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Abstract

We prove that an n-Ahlfors-David regular Radon measure on R¢ is uniformly n-rectifiable
if its n-dimensional Riesz transform is uniformly bounded from scalar L?(u) to vector-valued
LQ(M) over all positive hard truncations, for integers d > 4 and 2 < n < d — 2. This gives
a positive answer to the David—Semmes Riesz-transform question in its remaining higher-
codimension range. The conclusion gives uniform big pieces of Lipschitz images of Euclidean
balls.
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1 The quantitative theorem and normalized pairings

Singular integral estimates can detect the geometry of a measure even when its support has no
initial parametrization. The Riesz transform is a particularly natural test: its kernel records the
direction between two points as well as their separation. We prove that, for an integer-dimensional
Ahlfors-David regular measure in the intermediate codimensions, its L? boundedness forces a
quantitatively rectifiable support.

Throughout the paper, d and n are positive integers with n < d, and balls are open Euclidean
balls. A Radon measure is a Borel measure that is finite on compact sets and regular. For such a
measure p on R? write E = supp 4 and Dg = diam E, allowing Dg = co. When E is empty, set
Dg =0.

Definition 1.1 (Ahlfors-David regularity). A Radon measure p on R? is n-Ahlfors-David regular
with constant C'ap > 1 if

Capr™ < w(B(z, 1)) < Capr” (xeE, 0<r<Dg).
We call these positive radii admissible. The inequalities have no instances when D = 0.

For z # 0 let K,,(z) = z/|z|"™!. The hard truncations of the n-dimensional Riesz transform
are

Rusf@ = [ K@—p)f@dut). >0, (1)

|lx—y|>e

We say that the transform is bounded on L?(u) with bound Cg if, for every real scalar f € L?(u)
and every € > 0, the integral in (1.1) defines an R%valued L?(p1) function and

Ry e fllL2(uray < OrIfllz2()- (1.2)

No pointwise principal-value hypothesis is imposed. For a nontrivial regular support, the integrals
in (1.1) are absolutely convergent for every x and every f € L?(u); this follows from Lemma 1.4
below.



Definition 1.2 (Uniform rectifiability). An n-Ahlfors-David regular measure x on R? is uniformly
n-rectifiable if there are # > 0 and M < oo such that, for every x € E and 0 < r < Dp, there is
an M-Lipschitz map

g : Brn(0,7) — R, w(B(x,r) N g(Brn(0,7))) > 0r".
The constants are chosen before z and r.

Theorem 1.3. Letd > 4 and 2 < n < d—2 be integers. Let u be an n-Ahlfors—David regular Radon
measure on R? satisfying (1.2). Then p is uniformly n-rectifiable in the sense of Definition 1.2.
Its constants 0 and M can be chosen in terms of d,n,Cap and Cr alone.

1.1 History and the analytic question

David and Semmes developed uniform rectifiability as a quantitative form of rectifiability suited
to singular integrals [3, 4]. Among its equivalent descriptions are big pieces of Lipschitz images
and a packing condition on balls where the support fails to approximate a plane from both sides.
Their question asks whether the boundedness of the Riesz transform alone forces this geometry for
an integer-dimensional regular measure.

Mattila, Melnikov and Verdera established the planar implication using the relation between
the Cauchy integral, curvature and uniform rectifiability [11]. Curvature methods also give the
one-dimensional Riesz-transform implication in higher ambient dimension; see [6, Theorem 4].
Nazarov, Tolsa and Volberg proved the codimension-one implication [12]. They identify reliance on
a maximum principle, for which they report no known higher-codimension analogue, as the main
obstacle to extending their argument [12, Section 1]. Mas and Tolsa obtained a characterization in
every integer dimension 1 < n < d by an L? bound for the p-variation of the Riesz truncations,
with p > 2 [10, Theorem 1.3]. That hypothesis bounds the pointwise supremum, over decreasing

positive sequences (g;), of
1/p

Z ‘R#,Ej-o-lf - Rﬂﬁjf’p
J

in L?(u). Tt controls changes across scales, rather than each truncation separately. The present
hypothesis is only the common bound (1.2); no variation estimate is assumed. The remaining
range for this bound-alone question, 1 < n < d — 1, is stated explicitly in [15, Question 4.4].
Theorem 1.3 gives a positive answer in that range, with the hard-truncation convention and the
ball parametrizations stated above.

Principal-value criteria address a different analytic hypothesis. For a set of finite H" measure,
Tolsa characterized ordinary rectifiability by almost-everywhere existence of Riesz principal values
[13, Theorem 1.1]. That result neither assumes only (1.2) nor asserts the quantitative ball-map
conclusion considered here.

Two parts of the quantitative-rectifiability literature are especially relevant to the proof. The
bilateral weak geometric lemma of David and Semmes converts geometric packing into Lipschitz
images; a precise Euclidean formulation is recalled in [14, Theorem 2.5]. Reflectionless-measure
methods organize compactness limits for which the Riesz transform has zero oscillation against
mean-zero tests; see [9]. We prove the particular limiting and rigidity statements needed here,
including their tail normalizations.

Flat subballs and stability of flatness also form the geometric route in Tolsa’s theorem for
uniform measures [14, Section 3]. There the ball masses are exactly proportional to r", and the



stability step uses Preiss’s rigidity at infinity, recalled in [14, Theorem 2.4]. Here AD regularity
gives two-sided comparisons rather than exact ball masses. The normalized-height energy and
rigidity argument below provides the required propagation without a uniform-measure rigidity
input.

Section 8 applies the uniform-rectifiability conclusion to obtain variation bounds and almost-
everywhere principal values for the Riesz transform and the odd C? kernels specified there.

1.2 The main mechanism

The analytic difficulty is to propagate geometric flatness to smaller scales. We measure the error
by the ezcess, the scale-normalized L? distance from an affine n-plane. Normal heights are the
coordinates of the displacement perpendicular to that plane. Weak convergence to a plane makes
the excess tend to zero; propagation requires an error small relative to the initial excess. We
therefore divide the normal heights by that initial scale before passing to a limit. This second limit
is taken only when the Riesz pairings against compact mean-zero Lipschitz tests are sufficiently
small relative to the height scale to vanish after normalization. Here the mean is taken against
the current measure, not against a presumed limiting plane. The use of normal components to
measure geometric deviation has a related quantitative form on small-slope Lipschitz graphs in
[13, Theorem 1.3]. Our compactness argument instead works on moving AD-regular measures
before any graph parametrization has been established.

Testing the transform against an unnormalized normal height times a cutoff produces a positive
fractional energy. This estimate gives compactness of the normalized heights through their second
moments and their integrals against Lipschitz tests. It also controls the singular diagonal when
passing to a limiting equation. The equation holds against mean-zero tests and is therefore
interpreted modulo constants. Its order-one Fourier symbol, together with weighted integrability
at infinity, forces each limiting height to be affine. Approximation by an affine graph now improves
the original excess at the required relative scale.

The remaining argument counts failures of this propagation on dyadic cells of the support,
nested pieces at successively halved scales. The operator bound supplies descendants whose support
is bilaterally close to an n-plane, except for a family with a uniform packing bound. Starting
from such a flat descendant, a later failure of flatness forces an intervening cell with detectable
transform oscillation. A finite counting argument controls these failures even when their scales are
widely separated. The David—Semmes theorem then gives the maps in Definition 1.2.

The proof also gives a compactness principle for heights with bounded local fractional energy on
measures approaching plane measure. Combined with the limiting rigidity equation, it yields affine
approximation while both the measure and its supporting set vary. The renormalized equation is
proved with the precise exterior integrability that admits affine functions. This is the relevant
polynomial-growth setting for fractional operators; compare [5].

The rest of this section fixes the growth, pairing and dyadic conventions and gives a precise
proof map. Section 2 proves the two packing estimates. Section 3 identifies the limiting plane
measure. Sections 4 and 5 establish compactness and affine rigidity of the normalized heights.
Section 6 proves uniform excess propagation, and Section 7 completes the packing argument and
Theorem 1.3. Section 8 derives the variation and principal-value consequences. Appendix A
records the geometric convention changes used at the endpoint. To prepare the analytic argument,
we now make the transform available for compactness and for tests that need not be L? inputs on
the whole support. We then fix the geometric quantities whose packing will imply Theorem 1.3.
The ball-map conclusion has no instances when Dg = 0. We therefore work with positive-diameter



support in the geometric argument and restore the degenerate case in the final proof. Constants
denoted by C' may change between occurrences; their dependencies are stated in each lemma or at
the start of the argument. We normalize H" so that its restriction to an n-plane is n-dimensional
Lebesgue measure.

1.3 Global growth and hard truncations
Lemma 1.4. Let 1 <n <d, and let p be n-Ahlfors—David reqular with Dg > 0. Then

w(B(a,r)) < Gr™  (aeRY r>0), G=9Chp. (1.3)

If Dp < oo, then u(RY) < 99CAp(Dg/2)". For every e > 0, every f € L?(u), and every a € RY,
the integral defining Ry, f(a) is absolutely convergent.

Proof. A Radon measure on Euclidean space is concentrated on its support. If Dg < 0o, choose a
maximal Dg/4-separated subset of E. The disjoint ambient balls of radius Dy /8 around its points
lie in a ball of radius 9D /8 around any fixed point of E. Comparison of their d-dimensional
volumes bounds their number by 9¢. Maximality gives a cover of E by closed balls of radius
Dg /4, hence by open balls of radius Dg/2. The asserted total-mass bound follows from AD upper
regularity at their centers.

If u(B(a,r)) > 0, choose x € EN B(a,r). When 2r < Dg, B(a,r) C B(z,2r) and the AD
upper bound gives p(B(a,r)) < 2"Capr™. When 2r > Dpg, the preceding total-mass estimate
gives p(B(a,r)) < 99Capr™. For Dg = oo only the first case is needed. Since n < d, 2" < 99

Finally, dyadic annuli and (1.3) give

/ |Kp(a—y)|?du(y) < 2"Ge™" Z 27" < 0.
la—y|>e =0

Cauchy—Schwarz proves the last assertion. O

In intermediate lemmas we use measures o with an explicit global upper bound G and a lower
bound
o(B(x,r)) > cr” (x € suppo, 0 <7 < Dgppo), (1.4)

where ¢ > 0. A fized analytic class means that d,n, G, c and a hard-truncation operator bound Dy
are fixed. Sometimes the lower bound is assumed only inside a specified ball; that local restriction
will be stated explicitly. Measures with (1.3) have no atoms when n > 1.

1.4 Mean-zero Riesz pairings

For a real compactly supported Lipschitz function ¢ satisfying [ ¢ do = 0, choose a € R? and
R > 0 such that supp¢ C B(a, R), and put A = B(a,2R). Define the vector pairing

Ro(p) = % /AxA Ku(z —y)(¢(x) = ¢(y)) do(x)do(y)

+ /A / . o(x)(Kn(z —y) — Ky(a —y)) do(y)do(z). (1.5)

The value of the integrand on the diagonal is set to zero. A test in a unit vector direction e means
e - Ry(p). For a vector test the pairing is the sum of its coordinate pairings, with zero mean
imposed on each coordinate. We call a measure reflectionless if this pairing vanishes for every
compactly supported Lipschitz test of zero measure mean.



Lemma 1.5. Suppose o satisfies global upper n-growth, with n > 1. The integrals in (1.5) converge
absolutely, and their sum is independent of a, R. For a fized compact Lipschitz test, the contribution
of ly—al > T is O(T™Y) as T — oo. If the hard truncations have L? bound Dy, smooth truncations
with a fized bounded profile have bound at most Dy + CG. Pairings against an indicator of finite
measure have a limit as the inner truncation tends to zero whenever that indicator equals one on a
neighborhood of the compact Lipschitz test’s support.

Proof. The kernel is odd and satisfies
[Ka(2)| = 121" [VEu(2)] < Calo| 7

For h > 0, upper growth and a dyadic decomposition toward the origin give
/ 2 — y|"" do(y) < CuGh. (1.6)
0<|z—y|<h

Multiplication by Lip ¢ bounds the diagonal singularity in the first integral of (1.5). The second
integral is separated from the support of ¢ at its finite boundary, and for |y — a| > 2R the
kernel difference is bounded by C,, R|y — a|~""!. Summation over exterior annuli proves absolute
convergence and the stated tail bound.

After enlarging to a common localization ball containing both subtraction points, changing that
point adds a vector independent of x, whose integral against ¢ is zero. Changing the localization
ball merely moves a finite cross term between the two integrals: expanding it, using oddness, and
again using [ ¢ do = 0 shows that their sum is unchanged. This calculation can first be made with
both an inner and an outer cutoff; the estimates just proved justify removing them.

The difference between a hard cutoff at s and a bounded smooth cutoff that vanishes on [0, s]
and equals one on [2s,00) has kernel bounded by Cs™ ™1 sc|g—y|<2s)- Both its row and column
integrals are bounded by CG. The Schur test therefore gives the asserted L? bound. For an
indicator input that equals one on a neighborhood of the test support, antisymmetrization on a
smaller neighborhood has the integrable majorant already established. Dominated convergence
identifies its limit with the local term in (1.5); separated exterior terms have ordinary absolute
convergence. ]

For later use, if supp ¢ C B(a,r), Lipp < r~!, and T > 4r, the same proof gives

’Rg(tp) — (Rolp(a1), )o

< C’G%/Mdo. (1.7)

Here the bracket denotes the limit of the truncated pairing, whose existence follows from Lemma 1.5.
It is only this integrated limit that is used. The notation does not assert a pointwise principal
value.

1.5 Weak limits and supports

Local weak convergence of Radon measures means convergence of their integrals against every
compactly supported continuous function. The following facts also apply to the translated and
dilated measure o, (F) = r "o(a +rF), for a € R? and r > 0.

Lemma 1.6. Let 0; be Radon measures with a common global upper growth bound G. Suppose
0 € suppo; and that a common lower bound cr™ holds at support centers up to radii L; — oo.
There is a subsequence converging locally weakly to a nonzero measure o with global upper and
lower n-growth bounds. The supports converge locally in the following sense:



(1) each point of supp o is a limit of points of suppo;;
(7i) any convergent sequence x; € suppo; has its limit in suppo.

Uniform hard-truncation L? bounds pass to o. Moreover, if ¢ is compact Lipschitz with [ @do =0,
it can be corrected to compact Lipschitz tests @; with [ pjdo; =0 so that

RU]' (ij) — Rq (90)

The supports and Lipschitz constants of the corrected tests remain uniformly bounded, and ¢; — ¢
uniformly.

Proof. Uniform mass bounds on compact balls give sequential compactness by diagonal weak
compactness on an exhaustion of R?. The upper growth bound passes to the limit by testing slightly
larger balls. The lower bound at zero ensures nonzeroness. If x € supp o, every fixed neighborhood
of = has positive limiting mass and hence meets the approximating supports eventually. If x; — x
and x; € supp o, a fixed sufficiently small support ball at z; has mass at least a fixed positive
multiple of its radius to the power n. A compactly supported bump near z, or the Portmanteau
inequality on a closed ball, transfers this positive mass to the limit. This proves both support
assertions and, by shrinking and enlarging radii before taking limits, the lower growth bound.
Only fixed radii are used at this step, so they are less than L; eventually. Harmless dimensional
changes in ¢, G would also suffice.

We give the operator-bound argument to account for hard boundaries. On a fixed pair of
compact supports, the product measures o; x o; converge weakly. For all but countably many
e > 0, the set |z — y| = ¢ has zero product measure under o x o. At such a radius the truncated
bilinear form on a compact continuous scalar input and a compact continuous R%valued dual test
passes to the limit. Their L? norms pass to the limit as well, so its bound is the original operator
bound. Exhausting space leaves only a countable exceptional set of radii. For any specified € > 0,
choose good radii decreasing to €. Dominated convergence on compact supports, away from the
diagonal, gives the same bilinear estimate for the hard cutoff |z — y| > €. Density in L?, together
with the L? integrability of the exterior kernel from Lemma 1.4, identifies the resulting bounded
operator with the actual integral for every L? input.

Choose a compact Lipschitz bump n with [ndo > 0. For large j put

c-zifﬁpdaj Vi =@ —cin.
J [ndo;’ J J

Then ¢; — 0. In (1.5), first restrict both variables to a fixed large ball with null boundary for the
limit measure, and replace K, (z — y) by the continuous capped kernel (z — )/ max{h, |z —y|}"+!.
Weak convergence of product measures gives convergence of the capped pairing on this bounded
product. The change on |z — y| < h is uniformly O(h) by (1.6) and upper growth; the exterior is
uniformly O(T~1) by Lemma 1.5. The same estimates apply to the uniformly bounded corrected
tests. Letting h | 0 and T' — oo proves the pairing assertion. O

For measures defined on larger and larger balls, the same argument is local: each fixed support
ball and test eventually lies in the region where the hypotheses hold. Tangent measures below
are limits of the rescalings F' — r;"o(z +r;F') with r; | 0. They are nonzero by lower regularity.
Upper and lower growth, bounded smooth annuli, and the absence of a flat subball on fixed
compact regions pass to such limits with slightly relaxed constants. The last assertion follows from
the two support statements and finite nets; one first asks for strict flatness in a slightly larger ball.



1.6 Flatness and regular dyadic cells

Definition 1.7. For » > 0 and a measure ¢ with support F', let

1/2
ey (a,r) = inf (r_”_2/ dist(x, L)? da(x)) ,
L B(a,r)

1

by (a,r) = inf - sup  dist(x, L)+ sup dist(y, F) | .
Lr zeFNB(a,r) yeLNB(a,r)

Both infima run over affine n-planes in R%, and an empty supremum is zero. We call e the excess

and b the bilateral flatness number.

