Quantum Depletion and Momentum Distribution
in the Dilute Hard-Sphere Bose Gas

OpenAl
October 5, 2026

Abstract
We prove the full scaled Bogoliubov momentum distribution for the depleted particles in
the three-dimensional hard-sphere Bose gas at zero temperature. The thermodynamic limit is
taken at each fixed density before the dilute limit, uniformly over all pure and mixed ground
states. All thermodynamic accumulation values have the same dilute asymptotic: the limiting
nonzero-momentum occupation measure has total mass 8/(3+/7), giving the depletion fraction
% V/pad + o(y/pa?) for density p and hard-sphere exclusion distance a.
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1 Introduction

Interactions move particles out of the condensate even in a Bose gas at zero temperature. For
a dilute three-dimensional gas, Bogoliubov theory predicts both the number of these depleted
particles and their distribution in momentum. Establishing these predictions for an exact ground
state requires information at arbitrarily long wavelengths: their energy cost tends to zero as the
volume grows. This paper determines the leading momentum distribution for hard spheres, with
the ordinary thermodynamic limit taken before the dilute limit.

1.1 The model and the result

Fix a > 0 and write A;, = (R/LZ)? for the flat torus of side L > 2a, with torus distance dj. The
allowed configuration space is

QN,L,a = {(.’171, - ,.rN) € Ag : dL(a:i,xj) > q for i < _]}



The hard-sphere Hamiltonian HR,C .o 18 the operator associated with the quadratic form

N
=3 [ VAR Do) = HY(Onsa) O L (O ).
i=1 N,L,a

Here H{ is the H' closure of smooth functions compactly supported in the allowed configuration
set; the ambient torus is already periodic. We use units h%?/(2m) = 1. The parameter a
is both the exclusion distance between centers and the scattering length: the exterior zero-
energy scattering solution is 1 — a/|z|. The form domain is nontrivial along every sequence with
N/L? — p < 1/(8a®) and N, L — co: a cubic grid of spacing at least 2a eventually provides N
sites, and small neighborhoods of these sites give an allowed open configuration set. Zero extension
and compactness on the full torus then give compact resolvent.

Let Py 1.4 be the projection onto the lowest bosonic eigenspace, and let Gy 1, consist of the
positive trace-one operators I' satisfying I' = Py 1 oI'Pn,1 4. After extension by zero to the full
periodic configuration space, put

A = NTry nT,  wpp(x) = L732% (ke (2n/L)Z3),

and define
(1)
(uo,L, Yp uo,L)
—
Thus By, is the occupation fraction of the specified constant orbital, and 1 — By 1, is its
depletion. The total occupation is 3 nr (k) = N. For t € R?\ {0}, set

nr.r(k) = <Uk,L;’Yl(“1)Uk,L>7 Bn,1,q(T) =

2 )3/2
o(t) = M 5 mesldt) = (f%z)g g(t) dt. (L1)

This is a finite positive measure: g(t) = O(|t|™!) near zero and g(t) = O(|t|~?) at infinity. Its total
mass is 8/(3+/7).

Theorem 1.1. For every a > 0, every bounded continuous real function f on R3, and every e > 0,
there is po(a, f,€) > 0 with the following property. Fiz 0 < p < po and put n = pa3. For every
sequence Nj, Lj — oo with Nj/L;)? — P,

lim sup sup

1 k
- f() nrr (k) — / fdvgeg| <c.  (12)
Jj—00 FegNj,Lj,a N]\/ﬁ kE(Q;Lj)Z:S V 8779(1 J R3
k#0
The density is fixed throughout each thermodynamic limit. In particular, the theorem controls
every thermodynamic accumulation value of the occupation, without requiring a unique occupation

limit at fixed positive 5. Its uniformity includes all normalized, possibly complex ground vectors
and the normalized projection onto the entire ground eigenspace.

Corollary 1.2. In the same iterated limit, uniformly over all ground states,

8 /
1-— BN,L,(J,(]-_‘) = ﬁ pa3 + 0( pa3).

This follows by taking f = 1. The theorem also determines how the depleted particles
are distributed on the momentum scale /87 pa, without assuming translation invariance of an
individual ground state.



1.2 Historical context and the sources of the method

Bogoliubov’s description of a weakly interacting Bose gas replaces its low-energy excitations by
quasiparticles obtained from a linear canonical transformation [7]. The quasiparticle vacuum
already has particles in nonzero momentum modes. Lee, Huang, and Yang developed the hard-
sphere pseudopotential calculation far enough to determine both the second term of the energy
and the leading depletion [19]. Thus the predicted momentum profile and the coefficient 8/(3+/7)
describe the many-body state, as well as the fluctuations responsible for the energy correction. The
distinction matters mathematically: matching the energy does not by itself control the occupation
of modes whose energy tends to zero with the inverse size of the system.

The rigorous energy theory began with Dyson’s bounds for hard spheres [11]; Lieb and
Yngvason later obtained the matching leading lower bound [23]. At the Lee-Huang—Yang order,
Yau and Yin proved the upper bound for smooth repulsive short-range potentials [26]. Basti,
Cenatiempo, and Schlein subsequently gave a proof for nonnegative radial compactly supported L3
potentials with an improved error [4]. Fournais and Solovej established the lower bound, first for
integrable interactions and then for a class including hard cores [14, 15]. For hard spheres, Basti,
Cenatiempo, Giuliani, Olgiati, Pasqualetti, and Schlein bounded the correction by a constant
times the Lee-Huang—Yang scale [3]; Basti, Brooks, Cenatiempo, Olgiati, and Schlein obtained
the sharp coefficient [1]. Their subsequent work extends this upper-bound method to measurable
even nonnegative compactly supported potentials, including hard cores [2]. The hard-sphere upper
bound supplies the energy comparison used here.

Rigorous information about the state has developed in several different scaling limits. Lieb and
Seiringer proved complete condensation for trapped gases in the Gross—Pitaevskii limit, allowing
hard cores; their result includes trace-norm convergence of the normalized one-particle density
matrix and the corresponding leading momentum-density limit [20]. For a periodic unit box with
scattering length of order N~!, Boccato, Brennecke, Cenatiempo, and Schlein determined the next-
order depletion for nonnegative radial compactly supported L3(R3) potentials [6, Equation (1.14)
and Appendix A]. The associated discrete momentum occupations are expressed as a trace-norm
expansion of the one-particle density matrix by Brennecke, Lee, and Nam, who also establish
its positive-temperature analogue [8, Equations (6)—(8) and Theorem 1.1]. The second-order
density-matrix expansion resolves the individual discrete occupations as well as their sum. Its
relation between volume and scattering length differs from the thermodynamic limit at fixed
density considered here.

Condensation on boxes growing with the dilute parameter was proved by Fournais [12], and
the propagation of such estimates to larger scales has been developed further by Junge [18]. These
results keep the box size tied to the dilution. In the ordinary thermodynamic limit, the one-particle
gap vanishes at each fixed positive density, so an additional estimate is needed for variation across
the whole torus. A different comparison is provided by the “simple equation” approximation to
the Bose gas: Carlen, Jauslin, and Lieb derived its leading depletion coefficient [9, Theorem 1.6],
and Jauslin derived its Bogoliubov momentum profile on the inverse healing-length scale [17,
Theorem 3]. Those are results for an approximate correlation equation. The present occupation
measures are those of the exact many-body hard-sphere ground states, and their convergence is
weak convergence of finite measures on the rescaled momentum space.

Our local energy analysis builds on the lower-bound methods of Fournais and Solovej [14, 15]
and the Neumann-box localization of Haberberger, Hainzl, Nam, Seiringer, and Triay [16]. Fournais,
Junge, Girardot, Morin, Olivieri, and Triay combined these approaches in their treatment of
strong interactions at low temperature [13]. We use intermediate operator estimates from that



work, retaining a positive term that measures Bogoliubov excitations, before taking an observable
expectation. This is a use of their operator analysis beyond its scalar free-energy conclusion. The
excitation-number localization is related to the large-matrix localization of Lieb and Solovej [22,
Appendix A], and the coherent-state treatment of the condensate mode uses the c-number
substitution of Lieb, Seiringer, and Yngvason [21].

The long-distance comparison uses a stationary ground-state path representation, a form of
Doob’s h-transform [10]. The spatial count estimates and exact conditional killed-Brownian-path
laws used here are supplied by the companion paper [24]. The companion establishes a positive
constant-orbital occupation uniformly over the hard-sphere ground space. Here the comparison of
particle-deletion measures must be accurate below the depletion scale. Its additional quantitative
ingredients are a local fourth-moment comparison and a distant second-moment comparison. These
compare the deletion measures obtained by averaging the deleted position over different cells.

The route construction adapts the unpredictable-path method of Benjamini, Pemantle, and
Peres, who constructed paths in three dimensions with exponential intersection tails [5]. Our
comparison also requires encounters to become rare after the segments near the common endpoint
are removed, and it must accommodate finite defective regions. Detours use Kesten’s exterior-
boundary connectivity theorem in the formulation of Timar [25, Theorem 4]. These geometric inputs
are combined with two-copy likelihood estimates that retain the exact conditional normalization;
the intersection theorem alone does not give the deletion-measure comparison.

1.3 From local excitations to the momentum profile

The proof separates excitations inside moderately large boxes from variation between those boxes.
For a partition into cubes of side £, let P, be the one-particle orthogonal projection onto functions
constant on each cube, and let Py be projection onto the single global constant. Since Py < Py,
every normalized ground vector satisfies the exact identity

1= Bno(|®)(¥]) = (U, (1 = P)1¥) + [|(P, — Po)1¥|%. (1.3)

The subscript 1 means that the projection acts on the first particle. Bosonic symmetry gives the
same identity with the average over all particles.

The first term can be analyzed through the energy, provided the lower bound retains a positive
operator measuring Bogoliubov excitations. The energy boxes contain several of the projection
cells of side ¢; those cells will in turn be subdivided into small cells for the spatial comparison. An
energy expansion alone does not identify this observable. We use the hard-sphere upper bound of
Basti, Brooks, Cenatiempo, Olgiati, and Schlein [1], together with intermediate operator estimates
of Fournais, Junge, Girardot, Morin, Olivieri, and Triay [13]. Their positive excitation terms give
quantitative closeness to the local quadratic vacuum. We extract from them a uniform estimate
for one-body operators supported on the local excitations, including operators whose matrices are
complex and not diagonal in momentum. This stronger observable estimate will allow us to test
translations after the long-wavelength contribution has been controlled.

The second term concerns wavelengths larger than £. To control it, we first take a normalized
nonnegative ground vector ®. For a cube v in a torus of volume V', define a measure on the
remaining N — 1 coordinates Y’ by the density

su(Y')? = h)V’/vcp(y, Y')2 dy. (1.4)

This is a finite smoothed particle-deletion measure: the deleted particle is selected with weight
proportional to its presence in v, and its position is integrated out. Its mass is the expected particle



count in v divided by (N/V)|v|; this mass averages to one over equal-volume cells. Comparing the
square roots s, for distant cubes gives control of spatial variation that the energy cannot supply.

The comparison transports the deletion along a chain of particles. Two copies of the configu-
ration are coupled so that deleting the first particle in one copy and the last in the other leaves
identical remaining configurations. Short Brownian bridges implement the rearrangement while
preserving the exact hard-sphere constraints. The normalization of the conditional bridge law
cancels in the likelihood ratio. Near either end of a long chain, the paths in one copy are kept
unchanged. These unchanged segments remove endpoint interactions from the errors measured by
a second moment. Random routes with sparse intersections then make that error smaller than the
depletion scale.

Three estimates connect these deletion measures to the projection. A fourth-moment comparison
between neighboring small-cell root mean squares shows that their arithmetic mean is close to
their root mean square over a cell of side £. The occupation estimate on those same small cells
compares their root mean squares with arithmetic averages of ®. A second-moment comparison
between distant cells of side ¢ makes their root mean squares nearly constant. Together these
estimates bound the last term of (1.3) by o(yv/pa3). A decomposition into real and imaginary
positive parts extends that bound to every ground vector.

It remains to identify the momentum distribution of these local excitations. Translation by
a vector h multiplies a plane wave of momentum k by e**”, so expectations of translations are
Fourier transforms of the occupation measure. We restrict a translation to large boxes and average
over shifts of the box partition. Only a small fraction of the shifted partitions separate a point
from its translate. Sandwiching the translation between projections onto local excitations makes
this error proportional to the depleted occupation. The local one-body estimate then gives the
Bogoliubov Fourier transform and convergence on compactly supported tests. Together with total
depletion, this supplies tightness and convergence against every bounded continuous function. All
estimates are uniform in pure ground vectors, and convexity gives the mixed-state assertion.

Organization. Section 2 sets the scaling and states the probabilistic inputs. Section 3 retains
the positive excitation operators in the local energy bound, and Section 4 extracts the count
and one-body estimates. Sections 5 and 6 construct the short-path comparison and prove its
fourth-moment bound. Sections 7 and 8 construct the long routes and compare distant deletion
measures. Section 9 combines the estimates to control the long wavelengths. Section 10 uses
averaged translations to prove Theorem 1.1.

2 Scaled variables and ground-state estimates

We work in units in which the particle density is large and the product of density and scattering
length stays in a fixed positive interval. The momentum scale in the theorem is then of order one.
The proof must identify the distribution of excitations on that scale and control the particles at
longer wavelengths. We introduce the spatial projections that separate these tasks, specify the
order of limits, and state the ground-state estimates from [24] used in the spatial comparison.

2.1 The form domain and the constant orbital

For an integer K > 100, put A = (R/KZ)3 and V = K3. The exclusion distance in these units is
denoted by r. We use the allowed configuration set and Dirichlet form from the introduction, with
(L,a) replaced by (K,r), and write E,, for the lowest n-particle energy on this same torus with



this same exclusion distance. Set Eg = 0. When evaluating a nonsymmetric function, ¢ denotes

the same Dirichlet form without the bosonic restriction. All functions are extended by zero to the

full configuration torus. In particular, a normalized bosonic ground vector ® has ||®[|2 = 1 on AY.
The scaled parameters are

3
D:%, a = Dr, a € I, = [ap/2, 2], DT‘SZ%.
Here o is a sufficiently large absolute constant, fixed as in the spatial estimates of [24]. We
subsequently increase the lower threshold on D as needed. Constants may depend on the fixed
interval I, and on auxiliary parameters already chosen; they are independent of K, N and the
ground vector.
Write Y = (z9,...,2x), let ug = V=12 on Ak, and let Py = |ug)(ug|. For a pure state we
abbreviate the occupation as

(2.1)

2

/AK ®(y,Y)dy

1
2
B@®) = (Pl =+ [, av. (2.2)
A
K
The subscript denotes the coordinate on which a one-particle operator acts. When ® is nonnegative,
we also use its configuration law

p(dX) = &(X)%?dX. (2.3)

For general complex vectors, configuration expectations use |®|? dX; any restriction to nonnegative
vectors will be stated.

Lemma 2.1 (Ground spaces and allowed slices). For every nonempty allowed configuration set
with nontrivial form domain, the full labelled and bosonic Dirichlet operators have compact resolvent
and the same lowest energy. A bosonic ground vector is therefore also a ground vector of the full
labelled operator. Its modulus is a nonnegative bosonic ground vector. A form-domain function
restricts, for almost every choice of some fized coordinates, to the Dirichlet form domain of the
open allowed set in the remaining coordinates. Zero extension of such a slice remains admissible if
obstacles contributed by the fized coordinates are removed.

Proof. Zero extension sends H{ of the allowed set into H' of the compact configuration torus.
The compact Sobolev embedding proves compactness of the form embedding, and hence compact
resolvent. For a labelled form-domain function f, its root-mean-square symmetrization

1/2

1
F(X)=|= X))
(3= | X )
has the same norm and no larger Dirichlet energy, by the gradient inequality for a vector norm.
To justify the Dirichlet condition, first apply this construction to smooth compactly supported
approximants. Their symmetrizations have compact support in the allowed set, admit interior
smooth approximation, and are bounded in H'. Weak closedness of H& gives the assertion for f.
The full and bosonic variational infima consequently agree. The modulus contraction gives the
statement about |®| by the same variational principle.

For slicing, take smooth compactly supported approximants converging in the form norm.
Fubini’s theorem gives a subsequence converging in the Sobolev norm of the unfixed variables
for almost every fixed tuple. Each approximant has compact support in its open allowed slice,
proving the stated Dirichlet membership. Removing fixed obstacles enlarges that open set, so zero
extension preserves membership. This argument does not require regularity or connectedness of
its boundary. These are the ground-space and slicing arguments of [24, Lemmas 2.1 and 2.2]. [



For later use, a real bounded Lipschitz multiplier u satisfies
qlud) - En[lud]} = [ 0FIVuf 24)

for every ground vector ®. Indeed test its full weak eigenfunction equation with u?®, take real
parts, and expand the two gradients. Multiplication by u preserves the form domain.

2.2 Partitions and the two limiting operations

Choose small positive exponents u, w with
0 < w < u/10000. (2.5)

The energy estimates will impose a further absolute upper bound on u. We use integers R, B such
that B is a multiple of R and

R=D"  Bx=D'  d=1/j (jeN). (2.6)

The fixed factors in these lengths will be specified below to match the length convention in the
local energy estimates. We take K to be a multiple of B. This entails no restriction on the physical
thermodynamic sequences, as the final change of units will show. The partitions into B-cells,
R-cells, unit cells, and d-cells are nested. Denote the partition into cells of side [ by C;. One choice
is to place all grid faces at —1/2+17Z in each coordinate. Unit cells are then B, = v+ [—1/2,1/2)3,
indexed by £ = (Z/KZ)3.

For [ € {B, R, 1,d} define the orthogonal projection

PN = ¥ 1 g [ @ d Wi=1-R, (2.7

A€,

Thus Y, (W;); counts particles outside the space of functions constant on each I-cell. The notation
dI'(A) = >, A; will also be used for a one-particle operator A. For a cell A write ny(X) =
S 1a(z;). An average over cells always means the uniform average |C;|~! 3" A,

We use the following convention for all asymptotic estimates. In the inner, thermodynamic
limit, K — oo and the actual scaled parameters converge to fixed values D, > Dy and ay € I,.
The integers B, R, j are fixed during this limit. For 6 € {u,w} define the fixed factor

by = 0‘6(H39)/27 (2.8)

and choose

(2.9)

bu D"
R = [buD"], B:R[ ]

R
As D, — oo, these choices satisfy R/(b, DY) — 1 and B/(b, DY) — 1; the latter uses w < u. Their
comparability with the powers of the actual D holds eventually along each inner sequence. The
factors in (2.8) ensure that the auxiliary density of the local energy theorem stays within a fixed
factor of D, uniformly in « € I,. The exact calculation is given in Section 3.

A displayed dilute error o(1) denotes a bound whose thermodynamic limsup tends to zero
as D, — oo, uniformly in the ground vector and in a, € I,. If auxiliary parameters such as j
are fixed, the error may depend on them. We write o(D~!) for D~1o(1) in this convention. An
explicitly written og (1) vanishes along the inner limit, uniformly in the ground vector; its volume



threshold may depend on D, a, and the fixed auxiliary parameters. Estimates with powers of
D have this convention whenever they use a thermodynamic energy upper bound. At fixed D,
any ox (1) can be made smaller than a prescribed positive multiple of D, p by increasing the
volume threshold. After enlarging the constant, a bound CD~? can therefore be written without
an additional volume remainder when it is understood to hold beyond that threshold. Estimates
stated for every large finite volume do not need this convention. In particular,

o(D™') + ok (1) implies lim D,limsup(o(D™')+ ok (1)) = 0. (2.10)

Dy—o0 K—00

No bound on the speed of the inner convergence is required. The microcell parameter j will
ultimately be chosen to make an error €; small. It is chosen before the dilute threshold and the
volume threshold; the exponents u,w and the length R need not change when j is increased.

2.3 Spatial inputs from the condensation theorem

The companion condensation theorem [24] supplies the removal-energy and spatial-count estimates
below. They provide particles with which to construct the path comparisons and bound the cost
of discarding crowded or poorly populated regions. The count estimates concern the law of a
nonnegative ground function; the energy argument and the final momentum statement also apply
to complex ground vectors.

Proposition 2.2 (Removal energies). For all sufficiently large D, uniformly in (2.1),
Eny — En_pm < Cam (0<m < N). (2.11)

At fized K,r, the ratio E,/n is nondecreasing among positive particle numbers having nonempty
form domain.

This is [24, Corollary 3.4 and Equation (3.9)]. Its insertion argument normalizes the new orbital
separately for each old configuration; the old kinetic energy therefore incurs no multiplicative loss.
Together with the full ground equation, this estimate is the input to deletion of selected path
interactions.

Proposition 2.3 (Joint low-count bound). One can fix ag sufficiently large and then ¢, > 0
sufficiently small so that every normalized nonnegative bosonic ground function satisfies, for every
AcCL,

p{ng, < 0,D for every v e A} < (C/D*)H. (2.12)

The estimate holds for all sufficiently large D, uniformly in K and the ground function.

This is [24, Proposition 3.5 and Equation (3.10)]. The constants in this proposition are fixed
before the subsequent path cutoffs are chosen.

Proposition 2.4 (Count exponential moments). For A C L set

N
fa(X) = edxled f, =,
=1

where the distance is to the set of site centers. Every normalized nonnegative bosonic ground
function obeys

log/ezfA du< CzD|A]  (0<z<1). (2.13)

The constants are uniform for K > 100, D sufficiently large, and o € I,.



This is [24, Proposition 3.7 and Equation (3.18)]. For example, since np, < e\/g/Qf{U}, it gives
p{np, > C1D} < e P (2.14)

once C is a sufficiently large constant. It also bounds every fixed moment of a count in a bounded
region by Cj,D*. Hard packing gives ng, < Cr~3 < CD?. Consequently polynomial factors in
local counts do not affect the negligibility of (2.14). For an R-cell, a union bound involves only
O(R3) unit cells. These observations justify removing bounded-count truncations in the moment
estimates proved in Section 4.

Proposition 2.5 (Joint close-neighbor tail). For each particle label i let d;(X) = ming; di (x;, x1),
with the value +00 if N = 1. Given 0 > 0, one can choose b, > 0 sufficiently small, and then D
sufficiently large, so that the set

Q(X) = {ve L #{i:dic(wi,v) <5, di(X) <b.D"/3} > 0D}
satisfies, for every A C L,
p{Ac oy <phal pp = (Cop 2D 0, (2.15)
where q, is an absolute positive integer. The uniformity is the same as in Proposition 2./.

This is [24, Proposition 3.7 and Equation (3.20)]. It remains true if the distance cutoff is
decreased. Neighborhoods of any other fixed radius can be covered by finitely many radius-5
neighborhoods; reducing 6 and taking a bounded coloring gives the corresponding joint bound.
The constants may then depend on that fixed radius. All these estimates are under the original
ground-state law. They are not assertions about a law conditioned on later path certificates.

3 Local energy bounds with retained excitations

A scalar energy asymptotic does not by itself determine the one-body momentum distribution. We
need a lower bound that retains the positive quadratic excitation operator as well as the leading
energy. This section proves that bound on boxes of side F, with £ = B or R; Lemma 3.3 is
the precise low-excitation statement. Section 4 will compare the summed lower bound with the
ground-state energy upper bound and extract count fluctuations and local one-body covariances.
The remaining occupation of wavelengths comparable with the whole torus requires the spatial
argument later in the paper.

Throughout this section, global expectations are in a normalized bosonic ground vector, with
no sign or reality restriction. Local inequalities also apply to unnormalized box restrictions with
spectator variables. For a cell A, write ng = >, 14(z;) and g4 = n4/(D|A|). Constants are
uniform for « in the fixed compact window of Section 2; they may depend on the fixed exponents
and, when indicated, on j.

3.1 The local energy and the relevant scales

Put ¢f, = 128/(15/7) and, with r held fixed, define

er() = dmra? + dmepr® 222, (3.1)

10



The hard-sphere upper bound of [1, Theorem 1.1], after rescaling, gives
Enky <V{e.(D)+O(D )} (3.2)

for an absolute ¢, > 0, in the order of limits just specified. That theorem uses periodic boxes
and a fixed hard-core scattering length. To obtain this upper bound along a density-convergent
sequence, one may fix a slightly higher physical density p’ > p and choose, in the same physical
box, an integer M > N with M/L? — p'. Slicing an M-particle trial state and then averaging
over its omitted coordinates gives En 14 < Eu1,4. The thermodynamic upper bound at p’
therefore bounds the limsup at p. Its explicit right side is continuous in p/, so one may let p’ | p.
Equivalently, one may use the sequence-independent thermodynamic energy limit. No uniform
finite-volume rate is used here.

We use a generic box side F =< Q = D?, where § = v or w, and write v, = E3. Neumann
restriction to the boxes lowers the energy. More explicitly, decompose configuration space into
the sectors assigning each label to a box, restrict each coordinate integral to its assigned box,
and discard exclusions between different boxes. This operation takes no derivative of a sector
indicator. Variables assigned elsewhere remain spectators, so every local form inequality below
may be integrated in those variables. The affine comparison energy for a box containing n particles
is

ty(n) = vper (D) + el.(D)(n — Duy). (3.3)

Its sum over all boxes is Ve, (D) in every assignment sector.
Use [13, Proposition 2.1] to choose a nonnegative radial bounded potential v supported in the
hard core. Its scattering length a’ and its scattering functions ¢, w =1 — ¢, g = vy satisfy

0<r—d <CrD7'Q7Y, ol <CQ, |lvllo <D, §(0)=8nd, |glh+lgwlh <C/D.
(3.4)
The replacement also satisfies the radial comparison condition (2.6) in that proposition. The
Neumann operator with this potential is denoted by Hp. Its expectation on the original hard-core
restriction equals the restricted kinetic energy, since v vanishes outside the excluded region. It
can subsequently be applied to excitation-localized vectors, which need not satisfy the hard-core
condition.

