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Abstract

For a signal with density bounded by L relative to uniform probability on Sd−1, we bound
the information in a finite message W formed from exact Gaussian measurements, conditional on
an independent projection revealed only to the analyst. For explicit row counts proportional to
d, the bound is O(H(W )/d + d + log(2 + log L)). Consequently, a finite-state learner with o(d2)
persistent bits and a deterministic sample horizon needs Ω(d log(1/ϵ)) fresh noiseless Gaussian
measurements for constant-probability angular accuracy 0 < ϵ ≤ 1/10 under the uniform spherical
prior.
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1 Introduction
Consider an unknown unit vector s ∈ Sd−1 and a stream of independent Gaussian rows Xj ∼ N(0, Id)
with exact labels Yj = ⟨Xj , s⟩. If all raw observations can be retained, d rows determine s almost
surely, because their matrix is invertible. A learner with finite persistent memory must instead
replace each observed pair by an update of its state. The question is how this restriction changes the
number of observations needed for a prescribed angular accuracy. Exact labels make the question
particularly delicate: an individual real label has no prescribed bit precision.

We study this problem through a conditional information bound. A finite message is formed
from one block of exact observations, and a separate, independent projection of the signal is then
revealed to the analyst. We bound the information that remains in the message after this revelation.
The projection is an analysis variable throughout; it is not available to the learner or to the rule
forming the message.

Related memory–sample bounds

Steinhardt and Duchi established memory and communication lower bounds for noisy sparse re-
gression, including a minimax squared-error lower bound Ω(σ2 min{kd/(Bn), 1}) in their model
with sparsity k, noise scale σ, and n observations. Here B bounds memory in bits or average
communication per observation [18, Theorem 2]. For learning over finite fields, Raz proved that
learning a parity requires either quadratic memory or exponentially many samples, and extended
the branching-program method to classes of finite learning problems defined by spectral condi-
tions [14, Theorem 1][15, Theorem 1]. These results distinguish persistent memory from unrestricted
computation on a newly observed sample.

A closely related continuous regression result is due to Sharan, Sidford, and Valiant [16, Theorem 1
and Section 2]. With Gaussian rows, independent uniform noise in [−2−d/5, 2−d/5], and at most
d2/4 bits, their bound is Ω(d log r) observations for Euclidean accuracy ϵ = d−r in the stated range
r ≤ O(d/ log d). Their Ω(d log log(1/ϵ)) consequence is stated for ϵ ≤ d−Ω(log d) within that range.
Their model already permits nonuniform finite-width branching programs on real-valued data. The
result here concerns exact labels and o(d2) memory, and gives the single-logarithmic precision cost
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Ω(d log(1/ϵ)). These memory and noise hypotheses differ: a lower bound with noisy labels alone
does not imply a lower bound with exact labels, since a learner receiving exact labels can add noise
itself.

Dagan, Kur, and Shamir proved quadratic-space lower bounds for finding an approximate null
vector of independent Gaussian rows and for achieving small empirical residual on a random-order
consistent linear system [3, Theorems 3 and 10]. Their tasks explain another way that linear algebra
can demand quadratic storage, but use different recovery criteria and observation laws from the
fixed-signal stream considered here.

Two companion papers give complementary treatments of exact observations. Memory and
precision in noiseless Gaussian regression [12, Theorem 1.2] obtains the same precision scale for
every fixed A > 0 and memory M ≤ Ad2, with a constant depending on A, by propagating bounds
on future success backward through blocks. Replacing Gaussian observations in memory-constrained
inference [13, Proposition 7.1 and Lemma 7.2] develops a conditional-information comparison based
on a finite two-point fiber measure. The present paper instead develops the multi-replica block
comparisons stated below and proves its streaming consequence from them.

Conditional information from one block

Let σd denote uniform probability on Sd−1. In a block experiment, the signal S has law p = fσd,
where f is a bounded nonnegative Borel density. Independently draw a standard Gaussian matrix
A, and observe (A, AS). A finite-valued message W is drawn from a measurable kernel of these
data, conditionally independently of S. Finally draw a standard Gaussian matrix B independently
of the entire experiment producing (S, A, AS, W ). Our principal quantity is

I(S; W | B, BS).

All logarithms and entropies below are in nats.

Theorem 1.1 (Gaussian replica block bound). For all sufficiently large d, set

k = 2⌊d/16⌋, m = k, t = m + 1, ℓ = 4k.

Suppose p = fσd is a probability with 0 ≤ f ≤ L < ∞. In the block experiment above, let A have k
rows and let B have ℓ rows. There is an absolute constant C such that

I(S; W | B, BS) ≤ H(W )
t

+ Cd + C log(2 + log L). (1)

The bound is uniform over the prior, the density bound L, and the message kernel. The labels used
to produce W are the exact values AS.

The entropy cost is divided by a number t proportional to d. The weak dependence on L matters
when the theorem is applied to a streaming state: conditioning a uniform signal on a state value v
of probability pv > 0 gives a density at most 1/pv. Rare states may therefore have large density
bounds, even when their average information cost is small.

The proof couples several possible signals with the same observed data. Given (A, AS), draw
S1, . . . , St independently from the posterior, independently also of W given the data. Each pair
(Si, W ) has the original signal–message law. The replicas are dependent after the data are forgotten:
they satisfy AS1 = · · · = ASt for the common hidden matrix. Write K for the relative entropy
of their joint law from p⊗t, and K ′ for the corresponding relative entropy of (BS1, . . . , BSt) from
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the product of its marginals, conditional on B. These are their total correlations before and after
projection. Lemma 3.1 gives

tI(S; W | B, BS) ≤ H(W ) + K − K ′.

Thus the proof must bound the loss of correlation. Bounding K alone would discard the geometric
dependence still visible to the analyst.

The exact-label geometry supplies the comparison. For the difference matrix D = [S2 −
S1, . . . , St −S1], the replica likelihood contains det(DTD)−k/2. Theorem 3.3 identifies the underlying
finite measure, including its normalization and density values on the constraint. An observable
test of the projected replicas supplies a matching inverse-volume term. Section 4 then bounds the
remaining projection-density ratio by a dyadic decomposition, proving Theorem 1.1.

A streaming consequence

The learner receives the fresh pairs (Xj , Yj) in order, cannot choose the rows, and cannot revisit
them. At each index it has at most 2M persistent states. Its transition and stopping rules may be
arbitrary measurable randomized functions of the current state and current pair; all information
retained for later indices must be in the state. It stops at some τ ∈ {0, . . . , T} for a prescribed
deterministic horizon T . Its unit-vector output uses only the terminal state, the rule at index τ ,
and fresh randomness. Thus the final observation affects the output only through that state. Rules
may depend on the index, dimension, and target accuracy. Shared randomness and initialization are
jointly independent of the signal and samples, and fresh random choices are independent before use.
The entire experiment is required to be jointly measurable. Definition 2.1 records the full model
and the completed-measurability convention.

Theorem 1.2 (Uniform-prior sample lower bound). Let M(d) = o(d2) be nonnegative integer-valued,
and let 0 < ϵ(d) ≤ 1/10. Suppose a family of learners in Definition 2.1 satisfies

P{arccos⟨Ŝ, S⟩ ≤ ϵ(d)} ≥ 2
3 when S ∼ σd,

where the probability includes the signal, samples, and learner randomness. Then there is an absolute
c > 0 such that

T (d) ≥ c d log 1
ϵ(d)

for all sufficiently large d. The eventual threshold may depend on the memory sequence.

The theorem assumes success averaged over the uniform sphere. A guarantee of success at
least 2/3 for every fixed signal implies that hypothesis by integration, so the same lower bound
holds for such learners. Section 6 proves the result by conditioning on the current state, applying a
block estimate, and averaging its prior cost. The independent projection leaves a residual sphere of
dimension proportional to d; accurate recovery still requires order d log(1/ϵ) conditional information
on that sphere.

Information and geometric comparisons

The total-correlation argument uses Watanabe’s measure of multivariate dependence [19] and its
general probability-space chain rules [1, Sections 3.3 and 6]. Posterior resampling preserves the joint
law with the observed data, as in the general Nishimori identity recorded by Lelarge and Miolane [11,
Proposition 16]. Here its role is to preserve the signal–message pair law while introducing dependence
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among replicas. The projected tests use the relative-entropy variational principle; a convenient
statement is [5, Equations (1.1)–(1.2)]. The equal-label measure is related to coarea [8, Theorem 3.1]
and to affine simplex-volume changes of variables [4, Lemma 1]. We prove the Gaussian probability
normalization and the required evaluations at constrained labels directly. Thus these classical tools
provide the background for the exact-fiber calculation, rather than an unproved formula for its
particular probability law.

The subsequent comparisons retain different information from that geometry. For a prior density
at most eb, Theorem 5.1 uses q = ⌊d/8⌋ replicas and gives the alternative cost H(W )/q + C(d + b/d).
Its test records successive simplex heights in distance bins and compares the observed bin with
a mixture over fixed bins. The direct linear dependence on b makes averaging over state values
immediate. The other routes use different comparison laws: Table 1 records their geometric inputs
and the state information fixed during iteration. Each route verifies its own normalization and
exceptional sets. They offer distinct tests and ways to average the prior cost, rather than a succession
of stronger asymptotic sample bounds.

Comparison Geometric identity Projected comparison Conditioning

Gaussian selector Spherical equal-label mea-
sure

Normalized determinant likelihood Current state

Distance bins Spherical equal-label mea-
sure

Fixed mixture of height bins Current state

Haar frame Successive Haar height in-
sertion

Distance distribution functions Current state

Synthetic Gaussian Spherical and Gaussian
equal-label measures

Projected-prior likelihood with ran-
dom covariance

Full history

Stiefel incidence Regular-incidence coarea Conditional product law and density
ratio

Full history

Table 1: The five block comparisons. The last column records the information conditioned on
before applying a block estimate. Every streaming proof also uses a residual-sphere endpoint as in
Section 2.

One complete route occupies Sections 2–6. Section 2 supplies the learner reductions and the
residual-sphere information requirement. Section 3 establishes the replica inequality, exact equal-
label measure, and logarithmic integrability. Sections 4 and 5 prove the two block estimates, and
Section 6 gives their current-state iterations. The final three sections develop the other geometric
comparisons and their streaming applications; the synthetic and incidence iterations condition
on full state histories. All applications use the same exact-row, finite-state, deterministic-horizon
learner model.

2 Finite states and the information required at the endpoint
The block estimates will bound information in a state after an independent projection is known.
After specifying the learner model, we show why an accurate state must still carry order d log(1/ϵ)
information in that experiment. We also record the reductions for randomized rules, rare states,
and bounded stopping, so that later applications need only specify their block dimensions and their
way of charging the clock.
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2.1 Finite-state learners

Definition 2.1 (Finite-state noiseless regression). An unknown unit vector s ∈ Sd−1 is fixed before
sampling. At index j ≥ 1 the learner receives

Xj ∼ N(0, Id), Yj = ⟨Xj , s⟩,

where the Xj are independent. It cannot choose a row or revisit an earlier one. At each index its
persistent state has at most 2M values. Its transition and stopping rule may be any measurable
randomized kernel of the current state and the entire current pair (Xj , Yj). Computation within a
transition is unrestricted, and every piece of information retained for later indices must be in the
finite state.

The learner stops at an index τ ∈ {0, . . . , T}, where the integer T is a prescribed deterministic
horizon. Its unit-vector output is drawn using only the terminal state, the rule at index τ , and fresh
randomness. In particular, the last observation can affect the output only through the terminal state.
Rules may depend on d, the target accuracy, and the index, and may be selected by a shared random
seed. The initial state and that seed are jointly independent of the signal and the entire sample
sequence. Fresh transition and output random variables may also be used; each is independent of
that pair, the signal, the sample sequence, and all earlier fresh random variables before it is used.
Memory is measured in bits, not real registers.

The construction from the signal, pre-generated sample rows, shared seed, initialization, and
fresh transition and output randomness through the state path, stopping index, and output must
form a jointly measurable probability experiment. Per-seed measurability of the sample kernels
alone is not a definition of the mixture over seeds.

For each fixed seed, the transition and stopping coordinates may be measurable in the completion
of the Borel sigma field under λ(dx, dy) = γ1,d(dx) dy on Rd × R, where γ1,d is standard Gaussian
probability on Rd. Lemma 2.6 supplies Borel versions for the fixed-seed uniform-prior experiment.
The original randomized experiment must still be jointly measurable as stated in the definition.

2.2 Spherical caps and residual fibers

Lemma 2.2 (Spherical balls). Let σq be uniform probability on Sq−1, where q ≥ 2. For every
z ∈ Sq−1 and r > 0,

σq{u : ∥u − z∥ ≤ r} ≤ rq−1. (2)

In particular an angular cap of radius 0 < ϵ ≤ π has mass at most ϵq−1.

Proof. For r ≤ 1, rotate z to the north pole. A point in the chordal ball has last coordinate at least
1 − r2/2 ≥ 1/2. As a graph over its first q − 1 coordinates, the surface has area element at most
twice Lebesgue measure, and its projection lies in the (q − 1)-ball of radius r. The whole sphere
has area at least twice the volume of the unit (q − 1)-ball, by projecting both hemispheres. This
proves (2). For r > 1, total mass one suffices. Angular distance at most ϵ implies chordal distance
2 sin(ϵ/2) ≤ ϵ, proving the last assertion.

Lemma 2.3 (Residual sphere and radius bounds). Let S ∼ σd and let G be independent of S, with
b rows, where 0 ≤ b ≤ d − 2. For b ≥ 1, let G be either a standard Gaussian matrix or a uniform
Haar frame of b orthonormal rows in Rd. For b = 0, interpret G and GS as empty. Conditional on
(G, GS), the signal is uniform on an affine sphere parallel to ker G, with ambient kernel dimension
d − b and radius

R = ∥Pker GS∥.
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For b = 0, this is the original unit sphere and R = 1 deterministically. For 1 ≤ b ≤ d − 2, the
squared radius has distribution

R2 ∼ Beta
(
(d − b)/2, b/2

)
. (3)

For 0 < r0 < 1 one has
P{R < r0} ≤ b

d(1 − r2
0)

. (4)

When 0 ≤ b ≤ d/2, two useful bounds at radius 1/2 are

P{R < 1/2} ≤ 8
d + 2 , P{R < 1/2} ≤ 90

d
. (5)

The second inequality also follows directly from two Gaussian norm estimates, without using the
beta variance.

Proof. The zero-row case is immediate: conditioning on empty data changes nothing, and the
residual radius is one. It does not involve a beta law with a zero shape parameter.

Suppose b ≥ 1. The matrix is full row rank almost surely in the Gaussian case and by definition
in the Haar case. For fixed G, write S = Z/∥Z∥ with Z standard Gaussian and split Z into the row
space of G and its kernel. The squared lengths are independent chi-squares with b and d − b degrees
of freedom. Their normalized ratio gives (3); the direction in the kernel is independent and uniform.
Given the projection, its row-space component is fixed, so the remaining signal is uniform on the
asserted affine sphere. Its radius has

ER2 = d − b

d
, Var(R2) = 2b(d − b)

d2(d + 2) .

These formulas also hold for the deterministic zero-row radius. Markov’s inequality applied to
1 − R2, whose mean is b/d, proves (4). If b ≤ d/2, the mean of R2 is at least 1/2 and its variance is
at most 1/(2(d + 2)). Chebyshev’s inequality at distance 1/4 from the mean gives the first bound in
(5).

For the second bound, still with b ≤ d/2, let Zker be the kernel component of Z. Its squared
norm has mean d − b ≥ d/2 and variance at most 2d, while ∥Z∥2 has mean d and variance 2d.
Chebyshev gives

P{∥Zker∥2 < d/3} ≤ 72
d

, P{∥Z∥2 > 4d/3} ≤ 18
d

.

Outside these events R2 ≥ 1/4. Their union gives 90/d. For b = 0 the probability is zero, as already
established.

The next estimate tests success against a law in which the signal and output are conditionally
independent. This is the binary-relative-entropy event method; see Bassily et al. [2, Appendix A.1,
Lemmas 14–15] for finite-space information bounds. Here the reference signal lies on a residual
sphere.

Lemma 2.4 (Information on a residual sphere). Let S ∼ σd, let V be a random variable with
values in a standard Borel space, jointly distributed with S, and let G be independent of (S, V ), with
0 ≤ b ≤ d − 2 rows. For b ≥ 1, G may be either a standard Gaussian matrix or a uniform Haar
frame of b orthonormal rows; at b = 0 it is empty. Let Ŝ ∈ Sd−1 be generated from V by a kernel
conditionally independent of (S, G). Write

p = P{arccos⟨Ŝ, S⟩ ≤ ϵ}, R = ∥Pker GS∥.
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For 2ϵ < r0 ≤ 1, if α := p − P{R < r0} > 0, then

I(S; V | G, GS) ≥ α(d − b − 1) log r0
2ϵ

− log 2. (6)

Proof. Put Z = (G, GS). Compare the true law of (S, V, Z) with PZPS|ZPV |Z , and in both laws
generate Ŝ using the same kernel from V . Adding that kernel preserves the divergence, which is
I(S; V | Z).

Fix side data with residual radius R ≥ r0 and fix an output. If the set of successful points on
the fiber is nonempty, choose one such point. Angular success implies Euclidean distance at most
ϵ from the output, so any two successful fiber points are at Euclidean distance at most 2ϵ. After
translating and rescaling the fiber to its unit sphere, the successful set therefore lies in a chordal
ball of radius 2ϵ/R ≤ 2ϵ/r0 < 1 centered on that sphere. By Lemma 2.2, its conditional mass is at
most (2ϵ/r0)d−b−1. Under the comparison law, the output and signal are conditionally independent
given Z, so the event of success and R ≥ r0 has probability at most this quantity. Under the true
law it has probability at least α.

For Bernoulli probabilities a, c, relative entropy obeys

DKL(Bern(a)∥ Bern(c)) ≥ a log(1/c) − log 2;

this follows by dropping the nonnegative term (1 − a) log(1/(1 − c)) and using binary entropy at
most log 2. Apply data processing to the event just described. If the comparison probability is zero
the conclusion is immediate; otherwise its upper bound and the true lower bound give (6).

We record three numerical forms used below. The first uses an angular cap bound: a chordal
radius 4ϵ corresponds to angular radius 2 arcsin(2ϵ) ≤ 5ϵ for ϵ ≤ 1/10.
Corollary 2.5 (Three endpoint substitutions). Assume 0 < ϵ ≤ 1/10 in Lemma 2.4. For sufficiently
large d the following bounds hold.

(i) If G is Gaussian, p ≥ 3/5, and 0 ≤ b ≤ d/2, the beta-variance bound (with the separate
deterministic case at b = 0) and the angular cap just described give

I(S; V | G, GS) ≥ 1
2(d − b − 1) log 1

5ϵ
− log 2. (7)

(ii) If G is a Haar frame, p ≥ 2/3, and b = ⌊d/4⌋, Markov’s bound P{R < 1/2} ≤ 4b/(3d) ≤ 1/3
gives

I(S; V | G, GS) ≥ 1
3(d − b − 1) log 1

4ϵ
− log 2. (8)

(iii) If G is Gaussian, p ≥ 3/5, and b = ⌊d/2⌋, the direct Gaussian bound P{R < 1/2} ≤ 90/d
gives

I(S; V | G, GS) ≥ 1
2(d − b − 1) log 1

4ϵ
− log 2. (9)

Each right side is at least c d log(1/ϵ) for an absolute c > 0 and all sufficiently large d.
Proof. Use r0 = 1/2. In (i), the failure probability is at most 8/(d + 2), so the true event has mass
at least 1/2 for large d. The angular cap bound is (5ϵ)d−b−1, which gives the displayed version
of the binary entropy calculation. In (ii), Markov’s estimate leaves event mass at least 1/3, and
the chordal cap is (4ϵ)d−b−1. In (iii), the stated 90/d estimate leaves mass at least 1/2. The last
assertion follows from d − b − 1 ≥ d/2 − 1 and

log 1
c0ϵ

≥
(

1 − log c0
log 10

)
log 1

ϵ
(c0 = 4 or 5).

The positive multiple of d log(1/ϵ) absorbs log 2 eventually.

8



2.3 Borel rules, randomness, and bounded stopping

Lemma 2.6 (Borel versions for the averaged experiment). Fix d ≥ 2, a finite horizon T , and
finite state sets. For fixed data-independent rule parameters, suppose each transition and stopping
coordinate is measurable in the completion of the Borel sigma field on Rd × R under λ(dx, dy) =
γ1,d(dx) dy, where γ1,d is standard Gaussian probability on Rd. The output law depends only on the
terminal state and stopping index. There are Borel transition and stopping kernels, with the same
state sets and output laws, having the same joint law of the signal, state path, stopping index, and
output when S ∼ σd.

Proof. For each state and index combine the next-state and stopping alternatives into a finite
destination set. Choose a Borel version of every coordinate of this finite probability vector. Such
versions exist for completed- measurable real functions: approximate by simple functions and replace
their countably many level sets by Borel sets modulo null sets. On the Borel null set where the
resulting vector is negative in a coordinate or fails to sum to one, replace it by a fixed point mass.
The finite union over all states and indices is contained in one Borel λ-null set N .

