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Abstract

For the Thorp shuffle on 2d cards, we prove that the worst-start total-variation distance
after 32800d physical shuffles tends to zero as d → ∞. Combining our fixed-list estimate with
the companion Fourier transfer improves this bound to 512d shuffles. These results follow from
bounds on partially observed permutation laws in random coordinate frames.

1 Introduction
A change of coordinates can relate a prescribed sequence of matching directions to a random one.
For a permutation shuffle, we identify the joint path laws under the change of coordinates. A
conditional calculation also needs to specify what has been revealed when the next direction is
sampled. We separate these two questions. The resulting estimates describe the laws of large
ordered lists of cards, and several ways of retaining that information lead to convergence of the
whole permutation.

Our model is the Thorp shuffle on n = 2d labeled cards. Split a deck into two equal halves, pair
corresponding positions, and interleave the pairs, choosing their orders with independent fair coins.
One such operation is one physical shuffle. Let qd be its law as a permutation of positions, let Un

be uniform on Sn, and let µ ∗ ν denote the law of XY for independent permutations with laws µ, ν.
We use ∥µ− ν∥TV = 1

2
∑

g |µ(g) − ν(g)|. A card becomes uniform after d physical shuffles. The
cards share the same switches, so the law of their joint positions requires a separate argument.

Our first complete application uses the frame, marginal, degree, and Fourier arguments proved
in this paper.

Theorem 1.1. For n = 2d,

∥q∗(32800d)
d − Un∥TV −→ 0 (d −→ ∞).

The convergence is uniform over every deterministic initial ordering of the deck.

The lower obstruction is elementary. After t physical shuffles the process has used tn/2 random
bits, so its support has size at most 2tn/2 and

∥q∗t
d − Un∥TV ≥ 1 − 2tn/2

n! .

At distance 1/4 this forces t ≥ ⌈(2/n) log2(3n!/4)⌉ = 2d−O(1). Together with Theorem 1.1, this
shows that the mixing time has the optimal order d = log2 n on dyadic decks.

The proof of Theorem 1.1 is independent of the deterministic-coordinate companion, which
proves convergence after 1600d physical shuffles as d → ∞ [23, Theorem 1.1], and of the abstract
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Fourier transfers in [22]. Later we prove that, after 256d shuffles, the ordered image of every fixed
list of at most 7n/8 cards has total-variation distance o(1) from a uniform injection, uniformly over
the list as d → ∞. The orbit transfer gives the 2048d application in Theorem 11.5. Combining
the same marginal estimate with the Fourier companion’s isotypic estimate and its inverse-degree
sum gives the 512d consequence in Corollary 11.4. The orbit argument bounds the operator norm,
while the isotypic argument bounds the Hilbert–Schmidt norm. Later sections also prove partial
laws that retain information about histories and changing input sets.

1.1 Coordinate frames and the first proof

Identify positions with V = Fd
2. Undoing the deterministic rotation in each shuffle leaves indepen-

dent fair switches along successive coordinate directions. A run through all d directions is a sweep;
it costs d physical shuffles. We compare this process with switches in directions v1, v2, . . . such
that every d consecutive vectors form a basis. For a fixed sequence whose first basis is the same
ordered coordinate basis, invertible changes of position frame identify the joint path laws. At the
terminal time, the endpoint laws agree after a specified bijection of output positions. Hence every
fixed input list has the same distance from a uniform injection in the two descriptions. A general
initial frame also relabels the inputs; the corresponding comparison preserves the average over
uniformly chosen input lists.

This path comparison is proved after fixing the complete direction sequence. Its intermediate
maps may use future directions. The probability calculation therefore uses a separately generated
process: after the first basis, choose the next direction uniformly outside the span of its d − 1
predecessors, then choose fresh switch coins. The observation field records the input list and any
independent initial sampling, the direction prefix, and the path prefixes of the preceding cards
in the list. In this field, revealing the next direction does not change the conditional law of the
hidden card’s current position.

That card has a conditional mass on the positions not occupied by its predecessors. A switch
averages two masses when both endpoints remain available, and transports one mass when only
one endpoint remains. The squared deviation from uniform has an exact decrement. Averaging a
fresh direction connects every pair across the hyperplane spanned by the preceding directions with
the same probability. The expected decrement is at least the current energy times the smaller
available half-count, divided by n.

For the first proof we sample an omitted block of n/64 labels independently of the shuffle. Its
image is contained in every available set for the complementary list. Once the shuffle history is
fixed, that image is a uniform subset, so both sides of a specified hyperplane contain many of its
positions except with exponentially small probability. This is an unconditional imbalance bound
after the path conditioning has been removed. Since the energy is at most one, it can be combined
with the decrement even when the energy and the imbalance event are correlated. The terminal
conditional comparison keeps the complete direction data inside total variation until the frame
identity is applied. It yields one partition into 64 blocks for which the sum of the complementary
marginal errors after 1025d shuffles tends to zero.

Each complementary image list identifies a left coset of the subgroup that permutes the omitted
block. A common trimming gives one nearby law whose relevant coset masses are capped by a
fixed multiple of their uniform values. On restricting an irreducible representation of dimension D
to the product of the 64 block groups, each occurring tensor type has a factor of degree at most
D1/64. The orbit of one vector under that factor has controlled dimension even when the factor
occurs with large multiplicity. The transfer proof first bounds this dimension by a finite sum of
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squared subgroup degrees. A local estimate for the inverse sixteenth powers then bounds that
sum, and Schur averaging turns the coset caps into Fourier contraction. Thirty-two independent
time blocks complete the proof, with the sign representation treated separately.

Sections 2–3 establish the model and the fixed-schedule path identity. Section 4 proves the
marginal estimate. Sections 5, 6, and 7 complete Theorem 1.1 using local representation and
Fourier arguments. A reader may stop there with a complete proof.

1.2 Further partial laws and their uses

Section 8 reuses the conditional mass flow with different balance and disclosure statements. A
preceding transverse switch gives an imbalance bound for every fixed input list. Independent shears
provide an explicit realization of the fresh directions, and the deferred-column calculation identifies
the coefficients that have not yet been revealed. Sampling labels offers other balance estimates; an
arbitrary initial frame also introduces an input relabeling that disappears after averaging over
lists. Thus an average over input lists can enter through the frame comparison or through the
balance estimate. Lemma 10.1 gives a separate contraction under an earlier conditioning time for
the deterministic coordinate schedule.

Section 12 controls exceptional trajectories in three different ways. For a chosen partition
and chosen orders of its complements, descending removal constructs one retained measure whose
complementary marginal probabilities are capped pointwise. A stopped argument uses nested
balance events so that the tuple error includes the imbalance probability only once. A different
event, defined by the trajectory matchings, supports an entropy inequality for every probability
law concentrated on that event. This last quantifier allows the Fourier transfer to condition on a
rare event selected from a representation coefficient.

Section 14 uses averaged input laws in three ways: selecting one partition for an isotypic
estimate, trimming equivariant kernels while controlling their full sign multiplicity spaces, and
averaging over overlapping omitted sets. Sections 15 and 16 use half of the deck. When an
independent pass follows a long mixing segment, separate caps on preimage lists control positive
trace tests. When the pass comes first, the argument repairs the two image marginals and averages
one uniform subgroup coordinate at a time. The repaired coordinates may remain dependent.

1.3 History and related work

The model arose in Thorp’s study of nonrandom shuffling and the game of Faro [26]. Aldous and
Diaconis later described the paired shuffle and reported an informal argument for an O((logn)2)
threshold [1, Section 8b, Example (12)]. For dyadic decks, the description by independent switches
along successive hypercube coordinates is standard [16]. It makes one-card uniformity transparent,
while the dependence among card trajectories remains the obstacle to convergence of the full law.

Morris obtained an O(d44) bound for the full deck when n = 2d, combining chameleon and
evolving-set ideas [16]. Montenegro and Tetali sharpened that analysis to O(d29) using spectral-
profile and evolving-set estimates [15, Theorems 6.14–6.15]. Morris subsequently used entropy
estimates to prove O((logn)4) for every even deck size [18] and then O(d3) for dyadic decks [19].
These times count individual physical shuffles and concern the entire permutation.

Partial-card laws were studied both as shuffle marginals and as a tool for enciphering small
domains. Morris, Rogaway and Stegers gave explicit bounds for ordered Thorp marginals [21,
Theorem 1]. For dyadic decks, Czumaj and Vöcking proved that any prescribed list of at most
(1 − ϵ)n cards mixes in Oϵ((logn)2) physical layers, for each fixed 0 < ϵ < 1, using non-Markovian
couplings in the butterfly network [5]. Czumaj’s later account identifies this as O(logn) whole
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butterflies [4, Section 1.5]. That paper also obtains logarithmic-depth partial mixing for other
switching networks with suitable expansion [4, Theorems 3.4–3.6].

We adapt the conditional-energy approach in the swap-or-not analysis of Hoang, Morris and
Rogaway [9, Section 3, Theorem 3 and Lemma 4]. Their independent uniform group keys give an
unconstrained sequence of matchings; their proof contracts a quadratic discrepancy for the next
card and compares the joint law through expected conditional errors. Dai, Hoang and Tessaro
later sharpened the combination of those squared discrepancies through a chi-squared inequality [6,
Section 6]. Here the next direction is constrained by its recent predecessors. The frame identity
and the chronological conditional calculation justify that rule and its hyperplane energy estimate.

Related work connects partial information to stronger permutation guarantees in several ways.
Ristenpart and Yilek’s mix-and-cut construction, and Morris and Rogaway’s sometimes-recurse
construction, use partial or separator guarantees inside recursively modified shuffles [24, 20]. Alon
and Lovett relate uniformity for every input-output pair of a group action to Fourier matrices of the
irreducible representations occurring in that action, and repair sufficiently accurate approximate
uniformity to exact uniformity for the action [2, Theorem 1.4 and Proposition 3.2]. Our passage
to the full symmetric group controls its irreducible Fourier matrices from complementary coset
caps for selected blocks.
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2 The chain and its elementary lower bound
Let d ≥ 1 be an integer. Write n = N = 2d, let V = Fd

2, and identify positions 0, . . . , n− 1 with
their binary strings, most significant bit first. Let G = Sym(V ). Fix card labels indexed by V ,
with card x at position x in the identity state. A state g ∈ G maps a label to its current position,
and permutations are composed as functions: (gh)(x) = g(h(x)).

In one physical shuffle, the deck is split into its top and bottom halves, and, for i = 0, . . . , n/2−1,
the cards at index i within the two halves occupy output positions 2i and 2i+1 in an independently
chosen fair order. Thus one step uses n/2 independent fair bits. In binary coordinates its action is

(x1, x2, . . . , xd) 7−→ (x2, . . . , xd, x1 + ξ(x2,...,xd)), (2.1)

where the bits indexed by the suffix are independent. This convention counts individual physical
shuffles, not sweeps of d such shuffles.

Let qd be the probability law of the one-step position permutation, and let U be uniform
measure on G. We also write Un or UG when indicating the state-space size or group is useful.
The transition kernel is Pd(g, h) = qd(hg−1); thus P t

d(g, ·) is the law after t shuffles started from g.
For probability measures on a finite set, we use

∥µ− ν∥TV = 1
2
∑

x

|µ(x) − ν(x)| = max
A

|µ(A) − ν(A)|.

For measures on G, the convolution µ ∗ ν is the law of XY , where X ∼ µ and Y ∼ ν are
independent. Starting from g0, the law after t steps is the right translate of q∗t

d by g0. Uniform
measure is invariant under every such translation and under left multiplication by every step.
Consequently U is stationary, and

max
g0∈G

∥P t
d(g0, ·) − U∥TV = ∥q∗t

d − U∥TV. (2.2)

Here and below Yt denotes the original shuffle started at the identity. We define

tmix(d) = min{t ∈ Z≥0 : ∥q∗t
d − U∥TV ≤ 1/4}. (2.3)

Total variation is nonincreasing in t by contraction under convolution. The minimum exists for
every d ≥ 1; the coordinate description in Section 3 gives a short proof. Our estimates below give
the quantitative bound as d grows.

Lemma 2.1 (Support lower bound). For every integer t ≥ 0,

∥q∗t
d − U∥TV ≥ 1 − 2tn/2

n! . (2.4)

Consequently,
tmix(d) ≥

⌈ 2
n

log2

(3n!
4

)⌉
= 2d−O(1). (2.5)

For 0 ≤ t ≤ d,
∥q∗t

d − U∥TV ≥ 1 − (e/
√
n)n.

In particular, the distance tends to one uniformly for integer t ≤ d, and tmix(d) ≥ d for all
sufficiently large d.
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Proof. There are at most 2tn/2 choices of all shuffle bits, hence at most that many possible states.
If A is their support, then

∥q∗t
d − U∥TV ≥ q∗t

d (A) − U(A) ≥ 1 − 2tn/2

n! .

If this distance is at most 1/4, the last ratio must be at least 3/4. Taking logarithms and then the
least integer above the resulting lower bound proves the first part of (2.5). The integral bound
log(n!) ≥

∫ n
1 log x dx = n logn − n + 1 and n! ≤ nn give the asserted asymptotic lower bound.

When t ≤ d, the support ratio is at most nn/2/n!, which is at most (e/
√
n)n. This proves the

remaining statements.

Lemma 2.2 (One-card comparison). For a fixed initial card and an integer 0 ≤ t < d, its location
law has support at most 2t. Consequently the full permutation law has total-variation distance at
least 1 − 2t/n from uniform, and tmix(d) ≥ d. After d steps every individual card has a uniform
location.

Proof. At each step a card has at most two possible successors. Its support therefore has at most
2t positions. The uniform position law assigns that support mass at most 2t/n, and passing from a
full permutation to the position of one card cannot increase total variation. For the last assertion,
undo the deterministic rotations. During the first d steps each coordinate is refreshed exactly once,
with a bit that is fair conditional on the entire previous card path. These successive refreshed bits
form a uniform binary string. Restoring the rotation preserves uniformity.

We shall use basic characteristic-zero representation theory of finite groups: unitary realizations,
orthogonal decomposition into irreducibles, Schur’s lemma, and matrix-coefficient orthogonality
[8, 25]. All representation spaces below are finite-dimensional complex Hilbert spaces. For an
operator A, ∥A∥op is its operator norm and ∥A∥2

HS = tr(A∗A) its squared Hilbert–Schmidt norm;
the trace is not divided by the dimension. We prove explicitly the dimension estimate and the
passage from marginals to the full group law that the argument requires.

3 Changing the position frame
For a nonzero vector v ∈ V , let Cv ≤ G be the subgroup of permutations that preserve each pair
{x, x+ v} setwise. A uniform element of Cv independently swaps or fixes each of these n/2 pairs
with equal probability. We call it a switch in direction v.

Write e1, . . . , ed for the standard basis of V , and let

R(x1, . . . , xd) = (x2, . . . , xd, x1)

be left cyclic rotation. Binary strings are column vectors when a matrix acts on them. By (2.1), one
physical shuffle is RSt, where St is uniform in Ce1 and the St are independent. Thus Yt = RStYt−1,
with Y0 = id. In the rotating position frame, put

Xt = R−tYt, Qt = R−(t−1)StR
t−1. (3.1)

Then Xt = QtXt−1, and the Qt are independent uniform switches in the periodic directions
e1, e2, . . . , ed, e1, . . .. Indeed, conjugation by a linear bijection carries Cv onto the matching
subgroup in the image direction, and R−(t−1)e1 = e1+((t−1) mod d).
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This description also proves the finite-d convergence used in Section 2. A sweep of d layers
has positive probability of making no swaps, and positive probability of making exactly any
chosen coordinate-edge transposition. These transpositions generate G, because the cube graph
is connected. Every permutation is therefore a product of finitely many sweeps. Padding those
products by identity sweeps gives a common number of sweeps at which every permutation has
positive probability. That kernel dominates a positive multiple of U , so iteration proves convergence.
The rotation is the identity at the end of each sweep.

The following path identity allows a different basis in each successive window of d directions.
The maps are constructed after the complete schedule is fixed; they need not be known when their
time index is reached.

Lemma 3.1 (Fixed-schedule frame identity). Let T ≥ d, and let ι = (ι1, . . . , ιd) be a permutation
of 1, . . . , d. Write i(t) = ι1+((t−1) mod d), and let Xι

0 = id and Xι
t = Qι

tX
ι
t−1, where the increments

are independent and uniform in Cei(t).
Fix directions v1, . . . , vT satisfying

(vs, . . . , vs+d−1) is a basis of V (1 ≤ s ≤ T − d+ 1). (3.2)

Let Z0 = id, and let Zt evolve by independent uniform switches in these directions. There are
linear bijections L0, . . . , LT , determined by the fixed axis order and direction schedule, such that

(Zt)T
t=0

law=
(
LtX

ι
tL

−1
0
)T

t=0, L0eιj = vj (1 ≤ j ≤ d). (3.3)

In particular, if ι = (1, . . . , d) and vj = ej for 1 ≤ j ≤ d, then L0 = I and

ZT
law= LTXT = LTR

−TYT . (3.4)

Proof. For 1 ≤ s ≤ T − d, the two successive bases give unique coefficients as,t ∈ F2, s < t < s+ d,
with

vs+d = vs +
∑

s<t<s+d

as,tvt. (3.5)

The coefficient of vs cannot vanish, since otherwise vs+1, . . . , vs+d would be dependent; over F2 it
is therefore one.

We construct Lt so that its column selected at time t has the required value:

Lt−1ei(t) = vt. (3.6)

Begin with the map L0 specified in the statement. For each time t, define a row ct by putting as,t

in column i(s) whenever 1 ≤ s ≤ T − d and s < t < s+ d, and putting zero in every other column.
For fixed t the possible s lie within at most d− 1 consecutive times, so their coordinate indices are
distinct and differ from i(t). Thus ctei(t) = 0. Set

Lt = Lt−1(I + ei(t)ct). (3.7)

Each factor squares to I and is invertible. It leaves the selected column unchanged and adds
prescribed multiples of that column to the others.

Before a column’s first selection no prescribed update targets it, so (3.6) holds during the first
period by the definition of L0. If it is selected at time s and again at s+ d ≤ T , it has value vs

after the first selection. At each intervening time t it receives as,t times the selected column, whose
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value is vt by induction. Equation (3.5) gives its value vs+d before its next selection. This proves
(3.6), including an incomplete last period.

For this fixed schedule, define the transformed step shown in Figure 1:

Q̃t = LtQ
ι
tL

−1
t−1 = (LtL

−1
t−1)(Lt−1Q

ι
tL

−1
t−1). (3.8)

In (3.8), the second factor is uniform in Cvt . The first is a fixed member of that subgroup: writing
ft = ctL

−1
t−1,

LtL
−1
t−1 = I + vtft, ft(vt) = 0.

The map x 7→ x+ ft(x)vt fixes or swaps each pair {x, x+ vt} because ft is constant on the pair.
Multiplication by it preserves the uniform law on Cvt . Each Q̃t depends on its own independent
increment Qι

t, so the transformed switches are independent. Their products telescope at every
time:

Q̃t · · · Q̃1 = LtQ
ι
t · · ·Qι

1L
−1
0 = LtX

ι
tL

−1
0 .

This gives the joint path identity, and the cyclic specialization follows from (3.1).

Corollary 3.2 (Endpoint distances and the input map). Under Lemma 3.1, let 0 ≤ q ≤ n and let
πq be uniform on ordered distinct q-tuples of positions. For every fixed ordered list C of q distinct
labels,

∥L(ZT (C)) − πq∥TV = ∥L(Xι
T (L−1

0 C)) − πq∥TV. (3.9)

Thus the same-list distances agree when L0 = I. Their averages also agree when C is sampled
uniformly over ordered distinct lists, independently of the switch process:

EC∥L(ZT (C) | C) − πq∥TV = EC∥L(Xι
T (C) | C) − πq∥TV. (3.10)

Proof. The terminal map LT is a bijection on distinct position tuples and preserves πq, which
proves (3.9). The input map L−1

0 also preserves the uniform law on distinct lists, giving the
averaged identity.

Remark 3.3 (The schedule is fixed before the frame is constructed). If a random schedule satisfying
(3.2) is sampled independently of the switch randomness, the lemma and corollary apply condi-
tionally on each complete schedule. The averaged identity then uses a list sampled independently
of that schedule and of the switches. The maps Lt, including L0 when the first basis is random,
may depend on directions that have not yet been revealed. We use them only in these conditional
path and endpoint comparisons. The energy calculation next uses a separately generated process
with directions revealed in chronological order.

x Qι
tx

Lt−1x LtQ
ι
tx

Qι
t ∈ Cei(t)

Lt−1 Lt

Q̃t ∈ Cvt

Figure 1: One matching switch in two position frames. After the complete schedule is fixed, the
vertical maps are deterministic and the lower step is an independent uniform switch in direction vt.
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4 Online observations and ordinary marginals
We track the conditional location of one hidden card while revealing the paths of earlier cards in a
list. The quadratic error and the successive comparison of conditional location laws follow the
swap-or-not approach of Hoang, Morris, and Rogaway [9, Section 3, Theorem 3 and Lemma 4].
Here the next direction is constrained by its recent predecessors, so we state the information used in
the calculation explicitly. The first application below produces one partition whose complementary
marginals are all close to uniform. Later applications use the same calculation with other sources
of balance.

4.1 A chronological law and a hidden card

Fix an integer T ≥ 0. Let v = (v1, . . . , vT ) be a random schedule of nonzero directions. Set Z0 = id,
and suppose that, conditional on the complete schedule, the increments of Z are independent
uniform switches in directions v1, . . . , vT . This law can be generated in time order: sample the
next direction from its conditional law given the preceding directions, and then use fresh fair coins
on its matching.

Let Ξ be initial data independent of the joint process (v, (Zt)T
t=0), and let C = (c1, . . . , cq) be

a list of distinct labels determined by Ξ, with fixed length 0 ≤ q ≤ n. A fixed list corresponds to
deterministic Ξ; a sampled partition may be included in Ξ when it determines the list. For its jth
label define the exact online field

F j
t = σ

(
Ξ, v1, . . . , vt, Zs(ci) : 0 ≤ s ≤ t, i < j

)
. (4.1)

Let Dj
t be the positions not occupied by the observed labels c1, . . . , cj−1 at time t, and put

rj = n− j + 1. Define

pj
t (x) = Pr{Zt(cj) = x | F j

t }, ∆j
t =

∑
x∈Dj

t

(
pj

t (x) − 1
rj

)2

. (4.2)

We extend pj
t by zero outside Dj

t . It is a probability vector on that set, so 0 ≤ ∆j
t =

∑
x p

j
t (x)2 −

1/rj ≤ 1.
For 0 ≤ t < T and a feasible direction prefix write Kt(v) = Pr{vt+1 = v | v1, . . . , vt}.

Conditional on the complete schedule, the law of the joint permutation path through time t
depends only on v1, . . . , vt. The independence of Ξ therefore gives

Pr{Zt(cj) = x, vt+1 = v | F j
t } = pj

t (x)Kt(v). (4.3)

Indeed, the joint law of the old hidden position and observed path prefix is the same for every
completion of a fixed direction prefix. Conditioning on that observed prefix leaves the conditional
law of the future directions unchanged. This argument uses only path prefixes; it does not condition
on future observed paths or on further auxiliary data.

Lemma 4.1 (Online averaging and cross-hyperplane contraction). In the preceding setup, for
0 ≤ t < T and 1 ≤ j ≤ q,

∆j
t+1 = ∆j

t − 1
2

∑
{x,y}⊆Dj

t
y=x+vt+1

(
pj

t (x) − pj
t (y)

)2 almost surely, (4.4)

10



where each unordered matching edge is counted once. If Kt is uniform on the complement of an
F j

t -measurable hyperplane Jt, then

E[∆j
t − ∆j

t+1 | F j
t ] ≥ min(|Dj

t ∩ Jt|, |Dj
t \ Jt|)

n
∆j

t . (4.5)

More generally, suppose Kt is uniform outside an F j
t -measurable proper subspace Wt, and let Jt

be an F j
t -measurable hyperplane containing Wt. Then the same right side with denominator 2n is

a valid lower bound.

Proof. Fix j and omit its superscript. By (4.3), revealing vt+1 does not update the old hidden-card
law pt. Given Ft and this direction, the matching edges incident to observed cards are known.
Their next positions reveal exactly the fresh coins on those edges. Those coins are independent of
the old hidden position, so their revelation also leaves pt unchanged; all other edge coins remain
independent and fair.

