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Abstract

We construct a smooth metric on the three-sphere, arbitrarily close to the round metric
in the smooth topology, and a smooth metric on 52 x T? for which sequences of exact real
Laplace eigenfunctions have unbounded nodal measure divided by the square root of the
eigenvalue. Each sequence belongs to one fixed metric. Thus the upper-bound part of Yau’s
nodal conjecture fails for smooth metrics in dimensions three and four.

1 Introduction

Let (M, g) be a closed connected smooth Riemannian manifold of dimension d. We write —Aju =
Au for a nonzero real Laplace eigenfunction with A > 0, and Z,, = {x € M : u(z) = 0} for its
nodal set. Yau’s nodal conjecture in the smooth category predicts constants ¢4, Cy > 0, depending
on this one metric, such that

cgVA < HIT(Z,) < CyVA (1.1)

for every such eigenfunction. The distinction between a fixed metric and a metric chosen anew
at each eigenvalue is essential. The lower and upper inequalities are also logically separate. This
paper disproves the upper inequality in two low-dimensional smooth settings.

Theorem 1.1. Let g, be the round metric on S®. Every neighborhood of g, in the C™ topology
contains a smooth Riemannian metric go, for which there are nonzero smooth real functions u;
and positive numbers A\ satisfying

VA

Theorem 1.2. There are a smooth Riemannian metric gos on S% x T2, nonzero smooth real
functions u;, and positive numbers \; — oo such that

7-[200 (Zu;)
VA
Theorem 1.1 gives a negative resolution of the upper-bound part of the smooth nodal conjecture
already in dimension three, with metrics arbitrarily close to the round sphere. Theorem 1.2 provides
a distinct four-dimensional topology and metric realization. Neither theorem asserts a power-law
excess, and neither contradicts the lower-bound part of (1.1). In dimensions at least five, a separate

companion constructs fixed-metric counterexamples with a fixed positive power-law excess [17,
Theorem 1.1 and Corollary 5.6].

—Agoou]' = )\jUj, >\j — 00, — OQ.
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Context. Yau formulated the nodal measure problem for Laplace eigenfunctions on closed
manifolds [25]. Donnelly and Fefferman established both sharp estimates for real-analytic metrics
[5, Theorem 1.2]. For smooth metrics, Hardt and Simon obtained a general non-polynomial upper
estimate [11, Section 5]. Logunov later proved a polynomial upper estimate in dimensions at least
three [14], as well as the sharp lower estimate [15, Theorem 1.1]. The gap between polynomial
growth and the conjectured square-root upper bound is where the examples here lie.

The smooth surface case has a separate quantitative history. Briining proved the sharp square-
root lower estimate [2, Satz 2|. Donnelly and Fefferman obtained the upper estimate C’g)\S/ 4
[6], and Logunov and Malinnikova improved its exponent to 3/4 — /3 for a universal 5 € (0,1/4)
[16]. Under intermediate regularity hypotheses, Hezari proved bounds for Gevrey metrics and a
specified quasianalytic class [12, preprint version, Theorems 1.1 and 1.2]; these are not statements
for arbitrary smooth metrics.

Metric flexibility has also been used to prescribe nodal geometry. On a closed manifold of
dimension at least three, Enciso and Peralta-Salas realized any smooth connected closed orientable
separating hypersurface as the nodal set of a first nonconstant eigenfunction by choosing the metric
[8, preprint version, Theorem 1.1]. Their work with Steinerberger prescribes any smooth connected
closed separating hypersurface in the same dimensions, within each conformal class and with fixed
total volume, up to an ambient diffeomorphism arbitrarily close to the identity in C° [9, preprint
version, Theorem 1.1]. On a fixed round sphere or flat torus, high-energy eigenfunctions can have
nodal components of prescribed complicated topology [10]. Krauz has prescribed individual nodal
configurations on the sphere by metric choice [13]. These results address nodal topology, including
at high frequencies on fixed analytic metrics. The distinction in Theorems 1.1 and 1.2 is the
unbounded normalized nodal measure along a sequence of eigenfunctions for one fixed smooth
metric.

Two constructions and their common logic. Each branch starts from a background metric
with explicit high-frequency eigenfunctions and a region left unchanged by all local corrections. A
smooth logarithmic envelope is corrugated in transverse directions so that its integrated gradient
becomes arbitrarily large without losing the strict Hessian inequality needed for localized complex
waves. Finite phase and transport jets give quasimodes with arbitrarily small weighted residual.
This construction is related to complex-phase WKB quasimodes [4, Section 3|; the weighted
finite-order estimates required here are proved in the wave sections. A Gaussian superposition
makes the real value and first derivative jointly nonvanishing and supplies many strict opposite-sign
tests along short coordinate segments. These tests form a lower semicontinuous score bounded by
the nodal Hausdorff measure, even when the zero set is not assumed regular. Random-wave studies
of typical nodal volume provide a related probabilistic backdrop [19, 24]; the argument here selects
one wave with a large stable sign score and proves its realization under a metric change, rather
than importing a random-wave nodal-volume formula.

The obstacle is to replace each quasimode by an exact eigenfunction of an ordinary Laplace—
Beltrami operator while retaining every sign. In the three-sphere branch, a scalar conductivity
and independent density first correct the equation. Division by a positive solution of a semilinear
elliptic equation makes them satisfy the three-dimensional metric determinant identity in the
active region; a transverse tensor change repairs the remaining defect in a clean annulus. In the
52 x T? branch, a conformal scalar correction has coercive linearization A, — 2\, and a change
tangent to the level sets enforces the four-dimensional determinant identity. These are separate
exactification arguments, not a dimension-independent realization lemma.

Figure 1 isolates the two dimension-specific repairs. The first converts a scalar conductivity and



density into a metric; the second uses a conformal correction before repairing a rank-three tangent
bundle. In both rows, the last tensor change annihilates the gradient of the chosen eigenfunction

and therefore leaves its corrected equation unchanged.

three-sphere L scalar weighted positive factor two-plane exact metric

quasimode correction and division repair eigenpair
S? x T2 | tensor weighted | | conformal three-plane exact metric

quasimode correction factor repair eigenpair

Figure 1: Two routes from localized quasimodes to exact eigenfunctions of ordinary metrics. The
repairs preserve the strict sign tests used later to pass to one fixed limiting metric.

Finally, a perturbation preserving the selected eigenfunction makes its eigenvalue simple. A
strict lower bound for the sign score then persists for all metrics in a neighborhood. Nested metric
neighborhoods retain each previous witness while inserting the next one, and converge to the single
smooth metric required by each theorem. The large-frequency thresholds may depend on each
fixed envelope; no uniform spectral gap is required. Uhlenbeck’s generic simplicity theorem [23]
is context for this spectral step, not a substitute for the selected-mode-preserving perturbations
proved here.

Taking the product of the three-sphere metric with any fixed closed Riemannian manifold
and pulling back its eigenfunctions gives further qualitative failures in higher dimensions. This
elementary extension does not assert a power-law excess in dimensions three or four.

Together with the surface theorem [18, Theorem 1.1], Theorem 1.1 and this product observation
give the exact universal dimension threshold: among dimensions d > 2, the upper inequality in
(1.1), with a metric-dependent constant uniform over all nonzero real eigenfunctions of positive
eigenvalue, holds for every closed connected smooth Riemannian manifold precisely when d = 2.
For each d > 3, there is one fixed smooth metric with a violating sequence.

Organization and conventions. The three-sphere proof first constructs amplifiable profiles
in Section 2, waves and signs in Section 3, an exact ordinary metric in Section 4, and a fixed-
metric limit in Sections 5-6. The S? x T? proof then develops its own envelopes in Section 7,
waves in Section 8, sign score in Section 9, metric correction in Section 10, and spectral limit
in Section 11. Throughout, gradients and divergences carry the displayed metric unless stated
otherwise. Hausdorff measure is taken for the Riemannian distance, with a fixed standard
normalization. All finite derivative and residual orders are chosen before sending the frequency to
infinity.

The three-sphere construction

2 Profiles with large mean gradient

A smooth real function ¢ will determine the amplitude envelope €™? at frequency n for the waves in
Section 3. Their construction requires a strict Hessian inequality, whereas their eventual nodal-area
lower bound grows with the integrated gradient of ¢. We show that these two requirements are



compatible: a local perturbation can increase the gradient integral arbitrarily while preserving the
Hessian condition and changing ¢ arbitrarily little in C°. We then apply this construction on S?,
preserving a prescribed radial profile outside one coordinate cube.

Throughout this section, gradients, Hessians, and norms are computed using a fixed smooth
Riemannian metric g on a three-dimensional manifold. Write

ag = grad, ¢, Ly=(1+ |a¢|2)1/2, Hy = Hess, ¢.

Definition 2.1 (Strict and full profiles). A smooth function ¢ is strict at a point if there exists a
real vector b at that point such that

b1l Qg, ‘b’ = L¢, H¢(a¢,a¢) + H¢(b, b) > 0. (2.1)
It is full at that point if the last inequality holds for every b satisfying the first two conditions.

For a symmetric form H and a unit vector v L a, it is convenient to set
T(H,a;v) = H(a,a) + (14 |a*)H (v, v).

Fullness on a compact set where a4 does not vanish gives a positive minimum of 7 (Hg, ag; v) over
the transverse unit-circle bundle. That minimum is allowed to depend on the profile.
The main construction in this section is local.

Proposition 2.2 (Amplification of the mean gradient). Let 2 be a coordinate cube with compact
closure in a smooth three-dimensional Riemannian manifold. Suppose that ¢ is smooth on a
neighborhood of Q, is strict there, and satisfies ag # 0 there. Given T > 0 and € > 0, there is a
smooth function qg on the same neighborhood such that

supp(@-9) €2 b=l <5 [ lagldV, > T,

The function $ is strict and has nonvanishing gradient on .

More precisely, there is a constant n > 0, determined only by the fized periodic functions chosen
below, such that one finite cycle of the construction multiplies [q |ag| dVy by at least 1 +n. The
cycle can have arbitrarily small C° size. Its patch sizes and frequency thresholds may depend on
the entire incoming profile and metric.

The cycle has two parts. A first perturbation makes the profile full on a fixed positive fraction
of its gradient mass while changing the gradient arbitrarily little. A radial perturbation in the
two transverse variables then increases the gradient on a fixed fraction of that region. The radial
perturbation preserves strictness, allowing the cycle to be repeated.

2.1 Localization and periodic averaging

We use two elementary facts in both parts of the construction.

Lemma 2.3 (Disjoint patches and averaging). Let U be an open subset of a relatively compact
coordinate cube, and let p be a finite measure given by a positive smooth density.



1. Given an open neighborhood of each point of U, one can choose finitely many coordinate
cubes Pj, with disjoint interiors and closures contained in those neighborhoods and in U, and
functions 0 < x; <1 in C°(F;), such that x; =1 on open cores Cj € P; and

1) = gu)

In particular, the supports of the x; are pairwise disjoint.

2. Suppose that y is a smooth submersion to RY, with ¢ = 1 or 2, on a neighborhood of P,
and that C € P is measurable. Let E C RY be periodic with respect to a full lattice, have
boundary of measure zero in a period cell, and occupy a fraction p of that cell. Then

lim p{z € C: Ny(z) € E} =pu(C).
N—o0

Proof. For the first assertion, choose a compact subset of U carrying more than three quarters
of its mass. A finite subcover of the prescribed neighborhoods has a Lebesgue number on this
compact set. A sufficiently fine coordinate grid therefore gives finitely many cubes, each with
closure in one of the prescribed neighborhoods and in U, whose union contains that compact
set except for grid faces. The faces have zero mass. Shrinking the cores inside these cubes loses
arbitrarily little mass, and smooth cutoffs supported in the cubes can be chosen to equal one on
the cores.

For the second assertion, submersion coordinates and a finite partition of unity express the
pushforward of p|c under y as an integrable density on R?. Thus it suffices to average the bounded
periodic function 1z(N-) against an L' function. For the indicator of a rectangle, the assertion
follows by tiling with period cells and estimating the cells meeting the rectangle’s boundary.
Approximation of an L' function by finite linear combinations of rectangle indicators proves the
claim. The boundary assumption on F ensures that its cell average is well defined and unchanged
by choices on its boundary. O

We fix a smooth function h of period one such that
h"(t) = 2 cos(2nt).
For example, h(t) = —(272) ! cos(27t). The periodic set
Ep={t:h"(t) > 1}

has fraction p, = 1/3 in each period.

2.2 Preparing a full region

Lemma 2.4 (Preparation). Under the hypotheses of Proposition 2.2, let 0 < €, <1/3 and e > 0.
There is a smooth strict function 1, with nonvanishing gradient on , such that

supp(y) — ¢) € Q, v — dllco) <e, |ay, — agl < eplagl on Q.

Its full region U C () satisfies
Pn
a dvz—/a dV,. 2.2
/U| M g 3 Q| ¢| g (2.2)

The change ¥ — ¢ can, in addition, be made arbitrarily small in C'.



Proof. Put a = a4. At each point, choose a strict unit direction v L a. Because a does not vanish,
the flow-box construction gives a local first integral s, with ds(a) = 0, whose differential at the
point is any prescribed nonzero covector annihilating a. Prescribe it also to annihilate v. On a
sufficiently small neighborhood, the line

at Nker ds

continues to be strict, with a positive margin on a smaller compact neighborhood. The differential
ds remains nonzero there.

Apply Lemma 2.3 to these neighborhoods with du = |a| dVj. It gives finitely many cubes and
cutoff-one cores capturing at least half the mass. We first describe the perturbation on one cube,
suppressing its index. Let x be its cutoff. For a constant C' > 0 to be fixed before N, set

YN = ¢+ CN 2xh(Ns).

Direct differentiation gives, uniformly on the patch,

C C
aypy = a+ Nxh’(Ns) grad s + mh(Ns) grad x,
Hy, = Hy+ Cxh"(Ns) ds® ds +O(N ).

All constants in this proof may depend on the fixed patch data, including C, but not on N.
For large N, choose a unit vector vy on the line

aiN N ker ds.

This line tends uniformly to the old strict line. The added leading Hessian has zero value on vy,
while ds(ay, )= O(N~1). Its value on the new gradient is therefore O(N~2), even on the portions
where h is negative. The remaining Hessian error is O(N~1). The old strict margin consequently
preserves strictness for all sufficiently large N.

We choose C' to obtain fullness on the cutoff-one core where Ns € Ej. For the old gradient,
consider the symmetric form on a*

B = (1+ |a*)Hy|,: + Hy(a,a)1d.

In an orthonormal basis (v, w) with ds(v) = 0 and w = grad s/|ds|, its vv entry is bounded below
by some m > 0. All its entries are bounded on the patch. Adding

C(1+ |a?)|ds|?*w @ w

makes B uniformly positive definite when C' is sufficiently large. Indeed, if |By,| < M and
Buyw > —M, it is enough to make the new ww entry exceed M?/m + m; the Schur complement is
then positive. The factor (1 + |a|?)| ds|? has a positive patch minimum, so a finite C' suffices. On
the specified core x = 1 and h” > 1, so the actual leading addition is at least this large. Changing
the gradient by O(N~!) and adding the Hessian remainder preserves its positive minimum for
large N. Thus ¢y is full there.

Perform these perturbations on the finite disjoint patches, with their chosen constants C, using
a common sufficiently large N. The changes are arbitrarily small in C', preserve nonvanishing,
and have compact support in ). Lemma 2.3 shows that the union G of the cutoff-one regions

with Ns € E}, satisfies
Dbhr
al AV, >—/adV
[ tal vy = Bt [l ay
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for sufficiently large N. Choose N still larger so that the stated pointwise relative gradient bound
holds. With M(¢) = [, la¢| dVy, the full region therefore has mass at least

(1= o) B M) = BE=E a(un) = B

Fullness is open where the gradient is nonzero, so this gives the asserted open full region. The C°
bound and any additional prescribed C' smallness follow by increasing N once more. O

2.3 Radial corrugation in two transverse variables

Fix numbers

1
0<r0<r1<r2<R<Z

and a smooth nonnegative function f” supported in (rg, R), with f > ¢; > 0 on (r1,72). Define
f(s) =[5 f'(t) dt. On every disk of radius R centered at a point of Z?, define F by the radial
function f; extend it by the constant f(R) off these disks. The result is a smooth Z2-periodic
function, constant near the disk centers and boundaries. Its annular set

Ep = U{y:r1<|y—k|<7“2}
kez?

has a fixed positive fraction pr = 7(r3 — 7?) in a period cell.

Lemma 2.5 (Transverse radial corrugation). There are constants 6 > 0 and gy > 0, depending only
on the fized function F, with the following property. Let i be full with nonvanishing gradient on a
neighborhood of the closure of a relatively compact coordinate patch P. Suppose that y = (y1,y2) is
a smooth submersion there, with

dy(ay) =0, both nonzero singular values of dy in [1/2,2].
Let A > 0 be constant and satisfy 1/2 < A/|ay| < 2, and let 0 < x <1 belong to Cg°(P). Set

0A
Oy =1+ WXF(NQ)-

For every sufficiently large integer N, the function ®y s strict and has nonvanishing gradient on
P. Moreover, ||®n — Yllcopy — 0. Given any €, > 0, all sufficiently large N satisfy

aay] > (1= ¢)layl on P, (23)
lawy| > (14 go — €)|ay] where x =1 and Ny € Ep. (2.4)

The frequency thresholds may depend on all the fized patch data and on €,.; the constants §, gy do
not.

Proof. Put a = ay and ay = ag,. When Ny lies in a periodic disk, let dg,dr be the radial and
angular unit-coefficient combinations of dyi, dys. The singular-value hypothesis gives

1

These covectors need not be orthogonal in the metric. Outside the disks, set the leading derivatives
/51", f'/s to zero. There, or in the constant central portions of the disks, choose any orthonormal



coefficient pair when such notation is needed. Set f’/s = 0 at the center. Since f is constant near
the center, this agrees with its smooth continuation.
The exact gradient formula and the Hessian expansion are

aN:a—i—qdﬁR—i-eN,

A (2.5)
q=0Axf", en= %F(Ny) grad x,
!/
Hg, = Hy + N6Ax { fd% + Sdﬂ + Ey, (2.6)
with
x| < Cp ((x+dx)f + N7 (2.7)

Here and below Cp denotes a finite constant depending on the fixed patch data, independent of
N. To check the remainder, its terms are

dAX Z F;(Ny) Hess y;,

6A (dx® > Fi(Ny)dy; + > Fi(Ny)dy; ® dx) :

A
%F(Ny) Hess x.

