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Abstract

For the Thorp shuffle on 2¢ cards, we prove that the worst-start total-variation distance
after 32800d physical shuffles tends to zero as d — co. Combining our fixed-list estimate with
the companion Fourier transfer improves this bound to 512d shuffles. These results follow from
bounds on partially observed permutation laws in random coordinate frames.

1 Introduction

A change of coordinates can relate a prescribed sequence of matching directions to a random one.
For a permutation shuffle, we identify the joint path laws under the change of coordinates. A
conditional calculation also needs to specify what has been revealed when the next direction is
sampled. We separate these two questions. The resulting estimates describe the laws of large
ordered lists of cards, and several ways of retaining that information lead to convergence of the
whole permutation.

Our model is the Thorp shuffle on n = 2% labeled cards. Split a deck into two equal halves, pair
corresponding positions, and interleave the pairs, choosing their orders with independent fair coins.
One such operation is one physical shuffle. Let g4 be its law as a permutation of positions, let U,
be uniform on S5,, and let u* v denote the law of XY for independent permutations with laws p, v.
We use |[p— vty = 1 > g 11(g) —v(g)]- A card becomes uniform after d physical shuffles. The
cards share the same switches, so the law of their joint positions requires a separate argument.

Our first complete application uses the frame, marginal, degree, and Fourier arguments proved
in this paper.

Theorem 1.1. For n = 2¢,

1655 —Uplloy — 0 (d — o).

The convergence is uniform over every deterministic initial ordering of the deck.

The lower obstruction is elementary. After ¢ physical shuffles the process has used ¢tn/2 random
bits, so its support has size at most 2t/2 and

otn/2

lqg' = Unllry > 1 — o

At distance 1/4 this forces t > [(2/n)logy(3n!/4)] = 2d — O(1). Together with Theorem 1.1, this
shows that the mixing time has the optimal order d = log, n on dyadic decks.

The proof of Theorem 1.1 is independent of the deterministic-coordinate companion, which
proves convergence after 1600d physical shuffles as d — oo [23, Theorem 1.1], and of the abstract



Fourier transfers in [22]. Later we prove that, after 256d shuffles, the ordered image of every fixed
list of at most 7n/8 cards has total-variation distance o(1) from a uniform injection, uniformly over
the list as d — oco. The orbit transfer gives the 2048d application in Theorem 11.5. Combining
the same marginal estimate with the Fourier companion’s isotypic estimate and its inverse-degree
sum gives the 512d consequence in Corollary 11.4. The orbit argument bounds the operator norm,
while the isotypic argument bounds the Hilbert—Schmidt norm. Later sections also prove partial
laws that retain information about histories and changing input sets.

1.1 Coordinate frames and the first proof

Identify positions with V' = Fg. Undoing the deterministic rotation in each shuffle leaves indepen-
dent fair switches along successive coordinate directions. A run through all d directions is a sweep;
it costs d physical shuffles. We compare this process with switches in directions vy, vs, ... such
that every d consecutive vectors form a basis. For a fixed sequence whose first basis is the same
ordered coordinate basis, invertible changes of position frame identify the joint path laws. At the
terminal time, the endpoint laws agree after a specified bijection of output positions. Hence every
fixed input list has the same distance from a uniform injection in the two descriptions. A general
initial frame also relabels the inputs; the corresponding comparison preserves the average over
uniformly chosen input lists.

This path comparison is proved after fixing the complete direction sequence. Its intermediate
maps may use future directions. The probability calculation therefore uses a separately generated
process: after the first basis, choose the next direction uniformly outside the span of its d — 1
predecessors, then choose fresh switch coins. The observation field records the input list and any
independent initial sampling, the direction prefix, and the path prefixes of the preceding cards
in the list. In this field, revealing the next direction does not change the conditional law of the
hidden card’s current position.

That card has a conditional mass on the positions not occupied by its predecessors. A switch
averages two masses when both endpoints remain available, and transports one mass when only
one endpoint remains. The squared deviation from uniform has an exact decrement. Averaging a
fresh direction connects every pair across the hyperplane spanned by the preceding directions with
the same probability. The expected decrement is at least the current energy times the smaller
available half-count, divided by n.

For the first proof we sample an omitted block of n/64 labels independently of the shuffle. Its
image is contained in every available set for the complementary list. Once the shuffle history is
fixed, that image is a uniform subset, so both sides of a specified hyperplane contain many of its
positions except with exponentially small probability. This is an unconditional imbalance bound
after the path conditioning has been removed. Since the energy is at most one, it can be combined
with the decrement even when the energy and the imbalance event are correlated. The terminal
conditional comparison keeps the complete direction data inside total variation until the frame
identity is applied. It yields one partition into 64 blocks for which the sum of the complementary
marginal errors after 1025d shuffles tends to zero.

Each complementary image list identifies a left coset of the subgroup that permutes the omitted
block. A common trimming gives one nearby law whose relevant coset masses are capped by a
fixed multiple of their uniform values. On restricting an irreducible representation of dimension D
to the product of the 64 block groups, each occurring tensor type has a factor of degree at most
D'/%4 The orbit of one vector under that factor has controlled dimension even when the factor
occurs with large multiplicity. The transfer proof first bounds this dimension by a finite sum of



squared subgroup degrees. A local estimate for the inverse sixteenth powers then bounds that
sum, and Schur averaging turns the coset caps into Fourier contraction. Thirty-two independent
time blocks complete the proof, with the sign representation treated separately.

Sections 2-3 establish the model and the fixed-schedule path identity. Section 4 proves the
marginal estimate. Sections 5, 6, and 7 complete Theorem 1.1 using local representation and
Fourier arguments. A reader may stop there with a complete proof.

1.2 Further partial laws and their uses

Section 8 reuses the conditional mass flow with different balance and disclosure statements. A
preceding transverse switch gives an imbalance bound for every fixed input list. Independent shears
provide an explicit realization of the fresh directions, and the deferred-column calculation identifies
the coeflicients that have not yet been revealed. Sampling labels offers other balance estimates; an
arbitrary initial frame also introduces an input relabeling that disappears after averaging over
lists. Thus an average over input lists can enter through the frame comparison or through the
balance estimate. Lemma 10.1 gives a separate contraction under an earlier conditioning time for
the deterministic coordinate schedule.

Section 12 controls exceptional trajectories in three different ways. For a chosen partition
and chosen orders of its complements, descending removal constructs one retained measure whose
complementary marginal probabilities are capped pointwise. A stopped argument uses nested
balance events so that the tuple error includes the imbalance probability only once. A different
event, defined by the trajectory matchings, supports an entropy inequality for every probability
law concentrated on that event. This last quantifier allows the Fourier transfer to condition on a
rare event selected from a representation coefficient.

Section 14 uses averaged input laws in three ways: selecting one partition for an isotypic
estimate, trimming equivariant kernels while controlling their full sign multiplicity spaces, and
averaging over overlapping omitted sets. Sections 15 and 16 use half of the deck. When an
independent pass follows a long mixing segment, separate caps on preimage lists control positive
trace tests. When the pass comes first, the argument repairs the two image marginals and averages
one uniform subgroup coordinate at a time. The repaired coordinates may remain dependent.

1.3 History and related work

The model arose in Thorp’s study of nonrandom shuffling and the game of Faro [26]. Aldous and
Diaconis later described the paired shuffle and reported an informal argument for an O((logn)?)
threshold [1, Section 8b, Example (12)]. For dyadic decks, the description by independent switches
along successive hypercube coordinates is standard [16]. It makes one-card uniformity transparent,
while the dependence among card trajectories remains the obstacle to convergence of the full law.

Morris obtained an O(d**) bound for the full deck when n = 2%, combining chameleon and
evolving-set ideas [16]. Montenegro and Tetali sharpened that analysis to O(d??) using spectral-
profile and evolving-set estimates [15, Theorems 6.14-6.15]. Morris subsequently used entropy
estimates to prove O((logn)?) for every even deck size [18] and then O(d?) for dyadic decks [19].
These times count individual physical shuffles and concern the entire permutation.

Partial-card laws were studied both as shuffle marginals and as a tool for enciphering small
domains. Morris, Rogaway and Stegers gave explicit bounds for ordered Thorp marginals [21,
Theorem 1]. For dyadic decks, Czumaj and Vocking proved that any prescribed list of at most
(1 — €)n cards mixes in O.((logn)?) physical layers, for each fixed 0 < € < 1, using non-Markovian
couplings in the butterfly network [5]. Czumaj’s later account identifies this as O(logn) whole



butterflies [4, Section 1.5]. That paper also obtains logarithmic-depth partial mixing for other
switching networks with suitable expansion [4, Theorems 3.4-3.6].

We adapt the conditional-energy approach in the swap-or-not analysis of Hoang, Morris and
Rogaway [9, Section 3, Theorem 3 and Lemma 4]. Their independent uniform group keys give an
unconstrained sequence of matchings; their proof contracts a quadratic discrepancy for the next
card and compares the joint law through expected conditional errors. Dai, Hoang and Tessaro
later sharpened the combination of those squared discrepancies through a chi-squared inequality [6,
Section 6]. Here the next direction is constrained by its recent predecessors. The frame identity
and the chronological conditional calculation justify that rule and its hyperplane energy estimate.

Related work connects partial information to stronger permutation guarantees in several ways.
Ristenpart and Yilek’s mix-and-cut construction, and Morris and Rogaway’s sometimes-recurse
construction, use partial or separator guarantees inside recursively modified shuffles [24, 20]. Alon
and Lovett relate uniformity for every input-output pair of a group action to Fourier matrices of the
irreducible representations occurring in that action, and repair sufficiently accurate approximate
uniformity to exact uniformity for the action [2, Theorem 1.4 and Proposition 3.2]. Our passage
to the full symmetric group controls its irreducible Fourier matrices from complementary coset
caps for selected blocks.
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2 The chain and its elementary lower bound

Let d > 1 be an integer. Write n = N = 2¢ let V = F4, and identify positions 0,...,n — 1 with
their binary strings, most significant bit first. Let G = Sym(V'). Fix card labels indexed by V,
with card x at position z in the identity state. A state ¢ € G maps a label to its current position,
and permutations are composed as functions: (gh)(z) = g(h(z)).

In one physical shuffle, the deck is split into its top and bottom halves, and, fori =0,...,n/2—1,
the cards at index ¢ within the two halves occupy output positions 2¢ and 2¢+ 1 in an independently
chosen fair order. Thus one step uses n/2 independent fair bits. In binary coordinates its action is

(xla Z, ... 7:Ed) — ('1"27 s XTdy X1+ g(xg,...,xd))7 (21)

where the bits indexed by the suffix are independent. This convention counts individual physical
shuffles, not sweeps of d such shuffles.

Let ¢4 be the probability law of the one-step position permutation, and let U be uniform
measure on G. We also write U, or Ug when indicating the state-space size or group is useful.
The transition kernel is Py(g, h) = ga(hg™!); thus Pi(g,-) is the law after ¢ shuffles started from g.
For probability measures on a finite set, we use

= vlhry = 5 37 (o) ()] = g [ (4) ().

For measures on G, the convolution p * v is the law of XY, where X ~ y and Y ~ v are
independent. Starting from g, the law after ¢ steps is the right translate of ¢%* by go. Uniform
measure is invariant under every such translation and under left multiplication by every step.
Consequently U is stationary, and

max || Py (90, ") — Ulltv = [lgi’ — UllTv- (2:2)
go€G
Here and below Y; denotes the original shuffle started at the identity. We define
tmix(d) = min{t € Z>o : |¢3" — Ullrv < 1/4}. (2.3)

Total variation is nonincreasing in ¢ by contraction under convolution. The minimum exists for
every d > 1; the coordinate description in Section 3 gives a short proof. Our estimates below give
the quantitative bound as d grows.

Lemma 2.1 (Support lower bound). For every integer t > 0,

. tn/2
lgg” = Ullrv 21 = — (2.4)
Consequently,
2 3n!
tuisld) = | ~ 1oz, (%5 ) | =24~ 0(1) (2.5)
n 4
For 0 <t <d,

lgg" = Ullrv > 1= (e/v/n)".

In particular, the distance tends to one uniformly for integer t < d, and twix(d) > d for all
sufficiently large d.



Proof. There are at most 2/"/2 choices of all shuffle bits, hence at most that many possible states.
If A is their support, then

*t > *tA _ A > _2tn/2
lgz" = Ullrv > g3 (A) —U(A) > 1 :

n!

If this distance is at most 1/4, the last ratio must be at least 3/4. Taking logarithms and then the
least integer above the resulting lower bound proves the first part of (2.5). The integral bound
log(n!) > [{"logzdz = nlogn —n + 1 and n! < n™ give the asserted asymptotic lower bound.
When t < d, the support ratio is at most n™/2/n!, which is at most (e/y/n)". This proves the
remaining statements. [

Lemma 2.2 (One-card comparison). For a fized initial card and an integer 0 <t < d, its location
law has support at most 2¢. Consequently the full permutation law has total-variation distance at
least 1 — 2t/n from uniform, and tmix(d) > d. After d steps every individual card has a uniform
location.

Proof. At each step a card has at most two possible successors. Its support therefore has at most
2! positions. The uniform position law assigns that support mass at most 2¢/n, and passing from a
full permutation to the position of one card cannot increase total variation. For the last assertion,
undo the deterministic rotations. During the first d steps each coordinate is refreshed exactly once,
with a bit that is fair conditional on the entire previous card path. These successive refreshed bits
form a uniform binary string. Restoring the rotation preserves uniformity. O

We shall use basic characteristic-zero representation theory of finite groups: unitary realizations,
orthogonal decomposition into irreducibles, Schur’s lemma, and matrix-coefficient orthogonality
[8, 25]. All representation spaces below are finite-dimensional complex Hilbert spaces. For an
operator A, ||Allop is its operator norm and ||A|/fg = tr(A*A) its squared Hilbert-Schmidt norm;
the trace is not divided by the dimension. We prove explicitly the dimension estimate and the
passage from marginals to the full group law that the argument requires.

3 Changing the position frame

For a nonzero vector v € V, let C, < G be the subgroup of permutations that preserve each pair
{z,z + v} setwise. A uniform element of C,, independently swaps or fixes each of these n/2 pairs
with equal probability. We call it a switch in direction v.

Write eq, ..., eq for the standard basis of V', and let

R(xl,. . .,acd) = (.%'2,.. . ,a:d,xl)

be left cyclic rotation. Binary strings are column vectors when a matrix acts on them. By (2.1), one
physical shuffle is RSy, where S; is uniform in C,, and the S; are independent. Thus Y; = RS;Y;_1,
with Yy = id. In the rotating position frame, put

X, =R'Y,, Q=R ®YsR (3.1)

Then X; = Q:X:_1, and the @Q; are independent uniform switches in the periodic directions
€1,€2,...,€4,€1,.... Indeed, conjugation by a linear bijection carries C, onto the matching
subgroup in the image direction, and R~ Ve, = €14 ((t—1) mod d)-



This description also proves the finite-d convergence used in Section 2. A sweep of d layers
has positive probability of making no swaps, and positive probability of making exactly any
chosen coordinate-edge transposition. These transpositions generate G, because the cube graph
is connected. Every permutation is therefore a product of finitely many sweeps. Padding those
products by identity sweeps gives a common number of sweeps at which every permutation has
positive probability. That kernel dominates a positive multiple of U, so iteration proves convergence.
The rotation is the identity at the end of each sweep.

The following path identity allows a different basis in each successive window of d directions.
The maps are constructed after the complete schedule is fixed; they need not be known when their
time index is reached.

Lemma 3.1 (Fixed-schedule frame identity). Let T' > d, and let ¢ = (¢1,...,tq) be a permutation
of 1,...,d. Write i(t) = t14((t—1) mod d), and let X§ = id and X} = Q4 X{_,, where the increments
are independent and uniform in Cei(t)'

Fix directions vy, ...,vp satisfying

(Vsy .-, Vsrd—1) iS a basis of V (1<s<T—-d+1). (3.2)
Let Zy = id, and let Z; evolve by independent uniform switches in these directions. There are
linear bijections Ly, ..., Ly, determined by the fized axis order and direction schedule, such that

T

1 _
(Zt)izo = (LeXPLg") iy

LoeLj = ’Uj (1 S ] S d) (33)
In particular, if ¢ = (1,...,d) and v; = e; for 1 < j <d, then Lo =1 and

law

Zr & LyXr = LyR™TYr. (3.4)

Proof. For 1 < s <T —d, the two successive bases give unique coefficients as; € Fo, s <t < s +d,
with

Vs+d = Vs + Z Qs tUt- (35)
s<t<s+d
The coeflicient of vg cannot vanish, since otherwise vgy1,...,vs1q would be dependent; over Fy it

is therefore one.
We construct L; so that its column selected at time ¢ has the required value:

Lt_lei(t) = V¢. (36)

Begin with the map Lo specified in the statement. For each time ¢, define a row ¢; by putting a;
in column i(s) whenever 1 < s <T —d and s < ¢t < s+ d, and putting zero in every other column.
For fixed ¢ the possible s lie within at most d — 1 consecutive times, so their coordinate indices are
distinct and differ from i(t). Thus cie;;) = 0. Set

L, = Lt_l(I + ei(t)ct). (37)

Each factor squares to I and is invertible. It leaves the selected column unchanged and adds
prescribed multiples of that column to the others.

Before a column’s first selection no prescribed update targets it, so (3.6) holds during the first
period by the definition of Lg. If it is selected at time s and again at s + d < T, it has value v,
after the first selection. At each intervening time ¢ it receives as; times the selected column, whose



value is v; by induction. Equation (3.5) gives its value vgyq before its next selection. This proves
(3.6), including an incomplete last period.
For this fixed schedule, define the transformed step shown in Figure 1:

Qu = LiQi Ly = (LeLi ) (L1 QEL). (3.8)

In (3.8), the second factor is uniform in C,,. The first is a fixed member of that subgroup: writing
ft = CtL;jlv
Ll =T+ v fs, fe(vr) = 0.

The map x — z + fi(z)v; fixes or swaps each pair {z,z + v} because f; is constant on the pair.
Multiplication by it preserves the uniform law on C,,. Each @); depends on its own independent
increment f, so the transformed switches are independent. Their products telescope at every
time:

A A L vyr—1 _ vy —1

Qe Q1= LQy - QiLy = L Xy Ly .

This gives the joint path identity, and the cyclic specialization follows from (3.1). O

Corollary 3.2 (Endpoint distances and the input map). Under Lemma 3.1, let 0 < g < n and let
mq be uniform on ordered distinct q-tuples of positions. For every fized ordered list C' of q distinct
labels,

1£(Z2(C)) = mgllrv = [IL(X(Lg ' C)) = mqllrv- (3.9)

Thus the same-list distances agree when Ly = I. Their averages also agree when C is sampled
uniformly over ordered distinct lists, independently of the switch process:

Ecl|£(Zr(C) | C) = myllrv = Ec[|£(X7(C) | C) = 7g[lTv- (3.10)

Proof. The terminal map L7 is a bijection on distinct position tuples and preserves m;, which
proves (3.9). The input map L, 1 also preserves the uniform law on distinct lists, giving the
averaged identity. O

Remark 3.3 (The schedule is fixed before the frame is constructed). If a random schedule satisfying
(3.2) is sampled independently of the switch randomness, the lemma and corollary apply condi-
tionally on each complete schedule. The averaged identity then uses a list sampled independently
of that schedule and of the switches. The maps L;, including Ly when the first basis is random,
may depend on directions that have not yet been revealed. We use them only in these conditional
path and endpoint comparisons. The energy calculation next uses a separately generated process
with directions revealed in chronological order.

Qlt’ S Oei(t)
x Qix
Lt—l Lt
Ly — LiQtx
Qt S Cvt

Figure 1: One matching switch in two position frames. After the complete schedule is fixed, the
vertical maps are deterministic and the lower step is an independent uniform switch in direction vy.



4 Online observations and ordinary marginals

We track the conditional location of one hidden card while revealing the paths of earlier cards in a
list. The quadratic error and the successive comparison of conditional location laws follow the
swap-or-not approach of Hoang, Morris, and Rogaway [9, Section 3, Theorem 3 and Lemma 4].
Here the next direction is constrained by its recent predecessors, so we state the information used in
the calculation explicitly. The first application below produces one partition whose complementary
marginals are all close to uniform. Later applications use the same calculation with other sources
of balance.

4.1 A chronological law and a hidden card

Fix an integer T' > 0. Let v = (v1,...,vr) be a random schedule of nonzero directions. Set Zy = id,
and suppose that, conditional on the complete schedule, the increments of Z are independent
uniform switches in directions vy, ...,vy. This law can be generated in time order: sample the

next direction from its conditional law given the preceding directions, and then use fresh fair coins
on its matching.

Let Z be initial data independent of the joint process (v, (Z:)1_), and let C' = (cy,...,¢c;) be
a list of distinct labels determined by Z, with fixed length 0 < ¢ < n. A fixed list corresponds to
deterministic Z; a sampled partition may be included in = when it determines the list. For its jth
label define the exact online field

Fl =0(B,01,...,01, Z(e;) : 0 < s < t, i < ). (4.1)

Let D{ be the positions not occupied by the observed labels ci,...,cj—1 at time ¢, and put
rj =n —j+ 1. Define

2
pi@) = PriZie) = | F},  Al= Y (pz<x>—1) . (12)

. r;
meDi J

We extend pg by zero outside Dz. It is a probability vector on that set, so 0 < AJ = Yow p{ ()% —

1/7"j S 1.

For 0 < ¢t < T and a feasible direction prefix write K;(v) = Pr{vi1 = v | v1,..., 0}
Conditional on the complete schedule, the law of the joint permutation path through time ¢
depends only on vy, ...,v:. The independence of = therefore gives

Pr{Zi(¢j) = @, vir1 = v | F} = p}(2) K (v). (4.3)

Indeed, the joint law of the old hidden position and observed path prefix is the same for every
completion of a fixed direction prefix. Conditioning on that observed prefix leaves the conditional
law of the future directions unchanged. This argument uses only path prefixes; it does not condition
on future observed paths or on further auxiliary data.

