
SPACETIME PENROSE INEQUALITIES:
ENCLOSING AREA, CHARGE, AND RIGIDITY

OPENAI

Abstract. We prove sharp spacetime Penrose inequalities for invariant ADM mass and minimum
enclosing area in three and four spatial dimensions. Under their respective designated-end
conventions, the neutral numerical results allow arbitrary second fundamental form, nonzero
momentum, disconnected weakly future trapped boundary, and finitely many ends. Under
the stated horizon hypotheses, equality for the neutral inequalities reconstructs the original
exterior data as spacelike slices of Schwarzschild spacetime in three dimensions and Schwarzschild–
Tangherlini spacetime in four; the four-dimensional equality theorem concerns a connected,
one-ended exterior. We also prove a three-dimensional electric–magnetic charged upper-area
inequality for one-ended data with nonzero momentum, with separate purely electric rest-frame
corollaries allowing finitely many ends. Finally, for each fixed transverse-traceless seed and
prescribed decaying solution branch, we prove a local Schwarzschild–anti-de Sitter inequality.
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1. Introduction

The Penrose inequality compares the mass seen at infinity with the size of a region hidden
behind a trapped boundary. An initial data set consists of a Riemannian manifold (M, g) and a
symmetric two-tensor K, representing the metric and second fundamental form of a spacelike
hypersurface. For a hypersurface S ⊂ M and a unit normal ν toward the chosen exterior, its
future outward null expansion is

θ+(S) = HS + trSK,
where HS is positive on Euclidean spheres with outward normal. We call S weakly future outer
trapped when θ+(S) ≤ 0. A future marginally outer trapped surface (MOTS) satisfies θ+ = 0.
The dominant energy condition requires the energy density of the constraint equations to be at
least the norm of their momentum density. Precise normalizations and asymptotic assumptions
are given separately for each spatial dimension below. The asymptotically flat results resolve
the minimum-enclosing-area form of the spacetime Penrose conjecture in three and four spatial
dimensions under those hypotheses.

The geometric quantity throughout the asymptotically flat results is an enclosing infimum.
An enclosing cut separates the entire designated inner boundary from the chosen distant end.
Its full area is counted, including portions coincident with the original boundary. Cuts may be
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disconnected and need not themselves be trapped. This distinction matters: a trapped surface
need not minimize area among enclosing surfaces. When several ends are present, the definition
also specifies which of them lie on the excluded side. We give the exact admissible classes in each
theorem, rather than identifying infima with different end constraints. In this overview, Amin
denotes the enclosing infimum appropriate to the result being described; each part defines its
precise cut class.

1.1. The results and their relation. For an asymptotically flat end, let (E,P ) denote its
ADM energy and momentum. Once E > |P |, its invariant mass is m =

√
E2 − |P |2. In three

spatial dimensions, the basic numerical bound is

m ≥

√
Amin
16π .

Here Amin denotes the relevant minimum enclosing area. The one-ended theorem is proved
first under a timelike assumption on (E,P ). A positive conformal deformation then rules out a
non-timelike ADM vector, and cutting off the unwanted distant ends gives the complete-data
formulation. The latter permits a disconnected chosen exterior region as well as a disconnected
trapped boundary. The precise statements are Theorem 2.2, Corollary 9.4, and Theorem 9.2.

Equality concerns the original data and requires additional geometric hypotheses. In The-
orem 10.2, the chosen exterior is connected and one-ended, and its finite marginally trapped
boundary is outer area-minimizing. Its outermostness condition excludes an enclosing weakly
trapped cut that replaces any nonempty subset of the boundary components, even if other
components remain coincident. Equality then forces a single spherical boundary component and
a Schwarzschild spacetime realization of the entire exterior. The proof does not prescribe the
data on the other side of that boundary.

For electric and magnetic fields, write QE , QB for their total charges, Q = (Q2
E +Q2

B)1/2, and
r = (Amin/4π)1/2. Theorem 14.2 proves

m ≥ Q, r ≤ m+
√
m2 −Q2

on a one-ended exterior. Its matter condition includes the electromagnetic momentum density. It
allows arbitrary K and nonzero ADM momentum. The familiar lower bound m ≥ (r +Q2/r)/2
follows on the branch r ≥ Q; it is not an equivalent formulation for every positive r. Purely
electric rest-frame consequences, including a designated-end theorem with finitely many ends,
follow with their own explicit cut convention. No charged equality classification is asserted.

In four spatial dimensions, an enclosing hypersurface has three-dimensional volume Ae. With
ω3 = 2π2, the theorem is

me ≥ 1
2

(
Ae
ω3

)2/3
.

Theorem 22.2 allows arbitrary second fundamental form, finitely many asymptotically flat ends,
and disconnected weakly future outer trapped boundary. Its hypotheses impose neither symmetry
nor maximality. Theorem 22.4 completes this bound in the connected, one-ended horizon class: if
the boundary is a future MOTS, outermost and outer area-minimizing, equality holds exactly for
original exterior data realized by a smooth spacelike hypersurface in the regular Schwarzschild–
Tangherlini extension. The embedding recovers both g and K, reaches spatial infinity, and
attaches smoothly to a future-horizon section or the bifurcation sphere. Boosted ends and
non-time-symmetric slices are included. These additional horizon assumptions belong only to
the equality theorem; no disconnected equality or behind-horizon classification is asserted in four
dimensions.
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The last part treats a different asymptotic geometry. For cosmological constant −3, fix
a positive-mass Schwarzschild–anti-de Sitter background, a transverse-traceless tensor, and a
decaying positive conformal solution branch generated by that tensor. Here “transverse-traceless”
means divergence free and trace free in the background metric. Theorem 36.1 gives, on a
sufficiently small interval depending on these fixed choices,

mAH ≥

√
A

16π

(
1 + A

4π

)
.

The quantity mAH is the positive Lorentz norm of the hyperbolic mass covector, and A is the
area of the prescribed marginally trapped boundary. The theorem establishes equality precisely
for radial seeds at sufficiently small positive parameters. Identifying A with an enclosing infimum
is a separate corollary with additional geometric hypotheses. The interval is not uniform over
seeds or branches.

1.2. How the proofs fit together. The asymptotically flat numerical proofs have a common
structure. First, the distant end is replaced and repaired so that its energy approaches the original
invariant mass in a rest frame. The replacement preserves the dominant energy condition and
controls every enclosing cut. Next, trapped-region boundaries and disjoint collars prepare a fixed
exterior for a coupled elliptic deformation. The unknown graph function and conformal factor
produce a Riemannian comparison metric with nonnegative scalar curvature, a controlled energy
change, and an enclosing area no smaller than the required original infimum. The Riemannian
Penrose inequality completes the comparison.

The three-dimensional elliptic construction is proved in full once. The charged argument uses
this same system: it verifies its hypotheses, transports closed flux forms through the geometric
changes, and proves a square estimate incorporating the electromagnetic momentum. In four
dimensions the scalar identity and regularity estimates change, so we give the corresponding
construction separately. Its final metric has zero second fundamental form. A minimizing enclosure
therefore brings that actual metric directly within the Riemannian theorem’s hypotheses.

The equality proofs start from the unmodified exterior. Variations of the constraints and of
the enclosing-area infimum give a normalized causal stationary field. A twist estimate makes
its positive-norm region static, without assuming regularity of an interior zero set. A complete
conformal double then forces Euclidean geometry. In three dimensions, the zero-mass argument
uses the spin structure supplied by orientability, and the boundary identities give each component
the total original area, forcing one component. In four dimensions, we prove the required
compactification and reduce zero-mass rigidity to the smooth positive-mass theorem with arbitrary
other ends. The final step in both cases reconstructs the original g,K and the smooth horizon
attachment; it does not transfer equality through the numerical deformations. Figure 1 shows
these two uses of the inequality.

Two ingredients keep the original-data argument independent of a chosen minimizing surface.
Full obstacle perimeter includes every boundary-coincident piece. Compactness of all minimizing
enclosures then gives the one-sided metric derivative as the minimum of their area derivatives. A
positive measure on this minimizing space yields the variational identity; normal tests and the
precise outermostness condition concentrate its area term on the original horizon. The causal-field
estimates also separate a reusable finite-jet asymptotic argument from the charge normalization,
so the converse can establish its asymptotic spacelike plane without assuming it.

The anti-de Sitter proof uses the Taylor coefficients of the given branch. Actual weighted
remainder bounds connect those coefficients to the mass and area. The quadratic coefficient is a
nonnegative quadratic form with a kernel of dimension four. A fourth-order argument treats its
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Original data with DEC
and trapped boundary

End reduction and deformation
to a Riemannian comparison metric

Riemannian Penrose inequality
and passage to the original bound

Equality on the original data
with the stated horizon hypotheses

Area and constraint variations
give a causal stationary field

Static classification and recovery
of the original spacelike hypersurface

Figure 1. The numerical comparison and the equality argument. The bound
proved on the left applies to the nearby data used in the variations on the right.
Rigidity is obtained from the original data.

nonradial directions, while radial directions satisfy an exact mass conservation identity. This part
is independent of the asymptotically flat elliptic construction.

1.3. Relation to earlier work. Penrose proposed the mass–horizon comparison in the context of
gravitational collapse and cosmic censorship [45]. For time-symmetric data, Huisken and Ilmanen
proved the connected-horizon inequality by weak inverse mean curvature flow, and Bray proved
the total-area bound for possibly disconnected horizons by conformal flow [15, 31]. Bray and Lee
extended the numerical Riemannian inequality to spatial dimensions below eight; spin enters their
higher-dimensional equality statement [18]. Ben-Dov’s counterexample distinguishes apparent-
horizon area from minimum enclosing area [14]. Carrasco and Mars constructed counterexamples
for outermost generalized apparent horizons [20]. Bray and Khuri developed a generalized Jang
reduction, including spherical existence results and conditional nonspherical constructions [16, 17].

Allen, Bryden, Kazaras, and Khuri obtained a universal suboptimal mass–area bound in three
dimensions under their decay and horizon assumptions [4]. Khuri and Kunduri proved the sharp
inequality for SU(n+ 1)-invariant cohomogeneity-one data in spatial dimensions 2(n+ 1) [33].
The inequalities here have a different scope: the three- and four-dimensional results impose no
such symmetry, and use their specified minimum enclosing quantities.

The stationary field arising from equality is related to the variational study of ADM mass.
Hirsch and Huang proved a strong maximum principle for the norm of a causal Killing field
and studied mass minimizers with fixed Bartnik boundary data [29]. Those boundary data and
regularity hypotheses differ from the area variations used here. Once static vacuum geometry is
obtained, the conformal-doubling method of Bunting and Masood-ul-Alam provides the classical
model for the classification [19]. We prove the completeness and low-regularity zero-mass statement
needed for our double. Higher-dimensional static-vacuum uniqueness was developed by Gibbons,
Ida, and Shiromizu [27]. Here the static geometry and its complete base must first be recovered
from the original initial data. The charged and anti-de Sitter parts give the comparisons with
earlier results specific to those settings where their hypotheses can be stated precisely.

1.4. Reading conventions. The five parts are ordered by their mathematical dependencies.
The three-dimensional numerical theorem precedes the global extension, rigidity, and charged
application. The four-dimensional part states its own normalizations and contains both the
numerical construction and original-data equality proof. The anti-de Sitter part is independent
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and uses its own asymptotic geometry. The entry points are Sections 2, 10, 13, 22, and 36,
respectively. Within each analytic construction the geometry and strictification are fixed before
the deformation parameters. Uniform polynomial estimates and regularity estimates at a fixed
parameter have distinct roles; the proofs specify the order of exhaustion and limits where each is
used.

Part 1. Three-dimensional initial data

2. Three-dimensional exterior data and the mass inequality

2.1. Initial data, normals, and enclosing area. We work in three spatial dimensions, with
zero cosmological constant and G = c = 1. For a Riemannian metric g and a symmetric covariant
two-tensor K, define the constraint densities by
(2.1) 16πµ = Rg + (trgK)2 − |K|2g, 8πJ = divg

(
K − (trgK)g

)
.

Here J is a covector field. The dominant energy condition is
(2.2) µ ≥ |J |g.
All initial data considered here are smooth, including at a compact boundary when one is present.

On an asymptotically flat end with Euclidean coordinates x and r = |x|, our basic assumptions
are
(2.3) gij − δij = O2(r−q), Kij = O1(r−1−q), q > 1

2 .

The notation Oj(r−a) includes the corresponding coordinate derivative bounds through order j.
We assume that µ and |J |g are integrable and that the following ADM limits exist and are finite:

E = 1
16π lim

r→∞

∫
Sr

(∂jgij − ∂igjj)ni dAδ,(2.4)

Pi = 1
8π lim

r→∞

∫
Sr

(
Kij − (trgK)gij

)
nj dAδ.(2.5)

The normal and area form in these definitions are Euclidean. Whenever E > |P |δ, write

(2.6) m =
√
E2 − |P |2δ .

For a two-sided surface Σ with specified unit normal ν, we use
HΣ = divΣ ν, θ+(Σ) = HΣ + trΣK.

Thus Euclidean spheres have positive mean curvature for the normal toward infinity. A future
marginally outer trapped surface, abbreviated MOTS, satisfies θ+ = 0. A weakly future outer
trapped surface satisfies θ+ ≤ 0. Our spacetime sign convention is
(2.7) K(Y,Z) = g(∇Y n,Z),
where n is the future unit timelike normal. Equivalently, in Gaussian normal coordinates the
spatial metric has normal derivative 2K.

Definition 2.1 (Exterior and enclosing area). An exterior is a connected orientable smooth
three-manifold Ω with nonempty compact smooth boundary, complete as a metric space with its
boundary included, and with exactly one end, which is asymptotically flat. An enclosing cut is a
compact smooth embedded surface in Ω separating the entire inner boundary from the sufficiently
distant part of that end. Equivalently, it bounds the side containing the distant end; the other
side is filled up to the inner obstacle. A cut may have several components and may coincide with
the inner boundary. Its normal points toward the end. We put

ag(∂Ω) = inf{|Γ|g : Γ is an enclosing cut}.
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When using perimeter compactness, we take the closure of this class among filled inner sets and
include the area of any frontier coinciding with the obstacle. Smooth outward approximation gives
the same infimum. Enclosing cuts and minimizing sets are taken with bounded complementary
pockets filled. Auxiliary perimeter arguments may use competitors containing the inner obstacle
before filling: filling a bounded pocket deletes its frontier, cannot increase perimeter, and leaves
the enclosing infimum unchanged.

The definition permits coincidence because first variations of the minimum need not be realized
by a cut lying strictly outside the obstacle. It permits disconnected cuts because neither the
minimizing hull nor an intermediate trapped boundary need be connected. The perimeter
formulation and its compactness properties are established in Section 3.

2.2. The one-ended exterior inequality.

Theorem 2.2 (Minimum-enclosing-area inequality). Let (Ω, g,K) be an exterior as in Defini-
tion 2.1. Assume Equations (2.1)–(2.3), integrability of µ and |J |g, and the finite ADM limits
(2.4)–(2.5). Orient ∂Ω by the normal into Ω, and suppose θ+(∂Ω) ≤ 0. If E > |P |δ, then

(2.8)
√
E2 − |P |2δ ≥

√
ag(∂Ω)

16π .

No extension of the data across ∂Ω is required.

3. Exterior approximation and reduction to a rest end

We reduce the invariant-mass inequality to an energy inequality on a controlled rest end. We
replace the distant end, bend the replacement inside Schwarzschild spacetime, and repair its
constraint deficit with a conformal change of vanishing mass cost. Throughout, (N, g,K) is a
smooth exterior with one asymptotically flat end and compact smooth boundary B. The normal
ν on B points into N . Completeness means completeness up to this boundary. We assume
(3.1) g − δ = O2(r−q), K = O1(r−1−q), q > 1

2 ,

and the integrability and dominant energy condition of Theorem 2.2. The symbol ag(B) denotes
the filled enclosing perimeter infimum specified there. None of the results in this section requires
the boundary to be connected or outermost.

3.1. A strict conformal direction.

Lemma 3.1 (Conformal constraint formulas). For a smooth function f , set

gf = e4fg, Kf = e2fK.

The corresponding constraint densities satisfy
16πe4fµf = 16πµ− 8∆gf − 8|df |2g,(3.2)

8πJf = e−2f (8πJ + 4K(∇f, ·)
)
.(3.3)

Here the second identity is an identity of covectors. Consequently,
16πe4f (µf − |Jf |gf

) ≥ 16π(µ− |J |g)
+ 8

(
−∆gf − |df |2g − |K|g|df |g

)
.(3.4)

On the fixed boundary,
(3.5) θ+,f = e−2f (θ+ + 4∂νf).

Equivalently, if u = ef > 0, the last summand in Equation (3.4) is 8u−1(−∆gu− |K|g|du|g).
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Proof. The scalar-curvature transformation in dimension three is e4f Scalgf
= Scalg −8∆gf−8|df |2.

Both quadratic terms in K scale by e−4f , which proves Equation (3.2). Put π = K − (trgK)g.
Then πf = e2fπ. For a covariant symmetric tensor T , the connection difference for g̃ = Ω2g gives,
in dimension three,

∇̃,i(ΩT )ij = Ω−1(∇iTij + 2Tij∇i log Ω − (trg T )∂j log Ω
)
.

Take Ω = e2f and use trg π = −2 trgK. The terms containing trgK cancel, leaving Equation (3.3).
Taking its norm introduces another factor e−2f . The triangle inequality, with the factor two
between the constraint normalizations 16π and 8π, yields Equation (3.4). Finally, νf = e−2fν,
Hf = e−2f (H + 4∂νf), and trB,gf

Kf = e−2f trB,gK. This proves Equation (3.5). The last
assertion follows from ∆ log u+ |d log u|2 = u−1∆u. □

Lemma 3.2 (Strict direction under the original decay). Choose
0 < δ < β < min(q, 1).

There are smooth positive functions w and ϕ on N , with w = r−3−δ on the end, such that
∂νϕ = −1 on B, ϕ = O2(r−1),(3.6)

− ∆gϕ− |K|g|dϕ|g ≥ w,
−∆gϕ

w
−→ 1.(3.7)

The Euclidean normal flux
Lϕ = lim

r→∞

∫
Sr

∂rϕ dAδ

is finite and negative. For every finite s ≥ 0, set
(3.8) us = 1 + sϕ, gs = u4

sg, Ks = u2
sK.

These data are complete up to B and satisfy DEC, strictly for s > 0. If θ+ ≤ 0 on B, their
boundary expansion remains nonpositive and is strictly negative for s > 0. Their decay exponent
can be taken to be min(q, 1) > 1/2, their constraint densities are integrable, and

(3.9) Es = E + sAϕ, Ps = P, Aϕ = −Lϕ
2π > 0.

Their full enclosing infima satisfy
(3.10) ag(B) ≤ ags(B) ≤ (1 + s∥ϕ∥∞)4ag(B).
In particular Es → E and ags(B) → ag(B) as s ↓ 0. No sign assumption on the ADM vector is
needed.

If K is compactly supported and the metric has symbol estimates of all orders with g−δ = O(r−1),
the function can instead be chosen with ϕ = Ok(r−1) for every k, while retaining Equations (3.6)
and (3.7).

Proof. Choose smooth b ≥ |K|g, positive everywhere and equal to b0r
−1−β sufficiently far out,

where b0 > 0 is chosen large enough. This is possible because β < q. Choose a smooth positive
regularizer ζ, equal to r−2 on the end, and extend w smoothly and positively to N . We solve

(3.11) −∆gϕ = b
√

|dϕ|2g + ζ2 + w, ∂νϕ = −1, ϕ −→ 0.

The regularizer makes this equation smooth even at critical points.
First truncate at a large coordinate sphere SR and prescribe ϕ = 0 there. The Neumann

and Dirichlet conditions occur on disjoint boundary components. For 0 ≤ t ≤ 1, replace b in
Equation (3.11) by tb. At t = 0, the mixed Laplacian is invertible: its Dirichlet face gives the
Poincare inequality, and the weak solution obtained from its coercive quadratic form is smooth by
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boundary regularity. At any solution, the linearization is a Laplacian with a smooth drift of norm
at most b and with the homogeneous mixed boundary conditions. The strong maximum principle
and the Hopf boundary principle make its kernel zero. It is a Fredholm perturbation of the mixed
Laplacian of index zero, and is therefore invertible. The boundary estimates used here are the
ordinary elliptic estimates for Dirichlet and normal Neumann conditions: positive definiteness of
g verifies their principal complementing condition, and the disjoint boundary components can be
covered separately [1]. The maximum principles and local elliptic estimates below are used in
their usual uniformly elliptic forms [28].

To close continuation at t = 1, first work on a fixed truncation. The elliptic W 2,p estimate and
gradient interpolation give

∥ϕ∥W 2,p ≤ Cp
(
1 + ∥ϕ∥Lp + ∥dϕ∥Lp

)
≤ 1

2∥ϕ∥W 2,p + C ′
p(1 + ∥ϕ∥Lp).

The constants include the fixed boundary data and are uniform in t. If the supremum norms
of solutions on this truncation were unbounded, divide them by their supremum norms. The
preceding estimate with p > 3, compactness, and the equation give a nonzero limit v with
homogeneous mixed data satisfying

−∆gv = t∗b|dv|g.
This can be written ∆gv + A · dv = 0 with a bounded measurable drift: take A = t∗b∇v/|dv|
off the critical set and zero on it. The strong and Hopf maximum principles exclude a nonzero
solution with the homogeneous mixed conditions. Thus the supremum norms are bounded. The
W 2,p estimate, Schauder estimates, and the smooth equation now give the bounds needed for
closedness of continuation. Existence on each truncation follows.

Every such solution is nonnegative. A negative minimum cannot be interior because the
right side of Equation (3.11) is positive. At an inner-boundary minimum, the outward-domain
derivative would be negative by the Hopf principle, whereas the prescribed derivative in that
direction is 1. The outer value is zero.

It remains to make these bounds independent of R. For fixed sufficiently large A and then
sufficiently large r0, the positive radial function

v0(r) = r−1(1 −Ar−δ)
satisfies, on r ≥ r0,

−∆gv0 − b|dv0|g = Aδ(1 + δ)r−3−δ +O(r−3−q) +O(r−3−β) ≥ c0w.

The constants are fixed independently of the truncation. Since bζ = o(w), a sufficiently large
multiple of v0 is a supersolution of the regularized equation. The comparison principle gives
(3.12) 0 ≤ ϕ(x) ≤ C(1 +MR)v0(r), MR = sup

N∩{r≤r0}
ϕ, r0 ≤ r ≤ R.

The notation for the compact core includes all points outside the end chart. Were MR unbounded
along expanding truncations, the normalized solutions ϕ/MR would have locally uniform W 2,p

bounds, including atB, by the preceding local estimates and Equation (3.12). A subsequence would
converge locally in C1 to a nonnegative function with maximum one on the core, homogeneous
inner Neumann data, and a bounded-drift homogeneous equation. Equation (3.12) makes its
value tend to zero at infinity. It consequently attains a positive maximum, contradicting the
strong or Hopf principle for that homogeneous equation. This proves the uniform core bound.
The contradiction uses the homogeneous bounded-drift equation.

Local compactness and diagonal extraction give a smooth solution of Equation (3.11), with
ϕ = O(r−1). The claimed derivative count can be checked directly on annuli. Put

ϕρ(y) = ρϕ(ρy), gρ(y) = g(ρy), 1 < |y| < 4.
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On smaller fixed annuli the equation is

−∆gρϕρ = ρb(ρy)
√

|dϕρ|2gρ
+ (ρ2ζ(ρy))2 + ρ3w(ρy).

Its coefficients have uniform C1,1 bounds from the two derivatives in Equation (3.1); the scaled
drift is O(ρ−β) and the scaled source is O(ρ−δ). The bounded zeroth-order norm, interior W 2,p

estimates, and gradient interpolation first give uniform C1,α bounds for some α > 0. The right
side is then uniformly Cα. Schauder estimates give uniform C2,α bounds on smaller annuli. This
proves ϕ = O2(r−1) without using a third derivative of g or a second derivative of K.

The right side of Equation (3.11) is w +O(r−3−β). It is integrable and proves Equation (3.7).
The divergence theorem, with outward-domain normal −ν on B, gives

(3.13) lim
r→∞

∫
Sr

∂ngϕ dAg = −|B|g −
∫
N

(
b
√

|dϕ|2g + ζ2 + w
)

dVg.

The Euclidean flux differs by O(r−q) and has the same finite limit.
For every fixed finite s ≥ 0, the factor us in Equation (3.8) is bounded and at least one, so the

transformed data are complete up to B. The u-form of Lemma 3.1 gives

16πu4
s(µs − |Js|gs) ≥ 16π(µ− |J |g) + 8s

us
(−∆gϕ− |K|g|dϕ|g) ≥ 8s

us
w,

θ+,s = u−2
s

(
θ+ − 4s

us

)
.

This proves the asserted signs for all finite s, without a smallness restriction.
Since us − 1 = O2(r−1), the transformed decay exponent is min(q, 1) > 1/2. The exact energy

transformation is
16πu4

sµs = 16πµ− 8su−1
s ∆gϕ.

Here ∆gϕ = O(r−3−δ), and the additional current term is bounded by a fixed-s constant times
|K|g|dϕ|g = O(r−3−q). Both are integrable in dimension three. The bounded positive conformal
factor also preserves integrability in the transformed volume measure.

The leading metric change is 4sϕδ, whose ADM energy flux is −8s
∫
Sr
∂rϕ dAδ before division

by 16π. All remaining metric flux terms are Os(r−q) +Os(r−1). Writing π = K − (trgK)g, one
has πs = u2

sπ, so the change in its Euclidean momentum flux is Os(r2r−1r−1−q) = Os(r−q). This
proves Equation (3.9); Equation (3.13) gives Aϕ > 0. No 1/r coefficient expansion for ϕ is needed.
Finally, the cut class is unchanged and every cut has area

∫
Γ u

4
s dAg. Bounding us between 1 and

1 + s∥ϕ∥∞ and taking infima proves Equation (3.10), including coincident and disconnected cuts.
For the final assertion, take b nonnegative, compactly supported, and at least |K|; the proof is

unchanged. The end equation is then simply −∆gϕ = w. Once the two-derivative estimate has
been established, successive annular elliptic estimates use the assumed symbol bounds for g and
w to give ϕ = Ok(r−1) for every k. □

3.2. Compactness of enclosing minimizers. The end replacement will change the metric on
receding annuli. The next lemma keeps area-minimizing enclosures in a fixed compact set, where
local metric convergence controls their areas.

Lemma 3.3 (Enclosing areas under receding changes). Let gj be smooth metrics on the fixed
exterior N , converging to g locally uniformly up to B. Suppose that in a fixed chart outside a
compact set they satisfy, with constants independent of j,
(3.14) cδ ≤ gj ≤ Cδ, r|∂gj |δ ≤ C.

Suppose also that each gj has an asymptotically flat end, possibly in a different chart, and admits a
fixed compact enclosing competitor with uniformly bounded area. Then minimizing filled enclosures
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exist, their boundaries lie in one fixed compact subset of N , and

agj (B) −→ ag(B).

The perimeter and smooth enclosing infima agree. Each minimizing boundary is C1,1, and is
smooth minimal away from contact with B.

Proof. For purposes of perimeter minimization only, extend the metrics through a collar of B and
attach a fixed compact filling. The filling need not satisfy any constraint or curvature condition.
Extend gj so that the extensions converge uniformly on this fixed collar and filling. A filled
enclosure is then a bounded set containing the prescribed inner obstacle.

For each fixed metric, sufficiently large spheres in its asymptotically flat chart have strictly
positive outward mean curvature. Clipping a bounded enclosure at any such sphere cannot
increase perimeter. To see this, integrate the divergence of the outward unit normal field of the
sphere foliation over the part of the enclosure outside the sphere. Its divergence is positive. Its
flux through the exterior boundary is at most the area of that boundary, whereas its flux on the
cutting sphere is the negative of the new cutting area. Thus the discarded boundary area is at
least the inserted area. Approximation gives the same statement for finite-perimeter sets. The
direct method on the resulting bounded domain now gives a minimizer. The clipping observation
makes this a minimizer against every bounded competitor, not merely those inside the chosen
truncation.

Off the obstacle the boundary is locally perimeter minimizing. If it contains a point of radius r
sufficiently large, the coordinate ball of radius c1r about that point avoids the obstacle. After
scaling this ball to unit size, Equation (3.14) gives uniform ellipticity and uniform first-derivative
bounds for its area integrand. The local perimeter density estimate gives

Areagj (∂Fj ∩Bc1r) ≥ c2r
2.

Here c1, c2 > 0 are independent of j and r. One may obtain this estimate from the relative
isoperimetric inequality and the comparison which removes, or fills, the set in concentric balls;
integration of the resulting differential inequality gives the area lower bound. The fixed competitor
bounds the left side above independently of j. Consequently the minimizing boundaries lie in a
fixed compact set.

Perimeter compactness now gives a limiting filled enclosure. Uniform metric convergence on
that compact set and lower semicontinuity imply

ag(B) ≤ lim inf
j

agj (B).

Conversely, using a fixed enclosure with g-area arbitrarily close to ag(B) gives the reverse
upper-limit inequality.

The local obstacle regularity theorem for pure area minimization with a C2 obstacle gives
C1,1 regularity, and smoothness off contact, in dimension three; its local estimates require only
the appropriate bounded geometry of the smooth metric [31, Regularity Theorem 1.3]. This
applies to the fixed smooth obstacle and our smooth one-sided metrics after the collar extension.
Finally, push a minimizing boundary slightly away from its contact set by a smooth vector field
agreeing there with the outward obstacle normal. In a small obstacle collar its flow increases the
signed distance to the obstacle. The resulting C1 embedded boundary is a positive distance from
the obstacle. Smooth local graph approximation, within that distance, preserves enclosure and
changes area by an arbitrarily small amount. This proves equality of the smooth and perimeter
infima and also justifies using smooth fixed competitors in the upper-limit argument. □
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3.3. Schwarzschild reference charges. We next construct the vacuum end used in the re-
placement. Its charges must agree with those of the original data before we bend it to a rest
slice.

Lemma 3.4 (A reference end with prescribed timelike charges). Let E > |P | and m = (E2 −
|P |2)1/2. There is a spacelike plane near spatial infinity of Schwarzschild spacetime of mass m
whose induced data, in asymptotically Euclidean coordinates on the plane, have ADM charges
(E,P ). The reference data satisfy

g∗ − δ = Ok(r−1), K∗ = Ok(r−2)

for every derivative order k.

Proof. In static isotropic coordinates (T, y) the Schwarzschild metric is

(3.15) −
(1 −m/(2r)

1 +m/(2r)

)2
dT 2 +

(
1 + m

2r

)4
δij dyi dyj , r = |y|.

Its perturbation h from Minkowski space has symbol decay r−1 on every fixed spacelike cone.
Constant Lorentz transformations preserve this decay. We verify the transformation of the ADM
charges directly.

In inertial coordinates for the background Minkowski metric η, put

Fℓab = ∂ahℓb − ∂ℓhab

+ ηℓb(∂dhad − ∂a trη h) − ηab(∂dhℓd − ∂ℓ trη h).(3.16)

This tensor is antisymmetric in its first two slots, and differentiation of the displayed formula
gives ∂ℓFℓab = 2Glin

ab . The exact Einstein tensor vanishes; its terms beyond the linearization are
O(r−4). Thus this divergence is O(r−4).

Use an inertial frame in which the plane under consideration is x0 = 0. With η =
diag(−1, 1, 1, 1), direct substitution in Equation (3.16) gives

Fi00 = ∂jhij − ∂ihjj ,

Fi0k = 2
(
K lin
ik − δik trK lin)+ ∂kh0i − δik∂jh0j ,

where
K lin
ik = 1

2(∂0hik − ∂ih0k − ∂kh0i).
The convention is the normal rate of the spatial metric divided by two. For fixed k, the final
vector has zero flux through every closed sphere. Indeed it equals

∂j(δjkh0i − δikh0j),

the divergence of a tensor antisymmetric in i, j. This zero-flux identity is local to a neighborhood
of the sphere: extend the potential smoothly inside before applying the divergence theorem, if
necessary. The nonlinear errors in the induced metric and second fundamental form give vanishing
flux errors. Therefore the limiting fluxes of Fi0b are 16π(E,P ).

These fluxes are the integrals of the dual two-form of the first two slots of F , with its translation
slot held fixed. They therefore transform tensorially under a constant Lorentz change of frame.
Independence of the limiting spacelike cut follows directly from Stokes’ theorem: two large cuts
on planes of slopes bounded strictly below one can be joined within a fixed spacelike cone by a
three-dimensional cylinder of volume O(R3), all of whose points have radius comparable to R. Its
divergence error is O(R−4), so the flux difference is O(R−1). Replacing the resulting ellipsoidal
cuts by coordinate spheres on either plane gives the same estimate. The limiting translation
charges consequently transform by the Lorentz representation. The static plane has charges



SPACETIME PENROSE INEQUALITIES 13

(m, 0), as follows by inserting Equation (3.15) into the ADM integral. Its Lorentz orbit is precisely
the set of future timelike vectors of norm m, proving the assertion.

More explicitly the plane can be written T = v · y, |v| < 1. Writing y = Ax, where A =
(I − v ⊗ v)−1/2, makes the induced Minkowski metric in the x coordinates equal to δ. The
displayed decay then follows from the symbol estimates in Equation (3.15) and the formula for
the second fundamental form. These coordinates will be used when identifying the reference end
with the given end. □

3.4. Moments and compact linear corrections. All operators in the next two lemmas are
Euclidean. For symmetric covariant tensors define

(3.17) Lh = ∂i∂jhij − ∆ trh, (Dk)i = ∂j(kij − (tr k)δij).

The formal adjoint kernel of L consists of affine functions; the formal adjoint kernel of D consists
of Euclidean Killing fields. Orthogonality to these kernels is the compatibility condition for the
compact inverses below.

Lemma 3.5 (Compact scalar and symmetric divergence inverses). Let A ⊂ R3 be a fixed
connected open annulus and let Q ⋐ A. Smooth sources supported in Q admit the following
compact corrections, supported in a fixed larger compact subset of A.

(i) If
∫
f = 0 and

∫
xif = 0 for i = 1, 2, 3, there is a smooth symmetric tensor h with Lh = f

and ∥h∥Wk+2,p ≤ Ck,p∥f∥Wk,p.
(ii) If

∫
V · Y = 0 for every Euclidean Killing field Y , there is a smooth symmetric tensor k

with Dk = V and ∥k∥Wk0+1,p ≤ Ck0,p∥V ∥Wk0,p.
The estimates hold for integers k, k0 ≥ 0 and 1 < p < ∞.

Proof. We first record the ordinary divergence inverse being used. On a ball, the regularized
Bogovskii operator solves div u = f for a mean-zero compactly supported source, preserves
compact support, and gains one derivative in W k,p; see [23, §3.1, Equation (3.13), Theorem 3.2,
Corollary 3.4, and Remark 3.5]. To apply it on the annulus, cover Q by finitely many balls
compactly contained in A, adding finitely many overlapping balls so that the overlap graph
is connected. Partition the source among the balls. On a spanning tree of the overlap graph,
pass each piece’s integral to its parent by subtracting and adding that integral times a fixed
unit-integral bump in the overlap. Starting at the leaves leaves every piece with zero integral;
the root does also because the total integral vanishes. The decomposition has bounded Sobolev
norms because all cutoffs and bumps are fixed. The sum of the ball inverses gives a compact
inverse on the annulus. For sources in a fixed compact set its output support lies in another fixed
compact set. This construction may be repeated twice using slightly enlarged compact sets still
contained in A.

For the scalar assertion, solve ∂iui = f compactly. Integration by parts gives∫
ui = −

∫
xif = 0.

Apply the divergence inverse to each component of u, obtaining ∂jAij = ui. Symmetrizing A
does not change its double divergence. Denote this symmetric matrix by S and put

h = S − 1
2(trS)δ.

Since h− (trh)δ = S, its linearized scalar curvature is f . The two applications of the divergence
inverse give the two-derivative gain.
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For the vector assertion, translation orthogonality gives
∫
Vi = 0. Solve ∂jBij = Vi component-

wise. Orthogonality to rotations and integration by parts imply

0 =
∫

(xjVi − xiVj) = −
∫

(Bij −Bji).

Thus the skew part Sij = (Bij − Bji)/2 has zero integral. Apply the divergence inverse to
its independent components to obtain a tensor D, skew in its first two indices, such that
∂kDijk = −Sij . Define

(3.18) Cijk = Dijk −Dikj −Djki.

Index interchange shows both Cijk = −Cikj and (Cijk − Cjik)/2 = Dijk. Consequently

Tij = Bij + ∂kCijk

is symmetric and satisfies ∂jTij = Vi. The last statement uses the skew symmetry in j, k to cancel
the double divergence of C. Set k = T − (trT )δ/2 to invert trace reversal. The first inverse gains
one derivative, the second gains another, and the last derivative of C leaves a net gain of one. All
constructions preserve smoothness and have the stated support and norm bounds. □

Lemma 3.6 (Integrable sources give sublinear first moments). For data satisfying Equation (3.1)
and integrable µ, |J |, put h = g − δ and π = K − (trδK)δ. Then

Lh = 16πµ+O(r−2−2q),
∂jπij = 8πJi +O(r−2−2q).(3.19)

In particular these Euclidean sources are integrable. Their scalar boundary fluxes paired with
affine functions having zero constant term, and their vector boundary fluxes paired with rotational
Killing fields, are o(R) on coordinate spheres of radius R.

Proof. The scalar-curvature expansion has remainder bounded by

C
(
|h||∂2h| + |∂h|2 + |K|2

)
,

and the replacement of the momentum constraint by Euclidean divergence has remainder bounded
by C(|h||∂K| + |∂h||K|). These are O(r−2−2q), using exactly the derivatives in Equation (3.1).
They are integrable because 2 + 2q > 3.

For any integrable function F on the end and fixed c > 1,

(3.20) 1
R

∫
r0<|x|<cR

|x| |F (x)| dx −→ 0.

Indeed the contribution inside any fixed radius M tends to zero after division by R; the remaining
contribution is at most c

∫
|x|>M |F |. Let R → ∞ and then M → ∞.

For an affine function f , the vector field

Qf (h)i = f(∂jhij − ∂i trh) − (∂jf)hij + (∂if) trh

satisfies ∂iQf (h)i = fLh. For a Euclidean Killing field Y ,

∂j(πijY i) = Y i∂jπij ,

because π is symmetric. Integrating from a fixed inner sphere and using Equation (3.20) proves
the asserted o(R) estimates. This argument does not assert the existence of a center-of-mass or
angular-momentum limit and requires no parity condition. □
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Proposition 3.7 (Annular replacement with a vanishing deficit). Suppose E > |P |, and let
(g∗,K∗) be the reference end from Lemma 3.4, identified with the given end in the common
asymptotically Euclidean coordinates. For all sufficiently large R there are smooth data (g̃R, K̃R)
equal to (g,K) on r ≤ R and to (g∗,K∗) on r ≥ 4R such that
(3.21) 16π(µ̃R − |J̃R|g̃R

) ≥ −ηRR−3, ηR −→ 0.
The possible negative part is supported in R < r < 4R. The metrics there are uniformly
Euclidean comparable and have uniformly bounded scaled first derivatives. The construction uses
no derivatives of the original data beyond those in Equation (3.1) for its quantitative estimates.
Proof. Fix 1

2 < β < min(q, 1) and work on the annulus A = {1 < |y| < 4} with x = Ry. The
scaled fields are

gR(y) = g(Ry), kR(y) = RK(Ry),
and likewise for the reference data. Their constraint densities are the original densities multiplied
by R2. If hR = gR − δ, then
(3.22) ∥hR∥C2(A) + ∥kR∥C1(A) + ∥h∗,R∥C2(A) + ∥k∗,R∥C1(A) ≤ CR−β.

Choose χ ∈ C∞(A) with 0 ≤ χ ≤ 1, equal to one near |y| = 1 and zero near |y| = 4, with all its
derivatives supported in a fixed compact subannulus. Blend both fields by this cutoff.

Write the constraints in the unnormalized form
C(g, k) =

(
Scalg +(trg k)2 − |k|2g, divg(k − (trg k)g)

)
.

Their Euclidean linear part is (Lh,Dk). On fields satisfying Equation (3.22), the nonlinear
remainder is bounded in supremum norm by CR−2β. Thus the blended constraints equal the
blended original constraint sources, plus a quadratic error and the compact commutators

fR = L(χ(hR − h∗,R)) − χL(hR − h∗,R),
VR = D(χ(kR − k∗,R)) − χD(kR − k∗,R).

They have C0,1 norms at most CR−β. In detail the scalar commutator applied to a symmetric
tensor h is

2∂iχ(∂jhij − ∂i trh) + (∂i∂jχ)hij − (∆χ) trh;
one derivative of this expression uses at most two derivatives of h. The vector commutator is
(∂jχ)(kij − (tr k)δij); one derivative uses at most one derivative of k. No derivative of the complete
matter sources is needed.

Every affine moment of fR and every Killing-field moment of VR is o(R−1). For the constant
moments, integration by parts on A gives R−1 times the difference between the physical translation
fluxes on its two boundary spheres, less the integrals of the blended linear sources. The flux
difference tends to zero because the reference and original ADM vectors agree. Replacing the
physical momentum integrand by its Euclidean trace reversal costs O(R1−2q), which tends to
zero. By Lemma 3.6, the physical linear-source integrals on this receding annulus tend to zero
as well. For a linear scalar test or a rotational vector test the corresponding factor is R−2. Its
physical boundary fluxes are o(R) by the same lemma, while the weighted source integrals are
o(R) by Equation (3.20). This proves the claim.

Remove these small moments by fixed smooth bumps. Explicitly, for a basis p1, . . . , p4 of affine
functions and a fixed nonnegative bump ω positive on a ball inside the annulus, the Gram matrix

Gab =
∫
ωpapb

is positive definite. Subtract ω
∑
a,b pa(G−1)ab

∫
pbfR from fR. For the vector moments use in

exactly the same way the Gram matrix
∫
ωYa · Yb of a basis of the six Euclidean Killing fields. It
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too is positive definite, since a nonzero Killing field cannot vanish on an open ball. Both bump
corrections have every fixed smooth norm o(R−1).

Apply Lemma 3.5 with the negative of the moment-free commutators. Since their W 1,p norms
are O(R−β), choosing p > 3 gives metric and tensor corrections of size O(R−β) in W 3,p and W 2,p,
respectively. Sobolev embedding gives the needed C2,α and C1,α bounds. Their supports stay in
a fixed compact subset of A. Extend them by zero and undo the scaling. The metric remains
positive definite for large R.

To check DEC, denote the original scaled sources by (AR, BR), so AR ≥ 2|BR|gR . The reference
sources vanish. The corrected sources therefore have the form(

χAR, χBR
)

+ o(R−1) +O(R−2β)

in supremum norm. The norm of BR changes by at most CR−β|BR| ≤ CR−2β when the metric
is changed, since the pointwise constraint formula gives |BR| ≤ CR−β. All other nonlinear
correction terms have the same quadratic bound. Because 2β > 1, the scaled DEC deficit is
o(R−1). Multiplication by R−2 gives Equation (3.21). Outside the correction annulus the data
are either the original DEC data or the exact vacuum reference data. Smoothness follows from
smoothness of the original fields and of the compact inverse constructions, irrespective of the
sizes of their unneeded higher derivatives. □

3.5. Bending to a rest slice and repairing the deficit.

Lemma 3.8 (A vacuum bend with uniform geometry). The data in Proposition 3.7 can be
modified farther out, inside their exact Schwarzschild part, so that they are induced by a constant-
static-time slice outside a compact set. This modification adds no constraint deficit. Write
(gR,KR) for the resulting unscaled data. In the common end coordinates the metrics are uniformly
Euclidean comparable, and throughout all transition annuli
(3.23) |∂gR|δ + |KR|δ ≤ C/r.

There is a smooth proper radius ρR on the end which equals the original coordinate radius on the
gluing annulus and equals the rest isotropic radius beyond the transitions, with
(3.24) cr ≤ ρR ≤ Cr, |dρR|2gR

≥ c, |∆gRρR| ≤ C/r.

All transition annuli lie between fixed multiples of R; the constants can depend on the prescribed
timelike ADM vector, but not on R.

Proof. Use the description T = v · y, y = Ax, from Lemma 3.4. Choose Rb = cbR so large, with
cb fixed, that the region |y| ≥ Rb is entirely inside the exact reference part. Let ψ be a smooth
function equal to one on (−∞, 0], zero on [1,∞), and taking values in [0, 1]. Replace the plane by
the graph

(3.25) TR(y) = (v · y)ψ
( log(|y|/Rb)

L

)
.

Its Euclidean gradient satisfies
|dTR|δ ≤ |v|

(
1 + ∥ψ′∥∞/L

)
.

Choose a fixed L making the right side strictly smaller than one. The lapse and spatial coefficients
in Equation (3.15) converge to their Minkowski values, so for all sufficiently large R this graph is
uniformly spacelike. In fact for positive Schwarzschild mass the lapse is smaller than one and the
spatial conformal factor exceeds one, which only improves this estimate on the static exterior.

The graph agrees with the original plane before Rb and with a constant-time slice after eLRb.
Its first derivative is bounded, and its second and third derivatives are O(r−1) and O(r−2). The
induced metric is uniformly comparable with δ; differentiating its pullback formula gives the first
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bound in Equation (3.23). The second fundamental form uses the graph’s second derivatives and
ambient first derivatives, divided by a uniformly positive spacelikeness factor, and gives the other
bound. These estimates remain true in the x coordinates because A is a fixed invertible linear
map. The constraints vanish on the entire bent part by the Gauss–Codazzi equations in exact
vacuum Schwarzschild spacetime.

It remains to make the radius precise. On the bent region keep ρR = |x| = |A−1y|. Beyond
the bend, where the slice is already static, write y = rω and put a(ω) = |A−1ω|. Choose Rc a
sufficiently large fixed multiple of RbeL, and a cutoff χ0 equal to one before zero and zero after
one. In that static region set

ρR(r, ω) = r exp
[
χ0

( log(r/Rc)
L0

)
log a(ω)

]
.

For fixed sufficiently large L0 its radial derivative is bounded below by a positive constant:
differentiating in r gives the positive factor ρR/r times 1 + L−1

0 χ′
0 log a, which is at least 1/2.

The function and its first two Euclidean derivatives have the bounds ρR ≍ r, |dρR| ≤ C, and
|∂2ρR| ≤ C/r. Before this interpolation, the same bounds hold for |A−1y|, and uniform metric
comparability gives the gradient lower bound. Combining these facts with Equation (3.23) proves
Equation (3.24). After the interpolation, ρR = r is precisely the static isotropic radius. All radius
ratios used in the construction are fixed, independently of R. □

Lemma 3.9 (A radial DEC repair of vanishing mass cost). Consider the data obtained from
Proposition 3.7 and Lemma 3.8. There is a smooth positive conformal factor uR, constant on
the unchanged inner region and tending to one at infinity, such that (u4

RgR, u
2
RKR) satisfy DEC

everywhere. Moreover
(3.26) ∥uR − 1∥∞ = o(R−1), |duR| = o(R−2) on the transition region.
The final end is exactly Schwarzschild with K = 0 and mass m+ o(1). The boundary expansion
retains its original weak sign.

Proof. All geometry estimates below are uniform in R. Enlarge the fixed transition region slightly
so that, in terms of t = ρR/R, it lies inside an interval (a, b) with 0 < a < b < ∞. Arrange that
t ≥ b is in the static spherical region, and that the support of the possible deficit lies in a fixed
smaller interval I ⋐ (a, b). Increasing b if needed makes these assertions follow from Lemma 3.8.
We take a = 1: the compact supports in the annular correction leave a fixed neighborhood of
t = 1 free of deficit. The factor constructed below will consequently be constant throughout the
original region r ≤ R, and is extended by that constant over the compact core of N .

Let ηR → 0 be as in Equation (3.21), replacing it by a positive majorant if necessary. We will
choose εR = C0ηR and construct

uR = 1 + εR
R
FR(ρR/R),

where FR and the relevant derivatives are bounded independently of R. Write zR = −F ′
R. On

[a, b+ 1], initially define zR by
(3.27) z′

R = C1zR + ω1, zR(a) = 0,
where ω1 is smooth, nonnegative, zero near a, and at least one on I. Take C1 sufficiently large,
depending only on the constants in Equations (3.23) and (3.24). The solution is nonnegative and
has uniform bounds on this fixed interval. For a function with F ′

R = −zR the chain rule gives

−∆gRuR − |KR|gR |duR|gR = εR
R3

[
z′
R|dρR|2gR

+RzR∆gRρR −RzR|KR|gR |dρR|gR

]
≥ εR
R3 (c1z

′
R − C2zR).
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Choose C1 so that this is nonnegative and is at least c1εRR
−3 on I.

The preceding differential inequality need not be imposed on the spherical tail. There KR = 0
and the Schwarzschild radial Laplace flux coefficient is (r +m/2)2. Put cR = m/(2R) and, on
the still spherical interval near b, define

AR(t) = (t+ cR)2zR(t).

It has positive derivative wherever zR > 0. Continue it to a positive constant on [b+ 1,∞) while
keeping A′

R ≥ 0. For an explicit smooth continuation, continue the solution of Equation (3.27) to
b+ 1, multiply the derivative of (t+ cR)2zR(t) by a nonnegative cutoff equal to one near b and
zero near b+ 1, and integrate with the initial value AR(b). Define zR = AR(t)/(t+ cR)2 on this
tail, and set it to zero for t ≤ a. All joins are smooth, the functions are nonnegative, and their
bounds on finite intervals are uniform in R. The constant tail value, denoted A∞

R , is bounded
independently of R.

Now define
FR(t) =

∫ ∞

t
zR(s) ds.

It is nonnegative, uniformly bounded, and constant before a. The preceding construction gives
a superharmonic uR on the spherical tail, because its signed radial flux is −εRAR(t) and is
nonincreasing. It also gives Equation (3.26). For large R, 1 ≤ uR ≤ 2. Increasing C0 ensures

−∆gRuR − |KR||duR| ≥ uR
8
[
16π(|JR|gR − µR)

]
+.

On the original inner region the conformal factor is constant and the original data satisfy DEC.
Elsewhere this inequality and Lemma 3.1 prove DEC for the repaired data. Using uR, rather
than estimating log uR separately, incorporates the gradient-square term exactly.

On the final end,

uR = 1 + εRA
∞
R

r +m/2 .

Writing aR = εRA
∞
R = o(1), one obtains the exact identity

(3.28) u4
R

(
1 + m

2r

)4
δ =

(
1 + m/2 + aR

r

)4
δ.

Thus the final mass is m+ 2aR = m+ o(1) and the momentum is zero. Multiplication of KR by
u2
R preserves its compact support. On the inner boundary, where uR is constant, the expansion is

simply multiplied by u−2
R , so its weak sign is preserved. □

3.6. The numerical reduction. The preceding construction has replaced the end while pre-
serving DEC and the boundary expansion sign. A final strict conformal change puts the data in
the class used for the elliptic deformation.

Proposition 3.10 (Reduction to strict data with a controlled rest end). Let (N, g,K) satisfy
the exterior hypotheses of Theorem 2.2, including θ+ ≤ 0 on its smooth compact boundary, and
let m = (E2 − |P |2)1/2 > 0. There is a sequence of smooth exterior data (gj ,Kj) on N with the
following properties:

(i) µj > |Jj |gj everywhere and θ+,j < 0 on B. The constraint densities are integrable. On
the end their DEC margin is bounded below by cjr

−3−δ for some cj > 0 and one fixed
0 < δ < 1.

(ii) Kj is compactly supported, and in a rest chart gj − δ = Ok(r−1) and Rgj = Ok(r−3−δ)
for every k. In particular Ricgj = O(r−3) there. Their ADM momentum is zero.
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(iii) (gj ,Kj) → (g,K) smoothly on every fixed compact subset up to the boundary, their ADM
energies satisfy Ej → m, and agj (B) → ag(B).

Consequently it suffices to prove the energy/enclosing-area inequality for the class in (i)–(ii) in
order to prove Theorem 2.2 in its stated class.

Proof. Apply Proposition 3.7, Lemma 3.8, and Lemma 3.9 along any sequence Rj → ∞. The
resulting DEC exteriors have compactly supported second fundamental form and an exact rest
Schwarzschild end with energy tending to m. They agree with the original data on expanding
compact subsets except for a constant conformal factor tending to one. Hence they converge
smoothly on each fixed compact subset. Their boundary expansion is weakly negative.

Apply the last part of Lemma 3.2 separately to each of these fixed exteriors, using the same
chosen 0 < δ < 1 and a compactly supported drift coefficient. Choose its positive parameter s in
Equation (3.8) small enough that the energy change, ∥ log(1 + sϕ)∥∞, and the supremum of its
first derivative multiplied by the fixed original coordinate radius are at most 1/j. Also require
the change in the first j smooth norms on the first j members of a compact exhaustion to be at
most 1/j. All these quantities are finite for the fixed j-th exterior, so these choices are possible.
No estimate uniform in the receding bending radius is required for this final strictification.

The resulting data satisfy (i). The strict conformal factor has symbol decay of all orders
and does not enlarge the support of K. On the far Schwarzschild end the drift vanishes, so
−∆ϕ = w = r−3−δ. Since the rest Schwarzschild metric has zero scalar curvature and K = 0
there, the exact u-formula gives

Rgj = 8s(1 + sϕ)−5r−3−δ.

This proves the scalar-curvature bound in (ii). The Ricci bound follows from the two-derivative
metric decay. The energy change tends to zero and the momentum change is zero. The prescribed
smallness gives smooth local convergence, proving (ii) and the local convergence and charge
assertions in (iii).

The metrics before strictification satisfy the uniform comparisons and scaled first-derivative
bounds of Lemma 3.3, in the fixed original end chart: the reference plane, the bend, and the
radius interpolation involve only fixed linear maps and fixed radius ratios. The radial repair
preserves these bounds. The final strictification parameters were chosen to preserve them as well.
That lemma therefore gives the convergence of enclosing infima.

If the reduced energy inequality is available, applying it to these data gives

Ej ≥
√
agj (B)/(16π).

Passing to the limit proves m ≥
√
ag(B)/(16π). Only the energies and enclosing infima enter this

passage to the original data. □

4. Trapped domains, collars, and weak supports

We prepare the domain and boundary values for the elliptic deformation. The construction has
three steps: choose maximal trapped regions, foliate their outer collars, and fix small expansion
offsets. Throughout, the data satisfy Proposition 3.10. Write S0 for their inner boundary. Thus
S0 is strictly future outer trapped, K has compact support, and the single end has the smooth
O(r−1) bounds obtained in that reduction. In particular, sufficiently large coordinate spheres
have positive outward mean curvature. The function

(4.1) m(x) = 8π
(
µ(x) − |J(x)|g

)
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is positive, has a positive lower bound on every compact set, and has the positive r−3−δ lower
bound on the end supplied by the reduction, with 0 < δ < 1. Let A∗ denote the reduced data’s
filled enclosing perimeter infimum.

4.1. The bounding-region convention. For a symmetric tensor Q and a two-sided surface Σ
with a specified unit normal ν, put

(4.2) ΘQ(Σ, ν) = HΣ(ν) + trΣQ.

For the boundary of a domain the specified normal always points out of that domain. Notice both
elementary identities

(4.3) ΘQ−(c/2)g = ΘQ − c, Θ−Q(Σ,−ν) = −ΘQ(Σ, ν).

The factor 1/2 in the first formula is the reciprocal of the surface dimension.
We use the following geometric theorem. Its boundary parts may be disconnected.

Theorem 4.1 (MOTS barriers and the total trapped region). Let (N, g,Q) be a smooth compact
three-dimensional initial data set with boundary Γ− ⊔ Γ+. Assume Γ+ is nonempty and has
positive expansion with its normal out of N . The inner part Γ− may be empty; when it is present,
assume its expansion is negative with its normal into N .

Consider all smooth domains whose inner boundary is Γ− and whose remaining boundary Σ
lies in the interior of N and satisfies ΘQ(Σ) ≤ 0. They avoid Γ+, and their normal on Σ points
out of the domain. If their union is nonempty, its closure has a smooth compact embedded stable
MOTS frontier in the interior, separating it from Γ+. This closure is itself the closure of such
a domain and contains every domain in the defining class. If Γ− is nonempty, the two strict
barriers also give a nonempty smooth embedded enclosing MOTS.

The total-region assertion is [7, Definitions 7.1–7.2 and Theorem 7.3]; the barrier assertion
is Theorem 3.1 there, with stability furnished by Theorem 4.1. The preliminary conventions in
Section 2 of that paper allow an empty inner boundary. These results require no energy condition
on Q. We therefore apply them to the shifted tensors in Equation (4.3), even though these tensors
need not satisfy the dominant energy condition. A component of the complement of a smooth
trapped domain which meets no designated outer boundary may be filled: its entire boundary
is then deleted and the remaining boundary has the same expansion. The maximal region is
therefore filled in this relative sense.

We use compact inner fillings only to express enclosing competitors. One may attach a
smooth collar behind S0, extend the one-sided metric smoothly, and complete the inner side by
a fixed compact filling. All competitors contain that filling and only their boundaries in the
original exterior are counted. This introduces no geometric condition behind S0. For perimeter
minimization with this smooth obstacle, the relevant regularity input is [31, Regularity Theorem
1.3(iii)]: the minimizing boundary is C1,1 and is smooth away from contact. We retain the filled
enclosing class and its smooth approximation from Section 3. The trapped regions below are not
assumed to minimize perimeter.

4.2. Choosing the two maximal regions. Fix a large sphere SR0 outside suppK such that
all coordinate spheres with radius at least R0 have positive outward mean curvature. A compact
smooth domain with Θ±K ≤ c ≤ 0 cannot reach this part of the end. Indeed, at a point where
its boundary maximizes the coordinate radius, it lies inside the tangent coordinate sphere and
has the same outward normal. The graph second-derivative comparison gives H∂D ≥ HSr > 0
there; also K = 0 there. This contradicts its assumed expansion. The same argument applies to
an enclosing domain with prescribed inner obstacle, since the maximum radius is attained on
its free boundary. Consequently all the negative-threshold regions used below lie in one fixed
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compact radial range. They may be constructed using any sufficiently distant sphere as the outer
barrier, without dependence on that choice.

For

(4.4) max
S0

ΘK(S0) < c < 0,

let Bc be the closed total trapped region for the condition ΘK ≤ c, with S0 as the required inner
boundary and with its inner filling understood. It is nonempty: a sufficiently short outward collar
of S0 supplies a strict seed. Theorem 4.1, applied to K − (c/2)g, gives its smooth stable frontier
with expansion exactly c. The regions Bc increase with c. Their complement toward the end
has no bounded component, since such a component could be filled to enlarge the total trapped
region.

We will choose cb < 0 close to zero and set B = Bcb
. In the complement of B, use the full

black frontier and a distant coordinate sphere as outer barrier faces. With the normal out of this
complement, the black frontier has expansion for −K equal to −cb > 0. For c < 0 close to zero,
let Wc be the closed total trapped region of compact smooth domains in that complement with

(4.5) Θ−K = H − trΣK ≤ c.

There is no required inner boundary in this application of Theorem 4.1. The shifted expansion
of a reversed black face is −cb − c > 0, and that of a distant sphere is also positive. Thus the
theorem applies whenever the defining union is nonempty. When the union is empty we simply
put Wc = ∅. When nonempty, it has smooth stable frontier of white expansion c and lies a
positive distance from all black faces. The family Wc is increasing, with the black region held
fixed.

To control limits of the deformation, we choose thresholds at which these regions are right-
continuous. The following lemma includes empty regions.

Lemma 4.2 (Right-continuous thresholds). Let Ec, c in an interval, be an increasing family of
closed subsets of a fixed compact metric space. Outside a countable set of parameters,

(4.6) Ecj −→ Ec in Hausdorff distance whenever cj ↓ c.

Here continuity at Ec = ∅ means that Ec′ is empty for every sufficiently close c′ > c.

Proof. Choose a countable dense set {xi} and a number L larger than the diameter of the compact
space. Set dc(x) = min{L,dist(x,Ec)}, with the value L when Ec is empty. For each i, c 7→ dc(xi)
is a bounded nonincreasing real function, so its right discontinuities form a countable set. Avoid
their countable union. Then dcj (xi) → dc(xi) for all i whenever cj ↓ c. Every dc is 1-Lipschitz. A
finite net chosen from the dense set therefore upgrades this convergence to uniform convergence
on the compact space.

For nonempty Ec, if points yj ∈ Ecj stayed a fixed distance from Ec, uniform convergence
evaluated at yj would contradict dcj (yj) = 0. The opposite Hausdorff inclusion follows from
Ec ⊂ Ecj . For empty Ec, uniform convergence to L is incompatible with any nonempty Ecj , since
its distance function has a zero. This proves the stated convention as well. □

Choose cb at such a right-continuity point of the black family, then choose cw < 0 at such a
point of the white family for this fixed black region. Both choices can be made arbitrarily close
to zero. Write W = Wcw , and let Ω be the closure of the component of the complement of B ∪ W
which reaches the selected end. Its boundary B is a finite disjoint union of complete components
of the two smooth frontiers. Write

(4.7) B = Bb ⊔Bw, H = HB(ν), PB = trBK,
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where ν points into Ω. Thus

(4.8) H + PB = cb on Bb, H − PB = cw on Bw.

The set Bw may be empty, and Bb need not contain every black frontier component: a white
component may cut a black face off from the end. We retain exactly the boundary of the
component that reaches infinity. The compact, disjoint frontiers create no intersection corners.

The excluded side of B contains S0 and a collar of it. Hence every compact smooth enclosing
cut T in Ω, with all its components retained, is an enclosing competitor for the original filled
obstacle after adjoining the discarded regions to its inner side. It follows that

(4.9) |T |g ≥ A∗.

The same conclusion holds for perimeter competitors. This is a statement about inclusion of
competitor classes; no minimizing property of B is used.

4.3. Outward collars, including zero stability eigenvalue.

Lemma 4.3 (Collars of a maximal frontier). Let Σ be a connected component of the frontier of a
closed total trapped region at threshold c, for a fixed tensor Q. There is a smooth foliation Σs,
0 ≤ s < s0, of an outward collar, with Σ0 = Σ and positive outward normal velocity, such that

(4.10) ΘQ(Σs) > c (0 < s < s0), ΘQ(Σ0) = c.

In particular its leaf parameter s is a smooth defining function and |∇s| is bounded above and
below by positive constants.

Proof. Use normal graphs Σ(v) over Σ and pull their expansion back to Σ. The map

Φ : C2,α(Σ) −→ C0,α(Σ), Φ(v) = ΘQ(Σ(v)) − c

is smooth near zero and has linearization L = DΦ(0), the MOTS stability operator for Q− (c/2)g.
Its principal part is −∆Σ. Stability gives a principal eigenvalue λ ≥ 0 and a positive smooth
eigenfunction φ. If λ > 0, take v = sφ. Smooth dependence gives Φ(sφ) = sλφ+O(s2) in C0,
which is positive for all sufficiently small s > 0. The graph velocity is positive as well.

Suppose λ = 0. The kernel of L is spanned by φ, and the adjoint kernel is spanned by a positive
smooth function φ∗. These are the principal-eigenfunction facts for a scalar elliptic operator on a
connected closed surface. For example, simplicity of the kernel also follows by writing a kernel
element as v = φw and applying the strong maximum principle to the resulting equation for w,
whose zeroth-order term vanishes. Consider the augmented map

G(v, a) =
(

Φ(v) − a,

∫
Σ
v dA

)
.

Its derivative at (0, 0) is

(4.11) (v, a) 7−→
(
Lv − a,

∫
Σ
v dA

)
.

This map is an isomorphism. Indeed, to solve Lv−a = f with
∫
v = b, the Fredholm compatibility

condition uniquely fixes

a = −
∫

Σ φ
∗f dA∫

Σ φ
∗ dA .

The equation for v then has a solution; adding a multiple of φ imposes its prescribed integral
uniquely. Elliptic estimates and this one-dimensional normalization give a bounded inverse
between the indicated Hölder spaces.
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The implicit-function theorem consequently supplies smooth v(s), a(s) with G(v(s), a(s)) =
(0, s). Differentiating at zero and pairing with φ∗ gives a′(0) = 0 and

v′(0) = φ∫
Σ φ dA > 0.

After shortening the interval, all these graphs form an outward foliation and have constant
expansion c + a(s). If a(s) ≤ 0 at any positive s in this interval, replace only this frontier
component by Σ(v(s)). The collar is disjoint from all other components and designated barriers,
so the new smooth bounding domain strictly contains the maximal region and its every free
boundary component has expansion at most c. This contradicts maximality. Therefore a(s) > 0
for every such s > 0.

In either case positive graph velocity and compactness give the asserted bounds on |∇s|.
Smooth elliptic bootstrapping of the graph equation gives smooth leaves in the zero-eigenvalue
case. □

Apply this lemma separately with Q = K to black faces and Q = −K to white faces. There are
finitely many faces, so choose disjoint collars in Ω and shorten them to have a common positive
parameter range when convenient. Write νs = ∇s/|∇s| for their outward leaf normal; it agrees
with ν at B.

4.4. From weak exterior supports to a smooth enclosure. The sublevel limits used below
need not have smooth frontiers. We now show how an expansion bound on their exterior supports
produces a smooth enclosure. The argument applies to arbitrary closed sets, without positive
reach or a curvature bound on the supporting surfaces.

Definition 4.4. Let D be closed in a smooth three-manifold and let x ∈ ∂D. A smooth exterior
support is a smooth function ϕ near x with ϕ(x) = 0, dϕ(x) ̸= 0, and D ⊂ {ϕ ≤ 0} locally near
x. Its normal is n = ∇ϕ/|∇ϕ|. Define

(4.12) EQ[ϕ](x) = (gij − ninj)∇i∇jϕ

|∇ϕ|
+ trQ−Q(n, n).

We say D has exterior-support expansion at most c if every such support at every point of its
frontier has EQ[ϕ] ≤ c.

For a smooth domain this is exactly the usual upper bound on its outward expansion: at
contact an exterior supporting graph has mean curvature at most that of the enclosed smooth
graph. The definition is unchanged by increasing smooth reparametrizations of ϕ, because the
additional Hessian term is a multiple of dϕ⊗ dϕ and has zero tangential trace.

Lemma 4.5 (Parallel neighborhoods and additive error). Suppose the frontier of a closed set D
lies in a fixed compact interior region of smooth (N, g,Q) and has exterior-support expansion at
most c. Put Dz = {y : dist(y,D) ≤ z}. For sufficiently small z > 0, all exterior supports of Dz

have expansion at most

(4.13) c+ Cz.

The allowable radius and C depend only on the compact ambient geometry and Q, and not on the
support, its second fundamental form, or the regularity of D.

Proof. Take a support ϕ to Dz at x′. There is a nearest point x ∈ D and a length-z minimizing
unit-speed geodesic γ : [0, z] → N from x to x′. For the radii under consideration the entire
segment lies in a fixed smooth compact neighborhood and is shorter than its injectivity radius.
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The ball Bz(x) is contained in Dz and touches its exterior support at x′. Its tangent plane there
therefore agrees with that of the support and

(4.14) ∇ϕ(x′)
|∇ϕ(x′)| = γ̇(z).

Let Pt : TxN → Tγ(t)N denote parallel transport and put P = Pz.
For every X ∈ TxN solve the Jacobi boundary problem

(4.15) J ′′
X + Rm(JX , γ̇)γ̇ = 0, JX(0) = X, JX(z) = PX.

Here primes denote covariant differentiation along γ. The short interval and absence of conjugate
points make this problem uniquely solvable. Its estimates can be seen without division by an
uncontrolled quantity. In a parallel frame write jX(t) = P−1

t JX(t) and R(t) for the curvature
coefficient. The integral equation is

jX(t) = X + tAX −
∫ t

0
(t− s)R(s)jX(s) ds, AX = 1

z

∫ z

0
(z − s)R(s)jX(s) ds.

It implies, by absorption for small z,

(4.16) sup
0≤t≤z

|jX(t)| ≤ 2|X|, |AX | ≤ Cz|X|.

Also ⟨JX , γ̇⟩ is affine in t and has equal endpoint values. Thus ⟨AX , γ̇(0)⟩ = 0.
We may therefore prescribe the first jet of a smooth unit vector field V near x by

V (x) = γ̇(0), ∇XV (x) = AX .

To realize it with uniform second-jet bounds, choose a smooth local orthonormal frame obtained
by radial parallel transport from x. In that frame take the affine coefficient vector with the
prescribed value and first derivatives, and normalize its length. The orthogonality just proved
means normalization preserves its prescribed first derivatives. The frame has uniformly bounded
derivatives on a fixed small coordinate ball, and Equation (4.16) therefore gives uniformly bounded
second derivatives of V . This construction uses the radial direction and the ambient geometry,
with no derivatives of the support ϕ.

Define the local endpoint map

Fz(y) = expy
(
zV (y)

)
.

Its differential at x is the terminal value of the Jacobi field with initial values X,∇XV (x). By
Equation (4.15), it has the exact property

(4.17) Fz(x) = x′, ( dFz)x = P, |(∇ dFz)x| ≤ Cz.

The last bound follows by differentiating the smooth map (y, v, z) 7→ expy(zv) twice in y, including
the first and second derivatives of V . At z = 0 the map is the identity and its covariant second
derivative vanishes. Its z-derivative is uniformly bounded for the bounded jets just constructed,
giving the displayed Cz bound. The exact middle identity, rather than a near-isometry estimate,
is essential.

The map Fz takes D locally into Dz, since its defining geodesic from any y ∈ D has length z.
Consequently ψ = ϕ ◦ Fz is an exterior support to D at x. Its derivative is P ∗ dϕ, so its gradient
length is exactly |∇ϕ(x′)| and, by Equation (4.14), its normal is γ̇(0). The covariant chain rule
gives

Hessψ(X,Y ) = Hessϕ(PX,PY ) + dϕ
(
(∇ dFz)(X,Y )

)
at x.

Trace over an orthonormal basis of γ̇(0)⊥ and divide by the common gradient length. The first
term is exactly the corresponding normalized tangential trace at x′, and the remaining term has
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absolute value at most Cz. Finally, the tensor trace changes by at most Cz, by the C1 bound on
Q and parallel transport. It follows that∣∣EQ[ψ](x) − EQ[ϕ](x′)

∣∣ ≤ Cz.

The assumed support inequality at x proves Equation (4.13). There is no term containing
z| Hessϕ|. □

Lemma 4.6 (A smooth enclosure from weak supports). Let N be a smooth compact connected
three-manifold with boundary Γ− ⊔ Γ+, where Γ+ is nonempty and Γ− may be empty. Let D be a
nonempty closed subset which contains a relative collar of Γ− when that boundary is prescribed,
and stays a positive distance from Γ+. Suppose its interior frontier has exterior-support expansion
at most c for a smooth tensor Q.

For every c′ > c such that ΘQ(Γ+) > c′ with its normal out of N , there is a smooth bounding
domain E containing D in its relative interior, containing the required inner collar, and avoiding
Γ+, whose free boundary satisfies
(4.18) ΘQ(∂E \ Γ−) = c′.

Its boundary and the domain may be disconnected. In particular D is contained in the closed total
trapped region at any such larger threshold. No regularity or positive-thickness assumption on D
is required.

Proof. All distance neighborhoods in this proof are relative to N . Since D contains a collar of
Γ− and avoids Γ+, their new frontiers, at sufficiently small radii, lie in a compact subset of the
interior. A minimizing segment ending on a new frontier has its nearest point on the interior
frontier of D; it cannot start on Γ− because its covered collar has fixed positive width. Thus
the proof of Lemma 4.5 applies unchanged. Choose β > 0 so small that its conclusion holds for
0 < z ≤ β, all these frontiers avoid the prescribed boundary, and
(4.19) c+ Cβ < c′.

We first construct a smooth inner enclosure without imposing any expansion bound on it.
Smoothly approximate the continuous distance function dD = dist(·, D) on N uniformly, with
error less than β/32, using a finite coordinate cover, mollification, and a partition of unity. Choose
a regular value in (β/3, β/2) of the resulting smooth function. Its sublevel set U has smooth
interior boundary and, for example, satisfies
(4.20) Dβ/4 ⊂ U ⊂ D3β/4.

The boundary Γ− is contained in its relative interior and Γ+ is excluded. If a component of N \U
meets no component of Γ+, fill it. This only deletes components of the smooth free boundary.
After this filling the second inclusion in Equation (4.20) need not hold for its interior, but every
remaining free boundary component still lies in the indicated thin neighborhood, and the first
inclusion still holds.

Choose η ∈ C∞(N), 0 ≤ η ≤ 1, equal to one on that free boundary and supported in {dD < β}.
Its existence uses the positive separation between this compact smooth boundary and the closed
set {dD ≥ β}; it requires no smoothness of dD. For a sufficiently large finite constant A, the
tensor
(4.21) QA = Q− 1

2(c′ +Aη)g
makes the free boundary of U a strictly negative inner barrier:

ΘQA
(∂U) = ΘQ(∂U) − c′ −A < 0.

All prescribed outer faces remain strictly positive for QA, because η = 0 there and their original
expansion exceeds c′. Apply the barrier part of Theorem 4.1 on each component of N \ U . Each
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meets Γ+ by the filling step and has nonempty inner boundary by connectedness of N and U ̸= ∅.
We obtain smooth MOTSs Σ bounding a domain E which contains U and avoids Γ+. They
satisfy, with their normal out of E,
(4.22) ΘQ(Σ) = c′ +Aη ≥ c′.

We claim Σ misses {dD < β}. Otherwise set z = minΣ dD < β. The first inclusion in
Equation (4.20) gives z ≥ β/4 > 0. Moreover Dz lies on the inner side of Σ. To see this directly,
if dD(y) < z, a shortest path from y to D of length less than z cannot cross Σ: such a crossing
would have distance from D less than z. Since D ⊂ E, the whole path and y lie in E. Closure
gives Dz ⊂ E.

At a point attaining the minimum, a defining function for the smooth boundary Σ is therefore
an exterior support to Dz, with the same outward normal as in Equation (4.22). The parallel
support bound and Equation (4.19) imply

ΘQ(Σ) ≤ c+ Cz < c′,

contradicting Equation (4.22). This excludes the entire modification range, so η = 0 on Σ and
proves Equation (4.18). The contained Dβ/4 gives strict enclosure of D. If desired, fill any
remaining complementary components which meet no designated outer face; this deletes smooth
boundary components and preserves all stated properties. □

For an exterior, truncate by a distant sphere that is strict at the larger threshold. In the black
construction, B already contains the original inner collar. In the white construction there is no
required inner boundary, and the black faces belong to Γ+. The later applications therefore need
compact avoidance of the foreign faces; they need no boundary regularity of the weak set. Empty
weak sets can be omitted.

4.5. Small offsets and the prepared domain.

Proposition 4.7 (Prepared domain). The thresholds and the domain above can be chosen with
the following properties. The numbers cb, cw < 0 are right-continuity points of their respective full
maximal-region families. The boundary of Ω consists of the faces in Equation (4.8), has disjoint
smooth outward leaf collars as in Lemma 4.3, and preserves the enclosing-area lower bound in
Equation (4.9).

There are a smooth compactly supported function C on Ω, constants Cb ≥ 0, Cw ≤ 0, and
positive constants kB on its face collars such that

(4.23)
Cw ≤ C ≤ Cb, C = Cb − kBs in a black collar near Bb,

C = Cw + kBs in a white collar near Bw.
For an absent type, its corresponding constant is simply a bound. Set
(4.24) b− = cb − Cb < 0, b+ = −cw − Cw > 0.
There is a smooth positive function ρ, equal to a positive constant times r−4 on the far end and
satisfying symbol derivative bounds there, such that, for every h ∈ [b−, b+],
(4.25) |(h+ C) trK| + |∇C| + ρ ≤ 1

2m everywhere on Ω.
The thresholds, collars, offset, and ρ are fixed before the deformation parameters are chosen. After
fixing the thresholds and collars, the offset and its first derivatives can be made arbitrarily small.

Proof. The large-sphere comparison above confines all negative-threshold regions to a fixed
compact set, independently of how close the thresholds are to zero. Choose a slightly larger
compact set K containing this range and suppK in its interior. Let

m0 = min
K

m > 0, T0 = sup
K

| trK|.



SPACETIME PENROSE INEQUALITIES 27

First restrict both negative thresholds to an interval so close to zero that
max{|cb|, |cw|}T0 < m0/8,

while retaining Equation (4.4). Lemma 4.2 allows the required successive choices in that interval.
Construct the two regions, select Ω, and fix their disjoint collars inside K as above. All ensuing
constants may depend on these fixed choices.

Here is an explicit offset construction. On each collar choose a smooth nonincreasing cutoff χ(s),
equal to one near s = 0 and zero near the collar’s far end. Choose κB > 0 so that 1 − κBs > 0
throughout that collar. For a common amplitude a > 0, define the contribution of a black collar
to be aχ(s)(1 − κBs), and that of a white collar to be −aχ(s)(1 − κBs). Extend by zero outside
the disjoint collars and sum. This produces a smooth function on the manifold with boundary Ω,
supported in K, with Cb = a, Cw = −a, and kB = aκB on the respective collars. These remain
valid bounds when a type is absent. Its C1 norm tends to zero with a, even though the collar
widths have already been fixed.

For h ∈ [b−, b+] and C ∈ [Cw, Cb],
|h+ C| ≤ max{|cb|, |cw|} + Cb − Cw.

Choose a so small that (Cb − Cw)T0 + ∥∇C∥∞ < m0/8. The first two terms of Equation (4.25)
are then at most m0/4 on K and vanish outside K. Finally take a fixed smooth positive weight
equal to r−4 far out and multiply it by a sufficiently small positive constant. The end lower
bound for m and δ < 1, together with compact positivity, allow the choice ρ ≤ m/4 everywhere.
This proves Equation (4.25). All remaining assertions were proved in constructing the regions
and collars. □

At the assigned face heights the quantity h+ C consequently has the useful exact values

(4.26)
h+ C = cb = PB +H on Bb when h = b−,

h+ C = −cw = PB −H on Bw when h = b+.

These identities determine the deformation’s boundary signs. Right-continuity and Lemma 4.6
will exclude limiting sublevel sets away from the corresponding full trapped regions.

5. The elliptic deformation and exclusion of the floor

We define the coupled system, derive its scalar-curvature identity, and choose a continuation
path along which the conformal factor cannot touch its lower bound. We use the fixed data of
Proposition 4.7. Thus Ω has one controlled asymptotically flat end, K is compactly supported,
and its compact boundary B = Bb ∪Bw consists of black and white faces. Either type may be
absent. The normal ν points into Ω, and

H = divB ν, PB = trBK.
The numbers b− < 0 < b+, the smooth compactly supported offset C, and the positive function
ρ = O(r−4) are fixed as in that proposition. In particular,
(5.1) b− + C = PB +H on Bb, b+ + C = PB −H on Bw.

All compact sets and geometric constants in this section are fixed after this preparation. Extend
the end radius to a smooth function on Ω bounded below by one. Write ΩR for the large spherical
truncations and SR for their outer boundary.

A polynomial constant is bounded by C(1 + n)N , with C,N depending on the prepared data
and fixed auxiliary profiles, but not on R, the homotopy parameter, or the solution. Constants
permitted to depend arbitrarily on fixed n will be identified explicitly. First fix 0 < ϵ < 1, then
choose n sufficiently large, and finally require R ≥ Rmin(n, ϵ). We always take n ≥ 4 and n > 2/ϵ.



28 OPENAI

5.1. Variables and equations. Choose a smooth nonincreasing ϑ : R → [0, 1] equal to one on
(−∞, 0] and zero on [1,∞). Define

(5.2)
p(t) = nϑ(nt), l(t) = exp

(∫ t

0
p(s) ds

)
,

L(t) = l(t)e2t, pL = p+ 2.

Thus l(0) = 1, l(t) = ent for t ≤ 0, and l is constant for t ≥ 1/n. Derivatives of p of every fixed
order are polynomially bounded. Set

(5.3) ℓ = e−ϵn, τ = ℓ3/2.

Whenever t ≥ −ϵ, one has ℓ ≤ l(t) ≤ e.
For a function f , set

(5.4)

σ = |∇f |, D = 1 + l2σ2, d = D−1,

a = lσ/
√
D, v = a2 = 1 − d, w = l∇f/

√
D, χ = 4d/(4 + pv),

Z = t+ 1
8 logD, u = L

√
D, U = l

√
D, h = τf.

Derivatives and contractions refer to g unless indicated otherwise. At σ > 0, write e = ∇f/σ and
Aj = I + (j − 1)e⊗ e. The matrices used below have the direction-free expressions

(5.5) Ad = I − w ⊗ w, Aχ = I − p+ 4
4 + pv

w ⊗ w.

Vectors and covectors are identified with g.
The unknowns will be (f, Z). For fixed ∇f , ∂Z/∂t = 1 + pv/4 > 0, and its defining expression

tends to −∞ and +∞ at the two ends of the t-axis. It therefore defines a unique smooth
t = t(Z,∇f) for all inputs, without a floor assumption. The formulas above are smooth at
∇f = 0, and 0 < χ ≤ d ≤ 1 for finite inputs. Define

(5.6) ḡ = g + l2 df2, ĝ = e4tḡ, Hf = l√
D

Hess f, S = K +Hf .

The original trace equation is

(5.7) trAχ S = F, F = h+ C,

where trA S is contraction with the contravariant matrix A. Along the continuation path we will
specify modified right sides F . The full flux is

(5.8) V = uAχ
(
4∇Z +K(w, ·)

)
.

At SR prescribe f = Z = 0. Initially the inner Dirichlet values are h = b− on Bb and h = b+ on
Bw.