The fixed factors in the box lengths matter for the particle-number hypothesis of [13]. Use
the choices (2.8)(2.9), so that E = bygD?(1 + o(1)) with by = aa(ng)/Q, in the specified order of
limits. Define

Paux = _EfQ/(IJrB)(a/)f(l%»?)O)/(lJr@)7 K, = (paux(a/)3)79/2'

Then the source length relation E = K;/(pauxa’)'/? holds exactly. Moreover,

(1436)/(146)
Paux _ (0‘0> (1+0(1)) € [1/3,3]

D o

for sufficiently small 6 and sufficiently large D, uniformly in the fixed o window. The change
from r to a’ only affects the o(1) factor; the replacement bounds are chosen with fixed slack.
Consequently every

Duvy/2 <n < 6Dy (3.5)

lies in the particle-number range n < 20p,uxvp of that paper. Set

Ky =K}, M = Du,Q =49, (3.6)
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Rounding M to an integer changes no estimate. For sufficiently small 8, the required inequalities
are

Kn> Kl KKj < (pan(d)®)72 K'KY < (pans(a)?) 772, (3.7)
1< M<E/d, M<punKi? K, Ky < \JE/a.

For example, the ratio in the second upper bound for M is O(Q~?57). All powers containing D
rather than @) can be made favorable by decreasing 6. We shall also require u < ¢, and several
inequalities of this form below; they form a finite list.

Let u, be the normalized cosine basis of the Neumann cube, indexed by p € (7/FE)N§. Thus

3
up(z) = ”1;_1/2 H Cp; €Os(pix;), co=1, c¢s=v2(s#0).

=1

. B . s . . X
Write ay, a;, for the associated annihilation and creation operators, ni = Zp;ﬁo a,ap, and

Pr={p:0<|p|<Kuy/E}, np= Z apQp, TN =MN4 —NL. (3.8)
pEPL

All estimates on unnormalized vectors include their squared norm in every scalar error.

3.2 A rough bound retaining kinetic energy and count fluctuations

The sharp box estimate will be used only after restricting the number of low-frequency excitations.
We first establish a less accurate bound that pays for this restriction and controls its complementary
part. The point of the construction is to use most of the kinetic energy only near another particle,
leaving enough energy to control the low Neumann modes. We use Dyson’s radial replacement and
the small-box energy method of Lieb and Yngvason [11, 23], keeping track of the unused kinetic
energy explicitly.

Throughout this subsection let C = [0, E]?, v, = E3, and E < Q = DY. The exponent 6 > 0
will be either of the two box exponents. We assume that it is sufficiently small, with bounds
specified below. Let r = o/ D, where « ranges over the fixed compact window of positive values.
The nonnegative radial replacement potential, denoted here by v, is supported in the ball of radius
r. Its scattering length a’ obeys

0<r—d <CrD'Q™", |1 < CQ.
Write
Hn - Z AC z) + Z
1<i<j<n

All inequalities below are quadratic-form inequalities. They hold with additional Hilbert-space-
valued spectator variables. Let A run over the cubes of side d in a fixed subdivision of C, and put
na =;1a(z;). The side d is fixed while D — oc.

Lemma 3.1 (Rough box bound). There are constants ¢, C > 0 and an exponent ¢, > 0, independent
of the sufficiently small box exponent 0, such that, for 0 < n < 6Duwvy,

2
H, > 47? % Cu,D'" + cdT (min{p?, 1})
b ' p (3.9)
D> |A DT
+eD | “’(DA\ Dvb>’ "0 T
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Here p denotes the Neumann frequency and dI' sums the indicated one-particle operator over all
particles. One may take ¢, = 1073.

Proof. We give separately the short-distance energy estimate and the recovery of the kinetic term.
Choose equal subdivisions of every d-cube with side ¢ < D731 and set

g = D70.36, ep = D70.002.

Rounding the number of subdivisions changes only fixed constants. For large D, the support radius
r is smaller than s/2. Restrict configuration space to sectors specifying which small cube contains
each labeled particle. Restriction of an H' function to these sectors incurs no gradient cost; their
faces carry Neumann form conditions. Discard interactions between different small cubes.

The radial replacement. Fix one particle coordinate and all the others in its small cube.
Partition that cube into Voronoi regions of the other particles, clipping at the cube boundary.
Each region is star-shaped about its center. On a ray from a center, the scattering variational
principle gives, for R > r,

/0 ’ (1 =2ep) /(O + So(OI F@)P) £2dt > (1 = 2ep)a|F(R) 2. (3.10)

For completeness, with kinetic coefficient one the minimizer at fixed endpoint is the regular
scattering solution divided by its endpoint value. Its minimum is a,(1 — a,/R) ! f(R)|?, where
a, is the scattering length of the potential in the integrand. This follows by integrating the
radial scattering equation against the minimizer; the boundary term is R%f(R)f'(R). Completing
the quadratic form around the minimizer proves the same lower bound for every ray function.
Factoring out 1 — 2ep replaces v by v/(1 — 2ep), whose scattering length is at least o/, by the
variational definition and monotonicity. Dropping the factor (1 —a,/R)~! > 1 proves (3.10). This
argument applies first to smooth functions and then by form approximation.

Let U be constant on s/2 < |z| < s, zero elsewhere, and normalized by [ps U = 4m; thus
Jo°U@#)t*dt = 1. On a ray ending at distance T, average (3.10) over radii R < T with weight
U(R)R?dR. The total weight is at most one, so only the energy at distances at most s is used.
Integrating the rays proves the lower bound (1 — 2ep)a’U(dyy,), where dyy, is the nearest-neighbor
distance within the small cube. If there is no other particle this expression is zero. Half of every
pair interaction is assigned to each endpoint, so summing over the coordinates uses no interaction
twice.

More explicitly, let .S; be the set of positions of coordinate x; within distance s of another
particle in its small cube. The preceding argument leaves the form

Tenlt] =Y [ [ep + (1= 2ep)15:] V.5 (311)

There is also a separate reserve ep Y., | Vi4||? available for the next step. Indeed, these two
reserves and the coefficient 1 — 2ep used inside S; sum to the original kinetic coefficient at every
point.

The energy in a small cube. The cases k = 0,1 have zero scalar lower bound and are immediate.
For k > 2 particles in a cube of side ¢, put

k
Wk = (1 — 2€D)a' Z U(dnn’i).

=1
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The first nonzero eigenvalue of the reserved kinetic operator is Ay = epn2¢~2. Its normalized

constant vector will be denoted by Q. For any fixed Cp, uniformly for k < CqD/3,

Wi)a, >

4m(1 — 2ep)a’k(k — 1) (

3
- 1-02 - C“) . (3.12)

l 03

To see this, keep the first coordinate a distance at least s from the cube boundary. For each

possible nearest neighbor integrate that neighbor over the shell of radii s/2,s. The other k — 2

points lie outside the corresponding ball with probability at least 1 — Cks3 /3, by the union bound.

These events for different nearest neighbors are disjoint up to null sets. The removed boundary

layer occupies at most C's/¢ of the cube volume. Summing over the first coordinate proves (3.12).
The multiplication operator satisfies

0 S Wk S Ck:a’s_3, <W13>Qk S Cka,8_3<Wk>Qk.

The scalar mean in (3.12) is less than A,/2 for large D. Temple’s inequality therefore gives

A (Woa Wb, (3.13)

k
inf spec <€D Z(—Ai\l) + Wk) > (Wi)a,
i=1

This version of Temple’s bound follows by decomposing the constant trial vector into the ground
eigenspace and its orthogonal complement; the latter spectrum is at least Ay, by the min—max
principle and Wy > 0, and the variance bounds its spectral weight. The powers used here are

D =D s/t < D0% D <D OB pd/s™3 <CDYP, A< DO,

Consequently there is 6p < CD~%092 guch that the energy available in each small cube is bounded

below by
4mr

3
The replacement of a’ by r is included in dp.

For larger k, divide its labels into groups of sizes between m/2 and m, where m = |CoD#3].
Such a partition exists for k& > m, by taking [k/m] groups of nearly equal sizes; decreasing the
lower endpoint by one accommodates integer rounding. Drop interactions between groups before
applying the radial argument. A position close to a member of its group is also close to a particle
of the original cube, so the reserve (3.11) remains available. After reducing the harmless lower
endpoint to m/3, the group bound is at least

47r

(L= 8p)(m/3 = 1)k.

Choose once and for all b > 12 and then Cy > 12b. Define the convex function on [0, co)

Fyly) = 2, 0<y<hb,
%y — b2, y > b.

Both the small-k estimate and the group estimate imply the common bound

1= d0) [(0O2F () K] (3.15)
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For k < m this follows from Fy(y) < y*. For k > m, use Fy(y) < 2by and m/3 — 1 > 2bD¢3 — 1 for
sufficiently large D.
From small-cube counts to the desired count penalty. Set 9 = n/(Dvy) € [0,6]. For all y > 0,

Fyy) > 9° +20(y — 9) + ch(y — 0). (3.16)

If y < b, the remainder after the tangent is (y — 9)2. If y > b, write t = y — ¢ and a = b — ¥; the
remainder is 2at — a? > at, and a > b— 6 > 0. These two observations prove (3.16) with a uniform
positive constant. Sum (3.15) over the small cubes. The linear tangent terms cancel because their
counts sum to n. The subtracted self-count terms cost at most

Cré=3n < Cv, D",

The factor 1 — dp changes the leading scalar by at most Cv,D'~%002 Since b is convex, Jensen’s
inequality within each d-cube gives

£ o) = an o)

small cubes CCA

This proves the scalar and count terms in (3.9), while leaving (3.11) unused.

Recovery of the one-particle kinetic term. We now sum the sector restrictions back on the
original H' form domain of the E-cube; the following estimates concern its global one-coordinate
slices, not an arbitrary function in the larger direct sum of the cut Neumann form domains. Let
u, be the normalized cosine basis of the Neumann cube, with p € (7/FE)Z2,. The vector fields
Vu,/|pl, for p # 0, are orthonormal. Let P be their projection for 0 < |p| < D93, The explicit
cosine formulas give

C
P72 pee < Zz#{p: 0 < [p| < DX} < CDM. (3.17)

For a fixed slice in the other particle coordinates, enlarge S; to the union S of the balls of radius s
about all the other particles. Its volume is at most Cns3. The integral kernel bound in (3.17), or
duality, implies

[PLSFI3 < CDO%nsd| |3 < OD005) .

Thus, for FF = Vf,
PV I3 < 2|15V |3 + CDO0TH30) v £|]3.

For example, if § < 1073, the last coefficient is o(ep). Integration by parts, using the Neumann
condition on wu,, gives (Vu,/|p|, Vf) = |p[{up, f). A fixed fraction of (3.11) therefore controls
2_0<|p|<D0-003 p?|(up, f)I2. Another fraction of the everywhere reserve controls the remaining
weights one, since epp? > D% for |p| > D93, Sum the slice estimates over the coordinates.
Together with the count bound already obtained this proves (3.9) with ¢, = 1073. O

3.3 Localization in the number of low-frequency excitations

The rough estimate now permits a cutoff in an excitation number, in the spirit of the large-matrix
localization of [22, Appendix A], without losing an appreciable energy density. We record explicitly
the form error because the cutoff need not preserve the hard-core constraint. It is applied only
after passing to the bounded replacement potential.
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Let Py = |ug)(uopl|, no = dI'(Fp), and ny = n — ng. Define

PL: Z ’up><up‘7 nL:dF(PL)7 nH:nJ,-_nL,
0<|p|<Ku/E

where Kz =< Q'%. Let M =< Dv,Q 4% be a positive integer. Choose real functions f, h on R with
fP4r*=1, f=1on(—00,M/8], f=0on[M/4,00), Lip(f)+Lip(h)<C/M.

For example, write f = cos?, h = sind, where ¥ increases smoothly from zero to 7/2 on this
interval. Define

Fy = f(ny)?, Fy = h(np)?, F3 =V2f(ng)h(ng). (3.18)

Then Z?Zl Fj2 = 1. The first and third localized vectors are supported on ny, < M/4; the second
is supported on ny, > M /8. We also have

V=Fp+ Py, Ay < 2] AR + 2| ARy (3.19)

for every operator A for which these expressions are defined. The second inequality is the reason
for using three cutoffs: later it transfers configuration-count estimates without a commutation
assumption.

Lemma 3.2 (Form error of the excitation cutoff). Let ¢ belong to the form domain of H,, and
let Vo =32 ;v(xi — x5). Then

3
> AFj, HoFyb) — (0, Hu)
j=1

< OV + ol S nnen)| . (320)
— vl[[i—" n(Y,n ) )

>~ M2 s Vn 1 0 s o4

For any one-particle operator a with ||a|| < 1, the corresponding error for dI'(a) is at most
CnM 2|9

Proof. Let Il project onto ny = k, and write 1, = IIz. The kinetic operator commutes with
every cutoff. A two-particle multiplication operator changes n; by at most two, so IIzV,II; =0
for |k — {| > 2. The difference of the potential forms is exactly

3
—5 2> (Ej(k) = F5(0)*(vn, Vathr).
kil j=1
The cutoffs have Lipschitz constants at most C'/M. Positivity gives
[(ois Vo) | < (W, Vautbi) /2 (30, Vi) /2.

Since each row has at most five nonzero blocks, the absolute form difference is at most
Qw D(Vy)ah) D(Vo) = > I V,II, = S /27r e TMnLY e dt (3.21)
M2\ n ) n - n o Jo n . .

The cosine evaluation bound on the low band is sup, Pr(z,x) < CK},/v,. For each pair it
implies
K
PL’Z"U(I@' — .CE‘j)PL’Z‘ S CH’UHlTbPL?i. (3.22)
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Indeed, condition on z; and all other coordinates, apply |Prg(x;)|* < (sup, Pr(z,))||PLgl3, and
integrate the potential in x;. For the pair (i, j), the rotations on the other coordinates cancel.
Writing z = e — 1, the remaining rotation is

(1 + ZPLJ')(l + ZPLJ) =1+ ZPLJ' + ZPLJ' + ZQPLJPLJ.
/

The squared norm after multiplication by vl-lj ? is bounded by a fixed constant times the sum of
the four squared norms. Use (3.22) on the last three terms, and Pr, ;P j < P ;, to obtain

K3
(. D(Va)¥) < O, Vad)) + Clloh = nld, nr ).
This and n; < ny prove (3.20). A one-particle operator has block width one instead of two.
Using its second-quantized norm at most n, and 2|y ||||[vi]] < [[r]|?> + ||¢1]]?, proves the final
assertion. O

We apply the lemma to the restrictions of a normalized hard-core ground vector to box-
assignment sectors. Its zero extension belongs to the soft-potential form domain, and the potential
expectation is bounded by the hard-core energy. The localized vectors need not satisfy the
hard-core constraint; all their lower bounds use H,,. The finite-rank cosine projections preserve
H?', so the localized vectors are in this form domain.

Here is the quantitative energy accounting. Write eg(z) = 47rz?. Summing the rough bound
and comparing with the thermodynamic upper bound V(eg(D) + O(1)) gives, over boxes with
n < 6Duvy,

%Z(rm < CQ*DY . (3.23)

To justify using the tangent to eg in this summation for every particle sector, note first that
n < 6Dwy, gives the exact scalar remainder 477 (n — Duwy)? /vy, If n > 6Dvy, partition the labels
into groups of sizes between 3Dwv, — o(Dwvy) and 6Dvy, apply Lemma 3.1 to each group and drop
intergroup interactions. The energy per particle is then at least 12ra — o(1), whereas the slope of
the tangent is 8ma. These sectors have a positive excess of order n above that tangent. Finally,
min{p?, 1} > cE~2 for p # 0, which proves (3.23). All sums include the squared norms of sector
vectors and any spectator variables.

We use the cutoffs only for Dv,/2 < n < 6Duv,. The total potential expectation is at most
CDV, and M =< DQ~3%7. Substitution of (3.23) into (3.20) gives the explicit bound

1
v Z [localization form error| < C (D_1Q794 + D_Crng?) <CcQ, (3.24)

provided 7950 < 1 and 109860 < ¢,. The one-particle observable error is bounded by the first term
on the right. Thus these errors are negligible on the energy scale used below.
3.4 The sharp bound on a low-excitation piece

The next bound is the information beyond the scalar LHY formula that will determine the
mesoscopic occupation. We give the passage from the published operator estimates to the exact
vectors, including the zero-mode resolution and the cosine-basis convention.
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For z # 0 put (, = z/|z|, and set () = 1. Define

T Ky
7(p) =p° - 2B ﬁl{p¢’PL}7 (3.25)

pe =122 /v,  Dy(z) = \[T(0)? + 2p:5(p)7(p).

_ 7(p) + p=4(p) — Dp(2) oy W TG (R)a
Bol2) = p-9(p) - b= 1-By(2)2

(3.26)

At zero numerator and denominator use the continuous value. The factor ¢? restores the phase in
the pairing term; for real z it equals one. Put l~)p = D, on Pr, and l~)p =K _ID on its complement.
The square root is real: the support of g gives |G(p) — (0)| < Cr3p?, and 7'( ) p?. In particular
the possible negative part of g cannot destroy positivity when D is large and |z\2 < 2n in (3.5).
More explicitly, p, < C'D implies 7(p) + 2p.G(p) > (c — CD~?)p. At p, = 0 we have D, = 7(p),
Bp =0, and b, = a,.

For n in (3.5) and an n-particle vector v, let ¥, = ((z| ® 1)¥ denote its zero-mode coherent
projection, with measure d2z/m. Here |2) = e |2*/2 S k>0 2°|k)/V/E!. Define the nonnegative
quadratic expression -

,d?z
B(y) = (2)1bp(2) 22 [ —-

\|<2n

(3.27)

For later truncations we record the coherent tail at this point. There is no large-z assumption
on the original vector. Write ¢ = Y"7_ |k) ® ¥ (%), Angular integration shows that its radial
coherent density is a sum of gamma densities e~*s*/k!, 0 < k < n, weighted by [|/("~*)||2. The
gamma Chernoff bound consequently gives

2dz

/| 2 LD :IP = < CantPem o) (3.28)

for every fixed A > 0. The local lower bound we shall prove is the following.

Lemma 3.3 (Energy with a retained quasiparticle term). For n in (3.5) and a bosonic n-particle
vector ¢ in the form domain of Hy satisfying ¥ = 1(,, <nr/ay¥s

(W, Hy) = {wper(n/vy) — Co,QVHGIP + B~ (ny + Knnar)y +eB(). (329
The constants are uniform in the particle sector and in spectator variables.

Its proof must preserve two positive terms: the gap controlling physical excitation numbers,
and the coherent quadratic energy B. Write S = E=2(mny /2 + Kgnpy). The symmetrization and
second-quantization formulas of [13, Theorem 2.6 and Lemma 2.8| separate the number-operator
block g(0){n(n — 1) — ny(ny — 1)}/(2vp) from terms containing the constant mode. Coherent
resolution of the latter terms gives the quadratic—cubic operator Ho(z) defined below, with the
upper-symbol corrections accounted for in the proof of Lemma 3.3. We first bound this operator
while retaining its excitation energy, then estimate the correction to the cosine coefficients, and
finally return to the box Hamiltonian.

The next operator estimate specifies the gap fractions in the energy analysis of [13]. Write
73% for the signed version of the low band, extend operator subscripts by componentwise absolute
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value, put ¢, = []; ¢p,, and let ¢(p, k) = []; ck;—p;/(cp;Ck;) be the printed coefficient in that paper.
Define

Qs(2) = Ui S e(p, k)k) (zaka,_gax + hec.), (3.30)
b pePZ. k0
Ip—k|#0
_ ~ * 9p) 2 2 2 %2 5@(0”44
Ho(z) = };) {(T(p) + p:9(p))ayap + Tvb(z a, +2%a,”)| + T on
+p2 Y _{g9(0) + gw(p) tasa, + Qs(z). (3.31)
p#0

Here k ranges over the nonnegative Neumann lattice, and |p — k| in an operator subscript means
componentwise absolute value. Thus Hg is (2.36) of [13] at zero chemical parameter with its
artificial scalar convexity term subtracted. The exact cosine coefficients are treated separately in
Lemma 3.5.

Lemma 3.4 (A small-gap version of the quadratic—cubic bound). Let n satisfy (3.5), |z|? < 2n,
and & = 1y, <n, np<myay- For every fived 6 > 0 and sufficiently large D,

(€, Ho(2)€) > dmer, (o) Poppl €] + - Dp(2)l[bp(2)E]1° = 6(S)e — Coup@ V*[IE)7. (3.32)
p#0

Proof. We use the Bogoliubov identity (2.39), the completion of a square (7.18)—(7.20), and the
scalar integral estimate in [13, Lemma A.1]. We give the intervening bounds, in particular an
estimate of the creation term with every commutator retained. This obtains the required gap
fraction directly; no quantifier about the coefficient in that paper’s free-energy Theorem 2.9 is
needed. By homogeneity suppose ||£|| = 1, and abbreviate K = Kz, Ny = (ny)¢, A = (Dvy) "1/,
and A(k) = [3(k)|/ (87a) < 1.

The Bogoliubov identity (2.39) of [13] gives the exact separation

Ho( )+ Dyl bp(2) + Rint (2) + Q3(2), (3.33)
p#0
where
g (0)]z|*

£n(2) = % S (Dy() — 7(0) — pe(p) + XN
p#0 Ub

mt = Pz Z{gw + gw )}a;ap.
p#0

We shall bound Q3 using part of the positive quadratic energy, cancel its normal-ordering remainder
against Rint, and evaluate the scalar £g at the end.

First remove the part of (3.30) with & low. Put [ = |p — k|. Bounded multiplicity of k +— [ for
fixed p, commutation of a; past aj, and ny, < M/4 give

dollafa|* < C(M + KNy, Y [larl]” < CKPN,.
p,k p;k

Here both p and k range over their low bands, with the signed multiplicity in p bounded by
eight; the terms with [ = 0 are omitted. Cauchy-Schwarz in the expectation (aja,&, ar) therefore
bounds this part by

CAK®(M + CK®)'/2N,..
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Its coefficient relative to E~2N, is O(Q~* 4+ D~1/2Q300%) = o(1).

In the remaining cubic term k is high. Substitute a, = Uiby + Vi.bj, and write it as 71 + Ty
For high k, |Uy| < C and |Vj| < Ch(k)/k?. Thus the coefficients of Ty are at most CAh(k)?/k? in
absolute value. Let [ = |p — k|. Since p is low and k high, the exact commutation is

a;albz = b’,;a;al + Uk]-{l:k}a;' (334)
The harmless common phase of z can be included in the coefficients. Set
k2 9
By =) ?kufﬂ -
k high

For the first term on the right of (3.34), Cauchy—Schwarz in p, followed by weighted Cauchy—
Schwarz in k, gives

h(k) ‘
cx Y 2 kgl llapaig]
k high
p low, signed
( )4 1/2
1/2 h(k
< CAK2Bj/ (Z G Ha;algH?) . (3.35)
Pk

The summation ranges on the last line are those on the first. The identity |Jaja&||* = [lapaié|* +

lla;:€]|?> and bounded folding multiplicity imply
S llapaisl? < CMN., Y a2 < CKPN,.
p’k p,k
For the first bound use }_, ayniap, < Cnpny; it holds also when [ = p. Since k? > K?/E?,
Young’s inequality in (3.35) yields, for every € > 0,
’<7~Vreordered>| < eBy + C€>\2K4(E/K)6(M + KS)NJr
<eBp +C.(Q + DTIQ'®)N,. (3.36)
The second term in (3.34) is also summable. The condition |p — k| = k requires, in each

coordinate, p; = 0 or p; = 2k;. Some p; is nonzero, so for fixed p the admissible k lie in at most
three planes k; = p;/2. Two-dimensional lattice summation, retaining h(k)?, gives

h(k)?
> (k2) < CE*(1+1log D).
k high
lp—kl=k

Indeed the dyadic sums below a sufficiently large polynomial frequency are O(E?) per annulus, and
the radial transform bound h(k) < D /|k| makes the remaining tail summable. Cauchy-Schwarz
in the O(K3) possible values of p now gives

’<7~Vcommutator>| < C)\EQKS/Q(l + log D)\/Ni—&-
< §(S) + CsD1Q3%(1 + log D)% (3.37)

This ordering of the operators avoids an unweighted sum of vacuum commutators over all high
modes. Choose ¢ small enough that eBy < K~13°, high Dy ||bi€]|?. The other terms in (3.36) are
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0((S)); the scalar in (3.37) is o(vpQ~!). The coefficient & here can be any prescribed fixed fraction
of the one in the statement.

