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Abstract

We prove that the Thorp shuffle on N = 2¢ labeled cards has full-permutation total-
variation mixing time O(log N) in physical shuffles. An absolute number of coordinate
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1 Introduction

A coordinate sweep of the Thorp shuffle acts on N = 2¢ labeled cards. It scans the d binary
coordinates in order and, in each direction, independently swaps or leaves unchanged the two
cards on every parallel edge. A single card is uniform after a sweep. The full permutation
retains dependence because the cards have used the same switches. We prove that an absolute
number of sweeps suffices to mix the full permutation. Since a sweep consists of d physical
shuffles, this gives the optimal order ©(log N) in physical shuffle time.

The Thorp shuffle arose in a study of nonrandom shuffling and advantageous play in Faro
[22]. For N = 2¢, Morris proved an O(d**) bound using evolving sets [14]; Montenegro and
Tetali sharpened the spectral-profile and evolving-set analysis to O(d?®) [13, Section 6.4].
Morris then used entropy contraction to obtain O((log N)*) mixing for every even deck size
[15], followed by an O(d®) bound for dyadic decks [16]. These estimates concern the full
permutation and count individual physical shuffles; one coordinate sweep comprises d such
steps.

The O(d®) full-deck benchmark is also recorded in the November 2025 account of Alekseev
et al. [1, Section 1]. Faster bounds for observing a fixed fraction of the cards, such as
the O((log N)?) bound of Czumaj and Vocking [7], concern a different projection of the
permutation law. Here we obtain the order O(d) for the full permutation on a dyadic deck,
together with quantitative row—column representation estimates. The support bound in
Proposition 8.1 gives the matching lower order.

To see the geometric issue, split the coordinates into two consecutive groups. The
positions become a rectangular board. The first part of the sweep acts within rows, and the
second within columns; each part consists of independent smaller sweeps. This suggests an
induction on the number of coordinates. Its obstacle is that the row and column symmetry
decompositions differ, and their projections generally do not commute. We estimate how
much of a vector selected by one decomposition can survive selection by the other. Three
forms of this estimate lead to the same mixing conclusion while retaining different information
about the representation spaces.



1.1 The sweep and its moments

Positions are vectors x = (z1,...,24) € F4. A physical Thorp shuffle sends
(xlv u) — (u, 1+ gu)’

where the 2471 bits &, are independent and fair. Let ¢ denote the law of this shuffle. Removing
the deterministic cyclic rotation after each shuffle gives successive matching updates in the
d coordinate directions. After d updates the rotation is the identity. Thus one coordinate
sweep has exactly the law of d physical shuffles.

Permutations map initial positions to final positions, and gh applies h first. Let K4 = q;;d
denote the law of one sweep. On the complex unitary irreducible representation Vy of Sy,
indexed by a partition A - IV, put

Dy=dimVy, K4\ = > Kalg)pa(9).
geESN

A matching layer is an orthogonal projection, so Kj()) is a contraction. All traces are
ordinary, unnormalized traces, and [|A||b = Tr|A[P. The matrix K4(\) need not be normal.
On restriction to a subgroup, an irreducible type may occur several times. We call its repre-
sentation space the carrier and distinguish directions within it from the different multiplicity
copies.

Our first estimate attaches a positive weight to each Young diagram. When we pass from
the full board to its rows and columns, the difference between the diagram weights pays for
the cost of restoring deleted cells. The weights still retain a fixed power of representation
dimension. Their construction appears in Section 4.

Theorem 1.1 (Weighted sweep moments). There are positive weights Wy, an absolute finite
ps, and real exponents 2 < pg < ps such that, for every d > 1 and every \ - 24,

DY <Wy< Dy, WhllKa(\)|2e < 1. (1)

Consequently || Kq(\)lop < D;S/(4p*)_

The bounded exponent gives a dimension power uniformly over all diagrams and deck
sizes. It also yields a common unweighted moment: for an absolute ¢ < oo,

Dy[Ka(M[ < 1. (2)

Indeed, at p = pq the theorem gives || Kq(A)[[5, < Wy ! and hence

Dy Ka(N)[l75 < Dawy P < 1.

Since the matrices are contractions, ¢ = 4p,/3 works simultaneously. The later two routes
prove a bound of the form (2) directly. Their additional information lies in the intermediate
row—column estimates described below.

We use ||ju — vy = %Zg l(g) — v(g)|. Let tmix(d) be the least number of physical
shuffles for which the distance from the uniform full-deck law is at most 1/4, from every
starting deck.

Corollary 1.2 (Optimal order of mixing). There is an absolute constant C such that, for

every d > 1,
2 3N!
s | Stusld) <cd N =2

In particular tmix(d) = ©(d), and its lower bound is 2d — O(1).



The upper bound follows from finite-group Plancherel and Cauchy—Schwarz [8, Sections 2
and 3], applied to a fixed number of repeated forward sweeps. The lower bound counts
the possible permutations produced by the random switches. Both deductions are given in
Section 8.3, after the first moment proof.

1.2 From row—column overlap to a bounded exponent

The first route begins by choosing a subdiagram a C X\ inside an (h, h)-hook: no box of a
has both row and column index greater than h. If t = N — |a|, we let the symmetric group
on the N — t occupied cells of a board act through V,. Hook trimming and the choice of
weights control the cost of making this reduction. The representation V, occurs in a tensor
space with an hA-dimensional even part and an h-dimensional odd part. This hook realization
is classical in signed tensor representation theory [4]; we obtain the form needed here from
ordinary Schur—Weyl duality on the two parts and signed induction.

Theorem 5.1 bounds overlap on every occupied-cell pattern, summing over all orthogonal
copies of a fixed row type and column type. Its proof majorizes the subgroup projections by
positive mixtures of products of one-cell states. Normalizing by the average state on each side
reduces the product estimate to the entropy of a uniformly chosen occupied cell relative to
the product of its row and column marginals. This is where the geometry of the board enters:
the entropy cost is controlled by the number of deleted cells, regardless of their arrangement.
The entropy step is a finite form of the duality between product inequalities and entropy
subadditivity [6, Theorem 2.1 and (2.4)].

To return to V), choose a diagram b on the t deleted boxes such that V) occurs in the
representation induced from V, ® V;,. That induced representation has one copy of V, ® V,,
for each placement of the deleted cells. Restricting a row or column representation to the
stabilizer of a placement decomposes its carrier into tensor products of surviving and deleted
carrier spaces, with multiplicities. The resulting coefficient states can be entangled between
these carrier factors. Lemma 6.1 transfers the occupied-cell bound to such states. Positive
coefficient states have total trace one, so summing their contributions introduces no new
carrier-dimension count. The remaining placement entropy is paid by the difference between
the weight of A and the weights of its row and column types.

columns
A
% occupied cells: V,
deleted cells: V
X one placement: V, ® V,

>TOWS

X

Figure 1: A board with deleted cells, marked by crosses. The occupied-cell estimate applies to
every deletion pattern. Restoring the deleted cells assigns the representation V, ® V}, to each
placement; the weight comparison pays for summing over placements. The arrows indicate
row and column subgroup actions.

Weighted Schatten interpolation then transfers the projection bound to arbitrary matrices
in the row and column Fourier blocks. Its logarithmic error is independent of the Schatten
exponent. Applied to the two families of smaller sweeps, the bound increases the required
exponent by only a factor 1 4+ C/d. These factors have bounded product along successive
halvings of d. A direct forest estimate covers diagrams whose first row contains almost every



box; a strict norm gap in finitely many small dimensions starts the induction. This proves
Theorem 1.1 in Section 8.

1.3 Two further forms of the overlap estimate

Section 9 keeps track of the number of selected directions inside each row and column carrier,
while including every multiplicity copy. Its Schatten-8 bound has a cost controlled by the
number of boxes below the first row. A separate signed-tensor estimate has a cost controlled by
the number of boxes outside a small hook. The two bounds cover complementary shapes, and
a sparse estimate using short time windows completes another bounded-exponent induction.

Section 10 instead retains the deleted positions as an ordered list. Summing squared
coefficients over the initial, intermediate, and final hole lists gives the explicit restoration
factor e (le ), where [ is the number of holes. Its occupied-cell estimate resolves the row
and column projections by averaging over compact-group orbits of highest-weight vectors
[19, Section 2]. A minimum-norm argument matches their averaged one-cell densities to a
common density before the row—column comparison. This normalization is related to the
highest-weight capacity framework of Franks and Walter [10, Sections 2 and 4]; we prove
the required form locally to keep the loss from missing cells explicit. The overlap proof
and moment induction are given here. The sparse part uses the partial-deck density and
lower-diagram bounds of OpenAl [18, Theorem 6.1 and Proposition 6.3].

The companion Random-subspace tests and trace smoothing for coordinate sweeps [17]
develops related trace-smoothing estimates. For symmetric-group and tableau conventions we
follow Sagan [20], Stanley [21]; branching and content spectra are also developed by Vershik
and Okounkov [23]. We use ordinary Schur—Weyl duality in the form of Etingof et al. [9,
Theorem 4.57 and Corollary 4.59].

Section 2 fixes the common representation conventions. Part I constructs the weights,
proves the occupied-board and restoration bounds, and completes the first moment proof and
the mixing deduction. Part II develops the selected-rank frame estimates and their moment
induction. Part III proves the ordered-hole estimate and closes the coherent-state induction
using the cited partial-deck input.

2 Representations and subgroup projections

Throughout, logs used in estimates are natural logs. We write G, for the symmetric group of
degree L; spaces can equally well be indexed by sets of size L. Denote the representation
belonging to a partition A by V), and its dimension by D). We also write V},, D, for an
irreducible of a product group and its dimension. We take the group of degree 0 to be trivial,
and allow empty partitions where appropriate. All representations are taken unitary (over
C). The trace and Schatten norms on a single matrix space use unnormalized trace unless
otherwise indicated. We use || M||, = (Tr |M[P)!/? including operator norm at p = occ.
We use the following characteristic-zero facts and normalization conventions.

e We use tableau dimensions, the branching rule, and the hook-length formula for
symmetric groups [20, Theorems 2.6.5, 2.8.3, and 3.10.2]. Thus restriction to a symmetric
group of smaller degree has shapes given by box deletions. Transposition of a partition
corresponds to tensoring with the sign [11, Theorem 6.7], and induction from two factors
of a Young subgroup uses the Littlewood—Richardson coefficients [11, Theorem 16.4].

e We will also use ordinary Schur-Weyl duality on a complex tensor power, with the
unitary group action on the factors and permutations of slots [9, Theorem 4.57 and
Corollary 4.59]. For a local dimension h, the factors in the decomposition for tensor



degree [ are the polynomial unitary-group representation with highest weight v and V,,
for v 1 of length at most h. We use Schur characters in their semistandard-tableau
form [21, Definition 7.10.1]. In particular a positive operator acting identically in the
slots has, on type 7, largest eigenvalue given by the monomial of exponents v on its
eigenvalues sorted in decreasing order. This follows also by column strictness in the
tableaux and the presence of the highest weight. The statement for zero eigenvalues
can be taken by a limit.

o Given an irreducible p of a subgroup R and a matrix M on V), we can use a group
algebra element of R with matrix M there, and zero matrix on its other types, viewed
also in any larger group. Its coefficient at g € R is

D, ~1
R Tr (Mpu(9™)),

where p,, denotes the representation. We refer to the images of this element as ma-
trix actions supported on . For M the orthogonal projector onto a unit vector e,
denote such an image by P, ., specifying or taking as understood the ambient repre-
sentation. On restriction to R, this is an orthogonal projection using one direction
of the carrier and acting identically on the corresponding multiplicity space. A full
isotypic projection instead uses Iy, . We use the standard orthogonality and Plancherel
formulas. In particular the sum of squared absolute values of the above coefficients is
D, Tx(M*M)/|R|.

Write K4(\) for the Fourier matrix (expectation of the representing matrix) on Vy, A+ N,
N = 24, The length of any partition we need to consider with K4()\) # 0 is at most N/2: one
matching of switches already projects to invariants of a Young subgroup with N/2 parts of
size 2. The corresponding permutation module only has partitions of length at most N/2 (for
example, it occurs in an ordinary slot permutation tensor power with local dimension N/2).