Since |(F1, F2)| = f’, these give Equation (2.7). In the constant portions of F, its value contributes
only to ey and to the last displayed term.
We first control the leading Hessian trace in (2.6). The leading increment in (2.5) is perpendic-
ular to a, so
lan| > |af = [en].

Thus ap is nonzero for large N. Choose a vector by satisfying
by Lay,  dg(by) =0,  |by| =Ly := 1+ |ax/})V2
The two linear constraints have a nonzero common solution in dimension three. They imply
(a,bn) = —(en,bn).

Because |a| has a positive patch minimum, the component of by /Ly along a tends uniformly to
zero. The kernel of dy is precisely the line spanned by a. Its singular-value lower bound and the
identity dg(by) = 0 consequently give, for all sufficiently large N,

dr(bx)| = dy(bw)| 2 L.
Also A < 3Ly for large N, and

|dr(an)| < 40Axf" + 2len|.
With K = ||f”||c and By = f"d% + (f'/s)d%, it follows that

1 !
Bn(an,an) + By (bn,by) > EL%vf; — Kl|dg(an)|?
1 !
> TGL?V‘% — 288K 62 LA (1) — 8K |en/|*.



The estimate uses (z + y)? < 222 + 2y?; in particular, its final error is Op(N~2). Write Sy =
sup, sf’(s) > 0. Choose once and for all

0<d?<

~ 9216K Sy
Then (f)? < Sof’/s gives

2 /
In I o1, (2.8)
S

N(SAX[BN(CLN, (lN) + BN(bN, bN)] Z N5AX372
All constants used to choose ¢ depend only on F' and the numerical singular-value bounds.
We next control the transition where the favorable leading term can be small. A nonnegative
smooth cutoff satisfies

[dx| < Cpv/x-
Indeed, extend it by zero in the coordinate chart. If its Euclidean Hessian is bounded by M > 0,
the Taylor inequality at 2 — M ~'Dx(z) gives |Dx(z)|? < 2Mx(z); metric equivalence gives the
stated bound. Consequently, with ¢ = x f’, Equations (2.5) and (2.7) imply

lay —a| < Cp(t+ N1,  |En| <Cp(t+vit+ N1, (2.9)

Let m > 0 be the minimum of the full trace T(Hy,a;v) over the transverse unit circles on P.
Project by /Ly onto a* and normalize; for large N this gives a unit vector vy L a differing from
bn/Ly by Op(N~1). Using also |Ly — Ly| < |an — a, the base Hessian trace is at least

Hw(aN, an) + Hw(b]\/, by) > m —Cp(t+ Nﬁl).

The vectors ay, by are uniformly bounded for this fixed patch, so the trace of the remainder in
(2.9) is bounded in absolute value by Cp(t++/t+ N~1). Choose ty > 0 sufficiently small that these
terms involving ¢ and v/ total less than m/4 when t < to. For sufficiently large N, Equation (2.8)
now gives a strictly positive total trace throughout ¢ < ¢g.

On the complementary region ¢ > tg, one has s < R, and the positive term in (2.8) is at least

N Aty
32R
It tends to infinity and dominates the bounded base and remainder traces. This proves strictness
for all sufficiently large N. In this argument ¢y and the frequency threshold can depend on the
full margin m and all patch derivatives. The choice of ¢ is already fixed. In particular, the region
t — 0 requires no lower bound for the product Nt.
Finally, exact orthogonality in the leading gradient gives

la + qdiy|?* = |al? + ¢*|dr|*.

The uniform error ey = Op(N~1) proves (2.3). Where x = 1 and Ny € Ep, the bounds A > |a|/2
and |dg| > 1/2 give

i 20%
d,| > 1+ —.
Set
52¢2
90 + 16 >

Decreasing the fixed 0 if necessary, assume gg < 1. The positive minimum of |a| allows |ex| < €,]a|
for large N, proving (2.4). The C° convergence follows directly from the factor N~! in the
definition of ®y. ]



2.4 A fixed gain and finite iteration

Proof of Proposition 2.2. Keep the periodic functions and the constants from Lemma 2.5 fixed.
Define

:%, t. = 0go, 77:%*>0.
We prove the cycle statement, allowing any prescribed positive C° budget for that cycle.

Apply Lemma 2.4 with €, < min(1/3,¢,/16) and half the C° budget. Write ¢ for the resulting
profile and U for its full region. The preparation, including its frequency, is now held fixed. On
a sufficiently small neighborhood of each point of U, the flow-box construction gives two first
integrals y1,¥2 of a,. Their differentials can be prescribed to form an orthonormal basis of ai at
the center; after shrinking, the nonzero singular values of dy lie in [1/2,2]. One can also choose a
constant A on that patch with 1/2 < A/|ay| < 2.

Apply Lemma 2.3 in U with density |a,| dVj. Its radial patch cores capture at least half the
full-region mass. In view of Equation (2.2), their total mass is at least (p,/16)M (). For all
sufficiently large common radial frequencies IV, periodic averaging gives a set of cutoff-one annular
points of mass at least

PP M) = 0M(¥).

Use Lemma 2.5 on these disjoint patches. Increase N to obtain strictness, nonvanishing, the
remaining half of the C° budget, and relative errors

6T<§7 € < .

Call the resulting profile @Z On the selected annular set the gradient multiplier is at least 1+ gg/2;
everywhere else it is at least 1 — ¢,.. Therefore

M) > (1 - ego) M)

2<1+3t*> ()
(5 (0% w0
> (1+n)M(8).

The last inequality uses 0 < t, < 1. This establishes a gain independent of the incoming profile
and of the full-region patch sizes. The latter are fixed only after preparation; their finite bounds
determine how large the radial frequency must be.

Since M(¢) > 0, finitely many cycles raise it above T'. Divide € among those cycles. Each
cycle has compact support in €2 and preserves strictness and nonvanishing on Q. Their finite union
of supports is compactly contained in €2, and their total C° change is less than . All functions
produced are smooth. This completes the proof of Proposition 2.2. O

2.5 Profiles on the round sphere

We record the global profiles used below, including the behavior at their critical points. On the
unit sphere S3 C R*, let g, be the round metric and set

r=(af + ~T2)1/2

10



Fix a coordinate cube 2 whose closure lies in 1/20 < r < 1/8, and fix its coordinate Lebesgue
measure dz.

Proposition 2.6 (Spherical profiles). There is a C? neighborhood U of g, such that the following
holds. For every smooth g € U, every 1/5 <t < 3/10, and every T,e > 0, there is a smooth real
function ¢ on S® with
¢o = logt +17° — 17, supp(¢ — ¢o) € Q, ¢ — dollco <e,
such that
1. ¢ is strict on r < 3/10;

2. its critical points in this region are ezactly v = 0, and at each such point Hy is positive on a
two-plane;

3. ¢ >logr for 0 <r <t, while p <logr fort<r <1;

. dv, > T.
4 /Q|ad>| g

The metric-coordinate comparison constants on 2, including the Lipschitz constants of its two-
coordinate projections for the ambient Riemannian distance, can be chosen uniformly for g € U.
In particular,

Ldaz>c/a dV, 2.10
[ Lodozc [ fagl av, (2.10)

with one constant ¢ > 0 for this neighborhood. FEach constructed profile is fixed before a wave
frequency is chosen.

Proof. The function ¢g is smooth on the sphere. Its round Hessian is
Hess,, ¢o = 2(dz} + da3) — 2rg.. (2.11)

The eigenvalues of dz? + da3 on the tangent three-plane are 1, 1 — 72, and 0: its two nonzero
eigenvalues are those of the Gram matrix Ids — (1, x9) (21, z2). The Hessian eigenvalues in (2.11)
are consequently
2 — 212, 2 — 4r2, —2r2.

On r < 3/10, the first two exceed 1, and the third exceeds —1/2. These inequalities persist
uniformly in a sufficiently small C? neighborhood U of the round metric. The derivatives of ¢y do
not depend on ¢, so the same neighborhood works for all the stated t.

For such a metric, intersect a positive two-plane of Hy, with aéo and choose a unit vector v in
the intersection. Then

1
T(Hpgs 000 0) > =5 lag|” + 1+ lag,|* > 0.
Thus ¢y is strict throughout » < 3/10. Also
| grad,, (r?)]? = 4r2(1 — r?).

Vanishing of a differential is independent of the metric, so ¢9 has nonvanishing gradient for
0 < r < 1, in particular on a neighborhood of Q.
For the envelope comparison, put

§i(r) =logt + 12 —t* — log .

11



One has j;(t) = 0 and jj(r) = 2r —r~ L. Hence ji(r) > 0 for 0 < r < t. Ont < r < 1, the
only possible interior critical point is a minimum, while j;(1) = logt + 1 — t?> < 0 for the stated
range of ¢; thus j; < 0 there. Compactness gives a positive lower bound for j; on 2, uniform over
te[1/5,3/10].

Apply Proposition 2.2 to ¢¢ on £, using a C° tolerance smaller than both ¢ and half this
positive lower bound. Extend the perturbation by zero on the sphere. It yields the desired integral,
preserves the envelope inequalities, and preserves strictness and nonvanishing in €2. Outside Q2 the
profile is unchanged, so it is strict throughout » < 3/10 and has no critical points there except
r=0.

At r = 0, the perturbation vanishes on a neighborhood and d¢y = 0. The connection term in
the Hessian therefore vanishes, and for every incoming metric

Hy = 2(da? + da3) at r = 0.

This form is positive semidefinite of rank two. It is positive on a two-plane, and every two-plane
contains a direction on which it is strictly positive. This last observation will allow transverse
phase directions to be chosen even at critical points.

Finally, shrink U if necessary so that the metric and coordinate norms, and the coordinate
volume densities on €2, are uniformly comparable. Since Ly > |ag|, the uniform upper bound for
dV,/ dz proves (2.10). Each coordinate function on 2 extends smoothly to the sphere using a cutoff
in its chart. The extensions have uniformly bounded gradients for g € U, so their two-coordinate
projections have uniform Lipschitz constants for the ambient Riemannian distance. O

3 Finite complex waves and robust nodal-area witnesses

This section converts a fixed strict profile into a real approximate eigenfunction. Its weighted
residual can be made smaller than any prescribed inverse power of the frequency, while its value
and gradient cannot vanish together. The same function has a nodal-area witness whose constant
is independent of the size and derivatives of the profile. Proposition 3.6 collects these three
conclusions for one realization.

3.1 Setting and the critical-point hypothesis

Fix the coordinate cube ) and the smooth coordinate extensions used in Proposition 2.6. Choose
a sufficiently small metric neighborhood G of the round metric inside &/. The coordinate and
Riemannian norms on €2 are uniformly equivalent for g € G, and the two-coordinate projections
have the uniform Lipschitz bounds for the ambient Riemannian distance established there. We fix
this neighborhood and these coordinates for the rest of the argument.

In this section the incoming metric g € G is smooth and equals g, for r > Ry. Fix radii

L R ctcty<ty<
5 =10 =270

The fixed smooth profile ¢ equals
oo = logt+r2 —t2
off a compact subset of €2, has no critical point in €2, and satisfies

¢ >logr (0<r < Ryp). (3.1)

Put a = grad, ¢ and L = (1 + ]a\g)l/z. On K; = {r < t1} we impose the following pointwise
hypotheses:
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1. At a noncritical point there is a vector b such that

bl a, |blg =L, Hess, ¢(a, a) + Hessg ¢(b,b) > 0. (3.2)

2. At a critical point, Hess, ¢ is positive definite on some two-dimensional subspace of the
tangent space.

The second hypothesis is stronger than the existential inequality at a = 0. It is available for the
profiles used here: all their critical points in K7 lie on r = 0, where the perturbations vanish and

Hess, ¢ = 2(dz? + dx3).

Here d¢ = 0, so this Hessian identity is independent of the connection. The form is positive
semidefinite of rank two. At every other point outside the perturbations with r < 1, d(r?) # 0.
Thus the conclusions of Proposition 2.6 supply exactly the hypotheses above.

All profile data, the incoming metric, and the radii are fixed before the integer n is chosen.
Constants in phase estimates may depend on these fixed data and on finitely many requested
derivative orders. The constants in the final sign and area estimates will depend only on the fixed
coordinate and metric bounds.

3.2 Complex Hessians below the profile

Complex tangent vectors and symmetric forms are paired bilinearly in the phase equations.
Transpose therefore means ordinary transpose, without complex conjugation.

Lemma 3.1 (Admissible phase Hessians). Let H be a real symmetric form on a three-dimensional
Euclidean space, and let z = a + ib, where a,b are real, a L b, and |b|> =1+ |a|>. Ifa # 0 and
H(a,a) + H(b,b) > 0, there is a complex symmetric form Q such that

Q»=0, RQ<H. (3.3)

If a = 0, the same conclusion follows from H(b,b) > 0. Moreover, a choice satisfying (3.3)
continues with locally bounded coefficients and a positive real-part gap under small changes of H, z
with z -z = —1.

Proof. Write Q = U 4 D with U, D real symmetric. The equation QQz = 0 is equivalent to
Db ="Ua, Da = —Ub.

For a # 0, these prescribed columns of a symmetric D are compatible exactly when U(a,a) +
U(b,b) = 0. To see sufficiency explicitly, write a = Ae;, b = Bey in an orthonormal frame.
Prescribe

B A
D€1 = —ZUCQ, D€2 = EUel.

Their overlapping off-diagonal entries agree precisely when A2Uy1+B2Usy = 0; symmetry prescribes

the remaining entries in the first two rows, and D33 is free. Taking

H(a,a)+ H(b,b)
lal? + [b]?

a= > 0, U=H—«ald

therefore proves the assertion.
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If a = 0, then [b] = 1. Set U = 0 on Rb and U = —M Id on b*, with no mixed entries, and
take D = 0. In a frame starting with b, the first diagonal entry of H — U is H(b,b) > 0. Increasing
M makes its transverse Schur complement positive definite. Hence H — U > 0 and Qb = 0.

For the continuation assertion, start with Qz = 0 and z-z = —1. For nearby 2’ with 2’- 2/ = —1,
define

P() =1d+2/ ()7, Q =P()T'QP().
Then P(z')z' =0, so Q' is symmetric and annihilates z’. At 2’ = z one has QP(z) = P(2)Q = Q,
and hence Q' = Q). Although P(2’) is singular, these identities suffice: continuity preserves the strict
inequality H' — RQ" > 0 for nearby H’, z’. No division by |a| is involved in this continuation. [

For each p € K1, choose a unit vector v with a(p) = |a(p)|v; at a critical point any unit v is
allowed. There are two linearly independent vectors by, by € v, both of length L(p), for which
the strict inequality in (3.2) holds. At a noncritical point, the good directions form a nonempty
open subset of the transverse circle. At a critical point, every two-plane intersects the positive
two-plane of the Hessian in a nonzero positive direction. Again the good set in the circle of v+ is
nonempty and open.

These choices have uniform bounds for the fixed profile, including near its critical points.
Indeed, consider the compact set

K={(pv):pe K, |vlg=1, a(p) = |a(p)lgv}

Use finitely many smooth local orthonormal frames. Near each datum in KC, project and normalize
the two chosen directions in the nearby planes v*. Independence and strictness persist on a
sufficiently small neighborhood. Lemma 3.1 continues the two Hessians there. It also handles a
third vector with slightly shifted real part. A finite covering of K consequently gives numbers
00, K, > 0 and bounded choices for the following three data, for every 0 < § < dy:

20:a+ib0, lea-i-ibl,

) (1+ |a+ ov|2)'/? (3.4)
= 0 b, by = g .
Zo = a+ ov + 10, 0 L(p) 0

4

The independent imaginary directions by, by will control derivatives in v~ in a real superposition.
The shift Jv will separate its value from its derivative in the v direction. Lemma 3.4 proves the
resulting real-jet estimate. The associated Hessians satisfy

Qeze = 0, RQ, < Hessy ¢(p) — 4kg(p), £=0,1,2, (3.5)

and the sine of the angle between by, by is at least 7. All three vectors have bilinear square —1. No
globally continuous selection of the choices on K is required. The finite-cover construction bounds
each selected choice and its continuation uniformly; these bounds, k, and n may depend on the
fixed profile.

3.3 A finite Taylor construction

We use a finite Taylor form of the complex-phase WKB construction; compare [4, Section 3]. The
explicit truncation keeps track of the weighted residual and derivative orders required later.

We first record the elementary algebra behind the formal equations. Let D, = z -0 for a
nonzero z € C3, and let P4 denote the complex homogeneous polynomials of degree d. Then

D, :Pgy1 — Pgq is onto. (3.6)
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For an explicit right inverse, put

Z-x
Zi’zi‘y

The integral is an integral of polynomial coefficients; its arguments are evaluated in the polynomial’s
complex extension. Since D,¢, =1 and D,(m,xz) = 0, differentiating the polynomial antiderivative
gives D, Z,f = f. The output is homogeneous of degree d+ 1. For each fixed degree, its coeflicients
are bounded on every compact set of nonzero z. This proves both surjectivity and the local
uniformity needed below.

1
0 () = m.x=1x—L,(x)z, (Z.f)(z) = Kz(a:)/o f(mx + sly(x)z) ds.