5.2. The exact scalar-curvature identity. The next identity separates the original constraint
densities, a nonnegative quadratic term, and a divergence. The second equation will prescribe
that divergence so that the deformed metric has nonnegative scalar curvature.

Proposition 5.1 (Deformation identity). Let f, t be smooth and F = trAχ(K +Hf ). At σ > 0
decompose S relative to Re⊕ e⊥:

T = S|e⊥×e⊥ , M = S(e, ·)|e⊥ , q = S(e, e), trT = F − χq.

Then
1
2e

4t Scalĝ = 8π(µ+ J(w)) + T + w(F ) − F trK − u−1 divV,(5.9)
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where
T = 1

2 |T tf |2 + (M + pa∇⊥t) · (M + (p+ 2)a∇⊥t)
+ 4(p+ 1)| dt|2Ad

+ (χ− χ2/4)q2 + 2(p+ 1)χqa ∂et
− χFq/2 + 3F 2/4.

(5.10)

After substituting F = trAχ S, this expression extends smoothly across σ = 0.

Proof. Introduce an auxiliary coordinate s0 and the stationary Lorentz metric

g = −l2( ds0 − df)2 + ḡ = −U2 ds2
0 + g( dx+ β ds0, dx+ β ds0), β = l2∇f = Uw.

Its s0-slices have future normal N0 = (∂s0 − β)/U and second fundamental form

(5.11) k = −sym ∇β
U

= −Hf − p( dt⊗ w♭ + w♭ ⊗ dt).

Write θ = tr k and, for symmetric tensors, put

B(A,B) = ⟨A,B⟩ − (trA)(trB), PA = A− (trA)g, Q = K − k.

The normal expansion equation and contracted Gauss equation are
Ricg(N0, N0) = −N0(θ) − |k|2 + U−1∆U,

Scalg = Scalg +2 Ricg(N0, N0) + |k|2 − θ2.

Consequently Scalg = Scalg +|k|2 + θ2 + 2N0(θ) − 2U−1∆U . Stationarity gives UN0(θ) = −β(θ),
and div β = −Uθ follows from (5.11). Thus

(5.12) U Scalg = U
(
Scalg +B(k, k)

)
− 2 div(∇U + θβ).

In the coordinates s0 −f the same metric is a static warped product. Its mixed Christoffel symbols
are Γs

is = ∂i log l and Γi
ss = l∇̄il; contraction gives Scalg = Scalḡ −2l−1∆̄l. Since ḡ−1 = Ad and

dVḡ = (U/l) dVg,

(5.13) ∆̄ϕ = l

U
div

(
U

l
Ad∇ϕ

)
.

Direct differentiation of U and (5.11) gives

∇U − U

l
Ad∇l = −k(β, ·).

In fact both sides equal
l4

U
Hess f(∇f, ·) + l3

U

[
|∇f |2 dl + (∇f)(l) df

]
,

as follows by differentiating U2 = l2 + l4|∇f |2. Substitution in (5.12) yields

U Scalḡ = U
(
Scalg +B(k, k)

)
+ 2 div(Pkβ).

The constraints read 16πµ = Scalg −B(K,K) and 8πJ = divPK . Using PK : ∇β = −UB(K, k),
expansion therefore gives

(5.14) U Scalḡ = U [16π(µ+ J(w)) + B(Q,Q)] − 2 div(PQβ).

Indeed the derivative of PK cancels its term in div(PKβ), and B(Q,Q) + 2B(K, k) = B(K,K) +
B(k, k).

The three-dimensional conformal formula is
1
2e

4t Scalĝ = 1
2 Scalḡ −4∆̄t− 4| dt|2Ad

.
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For Y = PQw, replacing U by u = e2tU gives −U−1 div(UY ) = −u−1 div(uY ) + 2Y (t). Since
u/(U/l) = L, Equation (5.13) similarly gives

−4∆̄t− 4| dt|2Ad
= −u−1 div(4uAd∇t) + 4(p+ 1)| dt|2Ad

.

Before the flux modification, the scalar-curvature expression is
8π(µ+ J(w)) + 1

2B(Q,Q) + 2PQ(w,∇t) + 4(p+ 1)| dt|2Ad

−u−1 div
(
u(PQw + 4Ad∇t)

)
.

(5.15)

At σ > 0,
(5.16) 4 dZ = (4 + pv) dt+ v d log σ.
Write x = ∂et and y = ∇⊥t. The blocks of Q are

Q⊥⊥ = T, Qe⊥ = M + pay, Qee = q + 2pax,
trQ = F + (1 − χ)q + 2pax.

Hence (PQw)⊥ = a(M + pay) and (PQw)e = a(χq − F ). Together with aHf (e, ·) = v d log σ,
Equation (5.16) proves component by component
(5.17) V/u = PQw + 4Ad∇t+ wF.

Also uw = e2tl2∇f , so
(5.18) div(uw)/u = F + (1 − χ)q − trK + 2(p+ 1)ax.
Replacing the flux in (5.15) adds w(F ) + F div(uw)/u. The remaining quadratic expression is

T = 1
2B(Q,Q) + 2PQ(w,∇t) + 4(p+ 1)| dt|2Ad

+ F

[
F + p+ 4

4 + pv
S(w,w) + 2(p+ 1)w(t)

]
.

(5.19)

Here (1 − χ)q = (p+ 4)S(w,w)/(4 + pv), which gives a smooth formula at w = 0.
For the explicit coefficients, substitute |T |2 = |T tf |2 +(F−χq)2/2 in B(Q,Q)/2. The transverse

terms become (M + pay) · (M + (p + 2)ay). The coefficients of q2, F q, F 2 are respectively
χ− χ2/4,−χ/2, 3/4. The qx coefficient is 2(p+ 1)χa, the Fx terms cancel, and the remaining x2

term is 4(p+ 1)dx2. These are the terms in (5.10). □

Lemma 5.2 (Polynomial coercivity). The expression T is nonnegative. For 0 ≤ p ≤ n,
(5.20) | dt|2Ad

+ |T |2 + |M |2 + dq2 + F 2 ≤ C(1 + n)NT
with universal C,N . At dt = 0 there is the stronger comparison, uniform in p, d,
(5.21) c

(
|T tf |2 + |M |2 + χq2 + F 2) ≤ T ≤ C

(
|T tf |2 + |M |2 + χq2 + F 2).

Proof. With x = ∂et and y = ∇⊥t, exact completion gives
T = 1

2 |T tf |2 + |M + (p+ 1)ay|2 + [4(p+ 1) − v]|y|2

+ 4(p+ 1)d
(
x+ χaq

4d

)2

+ 3
4

(
F − χq

3

)2
+ 4d(9 − d)

3(4 + pv)2 q
2.

(5.22)

Completing first in x leaves 3χq2/(4 + pv); completing next in F leaves 3χ/(4 + pv) − χ2/12 =
4d(9−d)/[3(4+pv)2]. The latter coefficient is at least 32d/[3(4+n)2]. It controls dq2 polynomially.
The F -square then controls F 2, since χ2q2 ≤ dq2. The transverse gradient coefficient is at least
three, and the shifted M -square controls M with an additional factor (1 + n)2. The squared
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d-norm of the shift in the x-square is χ2vq2/(16d) ≤ dq2/16, so it also controls dx2. Finally
|T |2 = |T tf |2 + (F − χq)2/2. This proves (5.20). If dt = 0, the sole cross term is −χFq/2. Using
|χFq|/2 ≤ χq2/4 + χF 2/4 and 0 < χ ≤ 1 proves (5.21). □

Lemma 5.3 (Boundary identity). On a face where f is constant,

(5.23) Vν/u = d(H + 4∂νt) −H + wν(F − PB).

Its mean curvature in ĝ, with normal into Ω, is e−2t√d (H + 4∂νt).

Proof. The tangential Hessian is Hess f |TB = (∂νf) IIg. Thus tr⊥H
f = wνH and χq = F −PB −

wνH. The normal component of (5.8), using (5.16), is

Vν/u = 4d∂νt+ χwνq = 4d∂νt+ wν(F − PB) − vH.

The ḡ-normal is
√
d ν. Its mean curvature is

√
dH, because the tangential metric is unchanged

and its normal first variation is multiplied by
√
d. The conformal mean-curvature formula gives

the asserted mean curvature for ĝ. □

5.3. The source, boundary condition, and continuation path. We now prescribe the
divergence and inner flux. For the original system, the source is chosen to give the deformed
metric nonnegative scalar curvature. A penalty near the lower bound will exclude contact with
that bound along the continuation path.

Choose 3/4 < γ < 1 and fixed positive smooth weights

ρ0 ≍ r−4, ρ1 ≍ r−2γ ,

with differentiated end bounds. Let m : R → [0, 1] be smooth, equal to one on (−∞, 0] and zero
on [1,∞), and set

m0(t) = m(n(t+ ϵ)), P = Cn(ρ0 + vρ1).
The positive δ0 is fixed independently of n,R in Proposition 5.9; thereafter Cn is a sufficiently
large polynomial constant. Define

(5.24) Ξ = δ0T + ρ+ δ0τaσ −m0(t)P.

Choose a smooth face function NB > 1 + supB |H|. The original second equation and its inner
condition are

(5.25) divV = uΞ, Vν/u = −H + wν(F − PB) −NBd.

Lemma 5.3 gives H + 4∂νt = −NB. Only −ϵ ≤ t ≤ −ϵ+ 1/n is penalized in the admissible range.
Since n > 2/ϵ, this band has negative t, and

(5.26) ℓ ≤ l ≤ eℓ, cℓ ≤ L ≤ Cℓ on the admissible penalty band.

The latter constants can be uniform for 0 < ϵ < 1.

Proposition 5.4 (Specified homotopy). There is a continuous piecewise smooth family of systems
indexed by s ∈ [0, 4], beginning at (5.7), (5.25) and the original Dirichlet values, and ending at
f = 0 and the scalar problem with zero source and zero inner conormal flux. Throughout its first
three stages the source is (5.24), with T evaluated using the actual trace F . Each trace equation
has right-side derivative at least one in h, with x, Z,∇f fixed.

Proof. Fix a smooth j : R → [0, 1] which vanishes for t ≤ 0 and equals one for t ≥ 1. For
0 ≤ λ ≤ 1 put

Vλ = uAχ(4∇Z + λK(w, ·)), B = −H + wν(F − PB) −NBd.
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Before the last stage use the boundary condition

(Vλ)ν/u = [1 − (1 − λ)j(t)]
· [B − (1 − λ)(AχK(w, ·))ν ].

(5.27)

Outer values remain f = Z = 0 throughout.
We specify two smooth collar modifications. Let νs = ∇s/|∇s| be the outward unit normal to

a collar leaf; the leaf coordinate s here is local and is separate from the homotopy parameter.
Choose disjoint collar cutoffs equal to one at the faces. Take η > 0 so small that b− + 3η < b+.
A black contribution to D0(x,w, h) is a negative constant times a collar cutoff, times a smooth
directional cutoff supported where w · νs < −1/2 and equal to one at −1, times a nonincreasing
height cutoff equal to one below b− + η and zero above b− + 2η. A white contribution has positive
sign, its directional cutoff supported where w ·νs > 1/2 and equal to one at 1, and a nondecreasing
height cutoff equal to zero below b+ − 2η and one above b+ − η. Decrease η to separate these
ranges. Their sum D0 is smooth, bounded, supported in the collars, and nondecreasing in h. It is
nonpositive for h ≤ b− + η, nonnegative for h ≥ b+ − η, and vanishes on black outward and white
inward directions, for every length 0 ≤ |w| ≤ 1.

Choose the magnitudes larger than 2 supB |H|+1. Equation (5.1) then gives, for F = h+C+D0
at the assigned boundary height b = b±,

(5.28) F (x,+ν, b) ≥ PB +H, F (x,−ν, b) ≤ PB −H.

These are limiting directional evaluations at a = 1, χ = 0. The compatible direction has equality;
D0 corrects the other one. Its derivatives on bounded height ranges are independent of n. Choose
a smooth compactly supported extension b(x), constant equal to b± on each smaller collar. On
these collars let D1(x,w) = A1w · νs, extended by a collar cutoff, with A1 > supB |H| + 1. Then
D1(x, 0) = 0 and D1(x,±ν) = ±A1 on B.

The four stages are the following.
(i) For 0 ≤ s ≤ 1, set λ = 1 − s, keep F = h + C and h|B = b, and use divVλ = uΞ and

(5.27).
(ii) For 1 ≤ s ≤ 2, set λ = 0, α = s− 1, retain h|B = b, and replace the trace right side by

F = h+ C + αD0(x,w, h). Keep the same scalar equation and boundary prescription.
(iii) For 2 ≤ s ≤ 3, set λ = 0, ζ = s− 2, prescribe h|B = (1 − ζ)b, and use

F = h+ (1 − ζ)[C +D0(x,w, h+ ζb(x))]
+ ζ[trAχ K +D1(x,w)].

(5.29)

Keep the same scalar equation and boundary prescription. At a face, h+ζb = b. The value
at w = ±ν is the convex combination of the preceding directional value and PB+D1(x,±ν),
so (5.28) persists.

(iv) For 3 ≤ s ≤ 4, retain the trace problem at ζ = 1 and multiply both Ξ and the right side
of (5.27) by ηs = 4 − s.

The prescriptions agree at the common endpoints. Their h-derivatives are 1, 1 + α∂hD0, or
1 + (1 − ζ)∂hD0, all at least one.

At ζ = 1 the trace equation is trAχ H
f = h+D1(x,w) with zero Dirichlet values. At a positive

interior maximum of f , one has w = 0, Aχ = I, D1 = 0, and l∆f = τf > 0, a contradiction. A
negative minimum is excluded in the same way. Thus f = 0 and t = Z in the last stage. At s = 4
the remaining equation is div(4L(Z)∇Z) = 0, with zero inner conormal flux and Z = 0 on SR.
Multiplication by Z and integration give Z = 0. For the fixed-point construction in Section 7,
the last map therefore has output identically zero. □
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5.4. Elementary height and end barriers.

Lemma 5.5 (Height control). Every smooth trace solution in Proposition 5.4 satisfies |h| ≤ C0,
independently of n,R, the homotopy parameter, and the input Z. Its actual right side satisfies
|F | ≤ CF with the same independence.

Proof. The collar modifications vanish at w = 0. At an interior extremum the trace equation
reads either trK + l∆f = h + C or trK + l∆f = h + (1 − ζ)C + ζ trK. The maximum and
minimum inequalities bound h by fixed bounds for | trK| + |C|. Boundary values range between
b−, 0, b+. This proves the height bound without using the floor. Boundedness of D0, D1 and
| trAχ K| ≤ 3|K| proves the assertion for F . □

Lemma 5.6 (End height and outer boundary). There are r0, C > 0, independent of n,R and the
homotopy parameter, such that for R ≥ 2r0,

(5.30) |h| ≤ C(r−γ −R−γ) (r0 ≤ r ≤ R).

In particular,

(5.31) |∇f | ≤ CR−1−γ/τ on SR.

For fixed ϵ, n, a sufficiently large lower bound for R gives t > −ϵ on SR.

Proof. Take r0 outside the supports of K,C,D0, D1. There F = h in the first three stages, and
h = 0 in the last one. For ψ = r−γ , with axis ∇ψ/|∇ψ|, the controlled end gives, uniformly for
0 < χ ≤ 1,

trAχ Hessψ = γ((γ + 1)χ− 2)r−γ−2 +O(r−γ−3) < 0
after enlarging r0. At a comparison contact, coefficients use the given Z and the common gradient
of test and solution. The positive factor l/(τ

√
D) preserves this sign. Height monotonicity

therefore makes C(ψ − R−γ) an upper barrier and its negative a lower barrier. Choose C to
dominate C0 on r = r0 for every R ≥ 2r0. Differentiating at the common outer value gives (5.31);
tangential derivatives there vanish.

At SR, Z = 0. The monotonicity of its defining expression implies t > −ϵ if ℓ2|∇f |2 < e8ϵ − 1.
It suffices to require C2ℓ2τ−2R−2−2γ < e8ϵ − 1, which is a permissible lower bound depending on
fixed n, ϵ. □

5.5. Exclusion of a contact with the floor. We exclude a proposed floor contact using the
equations at that point. These estimates require neither an upper bound for Z nor a bound for
|∇f |.

Lemma 5.7 (Curvature at a minimum of t). At an interior point where dt = 0 and Hess t ≥ 0,

(5.32) 1
2e

4t Scalĝ ≤ 1
2 Scalg −vRicg(e, e) + S(Hf ),

where, for a symmetric tensor A,

S(A) = 1
4(tr⊥A)2 − 1

2 |Atf
⊥⊥|2

+ dAee tr⊥A− d|Ae⊥|2.
(5.33)

There are universal c∗, η∗ > 0 and polynomial constants Cn such that, at dt = 0,

(5.34) T − S(Hf ) ≥ c∗T − Cn(F 2 + |K|2).

If K = 0, the more useful uniform estimate is

(5.35) T − S(Hf ) ≥ c∗T − CnvF
2.
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Proof. Consider the graph of f in the Riemannian product with warped fiber (Ω × R, g + l2 db2
0).

Its induced metric is ḡ. At dt = 0 one also has dl = 0, and its second fundamental form, up
to orientation, is Hf . Write E = l−1∂b0 . The graph unit normal is

√
dE − ae. The ambient

curvature formulas at this point are
Scalamb = Scalg −2∆l/l,

Ricamb |TΩ = Ricg − Hess l/l, Ricamb(E,E) = −∆l/l,
with zero mixed Ricci terms. Hence the ambient contribution to half the graph scalar curvature is

1
2 Scalg −vRicg(e, e) − v tr⊥ Hess l/l.

The last term is nonpositive: at dt = 0, Hess l = lp Hess t and p ≥ 0. The second-form
contribution is [(trḡHf )2 −|Hf |2ḡ]/2. Since the inverse graph metric is Ad, its expansion is exactly
(5.33). Finally the conformal contribution at this point is −4∆̄t ≤ 0. This proves (5.32).

For the algebraic estimates we must retain the degenerate normal coefficient. First evaluate S
on S = K +Hf , whose trace in the transverse plane is F − χq. Subtracting (5.33) from (5.10) at
dt = 0 gives

T − S(S) = |T tf |2 + (1 + d)|M |2

+ χ(1 + d− χ/2)q2 − dFq + F 2/2.
(5.36)

The normal coefficient is at least χ, while |dFq| ≤ χq2/2 + d2F 2/(2χ). Because

d2/χ = d(4 + pv)/4 ≤ 1 + n/4,

Equation (5.21) implies T − S(S) ≥ cT − C(1 + n)F 2 with universal c > 0.
To replace S by Hf = S −K, polarize (5.33). The difference is bounded by

C|K|(|T tf | + |M | + |F | + d|q|) + C|K|2.

Indeed the only extra normal product is dq tr⊥K; all remaining products involve transverse
entries, dM , or tr⊥ S = F − χq. By (5.21) and d/

√
χ ≤ C

√
1 + n, this bound is at most

C
√

1 + n|K|
√

T + C|K|2. Young’s inequality absorbs a fixed small fraction of T and costs only
C(1 + n)|K|2. This proves (5.34).

If (1+p)v ≤ η∗, then d and χ are within Cη∗ of one. At d = χ = 1 the normal block in (5.36) is
3q2/2 − Fq + F 2/2; its symmetric matrix has smallest eigenvalue (2 −

√
2)/2 > 0. Choose η∗ > 0

small enough that its coefficients remain within half this spectral gap. The transverse coefficients
are already bounded below. For K = 0, Equation (5.21) therefore gives T − S(Hf ) ≥ c∗T in this
regime. In the remaining regime v > η∗/(1 + p), use (5.34) with K = 0 and absorb (1 +n)F 2 into
C(1 + n)2vF 2. This proves (5.35). All formulas extend to σ = 0 by their invariant expressions;
there d = χ = 1 and the full quadratic expressions are independent of the temporary choice of
axis. □

Lemma 5.8 (Homotopy errors at a floor contact). There is a fixed compact set K ⊂ Ω containing
the supports of K,C, b,D0, D1 such that, at an interior minimum t = −ϵ of a smooth solution in
the first three stages,

(5.37) divVλ/u ≥ 2δ0T + τaσ − C(1 + n)N [1K + v(ρ0 + ρ1)].

Here δ0 > 0 can be fixed sufficiently small independently of n,R and the homotopy parameter.

Proof. At this contact dt = 0 and p = n is locally constant as a function of t near its value −ϵ.
Differentiating w in an orthonormal frame gives

(5.38) ∇iwj = Hf
ij − wjH

f
ikw

k.
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In the e-frame the normal vector slot is multiplied by d. Equations (5.21) and d/√χ ≤ C
√

1 + n
therefore show
(5.39) |∇w| ≤ C(1 + n)N (|K| +

√
T ).

No bound for the uncontracted normal Hessian is asserted.
Each first-three-stage right side can be written as a smooth function F (x,w, h, p). Its h-

derivative is at least one. On the bounded height range supplied by Lemma 5.5, its explicit x- and
w-derivatives are polynomially bounded and compactly supported, apart from the derivative of
the term h. This follows directly from the fixed collar cutoffs and Aχ = I − (p+ 4)w⊗w/(4 + pv),
whose denominator is at least four. For example its first w-derivatives on |w| ≤ 1 are bounded by
C(1 + n)2, and the other explicit modifications have bounds independent of n. Combining these
bounds with (5.39) and Young’s inequality therefore produces a fixed finite power of 1 + n. Since
∇p = 0 at the contact and w(h) = τaσ, the chain rule and (5.39) give, for every fixed η > 0,

(5.40) w(F ) ≥ τaσ − ηT − Cη(1 + n)N1K.

The dependence D0(x,w, h + ζb(x)) only adds the fixed compact derivative of b and does not
change this conclusion.

The omitted flux is (1 − λ)uAχK(w, ·). Let BK = AχK(w, ·). Its derivative is bounded by a
polynomial constant times 1 +

√
T on K, by (5.39); derivatives of p vanish. The weight term

requires the contraction rather than a bound for |∇ log u|. At the contact,

∇ log u = Hf (w, ·), ⟨∇ log u,BK⟩ = a2(χHf
eeKee +Hf

e⊥ ·Ke⊥
)
.

This involves only χHf
ee and Hf

e⊥ and is controlled by (5.21). It follows that

(5.41) | div(uBK)|/u ≤ ηT + Cη(1 + n)N1K.

Combine the scalar identity with (5.32). The difference 8πµ−Scalg /2 equals ((trK)2 −|K|2)/2
and is compactly supported; so is J . The term F trK is compactly bounded by Lemma 5.5. On
K, Equation (5.34) therefore contributes c∗T −C(1 + n)N . Outside K, K = 0, F = h, and (5.35)
together with Lemma 5.6 gives c∗T − C(1 + n)Nvr−2γ . The remaining Ricci term is bounded
below by −C1K − Cvr−3; enlarge K if necessary. Both end weights are bounded by a multiple of
ρ0 + ρ1. Finally subtract the omitted flux and use (5.40)–(5.41), choosing their two η’s with sum
at most c∗/2. Fix 0 < δ0 < min(c∗/4, 1/4). Decreasing it slightly if necessary gives (5.37). □

Proposition 5.9 (Floor exclusion). Choose δ0 as in Lemma 5.8. There is a polynomial choice
Cn = C(1 + n)N in the penalty such that, for all sufficiently large n and all R ≥ Rfloor(n, ϵ),
no smooth solution anywhere along Proposition 5.4 can satisfy t ≥ −ϵ and attain t = −ϵ. In
particular every such admissible solution has t > −ϵ on ΩR.

Proof. Choose Rfloor to include the requirement of Lemma 5.6. A floor contact cannot occur on
SR. In the first three stages, an inner contact has j(t) = 0. Equation (5.27) then cancels the
omitted flux on both sides and gives Vν/u = B. Equation (5.23) forces H + 4∂νt = −NB, so
∂νt < 0. This contradicts the nonnegative derivative into ΩR at a boundary minimum.

Consider an interior contact. Let En = C(1 + n)N [1K + v(ρ0 + ρ1)] denote the error in (5.37).
Because ρ0 has a positive minimum on K, 1K ≤ CKρ0. Also vρ0 ≤ ρ0, and ρ/ρ0 is globally
bounded. We can therefore choose a polynomial Cn so large that, pointwise for all 0 ≤ v ≤ 1,
(5.42) P ≥ En + 2ρ+ ρ0.

At the floor m0 = 1, so the scalar equation and the lower estimate give
0 ≥ δ0T + (1 − δ0)τaσ + P − En − ρ

≥ ρ+ ρ0 > 0,
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a contradiction. Enlarging Cn below preserves this inequality and preserves its polynomial
dependence.

In the last stage f = 0, t = Z, u = L, and v = 0. At an interior minimum, T = (|K|2 +
(trK)2)/2. Increase Cn polynomially if necessary so that δ0T + ρ− Cnρ0 < 0 at all such points.
For ηs > 0, the scalar equation at a floor minimum has left side 4L∆t ≥ 0 and strictly negative
right side. At an inner floor minimum its flux is 4∂νt = ηs(−H −NB) < 0, also impossible. If
ηs = 0, multiplication of div(4L(t)∇t) = 0 by t, with zero outer value and zero inner flux, gives
t = 0. Thus the last stage has no floor contact either. □

We have excluded floor contact for every smooth admissible solution along the specified
homotopy. Section 6 supplies the remaining a priori bounds, and Section 7 proves existence. The
choice of P uses only polynomial losses in n; it is independent of all fixed-n Schauder constants.

6. A priori estimates for the deformation

We bound the height, boundary slopes, and conformal variable before using classical regularity.
Fix the prepared exterior of Proposition 4.7, its thresholds and collars, and ϵ > 0. We use the
variables and four stages of Proposition 5.4. A solution is smooth on a finite truncation and
satisfies t ≥ −ϵ, so the estimates include putative floor-contact solutions. No Hessian bound or
upper bound for Z is assumed.

A quantity denoted by Πn is bounded by C(1 + n)N , with C,N independent of the truncation,
the homotopy parameter, and n. It can increase at successive uses. The fixed data, collars, and ϵ
can enter C,N . A constant denoted by C(n) can depend arbitrarily on these fixed data and on
n, ℓ, τ ; it is still independent of the truncation and the homotopy parameter. Constants explicitly
described as fixed do not depend on n. Recall that

(6.1) ℓ = e−ϵn, τ = ℓ3/2, ℓ ≤ l ≤ e, 0 ≤ p ≤ n,
4d

4 + n
≤ χ ≤ d.

In particular Πnτ/ℓ → 0. This small factor will absorb only terms whose constants are polynomial.

6.1. Sublevels and exclusion of boundary layers. For notation in this section, let Bc be the
full closed maximal black region at threshold c, and let Wc be the corresponding white region
with Bcb

held fixed. These are the families used in Proposition 4.7.

Lemma 6.1 (Uniform separation from the wrong height). In the first two homotopy stages, the
following holds. If Q ⊂ Ω̄ is compact and disjoint from Bcb

, there are ηQ > 0 and nQ such that
(6.2) h ≥ b− + ηQ on Q

for every n ≥ nQ, every sufficiently large allowed truncation, and every admissible or floor-contact
solution in those stages. If Q is disjoint from Wcw , the analogous conclusion is h ≤ b+ − ηQ. The
compact sets are relative to the full closure: they may contain faces of the opposite color.

Proof. We prove the lower assertion. It is enough to consider an arbitrary sequence ni → ∞,
Ri → ∞ and solutions in either of the first two stages. The elementary height and end estimates
in Lemmas 5.5 and 5.6 give
(6.3) |hi| ≤ C0, |hi| ≤ C(r−γ −R−γ

i ) on the end, 3/4 < γ < 1.
Near each white face extend hi to the other side by the constant b+. Extend the fixed geometric
coefficients smoothly there. The extended functions are continuous. Define the lower relaxed limit

h(x) = lim
j→∞

inf{hi(y) : i ≥ j, dist(x, y) < 1/j}.

It is lower semicontinuous, bounded, and satisfies the limiting end bound. No equicontinuity of
hi is asserted.
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Choose b− < k′ < min{0, b− + η}, where η is the low-height sign range of the added term D0.
Suppose that a smooth function ϕ touches h from below at x, with h(x) ≤ k′ and dϕ(x) ̸= 0.
Exclude for the moment the black faces. Subtracting a small fourth-order localization term from
ϕ makes the contact strict without changing its two-jet. Minimization on a small closed ball then
produces points xi → x and constants ci → 0 such that ϕ+ ci touches hi from below at xi, and
hi(xi) → h(x). The boundary of this ball cannot contain xi by strictness. Nor can xi lie on a
white face or on the extended side: their values there are b+ > k′. Thus every sufficiently large i
uses the interior trace equation.

At these contacts,

∇fi = τ−1
i ∇ϕ, di ≤ τ2

i

ℓ2i |dϕ(xi)|2
−→ 0, ai −→ 1, χi −→ 0.

Here ai = li|∇fi|/
√
Di is the deformation variable. Positivity of Aχi and the Hessian inequality

at a lower contact imply

trAχi
K + li

τi
√
Di

trAχi
Hessϕ ≤ Fi(xi).

In the second stage D0 ≤ 0 at these values; in the first stage it is absent. Consequently
lim supFi(xi) ≤ k′ + Cb. Passing to the limit gives

(6.4)
tr(dϕ)⊥ Hessϕ

|dϕ|
+ tr(dϕ)⊥ K ≤ k′ + Cb.

This is the expansion of the level surface of ϕ, oriented toward increasing ϕ. The only Hessian
used in this passage is the fixed test Hessian. Removing the localization proves the assertion for
non-strict contacts as well.

We now transfer the test inequality to a closed sublevel set. Fix b− < k < k′ and put
Ek = {h ≤ k}. Set

(6.5) ψj(s) = 1
1 + exp[−j2(s− k − j−1)] , vj = ψj(h).

The lower relaxed limit of vj is the function v which equals zero on Ek and one on its complement.
Indeed, at a point of Ek the fixed-point values ψj(h(x)) tend to zero. If h(x) > k, lower
semicontinuity supplies a neighborhood where h > k + δ for some δ > 0, and vj tends uniformly
to one there.

Let φ be a nonzero-gradient lower test of v at a zero value. The same strict-contact localization
gives lower tests φ+ cj of vj at yj → x, with vj(yj) → 0. Since ψj(k′) → 1, one has h(yj) < k′

eventually. Locally about yj , the test value is in (0, 1), so ψ−1
j (φ+ cj) is a smooth lower test of h.

An increasing change of defining function does not change its oriented level expansion: if θ′ > 0,
then

Hess(θ ◦ φ) = θ′ Hessφ+ θ′′dφ⊗ dφ,
tr(dφ)⊥ Hess(θ ◦ φ)

|d(θ ◦ φ)| =
tr(dφ)⊥ Hessφ

|dφ|
.

Equation (6.4) therefore holds for the test φ+ cj and passes to φ. A smooth exterior support of
Ek, with defining function negative on the containing inner side, is a lower test of v: shrink its
neighborhood so that its positive values are less than one. Thus every such support has expansion
at most k′ + Cb.

This argument also rules out a hidden layer at a white face. The reversed white face is an
exterior support of Ek ∩ Ω̄ at any contact there, with expansion

−HB + PB = −cw > 0.
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For k′ sufficiently close to b−, this is strictly greater than k′ + Cb. The high extension ensured
that all preceding low-value tests came from the interior equation, so the support contradiction
applies at the face itself. Hence Ek avoids every white face. The end estimate makes Ek compact.

Adjoin the entire closed region Bcb
and fill bounded complementary pockets. At a point on its

smooth black frontier, every exterior support of the union also contains the black region locally.
The tangency comparison therefore bounds its expansion by cb < k′ + Cb. At all other frontier
points the preceding sublevel argument applies. Filling pockets only removes frontier pieces and
preserves this property. The resulting compact closed filled set contains the required original
inner barrier with a collar, because the black region already does. It avoids the outer barriers.
Lemma 4.6 places it in a smooth black trapped region at any threshold c′′ > k′ + Cb sufficiently
close to cb. It is consequently contained in Bc′′ .

Finally let Q be as in the lemma. Hausdorff right continuity at cb gives a δ > 0 such that
Bcb+δ ∩Q = ∅; decrease δ so that the enlarged threshold is still negative and all barriers remain
strict. Choose k, k′, c′′ with

b− < k < k′, k′ + Cb < c′′ < cb + δ.

The construction implies Ek ∩ Q = ∅ for every sequence under consideration. If the uniform
estimate h > k on Q failed, choose violating solutions with ni → ∞, Ri → ∞ and xi ∈ Q,
hi(xi) ≤ k. A subsequence has xi → x ∈ Q and h(x) ≤ k, a contradiction. This gives (6.2), after
decreasing its positive margin.

For the upper assertion apply the entire argument to (−h,−K,−C), interchanging colors. The
reversed black faces have strictly positive white expansion −cb. Their exclusion and compactness
give positive distance from the black region before applying the white version of Lemma 4.6.
Adjoining the full white region is therefore legitimate in the fixed black complement. Empty
white regions and missing face types cause no change: only an actually nonempty sublevel would
supply a trapped seed and hence a contradiction. □

For the truncation quantifier, start with any Rmin(n) → ∞ that satisfies the outer estimates of
Section 5, and enlarge it when necessary. Failure of any asserted estimate for arbitrarily large n
and R ≥ Rmin(n) supplies exactly the sequence excluded above. Only finitely many compact sets
will be needed below, so their thresholds can be chosen simultaneously.

6.2. Signed collar barriers.

Lemma 6.2 (Boundary slopes). There are fixed constants c, C∗ > 0 such that, for sufficiently
large n and the allowed truncations, the first two stages satisfy

(6.6)
c/τ ≤ ∂νf ≤ C∗/τ on black faces,
c/τ ≤ −∂νf ≤ C∗/τ on white faces.

During the third stage one still has |∂νf | ≤ C∗/τ . On every fixed compact region needed for the
final scalar-curvature estimate, the first two stages satisfy b− ≤ h ≤ b+.

Proof. Write s for the smooth leaf parameter in an outward collar and N = ∇s/|ds|. All geometric
coefficients of this fixed collar are bounded, with |ds| bounded above and below. At a comparison
contact with h0 = b− + ψ(s), ψ′ > 0, the shared gradient gives

(6.7) d ≤ C
τ2

ℓ2(ψ′)2 , 1 − a ≤ d, nχ ≥ c1d (n ≥ 4).

If the slopes are in a fixed positive interval, the first bound is d ≤ Cℓ. None of these comparisons
uses an upper bound for Z.



SPACETIME PENROSE INEQUALITIES 39

The trace operator on this test is

trAχ

(
K + l

τ
√
D

Hessh0

)
= Ps + aHs + χK(N,N) + aχ

(Hess s(N,N)
|ds|

+ |ds|ψ
′′

ψ′

)
,(6.8)

where Ps is the tangential trace of K on the leaf. Thus it is the leaf expansion Hs + Ps, with an
error of absolute value at most Cd, plus the displayed logarithmic-slope term. The same formula
for a negative slope has a replaced by −a in the Hessian terms. This is an evaluation at the
contact variables; it does not differentiate the unknown t.

On a black collar Hs + Ps ≥ cb and C = Cb − kBs. Choose small positive slopes so that
ψ(0) = 0 and ψ(s) ≤ kBs/2. At the outer end of a sufficiently short fixed collar, Lemma 6.1 lets
this test lie below the solution. In the compatible direction the add-on D0 vanishes. The residual
of the trace equation on the test is therefore at least

(6.9) kBs/2 − Cd+ aχ|ds|ψ
′′

ψ′ .

Choose a smooth nonnegative βn(s) equal to An for 0 ≤ s ≤ 1/n, supported in 0 ≤ s ≤ 2/n, and
satisfying

∫
βn ≤ 2A. Define

ψ′(s) = m exp
(∫ s

0
βn(q) dq

)
.

Choose the fixed A large enough that the final term of (6.9) dominates Cd on s ≤ 1/n, using
(6.7) and a ≥ 1/2 there. On s ≥ 1/n, the first term dominates Cd ≤ Cℓ for large n; the taper
contributes with the good sign. Since the slope multiplier is at most e2A, a fixed sufficiently small
m > 0 enforces all the previous small-slope requirements. This constructs a strict lower barrier
with slopes bounded above and below independently of n.

An upper barrier from b− is constructed in the same collar with

ψ′(s) = M exp
(

−
∫ s

0
βn(q) dq

)
.

The smooth leaf expansion differs from its boundary value by O(s). Choose the fixed M so large
that ψ(s) ≥ C2s dominates this variation, the offset variation, and the height bound at the outer
collar end. The logarithmic-slope term is now negative. On s ≤ 1/n it dominates Cd; on the rest
of the collar the negative margin proportional to s does so. The upper barrier is strict at every
possible positive contact. Its slopes lie in [Me−2A,M ], an interval independent of n.

To check the comparison signs, at a negative interior minimum of h − h0 the Hessian of h
dominates that of h0, the gradients and Z agree, and hence so do t, l, Aχ. The right side is
strictly increasing in the height. Thus a strict positive residual for a lower barrier contradicts the
equation. At a positive maximum the inequalities reverse, proving the upper-barrier assertion.
Taking the one-sided derivative at s = 0 proves the black part of (6.6). Replacing (h,K,C) by
(−h,−K,−C) proves the white part.

In the third stage the boundary height is the assigned interpolated constant, say bζ . Construct
tests bζ + ψ(s) and bζ − ψ(s) with large positive ψ′ and (logψ′)′ = −βn. At s = 0, the two
directional inequalities of Proposition 5.4 say precisely that the positive-slope test has nonpositive
limiting residual and the negative-slope test nonnegative limiting residual. At every comparison
contact, the fixed positive barrier slope and Equation (6.7) give d ≤ Cℓ, so a ≥ 1/2 for large n.
On 1/2 ≤ |w| ≤ 1, the first w-derivatives of Aχ in Equation (5.5) are bounded independently
of 0 ≤ p ≤ n. The other collar terms have fixed smooth coefficients on the bounded height
range. Thus, at fixed boundary height the coefficient and geometric errors are O(s + d + χ),
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since |w − (±N)| = 1 − a ≤ d and the radial comparison segment stays in this range. Changing
the test height supplies, by height monotonicity, a residual of magnitude at least ψ(s) with the
required sign. Large fixed slopes dominate the O(s) error and the outer-end height bound. The
logarithmic-slope term has the required sign for both tests, as follows from (6.8); it dominates the
O(d) error on the initial 1/n interval. The remaining margin dominates it beyond that interval.
This proves the two-sided upper derivative bound, without using sublevel exclusion in the third
stage.

Finally, on each own-color collar the lower barrier just constructed gives the required one-sided
height bound. On the rest of a fixed compact region use Lemma 6.1; the opposite height bound
on an own-color collar follows from that lemma as well, since the closed collar is disjoint from the
other region. A finite cover proves b− ≤ h ≤ b+ on the compact regions in the statement. □

6.3. A trace estimate with polynomial constants. The collar trace estimate must have
polynomial constants: it will control the boundary flux both here and in the mass estimate. We
therefore prove it before comparing with the ordinary product graph.

Lemma 6.3 (Weighted and unweighted collar traces). In the first two stages let C be a fixed
union of disjoint collars of the inner faces, shortened if necessary. For every nonnegative smooth
function φ supported in those collars,∫

B
LφdAg ≤ Πn

∫
C
u
[
(1 +

√
T )φ+ |dφ|Aχ

]
dVg,(6.10) ∫

B
φdAg ≤ Πn

∫
C

√
D
[
(1 +

√
T )φ+ |dφ|Aχ

]
dVg.(6.11)

The estimates also hold without a support condition on φ if the right sides include a fixed collar
cutoff equal to one on B, with its derivative included in the coefficient of φ.

Proof. For σ > 0, write ef = ∇f/σ, the axis denoted by e in Section 5. Set

W = l∇̄f = l∇f
D

=
√
d aef .

Its norm in ḡ is a ≤ 1. For any covector ξ,

(6.12) |ξ(W )| ≤ |ξ|Ad
≤
√

1 + n/4 |ξ|Aχ .

Direct differentiation, using uW = Lw, gives
div(uW )

u
=

√
d
[
trAd

Hf + (dp+ pL)a∂ef
t
]
,(6.13)

div(
√
DW )√
D

=
√
d
[
trAd

Hf + dp a∂ef
t
]
.(6.14)

For example, divw = trAd
Hf + dp a∂ef

t, while differentiating L adds pLa∂ef
t to the first formula.

Coercivity in Lemma 5.2 bounds both right sides by Πn(1 +
√

T ). More explicitly, writing
q = (K +Hf )ef ef

, the normal Hessian term has coefficient d3/2, so it is bounded by
√
d|q| + C.

The other Hessian terms are transverse traces, and the gradient term is at most (2n+ 2)
√
d|∂ef

t|.
All are controlled by the stated coercivity estimate. This also establishes the formulas and bounds
at zero gradient by their smooth direction-free extensions.

Let εB = 1 on a black collar and −1 on a white collar. The signed slopes give wν = εBa on B
and a ≥ 1/2 for large n. Thus

uWν = εBLa,
√
DWν = εBa.
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The outward integration normal is −ν. Apply the divergence theorem to −εBuWφ, with a
fixed collar cutoff. Its boundary flux is Laφ. Equations (6.12) and (6.13), and the fixed cutoff
derivative, give (6.10). Replace u by

√
D and use (6.14) for (6.11). No factor ℓ−1 was used. □

6.4. High-level energy and the first upper bound. The first stage contains the drift in
the divergence equation. We first bound this stage uniformly for λ ∈ [0, 1]. There is a number
M0 = M0(n) > 0 such that
(6.15) Ξ ≥ δ0T + ρ+ 1

2δ0τaσ on {Z > M0}.
Indeed, outside the support of m0 this is immediate. On its support, −ϵ ≤ t ≤ −ϵ+ 1/n, so l is
comparable to ℓ. The identity D = e8(Z−t) shows that aσ tends uniformly to infinity as Z → ∞
in that band. The penalty P is bounded on the whole exterior by Πn. It is therefore absorbed by
δ0τaσ/2 above a fixed M0(n). This choice is independent of R and λ.

Choose a smooth nondecreasing k0 equal to zero on Z ≤ M0, equal to one on Z ≥ M0 + 1, and
with bounded derivative. Test divVλ = uΞ by k0(Z). Its outer boundary term vanishes since
Z = 0. The drift cross term is bounded by

uk′
0
∣∣⟨dZ,K(w, ·)⟩Aχ

∣∣ ≤ 2uk′
0|dZ|2Aχ

+ Cuk′
0|K|2.

The last term has bounded integral: it is supported on a fixed compact set and onM0 ≤ Z ≤ M0+1,
where the floor and D = e8(Z−t) bound u and σ by C(n).

At a black face F − PB = H, wν = a; at a white face F − PB = −H, wν = −a. In both cases
−H + wν(F − PB) = (a− 1)H.

The additional omitted-drift term in the homotopy boundary condition has absolute value at most
Cχ ≤ Cd, since AχK(w, ·) has normal component χwνK(ν, ν). The remaining term is −NBd,
and the boundary multiplier lies between zero and one. Hence

(6.16) |(Vλ)ν | ≤ Cud = CL
√
d ≤ C

τ

ℓ
L on B,

where the last inequality uses the lower slope in (6.6). Integration now gives∫
ΩR

uk0
(
δ0T + ρ+ 1

2δ0τaσ
)

dVg + 2
∫

ΩR

uk′
0|dZ|2Aχ

dVg

≤ C(n) + C
τ

ℓ

∫
B
Lk0 dAg.(6.17)

Apply (6.10) with the fixed collar cutoff. The boundary cost is at most

Πn
τ

ℓ

∫
C
u
[
k0(1 +

√
T ) + k′

0|dZ|Aχ

]
dVg.

Let ρC > 0 be the minimum of ρ on the closed collars. Pointwise, 1 +
√

T ≤ C(ρ+ δ0T ) there,
with C fixed. Since Πnτ/ℓ → 0, the first summand is absorbed in the first integral of (6.17).
Young’s inequality bounds the derivative summand by

uk′
0|dZ|2Aχ

+ C(Πnτ/ℓ)2uk′
0.

The second term again has bounded compact integral because it lies in the transition strip of k0.
We obtain

(6.18)
∫
uk0(T + ρ+ τaσ) dVg +

∫
uk′

0|dZ|2Aχ
dVg ≤ C(n).

The smallness requirement on n in this absorption is independent of M0; only its resulting
right-hand constant depends on M0.

The polynomial boundary absorption is complete. We may now use arbitrary fixed-n comparison
constants. Write Γ for the ordinary product graph of f in g + ( db0)2, and dΓ =

√
1 + σ2 dVg.
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The measures dΓ and
√
D dVg are comparable by constants depending only on ℓ. On every fixed

compact set Q,

(6.19)
∫

Γ∩π−1(Q)
e2Z dΓ ≤ CQ(n),

where π is projection to the base. To check this without an upper bound for t, observe that
e2Z = e2tD1/4, u = le2t√D, D1/4 ≤ C(n)(1 + τaσ).

The last inequality follows by splitting lσ ≤ 1 and lσ > 1, using ℓ ≤ l ≤ e; on the second set
a ≥ 1/

√
2 and the right side grows linearly in σ, whereas D1/4 grows at most as C

√
σ. Thus the

high-level part of (6.19) follows from (6.18) and the positive minimum of ρ on Q. On Z ≤ M0 + 1,
both σ and e2Z are bounded by the floor identity, which controls the remaining compact integral.

6.5. Sobolev inequality and iteration on the ordinary graph. The comparisons in this
subsection are uniform in the solution, R, and the homotopy parameter, but may depend arbitrarily
on n. If d0 = (1 + σ2)−1, then

|dφ|Ad0
= |∇Γφ|, d

d0
= 1 + σ2

1 + l2σ2 .

The last ratio is bounded above and below by constants depending only on ℓ; Equation (6.1)
therefore compares Ad0 , Ad, Aχ without any bound for Z.

Lemma 6.4 (Local graph Sobolev inequality). For a smooth function ω supported over a fixed
compact base patch, which may meet an inner face,

(6.20) ∥ω∥2
L6( dΓ) ≤ C(n)

∫
Γ

[
|∇Γω|2 + (1 + T )ω2

]
dΓ.

Proof. Extend the fixed base patch smoothly and embed a compact enlargement isometrically in
Euclidean space by Nash’s embedding theorem [41, Theorem 2]. Its product with the vertical line
gives an isometric Euclidean immersion of the graph. The second fundamental form of the base
embedding is bounded, so its contribution to the graph mean curvature vector is bounded. The
scalar mean curvature in the product is

HΓ =
√
D

l
√

1 + σ2

(
tre⊥

f
Hf + d0H

f (ef , ef )
)
.

The prefactor is bounded by C(n), and d0/
√
d =

√
1 + l2σ2/(1 + σ2) ≤ e. Coercivity therefore

gives |HΓ| ≤ C(n)(1 +
√

T ). This estimate involves controlled quadratic energy, not a pointwise
bound for the Hessian.

The ordinary Michael–Simon inequality [40], in the compact-support form stated in [47,
Chapter 4, Section 5, Theorem 5.7], gives after the boundary extension described below, for
nonnegative φ, (∫

Γ
φ3/2 dΓ

)2/3
≤ C

[∫
Γ
(|∇Γφ| + |HΓ|φ) dΓ +

∫
∂Γ
φ dA

]
.

One can obtain the boundary form directly from the compact-support version by smoothly
extending each smooth graph across its boundary and cutting off on a collar tending to zero: the
cutoff derivative integral converges to the boundary integral, and the added curvature integral
tends to zero. This argument is applied to each smooth graph before the uniform estimate is
taken. The only boundary in the support is an inner face, where f is constant and dA = dAg.
Equation (6.11) and the fixed-n graph comparisons bound its contribution by

C(n)
∫

Γ
[(1 +

√
T )φ+ |∇Γφ|] dΓ.
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Apply the resulting inequality to φ = |ω|4. Cauchy–Schwarz bounds its right side by

C(n)∥ω∥3
6

(∫
Γ
[|∇Γω|2 + (1 + T )ω2] dΓ

)1/2
.

The left side is ∥ω∥4
6; division, with the zero case separate, and squaring prove the assertion. □

To turn the integral bound into an upper bound, let η be a nonnegative cutoff over a fixed
compact patch. For k sufficiently large, independently of R and the solution, test the first-stage
divergence equation by

q = η2e2kZ/L.

The positive measure after cancellation of L is
√
D dVg. The differentiated test is

dq = e2kZ

L
[2η dη + η2(2k dZ − pL dt)].

Its principal exponential contribution is 8kη2e2kZ |dZ|2Aχ
. The source is bounded below by δ0T −Πn

everywhere. Coercivity and Aχ ≤ Ad give

4pL|⟨dt, dZ⟩Aχ | ≤ 1
4δ0T + C(n)|dZ|2Aχ

.

Choose k ≥ k∗(n) so that the second term is absorbed by the principal contribution. The drift
terms, with |K(w, ·)|Aχ ≤ |K|, obey

2k|⟨K(w, ·), dZ⟩Aχ | ≤ k|dZ|2Aχ
+ Ck|K|2,

pL|⟨K(w, ·), dt⟩Aχ | ≤ 1
4δ0T + C(n)|K|2.

The cutoff cross terms are handled by the same Cauchy inequalities, leaving C(n)ke2kZ(|dη|2g+η2).
The penalty is bounded and contributes to this latter expression. Finally, Equation (6.16) before
its last inequality gives |q(Vλ)ν | ≤ Cη2e2kZ√

d ≤ Cη2e2kZ . Converting to the ordinary graph
yields ∫

Γ
e2kZη2(T + k|∇ΓZ|2) dΓ

≤ C(n)k
∫

Γ
e2kZ(η2 + |dη|2g) dΓ + C(n)

∫
B
e2kZη2 dAg.(6.21)

Use the unweighted trace with φ = e2kZη2. The boundary term is at most

C(n)
∫

Γ
e2kZ

[
η2(1 +

√
T + k|∇ΓZ|) + η|dη|g

]
dΓ.

Young’s inequality absorbs its
√

T term into the T integral and its k|∇ΓZ| term into the k|∇ΓZ|2
integral. The latter absorption costs C(n)kη2e2kZ , which has the allowed size. Hence

(6.22)
∫

Γ
e2kZη2(T + k|∇ΓZ|2) dΓ ≤ C(n)k

∫
Γ
e2kZ(η2 + |dη|2g) dΓ,

with constants independent of k ≥ k∗.
Apply Lemma 6.4 to ω = ηekZ and use (6.22). For nested base patches Ur ⊂ Ur′ and a cutoff

satisfying |dη|g ≤ C/(r′ − r), this gives

(6.23) ∥eZ∥L6k(Γ|Ur ) ≤
[
C(n)k2(1 + (r′ − r)−2)

]1/(2k)
∥eZ∥L2k(Γ|Ur′ ).
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Here Γ|U denotes the part of the graph projecting to U . Iterate with kj = 3jk∗ and radii decreasing
geometrically from r′ to r. The sums

∑
k−1
j and

∑
j/kj are finite. Taking the product in (6.23)

therefore gives

(6.24) S(r) := sup
Ur

eZ ≤ C(n)(r′ − r)−A(n)∥eZ∥L2k∗ (Γ|Ur′ ).

Take all these patches inside a slightly larger fixed patch on which (6.19) holds. Increasing k∗ to
at least two, interpolation gives

∥eZ∥2k∗ ≤ S(r′)1−1/k∗

(∫
e2Z dΓ

)1/(2k∗)
.

Thus S(r) ≤ C(n)(r′ − r)−A(n)S(r′)1−1/k∗ . For every α > 0, Young’s inequality makes this

(6.25) S(r) ≤ αS(r′) + C(n, α)(r′ − r)−A(n)k∗ .

Choose radii increasing geometrically to a fixed outer radius r1, and then choose α < 2−A(n)k∗−1.
Iterating (6.25) has a convergent geometric sum. Its final remainder αjS(rj) tends to zero,
because each individual smooth solution is bounded on the closed outer patch. The resulting
smaller-patch bound is independent of that individual supremum. A finite cover proves a uniform
compact upper bound for Z, including at every inner face.

Beyond a fixed sphere containing the drift support, the equation is div(4uAχ∇Z) = uΞ, and
Ξ > 0 above M0. At an interior maximum above M0 its left side is nonpositive, because dZ = 0
and HessZ ≤ 0. The outer boundary value is zero. The compact bound on that fixed sphere
consequently extends the first-stage upper bound to the whole truncation.

6.6. The remaining stages and the bounded-variable conclusion. In the second and third
stages the drift is zero. Their source has the same high-Z positivity as (6.15), with a uniform
threshold for the bounded homotopy range. By Lemma 6.2, on an inner face

(6.26) Z = t+ 1
8 log(1 + l2σ2) ≤ t+ 1

8 log(1 + e2C2
∗/τ

2).

Thus sufficiently high boundary Z forces j(t) = 1. The prescribed boundary flux is then zero,
since λ = 0. At the face Aχν = χν, so this is exactly ∂νZ = 0. The maximum principle excludes
a high interior maximum, and the boundary point principle excludes a high maximum on a
smooth inner face with this zero conormal derivative. Both principles are applied to the smooth
individual solution on its finite domain; its coefficients are positive definite there. Locating the
maximum requires no uniform ellipticity constant. The outer value is zero, so these two stages
also have a uniform upper bound.

In the fourth stage f = 0 and t = Z. When the common source/flux scale is positive, the same
maximum and boundary argument works with its positive high-level source. At scale zero the
homogeneous mixed problem and the outer zero Dirichlet value give Z = 0. The upper bound is
consequently uniform also as the scale tends to zero.

Proposition 6.5 (Bounds before regularity). Fix the prepared data and ϵ > 0. There are n0 and
Rmin(n) → ∞ such that, for each fixed n ≥ n0 and every R ≥ Rmin(n), all smooth solutions of
the four-stage homotopy with t ≥ −ϵ satisfy

(6.27) |h| ≤ C0, |f | ≤ C0/τ, −ϵ ≤ t ≤ Z ≤ C(n), |∇f | ≤ C(n).

The constants are uniform in R and in the homotopy parameter. They include putative floor-
contact solutions, which are then excluded by Proposition 5.9. The fixed signed slopes, the
third-stage upper slopes, and the polynomial trace estimates are those of Lemmas 6.2 and 6.3.
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Proof. It remains to extract the bounds for the conformal variable and the gradient. Since
Z = t+ logD/8 and D ≥ 1, the floor gives −ϵ ≤ t ≤ Z. The upper bound for Z gives

σ2 = e8(Z−t) − 1
l2

≤ ℓ−2(e8(C(n)+ϵ) − 1
)
.

This proves the asserted fixed-n gradient bound. The height bounds are Lemma 5.5. The finite
collection of sublevel and collar estimates and the polynomial absorption choose n0 once. Enlarge
Rmin(n) to include the outer estimates and all fixed compact patches used above. The next section
derives Hessian and continuity estimates from these bounds and uses them to prove existence. □

7. Regularity and existence of the elliptic deformation

We now pass from the bounded variables in Proposition 6.5 to smooth solutions. The second
equation contains Hessian squares, so classical estimates cannot yet be applied directly. We first
control the gradient of the first unknown with a measurable axial coefficient. Its Hessian Morrey
bound then gives continuity of the second unknown and permits classical regularity. Finally
we define the scalar Dirichlet solution operator on all bounded input sets and apply degree to
Proposition 5.4.

Throughout this section, ordinary regularity constants may depend on all fixed deformation
parameters, including n and τ . No such constant will be used as a polynomial-in-n estimate.
Bounds uniform in the outer truncation radius will be stated explicitly.

7.1. An estimate for a measurable axial coefficient. We use D for coordinate derivatives in
the analytic lemmas. Balls are Euclidean coordinate balls, and a boundary ball is their intersection
with one side of a smooth boundary. A family of boundary patches has bounded geometry here if
normal-coordinate charts, their inverses, the metric and its inverse, and the derivatives through
the orders used below have fixed bounds. We only apply the lemmas to smooth metrics and
smooth boundaries. Their doubled metrics will be Lipschitz and smooth on each side of a single
plane.

Lemma 7.1 (Axial gradient estimate). Let U ′ be compactly contained in an interior or boundary
coordinate patch U in dimension three. In a boundary patch assume that z is constant on the
boundary face. Suppose z is smooth up to that face, |∇z| ≤ L, and, almost everywhere,

(7.1) Aχ : Hess z = G, Aχ = I − (1 − χ)e⊗ e, e = ∇z
|∇z|

, 0 < χ0 ≤ χ ≤ 1,

where ∥G∥∞ ≤ Q. At zero gradients any measurable unit axis for which the equation holds is
allowed. Then there are α ∈ (0, 1) and C < ∞, depending only on χ0, the patch geometry and the
separation of U ′ from the other patch boundaries, such that

(7.2) ∥∇z∥C0,α(U ′) ≤ C(L+Q).

For all sufficiently small coordinate balls centered in U ′, with intersection with the domain
understood at a boundary, one also has

(7.3)
∫
Br∩U

| Hess z|2 dVg ≤ C(L+Q)2r1+2α.

In particular, the constants are independent of continuity moduli of χ and G.

Proof. The proof combines a Cordes estimate, a divergence identity for the gradient, and im-
provement of affine approximations. We first establish these estimates, then handle boundary
reflection and the iteration.
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A Cordes estimate above exponent two. For a Euclidean unit vector e,
(7.4) ∥I −Aχ∥F = 1 − χ ≤ 1 − χ0.

For a compactly supported smooth function v, Plancherel’s theorem gives ∥D2v∥2 = ∥∆v∥2. The
Calderón–Zygmund operator taking ∆v to the full array D2v is bounded on Lp, and interpolation
makes its norm arbitrarily close to one as p → 2. Choose once and for all
(7.5) 2 < p0 < 3, Cp0(1 − χ0/2) < 1.
Rescale a metric-normalized patch until the coordinate principal matrix differs from its Euclidean
axial matrix by less than χ0/2 in Frobenius norm. Absorbing this difference in the Laplacian
estimate, applying a cutoff, and using ∥Dv∥p ≤ η∥D2v∥p + Cη∥v∥p gives
(7.6) ∥D2v∥Lp0 (B1/2) + ∥Dv∥Lp0 (B1/2) ≤ C

(
∥v∥Lp0 (B1) + ∥Aχ : Hess v∥Lp0 (B1)

)
.

The Christoffel terms are bounded first-order terms in this estimate. The same argument applies
when v = z − L0 and L0 is coordinate affine: its extra right side is bounded by C∥Dg∥∞|DL0|.
The estimate uses bounded measurable principal coefficients only; the smoothness of the solutions
allows all of its applications without an approximation issue. The linear estimates just used are
the ordinary Laplacian estimates; see [28, Chapters 7 and 9].
The identity controlling a near-maximal gradient. Write H = Hess z and P = ∇z. Equation (7.1)
gives the pointwise vector identity

(7.7) Aχ∇|P |2

2 −GP = (H − ∆z g)P.

Indeed HP = |P |H(e, ·) and G = ∆z− (1 −χ)H(e, e), so the two axial terms cancel. The identity
is also valid at P = 0. Taking the divergence of its right side, rather than differentiating χ, yields

(7.8) div
(
Aχ∇|P |2

2 −GP

)
= |H|2 − (∆z)2 + Ric(P, P ).

Choose a0 > 0 so small that (1 + a0)(1 − χ0)2 < 1. Young’s inequality and the equation show
(7.9) |H|2 − (∆z)2 ≥ c0|H|2 − C0G

2,

where c0 > 0 depends only on χ0.
Consider solutions normalized by |∇z| ≤ 1 on B1. After making the scale small, let the forcing

and the rescaled geometric errors have size at most δ. The nonnegative function s = 1 − |∇z|2
then satisfies
(7.10) div(Aχ∇s+ 2G∇z) ≤ −2c0| Hess z|2 + Cδ

in a weak sense. In the Euclidean case the last term can be replaced by Cδ2. We allow Cδ to
include the geometric errors.

For the compactness step, suppose the normalized errors tend to zero in a sequence and
infB1/2 s → 0. The inhomogeneous weak Harnack inequality, applied to Equation (7.10) after
dropping its favorable Hessian term, gives s → 0 in measure on B1/2. The boundedness 0 ≤ s ≤ 1
also gives convergence in every finite Lp norm there. To recover the Hessian information, take a
cutoff η supported inside B1/2 and use η2(b− s)+ in the weak supersolution inequality. Ellipticity
and Young’s inequality give

(7.11)
∫

{s<b}
η2|Ds|2 ≤ Cb2

∫
|Dη|2 + o(1)

for each fixed b > 0 as the errors vanish. The error fields in Equation (7.10) are bounded and
tend to zero, so their products with Ds are absorbed in deriving this inequality. Equation (7.6)
supplies a uniform L2 bound for Ds. Its integral over {s ≥ b} tends to zero in L1 by Cauchy’s
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inequality and convergence in measure. On {s < b} use Equation (7.11), then let b ↓ 0. Thus
Ds → 0 locally in L1. Testing Equation (7.8) with a nonnegative compact cutoff and using
Equations (7.9) and (7.7) now gives

(7.12)
∫
B1/4

| Hess z|2 −→ 0.

Uniform Lipschitz compactness implies that, after subtracting a constant and taking a subsequence,
z tends uniformly on a smaller ball to an affine function. Its slope has length one because |∇z| → 1
in measure and the Hessians tend to zero.

Consequently, for any prescribed sufficiently small b∗ > 0 there are fixed r∗ ∈ (0, 1/4),
k∗ ∈ (r∗, 1) and δ∗ > 0 such that every normalized solution with errors at most δ∗ has one of the
following properties:

sup
Br∗

|∇z| ≤ k∗; or

sup
Br∗

|z − L0| ≤ b∗r∗,
1
2 ≤ |DL0| ≤ 2.

(7.13)

If this conclusion failed, solutions whose gradient suprema approach one and whose errors approach
zero would contradict Equation (7.12). A gradient-drop constant can always be weakened toward
one to ensure k∗ > r∗.
A fixed-axis equation. Once a nonzero affine slope appears, we compare with an equation whose
axis is fixed. Fix a Euclidean unit vector e0. Suppose

(7.14) ∆e⊥
0
Y0 + χ(x)∂e0e0Y0 = 0 in B3/4, ∥Y0∥W 2,2(B3/4) ≤ C1.

The derivative v = ∂e0Y0 belongs to W 1,2 and, in distributions, satisfies

(7.15) ∆e⊥
0
v + ∂e0(χ∂e0v) = 0.

This follows by differentiating the distribution χ∂e0v as a whole. It does not assume a derivative
of χ exists as a function. De Giorgi’s estimate for this uniformly elliptic divergence equation,
followed by Caccioppoli applied to v − v(x0), gives an exponent α1 ∈ (0, 1) and

(7.16) [v]C0,α1 (B1/2) ≤ C,

∫
Br(x0)

|Dv|2 ≤ Cr1+2α1

for balls in a smaller fixed interior region. These are the scalar divergence estimates with ellipticity
χ0; see [28, Chapter 8].

All components of DY0, not only v, are controlled by this estimate. In fact,

(7.17) ∆Y0 = f0, f0 = (1 − χ)∂e0v,

∫
Br(x0)

|f0| ≤ Cr2+α1 .

The last inequality follows from Cauchy’s inequality and Equation (7.16). Take the Newton
potential of f0 restricted to a slightly larger interior ball; its difference from Y0 is harmonic in that
ball. For two points at distance h, the contribution to the difference of gradient potentials from
annuli of radius r ≤ 2h is bounded by C

∑
rα1 ≤ Chα1 . On the remaining annuli the difference

of gradient kernels is at most Chr−3, so their contribution is

(7.18) Ch
∑
r≥2h

rα1−1 ≤ Chα1 .

The harmonic remainder has its usual interior derivative estimates. Therefore, decreasing the
interior ball if needed,

(7.19) ∥Y0∥C1,α1 (B1/4) ≤ C.
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Improvement of a nonzero affine approximation. Suppose now
(7.20) ∥z − L0∥L∞(B1) ≤ b, 1

4 ≤ |DL0| ≤ 4, |∇z| ≤ 8.
Let the forcing and the first-derivative metric errors be at most bδ. For Y = (z − L0)/b,
Equation (7.6) on fixed nested balls gives
(7.21) ∥Y ∥W 2,p0 (B7/8) ≤ C.

In particular, this estimate does not require a bound for DY in the supremum norm. Since
Dz = DL0 + bDY , the variable axis converges in measure to e0 = DL0/|DL0| as b → 0. More
quantitatively, the coefficient error E caused by replacing this axis by e0 is bounded and satisfies

(7.22) ∥E∥Lq(B7/8) ≤ Cbϑ + Cbδ, q = 2p0
p0 − 2 , ϑ = p0 − 2

2 > 0.

Indeed the unit-direction map is Lipschitz where |bDY | < |DL0|/2, and elsewhere its difference is
bounded; the Lp0 bound in Equation (7.21) and interpolation give Equation (7.22). The same
estimate includes the metric principal-part error. Hölder’s inequality, with 1/2 = 1/q + 1/p0,
shows that
(7.23)

∥∥[I − (1 − χ)e0 ⊗ e0] : D2Y
∥∥
L2(B3/4) ≤ C(bϑ + δ).

Solve for a zero-Dirichlet correction w on B3/4 with the left side of Equation (7.23) as its
source. This does not require a nondivergence Green function. The convex Dirichlet Hessian
inequality ∥D2w∥2 ≤ ∥∆w∥2 and Equation (7.4) make the Laplace solution operator a contraction
on W 2,2 ∩W 1,2

0 . Hence

(7.24) ∥w∥W 2,2(B3/4) ≤ Cχ−1
0 (bϑ + δ), ∥w∥∞ ≤ C(bϑ + δ).

The last implication uses W 2,2 ↪→ C0,1/2 in dimension three. The convex Hessian inequality
is the Miranda–Talenti estimate; see [49, Section 2, Theorem 3]. Now Y0 = Y − w satisfies
Equation (7.14) with a uniform W 2,2 bound.

Choose 0 < α2 < α1 and then a fixed λ0 ∈ (0, 1/4) such that Cλ1+α1
0 ≤ λ1+α2

0 /4 in Equa-
tion (7.19). By first taking δ small and then b ≤ b∗ small, Equation (7.24) has supremum norm
at most λ1+α2

0 /4. Taylor expansion of Y0 at the center therefore gives an affine function L1 with

(7.25) sup
Bλ0

|z − L1| ≤ bλ1+α2
0 , |DL1 −DL0| ≤ Cb.

All constants are uniform in the slope range in Equation (7.20).
Reflection at a constant Dirichlet face. Subtract the boundary value and use normal coordinates
with the face given by x3 = 0. Reflect the metric across this plane and reflect z oddly. Tangential
derivatives of z vanish on the face, so the extension is C1. There is no distributional Hessian
atom. The doubled metric is Lipschitz; the coefficient and lower-order estimates in Equation (7.6)
hold with its essential first-derivative bound.

The flux in Equation (7.7) may have a normal jump. On either side of the face its normal
trace is
(7.26)

(
(Hess z − ∆z g)∇z

)
ν

= −(trT Hess z) ∂νz.
Because the boundary value is constant, trT Hess z is its mean-curvature coefficient times ∂νz.
The jump is therefore bounded by C|II| |∇z|2. At scale r it is a bounded plane density of size O(r).
Write the plane density and flux after multiplication by the reflected coordinate volume density,
so that the following divergence is Euclidean. Such a signed density a(x′) δ{x3=0} is the divergence
of the bounded field a(x′)1{x3>0}∂3. Thus its negative part is another small divergence error in
Equation (7.10). Smooth-side curvature errors are O(r2). Weak Harnack and the low-truncation
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argument remain valid, and the flatness comparison uses the same Lipschitz metric estimates.
This proves all the preceding alternatives for balls meeting the reflection plane as well.
Iteration and the Morrey consequence. Keep α2, λ0 from the affine improvement fixed. Choose b∗
sufficiently small that Cb∗/(1−λα2

0 ) < 1/4, with C the slope-increment constant in Equation (7.25).
Then choose r∗, k∗, δ∗ in Equation (7.13) for this fixed b∗. Normalize initially by a fixed multiple
of L+Q and choose a uniformly small initial radius so that the metric and forcing errors satisfy
all the preceding smallness conditions. If the first case of Equation (7.13) holds, rescale the ball
by r∗ and the gradient bound by k∗. The normalized forcing decreases by r∗/k∗ < 1. Repeating
this step either continues forever or reaches the second case. In the former case the gradient
decays with exponent log k∗/ log r∗. In the latter case apply Equation (7.25) successively, retaining
exponent α2. At each affine step, rescale z by dividing by the spatial scale, subtracting only an
additive constant; this preserves its gradient bound. Its slope changes have total size at most
Cb∗/(1 − λα2

0 ), so the slopes remain in [1/4, 4]. At the jth step the error size is b∗λ
jα2
0 , while the

normalized forcing and metric first-derivative errors have size O(λj0). Since α2 < 1, their ratio
to the error size only decreases. This justifies every subsequent application of the improvement
lemma. To combine the two branches, now choose

(7.27) 0 < α ≤ min
{
α2,

log k∗
log r∗

}
, α < 1.

At every center we have consequently obtained affine functions Lx,r satisfying
(7.28) sup

Br(x)
|z − Lx,r| ≤ C(L+Q)r1+α.

The slope differences at consecutive radii are bounded by C(L + Q)rα; comparing the affine
approximations on overlapping balls gives Equation (7.2). This also identifies their limiting slope
with Dz, since z is smooth. The reflected version gives the estimate up to a boundary.

Finally apply the L2 version of Equation (7.6) to z − Lx,2r after rescaling. The affine error
contributes C(L+Q)r1/2+α to the Hessian L2 norm; the bounded forcing and affine Christoffel
term contribute C(L+Q)r3/2. Squaring and using α < 1 proves Equation (7.3). □

7.2. Bounded solutions with quadratic gradient growth. The Hessian Morrey bound
controls the forcing in the second equation through the following oscillation estimate. A positive
measure in the source bound also accommodates reflected boundary terms.

Lemma 7.2 (Natural-growth oscillation estimate). On a three-dimensional ball suppose Z is
bounded, |Z| ≤ M , and is a smooth solution, or a reflected weak solution, of
(7.29) div(aDZ + b) = e.

Assume a is measurable and symmetric, λI ≤ a ≤ ΛI, |b| ≤ B, and
(7.30) |e| ≤ C0(1 + |DZ|2) dx+ µ, µ(Br(x)) ≤ Cµr

1+β

for some β > 0 and every sufficiently small ball in the patch. Then Z has a local Hölder estimate
whose constants depend only on the displayed bounds and the patch separation. The conclusion also
holds up to a smooth boundary with bounded conormal flux or constant Dirichlet data, provided
the corresponding reflected measure satisfies Equation (7.30).

Proof. Write L = − div(aD) and, for s ∈ {−1, 1}, set Vs = eskZ . The weak chain rule gives
(7.31) LVs = div(skVsb) − skVse− k2Vs

(
aDZ ·DZ + b ·DZ

)
.

Choose k ≥ max{1, 2C0/λ} and use B|DZ| ≤ (λ/2)|DZ|2 + B2/(2λ). Since e−kM ≤ Vs ≤ ekM ,
we obtain
(7.32) LVs ≤ divFs + ν, |Fs| ≤ kekMB, ν ≤ C dx+ Cµ.
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On a ball BR compactly contained in the patch, solve Lws = divFs + ν with zero Dirichlet
data. The bounded vector source has a solution of supremum norm at most CR: apply the Lp
source estimate, p > 3, whose scaled factor is R1−3/p, to ∥Fs∥p ≤ CR3/p. For the positive measure
source use the Green bound 0 ≤ G(x, y) ≤ C|x− y|−1 for uniformly elliptic measurable divergence
coefficients [38, Section 7, Theorem (7.1) and Remark 2]. To use that interior comparison
uniformly for all x, y ∈ BR, extend the coefficients elliptically to B2R. Domain monotonicity
bounds the zero-Dirichlet Green function on BR by the one on B2R, where BR is a fixed compact
interior region after rescaling. This gives the stated uniform bound. Integration over concentric
annuli gives

(7.33) sup
x∈BR

∫
BR

G(x, y) dν(y) ≤ C

∫ 2R

0

ν(Bt(x))
t2

dt+ CR−1ν(B2R(x)) ≤ C(R2 +Rβ).

One may first approximate the measure by smooth positive densities. The uniform potential
bound and the energy identity

∫
aDw ·Dw =

∫
w dν give a bounded sequence in W 1,2

0 and hence
the required weak solution. Thus, with γ = min{1, β} > 0,

(7.34) ∥ws∥∞ ≤ εR, εR = CRγ .

Let MR = supBR
Z and mR = infBR

Z. The functions

(7.35) H+ = ekMR − ekZ + w+ + εR, H− = e−kmR − e−kZ + w− + εR

are nonnegative and satisfy LH± ≥ 0. Weak Harnack controls their Lq means on BR/2 by their
infima on BR/4. Each exponential deficit is comparable, with constants depending on kM , to
MR − Z or Z −mR, respectively. At least one of the sets

{Z ≤ (MR +mR)/2} ∩BR/2, {Z ≥ (MR +mR)/2} ∩BR/2

has at least half the measure of BR/2. Apply weak Harnack to the corresponding deficit. It
follows that either the upper supremum decreases, or the lower infimum increases, by at least
c(MR −mR) − CεR on BR/4. Consequently

(7.36) oscBR/4 Z ≤ (1 − c) oscBR
Z + CRγ .

Iteration proves a Hölder estimate with any sufficiently small positive exponent below both γ and
− log(1 − c)/ log 4.

For the boundary estimate, flatten a face and put S = diag(1, 1,−1). An even extension of Z
uses a− = Sa+S and b− = Sb+. Its flux has a plane jump whose density is twice the prescribed
normal flux, hence bounded. An odd extension after subtracting a constant Dirichlet value uses
a− = Sa+S, b− = −Sb+, and the sign-reflected bulk source. Its normal flux is continuous. The
transformed metrics and volume densities are absorbed into the displayed coefficients. A bounded
plane density has ball mass O(r2), so it is admissible with exponent one. This proves the asserted
boundary version. □

Proposition 7.3 (Classical bounds for bounded-variable solutions). Fix the deformation pa-
rameters and assume the bounds in Proposition 6.5. Every smooth solution in the homotopy of
Proposition 5.4, with t ≥ −ϵ, has uniform local classical estimates of every finite order, up to the
inner and outer faces. At fixed n the constants are independent of the homotopy parameter and
of all sufficiently large outer radii R. The local patches can be chosen with a uniform positive
radius throughout the end.

Proof. Start with the bounds for f, Z, t, σ from Proposition 6.5. At fixed parameters they bound
u, l,D above and away from zero, and give a uniform χ0 > 0. After dividing the scalar trace
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equation by l/
√
D, its right side is

(7.37) Gf =
√
D

l

(
Fs − trAχ K

)
.

It is bounded throughout the homotopy, including its added collar terms. Lemma 7.1 therefore
gives a uniform C1,α estimate for f and

(7.38)
∫
Br

| Hess f |2 ≤ Cr1+2α

on the uniform patches, including boundary patches where f is constant.
After multiplying by the Riemannian volume density, the second equation has coordinate

principal coefficients aij = 4
√

det g uAijχ , a bounded flux vector b, and a source bounded in
absolute value by

(7.39) C
(
1 + |DZ|2 + |D2f |2

)
.

Indeed t is a smooth function of x, Z,Df on the bounded variable range. Thus Dt is a bounded
linear combination of DZ,D2f and fixed smooth terms; the expression T is quadratic in these
quantities. All other source terms have lower order. The same volume density is included in b, e;
it is smooth and bounded above and away from zero on the chosen patches, so it preserves these
bounds and uniform ellipticity. The prescribed conormal flux at the inner boundary is bounded.
At the outer face Z = 0. Apply Lemma 7.2, with µ = C|D2f |2 dx and the bounded reflected
plane density. Equation (7.38) supplies its measure growth hypothesis. We obtain a uniform
positive Hölder exponent for Z.

Now Z and Df are Hölder, so all coefficients and the right side of the scalar f -equation are
Hölder on their bounded variable range. Interior and constant-Dirichlet boundary Schauder
estimates give f ∈ C2,θ for a uniform θ > 0. Expand the Z-equation in nondivergence form. Its
principal coefficients are uniformly elliptic and C0,θ, while its right side is bounded by C(1+|DZ|2).
On an inner face Df is normal. Therefore Aχ has zero normal–tangential components there and
normal eigenvalue χ. Its boundary equation solves for

(7.40) ∂νZ = Hs(x, Z, f,Df),

where Hs is smooth on a fixed bounded variable range. Its derivatives with respect to x and
its displayed scalar arguments are bounded at fixed parameters. The outer condition remains
constant Dirichlet. These are different, disjoint smooth boundary components; there is no change
of boundary condition along an edge or a corner.

It remains to absorb the quadratic gradient growth. Fix p > 3. The linear local W 2,p estimate
for the leading nondivergence operator with Equation (7.40) or outer Dirichlet data has the form,
on fixed nested patches Ux ⋐ Vx,

(7.41) ∥Z∥W 2,p(Ux) ≤ C
(
1 + ∥DZ∥2

L2p(Vx) + ∥Z∥W 1,p(Vx)
)
.

Here the boundary norm is controlled by

(7.42) ∥Hs(x, Z, f,Df)∥W 1−1/p,p(∂Vx) ≤ C
(
1 + ∥Z∥W 1,p(V +

x )
)
,

using trace and composition after extending its smooth expression through the collar. The
derivatives of f,Df entering this extension are already bounded. The leading matrix has a fixed
Hölder modulus, so its small oscillation on sufficiently small patches permits the usual freezing
and absorption in the linear estimate. The normal boundary operator is uniformly oblique and
satisfies the complementing condition. These are the classical local elliptic boundary estimates
[1, 2].
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Let [Z]C0,θ ≤ H0. On balls or half-balls of radius h, the scaled Gagliardo–Nirenberg inequality,
applied after subtracting a constant, gives

∥DZ∥2
L2p(Bh) ≤ C oscBh

Z ∥D2Z∥Lp(Bh)

+ Ch3/p−2(oscBh
Z)2.

(7.43)

One can use a bounded extension operator on a half-ball; its constants are uniform in the boundary
charts. This is the interpolation inequality of [43, Lecture II, Equation (2.2)] with its lower-order
term on a bounded patch. Cover Vx by radius-h patches of bounded overlap and take the ℓp sum
of Equation (7.43). It follows that

(7.44) ∥DZ∥2
L2p(Vx) ≤ CH0h

θ∥D2Z∥Lp(V +
x ) + CH2

0h
2θ−2.

Also, for any η > 0, ∥Z∥W 1,p(Vx) ≤ η∥D2Z∥Lp(V +
x ) + Cη. Each enlarged patch V +

x is covered by a
bounded number of the patches Uy, independently of R. Set S = supy ∥Z∥W 2,p(Uy), finite for each
smooth finite-domain solution. Equations (7.41) and (7.44) give

(7.45) S ≤ C(H0h
θ + η)S + C(h, η).

Choose h and then η so the first coefficient is less than 1/2. We obtain a uniform W 2,p bound
and hence a C1,1−3/p bound for Z.

The coefficients in both equations and in the normal boundary condition now have the regularity
required for Schauder bootstrap. First the nondivergence Z-equation has Hölder source, giving
Z ∈ C2,θ′ ; the scalar f -equation then gains another derivative. Repetition gives every finite
classical derivative supported by the smooth data. The same procedure holds on the uniform
unit patches of the asymptotic end and on the large outer spheres, whose normal-coordinate
constants are uniform. This proves the asserted independence of R. The reduced background
has end symbol bounds of every order by Proposition 3.10; the bootstrap here does not assume
additional derivatives of the original asymptotic data. □

7.3. The scalar Dirichlet solution operator. The compact map requires a scalar solve for
every bounded input Z. Its definition must therefore work without a floor bound on the input.

Lemma 7.4 (Scalar solve for unrestricted bounded inputs). Fix n ≥ 4, τ > 0, a finite smooth
truncation ΩR, and a homotopy parameter s ∈ [0, 4]. For every Z ∈ C1,b(ΩR), 0 < b < 1, the
scalar trace equation of Proposition 5.4, with its prescribed componentwise constant Dirichlet
values for f , has a unique solution. It lies in C3,b and is smooth to the extent allowed by the
input. The solution operator
(7.46) f = Ss(Z)
is continuous in (s, Z), including across the concatenation points of the homotopy. On bounded
subsets of C1,b its C3,b norm is uniformly bounded at these fixed parameters. No lower bound for
t is required.

Proof. The implicit definition of t has derivative ∂Z/∂t = 1 + pv/4 > 0. Thus t and all the
coefficients are smooth functions of x, Z,Df , also at Df = 0. There is no dependence of the
principal coefficient on the height f itself. For bounded height the added collar terms in Fs are
bounded, and its derivative with respect to h = τf is at least one. At Df = 0 the equation and
this height sign give upper and lower constant barriers. Hence every scalar solution satisfies
(7.47) |h| ≤ C0,

where the constant can be chosen independently of Z and the homotopy parameter. We include
the fixed boundary values in its choice.
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We first derive the coefficient bounds at an unbounded slope. If |Z| ≤ M and σ → ∞, the
implicit equation forces t → −∞ uniformly in Z. There p = n and l = ent, so its exact form is

(7.48) e8Z = e8t + e(2n+8)tσ2.

Consequently

t = − log σ
n+ 4 +O(1), l ≍ σ−n/(n+4),

d ≍ σ−8/(n+4), χ ≍ σ−8/(n+4),

√
D

l
≍ σ.