The second term in b rules out holes in an approximating plane. The excess measures only the
support’s squared distance from a plane. We use approximate minimizers for either infimum; no
attainment is needed. Under a rescaling by r~"c(a + r ), both quantities at (a,rt) become the
corresponding quantities at (0,?).

We use the classical dyadic decomposition of an AD-regular set; see [1, Section 4, p. 12] for
its scale and finite-diameter conventions, and [4] for the construction. We record exactly the
properties needed.

Proposition 1.8 (Regular dyadic cells). If Dg > 0, there are a common p-null set N C E and
families Dy, of Borel cells in E'\ N such that:

(i) each Dy partitions E\ N, and cells of different generations are disjoint or nested;

(ii) writing €(Q) = 27% for Q € Dy, there are centers 2o € Q and constants 0 < ¢y < 1/2,
Co > 2 for which

(EAN) N B(2q,c0l(Q)) C Q C EN B(2q,Col(Q)),  a(Q)" < u(Q) < C1UQ)"™;

(7ii) every non-top cell has one parent, and every cell has finitely many children. When D = oo,
all integer generations are available. When Dp < oo, there is a largest scale by with
D <ty < 2Dg, and finitely many cells at that scale.

All constants depend only on d,n,Cap.

In the bounded case, choose the integer ko with D < 27% < 2Dp. Discard original generations
coarser than this one. If the original largest scale is finer, insert the finitely many intervening
generations, each consisting of the single cell £\ N. All added scales are comparable to Dg, and
u(E) < D% by regularity and Lemma 1.4. Thus their core, outer-ball and mass bounds hold after
adjusting the constants. The original top generation is finite, so the finite-children property also
holds at the join. The scale and core constants can be enlarged or decreased by fixed factors.
Removing the common null boundary set gives a simultaneous partition at every generation. If
necessary, move each center a sufficiently small distance into the conull part of its core and decrease
co; this puts every center in its own cell. The mass bounds follow from the cores, the outer balls,
and Lemma 1.4. Small-boundary estimates are not needed below.

Write D for the generation-indexed union of the Dy. We also call its cells dyadic cubes; no
Euclidean cubical shape is assumed. Cells at different generations remain distinct objects even
if their underlying sets coincide. A proper descendant means a descendant at a strictly finer
generation; containment notation for cells in sums or chains includes this generation relation. A
subfamily F C D is Carleson with constant C' if

Y. wQ) <CwP) (PeD). (1.8)

QeF, QCP



All sums are sums of nonnegative terms; proving the inequality for every finite subfamily is sufficient.
Fach generation of descendants partitions its parent up to the common null set. Consequently any
fixed number of generations contributes at most that number times p(P) to (1.8).
For J > 1 and Q € D, define
¢ € Lip.(R?), supp ¢ C B(zq, J{(Q)),
Wi(Q) =sup| |R S ¢ . . 1.9
J( ) {| M(SD)’ LIPQSE(Q) 1’ fQOdMZO ( )

Here Lip, denotes compactly supported Lipschitz functions and Lip ¢ their Lipschitz seminorm.
The quantity W;(Q) has the same scaling as p(Q).

1.7 Proof map

Our geometric target is the Carleson estimate for

{Q eD:bu(zq, HIQ)) > €},

for every € > 0 and a fixed sufficiently large H. The David—Semmes bilateral weak geometric
lemma will then supply the Lipschitz images. The proof has three analytic stages and one counting
stage.

First, the operator bound makes the family W;(Q) > vf(Q)™ Carleson for each fixed J,v. It
also supplies, outside a second Carleson family, a bilaterally flat descendant within a fixed number
of generations. These are Propositions 2.2 and 2.3.

Second, a sequence whose excess and transform oscillation vanish has a flat limiting measure.
The plane comparison and reflectionless arguments in Proposition 3.4 identify that measure as a
positive constant times plane measure. This is the base measure for the height argument; it does
not yet give relative excess decay.

The affine-rigidity statement, Lemma 5.2, is independent of these measure limits. We use it
twice: first, its bounded case makes the density of a planar reflectionless measure constant in
Lemma 3.3; later, its full weighted form identifies the normalized heights. Its proof in Section 5
uses neither planar-measure rigidity nor height compactness, so these two applications introduce
no circular dependence.

Third, Lemmas 4.1 and 4.2 give compactness of heights divided by their initial excess scale.
Proposition 5.1 and Lemma 5.2 identify the common limit as affine. Theorem 6.4 converts that
conclusion into a uniform implication: small excess over a finite range of larger scales, together
with small Wy, controls excess and bilateral flatness at the next smaller scale.

Finally, start at a flat descendant and follow a chain of cells. A later cell with large bilateral
flatness must have an intervening oscillation-bad cell. Lemma 7.1 counts these interventions for
an arbitrary finite bad family. This proves Proposition 7.2, and the geometric endpoint then
completes Theorem 1.3.

2 Analytic oscillation and flat seeds

This section provides two inputs for the later geometric argument. Large oscillations of the Riesz
pairing occur on a Carleson family of cubes, and, outside another Carleson family, every cube has
a bilaterally flat descendant at a uniformly bounded depth. We first prove the oscillation estimate
by a Bessel inequality for mean-zero Lipschitz tests. For the second assertion, two successive
tangents give a local alternative: absence of a flat ball forces a large annular transform. Differences
of local averages then turn that alternative into a packing estimate.
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Figure 1: The second limiting argument retains the size of the incoming error. Its affine conclusion
supplies the improvement needed to propagate flatness. The independent weighted-rigidity lemma
also identifies the density in the flat limiting measure.

Throughout the section 1 < n < d, and p satisfies the AD regularity and operator hypotheses
of Theorem 1.3. We use the global upper growth constant G from Lemma 1.4. Constants may
depend on d,n,Cap, Cr and the lattice constants; additional parameters are indicated when they
occur.

2.1 Packing the oscillation tests

We use the Lipschitz-test and finite-depth Haar Riesz-system estimates developed in [12, Section 14]
and include the estimates with our normalization below. The mean-zero Lipschitz test estimate
and its oscillation-packing consequence also appear in [8, Section 5 and Appendix B].

Write D(Qp) = {Q € D : @ C Qo}. We use the Carleson condition (1.8), the oscillation
quantity (1.9), and the cell mass bounds from Proposition 1.8:

Q)" < Q) < CLE(Q)™. (2.1)

For bounded support, the diameter-truncated lattice has at most one level with ¢(Q) > Dg. That
level may be included in an exceptional family at Carleson cost one. No estimate uses infinitely
many scales larger than the support diameter. Put E* = E'\ N, where N is the common null set
in Proposition 1.8. Its partitions and nesting hold exactly on E*. Also E* is dense in F, since
every ball centered on F has positive measure.

Lemma 2.1 (Bessel estimate for dyadic tests). Fiz J > 1. For each cube in a finite family A C D,
choose one test pq from the class defining W;(Q). There is By < oo, independent of A and the
choices, such that

W equdn® _ g f 12 u e L¥(u). 2.2
iy <[l we ) 22)

For vector-valued u the same constant works with [ pqu replaced by [ pg(eq,u), where each
leg| < 1 may be chosen independently.

Proof. Put rg =4(Q), wg = rg/ ? and fo = ¢g/wq. The support and Lipschitz conditions give

lpg| < 2J: compare a point of its support with a point on the sphere of radius Jrg where the
function vanishes. The tests are in L' N L? by compact support. If rp < rg, cancellation in fp

10



gives

(fo. fo)l = | [ (Fala) = folzr) fr(w) dutz)

<H,LYC g, =Gt + 1) (2.3)

rQ wqQ
Indeed, on the support of fp the difference is at most Jrp/(rqwg), and

2JG(Jrp)"

wp

/\fP’dMS

The symmetric estimate follows by reversing P, Q).

A nonzero inner product requires the two support balls to meet. Fix () and a finer level
rp = 2 Frg. Every interacting cube P lies in B(2g, (2J + Cy)rg), up to its null boundary.
Same-level cells are pairwise disjoint, so (2.1) and global upper growth imply

Z rp < Hyrg, H, = ¢ 'G(2J + Co)™. (2.4)
P at this level
(f@,fpP)#0

At a coarser level rp = 2Frg, the same argument in B(zq, (2J + Cp)rp) bounds the number of
interacting cubes by H’;. These are estimates in the measure dimension n.

Multiply (2.3) by wp. Summing first over a finer level using (2.4), and then over a coarser
level using its counting bound, gives respectively

> Kfo. fe)lwp < HyH 2 Fwg, > Kfo. fe)lwp < HyH 2 Fwg.

TP=2_k7‘Q 7’p=2kTQ
Zero inner products may be discarded. Summing the geometric series therefore yields

> [{fq. fr)lwp < AH HYywg.
pPecA

For completeness, a symmetric matrix (agp) of nonnegative entries with > pagpwp < Bwg

satisfies
> ageltqtel < BY  [tol*.
Q,P Q

This follows by applying 2|totp| < |to|*wp/wg + |tp|*wg/wp and using symmetry. Apply it to
aqp = |(fq, fp)|. The resulting bound for || 3>, tq foll3 gives (2.2) by Hilbert-space duality, with
B; =4H;H'.

For the vector assertion, write vg = [ foudu. Then |{eg,vg)|? < |vg|?>. Expand the latter in
an orthonormal basis, apply the scalar estimate to each coordinate of u, and sum by Parseval’s
identity. The constant is unchanged. O

Proposition 2.2 (Oscillation packing). For every J > 1 and v > 0, the family

O(J,v) ={Q € D: W;(Q) > vl(Q)"}

is Carleson. Its constant depends only on the fized data, J, and v.
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Proof. Fix Qq, put L = ¢(Qp), and fix the single outer ball
S = B(2q,, (Co + 2)L).

Let A C O(J,v)ND(Qo) be finite. For each selected cube write rg = ¢(Q) and choose a witnessing
test pg and a unit-bounded direction eg, so that

l{eq, Ru(pq))| > vrg.

For rqg < L/(2J) the support of the test lies in S, and its distance from S¢ is at least L. With
v = p|S, cancellation gives

Ru(¢0) = Rulva) = [ va@) [ [Kule =) = Kulzo = )] diu(y) dp(a).

This integral is absolutely convergent. The kernel derivative bound and upper growth on dyadic
annuli give

[ =zl duly) < C)G/L.
ly—zq|=>L
Since |z — zg| < Jrg on the support and [ |pg|dp < 2JG(Jrg)", it follows that

Ru(pq) = RulpQ)| < Ty(rq/L)ry, — Ty=C(n)G*J"2 (2.5)
Choose an integer N > 1, depending only on J, v and the fixed data, with

27N <min{(2J)7, v/[2(Ty + 1)]}.

If @ lies at least N generations below @, its restricted pairing therefore has magnitude at least
(v/2)r) in the direction eq.

The same hard-truncated function R, .1g can be used for all these fine cubes. For each such
cube,

[ eaRus@du) =5 [ (o) - o)l ~ ) du(ainty).

As e | 0 this converges to R, (¢qg). Antisymmetry gives the displayed identity; Lipschitz cancellation
and upper growth make its near-diagonal majorant integrable. Also [¢gdr = 0 because the
support lies in S. Lemma 2.1 and the hard-truncation bound imply

R, 1) dul
Z |f(10Q<eQ7 n,u,E S> AUJ| SBJCI%M(S)
QeA

"Q
Restrict the sum to the fine cubes and pass to the limit in this finite sum. We obtain

Z TG < 4v 2 ByCEu(S).

QeA
rg<2 NI

Now u(S) < G(Coy + 2)"L™ < G(Cy + 2)"c; ' 11(Qo), so (2.1) bounds the total mass of the fine
cubes by a fixed multiple of u(Qq). At each of the fewer than N remaining levels, disjointness
and containment in Qg bound the selected masses by 1(Qp). This proves the desired estimate for
every finite A, hence for the entire family. d
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2.2 Flat descendants outside a Carleson family

The second packing estimate provides a small flat region inside every cube outside a Carleson
family. The allowed depth depends on the desired aperture and flatness, but is uniform over all
cubes.

Proposition 2.3 (Flat seeds outside a Carleson family). For every Ap > 1 and n > 0 there are
an integer Np > 1 and a Carleson family F such that every Q € D\ F has a proper descendant
P C Q with

1< depthQ(P) < Np, bu(Zp, AFf(P)) <. (2.6)

One may also require B(zp, Apl(P)) C B(2q, col(Q)/4). The constants are uniform in Q and the
top cube used in the Carleson estimate; they depend only on the fixed data, Ap and 7.

We prove this proposition by detecting a large annular transform whenever such a descendant
is absent. The next lemma supplies the geometric alternative independently of the operator bound;
the subsequent comparison of averages makes its annular branch available to a Bessel estimate.

2.2.1 The local annular alternative

The argument follows the flat-ball/large-annulus method of Nazarov, Tolsa and Volberg; see [12,
Section 10]. We give the version needed here in arbitrary codimension, with the stated smooth
annuli and admissible-radius conventions.

Fix a smooth radial function x : R? — [0, 1] which equals one on B(0, 1) and vanishes outside
B(0,2). For r > 0 put xar(y) = x((y — a)/r), and, for 0 < r < R, define

Sulair R) = [ (Xarv) = Xar W) Knla = ) duy). 27

This is an absolutely convergent vector integral: its integrand is bounded, compactly supported,
and zero near a. The same definition will be used for any measure with locally finite mass.

Lemma 2.4 (A flat ball or a large annulus). Fiz 0 < x < 1/8, € >0, and T > 0. There exists
€ (0, k), depending only on d,n,Cap, G, k,e, T, with the following property. For every ag € E
and 0 < s < Dg, at least one of the following assertions holds:
1. There are a € E N B(ag, ks) and ps <t < ks such that b,(a,t) < ¢.
2. There are a € E N B(ag, ks) and ps <r < R < ks such that |S,(a;7, R)| > T.

The number p is chosen before i, ag, and s. The operator bound is not needed in this lemma.

Proof. We first prove a qualitative assertion for measures with global upper and lower growth. We
then localize it by taking a tangent and obtain the uniform radius floor by compactness.

Support convergence and annular bounds. We record the elementary convergence facts
needed at both stages. Suppose o; converge weakly on compact sets to o, have a common upper
growth bound, and satisfy

oj(B(z,t)) > ct™ (x € suppoj, 0<t<h), (2.8)

where ¢, h > 0 are fixed. On every bounded region their supports converge in both directions,
with an arbitrarily small enlargement of that region. Indeed, if bounded support points z; stayed
a positive distance from supp o, a subsequence would converge to such a point . A continuous

13



cutoff near z, together with (2.8) at a sufficiently small fixed radius, would have uniformly positive
oj integrals and zero o integral. Conversely, a ball about a point of supp o contains a nonnegative
compactly supported continuous test with positive o integral. Its o; integral is eventually positive.
Finite coverings make both assertions uniform on bounded sets. The limit also has lower growth:
for x € suppo and 0 < t < h, choose z; — x and a continuous cutoff equal to one on B(x,t/2)
and supported in B(z,t). Eventually B(x;,t/4) C B(x,t/2), so passing the cutoff integrals to the
limit gives o(B(z,t)) > c(t/4)".

In particular, if a; € suppo; tend to a € supp o and the limit is sufficiently flat on B(a, 2t),
then the sources are flat on B(aj,t). For example, for 0 < n <1,

[bgj (z,t) > n for all nearby support centers and all large j] = by(a,2t) >n/64. (2.9)

To check the numerical slack, if the last inequality failed, choose an n-plane whose sum of deviations
on B(a,2t) is less than nt/32. Approximate a by a; and both supports within nt/32. Points of
either set in B(aj,t) and all the points used to approximate them then lie in B(a,2t). Each of the
two deviations for the sources is less than nt/8, contradicting b, (a;,t) > 1. This reasoning uses
only the lower growth at small fixed radii; the tested radius ¢ need not be below h.

For fixed r, R > 0, the kernel in (2.7) is continuous with compact support. If its center varies
from a; to a, the kernels converge uniformly and have a common bounded support. The upper
growth bound therefore gives

So;(aj;r R) — Sp(a;r, R). (2.10)

Here and below support centers in a limit can be approximated by source support centers, as just
proved.
For u > 0 define the normalized dilation

Oau=u"(y— (y— a)/u)#a.
A change of variables gives the exact identities

SO'a,u (b7 T, R) = Sa(a + ub; ur, UR)7
= by

(2.11)
bo,., (b, 1) (a + ub,ut).

Thus a bound |S,(x;r, R)| < T at all support centers and all positive radii survives dilations and
compact limits. A global lower bound b, > 1 survives a compact limit with the loss n — 7/64.
The compactness and nonvanishing of normalized dilations follow from Lemma 1.6: upper growth
controls the mass on each compact set, and lower growth preserves positive mass in every ball
about the origin.

