumulating the exit energy

The preceding proof chooses one sign and repeatedly raises a normalized boundary quantity
to a power. We now keep both signs and retain the mass at every boundary level after it has
left the head. This yields a different recurrence and the cubic estimate.

Lemma 7.5. Let x, y ∈ Eh, with x supported on a finite ancestral set A and y zero on A.
Put Mσ = νh(x + σy), B = νh(x), and M = max{M+, M−}. If M > 0, then

M+ + M−
2 − B ≥ c3

νh(y)3

M2 , c3 = (6e)−3. (7.9)

This also holds for x = 0 and arbitrary y. When M = 0, both vectors are zero.
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Proof. By homogeneity, assume M = 1, so νh(y) ≤ 1. Use p = ph, the common increments
(7.3), and the same choice of tight label at each node as above. Denote that label by S in a
calculation at its chosen node; the children in that calculation use the parent’s label. For a
nonterminal s ∈ A, the subtraction that gave (7.6) gives∑

i: si∈A

(dσ
si)p +

∑
i: si/∈A

Ssi(x + σy)p ≤ pSs(x + σy)p−1dσ
s . (7.10)

At an outside child, the two signs interchange P, Q. Thus the sum of the second term over
signs is the sum of the pth powers of both arrays for y, independently of the parent’s label.

For 0 ≤ j ≤ h, and for 0 ≤ j < h respectively, define

Lp
j =

∑
s∈A
|s|=j

∑
σ=±

(dσ
s )p, Hp

j =
∑
s∈A
|s|=j

∑
i: si/∈A

(
Psi(y)p + Qsi(y)p).

An empty sum is zero. Summing (7.10) gives

Lp
j+1 + Hp

j ≤ p
∑
s∈A
|s|=j

∑
σ=±

Ss(x + σy)p−1dσ
s . (7.11)

The sum of Ss(x + σy)p on the right is at most two: for each sign, the sum of the pth powers
of both arrays on a level is at most Po(x + σy)p + Qo(x + σy)p ≤ 1. Moreover, the first-exit
children form an antichain, so∑

j<h

Hp
j ≤ Po(y)p + Qo(y)p ≤ νh(y)p ≤ 1. (7.12)

The antichain argument includes infinitely many children by increasing finite subsets, as in
Lemma 7.3.

We retain the exit mass from all preceding levels by setting

Kj =

Lp
j +

∑
i<j

Hp
i

1/p

, 0 ≤ j ≤ h.

Add
∑

i<j Hp
i to (7.11), bound it by p

∑
i<j Hp−1

i Hi, and apply Hölder to this list of terms
together with the terms indexed by (s, σ). The p/(p − 1) powers of the first factors sum to at
most 2 + 1 = 3, by the level bound and (7.12); the pth powers of the second factors sum to
Kp

j . Therefore
Kp

j+1 ≤ p 3(p−1)/pKj . (7.13)

Iterating gives
Kh ≤

(
p 3(p−1)/p)∑h

i=1 p−i

Kp−h

0 ≤ 3e Kp−h

0 . (7.14)

For the last inequality, use
∑h

i=1 p−i ≤ 1/(p − 1) and p1/(p−1) ≤ e.
It remains to relate the accumulated exit mass to the norm of y. On A, the two arrays

for y are equal, since ys = 0. Their common pth power at a nonterminal node s ∈ A is

∑
i: si∈A

Psi(y)p + max

 ∑
i: si/∈A

Psi(y)p,
∑

i: si/∈A

Qsi(y)p

 .

At nodes of A of depth h it is zero. Bounding each maximum by the sum of its two entries
and iterating upward yields Po(y)p ≤

∑
j<h Hp

j . Consequently

νh(y) = 2Po(y) ≤ 2Kh.
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Combining with (7.14), and using ph ≤ e < 3 and 0 ≤ νh(y)/(6e) ≤ 1, gives

K0 ≥
(

νh(y)
6e

)ph

≥
(

νh(y)
6e

)3
.

Finally,
M+ + M−

2 − B = d+
o + d−

o ≥
(
(d+

o )p + (d−
o )p)1/p = K0.