Lemma 4.1 (Online averaging and cross-hyperplane contraction). In the preceding setup, for
0<t<Tandl1l<j<gq,

. 1 . :
Ay =A=-2 3 (i@ —pl)" amost surely, (4.4)

10



where each unordered matching edge is counted once. If K is uniform on the complement of an
F{ -measurable hyperplane Jy, then

min(\D{ N Jyl, \Di \ J¢|)

J 4
- A (4.5)

E[A] — Al | F >

More generally, suppose Ky is uniform outside an fg—measurable proper subspace Wy, and let Jy
be an Fi-measurable hyperplane containing Wy. Then the same right side with denominator 2n is
a valid lower bound.

Proof. Fix j and omit its superscript. By (4.3), revealing v;+1 does not update the old hidden-card
law p;. Given F; and this direction, the matching edges incident to observed cards are known.
Their next positions reveal exactly the fresh coins on those edges. Those coins are independent of
the old hidden position, so their revelation also leaves p, unchanged; all other edge coins remain
independent and fair.

An edge containing two positions of D; averages their two masses. An edge containing exactly
one position of D, transports its mass to the unique position on that edge unoccupied by observed
cards after the switch. Edges with no available position carry no hidden mass. These rules give
the conditional vector at the exact field F;41 in (4.1). They also transport the uniform vector on
D; to the uniform vector on D; 1. Transport preserves squared error, while averaging two masses
reduces it by (pi(z) — p¢(y))?. This proves the exact identity.

For the expectation, split D; = D® U D! across J; and put z, = pi(z) — 1/r;, u = |D°], and
w = |D!]. Since Y z, =0,

2

Z (zm—zy)Z:wZz§+uZZ§+2 sz zmin(u,w)z,zz. (4.6)
DO D1 DO

zeDO ye D1 Dy

Every cross pair has matching probability 2/n in the hyperplane case. Combining this with the
factor 1/2 in the exact decrement proves (4.5). In the proper-subspace case, every cross difference
lies outside W; and has probability 1/(n — |W;|) > 1/n; discard the other eligible pairs to obtain
the denominator 2n. The calculation covers an empty side. The algebraic identity (4.6) holds for
any real centered vector; a later use for another vector must also identify its averaging rule. [

The loss bound and a balance estimate will be used at different levels of conditioning. Let
0 < < 1. If the conditional expected loss E[A] — AJ | | F/] is at least yA] off an event B, € F}

and is always nonnegative, then A{ <1 gives

EAJ,, < (1—7)EA] +yPr(By). (4.7)
Thus an unconditional bound on Pr(B;) suffices; no bound conditional on the observed paths is
asserted.
4.2 From hidden cards to an ordinary tuple law

Let m be uniform on ordered distinct g-tuples of positions, and let Up be uniform on a nonempty
set D. For any tuple law v = L(Y7,...,Y,),

LY Y1, Y1) = Ui, v} (4.8)

q
||V—7Tq!!Tv§jzlEu ’TV~

11



This sequential comparison appears in [21, Appendix A, Lemma 2]; an earlier distinct-tuple form
is [17, Section 5.3, Lemma 12]. For completeness, at the jth step insert the law that first draws the
actual (j — 1)-coordinate prefix of v and then appends a uniform available position. Its distance
from the j-coordinate marginal of v is the jth summand above. Applying the same extension
kernel to mj_1 gives m; and contracts total variation. The triangle inequality and induction prove
(4.8). Every expectation is under the actual prefix law.

Lemma 4.2 (Terminal data and an ordinary tuple law). In the preceding setup let A be terminal
data that determine the complete direction schedule, and suppose = is independent of (A, (Z)]_y).
For every 1 < j < q and every x € V, assume that its online terminal vector is also the conditional
hidden law after these data and the complete predecessor paths are known:

Pr{Zr(c;) =2 | A2, Zs(c;) : 0< s <T, i< j}= p%ﬂ(x) almost surely. (4.9)
Then
1 ) '
ErzIL(Zr(C) | A.5) ~ mllrv < 3 3" y/(n—j + DEAG. (4.10)
j=1

All expectations are under the actual joint law of the data, list, and process. If EA% < ar for
every j, the right side is at most q\/n \/ar /2. For ¢ =0 both sides are zero.

Proof. For fixed A, =, apply (4.8). At index j use the coarser field
Hj = O'(A, E., ZT(Cl), ey ZT(Cj_l)).

The tower property and (4.9) give Pr{Zr(c;) = « | H;} = E[pl(x) | Hj]. The set D is H,;-
measurable, so Jensen’s inequality for the /! norm compares both vectors to the same uniform law

U Dl Cauchy—Schwarz gives

. 1 ) -
lp7 — UD?F”TV < 3 (n—j+1)A.

Consequently, almost surely in the terminal data and initial data,

- 1< . ; -
I1£(Zr(C) | A B) = mgllrv < 5 ZE[ (n—j+1)AL|A, :] . (4.11)
=1
Averaging and applying Cauchy—Schwarz once more proves the lemma. O

When A = v, the field on the left of (4.9) is exactly ]—"%, so that hypothesis is automatic. If
A contains further shear or functional data, the identification requires an additional path-law
argument. We will prove that argument where those data are introduced; their disclosure is
separate from the chronological averaging above.

4.3 A sampled omitted block
For the local full-group proof, set

k=64, m= a=—, T=(1+16k)d=1025d, (4.12)

12



and assume d > 6. Put

92 m 3/2
bn =2 <33/4) y En = nT \/ 674d + bn (413)

For a labeled partition M = (Mjy, ..., M) of V into m-element blocks, let §,(M) be the distance
of the time-7" images of V' \ M, under the physical shuffle from the uniform distinct tuple law.
Any fixed ordering of these labels gives the same distance.

Proposition 4.3 (One partition with nearly complete marginals). There is a deterministic labeled
partition M = (M, ..., My) into blocks of size m for which

D 0a(M) < kep =0(1)  (d—> o0). (4.14)

Proof. Use v; = ¢; for 1 <1i <d. Ford <t <T put
Jy = span{vi_gqi2,..., vt} (4.15)

and choose vy uniformly in V'\ J;, with fresh direction randomness. Every d successive directions
form a basis. Conditional on the complete schedule, use independent fair switches to form Z.
Independently choose M uniformly among labeled equal-size partitions. For a fixed a, let = be
this partition and let C' be any deterministic ordering of V' \ M,, with ¢ = n —m. This is the
online setup above.

For each hidden index j, the available set contains the positions of all omitted labels:

Z;(M,) C D!, (4.16)

Write D/° = D/ 0 J; and DI = DI\ J,. If J = J, and J! = V' \ J;, then
{min DI i < m/4} c {min Z(M,) 1 JE| < m/4} |

Fix the direction and switch history through time ¢, but not M. This fixes Z; and .J;, while
Z(M,) is a uniform m-subset of V.

For a uniform m-subset and a fixed half of V', let X be its count in that half. View the subset
as an ordered sample without replacement. A specified set of £ sampled indices all lie in the half
with probability at most 27¢. If I; are the membership indicators, expansion gives

m
EsX =EJJ(1+20) < > oMlarMi=om
1=1 AC{1,...,m}

If one half contains fewer than m/4 sampled points, the other contains more than 3m/4. Markov’s
inequality and a union bound therefore yield, for d <t < T,

2m

. j,0 j,1
Pr{min(|D{"|,|Dy"|) < m/4} < QW -

by (4.17)

This bound averages the independent partition and the shuffle; it is not a concentration assertion
conditional on the observed paths.
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Off the event in (4.17), the conditional loss in (4.5) is at least A7, Tts loss is always nonnegative.
Applying (4.7) gives , '
EA],, < (1 — a)EA] + aby. (4.18)

Starting with AZI < 1 and iterating for T' — d = 16kd steps, we obtain, uniformly in a, j,
EAL < (1—a)l~t4b, <e 40, (4.19)

Let ga(v, M) be the auxiliary tuple distance conditional on the complete schedule and partition.
Use Lemma 4.2 with A = v. Its terminal identification is automatic, since 7. already contains the
complete schedule and predecessor paths. Equations (4.10) and (4.19) give

B 3/2
Ey pmda(v, M) < ”T\/e%d + by = en. (4.20)

The schedule remains inside the distance on the left.

For every fixed schedule and partition, choose ¢ = (1,...,d) in Lemma 3.1. The first directions
are v; = ej, so Ly = I. Corollary 3.2, followed by the terminal rotation, therefore gives the
same-list identity

ba(v, M) = G,(M). (4.21)
The frame maps enter only this fixed-schedule endpoint comparison. Summing (4.20) over a
now gives Exg >, 0o (M) < key,. At least one deterministic partition attains this average bound.
Finally, n*/2¢72¢ = exp((3 log 2 — 2)d) — 0, while 2/3%/ < 1 makes b,, exponentially small in n.
Thus &, — 0. O]

5 From large marginals to a finite degree sum

Proposition 4.3 gives one partition for which the complementary image laws have small total error.
We first express those image laws as coset laws and condition on one event that bounds all their
coset densities. We then turn these bounds into a finite sum of squared degrees of representations
of the block groups. The next section will estimate that sum by counting tableaux.

Throughout this section, Ug denotes the uniform probability measure on a finite group G. For
a subgroup H, we use the standard convention that gH is a left coset. Its elements are obtained
from g by multiplication on the right by elements of H. If u is a probability measure on G, write
pp for its pushforward to the set G/H of left cosets. Thus

palaH) = wlo), (U)u(aH) = .

For the shuffle application, take X =V, set T' = 1025d and pu = qZ}T, and use the deterministic
partition Mj, ..., My supplied by Proposition 4.3, with k = 64 and |M,| = n/k. Let H, permute
M, and fix X \ M, pointwise. A permutation maps each reference label to its current position.
Two maps g, g agree on X \ M, exactly when g~'¢’ € H,, or equivalently ¢’ € gH,. Thus the
ordered images of the cards outside M, identify the coset gH, bijectively. Uniform measure on
permutations induces uniform measure on these ordered distinct images. The marginal distances
in Proposition 4.3 are consequently exactly the coset distances §, for the trimming lemma below,

and >, 6, = o(1).
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Lemma 5.1 (Simultaneous trimming). Let Hy, ..., Hy be subgroups of a finite group G, and let
be a probability measure on G. Put

60 = |, — (Ua)m, | Tv, 5= da

If § < 1/2, there is a set E C G, of removed mass ¢ = u(G \ E) < 20, such that the conditional
probability measure p = p(- | E) satisfies

2 |Hal

= _ (o H < 2
||iu MHTV &, M(g a) s € ‘G’

(geG, 1<a<k). (5.1)

In particular, if 6 < 1/4, the last density bound is at most 4|H,|/|G].

Proof. For each a, call a coset C € G/H, bad if u(C) > 2Uq(C), and let B, be the union of its
bad cosets. The identity expressing total variation as the sum of positive excesses gives

WBH<2 Y (u(C) - UalC)) < 26..
CeG/H,
m(C)>2Uq(C)
Take F = G \ U, Bs. The union bound yields € < 2§ < 1, so conditioning is well defined. On FE,
the mass of i exceeds that of u by total amount €; on the complement, its mass is zero. This
proves the total-variation equality in (5.1).
Fix a coset C' € G/H,. If it is bad for this subgroup, then C' N E' = &. Otherwise,

_W(CNE) _pC) _ 20e(C)

e 1—2 ~1-c- 1-¢

The same estimate therefore holds for every coset in every one of the k systems. If § < 1/4, then
1 —¢e > 1/2, giving the last assertion. O

We now convert the coset bounds into control of averages of representation matrices. For a
mass function a : G — C and a unitary representation p, define its Fourier matrix by

a(p) =Y alg)p(g).

geG

Probability and subprobability measures are identified with their mass functions. For a finite
group H, write H for the set of equivalence classes of its complex irreducible representations.

When an irreducible representation of G is restricted to the product of the block groups,
each irreducible summand is a tensor product of one representation from each group. If the full
representation has dimension D, each such tensor product has dimension at most D, so at least
one factor has degree at most D'/*. The following proposition measures the cost of these small
factors by a finite sum. Its proof shows why each equivalence class of a subgroup representation
contributes only the square of its degree even when it occurs with large multiplicity.

Proposition 5.2 (Coset densities and squared subgroup degrees). Let a finite set X be partitioned
into k > 1 nonempty sets My, ..., My, and put G = Sym(X). Let H, be the subgroup permuting
M, and fizing X \ M, pointwise. Suppose that a probability measure v on G satisfies, for some
B>1,

v(gH,) < B|‘}é‘l’| (geG, 1<ac<k). (5.2)
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Then every irreducible complex unitary representation p of G, of dimension D, satisfies

k
B
PEIZL<2S S (@mm)? (5.3)
D
a=1 71'61/‘}@
dimr<DY/*

The block sizes need not be equal.

Proof. Because the blocks are disjoint, their subgroups form the direct product H = Hy X - -+ X Hy,
inside G. By complete reducibility and the irreducible-representation theorem for finite direct
products, the restriction of p to H is an orthogonal sum of isotypic spaces of the form

(Vo @+ @ Vp,) @ Ag. (5.4)

Here 7, is an irreducible representation of H,, and A is a multiplicity space on which H acts
trivially. These are the usual characteristic-zero representation facts; see, for example, [25, §].
For every type m that occurs, its tensor-product dimension is at most D. Consequently
some index a satisfies dimm, < DV/*. Assign each entire isotypic space in (5.4) to one such
index, choosing the least one in case of a tie. Grouping the assigned spaces yields an orthogonal
decomposition
V,=FE1 & @ E.

Each E, is invariant under H, and every irreducible of H, appearing in F, has dimension at most
DV*_ The multiplicities in these restrictions are unrestricted.
For this fixed representation, put

ro= Y (dimm)>
weﬁa
dim r<D/k

Fix u, € E,, and set
W, = span{p(h)uq : h € Hg}.

We first bound this single-vector orbit span. Regroup all copies of each H,-irreducible, including
copies coming from different H-types, into a single H,-isotypic space. In such an isotypic space
Vi ® Ay, with b = dim 7, the group acts by w(h) ® id. If v is the projection of u, to this space, its
orbit span is contained in the image of the linear map

End(Vi) — Va0 Ay, Qr— (Q®id)v.

That image has dimension at most b2, independently of dim.A,. Each inequivalent H,-type
contributes only once. Summing over the different isotypic spaces gives the finite bound

dimW, <r,= > (dimm)> (5.5)
Weﬁa
dim r< Dk

Let II, be the orthogonal projection onto W,. The subspace W, is H,-invariant, and therefore
p(gh)W, = p(g)W, for h € H,. For each vector z, the nonnegative function

g— ||Hp(9)WaZH2
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is thus constant on each left coset gH,. The coset bound (5.2) implies
EQNV”Hp(g)WaZH2 < BEgNUG”Hp(g)WaZHQ' (5'6)

The uniform average of these projections is

Qu = |(1;,| > plg)ap(g)*.

geG

It commutes with every p(g). Schur’s lemma makes it a scalar multiple of id, and its trace is

dim W,. Hence
dim W, dim W,

Qa = D D
Since p(g)uq € p(g)Wa, Cauchy—Schwarz, first for expectation and then in the representation
space, gives

id,  Egevgygmw,zI* = 212, (5.7)

(2, D(p)ua) | < Egn| (2, p(g)ua)|?

ta|*Egmn | T p(g)w, 2|
Br,
D

IN

IN

lual 112117, (5-8)

where the last line uses (5.5)—(5.7). For an arbitrary u = >_, uq, sum the square-root form of this
estimate and apply Cauchy—Schwarz in the index a:

- B, <
[z 2(p)u)] <4/ 5 Izl > Vralluall
a=1
B k k ) 1/2
< EZ%HZII (Z [[tall )
a=1 a=1

B k
=\ 75 2 a2l lull
D a=1

The last equality uses the orthogonality of the E,. Taking the supremum over unit vectors
u, z and squaring proves (5.3). The argument includes zero components and one-dimensional
representations; in dimension one the displayed sum does not provide decay. O

6 An elementary bound on representation degrees

Proposition 5.2 reduced the Fourier estimate to a finite sum of squared degrees of small repre-
sentations of each block group. We now bound that sum. For integers s, D,k > 1 and a group
H = S,, we have

Z (dim )% = Z (dim 7)'8(dim )16

Treﬁ ﬂeﬁ
dim n<D/* dim r<D1/k
< D% 3" (dimm) 0. (6.1)
reH
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Thus a uniform bound on the sum of inverse sixteenth powers of degrees will control every block
size in the preceding proposition. We also prove that the sum tends to zero after the trivial and
sign representations are removed. That second statement will control the full-group Fourier sum
in the completion.

Recall that the complex irreducible representations of Sy are indexed by partitions A F s, and
that their degrees f* count standard Young tableaux of shape . Such a tableau fills the diagram
with 1,..., s, increasing along every row and column. The partitions (s) and (1°) afford the trivial
and sign representations, respectively; transposing a tableau gives fA = f*. These are the classical
Specht-module and standard-tableau facts [25, 8]. Liebeck and Shalev prove the stronger estimate
S (fA) 7% = 24 Oy(s7) as s — oo, for every fixed u > 0 [14, Theorems 1.1 and 2.6]. The
following elementary proof at exponent 16 keeps this application independent of that stronger
estimate; it uses only the tableau facts just recalled.

Lemma 6.1 (Summability of inverse degrees). There is an absolute finite constant

Cop :=sup 2:(]”)‘)*16 < 0. (6.2)
21 \rs
Moreover,
Z (fH71 —0 as § — 0. (6.3)
Al-s
AE{(5),(1°)}

The excluded partitions are interpreted as a set, so when s = 1 only the single partition (1) is
excluded.

Proof. We first record two elementary counting observations. If a diagram has first row of length
a and exactly b boxes below it, where 0 < b < a, then

> <b> (6.4)

This is the tableau construction of Liebeck and Shalev [14, Lemma 2.1], with their parameters
n=a+band k =0b. To see it directly, place 1,...,b in the first b boxes of the first row. Choose
any b labels from {b+ 1,...,a + b} for the boxes below that row, and put them in increasing
row-major order: read rows from top to bottom, and each row from left to right. Fill the rest of
the first row increasingly with the remaining labels. Every box below the first row lies in one of
its first b columns. Its top-row predecessor therefore has a label at most b, while all lower labels
are larger than b. Row-major filling respects both row and column inequalities within the lower
diagram, so this is a standard tableau. Different choices of lower labels give different tableaux.
When b = 0 the construction is the unique tableau of a single row.

Also, if 4 is a Young subdiagram of A, every standard tableau of y extends to one of A: retain
its labels and fill the remaining boxes in row-major order with the successive larger labels. Because
a Young subdiagram is closed under moving up and left, all required predecessors have already
been filled. Consequently,

A= (6.5)

Write p(t) for the number of partitions of ¢. For ¢t > 1, regarding a partition as an ordered
composition gives
p(t) <21 < 2, (6.6)
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since a composition is specified by cuts in the ¢ — 1 gaps between ¢ successive units. We set

p(0) =1.
For a partition A F s, put

L = max{\1, \}}, h=s—L.

After transposing if necessary, assume its first row has length L. This does not change its degree.
The case h = 0 consists precisely of the row and column partitions, which are excluded from (6.3).
We divide the other diagrams into three classes.

A long first row or column: 1 < h < s/3. For fixed h, there are at most 2p(h) original shapes:
after a possible transpose, the diagram below the first row is a partition of h. By (6.4),

Pe ()= (5

Here the middle inequality follows by writing (}) = ?;(l)(a —7)/(b—j) and bounding each factor

below by a/b when a > b > 1. Thus the total inverse-degree contribution with a given h is at most

—16
2.2h<5;h> < .97 15k

For each fixed positive h, the binomial coefficient tends to infinity with s. The displayed geometric
majorant is summable over h. Extending a contribution by zero when h > s/3, dominated
convergence for this series shows that the total contribution of this class tends to zero.
Intermediate width: h > s/3 and L > s/8. Here L < 2s/3,so h > L/2. Set b =|L/2]| and take
the subdiagram pu consisting of the whole first row and the first b boxes below it in row-major
order. There are enough boxes because h > b, and an initial segment of row-major order in the
lower diagram is again a Young diagram. Applying (6.5) and (6.4) gives

Pt > 2 28
“\|L/2]) T L+1~ s+1

The central binomial coefficient is the largest of the L + 1 coefficients whose sum is 2”. Using
(6.6), the total contribution of this class is therefore at most

16
2° (8;/81) =(s+1)'27° —0. (6.7)
Small width and height: L < s/8. Number row and column indices starting at 1, and group boxes
by their index sum. There are at most 2L — 1 nonempty such diagonals. Fill the diagonals in
increasing index-sum order, assigning the next available consecutive labels to each diagonal in any
order. Every row or column predecessor has a strictly smaller index sum, so every such filling is a
standard tableau. If the nonempty diagonal sizes are uq,...,u,, then

q q
f)\ > H uj! > H 2u]-—1 — 2570 > 235/4'
j=1 j=1

We used u! > 241 for integers u > 1, and ¢ < 2L — 1 < s/4. The inverse-degree contribution of
this class is at most
2%(2%/1) 710 = 97 11s 4, (6.8)
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These three classes cover all partitions except the row and column, so they prove (6.3). For
every s > 2 those two partitions are distinct and each has degree 1. The complete sum in (6.2)
consequently tends to 2 as s — oo. For each fixed positive s it is a finite sum of positive terms,
since there are finitely many partitions and every degree is a positive integer. The tail of this
convergent sequence is bounded, and its finitely many initial values have a finite maximum. This
proves (6.2), including s = 1, where the complete sum is 1. O

In representation notation, the uniform conclusion of the lemma is

Co = sup Z (dim )10 < oo, (6.9)
szl 7r€§s
We can now finish the transfer from bounded coset densities to Fourier decay. The bound is

uniform over the block sizes because Cy is uniform over all positive integers s.