(7.49)

The constants are uniform for |Z| ≤ M at fixed n. Since n ≥ 4, the exponent 8/(n+ 4) is at most
one. Combining the large-slope estimates with compactness of the remaining variable range yields

(7.50) χ ≥ c

1 + σ
, |Gf | ≤ C(1 + σ)

whenever Equation (7.47) holds.
We prove a global gradient estimate using this radial ellipticity. Let δ be smaller than a fixed

collar radius, half the distance between distinct boundary components, and a normal injectivity
radius of a smooth extension of the finite domain. On a boundary distance collar use
(7.51) ψ(r) = k−1 log(1 +Br), ψ′′ = −k(ψ′)2.

The upper and lower barriers are the assigned face value plus or minus ψ. On these tests the axis
is normal to the distance leaves, so their principal trace is χψ′′ + ψ′∆r. At slopes at least one,
Equation (7.50) gives
(7.52) −kχ(ψ′)2 ≤ −1

2ckψ
′.

Choose k large enough to dominate all the bounded geometry terms and the linear growth in
Equation (7.50). Next shrink δ so that 1/(2kδ) exceeds any fixed large-slope threshold used here.
Finally choose B large enough that Bδ ≥ 1 and ψ(δ) exceeds twice the height oscillation. Then
ψ′ ≥ 1/(2kδ) on this collar and the two barriers compare by the height monotonicity. This gives
a uniform boundary gradient bound.

For the interior estimate, increase B if necessary and compare two points using
(7.53) f(x) − f(y) − ψ(dist(x, y)), 0 < dist(x, y) < δ.

The distance is taken in the fixed smooth extension. The boundary barriers exclude a positive
maximum with one endpoint on the boundary. The inequality ψ(δ) > 2 osc f excludes the
other boundary of the two-point domain. At a positive interior maximum let r = dist(x, y) and
q = ψ′(r). The two gradients have length q and are parallel transports along the connecting
geodesic. Vary both endpoints simultaneously in parallel transverse directions. The second
variation formula for the short geodesic yields
(7.54) tre⊥

x
Hess f(x) − tre⊥

y
Hess f(y) ≤ Cqr.

Varying each endpoint separately along that geodesic gives f;exex(x) ≤ ψ′′(r) and f;eyey (y) ≥
−ψ′′(r). Subtracting the two scalar equations therefore gives
(7.55) −2C(1 + q) ≤ Gf (x) −Gf (y) ≤ Cqr + (χx + χy)ψ′′(r).
By Equations (7.50) and (7.51), the last term is at most −ckq at the large comparison slopes.
Our choice of k gives a contradiction. Thus Equation (7.53) is nonpositive. Reversing x, y proves
the same bound for the absolute difference and, on letting y → x, a global Lipschitz bound for f .
This argument used no continuity modulus for χx − χy; only the common transverse eigenvalues
and the radial lower bound were needed.
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For existence interpolate the normalized equation with ∆f = τf , retaining the given boundary
values. Explicitly, for a ∈ [0, 1] take principal matrix (1−a)I+aAχ and right side (1−a)τf+aGf .
The height sign, the linear gradient growth, and Equation (7.50) persist uniformly in a. The
height and logarithmic gradient bounds just proved are therefore uniform. After these bounds
the interpolating equations are uniformly elliptic. Their matrices still have the axial form, with
axial eigenvalue (1 − a) + aχ, so Lemma 7.1 applies. Schauder estimates then give a uniform C2,θ

bound at fixed input Z. The coefficients and right side are now Lipschitz in position on bounded
input sets, which permits their C0,b estimates and an upgrade to C2,b. Differentiating once, or
using the next Schauder estimate, yields f ∈ C3,b because Z ∈ C1,b.

The scalar linearization has the form aijDijφ+ biDiφ− cφ with c ≥ c1τ > 0 on the bounded
variable range. Indeed the principal matrix is independent of the height, while ∂fGf ≥ τ

√
D/l > 0.

The Dirichlet maximum principle gives uniqueness and a zero kernel; the linear elliptic Dirichlet
theory gives an inverse. The implicit-function theorem gives openness of the interpolation
parameter set. The uniform classical bounds and compactness give closedness, starting from the
invertible Laplace endpoint. This proves existence. The same maximum principle applied to the
difference of two solutions proves uniqueness of the nonlinear solution. The implicit-function
theorem, or compactness and uniqueness, gives continuous dependence on Z and on the homotopy
parameter. At the finitely many concatenation points the scalar equations agree, so the same
continuity holds there. □

7.4. A compact equation and the order of parameter choices. Recall the parameter
s ∈ [0, 4] of Proposition 5.4: s = 0 is the desired system, s = 1 has zero drift, s = 2 has the full
collar modification, and s = 3 has f = 0. On [3, 4] the scalar source and inner flux are scaled to
zero; at s = 4 the scalar equation still has the unique solution f = 0. We will define a compact
map along this path and show that its fixed points remain in the admissible set.

Theorem 7.5 (Existence on finite truncations). For the prepared domain of Proposition 4.7 and
every sufficiently small fixed ϵ > 0, there is an integer n0 ≥ 4 and, for each n ≥ n0, a radius
Rmin(n), with Rmin(n) → ∞, such that the original deformation system has a smooth solution on
every ΩR with R ≥ Rmin(n). It satisfies t > −ϵ on the closure. At fixed n, these solutions have
the local bounds of Proposition 7.3, uniformly as R → ∞. In particular, any sequence Rj → ∞ of
such radii has a subsequence converging smoothly on compact subsets of Ω to a solution of the
original equations with t ≥ −ϵ.

Proof. We first make the radius convention precise. Fix the prepared data, all thresholds and
collars, and ϵ. Increase n0 so that
(7.56) n0 ≥ max{4, ⌈2/ϵ⌉}
and so that the floor test and all estimates of Proposition 6.5 apply for n ≥ n0. Let Rap(n) be a
sufficient lower radius for those estimates, and let Rgeo contain all compact boundary faces and
supports used in the construction. The end barrier of that proposition gives a constant Cout,
independent of n,R, s, such that every admissible or floor-contact homotopy solution has
(7.57) |∇f | ≤ Coutτ

−1R−1−γ on the outer sphere.
The scalar last stage has f = 0 and satisfies the same bound. Choose, enlarging to a radius of a
smooth truncation if necessary,

Rmin(n) = max
{
n,Rgeo, Rap(n),( 2Coutℓ

τ
√
e8ϵ − 1

)1/(1+γ)}
.

(7.58)
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At Z = 0, the value of its implicit expression at t = −ϵ is −ϵ+ 1
8 log(1 + ℓ2σ2). Equations (7.57)

and (7.58) make this strictly negative. Strict monotonicity of that expression in t therefore
excludes an outer floor contact. The term n in Equation (7.58) ensures Rmin(n) → ∞.

The sublevel and collar estimates apply to arbitrary smooth admissible or floor-contact solution
sequences with n → ∞ and expanding outer cutoffs, uniformly over the compact ranges of the
homotopy parameters. If the needed conclusion failed for arbitrarily large n with R ≥ Rmin(n),
one could select such a violating sequence. The chosen radius convention would make it precisely
an expanding sequence excluded by those proofs. Thus a single n0, followed by the radius choices
above, suffices for every homotopy parameter. No upper bound for Z is inserted in the earlier
contact estimates: there σ ≍ τ−1 and l ≥ ℓ alone give d ≲ (τ/ℓ)2.

Fix now n ≥ n0 and R ≥ Rmin(n) for the rest of the degree argument. Let

(7.59) Xb = {Z ∈ C1,b(ΩR) : Z = 0 on the outer face}, 0 < b < 1.

For an input Z ∈ Xb, first solve f = Ss(Z) by Lemma 7.4. Compute t, u,Aχ, T and the full
homotopy source from this input pair. Write Bs for the frozen drift summand in the flux, Es for
the full right side of its divergence equation, and qs for the prescribed inner flux. Thus before
the final scaling Bs = λsuAχK(w, ·) and Es = uΞ; on the final interval Es and qs have the
simultaneous scalar factor prescribed in Proposition 5.4. Define Ks(Z) = Z̃ by the linear mixed
problem

(7.60)


div(4uAχ∇Z̃ +Bs) = Es in ΩR,

(4uAχ∇Z̃ +Bs)ν = qs on B,

Z̃ = 0 on the outer face.

The normal ν in the second line points into ΩR; the variational formulation uses its negative as
the integration normal. This changes the sign of the boundary functional, not coercivity. On a
bounded input set, the scalar gradient estimate bounds the coefficients above and away from zero.
The nonempty outer Dirichlet face gives a Poincaré inequality, so the linear problem is uniquely
solvable by its coercive bilinear form.

On bounded input sets in C1,b, Lemma 7.4 bounds f in C3,b. Hence the leading coefficient
and drift in Equation (7.60) are C1,b, the bulk source is C0,b, and the prescribed boundary data
are C1,b. The derivatives of t(x, Z,Df) involve only DZ and D2f , so this assertion includes the
quadratic expression T . Linear regularity gives a bounded output set in C2,b. The inclusion
C2,b ↪→ C1,b is compact on the finite domain. Continuous dependence of the scalar solve and the
linear problem makes (s, Z) 7→ Ks(Z) a continuous compact homotopy on bounded sets. These
assertions hold also at the concatenation parameters because the defining equations coincide
there. A fixed point solves the coupled system; repeated Schauder estimates make it smooth.

Admissibility is evaluated after the scalar solve. Define the open subset of the parameter–input
product

(7.61) O = {(s, Z) ∈ [0, 4] ×Xb : min
ΩR

ts[Z] > −ϵ, ∥Z∥C1,b < M1}.

It is relatively open because the scalar solve and the implicit function defining t depend continuously
on (s, Z). Propositions 6.5 and 7.3 give a uniform bound in C1,b for all fixed points satisfying
t ≥ −ϵ. If initially needed, use their higher classical bounds to reach the chosen exponent b.
Choose M1 larger than this bound. No fixed point lies on the norm boundary of O. No fixed
point lies on its floor boundary either: outer contacts were excluded above and all remaining
contacts are excluded by Proposition 5.9.

To apply degree on the moving admissible set, we need compactness of its fixed points. The
set of fixed points in O is compact: their Xb norms are bounded, the parameter interval is
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compact, and Z = Ks(Z) with a compact homotopy. Any limit has t ≥ −ϵ by continuity; it is a
smooth fixed point and cannot lie on the floor. Thus these fixed points are compactly separated
from the excluded boundary. The excision form of Leray–Schauder homotopy invariance applies
to the sections Os; equivalently, cover the compact fixed-point set by finitely many product
neighborhoods contained in O and use ordinary homotopy invariance and excision on the resulting
finite parameter subdivision. This is the compact perturbation-of-identity degree [35].

At s = 4, the scalar equation has the unique solution f = 0. The drift vanishes, and both
E4 and q4 vanish for every input. Equation (7.60) then has output identically zero. Moreover,
t4[0] = 0 > −ϵ, so 0 ∈ O4 and

(7.62) deg(I − K4,O4, 0) = 1.

Homotopy invariance gives the same degree at s = 0. There is therefore a fixed point in O0,
which is the desired smooth solution with t > −ϵ.

The bounds of Proposition 7.3 are independent of R at fixed n. A diagonal subsequence on
a compact exhaustion, using boundary charts at the fixed inner faces, converges smoothly to
a solution on Ω. The floor inequality passes to t ≥ −ϵ. The next section establishes the end
normalization, decay, and flux for these limits. □

8. Passage to infinity and the mass inequality

We complete the energy inequality by controlling the end flux of the deformation and applying
the Riemannian Penrose theorem. Fix the reduced initial data supplied by Proposition 3.10, and
the prepared exterior Ω of Proposition 4.7. Its boundary B separates the original inner obstacle
from the end. Let A∗ be the enclosing-area infimum of that original obstacle, measured in the
reduced metric g. In particular every cut enclosing B has g-area at least A∗.

We use the notation of Section 5 and take the physical endpoint of the homotopy:

F = h+ C, h = τf, divV = uΞ, Ξ = δ0T + ρ+ δ0τaσ −m0(t)P.

Here 0 < δ0 < 1, ℓ = e−ϵn, τ = ℓ3/2, and all constants in the prepared data are fixed before
n is taken large. Constants marked Cn in this section are bounded by C(1 + n)C , with fixed
exponents. Other constants explicitly allowed to depend on fixed n need not have such a bound.

8.1. The limiting solution and its end.

Lemma 8.1 (End control). Fix ϵ > 0 and a sufficiently large n ≥ max{4, ⌈2/ϵ⌉}. The truncation
solutions of Theorem 7.5 have a subsequence converging smoothly on compact subsets of Ω to a
solution of the physical system with t ≥ −ϵ. On the asymptotically flat end, for some cn > 0 and
fixed-n constants Cj(n),

|∇jf | ≤ Cj(n)e−cnr for each fixed j, Z, t = O2(r−1).

The differences t−Z, ḡ−g, and their coordinate derivatives of any fixed order decay exponentially.
The vector field V satisfies

(8.1) V = 4∇gt+O(r−3)

and has a finite outward flux limit.

Proof. The compact convergence, including at the fixed inner boundary, follows from Theorem 7.5
and its uniform fixed-n classical estimates. All equations and inner boundary conditions pass to
this limit. To preserve the end normalization, we prove the decay estimates on the truncations
before passing to infinity.
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Outside a fixed large sphere, K = C = 0, and the first equation is

trAχ Hessg f = τ
√
D

l
f.

At fixed n the preceding estimates make the left side uniformly elliptic, and its positive height
coefficient is bounded below by a positive constant depending on n. It is bounded above as well.
For sufficiently small cn > 0, the functions exp[−cn(r − r0)] are positive supersolutions of the
corresponding linear equation outside a sufficiently large r0: their radial second derivative has
size c2

n, while their tangential second derivatives have size cn/r, and the fixed positive height term
dominates both. Multiplying by a constant bounds the solution on Sr0 ; the zero outer Dirichlet
value is also bounded. The maximum principle applied to both signs of f gives the uniform
exponential estimate. The fixed-n unit-patch estimates, followed by the local homogeneous linear
estimates for this equation, give the same decay for derivatives. The corresponding boundary
estimates apply on the large outer spheres. Iterating the smooth equations gives each required
finite derivative order.

The relation Z = t + 1
8 log(1 + l2|∇f |2) now shows that t − Z is exponentially small, with

derivatives. The graph errors have the same property. On the end the second equation becomes

(8.2) ∆gZ + bn(Z)|dZ|2g = O(r−4), bn(s) = pL(s) − δ0
(
pL(s) − 1

)
.

Indeed Aχ = I and u = L(Z) up to exponentially small errors, whereas T = 4(pL(Z) − 1)|dZ|2
up to such errors. The ρ0 penalty weight is O(r−4); the term with ρ1 is multiplied by the
exponentially small v. All coefficients in this statement are bounded on the fixed-n solution range.
Differentiably controlled exponential errors can absorb any fixed polynomial power of r.

Define an increasing smooth function on that range by

Φn(0) = 0, Φ′
n(s) = exp

(∫ s

0
bn(z) dz

)
.

Its derivative is bounded above and below by positive fixed-n constants. The chain rule in (8.2)
gives

∆gΦn(Z) = O(r−4).
The function is bounded and vanishes at the outer cutoff. To obtain a bound independent of that
cutoff, choose 0 < η < 1. For large r, a positive multiple of r−1 − r−1−η satisfies

−∆g(r−1 − r−1−η) ≥ cr−3−η.

Here the Euclidean leading term is η(1 + η)r−3−η, and the metric error is O(r−4). It dominates
the right side after increasing the multiple and the fixed inner radius. Comparison for both
signs yields |Φn(Z)| ≤ C ′(n)r−1, where C ′(n) is a fixed-n constant with no polynomial claim.
Consequently Z = O(r−1).

At sufficiently large radius this estimate and the exponential graph error give t > −ϵ+ 1/n;
hence the floor penalty vanishes there. Rescale each annulus of radii comparable to r to unit
size. The equation for Φn(Z) has a bounded rescaled source and uniformly controlled metric
coefficients. Local W 2,p estimates with p > 3 first give the gradient decay. Its source is then a
smooth weight times a smooth function of the bounded variables, plus the already controlled
exponential errors. Schauder estimates, or a further Sobolev bootstrap followed by them, give
Z = O2(r−1). Inverting Φn preserves these bounds, and the same holds for t.

Since L(0) = 1, we have u = 1 +O(r−1) and Aχ = I +O(e−cnr). With K = 0 on the end, the
definition of V gives (8.1). Moreover divV = uΞ is integrable there: T = O(r−4), ρ = O(r−4),
the penalty has vanished, and τaσ decays exponentially. The divergence theorem on annuli proves
the existence of the outward flux limit. □
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Lemma 8.2 (Curvature, completeness, and ADM charge). For the solution in Lemma 8.1,

ĝ = e4t(g + l2df2)

is a smooth complete metric on Ω, with nonnegative scalar curvature and strictly negative mean
curvature on B for the normal pointing into Ω. Its end is asymptotically flat with

ĝ − δ = O2(r−1), Rĝ = O(r−3−δ′), δ′ = min{δ, 1} > 0,

where the reduced end has Rg = O(r−3−δ). If

Fn = lim
r→∞

∫
Sr

Vν dAg,

then

(8.3) Eĝ = E − Fn
8π .

Proof. At the physical endpoint the curvature identity gives
1
2e

4tRĝ = 8π(µ+ J(w)) + (1 − δ0)T + (1 − δ0)τaσ
+ w · ∇C − F trK − ρ+m0(t)P.

The height bounds on the compact supports of K and C give h ∈ [b−, b+]. Since |w| ≤ 1, the
terms |F trK| + |∇C| + ρ are dominated by 8π(µ− |J |), by the choices in Proposition 4.7 and the
choice of ρ. Outside those supports the same conclusion uses 8π(µ− |J |) − ρ ≥ 0. All remaining
terms are nonnegative. This proves Rĝ ≥ 0.

The boundary identity and the prescribed flux give H + 4∂νt = −NB < 0. Since f is constant
on each face, this is exactly the mean-curvature sign for ĝ. Also ĝ ≥ e−4ϵg, so any escaping curve
has infinite length; the compact boundary is included. Smoothness and completeness therefore
follow.

Lemma 8.1 gives the stated metric decay. The reduced construction supplies Rg = O(r−3−δ)
with symbol estimates on the rest end. Since graph errors are exponentially small, the conformal
formula gives

Rĝ = e−4t(Rg − 8∆gt− 8|dt|2g
)

+O(e−cnr).

Equation (8.2), the vanishing far-end penalty, and the gradient estimate give ∆gt = O(r−4). This
proves the asserted scalar-curvature decay, including the pointwise falloff required by the AF
convention of [15, Definition 21 and Theorem 19].

Exponential graph errors contribute no ADM flux. The conformal change and t = O2(r−1) give

Eĝ = E − 1
2π lim

r→∞

∫
Sr

∂νtdAg.

Replacing the metric normal and area form by their Euclidean versions costs o(1), and the O(r−3)
error in (8.1) has vanishing sphere integral. This proves (8.3). □

8.2. The boundary and floor losses. The mass formula reduces the remaining estimate to a
lower bound for the flux. We absorb the inner boundary term into the positive bulk source and
then estimate the penalty near the floor. Both steps use only polynomial constants.

Lemma 8.3 (Flux lower bound). For fixed ϵ > 0, the physical solutions satisfy

Fn ≥ −εn, 0 ≤ εn ≤ C(1 + n)C
(
ℓ+ ℓ2/τ

)
−→ 0.

All constants in this estimate are independent of the fixed-n classical regularity constants.
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Proof. The normal ν on B points into Ω, so the divergence theorem has the sign

(8.4) Fn =
∫

Ω
uΞ dVg +

∫
B
Vν dAg.

Each integral is finite for a fixed n, by Lemma 8.1 and compact smoothness.
At a black face, F − PB = H and wν = a. At a white face, F − PB = −H and wν = −a. Thus

at either type of face,
Vν/u = −(1 − a)H −NBd ≥ −Cd.

The signed boundary gradient bounds give σ ≥ c/τ , so
√
d ≤ 1

lσ
≤ Cτ/ℓ,

∫
B
Vν dAg ≥ −C τ

ℓ

∫
B
LdAg.

Use the polynomial collar trace estimate from Section 6 with the constant test function:∫
B
L dAg ≤ C(1 + n)C

∫
C
u(1 +

√
T ) dVg,

where C is a fixed compact union of collars. Its polynomial constant is independent of the upper
Z bound. Since ρ has a fixed positive minimum on C,∫

C
u(1 +

√
T ) dVg ≤ C

∫
Ω
u(δ0T + ρ) dVg.

The factor C(1 +n)Cτ/ℓ = C(1 +n)Cℓ1/2 tends to zero. For large n, the entire negative boundary
term in (8.4) is therefore at most one quarter of

∫
Ω u(δ0T + ρ) dVg.

It remains to estimate the floor penalty. On its support, −ϵ ≤ t ≤ −ϵ+ 1/n, so l and L are
comparable to ℓ, with constants independent of n. Directly from their definitions,

u = L
√

1 + l2σ2 ≤ C(ℓ+ ℓ2σ),

uv = Ll2σ2
√

1 + l2σ2
≤ Cℓ2σ,

uaσ = Llσ2 ≥ cℓ2σ2.

Consequently
um0P ≤ Cn

[
ℓρ0 + ℓ2σ(ρ0 + ρ1)

]
.

Young’s inequality, with the square term chosen to be a quarter of δ0τuaσ, yields

um0P ≤ 1
4δ0τuaσ + Cn

[
ℓρ0 + ℓ2

τ
(ρ2

0 + ρ2
1)
]
.

Squaring the constant only changes the polynomial Cn. The integrals of ρ0, ρ2
0, and ρ2

1 are finite:
on the end their orders are respectively r−4, r−8, and r−4γ , with 4γ > 3. Integrating leaves at
most C(1 + n)C(ℓ+ ℓ2/τ), after absorption.

Substitute both bounds in (8.4). Positive fractions of the three bulk terms δ0T , ρ, δ0τaσ remain.
Dropping them proves the claim. Finally ℓ2/τ = ℓ1/2, so the error tends to zero exponentially
against every polynomial loss. □

8.3. The Riemannian horizon and the inequality. The deformed metric has nonnegative
scalar curvature, strictly negative inner mean curvature toward the end, and the required
asymptotic decay. We replace its inner boundary by an outer area-minimizing minimal enclosure,
then compare its area with the original enclosing infimum.
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Theorem 8.4 (Reduced energy inequality). The reduced data satisfy

E ≥

√
A∗
16π .

Consequently Theorem 2.2 holds in its entire stated exterior class.

Proof. For each fixed sufficiently large n, minimize ĝ-area among filled cuts enclosing B, using
a large outer sphere as an auxiliary barrier. The area-compactness and obstacle arguments of
Section 3 apply to this smooth AF metric. A fixed enclosing competitor bounds the area, and
local perimeter density estimates prevent minimizers from escaping to infinity. The positive mean
curvature of sufficiently large outer spheres excludes contact there, as in Lemma 3.3. For the
inner barrier, let Us be a short outward normal collar of the filled obstacle and Y its outward unit
foliation field. Strict negativity gives divĝ Y < 0 throughout the collar. If a perimeter minimizer
E omitted a positive-volume portion D = Us \ E, Gauss–Green and |Y |ĝ ≤ 1 would give

Pĝ(E ∪ Us) − Pĝ(E) ≤
∫
D

divĝ Y dVĝ < 0.

Thus E contains a whole inner collar; obstacle regularity upgrades this inclusion to its regular
representative. Its free boundary is disjoint from the obstacle. The resulting cut Γn is compact,
smooth, and minimal in dimension three; it may be disconnected. It is outer area-minimizing by
its minimizing property. Equivalently one may first use the ordinary trapped-region theorem for
(ĝ, 0) and then take the outer minimizing enclosure. The boundary version of the Riemannian
Penrose theorem applies to the exterior of Γn, by Lemma 8.2 and [15, Theorem 19].

For every two-plane the restriction of ḡ = g + l2df2 dominates that of g. The floor therefore
gives

|Γn|ĝ ≥ e−4ϵ|Γn|g ≥ e−4ϵA∗.

The last inequality uses that B, and hence Γn, cuts off the original filled obstacle. Lemmas 8.2
and 8.3 now give

E + εn
8π ≥ Eĝ ≥

√
|Γn|ĝ
16π ≥ e−2ϵ

√
A∗
16π .

Let n → ∞ with ϵ fixed, and then ϵ ↓ 0. This proves the reduced inequality.
Finally apply Proposition 3.10 to any exterior in Theorem 2.2. The reduced energies converge

to its invariant ADM mass and the enclosing infima converge to its original enclosing infimum.
Applying the reduced bound to each member of that sequence and passing to the limit gives
Equation (2.8). □

9. Complete data and multiple ends

9.1. The complete initial-data formulation. Let (M, g,K) be a connected orientable smooth
initial data set without boundary, with g complete. Suppose that outside a compact set it has
finitely many asymptotically flat ends. On each end assume

g − δ = O2(r−q), K = O1(r−1−q), q > 1
2 ,

and finite ADM energy and momentum limits as in Equations (2.4) and (2.5). The exponents
may differ between ends; their minimum is still larger than 1/2. Assume that the constraint
densities (2.1) satisfy µ ≥ |J |g and that µ and |J |g are integrable on M .

Definition 9.1 (Admissible boundary and minimum enclosing area). Fix an asymptotically
flat end of M . An admissible boundary is a nonempty compact smooth embedded two-sided
surface S = ∂D+, possibly disconnected, where D+ is a smooth open region containing the entire
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sufficiently distant part of the chosen end. The region D+ need not be connected and may contain
other ends. For the normal ν pointing into D+, require

HS + trSK ≤ 0.

Define

(9.1) Amin(S) = inf
{

Areag(∂D′+) : D′+ ⊂ D+, D′+ contains the chosen end at infinity,
∂D′+ is a compact smooth embedded boundary

}
.

Competitors may be disconnected or coincide with S. They need not be trapped or minimal. No
condition on the inward null expansion is imposed.

Theorem 9.2 (Spacetime Penrose inequality for complete initial data). For the complete initial
data just specified, every chosen end and every admissible boundary satisfy

(9.2) E > |P |δ,
√
E2 − |P |2δ ≥

√
Amin(S)

16π .

Here (E,P ) is the ADM vector of the chosen end. The assertion allows finitely many ends and
disconnected admissible boundaries.

9.2. Removing the timelike hypothesis and recovering the global statement. The
timelike exterior inequality already proved also rules out a non-timelike ADM vector for an
exterior with weakly future outer trapped boundary. This observation then gives the complete
initial-data formulation by restricting to a suitable one-ended exterior.

Lemma 9.3 (Positive enclosing area). Every exterior in Definition 2.1 satisfies 0 < ag(B) < ∞,
where B is its boundary.

Proof. A sufficiently large coordinate sphere gives finiteness. For positivity, choose a small disk
in one component of B and a smooth proper embedded ray from its center to the end, normal
to B initially and straight in the asymptotic coordinates outside a compact set. The ray has a
tubular neighborhood with disk cross-sections; its coordinate width can be fixed and positive on
the straight tail. In product coordinates on this tube, pull back a smooth two-form compactly
supported in the transverse disk and with integral one. Extend it by zero through the lateral
boundary of the tube. The resulting two-form ω is smooth and closed on the exterior, including
its boundary, and has bounded pointwise norm. The bound follows from compactness on the
initial part and asymptotic flatness on the tail.

Orient the transverse disk so that the flux of ω through a large coordinate sphere is one. A
smooth enclosing cut in the interior and a sufficiently large sphere bound a compact region disjoint
from B. Stokes’ theorem therefore gives

∫
Γ ω = 1. The same identity holds for coincident cuts by

smooth outward approximation. Consequently

1 =
∣∣∣∣∫

Γ
ω

∣∣∣∣ ≤ ∥ω∥L∞(g) Areag(Γ).

Taking the infimum proves positivity. If the filled perimeter closure of the cut class is used, its
infimum agrees with the smooth infimum by Definition 2.1 and the approximation established in
the exterior reduction. □

Corollary 9.4 (The exterior inequality without a timelike assumption). Let (N, g,K) satisfy all
the hypotheses of Theorem 2.2 except the assumption E > |P |δ. Then E > |P |δ and the conclusion
of that theorem holds. No extension of the data across the compact boundary B is required.
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Proof. Use the conformal family of Lemma 3.2, which requires no sign assumption on the ADM
vector. For every finite s ≥ 0, its data (gs,Ks) satisfy all exterior hypotheses except possibly
timelikeness, with

Es = E + sAϕ, Ps = P, Aϕ > 0.
Equation (3.10) and Lemma 9.3 give ags(B) ≥ ag(B) > 0. Suppose that E ≤ |P |δ and put
s0 = (|P |δ −E)/Aϕ ≥ 0. For every s > s0, Equation (3.9) places (N, gs,Ks) in the timelike class
of the already proved Theorem 2.2. That theorem and the preceding area bound imply√

(E + sAϕ)2 − |P |2δ ≥

√
ag(B)
16π > 0.

Letting s ↓ s0 gives a contradiction. Therefore E > |P |δ, and applying Theorem 2.2 to the original
data proves the claimed inequality. □

Proof of Theorem 9.2. Let D0 be the connected component of D+ containing the distant chosen
end. Its boundary is a union of components of S and is nonempty: otherwise D0 would be
both open and closed in the connected manifold M , hence equal to M , contrary to S ̸= ∅. Put
X0 = D0, including its smooth compact boundary. Because S is compact, each sufficiently distant
end of M lies entirely in D0 or entirely outside it. Outside a compact set, X0 is precisely the
union of the original distant ends contained in D0. In particular, X0 has finitely many ends, all
asymptotically flat.

For every end of X0 other than the chosen one, choose a sufficiently distant open coordinate
tail, and let N be X0 with all these open tails removed. These tails can be chosen disjoint and
outside S. Removing them preserves connectedness: an excursion of a path into a removed tail
can be replaced by a path on its connected coordinate sphere. The region N is a smooth manifold
with nonempty compact boundary B, consisting of ∂D0 and the added coordinate spheres, and
its only end is the chosen one.

The region is closed in the complete manifold (M, g) and has smooth boundary. It is complete
for its intrinsic distance with the boundary included: an intrinsic Cauchy sequence is ambient
Cauchy, its ambient limit lies in N , and smooth boundary charts compare the intrinsic distance
locally with Euclidean distance on a half-ball. The restricted constraints, integrability, and decay
satisfy the exterior hypotheses. The chosen ADM vector is still (E,P ).

On the inherited part of B, the normal into N agrees with the normal into D+, so the assumed
expansion is nonpositive. On an added sphere in another end, the normal into N points toward
decreasing radius. Consequently

HB = −2
r

+O(r−1−q), trBK = O(r−1−q),

and its future outward expansion is strictly negative when its radius is sufficiently large. Corol-
lary 9.4 therefore applies to (N, g,K) and gives

(9.3) E > |P |δ,
√
E2 − |P |2δ ≥

√
ag(B)
16π .

Finally,
(9.4) ag(B) ≥ Amin(S).
To see this, first take an enclosing cut Γ lying in the interior of N . The component on its distant
chosen-end side is an open region D′+ ⊂ D0 ⊂ D+, with compact smooth boundary consisting
of components of Γ. It is a competitor in Equation (9.1); its area is at most that of Γ. If a cut
coincides with any part of B, approximate it by smooth cuts pushed into the interior of N , with
areas converging to its area. This also handles cuts coinciding with a newly introduced sphere.
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Taking the infimum proves Equation (9.4). Other components of D+ cause no difficulty, since the
original competitor class permits the chosen-end component alone. Combining Equations (9.3)
and (9.4) proves the theorem. □

The conformal family above is used only to establish the numerical inequality and to exclude a
non-timelike ADM vector. The equality argument is carried out on the original exterior under its
separately stated hypotheses; no equality conclusion is passed through this family or through the
truncation of other ends.

Part 2. Equality and Schwarzschild rigidity

10. Equality and the number of boundary components

We now classify equality on the original initial data. The numerical inequality has already been
proved for a larger boundary class; that larger class is necessary for the variations below. We
retain the constraint, ADM, and spacetime conventions of Equations (2.1)–(2.7). In particular J
is a covector, the dominant energy condition is µ ≥ |J |g, and K = 1

2Lng for the future normal.
All data remain smooth; the asymptotic hypotheses require only the two metric derivatives and
one K derivative in Equation (2.3), with q > 1/2.
The numerical input and the cut convention. Theorem 2.2 applies to a connected orientable
smooth three-dimensional exterior, complete as a metric space with its nonempty compact smooth
boundary included, and with exactly one AF end. For smooth data with g − δ = O2(r−q),
K = O1(r−1−q), q > 1/2, integrable µ and |J |g, existing finite ADM limits, µ ≥ |J |g, E > |P |δ,
and θ+(∂Ω) ≤ 0 for the normal into the exterior, it gives√

E2 − |P |2δ ≥

√
ag(∂Ω)

16π .

It requires no fill-in and no outermostness, outer area minimization, or connectedness of the
boundary. In the variational proof we apply this established theorem to nearby data on the same
one-sided exterior.

The infimum is over the enclosing cuts of Definition 2.1: each cut separates the entire inner
boundary from the distant part of the unique end, may be disconnected, and may coincide
with the original boundary. The normal points toward that end, and coincident frontier area is
counted. Enclosing cuts and minimizing sets are taken with bounded complementary pockets
filled. During a perimeter argument we may enlarge the competitor class to all relatively compact
finite-perimeter sets containing a fixed smooth inner obstacle. This class is closed under unions
and intersections; its minimizers fill bounded complementary pockets, because filling such a
pocket removes perimeter. Its infimum agrees with the smooth-cut infimum by the outward
approximation proved in Section 11.1.

Definition 10.1 (Partial-coincidence outermostness). Let the boundary of a one-ended exterior
be S =

⊔ℓ
i=1 Si, with 1 ≤ ℓ < ∞ and each Si connected. The boundary is outermost in the

partial-coincidence sense if no enclosing cut Γ ̸= S has all of the following properties: every
connected component of Γ is either an entire original component Si or is wholly contained in the
open exterior; at least one component lies in the open exterior; and θ+(Γ) ≤ 0 everywhere for the
normal toward the end.

This condition includes comparisons that retain some original components and replace others
by interior components. It will be used only after contact regularity has shown that the active
minimizing cuts have exactly this form. We make no claim here for the weaker condition excluding
only wholly interior enclosing cuts.
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Theorem 10.2 (Finite-component exterior equality rigidity). Let (M, g,K) be a smooth connected
orientable complete initial data set without boundary, consisting of a compact core and finitely
many asymptotically flat ends. On each end assume g − δ = O2(r−q), K = O1(r−1−q), with
q > 1/2, and existing finite ADM flux limits. Assume that µ and |J |g are integrable and that
µ ≥ |J |g everywhere.

Choose an end and a finite nonempty disjoint union

S =
ℓ⊔
i=1

Si, 1 ≤ ℓ < ∞,

of compact connected smooth embedded two-sided surfaces without boundary, separating that end
from a complementary region. Let Mext be the closure of the connected side toward the chosen end.
Suppose that ∂Mext = S, that Mext has exactly this one end, and that, for the normal pointing
into Mext:

(i) every Si is a future MOTS, so HSi + trSi K = 0;
(ii) S is outermost in the partial-coincidence sense of Definition 10.1;
(iii) every enclosing cut in the closed exterior has area at least A = |S|g =

∑ℓ
i=1 |Si|g > 0.

Let (E,P ) be the ADM vector of the chosen end. If

(10.1) E > |P |δ, m =
√
E2 − |P |2δ =

√
A

16π ,

then ℓ = 1 and S is diffeomorphic to a sphere. There is a proper smooth spacelike embedding of the
entire original Mext into the maximally extended Schwarzschild spacetime of mass m, inducing g
and the given K for a consistent future unit normal. The chosen end approaches the corresponding
spatial infinity. The image of S is a smooth cross-section of the corresponding future horizon or
the bifurcation sphere. The embedding and its future normal are smooth up to S, and the image
extends as a smooth spacelike hypersurface through that boundary.

Corollary 10.3 (Strictness for disconnected boundary). Under the hypotheses of Theorem 10.2,
retain E > |P |δ but do not assume its equality in mass and area. If ℓ ≥ 2, then

√
E2 − |P |2δ >

√
A

16π .

Proof. The original exterior is complete as a metric space with boundary, as follows. An intrinsic
Cauchy sequence is Cauchy in the complete ambient manifold, and its ambient limit remains in
the closed exterior. A smooth interior or boundary half-ball chart then gives convergence in the
intrinsic distance. Its compact boundary and unique end place it in Definition 2.1. Since S is an
enclosing cut and every enclosing cut has area at least A, its enclosing infimum is A. Theorem 2.2
gives the non-strict inequality. Equality would imply ℓ = 1 by Theorem 10.2, contradicting
ℓ ≥ 2. □

The proof of Theorem 10.2 occupies the next two sections. Each Si is orientable because it is
two-sided in the orientable manifold M , but no genus is prescribed. The proof first constructs a
causal stationary field on the original exterior and concentrates its area multiplier on the entire
boundary. A single complete conformal-double argument then gives positive intrinsic curvature
and the same area A on every component, forcing ℓ = 1. Schwarzschild reconstruction follows with
connectedness established by the argument. The conclusion concerns only the chosen exterior; it
allows a nonconstant time graph and nonzero momentum in the original asymptotic frame.
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11. Equality, first variations, and a causal stationary field

We return to the original exterior in Theorem 10.2. Write its nonempty compact boundary as

S =
ℓ⊔
i=1

Si, 1 ≤ ℓ < ∞,

where each Si is a closed connected orientable smooth surface. No genus is prescribed. Each
component is a future MOTS, and S is outer area-minimizing. We use the precise outermostness
condition of that theorem: there is no enclosing cut with at least one component in IntMext,
every other component either in that interior or equal to an Si, and θ+ ≤ 0 on every component.
Thus the condition permits comparison cuts that retain some original boundary components. All
the arguments in this section take place on this original exterior. We use the exterior inequality of
Theorem 2.2, already proved in the preceding sections, for nearby data on the same manifold with
boundary. Those nearby data need not have an outermost or outer area-minimizing boundary.
This distinction is essential for the variations below.

Write

A = |S|g = 16πm2, b0 = E

m
, bi = −Pi

m
, c = 1

2m, τ = trgK.

Thus A =
∑ℓ
i=1 |Si|g counts all boundary components. The vector (b0, bi) is future unit timelike.

For a nearby ADM vector define the fixed linear functional

(11.1) E = b0Enew + biPnew,i.

The reverse Lorentzian Cauchy–Schwarz inequality gives E ≥
√
E2

new − |Pnew|2 when the nearby
ADM vector is future timelike. At the original data both sides equal m and have the same first
derivative. Moreover,

(11.2) 16π d
da

√
a

16π

∣∣∣∣
a=A

= c.

We shall prove the following statement. The notation O2 for the vector field uses the original
end coordinates, component by component.

Proposition 11.1 (Causal adjoint at equality). There are a function u and a vector field X,
smooth on the one-sided manifold Mext, with the following properties.

(1) u ≥ |X|g everywhere and u > 0 in IntMext. For every q′ with 1/2 < q′ < min{q, 1},

(11.3) u = b0 +O2(r−q′), X = bi∂i +O2(r−q′).

(2) In the interior,

sym ∇X = −uK,(11.4)
∆u = − div(K(X, ·)♯),(11.5)

Hessu = u(Ricg +τK − 2K2) − LXK + 8πX(iJj).(11.6)

Here (K2)ij = Ki
kKkj, and parentheses denote averaged symmetrization. These equations

extend smoothly to S.
(3) On R × IntMext the Lorentzian metric

(11.7) g = −u2 dt2 + gij( dxi +Xi dt)( dxj +Xj dt)

has stationary Killing field ξ = ∂t and induces (g,K) on t = 0, with future normal
n = u−1(∂t −X) and the second fundamental form convention K = 1

2Lng. Its Einstein
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tensor satisfies
(11.8) uGij = −8πX(iJj), uµ+ J(X) = 0.

Set N = u2 − |X|2. Then µN = 0, and, throughout this stationary spacetime,

(11.9) G = 8πµ
u2 ξ♭ ⊗ ξ♭, Scalg = 0, Ricg(ξ, ·) = 0.

In particular, the spacetime is vacuum on {N > 0}.
(4) With ν pointing into the exterior,

(11.10) X = uν, ∂νu+K(X, ν) = κ, κ = 1
4m on S.

For each i = 1, . . . , ℓ, either u > 0 everywhere on Si, or u = 0 everywhere on Si. This
alternative is made separately on each component; the constant κ is common to all
components.

Equation (11.9) deliberately allows nonzero matter where N = 0. This section does not infer
vacuum from the existence of a causal stationary field alone. The treatment of that null region
belongs to Section 12.

11.1. The derivative of the enclosing area. We use filled enclosing sets, with coincidence
with any component of S allowed. To make the perimeter convention explicit for arbitrary genus,
attach a compact orientable handlebody to the inner side of each Si, identifying its boundary
smoothly with Si. Every closed connected orientable surface bounds such a handlebody. The
resulting manifold has no boundary and retains the original asymptotic end. Extend g smoothly
and positively through the collars and over these caps, by extending its collar coefficients and
then joining to a positive metric on each cap by a partition of unity. The finite union of the caps
is a compact smooth obstacle with boundary S.

Minimize the full perimeter in this capped manifold among relatively compact finite-perimeter
sets containing the obstacle almost everywhere. No condition on complementary pockets is
imposed on these competitors, so this class is closed under unions and intersections. A minimizing
set has no bounded complementary pocket: filling one removes its frontier and decreases perimeter.
Full perimeter counts the frontier coinciding with S, in agreement with Definition 2.1. Every
contributing boundary lies in the original closed exterior, so neither the choice of cap nor its
interior metric changes its area. Only the metric is extended; the constraints and all variations
below remain on Mext. Let T be the collection of boundaries attaining the enclosing infimum
for the original metric. Each boundary in T has area A; S itself is one of them. Perimeters and
tangent-plane measures count every boundary component.

Lemma 11.2 (Compact minimizing cuts and the area envelope). Let gs be a smooth path of
metrics through g whose first and second parameter derivatives are uniformly bounded relative to
g, and whose end geometry has uniformly bounded scaled first derivatives for s near zero. Put
h = ġ0, and let a(s) be its filled enclosing infimum. Then

(11.11) a′(0+) = min
T∈T

a′
T (h), a′

T (h) = 1
2

∫
T

trT hdAg.

The space T is compact for the convergence of its sets in local L1 and of its unoriented tangent-
plane area measures. The function T 7→ a′

T (h) is continuous for that topology. Off the obstacle,
two cuts in T have the same tangent plane at each point where they meet.

Proof. A fixed enclosing competitor bounds all minimizing perimeters from above. A minimizing
boundary that reaches arbitrarily large end radius has a point with a ball of radius comparable
to that radius which is disjoint from the obstacle. The scaled metric bounds and the interior
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perimeter density estimate give a lower area bound equal to a positive constant times the square
of that radius. This contradicts the fixed upper bound. Thus all minimizing boundaries for the
paths under consideration stay in a fixed compact set; this is also the compactness argument
in Lemma 3.3. One may minimize on a large compact truncation, whose sphere is a strict
mean-curvature barrier, and then remove the truncation. Perimeter compactness gives a limiting
filled set. The fixed-obstacle condition is closed under this convergence, and lower semicontinuity
gives a minimizing boundary.

The regularity input is the smooth-obstacle perimeter theorem: in ambient dimension three, a
perimeter minimizer outside a C2 obstacle is C1,1 and is smooth minimal away from contact [31,
Regularity Theorem 1.3(iii)]. These minimizers realize the smooth-cut infimum as well. Every
smooth filled enclosing cut is an admissible finite-perimeter competitor. Conversely, flow a regular
minimizing boundary for a small positive time by a smooth vector field pointing strictly outward
along S and supported in its collars. The moved filled set contains the obstacle in its interior. A
sufficiently close smooth C1 approximation of that compact embedded boundary still encloses the
obstacle, and its area tends to the original perimeter as the flow time and approximation error
tend to zero. Filling any bounded complementary pockets only decreases area. The resulting
smooth cuts prove equality of the two infima. This construction applies to each nearby metric as
well.

The local obstacle estimates and the interior density estimates apply uniformly on the fixed
compact region. For a convergent sequence of minimizing sets, lower semicontinuity and the
upper bound from a fixed minimizing competitor give convergence of the perimeters. Express the
normal vector measures in a fixed smooth local g-orthonormal frame. These are smooth matrix
multiples of the distributional derivatives of the set indicators, so they converge weakly, and their
Euclidean total variations are precisely the convergent g-perimeters. Strict convergence of these
vector measures gives convergence of the integrals of every continuous function of position and
unit normal; in particular it gives convergence for every continuous function of the unoriented
tangent plane. This is the strict-measure continuity theorem, applied locally and then with a
partition of unity [5]. The same argument works when the metrics vary: their uniform convergence
converts convergence of the varying perimeters into strict convergence for the fixed metric.

For any rectifiable cut of bounded area the pointwise area-element expansion gives, uniformly
over those cuts,

(11.12) |T |gs = |T |g + sa′
T (h) +O(s2)|T |g.

Testing a fixed member of T gives the upper bound in Equation (11.11). For the opposite bound,
take minimizers Ts for gs. Any sequence s ↓ 0 has a subsequence converging as above to some
T ∈ T . Since |Ts|g ≥ A, Equation (11.12) gives

a(s) −A

s
≥ a′

Ts
(h) +O(s) −→ a′

T (h) ≥ min
T ′∈T

a′
T ′(h).

This proves the derivative formula and the asserted continuity.
Finally, if D1, D2 are two minimizing filled sets, then their union and intersection are admissible

and perimeter submodularity gives

P (D1 ∪D2) + P (D1 ∩D2) ≤ P (D1) + P (D2) = 2A.

Each term on the left is at least A, so both are minimizers. Different tangent planes at an
intersection off the obstacle would give a corner in one of these two minimizing boundaries,
contradicting their interior regularity. Thus the tangent planes agree there. □

For later use, the common plane is a continuous field on the union of these cuts, locally away
from S. Indeed, take points xj on cuts Tj converging to a point x away from S. Compactness
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gives a limiting cut. The interior density estimate puts x on that cut, and strict perimeter
convergence to its smooth boundary gives local tangent convergence by the interior regularity
theorem. The common plane property makes the limit independent of the selected cut.

11.2. A positive separator for the active constraints. Use the fixed unit ball bundle
B = {(x, v) : x ∈ Mext, |v|g ≤ 1}, C(x, v) = 16π

(
µ(x) + Jx(v)

)
,

and its closed active subset A = {C = 0}. For a varying metric transport v isometrically by the
symmetric positive square root: if gs(·, ·) = g(As·, ·), put vs = A

−1/2
s v. Thus

(11.13) v̇0 = −1
2h

♯v, |vs|gs = |v|g.
The linear variation C ′

H below includes this argument variation.
Fix the strict conformal direction from Lemma 3.2, and write it as

Q = (4ϕg, 2ϕK).
Here ∂νϕ = −1, ϕ = O2(r−1) has a finite flux, and for some 0 < δ < min{q, 1} and a smooth
positive weight w = r−3−δ on the end,

(11.14) −∆ϕ− |K||∇ϕ| ≥ w,
−∆ϕ
w

−→ 1.

Decrease δ if necessary in using that lemma. Let V be the real linear space generated by Q, all
smooth compactly supported variations (h, p) up to S, and the following four smooth variations
cut off to vanish on a fixed large compact set:

(11.15) h
(0)
ij = δij

r
, p(0) = 0; h(a) = 0, p(a) = B(ea),

where, on the end,
(11.16) B(p)ij = r−2(pinj + pjni − (δij − ninj)p · n

)
, n = x/r.

These tensors are Euclidean tracefree and divergence-free. The scalar-curvature linearization at
the Euclidean metric annihilates δ/r outside the cutoff. Consequently the non-strict generators
have
(11.17) C ′

H = O(r−3−q) = o(w) on the end, uniformly for |v| ≤ 1.
The same estimate includes the frame term in Equation (11.13). The momentum prototypes have
independent momentum fluxes and the scalar prototype has nonzero energy flux.

On an active ray the background conformal scaling term vanishes, so the exact conformal
formulas give

(11.18) C ′
Q = −8∆ϕ+ 8K(v,∇ϕ),

C ′
Q

w
−→ 8, −θ′

Q = 4 on S.

In particular, every H ∈ V has a well-defined coefficient a(H) of Q, characterized equivalently
by C ′

H/w → 8a(H) on the end. This also shows that the coefficient is independent of its
representation by generators.

Lemma 11.3 (Multiplier identity). There are a probability measure ω on T , a nonnegative finite
measure η on S, a nonnegative locally finite measure Λ on A, and a number z ≥ 0 such that, for
every H ∈ V,

16πE ′(H) − c

∫
T
a′
T (h) dω(T ) = ⟨C ′

H ,Λ⟩ −
∫
S
θ′
H dη + za(H).(11.19)

The pairing is well defined on V. The last term vanishes on compact variations and on the four
prototypes.
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Proof. Adjoin an end point to A, collapsing every ray that escapes spatial compact sets to that
point; if A is compact, take an additional isolated end point. The bounded fibers make the result
a compact space. Equations (11.17) and (11.18) show that C ′

H/w extends continuously to it, with
value 8a(H). Take the disjoint compact union of this space, S, and T , and associate to H the
continuous function whose values on the three pieces are

(11.20) C ′
H

w
, −θ′

H , ca′
T (h) − 16πE ′(H),

respectively. Smooth dependence of the boundary expansion and Lemma 11.2 give the remaining
continuity.

We first prove that no image of this linear map is strictly positive at every point of the compact
test space. Suppose otherwise, and write H = aQ+H0. Positivity at the end point gives a > 0.
Realize its tangent by the actual path
(11.21) gs = e4asϕ(g + sh0), Ks = e2asϕ(K + sp0).
The metric remains positive and uniformly comparable to g for small |s|. The varied data retain
the required asymptotic decay with exponent min{q, 1} > 1/2, and their charge variations have
finite limits. The conformal factor has its stated flux. Thus the path has differentiable ADM
fluxes.

Here are the estimates which ensure nonlinear feasibility. On the end the tensors in H0 are
O2(r−1) and O1(r−2), and their far-end Euclidean linear constraints vanish. Terms in their linear
constraint variation containing a background error cost O(sr−3−q), while new quadratic terms
cost O(s2r−4). Changing the orthonormal identification has the same bound: the background
momentum is O(r−2−q), and the metric variation is O(r−1). Applying the exact conformal law
to the intermediate data (g + sh0,K + sp0), and keeping the nonnegative background term with
its positive scaling factor, therefore gives, uniformly over the full unit ball of test vectors,
(11.22) e4asϕCs = C + s

(
8aw + o(w)

)
+O(s2w) on the end.

The o(w) is uniform as r → ∞ at fixed H, and the quadratic bound is uniform for small s. The
gradient square in the conformal formula is O(r−4) = O(w) because δ < 1. One may use the
composition of the two natural isometries of the unit balls in deriving this estimate; it tests the
same DEC. At active rays its derivative agrees with Equation (11.13), since the difference of two
isometric identifications is tangent to the unit sphere and is annihilated by J at an active ray.

It follows from Equation (11.22) that the DEC holds on a fixed far end for all sufficiently
small positive s. On the remaining compact ball bundle, the derivative is strictly positive on the
closed active set. A neighborhood of that set has the same positive derivative with a fixed smaller
margin. On its compact complement the original C has a positive minimum. Taylor’s formula
now gives the DEC throughout the compact region as well. The strict inequality −θ′

H > 0 on
compact S gives θ+,s < 0 for small positive s. The new sources are integrable: outside a compact
set their changes, after the harmless positive rescaling of the original sources, have the integrable
bounds just displayed. The ADM vector stays future timelike. Hence these are data to which
Theorem 2.2 applies.

Finally, strict positivity on the compact cut space gives
cmin
T∈T

a′
T (h) − 16πE ′(H) > 0.

By Lemma 11.2 and Equation (11.2), this says that the right derivative of 16π(E(s)−
√
a(s)/(16π))

is strictly negative. The expression is zero at s = 0, whereas the supporting-energy inequality
and Theorem 2.2 make it nonnegative for small positive s. This is a contradiction.

The image of the linear test map is therefore disjoint from the open cone of strictly positive
continuous functions. The separating form of the Hahn–Banach theorem gives a nonzero continuous
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linear functional, nonnegative on nonnegative functions, which annihilates the image. The Riesz
representation theorem represents it by nonnegative finite measures on the three compact pieces.
Its mass on the objective piece T cannot be zero: otherwise its value on the image of Q, which is
strictly positive on both remaining pieces including their end point, would be positive. Normalize
this objective mass to one. On the finite active rays divide the corresponding measure by w and
call the result Λ. It is locally finite; the original finite measure makes its pairing with C ′

H finite.
Put the end-point mass, multiplied by eight, into z. Rearranging the annihilation identity gives
Equation (11.19) with the stated signs. □

Define the scalar and vector moments of Λ with the fixed volume-density convention by

(11.23) ⟨u, f⟩ =
∫
f(x) dΛ(x, v), ⟨X,α⟩ =

∫
αx(v) dΛ(x, v).

Initially these are measures, including possible measures on S. Their positivity and the support
of Λ give, distributionally,
(11.24) u ≥ |X|g, uµ+ J(X) = 0.
The first statement means domination of the total variation of the vector measure by the scalar
measure; in particular it can be tested against arbitrary continuous unit covector fields.

11.3. Removing the interior area multipliers.

Lemma 11.4 (Normal slice tests). For every smooth s compactly supported in IntMext there are
compact variations Hϵ with metric component hϵ = 2sK such that
(11.25) C ′

Hϵ
−→ 0 uniformly on the active rays over compact sets.

Their supports lie in one fixed compact set.

Proof. Choose a compact neighborhood of the support of s. In a Gaussian time collar put
gϵ = − dt2 + gϵ(t), gϵ(0) = g, ∂tgϵ(0) = 2K.

Choose the second time derivative so that its spatial Einstein components at time zero are

(11.26) (Gϵ)ij = 8π(Dϵ)ij , Dϵ = J ⊗ J

µ+ ϵ
.

This is a free choice of jets, not a choice of evolution satisfying an energy condition. To see its
solvability, the terms in the spatial Einstein tensor containing ∂tK are its trace reversal, with
a fixed nonzero overall sign. On symmetric tensors in dimension three this map is invertible:
its eigenvalue is one on the tracefree part and minus two on the pure-trace part. All remaining
terms are determined by g,K and their spatial derivatives. Thus smooth second jets realizing
Equation (11.26) exist; a quadratic extension with a time cutoff realizes them by a smooth
Lorentzian metric for sufficiently small time. The constraints give at time zero
(11.27) Gϵ(n, n) = 8πµ, Gϵ(n, ei) = 8πJi,
where n = ∂t and ei is a spatial orthonormal frame.

The regularization has the precise compact convergence needed below. Define D = J ⊗ J/µ
where µ > 0, and D = 0 at µ = 0. The DEC implies
(11.28) |Dϵ| ≤ µ, |∇Dϵ| ≤ 2|∇J | + |∇µ|.
The second inequality follows by differentiating the quotient and using |J | ≤ µ in each term.
Smooth nonnegative µ has ∇µ = 0 at its zero set. There also ∇J = 0: in a smooth frame |Ji| ≤ µ,
so each directional derivative of Ji vanishes. It follows first that D is differentiable with zero
derivative at that set, and then from Equation (11.28) that this derivative is continuous there.
On a compact set, split into µ ≥ δ and µ < δ. On the first part the quotient and its derivatives
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converge uniformly as ϵ → 0. On the second part the bound in Equation (11.28) is uniformly
small as δ ↓ 0, by compactness and continuity at the zero set. Therefore
(11.29) Dϵ −→ D in C1 on every compact set.

Vary the slice by the graphs t = as(x) at a = 0, using its induced metric and second fundamental
form. Their variation is compactly supported where s and its derivatives are supported, and its
metric component is 2sK. We prove that its first DEC variation tends to zero at an active ray
(x, v).

If µ(x) > 0, activity implies µ = |J |, |v| = 1, and v = −J ♯/µ at that point. Write ζ = n+ v.
On the portion of the initial slice where µ > 0 the limiting tensor prescribed above is

(11.30) G0 = 8π
µ
α⊗ α, α(n) = µ, α(ei) = Ji.

The covector α is causal and is nonnegative on future causal vectors. At the active point, ζ is null
and α(ζ) = 0. Parallel transport ζ along any spatial curve in the initial slice, using the spacetime
connection. It remains future null, so its contraction with α is a nonnegative function with a
minimum zero at x. Thus

(∇iα)(ζ) = 0, (∇iG0)(ei, ζ) = 0 at x.
The spatial spacetime connection at time zero depends only on g,K, not on ϵ. Equation (11.29)
therefore also gives convergence of these spatial covariant derivatives. Contracted Bianchi, applied
before taking the limit, states in an orthonormal frame that

(11.31) (∇nGϵ)(n, ζ) =
∑
i

(∇eiGϵ)(ei, ζ).

Only the normal derivative of the constraint components is used here; Bianchi expresses it through
the spatial first derivatives controlled above. Its limiting value is zero.

The derivative of the contraction defining the DEC on the graph also differentiates its two
vector arguments. The term varying the first argument vanishes because G0(·, ζ) = 0. For the
second argument, its isometrically transported spatial part still has length one, so the varied ζ
stays null. At the active point α is proportional to the covector obtained by lowering ζ; hence
α(ζ̇) = 0. This kills the second argument term. Together with Equation (11.31) it proves the
desired limit at such a ray.

If µ(x) = 0, then J = 0 and their spatial first derivatives vanish. The limiting tensor and
its spatial first derivatives are zero. Equation (11.31) now kills the required normal derivative,
and both argument terms vanish. This applies to all active v, including |v| < 1. Finally, all
the expressions just used involve only fixed compactly bounded jets, Dϵ, and its spatial first
derivatives. The compact C1 convergence makes the convergence uniform, including near µ = 0.
This proves Equation (11.25). □

Lemma 11.5 (Concentration of the area multiplier). The measure ω in Lemma 11.3 is concen-
trated on the single cut S.

Proof. Use the variations of Lemma 11.4 in Equation (11.19). Their ADM and boundary variations
vanish. Their supports lie in a fixed compact set, on which Λ is finite, so uniform convergence
permits passage to the limit in its pairing. The metric variation is 2sK, independent of the
regularization. It follows that

(11.32)
∫

T

∫
T
s trT K dAg dω(T ) = 0 for every s ∈ C∞

c (IntMext).

Consider the positive aggregate area measure β =
∫

T dAT dω(T ) off S. By Lemma 11.2 and
the observation following its proof, the function F (x) = trΠ(x)K(x), where Π(x) is the common
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tangent plane, is continuous on the union of the cuts, locally away from S. In particular it is
measurable there. Equation (11.32) says the signed Radon measure Fβ is zero. Thus F = 0 β-
almost everywhere. Fubini’s theorem on a countable compact exhaustion shows that for ω-almost
every cut its tangential trace of K is zero at area-almost every point off S. Each such cut is
smooth minimal there, so continuity improves this to

HT = 0, trT K = 0 on T \ S.

There can be no cancellation in this argument between cuts with different tangent planes: the
common-plane property is exactly what made F a single function of position.

Fix one of these cuts. Near a point of contact with S, the C1,1 obstacle graph and the smooth
graph of S have the same first derivatives on their coincidence set. Their second derivatives agree
almost everywhere on that set. One way to see the latter assertion is to apply the fact that a
Lipschitz function vanishing on a measurable set has derivative zero almost everywhere on that
set, first to the graph difference and then to each of its first derivatives. The outward orientations
agree at contact. Since S is a MOTS, the cut consequently satisfies HT + trT K = 0 almost
everywhere across contact, as well as on its complement. In a graph chart this is a uniformly
elliptic quasilinear equation for a C1,1 function. Its coefficients are Hölder in position and first
derivatives. Interior elliptic regularity followed by differentiation therefore makes the graph
smooth. Thus the whole cut is a smooth MOTS.

Suppose the cut touches a component Si. At each contact point, the two smooth graph
equations have the same orientation and one graph lies on one side of the other. Their difference
satisfies a linear uniformly elliptic equation with bounded coefficients. The strong comparison
principle implies local coincidence. The contact set T ∩ Si is therefore open in Si; it is also closed
by compactness. Connectedness of Si gives Si ⊂ T . Local coincidence and compactness then
make Si a connected component of T . Consequently, every component of T either equals one of
the original Si or is disjoint from S and lies entirely in IntMext. This argument does not use the
genus of Si.

The cut is smooth and encloses the entire obstacle. Its filled set has no bounded complementary
pocket, since filling such a pocket would remove positive perimeter and contradict minimality. If
T had any interior component, it would thus be an enclosing smooth MOTS with at least one
interior component and with every remaining component either interior or equal to an original
Si. This is exactly a cut excluded by the partial-coincidence outermostness hypothesis, even if
it retains some original boundary components. Hence T has no interior component. There is a
subset I ⊂ {1, . . . , ℓ} such that

T =
⊔
i∈I

Si,
∑
i∈I

|Si|g = |T |g = A =
ℓ∑
i=1

|Si|g.

Each |Si|g is strictly positive. The equality of these finite sums therefore forces I = {1, . . . , ℓ}, so
T = S. It follows that ω-almost every cut is S, proving the lemma. □

11.4. The interior adjoint equations. We now know that the area term in Equation (11.19)
is exactly ca′

S(h). In particular, arbitrary variations compactly supported in the open exterior
have zero total multiplier pairing. We first use this fact before making any regularity assumption
on the moments.

Lemma 11.6 (Interior regularity and the full metric equation). The moments (u,X) are smooth
in the open exterior and satisfy Equations (11.4)–(11.6) and uµ+ J(X) = 0 there. Their full first
jet satisfies a homogeneous linear first-order system with smooth background coefficients.
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Proof. For a compact variation p = K̇ with h = 0, direct differentiation and integration of the
momentum divergence give the coefficient

2
[
u(τg −K) − sym ∇X + (divX)g

]
against p. It is zero distributionally. Taking its trace gives divX = −uτ , and substituting back
proves Equation (11.4).

Next use the compact simultaneous conformal variation (h, p) = (4ψg, 2ψK). Its background
scaling term is −64πψ(uµ+J(X)), which vanishes by Equation (11.24). The remaining pairing is

−8⟨u,∆ψ⟩ + 8⟨X,K(∇ψ, ·)⟩ = 0.

This is Equation (11.5) in distributions. Taking a divergence of the symmetric-gradient equation
and using divX = −uτ also gives

∆Xj + RicjkXk = (τδj i − 2Kj
i)∇iu+ u(∇jτ − 2∇iKij).(11.33)

Together with the lapse equation this is a second-order elliptic system with scalar Laplacian
principal part and smooth lower-order couplings. Locally the measure moments belong to some
negative Sobolev space. The local Laplace estimate applied to this system improves their Sobolev
order by one, since the right sides have at most one derivative of the unknowns. Iterating with
nested compact cutoffs puts them in every local Sobolev space. Sobolev embedding then gives
smoothness. The distributional inequalities and complementarity now hold pointwise in the
interior.

We give the full metric calculation, including the dependence of the momentum test vectors on
the metric. Put P = K − τg. For compactly supported variations the constraint pairing is the
first variation of

(11.34) I(g,K) =
∫ [

u(R+ τ2 − |K|2) + 2Xi∇jPij
]

dVg,

together with the frame correction

(11.35) −8π
∫
h(X, J ♯) dVg.

The integration may be localized to a fixed region containing the variation. Changing its volume
form instead of retaining the original fixed measure adds one half of its background integrand
times trh. That integrand is 16π(uµ + J(X)) = 0, so this replacement does not change the
pairing. Equation (11.35) follows directly from Equation (11.13) and has the displayed negative
sign.

Integrating the shift term once by parts makes it −
∫
P ij(LXg)ij dVg up to a boundary term

unaffected by these variations. In taking a pure metric variation, u, contravariant X, and covariant
K are fixed. The elementary variation formulas used are

Ṙ = − Ricij hij + ∇i∇jhij − ∆(trh),
τ̇ = −Kijhij ,

(
|K|2

)· = −2(K2)ijhij , ( dV )· = 1
2 trh dV,

(P ij)· = −hiaKaj − hjaK
ia + (Kabhab)gij + τhij ,

(LXg)· = LXh.

For example, integrating the last term by parts and combining it with the variation of P ij gives
the following coefficient from the entire shift integral:

(LXK)ij − (divX)Kij −
[
X(τ) +Kab∇aXb

]
gij .
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The scalar-curvature terms contribute Hessu− (∆u)g− uRic. Consequently the vanishing metric
coefficient is the explicit equation

0 = ∇i∇ju− (∆u)gij − uRicij +2u(K2 − τK)ij

+ u

2 (R+ τ2 − |K|2)gij + (LXK)ij − (divX)Kij

−
[
X(τ) +Kab∇aXb

]
gij − 8πX(iJj).

(11.36)

This calculation can equally be read distributionally, since each coefficient is linear in the moments
and their derivatives.

For completeness, its simplification uses no vacuum assumption. Equation (11.4) gives

divX = −uτ, Kab∇aXb = −u|K|2, tr(LXK) = X(τ) − 2u|K|2.
Taking the trace of Equation (11.36) and using 16πµ = R+ τ2 − |K|2 and J(X) = −uµ yields

(11.37) ∆u+X(τ) = u

2 (R+ τ2 + |K|2).

Substitution of this identity into Equation (11.36) gives exactly Equation (11.6).
These equations have the asserted finite-type property. The right side of Equation (11.6) is

linear in u,X,∇X, with smooth background coefficients, since
(LXK)ij = Xk∇kKij +Kkj∇iX

k +Kik∇jX
k.

The second derivatives of X are also fixed by first jets. To make this explicit, put Bij = ∇(iXj) =
−uKij . Commuting covariant derivatives gives

∇i∇jXk = ∇iBjk + ∇jBik − ∇kBij

+ 1
2 ([∇i,∇j ]Xk − [∇i,∇k]Xj − [∇j ,∇k]Xi) .

(11.38)

The commutators are curvature times X, and differentiating B = −uK uses only u,∇u and the
background first derivative of K. Thus every derivative of (u,X,∇u,∇X) is a homogeneous
linear expression in that same first jet. This proves the final assertion. □

11.5. Boundary continuation and the ADM normalization.

Lemma 11.7 (Continuation, boundary atoms, and the end constants). The smooth interior fields
extend smoothly to the one-sided boundary. The original moment measures have no boundary-
supported part. They satisfy Equation (11.3), and u > 0 in the interior.

Proof. In a smooth normal collar (s, y) of S, all background coefficients in the first-jet system
of Lemma 11.6 are smooth up to s = 0. Along a normal line the system is an ordinary linear
differential equation for the full first jet, with bounded coefficients. Solve it down to s = 0
from a fixed interior collar surface. Smooth dependence on the initial data and on y supplies
a smooth extension, which agrees with the original solution by uniqueness along each normal
line. In particular all its one-sided derivatives have the values supplied by the system. The same
system also proves that an interior first jet which vanishes at one point vanishes everywhere on
the connected interior, by continuation along piecewise smooth paths.

We next establish the asymptotic form without having prescribed growth to the measures.
Let Y denote all coordinate components of (u,X). The original O2(r−q), O1(r−1−q) bounds, the
constraints, and Equations (11.6) and (11.38) give

(11.39) |∂2Y | ≤ Cr−1−q′ |∂Y | + Cr−2−q′ |Y |, 1
2 < q′ < min{q, 1}.

Only the original derivative bounds occur here: the curvature and ∂K, J are O(r−2−q′), and the
coefficients of first jets are O(r−1−q′).
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Fix a large sphere. Radial integration of Equation (11.39), with the supremum of |Y |/r + |∂Y |
up to radius r, bounds this supremum by its initial value plus its integral against Cr−1−q′ dr.
Gronwall’s inequality therefore gives, uniformly in angle,

|Y | = O(r), |∂Y | = O(1), |∂2Y | = O(r−1−q′).

Each coordinate gradient has a limit along a radial ray, with error O(r−q′). Two points on a
sphere can be joined on that sphere by a path of length O(r); the last Hessian estimate shows
that their gradient limits agree. Thus there is one constant matrix L such that

∂Y = L+O(r−q′), Y = Lx+O(r1−q′).

The scalar field u is nonnegative on every large sphere, so its linear coefficient is zero. Then
u = O(r1−q′), and |X| ≤ u eliminates every linear coefficient of X as well. Now Equation (11.39)
improves to |∂2Y | = O(r−1−2q′). Since the gradients have limit zero, radial integration gives
|∂Y | = O(r−2q′). As 2q′ > 1, the values have limits along radial rays. Their differences on a large
sphere are O(r1−2q′), so there is a single constant limit Y∞. With Y bounded, one more use of
Equation (11.39) gives

(11.40) Y = Y∞ +O(r−q′), ∂Y = O(r−1−q′), ∂2Y = O(r−2−q′).

At this point the original measure moments could still have a component supported on S.
Subtract the integration by parts of the smooth interior fields from the compact identity (11.19).
Test with p = 0 and a metric variation whose value and full first jet vanish on S. The area and
expansion variations and all the smooth integrated boundary terms then vanish. The remaining
scalar-curvature variation on S contains

−∂2
ν(trS h).

This is an arbitrary smooth function on S: in collar coordinates one may take the tangential
trace to be a prescribed multiple of s2 times a cutoff. All momentum and frame terms involve
only the value or first jet of h and hence vanish on S. It follows that the scalar moment has no
boundary measure. Domination |X| ≤ u as measures eliminates a vector boundary measure also.

We can therefore integrate the smooth adjoint by parts all the way to S and to a large coordinate
sphere. Use a prototype from Equation (11.15), with its cutoff chosen to vanish near S. Its
area and expansion variations vanish, and a(H) = 0. Its constraint pairing is integrable by
Equation (11.17) and Equation (11.40). Interior terms vanish by the adjoint equations. If the
constants in the latter equation are (u∞, X∞), its outer boundary term is∫

SR

[
u∞(∂jhij − ∂ihjj) + 2Xj

∞(pij − (trδ p)δij)
]
ni dAδ + o(1).(11.41)

For clarity, every omitted term vanishes under the stated decay: the derivatives of u,X are
O(r−1−q′) and multiply h = O(r−1); their nonconstant values multiply ∂h, p = O(r−2); and the
metric-variation momentum terms contain Kh = O(r−2−q′). Multiplication by sphere area still
leaves O(r−q′). Thus the limit of Equation (11.41) is 16π(u∞E

′ +Xi
∞P

′
i ).

The scalar prototype has E′ = 1/2 and P ′ = 0; for the momentum prototype in direction
p, E′ = 0 and P ′ = 2p/3. The latter follows by integrating B(p)ijnj = r−2(pi + (p · n)ni).
Equation (11.19) for these four independent fluxes consequently gives

u∞ = b0, Xi
∞ = bi.

This proves Equation (11.3) and in particular shows that the adjoint is nontrivial.
If u vanished at an interior point, smooth nonnegativity would give ∇u = 0 there. The

inequality |X| ≤ u gives X = 0; since u has zero differential, it also forces ∇X = 0 at that point.
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The whole first jet would be zero. Its continuation property would make (u,X) identically zero,
contradicting u∞ = b0 > 0. Thus u > 0 in the interior. □

11.6. The stationary Einstein tensor. We can now form the nondegenerate Lorentzian metric
(11.7) on the open exterior. All its coefficients are independent of t. Its future unit normal to a
constant-time slice is n = u−1(∂t −X), and

1
2Lng = − 1

2uLXg = K

by Equation (11.4). Thus this construction recovers the original second fundamental form,
including its sign.

Here is an explicit curvature verification of the stationary equation; in particular the modified
metric adjoint is not being identified with vacuum Killing initial data by assertion. The Gauss–
Codazzi formulas and the stationary normal-derivative formula for K, with the convention just
specified, give

Ricg,ij = Ricg,ij +τKij − 2(K2)ij − u−1[(LXK)ij + (Hessu)ij
]
,(11.42)

Scalg = R+ τ2 + |K|2 − 2u−1(∆u+X(τ)
)
.(11.43)

These identities can also be checked from the lapse-shift metric without an evolution assumption:
its scalar decomposition is

uScalg = u(R+ |K|2 − τ2) − 2 div(∇u+ τX),

and divX = −uτ changes this into Equation (11.43). The spatial Ricci formula is its tensor
counterpart, with normal change u−1(−LXK) and lapse acceleration u−1 Hessu. Equivalently,
variation of the reduced scalar action

∫
u(R+ |K|2 − τ2) dV at fixed lapse and contravariant shift

has coefficient −uGij . This agrees with the explicit coefficient (11.36) before its frame correction.
Equation (11.37) in Equation (11.43) gives Scalg = 0. Equation (11.6) in Equation (11.42)

now gives
uGij = uRicg,ij = −8πX(iJj).

The normal and mixed Einstein components are the constraints, G(n, n) = 8πµ and G(n, ei) =
8πJi. This proves Equation (11.8).

It remains to draw exactly the correct consequence of causality. At every interior point,

(11.44) 0 = uµ+ J(X) ≥ uµ− |J ||X| ≥ u(µ− |J |) ≥ 0.

If u > |X|, these equalities force µ = |J | = 0. If µ > 0, they force

(11.45) |X| = u, |J | = µ, J = −µ

u
X♭.

When µ = 0, the DEC gives J = 0 and all Einstein components already vanish. When µ > 0,
use the orthonormal coframe with θ0(n) = 1 and θi(ej) = δij . The constraints and the spatial
Einstein equation give

G = 8πµ
(
θ0 − Xi

u
θi
)2

= 8πµ
u2 ξ♭ ⊗ ξ♭.

The covector in parentheses is null and annihilates ξ = un+X. This proves the tensor identity in
Equation (11.9) everywhere, with µN = 0. Its trace is zero and its contraction with ξ is zero, so
Ricg(ξ, ·) = 0. All these identities hold on every stationary time translate. No strict timelikeness
has been inferred on the internal null set.
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11.7. Free boundary variations. We finish the proof of Proposition 11.1 by determining the
boundary data. By Lemma 11.7, all moments now have smooth volume densities up to S, with
no constraint measure on S itself. The integration-boundary normal is −ν.

Take an arbitrary compact K variation p, allowing arbitrary boundary values, with h = 0.
Integration of the momentum term has boundary contribution

−2
∫
S

[
p(X, ν) − (tr p)Xν

]
dA.

The boundary expansion variation is trS p, and the area variation vanishes. Separating the mixed
and tangential-trace components of p in Equation (11.19) gives

(11.46) XT = 0, dη = 2Xν dA.

Indeed, the remaining boundary expression is

−2
∫
S
p(XT , ν) dA+

∫
S
(trS p)(2Xν dA− dη),

and these components of p are independent. This also identifies η as a smooth density.
Now use the compact conformal variation (4ψg, 2ψK), allowing arbitrary value and normal

derivative of ψ on S. Its area derivative is 4
∫
S ψ dA, and its expansion derivative is 4∂νψ, since

θ+ = 0. Integrating the lapse equation by parts with normal −ν yields

−4c
∫
S
ψ dA = 8

∫
S

[
u∂νψ − (∂νu+K(X, ν))ψ

]
dA

− 4
∫
S
∂νψ dη.

(11.47)

The independently prescribed normal derivative gives dη = 2udA. Comparing with Equa-
tion (11.46) yields X = uν. The independently prescribed value then gives

∂νu+K(X, ν) = c

2 = 1
4m.

This proves Equation (11.10) with its normal orientation and numerical normalization. The
boundary values and normal derivatives used in these tests can be supported near any one Si.
The same total-area coefficient c therefore gives the same constant κ = c/2 on every boundary
component.

Let L be the MOTS stability operator for outward normal graph variation at S: a graph with
initial speed sν has expansion derivative Ls. Its principal part is −∆S and its coefficients are
smooth. Extend an arbitrary smooth sν to a compact vector field Y on the one-sided exterior
and test with

h = LY g, p = LYK.
Only its one-sided jets at S are needed; an actual diffeomorphism of the manifold with boundary
is not required to be a member of the variation space. In the open exterior these are spatial
diffeomorphism variations. Their DEC derivative vanishes at every active ray: under diffeomor-
phism transport, the derivative is a spatial derivative of a nonnegative scalar at its zero; the
difference from the isometric vector transport is tangent to the unit sphere, and J annihilates
that difference at an active ray. At µ = 0 the latter statement also holds since J = 0. There is no
boundary constraint measure left to test.

The ADM variation vanishes, the area variation is
∫
S HsdA, and the expansion variation is

Ls. Using dη = 2udA in Equation (11.19) gives

c

∫
S
Hs dA = 2

∫
S
uLsdA for every s ∈ C∞(S).
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Consequently
(11.48) 2L∗u = cH on S.

Outer area minimization implies H ≥ 0: the first area variation of every nonnegative outward
speed is nonnegative. Thus the nonnegative smooth u|S satisfies L∗u ≥ 0. The strong minimum
principle applies with no sign assumption on the original zeroth-order coefficient: subtract a
sufficiently large constant from the operator with positive Laplacian principal part, using u ≥ 0,
to obtain the usual nonpositive zeroth-order coefficient. Apply this principle on each connected Si.
It follows that either u > 0 everywhere on Si, or u is identically zero on Si [28, Chapter 3]. The
argument is componentwise and does not require the same alternative on distinct components.

All assertions of Proposition 11.1 have now been proved. On any component Si where u = 0,
one also has X = 0 and ∇X = 0: tangential derivatives of X = 0 vanish, and Equation (11.4)
supplies the remaining normal derivatives there. On any component Si where u > 0, the same
equation and Equation (11.10) give

∂νN = 2u
(
∂νu+K(X, ν)

)
= 2uκ on Si.

These two local boundary behaviors apply independently at each component and will be used in
the static classification.

12. Static classification and the original hypersurface

We now work entirely with the original equality data. The preceding variational argument
supplies a causal stationary field; it does not initially supply a vacuum exterior or exclude interior
points where that field is null. We first prove staticity where the stationary field is timelike,
construct the complete static base, and use its conformal double to exclude an interior null
set. We then reconstruct the original hypersurface, including its boundary. The conformal step
follows the method of Bunting and Masood-ul-Alam [19]. We give the completeness and rigidity
arguments needed here, without assuming a domain-of-communications theorem or regularity of
an interior Killing horizon.
Proposition 12.1 (Static classification and hypersurface reconstruction). Let the original exterior
satisfy the hypotheses of Theorem 10.2, and let u,X be the fields supplied by Proposition 11.1.
Then the number of boundary components is ℓ = 1, and that component is diffeomorphic to S2.
Moreover,

N := u2 − |X|2g > 0 on intMext.

The metric and function
h = g +N−1X♭ ⊗X♭, λ =

√
N

form the Schwarzschild static base of mass m, with its horizon boundary attached in the regular
base coordinates described below. There is a proper smooth spacelike embedding of the original
Mext into maximally extended Schwarzschild spacetime of mass m whose induced metric and
future second fundamental form are g,K. Its boundary is a cross-section of the future horizon
if u|S > 0, and the bifurcation sphere if u|S = 0. The embedding extends as a smooth spacelike
hypersurface through S, and its chosen end approaches the corresponding spatial infinity.

We record precisely the outputs of Proposition 11.1 that will be used. Put Ω = intMext. The
fields u,X are smooth up to the one-sided boundary, u > 0 on Ω, and u ≥ |X|g. For any fixed

1
2 < q0 < min{q, 1},

their end asymptotes have an O2(r−q0) remainder and satisfy

(12.1) (u,X) −→ (b0, b) =
(
E

m
,−P

m

)
, (b0)2 − |b|2 = 1, b0 > 0.
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On R × Ω, the Lorentzian metric

(12.2) g = −u2 dt2 + gij( dxi +Xi dt)( dxj +Xj dt)

has Killing field ξ = ∂t, satisfies Ricg(ξ, ·) = 0, and is vacuum wherever N > 0. In addition,

(12.3) sym ∇X = −uK, X|S = uν, ∂νu+K(X, ν) = κ := 1
4m.

For each connected component Si, either u > 0 everywhere on Si or u = 0 everywhere on Si. The
alternative may initially depend on i; the same positive constant κ occurs on all components.
These statements include the null-dust alternative before vacuum has been proved: only the
contraction Ricg(ξ, ·) = 0 will be used at points where N = 0.

12.1. The Killing norm and the twist. Let P = {N > 0} ⊂ Ω. On this open set define

(12.4)
h = g +N−1X♭ ⊗X♭, C = h−1 = g−1 − u−2X ⊗X,

λ =
√
N, A = N−1X♭, F = dA.

Thus

(12.5) g = −N( dt−A)2 + h, dVh = u√
N

dVg.

The tensor C extends smoothly and nonnegatively across the interior zero set of N , because u > 0
there.

Lemma 12.2 (The original boundary has a timelike collar). There are pairwise disjoint collars
of the finitely many components S1, . . . , Sℓ, each contained in P away from its boundary. In the
formulas for an individual collar, write S for its boundary component. If u|S > 0, then

(12.6) dN |S = 2κX♭|S = 2uκ ν♭.

If u|S = 0, and s ≥ 0 is the original g-normal distance from S, there are smooth a, Y such that

(12.7) u = sa, X = s2Y, a|S = κ, N = s2(a2 − s2|Y |2g
)
.

The AF end is also contained in P.

Proof. Fix one component and use the local notation S of the statement. On S, X = uν, hence
N = 0 and its tangential derivatives vanish. The normal-normal component of the KID equation
gives

⟨∇νX, ν⟩ = −uK(ν, ν).
Consequently

∂νN = 2u∂νu− 2u⟨∇νX, ν⟩ = 2u
(
∂νu+ uK(ν, ν)

)
= 2uκ.