Lemma 3.2 (Localized finite-order waves). For every pair of nonnegative integers m, D, there are
common normal coordinate balls about the points of K1 and three waves at every center p € K1,
for all sufficiently large integers n, with the following properties. Each wave is a smooth complex
function on the sphere supported in r < to and has the form

J
Z = (™, V=> nV, (3.7)
j=0

in its center’s normal coordinates. Here S,V are complex polynomials and ¢ is a smooth cutoff
equal to one on a common smaller ball. With & = n~/2, the three phases have initial data

S(p) = ¢(p), grad S(p) = 2, Hess S(p) = Qu,

as in (3.4)—(3.5). Their amplitudes satisfy Vo(p) =1 and Vj(p) =0 for j > 0. On their supports,
RS(x) — d(x) < n~ V2 dist,(p, x) — edist,(p, z)?, (3.8)

with a common ¢ > 0. Setting A,, = n(n + 2), one has
[VI(Ag + An)Z(x)|, < Cn~Pe®@ 0 <j<m. (3.9)

For any further fixzed finite collection of derivative orders, the construction can also be required to
satisfy ' '
VI Z(z)|, < Cjnien?® (3.10)

at those orders. All the constants, polynomial degrees, and ball radii are fized before n; they may
depend on g, p,m, D and the further derivative orders.

Proof. Use normal coordinates based on the local orthonormal frames above. The fixed smooth
metric has uniform coordinate derivative bounds of every specified finite order on a common ball.
Put z = 2z and Q = Q. The quadratic initial Taylor polynomial is

S<o(x) =d(p) +2z-x+ %xTQa:.

The eikonal error E = 1+ g% S;S; has zero constant term because z - z = —1, and zero linear term
because the metric’s first derivatives vanish at the normal-coordinate origin and Qz = 0.
Choose integers

J=D+m+1, K =2D + 3m + 6, Nj=K+J—j, Ls=K+J+1.
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Construct S through degree Lg by cancelling the eikonal coefficients through degree Lg — 1. At
degree d > 2, the new homogeneous term Sy, enters only as 20,54, 1; all other terms are already
known. Equation (3.6) therefore solves each successive equation, preserving the given quadratic
data. The resulting actual smooth eikonal error satisfies

E = O(a|*).

Here and below these are Taylor-vanishing statements for the actual smooth metric coefficients,
not only identities between formal symbols.
Define
T=2gradS -V +A,S+2,

where the last two terms act by multiplication. Construct V; through degree N;, with the prescribed
constant terms, successively for j =0, ..., J. Cancel, through degree N; — 1, the coefficients of

Ry =TV, R; =TV, + A4V (j>1).

At degree d the new term of V; again enters as 2D.Vj 441, so the same right inverse applies.
This finite schedule supplies all forcing terms: the largest phase degree needed is Ng + 1 = Lg,
and for j > 1 the coefficient of AyV;_1 of degree d < N; — 1 needs V;_1 only through degree
d+2 < N;j+1= N;_1. Consequently

R;j = O(|z|™7) = O(|a| ).

Every operation uses finitely many metric coefficients and bounded right inverses on the compact
family of phase data. Thus all the constructed coeflicients have uniform bounds for these fixed
orders, including as & = n~/2 tends to zero.

The Taylor expansion of RS — ¢ has linear part either zero or dv - z. Equation (3.5) and a
common bound on third derivatives give, after decreasing the common ball,

RS(z) — ¢(z) < dla| — wlz|.

Normal-coordinate radius equals disty(p, ) on this ball, proving (3.8). Choose a radial cutoff
supported in this ball, equal to one on a common smaller ball, and make the support small enough
to lie in r < ty for every center.

Before applying the cutoff, direct differentiation gives

J
(A, + Ay (e™V) = ed (nQEV +> n'IR; + nJAng) : (3.11)
j=0
For any fixed g > 0, ,
sup rleVir—enr® < C’q,cn*q/z; (3.12)
r>0

this follows by substituting s = y/nr. Taylor’s Theorem bounds the derivatives of a remainder
vanishing to order K by C|z|®¥~7 through order j < m. Differentiating the exponential at most m
times costs at most Cn"™. Thus the terms in (3.11) involving Taylor remainders, after at most m
derivatives and then division by e"?, are bounded by

Cn2+m—(K—m)/2 _ Cn—D—l )
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The last amplitude term is bounded by Cn™ 7/ = Cn=P~1. On the support of a derivative of the
cutoff, the distance from the center has a fixed positive lower bound. For large n, Equation (3.8)
then gives a fixed negative gap between 1S and ¢, so all cutoff errors are exponentially small
relative to €"?. This proves (3.9). Direct differentiation and (3.12) with ¢ = 0 prove (3.10).
Additional fixed derivative orders only require additional finite coefficient bounds. O

The local waves are now available with any prescribed finite accuracy. We next combine them
into one real function. The combination must have both a nonvanishing value—gradient pair and
many strict sign changes. We first define the sign functional that will measure the latter property;
its geometric and continuity properties do not depend on the wave construction.

3.4 A sign functional bounded by nodal area

Subdivide €2, up to its faces, into a finite collection & of open Euclidean cubes P so fine that
numbers ¢p can be chosen with

tp/2< L(z) <tlp (z€P). (3.13)

For example, use maxima of L on the closed cubes of a sufficiently fine regular subdivision;
positivity and uniform continuity of L ensure (3.13). Fix a sufficiently small € > 0 using only the
common coordinate and metric bounds, as specified below, and set dp = ¢/(nfp). For a continuous
real function f on the sphere define

3
Fulf) = d_l/ 1y ) flatdmer) <0 A 3.14
(f) P;W; P {z€P:xz+dpe; P} {f@f(z+dpe:)<0} ( )

All shifts and integrals in this formula use the fixed coordinates on 2. The profile, subdivision,
and n are held fixed when the functional is applied to other functions or metrics.

Proposition 3.3 (Persistence and area comparison for sign tests). The functional F,, is lower
semicontinuous for uniform convergence of real functions. It is unchanged by multiplication by a
nonzero real constant or by an everywhere positive continuous function. There is a constant Carea,
depending only on the fized coordinates and metric neighborhood, such that for every continuous
real f and every h € G,

Fulf) < Carea%i%({f =0}). (3.15)

In particular Cyrea 15 independent of ¢, &, and n. There is also a constant Csign with the same
independence such that

0 < Fou(f) < Coignn /Q L(z) de. (3.16)

Proof. If f; — f uniformly, every strict opposite-sign test for f eventually remains a strict
opposite-sign test for f;. Fatou’s Lemma, applied to each integral in the finite sum, proves lower
semicontinuity. The two invariances follow directly from the sign of the product at its endpoints.

For the area estimate fix a cube P, a direction ¢, and write its coordinate in that direction as ¢.
Slice at levels t = s + kdp, where 0 < s < dp and k € Z. For two consecutive levels inside P, each
transverse point with opposite endpoint signs has an interior zero in the intervening open slab.
Hence the set of such transverse points is contained in the coordinate projection of the zeros in
that slab. By the uniform Lipschitz projection bound, its two-dimensional Lebesgue measure is at
most a common constant times the h-Hausdorff measure of those zeros. These sets are measurable:
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the zeros in an open slab are a countable union of compact sets, and so are their continuous
projections. For fixed s the slabs are disjoint. Summing over k, integrating over 0 < s < dp, and
dividing by dp gives

dp' 1 y<oydz < CH({f =0}NP).
P e prapeery W@ Erdpe) <0y 42 < KW({f=0}rnP)
This remains valid if the measure on the right is infinite. The open cubes are disjoint, so summing
over them and over three directions proves (3.15). No regularity of the zero set has been used.
Finally, bounding each indicator by one gives

3n 6n
Fih) £ LS el < [ L)t
by (3.13). 0

3.5 A random superposition with a nonvanishing real jet

Choose a set of centers in K of cardinality O(n3) so that every point of K is within distance
1/n of a center. Such a set is obtained by taking a maximal 1/n-separated subset and using the
uniform lower volume bound for sufficiently small metric balls. At each center take the three waves
of Lemma 3.2. Assign independent complex coefficients vz whose real and imaginary parts are
independent standard real Gaussians, and put

Uy, = wy, + Z R(vz2), wy, = N(x1 +ize)", W, = e 41, (3.17)
Z

The weight W,, is positive and is C' for n > 2; we do not require it to be smooth at » = 0 for odd
n.

The function w,, is the restriction of a homogeneous harmonic polynomial of degree n on R*.
The Euclidean Laplacian in polar coordinates therefore gives (A,, + Ap)w, = 0. For each fixed j,
its derivatives are bounded by Cjnj r™~J for large n, up to harmless lower-degree derivative terms
with the same bound on the sphere. Away from r = 0, the loss of a fixed power of r is bounded.
Near r = 0, choose a fixed small neighborhood on which re~® < 1 uniformly; then

P iemnd — (reﬂﬁ)nfjefﬂzﬁ
is bounded and is exponentially small there for fixed j. These observations prove
Viw,|y < Cin? Wy,  |VWy|y < CnW,. (3.18)

Furthermore, (Ay + Ay )w, is supported in r < Ry. Equation (3.1) gives max,<p, re=? <1, so
the same argument bounds any fixed number of its derivatives by any prescribed inverse power of
n times ", for all sufficiently large n.

Lemma 3.4 (Uniform exponent in real-jet noncancellation). Fix any nonnegative integers m.., D..
Construct the waves with those residual requirements and with all derivative bounds needed through
order max(ms,2). There is a fized exponent B = 110, independent of the profile and these orders,
such that with probability tending to one as n — oo,

Up| + 0"t VUL, > n~BW,,  everywhere on the sphere, (3.19)
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and simultaneously

VU, |, < Cnd T4,

J 4-D . (3.20)
|v (A9+An)Un|g <Cn *Wh, 0 <7< my.

The constants and the rate of convergence of the probability may depend on the fired metric, profile,
and orders, but not on n.

Proof. Let G be the event that every coefficient has magnitude at most n. There are O(n?)
coefficients, so Gaussian tails imply Pr((G%¢')¢) — 0. On this event, summing the individual
wave estimates costs at most a factor Cn?. Together with (3.18) and the background residual
estimate, this proves (3.20). In finitely many smooth local orthonormal frames, the normalized
real four-component jet
(Up,n"tVU,)

Wy

has Lipschitz constant at most Cn® on Gfloef. Indeed, its derivative involves only Uy, VU,, V2U,,
W, 'VW,, and bounded derivatives of the frames; the preceding estimates even give Cn®.
First consider points where ™ > n%e"®. The ambient rotation field R = 210z, — 220y, 1S

tangent to the sphere and has uniformly bounded g-length. Writing x; + iz = re®,

jn:

wy, = 1" cos(nh), Rw,, = —nr" sin(nd).

Consequently |wy,|+n7!|[Vwy,|, > cr™. The wave jet on Gt is bounded by Cn*e™®, so domination
proves (3.19) in this region for large n.
The remaining closed set
E, = {r" < n%"%}

lies in K for large n. Indeed ¢ = ¢g when r > t1, and ¢¢ — log r has a strictly negative maximum
on that compact region. Fix z € E, and take a center p at distance at most 1/n. The three
associated cutoffs are one at x. Their fixed Taylor bounds and constant terms imply

VZ(z)
nZ(x)

|Z ()]

V(z)=1+0(n1), =2z +0(n™),

in a common orthonormal frame, with the initial vectors at p identified with that frame up to an
O(n~1) change. For the last estimate, Taylor’s Theorem gives n|RS(z) — ¢(z)| < C at distance
1/n, and W, (x) < (1 +nf)emd®),

After factoring a complex phase and a positive modulus from each column, the covariance
supplied just by these three independent coefficients is described, up to O(n~!) column errors, by
the real and imaginary parts of

(1,a + iby), (1,a+ iby), (1,a + ov + iby), §=n"1?2

The resulting real 4 by 6 matrix has least singular value at least ¢d. To check this, test its transpose
on (s,v) € R x R3. The two transverse imaginary columns control the component of v in v+,
using the positive angle bound and L > 1. Subtracting the first and third real-column evaluations
gives 0(v,v). The first real column then controls s, since a = |a|v and |a| is bounded for the fixed
profile. Thus |(s,v)| is bounded by C§~! times the transpose evaluation norm. The O(n~1) errors

preserve this estimate for large n.
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Multiplication of a complex coefficient by a unit complex number preserves its Gaussian law.
Moreover, each factored modulus is at least cn~6. Therefore every unit real linear functional
of Jn(z) has standard deviation at least ¢n~'3/2. Adding the other independent waves cannot
decrease covariance. The deterministic jet of w, changes only the mean. The Gaussian density in

four real dimensions is consequently at most Cn?%, and hence at most Cn?8. In particular,
Pr{|Jn(2)] < 208} < Cn?74B, r€ B,

In each of the finitely many frame charts take a net of E,, with points in F, and mesh at most
n~B=10_ Metric packing bounds its total cardinality by Cn3B+10 A union bound makes the
probability of a small jet at any net point at most

Cn28—4B+3(B+10) _ (,58-B

For B = 110 this tends to zero. On Gfloef the Lipschitz error from a net point to a general
point is O(n~5~%), so the jet norm is at least n~5 throughout E,, on the resulting event. Its
Euclidean norm is bounded above by (|Uy,| + n~1|VU,|;)/W,. This proves the desired lower
bound everywhere. The polynomial powers used in this argument do not depend on the number
of fixed Taylor or transport orders: increasing those orders changes only constants, radii, and
thresholds. O

3.6 Expected size of the sign witness

Lemma 3.5 (Profile-independent sign gain). With a fized sufficiently small € > 0 as above, there
is a constant csign > 0, independent of the fized profile and of the wave accuracy orders, such that
for all sufficiently large n,

EF,(Uy) > csignn/ L(x) dx. (3.21)
Q
The threshold for n may depend on the entire fixed construction.

Proof. Write the random part of U,, as X,, and let

an(m)2 = EXn(x)2 = Z ]Z(:):)]2
Z

The wave at a center within distance 1/n shows that

on(z) > cem?@), x € Q, (3.22)

with a fixed-stage constant ¢ > 0. Since ming(¢ —logr) > 0, the standardized mean wy,(x)/0y(x)
tends uniformly to zero on €.

Fix P and z € P such that all three points y; = x 4+ dpe; lie in P. Use the same near-center
set for every axis: retain the waves whose centers have distance at most n~/4 from z. A center
outside this set has distance at least %n_l/‘l from every y;, because disty(z,y;) < Cdp < Ce/n.
Equation (3.8) therefore bounds all these far waves, at = and all y;, by the respective e™? factors
times C exp(—cy/n) for large n. After summing O(n?®) waves, their squared sums are still negligible
relative to the lower variances in (3.22). Their covariance contributions are negligible by Cauchy—
Schwarz as well.

For every retained wave, the cutoff is one at both endpoints, and uniform Taylor estimates give

Viz) =14 o(1), RdS(z) = do(z) + o(1), |Bzlg = L(z) +0(1), Bz =dS(x).
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The same estimates hold in the small segments between the endpoints. Indeed their distances
from the center are O(n_l/ 4), the phase and amplitude derivatives have fixed bounds, and the
shifted initial real gradient differs by only n~'/2y. Every error here is uniform in centers, P, z,
and ¢ for the fixed profile and orders. Taylor expansion over a segment of length dp yields

= ;€% (1 + o(1)), o = P00 9,0 — ndpBy(e;). (3.23)

For example, the phase Taylor remainder after multiplication by n is O(nd%) = O(n™1). The real
factor «; is common to all retained waves for the given axis. It and its reciprocal are bounded by
a constant independent of the profile, since ndp|0;¢(z)| < Ce.

The covariance of X,,(z) and X,,(y;) is

> R(Z(@)Z(ys)).-
Z

Discarding the negligible far terms and using (3.23) in both this numerator and the variance at y;
proves that their correlation satisfies

7 2
pi = Z wz(EOSGZi-i-O(l), Wy = | (I)‘

=S e 2R (3.24)

Z near

The same nonnegative weights, summing to one, apply to all three axes: the common positive
factor «; cancels on standardizing.

Choose constants ¢y, Cy > 0 for the fixed equivalence of coordinate and metric covector norms,
so that

3
ool B2 < Ble)? < ColB)?
=1

on ) for all the incoming metrics under consideration. Choose € so small that 2¢,/Cy < 1. By
(3.13) and L > 1, for large n every retained wave satisfies

3 2
2 COG
102:] <1, ;% > e (3.25)
For the lower estimate it suffices to use [8z|; > L/2 and ¢p < 2L. These deliberately loose
constants emphasize their independence from the profile.
Since 1 — cos s > s%/4 for |s| < 1, averaging Equation (3.25) with the common weights gives,
for all sufficiently large n,

Also every p; > cos(1) + o(1) > 0. Consequently at least one axis has its correlation in a fixed
compact subinterval of (—1, 1), bounded away from 1 by cpe?/384. This reasoning still applies if a
single carrier direction accounts for nearly all the variance.

For completeness, the required opposite-sign probability bound can be read directly from
bivariate Gaussian densities. If the correlation belongs to a fixed compact subinterval of (—1,1)
and the two standardized means have absolute value at most 1/4, that density has a positive
common minimum on the rectangle [1,2] x [—2, —1]. Its integral gives a fixed positive probability of
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opposite signs. The standardized means here tend uniformly to zero, so there is pg > 0, depending
only on the fixed angular gap, such that

3
ZPr{Un(x)Un(:v + dpe;) <0} > po
i=1

whenever all three shifts stay in P, for sufficiently large n. No measurable choice of a preferred
axis is needed in this inequality.

The subdivision is finite and fixed before n. Thus, for large n, the subset of each P on which
all three shifts remain in P has volume at least |P|/2. Integrating the last probability estimate
and using Tonelli’s Theorem yields

n n
EF,(Uy) > %Zepym > %AL(:;;) dz.
P

This proves Lemma 3.5 with a profile-independent constant. All limits used to reach its threshold
were taken with the profile and finite accuracy orders fixed. O

Proposition 3.6 (Simultaneous wave realization). Under the hypotheses of this section, fix
arbitrary nonnegative integers my, Dy. For every sufficiently large integer n there is a smooth real
U, satisfying (3.19) and (3.20), with B = 110, and

J:n<Un) > Cwaven/QL(x) d-%', (3.26)

where Cyave > 0 depends only on the fized coordinates and metric neighborhood. Moreover,
U,=w, and g= g« on {r > ta}. (3.27)

The thresholds and constants in the differential estimates may depend on the fixed profile and
accuracy orders; B and cyave do not. The sign functional is finite, fixed, and has all the persistence
and area-comparison properties of Proposition 3.3.

