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Abstract

We prove a sequential elliptic inequality for the renormalized Einstein–Hilbert functional on
a fixed finite tree of four-dimensional Ricci-flat spaces. As the joining lengths diverge and the
scale-neutral weighted Ricci error M tends to zero, the functional satisfies E = o(M). The root
end has decay exponent greater than one, and every joined quotient group is nontrivial. We
also prove the multivariable path-selection theorem for asymptotic expansions used to obtain
this estimate.
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1 Introduction
Ricci-flat metrics can degenerate by developing regions at several widely separated length scales.
In four dimensions, an asymptotically locally Euclidean end of one region can join a neighborhood
of an orbifold point in another. Repeating this configuration produces a finite rooted tree. The
geometry on every fixed vertex region may converge smoothly while ratios of scales tend to zero.
An estimate useful in this situation must control the whole joined metric, including the regions
between its limiting pieces.

We study a renormalized Einstein–Hilbert functional on such metrics. The leading Euclidean
divergence in the scalar-curvature density is subtracted at the exterior end of the root. The
resulting quantity, denoted by E, has length degree two. Its differential is the integral pairing
with the Einstein tensor 1

2Rg − Ric. A fixed root with decay g − δ = O(r−q), q > 1, makes the
quadratic remainder and the first-variation pairing integrable. The individual scalar integral and
boundary flux need not converge.

Renormalization of curvature energies on noncompact spaces has several established forms.
Haslhofer’s renormalized Perelman functional treats relative energies near steady solitons [8].
Deruelle and Ozuch subtract the mass contribution in their analytic ALE functional and discuss
explicitly the corresponding renormalized Hilbert–Einstein expression [5, Definition 4.2, Remark 4.3,
and Proposition 4.4]. Their weighted Łojasiewicz inequality near a fixed Ricci-flat ALE background
holds without an integrability hypothesis; integrability gives an improved exponent [5, Theorem 1.3].
The functional E here is the unminimized scalar-curvature-minus-flux expression, whereas their
λALE also minimizes over a potential. Our estimate concerns simultaneous degeneration of the
joining scales in a fixed tree, outside one fixed weighted neighborhood of a smooth ALE metric.

The main theorem, stated with the geometric hypotheses in Section 2, gives a strict improvement
over the direct first-variation estimate. Let M control ten scaled derivatives of the dimensionless
Ricci tensor, with positive exponential decay on joining half-ends and decay r−q at the root.
For a fixed limiting tree and sequences with M → 0 and all joining lengths tending to infinity,
Theorem 2.2 proves E = o(M). The metrics converge to the specified vertex metrics on compact
sets, and their end bounds are uniform through order twenty. Kernels and cokernels of the
linearized equations are retained in the argument.

This is a sequential statement for one fixed tree. Joining lengths may diverge at unrelated rates,
and the proof does not require the infinitesimal Ricci-flat deformations to integrate to a smooth
moduli space. These features are relevant to four-dimensional Ricci-flow concentration, where the
tree is obtained only after choosing a sequence of times. For a compact four-dimensional Ricci
flow on a finite time interval with bounded scalar curvature, a curvature blow-up that converges
smoothly to an ancient flow has a Ricci-flat ALE limit [2, arXiv version, Corollary 1.9]. Related
distance-control and compactness results appear in [3, 1]. The present article proves the static
estimate; its hypotheses are stated independently of a flow.

1.1 Why an analytic path enters the proof

On a fixed finite-dimensional analytic family, a gradient inequality relates a function to its
differential near a critical set. The parameters here include neck lengths Le → ∞. Their boundary
is outside an ordinary analytic coordinate neighborhood, and a change such as te = e−Le need not
make the family analytic at te = 0. Asymptotic power-logarithm expansions can exist to every
finite order without defining a convergent power series.

Our substitute is a path-selection statement for a precise class of holomorphic functions. In
each length these functions have expansions in e−dL with polynomial coefficients in L, where
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the nonnegative exponent sets are locally finite. The coefficients admit the same expansions in
the other lengths. Remainders are strictly better than the requested exponential order, and all
recursively extracted coefficients are holomorphic on a common ordinary-parameter neighborhood.
These hypotheses are defined in Definition 3.1.

Theorem 3.2 realizes finite sign conditions and finite prescribed limits along a real analytic path.
Every actual length coordinate and every bounded ordinary coordinate is eventually monotone or
constant. Therefore the path has finite variation in the weighted differential form∑

α

|dzα| +
∑
e

e−cLe |dLe|, c > 0.

This finite variation is the exact property used in the elliptic argument. The construction does not
replace an all-order expansion by a convergent series.

Quasianalytic asymptotic algebras provide the ancestry of this approach. Speissegger [13]
develops one-variable Ilyashenko algebras, and Galal, Kaiser, and Speissegger [7] construct algebras
based on transserial asymptotic expansions. Their one-variable field and differentiation results
provide precedents for the clock calculus used here. Our simultaneous length specialization,
ordinary parameter normalization, and path selection are proved in Section 3; no multivariable
selection theorem is imported from those works.

1.2 The elliptic reduction and its quantitative output

The analytic family is built in a gauge whose principal part is a componentwise scalar elliptic
operator. The cancellation underlying this use of coordinates is part of the Ricci-coordinate
method; see DeTurck and Kazdan [6] for its classical geometric setting. On each fixed vertex,
finite core tests separate the kernel, while finitely many compactly supported sources represent
the cokernel. On a joined edge, the two Cauchy matching conditions are supplemented by the
value in the critical spherical channel. Explicit radial mode matrices then give an inverse whose
bound is uniform as the lengths diverge.

This reduction has close predecessors in Einstein desingularization. Biquard constructs metrics
modulo a finite-dimensional obstruction space in the Eguchi–Hanson gluing problem [4, arXiv
version, Proposition 8.1]. Ozuch develops uniform inverse estimates and nearby Einstein-modulo-
obstructions families for desingularization trees, including ALE orbifolds [11, arXiv version,
Proposition 11 and Theorem 4.6]. The original development was also informed by Ozuch’s treatment
of potentially nonintegrable Einstein deformations [10]. This is methodological motivation, not
an invocation of that paper’s results for the tree inequality proved here. Our proof retains that
obstruction-space viewpoint. The additional interfaces needed here are continuation in complex
length regions, recursive finite-order expansions with a common ordinary-parameter domain, and
a differential estimate for the renormalized observable.

The ordinary parameters z record these finite data. The length parameters are continued to
quadratic complex regions. A uniform contraction there gives a small family h∗(L, z) and, for a
metric g in the theorem, the comparison

∥g − h∗∥ ≤ CM, ∥ Ric(h∗)∥ ≤ CM, |E(g) − E(h∗)| ≤ CM2.

The norms and the gauge are specified in Section 4. This comparison is why the finite-dimensional
family is sufficient even though the original metrics depend on infinitely many variables.

Set F = E(h∗). Let J be the nonnegative squared Ricci norm defined in Equation (4.10), with
an additional weight on the root tail. The first variation and the shrinking physical volumes of
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descendant regions imply

|dF | ≤ C
√
J

(∑
α

|dzα| +
∑
e

e−cLe |dLe|
)
.

The remaining analytic obligation is to place F and J in the path-selection class. We establish this
by opening one edge at a time. Solutions on an opened end have integer exponential tails. Finite
incoming modes cancel the seam mismatch, and triangular linear auxiliary equations produce each
additional asymptotic coefficient. Finite-part integration transfers the expansions to F and J .
Every order uses the same small nonlinear branch and the same basic inverse; coefficients with
greater prescribed growth enter only linear solves. This preserves one ordinary-parameter domain
through all orders.

If the tree inequality failed, the comparison would produce a sequence with F ̸= 0, F → 0,
and F 2 ≥ c0J for some c0 > 0. Path selection would preserve those conditions on a path of finite
weighted variation. Dividing the differential estimate by |F | would then give finite variation of
log |F |, contradicting F → 0. Corollary 3.3 isolates this short final argument from the substantial
analytic work needed to apply it.

1.3 Organization and conventions

Section 2 defines the tree geometry, the Ricci error, and the functional and states the main theorem.
Section 3 proves path selection. Section 4 constructs the inverses, gauge, analytic family, and
comparison with the original sequence. Sections 5 and 6 prove the end and length expansions.
Section 7 establishes the scalar expansion class and completes the theorem.

We use ∆ = tr ∇2. Metric and tensor components on a quotient end are equivariant Cartesian
components on its Euclidean cover; all integrals are quotient integrals. Scaled derivative norms
insert one local length factor per derivative. Tensor magnitudes are physical unless vertex units
are explicitly specified. Constants may depend on the fixed tree, its charts, and a fixed finite
differentiation order. Uniformity in diverging lengths or in an approximation index is asserted at
the point where it is needed.

2 Tree geometry and the renormalized functional
The result of this section is sequential. Its constants, its auxiliary analytic family, and its small
exponents belong to one fixed limiting tree. No uniform exponent over different trees is asserted
or needed.

2.1 The geometric data and the functional

Let T be a finite rooted tree of four-dimensional Ricci-flat spaces (Vv, hv). A vertex has one
exterior end and one punctured end for each child. Every end has Cartesian coordinates on a
Euclidean annulus modulo a finite subgroup of O(4) acting freely on S3. The group on a joined
end is nontrivial. The two groups on an edge are identified; a fixed orthogonal identification is
included in the charts. Put τ = log r on an exterior end and τ = − log r at a puncture. In these
charts, in vertex units,

hv = δ +O(e−µτ ) (2.1)
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on joined ends, with derivatives at scale, for some µ > 0. On the unjoined exterior end of the
root we require instead hv − δ = O(r−q), where q > 1. All remaining parts are smooth compact
manifolds with the indicated boundary collars. Bounds through order 20 suffice in the data below.

For an edge e from p to c, truncate both end coordinates at τ = Le and identify the boundary
collars by

xp = e−2Lexc, ac = ape
−2Le , aroot = 1. (2.2)

Thus the metric tensor in vertex units is multiplied by a2
v in physical units. The physical radius

ρ = avr agrees in both charts, and τp + τc = 2Le. Gluing just the boundary faces, with their
compatible smooth collars, gives the same manifold. Figure 1 records how the two logarithmic
coordinates meet at one physical radius and how edge lengths determine descendant scales.

Consider a sequence of metrics g for which every Le → ∞, which converges to hv on each
compact subset of every open vertex. Assume the same end estimates as in Equation (2.1) on each
joining half, and the stated root estimate, with uniform finite derivative bounds. On a compact
core put ρ = av. Suppose M → 0 and

|ρ2 Ric(g)|j ≤ CM

⎧⎪⎪⎨⎪⎪⎩
e−µτ , on joined half-ends,
r−q, on the root exterior end,
1, on vertex cores,

j = 10. (2.3)

Here the tensor magnitude is physical, and the subscript includes covariant derivatives multiplied
by the corresponding powers of ρ. The metric bounds convert these to coordinate estimates.
Decreasing µ or q, while retaining µ > 0 and q > 1, is allowed.

The subtraction below is the linear Euclidean boundary flux in the scalar-curvature density.
Compare the mass-subtracted variational construction in [5, Remark 4.3 and Proposition 4.4]. We
give its normalization and first variation directly for the present finite-tree geometry. Define, in
physical root units,

E(g) = lim
D→∞

{∫
r<D

R(g) dµg −
∫
r=D

(∂jgij − ∂igjj)ni dSδ
}
. (2.4)

All chart integrals are quotient integrals. The two terms inside the braces need not converge
separately.

Lemma 2.1 (Renormalization and first variation). The functional in Equation (2.4) is defined on
the preceding metrics. For a variation with the same root decay,

DEg(ġ) =
∫ ⟨

1
2R(g)g − Ric(g), ġ

⟩
g
dµg. (2.5)

It is invariant under diffeomorphisms isotopic to the identity whose root displacement, including
scaled derivatives throughout the isotopy, is O(r1−q′) for some q′ > 1. A global length scaling by s,
accompanied by a coordinate dilation at infinity restoring the leading tensor δ, multiplies E by s2.
Under Equation (2.3), |E(g)| ≤ CM .

Proof. Write g = δ + p on the root end. The scalar-curvature density is

R(g)
√

det g = ∂i(∂jpij − ∂ipjj) +O(|p||∂2p| + |∂p|2).

The last expression is O(r−2q−2) and its radial integral is bounded by C
∫∞
r0
r1−2q dr. This proves

convergence. The linear boundary term in the variation of scalar curvature cancels the variation
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of the subtracted integral. Every remaining boundary product is O(D2−2q); it tends to zero.
Integration by parts therefore gives Equation (2.5). For a Lie derivative, the contracted Bianchi
identity makes the interior divergence vanish. The remaining boundary term vanishes with the
stated displacement decay. Integration along the isotopy gives invariance. Changing variables
under a dilation in Equation (2.4) gives the scaling law.

Differentiate this law at s = 1. Choose the compensating dilation to be the identity inside
a fixed outer root region. Its metric variation equals 2g on the interior and decays like r−q on
the root tail. Its pairing with Ricci on the root is integrable by q > 1. On a punctured half the
interior estimate costs

CMa2
p

∫ Le

τ0
e−(2+µ)τ dτ ≤ CMa2

p.

On a child exterior half the corresponding quantity is

CMa2
c

∫ Le

τ0
e(2−µ)τ dτ ≤ CMa2

p(1 + Le)e− min(2+µ,4)Le ,

with a harmless change of constant for the fixed lower endpoint. The finite sum of core contributions
is bounded as well, since av ≤ 1. Equation (2.5) now gives 2|E(g)| ≤ CM . In particular E = 0
when Ric = 0.

Theorem 2.2 (Tree inequality). Fix a finite rooted tree with the end identifications and order-20
metric bounds of Section 2.1. Let (gj , L(j),Mj) satisfy the compact vertex convergence, the same
uniform half-end and root-end bounds, and Equation (2.3) through order 10, with every L(j)

e → ∞
and Mj → 0. Then, in physical root units,

E(gj) = o(Mj). (2.6)

For an index with Mj = 0, the assertion means E(gj) = 0. The little-oh is taken for this fixed tree;
it does not assert a power exponent uniform over different trees.

The proof constructs a finite-dimensional analytic family with complex length parameters. It
does not assume that Einstein deformations are unobstructed, or that the given metrics or the
coefficients of a fixed core metric are spatially analytic.
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Parent punctured half Child exterior half

τp = − log rp τc = log rc

Seam: τp = τc = Le

ρ = aprp = acrc, ac = ape
−2Le

aroot = 1 ac

ad

af

L1
L2

L3

Figure 1: A joined parent puncture and child exterior use opposite logarithmic coordinates. Their
seam has physical radius ape−Le = ace

Le and ac/ap = e−2Le . The inset records a finite tree with
independently diverging edge lengths; neither relative length ratios nor rates of divergence are
fixed. The diagram is schematic.