It remains to treat 7;. Complete a square with (1 — 2K 1) >, high Dkbibk. The square is
nonnegative. Its negative remainder, after normal ordering, is the sum of a commutator term 7.
and a quartic term 7o, as in (7.18)—(7.20) of [13]. The coefficient in that square is

zg(k) ]
A = Z C(pv k‘)a|p7k|ap'
vp(1 = 2K 1) Dy /1 = B} pep
lp—k|#0
In Aj Ay, the commutator is nonzero only when |p — k| = |s — k|. Either p = s, or at least one

coordinate of k lies in the low-frequency slab |k;| < K/E. The exact signed-cosine weight identity
>, ¢ 2aka, = ng, followed by [13, Lemmas 7.2-7.3, Equation (7.27)], gives

(To) < 20:90(0) Ny + C(Q ™™ 4 DTLQ) E-2N,.. (3.38)

The first term cancels the remaining quadratic interaction term in (3.31), up to an error. Splitting
that interaction into its low and high frequencies, Lemma 7.2(1) of the same paper bounds this
error by

C’I’LH + CD_2Q198TL+ S C(Q—QS + D_2Q200)S.
The quartic term has the explicit bound

T<C‘LIK3
0>

npn4,
Up

obtained by Cauchy—Schwarz in its two low indices and summing the remaining high occupation,
as in (7.28)—(7.29) of [13]. On the present subspace its ratio to E~2n is at most CMd'K; K/E =
O(Q~2%). All errors in this paragraph are therefore o(S). These estimates are uniform for
0 < p, < 2n/vp. Lemma 7.2 of [13] concerns the potential alone, and Lemma 7.3 is applied at paux
and multiplied by p,/paux, which is uniformly bounded. At p, = 0 the cubic and interaction terms
vanish and b, = a,,.

In the notation of (3.33), the cancellation just proved reads

(Ring = Te) = —o(1)(S)-

The completed square spends (1 — 2K 1) of the high quadratic energy; the reordered creation
term spends at most another K~!. Together with the low-cubic and quartic bounds this leaves

(Ho(2)) > E(2) + Y Dp(2)[lbp(2)¢]* — 6(S) — Csup@ ™"
p#0

We have retained every low Bogoliubov mode and at least a fraction K ! of every high mode.
Lemma A.1 of [13] evaluates Eg(2) as 47TCL(CL,)5/22}bp2/2 with error CvpQ~ /4, uniformly on |z|? < 2n.
Combining the two bounds, choosing the fixed gap fractions first and then increasing D, proves
(3.32). O

Lemma 3.5 (Exceptional cosine coefficients). Let n satisfy (3.5), let |z|? < 2n, and restrict the
excitation space to ny. < n and n;, < M/4. On this space the exact cosine expansion may replace
the coefficients in (2.35)-(2.37) of [13]. Its correction is bounded in absolute quadratic form by

) (s +) ﬁp(z)bp(z)*bp(z)) + CyupQ /4

p#0
for every fized § > 0, if D is sufficiently large.
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Proof. Extend a cosine subscript by componentwise absolute value. In a term aja;a, p is a signed
low frequency and | = |p — k|; terms with [ = 0 are omitted. The product-to-sum identity in each
coordinate shows that the printed coefficient agrees with the exact expansion unless k; = 0 or
k; = |p;| for some i. All multiplicities and discrepancies are bounded by an absolute constant. For
example, when k; = 0 and p; # 0, the two choices of the sign of p; must share one coefficient;
when k; = p; # 0 and [; = 0, the zero cosine has normalization one. These are precisely the two
exceptional cases.

Put A = (Duvy)~%/? and h(k) = |§(k)|/(8ma’) < 1. Every correction has coefficient bounded by
CAh(k). We estimate its expectation in a normalized excitation vector £ with ny <mn, ny < M/4.
For |k| < 3Kp/E, Cauchy-Schwarz applied to (ajap, ar) gives

CNEY{Mng) + CK (na) Y2 (n )2, (3.39)

To see the first factor, sum the occupation products after commuting a; past a;; for each p, the
multiplicities of [ are bounded. The second Cauchy-Schwarz factor sums ajay at most CK3,; times.
The two coefficients multiplying (n) in (3.39) are O(Q~°°) and O(D~1/2Q%*%%), respectively, and
are o(E~2).

For |k| > 3Ky /FE, both k and [ are high frequencies. Use ay = Uiby + Vib;, where |Uy| < C
and |V| < C/k%. The terms involving [|bx|, including the excitation part of ||b&||, are bounded
by the product of

1/2
<Z kQKHlnbka?)
k

and a factor whose square is at most
CONKfy {(E/Ku)*M (nr) + E*(1 +log D) (ny) } (3.40)

Here is the complete weighted sum underlying this estimate. Restrict (p, k) to the exceptional
planes of the correction and put F, = ||ajap||, with I = |p — k|. Cauchy—Schwarz in the at most
CK3; values of p, then in k with weight k%/ Ky, gives

k2 1/2 h(k‘)Q 1/2
ONY h(k) k€] e < CAK (ZKHwken?) (Z = Fﬁk)
k p

k »,k

Since [ is high and p low, ng = |lmap€|* + ||ayé]|? and bounded folding multiplicity gives

h(k)2 2 2 2
> 2 laaptll” < C(E/Kp)~(npnu) < C(E/Kn)"M(nm),

P,k

h(k)?
> " el < (1 + 108 D)),
p,k

The second line uses the two-dimensional plane sums

h(k)i .
> 5 < CE*(1+logD), i=1,2. (3.41)
k on an exceptional plane

|k|>3Ky/E
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For (3.41), use dyadic annuli up to a sufficiently large power of D. Beyond that scale the radial
transform formula g(k) = 4r|k|~* [; tg(t) sin(|k|t)dt gives h(k) < D/|k| and a summable tail.
The same argument with k=* gives a bound CE?.

The extra unit in [|b¢||? = [|bpé||> + 1 comes with Vj. Its total contribution is at most

CAK3? B2 {,/M<nH> + (1 +log D) <n+>} . (3.42)

To verify (3.42), bound the unit contribution by CAY, h(k)k~2Epj. Its occupation-product part

is at most
h(k)? 1/2 1/2
CA (Z o ) (ZII@:%S!P) < OABK G\ /M (ng).
p,k

.k

Here we used the loose bound CE* for each k=% plane sum and at most CK3; values of p. Its
commutator part is bounded by first summing h(k)/k? on the plane and then using >opllall <

C’K}g’f\/<n+>. These are the two terms in (3.42).

Young’s inequality absorbs the first factor above into a § fraction of the high-frequency
quasiparticle energy. In (3.40), the coefficients of (ng) and (ny) are O(Q~!%8) and O(D~1Q3% (1 +
log D)). They are negligible relative to the gaps Qny and Q~2n. Applying Young’s inequality
to (3.42) leaves scalar errors bounded by C5[Q~%* + D=1Q3%3(1 + log D)?]. They fit within
Csvp@Q~1/* for sufficiently small u. This proves the stated bound. On the omitted large-z region
the correction has a polynomial bound on the truncated particle sectors: the k coefficients have a
polynomially bounded lattice square sum, and p lies in a finite band. Thus (3.28) also covers that
region. O

Proof of Lemma 3.3. We detail both the gap allocation and the resolution of the zero mode. The
calculations may first be made with finitely many Neumann modes. These truncations commute
with the excitation cutoffs and approximate the local form domain. The bounded-potential
terms then converge in form, and the retained positive quasiparticle expression passes by lower
semicontinuity. This justifies the infinite sums below. Set

S =E2(mny/2+ Kyny),  Hy=H™4+8.
Apply the symmetrization estimate of [13, Theorem 2.6] with the fixed choice £ = 1/10. It gives
oed > B™ — CnDr(r/E) —eG, G =i(14+n,/M)S. (3.43)

On the present vector G < 55/8, so eG < 5/16. The hypotheses with the constant associated to
this fixed choice hold for large D, since Kp/K} =< Q% and Ky K3/ paux(a’)® = O(D71Q3!). The
scalar error is O(FE?) and hence fits within Cv,Q~1/%.

In the second-quantized identity of [13, Lemma 2.8], the terms involving only the number
operators are

§2(O){n(n —1)=ni(ny — 1)}
Uy

The negative term can be paid from an arbitrarily small fraction of S. Indeed

n% < 2Mn, + 2nny, Lni <C{Q™ ", +ng} = o(1)S. (3.44)
Vp
The replacement of n(n — 1) by n? costs O(1).
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The coherent resolution is an exact identity for quadratic forms; this use of upper symbols is
the one in [21]. The upper symbols of the two zero-mode monomials are

apao : |2* -1, at?al - |2t —4)z)? + 2. (3.45)

Monomials containing only creations or only annihilations have their ordinary polynomial symbols.
Let C(z) denote the exact cosine cubic operator minus the printed cubic operator (3.30); Lemma 3.5
bounds this difference. If x = |2|2, the upper-symbol correction is

g/c;u(O) (4 +2) — — 3 (@) + G2(0) + @)} ajay. (3.46)
b % p#0

R(z) =

The complete form of the second-quantized identity [13, Lemma 2.8, Equation (2.33)], with the
exact cosine coefficients, is therefore

m o 9(0)
W, By = 50 (o = DI = (6,4 0y = 1)0)
d?z
+ [ s (o) + R(2) + ) (3.47)
Here Hy contains the modified kinetic symbol 7 and the low-band cubic cutoff from (3.31); the
artificial scalar convexity term in (2.36) of that paper is absent. The identity has no additional
remainder: the interaction pieces removed before symmetrization are already included in the error

of (3.43). The integrated absolute quadratic form of R is bounded by

d?z
| = <clvl.

O [+ 1Bl + (et

The last inequality follows from [ |z|?||1.||?d?2/7m = (n — ny + 1)y and rn/v, = O(1).

Apply Lemma 3.4 to the operator Ho(z) on |z|?> < 2n, with a fixed sufficiently small §. The
coherent projection preserves both excitation cutoffs. The lemma retains > ﬁpb;bp and the LHY
scalar at p., while using at most §.S. Together with G < 55/8 in (3.43) and the o(S) loss in (3.44),
this leaves a fixed positive fraction of S. In terms of the published formula (2.36), the artificial
scalar convexity term has been subtracted identically, not estimated by its sign. Our argument
uses no trace inequality from that paper’s Theorem 2.9.

By (3.28), the discarded coherent region has exponentially small weighted mass. All negative
terms of the upper symbol have polynomial norm bounds in D, n, z on excitation sectors at most
n; this follows either from the bounded potential or from its projected second-quantized blocks.
Dropping positive kinetic energy, the omitted region thus has exponentially small lower-bound
error.

It remains to compare the LHY scalar at p, with that at n/v,. Convexity and its derivative,
bounded by C/D in the relevant density range, give an integrated loss at most CD ™ (1 + (ng)y),
apart from the negligible tail. This too is absorbed by the retained gap. Replacing a’ by r costs
O(uQ™1) by (3.4).

The cosine convention in the printed cubic formula requires one final check. Lemma 3.5 shows
that using exact cosine products costs only a prescribed small fraction of S and of the quasiparticle
term, together with C'v@~'/%. Combining these estimates leaves fixed positive fractions of both
terms and proves (3.29). O
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4 Count fluctuations and local one-body covariance

The retained excitation energy now determines every bounded local one-body operator compressed
by Wgr on both sides. The resulting uniform covariance law is stated in Proposition 4.4. The
same energy comparison controls the cell counts used in the spatial argument. We record its four
required count and occupation estimates first; the occupation estimates will follow by applying
the covariance law to two projections. All expectations and dilute errors use the conventions of
Section 2.

Proposition 4.1 (The four energy outputs). There are arbitrarily small fized u > 0 and then
0 < w < u/10000 for which the following statements hold. Use the nested partitions fized in (2.9),
with B < D", R =< D", and d =1/j. For every normalized nonnegative bosonic ground vector,

1

Tl E(qa —1)2 < CD17w/6, (4.1)
R A€eCpr
LS B4 1)t < o;ps, (4.2)
Cal =2,

For every normalized, possibly complex, bosonic ground vector,

1 NW N\ 8 3/2 . 3

V ; R, —ﬁa —|—0(), ()
N

11/<;Wd,i>§6j+0j(1), e —0 (j — o). (4.4)

Here the thermodynamic limit is taken first, at fived dilution; the remainders then tend to zero
as D — oo, and 0j(1) has this meaning with j fized. The bounds are uniform over the indicated
ground vectors and along every density-convergent thermodynamic sequence. A sufficiently large
volume threshold may depend on the dilution and on j.

We prove first the corresponding truncated count estimates for arbitrary ground vectors.
Proposition 2.4 will remove the truncation for nonnegative ground vectors at the end of the proof.
The occupation estimates themselves do not use positivity.

4.1 Comparing the upper and lower energies

We now sum the local estimates. This step records which positive terms survive the comparison
with (3.2); the following subsections use them for the count and occupation observables.

On each middle particle-number sector, use the three localization factors in (3.18). We call the
first and third pieces low pieces, and the second a high piece. Sums over pieces in what follows
include sector probabilities, spectator integration, and boxes. We use the notation )., and 3y
for these sums.

Lemma 4.2 (The energy surplus). For E < Q = D?, 6 = u or w, the following quantities have
sum at most CVQ~1/5:

1. the box-count penalty
Z Duyh (nb - 1) in expectation;
7 Dy,
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2. on middle-sector high pieces, the expectations of

> min(p?, Dagay +D Y |Alb(ga — 1);
p#0 AeCy, ACh

3. on low pieces, the expectations of E~?(ny + Kyng) and the quantities B(v);
4. on sectors outside (3.5), their total (ny + Duy)-weighted squared norms.

The first quantity is evaluated on the original vector. The other quantities are evaluated on the
indicated localized restrictions.

Proof. The preliminary rough bound and (3.2) give
1 —c
=Y o(ns) < CQ*D (4.5)
b

on the middle sectors, where ¢, > 0 is the exponent in Lemma 3.1. Lemma 3.2 therefore bounds
the sum of localization errors by CVQ~!. In particular this localization does not consume a fixed
fraction of the leading energy.

On a high piece, the support condition ny, > M/8 gives

<Zmin<p2, 1>a;;ap> > eME|[y]”.

p

Since ME~2 < DQ 3%, this pays both the rough error Cv, D'~ and an O(v,) LHY scalar, with
a fraction tending to zero, provided DQ %% — co. The remaining rough bound then retains a
fixed fraction of the kinetic and microcell penalties. Its leading quadratic scalar, compared with
(3.3), also retains eDuvy(ny/(Duvy) — 1)2. The inequality h(s +t) < C(h(s) + h(t)) allows a fraction
of this scalar remainder to recenter the microcell penalty from n;/v, to D.

On a low piece use Lemma 3.3. The convexity of e, and the bound e//(z) > 87r imply

2
vper(np/vp) — ty(np) > dwraDuy, (nb — 1) ) (4.6)
D’U(,

For ny < Duy/2, the rough bound itself has a positive difference of order Dvj, from the tangent; its
D'~y error is negligible. For ny, > 6Duwy, divide the labels into k = |ny/(3Dwy)| > 2 batches
of nearly equal size. Their densities lie between 3D — o(D) and 4.5D + o(D); hence they lie in
[2.5D,5D] for large D. Dropping interactions between batches and applying the rough bound
to each batch gives a linear lower bound whose slope exceeds e.(D) by a fixed positive constant.
Thus it retains cny beyond the tangent. Finitely many rounding adjustments are harmless for
large Dvy. On these two classes, ny, + Dvy also controls every bounded count deviation and the

number of particles to which a bounded one-body observable can apply.

The squared localization factors sum to one, so the scalar tangent sums to Ve,(D). The same
identity preserves the box-count penalty, because box number commutes with all localizations.
Summing the bounds just obtained and subtracting (3.2) proves the assertion, with QY5 in place
of the smaller sum of error powers. The conditions u < ¢, and © < ¢; ensure that each power
error is absorbed. 0
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4.2 Second and fourth moments of cell counts

Apply Lemma 4.2 at scale E = R. On every fixed bounded interval of relative counts, h(t) is
comparable with t2. Consequently

1

e > Emin{(qa —1)%, 7%} < CrD'R/°. (4.7)

AeCr

Here and below a clipping threshold may be replaced by any fixed bounded truncation with the
same local power behavior.

The fourth moment on a d-cell needs more than this scalar convexity. We return to £ = B
and use the small number of excitations in a low piece. Let P be the projection onto the box

constant and let "

X = ng—nlAlfop = 3 (Lalas) — |Al/v).

i=1
The one-body operator inside this sum has norm at most one and vanishing P—P entry.

Lemma 4.3 (A fourth moment from excitations). On the n-particle space, for every vector &,
1X2]1 < On®(€, (ny + 2)%€). (4.8)

Proof. Decompose the one-body operator into its P—(1 — P), (1 — P)-P, and (1 — P)—(1 — P)
blocks. Their second quantizations change the excitation number by 1, —1, 0, respectively. Between
the k and k + 1 sectors the first block has norm at most \/(n — k)(k + 1); the diagonal block has
norm at most k. Thus X is tridiagonal with block norms bounded by C[y/n(k + 1) + k]. The
blocks of X2 have bandwidth two and norm at most Cn(k + 2), since k < n. Squaring, summing
the five possible output blocks, and using Cauchy—Schwarz for their bounded overlaps proves

(4.8). O
On a low piece, n? < C(Mny + nng) and n < CDQ3. Lemma 4.2 gives
1 _ 1 —100—
7o) QTS 2 S ) < CQPTIOTS, (4.9)
low low

Divide (4.8) by (D|A|)%, average the O;(Q?) microcells in each box, and then average the boxes.
Since M = DQ 397 the result is at most

C; (D71Q738671/5 + D71Q78671/5 + D72Q6) ' (4.10)

For example, the common prefactor before the summed excitation moments is CjD*QQg /V;
this verifies explicitly that averaging the microcells introduces no missing factor of box volume.
Centering at D rather than n/v, uses the scalar box-count penalty: on the middle interval, a
bounded fourth power of the relative box deviation is bounded by a constant times its square. On
high pieces, the truncated fourth power is bounded by Ch(g4 — 1), which is retained in Lemma 4.2.
The same is true on the outlying particle-number sectors by their norm penalty.

Finally, for each middle-sector restriction, v = f2¢ + h?y. Applied to the square root of a
nonnegative truncated count observable, the triangle inequality therefore bounds its expectation
in 1) by twice the sum for these two pieces. The expectation on the additional v/2fh piece used in
the energy localization is nonnegative and need not be included in this bound. This establishes
the truncated version of (4.2); (4.10) is smaller than D~'Q /6 for sufficiently small w.
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For nonnegative ground vectors, Proposition 2.4 gives
P(nc > CoD) < Ce™P (4.11)

for every unit cell C' and a sufficiently large fixed Cy. Hard-core packing bounds all counts in a
bounded cell by a fixed power of D. An R-cell contains only polynomially many unit cells; if none
exceeds CyD, its relative count is bounded by Cy. A d-cell lies in one unit cell and has relative
count at most Cod~3 on that event. Choose these fixed clipping thresholds, depending on j in the
second case. The omitted second and fourth moments are exponentially small times a polynomial
in D. This removes the truncations and proves (4.1)—(4.2), with the slightly weakened exponents
displayed there.

4.3 Uniform local one-body covariance

We now extract the one-body information retained by the energy comparison. On a box b of side
B, let W be the restriction of Wg, and use local coordinates [0, B)2. Write v, = B> and let uy, be
the real Neumann cosine basis, p € (7/B)Ng, defined in Section 3. Define, for p # 0,

1 Ip|? + 87
F = - —1;. 4.12

The function is integrable on R?: it is O(|p|~!) near zero and O(|p|=*) at infinity, uniformly for
a € I,.

Proposition 4.4 (Uniform local covariance). Use the nested partitions and limiting convention of
Section 2, with the exponents chosen above. Let A = @yec,, Ab, where the one-particle operators
Ay on L?(b) are identical in local coordinates and satisfy 0 < Ay, < W. Their cosine matrices may
be complex Hermitian. For every normalized bosonic ground vector,
1 1
7 (dr4) = o %:O(Ab)ppFa (p)+o(1),  (Ab)pp = (up, Apup). (4.13)
P

The error is uniform in the ground vector and in all the indicated operators, which may depend
on the scales. The same formula and uniformity hold when Ay = WC,W and Cy is any complex
contraction, identical in local coordinates. Both assertions hold uniformly for simultaneous translates
of the nested partitions.

The proof has three steps. A matrix estimate converts the quasiparticle energy of each coherent
projection into an error for Aj. The energy surplus then concentrates a box-volume weighted
coherent measure at density D. Finally this concentration identifies the trace in (4.13) uniformly
in Ab-

For | = R, d, cellwise Neumann Poincare gives, on a B-box,

0<W; <1, W, <CP(—ANeu)- (4.14)

These operators annihilate the box constant. In particular every 0 < Ay < W does so. No
commutation with the Neumann Laplacian is assumed.

Lemma 4.5 (A matrix observable comparison). Let E = B, n satisfy (3.5), and |z|?> < 2n. For
0 < Ay < W and an excitation vector & in the form domain of ny, put

Q:(6) =D Dp()bp()EI?,  Talz) = D (Al Vo(2)I%,

p7#0 p70
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where a,, = Upbp+Vpbj, is the inverse of (3.26), with the phase of z restored. Then 0 < T'a(z) < Cy
and

(6,dD(4)¢) = Ta(=)[I€P] < C(1 + R Q. (8)
+ C{(L+ B*) Q) Ta (=) [€I1P} /2. (4.15)

The constant is independent of Ap.

Proof. The inverse coefficients satisfy

Ul =1+, V2=
|p‘ ’P’ |p| Dp(Z)

1 {T(p) + p.9(p)
2

- 1} < C'min(|p| ™, [p| ™). (4.16)

Rationalizing the expression proves the bound, using p.|g(p)| < C, 7(p) < p?, and positivity of
g near zero. On P, p?|U,|? < CD,(z); on its complement U, is bounded and D,(z) > cKp/B>.
The same inequalities hold with |V},| in place of |Up|.

Write U = diag(U,), V = diag(V},), and D = diag(D,) on the nonconstant cosine modes. Split
an input into its low and high frequency parts before estimating its image under A;/ 2. On the low
part use A, < W < CR?diag(p?); on the high part use 4, < 1 and Ky/B? > 1. The squared
norm of a sum is at most twice the sum of squared norms, so the coefficient bounds give

0<U*A,U<CO+R)D, 0<V*A4A,V <C(1+R*)D. (4.17)

The split is made before applying A;/ % because Ap need not preserve either frequency band.

Take inner products linear in the second variable. For a finite set of modes the observable is
the squared norm of A;/ 2 (ap)p- Decompose this column using a, = Upb, + Vpby. The annihilation
column has squared norm at most ¢ = C(1 + R?)Q.(£) by (4.17). For the creation column put
M = V*A,V. The canonical commutation relations give the exact identity

> Mpg(b5€,b5€) = Te(M)[[€]1% + > (MT) g (Bp€, beé)- (4.18)
p,q p,q

The second matrix is the transpose, including when Ay is complex. Since M is Hermitian, MT = M,
and complex conjugation preserves its order bounds in (4.17): the dominating matrix D is real
diagonal. The creation column therefore has squared norm t + r, where t = Ta(2)||¢]|* and
0 <r < gq. Cauchy—Schwarz for the mixed columns gives

(€, dT(Ap)E) — t] < 2q +24/q(t + q) < 4q +2V/qt.

To bound the trace uniformly, set G(p) = min(|p|~!, [p|™*). A nonempty lattice shell of upper
radius ¢ contains at most C'B3t> nonzero cosine frequencies; nonemptiness implies Bt > 7. Dyadic
summation consequently gives

— > G(p) <08, — Y Gp)<C/J (0<d<1<), (4.19)

v, v,
b o<lpl<s b ip|>J

and vy~ ! >p£0G (p) < C. These estimates include coordinate-plane and axial frequencies. Since
0 < (Ap)pp < 1, we obtain T4 (z) < Cv,. The preceding mixed-column estimate proves (4.15).
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The finite-mode computation passes to the full excitation space as follows. At fixed parameters
U,V are bounded and }°, |Vp|? < 0o. The inverse relations and finite (¢, n.€) imply > [1bpé]? < oo
The creation column is square summable as well, since

Y IValPIoEl? = D Vil l1bpg|1* + <Z |Vp|2> I€]* < oo
P P p
Finite coordinate projections commute with U,V and D, so the compressed matrices inherit

(4.17). Norm convergence of the columns and convergence of the scalar traces justify the limit. If
Q. (&) = oo, the asserted bound is automatic. O

Proof of Proposition /4.4. Apply the sector restrictions and excitation cutoffs used in Lemma 4.2,
now with £ = B and Q = D". A box-wise operator evaluates by summing over these restrictions.
For each fixed box the original restriction norms, summed over all assignments and integrated
over spectators, have total square one. Thus the squared cutoffs preserve both that normalization
and the identity >, (ny) = N.

Reduction to coherent traces. On sectors outside (3.5), use dI'(4;) < n and the norm penalty
in Lemma 4.2; their contribution is o(V'). The total one-body localization error on the middle
sectors, divided by V, is at most

CDM™2 < CD'Q™ =0(1).
By splitting the input at |p| = 1 before applying W, (4.14) also gives
Ay < W < C(1+ R*) min(—Aneu, 1).

The high pieces therefore contribute at most C'V (1 4+ R2)Q~/5 = o(V).

Let ¢ be any low piece and ¢, its zero-mode coherent projection. Since A, annihilates the
box constant, coherent resolution leaves its expectation unchanged. The part with |22 > 2n is
negligible by (3.28) and dI'(Ap) < n on its excitation sectors. Apply Lemma 4.5 on the remaining
region. The normalization above gives >, v||¢]|?> < V. Cauchy—Schwarz in the piece, spectator,
and z variables then bounds the total error per volume by

C(1+ RHQ™Y5 + {1+ RHQ™V5}/2 = o(1). (4.20)

Here 2w < u/5, as follows from our choice of exponents.
Define a measure v on the low-piece and coherent variables by

1
[rar=53u [ roole

low

2
4= (4.21)
T

As throughout the piece sums, spectator integration is included in this notation. The measure is
positive and has mass at most one. Our reduction reads

1 Ta(z)
plareay = [ =

Mass and density of the coherent measure. The omitted outlying sectors have volume weight
at most CD~'Q~1/5. On a middle-sector high piece, ny, > M/8 implies dI'(min(p?, 1)) > ¢M/B?;
hence its total omitted volume weight is bounded by

dv + o(1). (4.22)

1 wB? _
7 2 wlgl® < CbWQ /5 < cD71QY08 = o(1). (4.23)
high
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The coherent tail removes exponentially small weight. Therefore v has mass 1 — o(1).

