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Abstract

We prove that there are infinitely many primes p for which p — 1 is squarefree and has an
even number of prime factors. Equivalently, there are infinitely many primes p with u(p—1) = 1.

1 Introduction

Let Q(n) be the number of prime factors of n, counted with multiplicity, and let w(n) count
its distinct prime factors. We prove the following affirmative answer to the parity question for
predecessors of primes.

Theorem 1.1. There are infinitely many primes p such that p — 1 is squarefree and Q(p — 1) is
even. In particular, there are infinitely many such primes under either convention for counting
prime factors.

The squarefreeness condition is useful rather than cosmetic: it removes the ambiguity between
the two counting conventions. Writing p = 2u + 1, we will construct nonnegative weights on odd
integers u for which (u) is odd. These weights have enough bilinear distribution to detect prime
values of 2u + 1, and their nonsquarefree part is negligible at the scale of the detected prime mass.

Relation to earlier work. Prime-factor parity is a classical obstruction in sieve theory: congru-
ence information alone need not distinguish the two Liouville signs. The role of additional bilinear
information is illustrated by the asymptotic sieve of Friedlander and Iwaniec [2, Section 1]. Work on
smooth shifted primes, including Baker and Harman [1] and Lichtman [3], provides related context
for imposing multiplicative restrictions on a prime’s predecessor. The parity condition here is a
different restriction; we do not deduce it from smoothness alone.

Our structural inputs are the dilation-graph transference, ideal-kernel, weighted-sieve, and proxy
estimates of the companion paper Weighted dilation graphs, smooth shifted primes and totient
fibers [4], hereafter S. Their hypotheses and the conclusions needed here are stated where they enter
the proof. We do not reprove those results.

S’s shifted-correlation argument uses a rough integer in a designated long factor slot and unsigned
marked weights. Neither smoothness of the predecessor nor that unsigned statement gives the
parity conclusion of Theorem 1.1. The new work is to permit a prime in the long slot and the same
group-supported Liouville sign at both endpoints. We prove both extensions here.

The two analytic extensions. First, a logarithmic-phase estimate gives arbitrary fixed logarith-
mic cancellation in a prime Dirichlet polynomial of positive-power length at all sufficiently large
logarithmic heights up to z2. A quantitative power-sum iteration supplies the weak high-height



zero-free strip needed for this estimate. The growing degree and all its constants are kept explicit
enough for the application.

Second, the sign of a shared dilation occurs twice in a lifted correlation and cancels by complete
multiplicativity. This observation allows the graph reduction to retain a parity-sensitive weight.
The comparison terms are controlled by local Fourier energy: a small-prime factor restricts difficult
frequencies to a sparse set, the new prime estimate treats its large frequencies, and a prescribed
character—Mellin discrepancy treats its small frequencies. The resulting correlation estimate implies
a Type II theorem for the nonnegative parity-selecting weight.

The common-sign cancellation and the prime-slot estimate are stated separately, so their use is
not tied to the final sieve. In the extraction argument, ordinary congruence distribution handles the
initial sieve; the stronger Type Il statement justifies replacing prime and roughness indicators by
bounded local-density proxies. An upper bound for balanced semiprimes then leaves positive prime
mass.

Organization. Section 2 fixes conventions and records the classical inputs. Section 3 proves the
prime-polynomial estimate, Lemma 3.1, and Section 4 proves the twisted correlation, Theorem 4.1.
Section 5 constructs the weights. Their Type II and congruence distribution are Theorems 6.1
and 7.1, proved in Sections 6 and 7. Section 8 extracts the required primes. All auxiliary constants
are fixed before z tends to infinity; in particular, the final proxy precision is chosen only after the
required discrepancy exponent. We make this order explicit at the steps where it matters.

2 Conventions and classical estimates

Throughout the proof,
T — 00, L =logx, T =logL, W = exp(VL), e(t) = exp(2mit).

A logarithmic power always has a fixed exponent, chosen before x tends to infinity. The implied
constants may depend on all previously fixed parameters. No effective threshold for z is asserted.
The letters p and ¢ in explicitly indicated prime sums range over primes; general factorization
variables are positive integers. We put P~ (1) = oo, where P~ (n) is the least prime factor of
n > 1, and write 7(n) for its divisor function. The notation n < Y restricts n to a fixed constant
enlargement of a dyad [Y,2Y"). All such enlargements remain bounded independently of . Dirichlet
characters are extended by zero on nonunits.

We use the following classical estimates in the forms recorded in S [4, Section 2]. This explicit
list fixes their uniformity; it does not require any distribution theorem beyond the stated ranges.

Proposition 2.1 (Prime estimates). The prime number theorem holds with an error smaller than
every fized negative logarithmic power. Mertens’ estimates give
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where g is Buler’s constant. For fired A,C > 0, uniformly for r < (logy)® and (a,r) = 1, the
Siegel-Walfisz estimate is
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Its constants need not be effective.



All short intervals used with the prime number theorem have either a fixed logarithmic-length
interpretation in a fixed positive-power band, or relative length a fixed negative power of L; the
absolute error above is made sufficiently small before taking their differences. We never assume a
relative prime asymptotic on every arbitrarily short interval.

Proposition 2.2 (Large sieve and moment bounds). For arbitrary coefficients supported on the
integers of an interval of length H,
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The asterisk denotes primitive characters. For every fixed integer k > 0 there is Cy such that
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If P(t) = 3, <y can™, then on any real interval I of length H,
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For a set T C I with mutual spacing at least one,
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The constants in the last two estimates are absolute, independently of how the coefficients were
formed.

These are Theorem 2.3 and Lemmas 2.5-2.6 of S. In particular, the fixed-moment estimate applies
to a convolution of a fixed number of logarithmically bounded sequences, giving coefficient-square
mass UL on a dyad of size U. With reciprocal-index normalization the bound is LM /U.
For the one growing power used later, we instead prove a factorial coefficient bound and use the
coefficient-independent mean-square inequality.

Proposition 2.3 (Derivative tests). Let f be real-valued on an interval containing H consecutive
integers. If f' is monotone and remains in [j + X\, j + 1 — A] for an integer j and 0 < A < 1/2, then

S e(f(m) < A

n

If instead f is twice continuously differentiable and X\ < |f"”| < CX throughout the interval, then

Ze(f(n)) < HV\ + A2

n

Both estimates apply on every subinterval satisfying their hypotheses.

This is the form of S, Lemma 2.7. The distance from integers in the first test is part of the
hypothesis, not merely a lower bound on the absolute derivative.

We will repeatedly separate smooth functions in logarithmic coordinates. The following elemen-
tary version of S, Lemma 2.8, explains the order in which frequency cutoffs and accuracies may be
chosen.



Lemma 2.4 (Smooth separation). Let F' be smooth and supported on a fized bounded box in R?, with
b fixed. Suppose all derivatives of order j are bounded by C’jLC(jH). Fourier inversion separates its
variables with integrated absolute coefficient mass L°W) . There is a fized exponent C' > 0, depending
on b, C, such that truncating each frequency at L makes an error OA(L™4) for every fized A > 0.
The exponent C' is fized before A.

Proof. Integration by parts gives, for each fixed j, an integrable tail bounded by a constant times
LEUHD(1 + |¢])~7. Using a fixed j > b first bounds the full integral by a fixed logarithmic power.
Outside |¢] > L€ the same calculation gives

0, (LC(jJrl)—C’(J'—b)).

Fix C' > C and then increase j for any prescribed A. The Fourier phase factors into one-dimensional
phases. Applied to normalized logarithmic coordinates, these are multiplicative power twists. [J

The fixed-dimension condition in Lemma 2.4 will not be used with a growing-dimensional box.
In the allocation argument there are O(T') separate one-dimensional transitions, each with a fixed
Fourier integral norm. Their product costs only exp(O(T)) = LW a telescoping estimate controls
their combined tails.

The weighted block sieve and local-density proxies are stated in the prime-extraction section,
where their particular coefficient bounds and precision dependence are needed. The generic dilation-
graph results are likewise stated at their application in the shifted correlation section. These are
the only nonclassical imported ingredients of the proof.

3 A long prime polynomial

The correlation argument will require cancellation in a prime polynomial at frequencies as large
as z2. We prove the required estimate here, including the dependence on a growing degree in the
elementary mean-value argument. Throughout this section, L = logx and T' = log L.

Lemma 3.1 (Long prime polynomial). Fiz 0 <7 <n <1, C >0, and A > 0. There is a constant
By = By(1,n,C, A) such that, uniformly for
:ET
S EN<a g<LS L)<

every Dirichlet character x modulo q and every interval I C [N,2N] satisfy

Z X(p)p_1+it <L m,CA L_A~ (3'1)
pel

The proof proceeds from a quantitative power-sum estimate to cancellation for a logarithmic
phase, then to a high-height zero-free strip, and finally to primes by Mellin inversion. We first
establish a power-sum estimate with sufficient uniformity in its degree. For integers k > 2, s > 1,
and M > 1, let Jg (M) count the solutions of

S S
ZU?=ZU§ (1<j<k), 1 <wujv; < M.
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Writing K = k(k+1)/2 and

orthogonality gives Js (M) = [jg 1jx |f ()| dev.

The argument uses the classical Vinogradov mean-value method in Linnik’s p-adic form; see
Wooley [5, Section 2, pp. 1583-1585] for an exposition. We derive the required degree-uniform
quantitative estimate below, without invoking the modern efficient-congruencing theorem of that

paper.

Lemma 3.2 (A quantitative power-sum bound). There are absolute constants Cy,Ca > 0 such that,
for every integer k > 2, some integer s with k < s < C1k* satisfies

Je k(M) < exp(Cr,C2) M2—EKF/100(p > 1), (3.2)
Proof. We iterate estimates
Js k(M) < CsM®, By =25 — K + ¢, (3.3)

starting with s = k, Cy, = 1, and ¢, = K. The iteration sends s to s + k and €5 to (1 — 1/k)es.
Choose a sufficiently large absolute constant A;. If MY/* < A1kS, then log M < klog(2k), and
the trivial bound J,, (M) < M?" costs at most

M < exp(O(k®log(2k))) (3.4)

relative to every proposed estimate with exponent 2u — K + ¢, ¢ > 0. Thus it suffices to treat
MY* > A1kS. The prime number theorem in Proposition 2.1, after enlarging A;, supplies a fixed
list of 2k3 + 5 primes r in [M'/% 2M'/*] all greater than k.

At moment s + k, call a tuple degenerate if it has fewer than k distinct coordinates. There are
at most k*T¥MF 1 such tuples. If G is their exponential sum, its contribution on one side of the
equations is at most

J,

The contribution with a degenerate tuple on either side is therefore at most twice this quantity.
For a nondegenerate solution, select k distinct coordinates on each side and permute them to
the first k positions. This costs at most (s + k:)%. The product of the two Vandermonde products
is a nonzero integer of absolute value at most M**~1), Fewer than k%(k — 1) 4+ 1 primes of size at
least M/* can divide it. Hence some prime 7 in our list makes these first k coordinates distinct
modulo r on each side.
For such a prime put

)
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The relevant number of solutions is bounded by
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— Jjo.1)k



The integrands are nonnegative. Write f = 3", ,od » fa, Where fg is restricted to n = a (mod ).
Hoélder’s inequality gives
P <7t 0 1l

a mod r

Fix a. In the system counted by [ |F,.|?|f.|?*, translate all variables by —a. Translation preserves
the equations for the first k£ powers by the binomial formula. The remaining s variables on either
side are multiples of 7, so the first lists z, 2’ obey

Zzg = (%) (mod 1) (1<j<k). (3.5)

There are at most M* choices for the first list. For each such list, there are at most k!7*—% choices
for the second. To see this, lift the prescribed jth sum modulo 77 to a residue modulo r*. The
number of choices for all lifts is H§:1 rk K=k For each full vector of sums modulo 7*, Newton’s
identities determine the multiset of roots modulo 7, since » > k. There are at most k! orderings.
The Jacobian of the power sums has determinant

k! H(zg — 2,

1<j

—J =

up to sign, and is invertible modulo r. Each ordering therefore lifts uniquely from modulus r to
modulus 7*: at each stage the next digits are the unique solution of the corresponding linear system
modulo r. Finally, an interval of M integers contains at most one representative of any residue
modulo 7%, because M < rk.

After both first lists are fixed, divide the remaining variables by r. They range over a common
interval of at most [M/r] integers and have prescribed differences of power sums. Translation to
an initial interval changes only these prescribed differences. The count is a Fourier coefficient of
the nonnegative function |f|** at that shorter length, and consequently is at most Js x([M/r]).
Summing over a accounts for the final factor r, and gives

Tork (M) < 2k TFME1 T (M)

3.6
+ (5 + k)% (2k° + 5)kl max > HEEME T 4 ([M /7). (30

Insert (3.3). Since E; > 0, rounding costs at most 2%, and the exponent of 7 becomes
25+ K —k —E; =k* — €5, > 0.
Replacing r by at most 2M /% therefore gives the exponent

k2 — €,
k
The inequality J < av/J + b implies J < 2a? + 2b. The exponent 2k — 2 from a? is admissible: the

target exponent starts at 2k, and at each step its increase is 2k — e¢5/k > 2k — K/k > 0. Thus the
asserted iteration holds. Its constants can be chosen with

k+ Es +

=2(s+k)— K+ (1—-1/k)es.

log Cs 1 <log(1+Cs) + O((s + k) log(2k) + klog(s + k) + k* log(2k)) )

including (3.4).