Two tangents reduce the containing dimension. Suppose, towards a contradiction, that a
nonzero measure o satisfies global bounds

ct" < o(B(z,t)), o(B(y,t)) < Git" (z € suppo, y € RY, ¢ > 0),

that |Sy(x;7, R)| < T at every support center and all 0 < r < R, and that b,(z,t) > n > 0
everywhere. Decreasing 7 if necessary, assume 1 < 1. Let P be a linear subspace containing the
support, initially P = R

The support cannot fill P. If it did, upper and lower growth would force dim P = n. To see
this, write k£ = dim P and cover its unit ball by O(u~") balls of radius u. For k < n, upper growth
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would make its mass tend to zero. For k > n, a family of > u~" disjoint balls of radius comparable
to u, centered in the unit ball of P, would have total mass > u"~*, contradicting the upper bound
on a fixed larger ball. When k = n, the support is an n-plane and all its bilateral beta numbers
are zero. Each possibility contradicts the assumptions.

Choose ¢; € P\ supp o and a nearest support point a to ¢;. Such a point exists because the
support is nonempty and closed in finite-dimensional Euclidean space. Set e =a —¢; € P\ {0}.
The nearest-point inequality implies

2e,y—a)+|y—al*>>0 (y € suppo).

After dilation at a by scales u; | 0 this becomes 2(e, x) + u;|z|?> > 0. Pass to a nonzero limit 7.
The support-convergence argument shows that

suppT C PN{x: (e,z) > 0}, 0 € supp .

This first tangent retains global upper and lower growth, the annular bound T', and positive global
nonflatness.
We next use the sign of the normal kernel to take a second tangent. Define

<€, ‘/1:>+
pe(x) = 2 (x #0), pe(0) =0, ty = max{t,0}.
For 2r < Ry, the weight X0 r, — X0, is nonnegative everywhere and equals one when 2r < |z| < Ry.
In fact, inside the Rg-ball the outer cutoff is one, and outside it the inner cutoff is zero. This
argument requires no monotonicity of the cutoff. On the support of T,

/(XO,RO - XO,T‘)pe dr = 7<6787'(0; r, RO)> S |€|T

Given v > 0, take r» = min(v, Ry)/4 to obtain
/ pe(z)dr(x) < |e|T.
v<|z|<Ro

Monotone convergence, using p.(0) = 0, proves p. € L1(7'|B(0,R0))- This establishes an actual
integrability statement before taking the next limit.
For any fixed R > 0, exact scaling gives

[ teadna@ =u T [ (ey)dr(y)
B(0,R) B(0,uR)
< Rt / pe(y)dr(y) — 0 (ul0). (2.12)
B(0,uR)

The convergence follows from absolute continuity of the integral: upper growth and n > 0 give
7(B(0,uR)) — 0. Take a nonzero compact limit v of these second dilations. Testing with
nonnegative compact continuous cutoffs times (e, z); shows that this continuous nonnegative
function vanishes throughout supp v. The negative normal part already vanishes on every dilated
support. Hence

suppr C Q := PnNe", dim @ < dim P.

1

The last inequality uses e € P\ {0}: e itself is not in e—. Both tangents retain support in P

because their centers lie in P.
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The new measure is nonzero, satisfies global upper and lower growth, has annular bound T,
and has global beta lower bound at least 1/4096. For definiteness, the compactness estimates
may multiply the upper constant by 2" and divide the lower constant by 4™ at each tangent;
their precise values are immaterial. Strong induction on dim P, allowing these constants and the
positive beta threshold to vary, gives a contradiction. We have proved that a globally regular,
globally annular-bounded measure has a flat ball at every prescribed positive tolerance.

Localization and a uniform radius floor. Suppose a measure has global upper growth,
lower growth only for 0 < t < h, and annular bound T for support centers in an open set U
with U Nsuppo # &, and outer radii below a positive cap. If there were no n-flat ball in U
below another positive cap, take a tangent at any point of U Nsuppo. Every fixed normalized
radius eventually lies below the physical caps, and bounded normalized centers dilate into U.
Equations (2.10)— (2.11) and (2.9) therefore make the annular bound and a positive beta lower
bound global on the tangent. The lower growth also becomes global, since its normalized cap is
h/u;j — oo. This contradicts the preceding paragraph. Thus the local qualitative alternative holds
with no radius floor.

Normalize the statement of the lemma by ag = 0, s = 1. The resulting measures have common
global upper growth, origin in their supports, and lower growth at all support centers for 0 < ¢ < 1.
If no common p worked, choose counterexamples p; with floors p; | 0. The uniform mass bounds
on compact sets give a locally weakly convergent subsequence, by the compactness argument in
Lemma 1.6. The fixed lower bound at zero keeps its limit v nonzero and puts 0 € suppv. The
support-convergence argument above transfers the lower bound at radii below a fixed positive cap
to v. Every fixed annulus with center in B(0, ) and 0 < r < R < k eventually lies above the floor
pj- Its transform on the limit is therefore bounded by T'. For every fixed 0 < ¢ < &, the failure of
flat balls at radius ¢/2 and (2.9) give

b,(a,t) > min(e, 1)/64 (a € suppv N B(0, k)).

The local qualitative alternative contradicts these two properties. This proves the existence of p
before the measure is chosen. Finally, (2.11) transports the conclusion back to ag,s. Only the
original lower growth below s < Dg has been used. O

2.2.2 From large annuli to flat descendants

The passage from a large annulus to a difference of local averages, and then to a packing estimate,
follows the mechanism in [12, Section 15].

The next comparison makes the large-annulus branch of Lemma 2.4 usable in an L? packing
argument. For a positive finite-measure set A, write (u)s = u(A)~" [, udpu.

Lemma 2.5 (Annuli and differences of averages). Let 0 < r < R, let S be a bounded measurable
set containing B(a,2R), and let A C B be measurable sets of positive finite measure satisfying

A C B(a,r/2), B C B(a, R/2), " < Mu(A), R"™ < Mu(B).

There is a constant
Ey = 3CR(G2"M)/? + 3C(n)G,

independent of r, R, R/r, S and €, such that, for every 0 < e <r/2,

|Su(a;m, R) — ((Ruels)a — (Ruels)p)| < Eo. (2.13)
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In particular, one direction chosen from S, (a;r, R) witnesses an average gap at least |Sy(a;r, R)| —
Ey for every such €.

Proof. Decompose the one fixed input as

ls=f+g+h, f=Xar, 9= Xa,R— Xayr» h=1s— XaR-

Here |g|,|h| < 1, g vanishes on B(a,r), and h vanishes on B(a, R). All three functions belong to
L?(p). Upper growth gives

IF13 < G, glls < GER)™
Cauchy—Schwarz and the operator bound consequently bound each of

‘<R,u,z-:f>A|7 |<Ru,sf>B|a |<Ru,sg>3‘

by Cr(G2"M)Y/?; use r < R for the middle term.
If u € L?(u), |u| <1, and u vanishes on B(a,t), then for |z —a| < ¢/2 and 0 < & < t/2 there is
no truncation boundary on its support. The kernel derivative estimate therefore gives

|Rycu(z) — Ryeu(a)] < C(n)|z — al o ly — a7 duly) < C(n)G.
y—al>
Apply this once to g on A, and twice to h on A and B. Since R, .g(a) = S,(a;r, R), expanding the
two averages of R, .(f+g+h) proves (2.13). Finally choose a unit-bounded e with (e, S, (a; 7, R)) =
|S,(a; 7, R)|. This choice precedes €; projecting (2.13) onto e proves the last assertion. O

Proof of Proposition 2.3. Put Ly = max{1,2Cp} and M = (8Ly)"/c;. Fix the comparison con-
stant g in Lemma 2.5, with this value of M. Apply Lemma 2.4 with

nAp

Kk = co/32, EF:732(AF+CO)7

T =Ey+ 2.

Let p > 0 be its uniform relative radius. These choices, including p, are made before the cube @ is
chosen. For now assume ¢(Q)) < Dg and apply that lemma at ag = 2g, s = {(Q).

The flat branch produces a seed. Suppose the lemma gives a € E N B(zg, k¢(Q)) and pl(Q) <t <
k0(Q) with by,(a,t) < ep. Choose b € E* N B(a,t/8), and choose the dyadic scale of P so that

t t

16(AF + C(]) < E(P) < 8(AF + Cg) '

Let P be the cell at that scale containing b. Both b € @ and ¢(P) < ¢(Q) follow from the core
containment and t < k(Q), so exact nesting on E* gives P C Q. Also |zp — b| < Cyl(P), whence

B(zp, Apl(P)) C B(a,t) N B(zq, col(Q)/4).

Choose an affine plane for which the sum of the two deviations in B(a, t) is less than ept. Restricting
both suprema to the smaller ball gives

ept 16ep(Ar + Cp)
— /2.
< Apt(P) = Ap n/

bu(zp, Arl(P))
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The lower bound for ¢ bounds the depth of P uniformly. For example, any integer Ny >
log,(16(Ap + Cp)/p) suffices.

Cubes without a flat seed have a large annulus. Let F be the cubes with ¢(Q) < Dpg for which no
seed as in (2.6), with the additional ball containment, exists at depth at most Ng. They must lie
in the annular branch. Thus each has radii

pl(Q) <rg < Rg < kl(Q)

and a center ag in the same core with |S,(ag;rq, Rg)| > Eo + 2. For these fixed positive radii
the annular transform is continuous in its center. Indeed the annular kernel is zero near its center,
is continuous there after extension by zero, and has bounded compact support locally uniformly in
the center; dominated convergence applies using local finiteness. Density of E* therefore permits
replacing ag by ag € E* so close that

lag — 2l < 260(Q),  |Sulagirg, Ro)| > Eo + 1.

This perturbation uses the strict core and norm margins, and does not change either radius.
Choose dyadic scales s,, sg with

R R
TiQ<Sr<TQ 7Q<SR§ @

8Lg B TLO’ 8Lg TLO,

using the same monotone rounding rule, so s, < sg. Let Ag and Bg be the cells at those scales
containing a’Q. They are descendants of @ with Ag C By C @. Since a cell at scale s has diameter
at most Lgs,

Aq C Blag,rg/2),  Bq C Blag, Rq/2), 1 <Mu(Aq), R < Mu(Bqg).
Fix an integer I > 1 larger than logy(8Lo/p). The depth of Ag below @ is at most I, and
wQ) < Hip(Ag),  Hi=(Ci/er)2™. (2.14)

Neither M nor Fy depends on p; the depth cost H is allowed to depend on the now fixed p.

Haar Bessel gives the Carleson estimate. Set

_ 1/2 Lag _ lBg )
ho = n4e) (M(AQ) 1(Bg) )

Direct integration gives [hgdu = 0 and ||hg|3 = 1 — u(Ag)/u(Bg) < 1. This function is
supported in @ and is constant almost everywhere on every cell at least I generations below Q.
Partition a finite collection of these functions according to the level of ) modulo 7. Within one
class, distinct equal-level parents are disjoint. For unequal levels, the gap is at least I: the coarser
function is constant on the finer parent, or their supports are disjoint. The finer function’s mean
zero gives orthogonality. Bessel’s inequality in each class and summation give

%:‘/hcz@czwdu

2
< Ilull3 (2.15)

for vector u € L?(u) and independently chosen |eg| < 1. The vector extension follows by the same
Parseval argument as in Lemma 2.1.
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Fix a top cube @ and a finite A C F; N D(Qo). Use, for every selected cube, the same
set S = B(2q,, (Co +2)¢(Qo)). The annular center and radius bounds ensure B(ag,2Rg) C S.
Choose eg from the annular vector as in Lemma 2.5; then choose a single

0<5<%éni£1lrQ
€

when the family is nonempty. The average gap is greater than one for every selected @ at this
same truncation. Consequently

2
H(Ag) < | [ hoteq, Fyuels) du

By (2.14), (2.15), and the operator bound,

S (@) < HiIChuS) < Hrc St ),

QeA “

The empty family is immediate. Taking the supremum over finite subfamilies proves that F is
Carleson. Finally add the possible top level with ¢(Q) > Dpg to obtain F. Its mass below any top
cube is at most the mass of that top cube. The seed conclusion and its uniform depth bound hold
for every cube outside this family. O

3 Reflectionless limits and compatible normal coordinates

We first compare two planes using points near both of them. This gives one reference plane that
controls the errors over a finite range of dyadic radii. We then identify the measure obtained when
those errors vanish. Three assertions enter that identification separately: the limit is supported in
a plane, its support fills the plane, and its density on that plane is constant.

3.1 Comparison from measured errors

Lemma 3.1 (Comparison of fitting planes). Fiz 1 <n <d, G >0, and ¢ > 0. There are constants
A>0and 0 < gy <1, depending only on n,d,G,c, with the following property. Suppose that
o has global upper n-growth G, R > 0, and o(B(0,R)) > ¢R"™. If S,W are affine n-planes and
0 <n <eoR satisfy

/ (dist(z, 5)2 + dist(z, W)?) do(z) < Sy2R™, (3.1)
B(0,R) 2
then
dist(z, W) < An(1 + |z|/R) (x €9), (3.2)
| dist(z, S) — dist(z, W)| < An(3 + |z|/R) (z € RY). (3.3)

The first conclusion also holds with S and W interchanged.

Proof. Every integral in (3.1) is finite, since its integrand is bounded on the ball and upper growth
implies local finiteness. Markov’s inequality shows that

F = {z € B(0,R) : dist(z, S)? + dist(z, W)? < n?} satisfies o(F) > (¢/2)R".
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In particular, every point of F' is within 1 of both planes.
Here is the quantitative nonconcentration needed to choose points in F. If V is an affine
k-plane, k < n, and 0 < 7 <1, then

o{z € B(0,R) : dist(z,V) < TR} < G2"3*rR". (3.4)

Indeed, projection onto V, centered at the projection of 0, sends B(0, R) into its intrinsic closed
R-ball. A maximal 7 R-separated subset of this intrinsic ball has at most (1 + 2/7)* points: its
disjoint open 7R/2-balls lie in the (R + 7R/2)-ball, and comparison of their k-dimensional volumes
gives this bound. Maximality gives a 7 R-net. Ambient balls of radius 27 R about its points cover
the indicated tube. Upper growth gives G2"3*7"=FR" which implies (3.4).
Choose
7 =min{l, ¢/[4(G2"3" +1)]}.

The tube mass in (3.4) is strictly less than (¢/2)R™. Thus we can successively choose py,...,p, €
F Nnsupp o such that, for 1 < j <mn,

dist(pj, po + span{p; —po : 1 <i < j}) > 7R.

At each step the affine span has dimension less than n, and supp o has full measure. Put v; = p; —po.
Then |vj| < 2R. These vectors satisfy

n

K
ﬁ th’l)j y (3.5)
7j=1

n
Dol <
j=1

where K depends only on n, 7. For completeness, define Ko =0 and K = K;(1+2/7)+1/7.
Projection perpendicular to the span of the first j vectors bounds the last coefficient by the norm
of the complete linear combination divided by 7R. Subtracting its last term enlarges that norm
by at most 1 4 2/7. Induction proves (3.5) with K = K,. It also proves independence of the v;.

Let a = mgpo and w; = mgpj — a, where mg is orthogonal projection. We have |w; — v;| < 2n.
If n/R < 1/[4(K +1)], (3.5) and absorption give

>t < ijwj‘-

The n vectors w; consequently form a basis of the direction of S. Every projected anchor
a,a+ wi,...,a+ wy, lies within 2n of W. The orthogonal normal-coordinate map for W is affine
and has norm dist(-, W). Applying this affine map to x = a + ) tjw; gives

2K
= |

K
dist(x, W) < 2n+ 47)2 ti| <2n+ 8%@ —al.
Since |a| < R+n < 2R, this proves (3.2), for example with A = 2(1+8K) and €9 = min{1,1/[4(K +
1)]}. All choices preceded o, R, S, W, 1.

Finally, for arbitrary z, let p = wgx. Since |rg0| < |a] < 2R and the linear part of g is a
contraction, |p| < |z| + 2R. Hence

dist(z, W) < |z — p| + dist(p, W) < dist(z, S) + An(3 + |z|/R).

Interchanging the planes proves (3.3). O
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Lemma 3.2 (One reference plane through a finite horizon). Fiz 0 < v < 1/2 and the constants
n,d,G,c of Lemma 3.1. There are k > 0 and M < oo, depending only on these data and v, as
follows. Suppose K > 0 is an integer, 6 > 0, 6275 < k, ¢ has global upper growth G, and, for
0<k<K,

o(B(0,2%) > 2", e, (0,2%) < 627%,

Then an affine n-plane S satisfies

/ dist(z, )2 do(x) < MoK (0 <k <K). (3.6)
B(0,2%)

Proof. Write b =27 > 1 and R; = 2°. The definition of the infimum in e, and the positivity of 6b°
give affine planes P;, 0 < ¢ < K, with

/ dist(x, P;)? do < 2(6b")* R
B(0,R;)

No attainment of a least-squares infimum is required. For 0 < ¢ < K, restricting the error

for Piy1 to B(0, R;) shows that the sum of neighboring errors is at most D(6b')2R}2, where

D =2+2-2""2p2 Choose L > 0 with D < L?c/2, and put n; = LéR;b’. Taking x = £¢/L ensures

1; < eoR; through the horizon. Lemma 3.1 gives, at the same arbitrary point = in each step,
dist(x, P;) < dist(x, Py 1) + ALY (3R; + |z|).

For |z| < Ry, the sum of these errors for i < k is bounded by BSRb*, where

B=AL(5 5+ ).