For a nonzero fixed x, the scalar ⟨x, S⟩ has a Lebesgue density when S ∼ σd and d ≥ 2.
Rotation and the one-coordinate spherical law show this directly. The event x = 0 is Gaussian-null.
Consequently each pre-generated sample pair (Xj , ⟨Xj , S⟩) has law absolutely continuous with
respect to λ, and it avoids N almost surely. This remains true on the event that any particular
state is reached, because that event intersected with the pair lying in N is contained in the marginal
null event. The finite union over sample indices is still null. Coupling each original finite kernel
and its Borel version by the same fresh uniform random variable now makes their state paths and
stopping decisions agree by induction. Their output laws agree at the identical terminal pair.

This lemma preserves the experiment averaged over the uniform signal; it does not claim pointwise
preservation at every fixed signal. We may therefore apply it after passing to the uniform-prior
hypothesis of Theorem 1.2. When a shared seed is present, apply the replacement separately in
its fixed-seed experiments. The original jointly measurable law supplies well-defined conditional
success probabilities and their average. No jointly measurable selection of the replacement Borel
versions is needed.

Lemma 2.7 (Fixing randomness and padding the clock). Consider a learner in Definition 2.1
under the uniform prior. If its average success is at least p, some fixed shared-seed conditional
experiment has success at least p. Its initialization remains independent of the signal and samples,
and its fixed-seed Borel replacement has the same success. In this Borel experiment the initialization
and all remaining randomized rules can be represented by data-independent variables chosen before
sampling, followed by deterministic state-based rules. For every p′ < p, some realization of those
variables gives deterministic rules with average success at least p′.

Padding a learner stopped by T so that its halted states are absorbing, while retaining the stopping
index and postponing the output, uses at most (T + 2)2M states at every layer. Hence every padded
state has entropy at most

hT = M log 2 + log(T + 2). (10)

Extra ignored samples may be generated to complete a last block.

Proof. The original jointly measurable law gives a measurable conditional success function of the
shared seed whose average is the original success. Work on a common full-measure set of seed values
where the conditional law is the stated fixed-seed experiment and the conditional initialization
remains independent of the signal and rows. The latter property follows from the joint independence
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of the initial state and shared seed from the signal and all rows. Some seed in this set has conditional
success at least p: otherwise the strictly positive difference between p and that conditional success
would have a positive integral. Apply Lemma 2.6 to this one fixed-seed experiment. Its uniform-prior
success is unchanged. This step does not require a jointly measurable choice of Borel replacements
across seeds.

In the resulting fixed-seed Borel experiment, for a finite destination kernel use an independent
uniform variable and the cumulative coordinate probabilities to choose the destination. There are
only finitely many state/index rules; unused choices can be generated in advance as well. Similarly
pre-generate, for each terminal state/index, an output with its prescribed distribution, independently
of the data. Together with the conditional initial state, these variables are jointly independent of the
signal and samples. Conditional on their realization, the initialization and rules are deterministic
and state based. The finite Borel construction is jointly measurable, and averaging its success gives
that of the selected fixed-seed experiment. Some realization therefore has success at least p′ < p.

At a layer the active state set has at most 2M values. Each earlier stopping index contributes
a disjoint frozen copy of a state set of that size, and there are at most T + 1 stopping indices,
including zero. The stated count follows. The frozen pair retains exactly the information allowed to
determine the postponed output, and ignored fresh samples add no information to it.

Lemma 2.8 (Conditional priors at finite events). Let S ∼ σd and let H be a finite-valued random
variable jointly distributed with S. Every positive-probability value h gives a conditional signal
density bounded by Lh = 1/P{H = h} relative to σd, and

E log LH = H(H). (11)

Proof. Bayes’ formula gives the Borel density

dPS|H=h

dσd
(s) = P{H = h | S = s}

P{H = h}
≤ Lh.

Averaging log Lh gives (11). In particular, H may be one padded state or a history of padded states;
these have different entropy costs.

Lemma 2.9 (Output capacity and the early clock bound). Consider a family of learners indexed
by d, with uniform-prior success at least a fixed p0 > 0, and set β = log(1/ϵ) for 0 < ϵ ≤ 1/10. At
each dimension, the terminal output capacity satisfies

p0 ≤ (T + 1)2M ϵd−1. (12)

On the branch T ≤ dβ, if M = o(d2), then

β = o(d), T = o(d2), hT = o(d2). (13)

Proof. First fix a shared seed in the original conditional experiment. There are at most (T + 1)2M

terminal state/index pairs. For a fixed pair, write νj,v for its prescribed output law and rj,v(s) for
the conditional probability of reaching it given S = s. Its contribution to success is∫

rj,v(s)
∫

1{arccos⟨u,s⟩≤ϵ} νj,v(du) σd(ds) ≤ ϵd−1,

because rj,v ≤ 1 and each angular cap has mass at most ϵd−1 by Lemma 2.2. Summing gives (12)
for its conditional success. The same numerical bound holds for almost every seed, so averaging the
original conditional success probabilities gives the stated bound for the jointly measurable mixture.
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On T ≤ dβ, the inequalities β ≥ log 10 and T + 1 ≤ 2deβ imply

(d − 2)β ≤ M log 2 + log(2d) + log(1/p0).

Dividing by d proves β = o(d) for a subquadratic memory sequence. The branch then gives
T = o(d2), and (10) gives hT = o(d2).

Lemma 2.10 (A raw-sample endpoint). Let 0 < ϵ ≤ 1/10, and let an estimator use all exact
measurements (G, GS) from b ≤ ⌊d/2⌋ independent Gaussian rows, together with independent
randomness, when S ∼ σd. Its angular success probability is at most

8
d + 2 + (4ϵ)d−b−1. (14)

The separate Gaussian-norm estimate gives the also valid bound 90/d + (4ϵ)d−b−1. In particular,
uniform-prior success at least 3/5 requires T > ⌊d/2⌋ for all sufficiently large d, even if all raw data
up to the horizon are retained.

Proof. For d ≤ 2, both numerical bounds exceed one. We may therefore assume d ≥ 3, when
b ≤ ⌊d/2⌋ ≤ d − 2. Condition on all the data. The estimator and the signal are then conditionally
independent, and the conditional signal is the residual sphere in Lemma 2.3. On radius at least
1/2, the successful points have relative chordal cap mass at most (4ϵ)d−b−1, by the argument
in Lemma 2.4. Add the corresponding failure probability from (5). The zero-row case uses the
deterministic radius one.

If a learner stops by T ≤ ⌊d/2⌋, grant it all of the first ⌊d/2⌋ rows and labels, including unused
ones. Its output is a kernel of those data and independent randomness. The displayed bound tends
to zero uniformly for ϵ ≤ 1/10, contradicting success 3/5. This proves the last assertion. The
angular-cap version used in the first replica route follows as well by replacing 4ϵ by the weaker
5ϵ.

3 Posterior replicas and exact equal-label measures
The information estimate for a block has two parts. First, a general identity converts information
in one finite message into the loss of dependence among several signals. Second, exact Gaussian
observations give an explicit law for signals sampled from the same posterior. This section proves
both statements. The subsequent sections estimate how much of that dependence remains visible
after another projection.

All probability spaces used below are standard Borel. Conditional laws mean measurable regular
conditional probabilities, and conditional relative entropies include integration over the conditioning
variable. We write DKL(P∥Q) for relative entropy, with value +∞ when P is not absolutely
continuous with respect to Q. Logarithms and entropies are in nats.

3.1 Information in a message and loss of correlation

For a joint law Q of (S1, . . . , St) with common marginal p, its total correlation is

K = DKL(Q∥p⊗t).

This quantity was introduced by Watanabe [19]; see Austin [1, Sections 3.3 and 6] for its measure-
theoretic form and information identities. Let B be independent of the tuple and let Ui = ϕB(Si),
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where (B, s) 7→ ϕB(s) is measurable. Writing pB = (ϕB)#p, define the correlation visible after
projection by

K ′ = EBDKL
(
QU1,...,Ut|B∥p⊗t

B

)
.

Lemma 3.1 (Replica information inequality). Let t ≥ 1 and suppose K < ∞. Let W be finite-valued
and suppose that every pair (Si, W ) has the same law as (S1, W ). In the conclusion write S = S1.
If B is independent of (S1, . . . , St, W ), then

tI(S; W | B, ϕB(S)) ≤ H(W ) + K − K ′, 0 ≤ K ′ ≤ K. (15)

The same statement holds in a conditional experiment when all of these hypotheses hold there,
including the matching pair laws and the independence of B. Equivalently, the left side may use a
separate representative of the common signal–message pair law if it is coupled independently with B.

Proof. Let KW be the average total correlation conditional on W , computed relative to the product
of the conditional one-coordinate marginals. Decomposing the relative entropy of (S1, . . . , St, W )
from p⊗t ⊗ QW in the two orders gives

tI(S; W ) = I((Si)t
i=1; W ) + K − KW . (16)

The relative entropy being decomposed is at most K + H(W ), so every nonnegative chain-rule term
in this display is finite. Define K ′

W in the same way after projection, conditionally on (B, W ). The
corresponding identity after projection is

tI(ϕB(S); W | B) = I((Ui)t
i=1; W | B) + K ′ − K ′

W . (17)

Coordinatewise data processing gives K ′ ≤ K and K ′
W ≤ KW . Independence of B and the fact that

ϕB(S) is determined by (B, S) also give

I(S; W | B, ϕB(S)) = I(S; W ) − I(ϕB(S); W | B).

Subtracting (17) from (16) therefore gives the exact identity

tI(S; W | B, ϕB(S)) = I((Si)t
i=1; W | B, (Ui)t

i=1) + (K − K ′) − (KW − K ′
W ).

The conditional tuple-information is at most H(W ), and KW − K ′
W ≥ 0. This proves the inequality.

The remaining assertion is nonnegativity of relative entropy.

The coupling used in this paper has precisely the pair-law property in the lemma. Suppose that
data (A, Y ) are generated from S, and that W is drawn from a kernel of the data, conditionally
independently of S. Given the same (A, Y ), draw S1, . . . , St independently from the posterior
law of S, independently also of W . Conditioning on the data shows that (Si, W ) has the original
signal–message law for every i. We call these signals posterior replicas. Equal one-signal marginals
alone would not be sufficient for Lemma 3.1. The invariance of the joint data–signal law under
posterior resampling is the Nishimori identity; see Lelarge and Miolane [11, Proposition 16] for a
general formulation. When an independent B is added to both experiments, equality of the pair
laws gives equality of the corresponding (Si, W, B) laws as well, so the lemma’s left side is the
information in the original signal–message pair.

We shall use the following entropy test. If Q ≪ R are probabilities and F ≥ 0 is measurable
with ERF ≤ 1, then

DKL(Q∥R) ≥ EQ log F (18)
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whenever the right side is defined. For a bounded positive test this follows by tilting R by F/ERF
and using nonnegativity of relative entropy; bounded truncations give the stated form. This is the
entropy variational principle in the form used here; see Dupuis and Mao [5, Equations (1.1)–(1.2)].
In particular, if the relative entropy is finite, applying the bounded form to truncations of (1 + F )/2
and then monotone convergence yields

EQ log(1 + F ) ≤ DKL(Q∥R) + log 2. (19)

This supplies positive-log integrability for the likelihood tests below.

3.2 Projection fibers and inverse affine volumes

Let σd be uniform probability on Sd−1 and let γk,d be the law of a k × d matrix with independent
standard Gaussian entries. For a subspace F ⊂ Rd, let γF

k,d denote the law of a matrix whose rows
are independent standard Gaussians in F ⊥. For a tuple u = (u1, . . . , ut) with m = t − 1, set

Du = [u2 − u1, . . . , ut − u1], Fu = col(Du), J(u) = det(DT
uDu)1/2. (20)

At full column rank J is the product of the successive distances to predecessor affine spans. For
two distinct points, the difference v = u2 − u1 has Av ∼ N(0, ∥v∥2Ik), whose density at zero is
(2π)−k/2∥v∥−k. This is the inverse-volume factor for two points. With m differences, each row
of ADu has covariance DT

uDu, giving the factor (2π)−km/2J(u)−k. The next lemma provides the
integrability needed to identify an exact measure on the constraint Au1 = · · · = Aut.

Lemma 3.2 (Projection fibers and inverse affine volumes). Let 1 ≤ k ≤ d − 2 and let P 0 be either
σd or standard Gaussian probability on Rd. Every full-row-rank k × d matrix A projects P 0 to a
Lebesgue density p0

A. With A† = AT(AAT)−1, the spherical density is

p0
A(y) = Γ(d/2)

πk/2Γ((d − k)/2)
(1 − ∥A†y∥2)(d−k−2)/2√

det(AAT)
1{∥A†y∥<1}. (21)

For ∥A†y∥ < 1, its conditional law P 0
A,y is uniform on the sphere centered at A†y, of radius√

1 − ∥A†y∥2, in the affine space parallel to ker A. For the Gaussian base, p0
A is the density of

N(0, AAT), and the conditional point is A†y plus a standard Gaussian in ker A. These conditional
laws have jointly measurable versions; unused fibers may be assigned any fixed probability law.

If m ≥ 1, t = m + 1, and k + m ≤ d − 2, then J > 0 almost surely under (P 0)⊗t and∫
J(u)−k (P 0)⊗t(du) < ∞. (22)

If k + m ≤ d − 3, the same assertion holds with exponent k + 1.

Proof. Split a standard Gaussian vector into the row space and kernel of A. Its squared lengths in
those spaces are independent chi-squares with k and d − k degrees of freedom. After dividing by
the total length, their ratio has the beta density. Polar integration in orthonormal row coordinates
gives (21); changing those coordinates to y supplies the determinant factor. The remaining direction
is independent and uniform in the kernel. This is the spherical beta projection law, discussed
geometrically by Frankl and Maehara [9]. Without normalization, orthogonal Gaussian independence
gives the Gaussian assertion. For measurability, generate the kernel component by projecting an
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extra independent Gaussian with the Borel matrix I −A†A, and normalize its length in the spherical
case. Assign fixed values on rank failures and on the null event of a zero projected Gaussian.

For the inverse moment, first note that an affine j-plane V satisfies

σd{u : dist(u, V ) ≤ r} ≤ Cdrd−1−j , 0 < r ≤ 1. (23)

Indeed, cover the part of V within distance one of the unit sphere by at most (C/r)j balls of radius
r. Each nonempty intersection with the sphere is contained in a radius-4r ball centered on the
sphere. The spherical ball bound in Lemma 2.2, with the trivial bound one when necessary, proves
(23). For a standard Gaussian point, its projection onto the orthogonal complement of the direction
space of V has a translated standard Gaussian density. The density is bounded uniformly over the
translation, so the analogous estimate is Cdrd−j .

Gram–Schmidt gives

J(u) =
t∏

i=2
dist

(
ui, aff(u1, . . . , ui−1)

)
.

The predecessor affine span has dimension at most i − 2. Thus the smallest spherical small-distance
exponent in (23) is d − 1 − (t − 2) = d − m > k. Integrating its tail bounds the inverse kth moment
of each distance uniformly in the preceding points: for a nonnegative distance X,

EX−k ≤ 1 + k

∫ 1

0
r−k−1P{X < r} dr.

Integrate the last point first and repeat. This proves the finite product moment and, since every
lower-dimensional affine span has zero base mass, full affine rank almost surely. The Gaussian
exponents are larger. Replacing k by k + 1 gives the last assertion under k + m ≤ d − 3.

3.3 The exact finite measure on equal labels

Let f be a bounded nonnegative Borel function and set ν = fP 0. The measure ν is finite and need
not be a probability. For a full-rank A, choose the projected density and the normalized conditional
probability by

pA(y) = p0
A(y)hA(y), hA(y) =

∫
f dP 0

A,y, νA,y(du) = f(u)
hA(y)P 0

A,y(du) when hA(y) > 0.

(24)
The conditional probability on an unused fiber may be arbitrary. In the spherical case the displayed
density is zero outside the open projection ellipsoid. The constructions in Lemma 3.2 make these
versions jointly measurable.

The equality below distinguishes two natural descriptions. The left first selects a matrix and
a common label, with the label weighted by pt

A, then selects points independently on that fiber.
The right first selects independent points and then Gaussian rows annihilating their differences,
with an inverse affine-volume weight. These are finite measures, not the two unweighted probability
experiments. When ν is a probability, its actual common label has density pA, so recovering
posterior replicas will require multiplying this identity by p1−t

A on positive fibers. We first identify
the measures and their null sets, before that division. The general background is coarea [8, Theorem
3.1]; related affine simplex-volume Jacobians occur in Drury [4, Lemma 1]. The following proof fixes
the normalization and the versions used at the exact constrained labels.

Theorem 3.3 (Finite measure for equal Gaussian labels). Let k, m ≥ 1, t = m+1, and k+m ≤ d−2.
Let P 0 be either uniform probability on Sd−1 or standard Gaussian probability on Rd, and let
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ν = fP 0 for a bounded nonnegative Borel function f . With the notation in (20) and (24), for every
nonnegative Borel function H(A, y, u),∫

γk,d(dA)
∫
Rk

pA(y)t
∫

H(A, y, u) ν⊗t
A,y(du) dy

= (2π)−km/2
∫

J(u)−k ν⊗t(du)
∫

H(A, Au1, u) γFu
k,d(dA). (25)

Both sides are finite measures before the test H is inserted. They are supported on Aui = y for every
i, full-column-rank Du, and full-row-rank A. In the spherical case the common fiber has positive
radius. Thus (25) is an identity of finite measures on (A, y, u); the right side places y at Au1.

For a full-rank A, alternatively define pA(y) by the lower limit of its radius-1/n Lebesgue ball
averages or by the lower limit of its Gaussian convolutions with covariance n−2Ik. Each choice is
jointly measurable and agrees with (24) for Lebesgue-almost every y. All three versions agree at
y = Au1, with a finite positive value, almost everywhere for the finite reference measure

R(du, dA) = ν⊗t(du)γFu
k,d(dA). (26)

When ν = 0 the last assertion is vacuous. The equality is obtained using either ball or Gaussian
approximate identities in both integration orders for the base law P 0, then multiplying the resulting
measure identity by the bounded density factors.

Proof. We first take ν = P 0. Let φη be either the uniform density on the radius-η k-ball or the
density of N(0, η2Ik). For a continuous compactly supported test G(u, A) whose matrix support
lies in the open full-row-rank set, integrate

G(u, A)
t∏

i=2
φη(A(ui − u1)) (27)

against (P 0)⊗t(du)γk,d(dA).
Fix A first and disintegrate each point by its projected label. Given the first label y, the other

labels approach y under either probability approximate identity. The base density is continuous
in the interior of its support, and the conditional fiber law varies weakly continuously there. The
spherical boundary has zero projected probability. Thus the integral converges to∫

γk,d(dA)
∫

(p0
A(y))t

∫
G(u, A)(P 0

A,y)⊗t(du) dy.

To justify the passage, condition first also on u1. The absolute value of the remaining integral is at
most ∥G∥∞(sup p0

A)m. The density suprema are uniformly bounded on the compact matrix support:
this follows from (21), whose exponent is nonnegative, and from the Gaussian density formula. The
bound is global in all the other labels, including labels near or outside the spherical support, because
each φη is a probability density. Dominated convergence applies for both kernels.

In the other order, fix a tuple of full affine rank. Each row of ADu is Gaussian with covariance
DT

uDu. Its joint density has maximum at zero, with value

wk,m(u) = (2π)−km/2J(u)−k.

Conditional on ADu = Z, the matrix A is a draw from γFu
k,d plus Z(DT

uDu)−1DT
u . This translation

tends to zero with Z. The integral in (27), conditioned on the tuple, therefore converges to

wk,m(u)
∫

G(u, A)γFu
k,d(dA).
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For either kernel its absolute value is at most ∥G∥∞wk,m(u). Indeed, the joint density of the whole
matrix Z = ADu is bounded by wk,m, while

∏t
i=2 φη(Z:,i−1) has Lebesgue integral one on Rk×m.

This argument does not require the columns of Z to be independent. The bound is integrable by
Lemma 3.2. Dominated convergence gives the second integration order and equates these two limits.

For clarity, the left measure is locally finite on the open full-row-rank matrix set before we
identify it. If a compact set in that space has matrix projection KA, its left mass is at most∫

KA

∫
(p0

A(y))t dy γk,d(dA) ≤ sup
A∈KA

(sup
y

p0
A(y))m < ∞,

because
∫

p0
A(y) dy = 1. Thus both sides are locally finite Borel measures on this locally compact

second-countable space; the right one is globally finite by (22). Continuous compactly supported
tests identify them on that open set. Exhausting it shows that the left total mass there equals the
finite right total mass. The right measure gives no mass to remaining matrices: its rows live in
a space of dimension d − m ≥ k + 2. The left measure also has no such mass because γk,d is full
rank almost surely. Equality therefore extends to all nonnegative Borel tests. The right measure is
supported on full affine rank by Lemma 3.2, so the same holds on the left. In the spherical case its
label is in the open ellipsoid, and its fiber radius is positive. Equivalently, a boundary fiber could
contain only one unit vector and hence could not contain a full-affine- rank tuple with t ≥ 2.

Now multiply the base equality by
∏t

i=1 f(ui). The formula (24) converts the fiber side to
pA(y)tν⊗t

A,y; the other side becomes wk,mν⊗tγFu
k,d. On a fiber with hA(y) = 0, the measure fP 0

A,y is
zero, so both expressions on the fiber side are zero regardless of the unused conditional probability.
This conversion never divides on a zero fiber. Boundedness of f preserves finiteness. Inserting a test
H(A, Au1, u) gives (25), since both sides are supported on equal labels. No normalization by ν(Rd)
has been made. In particular, the two equal-label limit calculations were made only for the base
law; no continuity of f or of the reweighted fiber kernel is used in them.