An edge containing two positions of Dt averages their two masses. An edge containing exactly
one position of Dt transports its mass to the unique position on that edge unoccupied by observed
cards after the switch. Edges with no available position carry no hidden mass. These rules give
the conditional vector at the exact field Ft+1 in (4.1). They also transport the uniform vector on
Dt to the uniform vector on Dt+1. Transport preserves squared error, while averaging two masses
reduces it by 1

2(pt(x) − pt(y))2. This proves the exact identity.
For the expectation, split Dt = D0 ∪D1 across Jt and put zx = pt(x) − 1/rj , u = |D0|, and

w = |D1|. Since
∑
zx = 0,

∑
x∈D0,y∈D1

(zx − zy)2 = w
∑
D0

z2
x + u

∑
D1

z2
y + 2

∑
D0

zx

2

≥ min(u,w)
∑
Dt

z2
x. (4.6)

Every cross pair has matching probability 2/n in the hyperplane case. Combining this with the
factor 1/2 in the exact decrement proves (4.5). In the proper-subspace case, every cross difference
lies outside Wt and has probability 1/(n− |Wt|) ≥ 1/n; discard the other eligible pairs to obtain
the denominator 2n. The calculation covers an empty side. The algebraic identity (4.6) holds for
any real centered vector; a later use for another vector must also identify its averaging rule.

The loss bound and a balance estimate will be used at different levels of conditioning. Let
0 ≤ γ ≤ 1. If the conditional expected loss E[∆j

t − ∆j
t+1 | F j

t ] is at least γ∆j
t off an event Bt ∈ F j

t

and is always nonnegative, then ∆j
t ≤ 1 gives

E∆j
t+1 ≤ (1 − γ)E∆j

t + γ Pr(Bt). (4.7)

Thus an unconditional bound on Pr(Bt) suffices; no bound conditional on the observed paths is
asserted.

4.2 From hidden cards to an ordinary tuple law

Let πq be uniform on ordered distinct q-tuples of positions, and let UD be uniform on a nonempty
set D. For any tuple law ν = L(Y1, . . . , Yq),

∥ν − πq∥TV ≤
q∑

j=1
Eν

∥∥∥L(Yj | Y1, . . . , Yj−1) − UV \{Y1,...,Yj−1}

∥∥∥
TV

. (4.8)

11



This sequential comparison appears in [21, Appendix A, Lemma 2]; an earlier distinct-tuple form
is [17, Section 5.3, Lemma 12]. For completeness, at the jth step insert the law that first draws the
actual (j − 1)-coordinate prefix of ν and then appends a uniform available position. Its distance
from the j-coordinate marginal of ν is the jth summand above. Applying the same extension
kernel to πj−1 gives πj and contracts total variation. The triangle inequality and induction prove
(4.8). Every expectation is under the actual prefix law.

Lemma 4.2 (Terminal data and an ordinary tuple law). In the preceding setup let Λ be terminal
data that determine the complete direction schedule, and suppose Ξ is independent of (Λ, (Zt)T

t=0).
For every 1 ≤ j ≤ q and every x ∈ V , assume that its online terminal vector is also the conditional
hidden law after these data and the complete predecessor paths are known:

Pr{ZT (cj) = x | Λ,Ξ, Zs(ci) : 0 ≤ s ≤ T, i < j} = pj
T (x) almost surely. (4.9)

Then
EΛ,Ξ∥L(ZT (C) | Λ,Ξ) − πq∥TV ≤ 1

2

q∑
j=1

√
(n− j + 1)E∆j

T . (4.10)

All expectations are under the actual joint law of the data, list, and process. If E∆j
T ≤ aT for

every j, the right side is at most q
√
n

√
aT /2. For q = 0 both sides are zero.

Proof. For fixed Λ,Ξ, apply (4.8). At index j use the coarser field

Hj = σ(Λ,Ξ, ZT (c1), . . . , ZT (cj−1)).

The tower property and (4.9) give Pr{ZT (cj) = x | Hj} = E[pj
T (x) | Hj ]. The set Dj

T is Hj-
measurable, so Jensen’s inequality for the ℓ1 norm compares both vectors to the same uniform law
U

Dj
T

. Cauchy–Schwarz gives

∥pj
T − U

Dj
T

∥TV ≤ 1
2

√
(n− j + 1)∆j

T .

Consequently, almost surely in the terminal data and initial data,

∥L(ZT (C) | Λ,Ξ) − πq∥TV ≤ 1
2

q∑
j=1

E
[√

(n− j + 1)∆j
T

∣∣∣∣Λ,Ξ] . (4.11)

Averaging and applying Cauchy–Schwarz once more proves the lemma.

When Λ = v, the field on the left of (4.9) is exactly F j
T , so that hypothesis is automatic. If

Λ contains further shear or functional data, the identification requires an additional path-law
argument. We will prove that argument where those data are introduced; their disclosure is
separate from the chronological averaging above.

4.3 A sampled omitted block

For the local full-group proof, set

k = 64, m = n

k
, α = 1

4k , T = (1 + 16k)d = 1025d, (4.12)

12



and assume d ≥ 6. Put

bn = 2
( 2

33/4

)m

, εn = n3/2

2

√
e−4d + bn. (4.13)

For a labeled partition M = (M1, . . . ,Mk) of V into m-element blocks, let δa(M) be the distance
of the time-T images of V \ Ma under the physical shuffle from the uniform distinct tuple law.
Any fixed ordering of these labels gives the same distance.

Proposition 4.3 (One partition with nearly complete marginals). There is a deterministic labeled
partition M = (M1, . . . ,Mk) into blocks of size m for which

k∑
a=1

δa(M) ≤ kεn = o(1) (d −→ ∞). (4.14)

Proof. Use vi = ei for 1 ≤ i ≤ d. For d ≤ t < T put

Jt = span{vt−d+2, . . . , vt} (4.15)

and choose vt+1 uniformly in V \Jt, with fresh direction randomness. Every d successive directions
form a basis. Conditional on the complete schedule, use independent fair switches to form Z.
Independently choose M uniformly among labeled equal-size partitions. For a fixed a, let Ξ be
this partition and let C be any deterministic ordering of V \ Ma, with q = n − m. This is the
online setup above.

For each hidden index j, the available set contains the positions of all omitted labels:

Zt(Ma) ⊆ Dj
t . (4.16)

Write Dj,0
t = Dj

t ∩ Jt and Dj,1
t = Dj

t \ Jt. If J0
t = Jt and J1

t = V \ Jt, then{
min

i
|Dj

t ∩ J i
t | < m/4

}
⊆
{

min
i

|Zt(Ma) ∩ J i
t | < m/4

}
.

Fix the direction and switch history through time t, but not M. This fixes Zt and Jt, while
Zt(Ma) is a uniform m-subset of V .

For a uniform m-subset and a fixed half of V , let X be its count in that half. View the subset
as an ordered sample without replacement. A specified set of ℓ sampled indices all lie in the half
with probability at most 2−ℓ. If Ii are the membership indicators, expansion gives

E3X = E
m∏

i=1
(1 + 2Ii) ≤

∑
A⊆{1,...,m}

2|A|2−|A| = 2m.

If one half contains fewer than m/4 sampled points, the other contains more than 3m/4. Markov’s
inequality and a union bound therefore yield, for d ≤ t < T ,

Pr{min(|Dj,0
t |, |Dj,1

t |) < m/4} ≤ 2 2m

33m/4 = bn. (4.17)

This bound averages the independent partition and the shuffle; it is not a concentration assertion
conditional on the observed paths.
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Off the event in (4.17), the conditional loss in (4.5) is at least α∆j
t . Its loss is always nonnegative.

Applying (4.7) gives
E∆j

t+1 ≤ (1 − α)E∆j
t + αbn. (4.18)

Starting with ∆j
d ≤ 1 and iterating for T − d = 16kd steps, we obtain, uniformly in a, j,

E∆j
T ≤ (1 − α)T −d + bn ≤ e−4d + bn. (4.19)

Let δ̃a(v,M) be the auxiliary tuple distance conditional on the complete schedule and partition.
Use Lemma 4.2 with Λ = v. Its terminal identification is automatic, since F j

T already contains the
complete schedule and predecessor paths. Equations (4.10) and (4.19) give

Ev,Mδ̃a(v,M) ≤ n3/2

2

√
e−4d + bn = εn. (4.20)

The schedule remains inside the distance on the left.
For every fixed schedule and partition, choose ι = (1, . . . , d) in Lemma 3.1. The first directions

are vj = ej , so L0 = I. Corollary 3.2, followed by the terminal rotation, therefore gives the
same-list identity

δ̃a(v,M) = δa(M). (4.21)

The frame maps enter only this fixed-schedule endpoint comparison. Summing (4.20) over a
now gives EM

∑
a δa(M) ≤ kεn. At least one deterministic partition attains this average bound.

Finally, n3/2e−2d = exp((3
2 log 2 − 2)d) → 0, while 2/33/4 < 1 makes bn exponentially small in n.

Thus εn → 0.

5 From large marginals to a finite degree sum
Proposition 4.3 gives one partition for which the complementary image laws have small total error.
We first express those image laws as coset laws and condition on one event that bounds all their
coset densities. We then turn these bounds into a finite sum of squared degrees of representations
of the block groups. The next section will estimate that sum by counting tableaux.

Throughout this section, UG denotes the uniform probability measure on a finite group G. For
a subgroup H, we use the standard convention that gH is a left coset. Its elements are obtained
from g by multiplication on the right by elements of H. If µ is a probability measure on G, write
µH for its pushforward to the set G/H of left cosets. Thus

µH(gH) = µ(gH), (UG)H(gH) = |H|
|G|

.

For the shuffle application, take X = V , set T = 1025d and µ = q∗T
d , and use the deterministic

partition M1, . . . ,Mk supplied by Proposition 4.3, with k = 64 and |Ma| = n/k. Let Ha permute
Ma and fix X \Ma pointwise. A permutation maps each reference label to its current position.
Two maps g, g′ agree on X \ Ma exactly when g−1g′ ∈ Ha, or equivalently g′ ∈ gHa. Thus the
ordered images of the cards outside Ma identify the coset gHa bijectively. Uniform measure on
permutations induces uniform measure on these ordered distinct images. The marginal distances
in Proposition 4.3 are consequently exactly the coset distances δa for the trimming lemma below,
and

∑
a δa = o(1).
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Lemma 5.1 (Simultaneous trimming). Let H1, . . . ,Hk be subgroups of a finite group G, and let µ
be a probability measure on G. Put

δa = ∥µHa − (UG)Ha∥TV, δ =
k∑

a=1
δa.

If δ < 1/2, there is a set E ⊆ G, of removed mass ε = µ(G \ E) ≤ 2δ, such that the conditional
probability measure µ̄ = µ( · | E) satisfies

∥µ̄− µ∥TV = ε, µ̄(gHa) ≤ 2
1 − ε

|Ha|
|G|

(g ∈ G, 1 ≤ a ≤ k). (5.1)

In particular, if δ ≤ 1/4, the last density bound is at most 4|Ha|/|G|.

Proof. For each a, call a coset C ∈ G/Ha bad if µ(C) > 2UG(C), and let Ba be the union of its
bad cosets. The identity expressing total variation as the sum of positive excesses gives

µ(Ba) ≤ 2
∑

C∈G/Ha

µ(C)>2UG(C)

(
µ(C) − UG(C)

)
≤ 2δa.

Take E = G \
⋃

aBa. The union bound yields ε ≤ 2δ < 1, so conditioning is well defined. On E,
the mass of µ̄ exceeds that of µ by total amount ε; on the complement, its mass is zero. This
proves the total-variation equality in (5.1).

Fix a coset C ∈ G/Ha. If it is bad for this subgroup, then C ∩ E = ∅. Otherwise,

µ̄(C) = µ(C ∩ E)
1 − ε

≤ µ(C)
1 − ε

≤ 2UG(C)
1 − ε

.

The same estimate therefore holds for every coset in every one of the k systems. If δ ≤ 1/4, then
1 − ε ≥ 1/2, giving the last assertion.

We now convert the coset bounds into control of averages of representation matrices. For a
mass function a : G → C and a unitary representation ρ, define its Fourier matrix by

â(ρ) =
∑
g∈G

a(g)ρ(g).

Probability and subprobability measures are identified with their mass functions. For a finite
group H, write Ĥ for the set of equivalence classes of its complex irreducible representations.

When an irreducible representation of G is restricted to the product of the block groups,
each irreducible summand is a tensor product of one representation from each group. If the full
representation has dimension D, each such tensor product has dimension at most D, so at least
one factor has degree at most D1/k. The following proposition measures the cost of these small
factors by a finite sum. Its proof shows why each equivalence class of a subgroup representation
contributes only the square of its degree even when it occurs with large multiplicity.

Proposition 5.2 (Coset densities and squared subgroup degrees). Let a finite set X be partitioned
into k ≥ 1 nonempty sets M1, . . . ,Mk, and put G = Sym(X). Let Ha be the subgroup permuting
Ma and fixing X \Ma pointwise. Suppose that a probability measure ν on G satisfies, for some
B ≥ 1,

ν(gHa) ≤ B
|Ha|
|G|

(g ∈ G, 1 ≤ a ≤ k). (5.2)
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Then every irreducible complex unitary representation ρ of G, of dimension D, satisfies

∥ν̂(ρ)∥2
op ≤ B

D

k∑
a=1

∑
π∈Ĥa

dim π≤D1/k

(dim π)2. (5.3)

The block sizes need not be equal.

Proof. Because the blocks are disjoint, their subgroups form the direct product H = H1 × · · · ×Hk

inside G. By complete reducibility and the irreducible-representation theorem for finite direct
products, the restriction of ρ to H is an orthogonal sum of isotypic spaces of the form

(Vπ1 ⊗ · · · ⊗ Vπk
) ⊗ Aπ. (5.4)

Here πa is an irreducible representation of Ha, and Aπ is a multiplicity space on which H acts
trivially. These are the usual characteristic-zero representation facts; see, for example, [25, 8].

For every type π that occurs, its tensor-product dimension is at most D. Consequently
some index a satisfies dim πa ≤ D1/k. Assign each entire isotypic space in (5.4) to one such
index, choosing the least one in case of a tie. Grouping the assigned spaces yields an orthogonal
decomposition

Vρ = E1 ⊕ · · · ⊕ Ek.

Each Ea is invariant under H, and every irreducible of Ha appearing in Ea has dimension at most
D1/k. The multiplicities in these restrictions are unrestricted.

For this fixed representation, put

ra =
∑

π∈Ĥa

dim π≤D1/k

(dim π)2.

Fix ua ∈ Ea, and set
Wa = span{ρ(h)ua : h ∈ Ha}.

We first bound this single-vector orbit span. Regroup all copies of each Ha-irreducible, including
copies coming from different H-types, into a single Ha-isotypic space. In such an isotypic space
Vπ ⊗ Aπ, with b = dim π, the group acts by π(h) ⊗ id. If v is the projection of ua to this space, its
orbit span is contained in the image of the linear map

End(Vπ) −→ Vπ ⊗ Aπ, Q 7−→ (Q⊗ id)v.

That image has dimension at most b2, independently of dim Aπ. Each inequivalent Ha-type
contributes only once. Summing over the different isotypic spaces gives the finite bound

dimWa ≤ ra =
∑

π∈Ĥa

dim π≤D1/k

(dim π)2. (5.5)

Let Πa be the orthogonal projection onto Wa. The subspace Wa is Ha-invariant, and therefore
ρ(gh)Wa = ρ(g)Wa for h ∈ Ha. For each vector z, the nonnegative function

g 7−→ ∥Πρ(g)Wa
z∥2
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is thus constant on each left coset gHa. The coset bound (5.2) implies

Eg∼ν∥Πρ(g)Wa
z∥2 ≤ BEg∼UG

∥Πρ(g)Wa
z∥2. (5.6)

The uniform average of these projections is

Qa = 1
|G|

∑
g∈G

ρ(g)Πaρ(g)∗.

It commutes with every ρ(g). Schur’s lemma makes it a scalar multiple of id, and its trace is
dimWa. Hence

Qa = dimWa

D
id, Eg∼UG

∥Πρ(g)Wa
z∥2 = dimWa

D
∥z∥2. (5.7)

Since ρ(g)ua ∈ ρ(g)Wa, Cauchy–Schwarz, first for expectation and then in the representation
space, gives

|⟨z, ν̂(ρ)ua⟩|2 ≤ Eg∼ν |⟨z, ρ(g)ua⟩|2

≤ ∥ua∥2Eg∼ν∥Πρ(g)Wa
z∥2

≤ Bra

D
∥ua∥2∥z∥2, (5.8)

where the last line uses (5.5)–(5.7). For an arbitrary u =
∑

a ua, sum the square-root form of this
estimate and apply Cauchy–Schwarz in the index a:

|⟨z, ν̂(ρ)u⟩| ≤

√
B

D
∥z∥

k∑
a=1

√
ra ∥ua∥

≤

√√√√B

D

k∑
a=1

ra ∥z∥
(

k∑
a=1

∥ua∥2
)1/2

=

√√√√B

D

k∑
a=1

ra ∥z∥ ∥u∥.

The last equality uses the orthogonality of the Ea. Taking the supremum over unit vectors
u, z and squaring proves (5.3). The argument includes zero components and one-dimensional
representations; in dimension one the displayed sum does not provide decay.

6 An elementary bound on representation degrees
Proposition 5.2 reduced the Fourier estimate to a finite sum of squared degrees of small repre-
sentations of each block group. We now bound that sum. For integers s,D, k ≥ 1 and a group
H ∼= Ss, we have ∑

π∈Ĥ
dim π≤D1/k

(dim π)2 =
∑
π∈Ĥ

dim π≤D1/k

(dim π)18(dim π)−16

≤ D18/k
∑
π∈Ĥ

(dim π)−16. (6.1)
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Thus a uniform bound on the sum of inverse sixteenth powers of degrees will control every block
size in the preceding proposition. We also prove that the sum tends to zero after the trivial and
sign representations are removed. That second statement will control the full-group Fourier sum
in the completion.

Recall that the complex irreducible representations of Ss are indexed by partitions λ ⊢ s, and
that their degrees fλ count standard Young tableaux of shape λ. Such a tableau fills the diagram
with 1, . . . , s, increasing along every row and column. The partitions (s) and (1s) afford the trivial
and sign representations, respectively; transposing a tableau gives fλ′ = fλ. These are the classical
Specht-module and standard-tableau facts [25, 8]. Liebeck and Shalev prove the stronger estimate∑

λ⊢s(fλ)−u = 2 + Ou(s−u) as s → ∞, for every fixed u > 0 [14, Theorems 1.1 and 2.6]. The
following elementary proof at exponent 16 keeps this application independent of that stronger
estimate; it uses only the tableau facts just recalled.

Lemma 6.1 (Summability of inverse degrees). There is an absolute finite constant

C0 := sup
s≥1

∑
λ⊢s

(fλ)−16 < ∞. (6.2)

Moreover, ∑
λ⊢s

λ/∈{(s),(1s)}

(fλ)−16 −→ 0 as s −→ ∞. (6.3)

The excluded partitions are interpreted as a set, so when s = 1 only the single partition (1) is
excluded.

Proof. We first record two elementary counting observations. If a diagram has first row of length
a and exactly b boxes below it, where 0 ≤ b ≤ a, then

fλ ≥
(
a

b

)
. (6.4)

This is the tableau construction of Liebeck and Shalev [14, Lemma 2.1], with their parameters
n = a+ b and k = b. To see it directly, place 1, . . . , b in the first b boxes of the first row. Choose
any b labels from {b + 1, . . . , a + b} for the boxes below that row, and put them in increasing
row-major order: read rows from top to bottom, and each row from left to right. Fill the rest of
the first row increasingly with the remaining labels. Every box below the first row lies in one of
its first b columns. Its top-row predecessor therefore has a label at most b, while all lower labels
are larger than b. Row-major filling respects both row and column inequalities within the lower
diagram, so this is a standard tableau. Different choices of lower labels give different tableaux.
When b = 0 the construction is the unique tableau of a single row.

Also, if µ is a Young subdiagram of λ, every standard tableau of µ extends to one of λ: retain
its labels and fill the remaining boxes in row-major order with the successive larger labels. Because
a Young subdiagram is closed under moving up and left, all required predecessors have already
been filled. Consequently,

fλ ≥ fµ. (6.5)

Write p(t) for the number of partitions of t. For t ≥ 1, regarding a partition as an ordered
composition gives

p(t) ≤ 2t−1 ≤ 2t, (6.6)
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since a composition is specified by cuts in the t − 1 gaps between t successive units. We set
p(0) = 1.

For a partition λ ⊢ s, put

L = max{λ1, λ
′
1}, h = s− L.

After transposing if necessary, assume its first row has length L. This does not change its degree.
The case h = 0 consists precisely of the row and column partitions, which are excluded from (6.3).
We divide the other diagrams into three classes.
A long first row or column: 1 ≤ h ≤ s/3. For fixed h, there are at most 2p(h) original shapes:
after a possible transpose, the diagram below the first row is a partition of h. By (6.4),

fλ ≥
(
s− h

h

)
≥
(
s− h

h

)h

≥ 2h.

Here the middle inequality follows by writing
(a

b

)
=
∏b−1

j=0(a− j)/(b− j) and bounding each factor
below by a/b when a ≥ b ≥ 1. Thus the total inverse-degree contribution with a given h is at most

2 · 2h

(
s− h

h

)−16

≤ 2 · 2−15h.

For each fixed positive h, the binomial coefficient tends to infinity with s. The displayed geometric
majorant is summable over h. Extending a contribution by zero when h > s/3, dominated
convergence for this series shows that the total contribution of this class tends to zero.
Intermediate width: h > s/3 and L ≥ s/8. Here L < 2s/3, so h > L/2. Set b = ⌊L/2⌋ and take
the subdiagram µ consisting of the whole first row and the first b boxes below it in row-major
order. There are enough boxes because h ≥ b, and an initial segment of row-major order in the
lower diagram is again a Young diagram. Applying (6.5) and (6.4) gives

fλ ≥
(

L

⌊L/2⌋

)
≥ 2L

L+ 1 ≥ 2s/8

s+ 1 .

The central binomial coefficient is the largest of the L + 1 coefficients whose sum is 2L. Using
(6.6), the total contribution of this class is therefore at most

2s
(
s+ 1
2s/8

)16
= (s+ 1)162−s −→ 0. (6.7)

Small width and height: L < s/8. Number row and column indices starting at 1, and group boxes
by their index sum. There are at most 2L − 1 nonempty such diagonals. Fill the diagonals in
increasing index-sum order, assigning the next available consecutive labels to each diagonal in any
order. Every row or column predecessor has a strictly smaller index sum, so every such filling is a
standard tableau. If the nonempty diagonal sizes are u1, . . . , uq, then

fλ ≥
q∏

j=1
uj ! ≥

q∏
j=1

2uj−1 = 2s−q ≥ 23s/4.

We used u! ≥ 2u−1 for integers u ≥ 1, and q ≤ 2L− 1 < s/4. The inverse-degree contribution of
this class is at most

2s(23s/4)−16 = 2−11s −→ 0. (6.8)
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These three classes cover all partitions except the row and column, so they prove (6.3). For
every s ≥ 2 those two partitions are distinct and each has degree 1. The complete sum in (6.2)
consequently tends to 2 as s → ∞. For each fixed positive s it is a finite sum of positive terms,
since there are finitely many partitions and every degree is a positive integer. The tail of this
convergent sequence is bounded, and its finitely many initial values have a finite maximum. This
proves (6.2), including s = 1, where the complete sum is 1.

In representation notation, the uniform conclusion of the lemma is

C0 = sup
s≥1

∑
π∈Ŝs

(dim π)−16 < ∞. (6.9)

We can now finish the transfer from bounded coset densities to Fourier decay. The bound is
uniform over the block sizes because C0 is uniform over all positive integers s.

Corollary 6.2 (From bounded coset densities to Fourier decay). Let a finite set X be partitioned
into k > 18 nonempty sets M1, . . . ,Mk, and put G = Sym(X). Let Ha be the subgroup that
permutes Ma and fixes X \Ma pointwise. Suppose that a probability measure ν on G satisfies, for
some B ≥ 1,

ν(gHa) ≤ B
|Ha|
|G|

(g ∈ G, 1 ≤ a ≤ k).