Here is an explicit form of its density concentration. Decompose a fixed n-particle piece into
excitation-number components d>(m), 0 < m < n. Its zero-mode number on that component is
n —m. Before restricting to 2|2 < 2n, orthogonality of the excitation sectors shows that the radial
coherent law of s = |z|? is the mixture of gamma densities

Snfm

e 7(71 ) ds

weighted by ||¢(™||2. Conditionally on m, the mean is n — m + 1, the variance is n — m + 1, and
E|s — (n —m)| <14 +/n+ 1. On the middle range the box penalty controls the squared relative
number deviation, so
n
— -1
/‘Dvb

Before the z cut, the box-volume weighted integral of m/(Duy) is

2
dv < CD71Q~1/°.

1 —1p2,-1/5
R < D B ( ) .
DV <¢7 n+¢> = C

low

These nonnegative bounds remain valid after the cut. Combining them with the conditional
gamma estimate yields

/ % - ‘dy <C(D72Q7V1 4 DTIB2QTY 4 (Duy)M2) = o(1). (4.24)
In particular every fixed deviation of p,/D from one has vanishing v-weight.

Identification of the covariance. On a fixed annulus 0 < 6 < |p| < J, all modes eventually
belong to Pr, so 7(p) — p*> = —7/(2B?) there. The support radius r and (3.4) also imply
Dg(p) = 8ma+ o(1) uniformly on bounded momentum sets. The expression in (4.16) is continuous

in these parameters on the annulus when p,/D is close to one, with a denominator bounded away
from zero. By (4.24),

/ sup ||Vp(2)|? — Fu(p)| dv = o(1).
o<Ip|<J
On the exceptional density set use the uniform majorant in (4.16). The same majorant bounds Fj,
so (4.19) removes the small and large momentum regions, uniformly in Aj;. Since |(Ap)pp| < 1, the
annular lattice count divided by v, is bounded, and the matrices are identical in local coordinates,
(4.22) becomes (4.13). All bounds used only 0 < A, < W and are therefore uniform in this class.
For a complex contraction Cy, write Cy, = Sp+iT}, with S, = (Cp+C) /2 and T}, = (Cp,—C}) /(21)
Hermitian contractions. For either J, = Sy, Tp,

WhW =2W

W-W, 0<W

1+ Jp 1+ Jp W< W,
2

A fixed linear combination of the positive-operator identities proves the assertion for WC,W,

preserving uniformity. Finally, simultaneous translation of the particles is unitary and preserves

the ground space. Applying the uniform estimate to the translated vector proves the assertion for

every translated nested grid. O
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4.4 The two projection occupations

It remains to obtain (4.3) and (4.4). The d-cells refine the R-cells, so Pr < Py and 0 < Wy < Wh.
Both Wgr and Wy thus satisfy Proposition 4.4 on the B-boxes. For Wg, averaging a cosine
over an R-cell gives ||Pruy| < C/(0R) uniformly on every annulus § < [p| < J. Indeed some
component has |p;| > J/4/3, and the cosine mean in that coordinate is bounded by C/(R|p;|).
Hence (Wg)pp — 1 on annuli. The lattice tails in (4.19) and Neumann Riemann summation give

1 1 dp
PR = 5 | Falp)dp o) = [ Falp) g+ ol0)

The first density is the cosine lattice density; the second equality uses evenness in each coordinate.

The full integral is
d 3/2  roo 211
/ Fa(p) p3=(8m)2 / R S T
R3 (2m) A 0 V2 + 2

8a3/2
RN
The one-dimensional integral equals v/2/3, by integrating ¢(t>+1)/v/t2 + 2—? and taking endpoint
limits.
For Wy, (4.14) gives (Wy),y < min(1,Cd?p?). The covariance proposition and the same

Riemann sums therefore bound its occupation density by

dp
in(1, Cd?p?)Fo(p) —— + 0;(1).
sg}i R3 Hlll’l( ) p) (p) (277')3 +OJ( )

T3

(4.25)

The integral tends to zero as d = 1/j — 0 by the common integrable majorant. Denoting it by ¢;
proves (4.3)—(4.4) and completes Proposition 4.1.

5 Short trajectories and local certificates

The energy estimates control occupations within cells. We now prepare the comparison of deletion
measures needed to control variation between cells. This section constructs paths that can be
resampled while their endpoints remain fixed. The required conclusions are quantitative: the
excluded mass must be smaller than D~!, and every local insertion must have a probability
bounded away from zero, uniformly in the volume. We prove these statements before using the
paths to compare particle-deleted configuration measures. The stationary path representation and
removal argument come from [24, Section 4]. The short time scale and the finer spatial certificates
below require additional estimates.

Throughout this section ® > 0 is a normalized bosonic ground function, p(dX) = ®(X)?dX,
and Ey is its eigenvalue. We use the scaled torus of side K, density D = N/K?3, and exclusion
distance r = /D, with « in the fixed compact window already chosen. Fix a sufficiently small
number x > 0, to be chosen after the exponents in the energy localization, and set

! Lo = CQ\/ logD. (51)

t= =D s=D4° b=
T ]_Og D ) fO ) b
The numerical constants are chosen in the order C, then Cs. Constants may depend on the fixed
z and on fixed neighborhood sizes, but never on K, D, or ®. A factor D°*(1) means a bound
C(x)D®) with ¢(x) — 0 as z | 0. Such factors will occur only a bounded number of times in a
local comparison; this notation supplies no allowance per step of a long route.
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5.1 The stationary law and deletion of paths

Let vy be the measure on N independent torus Brownian motions of generator A on [T, T],
with Lebesgue initial measure. Define

dRT(w) = eQTEN(I)<w(_T))(I)(W(T))l{dK(wi(q),wj(q))>r Vg, i<j}dVN,T(w)' (52)

Here di denotes torus distance. Every time marginal of Ry is u; restriction to a shorter interval
gives the same formula with its own endpoints. Conditional on the endpoint configurations, the
law is the product torus-bridge law conditioned on strict mutual avoidance. Specifying each
winding gives the corresponding Euclidean bridges. These facts follow by splitting the killed heat
semigroup and using e 9N @ = ¢~9EN®; they are the stationary-path lemma of [24, Lemma 4.1].
In particular the law on [—t,¢] is the restriction of the law on [—1,1] once D is sufficiently large.

We will repeatedly delete the interactions involving a few specified labels. The useful version
allows different weights on these labels. If J is a set of m distinct labels and H; are nonnegative
single-path functionals invariant under time reversal, then

Ery [] Hilws) < CTom / [[EL Hipdy), 0<T<1. (5.3)
i€ ied

Here Y is the initial configuration of those free paths, whose duration is 27". For completeness, after
dropping the selected interactions, the remaining killed semigroup is bounded by e =27 EN—m between
the corresponding slices of ®. If a(y) is the L? norm of such a slice, its endpoint factor is a(y)a(z).
The selected weighted endpoint kernel is symmetric, so a(y)a(z) < (a(y)? + a(2)?)/2 replaces this
factor by a(y)? after integration. The removal bound in Proposition 2.2, Exy — Ex_,, < Cam,
then proves (5.3). Truncation proves the assertion for unbounded weights. This is the proof of the
deletion lemma in [24, Lemma 4.2]; using distinct reversal-invariant weights does not change its
symmetric-kernel argument. A weight that is not reversal invariant can always be bounded by its
sum with its time reversal.

We first use the longer slab to estimate close endpoint pairs. For any fixed bounded region U
and any q € [—t,t],

EY . Lw@et, dei@wra)<s) < CuD’s’. (5.4)
ik
To prove this, cover U by Oy (s™3) cubes of side s and enlarge each cube by a fixed factor. A pair
counted on the left lies in one of the enlarged cubes. In the free law on [—1, 1], observation at
q € [—t,t] is uniformly separated from either slab endpoint. The heat-kernel estimate for a cube
Q therefore gives
PY, {w(q) € Q) < Csde~2rva)

where vg is a nearby unit-cell center; changing its position by a bounded amount changes only
C. Apply (5.3) to each pair, and sum the resulting products. The count moment-generating
bound in Proposition 2.4 implies E(3}; e~ (Y::v@))2 < C'D2. Thus one cube costs C'D?s5, and the
covering proves (5.4). The estimate holds uniformly under translations of U and does not assume
a translation-invariant ground function.

5.2 Exposure and the meaning of a certificate

Write Y; = wi(—t), X; = w;(0), and Z; = w;(t). Divide each half slab into equal intervals of length
A € [r?/2,72]. A path satisfies the increment cutoff if its Euclidean lift obeys

0(q) —@0(d)| < Lov/la— |+ (¢.4 € [-t,1]). (5.5)
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The lift increment is independent of the initial representative. When Y;, Z; have near represen-
tatives at distance at most b, let m; be their Euclidean mean. For sufficiently large K the near
displacement is unique. Call label 7 eligible if both of its endpoints are more than s from every
other corresponding endpoint, its near endpoint displacement is at most b, and its path follows
that winding, satisfies (5.5), and stays within 20b of m;.

Independently assign each label a Bernoulli flag of mean fj;. Let Z be the set of flagged eligible
labels. Expose the endpoints, flags, membership in Z, and the full paths of all labels outside Z.
The latter are called frozen paths; the exposed variables collectively form the datum D. An interior
label at a site is a member of 7 whose initial endpoint is in that unit cell and whose endpoint
displacement is at most one. Tags used at the ends of comparisons may have displacement up to b;
their site is the unit cell containing m;.

Let B; denote the plain Euclidean bridge probability from Y; to Z; in time 2t along the selected
winding. For a fixed datum put A; for the event consisting of label i’s individual cutoffs and
avoidance of all frozen paths. The exact conditional law of the unexposed paths is

1
Mdwz) = 7 [T 14 (wi) T ga @) wnt@)>r vay || Bi(dws). (5.6)
T - .
i€l ilk<€kI i€l

This identity holds for almost every sampled datum, and then Z7 > 0. Indeed, conditional on
endpoints and flags, eligibility of each unexposed label is an individual test on its own trajectory.
The tests for the other labels become fixed when their paths are exposed. Confinement chooses
a single winding; its torus heat-kernel factor is constant on the conditional fiber and cancels.
Disintegration of (5.2) gives (5.6), exactly as in [24, Proposition 6.2]. No condition involving the
collection of latent trajectories is added to this law.

Choose a neighborhood radius R, = 1000b, enlarged by fixed factors when necessary to contain
all trials under discussion. For a mesh interval J write A;(w) = r~!diam@(J). We shall control
collisions with unexposed paths by their endpoint counts, and collisions with frozen paths by their
counts and oscillations at mesh times. The following certificate records precisely this information.
Every test uses exposed data only, so it leaves (5.6) unchanged on each conditional fiber.

Definition 5.1 (Good site). A unit-cell site is good if all of the following conditions hold.

1. It has at least cfyD interior labels. In its R, neighborhood, each unit cell has at most C'D
endpoints at either time and at most C fyD flagged endpoints at either time.

2. At either endpoint time, every ball B(z, h) in the neighborhood, with » < h < 1, satisfies
#{i: iflagged, Y; € B(z,h)} < C(foDh® 4+ DY), (5.7)
and the same assertion holds for Z;.

3. Every frozen path visiting the relevant neighborhood satisfies (5.5) and has lifted diameter
at most Cb. At each mesh time ¢, and for either adjacent mesh interval J, the frozen paths
satisfy

> (14 As(wp))® < C(DR* 4+ DY (r<h<1). (5.8)
k¢Z: wi(q)eB(z,h)

The unweighted version is also required at endpoints and at time zero.

All ball tests may be made on finite spatial nets with dyadic radii, using enlarged balls and fixed
margins. The stated inequalities for arbitrary balls then follow by covering. The constants ¢, C
are fixed before taking D large. Write B for the set of bad sites.
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For later probability estimates we also use the event obtained by requiring the third item for
the entire path collection, with the same neighborhoods and fixed margins. In addition, each
original path visiting the neighborhood is required to obey both ordinary-motion bounds

sup [w(q) —w(—t)| < b, sup |w(q) —w(t)] < b. (5.9)
qE[—t,t] qE[—t,t]

We call their intersection the full-path event. It is an event in the original sample, used to bound
discarded mass; it is not a restriction in (5.6). In particular, for an original midpoint y = wy(0) on
this event, |y — my| < b. If label i has a neighboring mean, |m; — my| < C, then for sufficiently
small fixed  one has |y —m;| < 2b < 8b. This is the midpoint range needed in the pinned insertion
estimate below.

Proposition 5.2 (Probability of certificates). The constants in Definition 5.1 can be chosen so
that
P{v is bad} < C(x)D~'171/8, P{A consists of bad sites} < pl! (5.10)

for every site v and every set A of distinct sites. Here p > 0 can be any prescribed fized constant,
followed by a sufficiently large lower threshold on D. Failure of the full-path event in a fixed
neighborhood has probability at most C(x)D~%. The estimates are uniform in ® and in all
sufficiently large torus sizes K.

Proof. We give the separate estimates for supply, exceptional motion, and the fine ball counts.
Their combination will also explain why the one-site power and the joint parameter in (5.10) have
different forms.

First consider the cutoffs under free motion. Gaussian maximal estimates give probability
at most C D4 for maximal displacement from the initial point larger than b or failure of (5.5),
after the choices of C1,Cy. For the increment estimate, first use a union bound over the O(r~%)
pairs of mesh points and then control oscillations on individual intervals. For a trial bridge with
endpoint displacement at most b, or two legs pinned at a point within 8b of m;, the increment
cutoff and confinement to the radius-20b ball fail with probability at most CD~4°. The maximal-
displacement test at radius b is used only for exceptional visitors in the original sample. To
check the trial estimates uniformly as t decreases, represent the centered part of a leg of length
h by W(q) — (g/h)W (h). TIts prescribed line has increment divided by +/|¢ — ¢’| + r? at most
Cb/\/t = CC1+/log D, so it uses only a fixed fraction of Lg. The Gaussian remainder and the
distance from that line to the confinement boundary give the asserted tails. Reversal of any of
these exceptional events preserves the bound.

Here is the transfer of these free tails to the interacting sample. For a set A of sites let J4(w)
count the neighborhoods in that set visited by a path. If a reversal-invariant path event £ has free
probability at most ¢, the free visit estimate in [24, Lemma 4.5], with a unit-cell covering for our
fixed neighborhood radius, gives

Ey

free[eﬂJAlg - 1] < Cﬁffl/‘geidK(y’A)_

Its constants are uniform for ¢ < 1. Expanding the exponential as a product over labels, apply-
ing (5.3), and then using the count moment-generating estimate yields

log E exp <192JA(wi)1g(wi)> < CyDe3|A|, (5.11)

(2
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provided the coeflicient in the last count estimate is at most one. For a single neighborhood the
probability of even one exceptional visitor is bounded by the exponential moment minus one; it is
O(De'/3). With e = CD~*0 this is smaller than D~5. For a joint bound, choose a fixed large ¥
in (5.11) first, and then take D large. The probability of an exceptional visitor at every site in A
is at most e~ (@—e(M)IAl,

To obtain the interior supply, start with the lower endpoint count ¢, D supplied by Propo-
sition 2.3. Its failure probability is O(D~2), jointly (C/D?)4l. Remove labels with a close
endpoint at either time, and labels whose displacement exceeds one. Proposition 2.5 gives a joint
small-parameter bound for a fixed positive fraction of close labels, since s < D~1/3. Its one-site
probability here is sharper: by (5.4) and Markov’s inequality, removing a fixed fraction of D labels
has probability

CDs® =CD™7/o. (5.12)

Labels initially at a site but with a nonseparated terminal endpoint are covered by the same
estimate in a fixed neighborhood, except for paths of displacement greater than one. The latter have
free probability Ce~¢/t; apply (5.11) to the event that a fixed positive fraction of the local labels
has this property. Its probability is e~ <D for large D. The stronger cutoff failures have already
been treated. A fixed positive fraction of D eligible labels consequently remains. Conditional on
all paths, independent flags leave at least c¢fyD labels with probability 1 — e~¢foD The lists based
at distinct sites are disjoint, so the same binomial estimate is joint over any prescribed sites.

We have controlled the supply of eligible labels and the exceptional visitors. The remaining
certificate tests prevent too many obstacles from concentrating in small balls. The upper counts
in unit cells follow from the count exponential moment; the weighted bounds require a uniform
argument down to the shrinking hard-core scale. Test separated sites, so far apart that a path
obeying the motion cutoff can contribute to only one of their neighborhoods. Select one mesh time
and one ball of radius h, € [r, 1] at each tested site v. Truncate the oscillation weight at the cutoff.
Multiply each contribution by the indicator that its whole central-slab path satisfies the increment
and diameter cutoffs; outside the exceptional-visitor event already estimated, these restricted
counts equal the actual local counts. This is a restriction of an integrand, not a conditioning of
the path law. Put ap = ¢/(log D)~2. Since A; < C+/log D on that cutoff, ap(1 + A;)3 = o(1).
For the single-path exponential increment F;, we therefore have

0< Fv < CaD(l + AJ)gl{w(qv)eBU}a Elf/ree,[—l,l]F” < Caphge_SdK(ym).

For a following interval the second inequality uses the bounded Gaussian density at ¢, and the
bounded moments of the normalized increment. For a preceding interval, integrate first over the
increment and translate the ball by that increment; its Gaussian tail gives the identical bound.
Central-slab times are uniformly away from the longer slab’s endpoints, so the constants are
uniform. For flagged counts, first average the flag of this label; the bound acquires a factor fj.
Because a path passing the diameter cutoff visits at most one tested neighborhood, its
exponential increment is the sum of the corresponding F,,. This property survives time reversal:
the increment and diameter gates are reversal invariant, and F), o rev still requires a visit to
the same spatial neighborhood v, merely at the reflected time and interval. Thus replacing the
single-path increment by >, (F, + F, o rev) makes it reversal invariant while preserving the same
separated support and free expectation bound, up to a factor two. Expand the product over
distinct labels, apply (5.3) to these weights, and bound the resulting product by an exponential.
This gives
logEe™ 20 ™s < CDap S b2, (5.13)
v
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where W, is the truncated weighted count restricted to paths satisfying the motion cutoffs. In the
flagged version the right side has an extra fy. To justify the use of the spatial count estimate with
different h,,, write h3 = fol 1ips>pdu. For Ay, = {v: hj > u}, the lattice exponential sum satisfies
D veA, e 3dx(Ww) < Ce=dx(¥:Av) - Convexity of the logarithm of the exponential moment, followed
by the set-count bound and fol |Ay|du = 3, h2, proves (5.13).

Exponential Markov inequality at thresholds C(Dh3 + D/190) now bounds any specified
collection of ball violations by

exp{—cap D' A|}.

The same proof applies to flagged counts at their stated thresholds. There are only polynomially
many net balls and mesh times per site; their union therefore still has an arbitrarily large power
saving, jointly as well as marginally. A fixed finite coloring separates arbitrary sites. Finally assign
to every bad site one of the finitely many failed tests and select a largest class. The coloring
and this assignment cost only fixed roots and fixed exponential factors in the joint parameter.
Each underlying parameter can be made as small as needed before choosing D, proving the joint
assertion for any fixed p. Marginally the largest remaining term is CD~"/5 from (5.12), which is
bounded by CD~11/8_ Applying the weighted-ball and motion arguments to all labels instead of
only frozen labels proves the weighted part of the full-path bound. Either failure in (5.9) has free
probability at most CD~Y by the first Gaussian estimate and its reversal. The visitor estimate
consequently bounds their local union by O(D D~/3)  which is smaller than D~°. This proves
the asserted full-path failure bound including its ordinary-motion requirements. O

We have now obtained many labels and quantitative control of the obstacles in their neighbor-
hoods. The remaining task is deterministic in the exposed data: show that a free trial bridge has
a large chance to avoid those obstacles. The weighted oscillations in (5.8) were included precisely
for this estimate.

5.3 Collision probabilities and successful insertions

For distinct labels define

C(log D)¢
—h

1 1
r=bp (1 , bp = 5.14
P D( +svdK(1q,Yk)+svdK(Zi,Zk)) p (5.14)
The constants in this polylogarithmic expression are fixed, and may be enlarged without further

mention.

Lemma 5.3 (Collision with one allowed path). Fiz the exposed data in a good neighborhood. Let
k be a deterministic path satisfying its individual cutoffs, and let i # k have the eligible endpoints.
Under B;, the probability that the trial satisfies its own cutoffs and comes within distance r of
path k is at most Bi. For two legs pinned at a prescribed midpoint y, with |y —m;| < 8b and
di (y,wr(0)) > s, the bound has the additional term

bp
sV dg(y,wr(0))

If y is instead uniform in a unit cell at a fixed bounded distance from m;, the integrated collision
probability, including failure of this midpoint separation, is at most CB;y.
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Proof. Orient each half of an ordinary bridge from its nearer endpoint; for a pinned trial do this
separately on each of its two legs. Let h > s be the separation between the trial and opponent at
that endpoint, and let ¢ be elapsed time from it. On the two increment cutoffs, a collision in a
mesh interval is impossible unless

q+CA > ch?/(log D).

The lower bound exceeds A by a power of D, since s2/(r?log D) — 0o. A possible collision requires
positions within Cr+/log D at a neighboring mesh point. On the oriented half-leg, the bridge
density there is bounded by Cq~3/2. Thus the sum over these mesh points is at most
2
Cr¥ogDP? Y ¢ < CW’};SD)_
q=h2/log D

Summing the finitely many oriented pieces proves the stated endpoint and midpoint terms,
after enlarging bp. A fixed additive term covers the harmless bounded-distance conventions.
Confinement eliminates opponents outside the relevant neighborhood, and local lifts apply for
all sufficiently large K. Finally [,(sV |y — z|)~l'dy < C for every unit cube @ and every z,
whereas the volume where |y — z| < s is at most C's3. Since s3> = o(bp), integration proves the last

assertion. O]

The individually small collision bounds sum to o(1) over the flagged opponents, because their
density is foD. The frozen opponents have density of order D; for them we shall use the weighted
space-time counts in the certificate. This distinction gives the following success bounds, uniformly
in all paths left unexposed.

Proposition 5.4 (Uniform insertion probabilities). Fixz good data in all neighborhoods met by
the following trials. In the first three assertions existing unexposed paths may take any values
satisfying their individual cutoffs, while the frozen paths remain those of the fixed data. The fourth
assertion instead concerns an obstacle collection satisfying the full-path bounds. For all sufficiently
large D, these assertions hold also when an arbitrary subset of avoidance checks is omitted.

1. An ordinary trial B;, required to satisfy its own cutoffs and avoid the frozen paths and all
indicated other unexposed paths, succeeds with probability at least 3/4.

2. A trial formed by choosing a uniform midpoint in a unit cell contained in B(m;, 8b) and
at an absolute constant distance from its mean, then choosing independent bridge legs, has
success probability at least 3/4. It may also be required to have midpoint distance greater
than s from every opponent.

3. Two such trials in two copies, using a common unit cell meeting the preceding conditions
for both labels, with a common uniform midpoint and independent legs conditional on that
midpoint, simultaneously succeed with probability at least 1/2. Fach is checked against the
previously present paths in its own copy; the pair is not checked against itself across the
copies.

4. Suppose the entire obstacle collection satisfies the motion and count bounds defining the
full-path event. A trial pinned at any point within 8b of its mean and more than s from every
obstacle midpoint succeeds with probability at least 3/4. This remains valid after adding or
substituting a fized number of individually allowed obstacles, provided the indicated endpoint
and midpoint separations hold.
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Proof. For unexposed opponents, sum Lemma 5.3 over endpoint shells using (5.7). Both endpoint
lists satisfy

> Bix < Cbp(foD + DV /s) < C(log D) (D™ + D~1/100) = o(1).
k

This also bounds the integrated cost for a uniform midpoint. The extra midpoint separation costs
at most C's® per opponent, and there are O(fyD) such opponents in a relevant neighborhood.

For frozen opponents the endpoint-shell bound alone would lose a logarithm. We instead use
their weighted space-time count. Consider an oriented half-leg and put

a0 = es/(log D).

Endpoint separation and (5.5) imply that only intervals with elapsed time g > g can contribute.
At their initial mesh point the trial position has Gaussian density at most Cg—3/ 2¢—clz—aql?/ q,
where a4 is its bridge mean. Given that position, the following increment has the representation

v

Xppo = Xg + (@ —X,)+R,, 0<v<A,

t—q
where ¢ € {t,2t} is the bridge or leg duration, a’ is its opposite prescribed endpoint, and £ —q > ¢/2
on the oriented half. The centered bridge R is independent of X,. Its supremum divided by r,
denoted by U, has a uniform Gaussian tail. On confinement the drift over the mesh interval is at
most CpA/t < r for large D. A collision with frozen path k therefore requires

|lwi(q) —wr(q)| < Cr(1+ Aj(wr) +U). (5.15)

After deriving this necessary event we discard the cutoff before integrating the unrestricted bridge,
under which the stated independence holds. This conditional-increment argument is the one used
in [24, Proposition 5.2].