It remains to justify density evaluation on that constraint. For either choice of φ, set

p̃A(y) = lim inf
n→∞

∫
φ1/n(Au − y) ν(du).

The integral and lower limit are jointly measurable. Lebesgue differentiation for the ball and
Gaussian approximate identities makes each version agree with (24) at almost every y for each
full-rank A. On the left of (25), the common label has a measure with Lebesgue density pA(y)t

and hence avoids the null sets where the versions disagree or are not finite and positive. Equality
of the undivided finite measures transfers this fact to the right. There the weight wk,m is finite
and strictly positive at full affine rank. The reference R has finite mass ν(Rd)t and full affine rank
almost everywhere, because ν⊗t ≪ (P 0)⊗t. Restricting successively to {1/j ≤ wk,m ≤ j} therefore
transfers the same null statement to the unweighted reference (26). The labels where pA = 0 have
zero left mass because their weight is pt

A, so this argument does not divide on them. If ν = 0, both
finite measures and R are zero. The only additional limiting assertion for a possibly discontinuous f
is the ordinary almost-everywhere differentiation of its projected L1 density used in this paragraph.
This proves the claimed versions before any division by a projection density.

Corollary 3.4 (Posterior replica likelihood). Under the hypotheses of Theorem 3.3, suppose p = fP 0

is a probability. Draw A ∼ γk,d independently of S ∼ p, put Y = AS, and conditionally on (A, Y )
draw t independent replicas from pA,Y . Let Q be the law of their tuple together with A, and let
R = p⊗t(du)γFu

k,d(dA). Then R is a probability and

dQ

dR
(u, A) = (2π)−km/2J(u)−kpA(Au1)−m. (28)

16



In particular, the tuple marginal of Q is absolutely continuous relative to p⊗t.

Proof. Multiply the equal finite measures by pA(Au1)−m on their common finite positive set, first
with bounded truncations and then by monotone convergence. The exponent t = m + 1 on the left
becomes one, so that side is exactly the probability experiment defining Q. The right side is the
displayed density relative to R. Marginalization gives the last assertion.

Remark 3.5 (The uniform instance used with a further inverse moment). Suppose the replica count is
t ≥ 2 and k + t + 1 < d. Then the uniform spherical instance of Theorem 3.3 applies with m = t − 1,
and Lemma 3.2 also gives

∫
J−(k+1)dσ⊗t

d < ∞. This stronger inverse moment controls a logarithmic
volume under a reference weighted by J−k. Extending the likelihood argument to an unbounded
finite-entropy density requires an additional proof; it is not included in the bounded-reweighting
theorem.

3.4 Finite correlation for bounded spherical priors

The finite-measure identity applies to both bases. The additional logarithmic assertion needed for
the first two block comparisons concerns a spherical probability prior. It does not assert an entropy
bound for every Gaussian reweighting.

Lemma 3.6 (Logarithmic integrability for spherical replicas). In Corollary 3.4, let p = fσd with
0 ≤ f ≤ L < ∞. Under the replica law Q, both log pA(Y ) and log J(S1, . . . , St) are absolutely
integrable. Consequently the tuple total correlation is finite and satisfies

K ≤ −km

2 log(2π) − kEQ log J − mEQ log pA(Y ). (29)

Proof. Write uA for the uniform-sphere projection density. Since pA ≤ LuA, (21) bounds the
positive logarithm of pA(Y ) by a constant depending on d, k, L plus 1

2 | log det(AAT)|. Gaussian row
Gram–Schmidt expresses that determinant as a product of independent chi-squares with degrees
d, d − 1, . . . , d − k + 1. Their absolute logarithms are integrable, directly from their densities at
zero and infinity. For the negative part, the support of pA lies in the ball of radius ∥A∥op and
−z log z ≤ 1/e for 0 < z ≤ 1. The expected volume of that ball is finite because a finite Gaussian
matrix has all positive norm moments.

For a simplex height, condition on (A, Y ) and let ρ be the fiber radius. Set q = d − k. After
translating and rescaling to the unit sphere in ker A, the posterior has density at most

L′ = LuA(Y )
pA(Y ) ≥ 1.

For ai = dist(Si, aff(S1, . . . , Si−1)), the tube estimate (23), also conditional on the predecessors,
gives

P{ai ≤ rρ | A, Y, S1, . . . , Si−1} ≤ min{1, L′Cqrq−1−(i−2)}, 0 < r ≤ 1.

The exponent is positive. With log− x = max{0, − log x}, tail integration yields

E[log−(ai/ρ) | A, Y, S1, . . . , Si−1] ≤ log L′ + Cq + 1.

Moreover the bounded density ratio makes its relative entropy finite and

0 ≤ E log L′ = log L − EADKL(pA∥uA) ≤ log L. (30)
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For completeness, the negative part of the density-ratio logarithm is integrable because −z log z ≤ 1/e
against the probability density uA; the positive part is at most log L.

Each pair (A, Si) has the original independent matrix–signal law. For every fixed unit signal,
rotational invariance of A makes ρ2 a beta variable with parameters (d − k)/2, k/2, whose logarithm
is integrable. Thus E[− log ρ] < ∞. Each unscaled height is at most two, so its positive logarithm
is bounded. Summing its two logarithmic parts over the Gram–Schmidt product proves absolute
integrability of log J . We may now integrate the logarithm of (28); this is the finite divergence
DKL(Q∥R). Forgetting A sends R to p⊗t, so data processing proves (29).

4 A Gaussian test that cancels the affine volume
We prove Theorem 1.1. Fix its dimensions k = m = 2⌊d/16⌋, t = m + 1, and ℓ = 4k, and let
p = fσd with 0 ≤ f ≤ L. Draw the block data (A, Y ), where Y = AS, and then draw t independent
posterior replicas conditional on those data. Write Q for the law of the replicas together with A,
and use D, F, J for their difference matrix, difference span, and affine volume as in (20).

For large d, k + m ≤ d − 2. Corollary 3.4 applies with

c = (2π)−km/2, R(ds, dA) = p⊗t(ds)γF
k,d(dA).

The evaluated density is the common exact version of Theorem 3.3. If K is the total correlation of
the replicas, Lemma 3.6 gives

K ≤ log c − kEQ log J − mEQ log pA(Y ) < ∞. (31)

The potentially large term is the negative logarithm of J . We recover it from a test determined by
the projected replicas. After that cancellation, only a comparison between two equal-label projection
densities remains.

4.1 The observable projected test

Let B be the independent ℓ-row matrix in Theorem 1.1, and set Ui = BSi. The projected tuple
determines

BD = [U2 − U1, . . . , Ut − U1].

At its almost sure full rank, choose a k × ℓ matrix C0 with orthonormal rows in the orthogonal
complement of the columns of BD, measurably as a function of BD. Projecting the standard basis
and taking the first successful Gram–Schmidt choices supplies such a rule. There is room for these
rows because ℓ − m = 3k. Define the selector arbitrarily on rank failures. Put

Ã = C0B.

This matrix is known from (B, U1, . . . , Ut) and satisfies ÃSi = C0U1 for every replica. It supplies an
observable equal-label likelihood to compare with the actual likelihood in (31).

Lemma 4.1 (Projected likelihood test). Let G be an ℓ × m standard Gaussian matrix and set

Zk,m = Edet(GTG)−k/2.

This constant is finite and positive. The nonnegative function

Λ(B, U1, . . . , Ut) = c

Zk,m
det((BD)T(BD))−k/2pC0B(C0U1)−m, (32)
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with value zero on the exceptional null sets, has expectation one under the law that draws B and
projects independent p-distributed signals. Conditional on the replica tuple and its original matrix
A, Ã has law γF

k,d; this law depends only on the tuple. If K ′ is the projected total correlation of the
replicas, then

K − K ′ ≤ Ckm + mE
[
log p

Ã
(ÃS1) − log pA(Y )

]
. (33)

Every logarithm in this display is absolutely integrable.

Proof. For a fixed full-rank tuple write D = ET , where the columns of E form an orthonormal
basis of F and T is invertible. Then G = BE is standard Gaussian and

det((BD)T(BD)) = J2 det(GTG).

The action of B on F ⊥ is independent of G. Conditional on G and the tuple, C0 is fixed with
orthonormal rows and C0BE = 0. Thus Ã = C0B has law γF

k,d, independently of G given the
tuple. Since B is independent of the replica experiment, this remains its law after conditioning also
on the original A. The test is observable from (B, U1, . . . , Ut): C0, C0B, and its evaluated label
C0U1 are all determined there. The common density versions of Theorem 3.3 make the last factor
measurable, finite, and positive almost surely under the independent-tuple reference. The replica
tuple is absolutely continuous with respect to that reference’s tuple marginal, so the same assertion
holds for replicas.

Under the independent-signal reference law, integrate the factor det(GTG)−k/2 first. It con-
tributes Zk,m. The remaining expectation is∫

cJ−kp
Ã

(ÃS1)−mp⊗t(ds)γF
k,d(dÃ) = 1

by Corollary 3.4. This proves the normalization of (32).
Here are the needed Gaussian determinant bounds. Gram–Schmidt expresses det(GTG) as a

product of independent chi-squares with degrees ν = ℓ, ℓ − 1, . . . , ℓ − m + 1; this standard Gaussian
reduction is also described by Edelman and Rao [7, Section 5]. The smallest degree is 3k + 1 > k.
Since k is even, direct integration of the chi-square density gives

E(χ2
ν)−k/2 =

k/2∏
j=1

(ν − 2j)−1 ≤ (2k)−k/2.

In particular Zk,m < ∞. The same densities give absolute logarithmic integrability, and Jensen
gives E log det(GTG) ≤ m log ℓ. Consequently

log Zk,m + k

2E log det(GTG) ≤ Ckm. (34)

Before taking logarithms of the test, we control the positive logarithm of its projection density.
For a fixed tuple put

δ(s′) = ∥PF ⊥(s′ − S1)∥.

The ball-average density version in Theorem 3.3 holds at ÃS1 under the independent-tuple reference
and hence under the replica law. The coordinates of Ã(s′ − S1) are independent centered Gaussians
with variance δ(s′)2. A ball has probability at most its volume times the maximum Gaussian density.
Apply this bound to the ball averages and then use Fatou’s lemma:

E
Ã

p
Ã

(ÃS1) ≤ (2π)−k/2
∫

δ(s′)−k p(ds′). (35)

19



Here and below such conditional estimates hold for almost every tuple. The affine space S1 + F has
dimension m, so (23) gives

p{δ ≤ r} ≤ LCdrd−1−m, 0 < r ≤ 1.

Since d − 1 − m > k, tail integration bounds the inverse moment uniformly over tuples for fixed
d, L. Thus log+ p

Ã
(ÃS1) is integrable.

The projected law has divergence K ′ ≤ K < ∞ from the independent-signal reference. Normal-
ization of the test and (19) imply that (log Λ)+ is integrable. Its defining identity is

log Λ = log c − log Zk,m − k log J − k

2 log det(GTG)

− m log p
Ã

(ÃS1).
(36)

The negative part of this expression is bounded by a constant and the positive logarithms of J , the
Gaussian determinant, and the last density. Those are integrable by Lemma 3.6, the chi-square
calculation, and (35). Thus log Λ is absolutely integrable. Solving (36) for the last logarithm proves
its absolute integrability as well.

We may now apply the entropy test (18) to obtain K ′ ≥ E log Λ. Subtract this bound from
(31). Equation (36) displays the exact cancellation of −kE log J , and (34) bounds the remaining
determinant terms by Ckm. This gives (33).

4.2 Comparing the remaining projection densities

Both the actual A and the observable Ã annihilate F . The preceding lemma has removed the affine
volume from the information bound. It remains to compare the two densities in (33). We first
bound the conditional mean of the new density by a sum of averages of the actual density. The
radii in that sum will depend only on A, allowing us to average the actual label with its original
density pA.

Lemma 4.2 (Dyadic density comparison). In the replica experiment with the independent side
matrix and Ã = C0B defined above,

E
[
log p

Ã
(ÃS1) − log pA(Y )

]
≤ Ck + C log(2 + log L). (37)

Proof. Fix the tuple and its actual (A, Y ), and again write δ(s′) = ∥PF ⊥(s′ − S1)∥. Conditional
on these data, Ã has law γF

k,d. We refine the inverse-moment bound (35) by using A. Choose the
deterministic integer

J0 = 1 +
⌈ log2 L + C1d

d − 1 − m − k

⌉
(38)

with a sufficiently large absolute C1. The denominator is bounded below by a positive absolute
multiple of d. The contribution of δ ≤ 2−J0 to the inverse moment, including the Gaussian constant,
is at most

(2π)−k/2 ∑
j≥J0

2(j+1)kLCd2−j(d−1−m) ≤ 1.

For the remaining distances use the bins δ ∈ (r/2, r], where r = 2, 1, . . . , 2−J0+1. These cover the
remaining values because δ(s′) ≤ ∥s′ − S1∥ ≤ 2. Since A annihilates F ,

∥As′ − Y ∥ ≤ ∥A∥op δ(s′).
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Let vk be the unit k-ball volume, and let p a
A(y) be the average of pA over the radius-a ball centered

at y. The contribution of one bin is at most

(2/r)kp{δ ≤ r} ≤ 2kvk∥A∥k
opp

∥A∥opr
A (Y ).

Integrating e−∥z∥2/2 on the radius-
√

k ball gives vk ≤ (2πe/k)k/2. Hence

E
Ã

p
Ã

(ÃS1) ≤ 1 +
(

C∥A∥op√
k

)k ∑
r

p
∥A∥opr
A (Y ). (39)

The right side depends on the tuple only through (A, Y ).
Divide by the finite positive density pA(Y ) and apply Jensen first to Ã; all logarithms are

integrable by Lemma 4.1. Only after obtaining (39) do we average over Y given A. Its law is then
the original pA(y) dy, and for every radius fixed by A,

EY |A
p a

A(Y )
pA(Y ) ≤ 1, EY |A

1
pA(Y ) ≤ vk∥A∥k

op.

The first inequality integrates an averaged probability density over {pA > 0}, and the second is the
volume of that set, contained in the radius-∥A∥op ball. A second application of Jensen thus bounds
the expected log ratio by

kE log
(

C

(
1 + ∥A∥op√

k

))
+ log(J0 + 2). (40)

This order of averaging is essential: before the tuple has disappeared, its conditional label need not
have density pA under further conditioning.

For completeness, choose 1/4-nets of the unit spheres in Rd and Rk, with at most 9d and 9k

points. The operator norm is at most twice the maximum absolute Gaussian bilinear form on
these nets. The expected maximum of N absolute standard normals is at most

√
2 log(2N), by the

exponential-moment bound; their independence is not required. Thus E∥A∥op ≤ C
√

d. Since k is
a fixed positive fraction of d, Jensen bounds the first term of (40) by Ck. The cutoff (38) gives
log(J0 + 2) ≤ C log(2 + log L), proving the lemma.

Proof of Theorem 1.1. Generate W conditionally on (A, Y ) independently of the replicas. Each pair
(Si, W ) has the original pair law, and the side matrix B is independent of the whole construction.
Lemma 3.1, followed by Lemmas 4.1 and 4.2, gives

tI(S; W | B, BS) ≤ H(W ) + Ckm + m
(
Ck + C log(2 + log L)

)
.

Here the representative signal is coupled independently with B, exactly as in the original block
experiment. Since t = m + 1 and k is proportional to d, division by t proves (1).

5 Shared data and distance-bin comparisons
The determinant test in the preceding section pays a double logarithm of the largest prior density.
We instead encode the dyadic scale of each projected simplex height. Under a prior bounded by eb,
these scales have entropy O(1 + b/d). The projected correlation recovers the height and label-density
terms, leaving this scale cost. Since the chosen scale depends on the side matrix, the central step
compares it with a mixture over fixed scales before averaging the matrix.
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Throughout this section, for sufficiently large d, set

k = ⌊d/16⌋, q = ⌊d/8⌋, p = ⌊d/2⌋. (41)

Here k is the number of actual rows, q is the number of replicas, and p is the number of side rows.
In particular k ≥ d/32, q ≥ d/16, q ≥ 2, and p − i + 2 ≥ 2k for 2 ≤ i ≤ q.

Theorem 5.1 (Information from shared exact data). Let P = fσd be a probability with a nonnegative
Borel density f ≤ eb, where b ≥ 0. Let S ∼ P , let A be an independent k × d standard Gaussian
matrix, and put Y = AS. Let a finite message W be drawn from a kernel of (A, Y ), conditionally
independently of S. Let B be a p × d standard Gaussian matrix independent of the entire joint
experiment producing (S, A, Y, W ). Then

I(S; W | B, BS) ≤ H(W )
q

+ C

(
d + b

d

)
(42)

for an absolute C, uniformly over the prior and message kernel.

The order of (42) also follows from Theorem 1.1: append k ignored fresh rows to A and first use
the initial 8k rows of B. The Gaussian theorem gives the entropy denominator 2k + 1 ≥ q, and
8k ≤ p. Adding the remaining independent side rows can only decrease the conditional information,
because independence of the side matrix gives

I(S; W | B, BS) = I(S; W ) − I(W ; B, BS).

Finally log(2 + b) ≤ log(2 + d) + b/d ≤ Cd + b/d. The direct proof below identifies the entropy of
the chosen distance scales as the prior cost.

5.1 The shared-data law and its affine heights

Write g0
A and gA for the projected densities of σd and P , using the versions in (24). Put

f(A, y) = gA(y)/g0
A(y) on the open ellipsoid. At labels with gA(y) > 0, the posterior density

on the corresponding uniform fiber is bounded by exp(bA,y), where

bA,y = b − log f(A, y) ≥ 0, EbA,Y = b − EADKL(gA∥g0
A) ≤ b. (43)

These quantities are integrable: the positive density-ratio logarithm is bounded by b, and its negative
part is controlled by −z log z ≤ 1/e against the probability density g0

A.
Given (A, Y ), draw S1, . . . , Sq independently from the posterior. Under this shared-data law,

ASi = Y , and each pair (Si, A) has the original independent signal–matrix law. Define

Fi = aff(S1, . . . , Si−1), ρi = dist(Si, Fi), 2 ≤ i ≤ q.

The next estimate is stronger than merely proving logarithmic integrability: its prior cost is divided
by the ambient dimension.

Lemma 5.2 (Logarithmic cost of a height). The heights are positive almost surely and obey

ρi ≤ 2, E log− ρi ≤ C

(
1 + b

d

)
, log− x := max{0, − log x}. (44)
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Proof. We first record a uniform-sphere distance estimate. Let U be uniform on Sn−1 with n ≤ d,
and let E be a linear subspace of dimension j whose codimension h = n − j is at least d/2. Write
a normalized Gaussian representation with independent components X ∈ Rh and Z ∈ Rj . For
t ≥ log 2,

dist(U, E) < e−t =⇒ ∥X∥ ≤ 2e−t∥Z∥.

The Gaussian density bound and the unit-ball volume estimate give P{∥X∥ ≤ a} ≤ (Ca/
√

h)h. Also

Ee∥Z∥2/4 = 2j/2, ∥z∥h ≤ (2h)h/2e∥z∥2/4.

Since j ≤ d ≤ 2h, these inequalities yield E∥Z∥h ≤ (C
√

h)h. Hence

P{dist(U, E) < e−t} ≤ (Ce−t)h.

If the law of U is reweighted by a density at most ea, the right side is multiplied by ea and capped
by one. Integrating the logarithmic tail gives

E log− dist(U, E) ≤ C + a

h
. (45)

The case j = 0 is immediate and also satisfies this bound.
Condition now on (A, Y, S1, . . . , Si−1). Let r and s0 be the radius and center of the posterior

fiber, and write uj = (Sj − s0)/r. The vectors lie on the unit sphere in ker A, of ambient dimension
n = d − k, and the next vector has density at most ebA,Y there. Moreover

ρi

r
= dist(ui, aff(u1, . . . , ui−1)) ≥ dist(ui, span(u1, . . . , ui−1)).

The latter span has dimension at most i − 1 and codimension at least d − k − q + 1 ≥ d/2. Apply
(45) and then (43). The additional contribution E[− log r] is bounded by an absolute constant: for
each fixed signal, rotational invariance of the independent row space of A makes r a uniform-vector
distance to a k-dimensional linear space, so (45) applies with a = 0. This proves the negative-log
bound. A zero height would make that expectation infinite, so heights are positive almost surely.
The bound ρi ≤ 2 follows because all signals are on the unit sphere.

Set
hk = E[− log gA(Y )].

This is finite by Lemma 3.6. Apply Corollary 3.4 with its row count equal to the present k, its
difference count equal to q − 1, and its replica count equal to q. The required relation k + q − 1 ≤
3d/16 − 1 ≤ d − 2 holds in the present dimensions. The exact likelihood is

dQ

d
(
P ⊗q(ds)γF

k,d(dA)
) = (2π)−k(q−1)/2J(s)−kgA(As1)1−q. (46)

Here Q is the shared-data law and F is the span of all difference columns. The evaluated density
uses the exact versions established in Theorem 3.3.