2b—1 b-—1
Indeed, sum the geometric series with ratios 2b and b separately. Consequently dist(x, Py) <
dist(x, Py) + BORb* on that ball. Squaring, integrating, and using upper growth proves (3.6)
with S = Py and M = 4 + 2GB>. O

3.2 Rigidity on the limiting plane

We shall use the symmetric fractional operator

Lo(x) = / ) 29() = 9(;”’;”?1_ I&=2) 0 e oo®m), (3.7)

This integral is absolutely convergent: the numerator is O(|z|?) near zero and is bounded at infinity.
Lemma 5.2 proves that a measurable function v : R® — R satisfying [ |v(2)|(1 + |z]) 7" 2 dz < 0o
and [vLg = 0 for every compact smooth mean-zero test is affine almost everywhere. If v is
essentially bounded, it is constant almost everywhere. That lemma concerns functions on R" and
is proved independently of the limiting measures constructed here.

Lemma 3.3 (Rigidity of a planar reflectionless measure). Let 1 < n < d, let L be an affine
n-plane, and let o be a nonzero Radon measure on R supported in L. Suppose that ¢,G > 0 and

o(B(z,r)) < Gr*  (zeRY r>0), o(B(x,r)) > c™ (x €suppo, > 0).

Suppose also that Ry(p) = 0 for every compactly supported Lipschitz function ¢ with [¢@do = 0.
Assume the hard Riesz truncations are uniformly bounded on L*(c). Then

suppo = L, oc=0H"| L for some@ > 0.
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The same conclusion holds if the operator assumption on o is replaced by the following source
assumption: o; are Radon measures on R? converging to o against compact continuous tests,
with a common global upper n-growth bound and a common uniform hard-truncation L? bound.
With the Euclidean normalization of H™, the resulting constant satisfies ¢/w, < 0 < G /wy,, where
Wn = ’BRn(O, 1)|

Proof. An affine isometry identifies L with R™. Under this identification write p for . The
kernel and its scalar projections commute with this isometry. Reflectionlessness passes to p with
its actual measure: extend an intrinsic compact Lipschitz test by composing with orthogonal
projection and multiplying by an ambient compact cutoff equal to one on its trace support. Its
integral is unchanged. Choose a localization ball containing the extension and use the localization
independence of the mean-zero pairing from Lemma 1.5. Thus no density or full-support assertion
is needed to make this identification.

Full support. We first derive an annular bound using only growth and reflectionlessness. For a
test supported in B(a, R/2), denote by P, r() the vector expression

% //B(G,R)z Kn(z = y)((z) — o(y)) du(z)du(y)
' /B<a,R) #le) /B(a,R)C [Kn(z —y) — Kn(a —y)] dp(y)dp(z).

Both terms are absolutely integrable by the Lipschitz cancellation near the diagonal and the
extra power of decay in the exterior difference. This expression is defined without a mean-zero
assumption; on mean-zero tests it equals R . Splitting the larger ball into the smaller ball and its
complement, and using oddness, gives

Pul) ~ Pas(e) = [ o) Kol y) duly) (33

/B(a,R)\B(a,'r)

when 0 < 7 < R and supp ¢ C B(a,7/2). One may first perform the splitting with a finite outer
cutoff; the integrable exterior differences justify its removal.

Choose a nonnegative Lipschitz bump equal to one on B(a, s) and zero outside B(a,2s), and
divide it by its p-integral. For a € supp p the resulting function 7 has integral one and satisfies

[Mslloo < (™)™, Lip(ns) < (es™™)™Y,  |Paas(ns)] < Cu(G?/c+G) =: A.

For the last estimate the interior term is at most a constant times (cs"*1)~1(Gs™)(Gs); the exterior
term is at most a constant times Gs/s, since [nsdu = 1. Apply reflectionlessness to 7, /4 — NR/4
and then use (3.8). It follows that

/ Kn(a—y)du(y)| <24 (0<r<R).
B(a,R)\B(a,r)

Letting inner radii decrease strictly to e gives the same bound on {y : ¢ < |y — a|] < R}. At fixed
€ > 0 the kernel is integrable there, so this passage does not require zero mass on spheres.

Suppose now that z ¢ supp p, and let a be a nearest support point to z. Translate a to zero
and put e = a — z # 0. The nearest-point property gives

2(e,z)+ 2> >0 (2 €suppp).
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Define p.(z) = max(0, (e, z))/|z|* ™! for = # 0, and set p.(0) = 0. Then

p-e(@) < glal' ™", pelr) = (e, Kn(2)) + p—c().

Upper growth makes the first majorant integrable on bounded balls: its integral on B(0, R)
is at most C,GR, as follows by dyadic annuli. The signed annular bound therefore bounds
the nonnegative truncated integrals of p. on B(0, 1) uniformly. Monotone convergence proves
Pe € L' (plBo,1))-

Take a weakly convergent subsequence of the normalized blowups p,(A) = r~"u(rA) as r | 0.
Upper growth supplies compactness, and the lower bound at zero makes the limit 7 nonzero. These
are the conclusions of Lemma 1.6, applied to the blowups. The rescaled quadratic inequality is
2{e, ) + r|z|?> > 0; hence supp 7 C {(e,x) > 0}. For every fixed T > 0,

/ max(0, (e, z)) du,(z) < TnH/ pe(y) dpu(y) — 0.
B(0,T) B(0,rT)

Testing with compact nonnegative cutoffs shows that 7 is also supported in {(e,z) < 0}. It is
consequently supported on a proper hyperplane in R™. This is impossible for a nonzero measure
with upper n-growth: covering open sets by disjoint dyadic cubes and enclosing each cube in a
ball shows that such a measure is bounded above by C,, G’ dx, where G’ is its growth constant. A
proper hyperplane has Lebesgue measure zero. This contradiction proves supp u = R"™.

A positive bounded density. The same cube comparison gives u = f dx with f < C,G almost
everywhere. Full support makes the lower ball bound valid at every point. Lebesgue differentiation
then gives f > c¢/w, almost everywhere. Choose a measurable representative with

0<c < f(z)<Ci < (x € R™). (3.9)

Changing f on a null set has not changed p.
A local representative for the pairing. Fix a unit direction u© € R", a center a, and radii 0 < H
and 2H < R. Put B = B(a, R) and

T. pl(z) = /B maxég”‘z__?‘)nﬂ dp(y).

There is a constant Dq, independent of B and € > 0, such that

|72 51| 22 ) ) < Dip(B)'/?. (3.10)

For the direct operator hypothesis, subtract the hard truncation. The error kernel is bounded by
€ "1{jg—y|<c}- Its row and column integrals are at most 2"G, so Schur’s inequality gives (3.10)
from the original operator bound. Restricting the hard operator to a ball preserves that bound, by
extending the input by zero.

Here is also the justification under the source assumption. Work first in R? on the ambient
ball corresponding to B. Its boundary has o-measure zero by (3.9). Restricted source measures
therefore converge weakly as finite measures. The same Schur estimate gives uniformly bounded
capped bilinear pairings on every source restriction. For fixed € > 0 these pairings pass to the
limit against two bounded continuous tests: the capped kernel is bounded continuous, as are the
squared tests giving their L? norms. Take the input test to be one and the other test to be the
capped output for the limiting finite measure. That output is bounded continuous, by dominated
convergence at this fixed cap. The resulting bilinear estimate gives its genuine L? bound (3.10).

23



Isometric pullback gives precisely the displayed intrinsic transform. This argument passes no
singular kernel through weak convergence.

Choose a subsequence ¢; | 0 along which T¢; gl converges weakly in L?(u|g) to v. This one
subsequence works against every test in that Hilbert space. Oddness gives, for bounded Lipschitz

@,
/T5B190dﬂ—2//32 w2 = )@) ~2W) 4oy au(y).

max(e !w — gt

Removing the cap on the right changes the integral by at most C,,G Lip(p)u(B)e. Thus v represents
the actual interior singular pairing. On B(a, H) the function

@)= [ (Kl —y) ~ Kafa =) du(y)

is well defined and bounded: the kernel difference is at most Cy, |z — a|ly — a| ™" "', whose exterior

integral is at most C,,G|z — a|/R. Fubini now identifies the scalar component of R, (¢) with
J(v+ F)¢du for mean-zero compact Lipschitz tests supported in B(a, H).

Choose a compact Lipschitz test n supported in B(a, H) with [ndu = 1, using the positive
mass of that ball, and put b = [(v 4+ F)ndu. For any smooth compact test ¢ in this smaller
ball, reflectionlessness applied to ¢ — ([ ¢du)n gives [(v+ F — b)gdu = 0. Since p = f dx, the
fundamental lemma for locally integrable functions applied to (v + F' — b) f proves

v+ F=0b p-almost everywhere on B(a, H). (3.11)

This is a statement about the transform; constancy of f has not yet been used or proved.

An unweighted equation and density constancy. Let g € C°(B(a, H)) be real with [ gdz = 0.
By (3.9), g/f belongs to L?(u|g). It is therefore an allowed test for the weak convergence, even
though it need not be Lipschitz. Moreover, 4 and Lebesgue measure have the same null sets.
Testing with ¢g/f and using (3.11) yields

li§n [/g(x)ng731(a;) dx + /g(m)F(w) dx} =0. (3.12)

The subsequence and b were selected before g.
For a compact smooth function g, define the scalar test transform

1 (u,h)[g(x +h) —g(z—h)
3 / ) e dh.

Rug(l‘) = -

The integral is absolutely convergent: the first difference is O(|h|) near zero, and the translated
compact supports control infinity. The analogous capped expression equals the capped transform
of g by translation and reflection. It converges pointwise to R,g and is uniformly bounded on
bounded z-sets. If suppg C B(a, H) and [ g = 0, then for |z —a| > 2H and ¢ < H the cap is
inactive and mean-zero cancellation gives

|RPg(x)] < CuH|glli|z — a7

Together these bounds form an integrable majorant independent of small €. Since f is bounded,
dominated convergence applies to [ TR Pg.
For ¢ < H, oddness and Fubini identify the expression in brackets in (3.12) with — [ fR{*Pg dx.

The local capped product is absolutely integrable. For the exterior term, use the centered kernel
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difference, which is absolutely integrable against |g(x)|dz du(y); cancel the center term using
J g = 0 inside the z-integral before integrating over the infinite exterior. The open ball and its
closed exterior are exact complements. Thus no separate divergent exterior integral or omitted
boundary term occurs. It follows that

- f(@)Rug(x) dz =0 <g € C°(R™), /g = 0> : (3.13)

The ball may be chosen after the test, so this statement has no fixed support restriction.
Let uy, ..., u, be an orthonormal basis and ¢ € C2°(R"™) be real. Each g; = 0,1 has integral

zero. We claim
n

Y Ru(0u) (@) = Lyp(2). (3.14)
i=1
Indeed, set

(x4 th) +Y(x — th) — 2¢(x)
2(t) = dh.
Qaz(1) / B[t
Scaling gives Q. (t) = tQ,(1) for t > 0. Differentiation under the integral at ¢t = 1 is justified by
second-derivative cancellation near zero; for 1/2 < ¢ < 2 the derivative integrand vanishes for all
sufficiently large |h| at fixed z. Consequently
D h)h — D —h)h
Qu() = [ DI Duta bt

|h|n+1

Expand h in the orthonormal basis and use the definition of R,, to obtain (3.14). Every pairing
with bounded f is integrable by the preceding estimates. Summing (3.13) therefore gives

[tevdz=0  wecr@y).

Real and imaginary parts give the same identity for complex tests. Boundedness supplies [ |f(z)|(1+
|z|)~" 2 dx < co. Lemma 5.2 now makes f affine almost everywhere. A bounded affine function
is constant: any nonzero linear part is unbounded along a line, and continuity promotes an
almost-everywhere bound to an everywhere bound. Thus f = 6 almost everywhere, with 6 > 0 by
(3.9). The original ball bounds give ¢ < fw,, < G, completing the proof. O

3.3 A common flat limit and its normal coordinates

The passage from vanishing mean-zero pairings to a reflectionless weak limit is part of the
compactness method of Jaye and Nazarov [9]. Here the common growth bounds control the
singular diagonal and exterior tails, as proved in Lemma 1.6. We combine that local argument
with the measured plane errors; we do not invoke a classification of arbitrary higher-codimension
reflectionless measures.

Proposition 3.4 (The flat limit). Fiz 1 <n <d, ¢ > 0,0 < G < 00, 0 < Dy < o0, and
0 <~ <1/2. Let uj be Radon measures on R? with 0 € E; = supp pj, global upper n-growth G,
and

pi(B(z,r)) > c™ (xz € Ej, 0<r <diamEj).

Assume every hard-truncated Riesz transform on LQ(,uj) has norm at most Dy. Let 6; > 0, integers
K; >0, and Aj,v; > 0 satisfy

5]‘ — 0, Kj — 0OQ, 63'2ij — 0, (3 15)
2Kj < diam Ej, Aj — 00, UV — 0. .
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Suppose
eu; (0,25) < 5,27 (0 <k < Kj) (3.16)

and

Ru;(0)l <wvj if Lipp <1, suppy € B(0,A4;), /soduj = 0. (3.17)

There is a subsequence, relabeled by j, with the following properties. All the input sequences are
restricted along this same subsequence when we relabel them. For each index there are an affine
plane S; = a; + L;j(R™), tangent and normal linear isometries

) d . d— d _
L;:R" — RY, N; :R™ — R, L;jL; + N;N; =1,
such that a; is the point of Sj nearest 0, a;j — 0, and L; — Lo in operator norm, where Lo, is an
isometry. Along this same subsequence,
c 2"G

<g< =L" . .
o SeS = e =LBO1) (315)

i = q(Loo) 4 L",

Here convergence is against continuous compactly supported tests, and L™ in (3.18) denotes Lebesgue
measure. The planes obey (3.6) with a single constant M = M (n,d,c,G,~). In particular, writing
e; for the standard basis of R4 and

U’Jal(‘r) = <Nj€i,1’ - aj)v (319)

we have
/ ) ujq|? dpy < MoZ2H 220 (0< k< K;,1<i<d-—n). (3.20)
B(0,2k)

Moreover, on every bounded ball, the supports converge bilaterally to Lo (R™): each source support
point approaches that plane uniformly, and each point of the plane approaches E; uniformly.

Proof. After discarding finitely many indices, the smallness threshold in Lemma 3.2 holds. That
lemma gives S; and the uniform moment bounds. Each fixed-radius squared-distance integral
tends to zero: choose a larger fixed dyadic radius first, and then use K; — oo and 9; — 0.

This integral conclusion also controls all support points in bounded balls. If 2; € E; N B(0, R)
and dist(x, S;) >t > 0, the 1-Lipschitz distance function is at least ¢/2 on B(z;, min{l,t/2}).
This ball lies in B(0, R+ 1), and its radius is admissible for all large j. The lower growth bound
therefore forces a fixed positive lower bound on the squared-distance integral there, a contradiction.
Thus

sup  dist(z,S;) — 0 for every fixed R. (3.21)
z€E;NB(0,R)
Because 0 € £}, the nearest points a; tend to 0. Choose orthonormal tangent and complementary
normal frames L;, Nj. The compactness of the finite-dimensional set of tangent isometries gives
a subsequence with L; — L.o; norm preservation shows that the limit is still an isometry. The
normal frames are retained along this subsequence; their convergence is not required.

Lemma 1.6, followed if necessary by a further subsequence, gives a nonzero limit v with

0 € supp v, hard truncation bound Dy, global upper growth 2"G, and

v(B(x,r)) >4 "er™ (x € suppr,r > 0). (3.22)

All frames and moment bounds are kept along the composition of the two subsequences. If
x € supp v, positivity of compact tests in every neighborhood of = supplies nearby points of £

26



for all large j. Together with (3.21), this gives dist(z,S;) — 0. On the other hand the affine
projections
aj + LjLj(r — aj) — Loo L3,

It follows that * = Loo L% x. At this stage we have proved only supp v C Lo (R").

We next verify that this same v is reflectionless. Let ¢ be a compactly supported Lipschitz
function with [@dv = 0. The pairing-convergence assertion of Lemma 1.6 provides compact
Lipschitz tests ¢; of zero uj-mean, with uniformly bounded supports and Lipschitz constants,
such that

Ry (pj) — Ru(e).

Choose C' > 1 bounding their Lipschitz constants. For all sufficiently large j, their supports
lie compactly inside B(0, A;), so (3.17), applied to ¢;/C, gives |R,,(¢;)| < Cv; — 0. Thus
Ru(¢) = 0. This argument applies to every such test on the measure subsequence already selected
above.

Apply Lemma 3.3 to this plane-supported limit, using the inherited hard-truncation bound
Dy. It gives v = q(Loo) L™ with ¢ > 0. Its upper growth and (3.22), evaluated on a ball centered
on the plane, give the two bounds for ¢ in (3.18). Since [u;;(2)| < [N} (x — a;)| = dist(x, S;), the
normal moment bounds follow from those of S;.

Finally, convergence of the affine projections is uniform on bounded sets, so (3.21) gives uniform
closeness of source support points to the limiting plane. Conversely, if points y; of that plane in a
fixed bounded ball stayed a positive distance from Ej, a subsequence would converge to a point y
of the plane. A sufficiently small ball about y would then miss E; for all large j. A nonnegative
compact test in that ball with positive integral against q(Loo)#L" contradicts weak convergence.
This proves the stated bilateral convergence. O

In the later contradiction argument we take v = 1/4, 6; = 277, K; =2j+3,A4; =8- 2K,
and v; = 5;-’. These choices satisfy §;27% — 0 as well as 5]712_1(1' — 0. The latter condition will
control the normalized exterior remainder; it was not needed to identify the unnormalized planar
measure.