Corollary 6.2 (From bounded coset densities to Fourier decay). Let a finite set X be partitioned
into k > 18 nonempty sets My, ..., My, and put G = Sym(X). Let H, be the subgroup that
permutes M, and fizes X \ M, pointwise. Suppose that a probability measure v on G satisfies, for
some B > 1,

H,
V(gHa)§B| | (geqG, 1<a<k).

G|
Then every irreducible complex unitary representation p of G, of dimension D, satisfies
19(p)llop < VEBCo D~0-18/0)/2, (6.10)

Here Cy is the absolute constant of Lemma 6.1. The block sizes need not be equal.

Proof. For every a, the group H, is isomorphic to S|yz,|. Hence (6.1) and Lemma 6.1 give

> (dimm)* < CoDWE,
Weﬁa
dim r<D/k

In the orbit construction of Proposition 5.2, this recovers dim W, < CoD'®/* and the component
bound (5.8) becomes
(2, D(p)ua)|* < BCOD ™/ [lug 2|2,

Substituting the displayed degree bound into (5.3) yields
12(p)|I5, < kBCoD™' 1/,

Taking square roots proves (6.10). O

7 Completion of the mixing bound

Return to G' = Sym(V) for n = 2%, We now pass from the operator estimate to the full permutation
law. Use the Fourier convention from Section 5, and write D, for the dimension of an irreducible
unitary representation p. Our convolution convention gives i * v(p) = fi(p)?(p). The following
Plancherel bound is the classical Fourier method used by Diaconis and Shahshahani [7]. We keep
the full matrix form because the shuffle law need not be central, and we record the normalization
explicitly.
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Lemma 7.1 (The full-group variation bound). For any probability measure v on G,

Al =Ultv < D Doll(p)lliis, (7.1)
pFtriv

where the sum contains one representative of each nontrivial irreducible equivalence class.

Proof. Cauchy-Schwarz bounds the left side by |G| >, [v(g) — |G|~'|*. For any real function a on
G, expansion and the regular-character identity give

D[S aliela)]| = S alg)alt) XD, t(plh)'ple)
P g >

9,

=G| _alg)*.

Apply this to a(g) = v(g) — |G|~!. The trivial coefficient vanishes; uniform averaging in every
nontrivial irreducible is zero. These facts give (7.1). O

—~

Lemma 7.2 (Fair sign). For every d > 1 and every integer t > 1, q:‘lt(sgn) = 0. If a probability
measure v is € away from g5t in total variation, then |D(sgn)| < 2e. If instead 0 < & < ¢t has

o~

mass m, then |£(sgn)| <1 —m.

Proof. Condition on every switch bit except one in the final physical shuffle. Changing that bit
composes the output permutation with a transposition, so its two possible signs are opposite and
equally likely. The expectation of sign is therefore zero. The two perturbation estimates follow
by summing against a function of absolute value one; their respective ¢! differences are 2 and
1—m. O

Proof of Theorem 1.1. Fix k = 64 and let d > 6 grow. Put T' = 1025d and p = qéT. Proposition 4.3
supplies a partition of the labels into k sets of size m = n/k for which the sum of the complementary
marginal errors tends to zero. Lemma 5.1 therefore applies with their sum at most 1/4 for all
sufficiently large d. It supplies a probability measure i such that

| Ha|
G

Ia—ulloy = o), lgH.) <4128 (ge @ 1<a<h). (7.2)

Here H, permutes the ath label block and fixes all other labels. Corollary 6.2 gives, simultaneously
for every irreducible p of dimension D,

I7(p)llop < ADT23/6% A =/4-64C, (7.3)

where C is the absolute constant in Lemma 6.1.

Take ¢ = 32, a fixed number independent of d. Operator-norm submultiplicativity and
| Bllus < V'D||Blop show that the contribution of the nontrivial, nonsign representations to the
right side of (7.1), for v = ji*/, is at most

Z DHE(P)ZH%S < A% Z 2-64(23/64)
pF#triv,sgn pF#triv,sgn

=A% > D =o(1). (7.4)
pFtriv,sgn
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The last conclusion follows from Lemma 6.1, since D~2! < D16 for D > 1. Neither diagonaliz-
ability nor normality of the Fourier matrices is needed here.

The sign representation has dimension one, so (7.3) alone gives no decay. Lemma 7.2 shows
that fi(sgn) = 0 and therefore

|(sgn)| < 2|1 — pllrv = o(1).

Its contribution after ¢ factors is therefore o(1) as well. Together with Lemma 7.1 and (7.4), this
proves ||i*3% — Ul|ry = o(1).

Convolution by a probability measure contracts total variation. Replacing the factors one at a
time and using (7.2) gives

5% = Ullry < 32]|u = Allry + |72 = Ullry = o(1).

Successive independent T-step blocks of the original shuffle have law p, so p*3? = q:§32800d.
Equation (2.2) makes this conclusion uniform over the initial ordering. In particular the distance
is at most 1/4 for all sufficiently large d, as required. O

The constants were chosen to leave room in two simple estimates: the hidden-card contraction
must overcome the number of sequential marginal comparisons, and the fixed convolution count
must overcome the Fourier dimension weights. No optimal leading constant or cutoff statement is
asserted. Together with the support lower bound, the result gives mixing order ©(d).

Further partial-permutation laws. Theorem 1.1 is complete with the frame, omitted-block,
orbit, and tableau arguments above. The remaining sections compare estimates for each fixed list
with estimates averaged over lists. They then examine what can be retained after stopping or
conditioning on trajectory events and develop Fourier and character transfers for those forms of
partial information.

8 Fixed input laws and independent shears

The local proof obtained balance by sampling one omitted block. For an arbitrary fixed input list,
a previous switch supplies balance instead: it crosses the two halves relevant to the next direction,
and the intervening switches preserve those halves. This gives an ordinary tuple law for every fixed
list. We then record an independent shear realization of fresh directions and several estimates
that retain an average over inputs. The realization will also control which auxiliary data may be
disclosed in the later history arguments.

We use N = n = 2% and the coordinate process X* of Lemma 3.1, where ¢ = (11,...,14) is any
ordering of the standard axes and i(s) = ¢14((s—1) mod 4)- Thus

Xt=id, X'=h,X'_,,  hs~Uc, (8.1)

i(s)

with independent increments. The order (1,...,d) gives the rotating-frame chain X; its physical
permutation is R*X,. Other starting phases and the reversed order are included by choosing
another ¢.
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8.1 Balance for every fixed list
We will use the following elementary concentration estimates.

Lemma 8.1 (Concentration estimates). Let X1,..., X, be independent random variables in [0, 1]
and put S =3, X;. Fora>0 andr > 1,

Pr(S—ES >a), Pr(S—ES<—a)< e 20/,

More generally, if (Mj)§:0 is a real martingale whose increments have absolute value at most c;,
either tail at distance a is at most exp[—a®/(2 > cjz)] when the denominator is positive. If all c;
vanish, the martingale is constant. In particular, if X counts the points of a uniform m-subset in
a fized half of a finite set of even size, then

Pr(X < m/4) < e ™32 (m>1).

Proof. For a variable Z in an interval of length b, put 1(s) = log EeZ. Its second derivative is the
variance under the exponentially tilted law, at most b? /4. Integrating from ¢/(0) = 0 and ¥/(0) = EZ
gives Ees(Z—E2) < sV /8, Multiplication and minimization in s prove the independent-variable
bound. The conditional version, with interval length 2c;, gives Ees(Mr—Mo) < 682 2,612 and the
martingale bound. These are the exponential-moment arguments underlying the inequalities of
Hoeffding and Azuma [10, 3].

Expose a uniform subset in a uniform random order and form the Doob martingale for its final
half-count. The expected final count changes by at most one at each draw: completions following
two possible next draws can be coupled by exchanging those points. The initial expectation is

m/2. Use r =m, ¢; =1, and a = m/4. O

For the fixed-list estimate, generate Z directly as in Section 4: its first d directions are v; = e,
and for s > d choose v, uniformly outside the hyperplane

Wy = span(vs—g41, .-, Vs—1)- (8.2)

Given the complete schedule, the switches are independent and uniform. Every d consecutive
directions form a basis. For a fixed input list, take deterministic initial data = in (4.1).

Lemma 8.2 (Balance after the previous transverse switch). Fiz any ¢ < N observed labels, and
putm =N — L. For s > d, let Ds_1 be their available positions just before step s. Then

Pr{min(|Ds_1 N Wy, |Ds_1 \ W|) < m/4} < 2e™/8, (8.3)
The probability averages the observed paths; it is not conditional on them.

Proof. Fix the complete direction schedule. The direction vs_4 crosses the two cosets of W,
because the d directions starting at s — d form a basis. The intervening directions lie in Wy and
preserve each coset.

Condition on the observed configuration immediately before step s —d. Let a be the number of
matching pairs with two available positions and b the number with one, so m = 2a+b. Immediately
after this crossing switch, the available count on either chosen side is a + Bin(b,1/2), using b
independent fair coins. Its mean is m/2. If b > 0, Lemma 8.1 bounds a deviation of at least m/4
by 2exp(—2(m/4)%/b) < 2¢~™/%; if b = 0 the count is exactly m/2. The intervening switches
preserve the count. Remove the conditioning to obtain the claim. O
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Proposition 8.3 (Uniform large-marginal estimates). Let L > 2 be a fized integer dividing N,
and let 0 < g < N — N/L. For every ordered list C' of q distinct labels, every periodic ordering t
of the standard azes, and every integer T > d,

3/2 1/2
IL(X5(C)) = mgllrv < NT (e—(T—d)/(4L) + 26—N/(8L)) / _

(8.4)
The same bound holds for (X%)~1(C). For the physical shuffle and its inverse, the corresponding
position laws satisfy the same bound.

The following choices used below give distance at most N3/2‘/aT/2:

L=8, T=256d: ap=(31/32)% 4 64e=N/64
L=8, T=257d: ar=e 3427 N64 (8.6)
L=32, T=2049d: ar=e ' 4256~ N/2% (8.7)

Each of these three substituted bounds tends to zero as d — oo, uniformly in the list and azxis order.
The last energy bound is o(N~%).

Proof. For a successive hidden-card problem, its number m of available positions is at least N/L.
Off the event in (8.3), Lemma 4.1 gives conditional expected loss at least yA;, where v = 1/(4L).
The loss is always nonnegative. Equation (4.7) therefore gives, for t > d,

EAi 1 < (1 —7)EA; + 2ye N/ (GL), (8.8)

Starting from Ay < 1 yields EA7 < (1 —~)T=% 4+ 2¢~N/(8L) - Apply Lemma 4.2 with terminal data
A = v. For every complete schedule, the first basis is (e,,,...,e,,), so Lo = I in Lemma 3.1. The
same-list equality (3.9) transfers the conditional tuple bound to X*, giving (8.4).

Each switch is an involution. Reversing the independent factors therefore identifies (X4%)~!
with a coordinate chain whose first axis is i(7") and whose periodic order is reversed. This is
another permitted ordering, so the same estimate applies. The relation Y = RT X transfers
the forward physical law by an output bijection. Its inverse is X}, LR=T, the input bijection only
changes the fixed list, and the bound is uniform in that list.

For (8.5), weaken the additive term in (8.8) to 2¢~"/4 and sum the geometric series, giving
the factor 64. At 257d keep the sharper recurrence and use (31/32)2°6¢ < ¢=8¢. More generally, at
T = (1 + 64L)d, the weakened additive term 2e~/(L) gives e~ 164 4 8Le=N/(8L) yielding (8.7).
These rates dominate the factor N3 in the squared tuple bound, and e=16¢ = o(IN~%). ]

8.2 An independent shear realization

The fixed-list proof above uses the directly generated direction process. The next construction
couples a process with a triangular first basis and the same later uniform-complement rule to a
coordinate chain with the same fixed inputs. It also proves the conditional path identity needed
when the auxiliary shear entries are retained at terminal time.

Lemma 8.4 (Independent shear realization). Fiz an axis order ¢ and a horizon T > d. Indepen-
dently of the increments in (8.1), choose independent fair bits bs; for j # i(s), put by ;) = 0, and
write A for all these entries. Set

Ss=1+ 6i(s)b5a A = I, Ag = Asflssa Vs = Asflez'(s)> Zs = Ang
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Conditional on A, the increments of Z are independent uniform switches in directions vs. More
precisely, if Py, . v, is the product-switch path law through time t starting at the identity, then

L((Zs)ieg | N) =Py,  (0<E<T). (8.9)

FEvery d consecutive directions form a basis. For s > d, conditional on v1,...,vs_1, the next
direction is uniform on V \ Wy, with Wy as in (8.2). This law is unchanged by additionally
observing any part of the virtual path prefiz through time s — 1.

Proof. The map S is an involution in C¢, ,, because bse;s) = 0. The increment of Z is

(s)?
As—l(SshS) s_—ll

For fixed A, the factors Sshs are independent and uniform in their coordinate matching groups.
Conjugation gives the asserted product-switch law, including the joint prefix identity (8.9).
Extend i(s) periodically beyond 7" and define the deterministic next-read time of a column by

r(s,§) =minft > s:i(t) =5} (#i(s)).

Right multiplication by S leaves the selected column unchanged and adds bsjvs to column j. Thus
the direction at a column’s first read, for ¢ < d, is

vr=eipy+ D bui)lu-

1<u<t

These first d directions form a triangular basis. At later reads,

UV = Vp—gq + Z bu,i(t)vu (t > Cl) (8.10)
t—d<u<t

In either display the coefficients used at time ¢ are exactly the entries whose next-read time is t.
Inductively, all earlier directions are functions only of entries with next-read time less than ¢. The
batch read at t is therefore independent and fair conditional on those directions. The recurrence
also shows inductively that every consecutive d directions form a basis. For ¢t > d, its fresh d — 1

coefficients make v; uniform on v;_g+ Wy =V \ Wy
Finally, (8.9) says that the entire virtual path prefix and A are conditionally independent given
the direction prefix. Hence observing any portion of that path prefix cannot reveal the fresh batch
that determines the next direction. O

For initial data = independent of (A, (Z)_,) and determining the observed list, the joint
prefix factorization gives, for every 0 <t <T,1<j<q,and z €V,

Pr{Zi(c;) =z | A,B, Zs(ci) : 0< s <t, i <j}=pl(x), (8.11)

where pg uses the chronological field (4.1). At ¢ = T this is precisely the terminal identification
required by Lemma 4.2. For ¢ < T it concerns only predecessor path prefixes through ¢; conditioning
on their future paths requires the separate path-cylinder argument in Section 12. The next direction
is averaged in the smaller chronological field before A is disclosed.

The coupling also preserves every fixed input list conditionally on the shears:

1£(Zr(C) | A) = mgllrv = [[£(X7(C)) = 7Ty (8.12)

Indeed, X* is independent of A and Zr = A7 X%, with A7 a bijection on outputs. Here Ag = I
although the first directions are generally triangular combinations of the coordinate axes. This
same-input identity is a feature of the shear realization; the arbitrary first-basis statement in
Lemma 3.1 instead has the input map L, L
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Remark 8.5 (Equivalent inverse-frame factorization). The same coupling has a useful inverse
notation. Let Qs be the original independent coordinate increments and choose the independent
shears Sy above. Put By = I and By = SsBs_1 = A;!. Define

M, = B7(S:Qs)Bs_1 = B;'QsBs_1, X% = ByMp--- M. (8.13)

The second identity follows by telescoping. Conditional on all Sy, the factors S;Qs are independent
uniform coordinate switches, so M, has virtual direction B;ll €i(s)- This is the same virtual process
and the same prefix and terminal factorization as above. The map Br acts only on outputs,
leaving a fixed input list unchanged. The posterior identity concerns virtual positions; once By is
disclosed, both the virtual endpoint law and its uniform comparison may be pushed through that
known output map.

The fixed-list balance has a second interpretation in this coupling. For s > d, the current
columns of A,_; other than column i(s) are triangular combinations of the last d — 1 selected
columns, with diagonal coefficients one. Hence

Ws = As1{w : w5 = 0}.

The two available counts in (8.3) are therefore the counts according to bit i(s) in the coordinate
chain. That bit was last refreshed at step s — d and is unchanged by the intervening coordinate
layers. The same a + Bin(b,1/2) calculation proves the balance directly in the original coordinate
frame.

9 Estimates that average the input labels

Sampling the inputs supplies balance without using the previous transverse switch. These estimates
average the distance for each specified input list; they do not replace that family of conditional
distances by the distance of a mixture. This distinction permits a later choice of one deterministic
partition or the construction of kernels for all starting states.

9.1 A reservoir of omitted labels

Proposition 9.1 (A reservoir of omitted labels). Let d >3, b= N/8, and T = 257d. Let B be
a uniform b-subset of input labels, independent of the shuffle. For any fized ordering of V \ B,
let 57(B) be the distance of its image tuple under Xp from uniform distinct positions. With
0 =214(3/4) < 1,

N3/2 (678d 1/2 _

Epdr(B) < +2(N + 1)) o(1). (9.1)
Proof. Use the direct direction process with standard first basis, sampled independently of B, and
take Z = B in the online construction. At every time the available set for a hidden card contains
Z1(B). Fix the full direction schedule and the full permutation Z;, but not B. The set Z;(B) is
then a uniform b-subset, and each coset of the next-direction hyperplane has size N/2.

Its count in a specified half has the distribution of the number of ones among the first b of NV
independent fair bits, conditional on their total being N/2. This conditioning event has probability
at least 1/(N + 1), because the central binomial coefficient is maximal. For the unconditioned
first-b count J,

Pr{J < b/4} < 2V/*E2~7 = (21/43/4)".
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The inclusion of Z;(B) in the available set and a union bound give pyag = 2(N + 1)6° as an upper
bound for the probability that either available half has fewer than b/4 positions. This bound is
unconditional in the observed paths.

Off this event the conditional expected loss is at least A;/32. Equations (4.7) and (4.5) give

EA¢+1 < (31/32)EA; + prad/32, EA7 < e84 praq.

Use Lemma 4.2 with A = v. For each fixed schedule and B, the standard first basis gives Ly = I, so
the conditional auxiliary distance equals the distance for X on that same complement. Averaging
over B proves the bound. ]

9.2 Uniform input tuples after a deterministic first sweep

Lemma 9.2 (Averaged tuple bound). Fix an integer b > 2 dividing N, put m = N/b, and let
t > d be an integer. Let C' be a uniformly sampled ordered tuple of N —m distinct input labels,
independent of the shuffle, and let pc be its time-t physical image law with C' fixed. Then

N3/2 1/2 3

((1=1/(4p))= 4+ 20N/") o=72" <1 (92)

The same bound holds for a fixed ordered list of N — m labels when its conditional distance is
averaged over a uniformly chosen starting deck.

Ecllpe — an—ml|Tv <

Proof. Use the direct process with the standard first basis and take = = C. For a hidden label at
index j, let h = N — j 4+ 1 > m be the number of available positions. Fix the complete direction
and switch history, but not C. At each fixed time, the preceding positions form a uniform ordered
sample, so the available set is a uniform h-subset. The next-direction hyperplane is fixed under
this conditioning.

If X is the count of a uniform h-subset in a fixed half, expand the product of 1 + I; over
an ordered sample without replacement. Any specified ¢ sample indices lie in that half with
probability at most 2. Thus

E2X < (3/2)",  Pr{min(X,h — X) < h/4} < 20" (9.3)

The second inequality follows by applying Markov’s inequality to the count in each half above
3h/4. Tt is used only after averaging out the input list, not conditional on observed paths.

On the balanced event, the conditional expected loss is at least hAg/(4N). With v; = h/(4N),
the unconditional recurrence and its iteration give

EAgy1 < (1 — ) BAg + 299", EA, < (1—1/(4b)) ™% 4 29™.

Lemma 4.2, with A = v, bounds the average distance conditional on the full schedule and list.
For every fixed schedule the first basis is standard, so the same-list frame equality transfers that
distance to Xj; the terminal rotation transfers it to the physical shuffle. This proves (9.2). A
uniform starting deck sends any fixed ordered label list to a uniform input tuple, which proves the
last assertion. O

Corollary 9.3 (Block lengths for the averaged input). For b = 16, the average distance in
Lemma 9.2 at t = 513d is at most

_ 132 (-8 ~N/16\ Y2
ex=5N (N +20 ) _

o(1).

At t = 2049d it is at most N~10 for sufficiently large d. For b = 1024 and d > 10, time t = (1+32b)d
gives average distance o(1).
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Proof. The respective contracting times are 512d, 2048d, and 32bd, with energy factors at most
e8 732d and e8¢ Use e8! < N—8 for the first and N3/2¢~164 = o(N~19) for the second.
Exponential decay in N handles the other term in each case. O

There is also a concentration proof of the last assertion that uses the subset martingale in
Lemma 8.1. A union bound over the two halves gives imbalance probability at most 2¢~"/32. With
cop = 1/32, the weaker recurrence

EAgi1 < (1 —1/(4b)EA, + 2e0N/b (9.4)

gives EA; < e8¢ 4 8be=0N/b at t = (1 + 32b)d. The expected endpoint error of one conditional
card law is 0o(1/N) and its sum is o(1). This is an alternative proof of the averaged input used
later for omitted sets.

9.3 Sampling inputs with a random initial basis

To begin contraction before a deterministic first sweep, choose v;11 uniformly outside the span W,
of the last min(¢,d — 1) directions, with Wy = {0}. Use independent fair switches conditional on
the complete schedule. Each successive set of at most d directions is independent, so Lemma 3.1
applies when T > d. Choose a hyperplane J; 2 W; by a fixed rule based on the direction prefix.

Let C be a uniform ordered list, independent of the joint schedule and process, and take = = C.
The online energy calculation uses only the chronological field (4.1). At terminal time Lemma 4.2
first bounds

Ev.oll£(Zr(C) | v,C) = myllev.

For each fixed schedule, the general frame comparison then gives
Ec||£(Zr(C) | v,C) — mgllrv = Ecl|£(Xr(C) | C) — mg| v (9.5)

Here the reference coordinate order is (1,...,d). The map L U disappears only after averaging
C. It is determined once the first d directions have been revealed; we use it only in the terminal
comparison and do not adjoin it before those defining directions are available.