Since J =
∏q

i=2 ρi, all logarithms in (46) are integrable by Lemma 5.2 and Lemma 3.6. Data
processing after forgetting A gives the finite upper bound

tc(S1, . . . , Sq) ≤ (q − 1)hk − k
q∑

i=2
E log ρi − k(q − 1)

2 log(2π). (47)
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5.2 Projected height bins

Draw the independent side matrix B and put Ci = BSi. Conditional on the tuple, the image of the
direction space of Fi has rank i − 2 almost surely. The orthogonal residual of Si from Fi has length
ρi. Its image under B is an N(0, ρ2

i Ip) vector, independent of the restriction of B to that direction
space. Projecting off the image of the direction space shows that

Ti := dist(Ci, BFi)
law= ρiχmi , mi = p − i + 2, (48)

conditional on the tuple. Here χmi is a chi variable. In particular mi ≥ 2k.
Define the integer bin

Ki = ⌈log2(Ti/
√

mi)⌉ ,

with any fixed value at Ti = 0, a null event. Use the reference probabilities πj = 2−|j|/3 for j ∈ Z;
they sum to one. The chi-square second moment and the Gaussian small-ball bound show uniformly
in m ≥ 1 that

E log(χm/
√

m) ≤ 0, E| log(χm/
√

m)| ≤ C.

For the first inequality use Jensen on the square. For the second, its positive part follows from the
second moment, while the negative part follows by integrating P{χm/

√
m < e−t} ≤ min{1, (Ce−t)m}.

Together with Lemma 5.2, this gives

(log 2)EKi ≤ E log ρi + log 2, H(Ki) ≤ E[− log πKi ] ≤ C

(
1 + b

d

)
. (49)

The entropy bound is the elementary cross-entropy inequality, since − log πj = log 3 + |j| log 2 and
the expected absolute bin index is bounded.

For fixed B, let PB be the law of BS′ for S′ ∼ P . Given (B, C1, . . . , Ci−1), the affine set BFi is
known. Let Ej be its tube of radius √

mi 2j . The bin event Ki = j is contained in Ej . Since the
marginal of Ci given B is PB, conditional relative entropy followed by the bin map yields

I(Ci; C1, . . . , Ci−1 | B) ≥ −H(Ki | B, C1, . . . , Ci−1) − E log PB(EKi). (50)

To justify the logarithms, coordinatewise data processing makes the projected total correlation
finite by (47). Each conditional divergence in its chain rule is therefore finite. Its image under the
bin map is finite as well. The expected negative logarithm of the reference bin probability is that
image divergence plus the finite conditional bin entropy. Since the tube probability is at least the
bin probability, − log PB(EKi) is integrable. This also proves (50) without an undefined entropy
difference.

5.3 A fixed mixture before averaging the side matrix

We will prove the one-height estimate

E log PB(EKi) ≤ kE log ρi − hk + C

(
k + 1 + b

d

)
. (51)

Together with (50), this recovers the terms hk − kE log ρi in the unprojected correlation bound.
The selected bin Ki depends on B. We first bound every fixed bin using a reference density that
depends only on A, so that the eventual label average uses the original density gA.
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Fix the shared-data tuple and its (A, Y ), and fix i. For a candidate s′, put ρ′ = dist(s′, Fi).
Its distance to BFi after projection has law ρ′χmi , by the same calculation as (48). The Gaussian
small-ball bound gives

EBPB(Ej) ≤
∫

min
{

1,

(
4 · 2j

ρ′

)mi
}

P (ds′).

The minimum is one at zero denominator. Since A is constant with value Y on Fi, ∥As′ − Y ∥ ≤
∥A∥opρ′. Pushing P forward by A therefore gives the further bound

EBPB(Ej) ≤
∫

min
{

1,

(
4 · 2j∥A∥op
∥y′ − Y ∥

)mi
}

gA(y′) dy′. (52)

For m > k and β > 0, radial integration in Rk gives the exact kernel mass∫
Rk

min{1, (β/∥u∥)m} du = vkβk m

m − k
. (53)

Indeed the inside ball contributes vkβk, and the exterior contributes kvkβk/(m − k). Let aA,j be
the probability density obtained by convolving gA with this normalized kernel, using m = mi and
β = 4 · 2j∥A∥op. Since mi ≥ 2k and vk ≤ (2πe/k)k/2, (52) becomes

2−kjEBPB(Ej) ≤
(

C∥A∥op√
k

)k

aA,j(Y ). (54)

For each fixed i, this density depends on A and j, but not on the replica tuple and not on Y as a
parameter of the density.

Define
aA =

∑
j∈Z

πjaA,j , TB =
∑
j∈Z

πj2−kjPB(Ej).

The first is a probability density depending only on A and the fixed index i. Conditional on the
shared-data outcome, (54) gives

EBTB ≤
(

C∥A∥op√
k

)k

aA(Y ).

The j = Ki summand gives the pointwise inequality

log PB(EKi) ≤ kKi log 2 − log πKi + log TB. (55)

Before averaging logarithms, we verify their integrability. If ZA,j = vk(4 · 2j∥A∥op)kmi/(mi − k),
then for y in the support of gA,

π0
ZA,0

≤ aA(y) ≤ sup gA.

The lower bound holds because the support has diameter at most 2∥A∥op, so the unnormalized
kernel at j = 0 equals one throughout that support. The upper bound follows by convolving a
bounded density with a probability density. The positive log of sup gA is integrable by the uniform
projected-density formula and the Gaussian log-determinant bound. The absolute log of ZA,0 is
integrable: log+∥A∥op is controlled by its finite mean, and log−∥A∥op ≤ log−∥Au0∥ for any fixed
unit u0, whose norm is chi-distributed. Thus log aA(Y ) is absolutely integrable.
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The pointwise inequality (55) bounds log− TB by the sum of − log PB(EKi), k|Ki| log 2, and
− log πKi , all integrable. For the positive part, EB log+ TB ≤ log(1 + EBTB), and (54) bounds its
right side using aA(Y ) and ∥A∥op as above. Thus log TB is absolutely integrable as well.

Conditional Jensen now gives

EB log TB ≤ k log
(

C∥A∥op√
k

)
+ log aA(Y ).

The right side depends only on (A, Y ). In the full experiment Y | A has density gA, and nonnegativity
of DKL(gA∥aA) therefore gives

E log aA(Y ) ≤ E log gA(Y ) = −hk. (56)

This is where the fact that aA depends only on A is needed. Also E log(C∥A∥op/
√

k) ≤ C by the
Gaussian norm estimate in Section 4, since k ≥ d/32. Consequently E log TB ≤ Ck − hk. Combining
this with (55) and (49) proves (51).

Insert (51) in (50), use the entropy bound in (49), and sum the conditional divergences over
i = 2, . . . , q. The projected correlation satisfies

tc(C1, . . . , Cq | B) ≥ (q − 1)hk − k
q∑

i=2
E log ρi − C(q − 1)

(
k + 1 + b

d

)
. (57)

Proof of Theorem 5.1. Generate W from the shared data independently of the replicas conditional
on (A, Y ). Each replica has the original signal–message pair law, and B is independent of this
coupling. The finite correlation bound (47) therefore permits Lemma 3.1 with t = q:

qI(S; W | B, BS) ≤ H(W ) + tc(S1, . . . , Sq) − tc(C1, . . . , Cq | B).

Subtract (57) from (47). The measurement entropy and all height logarithms cancel. Since k ≤ d/16,
division by q gives (42). Section 6 applies this bound while conditioning only on the current state
and retaining its separate late elimination of the clock cost.

6 Current-state recurrences and the streaming bound
We now complete the streaming applications of the Gaussian determinant test and the distance-bin
test through two current-state iterations. Both use one independent side matrix throughout the
stream. They condition on the present padded state, apply a complete bounded-prior block bound
in that conditional experiment, and only then average over state values. Thus their information
upper bounds never subtract two possibly infinite averages of conditional total correlations.

6.1 The Gaussian replica clock

Proposition 6.1 (Current-state iteration of Gaussian replicas). Let M(d) = o(d2) be nonnegative
and integer-valued, and let 0 < ϵ(d) ≤ 1/10. A learner in Definition 2.1 whose uniform-prior angular
success is at least 3/5 satisfies

T (d) ≥ c d log(1/ϵ(d))

for an absolute c > 0 and all sufficiently large d. The threshold may depend on the memory sequence.
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Proof. Use the first step of Lemma 2.7 to choose a fixed shared-seed conditional experiment with
success at least 3/5 and then take its Borel replacement. Its initialization is independent of the
signal and all rows; fresh transition and output randomness remains in the kernels. This selection
uses the original jointly measurable experiment and does not require a jointly measurable family of
Borel replacements.

Put β = log(1/ϵ). If T > dβ, the conclusion is immediate. On the remaining branch, Lemmas 2.7
and 2.9 give padded states of entropy at most

hT = M log 2 + log(T + 2) = o(d2), β = o(d), T = o(d2). (58)

Let
k = 2⌊d/16⌋, t = k + 1, ℓ = 4k, n = ⌈T/k⌉.

Append ignored fresh samples so that the padded stream has n complete blocks. Let Vi be the
padded state at the end of block i, with V0 the data-independent initial padded state. The latter
includes a possible stopping decision at index zero. Draw a single standard Gaussian ℓ × d matrix
B independently of the entire selected learner experiment and all appended rows, and put Z = BS.

Consider a positive-probability value Vi = v, and put pv = P{Vi = v}. By Lemma 2.8, its
conditional signal law has a Borel density fv satisfying

fv ≤ Lv := 1/pv relative to σd,
∑

v

pv log Lv = H(Vi).

The next block matrix is independent of the pair (S, Vi): the state uses only the signal, completed
rows, and learner randomness, and the new rows are fresh. Given v, the next state is a finite kernel
of the new matrix A and its exact label AS. The side matrix B remains independent of this entire
conditional signal, block, and message experiment. Therefore Theorem 1.1 applies with L = Lv and
with message Vi+1.

Apply that numerical bound at each v before averaging. Concavity of x 7→ log(2 + x) and the
entropy bound give

I(S; Vi+1 | Vi, B, Z) ≤ H(Vi+1 | Vi)
t

+ Cd + C
∑

v

pv log(2 + log Lv)

≤ hT

t
+ Cd + C log(2 + H(Vi))

≤ hT

t
+ Cd + C log(2 + hT ). (59)

All conditional uses have bounded priors and finite conditional replica correlation, as established in
the block theorem. Since t ≍ d and hT = o(d2), the last line is at most C1d for all sufficiently large
d, with one absolute C1.

Write I(V ) = I(S; V | B, Z). The chain rule and data processing give

I(Vi+1) ≤ I(Vi) + I(S; Vi+1 | Vi, B, Z).

Here I(V0) = 0 by the independence of initialization and the index-zero decision from (S, B, Z).
Iterating (59) yields

I(Vn) ≤ C1dn. (60)
The side row count satisfies ℓ = 8⌊d/16⌋ ≤ d/2. The postponed output is a kernel of Vn with

fresh randomness, so (7) gives

I(Vn) ≥ 1
2(d − ℓ − 1) log 1

5ϵ
− log 2 ≥ c1dβ (61)
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for large d. Lemma 2.10 also gives T > ⌊d/2⌋. In particular T > 0, and for d ≥ 32 the inequality
k ≥ d/16 gives the explicit clock comparison

dn ≤ d(T/k + 1) ≤ 16T + d ≤ 18T.

Combining this with (60) and (61) proves the proposition.

6.2 The distance-bin clock

Proposition 6.2 (Current-state iteration of distance bins). Under the hypotheses of Theorem 1.2,
the distance-bin block estimate (42) also gives T (d) ≥ c d log(1/ϵ(d)) for an absolute c > 0 and all
sufficiently large d.

Proof. Apply Lemma 2.7 with p = 2/3 and p′ = 3/5. It first fixes a shared seed using the original
jointly measurable experiment, then chooses Borel versions in that conditional experiment and
fixes its independent initialization and remaining fresh randomness. We obtain deterministic Borel
state-based rules and an output with uniform-prior success at least 3/5. Pad stopping and postpone
this output. The final output is a function of the final tagged state.

For this route keep the convenient clock bound

mT = M log 2 + log(T + 3). (62)

Indeed, the exact count in Lemma 2.7 is (T + 2)2M , so the entropy of every padded state is at most
hT ≤ mT . Use

k = ⌊d/16⌋, q = ⌊d/8⌋, p = ⌊d/2⌋, n = ⌈T/k⌉,

and append ignored fresh rows through the last block. Let V0, . . . , Vn be the block-end states,
starting with the data-independent tagged initial state. Independently of the entire deterministic
learner experiment and all rows, draw one p × d standard Gaussian matrix B. It is used only for
analysis. Put Z = BS and D(V ) = I(S; V | B, Z).

For a block from V to W , condition on a value v with probability pv > 0. By Lemma 2.8,
the conditional signal density is bounded by exp(bv), where bv = log(1/pv). The next standard
Gaussian matrix A is independent of (S, V ), the ending state is a function of (v, A, AS), and B
remains independent of the entire conditional experiment. Apply Theorem 5.1 at this fixed v and
then average. Since

∑
v pvbv = H(V ),

I(S; W | V, B, Z) ≤ H(W | V )
q

+ C

(
d + H(V )

d

)
≤ C2

(
d + mT

d

)
. (63)

The last inequality uses q ≥ d/16 for large d. In this calculation the prior cost bv/d is averaged
linearly; no entire state history is retained. The chain rule gives D(W ) − D(V ) ≤ I(S; W | V, B, Z),
and D(V0) = 0. Consequently

D(Vn) ≤ C2n

(
d + mT

d

)
. (64)

For the exact side row count p = ⌊d/2⌋, the independent residual-sphere endpoint (9) gives

D(Vn) ≥ 1
2(d − p − 1) log 1

4ϵ
− log 2 ≥ c2dβ, β = log(1/ϵ), (65)
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for sufficiently large d. This is the direct 90/d radius estimate and the event of mass at least 1/2 used
in the distance-bin route. The corresponding raw-data bound in Lemma 2.10 also yields T > ⌊d/2⌋,
equivalently T > d/2 for integer T . The zero-row experiment in that lemma has residual radius one.

If T ≥ dβ, the asserted lower bound is immediate. Otherwise D(Vn) ≤ H(Vn) ≤ mT and (65)
give the route’s clock inequality

c2dβ ≤ M log 2 + log(T + 3) ≤ M log 2 + log(dβ + 3).

Since dβ + 3 ≤ (d + 3)(β + 1) and log(1 + β) ≤ β, this implies, for large d,

β ≤ C(M + log d + 1)
d

= o(d). (66)

Thus T < dβ = o(d2) and mT = o(d2). The right side of (64) is consequently at most C3nd. For
d ≥ 32, k ≥ d/32, and T > d/2 gives

dn ≤ 32T + d ≤ 34T.

Comparing the resulting upper bound D(Vn) ≤ C4T with (65) proves the proposition.

Proof of Theorem 1.2. Its uniform-prior success 2/3 is at least the 3/5 required by Proposition 6.1,
which proves the theorem. Proposition 6.2 gives a second proof using the linear entropy cost. The
later sections give three further proofs: the Haar current-state argument in Proposition 7.7, and the
synthetic and incidence full-history arguments in Proposition 8.4 and Theorem 9.9. Each uses the
same learner model, while retaining its own side law, conditional experiment, and clock estimate.

7 Haar projections and posterior replica information
This comparison uses Haar frames rather than the Gaussian side matrices of Sections 4 and 5.
We express the replica measure by successive simplex heights. The normalization changes at each
insertion because the remaining ambient dimension shrinks. A projected-distance distribution-
function test, valid even with atoms, recovers a fraction of the height cost. We choose its exponent
below one as a function of d and keep the resulting entropy remainder explicit.

Proposition 7.5 gives that remainder in terms of the state entropies. In particular, the block
cost is O(d) when all state alphabets have logarithmic width o(d2). We first prove the fixed-prior
height identity and cancellation, then average over state values. A Gaussian observation block is
converted to its orthonormal row frame only in that final step; the learner’s observations are still
the original exact Gaussian pairs.

Write σ = σd and log+ x = max{0, log x} for x > 0. A j-frame is a j ×d matrix with orthonormal
rows; its Haar law is the probability law invariant under orthogonal changes of ambient coordinates.
Throughout the section set

d ≥ 64, k = r = ⌊d/16⌋, m = r + 1, ℓ = ⌊d/4⌋. (67)

Here k is the actual block row count, r is the number of height insertions, m = r + 1 is the replica
count, and ℓ is the side-frame row count. At the ith insertion, 1 ≤ i ≤ r, the two dimensions that
will matter are

ni = d − i + 1, qi = ℓ − i + 1. (68)
They satisfy

ni > k + 2, qi ≥ 3d

16 > k,
qi

qi − k
≤ 3

2 ,
ni

qi
≤ 16

3 ,
d

k
≤ 32. (69)
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Indeed, qi ≥ ℓ − r + 1 ≥ 3d/16 and k ≤ d/16; also k ≥ d/32 for d ≥ 64. The other inequalities follow
at once. In particular, none of the denominators in (69) vanishes.

7.1 An exact identity for the replica measure

We begin with the normalization of spherical projection. For integers 1 ≤ j < n − 2, put

αn,j = Γ(n/2)
πj/2Γ((n − j)/2)

, vj = πj/2

Γ(j/2 + 1) .

Here vj is the volume of the unit ball in Rj . The first j coordinates of a uniform point of Sn−1 have
density

pn,j(u) = αn,j(1 − ∥u∥2)(n−j−2)/21{∥u∥<1}. (70)

Conditional on these coordinates, the remaining direction is uniform, with radius
√

1 − ∥u∥2. These
are the density and conditional law in Lemma 3.2, specialized to ambient dimension n and a matrix
with orthonormal rows. We keep the ambient dimension in the notation because it changes at each
insertion.

We will also use the elementary estimates

αn,j ≤ nj/2, vjαn,j ≤ (Cn/j)j/2, (71)

where C is absolute. For completeness, gamma recursion and Γ(z + 1/2) ≤
√

z Γ(z) imply
Γ(n/2)/Γ((n − j)/2) ≤ (n/2)j/2; the half-step inequality is Cauchy–Schwarz in the gamma in-
tegral. Integrating that integral over [j/2, j/2 + 1] gives Γ(j/2 + 1) ≥ (j/2)j/2e−j/2−1. These two
bounds prove (71).

Let P = gσ be a probability measure with a bounded Borel density 0 ≤ g ≤ K < ∞. Necessarily
K ≥ 1. Draw an independent Haar k-frame A and S ∼ P , and write Y = AS. Under σ, the density
of Y is

p0(y) = αd,k(1 − ∥y∥2)(d−k−2)/21{∥y∥<1}.

For ∥y∥ < 1, let UA,y be uniform probability on the sphere {s ∈ Sd−1 : As = y}. On ∥y∥ ≥ 1, choose
any fixed measurable probability kernel for UA,y; it will always be multiplied by p0(y) = 0. Fix the
following density and posterior versions:

pA(y) = p0(y)
∫

g dUA,y (∥y∥ < 1), pA(y) = 0 (∥y∥ ≥ 1),

PA,y(ds) = g(s)∫
g dUA,y

UA,y(ds) when pA(y) > 0.
(72)

The posterior on the unused set {pA = 0} may be any fixed measurable probability kernel. These
are measurable versions. For example, a fiber direction can be generated by projecting a standard
Gaussian onto ker A and normalizing it. If u is that unit direction, the fiber point is ATy +√

1 − ∥y∥2 u. A fixed coordinate convention handles the null normalization failures. This construction
also makes pA(y) jointly measurable in (A, y). We have pA ≤ Kp0 and, for every A, pA is a probability
density.

For a tuple s = (s0, . . . , sr), define

Di = span{s1 − s0, . . . , si − s0}, D0 = {0}, δi = dist(si − s0, Di−1).

Thus δi is the height added by the ith point. Write dAD for Haar probability on the k-frames
in D⊥. All subspaces arising here have dim D⊥ ≥ d − r > k. A measurable version of this frame
kernel is obtained by projecting independent standard Gaussians onto D⊥ and applying a fixed
Gram–Schmidt rule. We use dA when D = {0}.
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Lemma 7.1 (Haar simplex-height identity). For the dimensions in (67) and every probability
P = gσ with 0 ≤ g ≤ K < ∞, the following finite measures on the frame and the whole tuple are
equal:

dA

∫
Rk

pA(y)m dy
r∏

i=0
PA,y(dsi) =

(
r∏

i=0
P (dsi)

)(
r∏

i=1
αd−i+1,kδ−k

i

)
dADr . (73)

Equality means equality after integration against every bounded Borel function of (A, s). Define the
displayed product density to be zero on degenerate tuples. The measure on the right is supported on
tuples with dim Di = i for all 1 ≤ i ≤ r.

Proof. We first take P = σ. Fix s0, . . . , si−1 with dim Di−1 = i − 1, and put H = D⊥
i−1, so

dim H = ni = d − i + 1. For a bounded continuous function φ(A, s), consider

It =
∫

dADi−1

∫
σ(ds) φ(A, s)

1{∥A(s−s0)∥≤t}
vktk

, t > 0. (74)

We compute its limit as t ↓ 0 in both orders of integration.
Fix A first. Disintegration of σ under s 7→ As rewrites the inner integral as the average over the

ball of radius t about As0 of
y 7−→ p0(y)

∫
φ(A, s) UA,y(ds).

This function is continuous in the open unit ball. Indeed, use the fiber representation following (72)
with a common uniform direction and apply bounded convergence. Because d > k + 2, the factor p0

tends to zero at the boundary, so the product extends continuously by zero to Rk. The average
therefore tends to

p0(As0)
∫

φ(A, s) UA,As0(ds). (75)

Its absolute value, and that of every preceding average, is at most ∥φ∥∞αd,k. Dominated convergence
thus permits the frame integration as well.