4 Fractional energy compactness on moving measures

The planar limit identifies the support at order one. To improve the normalized excess, we must
retain the first-order normal displacement. Two ingredients do this: a positive energy estimate
obtained by testing with an unnormalized height, and a finite-partition compactness argument
for functions whose underlying measures vary. We state the resulting convergence in terms of
measures and moments; its formulation will also justify the singular limiting equation in the next
section.

4.1 A local energy estimate

For a measure o, a bounded measurable set U, and a real measurable function f, write

f@) = fy)l?
Es = // | do(x)do(y), 4.1
v =[] e de@doty) (4.1
when this nonnegative integral is finite. Its integrand is assigned value zero on the diagonal.

Positive-dimensional upper growth implies that singletons have measure zero, so this convention
has no effect.
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The following statement uses the geometric and moment hypotheses supplied by Proposition 3.4,
together with explicit oscillation and horizon conditions. The small parameter is denoted by d;;
the integer K records the last available dyadic moment.

Lemma 4.1 (Energy of a normalized affine height). Let 1 <n < d, 0 < vy < 1, and let p; be
Radon measures on R% with 0 € supp wj. Suppose that, for fized G,c > 0,

pi(B(z,r))
5 (B(0,7))

and diam supp p; — oo. Let u; be real affine functions with

Gr" (x e R% r > 0),

<
> or” (0 < r < diamsupp y;), (4.2)

uj(z) — ui(y) = (ej,r — y), lej| <1, luj(0)] < W. (4.3)

Assume 0; >0, 6; — 0, K; — 00, and

2-K;
— 0. (4.4)
0;
Suppose, with a fired M < oo, that
‘éwﬂﬁwﬁwﬁgﬂmpmﬁﬁwk (0< k<K, (4.5)

Finally, let A; — oo and suppose that every compactly supported Lipschitz function ¢ with
supp ¢ C B(0, A;) and [ ¢dp; =0 satisfies

Ry; (9)] < 63 Lip(¢). (4.6)

Then wj = u;j/6; has finite local energy, and for every H < oo there is Cy < 0o, independent of j,
such that

2
/B(O,H) lw; | dpj + €, Bo,m)(ws) < Chr. (47)

The eventual bound depends only on H,n,v,G,c, M, W ; finitely many initial terms may be included
by enlarging Cpy.

Proof. Tt suffices to consider H > 1. Fix a Lipschitz function y with 0 < x < 1, Lip(x) < 2/H,
equal to one on B(0, H), and zero outside B(0,3H/2). Its support lies in B(0,2H). Choose the
smallest dyadic radius R > 4H, and put D = B(0, R). All estimates below concern sufficiently
large j, so that K; > logy R, §; < 1, A; > 2H, and the lower estimate in (4.2) is available at
radius H. Constants may depend on the fixed quantities displayed in the lemma and on H, R, but
not on j. We omit the index j temporarily.

The moment bound at radius R gives

/ u?dp < 082, /X2 dpu > pn(B(0,H)) > cH™ > 0. (4.8)
D

Define the weighted center and its centered test by

2
d
po I X udn U=u—b,  ¢=2U. (4.9)

X
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Cauchy—Schwarz, followed by (4.8), proves
b < €3, / U2 dp < C°, /\¢| du < C, /|¢U| du < C82. (4.10)
D

In particular, these estimates precede any energy bound. The function ¢ has mean zero. It also has
a Lipschitz constant bounded independently of j: on the support of x, |U(z)] < W +2H + C, and
the product rule for Lipschitz functions gives the bound. The same bound across the complement
follows because x vanishes there. Consequently (4.6) implies

(e, Ru(9))] < C&°. (4.11)
The positive part of this pairing comes from the exact identity
(U(2) = U(y) (x(2)*U(z) = x()°U(y))
= X(@)U(x) = x()UW)* = U@)U(y)(x(x) = x(y))*. (4.12)

All terms in its integral over D x D are integrable before a quantitative energy estimate is made.
Indeed, a Lipschitz difference cancels one power of the distance in each factor. For every x € D,
upper growth and dyadic annuli imply

/ l — y|"" du(y) < CGR. (4.13)
D

The integrability of local affine and cutoff energies follows from this bound and the finiteness of
w(D). For the signed cutoff error, symmetry and 2|U(x)U(y)| < U(x)? + U(y)? give the sharper

estimate
2
//DxD \w du(z)du(y)

< CGRLip(y)’ / U2 dy < C8°. (4.14)
D

This is an estimate from the already known second moment; it assumes no bound on the unknown
fractional energy.

We next separate the local pairing from its exterior remainder. Set ¢(z,y) = |z — y|™"~!. The
affine identity in (4.3), and the pairing formula in Lemma 1.5, give

R =3 [[ (0@ - U@)6@) - ow)alev) du@duty) + Bxt,  (415)
Bt = /D (@) / [U@)ale,y) = Uy)a(z,y) — a(0,9)}] du(y)du(z).  (4.16)

To obtain the second identity, the base-point subtraction initially also contributes —U(0)q(0, y).
That term is separately integrable on D¢ and disappears because [¢du = 0. The difference
multiplying U(y) in (4.16) is kept together.

For |z| <2H and |y| > R,

q(z,y) < Cly|™ 1, lg(z,y) — q(0,y)| < CHly| "2 (4.17)

The global affine bound |U(y)| < |y| + W + C, together with upper growth and (4.17), makes the
exterior expression absolutely integrable. We may therefore integrate (4.12) and use (4.15) and
(4.14) to obtain

Eup(xXU) < 2|(e, Ru(#))] + 2[Ext| + C2. (4.18)
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It remains to bound the exterior remainder at the scale of the known second moment. Put 7' = 2.
Upper growth and dyadic annuli give [, |y|™" ' du(y) < C/R. On a controlled shell ¢ < |y| < 2¢,
where t = 2¥ and k < K, Cauchy-Schwarz and the moment at radius 2t give

/ o U@ dity) < OO (12 ) (4.19)

Here the contribution of b is absorbed using ¢ > 1. Since v < 1, summing the controlled shells
gives

U)l -1
duy)<Co S i< 4.20
/RSIy<T [y[+2 ) t>R 20
t dyadic

Beyond the actual last controlled radius, use the global affine bound |U(y)| < |y| + W + C. Upper
growth then gives

U (y)l -1 -2 -1
du(y) <C(T+T°)<CT . 4.21
[ Ty ) < ¢ ) (121)
The half-open shells and the closed final exterior cover every point, including their boundary
spheres. Combining (4.10) with the kernel and tail bounds (4.17)—(4.21) gives the quantitative
estimate

[Ext| < C(6% +6T71). (4.22)

Thus the remote part retains the factor § supplied by the centered test. Replacing that factor by
a constant would lose the required normalization.
The reduction (4.18), the tested-pairing bound (4.11), and (4.22) now yield

Eup(xXU) < C(0* + 62+ 0T 7). (4.23)

On B(0,H), x = 1 and the centered difference U(z) — U(y) is u(z) — u(y). Restriction to this
smaller product set and division by 6% > 0 give

&, pio.m (u)8) < C (1 Lo ;T) . (4.24)
The last term is bounded by (4.4). The local L? estimate follows directly from the moment bound
at a fixed dyadic radius containing H.

For each of the finitely many omitted indices, u;/d; is an ordinary Lipschitz function. Upper
growth gives its finite L? norm on every fixed ball, and (4.13) gives its finite local energy. Enlarging
the bound to cover those indices completes the proof. O

In our application §; = 277 and K; = 2j + 3. In particular, 5]»_12’KJ' = 27773 5 0. The
conclusion of Lemma 4.1 is a bounded normalized energy; no vanishing of that energy has been
asserted.

4.2 Finite partitions on bounded projection regions

Fix a linear n-plane L through the origin, an isometry e : R® — L, and the orthogonal coordinate
map 7w = e*, so that en is the orthogonal projection onto L. Set

Qu = (—(H+1),H+1)", Qp =71 (Qu)NB(0, (vn+1)(H+1)), H=0,1,2,.... (4.25)
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These bounded open sets exhaust RY. Their intersection with L is e(Qz): the closed box e(Q )
lies strictly inside the ambient bounding ball, because |e(z)| < /n(H + 1) there. Consequently

v(0Qy) =0 for v=gexl", ¢q>0. (4.26)

Only the coordinate faces meet the plane on this boundary, and those faces have zero n-dimensional
volume.

Lemma 4.2 (Compactness with moving measures). Suppose p; are Radon measures with a
common global upper n-growth bound and a common lower bound cr™ at every support point and
every admissible radius. Suppose also that diam supp pu; — oo and

i — v =gqexl", q>0, (4.27)

against continuous compactly supported tests. Let w]l, ... w; be finitely many real measurable
functions. Assume that each belongs to L? on bounded balls and has integrable local fractional
energy, and that for every R < oo

S
sup Z (/ |w;-l]2 dij + €4, BO,R) (w?)) < 00. (4.28)
J a=1 B(OvR)
There are one subsequence and measurable functions v',...,v° € LIQOC(L,V) siwh that, on that

subsequence, for every H and every continuous function i on the compact set Qp,
/ wiP dp; —>/ v dv, (4.29)
Qp Qp
/ ]w;-l|21/1 dp; — / |02 dv. (4.30)
QH QH

The ordinary restrictions pjlq, also converge weakly to v, as finite measures on Q. In
particular,

/ ]w?|2duj — / [v®|? dv. (4.31)
QH QH
The subsequence and the functions are common to all these localizations and tests.

Proof. We give the construction, including the norm convergence. On each bounded projection
region, fractional energy controls the variance inside small cells. A common subsequence of their
finitely many averages will recover both first and second moments, not just weak convergence of
the heights. First, (4.26) and compact support cutoffs imply finite-measure weak convergence on
each Qp. Indeed, multiply by a compact continuous cutoff equal to one on Qp; weak convergence
of these finite measures passes to restriction to the continuity set 2z. In particular their masses
are bounded.
We will also use the consequence

sup{dist(z,L) : € suppp; N B(0,R)} — 0 (R < 00). (4.32)

If this failed, some bounded sequence of support points would stay a positive distance from L.
Passing to a subsequence, a fixed small ball about its limit would be disjoint from L and would
contain a smaller ball about each of those support points. The lower growth bound would give the
smaller ball a fixed positive mass; its radius is admissible for large j. A continuous compact cutoff,
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equal to one on all the smaller balls and supported away from L, would then contradict (4.27).
The cutoff is taken on a larger ambient ball, so the smaller support balls retain their full mass
even if they cross a localization boundary.

Fix H, and partition the half-open box (—(H + 1), H 4+ 1]" into equal dyadic boxes of side
length h = 2(H 4 1)27%. For such a box D, set

Cp =Qpg ﬁ?‘ril(D).

These finitely many disjoint measurable cells cover 2. Each cell boundary has v-measure zero, by
(4.26) and the nullity of coordinate faces. The same holds for intersections of cells from different
partition levels. Hence

,uj(CD) —>IJ(CD) :qhn, Mj(CDﬂCD/) —>I/(CDHCD/). (4.33)

For each fixed partition level, all its cell masses are therefore at least (¢/2)h™ for sufficiently large
j. This uses positivity on every full-plane cell, rather than just nonzero total mass. By (4.32), at
that same fixed level the actual support points in one cell have mutual distance at most (/n + 2)h
for sufficiently large j. The entire projection cylinder need not have bounded diameter; only pairs
seen by the restricted measure are used. ‘

For w; = wf, let m; p be its average on Cp (zero if the cell has zero mass), and let P/w; be
the corresponding step function. The exact variance identity gives

P = — // () — wi ()2 duss ()i,
L s il = 5 [ ) = ) g ) )
2

< Cng'h / /C e [ ’(;)__yﬁi(f ) dyij () dp;(y)- (4.34)

All averages are defined for these sufficiently large indices, and their L? bounds follow from (4.28).
The sets Cp x Cp are disjoint subsets of Qg x Q. Summing (4.34) yields

/ lw; — Plw;|?du; < Cirh. (4.35)
Qg

There is no factor counting the cells in this estimate.

For fixed H,k, D, a, Cauchy—Schwarz and the positive limiting cell mass bound ms p. A
diagonal subsequence therefore makes all these averages converge simultaneously: the collection
of indices is countable, including all H, k and the finite set of coordinates a. Write m$, for their
limits and Pgl,k for the corresponding step function on the limiting plane box.

At fixed levels k, I, expand the squared difference of the two step functions. Convergence of
the finitely many coefficients, cell masses, and intersection masses in (4.33) gives

| IR — PlugPduy — [Py~ Pl dv.
QH QH ) )

The triangle inequality and (4.35) show that the last integral is at most 2Cy (hy + hy). The step
functions thus converge in L?(v|q,,) to some v%.

The reverse triangle inequality also gives
)= 1Ll 22y, | < (Crrtr) 2.

[P
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For fixed k, the step-function norm converges, since its square is the finite sum 3 p(m§ )21 (Cp).
First let j — oo, then k — co. This proves (4.31) with v% in place of v*.
For a continuous v on Q, the signed testing error from replacing wj by P,z wj is at most

(Crrh) 2| sopsy () /2.

For fixed k, weak convergence on the continuity cells gives fCD Vdp; — fCD 1 dv. Passing first in
J, then in k, proves (4.29) for v%.

The local limits agree on overlaps. To see this without choosing new subsequences, let
U=QyNQyand n(x) = min{1, dist(x, U¢)}. This bounded Lipschitz function is positive exactly
on U. For a compactly supported Lipschitz 1, use n in the two signed-moment limits. The
source integrals are identical, since 1 vanishes outside the overlap. Their limits imply

| vt = oy =o.
U

Compact Lipschitz tests are dense in L%(v|y/), so n(vy — v%) = 0 almost everywhere. Since 1 > 0
on U, the local limits agree there. Choosing measurable representatives and, on the plane, using
the first region containing a point now produces one measurable v* agreeing with every v$, almost
everywhere. Countability of the cover ensures this simultaneous agreement.

It remains to prove the weighted squared-moment conclusion. Fix H, a, and abbreviate w; = w{,
v = v® There are bounded compactly supported ambient Lipschitz functions g whose restrictions
approximate v in L?(v|q,,). For completeness, simple functions are dense in this space; regularity
of finite plane volume approximates their sets by compact and open sets, and distance cutoffs
approximate their indicators. Extend the resulting plane Lipschitz functions by 7, and multiply
by a fixed ambient compact cutoff equal to one on Qp.

For each such fixed g, the norm limit, the signed limit tested against g, and ordinary weak
convergence tested against g2 give

tim [y~ gl dy = [ o gl*dv (4.36)
J Qg Qy

This identity involves g, an actual continuous function, on the moving supports. For any continuous
weight ¥,

(wi — g°) dp;
Qg

< [Pllollws = gllz2(uj1a,,)

(il 2y o) + N9 l2 sty ) -

The last factor remains bounded for an L?-approximating family g, after taking j — oo for each
fixed g. Ordinary weak convergence handles 1g?. Equation (4.36) and Cauchy-Schwarz for the
limiting measure then allow g — v in L?(v|q,,). This proves (4.30) in the stated order of limits. [

The lemma may equivalently be read as three finite-measure convergences on each common
compact closure:

iuj|QH — V|QH7 w;'L:U’j‘QH — vaV|QH’ |w?‘2lu’j‘QH - |va‘2V|QH' (4'37)

The middle measures are signed; their total variations are uniformly bounded by Cauchy—Schwarz.
These statements do not require evaluating an arbitrary representative of v® against u;. Once
the next section identifies v* with an affine function, the same polarization as in (4.36) will give a
genuine squared-error limit for that fixed affine representative.
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5 The renormalized height equation and affine rigidity

The compactness lemma produces a single limiting height. We now pass the small Riesz pairing to
that height, keeping the cancellation at infinity throughout the passage. The resulting equation is
tested only against functions of integral zero. That class is sufficient to locate the Fourier transform
at the origin and hence to prove that the height is affine. Interpreting a fractional operator modulo
constants is natural for functions of polynomial growth; compare [5]. We prove the measurable
weak formulation needed here directly, rather than importing a regularity or equivalence statement
from a different formulation.

5.1 A fixed normalization for the height pairing

Write k(2) = |2|™"! for z # 0. Let p be a measure with upper n-growth, and let w be a measurable
function with finite local L?(p) norm and finite local energy

JI @)~ wl) P - y) de(w)dply) <00 (T >0)
(0,7)

Suppose also that
[ w2 dply) <o (T >0) (51)
ly[>T

For a compactly supported Lipschitz function ¢, choose a bounded measurable set A containing a
ball B(0, R), with supp¢ C B(0, H) and 2H < R. Define

Bpatw.6) =5 [ (w(e) —w)(6() — o)k — y) dp(a)dply) 52)
* //AXAC ¢(z)[w(z)k(z —y) = w(y){k(z —y) = k(=y)}] dp(z)dp(y).

This expression is defined even when [ ¢dp # 0. The set A and the subtraction point 0 are part
of its normalization.