Proposition 9.4 (Averaged tuples with no initial deterministic sweep). Let d > 3, ¢ = TN/8, and
T =1024d. For a uniformly sampled ordered distinct input tuple C, independent of X,

VN

2
Ec||L(X7(C) | C) = myllry < qT (e—IGd (N + 1)6—]\//256)1/ _

= o(1). (9.6)
The corresponding hidden-card energy is O(N %), uniformly over its index.

Proof. For the hidden label at index j, let h = N — j 4+ 1 > N/8. Conditional on the full direction
and switch history but not on C, its available set is a uniform hA-subset. For its count in the fixed
half J;, choose each point independently with probability h/N and condition on selecting exactly h
points. That size has probability at least 1/(N 4 1): it is a mode of the binomial size distribution,
as comparison of consecutive probabilities shows. Before conditioning, the half-count has mean
h/2 and is a sum of N/2 independent bounded variables. Lemma 8.1 gives

Pr{min(|DJ N Jy|, | DI\ Ji|) < h/4} < 2(N +1)e /0N < gy By = 2(N +1)e N/256_(9.7)

For h = N the count is deterministic and the bound is automatic.
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The proper-subspace part of Lemma 4.1 gives conditional expected loss at least hA;/(8N) >
A/64 off this event. Hence, from time zero,

EA; 11 < (63/640)EA, 4 By /64,  EAp <e /6 4 gy = e 10 4 gy = O(N2),

Apply the terminal tuple lemma with A = v and then the per-schedule averaged equality (9.5).
This proves (9.6). O

Lemma 9.5 (Ordinary random-input marginals). Let d > 6, b = 64, ¢ = N(1 — 1/b), and
T = 2048d. The average, over uniform ordered lists of q distinct input labels, of their time-T
physical image-law distance from 7y is o(1).

Proof. Use the random initial basis process above. At a hidden index, the number h of available
positions is at least N/b. Conditional on the complete direction and switch history, and before
sampling the list, this set is a uniform h-subset. Thus (9.3) bounds its imbalance across the chosen
J; by 20"

On the balanced event the proper-subspace contraction gives loss at least A;/(8b). Using the
weaker additive term 297V/? in the unconditional recurrence yields

EA7 < (1 —1/(8b)T 4 209N/°.
The terminal tuple comparison and then (9.5) give
L(Z0(0) | v,C) = myllry = Ec£(Xr(C) | ©) = mllry
< %N3/Q ((1 —1/(8b))T + 2T19N/b)1/2 : (9.8)

EV,C

Here (1 —1/(8b))T < e=%4 so the right side tends to zero. Since T is a multiple of d, X7 = Y7 in
the rotating-frame coupling, which proves the physical statement. O

10 Symmetry accumulated between two visits to a coordinate

Intervening coordinate switches produce a symmetry that can be used at an earlier conditioning
time. Between two visits to a coordinate, they make the available set and its conditional mass
vector invariant in law under every translation of one coordinate half. This yields an energy-loss
bound conditional on the earlier visit: the two half counts are already fixed at that time, while the
intervening switches supply the symmetry.

Lemma 10.1 (Delayed half-space symmetry). Let V =TF%, N =29 and fiz a coordinate i. Let
1y -, Jd—1 list all coordinates other than i, in any order. Condition on a sigma field A which
specifies a nonempty set By C V of size h and a probability vector pg supported on By. Independently
of A, let S, be independent uniform matching switches in direction e, for 1 <r < d—1. Define
B, = S,.B,_1. On each matching edge, obtain p, by averaging the two masses when both endpoints
belong to B,._1, and by moving the mass with its unique available endpoint when exactly one
endpoint belongs to B,_1; it is zero on edges with no available endpoint. Put

ar(z) = pr(z) — h '1p (z), E, = Z ar(z)?, Hy={zeV:z;=b} (b=0,1).
zeV

For each z € V with z; =0, let T,x = x + x;z. Conditional on A, the terminal pair (Bg—1,a4—1)
has the same law as
(T.Bg_1, ag_10T; ). (10.1)
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The counts hy = |B, N Hy| are independent of r and are A-measurable. If a further independent
fair matching switch in direction e; produces the energy Eq by the same rule, then

min(hg, h)
——FK
N

The statement includes d = 1, when the intermediate schedule is empty.

E[E4—1—Ea| Al > [Eq-1 | A (10.2)

Proof. Fix z with z; = 0, and set
T
20 =0, zT:szsejs (1<r<d-1).
s=1

Thus z4_1 = z. Replace the rth switch by
S, =T, ST "

Zr—1"

We verify that the replaced switches have exactly the original joint law. For j # i, T\ye; = €j, so
conjugation by 7T}, maps the matching subgroup in direction e; onto itself. Also

T, T ' (z) =2+ 3z

Zrtzr—1

is a fixed member of that matching subgroup: it either swaps or fixes each pair, since x; is constant
on a coordinate-j, pair. Therefore S, +— S/ is a bijection of this subgroup. It depends only on r
and z, so the S/ remain independent and uniform conditional on A.

Run the available-set and mass recursion with these replaced switches, starting from the same
(Bo,po). We claim that at stage r its state is (1%, By, py o T; ). This holds initially because T%, is
the identity. Conjugation carries the matching edges at the previous stage bijectively to matching
edges. An edge with two available endpoints is averaged in either recursion, and a subsequent
fixed swap does not change its equal output masses. An edge with one available endpoint carries
its mass to the image of that endpoint under the replaced switch. The assertion is immediate on
edges with no available endpoint. These three cases prove the induction. Centering by the uniform
mass on the available set transforms in the same way. Since the two switch arrays have the same
conditional law, the terminal invariance follows.

Every intermediate switch preserves x;, proving the assertion about the counts. The squared-
energy decrease in the final coordinate-i layer is

1
L(Bya)=5 » (a(x)—a(y)?  (B,a)=(Ba1,a4-1).
{zy}CB
Tt+y=e;
Indeed, transport preserves squared norm and averaging two entries decreases it by half the square
of their difference. We may average this expression after applying an independent uniform 77,
by the conditional invariance already proved. Each pair x € BN Hy, y € BN Hy becomes a
coordinate-i pair for exactly one of the N/2 possible values of z. Consequently

LY (ale) - a(w)?

E.L(T:B,aoT; ") =
r€BNHy, ye BNH;

The entries of a sum to zero. With A =3 p~y, a(x), the last double sum equals
hl Z a(x)2 + h() Z a(y)2 + 2A2 > min(ho, hl)Ed—l-
BNHy BNHy

Taking conditional expectations proves (10.2). Empty halves give a zero lower bound and require
no separate division. When d = 1, the same calculation has only z = 0 and remains valid. O
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In a hidden-card application, By and py are the available set and its conditional mass vector at
the conditioning time. They are functions of the observed path prefix. Conditioning additionally
on all past switches fixes these two functions; it does not redefine pgy as a conditional law given every
card position. Future matching coins are still independent and fair, so the lemma applies to the
stated transport-and-averaging recursion. If the coordinate schedule is any periodic permutation
of the d coordinates, take A immediately after the previous visit to ¢ and apply the lemma to the
intervening d — 1 layers. Reversing the coordinate order is included in the same statement.

11 Fourier amplification of partial permutation laws

The marginal estimates now provide two routes to coset information. A bound for every fixed
input list applies to each prescribed partition whose complementary lists meet the stated length
condition. An averaged input bound first requires the choice of one partition. In either case the
Fourier argument uses one common modification of the permutation law whose relevant coset
masses are bounded. We first state that modification and the transfer estimates, then apply them
to the preceding marginal bounds.

11.1 From complementary marginals to one retained law

Let X be a finite label set, G = Sym(X), and let My, ..., M, be a partition of X into nonempty
parts. Write H; = Sym(M;) for the subgroup fixing X \ M; pointwise. Two label-to-position
permutations agree on X \ M, exactly when they lie in the same left coset gH;. Thus the
complementary image tuple identifies that coset, and its distance from a uniform injection is the
distance of the coset law from uniform on G/H;. Write ¢; for this distance and put 6 = >_; d;.

If a marginal estimate averages over omitted sets of size |X|/r, sample a uniform ordered
partition into r equal parts. Each part has the required uniform subset law, so the expected sum
of its complementary errors is r times the mean single-subset error. Some deterministic partition
has a sum no larger than this expectation. The ordering chosen on a complementary set does not
affect its error, because changing that ordering permutes the tuple coordinates. Thus an average
over uniform ordered input tuples is also the corresponding average over complementary sets.

For the representation estimates, write py for the symmetric-group irreducible indexed by A
and Dy = f* = dim py, for its degree. For u > 0, define

Cy = sgg)Z(fA)’“, Zu(s)= >, ()™
SZL Aks s
A¢{(s),(1°)}

The exclusions form a set, so the sole partition of 1 is removed once.

Proposition 11.1 (Degree and coset inputs). For every fized u > 0, C,, < 0o and Z,(s) — 0 as
5 — 0.

Let Hy, ..., H, be subgroups of a finite group G, and let p be a probability measure. Write pg
for its image on G/H. If

T
§ =Y llnm, — Ug/m,lltv,
=1

there is a measure 0 < f < u, of mass z > 1 — 0, with

flgH) < [G: H)™! (ge G, 1<i<r).
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It can be obtained by successive trimming of excess coset mass or by taking the pointwise minimum
of the separately trimmed measures. When z > 0, its normalization is within 1 — z of p in TV and
has coset cap z~! times uniform.

Alternatively, delete the union of all cosets whose original p-mass exceeds twice uniform. The
deleted mass is n < 2. If 6 < 1/2, the normalized retained law is exactly n away from p in TV
and has coset cap 2/(1 —n) times uniform.

Proof. The degree assertions follow from [22, Theorem 6.3]. The same companion gives separate
proofs at powers 1,2, 10 in Lemmas 6.4, A.2, and A.5; these also justify the fixed-power sums used
below. The two modifications, including their common-measure and mass claims, follow from [22,
Lemma 2.3]. The normalization assertion for f follows from Lemma 11.3 below; dividing the exact
cap by z gives the normalized cap. O

11.2 Fourier bounds for disjoint supports

For a nonnegative mass function f on G, use

=Y flg)r(y)

geG

The Hilbert-Schmidt norm is unnormalized: ||A||%g = tr(A*A). The next proposition extends the
companion’s partition estimates to disjoint supports that may leave labels unused. The common
restriction decomposition has two uses: assigning each product type to one small factor controls
the orbit of a vector, while overlapping central projections control the whole Fourier matrix.

Proposition 11.2 (Fourier bounds from disjoint coset systems). Let X have N elements and
G = Sym(X). Let My,..., M, be disjoint nonempty subsets of X, where r > 1, and put H; =
Sym(M;), fizing the complement pointwise. Their union need not be X. Suppose f > 0 has mass
z <1 and

flgH) < K[G:H]™"  (9€G, 1<i<r)

for some K > 0. For an irreducible unitary representation p of degree D, set
Si(D) = Z (dim 7-)2.

TGﬁi
dimr7<DY/7

For every u > 0, the separate orbit and isotypic estimates are

A

1/2
=~ zK _ u .
1y < (55 T540)) < VRGO Dozt (1)
£ 2K —1+(u T
170 < 5 D2 5i(D) < 2KrC, D HIT, (11.2)

In particular, when r > 4, the inverse-square orbit estimate gives

Hf Mop < VrKCy D™ (1=4/r)/ (11.3)

A separate coefficient-projection argument gives

1F () lIfis < Z 2 (dim7)? < K*rCyoD ™27, (11.4)

TEH
dimr<D/7
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Finally, for p = px with A\F N, put
ka=N—max(A,X}),  M(k)=)_p(j),

where p(j) is the partition number and p(0) = 1. The branching refinement is
1F(p)lfis < 2K M (ky) D2/, (11.5)

All these statements allow unequal support sizes and unrestricted restriction multiplicities. In
particular they include the probability-law cases z = 1.

~

Proof of Proposition 11.2. Write A = f(p) and abbreviate S;(D) to S;. If z =0, then f =0 and
every assertion is immediate. Assume z > 0.

The common small-type cover. Disjoint supports embed H; X --- x H, in G: the factors
commute, and a product that is identity restricts to the identity on every M;. Complete reducibility
and the direct-product description of irreducibles [8, Theorems 3.12 and 4.25 and Proposition 3.14]
give

Vol s, =DV @0 V5) © Ar.

T

The sum is over distinct occurring product types, with their full multiplicity spaces. Each has
[[; dim7; < D, so some factor has degree at most D'/". Unused labels can change the occurring
types and their multiplicities, but do not change this product bound.

Let P; ; be the orthogonal projection onto all copies of the H;-type 7, and put

P= > P. Q=PR][[U-p.
Teﬁi J<i
dim r<D/r

On each product-type summand, P; is identity or zero according as the ith factor is small or large.
Hence the P; commute, and at least one is identity on each summand. Therefore

1<) P, YQi=1I, QiQj=0 (i#j). (11.6)
=1 =1

The @Q; assign a whole product type to its first small factor; the P; may overlap. Both families
retain every multiplicity. For every u > 0, the definition of C, gives
S, < D(u+2)/r Z (dil’nT)iu < CUD(UJFQ)/T.

TEI/‘L‘

The orbit estimate. For v € V), write v; = Q;v and W; = span{p(h)v; : h € H;}. The
single-vector orbit lemma [22, Lemma 3.1] gives dim W; < S;. Indeed, in all copies of a type 7, the
orbit of its component is contained in the image of

End(V;) — V: ® A;, T+— (T®I)v-,

whose dimension is at most (dim 7)?, independently of the multiplicity.
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Let II; project onto Wj. Since W; is H;-invariant, the projection onto p(g)W; depends only on
gH;. The coset cap and Schur averaging yield

dim W;
D

> F@ILgwwl® < K o[-
g

Here the uniform average of p(g)Il;p(g)* is (dim W;/D)I, by its trace and irreducibility. Weighted
Cauchy—Schwarz retains the mass z:

2K S;
THszHwHQ-

[(w, Avi) |* < zllwil* Y F(9) T pqywwll* <
g

The v; are orthogonal. Summing and applying Cauchy—Schwarz over i gives

1/2
[(w, Av)| < ( ZS> [[wllfv]l-

This proves (11.1). Its specialization v = 2, with z < 1, is (11.3); the condition r > 4 makes that
dimension exponent negative.

The isotypic estimate. For a subgroup H < GG and an irreducible H-type 7 of degree a, define

a

EXT(}Z) (he H), egr =0 off H

e r(h) =

Its transform is the projection P,z onto all copies of 7 in o|pg. Thus fje;T(a) = f(a)Pm Hr
a bound on the left cosets gH controls a projection on the right of the Fourier matrix. The
companion’s cosetwise isotypic lemma [22, Lemma 3.4] applies to every subgroup H. If f(gH) <
K[G : H|7L, it gives

Z Do f(0)Poti-|lfis = |G ZI (f *emr)(9)]* < Kza®. (11.7)

ocG

This is the central-projection step; it retains the whole projected Fourier matrix and the mass
factor.

Trace the first inequality of (11.6) against A*A, and apply (11.7) to each selected H;-type
after discarding the other ambient irreducibles. Then

D|Alfs <DY. > tr(A"AP;)=DY. Y ||AP,lis < Kz S
i dimr<Dl/r ¢ dimr<Dl/r (

The trace inequality uses positivity of A(>", P, — I)A*; it does not require A*A to commute with
the projections. This proves (11.2) using the overlapping P;, rather than the orbit assignment Q);.

The coefficient alternative. The independent coefficient calculation in [22, Lemma 4.3] bounds
each coset separately. Its norm and orientation give the selected-type refinement in (11.4). For
one subgroup H < G, put F = |G|f, so Epp, F(xzh) = [G : H]f(zH) < K. For an H-type T of
degree a, choose one representative x of each coset and set

T, = Epuvy, F(xh)7(h), q(zh) = a Z 2)em(h) e
7 =1
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The function g on this coset is the orthogonal projection of F' onto the conjugate coefficient space
of 7. Schur orthogonality and the nonnegative weights F'(zh) give
2
Epuyla(zh)]? = al| T |lfis < a®|| T3, < a®(Bpevy, Fzh))” < Ka®, (11.8)
Expanding T, and using, for h,k € H, x,(k=1h) = x,(kh™!) shows that these coset projections
form the single function ¢ = |G|(f * ex,~). Thus their tested Fourier matrix is f(o)P, m,r, with

the same right-hand orientation as above. Averaging the preceding norm bound over cosets and
applying complex finite-group Plancherel gives

> Dollf(0) Porrlifis = Egnuglalo)® < K2a®. (11.9)
oed

The calculation counts a type once, regardless of its multiplicity, and assumes no pointwise bound
inside the coset. The same positive trace comparison now gives ||A||#q < K?D~1Y; S;. Using
S; < C1oD?/ proves (11.4), including its original sum over the types of the unmodified subgroups
H;.

The branching refinement. Each H; is conjugate to the standard subgroup Sz of Sn.
Young branching [11, Theorem 9.2] shows that every occurring type 7 F |M;| is a subdiagram of J;
different corner-removal sequences can give arbitrary multiplicity. If A\; > A}, the diagram 7 has
at most k) boxes below its first row. Its lower diagram, together with its fixed size, determines
the first row, so at most M (k) distinct types can occur. If ] > A1, transpose both diagrams
for this count. Transposition preserves degrees and does not replace f or its Fourier matrix by a
sign-twisted law.

Nonoccurring isotypic projections are zero. In the positive trace comparison, apply (11.7) only
to the occurring selected types and use (dim7)? < D?/". There are at most M (k) of them for
each support, giving (11.5). The same argument includes k) = 0, where the representation is
trivial or sign, D = 1, and M (0) = 1. It also includes all unequal nonempty supports and every
restriction multiplicity. O

The isotypic estimate has the same dimension exponent as the squared orbit estimate, but
bounds the whole Hilbert—Schmidt norm. The coefficient estimate records a different proof of a
bound with cap factor K2. The branching estimate counts only types that can occur in a fixed
ambient diagram. These methods use only coset masses; none requires a pointwise bound on the
conditional distribution inside a coset.

11.3 Normalization and independent time blocks

We record the mass normalization once for all the applications. The Fourier and sign conventions
are those of the completed local proof.

Lemma 11.3 (Fourier normalization for retained mass). For a complex mass function a on a
finite group G,
> Doliap)lls = 1G1Y_ lalg)*. (11.10)
P g
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If £ > 0 has mass m < 1, its transform is not divided by m, and

Z D H§ )ifiss (11.11)
pFtriv
2
(Zlé(g)—UG(9)|> 2+ > Dolié)llfs: (11.12)
g pFAtriv

If € < u for a probability measure , then 3, |u(g) —&(g)| =1—m. Whenm >0, ||{/m — p|Tv <
1-m

Proof. The regular-character expansion in Lemma 7.1, with coefficients a(g)a(h), proves (11.10).
Apply it to £ — mUg and & — Ug. Their trivial coefficients are respectively 0 and m — 1, and their
nontrivial coefficients are those of £. Cauchy—Schwarz gives (11.12). If £ < u, the nonnegative
difference has mass 1 —m. Also -/ |§(g)/m —&(g)| = 1 —m; the triangle inequality and the factor
1/2 in TV prove the normalization claim. O

For a subprobability f of mass z and a positive integer ¢, the same identity and the convolution
rule give N
GID 1) =GP =G =12+ Y Dol f(p) s (11.13)
g

pFtriv

One half of the square root bounds one half of the ¢! distance from f* to Ug; for a probability
this is TV. The matrix bounds used below are

1A s < VD | Allgp, 1A lus < | Allfrs-

They require no normality assumption.
For every positive-time physical block law p, Lemma 7.2 gives fi(sgn) = 0. If a probability v is
within n of g in TV, then
|U(sgn)| < 27. (11.14)

If instead 0 < f < u has mass z, then |f(sgn)| < 1 — z. Positivity also gives f* < p*f, with
missing mass 1 — z¢. For nearby probabilities, replacing the ¢ factors one at a time costs at most
Iy in TV.

Every block length below is a multiple of d. Thus RT = I in (3.1), and the coordinate block
L(X7) is exactly the physical law da Independent time blocks combine by convolution.

Corollary 11.4 (Two time blocks from the isotypic transfer). For the Thorp shuffle on N = 2¢

cards,

*(512d)

llag - Uglltv —0  (d — o0).

The convergence is uniform over deterministic initial orderings.

Proof. Let T = 256d and p = da For d > 3, partition the labels into eight sets M; of size N/8.
The fixed-list estimate (8.5) bounds each complementary image-tuple error by

N3/2

oy = ((31/32)2 + 64€—N/64)1/2 = o(1).

Exact trimming by Proposition 11.1 gives 0 < f < p with mass z, where 1 — z < 8y = o(1), and
cap one on all eight coset systems.
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For this covering partition, the companion isotypic estimate [22, Proposition 3.5], with inverse-
degree parameter 1, gives || f(p)||4g < 82C1D~%® < 8C, D~>/%. Consequently

>o Dallf(pa)llfis < (8C1)*Z1a(N) = o(1),
AFN
AZ{(N),(1V)}
since 1 —2(5/8) = —1/4 and [22, Theorem 6.3] gives the inverse-quarter limit. The sign coefficient
of f is at most 1 — z in magnitude, and the trivial coefficient of f*? is 2. Lemma 11.3 therefore
gives

(Z 11(9) — UG(Q)!) < (1=2°)2+ (1= 2)" + (8C1)*Z1/4(N) = o(1).

Adding back the missing mass 1 — 2% = o(1) proves ||u*2 — Ug||Tv = o(1). The two physical blocks
take 27" = 512d shuffles, and (2.2) gives uniformity over starts. O

The orbit, coefficient, and branching estimates give the following separate applications, with
different modifications of the law.

Theorem 11.5 (Eight time blocks from the orbit estimate). For the physical shuffle on N = 2¢

labeled cards,

The fized-list estimate at 257d also gives a proof using eight time blocks at 2056d with a retained
subprobability. The random omitted set estimate gives another proof at 2056d using normalized
deletion. All three conclusions hold for every deterministic starting deck.