For the other order, fix s and put δ = ∥projH(s − s0)∥. When δ > 0, the vector A(s − s0) under
dADi−1 has density

z 7−→ δ−kαni,k

(
1 − ∥z∥2

δ2

)(ni−k−2)/2

1{∥z∥<δ}. (76)

This is (70) in the current ambient space H, not in the original d-dimensional space. Since ni > k+2,
the density is bounded by its value αni,kδ−k at zero.

The conditional frame law also has a concrete limit. Put e = projH(s − s0)/δ and w = z/δ. If C
is a Haar k-frame in H ∩ e⊥, then the conditional law of A given A(s − s0) = z, for ∥w∥ < 1, is the
law of

A = weT + (Ik − wwT)1/2C. (77)

Its rows are orthonormal and Ae = w. Invariance under rotations fixing e identifies the remaining
factor as Haar; conversely the displayed formula describes every such frame. The formula is
continuous at w = 0. At zero the frame law is dADi , since H ∩ e⊥ = D⊥

i . It follows that the frame
integral in (74) tends, for this s, to

αni,kδ−k
∫

φ(A, s) dADi . (78)

The bound ∥φ∥∞αni,kδ−k dominates the frame averages for every t. It is integrable in s.
Choose a (k + 1)-dimensional subspace L ⊂ (Di−1 + span{s0})⊥; the available dimension is at least
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d − i ≥ d − r > k + 1. Then δ ≥ ∥projL s∥. The latter vector has a bounded density by (70), because
d > k + 3. In k + 1 dimensions its inverse kth power is integrable at zero: the radial integral is
a constant times

∫ 1
0 uku−k du < ∞. This also shows that δ > 0 for σ-almost every s. Dominated

convergence proves the second limit after integration in s.
Equating the two integrated limits in (75) and (78) gives the insertion identity. Bounded

continuous functions determine finite Borel measures on the compact frame–sphere space, so the
identity also holds for bounded Borel tests. The frame and fiber constructions above make the
kernels measurable in the preceding tuple, allowing successive integration.

Start with σ(ds0)dA and insert, for i = 1, . . . , r, the kernels p0(As0)UA,As0(dsi). Each insertion
changes the frame law from dADi−1 to dADi and contributes αd−i+1,kδ−k

i . On the original side,
disintegration of s0 contributes one more factor p0(y), so its total power is r+1 = m. These measures
are finite at every step because p0 ≤ αd,k; in particular their final mass is

∫
p0(y)m dy ≤ αm−1

d,k . The
preceding almost-sure positivity of every inserted height gives the full-rank support. This proves
(73) for σ.

Finally multiply this equality of measures by the bounded Borel function
∏r

i=0 g(si). Formula
(72) changes the left side into the stated measure for P , while the right side becomes the product of
P measures in (73). The bounded tilt preserves finiteness. No continuity of g or of pA was used.

We now pass from the finite measure to the actual posterior experiment. Draw (A, Y ) with
law dA pA(y)dy, and, conditionally on (A, Y ), draw S0, . . . , Sr independently from PA,Y . Write Q
for the law including the frame and tuple, and QS for its tuple marginal. Each (A, Si) has law
dA P (ds), and all the replicas satisfy ASi = Y almost surely.

Define the probability measure Λ(dA, ds) = P ⊗m(ds)dADr . The degenerate tuples have zero
P ⊗m-measure, by the positivity proved during insertion; fix any measurable convention there.
Multiply (73) by pA(As0)−r on its positive set, and by zero on its zero set. This operation is justified
first for the minimum with a finite constant and then by monotone convergence. On the left it
changes pm

A to pA, since m = r + 1 and the used posterior is supported on As0 = y. Consequently

dQ

dΛ (A, s) =
(

r∏
i=1

αd−i+1,kδ−k
i

)
pA(As0)−r (79)

on the positive-density, full-rank set, with value zero elsewhere.
For a fresh Haar ℓ-frame B, independent of this whole experiment, put Zi = BSi and let PB be

the image of P under B. Define the two total correlations

JS = DKL(QS∥P ⊗m), JZ = EBDKL(QZ0,...,Zr|B∥P ⊗m
B ). (80)

Lemma 7.2 (Finite upper correlation). The correlations satisfy 0 ≤ JZ ≤ JS ≤ U < ∞, where

U =
r∑

i=1
[log αd−i+1,k + kEQ log(1/δi) − EA,S∼P log pA(AS)] , (81)

0 ≤ U ≤ Crd(log K + log d). (82)

Here EA,S∼P draws the Haar frame independently of a vector with law P . Every logarithm in (81)
is integrable.

Proof. The positive part of log pA under pA is bounded uniformly in A by log+(Kαd,k). Its
negative part is also integrable uniformly: the density is supported in a ball of finite volume, and
−x log x ≤ 1/e for 0 < x ≤ 1. Comparison with uniform probability on the unit ball now gives

−EA,S∼P log pA(AS) ≤ log vk. (83)
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To control a height, condition on (A, Y, S0, . . . , Si−1). Put h =
√

1 − ∥Y ∥2 and n = d − k.
Almost surely h > 0. The conditional residual direction of Si in ker A has density at most

K ′ = Kp0(Y )
pA(Y ) ≥ 1

relative to uniform probability on Sn−1. Choose a unit vector e ∈ ker A perpendicular to the
preceding residual directions, including that of S0. There are at most i ≤ r < n such directions;
a fixed Gram–Schmidt rule makes the choice measurable. Then e ⊥ Di−1. If Ui is the new unit
residual direction, then

δi ≥ |⟨e, Si − S0⟩| = h|⟨e, Ui⟩|.

The one-coordinate case of (70) and (71) yield

P{|⟨e, Ui⟩| ≤ t | A, Y, S0, . . . , Si−1} ≤ min(1, CK ′√d t).

Integrating this tail with t = e−u shows that the conditional expectation of log(1/|⟨e, Ui⟩|) is at
most 1 + log(CK ′√d).

For fixed A, the expected density tilt is

E[log K ′ | A] = log K − DKL(pA∥p0) ≤ log K.

The divergence is finite: pA/p0 ≤ K controls its positive part, and −x log x ≤ 1/e controls its
negative part under p0. Also the individual marginal (A, S0) consists of an independent Haar frame
and a unit vector. Thus ∥AS0∥2 has beta parameters k/2, (d − k)/2 for every fixed target, with
both parameters positive. The beta integral gives

Eh−2 = d − 2
d − k − 2 ≤ C, E log(1/h) ≤ 1

2 logEh−2 ≤ C. (84)

Combining these estimates gives E log(1/δi) ≤ C + log K + C log d. The negative part is bounded
because δi ≤ 2. Both signs of every height logarithm are therefore integrable.

We may now take the expected logarithm of (79). It is exactly the finite relative entropy
DKL(Q∥Λ) = U . Forgetting A by data processing yields JS ≤ U . Adding the independent B
and then projecting coordinatewise yields JZ ≤ JS . Finally (71), (83), and the height bound give
(82).

The inverse-height terms in the upper bound can grow with the density bound K. We will keep
those terms until the projected correlation has supplied matching lower bounds. This order is what
permits averaging over rare states at the end.

7.2 The correlation retained by the auxiliary projection

We will bound the probability that an independent projected signal lies close to the affine span of
preceding projected replicas. Averaging over the side frame turns this tube probability into ball
averages of pA around the actual label AS0. Their radii vary with the simplex height; the next
lemma controls the logarithmic cost of taking a supremum over those radii.

For a probability density f on Rk, define its centered maximal average by

Mf(u) = sup
t>0

1
vktk

∫
∥u′−u∥≤t

f(u′) du′.
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For fixed f ∈ L1, the ball integral is continuous in its center and positive radius; the supremum may
therefore be restricted to positive rational radii. In particular Mf is measurable. For the jointly
measurable family pA, the same rational supremum and Tonelli’s theorem give joint measurability
in (A, u).

For historical background on one-dimensional maximal averages, see Hardy and Littlewood [10,
Section III]. Stein and Strömberg [17, p. 259] discuss the exponential dimension cost of customary
covering proofs. We prove the centered weak estimate needed here, including its constant.

Lemma 7.3 (Logarithmic maximal estimate). Suppose f is a probability density supported in the
unit ball of Rk and f ≤ Kαd,k. Then∫

f(u) log Mf(u)
f(u) du ≤ Cd + log(1 + Cd + log K). (85)

Both logarithms are integrable under f(u)du. The integrand is taken as zero on {f = 0}.

Proof. For every λ > 0, ∣∣{u : Mf(u) > λ}
∣∣ ≤ 3k

λ
. (86)

To prove this, take a compact subset of the displayed superlevel set. Open and closed balls have the
same f -mass, since their boundaries have Lebesgue measure zero. At each point choose an open
ball centered there whose f -mass exceeds λ times its volume. The strict inequality persists under a
sufficiently small enlargement, so these balls give an open cover. Take a finite subcover and greedily
keep disjoint balls in decreasing order of radius. Every discarded ball meets a retained ball of at
least its radius, and is contained in that ball’s threefold dilation. Hence the compact set has volume
at most 3k times the sum of the retained volumes. The retained balls are disjoint and have total
f -mass at most one, so their volumes sum to less than 1/λ. Inner regularity proves (86).

Set b = 3k and Lf = Kαd,k. Since Mf ≤ Lf , layer integration over the unit ball gives∫
∥u∥≤1

Mf(u) du ≤
∫ Lf

0
min(vk, b/λ) dλ

≤ b
(
1 + log+(Lf vk/b)

)
.

On the support of f , a radius-two ball contains the whole unit ball, so Mf ≥ (vk2k)−1 there. Its
logarithm is bounded on that support, while f log f is integrable by the bounded-density argument
in Lemma 7.2. Jensen’s inequality under the probability density f now yields∫

f log(Mf/f) ≤ log
∫

{f>0}
Mf ≤ k log 3 + log

(
1 + log+(Kαd,kvk/3k)

)
.

Use (71) and d/k ≤ 32 to obtain (85).

The next test uses only the projected points, including when their conditional distance distribution
has atoms.

Lemma 7.4 (Lower projected correlation). For the replica law above and every 0 < a < 1,

JZ ≥ a
r∑

i=1

[
kEQ log(1/δi) − log(Ck

1 vk) − EA,S∼P log MpA(AS)
]

+ r log(1 − a), (87)

where C1 is an absolute constant, independent of P, K, d, a.

34



Proof. Given (B, Z0, . . . , Zi−1), define for z ∈ Rℓ

Ri(z) = dist
(
z − Z0, span{Zj − Z0 : 1 ≤ j < i}

)
.

Let Fi(t) = P{s : Ri(Bs) ≤ t} be its distribution function under an independent s ∼ P . The
distance, and hence this conditional distribution function, is measurable in the projected history: the
distance is the infimum of the corresponding norms over rational coefficient vectors. Let ρi = Ri(Zi)
be the actual replica distance.

If a random variable R has distribution function F , then

P{F (R) ≤ u} ≤ u (0 ≤ u ≤ 1). (88)

This includes distributions with atoms. In fact, the set of real x with F (x) ≤ u is an initial interval,
whose probability is the supremum of F on that interval and is at most u. Tail integration of (88)
gives, for 0 < a < 1,

EF (R)−a ≤ 1 +
∫ ∞

1
t−1/a dt = 1

1 − a
. (89)

In particular F (R) > 0 almost surely under its own law.
Apply the relative-entropy variational inequality to the test z 7→ Fi(Ri(z))−a under the condi-

tional one-vector reference law PB. For an unbounded test, use its minimum with a finite constant
and pass monotonically to the limit; (89) bounds its reference expectation. The chain rule for JZ

has one term for each conditional law of Zi given (B, Z0, . . . , Zi−1), and its i = 0 term is zero. It
follows that

JZ ≥ a
r∑

i=1
EQ,B log 1

Fi(ρi)
+ r log(1 − a). (90)

The logarithmic expectations are finite: the variational bound after averaging controls their nonneg-
ative parts by the finite correlation JZ ≤ JS from Lemma 7.2.

We next estimate Fi(δi) while holding the entire replica outcome (A, S0, . . . , Sr) fixed. Put
D = Di−1 and E = row(B). The isometry BT : Rℓ → E gives the exact identity

dist(Bu, BD) = ∥projE∩D⊥ u∥. (91)

Indeed, the orthogonal complement within E of projE D is precisely E ∩ D⊥. The projection of the
fixed (i−1)-space D into a Haar ℓ-space E has full rank almost surely: generate E with independent
standard Gaussians and restrict them to an orthonormal basis of D, obtaining an ℓ×(i−1) Gaussian
matrix of full column rank. Thus dim(E ∩ D⊥) = qi = ℓ − i + 1. Rotations preserving D show that
this intersection is a uniform qi-space in the ni-space D⊥.

For fixed u, let v = projD⊥ u. Spherical projection in that ni-space, followed by (71), gives

PB{dist(Bu, BD) ≤ t} ≤ min
(

1,

(
C0t

∥v∥

)qi
)

, (92)

with value one if v = 0. The constant C0 is absolute because ni/qi ≤ 16/3; the density formula is
applicable because ni − qi = d − ℓ > 2. In the replica experiment A annihilates D. Therefore for
u = s − S0, ∥v∥ ≥ ∥A(s − S0)∥. Also ρi ≤ δi, since B is a contraction and the distance minimization
permits all vectors in D.

Set u0 = AS0 and q = qi. The identity

min(1, (b/x)q) =
∫ ∞

1
qt−q−11{x≤bt} dt (b > 0, x ≥ 0)
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also holds at x = 0. Integrating (92) against s ∼ P and using Tonelli’s theorem yields

EBFi(δi) ≤
∫ ∞

1
qt−q−1P{∥As − u0∥ ≤ C0δit} dt

≤ vk(C0δi)kMpA(u0)
∫ ∞

1
qtk−q−1 dt

= qi

qi − k
vk(C0δi)kMpA(u0) ≤ Ck

1 vkδk
i MpA(u0). (93)

The integral converges because qi > k, and the last step uses the exact bound qi/(qi − k) ≤ 3/2.
One absolute choice of C1 works for every k ≥ 1.

Now Fi(ρi) ≤ Fi(δi). Jensen’s inequality for − log and (93), first for each fixed replica outcome,
give

EQ,B log 1
Fi(ρi)

≥ kEQ log(1/δi) − log(Ck
1 vk) − EA,S∼P log MpA(AS).

Here the last expectation uses the individual marginal (A, S0). The right side is finite by Lemmas 7.2
and 7.3; Jensen may also be read in the extended sense before averaging. Substitution into (90)
proves (87).

7.3 Cancellation and the block information bound

The preceding estimates can now be subtracted. Retaining every term of U gives, for every 0 < a < 1,

JS − JZ ≤ (1 − a)U − r log(1 − a)

+ a
r∑

i=1

[
log(αd−i+1,kCk

1 vk) + EA,S∼P log MpA(AS)
pA(AS)

]
. (94)

Thus only the fraction a of the height contribution has been canceled; the residual (1 − a)U remains
explicit. Take

a = 1 − d−3. (95)
Using (82), (71), and Lemma 7.3 in (94) yields

JS − JZ

m
≤ Cd + log(1 + Cd + log K) + C

log K + log d

d2 . (96)

In detail, (1 − a)U/m ≤ C(log K + log d)/d2 because r/m ≤ 1, and −r log(1 − a)/m ≤ 3 log d. Also
log(αni,kCk

1 vk) ≤ Cd by (71) and ni/k ≤ 32. These are all the terms in (94); the 3 log d term is
absorbed into Cd.

Proposition 7.5 (Haar block information bound). Let S ∼ σ, let V be a finite-valued state, and
let a block consist of k = ⌊d/16⌋ fresh independent standard Gaussian designs, independent of (S, V )
and the past, with their exact labels. Suppose a finite-valued state W is generated by a measurable
randomized kernel from V and the full block, with no other retained information from the past. Let
B be a Haar ℓ = ⌊d/4⌋ frame drawn independently of the entire joint experiment producing S, V ,
the block, and W . Then

I(S; W | V, B, BS) ≤ H(W | V )
m

+ Cd + log(1 + Cd + H(V ))

+ C
H(V ) + log d

d2 , m = ⌊d/16⌋ + 1. (97)

The constant C is absolute. If every state has logarithmic width at most H∗ = o(d2), the left side is
at most Cd for all sufficiently large d.
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Proof. Fix a state value v with probability pv > 0. Its conditional signal law has the bounded
density

gv(s) = P{V = v | S = s}
pv

≤ Kv := 1
pv

relative to σ. The new Gaussian design matrix is independent of (S, V ). Its row Gram–Schmidt
factorization is RA with an invertible triangular R and a Haar k-frame A, almost surely. The
exact labels are R(AS), so, conditional on the design, observing them is equivalent to observing
Y = AS. Because the whole design is independent of S conditional on V = v, its coefficients R add
no information about S once (A, Y ) is specified.

Generate the replicas conditionally independently from this posterior, and independently of W
given v and the complete block data. A single replica then has the same joint law with the block
data and W as the original signal: both use the posterior given the block, and W has no further
dependence on the signal once those data and v are fixed. In particular each pair (Si, W ) has the
same conditional law as (S, W ), the auxiliary B is independent of the entire tuple and W , and the
original pair used on the left is also coupled independently with B. The common map (B, s) 7→ Bs
is continuous, and the unprojected total correlation is finite by Lemma 7.2. These are precisely the
application hypotheses of Lemma 3.1. Applied in the conditional experiment V = v, it gives

mI(S; W | V = v, B, BS) ≤ H(W | V = v) + JS(v) − JZ(v).

No conditional independence of the replicas given W is asserted or needed.
Insert (96) with K = Kv and average over v. The identity∑

v

pv log Kv =
∑

v

pv log(1/pv) = H(V )

accounts exactly for rare state values. Jensen’s inequality bounds the average of log(1 + Cd + log Kv)
by log(1 + Cd + H(V )). This proves (97). Under the width hypothesis, H(W | V )/m = o(d), the
last term is o(1), and the logarithmic term is O(log d) for all sufficiently large d. The stated Cd
bound follows.

7.4 The terminal fiber and the streaming conclusion

The block comparison is complete. We apply the residual-sphere endpoint of Section 2 with the
present Haar side frame, then compare the resulting information with the number of blocks.

Lemma 7.6 (The terminal Haar fiber). Let S ∼ σ, let Vf be finite-valued, and let the unit-
valued output Ŝ be generated from Vf by a measurable kernel using fresh randomness, conditionally
independently of S. Let B be a Haar ℓ = ⌊d/4⌋ frame independent of (S, Vf , Ŝ). If P{arccos⟨Ŝ, S⟩ ≤
ϵ} ≥ 2/3 for 0 < ϵ ≤ 1/10, then

I(S; Vf | B, BS) ≥ d − ℓ − 1
3 log 1

4ϵ
− log 2. (98)

Proof. Apply Lemma 2.4 with G = B, V = Vf , b = ℓ, and r0 = 1/2. Its hypotheses hold
because B is independent of (S, Vf , Ŝ). Explicitly, the Markov bound for the residual radius h is
P{h < 1/2} ≤ 4ℓ/(3d) ≤ 1/3. Success together with h ≥ 1/2 therefore has probability at least 1/3,
while the conditional prior cap probability is at most (4ϵ)d−ℓ−1. These are exactly the constants in
(98).
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Proposition 7.7 (Streaming consequence). For each dimension d, let S ∼ σ and consider a learner
in Definition 2.1, with deterministic horizon T = T (d) and nonnegative integer memory M = M(d).
If M(d) = o(d2), 0 < ϵ(d) ≤ 1/10, and its angular success probability averaged over the signal,
samples, and learner randomness is at least 2/3, then

T (d) = Ω
(
d log(1/ϵ(d))

)
.

The implicit constant is absolute; the dimension threshold may depend on the memory sequence.

Proof. Apply the fixed-shared-seed part of Lemma 2.7 to the learner in Definition 2.1. The resulting
Borel experiment has data-independent initialization and uniform-prior success at least 2/3, with
fresh transition and output randomness retained. This is the success threshold in Lemma 7.6.

First, success forces T = Ω(d) without any memory restriction. Suppose T ≤ d/8, and grant
an estimator all T raw pairs, filling in ignored samples after any early stopping. Lemma 2.3 with
b = T gives a uniform residual sphere in kernel dimension d − T ; (4) bounds its probability of radius
below 1/2 by 4T/(3d). At T = 0 the radius is one deterministically. On radius at least 1/2, the cap
argument of Lemma 2.10 bounds conditional success by (4ϵ)d−T −1. Thus

P{angular error ≤ ϵ} ≤ 4T

3d
+ (4ϵ)d−T −1 (T ≤ d/8). (99)

The output has no further dependence on S conditional on all the raw data, so the bound also
covers randomized estimators. Its right side is at most 1/6 + (0.4)7d/8−1 < 2/3 for all sufficiently
large d. Hence T > d/8 on those dimensions.

Put L = log(1/ϵ) ≥ log 10. If T ≥ dL, the conclusion already holds. On the remaining branch
T < dL, apply the output-capacity bound of Lemma 2.9 to this uniform-prior experiment with
p0 = 2/3. It gives

(d − 1)L ≤ M log 2 + log(T + 1) + log(3/2). (100)

For large d, log(T + 1) ≤ log(dL + 1) ≤ dL/2: here dL ≥ d log 10 and log(x + 1) ≤ x/2 for x ≥ 3.
Thus (100) implies

dL ≤ C(M + 1), L = o(d), T = o(d2). (101)

For example, after subtracting dL/2, the left side is (d/2 − 1)L ≥ dL/4 for d ≥ 4. The second and
third conclusions follow from M = o(d2) and T < dL.