3 Selection of paths at several exponential ends
The reduction used to prove Theorem 2.2 needs a path on which every original parameter has
finite weighted variation. The parameters include several independently diverging neck lengths.
Ordinary analytic curve selection does not directly apply at those ends. We give the precise
asymptotic class and the selection argument used below. In particular, the argument includes the
specialization of several lengths; one-variable quasianalyticity alone would not supply that step.

3.1 The class of functions and the selection statement

Put
Q(A, c) = {L ∈ C : ℜL > A, |ℑL| < c(ℜL)2}.

An ordinary parameter is a variable in a fixed complex neighborhood of a finite real point. A real
holomorphic function is one satisfying P (L, z) = P (L, z).

Definition 3.1. An admissible family in m lengths consists of real holomorphic functions
P (L1, . . . , Lm, z), with the following properties. These properties are required for every recursively
extracted coefficient as well as for the initial functions.

(i) The functions are bounded on a product of regions Q(A, c), locally uniformly in the ordinary
parameters.

(ii) For each length there is an expansion

P (L, z) ∼
∑
d∈Di

e−dLi

kd∑
k=0

Lki Pdk(L̂i, z). (3.1)

Here Di ⊂ [0,∞) is locally finite, each kd is finite, and k0 = 0 if 0 ∈ Di. For every cutoff B,
subtracting the terms with d ≤ B leaves a remainder bounded by CBe−(B+ϵB)ℜLi , for some
ϵB > 0, on possibly smaller quadratic regions. Bounds are uniform on each fixed smaller
ordinary-parameter polydisc.
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(iii) For every subset of expanded lengths, all its coefficient formulas, at all orders, are holomorphic
on one common tail band ∏

j unexpanded
{ℜLj > A′, |ℑLj | < c′}, c′ > 0,

times one common open ordinary-parameter neighborhood. These domains may be shrunk
once when a finite number of families are used together. The constants and thresholds in
asymptotic estimates may depend on the order; the common domains of analyticity do not.

(iv) If a subset of real parts has the form ℜLi = ciU + o(U), where ci > 0, the corresponding
iterated expansion can be grouped by weights

∑
i cidi. The grouped weights are locally

finite, and each finite cutoff has a remainder of strictly better exponential order in U . The
assertion holds on the complex neighborhoods in (i) and locally uniformly on the common
ordinary-parameter neighborhood. It is enough to establish it by successive single-length
expansions.

When m = 0, admissible families are ordinary holomorphic germs.

The distinction in (iii) will be used when an expansion has infinitely many zero coefficients. It
is not an assertion that all remainder estimates hold beyond a single order-independent threshold.

Theorem 3.2 (Path selection). Let P1, . . . , Ps be an admissible finite family, and let a finite
Boolean combination of conditions Pj > 0, Pj = 0, and Pj < 0 hold along a sequence

L
(n)
i −→ +∞, z(n) −→ z0.

There is a real analytic map u |→ (L(u), z(u)), defined for all sufficiently large real u, with the
same limits and satisfying those conditions on its tail. Each actual coordinate Li(u) and za(u) is
eventually monotone or constant. Given any additional finite admissible list, its values on the path
can also be required to be eventually monotone or constant. Finite prescribed limits of functions
can be imposed at the same time.

A path germ here means analyticity at every sufficiently large finite u; analyticity at the
limiting endpoint is not asserted. To impose P → ℓ, introduce an ordinary variable v → ℓ and
impose P − v = 0. If there are no length variables, add an unused length. This also provides
positive infinitesimals for strict sign conditions at an ordinary limiting point.

Corollary 3.3 (The variation consequence). Suppose admissible functions F, J , with J ≥ 0, satisfy

|dF | ≤ C
√
J

(∑
a

|dza| +
∑
i

e−cLi |dLi|
)
, c > 0,

on real parameter domains. There cannot be a sequence with Li → ∞, an interior ordinary-
parameter limit, and F ̸= 0, F 2 ≥ c0J , F → 0, where c0 > 0.

Proof. Theorem 3.2 realizes all these conditions on one path with monotone actual coordinates.
Along it,

|d log |F || ≤ C
√
c0

(∑
a

|dza| +
∑
i

e−cLi |dLi|
)
.
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Each za has finite total variation because it is monotone with a finite limit. Each length tends
monotonically to infinity on its tail, and∫ ∞

u0
e−cLi(u)|L′

i(u)| du = c−1e−cLi(u0) < ∞.

Thus log |F | has finite total variation and a finite limit, whereas F → 0 forces log |F | → −∞, a
contradiction.

The remaining subsections prove Theorem 3.2. The geometric construction resumes in Section 4
and uses Definition 3.1 and Corollary 3.3 as its analytic interface.

3.2 Sectors, uniqueness, and clocks

Definition 3.4. An admissible angular loss is a positive continuous function ω(r), for large r,
such that

ω(r) ≥ (log r)−2,
∑
n≥n0

sup
2n<r<2n+2

ω(r) < ∞.

Its sector is the open set Sω = {z : |z| > R, | arg z| < π/2 − ω(|z|)}. Every positive loss satisfying
the displayed bounds has a continuous admissible enlargement: at dyadic radii choose a summable
majorant of the neighboring shell suprema and interpolate linearly in log r. Thus enlarging a loss
to make its sector open only shrinks that sector. Increasing a loss by a fixed factor or taking a
continuous majorant of the suprema over finitely many neighboring dyadic shells is permitted.
Given finitely many losses we can dominate all of them by another admissible loss. We can also
arrange that the domination ratio tends to infinity: if an ≥ 0 is summable, choose increasing
constants cn → ∞, sufficiently slowly that

∑
cnan < ∞.

The principle that a bounded holomorphic function is determined by its exponentially accurate
expansion is central to Ilyashenko quasianalyticity; see [13, Fact 1.5] in the published version. We
prove the following variant with a summable angular loss, which is the form preserved by the clock
changes below.

Lemma 3.5 (Sector uniqueness). Suppose f is bounded and holomorphic on an admissible sector
and, on the central subsector | arg z| ≤ π/4, satisfies f(z) = OB(e−B|z|) for every B > 0. Then
f = 0.

Proof. Let wn be the supremum of the prescribed loss on a fixed enlargement of the n-th dyadic
shell. Choose summable an ≥ 0 with an/wn → ∞; enlarge them by a fixed factor if necessary. On
the right half-plane define

A(z) =
∑
n

an
1 + z/2n , Φ(z) = z expA(z).

The series is normally convergent there, A(z) → 0 uniformly as |z| → ∞, and |Φ(z)| ≍ |z|. For
ℑz > 0, every summand has nonpositive imaginary part. If π/4 ≤ arg z ≤ π/2, the terms with
2n ≍ |z| have negative imaginary part of magnitude at least a fixed multiple of an. Thus the
change in argument pushes the outer part of the half-plane inside the prescribed sector. Reflection
proves the assertion below the real axis; on the central part it follows from A = o(1). Translating
the half-plane sufficiently far to the right puts its whole image in the domain of f .

The bounded pullback F = f ◦ Φ is superexponentially small on a fixed central sector, for
example | arg z| ≤ π/8. In a half-disc of radius r, the harmonic measure at a fixed positive interior
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point of the central part of its semicircular boundary is at least c/r. One can see this directly
by scaling to the unit half-disc: the Poisson kernel on a compact subarc away from its endpoints
is comparable to the distance of the rescaled axial point from the straight boundary, namely a
constant times 1/r. Write M for a bound for |F |. On that arc log |F | ≤ −Bc1r + CB, and on the
rest of the boundary log |F | ≤ logM . The subharmonic maximum principle gives

log |F (z∗)| ≤ logM − c2B +OB(r−1).

Zeros cause no difficulty: use the subharmonic function max{log |F |,−N} and then let N → ∞.
First let r → ∞, then B → ∞. Hence F vanishes at every fixed axial point. The Identity Theorem
gives F = 0, and then f = 0, since Φ is nonconstant and its image is open.

We now describe the one-variable fields into which the selected paths will be placed. Begin
with a positive variable x1 → ∞ and the field B0 of convergent meromorphic Puiseux germs in
1/x1. At stage j, the clock xj belongs to Bj−1, and for j > 1 it satisfies xj−1 = o(xj). The first
clock is x1, or a positive constant multiple of it. A germ in Bj has an expansion

f ∼
∑
β∈E

eβxjbβ, bβ ∈ Bj−1, (3.2)

where the real set E is bounded above and finite above each cutoff. The germ and the continued
coefficients are holomorphic on admissible sectors in the variable xj . After a finite cutoff the
remainder has a strictly better exponential rate in ℜxj , on a possibly smaller admissible sector.
This includes sector estimates for an empty expansion. The same definition is used for holomorphic
families on fixed ordinary-parameter polydiscs, with estimates on smaller polydiscs. At the Puiseux
level a parameter family has a common finite ramification denominator and pole order, holomorphic
coefficient functions on the ordinary polydisc, and a convergent series locally uniform there; bounds
are taken on smaller polydiscs.

Lemma 3.6 (Clock calculus and change of clock). The preceding construction has the following
properties, established simultaneously by induction.
(a) Each Bj is a field, closed under differentiation in x1 and conjugation. A nonzero scalar has a

leading equivalent

Cxp1 exp

⎛⎝ j∑
k=1

βkxk

⎞⎠ , C ̸= 0, (3.3)

uniformly on a suitable admissible sector. Its real subfield is a Hardy field: every nonzero real
germ has a fixed eventual sign, and its derivative either vanishes or has a fixed eventual sign.

(b) If H ∈ Bj is positive and xj = o(H), it is a valid new sector variable. Finitely many prescribed
earlier-clock sectors can be reached by taking a sufficiently narrow admissible H-sector. If
f ∈ Bj is positive, unbounded, and f = O(H), then on such a sector its modulus is comparable
to its value at the corresponding positive real H = |H|; it maps into any finitely prescribed
admissible f -sectors. If f = o(H) on the real ray, then ℜf = o(ℜH) throughout the narrowed
sector.

Proof. For B0, inversion and all assertions follow by convergent Puiseux inversion. A positive
unbounded Puiseux germ is a positive constant times a positive power of the real variable, with
a relative error tending to zero. If f = O(H), the corresponding power is at most the power
for H. A strictly smaller power leaves a fixed angular margin. Equal powers require only an
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enlarged admissible loss. Pullback of a loss under comparable positive power growth preserves
dyadic summability.

Assume both assertions at lower levels, and write x = xj . Their change-of-clock assertion
permits evaluation of lower germs on x-sectors and gives ℜxk = o(ℜx) for k < j. Consequently
every fixed nonzero lower scalar and its reciprocal have magnitude exp(o(ℜx)). The largest
exponent in a nonempty expansion therefore determines its leading term, separated from the rest
by a positive exponential gap. Induction gives Equation (3.3). Sums and products are calculated
termwise: above any cutoff only finitely many pairs of exponents occur. To invert, factor the
leading term and use a geometric series in the exponentially small remainder. A finite desired cutoff
uses only finitely many geometric terms. A zero expansion is bounded on the sector supplied by
any one of its remainder estimates and superexponentially small on the central sector. Lemma 3.5
then makes the germ zero. Thus the leading-term test is valid also after cancellation.

Cauchy’s formula on successively smaller sectors differentiates each finite expansion and its
remainder. The radii of the Cauchy discs can be chosen with logarithmic relative loss, after
enlarging the angular loss on neighboring shells. Their reciprocal costs, and the lower-field factor
from differentiating the clock, can be absorbed in an arbitrarily small loss of an exponential
remainder rate. The chain rule and the induction hypothesis give closure under differentiation in
x1. Reflection gives conjugation. A real leading monomial has a nonzero real leading constant,
hence a fixed sign. Applying this to the derivative proves the Hardy-field assertion. These steps
use only the lower-level change of clock, not the still-to-be-proved change of clock in Bj .

We prove that change next. On every strip within a bounded distance of the real x-ray, a
nonzero lower scalar has ratio 1 + o(1) to its value at a neighboring real point. Indeed the earlier
clocks have size o(x), uniformly on fixed proportional discs by the induction hypothesis, and
Cauchy’s estimate makes their derivatives o(1). The logarithmic derivative of the factor xp1 has the
same property. The leading equivalent and a smaller sector give the assertion for every nonzero
lower scalar. The assertion applies to a nonzero lower-field derivative as well; division by dx/dx1
expresses differentiation in x inside the lower field.

Write
H = ebxh(1 + E), h ∈ Bj−1, h > 0, E = O(e−ϵℜx). (3.4)

Since H is unbounded, b ≥ 0. First suppose b > 0. On bounded strips, (logH)′ = b + o(1).
Analytic inversion along the arcs H = ρeiθ, |θ| ≤ π/2, gives

x(ρeiθ) = x(ρ) + iθ/b+ o(1), ∂θx = i/b+ o(1), (3.5)

uniformly in θ. For completeness, solve the inverse equation first on a fixed small θ-interval by the
Analytic Inverse Theorem, using the uniform lower bound |(logH)′| ≥ b/2. Continue over finitely
many such intervals. Integrating the inverse derivative gives Equation (3.5), keeps the solution in
a bounded strip, and guarantees uniqueness on overlaps. The resulting branches agree with the
real inverse and hence agree where their sector domains overlap.

If f = eaxg(1 +O(e−ϵ′ℜx)), where g > 0 is lower level, then unboundedness and f = O(H) give
0 ≤ a ≤ b. When a < b, its argument tends uniformly to aθ/b, so there is a fixed angular margin.
Its real size relative to H decays exponentially in x, which proves real-part separation even after
division by a logarithmic angular margin. When a = b, put J = g/h. This is a positive bounded
lower scalar, and

f/H = J(1 +O(e−ϵ1ℜx)).
The strip estimate implies, uniformly for |θ| ≤ π/2,

ℜf
|H|

= O(J(x(ρ)) cos θ) +O(|J ′
x(x(ρ))| + e−ϵ2x(ρ)).

11



If J → 0, its derivative is eventually negative unless it is zero. More precisely, put q = J ′
x/J ,

t = x(ρ), and D = (logH)′. Equation (3.5) and the strip estimate give

d

dθ
arg J(x(ρeiθ)) = ℜ q(x(ρeiθ))

D(x(ρeiθ)) = q(t)
b

(1 + o(1)).

Thus its phase changes toward the real axis for positive θ; reflection handles negative θ. If J has a
positive limit, either direction of its vanishing phase error is allowed.

The strip estimate also gives J(x(ρeiθ)) = J(t) +O(|J ′
x(t)|), and hence

|ℜf |
ℜH

≤ CJ(t) + C
|J ′
x(t)| + e−ϵ2t

ωH(ρ) .