Both integrals in (5.2) are absolutely convergent. For the interior integral, Cauchy—Schwarz,
the Lipschitz bound, and upper growth give, for every h > 0,

[ eyen 10@) = w@)l16) - 6wl — 9) do)do(y) 53)

lz—y|<h
1/2
< 0 Lip(@)  [[ | lu(@) ~ w)Prx ~ y) dp(a)dp(u))  p(4)"201%

Indeed, the square of the remaining factor is bounded by
Lip(6)* |/ o =yl dp(a)dp(y) < C Lip(é)*p(A)h
A20{lz—y|<h}

The part separated from the diagonal follows from local L' integrability. For x € supp ¢ and
ly| > R, the mean value theorem gives

k(z—y) <Cly|™" " |k(z —y) — k(—y)| < CHy| "> (5.4)

The first term is integrable by upper growth and ¢w € L!(p); the second uses (5.1).
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When [ ¢dp =0, the value in (5.2) is independent of the sufficiently large localization A. To
see this without subtracting two divergent integrals, restrict p first to a common finite outer ball.
Symmetry splits the half double integral into its A% part and the cross term. The added center

term integrates to
</¢dp) (/Acw(y)k(_y) dﬂ(y)> =0

in that finite restriction. For two choices of A, both expressions therefore equal the same finite
double integral. Now increase the outer ball; (5.4) and (5.1) permit dominated convergence of
each renormalized exterior term. This proves the asserted independence.

There is also an exact connection with the vector pairing of Lemma 1.5. Suppose

u(z) —u(y) =e- (x —y), w = u/d, d > 0. (5.5)
Then for a compact Lipschitz test of p-mean zero,
By a(w,¢) =6""e-R,y(9). (5.6)
The interior identity follows directly from (5.5). In the exterior, subtraction of e - K, (—y) produces
0 u(@)k(z — y) — uy){k(z - y) — k(=y)} — w(0)k(-y)].

The last term integrates to zero against ¢. Its exterior kernel is integrable by upper growth and
separation from 0, so this cancellation is legitimate. The identity imposes no bound on w(0).

5.2 Passing to the same limiting height

Proposition 5.1 (The limiting height equation). Assume the hypotheses and conclusions of
Lemmas 4.1 and 4.2 for a scalar height. We retain their notation and record the conditions used
below. Let pj converge on compact tests to v = qH"|r,, where ¢ > 0 and L is an n-plane through 0.
Here H"|;, has Euclidean normalization, equal to Lebesgue measure in orthonormal coordinates
on L. Let uj satisfy (5.5) with |e;| <1, let wj = u;/0j, and let v be the common limit given by
Lemma 4.2. Suppose 6; >0, 0; — 0, K; — 00, and, for some fized 0 <y <1 and M < oo,

/ uj > dpy < M3 2K (0 <k < K;),  67'27% —o0. (5.7)
B(0,2)
Assume that there are radii A; — oo such that, for every j and every compact Lipschitz test £
supported in B(0, A;) with [&dup; =0,
Ry, () < C(Lip € +1)67. (5.8)
The constant here is independent of j and of the test.
Then v has finite local fractional energy and satisfies

/L\v(x)yu 4 J2) "2 dH (@) < oo (5.9)

After identifying L isometrically with R™, for every compactly supported smooth complex function
g with [gn g =0,

/n v(x)Lg(x)dx =0, Lg(x) 1 29(x) —g(x 4+ h) —g(x —h)

dh. (5.10)

The integral on the left is absolutely convergent. The same conclusions hold simultaneously for the
finite family of normal heights in Lemma 4.2, without further extraction.
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Proof. We retain the subsequence already selected in Lemma 4.2. In the proof below every bounded
region and every test is chosen after this subsequence and its height v.

Local energy and singular pairings. Let €2 be one of the bounded continuity regions used in
that lemma. On its common compact closure, the three measures

tiles wjplo, wipilo

converge against continuous functions to the corresponding measures v|q, vv|q, and v?v|q. Their
total variations are uniformly bounded. Finite sums of products of continuous functions approxi-
mate a continuous function on the product of this compact set uniformly. Thus, after replacing
k(z —y) by (max(h, |z —y|))~""!, both the quadratic energy and every bilinear pairing against a
fixed bounded Lipschitz test converge. For the energy, expand (w;(z) — w;(y))?; its three terms
use exactly the three measures above. Monotone convergence as h | 0 shows that the limiting
energy is no larger than the common bound from Lemma 4.1. Positive-dimensional upper growth
makes the diagonal null.

Estimate (5.3) applies uniformly to the source and limiting heights on Q. The error caused by
capping the bilinear kernel is bounded by its absolute integral on |x — y| < h. Consequently

[ i) = w,@) (@) = 6(w)k(x = ) duy @)y v) (5.11)
— [ (@) = v@)(6(x) ~ 6@k — ) du(@)dv(y).

This argument first fixes h, then takes j — oo, and finally takes h | 0.

Inherited moments and the two exterior errors. The weak convergence of wjz,uj on an enclosing
continuity region, tested with nonnegative cutoffs, passes (5.7) to the limit at every fixed scale.
Changing the radius by at most a factor two gives

/ W2dy < CETET (1> 1), (5.12)
LOB(0,t)

Each fixed radius eventually lies below 2%i; no estimate past that horizon for a fixed sample has
been used. Cauchy—-Schwarz on dyadic shells, followed by summation of 21 now gives

[ @l vy <ot (T2 ), (513)
Lofly|>T}

Together with local L? integrability and q > 0, this proves (5.9).

Fix H containing the supports of the tests to be considered. Their uniform supremum bounds
and the local second-moment bound imply uniform bounds on [ |¢|du; and [|w;|dp;. For
2H < T < 255 the same shell calculation using (5.7) controls the renormalized exterior integral
outside B(0,T) by

Co(TH+ T +6712759). (5.14)

Here is the bound beyond the last controlled radius. The affine functions u; are 1-Lipschitz. The
mass of B(0,1) is bounded below eventually, by convergence to the plane measure, so (5.7) implies
|uj(0)] <14 C6;. Hence |uj(y)| < C + |y|. Upper growth gives

[ i@l 2 dst) < 0571275,
ly|>2"7
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This bound uses the unnormalized height at 0; the normalized value w;(0) may diverge. The 7!
term in (5.14) comes from the w;(x)k(x —y) term, whose z-integral stays on the fixed test support.
The kernel difference in (5.4) gives the remaining terms. Thus the order is to choose T large and
then choose j large. The analogous limiting tail tends to zero by (5.13).

A common normalization and mean correction. Take two fixed compact ambient Lipschitz

functions ¢, n such that
/¢dV:O, /ndv#o.

Choose one continuity region A containing B(0, R) with a positive margin beyond both supports.
For each of these tests separately,

B,Ltj,A(wjagb) — BV,A(Ua¢)a B,uj,A(wj?n) — BV,A(U?T/)' (515)

For the interior terms this is (5.11). For the exterior terms first restrict y to a larger fixed continuity
region B. The kernels are separated from their singularities on the nonzero test support. To
justify the restrictions, let Fj, be the closed h-neighborhood of 9A U 9B, for small A > 0, and
choose one bounded continuity region containing all these collars. The local second-moment bound,
Cauchy—Schwarz, and Portmanteau give

limsup/ lwj| dp; < C(lim supuj(Fh))l/2 < Cv(Fp)'? — 0 (h ]0).
Fy ]

Jj—o0 j—00

The final limit uses the v-nullity of both boundaries; the same conclusion holds for ordinary mass.
Thus continuous cutoffs approximate both restrictions, with product errors controlled by these
collar masses and the other factor’s bounded total variation. Convergence of 11; and wju;, followed
by uniform approximation of the continuous kernels by finite sums of product functions, now gives
the exterior limit on B. Finally, (5.14) and (5.13) remove the outer restriction. Both convergences
in (5.15) concern the normalization (5.2); no Riesz pairing is assigned to a test of nonzero mean.

Set od
Hj
cj = ) i = ¢ —cin.
T [nduy S=g—am
The denominator is nonzero eventually, and compact-test convergence gives ¢; — 0. Eventually
lcj| <1, so & has a common compact support, a uniform Lipschitz bound, and zero mean against

the whole p;. By linearity with the same A and the same subtraction point,

By, a(w;, &) = By, a(ws, @) — ¢jBu; a(wj,n) — By a(v, d).

The bump pairing on the right is already normalized and converges; the only required fact about
its coefficient is ¢; — 0. On the other hand, (5.6) and (5.8) give |B,,; a(w;,&;)| < C¢,n5y2‘ — 0. We
conclude that

B, .a(v,¢) =0 </¢du = 0) . (5.16)

Intrinsic tests and the fractional operator. Let U : R® — L be a linear isometry. For a
compactly supported intrinsic Lipschitz function g, choose an ambient radial cutoff x equal to
one on a ball containing U(suppg), and put ¢(x) = x(x)g(U*z). This is a compact ambient
Lipschitz test and ¢(Ut) = g(t) for every t. Its plane integral is ¢ [ g. A nonnegative compact
radial bump positive at 0 supplies the required n. Pulling (5.16) back by U and canceling the
positive factor ¢? therefore gives the same renormalized equation for v(Ut) against every compact
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intrinsic mean-zero test. Localization independence allows us to take A = B(0, R) in the intrinsic
plane. We henceforth write this intrinsic height simply as v.

For completeness, we identify this equation with (5.10). Let g be compactly supported, smooth
and of integral zero, first real-valued, with support in B(0, H); choose R > 2H. For € > 0, define
L. by restricting the h-integral in (5.10) to |h| > €. Reflection and translation give the absolutely
convergent single-increment formula

Log@)= [ (@)= g@)k(—y)dy.
|lz—y[>e
When ¢ < R — H, symmetrization on B(0, R)? yields
1
J V20 =5 [, sy (P08~ 20 (00) g )
L] e YEEEIRGE — ) = o) (kG ) — k() e .

To justify the exterior equality, integrate the test variable first: [ g = 0 permits the subtraction of
k(—y), after which (5.4) makes the product integrable. The direct term involving v(z) is separately
integrable. This proves the displayed identity without applying Fubini to the uncancelled exterior
height term.

The interior limit as € | 0 follows from (5.3). On bounded x, the second difference of g is
bounded by C|h|? near h = 0, giving an e-independent bound for £.g. Outside a fixed ball
containing the support, the cutoff is irrelevant and [ g = 0 gives |Lcg(z)| < Cy(1 + |z]) 72 for
0 < ¢ < 1. Dominated convergence using (5.9) therefore applies also to the left-hand side. The
resulting identity is [vLg = Baz.B(0,r)(v,9) = 0. Real and imaginary parts give the complex
statement. All steps use the same v and the same preselected subsequence, so they apply to every
coordinate in a finite normal frame simultaneously. O

5.3 Affine rigidity under the weighted tail bound

We now prove the analytic rigidity statement needed for the limiting heights. Its tail hypothesis
allows linear growth. Write S(R™) for the complex Schwartz space, with its usual seminorms given
by weighted suprema of derivatives. On general Schwartz tests, the same operator is given by

1/ gl@+h)+g(x—h)—2g9()
2 Jgn ||t

Lg(x) = dh. (5.17)

The integral is absolutely convergent: the second difference is O(|h|?) near zero and is bounded
for large h. The value assigned to the integrand at h = 0 has no effect.

Lemma 5.2 (Weighted affine rigidity). Let n > 1, and let v : R™ — R be measurable with
/Rn ()] (1 + )2 dz < oo, (5.18)
Suppose that, for every g € C°(R™;C) with [ g =0,
/" v(z)Lyg(z)dx = 0. (5.19)

Then there are b € R and a real linear functional £ : R™ — R such that v(z) = b+ {(x) almost
everywhere. If v is also essentially bounded, then £ = 0.
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Proof. We first justify the extension of the test class in (5.19). We will then compute the positive
Fourier multiplier away from zero, deduce that the height is a polynomial, and use the weighted
tail bound to exclude degrees at least two. For a Schwartz function g put

plg) = sup (L+[y)"(lg(y)| + I1D?g()ll).  Mi(g) =/ lyllg(y)| dy.
yEeR” R

Here D?g is the second real derivative, with its operator norm. The quantity p is a continuous
Schwartz seminorm, and M (g) < Cpnp(g), since [ |y|(1+ |y|)™" 3 dy < co. We claim that

L9(@)] < Cuplg) L+ Ja) "2 it [g=0. (520)

Splitting the increment integral at radius one gives |Lg(z)| < C,p(g) for every z. For the spatial
decay take r = |z| > 2 and R = r/2. If |h| < R, the segments from x to z + h stay outside
B(0,7/2). Taylor’s formula therefore bounds the near part of (5.17) in absolute value by

Copla)r ™= [ I dh < gy

For the far part let E, = {y : |z — y| > R} and k(z) = |2|™"!. Translation and reflection give
exactly

o(x) /hl>Rk<h> ah— [ (= v)a(w) dy.

These integrals are separately absolutely convergent. The first term is bounded by C,|g(z)|/r.
Using the mean-zero condition in the second term gives the identity

k(z —y)g(y) dy = / (k(z —y) — k(z))g(y) dy — k(ﬂf)/ g9(y) dy. (5.21)

E. Eq &

On |y| < r/2, the mean value theorem gives
[k(x —y) — k(@) < Calylr™ 2

On E, N {|y| > r/2}, the kernel difference is bounded by C,r~"~1, whereas
2
/ l9(y)l dy < —M(g).
ly|>r/2 r

Finally ES C {|y| > r/2}, so the last term in (5.21) has the same bound C,,r~""2M;(g). This
includes the correction for the omitted ball around z. The near and far estimates prove (5.20).

It follows from (5.18) and (5.20) that vLg is integrable for every mean-zero Schwartz function,
and

[ v9| < Cuplo) [ 1o@)I(1 + Jal) "2 (5.22)

Choose x, p € C2°(R™) with x = 1 near zero and [ p = 1. For a mean-zero Schwartz function g set
g5(@) = x(e/d)g(a) ~ ( [ x(w/i)at) dy) ple).

Each g; is compactly supported and has mean zero. The product rule and rapid decrease show

x(:/7)g — ¢ in every Schwartz seminorm; also [ x(y/j)g(y)dy — [g = 0. Thus g; — g in
Schwartz space. Applying (5.22) to g; — g extends (5.19) to every mean-zero g € S(R").
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We next compute the Fourier multiplier needed for localization away from zero. Use the
convention

9O = [ emg@yda, Flgl) = [ gl de.

n

an(€) = /n 1 — cos(2m¢ - h) dh.

|h’n+1

Define

This is an absolutely convergent nonnegative integral: quadratic cancellation controls the origin,
and boundedness of 1 — cos controls infinity. If & # 0, the numerator equals 2 at h = £/(2/¢|?)
and is positive on a neighborhood of that point. Consequently a,(§) > 0. Orthogonal changes of
variables show that a,, is radial, and the substitution u = th gives a,(t§) = ta,(§) for t > 0. Hence

an(f) = Cn’5‘7 Cn = an(el) > 0. (5.23)

For g € S(R™) the full absolute integral required to interchange frequency and increments is
finite:

1-— 27€ - h
L L e e anas = e, [ 16llo(@) de < .

Fubini’s theorem and the second difference of the exponential therefore give, pointwise in x,
LF @) = [ e elg(e) de. (5.24)

The factor —2 in that second difference cancels the factor —1/2 in (5.17).
The weighted hypothesis implies v € Li- = and defines a tempered distribution

loc

T.g) = [ v@)a(@) da.

Indeed this integral is bounded by sup, (1 + |z])""2|g(z)| times the integral in (5.18). All distri-
butional pairings here are complex bilinear, without complex conjugation. Let S = F~1T},, so
S(g) = To(Ftg). Take v € C°(R™\ {0}). The function g(&) = (€)/|¢], extended by zero near
the origin, is smooth and compactly supported. Its inverse Fourier transform is Schwartz and has
integral ¢(0) = 0. The extended weak equation and (5.24) give

0=T,(L(F'q) = cnTp(F 1) = caS(¥).

Thus S is supported at the origin.
For completeness we prove the point-support consequence; compare [7, Theorem 2.3.4]. Conti-
nuity of S on Schwartz space supplies N € N and C < oo such that

1S(9)l <C Y sup(l+ [2])|0%g(x)]. (5.25)

loj<N

A Schwartz function vanishing near zero is annihilated by S: multiply it by expanding compact
cutoffs, use the support property, and pass to the Schwartz limit. Consequently S has the same
value on two Schwartz functions agreeing near zero.

Suppose now that 9%¢(0) = 0 for every |a| < N. Choose n € C2°(B(0,2)) equal to one near
zero and put n-(z) = n(x/e). For 0 < e < 1/2, Taylor’s formula and the product rule give

sup(1 + |o]) V0% (neg) (2)] < Coe™ T < Cpe (ol < N).
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To see the power, a derivative of order j falling on the cutoff costs e/, while the remaining
derivative of g, of order |a| — 7, is O(eN*+1=lal+3) on its support. Since S(g) = S(n.g), letting £ | 0
in (5.25) proves S(g) = 0.
It follows that S depends only on the derivatives through order N at zero. More explicitly,
subtract from ¢ the function
(@)

lo|<N

9%9(0)

o
ol ’

The remainder has vanishing jet through order N at zero, and therefore there are constants ¢, € C
such that

S(g) = Z Caaag(o)'

la|<N

Using T, (g) = S(g) and differentiating the Fourier integral of a Schwartz function at zero gives

T,(g9) = - P(x)g(x) dx, P(x) = Z Co(—2mizx)”.
la|<N

Every polynomially weighted Schwartz function is integrable, so the finite sum and these integrals
may be interchanged. Since v is locally integrable, equality on compact smooth tests implies v = P
almost everywhere.