Part 1
Weighted contraction

3 Dimensions away from a long first row

Write k = N — )\ for the number of boxes below the first row. The following dimension
estimate will be used in all three moment arguments.

Lemma 3.1. There is an absolute constant ¢ > 0 such that, for every N > 2 and every
partition N\ N, X # (N), with at most N/2 rows,

log Dy > ¢(N — A\1).

Proof. First take N sufficiently large. If both the width and the height are less than N/10,
every hook length is at most N/5, and the hook formula gives log D) > ¢N > ck. Otherwise
work in A or its transpose so the first row has size u > N/10. Let v = N — u be the number
of boxes outside that row. In the original orientation v = k; in the transposed orientation the
height assumption gives v > N/2. Retain that row and a subdiagram of size [ = min(v, |u/2])
below it. In either orientation [ > ¢k for an absolute ¢; > 0 and large N. By branching its
dimension is a lower bound for D). The hook formula bounds this dimension below by

u+ 1 ox (_ l )
l P u—I1l+1)"
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Indeed the lower diagram has dimension at least one, its width is at most [, and its column
heights sum to [, so the logarithm of the extra top-row hook factor is at most [/(u — [ + 1).
Since | < u/2, the displayed lower bound has logarithm at least (log3 — 1)l > cok. This
proves the claim for large N. The remaining sizes are finite; decreasing c¢ covers them because
the only one-dimensional irreducibles are the trivial and sign representations, both excluded
by the hypotheses. O

In particular, for fixed small € > 0, if & > N'=¢ and A has length at most N/2, then

log Dy > ¢gN'™ (3)

4 Weights from hook trimming

The weights balance the dimension of a subdiagram against the number of boxes removed.
Their parent—child difference will pay for the entropy of restoring deleted cells, while retaining
a favorable dimension term. For L > 2, fix

bo=12, d=3=L, by=0by6/4, A=10, n=01/(24), e=n/8,

16°

=

and define
Fr(r) = rmin{log(L/r),nlog L} (1 <r <L), Fr.(0) =0.
For a Young diagram A\ L, a subdiagram a C X is itself a Young diagram. Put
J(A) :I;lgig\l{bolOgDa—|—blT10gL—AFL(T)}, r=1L—|al,
Wy = Dye /0.

Empty diagrams have dimension one. For sizes zero and one put J = 0 and W = 1.
Since AFy(r) < (b1/2)rlog L, the expression minimized is nonnegative; taking a = A gives
0 < J(A) < tlog Dy.

On a tuple of partitions for a product of same-size groups, we sum the J values and
multiply the W values. We next show that the minimizing subdiagram can be chosen in a
hook at a controlled cost.

We will need that at L = N, at additive cost at most O(h?) in the minimum of (4), we
can take a in the h, h-hook, i.e. with no box of indices i > h, j > h, for h = [N°] and N
sufficiently large. To show it, take a minimizing partition a; and trim off the boxes with both
indices > h leaving a. Write = for the number trimmed and M = |a;|, supposing = > 0. The
hook length formula gives

log Dy, —log Dy > x(logh — C) — Ch?. (5)

Here the log factorial gain for a is at least x(log M — 1), and hooks in the trimmed boxes
are at most 2M /h. Hooks within a changing length due to horizontal extensions are bounded
in their log ratio sum by

log<1+ — .>,
i=1j=1 h—j+1l+p—i

where p is the number of rows of the trimmed portion and x; their lengths within that portion,
decreasing weakly. If p > h, linearize by log(1 + v) < v, and use that the sum of reciprocals
over j increases with i; its average over i is at most 2 (bound the double sum of reciprocals



by extending to p columns and summing on diagonals). Thus pairing with decreasing x; gives
a bound 2z. If p < h, the sum of the row contributions is at most

P btz
Zlog( +'$ < (ph + z)log2 < (h? + z) log 2.

i=1 ¢

The transpose handles vertical extensions. This proves (5). The change upwards in b;rlog N —
AFx(r) from increasing r by x is at most (b; log N + A)x, by the bound —1 on how negative
a slope of Fiy can be. Since by < byd, the asserted near-minimum property follows.

For such an a, put t = N — |a|. We will use

bolog Dy + bitlog N — AFn(t) = J(A) + O(h?), tlog N < C(log Dy + h?), (6)

where the second estimate uses the cap in Fiy. We allow the empty partition, with dimension
1.

We next prepare an estimate for transverse decompositions of a representation in this
hook. This will later be used on a set of cells of a grid excluding ¢ cells.

5 Signed representations on occupied cells

Theorem 5.1 (Overlap on an arbitrary occupied board). Take a grid with m rows and
n columns, mn = N, and consider any subset of s = N — t cells, with the group Gs on
those cells. Let a & s lie in the h, h-hook, 1 < h < N. Decompose V, under the within-row
permutation subgroup of Gs, and also (separately) the within-column subgroup. For types
0,0 of these two groups, let 15, : Vo — V,, Ig, : Vg — Vg be isometric embeddings giving
orthogonal copies and spanning the respective isotypic spaces. Then

D,D
S udoalfe < exp{Cllm 4+ DR log(N +2) + 4} min {1,252 (7

Here o and 6 can each consist of a tuple of partitions, and the infinity norm is the operator
norm. For s = 0 the empty representation has dimension one.

Proof. For s = 0 the assertion is immediate.

The signed realization uses ordinary Schur—Weyl duality [9, Theorem 4.57 and Corol-
lary 4.59], sign twist and induction [11, Theorems 6.7 and 16.4]. To prove the estimate we
use a slot space £ = (C" @ C")®*, calling the two blocks even and odd. Use the signed
permutation action: on permuting a tensor of definite parities give the sign of reordering
the subsequence of odd slots. This defines a group action (the signs compose), commuting
with the global U(h) x U(h) action for the two blocks. For clarity, the structure needed here
follows from ordinary Schur-Weyl duality. Separate out the slots of even and odd parity. At
fixed parity counts s., so, the action of G5 moves the allocation of those counts to the slots,
and at a fixed allocation the stabilizer action is unsigned permutation on the even slots and
sign-twisted permutation on the odd slots. Consequently a U(h) x U(h) sector of types 7, &
(|7 = Se, [€] = S0, both lengths < h) has multiplicity space giving, as a G5 representation,

Indg; ., (V4 ® Veu). (8)

Here ¢% denotes the transposed partition, and we use “sector” with its unitary-group carrier
as well as the multiplicity space. There is such a sector containing V,: take + from the first h
rows and £ the remaining rows (a diagram of width at most h). Indeed a/v is a straight
partition up to shift, so the Littlewood-Richardson coefficient in (8) is positive.



Here are size and entropy estimates used with these sectors, applying just as well at
any number [ < s of slots. The dimensions of the unitary-group carriers and the number of
sectors are exp(O(h%log(N + 2))), as upper bounds; for dimensions this follows for example
by counting the possible counts of each symbol in each row of a semistandard tableau. The
multiplicity of any x F [ for the signed permutation action on the [ slots is also at most
exp(O(h?log(N + 2))). Indeed, for a pair v,¢ giving a nonzero induction coefficient at
X, use Littlewood-Richardson fillings of x /&% with content 7, and thus entries at most h.
Since £ has width at most h, every skew column beyond column h is a full column of .
Column strictness therefore places these columns within the first A rows, where the fillings
are determined by row counts of symbols. In the first A columns the skew shape has at most
h? boxes. These bounds along with (8) give the multiplicity estimate.

If |y| + ] = 1, write

H(v,6) = > vilog(l/%) + 3_ & log(l/¢))

with zero contributions understood at count 0. For the same occurrence of x, we have
Dy < exp(H(3,€)) < Dyexp(Ch? log(N +2)). (9)

For the first bound use D, < (‘i‘)Dng, by (8) and invariance of dimension under transposi-
tion, and bound each factor by the multinomial of its row lengths. For the second bound, x
is in the h, h-hook and contains both v and £'. Since || + |£¥| = ||, the number of boxes
of x outside their union equals |y N ¢%, which is at most h2. In particular the total excess of
its first & row lengths over the corresponding ; is O(h?), and similarly for the first 2 column
lengths and &;. In bounding its product of hooks, the part in its first A rows beyond column
h has leg lengths bounded by h, and the analogous statement for arms applies below its first

h rows. This gives an upper bound on the hook product of

(N + 2" [T T ¢!
( J

(for example, for the horizontal part use the top row factorials, increasing their arguments by
at most h in each row, and likewise for columns in the vertical part). Stirling’s bound, or the
elementary multinomial entropy bounds, now gives (9).

5.1 Two bounds for transverse overlap

We now prove the two bounds whose minimum occurs in Theorem 5.1. Counting copies gives
the first; positive states and two-sided normalization give the dimension ratio.

We already get a bound exp(O((m +n)h*log(N +2))) on the number of matrices I} 1o,
hence also on the sum in (7), by using the multiplicity estimate row by row and column by
column in £. When grouping slots for a subgroup, we can rearrange them with the signed
reordering, after which contiguous block permutations give the tensor product actions. It
remains to get the other bound in (7). Let P,, Py be the isotypic projections on V,. The
all-copy identity

Y uTo0ll5 = Trv, (PrPp)
u,v

follows by expanding each projection as the sum over its orthogonal embeddings. We bound
this sum of squared Hilbert—Schmidt norms, which also bounds the required sum of squared
operator norms. Use a global unitary-group sector containing V, as above, with projector P



in £, and types denoted by v,&. If Q,, Qg denote the subgroup isotypic projections on L,
the trace we need to estimate is bounded by

Tr(QoPQoP).

Indeed P commutes with the permutations and each Gg-irreducible contribution to the trace
on that sector is nonnegative.

We can majorize ), in positive semidefinite order by a mixture of products S of states on
individual slots, using the same state S; in every slot of row i, each state even (block diagonal).
Here and below a state is positive semidefinite with trace 1. The scalar prefactor for this
majorization can be taken to be D, exp(Cmh?log(N + 2)), with the mixture a probability
mixture. To see this on one row of size [ > 0, bound the projection for its partition y by the
sum of sector projections for compatible (79, &) at [ slots. In each case twirl, by the unitary
group U(h) x U(h), the identical-slot product of a block diagonal state with diagonal entries
(70,i/1,&0,5/1). It acts after twirling as a scalar on this sector, at least exp(—H (o, &o)) divided
by the dimension of the unitary-group carrier. Indeed before twirling it has the eigenvalue
given by the highest weight and acts as identity on multiplicities in the sense of a matrix
action on the carrier tensored with identity. This latter action of an identical even positive
matrix in tensor power follows directly from ordinary Schur-Weyl on the two parities (and by
limits for singular matrices). The twirl is positive on the other sectors. Now the bound on the
prefactor follows from (9) and the counting and dimension bounds. A size-zero row requires
nothing and can use any even state for its specification. The same majorization applies to
Qg, with products T using T} in column j, and prefactor Dy exp(Cnh?log(N + 2)). Even
when undoing a signed reordering of slots, such products are ordinary products since their
factors preserve the local parity. Thus by two positive semidefinite majorizations (tracing
with the other positive matrix conjugated by P), we can use bounds on Trz(SPTP).

The normalization has two purposes: the global sector operator must contribute
exp(—H(v,£)) to the squared norm, and the local overlaps must have mean at most
one under the independent row and column marginals. Quarter-root filters meet both
requirements. For fixed S, T so specified, let S, T be the average one-slot states over the s
cells in consideration, and put X = S1/2, Y = TV/2. Write

S{ — X71/2S7;X71/2, CTJ/ — Y71/21}Y71/2

with inverses on supports. Let S’,T' be the corresponding products, so the filtering can be
undone using X /2, Y12 on occupied slots. With

L — (X1/2)®SP(Y1/2)®S

we have

Tre(SPTP) = ||(S")'/2L(T') 2|3,

The matrix action L is supported on the (v, ) unitary-group sector with operator norm at
most exp(—H(7,€)/2). Indeed (X/2)®5 = (§1/4)®5 acts on this sector with norm at most
exp(—H (v,£)/4), by taking largest weight monomials on the eigenvalues and using that the
eigenvalues of S sum to 1. The same argument applies with 7. These matrix actions are
identical on equivalent copies for the block unitary group. By matrix coefficient orthogonality
for that compact group, L can therefore be represented by an integral of the global U®*
for block unitaries U, with coefficient function bounded by ||L||o times the squared carrier
dimension. (This is the matrix Fourier formula for an action supported on one type.)