Use Lemma 2.7 to retain the stopping index, postpone the fresh randomized output, and append
ignored rows through the last block. Its state count gives every padded state entropy at most

H∗ = M log 2 + log(T + 2) ≤ M log 2 + log(C(M + 1) + 2) = o(d2). (102)

This count restricts the branch where the block argument is needed; it does not replace that
argument in the representable-precision regime.

Use a single independent Haar ℓ-frame B for the entire analysis, put Z = BS, and divide
the padded stream into N = ⌈T/k⌉ blocks. For consecutive states V, W , the chain rule and data
processing give

I(S; W | B, Z) ≤ I(S; V, W | B, Z) = I(S; V | B, Z) + I(S; W | V, B, Z).

The initial state is independent of (S, B, Z). Proposition 7.5 and (102) therefore imply

I(S; Vf | B, Z) ≤ Cd⌈T/k⌉. (103)
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The terminal lower bound (98) is at least cdL for all sufficiently large d: indeed d − ℓ − 1 ≥ d/2 and

log 1
4ϵ

≥
(

1 − log 4
log 10

)
L,

while the subtractive log 2 is absorbed because dL → ∞. Finally k ≥ d/32 and the already proved
T > d/8 give

d⌈T/k⌉ ≤ 32T + d ≤ 40T.

Comparison with (103) proves the proposition.

A learner that succeeds with probability at least 2/3 for every fixed signal also has uniform-
prior success at least 2/3 by integration. Thus Proposition 7.7 separately gives the corresponding
worst-signal lower bound, with the same exact observations and finite-state model.

8 Synthetic Gaussian projections
The Gaussian test in Section 4 uses an orthonormal selector of the projected difference space’s
complement. Here we instead draw additional Gaussian rows in that complement. Their composition
with the side matrix has a random covariance, which must be averaged in the likelihood comparison.
To normalize that comparison, we apply the Gaussian-base equal-label identity to the projected
prior, rather than applying only its spherical instance to the original prior.

The inverse-determinant scale of this random covariance cancels the scale of the projected
simplex volume. A critical inverse-distance kernel then gives a double-logarithmic density cost.
Although the cost has the same order as in Section 4, the comparison law and cancellation are
different. We use this bound while conditioning on an entire state history.

We use the spherical and Gaussian notation of Section 3. Fix d ≥ 16 and put

k = ℓ =
⌊

d

8

⌋
, u = ℓ − 1, m =

⌊
d

2

⌋
, q = m − u. (104)

In particular,

k+u ≤ m−2, q−k−1 = m−2k > 0, d−1−u−k = d−2k ≥ 3d

4 ,
m

q − k − 1 ≤ 2. (105)

The letter m in this section is the dimension of the side projection. The difference count in
Theorem 3.3 will be u.

Proposition 8.1 (Information beyond an independent Gaussian projection). Let P = fσd be a
probability, where f is a nonnegative Borel function satisfying f ≤ Λ < ∞, with Λ ≥ 1. Draw
X ∼ P and A ∼ γk,d independently. Let z = z(A, AX) be a measurable function taking at most
K ≥ 1 values. Independently of this entire experiment draw B ∼ γm,d, and put Y = BX. With the
parameters in (104),

I(X; z | B, Y ) ≤ log K

ℓ
+ C

[
d + log(1 + log Λ)

]
, (106)

where C is absolute and independent of P, Λ, K, and the message rule.

The proof couples ℓ signals by giving them the same actual measurements. Corollary 3.4 describes
their joint law. We compare its total correlation before and after applying B. For the comparison
after B, a Gaussian matrix is constrained to annihilate the projected differences. We first construct
the resulting probability law, then estimate its density while keeping its dependence on B explicit.
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8.1 The actual and projected replica laws

For a tuple x = (x1, . . . , xℓ) in Rh, where h will be d or m, write

Dx = [x2 − x1, . . . , xℓ − x1], Lx = col(Dx), ∆(x) = det(DT
x Dx)1/2.

Thus Lx and ∆(x) are the objects Fx and J(x) of (20), with difference count u. At full affine rank
define

w(x) = (2π)−ku/2∆(x)−k. (107)

We need the same version of a projection density before and after a composition of matrices. If
ν is a finite measure and C has r rows, write

gν
C(v) = lim inf

j→∞

∫
φ1/j,r(Cs − v) ν(ds), φη,r(v) = (2πη2)−r/2 exp

(
−∥v∥2

2η2

)
. (108)

This formula defines a jointly measurable function even for matrices of deficient rank. In every
use below the matrix has full row rank almost surely, and Theorem 3.3 identifies this version with
the projection density and transfers its finite positive values to the constrained evaluations. We
abbreviate gP

C to gC .
Fix the data of Proposition 8.1. In Corollary 3.4, take ambient dimension d, k rows, difference

count u, and prior P . The condition k + u ≤ d − 2 follows from (105). Draw A ∼ γk,d, then a
common label b with density gA, and finally draw X1, . . . , Xℓ independently from P conditional on
AX = b, and set z = z(A, b). Denote this law by Q. Its tuple–matrix likelihood is

Q(dx, dA) = P ⊗ℓ(dx)γLx
k,d(dA)w(x)gA(Ax1)−u. (109)

Every pair (Xi, z) has the original signal–message law. Independently draw B and put Yi = BXi.
For fixed B, let P B = B#P , and define

CX = DKL(QX∥P ⊗ℓ), CY = EBDKL(QY|B∥(P B)⊗ℓ).

Lemma 3.6, with the same substitution and density bound L = Λ, proves absolute integrability of
log gA(b) and log w(X). It gives

CX ≤ E log w(X) − uE log gA(b) < ∞. (110)

Data processing under the coordinatewise map xi 7→ Bxi gives 0 ≤ CY ≤ CX .
We next construct a probability density against which to test CY . Almost every B has full row

rank. For such a fixed B, the spherical projection formula (21), with m rows, and P ≤ Λσd show
that P B has bounded Lebesgue density on a compact ellipsoid. Here d − m − 2 ≥ 0. The standard
Gaussian density has a positive minimum on that ellipsoid, so P B has bounded density relative
to standard Gaussian probability on Rm. This bound is finite for each such B and is allowed to
depend on B.

Apply Corollary 3.4 in ambient dimension m, again with k rows and difference count u. Its
dimension condition is k + u ≤ m − 2, as in (105). The resulting same-label tuple law has density

RB(y) = w(y)E
F ∼γ

Ly
k,m

gF B(Fy1)−u (111)

relative to (P B)⊗ℓ. Indeed, the density version agrees pointwise under composition:

gP B

F (v) = lim inf
j

∫
φ1/j,k(Fy − v) P B(dy) = gP

F B(v). (112)
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The finite-measure theorem transfers version, zero, and infinity exceptions before the negative power
is taken. Thus RB is finite and positive almost everywhere for the product law and integrates to
one. It can be chosen jointly measurable in B, y: on the full-affine-rank set, realize the projected
Gaussian rows with the Borel orthogonal projection onto L⊥

y , and assign fixed values on the null
complement.

The actual law QY|B is absolutely continuous relative to (P B)⊗ℓ, because QX ≪ P ⊗ℓ and B is
independent of the tuple. At the actual (B, Y), draw F with the conditional law in (111) and put

Ξ = gF B(FY1).

The same null-set transfer makes Ξ finite and positive almost surely in this enlarged experiment.

8.2 The synthetic density and its critical kernel

The comparison density RB contains the inverse uth moment of Ξ. To compare its logarithm with
the actual likelihood in (110), we will control Ξ using the actual matrix A and label b. The next
lemma first averages the synthetic Gaussian covariance at a fixed tuple. It then bounds the resulting
inverse-distance integral by a function UA(b) whose total mass can be estimated independently of
that tuple.

Lemma 8.2 (Synthetic likelihood and critical kernel). Let P = fσd be as in Proposition 8.1. Fix a
tuple x ∈ (Sd−1)ℓ of affine rank u, and put

x = x1, L = Lx, δ(s) = dist(s − x, L).

Draw B ∼ γm,d. Given B, draw F ∼ γBL
k,m, so each row of F is a standard Gaussian in (BL)⊥.

Then

EB,F gF B(FBx) ≤ (2π)−k/2aq

∫
δ(s)−k P (ds), aq = Edet(HHT)−1/2 ≤ (q − k − 1)−k/2, (113)

where H is a standard Gaussian k × q matrix.
There is an absolute C0 > 0 such that the following holds with

r∗ = exp
[
−C0(d + log Λ)

d − 1 − u − k

]
∈ (0, 1). (114)

For every full-row-rank k × d matrix A, put a = ∥A∥op and define

UA(b) = (2π)−k/21{∥b∥≤a}

[
1 + ak

∫
gA(v)1{∥v−b∥≤2a}

· min{(ar∗)−k, ∥v − b∥−k} dv
]

. (115)

At v = b, the second entry in the minimum is interpreted as +∞. If Ax = b and L ⊂ ker A, then

(2π)−k/2
∫

δ(s)−k P (ds) ≤ UA(b). (116)

Writing Vk for the volume of the Euclidean unit ball in Rk, the same function satisfies∫
UA(b) db ≤ (2π)−k/2Vkak[2 + k log(2/r∗)], (117)

EA∼γk,d
log

∫
UA(b) db ≤ C

[
d + log(1 + log Λ)

]
. (118)

The logarithm in the last display is absolutely integrable, and EA log(1 +
∫

UA) < ∞.

41



Proof. At the fixed tuple, the restriction of B to L has rank u almost surely. Choose an orthonormal
m × q matrix N whose columns span (BL)⊥, using only BDx. Gram–Schmidt with a fixed ordering
gives a measurable choice on the full-rank set. With an independent standard Gaussian k × q matrix
H, the required conditional law of F is realized by

F = HNT. (119)

The choice of N uses only B|L. The Gaussian restriction B|L⊥ is independent of B|L. Write
s − x = v + w with v ∈ L and w ∈ L⊥. Then NTBv = 0, while, conditionally on B|L, the vector
NTBw has law N(0, ∥w∥2Iq). Therefore, conditionally on H and B|L,

FB(s − x) ∼ N(0, δ(s)2HHT). (120)

This conditional calculation accounts for the dependence of F on B.
For η > 0, Tonelli’s theorem and (120) give

EB,F

∫
φη,k(FB(s − x)) P (ds) = (2π)−k/2

∫
EH det(δ(s)2HHT + η2Ik)−1/2 P (ds).

The integrand on the right increases as η ↓ 0. The tube bound (23) gives δ(s) > 0 for P -almost
every s; it also gives a finite inverse kth moment, since d − 1 − u > k. The matrix H has full
row rank almost surely. Monotone convergence on the right and Fatou’s lemma on the left, along
η = 1/j, prove the first inequality in (113).

For completeness, successive orthogonal residuals of the rows of H have independent squared
lengths

Vi ∼ χ2
q−i+1, det(HHT) =

k∏
i=1

Vi.

Indeed, conditionally on the preceding rows, the new row is standard Gaussian on a complement
of dimension q − i + 1; this conditional law is constant, which also proves independence of the
residual lengths. This is the elementary Gaussian orthogonal reduction described in Edelman and
Rao [7, Section 5]; the rectangular product used here follows from the displayed conditioning. Direct
integration of the chi-squared density gives EV −1 = 1/(p − 2) for V ∼ χ2

p, p > 2. Cauchy–Schwarz
hence gives

aq =
k∏

i=1
EV

−1/2
i ≤

k∏
i=1

(q − i − 1)−1/2 ≤ (q − k − 1)−k/2.

We next use the actual observations. If Ax = b and L ⊂ ker A, then, for v = PL(s − x),

∥As − b∥ = ∥A(s − x − v)∥ ≤ a δ(s). (121)

Let α = d − 1 − u. The tube bound, now applied to x + L, gives

P{δ ≤ t} ≤ ΛCdtα, 0 < t ≤ 1.

Layer-cake integration therefore yields, for 0 < r ≤ 1,∫
{δ≤r}

δ−k dP ≤ ΛCd
(

1 + k

α − k

)
rα−k.

Since α − k = d − 2k ≥ 3d/4, an absolute choice of C0 makes this quantity at most one at r = r∗.
On {δ > r∗}, (121) gives both δ−k ≤ r−k

∗ and δ−k ≤ ak∥As − b∥−k. The pushforward of P under A
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has density gA, and both As and b have norm at most a. Integration of these two bounds gives
(116) with the two support cutoffs in (115).

The remaining singularity has the critical exponent k in dimension k. Radial integration gives
the exact mass ∫

{∥w∥≤2a}
min{(ar∗)−k, ∥w∥−k} dw = Vk[1 + k log(2/r∗)]. (122)

The ball of radius ar∗ contributes Vk, and the annulus contributes kVk

∫ 2a
ar∗

dt/t. Dropping the outer
cutoff in (115) only for its convolution term, and using

∫
gA = 1, proves (117).

We record the scale in this bound before taking its logarithm. Integrating the standard Gaussian
density over the ball of radius

√
k gives (2π)−k/2Vk ≤ (e/k)k/2. Also E∥A∥op ≤ C

√
d: choose

1/4-nets on the two unit spheres of cardinalities at most 9k and 9d, bound the operator norm by
twice the maximum of the scalar bilinear forms on the nets, and integrate the union bound for their
standard Gaussian tails. Jensen’s inequality gives

E log
[
(2π)−k/2Vk∥A∥k

op
]

≤ k

2 (1 − log k) + k log(C
√

d) ≤ Cd.

The cutoff (114) and (105) give

log[2 + k log(2/r∗)] ≤ C + log d + log(1 + log Λ).

These estimates prove (118). Finally, log∥A∥op is integrable below because the norm dominates
the absolute value of one standard Gaussian entry. Retaining the first term of UA bounds its total
mass below by (2π)−k/2Vk∥A∥k

op. Together with (117), these observations prove the two remaining
integrability assertions.

8.3 Integrability and cancellation of the correlation costs

The majorant now controls the synthetic density at the actual label. Before subtracting the two
correlation bounds, we verify integrability of the comparison logarithms. This uses both the finite
actual correlation and the normalization of RB.

Lemma 8.3 (Integrability of the projected comparison). In the replica experiment Q, enlarged by
the independent B and the conditional F above,

E| log w(Y)| + E| log Ξ| + E| log RB(Y)| < ∞.

If G is a standard Gaussian m × u matrix, then

E log w(Y) = E log w(X) − k

2E log det(GTG), (123)
1
2E log det(GTG) ≤ u

2 log m. (124)

Moreover,
CY ≥ E log RB(Y) ≥ E log w(Y) − uE log Ξ. (125)

Proof. At a fixed full-affine-rank X, write DX = UR, where U has orthonormal columns. Since B
is independent, BU is a standard Gaussian m × u matrix. Consequently

∆(Y) law= ∆(X) det(GTG)1/2 conditionally on X.
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The logarithm of ∆(X) is integrable by Lemma 3.6. Gaussian column residuals factor det(GTG) into
independent chi-squared variables of degrees m, m − 1, . . . , m − u + 1. Their absolute logarithms are
integrable from their densities at zero and infinity. This proves (123) and the asserted integrability
of log w(Y). Jensen applied to each factor gives (124).

The actual equal-label experiment has LX ⊂ ker A. Conditionally on (A, b, X), the matrix B
remains independent, and the conditional law of F is γBLX

k,m . Lemma 8.2 therefore gives

E[Ξ | A, b, X] ≤ aqUA(b). (126)

It follows that E log(1 + Ξ) < ∞. Here are the details needed for the possible small values of gA(b).
Conditional Jensen reduces the claim to integrability of log(1 + UA(b)). On the actual finite positive
set for gA,

log(1 + UA(b)) ≤ log(1 + gA(b)) + log(1 + UA(b)/gA(b)).

The first term is integrable by Lemma 3.6. For the second, average over b with density gA and
apply Jensen to obtain at most log(1 +

∫
UA). Lemma 8.2 makes its average finite. Thus (log Ξ)+ is

integrable.
Let the product reference first draw B and then draw ℓ independent points from P B. The

divergence of the actual joint law from this reference is CY < ∞, and RB integrates to one under
this reference. Equation (19) gives

E(log RB(Y))+ ≤ E log(1 + RB(Y)) ≤ CY + log 2 < ∞. (127)

Conditionally on B, Y, Equation (111) has a finite positive right side, so EF Ξ−u < ∞. Hence
EF (log Ξ)− < ∞ on almost every such fiber; also EF (log Ξ)+ < ∞ there by the preceding joint
bound. Conditional Jensen is now legitimate and gives

log RB(Y) ≥ log w(Y) − uEF log Ξ.

Rearranging this inequality,

uEF (log Ξ)− ≤ (log RB(Y))+ + | log w(Y)| + uEF (log Ξ)+.

Its right side has finite expectation, proving joint integrability of (log Ξ)−. The same Jensen lower
bound gives

(log RB(Y))− ≤ | log w(Y)| + uEF | log Ξ|,

so the negative comparison logarithm is integrable as well. Finally use the normalized test RB in
(18). All logarithms are now integrable, and that test together with the conditional Jensen bound
proves (125).

Proof of Proposition 8.1. The preceding lemma permits subtraction of all likelihood and correlation
terms. Conditional Jensen in (126) gives

E[log Ξ | A, b, X] ≤ log aq + log UA(b).

The last logarithm is integrable under the actual label law: UA(b) is bounded below there by
(2π)−k/2, and its positive logarithm was controlled in the proof of Lemma 8.3. At fixed A, Jensen
with b ∼ gA gives ∫

gA(b) log UA(b)
gA(b) db ≤ log

∫
UA(b) db.
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Together with (113) and (118), this yields

E log Ξ − E log gA(b) ≤ −k

2 log(q − k − 1) + C[d + log(1 + log Λ)]. (128)

Combine (110), (123), (124), (125), and (128). The result is

CX − CY ≤ ku

2 log m

q − k − 1 + Cu[d + log(1 + log Λ)]

≤ Cℓ[d + log(1 + log Λ)]. (129)

The first term is O(ku) by (105). Thus the scale from the projected Gaussian determinant cancels
the inverse-determinant scale in the synthetic likelihood. The critical kernel was integrated before
taking a logarithm, leaving only log(1 + log Λ).

Apply Lemma 3.1 with t = ℓ, the representative S = X1, message W = z, and map ϕB(x) = Bx.
Every replica has the required signal–message pair law, B is independent of the whole tuple and
message, and CX < ∞. Its conclusion and H(z) ≤ log K give

ℓI(X1; z | B, BX1) ≤ log K + CX − CY .

The joint law of (B, X1, z) is the product of the B-law and the original (X, z)-law. Substitution of
(129) therefore proves (106).

8.4 Iteration along the full state history

Proposition 8.4 (The synthetic route to the sample bound). For every nonnegative integer-valued
M(d) = o(d2) and every sequence 0 < ϵ(d) ≤ 1/10, consider learners in Definition 2.1 with
deterministic horizon T (d) and signal X ∼ σd. If their angular success probability, averaged over
the uniform signal, rows, and learner randomness, is at least 2/3, then

T (d) ≥ c d log(1/ϵ(d))

for all sufficiently large d, with an absolute c > 0. The threshold may depend on the memory
sequence.

Proof. Apply Lemma 2.7 with p = 2/3 and p′ = s0 = 16/25 = 0.64 to the learner in Definition 2.1.
This gives deterministic Borel state-based rules and data-independent initialization, with uniform-
prior success at least s0; all remaining randomness is fixed. Pre-generate all T rows, including rows
after an early stop.

Put Lϵ = log(1/ϵ). It suffices to consider dimensions for which T ≤ dLϵ. At other dimensions
the claimed lower bound already holds. Lemma 2.9, applied with p0 = s0, gives

s0 ≤ (T + 1)2M ϵd−1, Lϵ = o(d), T = o(d2). (130)

Pad first to time T and then to the least multiple of k at least T , using the stopping-index tags and
ignored fresh pairs of Lemma 2.7. Its exact per-index state count gives

K = (T + 2)2M , log K = o(d2). (131)

Since s0 > 3/5, Lemma 2.10 gives T > ⌊d/2⌋ for all sufficiently large d. We use the weaker
consequence

T > d/4. (132)
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Let p = ⌈T/k⌉. Write Hi for the tuple of states at the ends of the first i blocks, with H0 constant.
Use one independent B ∼ γm,d and Y = BX throughout. If a history h has probability ph > 0,
Lemma 2.8 gives its conditional signal density

P{Hi−1 = h | X = x}
ph

≤ 1
ph

relative to σd.

The next block matrix is independent of (X, Hi−1). Given h, the initial state is fixed, and the next
state is a measurable K-valued function of the new block and its exact labels. The side matrix
remains independent of this conditional experiment. Proposition 8.1 therefore applies with Λ = 1/ph.
Averaging it over histories gives

I(X; Hi | Hi−1, B, Y ) ≤ log K

ℓ
+ C

[
d +

∑
h

ph log(1 + log(1/ph))
]

≤ log K

ℓ
+ C[d + log(1 + (i − 1) log K)]. (133)

The last line uses concavity of t 7→ log(1 + t) and H(Hi−1) ≤ (i − 1) log K. In particular it applies
the bounded-prior block theorem before averaging its density cost. Since p = o(d), ℓ ≥ d/16, and
log K = o(d2), the right side is at most Cd, with one absolute C, for all sufficiently large d. The
chain rule then gives

I(X; Hp | B, Y ) ≤ Cdp ≤ C(T + d). (134)

The postponed deterministic output is a function of the final tagged state, and therefore of Hp.
To obtain the matching endpoint, use Lemma 2.4 with S = X, V = Hp, G = B, and r0 = 1/4.