—Uglltv = o(1). (11.15)

Proof. For T = 256d, let u = qZT and use eight equal label parts. The error d in the preceding
proof bounds each complementary marginal. Deleting heavy cosets loses n < 165y = o(1) and
produces a probability v with cap K < 4 for large d. Equation (11.3) with r = 8 gives

17(p)|lop < CD™Y4, € =/32C5.

For eight factors the nonsign, nontrivial Plancherel contribution is at most

c'o 3" DI = 012, (N) = o(1).
AN
AE{(N), (1))

The sign contribution is at most (21)®, and the trivial coefficient is one. Thus v*® tends to uniform
in TV. Restoring the true factors costs at most 87 = o(1), and 87 = 2048d physical shuffles.

For the fixed-list subprobability route take T' = 257d. Equation (8.6) makes the summed
error on any partition into eight equal parts o(1). Exact trimming gives f < u = q;T of mass
2 =1-0(1) and cap one. The orbit bound is || f(p)|lop < v8C2D~Y/4. In (11.13), the trivial term
is (2% — 1)2, the sign term is at most (1 — 2)!®, and the remaining sum is at most (8C3)®Zo(N).
These terms and the restored mass 1 — 2% all vanish. The eight time blocks take 2056d physical
shuffles.

For the random omitted set route, Proposition 9.1 and the partition averaging above give a
partition into eight equal parts with summed error o(1) at 1" = 257d. Heavy-coset deletion loses
n = o(1) and gives cap K = 2/(1 —n). The orbit bound is \/16C5/(1 — n)D~'/%. The eight-factor
nonsign sum is at most [16Cy/(1 —7)]8Z2(N) = o(1), the sign term is at most (21)'%, and restoring
the true factors costs 87 = o(1). Again 8T = 2056d. Equation (2.2) handles every start. O
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Proposition 11.6 (Sixteen time blocks from averaged input lists). Let d > 6, b = 64, q =
N(1—1/b), T = 2048d, and pr = q;T. The average over uniform ordered lists of q distinct
input labels of the total-variation distance of their outputs from a uniform injection is o(1).
There is a subprobability f < ur of mass 1 — o(1) and a partition into 64 equal parts for which
every complementary marginal of f is bounded above by the corresponding uniform marginal.

Consequently,

32768d
g — Uglrv = o(1).

The full-deck conclusion holds for every deterministic starting deck.

Proof. The ordinary marginal assertion is Lemma 9.5, specifically (9.8). The partition averaging
above selects 64 equal parts whose complementary errors sum to o(1). Exact trimming by
Proposition 11.1 gives 0 < f < pp, of mass z = 1 — o(1), with cap one for all 64 coset systems.
This is the stated domination of the complementary marginals.

Use the direct inverse-tenth input cited in Proposition 11.1 and the orbit estimate (11.1) with
r=064, u =10, and z < 1. It gives

1 12 13
< \V64CD 1332 = 0

At sixteen factors the nonsign, nontrivial Plancherel sum is at most

(64C10)'° S DFEI) < (64C10) 10 Z10(N) = o(1),
AN
AE{(N),(1N)}

because the displayed exponent is —11. The sign contribution is at most (1 — 2)32, and the trivial

term is (26 — 1)2. Equation (11.13) and restoration of the missing mass 1 — z'6 = o(1) prove
convergence for u*16 The block length T" = 2048d is a multiple of d, so these are 167 = 32768d
physical shuffles. Equation (2.2) gives the assertion from every deterministic start. O

Theorem 11.7 (Thirty-two time blocks from coefficient projection). The fized-list marginal bound
at T = 2049d has a separate Hilbert—Schmidt amplification proving

I, #(65568d) — Ugllry = o(1).
Proof. Use 32 equal label parts. Equation (8.7) makes all complementary errors o(1). Exact
trimming gives f < u = ¢ of mass z =1 — o(1). Its normalization v = f/z is within 1 — z of
w in TV and has cap at most two for large d. The coefficient estimate (11.4), with » = 32 and
K =2, gives

1P(p)llfs < C'D™%, €' =128C.

For 32 factors the nonsign, nontrivial Plancherel sum is at most
(C')32 Z D;19 < (CI)SZZH)(N) — 0(1)

A-N
AZ{(N),(1N)}

The sign term is at most [2(1 — 2)]%, and the trivial coefficient is one. Restoring the true factors
costs 32(1 — z) = o(1). The physical time is 327 = 32(2049d) = 65568d; translation invariance
gives the same conclusion from every deterministic start. O
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For the last application we use the companion’s eventual type-count bound. For every fixed
integer r > 1, uniformly over A - N with k) > 1, all sufficiently large IV satisfy

4rM(ky) < DY/, (11.16)

This is [22, Lemma 6.5].

Theorem 11.8 (Four time blocks from the branching estimate). The averaged-input estimate of
Proposition 9.4 has an amplification proving

#(4096d)

g5 % — Ug||rv = o(1).

Proof. At T = 1024d, choose eight equal label parts whose summed complementary error is o(1).
Heavy-coset deletion produces a probability v within 7 = o(1) of pu = q;;T, with cap at most four.
For every A ¢ {(N), (1)}, the branching estimate and (11.16), with r = 8, give

[7(p3)IBis < 4rM(ky)Dy /" < DIV2.
Four factors therefore leave the inverse-first Plancherel sum:

At = Uclity < @n)* + Y Dy' = (20)° + Z1(N) = o(1).
A-N
ka>1
The displayed sign term uses (11.14); the trivial coefficient is one. Restoring the four true factors
costs 4n = o(1). Their physical time is 47 = 4096d, and (2.2) gives the same conclusion from
every start. [

Corollary 11.9 (Mixing order and lower estimates). For all sufficiently large d,
d < tmix(d) < 512d.

Thus the mizing time has order ©(d) in physical shuffles. The one-card support bound also gives
tmix(d) > d for every d > 1.

Proof. Lemma 2.1 gives distance at least 1 — (e¢/v/N)N > 1/4 for every integer t < d when d is
large. Lemma 2.2 gives the stated one-card bound for every d. The upper bound follows from
Corollary 11.4; (2.5) gives the sharper lower asymptotic 2d — O(1). O

12 History events and conditional estimates

The preceding sections obtained marginal estimates both for every fixed input list and after
averaging the list. We now retain information about trajectory histories before passing to endpoint
laws. For a fixed partition and fixed orders on its complements, one event gives pointwise coset
caps after its energy constraints are removed in descending order. A stopped estimate for a fixed
list charges imbalance only once across the list. A third construction gives an entropy comparison
for every probability law supported on one common event of cyclic histories.

The frame comparison, the balance estimate, and the retained conclusion play separate roles
in these arguments. In particular, the deferred shear frame used in the final application preserves
the distance for each fixed input list; that application averages the labels to obtain simultaneous
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balance across affine half-spaces. We give the three history constructions and their full-deck
consequences first, then return to that averaged application.

Throughout this section n =24, V = ]Fg, and G = Sym(V'). Permutations send input positions
to output positions and multiply by composition. Write Ug for uniform measure. For v # 0, retain
the matching subgroup C,: it consists of the permutations preserving every pair {x,z + v} setwise.
A uniform element of C, is a layer of independent fair switches. Removing the accumulated
coordinate rotation from the physical shuffle gives the cyclic directions wt = €14 ((1-1) mod a)- I
particular a block of length divisible by d has exactly the same endpoint permutation in these
coordinates as in physical coordinates.

Remark 12.1. Every upper bound in this section is paired with the support estimate of Lemma 2.1:
there are at most 2"/2 outcomes after ¢ physical shuffles, so distance from uniform is at least
1 — 2tn/2 /nl. For integer ¢ < d this tends uniformly to one. Consequently each upper bound below
has order d, and the mixing time at threshold 1/4 is at least d for sufficiently large d.

12.1 Preserving the matching of labels

Lemma 12.2 (Matching and input-list invariance). Fiz an integer T > d and directions vy, . ..,vp
such that every consecutive d form a basis. There are invertible linear maps Lo, ..., Ly with
Loe; = v; for 1 < i <d such that, if g+ is the cyclic-layer process, then LtgtLal is the independent
switch process with directions vy. This assertion is an equality in law conditional on the entire
fized sequence. If Lo = I, the matching on trajectory labels before each switch is unchanged. For
general Lo, the same statement holds after relabeling the initial labels by Lg. Consequently the
average, over uniform ordered input lists of any fized length, of the endpoint distance to a uniform
injection is unchanged.

Proof. Lemma 3.1 gives exactly the asserted path-law identity, with Lge; = v;. Its construction
applies to every fixed schedule with consecutive basis windows and permits an arbitrary initial
basis. It remains to check what happens to trajectory labels.

If labels a, b are paired in the cyclic process just before layer ¢, then g;—1(b) = gi—1(a) + wy.
The column identity in that frame construction is L;_jw; = v;. Hence their transformed positions,
with initial labels changed by Lg, differ by v; and are paired in the transformed process. The
implication reverses because L;_1 is invertible. When Ly = I, the labels themselves do not change.
For general Ly, its bijection preserves the uniform law of the input list. The terminal bijection Ly
preserves uniform injections and total variation. This proves both assertions. ]

The maps L; may depend on future directions. We use them only after fixing the complete
schedule. In the probabilistic calculations below, the conditional switch law given that schedule is
the product of the uniform matching laws. We reveal directions chronologically and average them
only in the prefix fields specified below.

Lemma 12.3 (Conditional mass on unobserved positions). Fiz an integer T' > 1 and nonzero
directions v1,...,vr. Let Zo =1 and Zy = £ 71, where the & are independent uniform switches
in directions vy. Fixz complete feasible trajectories of some observed labels. If m > 1 labels remain
unobserved, let Fy be the positions not occupied by the observed labels at time t. For a specified
unobserved label, let p; be its conditional position law given those complete observed trajectories.

The vector p; evolves from its initial point mass by averaging on pairs with two positions in
F,_1 and deterministic transport on pairs with one such position. It depends only on the directions
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and observed paths through time t. The uniform vector 1/m is transported to the uniform vector
on Fy. Thus, with By =Y cp, (pe(z) — 1/m)?, one has 0 < E; <1 and

By — B = > (pe1(x) — pe-1(y))*. (12.1)

x)

1
2 {z,y} CFi—1 paired att
Proof. The online averaging and transport rules are those of Lemma 4.1; here we must also justify
conditioning on complete observed paths. A feasible specification of those paths prescribes precisely
the coins on the visited time-edge pairs. Necessity is immediate. Conversely, those prescribed
coins force the paths, by induction over the layers. The path event is therefore a cylinder in the
independent coin array. All other coins remain independent and fair, including unvisited coins at
earlier times.

On an edge used by an observed label the coin is fixed; on an edge with two unobserved
positions it remains fair. Future path constraints use later time-edge pairs and do not alter this
earlier recursion. Thus the conditional vector equals the same forward averaging and transport
flow obtained from the observed prefix. Applying the exact decrement in Lemma 4.1, with its
available set equal to F;_1, proves the displayed identity and transports the uniform comparison
vector as stated. O

The next consequence records the two conditioning fields used below. The complete field is
convenient for endpoint comparisons; the smaller field is the one in which the next direction is
averaged.

Corollary 12.4 (Complete and chronological conditioning). Fiz integers T'> 1 and 1 < g < n.

Let v = (v1,...,vr) be a random schedule of nonzero directions. Set Zy = I, and suppose that,
conditional on v, the increments of Z are independent uniform switches in directions vy,...,vp.
Let C = (c1,...,¢q) be a deterministic list of distinct labels, or a random such list independent of

the joint process (v, (Z;)L). For 1 <j <gq, put

.FtCJ = O'(C7v17"‘7vt7 ZS(Ci) : 0 S S S t’ i <'7)’ (122)
HOI = o(C,v, Za(er) :0< s < T, i < j). (12.3)

For 0 <t <T, define py(x) = Pr{Z(cj) = x| ]-"tc’j}. Then, for every x € V,

Pr{Zi(c;) =z | HOI} = pi(x) almost surely. (12.4)
Fort <T, let K;(v) = Pr{vit1 =v|v1,...,u}. Then

Pr{Zi(cj) =z, vip1 =v | F{7} = py(2) Ky (v). (12.5)

Proof. First fix the list, the complete schedule, and feasible complete trajectories of the preceding
labels. Lemma 12.3 identifies the conditional mass on the left of (12.4) with the forward mass
computed from the list, the direction prefix, and the observed path prefix through ¢. It is therefore
already .7-",50 J_measurable. The tower property, using ]:tc 7 C 1O proves (12.4).

Conditional on the complete schedule, the observed path prefix depends only on the direction
prefix, by the product-switch hypothesis. Since the list is independent, its observation and that of
the preceding paths do not change the next-direction law K;. Also, the field generated by }"tc 7
and vy 1 is contained in HJ. Taking the tower of (12.4) to this intermediate field shows that the
hidden mass remains p; after v;41 is revealed. Combining these two statements proves (12.5). [
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In the shear construction the auxiliary data A determine v but may contain additional entries.
Suppose, as in Lemma 8.4, that the conditional law of the full virtual trajectory given A depends on
A only through v, and that a sampled list is independent of (A, (Z;)]_,). Conditional independence,
followed by conditioning on the observed paths, gives

Pr{Zile)) = x| KOV o(A)} = pil(a). (12.6)

The averaging in (12.5) is performed in .7-}0 7 before this terminal disclosure. Once A is revealed at
time 7', the direction averaging is finished. The separate conditional frame identity then identifies
the mapped endpoint law with the original coordinate chain.

Lemma 12.5 (Fresh-direction contraction). Suppose, given the generated past, the next direction is
uniform outside a hyperplane J C V. Split the m unobserved positions into the two cosets, denoting
the resulting sets by Fy, F1 and their sizes by mg, m1. For any centered real mass vector z known
from that past, the expected squared-norm loss obtained by averaging on the paired unobserved
positions is

1 .
LS (gt M0 g

n n
CEEFo, yEFl T

If the next direction is uniform outside a smaller subspace contained in J, the same lower bound
holds with 1/(2n) in place of 1/n.

Proof. Apply the energy calculation in Lemma 4.1 to the available set Fy U F; and the centered
vector z. That proof uses only > 2, = 0, not positivity of a probability vector. In its notation,
take DY = Fy and D! = Fy; the exact cross-pair loss is the displayed sum divided by n. When
the forbidden subspace is smaller than J, every cross-coset difference remains allowed and has
probability at least 1/n, instead of 2/n. Its averaging loss is still half the squared difference, giving
the denominator 2n. O

12.2 The Fourier input for the applications

The remainder uses the general results of the companion From partial permutation information
to Fourier bounds [22]. We record the normalizations that enter the numerical applications. For
every fixed p > 0, Theorem 6.3 gives

Cp=sup Y (f})7? < o0, oo —o.
521 \rs AFs
A¢{(s),(1°)}

Here f* is the degree of the irreducible representation of S, indexed by \. For a subprobability v
on Sy, use ¥(p) = >-,v(g)p(g), without dividing by its mass. Let r > 1, let M,..., M, be disjoint
nonempty subsets of the labels, and let K; = Sym(M;) fix the complement pointwise; the subsets
need not cover all labels. If v(gK;) < K/[S, : K;], the disjoint-support orbit argument in (11.1),
which extends [22, Proposition 3.2], gives

15(p)||op < \/rKC, D™Y2+P+D/Cr) D — dim p. (12.7)

Its one-vector orbit estimate is independent of representation multiplicities. It applies to unequal
blocks as well, although our applications use equal ones.

We use the amplification consequence in Proposition 2.5: if 0 < v < pu, v(S,) — 1, u has zero
sign mean, and ||7(p)|lop < BD7P for D > 1, where B, 8 > 0 are fixed, then every fixed k with
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2 —2kB < 0 gives ||u** — Ug||tv — 0. It also applies when v is a probability at distance o(1) from
w1 and has sign mean o(1). All norms use unnormalized Hilbert—Schmidt trace. We verify the sign,
mass, and physical block length at each application.

12.3 A retained event for one partition

Proposition 8.3 already gives a total-variation bound for every fixed large input list. Here we
first choose a block partition and an order on each complement. We retain one event on which
the conditional energies for these particular orders are simultaneously small. Removing their
constraints in descending order will give pointwise caps for every output of each complement: a
factor of two for the retained subprobability, or four after normalization.

Fix a horizon T' > d. The initial directions are fixed to eq,...,eq, and thereafter v; is uniform
outside J; = span(vi_g41,...,0—1). Write v.= (v1,...,v7), and let Zy = I and Z; = &7
be the cumulative variable-direction permutation, where, conditional on the directions, the &
are independent uniforms in C,,. With the frame starting at Ly = I, the cyclic endpoint has
law L;IZT. The preceding transverse-layer estimate supplies the energy bound needed for this
simultaneous event.

Lemma 12.6 (Balance supplied by an earlier crossing). Fix integers T > d and r > 1. For any
fized observed labels and any d <t < T, if m positions remain unobserved, then

Pr{min(|Fi_1 N J|,|Fi_1 \ Ji|) < m/4} < 2¢~™/5,

For the hidden-card energy of Lemma 12.3, interpreted in this random process by Corollary 12.4,
if m>n/r and o = 1/(4r), then

EEr < (1 —a)'= 4 2¢7/(0), (12.8)

Proof. The transverse-layer proof of Lemma 8.2 is uniform over the entire fixed direction schedule.
It therefore applies here even though the first basis is prescribed. Explicitly, fix all directions
and the observed-label configuration just before layer ¢ — d. The direction at that layer crosses
the cosets of J;, because vy_g,...,v;—1 form a basis. The following d — 1 directions lie in J; and
preserve the two coset counts. If a crossing pairs contain two unobserved positions, one count
after the crossing is a + Binomial(m — 2a,1/2). The conditional fair-coin law is unchanged by
fixing the directions. The binomial tail from that lemma is at most 2e~™/%; if m = 2a the count is
deterministic. Removing this conditioning proves the stated unconditional bound.

Equation (12.4) makes the energy vector measurable in the chronological field, and (12.5)
permits averaging the next direction there. Lemma 12.5 then contracts energy by at least
a = 1/(4r) whenever the two counts are at least m/4. We use the balance estimate only after
taking expectations. Since 0 < F <1,

EE, <(1—-a)EE, 1 + 20~/ (87),

Iterate from E; < 1 and sum the geometric series. This proves (12.8) without asserting concentra-
tion conditional on the subsequently observed paths. ]

Lemma 12.7 (Removing exceptional histories in descending order). Let T' > d be an integer, and
let r > 2 divide n. Partition V into equal input blocks My, ..., M, and, for each i, fix an order
Cil,---,Cig On its complement, where ¢ =mn —n/r. Write P for the partition together with these
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orders, and let K; = Sym(M;) fix the complement pointwise. Use the variable-direction process
just defined, whose first frame is Lo = 1. For 1 < j <gq, let

,Hid‘ = O'(V, Zs(ci,h) : 0 S S S T, h < j), Fi,j = V \ {ZT(Ci,h) : h < j},

and define

2
pij(@) =Pr{Zr(cij) == | Hig},  Eig= ) (Pz',j(l“) - n_l) :

:EEFZ‘,]' ‘] + 1

Suppose EE; ; < e, uniformly. Put Qp = ﬂZ]{E” < n~%Y, and let u be the original cyclic endpoint
law at time T. Then Pr(G%) < rqn®e,. The measure

v(g) = Pr{Gp, L3'Zp = g}

satisfies 0 < v < p and, for large n, v(gK;) < 2Uq(gK;) for every g € G and 1 < i < r. If
a=Pr(Gp) =1—o0(1), its normalized law v = v/a satisfies v(gK;) < 4Uq(gK;) and ||[v — pl|rv <
1—a=o(1).

Proof. Markov’s inequality and a union bound give the lost mass. For each complete direction
schedule the law of L;lZT is u, so restricting to Gp gives 0 < v < p. For an order, its j-th
energy event is measurable from all directions and the preceding paths. On it, every endpoint has
conditional probability at most

71 +n73<71+?1_2 .

n—j+1 “n—j7+1
To bound a specified list of distinct outputs intersected with Gp, first discard requirements
belonging to other orders. Condition on all directions and the first ¢ — 1 paths, bound the final
target on its own energy event, and then discard that event. Continue downwards through the list.
Each remaining target event and energy constraint is measurable in the conditioning data at its

turn. The target in variable coordinates is known because L7 is determined by all directions. We
obtain

? - —q)!
Pr(Gp, specified outputs) < II +_1 __2(”' |Q)ﬂ
—J n!

These output specifications are precisely the left cosets gK;. Normalization costs 1/a, at most two
eventually. The total-variation bound for v follows from Lemma 11.3. O

Proposition 12.8 (Two applications of the retained event). The physical shuffle has total-variation
distance o(1) from uniform by time 4096d. The choices r = 32, T = 2561d give the separate
subprobability construction of Lemma 12.7, and sizteen such blocks give distance o(1) at time
40976d.

Proof. Take d > 5, which suffices for all block sizes in this proposition. For the first assertion take
r =8 and T = 512d. Equation (12.8) is at most n~'2 for large d, since (31/32)°11? < ¢=511d/32,
The exceptional mass is at most 8nn%n7'2 = o(1). Use the normalized law © in Lemma 12.7 and
the direct inverse-square estimate of Lemma A.2. Proposition 3.2, with p = 2, gives ||[7(p)||op <
V3205, D~ /4. Eight convolutions have Plancherel exponent 2 — 16 /4 = —2. The original block has
unbiased sign because one independent switch already has fair parity; the normalized modification
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has sign mean o(1). Proposition 2.5 applies. Since 7' = 512d is a whole number of coordinate
sweeps, eight physical blocks give 81T = 4096d.