Choose the angular loss for H to dominate |J ′
x| + e−ϵ2x by a factor tending to infinity. This is

an admissible choice. In fact J is eventually monotone with a finite limit, so
∫

|J ′
x| dx < ∞. Its

suprema on bounded x-intervals are comparable to its integrals there, by the strip estimate for
the derivative; a zero derivative needs no estimate. Since logH = bx + o(x) and its derivative
tends to b, these intervals correspond to dyadic H-shells. The preceding displayed estimate now
gives ℜf = o(ℜH) when J → 0. Prescribed losses for the f -sector can also be pulled back: here
d log f/d logH → 1, so a dyadic shell in either variable meets only a bounded number of shells of
comparable logarithmic width in the other. Their pulled-back suprema are summable. Enlarging
the H-loss once more gives the sector mapping and modulus assertions.

It remains to consider b = 0. Use h first as variable at the previous level. It is larger than x,
and log h = o(x), because the logarithm of a lower scalar is controlled by earlier clocks. The lower
change-of-clock assertion applies both to x and to the leading lower factor of f ; f also has top
exponent zero. In the h-variable, the map from h to H in Equation (3.4) is a relative perturbation
O(e−ϵℜx). Take a wider and a narrower admissible sector with margins at least a fixed multiple of
(log |h|)−2. On the wider sector

ℜx ≳ |x|(log |x|)−2, |x| ≍ x(|h|).

Here are quantitative inverse estimates. At a target point H0 put r = |H0|, w = log r, X0 = x(r),
and ρ = cw−2. Enlarge the losses on neighboring shells so that D(H0, 4ρr) lies in the wider sector.
The positive harmonic function ℜx satisfies Harnack’s inequality there, so on D(H0, 2ρr) the
perturbation is bounded by

η = C exp{−c1ϵX0/(logX0)2}.
Since w = o(X0), one has ηwN → 0 for each fixed N . Rouché’s Theorem on a disc of radius ρr,
followed by Cauchy’s estimate, gives a unique nearby inverse u with

|u−H0| = O(ηr), dH

dh
(u) = 1 +O(η/ρ).

Uniqueness glues these inverse branches on overlaps. For any positive unbounded lower factor
F = O(h), its sectorial logarithm is O(w). Cauchy’s estimate therefore gives

| logF (u) − logF (H0)| = O(ηw3) = o(w−2).

This proves modulus comparability and preserves every enlarged angular margin. If F = o(h),
induction gives ℜF (u) = o(ℜu), whereas ℜu/ℜH0 = 1 +O(ηw2). The extra relative exponential
perturbation in f contributes at most O(ηw2) after division by ℜH0, using a smaller common
exponential rate for the finitely many functions. Thus real-part separation is unchanged. This
completes the simultaneous induction.
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Only finitely many sector requirements are imposed at a time in Lemma 3.6. Different
truncation orders may use different losses and different initial radii.

Lemma 3.7 (Sectorial limits of holomorphic families). Let F be a holomorphic family in a finite
clock hierarchy, on an ordinary polydisc D. Suppose that on the positive path ray it converges to
a finite holomorphic family F∞, locally uniformly on D. Then on every fixed smaller polydisc
D′ ⋐ D, it converges uniformly to the same family on some admissible sector of its last clock.
The conclusion remains valid after passing to a faster admissible clock by Lemma 3.6. Finitely
many such requirements can be imposed on one sector. In particular, a normalized limit which is
nonzero on a fixed compact contour stays uniformly nonzero there, and finitely many composition
arguments with limiting images in prescribed open domains stay in those domains.

Proof. First note a uniform growth consequence of the parameter expansion calculus. A lower-
level family, together with any fixed finite list of its ordinary derivatives, is exp(o(ℜxj)) on a
suitable sector of a faster clock xj , uniformly on a smaller ordinary polydisc. At the Puiseux level
convergence gives a polynomial bound in the first clock. At a higher level take a finite cutoff
below the largest exponent. There are only finitely many retained lower coefficient families; their
inductive bounds and the prescribed remainder bound control the family by an exponential in its
last clock. After passing to xj , Lemma 3.6 makes the real parts of all these earlier clocks o(ℜxj);
its modulus comparability treats the polynomial factors. Cauchy’s formula on one fixed smaller
ordinary polydisc gives the same assertion for any specified finite derivative list. No nonzero
normalization of these families is required for this upper bound.

We now prove the finite-limit assertion by induction on the hierarchy. At the Puiseux level,
real-ray boundedness eliminates negative powers of the small ramified variable. The convergent
series with holomorphic coefficients then converges to its constant term also for complex small
argument, locally uniformly in the ordinary parameters.

At level j, write the expansion as
∑
β e

βxjBβ . If a positive exponent has a nonzero coefficient
family, choose the largest such exponent and an ordinary Taylor coefficient of Bβ which is a
nonzero scalar germ. Cauchy’s formula makes the corresponding Taylor coefficient of F bounded
on the positive ray. Its scalar expansion, however, has a positive leading top exponent and a
nonzero lower scalar coefficient. That coefficient and its reciprocal are subexponential in xj by
Lemma 3.6, contradicting boundedness. Zero coefficient families can be discarded; finiteness above
each cutoff ensures that the largest nonzero positive exponent exists if there is one. Thus every
positive top coefficient vanishes.

Take the cutoff at zero and put B0 = 0 when that weight is absent. The strict remainder gain
gives

F = B0 +O(e−ϵℜxj )

uniformly on a smaller ordinary polydisc and a suitable sector. If a truncation convention retains
finitely many negative terms as well, the preliminary uniform subexponential bound absorbs
those terms into this estimate with a smaller positive ϵ. Consequently B0 has the same finite
locally uniform limit on the positive ray as F . By induction it has that limit on a sector of
the preceding clock. Map the xj-sector into this sector by Lemma 3.6. Modulus comparability
ensures that the preceding clock tends to infinity uniformly there. This proves convergence of B0,
however slow its real-ray rate may be. The displayed remainder tends uniformly to zero because
ℜxj ≳ |xj |/(log |xj |)2 → ∞. The induction is complete.

A further faster clock maps into the sector just obtained and sends its tail to uniformly large
moduli there, again by Lemma 3.6. Thus the limit persists. A finite collection of requirements
uses a common admissible majorant of the finitely many losses and a common sufficiently large

13



radius. Finally, the modulus of a limiting unit has a positive minimum on a compact contour.
Apply uniform convergence on a finite covering by smaller ordinary polydiscs to make the error
less than half this minimum. For a composition argument choose a compact neighborhood of its
limiting image inside the prescribed domain and apply the same uniform convergence. These are
finitely many requirements, as claimed.

3.3 Regular systems and finite analytic operations

We now collect the properties that must survive when another length is introduced. Every nonzero
analytic family must have a scalar normalization; finite analytic operations must preserve controlled
domains; and the resulting expressions must still be realizable on paths of the clock class. The
definition below makes these requirements an induction invariant. Preparation and root extraction
will then be finite operations within that invariant.

Fix a nonprincipal ultrafilter U on the indices of the given sequence. Such a filter exists by
the maximal principle applied to the cofinite filter. For every subset of indices, exactly one of
that subset and its complement lies in U . Compactness therefore gives limits in compact spaces,
including the extended real line. All comparisons made at the distinguished sequence in the
construction below are in this sense. Only a finite number of these comparisons is used to construct
any particular path.

Definition 3.8. A domain base is a directed family of connected real open domains in auxiliary
independent variables, each containing the distinguished sequence for a set of indices in U . A
germ on the base is an analytic function on one such domain, with its local complexification; two
functions are identified if they agree on a smaller domain. Extra ordinary variables range over
complex polydiscs about specified standard values.

A regular system A, with scalar field K, has the following properties.
(R1) Every nonzero family F (q, ζ) admits a nonzero scalar k ∈ K such that F/k has a finite,

nonzero holomorphic limit as a germ in ζ, locally uniformly on a polydisc, along the domain
base. The scalar reciprocal 1/k is in the system. For real families k can be chosen real.
Every scalar comparison or finite scalar limit made at the distinguished sequence holds along
the base after the appropriate restrictions.

(R2) For every positive scalar size a and integer n > 0, there is a positive scalar ρ with ρn/a tending
to a finite positive constant. Scalars and reciprocals have magnitude at most exp(C maxi L∗

i ),
where L∗

i are the current centers. For an empty tuple the bound is constant.

(R3) The system is closed under finite sums and products, reflection, ordinary holomorphic
composition at finite limiting arguments, inversion after a nonvanishing normalized limit
has been specified, and Cauchy integration on fixed compact contours. Integrals over fixed
compact segments are allowed by a finite cover of their holomorphic parameter neighborhoods.
Domain restrictions for these operations are part of the finite data of the expression.

(R4) Given a domain and finitely many normalization, comparison, and limit requirements, there
are families of real analytic paths eventually in that domain preserving them. The expressions
used belong on each path to a clock hierarchy of Lemma 3.6, with parameter versions for
any finite specified uses. The path families have real constant parameters in open sets and
are analytic in those constants where defined. At every sufficiently large fixed path time,
their evaluation into the independent-variable domain is locally submersive. The starting
time may depend on the constants.
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Limits of families in (R1) mean uniform limits on each fixed smaller polydisc. A nonzero
holomorphic limit need not be nonzero at its central point. An inverse requires nonvanishing on
the particular polydisc or contour where that inverse is used.

The expression “finite analytic operation” always includes its inputs and the domain data
needed for them. This prevents an implicit request to preserve infinitely many normalizing
comparisons on a path. Two elementary consequences will be useful.

Lemma 3.9 (Preparation on fixed contours). Let F (q, ζ, y) belong to a regular system. Suppose that
after scalar normalization its limiting germ is regular of degree d in the y-direction at (ζ, y) = (0, 0).
Then its Weierstrass polynomial, its unit, and division of any other family by that polynomial
are obtained by the operations in (R3) on fixed contours and fixed smaller parameter polydiscs.
Arbitrarily high Taylor coefficients of these operations use the same denominator zero sets and the
same contours.

Proof. Choose a circle |y| = r on which the limiting germ is nonzero and inside which it has
precisely d zeros at ζ = 0, counted with multiplicity. After shrinking the ζ-polydisc and the domain
in the base, normalized F is uniformly nonzero on that circle. The power sums of its enclosed
roots are

sℓ(q, ζ) = 1
2πi

∫
|y|=r

yℓ
∂yF (q, ζ, y)
F (q, ζ, y) dy, 1 ≤ ℓ ≤ d.

Newton’s identities give the monic polynomial W from these power sums, by finite polynomial
operations. The quotient F/W is a holomorphic unit on a smaller disc by cancellation of the
enclosed zeros; its values there can also be expressed by a fixed-circle Cauchy formula. A useful
explicit division formula for a holomorphic family G is

G(y) = W (y) 1
2πi

∫
|w|=r

G(w)
W (w)(w − y) dw + 1

2πi

∫
|w|=r

G(w)
W (w)

W (w) −W (y)
w − y

dw.

The second term is a polynomial in y of degree less than d. These formulas prove the asserted
closure. Differentiating or expanding them introduces powers of the existing nonzero contour
denominators, not new denominators with new zero sets. All Taylor orders are holomorphic on
the same smaller polydisc; their Cauchy constants may depend on the order.

Lemma 3.10 (Roots in a regular scalar system). Suppose (R1)–(R3) hold, including divisibility
of positive sizes. Then the complex scalar field is algebraically closed and its real part is real closed.

Proof. We factor monic polynomials by induction on degree. Translate the variable to remove the
coefficient of degree d− 1. If all the remaining coefficients vanish, the polynomial is a pure power
and the claim follows. Otherwise write it as

yd +
d∑
j=2

ajy
d−j .

Choose, from finitely many positive root-size representatives of the nonzero aj , one of largest size,
denoted ρ. Replacing y by ρv makes all coefficients bounded and makes at least one non-leading
coefficient have a nonzero limit. The limiting depressed polynomial has at least two distinct roots:
a polynomial with a single root is (v − c)d, and its vanishing degree-d− 1 coefficient forces c = 0.

Choose disjoint small fixed circles around the distinct limiting roots. The contour power sums
used in Lemma 3.9 give monic factors for the corresponding clusters. Their coefficients are in the
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system, and all their degrees are strictly smaller than d. Induction factors each cluster completely.
Undo the scaling and translation. For a real polynomial, conjugation pairs the nonreal factors
and fixes every real-valued root. The real scalar field is ordered by eventual sign. Every positive
element has a real square root, and every odd-degree real polynomial has a real root: at the
real points of a sufficiently small base domain these assertions hold for the factorizations just
constructed, and the finite sign and conjugacy alternatives can be fixed on the domain base. These
two properties characterize a real closed ordered field.

Lemma 3.11 (Detection of analytic identities). Path families with the submersivity property in
(R4) detect analytic germs. Namely, if an analytic function vanishes on the tail of every path in
such a family, then it vanishes as a domain germ. The same holds for a holomorphic family in
extra ordinary variables.

Proof. Let V be an open parameter set for one family and use integer path times N . At a fixed N ,
evaluation is analytic on an open subset VN ⊂ V . On the subset where its differential is surjective,
the composition with a nonzero domain germ is a nonzero real analytic function on every connected
parameter neighborhood: otherwise submersivity would give an open set of zeros in the domain.
The zero set of a nonzero real analytic function has Lebesgue measure zero. This last fact follows
by induction on the number of variables: in one variable zeros are discrete; in higher dimension
separate the points where a nonzero Taylor coefficient in the last variable is nonzero and use the
one-dimensional result and Fubini, with induction on the exceptional coefficient-zero set.

Every parameter lies, for all sufficiently large integers, in a submersive evaluation domain and in
the zero set of the composition. If the original germ were nonzero, countably many local parameter
charts for these integer evaluations would thus cover V by sets of measure zero, a contradiction.
An open set of domain zeros makes the germ zero by connectedness and the Analytic Identity
Theorem. For a family in extra variables, apply this argument to each of its Taylor coefficients, or
fix the extra variables in a countable dense set and then use continuity.

3.4 Adjoining a reciprocal fastest length

The next Lemma is the analytic specialization step. It is stated with its quantitative separation
hypothesis, since that hypothesis rules out uncontrolled cancellation against the lower field.

Lemma 3.12 (One independent reciprocal). Let A be a regular system for a nonempty lower
tuple L′ = (L′

1, . . . , L
′
r), with real scalar field KR. Assume that each L′

i is a positive unbounded
element of KR, and put M ′ = 1 +

∑r
i=1 L

′
i. Assume in addition that, for every finite use of its

path property, the lower paths can be chosen with last clock xprev = O(M ′). This is an additional
property of the length systems constructed below; it is not part of the abstract conditions (R1)–(R4).
Let a new independent positive variable p have the distinguished limits

p −→ 0, pmaxL′ −→ 0, |p− c| ≳ p2 (c ∈ KR).