The output is a function of Hp, and B is independent of the entire signal–history experiment.
Moreover, 2ϵ < 1/4 and m ≤ d/2 ≤ d − 2. For the residual radius ρB = ∥Pker BX∥, (4) gives

P{ρB < 1/4} ≤ m/d

1 − 1/16 ≤ 8
15 .

Thus the lemma applies with success minus radius-failure probability at least s0 − 8/15 = 8/75, and
yields

I(X; Hp | B, Y ) ≥ 8
75(d − m − 1) log 1

8ϵ
− log 2

≥ c1dLϵ (135)

for all sufficiently large d, with an absolute c1 > 0. Indeed,

log 1
8ϵ

≥
(

1 − log 8
log 10

)
Lϵ,

and d − m − 1 ≥ d/2 − 1.
By (132), T + d < 5T . Combining (134) and (135) therefore gives T ≥ c2dLϵ with an absolute

c2 > 0. The constants are absolute; the eventual threshold comes only from M(d) = o(d2). All
replicas and auxiliary projections have served solely to bound information. The learner’s observations
remain the prescribed fresh Gaussian rows and exact labels.

46



9 Stiefel incidence and conditional block information
This comparison bounds conditional information directly by the relative entropy of two laws on
tuples of signals. Both laws make the signals share an exact projection. The first uses the actual
observation block; the second obtains its shared projection from an orthonormal frame inside the
coordinates of the independent side projection. Given the separate side projections of all the signals,
the second law leaves them conditionally independent with their original fiber laws. This product
structure makes the divergence of the two laws an upper bound for the information in the message,
multiplied by the number of signals.

The geometric work is to express both laws relative to one incidence measure. We first construct
the laws and prove their information comparison. We then compute their exact Jacobians, transfer
density exceptions before division, and estimate the resulting likelihood ratio.

Write σ = σd, and let vq denote the volume of the unit ball in Rq. For the conditional chain rule
on standard Borel spaces, see Austin [1, Sections 3.3–3.4]. We use, for all sufficiently large d,

n = k = ⌊d/16⌋, ℓ = k − 1, p = ⌊d/4⌋. (136)

Thus ℓ ≥ 2, while p − n − ℓ and d − n − ℓ are at least an absolute positive multiple of d.

Proposition 9.1 (Information in one block). Let µ = fσ be a probability measure with a Borel
density 0 ≤ f ≤ F < ∞, where F ≥ 1. Draw S ∼ µ and standard Gaussian matrices A ∈ Rn×d and
B ∈ Rp×d, all independently. For an integer w ≥ 1, a message J takes values in a fixed w-point
alphabet (unused symbols are allowed) and is drawn by an arbitrary measurable probability kernel
from (A, AS); conditional on (A, AS), its randomness is independent of (S, B). There is an absolute
constant C such that

Iµ(S; J | B, BS) ≤ log w

k
+ Cd + C log(1 + log F ). (137)

The dependence on F is doubly logarithmic. This permits us later to condition on an entire
finite history: a history of probability a changes the uniform prior to a density bounded by 1/a.

9.1 Two probability laws on compatible signals

We use the spherical projection versions from (24), with prior µ = fσ. Recall them locally: for
a full-row-rank q × d matrix L, with 1 ≤ q ≤ d − 2, and an interior label t, let σL,t be uniform
probability on the spherical fiber Ls = t, and let p0

L be the uniform-sphere projection density in
(21). Then

pL(t) = p0
L(t)

∫
f dσL,t, µL,t = f σL,t∫

f dσL,t
when pL(t) > 0. (138)

Set pL = 0 outside the interior projection ellipsoid and fix one measurable probability kernel on
unused fibers. These jointly measurable versions specify all the conditional draws below. Their
geometric finite-measure form will enter only when we compute the two likelihoods.

Write ϕj(A, y) for the probabilities of the message kernel. For a tuple s = (s1, . . . , sk), put

U = [s2 − s1, . . . , sk − s1] ∈ Rd×ℓ.

The notation U⊥ means the orthogonal complement of the column space of U , and PU⊥ is its
orthogonal projector. Let Vn,h be the manifold of n × h matrices with orthonormal rows, with the
metric induced by the Euclidean matrix norm. Write υn,h for normalized Riemannian volume on it.

47



This is the Euclidean Stiefel metric discussed by Edelman, Arias, and Smith [6, Section 2.2.1]; we
compute its volume factor below.

We use an auxiliary C ∈ Vn,p and set D = CB. For a full-rank p × ℓ matrix W , write υW for
uniform frames whose rows lie in (col W )⊥. Write γr,d for standard Gaussian measure on Rr×d, and
γU for the law of n independent N(0, PU⊥) rows. All these kernels are measurable on their rank
domains. For example, projecting a Gaussian matrix onto (col W )⊥ and taking its orthonormal row
polar factor gives υW ; orthogonal invariance identifies this with normalized induced volume. We
may assign arbitrary values on rank exceptions.

Define Q by the following experiment.

1. Draw A ∼ γn,d and s1 ∼ µ independently. Put y = As1. Draw J from ϕ(A, y) and draw
s2, . . . , sk independently from µA,y, independently of J conditional on (A, y).

2. Draw B ∼ γp,d independently. Given (s, B), draw C ∼ υBU .

Then AU = 0. Conditional on (A, y), all k signals are independent with law µA,y, which is absolutely
continuous on a positive-radius sphere of dimension d − n − 1. Each new point therefore avoids
the affine span of its predecessors; hence U has rank ℓ almost surely. The independent Gaussian B
makes BU have rank ℓ almost surely, so υBU is available because p − ℓ ≥ n. Each marginal

LQ(si, J, B, Bsi) = Lµ(S, J, B, BS) (1 ≤ i ≤ k) (139)

is the law in Proposition 9.1.
The matrix D = CB has a useful conditional law under Q:

LQ(D | s, A, y, J) = N(0, PU⊥)⊗n. (140)

To verify this, split each row of B between col U and U⊥. The second component is independent of
BU . Given the tuple, the kernel for C depends on B only through BU ; its orthonormal rows send
the independent Gaussian second component to n independent standard Gaussian rows in U⊥. The
first component is annihilated by C.

Define R in the other order. First draw independent B ∼ γp,d and C ∼ υn,p; then D = CB
is standard Gaussian. Draw s1 ∼ µ independently and, conditional on (D, Ds1), draw s2, . . . , sk

independently from µD,Ds1 . Draw J uniformly from its w possible values, independently, and finally
draw A ∼ γU . Again U has rank ℓ. Conditional on (C, D), the other p − n rows in an orthogonal
row rotation of B are independent standard Gaussian rows and were not used to draw the tuple.
Since p − n ≥ ℓ, they make BU have rank ℓ almost surely. In these experiments A and D also have
row rank n almost surely: each is either standard Gaussian or has conditional Gaussian support
U⊥, of dimension d − ℓ ≥ n.

Lemma 9.2 (Product conditioning). Put Zi = Bsi. After A, C are discarded under R,

LR(s | B, Z1, . . . , Zk, J) =
k⊗

i=1
µB,Zi . (141)

Consequently,
KL(Q∥R) ≥ kIµ(S; J | B, BS). (142)

Proof. Retain B, C temporarily and put t = Ds1. Conditional on (B, C, t), the signals are inde-
pendent with law µD,t. Disintegrating this law further according to z = Bs gives µB,z: the earlier
equation Ds = t is just Cz = t, already determined by z. Formally, disintegrate the law of z = Bs
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according to Cz, and compose its conditional kernel with µB,z; the resulting kernel is a conditional
law given Ds = t. These identities hold at the needed values because each individual signal has
marginal law µ given (B, C). Conditioning the independent signals on their separate Zi’s therefore
yields the product in (141). That product does not depend on C, t, so discarding them leaves it
unchanged. The independent uniform J and the later kernel for A do not change the marginal
under consideration.

Data processing and the conditional chain rule give

KL(Q∥R) ≥ EQ KL
(

Q(s | B, Z1, . . . , Zk, J)
∥∥∥∥∥

k⊗
i=1

µB,Zi

)
.

This is valid as an extended inequality; absolute continuity will be established below. Relative
entropy to a product is at least the sum of the relative entropies of the marginals. For each such
summand, convexity of relative entropy permits us, after averaging, to discard the other Zj ’s from
its first conditional law. The result is at least

EQ KL
(
Q(si | B, Zi, J) ∥ µB,Zi

)
= Iµ(S; J | B, BS)

by (139). Sum over i.

The product conditional law has reduced the block information bound to one task: bound
KL(Q∥R) by log w plus the geometric and prior-density costs. We next put both laws on a common
incidence measure. Its exact densities will make that divergence computable, after exceptional sets
have been removed before division.

9.2 The common measure and its density versions

To compare the two laws, we express their conditional probabilities as normalized finite measures on
the same incidence set. The underlying geometric formula is the regular-submersion case of coarea;
see Federer [8, Definition 2.10 and Theorem 3.1, pp. 423 and 426–427]. The following calculation
specifies the induced fiber volume and the probability normalization used here.

Lemma 9.3 (Spherical projection measure). Suppose L ∈ Rq×d has full row rank and 1 ≤ q ≤ d − 2.
In the interior

EL = {t : tT(LLT)−1t < 1}

define a finite measure on {s ∈ Sd−1 : Ls = t} by

λL,t(ds) = f(s)
|Sd−1| jL(s) d vold−1−q(s), jL(s) = det

(
L(I − ssT)LT)1/2

. (143)

Set λL,t = 0 outside EL. Its mass and normalization are exactly the versions recalled in (138):

pL(t) = λL,t(Sd−1), µL,t = λL,t/pL(t) where pL(t) > 0.

The finite-measure kernel is jointly measurable in (L, t). Moreover,

VL∥pL∥∞ ≤ Fdd, VL = |EL| = vq det(LLT)1/2. (144)
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Proof. The tangent space at s is s⊥. The Gram matrix of the differential L : s⊥ → Rq is L(I−ssT)LT,
proving the formula for its normal Jacobian. With PL = LT(LLT)−1L, the determinant lemma also
gives

jL(s) = det(LLT)1/2
√

1 − ∥PLs∥2.

The differential is onto except when s belongs to the row space of L; that sphere has zero (d − 1)-
dimensional surface measure. Applying change of variables on coordinate patches of its complement,
and then exhausting the complement, gives∫

h(s) dµ(s) =
∫
Rq

∫
h(s) λL,t(ds) dt (h ≥ 0).

To identify these measures with the versions already used, put s0 = LT(LLT)−1t and r =
√

1 − ∥s0∥2.
An interior fiber is s0 + rS(ker L), where S(ker L) is the unit sphere of ker L, and jL is constant
there. Its induced volume is |Sd−q−1|rd−q−1. Dividing this volume by |Sd−1|jL gives precisely the
uniform projection density p0

L(t) in (21). Consequently, as finite measures on every interior fiber,

λL,t = p0
L(t)f σL,t.

Taking mass and then normalizing gives (138) pointwise on its positive set. A uniform direction in
ker L can be generated by projecting a standard Gaussian vector onto that subspace and normalizing.
The projection matrix is a measurable function of full-rank L; integrating the bounded Borel
function f(s0 + rθ) against this kernel therefore gives measurable λL,t, pL(t), and µL,t, with the
fixed convention on unused fibers from (138).

For orthonormal rows and f = 1, the displayed fiber formula gives a density proportional to
(1 − ∥t∥2)(d−q−2)/2 on the unit ball. Its normalizing integral is at least 1

2vqd−q/2: restrict to the
ball of radius d−1/2 and use (1 − 1/d)(d−q−2)/2 ≥ 1/2. The maximum of the density times vq is
consequently at most 2dq/2 ≤ dd. The bound f ≤ F multiplies this estimate by at most F . Finally,
an invertible change from orthonormal row coordinates to L divides the density by det(LLT)1/2

and multiplies the ellipsoid volume by the same factor. This proves (144); in particular our chosen
pL is finite everywhere.

Lemma 9.4 (Interchange on a regular incidence set). Let X, Z be second-countable Riemannian
manifolds, and let G : X × Z → Ra be smooth. On a relatively open subset Ω of G−1(0), suppose
both partial differentials dxG and dzG are onto. Write JxG, JzG for their normal Jacobians. For
every nonnegative measurable h on Ω,∫

Z

∫
{x:(x,z)∈Ω}

h(x, z)
JxG(x, z) d voldim X−a(x) d volZ(z)

=
∫

X

∫
{z:(x,z)∈Ω}

h(x, z)
JzG(x, z) d voldim Z−a(z) d volX(x). (145)

The fiber volumes are induced volumes, and the equality holds for nonnegative integrals even when
their common value is infinite.

Proof. Near a point of Ω, choose coordinates x = (x′, x′′), z = (z′, z′′) so that x′′ and z′′ each have
a coordinates and both Gx′′ and Gz′′ are invertible. Let uX(x) dx, uZ(z) dz be the volume forms in
these coordinates. Changing variables from (x′, x′′) to (x′, G) shows that the induced x-fiber volume
divided by JxG is

uX(x)
| det Gx′′ |

dx′.
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Indeed, the tangent-volume factor and the normal-volume factor of this change of variables are
respectively the induced fiber volume and the reciprocal normal Jacobian. Thus the left integral
has local density uXuZ/| det Gx′′ | in (x′, z′, z′′); the right integral has density uXuZ/| det Gz′′ | in
(x′, z′, x′′). At fixed (x′, z′), implicit differentiation gives

dx′′

dz′′ = −G−1
x′′ Gz′′ ,

∣∣∣∣det dx′′

dz′′

∣∣∣∣ = | det Gz′′ |
| det Gx′′ |

.

The two local integrals agree. Split Ω into measurable pieces subordinate to a countable coordinate
cover and sum using Tonelli’s theorem. This also proves the assertion for infinite integrals.

Let H be the probability law that draws s ∼ µ⊗k, then independent B ∼ γp,d, and, conditional on
these, independently draws A ∼ γU and C ∼ υBU . Include an independent uniform J . Independent
points from µ give rank U = ℓ almost surely. The same Gaussian decomposition as in (140) then
gives full ranks for BU, A, D under H.

Lemma 9.5 (Exact undivided identities and probability densities). Define the following marginal
probability measures of H:

HA(ds, dA) = µ⊗k(ds) γU (dA),
HC(ds, dB, dC) = µ⊗k(ds) γp,d(dB) υBU (dC).

Using the unnormalized measures of (143), define nonnegative measures on the corresponding exact
incidence sets by

MA(ds, dA) = µ(ds1)γn,d(dA)
k∏

i=2
λA,As1(dsi), (146)

MC(ds, dB, dC) = µ(ds1)γp,d(dB)υn,p(dC)
k∏

i=2
λD,Ds1(dsi), D = CB. (147)

Values at row-rank failures may be set to zero. The weights on the right below are assigned arbitrary
finite values on their Gram-rank null sets. These measures satisfy the exact identities

MA = (2π)−nℓ/2 det(UTU)−n/2 HA, (148)

MC = κ det(UTBTBU)−n/2 HC , κ = |Vn,p−ℓ|
|Vn,p|

. (149)

These are equalities of nonnegative measures.
For L = A, D, the values pL(Ls1) are positive and finite H-almost surely and equal the shrinking-

ball limits
pL(Ls1) = lim

j→∞

µ{z : ∥Lz − Ls1∥ < 2−j}
vn2−jn

.

On this full-measure set, the densities of Q and R with respect to H are

q∗ = wϕJ(A, As1)(2π)−nℓ/2 det(UTU)−n/2pA(As1)−ℓ, (150)
r∗ = κ det(UTBTBU)−n/2pD(Ds1)−ℓ. (151)

In particular Q ≪ R.
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Proof. We first establish the identities without dividing by any projection density. In MA, integrating
the tuple variables gives the exact (s1, A)-marginal

µ(ds1)γn,d(dA) pA(As1)ℓ. (152)

For fixed full-rank A, this weight is finite by (144). Where it is positive, λ⊗ℓ
A,As1

= pA(As1)ℓµ⊗ℓ
A,As1

.
The rank argument for the Q experiment therefore shows that rank U = ℓ outside an MA-null
set. At zero weight the fiber product has zero mass. The same reasoning in MC gives the exact
(s1, B, C)-marginal

µ(ds1)γp,d(dB)υn,p(dC) pD(Ds1)ℓ, (153)

and the rank argument for R removes the loci where U or BU has rank less than ℓ. Multiplication
by the finite weight in (153) preserves these native null sets.

On either incidence set, the spherical partial differentials are regular on the remaining locus.
Indeed, if some si belonged to the row space of A, then its row-space projection would have norm
one. The equations Asj = Asi would give every sj that same row-space projection, and their unit
norms would force sj = si for all j, contradicting rank U = ℓ. The same argument applies to D.
The Gaussian rank assertions above also remove row-rank failures. Thus removing the complements
of the full-rank regular loci changes neither MA, MC nor the corresponding HA, HC .

Fix s1 and apply Lemma 9.4 to

x = (s2, . . . , sk), z = A, G(x, z) = AU.

For fixed A, the target has ℓ independent n-coordinate blocks, so the partial normal Jacobian
is
∏k

i=2 jA(si). These are precisely the denominators in
∏k

i=2 λA,As1(dsi). For fixed tuple, the
differential is ∆A 7→ ∆A U . It consists of n row maps with Gram matrix UTU ; its normal Jacobian
is det(UTU)n/2. The A-fiber has rows in U⊥. Restricting the ambient standard Gaussian density to
this subspace and then expressing it relative to the normalized Gaussian γU contributes (2π)−nℓ/2.
This proves (148) on the regular locus, and hence exactly after the null loci just proved are removed.
In particular, integrating over a restricted regular tuple fiber gives at most pA(As1)ℓ, and gives
equality for native almost every (s1, A).

For the second identity, fix (s1, B) and use G(x, C) = CBU . Put W = BU . The tuple partial
normal Jacobian is

∏k
i=2 jD(si). At CW = 0,

TCVn,p = {∆ : ∆CT + C∆T = 0}.

Variations whose rows belong to col W lie in this tangent space, since CW = 0. They form the
orthogonal complement of the tangent space to the constrained frame fiber. On this normal space
the differential is ∆ 7→ ∆W , with normal Jacobian det(W TW )n/2. There is no additional metric
factor in these normal directions. The constrained fiber, with its induced metric, is isometric to
Vn,p−ℓ. Replacing its unnormalized volume by υW leaves the volume ratio κ. Lemma 9.4 now proves
(149), again exactly after removal of native rank-null sets. The corresponding restricted tuple mass
is at most pD(Ds1)ℓ and equals it for native almost every (s1, B, C).

We next transfer the density exceptions using these undivided measures. For a full-rank n × d
matrix L, define

bj(L, t) = µ{z : ∥Lz − t∥ < 2−j}
vn2−jn

,

and let E(L, s) be the condition that either pL(Ls) /∈ (0, ∞), or the limit of bj(L, Ls) does not exist,
or that limit differs from pL(Ls). This is a measurable condition. Set

EA = {(s, A) : E(A, s1)}, ED = {(s, B, C) : E(CB, s1)}.
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For every fixed full-rank L, Lebesgue differentiation and the density formula imply µ{s : E(L, s)} = 0.
The exact native marginals (152) and (153), whose density weights are finite for each fixed native
projection, therefore give

MA(EA) = 0, MC(ED) = 0.

On the right sides of (148) and (149), the multiplying Gram weights are strictly positive and finite
almost surely. If h denotes either weight, then on {1/m ≤ h ≤ m} the equality

∫
E h dH• = 0

gives H•(E ∩ {1/m ≤ h ≤ m}) = 0. Letting m → ∞ proves that EA is HA-null and ED is HC-null.
This argument is valid even if an undivided measure has infinite total mass. Adding the unused
probability kernels gives both assertions under H.

Only now replace each unnormalized fiber measure by its normalized conditional law. The Q
experiment divides (148) by pA(As1)ℓ, then attaches the same kernels for B, C and the message
density wϕJ(A, As1) relative to uniform J . This gives (150). The R experiment divides (149) by
pD(Ds1)ℓ and attaches the unchanged γU kernel for A and uniform J , giving (151). The divisions
are legitimate on the full-measure set just proved. Since r∗ > 0 and is finite there, Q ≪ R.

Lemma 9.6 (The induced Stiefel volume). For 1 ≤ n ≤ h, with the induced Euclidean matrix
metric,

|Vn,h| = 2n(n−1)/4
n∏

j=1
|Sh−j |. (154)

Consequently, for (136),

κ = π−nℓ/2
n∏

j=1

Γ((p − j + 1)/2)
Γ((p − j + 1 − ℓ)/2) ≥

(
p − n + 1 − ℓ

2π

)nℓ/2
. (155)

Proof. For n = 1, the frame manifold is Sh−1, giving the base case of (154). For n ≥ 2, the map
from Vn,h to its first row in Sh−1 has constant normal Jacobian 2−(n−1)/2. To compute it, move
the frame by an orthogonal transformation to the first n coordinate rows. Tangent matrices then
consist of a skew-symmetric block in the first n columns and an arbitrary remaining block. Each of
the n − 1 skew coordinates affecting the first row appears twice in the squared matrix norm, so the
corresponding singular value of the first-row map is 2−1/2. The other first-row coordinates have
singular value one. The fiber is isometric to Vn−1,h−1. Slicing thus gives

|Vn,h| = 2(n−1)/2|Sh−1| |Vn−1,h−1|.