For the second construction take r = 32 and 7" = (1 + 80r)d. The first term in (12.8) is at
most e 2% < =20 50 the exceptional mass is at most 32n7(n=20 4 2e="/256) = o(1). Keep the
unnormalized subprobability, whose coset factor is K = 2. The paragraph “Central-binomial
powers eight and twenty” following Lemma A.5 in Subsection A.3 of [22] gives

Cs :supZ:(f)‘)*8 < 00, Z (fH8—0 (s — 00).
521 \ps AEs
AE{(s),(1°)}
Applying Proposition 3.2 of the same companion with p =8, K = 2, and r = 32 gives exponent
—1/2+10/64 = —11/32 and prefactor /64Cs. Sixteen convolutions leave exponent 2—32(11/32) =
—9. The retained measure is dominated by the physical block law, whose sign mean is zero.
Proposition 2.5, including its trivial and sign terms, therefore applies. Here T' = 2561d is again a
whole number of sweeps, so 167 = 40976d physical shuffles suffice. O

The ordinary averaged-list route is given in Proposition 11.6. It uses a random initial basis
and sampled labels, and retains the b = 64, T' = 2048d marginal estimate and its 32768d full-deck
application. The next construction returns to a fixed input list and keeps a nested event through
the sequential comparison.

12.4 A stopped estimate that pays for imbalance once

The earlier crossing-layer estimate gave exponential concentration. The conditional-tuple viewpoint
is related to the analysis of the swap-or-not shuffle in [9, Section 3]; the schedule comparison and
estimates here are proved for the present shuffle. There is another way to balance every fixed list:
randomize the later hyperplane while holding an earlier configuration fixed. Although this only
gives an inverse-linear tail, nesting the balance events lets us pay this error once for the whole list.

Proposition 12.9 (Stopped partial-observation estimate). Let d > 4. Put b = 16, m = n/b,
g=n—m, and T = (24 20b)d = 322d. For every fized ordered list of q distinct input positions,
its image under the physical shuffle at time T has distance at most

AT
=—+

5 %n?’/?(l 1) (b)) T2HD/2 — () (12.9)

from a uniform injection, uniformly over the chosen list.

Proof. Start with the standard basis and generate directions by independent fair coefficients

Vp = V¢_q + Z Cs,tUs (t > d)
t—d<s<t

Write ¢ = (¢ :d <t < T, t—d < s <t) for the complete coefficient array. Conditional on this
array, let Zg = I and Z; = (;Z;_1, where the (; are independent uniform switches in directions ;.
This is the same conditional uniform-complement schedule as before. For each fixed ¢, the frame
comparison starts at Ly = I. Thus the distance for the fixed endpoint list is unchanged by the
output relabeling, and equals the average over c of the conditional auxiliary distance.

For later use, let

Ap=o(csp:d<u<h u—d<s<u (:1<u<h). (12.10)
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This field fixes the directions and the complete switch history through layer h. The conditional
law of these switches uses only the directions through h, hence only coefficients with target time
at most h. Coefficients with later target times therefore remain independent fair bits given Ay.

Fix the input list a1, ..., aq, write Y;(j) = Zi(a;), and let F;; = V \ {Yi(i) : i < j}, of size
n; =mn —j +1 > m. Define the chronological field

Fir=0(v1,...,v, Ys(i) : 0 < s <t, i <j).

The conditional path law given ¢ depends only on its direction sequence. Equations (12.4) and
(12.6), with A = c, therefore identify the two versions of the hidden mass:

pit(x) =Pr{Yi(j) =z | ¢, Yo(i) : 0 < s < T, i < j} = Pr{Vi(j) = & | Fje}-

Put

2
E;; = Z (pj,t(x) - ;) .
zCFy 4 J
Thus Ej;; is measurable in Fj;, even though its first definition uses the complete coefficient array
and complete preceding paths. For t > d set J; = span(vi_q41,...,v¢—1). Say that step (j,t) is
balanced if both its cosets contain at least m/4 members of F;_i. Let B;(t) require this for all
steps 2d, ..., t, with no requirement when ¢t = 2d — 1. The event B;(t) is F;;—i-measurable, before
the direction at t is revealed. Equation (12.5) and Lemma 12.5, followed by B;(t) C B;(t — 1), give

Bl Ej] < (1 —1/(40)) E[15;¢—1)Ej 1]

Thus, for B; = B;(T),
E[lg,Ejr] < (1 —1/(4b))" 2+, (12.11)

The events decrease as j increases because the hole sets shrink and the common threshold m/4
stays fixed.

The energy on the nested balance events is now controlled. It remains to estimate the probability
that the smallest reservoir fails balance; this will be the only exceptional-event cost in the tuple
comparison. Fix t > 2d and write h =t — d. Let ¢; be the unique linear form vanishing on J; and
taking value one on v,. Given Ay, this form is uniform among the forms with ¢;(vj) = 1. Indeed

use the past basis v,_g11,...,v,. The equations £ (vpy;) =0, 1 < i < d, give
h
GWh—ari) = Y. coprile(vs).
s=h—d+i+1

Solve backwards from i = d —1 to i = 1. At each stage the term cp, 1t (vn) = cp p4i is a fresh fair
bit, independent of the coefficients at later stages, of the other coefficients in the current equation,
and of Ap. This proves the uniformity claim.

For F = F,p put Z =Y, cp(—1)%@). The set F is Aj-measurable, and E[Z? | A,] < |F| = ng:
diagonal terms are one, off-diagonal terms with difference v, are minus one, and every other
off-diagonal term has mean zero. The directions at times h + 1,...,f — 1 lie in J;, so the coset
counts from the post-step-h configuration to time ¢ — 1 are preserved. A count below m/4 forces
|Z| > ng —m/2 > ny/2. Chebyshev and a union bound give

Pr(B;) < AT /ng < 4T/m. (12.12)
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We finish by coupling the endpoint lists, conditional on ¢. Write 7, for the uniform injection
law on ¢ positions, and put

Saun(©) = |L((Vr(1), ... Yr(@)) | ©) = mallpy -

At stage j, prescribe the real endpoint kernel to be p; 7, evaluated on the preceding real paths.
This prescription is used for every joint coupling history; it is not replaced by a law conditioned
on earlier coupling success. Prescribe the comparison kernel to be uniform on the positions not
yet used by the comparison list.

On previous success the two lists have the same preceding endpoints, so their available endpoint
sets agree. If B; holds, maximally couple the prescribed kernels, declaring failure if their endpoints
differ. If balance fails, declare failure and use any coupling of them. Once a failure has occurred,
continue using any coupling of the prescribed kernels, with the comparison list’s own remaining
set. After choosing the real endpoint, sample its full real path from the conditional path law given
that endpoint, c, and the preceding real paths. These prescriptions preserve the real path law and
the uniform comparison-list law at every stage. The probability of a balance failure before any
mismatch is at most Pr(Bg | ¢) by nesting. The mismatch probability on a balanced, previously
successful stage is bounded by 5+/n;Ejr. Averaging over ¢ and dropping the preceding-success
indicator gives the total bound

q

1
Eeduus(c) < Pr(B5) + 5 > E[1s,/n;Ej]

=1

AT 1 4 .
<2 a2 L) (T-2d+1)/2
< L - 1/(ah) ,
by (12.11), (12.12), and Cauchy—Schwarz. The fixed-list frame comparison identifies the left side

with the physical marginal distance, proving (12.9). Finally the exponential factor is at most
e 542 5o n3/2e=54/2 5 0, and T/m — 0. O

For sixteen equal blocks, these ordinary o(1) complementary marginal errors also satisfy the
common-trimming hypotheses of Proposition 11.1. In the following application we use the spectral-
pruning theorem of the companion (Theorem 10.1) for its operator bound with constant one. If
all sixteen fixed complementary marginals of a probability u, have TV error o(1), then there is
a subprobability v, < p, of mass 1 — o(1) satisfying ||D,(p)|lop < D~/® for every D > 1. The
theorem takes one union of coefficient tests for each complementary marginal. Thus its proof does
not multiply the marginal error by the number of tests. Proposition 12.9 supplies exactly these
fixed-marginal hypotheses.

Proposition 12.10 (The stopped-energy and pruning application). The stopped partial-observation
estimate and spectral pruning give full-permutation distance o(1) by time 5152d.

Proof. Use any fixed partition into sixteen equal blocks and apply Proposition 12.9 to its com-
plements. Theorem 10.1 gives exponent a = 1/8 with constant one. Sixteen convolutions have
exponent 2 — 2(16)/8 = —2. The original block has zero sign mean, and Proposition 2.5 applies to
its pruned subprobability. The total number of physical steps is 16(322d) = 5152d. O
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12.5 One history event that works for every tilted law

The preceding routes control partial marginals for the original law. Here we seek an entropy
comparison that remains valid for every law concentrated on one common set of histories. The
comparison will apply after conditioning on an event chosen from an arbitrary representation
coefficient. Its probabilistic input is a uniform control of the conditional likelihoods of realized
card endpoints.

Assume d > 7, and fix L =128, g =n—n/L, and T = (14 100L)d = 12801d. Let P be the law
of cyclic switch histories, with cumulative label-to-position maps g; and cyclic directions w;. Before
layer ¢, let M; be the matching of trajectory labels: u,v form a pair when g;—1(v) = gi—1(u) + wy.

For a nonempty subset F' of labels, of size m, let Bf' be the matrix on I which averages the
two coordinates of every pair of M; contained in F' and fixes the other coordinates. Put

Q =B{ B, Qf=Ip.

These matrices depend on the realized matching history. The next lemma identifies their rows
with the conditional hidden-card flow, expressed using that history to label the available positions.

Lemma 12.11 (Conditional masses in trajectory-label coordinates). Fiz a realized cyclic history
g = (90,-..,97) and a nonempty set F of labels. For u € F, let pf’F(x) be the conditional
probability under P that card u is at x at time t, given the complete trajectories of the labels in
V' \ F, evaluated on the trajectories supplied by g. Define a row indexed by F by

i (0) =p (g (v)),  veF
Then, for this realized history,

et =l gl ol gl TOF, (12.13)
Here e, is the coordinate vector in RY. In particular the conditional likelihood of the realized
endpoint of card u is
F
pr’ (gr(w) = QF(u, u). (12.14)

The conditioning in this statement remains on the paths of V' \ F'; the realized history enters r,' o

through the indexing bijection v — g¢(v).

Proof. The conditioned paths are feasible, because they come from g. Their complement at time
t is exactly the set of available positions g¢(F'). Lemma 12.3 gives the conditional mass flow on
these positions. We express its three edge cases in the reference indices.

If a matching edge has one position in g;—;(F), its coin is fixed by the path of the observed
card on that edge. It is therefore the coin used by the reference history, and it carries the available
position g;—1(v) to g¢(v). Its mass keeps index v. If both endpoints belong to g;—1(F’), say with
reference indices v, v, the two conditional output masses are the average of the preceding two
masses. They are equal, so the reference history’s choice to swap or fix that edge does not change
the two indexed output values. An edge with no available position has no coordinate in the row.

These cases give r; e rfiBtF . Initially card u is at u, so the initial row is e]. Iteration proves
the row formula, and the index of the realized endpoint gr(u) is u. t

Let Jp be the matrix all of whose entries equal 1/m, and set
Zf =1Qf — Jrlis.
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By Lemma 12.11, this is the sum over u € F' of the squared conditional deviations of card u
from uniform on the available positions, with each deviation computed under the same observed
complement. No independence among those cards is required. Each BtF is a doubly stochastic
contraction, hence so is Qf". Since JpQI" = Jg, we have Z] < ||Ip — Jp||4g=m —1<n.

For the endpoint likelihood in the lemma, its diagonal entry and the definition of Z:Iﬁ give

log (mpip” (gr(u)) < my/ZE. (12.15)

Indeed QX (u,u) < 1/m+/ZF and log(1+2z) < x. The likelihood is positive for the feasible realized
history. We will control the average of this logarithmic excess on a single event, simultaneously for
every reservoir size needed by a list.

Lemma 12.12 (One typical event for all reservoir sizes). Define the event on cyclic histories by

n

gent = ﬂ {g : IEF: |F|:mZ7E(g) < n—S} ’ (1216)
m=n/L

where each average is uniform over subsets of labels. Then P(Gent) =1 — o(1).

Proof. We estimate the distribution of these matching functionals using the directly generated
variable-direction process. Start its directions with the standard basis, and choose each later
direction uniformly outside the span of its preceding d — 1 directions. At each layer use fresh
independent fair switch coins. Denote its cumulative permutation by ¢g;. Lemma 12.2 says that,
for each complete direction schedule, its matching sequence on trajectory labels has the same
law as the cyclic matching sequence. Thus every functional Zﬁ of those matchings has the same
law in the two models. For the following calculation, Bf , Qf , and ZtF denote these same matrix
functions evaluated on the auxiliary matching sequence.

Take F' uniform of a fixed size m > n/L, independently of this auxiliary process. Condition on
F, the directions through time ¢ — 1, and the complete switch history through that time. For a
row of Qf, 1 — JF, write its entries as 2z, v € F'. This row is known under the conditioning and
has sum zero. Transfer it to the current positions by

Zgi1(u)) = 20 (u € F).

The label pairs averaged by B/ correspond exactly to the position pairs contained in g;_1(F) in
the new matching. Thus the squared row loss is the position-space loss in Lemma 12.5.

For t > d, let J; be the span of the preceding d — 1 directions, and let h,h’ be the sizes of
gi—1(F)NJy and gi—1(F) \ J¢. The next direction is fresh under the conditioning above. Applying
the lemma to each row and summing gives

E[z]' | — ZI' | F, complete generated past through t — 1] >

Now fix the generated past but leave F' unobserved. The map ¢g;_1 and the half-space J; are
fixed, and g;—1(F) is a uniform m-subset. The elementary half-count estimate gives

Pr{min(h,h’) < m/4| generated past} < 20", 9 = (3/2)2*3/4 < 1.

For example, expansion of the product for a uniform sample without replacement gives E2% <
(3/2)™ for either half-count X; Markov’s inequality applied to the larger half yields this bound.
Set ¢ = —log6 > 0. With ZtF_1 < n and m > n/L, the unconditional recurrence is

Ez] < (1—1/AL)EZE | + O(ne= ") (¢t > d).
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There are T'— d = 100Ld useful layers. Starting with Zf < n, the initial contribution is at most
ne~ 2% and the accumulated error is exponentially small in n. Hence EZQE < n~20 for large d,
uniformly in m.

The equality of matching laws proved at the start transfers this expectation to the cyclic
histories on which Geyt was defined. For each m, Markov’s inequality applied to the subset
average at threshold n~® gives failure probability at most n~'2. There are at most n sizes, so
P(GEy) < nH =0(1). O

ent

For probability laws on a finite set, write D(v[|() = Y, v(w) log(v(w)/{(w)) for relative entropy,
with 0log0 = 0 and value +o0o when absolute continuity fails. Write Ent for Shannon entropy,
using natural logarithms in both cases. For a set X of input labels, let vx be the endpoint
restriction law under a law v on histories, and let Uy be the uniform injection law. The typical
event now controls the likelihood term in the entropy chain rule.

Lemma 12.13 (Entropy comparison for arbitrary tilted histories). For every probability law v on
histories supported on Geng,

D(v||P) > Ex. | x|=D(vx||Ux) — n>. (12.17)
Proof. Fix an ordered list i1,...,7,. Let 7; and y; be the complete trajectory and endpoint of ;.
For the current history let p; be the conditional probability under IP of its realized endpoint y;,
given 71,...,7;_1. Relative-entropy chain rule and conditional data processing give

q
D(v||P) > Y [~ Ent,(y; | 71,....7j-1) — E, log p;]
j=1
q
> —Ent, (y1,...,yq) — ZEV log p;.
j=1

The second inequality uses that the preceding endpoints are functions of the preceding trajectories.
Put F; = V\{i1,...,4j—1} and m; = |Fj| = n—j+1. The uniform injection assigns each endpoint
list mass []; m;l, so the last inequality is

q
D(v||P) > D(vx||Ux) — > _Eylog(m;p;), X ={i1,....ig}-
j=1

Lemma 12.11 applies with observed complement V' \ F; and gives p; = Q?j (ij,1;) on each
realized history. For a uniform ordered input list, F; is a uniform subset of size m,;. The bound
(12.15) is independent of which i; € F}j is chosen. On every history in Gent, Jensen’s inequality
therefore gives

Eordered Tist log(mjpj) < ijF: |F|=m;\/ ZJE <nvn=8 = n=3.

All these sizes are at least n/L. Sum over ¢ < n indices and average the preceding entropy inequality
over lists and over v. The induced set X is uniform of size ¢, and ordering its coordinates does
not change its relative entropy from a uniform injection. This proves the claimed error n=2. O

Proposition 12.14 (Representation-coefficient tails from entropy). There is an absolute C' such
that for every irreducible unitary representation p of G, of degree D, and unit vectors u, z,

P{Gent, |(z, plgr)w)| = D5} < CD7V/ED, (12.18)
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Put a = P(Gent). When a > 0, the conditional endpoint law n = L(gr | Gent) s defined and satisfies

C
7P lop < D7VE 4 —D7H/EE,
a
For all sufficiently large d, Lemma 12.12 gives a > 1/2. In that range the last bound is at most
C'D~YCL) for the absolute constant C' =1 + 2C.

Proof. If a = P(Gent) = 0, the probability on the left side of (12.18) is zero. Otherwise apply
the all-tilt coefficient theorem, [22, Theorem 11.1]. Its reference probability is the law P of
cyclic switch histories, its endpoint map is g, and its common event is Geyy from Lemma 12.12.
Lemma 12.13 verifies the theorem’s hypothesis for every probability v supported on that same
event, with ¢ = n — n/128 and additive error n=2. The theorem therefore gives the tail exponent
1/256 = 1/(2L) at threshold D~'/®. For a > 0, splitting each absolute coefficient at D~/® under
P(- | Gent) gives the stated operator bound with factor C'/a. By Lemma 12.12, a = 1 — o(1), so
a > 1/2 eventually. Since L =128 and D > 1, D18 < D’l/(ZL), which gives C' =1 + 2C. O

Proposition 12.15 (The typical-history entropy application). With L = 128, T'= (1 + 100L)d,
and b = 32L, the shuffle has full-permutation distance o(1) at time bT.

Proof. For all sufficiently large d, put @ = P(Gent) > 0 and 7 = L(gr | Gent). The original block
law 1 = L(gr) has zero sign mean, so

N [E[sgn(g9r)1ge ]|  1-—a
7(sgn)| = . en— < - =o(1).

For the nonlinear irreducibles, Proposition 12.14 gives the operator bound with the absolute
constant C’. The trivial coefficient of n*® is one. Plancherel therefore gives

1G> In(9) — Ualg)? < [A(sgn)** + (C)* Y DX E=o0(1).
g p#{l,sgn}

Indeed 2 — b/L = —30, and the nonlinear sum vanishes by [22, Lemma A.1]. Cauchy—Schwarz
gives total-variation convergence. The b independent histories all belong to Gent with probability
a®. Removing their conditioning costs at most 1 — a® < b(1 — a) = o(1), because b is fixed.
The physical block length is a multiple of d, and its b-fold product is the actual shuffle at time

32L(1 + 100L)d. 0

13 An averaged application of deferred columns

Lemma 8.4 constructs the frame from independent shears, reads each coefficient when its target
column is next selected, and permits the remaining shear data to be disclosed at the terminal
time. We now give a separate quantitative application of that shared law. It samples the input
ordering and uses simultaneous balance across all affine half-spaces, then uses the companion’s
inverse-twentieth degree estimate and a one-vector orbit bound.

The inverse frame starts at the identity, so its endpoint comparison preserves the distance for
every fixed input list. The averaging in this application enters only through its balance estimate.
Its full-deck consequence is the following bound.
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Theorem 13.1. For the Thorp shuffle on n = 2¢ labeled cards,

zne%,)sHpgm(MOd(gv ) - UnHTV = 0(1) (d - 00)7

where Uy, is the uniform probability measure on S, and one time step is one physical shuffle.
Consequently, at total-variation threshold 1/4,

d < tmix(d) < 512040d

for all sufficiently large integers d.

Throughout this section put
r =128, E=(1-1/r)n, T = (1007 + 1)d. (13.1)

We take d > 7, so r divides n, and let u be the coordinate shuffle law after T layers. We first
bound the average marginal distance for ordered lists of k cards. Forty independent blocks of this
length will then give the theorem.

13.1 The inverse frame and its conditional law

Let ¢1,t9,... be a deterministic periodic sequence of coordinate indices, with period d containing
each of 1,...,d once. For the present application use the standard cyclic order. For each layer 1,
choose an independent uniform linear functional ¢; : V' — Fy satisfying ¢;(e,,) = 0, and put

St =x+ Ei(x)e%, By=1, B;=S5;B;_1, w; = Bi_—lleLi' (13.2)

Each S; is an involution. Write A = (¢1,...,¢7) and W = (wy,...,wy). Conditional on A, let M;
be independent uniform matching switches in directions w;, and define

Yo =1, Yi = MY, Xi = BiY;.
The process Y uses virtual positions and X uses the original coordinate positions.

Lemma 13.2 (Inverse-frame form of the shear law). Conditional on A, the increments of X are
independent uniform switches in the coordinate directions e,,. For everyt <T', the conditional law

of (Y;)i_y given A is the product-switch law determined by wy, ..., w;.
Every d consecutive directions w; form a basis. At layer i, learning w; does not change the
conditional law of the preceding virtual positions given w1, ..., w;—1 and any specified virtual path

prefixes through layer ¢ — 1. For ¢ > d, that direction is uniform outside

SPan(Wi—di1, -+, Wi—1)

conditional on that same direction and path-prefiz field. Finally, conditional on the complete
direction sequence W, disclosing the remaining information in A does not change the conditional
law of the wvirtual trajectories, including after a fixed collection of those trajectories has been
observed.

Proof. Set A; = B;l. Since S; is an involution, A; = A;_15; and w; = A;_e,,, which are
the forward frame and selected directions of Lemma 8.4. Remark 8.5 gives the inverse coupled
identity X; = B;Y; and the conditional coordinate-switch law. The prefix product-switch law and
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consecutive-basis property are conclusions of that lemma for the same periodic axis order. The
prefix law makes the old virtual path and the next direction conditionally independent given the
direction prefix; Corollary 12.4 records the resulting hidden-position factorization after specified
virtual path prefixes through layer ¢ — 1 are observed. The uniform-complement law for ¢ > d is
the lemma’s fresh-direction conclusion.