Proof. Let G, be the simultaneous event of Lemma 3.4, and put A, =n [, L(z) dx. By Proposi-
tion 3.3 and Lemma 3.5,

0< Jrn(Un) < CsignArm EFn(Un) > CsjgnAn, PI‘(G%) — 0.
It follows without an independence assumption that

E[fn(Un)lG’n] > (Csign - C'sign PT(G%))An > %CsignAn

for all sufficiently large n. Some realization in G, therefore has F,,(U,) > (Csign/4)An. Select such
a realization and set cyave = Csign/4. All waves are supported in r < t9, and g is round for r > Ry.
Since Ry < to, Equation (3.27) follows. O

Remark 3.7 (Order of choices). The profile is constructed first and is used here only after it has
been fixed. Next one specifies the finite residual and derivative orders required downstream. The
phase and amplitude degrees and their common support radii are then fixed on the compact family
with 0 < § < 8. Finally n is chosen so that § = n~/2 and all preceding thresholds hold. Neither
a small Hessian gap nor a poorly conditioned pair of transverse directions changes the exponent
B; it only enlarges these thresholds. The sign constant comes from (3.25), which uses L/¢p and
the fixed norm equivalence, not those profile-dependent phase constants. This distinction is what
permits the gradient integral to be made arbitrarily large before choosing the frequency.

22



4 Exactification in dimension three

This section converts the approximate eigenfunctions of Proposition 3.6 into exact eigenfunctions
of nearby ordinary Riemannian metrics. The conversion preserves all pointwise signs and leaves a
prescribed outer region unchanged. We first correct the equation using a scalar conductivity and a
scalar density. A positive change of the dependent variable then enforces the relation between
these two quantities that a three-dimensional metric requires. A correction in a clean annulus
permits this change of dependent variable to be cut off.

Throughout this section, g is fixed while the integer n tends to infinity, and A = A,, = n(n+ 2).
Norms are taken with respect to fixed smooth reference norms; replacing them by the norms of g
changes only constants. Covariant derivatives and pointwise contractions in the formulas below
use g, unless another metric is displayed. All constants may depend on this fixed metric and on
the finite derivative orders under consideration, but not on n.

4.1 A scalar correction with weighted estimates

Lemma 4.1 (Scalar correction). Let (M, g) be a fixed closed smooth Riemannian manifold. Fix
an integer B > 1, and let h > 0 and D, > 0 be integers. Suppose that, for all sufficiently large
integers n, a real smooth function U = U,, and a positive continuous function W = W,, satisfy

U| +n~ Y VU| > n BW, (4.1)
\VIU| < Cin/ W, IVIR| < Cin* P*W  (0<j<h+2), (4.2)
where R = (Ay + A)U and the constants C; are independent of n. Define
D =n2U? +|VU)?, b=1- %,
s=1- A" [R?EU — div, <§VU>1 . -
Then b, s are smooth, and, with Ayf = divy(bV f),
AU + AsU = 0. (4.4)
They equal one on every open set where R = 0. Moreover, if
E=2B+20, Qn=(E+1)(h+2)+10,
then
16— 1lgn + ||s = 1fen < Cpn =P+ F <, (4.5)

In particular, for any prescribed integer Py > 1, choosing D, > Py + Qp + 2 makes the left side at
most n~ 1t for all sufficiently large n. In this case b and s are positive for all sufficiently large n.

Proof. The lower bound in (4.1) gives
D > n?2Bw? > 0. (4.6)

Thus the formulas in (4.3) define smooth functions, regardless of the regularity of W. Put f = R/D.
The product rule gives

AU + AsU = AU — U divy(fVU) — fIVU]* + AU — n? fU? + U div,(fVU)
=R —fD=0.
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The assertion on the set where the residual vanishes follows from the same formulas.
We give a quantitative derivative estimate to make clear why an exponentially small weight
causes 1no loss. For 0 < j < h + 1, the product rule and (4.2) yield

IVID| < Ojn/ T1OW2,
For j > 1, each term in a derivative of D! is a constant multiple of
D P HVUD) ... (V»D), ai>1, a+---+a,=7j,
with the appropriate tensor contractions. By (4.6), its norm is bounded by
Cjnj+10p+(2B—2)(p+1)W—2 _ Cjnj+(2B+8)p+2B—2W—2'
The same conclusion for j = 0 follows directly from (4.6). Since p < j, we may use the convenient

weaker bound A A
V(DY < CnPUDWw=2 (0<j<h+1). (4.7)

A derivative of b — 1 consists of a derivative of R, a derivative of U, and a derivative of D~
The first two factors contribute one power of W each and the last contributes W—2. For j < h,

the resulting bound is at most
Cjn—D*+8+j+E(j+1)‘

The term A~'Rn2U/D has the same bound, because n?/A < 1. Finally, a derivative of order j
of A=t div,((R/D)VU) uses derivatives of R through order j + 1 and of U through order j + 2.
Applying (4.7), and using A~ < n~2 bounds it by

CjnfD*+E(j+2)+j+8.
Both displayed exponents are bounded above by —D, + @p,. This proves (4.5). At no point have
we differentiated W its powers cancel in every differentiated quotient. The final conclusions follow
by taking n large enough to absorb the fixed constant and to make the C° error smaller than
1/2. O
4.2 A positive change of the dependent variable

The corrected coefficients b, s may vary independently, whereas the conductivity and density of an
ordinary metric satisfy a determinant relation. In dimension three the relation takes the following
form.

Lemma 4.2 (Metric conductivity). Let (M, g) be a smooth three-dimensional Riemannian manifold
and let A be a smooth positive g-self-adjoint endomorphism of TM . Put d = det A, with determinant
taken in any g-orthonormal frame, and define

gA(X,Y) = g(dA~'X,Y). (48)
Then ga is a smooth Riemannian metric and

AV, =d dV,, A, f=d tdivy(AVf). (4.9)
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Proof. In a g-orthonormal frame the metric endomorphism is C = dA~!'. It is positive and
symmetric, and in dimension three

detC = =d
¢ det A

Thus its positive relative volume density is d, and its inverse endomorphism is C~! = A/d. The
energy identity is consequently

[ 94(V0ut Vouh) Vi = [ 94V £.VH) v,

for compactly supported smooth f, h. Integration by parts proves the operator identity in (4.9). O

To see which equation the positive factor must satisfy, suppose that b,s > 0 and U satisfy
(4.4). For any positive smooth function v, define

gy = b2, dy, = sv® + A,
The product rule gives

@V (U/v) =b(wVU — UVv),
divy(quV(U/v)) + Ady(U/v) = 0. (4.10)

Indeed, the divergence of the displayed flux is vA,U —UApv = —Ad,(U/v). To realize this equation
by the scalar conductivity g, Id, we impose d, = ¢>. After division by v > 0, this condition is

—Apv + AB3® — Asv = 0.

The next lemma solves this equation with v close to one. The solution need not equal one in the
prescribed exterior; the annular correction below will allow us to cut it off there.

Lemma 4.3 (A positive conjugating factor). Let (M, g) be a fized closed smooth three-dimensional
Riemannian manifold. Given integers ko > 0 and Py > 1, choose an even integer l > 4 with
[ > ko+3/2, and set

k1 =1, P =P +8.

Suppose that smooth functions b = b, and s = s, satisfy
15 = Ul + s = Ul < 0" (4.11)
For all sufficiently large n, there is a positive smooth function v = v, solving
—Apv + AbP0° — Asv =0 (4.12)

and satisfying
v — 1| gre < n T2 (4.13)

The required threshold for n may depend on the fized manifold and the displayed finite orders.
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Proof. Let H* = H*(M, g) denote the usual L? Sobolev spaces. On the fixed manifold, the inverse
L' =(-Ay+40N) ' BT — H

has norm bounded independently of A > 1. Indeed, if x > 0 is an eigenvalue of —A,, the multiplier
for this map in the spectral Sobolev norms is

1+p <1
W+ 4N

The spectral and chart Sobolev norms are equivalent with constants depending on g and [, not on
A. This equivalence follows from the compact-manifold elliptic estimate and the spectral theorem:;
see [7, Theorems 15.7 and 16.1].

Write v = 1 4+ h. Equation (4.12) becomes

Lah = divy((b—1)Vh) — A3 (1 + h)® — s(1 + h) — 4h). (4.14)

Let T,,(h) be the result of applying LXI to the right side. The polynomial in parentheses has
constant term b> — s and linear coefficient

565 — s —4 =503 —1) — (s — 1).

Its remaining terms have degree at least two in h.
Sobolev multiplication and (4.11) therefore imply, on the closed H' ball of radius 6 < 1,

1T (0) | g < CART™,
T (h) = Tu(B) || gt < CA(n™" + 8)|h = R .

Here the divergence term is bounded from H' to H'=2 by C||b — 1||¢1; the harmless factor A > 1
allows it to be included in the displayed estimate. The multiplication and embedding statements
used here hold in dimension three because [ > 4 and [ > ko + 3/2; see [20, Section 1, Exercise 6,
and Proposition 3.3].

Set Q =Py +4and 6 =n 9. Since P, = Q + 4 and A < 3n? for n > 1,

IT,(0)][ g < Cn~ 972, Lip(T,) < CnP(n~ " 4+ n79) = 0(1).

For all sufficiently large n, the map preserves this closed ball and is a contraction there. Its fixed
point satisfies ||| ;n < n~9. Sobolev embedding then gives ||h||or, < Cn~@ < n~f2 and also
lh|lco < 1/2, so v =1+ h is positive.

The coefficients b, s are smooth and b is uniformly positive for large n. The polynomial right
side of Ayv = AbPv® — Asv lies initially in H'. Elliptic regularity raises the regularity of v to H!*?;
iteration gives v € C'™°. Only smoothness, not a bound uniform in n on every derivative at once,
is needed in this bootstrap; see [7, Theorems 15.1 and 15.7]. O

4.3 Localization and annular determinant repair

Proposition 4.4 (Exactification with an unchanged exterior). Let g be a fized smooth metric on
S3, and fir 0 < ty < t3 < 1. Assume that g = g. on {r > t3}, where g, is the unit round metric
and r = (23 + x3)Y/2. Fiz an integer B > 1.
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For every pair of integers k > 0, P > 1, there exist finite integers my, D,, depending only on
k, P, B, with the following property. Suppose that, for all sufficiently large integers n, there are
real smooth functions Uy, and positive continuous functions W, such that

|Upn| + 0~ Y VU, > n=BW,, (4.15)
VUL < Cin W, [V ((Ag + An)Un)| < Cn*™ P W, (0 < j < ma), (4.16)
Uy, = wy, = R(x1 +ixg)" on {r >ta}, (4.17)

where all C; are independent of n. Then, for all sufficiently large n, there are a smooth Riemannian
metric G, and a positive smooth function v, on S* such that, with u, = Un/0n,

(A, +An)un =0, [[ga —gller <07, (4.18)

On=0x, Un=1, wu,=w, on{r>ts}. (4.19)

In particular u, is nonzero and has exactly the same pointwise signs and zero set as U,. The
threshold for n may depend on the fized input data and on the constants in (4.16).

Proof. We specify the finite orders before taking n large. Choose

ks =k+2,  Py=P+k+10,
I>4deven, |>ky+3/2, k=1 P =DP+8, (4.20)
my =k +2,  D,>P +(2B+21)(k +2)+12.

These choices depend only on k, P, B. We suppress the subscript n in the construction.

Apply Lemma 4.1 with A = k1 to obtain positive smooth coefficients b, s satisfying (4.4) and
(4.11). Since g is round and U = w,, on {r > ta}, their residual vanishes there, and b = s =1
there. Apply Lemma 4.3 to obtain a positive smooth solution v of (4.12) satisfying (4.13).

Choose numbers t3 < a < by < t3, and fix a smooth cutoff y with 0 < x <1, which is one on
{r <a} and zero on {r > bp}. Such a cutoff is smooth on the sphere because it is constant near
r =0. Set

v=1+x(v-1), u="U/",

4.21
q = b7, d = s0? + AT10A. (4.21)

For all sufficiently large n, ¥ is positive and || — 1||cr+2 < On~F2. Applying the division identity
(4.10) with v = v gives
divy(¢Vu) + Adu = 0. (4.22)

The coefficient estimates and the two extra derivatives included in ko = k + 2 give
lg — lex + |d — 1| er < Cn= P2 (4.23)

For the term Ayv, one uses A0 = bA,0 + g(Vb, V), so the required derivatives of b are available
because k1 > k 4+ 1. In particular ¢,d > 0 for large n.
On the open set {r < a}, the cutoff is identically one, and (4.12) gives

d = sv?+ A oAy = 6308 = 3.

Where r > by, we have v = 1l and b = s = 1, so ¢ = d = 1. Consequently the defect d — ¢> is
supported in the compact annulus {a < r < by}, strictly inside {ta < r < t3}. Without this defect,
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the choice A = ¢Id would already have the required determinant d. We correct that determinant
on the two-plane perpendicular to Vu.

We first justify that this plane and its derivatives are controlled throughout the transition
annulus. The round gradient of w,, satisfies

|Vwy,

52]* =n?(r72 —w?) > n%r? (1 - ). (4.24)
To verify the equality, the ambient Euclidean gradient has squared norm n?r2"~2, while its normal
component on the unit sphere is nw,, by homogeneity. Since U = w,, here and v is close to one in
cl,

|Vu| > 5 ™ W1 — 2 =572V > enr™ >0 (ta <71 < t3)

for large n.
For the derivative estimates, write locally x1 + ixo = re?? and set

oy = cosin@) Vr — sin(nf) V.

The displayed expression is globally defined on the annulus: the trigonometric functions are
single-valued and df = (—zadx; + 21 das)/r? is a smooth one-form there. On the fixed annulus,

lom|? =12 —cos2(nf) > t32—1>0,  |Via,| < Cjmi.

Moreover

1

Vu = nr't,, tn =0 ‘a, —ntcos(nh)v 2V,

It follows that |t,| > ¢ > 0 and |V7t,| < Cjn/ for 0 < j < k. The orthogonal projection

b
PJ_ = Id —tn ®2tn
[tn|
is therefore smooth and satisfies
virP | <Cin! 0<j<k). 4.25
J

Here 2, = g(tp, "), 50 (tn @ £2)X = g(tn, X )t,. To obtain (4.25), differentiate the quotient defining
P, ; its denominator is uniformly bounded away from zero, and the total derivative order of the
numerator factors in every term is at most j. This estimate shows explicitly that only k& powers of
n are lost in the required projection norms.

Define a positive symmetric endomorphism by

A:q{Iow(\/d/?ﬂ)zaL

The coefficient of P, vanishes on neighborhoods of both boundary components of this annulus,
because d = ¢> there. Thus the two formulas agree on open collars and define a globally smooth
endomorphism. Its eigenvalue along Vu is ¢, and its two transverse eigenvalues are both ¢+/d/q3.
Hence, throughout the annulus,

on {ts <r < t3}, A =qld elsewhere. (4.26)

AVu = ¢Vu, det A =d.

These identities also hold outside it, where A = ¢Id and d = ¢°.
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By (4.23), smooth composition gives ||/d/q3 — 1||cx < Cn~F2. The product rule and (4.25)
consequently give
A —1d | or < CnP~P2 = Cn= P10,

Define § = g4 by (4.8). The map (d, A) — dA~" is smooth near (1,1d), so (4.23) and this last
estimate imply
15 = gllex < Cn=F710 <"

for all sufficiently large n. Combining Lemma 4.2 with (4.22) proves Agu = —Au. On {r > t3},
A=1d,v =1, and U = w,, which proves (4.19). The lower bound (4.15) excludes U = 0, and
division by the positive function v preserves all pointwise signs and zeros. ]

Remark 4.5. The wave weight W,, = e"® + r" satisfies the positivity and continuity hypotheses
of Proposition 4.4. The orders in (4.20) are chosen before the finite phase and amplitude orders
needed for the wave construction, and all these choices precede the final choice of n. Increasing the
threshold for n then absorbs every constant depending on the fixed profile or those finite orders.
Consequently the conclusion gives arbitrary closeness in any prescribed finite collection of smooth
norms.

Hence the sign bound (3.26) survives with the same constant, while the unchanged exterior in
(4.19) leaves room for the spectral perturbation of the next section.

5 Simplicity with the eigenfunction fixed

The exactification procedure leaves an annulus on which both the metric and the eigenfunction have
their original round form. This annulus lets us make the selected eigenvalue simple while preserving
the selected function exactly. Localized trace-free metric variations also occur in Uhlenbeck’s
genericity argument [23, Section 4, Example 2]. Here the additional requirement that the variation
annihilate the selected gradient preserves the chosen eigenfunction exactly. We begin with the
finite-dimensional point needed for this argument.

Lemma 5.1 (A space of symmetric forms). Let V' be a finite-dimensional real vector space and
let L C Sme(V*) be a linear subspace. Suppose that, for each v # 0, some B € L satisfies
B(v,v) #0. Then L contains a nondegenerate form.

Proof. Choose A € L of maximal rank r and suppose that ker A # 0. There is an r-dimensional
subspace W on which A is nondegenerate. Fix 0 # v € ker A and choose B € £ with B(v,v) # 0.
Since A(v,-) =0, in a basis of W & Rv we have

det((A+tB)|lwary) = tB(v,v) det(Alw) + O(t?).

This determinant is nonzero for all sufficiently small nonzero t. Thus A + tB has rank at least
r + 1, a contradiction. The same argument covers r = 0, with the empty determinant equal to
one. [

Proposition 5.2 (Simplicity with the eigenfunction fixed). Let h be a smooth metric on S* and
let u be a nonzero real smooth function satisfying

—Apu = Apu, A, =n(n+2), n > 2.
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Suppose that, on an annulus A = {a <r < b} with0 < a <b <1, one has h = g, and u = w,. In
every C' neighborhood of h there is a smooth metric h' such that h' — h is supported compactly in
A,

th/ = th, —Ah/u = Anu,

and A, is a simple eigenvalue of —Ap:.