After O(klog(2k)) steps, e, = K(1 —1/k)(=%)/F < 1/100. Then s = O(k?log(2k)) < C1k*, and
summing the displayed costs gives log Cs < C1k%? for absolute constants. Increasing the exponent
from €5 to 1/100 proves the Lemma. O



Lemma 3.3 (A logarithmic phase on progressions). Fix C > 0. There is an absolute constant
Cs3 > 0 such that, for sufficiently large x in terms of C, the following holds uniformly:

exp(L/T?) < N'<22°, ¢<LY  exp(L/(2T?)) < |v| < 4a®.

For every residue a (mod q) and every interval I C [N',2N'],

. N’
Z n'| < — exp(—L/T%). (3.7)
nel q
n=a (mod q)
Proof. Put H = N'/q and y = log |v|/log H. Then
logH > L/T? - CT > L/T?,  y< T (3.8)

Writing n = ¢(b + a/q), with 0 < a < ¢, reduces the sum, up to a factor of modulus one, to
Sper(b+a/q)™, where T is an interval of integers and H < b+ a/q < 2H.

If y < 4/5, the derivative of vlog(b+ a/q)/(27) is monotone, has magnitude comparable to
|v|/H, and has magnitude less than 1/2. The monotone first derivative estimate in Proposition 2.3
therefore bounds the sum by O(H/|v|). The lower bound on |v| makes this smaller than (3.7).

Suppose now that y > 4/5. Set

M= |H*|,  k=T[4y+38].

Averaging the sum over forward shifts 1 < h < M changes it by O(M): a shift changes an interval
at only O(h) endpoints. For b € Z, Taylor expansion gives

v v k ; —1)i~ 1y
Py log(b+h+a/q) = Py log(b+a/q) + ]z:l a; (D)W + O(H™?), a;(b) = M
Indeed the remainder is O(|v|(M/H) 1) = O(HY~*+D/4) = O(H~9/%), uniformly even as k grows.
Thus, with
M k '
S(a) = Z e(Zajhj) )
h=1 \j=1

the original sum is bounded by

2318 (@) + O + H), (3.9)

bel

Partition the coefficient torus [0, 1)’“ into boxes with side length M7 in coordinate j. Each box
contains at most

exp(O(k)HY? (3.10)

of the vectors a(b) (mod 1). For this it suffices to use the coordinate j = [y + 3/20], which lies
between 1 and k. Before reduction modulo one, this coordinate has magnitude O(H~3/%0), is
monotone, and has derivative of magnitude at least

|| i
- > — Yy=i—+1,
SmRE)T = exp(—O(k))H



A coordinate interval of length M 7 on the torus pulls back to at most two intervals in b. Their
total length is at most exp(O(k))H1+j/4_y. Here the floor in M costs exp(O(k)), while

T S
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Counting integer points proves (3.10).
Let s be supplied by Lemma 3.2. We also need the following bound for suprema over boxes Q:

> " sup [S(a)|* < exp(O(sk + k)M J, (M). (3.11)
Q ac@

To prove it, rescale each box to [0, 1]’“. Iterating the one-dimensional fundamental theorem of
calculus gives, for any smooth function F' on that cube,

sup[F| < 3 / 6°F|.
ec{0,1}F
Hélder’s inequality bounds the 2sth power of the right-hand side by 2¥(25=1) times the sum of the
corresponding 2sth moments. For the rescaled S, every mixed derivative has coefficients bounded
in modulus by (27)*: each differentiation in coordinate j introduces the factor 2wih/ /M. On
summing over the boxes, change of variables contributes M*. Orthogonality then bounds the
full-torus moment of every such derivative by (27)2**J (M). This proves (3.11), with constants
controlled at the growing degree.
Apply Holder’s inequality to the sum in (3.9), and use (3.10), (3.11), and (3.2). Since |Z| < H,
the result is Ut
L Z S(ev))] < H (exp(O(kCe)H=/7ar1/100) ) (3.12)
bEI

for an absolute constant Cy. We have k < T? and s < T®, whereas

7
—71 H —1 M< ——logH.
RRERTI R 100 8
Every fixed power of T is o(L/T?). Thus the right-hand side of (3.12) is at most H exp(—c;L/T?)
for some absolute ¢; > 0, once z is sufficiently large. The errors in (3.9) are smaller. Increasing a
fixed exponent C'5 > 10 absorbs ¢; and proves the Lemma. O

We write D(s, x) for the Dirichlet L-function, to distinguish it from L = logz. Characters need
not be primitive. Periodicity gives >, <, x(n) = cyu + O(q), where ¢, = T mod ¢ X(a). Partial
summation therefore continues D(s, x) meromorphically to Re s > 0, with only the possible simple
pole at s = 1, and gives, for 0 = Re s in a fixed compact subinterval of (0, c0),

Yl—s
x(n) 4 Cx

S —
ngyn s—1

D(s,x) = +O0(q(1+ [s))Y 7). (3.13)

Lemma 3.4 (A bound near the line Res = 1). Fiz C > 0 and put r. = T*/L. Uniformly for
g <L,

<yl < 3m3) : (3.14)

| =

log|D(o + iv, x)| <¢ T? (\a — 1] < 107,



Proof. First suppose |v| < exp(L/(27?)), and use Y = exp(2L/T?) in (3.13). Absolute summation
gives

Z n~? < (1+logY)max(1,Y'77) < exp(O(T?)).

n<lY

Since |s — 1| > 1/2, the pole term has the same bound. The error is at most

3L 9
exp <_2T2 +O(T* + C’T))
and hence is negligible.

For exp(L/(2T?)) < |v| < 323, take Y = 2°. The terms with n < exp(L/T?) again contribute
exp(O(T?)) in absolute value. On a dyadic 1nterval above this threshold, sum (3.7), with phase
—uv, over the residue classes modulo ¢, including their character coefficients. The factors ¢ and 1/q
cancel. Partial summation with n~7 bounds that dyad by

exp(—L/T%) exp(O(T™).
There are O(L) dyads, and the same bound applies to a final partial dyad. Their total is negligible,
since L/T®* exceeds every fixed power of T. Finally, the pole term and remainder in (3.13) are
bounded respectively by

exp < ZL? + O(T4)) exp(—2L + O(T* + CT)).

This proves (3.14). O

Lemma 3.5 (Local logarithmic derivative). Fiz C > 0, let ¢ < LC, and put sg = 1+ ry, + v, where
1< |yl < %xS. There is a radius R with 4r, < R < 5ry, with no zero on its boundary, for which
D’ 1 9
55X = Y. ——+0c(T?/rs)  (Is —s0l < 2r.), (3.15)
-p
lp—so|<R

away from zeros. The sum counts zeros with multiplicity and has Oc(T?) terms.

Proof. For large z, the disk |s — sg| < 8r, avoids the possible pole at s = 1 and lies in the region of
Lemma 3.4. At its center the Euler product gives

plmreyl = ¢(2+2ry)
‘>H ()

807 T

Thus log |D(s0, x)| > —O(T). Jensen’s formula, using the radius 8r, and the upper bound O¢(T?),
shows that the disk of radius 57, contains O¢(T?) zeros. Choose R € [4ry,5r,] so that none lies on
its boundary.

Use centered coordinates z = s — sg, and write a = p — s¢ for each zero in |z| < R. Divide
D(sg + z,x) by the disk Blaschke factors

R(z —a)

Bale) = o=

repeated with multiplicity. The quotient G is holomorphic and nonvanishing on the closed disk, and
has the same boundary modulus as D. Maximum modulus gives log |G| < My throughout the disk
for some My = O¢(T?). Since |B,(0)] < 1, log|G(0)| > —O(T).



Let h be an analytic logarithm of GG. The positive harmonic function My — Re h has value
Oc(T?) at the center. The Poisson formula, or its derivative together with Harnack’s inequality on
concentric disks, gives

()] <c T?/re (l2] < 2r0).

Restoring the factors uses

B! 1 a

?a(z) z—a * R?2 —az
The second term is O(1/r,) on |z| < 2r,, uniformly in |a| < R. There are Oc(T?) such terms, giving
exactly (3.15). O

Lemma 3.6 (A zero-free strip at large height). For each fized C' > 0 there is ¢ = ¢(C) > 0 such
that every character of modulus at most LC has no zero in

Res>1—cT?/L, 1< |Ims|<a. (3.16)
Moreover,
D' T2 1 3
‘D(s,x)‘<<cL (1—C2LgRes§1+L, 2§|Im5|§x2>. (3.17)
Proof. For o > 1, the Euler products and the inequality 3 + 4 cos 6 + cos(26) = 2(1 +cos )% > 0 give
/ DI D/
0< —32(0)—4Re E(J—I—iv,x)—Reﬁ(U—{—in,XQ). (3.18)

Indeed this follows term by term in the absolutely convergent prime-power expansions; primes
dividing the modulus contribute only the positive zeta term. Also —('/{(0) =1/(c — 1) + O(1) near
1.

Suppose p = 3 + iv were a zero in (3.16), and set ¢ = 1 4 20¢T?/L. Apply Lemma 3.5 at
heights v and 2v. The evaluation points lie in the respective inner disks, and p lies in the first zero
sum, because T2/L = o(r,). No zero has real part greater than 1, by the absolutely convergent
Euler product. All terms in the zero sums therefore contribute nonpositively to the negative real
logarithmic derivatives. Retaining the term at p, and using 0 < o — 8 < 21¢T?/L, bounds the
right-hand side of (3.18) by

3 4 L 17 L
— ——+4+0c(l) | 5 =(—=—+0c(1) ) =.
(200 a1 T 0cl )> T2 ( 1200 9! )> T2
Here the errors are Oc(T?/r4) = Oc(L/T?). Choosing a sufficiently small fixed ¢ > 0 gives a
contradiction.
For s in the region of (3.17), apply the local formula centered at 1 + r, +iIms. Every zero in
its sum has absolute imaginary part between 1 and 22, since 2 < |Im s| < #3/2 and 7, = o(1). By

(3.16), its horizontal distance from s is at least ¢T?/(2L). The O¢(T?) zero terms and the local
error therefore total O¢(L), proving (3.17). O

Proof of Lemma 3.1. We first establish the analogous bound with the von Mangoldt weight. Let
§ = L=4~*. Smooth the indicator of I/N C [1,2] by convolution with a nonnegative smooth kernel
of width 6. This gives 0 < g < 1, supported in [1/2, 3], whose difference from the indicator is
supported within O(J) of its endpoints, and with ||g\/)||o < 677. The construction also applies
when [ is shorter than 6 N. Since A(n) < logn, the error in replacing the interval by g(n/N) is

log(3N)

O((5N+1) o

> = O(L=172), (3.19)

10



uniformly in 1.
Define the Mellin transform by

0 dw
PO » QW
i) = | gtwu L.
On every fixed bounded real-part strip, integration by parts gives
G(u + iv)| <; LUTDA) (1 4 |y)) . (3.20)

Also |g(u + iv)| < 1 there, by absolute integration. Mellin inversion and the absolutely convergent
logarithmic derivative on Rez = 1/L yield

. 1 1/L+ico D'

> A(n)x(n)n~g(n/N) = 7/ G(z)N~? (—(1 — it + 2, x)) dz. (3.21)
- 270 J1/L—ico D

On this full line, absolute convergence gives

D’ . A(n) ¢
‘D(1+1/L—|—zu,x)’ < zn:nlyf/L = ~C

(1+1/L) < L,

at every height u.
Choose a fixed C5 > A + 6 and put Hy = L. Then choose a fixed integration-by-parts order j
large enough that (3.20) makes the two tails with |Im z| > Hp in (3.21) O(L~472). Explicitly their

bound is . '
0; (L1+(a+1)(A+5)H37J> :

since N/ <« 1. Fix By > C5 + 2. For LB < |t| < 22, every point in the rectangle

T2 1
has
1,3
2§|—t+1mz]§x2+Ho<? (3.22)

for large x. Thus Lemma 3.6 applies throughout the rectangle. There are no zeros or poles of
the logarithmic derivative inside it; in particular, the possible principal-character pole at z = it is
outside it.

Shift the truncated contour to Rez = —cT2/(2L). The horizontal edges are O(L~472), by (3.17)
and (3.20), increasing the already fixed order j if necessary. On the new vertical segment,

cI?log N

|IN?| = exp (— ) < exp(—erT?/2).

2L
Its remaining factors and length cost at most a fixed power of L. Since exp(—erT?/2) is smaller
than every prescribed fixed power of L™!, the shifted integral is O(L~4~2). Together with (3.19),

this proves, uniformly for all subintervals I C [N,2N],

> An)x(n)n T < LA, (3.23)
nel

Prime powers of exponent at least two contribute in absolute value at most O(N~'/2(log(3N))?):
there are O(v/N log(3N)) possible bases and exponents with N < p® < 2N, and every summand
has size O(log(3N)/N). This is smaller than every fixed power of L=! in the present range.
Removing them from (3.23) gives the same uniform bound for > c(log p)x(p)p~ 1t Finally,
partial summation against 1/logu, whose value and total variation on [N, 2N] are O(1/L), removes
the logarithmic weight and proves (3.1). O
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4 A prime-slot shifted correlation with a common parity twist

We prove the shifted-correlation estimate needed below. The graph transference and residual ideal
operator are imported from [4]; the replacement of a long rough-integer factor by a prime factor,
and the common parity twist, are proved here.

4.1 Groups, marked weights, and the assertion
Fix

O<a<b<e<d<047, co, Co,v—, vy > 0, 0<gqy <1, {>1.
The integer ¢ is fixed. Let S, B index pairwise disjoint groups of primes Py, with

1
coT < |S|, |B| < CoT, vo < V= Z - <y, (4.1)

pEPy p
Py C [exp(L?),exp(L%)] (g€ S), Py C lexp(L€), exp(LY)] (g € B).