Then every irreducible complex unitary representation ρ of G, of dimension D, satisfies

∥ν̂(ρ)∥op ≤
√
kBC0D

−(1−18/k)/2. (6.10)

Here C0 is the absolute constant of Lemma 6.1. The block sizes need not be equal.

Proof. For every a, the group Ha is isomorphic to S|Ma|. Hence (6.1) and Lemma 6.1 give∑
π∈Ĥa

dim π≤D1/k

(dim π)2 ≤ C0D
18/k.

In the orbit construction of Proposition 5.2, this recovers dimWa ≤ C0D
18/k, and the component

bound (5.8) becomes
|⟨z, ν̂(ρ)ua⟩|2 ≤ BC0D

−1+18/k∥ua∥2∥z∥2.

Substituting the displayed degree bound into (5.3) yields

∥ν̂(ρ)∥2
op ≤ kBC0D

−1+18/k.

Taking square roots proves (6.10).

7 Completion of the mixing bound
Return to G = Sym(V ) for n = 2d. We now pass from the operator estimate to the full permutation
law. Use the Fourier convention from Section 5, and write Dρ for the dimension of an irreducible
unitary representation ρ. Our convolution convention gives µ̂ ∗ ν(ρ) = µ̂(ρ)ν̂(ρ). The following
Plancherel bound is the classical Fourier method used by Diaconis and Shahshahani [7]. We keep
the full matrix form because the shuffle law need not be central, and we record the normalization
explicitly.
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Lemma 7.1 (The full-group variation bound). For any probability measure ν on G,

4∥ν − U∥2
TV ≤

∑
ρ̸=triv

Dρ∥ν̂(ρ)∥2
HS, (7.1)

where the sum contains one representative of each nontrivial irreducible equivalence class.

Proof. Cauchy–Schwarz bounds the left side by |G|
∑

g |ν(g) − |G|−1|2. For any real function a on
G, expansion and the regular-character identity give

∑
ρ

Dρ

∥∥∥∑
g

a(g)ρ(g)
∥∥∥2

HS
=
∑
g,h

a(g)a(h)
∑

ρ

Dρ tr
(
ρ(h)∗ρ(g)

)
= |G|

∑
g

a(g)2.

Apply this to a(g) = ν(g) − |G|−1. The trivial coefficient vanishes; uniform averaging in every
nontrivial irreducible is zero. These facts give (7.1).

Lemma 7.2 (Fair sign). For every d ≥ 1 and every integer t ≥ 1, q̂∗t
d (sgn) = 0. If a probability

measure ν is ε away from q∗t
d in total variation, then |ν̂(sgn)| ≤ 2ε. If instead 0 ≤ ξ ≤ q∗t

d has
mass m, then |ξ̂(sgn)| ≤ 1 −m.

Proof. Condition on every switch bit except one in the final physical shuffle. Changing that bit
composes the output permutation with a transposition, so its two possible signs are opposite and
equally likely. The expectation of sign is therefore zero. The two perturbation estimates follow
by summing against a function of absolute value one; their respective ℓ1 differences are 2ε and
1 −m.

Proof of Theorem 1.1. Fix k = 64 and let d ≥ 6 grow. Put T = 1025d and µ = q∗T
d . Proposition 4.3

supplies a partition of the labels into k sets of size m = n/k for which the sum of the complementary
marginal errors tends to zero. Lemma 5.1 therefore applies with their sum at most 1/4 for all
sufficiently large d. It supplies a probability measure µ̄ such that

∥µ̄− µ∥TV = o(1), µ̄(gHa) ≤ 4 |Ha|
|G|

(g ∈ G, 1 ≤ a ≤ k). (7.2)

Here Ha permutes the ath label block and fixes all other labels. Corollary 6.2 gives, simultaneously
for every irreducible ρ of dimension D,

∥̂̄µ(ρ)∥op ≤ AD−23/64, A =
√

4 · 64C0, (7.3)

where C0 is the absolute constant in Lemma 6.1.
Take ℓ = 32, a fixed number independent of d. Operator-norm submultiplicativity and

∥B∥HS ≤
√
D∥B∥op show that the contribution of the nontrivial, nonsign representations to the

right side of (7.1), for ν = µ̄∗ℓ, is at most∑
ρ̸=triv,sgn

D∥̂̄µ(ρ)ℓ∥2
HS ≤ A64 ∑

ρ̸=triv,sgn
D2−64(23/64)

= A64 ∑
ρ̸=triv,sgn

D−21 = o(1). (7.4)
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The last conclusion follows from Lemma 6.1, since D−21 ≤ D−16 for D ≥ 1. Neither diagonaliz-
ability nor normality of the Fourier matrices is needed here.

The sign representation has dimension one, so (7.3) alone gives no decay. Lemma 7.2 shows
that µ̂(sgn) = 0 and therefore

|̂̄µ(sgn)| ≤ 2∥µ̄− µ∥TV = o(1).

Its contribution after ℓ factors is therefore o(1) as well. Together with Lemma 7.1 and (7.4), this
proves ∥µ̄∗32 − U∥TV = o(1).

Convolution by a probability measure contracts total variation. Replacing the factors one at a
time and using (7.2) gives

∥µ∗32 − U∥TV ≤ 32∥µ− µ̄∥TV + ∥µ̄∗32 − U∥TV = o(1).

Successive independent T -step blocks of the original shuffle have law µ, so µ∗32 = q∗32800d
d .

Equation (2.2) makes this conclusion uniform over the initial ordering. In particular the distance
is at most 1/4 for all sufficiently large d, as required.

The constants were chosen to leave room in two simple estimates: the hidden-card contraction
must overcome the number of sequential marginal comparisons, and the fixed convolution count
must overcome the Fourier dimension weights. No optimal leading constant or cutoff statement is
asserted. Together with the support lower bound, the result gives mixing order Θ(d).

Further partial-permutation laws. Theorem 1.1 is complete with the frame, omitted-block,
orbit, and tableau arguments above. The remaining sections compare estimates for each fixed list
with estimates averaged over lists. They then examine what can be retained after stopping or
conditioning on trajectory events and develop Fourier and character transfers for those forms of
partial information.

8 Fixed input laws and independent shears
The local proof obtained balance by sampling one omitted block. For an arbitrary fixed input list,
a previous switch supplies balance instead: it crosses the two halves relevant to the next direction,
and the intervening switches preserve those halves. This gives an ordinary tuple law for every fixed
list. We then record an independent shear realization of fresh directions and several estimates
that retain an average over inputs. The realization will also control which auxiliary data may be
disclosed in the later history arguments.

We use N = n = 2d and the coordinate process Xι of Lemma 3.1, where ι = (ι1, . . . , ιd) is any
ordering of the standard axes and i(s) = ι1+((s−1) mod d). Thus

Xι
0 = id, Xι

s = hsX
ι
s−1, hs ∼ UCei(s)

(8.1)

with independent increments. The order (1, . . . , d) gives the rotating-frame chain X; its physical
permutation is RsXs. Other starting phases and the reversed order are included by choosing
another ι.
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8.1 Balance for every fixed list

We will use the following elementary concentration estimates.

Lemma 8.1 (Concentration estimates). Let X1, . . . , Xr be independent random variables in [0, 1]
and put S =

∑
iXi. For a ≥ 0 and r ≥ 1,

Pr(S − ES ≥ a), Pr(S − ES ≤ −a) ≤ e−2a2/r.

More generally, if (Mj)r
j=0 is a real martingale whose increments have absolute value at most cj,

either tail at distance a is at most exp[−a2/(2
∑

j c
2
j )] when the denominator is positive. If all cj

vanish, the martingale is constant. In particular, if X counts the points of a uniform m-subset in
a fixed half of a finite set of even size, then

Pr(X < m/4) ≤ e−m/32 (m ≥ 1).

Proof. For a variable Z in an interval of length b, put ψ(s) = logEesZ . Its second derivative is the
variance under the exponentially tilted law, at most b2/4. Integrating from ψ(0) = 0 and ψ′(0) = EZ
gives Ees(Z−EZ) ≤ es2b2/8. Multiplication and minimization in s prove the independent-variable
bound. The conditional version, with interval length 2cj , gives Ees(Mr−M0) ≤ e

s2
∑

j
c2

j /2 and the
martingale bound. These are the exponential-moment arguments underlying the inequalities of
Hoeffding and Azuma [10, 3].

Expose a uniform subset in a uniform random order and form the Doob martingale for its final
half-count. The expected final count changes by at most one at each draw: completions following
two possible next draws can be coupled by exchanging those points. The initial expectation is
m/2. Use r = m, cj = 1, and a = m/4.

For the fixed-list estimate, generate Z directly as in Section 4: its first d directions are vj = eιj ,
and for s > d choose vs uniformly outside the hyperplane

Ws = span(vs−d+1, . . . , vs−1). (8.2)

Given the complete schedule, the switches are independent and uniform. Every d consecutive
directions form a basis. For a fixed input list, take deterministic initial data Ξ in (4.1).

Lemma 8.2 (Balance after the previous transverse switch). Fix any ℓ < N observed labels, and
put m = N − ℓ. For s > d, let Ds−1 be their available positions just before step s. Then

Pr{min(|Ds−1 ∩Ws|, |Ds−1 \Ws|) < m/4} ≤ 2e−m/8. (8.3)

The probability averages the observed paths; it is not conditional on them.

Proof. Fix the complete direction schedule. The direction vs−d crosses the two cosets of Ws,
because the d directions starting at s− d form a basis. The intervening directions lie in Ws and
preserve each coset.

Condition on the observed configuration immediately before step s− d. Let a be the number of
matching pairs with two available positions and b the number with one, so m = 2a+b. Immediately
after this crossing switch, the available count on either chosen side is a + Bin(b, 1/2), using b
independent fair coins. Its mean is m/2. If b > 0, Lemma 8.1 bounds a deviation of at least m/4
by 2 exp(−2(m/4)2/b) ≤ 2e−m/8; if b = 0 the count is exactly m/2. The intervening switches
preserve the count. Remove the conditioning to obtain the claim.
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Proposition 8.3 (Uniform large-marginal estimates). Let L ≥ 2 be a fixed integer dividing N ,
and let 0 ≤ q ≤ N −N/L. For every ordered list C of q distinct labels, every periodic ordering ι
of the standard axes, and every integer T ≥ d,

∥L(Xι
T (C)) − πq∥TV ≤ N3/2

2
(
e−(T −d)/(4L) + 2e−N/(8L)

)1/2
. (8.4)

The same bound holds for (Xι
T )−1(C). For the physical shuffle and its inverse, the corresponding

position laws satisfy the same bound.
The following choices used below give distance at most N3/2√

aT /2:

L = 8, T = 256d : aT = (31/32)255d + 64e−N/64, (8.5)
L = 8, T = 257d : aT = e−8d + 2e−N/64, (8.6)

L = 32, T = 2049d : aT = e−16d + 256e−N/256. (8.7)

Each of these three substituted bounds tends to zero as d → ∞, uniformly in the list and axis order.
The last energy bound is o(N−4).

Proof. For a successive hidden-card problem, its number m of available positions is at least N/L.
Off the event in (8.3), Lemma 4.1 gives conditional expected loss at least γ∆t, where γ = 1/(4L).
The loss is always nonnegative. Equation (4.7) therefore gives, for t ≥ d,

E∆t+1 ≤ (1 − γ)E∆t + 2γe−N/(8L). (8.8)

Starting from ∆d ≤ 1 yields E∆T ≤ (1 − γ)T −d + 2e−N/(8L). Apply Lemma 4.2 with terminal data
Λ = v. For every complete schedule, the first basis is (eι1 , . . . , eιd

), so L0 = I in Lemma 3.1. The
same-list equality (3.9) transfers the conditional tuple bound to Xι, giving (8.4).

Each switch is an involution. Reversing the independent factors therefore identifies (Xι
T )−1

with a coordinate chain whose first axis is i(T ) and whose periodic order is reversed. This is
another permitted ordering, so the same estimate applies. The relation YT = RTXT transfers
the forward physical law by an output bijection. Its inverse is X−1

T R−T ; the input bijection only
changes the fixed list, and the bound is uniform in that list.

For (8.5), weaken the additive term in (8.8) to 2e−N/64 and sum the geometric series, giving
the factor 64. At 257d keep the sharper recurrence and use (31/32)256d ≤ e−8d. More generally, at
T = (1 + 64L)d, the weakened additive term 2e−N/(8L) gives e−16d + 8Le−N/(8L), yielding (8.7).
These rates dominate the factor N3 in the squared tuple bound, and e−16d = o(N−4).

8.2 An independent shear realization

The fixed-list proof above uses the directly generated direction process. The next construction
couples a process with a triangular first basis and the same later uniform-complement rule to a
coordinate chain with the same fixed inputs. It also proves the conditional path identity needed
when the auxiliary shear entries are retained at terminal time.

Lemma 8.4 (Independent shear realization). Fix an axis order ι and a horizon T ≥ d. Indepen-
dently of the increments in (8.1), choose independent fair bits bsj for j ̸= i(s), put bs,i(s) = 0, and
write Λ for all these entries. Set

Ss = I + ei(s)bs, A0 = I, As = As−1Ss, vs = As−1ei(s), Zs = AsX
ι
s.
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Conditional on Λ, the increments of Z are independent uniform switches in directions vs. More
precisely, if Pv1,...,vt is the product-switch path law through time t starting at the identity, then

L((Zs)t
s=0 | Λ) = Pv1,...,vt (0 ≤ t ≤ T ). (8.9)

Every d consecutive directions form a basis. For s > d, conditional on v1, . . . , vs−1, the next
direction is uniform on V \ Ws, with Ws as in (8.2). This law is unchanged by additionally
observing any part of the virtual path prefix through time s− 1.

Proof. The map Ss is an involution in Cei(s) , because bsei(s) = 0. The increment of Z is

As−1(Sshs)A−1
s−1.

For fixed Λ, the factors Sshs are independent and uniform in their coordinate matching groups.
Conjugation gives the asserted product-switch law, including the joint prefix identity (8.9).

Extend i(s) periodically beyond T and define the deterministic next-read time of a column by

τ(s, j) = min{t > s : i(t) = j} (j ̸= i(s)).

Right multiplication by Ss leaves the selected column unchanged and adds bsjvs to column j. Thus
the direction at a column’s first read, for t ≤ d, is

vt = ei(t) +
∑

1≤u<t

bu,i(t)vu.

These first d directions form a triangular basis. At later reads,

vt = vt−d +
∑

t−d<u<t

bu,i(t)vu (t > d). (8.10)

In either display the coefficients used at time t are exactly the entries whose next-read time is t.
Inductively, all earlier directions are functions only of entries with next-read time less than t. The
batch read at t is therefore independent and fair conditional on those directions. The recurrence
also shows inductively that every consecutive d directions form a basis. For t > d, its fresh d− 1
coefficients make vt uniform on vt−d +Wt = V \Wt.

Finally, (8.9) says that the entire virtual path prefix and Λ are conditionally independent given
the direction prefix. Hence observing any portion of that path prefix cannot reveal the fresh batch
that determines the next direction.

For initial data Ξ independent of (Λ, (Zs)T
s=0) and determining the observed list, the joint

prefix factorization gives, for every 0 ≤ t ≤ T , 1 ≤ j ≤ q, and x ∈ V ,

Pr{Zt(cj) = x | Λ,Ξ, Zs(ci) : 0 ≤ s ≤ t, i < j} = pj
t (x), (8.11)

where pj
t uses the chronological field (4.1). At t = T this is precisely the terminal identification

required by Lemma 4.2. For t < T it concerns only predecessor path prefixes through t; conditioning
on their future paths requires the separate path-cylinder argument in Section 12. The next direction
is averaged in the smaller chronological field before Λ is disclosed.

The coupling also preserves every fixed input list conditionally on the shears:

∥L(ZT (C) | Λ) − πq∥TV = ∥L(Xι
T (C)) − πq∥TV. (8.12)

Indeed, Xι is independent of Λ and ZT = ATX
ι
T , with AT a bijection on outputs. Here A0 = I

although the first directions are generally triangular combinations of the coordinate axes. This
same-input identity is a feature of the shear realization; the arbitrary first-basis statement in
Lemma 3.1 instead has the input map L−1

0 .
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Remark 8.5 (Equivalent inverse-frame factorization). The same coupling has a useful inverse
notation. Let Qs be the original independent coordinate increments and choose the independent
shears Ss above. Put B0 = I and Bs = SsBs−1 = A−1

s . Define

Ms = B−1
s−1(SsQs)Bs−1 = B−1

s QsBs−1, Xι
T = BTMT · · ·M1. (8.13)

The second identity follows by telescoping. Conditional on all Ss, the factors SsQs are independent
uniform coordinate switches, so Ms has virtual direction B−1

s−1ei(s). This is the same virtual process
and the same prefix and terminal factorization as above. The map BT acts only on outputs,
leaving a fixed input list unchanged. The posterior identity concerns virtual positions; once BT is
disclosed, both the virtual endpoint law and its uniform comparison may be pushed through that
known output map.

The fixed-list balance has a second interpretation in this coupling. For s > d, the current
columns of As−1 other than column i(s) are triangular combinations of the last d − 1 selected
columns, with diagonal coefficients one. Hence

Ws = As−1{x : xi(s) = 0}.

The two available counts in (8.3) are therefore the counts according to bit i(s) in the coordinate
chain. That bit was last refreshed at step s− d and is unchanged by the intervening coordinate
layers. The same a+ Bin(b, 1/2) calculation proves the balance directly in the original coordinate
frame.

9 Estimates that average the input labels
Sampling the inputs supplies balance without using the previous transverse switch. These estimates
average the distance for each specified input list; they do not replace that family of conditional
distances by the distance of a mixture. This distinction permits a later choice of one deterministic
partition or the construction of kernels for all starting states.

9.1 A reservoir of omitted labels

Proposition 9.1 (A reservoir of omitted labels). Let d ≥ 3, b = N/8, and T = 257d. Let B be
a uniform b-subset of input labels, independent of the shuffle. For any fixed ordering of V \ B,
let δT (B) be the distance of its image tuple under XT from uniform distinct positions. With
θ = 21/4(3/4) < 1,

EBδT (B) ≤ N3/2

2
(
e−8d + 2(N + 1)θN/8

)1/2
= o(1). (9.1)

Proof. Use the direct direction process with standard first basis, sampled independently of B, and
take Ξ = B in the online construction. At every time the available set for a hidden card contains
Zt(B). Fix the full direction schedule and the full permutation Zt, but not B. The set Zt(B) is
then a uniform b-subset, and each coset of the next-direction hyperplane has size N/2.

Its count in a specified half has the distribution of the number of ones among the first b of N
independent fair bits, conditional on their total being N/2. This conditioning event has probability
at least 1/(N + 1), because the central binomial coefficient is maximal. For the unconditioned
first-b count J ,

Pr{J ≤ b/4} ≤ 2b/4E2−J =
(
21/43/4

)b
.
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The inclusion of Zt(B) in the available set and a union bound give pbad = 2(N + 1)θb as an upper
bound for the probability that either available half has fewer than b/4 positions. This bound is
unconditional in the observed paths.

Off this event the conditional expected loss is at least ∆t/32. Equations (4.7) and (4.5) give

E∆t+1 ≤ (31/32)E∆t + pbad/32, E∆T ≤ e−8d + pbad.

Use Lemma 4.2 with Λ = v. For each fixed schedule and B, the standard first basis gives L0 = I, so
the conditional auxiliary distance equals the distance for XT on that same complement. Averaging
over B proves the bound.

9.2 Uniform input tuples after a deterministic first sweep

Lemma 9.2 (Averaged tuple bound). Fix an integer b ≥ 2 dividing N , put m = N/b, and let
t ≥ d be an integer. Let C be a uniformly sampled ordered tuple of N −m distinct input labels,
independent of the shuffle, and let µC be its time-t physical image law with C fixed. Then

EC∥µC − πN−m∥TV ≤ N3/2

2
(
(1 − 1/(4b))t−d + 2ϑN/b

)1/2
, ϑ = 3

2 2−3/4 < 1. (9.2)

The same bound holds for a fixed ordered list of N − m labels when its conditional distance is
averaged over a uniformly chosen starting deck.
Proof. Use the direct process with the standard first basis and take Ξ = C. For a hidden label at
index j, let h = N − j + 1 ≥ m be the number of available positions. Fix the complete direction
and switch history, but not C. At each fixed time, the preceding positions form a uniform ordered
sample, so the available set is a uniform h-subset. The next-direction hyperplane is fixed under
this conditioning.

If X is the count of a uniform h-subset in a fixed half, expand the product of 1 + Ii over
an ordered sample without replacement. Any specified ℓ sample indices lie in that half with
probability at most 2−ℓ. Thus

E2X ≤ (3/2)h, Pr{min(X,h−X) < h/4} ≤ 2ϑh. (9.3)

The second inequality follows by applying Markov’s inequality to the count in each half above
3h/4. It is used only after averaging out the input list, not conditional on observed paths.

On the balanced event, the conditional expected loss is at least h∆s/(4N). With γj = h/(4N),
the unconditional recurrence and its iteration give

E∆s+1 ≤ (1 − γj)E∆s + 2γjϑ
h, E∆t ≤ (1 − 1/(4b))t−d + 2ϑm.

Lemma 4.2, with Λ = v, bounds the average distance conditional on the full schedule and list.
For every fixed schedule the first basis is standard, so the same-list frame equality transfers that
distance to Xt; the terminal rotation transfers it to the physical shuffle. This proves (9.2). A
uniform starting deck sends any fixed ordered label list to a uniform input tuple, which proves the
last assertion.

Corollary 9.3 (Block lengths for the averaged input). For b = 16, the average distance in
Lemma 9.2 at t = 513d is at most

εN = 1
2N

3/2
(
N−8 + 2ϑN/16

)1/2
= o(1).

At t = 2049d it is at most N−10 for sufficiently large d. For b = 1024 and d ≥ 10, time t = (1+32b)d
gives average distance o(1).
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Proof. The respective contracting times are 512d, 2048d, and 32bd, with energy factors at most
e−8d, e−32d, and e−8d. Use e−8d ≤ N−8 for the first and N3/2e−16d = o(N−10) for the second.
Exponential decay in N handles the other term in each case.

There is also a concentration proof of the last assertion that uses the subset martingale in
Lemma 8.1. A union bound over the two halves gives imbalance probability at most 2e−h/32. With
c0 = 1/32, the weaker recurrence

E∆s+1 ≤ (1 − 1/(4b))E∆s + 2e−c0N/b (9.4)

gives E∆t ≤ e−8d + 8be−c0N/b at t = (1 + 32b)d. The expected endpoint error of one conditional
card law is o(1/N) and its sum is o(1). This is an alternative proof of the averaged input used
later for omitted sets.

9.3 Sampling inputs with a random initial basis

To begin contraction before a deterministic first sweep, choose vt+1 uniformly outside the span Wt

of the last min(t, d− 1) directions, with W0 = {0}. Use independent fair switches conditional on
the complete schedule. Each successive set of at most d directions is independent, so Lemma 3.1
applies when T ≥ d. Choose a hyperplane Jt ⊇ Wt by a fixed rule based on the direction prefix.

Let C be a uniform ordered list, independent of the joint schedule and process, and take Ξ = C.
The online energy calculation uses only the chronological field (4.1). At terminal time Lemma 4.2
first bounds

Ev,C∥L(ZT (C) | v, C) − πq∥TV.

For each fixed schedule, the general frame comparison then gives

EC∥L(ZT (C) | v, C) − πq∥TV = EC∥L(XT (C) | C) − πq∥TV. (9.5)

Here the reference coordinate order is (1, . . . , d). The map L−1
0 disappears only after averaging

C. It is determined once the first d directions have been revealed; we use it only in the terminal
comparison and do not adjoin it before those defining directions are available.

Proposition 9.4 (Averaged tuples with no initial deterministic sweep). Let d ≥ 3, q = 7N/8, and
T = 1024d. For a uniformly sampled ordered distinct input tuple C, independent of X,

EC∥L(XT (C) | C) − πq∥TV ≤ q
√
N

2
(
e−16d + 2(N + 1)e−N/256

)1/2
= o(1). (9.6)

The corresponding hidden-card energy is O(N−20), uniformly over its index.