Proof. All gradients and inner products in this proof use h. On the round annulus, projection of
the Euclidean gradient of the homogeneous harmonic polynomial w,, onto the tangent space of the
sphere gives

(Vau|? = n?(r*"2 —w?) > n?r?2(1 - r?) > 0. (5.1)

Consequently the orthogonal projection P onto (Vu)* is smooth on A. Let
E =ker(—=Ap — Ay), Ey = {UEE:/ vuth—O}.
S3

These are finite-dimensional real spaces by the compact elliptic spectral theorem. If Ey = 0, there
is nothing to prove.
We first show that
veEy\{0} = PVuv#0OonA (5.2)

Suppose otherwise. Then dv is a scalar multiple of du throughout A. Locally write z1 + izy = re®,

so that u = r™cos(nf). The covectors dr and du are independent wherever sin(nf) # 0. Such
points occur in every annulus under consideration. Near one of them, extend (u,r) to a coordinate
system (u,r, z) and restrict to a coordinate product box. Since dv annihilates the tangent spaces
to the level sets of u, its r and z coordinate derivatives vanish there. Thus v = F'(u) on this box
for a smooth function F' of one variable. The chain rule and the eigenfunction equations give

n2F" (u) (r* % — u?) + Ay (F(u) — uF'(u)) = 0. (5.3)
Differentiating in the coordinate r, with u and z fixed, yields
2n*(n — 1)r*" 3 F"(u) = 0.

The coefficient is positive because n > 2 and r > 0. Therefore I/ = 0 on the interval in question.
Equation (5.3) then forces the constant term of F' to vanish, so v = cu on this box for some
real c. Unique continuation implies v = cu throughout the connected sphere. Precisely, v — cu
solves a second-order elliptic equation with smooth real positive-definite principal coeflicients and
smooth lower-order coefficients; it vanishes on a nonempty open set. The unique continuation
Theorem of Aronszajn [1, pp. 235-236] applies in these coordinates and on the connected manifold.
Orthogonality to u now forces v = 0, proving (5.2).

Let K be the real vector space of smooth symmetric endomorphisms of 7'S? supported compactly
in A and satisfying

KVu =0, tr K =0.

Each K € K defines a symmetric form on Fy by

M(K)(v,z) = /S3 (KVv,Vz)dVy,. (5.4)
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For v € Ey \ {0}, put p = PVv on A. By (5.2), choose a nonnegative smooth bump function y
with compact support in A such that [ x|p|* dV3, > 0. Define, on the annulus and then by zero,

2
K-x(p@p"—'@]?).

Here (p® pb)X = (p, X)p. Since P has rank two and p L Vu, this tensor belongs to K. Moreover,

1
M) 0) = 5 [ bl avi >0,

The image M (K) is a linear subspace of the symmetric forms on Ey. Lemma 5.1 therefore gives
one K € K for which M(K) is nondegenerate on Ey.
For real 7, put
A, =™, h(X,Y) = h(A7X,Y).

The endomorphism A, is positive definite, det A, = "% = 1, and A,Vu = Vu. It follows
directly that
dVy,. = dVy, Ay f =divp(A V), —Ap u = Apu.

Also h; = h off the compact support of K, and h; — h smoothly as 7 — 0.
We claim that A,, is simple for every sufficiently small nonzero 7. If this fails, there are nonzero
7; — 0 and real functions z; such that

_Ath Zj = Aan, /zju th = 0, /ZJ2 th =1.
The unchanged volume and uniform positivity of A, give
/ (A, V2, V2;) dVy = A,

so the sequence is bounded in H'. By Rellich compactness, a subsequence converges strongly in L?
and weakly in H! to z. Passing to the weak eigenfunction equation shows z € Ey; normalization
gives ||z||p2(n) = 1. For each v € Ej, the equations for z; and v, tested against each other, imply

A, —1d
/<Jsz,vU> dVi, = 0.
T

The tensor quotient converges uniformly to K, so weak H! convergence gives M (K)(z,v) = 0 for
every v € Ey. Nondegeneracy of M(K) contradicts [|z][z2¢;) = 1. Choosing any sufficiently small
nonzero 7 now completes the proof. O

6 Persistence and one fixed smooth metric

The lower bound from the wave construction is expressed by a finite sum of sign-test integrals.
Simplicity makes a strict lower bound for this functional persist when the metric changes. We give
the continuity and limiting arguments explicitly, including the topology in which the limit is taken.
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Lemma 6.1 (Continuity near a simple eigenvalue). Let M be a closed smooth manifold, let hy be
a smooth Riemannian metric, and suppose that Ao > 0 is a simple eigenvalue of —Ap, with real
etgenfunction ug normalized by ||U0HL2(hO) = 1. For every open interval I containing g, there is a
C neighborhood U of hy and, for every h € U, a simple eigenvalue A(h) € I with a normalized
real eigenfunction u(h). One can choose the signs so that

A(h) — Ao, u(h) —ug in C°(M) ash — ho.

In particular, if F is lower semicontinuous on C°(M), invariant under nonzero real rescaling, and

F(ug) > T, then U can be made small enough that F(u(h)) > T for all h € U.

Proof. List the eigenvalues with multiplicity as 0 = po(h) < pi(h) < ---, and let k be the index
for which pg(hg) = A\g. The energy and mass forms are

Q)= [ IafEavi N = [ favi.
M M
Uniform convergence of the metrics and their inverse tensors implies that, for some (h) — 0,
(1=2)Qny < Qn < (1+¢)Qn, (1 =€)Npy < Np < (1+€)Np,.

The variational min-max characterization [3, Section 7.2] therefore gives p;(h) — p;(ho) for every
fixed index j. Choose a smaller interval J with closure in I that contains the selected eigenvalue
and no other eigenvalue of hg. Applying this convergence at the indices k — 1, k, k + 1 shows that,
for h close to hg, precisely one eigenvalue counted with multiplicity lies in J. It is ug(h) and it is
simple.

For completeness, uniform convergence of the eigenfunctions follows without differentiating
a spectral projection. Let h; — hg smoothly and let u; be real eigenfunctions at this index,
normalized in L?(h;). Their eigenvalues stay bounded. Energy gives an H'(hg) bound. For every
nonnegative integer s, the usual global elliptic estimate for the fixed operator Ay, [7, Theorem 15.7]
is

£l s < Cs (| Ao fllzzs + 11 £l 22)-

Smooth convergence implies that Ap; — Apy @ H 52 _, H* has operator norm tending to zero.
Absorbing this difference yields the same estimate with Aj,; and a constant independent of large j.
The eigenfunction equation then bounds the u; in every Sobolev space. Rellich compactness and
Sobolev embedding give subsequential convergence in every C™ to a smooth eigenfunction of hg
at the selected eigenvalue. The limiting L?(ho) norm is one because the volume densities converge
uniformly. Simplicity identifies this limit as up or —up. Choosing the sign by [, ujugdVy, > 0
excludes the second alternative. That integral is nonzero for all sufficiently nearby metrics:
otherwise a sequence on which it vanished would give a normalized limit orthogonal to wuyg.
Thus every subsequence has the same limit, which proves the claimed continuity. Finally, lower
semicontinuity implies lim inf F(u;) > F(ug) > T. The smooth metric topology is metrizable, so
the sequential conclusion is exactly the asserted neighborhood statement. O

We now assemble the preceding constructions into the form needed for iteration. Fix a
sufficiently small C? neighborhood V of g, in the smooth metrics on S* so that all uniform
comparisons and the initial-profile construction above apply. In particular there is one constant
Clarea > 0 such that every sign functional furnished by the wave construction satisfies

F(f) < Cua Hp({f =0}),  heV, [feC(s). (6.1)
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The constant is independent of the profile, its finite subdivision, and its frequency; this is
Proposition 3.3. Each such F is lower semicontinuous for uniform convergence and is invariant
under multiplication by any nowhere-zero positive function, as well as by any nonzero real constant.

Proposition 6.2 (One construction step). Suppose that g € V agrees with g. on r > Ry, where

1 3

—<Ry< R £—.

50 T =0
Let N be any C* neighborhood of g, let A > 0, and let N > 2 be an integer. There are an integer
n > N, a metric ¢ € NNV agreeing with g. on v > Ry, and a nonzero real smooth function u
such that —Agyu = Ayu and Ay, is simple. Moreover, there is an open neighborhood W of ¢’ in 'V

such that every h € W has an exact real eigenfunction up, with eigenvalue N\, satisfying
Hi({un = 0})
VAR

This neighborhood is obtained by retaining one fized sign functional and one fixed strict numerical
threshold.

Ay —1< A <Ay, +1, > A. (6.2)

Proof. Choose a smaller neighborhood N of g contained in A'NV. Such a neighborhood contains
a condition ||k — g||c+ < € for some finite k and € > 0. Choose intermediate radii as in the wave
and exactification constructions, leaving a nonempty annulus between their outermost modified
radius t3 and R;.

Proposition 2.6 gives a fixed smooth profile ¢ with

J = / Ly dz > AChrea A/ Crave.
Q

Here and below the coordinate measure on the fixed cube is used; its comparison with dV} is
uniform for g € V. The wave realization in Proposition 3.6 supplies, for all sufficiently large
integers n, a real function U and a sign functional F with

-F(U) > Cwavel,

where cyave > 0 is independent of the chosen profile. The required finite derivative orders and
residual powers can be specified in advance. By Proposition 4.4, choose these orders so that, after
increasing n, there is an exact eigenpair (g, u) at A,,, with g € N1, u = U/v for a smooth function
v >0, and § = g«, u = wy, for r > t3 < Ry. In particular F(u) = F(U). All accuracy choices are
finite; the profile and these choices are fixed before n is increased.

Take n > N sufficiently large for these conclusions. Since n > 2,

F(u) > 2CaeaA(n +1). (6.3)

Apply Proposition 5.2 in an annulus t3 < r < t4 < Ry, with an arbitrarily small smooth change.
It gives ¢’ € N1 with the same exact eigenfunction v and simple eigenvalue A,,. The sign bound is
unchanged and ¢’ = g, on r > R;.

Now freeze F, including its subdivision and all its coordinate shifts, and set T' = Cyrea A(n + 1).
Lemma 6.1 gives an open neighborhood YW C V of ¢’ on which a normalized real eigenfunction wy,
has eigenvalue in (A, — 1, A, + 1) and satisfies F(up) > 7. The normalization does not affect the
sign functional. By (6.1),

Hi ({up, = 0}) > A(n +1).

Finally A, +1 = (n + 1), so /A, < n + 1, proving (6.2). O
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Proof of Theorem 1.1. Let O be any prescribed C*° neighborhood of the round metric. We will
retain all the open witness requirements from Proposition 6.2 inside O.

Work in the vector space .7 = C*(S?; Sym? T*S?) of smooth symmetric covariant tensors. Fix
increasing C norms using the round metric and its connection, and put

d(T,S) = i 27 L min{1, |7 — S||cm}. (6.4)

m=0

This is a complete translation-invariant metric inducing the smooth topology. Indeed a d-Cauchy
sequence is Cauchy in every C™ norm, and the compatible C™ limits define one smooth tensor.
Conversely convergence in every such norm implies convergence in d by splitting the series into
a finite sum and a uniformly small tail. The same splitting shows that every d-neighborhood
contains a neighborhood specified by finitely many seminorm bounds, hence, since our norms
are increasing, by one sufficiently small C* bound. This explains why the finite-order closeness
supplied by the construction suffices for the iteration.

The set V is open in 7 and consists entirely of positive-definite tensors. Set gy = g. and
choose pg > 0 such that the closed d-ball By = B4(go, po) lies in VN O. Let

3 1 -
=102 =20

so Ry = 1/5 and R; increases strictly to 3/10. We inductively construct smooth metrics g;, integers
n;, open witness neighborhoods W;, and closed balls B; = Ed(gj, p;) with

gi =g« onr>R;, ng > nj—1, njg > j+2,
0<p;j <277, BjCBylgj—1,pj—1) N W;.

For j =1 the condition involving ng is omitted. At step j, apply Proposition 6.2 to g;_1, the pair
(Rj—1, Rj), the open ball By(gj—1,pj—1), the target A = j, and a frequency lower bound larger
than n;_; and at least j + 2. This supplies g; in that ball and its open witness neighborhood
W;. Choose p; > 0 small enough for the displayed containments and size bound. This is possible
because the center belongs to both open sets. At each stage only the constructed center is required
to have a round exterior; the other tensors in B; need not have one.

The balls are nested and their diameters tend to zero. Their centers form a d-Cauchy sequence,
so completeness gives a smooth limiting tensor g... Because each Bj is closed and contains every
later center, go € B; for all j > 0. In particular g € O NV is a smooth Riemannian metric and
belongs to every W;. Each W; retains its own fixed sign functional and threshold; no uniform
spectral gap or common eigenfunction tolerance is used.

For this one metric, the witness in W; is an exact nonzero real eigenfunction u; with

Hi ({1 =0)) _
oL .

The integers n; increase to infinity; the displayed intervals are pairwise disjoint and ordered, since
Apy1 — Ay =2n 43 > 2. Hence A\; — oo, while the nodal-area ratios tend to infinity. The sphere
is closed, connected, and three-dimensional, so these are the required eigenfunctions of one fixed
admissible metric. O

—Agoou]' = )\ju]', Anj —-1< )\j < Anj +1,
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The S? x T? construction

The following sections prove Theorem 1.2 by a separate envelope and ordinary-metric realization.
The sign-score and spectral-persistence principles have the same roles as above, but the dimensional
determinant relation and its correction are proved afresh.

7 Background modes and strict envelopes

Let
M = 5% x T2, g0 :dp2+sin2pd«92—|—d,22—|—dz’2,

where the sphere has radius one and both circles have length 27. Fix a coordinate cube P whose
closure lies in 0 < p < 7/2, and a smaller coordinate cube D & P. Throughout the proof,
integration against dx in this chart means coordinate Lebesgue measure.

Lemma 7.1 (Background modes). For every integer k > 1, set
Ay = 2k* + k, u) = sin® pcos(ke), o=0+z.

Then u) is a smooth real eigenfunction on M with (Ag, + Ag)ul = 0. Set fo = logsinp on a
neighborhood of P. There is a constant ¢ > 0, independent of k, such that

|dul| g, > ckeMo on P. (7.1)

Proof. In Cartesian coordinates on the sphere, u,% is the real part of (X; + iXo)*e**. The
polynomial (X; + iXQ)k is homogeneous and harmonic, so its restriction to the unit sphere has
eigenvalue k(k + 1); the z factor contributes k2. This proves smoothness and the eigenfunction
equation. The covectors dfy and d¢ are orthogonal, with squared norms cot? p and csc?p + 1.
Hence

|du2|§o = Ek2e2M0 (cot? p cos® (ko) + (csc? p + 1) sin? (ko))
= k2(sin* p + sin®* "2 p — 2(ud)?). (7.2)
The first line gives (7.1), since both coefficients have positive lower bounds on P. ]

For a smooth function f and a smooth metric h, write

a=Vynf, H=V3f, B =/2+ |a]3.

We call f a strict envelope for h on a set if a # 0 there and
H(a,a)+ (2+ |al}) \H|1aX1 H(e,e) > 0. (7.3)
elp=
df (e)=0

The maximum exists because the transverse unit sphere is compact. The condition is open in the
second derivatives of f and the first derivatives of h, as long as df # 0.
The function fj is a strict envelope for gg on P. Indeed, with ey = (sinp) =19y,

ag = cotp dp, Hy(0p,0p) = — csc? p, Hoy(eg,e9) = cot? p,
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and the expression in (7.3), tested with eg, is
—cot?p csc? p + (2 + cot? p) cot? p = cot? p > 0.

Fix a smooth-topology open neighborhood U of gg, sufficiently small in C' that fy remains strict
for every h € U on P. Also arrange uniform comparison of these metrics with gg on M and, for
one fixed K > 1,

K ' < (hij(z)) < KI (z€P, hel). (7.4)

The finite-stage backgrounds used below satisfy the additional condition that h — go has compact
support in P.

7.1 Amplifying the gradient

We reserve one direction for the old gradient and one transverse direction for the maximizing
Hessian test in (7.3). Corrugation in the remaining two directions supplies a large positive
tangential Hessian that compensates for its negative radial Hessian. When this tangential term
does not dominate, the reserved transverse direction retains the original strictness.

Lemma 7.2 (Uniform amplification). There is d. > 0, depending only on the comparison constant
K and fixed auxiliary functions, with the following property. Suppose h is smooth, satisfies (7.4)
near D, and f is a strict envelope for h on a neighborhood of D. For every b > 0 there is a smooth
strict envelope f such that

supp(f — f) €D, ||f = fllz= < b, (7.5)
[ Vaflde =+ d) [ [9uflnda (7.6)
D D

Consequently the gradient integral can be made arbitrarily large by a perturbation compactly
supported in D, with any prescribed positive total sup-norm budget. No derivative bound on the
resulting envelope is asserted.

Proof. Fix 0 < 19 < r; < R < 1/2 and a nonzero nonnegative function s € C°((rg,r1)). In the
disk of radius R about each point of Z?, define

and set ¢ = 0 off the disks. The resulting function on R? is smooth and Z2-periodic: it is a
negative constant near each disk center and zero near each disk boundary. Where its derivatives
are nonzero, let n,t be the radial and tangential Euclidean unit vectors. Then
s
Dq=sn’, Dlq=sn"on + " at. (7.7)
r

Outside those annuli all derivatives in (7.7) vanish. Fix also 0 < x € C2°((—1,1)%), equal to one
on a smaller concentric box. Nonnegativity and bounded second derivatives give

| <Cvs, DX < CVA. (7.8)

For example, for a nonnegative one-variable function v with [|v"|| < L, Taylor’s inequality at
displacement —v'/L gives |[v'|? < 2Lv; applying this along lines proves the second estimate as well.
Let

K, =sups(s')_, (s')_ = max{—s, 0},
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and fix once and for all 0 < § < 1 so small that
1
2K 0% < —. 7.9
This choice is independent of f, h, and all subsequent amplifications.