In particular, the conditional law of the full virtual trajectory given A depends on A only
through W. Thus the trajectory and A are conditionally independent given W. Conditioning
also on a fixed observed part of the trajectory preserves this factorization for the remaining
trajectories. O

For the standard cyclic order used in this application, fix an input list and A. The known
output bijection Bp preserves uniform injections and total variation. The conditional coordinate
law in the lemma therefore identifies that list’s virtual conditional distance with its distance under
. The random ordering introduced next is used to prove balance; it is not required by this frame
comparison.

13.2 A conditional energy estimate for almost all cards

Choose a uniformly random ordering O = (ay, ..., ay,) of the cards, independently of (A, (Y;)%,).
For 0 < j < k, use the chronological field

.7-"g =0(0,wr,...,w;, Ys(ap) : 0<s<i, 1 <h<j).
Let D; =V \ {Yi(an) : 1 < h < j} be the available positions, of size m = n — j. Define
6i(z) = Pr{Yi(aj1) = « | 7},

and put .
zi(z) = qi(x) — — (xz € Dy), E; = Z zi(z)2.

m
$6Di

The conditional mass is zero off D;, and z; sums to zero on D;. We use counting measure in the

squared norm, so By =1—1/m < 1.

Lemma 13.3. Uniformly for 0 < j < k, with expectation over the ordering and shuffle construction,

EEp < e 2% 4 T6,, dp =2n(n+1)exp (—17;) . (13.3)
r
Proof. Lemma 13.2 gives the conditional product-switch law and the fresh direction in the field
F! ,. Apply Lemma 4.1 with initial datum O, ¢ =i — 1, available set D;_1, and hidden mass ¢;_1.
Its averaging and transport rules preserve the uniform comparison law on the holes and give

Ei—l — Ei = % Z (zi_l(w) — Zi_l(y))z. (13.4)

{z,y} an edge of layer i
z,y€D;_1
In particular 0 < F; < E;_1 <1 for every realization.
Suppose now that i > d. Before its direction is drawn, put J; = span(w;_g441,...,w;—1) and
split D;_1 = DYU D' across its two cosets, with sizes hg, k1. Lemma 13.2 makes the next direction
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uniform outside J;, so each cross pair has conditional matching probability 2/n. The cross-pair
calculation in Lemma 4.1, with centered vector z;_1, gives

. 1

E(Bia—E | F)=— > (s - 2i-1(y))?
zeDY, yeD!

5, minfho, 1)

n

Ei_1. (13.5)

The inequality is (4.6); it also covers an empty part.

We use a simultaneous balance estimate for every affine half-space. At a fixed time, condition
on A and the complete virtual switch history but not on O. The permutation Y;_; is then fixed,
and the independent ordering makes D;_; a uniform m-subset of V. The simultaneous estimate
below is valid even for a half-space chosen after that subset is seen.

For m < n, a uniform m-subset has the law of independent Bernoulli choices of parameter
m/n, conditional on making exactly m choices. This conditioning event has probability at least
1/(n+1): m is a mode of the binomial distribution and that distribution has n + 1 values. In a
specified affine half-space let X be the unconditioned number of choices. It has mean m/2, and

2n
—(1-log2)m/4 ~ ,—m/16
< e~ (I-log2)m/d o o =m/16

n/2
Pr{X < m/4} < 2™/4E2~X = gm/4 (1 - m)

where the last inequality uses log2 < 3/4. There are fewer than 2n affine half-spaces arising as a
linear hyperplane or its other coset. Since m > n/r, a union bound after conditioning gives

P(some such half-space contains fewer than m/4 holes) < 6. (13.6)

For m = n the balance assertion is deterministic.

On the complement of the event in (13.6), the conditional loss in (13.5) is at least mFE;_1/(4n) >
E;_1/(4r). On the exceptional event we retain the deterministic energy nonincrease and the bound
FE; 1 < 1. Taking expectations consequently gives

1
EE; < (1 — 47”) EE;_1 + 6n (7, > d)

Only the unconditional estimate (13.6) has been used. Iterating over T'—d = 100rd layers, starting
from Ey <1, yields

100rd
EE; < <1 - 4) +T6, < e 24 T6,.
T
O

The terminal disclosure and the common tuple comparison now convert this energy estimate
to the required average of marginal distances.

Proposition 13.4. Let C = (a1, ...,ax) be a uniformly chosen ordered list of distinct initial cards,
independent of X1 ~ u, and let 7 be uniform on ordered k-tuples of distinct positions. Then

Ec|[L(Xr(C) | C) = k|l py < en,
k
= — —25d —
En = 2\/n(e 2d 4+ T6,) = o(1). (13.7)
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Proof. For each j < k, the terminal factorization in Lemma 13.2 and (12.6) give
Pr{Yr(aj+1) =2 | A, O, Ys(ap) : 0< s <T, h <j}=qr(x).

Thus the terminal-data hypothesis of Lemma 4.2 holds with initial datum O and terminal datum
A. Write

dvirt (A, O) = | L((Yr(ar), .., Yr(ar)) | A, O) = 7|y

for the conditional virtual tuple distance. The lemma’s coarsening to preceding endpoints and
sequential comparison, together with Lemma 13.3, give

Ex ofin (A, 0) < o\/n(e 24 1 15,)

For each fixed A and O, applying Br to every output preserves m; and total variation. The
conditional law of X7 given A is i, and the independent ordering contributes no further information
about that law. Hence dyirt (A, O) equals the distance under p for the specified list C'. Averaging
proves (13.7). Finally, n = 24 gives n3/2¢=254/2 _, () while 8, is exponentially small in n up to a
polynomial factor. Hence &,, = o(1). O

For the representation step, write Ko = supg>; > pelre(Ss) DP_QO. The proof of Lemma A.1 gives
Ky < 00, and the lemma gives vanishing of the same sum after omitting the trivial and sign types
as s — 0o. In particular, for every M > 1,

#{p € Irr(Ss) : D, < M} < KoM™.

This is the hook-product version of the inverse-degree estimate in the companion; its proof bounds
the first-row hooks by opposite-order rearrangement. We use this power-twenty estimate in the
orbit bound below.

13.3 Coset truncation and the orbit of one vector

Choose a uniform partition of the card labels into r blocks C1, ..., C, of equal size n/r. For each
block its complement is a uniform k-element subset. Ordering that complement in any fixed way
identifies its labeled endpoint images with an ordered tuple and does not affect total-variation
distance. By Proposition 13.4, the expected sum of the r complement marginal distances is at
most re,. Fix a partition realizing a sum at most this bound, and let H; = 5, /. be the subgroup
of S, permuting C; and fixing its complement pointwise.

Two position permutations agree on the complement of C; exactly when they lie in the same
left coset gH;. Thus the corresponding coset marginal of p is within its complement marginal
distance of uniform on G/H;, where G = S,,. Delete from pu every element lying in a coset, for
any i, whose p-mass exceeds 2/[G : H;|, and call the resulting subprobability measure v. Writing
p = v(G), we obtain

2
—p < = ) < = < <r). .
1—p<2re, =0(1), v(gH;) < G (geG, 1<i<r) (13.8)

Indeed, if a coset has mass a > 2u, where u = 1/[G : H;], then a < 2(a — u). Its removed mass is
bounded by twice its positive excess over uniform; summing positive excesses gives exactly the
marginal total-variation distance. A union bound handles all r families of deleted cosets.
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For a unitary representation p, define its Fourier transform by

v(p) =Y _ vig)n(g)-

geG

The following estimate explains why information about complements of the blocks is enough to
control every irreducible representation.

Lemma 13.5. If p is an irreducible unitary representation of G = .S, of dimension D, then the
measure in (13.8) satisfies

15(0)||lop < CpD~Y2HT O = \/2rKj. (13.9)

Proof. The proof of Lemma A.1 bounds the complete inverse-twentieth sum by Ky. Apply
Proposition 3.2 with p = 20, K = 2, and r = 128. That proposition assigns a component v; of a
given vector to the small H;-types and sets W; = span{p(h)v; : h € H;}. Its orbit bound is

dmW; < Y (dim7)? < KoD*/". (13.10)
T€lrr(H;)
dim r<D/"

The sum counts each irreducible subgroup type once: the orbit of a fixed vector in all copies of a
type of degree f has dimension at most f2. Combining this estimate with the coset cap and Schur
averaging in that proposition gives /2rKoD~1/2+1/r, O

13.4 Forty blocks and the full-deck conclusion

The preceding estimate controls all non-linear irreducible types. We now sum their contributions
and treat the sign representation separately. Let b = 40. Since 0 < v < p, their convolution powers
satisfy 0 < v** < p** and

I = vl =1 =" = o(1). (13.11)

Here the ¢! norm uses counting measure on G. Apply the centered identity in Lemma 11.3 to
€ = v*, of mass p’, and then Cauchy-Schwarz. With the convolution convention of Section 7, this
gives
W —pUai < S Do) s (13.12)
pelr(G)
p#1

The centering by pPU,, cancels exactly the trivial coefficient.
For every type other than trivial and sign, ||A°||gs < \/EHAHZP, so Lemma 13.5 bounds its

total contribution to (13.12) by , 122/

2 p2-b1-22/r)

' p#lz,sgn ’

For our constants,

24
2 — 40(1 — 22/128) = —?9 = —31.125 < —20.

Lemma A.1 thus makes this sum o(1). No normality of 7(p) is needed for this norm bound.
Since d divides T, the block has no remaining rotation and p = qle. For this physical block
law, Lemma 7.2 gives ji(sgn) = 0 and |P(sgn)| < 1 — p. The remaining sign contribution in (13.12)
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is consequently at most (1 — p)2* = o(1). We conclude from (13.12) that ||v** — pPU, |1 = o(1).
Combining this with (13.11) and ||p°U,, — U, |l = 1 — p® gives

1™ = Unlly = o(1).

Each block has length 7' = (100r + 1)d, a multiple of d. Independent consecutive blocks
therefore have precisely the convolution law used above, with no unaccounted coordinate rotation.

Since
407 = 40(100 - 128 4+ 1)d = 5120404,

this proves the upper assertion of Theorem 13.1. For any initial labeled deck, applying a position
permutation gives a bijection between S, and the possible resulting decks. It preserves uniform
measure and total-variation distance, which proves the stated worst-start quantifier.

The matching lower bound is the support calculation in Remark 12.1. This completes
Theorem 13.1.

14 Random input domains and equivariant kernels

Lemma 9.2 takes the image-law error with the input tuple fixed and bounds its average over the
tuple. We use this information in three ways. One average selects a partition whose complementary
marginals admit a common truncation. A stronger average controls sixteen separately truncated
transition kernels. A third argument keeps all omitted sets and uses the companion’s projection
expansion for those sets.

For a probability u on G = Sym(V') and a specified set A C V', write u4 for the law of the
restriction g|4 under g ~ p, and write U4 for the uniform law on injections from A to V. Choosing
an ordering of A identifies these laws with the corresponding ordered image laws. A different
ordering only permutes coordinates, so it preserves their total-variation distance. Thus the averages
in Lemma 9.2 and Corollary 9.3 also give the corresponding averages over uniformly chosen input
sets.

14.1 Four blocks from sixteen complementary marginals

The first application uses the full-partition case of the isotypic estimate in Proposition 11.2,
proved for partitions in the companion From partial permutation information to Fourier bounds
[22, Proposition 3.5]. Let V. = M;j U --- U Mjg be a partition into nonempty label sets, and
put H; = Sym(M;), fixing the complement pointwise. If f > 0 has mass z < 1 and satisfies
f(gH;) < 2/[G : H;] for every g,1, then for every irreducible unitary representation p of degree D,

17 ()l < 322CoD~3/1, (14.1)

The transform is not divided by z, the Hilbert—Schmidt norm uses the ordinary trace, and the
estimate includes every restriction multiplicity. This is (11.2) with » = 16, K = 2, and u = 2; that
equation also allows disjoint supports that leave labels unused. For the two convolution arguments
below, the direct inverse-square estimate [22, Lemma A.2] supplies

Cy<oo,  Za(n)= >, D,>—0, D,=dimp. (14.2)

pE€Irr(Sn)
D,>1
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Proposition 14.1. As d — oo, with n = 2%,

2052d
max || P3%%4(go, ) — Up|lry = J|¢; 2"
go€G

—Uy|lrv — 0.

Proof. For d > 4, put m = n/16, T = 513d, and p = ¢;. Corollary 9.3 gives Ejgl=n—mllta —
Ualltv < en = 0(1). In a uniformly chosen ordered partition (M, ..., Mig) into sets of size m,
each complement V' \ M; is uniform. Hence the expected sum of the sixteen complementary errors
is at most 16¢,, and some partition has sum at most this value.

For that partition, the restriction to V' \ M; identifies the left coset gH;. Delete the union
of all cosets whose original u-mass exceeds twice uniform. The calculation in the proof of
Lemma 5.1 gives a common subprobability f < p of mass z = 1 — n, with n < 32¢, = o(1),
such that f(gH;) < 2/[G : H;] for every g,i. Equation (14.1), with z < 1, therefore gives
||f(p)|\%ls < 32C,D~?/%. Hilbert-Schmidt submultiplicativity yields

D[ f(p)*llfis < DI F(p)lEis < (32C2)* D2

The trivial coefficient of f** is z%. Lemma 7.2 gives | f (sgn)| <, since the original block has sign
mean zero. Plancherel and (14.2) now imply

G = 21Ual3 < n® + (32C5)" Za(n) = o(1).
Cauchy-Schwarz gives || f** — 24U, ||1 = o(1). Positivity gives f** < p**, and their mass difference
is 1 — 2% = o(1). Consequently
I = Unllry <1 =21+ 3|11 = 2'Unll = o(1).

The four independent physical blocks have total length 47" = 2052d and law p** = q2(2052d).

Equation (2.2) gives the stated maximum over starts. O

14.2 Sixteen retained kernels and the sign condition

The second application keeps every starting deck and makes one truncation for each omitted label
set. Fix a partition V' = M; U--- U Mg with |M;| = m = n/16, and put H; = Sym(M;) and
H =T]J, H;. These groups act on decks on the right, by g — gh. The quotient X; = G/H; records
the positions of all labels outside M;; it has L = n!/m! states, each with m! decks.

Suppose a kernel K satisfies K(gh, zh) = K (g, z) for h € H. Its quotient kernel is

pl(ib‘,y):ZK(g,Z), geuw, ZE,yEXi.
zZEY

Equivariance under H; makes this independent of the representative g. For € > 0, retain exactly
the quotient blocks below the specified density threshold:

Ti(g,2) = K(g,2) 1 {mgﬂi,zﬂa < 126}. (14.3)

Kernels act on functions by (T;F')(g) = >_, Ti(g, 2) F(2), with the counting inner product. In the
H;-isotypic decomposition, write TiSgn for the operator on the full multiplicity space of the sign
representation, including every quotient fiber.

The sixteen-kernel theorem [22, Theorem 9.1] applies when K is doubly stochastic, m — oo,
every quotient has mean row variation at most d,, — 0, and € — 0 with d,,/e — 0. Its additional
input is ||77%"||3g = o(1) for every i. It then gives mean row convergence of K'¢ to uniform,
accounting also for the entire all-trivial multiplicity space. If K commutes with a transitive action
on decks, all row distances are equal and the convergence is uniform over starting decks.
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Theorem 14.2. As d — oo, with n = 2¢,

32784d (32784d)
By

90:+) — Unllrv = [l — Uplltv — 0.

max ||

goEG
Proof. For sufficiently large d, in particular d > 4, set T' = 2049d, u = q:lT, and K = PdT . The
identity K (g, z) = u(zg~!) shows that K is doubly stochastic and that it commutes with the right
action of every label permutation. A uniform source state in X; places the specified labels outside
M; at a uniform injection. Their output law is the quotient row p;(z, -), so Corollary 9.3 gives

- Z Z pi(z,y) = L7 <6 Gn=n"""

a:EX yeX

Choose € = n™" in (14.3). A removed quotient atom has positive excess over uniform at least
€/(1 + €) times its mass. Thus the mean mass removed is

%= (g > (K(g,2) — Ti(g,2)) <

972

Each T; is row- and column-substochastic because 0 < T; < K. Moreover H; is normal in H, and
right equivariance gives p;(xh,yh) = p;(z,y) for h € H. The cutoff therefore preserves the action
of the whole product H.

We now verify the sign condition with its full multiplicity. Fix ¢ and choose a deck g, in each
fiber x € X;. For a,b,c € H;, put wyy(c) = Ti(ga, gyc). Right equivariance gives

Ti(gza, gyb) = wwy(bail)v way z,y) = pi(z,y) Hpi(w,y) < (1 +¢€)/L}.

On fiber x, define the normalized sign vector by ¢,(g,a) = sgn(a)/vm!, and set it to zero off that
fiber. Each fiber is a regular H;-set, so these L orthonormal vectors span the full sign isotypic
space of £2(G). In this basis the multiplicity operator has entries

Tisgn( Y) = (92, Tidy) = Z wgy(c) sgn(c), ’Tisgn(x?y)’ < ti(z,y). (14.4)
ceEH;

Suppose the ignored positions in x contain a matched pair of the first physical shuffle, and
let s be its position transposition. Then 7 = g, !sg, € H; is an odd transposition and g,7 = s¢s.

In the first physical step RS, the switch S is uniform in C¢,. Since s € C¢,, one has Ss v g
The first-step laws from g,7 and g, are therefore identical, and so K(g,7,2) = K(gx, z) for every
output deck z. The cutoff depends only on the source and target quotient states, so the same
identity holds for T;. Right equivariance now gives

wl‘y( ) T; (g:cT gyC ) Ti(gx,gycrfl) = wxy(CTil).

Since sgn(7) = —1, the signed sum in (14.4) is its own negative. Every outgoing sign coefficient
from this fiber is zero.

For a uniform fiber x, its ignored positions form a uniform m-subset of V. The fraction of
these sets containing no full first-layer pair is

m—1

n—2j m(m — 1
anm = H j < exp (_(2n)>




After j positions have been sampled without a partner, exactly j partners are forbidden among
the n — j remaining positions. The product follows, and log(1 — u) < —u gives the exponential
bound. Only these Lay, ,, fiber rows can contribute to the sign matrix. For each such row the
quotient cap gives

1+e I+e
ST (@, )P < tila,y)® < thi($’y) s
y Yy Y

Consequently the squared Hilbert—Schmidt norm on the entire sign multiplicity space is

1775 fs = DT @, y)* < (L4 €)anm < (14 e)e ™m0/ = o(1).
z,y

Here m = n/16 — oo and 8, /e = n~=? — 0. The companion theorem therefore gives mean row
error o(1) for K'°. The right action of all label permutations is transitive on decks and commutes
with K, so every row has the same error. Finally K6 = PjﬁT and 167" = 32784d, proving the
assertion. O

14.3 Averaging all omitted sets

The third application keeps the average over all omitted sets. The omitted-set transfer [22,
Theorem 10.3] assumes, as n — oo through multiples of 1024, that probabilities x on S, satisfy

On 1= Ejg)=n—n/1024/lpa — UallTv — 0.

For all sufficiently large n, it supplies a probability v with ||v—u|lrv < 166, and ||D(p)||op < CD~/4
for D = dim p > 1, where C is absolute. The proof uses a finite expansion into ordered products
of projections associated with the omitted sets. The sets may overlap, and the argument preserves
the order of their projections.

Proposition 14.3. As d — oo, with n = 2%,

#(262152d)

PP g, ) = Unllry = [l

max H — UnHTV — 0.

go€G
Proof. For sufficiently large d, in particular d > 10, set b = 1024, T' = (1 + 32b)d, and p = ¢3T.
Corollary 9.3, in the set form established at the start of this section, gives the displayed hypothesis
with d,, = o(1). Let v be the resulting nearby probability. Lemma 7.2 gives |7(sgn)| < 2|lv—pl|Tv =
o(1). For eight factors, Plancherel and ||A|lus < VD || A|lop give

4" = Unllty < [9(sgn)['® + C°Za(n) = o(1),

using (14.2); the nonlinear exponent is 2 — 16(1/4) = —2. Replacing the eight factors one at a
time costs at most 8||v — u|Tv = o(1). Thus x*® converges to uniform. These physical blocks have

total length 87 = 8(1 + 32 - 1024)d = 262152d, so p*8 = q2(262152d). Equation (2.2) gives the same
error from every start. O
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15 Character smoothing from half-deck information

We now use half-deck information to control the Fourier matrix of the whole permutation. Fix one
coordinate half-partition for a block, let P denote a long segment of coordinate layers, and let B
be an independent pass within each half. For a unitary representation p, write F' = Ep(B). There
are two useful orders for these segments:

block ‘ Fourier matrix ‘ positive form obtained by convexity
BP |  FEp(P) p(P)*F*Fp(P)

PB | (Ep(P))F p(P)FF*p(P)*

In the first order, the pass acts on fixed output halves of P. The conjugated form can be controlled
by preimages of those halves. In the second order, the pass acts on fixed input halves of P. We
will repair their image laws, then average the resulting subgroup coordinates one at a time. The
two coordinates may remain dependent. We first establish the common half-list and one-pass
inputs, and then carry out these two conversions.

Theorem 15.1. Let n = 2%, and count one physical Thorp shuffle as one time step, using n/2
independent fair switches. For all sufficiently large integers d, the worst-initial-deck total-variation
mizing time at threshold 1/4 satisfies

d < tmix(d) < 6060000d.

In fact, the worst-initial-deck distance at time 60000(101d — 1) tends to zero as d — co.

15.1 The shared half-list input

We retain the convention that permutations send initial labels to positions and that later layers
multiply on the left. Write C,, for the matching subgroup in direction v # 0. Removing the
deterministic coordinate rotation from the physical shuffle gives independent uniform layers in C,,
where by, bo, ... cycles through the coordinate basis. A block may begin at any phase of this cycle.