The constant in the last comparison may depend on c. Use domain fibers in p which are open
intervals cut out by finitely many strict comparisons with lower scalars. There is a regular system
A[p] containing the lower system and p, p−1, closed under the finite analytic operations, with the
following size bound for each nonzero scalar and its reciprocal:

|a| + |a|−1 ≤ eC(1+maxL′)p−C . (3.6)
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Its finite path requirements can be realized by substituting for p an expression in lower scalars, with
an additional real constant varying in an open interval, and preserving pM ′ → 0. On the resulting
lower paths one therefore has pxprev → 0.

For the empty lower tuple the same conclusion holds with ordinary holomorphic germs and the
choice p = θ/x1, θ > 0.

Proof. We give the chart construction, the normalization argument, and the path argument
separately. Real closedness of the lower field is available from Lemma 3.10.

Charts and their common refinements. For a real center c ∈ KR, let s = |p− c|; fix its sign on
the domain base. If s is comparable to a positive lower scalar, use a disc coordinate

u = (p− c)/R

with finite limiting value, where R > 0 is in KR. If no positive lower scalar has size comparable to
s, call the size unmatched and use a ramified annular chart

u = (s/R)1/n, v = (r/s)1/n, u, v −→ 0, (3.7)

where R, r are lower positive scalars, r = 0 is allowed, and the positive real branches are used. In
the latter chart permit scalar prefactors ksq, with k ∈ K, q ∈ Q. Functions are lower analytic
families in these bounded coordinates, at their specified standard values, times such prefactors.
Disc charts require only lower scalar prefactors.

Here is the finite refinement rule. Include zero and every center in the finite data, and choose
a center whose distance from p is smallest in order. If its distance is matched, a disc at that scale
expresses all other required coordinates by bounded analytic substitutions, after normalizing their
nonzero distances. In the unmatched case each nonzero difference of two centers is either o(s) or
much larger than s: it cannot be comparable to s, since that would match s with a lower scalar.
Write

p− c′ = (p− c) + (c− c′)

as the larger term times one plus the smaller ratio. Choose annular bounds r ≪ s ≪ R recording
every one of these finitely many ratios. Rational powers are analytic in the factor tending to
one, and a common root denominator handles all ramification. A required bounded ratio of
prefactors is treated in exactly this way: a ratio ksq has, for q ≠ 0, a threshold at a lower root-size
representative of |k|−1/q. Add these finitely many thresholds to the bounds r,R. This proves the
common-refinement rule, including bounded analytic representation of every needed ratio.

Normalization in an annulus. On the relation uv = λ = (r/R)1/n, decompose a bounded lower
analytic family H(u, v, ζ) as

H+(u, ζ) +H−(v, ζ),

where the second series has only positive powers of v. This is an actual convergent decomposition
on a smaller bidisc. For example, substitute (w, λ/w) on a fixed circle in the original u-disc and
take its nonnegative Laurent part by Cauchy projection; the negative part is the positive series in
v. Both belong to the lower system, since λ is a bounded lower scalar and the circle is fixed. If
r = 0, set v = 0 and use just the first series.

Normalize a nonzero one of these families in the lower system, with its series variable still
ordinary. Let N be the first degree whose coefficient has nonzero standard holomorphic limit in ζ.
The terms of degrees less than N have finitely many lower scalar normalizers. The tail beginning
at degree N , factored by that power, is bounded with nonzero standard limit at the origin. Thus
only finitely many candidate sizes occur. Distinct powers of s cannot have comparable sizes after
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lower scalar multiplication: such a comparison, together with divisibility of lower sizes, would
match s. Choose the largest candidate size over both Laurent parts. It is unique up to terms with
the identical power, which are combined before this comparison. All smaller candidate ratios have
zero limit, and the factored tails remain bounded by the refinement rule. Division by the largest
size therefore gives a bounded analytic representation with nonzero holomorphic standard limit. If
both projected series vanish, the original family vanishes.

Normalization in a disc. Translate the disc coordinate to have limit zero and normalize the
family H(u, ζ) in the lower system before substituting p. If it is nonzero, choose a Taylor coefficient
b(u) in ζ whose standard limit is a nonzero germ in u. Preparation and division in u, by Lemma 3.9,
give

H(u, ζ) = b(u)G(u, ζ) + S(u, ζ), (3.8)

where G is bounded and S is a polynomial in u. Also b is a unit times a monic polynomial in u.
The finite-dimensional K-span of the coefficient germs in ζ of S has a basis ψ1, . . . , ψh whose

standard limits are linearly independent over C, with each ψj bounded. To construct it, normalize
a nonzero element, choose one of its Taylor coefficients with nonzero limit, and normalize that
coefficient to be one. Pass to the kernel of the corresponding coefficient functional in the original
span and repeat. The dimension drops by one at each step. The resulting triangular Taylor-
coefficient matrix has nonzero limiting diagonal, proving the assertion. Hence

S(u, ζ) =
h∑
j=1

Aj(u)ψj(ζ),

where the Aj are polynomials over K; its size after specialization is the largest of their nonzero
sizes.

Factor these finitely many polynomials, together with the polynomial for b, over K. Include
the real parts of their roots, expressed in the p-coordinate, among the centers of the refinement.
The imaginary parts are lower scalars; their sizes are additional comparison thresholds. Every
factor then has a bounded normalized analytic representation, using either a disc or an annulus.
The largest size among b, A1, . . . , Ah normalizes H. If an Aj-size strictly dominates that of b,
independence of the standard ψj prevents cancellation. Otherwise b itself is a Taylor coefficient of
H, so a normalized limit of H cannot vanish identically. The boundedness of the representation
and Cauchy’s formula make this coefficient argument valid for holomorphic limits.

Bounds and analytic closure. All resulting sizes are products of lower scalar sizes and rational
powers of distances and scales. Every nonzero distance from p to a real lower center is at least
a fixed multiple of p2. Upper bounds for centers and scales, and bounds for their reciprocals,
are lower exponential bounds. The preceding finite factorizations therefore give Equation (3.6).
Positive root-size representatives follow from ramification and the lower representatives. For a
bounded scalar the chart formula gives its finite standard limit; prefactor ratios are controlled
by the recorded comparisons. Nonzero real scalars have a fixed sign. A complex normalizer for a
real family can be replaced by a real or imaginary part of comparable size, and then by a positive
representative if desired.

After common refinement, sums, products, ordinary composition, and normalized unit inversion
are the corresponding lower analytic operations on bounded families. Contour integrals are treated
by finitely many chart neighborhoods covering the contour. The same argument works for a
compact segment. This proves (R1)–(R3) for the extension. Comparisons such as |p − c| ≳ p2

can be expressed by interval endpoints in the real lower field: factor the relevant real polynomial
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inequalities using Lemma 3.10, order their roots, and choose the interval containing the distinguished
points.

Finite specialization and path families. Refine using all chart centers, all endpoints of the
required interval, and zero. In a matched chart, with positive scale d and limiting coordinate a,
choose

p = c+ ad+ θdη, (3.9)

where η > 0 is a lower infinitesimal and θ varies in a small open interval of constants. Its sign can
be fixed to meet the fiber constraints. Every included endpoint has nonzero normalized distance at
its own recorded scale. Choose η smaller than the finitely many required relative margins. Then
all comparisons persist and every required coordinate has its exact limiting standard part. If an
endpoint were nearer than the chosen center-scale data, it would already have been selected by
the closest-center refinement; thus this choice omits no cancellation relevant to the finite data.

In an unmatched chart choose a lower scale strictly between all required lower and upper
bounds, for instance their geometric mean after taking the largest lower and smallest upper bound.
If the lower bound is zero, multiply the upper bound by a positive lower infinitesimal. Set s equal
to this scale times θ in a bounded positive open interval, and set p = c± s with its recorded sign.
Thresholds required by bounded prefactors were already included, so these substitutions preserve
all finite normalization requirements. They use only lower scalar and ordinary analytic operations.

Include among the finite requirements p → 0 and pM ′ → 0. The latter uses only the already
defined positive lower scalar M ′: it is the requirement p/(1/M ′) → 0, handled by the same
disc or annular refinement. The lower system contains positive infinitesimals, for example 1/M ′.
Apply the lower path property, with its assumed clock bound, to these and all other expressions
and comparisons used in the chosen substitutions. Then pxprev = O(pM ′) → 0; no comparison
involving a clock chosen only later is imposed on the domain base. Formula (3.9), or its unmatched
counterpart, has nonzero derivative in the new constant θ. Together with submersivity of the
lower evaluation, the triangular differential gives submersivity into the extended domain. Interval
fibers over connected lower domains are connected after ordering their endpoints; they remain the
domain base under these restrictions. This proves (R4). In the empty case, p = θ/x1 gives the
stated meromorphic Puiseux families directly.

3.5 Construction for several lengths

We now construct the regular system of Definition 3.8 for the original tuple of length variables.
The induction separates lengths of comparable size from strictly slower differences, applies the
reciprocal-length construction when necessary, and preserves the common coefficient domains. Its
output will leave only the ordinary-variable sign conditions to solve in the final subsection.

For example, the admissible equation

e−L1 − L2e
−L2 = 0

has the path L2 = eu, L1 = eu − u. The lengths have ratio tending to one, but their difference
is the unbounded slower quantity −u = − logL2. Thus grouping lengths by their limiting ratios
must retain the magnitudes of unbounded slower differences as new centers.

Proposition 3.13 (Centers and regular systems). For a distinguished sequence of m lengths
tending to infinity, there are centers L∗

1, . . . , L
∗
m, differing from the sequence values by bounded

additive amounts, and a regular system on a domain base with the following additional properties.
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(a) The system contains the centers, ebL∗
i for every real b, and every admissible family evaluated

at these centers.

(b) Every finite expression built with the allowed analytic operations has coefficient formulas on
a common connected domain of the base and a common ordinary-parameter neighborhood.
The same formulas remain valid to all orders on paths preserving its finite preparation data.
Remainder sectors and thresholds may depend on order.

(c) On the path families, the grouped centers have the form ciX +D∗
i , ci > 0, where the positive

magnitudes of the unbounded D∗
i are slower centers. All required quadratic holomorphy

domains are reached after narrowing the clock sectors.

(d) For a nonempty tuple, its path families can be chosen so that the last clock is the selected
fastest center X. Every center is O(X), and one of the centers equals X. In particular the
last clock is comparable to maxi L∗

i , independently of which finite expression requirements are
imposed.

Proof. We induct on m, establishing all regularity and path assertions together, including the
last-clock invariant in (d). The empty tuple has ordinary holomorphic germs, constant scalars,
and a point as its independent-variable domain. Its normalization and contour assertions are
immediate; the path assertion has zero-dimensional target and is vacuous.

Splitting the fastest block. Choose a fastest length X, so that every ratio Li/X has a finite
ultrafilter limit. This is possible by taking a maximal one among the finitely many lengths. For
the indices with positive limit write

Li = ciX +Di, ci > 0, Di = o(X).

Ignore bounded Di for now, replacing them by zero in the centers. For each unbounded difference
take its absolute value and record its eventual sign. These magnitudes and the lengths with ratio
zero to X form a lower tuple of at most m− 1 entries. Indeed a fastest block of size k contributes
at most k − 1 differences, and the other block has m− k lengths. Apply the induction hypothesis
to that tuple and denote the resulting positive centers by L′. Reinsert the recorded signs in the
differences D∗

i .
If some real lower scalar approximates the original X to bounded absolute error, replace X

by it. Its positivity, its divergence, and maxL′ = o(X) are finite lower-system requirements.
Otherwise adjoin p = 1/X as an independent variable. For every real lower scalar c,

|p− c| ≳ p2. (3.10)

In fact failure, or even a bounded ultrafilter value of |p− c|/p2, would give c/p → 1 and

X − 1/c = c− p

pc
= O(1),

contrary to the case distinction. Thus Lemma 3.12 applies. In both cases call the resulting
coefficient system A′. Every nonzero scalar of A′, and its reciprocal, is eo(X), by Equation (3.6),
maxL′ = o(X), and logX = o(X). The final centers in the fastest block are ciX +D∗

i , including
X itself. All errors relative to the distinguished original tuple are bounded.

Initial grouped expansions and their domains. Adjoin eαX , α ∈ R, and the initial admissible
functions evaluated at the centers. Their fastest-block expansions have the form∑

d

e−dXBd, Bd ∈ A′, (3.11)
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with locally finite weights and strict exponential remainder gains. To obtain the coefficient, expand
a term with fastest-block indices di as∏

i

e−di(ciX+D∗
i )(ciX +D∗

i )ki .

Its top exponential is e−(
∑

i
cidi)X . Its remaining factors are polynomials in X,D∗

i , exponentials of
the signed lower centers, and recursively extracted initial coefficients in the slower lengths. All are
in A′. Definition 3.1 supplies both the grouped remainder and the common analytic domains of
every coefficient formula.

The inductive lower construction supplies xprev = O(1 +
∑
i L

′
i), and contains the positive lower

centers as real scalars. Thus it meets the additional hypotheses of Lemma 3.12. In the independent
case that specialization preserves p(1 +

∑
i L

′
i) → 0; hence xprev = o(X), where X = 1/p. In the

dependent case X is a lower scalar, and the already required comparison (1 +
∑
i L

′
i)/X → 0 can

be imposed using the lower path property; it again gives xprev = o(X). Thus in either case X
belongs to the lower path field and is an admissible next clock by Lemma 3.6. Declare it to be
the last clock of the new hierarchy. All fastest-block centers are ciX + o(X), the other centers
are o(X), and one center is X, proving (d). When the lower tuple is empty, the independent
choice p = θ/x1 gives the first clock X = x1/θ. Subsequent finite analytic operations and domain
requirements introduce no further clocks. The slower centers and the positive magnitudes of the
differences satisfy

ℜL′ = o(ℜX), |L′| = o(|X|)

on a narrowed sector. Consequently ℜ(ciX +D∗
i ) ≍ ℜX and |ciX +D∗

i | = O(|X|). The admissible
loss gives ℜX ≳ |X|/(log |X|)2, so for every fixed c > 0 and sufficiently large |X|,

|ℑ(ciX +D∗
i )| ≤ C|X| < c

(
ℜ(ciX +D∗

i )
)2
.

Bounded ordinary shifts satisfy the same estimate. This verifies evaluation in every required
quadratic region.

This initial substitution assertion is unconditioned: it holds for every recursively extracted
initial coefficient on every path just described, without prescribing its leading nonzero size. At
a slower grouping level one repeats the same expansion, using its positive ratios and separated
smaller real parts. Only initial coefficient expansions, clock powers, and clock exponentials occur.
This observation is essential because infinitely many initial coefficients can occur in the all-order
formulas for one finite expression.