This proves Equation (12.6), including positivity on an exterior collar when u|S > 0.
If u = 0 on S, then X = 0 there and all its tangential covariant derivatives vanish. The

normal-normal and normal-tangential components of sym ∇X = 0 imply ∇νX = 0 on S. Smooth
division by s and then s2 yields Equation (12.7); the boundary equation gives a|S = κ > 0.
Compactness of each Si makes its collar assertion uniform. Since there are finitely many disjoint
compact components, shrink their collars to be pairwise disjoint and choose a common positive
collar width below all of these finitely many widths. Thus every original boundary component
has a timelike collar, including when the boundary lapse alternatives differ between components.
Finally, Equation (12.1) gives N → 1. □
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Lemma 12.3 (Norm and twist identities). Write Gαβ = ∇g
αξβ, with full tensor contraction used

in |G|2g. On Ω,

(12.8) 1
u

divg(uC dN) = −2|G|2g.

On P, the antisymmetric contravariant tensor

Qij = uNCikCjℓFkℓ

satisfies

(12.9) ∇iQ
ij = 0.

Proof. The Killing equation makes G antisymmetric. The differentiated Killing equation and
Ricg(ξ, ·) = 0 imply □gξ = 0. Since g(ξ, ξ) = −N , differentiation twice gives □gN = −2|G|2g. For
a t-independent scalar, the inverse metric in Equation (12.2) has spatial block C and volume
density u

√
det g. Its wave operator is therefore u−1 divg(uC d·), proving Equation (12.8).

For completeness, put θ = dt−A. The Killing one-form is ξ♭ = −λ2θ, and

ξ♭ ∧ dξ♭ = −λ4θ ∧ F.

The Killing identity
d ∗g (ξ♭ ∧ dξ♭) = 2 ∗g

(
ξ♭ ∧ Ricg(ξ, ·)

)
has zero right side. Taking the Hodge star in the orthonormal time form λθ shows that its left
side, up to an irrelevant overall orientation sign, is d(λ3 ∗h F ). It follows that

divh
(
λ3CikCjℓFkℓ

)
= 0.

Using λ3 dVh = uN dVg gives Equation (12.9). For an antisymmetric two-tensor the extra
connection term on the free index vanishes, so this change of volume density gives exactly the
stated g-divergence. □

Lemma 12.4 (Logarithmic control at an arbitrary null set). Near the interior zero set of N , put
B = |X|g, e = X/B, and T = e⊥. For every compactly supported smooth cutoff η in a sufficiently
small neighborhood of that set,

(12.10) sup
ε>0

∫
uη2 | dN |2C

(N + ε)2 dVg < ∞.

In particular,

(12.11)
∫

P
η2| dT logN |2 dVg < ∞.

No regularity or measure assumption on {N = 0} is required.

Proof. On each such compact neighborhood, u and B are bounded below. Indeed u > 0 in Ω and
B = u on {N = 0}. The tensor C acts as the identity on T and has eigenvalue N/u2 on e.

We first justify a useful estimate for the smooth nonnegative function N :

(12.12) | dN |2g ≤ CN

on a compact set after slightly enlarging its neighborhood. Choose a uniform normal-coordinate
radius and a constant L bounding the Hessian and large enough that | dN |/L is smaller than
that radius. Taylor’s inequality on a geodesic in direction −∇N/|∇N |, at length | dN |/L, gives
0 ≤ N − | dN |2/(2L). This proves Equation (12.12).
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Let n = (∂t −X)/u be the future unit normal to the stationary slices, and complete e by an
orthonormal pair e1, e2 in T . Since ξ = un+Be,

Gin = −Ni/2 +BGie
u

.

Expanding all temporal and spatial terms in the full squared norm gives

(12.13)
−2|G|2g =

| dN |2g
u2 + 4B

u2

2∑
a=1

NaGae

− 4N
u2

2∑
a=1

G2
ae − 4G2

12.

The fields and their derivatives are bounded on the compact neighborhood. Equations (12.8),
(12.12), and (12.13) therefore imply

(12.14) 1
u

divg(uC dN) ≤ C0
(
N + | dTN |

)
.

Multiply by uη2/(N + ε) and integrate by parts. With Eε denoting the integral in Equa-
tion (12.10), the result is

Eε − 2
∫
uηC( dη, dN)

N + ε
dVg ≤ C0

∫
uη2 dVg + C0

∫
uη2| dTN |
N + ε

dVg.

Cauchy’s inequality bounds the cutoff term by Eε/4 + C
∫
u| dη|2C dVg. Since | dTN | ≤ | dN |C ,

the last term is bounded by Eε/4 + C
∫
uη2 dVg. This proves Equation (12.10). Fatou’s lemma

on the positive set gives Equation (12.11), using the local lower bound for u. □

Lemma 12.5 (Vanishing twist). The two-form F vanishes on all of P.

Proof. First note the exact contraction identity with its free index lowered using g:

(12.15) gikQ
kjAj = 1

u

(
Xj( dX♭)ij − B2

N
( dTN)i

)
.

It follows by inserting

F = N−1 dX♭ −N−2 dN ∧X♭ and CX = N

u2X

into gikQkjAj . Both terms on the right of Equation (12.15) are orthogonal to X. At X = 0 its
second numerator is interpreted as B2 dN − dN(X)X♭, so no choice of e is needed there.

The end asymptotes give a constant one-form A∞ with
A−A∞ = O1(r−q0), F = O(r−1−q0).

Choose a smooth function equal to a linear primitive of A∞ near infinity and zero outside a larger
end neighborhood. Its differential α is closed, equals A∞ near infinity, and vanishes near S and
all possible interior zeros of N . These zeros are contained in a fixed compact subset of Ω, by
Lemma 12.2. Put β = A− α, so dβ = F .

For each component choose a collar cutoff χi that is zero near Si and one outside its collar.
Take χ = χendχnull

∏ℓ
i=1 χi, initially supported away from S, infinity, and {N = 0}. The boundary

collars are pairwise disjoint; on the support of dχi all other boundary factors equal one. Testing
Equation (12.9) by χβj gives

(12.16) 1
2

∫
P
χuNCikCjℓFijFkℓ dVg = −

∫
P
Qij(∂iχ)βj dVg.

The integrand on the left is nonnegative.
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We remove the interior cutoff first, with the other two cutoffs fixed. Let it transition from zero
to one on ε < N < 2ε, with derivative bounded by C/ε. Near that band β = A. Equation (12.15),
its orthogonality to X, and N ≍ ε bound its contribution by

C

∫
{ε<N<2ε}

(
1 + | dT logN |2

)
dVg

on a fixed compact set. This tends to zero by Lemma 12.4. Indeed the bands tend pointwise to
the empty set within P , and their indicators are dominated by an integrable function there. This
reasoning remains valid when {N = 0} has positive measure.

Next remove the boundary cutoffs, keeping the end cutoff fixed. In the collar of Si let s be the
original normal distance and let χi transition on s ∈ (δ, 2δ) with derivative bounded by Ci/δ. For
this local computation write S = Si. If u|S > 0, then N ≍ s, X = uν +O(s), and dTN = O(s).
The flux in Equation (12.15) is bounded. Its orthogonality to X makes its g-normal component
O(s), so multiplication by the cutoff derivative O(δ−1) and integration over the collar gives a
term tending to zero. If u|S = 0, Equation (12.7) gives

u ≍ s, X = O(s2), dX♭ = O(s), N ≍ s2, dN = O(s).

The entire flux is then O(s2), with the same conclusion. Each boundary error therefore tends to
zero independently of which lapse alternative holds on that component. The derivative of the
finite product is the finite sum of these collar contributions; letting δ ↓ 0 makes their sum tend to
zero.

Finally use a radial cutoff on R < r < 2R. Here Q = O(r−1−q0) and β = O(r−q0); its
contribution is O(R1−2q0), which tends to zero. Fatou’s lemma in Equation (12.16) now makes
its nonnegative integrand vanish everywhere on P . Since uN > 0 and C is positive definite there,
F = 0. □

12.2. The complete static base. Let E be the component of P containing the connected far
AF end. We first derive the static equations on every component of P, then prove that there is
only one component. Since F = 0, the form A is locally exact. Equation (12.5) can locally be
written as −λ2 dT 2 + h. The Christoffel symbols involving T are ΓTT i = λi/λ and ΓiTT = λhijλj .
The vacuum equations consequently give, on all of P,

(12.17) λRich = Hessh λ, ∆hλ = 0, Scalh = 0.

These equations are global even though no global primitive of A has yet been constructed.

Lemma 12.6 (Connected positive set). The set P equals its infinity component E. In particular,
every original boundary collar belongs to E.

Proof. The unique end of Mext lies in P outside a compact set. Any component V of P other
than E therefore has compact closure in the original closed exterior Mext. Its frontier there lies
in {N = 0} ∪ S: an interior frontier point with N > 0 has a connected positive neighborhood
meeting V and hence belongs to V , a contradiction. The continuous function λ =

√
N is zero on

that frontier. The frontier is nonempty; otherwise V would be open and closed in the connected
open exterior Ω, which also contains the far end in E .

Choose any point of V , where λ > 0. Compactness of the closure and the zero frontier values
imply that the positive maximum of λ is attained at an interior point of V . The strong maximum
principle for the smooth locally elliptic equation ∆hλ = 0 makes λ constant on V , contradicting
its zero frontier values. Thus no such component exists. Every boundary collar from Lemma 12.2
is a subset of P = E , as claimed. □
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Lemma 12.7 (Completion and the lapse range). The function λ satisfies 0 < λ < 1 on E.
Approach to an interior zero of N has infinite h-length. Attaching all components of S gives a
regular base boundary on which

(12.18) h|TS = g|TS , λ = 0, ∂νh
λ = κ, IIh = 0.

At a component Si with u|Si > 0, the base metric admits a smooth reflection with odd lapse.
At a component with u|Si = 0, it admits a C2 reflection with odd lapse. These componentwise
attachments form a complete base with compact boundary, and its two-copy double is a connected
orientable complete manifold.

Proof. Near an interior zero set, B, u have positive lower bounds. Contracting F = 0 with X in
Equation (12.15) gives

| dT logN | ≤ B−2|X| | dX♭| ≤ C.

Together with Equation (12.12), this yields

(12.19) | d logN |2h = | dT logN |2 + | deN |2

u2N
≤ C

on compact neighborhoods of the interior zero set. A finite-length path approaching that set
would make logN → −∞, contradicting this bound.

Every possible limit of E in the compact part of the original closed exterior either belongs to
E , lies in {N = 0}, or belongs to S. At the latter two types of points λ → 0, while λ → 1 at
the AF end. If λ > 1 somewhere, a positive superlevel set bounded away from one is contained
in a compact subset of E . The harmonic function would attain an interior maximum, forcing it
constant, contrary to its limit at infinity. Thus λ ≤ 1. If equality holds at one interior point, the
strong maximum principle gives λ ≡ 1 on E . That component then has no interior boundary,
since N remains one at any such boundary point. It is open and closed in connected Ω, hence
equals Ω, contradicting the timelike collar where λ → 0 at S. Therefore 0 < λ < 1.

For boundary regularity fix a component Si and write S for it through the following local
calculation. Suppose first that u|S > 0. By Equation (12.6), use (N, y1, y2) as original smooth
collar coordinates. Smooth division gives

X♭ = a(N, y) dN +NβA(N, y) dyA, a(0, y) = 1
2κ.

Writing N = λ2, the coefficients of h are

(12.20)
hλλ = 4λ2gNN + 4a2,

hλA = 2λ(gNA + aβA),
hAB = gAB + λ2βAβB,

with all right-side coefficients evaluated at (λ2, y). They extend smoothly to negative λ. The map
(λ, y) 7→ (−λ, y) is an isometry: the diagonal blocks are even and the mixed block is odd. At
zero, hλλ = κ−2, hλA = 0, and hAB = gAB|S . The fixed hypersurface of this reflection is totally
geodesic, and all assertions in Equation (12.18) follow.

If u|S = 0, put D = a2 − s2|Y |2 in Equation (12.7). Then

h = g + s2D−1Y ♭ ⊗ Y ♭, λ = s
√
D, D|S = κ2.

These are smooth in the original one-sided collar. The static equations extend by continuity to
give Hessh λ = 0 at S. Its tangential components are κ IIh, so IIh = 0. In h-Gaussian coordinates
ρ ≥ 0, write h = dρ2 + hρ. Then ∂ρhρ|0 = 0, and ∂2

ρλ|0 = 0. Even reflection of hρ and odd
reflection of λ are therefore C2.
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These constructions apply on the finitely many disjoint collars, with no compatibility condition
between different lapse alternatives. They attach the entire original S, by Lemma 12.6. Let
E denote this attached base and let j : E → Mext be its identity map on the interior and on
boundary points. It is a homeomorphism onto the original exterior with any interior zero set
removed, but need not be a boundary diffeomorphism: on a positive-lapse collar the original
coordinate is N = λ2. The identity h = g +N−1X♭ ⊗X♭ gives h ≥ j∗g in the interior and, by
continuity in each regular collar, on the attached boundary as a nonnegative quadratic-form
inequality.

It remains to check completeness without classifying the missing sets. The original exterior is
complete as a metric space with boundary: a finite-length Cauchy path is Cauchy in the complete
ambient initial-data manifold and its limit remains in the closed exterior. The inequality h ≥ j∗g
makes the image of a finite h-length escaping path have such an original limit. An interior limit
with N > 0 is an ordinary smooth base limit. An interior zero is impossible by Equation (12.19).
A limit in S is accounted for by the regular collar just constructed. The AF end has infinite
distance. These possibilities exhaust finite-length escapes, proving completeness of E with its
boundary included.

Take two copies of this base and identify corresponding points of each Si by the collar reflections
just constructed. The resulting double is connected because the base is connected and its boundary
is nonempty. Give the second copy the opposite orientation; the identifications yield an orientable
manifold without boundary. There is no assertion that this double is simply connected. The
reflected metric hd and odd reflected lapse are C2 across every join, and smooth at the positive-
lapse joins. The static scalar and harmonic equations hold continuously across the joins, since
the indicated second jets match.

For completeness, fold the double onto E by identifying the two copies. The fold is distance
nonincreasing, because lengths on either side are the base lengths. A Cauchy sequence in the
double projects to a Cauchy sequence in the complete base. The base is a complete locally
compact length space, hence is proper, so the projected sequence lies in a compact base set.
The preimage of that set is a quotient of two compact copies and is compact. The original
sequence consequently has a convergent subsequence and, being Cauchy, converges. This proves
completeness of the double. □

12.3. Static asymptotics and the compactified end. After a constant linear change of the
original end coordinates, h = δ + O2(r−q0) and λ = 1 + O2(r−q0). Indeed its original constant
metric is I+b⊗b, by Equation (12.1). We prove the improvement required for conformal doubling
explicitly; the harmonic-coordinate mechanism agrees with Bartnik [11, Theorem 3.1, Proposition
3.3, and Theorem 4.3].

Lemma 12.8 (Harmonic-coordinate expansion). There are asymptotically Cartesian coordinates
on the end and a number 0 < ϵ < 1 such that, with γ = λ2h and U = log λ,

(12.21) γij = δij +Ok(r−1−ϵ), U = −M

r
+ b1 · x

r3 +Ok(r−2−ϵ)

for every fixed finite k. Here M > 0; the vector b1 is unrelated to the shift asymptote b. Only the
original two metric derivatives and the stated adjoint decay are needed to start this improvement.

Proof. The three-dimensional conformal formulas applied to Equation (12.17) give

(12.22) Ricγ = 2 dU ⊗ dU, ∆γU = 0.

Initially γ − δ, U = O2(r−q0). We give the coordinate construction with this derivative count.
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Move to a sufficiently distant end and extend γ to a metric on R3, equal to δ inside a large
ball, using a fixed-ratio cutoff annulus. In the resulting coordinates write

∆γ = (δab + aab)∂ab + ca∂a.

The coefficients satisfy a = O2(r−q0), c = O1(r−1−q0), and their scaled Hölder norms through the
orders needed here are small after increasing the cutoff radius. The bounded second derivatives
in the hypothesis give scaled Lipschitz bounds on first derivatives, so they suffice for any fixed
Hölder exponent less than one at this stage.

Put s0 = 1 − q0 ∈ (0, 1/2). For a source with weighted scaled C0,α size O(rs0−2), the Euclidean
inverse normalized to vanish at zero is

(12.23) Pf(x) = − 1
4π

∫
R3

( 1
|x− y|

− 1
|y|

)
f(y) dy.

It maps that weighted norm boundedly to scaled C2,α size O(rs0). To verify the zeroth-order
bound, split at |y| = 2|x|. On the far part, the kernel difference is bounded by C|x||y|−2, and its
integral is O(|x|s0) because s0 < 1. On the near part the separate kernels have the same bound
because s0 > 0. Interior Poisson estimates on rescaled annuli give the derivative and Hölder
bounds. The ordinary local estimates also apply on the fixed inner ball.

The equations
vi = P

(
−ci − aab∂abv

i − ca∂av
i)

are contractions in that weighted space. Indeed the operator norm of the last two terms is bounded
by a constant times the small scaled norms of a and rc. They produce harmonic coordinates
xi + vi with v = OC2,α(r1−q0) and Dv = O(r−q0). These functions are coordinates sufficiently far
out.

There is a derivative issue in changing metric coordinates which must be addressed before using
a classical Ricci equation. The original assumptions bound a, c, respectively, in scaled W 2,∞ and
W 1,∞. Differentiate the equation for v once and apply local W 2,p estimates to Dv on rescaled
annuli. All differentiated coefficients and forcing are controlled by these bounds and the preceding
C2,α estimate. For every finite p this gives

v = OW 3,p(r1−q0).
Consequently the transformed γ − δ, U have scaled W 2,p size O(r−q0). Take p > 3; Morrey
embedding gives scaled C1,α control for some α > 0. In the harmonic chart Equation (12.22) has
the elliptic form

−1
2γ

ab∂abγij +Qij(γ−1, Dγ) = 2UiUj , γab∂abU = 0,

where Qij is quadratic in Dγ. Schauder estimates first give scaled C2,α control; differentiating
this elliptic system then gives γ − δ, U = Ok(r−q0) for each finite k. No higher original-coordinate
derivative bound has been assumed.

We use two elementary exterior Poisson estimates. If w = o(1), ∆δw = f , and f = Ok(r−2−t),
1 < t < 2, then

(12.24) w = a

r
+Ok(r−t).

To prove this, cut w off on a fixed inner annulus and extend it by zero; this changes f only
on a compact set. The extended solution equals the Newton potential of its Laplacian, since
their difference is an entire decaying harmonic function. The coefficient is a = −(4π)−1 ∫ f . For
|y| < r/2, subtracting 1/r from the kernel costs

Cr−2
∫

|y|<r/2
|y||f(y)| dy = O(r−t).
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The remaining region, including the integrable kernel singularity, has the same bound. Rescaled
interior estimates prove the derivative version. If instead f = Ok(r−4−ϵ), 0 < ϵ < 1, its first
moments converge and the same reasoning gives

(12.25) w = a

r
+ d · x

r3 +Ok(r−2−ϵ).

Here subtract 1/r+(x ·y)/r3 in the near region. The remainder costs Cr−3 ∫
|y|<r/2 |y|2|f(y)| dy =

O(r−2−ϵ); the far region has that order as well.
Set ϵ = 2q0 − 1 ∈ (0, 1). The harmonic-coordinate equations and initial symbol bounds yield

∆δ(γij − δij), ∆δU = Ok(r−2−2q0).

Equation (12.24) gives

γij = δij + Aij
r

+Ok(r−1−ϵ), U = a

r
+Ok(r−1−ϵ).

The harmonic-coordinate condition is ∂j(
√

det γ γij) = 0. Expanding it at the displayed order
gives (

Aij − 1
2(trA)δij

) xj
r3 = O(r−2−ϵ).

Taking a radial limit shows A = 1
2(trA)I. Its trace in dimension three is zero, hence A = 0. Since

D2U = Ok(r−3), the scalar equation now improves to

∆δU = (δab − γab)∂abU = Ok(r−4−ϵ).

Equation (12.25) proves Equation (12.21), initially with a real M .
Its positivity uses the lapse range from Lemma 12.7. The function −U > 0 is γ-harmonic. For

0 < η < 1 and a fixed positive C, the function

w = r−1 + Cr−1−η

is positive and strictly γ-subharmonic sufficiently far out: ∆γr
−1 = O(r−4−ϵ), while the leading

Laplacian of r−1−η is η(1 + η)r−3−η. Choose c > 0 so small that −U ≥ cw on a large inner
sphere. The difference tends to zero and is superharmonic, so the exterior minimum principle
gives −U ≥ cw throughout that end. Taking the radial limit proves M ≥ c > 0. □

Lemma 12.9 (The two conformal metrics). Define

h± =
(1 ± λ

2

)4
h on E .

Both are scalar flat. The plus end satisfies h+ = δ +Ok(r−1−ϵ), hence has zero ADM mass. The
minus end compactifies by one point to a nondegenerate C1,ϵ ∩W 2,p

loc metric for some p > 3, with
scalar curvature zero as a distribution at that point.

Proof. Scalar flatness follows from Equation (12.17) and the three-dimensional conformal scalar-
curvature formula, since 1 ± λ are harmonic. In terms of the preceding variables,

(12.26) h+ = cosh4(U/2)γ, h− = sinh4(U/2)γ.

The first factor is 1 +Ok(r−2), proving the assertion for h+. Its ADM flux is O(r−ϵ), so its mass
is zero.

For the minus end invert x = y/|y|2, write ρ = |y|, and put R(y) = I−2y⊗y/ρ2. The inversion
differential is ρ−2R(y), with R(y)TR(y) = I. Equation (12.21) gives

I∗γ = ρ−4(I +Ok(ρ1+ϵ)
)
, U(I(y)) = −Mρ+ (b1 · y)ρ+Ok(ρ2+ϵ).
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Derivatives of the angular matrix R(y) cost the corresponding powers of ρ−1, so the displayed
metric estimate retains the symbol bounds. Dividing the expansion of sinh(U/2) by ρ, and using
ϵ < 1, gives

(12.27) I∗h− =
(
M

2

)4 [(
1 − 4b1 · y

M

)
I +Ok(ρ1+ϵ)

]
.

In particular, its only first-order term is linear and scalar.
For the remainder E(y), the bounds

|E| ≤ Cρ1+ϵ, |DE| ≤ Cρϵ, |D2E| ≤ Cρϵ−1

show that E(0) = DE(0) = 0 extends it as C1,ϵ. To see the Hölder estimate between two points,
use the gradient bound when their separation is comparable to their radii; otherwise integrate
the Hessian along the short segment in a common annulus. Moreover choose

3 < p <
3

1 − ϵ
.

Then D2E ∈ Lp. Integration by parts across small coordinate spheres has an error bounded
by a constant times their area, because the first derivatives are bounded. It follows that the
punctured classical derivatives are the weak derivatives of the extension. The Christoffel symbols
are continuous with weak derivatives in Lp, so scalar curvature is its usual Lp expression in ∂Γ
and ΓΓ. It vanishes off the point and therefore also as a distribution on the whole ball. There is
no point curvature term. □

12.4. Zero-mass rigidity with arbitrary remaining ends. The completed conformal manifold
can still have ends corresponding to an interior zero set. We need a rigidity statement that
permits these ends, and also the regularity in Lemma 12.9. The smooth arbitrary-end positive
mass theorem is established in [21, Theorem B]. In our scalar-flat situation the following direct
spinor proof also handles the compactified point. It uses Witten’s identity [53]; no asymptotic
condition is imposed on any other end.

Lemma 12.10 (Scalar-flat rigidity at a faster-decaying end). Let (W, g) be a connected orientable
complete three-dimensional Riemannian manifold without boundary. Assume that its metric is
locally C1,α ∩ W 2,p, for some α > 0, p > 3, is scalar flat as a distribution, and has an end on
which it is smooth with

g = δ +O2(r−1−ϵ), ϵ > 0.
The other ends can be arbitrary. Then (W, g) is isometric to Euclidean space. The asserted
regularity is sufficient at a compactified point and at a reflected hypersurface.

Proof. An orientable three-manifold is spin. Choose a spin structure and use a smooth background
metric to identify its spinor bundle with that for g. The positive square-root change of orthonormal
frames has the stated metric regularity. The spin connection consequently has continuous locally
bounded coefficients, with weak first derivatives in Lploc. Write ∇S for that connection, D for the
Dirac operator, and c for Clifford multiplication.

The weak Lichnerowicz formula has the following integrated form for every compactly supported
H1 spinor ϕ:
(12.28) ∥Dϕ∥2

2 = ∥∇Sϕ∥2
2.

Here and below norms and integrals are for g. To check the formula at the indicated regularity,
first use a smooth compactly supported spinor. Approximate the metric on its support in C1

and W 2,p by smooth metrics, using the same background-bundle identification. The smooth
Lichnerowicz formula passes to the limit: connection coefficients converge uniformly and scalar
curvatures converge in Lp. The limiting scalar term is zero by the assumed distributional scalar
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flatness and the Lp curvature expression. Density then proves Equation (12.28) for compact H1

spinors. Thus no integration surface is retained around the compactified point.
We next establish the coercivity needed to complete compact spinors. For a compactly supported

scalar function f on the AE end, one-dimensional integration by parts along coordinate rays gives

(12.29)
∫ ∞

r0
f2 dr ≤ 4

∫ ∞

r0
r2|∂rf |2 dr.

The inner boundary term has the favorable sign. Apply this to f = |ϕ| and integrate over angles.
Metric comparability and | d|ϕ|| ≤ |∇Sϕ| give

(12.30)
∫

AE
r−2|ϕ|2 dVg ≤ C∥∇Sϕ∥2

2.

For any fixed compact K ⊂ W , connect it to a fixed end annulus by a relatively compact connected
domain. Poincaré’s inequality with the norm on that annulus retained gives

∥|ϕ|∥L2(K) ≤ CK
(
∥ d|ϕ|∥L2(domain) + ∥ϕ∥L2(annulus)

)
.

For example, this version follows from the ordinary Poincaré inequality after subtracting the
mean; the observed annulus controls that mean because it has positive measure. Equation (12.30)
controls its last term. We have proved

(12.31) ∥ϕ∥L2(K) ≤ CK∥∇Sϕ∥2.

Connectedness is the only global input in this propagation.
Let H be the completion of compactly supported smooth spinors in the norm ∥∇Sϕ∥2. Equa-

tion (12.31) embeds H in L2
loc, and the locally bounded connection then embeds it in H1

loc. Both
∇S : H → L2 and D : H → L2 are well-defined, and Equation (12.28) makes the latter an
isometry. Its range is therefore closed. Equation (12.30) also passes to this completion.

Choose an arbitrary constant spinor z in the ordinary orthonormalized coordinate frame on
the distinguished end. Let ψ0 equal z near infinity and vanish before a slightly smaller end
neighborhood. Because the connection there is O(r−2−ϵ), ∇Sψ0, Dψ0 ∈ L2. Orthogonally project
Dψ0 onto the closed subspace DH and choose η ∈ H such that

Dη = − projDH(Dψ0).

Set ψ = ψ0 + η, w = Dψ. Then w ∈ L2 and∫
⟨w,Dϕ⟩ dVg = 0 for every compact smooth ϕ.

Thus Dw = 0 weakly. Local elliptic regularity for a first-order elliptic operator with locally
Lipschitz principal coefficients and bounded lower-order coefficients gives w ∈ H1

loc. This reg-
ularity can also be seen by freezing the principal coefficients on small coordinate balls: the
constant-coefficient Dirac estimate controls one derivative in L2, the oscillation is absorbed, and
commutators of mollification are bounded by the local Lipschitz norm. Apply the estimate to
regularized w and pass to a weak limit. The metric in the lemma has more than this coefficient
regularity.

Completeness supplies compactly supported Lipschitz distance cutoffs χR, equal to one on the
radius-R ball and with | dχR| ≤ C/R. Indeed a complete locally compact Riemannian length
space is proper, and a piecewise linear cutoff of its distance has these properties. Equation (12.28)
applies to χRw, and the weak equation gives

∥∇S(χRw)∥2
2 = ∥D(χRw)∥2

2 = ∥c( dχR)w∥2
2 ≤ C

R2 ∥w∥2
2.
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On every fixed compact set the cutoff eventually equals one. It follows that ∇Sw = 0. A parallel
spinor has constant length on the connected manifold; the distinguished end has infinite volume,
so w ∈ L2 forces w = 0. No condition at another end entered this argument.

It remains to show that ψ, rather than just Dψ, is parallel. Define the continuous sesquilinear
form

B(a, b) =
∫ (

⟨∇Sa,∇Sb⟩ − ⟨Da,Db⟩
)

dVg

on fields for which the indicated derivatives are in L2. For compact ϕ, the polarized Lichnerowicz
identity, with one slot compactly supported, gives B(ψ0, ϕ) = 0. Approximate η in H by compact
spinors. Continuity and Equation (12.28) imply

B(ψ0, η) = 0, B(η, η) = 0, B(ψ,ψ) = B(ψ0, ψ0).
The last expression is zero. To see this directly, integrate the Lichnerowicz identity for ψ0 up to a
large end sphere. There is no contribution at another end because ψ0 vanishes there. On that
sphere ψ0 = O(1) and ∇Sψ0, Dψ0 = O(r−2−ϵ); the boundary integral is O(r−ϵ) and tends to zero.
This is also the zero ADM boundary term of the spin proof. Since Dψ = w = 0, we conclude that
∥∇Sψ∥2

2 = 0.
For z ̸= 0 the resulting parallel spinor cannot be zero. Otherwise η = −ψ0, contradicting

Equation (12.30), because a nonzero constant spinor has infinite r−2-weighted L2 norm on the
end. The construction is linear in z, so it produces a full complex basis of parallel spinors at each
point. Their parallel equations first imply C1,β regularity locally for some β > 0: from H1 ⊂ L6

and the bounded connection one obtains W 1,6, hence local Hölder continuity. The connection
coefficients are locally Hölder by the metric regularity, so the parallel equations make the first
derivatives locally Hölder as well. Their curvature equations hold weakly. The spin representation
is faithful on the Lie algebra spin(3), so a full parallel spinor frame makes the Riemann curvature
zero. Equivalently, its spinor bilinears give a global parallel orthonormal tangent frame. The dual
coframe is closed by torsion-freeness and integrates locally to coordinates in which the metric is
exactly Euclidean. This also removes any apparent metric singularity at the compactified point.

Finally, completeness makes the universal flat cover Euclidean R3. The global parallel frame
makes its deck transformations translations. A nontrivial discrete translation group has rank at
least one, and a quotient by it has volume growth at most quadratic. The distinguished AE end
gives a cubic lower bound: radial paths in that end put a Euclidean annulus of radius comparable
to R inside a metric ball of radius CR. The two volume bounds are incompatible. The deck
group is therefore trivial, proving the lemma. □

Lemma 12.11 (The infinity component has no interior missing boundary). The component E
is all of Ω. In particular N > 0 everywhere in the open exterior and the stationary metric is
vacuum there.

Proof. The complete base of Lemma 12.7 reaches every component of S. Take its complete
two-copy double, use h+ on the plus copy and h− on the minus copy, and identify corresponding
boundary points. The signed reflected lapse expresses the joined metric as

q =
(1 + λsigned

2

)4
hd.

It is smooth at each positive-lapse join and C2 at each zero-lapse join. The matched second jets
make its scalar curvature zero across every join, as well as on the two open sides. Compactify the
unique AF end of the minus copy by Lemma 12.9.

We verify completeness of this conformal manifold without placing any restriction on the
number or regularity of the possible internal-null ends. On the plus copy the factor (1 + λ)/2
is at least 1/2. Fix a sufficiently large original AF tail. On its complement the continuous
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function
√
N is defined on a compact subset of the original closed exterior, equals zero on S and

the internal zero set, and is strictly less than one elsewhere by Lemma 12.7. Its maximum on
this compact set is therefore some a0 < 1. Thus on the entire corresponding minus remainder
(1 − λ)/2 ≥ (1 − a0)/2 > 0 uniformly. On the double away from the minus AF tail the conformal
metric is consequently bounded below by a fixed positive multiple of the complete doubled base
metric. All joins are already attached. A finite-length escape can therefore only run down the
minus AF tail, and its proved nondegenerate one-point compactification supplies its limit. More
explicitly, truncate that tail at a large sphere. The other side of the sphere is complete with
compact boundary by the uniform lower bound, and the compactified tail is a compact metric
region with that same boundary; their gluing is complete.

The conformal manifold is connected, orientable, and without boundary. It has local C1,α∩W 2,p

regularity for some α > 0 and p > 3: the finitely many joins are at least C2, and the sole
compactification point has the regularity established in Lemma 12.9. Its scalar curvature is zero
distributionally, including at that point, and its distinguished plus end has the fast decay required
by Lemma 12.10. That lemma makes this entire manifold Euclidean space.

Choose a sufficiently large sphere in the distinguished plus end. Under the Euclidean isometry
it is a compact embedded sphere. Its end tail is the unbounded component of the complement:
paths from large end radii to that sphere have lengths tending to infinity, and the tail has precisely
that sphere as frontier. The other component is bounded and has compact closure. A sequence
in E approaching an interior point with N = 0 lies outside the chosen end tail and escapes
every compact set of the complete conformal manifold. Indeed it cannot converge at an ordinary
plus point by continuity of N , cannot converge on any joined component because every original
boundary collar has no interior zero, and cannot converge at a point in the open minus copy or
its compactified end. Such a sequence is impossible in the compact Euclidean complement. Thus
E has no interior boundary in Ω.

It is a nonempty open and closed subset of connected Ω, and hence equals Ω. Vacuum now
follows from Proposition 11.1, since N > 0 everywhere in Ω. □

Lemma 12.12 (Equality forces a single spherical boundary component). In the Euclidean
conformal double, every original component Si is a round sphere of radius a = (8κ)−1 and has
original area |Si|g = 16πm2 = |S|g. Consequently ℓ = 1.

Proof. The completed conformal double in the proof of Lemma 12.11 is Euclidean. In particular
its plus metric q = h+ is flat up to every original boundary component. Put ϕ = (1 + λ)/2. On
each Si, Lemma 12.7 gives

ϕ = 1
2 , ∂νh

log ϕ = κ, IIh = 0, h|TSi = g|TSi .

The conformal second-fundamental-form formula, with normal pointing into the plus side, is
therefore

IIq = ϕ2(IIh + 2∂νh
log ϕh|TSi

)
= 8κ q|TSi , q|TSi = 1

16g|TSi .

Let Fi be the Euclidean position vector on Si and νi its unit normal into the plus side. Its shape
operator is 8κI, so the tangential differential of Fi − aνi is zero for a = (8κ)−1. Connectedness
makes Fi − aνi a constant point ci. Thus the image lies on the sphere of radius a centered at ci,
with νi its outward radial normal. The image is open in that sphere by local invertibility and
closed by compactness, hence is the whole sphere. The Euclidean embedding therefore identifies
Si diffeomorphically with it. Since q|TSi = g|TSi/16, its area satisfies

(12.32) |Si|g = 16|Si|q = 64πa2 = π

κ2 = 16πm2 = |S|g.
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Summing over the finite family yields |S|g =
∑ℓ
i=1 |Si|g = ℓ|S|g. The boundary is nonempty and

|S|g > 0, hence ℓ = 1. In particular no connectedness or spherical topology assumption was
needed before this step. □

Lemma 12.13 (Identification of the base and its mass). The regular completion of (Ω, h, λ) is
the Schwarzschild static exterior

(12.33) h =
(

1 + a

ρ

)4
δ, λ = 1 − a/ρ

1 + a/ρ
, ρ ≥ a,

where a = m/2. The completion is homeomorphic to the original Mext, and S is identified
diffeomorphically with its horizon sphere in the regular base boundary structure.

Proof. Lemma 12.12 identifies the boundary in the Euclidean conformal double as one round
sphere of radius a = (8κ)−1. The plus side is its outside: its normal is the outward radial normal,
its entire boundary is this sphere, and it contains the distinguished unbounded end. Center
Euclidean coordinates at this sphere and write ρ for their radius.

In the resulting Euclidean coordinates, write ψ = 2/(1 + λ), so h = ψ4δ. The scalar-flat
conformal equation gives ∆δψ = 0 outside the sphere, with ψ = 2 on it and ψ → 1 at infinity. The
function 1 + a/ρ has the same data. Their difference vanishes by the exterior maximum principle.
This proves Equation (12.33). Its Schwarzschild mass is 2a = (4κ)−1 = m, since κ = 1/(4m). In
particular a = m/2.

The regular base collar has the same underlying boundary topology as the original collar, even
when its coordinate is λ =

√
N instead of the original defining function N . Together with the

unchanged interior this identifies its completion homeomorphically with Mext. An interior base
isometry extends uniquely to the metric completions. On the regular boundary structures it is
smooth: its boundary restriction preserves induced lengths, hence is a smooth boundary isometry,
and normal geodesic coordinates extend it smoothly to a collar. Thus the completion has the
claimed global topology, and Ω ∼= (a,∞) × S2 is simply connected. □

12.5. The time graph and the Kruskal attachment.

Proof of Proposition 12.1. Lemma 12.12 proves ℓ = 1 and the spherical topology of S.
Lemma 12.11 proves N > 0 on Ω, and Lemma 12.13 gives the global static base with
mass m. For the reconstruction write M = m, so κ = 1/(4M). Simple connectivity and
Lemma 12.5 give a global smooth function H with
(12.34) dH = −A.
In static Schwarzschild coordinates use time T = t+H(x). Equations (12.4) and (12.34) give the
exact identity
(12.35) −N dT 2 + h = −u2 dt2 + gij( dxi +Xi dt)( dxj +Xj dt).
The graph T = H(x), corresponding to t = 0, therefore induces the original metric g. The
stationary future unit normal is n = (∂t −X)/u. With the second-fundamental-form convention
of the theorem,

(12.36) Kgraph = 1
2u
(
∂tg − LXg

)
= − 1

2uLXg = K.

This calculation recovers the original K, including a non-time-symmetric slice.
We next establish smoothness in the original boundary structure. If u|S = 0, Equation (12.7)

gives

A = Y ♭

a2 − s2|Y |2g
.
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This is smooth in the original collar. The primitive H therefore extends smoothly and finitely
to S. For instance, fix its values on one interior collar section and integrate its smooth normal
derivative to the boundary. Tangential derivatives of this extension agree with those prescribed
by dH = −A, by continuity from the interior.

If u|S > 0, the numerator X♭ − (2κ)−1 dN vanishes as a one-form on S, by Equation (12.6).
Smooth division by the defining function N gives

(12.37) A = 1
2κ d logN + β, H = − 1

2κ logN +B,

where β and B are smooth in the original collar. The smoothness of B follows by applying the
same normal-integration argument to its differential −β. In this case H → +∞ at the boundary,
so static time itself is not a regular attachment coordinate.

Let r be the Schwarzschild area radius. On the whole exterior

N = 1 − 2M
r
, r = 2M

1 −N
.

Normalize the tortoise coordinate and Kruskal coordinates by

(12.38)
r∗ = r + 2M log

(
r

2M − 1
)
,

U = −e−κ(T−r∗), V = eκ(T+r∗).

On the right exterior U < 0,V > 0, and the Schwarzschild metric extends as

gM = −32M3

r
e−r/(2M) dU dV + r2 dω2.

An exact useful form of Equation (12.38) is

(12.39) U = −Q(N)
√
N e−κT , V = Q(N)

√
N eκT , Q(N) =

exp
(
1/[2(1 −N)]

)
√

1 −N
.

The function Q is smooth and positive near zero, with Q(0) =
√
e.

If u|S = 0, both H and
√
N = s

√
a2 − s2|Y |2 are smooth. Substitution into Equation (12.39)

gives U = V = 0 on S and

∂sU|S = −
√
e κe−κH|S < 0, ∂sV|S =

√
e κeκH|S > 0.

This is a smooth attachment at the bifurcation sphere. If u|S > 0, Equation (12.37) instead gives

(12.40) U = −Q(N)Ne−κB, V = Q(N)eκB.

These are smooth in the original collar; U vanishes simply and V|S =
√
e eκB|S > 0. Thus the

attachment is on the future horizon, with each generator met once after the angular identification.
The angular regularity requires a further check when u|S > 0, because the regular base

coordinate was λ, not the original N . On the smooth reflected collar in Equation (12.20), normal
projection onto its fixed boundary is invariant under λ 7→ −λ. This follows from uniqueness of the
normal geodesics and reflection invariance of the metric. Schwarzschild angular coordinates are
constant along these normal geodesics, and their boundary values are the smooth round-sphere
identification from Lemma 12.13. They are therefore smooth even functions of λ. A smooth even
function, with smooth tangential parameters, is a smooth function of N = λ2 for N ≥ 0: all odd
Taylor coefficients vanish, and repeated application of (2λ)−1∂λ to the Taylor remainder gives
continuous derivatives of every order at zero. This proves the required angular smoothness in the
original collar. In the zero boundary-lapse case the original collar is already a smooth base collar,
so its completed base isometry supplies the angular extension directly.
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We have constructed a smooth map ι : Mext → Schwarzschild. Equation (12.35) extends to S by
continuity, hence ι∗gM = g there as well. The positive definiteness of g proves that dι is injective
at every boundary point. Interior injectivity follows from the global base isometry; boundary
injectivity follows from the sphere identification. The boundary image, at r = 2M , is disjoint
from the open image, where r > 2M . The map is proper: a compact subset of Schwarzschild has
bounded area radius, and its inverse image is closed in the compact base region corresponding to
[2M,R] × S2. Thus the injective immersion is an embedding.

The future normal extends smoothly even where u = 0. To avoid taking a limit of the expression
involving u−1, choose the smooth future timelike Kruskal vector Z = ∂U + ∂V near the boundary.
Let Z⊤ be its tangential projection along the embedded spacelike hypersurface and set

n̂ = Z − Z⊤√
−gM (Z − Z⊤, Z − Z⊤)

.

The denominator is positive, and this is a smooth future unit normal. On the open exterior it
agrees with the normal used in Equation (12.36). Its second fundamental form is smooth and
equals K in the interior, so equality extends to S.

There is also a smooth spacelike extension of the image through its boundary. In the positive
boundary-lapse case, use (U, ω) as hypersurface coordinates; its normal derivative is nonzero by
Equation (12.40). The remaining null coordinate is a smooth graph function and can be extended
across U = 0. In the zero boundary-lapse case use (χ, ω), where χ = (V − U)/2; the displayed
normal derivatives give ∂sχ > 0. Again extend the remaining graph function across zero. Smooth
one-sided graph functions extend across a smooth boundary, and compactness of S, together with
openness of the spacelike condition, preserves spacelikeness on a sufficiently short collar. This
extension makes no assertion about the original data behind S.

Finally, the exact inverse-metric identity gives

(12.41) | dH|2h =
∣∣∣∣∣X♭

N

∣∣∣∣∣
2

C

=
|X|2g
u2N

−→ |b|2

(b0)2 < 1.

Choose a constant a0 < 1 larger than the limiting slope norm. Along radial rays in the
Schwarzschild base, uniformly in angle,

|H(r, ω)| ≤ C + a0

∫ r

R

dρ√
1 − 2M/ρ

= a0r +O(log r).

Since r∗ = r +O(log r), it follows that

H − r∗ −→ −∞, H + r∗ −→ +∞.

This is approach to the chosen Schwarzschild spatial infinity. It allows a nonzero asymptotic tilt
and does not impose P = 0 or K = 0. All conclusions of Proposition 12.1 follow. □

Propositions 11.1 and 12.1 prove Theorem 10.2.

Part 3. Charge

13. The charged upper-area inequality

We now extend the neutral exterior inequality to divergence-free electric and magnetic fields
with neutral exterior matter satisfying the physical dominant energy condition. In the presence
of charge, the numerical statement is an upper bound for the area radius,

(13.1) r ≤ m+
√
m2 −Q2, m ≥ Q,
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where Q is the magnitude of the total charge and m is the invariant ADM mass. For disconnected
horizons, it is essential to retain this upper-bound formulation: the familiar expression (r+Q2/r)/2
is not increasing throughout the positive r-axis. Khuri–Weinstein–Yamada developed a charged
conformal-flow approach for multiple horizon components [34]; the distinction between the two
area branches is already visible in the counterexamples of Weinstein–Yamada [52].

For non-time-symmetric data, Disconzi–Khuri developed electric graph transport preserving
charge and divergence, and a reduction conditional on a coupled Jang–inverse-mean-curvature-flow
system [26]. We combine the neutral construction above with the charged numerical theorem
of the companion paper [44, Theorem 2.3]. Proposition 14.4 transfers the one-sided exterior
inequality to the charged notation; Proposition 17.3 transfers the elliptic construction and its
estimates. Their proofs identify the precise neutral results and verify the normalizations. The
charged preparation satisfies the elliptic hypotheses by Lemma 17.2.

Theorem 14.2 also excludes a non-timelike ADM vector for a nonempty smooth compact
obstacle. Physical matter DEC implies total DEC, so the endpoint corollary already proved for
neutral exteriors applies; Lemma 15.2 verifies its hypotheses here.

r/Q

m/Q

1

1

allowed region

m = 1
2(r +Q2/r)

m = Q

Figure 2. The charged upper-area inequality for Q > 0. For r ≤ Q, it requires
only m ≥ Q. For r ≥ Q, its boundary is m = (r+Q2/r)/2. The mass-lower-bound
expression must therefore be restricted to this latter branch.

Two ingredients carry the charge through the neutral construction. First, we represent the
fields by closed flux two-forms and keep those forms through an annular replacement, a change to
a rest end, and conformal repairs. This produces strict data whose rest energies approach the
original invariant mass and whose enclosing areas approach the original infimum. The quantitative
repair uses only the stated weak asymptotic derivative bounds on the original data. Second, after
aligning the total charge by a constant electromagnetic rotation, a pointwise square completion
controls the graph norm of one closed two-form. The other rotated form has zero total charge.
This single-form comparison accommodates the electromagnetic momentum density and makes
the original neutral elliptic system sufficient.

The proof proceeds through four geometric stages. Section 15 constructs strict charged rest
data. Section 16 prepares their exterior boundary with a positive matter margin. Sections 17–19
use the specified neutral system to produce Riemannian comparison metrics with the same total
charge, no smaller enclosing area, and a controlled energy. Section 20 derives their Riemannian
endpoint from the companion charged numerical theorem and removes the parameters in their
prescribed order.
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14. Exteriors, flux forms, and conformal changes

Throughout this part, the spatial dimension is three, G = c = 1, and the cosmological constant
is zero. Data are smooth up to every specified boundary. A subscript on a norm specifies its
metric when needed. For a two-sided surface, the designated unit normal ν points into the exterior
toward the chosen end, and

H = divΣ ν, θ+ = H + trΣK.

Thus outward Euclidean spheres have positive mean curvature. The spacetime convention is
K(Y,Z) = g(∇Y n,Z) for the future unit normal n.

Definition 14.1 (Charged exterior). A charged exterior consists of a connected orientable smooth
three-manifold N with nonempty compact smooth boundary S, a Riemannian metric g complete
with S included, a symmetric covariant tensor K, and vector fields E ,B. There is exactly one
end. In coordinates x on that end, with rx = |x|, for some q > 1/2,

(14.1) gij − δij = O2(r−q
x ), Kij = O1(r−1−q

x ), E i,Bi = O1(r−2
x ).

The notation Ok(r−b) bounds coordinate derivatives of order j ≤ k by Cr−b−j . Define the total
constraint densities by

(14.2) 16πµ = Rg + (trgK)2 − |K|2g, 8πJi = ∇j(Kij − (trgK)gij
)
.

The functions µ and |J |g are integrable. The matter densities are

(14.3) µm = µ−
|E|2g + |B|2g

8π , Jm = J − (E × B)♭

4π ,

where the cross product uses the orientation and metric. They satisfy

(14.4) µm ≥ |Jm|g, divg E = divg B = 0.

The boundary satisfies θ+(S) ≤ 0. We define ADM energy and momentum by the following finite
limits [10]:

E = 1
16π lim

R→∞

∫
|x|=R

(∂jgij − ∂igjj)niδ dAδ,(14.5)

Pi = 1
8π lim

R→∞

∫
|x|=R

(
Kij − (trgK)gij

)
njδ dAδ,(14.6)

QE = 1
4π lim

R→∞

∫
|x|=R

g(E , νR) dAg, QB = 1
4π lim

R→∞

∫
|x|=R

g(B, νR) dAg.(14.7)

In the first two formulas the normal and area element are Euclidean; in the last two, νR is the
outward g-unit normal. No extension of the physical data across S is required.

14.1. Filled enclosing cuts. A smooth enclosing cut Γ is a compact embedded surface separating
all of S from the distant end. Its inner side contains the obstacle, and bounded complementary
pockets are filled. Components of Γ may coincide with components of S. The frontier so obtained,
including any coincident part, is counted in

(14.8) ag(S) = inf
Γ

Areag(Γ).

All cuts are oriented toward the end. They need not be trapped or minimal, and an individual
component need not separate S from infinity by itself.
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14.2. The charged bound.

Theorem 14.2. Let (N, g,K, E ,B) be a charged exterior in the sense of Definition 14.1, with
inner boundary S, ADM energy and momentum (E,P ), and total charges (QE , QB). Then
E > |P |. Setting

m =
√
E2 − |P |2, Q =

√
Q2
E +Q2

B, r =
√
ag(S)/(4π),

we have
m ≥ Q, r ≤ m+

√
m2 −Q2.

Here ag(S) is the minimum enclosing area, defined as an infimum over all smooth filled enclosing
cuts. Neither the inner boundary nor a competing cut is required to be connected. The boundary
condition is only H + trSK ≤ 0, with the normal pointing toward infinity. The electromagnetic
fields are divergence free, and the remaining matter satisfies the dominant energy condition. The
statement places no maximality, symmetry, or zero-momentum restriction on the initial data.

Lemma 14.3. For every exterior as above, 0 < ag(S) < ∞. If the infimum is instead defined
using filled finite-perimeter inner sets that retain the obstacle and count its coincident frontier,
its value is unchanged.

Proof. After forgetting K and the fields, Definition 14.1 gives an exterior in Definition 2.1, with
the same boundary S. Lemma 9.3 therefore gives 0 < ag(S) < ∞.

For the perimeter assertion, apply Lemma 3.3 to the constant sequence gj = g. Local
convergence is immediate. The falloff in Equation (14.1) gives uniform end bounds cδ ≤ g ≤ Cδ
and rx|∂g| ≤ C, and a fixed large coordinate sphere is a compact enclosing competitor of finite
area. The lemma consequently identifies the smooth and perimeter infima. Its competitors are the
same bounded filled inner sets used here: they retain the entire obstacle, bounded complementary
pockets are filled, and the full frontier, including contact with S, is counted. Its outward
smoothing preserves enclosure and proves the claimed equality of infima. The auxiliary filling in
that perimeter argument requires no extension of the physical data or energy condition. □

14.3. The neutral exterior inequality in this notation. We first record the form of Theo-
rem 2.2 used below. The transfer retains arbitrary compact boundary topology and a potentially
disconnected boundary.

Proposition 14.4 (Neutral exterior inequality). Let (N, g,K) be a smooth connected orientable
one-ended exterior, complete with its nonempty compact smooth boundary S included. Suppose
the metric and tensor satisfy the first two bounds in (14.1), the densities (14.2) are integrable as
above, the ADM limits (14.5)–(14.6) are finite, and µ ≥ |J |g throughout N . If H + trSK ≤ 0 and
E > |P |, then √

E2 − |P |2 ≥
√
ag(S)/(16π).

No complete fill-in across S is part of the hypothesis.

Proof. Apply Theorem 2.2 with its exterior Ω = N . Definition 14.1, after the field requirements
are omitted, uses the same smoothness, orientation, one-endedness and completeness convention as
Definition 2.1. Equations (14.2), (14.5) and (14.6) are exactly its constraint and ADM conventions.
The decay, integrability, weak expansion and future timelike hypotheses in the proposition are
precisely those of that theorem. The class of filled enclosing cuts is also identical: all boundary
components are enclosed, bounded pockets are filled, and coincident obstacle frontier is counted.
Hence its enclosing infimum is ag(S), giving the displayed inequality. The theorem is one-sided
and requires no extension across S. □
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14.4. Flux forms and a conformal inequality. Put X1 = E , X2 = B, and

(14.9) αi = ιXidVg.

The divergence equations are dαi = 0. Their fluxes across every filled enclosing cut are 4πQE
and 4πQB. In every change of metric below, retaining a flux form means defining its new vector
field by contraction with the new volume form. This preserves closedness and all fluxes without
choosing a vector potential.

For |Y |g ≤ 1, define

Ig(Y ) = |X1|2g + |X2|2g + 2⟨X1 ×X2, Y ⟩g,(14.10)
Dg(Y ) = 8π

(
µ+ J(Y )

)
− Ig(Y ).(14.11)

Then

(14.12) Ig(Y ) ≥ 0, inf
|Y |g≤1

Dg(Y ) = 8π(µm − |Jm|g) =: M0.

The first assertion uses 2|X1 ×X2| ≤ |X1|2 + |X2|2. The second follows by minimizing the linear
term 8πJm(Y ) over the unit ball. Both Ig and Dg are invariant under a constant SO(2) rotation
of the pair of forms. The same elementary inequality and the triangle inequality imply

(14.13) 8π(µ− |J |g) ≥ M0.

Lemma 14.5 (Conformal charged comparison). Let u ≥ 1 be smooth, and set g′ = u4g, K ′ = u2K,
retaining the two flux forms. For every |Y |g ≤ 1,

(14.14) u4Dg′(u−2Y ) ≥ Dg(Y ) + 4u−1(−∆gu− |K|g|du|g
)
.

At a fixed oriented surface,

(14.15) θ′
+ = u−2(θ+ + 4∂ν log u

)
.

Here ∆g = divg ∇.

Proof. The conformal scalar-curvature formula and the scaling of the tensor terms in (14.2) give

16πu4µ′ = 16πµ− 8u−1∆gu.

For f = log u, the difference of the two connections is

∇′
AB − ∇AB = 2

(
df(A)B + df(B)A− g(A,B)∇f

)
.

Taking the divergence of the rescaled trace reversal u2(K − (trgK)g) therefore yields

8πu2J ′ = 8πJ + 4K(∇ log u, ·).

The new field vectors are X ′
i = u−6Xi, so their components in orthonormal frames scale by u−4

and Ig′(u−2Y ) = u−8Ig(Y ). Consequently

u4Dg′(u−2Y ) = Dg(Y ) + (1 − u−4)Ig(Y ) + 4u−1(−∆gu+K(∇u, Y )
)
.

Dropping the nonnegative second term and estimating the last tensor contraction proves (14.14).
Finally, H ′ = u−2(H + 4∂ν log u) and trg

′

Σ K
′ = u−2 trgΣK, which give (14.15). □
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15. Charge-preserving reduction to strict rest data

Throughout this section the closed forms α1, α2 are fixed. For each new metric they define
new electromagnetic vector fields by contraction with its volume form. Thus every change below
preserves both Maxwell constraints and both signed charges. We first apply the neutral endpoint
corollary to establish timelikeness of the original data.

Proposition 15.1 (Strict rest reduction). For a charged exterior as in Definition 14.1, E > |P |
and m = (E2 − |P |2)1/2 > 0. There are smooth data (gj ,Kj) on the same exterior, with the same
flux forms, satisfying the following properties.

(1) The physical matter condition is strict everywhere, the original boundary S has θ+,j < 0,
and the constraint densities remain integrable. For one fixed 0 < δ < 1 the matter margin
satisfies

M0,j = 8π(µm,j − |Jm,j |gj ) ≥ cjr
−3−δ
y far out, cj > 0.

(2) In a rest chart y, Kj is compactly supported and

gj − δeucl = Ok(r−1
y ), Rgj = Ok(r−3−δ

y ) for every k.

The fields have the required O1(r−2
y ) decay. In particular the ADM momentum is zero and

Ricgj = O(r−3
y ).

(3) Smooth convergence holds on every compact set, including at S, and
(15.1) Ej −→ m, agj (S) −→ ag(S), (QE,j , QB,j) = (QE , QB).

Moreover gj ≥ (1 − εj)g globally for some εj ↓ 0.

The proof has four steps: establish timelikeness from the neutral endpoint corollary; replace the
distant end by a vacuum reference with matching ADM vector; bend and repair while retaining
the flux forms; and make the inequalities strict by a separate elliptic construction. All quantitative
estimates for the replacement use exactly the original O2 metric and O1 tensor assumptions.

15.1. Timelikeness.

Lemma 15.2. The original ADM vector satisfies E > |P |.

Proof. The physical matter condition and Equation (14.13) give
µ− |J |g ≥ µm − |Jm|g ≥ 0.

These are the actual total constraint densities of (g,K). Definition 14.1 supplies smoothness,
orientation, one-endedness, completeness with the nonempty compact boundary included, the
required metric and tensor falloff, integrable total densities, finite ADM limits, and weak future
trapping with the normal toward the end. The total constraint and ADM conventions are exactly
those of Equations (2.1), (2.4) and (2.5). All hypotheses of Corollary 9.4 are therefore satisfied.
Applying it to the unchanged data (N, g,K) yields E > |P | for their original ADM vector. □

15.2. A matching vacuum reference and annular replacement.

Lemma 15.3 (Boosted vacuum reference). There is an auxiliary Schwarzschild end of mass m
whose induced data (g∗,K∗), in asymptotically Euclidean coordinates x, have ADM vector (E,P )
and satisfy g∗ − δeucl = Ok(r−1

x ), K∗ = Ok(r−2
x ) for every k.

Proof. Lemma 15.2 gives E > |P |. The constraint and ADM conventions in Equations (14.2),
(14.5), and (14.6) agree with those in Part I. Lemma 3.4 therefore gives the required reference
end, including the stated differentiated decay and the future second-form convention.
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For the later bend, retain its static isotropic coordinates:

(15.2) g = −
(

1 −m/(2ry)
1 +m/(2ry)

)2

dT 2 +
(

1 + m

2ry

)4

|dy|2.

The reference plane is T = v · y, with |v| < 1 chosen to give (E,P ). Its asymptotically Euclidean
coordinates are y = Ax, where A = (I − vv⊤)−1/2, since A⊤(I − vv⊤)A = I. □

For the remaining construction, fix 1/2 < β < min(q, 1).

Lemma 15.4 (Annular replacement). For sufficiently large R there are smooth data equal to
(g,K) on rx ≤ R and to (g∗,K∗) on rx ≥ 4R, with possible neutral DEC deficit bounded by ηRR−3

in between, where ηR → 0. The estimates use no derivatives beyond the assumed two metric
derivatives and one tensor derivative.

Proof. The original data satisfy neutral DEC by Equation (14.13). Definition 14.1 gives the smooth
one-ended exterior, completeness with its compact boundary included, decay g − δ = O2(r−q

x )
and K = O1(r−1−q

x ) with q > 1/2, integrable total constraint densities, and finite ADM limits.
The total constraint and ADM normalizations agree with those used in Proposition 3.7. The
reference in Lemma 15.3 has matching charges in the common x coordinates, and E > |P | by
Lemma 15.2. That proposition applies and gives

16π(µ̃R − |J̃R|g̃R
) ≥ −ηRR−3, ηR −→ 0,

with the stated exact agreement on both sides of the annulus and with quantitative estimates
using only the original two metric derivatives and one tensor derivative. Absorbing the fixed
normalization into ηR gives the assertion. The scaled construction in Equation (3.22) and the
compact corrections in that proposition’s proof also give

∥g̃R(R ·) − I∥C2({1<|z|<4}) + ∥RK̃R(R ·)∥C1({1<|z|<4}) ≤ CR−β.

The two closed flux forms are retained throughout; their contribution to the physical matter
deficit is estimated next. □

15.3. Bending and repairing the physical matter condition. Beyond the annular replace-
ment, use the exact Schwarzschild part and replace the plane by the graph

(15.3) TR(y) = (v · y)ψ
( log(ry/Rb)

L0

)
.

Here ψ is smooth, is one before zero and zero after one, and takes values in [0, 1]. The fixed
multiple Rb/R is large enough that the bend begins beyond rx = 4R. First fix L0 so large that
|v|(1 + ∥ψ′∥∞/L0) < 1. Then the graph is uniformly spacelike: in Equation (15.2) the spatial
factor is greater than one and the lapse is less than one. Its constraints vanish by Gauss–Codazzi
with the prescribed future normal.

Write (gR,KR) for the unscaled replacement and bend. Constants in the rest of this subsection
may depend on the fixed original data and L0, but not on R. The graph formula and its first
three derivatives give uniform metric comparability, |∂gR| + |KR| ≤ C/ry in the transition, and

(15.4) c ≤ |dry|gR ≤ C, |∆gRry| ≤ C/ry.

The same bounds hold on the gluing annulus, since y = Ax is a fixed linear map. Outside a fixed
multiple of R, the data are horizontal Schwarzschild and KR = 0.

Keep the original closed forms in these coordinates. Their norms are O(r−2
y ), so their contri-

bution to the negative part of inf |Y |≤1DgR(Y ) is O(r−4
y ). Choose fixed 0 < a < ξ0 < b so that
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the data are original for ry/R ≤ ξ0 and horizontal Schwarzschild for ry/R ≥ b. Lemma 15.4 and
vacuum of the reference and bend imply

(15.5)
[
− inf

|Y |gR
≤1
DgR(Y )

]
+ ≤


0, ry/R ≤ ξ0,

ηRR
−3, ξ0 ≤ ry/R ≤ b,

Cr−4
y , ry/R ≥ b,

ηR −→ 0.

Thus this intermediate data set is not assumed to satisfy charged DEC.

Lemma 15.5 (Charged repair with vanishing energy cost). There are smooth uR ≥ 1, constant
on the unchanged core, for which (u4

RgR, u
2
RKR) with the fixed forms satisfy the physical matter

condition. They retain weak trapping, have zero ADM momentum, and their energies tend to m.
Moreover ∥uR − 1∥∞ = o(R−1), and the final metric has all-order O(r−1

y ) asymptotics and scalar
curvature Ru4

RgR
= Ok(r−4

y ).

Proof. Set ξ = ry/R and seek

uR = 1 + eR
R
FR(ξ), FR(ξ) =

∫ ∞

ξ
zR(t) dt, zR ≥ 0,

where eR → 0 will be chosen below. On [a, b + 1] initially solve z′
R = C0zR + ω, zR(a) = 0,

where ω ≥ 0 is smooth, zero near a, and at least one on [ξ0, b + 1]; extend zR = 0 below a.
Equation (15.4) yields

−∆gRuR − |KR|gR |duR|gR = eR
R3 {z′

R|dry|2 +RzR∆ry −RzR|KR||dry|}

≥ eR
R3 (cz′

R − CzR).(15.6)

Choose C0 large. This is nonnegative on [a, b] and at least c′eRR
−3 on [ξ0, b].

On the horizontal region put AR(t) = (t+m/(2R))2zR(t). Its derivative from the preceding
prescription is positive near b. Continue that derivative smoothly by a convex blend with t−2 over
[b, b+1], and integrate from AR(b). Thus A′

R ≥ c′′t−2 for t ≥ b and A′
R = t−2 eventually. Defining

zR = AR(t)/(t + m/(2R))2 there makes every join smooth. For fixed L0, A∞
R = limt→∞AR(t)

and FR are bounded uniformly in R. The exact radial Laplacian on the horizontal slice is

(15.7) −∆gRuR = eR
R3

(
1 + m

2Rξ

)−6
ξ−2A′

R(ξ) ≥ c′′′eRR
−3ξ−4.

Choose, for example, eR = C1(ηR+R−1), with a sufficiently large fixed C1. For large R, 1 ≤ uR ≤ 2.
Equations (15.6)–(15.7) then dominate uR/4 times the deficit in Equation (15.5). Equation (14.14)
proves the physical matter condition. The factor is constant near S, so Equation (14.15) preserves
its weak expansion.

At infinity, for each fixed R,

uR = 1 + eRA
∞
R

ry
+Ok(r−2

y ) for every k.

The ADM energy is therefore m+ 2eRA∞
R → m and the momentum vanishes because KR has

compact support. The differentiated radial formula gives scalar curvature Ok(r−4
y ). This also

verifies integrability of the repaired constraints. Completeness follows from the comparability of
the intermediate metric and uR ≥ 1. □



SPACETIME PENROSE INEQUALITIES 101

15.4. Strictification by an exterior elliptic problem.

Lemma 15.6 (A strict conformal direction). Fix one repaired exterior (g0,K0) from Lemma 15.5,
and fix 0 < δ < 1. There exist smooth positive w0, ϕ0 such that
(15.8) ∂νϕ0 = −1 on S, −∆g0ϕ0 − |K0|g0 |dϕ0|g0 ≥ w0,

where w0 = r−3−δ
y and −∆g0ϕ0 = w0 far out, and ϕ0 = Ok(r−1

y ) for every k. Its gradient has
finite flux at infinity. All constants in this lemma may depend on the fixed repaired exterior.

Proof. Choose a smooth nonnegative compactly supported majorant b0 ≥ |K0|g0 and a smooth
positive extension w0 of the specified tail. We solve the regularized equation

(15.9) −∆g0ϕ = b0
√

1 + |dϕ|2g0 + w0, ∂νϕ = −1, ϕ −→ 0.

First truncate at ry = T and impose outer Dirichlet value zero. Multiply b0 by t ∈ [0, 1] for
continuation. At t = 0 the mixed Laplacian is invertible, by the Dirichlet Poincaré inequality
and elliptic regularity. Every linearization is a uniformly elliptic Laplacian with drift of norm at
most b0, with homogeneous Neumann data on S and Dirichlet data on the outer sphere. These
faces are disjoint. The maximum and Hopf principles give zero kernel; as a compact lower-order
perturbation of the mixed Laplacian, it is Fredholm of index zero and is invertible.

We supply the estimates needed for closedness. On this fixed truncation, the W 2,p estimate
and gradient interpolation give, uniformly in t,

∥ϕ∥W 2,p ≤ C(1 + ∥ϕ∥Lp + ∥dϕ∥Lp) ≤ 1
2∥ϕ∥W 2,p + C ′(1 + ∥ϕ∥∞).

If the supremum norms were unbounded, divide by them and take p > 3. A subsequence converges
in C1 to a nonzero solution v with homogeneous mixed data and −∆g0v = t∗b0|dv|. Indeed the
normalized right side is tb0

√
M−2 + |dv|2 +w0/M when M = ∥ϕ∥∞. The limit is a homogeneous

bounded-drift equation, taking drift t∗b0∇v/|dv| off the critical set and zero on it. The strong
and Hopf maximum principles exclude such a nonzero v. The resulting supremum and W 2,p

bounds, followed by Schauder estimates for the smooth regularized equation, close continuation.
Thus every sufficiently large truncation has a smooth solution.

All solutions are nonnegative: a negative minimum cannot be interior since the source is
positive, or on S since the outward-domain derivative there is −∂νϕ = 1, contradicting the Hopf
sign at a minimum. Fix a core containing supp b0. On its exterior f = r−1

y − r−1−δ
y is positive and

−∆g0f = δ(1 + δ)r−3−δ
y +O(r−4

y ) ≥ cw0

after enlarging the fixed core. Comparison with a multiple of f gives, independently of T ,
(15.10) 0 ≤ ϕ ≤ C(1 +MT )r−1

y outside the core, MT = sup
core

ϕ.

If MT → ∞ along an exhaustion, divide by MT . Local W 2,p estimates, including the fixed
inner Neumann boundary, and Equation (15.10) give a limit v ≥ 0 with maximum one on
the core, homogeneous inner Neumann condition, −∆v = b0|dv|, and v → 0 at infinity. Its
positive global maximum is attained, contradicting the strong or Hopf principle. Hence the core
bounds are uniform in T . Diagonal compactness and bootstrap give a smooth global solution of
Equation (15.9), positive also on S by the same minimum argument.

On the end its equation is the linear Poisson equation −∆g0ϕ0 = w0. On a scaled annulus the
function ρϕ0(ρ ·) is uniformly bounded; the scaled metric has all-order bounds and the scaled
source is O(ρ−δ) with all its derivatives. Interior Poisson estimates of each order therefore give
ϕ0 = Ok(r−1

y ). The full right side of Equation (15.9) is integrable. The divergence theorem then
gives a finite metric gradient flux, and its difference from the Euclidean flux is O(r−1

y ). This
proves every assertion. □
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For u = 1 + sϕ0, s > 0, use (u4g0, u
2K0) and the fixed forms. Equations (14.14) and (15.8)

imply

(15.11) M0,s ≥ 4su−5w0 > 0, θ+,s = u−2(θ+,0 − 4s/u) < 0 on S.

Compact support of K0 persists. The conformal scalar formula gives the asserted all-order r−3−δ
y

scalar decay, and thus integrability. The ADM energy change is

(15.12) Es − E0 = − s

2π lim
r→∞

∫
ry=r

∂νrϕ0 dAg0 = O(s).

The metric and Euclidean fluxes agree in this formula by the estimates just proved. For the fixed
repaired datum the finite coefficient and any finite collection of compact smooth norms can be
made arbitrarily small by choosing s small; no bound uniform in the bending radius is needed.

15.5. Global area control and the diagonal limit.

Completion of the proof of Proposition 15.1. It remains to check area and organize the parame-
ters. On the vacuum plane and bend, write dTR = ψa+ b, where a = v · dy and |b| ≤ CL−1

0 |dy|.
Since 0 ≤ ψ ≤ 1, dT 2

R ≤ a2 + CL−1
0 |dy|2 as quadratic forms. The spatial factor and lapse in

Equation (15.2) consequently give

(15.13) gR ≥ |dy|2 − dT 2
R ≥ |dy|2 − (v · dy)2 − C

L0
|dy|2 ≥

(
1 − C ′

L0

)
|dx|2.

The constants here depend on the fixed boost, not on R or large L0. In the gluing annulus
gR = I +O(R−β), whereas the original metric is uniformly I + o(1) throughout the receding end.
On the unchanged core the metrics agree. Both conformal changes increase the metric. Thus first
choosing L0 → ∞ and then R → ∞ sufficiently fast gives the global comparison gj ≥ (1 − εj)g
with εj → 0.

For each fixed L0 the energy of the repaired data tends to m by Lemma 15.5. Select R to
make this energy error, the constant core conformal change, and the preceding comparison error
arbitrarily small. Finally choose the strictification parameter sj to make Equation (15.12) tend
to zero and to control the first j smooth norms on the first j sets of a compact exhaustion. This
gives local smooth convergence and all the analytic assertions of the proposition. Each metric is
complete up to S, by the global positive comparison and smoothness. The fixed linear relation
y = Ax and the all-order metric asymptotics preserve the O1(r−2

y ) field bounds, since the forms
themselves are fixed.

For every smooth filled enclosing cut Γ, the quadratic-form comparison gives

Areagj (Γ) ≥ (1 − εj) Areag(Γ).

Hence lim infj agj (S) ≥ ag(S). Conversely fix any such cut with area within ζ > 0 of ag(S).
Local convergence on this compact cut gives lim supj agj (S) ≤ Areag(Γ) ≤ ag(S) + ζ; let ζ ↓ 0.
This proves the area limit directly for the smooth-cut infimum, including obstacle-coincident
components. Finally each enclosing cut has the same flux of each fixed closed form by Stokes’
Theorem, so both charges are preserved exactly. □

The proposition constructs charged initial data on the original exterior and recovers its invariant
mass; it does not assert that the original data admit a spacetime embedding or a global Lorentz
change of asymptotic slice.
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16. Geometric preparation with the physical matter margin

Fix a strict rest datum from Proposition 15.1, denoted by (N, g,K, α1, α2), with obstacle S0,
energy E∗ > 0, and A∗ = ag(S0). Retain its geometry and end estimates; in particular, K has
compact support and θ+(S0) < 0. Its physical and neutral margins satisfy

(16.1) M0 = 8π(µm − |Jm|g) > 0, 8π(µ− |J |g) ≥ M0, M0 ≥ c∗r
−3−δ∗
y far out,

where c∗ > 0 and 0 < δ∗ < 1 are fixed for this datum. Every choice and constant in this section
concerns this fixed datum.

16.1. The bounding regions and their orientations. For a symmetric tensor T write
ΘT (Σ, ν) = HΣ(ν) + trΣ T . The geometric input is the following form of the three-dimensional
barrier and total trapped-region theorems [7, Section 2, Theorems 3.1 and 4.1, Definitions 7.1–7.2,
and Theorem 7.3].

Theorem 16.1 (Barrier and total trapped-region theorem). Let (D, g, T ) be smooth compact
connected three-dimensional data with boundary Γ− ⊔ Γ+. Assume Γ+ ̸= ∅ and ΘT (Γ+) > 0 with
its normal out of D. The inner boundary may be empty; when present it satisfies ΘT (Γ−) < 0
with its normal into D. All boundary parts may be disconnected.

Consider all smooth bounding domains containing a relative collar of Γ−, avoiding Γ+, and
having interior free boundary with ΘT ≤ 0 for the normal out of the bounding domain. If the
union is nonempty, its closure is a maximal closed bounding region whose interior frontier is
smooth, compact, embedded, stable, and satisfies ΘT = 0. It is itself the closure of an admissible
domain. A nonempty strict inner barrier ensures a nonempty union and an enclosing stable
MOTS. No energy condition or constraint equation is required for T .

Filling a complementary component incident on no designated outer boundary deletes whole
free-boundary components and preserves the expansion of those retained. This filling convention
is understood in Theorem 16.1 and throughout the construction. Two identities fix the shifted
tensors and all orientations:

(16.2) ΘT−(c/2)g = ΘT − c, Θ−T (Σ,−ν) = −ΘT (Σ, ν).

Choose R0 beyond suppK so that every coordinate sphere of radius at least R0 has positive
outward mean curvature. Every compact bounding domain with Θ±K ≤ c ≤ 0 is confined inside
this fixed radial range. Indeed, at a free-boundary point of maximum radius beyond R0, the
boundary lies inside the tangent coordinate sphere with the same outward normal. The local
graph comparison gives H∂D ≥ HSr > 0, whereas K = 0. This contradicts the expansion bound.
Consequently all families below can be constructed on a single compact truncation, independently
of the sufficiently distant outer sphere.

For maxS0 ΘK(S0) < c < 0, let Bc be the full closed maximal region for ΘK ≤ c, with S0
as required inner boundary. Applying Theorem 16.1 to K − (c/2)g is legitimate: S0 is strictly
negative and the distant sphere strictly positive for the shifted expansion. Thus Bc is nonempty,
contains a collar of S0, and has smooth stable frontier at expansion c. These regions increase
with c.

Fix such a threshold cb and put B = Bcb
. In its filled complement, designate both the full black

frontier and a distant sphere as outer barriers. There is no required inner boundary. For c < 0,
let Wc be the full closed maximal region of compact bounding domains satisfying Θ−K ≤ c there.
On the reversed black frontier the expansion of −K − (c/2)g equals −cb − c > 0; it is positive on
the distant sphere as well. Theorem 16.1 therefore applies whenever the union is nonempty. Its
smooth stable frontier has Θ−K = c and positive separation from the black frontier. If the union
is empty, set Wc = ∅. The white family increases with c, always with the black region held fixed.
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We choose the two thresholds successively at points of Hausdorff right continuity of these full
families. Here is the elementary selection argument, including emptiness. For any increasing
closed family Ec in a compact metric space, choose a cap L larger than its diameter and put
dc(x) = min{L,dist(x,Ec)}, taking dc ≡ L if Ec = ∅. At every point of a countable dense set,
this is a bounded nonincreasing function of c and has at most countably many right discontinuities.
Avoid their union. The common 1-Lipschitz bound and a finite-net argument then give uniform
convergence dcj → dc whenever cj ↓ c. For nonempty Ec this gives Hausdorff convergence, since
Ec ⊂ Ecj . For empty Ec, uniform convergence to L forces every sufficiently close Ec′ , c′ > c, to
be empty: otherwise its distance function has a zero. Thus cb, and then cw for this fixed B, can
be chosen arbitrarily close to zero with the stated continuity, including the empty-white case.

Put W = Wcw and let X be the closure of the component toward infinity of N \ (B ∪ W). Its
boundary is the entire adjacent frontier, a finite disjoint union B = Bb ⊔Bw of complete black
and white face components. It is nonempty because the excluded side contains S0 and its collar.
Both full frontiers are compact and disjoint, so selection creates no corners. With ν pointing into
X, set H = HB(ν) and PB = trBK. Then
(16.3) H + PB = cb on Bb, H − PB = cw on Bw.

Either face type may be absent from B; for example a white face can separate a black face from
infinity. The full regions used to choose the thresholds are retained in the preparation even when
some of their frontier components are not adjacent to X.

The restricted data on X are smooth and complete up to B, with the original single end. Every
enclosing cut Γ for B is also a cut for S0 after the discarded side is adjoined to its inner region
and bounded pockets are filled. Therefore

(16.4) Areag(Γ) ≥ A∗,
1

4π

∫
Γ
αi = 1

4π

∫
B
αi = Qi (i = 1, 2), (Q1, Q2) = (QE , QB).

The flux equalities follow from closedness and Stokes’ Theorem between the cut and a distant
sphere, all normals pointing toward the end. These assertions concern the whole frontier and do
not require any individual component to separate S0 from infinity.

16.2. Stable collars and a stronger offset bound.

Lemma 16.2 (Outward leaf collars). Each connected face has a smooth outward collar with leaf
parameter s ≥ 0, s = 0 on the face, and |∇s| bounded above and below by positive constants. Its
leaves satisfy ΘK > cb for black faces and Θ−K > cw for white faces whenever s > 0. The collars
may be chosen disjoint in X.

Proof. Let Σ be a connected component of a full maximal frontier at threshold c, for T = K
or −K, with its outward normal. For normal graphs define Φ(v) = ΘT (Σ(v)) − c as a map
C2,α(Σ) → C0,α(Σ). Its linearization L is the stability operator of T − (c/2)g. It has principal
eigenvalue λ ≥ 0 and a positive eigenfunction φ. If λ > 0, the graphs v = sφ have Φ(sφ) =
sλφ+O(s2) > 0 for small s > 0.

If λ = 0, the kernels of L and its adjoint are one-dimensional, with positive generators φ and
φ∗. The bordered linear map

(16.5) (v, a) 7−→
(

Lv − a,

∫
Σ
v dAg

)
is invertible. In fact, solving Lv−a = f first determines a = −

∫
Σ φ

∗f dAg/
∫

Σ φ
∗ dAg by Fredholm

compatibility, and adding a unique multiple of φ fixes the prescribed integral of v. Elliptic estimates
give a bounded inverse. The implicit-function theorem applied to (Φ(v) − a,

∫
v) = (0, s) now

yields constant-expansion leaves with a′(0) = 0 and v′(0) = φ/
∫

Σ φdAg > 0. They foliate a short
outward collar. If a(s) ≤ 0 for any positive small s, adjoining this collar and replacing just this
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whole frontier component by its new leaf would strictly enlarge the full maximal bounding region
while preserving expansion ≤ c on every free component. The collar avoids all other faces and
designated barriers, so this is an admissible competitor, contradicting maximality. Thus a(s) > 0.

Smooth elliptic regularity gives smooth leaves; positive graph velocity gives the two bounds on
|∇s|. There are finitely many faces. Shortening the collars of those adjacent to X makes them
disjoint and contained in X. □

Proposition 16.3 (Prepared exterior with physical margin). The thresholds and exterior above
can be chosen with their stated full-region right continuity and collars, and with the following
additional data. There are constants Cb ≥ 0, Cw ≤ 0 and a smooth compactly supported function
C satisfying

(16.6)
Cw ≤ C ≤ Cb, C = Cb − kBs near each black face,

C = Cw + kBs near each white face,
where kB > 0 is constant on each individual collar. Set
(16.7) b− = cb − Cb < 0, b+ = −cw − Cw > 0.
There is a smooth positive weight ρ, equal to a positive constant times r−4

y on the end with
differentiated symbol bounds, such that, for every real h ∈ [b−, b+] and every x ∈ X,
(16.8) |(h+ C) trgK| + |∇C|g + ρ ≤ 1

2M0(x).
The thresholds, full regions, exterior, collars, offset, assigned heights, and weight are all fixed
before any elliptic deformation parameter. After fixing the thresholds and collars, the offset
can have arbitrarily small C1 norm. The constants of an absent face type remain valid bounds.
Equation (16.4) holds.

Proof. Take a fixed compact neighborhood K containing the uniform confinement range and
suppK in its interior, and put η∗ = minK M0 > 0 and T∗ = supK | trgK|. Restrict both
negative thresholds in advance to an interval so close to zero that max{|cb|, |cw|}T∗ < η∗/8, while
maintaining the strict black inner-barrier inequality. The countable-exception argument permits
the successive right-continuous choices there. Construct the regions and fix their disjoint collars
inside K.

On each collar choose a smooth cutoff ζB(s) in [0, 1], equal to one near zero and zero near
the far end. Fix κB > 0 with 1 − κBs > 0 throughout the collar. For a common amplitude
a∗ > 0 define the black contribution to C as a∗ζB(s)(1 − κBs) and the white contribution as its
negative. Extend by zero and sum on the disjoint collars. Then Cb = a∗, Cw = −a∗, kB = a∗κB,
and ∥C∥C1 = O(a∗) with constants depending only on the fixed collars and profiles. For every
assigned height,

|h+ C| ≤ max{|cb|, |cw|} + 2a∗.

Choose a∗ small enough that 2a∗T∗ + ∥∇C∥∞ < η∗/8. The first two terms of Equation (16.8)
are then at most η∗/4 ≤ M0/4 on K, and vanish outside it. Finally scale a fixed smooth positive
weight, equal to r−4

y far out, so that ρ ≤ M0/4 everywhere. This is possible by compact positivity
and r−4

y /r−3−δ∗
y = r−1+δ∗

y → 0. This proves the asserted uniform inequality for all h and the
parameter order. □

Since M0 ≤ 8π(µ− |J |g), Proposition 16.3 satisfies the exact neutral smallness hypothesis of
Proposition 4.7. The proof above establishes the stronger charged choice directly. At the assigned
face heights it also gives the exact boundary identities
(16.9) h+ C = cb = PB +H (Bb), h+ C = −cw = PB −H (Bw),
which will determine the signs in the neutral elliptic boundary conditions.
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17. Transfer of the neutral elliptic construction

The charged construction uses the neutral system with the total tensors (g,K). We verify its
prepared class and identify the equations, normalizations and estimates needed from Theorem 7.5,
Lemmas 6.2 and 8.1, with the parameter choices in Proposition 5.9. The transfer proposition
below is a consequence of those proved results; it introduces no new solvability hypothesis.