Truncate U at C'v/log D with an arbitrarily small polynomial error, summed over the polynomial
number of local paths and mesh intervals. The radii in (5.15) are then o(,/q) uniformly for ¢ > go.
Integrate the Gaussian density over these balls, then integrate U. Its fixed moments are bounded,
so the result is bounded by

Crig=3/2 >+ AJ(wk))ge_c‘wk(q)_“q|2/q.
k

Gaussian shells of radius /g, and (5.8), bound this expression by Cr3(D 4 D'/1904=3/2)  Shells
of radius greater than one use a unit-ball covering; their Gaussian decay makes the sum finite.
Summing the mesh intervals on all oriented pieces gives

1/100 Ca
D 1) < D~19/100 flo0 D 1) = o(1). 1
Or( t+ \/q’o)jLo()—xlogDJrCa Viog D +o(1) = o(1) (5.16)

For an ordinary bridge no midpoint is pinned, hence no midpoint separation is needed. For a
uniform midpoint the excluded volume around frozen midpoint positions is at most C'Ds? = o(1),
by the unweighted count bound. For each chosen midpoint satisfying the separation condition, the
preceding frozen estimate is uniform. The individual trial cutoffs fail with probability O(D~49).
These estimates prove the first two assertions, and a union bound in the common-midpoint proposal
proves the third.

On the full-path event the entire obstacle collection obeys (5.8); the same calculation proves
the fourth assertion for any separated prescribed midpoint. Each added or substituted allowed
obstacle contributes at most Cbp/s = o(1) by Lemma 5.3. Deleting checks only increases each
success probability. O
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5.4 Densities paid by a local change
The midpoint density of B; in the selected lift is

gi(y) = (2mt) "% exp{—|y — ms|*/(2t)}.

Indeed Brownian motion has generator A, so its duration-2t¢ bridge has midpoint covariance ¢
times the identity. If a trial instead has a uniform midpoint in a unit cube @) at an absolute
constant distance from m;, its density relative to B; is 1g(y)/gi(y). Hence that density is at most
CD®*. Conditioning on an insertion event from Proposition 5.4 costs only a fixed additional
factor. For a pair sharing its midpoint, this statement applies to each path marginal, or to an
integral that retains the shared midpoint as an auxiliary variable. The pair itself is supported on
equality of midpoints and has no density with respect to the independent product B; ® Br. When
|m; —my| < C and |y — m;| < Cb, direct subtraction of the two Gaussian exponents gives

ng(y) - exp{c(ljl’)} < CDOVE. (5.17)

The constants in these exponents are independent of sufficiently small x; only the allowed large-D
threshold depends on z.

Corollary 5.5 (Conditional density domination). Fiz good data and a set of route labels S C T
with a bounded number of labels per site. In a product of their free bridge probabilities, condition
on individual cutoffs and any selection of avoidance checks, including checks against fixed outside
paths. The paths with labels in T\ S need only satisfy their individual cutoffs; the frozen paths
remain those of the fixed good data. Every specified q labels have joint marginal density at most C?
relative to the product of their B;. The conclusion also holds conditional on the values of all other
labels. A uniform-midpoint insertion has the additional density expense CDC* for each inserted
marginal, or in an augmented integral retaining the common midpoint, and replacing one free
midpoint density by that of a neighboring label has expense (5.17).

Proof. For a single label, its conditional density is an admissibility indicator divided by its free
insertion probability. Proposition 5.4 bounds that denominator below by 3/4, uniformly in the
other allowed paths. Successively integrate labels, or equivalently compare the partition integrals
before and after each deletion. Each deletion costs at most 4/3, proving C? for any specified
collection. The midpoint statements were computed above. All arguments continue to apply with
checks removed because the same lower insertion bound remains valid. O

The estimates in this section are local in space and uniform in volume. They supply both the
small excluded mass and the bounded conditional densities needed by the next comparison. The
later use of spatial routes belongs to the path-intersection approach of Benjamini, Pemantle, and
Peres [5]; the estimates here provide the exact hard-core path laws on which that route comparison
acts.

6 Smoothed deletion measures and their local comparison

In this section ® is a normalized nonnegative ground function. For a cell v in either C4 or Cg,
define

NV , 1/2 N (N2 Ay
sv(Y)—(M/UCI)(y,Y)Qdy) . Py(dY") = s,(Y')2dY". (6.1)
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The measure P, describes the remaining particles after deletion of a particle in v, with its position
averaged over the cell. Its mass need not be one. We shall prove the following estimate for
neighboring small cells; Section 9 uses its fourth power to compare cell averages of ® with their
root mean squares.

Proposition 6.1 (Local comparison of smoothed deletion measures). With the exponents and
partitions of Proposition 4.1, every normalized nonnegative bosonic ground function satisfies

Z/'SU sul! dy’ < ¢; D18, (6.2)

Cal s3 + 85,

v~Yw

Here v ~ w ranges over ordered adjacent d-cells, and the quotient is zero when both functions
vanish. The sum may be restricted to pairs in the same R-cell. The bound is uniform in the ground
function and volume, with the limiting convention of Section 2.

The proof constructs a common finite measure on the remaining particles that has a density
close to one relative to each of P, and P, in a fourth-moment sense. To construct it, we first
represent deletion by a distinguished label in the path law of Section 5. The independent flags,
exposed datum, and unexposed labels Z are those defined there. Two copies of a local path
rearrangement then give the same remaining configuration. We estimate their likelihoods before
projecting back to Y.

6.1 The reference measures and count errors

For a cell v of either partition C4 or Cg, put

TU = foD”U|, hv,i = 1{X¢€v}7 Téﬂel = szl Z hv7i. (63)
i:1 is flagged

Here X; = w;(0) is the midpoint of the path of label i. Define a finite measure P,,g, on a path
sample together with a distinguished flagged label by

hv,z’ .
/FdPaug,v =E > 7 F(w,1). (6.4)

i:4 is flagged ~Y

The expectation includes the flags. Additional independent randomizations introduced below are
understood as probability kernels on this space. Delete the distinguished midpoint and put the
other N — 1 midpoints in an independently chosen uniform order. The following identity shows
that this projection realizes the analytic measure P, above.

Lemma 6.2 (Density of the smoothed deletion measure). The projection of Paug. just described
is P,. The mass of P, equals ET;el. Its average over either partition is one.

Proof. The midpoint law is ®>dX. Flagging a particular label has probability fy, independently
of this law. Symmetry of ®? and the uniform ordering make all N summands in (6.4) identical
after projection. Their coefficient is N fy/T;, = V/|v|. This identifies the projection with P, in
(6.1). The last assertion follows by summing the cell indicators, since N = DV O

We always average a cell-indexed estimate by the number of cells in its partition. For adjacent
ordered pairs of d-cells the normalization is also the number of cells; changing this to the number
of ordered edges changes only a fixed constant.
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Lemma 6.3 (Fluctuations of the number of flagged particles). The count estimates of Proposi-
tion 4.1 imply

1
@ Z E|Tsel _ 1|2 < C(D—l—w/G + D—1+JZR—3)’ (6.5)
veECR
1
@ Z E’Tsel — 1’4 S Cj(D—]_—u/G + D—2+2I)' (66)
vECy

For each fived integer q, products of at most q relative counts can be bounded by C; D at an error
smaller than every prescribed negative power of D. This assertion holds in any of the averaged
estimates involving a fized number of cells used below.

Proof. Conditional on the configuration, the flagged count M, in a cell is binomial with parameters
n, and fo. In particular,

E[(M, — fOnv)2 | X] < fon, E[(M, — fOnv)4 | X] < C(fonv + (fOnv)z)'

M, — fon n
Trel 1 =22 ”+< v —1>.
Y foDlv| Dlv|

The quadratic and quartic inequalities for this sum give the displayed bounds from the count
moments of Proposition 4.1. The binomial contribution to the fourth moment is at most
C;(D~22% 4 D=3%3%); the second term is smaller for x < 1. The required first and second
moments of n, /(D|v]) follow either from these count estimates or from Proposition 2.4.

For the last assertion, use the event that every unit cell meeting the indicated cells has
count at most C'D, where C is a sufficiently large fixed constant. On that event 77 < Cj/ fo-
Proposition 2.4 bounds the complement by a polynomial in D times e~“P, also for an R-cell since
it meets O(R?) unit cells. Hard packing bounds all counts in these bounded regions by a fixed
power of D. Consequently every fixed product on the exceptional event has expectation smaller
than any prescribed power of D~ O

Write

We use two omissions. A distinguished label is retained only if it belongs to Z. A pair of
neighboring d-cells is compared only when all sites in a fixed neighborhood of the two cells are
good in the sense of Definition 5.1. The neighborhood includes every possible tag mean and every
path used in the construction below. It has radius Cb, with C' fixed. For two R-cells we use their
enlargements by C'R instead. Write G, ,, for the resulting good-neighborhood event. These are
events of the exposed datum D; we do not add tests on unexposed paths to that datum.

Lemma 6.4 (Cost of omissions). For every indicated cell v, the mass in Pyg. of tags outside T is
at most Cx,ijlfl/S, uniformly in v. The mass lost by a failure of the required good neighborhood
is at most C'gw-D_l_l/éH‘aC for a d-cell and at most C,R3D~1=1/8+% for an R-cell. Multiplying an
omission by a fired product of relative counts costs at most a further factor C; D, with q the
number of factors. The same convention applies to a fixed power of the omitted relative count
itself.

Proof. Apart from flagging, failure of membership in Z means failure of an endpoint separation or
an individual motion test. Flag independence cancels the factor fo in T,. A tag in v satisfying
the motion cutoffs has both endpoints in a bounded enlargement of v. Equation (5.4) bounds the
expected number of labels there having a second endpoint within distance s by C'D?s? per unit
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volume. Division by D gives CDs® = CD~7/%. The visitor and free-cutoff estimates in the proof
of Proposition 5.2 give errors of arbitrarily high fixed power for the remaining motion failures.
Summing over the unit cells meeting an R-cell and dividing by its volume leaves the same bound.
Both estimates are stronger than the stated D~1~1/8 bound.

For a good-neighborhood failure use Proposition 5.2 and a union bound. There are O, ;(1) tests
for a local comparison and O, (R?) tests at scale R. On the count event in Lemma 6.3, the total
reference weight is bounded by C}/ fo. Its complement is negligible. This proves the second claim
and the assertion about products. If M, denotes the omitted relative count, then 0 < M, < C;/ fo
on the same count event and MJ < (C;/fo)9 1 M,. This proves the final convention. O

6.2 A coupling with the same remaining midpoint configuration
Fix disjoint cells v, w. Select distinct flagged tags ¢, j with weight

hv,ihw,j

: 6.7

Retain only tags in Z and the specified good-data event. For a tag use the unit cell containing its
bridge mean as its site. Confinement places that site within distance Cb of its indicated cell. A
route and its subsequent label choices depend on the data and the tags, but not on unexposed
path values. Write the resulting list as

G0 = 0,01, ...y im = J. (6.8)

All labels are distinct; consecutive bridge means have bounded distance. Interior labels are drawn
from the supplies at the route sites, with the tags excluded. Conditional on the data, choices at
different sites are independent. Their maximal point probability is C/(D fy). No interior choice is
needed at an endpoint site.

Lemma 6.5 (Two-copy midpoint transport). For adjacent d-cells on the retained data event one
can choose (6.8) of length m < Cy., with Cp, = O(xz~Y/2), and construct two path copies with these
properties:

1. All unselected paths are the same as in the original sample. The left path of i and the right
path of j are also unchanged.

2. Both copies satisfy every path constraint defining the conditional law at the given datum.

3. For 1 < k < m, the left midpoint of iy, equals the right midpoint of ix_1. Thus, after deleting
1 on the left and j on the right, the midpoint configurations agree as unordered lists.

4. The construction is a probability kernel conditional on the original sample and the route
choices.

Consequently, weighting by (6.7), averaging all choices, and ordering the common remaining
midpoint list uniformly defines a single finite measure v, ,, on the remaining particles.

Proof. Join the tag mean-sites by a coordinate route of nearest-neighbor sites, erase loops, and
choose one interior label at each interior site. The tag means lie within distance Cb of adjacent
cells, so there are O(b) = O(x~'/2) entries. If the sites coincide the list consists just of the two
tags. The good-neighborhood event supplies all labels. The interior supplies have size at least
cfoD, so excluding the bounded number of tags preserves the claimed point bound.
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For k =1,...,m, sample a common midpoint uniformly in a unit cell whose distance from both
corresponding means is bounded. Fix that cell as a measurable function of the exposed endpoints
alone, before sampling any latent original or proposed paths. Conditional on that point, propose
independently the left path of 75 and the right path of i;_; as two-leg free bridges. Condition
this pair on its individual cutoffs and on avoidance, in each copy separately, of paths retained in
that copy and paths already inserted in that copy. Paths to be inserted at later stages are not
checked at this stage. Proposition 5.4 gives success probability at least 1/2 for every such proposal,
including every allowed preceding history. Thus each stage is a probability kernel. Every pair of
paths in a finished copy is checked when the later of them is inserted. The midpoint identities and
equality of the two remaining lists follow directly from the cyclic shift of labels in (6.8). O

We next calculate the density of the left output. This calculation also applies when selected
outside obstacles and their checks have been deleted; this flexibility will allow independent centering
of several route constructions.

Fix the data, i, the route labels, and the paths outside S = {i1,...,4m}. Denote these outside
paths by £. For o = (0;)1es define ag(0;§) to be the product of the individual cutoff indicators
and all avoidance indicators involving at least one label in .S. The conditional reference law is

As(do | §) = Zs(€) as(o:&) [T Bildon), Zs(6) = [astos&) [ Bildoy > 0. (6.9
les les
Checks wholly outside S are irrelevant to this conditional formula. Let Kg(0;&,dz) be the marginal
probability kernel of the left changed paths in Lemma 6.5. Its density relative to [];cq B; is denoted
by ks(0;&, z). The unchanged factor h,;/T, will remain outside this calculation.

Lemma 6.6 (Cancellation of the conditional normalizer). The left-output likelihood, with the
weight hy, j included but the divisor T, omitted, is, on admissible reference values,

Ls(:€) = [ as(o:€)lu()ks(oi€,2) [ Buldon). (6.10)
les
It satisfies
Fs =Lg — hyj, Ex[Fs | wse] = 0. (6.11)
These assertions hold after removing any specified collection of outside checks, provided the same
removals are used in the reference, the original-path integral, and the insertion kernels. Moreover,

0< Lg < C, DV (6.12)

Proof. Before dividing by the reference density, the output density is the right side of (6.10)
divided by Zg. The kernel produces only admissible left paths; on that support the reference
density is 1/Zg. These factors cancel. Integrating the resulting likelihood against (6.9) and using
that Kg has total mass one gives

/Lsd)\s—ZS /a5(0§ wi(0) [[ Bi(doy) = /hw]dAg

lesS
This proves the conditional centering, also with deleted checks.
For clarity, the density used here can be written directly from the pair proposals. If Cy is the
chosen unit cell and g; the free midpoint density for label [, then the proposal for the kth pair,
viewed from its left coordinate z;, , is

1c, (7, (0))

L (dzi) B Daz ). )
g, e, (@) (05 Pty () (6.13

k—1 1k—1
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Here B} is the two-leg bridge pinned at midpoint y. Its restriction to the individual cutoffs,
together with the compatibility checks, is divided by a success probability at least 1/2. The first
density factor in (6.13) is bounded by CD®® on Cy, by Corollary 5.5. Integrating the auxiliary
right paths successively, bounding each normalizer by 2, and using m = O(z~/2) gives (6.12).
The original integral has mass at most one. The same argument works with checks deleted because
their success probabilities only improve. O

6.3 The centered fourth moment

The likelihood L is centered around the second-tag indicator h, ;, rather than around one. For a
fixed first tag ¢ with h,; = 1, average over the route and interior labels, denoting this average by
an overbar, and then sum over candidate second tags: these are the labels in Z whose mean-sites
lie in the required enlargement of w. Confinement includes every retained tag with A, ; # 0 in
this data-dependent candidate set. The exact decomposition is

S Ls gt 5 Fs

J#i T J# Tw J#i T
The first sum is the relative count in w restricted to retained tags; Lemmas 6.3 and 6.4 control
its difference from one. We now estimate the fourth moment of the second sum. Expanding it
produces four centered route likelihoods with a common first tag. If one of their changed label sets
is disjoint from the others and all its interactions with them are removed, its conditional integral
vanishes. When all four changed sets are disjoint, a nonzero term therefore needs at least two
interactions between lists. The next lemma quantifies their joint cost, and also the one-interaction
cost needed when two lists share a label.

We specify the removed interactions for four possibly overlapping route lists, all with this
same first tag ¢. Each list has a changed set S,, 1 < a < 4; these sets exclude ¢. Put U =J, S,
and condition on paths outside U. Join two lists when their changed sets intersect, and call the
connected components of this relation blocks. A singleton block contains just one list, whether or
not that list has several labels.

For each unordered pair e of different blocks introduce a switch o, € {0,1}. Turning this
switch off removes the following checks everywhere in the conditional integral:

1. reference avoidance checks between the two blocks;

2. checks between original paths integrated in one likelihood and outside reference paths in the
other block;

3. checks, and the corresponding checks in insertion success probabilities, between proposed
paths in one likelihood and outside reference paths in the other block.

Individual cutoffs and all other checks are retained. A newly proposed right path with label ¢
belongs to the block generating that proposal. Thus its checks against another block are switched,
whereas checks of left insertions against the unchanged left path of ¢ are always fixed-outside
checks. A right proposal is never checked against that left copy of 7. The right retained path of
the second tag is an original path of its own block. This specifies every check even though the two
path copies retain different endpoint tags.

Let F7 be the centered likelihood constructed using these switches. Lemma 6.6 applies for
every switch setting. All formulas below hold on a fixed conditional fiber; constants are uniform
over its allowed outside paths and good datum.
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Lemma 6.7 (Two switched interactions). Write Bji for the collision bound in Lemma 5.3, and set
6 _ C D—19/100
* — Ug .

Suppose either that the four changed sets are disjoint, or that they have exactly one independent
label identification. After increasing D the following bounds hold for their centered likelihoods,
integrated against the conditional reference on their union. Finite differences act on the entire
admissibility numerator and its likelihood factors; the original conditional-reference normalizer is
held fized.

1. A finite difference that switches one block-pair interaction has absolute integral at most
C,DCVT times the sum of the By, for the finitely many label pairs checked across that
interaction. In particular it is at most Cy DV,

2. If all four lists have disjoint changed sets, a mized difference in two distinct block-pair
interactions has absolute integral at most C,DVT times a finite sum of products BBy,
with one checked pair from each interaction.

The bounds are valid if additional switches have already been fized on or off. The number of
summands is bounded by a constant depending only on x.

Proof. Expand each centered factor as Lg — hyj and use (6.10) and (6.13) for the likelihood
factors. This represents the conditional integral using the following variables: reference output
bridges on U; a separate collection of original bridges for each likelihood; and the auxiliary right
bridges in its pair proposals. Without avoidance checks these variables factor between blocks.
Within one block the two members of a pair proposal have a common midpoint, as they must.
Every indicator imposing an individual cutoff is retained in the estimates below.

There are three kinds of factors: indicators, success-probability reciprocals, and the densities in
(6.13). The last factors do not depend on switches. When the changed sets are disjoint, combine
each such density with its free left-output bridge and its pinned auxiliary bridge: this is exactly
the probability measure of the common-uniform- midpoint pair proposal. We retain that measure
when integrating a collision. In particular we do not replace it by the product of two independent
bridges; that product would not even dominate the pair law. Thus the base measure within each
singleton block is a product of plain original bridges and independent pair proposals, or of plain
output bridges if its centered factor contributes the subtracted indicator. The different blocks
have independent base measures, conditional on the fixed outside paths. Every proposal cell was
fixed using the exposed endpoints, so its law has no remaining dependence on other blocks.

There are O(a:_l/ 2) pairs, including all four lists. All success reciprocals are at most two.
The inverse reference normalizer costs a fixed factor C), by successive single-path insertions on
the bounded set U; keep that normalizer fixed when taking differences. With one identification,
the nonsingleton block has repeated output coordinates. We leave those coordinates and their
pinned auxiliary variables together until the singleton collision integrations have been carried
out. Afterwards the remaining integral is bounded by the marginal-density argument proving
(6.12), paying at most C,DCV=_ This estimate never requires a joint density for two paths with a
common midpoint. These observations also bound all unused factors in a difference by the same
displayed expense.

An indicator difference caused by a block-pair switch is supported on the event that at least
one of the removed avoidance checks fails. Splitting this event by the union bound gives a collision
between one path from each of the two blocks. The paths have distinct labels and meet their
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individual cutoffs. Integrating a free bridge or a marginal of a common-uniform-midpoint proposal
against a deterministic allowed opponent costs at most Cy 5%, by Lemma 5.3. The same assertion
holds with the roles of the two paths exchanged.

We give the analogous verification for denominators. At a fixed insertion stage and preceding
history its success probability is

po) = [QUE) e [TAd=)™  plo) = .

Here @ is a fresh pair proposal, ¢ contains the individual cutoffs and unswitched checks, and A, is
the product of checks controlled by switch e at that stage. The convention A = 1 applies also
when A = 0. A first difference of p is an integral with the factor A, — 1; a mixed difference in e, f
has the factor (A, — 1)(Af — 1). They therefore force one or both corresponding collisions. The
reciprocal identity

pq
and its difference in a second variable bound a first reciprocal difference by a constant times |A.p|,
and a second difference by a constant times

[AcAgp| + max [Acp(o)| max[Asp(o)|.

The product is represented using independent fresh proposals. These proposals belong to the
block whose denominator is being tested. After dropping unused compatibility indicators, they
are ordinary pair proposals with their own cutoff indicators. They introduce only a fixed number
of additional density factors.

Apply the finite-product difference rule. A first difference is thus a finite sum of integrals
with one forced cross-block collision. To estimate it, integrate a singleton block against its fixed
opponents whenever there is an overlapping block. In the application with one identification every
block pair has a singleton side unless both blocks are singletons, which is easier. The remaining
factors are bounded as above. This proves the first assertion in precisely the overlapping case
needed below; with four disjoint lists either side can be integrated.

For the second assertion the two different block-pair edges form either a two-edge tree or two
disjoint edges. In the tree case fix all variables in the central block and integrate the two leaf blocks
in succession. Each leaf participates in just one of the two forced collisions, so its integration costs
the appropriate 8 bound uniformly in the central block. No independence of collisions inside the
central block is used. If a forced collision comes from a denominator test, its fresh proposal belongs
to its generating block; the same leaf integration applies. The two disjoint edges are estimated
separately. This proves the product bound.

Extra differences in other switches, when they occur, are bounded by a finite sum of evaluations
of the same two-difference expression. This does not increase the number of forced collisions that
must be estimated. Finally B < bp(1 + 2/s), which is bounded by C,D~1/1% for sufficiently
large D. This proves the stated worst bound. O

Lemma 6.8 (The fourth moment of the averaged centered likelihood). For adjacent d-cells v, w,
let an overbar denote the average over the route and interior label choices at fized tags and datum.
Restrict the expectation to G, ., and retained first tags. Equivalently, set the complete centered
summand to zero outside this event. Then

4
B s~ Fs L
E|1g,., > = |2 7| | € CayD7 V%, (6.14)
€T TV |j#i TV
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provided x is sufficiently small. The candidate second tags are the labels in I whose mean-sites lie
in the required enlargement of w.

Proof. Expand the fourth power into four independently randomized routes and label lists, condi-
tionally on the datum and the common tag ¢. The total tag counting weights are bounded by C. ;
on good data: there are at most C, D fy candidates in the bounded enlargement, and T, T, are
fixed multiples of D fy. Each normalized tag weight, and each interior label probability, is at most
Cuy/(Dfo).

First split the tag summations by the mean-sites of the second tags and the resulting route
site patterns, which have only O,(1) possibilities. Retain the original summation weights in each
subsum; there is no renormalization by the mass of a site pattern. For every fixed tag choice
in such a subsum, each tag counting weight and each interior-choice probability is bounded by
Cy;/(Dfo). The set of candidate labels for any slot has at most C, D fy elements. In bounding a
positive sum we may discard within-list exclusions and dominate its joint weight by the product
of these point bounds on the respective candidate sets. This domination requires no claim that
conditioning on an arbitrary previously revealed tag preserves the stated point-mass bound.

Two or more independent identifications between the four changed lists therefore cost at most
Cy;(D fo)~2. An identification means one equality needed to merge previously separate label slots;
a triple equality counts as two. Indeed an equality pattern with ¢ independent identifications
leaves q fewer freely chosen labels. Summing the product point bounds over that pattern gives at
most Cy j(D fo) ™9, since every free label has at most C, D f; possible values. There are only O,(1)
slot patterns. A label cannot occur twice in one list, and none of the changed lists contains ¢. The
supremum bound (6.12) therefore bounds all contributions with at least two identifications by

Cp D™ H ROV, (6.15)

There remain the cases of no identification and exactly one. Condition on paths outside U and
write the conditional expectation as Z;; ! times an integral against the free product bridges on U
with its admissibility numerator. Keep Z; fixed. Regard this numerator, including the four F7,
as a function G of the block-pair switches. The elementary expansion at the all-off vertex of the
Boolean cube is

G(1) =>_ AgpG(0). (6.16)
E

In a term with an isolated singleton block, the integrand factors with respect to that block and the
remaining blocks. Integrating the isolated block gives zero by (6.11), multiplied by its unnormalized
reference density. This is a statement about each term of the mixed difference: its absent edges
are off in every evaluation.

With exactly one identification there are three blocks, two of them singletons. A surviving
term in (6.16) must therefore contain at least one edge. Lemma 6.7 and the identification cost

bound its total by
Cx’jD—l-l-x—lg/lOO-l-C\/aT)' (617)

With no identification all four blocks are singletons. A surviving term must contain at least two
different edges. Choose two of them, apply the two-difference bound, and estimate the remaining
differences by the finite sum described in that lemma.