Each big group is the set of all primes in an interval. Put P = U, Py, sp = |S| + [B|, and, for n > 1,
Ny = H p”p(”), wy(n) = Z 1y, wp(n) = ng(n).
p¢P PEPy g

For the graph definitions below, extend w, and wp to all n € Z by these same divisibility formulas,
including the convention that every prime divides zero. For a vector t = (t4) of nonnegative integers
define

wp(n)— t wWaln
Wi(n) = qop 2o 11 (g‘(/tg))tg’ We=Wu,..0- (4.2)
g 9

Here (u); = u(u—1)---(u—t+1), and (u)o = 1. An ordered marked list has ¢, distinct prime
divisors from each P,. If b is a function of these lists, define

wp )=, ta 1p -
R | (/D SR
g

marked lists at n

Equivalently, this is Wi (n) times the average of b over its lists, with value zero when no such list
exists. If t; < tmax and |b| < 1, then

WP (n)| < We(n) < LOCner), (4.3)

Indeed qgft(u)th_t is bounded uniformly in integers u > t, with a bound depending only on #,.x
and the fixed group data, and there are O(T) groups.

Use the same choice at both endpoints in
g(n)=1 or e(n)= (—1)21967? vp(n), (4.4)

In either case € is completely multiplicative, real, and of modulus one. An invariant endpoint core
has the form

F(Tl,) - Z amXO(m)mwo 1p61p, P primepwlcr- (4-5)
Mpr=n
Fix 0 < 7 <n < 1/4. Here I, C [z7,2"] is an interval, ||, |c,| < LY, oy, = 0 unless P~ (m) > W,
and the modulus of xo and |og|, |o1| are at most L. The constants in this section may depend on
these fixed bounds. The word invariant refers to the identity F'(vn) = F(n) whenever v, = 1.

12



Theorem 4.1 (Twisted prime-slot correlation). Let F,G have the form (4.5), with possibly different
coefficients, characters, intervals, and frequencies, subject to fized bounds as above. For every fized
Dqg > 0 there is a fired B > 0 with the following property. Suppose that the sequence o in F satisfies

< -B I C [1,2?] an interval,

— 1+t
2, amx(mm™) < ( mod(y) < L”, |t < L” ) '

mel

(4.6)

There is no discrepancy requirement on G. Uniformly for tL=C < Z < xLC, integers 0 < |k| < LY,
|a1|,‘ lag| < LY, and smooth functions ¢ supported in a fired compact subinterval of (0, 00) with
|9 oo < LEUTD | one has

> w(ZZ/Z) 29 (2 + k) F(2)G(z + H)We(2)Wel(z + k)e(2)e(z + k) < L7700 (4.7)
z>0
z+k>0

The exponent B depends only on Dy and the displayed fixed data.

The proof uses a residual operator made up of one raw term and signed comparison terms.
Transference makes the residual pairing small; after the shared dilation is removed, the raw term is
the correlation in (4.7), because the common sign cancels. Each comparison has two independent
large free products, allowing a Fourier estimate. We will bound these comparisons and subtract
them from the residual pairing.

4.2 The graph inputs

We give the operator definitions to specify their normalizations. For a sufficiently large fixed integer
J,put M = J 41 and pg(p) = 1/(pVy). A pattern v specifies Cy C {1,...,J} with Cy = @ in small
groups and |Cy| < mg in big groups. Put t; = ¢+ |Cy|. The first J slots outside C, are shared
between the endpoints. To form the dilation D, take their labels and independent auxiliary labels of
law pg in the slots of Cy. Thus D contains J labels from each group, counted with multiplicity. The
coeflicient K, may depend only on the ordered big-group source and target labels and the auxiliary
big-group free labels.

A physical state at n € Z consists of M ordered, distinct divisors from each group. Each state
has mass ][, Vg*M , with counting measure in n. For a row transition from n to n’ = n + kD, retain

the shared labels and sum over all physical target lists with coefficient [], ngtg. Auxiliary free labels
are forbidden from both endpoint lists; they may coincide with one another. The row multiplier is
KVDiCqéWP(n)_MSP)/2q(()WP(”/)_M3P)/2. (4.8)
The operator A¢ is the sum of these row operations, averaged over independent permutations of the
M slots in eve]@y group at each endpoint. In particular the joint normalization of the two lists in
group g is Vg o
The ideal operator acts on the probability space of the ordered big-group lists, with independent
coordinates of law p4; repetitions are permitted. It retains the same shared slots and samples both
the unshared target slots and the auxiliary slots independently. If Dy is the big-group part of D,
its multiplier is K,,D%Ce(@DB). The sum, symmetrized at both ends, is 7¢(©).

Proposition 4.2 (Transference input). The following are the Local Transference Theorem, its
Endpoint Pairing Corollary, and the Absolute Physical Bounds Lemma of [4, Section 3, Theorem 3.5,
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Corollary 3.11, and Lemma 3.4]. Assume Y., sup |K,| < L¢, where mq,Cy are fized independently
of J. For every fixed E > 0 there is an Ejq > 0, depending only on E and the group data, such that

sup || 7¢(0)||a—2 < L~
OcR

implies the following conclusion for all sufficiently large fized J. Let I = [X,2X) with 27 < X < 1/
for some fixed v > 0. If f is supported on positions in I, is independent of the chosen marks, and

sup |f| < exp(O(VL)),  |IfIl, gl < X'/,

then
[(f, Acg)| < XL™ET20s, (4.9)

The lower bound for J may depend on mg,C1; the threshold for x may also depend on J, the
fized exponent bounding |k|, and . There is no additional restriction on ¢ beyond the ideal norm
hypothesis. The operator obtained by taking absolute values of all transition coefficients has row and
column sums at most L€bs | with Cyps independent of J.

Proposition 4.3 (Residual ideal family and comparison kernels). The following are the Resid-
ual Ideal Operator Theorem and Comparison Kernel Lemma of [4, Section 4, Theorem 4.1 and
Lemma 4.3]. For every prescribed Eiq > 0 and fized Cy > 0, there are fized mo, Jo, C1 such that, for
each fixed J > Jy, a family consisting of the raw pattern Cy = &, Ko = 1, and signed comparison
patterns satisfies

OcR

Zsup |K,| < L, sup || T¢(0)]22 < L5, (4.10)
’ <L

The family is independent of the individual values of ©,(, and all its defining parameters are
independent of J.

Split the big groups into two blocks. Every comparison frees nonempty sets of probes A, B in the
respective blocks and has coefficient

—(~1)AHIBIC A (D4, X4)Kp(Dp, Xp). (4.11)

Here Dy, Dp are the free products, X 4 is the corresponding target-mark product, and Xp the
corresponding source-mark product. No shared label or final £ mark enters these kernels. For a slot
set A, their exact form is

Liog Der; Liog xe1; —_— .
Ka(D,X)= > == V’Ajog LY x(D)x(X), Iy =[jh,(j + 1)h), (4.12)
BVEs rimiti
Tt zor?d(x)gg

where vy, is the probability of the indicated cell under the independent slot laws. The quantities
Q,h=1, &7 are fized powers of L, with h < 1. There are at most Q* characters and Oy, (1+TL?/h)
nonempty cells, and
sup |Ka| < Q%¢71, supEp|Ka(D, X)| < Q2.
X

More precisely, the parameters can be chosen, independently of J, so that for any fizred Ay > 0, any
tuple tests f(Xg),9(Xa), and every § € R, |¢| < L,

EJ(X5)g(Xa)[(XaXp) e(0XaXp)

~ Ka(Da, X4)K5(Dp, X5)(DaDp) e(0DADp)]| < L~ flallgll>.  (4.13)

14



All four label tuples in this expectation are independent. The tests need not be functions only of
their products. Expanding the two kernels in (4.11), including all patterns, has total coefficient mass
and number of terms bounded by fixed powers of L.

These are precisely the graph inputs we use. In particular, (4.12) consists of two global character
and cell expansions, not one expansion for each group.

4.3 Endpoint norms and removal of the shared dilation

We now prove Theorem 4.1 using these contracts. Write 7(v) for the divisor-counting function. The
pointwise estimate

|F(n)| < L 7(ny)? (4.14)

follows by counting the three-factor decompositions in (4.5); the same estimate holds for G. On
physical states the function
F(n)e(n)gp™ ™"

is independent of the chosen marks, and its damping is at most one. For a fixed physical list of
product P, one has n, | n/P. Consequently Proposition 2.2 gives, uniformly on a fixed enlargement

of a position dyad,
Z |IF(n)?> < L¢ Z r(v)* <« (X/P)LC )

n=xX v X/P
Pin

The normalized reciprocal sum of the admissible lists is at most

s ) H(zpv)le-

hsts PEPy

Here P < exp(O;(TL%)) = 2°M, so X/P is in the ordinary divisor-moment range. We have proved

(wp—Msp)/2

| Feqq lnsx < X/2L%%, (4.15)

with C5 independent of J and of the subsequent kernel choices. Bounded smooth factors do not
affect this independence. Moreover, both m and p in (4.5) are W-rough for large . There are at
most O(v/L) prime factors above W in n = 21t counted with multiplicity. Assigning each such
factor to m, p, or the remaining factor shows

IF(n)| < LY 3°0VD) = exp(O(VI)). (4.16)

This proves every endpoint hypothesis of Proposition 4.2.

Consider the physical pairing with extra cutoff, harmonic measure, and phases

7D . , o _ n_
¥(n/(ZD)) Dt w)pion ()i B G(n)e(n)e(n)g W~ M 2gfor M eI (4 q7)
n

The row operation itself contributes the other two half-damping factors in (4.8). Summation over
states, auxiliary draws, and patterns is understood in (4.17), with the row coefficient K.

Here n < ZD = 2'°(1) and |n’ — n| = 2°(. Split n among O(L) dyads [X,2X) and restrict n’
to a fixed enlargement of each dyad. As in Lemma 2.4, Fourier inversion of u +— t(e") separates

the cutoff into powers of n and D; put the bounded factor X/n in the first vector and divide the
pairing by X. The total Fourier integral mass is a fixed power of L, independent of J.
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We specify a useful quantifier here. If the logarithmic cutoff derivatives are bounded by
Oj(LCV) (Hl)), fix an exponent Fy > Cy + 2 before forming the ideal family. Integration by parts
gives, for each fixed N,

/ A [0 exp(v)| dv <y LOWNHD=Fo(N-1),
|v|>L*o

Thus this same cutoff exponent permits arbitrary saving by increasing N. Choose C4 to contain
aj + a2 and all frequencies in the truncated integral. By (4.15) and (4.16), choose E large enough for
the desired saving after the fixed Fourier and dyadic costs; then choose FEjq, the residual family, and
finally J. The Fourier tail is bounded using the absolute row and column bounds of Proposition 4.2;
its accuracy can be increased after the family and J have been fixed without changing Fy or Cy. It
follows that the sum of the residual pairings is O(L~P) for any prescribed fixed D.

We next identify each individual pairing. Write D = Dr D¢, where Dp is the shared product
and D¢ the free product, and put n = Drw, n’ = Dgw’. Then w' = w + kD¢. Away from overlaps
of shared labels with one another or with the divisors of w,w’, the number of shared labels in group
gis M —t4, and

wg(Drw) — M = wy(w) — 4.

The full damping therefore leaves exactly the two damping factors of Wi (w)Wi(w'). The identity

‘/?quftg — ‘/gi(Mitg)VgiZtg

and 1/n = 1/(Drw) turn the shared labels into independent draws of law p,, leaving the normal-
izations for the two unshared marked lists. The cores are unchanged. The sign identity is exact,
even when overlaps occur:

e(Drw)e(Drw') = e(Dg)%e(w)e(w') = e(w)e(w’). (4.18)
The phases and cutoff in (4.17) become

¥(w/(ZDc)) (w/Dc)* (w'/Dc)"* /(Drw).

Since the outer vectors were mark-independent, the initial symmetrizations do not alter this
computation. After summing the shared labels, the pairing for pattern v is, up to negligible error,

Bre Y IO (peyin Doy F@)Gw e e )
w’:wuj—i%c >0

' Wt(w)Wt (w/)EmarksKu- (419)

The final expectation means averaging over the unshared marked lists.

For completeness, all discarded restrictions have superpolynomial logarithmic saving. Conditional
on w,w’, the free labels, and earlier shared draws, at most O (L) prime values are excluded from
a shared draw. Every atom is O(exp(—L®)). When bounding actual overlapping configurations,
unshared physical marks still divide w,w’; ignoring damping changes their weight by at most
q 2Msp — 1,051 Equations (4.3) and (4.14), followed by Cauchy—Schwarz and fixed divisor
moments on the two translated intervals, bound the remaining harmonic sum by LY7(1). Shared
overlaps thus cost LO7() exp(—L%).

If an auxiliary free label p’ belongs to an unshared endpoint list, then p’ | D¢ and hence p’ | w, w'.
Set w = p'y. The new shift kD¢ /p’ is integral, the invariant cores are unchanged, and the harmonic
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measure supplies 1/p’. Applying the same divisor moments at scale Z D¢ /p’ bounds this contribution
by LO7() /p!. There are Oy(T) free slots and p’ > exp(L€). This bounds all free exclusions. After
summing the fixed-power coefficient costs, the error in (4.19) is O4(L~4) for every fixed A. For the
raw pattern, Do =1, t = ({,..., /), and (4.19) is exactly the left side of (4.7). It remains to bound
the comparisons.