Proof. For the hidden label at index j, let h = N − j + 1 ≥ N/8. Conditional on the full direction
and switch history but not on C, its available set is a uniform h-subset. For its count in the fixed
half Jt, choose each point independently with probability h/N and condition on selecting exactly h
points. That size has probability at least 1/(N + 1): it is a mode of the binomial size distribution,
as comparison of consecutive probabilities shows. Before conditioning, the half-count has mean
h/2 and is a sum of N/2 independent bounded variables. Lemma 8.1 gives

Pr{min(|Dj
t ∩ Jt|, |Dj

t \ Jt|) < h/4} ≤ 2(N + 1)e−h2/(4N) ≤ βN , βN = 2(N + 1)e−N/256. (9.7)

For h = N the count is deterministic and the bound is automatic.
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The proper-subspace part of Lemma 4.1 gives conditional expected loss at least h∆t/(8N) ≥
∆t/64 off this event. Hence, from time zero,

E∆t+1 ≤ (63/64)E∆t + βN/64, E∆T ≤ e−T/64 + βN = e−16d + βN = O(N−20).

Apply the terminal tuple lemma with Λ = v and then the per-schedule averaged equality (9.5).
This proves (9.6).

Lemma 9.5 (Ordinary random-input marginals). Let d ≥ 6, b = 64, q = N(1 − 1/b), and
T = 2048d. The average, over uniform ordered lists of q distinct input labels, of their time-T
physical image-law distance from πq is o(1).

Proof. Use the random initial basis process above. At a hidden index, the number h of available
positions is at least N/b. Conditional on the complete direction and switch history, and before
sampling the list, this set is a uniform h-subset. Thus (9.3) bounds its imbalance across the chosen
Jt by 2ϑh.

On the balanced event the proper-subspace contraction gives loss at least ∆t/(8b). Using the
weaker additive term 2ϑN/b in the unconditional recurrence yields

E∆T ≤ (1 − 1/(8b))T + 2TϑN/b.

The terminal tuple comparison and then (9.5) give

Ev,C∥L(ZT (C) | v, C) − πq∥TV = EC∥L(XT (C) | C) − πq∥TV

≤ 1
2N

3/2
(
(1 − 1/(8b))T + 2TϑN/b

)1/2
. (9.8)

Here (1 − 1/(8b))T ≤ e−4d, so the right side tends to zero. Since T is a multiple of d, XT = YT in
the rotating-frame coupling, which proves the physical statement.

10 Symmetry accumulated between two visits to a coordinate
Intervening coordinate switches produce a symmetry that can be used at an earlier conditioning
time. Between two visits to a coordinate, they make the available set and its conditional mass
vector invariant in law under every translation of one coordinate half. This yields an energy-loss
bound conditional on the earlier visit: the two half counts are already fixed at that time, while the
intervening switches supply the symmetry.

Lemma 10.1 (Delayed half-space symmetry). Let V = Fd
2, N = 2d, and fix a coordinate i. Let

j1, . . . , jd−1 list all coordinates other than i, in any order. Condition on a sigma field A which
specifies a nonempty set B0 ⊆ V of size h and a probability vector p0 supported on B0. Independently
of A, let Sr be independent uniform matching switches in direction ejr , for 1 ≤ r ≤ d− 1. Define
Br = SrBr−1. On each matching edge, obtain pr by averaging the two masses when both endpoints
belong to Br−1, and by moving the mass with its unique available endpoint when exactly one
endpoint belongs to Br−1; it is zero on edges with no available endpoint. Put

ar(x) = pr(x) − h−11Br (x), Er =
∑
x∈V

ar(x)2, Hb = {x ∈ V : xi = b} (b = 0, 1).

For each z ∈ V with zi = 0, let Tzx = x+ xiz. Conditional on A, the terminal pair (Bd−1, ad−1)
has the same law as (

TzBd−1, ad−1 ◦ T−1
z

)
. (10.1)
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The counts hb = |Br ∩Hb| are independent of r and are A-measurable. If a further independent
fair matching switch in direction ei produces the energy Ed by the same rule, then

E[Ed−1 − Ed | A] ≥ min(h0, h1)
N

E[Ed−1 | A]. (10.2)

The statement includes d = 1, when the intermediate schedule is empty.

Proof. Fix z with zi = 0, and set

z0 = 0, zr =
r∑

s=1
zjsejs (1 ≤ r ≤ d− 1).

Thus zd−1 = z. Replace the rth switch by

S′
r = TzrSrT

−1
zr−1 .

We verify that the replaced switches have exactly the original joint law. For j ≠ i, Twej = ej , so
conjugation by Tw maps the matching subgroup in direction ej onto itself. Also

TzrT
−1
zr−1(x) = x+ xizjrejr

is a fixed member of that matching subgroup: it either swaps or fixes each pair, since xi is constant
on a coordinate-jr pair. Therefore Sr 7→ S′

r is a bijection of this subgroup. It depends only on r
and z, so the S′

r remain independent and uniform conditional on A.
Run the available-set and mass recursion with these replaced switches, starting from the same

(B0, p0). We claim that at stage r its state is (TzrBr, pr ◦ T−1
zr

). This holds initially because Tz0 is
the identity. Conjugation carries the matching edges at the previous stage bijectively to matching
edges. An edge with two available endpoints is averaged in either recursion, and a subsequent
fixed swap does not change its equal output masses. An edge with one available endpoint carries
its mass to the image of that endpoint under the replaced switch. The assertion is immediate on
edges with no available endpoint. These three cases prove the induction. Centering by the uniform
mass on the available set transforms in the same way. Since the two switch arrays have the same
conditional law, the terminal invariance follows.

Every intermediate switch preserves xi, proving the assertion about the counts. The squared-
energy decrease in the final coordinate-i layer is

L(B, a) = 1
2

∑
{x,y}⊆B
x+y=ei

(a(x) − a(y))2, (B, a) = (Bd−1, ad−1).

Indeed, transport preserves squared norm and averaging two entries decreases it by half the square
of their difference. We may average this expression after applying an independent uniform Tz,
by the conditional invariance already proved. Each pair x ∈ B ∩ H0, y ∈ B ∩ H1 becomes a
coordinate-i pair for exactly one of the N/2 possible values of z. Consequently

EzL(TzB, a ◦ T−1
z ) = 1

N

∑
x∈B∩H0, y∈B∩H1

(a(x) − a(y))2.

The entries of a sum to zero. With A =
∑

x∈B∩H0 a(x), the last double sum equals

h1
∑

B∩H0

a(x)2 + h0
∑

B∩H1

a(y)2 + 2A2 ≥ min(h0, h1)Ed−1.

Taking conditional expectations proves (10.2). Empty halves give a zero lower bound and require
no separate division. When d = 1, the same calculation has only z = 0 and remains valid.
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In a hidden-card application, B0 and p0 are the available set and its conditional mass vector at
the conditioning time. They are functions of the observed path prefix. Conditioning additionally
on all past switches fixes these two functions; it does not redefine p0 as a conditional law given every
card position. Future matching coins are still independent and fair, so the lemma applies to the
stated transport-and-averaging recursion. If the coordinate schedule is any periodic permutation
of the d coordinates, take A immediately after the previous visit to i and apply the lemma to the
intervening d− 1 layers. Reversing the coordinate order is included in the same statement.

11 Fourier amplification of partial permutation laws
The marginal estimates now provide two routes to coset information. A bound for every fixed
input list applies to each prescribed partition whose complementary lists meet the stated length
condition. An averaged input bound first requires the choice of one partition. In either case the
Fourier argument uses one common modification of the permutation law whose relevant coset
masses are bounded. We first state that modification and the transfer estimates, then apply them
to the preceding marginal bounds.

11.1 From complementary marginals to one retained law

Let X be a finite label set, G = Sym(X), and let M1, . . . ,Mr be a partition of X into nonempty
parts. Write Hi = Sym(Mi) for the subgroup fixing X \ Mi pointwise. Two label-to-position
permutations agree on X \ Mi exactly when they lie in the same left coset gHi. Thus the
complementary image tuple identifies that coset, and its distance from a uniform injection is the
distance of the coset law from uniform on G/Hi. Write δi for this distance and put δ =

∑
i δi.

If a marginal estimate averages over omitted sets of size |X|/r, sample a uniform ordered
partition into r equal parts. Each part has the required uniform subset law, so the expected sum
of its complementary errors is r times the mean single-subset error. Some deterministic partition
has a sum no larger than this expectation. The ordering chosen on a complementary set does not
affect its error, because changing that ordering permutes the tuple coordinates. Thus an average
over uniform ordered input tuples is also the corresponding average over complementary sets.

For the representation estimates, write ρλ for the symmetric-group irreducible indexed by λ
and Dλ = fλ = dim ρλ for its degree. For u > 0, define

Cu = sup
s≥1

∑
λ⊢s

(fλ)−u, Zu(s) =
∑
λ⊢s

λ/∈{(s),(1s)}

(fλ)−u.

The exclusions form a set, so the sole partition of 1 is removed once.

Proposition 11.1 (Degree and coset inputs). For every fixed u > 0, Cu < ∞ and Zu(s) → 0 as
s → ∞.

Let H1, . . . ,Hr be subgroups of a finite group G, and let µ be a probability measure. Write µH

for its image on G/H. If

δ =
r∑

i=1
∥µHi − UG/Hi

∥TV,

there is a measure 0 ≤ f ≤ µ, of mass z ≥ 1 − δ, with

f(gHi) ≤ [G : Hi]−1 (g ∈ G, 1 ≤ i ≤ r).
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It can be obtained by successive trimming of excess coset mass or by taking the pointwise minimum
of the separately trimmed measures. When z > 0, its normalization is within 1 − z of µ in TV and
has coset cap z−1 times uniform.

Alternatively, delete the union of all cosets whose original µ-mass exceeds twice uniform. The
deleted mass is η ≤ 2δ. If δ < 1/2, the normalized retained law is exactly η away from µ in TV
and has coset cap 2/(1 − η) times uniform.

Proof. The degree assertions follow from [22, Theorem 6.3]. The same companion gives separate
proofs at powers 1, 2, 10 in Lemmas 6.4, A.2, and A.5; these also justify the fixed-power sums used
below. The two modifications, including their common-measure and mass claims, follow from [22,
Lemma 2.3]. The normalization assertion for f follows from Lemma 11.3 below; dividing the exact
cap by z gives the normalized cap.

11.2 Fourier bounds for disjoint supports

For a nonnegative mass function f on G, use

f̂(ρ) =
∑
g∈G

f(g)ρ(g).

The Hilbert–Schmidt norm is unnormalized: ∥A∥2
HS = tr(A∗A). The next proposition extends the

companion’s partition estimates to disjoint supports that may leave labels unused. The common
restriction decomposition has two uses: assigning each product type to one small factor controls
the orbit of a vector, while overlapping central projections control the whole Fourier matrix.

Proposition 11.2 (Fourier bounds from disjoint coset systems). Let X have N elements and
G = Sym(X). Let M1, . . . ,Mr be disjoint nonempty subsets of X, where r ≥ 1, and put Hi =
Sym(Mi), fixing the complement pointwise. Their union need not be X. Suppose f ≥ 0 has mass
z ≤ 1 and

f(gHi) ≤ K[G : Hi]−1 (g ∈ G, 1 ≤ i ≤ r)
for some K ≥ 0. For an irreducible unitary representation ρ of degree D, set

Si(D) =
∑

τ∈Ĥi

dim τ≤D1/r

(dim τ)2.

For every u > 0, the separate orbit and isotypic estimates are

∥f̂(ρ)∥op ≤
(
zK

D

∑
i

Si(D)
)1/2

≤
√
zKrCuD

−1/2+(u+2)/(2r), (11.1)

∥f̂(ρ)∥2
HS ≤ zK

D

∑
i

Si(D) ≤ zKrCuD
−1+(u+2)/r. (11.2)

In particular, when r > 4, the inverse-square orbit estimate gives

∥f̂(ρ)∥op ≤
√
rKC2D

−(1−4/r)/2. (11.3)

A separate coefficient-projection argument gives

∥f̂(ρ)∥2
HS ≤ K2

D

r∑
i=1

∑
τ∈Ĥi

dim τ≤D1/r

(dim τ)2 ≤ K2rC10D
−1+12/r. (11.4)
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Finally, for ρ = ρλ with λ ⊢ N , put

kλ = N − max(λ1, λ
′
1), M(k) =

k∑
j=0

p(j),

where p(j) is the partition number and p(0) = 1. The branching refinement is

∥f̂(ρλ)∥2
HS ≤ zKrM(kλ)D−1+2/r. (11.5)

All these statements allow unequal support sizes and unrestricted restriction multiplicities. In
particular they include the probability-law cases z = 1.

Proof of Proposition 11.2. Write A = f̂(ρ) and abbreviate Si(D) to Si. If z = 0, then f = 0 and
every assertion is immediate. Assume z > 0.

The common small-type cover. Disjoint supports embed H1 × · · · × Hr in G: the factors
commute, and a product that is identity restricts to the identity on every Mi. Complete reducibility
and the direct-product description of irreducibles [8, Theorems 3.12 and 4.25 and Proposition 3.14]
give

Vρ

∣∣
H1×···×Hr

=
⊕

τ

(Vτ1 ⊗ · · · ⊗ Vτr ) ⊗ Aτ .

The sum is over distinct occurring product types, with their full multiplicity spaces. Each has∏
i dim τi ≤ D, so some factor has degree at most D1/r. Unused labels can change the occurring

types and their multiplicities, but do not change this product bound.
Let Pi,τ be the orthogonal projection onto all copies of the Hi-type τ , and put

Pi =
∑

τ∈Ĥi

dim τ≤D1/r

Pi,τ , Qi = Pi

∏
j<i

(I − Pj).

On each product-type summand, Pi is identity or zero according as the ith factor is small or large.
Hence the Pi commute, and at least one is identity on each summand. Therefore

I ⪯
r∑

i=1
Pi,

r∑
i=1

Qi = I, QiQj = 0 (i ̸= j). (11.6)

The Qi assign a whole product type to its first small factor; the Pi may overlap. Both families
retain every multiplicity. For every u > 0, the definition of Cu gives

Si ≤ D(u+2)/r
∑

τ∈Ĥi

(dim τ)−u ≤ CuD
(u+2)/r.

The orbit estimate. For v ∈ Vρ, write vi = Qiv and Wi = span{ρ(h)vi : h ∈ Hi}. The
single-vector orbit lemma [22, Lemma 3.1] gives dimWi ≤ Si. Indeed, in all copies of a type τ , the
orbit of its component is contained in the image of

End(Vτ ) −→ Vτ ⊗ Aτ , T 7−→ (T ⊗ I)vi,τ ,

whose dimension is at most (dim τ)2, independently of the multiplicity.
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Let Πi project onto Wi. Since Wi is Hi-invariant, the projection onto ρ(g)Wi depends only on
gHi. The coset cap and Schur averaging yield∑

g

f(g)∥Πρ(g)Wi
w∥2 ≤ K

dimWi

D
∥w∥2.

Here the uniform average of ρ(g)Πiρ(g)∗ is (dimWi/D)I, by its trace and irreducibility. Weighted
Cauchy–Schwarz retains the mass z:

|⟨w,Avi⟩|2 ≤ z∥vi∥2∑
g

f(g)∥Πρ(g)Wi
w∥2 ≤ zKSi

D
∥w∥2∥vi∥2.

The vi are orthogonal. Summing and applying Cauchy–Schwarz over i gives

|⟨w,Av⟩| ≤
(
zK

D

∑
i

Si

)1/2

∥w∥∥v∥.

This proves (11.1). Its specialization u = 2, with z ≤ 1, is (11.3); the condition r > 4 makes that
dimension exponent negative.

The isotypic estimate. For a subgroup H ≤ G and an irreducible H-type τ of degree a, define

eH,τ (h) = a

|H|
χτ (h) (h ∈ H), eH,τ = 0 off H.

Its transform is the projection Pσ,H,τ onto all copies of τ in σ|H . Thus ̂f ∗ eH,τ (σ) = f̂(σ)Pσ,H,τ :
a bound on the left cosets gH controls a projection on the right of the Fourier matrix. The
companion’s cosetwise isotypic lemma [22, Lemma 3.4] applies to every subgroup H. If f(gH) ≤
K[G : H]−1, it gives∑

σ∈Ĝ

Dσ∥f̂(σ)Pσ,H,τ ∥2
HS = |G|

∑
g

|(f ∗ eH,τ )(g)|2 ≤ Kza2. (11.7)

This is the central-projection step; it retains the whole projected Fourier matrix and the mass
factor.

Trace the first inequality of (11.6) against A∗A, and apply (11.7) to each selected Hi-type
after discarding the other ambient irreducibles. Then

D∥A∥2
HS ≤ D

∑
i

∑
dim τ≤D1/r

tr(A∗APi,τ ) = D
∑

i

∑
dim τ≤D1/r

∥APi,τ ∥2
HS ≤ Kz

∑
i

Si.

The trace inequality uses positivity of A(
∑

i Pi − I)A∗; it does not require A∗A to commute with
the projections. This proves (11.2) using the overlapping Pi, rather than the orbit assignment Qi.

The coefficient alternative. The independent coefficient calculation in [22, Lemma 4.3] bounds
each coset separately. Its norm and orientation give the selected-type refinement in (11.4). For
one subgroup H ≤ G, put F = |G|f , so Eh∼UH

F (xh) = [G : H]f(xH) ≤ K. For an H-type τ of
degree a, choose one representative x of each coset and set

Tx = Eh∼UH
F (xh)τ(h), q(xh) = a

a∑
j,ℓ=1

(Tx)jℓτ(h)jℓ.
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The function q on this coset is the orthogonal projection of F onto the conjugate coefficient space
of τ . Schur orthogonality and the nonnegative weights F (xh) give

Eh∼UH
|q(xh)|2 = a∥Tx∥2

HS ≤ a2∥Tx∥2
op ≤ a2(Eh∼UH

F (xh)
)2 ≤ K2a2. (11.8)

Expanding Tx and using, for h, k ∈ H, χτ (k−1h) = χτ (kh−1) shows that these coset projections
form the single function q = |G|(f ∗ eH,τ ). Thus their tested Fourier matrix is f̂(σ)Pσ,H,τ , with
the same right-hand orientation as above. Averaging the preceding norm bound over cosets and
applying complex finite-group Plancherel gives∑

σ∈Ĝ

Dσ∥f̂(σ)Pσ,H,τ ∥2
HS = Eg∼UG

|q(g)|2 ≤ K2a2. (11.9)

The calculation counts a type once, regardless of its multiplicity, and assumes no pointwise bound
inside the coset. The same positive trace comparison now gives ∥A∥2

HS ≤ K2D−1∑
i Si. Using

Si ≤ C10D
12/r proves (11.4), including its original sum over the types of the unmodified subgroups

Hi.

The branching refinement. Each Hi is conjugate to the standard subgroup S|Mi| of SN .
Young branching [11, Theorem 9.2] shows that every occurring type τ ⊢ |Mi| is a subdiagram of λ;
different corner-removal sequences can give arbitrary multiplicity. If λ1 ≥ λ′

1, the diagram τ has
at most kλ boxes below its first row. Its lower diagram, together with its fixed size, determines
the first row, so at most M(kλ) distinct types can occur. If λ′

1 > λ1, transpose both diagrams
for this count. Transposition preserves degrees and does not replace f or its Fourier matrix by a
sign-twisted law.

Nonoccurring isotypic projections are zero. In the positive trace comparison, apply (11.7) only
to the occurring selected types and use (dim τ)2 ≤ D2/r. There are at most M(kλ) of them for
each support, giving (11.5). The same argument includes kλ = 0, where the representation is
trivial or sign, D = 1, and M(0) = 1. It also includes all unequal nonempty supports and every
restriction multiplicity.

The isotypic estimate has the same dimension exponent as the squared orbit estimate, but
bounds the whole Hilbert–Schmidt norm. The coefficient estimate records a different proof of a
bound with cap factor K2. The branching estimate counts only types that can occur in a fixed
ambient diagram. These methods use only coset masses; none requires a pointwise bound on the
conditional distribution inside a coset.

11.3 Normalization and independent time blocks

We record the mass normalization once for all the applications. The Fourier and sign conventions
are those of the completed local proof.

Lemma 11.3 (Fourier normalization for retained mass). For a complex mass function a on a
finite group G, ∑

ρ

Dρ∥â(ρ)∥2
HS = |G|

∑
g

|a(g)|2. (11.10)
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If ξ ≥ 0 has mass m ≤ 1, its transform is not divided by m, and

|G|
∑

g

∣∣∣∣ξ(g) − m

|G|

∣∣∣∣2 =
∑

ρ̸=triv
Dρ∥ξ̂(ρ)∥2

HS, (11.11)

(∑
g

|ξ(g) − UG(g)|
)2

≤ (1 −m)2 +
∑

ρ̸=triv
Dρ∥ξ̂(ρ)∥2

HS. (11.12)

If ξ ≤ µ for a probability measure µ, then
∑

g |µ(g) − ξ(g)| = 1 −m. When m > 0, ∥ξ/m−µ∥TV ≤
1 −m.

Proof. The regular-character expansion in Lemma 7.1, with coefficients a(g)a(h), proves (11.10).
Apply it to ξ −mUG and ξ − UG. Their trivial coefficients are respectively 0 and m− 1, and their
nontrivial coefficients are those of ξ. Cauchy–Schwarz gives (11.12). If ξ ≤ µ, the nonnegative
difference has mass 1 −m. Also

∑
g |ξ(g)/m− ξ(g)| = 1 −m; the triangle inequality and the factor

1/2 in TV prove the normalization claim.

For a subprobability f of mass z and a positive integer ℓ, the same identity and the convolution
rule give

|G|
∑

g

|f∗ℓ(g) − |G|−1|2 = (zℓ − 1)2 +
∑

ρ̸=triv
Dρ∥f̂(ρ)ℓ∥2

HS. (11.13)

One half of the square root bounds one half of the ℓ1 distance from f∗ℓ to UG; for a probability
this is TV. The matrix bounds used below are

∥Aℓ∥HS ≤
√
D ∥A∥ℓ

op, ∥Aℓ∥HS ≤ ∥A∥ℓ
HS.

They require no normality assumption.
For every positive-time physical block law µ, Lemma 7.2 gives µ̂(sgn) = 0. If a probability ν is

within η of µ in TV, then
|ν̂(sgn)| ≤ 2η. (11.14)

If instead 0 ≤ f ≤ µ has mass z, then |f̂(sgn)| ≤ 1 − z. Positivity also gives f∗ℓ ≤ µ∗ℓ, with
missing mass 1 − zℓ. For nearby probabilities, replacing the ℓ factors one at a time costs at most
ℓη in TV.

Every block length below is a multiple of d. Thus RT = I in (3.1), and the coordinate block
L(XT ) is exactly the physical law q∗T

d . Independent time blocks combine by convolution.

Corollary 11.4 (Two time blocks from the isotypic transfer). For the Thorp shuffle on N = 2d

cards,
∥q∗(512d)

d − UG∥TV −→ 0 (d −→ ∞).

The convergence is uniform over deterministic initial orderings.

Proof. Let T = 256d and µ = q∗T
d . For d ≥ 3, partition the labels into eight sets Mi of size N/8.

The fixed-list estimate (8.5) bounds each complementary image-tuple error by

δN = N3/2

2
(
(31/32)255d + 64e−N/64

)1/2
= o(1).

Exact trimming by Proposition 11.1 gives 0 ≤ f ≤ µ with mass z, where 1 − z ≤ 8δN = o(1), and
cap one on all eight coset systems.
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For this covering partition, the companion isotypic estimate [22, Proposition 3.5], with inverse-
degree parameter 1, gives ∥f̂(ρ)∥2

HS ≤ 8zC1D
−5/8 ≤ 8C1D

−5/8. Consequently∑
λ⊢N

λ/∈{(N),(1N )}

Dλ∥f̂(ρλ)2∥2
HS ≤ (8C1)2Z1/4(N) = o(1),

since 1 − 2(5/8) = −1/4 and [22, Theorem 6.3] gives the inverse-quarter limit. The sign coefficient
of f is at most 1 − z in magnitude, and the trivial coefficient of f∗2 is z2. Lemma 11.3 therefore
gives (∑

g

|f∗2(g) − UG(g)|
)2

≤ (1 − z2)2 + (1 − z)4 + (8C1)2Z1/4(N) = o(1).