One of the two collision factors can be averaged over a free label choice. There is always such a
label: every cross-block check has a label of a changed list on at least one side, whereas i belongs
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to none of those lists. The flagged-endpoint bound in Definition 5.1, summed over dyadic distance
annuli, gives, uniformly in the other endpoint,

ij 1 Dl/lOO
; ——— <05 |1 < Cyj. 1
DA s > A —C”< D ) = (0:1%)

k in a candidate list 8 08

The same holds at the other endpoint time. The candidate list is contained in a fixed bounded
neighborhood; the annulus estimate uses # B, < C (D foh® + DY 100) The last inequality follows
from x < 19/100. Thus the averaged collision factor is at most C jbp. We bound the other factor
by B«. Excluding additional label coincidences can only decrease these positive upper bounds,
so their restriction need not be retained during this summation. The no-match contribution is

consequently
Cpj DIT1N00+CVE (166 D)C (6.19)

The factor h,; depends only on the fixed outside path 7 and can be retained throughout the
cancellations. It is bounded by one when estimating the errors. Summing the first tags has total
weight at most C, ; on good data. Combining (6.15), (6.17), and (6.19) proves (6.14) when z is
small enough that all power losses leave a saving of 1/20. O

6.4 Projection to the remaining particles

The measure v, ,, has two lifts: one to Pig ., observing the left copy and tag 7, and one to Paug,uw,
observing the right copy and tag j. Write their respective densities as £, and £,,. On the retained
part of the left reference,

by =Y T,'Ls. (6.20)

J#i

It is zero elsewhere. The sum of the corresponding centered subtractions is the relative count in
w restricted to tags in Z. Indeed, confinement includes every such tag with nonzero h,, ; in the
candidate mean range, and h, ;h,; = 0 because the cells are disjoint.

Proposition 6.9 (Fourth-moment comparison before projection). For sufficiently small x > 0,
depending on the previously chosen exponent u, the measures above satisfy

1

‘C ‘ Z {/ [y — 1‘4dpaug,fu + / [l — 1|4 dPaug,w} < CjD_l_u/S. (6.21)
d

v~Yw

The summation can be restricted to adjacent cells in the same R-cell. The bound is uniform in
volume and in the nonnegative ground function, with the limiting convention of Section 2.

Proof. Let M, be the omitted relative count in w. On the retained left reference, (6.20) gives

by — 1= T, 'Fs+ (T0' — 1) — M.
j#i

The inequality |a + b+ c|* < 27(|al* + [b|* + |¢|*) separates the three terms. Lemma 6.8 treats the
first. For the second, the count-tail bound gives

B[T3T — 1[') < D BT — 1"+ O(D~)

for any fixed A, after averaging cells. Neighboring pairs have uniformly bounded degrees, so
Lemma 6.3 applies. For the third term use E[T!'M:] < C; D**EM,, + O(D~4) and Lemma 6.4.
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On omitted first tags or data the density is zero, so the fourth error is exactly the omitted reference
mass. The same lemma bounds it. Choose x so that, in addition to the requirements of Lemma 6.8,

xr < u/24, dr +u/8 < 1/8.

The resulting powers are bounded by D~1~%/8; the binomial D~2t2% contribution is smaller. This
proves the left half of (6.21). For the right half, analyze the same generated kernel with the observed
and auxiliary copies exchanged, retaining its original insertion order. Every preceding density
and switch estimate holds for any fixed insertion order: only the specified previous-path checks
enter its success probabilities. Thus this argument uses no symmetry of the success normalizers.
Interchanging the two tag roles gives the other half. O

Proof of Proposition 6.1. Let q be the Lebesgue density of the common projection v,,,,. Condi-
tional Jensen under the projection gives

q
= -1

/1:

with the analogous estimate for w. The measure v, ,, is absolutely continuous with respect to both
references, so ¢ = 0 where either corresponding density vanishes.
For completeness, for a,b > 0 and ¢ > 0 with this zero-set convention there is an absolute

constant C' such that . .
—b
@=b" o {a2 } . (6.22)

a?+ b —
For a,b > 0, put ¢ = \/g. The inequalities |a — b|* < 8(|la — ¢|* + |b—¢|*) and |1 — /2| < |1 — 2]
for z > 0 give

4
2dy’ < /|£U —1*dPaugr

(%

4

q
7_1
a?

: 2
A

la — 0\4 2 4

a2 +0b2 —

.

4
2
<a

1— =
a

)

with the same estimate for b. This proves (6.22) with C' = 8. If one of a,b vanishes, absolute
continuity forces ¢ = 0, and the inequality follows directly; if both vanish, both sides are defined
to be zero.

Apply (6.22) to a = sy, b = s,y and sum the Jensen bounds. This proves (6.2). O

7 Random routes and encounters away from a common endpoint

A transport between two deletion measures follows one route. Its second moment compares two
independent route choices conditional on the same exposed datum and first tag, with the two other
tags ranging over the distant cell. The two routes therefore have one endpoint in common, but
their other endpoints need not coincide. We construct their geometric law here, before estimating
the transport likelihoods in Section 8.

Two properties will be needed. The total number of encounters has a bounded exponential
moment. If an initial portion of each route is discarded, the probability of any remaining encounter
tends to zero when the other endpoints are averaged in a growing cube. We call the discarded
portion silent: the corresponding trajectories will be kept unchanged in the observed copy of the
transport. These estimates include the average over the random set of unusable sites; they are not
estimates for each fixed configuration of that set.
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We adapt the folded-path construction of [24, Section 7]. Its probability estimate is an instance
of the unpredictable-path method of Benjamini, Pemantle, and Peres [5]. We give the finite process
and the estimates needed for unequal terminal endpoints explicitly.

Write Lx = (Z/KZ)3, and let du be its periodic maximum distance. Sites differing by one in
one coordinate are nearest neighbors. For an integer a > 1, range-a adjacency means maximum
distance at most a. A random datum D determines a bad set B C Lk ; its complement consists of
the good sites. The sole probabilistic assumption on this set is

P(AcB)<pil  (4ccLk). (7.1)

No independence or translation invariance is assumed.

Here and below a cube of side at most cgR on the torus is the projection of an ordinary
lattice cube of that size; cq is fixed. We take K > CyR, with Cy sufficiently large in terms of the
fixed constants. Fix a common endpoint z and such a cube @ so that every y € ) has forward
first-coordinate displacement n, € [.29K, 46K] from z. Rounding the endpoints of this interval
has no effect on the estimates. Fix an integer contact radius r. > 1, and a nonnegative integer ¢,
which allows a fixed number of neighbors of each changed portion to be included in the contact
count. All constants in this section may depend on r., ¢, cg, but not on K, R.

Proposition 7.1 (Routes with rare encounters away from the common end). There are py, &, c, C' >
0 and Ry with the following property. Suppose R > Ry, K > CoR, and (7.1) holds with p < py.
Put h = LR1/2J. There is an event £, determined by D, z, Q), on which the construction below gives
simple good nearest-neighbor routes m, from z to every y € Q. Conditional on the datum, routes
are sampled using fresh independent random variables. The event includes the requirement that the
10R-neighborhoods of z and @ contain no bad sites.

For a route m = (vg, ...,vm) starting at z, set
a(m) = max{i : doo(vs,2) < h}, 70 = {v; i > a(m)}.
Its silent portion (vo,...,Vq(x)) has at most Ch wvertices. The analogous silent portion read

backwards from y also has at most Ch vertices, and the two portions are disjoint. Let 79 consist
of vertices whose path index is within q of an index in 7. For independently sampled routes
Ty, Ty, define

I=>" > Yauwe)<rd:

vemy v'Em,

Je= > > L)<

vEmjh’q U’szlf’q
For every fized pair v,y € Q,
Ep []—E IE-I:routes(e}‘i(] | D)] <C. (72)

For every deterministic probability mass function w on Q x Q satisfying w(y,y') < C,R™°,

. 1 /log2 1
Z w<y7y/) ED[]-E ]P)routes(t]* >0 ’ D)] < CC R, Cqg = 5 (1 82 2) > 0. (73)
y:y'€Q 083

The same conclusions hold with a common terminal endpoint, reading the routes in reverse order.
If M denotes just the stated bad-free margin event, then

P(M\ €) < K3(Ap)lE/(0(re+2)] o p3e—ck, (7.4)
Here A is fixed and pgy is chosen so that Apg < 1.
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7.1 A finite process with small conditional atoms

We first produce the transverse randomness. Its conditional atom bound will also control encounters
with an arbitrary fixed opposing route.

Lemma 7.2. Put o = log2/log3. For every integer T > 1 there is an integer-valued process
(Sj)]rzo; with So =0 and |Sj11 — S;| =1, such that

supP(Sy+x = | So,...,5) <6k (k>1, u+k<T). (7.5)
TEL
Proof. Choose an ordered ternary tree of depth m with 3™ > T'. Give the root spin +1. At every
nonleaf vertex the first two children inherit its spin and the third receives an independent fair spin.
If the leaf spins in order are X7,..., X3gm, let S; =37 | X.
The leaf sum of a depth-d subtree with root spin s equals

30.—1

d
205+ 3 200 Y e,
a=1 =1

where the displayed fresh spins are independent. Select one fresh spin at each depth. Their
weighted sum is uniform on 2¢ distinct integers: writing ¢ = 2 — 1 reduces this assertion to binary
expansion. Independently adding the remaining terms shows that every atom of the subtree sum
is at most 27¢.

For k > 2, choose d > 0 with 2-3% < k < 239!, The interval of leaves {u+1,...,u + k}
contains a complete aligned depth-d subtree. Condition on every fresh spin except those strictly
below its root. This fixes the history through time wu, its root spin, and all leaves outside the
subtree. The conditional atom bound just proved is 27¢ < 6°k~°. Conditioning down to the
history gives (7.5). The bound for k£ = 1 is immediate. O

Take independent copies for the two transverse coordinates and write X, = (S§2), 5(3)). Let

Fs be their joint history. For every deterministic transverse target a, integer radius [ > 0, and
k > 1, independence gives

P([| Xutk — alloo <T|Fu) < C(L+1)%K7%. (7.6)

The same estimate holds for periodic distance modulo K, provided the horizon is at most K/2:
the possible values of each coordinate lie in an interval of length at most K, so only a bounded
number of representatives of a periodic target need be counted. The bound is also valid for a
union of any fixed number of target squares, after changing its constant.

Lemma 7.3 (Ordered tests against moving targets). At each time s € {0,...,T}, let A4(l) be a
ungon of at most two deterministic squares of maximum radius [, with arbitrary centers, in the
transverse torus. There is a constant C1, independent of their centers and of T < K/2, such that

Y P{X,, € A (L), 1<i<j} < ]1[01(1 + 1) (7.7)

0<s1<--<55;<T =1

In particular, for a; > 0, if C1 > >0 ar(1 + )2 <1, then

5=0 1>0 1>0

. -1
EH (1+Zall{Xs€As(l)}) < (I—Clzal(1+l)2> . (78)
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Proof. Set k(0) =1 and k(t) = t~27 for t > 1. Successive conditioning in (7.6) bounds a summand
on the left of (7.7) by
J J
Cj H(l + li)2 k(Sl) H k(si — 3i—1)~
i=1 i=2
Since 20 > 1, the sum of k is finite. Summing over the initial time and positive gaps proves
the first assertion. Expanding the product into ordered subsets of times and using nonnegative
summation proves the second. O

7.2 Folding the walk and avoiding bad components

For each y € @, choose lifts of z, y with first-coordinate difference n = n, and transverse differences
Ao, A3 € [-K/2, K/2]. Independently of the datum, sample two copies of Lemma 7.2, through
time [n/2], and set

A A
w=z+ <Z VRQJ +8%,, VTL?’J + ngf(i)) . sp(i)=min(i,n—i), 0<i<n. (7.9)

We use the same notation for a lifted vertex and its projection when the distance in question
makes the interpretation explicit. The endpoints are ug = z,u,, = y. Each coordinate changes by
at most three per step, since |A,|/n < 50/29 < 2. Refine a step by changing its coordinates in a
fixed order. It has at most seven edges, and all its vertices lie within maximum distance three of
its initial nominal vertex. Call the resulting walk I'y; repeated vertex occurrences are retained at
this stage.

We recall precisely the finite-component facts used to modify this walk. If C' C Z? is finite and
range-one connected, its fill is C' together with all finite nearest-neighbor components of Z3 \ C.
Its fill lies in the coordinate bounding box of C: a vertex outside the box has a coordinate ray to
infinity avoiding C'. The exterior shell

O™ C = {v ¢ fill(C) : doo(v,C) = 1}

is nearest-neighbor connected and has at most 26|C| vertices. The connectivity assertion is the
finite exterior-boundary theorem in [25, Theorem 4]; this is the boundary convention used in [24,
Section 7]. Indeed a vertex outside the fill belongs to the infinite nearest-neighbor component
of the complement. The displayed shell is therefore precisely the outer star-boundary visible
by a nearest-neighbor path from infinity, as in that theorem. If C' is a maximal range-one bad
component, every vertex in its exterior shell is good.

For completeness, small components on the torus have unambiguous finite lifts. A range-a
component of size m, with am < K and K > 2a, can be lifted by a spanning tree, using the
unique short displacement in [—a, a]® on every edge. All lifted vertex differences have maximum
norm at most a(m — 1). On a remaining edge, the discrepancy between this difference and its
short displacement is a multiple of K, with norm at most am < K, and hence is zero. Thus
the full inverse image is a disjoint union of finite translates, each projecting bijectively onto the
component.

There are at most A)' range-a connected sets of size m containing a specified root. Indeed
choose a deterministic spanning tree and record its depth-first traversal, which has 2(m — 1) steps
from a fixed finite set. The visited vertices recover the set. Consequently,

P{a range-a bad component has size at least m} < K>(A,p)™. (7.10)
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A larger component contains a connected subset of exactly m sites, so the same estimate covers
all larger sizes.

Set a = 71,4 2 and mg = |K/(10a)|. Define € to be the bad-free margin event M intersected
with the following two events: no range-a bad component has my or more sites; and none of the
sites in {z} U @ belongs to the projection of a filled range-one bad component. The finite lifts just
proved make this definition precise.

On &, replace visits of the lifted refinement to each bad range-one component C as follows.
The vertices immediately before its first visit and after its last visit lie in its exterior shell. The
initial segment to the first such vertex avoids C and connects to an endpoint outside its fill; the
final segment has the same property. Join these two shell vertices by a simple nearest-neighbor
shell path and replace the intervening walk segment. Each replacement removes a bad visit and
introduces none. Every bad component subsequently treated was therefore met by the original
refinement. When no bad visits remain, project the walk onto the torus and erase loops in
chronological order. This gives m,. All choices can be made by fixed orderings on finite sets, so
the route is a measurable function of the datum and its independent nominal randomness.

To prove (7.4), the first rejected event is bounded by (7.10). If a filled range-one component
of size m contains a given endpoint, its bounding box contains that endpoint. It therefore has a
root within distance m, giving at most C'm? possible roots. On M, all its sites are at distance
more than 10R from that endpoint, so m > cR. Summing the connected-set bound over m > cR
and over at most CR® candidate endpoints gives CR3e~“F, after decreasing py. This proves the
claimed rejection estimate.

The silent portions require a separate deterministic observation. No inserted shell vertex can
lie within distance 5h of either endpoint when R is sufficiently large: every shell vertex has a bad
neighbor, whereas the 10 R-margin is bad-free. A refinement vertex within distance h of z belongs
to a nominal step with index at most hA + 3. This uses 0 < i < .46K < K/2, so its first-coordinate
distance to z does not wrap around the torus. The entire original refinement before that step has
at most 7(h + 4) edges and stays in the bad-free margin. Detour replacement and chronological
loop erasure can delete vertices of this initial segment but cannot insert vertices into it: a detour
begins next to a bad visit, and all such visits occur after this segment. Thus every surviving visit
to the h-ball has at most Ch predecessors in the final route. At the other end, every occurrence of
a nominal refinement vertex within distance h of y lies in the last h 4+ 4 nominal steps. That whole
terminal segment is bad-free. Detours introduce no vertex into it, and loop erasure preserves the
order of surviving occurrences, so a surviving such vertex has at most C'h successors. This proves
the terminal assertion without any reversibility assumption on chronological loop erasure. The two
original end segments lie in disjoint C'h-neighborhoods, and cannot overlap in path order because
their first-coordinate indices are respectively at most h 4+ 3 and at least n — h — 3. Their surviving
silent portions are disjoint as well. Finally, every vertex of 79 has distance greater than h — ¢
from z, since nearest-neighbor edges change this distance by at most one.

7.3 Exponential moments for unequal terminal endpoints

We now estimate encounters without assuming that the two terminal endpoints agree. Write u;,
0 <i<mn,anduj, 0<j<n/, for two independent nominal walks starting at z, and let T', T' be
their refinements. Set

t(i) = min(i,n’), d; = doo(uy, ug(i)). (7.11)

Clamping to the last available opposing index is needed when n # n'/. The lifted first coordinates
give |i — j| = dgi(i,7), since both indices lie in [0, .46 K]. If two refined vertices from steps i, j
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approach within radius [, then |i — j| <[+ 6. The map t is one-Lipschitz and |j — (i) < [j — .
Bounded speed therefore gives

doo(ui,u ) <l = d;< C(l + 1). (7.12)

!/
J
The same implication, with adjusted constants, holds when refined vertices replace the nominal
vertices. Since a step has a bounded number of vertex occurrences and only boundedly many
opposing indices can contribute at a fixed radius, nominal encounters satisfy

Jr (0, T) <CY 1g<py (7.13)
i=0

for a fixed L. The contact count on refinements counts vertex occurrences, which only enlarges
this bound for their surviving vertices.

Let F' range over the actual range-a bad components, with a = r.+2. Every encounter involving
a shell vertex can be charged to a component F satisfying d(F,T') < a and doo(F,T”) < a. Indeed
a shell vertex is adjacent to its generating range-one component, which was met by its own
original refinement. An opposing nominal vertex within distance r. puts that component within
distance a of the other refinement. If both vertices lie in shells of components C,C’, then
doo(C,C") < 1.4 2 = a; thus C,C’ belong to one range-a component. There are at most 26|F|
possible shell sites associated with F, and each meets at most (2r. + 1) vertices of the other
simple route. Consequently, on &,

J < o (TT) + CY |F| 1ya (1) <aydee (FT7)<a} - (7.14)
'

Simplicity of the final routes is used here; no length bound on the original refinements is used in
charging a shell site.

Hold both complete nominal walks fixed and average over the environment first. Expand the
exponential of the component sum in (7.14) as a product over actual components. Every term
selects disjoint connected sets. By (7.1), its probability is at most p to the sum of their sizes.
Dropping the maximality requirement, then the disjointness restriction, and using 14+ x < €%, gives

Ep [15 exp (HC S|F |1{doo(F,F),doo(F,F’)§a}>] (7.15)
F

< exp (Z(p€”0)|61{doo(c,r),doo(c:,r/)ga}> :
c

where G ranges over nonempty range-a connected candidate sets. This argument needs only the
joint bound (7.1).

A candidate G of size m has a root within fixed distance of some w;, with at most C'A])* choices
for the rooted set. If it also approaches I, a spanning tree in G gives an opposing nominal vertex
u; within distance Cm of u;. Equation (7.12) implies d; < Cyym for a fixed integer Cy¢. Thus,
increasing fixed constants,

Ep[lge™ |u,u/] < exp (Z U(di)> ) U(d) = Crlygery + Y 0™ Lg<crmy, 0 = Ape™.

i=0 m>1

(7.16)
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Here conditioning means that the nominal walks are fixed before the environment is sampled; their
independence makes its law unchanged.

Next condition on the entire opposing walk «'. In (7.9), the random part of u; is X sn(i)- The
test d; <[ implies that this variable belongs to a square of radius [ with deterministic transverse

center
(wyey — 2)" = (lide/n], [iA3/n])  (mod K).

The first-coordinate condition may be dropped for an upper bound. Each folded index s occurs at
most twice. Let A4(l) be the union of these at most two target squares. Then

. In/2]
U(di) < D Vs, Va=20k1{x,en,wy +2 D 0" Lix,ca,(Cum))-
1=0 s=0 m>1

The deterministic bound 0 < V; < Vipax = 20k + 260/(1 — ) implies €"s — 1 < e¥maxV,. Choose
first k > 0, then pg > 0, sufficiently small that

1
2C eV |Cr(14+ L)+ > 0™(1+ Cym)?| < 3

m>1

Lemma 7.3 now bounds the expectation of [, e"* by two, uniformly in the fixed opposing walk
and the two endpoints. Averaging that walk proves (7.2). This conditioning argument is why
equality of the terminal endpoints is unnecessary.

7.4 A tail bound after the silent portion

The preceding exponential estimate controls all encounters, including the unavoidable meeting at
z. To obtain a small probability after the silent portions, we keep track of the root index in the
component count instead of summing it by the length of the route.

We prove the following more flexible bound. Suppose contacts are counted only when both
final-route vertices have distance at least H from z, where 2 < H < cR, and denote their count by
Jgr. With the site average of Proposition 7.1,

H3
EsitesED,routes[151{JH>0}] S CCw <H1_20 + ﬁ + 6_6H> . (717)

Increasing constants covers bounded H. The expectation on the left is taken successively over
deterministic site weights, the datum, and the fresh route samples; the notation below combines
independent nominal randomness and environment averages when convenient.

Increase the fixed constant Cy if necessary, and for m > 0 define

n
Ny (H) = ZO Ldeo (1,22 H—Cre(m1)y Ha (us ) ) <Coe (m 1)} (7.18)

i=
Here d< uses only the last two periodic coordinates. A contact between two nominal refinement

vertices contributes to No(H ), after adjusting Cy.

For a contact involving a shell, the component F' used in (7.14) has size m > 1. It has a root
within fixed distance of a first-route nominal vertex u;, and the contact vertex on that route is
within C'(m + 1) of u;. To see the latter assertion, if that contact vertex is nominal choose its
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own step; otherwise its shell-generating component was met by the original first refinement, and
a path in F joins that visit to a bad neighbor of the contact vertex. In either case the same F
also approaches the opposing refinement. The diameter bound and (7.12) give both tests in (7.18).
There are at most A™ candidate rooted sets for each i. With nominal walks fixed, (7.1) therefore
gives the union bound

EsitesE[Le1(7,50y] < Esites ENo(H) + Y _ (Ap) ™ Esites EN (H). (7.19)
m>1

The sum over route indices remains inside N,,; in particular this estimate has no preliminary
factor depending on K.

First drop the distance-from-z test in (7.18). Condition on the opposing nominal walk and use
(7.6) from time zero. With the trivial bound at folded index zero, each summand has probability
at most C(m + 1)2(1 + s,(7)) 2. Every folded index occurs at most twice, so

EN,,(H) < C(m +1)? (7.20)

uniformly in both endpoints. For a small fixed §; > 0, the terms of (7.19) with m > 6, H are
therefore bounded by Ce¢H.

Consider m < 01 H and put hg = |02 H |, for a second small fixed constant dy > 0. The indices
with s, (i) > ho contribute at most

Cm+1)* Y (14s) 7% <C(m+1)*H"%. (7.21)
s>ho

Those with ¢ < hg contribute zero. Indeed bounded speed gives doo(u;,2z) < 3i, whereas the
distance test requires doo(u;i, 2) > H — Cyy(m + 1). Choose 61,02 so that Cy01 + 302 < 1/2, and
increase the lower threshold for H if necessary.

It remains to average the indices ¢ = n — s, 0 < s < hg, near the noncommon endpoint
y. Freeze 3/ and the entire opposing nominal walk. For a fixed first coordinate of y, both
n and kg = min(n,n’) are fixed. Since clamping is one-Lipschitz, [t(n — s) — ko] < s. Also
doo(Un—s,y) < 3s. The transverse approach test in (7.18) therefore implies

% (y, up,) < 65 + Cro(m + 1). (7.22)

Its center is independent of the transverse coordinates of y. For each first-coordinate choice there
are at most C(s 4+ m + 1)? possible transverse endpoint sites. There are O(R) first-coordinate
choices in Q.

To apply the joint site-weight bound without assuming a conditional probability bound, use
w(y,y') < C,R™6 directly, and sum first in g, then in the at most C'R? choices of /. Inequality (7.22)
is a necessary condition for every first-route randomization, so its law need not be compared across
different endpoint choices. It follows that the site average of the remaining part of N,,(H) is at
most

H3
CRC;w >, (s+m+1)?< chﬁa m < 61 H. (7.23)

0<s<hg
Combining (7.20), (7.21), and (7.23) in (7.19), and using >,,(Ap)™(m + 1)? < oo, proves (7.17).
Every vertex used in J, has distance greater than h — ¢ from z. Apply (7.17) with H = h — ¢,
adjusting the fixed lower threshold on R. Since h < RY/2,

H1—20' +H3/R2 +€_CH S C(R—(J—I/Q) +R—1/2) S CR_Cg.
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This proves (7.3).
Finally, viewed from the terminal endpoint, a nominal walk has the form

—iA —iA
= (< | T 8 | T ).
n n

The integer identity |(n —i)Ay/n| — Aq = |—iAy/n| verifies this formula. The same two
independent processes, bounded speed, clamped alignment, and component charges apply. This
proves the common-terminal-end version and completes Proposition 7.1.