4.4 Comparison multipliers and minor arcs

Expand the two kernels in a comparison using (4.12). Their four factors are bounded weights on
D4, Dp and on the big unshared marks at the respective endpoints, times a total coefficient cost
LOW | The free products are restricted to logarithmic cells of width at most one. Let their lower
endpoints be Uy, Us, put H' = U Us, and set Y = ZH'. Then

Up,Us > exp(L° — O(1)), H' <exp(O(TLY)), Y =zlto), (4.20)

The positions w,w’ in (4.19) are comparable to Y. Logarithmic Fourier separation of the smooth
cutoff and phases therefore reduces it, with total cost LOM) /Y, to expressions

Eby(Da)b2(Dp) Y Uw)V(w +kDaDp),  |bil,|bs] < 1. (4.21)

An endpoint here is its core times ¢, a power twist of fixed log-power frequency, Wtb with b depending
only on big marks, and a smooth size cutoff at Y. Fixed divisor moments give

ST+ V()P < YL, (4.22)
w w
They also control the Fourier-separation tails to arbitrary accuracy.
The Fourier multiplier of (4.21) is
m(0) = Ebi(Da)b2(Dp)e(kDaDp),  [m(0)] < 1.
For a selected product D with at most mg slots per group, unique factorization gives
1

k! LC
P(D:n)zﬁnvkﬁ lS n
g Vo' llpep, vp(n)!

(4.23)

Thus a bounded test collapsed onto product values n = U; has squared coeflicient norm O(LC‘3 JU;).
We use the integer bilinear estimate of [4, Section 4, Lemma 4.2]: for coefficients on intervals of
lengths O(U),O0(V), and a = u/r + 8 with (u,r) =1, |8 < r~2,

> anbre(ant)| < [lall2[Bll2[U + (1 + V/r){U + rlog(2r)}]"/2.

n,t

Arbitrary missing coefficients and translated containing intervals are allowed. Together with (4.23),
this bounds |m(#)| by

1 1 log(2r) rlog(2r) 1/2
C
1,67 ( : . 1 + - ) (4.24)

whenever r is a Dirichlet-approximation denominator for k6.
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Choose such an approximation with maximum denominator |H’/LC |. If r > L, all terms in
(4.24) save an arbitrarily large fixed log power when C” is sufficiently large, by (4.20). If r < LY,
then 6 belongs, after accounting for |k| < LY, to an arc

h Lcarc
‘ < 1<r<L%<  hmodr, (4.25)

0—— —
vz~ H'

r

for a sufficiently large fixed Cye. The letters h,r in (4.25) denote the resulting rational center,
rather than necessarily the original approximation. There are a fixed logarithmic power of arcs.
Parseval and (4.22) dispose of their complement. On the arcs, Cauchy—Schwarz shows that it suffices
to prove, for every fixed A > 0 and every arc center h/r,

/ U(h/r+ B)dB <4 YL™,  H = H'/LCu. (4.26)
|B|<1/H
Here U(0) = 3, U(w)e(dw), H — oo, and H = 2°(1),

4.5 The endpoint on a major arc

Choose a small group g; and a designated one of its £ > 1 marks. Because the mark weight b uses
only big marks, removing this prime gives, unless a prime in g; divides w twice,

1
b b
We(w) = o 3 W, (w/p,). (4.27)

gs ps‘w

PsE€Pg,

The equality includes damping: removing ps decreases both wp and »_ ¢y by one. On the excluded
set both weights are bounded by fixed log powers. Since w, | w/p? on a multiple of p?, divisor
moments show that the endpoint error has squared norm

<YLY Y p;? < YL exp(—L). (4.28)
Ps€Pg,
Its Fourier energy is negligible by Parseval.

The factors m,p in (4.5) contain no group prime. After (4.27), write w = mpspr’. Complete
multiplicativity gives e(w) = e(ps)e(r’); the remaining marked weight and ¢,, are functions of 7/
alone. They have a fixed log-power bound, so may be absorbed into one residual coefficient.

To remove the rational center, fix d’ = (r/,r) and put ¢ = r/d’. The first three factors m, ps,p
are units modulo r for all large z, and //d’ is a unit modulo ¢. On units the exact character
expansion is

/)= 3 ag00x®),  enal) = —— 3 e(h/Ox®), leng0)l <1 (4.29)
x mod ¢ Qo(q) v mod ¢

Apply this with v = mpsp(r’/d’). The ged restriction and x(r'/d") go into the residual coefficient.
Summing over d’ and all characters costs a fixed power of L and includes the principal and imprimitive
characters. The product of the new character on m with yq is a character of fixed log-power modulus.
It is therefore enough to bound the energy at zero of

Gy = Y1 (w/Y)wivl Z ame(m)mwobs(ps)lpGIp, p primeXp(p)pw1 dr. (4-30)

mpspr’ =w

Here p, € Py, |bs| < 1, |d,v| < L% and all characters, frequencies and smooth-cutoff derivatives
have fixed log-power bounds. The sign on ps and 1/V,, are included in b,. In particular,

> aw]* < YLOO. (4.31)
w
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4.6 Local Fourier energy and Mellin polynomials

We include the scale conversion from [4, Section 5, equation (5.16)] with its proof, as its normalization
is useful here.

Lemma 4.4 (Local Mellin energy). Let a,, be supported on w <Y, where Y = 210 and let
H = z°U) tend to infinity. For every fized j > 1,

/|ﬁ|<1/H| aB)2df <; Y/ 1+ H|t|/Y)~ dt+( ) Z\aw\Q (4.32)

Proof. Take a smooth bump K of integral one, supported sufficiently near zero that its Fourier
transform, with convention K (§) = [ K(u)e(—&u) du, has modulus at least 1/2 on [—1, 1]. Plancherel

gives
[ P
Bl<1/H

Only v <Y contributes. Keep this restriction when replacmg the kernel by K (vlog(w/v)/H). On
the union of their supports, |w —v| < H, and their arguments differ by O(H/Y"). Cauchy-Schwarz
over the O(H) possible integers w, followed by integration over the O(H) centers for each w, bounds
the normalized squared error by (H/Y )23, |aw|?

Put hg = H/Y, v =Y exp(u), and P,(t) = 3, a,w®. Fourier inversion for the new kernel gives

it

2
dv.

w—wv)/H)

Zaw (vlog(w/v)/H) = ;T/Re“f(\(hoeut/(Qﬂ))vitPa(t) dt.

Insert a fixed smooth compact cutoff in v equal to one on the required range. The Fourier transform
in u of the resulting amplitude e K (hge™"t/(27)) is bounded by

Ci(1+ [s])72(1 + holt]) 7,

by two integrations by parts and the Schwartz bounds for K. Expand that amplitude in its u-Fourier
transform, apply Minkowski in s and Plancherel in u, and use dv < Y du. The normalization is
H~2Yh2 = Y~ L. Increasing the decay order if necessary proves (4.32). O

Apply this lemma to (4.30). The error term is O4(Y L=4) for every fixed A, by (4.31). Dirichlet-
polynomial mean squares imply, on every dyadic time scale R > 1,

y 2 |P,(t)|2dt < (14 R/Y)LM, (4.33)
R<[t|<2R

Consequently, with Ty = LY/H, the part [t| > Tp of the first term in (4.32) is at most

2'L Cn—j
) < YL (14 L/H),

YLO Yy (2rL) (1 -

r>0

It is O4(YL™4) on taking j large enough.
Split the four variables in (4.30) into dyads. There are O(L?) relevant boxes, and their product
scales are comparable to Y. Write

P‘;/(t) = Z %((w/Y)wl (w/Y))w ) Z (the four coefficients).

w mpspr’=w
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Fourier-separate the parenthesized function in log(w/Y). On every box the fourfold collapsed
reciprocal coefficients have squared norm < L¢2/Y, by a fixed divisor moment. Hence centered
mean squares give a bound L for the integral of their squared polynomial on any translate of
[—Tb, Tp]. Minkowski therefore bounds a separating-frequency tail by a fixed log power times the
square of the L' mass of that tail. Integration by parts makes it arbitrarily small at a fixed log-power
cutoff. This proves the claimed separation also for unbounded tail frequencies. Retained shifts
enlarge the time interval to at most [—2Tp, 27, since Y/ H exceeds every fixed log power.

After absorbing these shifts into ¢ and the fixed frequencies, it suffices to prove, for arbitrary
fixed A’ > 0,

/ \P()PU(t)R(1)|2dt < L, (4.34)
t|<2LY/H
where

Pi(t) = Z bS(pS)ps_1+ita
ps<P

Pty= > xppp ot

p=<P’, pelp
p prime

R(t) = ( Z amxm(m)m—l-‘riao—i-it) ( Z dr/(rl)—l-&-it) '
m=Mq r'<Ry

The small primes retain their group restriction, and each dyad is intersected with its original interval.
Their sizes satisfy

Lexp(L*) < P <exp(L’), a"/2<P' <z"  PM{P'R xY. (4.35)

For any subproduct of these four polynomials, collapsed as 3_,,_ c,n', a fixed divisor moment
gives

> enl* < L4/U. (4.36)

Only four convolution factors are involved: all remaining marked weights have already entered the
single bounded coefficient d,..

4.7 Exceptional times and completion of the proof

First consider |Py(t)] < L=4s. The polynomial PR has size Y/P, and

v/p_ H
°oLY/H ~_ 2LP

by b < ¢ and (4.20). Its mean square on the entire time interval is LOU) by (4.36). Choose A,
sufficiently large to bound this part of (4.34).
Let J be the integer unit intervals meeting {|t| < 2LY/H : |Py(t)| > L=4s}. We establish

|J| < exp (O(L + L'~%log L)) = Y°. (4.37)

Put jo = [logY/log(2P)|. Unique factorization shows directly that the squared coefficient norm of
PJ is at most

Jo! (Z \bs(ps)PpsQ) < jol(C/P)P. (4.38)

ps=<P
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Indeed for each multiset of jy primes, one of the two multinomial coefficients in its squared coefficient
is at most jp!. This argument remains valid when jy grows; no growing-order divisor-moment
estimate is being used.

Select a point with |Ps| > L~4s in each occupied interval. Split the intervals into three classes
according to their integer index modulo three, so the chosen points in a class are separated by at
least one. The indices of P/ are at most Y, and the time range is contained in [~Y,Y] for large z.
The separated-point mean-square inequality and (4.38) give

7| < YLE5jol(CL*= ) P)’o.
Since Y P~J0 < 2P 27 log P < LY, and jo = O(L'~%), this proves (4.37).

We next prove the sparse mean-square estimate

> sup [R(1)] < L, (4.39)

Collapse R(t) = 3_,—y can', where
U=DMR; < Y/(PP/) > Ylinfo(l) > ’YO-G7 Z |Cn’2 < LCM/U.

Choose a maximizing point on each closed unit interval and again split into three separated classes.
The Gram matrix of the evaluation vectors (n'),~p has entries 3, ;; n“~%). For 1 < |A| < e, U,
with a sufficiently small fixed ¢, > 0, the derivative of Alogn/(27) is monotone, has magnitude
comparable to |A|/U, and is bounded away from nonzero integers. The first derivative test of
Proposition 2.3 gives O(U/|A|). For ¢.U < |A] < Y, the second derivative test gives

O(/I1Al+U/\/1A) = O(Y'/2).

The diagonal entry is O(U). Thus all entries are bounded by

U
o— " 1y,
<1+’titj|

Separation and (4.37) bound an absolute row sum by
O(UlogY +|JYY?) = O(UlogY).

The operator norm is bounded by this row sum. Multiplying by 3" |c,|? proves (4.39).

On the exceptional intervals, |Ps(t)| < 1. Prescribe a sufficiently large saving for P}, and apply
Lemma 3.1. Choose Bj larger than its frequency threshold and the fixed exponent bounding |oy|.
For |t| > LB in the present range, the lemma applies to t 4+ o: it is above the required logarithmic
threshold and

|t + 01| < 2LY/H + |oy| < 2°.

It bounds P, by an arbitrarily large negative log power. Equation (4.39) then proves the required
integral bound for these times.

For |t| < L5, use (4.6) on the m-polynomial in R. Its dyad lies below ?; the character modulus
and shifted frequency are fixed log powers. All other factors have fixed log-power absolute bounds.
Choosing B last, larger than these modulus and frequency exponents and with 2B > By + Cy7 + A’,
makes this last integral O(L~4"). This proves (4.34), hence (4.26).

The major-arc estimate, the minor-arc estimate, and Parseval now bound every comparison
(4.19) by an arbitrarily large negative log power, after paying the fixed number of arcs, kernel
expansions, and Fourier integrals. Their sum has the same bound. Subtracting it from the controlled
residual pairing leaves the raw pattern, which is (4.7). This completes the proof of Theorem 4.1.

21



Remark 4.5 (Order of choices). The endpoint norm exponent and the original Fourier cutoff exponent
are fixed from the input data. Then choose the physical accuracy F, ideal accuracy Ejq, ideal
frequency range Cy, all kernel parameters, and finally a sufficiently large fixed J. Once this family is
fixed, choose the minor-arc and major-arc accuracies, the prime-polynomial accuracy and threshold
By, and last the discrepancy exponent B. Any stronger Fourier-tail saving required by these choices
is obtained by more integrations by parts at the already fixed cutoff exponent. No kernel parameter
or frequency range has to be changed after choosing J.

5 Candidate weights and their mass

The ordinary bands @); give an even number of prime slots and allow the candidate to be split near
a prescribed size. The smaller groups P, supply the graph marks and the odd parity restriction.
Separating the two families keeps these roles independent.

We now fix the prime groups used in the remainder of the proof. All constants in this section
depend only on the following fixed geometry and on the function W. In particular, they are
independent of the parameters k, by and of the proxy precision chosen later.

Choose a fixed even integer rg sufficiently large that

—1 1
(ro 5 )Cl>c + 1, 023’<Z,
where 6 3 9 1
= 1 = — = — = — / = " ;= ,2_jL. 51
C1 , C2 57 C3 2a C4 57 S TO(CI + 62)7 Sj S ( )

Let j, be the largest nonnegative integer with cis;, > 207, and let @; consist of the primes
with ¢15; < logp < cpsj, for 0 < j < j,. For each j such that [c3s;,cas;] is contained in either
[LY10 L1/5) or [L3/10, [2/5], take the primes whose logarithms belong to [c355, 455 as one group
Py. As before, P is the union of these groups and n. is the part of n supported outside P.