For each block unitary define z;; = Tr(S{UT;U*). The squared Hilbert-Schmidt norm

weighted by S’, T, as above but for U®*, is the product of z;; over the cells under consideration.

10



If p;, g; are the marginals of a uniformly chosen cell among these s, the mean of z;; under
p;q; is at most 1. In fact it is Tr(SY2UTY2U*), at most 1 by Cauchy-Schwarz. Under the
actual uniform law on the cells the mean of log z;; is thus bounded above by the relative
entropy of that law with respect to p;gj, by the elementary entropy variational inequality
(the entropy/product duality is discussed in [6, Theorem 2.1 and (2.4)]). Explicitly, if w is
the occupied-cell law and 7;; = p;q;, Jensen applied to Y w;jlog(z;;rij/wi;) gives at most
log ) rijzij < 0. Zero values in the product need no bound. The relative entropy is at most
log(mn/s), by bounding the two marginal entropies by log m,logn, so the product is at most
exp(slog(N/s)) < exp(t). Using the integral for L and the triangle inequality, we obtain

Trz(SPTP) < exp{Ch%log(N +2) +t} exp(—H(y,§)).

Since D, < exp(H(7,&)), the mixture prefactors give the required bound with D,Dy/D, in
(7), completing the proof. O

6 The row-column Fourier estimate

Split a sweep of dimension d into two parts, each scanning consecutive coordinates, with
block sizes d; = |d/2]| and do = d — d;. Index positions as a grid, so these parts use the
within-row and the within-column subgroups, denoted R, C.,. Write n for the size of a row
and m for that of a column, so mn = N, m,n both within a constant factor of v/ N. We take
d large. Suppose henceforth in the estimate that

k=N-X\ >N A <N/2. (10)

For irreducibles u, v of R, Ceol, each a tuple, and unit carrier vectors e, f, we claim the
following bound on projections in Vy:

Wi Try, (PuePos) < W,W, exp{O((log Dy)/d)}. (11)

All constants are independent of the types and of d.
Use the hook a from (6) and choose a partition b - ¢ such that

T=d3" . (Va® V)

contains V), possible by branching and decomposing the restriction. We bound the trace
of XY on Z, for X = P,., Y = P,; acting here; this bounds the desired trace before
multiplying by W), as the trace on each contributing G y-type is nonnegative. Use the direct
sum structure of Z with a fiber at each t-set Z of the grid. Its stabilizer acts on this fiber by
V, on the complement and V4 on Z.

Let v; be the counts of Z in rows and u; in columns. The full row and column orbit sizes
and overall size we denote by

1) remn(n) o= (7)

Let Lrc be the number of sets with the indicated two profiles. Use untruncated quantities

Hp = Zvi log(n/v;), He = Zuj log(m/u;), Ho=tlog(N/t), Eo= Hg+ Hc— Hy.
i J

Here again terms at zero count are zero. For nonempty layout classes Ey > 0; for ¢t > 0 it is ¢
times the relative entropy of the uniform distribution on Z with respect to the product of its

marginals. We have
L% Lo
log —~— < Ey + O(t). (12)
LrLc
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Indeed log Lr > Hpg,log Lc > Hg,log Ly < Hp + t by binomial bounds. For a uniform
random set with the two profiles, subadditivity bounds log Lrc by the sum of marginal
indicator entropies. To bound that sum, choose a cell uniformly and call its indices I, J and
its random indicator V. As I, J are independent,

HV|ILJ)<HV|I)+HV|J)—H(V)

in ordinary entropy notation (by nonnegativity of conditional mutual information). Multiply-
ing by N, the terms on the right give an upper bound at most (Hr +t) + (Hc +t) — Hp, since
the complementary term to v;log(n/v;) in row binary entropy times row size is at most v;,
and similarly for columns. Thus log Lrc < Eg + 2¢t. Combining this with the three binomial
bounds gives

2log Lro +log Lo —log Ly — log Lo < Ey + 5t,

which proves (12).

6.1 Positive blocks and stabilizer coefficients

The block trace for XY only uses pairs Z, Z’ with both profiles the same between them.
In bounding the absolute sum of block contributions for one layout class, we can use L%,
times the maximum diagonal-block overlap Tr(Xz7Y77) in that class. In fact an off-diagonal
block of a positive matrix has the form X é/ZQ U Xé@, for a contraction U, and likewise for
Y; thus | Tr(Xz2 Yz z)| is bounded using Hilbert-Schmidt by the geometric mean of the
corresponding diagonal-block overlap traces.

For fixed Z, the row stabilizer Rz in R acts separately on its sites outside and inside Z.
Write its types as a = (o, 7) for the two parts respectively. The diagonal block X, has the
following formula: on the fiber it is

D, 1

. 13
LR ~ Doz a,Mqy ( )

Here Py, denotes a matrix action supported on o for Rz, where the M, are positive
matrices of total trace 1. More explicitly, write

V,uiRZ: @Va ® M,u,aa €= @eaa M, = TrMp,,a lea){€al-
o (03

Then M, = 0 and >, Tr M, = 3 |leal|* = 1. Keeping just permutations in Ry in the
matrix coefficient formula for P, ., and using |R| = Lg|Rz|, gives (13) by orthogonality. The
multiplicity spaces have been traced out, not counted. Similarly for Yz, we use column
stabilizer types ¢ = (6, m) with factor D, /Lc. Only types occurring in the corresponding
restrictions and the fiber need be considered.

The positive states in (13) need not be product states on the surviving and deleted carriers.
The following elementary estimate is the reason this causes no extra dimension factor.

Lemma 6.1 (Arbitrary carrier vectors). Let A; : E' — E and Bj : F' — F' be finite families
of operators between finite-dimensional Hilbert spaces. Suppose

> Kz, Biy)? < Cllal|ly*.
j

Then for unitw e E® F, w' € E' @ F/,

> lw, (Ai @ Bjju)? < O [lAill5-
i, %

12



Proof. For fixed i, the functional B — (w, (A4; @ B)w') has norm at most ||4;|« on the
operator-norm space. By trace-norm duality and singular-value decomposition it is a sum
> s cs{xs, Bys), where x4, ys are unit vectors, ¢s > 0, and >, ¢s < ||Ai]lco. The triangle
inequality in #2(j) bounds the corresponding square root by Ve > s Cs. Square and sum over
i. O

For these fiber actions, take any pure unit states on the carriers V, ® V; and Vy ® Vi,
denoted by w,w’ as vectors. The corresponding overlap trace on the fiber is of the form

> lw, (4 B)w') . (14)
lr

Here A; range over the products I Iy, for the two decompositions of V, as in (7), and B,
analogously use V4, for types 7, 7. This follows by writing the projection directions in every
pair of copies in the restricted representations.

On Z itself, the within-row and within-column groups have trivial intersection. For unit
vectors x,y of the two relevant carriers there, Plancherel gives

D:D, t! D:D

2w Bl < S5y < Tp, ePEo+00). (15)

Indeed the sum is a trace of a product of projections on V3, hence also the squared Hilbert-
Schmidt norm of the product. The squared group-coefficient sum for the product of the two
subgroup matrix elements used to give the projections (as group algebra elements) is the
product of their squared coefficient sums, since the pairwise products of group elements use
unique factorizations from those two subgroups. This gives the first bound using Plancherel in
Gy. The log factorial ratio is bounded as stated using Eo = tlogt — 3, v;logv; — 3, uj log u;
and elementary factorial bounds.

Lemma 6.1 bounds (14) by the right side of (15) times Y, || A;||%,, for arbitrary, possibly
entangled, carrier vectors. We next keep the gain from the minimum in Theorem 5.1; it is
needed when the placement entropy is paid.

Denote

S = max{0,log(D,Dy/Dy)}.

Using (7), (14), and (15), after dividing by D,D¢ from the diagonal-block formulas, the
pure-state bound becomes

exp{Ey — S+ O(t + (m +n + 1)h?log(N +2))}. (16)

Dan
The matrices within (13) and the column counterpart are handled by positive combinations
of the pure states with total weights 1. Thus we can take upper bounds for the possible
stabilizer types without a count-factor here. Multiplying by D, D,L%q/(LrLc), and using
Dy < LyD,Dy and (12), bounds the overlap for each layout class using (16), by a bound of
the form

D, D,
giexp{QEo — S+ O(t+ (m+n+1)h%log(N +2))}, (17)
A

taking the largest needed over contributing types.

6.2 The budget pays for layout entropy

The restored-cell estimate still contains the cost 2Ey — S. We now compare it with the
difference between the parent and child diagram weights.
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To apply (4), each o; for a complement row of size n — v; is a subpartition of p;, due
to restriction, and likewise 6; C v; has size m — u;. Hence, denoting the sums of J’s by
J(u), J(v), we have

J(p)+ J(v) < bolog(DyDg) + bitlog N — A (Z Fo(vi) + ZFm(u])) .
i J

Together with (6) this gives
JN) = J(p) — J(v) > —boS + AEy — O(h* + (mn*~" + nm!' ") log(N + 2)). (18)

Indeed the cap in the parent F term does not hurt this lower bound, and the amounts
dropped from the row contributions to Hr come only from positive v; less than n'~", with a
similar bound for H¢.

Indeed, if £ denotes the error on the right of (18), then

2By — 8 — [J(\) — J(1) — J()] < (2— A) By — (1 — by)S + & < &.

Here A > 2, by < 1, and Ey, S > 0. Thus the negative dimension term survives the
off-diagonal count and is exactly strong enough when the ratio D, D, /D) is replaced by
W, W, /Wy. All the log errors so far and the log count of possible profile choices, the latter
O((m +n)log(N +2)), are bounded by O((log Dy)/d). Indeed t satisfies (6), h < N6 m, n
are of order /N, and we have (3) with € < 1/2. These estimates are for all sufficiently large
d under (10). This proves (11).

7 Weighted Schatten interpolation

The row part and the column part of the sweep, as group algebra elements, multiply to give
K in the order specified by the scan (either product order will be fine for estimates). Within
each row, the row part is an independent sweep in its smaller number of bits, and analogously
for the columns. This holds because a group of consecutive bit updates in this sweep uses
matchings confined to the indicated sets of positions, independently across the sets.

Still under (10), let B(M,M’) on V) be the product of matrix actions, one for each
subgroup, using arbitrary matrices M, and M/ on their respective irreducibles. Each
subgroup action here is the sum over its irreducibles. By (11) we have

WAIB(M, M')[[3 < exp{O((log D»)/d)} (ZW 1M, H2> (ZWVIIML!§>- (19)

For a single pair of types this follows by writing the squared norm as a trace of a product of
positive matrix actions (using the matrices times their adjoints or the reverse, as appropriate),
then diagonalizing and using (11). To sum in (19) use the triangle and Cauchy-Schwarz
inequalities, absorbing log count factors into the given error. The log counts of the tuples of
partitions for the two groups are O(N3/4log(N + 2)), using e.g. the partition count bound
exp(O(y/nlog(n + 2))) (split a partition according to parts of size greater than /n and the
rest). So (3) suffices. Also

IB(M, M) oo < max || My]|oo max || M) oo

by unitary restriction. For 2 < p < oo, interpolation therefore gives

WAIB(M, M')|[; < exp{O((log Dy)/d)} (ZW 1M, H”) <ZWVHMLH£>7 (20)
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with the coefficient in the log error bounded independently of p.

For details, let £ = C(logD),)/d be a common logarithmic error bound in (19). The
direct-sum Schatten norms use traces weighted blockwise by the given positive numbers
and the output norm similarly. The bilinear map has norm at most e”/2 at the 2 endpoint
and at most one at the co endpoint. Normalize both inputs to norm 1 at p, and test the
output using the output weighted trace with a dual-norm-one matrix at p’ = p/(p — 1). In
the strip with value taken at z = 2/p, extend the inputs analytically blockwise using their
polar factors and exponent pz/2 on their absolute values (zero singular directions may be
kept zero). Their norms on the two boundaries, at co and 2 respectively, are then bounded
by 1. Extend the matrix used in the trace test similarly (analytic for the matrix appearing
in the trace), with exponent p’(1 — z/2) for boundary norms at 1 and 2. At § = 2/p, the
three-lines inequality applied to the weighted trace with the bilinear product gives the factor
e(B/2)0 — ¢E/p_ Taking the p-th power gives e in (20), with no growth of the logarithmic
error coefficient in p.