The perturbation and its errors. Subdivide D into finitely many congruent coordinate cubes
C of side L. At the center x¢ of each cube choose constant linear coordinates y centered at xz¢
such that h(z¢) =1,
a(rc) = Acer,
and eg realizes the transverse maximum in (7.3) at z¢. Complete these to an h(z¢)-orthonormal
frame. By (7.4), one fixed ¢ > 0 ensures that the y-box |y;| < n, with n = cL, lies strictly inside
C; its coordinate volume is a fixed positive fraction of |C|, uniformly over all cells. These frames
need not vary continuously between cells.
Put € = »® and, in this box, add

vo(y) = 6Acex(y/n)a((ys, ya)/e). (7.10)

Extend ve by zero and set f: f+> cvce. The sum is finite, its terms have disjoint supports, and
its support is compact in D. All constants in the error estimates that follow may depend on the
current fixed f, h, but not on the cell or its fineness. In particular, Ac has a positive lower bound
and a finite upper bound. For brevity write A = A¢ in a given cell. Uniformly there, h = I + O(n)
and

df = A(é; + dxsn” + O(n)),
ay = Vi f = Aler 4+ dxsn+ O(n)), (7.11)
H,:=Vif = H+5A(Q+E), Q:%D%. (7.12)
Here x and ¢ are evaluated at their arguments in (7.10); n, ¢ lie in the (ys3, y4)-plane. The differential

of the cutoff term is O(e/n). Two differentiations of (7.10), including the connection term in the
Hessian, give

s € €
\agc<¢x+-2+w+>. (7.13)
n n n
The second term includes the constant central part of the negative bowl. In particular it cannot

be omitted when Dg = 0.
Define nonnegative quantities, equal to zero off the radial annuli,
XS

/
r=X Ny XE)-
€ €

The following estimates hold uniformly, including at the cutoff and annulus boundaries:
€| + 2N < Cnpt?(1+ 1), (7.14)
N(xs)? < ||5'||oc€T?, N(xs)? < K,T. (7.15)
Indeed,
\/?:nl/QﬁﬁCnl/zﬁ, 1’ N < Cn'/2\/XT,
while the other terms in (7.13) are 7, n3T,n?. Finally, N(xs)? = Tx?s(s')_, which proves both

estimates in (7.15). Equation (7.11) also gives df(e1) = A(1 + O(n)); thus the new gradient never
vanishes once the cells are sufficiently small.
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Strictness when T is large. At a point with 7' > 0, take the ezactly transverse vector

df(t) v

— —=e1, e=—.
df(ey) |1,

v=t (7.16)

Since n’(t) = 0, this is ¢ + O(n))e; before normalization. Its radial component is exactly zero, and
normalization in the variable metric is scalar multiplication. Hence

T T

T S
@(e.e) rlvo]2 ~ 2R

for all sufficiently small cells. By (7.11), the radial component of a./A is dxs + O(n). Discarding
the nonnegative tangential part of @ and using (7.15) gives

Q(ax, as) > —A*(20°N(xs)? + Cn’N)

7.17
> —A*(26°K,T + Cn°N). (7.17)
Also |a.|7 > A%/2. For T > 1, (7.14) therefore bounds the contribution of JA(Q + £) to the
strictness expression from below by

1
§A% (= — 2K,0% - 1/2> T.
Here and below the constant C' may change with the current envelope; the positive lower bound
on A absorbs the factors 1 + A~2 from the error terms. By (7.9), sufficiently small 7 makes this at
least A3T/(16R). The contribution of the old Hessian H is bounded below by —Cp uniformly in
the cell and its point. Choose a finite threshold

2
Tg>max{1 3210y }

" § ming |al}

Then (7.3) holds at every point where 7" > Ty, once the subdivision is sufficiently fine. Only Tp
and this fineness threshold depend on the current Hessian and gradient bounds.

Strictness when 7T is bounded. For 0 < T < Tj, the radial coefficient N may still be large. We
use the reserved transverse direction and bound the negative contribution to Q(ax, ax) separately.
Set

B df(e2) W

V= €2 = €, €= —.

df(ey) vl

This vector is exactly transverse, is ea +O(n) after normalization, and has no fast-plane component.

Consequently Q(e,e) = 0 exactly. Moreover ys = ¢I' — 0 uniformly in this regime, so a, =

Aej + o(1). Equations (7.17) and (7.15), using the stronger bounded-T" estimate before replacing
it by K,T', give

(7.18)

Q(ax, a,) > —A2(20%||8 | €T + C2N) = o(1).

Also £ = o(1) uniformly by (7.14). The old-Hessian contribution, tested with (7.18), converges
uniformly to its value at the cell center, where es was chosen to maximize it. Those center values
have a common positive lower bound, by strictness of f on D. Thus the full expression is positive
for sufficiently small n. The two regimes cover every point of the perturbation; outside its support
the original envelope is unchanged.
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A fixed gain and a small value change. In every cell, (7.11) implies

|axln _ 21,2 o2 laln _
1 =1/1462x2s2 + O(n), 1 =1+ 0(n). (7.19)

Choose sy > 0 such that the set s > sg has positive area in one fast-variable period. Since
e/n = n? — 0, periodicity shows that a fixed fraction 8 > 0 of each whole cell has both y = 1
and s > sg. The constant 8 depends only on the fixed cutoffs and metric comparison: the central
cutoff box contains many fast periods, and the linear coordinate Jacobians and box-to-cell volume

ratios have uniform bounds. Set
y=14/1+d2s3 —1>0.
Integrating (7.19) on a cell yields
[laclnde = [ Jaldo+ 43y - Calcl.

For sufficiently small 7, the last term is at least AB~v|C|/2, while [ |a|, dz < 2A|C|. Thus (7.6)
follows with d, = /4, independently of the current strictness margin and derivative bounds.
Finally, disjointness of the supports gives

If = flloo < 8(max Ac)el]|se.

which tends to zero with the cell size. This proves the one-step assertion with any budget b.
For any desired finite integral, a finite number of gains by 1 + d, suffices. Assign these finitely
many steps portions of the total sup-norm budget and choose each subdivision after fixing its
current envelope. Their supports form a finite union compactly contained in D. Strictness and
nonvanishing hold after every step. This is a finite construction of a smooth envelope, with no
limit of envelopes required. ]

7.2 Separated envelope and background regions

Lemma 7.3 (Gaps and arbitrary growth). Fiz h € U with supp(h — go) € P. There are nested
open coordinate bozes

EUsupp(h—go)CUo@Ul cUyeceUseceUy eP.

For every Ly > 0 there is a smooth strict envelope f for h on a neighborhood of P, and a number
o >0, such that

f>fo+o onUy, f<fo—o onP\U, (7.20)

/ 2+ |Vifl3dx > L. (7.21)
D

The envelope and all these patches are fixed before the frequency k is chosen.

Proof. The indicated compact set lies inside the coordinate cube P, so nested coordinate boxes
with these strict inclusions exist. Choose ¢ € C°(U;) equal to one on a neighborhood of Uy. For
a sufficiently small fixed 7 > 0,
fO=fot+r2¢-1)

is still strict on a neighborhood of P, by the C?-openness of (7.3). Its gaps relative to fy are
exactly 7 on Uy and —7 outside U;. Apply Lemma 7.2 finitely many times in D, with total
sup-norm change less than 7/4, to make [}, |V}, f|p dx > L. The resulting f is unchanged outside
a compact subset of D and remains strict everywhere in question. Taking o = 7/2 gives (7.20);
the inequality B > |V, f|n gives (7.21). O
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8 Finite-order waves and real noncancellation

Fix the metric h, the envelope f, and the nested sets supplied by Lemma 7.3. We construct real
quasimodes with arbitrarily small weighted residual and a quantitative lower bound on their value
and first derivative taken together. This lower bound will allow the metric correction to divide
locally by either the function or its squared gradient norm. All constants in this section may
depend on the fixed data and on the finite accuracy requested below, but the displayed powers in
the derivative and noncancellation bounds will not. Differentiation and distances refer to the fixed
coordinates on P, unless a metric is specified.

8.1 The localized packets
At each y € Us, choose three linearly independent vectors b;(y) € a(y)t, 1 < j < 3, such that

0;(W)n = B(y),  Hy(a,a) + Hy(bj, bj) > 0. (8.1)

Such triples exist: the strict envelope condition gives a nonempty open subset of the sphere of
radius B(y) in the three-dimensional space a(y)*, and every such open subset contains three
linearly independent vectors. Each triple extends smoothly to a neighborhood, by projection into
a* and normalization. A finite cover of Us therefore allows the choices in (8.1) to have uniform
positive strictness margins and uniformly positive Gram determinants. We choose one available
triple at each center. No regularity of this choice as a function of the center is required. Write
b’ = hy(bj,-) and
_ Hy(a,a)+ Hy(by,by)
Y el + o)

These numbers have a positive lower bound and a finite upper bound.

Proposition 8.1 (Finite-order packets). For any integers £,J > 0, and all sufficiently large
integers k, there are packets indexed by

Ve=(k7'ZYNUs,  yeYr 1<j<3,

of the form

Pyi(@) = eFP DA ()€ (2 — y). (8:2)
Here £ is a smooth cutoff supported in a fized small ball, equal to one in a smaller ball; all translated
supporting balls lie in P. The phases are complex polynomials in x — vy, and the amplitudes are

polynomials of fized finite degree in x —y and k='. Their coefficients are uniformly bounded over
the centers and indices. They satisfy

®y;(y) = f(y), dDy;(y) = df (y) + ib’,
R Hessp, ©y;(y) = Hy — cyjhy, Ayir(y) =1 (8.3)

On each supporting ball, for positive constants c,C,
—Clz —y]> <ROyj(z) — f(2) < —clz —yl’,  Ayn(z) =14+0(z—y|+&). (8.4)

The amplitude and each of its fixed-order derivatives are uniformly bounded. For every fized
multi-index o, ,
|0°Pyj k()| < Cokl®le /) =cHle=yl, (8.5)
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after decreasing c if necessary, and

sup e /(@) Z |0%(Ap + Ag)pyjik(z)] < Co gk~ 7 (8.6)
el jal<t

The radii, coefficients, constants, and frequency threshold are fized before k varies.

Proof. We give a finite Taylor construction using the complex-phase WKB method; compare [4,
Section 3|. Fix a center and an index and temporarily suppress them. The eikonal equation is

(dD, d®)), = —2, (8.7)

with the complex bilinear extension of the metric pairing. Its constant term holds because a | b
and [b|? = 2 + |a|?. The degree-one condition is

(Hessp, ®)y(a+1ib,-) =0
To prescribe the real Hessian, put U = H, — ¢yjh,. A real symmetric form V' must then satisfy
V(b,-) =U(a,-), Via,-) ==U(b,-). (8.8)

The two rows of a symmetric form have precisely one compatibility condition, namely U(a,a) +
U(b,b) = 0. Our choice of ¢,; gives this identity. Define the remaining block of V on {a,b}* to be
zero. Since a, b are orthogonal with lengths bounded above and away from zero, this constructs V'
with uniformly bounded coefficients. Thus U + 4V is the required covariant Hessian; the connection
converts it to the ordinary quadratic Taylor coefficients of ®.

For completeness, the higher homogeneous equations are also explicitly soluble. In coordinates
write v = a +¢b and D, = v - 0. For a complex homogeneous polynomial F;, of degree g, choose a
complex linear function ¢ with D,( = 1. For example,

ZﬂTz’Z'i
((z) = .
=S P
Then
) <r+1
R Fy = Z DiF,,  D,R,F,=F,. (8.9)

The identity follows by telescoplng after differentiation. This is a right inverse from degree ¢ to
degree g + 1, with bounded norm for each fixed degree, uniformly in our data. For ¢ > 2, the
degree-q eikonal equation contains the new degree-(¢ + 1) phase coefficient only as 2D, applied to
it. All other coefficients in that equation have already been determined. Hence we can match (8.7)
through any prescribed finite Taylor degree.

The transport operator for the eigenvalue Ay, = 2k + k is

T =2grad, ® -0+ Ap® + 1.
Indeed, without the cutoff,
e R (AL + AR (P Ay) = KPEAL + kT A + ApAy,  E = (d®,dd);, + 2. (8.10)
Here is one finite choice of all the truncation orders. Set

M=J+0+1, d=2J+30+6, N =d+2(M —m) (0<m < M), N =np+ 1.
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Construct ® of degree N so that E vanishes to order IV at the center. With this phase fixed,
successively construct polynomials A of degree n,,, with A© (y) =1 and A™(y) = 0 for m > 1,
satisfying

TAO = Oz - y|™),
TAM + Ay A=) = O(lz —y[™) (1 <m< M) (8.11)

To see that this is possible, solve the homogeneous equations of degrees ¢ = 0,...,n,, — 1 in
order. The new coefficient of A(™) has degree ¢ + 1 and enters as 2D, applied to it, so (8.9)
applies. The source A, A1 uses coefficients of the preceding amplitude of degree at most
q+2<n,+1<ngy,_1. Those coefficients have already been retained. The tapering degrees thus
ensure that no later truncation changes an earlier equation. Only finitely many jets of the smooth
coefficients of h are used. This argument is algebraic and makes no convergence assertion about
an infinite formal series.

Set Ay = M k=mAM™) | All its fixed-order derivatives are bounded uniformly for k& > 1, and
it has the stated value and first-order estimate at the center. Every Taylor remainder in (8.11)
vanishes to order at least d, and the eikonal remainder vanishes to still higher order. Uniform
bounds for their differentiated remainders follow from ordinary smooth Taylor estimates and the
finite bounded constructions above.

The function R® — f has zero value and differential at the center. Its ordinary Hessian there
is —cyjhy: the connection terms cancel because its differential is zero. Uniform Taylor bounds
therefore give (8.4) after choosing a sufficiently small common radius. They also give the expansion,
used below,

A(RD; — f)(2) = —cyhy(x —y.) + Ollz — yP). (8.12)

Choose ¢ within this radius. Differentiating its product with the exponential and amplitude proves
(8.5).
Finally, for ¢ > 0 the elementary Gaussian bound

k2 _
sup rle k" < Cyk a/2
r>0

converts Taylor vanishing into powers of k~!. Through ¢ derivatives, the terms in (8.10) that
contain matched errors are bounded in the e*f scale by

Ck2+é—(d—f)/2 < Ck_J_l.

The last uncancelled term is k=™ A, AM); its corresponding bound is Ck~™ = Ck~/~1. Deriva-
tives of £ are supported at a fixed positive distance from the center and contribute an exponentially
small remainder. This proves (8.6). Increasing the finite Taylor orders changes constants and radii,
but introduces no new power of k in (8.5). O

8.2 A real Gaussian superposition

Fix a smooth function w, compactly supported in U and equal to one near U;. For independent
standard real Gaussian variables G, G;j define

3
u = uj + wh > (Gyj +iG)pysiks W= ko on P, (8.13)
yeYy j=1
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The added term extends smoothly by zero to M. There are O(k*) real Gaussian coefficients, and
their coefficient event
& = {|Gy;| <k, \G;ﬂ-] <kforally,j}

satisfies P(£f) < Chre*/2,

Lemma 8.2 (Weighted residual bounds). For any predetermined integers £,J > 0, choose the
packets of Proposition 8.1 with derivative order £ and residual power J + 6. On &, the function
in (8.13) equals u% outside a compact subset of Us, its residual R = (Ap + Ag)u is compactly
supported in Us, and

sup W19%| < Coklol+o for every fized a, (8.14)
P
supW ™ Y |9°R| < Cy k. (8.15)
P lal<t

In particular, the exponents in (8.14) are independent of £, J.

Proof. Summing (8.5) over O(k?*) packets and using the coefficient bound k proves (8.14), including
the fixed cutoff and the elementary bounds for u?. The summed packet residual in (8.15) costs at
most five powers of k.

There are two other residual terms. The background residual is

(Ap+ Ap)up = (Ap — Agy)ug,

supported in supp(h — go) C Up. Each fixed-order derivative is bounded by a fixed power of k
times e#fo. The first gap of Lemma 7.3, f > fo + ¢ on Uy, makes this exponentially small relative
to W. The commutator terms [Ap,w]p,;r and their derivatives are supported outside U;. There
the opposite gap f < fo — o makes their polynomial bounds times ¥/ exponentially small relative
to W. These are all the residual terms. Their supports, and the exact background equation off Uy,
prove the support assertion. O

8.3 Five real directions prevent cancellation

The correction in the next sections needs a real function whose value and gradient do not vanish
together, with a quantitative lower bound in the scale W. Three transverse phase directions and
one displaced packet supply the five independent real directions needed in dimension four.

Lemma 8.3 (Real noncancellation). For every fized choice of the preceding finite accuracy orders,
the event

Or =& N { \(u(x), b du(z))| > k™ 2°W (z) for every x € U } (8.16)

has probability tending to one as k — oo. The norm in this formula is the Fuclidean norm on the
value and four coordinate derivatives. The power 200 is independent of the requested accuracy.

Proof. Put V, = W~ (u, k~'du). First consider a point where
@) < 8 W (2). (8.17)

On & the random contribution to the unscaled value and normalized gradient is at most
CKkPeFf(®) < Ck=3W (x). The background gradient bound in Lemma 7.1 gives

|(u, k= dud)| > cefPo@) > ¢(1 — k=8 W ().
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Thus | Vg ()| is bounded below by a fixed positive number throughout this regime, for all large k.
It remains to estimate small-ball probabilities at a fixed point x € Uy with

@) > k8w (). (8.18)

The gap f < fo — o outside Uy implies that, for large k, such a point lies where w = 1 on a
neighborhood. Thus no derivative of w enters this calculation. Choose a grid center y within Ck~!
of x, and another center 3y’ within Ck~! of

T+ k:_l/21/, V=

viewing the tangent vector in the fixed coordinates. The compact inclusion Us C Us ensures that
both centers belong to Y;. They are distinct for all large k. The cutoff £ is one at = for each
selected packet.

For the three packets at y and the packet with index 1 at 3/, the positive numbers

B = e H@p_ ()] (z=yory)

are bounded above and away from zero. This follows from both sides of (8.4), since |x — z| =
O(k~1/2), and from A,;x(z) = 1+ O(k~1/?).