Adding back the missing mass 1 − z2 = o(1) proves ∥µ∗2 −UG∥TV = o(1). The two physical blocks
take 2T = 512d shuffles, and (2.2) gives uniformity over starts.

The orbit, coefficient, and branching estimates give the following separate applications, with
different modifications of the law.

Theorem 11.5 (Eight time blocks from the orbit estimate). For the physical shuffle on N = 2d

labeled cards,
∥q∗(2048d)

d − UG∥TV = o(1). (11.15)

The fixed-list estimate at 257d also gives a proof using eight time blocks at 2056d with a retained
subprobability. The random omitted set estimate gives another proof at 2056d using normalized
deletion. All three conclusions hold for every deterministic starting deck.

Proof. For T = 256d, let µ = q∗T
d and use eight equal label parts. The error δN in the preceding

proof bounds each complementary marginal. Deleting heavy cosets loses η ≤ 16δN = o(1) and
produces a probability ν with cap K ≤ 4 for large d. Equation (11.3) with r = 8 gives

∥ν̂(ρ)∥op ≤ CD−1/4, C =
√

32C2.

For eight factors the nonsign, nontrivial Plancherel contribution is at most

C16 ∑
λ⊢N

λ/∈{(N),(1N )}

D
2−16/4
λ = C16Z2(N) = o(1).

The sign contribution is at most (2η)16, and the trivial coefficient is one. Thus ν∗8 tends to uniform
in TV. Restoring the true factors costs at most 8η = o(1), and 8T = 2048d physical shuffles.

For the fixed-list subprobability route take T = 257d. Equation (8.6) makes the summed
error on any partition into eight equal parts o(1). Exact trimming gives f ≤ µ = q∗T

d of mass
z = 1 − o(1) and cap one. The orbit bound is ∥f̂(ρ)∥op ≤

√
8C2D

−1/4. In (11.13), the trivial term
is (z8 − 1)2, the sign term is at most (1 − z)16, and the remaining sum is at most (8C2)8Z2(N).
These terms and the restored mass 1 − z8 all vanish. The eight time blocks take 2056d physical
shuffles.

For the random omitted set route, Proposition 9.1 and the partition averaging above give a
partition into eight equal parts with summed error o(1) at T = 257d. Heavy-coset deletion loses
η = o(1) and gives cap K = 2/(1 − η). The orbit bound is

√
16C2/(1 − η)D−1/4. The eight-factor

nonsign sum is at most [16C2/(1 −η)]8Z2(N) = o(1), the sign term is at most (2η)16, and restoring
the true factors costs 8η = o(1). Again 8T = 2056d. Equation (2.2) handles every start.
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Proposition 11.6 (Sixteen time blocks from averaged input lists). Let d ≥ 6, b = 64, q =
N(1 − 1/b), T = 2048d, and µT = q∗T

d . The average over uniform ordered lists of q distinct
input labels of the total-variation distance of their outputs from a uniform injection is o(1).
There is a subprobability f ≤ µT of mass 1 − o(1) and a partition into 64 equal parts for which
every complementary marginal of f is bounded above by the corresponding uniform marginal.
Consequently,

∥q∗(32768d)
d − UG∥TV = o(1).

The full-deck conclusion holds for every deterministic starting deck.

Proof. The ordinary marginal assertion is Lemma 9.5, specifically (9.8). The partition averaging
above selects 64 equal parts whose complementary errors sum to o(1). Exact trimming by
Proposition 11.1 gives 0 ≤ f ≤ µT , of mass z = 1 − o(1), with cap one for all 64 coset systems.
This is the stated domination of the complementary marginals.

Use the direct inverse-tenth input cited in Proposition 11.1 and the orbit estimate (11.1) with
r = 64, u = 10, and z ≤ 1. It gives

∥f̂(ρ)∥op ≤
√

64C10D
−13/32, −1

2 + 12
128 = −13

32 .

At sixteen factors the nonsign, nontrivial Plancherel sum is at most

(64C10)16 ∑
λ⊢N

λ/∈{(N),(1N )}

D
2−32(13/32)
λ ≤ (64C10)16Z10(N) = o(1),

because the displayed exponent is −11. The sign contribution is at most (1 − z)32, and the trivial
term is (z16 − 1)2. Equation (11.13) and restoration of the missing mass 1 − z16 = o(1) prove
convergence for µ∗16

T . The block length T = 2048d is a multiple of d, so these are 16T = 32768d
physical shuffles. Equation (2.2) gives the assertion from every deterministic start.

Theorem 11.7 (Thirty-two time blocks from coefficient projection). The fixed-list marginal bound
at T = 2049d has a separate Hilbert–Schmidt amplification proving

∥q∗(65568d)
d − UG∥TV = o(1).

Proof. Use 32 equal label parts. Equation (8.7) makes all complementary errors o(1). Exact
trimming gives f ≤ µ = q∗T

d of mass z = 1 − o(1). Its normalization ν = f/z is within 1 − z of
µ in TV and has cap at most two for large d. The coefficient estimate (11.4), with r = 32 and
K = 2, gives

∥ν̂(ρ)∥2
HS ≤ C ′D−5/8, C ′ = 128C10.

For 32 factors the nonsign, nontrivial Plancherel sum is at most

(C ′)32 ∑
λ⊢N

λ/∈{(N),(1N )}

D−19
λ ≤ (C ′)32Z10(N) = o(1).

The sign term is at most [2(1 − z)]64, and the trivial coefficient is one. Restoring the true factors
costs 32(1 − z) = o(1). The physical time is 32T = 32(2049d) = 65568d; translation invariance
gives the same conclusion from every deterministic start.
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For the last application we use the companion’s eventual type-count bound. For every fixed
integer r ≥ 1, uniformly over λ ⊢ N with kλ ≥ 1, all sufficiently large N satisfy

4rM(kλ) ≤ D
1/4
λ . (11.16)

This is [22, Lemma 6.5].

Theorem 11.8 (Four time blocks from the branching estimate). The averaged-input estimate of
Proposition 9.4 has an amplification proving

∥q∗(4096d)
d − UG∥TV = o(1).

Proof. At T = 1024d, choose eight equal label parts whose summed complementary error is o(1).
Heavy-coset deletion produces a probability ν within η = o(1) of µ = q∗T

d , with cap at most four.
For every λ /∈ {(N), (1N )}, the branching estimate and (11.16), with r = 8, give

∥ν̂(ρλ)∥2
HS ≤ 4rM(kλ)D−1+2/r

λ ≤ D
−1/2
λ .

Four factors therefore leave the inverse-first Plancherel sum:

4∥ν∗4 − UG∥2
TV ≤ (2η)8 +

∑
λ⊢N
kλ≥1

D−1
λ = (2η)8 + Z1(N) = o(1).

The displayed sign term uses (11.14); the trivial coefficient is one. Restoring the four true factors
costs 4η = o(1). Their physical time is 4T = 4096d, and (2.2) gives the same conclusion from
every start.

Corollary 11.9 (Mixing order and lower estimates). For all sufficiently large d,

d < tmix(d) ≤ 512d.

Thus the mixing time has order Θ(d) in physical shuffles. The one-card support bound also gives
tmix(d) ≥ d for every d ≥ 1.

Proof. Lemma 2.1 gives distance at least 1 − (e/
√
N)N > 1/4 for every integer t ≤ d when d is

large. Lemma 2.2 gives the stated one-card bound for every d. The upper bound follows from
Corollary 11.4; (2.5) gives the sharper lower asymptotic 2d−O(1).

12 History events and conditional estimates
The preceding sections obtained marginal estimates both for every fixed input list and after
averaging the list. We now retain information about trajectory histories before passing to endpoint
laws. For a fixed partition and fixed orders on its complements, one event gives pointwise coset
caps after its energy constraints are removed in descending order. A stopped estimate for a fixed
list charges imbalance only once across the list. A third construction gives an entropy comparison
for every probability law supported on one common event of cyclic histories.

The frame comparison, the balance estimate, and the retained conclusion play separate roles
in these arguments. In particular, the deferred shear frame used in the final application preserves
the distance for each fixed input list; that application averages the labels to obtain simultaneous
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balance across affine half-spaces. We give the three history constructions and their full-deck
consequences first, then return to that averaged application.

Throughout this section n = 2d, V = Fd
2, and G = Sym(V ). Permutations send input positions

to output positions and multiply by composition. Write UG for uniform measure. For v ≠ 0, retain
the matching subgroup Cv: it consists of the permutations preserving every pair {x, x+ v} setwise.
A uniform element of Cv is a layer of independent fair switches. Removing the accumulated
coordinate rotation from the physical shuffle gives the cyclic directions wt = e1+((t−1) mod d). In
particular a block of length divisible by d has exactly the same endpoint permutation in these
coordinates as in physical coordinates.
Remark 12.1. Every upper bound in this section is paired with the support estimate of Lemma 2.1:
there are at most 2tn/2 outcomes after t physical shuffles, so distance from uniform is at least
1 − 2tn/2/n!. For integer t ≤ d this tends uniformly to one. Consequently each upper bound below
has order d, and the mixing time at threshold 1/4 is at least d for sufficiently large d.

12.1 Preserving the matching of labels

Lemma 12.2 (Matching and input-list invariance). Fix an integer T ≥ d and directions v1, . . . , vT

such that every consecutive d form a basis. There are invertible linear maps L0, . . . , LT with
L0ei = vi for 1 ≤ i ≤ d such that, if gt is the cyclic-layer process, then LtgtL

−1
0 is the independent

switch process with directions vt. This assertion is an equality in law conditional on the entire
fixed sequence. If L0 = I, the matching on trajectory labels before each switch is unchanged. For
general L0, the same statement holds after relabeling the initial labels by L0. Consequently the
average, over uniform ordered input lists of any fixed length, of the endpoint distance to a uniform
injection is unchanged.

Proof. Lemma 3.1 gives exactly the asserted path-law identity, with L0ei = vi. Its construction
applies to every fixed schedule with consecutive basis windows and permits an arbitrary initial
basis. It remains to check what happens to trajectory labels.

If labels a, b are paired in the cyclic process just before layer t, then gt−1(b) = gt−1(a) + wt.
The column identity in that frame construction is Lt−1wt = vt. Hence their transformed positions,
with initial labels changed by L0, differ by vt and are paired in the transformed process. The
implication reverses because Lt−1 is invertible. When L0 = I, the labels themselves do not change.
For general L0, its bijection preserves the uniform law of the input list. The terminal bijection LT

preserves uniform injections and total variation. This proves both assertions.

The maps Lt may depend on future directions. We use them only after fixing the complete
schedule. In the probabilistic calculations below, the conditional switch law given that schedule is
the product of the uniform matching laws. We reveal directions chronologically and average them
only in the prefix fields specified below.

Lemma 12.3 (Conditional mass on unobserved positions). Fix an integer T ≥ 1 and nonzero
directions v1, . . . , vT . Let Z0 = I and Zt = ξtZt−1, where the ξt are independent uniform switches
in directions vt. Fix complete feasible trajectories of some observed labels. If m ≥ 1 labels remain
unobserved, let Ft be the positions not occupied by the observed labels at time t. For a specified
unobserved label, let pt be its conditional position law given those complete observed trajectories.

The vector pt evolves from its initial point mass by averaging on pairs with two positions in
Ft−1 and deterministic transport on pairs with one such position. It depends only on the directions
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and observed paths through time t. The uniform vector 1/m is transported to the uniform vector
on Ft. Thus, with Et =

∑
x∈Ft

(pt(x) − 1/m)2, one has 0 ≤ Et ≤ 1 and

Et−1 − Et = 1
2

∑
{x,y}⊂Ft−1 paired at t

(pt−1(x) − pt−1(y))2. (12.1)

Proof. The online averaging and transport rules are those of Lemma 4.1; here we must also justify
conditioning on complete observed paths. A feasible specification of those paths prescribes precisely
the coins on the visited time-edge pairs. Necessity is immediate. Conversely, those prescribed
coins force the paths, by induction over the layers. The path event is therefore a cylinder in the
independent coin array. All other coins remain independent and fair, including unvisited coins at
earlier times.

On an edge used by an observed label the coin is fixed; on an edge with two unobserved
positions it remains fair. Future path constraints use later time-edge pairs and do not alter this
earlier recursion. Thus the conditional vector equals the same forward averaging and transport
flow obtained from the observed prefix. Applying the exact decrement in Lemma 4.1, with its
available set equal to Ft−1, proves the displayed identity and transports the uniform comparison
vector as stated.

The next consequence records the two conditioning fields used below. The complete field is
convenient for endpoint comparisons; the smaller field is the one in which the next direction is
averaged.

Corollary 12.4 (Complete and chronological conditioning). Fix integers T ≥ 1 and 1 ≤ q ≤ n.
Let v = (v1, . . . , vT ) be a random schedule of nonzero directions. Set Z0 = I, and suppose that,
conditional on v, the increments of Z are independent uniform switches in directions v1, . . . , vT .
Let C = (c1, . . . , cq) be a deterministic list of distinct labels, or a random such list independent of
the joint process (v, (Zt)T

t=0). For 1 ≤ j ≤ q, put

FC,j
t = σ

(
C, v1, . . . , vt, Zs(ci) : 0 ≤ s ≤ t, i < j

)
, (12.2)

HC,j = σ
(
C,v, Zs(ci) : 0 ≤ s ≤ T, i < j

)
. (12.3)

For 0 ≤ t ≤ T , define pt(x) = Pr{Zt(cj) = x | FC,j
t }. Then, for every x ∈ V ,

Pr{Zt(cj) = x | HC,j} = pt(x) almost surely. (12.4)

For t < T , let Kt(v) = Pr{vt+1 = v | v1, . . . , vt}. Then

Pr{Zt(cj) = x, vt+1 = v | FC,j
t } = pt(x)Kt(v). (12.5)

Proof. First fix the list, the complete schedule, and feasible complete trajectories of the preceding
labels. Lemma 12.3 identifies the conditional mass on the left of (12.4) with the forward mass
computed from the list, the direction prefix, and the observed path prefix through t. It is therefore
already FC,j

t -measurable. The tower property, using FC,j
t ⊆ HC,j , proves (12.4).

Conditional on the complete schedule, the observed path prefix depends only on the direction
prefix, by the product-switch hypothesis. Since the list is independent, its observation and that of
the preceding paths do not change the next-direction law Kt. Also, the field generated by FC,j

t

and vt+1 is contained in HC,j . Taking the tower of (12.4) to this intermediate field shows that the
hidden mass remains pt after vt+1 is revealed. Combining these two statements proves (12.5).

41



In the shear construction the auxiliary data Λ determine v but may contain additional entries.
Suppose, as in Lemma 8.4, that the conditional law of the full virtual trajectory given Λ depends on
Λ only through v, and that a sampled list is independent of (Λ, (Zt)T

t=0). Conditional independence,
followed by conditioning on the observed paths, gives

Pr{Zt(cj) = x | HC,j ∨ σ(Λ)} = pt(x). (12.6)

The averaging in (12.5) is performed in FC,j
t before this terminal disclosure. Once Λ is revealed at

time T , the direction averaging is finished. The separate conditional frame identity then identifies
the mapped endpoint law with the original coordinate chain.

Lemma 12.5 (Fresh-direction contraction). Suppose, given the generated past, the next direction is
uniform outside a hyperplane J ⊂ V . Split the m unobserved positions into the two cosets, denoting
the resulting sets by F0, F1 and their sizes by m0,m1. For any centered real mass vector z known
from that past, the expected squared-norm loss obtained by averaging on the paired unobserved
positions is

1
n

∑
x∈F0, y∈F1

(zx − zy)2 ≥ min(m0,m1)
n

∑
x

z2
x.

If the next direction is uniform outside a smaller subspace contained in J , the same lower bound
holds with 1/(2n) in place of 1/n.

Proof. Apply the energy calculation in Lemma 4.1 to the available set F0 ∪ F1 and the centered
vector z. That proof uses only

∑
x zx = 0, not positivity of a probability vector. In its notation,

take D0 = F0 and D1 = F1; the exact cross-pair loss is the displayed sum divided by n. When
the forbidden subspace is smaller than J , every cross-coset difference remains allowed and has
probability at least 1/n, instead of 2/n. Its averaging loss is still half the squared difference, giving
the denominator 2n.

12.2 The Fourier input for the applications

The remainder uses the general results of the companion From partial permutation information
to Fourier bounds [22]. We record the normalizations that enter the numerical applications. For
every fixed p > 0, Theorem 6.3 gives

Cp = sup
s≥1

∑
λ⊢s

(fλ)−p < ∞,
∑
λ⊢s

λ/∈{(s),(1s)}

(fλ)−p −→ 0.

Here fλ is the degree of the irreducible representation of Ss indexed by λ. For a subprobability ν
on Sn, use ν̂(ρ) =

∑
g ν(g)ρ(g), without dividing by its mass. Let r ≥ 1, let M1, . . . ,Mr be disjoint

nonempty subsets of the labels, and let Ki = Sym(Mi) fix the complement pointwise; the subsets
need not cover all labels. If ν(gKi) ≤ K/[Sn : Ki], the disjoint-support orbit argument in (11.1),
which extends [22, Proposition 3.2], gives

∥ν̂(ρ)∥op ≤
√
rKCpD

−1/2+(p+2)/(2r), D = dim ρ. (12.7)

Its one-vector orbit estimate is independent of representation multiplicities. It applies to unequal
blocks as well, although our applications use equal ones.

We use the amplification consequence in Proposition 2.5: if 0 ≤ ν ≤ µ, ν(Sn) → 1, µ has zero
sign mean, and ∥ν̂(ρ)∥op ≤ BD−β for D > 1, where B, β > 0 are fixed, then every fixed k with
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2 − 2kβ < 0 gives ∥µ∗k −UG∥TV → 0. It also applies when ν is a probability at distance o(1) from
µ and has sign mean o(1). All norms use unnormalized Hilbert–Schmidt trace. We verify the sign,
mass, and physical block length at each application.

12.3 A retained event for one partition

Proposition 8.3 already gives a total-variation bound for every fixed large input list. Here we
first choose a block partition and an order on each complement. We retain one event on which
the conditional energies for these particular orders are simultaneously small. Removing their
constraints in descending order will give pointwise caps for every output of each complement: a
factor of two for the retained subprobability, or four after normalization.

Fix a horizon T ≥ d. The initial directions are fixed to e1, . . . , ed, and thereafter vt is uniform
outside Jt = span(vt−d+1, . . . , vt−1). Write v = (v1, . . . , vT ), and let Z0 = I and Zt = ξtZt−1
be the cumulative variable-direction permutation, where, conditional on the directions, the ξt

are independent uniforms in Cvt . With the frame starting at L0 = I, the cyclic endpoint has
law L−1

T ZT . The preceding transverse-layer estimate supplies the energy bound needed for this
simultaneous event.

Lemma 12.6 (Balance supplied by an earlier crossing). Fix integers T ≥ d and r ≥ 1. For any
fixed observed labels and any d < t ≤ T , if m positions remain unobserved, then

Pr{min(|Ft−1 ∩ Jt|, |Ft−1 \ Jt|) < m/4} ≤ 2e−m/8.

For the hidden-card energy of Lemma 12.3, interpreted in this random process by Corollary 12.4,
if m ≥ n/r and α = 1/(4r), then

EET ≤ (1 − α)T −d + 2e−n/(8r). (12.8)

Proof. The transverse-layer proof of Lemma 8.2 is uniform over the entire fixed direction schedule.
It therefore applies here even though the first basis is prescribed. Explicitly, fix all directions
and the observed-label configuration just before layer t− d. The direction at that layer crosses
the cosets of Jt, because vt−d, . . . , vt−1 form a basis. The following d− 1 directions lie in Jt and
preserve the two coset counts. If a crossing pairs contain two unobserved positions, one count
after the crossing is a + Binomial(m − 2a, 1/2). The conditional fair-coin law is unchanged by
fixing the directions. The binomial tail from that lemma is at most 2e−m/8; if m = 2a the count is
deterministic. Removing this conditioning proves the stated unconditional bound.

Equation (12.4) makes the energy vector measurable in the chronological field, and (12.5)
permits averaging the next direction there. Lemma 12.5 then contracts energy by at least
α = 1/(4r) whenever the two counts are at least m/4. We use the balance estimate only after
taking expectations. Since 0 ≤ E ≤ 1,

EEt ≤ (1 − α)EEt−1 + 2αe−n/(8r).

Iterate from Ed ≤ 1 and sum the geometric series. This proves (12.8) without asserting concentra-
tion conditional on the subsequently observed paths.

Lemma 12.7 (Removing exceptional histories in descending order). Let T ≥ d be an integer, and
let r ≥ 2 divide n. Partition V into equal input blocks M1, . . . ,Mr and, for each i, fix an order
ci,1, . . . , ci,q on its complement, where q = n− n/r. Write P for the partition together with these

43



orders, and let Ki = Sym(Mi) fix the complement pointwise. Use the variable-direction process
just defined, whose first frame is L0 = I. For 1 ≤ j ≤ q, let

Hi,j = σ
(
v, Zs(ci,h) : 0 ≤ s ≤ T, h < j

)
, Fi,j = V \ {ZT (ci,h) : h < j},

and define

pi,j(x) = Pr{ZT (ci,j) = x | Hi,j}, Ei,j =
∑

x∈Fi,j

(
pi,j(x) − 1

n− j + 1

)2
.

Suppose EEi,j ≤ εn uniformly. Put GP =
⋂

i,j{Ei,j ≤ n−6}, and let µ be the original cyclic endpoint
law at time T . Then Pr(Gc

P) ≤ rqn6εn. The measure

ν(g) = Pr{GP , L
−1
T ZT = g}

satisfies 0 ≤ ν ≤ µ and, for large n, ν(gKi) ≤ 2UG(gKi) for every g ∈ G and 1 ≤ i ≤ r. If
a = Pr(GP) = 1 − o(1), its normalized law ν̄ = ν/a satisfies ν̄(gKi) ≤ 4UG(gKi) and ∥ν̄ − µ∥TV ≤
1 − a = o(1).

Proof. Markov’s inequality and a union bound give the lost mass. For each complete direction
schedule the law of L−1

T ZT is µ, so restricting to GP gives 0 ≤ ν ≤ µ. For an order, its j-th
energy event is measurable from all directions and the preceding paths. On it, every endpoint has
conditional probability at most

1
n− j + 1 + n−3 ≤ 1 + n−2

n− j + 1 .

To bound a specified list of distinct outputs intersected with GP , first discard requirements
belonging to other orders. Condition on all directions and the first q − 1 paths, bound the final
target on its own energy event, and then discard that event. Continue downwards through the list.
Each remaining target event and energy constraint is measurable in the conditioning data at its
turn. The target in variable coordinates is known because LT is determined by all directions. We
obtain

Pr(GP , specified outputs) ≤
q∏

j=1

1 + n−2

n− j + 1 ≤ 2(n− q)!
n! .

These output specifications are precisely the left cosets gKi. Normalization costs 1/a, at most two
eventually. The total-variation bound for ν̄ follows from Lemma 11.3.

Proposition 12.8 (Two applications of the retained event). The physical shuffle has total-variation
distance o(1) from uniform by time 4096d. The choices r = 32, T = 2561d give the separate
subprobability construction of Lemma 12.7, and sixteen such blocks give distance o(1) at time
40976d.

Proof. Take d ≥ 5, which suffices for all block sizes in this proposition. For the first assertion take
r = 8 and T = 512d. Equation (12.8) is at most n−12 for large d, since (31/32)511d ≤ e−511d/32.
The exceptional mass is at most 8nn6n−12 = o(1). Use the normalized law ν̄ in Lemma 12.7 and
the direct inverse-square estimate of Lemma A.2. Proposition 3.2, with p = 2, gives ∥̂̄ν(ρ)∥op ≤√

32C2D
−1/4. Eight convolutions have Plancherel exponent 2 − 16/4 = −2. The original block has

unbiased sign because one independent switch already has fair parity; the normalized modification
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has sign mean o(1). Proposition 2.5 applies. Since T = 512d is a whole number of coordinate
sweeps, eight physical blocks give 8T = 4096d.