Lemma 15.2. Let 7 be the product of L = 100d consecutive layers in a periodic coordinate order
on n = 2% positions. Uniformly over ordered lists of ¢ < n/2 distinct inputs, the law of their
images under 7 has total-variation distance o(1) from the uniform ordered injection. The same
assertion holds for m='. Both assertions are uniform in the starting phase and the order of the
coordinate azes.

Proof. Proposition 8.3 covers every periodic ordering of the standard axes, including every starting
phase, and the inverse product obtained by reversing independent involutive layers. With its
omitted-block parameter equal to 2 and time T = 100d, it gives, for n =7 or n = 7~

)

n3/? , 16\ 1/2
I£((er). - nleq)) = mgllry < 5= (7% 4 2e7/10) 77 = o(1),

where 7, is the uniform ordered injection law. The fixed-list estimate uses the hidden-card vector
from the chronological field (4.1). The terminal comparison uses (4.9) with A = v, disclosing the
complete schedule and only the complete predecessor paths.
For the independent shear realization of the coordinate chain, (8.13) gives the local block
identity
By=1, M; = By QB 1, T=Qr-- Q= BrMp--- M. (15.1)
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Here @Q); are the original coordinate layers and M; the virtual layers coupled to them. Conditional
on the independent shears, the M; are independent uniform matching switches. The known
terminal By, relabels only final positions, so the specified input list is unchanged. Equation (8.11)
identifies its virtual terminal posterior with its chronological vector after all shears are disclosed.
The independent shear realization starts with By = I; the general first-basis realization retains the
input map Ly from (3.9). O

15.2 The character input and the trace of one pass

We use a unitary realization of each irreducible type of a symmetric group. For type «, write D,
for its degree and x, for its character. We use the ordinary, unnormalized Hilbert—Schmidt norm.

For m > 2 and u € S,,, let ¢;(u) be the number of i-cycles and define ey, ..., e, by
Zei _ logmax{lazi:1 ZC’L(U)} (1 < k < m)’ E(U) — E
i=1 logm i=1 *

The e; are nonnegative and sum to one. Larsen and Shalev’s theorem states that, for every € > 0,
for all sufficiently large m depending only on €, and uniformly over u and «,

[Xa(u)| < Dg*e. (15.2)

See [13, Theorem 1.1] and the formulation with fixed slack in [12, Definition 2.1 and Theorem 2.2].
If u has at most m?/10 fixed points, then E(u) < ej + (1 — e1)/2 < 19/20. Taking € = 3/100 gives

D,
This is a pointwise bound and requires no centrality of a shuffle law.
For every fixed s > 0, the Witten-zeta estimate is

Z D =2+0(1) (m— o0). (15.4)

QESm

See [14, Theorems 1.1 and 2.6] and [12, Theorem 2.14]. In particular the complete sum at s = 1 is
bounded by an absolute C¢ for every m > 1, and the sum with the trivial and sign types removed
tends to zero. Lemma 6.4 of [22] supplies an elementary proof of these last facts.

Lemma 15.3. Let b = 2" and let Y apply each of the h coordinate layers once, in any order,
using independent fair switches. For every irreducible representation po of Sy, put To, = Epy(Y).
Uniformly for all sufficiently large b,

tr(TyTn)  tr(TaT,

o) —~1/100
= <2D )
D, D, ~— ¢

Proof. Let Y’ be an independent copy and put u = (Y’)~'Y. Independence and unitarity give

tr(15T0) _ - Xa(w) _ o [Xa(u)|
= =K <E .
D, Do = D,
If f counts the fixed points of u, then, for 1 < k < b,
bY, _ks2
Pr(f>k) < . brIz, (15.5)
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Indeed, condition on Y’ and prescribe Y (z) = Y’(x) at a chosen set of k inputs. Each input-output
pair determines one route because each coordinate is updated once. A consistent family of routes
visits at least hk/2 distinct switch bits: a switch serves at most two routes. It therefore has
probability at most 2~"%/2 = p=k/2 A union bound over the input set proves (15.5).

Write D = D,. The assertion is immediate for D = 1. For D > 1 set

_ logD

K= Slogh’ k= {max{bg/m, n}J + 1.

Since D? < b!, one has k < b/4, so k < b for large b. For k > b9/10 and sufficiently large b,

1/2\ *

Outside an event of probability at most D~/8, therefore, f < b%/10 or f < k. The first case is
covered by (15.3). In the second, restrict p, to the symmetric group on the b — f moving points.
Every irreducible constituent of degree E satisfies

B>—2 S yipsph
[Sp : Sp—y]
For the first inequality, translates of one constituent subspace by coset representatives span a
nonzero Sp-invariant subspace and hence the whole irreducible representation. Since f < k < b/4,
the moving-point group has size tending uniformly to infinity. The permutation has no fixed points
there. Applying (15.3) to each constituent and averaging with its dimension weight, including
multiplicity, bounds the normalized character by D~1/190  On the exceptional event use the bound
one. Thus the normalized trace is at most D—1/100 4 p—1/8 < 2p—1/100, O

An alternative restriction estimate. The preceding proof lower-bounds every constituent
degree after fixed points are removed. A distinct Young-branching argument controls the number
of constituents and gives another estimate for the same trace.

Lemma 15.4. Let s = 2¢ and let G be a sweep using each of the ¢ coordinate directions once, in
any order, with independent fair switches. There are absolute a > 0,C < oo such that, for every
sufficiently large s and every complex irreducible representation p, of Ss,

o = D;l ”EPQ(GS)H2HS <CiD.“.

The Hilbert—Schmidt norm uses the ordinary, unnormalized trace.

4/5

Proof. For a permutation of m points with at most m*/° fixed points, one has e; < 4/5 and hence

E(g) <9/10. Applying (15.2) with slack 1/20 yields
Xa(g)| < D/ (15.6)

for all sufficiently large m, uniformly in g and a.

Let G, be an independent copy, put u = (G%)"'Gj, let f count its fixed points, and write
D = D,. As in the preceding trace calculation, ¢, = Exq(u)/D. The case D = 1 is immediate.
When f < s4/5, (15.6) bounds the absolute normalized character by D~1/20 Suppose instead that

log D
84/5<f§,‘€:: 8

2log s’
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Since D < s! < s° one has kK < s/2 and hence f < s/2 in this case. The moving-point
group therefore has size tending uniformly to infinity. Iterated Young branching [11, Theorem 9.2]
expresses the restriction to that group as at most s/ irreducible summands counted with multiplicity.
If their degrees are E1,. .., E,, then > ; E; = D. The permutation is fixed-point-free on this group.
Applying (15.6) there and using concavity gives

T
xa(u)] < ZE;9/20 < p1/20D19/20 < (f/20 )19/20 < )39/40
j=1

For the remaining event take k = |max{s*®, x} |41, which lies in [1, 5] for large 5. The unique-route
tail (15.5), with s in place of b, gives for large s

Pr(f > k) < (Z)S—k/Q < (es!/?/k)k < s7R/5 < p=1/10,
The normalized trace is consequently at most D~/40 4 D=1/10 < 2D=1/40_ Thjs proves the stated
existence with the distinct branching conclusion a = 1/40 and C; = 2. O

The following two conversions use the shared bound with exponent 1/100. The alternative
above gives the stronger trace exponent 1/40 through the different restriction argument.

15.3 Smoothing after the mixing segment: capped preimages

For the first block order, take L = 100d layers with product =, followed by d — 1 layers with product
o. The last layers omit one coordinate and preserve its two halves Jy, Ji, each of size b = n/2.
Their fair coins give independent one-pass permutations og, o1 on these halves, independent also
of m. A block has length 101d — 1. Its phase and its missing axis may change from one block to
the next.

Fix an ordering of each J;, and let Q;(7) be its ordered preimage list. Lemma 15.2 gives a
bound €, = o(1) for the distance of each list law v; from the uniform injection law Uy, uniformly
in phase. Delete every 7 for which either list has density greater than two, and condition on what
remains. If Bj is the excluded set of lists, then

vj(Bj) < 2(v;(Bj) — Up(Bj)) < 2en.

The retained event has probability at least 1 — 4¢,. For large n it has probability at least one half,
so each separate preimage marginal in the modified law is bounded by 4U;,. The modification costs
at most 4¢, in total variation. The independent passes are unchanged.

Lemma 15.5. For even n > 6, every irreducible representation of Sy other than trivial and sign
has degree at least n/2.

Proof. Restrict to the elementary abelian subgroup generated by a fixed matching of n/2 trans-
positions. If every constituent assigns the same sign to all these generators, their representing
matrices are equal. Conjugation then makes any two disjoint transpositions have equal matrices.
A third transposition disjoint from two overlapping ones exists when n > 6, so all transpositions
have the same matrix. The image is generated by one involution, and irreducibility gives the
trivial or sign representation. Otherwise a constituent assigns negative sign to exactly r generators,
with 1 <7 <n/2— 1. The normalizer permutes the matching pairs, so all ("Z 2) > n/2 reordered
characters occur. Their eigenspaces are linearly independent. O

64



Proposition 15.6. There is an absolute Cy such that, for every sufficiently large n = 2%, every
modified block above, and every irreducible p of Sy, of degree D other than trivial or sign,

[Ep(om) lop < CoD™ /200,
The modified block has zero sign coefficient. These statements are uniform in its starting phase.

Proof. Let G; be the symmetric group supported on J; and put H = Go x G1. If a positive
operator () commutes with p(G1—;), then p(m)*Qp(7) is determined by Q;(7). Indeed, equal
ordered preimages of .J; mean 7’ mle G1—j. The separate marginal cap and positivity therefore
give, for every unit vector v,

tr @

E(p(m)v, Qp(m)v) < 4Egu, (p(9)v, Qp(g)v) = 4 —~. (15.7)

The final equality is Schur averaging. This comparison uses one capped preimage marginal at a
time; it imposes no joint density bound.

Set A; = Ep(oj) and A = ApA;. These factors and their adjoints commute, and they are
contractions. Independence and convexity give

IAEp(m)v||* < E{p(m)v, A*Ap(m)v). (15.8)

For each j, let P;< select the full Gj-isotypic spaces of degree at most DY100 and put P =
I — Pj <. These projections commute with H and with each other. On a joint half-type, write
Xj = A3A;. The X; are positive contractions on separate tensor factors. If type j is large,
XoX1 = Xj; if both types are small, XqX; < I. Hence

ATA = A8A0P07> + ATA1P1’> + POSPLS' (15.9)

Every term is positive. The first two commute with the complementary half group, and the last
commutes with both groups, so (15.7) applies to each.

1/100

On each Gj-type selected by P;~, Lemma 15.3 bounds the normalized trace by 2D,
2D~ /10000 - Averaging with the restriction dimension weights, including all multiplicities, gives

1
5 (A5 A;P;5) < 9D ~1/10000, (15.10)

It remains to bound the fraction of the space on which both half-types are small. If m,g is the
multiplicity of @ ® 8 in p|g, then

Map < Vb+1DaDp. (15.11)

By Frobenius reciprocity [8, Theorem 4.33], mqg is the multiplicity of p in W = Ind%’ (a® pB),
SO miﬁ < dim Endg, (W). Realize W in fibers of dimension D,Dg over S,/H. An equivariant
block map at one representative ordered pair of cosets determines its transported maps on that
pair orbit. The stabilizer can impose linear constraints on the representative map and can only
reduce the number of choices. Cosets correspond to b-subsets, and intersection size classifies their
ordered-pair orbits, of which there are b + 1. Each representative map has at most (D,Dg)?
parameters. This proves (15.11).
The complete inverse-first sum gives

2 3/100 -1 3/100
> D2 < DN DIt < C.DAM0
Dang/loo O{GS/'\b
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Lemma 15.5 gives b < D. Therefore

2
tr(Po.<Pi<) < Vb+1 ( Z D2) :O(D*1/2+6/100)‘ (15.12)

D D Dang/mU

Equations (15.7)(15.12) bound the squared operator norm by 16D~1/10000 1 §(p—1/2+6/100)
Taking square roots proves the stated exponent. Finally, the pass ¢ contains an independent fair
switch for large d. Toggling it changes sign, and its independence from the modified 7w gives zero
sign coefficient for the block. O

15.4 Completion of the capped-preimage route

Proof of Theorem 15.1. Take r = 60000 successive blocks, modifying their long segments indepen-
dently. The product law p differs from the unmodified product by at most r o(1) = o(1). The block
phases may differ, but the estimates are uniform. Their Fourier matrices multiply in chronological
order, and Proposition 15.6 gives

IEupllop < C1D,3,  C1=CE%%,  p¢ {1,sign}.
The sign coefficient is zero. Plancherel, the Hilbert—Schmidt inequality, and Lemma 15.5 yield

Allp=Us,llay <CF Y. Dt <C2/n)’ ) Dt =o(D).
p¢{1,sign} pESH

Restoring the modified segments still costs o(1).

The unmodified coordinate product has t = 60000(101d — 1) layers and equals R'Y; in the
notation of Section 3. Restoring the one terminal rotation preserves uniform measure and total
variation even when ¢ is not divisible by d. A deterministic initial deck is a right translate, so it
has the same distance. Since t < 6060000d, the upper bound follows. The lower bound is the
earlier one-card or support lower bound. O

16 Exact half-deck marginals and character amplification

The preceding conversion placed a pass after a mixing segment and used ordered preimages of the
output halves. We now take a block AyB, with a pass B within the two input halves followed by a
mixing segment Ag. The shared half-list estimate controls the ordered images of those halves. We
will change the mixing law by o(1) in total variation until both image injections are exactly uniform.
This produces a uniform output partition and two conditionally uniform bijection marginals, which
may remain dependent.

Theorem 16.1 (Half-deck repair and character amplification). There are absolute positive integers
C, K such that the Thorp shuffle on n = 2¢ cards has worst-start total-variation distance tending
to zero from uniform after

K((d—1)+Cd)

physical shuffles. For every fized ordered list of n/2 distinct input positions, its image after Cd
consecutive coordinate layers is within o(1) of the uniform injection, uniformly in the input list
and the starting phase of the coordinate cycle.
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Lemma 15.2 supplies an absolute choice of C": its 100d case is enough for the half-deck assertion.
We keep C' symbolic in the block length. The proof below supplies absolute Cy,d > 0 and permits
any fixed positive integer K with K§ > 3. Blocks may start at any phase, and their length need
not be a multiple of d.

16.1 Repairing both image injections

We first turn the two approximate image laws into exact conditional marginals while allowing the
two coordinates to remain dependent.

Lemma 16.2 (Simultaneous marginal repair). Partition a set of size 2s into two ordered sets
J1, Ja, each of size s. Let Ay be a random permutation. Suppose the ordered image of J; under Ag
has total-variation distance €; from a uniform injection. Let epary be the distance of the ordered
output partition (AgJr, AgJa) from its uniform law. There is a permutation law A whose two
ordered image marginals are exactly uniform and such that

H‘C(A) - ‘C(AO)HTV <€ t+e+ 3€part' (161)

Conditional on its output partition, each of the two bijections is uniform. Their joint law may be
dependent.

Proof. Write S = (S1,S2) for an output partition and p, u for its actual and uniform laws. For
fixed S, a permutation is a pair of bijections J; — S;. Let ug be their conditional joint law, with
marginals j1; g, and let U; g be uniform on the ith bijection space. Either injection determines
S completely. The uniform injection law has partition marginal v and conditional bijection law
Ui s. Replacing u by p in this target changes it by exactly €part in total variation. The triangle
inequality therefore gives

ZP(S)”,U/@S - Ui,S||TV <€+ €part-
S

For every S with p(S) > 0, take a maximal coupling of y; g with U; g for each i. Given the
original pair, apply the two coupling kernels using separate auxiliary randomness. Each resulting
coordinate has its prescribed uniform marginal. The probability that the pair changes is at most
the sum of the two marginal coupling errors. Thus replacing the conditional joint laws while
retaining p costs at most €1 + €2 + 2€pare. On partitions of zero p-mass choose any joint law with
uniform marginals. Finally replace p by u, retaining these conditional joint laws. This costs exactly
€part and proves (16.1). O

Take a block whose first d —1 layers have product B and whose next Cd layers have product Ayp.
The first part omits one coordinate and preserves its two halves Ji, Jo, each of size s = n/2. Its
switch coins are independent across the halves, so B consists of independent one-pass permutations
on them. Lemma 15.2 gives ¢; = o(1) for the two ordered image injections of Ag, uniformly in
the block phase. Also €party < min(ey, €2), since either injection determines the partition. Apply
Lemma 16.2 to Ay, and sample the repaired A independently of B. The law of AB is within o(1)
in total variation of the law of AgB, uniformly in the starting phase.

16.2 Averaging with dependent subgroup coordinates

We now turn the exact conditional marginals into an operator bound. Write H = S, x Sj,, where
S, is the symmetric group supported on J;. Let py be a unitary irreducible representation of S,
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on a space V) of dimension D = D). Its restriction to H is

V)\’H = @ (Va®Vp)® Cmé‘ﬁ-
a,BFs

Let P,s be the corresponding orthogonal isotypic projection, including the full multiplicity space.
We shall use
mag < Dg < Do Dpg. (16.2)

By Frobenius reciprocity [8, Theorem 4.33] and the Littlewood—Richardson rule, mg‘éﬁ = 0 when
« is not contained in A\. Otherwise the multiplicity counts semistandard skew tableaux of shape
A/a and content 8 whose reading words are lattice words [11, Definitions 15.2, 15.6 and 16.1;
Theorem 16.4]. Read a tableau from right to left along successive rows, starting at the top. The
word determines the tableau, so these words inject into all lattice words of content 5. A lattice
word wi,...,w,s determines a standard tableau of shape 3: place j in the next cell of row w;.
Rows increase by construction, and the condition that every prefix row-count vector is a partition
gives the column inequalities. Conversely a standard tableau supplies the word by recording the
row containing each of 1,...,s. There are Dg such tableaux, proving (16.2).
Put
F=Epx(B), M =Epx(AB).

Independence gives M = (Epy(A))F. The covariance identity for Z = p)(A)F yields
MM* < E[px(A)FF*pr(A)"], (16.3)

because the difference is E[(Z —EZ)(Z —EZ)*]. For fixed A, this conjugation carries the H-isotypic
projections to those for the output partition (AJy, AJy), which the repair makes uniform.
For a one-pass permutation G5 on a half, write

" tr X,
T, = Epa(Gs)y Xo = TaTay o = D a'
ey

The two half-passes are independent, so on the af isotypic block,

FFr=X,®Xg® ImAB.
Each T, is a contraction. Thus 0 < X, < [ and 0 < ¢4, < 1. The common one-pass estimate in
Lemma 15.3 applies in every axis order and gives, for all sufficiently large s = 241,

tr(T, T tr(TT,
o = I“(Doé a) _ I"(Da a) < 2D;1/100. (16.4)
el a

We use this bound below with C; =2 and a = 1/100.
Conditional on an output partition S, choose a fixed transporter Lg from (Ji, J2) to S. The

repaired permutation has the form A = Lg(hy, ha), where each h; has the uniform marginal on
S, conditional on S. On the a8 block define

Coss = E (pa(h1)Xapa(h1)¥) ®§gplﬁ(il2)XﬁPﬁ(h2)*> ’51 .

mig
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Since Xz < I, pointwise positivity and then Schur averaging over the h; marginal give

Caps < Elpa(h1)Xapa(m)"[S] @ Iv, ® I
— anVa & IVB &® Imég

Interchanging the two factors gives the same bound with gg. After embedding this block in V)
and conjugating by px(Lg), its contribution to (16.3) is at most

min(qa, ¢8) pa(Ls)Paspr(Ls)”.

Each bound used only one conditional marginal, so it holds for every coupling of h; and hs.
The ordered partition S is uniform on S, /H. Since P,3 commutes with H, its conjugate is

independent of the choice of transporter. Its average over the cosets is therefore its average over

Sy, which Schur’s lemma identifies as (rank P,3/D)I. Summing the positive blocks in (16.3) gives

A
mo D Dﬁ .
13, < 3 —5— min(ga, gs). (16.5)
a76

The coefficients are nonnegative and sum to one, including every restriction multiplicity.

Put x = D,Dg. If x > D'/8 | at least one of the two dimensions exceeds D'/16. Equation (16.4)
then bounds the total contribution of these types by C;D~%/16 = 2D~1/1600 For the remaining
types use ga,qs < 1 and (16.2), which bounds each rank weight by 2?/D. Since z < DY implies
22 < D383~ their total weight is at most

D83 (DoDg) ™! < C2D75/8,
a7ﬁ

Here the complete inverse-first-degree sum is uniformly bounded as stated after (15.4). Thus there
is an absolute Cy < oo such that, with 6 = min{a/16,5/8} = 1/1600,

IEpx(AB)|3, < CoD5°. (16.6)
For the sign representation the block average is exactly zero once d > 2: B contains an independent
fair switch, and the repair of Ag left B unchanged and independent of A.

16.3 Independent blocks and physical time

Proof of Theorem 16.1. Choose C from the shared half-list lemma and a fixed positive integer
K with K6 > 3. Take K successive blocks, repairing each Ag independently. The phases and
omitted coordinates may differ, but the estimates above are uniform over these choices. Let u be
the product law of the repaired blocks. Its Fourier matrix is a product of K matrices satisfying
(16.6). Using submultiplicativity of the operator norm and ||Q|lus < v/D||Q|op, Plancherel gives

Ap = Unlfy <CE 3 DI E=0(1).
A#(n),(17)

Indeed 2 — K§ < —1, and the inverse-first-degree sum outside the trivial and sign representations
tends to zero. The sign term vanishes exactly. This estimate uses no normality of the Fourier
matrices.
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Undoing all K repairs costs o(1) by coupling the independent blocks, since K is fixed. Their
original total length is K ((d — 1) 4+ Cd) coordinate layers. At that single terminal time, the relation
Y, = R'X, from Section 3 restores the deterministic coordinate rotation. It preserves uniform
measure and total variation, whether or not the block length is divisible by d. Each coordinate
layer represents one physical shuffle. Finally, applying the position permutation to any fixed
deck is a bijection of the state spaces, so the same convergence holds with the stated worst-start
quantifier. O
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