At this fixed evaluation point, rotate the two Gaussian coordinates of each selected packet by
the argument of p,;x(x). This is a fixed orthogonal change of its two real coordinates, preserving
their independent standard Gaussian distribution. After factoring out f3.;, the two columns of the
evaluation map in the e*f(*) scale are, up to changing the sign of the second coordinate,

1 0
(dmzj(af) + k—léR(A;j}dezj,k)(x)) ’ (d%@zj(x) + k‘lg(Az_j%dezj,k)(wD - (819)

The rotation is held fixed in computing these derivatives. The logarithmic amplitude derivatives
appearing here are uniformly bounded at the selected points.

Select the first column for the packet (y, 1), the second columns for (y, 1), (v, 2), (v, 3), and the
first column for (y',1). These are five independent real Gaussian coordinates: the first two come
from the same orthogonally rotated Gaussian pair, and the other three come from different pairs.
The near-center columns have the forms

(Ldf(z) +O(k™),  (0,b}(y) +O(k™)) (1<j<3).
For the displaced first column, (8.12) gives

AR®,1 (x) — df (x) = —cynhy (z —y, ) + O(k™)
= kY2 1ha(v,-) + O(k™Y).

Subtracting the near first column from this column leaves zero in the value component. Multiplying
the resulting column by k'/2 leaves the derivative covector c,1hy(v,) + O(k™1/2). The other
three derivative covectors are uniformly independent in a(y)*. Since |z —y| = O(k™!), they
remain uniformly independent together with h,(v,-). This comparison uses smoothness of a, h,
and does not compare the triples chosen at different centers. The determinant of these five
amplitude-factored columns is therefore at least ck~/2 in absolute value. Restoring the four
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bounded positive packet amplitudes, with the amplitude of (y, 1) used twice, preserves this lower
bound.

Changing the normalization from e*/(*) to W (x) multiplies each of the five columns by
e*f@) /W () > k8. Their determinant in the W scale is consequently at least ck—*0~1/2. Condition
on all the unused rotated Gaussian coordinates. The selected five are still independent standard
real Gaussians; the conditioned coordinates and the deterministic background give an arbitrary
translation. Change of variables in their bounded Gaussian density now yields, unconditionally as
well,

P{ | WVk(2)| <7} < CEMsd (r>0) (8.20)

at every point in (8.18). This estimate has not conditioned on the coefficient event &.
Take a net of mesh at most k2% in the compact coordinate set Us. It has O(k®32) points. At
its high-regime points apply (8.20) with r = 2k=209. The probability of any such small value is at

most
;832411000 _ rv.—127

At its low-regime points the preceding deterministic bound applies on &. Thus, outside an event
of probability tending to zero, all net values have norm at least 2k~2° and &, holds.
To pass from the net to the whole set, note that

W HoW | < Cuklel,  |dlogW| < Ck.

Together with (8.14) through order two, these give ||dVy|| < CkS on &,. The net interpolation
error is at most Ck67208 = Ck~202 which is smaller than k2% for all large k. This proves (8.16),
even when a point and its chosen net point belong to different regimes. Intersecting the coefficient

and net events used only a union bound, so no assertion about a truncated Gaussian density is
needed. O

9 Stable sign data and nodal measure

Fix the data of Lemma 7.3, and recall that B = /2 + |V, f|2. We select one of the real quasimodes
from Section 8 with many strict opposite-sign tests along short coordinate segments. The score
bounds nodal measure from below, and every fixed strict lower bound for it survives sufficiently
small uniform perturbations of the function. All limits in this section hold with the data and
requested packet accuracy fixed. The positive constants in the score and measure bounds, however,
depend only on the fixed chart and metric comparability throughout U.

Definition 9.1 (Sign score). Subdivide D, up to its grid boundaries, into finitely many disjoint
open coordinate cubes @, fine enough that numbers By > 0 satisfy

BQEB(Z‘)SQBQ (I‘EQ)

Choose ¢y > 0 as in Lemma 9.3 below and put

Q™ ={r € Q: distas(,0Q) > Lo},  Th=> (5'(Ql.
Q

‘@= 1By

For a real continuous function ¢ on M, define
4
Sy = tg' /Q_ D Lp@)u(e+tods) <o} 4, (9.1)
Q i=1
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where d; are the four coordinate unit vectors and |@Q| denotes coordinate volume. The subdivision
and k are part of the score’s definition and remain fixed when 1 varies.

In particular, 0 < §(¢) < 4T}. If 1b,, — ¢ uniformly, every strictly negative endpoint product
for 1 is eventually negative for v,,. Fatou’s Lemma gives

S() < liminf S(n). (9.2)

Multiplication by a positive continuous function, or by a nonzero real constant, preserves every
endpoint-sign comparison and hence the score.

Lemma 9.2 (The score bounds nodal measure). There is ¢y > 0, independent of the subdivision,
k, and the envelope, such that, for every g € U and every real 1p € C(M),

Ho({y = 0}) > euS(¥). (9:3)

Proof. Write Z = {¢) = 0} and, for fixed Q, i, let Eg; be the set indicated in the integrand of (9.1).
This is a Borel set. The full segment from z to x + gd; lies in @) when x € Q. The Intermediate
Value Theorem therefore gives, in coordinate space,

Eqi € (2NnQ) —[0,£q]d;.

Cover Z N Q by countably many Euclidean balls of radii r; < . The backward sweep of each ball
is a cylinder with rounded ends whose four-dimensional volume is at most C (ﬁQT? + 7’;-1). Countable
subadditivity yields
|Eqi| < C(Lg +9) Zr?
J

If the coordinate Hausdorff three-measure of Z N @ is finite, take the infimum over such covers
and then let 6 | 0. The definition of Hausdorff measure, with the harmless dimensional factor
converting diameters to ball radii, gives

If this Hausdorff measure is infinite, the same inequality is immediate. This proof uses only
measurable covering cylinders and does not require any regularity of Z.

To compare the two Hausdorff measures, multiply each coordinate function by a smooth cutoff
equal to one near D and compactly supported in P, and extend by zero to M. The resulting
smooth map F : M — R* agrees with the coordinate map near D. Uniform metric comparability
bounds |dF|, by a fixed constant. Integrating along curves shows that F' is globally Lipschitz for
the Riemannian distance of every g € U. Thus

/HISEHCI(Z N Q) < C/HS(Z n Q)

Sum (9.4) over the four directions and the disjoint open cubes. The sets Z N @ are disjoint Borel
sets, so their Hausdorff measures sum to at most HS(Z ). This proves (9.3), including the case of
infinite measure. O

Lemma 9.3 (Expected score). One can choose cog > 0 and cg > 0, using only uniform metric
comparability, such that the Gaussian superposition (8.13) satisfies, for all sufficiently large integers
k,

The threshold for k may depend on all fized data, including the envelope and the packet accuracy,
whereas cgy, cg do not.
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Proof. On D the macroscopic cutoff is one. Normalize the random part by e*/(®) and write

vyi(e) = e F@pi(x),  X(z) =Red (Gy; +iG;)vy(x).
Y,J

The two Gaussian coefficients of each packet are independent, so

Var X (z Z vy (2)]?, Cov(X ZRe vy (2)vy; (7). (9.6)

The nearest grid center is at distance O(k~!) from z and lies in Us. The two-sided quadratic
phase bounds and the amplitude estimate in Proposition 8.1 show that its normalized packet has
absolute value bounded below by a positive constant. Hence Var X (z) > ¢ > 0, uniformly on D
for the fixed data.

Fix z € Q™ and put z; = x4+ {gd;. Call a packet near if |y — x| < k=2/°. For all other packets,
both z and z; are at distance at least %k‘_z/ ® from the center for large k. The Gaussian decay
and the O(k*) packet count bound their total contributions to the variances and covariances by
Ck*e=k""° . These are negligible even relative to the positive variance lower bound.

For near packets the cutoff is one at both endpoints. Put §,; = b?(y). Along the segment,

d(®y; — f) = iBy; + O(k~/5).

The packet amplitudes are 1 + O(|z — y| + k1), so their endpoint ratios tend uniformly to one.
Since klg = co/Bg is bounded, integration of the preceding differential identity gives

o (2) = 5 (2) (p<@;d>> n o<1>) | 0.1

Every error here is uniform over the indicated points and packets for the fixed data; smooth
dependence of bj(y) on the center is not needed.

Let So = Y pear |y (2)|?. The nearest packet gives Sy > ¢, while (9.7) and the tail estimate
show that the two endpoint variances are Sp(1+ o0(1)). Thus their centered Gaussian correlation is

Ri = Z ]ij <605yj(di)> + o(1). (9.8)

near BQ

Uniform metric comparability, |b;(y)|, = B(y), and continuity of the fixed B give constants
ag, a1 > 0, independent of the envelope, with

aoBg < |ByjlEua < a1Bg for every near packet and all sufficiently large k.

Indeed B(z) € [Bg,2Bg), and B(y)/B(z) — 1 uniformly when |y — 2| < k~2/5. Choose cpa; < 1.
The elementary inequality 1 — cos s > s2/4 for |s| < 1 implies

4
Z 1 — cos CO/Byj(di> > CgWyJLEucl >k > 0
= Bg 4B

where £ is independent of the envelope. The weights in (9.8) are the same for all four coordinate
directions. Weighted averaging therefore gives Y ,(1—R;) > k/2, so for at least one i, R; < 1—x/8.
This bound uses the length of each carrier covector, not the Gram determinant of the triple chosen
at its center; hence k is uniform over the amplified envelopes.
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For centered Gaussian variables with positive variances and correlation r € [—1,1], the
probability of opposite signs is arccos(r)/m. To see this, express the variables as projections of a
standard planar Gaussian onto unit vectors with angle arccosr and use rotation invariance; the
degenerate endpoints follow directly. Therefore

4
> P{X(2)X(z;) <0} > qo >0
=1

with gy independent of the envelope.

The normalized deterministic mean is m(z) = e*(fo@)=1(@) cos(k¢(x)), with |m(z)| < e % on
D by Lemma 7.3. For a centered one-dimensional Gaussian of standard deviation s > 0, adding a
mean m changes its sign with probability at most P{|X| < |m|} < C|m|/s. The variance lower
bounds at both endpoints consequently change each opposite-sign probability by o(1), uniformly
in . Thus

4
ZP{u(x)u(azz) <0} > qo/2
i=1

for large k. Tonelli’s Theorem and |Q~|/|@Q| — 1 for the fixed finite subdivision now prove (9.5)
with, for example, cg = qo/4. O

Proposition 9.4 (A simultaneous good realization). For every predetermined pair of finite orders
£, J >0, all sufficiently large integers k admit a choice of the real Gaussian coefficients for which
the smooth real function u satisfies

u=u} outside a compact subset of Us, supp R € Us, R = (Ap+ Ap)u, (9.9)
sup W1 Z |0“R| < C’&Jk:*‘], (9.10)
P
|l <€
WHo%| < C k5 on P for every fized multi-index «,
|(u, k™~ Ydu)| > E72°W  on Us, (9.11)
S(u) > ek / B(z) dx. (9.12)
D

Here ¢ > 0 is independent of the envelope and the accuracy orders. The constants Cy j,Cy and
the frequency threshold may depend on these fized data, but the polynomial exponents in these
bounds do mot increase with the residual accuracy.

Proof. Choose the packet accuracy in Lemma 8.2 to give (9.10). Let G} be the event in Lemma 8.3:
all coefficients have absolute value at most k, and the stated noncancellation bound holds. Its
probability tends to one, and its coefficient bound gives the support, residual, and derivative
conclusions above. By Lemma 9.3 and the deterministic upper bound § < 47T,

E[S(u)1g,] = (cg — 4P(G})) Tk > %ETk

for all large k. Hence there is a realization in G with S(u) > cgT})/4. This conclusion uses no
independence between the score and Gj. Finally,

k k
= — >
7=~ §Q23Q|Q > 5 [ B)da.
0 (9.12) holds with ¢5 = cg/(8¢y). O

48



10 Realization by an ordinary metric

We now turn a sufficiently accurate real quasimode into an exact eigenfunction of an ordinary
four-dimensional metric. The construction preserves signs and retains a region on which both
the metric and the eigenfunction are the explicit background ones. In this section all C" norms
are taken in fixed finite coordinate charts. Constants may depend on the fixed background and
patches, but not on k.

Lemma 10.1 (Ordinary-metric realization). Fiz the background M, go, P,ul, Ay of Lemma 7.1,
patches Uy @ Us € Uy € P, a smooth metric h such that h — go has compact support in Us, and a
fized smooth function f on a neighborhood of P. Put

W = ekl 4 eFfo,

For every integer p > 0 and every L > 0, there are finite integers £, J with the following property.
Suppose smooth real functions u = uy, for arbitrarily large integers k, satisfy

supp(u — u)) € Us, supp R € Us, R = (Ap+ Ap)u, (C1)
WHo%| < Cokle on P jal <€ +1, (C2)
(W2 + k2| dufZ) " > k7200 on Us, (C3)
WY9°R| < Crk™ on P, |a| <¢. (C4)

The constants in these estimates are independent of k; the supports in (C1) need not be independent
of k. For all sufficiently large such k, there are a smooth ordinary metric g, and a smooth positive
function by, on M such that

lgs — hllcr = O(E™L),  t=b,u, (A, + ARt =0.

Moreover, g. — go and t — ug have compact support in Uy. In particular, the zero set and every
strict sign comparison of u are preserved.

The preceding sections supply all the hypotheses of Lemma 10.1. Its proof below does not
use the strict envelope inequality; that inequality was needed to construct the quasimode. The
essential geometric input here is the clean collar Uy \ Us, where h = go, u = uz, and the background
gradient has a quantitative lower bound.

10.1 Exact correction with an independent density

We first allow the principal tensor and divergence density to vary independently. The scalar 9
below is a density increment; the symbol d continues to denote differentiation.

Lemma 10.2 (Weighted correction). Under (C1)—(C4), there are a smooth symmetric contravari-
ant tensor F' and a smooth scalar ¢, both compactly supported in Us, such that

divy, (b~ + F) du) + Ag(1 +9)u = 0. (10.1)

For each integer 0 < r < { — 1, their estimates through order r use only derivatives of u through
order v + 2 and of R through order r + 1. A fized finite exponent E,, independent of J, satisfies

IE|lor + |9]|er < CrkEr=7; E, = 1000(r 4 2) s sufficient. (10.2)
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Proof. Choose a fixed smooth function vy : R — [0, 1], equal to one on [—1/4,1/4] and supported
in (—1/2,1/2), and set on U
7 =20 (k0u/ W),

On the support of 7, (C3) gives |dul, > ck™19W. Wherever 1 — v # 0, |u| > 1k72%°W. Define
on Us

F = —uyR|dul;?h7 !, (10.3)

9 =At (—(1 - 7)% + divy, (YR|dul},  grad, u)) . (10.4)

Each quotient is used only where its denominator is nonzero. Extend the cutoff quotient by zero
on the unused part of its domain. This is smooth: near a zero of du, the first cutoff is identically
zero, and near a zero of u, the second cutoff is identically zero. The support condition on R then
permits smooth extension of both corrections by zero to M, including the divergence term.
Put ¢ = yR|du|,?. The product rule gives the exact identities
divy(Fdu) = —yR — udivy(q grady, u),
Apdu = —(1 —v)R + udivy (g grady, u).

Adding these identities to the definition of R proves (10.1), also at the zeros of u, by smoothness.
For the estimates, use normalized quantities

ap = u/W, B = du/W, ro = R/W.
All exponentially varying factors cancel from the formulas:

F = —agyrolBl;,*h ", (10.5)
ggrady, u = yro|Bl, 28", (1 —7)R/u=(1—7)ro/ao. (10.6)
Since f, fo are fixed, differentiation of their exponentials and the reciprocal of their positive sum

gives ' ' . '
VW | < C; KW, (W < oW

Consequently, for every required order j,
| ag| < C;EITP, 107 8| < C;kITE, 07| < CjkI~7 (10.7)

Here and below a bound on ¢’ means the bound for every multi-index of that length. The chain
and quotient rules give, on the respective cutoff domains,

[@79] < CiRP, - j =1,
\6j(a51)\ < Cjk200+206j,
07(181)] < Gy,
For example, |87 > ck™3% on the first domain, and |07(|3]3)| < C;kT!2. Each term in its
differentiated reciprocal has at most j differentiated factors, which proves the last displayed bound.
These deliberately generous powers also bound derivatives at cutoff interfaces. Substitution into
(10.5)—(10.6), with one extra derivative for the divergence in (10.4), proves (10.2). In particular,

the loss depends only on the requested derivative order and the fixed exponent in (C3), and does
not grow when J is increased. O
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Take the residual accuracy high enough that F' and ¢ are small. Then h~! 4+ F is positive
definite and 1 + ¢ > 0. Define an ordinary metric hi, a positive weight w, a real function v, and a
potential Vy by

K1+ F dvol
pl= (14 9) YO
1+ dvolp, (10 8)
A 1/2 )
V= wl/zu, Vo = 7}”(1“/}2 )
w

The quotient of volume elements means the quotient of their positive densities. Dividing (10.1) by
its density yields
Ap,u+ (dlogw,du)p, + Agu = 0.

1/2 the product rule cancels the first-order term:

If So = w
Ahl (Sou) = S()Ahlu + 2<d80, du>h1 + uAhl Sg = (Vg — Ak)S()u.

Thus
Apv = (Vo — Ag)v. (10.9)

The quantities h; — h,w — 1, Vi have compact support in Us, and v = u% outside a compact subset
of Us. For any fixed integer m, smooth matrix inversion, the determinant formula for volume, and
two differentiations in V| give

lhy = Bllgm+z + [lw = Llgm+z + [Vollem < Cn(IFllomvz + ([0l gm2), (10.10)

whenever the right-hand side is sufficiently small.

10.2 A conformal equation with a coercive linearization

For a positive function Z, the four-dimensional conformal transformation g = Z2hy, t = v/Z, gives
Agt = Z *divy, (22 grady, (v/2)) = Z~HZApv — vAR, Z). (10.11)
Together with (10.9), this shows that the equation
An, Z =VoZ + M(Z° — Z) (10.12)
is sufficient for (Ay + Ag)t = 0.