These intervals are mutually disjoint, including between the ); and the Pgy: indeed ¢z < c3 <
¢4 < 2¢1 and c4/2 < c1. The number of groups in a logarithmic range [L?, L] is (b—a)T/log 2+O(1).
The prime number theorem and partial summation give, uniformly in the indices,

6

1 6 1
Vo,j = Z » = log R +o(1), Vg = Z - = 1ogg +o(1). (5.2)
PEQ; PEPy

The uniformity follows because the smallest logarithmic endpoint tends to infinity. Thus the
group hypotheses of Theorem 4.1 hold with (a, b, c,d) = (1/10,1/5,3/10,2/5). Every prime in our
construction is at least L?° once x is sufficiently large. The classical prime estimates used here and
below are those in [4, Section “Notation and preliminary estimates”].

Take gy = 1/2 and ¢ = 1 in the marked weights, so explicitly

wg(n)—1

Wi(n) = HqOngg(n).

For a positive integer v, let a(v) be the number of ordered prime tuples with product v, with r
slots in every @);, divided by (ro!)’=+1. Repetitions are allowed. Fix a nonnegative smooth function
¥ supported in [1,2] and positive on a nonempty open subinterval of (1,2). Define

E(u) = (=1)2rer ™™ A (u) = Wy (w)a(u,),

A(u) = Ao(u)l_ig(”) Xa=> A)¥(u/z). (5:3)

2 )
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Here vy,(u) denotes the exponent of p in w. If e, are the exponents of an integer in the support of a,
then

ja .
a(v):H H o Zep:ro.

j=0peQ; P° PEQ;

In particular 0 < a(v) < 1. The function k — kqlg*l is bounded on the nonnegative integers, and

there are O(T') groups with V; bounded away from zero. Consequently
0 < A(u) < Ag(u) < L (5.4)

for a fixed Cy. The ordinary part of a supported integer has exactly 7¢(j, + 1) prime factors counted
with multiplicity. This number is even, whereas the parity projection in A selects an odd number of
group-prime factors. Thus

A(u) >0 = Q(u) is odd, Q(2u) is even. (5.5)

5.1 Harmonic measures and the group tail

Set .
Jx 70
Hg = Z a(v) _ H Va.

| Y
) v J=0 ro:

p— Y, M0, (56)

riry=1 r

Since j, + 1 = O(T), Equation (5.2) gives L=¢ < Hg < LY for a fixed C. For one group introduce

z =TI (1+-%5).

PEPy p— 1

The factor of Hp associated with this group is

_ 4w _ Zw) g1

- —14+¢qo

H
7 Y

(5.7)
PEPy p

This follows by expanding the Euler product: each occurring prime has harmonic mass » ;4 p k=

1/(p — 1), and differentiation chooses one of the distinct prime divisors as its mark. Because go < 1,
the sum on the right of Equation (5.7) is at least V,. The same sum is bounded above, and Z4(qo)
is bounded above, by constants uniform in g. Hence

1§Zg(q0)§Hg§C’, Hp:HHg, 1SHPSLC, H(1+ %)1>SHP~ (58)
g peEP

Normalize a(v)/v and Wi (r)/r by Hg and Hp, respectively, and draw the two parts independently.
The @Q-measure can equivalently be sampled by drawing every ordered slot independently with law
1/(pVg,;) in band j. The group measure is a product of the normalized measures belonging to
Equation (5.7). Write V' and R for these two random integers and U = V R.

In one group the unnormalized harmonic mass of total multiplicity one is exactly V,/V, = 1.
The contribution to multiplicity two from two distinct primes is

2490 3 1_(10<%2_212)_

Vg p<q€Py Pq Vg
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It is bounded below by a positive constant for sufficiently large x. Since Hy; < C, each group therefore
has both even and odd total multiplicity with probability at least a fixed §y > 0. Conditioning on
all groups except one proves

P(E(R) = —1) > do. (5.9)

The bound is independent of the number of groups.

Lemma 5.1 (Tail of the group part). There is a fivzed C' such that, for each fized o > 0,

Z Wi(r) < LC exp(—cL?/%)
”

r>x

for all sufficiently large x.

Proof. Put 6 = L~2/5. The mass in one group after inserting 9 is

qo 1 1
1+) SR S
H( plféil qu 17671+qo

PEPy PEPy p

Every group prime satisfies p® < e, so this expression is bounded above by a fixed constant, using
Equation (5.2). Multiplying over O(T") groups gives . _; Wi (r)r~ 1% < LC. For r > 27, the extra
factor is at least 270 = exp(cL%/®), proving the assertion. O

5.2 Localization at the target size

Lemma 5.2 (Total candidate mass). There is a fived Cs such that

Xy = %HQHP, Xa > aL ™.

The implied constants and C4 depend only on the fixed geometry and on V.

Proof. The exact probability identity is
X4 = HoHpE [UU(U/2) 1(g(m)=—1)] - (5.10)

Leave one ordered slot in (g free and condition on every other variable. On the support of ¥(U/z),

its logarithm must lie in an interval of length log 2. Uniformly in the location of such an interval,

its normalized harmonic prime mass in (g is O(1/L). For example, after intersecting with Qo, the

interval is contained in [y, 2y] with logy =< L, and the prime number theorem bounds the reciprocal

prime sum there by O(1/L). Since U < 2x on the effective support, this proves the upper bound.
For the lower bound let

_ca+tc

mj = ———8j, A= (cy—c1)s'L.

The infinite midpoint sum satisfies 19 >_;~0m; = L, by the choice of s’. Choose a fixed integer .Jy
such that

Z roc28; < A/24.

3>Jo
For sufficiently large x we have j, > Jy. Restrict all slots in 0 < j < Jp, except the free slot in
Qo, to fixed small neighborhoods of their respective midpoints, choosing the widths so that their
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total logarithmic deviation is less than A/24. There are only finitely many restrictions, each with
harmonic probability bounded below by a positive constant by the prime number theorem. Their
joint probability is therefore bounded below.

Independently, require £(R) = —1 and log R < A/12. Equations (5.8) and (5.9), together with
Lemma 5.1 applied to the fixed positive number A/(12L), show that these two requirements have
probability at least dg/2 for sufficiently large x. No restrictions are needed on the remaining Q-slots.
Their total logarithm and the infinite midpoint sum for their bands both lie between zero and A/24.
Consequently, if B is the logarithm of the product of all variables except the free prime, then on the
event just described

|B — (L —mg)| < A/6.

Choose 1 < a < f < 2 with U(t) > cg > 0 throughout [« 8]. For the free prime it is enough to
require
logp € [L +loga— B, L+logp — BJ.

This interval has the fixed positive length log(5/a). Its endpoints lie strictly inside [c1s0, caso]
with distance > A from the boundary, since myg is its midpoint and A its full width. The prime
number theorem and partial summation give harmonic mass > 1/L for the interval, uniformly in
the conditioned variables. On it U > ax and ¥ (U/z) > cy. Equation (5.10) now gives the lower
bound. Finally Hg > L% and Hp > 1 imply the stated fixed-power lower bound for X 4. O

5.3 Squarefree predecessors

Lemma 5.3 (Squarefree loss). The mass of nonsquarefree predecessors satisfies

Z A(u)¥(u/x) = o(X4/L).
u>1
2u not squarefree

Proof. In one Q-band the probability that two given slots coincide is

1 L~ —20

The number of pairs of slots within bands is O(T'), so the probability of any repeated Q-prime is
O(TL™20).

For completeness, fix p € Py and write Zg,(q) = [1yep,, ¢2p(1 +4/(¢" —1)). The unnormalized
mass of integers in this group that are divisible by p is

Zgp(q0) + 9024 ,(q0) <L
Vyp—1) p

The bound follows from the uniform group harmonic masses; division by H, > 1 preserves it.
Conditional on the set of distinct prime divisors, the exponent of an occurring prime has distribution
proportional to p~*, k > 1. The conditional probability that its exponent is at least two is therefore
exactly 1/p. Thus the probability of a square from the group part is

_L1/10 _[1/10

<<ZplQ<e

> Ve < Te
peEP g
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All bands and groups are disjoint, and all their primes are odd. It follows that 2U is not squarefree
with probability O(T'L~2%) under the unrestricted harmonic measure. Using Equation (5.10) and
dropping parity and size localization gives the upper bound

22| || HoHp O(TL ™) < t HoHpTL™°.

By Lemma 5.2, its ratio to X4/L is O(TL™'8) = o(1), as required. O

6 Bilinear distribution

We retain the groups, ordinary prime bands, and weights of the preceding section. In particular,
every ordinary slot contains a prime, there are 7o labelled slots in each @Q);, and

(ro — 1)
2

s;j=s27L, 20T <s; < 40T, D>+l

The smooth allocation and change of variables below follow the Type II method of [4]. We give the
argument for the present all-prime weight and its parity twist, using Theorem 4.1 for the resulting
correlations.

Theorem 6.1 (Type II distribution). Fiz D, b,,C > 0. Let U,V be dyadic scales such that
Uv =z,  ab<UV <2l

and let K C [U,2U) and J C [V,2V) be intervals. Suppose |cuml,|Bn] < L and oy, = 0 unless
P=(m) > W. There is a fized B, depending only on these fixred data and on the fixed weight
and cutoff data, for which the following holds. Assume that the sequence amly,ck satisfies (4.6);
explicitly, assume

14 _ I C [1,2?] an interval,
D amlmerx(mym™H < 178 ( mod( [) r 1) < LB ) (6-1)
mel X) = ’ -
Then
Z U B A(w) ¥ (u/z) < oL~ P (6.2)
meK, neJ, u>1
mn=2u-+1

The estimate is uniform in the intervals and coefficient sequences satisfying these assumptions. No
discrepancy or smoothness assumption is imposed on (3.

Proof. Extend the actually restricted sequences by zero, and write them again as « and 8. Thus «
in every subsequent convolution is the sequence appearing in (6.1). By A = Ay(1 — £)/2, it suffices
to prove the assertion with Ag(u)e(u), for each of the two choices

e=1 or e=¢.

The choice will be the same at the two endpoints of each correlation.
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Removing a large group-prime part. Choose a fixed band index j.. so large that
T =827 >0, N = co8'277 < min(b,/4,1/4). (6.3)

For sufficiently large x, this band is present. Designate one of its labelled slots, whose prime therefore
lies in [x7,2"]. This merely names an existing slot in the weight.

Put up = u/u,. We first discard up > zb+/%. For u < x, the part of 2u + 1 supported on primes
exceeding W has at most O(L/logW) = O(v/L) prime factors with multiplicity. Its number of
divisors is consequently at most exp(O(v/L)), since a + 1 < 22 for a > 1. This bounds the possible
rough divisors m. The tail bound in Lemma 5.1, with d = 2/5, gives

Yo lamBulAo(w)| ¥ (u/z)]

mn=2u+1, uxx

up>acb*/4
< 2190 exp(O(VE)) (Z ”) > M0 proW e (Leni o) - 6a)
v r>gbx/4
re=1

To obtain the first inequality, write u = vr, use vr < x to bound 1 < x/(vr), and then drop the
product restriction. The harmonic ordinary-slot mass is Hg = LOW. Since 1 —d > 1/2, (6.4) is
Oy (zL=H) for every fixed H. The same conclusion will hold whenever we reinstate these discarded
tuples with a multiplier of absolute value at most one.

A smooth allocation with bounded residual. Set
E=UL %o, (6.5)

where the fixed positive constant K will be chosen below. Put the entire group-prime part and the
designated prime into h. Process all remaining ordinary slots by increasing band index, in a fixed
order within each band, assigning each slot either to e or to h. Write these slots as pq,...,pn, with
band indices j(i); here N = r¢(j, +1) — 1 = O(T).

Fix a smooth function v : R — [0, 1] equal to zero on (—o0,0] and to one on [1,00). At slot i,
with residual target R;, assign the prime to e with weight

(Ri — log p; )
o Y
Sj(i)

and to h with the complementary weight. Start with R; = log E/, and subtract logp; from the
residual precisely when the slot is assigned to e.

For a tuple surviving the preceding deletion, the product withheld from allocation is at most
xb/2. Since u < x and U < z' b+ its available logarithms satisfy, for large z,

N

0<logkE < Zlogpi.
i=1

Every branch of positive weight has the invariant

N
0< R <> logpe+(ca+1)sj, (1<i<N+1). (6.6)
t=1
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Indeed, taking a slot requires R; > logp;, so preserves both nonnegativity and the upper bound
after subtracting that logarithm. Skipping a slot in band j requires

R; <logp; + 8; < (CQ + 1)8]‘.

If j < jz, the next band has at least ryp — 1 available slots and therefore total logarithm at least
(ro —1)c18j/2 > (c2 + 1)s;. These slots are all still unprocessed. If j = j,, the error term in (6.6)
supplies the bound directly. This proves the invariant by induction, including the terminal step.
The geometric sum of all unprocessed band scales is O(s;(;)). Thus (6.6) also places every
argument (R; — logp;)/ s;(;) in one fixed compact interval, independently of Ky. At termination,

0 <log(E/e) = Rnt+1 < (c2+1)sj,.
Choose once and for all Cs > 40(c2 + 1). Every surviving branch has
EL % <e<E. (6.7)

This choice of Cy is independent of K.
Choose a fixed smooth p : R — [0,1] of compact support which equals one throughout the
possible argument interval, and put

fi=p, fo=p(1—7).