17.1. The class to which the input applies. Fix one strict rest datum supplied by Proposi-
tion 15.1, with original obstacle S0, energy E∗ > 0, and A∗ = ag(S0). We record the complete
preparation relevant to the neutral construction, so that its hypotheses are not replaced by a
solvability assumption about arbitrary charged data.

Definition 17.1 (Prepared neutral class). The underlying reduced datum is smooth, orientable,
connected, complete up to its nonempty compact smooth boundary S0, and has exactly one
asymptotically flat end. Its boundary satisfies HS0 + trS0 K < 0, with normal toward that end.
The total constraint densities satisfy

µ, |J |g ∈ L1(dVg), MN := 8π(µ− |J |g) > 0, MN ≥ cr−3−δ
y far out, 0 < δ < 1,

for a fixed c > 0. The tensor K is compactly supported. In a rest chart y, g − δeucl = Oj(r−1
y ) for

every fixed j, and hence Ricg = O(r−3
y ); the ADM energy is finite and the momentum is zero.

Our reduced data also have Rg = Oj(r−3−δ
y ) for every fixed j.

The prepared exterior X is the closure of the component toward infinity remaining after the full
black region and the subsequent full white region in Proposition 16.3 are removed. More precisely,
choose cb < 0 with cb > maxS0(H + trS0 K) as a Hausdorff right-continuity point of the full
maximal family with H + trΣK ≤ cb and the required inner collar of S0. With that black region
fixed, choose cw < 0 as a right-continuity point for the full white family with H − trΣK ≤ cw,
no required inner boundary, and the black faces and a distant sphere as outer barriers. If the
selected region is empty, right continuity includes emptiness immediately to its right. The adjacent
frontiers give a smooth compact boundary B = Bb ⊔Bw ̸= ∅, with

(17.1) H + PB = cb on Bb, H − PB = cw on Bw, PB = trBK,

where ν points into X and H = divB ν. The faces have disjoint smooth outward leaf collars, with
leaf coordinate s ≥ 0, |ds| > 0, and the expansion of the corresponding color strictly greater than
its threshold for s > 0. Every cut enclosing B has g-area at least A∗.

The fixed offset and weights satisfy

C ∈ C∞
c (X), Cw ≤ C ≤ Cb, Cb ≥ 0, Cw ≤ 0,

C = Cb − kBs near a black face, C = Cw + kBs near a white face, kB > 0,
b− = cb − Cb < 0, b+ = −cw − Cw > 0.

Here kB may depend on the face. Either color may be absent; its constant Cb or Cw then remains
only a bound, and its face conditions are omitted. The function ρ is smooth and positive, equals
a positive constant times r−4

y sufficiently far out, and has symbol derivative bounds there. For
every h ∈ [b−, b+], the exact neutral smallness condition is

(17.2) |(h+ C) trK| + |∇C| + ρ ≤ 1
2MN throughout X.

All thresholds, full regions, collars, offsets, and these weights are fixed before any deforma-
tion parameter is chosen. This is the preparation in Proposition 4.7 on the reduced class of
Proposition 3.10.
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Here “reduced class” means the properties in Proposition 3.10(i)–(ii), which explicitly singles out
these properties as the class for its subsequent argument. The preparation uses these properties
of the datum and the small offset choices of Section 4 and Proposition 4.7.

Lemma 17.2 (Verification for the charged preparation). The outputs of Propositions 15.1 and
16.3 belong to Definition 17.1.

Proof. Proposition 15.1 supplies the reduced geometry, integrability and end estimates; Propo-
sition 16.3 supplies the full-region preparation. Equation (14.13) gives MN ≥ M0, so the strict
physical margin and its end lower bound imply their neutral counterparts. The stronger bound
(16.8) implies (17.2). These are the actual total constraint densities of (g,K), as required by the
neutral construction. □

17.2. Profiles, quadratic form, and boundary value problem. All derivatives and con-
tractions below use g; vectors and covectors are identified by g. Extend ry smoothly over X,
bounded below by one, and let XR be a large spherical truncation, with outer face SR. First fix a
sufficiently small 0 < ϵ < 1, then a large integer n ≥ 4 with n > 2/ϵ, and then a sufficiently large
R. These are the standing parameter conventions of Section 5. Choose a smooth nonincreasing
ϑ : R → [0, 1], equal to one on (−∞, 0] and zero on [1,∞), and set
(17.3)

ℓ = e−ϵn, τ0 = ℓ3/2, p(t) = nϑ(nt), l(t) = exp
(∫ t

0
p(s) ds

)
, L(t) = e2tl(t).

The symbol τ0 is unrelated to τ = trK. In particular l(t) = ent for t ≤ 0, l is constant for t ≥ 1/n,
and ℓ ≤ l ≤ e when t ≥ −ϵ. Define
(17.4)

h = τ0f, σ = |∇f |, D = 1 + l2σ2, d = D−1, w = l∇f√
D
, a = |w|, v = a2 = 1 − d,

χ = 4d
4 + pv

, Ad = I − w ⊗ w, Aχ = I − p+ 4
4 + pv

w ⊗ w,

Z = t+ 1
8 logD, u = L

√
D, Hf = l√

D
Hess f, Sf = K +Hf ,

F = trAχ Sf , V = uAχ
(
4∇Z +K(w, ·)

)
.

Matrix expressions are in a g-orthonormal frame, and trA S = AijSij . The unknowns are (f, Z):
for each fixed ∇f , the displayed expression for Z is strictly increasing and onto as a function of t,
since ∂tZ = 1 + pv/4 > 0. Thus it determines t smoothly without assuming a floor. In particular
0 < χ ≤ d ≤ 1.

For σ > 0, put e = ∇f/σ and decompose

T = Sf |e⊥×e⊥ , M = Sf (e, ·)|e⊥ , k = Sf (e, e), yt = (∇t)⊥, xt = ∂et.

These T,M, k are tensor blocks; M is not a manifold or an ADM mass. We have trT = F − χk,
and T tf means the trace-free part in the two-dimensional plane e⊥. Set

T = 1
2 |T tf |2 + |M + (p+ 1)ayt|2 + [4(p+ 1) − v]|yt|2

+ 4(p+ 1)d
(
xt + χak

4d

)2
+ 3

4

(
F − χk

3

)2
+ 4d(9 − d)

3(4 + pv)2k
2.

(17.5)

This is the exact square completion in Section 5. It extends smoothly across σ = 0; its direction-
independent value there is

T = 1
2
(
|Sf |2 + (trSf )2)+ 4(p+ 1)|∇t|2.
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The invariant expression and smooth extension are proved in Lemma 18.1, and polynomial
coercivity is proved in Lemma 18.2.

Fix 3/4 < γ < 1 and positive smooth weights with ρ0 ≍ r−4
y , ρ1 ≍ r−2γ

y and symbol derivative
bounds on the end. In particular ρ0, ρ

2
0, ρ

2
1 are integrable; integrability of ρ1 itself is not required.

For a smooth mc : R → [0, 1], equal to one on (−∞, 0] and zero on [1,∞), put
m0(t) = mc(n(t+ ϵ)), P = Cn(ρ0 + vρ1).

Choose NB ∈ C∞(B) with NB > 1 + supB |H|. Use the choices furnished by Lemma 5.8 and
Proposition 5.9: first a sufficiently small 0 < δ0 < 1, independent of n,R, then a sufficiently large
polynomial penalty Cn = C∗(1 + n)N∗ . The fixed constants may depend on the prepared data
and auxiliary profiles. All auxiliary collar cutoffs, face extensions, and continuation choices are
those furnished in that construction. Its physical endpoint is exactly

(17.6)



F = h+ C in XR,

divV = u
(
δ0T + ρ+ δ0τ0aσ −m0(t)P

)
in XR,

h = b− on Bb, h = b+ on Bw,

Vν/u = −H + wν(F − PB) −NBd on B,

f = Z = 0 on SR.

Here Vν = g(V, ν) and wν = g(w, ν); the inner normal is the negative of the integration-outward
normal of XR. At the assigned face heights, F = PB + H on black faces and F = PB − H on
white faces. On the admissible penalty band one has
(17.7) −ϵ ≤ t ≤ −ϵ+ 1/n < 0, ℓ ≤ l ≤ eℓ, cℓ ≤ L ≤ Cℓ.

The last constants can be uniform for 0 < ϵ < 1.

17.3. The transferred existence and estimates.

Proposition 17.3 (Neutral elliptic construction for the prepared class). For the prepared
class in Definition 17.1, with the profiles, parameters, penalty choices, and physical endpoint in
Equations (17.3)–(17.6), the following statements hold.

(1) Existence with the floor bound. With δ0, Cn chosen as in Proposition 5.9, for every
sufficiently small fixed ϵ > 0, Theorem 7.5 supplies n0, enlarged to include n ≥ 4 and
n > 2/ϵ, and a sufficient radius Rmin(n, ϵ) → ∞ as n → ∞, such that Equation (17.6)
has a smooth solution on every XR with n ≥ n0 and R ≥ Rmin(n, ϵ). It satisfies t > −ϵ
on XR. The radius includes the geometric supports, all a priori and floor thresholds, and
the outer-boundary floor restriction in the proof of that theorem. No polynomial bound for
this radius is asserted.

(2) Physical-endpoint height and slope bounds. For smooth finite-truncation solutions with
t ≥ −ϵ, for these sufficiently large n,R, Lemma 6.2 at the physical endpoint gives fixed
c, C∗ > 0 such that

(17.8) c

τ0
≤ ∂νf ≤ C∗

τ0
(Bb),

c

τ0
≤ −∂νf ≤ C∗

τ0
(Bw).

These constants are independent of n,R after fixing the prepared data and ϵ. Also
b− ≤ h ≤ b+ on every fixed compact region needed for the scalar-curvature argument, in
particular on the supports of K,C. A condition on an absent face color is vacuous. No
global height bound is being added to this statement.

(3) Exhaustion and end normalization. At fixed ϵ, n, the solutions have local smooth estimates
of every fixed order, uniformly as R → ∞, including up to the fixed inner boundary. Every
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sequence of allowed radii tending to infinity has a subsequence converging smoothly on
compact subsets of X to a solution of Equation (17.6) with the outer boundary condition
omitted and t ≥ −ϵ. The preceding compact height and face estimates pass to this limit.
For sufficiently large n ≥ max{4, ⌈2/ϵ⌉}, choose an exhausting sequence and the limiting
solution supplied by Lemma 8.1. For some cn > 0 and constants Cj(n), this solution also
satisfies

(17.9) |∇jf | ≤ Cj(n)e−cnry for each fixed j, t, Z = O2(r−1
y ).

Writing ḡ = g + l2df2, both t− Z and ḡ − g, together with their coordinate derivatives of
every fixed order, decay exponentially. Moreover

(17.10) V = 4∇gt+O(r−3
y ), lim

s→∞

∫
ry=s

g(V, νs) dAg exists and is finite,

where νs points toward infinity.

Proof. We first identify the input class. The reduced properties in Definition 17.1 are the
properties (i)–(ii) of Proposition 3.10; that proposition explicitly designates them as the class for
the subsequent construction. In particular, provenance as a particular member of its approximation
sequence is not an additional hypothesis. The full black and white regions, their right-continuity
conventions including emptiness, the adjacent complete boundary components, and the disjoint
outward collars are exactly those of Proposition 4.7. Equation (17.2) is its offset inequality with
MN = 8π(µ − |J |). Thus its preparation, including the possibility of either missing face color,
applies to every datum in the stated class.

Next identify the system. The neutral construction uses the capillarity parameter denoted here
by τ0 = ℓ3/2, to distinguish it from trK. Its functions l, L, logarithmic profile derivative p = l′/l,
graph quantities D, d,w, a, v, matrices Ad, Aχ, and unknowns (f, Z) are exactly Equations (17.3)–
(17.4). The notation pL = L′/L in the neutral construction therefore means pL = p + 2. Its
tensor S and axial component q are denoted here by Sf and k, respectively. Its quadratic form
is Equation (17.5), with no change of sign in the momentum constraint. The physical endpoint
of Proposition 5.4 is its first continuation stage at s = 0, with drift coefficient λ = 1: its trace
equation is F = τ0f + C, and its divergence source is δ0T + ρ+ δ0τ0aσ −m0(t)P . These are the
two interior equations of Equation (17.6). The inner normal in both formulations points toward
the end. The componentwise assigned heights and the identities F = PB + H on black faces
and F = PB −H on white faces give exactly the same inner flux condition; the outer values are
f = Z = 0 in both systems. All auxiliary continuation data are chosen by that construction after
the fixed preparation, as stipulated above.

Lemma 5.8 and Proposition 5.9 choose a fixed δ0 > 0 and a polynomial Cn. Theorem 7.5 then
supplies item 1, including its sufficiently large truncation radius and the strict floor; enlarging
the lower bounds on n and R imposes the additional displayed numerical restrictions. At the
physical endpoint, Lemma 6.2 gives item 2. Its slope constants are independent of n,R, its height
interval is asserted on the fixed compact regions used in the curvature argument, and its face
conditions are componentwise. No boundary connectedness is required.

For fixed ϵ, n, Proposition 7.3 and the exhaustion following Theorem 7.5 give the local smooth
estimates and subsequential limit in item 3, including every fixed inner face. These estimates allow
arbitrary fixed-n constants and do not change the polynomial penalty already chosen. Lemma 8.1
supplies the stated normalized end solution: the exponential decay of f and the graph errors,
the O2(r−1

y ) bounds for t, Z, and the finite flux with V = 4∇gt + O(r−3
y ). These are exactly

Equations (17.9)–(17.10). All three conclusions follow from the proved neutral construction. □

The constants in the local regularity and end estimates may depend arbitrarily on the fixed n
(and on the prepared datum and ϵ); neither they nor c−1

n are claimed polynomial. The penalty
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Cn, by contrast, is polynomial in n, as are the explicit algebraic losses proved in Lemma 18.2. No
uniqueness or convergence as n → ∞ is part of Proposition 17.3.

The neutral results used in the transfer have no Penrose equality premise. Proposition 17.3
uses their original physical endpoint, corresponding to the first continuation stage with its
drift coefficient equal to one. It introduces neither a charged source term nor a solver for
electromagnetic-subtracted constraints. Lemma 17.2 verifies its hypotheses for each fixed charged
preparation. Henceforth we use its global limiting solution, always taking R → ∞ first at fixed
ϵ, n. The later numerical argument takes n → ∞, then ϵ ↓ 0, and only then removes the strict
rest-data approximation.

18. Scalar curvature and electromagnetic comparison

Fix the prepared datum, then ϵ and n, and take the smooth limiting solution supplied by
Proposition 17.3. Throughout this section, derivatives, tensor contractions and cross products
without a metric subscript are taken with respect to g. Put

(18.1) ḡ = g + l2 df ⊗ df, ĝ = e4tḡ, g̃ = e4ϵĝ.

The scalar and boundary identities of the neutral construction apply without changing the total
constraint densities. We first identify their notation here, then use the physical matter margin to
retain the total charge in the comparison metric.

18.1. The scalar identity.

Lemma 18.1 (Scalar identity). With the definitions of Section 17, including the quadratic form
in Equation (17.5), one has

(18.2) 1
2e

4tRĝ = 8π
(
µ+ J(w)

)
+ T + w(F ) − F trK − u−1 divV.

Here µ, J are the total constraint densities of (g,K). The quadratic form T extends smoothly
through ∇f = 0 and is nonnegative everywhere.

Proof. Apply Proposition 5.1. The variables l, L, p,D, d, w, a, v, Ad, Aχ, Z, u,Hf , F, V in Equa-
tions (17.3)–(17.4) are those of that proposition. Its tensor S is our Sf , its axial component q is
our k, and its transverse and axial derivatives of t are yt, xt. Its logarithmic derivative pL = L′/L
is p + 2. In particular the graph and conformal metrics, momentum convention, and full flux
agree. The identity holds for arbitrary smooth f, t; no elliptic equation or constraint beyond the
definitions of µ, J is assumed in its proof.

Equation (5.22) is exactly Equation (17.5) under this correspondence. It proves nonnegativity,
since p ≥ 0 and 0 < d ≤ 1. The invariant formula (5.19) proves smoothness at ∇f = 0, where its
value is

T = 1
2
(
|Sf |2 + (trSf )2)+ 4(p+ 1)|∇t|2.

Thus the shared identity gives (18.2), with the momentum term +8πJ(w). □

Lemma 18.2 (Weighted coercivity). At every point, with any axial direction at zero slope,

(18.3) |T |2 + |M |2 + dk2 + F 2 + |yt|2 + dx2
t ≤ 13(1 + n)2T .

The constant is independent of the solution, n, the truncation radius, and the size of |∇f |.

Proof. Use the square completion (5.22), identified above with (17.5). Its last coefficient is at
least 2d/[3(1 + p)2] and at least 2χ2/3. Its transverse-gradient coefficient is at least 3(p + 1).
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Comparing these terms and the shifted squares gives

dk2 ≤ 3
2(1 + p)2T , χ2k2 ≤ 3

2T , |yt|2 ≤ T
3(p+ 1) ,

F 2 ≤ 3T , |M |2 ≤ 8
3(p+ 1)T , |T |2 ≤ 4T .

Here the shifted F and M estimates use |A+B|2 ≤ 2|A|2 +2|B|2; for T write trT = (F −χk/3)−
2χk/3. The axial-gradient square gives

dx2
t ≤ T

2(p+ 1) + χ2vk2

8d ≤
( 1

2(p+ 1) + 1
6

)
T ≤ 2

3T ,

because the ratio of its second coefficient to the last square coefficient is 3v/[2(9 − d)] ≤ 1/6.
Summing and using 0 ≤ p ≤ n proves (18.3). At zero slope the same estimates hold for every
axial decomposition of the direction-independent value of T . □

18.2. The inner boundary.

Lemma 18.3 (Boundary identity and sign). On every face of B, with ν pointing into X and
PB = trBK,

(18.4) Vν
u

= d(H + 4∂νt) −H + wν(F − PB).

For a solution of Equation (17.6), the corresponding mean curvatures satisfy

(18.5) Hĝ = −e−2t√dNB < 0, Hg̃ = e−2ϵHĝ < 0.

Both mean curvatures use the normal toward the designated end.

Proof. The assigned height is constant on each face, and the normal into X is the normal used in
Lemma 5.3. Its flux, trace F , and tangential trace PB agree with ours by the correspondence in
Lemma 18.1. Applying Lemma 5.3 gives (18.4) and

Hĝ = e−2t√d (H + 4∂νt).

The boundary equation in (17.6) now implies d(H + 4∂νt) = −NBd. Since d > 0, substitution
gives (18.5); the last equality is the mean-curvature scaling under g̃ = e4ϵĝ. □

18.3. Retaining both total charges.

Proposition 18.4 (Charged comparison). For every limiting solution furnished by Proposi-
tion 17.3, there are smooth closed two-forms α̃1, α̃2 on X whose end fluxes are 4πQE , 4πQB,
respectively, such that the fields Ẽ = X̃1, B̃ = X̃2 defined by ι

X̃i
dVg̃ = α̃i satisfy

(18.6) Rg̃ ≥ 2
(
|X̃1|2

g̃
+ |X̃2|2

g̃

)
, divg̃ X̃i = 0.

Moreover g̃ ≥ g as quadratic forms, X is complete up to B for g̃, and Hg̃ < 0 on B.

Proof. Substituting Equation (17.6) into Equation (18.2), and using w(h) = τ0aσ, gives
1
2e

4tRĝ = 8π(µ+ J(w)) + (1 − δ0)T + (1 − δ0)τ0aσ

+ w(C) − F trK − ρ+m0(t)P.(18.7)

The physical matter condition says

8π(µ+ J(w)) − Ig(w) = 8π(µm + Jm(w)) ≥ M0,



112 OPENAI

since |w| < 1. The compact height bound in Proposition 17.3 and Equation (16.8) imply
|w(C)| + |F trK| + ρ ≤ M0/2; outside the supports of K and C only the already controlled term
ρ remains. All other terms in Equation (18.7) are nonnegative. Consequently

(18.8) 1
2e

4tRĝ ≥ Ig(w).

For Q > 0, take the constant rotation

O = 1
Q

(
QE QB

−QB QE

)
∈ SO(2),

(
Xe

Xo

)
= O

(
E
B

)
;

for Q = 0, use O = I. Rotate the flux forms by the same matrix. Their charges become
(Q, 0), while Ig is unchanged: the sum of squared norms is invariant and Xe ×Xo = E × B. Let
α = ιXedVg. Completing one vector square gives

Ig(w) = |Xo + w ×Xe|2 + |Xe|2 − |w ×Xe|2

≥ |Xe|2 − |w ×Xe|2 = |α|2ḡ.(18.9)

The last equality is a two-form norm identity. In a positively oriented g-orthonormal frame
with first vector parallel to w, the inverse graph metric has eigenvalues (d, 1, 1). Writing Xe =
(x1, x2, x3) gives

α = x1e
2 ∧ e3 + x2e

3 ∧ e1 + x3e
1 ∧ e2, |α|2ḡ = x2

1 + d(x2
2 + x2

3) = |Xe|2 − |w ×Xe|2.

At w = 0 this formula is independent of the frame. This is the electric graph transport of [26,
Section 2 and Appendix A], expressed through its flux form.

Retain the rotated pair (α, 0) and define the new pair by the inverse rotation

(18.10)
(
α̃1
α̃2

)
= OT

(
α

0

)
.

This discards a form of zero total charge. Since O is constant, the new forms are closed, have
separately the original total charges, and satisfy |α̃1|2h + |α̃2|2h = |α|2h for every metric h. No
assertion about the individual component charges is needed. Flux conservation across every
enclosing cut follows from Stokes’ Theorem.

Finally set s0 = t+ ϵ ≥ 0, using the floor in Proposition 17.3. Scalar curvature under constant
scaling and the conformal norm of a two-form give

Rg̃ = e−4ϵRĝ, |α|2
g̃

= e−8s0 |α|2ḡ.

Equations (18.8) and (18.9) therefore imply

Rg̃ ≥ 2e−4s0 |α|2ḡ ≥ 2e−8s0 |α|2ḡ = 2
2∑
i=1

|X̃i|2g̃.

The last equality uses the isometry X 7→ ιXdVg̃ between vectors and two-forms in dimension
three. Closedness gives the divergence equations because d(ιXdVg̃) = (divg̃X)dVg̃. Also g̃ =
e4s0(g + l2df ⊗ df) ≥ g. A g̃-Cauchy sequence is therefore g-Cauchy; its limit lies in X with
B included, and local smooth comparison of the two metrics gives convergence for g̃ as well.
Completeness follows, and the boundary sign is Lemma 18.3. □

The asymptotic estimates, scalar-curvature integrability and ADM energy control needed for
the final Riemannian comparison are established in Proposition 19.1.
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19. Energy and boundary flux

Fix a prepared strict rest datum, including its face collars, offsets and weights. All limits in
this section hold for that datum and for a fixed sufficiently small ϵ > 0, with n → ∞ only after
the fixed-n exhaustion in Proposition 17.3. Constants may depend on the datum and on ϵ, but
not on n, unless expressly stated otherwise.

Proposition 19.1 (Energy of the comparison metric). Let (f, t) be the global solutions of
Equation (17.6) supplied by Proposition 17.3, and let g̃n = e4ϵĝn and the comparison fields be as
in Proposition 18.4. In the normalized end coordinates z = e2ϵy, these data satisfy

g̃n − δ = O2(|z|−1), X̃1,n, X̃2,n = O1(|z|−2), Rg̃n
∈ L1(X, dVg̃n

).

Their ADM energies are finite and obey

(19.1) Ẽn ≤ e2ϵ(E∗ + ηn), ηn ≥ 0, ηn −→ 0.
No uniform bound in n on the solutions’ classical regularity constants is needed for this conclusion.

Proof. The charged preparation belongs to the reduced neutral class by Lemma 17.2, and
Proposition 17.3 supplies its exact physical endpoint after exhaustion at fixed ϵ, n. We may
therefore apply the neutral end and flux results. We verify the relevant hypotheses before carrying
out the additional scaling and field comparison.

The end and its ADM flux. The prepared tensor K is compactly supported, the end satisfies
g − δ = Oj(r−1

y ) and Rg = Oj(r−3−δ
y ) for every fixed j, and the neutral offset inequality holds.

The compact height bound is used only on the supports of K,C. The profiles, quadratic form and
flux are exactly those identified in Lemma 18.1, with the capillarity parameter τ0 = ℓ3/2 denoted
by τ in the neutral argument. Lemmas 8.1 and 8.2 consequently give

ĝn − δ = O2(r−1
y ), Rĝn ∈ L1(X, dVĝn), V = 4∇gt+O(r−3

y ),
and the finite flux identity

(19.2) Eĝn = E∗ − Fn
8π , Fn = lim

s→∞

∫
ry=s

Vνs dAg.

Here νs points toward infinity. These statements require only fixed-n end estimates. In particular
the exponential graph error has zero ADM contribution, and the leading conformal change 4tδ
has energy flux −8∂it, as in the proof of Lemma 8.2.

The lower flux bound. Equation (17.6) has the source δ0T + ρ + δ0τ0aσ − m0(t)P and the
boundary flux used in Lemma 8.3. The two face identities are F − PB = H, wν = a on black
faces and F − PB = −H, wν = −a on white faces. The signed slope estimates (17.8) hold on
every existing face; no condition is needed on an absent color. The weight ρ has a fixed positive
minimum on the compact collars, the penalty Cn is polynomial, and the weights ρ0, ρ

2
0, ρ

2
1 are

integrable because γ > 3/4. These are precisely the boundary, bulk and penalty hypotheses of
that lemma. It gives

(19.3) Fn ≥ −ζn, 0 ≤ ζn ≤ C(1 + n)N
(
ℓ+ ℓ2

τ0

)
= C(1 + n)N (ℓ+ ℓ1/2) −→ 0.

Its proof absorbs the boundary contribution by the polynomial collar trace before estimating the
floor penalty. Thus the constants in this bound do not involve the possibly much larger fixed-n
classical regularity constants.

Scaling and electromagnetic fields. The constant rescaling g̃n = e4ϵĝn is asymptotically
Euclidean in coordinates z = e2ϵy, and

(19.4) Ẽn = e2ϵEĝn .
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Indeed the coordinate derivative and sphere area factors in the ADM integral are e−2ϵ and e4ϵ,
respectively. This also gives the asserted metric decay and preserves scalar-curvature integrability.

The original flux forms have components O1(r−2
y ) on this end. The forms in (18.10) are

constant linear combinations of them and have the same decay. Define their vector fields by
ι
X̃i,n

dVg̃n
= α̃i. The metric coefficients are constant at infinity up to O2(r−1

y ), so this definition
followed by the fixed coordinate dilation gives X̃i,n = O1(|z|−2). Their integrals are unchanged
by this coordinate change, so both total charges remain QE , QB. Proposition 18.4 supplies the
charged scalar-curvature inequality for these very fields and metric.

Combining (19.2)–(19.4) proves (19.1) with ηn = ζn/(8π). Throughout this argument the
datum and ϵ are fixed and the exhaustion precedes n → ∞. □

20. Minimal enclosure and the final limits

We now complete the proof of Theorem 14.2. All geometric data and preparation choices are
fixed until the last step.
Lemma 20.1. Let (X, g̃) be a comparison exterior furnished by the preceding sections. It has a
smooth compact nonempty minimal boundary enclosure H whose exterior toward infinity is one
ended and has no larger enclosing compact minimal boundary. Moreover,

Areag̃(H) ≥ A∗,

and restricting the comparison fields to that exterior preserves the two total charges.
Proof. The inner boundary B has strictly negative mean curvature for the normal into X.
Sufficiently distant coordinate spheres have strictly positive outward mean curvature. Apply the
trapped-region theorem of Andersson–Metzger with second tensor zero, required inner boundary
B, and a large outer sphere [7, Theorem 7.3]. A strict inner collar makes the weakly trapped
union nonempty. Its full marginal frontier is smooth, compact, and minimal. Take the component
of its exterior incident on the distant sphere, together with the whole adjacent frontier, and fill
bounded pockets on the inner side.

This construction is independent of sufficiently large truncations. Indeed, a weakly trapped
bounding surface cannot have a largest-radius point in the region foliated by strictly mean-convex
coordinate spheres: the outward mean-curvature comparison at that point is positive. Thus the
full trapped union is confined to a fixed compact region. The frontier separates B from infinity
and is nonempty.

If a larger compact minimal enclosure existed, its inner side, including the required collar,
would be a permissible weakly trapped set, contrary to maximality. This also covers partial
coincidence: components already present may be retained while other components are replaced.
The comparison is of entire bounding regions. At a touching point of two minimal frontiers
ordered from outside, the maximum principle identifies the coincident component.

The end-connected exterior with this boundary is complete up to the boundary. Restoring the
inner regions discarded during preparation makes H a smooth cut enclosing S0. Therefore

Areag̃(H) ≥ Areag(H) ≥ ag(S0) = A∗.

The first inequality uses g̃ ≥ g. The closed comparison flux forms have the same integrals over H
and a distant sphere, by Stokes’ Theorem. Hence both total charges are preserved. □

We use the following Riemannian consequence of the charged spacetime inequality [44, The-
orem 2.3]. Let a smooth connected oriented three-dimensional exterior be complete with its
nonempty compact outermost full minimal boundary included, have one strongly asymptotically
flat end, and satisfy

R ≥ 2(|E|2 + |B|2), div E = div B = 0.
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Assume metric decay O2(r−1), field decay O1(r−2), and integrable scalar curvature. Then, for
ADM mass M, total charge magnitude Q, and full boundary area 4πr2

H ,

(20.1) M ≥ Q, rH ≤ M +
√

M2 − Q2.

The boundary may be disconnected, and no area–charge restriction is imposed.
Here are the two reductions needed to apply the cited theorem. If Q > 0, put

X = QEE + QBB
Q

, E ′ = QE

Q
X, B′ = QB

Q
X.

These fields are divergence free, have the same two total charges and falloffs, and obey

E ′ × B′ = 0, |E ′|2 + |B′|2 = |X|2 ≤ |E|2 + |B|2.

If Q = 0, take both new fields zero. With second tensor zero the resulting spacetime data have
Jm = 0 and 8πµm = R/2− (|E ′|2 + |B′|2) ≥ 0, so they satisfy the matter DEC of the cited theorem.
Their boundary has zero future expansion.

Secondly, the full enclosing infimum is the full area of an outermost minimal boundary. To see
this, if a full cut had smaller area, minimize perimeter among its full enclosing regions containing
the original inner obstacle. Large mean-convex end spheres confine this problem; BV compactness
and lower semicontinuity give a minimizer. Its free frontier is smooth and minimal in dimension
three. At contact with the smooth minimal obstacle, the minimizing-hull regularity and the
strong comparison principle give smooth coincidence; whole coincident components are retained.
Filling bounded complementary pockets leaves the full frontier incident on the end. Since its
area is strictly smaller, it cannot be just the original boundary. It is therefore a strictly larger
full minimal enclosure, contrary to outermostness. This proves the area assertion, with every
component counted. Theorem 2.3 of [44] now gives Equation (20.1), including positivity of the
mass and both area branches. Only its numerical conclusion is used.

Proof of Theorem 14.2. Lemma 15.2 gives a future timelike ADM vector, and Proposition 15.1
supplies strict charged rest data with energy E∗ and enclosing infimum A∗. Fix one such datum
with positive energy and prepare its exterior by Proposition 16.3. For each sufficiently small fixed
ϵ > 0 and sufficiently large n, Proposition 17.3 gives a smooth limiting solution after exhausting
the truncations at that fixed n.

The comparison construction gives the scalar inequality required in (20.1), closed field forms
with the original total charges, and a metric no smaller than the prepared metric. Proposition 19.1
supplies strong asymptotic flatness, integrable scalar curvature, and an energy bound

Ẽn ≤ e2ϵ(E∗ + ηn), ηn −→ 0

at fixed data and ϵ. Lemma 20.1 supplies the appropriate outermost minimal boundary. All
hypotheses of the Riemannian theorem are therefore satisfied on its exterior. In particular,

(20.2) Q ≤ Ẽn,
√
A∗/(4π) ≤ Ẽn +

√
Ẽ2
n −Q2.

Let FQ(x) = x+
√
x2 −Q2 for x ≥ Q. This function is continuous and nondecreasing on its

entire domain, including x = Q. By (20.2), the upper energy bound e2ϵ(E∗ + ηn) also lies in that
domain. Replacing Ẽn by this bound in (20.2), then sending n → ∞, gives

e2ϵE∗ ≥ Q,
√
A∗/(4π) ≤ FQ(e2ϵE∗).

Letting ϵ ↓ 0 yields

(20.3) E∗ ≥ Q,
√
A∗/(4π) ≤ E∗ +

√
E2

∗ −Q2.
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Only numerical upper bounds have been passed to the limit; no limiting comparison metric as
n → ∞ is needed.

Finally remove the strict rest-data approximation. Proposition 15.1 keeps QE , QB fixed, makes
E∗ → m =

√
E2 − |P |2, and gives A∗ → ag(S). Continuity in (20.3) proves the theorem. This

order of limits requires no constants uniform across the strict-data sequence. □

Remark 20.2 (The area branches). For 0 < r ≤ Q, the conclusion follows from m ≥ Q. For r > Q,
it is equivalent to

m ≥ 1
2

(
r + Q2

r

)
.

The proof uses the upper-area formulation throughout, so disconnected boundaries of either type
are covered. When Q = 0, it reduces to the neutral bound for ag(S); Corollary 9.4, applied as in
Lemma 15.2, includes the non-timelike endpoint exclusion.

21. The electric rest-frame inequality and finitely many ends

The one-ended charged theorem also gives the mass lower bound on the closed area–charge
branch. We first record its purely electric rest-frame consequence. We then treat additional
asymptotically flat ends by removing their distant tails and regarding the resulting spheres as
further inner boundary components. This second argument uses only the electric rest-frame
consequence.

Corollary 21.1 (Electric rest-frame inequality). Let (Ω3, g,K, E) be smooth and orientable, with
Ω connected and complete with its nonempty compact smooth boundary S included, and with
exactly one asymptotically flat end. The boundary may have finitely many components. Define

16πµ = Rg + (trgK)2 − |K|2g, 8πJ = divg
(
K − (trgK)g

)
.

Assume that µ, |J |g are integrable, that the ADM limits exist, and that, for some q > 1/2, the end
satisfies

g − δ = O2(r−q), K = O1(r−1−q), E = O1(r−2).
There is no magnetic field. Suppose throughout Ω that

(21.1) divg E = 0, µ−
|E|2g
8π ≥ |J |g,

and on S, with normal into Ω, that H + trSK ≤ 0. Let a = ag(S) be the minimum enclosing
area over all smooth filled cuts of the entire boundary, and put

ra =
√

a

4π , Q = 1
4π

∫
S
⟨E , ν⟩g dAg.

If the ADM momentum vanishes and ra ≥ |Q|, then the ADM energy m is positive and

(21.2) m ≥ 1
2

(
ra + Q2

ra

)
.

Proof. The electromagnetic momentum is zero when the magnetic field is zero. Thus (21.1) is
precisely the non-electromagnetic matter dominant energy condition in Theorem 14.2. Closedness
of ιEdVg identifies the displayed boundary charge with the charge at infinity. All other one-ended
hypotheses are unchanged. That theorem gives m > 0, m ≥ |Q|, and

ra ≤ m+
√
m2 −Q2.
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The enclosing area is positive. Moreover, m−
√
m2 −Q2 ≤ |Q| ≤ ra. Consequently(

ra −m+
√
m2 −Q2)(ra −m−

√
m2 −Q2) ≤ 0.

Expanding and dividing by 2ra > 0 proves (21.2). This calculation includes ra = |Q|; no limiting
argument or equality classification is needed. □

Corollary 21.2 (Outer area-minimizing boundary). Under the hypotheses of Corollary 21.1,
suppose that every filled enclosing cut of the whole boundary has area at least A = Areag(S). If
A ≥ 4πQ2, then

m ≥

√
A

16π +Q2
√
π

A
.

In particular this applies to maximal purely electric source-free electrovacuum data with such a
boundary and zero ADM momentum.

Proof. The boundary itself is an admissible cut, so the area assumption gives ag(S) = A.
Apply Corollary 21.1. For the stated electrovacuum specialization, trgK = 0, divgK = 0, and
Rg = |K|2g + 2|E|2g imply µ = |E|2g/(8π) and J = 0, hence (21.1). □

21.1. The area associated with a designated end. Let Ω instead have finitely many asymp-
totically flat ends E0, . . . ,Ek, with E0 designated, and compact smooth boundary S. We allow
S = ∅ only when k ≥ 1. A designated-end cut is the full compact smooth manifold boundary
Γ = ∂Y of a smooth closed codimension-zero exterior Y ⊂ Ω. Its intrinsic interior W = intY
must be connected, lie in int Ω, contain a distant tail of E0, and exclude distant tails of every
other end and the entire S. Here ∂Y means the boundary of Y as a manifold, not its relative
topological boundary in Ω; in particular, every portion coinciding with S is counted. Bounded
complementary pockets are assigned to the excluded side. The cut need not be connected, and
its individual components need not separately separate Ω.

Define

(21.3) a0 = inf
Γ

Areag(Γ), r0 =
√
a0
4π ,

where the infimum is over these full designated-end cuts. This is a single enclosing-area infimum,
not the sum of separate end or boundary component infima. A distant sphere in E0 is a competitor,
so a0 < ∞.

Theorem 21.3 (Electric rest-frame extension to finitely many ends). Let (Ω3, g,K, E) be smooth,
connected and orientable, complete with its compact smooth boundary S included, and have the
finitely many asymptotically flat ends just described. Assume (21.1) everywhere, integrable µ, |J |g,
and H + trSK ≤ 0 with the normal into Ω on every component of S. Assume the end falloff of
Corollary 21.1 on each end, with a common q > 1/2, and finite ADM limits at the designated
end. There is no magnetic field. Let

Q0 = 1
4π

∫
S0

R

⟨E , νR⟩g dAg

be its conserved outward charge. Suppose its ADM momentum is zero and that 0 < a0 and
r0 ≥ |Q0|, with a0 as in (21.3). Then its ADM energy m0 is positive and

(21.4) m0 ≥ 1
2

(
r0 + Q2

0
r0

)
.

No momentum condition is imposed at the other ends.
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Proof. For k = 0, this is Corollary 21.1. Suppose k ≥ 1. In each unwanted end Ej , choose a
coordinate sphere SjRj

sufficiently far out, and remove its open outside tail. Denote the retained
manifold by ΩR. The radii can be chosen beyond a connected compact core: fix paths in Ω
connecting the finitely many inner end collars and the components of S, and put these paths
inside that core before increasing the radii. Each retained end annulus is connected and attached
to the core. Thus ΩR is connected, has exactly the designated end, and has nonempty compact
smooth boundary

SR = S ⊔
k⊔
j=1

SjRj
.

It is a closed subset of the original complete manifold. A Cauchy sequence for its intrinsic length
metric therefore has a limit in that subset; smooth boundary half-ball charts give convergence in
the intrinsic metric as well. This proves completeness with its boundary included.

On an added sphere, the normal pointing into the retained exterior is the negative of the
normal pointing toward that unwanted infinity. The asymptotic estimates give

H = − 2
Rj

+O(R−1−q
j ), tr

Sj
Rj

K = O(R−1−q
j ).

Hence its future outward expansion, in the retained-exterior orientation, is strictly negative for
large Rj . The original boundary retains its weakly trapped sign. All fields are merely restricted,
so the charged DEC and divergence equation are unchanged. No extension of the fields over a
cap is involved. The designated end and its ADM energy and momentum are also unchanged.

Put F = ιEdVg. The equation dF = 0 and Stokes’ theorem on the region between SR and a
distant sphere of the designated end give

(21.5) 1
4π

∫
SR

F = Q0,

where every inner component is oriented into the retained exterior. In particular, if Qj is the
outward charge of the jth unwanted end and Q(S) is the charge of the original boundary with
normal into Ω, then Q0 = Q(S) −

∑k
j=1Qj . The charge in (21.4) is therefore the designated end

charge, not generally Q(S).
Let aR = ag(SR) be the minimum enclosing area in the retained one-ended manifold. Every

smooth filled cut of SR also gives a designated-end cut in Ω: keep its chosen-end exterior, and
assign phase zero to all removed tails. This introduces no new frontier because the original cut
already encloses every added inner sphere. If the cut coincides with any added sphere, that
sphere is the same smooth surface in the original end and its full area remains counted. The same
observation applies to coincident portions of S. Selecting the component toward the designated
end and filling bounded pockets keeps the whole-boundary convention and can only remove
boundary components. Consequently

(21.6) aR ≥ a0, rR :=
√
aR
4π ≥ r0 ≥ |Q0|.

This argument compares the smooth full-cut classes directly; it does not require attainment of
either infimum or a limiting statement as R → ∞.

All hypotheses of Corollary 21.1 now hold on ΩR, with charge Q0 by (21.5). Hence

m0 ≥ 1
2

(
rR + Q2

0
rR

)
.

The function r 7→ (r +Q2
0/r)/2 is nondecreasing for r ≥ |Q0| (and r > 0). Combining this fact

with (21.6) proves (21.4), including the endpoint r0 = |Q0|. □
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The finite-end theorem is explicitly a purely electric result in the rest frame of the designated
end. The use of total full-cut area is essential: taking separate component areas, or applying a
sum of end-energy estimates, would not give the comparison (21.6).

Part 4. Four spatial dimensions

22. The invariant Penrose inequality in four spatial dimensions

We prove a lower bound for the ADM rest mass in terms of the least three-volume needed to
separate a chosen asymptotically flat end from the compact weakly trapped boundary and the
other ends. The second fundamental form is arbitrary. The final comparison uses the Riemannian
Penrose inequality in dimension four after a graph and conformal deformation; the required
enclosure is constructed below.

22.1. Initial data and enclosing cuts. Four is the spatial dimension; the associated spacetime
dimension is five, and a hypersurface area is a three-dimensional Riemannian volume. Set

ω = ω3 = |S3| = 2π2, τ = trgK, µ = 1
2(Rg + τ2 − |K|2g), Ji = ∇j(Kij − τgij).

Here Rg = Scalg denotes scalar curvature and ∇ is the Levi–Civita connection of g. The
cosmological constant is zero. We use ∆g = divg gradg. For a hypersurface with specified unit
normal ν, write

H = divtan ν, trtanK = (gij − νiνj)Kij , ΘK = H + trtanK.

At an inner boundary the normal points into the exterior. In an auxiliary trapped-region
construction it points out of the bounded region.

The notation Oj(r−a) includes coordinate derivatives of order k ≤ j, bounded by O(r−a−k).
On an asymptotically flat end the ADM normalization is

E = 1
6ω lim

R→∞

∫
|x|=R

(∂jgij − ∂igjj)niδ dAδ,(22.1)

Pi = 1
3ω lim

R→∞

∫
|x|=R

(Kij − τgij)njδ dAδ.(22.2)

Here nδ and dAδ are Euclidean. Whenever a charge is used below, its stated limit is required to
exist.

Definition 22.1 (Enclosing cuts). Let M have nonempty compact boundary S and finitely
many asymptotically flat ends, and fix an end e. An admissible outer domain De is a connected
smooth codimension-zero submanifold with boundary, closed as a subset of M , such that its
manifold interior lies in intM , it contains the entire sufficiently distant part of e, and it contains
no sufficiently distant part of any other end. Its entire intrinsic manifold boundary Γ = ∂manDe

is required to be compact. The enclosing volume is

Ae(S) = inf
De

|∂manDe|g.

All frontier coincident with S is counted. The cut may be disconnected. In the one-ended case
De = M is allowed and has intrinsic boundary S. We then also write A∗ for this infimum.

Only these smooth cuts are used. Their infimum need not be attained. The definition treats
the entire original boundary and all other ends as obstacles to the selected outer domain.

Theorem 22.2. Let (M4, g,K) be smooth and connected, with M orientable, K an arbitrary
smooth symmetric covariant two-tensor, and S = ∂M nonempty, compact, and smooth. Suppose
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g is complete as a metric space with S included. Outside a compact set let M have finitely many,
and at least one, ends diffeomorphic to the complement of a closed ball in R4. Assume

µ ≥ |J |g, µ, |J |g ∈ L1(M, dVg),

and, on every end for a common q > 1,

g − δ = O2(r−q), K = O1(r−1−q),

with finite energy and momentum limits (22.1)–(22.2). On every component of S assume ΘK ≤ 0,
with normal into M .

Then for each end e,

(22.3) Ee ≥

√
|Pe|2δ + 1

4

(
Ae(S)
ω

)4/3
.

In particular Ee > |Pe|δ, and the invariant mass satisfies

(22.4)
√
E2
e − |Pe|2δ ≥ 1

2

(
Ae(S)
ω

)2/3
.

The strict timelikeness is a conclusion: Lemma 24.1 establishes Ae(S) > 0, and the proof
includes the non-timelike case. There is no extra decay assumption on τ = trgK. All original
boundary components use the same future trapping convention.

The coefficient is sharp. On the time-symmetric Schwarzschild–Tangherlini exterior [50],

gm =
(

1 + m

2r2

)2
δ, K = 0, r ≥

√
m/2,

the ADM energy is m, the momentum is zero, and the boundary has three-volume ω(2m)3/2.
The areal radius r +m/(2r) is nondecreasing on this exterior. Radial projection to its boundary
is therefore nonexpanding on three-dimensional tangent volumes; its degree on an enclosing cut
is one. The minimum enclosing volume is consequently the boundary volume, and (22.3) is an
equality for this family. The equality statement below concerns the original exterior data and has
additional horizon hypotheses; these are not assumptions of the numerical inequality.

22.2. Equality for a connected exterior. We also write θ+ = ΘK for the future null expansion.

Definition 22.3 (The connected outermost horizon class). Let (Ω4, g,K) satisfy the initial-data
hypotheses of Theorem 22.2, with exactly one end and connected boundary S. We additionally
require:

(i) S is a future marginally outer trapped surface (MOTS): θ+(S) = 0 for the normal into Ω.
(ii) S is outermost toward the end: no smooth compact embedded two-sided enclosing hyper-

surface in int Ω, possibly disconnected and oriented toward the end, has θ+ ≤ 0 everywhere.
(iii) S is outer area-minimizing: every cut in Definition 22.1 has area at least A := |S|g > 0.

Consequently Ae(S) = A.

For a geometric mass M0 > 0, the Schwarzschild–Tangherlini metric [50] in its static exterior is

(22.5) gM0 = −
(

1 − 2M0
r2

)
dt2 +

(
1 − 2M0

r2

)−1
dr2 + r2gS3 , r >

√
2M0,

where gS3 is the unit round metric. “Regular maximal extension” refers to the usual extension
through the future and past horizons, including their bifurcation sphere. The apparent singularity
in Equation (22.5) at the horizon is a coordinate singularity.
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Theorem 22.4 (Original-data exterior rigidity). Let (Ω, g,K) belong to Definition 22.3, and put
m =

√
E2 − |P |2δ. Then

(22.6) m = 1
2

(
A

ω

)2/3

if and only if the original initial data admit a global smooth spacelike embedding, including S, into
the regular maximal extension of gm. The image lies in the closure of the corresponding exterior,
the chosen end approaches its spatial infinity, and S maps to a smooth section of its future horizon
or to its bifurcation sphere. The pullback of the spacetime metric is g; for a consistent future unit
normal n, the second fundamental form is precisely the original tensor K, with the convention

(22.7) K(U, V ) = gm(∇Un, V ).

Both the embedding and the normal extend smoothly to S in horizon-regular coordinates.
Equivalently, every such Schwarzschild–Tangherlini hypersurface in gM0 satisfying Defini-

tion 22.3 and the prescribed asymptotic hypotheses has invariant ADM mass M0, horizon area
ω(2M0)3/2, and equality in Theorem 22.2.

No spherical topology, simple connectivity, stationary development, or vacuum condition is
assumed in Theorem 22.4. The conclusion permits non-time-symmetric and asymptotically
boosted hypersurfaces. It asserts rigidity only of the exterior in Definition 22.3 and makes no
assertion about data behind S. A graph in the singular static time coordinate is not required at
the horizon.

22.3. Proof strategy and parameter order. The proof first replaces a timelike asymptotic
end by a rest end, while preserving the dominant energy condition and comparing every enclosing
cut. Strictification then gives positive energy slack and strict boundary trapping. Two threshold
frontiers provide boundary collars and a small interval for the prescribed graph trace.

On the resulting exterior we choose a positive smooth coefficient function l : R → (0,∞), solve
for real functions f, Z, define t from them, and construct

ĝ = e2t(g + l(t)2 df ⊗ df
)
.

The scalar identity retains the unrestricted term −Fτ , where F is the prescribed scalar trace in
the graph equation. A polynomial penalty controls it in the first-floor estimate; the later height
bounds let strict DEC slack absorb it in the final scalar comparison. The coupled existence proof
uses a scalar principal matrix with three transverse eigenvalues equal to one. Its measurable axial
coefficient is handled by the regularity theorem proved in Section 28.

The deformation produces nonnegative scalar curvature, negative boundary mean curvature,
and a vanishing upper bound for the energy change. A separate perimeter minimization supplies
an outer-minimizing minimal enclosure, so Bray–Lee’s Riemannian theorem applies. The resulting
energy estimate transfers back to the original invariant mass. A positive conformal shell excludes
null and spacelike ADM vectors, and truncating the other ends completes the endwise statement.

Section 24 proves the end reduction; Section 25 constructs the threshold exterior and collars.
Sections 26 and 27 establish the equations, floor exclusion and global bounds. Sections 28 and 29
prove regularity, existence and the final Riemannian comparison. The shared enclosure results
in Section 23 supply both the minimal boundary for that comparison and the one-sided area
derivative used at equality.

The equality proof then returns to the original data. Sections 30 and 31 turn the numerical
inequality for nearby DEC and trapped data into a causal stationary field. Those nearby data need
not preserve outermostness or outer area minimization. Sections 32 and 33 remove twist, establish
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completeness and classify the static base. Section 34 recovers the original metric and second
fundamental form in regular horizon coordinates and checks the converse, including boosted ends.

Remark 22.5 (Order of constants and limits). Fix the geometry, strictification and ϵ > 0 first.
The integer n is then sufficiently large. A bound Πn is polynomial in n, uniformly in the outer
truncation radius, homotopy parameter and solution; fixed-n regularity constants may depend
arbitrarily on n. Exhaust the outer radius at fixed n, then send n → ∞ using only the polynomial
bounds. Finally send ϵ ↓ 0, remove strictification at each fixed repaired end, and send the
end-replacement radius to infinity.

23. Enclosing area, obstacle minimizers, and metric variation

The cuts in Definition 22.1 count the entire intrinsic boundary, including every portion coincident
with the original boundary. We identify their area infimum with a full-perimeter minimum. The
resulting enclosure will be used in the numerical inequality. Its variation formula, which retains
all tied minimizers, will be used in the equality argument.

Throughout this section, (X, g) is a smooth connected orientable four-dimensional Riemannian
manifold with nonempty compact smooth boundary B. It is complete with B included and
has exactly one end, which is asymptotically Euclidean. In coordinates on that end we assume
g − δ = O2(r−q) for some q > 1. No scalar-curvature assumption is needed in this section. Write

ag(B) = inf
Γ

Areag(Γ),

where Γ ranges over the full smooth enclosing cuts of Definition 22.1.

23.1. A perimeter problem that counts the original boundary. Choose a smooth manifold
X̃ without boundary by attaching an inner side along B, and extend g smoothly through B. For
example, one may use the topological double, with a smooth metric extension in a collar and
an arbitrary smooth metric farther inside. Let O be the closed inner side, so that ∂O = B and
X̃ \ O = intX. Neither completeness nor a curvature condition on the extension will be used.
We continue to write g for this auxiliary extension.

Let A consist of sets E of locally finite perimeter in X̃ such that O ⊂ E up to a null set and
E \ O is contained, up to a null set, in some compact subset of X. Sets are identified if their
indicator functions agree almost everywhere. The perimeter is always

(23.1) Pg(E) = |D1E |g(X̃),

computed in the extended manifold. Thus Pg(O) = Areag(B), and perimeter on B is retained.
Although O itself need not have finite volume, the competitors differ from it only in a compact
exterior region, so the compactness arguments below are local BV arguments on a fixed bounded
region. We use the standard perimeter compactness, Gauss–Green, and submodularity facts for
BV sets [5, 39].

If D is a smooth exterior domain from Definition 22.1, its filled side is

ED = O ∪
(
X \ intD

)
.

Here intD denotes the intrinsic manifold interior, which lies in intX. The distant end is absent
from ED, and

(23.2) ED ∈ A, Pg(ED) = Areag(∂manD).

The identity includes any frontier on B. In particular D = X corresponds to ED = O, with
perimeter Areag(B).
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Proposition 23.1 (Full-perimeter minimizing enclosures). The minimum of Pg over A exists and
equals ag(B) > 0. Every minimizer has a regular representative whose frontier T is a nonempty
compact embedded C1,1 hypersurface, smooth and minimal on T \B. Its graph functions belong
locally to W 2,∞, and hence to W 2,2, including at contact with B. Its outward coorientation points
from the filled set toward a connected exterior containing the asymptotic end. All minimizing
frontiers lie in a fixed compact subset of X.

Every such frontier is a limit in C1, and in area, of admissible smooth enclosing cuts lying in
intX. If in addition HB < 0 for the normal into X, every minimizer contains a fixed collar of
B on the exterior side. In this case T is itself a smooth minimal enclosing cut, and its closed
exterior is smooth, connected, complete with its nonempty boundary included, and one-ended. The
boundary of this exterior is outer area-minimizing there, with every boundary component counted.

Proof. A common outer truncation. On the coordinate end, let Y = ∇r/|∇r|g be the unit normal
pointing toward increasing radius. The differentiated asymptotic decay gives

(23.3) divg Y = 3
r

+O(r−1−q) > 0 (r ≥ R0)

after increasing R0. For a competitor E and almost every R > R0, put ER = E \ {r > R}.
Gauss–Green on VR = E ∩ {r > R} gives∫

VR

divg Y dVg =
∫
∂∗E∩{r>R}

g(Y, νE) dAg −
∫

{r=R}
1E dAg.

The trace on the slicing sphere is understood at a good slicing radius; νE is the measure-theoretic
outward normal of the filled set. Consequently

(23.4) Pg(ER) − Pg(E) ≤ −
∫
VR

divg Y dVg ≤ 0,

and the inequality is strict if VR has positive volume.
Fix R1 > R0. For each competitor separately, choose a good radius in (R0, R1) and use

Equation (23.4). The infimum therefore equals the infimum in the class with E \ O confined
to the same fixed truncation {r ≤ R1} together with the compact core. BV compactness on a
slightly larger compact region and lower semicontinuity give a minimizer. The constraints of
containing O and being empty in the prescribed exterior tail are closed under this convergence.
The competitor O gives a finite upper bound.

The resulting set is also a global minimizer in A. Applied to any global minimizer, Equa-
tion (23.4) forbids positive filled volume beyond a good radius above R0. Choosing such a radius
below a fixed number R2 with R0 < R2 < R1 shows that all minimizers have their filled exterior
parts in the same compact truncation at R2. This also keeps their frontiers away from the artificial
boundary used in the compactness argument. There is no requirement that one slicing radius be
good for every BV set.

Regularity at the obstacle. A global minimizer is locally perimeter-minimizing among competi-
tors that contain the smooth open obstacle O◦. The relevant form of the Riemannian obstacle
regularity theorem is the following: in a smooth Riemannian manifold of dimension less than
eight, a local perimeter minimizer constrained to contain an open set with C2 boundary has a
C1,1 frontier and is smooth away from contact. This is precisely Regularity Theorem 1.3(iii) of
Huisken–Ilmanen [31, pp. 368–369], applied with zero bulk term. Its hypotheses are local, so the
arbitrary geometry of the attached inner side and its possible noncompactness are irrelevant. Here
the ambient dimension is four. The result describes the entire frontier of the regular representative,
not just the reduced boundary outside an unaccounted exceptional set.

For clarity, the obstacle also gives the usual two-sided almost-minimality estimate needed for
density and compactness estimates. Choose a smooth compactly supported vector field Z on X̃
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with |Z|g ≤ 1 and Z = νO on B. Such a field is obtained from a tubular neighborhood of the
compact smooth boundary. For a local replacement F , with F△E compactly supported, F ∪O
is admissible. Perimeter submodularity and Gauss–Green imply

Pg(E) ≤ Pg(F ∪O) ≤ Pg(F ) + Pg(O) − Pg(F ∩O),

Pg(O) − Pg(F ∩O) ≤
∫
O\F

divg Z dVg ≤ C Volg(E△F ).(23.5)

Thus local replacements satisfy the standard perimeter almost-minimality inequality. In particular,
the usual perimeter and volume density estimates apply, including at contact [39]. The C1,1

conclusion above directly gives the asserted Sobolev regularity in graph charts. Off the obstacle,
arbitrary local replacements are allowed; first variation gives zero mean curvature and interior
regularity gives smoothness.

Take the representative that is the closure of its measure-theoretic interior. Its frontier is
the compact C1,1 hypersurface just described, and the filled and exterior sides occupy the two
local sides of every frontier chart. This choice discards all irrelevant null-set slits. The frontier
is nonempty: the filled set contains the open inner side, whereas its complement contains an
exterior tail. On the connected extended manifold a BV indicator with zero perimeter is constant
almost everywhere, which is impossible here. The nonempty regular frontier consequently has
positive area.

Connectedness of the exterior. The complement of the regular filled set has a component
containing the entire sufficiently distant end. Any other component is relatively compact, because
the frontier is compact and X has one end. If such a component existed, adjoining it to the filled
set would remove its nonempty boundary and introduce no new perimeter. More explicitly, near
each frontier point there is only one exterior side; the boundary of a complement component is
therefore a union of connected components of the compact embedded frontier. Filling a bounded
component removes a positive amount of full perimeter, including any portion on B. This
contradicts minimality. Thus the exterior is connected.

Equality with the smooth-cut infimum. Equation (23.2) gives minA Pg ≤ ag(B). To prove the
reverse inequality, let T be a minimizing frontier with its outward coorientation. Choose a smooth
compactly supported vector field V with g(V, νT ) ≥ c0 > 0 on T ; approximate its continuous unit
normal in local charts and use a partition of unity. If Φt is its flow, compactness and transversality
give a C1 flow collar

Ψ : T × (−δ, δ) −→ X̃, Ψ(p, t) = Φt(p),
in which the filled side is {t ≤ 0}. For sufficiently small ε > 0 the displaced filled set satisfies

Eε := Φε(E) = E ∪ Ψ
(
T × (0, ε]

)
.

This inclusion is global: a point can change its membership only when its flow line crosses T , and
every such short crossing is outward in the chosen collar. Thus O ⊂ E ⊂ intEε. The displaced
frontier Tε = ∂Eε is disjoint from O and lies in intX. Its distance from the compact original
boundary is positive.

Choose a smaller cooriented collar of Tε with compact closure disjoint from O, and a C1

defining function there whose derivative along V is positive. Smooth this defining function in
C1. A sufficiently close approximation still has positive V -derivative, and its zero set meets each
collar fiber exactly once. It is consequently a smooth hypersurface given by a small graph over
Tε along those fibers. The graph displacement extends to a collar isotopy: in collar coordinates
use (p, t) 7→ (p, t + τχ(t)w(p)), where w is the small graph height, χ equals one near zero and
vanishes near the collar ends, and 0 ≤ τ ≤ 1. Smallness of w makes the derivative in t positive.
This isotopy is the identity on O and in the distant end. It therefore preserves enclosure and
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connectedness of the exterior. Its final smooth frontier bounds a connected smooth exterior
domain, closed in X, and is exactly that domain’s full intrinsic boundary.

The resulting cuts are admissible. Their areas tend first to the area of Tε by C1 approximation
and then to Areag(T ) as ε ↓ 0. Hence ag(B) ≤ Pg(E), proving equality of the two minimization
problems and the claimed approximation. This also proves that the minimum is independent of
the chosen inner extension.

A strict inner barrier. Suppose HB < 0 for the normal into X. Compactness of B gives an
exterior signed-distance collar 0 ≤ t ≤ ε whose unit normal Y = ∂t satisfies

divg Y ≤ −β < 0

for fixed ε, β > 0. For almost every s ∈ (0, ε), let Os = O∪ {0 < t < s} and Ws = Os \E. Extend
the collar field smoothly across B when applying Gauss–Green. The boundary flux identity on
Ws gives ∫

Ws

divg Y dVg =
∫

{t=s}
1Ec dAg −

∫
∂∗E∩{0≤t<s}

g(Y, νE) dAg.

The second integral includes the frontier at t = 0. Therefore

(23.6) Pg(E ∪Os) − Pg(E) ≤
∫
Ws

divg Y dVg ≤ −βVolg(Ws).

Minimality forces Volg(Ws) = 0. For each minimizer choose a good s ∈ (ε/2, ε). Its regular
representative then contains the whole open collar 0 ≤ t < ε/2 as interior points in X̃. Thus the
same collar is included by all minimizers, despite allowing their good slicing levels to differ.

The frontier is now disjoint from B, hence is smooth and minimal. Its closed exterior D is
a smooth submanifold with boundary T , closed as a subset of X, with connected interior and
the same distant end. It is complete in its intrinsic length metric. Indeed an intrinsic Cauchy
sequence is Cauchy for the original metric distance and converges to a point of the closed set
D by completeness of X. Interior charts and smooth boundary half-ball charts identify the two
local notions of convergence, with locally comparable path lengths, so the sequence converges
also intrinsically in D.

Finally, a smooth enclosing cut in D determines a filled competitor containing the minimizing
set E, hence also containing O. Its full area is at least Pg(E) = Areag(T ) by global minimality.
This is the required outer area-minimizing property, with all components and any frontier on T
retained. □

23.2. Compactness of all minimizers and the area derivative. For a regular minimizing
frontier T = ∂E, define its unoriented tangent-plane area measure on the Grassmann bundle of
three-planes by

(23.7)
∫

Φ dVT =
∫
T

Φ(x, TxT ) dAg(x)
(
Φ continuous on the Grassmann bundle

)
.

Here VT is a measure, not a volume form. Let T be the set of all minimizing filled sets, identified
almost everywhere and recorded together with their regular frontiers. We give T the topology of
local L1 convergence of indicators and weak convergence of the measures in Equation (23.7). All
variable parts and all these measures have support in one compact region by Proposition 23.1.

Proposition 23.2 (Compact minimizing space and right area derivative). The space T is compact
and metrizable. If h is a smooth symmetric two-tensor, the function

(23.8) a′
T (h) = 1

2

∫
T

trTxT h dAg

is continuous on T .
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More generally, let gs, |s| < s0, be a smooth path of smooth metrics on X, with g0 = g,
uniformly comparable to g, and with uniformly bounded first and second parameter derivatives
relative to g. Assume that their large coordinate spheres have strictly positive outward mean
curvature beyond one common radius. Write a(s) for their smooth-cut infimum and h = ∂sgs|s=0.
Then

(23.9) a′(0+) = min
T∈T

a′
T (h).

In particular the minimum on the right is attained. If sj → 0 and Tj is any minimizing frontier
for gsj , a subsequence of its filled sets converges to a member of T , and its g-tangent-plane area
measures converge to the corresponding measure.

Proof. The proof of the outer barrier in Proposition 23.1 is uniform for this family: all minimizing
frontiers lie in one compact set L ⊂ X. The metrics can be extended smoothly through the fixed
boundary in a common collar. On that collar and on L, their smooth dependence on s supplies
uniform local bounds and convergence to the fixed extended metric. The regularity and density
results used above therefore remain available with uniform local bounds where needed.

First consider a sequence of minimizers for g. BV compactness gives 1Ej → 1E locally in L1

along a subsequence, with E satisfying the same obstacle and exterior-tail constraints. Lower
semicontinuity and global minimality imply

ag(B) ≤ Pg(E) ≤ lim inf
j

Pg(Ej) = ag(B).

Thus E is another minimizer, and the perimeters converge as well.
This strict BV convergence also gives the claimed tangent-plane convergence, including mass

carried by the original boundary. We give the localization argument to keep track of the metric
norm. Set σj = |D1Ej |g and σ = |D1E |g, as scalar perimeter measures on X̃. Every subsequential
weak limit of σj dominates σ: this follows from lower semicontinuity of perimeter weighted by
an arbitrary nonnegative continuous function. Their total masses converge and their supports
lie in one compact set, so this domination must be equality. Hence σj converges weakly to σ.
This conclusion uses only weighted lower semicontinuity, before any continuity theorem for polar
directions is applied.

Now form the vector-valued measures µj = νEjσj and µ = νEσ. Gauss–Green and local L1

convergence give µj ⇀ µ. Choose finitely many smooth coordinate charts covering the common
compact support and a nonnegative smooth partition of unity {ρα} subordinate to them. In each
chart choose a smooth matrix Aα(x) such that |Aα(x)v|δ = |v|g. The coordinate vector measures

λα,j = ραAαµj satisfy |λα,j |δ = ρασj .

They converge weakly, and their Euclidean total variation masses converge by the already
established weak convergence of σj . The vector-measure continuity theorem therefore applies in
each chart [48, Theorem 1.3]. Use its bounded continuous polar integrand

(x, z) 7−→ Φ
(
x, (Aα(x)−1z)⊥g

)
, |z|δ = 1,

and sum over the partition. This proves weak convergence of VTj to VT . Charts crossing B are
ordinary interior charts of X̃, so no contact mass is removed in this localization. The compact
base region and its Grassmann bundle are metrizable, so the indicated L1 and weak-measure
topology is metrizable. The subsequence argument proves compactness. Taking Φ(x,Π) = 1

2 trΠ h
proves the asserted continuity.

For the varying metrics, uniform comparison with gs → g on L first gives

(23.10) a(s) −→ a(0), Pg(Es) −→ a(0)
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for any choice of a minimizer Es for gs. Indeed testing on a fixed g-minimizer gives the upper bound
for a(s); comparison of perimeters gives the lower bound, since Pg(Es) ≥ a(0). Consequently
every BV limit of such Es is a g-minimizer and the same strict-convergence argument gives
tangent-plane convergence. This proves the last assertion of the proposition.

It remains to calculate the derivative. The area element of a fixed three-plane has the uniform
Taylor expansion

(23.11) dAgs |Π =
(

1 + s

2 trΠ h+O(s2)
)
dAg|Π.

The remainder is uniform over x ∈ L and all three-planes Π, because of the parameter-derivative
bounds and uniform metric positivity. Integrating over the fixed reduced boundary of a competitor
gives

Pgs(E) = Pg(E) + s
1
2

∫
∂∗E

trTx∂∗E h dAg +O(s2)Pg(E).

For each T ∈ T , using its fixed filled set as a competitor therefore yields

lim sup
s↓0

a(s) − a(0)
s

≤ a′
T (h).

The continuous function in Equation (23.8) has a minimum on T , so this gives the required upper
bound by that minimum.

Conversely, choose a minimizer Es for each s > 0. Its g-perimeter is at least a(0) and is
uniformly bounded by Equation (23.10). Equation (23.11) then gives

a(s) − a(0)
s

≥ 1
2

∫
∂Es

trTx∂Es h dAg −O(s).

Along every sequence s ↓ 0, the compactness just proved gives a subsequence whose integral
converges to a′

T∞(h) for some T∞ ∈ T . This is at least the minimum in Equation (23.9). The
lower and upper bounds agree, proving existence of the right derivative and the formula. No
uniqueness or smooth selection of the minimizing frontier has been assumed. □

Proposition 23.3 (A common tangent plane for tied minimizers). Let

L =
⋃
T∈T

(T \B) ⊂ intX.

If x ∈ L belongs to two minimizing frontiers, those frontiers have the same tangent plane at x.
Consequently x 7→ Πx, where Πx = TxT for any minimizing frontier through x, is a well-defined
continuous three-plane field on L with its relative topology. In particular, for every smooth
symmetric two-tensor K, the function x 7→ trΠx K is single valued and continuous there.

Proof. Let E and F be minimizing filled sets. Their union and intersection are admissible, and
perimeter submodularity gives

Pg(E ∪ F ) + Pg(E ∩ F ) ≤ Pg(E) + Pg(F ) = 2ag(B).

Each term on the left is at least ag(B), so both sets are also minimizers. If their original frontiers
met with different tangent planes at a point outside B, the union and intersection would have a
corner there: in smooth local graph coordinates, their boundary is the minimum or maximum of
two functions with distinct first derivatives. That contradicts the C1 regularity of the minimizing
frontiers. Hence the tangent planes agree.

We also need continuity as the minimizing frontier varies. Suppose xj ∈ Tj \B and xj → x ∈ L.
Proposition 23.2 gives, after passage to a subsequence, a minimizing limit T∞ with convergence
of indicators and tangent-plane area measures. Choose a small ball about x with closure disjoint



128 OPENAI

from B. Uniform local perimeter density bounds at xj imply that every smaller ball about x
carries positive limiting perimeter, so x ∈ T∞.

On this ball every compactly supported perimeter replacement is admissible, since the ball misses
the obstacle. Thus each frontier is an ordinary local area-minimizing boundary. Its associated
integral varifold is stationary for the fixed metric, has density one, and has no boundary in the
ball. The limiting frontier T∞ is smooth and has multiplicity one.

These facts supply more than strict BV convergence alone. Choose a sufficiently small continuity
radius about x. Smoothness of T∞ makes its normalized mass and its height and tilt excesses as
close as desired to those of the single plane TxT∞. Varifold convergence transfers these bounds to
Tj for large j; moving the centers to xj changes the enclosing radii by a quantity tending to zero.
The rescaled smooth-metric errors also tend to zero as the chosen radius decreases. Stationarity
gives the required mean-curvature bound in the Riemannian small-excess regularity theorem.
Equivalently, after a smooth local isometric embedding the Euclidean generalized mean curvature
is bounded by the fixed ambient second fundamental form, whose rescaled contribution tends to
zero.

The small-excess graphical regularity theorem consequently describes the entire support in a
smaller ball as one graph, with uniform C1,α bounds and tangent deviation tending to zero with
these inputs [3, 39]; see [47, Chapter 5, §5, Theorem 5.2, p. 121]. It cannot leave an additional small
sheet or spike outside that description. Oppositely cooriented sheets also contribute positively to
varifold mass and are covered by the same conclusion. Express the graphs over the fixed plane
TxT∞ on a still smaller disk. Their uniform C1,α bounds give subsequential C1,β convergence for
0 < β < α, and varifold convergence identifies every such graphical limit with the corresponding
portion of T∞. Thus the whole graph sequence converges in C1 there, which in particular gives

TxjTj −→ TxT∞.

The already proved common-plane assertion identifies the plane on the right with Πx. Every
convergent subsequence has this same plane limit; compactness of the Grassmannian then proves
continuity for the whole sequence. The assertion about trΠx K follows at once. □

24. Reduction to a strict exterior with a rest end

This section reduces the invariant-mass assertion to an energy assertion for one-ended data
with compactly supported second fundamental form. The replacement takes place arbitrarily far
along the selected end. It preserves the dominant energy condition after a correction of vanishing
energy cost. A proper map controls all enclosing cuts, including cuts that enter the replacement
region.

The endpoint used in this section is Theorem 29.6, proved below: for the strict one-ended data
described in Lemma 24.7,

(24.1) Eg ≥ 1
2

(
A∗(g)
ω

)2/3
.

Here and throughout this section, A∗(g) is the smooth-cut infimum of Definition 22.1, with the
entire intrinsic frontier counted. The reduction to (24.1) does not use maximality.

24.1. The exact cut class and removal of other ends.

Lemma 24.1 (Cut reduction and positivity). Under the hypotheses of Theorem 22.2, the quantity
Ae(S) is finite and strictly positive for every end e. Truncating all other ends at sufficiently
large coordinate spheres gives a connected, complete one-ended exterior MT with compact smooth
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boundary ST . All its boundary components have future nonpositive expansion with the normal
into MT . Its selected-end charges are the original charges, and
(24.2) A∗(MT , g) ≥ Ae(S), lim

T→∞
A∗(MT , g) = Ae(S).

The common parameter T in the limit can be replaced by any exhaustion in which every unwanted
truncation radius tends to infinity.
Proof. A sufficiently distant sphere in the chosen end bounds an admissible outer domain, so the
infimum is finite. To obtain a positive lower bound, choose an embedded arc from an open disk in
S to the chosen end, and continue it along a straight coordinate ray. The compact part of the arc
can be chosen embedded and disjoint from the boundary except at its initial point. A boundary
collar and the tubular neighborhood theorem give a proper tube with coordinates

[0,∞) ×B3 −→ M.

Its initial section lies in S; its far part is a Euclidean tube of fixed transverse coordinate size.
Choose a smooth nonnegative function η compactly supported in B3, with integral one, and
define in this tube

α = η(z) dz1 ∧ dz2 ∧ dz3.

Extend α by zero across the lateral tube boundary. It is a smooth closed three-form on M .
Its comass, meaning the supremum of its absolute value on unit simple three-vectors, has a
finite bound Cα: the initial part is compact, and the far metric is uniformly comparable with
the Euclidean metric. A sufficiently distant selected-end sphere has α-integral one, after fixing
orientation.

Let De be any admissible outer domain with cut Γ. Cut off its selected-end tail at a sphere
beyond Γ. The resulting domain is compact, since De contains no distant part of another end. Its
boundary is the distant sphere together with the entire intrinsic boundary Γ, with the boundary
orientations. Stokes’ theorem gives∣∣∣∣∫

Γ
α

∣∣∣∣ = 1, |Γ|g ≥ C−1
α .

This proof applies to disconnected cuts and to frontier on S. In particular, it proves positivity
before any end is truncated.

On an unwanted end, the normal of the truncation sphere that points into the retained manifold
is the inward radial normal. The given decay therefore gives

H = −3T−1 +O(T−1−q), trST
K = O(T−1−q).

The new boundary has strictly negative future expansion for large T . The other boundary
components are the original ones. Removing the open tails leaves a connected manifold: a path
entering a removed tail can have that portion replaced by a path along its connected spherical
cross-section. The retained manifold is closed in M . It is complete for its intrinsic metric as well.
Indeed, an intrinsic Cauchy sequence is ambient Cauchy and has a limit in the retained set; near
a smooth boundary or an interior point, the intrinsic and ambient local distances are comparable
in a half-ball or ball chart.

Every admissible outer domain in MT , viewed as a submanifold of M , is an admissible outer
domain for e. A part of its frontier on a truncation sphere becomes a hypersurface in the interior
of M , and remains part of its intrinsic boundary. This proves the first inequality in (24.2).
Conversely, a fixed original admissible domain has compact frontier and contains no tail of any
unwanted end. It is consequently contained in MT for all sufficiently large truncation radii and
is then an admissible domain there. Applying this observation to cuts with area within any
prescribed positive error of Ae(S) proves the limit. The selected-end data have not been changed,
so neither selected-end charge changes. □
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We may thus work on one-ended data until the final transfer. The boundary is always included.
No finite-perimeter relaxation or minimizing cut is needed in this section.

24.2. Conformal changes and an energy-raising shell.

Lemma 24.2 (Conformal constraint and boundary formulas). Let u > 0 be smooth, and set
gu = u2g, Ku = uK. In dimension four, as an identity of scalar functions and an identity of
covectors, respectively,

u2µu = µ− 3u−1∆gu,(24.3)
uJu = J + 3K(gradg log u, ·).(24.4)

Consequently,
(24.5) u2(µu − |Ju|gu

)
≥ µ− |J |g + 3u−1(−∆gu− |K|g| du|g

)
.

For any consistently oriented hypersurface,
(24.6) ΘKu = u−1(ΘK + 3∂ν log u

)
.

Proof. Put φ = log u. The scalar curvature formula and the tensor scalings are
Rgu = u−2(Rg − 6∆gφ− 6| dφ|2g), τu = u−1τ, |Ku|2gu

= u−2|K|2g.

Since ∆gφ + | dφ|2g = u−1∆gu, these give (24.3). Write P = K − τg, so that Pu = uP . The
connection difference is

Γ̂aij − Γaij = δai φj + δajφi − gijφ
a.

Contracting the covariant derivative of uP gives
uJu,i = Ji + 3Pijφj − (trg P )φi = Ji + 3Kijφ

j ,

because trg P = −3τ . This displays the cancellation of all trace-gradient terms. The covector
norm scales by u−1, whence

u2|Ju|gu = |J + 3K(grad log u, ·)|g.
The triangle inequality proves (24.5). Finally νu = u−1ν, Hgu = u−1(Hg + 3∂ν log u), and
trtan,gu Ku = u−1 trtan,gK, proving (24.6). □

Lemma 24.3 (Positive shell). For any one-ended data in Theorem 22.2 and every λ > 0, there
is a conformal change preserving all its hypotheses, with

Eλ = E + 2λ, Pλ = P, A∗(gλ) ≥ A∗(g).
The conformal factor is constant near the compact boundary and is at least one everywhere.

Proof. Choose 0 < ξ < min(q, 1). For T (r) = r−2 − r−2−ξ, at sufficiently large radius,
T ′ < 0, −∆gT − |K|g| dT |g = ξ(2 + ξ)r−4−ξ +O(r−4−q) > 0.

Take a nondecreasing smooth switch β from zero to one in this region, constant on neighborhoods
of its endpoints, and set

G(r) = −
∫ ∞

r
β(s)T ′(s) ds.

Extend G constantly throughout the interior. Then G ≥ 0, it equals T sufficiently far out, and
−∆gG− |K|g| dG|g = β(−∆gT − |K|g| dT |g) − β′T ′| dr|2g ≥ 0.

Use u = 1 + λG in Lemma 24.2. The dominant energy condition is preserved, as is the boundary
expansion sign. The new densities are integrable: outside a compact set the additional terms in
(24.3)–(24.4) are bounded by constants, depending on λ, times r−4−ξ + r−4−q. The new falloff
exponent can be taken to be min(q, 2) > 1.
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For completeness, the leading change in the metric flux numerator is −6∂i(λG). Products
involving g − δ, u− 1, or their first derivatives have vanishing limiting flux. Hence (22.1) gives

Eλ − E = −λ

ω
lim
r→∞

∫
Sr

∂rG dAδ = 2λ.

The transformed momentum tensor is exactly u(K− τg). Its additional flux is O(r−q), so Pλ = P
by (22.2). Since u ≥ 1, every cut has at least its original area, proving the cut comparison. □

The shell will be used only after proving the inequality for E > |P |. It then excludes all
remaining ADM vectors; no preliminary strict timelikeness hypothesis will remain.

24.3. A reference end with prescribed timelike charges.

Lemma 24.4 (Explicit reference-plane charges). For any E > |P |, put m = (E2 − |P |2)1/2. A
spacelike plane in the Schwarzschild–Tangherlini spacetime of mass m, sufficiently far from its
central region, has induced vacuum data (g∗,K∗) with charges exactly (E,P ), and

g∗ − δ = Ok(r−2), K∗ = Ok(r−3) for every integer k ≥ 0.

Here K∗ is one half the metric rate in the future normal direction.

Proof. The exterior isotropic form of the static vacuum metric [50] is

(24.7) g = −
(

1 −m/(2|y|2)
1 +m/(2|y|2)

)2

db2 +
(

1 + m

2|y|2
)2 4∑

i=1
( dyi)2.

For P = 0 use b = 0. For the computation in general, rotate the first axis into the desired
momentum direction, take 0 ≤ v < 1, and write γ = (1 − v2)−1/2. Introduce inertial coordinates
by

b = γ(t+ vx1), y1 = γ(x1 + vt), yA = xA (A = 2, 3, 4).
The plane t = 0 is b = vy1. Its induced Minkowski metric is δ; for sufficiently large radius
it is spacelike for g as well. Let s2 = γ2x2

1 + |x⊥|2. The leading spacetime perturbation is
m|y|−2(2 db2 +

∑
i( dyi)2). On the plane its nonzero components in the new coordinates are

(24.8)
h00 = m(3γ2 − 1)s−2, h01 = 3mγ2vs−2,

h11 = m(3γ2 − 2)s−2, hAB = ms−2δAB,

with remainders Ok(r−4). It follows by differentiating the spatial components that

(24.9) ∂j(g∗)ij − ∂i(g∗)jj = 6mγ2xis
−4 +O(r−5).

To verify the momentum sign and normalization directly, the future second form, to the order
that contributes to the flux, is

(K∗)ij = 1
2(∂thij − ∂ih0j − ∂jh0i) +O(r−5).

In addition to the spatial derivatives of s−2, use ∂t(s−2) = −2γ2vx1s
−4 at t = 0. One obtains

K∗ = mγ2v

s4

(
(3γ2 + 2)x1 3xT

⊥
3x⊥ −x1I3

)
+O(r−5),

and therefore

(24.10) K∗ − (trg∗ K∗)g∗ = 3mγ2v

s4

(
x1 xT

⊥
x⊥ −γ2x1I3

)
+O(r−5).

All discarded terms have vanishing sphere flux.
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For n ∈ S3, let D(n) = γ2n2
1 + |n⊥|2. The ellipsoid γ2x2

1 + |x⊥|2 ≤ 1 has volume ω/(4γ) by a
linear change of variables. Polar integration gives the same volume as 1

4
∫
S3 D(n)−2 dA. Thus

(24.11)
∫
S3
D(n)−2 dA = ω/γ.