Finally, (5.18) implies

/ |P(x)] |z| "2 da < o0.
|z[>1

If P had degree k > 2, its nonzero leading homogeneous part would have absolute value bounded
below on a nonempty open subset of the unit sphere. On the corresponding cone and for all
sufficiently large r, |P(rf)| > cr¥. The last integral would then dominate a positive constant times

> k-3
/r_dr,
Ro

which diverges for k > 2. (For n = 1, one uses either of the two rays.) Hence P has degree at
most one. Taking real parts gives v = b 4 ¢ almost everywhere. If |v| < M almost everywhere,
continuity gives |b+ £(z)| < M for every x, since any open set violating this bound would have
positive measure. Evaluating along rays shows ¢ = 0. 0

The same conclusion holds if the compact weak equation is initially known only for real mean-
zero tests: apply it separately to the real and imaginary parts, using the absolute integrability
proved above.

6 Relative excess improvement at every scale

The preceding section identifies the limiting normal heights as affine functions. We now turn
that information into approximating planes. Two details matter: the heights are integrated
against changing measures, and their normal coordinates belong to changing orthogonal frames.
Polarization first gives strong convergence to fixed affine representatives. An explicit graph
construction then gives planes with vanishing normalized excess. A contradiction argument makes
this conclusion uniform in the measure, center, and scale.
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Throughout this section, fix integers 1 < n < d and constants ¢,G > 0 and Dy > 0. We
consider Radon measures o satisfying

o(B(z,s)) < Gs" (x eRY s> 0), (6.1)
o(B(x,s)) > cs" (z € suppo, 0 < s < diam(suppo)),
| Ronfll2e) < Dollfll 22 (n>0, f€L0)).

The last condition includes existence of the indicated L? output. All truncations and pairings are
those defined in Section 1. The lower bound in (6.2) is required only at admissible radii; the upper
bound in (6.1) holds at every radius.

6.1 Polarization under changing measures

The first lemma records exactly how the moment convergence from Lemma 4.2 becomes strong
convergence. It uses an actual Lipschitz function as its target.

Lemma 6.1 (Polarization on a bounded region). Let p1; and v be finite measures on R?, all
concentrated on one bounded set, and suppose that p; converges weakly to v. Let w; € Lz(uj) and
f € L*(v). Suppose that

/w]z dp; — /f2 dv (6.4)

and, for every compactly supported Lipschitz function 1,
/ij dpj — /f¢ dv. (6.5)
Ifv: R4 —= R is globally Lipschitz and f = v almost everywhere for v, then
/|wj —v[*dp; — 0.
Proof. Choose a compactly supported Lipschitz cutoff equal to one on a ball containing the

common bounded set. Its product with v is a compactly supported Lipschitz function v agreeing
with v on that set. Equation (6.5), with ¢ = v, gives

/wjvd,uj—>/fvd1/:/f2d1/.

Weak convergence tested against the bounded continuous function o2 gives

/’UQd,U,j—>/’U2dI/:/f2dl/.

The restrictions of v belong to the respective L? spaces because they are bounded on the common
set. Thus all terms in the identity

/\wj—v|2duj:/w]zduj—Q/wjvd,uj—l—/de,uj

are integrable. Their limits prove the assertion. O
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Let L : R® — R? be the isometry onto the limiting plane. Use the regions €, of (4.25), with
coordinate map L*. Each fixed ball lies in some €),,,. Lemma 4.2 supplies weak convergence of the
finite restrictions and convergence of their signed and squared moments.

An intrinsic affine function ¢t — b+ Mt on L(R™) has the globally Lipschitz representative

v(z) =b+ ML*z. (6.6)

Thus Lemma 6.1 applies after affine rigidity. No representative of an arbitrary limiting L? class is
evaluated against a different measure.

6.2 Normal coordinates and tilted planes

Write gqo = d —n. Let a; € R?, and let L;:R" — R? and N; : R® — R? be linear isometries
forming a complete orthogonal splitting:

LiN; =0, L;iL; + NjN; = Iga. (6.7)
For positive numbers ¢;, define the normalized normal height and the tangent projection by
wji(zr) = 5]71]\7;»‘(:13 — aj), Pjx = aj + L;L;(z — a;). (6.8)

Lemma 6.2 (Affine heights produce affine planes). Let p1; be measures, let the frames satisfy
(6.7), and suppose that 0; > 0 tends to zero. Assume

sup/ Jw;]|? dp; < oo
J

and that, for one fized affine map v(z) = b+ Bz from R? to R®, each function |w; — v||? is
integrable and

[ s = vl duy — 0.

Then there are affine n-planes S; such that

dist(z, S}) 2
T - o
j

Every integral in this conclusion is finite. No convergence of the normal frames Nj is required.

Proof. The orthogonal decomposition gives
r—aj = LiLj(x — aj) + 0jNjwj(x),  |o— Pjx| = djllw;()]]. (6.10)

Since v has Lipschitz constant at most || B||,
[ 10@) = oB@ dg(a) < 1818 [l duay — 0. (6:11)

This estimate also proves integrability of the left side. The inequality ||u + z||? < 2|Ju||® + 2|2
now yields

[ hes(@) = o(B)| diy() — 0. (612
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Set ¢; = b+ Baj, A;- = BLj, and define
Si = {aj + Ljt + §;Nj(c; + Ajt) : t € R"}. (6.13)
Its direction is the range of L; + §;N;A}. By (6.7),
L;(LJ + (SJNJA;) = IRn.

The parametrizing linear map is therefore injective. Its range has dimension n, and (6.13) is a
nonempty affine n-plane. This conclusion needs no bound on its slope.

For a given x, choose t = L¥(z — a;) in (6.13). Since v(P;x) = ¢; + Alt, (6.10) gives

dist(z, S})

5 < Jlwj(z) = v(Pjz)].

The squared left side is measurable and dominated by an integrable function. Integrating and
using (6.12) proves (6.9). O

Lemma 4.2 treats the finite family of normal coordinates on one common subsequence. Propo-
sition 5.1 and Lemma 5.2 identify those same limiting functions without further extraction.

6.3 The sequential improvement

Proposition 6.3 (Vanishing normalized excess). Fiz 0 <y < 1/2. Let u; satisfy (6.1)~(6.3) with
the same constants, and suppose that 0 € supp pj. Let 0; > 0 and K; € N satisfy

6 =0, Kj—oo, 5270, 5727 0 (6.14)
Assume that 255 < diam(supp p;) and
eu; (0,2 <627 (0< L < K)). (6.15)

Put A; = 82Ki. Suppose, for every compactly supported 1-Lipschitz scalar function o with
supp ¢ C B(0,4;) and [ pdu; =0, that

Ry ()] < 63 (6.16)

There is one subsequence along which, for every fized r > 0,

€u; (0,7)

s 0, by (0,r) —0. (6.17)
J

Proof. Admissibility of the growing horizons implies diam(supp pj) — oco. Lemma 3.1 and
Proposition 3.4, applied to (6.15), give, after discarding finitely many indices and passing to a
subsequence, a full constant-density plane limit

s 4V:q;‘—[n‘[/(]Rn)a q>07

where L is a linear isometry. They also give approximate fitting planes S; = a; + L;(R"), with
a; — 0 and L; — L, and fixed-plane moment bounds

/ dist(x, 5) dpj(2) < CLF)HN (0<L<K). (6.18)
B(0,2¢)
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The constant C is independent of j and ¢. The fitting planes are approximate minimizers; no
existence of an exact minimizer is used.
Choose complementary normal isometries N; so that (6.7) holds. For ¢ =1,...,qo, write

uji(x) = (Njei,x —aj),  wji(x) =6; 'uji(x),

where (e;) is the standard orthonormal basis of R%. The identity >, u;;(z)? = dist(z, S;)? supplies
the normal-coordinate moment bounds required by Lemma 4.1. That lemma and Lemma 4.2, with
a common subsequence as described above, give measurable limiting heights f; on the limiting
plane. On every region €),,, they satisfy

/ wi; dpy — / fEdv, (6.19)
Qm 1975
[ wiavdn;— [ fav (6.20)
Qm Qm

for every compactly supported Lipschitz 1. All these statements concern the same heights and
the same subsequence.

Proposition 5.1 gives the mean-zero fractional equation and the weighted tail integrability of
each f;. Lemma 5.2 therefore gives a scalar b; and a linear functional M; on R™ such that

fi(Lt) = b; + M;t  for almost every t € R".

Use the ambient affine representative v;(z) = b; + M;L*z. Applying Lemma 6.1 to the finite
restrictions on €, yields

/Q |wj72- — Ui|2 d/jj — 0.

Assemble v = (vy,...,vq,) = b+ Bz. The Euclidean squared norm is the sum of the squared

coordinates, so

|ty =l =0, sup [ w2 dp; < ox. (6.21)
J

m m

Integrability of each coordinate square justifies the finite summation.

Fix » > 0 and choose m with B(0,r) C Q,,. The integrands in (6.21) are nonnegative.
Restricting them to B(0, ) preserves the uniform bound and the zero limit. In particular, this step
requires no assertion about mass on the sphere 9B(0, 7). Lemma 6.2, applied to the restrictions
on this ball, supplies affine n-planes S’ with

dist(z, S}) 2
/ —20 ) dp(x) — 0.
B(0,r) 0;

By the definition of the excess,

2 . 2
, dist(z, S’
0< M < T—”—Q/ M duj(ﬂ?).
0; B(0,r) 0;

This proves the first limit in (6.17) for every fixed r, without another extraction.

Proposition 3.4 also gives bilateral convergence of the supports to L(R™) on every bounded
ball. This convergence persists on the subsequence used for the height limits. For every fixed
r > 0, both directed deviations in the definition of b, (0,7) therefore tend to zero when evaluated
at the plane L(R"). Their sum divided by 7 bounds b, (0,7) from above, which proves the second
limit in (6.17). O
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6.4 Uniform propagation at every admissible scale

The next theorem is the input used in the cell-packing argument. The normalization of its tests
agrees with that of W;(Q) after replacing the cell scale by r.

Theorem 6.4 (Uniform excess propagation). Fiz 1 <n <d, ¢G>0, Dy >0,0<vy<1/2, and
€ > 0. For every integer Jy > 0, there is an integer J > Jy, depending only on these fixed data,
with the following property. Set

§=277, K =2J+3, A =82k, (6.22)

Let p satisfy (6.1)—(6.3), let a € supp u, and let r > 0. Assume
2K < diam(supp p), (6.23)
eu(a,2'r) < 627° (0<l<K), (6.24)

and assume

[Ru(p)| < 8% (6.25)

for every compactly supported scalar function ¢ satisfying

Un(p) <, swppC Bl Ar,  [edu=o0

Then
eu(a,r/2) <6, bu(a,r/2) <e. (6.26)
Equivalently, the oscillation hypothesis can be stated with Lip(¢) < 1 and threshold §3r™t*. The

constants J,0, K, A are chosen before the measure, center, and radius. The test radius Ar need not
be admissible.

Proof. We first work at center zero and scale one. If the assertion failed, then for each j > 0 we
could choose a measure p; satisfying the hypotheses at the index j + Jy, for which at least one
conclusion in (6.26) fails. Thus, with

§; =270t K =204+ Jo) +3,  A; =825,
we would have either e, (0,1/2) > d; or b,,(0,1/2) > ¢ at every index. The constants in the
growth and operator hypotheses remain ¢, G, Dy for this entire sequence. Moreover,
5].2719' =237 9-(=2MG+h) __, o
o7 127 =27 Ut)=8 g,
Thus every hypothesis of Proposition 6.3 holds. On its common subsequence, the excess divided
by d; is eventually less than one and the bilateral beta number is eventually less than e. This
contradicts the selected failure of their conjunction. We have obtained one J > Jy that works for

every source measure at center zero and scale one.
Fix this J. For arbitrary u,a,r in the statement, define the normalized measure

r—a

o= Lar)pps Tarla) =

The upper and admissible lower growth constants are unchanged, the origin belongs to its support,
and 2% < diam(supp o). The conjugation of hard truncations under T}, preserves the bound Dy;
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the truncation parameter n for o corresponds exactly to rn for p. Transporting all affine n-planes
by this affine bijection gives

es(0,5) =eyu(a,rs), bs(0,s) = by(a,rs). (6.27)

For the first equality, the squared distance contributes r~2, the measure contributes r~", and the
normalizing radius contributes s~2; the result is exactly the expression normalized by (rs)"*2.
The second equality follows directly by scaling both directed distances and the radius by 7.

If ¢ is a compactly supported 1-Lipschitz test in B(0, A) with zero o-mean, then p(z) =
¥(Tyrx) has Lipschitz constant at most 1, is supported in B(a, Ar), and has zero p-mean. The
homogeneity of the kernel, applied to the renormalized pairing of Lemma 1.5, gives

Ro () = 7" Ru(p)-

Hence (6.25) supplies the normalized bound |R,(¢)| < §2. The scale-one assertion applies to o,
and (6.27) gives (6.26) for p. Finally, multiplying or dividing a test by r proves the equivalence of
the two oscillation normalizations. O

We henceforth fix 4y = 1/4. The smallness parameter in Theorem 6.4 can be made smaller than
any prescribed positive constant by increasing Jy before choosing J. The conclusion is simultaneous
in excess and bilateral flatness; there is no need to reconcile separately selected thresholds.

7 Packing failures and the Lipschitz-image conclusion

We now combine the two exceptional-family estimates with excess propagation. A flat descendant
starts the propagation; a later failure of bilateral flatness forces an oscillatory ancestor. The finite
counting argument below converts this implication into a Carleson estimate without requiring
selected flat descendants to be disjoint.

Throughout this section, u satisfies the hypotheses of Theorem 1.3, E = supp p has positive
diameter, and D is the lattice of Proposition 1.8. Write D(R) = {Q € D : @ C R} and let k(Q)
be the generation of @, so that £(Q) = 27%@). Fix

H2>4Co+1),  Bu(Q)=bu(zq. H{(Q)).

All constants below are uniform in the support center and scale. Their permitted dependencies
are d,n,Cap, Cr and the explicitly chosen apertures and error thresholds.

7.1 A finite seed-counting lemma

The next lemma concerns only a nested measurable partition. Its role is to count parents by the
mass of one selected descendant of each parent.

Lemma 7.1 (Finite seed charging). Let R € D and let F be a finite family of subcubes of R. For
each Q € F, choose a cube S(Q) C Q such that, for fited N € N and M > 1,

EQ) <k(S(Q) k@) +N,  w@Q) <Mp(S(Q)).
Let O C D(R) satisfy Y pco i(T) < Kp(R). Suppose that whenever Q, Q" € F satisfy

k(S(Q)) <k(@), @ cSQ),
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there is a cube T € O with
k(S(Q)) <k(T) < k@), QCT.

Then

S (@) < M(N +1)(1+ K)u(R).
QEF

Proof. For every eligible ordered pair (Q, @’), choose one such T, and let Oy be the resulting finite
set. Make these choices before fixing a point. Outside the common null set of lattice boundaries,
fix x € R and list the parents whose seeds contain z in increasing order of generation. Their
generations are distinct, because their parents also contain x.

Starting with the first parent @1, group together every listed parent of generation at most
k(S(Q1)). This group has at most N 4+ 1 members. If another parent remains, let Q2 be the first
one. Nesting gives Q2 C S(Q1), so the chosen charge for (Q1,Q2) contains = and has generation
in [k(S(Q1)),k(Q2)). Repeat this procedure. The intervals supplying successive charges are
disjoint: the next interval starts at k(S(Q2)) > k(Q2). Thus the number of groups is at most

1+ > 7reco, 17(7), and

QeF TeOp

Integrating this finite inequality and using the two mass bounds proves the result. In particular,
overlapping seeds and arbitrarily long gaps between selected generations cause no difficulty. [

7.2 Propagation along a cube chain
Proposition 7.2 (Bilateral flatness has Carleson failures). For each H > 4(Cyp+ 1) and € > 0,

there is a constant Cp . < 00, depending only on d,n,Cap,CRr, H, e, such that

> @) <Cu-u(R)  (ReD).
QCR
B (Q)>e

Proof. We first fix all numerical parameters. Apply Theorem 6.4 with v = 1/4 and output tolerance
€. Write its resulting constants as

§ =277, K, =2j, +3, A, =828
Choose

ceH SH 53
S92 L S AHA42C+1, _——
1 zm} ot '3

Here G < 99Cap is supplied by Lemma 1.4. Proposition 2.2 shows that

Ap > H25 1200 +1, O<a<min{

O={TeD:W;,(T)>vl(T)"}

is Carleson; denote its constant by C,. Proposition 2.3, with aperture A¢ and tolerance a/(2A4s),
supplies a Carleson family C, a fixed depth N, and, for every @ ¢ C, a descendant S(Q) C @ at

depth at most N with
«

bu(zs(q), Arl(S(Q))) < A,
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A near-minimizing plane Lg consequently satisfies both directed bounds

sup dist(, Lg) < ol(S), sup dist(+, E) < al(S). (7.1)
ENB(zg,4¢0(5)) LsNB(zs,A:£(S))

The lattice mass bounds give a uniform M > 1 such that
wQ) < Mu(S(Q), M < CO(d.n,Cap)2™". (7.2)

Before iterating propagation, we ensure its admissible horizon. The required condition is
2K[0(S) < Dp. If Dp < oo, restrict for now to parents satisfying £(Q) < Dg/B., where
B, = H2%+. Every selected seed then satisfies the condition, as do all later radii in its chain. If
Dpg = o0, there is no cutoff. This restriction costs only finitely many generations: the largest
lattice scale lies in [Dg,2Dp), so there are at most 2 + [logy B, | omitted generations. At each
generation, subcubes of a given R are disjoint and have total mass at most p(R). We will restore
all omitted cubes at this fixed Carleson cost.