Closure for prepared finite expressions. Consider an expression tree formed by the allowed
operations. At each inverse node record the input’s first nonzero coefficient, a lower scalar
normalizing it, and a fixed disc or contour on which its normalized limit is nonzero. At each
composition node record the finite limiting arguments and a pair of nested polydiscs inside the
analyticity domain of the outer function. At each contour or segment integral record a finite cover
of the fixed integration set. At a preparation or division node use the fixed-circle formulas of
Lemma 3.9. Call these finitely many records the preparation data of the expression. They are
constructed from the bottom of the expression tree upward; no inverse is taken before its input
has been classified.

Sums and products preserve Equation (3.11). At an inverse node, factor the first nonzero
exponential term and invert its coefficient on the recorded unit domain. A geometric expansion
then gives all coefficients and strict remainder gains. At a composition node a bounded family has
no nonzero growing exponential term, because at an ordinary argument where the first normalized
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coefficient is nonzero such a term would be unbounded. Its full weight-zero coefficient is bounded
too, by the same lower normalization argument. Expand the outer holomorphic function at that full
weight-zero coefficient. The remaining argument is exponentially small; a finite Taylor polynomial
suffices at each cutoff, and the Cauchy remainder on the fixed nested polydiscs has a strictly better
exponential order. If there is no weight-zero term, use zero as the center. Contour and segment
integration preserve the estimates on the finite covering patches.

These rules describe every coefficient by a finite formula. At arbitrary coefficient order, that
formula can involve derivatives of arbitrarily high order, but only powers and derivatives of the
same prepared denominators, and evaluations on the same prepared domains. A derivative of a
function holomorphic on a fixed polydisc is holomorphic on that polydisc; all its Cauchy bounds
are available on one fixed smaller polydisc, with order-dependent constants. There are only finitely
many nodes in the expression tree. Choosing nested neighborhoods for these nodes once therefore
gives a common ordinary-parameter domain for all coefficients. The common initial coefficient
domains and the finitely many recorded restrictions give a common connected domain in the base
as well. Increasing an asymptotic threshold does not change these analytic formulas.

The path assertion for those same formulas. Put the finitely many lower families in the
preparation data into the charts of Lemma 3.12, where needed. Specialize p there and impose
all their finite domain and normalization requirements on lower paths. Such chart substitutions
are regular lower operations. In the empty lower case they are meromorphic ramified functions
of 1/x1. Lemma 3.7 gives sectorial convergence of each of the finitely many bounded normalized
lower families in the preparation data, locally uniformly on the chosen ordinary polydiscs. The
compact-contour and composition conclusions of that Lemma keep the recorded units nonzero and
the recorded arguments inside their domains on one common sector. Thus the contour estimates
are valid there.

Every unconditioned initial coefficient, including ones not listed in the preparation data, has a
clock expansion by the earlier initial substitution argument. Every further coefficient is made from
these by the finite-expression rules just proved: sums, products, ordinary derivatives, evaluations
and unit inversions on the prepared domains, and fixed integrals. The lower path calculus therefore
gives those same coefficient formulas and remainder estimates at all orders. Coefficients may
unexpectedly vanish on a particular path; their formulas and the remainder estimates still hold.
This does not require the leading sizes of infinitely many coefficients to be preserved. Sectors and
thresholds can be narrowed separately at each order.

Normalization and the zero-series alternative. If an expression has a first nonzero coefficient
in Equation (3.11), normalize that coefficient in A′ and multiply its scalar normalizer by the
corresponding exponential. Every lower nonzero scalar and its reciprocal is subexponential in X, so
the exponential gap makes the remainder negligible after this normalization, locally uniformly on
the ordinary polydisc. This supplies (R1). The size is an exponential times a lower scalar size; it is
divisible up to a positive constant, and it and its reciprocal obey the required exponential growth
bound. Scalar signs and bounded scalar limits follow from the same leading-term calculation. Real
normalizers follow by reflection and choosing a real component of nonzero leading size.

If every coefficient is zero as a lower germ, each coefficient vanishes on its entire common
connected domain by the Identity Theorem. This uses common analyticity, not a common
remainder threshold. On every path preserving the finite preparation data, the expression therefore
has zero clock expansion. One remainder estimate gives boundedness on a sector, while estimates
of arbitrary order give superexponential decay on the central subsector. Lemma 3.5 makes the
expression zero on every such path. The path families are submersive by Lemma 3.12 and the
induction hypothesis; Lemma 3.11 consequently makes the expression zero as a domain germ. This
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proves the alternative used to classify inputs before further inversions.
For finitely many expressions, preserve the finite coefficient normalizations and comparisons

just identified. The preceding path argument proves (R4) and the claimed clock membership,
while the closure rules prove (R3). Lemma 3.10 then supplies scalar roots at the new level for the
next induction step. The exponential growth bounds have maximum center comparable to X, so
(R2) also holds. The induction is complete.

3.6 Eliminating ordinary variables and preserving their limits

We record the algebraic sign test used to eliminate one ordinary variable. Its mechanism is the
classical Hermite trace form and sign determination from Tarski queries; see [12, arXiv version,
Theorem 7 and Proposition 11]. We include the finite calculation and check its use over our regular
scalar field. The multivariable path construction remains the one proved above.

Lemma 3.14 (Univariate sign elimination). For a finite list of real polynomials Pi(y) of bounded
degrees, existence of a real y realizing any specified Boolean combination of their signs is determined
by finitely many polynomial sign tests in their coefficients. The same tests are valid for polynomial
coefficients that are real scalar germs in a regular system.

Proof. First separate the finitely many alternatives for degrees and identically zero polynomials.
Constant signs are already coefficient signs. Let D be the product of the nonconstant polynomials.
On the real line, every sign pattern is attained at a root of D, in a bounded complementary
interval, or in one of the two unbounded intervals. Rolle’s Theorem gives a root of D′ in every
bounded interval between consecutive distinct roots of D; none of the Pi vanishes inside such
an interval, so all its signs are constant. The two unbounded intervals are tested by degree and
leading-coefficient signs. It therefore suffices to count sign types at the distinct real roots of Q = D
and, when nonconstant, Q = D′.

For hi ∈ {0, 1, 2}, put P =
∏
i P

hi
i , with the zeroth power interpreted as one, and consider

HQ,P (v, w) = TrR[y]/(Q)(Pvw). (3.12)

The right-hand side is the trace of multiplication by Pvw. Its signature is

Th =
distinct∑

a:Q(a)=0, a∈R

∏
i

sign(Pi(a))hi .

To verify this even for repeated roots, decompose the algebra into its local factors. At a real
root of multiplicity m, trace is m times evaluation; nilpotent directions are in the radical, and
the remaining one-dimensional form has sign signP (a). At a nonreal conjugate pair, the value
coordinates form one complex line viewed as a real plane. If P (a) ̸= 0, the form is a nonzero
multiple of ℜ(P (a)vw) and has one positive and one negative direction; if P (a) = 0, it is zero. Its
signature is therefore zero.

For a sign s ∈ {−1, 0, 1}, its three indicator polynomials are

1s=0 = 1 − s2, 1s=1 = 1
2(s2 + s), 1s=−1 = 1

2(s2 − s).

Multiplying these identities shows that the number of roots of any specified sign type is a rational
linear combination of the finitely many Th. Its positivity tests existence of that type.

In a monomial basis the matrix of Equation (3.12) is obtained by rational operations on
polynomial coefficients, after the leading coefficient of Q is known to be nonzero. Its signature is
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determined by finitely many sign tests: pivot on a nonzero diagonal entry and pass to its Schur
complement; if the diagonal is zero but an off-diagonal entry is nonzero, replace a basis vector by
the sum of the corresponding two vectors to obtain a nonzero diagonal pivot. A zero matrix ends
the procedure. This finite algorithm, with its finitely many pivot alternatives, uses only rational
functions of the coefficients. Clearing denominators with their recorded signs gives polynomial
sign tests.

For scalar germs, factor the polynomials using Lemma 3.10, fix the order and real or conjugate
status of the finitely many roots, and restrict the domain base accordingly. At every real point
of that domain the preceding real-polynomial argument applies, with the same sign alternatives.
Thus the same finite tests hold as germ statements; no transfer principle or additional quantifier-
elimination theorem is needed.

Proof of Theorem 3.2. Apply Proposition 3.13 to the given lengths. Add the bounded differences
between the original lengths and their centers to the ordinary variables. Their ultrafilter limits are
finite. For an initial admissible family, these bounded shifts preserve admissibility: a bounded
complex shift maps a smaller quadratic region into the original one; exponential-polynomial terms
transform by ordinary analytic operations; and a smaller common fixed-width band remains inside
the original common bands. Thus its shifted values belong to the regular system of the Proposition.

There are only finitely many complete sign patterns for the functions in a Boolean formula.
Choose one realized on a set in U . Translate all ordinary limiting values to zero. Normalize every
nonzero family by a real scalar, recording its fixed sign. A family with nonzero limiting value at
zero is a unit of fixed sign on a smaller domain; an identically zero family has known sign. For
the remaining finite list choose one real direction in which every nonzero limiting germ is regular.
Such a direction exists: the lowest nonzero homogeneous Taylor polynomial of each germ excludes
a proper real algebraic subset, and a finite union of those subsets does not exhaust the space of
directions. Complete this direction to a fixed real linear coordinate change.

Use the last coordinate y in that direction. By Lemma 3.9, each remaining condition is the
sign condition of a monic polynomial in y, multiplied by a unit of fixed sign. At the limit of the
remaining ordinary variables its polynomial tends to a pure power yd. All its roots therefore tend
to zero: if its non-leading coefficients tend to zero, the elementary root bound applied outside any
fixed disc excludes roots there for sufficiently small coefficients. Lemma 3.14 replaces existence
of the designated signs by finitely many coefficient sign tests in one fewer ordinary variable.
Choose the realizable finite alternative at the distinguished sequence and repeat. Each step uses
normalization and a fixed generic direction for only its finite list; it is an operation of the regular
system with finite preparation data.

Once no ordinary variables remain, all conditions are scalar comparisons on the domain base.
Lift the choices in the reverse order. The relevant polynomial roots belong to the scalar field by
Lemma 3.10. A realizable sign pattern can be attained at a real root, at the midpoint of two
consecutive real roots, or just beyond an extreme root. For the last choice add or subtract any
sufficiently small positive scalar infinitesimal. If there are no real roots, take zero; if necessary
a positive or negative infinitesimal also gives the required constant interval pattern. All roots
tend to zero, so every such choice tends to zero. Finitely many required neighborhood bounds on
units can be imposed when choosing the infinitesimal. The previously chosen ordinary variables
already have their prescribed limits. Repeating the lifting realizes every ordinary variable as a
scalar-system element, with all signs and limits valid on a domain of the base.

Now choose a path using the finite uses of these scalar operations, the finite normalization and
unit requirements, and the additional finite admissible list in the statement. This is precisely the
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finite-data path assertion of Proposition 3.13. Undo the fixed linear coordinate changes and restore
the bounded shifts. The actual coordinates are sums and linear combinations of scalar-system
elements on the path, so they, and each specified additional function, lie in a real Hardy field
by Lemma 3.6. Their derivatives either vanish or have fixed eventual sign. Hence these actual
coordinates and functions are eventually monotone or constant. All their required limits were
preserved in the construction. This proves the Theorem.

4 Augmented inverses and the analytic family
We now reduce the metrics in Theorem 2.2 to a finite-dimensional family. The reduction keeps
every kernel and cokernel direction as finite data. Uniform estimates across long seams will give a
comparison error quadratic in the Ricci size.

4.1 Weighted operators, finite augmentations, and seams

The weighted Fredholm framework on cylindrical ends, including exceptional weights and separate
weights at different ends, was established by Lockhart and McOwen [9, Theorems 1.1, 6.2, and 8.1].
The finite-dimensional gluing reductions of Biquard and Ozuch are close precedents for keeping
the obstruction variables [4, arXiv version, Proposition 8.1] [11, arXiv version, Theorem 4.6]. We
prove the disconnected and seam estimates below in the precise weights and finite trace spaces
required for the later complex continuation.

Choose
q0 = 1 + 1

2
(
min(q, 2) − 1

)
, q1 = 1

2(1 + q0),
λ = 1/n < 1

100 min(µ, 1), ν = λ/4, ν ′ = λ/2, γg = 2λ.

Here n is an integer chosen once. Decrease µ first if necessary to account for any previous weakening
of the end estimates. We use metric Sobolev order k = 8, orders 6 through 9 when taking traces
or variations, and one additional vector order for the gauge. There is ample room in the assumed
derivative bounds for these choices.

On an end use the cylindrical measure dτ dθ and derivatives ∂τ and angular derivatives. For
metric tensors let Xk

γ be the sum of the ordinary core Hk norms and the Hk norms of eγτU on
joined ends, together with the root norm of rq0U . Components are Cartesian components in vertex
units. For a displacement vector use V/r in the same definition. A second-order source space Y k−2

γ

has two fewer derivatives and includes multiplication of the equation by the square of the local
length scale; for vectors use also the normalization by r. These conventions make all coefficients
bounded on fixed-size cylindrical coordinate patches. Finite dimensional unknowns and tests carry
fixed Euclidean norms.

Replace h by a smooth background b = bH which agrees with h up to a large fixed τ = H
and is exactly flat for τ ≥ H + 1; make the corresponding fixed truncation of the root end. The
background has no length dependence in vertex coordinates. Its defect tends to zero in the
indicated spaces as H → ∞.

The vector operator is the linearized tension of the identity map with both metrics equal to b.
The metric operator is the linearization of

Pb(g) = Ric(g) − 1
2LWb(g)g, Wb(g)i = gjk

(
Γ(g)ijk − Γ(b)ijk

)
. (4.1)

The principal part of Pb is −1
2g
ab∂a∂bgij : the two derivatives of the divergence of g cancel. On a

flat end both linear operators are component Laplacians, up to a fixed nonzero factor.
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Lemma 4.1 (Disconnected augmented inverses). There are finitely many fixed smooth core-
supported sources and finitely many fixed linear tests on core compact sets such that each discon-
nected operator, augmented by these sources and tests, is an isomorphism Xk

γ ⊕ Ra → Y k−2
γ ⊕ Rb.

The same choices work for the selected orders and nearby sufficiently small positive joining weights.
They work for bH , with uniformly bounded inverse, when H is sufficiently large.

Proof. For a spherical harmonic of degree ℓ, a harmonic Cartesian component has radial powers
rℓ and r−ℓ−2. Thus the exponents in eκτ are

Components Punctured end Exterior end

Metric −ℓ, ℓ+ 2 ℓ, −ℓ− 2
Normalized vector V/r 1 − ℓ, ℓ+ 3 ℓ− 1, −ℓ− 3

Restrict these lists to the equivariant degree spaces. The chosen weights avoid every exponent, on
the joined ends and on the root. After factoring a harmonic channel into two first-order factors,
integrate each factor toward the end where its weighted exponential decays. Partial fractions
supply a divisor |κ1 − κ2| = 2(ℓ+ 1). Except in the finitely many lowest channels, the weighted
kernels are bounded by

C

1 + ℓ
exp{−c(1 + ℓ)|τ − τ ′|}. (4.2)

The finitely many other channels have a positive gap fixed by the weight. Integration and the
equation give two derivatives of gain: the kernel L1 norm is O((1 + ℓ)−2), and differentiation uses
one power of 1 + ℓ per derivative. Summing squared harmonic coefficients proves the Sobolev
estimate.