The allocation is unchanged on the retained tuples. On any tuple the sum of its full branch weights
is at most one, since fy + f1 = p < 1 at every node of the choice tree. We may consequently impose
(6.7) and reinstate all discarded tuples, with the same negligible error (6.4).

Separation and its uniform cost. Use the Fourier convention

floy = [ e, g = [ FoesE,

Cr = max (1, [10@15. [1H©15).

For a fixed branch § = (d1,...,0y5) € {0,1}", Fourier inversion of its N transitions has total
variation at most C'fpv . Summing over the branches costs at most

and set

(2Cp)N < LY (6.8)

for a fixed exponent, increased below to include the fixed cutoff ¥. In particular this exponent is
independent of Kj. Truncating each transition variable at |;| < L has total error at most

NNCyCN LM (6.9)

for any fixed M, by the union bound on the complementary integration regions and the rapid
decay of a single Fourier factor. The constant Cj; occurs only once in each term of this estimate.
Increasing M therefore does not increase the exponent arising from C’f;v .

To see the separated phases explicitly, use R; =log £ —3,_; 0; log p;. The product of the Fourier
phases is

(. Nog ) N i & &i
exp zlogEZ it op=——— — tz . (6.10)

im1 5i() ) =1 Sj(t) i>t Ji(i)
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The dependence on E is entirely in the scalar of modulus one. Since ), 5_(1) = O(T1), the retained

j
frequencies satisfy |o;| = O(L/T). Fourier inversion of the fixed smooth function ¢ — ¥(e') likewise
separates W(eh/x), with bounded integral norm; truncation at a fixed power of L has arbitrary
logarithmic accuracy. Its contribution is a factor A%, a factor e’ absorbed into the coefficient of e,
and a scalar of modulus one.

All these errors can be summed before Cauchy—Schwarz. The original m,n restrictions still

imply v =< x, and the unmodified factorization mass is bounded by

Z |t B | Ao (u) < LOW) Z r(v) < LOW.
mn=2u+1 vXT

uxxT
Here and below 7 is the divisor function. The same estimate applies to the labelled-slot sum with its
original factorial normalization. Combining it with (6.9) proves an error Oy (zL~) for arbitrary
fixed H, without changing the fixed exponent in (6.8).

Consequently the required sum is, up to these errors, a sum and integral of total variation at

most LEf of expressions

B = Z ae(e)ﬁn Z amah(h))

mn=2eh+1 (611)

ah(h) = higg(h)W1 (h)H(h*), H(t) — Z 1p€Qj**prr-

pr=t

The original m, n restrictions are in «, 3, and the e range (6.7) is in a.. The prime in H is the
designated prime. Its phase can be taken to be zero at this stage; we allow a bounded-power
frequency o in the notation. All phases in (6.11) have fixed logarithmic-power bounds.

Both a. and ¢, are bounded coefficients. In fact, for a fixed branch and a fixed product,
disjointness of the bands determines the prime multiset in every band. There are at most r!
assignments to the relevant labelled slots of any one band, even when primes repeat. Distributing
the original factorial normalizations between the two coefficients only improves the resulting bound

lac(e)l; ler| < (o=t < LY, ap(h)] < L7 (h). (6.12)

The last bound comes from summing over the designated prime divisor of h,. The exponents C,, C},
are fixed independently of Ky and of the Fourier error accuracy. Only ordinary-band primes were

assigned to e, so its removal leaves the marked group weight and the sign exactly on h, as used in
(6.11).

Cauchy—Schwarz and the diagonal. Choose bounded nonnegative smooth majorants e, 1y,
equal to at least one on the e, n ranges. We can arrange

suppne C [AL7%,2],  suppm, € [1/2,3],  [0]|oo + 10|00 < LEUTD),

where C;, depends only on Cs. There are O(EV) pairs (e,n) in the original ranges. Hence (6.12)
and Cauchy—Schwarz give

|B'? < EVLYN, N =Y n(e/Eym(n/V)| > oman(h)| - (6.13)

en mn=2eh+1

Here C), is fixed independently of Kj.
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The diagonal m = m’ in the square forces h = h'. Collecting by v = mn and then using (6.12)
gives

—1\?2
Naiag < LY Y 7(0) ). T(UQe )

YT el(v=1)/2
< LS 7(v)r(v - 1) < 2LC%. (6.14)

The final estimate follows from Cauchy—Schwarz and the fixed second and sixth moments of 7 in
Proposition 2.2. Enlarging the e divisor set in this calculation makes C’; independent of K. Since
EV =< 2L~ %o the diagonal contribution to the right side of (6.13) is at most g2 [~ Ko+CrtCa We
now fix

Ko>2(D+Cr+1)+Cp+ Cy. (6.15)

It remains to obtain an arbitrarily strong logarithmic saving for the off-diagonal part of N with this
fixed K().

The off-diagonal change of variables. A pair of representations in the expanded square satisfies
mn = 2eh + 1, m'n = 2eh’ + 1.

The first identity gives (n,2e) = 1. Subtracting the two identities therefore gives a unique integer k
with
m’ —m = 2ek, h —h = kn, z=m'h, 24+ k=mh. (6.16)

Indeed mh' — m’h = k(mn — 2eh) = k. On the off-diagonal k # 0, and the lower support bound for
e gives
0 < |k| < LEoHCs, (6.17)

For completeness, this parametrization is reversible for both signs of k. Start from positive
factorizations z = m’h, z + k = mh/, require m’ = m (mod 2|k|), and put
m' —m 2eh + 1

g >0 = (6.18)

e =
The first quantity is an integer. The determinant identity implies
m(h' — h) = k(2eh + 1).

Since P~ (m) > W and k has the fixed logarithmic-power bound (6.17), we have (m, k) = 1 for large
x. Thus n is a positive integer and h’' — h = kn. Substituting m’ = m + 2ek recovers m’n = 2eh’ 4 1.
Every reconstructed variable is unique. Applying the size cutoffs in (6.13) therefore gives an exact
bijection, with no additional multiplicity or divisibility condition.

Both m, m’ are odd and coprime to k. With g = 2|k|, their congruence is imposed exactly by

1

o(a) ) (Z x(m)x(m’). (6.19)

mod qk)

1p=m (mod ¢x) —

The normalized character sum has total coeflicient mass one.
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The pulled-back cutoffs. On the supports above, h < x/e and m’ < U. Thus z < Uzx/e lies
between fixed constant multiples of %0 and xL¥0tC  Insert a smooth dyadic partition in z,
retaining an outer cutoff ¥ z(z/Z) in every piece. Only O(1 + T') dyads are needed, and all have
Z = 2xLOW,

For a fixed k, Z, put

t1 =log(m/U), ty =log(m'/U), t3=log(z/Z).
The arguments of the two majorants are exactly

e m —m U

_— = frnd t2 — tl

E- B "B )

n 1 /m-mz 1

7= (o) (6.20)
A

1
— 3ot _ ,—t2 -t
Ve (e e ")+ Tve

On a fixed compact box in these coordinates, every log-coordinate derivative of the first expression
is O;(U/(|k|E)), and every derivative of the second is

o) (s i)
T\|klUV " UV )’
All these quantities are bounded by fixed powers of L after (6.15). The chain rule and the derivative
bounds for 7., 1, therefore give, for each multi-index v,

167 br, 2]l <y LEOIHD (6.21)

for the pulled-back product of majorants, multiplied by fixed smooth buffers in ¢1, ¢35, 3. Choose
these buffers to equal one on the original m, m’ dyads and on the support of the outer z cutoff. This
places by 7 on a fixed compact box and leaves the sequence o unchanged. The majorants vanish in
neighborhoods of nonpositive e/E and n/V, so extending the product by zero across those regions
is smooth. Positivity in (6.18) is thereby imposed by the same cutoffs.

This is the fixed-dimensional setting of Lemma 2.4. Choose a fixed Cg larger than the slope
required in (6.21), and put P = L. Repeated integration by parts in these three coordinates gives

() <5 L+ 1E/P)7 [ ra©)ldg < P

and
/|£I>PL B2 ()] dé <; PPL>, (6.22)

Consequently the cutoffs separate into phases m?! (m/ )i52 23 at fixed logarithmic-power cost and
with fixed logarithmic-power frequencies. Scalars involving U and Z have modulus one.

To justify the tails absolutely, an endpoint convolution is bounded by LO(I)T(U*)Qi there are
at most 73(vs) < 7(v4)? triples mpr = v,. Including the bounded group weights and dropping the
congruence, Cauchy—Schwarz and the fixed fourth divisor moment in Proposition 2.2 give

LODS™ r(2)?r(2 + k)? < ZLOW. (6.23)
=7

Here |k| < LOM = o(Z) and both positions are positive. This estimate controls (6.22), after
summing over all k and Z, to arbitrary logarithmic accuracy by increasing j. The fixed exponent
Cs need not increase with that accuracy.
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Identifying the two endpoints. Fix one character in (6.19) and one retained Fourier term.
Before the character and Fourier factors, the coefficient from the expanded square is

am@ran(h)ap(h').
Define invariant cores, for positive integers v, by

Fo(v)= D amx(mm' @10, p7e;,

Mpr=ux

Gow) = > amx(mm & 91,0 pTE.

MpPr=ux

(6.24)

Both cores contain the original restricted sequence a.. All group primes are below W, whereas m, m’
have no prime factor at most W. Therefore

2o = m'hy, (z + k) = mhl,

Wi(z) = Wi(h), Wi(z+k)=Wi(h), c(2) = e(h), e(z+k) = (). (6.25)

Using also h = z/m’ and b/ = (2 + k)/m, direct expansion shows that the separated sum is precisely

ST Wz(2/2)2€T) (2 + k) TR (2)Go(2 + k)W (2) Wiz + k)e(2)e(z + k). (6.26)
z—f—ig()
For example, conjugating the first core supplies @y (m/)(m’)*€2~9 H(h,), while the second core
supplies a, x(m)m* €+ H(R!). The remaining powers in (6.26) give exactly h*¢(h')~2%3. Thus
the discrepancy-bearing first core has the required coefficient «, with its conjugation occurring
outside that core.

Every hypothesis of Theorem 4.1 is now satisfied. The designated slot is a prime in the fixed
range (6.3); the residual coefficients are bounded by (6.12); the character modulus 2|k| and all
frequencies have fixed logarithmic-power bounds; and the two endpoints have the same allowed sign.
Finally, set

Pz(t) =tz ().
Then z(z/Z) = (Z/2)z(z/Z). Consequently (6.26) is exactly Z times a harmonic correlation
covered by that theorem. For any prescribed Dy it is therefore

O(ZL=Po), (6.27)

provided the discrepancy exponent B is chosen sufficiently large after all the fixed bounds and Dy.

Completing the parameter choices. Here is an explicit ordering of the choices. First fix the
weight geometry, b,, Dy, C, the designated band, the allocation functions, and the cutoff. These

determine the exponents
Cs, Ca, Ch, Cf, Cp, Cq.

Fix Ky by (6.15). This fixes the derivative and frequency bounds after Cauchy—Schwarz, the Fourier
scale P, and exponents Ky, K, Csep such that there are at most LEk shifts, Z < L%+, and the
total post-Cauchy separation cost, including the dyads, is at most L. These exponents are all
fixed.

Choose Ay > 0 so that

—Ko+Cp—Aog < —2(Dx +Cr + 1),
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and then choose
DO >Aoﬂ+Kk+Kz+Csep+2-

Choose the differentiation orders in the Fourier tail estimates large enough for the same error target.
Theorem 4.1 now supplies a sufficiently large fixed B. Summing (6.27) over shifts, dyads, characters,
and the retained Fourier integrals gives

\No| < xL Ao,

Together with (6.14), (6.15), and (6.13), this proves |B'| < 2L~P«=¢s~1. The total pre-Cauchy
variation LEf and the arbitrarily small previously discarded errors prove (6.2) for each choice of ¢,
and hence for A. O

Remark 6.2 (Precision in subsequent proxy replacements). Theorem 6.1 permits the actual interval
restriction to be included in «, and it asks only for boundedness of the other coefficient. Thus
it can be applied a second time after exchanging the two factors, even if the first coefficient has
already been replaced by a nonsmooth bounded proxy. On O(L) contributing factor dyads, its total
error is O(zL~P+*1). The lower bound X4 > xL~%4 in Lemma 5.2 makes this o(X 4/L) whenever
D, >Cy+2.

In particular, if a later proxy construction has coefficients bounded by one independently of its
logarithmic cell precision S7, use that coefficient bound when making all the choices above. First fix
K, the shifted-correlation accuracy, and finally the discrepancy exponent B; only afterwards choose
the proxy precision S1 > 2B + 3. Neither C;y nor the coefficient or diagonal exponents depends
on Sp. Increasing S; therefore changes only how large « must be and does not reopen any earlier
choice.

7 Distribution in congruence classes

For an odd squarefree integer d define

r(d) = ugl Aw)V(u/z) — o) (7.1)

2u+1=0 (mod d)

The following estimate supplies the distribution needed by the sieve. Its proof uses only the prime
slot in ), the weight bounds already proved, and the classical Siegel-Walfisz and multiplicative
large sieve estimates in [4, Section “Notation and preliminary estimates”].

Theorem 7.1 (Congruence distribution). For every fized 0 < ¥ < 1/2 and D > 0,

> Ir(d)| <pp 2L~ P + X L8

d<z?
d odd and squarefree

The constants may depend on the fixed weight geometry and ¥, but not on any later proxy precision.
No effective bound on the threshold for x is asserted.