For the second construction take r = 32 and T = (1 + 80r)d. The first term in (12.8) is at
most e−20d ≤ n−20, so the exceptional mass is at most 32n7(n−20 + 2e−n/256) = o(1). Keep the
unnormalized subprobability, whose coset factor is K = 2. The paragraph “Central-binomial
powers eight and twenty” following Lemma A.5 in Subsection A.3 of [22] gives

C8 = sup
s≥1

∑
λ⊢s

(fλ)−8 < ∞,
∑
λ⊢s

λ/∈{(s),(1s)}

(fλ)−8 −→ 0 (s −→ ∞).

Applying Proposition 3.2 of the same companion with p = 8, K = 2, and r = 32 gives exponent
−1/2+10/64 = −11/32 and prefactor

√
64C8. Sixteen convolutions leave exponent 2−32(11/32) =

−9. The retained measure is dominated by the physical block law, whose sign mean is zero.
Proposition 2.5, including its trivial and sign terms, therefore applies. Here T = 2561d is again a
whole number of sweeps, so 16T = 40976d physical shuffles suffice.

The ordinary averaged-list route is given in Proposition 11.6. It uses a random initial basis
and sampled labels, and retains the b = 64, T = 2048d marginal estimate and its 32768d full-deck
application. The next construction returns to a fixed input list and keeps a nested event through
the sequential comparison.

12.4 A stopped estimate that pays for imbalance once

The earlier crossing-layer estimate gave exponential concentration. The conditional-tuple viewpoint
is related to the analysis of the swap-or-not shuffle in [9, Section 3]; the schedule comparison and
estimates here are proved for the present shuffle. There is another way to balance every fixed list:
randomize the later hyperplane while holding an earlier configuration fixed. Although this only
gives an inverse-linear tail, nesting the balance events lets us pay this error once for the whole list.

Proposition 12.9 (Stopped partial-observation estimate). Let d ≥ 4. Put b = 16, m = n/b,
q = n−m, and T = (2 + 20b)d = 322d. For every fixed ordered list of q distinct input positions,
its image under the physical shuffle at time T has distance at most

δd = 4T
m

+ 1
2n

3/2(1 − 1/(4b))(T −2d+1)/2 = o(1) (12.9)

from a uniform injection, uniformly over the chosen list.

Proof. Start with the standard basis and generate directions by independent fair coefficients

vt = vt−d +
∑

t−d<s<t

cs,tvs (t > d).

Write c = (cs,t : d < t ≤ T, t− d < s < t) for the complete coefficient array. Conditional on this
array, let Z0 = I and Zt = ζtZt−1, where the ζt are independent uniform switches in directions vt.
This is the same conditional uniform-complement schedule as before. For each fixed c, the frame
comparison starts at L0 = I. Thus the distance for the fixed endpoint list is unchanged by the
output relabeling, and equals the average over c of the conditional auxiliary distance.

For later use, let

Ah = σ
(
cs,u : d < u ≤ h, u− d < s < u; ζu : 1 ≤ u ≤ h

)
. (12.10)
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This field fixes the directions and the complete switch history through layer h. The conditional
law of these switches uses only the directions through h, hence only coefficients with target time
at most h. Coefficients with later target times therefore remain independent fair bits given Ah.

Fix the input list a1, . . . , aq, write Yt(j) = Zt(aj), and let Fj,t = V \ {Yt(i) : i < j}, of size
nj = n− j + 1 ≥ m. Define the chronological field

Fj,t = σ
(
v1, . . . , vt, Ys(i) : 0 ≤ s ≤ t, i < j

)
.

The conditional path law given c depends only on its direction sequence. Equations (12.4) and
(12.6), with Λ = c, therefore identify the two versions of the hidden mass:

pj,t(x) := Pr{Yt(j) = x | c, Ys(i) : 0 ≤ s ≤ T, i < j} = Pr{Yt(j) = x | Fj,t}.

Put

Ej,t =
∑

x∈Fj,t

(
pj,t(x) − 1

nj

)2

.

Thus Ej,t is measurable in Fj,t, even though its first definition uses the complete coefficient array
and complete preceding paths. For t > d set Jt = span(vt−d+1, . . . , vt−1). Say that step (j, t) is
balanced if both its cosets contain at least m/4 members of Fj,t−1. Let Bj(t) require this for all
steps 2d, . . . , t, with no requirement when t = 2d− 1. The event Bj(t) is Fj,t−1-measurable, before
the direction at t is revealed. Equation (12.5) and Lemma 12.5, followed by Bj(t) ⊆ Bj(t− 1), give

E[1Bj(t)Ej,t] ≤ (1 − 1/(4b))E[1Bj(t−1)Ej,t−1].

Thus, for Bj = Bj(T ),
E[1BjEj,T ] ≤ (1 − 1/(4b))T −2d+1. (12.11)

The events decrease as j increases because the hole sets shrink and the common threshold m/4
stays fixed.

The energy on the nested balance events is now controlled. It remains to estimate the probability
that the smallest reservoir fails balance; this will be the only exceptional-event cost in the tuple
comparison. Fix t ≥ 2d and write h = t− d. Let ℓt be the unique linear form vanishing on Jt and
taking value one on vh. Given Ah, this form is uniform among the forms with ℓt(vh) = 1. Indeed
use the past basis vh−d+1, . . . , vh. The equations ℓt(vh+i) = 0, 1 ≤ i < d, give

ℓt(vh−d+i) =
h∑

s=h−d+i+1
cs,h+iℓt(vs).

Solve backwards from i = d− 1 to i = 1. At each stage the term ch,h+iℓt(vh) = ch,h+i is a fresh fair
bit, independent of the coefficients at later stages, of the other coefficients in the current equation,
and of Ah. This proves the uniformity claim.

For F = Fq,h put Z =
∑

x∈F (−1)ℓt(x). The set F is Ah-measurable, and E[Z2 | Ah] ≤ |F | = nq:
diagonal terms are one, off-diagonal terms with difference vh are minus one, and every other
off-diagonal term has mean zero. The directions at times h+ 1, . . . , t − 1 lie in Jt, so the coset
counts from the post-step-h configuration to time t− 1 are preserved. A count below m/4 forces
|Z| > nq −m/2 ≥ nq/2. Chebyshev and a union bound give

Pr(Bc
q) ≤ 4T/nq ≤ 4T/m. (12.12)
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We finish by coupling the endpoint lists, conditional on c. Write πq for the uniform injection
law on q positions, and put

δaux(c) = ∥L((YT (1), . . . , YT (q)) | c) − πq∥TV .

At stage j, prescribe the real endpoint kernel to be pj,T , evaluated on the preceding real paths.
This prescription is used for every joint coupling history; it is not replaced by a law conditioned
on earlier coupling success. Prescribe the comparison kernel to be uniform on the positions not
yet used by the comparison list.

On previous success the two lists have the same preceding endpoints, so their available endpoint
sets agree. If Bj holds, maximally couple the prescribed kernels, declaring failure if their endpoints
differ. If balance fails, declare failure and use any coupling of them. Once a failure has occurred,
continue using any coupling of the prescribed kernels, with the comparison list’s own remaining
set. After choosing the real endpoint, sample its full real path from the conditional path law given
that endpoint, c, and the preceding real paths. These prescriptions preserve the real path law and
the uniform comparison-list law at every stage. The probability of a balance failure before any
mismatch is at most Pr(Bc

q | c) by nesting. The mismatch probability on a balanced, previously
successful stage is bounded by 1

2
√
njEj,T . Averaging over c and dropping the preceding-success

indicator gives the total bound

Ecδaux(c) ≤ Pr(Bc
q) + 1

2

q∑
j=1

E
[
1Bj

√
njEj,T

]
≤ 4T

m
+ 1

2n
3/2(1 − 1/(4b))(T −2d+1)/2,

by (12.11), (12.12), and Cauchy–Schwarz. The fixed-list frame comparison identifies the left side
with the physical marginal distance, proving (12.9). Finally the exponential factor is at most
e−5d/2, so n3/2e−5d/2 → 0, and T/m → 0.

For sixteen equal blocks, these ordinary o(1) complementary marginal errors also satisfy the
common-trimming hypotheses of Proposition 11.1. In the following application we use the spectral-
pruning theorem of the companion (Theorem 10.1) for its operator bound with constant one. If
all sixteen fixed complementary marginals of a probability µn have TV error o(1), then there is
a subprobability νn ≤ µn of mass 1 − o(1) satisfying ∥ν̂n(ρ)∥op ≤ D−1/8 for every D > 1. The
theorem takes one union of coefficient tests for each complementary marginal. Thus its proof does
not multiply the marginal error by the number of tests. Proposition 12.9 supplies exactly these
fixed-marginal hypotheses.

Proposition 12.10 (The stopped-energy and pruning application). The stopped partial-observation
estimate and spectral pruning give full-permutation distance o(1) by time 5152d.

Proof. Use any fixed partition into sixteen equal blocks and apply Proposition 12.9 to its com-
plements. Theorem 10.1 gives exponent a = 1/8 with constant one. Sixteen convolutions have
exponent 2 − 2(16)/8 = −2. The original block has zero sign mean, and Proposition 2.5 applies to
its pruned subprobability. The total number of physical steps is 16(322d) = 5152d.

47



12.5 One history event that works for every tilted law

The preceding routes control partial marginals for the original law. Here we seek an entropy
comparison that remains valid for every law concentrated on one common set of histories. The
comparison will apply after conditioning on an event chosen from an arbitrary representation
coefficient. Its probabilistic input is a uniform control of the conditional likelihoods of realized
card endpoints.

Assume d ≥ 7, and fix L = 128, q = n−n/L, and T = (1 + 100L)d = 12801d. Let P be the law
of cyclic switch histories, with cumulative label-to-position maps gt and cyclic directions wt. Before
layer t, let Mt be the matching of trajectory labels: u, v form a pair when gt−1(v) = gt−1(u) + wt.

For a nonempty subset F of labels, of size m, let BF
t be the matrix on F which averages the

two coordinates of every pair of Mt contained in F and fixes the other coordinates. Put

QF
t = BF

1 · · ·BF
t , QF

0 = IF .

These matrices depend on the realized matching history. The next lemma identifies their rows
with the conditional hidden-card flow, expressed using that history to label the available positions.

Lemma 12.11 (Conditional masses in trajectory-label coordinates). Fix a realized cyclic history
g = (g0, . . . , gT ) and a nonempty set F of labels. For u ∈ F , let pu,F

t (x) be the conditional
probability under P that card u is at x at time t, given the complete trajectories of the labels in
V \ F , evaluated on the trajectories supplied by g. Define a row indexed by F by

ru,F
t (v) = pu,F

t (gt(v)), v ∈ F.

Then, for this realized history,

ru,F
0 = eT

u , ru,F
t = ru,F

t−1B
F
t , ru,F

t = eT
uQ

F
t . (12.13)

Here eu is the coordinate vector in RF . In particular the conditional likelihood of the realized
endpoint of card u is

pu,F
T (gT (u)) = QF

T (u, u). (12.14)

The conditioning in this statement remains on the paths of V \ F ; the realized history enters ru,F
t

through the indexing bijection v 7→ gt(v).

Proof. The conditioned paths are feasible, because they come from g. Their complement at time
t is exactly the set of available positions gt(F ). Lemma 12.3 gives the conditional mass flow on
these positions. We express its three edge cases in the reference indices.

If a matching edge has one position in gt−1(F ), its coin is fixed by the path of the observed
card on that edge. It is therefore the coin used by the reference history, and it carries the available
position gt−1(v) to gt(v). Its mass keeps index v. If both endpoints belong to gt−1(F ), say with
reference indices v, v′, the two conditional output masses are the average of the preceding two
masses. They are equal, so the reference history’s choice to swap or fix that edge does not change
the two indexed output values. An edge with no available position has no coordinate in the row.
These cases give ru,F

t = ru,F
t−1B

F
t . Initially card u is at u, so the initial row is eT

u . Iteration proves
the row formula, and the index of the realized endpoint gT (u) is u.

Let JF be the matrix all of whose entries equal 1/m, and set

ZF
t = ∥QF

t − JF ∥2
HS.
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By Lemma 12.11, this is the sum over u ∈ F of the squared conditional deviations of card u
from uniform on the available positions, with each deviation computed under the same observed
complement. No independence among those cards is required. Each BF

t is a doubly stochastic
contraction, hence so is QF

t . Since JFQ
F
t = JF , we have ZF

t ≤ ∥IF − JF ∥2
HS = m− 1 ≤ n.

For the endpoint likelihood in the lemma, its diagonal entry and the definition of ZF
T give

log
(
mpu,F

T (gT (u))
)

≤ m
√
ZF

T . (12.15)

Indeed QF
T (u, u) ≤ 1/m+

√
ZF

T and log(1+x) ≤ x. The likelihood is positive for the feasible realized
history. We will control the average of this logarithmic excess on a single event, simultaneously for
every reservoir size needed by a list.

Lemma 12.12 (One typical event for all reservoir sizes). Define the event on cyclic histories by

Gent =
n⋂

m=n/L

{
g : EF : |F |=mZ

F
T (g) ≤ n−8

}
, (12.16)

where each average is uniform over subsets of labels. Then P(Gent) = 1 − o(1).

Proof. We estimate the distribution of these matching functionals using the directly generated
variable-direction process. Start its directions with the standard basis, and choose each later
direction uniformly outside the span of its preceding d − 1 directions. At each layer use fresh
independent fair switch coins. Denote its cumulative permutation by g̃t. Lemma 12.2 says that,
for each complete direction schedule, its matching sequence on trajectory labels has the same
law as the cyclic matching sequence. Thus every functional ZF

T of those matchings has the same
law in the two models. For the following calculation, BF

t , QF
t , and ZF

t denote these same matrix
functions evaluated on the auxiliary matching sequence.

Take F uniform of a fixed size m ≥ n/L, independently of this auxiliary process. Condition on
F , the directions through time t− 1, and the complete switch history through that time. For a
row of QF

t−1 − JF , write its entries as zu, u ∈ F . This row is known under the conditioning and
has sum zero. Transfer it to the current positions by

z̃(g̃t−1(u)) = zu (u ∈ F ).

The label pairs averaged by BF
t correspond exactly to the position pairs contained in g̃t−1(F ) in

the new matching. Thus the squared row loss is the position-space loss in Lemma 12.5.
For t > d, let Jt be the span of the preceding d − 1 directions, and let h, h′ be the sizes of

g̃t−1(F ) ∩ Jt and g̃t−1(F ) \ Jt. The next direction is fresh under the conditioning above. Applying
the lemma to each row and summing gives

E[ZF
t−1 − ZF

t | F, complete generated past through t− 1] ≥ min(h, h′)
n

ZF
t−1.

Now fix the generated past but leave F unobserved. The map g̃t−1 and the half-space Jt are
fixed, and g̃t−1(F ) is a uniform m-subset. The elementary half-count estimate gives

Pr{min(h, h′) < m/4 | generated past} ≤ 2θm, θ = (3/2)2−3/4 < 1.

For example, expansion of the product for a uniform sample without replacement gives E2X ≤
(3/2)m for either half-count X; Markov’s inequality applied to the larger half yields this bound.
Set c = − log θ > 0. With ZF

t−1 ≤ n and m ≥ n/L, the unconditional recurrence is

EZF
t ≤ (1 − 1/(4L))EZF

t−1 +O(ne−cn/L) (t > d).
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There are T − d = 100Ld useful layers. Starting with ZF
d ≤ n, the initial contribution is at most

ne−25d and the accumulated error is exponentially small in n. Hence EZF
T ≤ n−20 for large d,

uniformly in m.
The equality of matching laws proved at the start transfers this expectation to the cyclic

histories on which Gent was defined. For each m, Markov’s inequality applied to the subset
average at threshold n−8 gives failure probability at most n−12. There are at most n sizes, so
P(Gc

ent) ≤ n−11 = o(1).

For probability laws on a finite set, write D(ν∥ζ) =
∑

ω ν(ω) log(ν(ω)/ζ(ω)) for relative entropy,
with 0 log 0 = 0 and value +∞ when absolute continuity fails. Write Ent for Shannon entropy,
using natural logarithms in both cases. For a set X of input labels, let νX be the endpoint
restriction law under a law ν on histories, and let UX be the uniform injection law. The typical
event now controls the likelihood term in the entropy chain rule.

Lemma 12.13 (Entropy comparison for arbitrary tilted histories). For every probability law ν on
histories supported on Gent,

D(ν∥P) ≥ EX: |X|=qD(νX∥UX) − n−2. (12.17)

Proof. Fix an ordered list i1, . . . , iq. Let τj and yj be the complete trajectory and endpoint of ij .
For the current history let pj be the conditional probability under P of its realized endpoint yj ,
given τ1, . . . , τj−1. Relative-entropy chain rule and conditional data processing give

D(ν∥P) ≥
q∑

j=1

[
− Entν(yj | τ1, . . . , τj−1) − Eν log pj

]
≥ − Entν(y1, . . . , yq) −

q∑
j=1

Eν log pj .

The second inequality uses that the preceding endpoints are functions of the preceding trajectories.
Put Fj = V \{i1, . . . , ij−1} and mj = |Fj | = n− j+1. The uniform injection assigns each endpoint
list mass

∏
j m

−1
j , so the last inequality is

D(ν∥P) ≥ D(νX∥UX) −
q∑

j=1
Eν log(mjpj), X = {i1, . . . , iq}.

Lemma 12.11 applies with observed complement V \ Fj and gives pj = Q
Fj

T (ij , ij) on each
realized history. For a uniform ordered input list, Fj is a uniform subset of size mj . The bound
(12.15) is independent of which ij ∈ Fj is chosen. On every history in Gent, Jensen’s inequality
therefore gives

Eordered list log(mjpj) ≤ mjEF : |F |=mj

√
ZF

T ≤ n
√
n−8 = n−3.

All these sizes are at least n/L. Sum over q ≤ n indices and average the preceding entropy inequality
over lists and over ν. The induced set X is uniform of size q, and ordering its coordinates does
not change its relative entropy from a uniform injection. This proves the claimed error n−2.

Proposition 12.14 (Representation-coefficient tails from entropy). There is an absolute C such
that for every irreducible unitary representation ρ of G, of degree D, and unit vectors u, z,

P{Gent, |⟨z, ρ(gT )u⟩| ≥ D−1/8} ≤ CD−1/(2L). (12.18)
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Put a = P(Gent). When a > 0, the conditional endpoint law η = L(gT | Gent) is defined and satisfies

∥η̂(ρ)∥op ≤ D−1/8 + C

a
D−1/(2L).

For all sufficiently large d, Lemma 12.12 gives a ≥ 1/2. In that range the last bound is at most
C ′D−1/(2L) for the absolute constant C ′ = 1 + 2C.

Proof. If a = P(Gent) = 0, the probability on the left side of (12.18) is zero. Otherwise apply
the all-tilt coefficient theorem, [22, Theorem 11.1]. Its reference probability is the law P of
cyclic switch histories, its endpoint map is gT , and its common event is Gent from Lemma 12.12.
Lemma 12.13 verifies the theorem’s hypothesis for every probability ν supported on that same
event, with q = n− n/128 and additive error n−2. The theorem therefore gives the tail exponent
1/256 = 1/(2L) at threshold D−1/8. For a > 0, splitting each absolute coefficient at D−1/8 under
P( · | Gent) gives the stated operator bound with factor C/a. By Lemma 12.12, a = 1 − o(1), so
a ≥ 1/2 eventually. Since L = 128 and D ≥ 1, D−1/8 ≤ D−1/(2L), which gives C ′ = 1 + 2C.

Proposition 12.15 (The typical-history entropy application). With L = 128, T = (1 + 100L)d,
and b = 32L, the shuffle has full-permutation distance o(1) at time bT .

Proof. For all sufficiently large d, put a = P(Gent) > 0 and η = L(gT | Gent). The original block
law µ = L(gT ) has zero sign mean, so

|η̂(sgn)| =
|E[sgn(gT )1Gc

ent
]|

a
≤ 1 − a

a
= o(1).

For the nonlinear irreducibles, Proposition 12.14 gives the operator bound with the absolute
constant C ′. The trivial coefficient of η∗b is one. Plancherel therefore gives

|G|
∑

g

|η∗b(g) − UG(g)|2 ≤ |η̂(sgn)|2b + (C ′)2b
∑

ρ/∈{1,sgn}
D 2−b/L

ρ = o(1).

Indeed 2 − b/L = −30, and the nonlinear sum vanishes by [22, Lemma A.1]. Cauchy–Schwarz
gives total-variation convergence. The b independent histories all belong to Gent with probability
ab. Removing their conditioning costs at most 1 − ab ≤ b(1 − a) = o(1), because b is fixed.
The physical block length is a multiple of d, and its b-fold product is the actual shuffle at time
32L(1 + 100L)d.

13 An averaged application of deferred columns
Lemma 8.4 constructs the frame from independent shears, reads each coefficient when its target
column is next selected, and permits the remaining shear data to be disclosed at the terminal
time. We now give a separate quantitative application of that shared law. It samples the input
ordering and uses simultaneous balance across all affine half-spaces, then uses the companion’s
inverse-twentieth degree estimate and a one-vector orbit bound.

The inverse frame starts at the identity, so its endpoint comparison preserves the distance for
every fixed input list. The averaging in this application enters only through its balance estimate.
Its full-deck consequence is the following bound.
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Theorem 13.1. For the Thorp shuffle on n = 2d labeled cards,

max
σ∈Sn

∥∥P 512040d
d (σ, ·) − Un

∥∥
TV = o(1) (d −→ ∞),

where Un is the uniform probability measure on Sn and one time step is one physical shuffle.
Consequently, at total-variation threshold 1/4,

d ≤ tmix(d) ≤ 512040d

for all sufficiently large integers d.

Throughout this section put

r = 128, k = (1 − 1/r)n, T = (100r + 1)d. (13.1)

We take d ≥ 7, so r divides n, and let µ be the coordinate shuffle law after T layers. We first
bound the average marginal distance for ordered lists of k cards. Forty independent blocks of this
length will then give the theorem.

13.1 The inverse frame and its conditional law

Let ι1, ι2, . . . be a deterministic periodic sequence of coordinate indices, with period d containing
each of 1, . . . , d once. For the present application use the standard cyclic order. For each layer i,
choose an independent uniform linear functional ℓi : V → F2 satisfying ℓi(eιi) = 0, and put

Six = x+ ℓi(x)eιi , B0 = I, Bi = SiBi−1, wi = B−1
i−1eιi . (13.2)

Each Si is an involution. Write Λ = (ℓ1, . . . , ℓT ) and W = (w1, . . . , wT ). Conditional on Λ, let Mi

be independent uniform matching switches in directions wi, and define

Y0 = I, Yi = MiYi−1, Xi = BiYi.

The process Y uses virtual positions and X uses the original coordinate positions.

Lemma 13.2 (Inverse-frame form of the shear law). Conditional on Λ, the increments of X are
independent uniform switches in the coordinate directions eιi . For every t ≤ T , the conditional law
of (Yi)t

i=0 given Λ is the product-switch law determined by w1, . . . , wt.
Every d consecutive directions wi form a basis. At layer i, learning wi does not change the

conditional law of the preceding virtual positions given w1, . . . , wi−1 and any specified virtual path
prefixes through layer i− 1. For i > d, that direction is uniform outside

span(wi−d+1, . . . , wi−1)

conditional on that same direction and path-prefix field. Finally, conditional on the complete
direction sequence W , disclosing the remaining information in Λ does not change the conditional
law of the virtual trajectories, including after a fixed collection of those trajectories has been
observed.

Proof. Set Ai = B−1
i . Since Si is an involution, Ai = Ai−1Si and wi = Ai−1eιi , which are

the forward frame and selected directions of Lemma 8.4. Remark 8.5 gives the inverse coupled
identity Xi = BiYi and the conditional coordinate-switch law. The prefix product-switch law and
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consecutive-basis property are conclusions of that lemma for the same periodic axis order. The
prefix law makes the old virtual path and the next direction conditionally independent given the
direction prefix; Corollary 12.4 records the resulting hidden-position factorization after specified
virtual path prefixes through layer i− 1 are observed. The uniform-complement law for i > d is
the lemma’s fresh-direction conclusion.

In particular, the conditional law of the full virtual trajectory given Λ depends on Λ only
through W . Thus the trajectory and Λ are conditionally independent given W . Conditioning
also on a fixed observed part of the trajectory preserves this factorization for the remaining
trajectories.