We prove the implication needed by Lemma 7.1. Let S be one of these flat seeds and let Q' C S
be a proper descendant, with m = k(Q') — k(S) > 0. Suppose that every proper ancestor of @’
between S and Q' lies outside O. We claim that g (Q’) < e.

Keep the center a = zg fixed throughout the argument. Let T; be the ancestor of Q' of
generation k(S) + j, and set

r;=H2790(S) = H(T;), 0<j<m.

The center belongs to the closure of every Tj, so [a — z7;| < 2Col(T}). In particular, B(a, 28rg) C
B(zg, A¢l(S)). The first bound in (7.1) and global upper growth give, for 0 < i < K,

VG al(S)

2'rg

A

eu(a,2'rg) < < §2/4, (7.3)

For j < m, a compactly supported mean-zero test ¢ with Lip ¢ < 7“]71 and supp ¢ C B(a, A.rj)

is admissible in the definition of Wy, (T}): its support lies in the required enlarged ball, and
rj > £(Tj). Therefore

Ru(p)| < 0b(Ty)" < 6°r. (7.4)

We may now iterate Theorem 6.4 at the radii rg,71,...,7n_1. To check the complete horizon at
the jth step, observe that

i _ ) im0 1< 7,
J i—j . .
2" g, 1> .

In the first case the preceding induction gives excess at most J; in the second, (7.3) gives at most
§20=3)/4 < §2¢/4, Thus all horizon inequalities hold at every step. Together with (7.4), they prove

eu(a,r;) <6 (0<j7<m), bula,rj) <e (1<j<m).

Since 7, = HU(Q'), the claim follows. Notice that no test at the terminal cube @’ was used.

Fix R € D. Take any finite family F of remaining subcubes of R with S (Q) > €, and remove
the members of C. For each remaining parent use the seed selected above. If Q' C S(Q) and
k(Q") > k(S(Q)), then the just-proved implication, applied contrapositively, supplies T € O with

S@>T>Q,  k(S(Q) <k(T) <kQ).
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Lemma 7.1 and (7.2) give

> (@) < M(N +1)(1+ Cou(R).
QEF\C

Add the Carleson bound for C and the finite coarse-generation cost. Taking the supremum over
finite families proves the asserted countable sum. Every parameter was fixed before R or any seed
was chosen. O

7.3 From dyadic packing to the bilateral weak geometric lemma

We spell out the passage to the intrinsic ball condition, so the final geometric theorem does not
depend on a choice of lattice. First, b, is Borel on E x (0,00). Indeed, the two unnormalized
directed deviations on an open ball are jointly lower semicontinuous in its center, radius, and affine
plane. Points strictly inside a ball persist under small perturbations, and points of a limiting plane
can be approximated by points of the varying planes. Along a convergent sequence of centers
and positive radii, near-minimizing planes with bounded error have bounded offsets: the center
belongs to E and its distance to the plane is one of the first directed deviations. Compactness of
the Grassmannian then supplies a convergent plane subsequence. The two lower-semicontinuity
inequalities show that their infimum b, is lower semicontinuous as well.

Fixe > 0,a € F, and 0 < R < Dg. Choose a lattice scale s with R < s < 2R, and put
s; = 277s. For almost every z, let Q;(x) be its cube of side scale s;. Whenever s;/2 < t < s;,

Blw,t) C Blagy Hsj)r bulet) < 70 5y (Qy(x) < 2H B3 (Qs(a)).

Both inequalities follow directly from the two directed deviations; the same plane is used before
taking the infimum. Integrating over the dyadic scale intervals and then over E N B(a, R) yields

/ / " & )
[ i DGR Bl

< (log2) > w(Q).

Q at scale s;, >0
QNB(a,R)#2
Br(Q)>e/(2H)

Group these cubes by their scale-s ancestors P. Such a P meets B(a, R) and is contained in
B(a, (14 4Cy)R). Applying Proposition 7.2 to each P, then summing their disjoint masses and
using global growth, proves

R dt
Ly (op1oct = dpu(z) < C.R™. 7.5
/EmB(a,R) /o {bu(zt)>e} 7 uiw) : (7.5)

This is the bilateral weak geometric lemma: for every positive flatness threshold, its failures occupy
a Carleson set of positions and scales.
7.4 The geometric criterion and the ball-map conclusion

For clarity, we recall the measure comparison used to apply the geometric criterion. AD regularity
with Dg > 0 gives
cH'"E < up < CH"[E, (7.6)
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with positive finite constants depending only on the AD data and the Hausdorff-measure normal-
ization. Here is a direct justification. Cover a subset of E by sets of arbitrarily small diameter,
recenter each nonempty set at a point of F, and use the upper ball bound. Infimizing the cover
sums proves the upper inequality. For the reverse inequality, let /' C E be bounded and Borel,
and let U be an open set containing F'. Cover F' by support-centered balls contained in U, of radii
less than both Dg/10 and an arbitrarily small prescribed number. The 57 covering lemma selects
disjoint balls B; whose fivefold dilates cover F. The lower AD bound gives

HI(F) < Co 317 < CuCap 3. 1(By) < CuCapp(U),

Here H;) denotes Hausdorff content using covers of diameter less than 7, with the same normalization
as ‘H"™; the chosen radii make all fivefold diameters less than 7. Let n | 0, use outer regularity,
and then exhaust unbounded sets by bounded sets. This proves (7.6). In particular F is an
n-AD-regular set for H™. Write by for the bilateral coefficient of Definition 1.7 with support set
E, so that by = b,. Replacing dp by dH™ in (7.5) changes only its constant.

Theorem 7.3 (David-Semmes bilateral criterion). Let E C R? be closed, of positive diameter,
and n-AD regular with respect to H"™. Suppose that for every € > 0 there is Ce < oo such that

R dt
/ / i (e, >e) " dH"(z) < C.R" (a € F, 0 < R< diamFE).
ENB(a,R) Jo

Then E has big pieces of uniformly Lipschitz images: there are 6y > 0 and L < oo such that for
every a € E and 0 < r < diam E there is an L-Lipschitz map f : B*(0,7) — RY for which

H"(E N B(a,r)N f(B"(0,7))) > Oor".

The constants depend only on the dimensions, AD constants, and the constants in the bilateral
weak geometric lemma.

This is the Euclidean David-Semmes criterion [4, Chapter II1.2]; see also [14, Theorem 2.5]
for the all-scale formulation and [2, Theorem 1.0.4] for finite diameter. Appendix A verifies the
finite-diameter, open-ball and positive-mass conventions needed for this formulation.

Proof of Theorem 1.3. If E is empty or a singleton, there is no positive admissible radius, and the
asserted ball-map conclusion is vacuous. Otherwise Proposition 7.2 gives (7.5) for every threshold.
The comparison (7.6) permits application of Theorem 7.3; its positive image-mass bound also
holds with p, after changing the positive constant.

For any a € F and 0 < r < Dg, apply this conclusion at /2 and write its map as f :
B"(0,7/2) — R%. The map

g:B"0,r) —RY g(u) = f(u/2),

has the same image and Lipschitz constant at most L/2. Since B(a,r/2) C B(a,r), it captures at
least cfp2~"r™ of the original measure in B(a,r). This also covers r = D when the diameter is
finite. All constants were chosen before a and r, and have only the dependencies asserted in the
theorem. Thus the uniform ball-map condition in Definition 1.2 holds. O
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8 Variation and principal values

The uniform-rectifiability conclusion also allows the forward estimates of Mas and Tolsa to be
applied under the individual hard-truncation bound (1.2). For a scalar or Euclidean-vector family
F = (F.)e>0 and p > 2, write

m—1 1/p
V(F)(z) = sup ( |F€j+l<x>—F€j<w>|ﬂ) .
0

m>1 j=
€o>>em>0

Thus the supremum is over all finite decreasing sequences of positive scales, with the Euclidean
norm for vector values. Let K : R\ {0} — R be an odd C? convolution kernel satisfying, for some
finite Cx > 0,

K(-2)=-K(2), [0°K(2)] < Cle| ™ (18] <2, 2 #0), (8.1)

and set

TR @) = [ K-y daly).

lz—y|>e

For the smooth family, fix one nondecreasing pr € C?([0,00);[0,00)) such that, for some finite
Cy, >0,
Lyoo) SPR < lpjace),  Luyza) < Colekl. (8.2)

Put ¢.(z) = ¢r(|2|?/c?) and

T (@) = [ K= y)oete — y)f o) duty),
where the cutoff kernel is defined to be zero on the diagonal.

Corollary 8.1 (Consequences of Mas—Tolsa). Let d > 4 and 2 <n < d — 2 be integers, and let
w be an n-Ahlfors-David regular Radon measure satisfying (1.2). Fiz p > 2 and a real odd C?
convolution kernel K satisfying (8.1). For every real f € L*(u),

IVo((TEH £)es0) 2y < Collf 2. (8.3)

The principal value
TERf(x) = 1i¢m0 TR f(x)
€.

exists finitely for p-almost every x, belongs to L*(p), and
||T€K=Mf - TK,MfHLQ(,u) —0 (5 4 O)

The vector Riesz family R, . f satisfies the analogous hard-variation bound and has an almost-
everywhere principal-value limit, with strong convergence in L?(u;RY). The exceptional null set
may depend on K and f. These are strong-convergence assertions on each input; no operator-norm
convergence is asserted.

For the fixed profile (8.2), every real f € LP(u) with 1 < p < oo satisfies

va((Tgéuf)e>0)HLp(u) < Cp”f”LP(p)- (8.4)
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For every real f € L'(u) and X > 0,

C
p{a V(TS Peso)@) > A} < Sl

The constants may depend on the dimensions, the fixed p, the kernel bounds, the uniform-rectifiability
data, and, for the smooth estimates, the chosen profile and p when relevant.

Proof. If D = 0, the support is empty or a singleton. All the truncated operators above vanish
u-almost everywhere, so the assertions are immediate. Suppose Dg > 0. Theorem 1.3 gives
uniform rectifiability, with constants 8, M and admissible radii when the support is bounded. For
unbounded support, the forward clauses (a) = (c) and (a) = (b) of Mas—Tolsa’s Theorem 2.3 give,
respectively, the hard L? and smooth L?/weak-(1,1) estimates; their Definition 2.1 is precisely
the fixed cutoff above, and their Theorem 1.3 includes the vector Riesz family [10]. Their range
1 < n < d contains the present one. We reduce bounded support to this unbounded setting.

Suppose D = Dp < oo, and fix a € FE. Since n < d, choose an affine n-plane P with
dist(a, P) = 4D, and set

oc=pu+H"]P.

For z € E, the diameter bound gives 3D < dist(z, P) < 5D. Thus FE and P are disjoint and
suppo = E'U P is unbounded. Lemma 1.4 and the Euclidean plane-volume bound give

o(B(z,7)) < (99CaAp +wp)r™ (2 € R, r>0),

where w,, is the volume of the unit ball in R™.

We verify lower growth and Lipschitz pieces at every support center and radius. For centers on
P, the plane supplies both properties at every radius. For z € E and r < D, use the corresponding
properties of u. If D < r < 12D, the ball B(x, D/2) lies in B(z,r) and has mass at least

Crb(D/2)" > Crp24~rm.

The uniform-rectifiability map at scale D/2 captures at least 6(D/2)™ > 624™"r" in the same
ball. Composing that map with uw +— Du/(2r) gives a map on Bgn(0,r) with the same image and
Lipschitz constant at most M. If » > 12D, the disk in P centered at mpx with radius r/2 lies in
B(z,r), since every point z of that disk satisfies

|z — x| < |z — wpx| + dist(x, P) < r/2+ 5D < 11r/12.

This disk has o-mass at least w,2~"r" and is the image of Bgn(0,7) under a 1/2-Lipschitz affine
map. These estimates prove that o is globally n-AD regular and uniformly n-rectifiable, with
constants controlled by the original dimensions, AD data, 6, and M.

For any input f in one of the stated LP(u) spaces, extend it by zero on P to obtain f.
Disjointness gives ”f”Lp(o-) = || fllzr(n)- For every positive truncation and every = € F,

T f(a) = TR f(a), TR fla) = T f ().

The vector Riesz truncations have the same identity. Apply the forward estimates to o and restrict
the output to E. Since o|g = u, the identities transfer both the strong bounds and the weak-(1,1)
bound to u, with the required constant dependence.

In either diameter regime, for a real f € L?(u), Lemma 1.4 and the size bound in (8.1) give

/ K= y)P duty) < 07
T—y|>e
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Consequently the displayed hard integrals converge absolutely for every x and tend to zero as
e — o0o. Approximate f in L? by compactly supported L' N L? inputs fj- The same kernel
estimate gives pointwise convergence of each positive truncation. Taking the supremum over finite
sequences gives

V(T2 F)es0) < liminf Vi((T54f;)es0)

so Fatou’s lemma transfers the cited variation bound to the actual integrals for f. For the smooth
formulas, the analogous exterior LP (1) kernel estimate, with p/ = p/(p — 1) > 1, and Holder’s
inequality give the same identification for L? inputs. For L! inputs the cutoff kernel is bounded at
each fixed positive scale.

Let V = V,((T5#f).~0). By (8.3), V is finite almost everywhere. Finite variation forces the
truncations to be Cauchy as ¢ | 0: otherwise a decreasing sequence with infinitely many jumps
bounded below would make V infinite. This proves existence of the finite principal value. The
definition gives |TIH f — T(;K’“f! <V for every ¢,6 > 0. Sending & | 0 gives |TSHf — TKHf| <V,
while sending § — oo gives |T/#f| < V. Thus the limit belongs to L?(u), and dominated
convergence with the majorant V2 € L!(u) proves strong L? convergence. The same argument
with Euclidean norms applies to the vector Riesz family. O

A Conventions for the bilateral criterion

We justify the precise version of Theorem 7.3, including positive image mass and bounded supports.
The argument first transfers our open-ball packing estimate to the metric coefficient used by Bate,
Hyde and Schul, and then turns one of their bi-Lipschitz pieces into a Lipschitz image of the full
parameter ball.

Proof of Theorem 7.3. The formulation of Bate, Hyde and Schul uses closed balls and maps defined
on all of R" [2, Theorem 1.0.4]. If by denotes its closed-ball bilateral coefficient, then

be(x,t) < 2bp(x,2t).

Indeed, both closed-ball suprema at radius ¢ are bounded by the open-ball suprema at radius 2t for
the same plane. For R < diam(F)/2, enlarging the spatial ball to B(a,2R) and substituting s = 2t
therefore transfers the Carleson hypothesis of Theorem 7.3 to closed balls. If D = diam(FE) < oo
and D/2 < R < D, cover E by a dimensionally bounded number of support-centered open
balls of radius D/8. On each enclosing radius-D/4 ball, the open-ball estimate controls the
transformed integral for ¢ < D/8. For the remaining D/8 < t < R, the integral is at most
(log8)H™(E) < CD™ < C2™R™. Thus the closed-ball criterion applies with controlled constants in
both diameter regimes. AD regularity has the same open/closed-ball equivalence, by doubling the
radius and using the total-mass bound when that doubled radius exceeds a finite diameter.

We next pass from Euclidean bilateral flatness to the metric coefficient used in that source’s
corona decomposition. Its coefficient £g(a,t) [2, Definition 3.1.3] minimizes, over maps from
E N B(a,t) to closed radius-t balls in n-dimensional normed spaces, the sum of two quantities: the
largest pairwise distance distortion divided by ¢, and the largest distance from a target-ball point
to the image divided by t. We claim

¢gp(a,t) < 36bg(a,2t).

Choose an almost-fitting affine plane L whose summed directed error at radius 2t is at most 2At,
with 0 < A < 1/12. Orthogonal projection, followed by translation, gives f(z) = wp(x) — 7z (a) in
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the Euclidean closed radius-¢ ball in the direction of L. Its distance distortion is at most 4\t. For
a target vector v with |v| < ¢, the point y = 7 (a) + (1 — 6\)v satisfies |y — a| < (1 —4\)t. The
bilateral estimate supplies z € E with |z — y| < 2X\¢, so 2z € B(a,t) and |f(z) — v| < 8\t. Thus
¢p(a,t) < 12)\. Letting A decrease to the infimum proves the claim when that infimum is below
1/12. Otherwise the constant map gives £g(a,t) < 3 < 36bg(a,2t). The same doubling of scales
and finite-diameter coarse-scale bound proved above now transfer the Carleson estimate to &g.
By [2, Theorem B, implication (3) = (5)], E therefore has the corona decomposition by normed
spaces required in that source’s positive-mass construction, with controlled constants.

This corona decomposition supplies the bi-Lipschitz pieces in [2, Proposition 9.0.2 and
Lemma 9.0.4]. Choosing the omitted mass below half the lower AD bound gives a piece
F C En B(a,s) with H*(F) > ¢s” > 0 and a uniformly K-bi-Lipschitz map ¢ : F — R™.
To see directly that a full parameter-ball image suffices, fix p € F and put V = (¢(F) —é(p))/(4K).
Then V C B™(0,s), and h(u) = ¢ 1 (4Ku+ ¢(p)) on V is 4K>-Lipschitz. Coordinatewise Lipschitz
extension gives a map on all of R” with constant at most 4v/dK? and image containing F. Choose
the preceding bi-Lipschitz piece at s = r/2 and restrict this map to the open ball B"(0,7). Its
image contains F, while B(a,r/2) C B(a,r); the mass bound loses only the factor 27™. This
proves precisely the open-ball formulation of Theorem 7.3. O
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