Cut off these full-cylinder inverses on the ends and combine them with local interior elliptic
parametrices on the compact cores. Commutators have one derivative less than the operator;
after restriction to a compact set their errors are compact by the Rellich theorem. The difference
between the actual and flat operators has arbitrarily small norm sufficiently far along each end.
This gives both a left and a right parametrix modulo compact operators and a small operator,
hence a Fredholm operator. Choose core tests separating its finite-dimensional kernel. Compactly
supported sources are dense in the source space, so finitely many such sources span its finite-
dimensional cokernel; enlarge the designated core to contain their supports. Splitting off kernel
and cokernel shows directly that adding these sources as unknowns and adjoining the tests gives a
bijection. The bounded inverse theorem gives the estimate.

The kernels and cokernels are unchanged when a small positive weight moves without crossing
a root. On flat half-ends this follows by separating modes; for the original decaying coefficient
perturbation, the same argument bootstraps decay up to the next root. This permits common
choices at the finitely many weights. Elliptic regularity makes the inverses agree at the different
Sobolev orders. Finally, the operator difference for bH −h tends to zero: the same weight is present
on input and output, and all scale-normalized coefficient differences and their needed derivatives
tend to zero. If C0 bounds the chosen inverses, choose this difference below (2C0)−1 and apply the
Neumann series. The new inverse norm is at most 2C0.

At a finite seam match the value and the opposite normal τ -derivatives of the normalized
components. Also specify the common value in the critical spherical channel: degree zero for
metrics and degree one for vectors. In problems with jumps use the parent-side value for this last
test. For a vector, V/r = Vphys/ρ in both charts, so these conditions match the physical vector
and its first derivatives. The opposite normal signs are forced by τp + τc = 2Le.
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Lemma 4.2 (Uniform inverse with finite seams). Adjoin these seam data to the disconnected aug-
mentations. For all sufficiently large real lengths the resulting piecewise problem is an isomorphism,
uniformly in the lengths. Its data norms at an edge are eγLeHk−1/2 for value jumps and critical
tests and eγLeHk−3/2 for derivative jumps. The assertion includes any partial disconnection of the
tree, with the tests and matching omitted on opened edges.

Proof. Extend the source from each finite half boundedly across its endpoint to the corresponding
infinite end, and apply Lemma 4.1. We correct the resulting seam errors by all nondecaying modes,
not just strictly growing ones. In a noncritical metric channel the incoming roots are α = ℓ+ 2 on
the point side and β = ℓ on the exterior side. For vectors they are α = ℓ+ 3 and β = ℓ− 1. The
vector degree-zero channel is absent: an invariant constant vector would give a fixed point on S3

for every nonidentity element of a nontrivial freely acting group.
Normalize incoming amplitudes at the seam. The leading map to value and derivative jumps is(

A−B

αA+ βB

)
,

(
1 −1
α β

)
, det = 2(ℓ+ 1).

This inverse has exactly the orders required by the two trace spaces. In a critical channel there
are a point-side constant, a point-side growing mode, and an exterior-side constant. For their
amplitudes (A,B,C) the three data are

(A+B − C, κB, A+B),

⎛⎜⎝1 1 −1
0 κ 0
1 1 0

⎞⎟⎠ , κ = 2 or 4. (4.3)

Its determinant is κ ̸= 0.
Cut each incoming wave Aeκ(τ−Le) off before the fixed core. Correct its equation error there

with the disconnected inverse. This makes a globally homogeneous augmented-equation variation,
with its accompanying finite source coefficients. A unit weighted seam amplitude has core error
O(e−γLe) for a constant wave and still smaller error for a growing wave. On another far end the
correction is a decaying homogeneous sum, whose first allowed decay has a strict gap beyond γ.
Thus its weighted seam traces tend to zero, including when the receiving edge has a different
length. The factor e−(1+ℓ)(Le−H) controls all higher harmonics. The full trace map is therefore a
vanishing-norm perturbation of the preceding block maps, and is invertible.

For completeness, a homogeneous solution has on each flat half a sum of incoming and outgoing
modes. Subtract the corrected incoming waves with its incoming coefficients. The remainder
continues with decay on the disconnected ends and has zero core tests, so the disconnected inverse
makes it zero. The trace orders of these coefficients follow from Cauchy data and the root gap.
This proves injectivity as well as the stated bound. The construction never uses an edge that has
been opened, proving the partial-disconnection assertion. Piecewise Hk is sufficient; no higher
normal matching is imposed in advance.

4.2 Complex lengths and a small analytic family

Lemma 4.3 (Contours and complex inverses). For some A, c0 > 0 the inverse of Lemma 4.2
continues to

ℜLe > A, |ℑLe| < c0(ℜLe)2. (4.4)

The field norm is measured on increasing-real-part contours. One strengthens the source norm on
the portion u ≥ ℜLe/5 and the seam norm by a fixed polynomial in 1 + ℜLe. With these norms
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the inverse is uniform. The same assertion holds for opened ends continued along such contours
and for every partial disconnection.

Proof. Write ℓe = ℜLe and choose a fixed smooth function χ which is zero on (−∞, 1/3] and one
on [9/10,∞). Use

τ(u) = u+ i(ℑLe)χ(u/ℓe), u ≤ ℓe.

It is real before ℓe/3, has endpoint Le, and has τ ′ = 1 near the endpoint. Its derivatives satisfy
|τ ′| ≤ C(1 + ℓe), |τ (j)| ≤ Cj(1 + ℓe)2 for each of the fixed orders used here, and |τ ′| ≥ 1. All bends
lie in the exactly flat region after increasing A.

For a real root κ,
|eκ(τ(u)−τ(u′))| = eκ(u−u′).

Thus Equation (4.2) remains valid in modulus. The integration element dτ ′ and finitely many
u derivatives cost only a polynomial in 1 + ℓe. The root gap still gives the two derivative gain,
with local terms controlled by the equation. Fix the polynomial exponent by bounding each
differentiation, product, trace, and extension appearing in this proof by its elementary polynomial
degree, and choosing P to be one plus the sum of those finitely many nonnegative degrees. Only
the fixed Sobolev orders enter this choice; no asymptotic expansion order enters it. Choose a fixed
smooth cutoff χ0 equal to zero for u ≤ 1/6 and to one for u ≥ 1/5, and put χℓe(u) = χ0(u/ℓe).
On this half use the strengthened source norm

∥f∥Y k−2
γ

+ (1 + ℓe)P ∥χℓef∥Y k−2
γ

,

and multiply the seam-data norms by (1 + ℓe)P . The first summand retains control through
the transition. Indeed, decompose f = (1 − χℓe)f + χℓef . The first source is supported where
u ≤ ℓe/5, and its Sobolev norm is bounded by the basic source norm, since the cutoff derivatives
are uniformly bounded. Every transfer from its support to the bend, which starts at ℓe/3, gains
e−δ0(2ℓe/15) for a fixed weighted root gap δ0 > 0; this pays any polynomial contour loss. On the
unbent portion there is no such loss. The second summand of the strengthened norm pays the
polynomial losses for the remaining source.

To use a disconnected core inverse, solve forced data in the flat part by these kernels, cut that
solution off on a real collar, and apply the real disconnected inverse to the remaining compact error.
Its decaying homogeneous far field is continued by the same exponentials. This also constructs the
inverse on an opened end with a bend followed by a return to the real ray farther out. If a bend
starts increasingly far out, a cutoff for the forced solve can be moved with it inside the flat region.
The real core estimate remains the fixed estimate, and the flat estimates are unchanged. This
proves the needed uniformity for such bends.

Extend finite-half data through the seam and apply this disconnected construction. Correct
traces by the incoming modes from Lemma 4.2. They have polynomially bounded norms relative
to their weighted seam amplitudes. Their leading trace matrices are unchanged because τ ′ = 1
at the endpoint. The core correction is exponentially small. Its outgoing homogeneous traces at
every receiving seam have a strict extra decay rate, absorbing the polynomial at that receiving
length. For the initially forced solution, data before ℓe/5 reach the seam with exponential gain;
data after that point have the strengthened norm on that very end. Increase P once to pay the
subsequent trace correction as well. This proves a uniform bound and a vanishing perturbation of
the block trace map. The same representation proves injectivity.

Finally, a coefficient perturbation with size O(e−σu) is small in the strengthened operator norm
on a bent region, since (1 + ℓe)P e−σℓe/5 → 0. Small perturbations on the remaining real portions
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are handled by the real inverse. A Neumann series proves the perturbative version that will be
used below. This argument is unchanged if any subset of the ends is left open.

Here and below “uniform” permits increasing the fixed lower length threshold. The choices
have the following order, which avoids a circular truncation requirement. Fix weights, derivative
orders, the augmented operators at h, and their inverse bound C0. Fix a contraction radius δ > 0
so that the product and inverse constants give a nonlinear Lipschitz constant at most 1/4 on the
2δ ball. Choose H so that the operator perturbation is below (2C0)−1 and the reference defect
is below δ/(8C0). Choose the finite parameter radius so that its additional defect has the same
bound. Finally choose A > 10(H + 1) large enough that all trace perturbations have norm at
most 1/4 and that the required polynomial times exponential bounds hold. The finite number
of partial disconnections permits the same choices for all of them. The inverse constants used
to choose δ are uniform in H by Lemma 4.1. The scale-normalized tensors bH have a uniform
positive-definite lower bound, and bH , b−1

H and their derivatives through the fixed orders used here
have bounds independent of H: the transition uses a fixed-width cutoff translated into regions
where h approaches δ. Consequently the local product and inverse-matrix constants used to choose
δ are independent of H as well. No new smallness radius is chosen after increasing the expansion
order.

Lemma 4.4 (Gauge for the real sequence). After a diffeomorphism of the invariance class in
Lemma 2.1, each sufficiently late metric in the sequence satisfies

Wb(g) = m · ψ, (4.5)

where ψ is the finite list of vector augmentation sources, rescaled in physical units, and m is small.
The gauged metric retains Equation (2.3) in weaker admissible weights and is close to b at the
joining weight γg.

Proof. Solve for a map f : (N, g) → (N, b) near the identity with τ(f ; g, b) = −m·ψ(f). Parametrize
it by the background exponential map of a displacement V , and impose zero core and critical-seam
tests on V . The derivative in (V,m) is the augmented vector isomorphism. On every coordinate
patch of scale r, this is the ordinary tension equation with bounded smooth target coefficients.
Sobolev multiplication at the chosen orders, with locally comparable weights, bounds its quadratic
remainder and its Lipschitz difference. The uniform inverse and the smallness of g − b give a
contraction. The latter smallness follows from compact convergence and the integrable dominating
tail e−(µ−γg)τ ; the root argument uses q − q0 > 0.

Smallness of V/r in scaled C1 makes the entire displacement isotopy locally invertible. It is
proper, since the displacement is small relative to radius and decays on the root, so it is a degree-one
covering and hence a diffeomorphism. The equation in the image metric reads −Wb(f∗g) = −m ·ψ.
Seam matching of V/r and its first derivatives gives a genuine solution across the seam; the smooth
equation then supplies the higher compatibility. At infinity V = O(r1−q0), which is admissible
for Lemma 2.1. Small scaled coordinate changes preserve the end estimates after decreasing
exponents.

We now write g for the gauged metric. Choose the metric augmentation sources φ from
Lemma 4.1 and solve

Pb(h∗) + 1
2Lm·ψh∗ = d · φ, h∗ = b+ U. (4.6)

We make the scaling of the augmentation sources explicit. On a vertex of physical length av, let
Dav (x) = avx denote passage from vertex to physical coordinates. A vector source in the tension
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equation has physical components a−1
v ψv: its pullback as a vector field is a−2

v ψv. A covariant
two-tensor source has physical components a−2

v φv, so D∗
av
φphys = φv. Consequently, writing kv

for a metric in vertex coordinates,

D∗
av

(
Lmψphyskphys

)
= Lmψvkv when D∗

av
kphys = a2

vkv.

These are equation-source scalings; a displacement itself scales as avVv. With these conventions
the normalized bulk equations and core tests have no length dependence.

Here d is an unknown finite vector. The core test values for U , the vector m, and the coefficients
of the critical seam values

πU |e = e−λLeze (4.7)
make up a finite parameter vector z. Values and first derivatives genuinely match on every
remaining seam. On an opened edge omit its matching and its critical prescription.

Lemma 4.5 (Analytic small branch). On a fixed complex polydisc in z and the quadratic length
domain of Equation (4.4), Equation (4.6) has a unique small solution (U, d). It obeys uniform
bounds at both joining weights ν and ν ′. Its augmented linearization has the same uniform inverse
bounds. These assertions hold for every partial disconnection on common smaller domains. The
family, its compact observables, and its endpoint values are single-valued holomorphic functions of
the length parameters.

Proof. On cores, inverse metric matrices and the tensor operations in Equation (4.6) are analytic
in U near zero; the fixed spatial coefficients need only be smooth. On an exactly flat end, in
neutralized Cartesian components,

PU = N (U), (4.8)
where P is the flat cylindrical component Laplacian and N vanishes to second order. Its Taylor
operations contain at most two derivatives and have polynomial angular coefficients. Indeed r∂xi

is a combination of ∂τ and tangential derivatives with polynomial coefficients in the unit Cartesian
coordinates. Consequently finite angular harmonic sums remain finite at each Taylor order.

Apply Lemma 4.3 to the equation and all tests. A quadratic term has one additional factor of
decay relative to the source weight. Its basic source norm is bounded by Cδ2, and the additional
strengthened contribution is bounded by

Cδ2(1 + ℓe)P e−νℓe/6,

because the cutoff support lies in u ≥ ℓe/6. For differences the corresponding bound replaces
δ2 by δ∥U − V ∥Xk

ν
. Taking the supremum over ℓe gives constants independent of the truncation

and of all other lengths. The seam data have size at most a polynomial times e−(λ−ν)ℓe |ze|.
The order of choices stated above makes the equation a uniform contraction, at both ν and ν ′.
Uniqueness identifies the solutions. A Neumann series around the augmented linear operator
proves invertibility of the branch linearization. Analytic convergence of the contraction proves
analyticity in ordinary parameters and in local holomorphic variations of endpoints on a fixed
contour.