8 Sparse representations and completion

We have established the matrix inequality needed for the recursive range. A direct estimate
handles representations whose first row contains almost all boxes. We prove that estimate
here, then close the induction.

8.1 A sparse forest estimate

Write K = N — 1. For kK > 1 we have the bound
IKaW oo < (Cd)F(k/N)H/ (21)

for an absolute C'. We prove it using the sweep kernel K on ordered injective k-tuples.
Consider the subspace of functions f of the tuples with sum zero over any one component
when all the others are fixed. This space is invariant for the position-permutation action.
The module on the tuples contains V) by branching (invariants upon restriction to G n_g).
Since V) does not occur on (k — 1)-tuples, the isotypic space for A on k-tuples belongs to the
indicated zero-sum subspace. The kernel acts using the sweep in this representation or its
adjoint convention.

In a transition x — ¥y of tuples, a path for each component is specified just by its start and
end: the successive coordinates at the end replace those of the start. For two components, let
[ be the last differing bit at the start, and r the first differing bit at the end. Give this pair
weight w = 0 if r > [, weight 2 if r = [, and weight 1 otherwise. Then

K(x,y)=N"F H w.

pairs

Indeed, the paths have no conflict (two at the same position at the same stage boundary)
exactly when r < for all pairs. When there is no conflict, a switch used by two paths instead
of one is used by a pair with » = [, at that bit, giving the factor 2. The same formula works
for any subset of components.

Acting on the specified functions f, we can replace the kernel by

D(w,y) =N 3 ()P I w,

BCJk] pairs in B

because all terms for proper subsets use zero marginal sums. This expression vanishes unless
the graph of pairs with w # 1 has no isolated vertex. Also, its absolute column sums are at
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most 2F, since each subset term in absolute value uses the nonnegative sweep kernel on that
subset (doubly stochastic), with the other start components summed subject to injectivity.

Use this replacement in K* K, using row z of K* to sample x. For the set S of positions
occupied in x, we have for every fixed set F'

Pr(S > F) < (k/N)F1. (22)

In fact the upper product-of-marginals bounds for inclusions hold at the start of K*, which
uses a reverse scan, from a fixed tuple z. Such bounds are preserved by a random switch: for
an inclusion testing just one of the switched sites, average the two bounds, and for one testing
both, their product of marginals at these sites can only increase under averaging. At the end,
the marginals are k/N, since a single position is exactly uniform after all bit updates. This is
the particular negative-dependence property needed here; stronger preservation results for
partial symmetrizations are proved in [5, Theorems 4.9 and 4.20].

For a given B, to bound the row sum using the term with weight product on B and
the no-isolated-vertex condition, use true sweep paths for B and independent paths with
uniform ends for the other components (we can disregard the final injectivity restriction for
upper bounding the probability). If w # 1, the two specified paths go through the same
switch at a stage. We may pre-sample, independently of S, two options at every starting
position: a path using a common sweep permutation with its specified routing, and a path
from independent uniform bits (independent paths for this option at different positions).
Thus we only need upper bound the probability of a no-isolated-vertex interaction graph on
S using some assignment of these types.

Such a graph contains a spanning forest with ¢ < k/2 rooted trees of size at least 2, which
we may take as ordered trees arranged in order of their root positions. The number of forest
shapes needed for each c is at most C§, for an absolute Cy (e.g. by the traversal encoding of
plane forests). Choose distinct roots in at most (]Z) ways and path types in at most 2* ways.
For these choices the expected number of embeddings with distinct positions and meetings
along the tree edges is at most (2d)*~¢. To see this, condition on the full common routing
and enumerate children after their parents, exposing independent paths as needed. For a
child of common routing type, at each possible meeting stage there are at most two starting
positions since the full routing sends exactly two paths through the switch. For a child of
independent type, summed over fresh positions the expected number meeting a given parent
at stage i is at most 2/27(~1: the suffix after i at the start must agree with the parent path
there, and the new prefix of length ¢ — 1 must agree. These estimates apply to the sums of
extension probabilities conditional on the paths for a partial embedding, by independence for
unused positions of the independent type. Fach embedding uses k sites, so we may multiply
the expected counts by (k/N)* by (22). Summing over B, shapes and embeddings gives, for
the signed kernel K*D, an absolute row sum bounded by

(Crd)k (k/N)*/2,

using (]g ) < (C2N/k)¥/2 for ¢ < k/2. An empty set of such forests gives zero probability.
The column sum bound for D still works for K*D. The row-column sum bound on the ¢2
operator norm now bounds K*K on the specified subspace, proving (21).

8.2 The bounded-exponent induction

Proof of Theorem 1.1. All sweep matrices are contractions. Partitions of length greater than
N/2 need no estimate due to the matching projection, and the trivial one satisfies (1) at any
exponent. For 1 <k =N — )\ < N'7¢ (21) and W) < D) < N* suffice at any exponent at
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least an absolute sufficiently large constant, for sufficiently large d. Indeed the norm bound
(21) in this range is at most N /16 for large d.

For the remaining partitions, suppose (1) holds at the two smaller bit sizes in the split.
Use (20) at p = max(pq,,pd, ), with the subgroup inputs given by the two subgroup sweep
parts. Each input on a tuple of partitions is a tensor product of smaller sweep matrices.
Hence each weighted p-th power term of the inputs is at most 1, and the sums again use only
the tuple count bounds. We get

WillKa(MIl; < exp(C(log Dy)/d)

with C' absolute, for all sufficiently large d. In particular || Kz(A\)[5, < D;l/ ? for these d, by
the lower bound on W). Increasing p to p(1+ C’/d) for a large enough absolute C’ gives (1),
by using this operator norm on the additional powers.

To implement the induction, take an absolute base threshold on d sufficiently high for
all these estimates. For each of the finitely many base dimensions a nontrivial sweep matrix
has operator norm strictly less than 1: it is a product of orthogonal projections from the
matchings, and equality of norms on a unit vector would require a common invariant vector
for the matching switch subgroups. These generate the symmetric group since all individual
edge transpositions of a connected cube are included. Thus a common sufficiently large base
exponent can be used for (1), taken large enough for the sparse range as well. Thereafter use
the recurrence just given with factor 1+ C’/d and the maximum of the two exponents for the
split. These exponents are bounded above by an absolute constant since the dimensions in
bits along a descent are successively halved up to rounding, so the products of the increment
factors stay bounded. This proves the theorem. O

8.3 Full-deck mixing

In particular for nontrivial A with length at most N/2 we have
IKa(Wlloo < D377

For an absolute sufficiently large number j of sweeps, by Plancherel and Cauchy—Schwarz [8,
Sections 2 and 3], the squared total variation distance to uniform of their product law is at
most 1 1
1 2 DA« < 5 >0 Dy
A£(N) A£(N)
AP <N/2

where we took j large enough for the last exponent, using the operator norm to bound the
Hilbert-Schmidt norm. The sum bound tends to zero. Indeed for & > N'~¢ this follows from
(3) and the partition count, and for 1 < k < N'=¢ Dy > e~ }(N/k)¥ for large N. The latter
follows by the top-row hook estimate in the proof of Lemma 3.1, now with k boxes outside the
row. There are at most 2* partitions of the tail of size k. Since the permutation product law
determines the deck from any fixed starting deck, the bound is a worst-case bound. Thus a
fixed number j of sweeps gives total variation distance at most 1/4 for all sufficiently large d.
For each of the finitely many remaining d, the strict nontrivial Fourier norm gap established
above gives convergence under repeated forward sweeps. Increasing j to cover these sizes
yields one absolute sweep count for every d > 1; further convolution cannot increase total
variation distance. As a sweep consists of d physical shuffles, this proves the upper bound in
Corollary 1.2.
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Proposition 8.1 (Support obstruction). Let g4 be the law of one physical Thorp shuffle. For
every integer t > 0, its t-fold convolution satisfies

2tN/2
NI

Thus mizing to distance 1/4 requires at least [(2/N)logy(3N!/4)] = 2d — O(1) physical
shuffles.

lgg' — Usylloy =1 -

Proof. The tN/2 fair bits allow at most 2tN/2 permutations. Testing the support against
uniform measure proves the inequality. The threshold follows by rearrangement, and Stirling’s
formula gives its asymptotic form. O

Part 11
Deletion frames

9 Marked-index frames and transverse tensor projections

This section proves a uniform unweighted Schatten bound. Two complementary row-column
estimates are needed. One resolves functions by subsets of marked indices and uses cancellation
of isolated contacts; the other realizes a diagram in a signed tensor space and normalizes row
densities before comparing them with columns. All notation introduced below is local to this

section. Traces are unnormalized, logarithms are natural, and a sweep on 2% positions takes
d physical shuffles. The representation-theoretic conventions are those of Section 2.

9.1 Two transverse product estimates

Write n = 2¢ in this section, and write g = Ky for the sweep. The two product estimates
below measure different features of the same representation: its first-row deficit, and its
size outside a small hook. Neither alone supplies the error needed at every shape. Their
combination gives the following unweighted conclusion. Here f* = D), and subscripts denote
Fourier matrices.

Proposition 9.1 (Uniform Schatten estimate). There is an absolute real exponent 8 < p < 0o
such that, for every d > 1 and every A - n with n = 2%,

Pluaally <1 (M) (23)

We use the branching rule [20, Theorem 2.8.3], Pieri’s rule [21, Theorem 7.15.7], and the
Littlewood—Richardson rule [11, Theorem 16.4], together with the hook-length formula [20,
Theorem 3.10.2]. Ordinary Schur-Weyl duality [9, Theorem 4.57 and Corollary 4.59] supplies
the tensor realizations. Recall the following consequences and conventions:

o The space of functions on injections of j distinct indices into h positions carries the
representation induced from the trivial representation of &;_;. It contains only shapes
with first row at least h — j. For A\ = h — j, the multiplicity is f**, where ), is the
shape after the first row. In this case

€_j<?>f)‘* < f)\ < (;”)f)w (24)

Indeed the hook correction to the first-row factorial has log at most j.
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e For polynomial irreducibles of the unitary group in s dimensions, indexed by partitions
u of degree < n with at most s rows, we use dimension < (n + s + 1)°¢*) and the
highest weight u. Thus a positive semidefinite matrix with ordered eigenvalues x;
decreasing acts (by polynomial extension) with operator norm [], 2%, which is also a
lower bound for the trace of that action. The Schur character and dimension formulas
are given in Etingof et al. [9, Theorem 4.63]; the largest monomial follows from the
tableau description and the highest weight.

o All group algebra blocks can be prescribed separately. Projections selecting a subspace
in one irreducible block and zero elsewhere are orthogonal projections in every unitary
representation. For a transitive permutation representation (uniform probability nor-
malization on the orbit), the squared norm of evaluation at a point on the subspace
selected by such a projection B in type « is

S Tr(BQa),

where @) is the average on the stabilizer of the point. This follows by matrix-entry
orthogonality or the regular representation formula, realizing functions on cosets inside
the regular representation.

Constants and big-O in estimates below are absolute, and logs in estimates can be taken
natural. We give some matrix product estimates for the induction. Split the bits of a large
sweep into two consecutive groups of nearly equal sizes. This gives a board of b rows and m
columns, bm = n, both within a constant factor of \/n. The two parts of the sweep operate
along the rows and along the columns, respectively; write

H=6&"), K=@6"

for the corresponding groups (the estimates work in either product order). The logarithms of

the numbers of types (irreducibles) for H, K are O(n**logn), by standard partition bounds,

or simply by splitting each partition diagram according to a square of side about the square

root of its size. We denote the dimension of a subgroup type by h4 when the type is A.
Here are the two estimates. Suppose X € CH, Y € CK satisfy

hallXall; <1, hp|Yll, <1 (25)
on all their types. Put j =n — Ay, j > 0.

e With v = 8, we have
FPAIEYNLIE < exp{O( +n"%)}. (26)

o Put s = [n%%] and let k be the number of boxes of A outside its first s rows and first
s columns (outside their union). With v = 2, we have

PIEY RS < (Z

> exp{O(k 4+ n"®)}. (27)

Bounds with adjoints or reversed order follow the same way. We prove the estimates in
detail.
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9.2 A deletion frame for injection spaces

The selected-rank estimate will resolve a row-type vector into functions that remember only
a prescribed number of marked positions in each row. The following lemma gives a bounded
resolution before any row-column comparison is made.