For the standard cyclic order used in this application, fix an input list and Λ. The known
output bijection BT preserves uniform injections and total variation. The conditional coordinate
law in the lemma therefore identifies that list’s virtual conditional distance with its distance under
µ. The random ordering introduced next is used to prove balance; it is not required by this frame
comparison.

13.2 A conditional energy estimate for almost all cards

Choose a uniformly random ordering O = (a1, . . . , an) of the cards, independently of (Λ, (Yi)T
i=0).

For 0 ≤ j < k, use the chronological field

F j
i = σ

(
O, w1, . . . , wi, Ys(ah) : 0 ≤ s ≤ i, 1 ≤ h ≤ j

)
.

Let Di = V \ {Yi(ah) : 1 ≤ h ≤ j} be the available positions, of size m = n− j. Define

qi(x) = Pr{Yi(aj+1) = x | F j
i },

and put
zi(x) = qi(x) − 1

m
(x ∈ Di), Ei =

∑
x∈Di

zi(x)2.

The conditional mass is zero off Di, and zi sums to zero on Di. We use counting measure in the
squared norm, so E0 = 1 − 1/m ≤ 1.

Lemma 13.3. Uniformly for 0 ≤ j < k, with expectation over the ordering and shuffle construction,

EET ≤ e−25d + Tδn, δn = 2n(n+ 1) exp
(

− n

16r

)
. (13.3)

Proof. Lemma 13.2 gives the conditional product-switch law and the fresh direction in the field
F j

i−1. Apply Lemma 4.1 with initial datum O, t = i− 1, available set Di−1, and hidden mass qi−1.
Its averaging and transport rules preserve the uniform comparison law on the holes and give

Ei−1 − Ei = 1
2

∑
{x,y} an edge of layer i

x,y∈Di−1

(
zi−1(x) − zi−1(y)

)2
. (13.4)

In particular 0 ≤ Ei ≤ Ei−1 ≤ 1 for every realization.
Suppose now that i > d. Before its direction is drawn, put Ji = span(wi−d+1, . . . , wi−1) and

split Di−1 = D0 ∪D1 across its two cosets, with sizes h0, h1. Lemma 13.2 makes the next direction
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uniform outside Ji, so each cross pair has conditional matching probability 2/n. The cross-pair
calculation in Lemma 4.1, with centered vector zi−1, gives

E(Ei−1 − Ei | F j
i−1) = 1

n

∑
x∈D0, y∈D1

(
zi−1(x) − zi−1(y)

)2
≥ min(h0, h1)

n
Ei−1. (13.5)

The inequality is (4.6); it also covers an empty part.
We use a simultaneous balance estimate for every affine half-space. At a fixed time, condition

on Λ and the complete virtual switch history but not on O. The permutation Yi−1 is then fixed,
and the independent ordering makes Di−1 a uniform m-subset of V . The simultaneous estimate
below is valid even for a half-space chosen after that subset is seen.

For m < n, a uniform m-subset has the law of independent Bernoulli choices of parameter
m/n, conditional on making exactly m choices. This conditioning event has probability at least
1/(n+ 1): m is a mode of the binomial distribution and that distribution has n+ 1 values. In a
specified affine half-space let X be the unconditioned number of choices. It has mean m/2, and

Pr{X < m/4} ≤ 2m/4E2−X = 2m/4
(

1 − m

2n

)n/2

≤ e−(1−log 2)m/4 ≤ e−m/16,

where the last inequality uses log 2 < 3/4. There are fewer than 2n affine half-spaces arising as a
linear hyperplane or its other coset. Since m ≥ n/r, a union bound after conditioning gives

P
(
some such half-space contains fewer than m/4 holes

)
≤ δn. (13.6)

For m = n the balance assertion is deterministic.
On the complement of the event in (13.6), the conditional loss in (13.5) is at least mEi−1/(4n) ≥

Ei−1/(4r). On the exceptional event we retain the deterministic energy nonincrease and the bound
Ei−1 ≤ 1. Taking expectations consequently gives

EEi ≤
(

1 − 1
4r

)
EEi−1 + δn (i > d).

Only the unconditional estimate (13.6) has been used. Iterating over T −d = 100rd layers, starting
from Ed ≤ 1, yields

EET ≤
(

1 − 1
4r

)100rd

+ Tδn ≤ e−25d + Tδn.

The terminal disclosure and the common tuple comparison now convert this energy estimate
to the required average of marginal distances.

Proposition 13.4. Let C = (a1, . . . , ak) be a uniformly chosen ordered list of distinct initial cards,
independent of XT ∼ µ, and let πk be uniform on ordered k-tuples of distinct positions. Then

EC

∥∥L(XT (C) | C) − πk

∥∥
TV ≤ εn,

εn = k

2

√
n
(
e−25d + Tδn

)
= o(1). (13.7)
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Proof. For each j < k, the terminal factorization in Lemma 13.2 and (12.6) give

Pr{YT (aj+1) = x | Λ,O, Ys(ah) : 0 ≤ s ≤ T, h ≤ j} = qT (x).

Thus the terminal-data hypothesis of Lemma 4.2 holds with initial datum O and terminal datum
Λ. Write

δvirt(Λ,O) =
∥∥L((YT (a1), . . . , YT (ak)) | Λ,O

)
− πk

∥∥
TV

for the conditional virtual tuple distance. The lemma’s coarsening to preceding endpoints and
sequential comparison, together with Lemma 13.3, give

EΛ,Oδvirt(Λ,O) ≤ k

2

√
n
(
e−25d + Tδn

)
.

For each fixed Λ and O, applying BT to every output preserves πk and total variation. The
conditional law of XT given Λ is µ, and the independent ordering contributes no further information
about that law. Hence δvirt(Λ,O) equals the distance under µ for the specified list C. Averaging
proves (13.7). Finally, n = 2d gives n3/2e−25d/2 → 0, while δn is exponentially small in n up to a
polynomial factor. Hence εn = o(1).

For the representation step, write K0 = sups≥1
∑

ρ∈Irr(Ss)D
−20
ρ . The proof of Lemma A.1 gives

K0 < ∞, and the lemma gives vanishing of the same sum after omitting the trivial and sign types
as s → ∞. In particular, for every M ≥ 1,

#{ρ ∈ Irr(Ss) : Dρ ≤ M} ≤ K0M
20.

This is the hook-product version of the inverse-degree estimate in the companion; its proof bounds
the first-row hooks by opposite-order rearrangement. We use this power-twenty estimate in the
orbit bound below.

13.3 Coset truncation and the orbit of one vector

Choose a uniform partition of the card labels into r blocks C1, . . . , Cr of equal size n/r. For each
block its complement is a uniform k-element subset. Ordering that complement in any fixed way
identifies its labeled endpoint images with an ordered tuple and does not affect total-variation
distance. By Proposition 13.4, the expected sum of the r complement marginal distances is at
most rεn. Fix a partition realizing a sum at most this bound, and let Hi

∼= Sn/r be the subgroup
of Sn permuting Ci and fixing its complement pointwise.

Two position permutations agree on the complement of Ci exactly when they lie in the same
left coset gHi. Thus the corresponding coset marginal of µ is within its complement marginal
distance of uniform on G/Hi, where G = Sn. Delete from µ every element lying in a coset, for
any i, whose µ-mass exceeds 2/[G : Hi], and call the resulting subprobability measure ν. Writing
p = ν(G), we obtain

1 − p ≤ 2rεn = o(1), ν(gHi) ≤ 2
[G : Hi]

(g ∈ G, 1 ≤ i ≤ r). (13.8)

Indeed, if a coset has mass a > 2u, where u = 1/[G : Hi], then a ≤ 2(a− u). Its removed mass is
bounded by twice its positive excess over uniform; summing positive excesses gives exactly the
marginal total-variation distance. A union bound handles all r families of deleted cosets.
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For a unitary representation ρ, define its Fourier transform by

ν̂(ρ) =
∑
g∈G

ν(g)ρ(g).

The following estimate explains why information about complements of the blocks is enough to
control every irreducible representation.

Lemma 13.5. If ρ is an irreducible unitary representation of G = Sn of dimension D, then the
measure in (13.8) satisfies

∥ν̂(ρ)∥op ≤ CrD
−1/2+11/r, Cr =

√
2rK0. (13.9)

Proof. The proof of Lemma A.1 bounds the complete inverse-twentieth sum by K0. Apply
Proposition 3.2 with p = 20, K = 2, and r = 128. That proposition assigns a component vi of a
given vector to the small Hi-types and sets Wi = span{ρ(h)vi : h ∈ Hi}. Its orbit bound is

dimWi ≤
∑

τ∈Irr(Hi)
dim τ≤D1/r

(dim τ)2 ≤ K0D
22/r. (13.10)

The sum counts each irreducible subgroup type once: the orbit of a fixed vector in all copies of a
type of degree f has dimension at most f2. Combining this estimate with the coset cap and Schur
averaging in that proposition gives

√
2rK0D

−1/2+11/r.

13.4 Forty blocks and the full-deck conclusion

The preceding estimate controls all non-linear irreducible types. We now sum their contributions
and treat the sign representation separately. Let b = 40. Since 0 ≤ ν ≤ µ, their convolution powers
satisfy 0 ≤ ν∗b ≤ µ∗b and

∥µ∗b − ν∗b∥1 = 1 − pb = o(1). (13.11)

Here the ℓ1 norm uses counting measure on G. Apply the centered identity in Lemma 11.3 to
ξ = ν∗b, of mass pb, and then Cauchy–Schwarz. With the convolution convention of Section 7, this
gives

∥ν∗b − pbUn∥2
1 ≤

∑
ρ∈Irr(G)

ρ̸=1

Dρ∥ν̂(ρ)b∥2
HS. (13.12)

The centering by pbUn cancels exactly the trivial coefficient.
For every type other than trivial and sign, ∥Ab∥HS ≤

√
D∥A∥b

op, so Lemma 13.5 bounds its
total contribution to (13.12) by

C2b
r

∑
ρ̸=1,sgn

D 2−b(1−22/r)
ρ .

For our constants,
2 − 40(1 − 22/128) = −249

8 = −31.125 < −20.

Lemma A.1 thus makes this sum o(1). No normality of ν̂(ρ) is needed for this norm bound.
Since d divides T , the block has no remaining rotation and µ = q∗T

d . For this physical block
law, Lemma 7.2 gives µ̂(sgn) = 0 and |ν̂(sgn)| ≤ 1 − p. The remaining sign contribution in (13.12)
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is consequently at most (1 − p)2b = o(1). We conclude from (13.12) that ∥ν∗b − pbUn∥1 = o(1).
Combining this with (13.11) and ∥pbUn − Un∥1 = 1 − pb gives

∥µ∗40 − Un∥1 = o(1).

Each block has length T = (100r + 1)d, a multiple of d. Independent consecutive blocks
therefore have precisely the convolution law used above, with no unaccounted coordinate rotation.
Since

40T = 40(100 · 128 + 1)d = 512040d,

this proves the upper assertion of Theorem 13.1. For any initial labeled deck, applying a position
permutation gives a bijection between Sn and the possible resulting decks. It preserves uniform
measure and total-variation distance, which proves the stated worst-start quantifier.

The matching lower bound is the support calculation in Remark 12.1. This completes
Theorem 13.1.

14 Random input domains and equivariant kernels
Lemma 9.2 takes the image-law error with the input tuple fixed and bounds its average over the
tuple. We use this information in three ways. One average selects a partition whose complementary
marginals admit a common truncation. A stronger average controls sixteen separately truncated
transition kernels. A third argument keeps all omitted sets and uses the companion’s projection
expansion for those sets.

For a probability µ on G = Sym(V ) and a specified set A ⊆ V , write µA for the law of the
restriction g|A under g ∼ µ, and write UA for the uniform law on injections from A to V . Choosing
an ordering of A identifies these laws with the corresponding ordered image laws. A different
ordering only permutes coordinates, so it preserves their total-variation distance. Thus the averages
in Lemma 9.2 and Corollary 9.3 also give the corresponding averages over uniformly chosen input
sets.

14.1 Four blocks from sixteen complementary marginals

The first application uses the full-partition case of the isotypic estimate in Proposition 11.2,
proved for partitions in the companion From partial permutation information to Fourier bounds
[22, Proposition 3.5]. Let V = M1 ⊔ · · · ⊔ M16 be a partition into nonempty label sets, and
put Hi = Sym(Mi), fixing the complement pointwise. If f ≥ 0 has mass z ≤ 1 and satisfies
f(gHi) ≤ 2/[G : Hi] for every g, i, then for every irreducible unitary representation ρ of degree D,

∥f̂(ρ)∥2
HS ≤ 32zC2D

−3/4. (14.1)

The transform is not divided by z, the Hilbert–Schmidt norm uses the ordinary trace, and the
estimate includes every restriction multiplicity. This is (11.2) with r = 16, K = 2, and u = 2; that
equation also allows disjoint supports that leave labels unused. For the two convolution arguments
below, the direct inverse-square estimate [22, Lemma A.2] supplies

C2 < ∞, Z2(n) =
∑

ρ∈Irr(Sn)
Dρ>1

D−2
ρ −→ 0, Dρ = dim ρ. (14.2)

57



Proposition 14.1. As d → ∞, with n = 2d,

max
g0∈G

∥P 2052d
d (g0, ·) − Un∥TV = ∥q∗(2052d)

d − Un∥TV −→ 0.

Proof. For d ≥ 4, put m = n/16, T = 513d, and µ = q∗T
d . Corollary 9.3 gives E|A|=n−m∥µA −

UA∥TV ≤ εn = o(1). In a uniformly chosen ordered partition (M1, . . . ,M16) into sets of size m,
each complement V \Mi is uniform. Hence the expected sum of the sixteen complementary errors
is at most 16εn, and some partition has sum at most this value.

For that partition, the restriction to V \ Mi identifies the left coset gHi. Delete the union
of all cosets whose original µ-mass exceeds twice uniform. The calculation in the proof of
Lemma 5.1 gives a common subprobability f ≤ µ of mass z = 1 − η, with η ≤ 32εn = o(1),
such that f(gHi) ≤ 2/[G : Hi] for every g, i. Equation (14.1), with z ≤ 1, therefore gives
∥f̂(ρ)∥2

HS ≤ 32C2D
−3/4. Hilbert–Schmidt submultiplicativity yields

D∥f̂(ρ)4∥2
HS ≤ D∥f̂(ρ)∥8

HS ≤ (32C2)4D−2.

The trivial coefficient of f∗4 is z4. Lemma 7.2 gives |f̂(sgn)| ≤ η, since the original block has sign
mean zero. Plancherel and (14.2) now imply

|G|∥f∗4 − z4Un∥2
2 ≤ η8 + (32C2)4Z2(n) = o(1).

Cauchy–Schwarz gives ∥f∗4 − z4Un∥1 = o(1). Positivity gives f∗4 ≤ µ∗4, and their mass difference
is 1 − z4 = o(1). Consequently

∥µ∗4 − Un∥TV ≤ 1 − z4 + 1
2∥f∗4 − z4Un∥1 = o(1).

The four independent physical blocks have total length 4T = 2052d and law µ∗4 = q
∗(2052d)
d .

Equation (2.2) gives the stated maximum over starts.

14.2 Sixteen retained kernels and the sign condition

The second application keeps every starting deck and makes one truncation for each omitted label
set. Fix a partition V = M1 ⊔ · · · ⊔ M16 with |Mi| = m = n/16, and put Hi = Sym(Mi) and
H =

∏
iHi. These groups act on decks on the right, by g 7→ gh. The quotient Xi = G/Hi records

the positions of all labels outside Mi; it has L = n!/m! states, each with m! decks.
Suppose a kernel K satisfies K(gh, zh) = K(g, z) for h ∈ H. Its quotient kernel is

pi(x, y) =
∑
z∈y

K(g, z), g ∈ x, x, y ∈ Xi.

Equivariance under Hi makes this independent of the representative g. For ϵ > 0, retain exactly
the quotient blocks below the specified density threshold:

Ti(g, z) = K(g, z) 1
{
pi(gHi, zHi) ≤ 1 + ϵ

L

}
. (14.3)

Kernels act on functions by (TiF )(g) =
∑

z Ti(g, z)F (z), with the counting inner product. In the
Hi-isotypic decomposition, write T sgn

i for the operator on the full multiplicity space of the sign
representation, including every quotient fiber.

The sixteen-kernel theorem [22, Theorem 9.1] applies when K is doubly stochastic, m → ∞,
every quotient has mean row variation at most δn → 0, and ϵ → 0 with δn/ϵ → 0. Its additional
input is ∥T sgn

i ∥2
HS = o(1) for every i. It then gives mean row convergence of K16 to uniform,

accounting also for the entire all-trivial multiplicity space. If K commutes with a transitive action
on decks, all row distances are equal and the convergence is uniform over starting decks.
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Theorem 14.2. As d → ∞, with n = 2d,

max
g0∈G

∥P 32784d
d (g0, ·) − Un∥TV = ∥q∗(32784d)

d − Un∥TV −→ 0.

Proof. For sufficiently large d, in particular d ≥ 4, set T = 2049d, µ = q∗T
d , and K = P T

d . The
identity K(g, z) = µ(zg−1) shows that K is doubly stochastic and that it commutes with the right
action of every label permutation. A uniform source state in Xi places the specified labels outside
Mi at a uniform injection. Their output law is the quotient row pi(x, ·), so Corollary 9.3 gives

1
L

∑
x∈Xi

1
2
∑

y∈Xi

|pi(x, y) − L−1| ≤ δn, δn = n−10.

Choose ϵ = n−1 in (14.3). A removed quotient atom has positive excess over uniform at least
ϵ/(1 + ϵ) times its mass. Thus the mean mass removed is

γi := 1
|G|

∑
g,z

(K(g, z) − Ti(g, z)) ≤ 1 + ϵ

ϵ
δn = o(1).

Each Ti is row- and column-substochastic because 0 ≤ Ti ≤ K. Moreover Hi is normal in H, and
right equivariance gives pi(xh, yh) = pi(x, y) for h ∈ H. The cutoff therefore preserves the action
of the whole product H.

We now verify the sign condition with its full multiplicity. Fix i and choose a deck gx in each
fiber x ∈ Xi. For a, b, c ∈ Hi, put wxy(c) = Ti(gx, gyc). Right equivariance gives

Ti(gxa, gyb) = wxy(ba−1),
∑

c

wxy(c) = ti(x, y) := pi(x, y)1{pi(x, y) ≤ (1 + ϵ)/L}.

On fiber x, define the normalized sign vector by ϕx(gxa) = sgn(a)/
√
m!, and set it to zero off that

fiber. Each fiber is a regular Hi-set, so these L orthonormal vectors span the full sign isotypic
space of ℓ2(G). In this basis the multiplicity operator has entries

T sgn
i (x, y) = ⟨ϕx, Tiϕy⟩ =

∑
c∈Hi

wxy(c) sgn(c), |T sgn
i (x, y)| ≤ ti(x, y). (14.4)

Suppose the ignored positions in x contain a matched pair of the first physical shuffle, and
let s be its position transposition. Then τ = g−1

x sgx ∈ Hi is an odd transposition and gxτ = sgx.
In the first physical step RS, the switch S is uniform in Ce1 . Since s ∈ Ce1 , one has Ss law= S.
The first-step laws from gxτ and gx are therefore identical, and so K(gxτ, z) = K(gx, z) for every
output deck z. The cutoff depends only on the source and target quotient states, so the same
identity holds for Ti. Right equivariance now gives

wxy(c) = Ti(gxτ, gyc) = Ti(gx, gycτ
−1) = wxy(cτ−1).

Since sgn(τ) = −1, the signed sum in (14.4) is its own negative. Every outgoing sign coefficient
from this fiber is zero.

For a uniform fiber x, its ignored positions form a uniform m-subset of V . The fraction of
these sets containing no full first-layer pair is

an,m =
m−1∏
j=0

n− 2j
n− j

≤ exp
(

−m(m− 1)
2n

)
.

59



After j positions have been sampled without a partner, exactly j partners are forbidden among
the n− j remaining positions. The product follows, and log(1 − u) ≤ −u gives the exponential
bound. Only these Lan,m fiber rows can contribute to the sign matrix. For each such row the
quotient cap gives

∑
y

|T sgn
i (x, y)|2 ≤

∑
y

ti(x, y)2 ≤ 1 + ϵ

L

∑
y

ti(x, y) ≤ 1 + ϵ

L
.

Consequently the squared Hilbert–Schmidt norm on the entire sign multiplicity space is

∥T sgn
i ∥2

HS =
∑
x,y

|T sgn
i (x, y)|2 ≤ (1 + ϵ)an,m ≤ (1 + ϵ)e−m(m−1)/(2n) = o(1).

Here m = n/16 → ∞ and δn/ϵ = n−9 → 0. The companion theorem therefore gives mean row
error o(1) for K16. The right action of all label permutations is transitive on decks and commutes
with K, so every row has the same error. Finally K16 = P 16T

d and 16T = 32784d, proving the
assertion.

14.3 Averaging all omitted sets

The third application keeps the average over all omitted sets. The omitted-set transfer [22,
Theorem 10.3] assumes, as n → ∞ through multiples of 1024, that probabilities µ on Sn satisfy

δn := E|A|=n−n/1024∥µA − UA∥TV −→ 0.

For all sufficiently large n, it supplies a probability ν with ∥ν−µ∥TV ≤ 16δn and ∥ν̂(ρ)∥op ≤ CD−1/4

for D = dim ρ > 1, where C is absolute. The proof uses a finite expansion into ordered products
of projections associated with the omitted sets. The sets may overlap, and the argument preserves
the order of their projections.

Proposition 14.3. As d → ∞, with n = 2d,

max
g0∈G

∥P 262152d
d (g0, ·) − Un∥TV = ∥q∗(262152d)

d − Un∥TV −→ 0.

Proof. For sufficiently large d, in particular d ≥ 10, set b = 1024, T = (1 + 32b)d, and µ = q∗T
d .

Corollary 9.3, in the set form established at the start of this section, gives the displayed hypothesis
with δn = o(1). Let ν be the resulting nearby probability. Lemma 7.2 gives |ν̂(sgn)| ≤ 2∥ν−µ∥TV =
o(1). For eight factors, Plancherel and ∥A∥HS ≤

√
D ∥A∥op give

4∥ν∗8 − Un∥2
TV ≤ |ν̂(sgn)|16 + C16Z2(n) = o(1),

using (14.2); the nonlinear exponent is 2 − 16(1/4) = −2. Replacing the eight factors one at a
time costs at most 8∥ν − µ∥TV = o(1). Thus µ∗8 converges to uniform. These physical blocks have
total length 8T = 8(1 + 32 · 1024)d = 262152d, so µ∗8 = q

∗(262152d)
d . Equation (2.2) gives the same

error from every start.
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15 Character smoothing from half-deck information
We now use half-deck information to control the Fourier matrix of the whole permutation. Fix one
coordinate half-partition for a block, let P denote a long segment of coordinate layers, and let B
be an independent pass within each half. For a unitary representation ρ, write F = Eρ(B). There
are two useful orders for these segments:

block Fourier matrix positive form obtained by convexity
BP F Eρ(P ) ρ(P )∗F ∗Fρ(P )
PB (Eρ(P ))F ρ(P )FF ∗ρ(P )∗

In the first order, the pass acts on fixed output halves of P . The conjugated form can be controlled
by preimages of those halves. In the second order, the pass acts on fixed input halves of P . We
will repair their image laws, then average the resulting subgroup coordinates one at a time. The
two coordinates may remain dependent. We first establish the common half-list and one-pass
inputs, and then carry out these two conversions.

Theorem 15.1. Let n = 2d, and count one physical Thorp shuffle as one time step, using n/2
independent fair switches. For all sufficiently large integers d, the worst-initial-deck total-variation
mixing time at threshold 1/4 satisfies

d ≤ tmix(d) ≤ 6060000d.

In fact, the worst-initial-deck distance at time 60000(101d− 1) tends to zero as d → ∞.

15.1 The shared half-list input

We retain the convention that permutations send initial labels to positions and that later layers
multiply on the left. Write Cv for the matching subgroup in direction v ≠ 0. Removing the
deterministic coordinate rotation from the physical shuffle gives independent uniform layers in Cbt ,
where b1, b2, . . . cycles through the coordinate basis. A block may begin at any phase of this cycle.