We specify why this is analyticity in L, despite a smooth rather than holomorphic global choice
of contours. In a local parametrization of a flat contour, a holomorphic endpoint change changes
the coefficients analytically through ∂τ = (dτ/du)−1∂u. For an infinitesimal parametrization
change v(u) = δτ(u) fixing the endpoints, the candidate variation v∂τU satisfies the differentiated
equations. The normal operator varies by δ∂τ = −(∂τv)∂τ , so

δ(∂τU) = ∂τ (v∂τU) − (∂τv)∂τU = v∂2
τU.
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Thus v = 0 at each endpoint preserves both matching conditions and the critical-value tests; on
the fixed core portions it also preserves the core tests. This variation belongs to Xk−1

ν = X7
ν . The

lower-order inverse already supplied by Lemmas 4.1–4.3 uses the same sources and tests, with value
and critical traces in H13/2 and normal traces in H11/2. The same small-perturbation argument
gives this inverse for the branch linearization. Its uniqueness therefore identifies v∂τU with the
actual solution variation, with zero variation of the compact unknowns. Integrating it through a
homotopy shows contour independence where the coordinate is fixed. Monotone-real-part contours
with fixed endpoints are deformable through the same class; this identifies the local holomorphic
continuations and excludes monodromy. For an open end take a bend returning to the real ray;
deformations are compactly supported in its flat region. Tail limits on the unchanged ray are
consequently unchanged. An autonomous analytic density integrated with dτ changes by the
endpoint term v times that density, and therefore its integral is also invariant under fixed-endpoint
deformations. The same shape calculation applies to linearized solutions.

Lemma 4.6 (Comparison with the actual metric). Choose z from the core tests and gauge
coefficients of g, and from Equation (4.7) at its seams. Then

∥g − h∗∥Xk
ν

≤ CM, ∥ Ric(h∗)∥Y k−2
ν

≤ CM, |E(g) − E(h∗)| ≤ CM2. (4.9)

Proof. The seam parameters are small because g− b has weight γg > λ. All parameters lie strictly
inside the chosen small polydisc by taking the truncation and sequence thresholds sufficiently large.
In the gauge Equation (4.5), the actual metric solves Equation (4.6) with d = 0 and the extra
source Ric(g). Its source norm is O(M) by Equation (2.3). Subtraction and the uniform inverse,
absorbing the small nonlinear Lipschitz term, prove the first estimate, including the difference in
compact unknowns. The local Ricci map from Xk

ν to Y k−2
ν is Lipschitz on the small ball, proving

the second estimate.
Along the segment from g to h∗ the Ricci source and the metric variation are both O(M).

In the interior the pairing in Equation (2.5) costs integrals of ρ2 against products of the joining
weights; these are bounded by the scale calculation in Lemma 2.1. On the root the radial integral
is
∫
r1−2q0 dr < ∞. Integrating the first variation proves the third estimate.

Define real functions on the real family by

F = E(h∗), J =
∫

| Ric(h∗)|2h∗ dµh∗ +
∫

root end
r>r0

r2q1 | Ric(h∗)|2δ dx. (4.10)

For complex metrics the squares are analytic bilinear contractions, without complex conjugation.
These give bounded holomorphic continuations of F, J on the quadratic domains. For F , integrate
the quadratic subtracted scalar density on a fixed root tail and retain its linear boundary contri-
bution at r0. For J , the root weighted radial bound is

∫
r2q1−2q0−1 dr < ∞. Interior Ricci-square

integrals are scale invariant in dimension four and integrable in cylindrical measure. Scalar-volume
integrals carry the factor a2

vr
2: on a child half this is a2

pe
−4Lee2τ , whose modulus stays bounded.

Every contour polynomial is absorbed by the available exponential decay. On the approximants in
Lemma 4.6,

0 ≤ J ≤ CM2. (4.11)

5 Tail expansions and prescribed growth
Bounded holomorphy alone does not allow the application of Theorem 3.2. We prove the all-order
expansion and common-domain assertions needed there. All expansions below are finite to each
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requested precision. An infinite formal power-logarithm sum is never used as an inverse or a
solution.

Definition 5.1 (Tail expansion to finite precision). On an opened joined-type end, a field has an
integer tail if, for each nonintegral rate B, it can be written

Y (τ, θ) =
∑
l<B

e−lτ
dl∑
j=0

τ jYlj(θ) + Y>B. (5.1)

Here l ∈ Z. There is a lower bound for l, each Ylj is a finite equivariant spherical harmonic sum,
and the sum is finite. The remainder belongs to the cylindrical Sobolev space with any fixed weight
strictly below B. A bound to finite precision controls the finitely many displayed coefficients and
that remainder norm. Polynomial contour costs can be paid by a strictly smaller remainder rate.
For a growing field this is a bound after subtraction of the finite nondecaying tail; it is not a bound
on the unsubtracted field at infinity.

The extraction of homogeneous exponential terms when a weight crosses an indicial root is
part of the classical change-of-weight method [9, Section 5]. Here the componentwise flat operators
allow an explicit polynomial calculation, including the resonant logarithmic terms.

Lemma 5.2 (Constant-operator tail improvement). Let P be either flat operator above. Suppose
a field has a finite growth bound and its source has an expansion to rate B, where the intermediate
remainder weights avoid the indicial roots. Then the field has an expansion to that rate, with free
homogeneous coefficients recorded at the crossed roots. Estimates involve the source coefficients and
remainder, a fixed inner trace, and the previous growth bound. They are uniform on the contours
of Lemma 4.3, with an arbitrarily small loss in a strictly available exponential rate.

Proof. In one angular channel, apply (∂τ −κ1)(∂τ −κ2) to e−lτp(τ). It gives e−lτ times a constant
coefficient differential operator on the polynomial p. If −l is not a root, this is invertible on
polynomials of a given maximum degree by a triangular coefficient calculation. If −l is a root,
integrate one polynomial factor, increasing the degree by one; prescribe zero constant term for
that primitive and record the omitted constant as a free homogeneous coefficient. The roots are
distinct, so this exhausts resonance. Only finitely many angular channels occur in the forced finite
sum.

Subtract these primitives. Extend the remaining forcing by a fixed cutoff to a full-cylinder
source and solve it by the root kernels at a new noncritical weight. The difference from the original
field is homogeneous on the tail. The previous growth bound excludes roots growing faster than
it permits; the roots between the old and new weights are recorded explicitly. The remaining
faster-decaying homogeneous modes are bounded by the inner trace, using the exponential root
gap and summing their squared coefficients. This proves both the improvement and its estimate.
The kernel calculation on contours is the one in Lemma 4.3; polynomial losses are absorbed by
decreasing the remainder weight within its strict gap. No parameter-dependent global inverse at
the new weight has been invoked.

Lemma 5.3 (Nonlinear tails and finite prescribed growth). The small solution of Lemma 4.5 on
every partial disconnection has integer tails with only l > 0. Its augmented linearization, denoted
AU , can be solved for a source with a finite-growth integer tail, with arbitrary finitely supported
prescriptions of free homogeneous coefficients in the nondecaying indicial channels. Unspecified
coefficients are zero, so the prescribed growth has a finite maximum. The result has an integer tail;
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its growth does not exceed the maximum of zero, the forced growth, and the prescribed growth, apart
from polynomial factors. The solution is unique with these prescriptions and the other augmented
data. Estimates to any fixed finite precision are linear in the data, with constants allowed to depend
on that precision and growth. Every finite tail coefficient depends analytically on the parameters
on one common domain.

Proof. First consider the small nonlinear solution. Its initial positive-weight estimate and Equa-
tion (4.8) give a source at twice a slightly weaker positive decay rate. Apply Lemma 5.2. Suppose
finitely many powers have already been extracted and the remainder has positive rate B. In the
difference between the nonlinear expression and its finite Taylor expansion, every occurrence of
that remainder is multiplied by a field or derivative with a fixed positive decay rate. The analytic
Taylor remainder is controlled by Sobolev multiplication, since Hk is an algebra at the chosen
orders. Consequently the next source remainder has rate at least B + ϵ for one fixed sufficiently
small ϵ > 0, using intervening noncritical weights when needed. This improves indefinitely. The
initial roots are integers; Taylor products add their degrees. The angular property in Lemma 4.5
makes each resulting coefficient a finite harmonic sum. The original positive decay excludes all
nonpositive degrees. This proves the first assertion, including estimates on the complex contours.

On an opened end the linearization is AU = P + BU , where the coefficients of the differential
operator BU have positive integer tails and decay. Start at the most growing required power of the
desired solution. Use the polynomial primitives in Lemma 5.2 to cancel it. Multiplication by BU
improves the degree by a positive integer, so the recursion is triangular in degree. At each indicial
channel fix the log-free homogeneous coefficient to be its prescribed value; use the zero-constant
polynomial primitive for the forced part. Continue through finitely many degrees until the residual
decays strictly faster than the basic weight ν. This constructs a finite sum T , with no growth
greater than the allowed maximum.

Choose a fixed cutoff ζ supported on the opened end and equal to one sufficiently far out.
With all finite seam data, core tests, and compact source unknowns included in AU , set

Y = ζT + A−1
U

(
f − AU (ζT )

)
. (5.2)

The term in parentheses is in the basic decaying source space. The inverse is exactly the inverse
already constructed in Lemma 4.5. No smallness of T or of this source is required: this is a linear
solve. The correction decays and cannot change any prescribed nondecaying coefficient. Applying
Lemma 5.2 to its equation, and using the coefficient tails of BU , obtains all further orders. If two
solutions have the same data, their difference has no nondecaying tail, hence belongs to the basic
decaying space and vanishes by its inverse. This proves uniqueness and the growth assertion.

All steps in Equation (5.2) are finite polynomial operations, fixed cutoffs, and the same analytic
inverse family. A leading coefficient can alternatively be extracted by multiplying the tail by its
leading exponential and removing its known polynomial terms, then taking its limit at infinity.
The remainder estimates are locally uniform in the parameters, so these limits are holomorphic.
Repeat only finitely many times for any requested coefficient. The parameter domain never shrinks
as the precision or prescribed growth increases; only estimates and a convenient tail-start threshold
may change. In particular, a cutoff moved farther out on an opened infinite end does not change
the admissible range of another edge’s finite length.

Lemma 5.4 (Triangular auxiliary equations). Lemma 5.3 applies successively to every finite
system appended to the small solution in which each equation has diagonal operator AU and source
given by Taylor differential operations on earlier fields. Allow finite growth at already opened ends,
and free asymptotic conditions depending polynomially on finitely many earlier tail coefficients. On
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still-finite seams impose homogeneous matching and zero added critical tests. Require that sources
on those halves have at least two decaying factors, counting the base field and its derivatives. On
opening a new pair of ends, start with decay there. The resulting fields and the inverse of the
triangular linearization have uniform finite-precision bounds and the same analytic parameter
domain.

Proof. Solve the equations in their given order by Equation (5.2). Products of finitely many fields
with finite growth still have finite growth. Forced nondecaying coefficients are determined by the
equation; only the free indicial constants are prescribed. Thus a forced power is never incorrectly
set to zero by an asymptotic boundary condition. Conditions involving earlier coefficients are
known data at the relevant step. On a finite bent end the two decaying factors supply the
exponential surplus needed to pay the polynomial strengthening on that same end. Linearizing
the finite triangular system leaves AU on every diagonal, so induction gives its inverse as well.

At a newly opened end every earlier field initially decays. The off-diagonal coefficients of this
linearization therefore decay there. This fact will preserve the leading incoming mode calculation
when this end is closed again. On older opened ends the off-diagonal coefficients can grow, but
their growth is finite and is handled at each successive step. Arbitrarily large bounds for a finite
auxiliary field do not affect the smallness of the base metric or the domain of its inverse. This
proves all the assertions.

6 Expansion in one length
Fix an edge length L that is still finite. Open that edge, retaining all other lengths and ordinary
parameters. Let Y0 denote the resulting solution, including compact unknowns and any finite
triangular system already appended. At the two new ends it is initially decaying. We will close
those ends by adding finitely many terms of the form

e−pLLjYpj . (6.1)

The coefficient fields are solutions of the disconnected triangular linearization. They may grow at
the two new ends. If their largest growth exponent there is b, assign the term the usable order

s = p− max(0, b). (6.2)

Take the maximum over both ends. Polynomial powers in τ or L do not change this order. All
p, s are on the grid λZ, because the tail powers and indicial roots are integers and the seam
prescription uses λ = 1/n. The terms constructed below have s > 0.

Coefficient fields decay on every other still-finite half-end and may have prescribed finite
growth on older opened ends. At the pair now being closed, the scalar factor in each length term
compensates its incoming growth through the usable order s. The remainder estimate will keep
these three bounds separate.

Lemma 6.1 (Finite length expansion). For every desired exponential precision, the actual small
solution and every appended field have an expansion by finitely many terms in Equation (6.1), with
an exponentially better remainder. It is uniform in the remaining finite lengths on their quadratic
regions, in a fixed smaller ordinary-parameter polydisc. For older opened ends the conclusion holds
in every specified finite tail norm. Coefficient fields are obtained by the finite constructions in
Lemmas 5.3 and 5.4.

34



Proof. We give the induction and then its remainder estimate. Process usable orders s = λ, 2λ, . . ..
Products add lower bounds for usable order, since

max(0, b1 + b2) ≤ max(0, b1) + max(0, b2).

No initial bulk residual is present: Y0 solves the opened equations. Expand the remaining bulk
equations by a finite Taylor formula about Y0, placing their full linearization on the left. Core
equations, compact coefficients, and previously imposed asymptotic conditions are part of these
equations. At order s only finitely many products of the earlier positive-order terms occur. For
each coefficient of e−pL times a polynomial in L, cancel its complete forced field by the disconnected
linearized inverse, with zero free incoming constants on the two new ends. A source assigned
order s has growth at most p− s there; by Lemmas 5.3 and 5.4 its correction has the same upper
growth bound. When this bound is negative the inverse may also contribute decaying homogeneous
terms; these still have positive usable order. More uniformly, record each individual product with
its product lower bound and allow the bound max(0, p − s). For the terms at issue p ≥ s, by
Equation (6.2). The newly solved linear terms vanish exactly. Their later bulk interactions are
higher-order products.

Next evaluate the value, normal trace, and critical-test residuals at τ = L, using integer tails to
finite precision. At order s they are finite harmonic sums times e−sL and polynomials in L; include
the prescribed e−λLze term. For every incoming root b ≥ 0 there is a homogeneous disconnected
variation with prescribed leading mode ebτ on its selected side. Prescribe zero free nondecaying
constants elsewhere. Its difference from that leading mode has strictly smaller growth at the two
new ends, because the coefficients coupling channels decay there. For b = 0 all other new-end
components decay. Multiply this variation by e−(s+b)L times a polynomial in L. Its leading seam
data have order s. The block matrices in Lemma 4.2 solve every leading seam residual. Their
lower tails contribute only later orders. Matching at all other finite seams is preserved by the
disconnected inverse. This completes the induction step. Finiteness follows from the positive
minimum tag λ, the finite harmonic support at each previously reached order, and the integer
root lists. In particular, no angular analyticity estimate uniform in all expansion orders is used.