Lemma 9.2 (Deletion frame). Let m > 1 and 0 <t < g < m be integers, and let o« = m
have first row m —t. Equip the space J, of functions on injections [q] — [m] with uniform

)

probability measure. For U C [q], let Egl be conditional expectation retaining the coordinates

in U. On the a-isotypic subspace,

Fpoi= Y EW = e Cap

UClq]
U|=t
for an absolute constant C.
Proof. We compare successive numbers of indices. For t < r < ¢, put B, = Y ;_; E[(:])\ e

and let §, be its least eigenvalue on type a. Pullback from injections indexed by [r] \ {i} is

an isometry J; into J,. Its adjoint is conditional expectation, so J;J;" = E[(:])\ e The tower
property gives

T
Z JiFfz—)l,tJ: =(r—t)Fn:
i=1
each t-subset is counted for exactly r — ¢t omitted indices. All these maps are S;,-equivariant.

Starting with F;; = I, a lower bound a,_; at level r — 1 therefore gives a, = a,—16,/(r — t)
at level r. It remains to bound

f[ b —ca, (28)

Write ¢ for the sum of the box contents of a partition ¢. The multiplicity space of « in
Jr is its Sp_p-invariant space, up to duality. Its S,-types are the d I r for which «/d is a
horizontal strip, by Pieri. On such a type the eigenvalue of B, is

T+ Ca — €5 = C(m—r)
m—r+1

Indeed, a deletion averages the subgroup allowing one retained point to permute with the
m — r unretained points. On the invariant space this is identity plus the transpositions
involving that point, divided by m — r + 1. Summing the mixed transpositions subtracts
the transposition sums for S, and S,,_, from that for S,,. The sum on a type ¢ acts by c:
sum the Jucys—Murphy elements and their content eigenvalues in Vershik and Okounkov [23,
Section 2, Eq. (2.1), and Theorem 5.8]. This gives the formula.

To estimate these eigenvalues put M = m — r and a = m — t. The a nonempty columns
of « form plateaus of equal height. A horizontal-strip removal uses a bottom box in each of
M distinct columns and must use a suffix within each plateau. For removed column indices
J1 <o < jm,set Sy = Zf\il(jl —1). The eigenvalue numerator is

7+ Sy — > (height — 1) > r — ¢ + Syy.

removed columns

The smallest sum of removed column indices fills the earliest plateaus first and then uses a
suffix in one partial plateau: moving a removal from a later plateau to the next legal column
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of an earlier unfilled plateau decreases its index. If M = L + x, where that partial plateau
has width w and follows L columns, then Sy > x(w — ). Hence

Br >a—M—|—x(w—x) < (x—l—l)(w—x)'

r—t= (M+D0(a—M) = (a+1)? (29)

The last inequality uses a — M > w — .

First suppose g > m/4. The last lower bounds in (29) are at most one, so their product
over the required interval m — g < M < m —t is at least their product over all 0 < M < a.
This latter product is

H (w!)?
plateaus (CL + 1)211} ’
whose negative logarithm is at most O(a)+2>",, wlog(a/w). The distribution assigning mass
w/a to each plateau height has mean m/a. Comparison with a geometric distribution bounds
its entropy by O(1)+log(m/a). Thus the logarithmic loss is O(a+alog(m/a)) = O(m) = O(q).

If ¢ < m/4, at most t < g columns have height greater than one. Every M in the required
interval lies in the final height-one plateau. Here w —x = a — M and x > m — q¢ — t. The
first bound in (29) gives (z +1)/(M + 1) > 1/2, so at most ¢ factors again cost ¢?@. This
proves (28). If t = ¢ the product is empty; for ¢ = 0 the type is trivial and all its ratios equal
one. O

9.3 Projection overlap on marked indices

We now use the deletion frame on each row and column. The selected ranks below count
directions inside subgroup carriers; each ambient projection includes every multiplicity copy.

Lemma 9.3 (Selected-rank projection overlap). Let n =bm, A\Fn, and j =n— X > 0. Let
H=25 and K = Spt be the row and column groups. Let Pr, Pc be group-algebra orthogonal
projections supported on one type each, whose carrier dimensions are hr, hc and whose
selected ranks are rr,rc. Then

FPrPAE < e9Dhprrhere. (30)

Proof. If either selected rank is zero, its group-algebra action is zero and the result is
immediate. Assume henceforth that 1 <rp < hgp and 1 <re < he.
Let B be the space of functions on ([b] x [m])/ with uniform product measure, and let

7 C B consist of functions supported on injections. Write D(x) for the distinctness indicator.
The M-isotypic part T consists of f** copies of Vy. Averaging any one board coordinate kills
this part: functions using only the other j — 1 coordinates have first row at least n — j + 1,
as follows by splitting them according to their equality patterns. Thus the product-space
projection

J

zZ=1[U - E),
i=1

where E; averages coordinate ¢, fixes Zy.
Marked-function synthesis. Write the row type as A = (a;)?_;, put t; = m — a1, and let

tr =Y ;ti. If either selected type is absent from Z, the overlap vanishes. We may therefore
assume both occur, so tg < j. For U C [j] with |U| = tg, let Fry consist of functions

F((row(zi))i<j, (col(z:))iev) (31)
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with product-measure norm. On a row assignment having ¢; indices in row i, such a function
vanishes unless ¢; < m, U marks exactly ¢; indices in that row, and the marked columns are
distinct. Its marked-column dependence is selected by Pg.

Define Ar yF = DF, and regard the synthesis map Ar(Fyr) = >y AruFu as a map
into the ambient space B, with range in Vg = ran(Pg|z). All adjoints below use this
ambient codomain. On a feasible row-assignment fiber, let £}’ retain the marked columns
by conditional expectation under the uniform injection law, and set it to zero when U has
the wrong counts. On Vg,

* inj m —t; i—ti O
ApuAhy = @By,  cla)=]] (mql)tQt > 00,
7

Here (m); is the falling factorial. The factor c¢(q) is the probability that the unmarked
columns complete the marked ones to injections; the bound follows from (m);/m > e=9®),
Conditional expectation commutes with the row group and hence with arbitrary carrier
selections in Pr. Applying Lemma 9.2 in each row therefore gives AgrA} > e 90T on Vp.
Its restriction there is invertible, and

Sk=AR((ARADIV.) ", ArSr=1Iv,, ISk <2V

Construct F¢,v, Ac, Sc analogously for column marks V' of size tc.
Let IR, Ic include Vr NZy and Vo NIy into B. Restrict the domains of S, Sc to these
spaces. Then AgrSr = Ig and AcSc = I, and the overlap has the exact factorization

InIc = SRLSe, L=ARZAc = (Luyv)uy, Lyy = AE,UZAC,V- (32)

The insertion of Z uses the reconstructed vectors in Zy; individual summands DF need not
be fixed by Z. We next estimate the blocks of L.

Cancellation in the overlap kernel. Fix U,V, write L = Ly y, and put
t=j7—-|UUV|, z=j/n.

We claim A ‘ ‘
1L |oo < €O 244, IL)12 < ®Dhprrhere 2774 (33)

In the expansion of Z each term is an expectation using two uniform board tuples x,y. At a
prescribed subset of indices they coincide, elsewhere they are independently sampled (different
indices always independent across these pairs). The row function in (31) is evaluated using z,
the analogous column function using y, and distinctness factors D(z)D(y) are included.
For the first inequality, fix the expansion choices and point values on U U V. On the
remaining coordinates the observed variables are only the row of x and the column of y,
both uniform independently. We couple the two choices in the expansion on each such
coordinate: given the observed pair (r,c), we either use (r,¢) as both points, or (r,c), (', ¢)
respectively with ¢/, 7’ independently sampled. All samplings are independent across the
remaining coordinates. If some remaining index has no possible distinctness conflict (with
other indices, over the choices just described), the signed sum of distinctness factors cancels.
The probability that every one of the ¢ indices has a possible conflict is bounded by 9 z/2,
uniformly in the fixed points. Indeed each vertex has a bounded collection of candidate points,
each uniform, collections independent across vertices. Equality edges connect them to fixed
points or each other. If they all have conflicts we can choose forest constraints oriented toward
roots, some of which may be fixed points, requiring h > ¢/2 edges, each specifying which
candidates agree. For example, connect vertices in each unanchored connected component
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along a tree (its size is at least two), and those in anchored components by trees leading to
fixed points. The count for given h is < e©U)(Cj)" by specifying the parents, with a constant
C, and each forest has probability at most n~". To see this, integrate a leaf: the one specified
candidate there is uniform and independent of its parent’s candidates. Candidates at the
same vertex may be correlated, but only one is used when that leaf is removed. Repeating this
proves the bound. It is uniform in the fixed marked points and averaged over the observed
rows and columns.

Let p be the conditional probability of the conflict event given those observed variables.
The absolute averaged signed sum is at most 2‘p, and

Ep? <Ep < P12,

Consequently its kernel from the remaining rows to the remaining columns has Hilbert—
Schmidt norm at most €@ 24, Finally one integrates the values on U U V; their individual
marginals on the two sides are uniform so Cauchy—Schwarz suffices. Summation over at most
2J choices on them proves the operator bound.

For the second inequality we describe diagonal weights for the marked row fibers. Given
the full row coordinates and distinct marked positions satisfying the counts t;, the squared
norm of evaluation on the fiber of F' is at most

eo(j)hRT‘R dr(zv), dr(zy) = Tr ((PR)AQA(:UU))/TR‘ (34)

Here @@ averages over the subgroup of H fixing these marked positions. This uses transitive
evaluation on the marked injections as recalled above, with a conversion of probability
normalizations by at most e?U). We put dr = 0 if the marked positions do not qualify by
themselves. The analogous weight is do. They are at most one.

We need the following bound for random marked positions chosen uniformly independently
on the board, with any w of the ¢z positions already prescribed:

Edr < 92U (j/n)tr—, (35)

To check it, let u; be the counts already prescribed in the different rows; assume feasibility.
Given row assignments with the right counts and given distinctness of the marked positions,
average the fixed-space projection over the remaining choices within rows. In row ¢, on
restricting «o; to &,,—,,, the only shapes J that can have &,,_,-invariants must have first
row exactly m — t; by branching. The averaged projection on each such block has norm equal
to the invariant-space fraction < eo(ti)(zljzz)fl, by (24); this averaging is central on &,y .
Multiply these bounds and the probability of attaining counts:

(tR — u)'
bhr= I (t: — uq)!

The falling factorial bound gives (35). This argument covers zero unspecified or zero prescribed
positions as well.

For each term of the Z expansion, the full observed row assignments of z and column
assignments of y are independent. Consequently we can bound the squared Hilbert—Schmidt
norm by integrating over these assignments: within each pair of fibers the operator kernel is
a conditional expectation of rank-one forms (evaluations on both sides, times distinctness
factors). Jensen bounds its Hilbert—Schmidt norm squared using the products of squared eval-
uation norms. Hence the factor needed after ¢?Whprrhere is bounded by Eldr(zv)do(yv)].
Let S C U NV be the indices whose marked positions are shared in this expansion term.
Conditional on these positions, the other marked points on the two sides are independent.
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Apply (35) to the row marks with S prescribed, and then average the column marks without
prescriptions. The resulting bound is

Eldgr(zv)do(yy)] < P VIZISIHIVE < (00) LIUWV]

Triangle inequality over the expansion proves (33).

From the blocks to the selected projections. Since 0 < z < 1, the two block bounds
Loy |8 < ILoy |8l Loyl < e?Dhgrgherez’™? < e©Dhprrheres.