Proof. Write Q = 2V and w(u) = A(u)¥(u/z). The congruence in Equation (7.1) is the single unit

class ag = —27! (mod d). Character orthogonality gives the exact identity
1 1
r(d) = 2(d) > x(aa) > wlu)x(u) - ) > w(u). (7.2)
¥ X r;léod d u ¥ (u,d)>1
XF#X0
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We first bound the correction in the second term. Mertens’ estimate implies

1?(
o ¢h ) p<Q

(1 4 pi1> <L (7.3)

For a fixed u in the effective support of w, we have x < u < 2z and every prime divisor of u is at
least L?°. Writing a squarefree d divisible by p as ph, and then using a union bound, gives

> Ly Ly sy Lo
d<Q 80( p|u h<Q(p P|“ 1

d squarefree
(dyu)>1

For the last inequality, u has at most log(2z)/(20T") distinct prime divisors. Since w > 0, the total
principal correction is therefore O(X4L~1%).

To treat the nonprincipal characters, delete one designated ordered slot of ()¢ from the definition
of a. Retain the original divisor (rg!)=*! in the resulting coefficient, denoted by a~(v). If the
residual exponents are e, then

HHL i

0 j=0peQ; €p:

with 79 — 1 slots in Qg and 7 slots in every other band, and @~ (v) = 0 off this support. Partitioning
ordered tuples by the deleted prime gives, including when primes repeat,

a(v) = a”(v/p).
pgﬁo

The Qo-primes lie outside P, so removing that slot changes neither W; nor £. Consequently

= Z b(r), b(r) = Wl(r)l_zéma_(r*), b(r)] < LBo (7.4)

pr=u
p€Qo

where By is fixed by the weight geometry.
Split p,r into dyads of sizes P, R. Only O(L) pairs of dyads contribute, and on these PR < z.
Since % < p < 2% there is a fixed ¢ > 0, depending only on Equation (5.1), such that

P,R > zf (7.5)

for every contributing pair and all sufficiently large x. For example any ¢ < min(c18’,1 — ca8”)
suffices.

Every character modulo an odd squarefree d is induced by a unique primitive character x; of
conductor f | d. Write d = fh; then (f,h) =1 and ¢(d) = ¢(f)¢(h). For such an induced character,

X(pr) = xrP)x (1) Lipn=131{(hn)=1}-

The nonprincipal characters have f > 1; there is no multiplicity in this parametrization. After

34



applying the triangle inequality in Equation (7.2), it remains to bound sums of the form

S ow D, s
h<@Q ¥ 1<f<Q/h ¥ xf mod f
h odd and squarefree f odd and squarefree
(f,h)=1 (7.6)

> b(r)xs(pr) L =1y ¥ (pr/z)|.

PEQo, p=<P
r=<R

Here and below the asterisk denotes primitive characters. Modulus restrictions may be discarded in
nonnegative majorants, which will be useful when applying the large sieve.

Choose a fixed K later, and first consider the conductors f > LE. Put ¢(v) = ¥(e’) and
o(t) = Jg ¥(v)e™™ dv. Fourier inversion gives

1 ~ o -~
Wipr/a) = o [ bwatptetan [ o)< .
21 Jr R
There is no frequency truncation error. For fixed h,t, define

Put) = > x(eph,  Ralot)= Y b(r)x(r)r'.
PEQo, p<P =R
(p,h)=1 (r,h)=1
Their coefficient squared norms are at most O(P) and O(RL?P0), respectively, uniformly in h, t.
On a conductor dyad F' < f < 2F, Cauchy—Schwarz followed by the primitive multiplicative large
sieve therefore yields

1 * Bo

Yo Y Palx HRalxs )] < LF \/(P+F2)(R+F2)PR
F<f<2F w(f) X mod f

11 1 F ) )

< xLPo <+++
Indeed 1/¢(f) < F~1f/p(f) on this dyad, giving exactly the large sieve’s primitive-character
weight. The masks 1, n)—1, 1, n)=1 do not enlarge the coefficient norms.

~

Integrate against [¢|, sum the conductor and factor dyads, and use Equation (7.3) for the
remaining h-sum. Since F' < @, Equations (7.5) and (7.7) give a total at most

2 LB (L*K pa?y xﬁ*1/2) (7.8)

for a fixed By independent of K. One can use dyads intersected with f > L¥, so their lower
endpoints are at least L% /2. In particular the summation over h costs a logarithmic factor, not a
factor Q. Taking K > By + D + 2 makes Equation (7.8) O(xL~P), because ¢ < 1/2.

It remains to consider 1 < f < 2LK. For fixed r < R, apply Siegel-Walfisz to the nonprincipal
character x s on the prime interval Qo N [P,2P). Since P > z¢, the modulus is bounded by a fixed
power of log P. Summing the residue-class estimate against xy and asking for a stronger initial
saving absorbs the at most ¢(f) classes. Partial summation, using the uniformly bounded supremum
and total variation of p — W(pr/x) on this interval, gives, for any fixed M,

> xp(p)V(pr/z) <gxm PL7M. (7.9)

PEQo
p=P
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This use of Siegel-Walfisz includes possible exceptional real characters; its potentially ineffective
constants cause no problem.

Imposing (p, h) = 1 deletes only O(1) terms in Equation (7.9): each deleted prime is at least
x¢, while h < 27, so there are at most ¥/c + O(1) such primes. Thus the inner double sum in
Equation (7.6) is at most

RLPY(PL™ + O(1)) < aLPo~M 4 gl=epPo.

The other mask, (r,h) = 1, only decreases this absolute bound. For the small conductors,
1 *

> > 1< LK.

1<f<2LK Qﬁ(f) xf mod f

Combining this with Equation (7.3) and the number of factor dyads bounds the small-conductor
contribution by

$LB;),—&—K—M + xl—cLBg—l-K (710)
for a fixed B3 independent of K, M. Choose M > B3z + K + D + 2. Equation (7.10) is then
O(xL~P). Together with the large-conductor estimate and the principal correction, this proves the
theorem. O

8 Prime extraction

Put N, = 2u+ 1 and a,(u) = A(u)¥(u/x), so that a,(u) > 0 and X4 = >, ay(u). Throughout
this section the band geometry, the even integer rg, the damping gy = 1/2, and ¥ are the fixed data
of the weight construction. In particular, Lemma 5.2 gives

x
L

We use the Type II and congruence distribution results proved above, together with the following
explicitly stated sieve and proxy inputs.

Xax ZHgoHp, Xa>»azL7%,  Hp>1. (8.1)

8.1 Sieve and proxy inputs

Lemma 8.1 (Block sieve, imported). Consider finitely many objects with nonnegative weights and,
at some primes p < z, designated bad conditions. Suppose that for every squarefree product d of these
primes, including d = 1, the weight on which all conditions indexed by p | d hold is X g(d) + r(d).
Here X > 0, g is multiplicative, and, for fixed ng > 0 and C, one has

0<g(p) <1—mo, Y gl <C (w>1).
w<p<w?

For every sufficiently large even integer h, the weight avoiding all the bad conditions equals

X[[A—g@na+oEe™)+0| > Ir@l]. (8.2)

p<z d< 4h+2
d squarefree

The products and sums use only the designated primes. Constants depend only on the two density
bounds, and are uniform when h grows. For h = 2 there is an upper bound by a fixed constant times
the displayed main term, plus the same remainder sum.
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The upper and lower inclusion—exclusion polynomials have coefficients of absolute value at most
one, supported on squarefree d < z*"*2. The upper polynomial is nonnegative. Its overcount is
bounded by the nonnegative difference between the upper and lower polynomials; that difference also
has coefficients of absolute value at most one and the same support bound.

This is the Block sieve, Lemma 2.9 of [4]. Its coefficient bound, its growing-h uniformity, and
its fixed-depth upper bound will each be used below. No sieve assertion about the present weight
is included in the import: its required remainder estimates come from Theorem 7.1 or from the
explicit box count below.

Define
Vi) =[[a-1/p), Wiw= ] 0-1/p-1),
p<y 3<p<y
1 (8.3)

Mertens’ estimate and the convergent quotient product give

e_FYE

V(y) Vi(y) ~ &V (y), (8.4)

~ logy’
where g is Euler’s constant.

Here are the proxy estimates we use. For the moment let 0 < k < 1/50 and 0 < by < 1/2 — k&
be arbitrary fixed numbers, and let (v,7'] range over a fixed finite partition of (b1,1/2 — k]. On
[£01/4, 21=b1/4] consider the tests

Ipr(m) = 1m prime; I’Y(m) = 1P*(m)>x7'

For a fixed precision S; > 0, partition the logarithmic axis into cells of width Ay, = L=51. On every
full cell Cy = (Y, e*£Y] meeting the ambient interval, put

ZmECy I(m)

cr(Cy) = #{m € Cy : P~(m) > W}’

Bi(m) = c1(Cy)1p-(mysw (m € Cy). (8.5)

Even if a later factor range cuts a cell, both counts in this definition are taken on the full cell. Range
restrictions are applied only after the ratio has been defined.

Lemma 8.2 (Proxy estimates, imported). For sufficiently large z, the denominators in (8.5) are
positive and 0 < ¢; < 1. For every fited B > 0, every firted S1 > 2B + 3, and every interval K
inside a dyad in the stated factor ranges, the sequence

o = (I(m) — Br(m))lmek

vanishes outside P~(m) > W, has absolute value at most one, and satisfies
Z amx(m)m~ it < =8 (8.6)
meJ

for every interval J C [1,22], every Dirichlet character of modulus at most LP, and every |t| < LP.

Write
B. = [$1/2—2H $1/2+2r€].
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There is an absolute constant Cp, such that

Cor

o (e B (8.7)

cpr(m) <

The constant is independent of £ and Sy; the threshold for x may depend on all fixed parameters.
For w > v >0, set

Dy(w) = — + Z llj /tiZ'y (1<i<l M (8.8)

<i<li) N\ L
W= S tiw—y W=t

This sum is locally finite and nonnegative, and is jointly continuous on compact subsets of w > v > 0,
including the thresholds w = lvy. If mn = N, on the support of ¥(u/x) and logn/L € (v,~'], then

_ SUPy<icy Dy(1—1t)+o0o(1)

Here the parameters are restricted to a compact subset of w > v > 0, as holds for the bins under
consideration. For fived sufficiently small b > 0,

1/2 do
a1 -0 = Dy1) - 1. (8.10)
1) < S50+ 0 ) (.11)

with an absolute ¢ > 0. The endpoint of the integral is interpreted by its left limit.

The discrepancy assertion and the density assertions are, respectively, Lemmas 7.3 and 7.4 of [4],
in the section “Extracting primes with smooth predecessors.” These results concern ordinary integer
cells; their hypotheses contain no candidate weight. In particular they apply to the present A. The
exact bound c¢; < 1 also follows directly because each test selects a subset of the W-rough integers
in its cell. Thus the coefficient bounds of both B; and I — By do not depend on the precision 5.
In (8.9),

1ogm_1ilogn logm
L L
which verifies the required separation from w = . Every little-oh assertion in the proxy estimates

is taken only after its parameters have been fixed.

+0(1/L),

—v>2k+0(1/L),

8.2 A uniform positive pair bound

We first prove an upper bound that uses only the original weight geometry. This establishes the
constant needed to choose x without referring to by, the Type II discrepancy exponent, or the
eventual proxy precision.
Choose a sufficiently large fixed integer 7’ and a fixed # in the gap
1 1

'9-1" < ¢ r9=i'+1 100 < — 9= < —, 8.12
c28 <0 <cs , < 590 J;’ 70C2S <3 ( )

Such choices exist because ¢z < 2¢1, and all endpoints decrease geometrically. Call Q; with j > 5’
the micro bands and those with j < 5/ the macro bands.
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Lemma 8.3 (Assignment and mask majorant). An assignment a consists of the complete ordered
ro-tuples in all the micro bands and one prime mark from each Py. Let Dy = Di(a) be their product,
with multiplicities retained, and put

Ja
1 -1
Aa = H 0! HVg
=i g
For sufficiently large x,
A
D<ot 3t < Hg, YN <a!/*Hg. (8.13)
a 1 a

For each assignment, ban every odd non-P prime at most z¥ not dividing D1, and independently
ban each P prime not dividing Dy with probability 1 — qo. With expectation over this finite random
mask,

A(u) < AO(U) < Z Aa]-Dl\u Ealu is divistble by no banned prime- (814)

a

The constants in (8.13) depend only on the fized weight geometry and j'.

Proof. The product of the micro entries is at most /2% by (8.12). There are O(T) marks and every
mark is at most exp(L?/®), so their product is exp(O(TL?%)) = z°(). This proves the asserted
bound for Dy, including assignments with repeated micro entries. Write

To

-4 (5
=i T \peg, P

Summing the reciprocal product of the marks gives ]_[g(Vg_1 > peP, p~!Y) = 1. Consequently
Yara/D1 = Hgic < Hg: only finitely many fixed band factors, bounded above and below,
have been omitted from Hg. The last assertion in (8.13) follows by multiplying by the bound for
Ds.

To prove the majorant, fix u with Ag(u) > 0 and a compatible choice of ordered micro entries
and marks. The band gap in (8.12) implies that all non-P prime factors of u below ¥ are among
these micro entries, whereas every macro prime exceeds z?. All group primes are below z¥ for
sufficiently large x. The only random survival conditions are therefore at the distinct unmarked
group-prime divisors of u. There are exactly wp(u) — sp of them, so the survival probability is
a” (w)=sp , even when marked or unmarked primes occur to higher powers.