Equations (22.1), (24.9), and (24.11) give E∗ = mγ. The first row of (24.10) gives P∗1 = mγv
with the denominator 3ω in (22.2). Each transverse momentum integrand is a constant multiple
of n1nAD(n)−2, and integrates to zero by reflection. Choose v = |P |/E and the rotation specified
above. The constraints are vacuum because these are induced hypersurface data in the vacuum
metric (24.7). The displayed expansions also give the asserted differentiated decay. □

24.4. Compact inverses for the linear constraints. On Euclidean four-space write
(24.12) Lb = ∂i∂j(bij − (trδ b)δij), (Dk)i = ∂j(kij − (trδ k)δij).
These are the linearizations at (δ, 0) of 2µ and J . The next lemma identifies every compatibility
condition needed for a compact correction.

Lemma 24.5 (Compact linear constraint corrections). Fix a compact subannulus U0 of a bounded
connected Euclidean annulus U . If f and F are smooth and supported in U0, and

(24.13)

∫
fϕ dz = 0 for every affine ϕ,∫

FiY
i dz = 0 for every Euclidean Killing field Y,

there are symmetric smooth tensors b, k, supported in a fixed compact subset of U , with Lb = f ,
Dk = F . For every integer j ≥ 0 and every 1 < p1 < ∞, they can be chosen linearly in the
sources so that
(24.14) ∥b∥W j+2,p1 ≤ C∥f∥W j,p1 , ∥k∥W j+1,p1 ≤ C∥F∥W j,p1 .

The constant depends only on U0, U, j, p1 and fixed localization choices. The moment conditions
are also necessary for compactly supported solutions.

Proof. We first describe the scalar divergence inverse that will be used a finite number of times.
On a ball the regularized Bogovskĭı operator sends compactly supported smooth mean-zero data
to compactly supported smooth vector fields with the prescribed divergence, gaining one W j,p1

derivative. These are precisely the ball support and Sobolev properties of the regularized operator
[23].

To use it inside U , cover a connected compact enlargement of the source support by finitely
many balls with closures in U . Choose a subordinate smooth partition and a spanning tree in the
intersection graph. For each non-root ball choose a smooth bump of integral one in its overlap
with its parent. Starting at the leaves, subtract from the piece in that ball its integral times the
overlap bump, and add that multiple of the bump to its parent’s piece. The corrected piece has
mean zero and remains compactly supported in its ball. At the root the remaining integral is zero
because the original source has integral zero. Solve each piece in its ball and sum the resulting
vector fields. All transfers and estimates involve a fixed finite family of bumps, so this gives
a linear inverse with one derivative gain and support in a fixed compact subset of U . Choose
successively larger compact subsets in advance when several inverses will be used. This permits
every later inverse to act on the support produced by the preceding one, without approaching the
annular boundary.

For the scalar constraint, solve ∂ivi = f . Compact support and the linear moments give∫
vi dz = −

∫
zif dz = 0.
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Solve in turn ∂jBij = vi, component by component. The symmetric tensor S = (B +BT)/2 still
satisfies ∂i∂jSij = f , since the double divergence of a skew tensor vanishes. The trace reversal in
dimension four is inverted by
(24.15) b = S − 1

3(trδ S)δ.
It gives b− (trδ b)δ = S, and hence Lb = f . The two divergence inverses give the first estimate in
(24.14).

For the vector constraint, the translational moments first allow a matrix B with ∂jBij = Fi.
Testing against the rotational fields gives∫

(Bij −Bji) dz = 0 for every i, j.

Apply the divergence inverse to obtain tensors Dijk = −Djik such that

∂kDijk = −1
2(Bij −Bji).

Set
Cijk = Dijk −Dikj −Djki.

Using only Dijk = −Djik gives the two identities

Cijk = −Cikj , 1
2(Cijk − Cjik) = Dijk.

Consequently Sij = Bij + ∂kCijk is symmetric and ∂jSij = Fi: its skew part cancels, while the
added row divergence vanishes by the first identity. Apply (24.15) to S to obtain k. Here B has
one derivative more than F , D has two, and the final differentiation loses one, proving the second
estimate. All operations preserve the stated support and smoothness.

Finally, integration by parts pairs Lb with Hessϕ− (∆ϕ)δ, which vanishes for affine ϕ. It pairs
Dk with the symmetric gradient of a Killing field, which also vanishes after trace reversal. This
proves necessity of (24.13). □

24.5. Replacement, vacuum bending, and repair.

Proposition 24.6 (Rest-end replacement). Let (M, g,K) satisfy the one-ended hypotheses of
Theorem 22.2, and suppose E > |P |. Put m = (E2 − |P |2)1/2. There is a sequence of smooth
data (gR,KR) on the same manifold, complete with the same compact boundary, satisfying the
dominant energy condition and the same future boundary inequality, such that:

(i) KR is compactly supported, and the ultimate end is an exact static Schwarzschild–
Tangherlini spatial end;

(ii) its energy is mR = m + o(1), its momentum is zero, and both constraint densities are
integrable;

(iii) A∗(gR) ≥ (1 − o(1))A∗(g).
Every error here tends to zero as R → ∞ for the fixed original data and fixed timelike vector. No
uniformity as E − |P | tends to zero is asserted or needed.

Proof. Use Lemma 24.4 for a reference end with exactly the original charges. We first join the
data to this plane on R < r < 4R, controlling the full pointwise constraint deficit.
The scaled commutators. Fix 1 < p < min(2, q), write x = Rz, and on 1 < |z| < 4 use the scaled
component fields

g(Rz), k(z) = RK(Rz),
and their reference counterparts. This corresponds to rescaling lengths by R−1, so both constraint
densities scale by R2. The metric deviations and tensors have size O(R−p) in C2 and C1,
respectively. Expanding the constraint map about (δ, 0) gives its linear part (L,D) from (24.12),
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with remainder bounded in C0 by CR−2p. This follows directly from the scalar curvature formula:
the nonlinear metric terms are bounded by C(|b||D2b|+|Db|2); the other scalar terms are quadratic
in k. The momentum remainder is bounded by C(|b||Dk| + |Db||k|).

Choose a fixed smooth radial ψ, equal to one near |z| = 1 and zero near |z| = 4, with 0 ≤ ψ ≤ 1.
Blend the metric components and tensors by ψ. If b is the difference of the two scaled metric
perturbations and k the difference of the two scaled tensors, the errors of the linear constraints
relative to the blended sources are fR = [L, ψ]b and FR = [D, ψ]k. For Tij = bij − (trδ b)δij ,

[L, ψ]b = (∂i∂jψ)Tij + 2(∂iψ)∂jTij ,(24.16)
([D, ψ]k)i = (∂jψ)(kij − (trδ k)δij).(24.17)

These expressions are supported in a fixed compact subannulus, and their C1 norms are O(R−p).
In particular, the first bound uses only two metric derivatives, and the second only one tensor
derivative.
All compatibility moments are small. We prove the sharper bound o(R−2) for every moment in
(24.13). Work momentarily in the physical coordinates, with

h = g − g∗, T = K − (trδK)δ −K∗ + (trδK∗)δ, f = Lh, Fi = ∂jTij .

Both f and F belong to L1 on the end. Indeed, the difference between the physical constraints
and their Euclidean linear parts is O(r−2−2 min(q,2)), which is integrable in dimension four. The
physical densities are integrable by hypothesis and by reference vacuum, and Euclidean and
physical measures and norms are uniformly comparable there.

An elementary consequence of integrability is

(24.18)
∫
r0<r<4R

r(|f | + |F |) dx = o(R).

To see this, split at a fixed radius L. The integral up to L, divided by R, tends to zero. The
remaining integral divided by R is at most four times the L1 tail beyond L, which can be made
arbitrarily small. A finite first moment is not required.

For an affine function ϕ, define the flux primitive

Qϕ,i = ϕ(∂jhij − ∂ihjj) − (∂jϕ)hij + (∂iϕ)hjj .

Its divergence is ϕf . For a Killing field Y , symmetry of T gives ∂j(Y iTij) = Y iFi. Let Fϕ(r) and
GY (r) be the corresponding outward Euclidean sphere fluxes. For constant tests, matching the
ADM charges gives

F1(r) = o(1), Gei(r) = o(1).
In the momentum flux the replacement of trgK g by (trδK)δ costs at most O(r2−2 min(q,2)) = o(1).
For homogeneous linear scalar tests and rotational fields, integration from a fixed sphere and
(24.18) instead give

Fϕ(r) = o(r), GY (r) = o(r).
Put ψR(x) = ψ(x/R), and let AR = {R < r < 4R}. Integration by parts, with ψR = 1 near

the inner sphere and zero near the outer sphere, gives the exact formulas∫
AR

ϕ[L, ψR]h dx = −Fϕ(R) −
∫
AR

ψRϕf dx,(24.19) ∫
AR

Y i([D, ψR](K −K∗))i dx = −GY (R) −
∫
AR

ψRY
iFi dx.(24.20)

In scaled coordinates, constant moments have the factor R−2: the source scales by R2 and volume
by R−4. A linear test in z contributes the additional factor R−1. Thus (24.19)–(24.20) and the
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preceding estimates show

(24.21)
∫
fRϕ dz = o(R−2),

∫
(FR)iY i dz = o(R−2)

for each element of a fixed basis of the affine functions or Killing fields.
Correction and the physical deficit. Choose a nonnegative smooth bump ζ, supported in a fixed ball
within the annulus and positive on a smaller ball. For a basis of the affine tests, its Gram matrix∫
ζϕaϕb is positive definite. For a basis of Killing fields, the matrix

∫
ζ Ya · Yb is likewise positive

definite: a nonzero affine Killing field cannot vanish on an open ball. Subtract the corresponding
bump combinations from fR, FR to erase their moments. By (24.21), the coefficients, and every
fixed smooth norm of these bump corrections, are o(R−2).

Apply Lemma 24.5 to the negatives of the moment-free commutators and add the resulting
tensors to the blend. With j = 1 and p1 > 4, Sobolev embedding and (24.14) bound the metric
correction in C2 and the tensor correction in C1 by CR−p. Their supports stay in a fixed enlarged
compact subannulus. The new metric is positive for sufficiently large R and agrees exactly with
the original data inside R and the plane outside 4R.

Let (g̃R, K̃R) denote these physical data. Their scaled constraints equal ψ times the original
scaled constraints, plus an error o(R−2) +O(R−2p); the reference constraints vanish. The change
in the momentum norm costs another O(R−2p), because the metric change is O(R−p) and the
scaled momentum density is O(R−p). Since ψ ≥ 0, the original dominant energy condition implies,
after undoing the scaling,

(24.22) µ̃R − |J̃R|g̃R
≥ −ηRR−4, ηR −→ 0.

Indeed the remaining physical error is R−2[o(R−2) + O(R−2p)] = o(R−4), since p > 1. The
possible deficit is confined to a fixed closed subannulus on the scale R. Replace ηR by a positive
majorant tending to zero if necessary.
Bending the plane to a static slice. Only the exact reference region is used for this step. In its
spatial coordinates y, write the plane as b = v · y. Choose a smooth switch ψ1 from one to zero
on [0, 1], constant outside that interval, and replace the plane farther out by the graph

(24.23) b = (v · y)ψ1
(
L−1 log(|y|/Rb)

)
.

Here Rb is a sufficiently large fixed multiple of R, so the graph initially lies wholly beyond the
gluing annulus. For fixed |v| < 1, choose the fixed L so large that

| grady b| ≤ |v|
(
1 + ∥ψ′

1∥∞/L
)
< 1.

The Minkowski graph is uniformly spacelike. Since the perturbation (24.7) is O(r−2), it remains
uniformly spacelike in that metric for large R. It agrees with the plane on an open inner region
and with b = 0 on an open outer region. These induced data are vacuum everywhere in the bend,
so it adds no deficit.

In the fixed x chart, use y = Ax where A = (I − v ⊗ v)−1/2, with the chosen rotation. The
derivatives of (24.23) give D2b = O(r−1), and the induced data, now denoted (g0

R,K
0
R), satisfy

on all transition regions
(24.24) cδ ≤ g0

R ≤ Cδ, |∂g0
R| + |K0

R| ≤ C/r.

Here c, C > 0 may depend on the fixed boost and switches, but not on large R. Outside a fixed
multiple of R, the data are static in the y chart and have tensor zero.

For the repair choose a smooth radius r, equal to |x| through the gluing annulus and through
the bend, and equal to |y| farther out in the static region. It can be chosen with
(24.25) r ≍ r, c ≤ | dr|g0

R
≤ C, |∆g0

R
r| ≤ C/r.
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Here is an explicit way to make the interpolation. In the static region put a(n) = |A−1n|,
n = y/|y|, and interpolate

log r = log |y| + (1 − χ(log(|y|/Rc))) log a(n).
Take Rc beyond the bend and make χ change from zero to one over a sufficiently long fixed
logarithmic interval. Its slope can be made so small that the derivative of log r with respect to
log |y| lies between 1/2 and 3/2. Angular derivatives are bounded, second spatial derivatives are
O(r−1), and (24.24) proves (24.25). All transition intervals are contained between fixed multiples
of R.
A conformal repair with vanishing mass cost. Write s = r/R. We construct a nonnegative function
FR(s), constant on the inside, and use

uR = 1 + εRR
−2FR(s), εR = C0ηR.

Choose a fixed interval [a, b1] in the s variable that starts before the possible deficit, contains all
transition regions, and ends where the radius is |y| and the data are static. This interval lies in
the end for all large R. Put zR = −F ′

R and prescribe
(24.26) zR(a) = 0, z′

R = C1zR + ω1,

where ω1 ≥ 0 is smooth, vanishes on a neighborhood of a, and is at least one on a neighborhood
of the possible deficit interval. Choose it to vanish near b1. The solution is nonnegative and its
norms on this fixed interval are bounded independently of large R.

Differentiating uR and using (24.24) and (24.25) gives fixed constants c′, C ′ > 0 such that
(24.27) −∆g0

R
uR − |K0

R|| duR|g0
R

≥ εRR
−4(c′z′

R − C ′zR) on a ≤ s ≤ b1.

In fact the first positive term is εRR−4z′
R| dr|2; the other terms are εRR−3zR∆r and the negative

tensor term, both bounded below by −CεRR−4zR here. Choose C1 > C ′/c′. Equation (24.26)
then makes (24.27) nonnegative everywhere on this interval and at least c′εRR

−4 on the deficit
region.

On the static region put cm = m/2 and continue zR so that

qR(s) = s3
(

1 + cm
R2s2

)2
zR(s)

is nondecreasing and becomes a positive constant qR,∞. This can be done smoothly with a uniform
bound on qR,∞. Indeed, immediately past b1, continue (24.26); both its derivative and that of
the positive prefactor make q′

R nonnegative for large R. Multiply this nonnegative derivative by
a smooth switch that equals one initially and zero after one more fixed interval, and integrate.
This preserves all matching derivatives and keeps qR nondecreasing. The radial Laplacian of the
static metric then shows −∆g0

R
uR ≥ 0 there, since its radial divergence is proportional to −q′

R;
also K0

R = 0.
Set FR(s) =

∫∞
s zR(t) dt, extending it constantly before a. Its norm is bounded uniformly: the

finite intervals have bounded length and data, while on the tail zR = O(s−3). Thus 1 ≤ uR ≤ 2
for large R. Choose the fixed C0 large enough that 3u−1

R c′εR ≥ ηR. Lemma 24.2, (24.22), and
(24.27) now prove the dominant energy condition everywhere for

gR = u2
Rg

0
R, KR = uRK

0
R.

The repair is constant in a neighborhood of the original boundary, and therefore preserves its
expansion sign.

On the ultimate tail the integral for FR is explicit:

uR = 1 + aR
|y|2 + cm

, aR = 1
2εRqR,∞ = O(εR) = o(1).
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Consequently

(24.28) gR =
(

1 + cm + aR
|y|2

)2
δ, KR = 0 on that tail.

Its energy is m+2aR = m+o(1), with zero momentum, by the direct static instance of Lemma 24.4.
The densities vanish on this tail and are smooth on the remaining compact part, so they are
integrable. The data are complete with boundary: a fixed compact core is smooth, and the end
has a uniform positive metric lower bound for each R.
Comparison of every enclosing cut. The final metric dominates the original g for r ≤ R, because
the intermediate data there are the original ones and uR ≥ 1. For r ≥ R, (24.24) and the static
tail give gR ≥ cδ in the original x chart with a fixed c > 0. Choose 0 < κ < min(1,

√
c/2).

Let LR = R1/2, and choose a smooth strictly increasing radial map ρR equal to r for r ≤ LR,
with derivative decreasing from one to κ on [LR, 2LR], and derivative κ afterward. It defines a
diffeomorphism

ΦR(x) = ρR(|x|) x

|x|
on the end, extended by the identity on the core. It is proper because ρR(r) → ∞, preserves the
selected end, and fixes the boundary. Its radial and tangential Euclidean dilations are ρ′

R and
ρR/r. They are at most one everywhere, and for r ≥ R are at most κ+O(R−1/2).

On the nonidentity region with r ≤ R, both r and ρR(r) tend uniformly to infinity; the
original metric is therefore (1 + o(1))δ at both points. The dilation bound and gR ≥ g show
Φ∗
Rg ≤ (1 + o(1))gR there. For r ≥ R, the choice of κ, the same original-end decay, and gR ≥ cδ

give this inequality as well. It is immediate on the identity core. We have thus proved the global
tensor comparison

(24.29) Φ∗
Rg ≤ (1 + ϵR)gR, ϵR −→ 0.

An admissible outer domain for gR maps under this proper diffeomorphism to an admissible
original outer domain, with all coincident frontier retained. Its three-dimensional area is at most
(1 + ϵR)3/2 times the original cut’s gR-area. Taking infima gives

A∗(g) ≤ (1 + ϵR)3/2A∗(gR),

which proves the last assertion without a compactness assumption on minimizing sequences. □

24.6. Strictification with a controlled asymptotic tail.

Lemma 24.7 (Strictification). Let (M, g,K) be smooth one-ended data with compact boundary,
complete with the boundary included, satisfying the dominant energy condition and ΘK ≤ 0.
Suppose K is compactly supported and the ultimate end is an exact static Schwarzschild–Tangherlini
spatial end. Fix 0 < δ1 < 1, and extend its radial coordinate to a positive smooth function r on
M . There are smooth conformal data (gs,Ks) = (e2sϕg, esϕK), for all sufficiently small s > 0,
such that

(24.30) ΘKs < 0, µs − |Js|gs ≥ csr
−4−δ1 , cs > 0.

They are complete, have compactly supported tensor, integrable constraint densities, finite energy,
and on the end

(24.31) gs − δ = Ok(r−2) (k ≥ 0), Rgs = O(r−4−δ1).

Moreover Egs → Eg and A∗(gs) → A∗(g) as s ↓ 0.
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Proof. Choose a smooth compactly supported b0 ≥ |K|g, and solve

−∆gϕ = b0
√

| dϕ|2g + r−6 + r−4−δ1 ,

∂νϕ = −1 on ∂M, ϕ −→ 0 at infinity.
(24.32)

The boundary normal here points into M . We give the solvability argument, including the
estimates needed for the condition at infinity.

First truncate at an outer sphere ST in the static region and prescribe ϕ = 0 there. Multiply
b0 by a parameter t0 ∈ [0, 1]. At zero the problem is the ordinary mixed Poisson problem, with a
nonempty Dirichlet face and disjoint smooth Neumann faces. At any solution, the linearization
for homogeneous variations is

v 7−→ −∆gv − t0b0
⟨ dϕ, dv⟩g√
| dϕ|2g + r−6

, ∂νv = 0 on ∂M, v = 0 on ST .

The drift has magnitude at most b0. The maximum principle and boundary point principle give
a zero kernel: a nonzero positive maximum or negative minimum cannot occur in the interior
or on a homogeneous Neumann face, and the Dirichlet values are zero. The mixed Laplacian
has Fredholm index zero; adding the smooth first-order term preserves that index. Hence the
linearization is invertible in the usual mixed Hölder spaces. The linear estimates and maximum
principles used here are the ordinary scalar elliptic ones; see [28].

Fix a truncation and p1 > 4. The mixed Laplace estimate, first-derivative interpolation, and
the elementary bound √

| dϕ|2 + r−6 ≤ | dϕ| + r−3

give
(24.33) ∥ϕ∥W 2,p1 (MT ) ≤ CT (1 + ∥ϕ∥L∞(MT )),
uniformly in t0. Nonnegativity follows from the minimum principle: the equation has strictly
positive right side; at an inner boundary minimum the derivative into the domain cannot equal
−1, and the outer boundary value is zero.

If the suprema on a fixed truncation were unbounded, divide a sequence by its supremum. By
(24.33) and compact Sobolev embedding, a subsequence converges in C1,α for some α > 0 to a
nonnegative function v with supremum one, homogeneous mixed data, and

−∆gv = t∗b0| dv|g.
The latter equation is a linear equation with bounded measurable drift along v: set the drift to
t∗b0 grad v/| dv| where the gradient is nonzero, and to zero elsewhere. The strong maximum and
boundary point principles again force v = 0, a contradiction. Thus the suprema are bounded. The
nonlinearity in (24.32) is smooth on a fixed truncation, since r−6 has a positive minimum there.
Sobolev embedding, Schauder estimates, and iteration now give all required classical bounds.
Invertibility gives openness and these bounds give closedness of the parameter set. A solution
therefore exists at t0 = 1 on every sufficiently large truncation.

We next obtain bounds independent of T . Fix r0 beyond the support of b0 and in the static
region. For large fixed r0, the positive function

W (r) = r−2(1 − r−δ1)
satisfies −∆gW ≥ cr−4−δ1 there, for some c > 0. Its Euclidean leading coefficient is δ1(2 + δ1),
while the static metric error is O(r−6), dominated since δ1 < 1. Comparison with a sufficiently
large multiple of (1 + supr≤r0 ϕ)W gives

(24.34) 0 ≤ ϕ ≤ C(1 + sup
r≤r0

ϕ)r−2 (r0 ≤ r ≤ T ),
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with C independent of T . The comparison has the required ordering on Sr0 by the chosen multiple
and on ST because the solution vanishes there.

If the core suprema diverged along a sequence T → ∞, normalize by those suprema. The
local version of (24.33), including the fixed inner boundary, gives a subsequential limit with
core supremum one. It solves the same homogeneous bounded-drift equation as above, has
homogeneous inner Neumann data, and tends to zero at infinity by (24.34). Its positive global
maximum is attained in a compact set. The strong maximum and boundary point principles
exclude such a maximum. This contradiction gives uniform core bounds. Local compactness and
exhaustion now solve (24.32) on M , with ϕ ≥ 0.

On the static tail the equation is simply −∆gϕ = r−4−δ1 . Bound (24.34) and rescaled Poisson
estimates on annuli imply
(24.35) ϕ = Ok(r−2) for every k ≥ 0.
The right side and static coefficients have differentiated decay of all orders, so these estimates
follow successively from the rescaled W 2,p1 and Schauder estimates. The limit

Lϕ = lim
r→∞

∫
Sr

∂rϕ dAδ

exists: integration of ∆gϕ, which is integrable, gives the limit with physical normal and area;
(24.35) and g − δ = O1(r−2) make their difference tend to zero.

Now put u = esϕ. Lemma 24.2 gives
u2(µs − |Js|gs) ≥ µ− |J | + 3s

(
−∆gϕ− |K|| dϕ| − s| dϕ|2

)
≥ 3s

(
r−4−δ1 − s| dϕ|2

)
.

The function | dϕ|2r4+δ1 is bounded: it is smooth on the compact part and is O(r−2+δ1) on the
end. For all sufficiently small s > 0, the last expression is at least 3

2sr
−4−δ1 . Boundedness of ϕ

then proves the gap in (24.30). The boundary formula is

ΘKs = e−sϕ(ΘK − 3s) < 0.
Equation (24.35) proves the metric falloff, and the scalar conformal formula on the static tail gives
Rgs = O(r−4−δ1). There Ks = 0, so both density integrability and (24.31) follow. Completeness
follows from the global comparison gs ≥ g.

Finally the same flux calculation as in Lemma 24.3 gives the exact energy change

Egs − Eg = − s

ω
Lϕ.

The remainder from the exponential and metric products has zero limiting flux by (24.35). Thus
the energy is finite and converges to Eg. Pointwise, g ≤ gs ≤ e2s∥ϕ∥∞g, so

A∗(g) ≤ A∗(gs) ≤ e3s∥ϕ∥∞A∗(g).
This proves the asserted convergence of the exact cut infima. □

24.7. Transfer of the prepared energy estimate.

Proposition 24.8 (Closure of the end reduction). The prepared energy estimate (24.1) implies
Theorem 22.2.

Proof. First take one-ended original data with E > |P |. For each sufficiently large fixed R,
Proposition 24.6 supplies a repaired rest end (gR,KR) of energy mR → m, where m = (E2 −
|P |2)1/2. Apply Lemma 24.7 to this fixed pair. Its output has all the hypotheses of Theorem 29.6:
a smooth connected orientable complete one-ended exterior with nonempty compact smooth
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boundary, compactly supported K, strictly negative future boundary expansion, a positive gap
bounded below by a multiple of r−4−δ1 , and the end conditions (24.31). That theorem gives

EgR,s ≥ 1
2

(
A∗(gR,s)

ω

)2/3
.

Let s ↓ 0 at fixed R. The strictification limits yield

mR ≥ 1
2

(
A∗(gR)
ω

)2/3
.

Now let R → ∞ and use the proper-map comparison in Proposition 24.6. The result is

(24.36)
√
E2 − |P |2 ≥ 1

2

(
A∗(g)
ω

)2/3
when E > |P |.

Suppose next that the original one-ended charges satisfy E ≤ |P |. Choose any sequence aj > 0
decreasing to zero and put λj = (|P | + aj −E)/2 > 0. By Lemma 24.3, the conformally changed
data have energy |P | + aj , momentum P , and cut infimum at least the original positive A∗(g).
They are timelike, so (24.36) applied separately to each gives

√
(|P | + aj)2 − |P |2 ≥ 1

2

(
A∗(g)
ω

)2/3
> 0.

The left side tends to zero, a contradiction. Thus all original one-ended data in this class have
E > |P |, and (24.36) holds for all of them. The argument includes the cases of zero or negative
energy and the null case. It takes no limit of the replacement geometries as the boost degenerates.

For finite-ended original data, apply the complete one-ended conclusion to a sufficiently distant
truncation of every other end from Lemma 24.1. The charges at the selected end are unchanged,
and its one-ended cut infimum is at least Ae(S). Therefore

Ee ≥

√
|Pe|2 + 1

4

(
Ae(S)
ω

)4/3
.

This is Theorem 22.2 in the stated normalization. The only remaining task is to prove (24.1); the
following sections do so by constructing a Riemannian metric and applying the minimal-enclosure
comparison in Section 29. □

25. Threshold exteriors and geometric barriers

We work with the prepared one-ended data furnished by Lemma 24.7. Thus the original
boundary has strictly negative future expansion, K has compact support, and, for a smooth
positive extension r of the end radius,

(25.1) µ− |J |g ≥ c0r
−4−δ1 , c0 > 0, 0 < δ1 < 1.

The enclosing infimum for this prepared metric is denoted by A∗, with the intrinsic-boundary
convention of Definition 22.1. This section constructs an exterior on which both signs of a
small prescribed trace can be controlled. The original trapping convention is always the future
convention H + trSK < 0. The tensor −K below is used only to construct additional interior
barriers.
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25.1. Total regions inside a compact barrier. For a smooth symmetric tensor Q and an
oriented hypersurface Σ, write

ΘQ(Σ) = HΣ + trΣQ.

When Σ bounds a compact region, its normal points out of that region. A smooth compact region
may have several components. It includes its entire manifold boundary and is the closure of its
interior. For a compact manifold X with boundary and a number c, define

(25.2) Tc(X,Q) =
⋃

{E : E ⋐ intX is a smooth compact region, ΘQ(∂E) ≤ c}.

The empty union has empty closure. All closures in this definition are taken in X.

Lemma 25.1 (Compact total region). Let (X4, g) be smooth, compact, connected, and orientable,
with nonempty smooth boundary, and let Q be smooth. Suppose that ΘQ(∂X) > c, with the normal
pointing out of X on every boundary component. Then Tc(X,Q) is either empty or a smooth
compact region contained in intX. In the latter case its frontier has expansion c and is stable
for outward variations. It contains every region in (25.2) and is itself one of those regions. In
particular, no component of its complement whose closure is contained in intX can be a bounded
hole.

Proof. Replace Q by Qc = Q− (c/3)g. Since the hypersurfaces have dimension three,

(25.3) ΘQc(Σ) = ΘQ(Σ) − c

for every oriented hypersurface. It suffices to prove the result for c = 0, and we use Qc throughout
this proof.

The global input is the smooth-frontier part of [9, Theorem 4.6]: for smooth complete asymp-
totically flat data in spatial dimensions 2 ≤ n ≤ 7, a nonempty total trapped region has smooth
embedded outermost stable MOTS frontier. No dominant energy condition is required for this con-
clusion. We explain how to meet its boundaryless asymptotically flat hypotheses while preserving
exactly the compact problem.

First attach an outward cobordism from ∂X to one three-sphere. Each component of ∂X is a
closed orientable three-manifold. Relative one-handles join these components, and the smooth
surgery theorem for orientable three-manifolds gives a framed link surgery from the resulting
connected three-manifold to S3 [51, Theorem 6, p. 522]. Its trace consists of relative two-handles:
reversing a four-dimensional two-handle trace again uses two-handles. Thus the cobordism has a
handle decomposition relative to ∂X with indices at most two. Attach S3 × [0,∞) at its other
end, obtaining a boundaryless manifold X̃. The handle Morse function provides a proper smooth
height q on the extension, with q = 0 on ∂X, increasing in an outward collar, with only critical
points of index at most two, and equal to a radial coordinate sufficiently far out. Extend q a
short distance into X as a collar coordinate with negative values.

Extend g smoothly across ∂X. We may choose its values near every critical point of q so that

(25.4) trV Hessg q > 0 for every three-dimensional subspace V ⊂ TxX̃

at that critical point, and hence throughout a smaller neighborhood. Indeed, at an index-
two point the eigenvalues of the Hessian can be arranged as −a,−b, A,B, with a, b > 0 and
min(A,B) > a + b; the sum of the three smallest is positive. At indices zero or one the same
choice is easier. This is achieved by rescaling the positive and negative coordinate directions
in the metric in a Morse chart. The neighborhoods are disjoint and away from the prescribed
original data, so these local metrics extend to a smooth positive metric on the whole extension.
Choose that metric Euclidean on the remote end.
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At a regular point of a level of q, its mean curvature toward increasing q is

H{q=constant} =
tr(grad q)⊥ Hess q

| dq| .

It is positive near the critical points by (25.4). Choose a smooth preliminary tensor extension
agreeing with Qc in the prescribed boundary collar. Near each critical point there is a > 0 such
that trV Hess q ≥ a on every unit three-plane. After shrinking its neighborhood, H ≥ a/| dq|
dominates the bounded tangential trace of the preliminary tensor. On the remaining compact
regular part the level mean curvature is bounded below. Retain the tensor near the original
boundary, and add a sufficiently large nonnegative multiple of the metric on the remaining
compact part of the extension. The tangential trace of this addition is three times its coefficient.
We can therefore ensure strictly positive expansion on every regular level of q. The given strict
boundary inequality permits the matching in a collar of ∂X, including a collar on the original
side. On the Euclidean remote end take the tensor to be zero; its round levels already have
positive mean curvature. The transition to zero can be made inside that Euclidean region with
a nonnegative metric multiple. We have obtained smooth complete one-ended data without
boundary, exactly Euclidean with zero tensor sufficiently far out.

Every compact smooth weakly trapped region in this extension stays a positive distance inside
X. To see this, extend q to a smooth function on the interior core with values below those of
a fixed smaller collar. If a region enters that collar or the attached extension, the maximum
of q on it occurs at a point in that part. A regular maximum cannot lie in the interior of
the region. At a regular boundary maximum the region is on the inner side of a positively
expanding level, with the same outward normal at contact. Tangential Hessian comparison gives
ΘQc(∂E) ≥ ΘQc({q = qmax}) > 0, a contradiction. At a critical maximum in the interior, a
direction of positive Hessian contradicts maximality. At a critical boundary maximum, the inward
open half-space of a smooth domain contains a vector v with Hess q(v, v) > 0: choose the sign
of a positive Hessian direction to point inward, and perturb it inward if it is tangent. A curve
entering the region with this initial velocity has q(γ(t)) = q(γ(0)) + t2 Hess q(v, v)/2 + o(t2), again
a contradiction. Thus one fixed original-side collar is avoided by every such region.

The global total region consequently coincides with (25.2); all its candidate regions lie in the
same compact subset of intX. The cited theorem gives its smooth stable frontier. With the
closed representative used here it is a smooth compact region, its frontier has ΘQc = 0, and it
contains every candidate. This proves the assertion at threshold c by (25.3). If a complementary
component has closure in intX, filling it deletes whole smooth boundary components and changes
no remaining outward expansion. The resulting larger region would still be a candidate in (25.2),
contradicting maximality. □

The extension in this proof is auxiliary. Neither a constraint inequality nor a topological
restriction is imposed on it. We will also apply the lemma after compactly supported changes of
Q that leave the strict outer barriers unchanged.

25.2. Threshold continuity and collars.

Lemma 25.2 (Continuity thresholds). Suppose that the strict barrier condition in Lemma 25.1
holds for every c in an open interval I. The closed regions Tc(X,Q) increase with c. Except
at a countable set of thresholds, they are right-continuous in Hausdorff distance. At an empty
right-continuity threshold the regions are empty for all sufficiently close larger thresholds.
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Proof. Inclusion of the defining classes proves monotonicity. Let L exceed the diameter of X, and
associate to each threshold the function

dc(x) =
{

dist(x, Tc(X,Q)), Tc(X,Q) ̸= ∅,
L, Tc(X,Q) = ∅.

These functions are uniformly bounded, are 1-Lipschitz in x, and are nonincreasing in c. Fix a
countable dense set {xj} in X. For each j the monotone real function c 7→ dc(xj) has at most
countably many discontinuities. Away from the union of these exceptional sets, dci(xj) → dc(xj)
whenever ci ↓ c. A finite net in X and the common Lipschitz bound promote convergence
on the dense set to uniform convergence on X. For two nonempty compact sets the uniform
distance between their distance functions equals their Hausdorff distance. If Tc is empty, uniform
convergence to the constant L > diamX is impossible along nonempty Tci , whose distance
functions vanish somewhere. Thus eventual emptiness also follows. In particular every nonempty
interval contains an admissible right-continuity threshold. □

Lemma 25.3 (Outward leaf collars). Let Tc(X,Q) be nonempty, and let Σ be one connected
component of its frontier. On the side exterior to this region, Σ has a smooth foliated collar,
parametrized by s ∈ [0, s0], with | ds| > 0. With normal N = grad s/| ds|, every leaf satisfies

(25.5) ΘQ(Σs) ≥ c.

The collars of distinct components can be chosen disjoint.

Proof. Write Θ(v) for the expansion of the outward normal graph of a small function v over Σ,
pulled back to Σ. If ν is the outward normal and II its second fundamental form, the normal
variation formulas give its linearization

Lv = −∆Σv + 2Q(ν, gradΣ v) +
(
trΣ ∇νQ− |II|2 − Ric(ν, ν)

)
v.

Thus L is a smooth scalar elliptic operator with principal part −∆Σ. Stability gives a nonnegative
principal eigenvalue λ1, with a positive eigenfunction ϕ. The principal eigenvalue of the adjoint is
the same and has a positive eigenfunction ϕ∗; these spectral facts apply on a compact connected
manifold of any dimension [8, Lemma 4.1]. The shift in (25.3) has zero derivative under surface
variations, so this is also the stability operator for expansion ΘQ = c.

If λ1 > 0, the graphs v = sϕ have Θ(v) = c+ sλ1ϕ+O(s2) > c for all sufficiently small s > 0.
Their positive normal speed makes them a collar. It remains to treat λ1 = 0.

Fix 0 < α < 1. The bounded linear map

(25.6) C2,α(Σ) × R −→ Cα(Σ) × R, (v, a) 7−→
(
Lv − a,

∫
Σ
v dA

)
is an isomorphism. Indeed, for prescribed (f, b), pairing Lv − a = f with ϕ∗ determines

a = −
∫

Σ ϕ
∗f dA∫

Σ ϕ
∗ dA .

The resulting right side f + a is orthogonal to the adjoint kernel, so the Fredholm alternative
solves Lv = f + a. The kernel is the span of ϕ; adding its unique multiple that gives integral b
proves existence and uniqueness in (25.6). Elliptic estimates give a bounded inverse.

The implicit-function theorem applied to

(v, a) 7−→
(

Θ(v) − c− a,

∫
Σ
v dA

)
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therefore produces smooth graphs vs of constant expansion c + as with v0 = 0, a0 = 0, and∫
Σ vs dA = s. Differentiation at zero and pairing with ϕ∗ give

a′
0 = 0, v′

0 = ϕ∫
Σ ϕ dA > 0.

After shortening the parameter interval, the graphs have positive normal speed and lie strictly
outside Tc for s > 0. If as ≤ 0 for any such s, replace Σ by this outward graph and leave the other
boundary components unchanged. The resulting smooth compact region would have expansion
at most c and would strictly enlarge Tc. This contradicts Lemma 25.1. Thus as > 0 for every
sufficiently small s > 0, proving (25.5) also in the degenerate case. Smooth elliptic regularity
gives smooth leaves and parameter dependence. Compactness of the frontier gives finitely many
components; sufficiently short collars are mutually disjoint. □

25.3. Exterior supports and smooth enclosing regions. A smooth exterior support to a
closed set D at x ∈ ∂D is a smooth regular level {ψ = 0} through x, defined in a neighborhood
of x, such that D is locally contained in {ψ ≤ 0}. Its outward normal is gradψ/| dψ|. Saying
that D has expansion at most k in exterior supports means that every such support has ΘQ ≤ k
at contact. This definition makes no regularity assumption on D.

The next argument is useful because the curvatures of these supports need not be bounded.
Ordinary approximate transport of tangent metrics would produce an uncontrolled error multi-
plying their second fundamental forms. We use a map whose differential is an exact isometry at
the contact point.

Lemma 25.4 (Exact support transport). Let g,Q be smooth on a neighborhood of a compact set,
and let D be a compact closed subset of its interior. Suppose that D has expansion at most k in
exterior supports. There are z0 > 0 and C < ∞ such that, for 0 < z < z0, every exterior support
to

Dz = {y : distg(y,D) ≤ z}
has expansion at most k+Cz. The constant C depends only on bounds for the smooth background
geometry and Q in the fixed compact neighborhood, and not on the support or its curvature. The
allowable z0 is also smaller than the distance required to keep these neighborhoods in the interior.

Proof. The assertion is immediate if D is empty. Let a support {ψ = 0} touch Dz at x′, and
choose x ∈ D with dist(x, x′) = z. This nearest point lies in ∂D, since an interior point could be
moved a short distance toward x′ to decrease the distance. Choose z0 below a uniform injectivity
radius. Let γ : [0, z] → X be the unit-speed minimizing segment from x to x′, put u0 = γ̇(0), and
denote parallel transport along γ by Pt. The ball of radius z centered at x lies in Dz. Consequently
the support normal at x′ is Pzu0.

For each X ∈ TxX, solve the Jacobi boundary problem
(25.7) D2

t JX +R(JX , γ̇)γ̇ = 0, JX(0) = X, JX(z) = PzX.

Here R denotes the Riemann curvature tensor. This problem is uniquely solvable for uniformly
small z. To see the estimates explicitly, write JX(t) = Pt(X + WX(t)). The equation for WX

has zero endpoint values and is W ′′
X = −Rt(X +WX), with bounded curvature endomorphism

Rt. The Dirichlet inverse of the second derivative on [0, z] has supremum-norm bound Cz2.
Absorption for small z, followed by the differentiated one-dimensional Green formula, gives
(25.8) sup

[0,z]
|WX | ≤ Cz2|X|, |DtJX(0)| ≤ Cz|X|.

The longitudinal component of JX is affine with equal endpoint values. Hence the linear map
AzX = DtJX(0) satisfies

⟨AzX,u0⟩ = 0, |Az| ≤ Cz.
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These are precisely the first-jet compatibility conditions for a unit vector field U with U(x) = u0
and ∇U(x) = Az.

For completeness, use normal coordinates yi at x and extend vectors by parallel transport along
the radial geodesics of those coordinates. Writing Ev(y) for the resulting extension of v ∈ TxX,
set

V (y) = Eu0(y) +
∑
i

yiEAzei(y), U(y) = V (y)
|V (y)| .

On a uniformly small neighborhood V stays away from zero. At x this field has the required
value and first derivative, since AzX ⊥ u0. It has uniformly bounded first and second derivatives
by smoothness and compactness of the background. No vanishing second covariant derivative is
required.

Define the local map
Fz(y) = expy(zU(y)).

The geodesic variation determining dFz(x)X has initial Jacobi data X,AzX, so (25.7) gives the
exact identities
(25.9) Fz(x) = x′, dFz(x) = Pz, |∇ dFz(x)| ≤ Cz.

To verify the last estimate, the smooth map E(y, v) = expy(v) satisfies E(y, 0) = y. Differentiating
E(y, zU(y)) twice in any fixed coordinate chart, with the uniform C2 bound on U , gives DFz =
I +O(z) and D2Fz = O(z). In the covariant second derivative the domain and target connection
terms cancel at z = 0; their remaining difference is O(z). This proves the estimate uniformly in
x, x′ and u0.

For y ∈ D sufficiently close to x, the curve defining Fz(y) has length z, and therefore Fz(y) ∈ Dz.
Thus ψ ◦ Fz is an exterior support to D at x. Its gradient is nonzero by the exact isometry in
(25.9), and its normal is u0. For an orthonormal basis e1, e2, e3 of u⊥

0 , the Hessian chain rule is
Hess(ψ ◦ Fz)(ea, ea) = Hessψ(Pzea, Pzea) + dψ

(
(∇ dFz)(ea, ea)

)
.

Since | d(ψ ◦Fz)|x = | dψ|x′ , taking the tangential trace and dividing by this common norm yields

(25.10) Hψ◦Fz (x) −Hψ(x′) =
3∑

a=1
⟨Pzu0, (∇ dFz)(ea, ea)⟩ = O(z).

There is no error involving Hessψ in this formula. Smoothness of Q similarly gives∣∣∣tru⊥
0
Q(x) − trPz(u⊥

0 )Q(x′)
∣∣∣ ≤ Cz.

Apply the assumed support inequality at x, then combine these two bounds. The expansion of
the original support at x′ is at most k + Cz, as claimed. □

Lemma 25.5 (Smooth support enclosure). Assume the hypotheses of Lemma 25.1 at threshold c′.
Let D ⋐ intX be a compact closed set whose every smooth exterior support has ΘQ ≤ k, where
k < c′. Then

D ⊂ Tc′(X,Q).
In particular, the right side is nonempty whenever D is nonempty.

Proof. Assume D ̸= ∅. Choose β > 0 small enough that Dβ lies in intX, Lemma 25.4 applies for
0 < z ≤ β, and
(25.11) k + Cβ < c′.

Smooth approximation of the distance function, followed by a regular-value choice, gives a smooth
compact region E with

Dβ/4 ⊂ intE ⊂ E ⊂ intD3β/4.
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For example, approximate the distance uniformly to accuracy β/16 and choose a regular level
between 7β/16 and 9β/16.

Choose a smooth function a ≥ 0, supported where dist(·, D) < β, that is a sufficiently large
constant near ∂E. For Q′ = Q− ag we then have ΘQ′(∂E) = ΘQ(∂E) − 3a < c′. The boundary
barriers of X are unchanged. Lemma 25.1 applied to Q′ produces a nonempty smooth total region
T ′ containing E. Its frontier is nonempty because T ′ is compactly contained in the interior of the
connected manifold X with nonempty boundary. That outward frontier satisfies
(25.12) ΘQ(∂T ′) = c′ + 3a ≥ c′.

Since D has an open neighborhood in E ⊂ T ′, the number z = dist(D, ∂T ′) is positive and
attained.

Suppose z < β. Then Dz ⊂ T ′. Indeed, a minimizing segment of length at most z from D to a
point outside T ′ would first cross ∂T ′ at distance strictly less than z. Such segments stay in X by
our choice of β. At a pair realizing the minimum distance, ∂T ′ is therefore an exterior support
to Dz. Its expansion is at most k + Cz < c′ by Lemma 25.4 and (25.11), contradicting (25.12).
Consequently z ≥ β.

The frontier of T ′ is outside the support of a, so its expansion for the original tensor is exactly
c′. Thus T ′ itself is an admissible region in (25.2) for (X,Q, c′). Since it contains D, the defining
maximality gives D ⊂ T ′ ⊂ Tc′(X,Q). □

25.4. The two colors and the trace allowance.

Proposition 25.6 (Geometric preparation). For the prepared data satisfying (25.1), there are
a closed connected exterior Ω ⊂ M with one end and nonempty compact smooth boundary B,
two negative numbers cb, cw, and a decomposition of B into black and white components with the
following properties. With the normal ν into Ω and PB = trBK,
(25.13) H + PB = cb on black components, H − PB = cw on white components.
The components come from closed total-region families Dc and Wc at right-continuity thresholds
cb and cw, respectively. The white family is formed with the black region fixed, and is allowed to
be empty. Every face has a disjoint smooth collar in Ω, with parameter s ≥ 0, | ds| > 0, and the
corresponding expansion toward increasing s is at least cb or cw.

There are a0 > 0, a compactly supported smooth function C, and a positive smooth weight ρ,
equal to a positive constant times r−4−δ1 on the end, such that |C| ≤ a0 and, on smaller collars,
(25.14) C = a0 − κBs on black collars, C = −a0 + κBs on white collars, κB > 0.
Set
(25.15) b− = cb − a0 < 0 < −cw + a0 = b+.

Every real-valued function h taking values in [b−, b+] on suppK∩Ω satisfies the following inequality
on Ω:
(25.16) |(h+ C)τ | + | dC|g + ρ ≤ µ− |J |g, τ = trgK.
There is a smooth compactly supported extension b on Ω of the boundary values b− on black faces
and b+ on white faces, constant on smaller collars. Finally, every smooth enclosing cut of B in
Ω has g-volume at least A∗.

Proof. Choose a distant sphere SR0 beyond suppK, sufficiently large that it and all farther
coordinate spheres have positive mean curvature. Their expansions for both K and −K are
positive. Let X0 be the original compact core between S and SR0 . It is connected: paths using
the remote end can be replaced at its connected spherical cross section. Attach a smooth compact
filling F behind the entire original boundary. Such a filling can be constructed by taking an
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oppositely oriented copy of X0 and capping its spherical boundary by a four-ball. Its remaining
boundary identifies with S. Extend g and K smoothly across S into this filling, keeping the metric
positive. Extension of the collar jets followed by a partition of unity does this; no constraint
condition is required in F . The resulting compact manifold X has only the connected outer
boundary SR0 .

For later parameter choices, fix now

σ∗ = min
X0

(µ− |J |g) > 0, T∗ = max
X0

|τ |.

Choose γ > 0 so small that

(25.17) γT∗ ≤ σ∗/8

and the original boundary has expansion less than −2γ. By strictness and continuity, F together
with a fixed short exterior collar of S is a smooth compact region whose outward boundary has
expansion less than −γ. For every c ∈ (−γ, 0) form

Dc = Tc(X,K).

Here K denotes its smooth extension into F . Lemma 25.1 applies and Dc contains that entire filled
neighborhood. Its smooth frontier therefore lies strictly in the original data. Its complement in X
is connected. Indeed the collar of the connected outer sphere belongs to a unique complementary
component; every other component would be an interior hole and could be filled, contrary to
maximality.

Choose cb ∈ (−γ, 0) at a right-continuity threshold by Lemma 25.2. Write Y for the closed
complement of int Dcb

in X. This is a smooth compact connected manifold with the outer sphere
and the black frontier as its boundary. For the white tensor −K, all these boundary components
have strictly positive outward expansion. On a black component the outward normal of Y is the
reverse of the outward normal of Dcb

, so the expansion is

(25.18) −H − tr∂Dcb
K = −cb > 0.

This changes both the normal and the tensor in an auxiliary problem; the original boundary still
has its prescribed future sign.

For c ∈ (−γ, 0) define the white family

Wc = Tc(Y,−K).

It may be empty. Lemmas 25.1 and 25.2 give a right-continuity threshold cw ∈ (−γ, 0). Every
nonempty white region lies strictly inside Y , so Dcb

and Wcw are disjoint closed sets, a positive
distance apart. Notice that the black threshold and manifold Y are fixed before making this
second threshold choice.

In the filled one-ended manifold take the component of the open complement of Dcb
∪ Wcw

that reaches the end, and let Ω be its closure. Its boundary is the union of those entire frontier
components adjoining this exterior. To justify the word “entire,” a smooth connected frontier
component has a connected thin collar on each side; the component of its exterior side is therefore
constant along the frontier. Both frontiers are compact and smooth with finitely many components,
and they are disjoint. Thus Ω is smooth, closed, and connected, and its boundary B is a union of
complete smooth components. It has one end, the original end, and lies in the original manifold
because the black region contains the filling and a collar of S. Its boundary is nonempty: the
component reaching infinity is separated from that nonempty filled region. The inherited metric is
complete up to B; boundary charts give local completeness at finite limit points, and completeness
of the original end prevents escape in finite distance.
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SR

S

Dcb Wcw

νb

νw

ΩR

H + PB = cb

H − PB = cw

end e

Figure 3. A schematic of the auxiliary exterior; one frontier component of each
kind is shown. The black region encloses the original boundary. Both normals
point into the retained exterior, but its black and white faces have prescribed
expansion for K and −K, respectively. The drawing represents incidence and
orientations, not the topology or dimension of the hypersurfaces.

Call its retained Dcb
faces black and its retained Wcw faces white. The normals into Ω are the

outward normals of these regions. Their threshold equations give (25.13). Figure 3 illustrates
these orientations; ΩR there denotes the part of Ω inside a distant coordinate sphere SR.

Apply Lemma 25.3 to their respective total regions and shorten the collars so they lie on the Ω
side and are mutually disjoint. This gives all the asserted leaf inequalities. The support enclosure
Lemma 25.5 is available for the full families Dc and Wc on X and Y , respectively; in the latter
case the reversed black barriers remain fixed.

All these collars lie in the fixed original core X0, so the lower bound σ∗ was fixed before either
threshold or any collar width. For each collar choose a smooth profile qB(s) ∈ [0, 1], supported
in that collar, with qB(s) = 1 − αBs near its face and αB > 0. Such a profile is obtained by
multiplying this linear function by a nonnegative cutoff supported before the linear function can
become negative. With disjoint supports, define

C = a0
∑
B

εBqB(s), εB =
{

1, B black,
−1, B white.

There is a finite constant M∗, now depending on the chosen collars and profiles, such that |C| ≤ a0
and | dC| ≤ a0M∗. Formula (25.14) holds with κB = a0αB > 0. Only at this point choose a0 > 0
small enough that

(25.19) a0(2T∗ +M∗) ≤ σ∗/8.

For b− ≤ h ≤ b+ we have |h+ C| ≤ γ + 2a0, and hence on X0 ∩ Ω

(25.20) |(h+ C)τ | + | dC| ≤ γT∗ + a0(2T∗ +M∗) ≤ σ∗/4.

At points outside suppK the trace term vanishes, so this estimate requires no restriction there
on the value of h.

Finally choose a constant ρ∗ > 0 so small that

ρ∗ ≤ c0/4, ρ∗ max
X0

r−4−δ1 ≤ σ∗/4, ρ = ρ∗r
−4−δ1 .

On X0∩Ω, (25.20) plus this choice bounds the left side of (25.16) by σ∗/2. Outside X0, K = C = 0,
and (25.1) gives the required inequality directly. This proves (25.16). This order of choices uses
no lower bound on collar widths as cb, cw approach zero: the thresholds are chosen first, the
collars next, and their amplitude last. Ordinary collar cutoffs also give the stated compactly
supported smooth extension of the constants b− and b+.
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If De is an admissible closed connected outer domain for a cut in Ω, it is also closed in M ,
because Ω is closed in M . It is a smooth codimension-zero submanifold of M , its interior lies in
intM , and it contains the distant original end. Its entire intrinsic boundary, including every part
coincident with B, is therefore an admissible original enclosing cut. Its area is at least A∗. This
proves the final assertion without assuming the existence of a minimizing cut. □

26. The scalar system and exclusion of the first floor

Fix the prepared exterior and the geometric choices of Proposition 25.6. All contractions and
derivatives in this section use its background metric g, unless another metric is indicated. In
particular, τ = trgK is unrestricted. The boundary normal ν points into Ω. Let ΩR denote the
truncation at a large coordinate sphere SR, so its ordinary outward normal at its inner boundary
B is −ν.

The purpose of the system is to produce a metric ĝ = e2t(g+ l(t)2 df2) with nonnegative scalar
curvature and negative boundary mean curvature. The parameter ηn below makes the prescribed
trace depend strictly increasingly on f . A separate penalty prevents t from reaching −ϵ. This
section proves that prevention using a coarse height bound. The narrower height interval needed
to use (25.16) will be proved subsequently.

26.1. Variables and a scalar-curvature identity. Fix 0 < ϵ < 1 and a smooth nonincreasing
function ϑ : R → [0, 1] equal to one on (−∞, 0] and to zero on [1,∞). For every integer n ≥ 4
define

(26.1)
p(t) = nϑ(nt), l(t) = exp

(∫ t

0
p(s) ds

)
,

L0(t) = e2tl(t), ℓ = e−ϵn, ηn = ℓ3/2.

Thus 0 ≤ p ≤ n, l(t) = ent for t ≤ 0, and l is constant with value between one and e for t ≥ 1/n.
In particular l(−ϵ) = ℓ. The unknowns are real functions f, Z. Define t implicitly, and then all
the remaining variables, by

(26.2)

σ = | grad f |, D = 1 + l(t)2σ2, d = D−1, Z = t+ 1
6 logD, h = ηnf,

w = l grad f√
D

, a = |w|, v = a2 = 1 − d, χ = 3d
3 + pv

,

Ad = Id −w ⊗ w, Aχ = Id − 3 + p

3 + pv
w ⊗ w, u = L0

√
D.

We identify vectors and covectors using g. A symmetric endomorphism also denotes the corre-
sponding contravariant tensor, and |ξ|2A = A(ξ, ξ) for a covector ξ. For fixed df , the derivative of
the defining expression for Z with respect to t is 1 + pv/3 ≥ 1. That expression tends to −∞ and
+∞ at the two ends of the real line. It therefore defines a unique smooth t = t(x′, Z, df), with x′

the base point, for all inputs, including inputs below the proposed floor. No gradient bound is
needed for this definition. The eigenvalues of Ad and Aχ on the line spanned by grad f are d and
χ; their other three eigenvalues are one. Consequently

(26.3) 0 < 3d
3 + n

≤ χ ≤ d ≤ 1.

Set

(26.4)
ḡ = g + l2 df2, ĝ = e2tḡ, Hf = l√

D
Hessg f, Sf = K +Hf ,

F = trAχ Sf , V = uAχ
(
3 gradZ +K(w, ·)

)
.
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Where σ > 0, let e = grad f/σ. Decompose Sf into its transverse block T = Sf |e⊥ , mixed block
M = Sf (e, ·)|e⊥ , and axial entry j = Sf (e, e); write T 0 = T − 1

3(trT )g|e⊥ . Thus trT = F − χj.
Also write x = e(t) and y = ( dt)|e⊥ . The symbol M in this block notation is a covector, not the
original manifold.

Proposition 26.1 (Scalar identity). For arbitrary smooth f, Z and arbitrary symmetric K,

(26.5) 1
2e

2t Scalĝ = µ+ J(w) + T + w(F ) − Fτ − u−1 divg V,

where the smooth scalar T is given, on { df ̸= 0}, by

(26.6)
T = 1

2 |T 0|2 + |M + (p+ 1)ay|2 − v|y|2 + 3(p+ 1)(|y|2 + dx2)

− 1
3(F − χj)2 + χj2 − χFj + F 2 + 2(p+ 1)χjax.

The expression extends smoothly across { df = 0}, where any unit axis may be used in the block
expression.

Proof. We derive the identity in a stationary Lorentzian metric, keeping its normal second form
distinct from the prescribed tensor K. On the product with coordinate s′ use

g = −l2( ds′ − df)2 + ḡ.

Its constant-s′ slices have metric g. Their lapse, shift, and normal second form, with the convention
that the second form is half the normal metric rate, are

(26.7)
U = l

√
D, β = l2 grad f = Uw,

k = −sym ∇β
U

= −Hf − p( dt⊗ w + w ⊗ dt).

Here sym includes the factor 1/2. Put θ = trg k, and let N0 be the future unit normal. The
contracted Gauss and normal expansion identities are

Scalg = R + 2Ric(N0, N0) + |k|2 − θ2, Ric(N0, N0) = −N0θ − |k|2 + U−1∆gU.

Stationarity gives UN0θ = −β(θ) and div β = −Uθ. If
B(A,B) = A : B − (trg A)(trg B), PA = A− (trg A)g,

the preceding two formulas consequently yield
(26.8) UR = U

(
Scalg +B(k, k)

)
− 2 div(gradU + θβ).

In the static coordinate s′ − f one instead has

R = Scalḡ −2l−1∆ḡl, ∆ḡϕ = l

U
div

(
U

l
Ad gradϕ

)
.

Direct differentiation of U = l
√
D gives

gradU − U

l
Ad grad l = −k(β, ·).

Moreover, using J = divPK , symmetry of PK , and sym ∇β = −Uk gives
div(PKβ) = U{J(w) − B(K, k)}.

Substitute these identities into (26.8), use µ = (Scalg −B(K,K))/2, and put Q = K − k. The
result is

(26.9) 1
2 Scalḡ = µ+ J(w) + 1

2B(Q,Q) − U−1 div(UPQw).
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For example, the divergence arising directly from (26.8) is U−1 div(UPkw); adding J(w) combines
it with −U−1 div(UPKw) to give the last term in (26.9). This also fixes its sign.

The four-dimensional conformal formula is
1
2e

2t Scalĝ = 1
2 Scalḡ −3∆ḡt− 3| dt|2Ad

.

Since ∆ḡt = U−1 div(UAd grad t) − p| dt|2Ad
and u = e2tU , changing the divergence weight from

U to u gives

(26.10)
1
2e

2t Scalĝ = µ+ J(w) + 1
2B(Q,Q) + 2PQ(w, grad t) + 3(p+ 1)| dt|2Ad

− u−1 div
(
u(PQw + 3Ad grad t)

)
.

The following differential identities follow from (26.2):

(26.11)
3 dZ = (3 + pv) dt+Hf (w, ·),

divw = trAd
Hf + pdw(t),

d log u = (p+ 2 + pv) dt+Hf (w, ·).
They imply

(26.12)

V

u
= PQw + 3Ad grad t+ Fw,

u−1 div(uw) = trgHf + 2(p+ 1)w(t)
= F + (1 − χ)j − τ + 2(p+ 1)w(t).

Adding uFw inside the divergence in (26.10) therefore leaves w(F ) + Fu−1 div(uw). Its trace
contribution is exactly −Fτ , while the remaining quadratic expression is

(26.13)
T = 1

2B(Q,Q) + 2PQ(w, grad t) + 3(p+ 1)| dt|2Ad

+ F

(
F + 3 + p

3 + pv
Sf (w,w) + 2(p+ 1)w(t)

)
.

This is smooth even at w = 0, since (1 −χ)j = (3 + p)Sf (w,w)/(3 + pv). For the block expansion,
Q has blocks T , M + pay, j + 2pax, and trT = F − χj. Expanding (26.13) gives (26.6). At
w = 0 it reduces to

T = 1
2
(
|Sf |2 + (trg Sf )2)+ 3(p+ 1)| dt|2,

which is independent of the auxiliary axis. This proves all assertions. □

26.2. Coercivity and the boundary identity. Throughout the proof, Πn denotes a bound of
the form C(1 + n)N for a finite nonnegative integer N . Its coefficient C and exponent N may
depend on the fixed prepared data, ϵ, the chosen collars and smooth switches, and any explicitly
fixed small absorption constant. They never depend on R, a homotopy parameter, or a solution.
Different occurrences may denote larger such bounds. Constants denoted by C(n) in later fixed-n
analytic estimates have no polynomial restriction and will not enter a limit requiring polynomial
control.

Lemma 26.2 (Polynomial coercivity). For all inputs in (26.2),
(26.14) |T |2 + |M |2 + dj2 + F 2 + | dt|2Ad

≤ ΠnT .
At a point where dt = 0, there are absolute constants c, C > 0 such that

(26.15)
c
(
|T 0|2 + |M |2 + χj2 + F 2) ≤ T

≤ C
(
|T 0|2 + |M |2 + χj2 + F 2).
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Proof. Completing squares in (26.6) gives the exact identity

(26.16)
T = 1

2 |T 0|2 + |M + (p+ 1)ay|2 +
(
3(p+ 1) − v

)
|y|2

+ 3(p+ 1)d
(
x+ χaj

3d

)2
+ 2

3

(
F − χj

4

)2
+ d(48 − 3d)

8(3 + pv)2 j
2.

For the final coefficient, the identity used in this completion is

χ− 3
8χ

2 − (p+ 1)χ2v

3d = d(48 − 3d)
8(3 + pv)2 .

The coefficient of |y|2 is at least two, and the last coefficient is at least 45d/[8(3 + n)2]. Thus
dj2 ≤ C(3 + n)2T . The inequalities χ2 ≤ d2 ≤ d then recover F 2 from its shifted square and
dx2 from its shifted square, at polynomial cost. Recovering M costs at most C(1 + n)2|y|2, and
recovering T uses trT = F − χj. This proves (26.14); these observations, for instance, allow one
common bound C(1 + n)2 in that inequality.

When dt = 0, complete only the (F, j) terms to obtain

(26.17) T = 1
2 |T 0|2 + |M |2 + 2

3

(
F − χj

4

)2
+ χ

(
1 − 3χ

8

)
j2.

Since 5/8 ≤ 1 − 3χ/8 ≤ 1 and χ2 ≤ χ, this gives (26.15) with absolute constants. □

Lemma 26.3 (Boundary conversion). On any smooth face on which f is constant, let PB = trBK,
wν = ⟨w, ν⟩, and let H be its background mean curvature for the normal into Ω. Then

(26.18) Vν
u

= d(H + 3∂νt) −H + wν(F − PB), Ĥ = e−t√d (H + 3∂νt).

Proof. With IIB(X,Y ) = g(∇Xν, Y ) for tangent vectors, one has tangentially Hess f = (∂νf)IIB,
so trT = PB + wνH and χj = F − PB − wνH. Use this relation in the first identity of (26.12);
as w is normal on the face, it gives

Vν/u = 3d∂νt+ wν(F − PB − wνH),

which is the first assertion because w2
ν = 1 − d. The induced metric of ḡ on the face equals g|B,

and its normal in base coordinates is
√
d ν. In the tangential first variation, l2 df2 contributes

zero since the tangential derivatives of f vanish there. Hence Hḡ =
√
dH. Applying the boundary

conformal formula with νḡ =
√
d ν proves the second assertion. Both assertions also hold when

df = 0. □

26.3. The equations and their four-stage homotopy. Extend the end radius to a positive
smooth function r ≥ 1 on Ω and set

(26.19)
ρ0 = r−4−δ1 , ρ1 = r−3, m0(t) = ϑ

(
n(t+ ϵ)

)
, P = Cn(ρ0 + vρ1),

Ξ = δ0T + ρ+ δ0ηnaσ −m0(t)P.

The constant δ0 > 0 and the polynomial Cn will be fixed in Proposition 26.7. The smooth positive
weight ρ comes from (25.16); in particular ρ ≤ Cρ0. The combination aσ = l| df |2/

√
D is smooth

also at df = 0, so all terms of Ξ are smooth functions of the indicated jets. Choose a constant
NB > 1 + supB |H|, and put

B = −H + wν(F − PB) −NBd.
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The desired system is

(26.20)


F = h+ C, in ΩR,

divV = uΞ, in ΩR,

h = b, Vν/u = B, on B,

f = Z = 0, on SR.

In every boundary flux expression the symbol F is evaluated using the prescribed trace right
side. Thus the boundary condition contains no second derivative of f . For a solution of (26.20),
(26.18) immediately gives Ĥ = −e−t√dNB < 0.

We specify the entire homotopy because its boundary modifications and strictly increasing
height term will be used in the a priori estimates. The stages run from the desired system to
the terminal problem with solution f = Z = 0; Section 29 transfers existence back along this
homotopy. Take a smooth j0 : R → [0, 1] which is zero for t ≤ 0 and one for t ≥ 1. For 0 ≤ λ ≤ 1
put

Vλ = uAχ
(
3 gradZ + λK(w, ·)

)
.

In stages 1–3 use

(26.21)
{

divVλ = uΞ in ΩR,

(Vλ)ν/u = [1 − (1 − λ)j0(t)][B − (1 − λ)(AχK(w, ·))ν ] on B.

Keep the outer data f = Z = 0 throughout.
Here are explicit smooth choices of the auxiliary trace terms. Fix 0 < 4ξ1 < b+ − b− and

smooth height switches q−, q+ such that
q−(z) = 1 (z ≤ b− + ξ1), q−(z) = 0 (z ≥ b− + 2ξ1),
q+(z) = 0 (z ≤ b+ − 2ξ1), q+(z) = 1 (z ≥ b+ − ξ1),

where q− is nonincreasing and q+ is nondecreasing. Choose a smooth direction switch qd with
values in [0, 1], equal to one on (−∞,−3/4] and zero on [−1/2,∞). On each collar write
N = grad s/| ds|, so N = ν at the face, and choose a smooth cutoff ωB supported there and equal
to one near the face. The collars are disjoint. With fixed constants

A0 > 2 sup
B

|H| + 1, A1 > sup
B

|H| + 1,

define, extending by zero outside the collars,

(26.22)
D0(x′, w, z) = −A0ωB(x′)qd(w ·N)q−(z) on black collars,
D0(x′, w, z) = A0ωB(x′)qd(−w ·N)q+(z) on white collars,
D1(x′, w) = A1ωB(x′)w ·N on every collar.

Both terms vanish at w = 0, are bounded for |w| ≤ 1, and have bounded derivatives of every
order on bounded height ranges. These bounds are independent of n. In addition ∂zD0 ≥ 0.

The successive trace prescriptions and inner Dirichlet data are as follows; the indicated
parameter moves in the displayed direction.
Stage 1: Decrease λ from one to zero, keeping F = h+ C and h|B = b.
Stage 2: Keep λ = 0, increase α0 from zero to one, and use F = h + C + α0D0(x′, w, h) and

h|B = b.
Stage 3: Keep λ = 0, increase ζ from zero to one, and use

(26.23)
F = h+ (1 − ζ)

[
C +D0(x′, w, h+ ζb(x′))

]
+ ζ

[
trAχ K +D1(x′, w)

]
, h|B = (1 − ζ)b.
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Stage 4: Retain the terminal prescription F = h+ trAχ K +D1 and h|B = 0. Keep λ = 0 and
multiply both right sides of (26.21) by a common parameter γ, decreasing from one to
zero.

The endpoints agree, so this is a continuous homotopy. All trace right sides have derivative
at least one with respect to h, with (x′, w, t) fixed. This is also the relevant derivative when
comparing scalar solutions at a shared gradient and shared Z, since t is independent of the value
of f .

Two consequences of these choices will be useful. First, at a stage 3 face, evaluate the prescribed
right side at h = (1 − ζ)b and at the limiting values w = ±ν, d = χ = 0. It obeys
(26.24) F (ν) ≥ PB +H, F (−ν) ≤ PB −H.

Indeed, on a black face b + C = PB + H, D0(ν, b) = 0, and D0(−ν, b) = −A0; on a white face
b + C = PB − H, D0(−ν, b) = 0, and D0(ν, b) = A0. The terminal expressions are PB ± A1.
Each inequality follows for both endpoints from the choices of A0, A1, and hence for their convex
combination.

Second, throughout stage 4 the scalar solution is f = 0, for every trial Z. Its equation is
trAχ H

f = ηnf +D1, with zero boundary values. At a positive interior maximum w = 0, D1 = 0,
Aχ = Id, and l∆f = ηnf > 0, a contradiction; a negative minimum is excluded in the same way.
Consequently in this stage
(26.25) f = 0, t = Z, T = TK + 3(p+ 1)| dt|2, TK = 1

2(|K|2 + τ2),
and its two remaining equations are exactly

div(3u grad t) = γuΞ, 3∂νt = γ[1 − j0(t)](−H −NB).

26.4. Coarse heights and an outer boundary estimate.

Lemma 26.4 (Height bound before the floor). There exist fixed r0 and C∗ > 0, independent of
n, R, and all homotopy parameters, with the following property. Every smooth solution of the
trace equation in any stage, with its prescribed Dirichlet data, on ΩR for R ≥ 2r0 satisfies

(26.26) |h| + |F | ≤ C∗, |h| ≤ C∗(r−3/2 −R−3/2) (r0 ≤ r ≤ R).
Here Z may be arbitrary; the divergence equation and the condition t ≥ −ϵ are not assumed. In
particular, with the prescribed outer value Z = 0,

(26.27) | grad f | ≤ C∗η
−1
n R−5/2 on SR.

For every fixed n there is Rmin(n) ≥ 2r0, chosen to tend to infinity with n, such that every such
solution for R ≥ Rmin(n) has
(26.28) t > −ϵ on SR.

Proof. At an interior extremum of h, w = 0 and both auxiliary terms vanish. The trace equation
becomes

l∆f = h+ C − τ in stages 1 and 2, l∆f = h+ (1 − ζ)(C − τ) in stage 3.
Since l > 0, comparison at a maximum and a minimum bounds |h| by max(supB |b|, ∥C − τ∥∞).
Stage 4 has h = 0. All prescribed trace right sides then bound |F | by a fixed constant, because
D0, D1 are bounded and ∥Aχ∥ ≤ 1.

Choose r0 beyond the supports of K,C, b,D0, D1. At a comparison with a radial function, the
axis of Aχ is gradg r/| dr|g. Uniformly for 0 < χ ≤ 1, the prepared end expansion gives

(26.29) trAχ Hessg r−3/2 = 3
2

(
−3 + 5

2χ
)
r−7/2 +O(r−11/2) < 0
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after increasing r0. The leading coefficient is at most −3/4, so the choice is independent of
n. Take C∗ large enough that C∗(r−3/2

0 − R−3/2) dominates the global height bound for every
R ≥ 2r0. On this annulus the scalar equation is

l

ηn
√
D

trAχ Hessg h = h.

The functions ±C∗(r−3/2 − R−3/2) are respectively upper and lower barriers by (26.29). At a
putative first comparison point the gradients coincide, so the same positive trace matrix and the
same positive prefactor occur in both expressions. The Hessian order and the proper height sign
give a contradiction. This proves the end estimate. Differentiating the comparison at the outer
boundary, where h = 0 tangentially, gives (26.27), absorbing the uniform end normal comparison
into C∗.

Finally let G(t) = t + 1
6 log(1 + l(t)2σ2) at an outer point. It is strictly increasing and

G(t) = Z = 0. Thus t > −ϵ if

G(−ϵ) = −ϵ+ 1
6 log(1 + ℓ2σ2) < 0.

By (26.27), it suffices to choose Rmin(n) so large that C2
∗ℓ

2η−2
n Rmin(n)−5 < e6ϵ − 1. This uses

only fixed-n enlargement of the outer radius. □

26.5. The stationary comparison at a minimum of t. The scalar identity is useful at a
floor contact because a second, Riemannian Gauss calculation gives an upper bound for the same
scalar curvature. Define, for a symmetric tensor A and a chosen unit axis e,

(26.30) S(A) = 1
3(tr⊥A)2 − 1

2 |A0
⊥|2 + dAee tr⊥A− d|Ae⊥|2.

Lemma 26.5 (Stationary Gauss comparison). At an interior local minimum of t,

(26.31) 1
2e

2t Scalĝ ≤ 1
2 Scalg −vRicg(e, e) + S(Hf ).

At every point where dt = 0 there are an absolute c2 > 0 and a polynomial bound Πn such that

(26.32) T − S(Hf ) ≥ c2T − Πn
(
vF 2 + |K|2

)
.

These conclusions extend to df = 0 with any unit axis.

Proof. Use the Riemannian warped product g + l2( db′)2 and its graph b′ = f . At dt = 0 one has
dl = 0, so the graph second form is Hf , up to its immaterial overall sign. Its inverse metric is Ad.
The contracted second-form contribution is

1
2{(trAd

Hf )2 − |Hf |2Ad⊗Ad
} = S(Hf ),

as is seen by writing Ad = diag(1, 1, 1, d). The ambient scalar curvature and Ricci blocks are

Scalg −2∆l/l, Ricg − Hess l/l, −∆l/l,

for the scalar, horizontal block, and unit vertical direction; the mixed block is zero. The graph
unit normal has horizontal part −w and vertical component

√
d. Therefore the ambient scalar

minus twice its normal Ricci, divided by two, is
1
2 Scalg −vRicg(e, e) − v tr⊥(Hess l/l).
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At a stationary point Hess l/l = pHess t, and the conformal term is −3 trAd
Hess t. Thus we have,

more precisely, the equality

(26.33)
1
2e

2t Scalĝ = 1
2 Scalg −vRicg(e, e) + S(Hf )

− (3 + pv) tr⊥ Hessg t− 3dHessg t(e, e).

At a minimum the last two terms are nonpositive, proving (26.31).
For (26.32), first subtract S(Sf ). An expansion using trT = F − χj gives exactly

(26.34)
T − S(Sf ) = |T 0|2 + (1 + d)|M |2 + χ(1 + d− 2χ/3)j2

+ (χ/3 − d)Fj + F 2/3.

At d = χ = 1 the (F, j) quadratic is F 2/3 − 2Fj/3 + 4j2/3, whose matrix has determinant 1/3
and positive trace. It is uniformly positive in a fixed neighborhood of this point. Since

1 − d = v, 1 − χ = (3 + p)v
3 + pv

,

there is an absolute κ0 > 0 such that this neighborhood contains all inputs with (1 + p)v ≤ κ0.
In that region (26.34) controls an absolute fraction of |T 0|2 + |M |2 + χj2 + F 2.

In the remaining region, use χ(1 + d− 2χ/3) ≥ χ and |χ/3 − d| ≤ d to absorb the mixed term
into, for example, χj2/4 and a multiple of (d2/χ)F 2. The only ratio required is

(26.35) d2

χ
= d(3 + pv)

3 ≤ 3 + n

3 , v >
κ0

1 + p
≥ κ0

1 + n
.

Keeping also a fixed fraction of F 2 at the cost of another multiple of F 2, this proves a lower
bound by an absolute fraction of the stationary norm minus C(1 + n)2vF 2. Equation (26.15)
converts the norm to T .

It remains to replace Sf by Sf −K. Polarizing (26.30) bounds the difference by

C
(
|T | + d|j| + d|M |

)
|K| + C|K|2.

The stationary norm controls |T | and |M |, while d|j| ≤ (d2/χ)1/2(χj2)1/2. By (26.35) and Young’s
inequality, for every fixed α > 0 this is at most αT + Cα(1 + n)|K|2. Choose α to retain half the
already obtained positive coefficient of T . This proves (26.32) with absolute c2 > 0. □

Lemma 26.6 (Errors from the trace switches and drift). Let K be a fixed compact enlargement
of the supports of K,C, b,D0, D1. For every fixed δ2 > 0, every smooth trace solution in stages
1–3 satisfies, at a point where dt = 0,

(26.36)
w(F ) ≥ ηnaσ − δ2T − Πn1K,

u−1∣∣div(uAχK(w, ·))
∣∣ ≤ δ2T + Πn1K.

The polynomial may depend on δ2 and the fixed geometric choices, but no negative power of ℓ or
ηn is required.

Proof. At dt = 0, differentiation gives

∇iw = AdH
f
i· , d log u = Hf (w, ·), dp = p′(t) dt = 0.

These formulas and (26.15) show

(26.37) |∇w| + | d log u|Aχ + |∇Aχ| ≤ Πn(
√

T + |K|).

For clarity, the axial entry in ∇w is dHf
ee, and its control uses d2/χ ≤ (3 + n)/3. In | d log u|Aχ

the axial entry has the factor √
χ. Differentiating Aχ = Id −(3 + p)w ⊗ w/(3 + pv) uses only the
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preceding ∇w and coefficients bounded by powers of 1 + n, since 3 + pv ≥ 3. This proves (26.37)
without dividing by l or ηn.

Write the relevant prescribed trace as Φ(x′, w, t, h). Its height derivative is at least one, so the
chain rule contains the favorable term

Φhw(h) ≥ w(h) = ηnaσ.

All other terms are supported in K. Lemma 26.4 bounds their height arguments in a fixed range;
derivatives of D0, D1 and b are consequently bounded. Derivatives of trAχ K use ∇K and (26.37).
The t derivative has zero contribution at the point in question. Thus the remaining absolute error
is bounded by Πn(1 +

√
T )1K. Young’s inequality proves the first assertion.

Expanding the divergence in the second assertion differentiates Aχ, K, and w, and adds
⟨K(w, ·), d log u⟩Aχ . The latter is bounded by C|K| | d log u|Aχ . Equation (26.37), compact
support, and Young’s inequality give the second assertion with the same allowed dependencies. □

26.6. Exclusion of first contact with the floor.

Proposition 26.7 (First-floor exclusion). There are a fixed δ0 > 0 and a positive polynomial Cn
in (26.19) such that, for every n ≥ 4 and every R ≥ Rmin(n), no smooth solution at any stage of
the homotopy satisfies

min
ΩR

t = −ϵ.

The choices depend only on the prepared data, ϵ, and the fixed switches and collars. They do not
use a height bound sharper than Lemma 26.4.

Proof. Suppose first that a floor minimum is interior and the parameter is in one of stages 1–3. At
that point dt = 0 and Hess t ≥ 0. Subtract (26.31) from (26.5) and use Vλ = V −(1−λ)uAχK(w, ·).
This gives

u−1 divVλ ≥ µ− 1
2 Scalg +J(w) + vRicg(e, e) + T − S(Hf ) + w(F ) − Fτ

− (1 − λ)u−1 div(uAχK(w, ·)).

Choose δ2 > 0 in Lemma 26.6 so small that the two losses δ2T leave at least c2T /2 in (26.32). The
remaining tensor expressions µ− Scalg /2 = (τ2 − |K|2)/2, J , and Fτ are compactly supported
and bounded by fixed constants, using Lemma 26.4. On the complement of K, F = h and
F 2 ≤ Cr−3; also | Ricg | ≤ Cr−4. On K the positive weight ρ0 has a fixed positive minimum.
Hence

1K + vF 2 + v| Ricg | ≤ C(ρ0 + vρ1).
Combining these bounds yields an absolute c3 > 0 and a polynomial Qn ≥ 0 such that, at the
proposed minimum,

(26.38) u−1 divVλ ≥ c3T + ηnaσ −Qn(ρ0 + vρ1).

Fix 0 < δ0 < min(c3/2, 1/4). Since t = −ϵ gives m0(t) = 1, choose Cn to exceed Qn + 1 +
supΩ(ρ/ρ0). The right side of (26.38) then strictly exceeds δ0T + ρ+ δ0ηnaσ−Cn(ρ0 + vρ1) = Ξ,
contradicting (26.21). This choice is polynomial in n.

At an interior minimum in stage 4, (26.25) gives f = 0, t = Z, and v = 0. If γ > 0, its equation
at the stationary point is

3∆t = γ
(
δ0TK + ρ− Cnρ0

)
.

Enlarge Cn, still polynomially, so that Cn > 1 + supΩ(δ0TK + ρ)/ρ0. The right side is strictly
negative, contradicting ∆t ≥ 0. This additional bound is finite because K is compactly supported.
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Consider next an inner boundary minimum in stages 1–3. There j0(−ϵ) = 0, so the same drift
correction appears on both sides of (26.21). Cancelling it gives Vν/u = B. Equation (26.18) and
d > 0 imply

3∂νt = −H −NB < 0.
This contradicts the nonnegative derivative into ΩR at a boundary minimum. In stage 4 with
γ > 0, the corresponding exact formula from (26.25) is 3∂νt = γ(−H −NB) < 0, giving the same
contradiction. The outer boundary is excluded by (26.28).

Finally, at γ = 0, f = 0 and the remaining problem is div(3u grad t) = 0 with homogeneous
inner conormal data and t = 0 on SR. Testing by t gives

∫
ΩR

3u| dt|2 = 0. Connectedness and the
nonempty Dirichlet boundary imply t = 0. Thus no stage admits floor equality. □

The order of choices is now fixed: choose the background geometric data and ϵ, then δ0 and
the polynomial penalty Cn. At each n, enlarge the outer radius as in Lemma 26.4. Subsequent
estimates may increase the lower bound on n or Rmin(n), but none will replace Cn by an arbitrary
fixed-n constant. In particular, the first-floor argument has paid for Fτ using a bounded compact
error and has not used the eventual small-height absorption in (25.16).

27. Height separation and global bounds

Throughout this section the prepared geometry, its thresholds and collars, and ϵ ∈ (0, 1) are
fixed. We consider arbitrary smooth solutions of the four stages of the homotopy in Section 26,
on ΩR, satisfying t ≥ −ϵ. The admissible radii satisfy R ≥ Rmin(n), where Rmin(n) → ∞ and is
large enough for the outer-boundary conclusion of Proposition 26.7. Every assertion of uniformity
includes the homotopy parameter and R. As in Remark 22.5, Πn denotes a polynomial bound
in n, whereas C(n) can depend arbitrarily on the fixed integer n. We shall keep this distinction
through the boundary-flux estimate.