There are at most 2/ mark sets on either side. The triangle inequality for their block
embeddings and the bounded right inverses in (32) therefore give the same bound, with a
changed absolute constant, for || I};/c||§. Its nonzero singular values are those of PrPr on 7y,
SO

FN(PrPoAE < e©Dhprrhore(i/n).

Finally fA/f* < (5) and (}) (7/n)7 < € prove (30). O

To get (26), split (25) at v = 8 into types and dyadic singular value bands on each side.
For a term with values < wp, we (upper endpoints of the bands), use the selected projections
on the inner sides of the two maps and (30), multiplying the norm bound by wrwe. Within
a type, S wr(hprg)'/® = O(log(n!) + 1) since each term is bounded by (25), and an extreme
small-value tail is geometric using rr < hr < n!; likewise for columns. Summing including
type counts proves (26).

9.4 The signed-tensor estimate

The selected-rank estimate costs an exponential in the first-row deficit. We now obtain a
different cost, depending on boxes outside a small hook. This is a separate signed-tensor
argument; it will complement the first estimate when the deficit is large.

Separate the diagram of \ into its first s rows (shape «), then the first s columns of the
remaining diagram (transpose shape 3, i.e., 3 lists their lengths), then the remaining shape
~ of size k. Let N' = n — k and write Hy for the entropy in natural log units of the list
(c, B)/N' (entries are parts). By interleaving tableaux respecting just the indicated rows and
columns and the subtableau on -,

A n
P < f7<k

) exp(N'Hy). (36)

Use a mixed tensor space over placements of k distinct special labels on the board. On
the other sites use W = C* @ C*, even and odd respectively. Permuting sites uses the usual
signed tensor permutation (a minus for interchanging two odd factors); special labels count
as even. Explicitly one takes a direct sum of the remaining tensor spaces indexed by the
placements and permutes symbols with the sign of the reordering on the odd symbols. This is
a representation of &,,. Block diagonal simultaneous unitaries in G = U(s) x U(s) commute
with it. Use the projection P to G-type (a, ). This space contains A with multiplicity at
least f7. Indeed by ordinary Schur—Weyl applied on each species of tensor factors we have
induction of «, the conjugate 5T (because of the sign), and the regular representation for the
k labels. The triple Littlewood—Richardson coefficient with ~ is positive: combine 8T, by
row sums, then with a by column sums (the highest weight sum rule and its conjugate). This
yields .
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Write Qnp = X* X, Qg = YY™*. To bound the trace for the product on P we use

Tr(QuPQKP).

Since P preserves placements, only diagonal placement blocks of Qp, @k occur: in returning
each special label one factor preserves its row and the other its column. For any placement
the diagonal block Ry is given by the restriction of the group-algebra coefficients of Qg to the
subgroup fixing the special positions pointwise. This restriction is positive there (compression
in the regular representation). If a; special positions occur in row i, its norm on a tuple of
types d; F m — a; is bounded by
exp(O(n”*®))
Hz‘ (m)ai f 8
Indeed by (25) with v = 2 the full-group identity coefficient times |H| is at most the type
count. On the subgroup the same coefficient times subgroup order bounds dimension times
trace on each block. There is an analogous R .
We explain a positive-operator majorization for Ry, on this placement. Up to a factor
exp(O(n®®))/I1;(m)a,, it is majorized by an average of

(09 T (38)

remaining sites (7,5")

(37)

where the 7; are block diagonal positive matrices on W of trace one. To verify it use separate
block-diagonal unitary types on each row. For M = m — a; remaining sites of one row, a type
(u,v") with total degree M corresponds under &, to constituents of induction from u and
(v")T, with u,v" each of length at most s. This again follows by using ordinary Schur-Weyl
on the separate species. Signed reorderings used to group factors together do not affect the
argument and respect products of even operators. Every such &) constituent § satisfies

i < 8; < ui+ s, v; <61 <l + s,

with zero padding. For example (v)T can be obtained by successive induction of at most
s single columns, so Pieri gives the first bound, and the conjugate gives the other. Its
hook-length product off the top left s x s box is bounded using the horizontal pieces of lengths
at most w; with hook extensions down by at most s, and the vertical pieces for v} similarly.
Thus

5 > exp{-O(s2log(n + 1))} exp{MH((u,v')/M)}, (39)

by the hook formula and factorial estimates; here H(-) in an entropy expression denotes
Shannon entropy. For instance the hook product is at most (n + s + 1)) [T, us! v]!. Empty
rows of sites give trivial estimates.

On the other hand take a trace-one matrix of spectrum (u,v’)/M in the two blocks
and conjugate by Haar block-diagonal unitaries. The expected tensor power of order M on
this type is scalar and at least exp{—MH ((u,v")/M) — O(s?log(n + 1))}, by the highest
weight and dimension bounds. One can average also over type choices at logarithmic cost
O(s?log(n + 1)). Applying this independently in each row gives (38) from (37), (39): the
accumulated costs fit in O(n°8) since b,m = O(y/n). We likewise use a column average of
products of o;.

9.5 Density normalization on the remaining cells

For these majorizing averages, by positivity it suffices to bound uniformly

(@7 P (@) (40)

2
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on the remaining sites of the placement. Use the uniform average over all b rows,
1 b
Do==-)> 7m+el, e > 0.
0 b ; 7

This averages the full board, including the row states at deleted positions. Insert (D 1 2)‘X’N /
before (D(l)/ 2)®N 'P in the middle. The latter operator can be expanded as an integral of the
simultaneous G actions, with total absolute coefficient bounded by

’ ' 1/2
(n+s+ 1)0(82) ((Tr Do)V'e N HO) / .

Indeed this is Fourier expansion on one isotypic type by unitary matrix orthogonality (the
extension to D(l)/ % acts there by the same representation with its multiplicity); its operator
norm uses the ordered eigenvalues on the two blocks to powers given by the two partitions,
bounded by the displayed entropy factor using their sum Tr Dy. For a simultaneous block
unitary U, the remaining tensor product in (40) after this insertion and expansion has squared
Hilbert—Schmidt norm

[ T, *mDy *UayU™).

remaining (2,5)

Denote these nonnegative entries by W;;» and put o = m~t >_jr oy Their full-board average
satisfies 1
= S Wiy =Tr [Dgl/Q(DO - gI)Dgl/zU(}U*} < 1.
i,5'
The sum over surviving cells is therefore at most n. Arithmetic-geometric mean on those N’
cells gives
[T Wiy <m/N)Y <éb
remaining (%,5")

Sending ¢ to zero makes Tr Dy — 1 and bounds (40) by exp{—N'Hy + O(k + n"®)}.

It remains to sum the diagonal placement blocks. If a; and a}, are their row and column
loads, then

[1m)a; [1®)ar, = (m/e)*(b/e)* = e=*Fn".
; " J
i J
There are (n); < n* ordered placements. Thus their number cancels the factor n=* supplied
by the two majorizations, at cost €?*). Combining (38), (40) and the column estimate, we
conclude that

FINXY)r|3 < exp{—N'Hy + O(k + n°®)}.
This proves (27) by (36).

9.6 The sparse estimate in short time windows

The two static estimates will close the recursion away from the first row. To finish the

argument, we need the following direct estimate for the actual sweep. We retain its time-

window proof because it uses a different cancellation from the weighted forest argument.
We record a direct bound, for all sufficiently large d:

I(ta)allee < 779 §f1<j=n—A <n®, )

where ¢ > 0 is absolute. Work on j-point injections x,y again, with the cube coordinates now
and the iid normalization (functions are extended by zero). Any card traveling from x; to y; in
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a sweep must use a unique path of sites. For any subset I of the cards let Kj(x,y) denote the
density on their y positions relative to uniform independent sampling, given their x positions.
On injections this is a product of pair factors within I: the factor is 1 for non-encounter, and
for paths coming to the same switch from opposite sides it is 2 if they split, 0 if they conflict.
Such potential encounters for a pair can only start at the step updating their last differing
input coordinate. Indeed the unupdated suffixes are fixed. If paths are invalid there is a first
failure leading to a zero factor, and on valid paths the formula counts the required fair coins.
In pairing functions of type A only the part

> (-1 K,

ICj]

is needed for the full density K[;}, by the top-degree property. This expression vanishes unless
every vertex is covered by potential encounters (the paths are determined for all vertices,
regardless of validity). We bound the operator norm of each nonnegative K restricted to
that event and to injections.

Divide the times into a bounded number of windows updating coordinates a + 1,..., g,
with ¢ —a < d/32. For large d these windows can cover the whole scan. A contact in this
window requires the two paths to have the same suffix of x after coordinate g and the same
prefix of y through coordinate a. Call each such suffix-prefix pair a window cell. Coverage of
all vertices by contacts therefore implies that, in some window, at least c¢yj vertices lie in
nonsingleton window cells, for an absolute ¢y > 0.

At least one of a,d — g is at least 0.4d. We first treat a > 0.4d. Group the input points
by their suffix after g, and call a group dense when its count is at least

T = 20~ 1/64,

Split the window event into two parts. Let Egense be the event that dense suffix groups contain
at least coj/2 vertices. Let Ejgne be window coverage with fewer than that many vertices in
dense groups. We will prove, for the mixed sampling associated with each K7,

Sl;p rexligse(gdense ‘ y> = ecjn_clj, Sgp forlzv)vglrd(glight | 1‘) = eC] o (42)
These are respectively a column-sum and a row-sum bound for the two positive restricted
kernels.

Given z, mixed sampling uses genuine sweep paths for I and independent uniform
destination bits for the other indices. Reverse sampling is defined in the same way given y.
Discarding noninjective outputs only decreases the kernel mass. For counts Z, in disjoint
site groups at an intermediate or final time, both unrestricted mixed laws satisfy

E[I(Z)r, < ](EZ)™. (43)

For the genuine sweep subset, inclusion of any specified distinct sites has probability at most
the product of the one-site probabilities. This holds initially and is preserved by random
switches: a test set containing one endpoint uses the average of the two old bounds, while a
test set containing both uses that their old marginal product is at most the square of their
averaged marginal. Summing the site inequalities gives (43). Independent extra paths have
the same factorial bounds, and independent addition preserves them by the falling-factorial
binomial formula.

In reverse sampling from fixed y, every suffix group of 2 has mean j/2979. The deficit
assumption and the window length give

J/QT Y T gg—ap1/64 < 0.9—141/3241/64 _ ,,—17/320,
n
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There are at most j/7 dense groups. Their possible choices cost at most exp(O(jlogn/T));
if j < T, the event is impossible. Since T > n%4~1/64 this cost is absorbed by e“(). The
union of any fixed choice of at most j/7 groups has mean at most jn~17/320 - Applying (43)
to a factorial moment of order [cyj/2] proves the first bound in (42).

For forward sampling from fixed x, each window cell in a nondense suffix group has mean
wy <T/2% = n~1/64 at time a. On Elight at least cpj/2 vertices lie in nonsingleton cells of
this kind. A cell with r > 2 vertices supplies |r/2| > r/3 disjoint pairs, so there are at least
coj disjoint co-located pairs, with an absolute ¢y > 0. Since

g S S

(43) bounds the expected number of sets of u = [c2j| such pairs by

(X, ua)" < (O, —u/64
2uyl T
Reducing ¢z if necessary handles integer rounding and proves the second bound in (42).

If instead d — g > 0.4d, transpose the kernel by exchanging x,y and reverse the coordinate
names. The window then has endpoints '’ = d — g, ¢ = d — a, so the preceding argument
applies with a’ > 0.4d. This exchanges the row and column bounds and leaves the operator
norm unchanged.

Each restricted positive kernel thus has one sum bounded by €?Wn=¢17 and the other
by one. The Schur bound gives its operator norm at most e®@Wn=¢13/2 Summing over the
bounded number of windows and the 2/ subsets I proves (41), with a smaller absolute c. For
J =1 the cancelled kernel is zero because there can be no contact.

9.7 A uniform Schatten exponent

We supply details on uniformity of the Schatten exponent. At any fixed range of sizes a
sufficiently large exponent in (23) suffices. In fact the sweep matrix is a product of orthogonal
projections (matching subgroup averages), with norm strictly below one on every nontrivial
irreducible: equality would require a joint invariant vector, and all the edges together generate
the symmetric group.