Summing one mark per group with normalization [], V! recovers the factor Wy(u). For a
fixed prime multiset in any band, the number of ordered ro-tuples divided by ro! is 1/[], vp! < 1.
Summing the normalized compatible micro lists retains their exact contribution to a(u,); dropping
the remaining macro-list contribution can only increase it. Thus the compatible assignments already
dominate Ag(u). Incompatible assignments contribute nonnegative terms, proving (8.14). O

Lemma 8.4 (Positive dyadic pair estimate). There is a constant Cyox, depending only on the
fized weight data and the choices in (8.12), such that, on every dyadic box with My My < x and
M; < 2054,
> az(u) < Chox XAV (W)2. (8.15)

Mi1<m<2Mi, Ma<n<2Mas

mn=N,, P~ (m),P~(n)>W
The fixed constants in the size comparisons can be taken to cover all boxes meeting mn = 2u + 1
with u € [z, 2z].
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Proof. Use Lemma 8.3 and bound V¥ by its fixed supremum. Fix an assignment and a mask. Since
Dy is odd, D; | u implies mn =1 (mod D;). We count all pairs in the box with this congruence,
dropping both the parity of mn and the remaining support restriction on wu.

For every odd prime I < z¥ not dividing Dy, impose the bad condition mn = 0 (mod ) when
[ < W, and the bad condition mn =1 (mod [) when [ is banned. There are 2l — 1 pairs of residues
with product zero and [ — 1 with product one; the two sets are disjoint. Hence the local number
and density of bad residue pairs are

VU) = (2l - 1)1l§W + (l - 1>1l banned g(l) = ZT (816)

In particular g(I) < 7/9 and g(I) < 3/I. These give uniform density hypotheses for Lemma 8.1,
independent of the assignment and mask.

There are exactly ¢(D1) residue pairs with product one modulo D;: choose the first unit and
then its unique inverse. This statement does not require D7 to be squarefree. For a squarefree d
built from the sieving primes, the Chinese remainder theorem gives exactly ¢(D7)v(d) pairs modulo
D1d, where v is multiplicative. Each pair of classes contributes

My M, M, + M2>
(D1d)? Did )

+O<1+

Thus the base mass is M Myp(D;)/D?, with local density g(d). Since v(d) < d7(d)?, the lattice
remainders satisfy
|7“a(d)| < T(d)2{M1 + My + Dld}

Use the h = 2 upper bound in Lemma 8.1, whose level is D = (xg)lo. Fixed divisor-moment bounds
give
> |ra(d)| < L{(My + Ms)D + D1 D%} (8.17)
d<D
for a fixed Cj. This includes d = 1 and is uniform in the mask.

We next compare the sieve product with Mertens products. For | < W banned by the mask,
its factor is 1 — 3/1 4 2/1?; for an allowed | < W it is (1 — 1/1)%. For W < I < ¥ outside Dy, all
primes are non-group primes and banned, and the factor is 1 — 1/1 + 1/I?. Comparing these factors,
allowing a convergent product of 1 4+ O(I72) and the fixed factor at 2, gives

[T a-9@)<vm?ve) [Ja-1/072 [ a-1/0p7" (8.18)
i w v

Every prime dividing D; is at least L?°, and log D1 = O(L), so
L—19

1
> 7 <Cioal
l|D1l log L

Its correction product in (8.18) is therefore uniformly bounded. Independence of the mask gives

E, [ a-1/0"=T] <1+lq_°1>

leP, 4D, leP
1 allowed YDy

q0
SH<1+Z—1) SHP-

lep
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For the last inequality, the group factor in Hp is
1

H<1+ £ );Z_HQO

pEPy p—1 9 pePy p

and the final factor is at least one.
Since ¢(D1)/D? < 1/D;, summing the main term over assignments with Lemma 8.3 gives

< 2V(IW)?V (2 HoHp < XAV (W)2. (8.19)

Here V(2%) < L™, with 6 already fixed, and we used (8.1). It remains essential to sum the errors
over assignments as well. From (8.13),

S ADy < 2V10(Hg).

Since D < z'/20 and M; < 2954,

> X Y Ira(d)] < L Ho (a2 (M, + My)D + /10D
a  d<D

< L9 Hg (2264 + 2020) = o(X 4, V(W)?). (8.20)

Indeed XAV (W)? < xHoHp/L? and Hp > 1. This proves (8.15). Every constant used here
depends only on the original weight data and j’, 6. O

For later use, a dyadic decomposition of B, and Lemma 8.4 imply

R, = > az(u) < Cr(kL + 1) XAV (W)2. (8.21)
mn=N,, m,n€Bx
P~ (m),P~(n)>W

There are O(kL + 1) first-factor dyads because the interval has logarithmic length 4xL, and only
O(1) second-factor dyads per first-factor dyad because mn € [2z + 1,4z + 1]. Enlarging partially
intersected boxes is legitimate by positivity. For x < 1/50 all their sides are O(z%%*). Consequently
(1 is independent of x, b1,.51. Fix, at this point, the constant

Chal = C5,C1, (8.22)

enlarging it if necessary to absorb the fixed dyadic conventions.

8.3 Parameter choice and test replacement

Choose 0 < k < 1/50 so small that
Cralk < &/4. (8.23)

Next choose b; > 0 sufficiently small, with b; < 1/100, to satisfy the presieve and subtraction
conditions below. The constants in those conditions do not depend on a later proxy precision. Set

By continuity in Lemma 8.2, a sufficiently fine fixed partition of (b1, 1/2 — k] satisfies
1

sup D~(1—1t)log(7'/v) < Dp, (1) — 1+ —. (8.24)
(%,Y/] y<t<y! 10
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In fact these sums converge to bll/ 2 Dy (1 — o) da/a: on this fixed compact range, replacing -y
and t by the same point changes the continuous integrand uniformly by a quantity tending to zero
with the mesh. Positivity and (8.10) then give (8.24).

Prescribe a Type II saving D, > Cy4 + 4 and a congruence saving D.; > Ca + 4. Apply
Theorem 6.1 with b, and coefficient bound one, obtaining its required fixed discrepancy exponent
B. Only now fix S; > 2B + 3 and define the proxies by (8.5). All these parameters, including any
prime number theorem accuracies in the proxy inputs, are fixed before x tends to infinity.

Lemma 8.5 (Replacement on the required factor ranges). In all factor sums used below, a test I on
either factor of mn = N,, can be replaced by By with total error o(X /L), provided the coefficient
on the other factor has absolute value at most one. This holds also when that other coefficient is a

proTY.

Proof. For the unbalanced sums, the prime factor n is in (xbl,xl/ 2=#], and the complementary

factor lies between fixed positive multiples of 2'/2t% and z'~?'. For the balanced sums both factors
are in B,. Thus every contributing factor dyad, after intersecting with its actual interval, has scale
between 21/3 and z'~%1/3 for sufficiently large . The actual factor ranges also lie inside the ambient
proxy interval. The fixed gaps in these exponent inequalities absorb all dyadic endpoint constants.

On a dyad use (I — Br)1x as the first sequence in Theorem 6.1, where K is the actual summation
interval. Lemma 8.2 supplies its rough support, coefficient bound, and discrepancy. Exchange the
factor names when the test is on the second factor. The theorem requires only boundedness of the
companion sequence, so a nonsmooth proxy is permitted. There are O(L) contributing dyadic pairs
for each of the fixed finitely many tests. The total error is therefore O(zL~P*+1) = o(X4/L) by
(8.1). The full-cell normalization is retained when K cuts a cell. In particular, neither B nor the
coefficient exponent used in the Type II theorem depends on 5. O

8.4 Presieving and unbalanced composites

For odd squarefree d write, as in the congruence theorem,

X4
r(d) = az(u) — ——.
;N:u ¢(d)
Theorem 7.1, with the already fixed 1, D, gives
> Ir(d)| < 2L P 4 X L718 = o(X4/L). (8.25)

d<z?
d odd and squarefree

Lemma 8.6 (Initial sifted mass). For sufficiently small fixed by,

> e > O {bl (1 -0/ +o<1>}. (5.26)

P~ (Ny)>ah

Proof. Apply Lemma 8.1 to the nonnegative weights a, (1), with bad condition p | N,, at odd primes
p < z =2, Its density is g(p) = 1/(p — 1), at most 1/2; the sums of these densities over (w, w?]
are bounded. Take .
h=2|—1.
[
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Making b; small ensures that this even integer is sufficiently large for the two-sided sieve. Its level
satisfies

1
bi(4h +2) < ¢ + 26 < 9.

Thus (8.25) supplies the full remainder sum. Since N, is odd, avoiding the specified odd primes is
exactly P~(N,) > 2. Finally use (8.4) and e~ = O(e=%/"1) in (8.2). O

Lemma 8.7 (Conditional small-prime sieve). For each fized bin (v,~'] of the chosen partition,

S aa(w) = XAVi(W){log(v'/7) + o(1)}. (8.27)
x7<n<17, n|Nuy
n prime P~ (Ny)>W
Proof. Fix such a prime n. For each odd squarefree d supported on primes at most W, one has
n > W for sufficiently large x, and
Xa
az(u) = ————— + r(nd).
2 0= =y )

nd|Ny

Apply Lemma 8.1 on the objects with n | N, using base mass X 4/(n — 1), local density 1/(p — 1),
and h = 2[T?]. Its stated growing-h uniformity applies; the level for d is

Dy = W2 = exp(O(VLT?)) = 2°W).

Every product nd used is at most z'/2=#+t0(1) < g9,

Crucially, the map (n,d) — nd is injective, since n is the unique prime divisor of nd exceeding
W. This remains true when the sums are taken over all the disjoint bins. The sieve polynomials have
coefficients of absolute value at most one, so the sum of the remainders over all n and d is bounded
by the single sum (8.25), with no divisor multiplicity. It is o(X4Vi(W)), since V3 (W) =< L~/2. The

main terms are 1

n—1

XaViW)(1+0(e™) Y

/7
7 <n<la”
n prime

Partial summation from the prime number theorem gives the last sum as log(y’/v) + o(1), proving
the result. O

Lemma 8.8 (Removal of unbalanced composites). The weight of prime values Ny, together with
composite values whose least prime factor exceeds x/27%, is at least

GXa
2L

for sufficiently large x after by is chosen sufficiently small.

(8.28)

Proof. If a presieved composite has least prime factor n € (z7, 2], every prime factor of m = N, /n
is at least m > x7. This includes a repeated occurrence of n. Its weight is therefore bounded above
by the sum over mn = N, of I,(m)1 Other divisors counted by this sum
merely increase the upper bound.

Replace I, by B, using Lemma 8.5, and use (8.9). Because n > W, P~ (m) > W is equivalent to
P~ (N,) > W; no coprimality between m and n is needed. Lemma 8.7 and (8.4) bound the weight
removed for this bin by

x"/<n§a:7/, n primeaﬂc (u)

GXA{

7 sup Do (1 —t)log(v'/7) + 0(1)} ,

Yty
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apart from the total o(X4/L) replacement error. Summing over the fixed mesh and using (8.24)
bounds the total removed weight by

GX4
L

Subtract this from Lemma 8.6. By (8.11), the coefficient of &X 4/L left over is at least

{Dp, (1) = 1+1/10 + o(1)}.

1
1—— —O(bte /") +o(1).
10
Choose b; so small that this is greater than 1/2 for sufficiently large x. This choice also satisfies the
initial sieve conditions. The surviving presieved values are exactly among the two classes in the

assertion, so their weight proves (8.28). O

8.5 Balanced composites and the conclusion

Lemma 8.9 (Balanced composite bound). With the constant fized in (8.22), the weight of composite
N, with P~(N,) > xY/?7% is at most

Chal(k + 1/L)% +o(X4/L). (8.29)

Proof. Such a composite has exactly two prime factors counted with multiplicity: three would give
N, > z3(1/2=6) > 42 4+ 1. Both factors lie in B, for sufficiently large z, since the larger one is at
most (4 + l)x_l/ 2K < 21/2425 - Ordered prime pairs cover every such composite at least once;
distinct primes give two pairs and a repeated prime gives one. Thus their total weight is bounded by

Z Ipr(m)Ipr(n)agg(u).

mn=I»Nq,
m,nEB

Use the exact identity
Tpe(m)Ipr(n) — Bpr(m)Bpr(n) = (Ipr — Bpr)(m)Ipr(n) + Bpr(m)(Ipr — Bpr)(n).

Lemma 8.5 applies to the two terms in turn, exchanging factor roles in the second. Both companion
sequences have absolute value at most one, independently of S;. The resulting positive proxy sum
is, by (8.7), at most
C2
pr

—_— = (U). 8.30
L2V(W)2 mn:Nz;n neb ! (U) ( )
P (m),P~ (n)>W
Apply (8.21) and (8.22), and add the o(X4/L) replacement error. This proves (8.29). O

Proof of Theorem 1.1. Combining Lemmas 8.8 and 8.9 gives

G} X X
Z az(u) > (2 — Chalk — 0(1)) TA > TA’

N, prime

by (8.23). Lemma 5.3 removes only o(X 4/L) from this mass. Consequently there is a supported u
with 2u + 1 prime and 2u squarefree.

For completeness, the support condition counts prime factors with their multiplicities. The
ordinary part u, has r9(j, + 1) prime factors, an even number because 1 is even. The factor
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(1 —&(u))/2 in A(u) imposes an odd total multiplicity on the group-prime part. Hence (u) is odd.
Every supported u is odd, so Q(2u) = 1 4+ Q(u) is even. On the retained squarefree predecessors
this is also an even number of distinct prime factors. Finally u € [z, 22| wherever ag(u) > 0; the
resulting primes exceed x for arbitrarily large x, proving infinitude. O

The order of choices is intrinsic to the argument: the original weight data and the micro-band
choices determine Cpox and Chay; then come k, by, the finite mesh, the distribution savings and
their discrepancy exponent, and finally S7. All thresholds for x are imposed afterwards. In
particular the absolute prime-proxy constant and the coefficient bound one, rather than any
precision-dependent regularity, are what make this order valid.
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