Iteration proves (154). The metric factor depends only on n, so it cancels in the ratio defining κ.
The sphere-area formula |Sh−1| = 2πh/2/Γ(h/2) gives the product in (155).

For a > 0 and ℓ/2 ≥ 1, a gamma random variable X of shape a and scale one satisfies
Γ(a+ℓ/2)/Γ(a) = EXℓ/2 ≥ (EX)ℓ/2 = aℓ/2 by Jensen’s inequality. Apply this with a = (p−j+1−ℓ)/2
and then use a ≥ (p − n + 1 − ℓ)/2.

9.3 An inverse kernel at two scales

The density ratio in Lemma 9.5 involves pD(Ds1)/pA(As1). It has no useful pointwise bound. We
control its positive logarithm instead, using the fact that A annihilates the same difference space
that governs the conditional Gaussian law of D. For u > 0, write log+ u = max{0, log u}, and set
log+ 0 = 0.
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Lemma 9.7 (Two-scale inverse kernel). Under Q, define

K =
∫

dist(z − s1, col U)−n dµ(z),

p∗
A(t) = sup

ρ>0

µ{z : ∥Az − t∥ < ρ}
vnρn

, K0 = vn∥A∥n
opp∗

A(As1).

Then K0 ≥ 2−n, and

K ≤ K0LF , LF = 1 + n

d − ℓ − n
+ n log(2/τ), τ =

(
2−n

Fdd

)1/(d−ℓ−n)

. (156)

In particular, log LF ≤ C log d + C log(1 + log F ), and K < ∞. Moreover,

EQ[pD(Ds1) | s, A, y, J ] ≤ (2π)−n/2K. (157)

Proof. For fixed z, (140) makes the coordinates of D(z − s1) independent centered Gaussians with
variance dist(z − s1, col U)2. Hence

PrQ{∥D(z − s1)∥ < ρ | s, A, y, J}
vnρn

≤ (2π)−n/2 dist(z − s1, col U)−n.

The right side is interpreted as +∞ when the distance is zero. Integrate in z using Tonelli’s theorem
and then apply conditional Fatou along ρ = 2−j . Lemma 9.5 and Q ≪ H identify the almost-sure
limit of the ball averages with pD(Ds1). This proves (157) without evaluating an arbitrary density
version at a dependent point.

Let H(t) be the µ-probability that the distance in K is at most t. Since AU = 0,

dist(z − s1, col U) ≤ t =⇒ ∥A(z − s1)∥ ≤ ∥A∥opt.

The projection law has a Lebesgue density, so projection-ball boundaries have zero mass. The
definition of p∗

A therefore gives H(t) ≤ K0tn. All these distances are at most two; taking t ↓ 2 from
above also gives K0 ≥ 2−n.

A second estimate uses the projection onto U⊥, of dimension d − ℓ ≤ d − 2. Applying Lemma 9.3
to a matrix with orthonormal rows for this projection bounds its density by Fdd/vd−ℓ. A ball of
radius t centered at the projection of s1 consequently has probability at most Fddtd−ℓ. Thus

H(t) ≤ min{K0tn, Fddtd−ℓ}. (158)

The exponent d − ℓ uses the bounded projection density and the condition ℓ ≥ 2.
The layer-cake formula, including the possibility of an initially infinite integral, is

K = 2−n + n

∫ 2

0
H(t)t−n−1 dt.

Here d − ℓ − n > 0 and τ ≤ 1. Use the second estimate in (158) up to τ and the first thereafter:

K ≤ 2−n + nFddτd−ℓ−n

d − ℓ − n
+ nK0 log(2/τ)

≤ K0

(
1 + n

d − ℓ − n
+ n log(2/τ)

)
.
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The last inequality uses Fddτd−ℓ−n = 2−n ≤ K0. Finally,

log(1/τ) = n log 2 + log F + d log d

d − ℓ − n
.

The dimension ratios in (136) give LF ≤ C(1 + d log d + log F ). Taking its logarithm gives the
stated bound and finiteness of the inverse-distance integral K.

Lemma 9.8 (Maximal average at an actual label). For every full-rank A,∫
log p∗

A(As)
pA(As) dµ(s) ≤ Cd + C log(1 + log F ). (159)

The integrand is nonnegative almost surely.

Proof. Lebesgue differentiation gives p∗
A(t) ≥ pA(t) for A#µ-almost every label. We prove the

particular centered maximal inequality we need. Its one-dimensional ancestry is the maximal-
function theory of Hardy and Littlewood [10, Section III]; for the dimension cost of customary
covering arguments, see Stein and Strömberg [17, p. 259].

For a > 0, a compact subset of {t : p∗
A(t) > a} has a finite cover by balls centered in that set,

each of projection mass greater than a times its volume. Select disjoint balls in decreasing order of
radius. Every discarded ball is contained in the triple of a selected ball, since it meets a selected
ball of at least its radius. The selected masses sum to at most one, so the compact set has volume
at most 3n/a. Inner regularity gives

|{t : p∗
A(t) > a}| ≤ 3n/a (a > 0). (160)

The function is measurable: the supremum may be restricted to positive rational radii, because a
density gives zero mass to ball boundaries.

Let EA be the projection ellipsoid and VA = |EA|. Since p∗
A ≤ ∥pA∥∞, integration of level sets,

using the bound VA up to level 1/VA and (160) above that level, gives∫
EA

p∗
A(t) dt ≤ 1 + 3n log+(VA∥pA∥∞) ≤ 1 + 3n(log F + d log d).

Jensen’s inequality with respect to the probability density pA then yields∫
pA(t) log p∗

A(t)
pA(t) dt ≤ log

∫
{pA>0}

p∗
A(t) dt ≤ log

∫
EA

p∗
A(t) dt.

Values on {pA = 0} do not enter the integral. The preceding estimate and n ≍ d prove (159).

Proof of Proposition 9.1. On the full-measure set in Lemma 9.5, the log likelihood ratio is the sum
of the message term log(wϕJ(A, As1)), the term

−nℓ

2 log(2π) − log κ + n

2 log det(UTBTBU)
det(UTU) , (161)

and ℓ log(pD(Ds1)/pA(As1)). The message term is at most log w.
Under Q, B is independent of U . Conditional on U , put V = U(UTU)−1/2. Then G = BV is a

standard Gaussian p × ℓ matrix and

det(UTBTBU)
det(UTU) = det(GTG).
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The lower bound in (155) and the determinant–trace inequality bound (161) above by

nℓ

2 log tr(GTG)
ℓ(p − n + 1 − ℓ) .

Its positive part has expectation O(nℓ). Indeed, E tr(GTG) = pℓ, the ratio p/(p − n + 1 − ℓ) is
bounded, and E log+ X ≤ log(1 + EX) for X ≥ 0.

For the remaining ratio, use log+ u ≤ log(1 + u), conditional Jensen, and (157) and (156). Since
p∗

A(As1)/pA(As1) ≥ 1 almost surely, this gives

EQ

[
log+ pD(Ds1)

pA(As1)

∣∣∣∣ s, A, y, J

]
≤ log 2 + log+((2π)−n/2vn∥A∥n

op
)

+ log LF + log p∗
A(As1)

pA(As1) . (162)

The Gaussian operator term has expectation O(n). Here are the elementary estimates. A 1/4-net
of the unit sphere in Rh has size at most 9h, by packing disjoint radius 1/8 balls. Nets in the
two dimensions bound ∥A∥op by twice the maximum of at most 9n+d absolute standard Gaussian
bilinear forms. A Gaussian tail bound gives E∥A∥op ≤ C

√
d. Also, integrating the Gaussian density

over the ball of radius
√

n gives vn ≤ (2πe/n)n/2. Therefore

log+((2π)−n/2vn∥A∥n
op
)

≤ n log(1 +
√

e/n ∥A∥op),

whose expectation is O(n) by Jensen and n ≍ d.
The (A, s1)-marginal under Q is the original independent Gaussian/prior draw. Averaging (162)

and using Lemmas 9.7 and 9.8 consequently gives

EQ log+ pD(Ds1)
pA(As1) ≤ Cd + C log(1 + log F ). (163)

All positive parts in the log likelihood ratio are now integrable. Since Q ≪ R, its negative part
is integrable as well: with h = dQ/dR,

∫
{h<1} −h log h dR ≤ 1/e. Thus no undefined subtraction

occurs, and
KL(Q∥R) ≤ log w + Ckd + Ck log(1 + log F ).

Combine this with (142) and divide by k.

9.4 Finite histories and the precision endpoint

We state the consequence first for average success under the uniform spherical prior, using the exact
finite-state randomized model in Definition 2.1.

Theorem 9.9 (Average-prior precision bound). There is a universal c > 0 with the following
property. Let M = M(d) be a nonnegative integer with M(d) = o(d2). For all sufficiently large d,
with the threshold allowed to depend on the rate M(d)/d2 → 0, suppose S ∼ σ and a learner in
Definition 2.1 stops by a deterministic integer horizon T ≥ 0. If

Pr{∠(Ŝ, S) ≤ ϵ} ≥ 2/3, 0 < ϵ ≤ 1/10,

then
T ≥ c d log(1/ϵ). (164)

The bound permits arbitrary computation within a transition.

56



For the proof of Theorem 9.9 and its auxiliary lemmas below, apply the fixed-shared-seed part of
Lemma 2.7 to the stated learner in Definition 2.1. We work in the resulting Borel experiment with
data-independent initialization and uniform-prior success at least 2/3, retaining fresh transition and
output randomness. This is the standing reduction for this subsection.

Lemma 9.10 (Short-horizon reduction). Put Lϵ = log(1/ϵ). Pad stopping to T by retaining the
stopped state and its stopping index. At most

w = (T + 2)2M (165)

padded states suffice. Under the hypotheses of Theorem 9.9, if T < dLϵ, then

Lϵ = O(1 + M/d) = o(d), T = O(d2), log w = o(d2). (166)

Proof. The padding count in Lemma 2.7, including stopping at index zero, gives (165). Its stopped
records remain fixed while fresh unused observations are generated. The output-capacity bound in
Lemma 2.9, with success at least 2/3 and (T + 1)2M ≤ w, gives

2
3 ≤ wϵd−1, (d − 1)Lϵ ≤ M log 2 + log(T + 2) + log(3/2).

Because Lϵ ≥ log 10 and T < dLϵ, log(T + 2) ≤ log d + log Lϵ + C. Using log Lϵ ≤ Lϵ yields

(d − 2)Lϵ ≤ M log 2 + log d + C.

This proves Lϵ = O(1 + M/d) = o(d). The remaining assertions follow from T < dLϵ and
M = o(d2).

Lemma 9.11 (Information accumulated over histories). In the short-horizon case of Lemma 9.10,
put b = ⌈T/n⌉ and pad with fresh unused samples to bn observations. Let Vi be the transcript of the
first i block-end padded states, with V0 trivial. Let B ∼ γp,d be independent of the entire learner
experiment and used only for analysis. Then, for all sufficiently large d,

I(S; Vb | B, BS) ≤ Cbd (167)

for an absolute C. The dimension threshold may depend on the rate M/d2 → 0.

Proof. For a positive-probability history Vi−1 = v, Lemma 2.8 gives the Bayes density

fv(s) = Pr{Vi−1 = v | S = s}
Pr{Vi−1 = v}

≤ Fv := 1
Pr{Vi−1 = v}

relative to σ. A Borel version is available from the Borel learner. The history fixes the previous
padded state. Its update over the next fresh block is a kernel of (A, AS) to at most w next states.
For the first block, independent initialization can be integrated into the same kernel. The matrix B is
absent from the learner and independent of its entire experiment; it remains independent of the entire
conditional signal, fresh-block, and message experiment after conditioning on v. Proposition 9.1
therefore applies at each such history.

The finite history has entropy H(Vi−1) ≤ b log w. Hence Jensen’s inequality gives

Ev log(1 + log Fv) ≤ log(1 + H(Vi−1)) ≤ log(1 + b log w) = O(log d).

The last bound uses b = O(d) and log w = O(d2) eventually, from (166) and n ≍ d. The
same bounds give log w/k = o(d). Averaging the one-block estimate thus bounds each increment
I(S; Vi | Vi−1, B, BS) by Cd eventually. The conditional chain rule, with the same independent B
throughout, proves (167).
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Lemma 9.12 (Precision inside an independent fiber). Let S ∼ σ, and let a unit-vector output
Ŝ have angular error at most ϵ ≤ 1/10 with probability at least 2/3. Let B ∼ γp,d, p = ⌊d/4⌋, be
independent of the entire experiment producing (S, Ŝ). Then, for all sufficiently large d,

I(S; Ŝ | B, BS) ≥ d − p − 1
3 log 1

4ϵ
− log 2 ≥ c1dLϵ (168)

with an absolute c1 > 0. In the learner model above, success probability at least 2/3 is also impossible
for T ≤ d/4, even if all observations are retained.

Proof. Apply Lemma 2.4 with V = Ŝ, the identity output kernel, b = p, and r0 = 1/2. For the
residual radius R = ∥Pker BS∥, Lemma 2.3 gives

Pr{R < 1/2} ≤ 4p

3d
≤ 1

3 .

Success at least 2/3 therefore leaves event mass at least 1/3, and (6) gives the first inequality in
(168). The second follows from

log 1
4ϵ

≥
(

1 − log 4
log 10

)
Lϵ,

because d − p − 1 is an absolute positive fraction of d; the subtractive log 2 is absorbed for large d.
For the final assertion, grant the learner all pre-generated observations through its horizon,

including ignored rows after stopping. Its output is a kernel of those data and independent
randomness. Lemma 2.10 shows that success at least 3/5, and hence at least 2/3, already requires
T > ⌊d/2⌋ for large d. In particular, T > d/4. That lemma includes the deterministic zero-row
residual sphere, so the assertion covers T = 0 as well.

Proof of Theorem 9.9. If T ≥ dLϵ, the desired bound is immediate. Otherwise apply Lemmas 9.10
and 9.11. The terminal output is a kernel of the final padded state, hence of Vb; conditional data
processing and Lemma 9.12 give

Cbd ≥ I(S; Vb | B, BS) ≥ I(S; Ŝ | B, BS) ≥ c1dLϵ.

Thus b ≥ c0Lϵ for an absolute c0 > 0. If Lϵ ≥ 2/c0, then

T > n(b − 1) ≥ (c0/2)nLϵ ≥ c dLϵ

after adjusting an absolute constant. If Lϵ < 2/c0, the separate conclusion T > d/4 of Lemma 9.12
gives the same order after another absolute adjustment. This proves (164) uniformly over the
allowed ϵ.

A guarantee of success probability at least 2/3 for every fixed unit signal implies the uniform-
prior average guarantee, so it has the same consequence. The argument uses fresh exact labels, a
finite persistent state alphabet, and a deterministic horizon; its additional projections and tuple
resampling belong only to the analysis.

References
[1] Tim Austin. Multi-variate correlation and mixtures of product measures. Kybernetika, 56(3):459–

499, 2020.

58



[2] Raef Bassily, Shay Moran, Ido Nachum, Jonathan Shafer, and Amir Yehudayoff. Learners that
use little information. In Proceedings of Algorithmic Learning Theory, volume 83 of Proceedings
of Machine Learning Research, pages 25–55, 2018. Appendix A.1, Lemmas 14–15, in the
published PMLR version.

[3] Yuval Dagan, Gil Kur, and Ohad Shamir. Space lower bounds for linear prediction in the
streaming model. In Proceedings of the Thirty-Second Conference on Learning Theory, volume 99
of Proceedings of Machine Learning Research, pages 929–954, 2019. Theorem 3 and Theorem
10 locators refer to the published PMLR version.

[4] S. W. Drury. Generalizations of Riesz potentials and Lp estimates for certain k-plane transforms.
Illinois Journal of Mathematics, 28(3):495–512, 1984.

[5] Paul Dupuis and Yixiang Mao. Formulation and properties of a divergence used to compare
probability measures without absolute continuity. ESAIM: Control, Optimisation and Calculus
of Variations, 28, 2022. Article 10.

[6] Alan Edelman, Tomás A. Arias, and Steven T. Smith. The geometry of algorithms with
orthogonality constraints. SIAM Journal on Matrix Analysis and Applications, 20(2):303–353,
1998.

[7] Alan Edelman and N. Raj Rao. Random matrix theory. Acta Numerica, 14:233–297, 2005. Page
locators refer to the author manuscript at https://math.mit.edu/~edelman/publications/
random_matrix_theory.pdf, accessed 27 September 2026.

[8] Herbert Federer. Curvature measures. Transactions of the American Mathematical Society,
93(3):418–491, 1959.

[9] Peter Frankl and Hiroshi Maehara. Some geometric applications of the beta distribution.
Annals of the Institute of Statistical Mathematics, 42(3):463–474, 1990. https://doi.org/10.
1007/BF00049302.

[10] G. H. Hardy and J. E. Littlewood. A maximal theorem with function-theoretic applications.
Acta Mathematica, 54:81–116, 1930.

[11] Marc Lelarge and Léo Miolane. Fundamental limits of symmetric low-rank matrix estimation.
Probability Theory and Related Fields, 173:859–929, 2019. Proposition 16 refers to the author
version arXiv:1611.03888v3, 30 March 2017. https://arxiv.org/abs/1611.03888v3.

[12] OpenAI. Memory and precision in noiseless Gaussian regression. OpenAI Math Release preprint
OAI:Memory-and-precision-in-noiseless-Gaussian-regression-September-27-2026, 2026.

[13] OpenAI. Replacing Gaussian observations in memory-constrained inference. OpenAI
Math Release preprint OAI:Replacing-Gaussian-observations-in-memory-constrained-inference-
September-27-2026, 2026.

[14] Ran Raz. Fast learning requires good memory: A time-space lower bound for parity learn-
ing, 2016. arXiv:1602.05161v1, version 1, 16 February 2016. https://arxiv.org/abs/1602.
05161v1.

[15] Ran Raz. A time-space lower bound for a large class of learning problems. In Proceedings of
the 58th Annual IEEE Symposium on Foundations of Computer Science, pages 732–742, 2017.
ECCC Report TR17-020, 12 February 2017; theorem and section locators refer to that report.

59

https://math.mit.edu/~edelman/publications/random_matrix_theory.pdf
https://math.mit.edu/~edelman/publications/random_matrix_theory.pdf
https://doi.org/10.1007/BF00049302
https://doi.org/10.1007/BF00049302
https://arxiv.org/abs/1611.03888v3
https://github.com/openai/math/blob/main/preprints/Memory-and-precision-in-noiseless-Gaussian-regression-September-27-2026/paper.pdf
https://github.com/openai/math/blob/main/preprints/Replacing-Gaussian-observations-in-memory-constrained-inference-September-27-2026/paper.pdf
https://github.com/openai/math/blob/main/preprints/Replacing-Gaussian-observations-in-memory-constrained-inference-September-27-2026/paper.pdf
https://arxiv.org/abs/1602.05161v1
https://arxiv.org/abs/1602.05161v1


[16] Vatsal Sharan, Aaron Sidford, and Gregory Valiant. Memory-sample tradeoffs for linear
regression with small error. In Proceedings of the 51st Annual ACM SIGACT Symposium on
Theory of Computing, pages 890–901, 2019. Full version arXiv:1904.08544v2, 10 October 2020;
theorem and section locators refer to that version.

[17] E. M. Stein and J.-O. Strömberg. Behavior of maximal functions in Rn for large n. Arkiv för
Matematik, 21:259–269, 1983.

[18] Jacob Steinhardt and John Duchi. Minimax rates for memory-bounded sparse linear regression.
In Proceedings of the 28th Conference on Learning Theory, volume 40 of Proceedings of Machine
Learning Research, pages 1564–1587, 2015.

[19] Satosi Watanabe. Information theoretical analysis of multivariate correlation. IBM Journal of
Research and Development, 4(1):66–82, 1960.

60


	1 Introduction
	2 Finite states and the information required at the endpoint
	2.1 Finite-state learners
	2.2 Spherical caps and residual fibers
	2.3 Borel rules, randomness, and bounded stopping

	3 Posterior replicas and exact equal-label measures
	3.1 Information in a message and loss of correlation
	3.2 Projection fibers and inverse affine volumes
	3.3 The exact finite measure on equal labels
	3.4 Finite correlation for bounded spherical priors

	4 A Gaussian test that cancels the affine volume
	4.1 The observable projected test
	4.2 Comparing the remaining projection densities

	5 Shared data and distance-bin comparisons
	5.1 The shared-data law and its affine heights
	5.2 Projected height bins
	5.3 A fixed mixture before averaging the side matrix

	6 Current-state recurrences and the streaming bound
	6.1 The Gaussian replica clock
	6.2 The distance-bin clock

	7 Haar projections and posterior replica information
	7.1 An exact identity for the replica measure
	7.2 The correlation retained by the auxiliary projection
	7.3 Cancellation and the block information bound
	7.4 The terminal fiber and the streaming conclusion

	8 Synthetic Gaussian projections
	8.1 The actual and projected replica laws
	8.2 The synthetic density and its critical kernel
	8.3 Integrability and cancellation of the correlation costs
	8.4 Iteration along the full state history

	9 Stiefel incidence and conditional block information
	9.1 Two probability laws on compatible signals
	9.2 The common measure and its density versions
	9.3 An inverse kernel at two scales
	9.4 Finite histories and the precision endpoint