Split a large d into |[d/2],[d/2] bits. Each part of the board update is a product of
independent smaller sweeps. If (23) holds in the smaller problems with exponent < p’, taking
p’ > 8, their independent products on the factor groups have

halXal? <1, hslYal? <1,

by tensoring (norms are contractions). Either product estimate (26), (27) with right hand
log &€ then gives
FAXY )AL, < exp(E). (44)

For clarity this transference uses ordinary Schatten norm complex interpolation: take analytic
families in the two group algebras replacing singular values z by v (zeros held zero),
preserving singular vectors. At real part 1 use (26) or (27) with its given exponent v, and at
real part 0 use product operator norm at most 1. Interpolation at v/p’ gives (44), by the
three-lines Schatten inequality between operator norm and v-norm. Thus the log costs do
not grow with the starting exponent.

It remains to make one of the two logarithmic costs small relative to F' = log f*. Types
of length greater than n/2 are annihilated by one matching layer, as noted in Section 2. For
the remaining nontrivial types, Lemma 3.1 gives F' > cgj. We now assume j > n%?, leaving
the sparse range to (41).
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With k, s as in (27), the hook formula on the lower diagram of size j, followed by (24),
gives

F > log <?> + klog(s/2) — O(j5). (45)

Indeed all hooks of the lower diagram are at most j, while the indicated k interior boxes have
hooks at most 2j/s by their row and column indices there. Comparing their product with j!
gives a lower dimension bound e~9) (s/2)k.

If F > jd'/*, choose the selected-rank product estimate (26). Its logarithmic cost is

O(j +n"®) < O(d"*F),
since j > n%?Y.

If F < jd'/*, use (45) and F > ¢gj to obtain
log(n/j) = O(d"*), k= O(F/d).

When k > j/d?, we have log(n/k) < log(n/j)+2logd = O(d*/*+log d), and hence klog(n/k)+
k= O(Fd=3/*). When 0 < k < j/d?, the crude bound log(n/k) < logn = O(d) gives
klog(n/k)+k = 0(j/d) = O(F/d). At k = 0 these terms vanish. The signed-tensor estimate
(27) therefore has logarithmic cost at most O(d~Y*F) as well; its n%® term is absorbed using
F > 06n0'9.

For large enough d, the cost in (44) is consequently at most e4F with ¢4 = O(d™¢) <
1/2, uniformly in these shapes. This also bounds the operator norm to the p’ power by
exp(—(1 — e4)F), so increasing p’ by a factor 1+ O(d~¢) restores (23). For 1 < j < n®?9 (41)
and f* < nJ give, at any sufficiently large absolute exponent p,

FAE < F2 11 (a)a 2 < Pl < 1.

The trivial representation satisfies (23) exactly.

Thus starting with a large enough finite base exponent covering fixed small d and the
direct-bound requirement, it is enough at each large d to multiply the maximum of the
two required smaller exponents by 1 + O(d™¢). These factors have bounded product along
bit-length halvings. This proves (23) with a uniform exponent.

9.8 Full-deck amplification

Equation (23) gives ||(tta)xlloo < (f*)7'/P. The Plancherel and dimension-sum argument of
Section 8.3 therefore applies to repeated forward sweeps, giving worst-start mixing after an
absolute number of sweeps, or O(d) physical shuffles. Proposition 8.1 supplies the matching
lower order. This completes the frame route to the common mixing conclusion.

Part 111
Coherent states

10 Coherent overlap and a uniform trace moment

We next ask how the overlap changes when missing positions are retained as an ordered list.
Write n = 2% and B,, = K4 for d > 1; for d = 0 put B; = id, the empty sweep. The method
proves a dimension-weighted trace bound with right side one. It combines a partial-mapping
density estimate with a coherent-state overlap on a grid with holes. The coherent overlap
uses a moment-matching change of basis; we include that step because it explains why the
grid factors have mean at most one even after cells are removed.
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Theorem 10.1. There is an absolute p, > 1 such that, for every dyadic n and every

irreducible type A+ n,
DyTr(((B,Bn)[v,)") < 1. (46)

Consequently || By|v, || < D;l/@p*). The moment in the display is the Schatten power 2p,,
because Tr(B}: B, )P* = HBangz

10.1 Two sparse estimates

For a nontrivial A = (n — k, §) with k =n — A\; > 1, the two inputs are

1Balv I < CH(1+ ) (k/n)"2, (47)
1Bulv |1 < e“*D5* (48)

for absolute @ > 0. For the first estimate we use the square of the fully cancelled kernel.
Work with counting-measure matrices on ordered injective k-tuples. For A C [k], let Kflmb
be the sweep transition kernel on the coordinates in A, and set

LA(CC, y) = n_(k_‘ADKirOb(an yA)v D(‘T’y) = Z (_1)k_|A|LA(x7 y)
ACIK]

Both arguments of L4 are restricted to injective full tuples. Its row and column sums
are at most one: the coordinates in A follow a genuine sweep and the others are sampled
independently uniformly, after which noninjective outcomes are discarded. Consider the
subspace of functions whose sum over any one tuple coordinate is zero when the other
coordinates are fixed. All proper-coordinate marginals vanish on this subspace, so D acts
exactly as the full sweep kernel K = L. The type A = (n — k, 8) belongs to it by the
branching argument in Section 8.1.

The product-of-pair-factors formula for the sweep shows that D(x,y) = 0 if one of the k
unique start-to-end paths has no potential switch contact with another path. Write £(x,y)
for the event that this contact graph has no isolated vertex. By discarding this condition on
the first leg only,

|(D*D)(l"y)| S Z Z LA(Z,ZE)LB(Z,y)lg(Z’y).
A,BCJk] =z injective

For fixed x, A, the first-leg mass in z is bounded by the law obtained from a reverse sweep of
the labels in A and independent uniform positions for the others. Under this unrestricted
mixed law, the occupied set S satisfies

Pr(F C S) < (k/n)*!

for every fixed site set F'. For the sweep subset this follows from the negative-inclusion
argument in (22). Adding the independent uniform positions preserves the bound: partition
the tested sites between the two sources and sum the resulting product bounds. Restriction to
injective z only decreases these probabilities; it is retained in the kernel sum, so the relevant
S always has exactly k sites.

Independently presample a complete common routing for the second leg and one private
uniform path from each site. Any assignment of the labels in B to common paths and the
other labels to private paths is covered by the 2¥ choices of path type on a k-site set. Thus
no factor k! is needed. The expected number of such typed unordered sets with no isolated

contact is at most
ok (“) (Cd)+. (49)

1<j<k/z -\
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Indeed choose roots, ordered forest shapes and path types. Every nontrivial component
has a rooted spanning tree. A new common-path child has at most two possible starts per
switch; summing over private-path starts gives at most two expected choices per switch.
Expose independent paths only at unused sites and sum successively over the tree extensions.
This bounds each extension by 4d and proves the display, with the number of forest shapes
absorbed into C*.

Multiply the expected count by (k/n)*, using the first-leg inclusion bound independently
of the second-leg fields, and sum the at most 4% choices of A, B. The elementary bound
(?) < (Cn/k)*/? for 1 < j < k/2 shows that every absolute row sum of D*D is at most

Ry = C*(1 + d)“* (k/n)*/2.

For k = 1 the contact event is empty and the same assertion is immediate. Since D*D is
self-adjoint, the column sums obey the same bound, and the Schur test gives | D*D|| < Ry.
On that zero-marginal subspace, D = K, so || K||* < Ry. This proves (47) without another
square-root loss.

The second estimate is Proposition 6.3 of OpenAl [18], applied with T = B, and N = n.
Its input, Theorem 6.1 of that companion, is the stronger density statement

supn ™ S {nk Pr (a )}t < e (50)
x Yy nn

for a fixed absolute 0 < § < 1, all 0 < k < n, and every ordered injection z. Repeated-site
output tuples contribute zero. The companion gives the displayed power normalization as
well as the normalization by (n)g, in both orientations and for both rows and columns. Its
Proposition 6.3 transfers this bound through the right Si label action to obtain exactly
(48), with a = §/(1 4 §). Section 6.6 there also proves the density estimate by the distinct
cycle-window certificate and entropy argument. Only these partial-deck statements are used
here; the moment induction below remains local.

For sufficiently large d, put s = log(n/k) and suppose s > d%*. The first bound then gives
log || Bnlvy |* < —ks/4. Taking the geometric mean of this bound and (48), and increasing
the fixed lower threshold on d, gives

log || Bu|v, I* < —ks/8 + Ck/2 — (a/2)log Ds < —ks/16 — (a/2)log Dg.

Since log Dy < k(1 + s) + log Dy, there is an absolute ¢ > 0 such that || By|v, [|> < D¢ in
this range. In particular,

DATe(B;Bp)? < DX Bali |7 <1 (p > 2/c).

This supplies the trace moment directly for the sparse diagrams.

10.2 A coherent overlap on a punctured grid

We first estimate the overlap before restoring the holes. The projections below select a single
carrier direction in each line, while retaining every multiplicity copy.

Proposition 10.2 (Coherent overlap on surviving cells). Let M, R,Q > 1 be integers.
Consider an M by R grid, n = MR, with | holes and m = n — [ surviving cells. Let K, J be
the row and column permutation groups on surviving cells. Suppose 't m lies in a (Q, Q)
hook. For Fourier projections E = Q,; Eg, ¢, and F' = Q; Er, y, selecting one unit carrier
vector on each row or column, write o = (0;) and T = (15). Then

D, Try, (EF) < DyD;exp{l + C(1+ M + R)Q*log(2n)}. (51)
Here D,,D; denote products over lines, and C 1is absolute. For m = 0 the surviving

representation is the one-dimensional trivial representation.

31



Proof. The case m = 0 is immediate. Assume m > 0 so the count proportions below are
defined. Use the signed alphabet with @) even and @) odd symbols. For the compact group
U(Q) xU(Q) its tensor representation decomposes into carriers Wy paired with Ind(Va,® V).
The carrier dimensions and the multiplicities of compatible types are at most eCQ? log(2n)
For a probability vector ¢, write H(q) = — 3, ¢4 10g ¢q, with 0log0 = 0; for a diagonal state
A, H(A) means the entropy of its diagonal. If V., occurs in the multiplicity space paired with

a, ), put ¢ = (o, B) and u = |v|. e hook formula gives, with uH (c/u) = 0 when u = 0,
I3 153 d The hook f 1 h uH 0 wh 0
D'y > euH(c/u)—CQ2 log(2n)' (52)

Indeed the first @ row lengths differ from «a; by at most @, and the first Q) lower column
lengths differ from [3; by at most ). Their hook product differs from the corresponding row
and column factorials by at most the displayed error. Every (Q, @)-hook diagram occurs by
taking its first @) rows and the transpose of the remainder.

Choose a compact-group sector whose multiplicity space contains V),. Let c, be its
highest-weight count and put A = diag(ci/m). Then D, < e™#A). Let P project onto
that highest line in every copy of its compact type. On the signed slot space L,, =
(CQ @ CQ)®m, P commutes with the position-permutation action, and its range contains V,.
Since the contribution of each irreducible to the trace of a product of orthogonal projections
is nonnegative,

Try, (EF) < Trz, (EPFP).

We will resolve E, F' into positive rank-one terms. The last trace then becomes a positive
weighted sum of |{y, Px)|?. We explain which factor is averaged in the coherent-orbit resolution
[19, Section 2, equations (7)—(11)]. On a line with u surviving slots the signed tensor space
has the orthogonal decomposition

Ly =P W, M,, M, =PV, @ Ny,
K i

where W, is a compact-group carrier of highest count c,, and M, carries the induced
symmetric-group representation. A matrix action selecting a unit vector e in type ~ acts on
this summand as

Iw, @ le){e| @ I ,-

With dU the normalized Haar probability measure on U(Q) x U(Q) and h, a unit highest
vector, replace the first identity by

Ty, — dim W, / U hy ) (Uhy| U,

and resolve the last identity in an orthonormal basis. This gives positive rank-one terms
whose vectors, in the slot realization, are unitary translates of highest-count vectors. The
arbitrary selected Specht vector e remains unchanged; all multiplicity copies are present. The
dimensions of the compact carriers, the number of compatible sectors and the multiplicities
are at most ¢C@” log(2n) g the total weight costs this factor per line. There is no factor D,,
because the selected state |e)(e| has trace one. Tensoring these resolutions across the lines
gives the row and column coherent product vectors used next. Such a vector can be entangled
within a line; “product” here refers to different lines.