We now justify that the construction approximates the actual fields. Restrict each coefficient
to the new halves ℜτ ≤ ℜL. Before applying the basic weight, a term with usable order s has
field norm, or source norm with two fewer derivatives, bounded by

C(1 + ℜL)Ce−sℜL. (6.3)

For a decaying coefficient this uses its whole half-cylinder norm; for a growing coefficient it uses
the finite tail and ebℜτ ≤ ebℜL. Products consequently cost only polynomials in this unweighted
estimate. Analytic Taylor remainders beyond a fixed tag cutoff contain arbitrarily many positive-
order factors if the Taylor degree is chosen large enough. The base nonlinear field and its corrections
on these halves are small, so those Taylor estimates are valid. Apply the basic weight only after
the product estimate; it costs eνℜL once, not once per factor. The fixed polynomial source
strengthening costs an arbitrarily small additional exponential rate. The same reasoning applies
to seam tails and their first normal traces, which have been expanded to a strictly higher rate
before evaluation. It follows that a sufficiently high finite tag cutoff gives any requested residual
order in all basic norms.

On another still-finite half, the coefficient fields decay in the fixed basic weight. Residual bulk
products contain the two factors required by Lemma 5.4, which absorb the polynomial loss in that
other length. There is no seam residual there. On an older opened end, every term retains its
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full scalar factor e−pL. Products there are estimated to a higher finite tail precision to offset the
finite growth of the other factors. For unexpanded analytic operations on the base metric, its own
corrections at old opened ends remain decaying: their equations and old-end conditions depend
only on the base metric and its own corrections. Thus Taylor remainders there are controlled by
extracting additional finite Taylor powers; growing auxiliary fields appear only in finite differential
products and triangular equations. This proves residual estimates in all required old-end tail
norms as well.

Compare the nonlinear approximate metric first in the basic decaying spaces, allowing its seam
jumps as data. The small-branch inverse and the small nonlinear Lipschitz bound give the same
arbitrary exponential accuracy for its difference from the true metric. On an old opened end the
difference equation has flat principal operator, decaying coefficients with integer tails, and the
residual just bounded to higher precision. Apply Lemma 5.2 repeatedly. It upgrades the initial
small error to the same exponential accuracy for any specified tail coefficients and remainder. For
an appended field, work in triangular order: its difference equation has the same diagonal inverse
and errors from previous members multiplied by at most finite growth. Apply Lemma 5.3, also
to differences of its free prescriptions. This proves the asserted comparison in finite tail norms,
without ever trying to put a growing field itself in a decaying space.

All estimates use a fixed high Sobolev order. A Taylor source uses at most two derivatives and
its inverse regains those two derivatives. Thus iteration creates no accumulating differential loss.
Traces and contour shape differentiation may use one lower order, and parameter derivatives use
Cauchy estimates in the independent analytic variables.

7 Scalar expansions and the tree inequality
Lemma 7.1 (Finite-part integration). Integration of the coefficient fields constructed in Lemma 6.1
preserves exponential-polynomial length expansions for F and J . Each resulting coefficient is a
finite sum of core or root-tail integrals, finite-part integrals on opened ends, and evaluations of
finite tail coefficients, on the corresponding partial disconnection. These operations are analytic
and continuous in sufficiently high finite tail precision.

Proof. For clarity fix a normalization of finite parts. Let an integrand density on a complete
opened end, already integrated over its cross-section, be f(τ)dτ . Subtract a fixed cutoff times
every nondecaying term of its finite tail, and denote this finite sum by T (τ) =

∑
α≥0,j cαje

αττ j .
Let Qαj be a chosen polynomial-exponential primitive of eαττ j , with zero additive constant. The
remainder f − ζT is integrable once its tail rate is positive. There is then a uniquely normalized
constant Cf such that∫ L

τ0
f(τ) dτ = Cf +

∑
α≥0,j

cαjQαj(L) −
∫ ∞

L
(f − T )(τ) dτ (7.1)

when L is beyond the cutoff. Define Cf by integrating f − ζT and the fixed compact correction.
The final integral uses the exact tail after subtraction and can also be expanded by subtracting its
finitely many decaying terms. If the remaining rate is η > 0, its integral is bounded by Cη times
that finite tail norm, by Cauchy–Schwarz against e−ηu. This proves continuity. It also proves
analyticity by locally uniform dominated integration; the coefficients themselves are analytic. On
complex contours, use dτ and the contour-independence argument from Lemma 4.5. A strict
exponential margin pays the polynomial length of the contour.
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Apply this formula to each Taylor coefficient of the densities in Equation (4.10). They are
finite analytic differential operations on the base field, or finite Taylor operations on appended
fields. The interior Ricci-square density is scale neutral. A scalar-volume density has the additional
factor a2

ve
±2τ . On a newly opened child half its endpoint factor is accompanied by e−4L. Thus

all primitives still have integer exponential powers and polynomial logarithmic factors, with the
stated grid after multiplication by the factors in Equation (6.1).

Core integration is continuous in the basic Sobolev norm. Root-tail integration is continuous
in the fixed root weights, using q0 > 1 for the subtracted density and q1 < q0 for the weighted
Ricci square. On other finite edges the child scale factors still accompany the e2τ radial factor,
so the boundedness estimates following Equation (4.10) apply there. Their integrands have the
requisite decaying field factors. Evaluation of a finite part or tail coefficient on an older opened
end has no loss in the new length: it is continuous in a fixed sufficient finite tail norm, where
Lemma 6.1 retained that new-length factor.

To reach a scalar cutoff B, choose a tag cutoff strictly greater than B + ν + 2 + δ for some
δ > 0, then choose the tail precision higher still if required by the finitely many auxiliary growth
exponents. The allowance ν pays the basic weight, 2 pays the worst radial factor, and the strict
surplus pays every polynomial factor. The actual child factor e−4L only improves this bound. Thus
the formal integration and endpoint truncation have genuine exponentially better remainders.

Proposition 7.2 (All-order scalar expansion). The functions F, J satisfy the analytic expansion
hypotheses of Theorem 3.2. Their length exponents belong to the discrete nonnegative grid λN ∪
{0}. In any length, and recursively after taking any finite list of coefficients, expansions have
exponentially better remainders at every cutoff. All recursively obtained coefficients are analytic on
a common fixed-width complex tail band of the remaining lengths and one common open complex
neighborhood of the ordinary parameters. The neighborhood does not decrease with the expansion
order.

Proof. Lemmas 6.1 and 7.1 give an expansion in one length. Its coefficients are finite constructions
of the same kind: triangular field equations with finite free asymptotic data, followed by core and
root integrals, finite parts, and tail-coefficient evaluations. On every still-finite seam the added
fields have homogeneous matching and zero critical tests. Opening the next edge therefore uses
the same lemmas; variations of conditions at older opened ends expand their linear free-coefficient
equations in triangular order.

We check that each such coefficient is bounded uniformly in the lengths still finite. Fix its
entire finite construction and a sufficient finite tail precision. A prescribed growing tail is cut off on
an already opened end in Equation (5.2). The correction is obtained from the fixed basic inverse,
so it still decays on every finite half-end. Repeating the finitely many triangular solves preserves
uniform field and tail bounds. Polynomial prescriptions in earlier tail coefficients are bounded
by the preceding steps, and the two decaying factors on still-finite halves pay their strengthened
source norms. Constants may depend on this coefficient, its growth and its chosen precision, but
not on the remaining lengths or parameters in a fixed smaller polydisc.

The scalar operations preserve these bounds. Core and root integrals are continuous in the
fixed norms. Tail-coefficient evaluation and finite-part integration on an older opened end are
bounded maps at the chosen sufficient precision, by Lemma 7.1. On a still-finite edge keep the
physical scale factors belonging to unexpanded lengths. Scale-neutral Ricci-square terms have two
decaying factors and hence a uniformly bounded cylindrical integral. For scalar-volume terms, the
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parent punctured half has the integrable factor a2
pe

−2τ , while the child half satisfies

a2
c

∫ Le

τ0
e2τ dτ ≤ Ca2

pe
−2Le , ac = ape

−2Le .

The bounded normalized fields multiply these factors. On complex contours the corresponding
bounds use real parts; polynomial contour costs are absorbed by decay on the bent portion or
by the displayed child factor. Thus each recursively extracted scalar coefficient has the required
uniform bound on quadratic regions, with thresholds and constants allowed to depend on its finite
construction.

Every scalar exponent lies on λZ. Group equal exponents. For fixed real remaining parameters,
boundedness as the expanded length tends to infinity excludes a nonzero negative exponent and
a positive polynomial degree at exponent zero: the first such term would dominate all later
terms. The recursive bounds just proved permit the same argument after any previous coefficient
extraction. Finite expansions are unique, since a nonzero polynomial cannot decay exponentially
after multiplication by the exponential of the smallest differing exponent. Applying this at real
remaining parameters and then using analytic continuation makes the formulas from different
cutoffs agree. This gives consistent expansions on the nonnegative grid.

We give the common-domain argument separately, since merely having an expansion to every
finite order would not imply it. For each of the finitely many partial disconnections, fix its small
solution and its augmented basic inverse from Lemma 4.5. Take once the minimum of their
parameter radii and the maximum of their length thresholds, and restrict to a smaller polydisc
compactly contained in all of them. Their common quadratic regions include a band

ℜLe > A∗, |ℑLe| < c∗; |z − z∗| < ρ∗. (7.2)

Every coefficient of every finite order is constructed on this same domain by finite polynomial
primitives, cutoff tails, and the same basic inverse, as in Equation (5.2). A large growing coefficient
never becomes the input of a new nonlinear contraction. Its correction is an unrestricted-size
linear solve. Increasing weights in Lemma 5.2 uses only constant root kernels to identify tails; it
does not introduce a new parameter-dependent global inverse. Tail limits are locally uniform on
this domain, and finite parts are locally uniformly integrable after the finite subtraction. These
observations prove analyticity on Equation (7.2) for every degree.

For the remainder bounds on quadratic regions it is permissible to increase length thresholds
and constants with the finite precision and finite auxiliary system. The ordinary-parameter polydisc
remains the one fixed above. Choose a fixed slightly larger polydisc still inside the basic inverse
domain whenever Cauchy estimates are needed; this choice is also made once. No intersection of
infinitely many decreasing parameter neighborhoods occurs. On complete opened ends used for
coefficient formulas one may use real contours to establish this common-band analyticity, then the
contour estimates to obtain the stronger asymptotic bounds.

Finally consider a subset of lengths with ℜLi = ciU + o(U), ci > 0. There are only finitely
many grid multi-indices with

∑
i dici ≤ B for any fixed B. Expand the first length sufficiently

far that its remainder has order greater than (B + ϵ)/c1. For each of its finitely many retained
coefficients, expand the next length sufficiently far to put the resulting weighted remainder above
B + ϵ, and continue. Uniform coefficient bounds in the still unexpanded lengths make this a
legitimate finite procedure. Choose the strict surplus before making the finitely many choices. The
o(U) changes of the length ratios and all logarithmic polynomials consume less than that surplus
for large U . This gives the required grouped weighted expansions with strictly better remainders,
including after previous coefficients have been taken. These are precisely the remaining expansion
conditions in Theorem 3.2.
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7.1 The differential estimate and the contradiction

Lemma 7.3 (Differential of the scalar observable). On the real small family, for some c > 0,

|dF | ≤ C
√
J

(∑
α

|dzα| +
∑
e

e−cLe |dLe|
)
. (7.3)

Proof. For ordinary-parameter derivatives the uniform linearized inverse gives the fixed weighted
field bounds. Pair the first variation with the first Ricci-square term of J on the physical interior.
Its dual metric-variation L2 norm is uniformly bounded: core volumes scale by a4

v, and the half-end
volume calculation uses a4

ve
±4τdτ , with the factor e−8Le on a child side. The scalar part of the

Einstein tensor costs only a dimension-dependent multiple of | Ric |. On the root use instead the
weighted part of J and Cauchy–Schwarz. The dual integral is bounded by

C

∫ ∞

r0
r−2q1r−2q0r3 dr < ∞,

since q0 + q1 > 2. This proves the dz part.
Now differentiate one length Le, initially at fixed vertex and end coordinates. The normalized

bulk equations and the compact tests have no dependence on this length. Only the seam data
acquire an inhomogeneity: derivatives of the prescribed e−λLeze, and endpoint normal derivatives
of the solution in its matching conditions. The solution has the stronger joining weight ν ′ > ν.
The trace theorem, using one fewer derivative if necessary, therefore bounds these differentiated
data in the basic weighted norms by

C
(
e−(ν′−ν)Le + e−(λ−ν)Le

)
|dLe|.

The linearized inverse gives this same bound throughout the normalized field. Its first-variation
pairing is bounded by C

√
Je−c1Le |dLe| for any fixed 0 < c1 < ν ′ − ν, by the preceding dual-norm

estimates.
To interpret this derivative on a fixed smooth manifold, move the endpoints in a collar of

fixed logarithmic width at the seam. The additional transport variation is bounded in relative
metric norm and supported at physical radius ρ ≤ Cape

−Le . Its L2 norm is therefore at most
Ca2

pe
−2Le |dLe|. Moreover the physical squared scale of every descendant changes at a bounded

relative rate, since ∂Lea
2
v = −4a2

v there. The whole descendant region has volume at most Ca4
pe

−4Le .
To verify this last assertion, the first child exterior half has volume

Ca4
c

∫ Le

e4τ dτ ≤ Ca4
pe

−4Le ;

its core and each further subtree are smaller by their additional scale factors, and the tree is finite.
The descendant scaling variation thus has the same exponentially small L2 bound. Pair both
variations with the unweighted Ricci-square term of J . Choosing 0 < c < min(ν ′ − ν, 2) proves
Equation (7.3). All identifications here use real lengths; no positivity of a complex bilinear square
is used.

Proof of Theorem 2.2. The case M = 0 is Lemma 2.1. Suppose the assertion fails on a subsequence
with M > 0. Then |E(g)| ≥ ϵM for some fixed ϵ > 0. By Lemma 4.6 and Equation (4.11), late
terms satisfy

F ̸= 0, F 2 ≥ c2J, F −→ 0,
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for some c2 > 0. The finite parameter vectors have an interior subsequential limit: all the earlier
smallness choices can be strict inside the parameter polydisc. On real parameters, J ≥ 0 by
Equation (4.10). Proposition 7.2 supplies admissibility, and Lemma 7.3 supplies Equation (7.3).
The resulting sequence therefore satisfies every hypothesis excluded by Corollary 3.3, a contradiction.
This proves Equation (2.6).
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