Lemma 15.2. Let π be the product of L = 100d consecutive layers in a periodic coordinate order
on n = 2d positions. Uniformly over ordered lists of q ≤ n/2 distinct inputs, the law of their
images under π has total-variation distance o(1) from the uniform ordered injection. The same
assertion holds for π−1. Both assertions are uniform in the starting phase and the order of the
coordinate axes.

Proof. Proposition 8.3 covers every periodic ordering of the standard axes, including every starting
phase, and the inverse product obtained by reversing independent involutive layers. With its
omitted-block parameter equal to 2 and time T = 100d, it gives, for η = π or η = π−1,

∥L(η(c1), . . . , η(cq)) − πq∥TV ≤ n3/2

2
(
e−99d/8 + 2e−n/16

)1/2
= o(1),

where πq is the uniform ordered injection law. The fixed-list estimate uses the hidden-card vector
from the chronological field (4.1). The terminal comparison uses (4.9) with Λ = v, disclosing the
complete schedule and only the complete predecessor paths.

For the independent shear realization of the coordinate chain, (8.13) gives the local block
identity

B0 = I, Mt = B−1
t QtBt−1, π = QL · · ·Q1 = BLML · · ·M1. (15.1)
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Here Qt are the original coordinate layers and Mt the virtual layers coupled to them. Conditional
on the independent shears, the Mt are independent uniform matching switches. The known
terminal BL relabels only final positions, so the specified input list is unchanged. Equation (8.11)
identifies its virtual terminal posterior with its chronological vector after all shears are disclosed.
The independent shear realization starts with B0 = I; the general first-basis realization retains the
input map L−1

0 from (3.9).

15.2 The character input and the trace of one pass

We use a unitary realization of each irreducible type of a symmetric group. For type α, write Dα

for its degree and χα for its character. We use the ordinary, unnormalized Hilbert–Schmidt norm.
For m ≥ 2 and u ∈ Sm, let ci(u) be the number of i-cycles and define e1, . . . , em by

k∑
i=1

ei = log max{1,
∑k

i=1 ici(u)}
logm (1 ≤ k ≤ m), E(u) =

m∑
i=1

ei

i
.

The ei are nonnegative and sum to one. Larsen and Shalev’s theorem states that, for every ϵ > 0,
for all sufficiently large m depending only on ϵ, and uniformly over u and α,

|χα(u)| ≤ DE(u)+ϵ
α . (15.2)

See [13, Theorem 1.1] and the formulation with fixed slack in [12, Definition 2.1 and Theorem 2.2].
If u has at most m9/10 fixed points, then E(u) ≤ e1 + (1 − e1)/2 ≤ 19/20. Taking ϵ = 3/100 gives

|χα(u)|
Dα

≤ D−1/50
α . (15.3)

This is a pointwise bound and requires no centrality of a shuffle law.
For every fixed s > 0, the Witten-zeta estimate is∑

α∈Ŝm

D−s
α = 2 + o(1) (m → ∞). (15.4)

See [14, Theorems 1.1 and 2.6] and [12, Theorem 2.14]. In particular the complete sum at s = 1 is
bounded by an absolute Cζ for every m ≥ 1, and the sum with the trivial and sign types removed
tends to zero. Lemma 6.4 of [22] supplies an elementary proof of these last facts.

Lemma 15.3. Let b = 2h and let Y apply each of the h coordinate layers once, in any order,
using independent fair switches. For every irreducible representation ρα of Sb, put Tα = Eρα(Y ).
Uniformly for all sufficiently large b,

tr(T ∗
αTα)
Dα

= tr(TαT
∗
α)

Dα
≤ 2D−1/100

α .

Proof. Let Y ′ be an independent copy and put u = (Y ′)−1Y . Independence and unitarity give

tr(T ∗
αTα)
Dα

= E
χα(u)
Dα

≤ E
|χα(u)|
Dα

.

If f counts the fixed points of u, then, for 1 ≤ k ≤ b,

Pr(f ≥ k) ≤
(
b

k

)
b−k/2. (15.5)

62



Indeed, condition on Y ′ and prescribe Y (x) = Y ′(x) at a chosen set of k inputs. Each input-output
pair determines one route because each coordinate is updated once. A consistent family of routes
visits at least hk/2 distinct switch bits: a switch serves at most two routes. It therefore has
probability at most 2−hk/2 = b−k/2. A union bound over the input set proves (15.5).

Write D = Dα. The assertion is immediate for D = 1. For D > 1 set

κ = logD
2 log b , k =

⌊
max{b9/10, κ}

⌋
+ 1.

Since D2 ≤ b!, one has κ ≤ b/4, so k ≤ b for large b. For k ≥ b9/10 and sufficiently large b,(
b

k

)
b−k/2 ≤

(
eb1/2

k

)k

≤ b−k/4 ≤ D−1/8.

Outside an event of probability at most D−1/8, therefore, f ≤ b9/10 or f ≤ κ. The first case is
covered by (15.3). In the second, restrict ρα to the symmetric group on the b− f moving points.
Every irreducible constituent of degree E satisfies

E ≥ D

[Sb : Sb−f ] ≥ b−fD ≥ D1/2.

For the first inequality, translates of one constituent subspace by coset representatives span a
nonzero Sb-invariant subspace and hence the whole irreducible representation. Since f ≤ κ ≤ b/4,
the moving-point group has size tending uniformly to infinity. The permutation has no fixed points
there. Applying (15.3) to each constituent and averaging with its dimension weight, including
multiplicity, bounds the normalized character by D−1/100. On the exceptional event use the bound
one. Thus the normalized trace is at most D−1/100 +D−1/8 ≤ 2D−1/100.

An alternative restriction estimate. The preceding proof lower-bounds every constituent
degree after fixed points are removed. A distinct Young-branching argument controls the number
of constituents and gives another estimate for the same trace.

Lemma 15.4. Let s = 2ℓ and let Gs be a sweep using each of the ℓ coordinate directions once, in
any order, with independent fair switches. There are absolute a > 0, C1 < ∞ such that, for every
sufficiently large s and every complex irreducible representation ρα of Ss,

qα := D−1
α ∥Eρα(Gs)∥2

HS ≤ C1D
−a
α .

The Hilbert–Schmidt norm uses the ordinary, unnormalized trace.

Proof. For a permutation of m points with at most m4/5 fixed points, one has e1 ≤ 4/5 and hence
E(g) ≤ 9/10. Applying (15.2) with slack 1/20 yields

|χα(g)| ≤ D19/20
α (15.6)

for all sufficiently large m, uniformly in g and α.
Let G′

s be an independent copy, put u = (G′
s)−1Gs, let f count its fixed points, and write

D = Dα. As in the preceding trace calculation, qα = Eχα(u)/D. The case D = 1 is immediate.
When f ≤ s4/5, (15.6) bounds the absolute normalized character by D−1/20. Suppose instead that

s4/5 < f ≤ κ := logD
2 log s.
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Since D ≤ s! ≤ ss, one has κ ≤ s/2 and hence f ≤ s/2 in this case. The moving-point
group therefore has size tending uniformly to infinity. Iterated Young branching [11, Theorem 9.2]
expresses the restriction to that group as at most sf irreducible summands counted with multiplicity.
If their degrees are E1, . . . , Er, then

∑
j Ej = D. The permutation is fixed-point-free on this group.

Applying (15.6) there and using concavity gives

|χα(u)| ≤
r∑

j=1
E

19/20
j ≤ r1/20D19/20 ≤ sf/20D19/20 ≤ D39/40.

For the remaining event take k = ⌊max{s4/5, κ}⌋+1, which lies in [1, s] for large s. The unique-route
tail (15.5), with s in place of b, gives for large s

Pr(f ≥ k) ≤
(
s

k

)
s−k/2 ≤ (es1/2/k)k ≤ s−k/5 ≤ D−1/10.

The normalized trace is consequently at most D−1/40 +D−1/10 ≤ 2D−1/40. This proves the stated
existence with the distinct branching conclusion a = 1/40 and C1 = 2.

The following two conversions use the shared bound with exponent 1/100. The alternative
above gives the stronger trace exponent 1/40 through the different restriction argument.

15.3 Smoothing after the mixing segment: capped preimages

For the first block order, take L = 100d layers with product π, followed by d−1 layers with product
σ. The last layers omit one coordinate and preserve its two halves J0, J1, each of size b = n/2.
Their fair coins give independent one-pass permutations σ0, σ1 on these halves, independent also
of π. A block has length 101d− 1. Its phase and its missing axis may change from one block to
the next.

Fix an ordering of each Jj , and let Qj(π) be its ordered preimage list. Lemma 15.2 gives a
bound ϵn = o(1) for the distance of each list law νj from the uniform injection law Ub, uniformly
in phase. Delete every π for which either list has density greater than two, and condition on what
remains. If Bj is the excluded set of lists, then

νj(Bj) ≤ 2
(
νj(Bj) − Ub(Bj)

)
≤ 2ϵn.

The retained event has probability at least 1 − 4ϵn. For large n it has probability at least one half,
so each separate preimage marginal in the modified law is bounded by 4Ub. The modification costs
at most 4ϵn in total variation. The independent passes are unchanged.

Lemma 15.5. For even n ≥ 6, every irreducible representation of Sn other than trivial and sign
has degree at least n/2.

Proof. Restrict to the elementary abelian subgroup generated by a fixed matching of n/2 trans-
positions. If every constituent assigns the same sign to all these generators, their representing
matrices are equal. Conjugation then makes any two disjoint transpositions have equal matrices.
A third transposition disjoint from two overlapping ones exists when n ≥ 6, so all transpositions
have the same matrix. The image is generated by one involution, and irreducibility gives the
trivial or sign representation. Otherwise a constituent assigns negative sign to exactly r generators,
with 1 ≤ r ≤ n/2 − 1. The normalizer permutes the matching pairs, so all

(n/2
r

)
≥ n/2 reordered

characters occur. Their eigenspaces are linearly independent.
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Proposition 15.6. There is an absolute C0 such that, for every sufficiently large n = 2d, every
modified block above, and every irreducible ρ of Sn of degree D other than trivial or sign,

∥Eρ(σπ)∥op ≤ C0D
−1/20000.

The modified block has zero sign coefficient. These statements are uniform in its starting phase.

Proof. Let Gj be the symmetric group supported on Jj and put H = G0 × G1. If a positive
operator Q commutes with ρ(G1−j), then ρ(π)∗Qρ(π) is determined by Qj(π). Indeed, equal
ordered preimages of Jj mean π′π−1 ∈ G1−j . The separate marginal cap and positivity therefore
give, for every unit vector v,

E⟨ρ(π)v,Qρ(π)v⟩ ≤ 4Eg∼USn
⟨ρ(g)v,Qρ(g)v⟩ = 4 trQ

D
. (15.7)

The final equality is Schur averaging. This comparison uses one capped preimage marginal at a
time; it imposes no joint density bound.

Set Aj = Eρ(σj) and A = A0A1. These factors and their adjoints commute, and they are
contractions. Independence and convexity give

∥AEρ(π)v∥2 ≤ E⟨ρ(π)v,A∗Aρ(π)v⟩. (15.8)

For each j, let Pj,≤ select the full Gj-isotypic spaces of degree at most D1/100, and put Pj,> =
I − Pj,≤. These projections commute with H and with each other. On a joint half-type, write
Xj = A∗

jAj . The Xj are positive contractions on separate tensor factors. If type j is large,
X0X1 ⪯ Xj ; if both types are small, X0X1 ⪯ I. Hence

A∗A ⪯ A∗
0A0P0,> +A∗

1A1P1,> + P0,≤P1,≤. (15.9)

Every term is positive. The first two commute with the complementary half group, and the last
commutes with both groups, so (15.7) applies to each.

On each Gj-type selected by Pj,>, Lemma 15.3 bounds the normalized trace by 2D−1/100
α ≤

2D−1/10000. Averaging with the restriction dimension weights, including all multiplicities, gives

1
D

tr(A∗
jAjPj,>) ≤ 2D−1/10000. (15.10)

It remains to bound the fraction of the space on which both half-types are small. If mαβ is the
multiplicity of α⊗ β in ρ|H , then

mαβ ≤
√
b+ 1DαDβ. (15.11)

By Frobenius reciprocity [8, Theorem 4.33], mαβ is the multiplicity of ρ in W = IndSn
H (α ⊗ β),

so m2
αβ ≤ dim EndSn(W ). Realize W in fibers of dimension DαDβ over Sn/H. An equivariant

block map at one representative ordered pair of cosets determines its transported maps on that
pair orbit. The stabilizer can impose linear constraints on the representative map and can only
reduce the number of choices. Cosets correspond to b-subsets, and intersection size classifies their
ordered-pair orbits, of which there are b + 1. Each representative map has at most (DαDβ)2

parameters. This proves (15.11).
The complete inverse-first sum gives∑

Dα≤D1/100

D2
α ≤ D3/100 ∑

α∈Ŝb

D−1
α ≤ CζD

3/100.
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Lemma 15.5 gives b ≤ D. Therefore

tr(P0,≤P1,≤)
D

≤
√
b+ 1
D

 ∑
Dα≤D1/100

D2
α

2

= O(D−1/2+6/100). (15.12)

Equations (15.7)–(15.12) bound the squared operator norm by 16D−1/10000 + O(D−1/2+6/100).
Taking square roots proves the stated exponent. Finally, the pass σ contains an independent fair
switch for large d. Toggling it changes sign, and its independence from the modified π gives zero
sign coefficient for the block.

15.4 Completion of the capped-preimage route

Proof of Theorem 15.1. Take r = 60000 successive blocks, modifying their long segments indepen-
dently. The product law µ differs from the unmodified product by at most r o(1) = o(1). The block
phases may differ, but the estimates are uniform. Their Fourier matrices multiply in chronological
order, and Proposition 15.6 gives

∥Eµρ∥op ≤ C1D
−3
ρ , C1 = C60000

0 , ρ /∈ {1, sign}.

The sign coefficient is zero. Plancherel, the Hilbert–Schmidt inequality, and Lemma 15.5 yield

4∥µ− USn∥2
TV ≤ C2

1
∑

ρ/∈{1,sign}
D−4

ρ ≤ C2
1 (2/n)3 ∑

ρ∈Ŝn

D−1
ρ = o(1).

Restoring the modified segments still costs o(1).
The unmodified coordinate product has t = 60000(101d− 1) layers and equals R−tYt in the

notation of Section 3. Restoring the one terminal rotation preserves uniform measure and total
variation even when t is not divisible by d. A deterministic initial deck is a right translate, so it
has the same distance. Since t ≤ 6060000d, the upper bound follows. The lower bound is the
earlier one-card or support lower bound.

16 Exact half-deck marginals and character amplification
The preceding conversion placed a pass after a mixing segment and used ordered preimages of the
output halves. We now take a block A0B, with a pass B within the two input halves followed by a
mixing segment A0. The shared half-list estimate controls the ordered images of those halves. We
will change the mixing law by o(1) in total variation until both image injections are exactly uniform.
This produces a uniform output partition and two conditionally uniform bijection marginals, which
may remain dependent.

Theorem 16.1 (Half-deck repair and character amplification). There are absolute positive integers
C,K such that the Thorp shuffle on n = 2d cards has worst-start total-variation distance tending
to zero from uniform after

K
(
(d− 1) + Cd

)
physical shuffles. For every fixed ordered list of n/2 distinct input positions, its image after Cd
consecutive coordinate layers is within o(1) of the uniform injection, uniformly in the input list
and the starting phase of the coordinate cycle.
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Lemma 15.2 supplies an absolute choice of C: its 100d case is enough for the half-deck assertion.
We keep C symbolic in the block length. The proof below supplies absolute C2, δ > 0 and permits
any fixed positive integer K with Kδ > 3. Blocks may start at any phase, and their length need
not be a multiple of d.

16.1 Repairing both image injections

We first turn the two approximate image laws into exact conditional marginals while allowing the
two coordinates to remain dependent.

Lemma 16.2 (Simultaneous marginal repair). Partition a set of size 2s into two ordered sets
J1, J2, each of size s. Let A0 be a random permutation. Suppose the ordered image of Ji under A0
has total-variation distance ϵi from a uniform injection. Let ϵpart be the distance of the ordered
output partition (A0J1, A0J2) from its uniform law. There is a permutation law A whose two
ordered image marginals are exactly uniform and such that

∥L(A) − L(A0)∥TV ≤ ϵ1 + ϵ2 + 3ϵpart. (16.1)

Conditional on its output partition, each of the two bijections is uniform. Their joint law may be
dependent.

Proof. Write S = (S1, S2) for an output partition and p, u for its actual and uniform laws. For
fixed S, a permutation is a pair of bijections Ji → Si. Let µS be their conditional joint law, with
marginals µi,S , and let Ui,S be uniform on the ith bijection space. Either injection determines
S completely. The uniform injection law has partition marginal u and conditional bijection law
Ui,S . Replacing u by p in this target changes it by exactly ϵpart in total variation. The triangle
inequality therefore gives ∑

S

p(S)∥µi,S − Ui,S∥TV ≤ ϵi + ϵpart.

For every S with p(S) > 0, take a maximal coupling of µi,S with Ui,S for each i. Given the
original pair, apply the two coupling kernels using separate auxiliary randomness. Each resulting
coordinate has its prescribed uniform marginal. The probability that the pair changes is at most
the sum of the two marginal coupling errors. Thus replacing the conditional joint laws while
retaining p costs at most ϵ1 + ϵ2 + 2ϵpart. On partitions of zero p-mass choose any joint law with
uniform marginals. Finally replace p by u, retaining these conditional joint laws. This costs exactly
ϵpart and proves (16.1).

Take a block whose first d−1 layers have product B and whose next Cd layers have product A0.
The first part omits one coordinate and preserves its two halves J1, J2, each of size s = n/2. Its
switch coins are independent across the halves, so B consists of independent one-pass permutations
on them. Lemma 15.2 gives ϵi = o(1) for the two ordered image injections of A0, uniformly in
the block phase. Also ϵpart ≤ min(ϵ1, ϵ2), since either injection determines the partition. Apply
Lemma 16.2 to A0, and sample the repaired A independently of B. The law of AB is within o(1)
in total variation of the law of A0B, uniformly in the starting phase.

16.2 Averaging with dependent subgroup coordinates

We now turn the exact conditional marginals into an operator bound. Write H = SJ1 ×SJ2 , where
SJi is the symmetric group supported on Ji. Let ρλ be a unitary irreducible representation of Sn
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on a space Vλ of dimension D = Dλ. Its restriction to H is

Vλ

∣∣
H

=
⊕

α,β⊢s

(Vα ⊗ Vβ) ⊗ Cmλ
αβ .

Let Pαβ be the corresponding orthogonal isotypic projection, including the full multiplicity space.
We shall use

mλ
αβ ≤ Dβ ≤ DαDβ. (16.2)

By Frobenius reciprocity [8, Theorem 4.33] and the Littlewood–Richardson rule, mλ
αβ = 0 when

α is not contained in λ. Otherwise the multiplicity counts semistandard skew tableaux of shape
λ/α and content β whose reading words are lattice words [11, Definitions 15.2, 15.6 and 16.1;
Theorem 16.4]. Read a tableau from right to left along successive rows, starting at the top. The
word determines the tableau, so these words inject into all lattice words of content β. A lattice
word w1, . . . , ws determines a standard tableau of shape β: place j in the next cell of row wj .
Rows increase by construction, and the condition that every prefix row-count vector is a partition
gives the column inequalities. Conversely a standard tableau supplies the word by recording the
row containing each of 1, . . . , s. There are Dβ such tableaux, proving (16.2).

Put
F = Eρλ(B), M = Eρλ(AB).

Independence gives M = (Eρλ(A))F . The covariance identity for Z = ρλ(A)F yields

MM∗ ≤ E
[
ρλ(A)FF ∗ρλ(A)∗], (16.3)

because the difference is E[(Z−EZ)(Z−EZ)∗]. For fixed A, this conjugation carries the H-isotypic
projections to those for the output partition (AJ1, AJ2), which the repair makes uniform.

For a one-pass permutation Gs on a half, write

Tα = Eρα(Gs), Xα = TαT
∗
α, qα = trXα

Dα
.

The two half-passes are independent, so on the αβ isotypic block,

FF ∗ = Xα ⊗Xβ ⊗ Imλ
αβ
.

Each Tα is a contraction. Thus 0 ≤ Xα ≤ I and 0 ≤ qα ≤ 1. The common one-pass estimate in
Lemma 15.3 applies in every axis order and gives, for all sufficiently large s = 2d−1,

qα = tr(TαT
∗
α)

Dα
= tr(T ∗

αTα)
Dα

≤ 2D−1/100
α . (16.4)

We use this bound below with C1 = 2 and a = 1/100.
Conditional on an output partition S, choose a fixed transporter LS from (J1, J2) to S. The

repaired permutation has the form A = LS(h1, h2), where each hi has the uniform marginal on
SJi conditional on S. On the αβ block define

Cαβ,S = E
[(
ρα(h1)Xαρα(h1)∗)⊗

(
ρβ(h2)Xβρβ(h2)∗)

⊗ Imλ
αβ

∣∣∣∣∣S
]
.
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Since Xβ ≤ I, pointwise positivity and then Schur averaging over the h1 marginal give

Cαβ,S ≤ E[ρα(h1)Xαρα(h1)∗ |S] ⊗ IVβ
⊗ Imλ

αβ

= qαIVα ⊗ IVβ
⊗ Imλ

αβ
.

Interchanging the two factors gives the same bound with qβ. After embedding this block in Vλ

and conjugating by ρλ(LS), its contribution to (16.3) is at most

min(qα, qβ) ρλ(LS)Pαβρλ(LS)∗.

Each bound used only one conditional marginal, so it holds for every coupling of h1 and h2.
The ordered partition S is uniform on Sn/H. Since Pαβ commutes with H, its conjugate is

independent of the choice of transporter. Its average over the cosets is therefore its average over
Sn, which Schur’s lemma identifies as (rankPαβ/D)I. Summing the positive blocks in (16.3) gives

∥M∥2
op ≤

∑
α,β

mλ
αβDαDβ

D
min(qα, qβ). (16.5)

The coefficients are nonnegative and sum to one, including every restriction multiplicity.
Put x = DαDβ . If x > D1/8, at least one of the two dimensions exceeds D1/16. Equation (16.4)

then bounds the total contribution of these types by C1D
−a/16 = 2D−1/1600. For the remaining

types use qα, qβ ≤ 1 and (16.2), which bounds each rank weight by x2/D. Since x ≤ D1/8 implies
x2 ≤ D3/8x−1, their total weight is at most

D−5/8∑
α,β

(DαDβ)−1 ≤ C2
ζD

−5/8.

Here the complete inverse-first-degree sum is uniformly bounded as stated after (15.4). Thus there
is an absolute C2 < ∞ such that, with δ = min{a/16, 5/8} = 1/1600,

∥Eρλ(AB)∥2
op ≤ C2D

−δ
λ . (16.6)

For the sign representation the block average is exactly zero once d ≥ 2: B contains an independent
fair switch, and the repair of A0 left B unchanged and independent of A.

16.3 Independent blocks and physical time

Proof of Theorem 16.1. Choose C from the shared half-list lemma and a fixed positive integer
K with Kδ > 3. Take K successive blocks, repairing each A0 independently. The phases and
omitted coordinates may differ, but the estimates above are uniform over these choices. Let µ be
the product law of the repaired blocks. Its Fourier matrix is a product of K matrices satisfying
(16.6). Using submultiplicativity of the operator norm and ∥Q∥HS ≤

√
D∥Q∥op, Plancherel gives

4∥µ− Un∥2
TV ≤ CK

2
∑

λ̸=(n),(1n)
D2−Kδ

λ = o(1).

Indeed 2 −Kδ < −1, and the inverse-first-degree sum outside the trivial and sign representations
tends to zero. The sign term vanishes exactly. This estimate uses no normality of the Fourier
matrices.
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Undoing all K repairs costs o(1) by coupling the independent blocks, since K is fixed. Their
original total length is K((d− 1) +Cd) coordinate layers. At that single terminal time, the relation
Yt = RtXt from Section 3 restores the deterministic coordinate rotation. It preserves uniform
measure and total variation, whether or not the block length is divisible by d. Each coordinate
layer represents one physical shuffle. Finally, applying the position permutation to any fixed
deck is a bijection of the state spaces, so the same convergence holds with the stated worst-start
quantifier.
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