It remains to bound a coefficient (y, Px), where x,y are unit coherent product vectors on
rows and columns. Let 0;, ¢; be their normalized line count vectors, with line sizes r;, s;. For
an empty line choose any probability vector; its entropy contribution has coefficient zero. We
claim

[y, Pz)|* < exp {C’Q2 log(2n) — mH(A) + ZriH(Qi) + Z siH(¢;) + l} . (53)
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To control the product over surviving cells, we will arrange that the row and column
count densities have the same average A. The required change of basis must also preserve the
coefficient up to factors at most one. A minimum-norm argument provides both properties.
This viewpoint has its classical antecedent in Kempf-Ness [12, Theorem 0.1]; for a character-
normalized highest-weight formulation, compare Franks and Walter [10, Sections 2 and 4].
We give the local argument because the occupied-cell and coefficient-square bounds require its
exact normalization. Let g be block lower triangular on the even and odd alphabets, acting
on the slot space by ¢®™. With the highest-weight convention used here, projection onto the
highest line satisfies Pg®™ = x(g)P, where x(g) = diag(g)®*. We suppress the tensor-power
notation in the orbit argument. We justify the limiting normalization explicitly. If Px = 0 or
Py = 0, the coefficient is zero and no scaling is needed. Assume both are nonzero. Consider
the character-corrected orbit

O, = {x(g9) gz : g is invertible and block lower triangular}.

Its norm infimum ¢, satisfies 0 < ||Pz|| < ¢; < 1, because every vector in the orbit has
projection Pz and the identity is allowed. Choose a norm-minimizing sequence. It is bounded,
so a subsequence converges to a vector z, with norm ¢, in the orbit closure. That closure is
invariant under every fixed character-corrected group action. Therefore

Ix(h) ™ ha|| > e

for every invertible block lower triangular h. In particular the derivative at h = e!X, t = 0, is
zero for each block lower triangular matrix X.

Put 2’ = 2, /c,. Each normalized vector in the approximating sequence remains a product
of coherent line vectors: triangular factorization of each transformed local basis expresses
it as a unitary translate of the same highest line, times a scalar. The compactness of the
local unitary groups gives this form also for z’. Moreover Pz = ¢, Pz’. For a nonempty row
(r; > 0) with vector z}, define the averaged one-slot density

1
Ai = — Z Trother slots ‘.T;)(I” =U; dlag(gz)Uz*

Ty . .
v in row 1

Here U; gives the coherent basis and 6; its count proportions. The equality follows from the
highest-count weight: the sum of diagonal occupation expectations is its count vector and
all off-diagonal Lie-algebra expectations vanish. Individual slot marginals need not coincide.
For an empty row choose any trace-one density; its coefficient r; is zero and it occurs in no
surviving cell. The same convention applies to empty columns. The derivative just obtained
says

R Tr (X ZriAi> = %Zc*ﬂXW.

Both matrices compared on the right and left are Hermitian. Testing all complex lower-
triangular entries, including real diagonal entries, therefore yields

Apply the same argument to y to obtain ¢/, a factor 0 < ¢, < 1, and > sjA;» = mA. Since
P is orthogonal,
|<y,Pl’>’ = Cny|<y,7P:E/>| é |<y,7P:E/>|

This proves both moment matching and the required coefficient compensation without
assuming a finite minimizing scaling exists.
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Set Z = A~Y/4, using entry one on zero coordinates, which carry no mass. The highest-line
character gives the exact identity

z8mpzem — mHMN2p g diag(Z)* = mH(A)/A.

Schur orthogonality expresses P as an integral of simultaneous block-unitary actions with
total absolute coefficient at most the dimension of its compact carrier. Insert this integral
into the identity and use the triangle inequality. Squaring gives

(0 Pal) 2 < PRI sup | (ZUZ)a) (55)

Expand each row and column vector in its coherent letter basis. Its coefficients are supported
on assignments with the prescribed line counts, although they need not factor within a line.
If 24,1 are the coefficients of the resulting full assignments, then 3", |24]? = 3, |w]? = 1.
Cauchy—Schwarz over the pair (a,b) bounds the squared matrix coefficient by the sum, over
these fixed-count assignments, of the products of squared local matrix entries.

To bound that sum, sample letters independently at each cell from the row probabilities
¢; and column probabilities ¢;. Every allowed full pair has the same sampling weight
exp{—>_; 1iH (0;) —>_; sjH(¢;)}. Dropping the count constraints therefore bounds the last
square in (55) by

ezi n'H(Gi)‘i‘Zj s;H(¢j) H Wij7 Wij _ TI‘(A;ZUZAZZU*Z)

(4,5) survives

Thus the independent sampling is a device for summing coefficients with fixed counts, not
an assertion that the coherent states have identical or independent slot marginals. The
matrices Ai,A; in this formula are the averaged count densities just defined. Under the
product probabilities 7;/m, s;/m, the mean of W;; is, by (54), Tr(VAUVAU*) < 1. The
relative entropy of the uniform law on surviving cells from the product of its marginals is at
most log(n/m): compare first with the uniform full grid and use the minimizing property
of the actual marginals. The entropy form of the geometric-mean inequality therefore gives
[[Wi; <e™ log(n/m) < el This proves (53). Use (52) to pay the local entropy factors, sum
the coherent-line representations, and cancel the global factor using D), < emH(A) | Equation
(51) follows. O

By positive spectral decomposition and group Plancherel, the same inequality gives, for
group-algebra coefficients that factor over lines, w = @, w; € CK and z = Q; z; € CJ,

2 O, n
Dyl (zw) B < el CUFAFRIQ sz (IKI > !wg|2) (\J! > Izg|2> : (56)

geK geJ

The decomposition is applied to ww* and z*z, so every summand is positive.

10.3 General diagrams by ordered holes

We now return to the full M by R grid and reset the groups to K = Sﬁ/[ on rows and J = Sﬁ[
on columns. Keeping the holes ordered makes the intermediate list unique when the initial
and final lists are prescribed. The resulting coefficient-square sum has the following explicit
cost.

Proposition 10.3 (Restoration with ordered holes). Let E, F select product unit carrier
vectors of types o, 7 in K, J, respectively. For A+ n and integer Q > 1, let | be the number
of boxes outside the union of its first QQ rows and first (Q columns. Then
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Proof. Let p be the retained hook and £ the removed straight core. Littlewood—Richardson
inclusion places V) in induction from V,, ® V¢. In the regular representation designate [
distinct labels as holes and let II be the commuting relabeling projection onto type p on the
other labels. It retains at least D, D¢ > Dy/(’}) dimensions in the multiplicity space of V).
Hence

-1
n
|FEI|%g > <l> Dy Try, (EF). (58)

To estimate this regular-representation norm, let H, be the span of permutations whose
designated hole labels occupy the ordered list a. Fixing a leaves all bijections of the surviving
labels with the m = n — [ other positions. Thus H, is a regular S, module, with its counting
basis; II is the right isotypic projection onto p on every fiber. The row and column operators
act on positions on the left.

Let Epy : Ho — Hp and Fyp, : Hy — He be their blocks. For given a, ¢, at most one middle
list b is possible: each labeled hole keeps its row under E and its column under F. Write
eq, fg for the group-algebra coefficients of E, F. For a feasible triple choose v € K, v € J
with ua = b, vb = ¢, and put

Ky={he K:hb=10}, wp(h)=-ep, (he€Kp),

Jp = {t eJ: tbh= b}, Zcb(t) = fvt (t S Jb).
These stabilizers fix the ordered list pointwise. The extracted coefficients still factor over
lines. If L,,, L, denote the baseline motions and Wy, Zs the remaining actions on Hp, then
Eyy = Wyoly, and Fy = LyZ. The baseline motions are unitary and commute with the

right projection II. Regular Plancherel on the surviving labels therefore gives the precise
block identity

1 Fo EpaIllag, Ifis = 1 ZaWeallln, lIfis = Dull(zebwa) ul fis- (59)

The factor D), is the right multiplicity in the regular S,, representation.
Define the two nonnegative coefficient factors

ba = ’Kb| Z |wba(h)’27 Bcb = |Jb| Z |Zcb(t) 2

heK, tedy

Equation (56) bounds the block square by el HCA+M+R)Q?log(2n) o, 3, TFor fixed b, the
corresponding cosets partition K and J, so Fourier coefficient orthogonality gives

| K| 5]

a—iDcr, 0—7
2o =R 2 0=

Here Y- ek |eg|* = Do /| K| because the selected carrier projection has rank one, and similarly
for F. Since the middle list is unique, summing the block squares first over a,c and then
over b bounds || FEI|}g by

(LHCO+MARQ og20) 1y Z [ K| [Jb|
K| 7]

Falling factorials in the full lines give
Kol /| K| < (e/R)', | D]/ J] < (e/M)".

There are at most n! middle hole lists, and MR = n. Their factors cancel to e*. Add the €
n (56) and the binomial factor in (58) to obtain (57). O
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10.4 Closing the uniform moment

Proof of Theorem 10.1. Split a sweep into the balanced grid, B, = Y X, and suppose the
children satisfy (46) with exponent p. For positive A, D and p > 1, the Araki-Lieb-Thirring
trace inequality [2] (see [3, Theorem 1]) Tr(AY2DAY2)P < Tr(APDP) gives

DAT(BSBa) < Dy TH{(Y*Y (X X*)7}. (60)

Resolve the right side into positive sums of product projections. Take @ = [n'/%°| in (57).
For each row or column type, dimension times the sum of its spectral coefficients is at most
one by the child induction. The logarithm of the number of types is O(n**log(2n)). Thus

Dy Tr(B:B,)P < exp C{n*° + 1+ llog(n/l)}. (61)

The Q2 error is also absorbed by n*/®. We use the continuous convention log(n/l) = 0 when
[=0.

Put kK =n— XA and L) =log D). We consider nontrivial surviving types, so k > 1; the
trivial type will be handled separately. The hook formula on the lower diagram gives

llogQ < Ly + Ck. (62)

Indeed its dimension is at most D) by branching, all its hooks are at most k, and the [
deep-core hooks are at most 2k/Q. Lemma 3.1 gives Ly > ck for every nontrivial surviving
type. Consequently [ < C'Ly/d. In the nonsparse range log(n/k) < d®*, this gives

log(n/l) = llog(n/k) + llog(k/l) < Cd~'/AL. (63)

For the second term, k¥ < CLy and | < CL,/d give llog(k/l) < O(Lylogd/d): apply
monotonicity of zlog(CLy/x) on this range, increasing the constant inside the logarithm if
needed. Also k > ne—"* implies n/5 < Cd~Y4L,. Consequently (61) is at most eCldil/ALLk,
while it gives the operator bound || B, ||*" < e~(1=C"d"Y")Lx T see how the exponent pays
the error, write ¢ = C'd~1/* < 1/2 and T = B} By, on this type. For ¢ > 0 the two estimates
give

Dy Tr 7?40 < (D) Te TP) | TP < D079,

1/4 closes the

Taking ¢t = 2¢ makes the exponent nonpositive. Thus an increase by 1+ C"d~
estimate.

Choose an absolute base dy before choosing a sufficiently large finite pg. On the base
range, products of matching projections have no nonconstant common fixed vector, so such
po exists. Choose it also large enough for the sparse consequence of (47) and (48). Above

the base take
pa = (1+C"d"*)max{p|asa). pjaj1 }-

Traces of positive contractions decrease with the exponent. Thus the child estimate applies at
the larger child exponent, and the preceding argument proves the induction. The logarithmic
increments are summable along halving scales, so pg < px < co. The trivial representation
has trace exactly one; killed types have trace zero. This proves (46) in all cases.

The Plancherel argument of Section 8.3 applies with the dimension power 1/(2p,) supplied
by this moment. An absolute number of independent forward sweeps therefore mixes the
full permutation in O(d) physical shuffles, uniformly over the starting deck. Proposition 8.1
supplies the matching lower order. ]
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