Lemma 10.3 (The conformal factor). Fiz the smooth metric h on the closed four-manifold M,
and an even integer s > 2. There are § > 0 and Cs, depending only on h,s and the fixed Sobolev
norms, with the following property. If hi, Vo are smooth,

|h1 = hlles + [Vollms <6, A>1,

then
An, Z =VoZ + NZ3 - 7)

has a smooth positive solution satisfying

1Z = 1)lmgs < CsA Y| Vol| s (10.13)
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Proof. Use the real Sobolev spaces of the fixed metric h. The standard elliptic spectral and Sobolev
theorems give the eigenbasis for —Ay, the equivalence of the usual even-order Sobolev norms with
the norms defined by powers of 1 — Ay, and the algebra property of H® for s > 2 [21, 22]. If
> 0 is a spectral value of —Ap, the inverse of Ly = Ay, — 2A has multiplier —1/(x + 2A). In the
spectral Sobolev norms, therefore,

LA e < (28) 7 (10.14)
-1 +
ILA N rs—2ms < SUb oA <1 (10.15)

Changing to the fixed coordinate Sobolev norms costs constants independent of A.
Writing Z = 14 Y, the required fixed-point equation is

Y = L3t [(An = An)Y + Vo(1+Y) + ABYZ+ V). (10.16)
The coefficient formula for a Laplacian and the usual integer-order product rule show
1AL = Apy s -2 < Csl[ha = hljcs.

Estimate this term using (10.15). Estimate the remaining terms using the algebra property and
(10.14). On the closed H*-ball of radius r, the Lipschitz constant of the right side of (10.16) is at
most

Cyllh1 = hlles + CA™H | Voll s + Cs(r +12).

Choose a fixed small r so that the last term is at most 1/4 and Sobolev embedding makes
14+Y >1/2 on this ball. Next choose ¢ so that the displayed Lipschitz constant is at most 1/2
and the image of zero has norm at most /2. The map is then a contraction of the ball into itself.
Its fixed point obeys

¥z < 51Y lls + CA™ Vol s,

which proves (10.13). Finally the equation for Z, the smoothness of its coefficients, and elliptic
regularity bootstrap Z from H*® to H*"2, and then to all higher orders. The resulting real smooth
solution remains positive. ]

The factor A in the nonlinear term is canceled by the first inverse bound, while the second
inverse bound handles the change of the principal coefficients. These are estimates for the negative
operator Ay — 2A; no high-energy nonresonance assumption is involved.

10.3 Localization and exact determinant compatibility

The global factor Z need not equal one outside P. We localize it, keeping the resulting equation
exact by recording its density. Choose a fixed x € C2°(Uy; [0, 1]) equal to one on a neighborhood
of Us, and set

~ v = Vo ZAp Z
Z=1+x(Z-1), t= =, :22<1—)+ 1= 10.17
xX( ) Z p A AL ( )

For sufficiently small Z — 1 and V{, both Z and p are positive. Direct differentiation gives

divy, (Z2h7dt) = ZAp,v — vAR, Z = —Agpt. (10.18)
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Where x is identically one, (10.12) implies p = Z4. Outside suppx, the same equality holds
because Vo = 0 and Z = 1. Thus

supp(p — Z*) € C := Uy \ Us. (10.19)

On this entire collar by = go and v = uy.

Lemma 10.4 (Determinant repair on the collar). For the data (10.17), suppose that Z — 1 is
sufficiently small in C' and p > 0. Then an ordinary smooth metric g, equal to gy outside a
compact subset of Uy, satisfies (Ag, + Ap)t = 0. More quantitatively, if for some N > 0,

|1 = hllen + [Vollow = O(™), 12 = 1llewsz = O(k™2), (10.20)

then
lgs — hllcr = O(k™N + kP~N=2), (10.21)

Proof. Put ¢ = 0 + 2. Since u) = ekfo cos(k¢), the normalized covector on C is exactly

dt 5_ . _ 52 .5
=g =12 (cos(k¢) dfy — sin(kp) dp) — k™' cos(kp)Z2dZ. (10.22)
On Uy, the background covectors dfy and d¢ are orthogonal in gg, with lengths bounded below. It
follows that |a|p, > ¢ > 0 for all sufficiently large k. In particular,

|dt|p, > cke* on C. (10.23)
Let
Moy oea
o7,

be the hi-orthogonal projection of the tangent bundle onto kerdt on C. It has rank three and
annihilates grad,,, .
1/3
(2
* — 28 .

Define the positive scalar
By (10.19), ¢, — 1 has compact support in C. Consequently (¢, — 1)II extends smoothly by zero to
M. Define a positive symmetric contravariant tensor and an ordinary metric by

A" =721+ (c. —DIDATY,  g7t=ptA. (10.24)

Here the product containing II always means this smooth zero extension. In the normal direction
to ker dt, the endomorphism A’h; has eigenvalue Z 2. in the three tangent directions its eigenvalue
is 220*. Hence

Aldt = Z2h7'dt,  det(A'hy) = Z8¢3 = p2. (10.25)

Off the collar the same identities follow from ¢, = 1 and p = Z4. Dimension four now gives
det(g;thy) = p~tdet(A'hy) = p2, dvol,, = pdvoly,.
It follows from (10.18) and (10.25) that

Ayt = ptdivy, (A'dt) = —Agt.
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All changes are compactly supported in Uy.
It remains to verify the estimates without losing an exponential factor from dt. Under (10.20),
Z > 1/2 and its derivatives through order p + 2 are bounded independently of k. Formula (10.22)
gives ' ‘ ' .
|07 ol < Cjk, |’TI| < CjkK, 0<j5<p
The second estimate follows from the first, the fixed positive lower bound on |a|, and the quotient
rule. These powers are independent of the accuracy requested in the residual. On the region where
x =1, use p = Z*. In the transition region use (10.17) with the fixed coefficients h1 = gg, Vo = 0,
and outside supp x use p = 1. Since Ay is comparable to k2, (10.20) therefore gives
lp = 1w+ llex — 1ler = OkN2).

The product rule therefore yields

(e = Dfler = O(kP~N=2),
For the covariant metric, use the exact inverse supplied by II? = II:

g = pZ 720y (I + (c' = DTO).

The scalar c;! — 1, like ¢, — 1, has CP norm O(k~"~2). The product rule in this formula, together
with ||h1 — hllcr = O(E~), proves (10.21) for every N > 0, including when its second term grows
with k. O

10.4 The finite order of choices

Proof of Lemma 10.1. Here is one explicit order of choices. Given p, L, choose an even integer
s> p-+4, and set
N=[L]+p+4, r=s+2, {=s+3,
J=FEs2+ N, Esio =1000(s +4).

Lemma 10.2 uses u through order s +4 = ¢+ 1 and R through order ¢, and gives
IF stz + [[9]lgsse = O(K™).
Equation (10.10) then gives
1h1 = Rllcsrz + [lw = L gsr2 + Vol s = O(k™T).
For large k, Lemma 10.3 applies with A = A. Its estimate and the embedding H* — CP*2, valid
because s > p + 4 in dimension four, give
12 = llor2 < C1Z = 1 s = OV 2).

The hypotheses of Lemma 10.4 now hold. Since N > L+ p+4, its conclusion implies ||g. — h||cr =
O(k~1). The eigenfunction is exactly

with a smooth positive multiplier equal to one off a compact subset of Us. This proves every
assertion.

All derivative orders and powers have been fixed before the wave construction is asked to
provide (C2)—(C4). The constants and the eventual lower threshold for k¥ may depend on that
finite construction. Increasing its Taylor orders changes those constants, but neither the fixed
noncancellation exponent nor the polynomial losses above. Thus only finitely many accuracy
requirements are used at each realization step. O
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11 Simplicity, persistence, and one fixed metric

The preceding construction produces an exact eigenfunction with a large sign score. We first make
its eigenvalue simple while preserving that function exactly. The freedom required for this step is
supplied by the three directions tangent to its level sets in an untouched part of P.

Lemma 11.1 (Simplicity preserving an eigenfunction). Let g be a smooth metric on M, and
suppose
—Agt = Ait, k>1,

g=go, t=u} outside a compact subset of P.

In every smooth-topology neighborhood of g there is a smooth metric g for which Ay is simple, with
the same eigenfunction t. Moreover, g — g has compact support in P, and dvolg = dvol,.

Proof. We shall use only perturbations in open subsets of P where the metric and eigenfunction
still agree with the background. Such a region remains after any finite number of compactly
supported changes.

First, the squared gradient norm of the background varies along its level sets. More precisely,
on every nonempty open subset of P there is a smaller open subset on which dt and d]dt\go are
independent when ¢ = u). Indeed, writing ¢ = 6 + 2, Equation (7.2) gives

|duf |2, = k> (Hi(p) — 2(uf)?), Hy(p) = sin? p 4 sin®* =2 p.

The first summand in Hj, has strictly positive derivative on 0 < p < 7/2; the second is increasing
for £ > 1 and constant for k = 1. Thus H(p) > 0 for every k > 1. Wherever sin(k¢) # 0, the
covectors du% and dp are independent, so

d|dud |2, A dup = k*Hy(p) dp A duj, # 0.

The excluded set has empty interior.

Let E = ker(—A, — A;) have dimension m > 1, and choose a real t; € E independent of t.
Take an open background region V' @ P on which dt and d]dt\g are independent. We claim that
the tangential component of grad, 2 along a level set of ¢ is nonzero somewhere in V. Otherwise
dto vanishes on ker dt throughout V. Since dt # 0, submersion coordinates on a smaller product
neighborhood give t2 = F(t) for a smooth one-variable function F'. The two eigenfunction equations
imply

FI(t)dt]s = Mg (tF'(t) — F(t)). (11.1)
On a still smaller neighborhood there is a smooth vector field X with X¢ = 0 and X(\dt@) # 0.
Differentiating (11.1) along X gives F”(t) = 0 there. The image of this neighborhood under the
submersion ¢ contains an open interval; hence F'(r) = ar 4+ b on that interval. Substitution into
(11.1), using Ay > 0, forces b = 0. Consequently t2 — at vanishes on a nonempty open set. Weak
unique continuation for smooth scalar elliptic equations on a connected manifold, a consequence
of Aronszajn’s Theorem [1, pp. 235-236], makes it identically zero. The hypotheses apply because
the metric is smooth and positive and the zeroth-order coefficient A is smooth. This contradicts
the choice of t5 and proves the claim.

On a small neighborhood of a point supplied by the claim, let IT be the g-orthogonal projection
onto ker dt and put z = Il grad, t2. Choose a nonzero nonnegative smooth bump x supported in
that neighborhood, with z # 0 on its support. Extend by zero the endomorphism

2
J=x (z ® 2% — |Zg‘gn) . (11.2)
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It is smooth, g-self-adjoint, trace free, and annihilates grad, t. Here the factor 1/3 uses rank IT = 3.
Moreover,

2
b(te, ta) := /M g(J grad, t2, grad, t2) d voly; = 3 /Mxlz\gdvolg > 0. (11.3)

For real s define an ordinary metric by

g: ' =exp(sJ)g L. (11.4)
Self-adjointness makes this a positive symmetric cometric. Since det exp(sJ) = exp(strJ) = 1,
its volume density equals that of g. Since Jgrad,¢ = 0, it also satisfies g;'dt = g~'dt. The
divergence formula for the Laplacian therefore gives

—Agt = Ait  for every s.

Thus both volume and the flux of dt are preserved exactly.

We show that the multiplicity at Ay is less than m for all sufficiently small nonzero s. Suppose
instead that s,, — 0, s, # 0, and that there are m real orthonormal eigenfunctions ey p,...,emn
of gs, at Ag. All norms and orthogonality may be taken with the same volume density. Smooth
convergence of the metrics, elliptic estimates, and a diagonal compactness argument give a
subsequence such that e, ,, — e, smoothly for 1 < a <m. To spell out the uniform estimate used
here, for every fixed integer r > 0, comparison with the limiting operator and absorption of its
small coefficient difference give

[vll sz < Cr (1 Ag,,, vllzr + 0]l 2)

for all sufficiently large n. Iteration at the fixed eigenvalue gives uniform Sobolev bounds of every
order; compact Sobolev embeddings give the asserted convergence. The limits form an orthonormal
basis of E.

For v € E, the weak equation for e, , with metric g, and the weak equation for v with metric
g have the same right-hand side. Subtracting and dividing by s,, yields

nd)—1
/M g (exp(ss) grad, eqn, grad, v) dvoly, = 0.

n

Taking the limit shows b;(eq,v) = 0 for all a and all v € E. Since the e, span F, this contradicts
(11.3). This proves the strict decrease.

The eigenfunction ¢ survives every decrease, so the multiplicity is always at least one. At most
m — 1 repetitions make it one. At each repetition the parameter can be taken arbitrarily small
in the smooth topology. For example, choose a finite C" tolerance contained in the prescribed
neighborhood and allocate to these finitely many changes a total tolerance smaller than it. Their
supports form a finite union of compact subsets of P, leaving another background region whenever
one is needed. Volume and ¢ are preserved throughout. This proves all the assertions. ]

Fix a constant ¢y > 0 such that the comparison in Lemma 9.2 reads
H)({v=0}) > cuaS(v), g€, (11.5)

for every continuous real v and every sign score used in the construction. Its uniformity follows from
the fixed metric comparability on /. When considering persistence, the cubes and displacements
defining S are held fixed.
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Lemma 11.2 (Open persistence of a fixed score). Suppose g € U has a simple positive eigenvalue
A with real eigenfunction t, and, for a fixed sign score and N > 0,

A>N,  cuS(t) >NV

There is a smooth-topology neighborhood ¥V C U of g such that every g’ € V has a simple eigenvalue
N > N with a real eigenfunction t' satisfying

enS(t') > NV,
In particular its nodal-measure ratio exceeds N .

Proof. Choose a number 1" and an open interval I containing A such that
NVA<T <ceugS(t), Ic(N,(T/N)?).

These choices are possible by the two strict inequalities in the hypothesis. Normalize ¢ in L?(g);
scalar invariance leaves its score unchanged. The functional F = ¢gS is lower semicontinuous
for uniform convergence and invariant under nonzero real rescaling by (9.2) and the paragraph
following it. Apply Lemma 6.1 to this functional, the threshold T', and the interval I, and intersect
its neighborhood with . For every metric ¢’ in the resulting neighborhood, the selected simple
eigenpair satisfies

Nel, ceaS{t)>T>NVN.

In particular A’ > N, and (11.5) gives the nodal-measure conclusion. O

Proposition 11.3 (An arbitrarily close step). Let h € U and suppose h — go has compact support
in P. For every smooth-topology neighborhood O of h, every N > 0, and every integer kmin, there
are an integer k > knin, a metric h € O NU, and a real eigenfunction t such that

—Azt = Ait, A > N, cagS(t) > Nv/Ag

for a sign score S, and Ay is simple. B~0th h— go and t — ug have compact support in P. The
inequalities persist in a neighborhood of h in the sense of Lemma 11.2.

Proof. First choose a finite C" neighborhood of i contained in O NU, reserving part of its tolerance
for Lemma 11.1. Let ¢; > 0 be the constant, independent of the amplified envelope, in the
conclusion of Proposition 9.4. By Lemma 7.3, choose the nested patches and an envelope with the
required gaps and with

CHCS/ B(x)dx > 2V3 N.
D

For these fixed data, Lemma 10.1 specifies finite residual derivative orders and accuracy powers that
suffice for the reserved C" tolerance. Construct the packets to those orders and use Proposition 9.4,
for arbitrarily large integers k, to obtain a real u satisfying the residual and noncancellation
hypotheses as well as

S(u) > csk/DB(x) dz.

Choose k > kpin with Ay > N above all these thresholds and those required by the correction.
All order choices precede this choice of k. Lemma 10.1 gives an ordinary metric g, within the
reserved tolerance and an exact Ay eigenfunction ¢, a positive smooth multiple of u, with the stated
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background identities outside a compact subset of P. Positive-factor invariance gives S(t) = S(u).

Since VA, = V2k2 + k < 3k for k> 1,
CHS(t) > 2NV A

Lemma 11.1 then makes Ay simple by an arbitrarily small change preserving t. Take this change
within the remaining tolerance. All support conditions are preserved, and Lemma 11.2 supplies
the last claim. O

Proof of Theorem 1.2. Let X = C™°(M;Sym? T*M), the real Fréchet space of smooth symmetric
covariant two-tensors. Fix C" seminorms defined using go and the complete translation-invariant
metric

o

dx(a,b) = Z 27" I min{1, |la — b||cr}.

r=0
It induces the smooth topology. Completeness follows because a Cauchy sequence converges in
every C" norm and the limits agree under the natural inclusions. The positive metrics form an
open subset of X', and U is open in this ambient space.

Take any sequence N; — oo, with N; > 0. Starting from go, apply Proposition 11.3 with
threshold N7 to choose a first center hy and its persistence neighborhood V; C U. Choose a
closed dy-ball By of positive radius centered at hy, contained in Vi, and of diameter at most
271, Inductively, suppose hj—1 and B;_1 have been chosen. Its interior is a neighborhood of h;_.
Proposition 11.3, with threshold Nj;, therefore gives a center

hj € int Bj_1

whose difference from gog has compact support in P, together with a persistence neighborhood V;.
Choose a positive-radius closed ball centered at h; such that

Bj C int Bj_l N Vj N, diamBj < 277,

This is possible because the set on the right is open and contains h;. Every open neighborhood in
the smooth topology contains a neighborhood specified by finitely many seminorms, exactly the
closeness provided by Proposition 11.3.

These are nested nonempty closed sets with diameters tending to zero in the complete space
AX. Their centers are Cauchy, and their limit g, belongs to every B;. In particular g, € U, so it
is a smooth positive Riemannian metric on the fixed closed connected four-manifold M = §? x T?.
For each j, membership in V; supplies an exact nonzero real eigenfunction u; of this same metric,
with eigenvalue \; satisfying

Hoo ({1 =03) _ enSjuy) o

N S A T

Here S; is the fixed score from the jth step. Both quantities therefore tend to infinity. Compact
support in P was needed only for the finite-stage centers; it is not a hypothesis on the limit used
in this conclusion. Likewise the final eigenvalues may move from the intermediate values Ay:
persistence gives the exact eigenpairs and the two strict inequalities at the single limiting metric.
This proves the stated refutation. ]

/\j>Nj
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