Remark 7.4. Both (7.2) and (7.3) average over the environment. They do not assert the corre-
sponding estimates for each fixed datum. They remain valid with any further retention event
inserted on their left sides. In applications where endpoint weights depend on the datum, a
deterministic pointwise bound by CR~% permits replacing those weights before the environment
average; the counting proof of (7.23) then applies unchanged.

8 Transport between distant smoothed deletion measures

The local comparison controls variations inside a mesoscopic cell. We now compare the smoothed
deletion measures of two distant R-cells. The desired estimate is a squared L? distance o(D~!)
between their square-root densities s, and s,,. It follows from a common measure whose likelihood
is close to one in both augmented references.

The transport uses a route whose length may grow with K, so a fixed density expense per
step would be useless. Instead we estimate the second moment by comparing two transports with
the same first tag. When they change disjoint sets of labels, deleting the checks between them
separates their conditional integrals; the expense of restoring these checks is determined by route
encounters. Random label choices also make shared output coordinates rare. Encounters at the
common first tag are unavoidable. We keep an initial portion unchanged in the observed copy
and integrate out its partners in the other copy. Encounters confined to these silent portions then
incur no expense; encounters involving their seams are included in the count J, of Proposition 7.1.
The use of unnormalized conditional integrals extends the common-measure comparison of [24,
Section 8]; the sequential pinning and the estimates that approach one are proved here.

Write Ag g for the ordered pairs (v,w) of R-cells whose centres have forward first-coordinate
displacement in [.30K,.45K]. All averages over this set are normalized counting averages. An
error ok (1) below tends to zero at fixed dilution along the thermodynamic sequence, uniformly
over the normalized nonnegative ground vectors under consideration. Constants may depend on
the parameters fixed before D, including x and j, but never on K or on a route length.

Proposition 8.1 (Distant comparison of deletion measures). For sufficiently small x > 0 relative
to the previously fixed exponents, the functions s, of Lemma 6.2 satisfy

1
| Ak R| (

3 /\SU(Y’) s (Y)2AY" = o(DY) + o (1). (8.1)

v,w)EAK R

The o(D~1) is uniform over the nonnegative ground vectors and over the fived window of . The
thermodynamic error is taken to zero first.
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8.1 The two-copy construction

We retain the notation of Section 6: D is the exposed data, Z the unexposed labels, B; their
plain bridge laws, and A the conditional admissible bridge law. For an R-cell v, put T, = foD|v|,
hyi = 1(x,cv}, and el =Ty, flagged Nw,i- The initial mass assigned to distinct tags ¢, j is

hv,ihw,j

: 8.2

Only tags in Z and the retained data events of Lemma 6.4 will be used. In particular the two cells
have bad-free neighborhoods of radius a sufficiently large constant times R.

To apply Proposition 7.1, choose fixed lattice-cube enlargements @, Q. containing every
candidate tag mean-site for the respective cells. Their sides are at most C'R, and their 10R margins
lie in the retained bad-free neighborhoods. Let z be the first tag’s mean-site and put Q = Q.
The forward displacements of the cell centres lie in [.30K, .45K], so those from z to all sites in @
lie in [.29K, .46 K] when K/R is sufficiently large. Retain the route event £ of that proposition as
well as the endpoint events already specified. Conditional on the data and the two mean-sites,
sample its route using fresh randomness. Its vertices are distinct good sites. At each interior
site choose one available interior label uniformly, excluding the tags. Choices at different sites
are independent. If a bounded number of additional exclusions is necessary, make it before the
uniform choice. The supply estimate gives the bound

sup Pr(chosen label = [ | D, route and tags (8.3)
!

)< —.

D fo
This gives a list of distinct labels ig = 4,41, ...,%,m = j. Consecutive bridge means have bounded
distance. The route is simple, so at most a fixed number of list entries have means in any
fixed-radius ball. This bound does not depend on m.

Let Hy = | RY/?]. The silent prefix consists of the vertices up to and including the last vertex
within Hy of the first endpoint. Define the silent suffix by reversing the route. Proposition 7.1
shows that these pieces are disjoint and have length O(Hy). Write their list indices as 0 < k < ag
and a; < k < m. Keep the prefix trajectories unchanged in the left copy and the suffix trajectories
unchanged in the right copy. All trajectories outside the list are unchanged in both copies.

The remaining paths are generated in the following order.

1. For ag < k < aj + 1, generate a pair consisting of the left path of i and the right path of
i,—1. Fix a unit cell at bounded distance from both means as a measurable function of the
exposed endpoints alone, before sampling any latent or proposed paths. Choose the common
midpoint uniformly in that cell, and use the two independent pinned bridge laws given that
midpoint. Condition on individual cutoffs, compatibility with every path retained in that
copy, and compatibility with earlier middle pairs. Require also midpoint s-separation from
these opponents. The probability of this event is at least 1/2, by Proposition 5.4; thus each
step is a probability kernel. Fix any deterministic order for these middle steps.

2. For the remaining pairs, one member is already present as a retained original. If its midpoint
y is within 8b of the mean of the label to be inserted and is s-separated from all paths already
present in the insertion copy, generate the other member with its pinned bridge law. Impose
all individual and compatibility checks, and divide this trial measure by

max{1/2,p}, (8.4)
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delete unchanged prefix fresh pairs: k=3,...,6

10 11 12 i3 14 15 i@ (ird ig
Left copy ZXE Q Q /. ’
, , , ,
4 4 4 4
V4 V4 V4 V4
/ / / /
V4 V4 V4 V4
7 7 7 7
’ ’ ’ ’
4 4 4 4
’ ’ ’ ’
Right copy @ () O O X
10 i1 io i3 4 15 i i7 8
unchanged suffix
delete
—— fresh common midpoint - - -~ pin to retained midpoint

Figure 1: The midpoint pairing, shown schematically for m = 8, ag = 3 and a; = 5. Each link
identifies the left midpoint of i; with the right midpoint of i;,_1. The middle pairs receive fresh
common midpoints. At each end one original trajectory is retained and its partner is pinned
through the retained midpoint. After deleting the crossed first left and last right tags, all remaining
midpoints are paired. The rows show label order, not geometric positions or paths.

where p is its total success probability. If either preliminary midpoint test fails, use the zero
measure. Use a fixed deterministic order within each end. Prefix pins occur in the right
copy; suffix pins occur in the left copy. These kernels have mass at most one.

Every generated path satisfies the constraints of its own copy. The left midpoint of iy is the right
midpoint of i_1 for every 1 < k < m. After deleting i on the left and j on the right the midpoint
multisets therefore coincide. Order these baths with one common uniform permutation. The
weighted construction defines a finite common measure v, on the bath observation, with one lift
to each augmented reference.

Lemma 8.2 (Mass of the transport). For some c3 > 0, the mass of this common measure satisfies,
after averaging over (v,w) € Ak R,

V(1) > B[TFTE — CD717% — o (1). (8.5)

Proof. The omitted tags, failed endpoint neighborhoods and route-existence rejections have total
weighted mass O(D~17¢) + ok (1) by Lemma 6.4 and Proposition 7.1. For the latter use the
marginal bad-site bound in an O(R?) neighborhood, the exponentially small probability of a filled
component reaching across the margin, and the thermodynamically vanishing probability of a
large component. Multiplying by the bounded number of relative-count factors costs at most DC?,
outside events smaller than any power of D.

It remains to check the subprobability steps near the two ends. Use the full-path count and
motion event of Proposition 5.2 in the enlarged endpoint neighborhoods solely to estimate the
discarded mass; it is not added to the conditional bridge law. Its ordinary-original motion tests
give sup, |w(q) — Y| < b and sup, |w(q) — Z| < b in the chosen lift. In particular its midpoint y has
distance at most b from the source mean. Consecutive means have distance bounded by a fixed
constant, which is at most b after increasing the fixed cutoff constant. Thus every required pin
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has |y — Minsert| < 2b < 8b. The full-path event fails with weighted mass smaller than D!~ after
the O(R?) union bound. On this event, a pinned trial with a separated midpoint has probability
at least 3/4. Indeed, start with the full original obstacle collection in Proposition 5.4, delete any
replaced originals, and add the already generated paths. Only boundedly many added paths can
meet the trial neighborhood, by simplicity of the route. The last assertion of that lemma applies
to these additions.

For a middle path the necessary separation from a later pinned midpoint was already checked
in the copy containing the retained original that provides that midpoint. The paired middle paths
have the same midpoint. The two silent ends are separated by a distance of order K, so no check
joins them for sufficiently large K. Thus the only remaining separation failure is that a selected
silent original has midpoint within s of another original midpoint. In each bounded region the
expected number of such ordered pairs is at most CD?s3. Summing the selected interior labels
uses (8.3); summing an end tag uses its factor 7), ! or T, 1. Enlarging all site sums to the endpoint
neighborhoods and using the other relative-count bounds gives at most

CR3DCIKS?’ < CD_7/5+3U)+C/$.
Dfy —
The midpoint range failure is already covered by the displacement cutoffs chosen above. Outside
these discarded events every pin has p > 3/4, so (8.4) equals p and the pin kernel has mass one.
Since w and then = were chosen small, all displayed losses have a strict power saving beyond D~1.
This proves the lemma. O

8.2 Conditional likelihoods and the checks between two transports

We next prove absolute continuity of the common measure’s augmented lifts and bound their
second moments. Denote the left lift density by £,,,. Its reference has mass ET:¢, while its own
mass is Vy,(1). The mass estimate therefore shows why the leading term sought for its second
moment is E[T7(TE))2]: in the centered second moment the three leading terms combine to

E[T3(Ti)?) - 2B + BT = BT (T3 - 17,

Lemma 6.3 controls this last expression. The task below is to bound the remaining second-moment
error independently of route length.

For a fixed route and label list let S = {i : k > ap} be the changed labels in the left copy. The
retained first tag ¢ is not in S. Strip its factor h, ; /T, but keep the factor hy, ; from the original
second tag. Denote the resulting likelihood by Lg. The division by T, and all choices will be
averaged at the end.

Here is an explicit integral defining Lg. For fixed outside paths o let Ag(x;0) be the indicator
of all reference checks incident to S, including individual cutoffs, and let

Zs(0) = [ As(@i0)dBs),  Bs= @B
les

Let Kg(z,0;dz) be the subprobability kernel of the complete two-copy construction, observed only
in its changed left coordinates. Its input x consists of the latent original .S paths. Define the finite
output measure

Mg(o:dz) = / A (3 0)hwj () K5 (z, 0: d2) d Bs (). (8.6)
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On reference-admissible configurations,

Ls(z,0) = M) ) (8.7)

dBg
To verify this, both the conditional input law and the conditional reference output law have the
same divisor Zg(o). It cancels in their likelihood ratio, as in Lemma 6.6. Absolute continuity
follows from the ordinary densities of middle outputs and the distinct latent midpoint sources for
pinned left outputs. A detailed density bound is proved below.

For upper bounds, integrate out all right pins against the silent prefix. They occur after the
middle steps and are subprobability kernels. The left suffix pins do not use these right paths.
Removing these right kernels therefore increases (8.6). In the rest of the upper-bound argument
K denotes this enlarged kernel. This operation is the reason that meetings confined to two silent
prefixes cost nothing.

Fix two route and label choices with the same first tag, with changed sets S,T and second
tags 7,7’. Fix the paths outside U = SUT, at a value where the regular conditional reference law
is defined. Every statement until the averaging subsection is uniform in these fixed allowed values.
Let Zy; be the reference normalizer on U relative to By.

Define the separate S protocol by deleting the old paths indexed by T\ S from its outside
obstacles and removing each check against such a path. Keep its list of generated transitions
unchanged. In particular a right middle path keeps the endpoints of its label even when that label’s
old trajectory has been deleted as a left obstacle. Define the separate T protocol symmetrically.
Use a superscript minus for these protocols and write Ag, Zg, Mg for their reference indicator,
reference normalizer and unnormalized output measure.

These separate quantities depend on their own latent and output variables and on the common
fixed outside of U. They do not depend on the other set’s unshared path variables. The only
apparent exception is the first right middle insertion at the edge of a silent prefix. Its old trajectory
is retained on the left, but its right insertion uses only the fixed endpoints; all checks using the old
trajectory are among the deleted outside checks. The right pins have already been integrated out.
This verifies the asserted independence also at that edge.

We now specify exactly which comparisons can contribute a cost. FEach reference check between
a label of S\ T and a label of T'\ S is an edge of a finite graph on these two sets. Each deleted
proposal check gives a second kind of edge: one end records its generated transition and the
other the removed old opponent label. A transition has at most two generated paths, one in each
copy. A label appears as a primary path once and as an auxiliary path at most once. The fixed
confinement radii imply that a check is identically satisfied unless the associated route sites have
distance at most a fixed r.. For a predecessor or a midpoint source use the neighboring route site.
Increase r. once to include these bounded displacements.

Let J be the full site-contact count of Proposition 7.1, and J, its contact count between the
changed portions from the common end, with these step neighbors included. There are at most
CJ, edges in the graphs just defined, hence at most C'J edges. Every degree is bounded by a
constant: a simple lattice route contains only boundedly many vertices in an r.-ball. The constants
in this assertion do not count the route length.

For a check between distinct labels [, k put

C(log D)¢
-5

1 1
—bp (1 bp =
Bk D( +s\/d(Yl,Yk)+svd(Zl,Zk)>’ b
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For a pinned trial with midpoint y checked against an old path X, also put

bp

v Xe) = Ty, Xa0)

(8.9)
All compared labels are distinct, even when the sets S, T intersect: an outside obstacle is never
the label currently inserted. Lemma 5.3 bounds each corresponding collision or uniform-midpoint
separation cost by Cf, and a pinned collision by C(8; + m(y, Xx)) when the pin satisfies
separation. Since s = D~%/% all these costs are at most CD 1919 for large D. Let Bgr be the
sum of the § costs over all affected checks, with their bounded multiplicities, and let Mg be the
corresponding sum of (8.9). Thus

Bgp + Mgp < CD™19/100 5, (8.10)

8.3 Reference normalizers and proposal probabilities

There are two different sources of cost in the product of likelihoods. Checks between distinct labels
prevent the two conditional integrals from factoring; the next two lemmas compare the reference
normalizers and the proposal probabilities when these checks are removed. If a label belongs to
both changed sets, its output coordinate is also shared by the two likelihoods. We will treat those
coordinates separately, by bounding selected output marginals.

The normalization calculation uses one-path insertion bounds even when the number of changed
paths is large. No joint normalizer is bounded below by a constant independent of that number.

Lemma 8.3 (Reference normalizers). If SNT = @, then

Ay
1 < 2877 < exp(CBgr). (8.11)
Zy
If = |SNT| is arbitrary, then
Lo Ln
SZ L < C%exp(CBsr). (8.12)
U

All normalizers are strictly positive. In the disjoint case, if H is any measurable function of the
latent originals with 0 < H <1, and A~ = Ag AL, then

0< 7/1{ — Ay)dBy < Ce¥BsT By (8.13)

Proof. The conditional distribution of any one original path, given all the others, is bounded by
co !B, with ¢y = 3/4, by Proposition 5.4. This remains true after arbitrary checks have been
removed. Every reduced normalizer is positive by inserting its coordinates successively; the
resulting lower bound may depend on their number and is used only for positivity.

Suppose first that S, T are disjoint. With their cross checks removed the integral factorizes as
Zg Zy. Add the cross checks in any fixed order. For a check between [ and k, condition on all
paths except [. Its failure probability is at most ¢, 181, Consequently this insertion multiplies the
inverse normalizer by at most

(1 —cy' i)™ < exp(2¢y * Bur)
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for large D. Multiplication gives (8.11). Under the normalized product with all cross checks
deleted, their union fails with probability at most ¢, 1S~ B Dropping H < 1 and using the
normalizer ratio proves (8.13).

For general S, T, put A =S NT. Delete the labels of A and their incident checks from both
separate reference integrals. This increases Zg and Z;.. The remaining sets S\ A, T\ A are disjoint,
so the preceding comparison applies to them. Their joint normalizer is at most ¢y ?Zy, since one
can add the ¢ labels in A using their uniform insertion lower bounds. The cross-check costs used
for the disjoint remainder are among those in Bgp. These two inequalities prove (8.12). O

Lemma 8.4 (Comparison of transition factors). Use the same latent originals and the same
generated variables in the original and separate protocols. The original integrand is bounded by the
separate integrand times a nonnegative factor R satisfying

R < 0D (8.14)
CpD—19/100 g
R<1+Ce (Bst + Mgr). (8.15)

The assertion is for the product of the two protocols as well. A transition with no removed check
has ratio exactly one.

Proof. Fix the history before one generated pair or pin. Its proposal law before checks is unchanged
by deletion of outside obstacles. Let p and p~ be the acceptance probabilities with and without
the removed checks; then p < p~. For a middle pair p > 1/2, and hence

Lo<1420 -p).

p
For a pin, use w = max(1/2,p) and w~ = max(1/2,p~). The map p — max(1/2,p) is increasing
and 1-Lipschitz, so

L o<i420 —p).
w

The ratio of admissibility indicators is bounded by one in this upper comparison. A midpoint
separation indicator outside the pin proposal can also be increased. On the support of the old
nonzero integrand, its midpoint is separated from every old opponent, so the pinned collision
estimate applies. Off that support the inequality is automatic. The capped expression (8.9) thus
gives a valid bound everywhere.

For a middle proposal the union bound gives p~ — p < C'>" 5, over its removed checks. For
a pin the bound is C' > (B + m(y, Xx)). The proposal may be a coupled pair, but the removed
checks involve one of its two marginals, and the uniform-midpoint insertion bounds apply to those
marginals. Conditioning the original proposal does not enter this estimate of p~ — p.

Multiplying the displayed ratio bounds over the affected transitions of both protocols gives
R < exp(C(Bsr + Mgr)). The inequalities e — 1 < ae® and (8.10) give both conclusions.
Unaffected transitions have identical numerators and divisors at the same history. Thus the
number of factors actually paid is bounded by the number of graph edges, not by the number of
generated transitions. O

8.4 Marginals of selected output paths

Before multiplying likelihoods with shared labels, we record the precise form of reverse integration
used for their common output coordinates. Only primary marginals of a coupled pair are bounded.
Its full two-copy law has equal midpoints and is not dominated by a product of free bridges.
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Lemma 8.5 (Selected outputs of sequential kernels). Let p(dx) be a probability measure of latent
variables, followed by a finite ordered list of subprobability kernels. At stage r the kernel generates
a primary variable z,. and arbitrary auxiliary variables. Let Q) be a set of stages. Suppose that, for
every latent input and every allowed preceding history, the primary marginal at r € Q) is at most
Ayvp(x,dz,), where vy is a subprobability kernel depending on x but not on the preceding history.
Then the joint measure of the selected primary outputs is at most

I1 A / u(dz) TT ve(z, dz). (8.16)

reQ reQ

Proof. Integrate an arbitrary nonnegative measurable test function of the selected outputs. Starting
with the last stage, integrate every unselected stage using its mass bound one. At a selected
stage integrate its auxiliary variables and use the primary marginal bound. The new test function
depends on the latent input and the earlier selected outputs, but no longer on the history variables
generated at this stage. Induction backwards through the finite list proves (8.16). The argument
first applies to bounded tests and then to all nonnegative tests by monotone convergence. O

Lemma 8.6 (Uniform marginal bound). Divide the separate output measure Mg by its reference
normalizer Zg , and omit its original tag indicator if desired. For any q specified primary output
labels, its marginal is dominated by

GHh & B, Gp=CDV (8.17)
l specified

The same assertion holds for T, and the constants are independent of the number of unselected
outputs.

Proof. The normalized separate latent-original law is its admissible product bridge law. A middle
stage, conditional on all these originals and on the preceding history, has primary marginal at
most CD®® By, by Corollary 5.5 and its acceptance probability at least 1/2. A pin has primary
conditional bridge law at most 21,ange(y)Bi(dz | 2(0) = y), where y is the midpoint of its retained
original partner and 1range(y) = 1¢)y—my|<sb}; all separation and avoidance indicators are discarded
in this upper bound, so the retained cutoff is independent of the preceding history. This cutoff
conditional bridge is the kernel v, in Lemma 8.5. Both estimates hold uniformly in the history,
including histories obtained after deleting some outside checks.

Apply Lemma 8.5 to the specified stages. For each specified pin its source is a latent original in
S these sources lie in the right-silent suffix. The sources for distinct pins are distinct labels. If there
are p specified pins, their joint latent-source marginal is bounded by CP times the corresponding
product bridge law, by Corollary 5.5. Indeed the uniform conditional one-path density bound
survives integration over any other latent coordinates and can then be iterated over these p
coordinates.

Let a(l) be the source label of the pin with output label . Integrating out all parts of its
source other than the midpoint gives g,(;)(y) dy. On the retained range, neighboring means and

the Gaussian ratio bound (5.17) give g, (y) < CDCV%g(y). Therefore

/ Liange(y)9a () Bi(d2 | 2(0) = y) dy < CDOVZBy(dz).

Use this for each distinct source. Together with the middle-output bounds it proves (8.17). No
assertion of independence between a pin and its source midpoint has been used: the midpoint is
integrated against the conditional bridge before the resulting free bridge bound is obtained. [
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8.5 The product of two likelihoods

Lemma 8.7 (Disjoint and shared changed sets). At almost every fized admissible outside of
U= SUT, the likelihoods of the two original transports satisfy the following bounds. If S, T are
disjoint, then

E(LsLy | U] < Elhw jhu ;o | U]+ CeCP™"" ™) (Bgr + Jbp(1 + £3/2)). (8.18)

Ifq=|SNT|>1, then
E[LsLy | U] < 07" G4 (8.19)

after increasing the fized constant in Gp.

Proof. By (8.7) and the enlargement of the kernels, the conditional product integral is bounded
by the integral using the free output measure By, the union admissibility indicator, and the single
divisor Zy. In each likelihood keep a separate set of latent original variables. These copies are not
identified even if S, T have common labels. Only shared output coordinates are identified by the
integration against By.

Suppose first that the sets are disjoint. Apply Lemma 8.4, delete the union output-admissibility
indicator in an upper bound, and integrate with the separate protocols. The term one in (8.15)
has integral at most

= [ AS@ AR @ () ABs () ()

Here the generated kernels were integrated using their mass bounds one. By (8.13) this is at
most the reference expectation of hy, jhy, j/, plus CePBst Bgp. The terms from Bgr in (8.15) are
bounded by the same normalizer ratio and the masses of the separate normalized protocols, each
at most one.

Consider one term m(y, Xj) of Mgp. Its midpoint y belongs to a latent original of one separate
protocol, whereas X}, is an output path of the other. Conditional on the fixed outside the two
extended protocol measures are independent. On the side providing y, drop its tag indicator and
integrate all generated transitions. The marginal of the source original is bounded by a fixed
constant times its free bridge. For every fixed point z, the Gaussian midpoint density then gives

a1(y) .
— = < |alls u| ™t du + d
/d(y,z)<Cb svd(y,2) 7= lanll <1 |ul d(y,z)>1gl(y) y

<C(+1732).

The local range C suffices because all other checks vanish; nearby lifts or the periodized Gaussian
give the same estimate. This calculation does not require a density bound for the opposing output
midpoint. There are at most C'J, such terms. Use (8.11) for the normalizer ratio and absorb its
exponent using (8.10). This proves (8.18).

For intersecting sets use (8.14). After dropping union admissibility, write the separate output
measures as Zg fsBg and Z fr By, with the original tag indicators included. Integrating unshared
output coordinates leaves the product of their marginals on A = SNT. By Lemma 8.6, one of these
marginal densities is at most G%; the other has integral at most one. Thus the free output integral
is at most Zg Z;G%,. Division by Zy, (8.12), and absorption of C? in G, prove (8.19). O
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8.6 Averaging labels, routes and endpoints

We now return to the original augmented reference and its left lift density £, ,,. It is zero on
omitted first tags or rejected data. On retained data and first tag i it is the sum of Lg/T,, over
the candidate second tags, averaged over the route and interior-label choices. Squaring this sum
produces exactly two independent choices with common first tag ¢ and the same underlying data.
In particular the data are never independently resampled when the likelihood is squared.

Lemma 8.8 (Endpoint sums and label matches). At fized retained data and route sites, the label
average of the error in (8.18), together with the contribution of all choices having SNT # &, is at
most

CD™H@ e sy 0, ((2) — 0 (z10). (8.20)

This estimate includes the normalized sums over the three tag labels at their specified mean-sites.
The remaining weight of each tag site is at most CR™3.

Proof. Every possible mean-site of an end tag lies in the corresponding R-cell enlarged by a fixed
radius. At each site the number of eligible tags is at most C fo D, by the endpoint count estimate.
Since T, = Ty, = foDR3, their counting sums with h < 1 are dominated by a site weight C R~3
and a label subprobability measure with maximum atom C/(D fp). These are deterministic upper
bounds at the fixed data; the site weights will be removed before any environmental expectation.
Zero or very small tag families cause no problem: their extracted label measure simply has mass
less than one. Interior selections are probability measures and have the same maximum-atom
bound (8.3).

For any fixed endpoint z, a dyadic decomposition of the endpoint count bound in Definition 5.1
gives, for a candidate label family in a bounded neighborhood,

C 1 1/100
< 1 < 21
Dfogs\/d(z,Yl)_C< + Df0$>_0, (8.21)

and the same holds for the Z endpoints. To see the first inequality, sum separately the innermost
ball of radius s and the shells 2%s < d < 2%tls < (. The volume term sums as a geometric
series of order D fo, whereas the additive D'/1%0 term sums to CD'/190/s. Here DY/1%0/(Dfys) =
D~19/100+2 g hounded for small z.