27.1. The limiting heights and the two total regions. The large factor l/ηn forces a
nonconstant test level of h to approach a hypersurface whose expansion is controlled by the trace
equation. A sublevel of the relaxed limiting height need not have a regular boundary. We first
establish the expansion inequality for every smooth exterior support, including at a plateau and
at a face of the opposite color.

Proposition 27.1 (Separation from the two total regions). Let A ⊂ Ω be compact. In the first
two homotopy stages the following statements hold.

(i) If A ∩ Dcb
= ∅, there exist ξA > 0 and nA such that h ≥ b− + ξA on A for every n ≥ nA.

(ii) If A∩ Wcw = ∅, there exist ξA > 0 and nA such that h ≤ b+ − ξA on A for every n ≥ nA.
Here the total regions are the full closed regions of Proposition 25.6, including components whose
frontiers do not border Ω.

Proof. We give the lower-height argument first. Consider any sequence ni → ∞ of the indicated
solutions; its radii tend to infinity. Extend hi by the constant b+ into a small collar across each
white face. The functions on these enlarged neighborhoods are continuous. Define their lower
relaxed limit by

h(x) = lim inf
i→∞
y→x

hi(y).

It is lower semicontinuous and locally bounded by Lemma 26.4. Fix levels
(27.1) b− < k < k′ < min{0, b− + ξ1}, k′ + a0 < 0,
where ξ1 is the height-cutoff constant in D0. We initially work away from black faces.
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Suppose a smooth ϕ touches h from below at x, with h(x) < k′ and dϕ(x) ̸= 0. Subtracting a
small fourth-order function of distance makes the contact strict on a small closed neighborhood
without changing its second jet. The definition of the relaxed limit and minimization on this
neighborhood give, after passing to a subsequence, points xi → x and constants ci such that
ϕ+ ci touches hi from below at xi, and hi(xi) → h(x). These contacts are interior contacts of the
original exterior: their heights are eventually strictly below k′ < b+, so they cannot occur on a
white face or in its constant extension. This remains true when x itself is on a white face.

At contact, dhi = dϕ and Hesshi ≥ Hessϕ. The positive trace matrix therefore gives

(27.2) trAχi
K + 1√

(ηni/li)2 + | dϕ|2
trAχi

Hessϕ ≤ hi + C + αiD0, 0 ≤ αi ≤ 1.

Here αi = 0 in the first stage. The cutoff construction gives D0 ≤ 0 at these low heights,
everywhere: its white contribution vanishes there, and its black contribution is nonpositive.
Moreover

li
ηni

≥ ℓi
ηni

= eϵni/2 −→ ∞.

Consequently |wi| → 1, di → 0, χi → 0, and Aχi tends to the orthogonal projection onto (gradϕ)⊥.
Passing to the limit in (27.2) proves

(27.3) ΘK [ϕ] := tr(gradϕ)⊥ K +
tr(gradϕ)⊥ Hessϕ

| dϕ|
≤ k′ + a0.

The normal here points toward increasing ϕ.
We next transfer this test inequality to the closed set Dk = {h ≤ k}. This step does not assume

that k is a regular value. For integers j ≥ 1, put

Sj(z) =
(
1 + e−j2(z−k−j−1))−1

.

The lower relaxed limit of Sj(h) is the function Ik equal to zero on Dk and one off Dk. To verify
this, at a point of Dk use the constant sequence of points and Sj(h(x)) ≤ Sj(k) → 0. Off Dk,
lower semicontinuity gives a neighborhood on which h ≥ k + δ for some δ > 0, and hence uniform
convergence to one there.

A smooth exterior support of Dk, with defining function ϕ = 0 and Dk on the side ϕ ≤ 0,
gives a lower test for Ik: shrink the neighborhood and multiply ϕ by a positive constant so that
|ϕ| < 1/2. Strict localization and the same minimization argument give lower tests ϕ + aj for
Sj(h) at points xj → x, with contact values vj → 0. Each vj lies in (0, 1), so locally S−1

j (ϕ+ aj)
is a smooth lower test for h. Its contact height satisfies

S−1
j (vj) = k + j−1 + j−2 log vj

1 − vj
≤ k + j−1 < k′

for all large j. Its gradient is nonzero. Composition with a smooth increasing function preserves
the oriented level expansion: the additional Hessian term is a multiple of dϕ ⊗ dϕ, whose
tangential trace is zero. Thus (27.3) applies to these inverse tests. Passing to the limit shows
that every smooth exterior support of Dk, away from black faces, has expansion at most k′ + a0.

This argument also rules out a boundary layer at a white face. The constant extension need
not make h continuous there. Nevertheless all approximating low contacts used above are interior,
so the support inequality holds at a limiting white-face contact. The reversed white face would
itself be an exterior support of Dk with expansion

−H + PB = −cw > 0,

contradicting k′ + a0 < 0. Hence Dk misses every white face.
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Adjoin the full black total region and consider Dk ∪ Dcb
in the filled black barrier manifold. At

a frontier point belonging to ∂Dcb
, an exterior support of this union also supports the smooth

region Dcb
, so smooth tangency bounds its expansion by cb. At other frontier points the bound is

k′ + a0 > cb. The coarse end-height decay makes the additional sublevel compact. It lies strictly
inside the distant barrier sphere: otherwise a sphere at its greatest radius is an exterior support
with positive expansion, a contradiction. There are no remaining contacts with the boundary of
the filled barrier manifold. Lemma 25.5 therefore gives

(27.4) Dk ∪ Dcb
⊂ Dc′ whenever k′ + a0 < c′ < 0

in the chosen threshold range.
If A is disjoint from Dcb

, its distance from that closed region is positive. Right continuity first
permits c′ > cb close enough that A ∩ Dc′ = ∅. We then choose k, k′ as in (27.1), close enough to
b− that k′ + a0 < c′. It follows that A ∩Dk = ∅. If a uniform eventual lower bound h ≥ k on A
failed, a sequence of violating points in the compact set A would give a point of A ∩Dk in its
lower relaxed limit. This contradiction proves the first claim, with, for example, ξA = k − b−.

For the second claim apply the same proof to (−h,−K,−C). The low-height modification is
now −D0 and again has the required nonpositive sign. Extend across black faces by the high
constant −b−. At a limiting contact, the reversed black face has expansion −cb > 0 for −K, and
is excluded before using the white barrier manifold. Adjoining Wcw and applying Lemma 25.5
now places the sublevel in Wc′ . Right continuity at cw finishes the proof. This also covers an
empty chosen white region: the distance-cap formulation of right continuity makes the nearby
regions empty if necessary, and a nonempty enclosed sublevel is then impossible. □

27.2. Collar comparisons and boundary slopes. We shorten the disjoint collars to 0 ≤ s ≤ s0
so that the offset is exactly linear there. Their outer leaves are a positive distance from the
corresponding closed total region. Proposition 27.1 therefore provides a strict height gap on those
leaves in the first two stages. All these leaves and the compact sets needed below are fixed before
increasing n.

Lemma 27.2 (Collar slopes). For all sufficiently large n, there are constants 0 < c4 < C4,
independent of n,R and the homotopy parameter, such that in the first two stages

(27.5) c4
ηn

≤ εB∂νf ≤ C4
ηn
, εB =

{
1 on black faces,
−1 on white faces.

On these collars h ≥ b− on black faces and their exterior collars, and h ≤ b+ on white faces and
their exterior collars. In stage three,

(27.6) |∂νf | ≤ C4/ηn.

In stage four f = 0.

Proof. Write N = grad s/| ds| and let Ps, Hs be the tangential trace of K and the mean curvature
of the collar leaf, with normal N . For a test height h∗ = b∗ + ψ(s) of positive slope, comparison
with a solution uses the test gradient and the solution’s value of Z. With the resulting implicit t,
direct contraction gives

(27.7) trAχ(K +Hf∗) = Ps + aHs + χK(N,N) + aχ

(Hess s(N,N)
| ds| + | ds|ψ

′′

ψ′

)
.

Indeed f∗ = h∗/ηn and Hess f∗ = (ψ′ Hess s+ ψ′′ ds2)/ηn. The factor lψ′/(ηn
√
D) equals a/| ds|,

and trN⊥ Hess s = | ds|Hs. For a test b∗ − ψ(s) with ψ′ > 0, all terms with prefactor a in (27.7)
change sign.
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If the slope is between two fixed positive constants, the floor and the fixed collar geometry
imply

(27.8) d ≤ C(ηn/ℓ)2 = Ce−ϵn, 1 − a = d

1 + a
≤ d, nχ = 3n

3 + pv
d ≥ d,

and a ≥ 1/2 for large n. Choose a smooth nonnegative cutoff ϑ2, equal to one on [0, 1] and zero
on [2,∞), and set

bn(s) = A2nϑ2(ns),
∫ s0

0
bn(s) ds ≤ 2A2.

Thus slopes whose logarithmic derivative is ±bn remain within a fixed multiplicative factor e2A2

of their initial slopes.
On a black collar a lower barrier is b− + ψ−(s), with ψ−(0) = 0 and ψ′′

−/ψ
′
− = bn. First

choose A2 large, depending only on bounded collar geometry. Then choose the slope multiplier
sufficiently small that ψ′

− ≤ κB/2 throughout the collar and that its value at s0 is below the
solution by the strict outer-leaf gap. The direction of its gradient is compatible with the face, so
D0 = 0 at a contact. Since Ps +Hs ≥ cb and C = a0 − κBs, the left side of the trace equation
minus its prescribed right side at this test height is at least

(27.9) κBs

2 − Cd+ aχ| ds|bn.

The constant multiplying d depends on collar geometry, not on the size of the chosen slope
multiplier. On s ≤ 1/n, the last term dominates Cd by (27.8) and the choice of A2. On s ≥ 1/n,
the first term dominates the exponentially small Cd for sufficiently large n. The residual is
therefore strictly positive.

For an upper barrier use b− +ψ+(s) with ψ′′
+/ψ

′
+ = −bn. Choose its minimum slope sufficiently

large to dominate the coarse height at s0 and all fixed linear spatial variations. Smoothness and
P0 +H0 = cb give |Ps +Hs − cb| ≤ Cs. The residual is consequently bounded above by

(27.10) −cs+ Cd− aχ| ds|bn
for a fixed c > 0. It is strictly negative by the same two ranges of s. In particular, the favorable
linear term in these comparisons comes from the height and the offset; we have not assumed a
positive derivative of the leaf expansion at s = 0.

At any hypothetical crossing extremum, the test and the solution have the same gradient and
the same Z, hence the same t and positive trace matrix. The prescribed right side is increasing
in h with derivative at least one. The strict residual signs, Hessian comparison, and the endpoint
inequalities exclude such a crossing. Differentiating the resulting barriers at s = 0, and using
upper and lower positive bounds for | ds|, proves (27.5) on black faces. Sign reversal of h,K,C
proves the white assertion. The compatible-direction modification again vanishes there.

In stage three let b∗ = (1 − ζ)b be the assigned face height. Use b∗ + ψ(s) and b∗ − ψ(s), with
ψ′ > 0, ψ′′/ψ′ = −bn, and with a large fixed minimum slope. For the limiting coefficients a = 1,
χ = 0 at s = 0 and height b∗, the directional inequalities in the homotopy construction are

Fpresc(ν) ≥ PB +H, Fpresc(−ν) ≤ PB −H.

Their residuals have precisely the signs needed for the upper and lower tests, respectively. At
positive s and finite d, smooth spatial variation and 1 − a ≤ d, χ ≤ d cost at most C(s + d).
Increasing or decreasing the height by ψ(s) improves the respective residual by at least ψ(s).
Choose the minimum slope to dominate the Cs error and the coarse height at the outer collar
leaf. The logarithmic curvature contribution in (27.7) has the favorable sign for both tests and
dominates Cd on s ≤ 1/n; on s ≥ 1/n the linear height term dominates it. The same comparison
proves (27.6). All constants are uniform in ζ ∈ [0, 1] by smoothness of the prescribed convex
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combination. The assertion for stage four is the scalar maximum-principle conclusion already
proved in the homotopy construction. □

Combining the own-color collar comparison with Proposition 27.1 on the compact complement
of smaller own-color collars yields

(27.11) b− ≤ h ≤ b+ on Ω ∩ suppK in the first two stages, for all sufficiently large n.

The finitely many compact sets used here are fixed first. Thus (27.11) has exactly the range
required in (25.16); it was not used to establish the floor.

27.3. Polynomial weighted traces and flux. The slope sign supplies a trace inequality with a
small coefficient in the boundary flux. Its proof uses weighted divergences, so it does not require
an upper bound for Z or | df |. All measures in the next lemma are background g measures.

Lemma 27.3 (Weighted trace inequalities). Let C be the union of fixed collars, slightly enlarged
if necessary. In stages one and two, for every nonnegative smooth φ and every sufficiently large n,∫

B
L0φ dAg ≤ Πn

∫
C
u
(
(1 +

√
T )φ+ | dφ|Aχ

)
dVg,(27.12) ∫

B
φ dAg ≤ Πn

∫
C

√
D
(
(1 +

√
T )φ+ | dφ|Aχ

)
dVg.(27.13)

On B, the corresponding homotopy flux satisfies

(27.14) |(Vλ)ν | ≤ Cud ≤ C
ηn
ℓ
L0.

The constants C and the coefficients of Πn are independent of n,R and the solution.

Proof. Set W =
√
dw. For every covector ξ,

(27.15) |ξ(W )| ≤ |ξ|Ad
≤
√

(n+ 3)/3 |ξ|Aχ , uW = L0w,
√
DW = w.

The first assertion follows along the axis from |ξ(W )|2 = dvξ(e)2 ≤ dξ(e)2 and is immediate
transversely.

For completeness, write Qf = trAd
Hf . Differentiating w and D gives

∇iwj = Hf
ij −Hf (w, ∂i)wj + pd tiwj ,

divw = Qf + pdw(t), Qf = F + (d− χ)j − trAd
K.

The two weighted divergences are exactly

D−1/2 div(
√
DW ) =

√
d
(
Qf + pdw(t)

)
,(27.16)

u−1 div(uW ) =
√
d
(
Qf + (p+ 2 + pd)w(t)

)
.(27.17)

Indeed the second formula follows from uW = L0w and d logL0 = (p+ 2) dt. Since
√
d |w(t)| ≤

| dt|Ad
and 0 ≤ d− χ ≤ d, coercivity (26.14) bounds both right sides by Πn(1 +

√
T ) on the fixed

collars. No factor l−1 or η−1
n occurs.

On a face εBwν = a ≥ 1/2 by (27.5). Integrate the divergence of εBζuWφ separately on each
collar, where ζ = 1 at B and ζ = 0 near its outer leaf. The outward normal of ΩR at B is −ν,
so the boundary term is −

∫
B L0aφ. Taking absolute values of the remaining terms and using

(27.15)–(27.17) proves (27.12). Replacing u by
√
D proves (27.13). The derivatives of ζ cost only

a fixed constant.
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On the boundary the compatible slope makes D0 = 0, and the prescribed heights and offsets
give exactly F − PB = εBH. Moreover wν = εBa and (AχK(w, ·))ν = εBaχK(ν, ν). Writing
qλ = 1 − (1 − λ)j0(t) ∈ [0, 1], the flux formula (26.21) is therefore

(Vλ)ν
u

= qλ

[
− d

1 + a
H −NBd− (1 − λ)εBaχK(ν, ν)

]
.

This is bounded in absolute value by Cd since χ ≤ d. Finally ud = L0
√
d and

√
d ≤ Cηn/ℓ at B

by (27.5). This proves (27.14). □

27.4. A high-level integral and graph Sobolev inequality. From this point, constants used
to obtain a bounded range may depend arbitrarily on fixed n. The only large-n absorption needed
first uses the polynomial constants just proved:

(27.18) Πn
ηn
ℓ

= Πne
−ϵn/2 −→ 0.

There exists Z0(n) > 0, independent of the solution and R, such that

(27.19) Ξ ≥ δ0T + ρ+ 1
2δ0ηnaσ on {Z > Z0(n)}, Ξ ≥ δ0T − C(n) everywhere.

To see the first assertion, only the support of m0 matters. There −ϵ ≤ t ≤ −ϵ+ 1/n, whereas

D = e6(Z−t), ηnaσ = ηn
l

(√
D − 1√

D

)
.

At fixed n this last expression tends uniformly to infinity with Z, and dominates the bounded
penalty P. The global lower bound follows from the bounded weights defining P.

Lemma 27.4 (High-level integral). In stage one, choose a smooth nondecreasing k0 which is
zero on (−∞, Z0] and one on [Z0 + 1,∞). For all sufficiently large fixed n,

(27.20)
∫

ΩR

uk0(Z)
(
T + ρ+ ηnaσ

)
dVg ≤ C(n).

Proof. The test k0(Z) vanishes on SR. Integration by parts gives∫
uk0Ξ + 3

∫
uk′

0| dZ|2Aχ
= −

∫
B
k0(Vλ)ν − λ

∫
uk′

0⟨K(w, ·), dZ⟩Aχ .

The last integral is absorbed into part of the gradient term plus C(n). Indeed it is supported in a
fixed compact set and in the strip Z0 ≤ Z ≤ Z0 + 1, where

(27.21) u = le3Z−t ≤ e1+3(Z0+1)+ϵ.

Thus the residual strip integral has bounded background volume and a bounded weight, without
any preliminary gradient estimate.

By Lemma 27.3, the absolute boundary contribution is at most

Πn
ηn
ℓ

∫
C
u
(
(1 +

√
T )k0 + k′

0| dZ|Aχ

)
.

The fixed collars have minC ρ > 0. Consequently 1 +
√

T ≤ C(ρ+ δ0T ) there. Choose n large
using (27.18) to absorb the nondifferentiated term into the positive source in (27.19). Young’s
inequality absorbs the differentiated term into another part of

∫
uk′

0| dZ|2Aχ
, with a bounded

remainder by (27.21). This proves (27.20). □
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Let Γf be the ordinary product graph of f in (ΩR × R, g + dz2). Put Ef = 1 + σ2 and
Gf = Id −(σ2/Ef )e⊗ e, the inverse graph metric on base covectors. The following comparisons
hold without a bound for σ:

(27.22)
e−1√

D dVg ≤ dVΓf
=
√
Ef dVg ≤ ℓ−1√

D dVg,

ℓ2Aχ ≤ Gf ≤ e2(n+ 3)
3 Aχ.

They follow from ℓ ≤ l ≤ e, hence ℓ2 ≤ D/Ef ≤ e2, and 3d/(n+ 3) ≤ χ ≤ d. Thus graph measure
and gradient norms are comparable to

√
D dVg and the Aχ norm, with constants depending only

on fixed n.
On every fixed compact base set Q, (27.20) implies

(27.23)
∫

Γf |Q
e2Z dVΓf

≤ C(n,Q).

In fact, for x =
√
D ≥ 1, the elementary estimate x2/3 ≤ C(n)(1 + (ηn/l)(x− x−1)) gives

D1/3 ≤ C(n)(1 + ηnaσ), e2Z√
D = u

l
D1/3.

On {Z ≥ Z0 + 1} use (27.20) and the positive minimum of ρ on Q. On its complement the floor
bounds D and e2Z , and the fixed base volume suffices.

Lemma 27.5 (Sobolev inequality on the graph). Fix a compact base patch and a slightly larger
compact neighborhood. For every smooth φ supported over the patch, allowed to meet B, a
stage-one solution satisfies

(27.24)
(∫

Γf

|φ|4 dVΓf

)1/2

≤ C(n)
∫

Γf

(
|∇Γf

φ|2 + (1 + T )φ2
)

dVΓf
.

The constant depends on the fixed neighborhoods, and is independent of the graph and the outer
radius.

Proof. Extend the compact base neighborhood smoothly to a compact Riemannian manifold and
fix a smooth Euclidean isometric embedding by Nash’s theorem [41]. Its product with a line
embeds the product graph isometrically. The scalar mean curvature of the product graph is, up
to its normal sign,

HΓf
=

√
D

l
√
Ef

[
trT − tre⊥ K + E−1

f (j −K(e, e))
]
.

The prefactor is at most ℓ−1 and E−1
f ≤ e2d. Coercivity therefore bounds its magnitude by

C(n)(1 +
√

T ). The additional mean-curvature vector of the fixed embedding has magnitude at
most four times the bound for its second fundamental form. Thus the Euclidean mean-curvature
vector has the same bound, independently of the graph slope.

The four-dimensional Michael–Simon L1 Sobolev inequality [40, 47], applied to |φ|3, gives(∫
Γf

|φ|4
)3/4

≤ C(n)
∫

Γf

(
|φ|2|∇Γf

φ| + (1 +
√

T )|φ|3
)

+ C

∫
∂Γf

|φ|3.

We have retained the boundary term. Its form follows, for each individual smooth graph, by
applying the boundaryless inequality to cutoffs tending to one up to the face: the integral of their
normal derivatives tends to the face integral. Artificial patch edges do not contribute because φ
vanishes there. Along B, f is constant on each face, so the graph face measure is exactly dAg.
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Apply (27.13) to |φ|3 and use (27.22). This bounds the face contribution by the same two interior
expressions. If I =

∫
Γf

|φ|4, Cauchy–Schwarz now gives

I3/4 ≤ C(n)I1/2
(∫

Γf

(|∇Γf
φ|2 + (1 + T )φ2)

)1/2

.

For I > 0 divide by I1/2 and square. The case I = 0 is immediate, proving (27.24). □

27.5. Iteration and a bounded range for all stages.

Proposition 27.6 (Global bounded range). For every sufficiently large fixed n there is a finite
C(n) such that every above-floor smooth solution in any of the four homotopy stages satisfies
(27.25) −ϵ ≤ t ≤ Z ≤ C(n), |f | + | grad f | ≤ C(n) on ΩR.

The constant is uniform in the allowed radii and homotopy parameters.

Proof. We first treat stage one, where the compactly supported drift can prevent a direct maximum
argument. Let ψ be a smooth base cutoff supported in a fixed compact patch, permitted to meet
B. For k ≥ k∗(n) ≥ 1, test the divergence equation with ψ2e2kZ/L0. We claim

(27.26)
∫

Γf

e2kZψ2(T + k|∇Γf
Z|2) ≤ C(n)k

∫
Γf

e2kZ(ψ2 + | dψ|2g),

where C(n) is independent of k.
Here are the error estimates establishing the claim. Let dµD =

√
D dVg, and write κ = K(w, ·)

in this computation. Since d logL0 = (p+ 2) dt, the exact tested identity is∫
e2kZψ2(Ξ + 6k| dZ|2Aχ

) dµD

= −
∫
B

ψ2e2kZ

L0
(Vλ)ν dAg − 2kλ

∫
e2kZψ2⟨κ, dZ⟩Aχ dµD

− 2
∫
e2kZψ⟨3 dZ + λκ, dψ⟩Aχ dµD +

∫
e2kZψ2(p+ 2)⟨3 dZ + λκ, dt⟩Aχ dµD.

The global lower bound in (27.19) supplies δ0T and costs only C(n)ψ2 on the right. Coercivity
bounds the final integrand, by Young’s inequality, by

1
8δ0ψ

2T + C(n)ψ2| dZ|2Aχ
+ C(n)ψ2.

Choose k∗(n) sufficiently large to absorb this fixed multiple of the gradient square. The drift term
carrying 2k is bounded by kψ2| dZ|2Aχ

+C(n)kψ2. The cutoff terms cost another fixed fraction of
the k-weighted gradient square plus C(n)k(ψ2 + | dψ|2g).

For the boundary term, (27.14) gives |(Vλ)ν |/L0 ≤ C
√
d ≤ C. Apply (27.13) to ψ2e2kZ . The

resulting integrand, apart from its common factor e2kZ , is bounded by

C(n)
[
(1 +

√
T )ψ2 + 2|ψ|| dψ|Aχ + 2kψ2| dZ|Aχ

]
.

For any fixed coefficient b = C(n) the estimates

b
√

T ≤ 1
8δ0T + 2b2/δ0, 2bk| dZ|Aχ ≤ k| dZ|2Aχ

+ b2k

show that the boundary cost is absorbed with the claimed remainder linear in k. Leaving fixed
positive fractions of the coercive terms and using (27.22) proves (27.26).

Set U = eZ . Applying (27.24) to ψUk and using (27.26) yields

(27.27)
(∫

Γf

ψ4U4k
)1/2

≤ C(n)k2
∫

Γf

U2k(ψ2 + | dψ|2g).
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Choose nested base patches Qr ⋐ Qs in a fixed coordinate neighborhood, or corresponding half
patches at B, with 0 < s− r ≤ 1. Cutoffs have | dψ| ≤ C/(s− r). Iterate (27.27) with kj = 2jk∗
and geometric gaps. The factor at the jth step is at most[

C(n)k2
j (1 + gap−2

j )
]1/(2kj)

.

Its product is finite, since
∑
j(j + 1)/kj < ∞. Tracking the total gap exponent gives

(27.28) sup
Qr

U ≤ C(n)(s− r)−2/k∗

(∫
Γf |Qs

U2k∗ dVΓf

)1/(2k∗)

.

All comparisons here use the same graph measure of the individual solution; its constants are
uniform by the preceding lemmas.

The starting exponent 2k∗ can exceed the exponent in (27.23). A second, elementary nested-
patch argument closes this point. Write M(s) = supQs

U . Interpolation gives(∫
Γf |Qs

U2k∗

)1/(2k∗)

≤ M(s)1−1/k∗

(∫
Γf |Qs

U2
)1/(2k∗)

.

The last integral is uniformly bounded by (27.23). If k∗ = 1 this already suffices. Otherwise
Young’s inequality applied to (27.28) gives, for any q ∈ (0, 1),

(27.29) M(r) ≤ qM(s) + C(n, q)(s− r)−2.

Choose increasing radii rj tending to a fixed larger radius, with rj+1 − rj proportional to 2−j , and
take q < 1/4. Iteration sums a geometric series with ratio 4q < 1. The remaining qjM(rj) tends
to zero: for each individual smooth solution all these patches lie in one compact neighborhood
with finite supremum. Thus M(r0) ≤ C(n) uniformly. A finite cover gives a uniform Z bound on
a compact set containing B and the support of K.

Outside this set K = 0. At an interior maximum with Z > Z0(n), dZ = 0 and

div(3uAχ gradZ) = 3u trAχ HessZ ≤ 0,

whereas uΞ > 0 by (27.19). The outer value is Z = 0, so this maximum argument extends the
compact bound through the end. This proves the stage-one Z estimate.

In stages two and three λ = 0, so the same maximum argument works everywhere in the
interior. On B the already established face-gradient bounds show that Z can be high only if
t ≥ 1: if t < 1, then

Z = t+ 1
6 log(1 + l2| df |2) ≤ 1 + 1

6 log(1 + e2C2
4η

−2
n ).

For t ≥ 1 the boundary switch satisfies j0 = 1 and the prescribed conormal flux in (26.21) is zero.
A high boundary maximum would contradict the boundary point principle applied locally on the
high-level set to div(3uAχ gradZ) = uΞ > 0. For this application the individual smooth solution
gives a smooth positive elliptic matrix; no uniform ellipticity constant is being assumed before
the bound. Equivalently, the outward derivative at a nonconstant boundary maximum is strictly
positive, whereas the zero conormal flux forces it to vanish. This bounds Z in these two stages.

In stage four f = 0, hence t = Z. At a positive scale multiplying the source and boundary
data, the same high-level interior and boundary arguments apply. At zero scale the homogeneous
mixed problem gives Z = 0. The resulting bound is uniform in the scale.

Finally Z − t = 1
6 logD ≥ 0, so the floor and the upper bound give D ≤ e6(C(n)+ϵ). Since

l ≥ ℓ > 0, | df | ≤ ℓ−1√
D − 1 ≤ C(n). The coarse bound for h = ηnf gives |f | ≤ C(n). This

proves all of (27.25). □
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The bounded range now permits fixed-n regularity and exhaustion. The final mass estimate
will use only the earlier polynomial bounds in Lemma 27.3 and (27.14); the graph Sobolev and
Moser constants are not needed in that limit.

28. Axial regularity and the coupled estimates

The second equation has quadratic growth in both gradZ and Hess f . A bound for its ellipticity
constants therefore does not close the regularity argument. We first prove an independent scalar
estimate which gives a positive Morrey exponent for | Hess f |2. That exponent permits a measure
correction in the second equation. All constants in this section may depend arbitrarily on a fixed
n; none of them is subsequently used as a polynomial bound Πn. In coordinate calculations Dx,
or D when there is no ambiguity, denotes ordinary differentiation, whereas D = 1 + l2| grad f |2 in
the system retains its earlier meaning.

28.1. An independent scalar estimate.

Theorem 28.1 (Measurable axial coefficient). Let U be a four-dimensional coordinate ball B2,
or a half-ball B+

2 = B2 ∩ {x4 > 0}. Assume that the metric is smooth, C−1
g Id ≤ (gij) ≤ Cg Id,

and that its coordinate C2 norm is at most Cg. Assume also uniformly bounded C3 norms for the
charts and inverse charts. On a half-ball use boundary normal coordinates, so g44 = 1 and ga4 = 0
for a < 4. Let z be C3, up to the flat face when present, and constant on that face. Suppose,
almost everywhere, that

(28.1)
Az : Hessg z = G, Az = Id −(1 − χ̃)ez ⊗ ez,

ez = grad z
| grad z| , 0 < χ0 ≤ χ̃ ≤ 1.

Here χ̃ and G are measurable. At grad z = 0, any measurable unit axis making the equation true
is allowed. If | grad z| ≤ M1 and |G| ≤ N1, then there are α ∈ (0, 1), r0 > 0 and C < ∞ such that

(28.2) ∥ grad z∥Cα(U1) ≤ C(M1 +N1),
∫
Br(x)∩U

| Hessg z|2 dVg ≤ C(M1 +N1)2r2+2α

for x ∈ U1 and 0 < r ≤ r0, where U1 = B1 or B+
1 . The constants depend only on χ0, the stated

geometry bounds and the separation from the curved patch edges. The Cα norm may equivalently
be taken for the coordinate gradient components. In particular, no modulus of continuity of G or
χ̃, and no bound for a derivative of either, is assumed.

Proof. We prove the assertion on uniformly small full balls, using a reflection at the flat face.
Rescaling back and a finite local cover give the stated form. The argument first establishes a
local Hessian estimate and a dichotomy: on a smaller ball, either the gradient bound decreases or
the solution is close to a nonconstant affine function. A fixed-axis estimate then improves the
affine approximation. Iterating these alternatives gives Hölder gradient control, from which the
local Hessian estimate yields the Morrey bound.
Doubling and a quantitative Hessian estimate. Subtract the constant boundary value. With
R4 = diag(1, 1, 1,−1), extend the tangential metric block evenly and set z̃(x) = −z(R4x) below
the plane. Tangential derivatives of z vanish on the face and the two normal derivatives agree.
Thus z̃ is C1; its distributional coordinate Hessian has no surface measure. The doubled metric
is Lipschitz and has the prescribed smooth bounds on each closed side. On the reflected side
the gradient and covariant Hessian are −R4 grad z and −R4(Hessg z)R4, respectively. Extend
χ̃ evenly and G oddly. Equation (28.1) then holds almost everywhere on the double. Each
individual doubled function is locally W 2,p for every finite p, although these norms are not yet
uniformly bounded.
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Make a constant linear coordinate change so that the metric at the center of a ball is the
identity. A plane in the double remains a plane under this change. If the ball is sufficiently small,
the coordinate principal matrix a = (aij) in (28.1) satisfies

(28.3) | Id −a(x)|F ≤ 1 − χ0/2 =: κ < 1.

The reason for the strict gap is the exact identity | Id −Az|F = 1 − χ̃ in an orthonormal frame;
the small metric oscillation consumes at most half the gap.

Let T = D2∆−1 on R4, with its values measured in the Frobenius norm. Its L2 operator norm
is exactly one, since its Fourier multiplier satisfies∑

i,j

∣∣∣∣ξiξj|ξ|2

∣∣∣∣2 = 1.

The Calderón–Zygmund bound gives a finite L4 operator norm C4. Interpolation between 2
and 4 therefore gives ∥T∥p ≤ C

ϑ(p)
4 , where 1/p = (1 − ϑ(p))/2 + ϑ(p)/4 and ϑ(p) ↓ 0 as p ↓ 2.

Choose once and for all 2 < p0 < 4 such that Cϑ(p0)
4 κ < 1. For a compactly supported y, write

∆y = a : D2y + (Id −a) : D2y and absorb to obtain

∥D2y∥p ≤ ∥T∥p
1 − κ∥T∥p

∥a : D2y∥p, p = 2, p0.

This proves the needed Cordes estimate without differentiating a.
For later use its local, scaled form is

(28.4) ∥D2y∥Lp(Br/2) ≤ C
(
∥a : D2y∥Lp(Br) + r−2∥y∥Lp(Br)

)
, p = 2, p0.

Here is the localization. A cutoff across a gap h gives the additional terms Ch−1∥Dy∥p+Ch−2∥y∥p.
On a slightly larger ball, derivative interpolation bounds the first by ε∥D2y∥p + Cεh

−2∥y∥p. Use
concentric gaps decreasing geometrically and choose ε so that the resulting geometric series
absorbs the larger-ball Hessian norms. For each individual function these norms are finite, so the
terminal term tends to zero. This proves (28.4); the same argument absorbs bounded first order
coefficients. In particular the Christoffel terms in the covariant equation cause no difficulty. The
analytic inputs here are the scalar Calderón–Zygmund and interpolation estimates [28].
A divergence inequality for the gradient deficit. Divide by M1 +N1 unless this number is zero, in
which case the claim is immediate. Subtract a constant and rescale space by r and height by r.
The new gradient has norm at most one and the new forcing has norm at most r. Metric first
derivatives and the second fundamental form of a reflecting plane are O(r); curvature on the
smooth sides is O(r2). After normalizing the metric at the center, all of these errors can be made
uniformly small. In this paragraph write P = grad z, Hz = Hessg z, and s = 1 − |P |2g ≥ 0.

There is an exact cancellation of the measurable axial coefficient:

Az grad(|P |2g/2) −GP = (Hz − ∆gz g)P =: Q,(28.5)
divQ = |Hz|2g − (∆gz)2 + Ricg(P, P ).(28.6)

Indeed grad(|P |2g/2) = HzP and ∆gz = G+ (1 − χ̃)Hz(ez, ez). The axial parts in the first formula
cancel. In the second formula, divHz = grad ∆gz + Ricg(P, ·) cancels the third derivatives. Both
identities hold also at P = 0, because the first has both sides zero there. At no point is a derivative
of G or χ̃ taken. Choose ε0 > 0 with (1 + ε0)(1 − χ0)2 < 1 when χ0 < 1. Young’s inequality, or
directly ∆gz = G if χ0 = 1, gives

(28.7) |Hz|2g − (∆gz)2 ≥ c|Hz|2g − C|G|2, c = c(χ0) > 0.
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We compute the only surface error in this identity. In boundary normal coordinates on the
original side, P = z4∂4 at the plane and, for a, b < 4,

(Hz)ab = −Γ4
abz4 = 1

2(∂4gab)z4.

Writing HB = 1
2g
ab∂4gab for the mean curvature toward increasing x4, this gives

Q4 = (z44 − ∆gz)z4 = −HBz
2
4 .

Thus the jump of the volume-weighted normal flux on the double is bounded by C| IIB ||P |2. In
particular it contains no uncontrolled second derivative of z. A bounded plane density j(x′) is
the distributional divergence of j(x′)1{x4>0}∂4; only a normal derivative is taken in this assertion.
After a linear coordinate change use the corresponding constant normal direction. Subtracting
this bounded step field handles the signed jump, without imposing any tangential regularity on j.

More explicitly, put Jg =
√

det g and let

aij1 = Jg
(
gij − (1 − χ̃)eizejz

)
be the coordinate divergence matrix. Let j = [JgQ4] be the upper trace minus the lower trace.
Reflection gives Q− = R4Q

+, so j = −2JgHBz
2
4 . Then

div(JgQ) = Jg
(
|Hz|2 − (∆gz)2 + Ricg(P, P )

)
+ j dH3|{x4=0}.

Since a1Ds + 2JgGP = −2JgQ, the error field 2JgGP + 2j(x′)1{x4>0}∂4 cancels the plane
contribution exactly.

Consequently (28.5)–(28.7), with volume factors included, imply on a full normalized ball

(28.8) div(a1Ds+ E1) ≤ −c1|Hz|2 + e1, ∥E1∥∞ + ∥e1∥∞ −→ 0

as the normalized source and geometry errors tend to zero. The matrix a1 is bounded, symmetric
and uniformly elliptic, with constants depending only on χ0 and the fixed comparison bounds. For
example, away from the plane one may take the volume-weighted matrix of Az, E1 = 2

√
det g GP ,

and e1 ≤ C(|G|2 + | Ricg |); the step field just described supplies the remaining term in E1.
The gradient drop or affine alternative. Fix r∗ = 1/32. We claim that, for every b0 > 0, there are
r∗ < k∗ < 1 and δalt > 0, depending only on the fixed parameters and b0, such that a normalized
solution on B1, with gradient at most one and errors at most δalt, satisfies one of

(28.9) sup
Br∗

| grad z|g ≤ k∗; ∥z − L∥L∞(Br∗ ) ≤ r∗b0,
1
2 ≤ |DL| ≤ 2,

where L is a coordinate affine function.
To prove the claim, consider a sequence with errors tending to zero and infBr∗ s → 0. Weak

Harnack for nonnegative scalar divergence supersolutions, applied to (28.8) with its bounded
vector and scalar errors, yields for some q > 0(

|B1/2|−1
∫
B1/2

sq
)1/q

≤ C

(
inf
Br∗

s+ ∥E1∥∞ + ∥e1∥∞

)
−→ 0.

One obtains these fixed radii from the usual concentric weak Harnack inequality by a finite chain
of overlapping balls. Thus s → 0 in measure. The scalar weak Harnack and energy estimates
used here are valid for bounded measurable divergence matrices [28].

There is also Ds → 0 in L1 on smaller balls. Indeed, for a fixed cutoff ζ and b > 0, test the
weak inequality by ζ2(b− s)+. Discarding its favorable Hessian term and using Young’s inequality
gives ∫

{s<b}
ζ2|Ds|2 ≤ Cb2

∫
|Dζ|2 + C∥E1∥2

∞ + Cb
(
∥E1∥∞ + ∥e1∥∞

)
.
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The full local L2 norm of Ds is bounded by (28.4), the gradient bound and the geometry bounds.
On {s ≥ b}, Cauchy–Schwarz and convergence in measure give a vanishing L1 norm. On {s < b}
the displayed estimate bounds the limiting L1 norm by Cb. Letting b ↓ 0 proves the claim. Testing
(28.8) with a fixed nonnegative cutoff equal to one on B1/4 now gives∫

B1/4

|Hz|2 −→ 0.

The coordinate Hessian also tends to zero in L2, because the connection coefficients tend to zero
and Dz is bounded. After subtracting z(0), the functions are equi-Lipschitz. Poincaré gives
convergence of their gradients in L2 to constants, and compactness gives uniform convergence
to an affine function on smaller balls. Since s → 0 in measure and the metrics converge to the
identity, its slope has length one. If (28.9) failed for every k∗ ↑ 1 and every tolerance tending to
zero, this conclusion would contradict failure of its affine alternative. This proves the claim.
All derivatives for a fixed exceptional axis. For a constant Euclidean unit vector e0, let

(28.10) A0Y := ∆e⊥
0
Y + χ̃(x)∂e0e0Y.

If Y0 ∈ W 2,2(B3/4) and A0Y0 = 0 almost everywhere, we claim that, for some α1 ∈ (0, 1),

(28.11) ∥DY0∥Cα1 (B1/4) ≤ C∥Y0∥W 2,2(B3/4).

Set v1 = ∂e0Y0 ∈ W 1,2. Differentiating the equation in distributions, with no differentiation of its
coefficient as a separate function, gives

∆e⊥
0
v1 + ∂e0(χ̃∂e0v1) = 0.

This is a scalar uniformly elliptic divergence equation. Its local boundedness and Hölder estimate
bound v1 in Cα1 . Caccioppoli, subtracting the value at the center of a ball of radius h, then gives

(28.12)
∫
Bh(x)

|Dv1|2 ≤ Ch2+2α1∥Y0∥2
W 2,2(B3/4)

at all centers in a fixed smaller ball. The power follows from h−2 for the cutoff, h2α1 for the
squared oscillation, and volume h4.

Normalize the norm on the right to one. Since ∆Y0 = (1 − χ̃)∂e0v1, it follows that

(28.13)
∫
Bh(x)

|∆Y0| ≤ Ch3+α1 .

Let N be the Newtonian potential of ζ∆Y0, where ζ is supported inside B1/2 and equals one on
a slightly smaller ball. The remainder Y0 −N is harmonic there, with bounded local L2 norm;
the potential has such a bound by local integrability of |x|−2 and the L2 bound for ∆Y0. For the
gradient of N , the kernel and its derivative are bounded by C|x|−3 and C|x|−4. If two points are
separated by h, the annuli of radii s ≤ 4h give, by (28.13), C

∑
sα1 ≤ Chα1 . On annuli s > 4h

the kernel difference instead gives Ch
∑
sα1−1 ≤ Chα1 . The sums run over dyadic scales; both

converge because 0 < α1 < 1. The harmonic remainder has bounded smooth derivatives on the
final smaller ball. Thus every component of DY0, and not only ∂e0Y0, satisfies (28.11).
Improvement of a nonzero affine approximation. Suppose on B1 that

(28.14) ∥z − L∥∞ ≤ b, 0 < b ≤ b0,
1
4 ≤ |DL| ≤ 4, | grad z|g ≤ 8,

and the source, metric oscillation from the identity and metric first derivatives are at most bδaff .
Put Y = (z − L)/b. Its coordinate equation has uniformly bounded right hand side on B1: the
covariant Hessian of L is a Christoffel symbol times its bounded slope, and division by b leaves a
bound Cδaff . Consequently (28.4) gives a uniform W 2,p0(B7/8) bound for Y .
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Let e0 = DL/|DL| and let a0 = Id −(1 − χ̃)e0 ⊗ e0. Since Dz = DL + bDY , the set
Eb = {|bDY | >

√
b} ∩B3/4 has measure at most Cbp0/2. On its complement the actual gradient

is bounded away from zero and the coordinate principal matrix differs from a0 by at most
C(

√
b + bδaff). On Eb this difference is bounded. Hölder’s inequality, with 1/2 = 1/p0 + 1/q,

shows explicitly that

(28.15) ∥a0 : D2Y ∥L2(B3/4) ≤ C
(
δaff +

√
b0 + b

(p0−2)/4
0

)
=: ε1.

Zeros of Dz can occur only in the exceptional set when b0 is small. The arbitrary permitted
choice of their axis is therefore covered by the same estimate.

Remove this residual by solving a0 : D2y1 = a0 : D2Y on B3/4 with zero Dirichlet data. To
justify this solve for measurable χ̃, recall the integration-by-parts identity on a Euclidean ball for
zero-trace y: ∫ (

(∆y)2 − |D2y|2
)

=
∫
∂B
H∂B(∂νy)2 ≥ 0.

It extends by density to W 2,2 ∩W 1,2
0 . Hence the Dirichlet inverse of ∆ has Hessian norm at most

one. On this space the map

y 7−→ ∆−1
D

(
a0 : D2Y + (Id −a0) : D2y

)
is a contraction in the Hessian L2 norm with factor at most 1 − χ0. Poincaré and the Dirichlet
Laplace estimate identify this as a complete norm and give

(28.16) ∥y1∥W 2,2(B3/4) ≤ Cε1.

The function Y0 = Y − y1 has uniformly bounded W 2,2 norm and satisfies the homogeneous
fixed-axis equation. Therefore (28.11) applies to it.

The passage to a small supremum norm must use a separate estimate in dimension four. Choose
any 0 < η < min{1, 2 − 4/p0}. The W 2,p0 bound gives a uniform C0,η modulus for Y on smaller
balls. The fixed-axis estimate and the local L2 norm give a uniform Lipschitz bound for Y0. Thus
y1 has a common C0,η modulus on B1/4. If m = ∥y1∥L∞(B1/8), a ball of radius cm1/η around
a point with absolute value at least m/2 has absolute value at least m/4, provided m is small.
Hence

∥y1∥2
2 ≥ cm2+4/η, m ≤ Cε

η/(η+2)
1 .

If m is not small, the same reasoning on a fixed smaller ball first excludes that case when ε1 tends
to zero. This argument uses no embedding of W 2,2(R4) into C0.

Choose 0 < α2 < α1, then 0 < λ0 < 1/8 so that the Taylor remainder constant in (28.11)
satisfies Cλ1+α1

0 ≤ 1
2λ

1+α2
0 . Next choose δaff , b0 > 0 so that the correction supremum above is at

most 1
2λ

1+α2
0 . Taylor approximation of Y0 at the center gives an affine L1 such that

(28.17) ∥z − L1∥L∞(Bλ0 ) ≤ bλ1+α2
0 , |DL1 −DL| ≤ Cb.

Reduce b0 further so that

(28.18) Cb0/(1 − λα2
0 ) < 1/4.

These estimates concern the almost everywhere coordinate equation on full balls and therefore
apply equally to doubled patches.
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The complete scaling iteration. The choices are ordered as follows: first p0, α1 and their constants;
then α2, λ0, δaff , b0; then k∗, δalt from (28.9) for that b0. Finally shrink the initial spatial scale so
that its normalized source and geometry errors are bounded by δ, where

(28.19) δ ≤ cmin{δalt, b0δaff/r∗}.

Here the fixed c > 0 incorporates all comparison constants in the geometry rescalings. This scale
depends only on the theorem’s parameters, since division by M1 +N1 makes the initial source at
most one. Write the resulting function as u and center all following balls at zero.

After m successive gradient drops the actual rescaled solution is

um(x) = u(rm∗ x) − u(0)
rm∗ k

m
∗

, | gradum|gm ≤ 1, ∥Gm∥∞ ≤ δ(r∗/k∗)m.

The metric remains the identity at the center; its oscillation and first derivative errors are
at most Cδrm∗ , with its curvature error shrinking at least as fast. A reflecting plane has the
correspondingly scaled second fundamental form. Since r∗ < k∗, the next application of the
alternative is legitimate. If the affine alternative first occurs after these m drops, rescale its ball
by setting v0(x) = um(r∗x)/r∗. Then v0 has affine error at most b0, slope in [1/2, 2], bounded
gradient, and source at most

r∗δ(r∗/k∗)m ≤ b0δaff .

Its geometry satisfies the same tolerance by (28.19).
In all subsequent affine steps use

vi(x) = λ−i
0 v0(λi0x), bi = b0λ

iα2
0 .

The derivative Dvi(x) = Dv0(λi0x) retains the actual gradient bound. The source and first order
geometry errors are at most b0δaffλ

i
0 ≤ biδaff , because α2 < 1. The affine function used at stage i

is rescaled in the same way, including its constant term. Thus (28.17) applies inductively. Its
changes of slope sum to less than 1/4 by (28.18), so all slopes remain in [1/4, 4]. Only the auxiliary
residual in the proof of an improvement is divided by bi; that residual is never asserted to solve
the original nonlinear axial equation.

Choose
0 < α ≤ min{α2, log k∗/ log r∗}.

If the drops never end, the gradient on Brm
∗ is at most km∗ ≤ rmα∗ , and subtraction of the central

value gives a constant affine approximation with error Crm(1+α)
∗ . If the drops end after m steps,

the affine approximation at Ri = rm+1
∗ λi0 has error at most

b0k
m
∗ r

m+1
∗ λ

i(1+α2)
0 ≤ b0r

−α
∗ R1+α

i .

The previous drop scales have the same type of estimate. Adjacent radii have ratio r∗ or λ0, both
fixed, so every intermediate radius has an affine approximation with error Cr1+α. This conclusion
holds at every center of the smaller full patches, including centers whose balls cross the plane.

For clarity, the usual comparison of affine approximations gives the gradient conclusion
directly. If Lr, Lr/2 are two such approximations, then ∥Lr − Lr/2∥L∞(Br/2) ≤ Cr1+α, whence
|DLr − DLr/2| ≤ Crα. Their slopes converge, and the limit is Dz since z is C1. At points
separated by h, compare the two approximations on overlapping balls of radius 4h; the same
affine norm estimate gives a slope difference Chα. Their limits differ from those slopes by Chα as
well. This proves the first estimate in (28.2).

Finally take an affine approximation L on Br with error Cr1+α. Its L2 error is at most Cr3+α.
The coordinate equation for z − L has right hand side equal to G plus a bounded Christoffel
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coefficient times Dz, whose L2 norm is at most Cr2 before these iterative rescalings. Equation
(28.4) with p = 2 therefore gives

∥D2z∥L2(Br/2) ≤ C(r1+α + r2).

The difference Hessg z − D2z has L2 norm at most Cr2. Since α < 1, squaring and restoring
M1 +N1 proves the second estimate in (28.2). □

28.2. A scalar equation with a measure source. The next lemma describes the second,
scalar regularity mechanism. Its hypotheses permit the surface measure produced by a prescribed
conormal flux, as well as the squared Hessian supplied by Theorem 28.1.

Lemma 28.2. On a ball in R4 let Z be continuous, bounded by MZ , and locally W 1,2. Suppose
(28.20) div(ADZ +B1) = E,

where A is a bounded measurable symmetric matrix with ellipticity constants 0 < λ ≤ Λ, B1 is
bounded, and E is a signed measure satisfying
(28.21) |E| ≤ C0(1 + |DZ|2) dx+ µ1, µ1(Bh(x)) ≤ Cµh

2+β, 0 < β ≤ 1.
The growth bound is required at every center and sufficiently small radius in a larger patch. Assume
the weak product rule used below is valid; in particular it is valid if Z is smooth on the two closed
sides of a flat interface, continuous across it, and the equation includes the normal-flux jump.
Then Z has a uniform Hölder modulus on every fixed smaller ball. Its constants depend only on
MZ , λ,Λ, C0, Cµ, β, ∥B1∥∞ and the separation of the patches.

Proof. Put L = − div(AD), and let qs = eskZ for s ∈ {1,−1}. The product rule gives the exact
distributional identity
(28.22) Lqs = div(skqsB1) − skqsE − k2qs

(
ADZ ·DZ +B1 ·DZ

)
.

For verification, div(ADZ) = E − divB1 and skqs divB1 = div(skqsB1) − k2qsB1 · DZ. This
also checks the sign of the last drift term for both choices of s. In the piecewise smooth case,
integration on the two sides gives this rule including the plane measure, since qs is continuous
and multiplies the flux jump by its common trace.

By ellipticity and Young’s inequality,

−k2qsADZ ·DZ − k2qsB1 ·DZ ≤ −1
2k

2λqs|DZ|2 + k2qs
2λ |B1|2.

Choose k ≥ max{1, 4C0/λ}. The term kC0qs|DZ|2 coming from −skqsE is then absorbed. The
bounded range of Z therefore gives, for both signs,
(28.23) Lqs ≤ divFs + µ2, ∥Fs∥∞ ≤ C, µ2 = C( dx+ µ1) ≥ 0.
In particular the gradient-square term has been eliminated before any estimate for its small-ball
integral is used.

On Br solve with zero Dirichlet boundary value
Lhs = divFs + µ2.

The correction exists in W 1,2
0 (Br) and satisfies

(28.24) ∥hs∥∞ ≤ C(r + rβ) =: δr.
Here are the details of the measure part of this assertion. Extend A measurably with the same
ellipticity to B2r. The Green upper bound for symmetric uniformly elliptic divergence operators
with bounded measurable coefficients, together with domain monotonicity, gives

0 ≤ GBr (x, y) ≤ GB2r (x, y) ≤ C|x− y|−2, x, y ∈ Br.
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This is the scalar Green comparison theorem of Littman–Stampacchia–Weinberger [38, Theorem 7.1
and Remark 2, p. 66]; using the larger ball keeps the two points uniformly away from its boundary.
Dyadic annuli and (28.21) give

sup
x∈Br

∫
Br

GBr (x, y) dµ2(y) ≤ C
∑
j≥0

(2−jr)−2µ2(B21−jr(x))

≤ C
∑
j≥0

(
(2−jr)2 + (2−jr)β

)
≤ C(r2 + rβ).

The finitely many largest annuli are absorbed in the same bound. All ball-growth assertions
needed here hold on the fixed larger patch.

For completeness this potential also defines an energy solution. Mollify the restriction of µ2
to Br, and restrict the resulting smooth nonnegative density again to Br. The growth bound is
uniform under mollification: for radii larger than the mollifying radius use an enlarged ball, and
for smaller radii use the bound for the mollified density. The variational Dirichlet solutions have
the preceding uniform supremum bound and satisfy

λ

∫
Br

|Dhj |2 ≤
∫
Br

hj dµ2,j ≤ ∥hj∥∞µ2,j(Br).

Weak compactness in W 1,2
0 and distributional convergence give the desired solution with measure

source and the same bound. The bounded divergence source has a variational solution and, for
any fixed p > 4, the scalar bounded-solution estimate gives

∥hFs∥∞ ≤ Cr1−4/p∥Fs∥Lp(Br) ≤ Cr.

This follows as well by scaling the zero-boundary divergence-source estimate in [38, Theorem 2.6,
p. 50]; see also [28]. Adding these two solutions proves (28.24).

Set Ms = supBr
qs. By (28.23),

Ws = Ms − qs + hs + δr ≥ 0, LWs ≥ 0.
Write M = supBr

Z, m = infBr Z and ω = M − m. At least half of Br/2 satisfies either
Z ≤ (M +m)/2 or Z ≥ (M +m)/2. In the first case select s = 1; in the second select s = −1.
On that set Ms − qs ≥ cω, because the magnitudes of both exponential derivatives are bounded
above and away from zero on [−MZ ,MZ ]. Since hs + δr ≥ 0, weak Harnack for Ws gives

inf
Br/4

(Ms − qs) ≥ c′ω − 2δr.

In the first case this decreases the supremum of Z; in the second it increases the infimum.
Converting back with the same exponential derivative bounds yields
(28.25) oscBr/4 Z ≤ (1 − c′′) oscBr Z + C(r + rβ), c′′ > 0.

Choose γ > 0 with γ < β and 1 − c′′ < 4−γ . Iterating (28.25) on r, r/4, r/16, . . . gives a
convergent geometric series after division by the corresponding γ power of the radius. Consequently
oscBh(x) Z ≤ Chγ at all centers in smaller balls. This proves the lemma. □

28.3. Application to the homotopy and the boundary estimates.

Proposition 28.3. Fix the prepared data, ϵ, a sufficiently large n and any stage of the homotopy.
Every smooth solution on an allowed finite truncation ΩR with t ≥ −ϵ has uniform local estimates
for every finite number of derivatives of f and Z, up to both the inner and outer boundary faces.
The constants on the fixed compact part and on uniform unit patches of the end are independent
of R and of the homotopy parameters. They may depend arbitrarily on n. On each fixed finite
truncation they therefore bound ∥Z∥C1,α0 for every prescribed 0 < α0 < 1.
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Proof. We use the uniform family of interior and boundary patches described in the statement,
shrinking them by fixed factors when necessary.
The first Hölder estimates and the reflected equation. The bounded range (27.25) keeps
f, Z, t, grad f bounded and l, d, χ, u above positive constants depending on n. Divide the trace
equation by l/

√
D to obtain

(28.26) Aχ : Hessg f = Gf , Gf =
√
D

l

(
Fpresc − trAχ K

)
,

|Gf | ≤ C(n), 0 < χ0(n) ≤ χ ≤ 1.

All prescribed trace expressions have bounded values on this range. Every boundary value of f is
constant on its face. Thus Theorem 28.1 gives a Hölder bound for Df and

(28.27)
∫
Br(x)∩ΩR

|D2
xf |2 dx ≤ C(n)r2+2α.

The coordinate and covariant Hessians differ by a bounded Christoffel term times Df , so they
have the same bound at these radii. The bound also holds for the odd double at a face.

In coordinates set

Aij = 3
√

det g uAijχ , Bi
1 = λ

√
det g u

(
AχK(w, ·)

)i
,

using λ = 0 in the later stages. The coordinate Z equation is (28.20), with these bounded
coefficients and the appropriate scalar homotopy factor in E. Its matrix is symmetric and
uniformly elliptic at fixed n. Differentiating the implicit relation for t gives the exact covector
identity

(28.28) 3 dZ = (3 + pv) dt+Hf (w, ·).

Since 3+pv ≥ 3 and all its coefficients are bounded on the range, |Dxt| ≤ C(n)(1+ |DxZ|+ |D2
xf |)

in coordinates. The quadratic formula (26.6) and the bounded lower order terms in the source
therefore give

(28.29) |E| ≤ C(n)(1 + |DxZ|2 + |D2
xf |2)

in the interior. No derivative of the principal matrix has been used to obtain this bound.
At a face take the domain to be x4 > 0 and write Q = ADZ + B1. For x4 < 0 define, with

s = 1 or −1,

Z̃(x) = sZ(R4x), Ã(x) = R4A(R4x)R4, B̃1(x) = sR4B1(R4x).

The reflected flux is Q̃(x) = sR4Q(R4x). Integration by parts on the two sides shows that its
divergence has the reflected bulk source sE(R4x) and the plane term

(28.30) (1 + s)Q+
4 dH3|{x4=0}.

Indeed the upper normal component is Q+
4 and the lower one is −sQ+

4 , so their difference is
(1 + s)Q+

4 . For an inner face use even reflection, s = 1. The total conormal flux is prescribed by
(26.21); its coordinate density Q+

4 is bounded on the established range. For an outer face use
odd reflection, s = −1. The zero Dirichlet condition makes Z continuous across the face, and
the plane term vanishes. Even reflection at the inner face is also continuous. Each individual
reflected function belongs to W 1,2 and is smooth on the two closed sides, which verifies the weak
chain rule required in Lemma 28.2.

In the full patch, (28.29) and (28.30) give a signed measure dominated by

C(n)(1 + |DxZ|2) dx+ µ1, µ1 = C(n)|D2
xf |2 dx+ 2|Q+

4 | dH3|{x4=0},
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where the Hessian density is reflected and the plane term is omitted for an odd face or an interior
patch. By (28.27), this positive measure satisfies, at every center,

µ1(Bh(x)) ≤ C(n)h2+β, β = min{2α, 1} > 0.
For balls crossing the plane this follows either from the doubled estimate or by enlarging a ball
centered on the plane by a fixed factor. Lemma 28.2 now supplies a uniform Hölder modulus for
Z, including at both boundary types.
Schauder for f and the ordinary normal condition for Z. The actual coefficients in (28.26) are
smooth functions of (x, Z,Df) on the bounded range. This remains true at Df = 0, as is manifest
from

Aχ = Id − 3 + p

3 + pv
w ⊗ w.

The source is smooth in these variables and f , uniformly over the four parameter ranges. The
Hölder bounds just proved therefore make the coefficients and source uniformly C0,θ for some
θ > 0. The scalar Dirichlet Schauder estimate, with the constant face data, gives
(28.31) ∥f∥C2,θ(U ′) ≤ C(n)
on every smaller interior or boundary patch [28]. This application has Hölder principal coefficients,
a Hölder right hand side, smooth boundary, and uniform ellipticity; it does not apply a system
estimate.

Now expand the divergence equation for Z. Derivatives of its coefficients, which depend
smoothly on (x, Z,Df), are sums of bounded terms and bounded multiples of DZ,D2f . The
latter Hessian is bounded by (28.31). Thus

(28.32) aij2 (x)DijZ = R2, |R2| ≤ C(n)(1 + |DZ|2),
with bounded C0,θ uniformly elliptic principal coefficients. The source contains no second
derivative of Z.

On an inner face Df is normal and hence Aχν = χν. Dividing the prescribed flux by 3uχ > 0
gives
(28.33) ∂νZ = b2(x, Z, f,Df).
The function b2 is smooth on the bounded range, separately on each homotopy stage, with uniform
bounds through their matching endpoints. Extend its displayed expression smoothly in the spatial
variable into the collar. Equation (28.31) then gives

|Dxb2(x, Z, f,Df)| ≤ C(n)(1 + |DxZ|).
Consequently the Sobolev trace theorem bounds the W 1−1/p,p norm of this normal datum by
C(n)(1 + ∥Z∥W 1,p) on a larger patch, for each finite p > 1. This derivative count costs DZ and
D2f , never D2Z.
Linear estimates and absorption of the quadratic term. Fix p > 4. On a ball or smooth half-patch
of size h, the local linear W 2,p estimate for (28.32), with zero outer Dirichlet data or (28.33), has
the form
(28.34) ∥D2Z∥Lp(Qh) ≤ C∗∥DZ∥2

L2p(Q2h) + Ch
(
1 + ∥Z∥W 1,p(Q2h)

)
.

Here C∗ is independent of sufficiently small h; Ch may contain inverse powers of h. The constants
are uniform over the locations and the truncations in question.

We specify the linear estimate underlying this assertion. Freeze the continuous principal matrix
at the patch center. The interior constant-coefficient Hessian estimate follows from the Euclidean
one by a fixed linear change of coordinates. At the boundary, normal coordinates give no mixed
normal–tangential entries in the frozen matrix, because its exceptional axis is normal there. A
tangential linear transformation and a normal dilation reduce the frozen principal part to the
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Laplacian and preserve the plane. Subtract a Sobolev extension of the normal datum, or of the
Dirichlet datum, to obtain homogeneous boundary data. Even reflection for homogeneous normal
data and odd reflection for homogeneous Dirichlet data give the constant-coefficient half-space
estimate. The extension costs precisely the W 1−1/p,p norm for the normal datum. Coefficient
oscillation contributes sup |a2 − a2(x0)| ∥D2Z∥p and is absorbed on small patches, uniformly by
the established Hölder bound. Cutoffs and interpolation handle the first order terms. Scaling
shows that the coefficient of the interior Lp source norm is the constant C∗, independent of h;
the lower order and trace terms account for Ch. This proves (28.34) by the scalar local estimates
[28]. The construction requires no meeting of different boundary types, and the inner and outer
faces here are disjoint.

For use in its nonlinear right hand side, the scaled scalar interpolation inequality on Qh is

(28.35) ∥DZ∥2
L2p(Qh) ≤ C oscQh

Z ∥D2Z∥Lp(Qh) + Ch4/p−2(oscQh
Z
)2
.

One can obtain it on the unit patch by subtracting a constant, using a bounded Sobolev extension
on a smooth ball or half-patch, and applying the Gagliardo–Nirenberg inequality with derivative
orders 1, 2, exponents 2p, p,∞ and parameter 1/2 [37, Theorem 1.3]. To see the interpolation
mechanism directly for a compactly supported function v, integration by parts gives∫

|Dv|2p ≤ Cp∥v∥∞

∫
|Dv|2p−2|D2v| ≤ Cp∥v∥∞

(∫
|Dv|2p

)1−1/p
∥D2v∥p.

Division gives the required product estimate. Extension and cutoff produce the additional ∥v∥2
∞

term on a bounded unit patch. Finally rescaling x = hy multiplies a squared L2p gradient norm
and the Hessian product by h4/p−2, which proves precisely the last power in (28.35).

Here is a cover argument that absorbs larger-patch norms without assuming their uniform
boundedness in advance. Use uniformly comparable patches of radius h covering the finite
truncation, and their fixed-factor enlargements. Each enlargement is covered by at most N
smaller patches, where N is independent of h, R and the total number of patches. Let

S = sup
j

∥D2Z∥
Lp(Qj

h
).

For each individual smooth solution on the finite truncation, S is finite. The Hölder estimate
for Z gives osc

Qj
2h
Z ≤ C(n)hγ . Apply (28.35) in the enlarged patches and then cover them by

smaller ones. Its contribution to (28.34) is at most C∗C(n)hγN1/pS + C(n, h). Choose h small
enough, also satisfying the linear freezing condition, that this coefficient is at most 1/4. For the
remaining first order term, local interpolation gives, for any ε > 0,

∥DZ∥
Lp(Qj

2h
) ≤ ε∥D2Z∥

Lp(Qj
2h

) + C(h, ε)∥Z∥
Lp(Qj

2h
).

Choose ε so that ChεN1/p ≤ 1/4. The bounded range controls the last term. Taking the
supremum in (28.34) now gives S ≤ C(n, h) + S/2, and hence a uniform bound for S. First order
interpolation supplies the corresponding local W 2,p bounds for Z. All constants may depend on
the now fixed h and on n, but not on the total number of patches or R.
Alternating Schauder estimates and uniform geometry. Since p > 4, Sobolev embedding gives
Z ∈ C1,θ′ for some θ′ > 0. In conjunction with (28.31), the trace equation now has C1,θ′′

coefficients and source for 0 < θ′′ ≤ min{θ, θ′}. One differentiation and the scalar Dirichlet
Schauder estimate give f ∈ C3,θ′′ . The equation for Z then has C0,θ′′ source, and its normal
datum (28.33) is C1,θ′′ . The scalar normal-derivative or Dirichlet Schauder estimate gives
Z ∈ C2,θ′′ . The boundary estimate is justified by the same frozen half-space problem used above:
its normal derivative does not annihilate a nonzero decaying solution of the homogeneous principal
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equation. Smooth normal coordinates and smooth normal field therefore satisfy its obliqueness
condition.

Repeating in the order f then Z increases the number of derivatives by one each time. The
trace equation uses Z without derivatives; the expanded second equation uses only D2f and DZ
in its lower terms; and its boundary expression uses only Df . These are exactly the derivative
counts needed for the iteration. The smooth fixed coefficients give all finite orders.

The compact inner faces have uniform smooth collars. On the prepared end, the metric and
all fixed coefficient fields have uniform bounds on unit patches. Large coordinate spheres have
boundary normal charts with uniform bounds of each finite order, and are separated from the
inner faces. Thus every radius, ellipticity bound, chart constant and local covering number
used above is independent of the sufficiently large truncation radius. Finally a uniform local C2

bound controls any prescribed C1,α0 norm, α0 < 1, on a fixed finite truncation. This proves the
proposition. □

Remark 28.4. Theorem 28.1 also applies in the scalar trial problem below. Its separate height
and gradient bounds give bounded source and a positive axial eigenvalue without the floor.
Interpolation of the principal matrix with Id preserves its three unit transverse eigenvalues. A
trial Z ∈ C1,α0 then supplies the coefficient regularity for scalar Schauder estimates through
f ∈ C3,α0 ; this requires DZ, but no second derivative of the trial input.

29. Existence and the energy comparison

We now construct solutions of the system, exhaust the asymptotically flat end, and compare
the resulting Riemannian energy with the energy of the prepared data. The distinction between
two kinds of constants is essential. Constants in the scalar solution map and in local regularity
may depend arbitrarily on a fixed n; constants used in the final flux estimate are the polynomial
bounds Πn established earlier.

29.1. A scalar solution map on the whole trial space. Fix 0 < α < 1, a sufficiently large
integer n, and an allowed truncation ΩR. In this subsection constants may depend on R, n, and
a bound for the trial input in

XR = {Z ∈ C1,α(ΩR) : Z|SR
= 0}.

The four stages of the homotopy are parametrized consecutively by s ∈ [0, 4], with s = 0 the desired
system and s = 4 its zero terminal scale. Denote their trace prescriptions by F presc

s (x,w, h, t).
All dependence suppressed in this notation is the smooth dependence specified in the homotopy.
Lemma 29.1 (Scalar trial problem). For every Z ∈ XR and s ∈ [0, 4], the prescribed trace
equation with the assigned constant Dirichlet value on every boundary component has a unique
solution fs[Z] ∈ C3,α(ΩR). The map (s, Z) 7→ fs[Z] is continuous into C3,α and maps bounded
trial sets to bounded sets, uniformly in s. No lower bound for the implicitly defined t is imposed
on the trial inputs.
Proof. The normalized equation is

(29.1) Aχ : Hessg f = Gs(x, Z, f, df), Gs =
√
D

l

(
F presc
s − trAχ K

)
.

The implicit relation defining t is smoothly solvable for every (Z, df). Neither t, the matrix, nor
the positive prefactor

√
D/l depends on the value of f . The prescriptions satisfy
|F presc
s − h| ≤ C, ∂hF

presc
s ≥ 1, h = ηnf,

with the other arguments held fixed. For a second parameter β ∈ [0, 1], use the scalar interpolation
(29.2) Aβ : Hessg f = Gβ, Aβ = (1 − β) Id +βAχ, Gβ = (1 − β)ηnf + βGs,
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with the same Dirichlet values. At a positive interior maximum above a fixed height threshold,
both source summands are positive, whereas the left side is nonpositive. The negative minimum
argument is identical with signs reversed. Including the assigned boundary values gives |h| ≤ C,
uniformly in both parameters and the bounded trial set.

We next check the degeneracy at large gradient, before invoking any regularity theorem. Put
σ = | df |g. Uniformly for bounded Z, σ → ∞ forces t → −∞: a lower bound on t would bound
e6tl(t)2 away from zero, contradicting e6Z = e6t(1 + l(t)2σ2). Thus eventually t < 0 and l(t) = ent,
giving the exact equation

(29.3) e6Z = e6t + e(2n+6)tσ2.

Writing γn = 6/(n+ 3), its consequences, uniformly for Z in a fixed bounded interval, are

t = − log σ
n+ 3 + 3Z

n+ 3 + o(1),

d = e−6nZ/(n+3)σ−γn(1 + o(1)), χ = 3
n+ 3d(1 + o(1)),(29.4)

√
D

l
= σ(1 + o(1)).

For example, the first line follows by taking logarithms of e(2n+6)tσ2 = e6Z(1 − d); the last follows
directly from

√
D/l = (σ2 + l−2)1/2. Since n ≥ 4, one has γn < 1. Compactness of the remaining

bounded-gradient range therefore gives constants c, C > 0 such that

(29.5) χβ := 1 − β + βχ ≥ c

1 + σ
, |Gβ| ≤ C(1 + σ).

The estimate for the source uses the height bound just proved. Notice also the exact structural
identity

Aβ = Id −(1 − χβ)e⊗ e, e = grad f/| grad f |, 0 < χβ ≤ 1.
In particular, all three transverse eigenvalues remain exactly one throughout the scalar interpola-
tion.

Here is a gradient estimate using only (29.5). Extend g smoothly across the boundary to a
compact enlargement. All distances below are distances of this extension, at scales below its
injectivity radius. If H0 is the uniform bound for |f |, set

ψ(r) = 1
k

log(1 +B′r), q1(r) = ψ′(r), ψ′′(r) = −kq1(r)2.

First choose k large relative to the constants in (29.5) and the bounded geometry. Next choose
h0 < 1/(4k) below all collar, injectivity, and distinct-boundary-component separation scales.
Finally choose B′ so large that

(29.6) q1 ≥ 1 (0 ≤ r ≤ h0), ψ(h0) > 2H0.

These requirements are compatible: q1(h0) tends to 1/(kh0) > 4 and ψ(h0) tends to infinity as
B′ → ∞.

On the inward collar of a boundary face with constant value f0, let r be its distance function.
The functions f0 ±ψ(r) are upper and lower barriers. To check the upper barrier at a hypothetical
positive maximum of f − f0 − ψ(r), the common gradient is q1 grad r. The tangential Hessian of
the barrier contributes at most Cq1, and its axial contribution is at most −ckq2

1/(1 + q1). By
enlarging k this is strictly less than −C(1 + q1), the lower bound for the equation’s source at the
solution height. Ellipticity and the second derivative test contradict the equation. For the lower



180 OPENAI

barrier both inequalities reverse. At the outer edge of the collar the comparisons follow from
(29.6). Consequently
(29.7) |f(x) − f0| ≤ ψ

(
dist(x, face)

)
in its h0 collar.

For completeness, the same modulus controls interior pairs. Suppose that
f(x) − f(y) − ψ

(
dist(x, y)

)
has a positive maximum on pairs of distance at most h0. Neither the diagonal nor the distance-h0
set contains such a maximum. If an endpoint lies on a face, the other endpoint lies in that face’s
collar; (29.7) and monotonicity of ψ exclude this as well. Thus both endpoints are interior. Let
r > 0 be their distance and orient their unique short geodesic from y to x. The first derivative
test says that their gradients are q1(r) times the corresponding parallel unit tangent vectors.

Vary both endpoints in each of three parallel transverse directions. The index-form estimate
for the second variation of distance, using the parallel field along the geodesic, is bounded above
by Cr. The second derivative test for the two-point maximum therefore gives

tre⊥ Hess f(x) − tre⊥ Hess f(y) ≤ Cq1r.

Separate axial variations at the two endpoints give
Hess f(x)(e, e) ≤ ψ′′, Hess f(y)(e, e) ≥ −ψ′′.

Because the transverse coefficients are exactly one at both endpoints, while the axial coefficients
satisfy (29.5), the difference of the two left sides of (29.2) is at most

Cq1r − 2ckq2
1

1 + q1
.

Their source difference is at least −2C(1 + q1). Since q1 ≥ 1, these inequalities contradict each
other for the already sufficiently large k. No comparison of the two axial coefficients was used.
Only variations of the interior endpoints were required, so the short geodesic need not remain
inside ΩR. We have proved the two-point modulus; letting y → x gives | df | ≤ ψ′(0) = B′/k
everywhere, including the boundary by (29.7).

The scalar interpolation is now uniformly elliptic. On the given smooth interior and constant-
Dirichlet boundary patches, its equation has the exact form required by Theorem 28.1: the
gradient and source are bounded, and 0 < χ0 ≤ χβ ≤ 1. That theorem first gives a uniform
Hölder bound for df , at some positive exponent. The coefficients and source in (29.2) are smooth
compositions of x, Z, f, df , so the scalar Dirichlet Schauder estimate gives C2,α′ bounds for some
α′ > 0. These bounds make f, df Lipschitz. Together with Z ∈ C1,α, this yields C0,α coefficients
and source, hence C2,α bounds. The compositions are now C1,α and the next Dirichlet estimate
gives a C3,α bound.

Subtract a smooth extension of the assigned boundary values and work in the affine space with
model YR = C3,α

0 (ΩR), where the zero trace is on the entire boundary. The equation defines a
continuously differentiable map into C1,α(ΩR). Its derivative in f is

Lφ = Aijβ ∇i∇jφ+ bi∇iφ− c(x)φ, c(x) = ηn

[
(1 − β) + β

√
D

l
∂hF

presc
s

]
> 0.

Derivatives of Aβ and t with respect to df contribute only first derivative terms in φ. Its
coefficients are C1,α and the ellipticity and positivity are uniform on the bounded range. The
maximum principle removes the homogeneous Dirichlet kernel. Linear Dirichlet solvability and
Schauder estimates therefore make L : YR → C1,α an isomorphism [28]. The implicit function
theorem proves openness in β. The bounds above prove closedness: subsequences converge in
lower Hölder norms, their limits solve the equation, and the uniform C3,α estimates retain that
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regularity. At β = 0 the equation is ∆gf = ηnf , with ordinary Dirichlet solvability. Thus the
scalar equation is solvable at β = 1.

For uniqueness, at a positive maximum of the difference of two solutions their gradients agree.
Their matrices and positive prefactors therefore agree, whereas strict height monotonicity makes
the source difference positive, contradicting the Hessian comparison. The reverse comparison
completes uniqueness. Applying the same implicit function theorem with parameters (s, Z) proves
continuous dependence into C3,α. At stage junctions use one-sided parameter neighborhoods and
the agreement of the prescriptions. The estimates were uniform on bounded trial sets, which
proves the last assertion. □

29.2. The frozen return map and degree. For a trial pair (fs[Z], Z), evaluate all expressions
in the homotopy at that pair. Write A = uAχ, let Bs = λuAχK(w, ·) be its drift, and write Qs
and qs for the prescribed interior source and inner flux, including the common terminal scale.
Define TsZ = Y by the linear problem

(29.8)
divg(3A gradY +Bs) = Qs in ΩR,

(3A gradY +Bs) · ν = qs on B,

Y = 0 on SR.

Thus only the occurrence of 3 gradZ in the flux is replaced by 3 gradY ; the coefficients, source,
and boundary expression are frozen. In qs the value of F is always its trace prescription.

The matrix A is symmetric positive definite and C1,α. On bounded trial sets its ellipticity
constants, C1,α norm, and those of Bs, qs are bounded; Qs is bounded in C0,α. In particular the
source uses dZ and Hess f , whose regularity is already available. With

HR = {Y ∈ H1(ΩR) : Y |SR
= 0},

the weak problem has coercive bilinear form 3
∫

ΩR
A gradY · gradφ. Indeed ΩR is connected and

SR is nonempty, so Poincaré’s inequality holds on HR. The prescribed flux is a bounded linear
functional by the trace inequality. Lax–Milgram gives a unique weak solution. At an inner face f
is constant, so Aχν = χν, and its flux condition is equivalently

∂νY = qs −Bs · ν
3uχ .

This is a C1,α ordinary normal datum. The disjoint Dirichlet and normal faces have no corners.
Linear boundary and interior estimates give Y ∈ C2,α with bounds uniform on bounded trial sets;
the weak energy estimate supplies the lower norm in these estimates. Coefficient dependence
and uniqueness, or the same linear estimates applied to differences, give continuous dependence.
Consequently
(29.9) T : [0, 4] ×XR −→ XR is continuous and compact on bounded sets.
Here compactness uses the compact embedding C2,α ↪→ C1,α on the fixed truncation.

Every fixed point is smooth. Initially it has Z ∈ C2,α and f ∈ C3,α. The trace equation raises
the regularity of f , and then expansion of the divergence equation, with its normal boundary
datum, raises the regularity of Z. Repetition gives all orders. The smooth a priori estimates from
the preceding sections therefore apply to every fixed point.

Proposition 29.2 (Existence and exhaustion). Fix the prepared geometry and 0 < ϵ < 1. For
every sufficiently large n and every allowed R, system (26.20) has a smooth solution on ΩR with
t > −ϵ. For each such fixed n there is a sequence R → ∞ whose solutions converge smoothly on
compact subsets up to B to a solution on Ω with t ≥ −ϵ. This solution satisfies the prescribed
inner boundary conditions, the height interval (27.11), and the weighted trace and flux estimates
of Lemma 27.3.
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Proof. Choose n large enough for Proposition 27.1, the collar estimates, and the polynomial
absorption conditions used in Proposition 27.6. Fix an allowed R. By (27.25) and Proposition 28.3,
choose M0 strictly larger than every C1,α norm of an above-floor fixed point on this truncation.
Define

(29.10) Os =
{
Z ∈ XR : ∥Z∥C1,α < M0, min

ΩR

t
(
Z, dfs[Z]

)
> −ϵ

}
.

Lemma 29.1 and smooth implicit dependence of t make their union relatively open in [0, 4] ×XR.
For clarity, the varying domain causes no extra degree assumption. Let K consist of fixed

points in the closure of this union with norm at most M0. A sequence in K has a convergent
subsequence because of (29.9); continuity makes its limit a fixed point. The limit has min t ≥ −ϵ.
Proposition 26.7 excludes equality, and the choice of M0 excludes contact with the norm boundary.
Thus K is compact and lies in the open union of the sections.

Fix a parameter s0. Cover its compact fixed point slice by finitely many small open balls in
XR whose closed balls remain in all Os for s close to s0. Let U be their union. All fixed points in
the closed sections for sufficiently close parameters lie in U : otherwise a sequence of omitted fixed
points converging to the slice would contradict compactness and its containment in the open set
U . Excision identifies the degree on Os with that on U , and fixed-domain homotopy invariance
makes the latter constant. If the slice is empty, compactness gives no fixed points nearby and
the same conclusion with degree zero. Hence deg(Id −Ts,Os, 0) is locally constant, and therefore
constant, on [0, 4] [24].

At s = 4, the scalar prescription is trAχ H
f = h+D1(x,w) with zero boundary heights. At an

interior extremum w = 0 and D1 = 0, so the maximum principle gives f = 0 for every trial Z,
and then t = Z. The terminal scale sets both frozen right sides to zero and the drift is absent.
Testing the frozen equation with Y gives Y = 0; thus T4 is the zero map, even though its positive
coefficients may depend on the input. Its sole fixed point, Z = 0, belongs to O4 and has degree
one. The degree at s = 0 is consequently one, proving existence there.

Now keep n fixed. The preceding choices of sufficiently large n used only the already proved
uniform height and collar results and polynomial losses such as Πnηn/ℓ → 0. The arbitrary
fixed-n constants in the scalar construction impose no subsequent condition on n. The bounds
in Proposition 28.3 are uniform in allowed R on each compact set, including its portions on B.
A diagonal Arzelà–Ascoli argument along R → ∞ gives smooth convergence on all these sets.
The equation and inner data pass to the limit, as do t ≥ −ϵ, the height interval, and the collar
estimates. Smooth convergence on the fixed collars passes the weighted trace and flux inequalities
as well. Strictness of the floor in this exhaustion limit is unnecessary below. □

29.3. Decay on the end.

Lemma 29.3 (End estimates). For every solution obtained in Proposition 29.2, with n fixed,
there is an > 0 such that, for every integer j ≥ 0,

(29.11) |∇jf | + |∇j(t− Z)| ≤ Cj(n)e−anr on the distant end.

Moreover

(29.12) t, Z = O2(r−2), ∆gt = O(r−4−δ1).

The constants in these assertions may depend arbitrarily on n. The zeroth-order estimates and
(29.11) hold uniformly for the finite-truncation solutions up to their outer faces.
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Proof. Choose a fixed sphere beyond the supports of K,C, and all collar terms. Along each
finite-truncation solution the trace equation is the homogeneous linear equation

(29.13) Aχ : Hessg f − c(x)f = 0, c(x) = ηn

√
D

l
≥ cn > 0.

By (27.25) the coefficients are uniformly elliptic; by Proposition 28.3 all their derivatives are
bounded on uniform unit patches, independently of R. On the end,

(Aχ : Hessg −c)e−ar = e−ar(a2Aχ( dr, dr) − aAχ : Hessg r − c
)
.