This proves the normalized estimate and hence (7.9) by scaling. For x = 0 its left side is
νh(y) = M , and the right side is c3M ≤ M .

Theorem 7.6. Let x ∈ Xv have finite total support. In every component with x(h) ̸= 0,
choose a finite ancestral set Ah containing its support, and let y ∈ Xv vanish on these sets.
If R > 0 and ∥x + y∥v, ∥x − y∥v ≤ R, then

R2 ≥ ∥x∥2
v + c3

2
√

2 R
∥y∥3

v, c3 = (6e)−3. (7.15)

Proof. In component h write Bh = νh(x(h)), Yh = νh(y(h)), Mh,σ = νh(x(h) + σy(h)), Mh =
maxσ Mh,σ, and mh = (Mh,+ + Mh,−)/2. Lemma 7.5, including its zero-center case, and
mh ≥ Mh/2 give

M2
h,+ + M2

h,−
2 − B2

h ≥ (mh − Bh)(mh + Bh) ≥ c3
2

Y 3
h

Mh

whenever Mh > 0. When Mh = 0, both component vectors vanish. Hölder gives

∑
h

Y 2
h ≤

 ∑
Mh>0

Y 3
h

Mh

2/3(∑
h

M2
h

)1/3

.

Since
∑

h M2
h ≤ 2R2, summing the component inequalities proves (7.15). The same calculation

for finite partial sums and monotone convergence justifies all infinite sums.

The finite-head hypotheses in these two theorems do not require the perturbation to have
finite support. Their proofs already use the completed component spaces and countable
sums. The following consequence removes the finite-support restriction on the center when
the perturbations form a weakly null sequence. It bounds the norm of the center from the
size of weakly null midpoint perturbations.

Proposition 7.7. Let x ∈ Xv and 0 < ε ≤ 1. Suppose (yj) is weakly null, ∥yj∥v ≥ ε, and
∥x + yj∥v, ∥x − yj∥v ≤ 1 for every j. Then

∥x∥v ≤ θ(ε) :=
(

1 − c3

2
√

2
ε3
)1/2

< 1. (7.16)

Proof. Fix η > 0 and choose a vector x′ of finite total support with ∥x − x′∥v < η. In its
nonzero components, take finite ancestral sets containing the support, and let P be the
projection onto their union. Proposition 7.1 makes P bounded and finite rank, so weak nullity
gives ∥Pyj∥v → 0. Set y′

j = yj − Pyj . The pair x′, y′
j satisfies the hypotheses of Theorem 7.6,

with Rj = 1 + η + ∥Pyj∥v. Moreover, lim infj ∥y′
j∥v ≥ ε. First let j → ∞ in (7.15) to obtain

(1 + η)2 ≥ ∥x′∥2
v + c3ε3

2
√

2(1 + η)
.

Then let η ↓ 0. This gives (7.16).
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The averaged midpoint modulus. The finite-head estimate also gives

δ̂∥·∥v(t) ≥ c3

24
√

2
t3 (0 < t < 1).

To see this, fix a finite unit center x and let F be the kernel of the finite coordinate projection
onto ancestral sets containing its support in its nonzero components. For y ∈ F with ∥y∥v = 1,
put R = max{∥x + ty∥v, ∥x − ty∥v}. The component inequalities Mσ ≥ B in (7.3), together
with the zero-center components, give ∥x ± ty∥v ≥ 1. Also R ≤ 1 + t < 2. Theorem 7.6
therefore yields

R(R + 1)(R − 1) ≥ c3

2
√

2
t3, R − 1 ≥ c3

12
√

2
t3.

Since the other endpoint norm is at least one, their mean is at least 1 + (R − 1)/2. For an
arbitrary unit center x0, approximate it by a finite unit center x. Replacing x by x0 loses
at most ∥x − x0∥v in the mean, uniformly over unit y ∈ F . The subspace F is closed and
finite codimensional by Proposition 7.1. Letting this approximation error tend to zero in the
definition of the modulus proves the claim; unit directions suffice by the radius monotonicity
established in the introduction.
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