Every edge contributing a 8 cost has a label choice on at least one side which is free to average:
the common first tag is outside both changed sets. For an interior label use (8.21) conditional on
the tags; for an end-tag label use the same bound in its candidate family at its fixed mean-site.
Coincidence exclusions may be removed in this positive upper bound, because the reciprocal
distance is capped at s. Thus each averaged [ costs at most Cbp, and there are at most C'J,
edges. The midpoint cost in (8.18) has already been integrated. This bounds the disjoint error by

CeCD_lg/u)OJJ*bD(l + t73/2)_

For the intersecting choices let £ be all pairs of slots in the two changed lists whose label
choices could agree. Its cardinality is at most CJ,, with all such pairs among the C'J full contacts.
Because each list has distinct labels, the actual matches form a matching: no slot belongs to two
of them. The product label measure assigns each prescribed set of h disjoint matches mass at
most (C/(Dfy))". For interior matches, this follows by conditioning on the tags and then on one
list, and using independence between sites in the other list. A tag can match an interior slot only
at its one possible base site. For a match of the two second tags, sum one tag with the same
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maximum-atom bound. There are only two noncommon tag slots, so their exclusions change these
bounds by a fixed factor per prescribed match, independent of the route length.

The tag measures have mass at most one, so summing the remaining tag variables cannot
increase this bound.

Expand

Gh = H(l +(Gp — 1)1{6 matched})‘
ecf

To restrict to at least one match, designate one matched edge and bound the remaining product
in the same way. The preceding probability bound and the elementary inequality (1 + a)™ < 2™
give

CGp CGp )
Erabeis|Lrgam GG < —2 ], J). 8.22
tabels[1{g>0} D]_Dfo eXp(Dfo (8.22)
Use this in (8.19). Since Gp/(Dfy) = CD~1+*+CVZ the coefficient in this last exponent tends to
zero. Absorb the fixed powers of log D in an arbitrarily small power depending on x, and combine
the two estimates. They have the form (8.20), with for example 6p = CD~19/190 + CGp/(Dfy).
This proves the lemma. O

The next step is the only place where the environment is averaged in the likelihood estimate.
The two routes share that environment. For each deterministic common endpoint, Proposition 7.1
supplies

E[lretainedenJ] < 07 EsitesE[lretainedl{J*>[)}] < CR™ .

The second average is over the two independent noncommon sites with weights at most CR~3 each.
The deterministic bounds in Lemma 8.8 allow precisely this site average even though the actual
candidate tag counts depend on the environment. For large D, J2e2907 < Cy.e"’. As J, < J,
Cauchy—Schwarz consequently gives

EsitesE[lretainedJ*eéDJ] < CR_Cg/2- (823)

Uniformity in the common endpoint permits its remaining average as well. Combining (8.20) and
(8.23) bounds the averaged likelihood error by C D@ —weg/2 - Choose & small enough that
((z) < wey/4. This has a strict power saving beyond D~

Proposition 8.9 (Augmented moments). For some cq > 0, the left augmented likelihood satisfies
/ 02 1 dPangw < EB[T3 N T2+ CD 717 + 0 (1) (8.24)

after averaging over Ak g. Its mass satisfies (8.5), and the same estimates hold with v, w exchanged.

Proof. In the expansion of the squared likelihood keep the common first-tag factor hy;/T.
Conditional on the outside of S UT it is fixed, because neither changed set contains i. Apply
Lemma 8.7 to the two choices. The conditional expectation in its disjoint leading term is exactly
the original expectation of the two end-tag indicators. All tag choices, route choices, and interior
label choices are fixed independently of the latent paths, conditional on the data. We may therefore
sum this leading term on the original path space. Removing all good-event and noncoincidence
restrictions in this nonnegative upper bound yields

2
E (Z th;z> (Z };l:;]) _ E[TJeI(T;el)Q].

( J
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The errors and intersecting choices are controlled by Lemma 8.8 and (8.23). This proves (8.24). The
mass bound is Lemma 8.2. For the right augmented estimate keep the same two-copy construction,
and hence the same common measure. Reverse only the list indexing and designate the right
copy primary; retain the actual chronological order of the generated middle kernels. Its common
endpoint is then the last tag and its silent prefix is the previous silent suffix. The kernels pinned
into the left copy can now be integrated out. The remaining right pins do not use them: the
two end families lie in opposite copies, and no check joins the separated endpoint neighborhoods.
Every kernel estimate and the reverse-integration lemma hold for an arbitrary fixed middle order,
so this change of designation requires no resampling or reversal of the sampling order.

The original retention also gives the event required for the reversed route comparison. The
fixed endpoint cube @, and its 10R margin are bad-free. For every filled bad component, the
actual first endpoint lies outside its fill by the original route event. Since @), is nearest-neighbor
connected and contains that endpoint, a path in @, cannot enter the fill without meeting the
bad component. Thus every site of Q, lies outside every such fill. The component-size cutoff is
unchanged, so Proposition 7.1 applies with the common terminal endpoint and the noncommon
endpoints in Q,. The preceding calculation therefore gives the right augmented estimates for the
original common measure. ]

Proof of Proposition 8.1. The augmented reference has mass ET'®!, while its common measure has
mass [ Ly dPaug,v. Subtract twice the mass lower bound from the second-moment upper bound
and add the reference mass. Proposition 8.9 gives

/|€U7w — 12 dPaugw < B[TFNTE — 1)2] + o(D™1) + 0 (1) (8.25)

in the normalized pair average. The likelihood remains zero on the omitted reference events; their
loss was included in the mass estimate.

Outside the negligible count tails, 75! < C'/fy. Lemma 6.3 and the uniform marginal weights
of the ordered cell pairs therefore bound the main term of (8.25) by

CDx(D—l—w/G +D—1+wR—3) S C(D—l—w/6+x +D—1+2$—3’w> — O(D_l).

The removed count tails remain negligible after multiplication by the relative counts, by the
bookkeeping in Lemma 6.3. Choose x < w/12, in addition to its preceding restrictions. The same
centered bound holds in the right augmented reference.

For finite measures P and v <« P with likelihood /¢, their squared Hellinger distance is
[(1 =+£€)?dP < [(1 — £)2dP. Projection cannot increase this distance: conditional Cauchy—
Schwarz increases the affinity and preserves both masses. Project both augmented comparisons
to the common ordered bath. Their reference densities are s2 and s2,, by Lemma 6.2, and their
common projected density is that of v, The triangle inequality in L? and the two bounds (8.25)
now imply (8.1). Every volume-dependent rejection was recorded as ox (1) at fixed dilution; taking
that limit before D — oo completes the assertion. ]

9 Control of long-wavelength excitations

The local energy estimate controls excitations outside the space of functions constant on R-cells.
We now use the two deletion comparisons to show that the remaining excitations, between that
space and the single constant orbital, have density o(1). The distant comparison makes cell
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root-mean-squares nearly constant; the local fourth-moment comparison relates those root-mean-
squares to cell averages. This gives the estimate needed to pass from local observables to global
momentum tests.

9.1 A variance bound from distant pairs

We first remove the restriction on the pairs of R-cells in Proposition 8.1. This is a statement about
arrays in a Hilbert space and has no ground-state assumption.

Lemma 9.1 (Distant pairs control the variance). Let H be a complex Hilbert space and let f, € H,
2z € (Z/MZ)3. Set

Iy ={he{0,...,.M —1}: 30M < h < .45M}, TZMfngz-
z
For all sufficiently large M, there is an absolute constant C' such that

TN (EE e e DD DD D I ATE A (9.1)

Z hi1€lns ho,hs€Z/MZ

Proof. Use the unitary discrete Fourier transform on (Z/MZ)3. The right-hand quadratic form
before multiplication by C' has Fourier multiplier

CLM(k‘ Z Z |627rzk h/M |2.

h1 €lns ho,hs

The variance on the left has multiplier one for k£ # 0 and zero at k = 0, so it suffices to bound
ap (k) below away from zero for k # 0. If ko or ks is nonzero modulo M, orthogonality gives
ap(k) = 2. Otherwise, write ¢ = min(ky, M — k1). For ¢ > 1, the geometric-sum formula and
sin(mwq/M) > 2q/M give

C’

mikih/M
\IM| Z q

hely,

Thus apr(k) > 1 when g > 2Cy. For each of the finitely many remaining positive ¢, the common
value aps(q,0,0) = apr (M — q,0,0) converges to

1

45 .
T5 |€27mqt — 1|2 de > 0.
. 0

Their minimum is positive, uniformly for large M. Parseval’s identity now proves (9.1), including
Hilbert-valued arrays. ]

For a fixed nonnegative ground vector ® and a cell A € CyU Cg, the function s4 of Lemma 6.2
belongs to H = L2(A%_1, dY’). Explicitly,

saszZAéom%@w. 92)

Applying Lemma 9.1 with M = K/R to Proposition 8.1 gives

SA — |C ’ZSA/

The uniformity and order of limits are those of Section 2.

= >

R A€eCpr

= o(D™Y) + ok (1). (9.3)
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9.2 From root-mean-squares to arithmetic means

The occupation involves an integral of ®, whereas s is a root-mean-square of ®. The next
elementary inequality explains why the fourth-moment local comparison is enough to bridge this
difference.

Lemma 9.2 (RMS interpolation). For any finite nonempty array of nonnegative numbers y;, with
uniform averaging denoted by E;, put a = E;y? and m = E;y;. Then
1 c o)A
(Va—my < g, v (9.4

The quotient is defined to be zero when its denominator is zero. Furthermore, for every y,z > 0,

Wi vl < W= gy e, (9.5)

Y2422 =

Proof. Let @ denote the double average on the right of (9.4), before its factor 1/2. Weighted
Cauchy—Schwarz and independence of the two uniform indices give

[2(@ - m2)]2 - [EH (y Yir ) ]2 < QEi,i’(yiz + yzz’) = QCLQ.

If a > 0, divide by 4(\/a +m)? > 4a; the case a = 0 is immediate. For the second statement factor

y—2z= (/¥ —v2)(y/y + z). The remaining ratio is (/y + v/2)*/(y* + 2?), which lies between 1
and 8. O

For any two d-cells z, 2’ write

[5:(Y) — s (Y)|*

Qz,z’(y) = SZ(Y)2 + SZ/(Y)2 :

For a nearest-neighbor edge e = (z, 2’), abbreviate this as Q. Inside one R-cell, any two d-cells
can be joined by a path of at most 3R/d nearest-neighbor steps that stays in the cell. Put
t.(Y) = /s,(Y). If the path has m edges, then (9.5) and Hoélder’s inequality give

Qur <8t —tu|* < 8m? > t —twl* <8m* > Q..

e=(v,w) on the path e on the path

Enlarging the last sum to all internal edges yields

Qz,z’(Y) < CjR3 Z Qe(Y) (96)

e internal edge of the R-cell

The full internal edge sum bounds every pair, so no estimate of path multiplicities is needed.
Averaging over pairs and over R-cells, and using |Cy4|/|Cr| = (R/d)?, consequently gives

> [@uay

2,2/ CA

|CR| A; {z € Cd z C A}P?

1
< OjR° —— dY
|Cal 2 @

e a nearest-neighbor edge

< CGROD™IY8 4ok (1) = o(D7Y) 4 o (1). (9.7)

71



The second inequality is Proposition 6.1. The last uses 6w < u/8, which follows from (2.5). For
fixed dilution the factor RS is fixed, so it causes no difficulty for the thermodynamic remainder.
Define

Fy,Y) = VVo(y,Y),  ma(Y)= ,jﬂ [ Fw v (9.8)

Spatial integrals of F' over the whole torus will use the normalized measure dy/V. For each cell,
nonnegativity of F' implies 0 < m4 < s4, and

1
(54 —ma)? <84 —m? = ‘A|/A\F—m,4\2dy.

It follows from (4.4) and bosonic symmetry that

] 2 e = el < IV @13 = 5N Wa)a < D™ es+ o(1) +0x(D). (09)

z€Cy

where €; — 0 as j — oo, and the dilute remainder is taken at fixed j.
For an R-cell A, the number s4(Y) is the root-mean-square of the numbers s,(Y') over its
d-cells. Let 54(Y') denote their arithmetic mean. Lemma 9.2 and (9.7) imply

‘C,ZHSA sall3 = o(D™") + ok (1). (9.10)

Also my is the arithmetic mean of the m, in A. Jensen’s inequality, (9.9), and (9.10) therefore
give

‘ClR'ZHmA—SAHg < D (26 + (1)) + o (1). (9.11)
A

9.3 The infrared estimate and arbitrary ground vectors

Proposition 9.3 (Remaining excitations). Put Qr = Pr — Py. Uniformly over normalized,
possibly complex, bosonic ground vectors,

D(Qr1®|3 < 16¢; + o(1) + oxc (1), (9.12)

where €; — 0. The coefficient 16 is independent of j; the dilute remainder may depend on j.
The exponents u,w and the scale R may be kept fized when j is increased; all dilute and volume
thresholds may depend on j.

Proof. First let & > 0. For Hilbert-valued arrays, the variance is the minimum of the mean squared
distance to a constant array. Comparing the array m 4 with the mean of the array s4 thus yields

1 _ 2
Crl > llma —m3 < Cal > llma = sall3 + |C 2 > llsa—s]3
A A

Here bars without cell subscripts denote averages over all R-cells. The left side is exactly
|(Pr — Py)1®|3, by (9.8) and the normalized spatial measure. Equations (9.3) and (9.11) prove
(9.12) for nonnegative vectors, with coefficient 4 in place of 16. The multiplication of a volume
remainder by D is harmless in the inner limit because D — D,.
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For a real bosonic ground vector f, its positive and negative parts f, f— belong to the Dirichlet
form domain and remain symmetric. The Sobolev truncation identities give

IF13 = 1f+ 113+ /=113, alf) = alf+] +alf-].

Each nonzero part has Rayleigh quotient at least En, and their sum attains Ex. Both nonzero
parts therefore attain Ex and are ground vectors. Complex conjugation commutes with the
operator, so the real and imaginary parts of a complex ground vector are ground vectors or zero.
A normalized ® can consequently be written as

m m
O=> ca®Ps, m<4, D20, [[Bola=1, > |al =1,
a=1 a=1

where each @, is a ground vector. Cauchy—Schwarz gives
m
2 2
1(Qr)1213 < > (Qr)12all3-
a=1
Thus at most a factor four is lost in the vanishing error in (9.12). No comparison of component

phases or connectedness assumption is used. O

Because Py < Pr, Qr and Wg are orthogonal projections with
1—Py=Wg+ Qrg. (913)

Consequently every normalized bosonic ground vector satisfies the exact identity

1

D(1- B(@)) =

(dT'(Wr))o + D||(Qr)12|3. (9.14)

We record the conclusions in the per-volume normalization used for momentum observables:

SAAD(Pr — Po))a = DIl (Pr — POnd = o(1), (9.15)
%(dru — Py))e = D(1 — B(®)) = ?)\%a?’/? +o(1). (9.16)

Both remainders are uniform over normalized, possibly complex ground vectors in the iterated
limit of Section 2. For the first, bosonic symmetry gives the equality, and Proposition 9.3 gives the
error estimate: choose j large and then increase the lower bound on D and the volume threshold.
The left side is independent of j, since u, w, R remain fixed. The second follows from (9.14) and
(4.3), whose energy estimate applies directly to complex ground vectors.

10 From local covariances to the momentum distribution

The local covariance estimate describes one-body operators inside a B-box, whereas momentum
occupation is defined by Fourier modes on the whole torus. Translations connect these two
descriptions: their expectations are the Fourier transform of the momentum measure. We first
remove the remaining cell-constant excitations, then average the position of the B-box boundaries.
This makes the cost of cutting a translation small compared with the excitation count.
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10.1 Translations and shifted box boundaries

For a normalized ground vector ® on Ag, put u, x(y) = V~1Y2¢Y and define the positive

momentum measure 1

mp = o S (18 i) S (10.1)
pe(2n/K)Z3
p#0

Here ’yg) is the one-particle density matrix of ® and 0, is unit mass at p. Let Trg(y) = g(y + h)

for h € R3. Since Thup i = eih'pupyK,

. 1
/em'p dmg(p) = V<dF((1 — P)Th(1 — Py)))o. (10.2)
Recall Qr = Pr — Py and 1 — Py = Wg + Qr. The inputs from (4.3) and Proposition 9.3 give
1 1
ap — V(dF(WR)><I> = O(l), bq> = V(dF(QR»@ = 0(1). (10.3)

For the second assertion, the operators and exponents can be held fixed as j increases; one chooses
j first and the dilution threshold afterward. Both assertions are uniform over all complex ground
vectors. Expanding (10.2) and applying Cauchy—Schwarz to the sum over particles yields

/eih~p dmg(p) — %<dF(WRThWR)>© < by + 2V agbe = o(1). (10.4)

This bound is uniform in h. In particular, the subsequent boundary estimate will be multiplied by
ag, the excitation density.

Fix H < 0o. Keep the R-grid fixed and let S be the family of B-box partitions obtained by
shifting the original grid by

0c{0,R,...,B— R}
Every partition in this family is still a union of the same R-cells. For C € § define the translation
cut at its box faces by
Tf =Y 1L,Ti1,. (10.5)
beC
The average below is the uniform average over S.

Lemma 10.1 (Averaging box boundaries). If K > 2(B + H) and |h| < H, then

|70~ Avees 76| < 0 (106)

Proof. For fixed y, the difference is T}, followed by multiplication by the fraction of partitions that
put y and y + h in different boxes. In one coordinate, separation requires a box face between the
two lifted coordinates. As the shift varies, possible faces are spaced by R, so at most H/R + 2 of
the B/R shifts separate the pair. A union bound over the three coordinates proves the uniform
multiplier bound (10.6). The count also applies across the periodic boundary; the stated restriction
on K allows the interval to be lifted without ambiguity. Cell faces themselves are null sets. [

Figure 2 illustrates why the averaging is uniform in the position of the translated pair. Because
R/B — 0 and B — oo, Lemma 10.1 and (10.3) imply

H+R

1 1
V<dF(WRThWR)><p — Avgees V(dF(WRT,fWR»q, <C agp = o(1). (10.7)

The number of shifted grids creates no additional factor in this estimate. The replacement of the
full particle density D by ag is essential, since D(H + R)/B does not tend to zero at the chosen
scales.
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— B =4R— —R—

y y+h
=0 | T cut
0=R | | retained
0 =2R | T | retained
0=3R | | retained

Figure 2: A one-dimensional section of the shifted partitions, with B = 4R and a fixed pair y, y + h.
Thin ticks mark the same R-grid in every row; thick ticks are the B-box faces. In the first row the
translation crosses a box face and is cut. In the other three rows it stays inside one box. In general,
only O(H/R + 1) of the B/R shifts can separate a pair with |h| < H. Sandwiching the averaged
error by Wx makes its expectation cost proportional to the excitation density, as in (10.7).

10.2 The Fourier transform of the limiting density

Each cut translation acts separately on the B-boxes. We may therefore apply Proposition 4.4 to
it. The remaining calculation identifies the Neumann-mode trace with the Fourier transform of
F,, defined in (4.12).

Proposition 10.2 (Momentum characteristic integrals). For every fized H < oo,

dp
(2m)3

The error is uniform in h and in normalized, possibly complex, ground vectors, with the iterated-limit
convention of Section 2.

[ ramae) = [ MEp) s o), bl < . (108)

Proof. Fix a shifted partition C. In local coordinates [0, B)3, the restriction of T,f is the contraction

(Cong9)(y) = Lio,ys(y + h)g(y + h).

It is identical in every box. Write W for the restriction of Wg to a box, and e, for its normalized
Neumann cosine mode with p € (7/B)N3. Proposition 4.4, including its complex-contraction
assertion, gives

%(dF(WRT,fWR»@ - % S (e WChaWep) Fal(p) + o(1). (10.9)
p#0

The estimate applies uniformly to these shifted grids: simultaneous translation maps the ground
space unitarily to itself, and the local bound is uniform over its normalized vectors.

We compute the diagonal on a fixed annulus 0 < 0 < |[p| < J. At least one coordinate has
Ipi| > §/+/3. The mean of its cosine over an R-interval is bounded by 2/(R|p;|), whereas each
other cosine mean has absolute value at most one. Including the Neumann normalization factors
and summing the squared cell means gives

C
(1= Wey| < 5=
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Since Cy,p, is a contraction,

3
(ep, WC, p, Wep) = H cos(pihi) + O ((52 + ;I) . (10.10)

i=1
To verify the translation term, extend the cosine formula for e, to R®. Removing the clipping
changes its integral by O(H/B): the boundary layer has relative volume O(H/B) and |e,(y)ep(y +
h)| < C/B3. On the full box the integral factors. For p; > 0, the sine—cosine integral over [0, B] is

zero because p; B € wN; the cosine-square integral gives cos(p;h;). For p; = 0 the factor is one.
Uniformly for a € 1, the explicit formula gives

Fa(p) < Cmin(lp| ™", |p| ™). (10.11)

The normalized Neumann-lattice tails in (4.19) therefore bound the contributions of 0 < |p| < 6
and |p| > J by €62 and C/J, respectively, uniformly in B, for 0 < § < 1 < .J. The same bounds
hold for the corresponding integrals.

We can now truncate (10.9) to a fixed annulus, use (10.10), and take Riemann sums. The
Neumann mesh has density 772 in the nonnegative octant. On the annulus the integrands are
bounded and equicontinuous for |h| < H and « € I,; continuous cutoffs at its edges may be used.
Letting 6 | 0 and J T oo after these estimates yields, uniformly in h and C,

%(dF(WRT}E’WR»@ = % 0oyt F,(p) H cos(pih;) dp + o(1)
ih-p dp
= /1R3 Fo(p)e ) +o(1). (10.12)

The last equality uses reflection symmetry in each coordinate. Averaging over C and applying
(10.4) and (10.7) proves (10.8). O

10.3 Physical units and bounded continuous tests

The characteristic integrals include the total mass by taking h = 0. Fourier inversion will first give
compact-test convergence. Together with total mass convergence and positivity, this controls the
momentum tails and allows arbitrary bounded continuous test functions.

Proof of Theorem 1.1. Fix a > 0. For a sufficiently small density p > 0, put n = pa® and

o a3/2
Sy =] —, D, =psd=-"9_, 10.13
\/ py Vi ( )

Choose R, B from this D, by (2.9). For any thermodynamic sequence Ny, L, — oo with Nk/Lz — P,
let K} be a positive multiple of B nearest to Lj/s.. Set

sk = Ly /Ky, Ty = a/sg, Dy = N/ K}, ap, = Dyry,.

Then K — oo, s — S«, Di — D,, and ap — ag. Thus all the nested partitions and parameter
conditions hold on the tail of every such sequence.
The unitary change of variables is

N,
U (1, - ym,) = s 2 U (siyns - sew,). (10.14)
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It maps the allowed sets and form domains to their scaled versions, with g, . [Ux¥] = siqu’a[\If],
and hence maps ground eigenspaces unitarily. The corresponding one-particle unitary sends a
physical plane wave of momentum k to the scaled one of momentum p = spk, preserving its
occupation. Also
Dyrd = (No/L3)d® —n, Dy — /%, (10.15)
Suppress k temporarily. For a normalized physical ground vector ¥, put ® = UW¥ and

1
A = sy/8mpa, oy = ——=(p = p/A)ms. (10.16)
D.\/n
The normalized momentum sum in (1.2), evaluated in the pure state |¥)(¥|, is [ f dog. In the
inner limit, A = Xg := 1/8map. The target measure oy := vpoe from (1.1) satisfies

_ d
7= (0 p/ o) (05" Fas D)5 ) (10.17)
(2m)
This follows by substituting p = 1/8magt in the explicit formula (4.12).
Apply Proposition 10.2 at h/A and use (10.15). Since A stays bounded away from zero, we
obtain

/ M Aoy (t) = / ¢ dao(t) + o(1), (10.18)

uniformly on each compact set of A and uniformly over the ground vectors. Replacing a, A in the

continuous integral by their inner limits costs only an inner-limit error: the majorant in (10.11)

is integrable, and truncation in p makes this replacement uniform on compact h-sets. The case

h = 0 gives total mass convergence and, in particular, a uniform mass bound in the iterated limit.
For g € C2°(R?), Fourier inversion and its integrable Fourier transform imply

/gd(O'\p —o0p) = o(1).

Indeed, on a fixed compact Fourier set use (10.18); on its complement use the mass bound times
the L' tail of the Fourier transform. Uniform approximation and the same mass bound give this
conclusion for all g € C.(R3).

Now let f be any bounded continuous real function. Choose xy € C°(R?) with 0 < x < 1 and
J(1 = x)dog as small as desired. Positivity gives

[ 1atow o)

< ]/fxdm ~o0)

+ £l {2 [ =0 doo + ow(®) - ao(®?)] + \ [ xdtow~ )

}. (10.19)

The compact tests and the mass difference tend to zero in the stated iterated sense. For a
prescribed € > 0, first choose x and the compact-test approximations, then choose the auxiliary
parameters and a lower threshold on D,. Equation (10.13) turns that threshold into po(a, f,e) > 0.
It works for every fixed 0 < p < pg and every density-convergent thermodynamic sequence. The
volume threshold may depend on that fixed density and sequence; no convergence rate for Ny / L%
is required.

Finally, Lemma 2.1 makes every finite-volume ground eigenspace finite dimensional. Each state
in Gn.1, has a spectral decomposition I' = >~ wp| W) (¥p| with normalized ground vectors, wy, > 0,
and ), wp = 1. Its momentum measure is ), wyow,. The absolute error for f is therefore at most
the largest pure-state error at that volume. All preceding bounds were uniform in the pure ground
vector, so the conclusion holds with the supremum over I' € Gy 1, o required by the theorem. O
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