Choose a = an > 0 so small that the first term is less than cn/4, and then enlarge the fixed
sphere so the second term has magnitude less than cn/4. Thus e−anr is a strict supersolution. A
fixed multiple dominates both signs of f on the initial sphere and dominates the zero Dirichlet
data on SR. Linear comparison gives |f | ≤ C(n)e−anr uniformly in R. Local estimates for
(29.13), including the zero-Dirichlet estimates on the uniform outer-sphere charts, give the same
exponential decay for every derivative, after harmless reduction of an if necessary. The identity

Z − t = 1
6 log(1 + l(t)2| df |2)

and the uniform smooth local bounds then give (29.11). Every graph contribution to the metric
and to the equations is exponentially small with unit-patch derivatives.

At zero graph and K = 0, the exact formulas give
u = e2Z l(Z), V = 3u gradZ, T = 3(p(Z) + 1)| dZ|2.

Hence the actual divergence equation, divided by u, becomes
(29.14) 3∆gZ + 3bn(Z)| dZ|2g = ρ−m0(Z)Cnρ0 + En, bn(z) = p(z) + 2 − δ0(p(z) + 1),
where En and its derivatives on unit patches are Oj(e−anr). Define the strictly increasing function

(29.15) Φ(0) = 0, Φ′(z) = exp
(∫ z

0
bn(s) ds

)
.

Its derivative is bounded above and away from zero on the fixed bounded range of Z. The chain
rule cancels the quadratic term:

(29.16) ∆gΦ(Z) = Φ′(Z)
3

(
ρ−m0(Z)Cnρ0 + En

)
, |∆gΦ(Z)| ≤ C(n)r−4−δ1 .

Put β1 = δ1/2 and W (r) = r−2(1 − r−β1). In dimension four,
∆δW = −β1(2 + β1)r−4−β1 , ∆gW = −β1(2 + β1)r−4−β1 +O(r−6).

Since 0 < β1 < δ1 < 1, a sufficiently large multiple of W is positive and has negative Laplacian
dominating the absolute source in (29.16) on a sufficiently distant end. Enlarge the multiple
to dominate |Φ(Z)| on its initial sphere. Its value is positive on SR, whereas Φ(Z) = 0 there.
Applying the maximum principle to both Φ(Z) − CW and −Φ(Z) − CW gives

|Φ(Z)| ≤ C(n)r−2, |Z| ≤ C(n)r−2,

uniformly on truncations and then in the exhaustion limit.
Here are the differentiated estimates, which do not follow from the pointwise barrier alone.

On an annulus of radius r1, rescale by x = r1y and set U(y) = r2
1Φ(Z(r1y)). Its supremum and

its Poisson source in the rescaled equation are bounded: the source is r4
1 times the right side

of (29.16), of size On(r−δ1
1 ). The rescaled background coefficients have uniform smooth bounds.

Interior W 2,p estimates, for a fixed p > 4, give bounded C1,θ norms of U on a smaller annulus.
The weights have their differentiated power decay, the compositions with Z now have bounded
scaled Hölder norms, and the exponential errors remain bounded with all scaled derivatives. The
right side therefore has a bounded C0,θ norm. Schauder estimates give a bounded C2,θ norm of
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U . The inverse of Φ has bounded smooth derivatives on the relevant range. Rescaling back gives
Z = O2(r−2), and (29.11) gives the same statement for t. Finally | dZ|2 = O(r−6) in (29.14);
since δ1 < 1, this is lower order than r−4−δ1 . Equation (29.11) now gives the asserted bound for
∆gt. □

29.4. Scalar curvature, boundary sign, and finite flux. For the desired system F = h+ C
and w(h) = ηnaσ. Substitute these into (26.5) and use divV = uΞ to obtain

1
2e

2t Scalĝ = µ+ J(w) + w(C) − ρ− (h+ C)τ
+ (1 − δ0)(T + ηnaσ) +m0P ≥ 0.

(29.17)

Indeed |w| ≤ 1, and on suppK the height interval (27.11) permits use of (25.16):
µ+ J(w) + w(C) − ρ− (h+ C)τ ≥ µ− |J | − | dC| − ρ− |(h+ C)τ | ≥ 0.

Outside suppK the same slack inequality needs no height restriction. The other terms are
nonnegative by (26.14) and the definitions of the penalty and δ0. Thus the nonmaximal trace
term has been retained and controlled at this final step.

The inner flux condition and (26.18) give exactly

(29.18) H + 3∂νt = −NB, Ĥ = −e−t√dNB < 0 on every component of B.
All quantities here are finite and d > 0 for each fixed n. Furthermore (29.11) and (29.12) imply
(29.19) ĝ − δ = O2(r−2), Scalĝ = O(r−4−δ1).

For the scalar estimate one may use the conformal scalar formula with ḡ = g + Oj(e−anr):
e2t Scalĝ = Scalḡ −6∆ḡt− 6| dt|2ḡ. The prepared scalar decay and (29.12) give precisely (29.19).
The nonnegative scalar curvature is therefore integrable. The inequality
(29.20) ĝ = e2t(g + l2 df ⊗ df) ≥ e−2ϵg

also proves completeness with B included: a ĝ-Cauchy sequence is g-Cauchy, its limit belongs to
the closed complete exterior, and smooth local metric equivalence gives convergence in ĝ.

Proposition 29.4 (Energy comparison). For each fixed ϵ > 0 and all sufficiently large n, the
limiting metric has finite ADM energy and

(29.21) Eĝ ≤ Eg + Πn

3ω3

(
ℓ+ ℓ2

ηn

)
.

The polynomial Πn depends only on the prepared data, ϵ, and the fixed geometric choices. In
particular the error tends to zero as n → ∞ with ϵ fixed.

Proof. We first establish the exact sign and normalization at fixed n. Lemma 29.3 gives u =
1 +On(r−2) and
(29.22) V = 3 gradg t+On(r−5) +On(e−anr).

Also uΞ ∈ L1(Ω, dVg): on the end the quadratic term is On(r−6), the graph and height-gradient
terms are exponentially small, and the remaining weights are On(r−4−δ1). The divergence theorem
on a large truncation consequently gives a finite limit

(29.23) F := lim
r→∞

∫
Sr

V · νg dAg =
∫

Ω
uΞ dVg +

∫
B
Vν dAg.

The plus sign before the inner flux arises because the domain-outward normal on B is −ν.
To compute the metric flux, write ĝ = e2tg up to exponential errors. The leading perturbation

relative to g is 2tδij , so in four dimensions the change of its energy numerator is
∂j(2tδij) − ∂i(2tδjj) = −6∂it.
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All omitted derivatives are On(r−5) or exponentially small. Their sphere integrals tend to zero.
Since dt = On(r−3) and g − δ = O2(r−2), changing the normal and measure in its flux from
Euclidean to background ones also has vanishing error. Equation (29.22) thus proves both
existence of the new energy and the exact relation

(29.24) Eĝ − Eg = − 1
ω3

lim
r→∞

∫
Sr

∂nδ
t dAδ = − F

3ω3
.

We now use polynomial constants only. Apply Lemma 27.3 with φ = 1 and use (27.14). On
the fixed compact collars C one has minC ρ > 0, and therefore∫

B
|Vν | dAg ≤ Πn

ηn
ℓ

∫
C
u(1 +

√
T ) dVg

≤ Πn
ηn
ℓ

∫
C
u(ρ+ δ0T ) dVg.

The polynomial absorbs the fixed comparison constant in the second line. Because ηn/ℓ = e−ϵn/2,
for sufficiently large n this is at most one half of

∫
Ω u(ρ+ δ0T ).

It remains to estimate the penalty. Its support in an above-floor solution lies in −ϵ ≤ t ≤
−ϵ+ 1/n. For n > 1/ϵ this interval is negative, and uniformly there
(29.25) l ≍ ℓ, L0 ≍ ℓ, u ≤ C(ℓ+ ℓ2σ), uv ≤ Cℓ2σ, uaσ = L0lσ

2 ≥ cℓ2σ2.

For example uv = L0l
2σ2/

√
1 + l2σ2 ≤ L0lσ. Thus on that band

um0P ≤ Πn
[
ℓρ0 + ℓ2σ(ρ0 + ρ1)

]
.

Young’s inequality applied to √
ηnℓσ and Πnℓ(ρ0 + ρ1)/√ηn, together with (29.25), yields every-

where

(29.26) um0P ≤ 1
2δ0uηnaσ + Πn

[
ℓρ0 + ℓ2

ηn
(ρ2

0 + ρ2
1)
]
.

The enlarged Πn is still polynomial. The three residual weights are integrable against dVg in
dimension four: ρ0 = r−4−δ1 , ρ2

0 = r−8−2δ1 , and ρ2
1 = r−6 on the end, and they are bounded on

the compact part. Combining (29.23), the boundary absorption, and (29.26) gives

F ≥ −Πn

(
ℓ+ ℓ2

ηn

)
.

This and (29.24) prove (29.21). Finally ℓ = e−ϵn and ℓ2/ηn = e−ϵn/2; both dominate every
polynomial loss. No constant from the fixed-n decay or Schauder estimates appears in this
bound. □

29.5. A minimal enclosing hypersurface. The boundary B has strictly negative mean
curvature in ĝ. The full-perimeter enclosure of Proposition 23.1 therefore gives the smooth
minimal boundary needed for the Riemannian comparison. We relate its total three-volume to
the original enclosing quantity A∗.

Lemma 29.5 (Minimal enclosure). Let Ω and B be the exterior and its boundary from Propo-
sition 25.6, and let ϵ > 0. Suppose ĝ is a smooth metric on Ω, complete with B included, such
that ĝ − δ = O2(r−2) on its end, ĤB < 0 for the normal into Ω, and ĝ ≥ e−2ϵg. Then there is a
nonempty compact smooth embedded minimal hypersurface Σ enclosing B. Its exterior is con-
nected, complete with boundary, and has the same single asymptotically flat end. The hypersurface
is outer area-minimizing, with disconnected competitors permitted, and its area Â = |Σ|ĝ satisfies

(29.27) Â ≥ e−3ϵA∗.
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Proof. Proposition 25.6 gives a smooth connected orientable four-dimensional exterior Ω with
nonempty compact smooth boundary B and exactly one asymptotically flat end. By hypothesis, ĝ
is smooth, complete with B included, and satisfies ĝ− δ = O2(r−2). Thus (X, g) = (Ω, ĝ) satisfies
the geometric hypotheses of Proposition 23.1, with asymptotic exponent q = 2 > 1.

Apply that Proposition to obtain a full-perimeter minimizing enclosure of B, and denote its
frontier by Σ. Since ĤB < 0 for the normal into Ω, the strict inner-barrier conclusion places Σ
in int Ω and makes it a nonempty compact smooth embedded minimal hypersurface. Its closed
exterior is smooth, connected, complete with Σ included, and has the same single end. The
Proposition also gives outer area-minimization there, with all boundary components counted and
disconnected enclosing competitors permitted.

For every smooth enclosing cut Γ of B, its closed connected outer domain is also an admissible
outer domain in the original prepared manifold, by Proposition 25.6. This includes frontier
coincident with B. Restricting ĝ ≥ e−2ϵg to its three-dimensional tangent planes gives

(29.28) |Γ|ĝ ≥ e−3ϵ|Γ|g ≥ e−3ϵA∗.

Apply this to Σ to obtain (29.27). □

29.6. The Riemannian comparison. We use the following dimension-four instance of the
boundary Riemannian Penrose inequality [18, Theorem 1.4, p. 84]. Let (N, gN ) be a smooth
connected four-dimensional Riemannian manifold, complete with its nonempty compact boundary
included, having exactly one end, which is asymptotically flat. Suppose in that end

(gN )ij − δij = O2(r−p0), p0 > 1, RgN = O(r−s0), s0 > 4,

and RgN ≥ 0 everywhere. If its boundary is minimal and outer area-minimizing, then

(29.29) EgN ≥ 1
2

( |∂N |gN

ω3

)2/3
.

The boundary may have one or more components, and the ADM normalization is 1/(6ω3). The
numerical inequality does not require a spin assumption; the additional spin hypothesis in the
published theorem concerns its equality conclusion. We use only (29.29).

29.7. The prepared-data energy theorem.

Theorem 29.6 (Energy inequality for prepared data). Let (M4, g,K) be smooth, connected, and
orientable, complete with a nonempty compact smooth boundary S included, and with exactly one
end, which is asymptotically flat. Let K be a smooth compactly supported symmetric covariant
tensor. Suppose, with a smooth positive function r equal to the coordinate radius on the end,
constants c0 > 0 and 0 < δ1 < 1, that

µ− |J |g ≥ c0r
−4−δ1 on M, H + trSK < 0 on every component of S,

where the boundary normal points into M . Suppose on the end that

g − δ = Ok(r−2) for every integer k ≥ 0, Scalg = O(r−4−δ1),

and that the ADM energy Eg is finite in the stated normalization. Let A∗ be the infimum of the
total g-three-volume of the entire intrinsic boundaries of connected closed smooth outer domains
containing the distant end, with interiors disjoint from S, including disconnected cuts and frontier
coincident with S. Then

(29.30) Eg ≥ 1
2

(
A∗
ω3

)2/3
.
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Proof. Proposition 25.6 supplies the closed exterior Ω with its nonempty compact smooth boundary
B and the data used in this section. It is connected, orientable, and one-ended, and its background
energy is still Eg. Fix 0 < ϵ < 1. For every sufficiently large n, Proposition 29.2 constructs a
smooth metric ĝ on this exterior. By (29.17) and (29.19), it has nonnegative scalar curvature
and the pointwise end bounds

ĝ − δ = O2(r−2), Rĝ = O(r−4−δ1), 0 < δ1 < 1.

It is complete by (29.20), and every component of B has strictly negative mean curvature by
(29.18).

Lemma 29.5 supplies a nonempty compact smooth minimal boundary Σ, with connected
one-ended exterior and outer area-minimization against disconnected competitors. Restricting
the metric to this exterior preserves scalar curvature, asymptotic decay and ADM energy. Thus
the metric and scalar exponents in (29.29) are p0 = 2 > 1 and s0 = 4 + δ1 > 4, and all hypotheses
of that theorem hold. Proposition 29.4 gives its finite energy. The enclosure is an admissible
smooth cut, so (29.27) compares its three-volume with A∗.

Combining the Riemannian inequality with (29.21) gives

Eg + Πn

3ω3

(
ℓ+ ℓ2

ηn

)
≥ Eĝ ≥ 1

2

(
|Σ|ĝ
ω3

)2/3

≥ 1
2e

−2ϵ
(
A∗
ω3

)2/3
.

For each fixed ϵ let n → ∞, after the fixed-n exhaustion already carried out. Then let ϵ ↓ 0. This
proves (29.30). □

Theorem 29.6 supplies the energy estimate used in Proposition 24.8. Removing strictification
and then the rest-end replacement, applying the positive-shell argument, and truncating the
unwanted ends complete Theorem 22.2.

29.8. The general maximal DEC energy inequality. The maximal special case requires no
assumption that a momentum limit exists. The following end calculation supplies that limit from
the decay and integrability already imposed on the data.

Lemma 29.7 (Existence of the momentum flux). On a smooth four-dimensional asymptotically
flat end, suppose g− δ = O2(r−q) and K = O1(r−1−q) for some q > 1. If |J |g is integrable, where
Ji = ∇j(Kij − (trgK)gij), then each ADM momentum limit in (22.2) exists and is finite.

Proof. In the given coordinates set
πgij = Kij − (trgK)gij , πδij = Kij − (trδK)δij .

The differentiated decay assumptions give
(29.31) πg − πδ = O1(r−1−2q), ∂jπ

δ
ij − Ji = O(r−2−2q).

To verify the second bound, expand the covariant divergence as
Ji = gjk

(
∂kπ

g
ij − Γakiπ

g
aj − Γakjπ

g
ia

)
.

Replacing gjk by δjk costs O(r−q)O(r−2−q); replacing πg by πδ costs the derivative of the first
bound in (29.31). Each connection term has size O(r−1−q)O(r−1−q). These are exactly the
asserted errors.

Their Euclidean radial volume bound is Cr1−2q, integrable because q > 1. The asymptotic
metric and Euclidean volume and covector norms are uniformly comparable, so ∂jπδij ∈ L1. The
Euclidean divergence theorem between two large spheres makes the flux

∫
SR
πδijn

j
δ dAδ a Cauchy

function of R, with finite limit. By the first bound in (29.31), its difference from the flux of πg is
O(R2−2q) → 0. This is the tensor appearing in (22.2), which proves the lemma. □
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Corollary 29.8 (Maximal DEC energy inequality). Let (X4, gX ,KX) be smooth and connected,
with X orientable, gX complete as a metric space with its nonempty compact smooth boundary
SX included, and with exactly one end, which is asymptotically flat and diffeomorphic to the
complement of a closed ball in R4. Let KX be a smooth symmetric covariant two-tensor. Suppose

trgX KX = 0, µX = 1
2(RgX − |KX |2gX

) ≥ | divgX KX |gX ,

µX , | divgX KX |gX ∈ L1(X, dVgX ).
Assume for some q > 1 that

gX − δ = O2(r−q), KX = O1(r−1−q),
and that the ADM energy EX in (22.1) is finite. On every component of SX , require H+trSX

KX ≤
0 with the normal into X. For the one-ended enclosing-cut infimum of Definition 22.1, denoted
here by agX (SX), one has

EX ≥ 1
2

(
agX (SX)

2π2

)2/3
.

The boundary may have any topology and finitely many components. No symmetry, vacuum, spin,
outermostness, outer area-minimization or momentum-flux assumption is imposed.

Proof. Maximality identifies the momentum density with JX = divgX KX . Lemma 29.7 supplies
the finite ADM momentum. All hypotheses of Theorem 22.2 therefore hold for this one-ended
exterior. Its invariant-mass inequality in particular gives the displayed energy bound. The
theorem has already been proved using the Riemannian inequality (29.29), so this corollary is a
consequence of the proof, not an input to it. □

30. Variation at equality and localization of the area term

Throughout this section, (Ω, g,K) satisfies the hypotheses of Definition 22.3, and equality holds
in Theorem 22.2. Thus Ω has one end and its only boundary S is a connected, outermost, outer
area-minimizing future MOTS. We use the full enclosing-cut convention of Definition 22.1. Set

(30.1)
A = Areag(S), m =

√
E2 − |P |2, r0 = (A/ω)1/3 =

√
2m,

b0 = E/m, bi = −Pi/m, m(a) = 1
2(a/ω)2/3, c = 6ωm′(A) = 2/r0.

The strict future timelikeness needed here is already part of Theorem 22.2. For nearby data with
charges (Ẽ, P̃ ), define the fixed linear charge functional

E(g̃, K̃) = b0Ẽ +
4∑
i=1

biP̃i.

The reverse Cauchy–Schwarz inequality on the future timelike cone gives

(30.2) E(g̃, K̃) ≥
√
Ẽ2 − |P̃ |2.

Equality holds at the original data. In particular, whenever the varied data satisfy the numerical
theorem, their enclosing infimum a(g̃) satisfies

(30.3) E(g̃, K̃) − m(a(g̃)) ≥ 0.
The varied data need not preserve outermostness or outer area minimization: those assumptions
are absent from the numerical theorem.

The right-derivative formula in Proposition 23.2 accounts for all minimizing frontiers without
choosing a differentiable family. It gives the positive-measure identity of Proposition 30.6.
Compact normal tests and outermostness then localize its area term to S in Proposition 30.8,
supplying the identity used to construct the causal adjoint field in Theorem 31.1.
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30.1. Constraint derivatives and a strict direction. On the closed unit ball bundle of g,
introduce

(30.4)
C(x, v) = 2(µ(x) + Jx(v)) = Rg + τ2 − |K|2g + 2Jx(v), |v|g ≤ 1,

A = {(x, v) : C(x, v) = 0}.
DEC is equivalent to C ≥ 0 on this bundle. When the metric varies, we identify its unit
ball with the original one by the positive symmetric inverse square root. More precisely, if
gs(V,W ) = g(GsV,W ), then Is = G

−1/2
s sends the g unit ball isometrically to the gs unit ball.

For a variation H = (h, p) = (ġ0, K̇0), all derivatives C ′
H below include this identification; in

particular,
İ0v = −1

2h
♯v.

Lemma 30.1 (Conformal constraint identities). For a positive smooth function f , let gf = f2g
and Kf = fK. Using f−1v in the varied unit ball, one has

f2Cf (x, f−1v) = C(x, v) + 6f−1[−∆gf +K(∇f, v)
]
,(30.5)

fθ+,f = θ+ + 3∂ν log f.(30.6)
Here ν points into the exterior and ∆g = divg ∇.

Proof. Apply Lemma 24.2. Its density and momentum identities give
f2µf = µ− 3f−1∆gf, f2Jf (f−1v) = J(v) + 3f−1K(∇f, v).

Adding twice these expressions proves (30.5). Equation (30.6) is the expansion formula in that
same lemma, with the stated orientation. □

Lemma 30.2 (Strict conformal direction). Choose
1 < q0 < min(q, 2), 0 < δ < min(q0, 1), w = r−4−δ,

where the end radius is extended to a positive smooth function on Ω. There is a smooth nonnegative
function ϕ, smooth up to S, such that
(30.7) ∂νϕ = −1 on S, −∆gϕ− |K|g| dϕ|g ≥ w, ϕ = O2(r−2), −∆gϕ/w −→ 1.
Its limiting Euclidean sphere gradient flux exists and is finite. For

Q = (2ϕg, ϕK)
one consequently has
(30.8) C ′

Q ≥ 6w on A, −θ′
Q = 3 on S.

Moreover, uniformly for all |v|g ≤ 1 on the end, C ′
Q/w −→ 6.

Proof. Choose a smooth majorant d0 ≥ |K|g which on the end is a sufficiently large radial multiple
of r−1−q0 . It can be chosen with all symbol bounds there. We solve

(30.9) −∆gϕ = d0
√

| dϕ|2g + r−6 + w, ∂νϕ = −1 on S, ϕ −→ 0 at infinity.

First truncate at a large coordinate sphere SR, imposing ϕ = 0 on SR, and replace d0 in the
equation by td0, 0 ≤ t ≤ 1. The inner and outer boundary components are disjoint smooth
hypersurfaces; there is no corner where the two boundary conditions meet. The t = 0 problem is
the invertible mixed Laplace problem. Every linearization in ϕ adds to −∆g a smooth drift of
norm at most d0, with homogeneous Neumann data at S and homogeneous Dirichlet data at SR.
The maximum and boundary point principles give uniqueness, and the mixed elliptic Fredholm
theory then gives invertibility. These are the usual local elliptic and boundary estimates on a
fixed smooth truncated domain; see [28].
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Solutions are nonnegative. Indeed a negative minimum cannot occur in the interior because
the right side of the equation is positive. At S, the outward normal of the truncated domain is
−ν, so the prescribed outward derivative is +1, also excluding such a minimum by the boundary
point principle. The outer Dirichlet value is zero.

For completeness, the continuation bounds do not require a monotonicity assumption in the
unknown. Fix p > 4. The mixed W 2,p estimate, the linear growth of the right side in dϕ, and
first-derivative interpolation give, on this fixed truncation,

∥ϕ∥W 2,p ≤ C
(
1 + ∥ϕ∥L∞

)
,

uniformly in t. If the supremum were unbounded, division by that supremum and compactness in
C1 would produce a nonnegative function z with supremum one satisfying

−∆gz = t∗d0| dz|g, ∂νz = 0 on S, z = 0 on SR

for some t∗ ∈ [0, 1]. At points where dz ̸= 0 the right side is a bounded drift applied to dz, and
it is zero otherwise. The strong maximum and boundary point principles for this bounded-drift
equation contradict the positive maximum. The resulting W 2,p and Schauder bounds close the
continuation argument and give a smooth solution at t = 1 on every sufficiently large truncation.

We next make the bounds independent of R. For W = r−2 − r−2−δ, the Euclidean identity
−∆δW = (2 + δ)δr−4−δ

and the AF estimates imply, beyond a fixed radius R1,
(30.10) −∆gW − d0| dW |g ≥ c1w > 0.
The metric errors and the drift term are smaller than w because δ < q0 < q. Also d0r

−3 = o(w). If
MR is the supremum of the truncated solution on the fixed core bounded by SR1 , a sufficiently large
fixed multiple of (1 +MR)W is a supersolution on R1 ≤ r ≤ R. To see this, use

√
a2 + b2 ≤ a+ b

and (30.10); choose the multiple also to dominate MR on SR1 . It dominates the zero outer value.
Comparison is valid by writing the difference of the two gradient nonlinearities as a bounded drift.
Therefore
(30.11) 0 ≤ ϕR ≤ C(1 +MR)W (R1 ≤ r ≤ R).

If MR diverged along a sequence, normalize by MR. Local mixed estimates near S and interior
estimates elsewhere give a subsequential limit z on every fixed compact set. More precisely, (30.11)
bounds ϕR/MR on a neighborhood of the fixed closed core. Local Neumann W 2,p estimates at S,
and interior W 2,p estimates away from it, give uniform bounds there for p > 4. Compactness in
C1 on the closed core retains both supcore z = 1 and ∂νz = 0. The limit satisfies −∆gz = d0| dz|g,
homogeneous Neumann data on S, and, by (30.11), z → 0 at infinity. Its positive global maximum
is attained in a compact set. The same strong maximum and boundary point principles again
give a contradiction. Thus MR is bounded, and exhaustion produces a smooth solution of (30.9)
with ϕ = O(r−2).

Here is the derivative control needed later, using only the stated derivatives of the original data.
On a fixed annulus in the y variables put gρ(y) = (gij(ρy)), Uρ(y) = ρ2ϕ(ρy), and aρ(y) = ρd0(ρy).
The exact rescaled equation is

(30.12) −∆gρUρ = aρ
√

| dUρ|2gρ
+ |y|−6 + ρ−δ|y|−4−δ.

The metric components have uniform C1,1 bounds from g − δ = O2. Consequently both the
principal coefficients of this Laplacian and its first-order coefficients have uniform C0,α bounds
for every fixed α < 1. No third derivative of g is needed. The chosen radial d0 gives aρ = O(ρ−q0)
with uniform symbol bounds, independently of derivatives of K. First-derivative interpolation
in the local W 2,p estimates gives a uniform W 2,p bound on a smaller annulus. Taking p > 4
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controls dUρ in C0,α for some α > 0. The positive |y|−6 term is bounded away from zero there,
so the entire right side of (30.12) is uniformly C0,α. The usual Schauder estimate, including the
first-order Laplacian coefficients with these C0,α bounds, now gives a uniform C2,α bound on a
further smaller annulus. Scaling back proves ϕ = O2(r−2) without an additional metric or tensor
falloff derivative. The equation now yields

d0
√

| dϕ|2g + r−6 = O(r−4−q0) = o(w),

which proves both the differential inequality and the last limit in (30.7). The right side of (30.9)
is integrable. The divergence theorem consequently gives a finite limiting physical sphere flux. Its
difference from the Euclidean sphere flux tends to zero, since g − δ = O(r−q) and dϕ = O(r−3).

Finally, differentiating Lemma 30.1 at f = 1 + sϕ gives

C ′
Q = −2ϕC + 6[−∆gϕ+K(∇ϕ, v)], θ′

Q = −ϕθ+ + 3∂νϕ.

On A the first term is zero, and on S we have θ+ = 0. This proves (30.8). On the full end ball
bundle, C = O(r−2−q), ϕC = O(r−4−q) = o(w), and K(∇ϕ, v) = O(r−4−q) = o(w). Thus the
normalized derivative tends uniformly to six. □

30.2. Feasible variations and a measure identity.

Definition 30.3 (Variation space). Let V0 be the real vector space generated by all smooth
compactly supported pairs (h, p) up to S and the following five pairs, cut off smoothly to the end.
The scalar pair is

hij = r−2δij , p = 0.
For each vector e in a fixed basis of R4, the momentum pair has h = 0 and is defined by

(30.13) p− (trδ p)δ = r−3(e⊗ x̂+ x̂⊗ e− (e · x̂)δ
)
, x̂ = x/r.

Set V = RQ+ V0. We write its elements as H = aQ+H0, where H0 = (h0, p0) ∈ V0.

Lemma 30.4 (End behavior of the variation space). The five prototypes have independent charge
derivatives. For every fixed H0 ∈ V0,

(30.14) C ′
H0 = O(r−4−q) = o(w)

uniformly on the full end ball bundle. The coefficient a in Definition 30.3 is uniquely determined,
and

(30.15) C ′
H/w −→ 6a

uniformly there. All elements of V have well-defined charge derivatives.

Proof. Trace reversal on symmetric tensors in dimension four is invertible. The right side of
(30.13), written as

Dij = r−4(eixj + xiej − (e · x)δij
)
,

satisfies ∂jDij = 0 and Dij x̂
j = r−3ei. The scalar prototype satisfies the Euclidean linearized

scalar constraint because ∆δr
−2 = 0 off the origin. With the ADM normalizations (22.1)–(22.2),

the scalar prototype has E′ = 1, P ′ = 0, and the momentum prototype for e has E′ = 0,
P ′ = e/3. Background corrections to these fluxes vanish by the AF estimates, so the derivatives
are independent.

On the end, h0 = O2(r−2) and p0 = O1(r−3). Their Euclidean linearized scalar and momentum
constraints vanish. Each remaining linear constraint term has a factor from the decaying
background: for example, (g−δ)∂2h0, ∂g ∂h0, ∂2g h0, Kp0, or (g−δ)∂p0 has order at most r−4−q.
The variation of the vector identification contributes −J(h♯0v), of the same order. This proves
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(30.14). Lemma 30.2 then proves (30.15) and the uniqueness of a: an element of V0 cannot have
the normalized end derivative of Q.

Compact variations have zero charge derivatives. The prototypes have the fluxes just computed.
For Q, the momentum derivative is zero and

E′
Q = − 1

ω
lim
R→∞

∫
|x|=R

∂rϕ dAδ,

which is finite by Lemma 30.2. Products with background errors have zero limiting flux. Linearity
completes the proof. □

Let T be the compact space of minimizing frontiers for g, with their filled sets, from Proposi-
tion 23.2. For T ∈ T , write

(30.16) a′
T (h) = 1

2

∫
T

trT h dAg.

This is a continuous function of T for each fixed variation h.

Lemma 30.5 (Strict linear inequalities give feasible nonlinear data). Suppose H = aQ+H0 ∈ V
has a > 0 and, for some ε > 0,

C ′
H ≥ εw on A, −θ′

H > 0 on S.

Then, for every sufficiently small s > 0,

(30.17) gs = e2asϕ(g + sh0), Ks = easϕ(K + sp0)

satisfies every hypothesis of Theorem 22.2. Its boundary has strictly negative future expansion.
The path has derivative H, is uniformly comparable to g, has uniform large-sphere barriers, and
its charges are differentiable at s = 0.

Proof. Positivity of the metric and uniform comparability hold for small s, since h0 and ϕ are
bounded relative to g. They also give completeness with the boundary included. The topology,
smoothness, end count and orientability remain those of Ω.

We check DEC on the whole ball of test vectors. First use the intermediate metric and tensor
gs = g + sh0, Ks = K + sp0, identifying its vector ball with that of g by Is. For sufficiently large
r, Taylor expansion and the Euclidean cancellations in Lemma 30.4 give, uniformly in |v|g ≤ 1,

Cs(x, Isv) = C(x, v) +O(sr−4−q) +O(s2r−6).

Here the remainder is uniform in r, s in a fixed small interval, and the whole vector ball. To
check all its components, the coordinate constraint expressions have the schematic forms

Rg = g−1∂2g + smooth(g−1)(∂g)2,

J = smooth(g−1)∂K + smooth(g−1)(∂g)K,

and 2µ−Rg is quadratic in K, with smooth coefficients in g−1. Each second s derivative on the
intermediate path is O(r−6): the largest terms are h0∂

2h0, (∂h0)2, p2
0, h0∂p0, and (∂h0)p0. Terms

containing an original K, ∂K, or background metric derivative decay faster. This calculation
includes all occurrences of τ = gijKij , without a separate trace estimate. The vector identification
also has the uniform matrix expansion

Is = (Id +sh♯0)−1/2 = Id − s
2h

♯
0 +O(s2r−4);

the eigenvalues lie in a fixed positive interval, so the matrix-function Taylor bound is uniform.
Multiplication by the original or varied momentum covector keeps the same remainder order. In
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fact the preceding calculation gives the componentwise estimates

(30.18)
µs = µ+O(sr−4−q) +O(s2r−6),
Js = J +O(sr−4−q) +O(s2r−6).

Apply Lemma 30.1 to these intermediate data with fs = easϕ. After multiplication by the
positive factor f2

s , the constraint for the final data is
(30.19) C(x, v) + s

(
6aw + o(w)

)
+O(s2r−6),

again uniformly for the full vector ball. Indeed, −∆gϕ/w → 1 and K(∇ϕ, v) = o(w). Changing
the metric, tensor, and vector identification in these conformal differential terms adds only the
above decay orders, while the extra exponential term uses | dϕ|2 = O(r−6). Since a > 0 and
r−6 = O(w), one can first choose a fixed large radius so the coefficient of s in (30.19) is positive,
and then choose s small so its remainder is absorbed. DEC follows on this fixed far end, using
C ≥ 0.

The remaining base region and its closed unit ball bundle are compact. The derivative of the
constraint is strictly positive on its original zero set. By continuity it is positive on a neighborhood
of that zero set; on the complement the original constraint has a positive minimum. A uniform
Taylor expansion therefore gives Cs ≥ 0 everywhere in the compact region for small positive s.
The same compactness argument on S, where θ+ = 0, gives θ+,s < 0.

The new densities are integrable componentwise, not merely after contraction with active
vectors. The exact conformal formulas give

fsJs = Js + 3asKs(∇gs
ϕ, ·),

f2
s µs = µs − 3as∆gs

ϕ− 3a2s2| dϕ|2gs
.

The extra covector in the first line is O(sr−4−q) +O(s2r−6). Also ∆gs
ϕ = ∆gϕ+O(sr−6), with

∆gϕ = O(w). Together with (30.18), these identities express the new densities as bounded smooth
scaling factors times the original integrable densities, plus integrable errors of orders r−4−δ,
r−4−q, and r−6. Uniform metric comparability controls both norms and volume elements. The
differentiated falloff has exponent min(q, 2) > 1, uniformly for s in a small fixed interval, so large
coordinate spheres remain mean convex uniformly.

The charge limits can also be checked before differentiation. Write π = K−τg. Since conformal
trace reversal gives πs = fs(Ks − τ sgs), expansion on the end yields

πs = π + s
(
p0 − (trδ p0)δ

)
+O(sr−3−q) +O(s2r−5).

The terms with the original trace are of size h0K = O(r−3−q); multiplication by fs − 1 = O(sr−2)
adds only the displayed error orders. All errors have zero limiting sphere flux. Therefore
Ps = P + sP ′

H0
in the prescribed coordinates, without an extra decay assumption on τ . Similarly,

gs − g − s(h0 + 2aϕg) = O1(s2r−4),
whose energy flux vanishes. The finite flux of ϕ and the scalar prototype thus give Es = E + sE′

H .
In particular both charge functions exist and are differentiable with the derivatives computed in
Lemma 30.4. The path and its first two parameter derivatives are uniformly bounded relative to
g, as required by Proposition 23.2. This verifies all claims and all hypotheses of the numerical
theorem. □

Proposition 30.6 (Multiplier identity at equality). There exist a probability measure ϖ on T , a
nonnegative finite measure η on S, a nonnegative locally finite measure Λ on A, and z ≥ 0, with∫

Aw dΛ < ∞, such that for every H = aQ+H0 = (h, p) ∈ V,

(30.20) 6ωE ′(H) − c

∫
T
a′
T (h) dϖ(T ) = ⟨C ′

H ,Λ⟩ −
∫
S
θ′
H dη + za.
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The constraint pairing is absolutely defined, since C ′
H/w is bounded on the compactified active set.

Proof. Compactify A by one end point. If A is already compact, adjoin an isolated point; if it is
empty, use just that point. The ball fibers are compact and the base has one end, so this is a
compact Hausdorff space, denoted A. By Lemma 30.4, C ′

H/w extends continuously to it with
value 6a at the added point. On the disjoint compact union

K = A ⊔ S ⊔ T

consider the linear map to C(K) whose three components are

(30.21) H 7−→
(
C ′
H

w
, −θ′

H , ca
′
T (h) − 6ωE ′(H)

)
.

Its image does not meet the open cone of functions strictly positive everywhere. Otherwise its
value at the added point gives a > 0, and Lemma 30.5 supplies actual feasible data (30.17). Let
a(s) be their enclosing infimum. The area derivative formula in Proposition 23.2 gives

a′(0+) = min
T∈T

a′
T (h).

Strict positivity of the third component in (30.21), and compactness of T , imply
d
ds

∣∣∣∣
0+

6ω
(
E(gs,Ks) − m(a(s))

)
= 6ωE ′(H) − cmin

T∈T
a′
T (h) < 0.

The expression starts at zero and is nonnegative by (30.3), a contradiction.
Hahn–Banach separation of a linear subspace from this open convex cone gives a nonzero

positive continuous functional on C(K) annihilating the image. The subspace need not be closed:
its closure is still disjoint from the open cone. The Riesz representation theorem identifies the
functional with a nonzero finite positive measure on K.

Its mass on T is positive. If that mass were zero, testing Q would give a strictly positive value
on every remaining component: C ′

Q/w ≥ 6 on A, the added-point value is six, and −θ′
Q = 3 on

S. This would contradict annihilation. Normalize the mass on T to one and call the resulting
measure there ϖ. Call its restriction to S η. On A, divide the remaining measure by the positive
function w to obtain Λ; this is locally finite and has finite weighted mass. If the normalized
added-point mass is λ∞, put z = 6λ∞. Rearranging annihilation of (30.21) is exactly (30.20). □

30.3. Normal graph tests. The measure ϖ may initially be supported on several enclosures
of the same area. The next argument uses variations of the original data to show that it is
supported on the original horizon. It is local in the open exterior and assumes no complete
ambient development.

Lemma 30.7 (Compact normal tests annihilating active constraints). For every ℓ ∈ C∞
c (int Ω),

there are smooth variations Hj = (hj , pj) ∈ V0, all supported in a fixed compact subset of the open
exterior, such that

hj = 2ℓK, C ′
Hj

−→ 0
uniformly on the active rays over that compact set.

Proof. Use local Lorentzian metrics in Gaussian time, gj = − dt2 + gj(t), near a compact
neighborhood of supp ℓ, and prescribe gj(0) = g, ∂tgj(0) = 2K. At t = 0, prescribe their spatial
Einstein tensors to be

(30.22) (Gj)ik = (Dj)ik, Dj = J ⊗ J

µ+ 1/j .
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This is possible by choosing the second time derivative of gj . Indeed its coefficient in the spatial
Einstein equation is a nonzero multiple of trace reversal on symmetric spatial tensors, which is
invertible in dimension four. The normal components are fixed by the Gauss–Codazzi constraints:

Gj(n, n) = µ, Gj(n, ei) = Ji.

A smooth choice of the second time jet realizes the prescribed tensor in a sufficiently small time
neighborhood. No equation or energy condition away from the initial slice is required.

We first check the convergence of these tensors along the slice, within the chosen open interior
neighborhood. Put Z = {µ = 0} there. At every point of Z, smoothness and µ ≥ 0 give dµ = 0.
DEC implies |J | ≤ µ, so J = 0 and ∇J = 0 there as well; for example, along a smooth curve
through the point, µ = O(t2) and thus J = O(t2). The bounds
(30.23) |Dj | ≤ µ, |∇Dj | ≤ 2|∇J | + | dµ|
follow by differentiating the quotient and using |J | ≤ µ. On every compact subset of this interior
neighborhood, these imply convergence in C1 to

(30.24) D =
{
J ⊗ J/µ, µ > 0,
0, µ = 0.

To justify the assertion at the zero set, choose a small neighborhood of its intersection with
the compact set. The right sides of (30.23) are uniformly small there by continuity and their
vanishing on Z. On the remaining compact part, µ is bounded away from zero and the usual
quotient derivatives converge uniformly. The zero extension in (30.24) is differentiable on Z, with
derivative zero, because |D| ≤ µ and dµ = 0 there. The same bounds give continuity of that
derivative.

The full tensors Gj restricted to the slice, and their covariant derivatives in spatial directions,
consequently converge in C0. The spacetime connection in a spatial direction along t = 0 depends
only on the common g,K, not on the chosen second time jets.

Consider a positive-density active ray. Its activity and DEC imply |v| = 1, |J | = µ, and
v = −J ♯/µ. Thus ζ = n+ v is future null. On a neighborhood in the slice where µ > 0, define a
covector α by

α(n) = µ, α|TΩ = J.

It is causal and nonnegative on the future cone, and the limiting Einstein tensor along that
neighborhood is G0 = α⊗ α/µ. At the active point,

α(ζ) = 0, α = −µζ♭.
Parallel transport ζ along any spatial curve. It remains future null, so its pairing with α is
nonnegative and has value zero at the active point. Its derivative there is zero. Consequently
(30.25) (∇eiα)(ζ) = 0, (∇eiG0)(ei, ζ) = 0
at that point, for every spatial orthonormal vector ei.

Contracted Bianchi, with signature (−,+,+,+,+), gives the exact contraction needed for the
graph variation:

(30.26) (∇nGj)(n, ζ) =
4∑
i=1

(∇eiGj)(ei, ζ) −→ 0.

There is no assertion of convergence for every normal derivative of Gj ; only (30.26) is used.
Now vary the hypersurface to the graph t = sℓ(x) in gj . Its induced data have metric derivative

hj = 2ℓK and some smooth tensor derivative pj . They give compactly supported variations on Ω:
outside a fixed neighborhood of supp ℓ the graph is the original slice, so extend the variations by
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zero. The same first jets of gj(t) along the initial slice imply uniform compact bounds, independent
of j, for the derivatives of the unit normal ns and of the isometrically identified vector vs.

These first derivatives can be written explicitly. The graph velocity is ℓn. Orthogonality to
its tangent vectors and the unit-normal condition give ∇sns|0 = ∇ℓ. The material derivative
of a graph-pushed vector v is dℓ(v)n + ℓK♯v. Since hj = 2ℓK, its isometric identification has
derivative I ′

0v = −ℓK♯v, canceling the last spatial term. Hence
(30.27) ∇sns|0 = ∇ℓ, ∇svs|0 = dℓ(v)n.
Differentiating the constraint 2Gj(ns, ns + vs) and using Bianchi gives the exact formula

1
2C

′
Hj

(x, v) = ℓ
∑
i

(∇eiGj)(ei, ζ) + Gj(∇ℓ, ζ)

+ Gj
(
n,∇ℓ+ dℓ(v)n

)
.(30.28)

Thus only spatial first derivatives of the Einstein tensor occur in the final expression. At a
positive-density active ray the first limiting term is zero by (30.25), the second is zero because
G0(·, ζ) = 0, and the last is zero because

α
(
∇ℓ+ dℓ(v)n

)
= J(∇ℓ) + µ dℓ(v) = 0.

Equivalently, ζs = ns + vs remains null at a unit active vector, and its derivative pairs to zero
with the proportional null covector α.

If µ = 0, the full tensor Gj and all its spatial covariant derivatives are zero at the point, by
(30.22), (30.23), and the vanishing first jets of µ, J . Bianchi therefore proves the same cancellation
for every |v| ≤ 1, including non-unit active vectors. The argument-derivative terms vanish there
as well.

Let L ⋐ int Ω contain the fixed support. The limiting version of the right side of (30.28) is zero
at every active ray, by the positive- and zero-density arguments. All its coefficients are bounded
on L, uniformly for |v| ≤ 1. Consequently

sup
A|L

|C ′
Hj

| ≤ Cℓ∥Gj − G0∥C1
sp(L) −→ 0,

where the norm uses the common connection in spatial directions along the initial slice. This
estimate contains no division by µ and includes sequences of active rays approaching Z. The
support remains strictly inside the open exterior throughout; no vanishing normal derivative of
the densities at the original boundary is asserted. This proves the required uniform convergence
with the derivative convention (30.4). □

Proposition 30.8 (Localization of the area multiplier). For ϖ-almost every element of T , its
frontier equals S, where ϖ is the measure in Proposition 30.6. Consequently, for every variation
H = (h, p) in V,

(30.29)
∫

T
a′
T (h) dϖ(T ) = a′

S(h) = 1
2

∫
S

trS h dAg.

In particular the multiplier identity becomes

(30.30) 6ωE ′(H) − c a′
S(h) = ⟨C ′

H ,Λ⟩ −
∫
S
θ′
H dη + za.

Proof. Apply (30.20) to the variations in Lemma 30.7. Their charge, boundary, and end-coefficient
terms vanish, and Λ is finite over their fixed compact support. The uniform constraint-derivative
convergence therefore gives

(30.31)
∫

T

∫
T
ℓ trT K dAg dϖ(T ) = 0 for every ℓ ∈ C∞

c (int Ω).
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Define the finite aggregate area measure ρ by∫
f dρ =

∫
T

∫
T
f dAg dϖ(T ).

All frontiers lie in one compact set. By Proposition 23.3, off S the value trT K is a single
continuous function k(x) on their union. Thus (30.31) says kρ = 0 as a signed measure in the
open exterior. It follows that k = 0 ρ-almost everywhere. Fubini, followed by smoothness of each
free part of a minimizing frontier, shows that for ϖ-almost every T ,

(30.32) trT K = 0 everywhere on T \ S.

Indeed a nonzero value on a smooth free part would persist on an open piece of positive area.
Such a T is minimal away from S by Proposition 23.1, and hence is a MOTS there.

Fix one of these frontiers. At any contact point with S, it has the tangent plane and orientation
of S, because its filled set contains the entire obstacle. In a local graph chart, let f be its graph
and ψ the smooth obstacle graph. The regularity in Proposition 23.1 gives f ∈ C1,α ∩W 2,2. On
the coincidence set f = ψ, one has Df = Dψ. Locality of weak Sobolev derivatives, applied to
the components of Df −Dψ, gives D2f = D2ψ almost everywhere there. Since S is a MOTS,
the same MOTS equation holds almost everywhere on the contact set. By (30.32), it holds off
that set as well.

We spell out why no singular contact term remains. In these charts the MOTS equation has
the form

(30.33) ∂iF i(x, f,Df) = B(x, f,Df),

where the coefficients are smooth after extending the one-sided smooth background across S,
and the matrix F i

pj
is uniformly elliptic on the local bounded gradient range. As f ∈ W 2,2, its

left side is an L2 function and the almost-everywhere equation is also the weak divergence-form
equation. For a local coordinate derivative fk, distributional differentiation of (30.33) yields

∂i
(
aij∂jfk

)
= ∂i

(
δikB − F i

xk
− F i

zfk
)
, aij = F i

pj
(x, f,Df).

All coefficients and the displayed right-hand vector field are C0,α. The interior divergence-form
Schauder estimate gives fk ∈ C1,α locally, hence f ∈ C2,α. Further differentiation bootstraps to
smoothness [28]. Thus T is a smooth MOTS through contact.

If T touches S, strong comparison gives local coincidence of the two ordered smooth MOTS
with the same orientation. To check the applicable maximum principle, their nonnegative graph
difference solves a linear uniformly elliptic equation with bounded lower-order coefficients. Its
zeroth-order coefficient can be replaced by a nonpositive one to obtain the inequality for the
strong minimum principle; an interior zero then forces local vanishing. Therefore the intersection
with S is open and closed in S. Connectedness of S implies that S is a component of T . Since
every minimizing frontier has total area A = Areag(S), there can be no additional component,
and T = S.

If T does not touch S, it is a compact smooth embedded two-sided MOTS entirely in int Ω.
Its connected exterior side and full enclosure of the obstacle were proved in Proposition 23.1.
With all components and the orientation toward the end counted, it is exactly an enclosing
hypersurface excluded by the outermostness hypothesis. This alternative is impossible. Thus
T = S for ϖ-almost every T , proving (30.29) and (30.30). □



198 OPENAI

31. A causal stationary field on the original exterior

We continue with the original equality data (Ω, g,K) of Definition 22.3. In particular, S = ∂Ω
is connected, θ+ = 0 on S, and S is outer area-minimizing. The constants fixed in Section 30 are

r0 =
√

2m, b0 = E

m
, bi = −Pi

m
, c = 2

r0
, κ = c

2 = 1
r0
.

Thus (b0)2 − |b|2 = 1 and b0 > 0. We fix the same exponent 1 < q0 < min{q, 2} as in the strict
variation constructed there. The purpose of this section is to extract a smooth field from the
multiplier and to retain all information about the original second fundamental form.

Theorem 31.1 (Causal stationary field). There are a smooth function u and a smooth vector
field X on Ω, smooth up to its one-sided boundary, with the following properties.

(i) They satisfy u ≥ |X|g, u > 0 in int Ω, and

(31.1) uµ+ J(X) = 0.

With symmetric indices denoting averaging, their equations are

∇(iXj) = −uKij ,(31.2)
∆u = − divg

(
K(X, ·)♯

)
,(31.3)

∇2u = u(Ricg +τK − 2K2) − LXK +X(iJj).(31.4)

Here Xi = gijX
j and (K2)ij = KikK

k
j.

(ii) On the chosen asymptotically flat end,

(31.5) (u,X) = (b0, b) +O2(r−q0).

(iii) At the boundary, for the unit normal ν pointing into Ω,

(31.6) X = uν, ∂νu+K(X, ν) = κ.

Either u > 0 everywhere on S or u = 0 everywhere on S.
(iv) On R × int Ω, set

(31.7) g = −u2 dt2 + gij(dxi +Xi dt)(dxj +Xj dt), ξ = ∂t, N = u2 − |X|2g.

For the future normal n = u−1(ξ − X), the slice t = 0 has exactly the original induced
metric g and second fundamental form K, with the convention of Theorem 22.4. Moreover,

(31.8) Ricg(ξ, ·) = 0, Ricg = 0 on {N > 0}.

(v) We have N ≥ 0, N → 1 at infinity, and N > 0 in a full collar just outside S. More
precisely, in the positive boundary-lapse case,

(31.9) N |S = 0, dN |S = 2uκ ν♭ = 2κX♭.

In the zero boundary-lapse case, if s ≥ 0 is the original g-normal distance from S, there
are smooth one-sided fields d, Y2 such that

(31.10) u = sd, X = s2Y2, d|S = κ, N = s2(d2 − s2|Y2|2g
)
.

Consequently all zeros of N in int Ω lie in a compact subset of that interior.

The proof occupies the remainder of this section. At no point do we assume that the original
data are vacuum or that they lie in a prescribed stationary development. The metric in (31.7) is
constructed from the multiplier.
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31.1. From a positive measure to the interior adjoint equations. By Proposition 30.6
and the area localization in Proposition 30.8, the multiplier identity is

(31.11) 6ω E ′(H) − c a′
S(h) = ⟨C ′

H ,Λ⟩ −
∫
S
θ′
H dη + za, H = aQ+H0.

The coefficient a is the coefficient of the strict direction Q in the variation space. We recall that
C(x, v) = Rg + τ2 − |K|2 + 2J(v), |v|g ≤ 1,

that Λ is a positive locally finite measure on the active set C = 0, and that the test-vector
identification for a metric variation h has v̇ = −1

2h
♯v.

Let u be the scalar pushforward of Λ to Ω, and let X be its vector first moment. Initially these
symbols denote measures: for a compactly supported scalar f and covector α,

⟨u, f⟩ =
∫
f(x) dΛ(x, v), ⟨X,α⟩ =

∫
αx(v) dΛ(x, v).

The unit-ball condition and positivity give |X|g ≤ u as measures, while activity gives µu+J(X) = 0
as a measure. We use dVg as the reference density when expressing the resulting distributional
equations. After establishing smoothness, we use the same letters for the smooth densities of
these measures.

Lemma 31.2 (Interior adjoint equations). The moment measures have smooth densities on int Ω.
They satisfy (31.1)–(31.4) there, and u ≥ |X|g there.

Proof. For a variation supported in the open exterior, every term of (31.11) except the constraint
pairing vanishes. For a pure tensor variation p = K̇, that pairing is

2
〈
u, τ trg p−K : p

〉
+ 2

〈
X,∇j(pij − (trg p)gij)

〉
.

Its distributional adjoint equation is
(31.12) u(τg −K) − ∇(iXj) + (divX)g = 0.

Taking the trace in four dimensions gives 3uτ + 3 divX = 0. Substitution proves (31.2).
For the conformal variation (h, p) = (2ψg, ψK), the constraint transformation already estab-

lished in Section 30 gives, on active rays,
C ′
H(x, v) = 6{−∆ψ +K(∇ψ, v)}.

Its adjoint is (31.3). This calculation is valid for measure moments, so both equations hold in
distributions before any regularity assertion.

Diverge (31.2) and substitute divX = −uτ . Commuting covariant derivatives gives a Laplace
equation for X whose right side consists of smooth coefficients times u,X,∇u. In (31.3), the right
side consists of smooth coefficients times X,∇X. Thus the coupled system has diagonal Laplace
principal part on the scalar and vector bundles; all couplings have order at most one. Distributional
interior elliptic regularity, iterated with the smooth coefficients, makes both densities smooth.
The measure inequalities and complementarity now give the asserted pointwise statements.

It remains to verify the full metric equation, including its matter term. We may now work
with smooth u,X. For a pure metric variation h, keep covariant K, scalar u, and contravariant
X fixed. The constraint pairing is the variation of

(31.13)
∫ [
u(R+ τ2 − |K|2) + 2Xi∇j(Kij − τgij)

]
dVg

minus
∫
h(X, J ♯) dVg. The latter is precisely the contribution of v̇ = −1

2h
♯v. In using the varying

volume form in (31.13), no term has been added: its original integrand is 2uµ + 2J(X) = 0
pointwise.
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For completeness, put πij = Kij − τgij . Integrating the shift term once by parts gives
−
∫
πij(LXg)ij dVg, with unchanged boundary terms outside the variation support. At fixed

covariant K,
δπij = −hiaKaj − hjaK

ia + (K : h)gij + τhij .

Variation of the last integral, followed by integration of the term −πij(LXh)ij , has coefficient

(31.14) LXK − (divX)K − {X(τ) +Kab∇aXb}g.
One can see the cancellations directly: if B = LXg, the variation of π contributes 2 Sym(KB) −
(trB)K − τB; integration of LXh contributes (LXπ)ij + (divX)πij with indices lowered; and the
volume variation contributes −1

2(π : B)g. Together they are (31.14).
The scalar and quadratic terms in (31.13) have coefficient

∇2u− (∆u)g − uRicg +2u(K2 − τK) + uµg.

Adding (31.14) and the test-vector correction therefore gives
0 = ∇2u− (∆u)g − uRicg +2u(K2 − τK) + uµg

+ LXK − (divX)K − {X(τ) +Kab∇aXb}g −X(iJj).(31.15)

Equation (31.2) gives Kab∇aXb = −u|K|2. Moreover, using ∇jKij = Ji + ∇iτ in (31.3) gives

(31.16) ∆u+X(τ) = u|K|2 − J(X) = u(|K|2 + µ).
Together with divX = −uτ , these identities cancel the scalar multiples of g in (31.15) and give
(31.4). □

31.2. Boundary regularity and the asymptotic constants.

Lemma 31.3 (Prolongation and absence of boundary atoms). The fields u,X extend smoothly to
the one-sided boundary S. Their first jet at one interior point determines them on the connected
interior. The original moment measures have no boundary-supported part, and hence are exactly
udVg and X dVg on all of Ω.

Proof. Put Bij = −uKij . Differentiate ∇(iXj) = Bij in three arrangements, add two of the
resulting equations, and subtract the third. Commuting derivatives gives

∇i∇jXk = ∇iBjk + ∇jBik − ∇kBij + Rijk(X),(31.17)
Rijk(X) = −1

2
(
([∇j ,∇i]X)k + ([∇i,∇k]X)j + ([∇j ,∇k]X)i

)
.

Every commutator is a curvature contraction with X. Thus this equation uses only K∇u, u∇K,
and curvature times X. Expanding the Lie derivative in (31.4) gives

∇i∇ju = u(Ricg,ij +τKij − 2(K2)ij) −Xa∇aKij

−Kaj∇iX
a −Kia∇jX

a +X(iJj).(31.18)
Consequently

J = (u,X,∇u,∇X)
obeys a homogeneous linear first-order system, with smooth coefficients built from g,K, their
required derivatives, and J . Along any smooth curve, this is a linear ODE for J . Uniqueness
along curves proves the first-jet assertion.

In a compact collar of S, start on an interior collar section and solve this ODE along the
normal segments down to S. Its coefficients are smooth up to the one-sided boundary. Smooth
dependence on the initial point and on the normal parameter provides the smooth extension,
agreeing with the original solution for positive collar parameter. The pointwise inequalities and
complementarity extend by continuity.
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The original moments could still have parts supported on S; the interior regularity alone does
not exclude them. Let s be geodesic collar distance, let f ∈ C∞(S) be arbitrary and extended
constantly along the normal segments, and take a collar cutoff χ equal to one near S. Choose the
compact pure metric variation

(31.19) h = s2χ(s)f
6

(
g − ds⊗ ds

)
, p = 0.

This is one of the allowed smooth compact variations, with strict-direction coefficient a = 0. Its
value and first jet vanish on S. The trace along the three-dimensional collar slices is s2χf/2, so
its second normal derivative at S is f . At S, the scalar variation

R′
g(h) = ∇i∇jhij − ∆(trg h) − Ricg : h

therefore equals −f : the only nonzero second jets are normal-normal derivatives of tangential
components, whereas hss = hsA = 0. The variation of τ2 − |K|2 uses only h, that of J at fixed
covariant K uses only h,∇h, and the test-vector correction uses only h. Consequently C ′

H |S = −f ,
independently of the active ray v.

The area derivative vanishes because h|S = 0; the expansion derivative vanishes because
h|S = ∇h|S = p|S = 0; and the charge derivative vanishes by compact support. Integrating
the smooth interior densities by parts gives zero as well: the adjoint vanishes, and its scalar
boundary terms involve only h,∇h, while its momentum boundary terms involve only h. This is
ordinary integration up to S using the one-sided smooth fields, not distributional differentiation
of a zero extension across S. Thus (31.11) says that the scalar boundary measure annihilates
every f ∈ C∞(S), and that measure is zero. The inequality |X|g ≤ u as measures eliminates the
vector boundary part. Moreover, since u is the pushforward of the positive measure Λ, the entire
measure Λ has zero mass over S, not merely zero first moment there. □

We first obtain constant limits from a Hessian estimate and causality. Related radial estimates
for asymptotic Killing fields appear in [12, Proposition 2.1 and Appendix C]. The normalization
of the limits will then follow from the end variations.

Lemma 31.4 (Asymptotics of causal fields). Let g be a smooth metric uniformly comparable to
the Euclidean metric on an end R4 \BR. Let u be a smooth function and X a smooth vector field
there with u ≥ |X|g. Write Y for all coordinate components of (u,X). Suppose that, for some
q0 > 1 and a constant C, the coordinate derivatives satisfy
(31.20) |∂2Y | ≤ Cr−1−q0 |∂Y | + Cr−2−q0 |Y |.
Then there are constants u∞ and X∞ ∈ R4 such that

(u,X) = (u∞, X∞) +O2(r−q0).

Proof. Fix a sufficiently large coordinate sphere of radius R and put
D(r) = sup

ω∈S3
|∂Y (rω)|, M(r) = sup

R≤t≤r
D(t).

Along each ray, |Y (tω)| ≤ C+
∫ t
RD(a) da ≤ C+ tM(t), uniformly in ω. Integrating ∂r(∂Y ) using

(31.20), and then taking the supremum over directions and radii at most r, gives

M(r) ≤ C + C

∫ r

R
t−1−q0M(t) dt.

The kernel is integrable. Gronwall therefore bounds M uniformly, so ∂Y = O(1) and Y = O(r).
Equation (31.20) now gives ∂2Y = O(r−1−q0). Each coordinate derivative has a radial limit L(ω),
with error O(r−q0). Any two points on the sphere of radius r can be joined by a spherical arc
of length at most πr; integrating the Hessian along this arc gives an O(r−q0) difference between
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their gradients. Letting r → ∞ shows that L(ω) is one constant matrix L. Radial integration of
∂Y − L then gives

∂Y = L+O(r−q0), Y = Lx+O(1),
where boundedness of the second error uses q0 > 1. Since u ≥ 0 in every direction, the linear
part of u vanishes. Uniform comparability of g with the Euclidean metric and |X|g ≤ u then
force the linear part of X to vanish as well. Thus Y = O(1) and ∂Y = O(r−q0). Substitution
in (31.20), using q0 > 1, improves the Hessian bound to O(r−2−q0). Integrating each gradient
component radially toward its zero limit gives ∂Y = O(r−1−q0). A further radial integration gives
Y = B(ω) +O(r−q0); comparison of values along the same spherical arcs now gives an O(r−q0)
difference, so B too is independent of direction. This proves the asserted constant limit and both
differentiated estimates. □

Lemma 31.5 (Asymptotic normalization and positive lapse). Equation (31.5) holds, and u > 0
on int Ω.

Proof. Let Y denote all coordinate components of the pair (u,X). The prolonged system and
the original O2 metric and O1 tensor decay imply Equation (31.20). Indeed curvature, ∇K,
and J have order −2 − q0, while K and the Christoffel symbols have order −1 − q0. Equations
(31.17) and (31.18) use no higher background derivatives. Converting their covariant Hessians
to coordinate Hessians adds terms with coefficients Γ, ∂Γ, and Γ2, controlled by the stated O2
metric decay.

Lemma 31.4 now gives constants with
(31.21) (u,X) = (u∞, X∞) +O2(r−q0).

Use the five end prototypes of Definition 30.3, whose charge derivatives are computed in
Lemma 30.4, in (31.11). Their strict-direction coefficient is a = 0, so the term za is absent; their
boundary and area terms vanish because the prototypes are supported away from S. Integration
by parts using the interior adjoint equations leaves only the outer boundary flux. By (31.21), its
limit is
(31.22) 6ω

(
u∞E

′ +Xi
∞P

′
i

)
.

For clarity, the leading integrand is
u∞(∂jhij − ∂ihjj) + 2Xj

∞
(
pij − (trδ p)δij

)
.

This is exactly (31.22) with the energy and momentum normalizations of Equations (22.1)–(22.2).
Every other boundary term contains a decaying background or adjoint coefficient, or its derivative,
paired with h = O2(r−2) or p = O1(r−3) at the corresponding order. Multiplication by the
sphere area O(r3) makes each such flux tend to zero. The volume pairing converges as well: the
prototype constraint derivatives are O(r−4−q) and the moment densities are bounded.

The scalar prototype h = r−2δ, p = 0, has (E′, P ′) = (1, 0). For the tensor prototype indexed
by a constant vector e, its Euclidean trace reversal contracts with the sphere normal to r−3e, and
thus has (E′, P ′) = (0, e/3). These independent charges identify (u∞, X∞) = (b0, b) from (31.11)
and (31.22). This proves (31.5).

If u vanished at an interior point, its nonnegativity would give du = 0 there. Taylor’s theorem
and |X| ≤ u would give X = 0 and ∇X = 0 at the same point. The whole first jet would vanish,
contradicting Lemma 31.3 and u∞ = b0 > 0. □
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31.3. Boundary fluxes and the two lapse cases.

Lemma 31.6 (Boundary equations). The multiplier measure at S is dη = 2udAg, and (31.6)
holds.

Proof. Take arbitrary compact pure tensor variations up to S. The actual outward normal of the
exterior domain at its inner boundary is −ν. Integration by parts in (31.11) therefore gives

−2
∫
S

[
p(X, ν) − (trg p)Xν

]
dAg −

∫
S
(trS p) dη = 0.

Arbitrary mixed components pνA imply XTS = 0, and arbitrary tangential trace implies dη =
2Xν dAg.

Now take (h, p) = (2ψg, ψK) with arbitrary compact support up to S. At a MOTS, its
expansion derivative is 3∂νψ, while its area derivative is 3

∫
S ψ dAg. Integrating its constraint

pairing with (31.3) gives

−3c
∫
S
ψ dAg = 6

∫
S

[u∂νψ − {∂νu+K(X, ν)}ψ] dAg − 3
∫
S
∂νψ dη.

The boundary value and normal derivative of ψ can be prescribed independently. Their coefficients
give dη = 2u dAg and ∂νu+K(X, ν) = c/2. Together with the tensor-variation conclusions these
are exactly (31.6). □

Lemma 31.7 (Boundary lapse dichotomy). Either u > 0 at every point of S or u = 0 identically
on S.

Proof. Let LS be the expansion variation at S under normal motion with speed sν. Its principal
part is −∆S . More explicitly, in a geodesic normal extension of ν, if II is the second fundamental
form of S in (Ω, g),

LSs = −∆Ss+ 2K(ν,∇Ss) +
[
−|II|2 − Ricg(ν, ν) + trTS(∇νK)

]
s.

Only the smoothness of the lower coefficients and the displayed principal part will be needed.
Extend sν to a smooth compactly supported vector field Y1 up to the boundary, and use

H = (LY1g,LY1K) in (31.11). These are legitimate one-sided tensor variations; one may compute
their jets using any smooth extension across S. Their area and expansion derivatives are
respectively

∫
S Hs dAg and LSs.

We check the active-ray derivative with the specified vector identification. At a fixed interior
point put A(v) = ∇vY1, so h♯ = A + A∗, where the adjoint uses g. Let ϕt be the local flow of Y1
and let vt be the isometrically identified test vector for gt = ϕ∗

t g. Naturality gives

Cϕ∗
t g,ϕ

∗
tK

(x, vt) = Cg,K(ϕtx, dϕt(vt)).

At t = 0, the covariant velocity of the vector on the right, relative to parallel transport along ϕtx,
is

A(v) + v̇ = A(v) − 1
2(A + A∗)v = 1

2(A − A∗)v.
It is perpendicular to v. The base derivative of C, with v parallel transported, vanishes at an
interior active ray because it differentiates a nonnegative function at a two-sided interior minimum.
The remaining vector derivative is 2J(1

2(A − A∗)v), also zero: at an active unit ray J = −µv♭,
and at an active ray with |v| < 1 we have µ = J = 0. Therefore C ′

H = 0 at every interior active
ray.

The vector field Y1 need not preserve S: its compact Lie derivatives are permitted tensor
variations, independently of feasibility of a flow on the whole exterior. No normal derivative
at a one-sided boundary minimum is being set equal to zero. Such boundary rays contribute
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no integral because Λ has zero mass over S by Lemma 31.3. Thus the entire constraint pairing
vanishes. The multiplier identity and dη = 2udAg now read

−c
∫
S
Hs dAg = −2

∫
S
uLSs dAg,

and hence give
(31.23) 2L∗

Su = cH.

Here the adjoint is with respect to dAg on the closed manifold S.
Outer area minimization, tested against every nonnegative outward normal speed, gives H ≥ 0

pointwise. Hence L∗
Su ≥ 0 and u ≥ 0 on S. Increase the zeroth coefficient of L∗

S by a constant
until that coefficient is nonnegative. The inequality remains valid because u ≥ 0. The strong
minimum principle for this operator with principal part −∆S shows that a zero of u forces u to
vanish on the connected surface S. Otherwise it is everywhere positive. □

31.4. The constructed spacetime and its null stress.

Lemma 31.8 (Killing development and timelike collars). The metric in (31.7) has all the
properties in parts (iv) and (v) of Theorem 31.1.

Proof. The interior positivity of u makes (31.7) a smooth Lorentzian metric, with future normal
n = u−1(∂t −X) after choosing the indicated time orientation. In the convention of the problem,
the second fundamental form of a lapse-shift metric is

1
2u
(
∂tg − LXg

)
.

Its coefficients here are independent of t, and (31.2) identifies this tensor with the original K.
The vector field ξ = ∂t is Killing by construction.

We record the curvature computation to fix both the matter term and the sign convention.
The Gauss and normal-variation identities for a general lapse-shift metric, with positive second
fundamental form convention, are

Ricg,ij = Ricg,ij +τKij − 2(K2)ij + u−1(∂tKij − (LXK)ij − (∇2u)ij
)
,

Ricg(n, n) = −u−1(∂tτ −Xτ) − |K|2 + u−1∆u.
Tracing these equations uses

gij
(
∂tKij − (LXK)ij

)
= ∂tτ −Xτ + 2u|K|2.

In the stationary case this yields
Ricg,ij = Ricg,ij +τKij − 2(K2)ij − u−1((LXK)ij + (∇2u)ij

)
,(31.24)

Rg = Rg + τ2 + |K|2 − 2u−1(∆u+Xτ).(31.25)

Equation (31.16) and complementarity show that

Rg = 2µ+ 2J(X)
u

= 0.

Writing G for the Einstein tensor, the constraints and (31.4) consequently give
(31.26) G(n, n) = µ, G(n, ei) = Ji, uGij = −X(iJj).

These identities can also be compared with the transversal Killing construction in [13]; its
momentum symbol has the opposite sign to the one used here. The null-fluid structure of a
modified constraint adjoint is discussed in [30, Section 6.1]. We use the displayed direct calculation,
in four spatial dimensions, rather than importing a stationarity or dimensional-transfer theorem.
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If µ = 0, the dominant energy condition gives J = 0, so all entries in (31.26) vanish. If µ > 0,
the inequalities

0 = uµ+ J(X) ≥ uµ− |J ||X| ≥ 0
force |J | = µ, |X| = u, and J = −µX♭/u. Since g(ξ, n) = −u and g(ξ, ei) = Xi, the tensor with
components (31.26) is exactly

(31.27) G = µ

u2 ξ
♭ ⊗ ξ♭ where µ > 0.

The Killing one-form in this equation is the spacetime one-form. It is null wherever the displayed
tensor is nonzero. Thus G(ξ, ·) = 0 everywhere. Since Rg = 0, this is the first assertion of (31.8).
If N > 0, then |X| < u, so complementarity forces µ = J = 0; all the Ricci components vanish.
This proves the second assertion. An internal null region has not been excluded or assumed
vacuum.

It remains to examine the original boundary and the end. Equation (31.5) gives N →
(b0)2 − |b|2 = 1. At S, Equation (31.6) gives X = uν, so N = 0 and all tangential derivatives of
N vanish. If u > 0 on S, Equation (31.2) gives ⟨∇νX, ν⟩ = −uK(ν, ν). Hence

∂νN = 2u
(
∂νu+ uK(ν, ν)

)
= 2uκ,

which is (31.9). Compactness of S supplies a full collar on which N > 0.
In the other case, u|S = 0 and X|S = 0. Tangential derivatives of X vanish. The normal-normal

and normal-tangential components of (31.2) then give ∇νX = 0 on S, so every first derivative
of X vanishes there. Smooth one-sided division by normal distance gives u = sd and X = s2Y2.
The boundary condition gives d|S = ∂νu|S = κ > 0. This is (31.10), and once again compactness
gives a full collar with N > 0. Together with positivity far out on the unique end, these collars
place all interior zeros of N in an interior compact set. □

Proof of Theorem 31.1. Combine Lemmas 31.2, 31.3, 31.5, 31.6, 31.7, and 31.8. □

32. Vanishing twist and the complete static base

We continue with the equality data and the fields supplied by Theorem 31.1. The stationary
metric

g = −u2dt2 + gij(dxi +Xidt)(dxj +Xjdt) on R × int Ω
is smooth because u > 0 in the interior. Its Killing field is ξ = ∂t. Recall that

N = u2 − |X|2g ≥ 0, Ricg(ξ, ·) = 0, Ricg = 0 where N > 0.
Moreover, N → 1 at the end, and N > 0 on a full interior collar of S. Thus the interior zero set

Z = {x ∈ int Ω : N(x) = 0}
is compactly contained in int Ω. No regularity of Z as a subset is assumed. In particular, it may
have interior or infinitely many components.

32.1. The Killing current near a null set. On the open set P = {N > 0} ⊂ int Ω, put

(32.1)
hb = g +N−1X♭ ⊗X♭, Cb = g−1 − u−2X ⊗X = h−1

b ,

Ab = N−1X♭, F = dAb, λ =
√
N.

Here X♭ is formed with g. Direct substitution gives
(32.2) g = −N(dt−Ab)2 + hb.

The tensor Cb extends smoothly and nonnegatively through Z, although hb and Ab need not
extend there. For a covector α write |α|2Cb

= Cijb αiαj .
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Lemma 32.1 (Killing-current identities). Let Gαβ = ∇g
αξβ. On the interior of Ω one has

(32.3) u−1 divg(uCb dN) = −2|G|2g.
On P the antisymmetric tensor
(32.4) Qij = uNCikb C

jℓ
b Fkℓ satisfies ∇g

iQ
ij = 0.

The norm in (32.3) is the Lorentzian contraction of both tensor indices; it need not be nonnegative.

Proof. The Killing identities and Ricg(ξ, ·) = 0 give
∇g,αGαβ = 0, □g

(
g(ξ, ξ)

)
= 2|G|2g.

For a stationary scalar function the wave operator is u−1 divg(uCb d · ): the spacetime volume
density is u

√
det g and its spatial inverse-metric block is Cb. Since g(ξ, ξ) = −N , this proves

(32.3), including at Z where all its entries are smooth.
For the second identity set θ = dt−Ab. On P,

ξ♭ = −Nθ, G = 1
2dξ

♭ = 1
2(−dN ∧ θ +NF ).

The inverse-metric dual of θ is proportional to ∂t, so the term containing θ has zero spatial-spatial
component after both indices are raised. Consequently

Gij = N
2 C

ik
b C

jℓ
b Fkℓ.

The stationary divergence identity, with density u
√

det g, now gives (32.4). In converting coordi-
nate divergence to g-covariant divergence, the additional Christoffel term vanishes by antisymme-
try. □

Lemma 32.2 (A transverse logarithmic estimate). Suppose Z ̸= ∅. On a neighborhood of Z
with compact closure in the interior, let

B = |X|g, e = X/B, D = e⊥,

and denote by dDN the g-orthogonal projection of dN to D. This neighborhood can be chosen
so that u and B are bounded below by positive constants. For every smooth cutoff ζ compactly
supported there,

(32.5) sup
ε>0

∫
uζ2 |dN |2Cb

(N + ε)2 dVg < ∞.

In particular, dD logN is square-integrable on the positive set in every smaller neighborhood of Z.

Proof. At a point of Z, B = u > 0. Compactness provides the positive lower bounds after
shrinking a neighborhood. On that neighborhood the eigenvalues of Cb relative to g are 1 on D
and N/u2 in the e direction. Thus

(32.6) |dN |2Cb
= |dDN |2g + N

u2 (eN)2.

Smoothness and nonnegativity of N also give
(32.7) |dN |2g ≤ CN.

For completeness, work in a slightly larger compact interior neighborhood, where the Hessian is
bounded. Taylor’s inequality along a short geodesic in the direction −∇N gives 0 ≤ N − t|dN | +
Ct2/2. Increasing C so that t = |dN |/C stays in this neighborhood proves (32.7).

Let n = u−1(ξ − X) be the future unit normal to the original slice. In a local orthonormal
frame n, e, ea, with the ea in D, differentiating g(ξ, ξ) = −N gives

Gin = −Ni/2 +BGie
u

for each spatial index i.
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As |G|2g = 2
∑
i<j G2

ij − 2
∑
i G2

in, we obtain the exact expansion

−2|G|2g =
|dN |2g
u2 + 4B

u2

∑
a

NaGae − 4N
u2

∑
a

G2
ae − 4

∑
a<b

G2
ab

≤ C
(
N + |dDN |g

)
.

(32.8)

All coefficients of G are bounded here. This estimate is pointwise and does not require a global
frame for D.

Write f = −2|G|2g and test divg(uCb dN) = uf against ζ2/(N + ε). There is no singular
boundary in this test: Equation (32.3) is smooth across Z, and ε > 0. Integration by parts gives∫

uζ2 |dN |2Cb

(N + ε)2 dVg =
∫

uζ2f

N + ε
dVg

+ 2
∫
uζ⟨dζ, dN⟩Cb

N + ε
dVg.

(32.9)

In the first term use (32.8), N/(N + ε) ≤ 1, and |dDN | ≤ |dN |Cb
. Young’s inequality absorbs its

derivative term into, say, one quarter of the left side. The second integral is handled by Cauchy’s
inequality for the nonnegative tensor Cb and another quarter of that side. The remaining terms
are bounded by a constant times

∫
u(ζ2 + |dζ|2Cb

) dVg, uniformly in ε. This proves (32.5). Fatou’s
lemma and (32.6) give the last assertion. □

32.2. Removal of all twist boundary terms.

Proposition 32.3 (Vanishing of the twist). On all of P, including every component, F = dAb = 0.

Proof. On the asymptotic end the constant limit of Ab is the covector a∞ = bi dxi, because N → 1
and g → δ. Choose a smooth function f on Ω which equals bixi sufficiently far out and is zero off
an end neighborhood disjoint from S and Z. Then

β = Ab − df, dβ = F, β = O(r−q0) at infinity.

For any nonnegative smooth function χ compactly supported in P, multiply (32.4) by χβj and
integrate. Antisymmetry gives

(32.10) 1
2

∫
P
χuNCikb C

jℓ
b FijFkℓ dVg = −

∫
P
Qij(∂iχ)βj dVg.

The integrand on the left is nonnegative, and its quadratic form in F is positive definite at each
point of P.

The contraction in the right side has a cancellation that is needed at the null loci. Lowering its
remaining index with g, one finds

gikQ
kj(Ab)j = N

u
FijX

j

= 1
u

[
Xj(dX♭)ij − |X|2Ni −X(N)Xi

N

]
.

(32.11)

Indeed CbAb = X/u2, and the projection in the other raised index does not change FijXj . This
covector is orthogonal to X. Where X ̸= 0, its last numerator is B2(dDN)i. The coordinate-free
numerator in (32.11) will also be used where X = 0.

We choose cutoffs near the three possible escape loci with disjoint transition neighborhoods. If
Z = ∅, the first cutoff below is identically one.
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The interior null set. Choose nested relatively compact interior neighborhoods of Z on which
u and B are bounded below and Lemma 32.2 applies. A smooth cutoff η is one on the smaller
neighborhood and supported in the larger. Let ϑ : [0,∞) → [0, 1] be smooth, zero on [0, 1] and
one on [2,∞), with bounded derivative, and set

χZ,ε = 1 − η + ηϑ(N/ε).

For all sufficiently small ε, N has a positive lower bound on the support of dη, so differentiation
of η adds no term. The only transition is ε < N < 2ε, and its derivative is bounded by C|dN |/ε.
Here df = 0. Orthogonality in (32.11) replaces dN by dDN in the contraction. Since N ≍ ε on
the band and the smooth term X ⌟ dX♭ is bounded, the absolute contribution to the right side of
(32.10) is at most

(32.12) C

∫
{ε<N<2ε}∩supp η

(
1 + |dD logN |2g

)
dVg = o(1).

The integrable majorant comes from Lemma 32.2. The characteristic functions of these bands
tend pointwise to zero even at points of Z. Thus dominated convergence proves the last assertion
without an assumption on the measure or structure of Z.
The asymptotic end. Let χ∞,R be one for r ≤ R, zero for r ≥ 2R, with derivative bounded by
C/R, and extend it by one over the compact part. From the adjoint end estimates,

Q = O(r−1−q0), β = O(r−q0).

The transition annulus has volume O(R4), so its contribution is

(32.13) O(R2−2q0) = o(1),

since q0 > 1.
The original boundary. Let s be original g-normal distance from S, increasing into Ω, and let
χS,σ change from zero to one on σ < s < 2σ, with derivative bounded by C/σ. Again df = 0 near
this collar. If u|S > 0, the boundary conclusions of Theorem 31.1 give

dN = 2κX♭ on S, X = uν on S, N ≍ s.

In particular dDN = O(s), so (32.11) is bounded. Its contraction with the normal ∇s is O(s):
it annihilates X, and ∇s−X/u = O(s). Multiplication by 1/σ and integration over a collar of
volume O(σ) therefore gives O(σ).

If u|S = 0, the same theorem supplies smooth one-sided fields d, Y2 with

(32.14) u = sd, X = s2Y2, d|S = κ, N = s2(d2 − s2|Y2|2).

Thus u ≍ s, N ≍ s2, dX♭ = O(s), and dN = O(s). Both terms inside the brackets of (32.11) are
O(s3); its entire value is O(s2). This gives a boundary cutoff cost O(σ2).

Now take χ = χZ,εχS,σχ∞,R. For positive parameters with sufficiently small ε, σ and large R,
it is a compactly supported smooth test on P. Multiplication by the other two factors does not
increase any of the three estimates. Therefore the absolute value of the right side of (32.10) tends
to zero as ε, σ ↓ 0 and R → ∞. Choose a sequence of such parameters; its cutoffs tend pointwise
to one on P . Fatou’s lemma gives zero for the integral of the nonnegative density on the left. Its
continuity and pointwise positive definiteness force F = 0 everywhere on P. This integration is
on an open manifold with compactly supported tests and remains valid if P has infinitely many
components. □
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32.3. Static equations and the only finite-distance attachment. Let U be the component
of P containing the distant asymptotic end. Since F = 0 on all of P , the Poincaré lemma supplies
a local primitive of Ab on every sufficiently small ball in any positive component. Replacing t
locally by T = t− a with da = Ab turns (32.2) into −λ2dT 2 + hb. Its Ricci components are

(Ricg)TT = λ∆hb
λ, (Ricg)ij = (Richb

)ij − λ−1(Hesshb
λ)ij .

These follow directly from the nonzero mixed Christoffel symbols ΓTT i = ∂i log λ and ΓiTT = λhijb ∂jλ.
Vacuum on P therefore gives, on every positive component,
(32.15) λRichb

= Hesshb
λ, ∆hb

λ = 0, Scalhb
= 0.

This conclusion uses local primitives only; no global time primitive or topological conclusion has
yet been used.
Lemma 32.4 (Connectedness of the positive set). The set P is connected and equals U . In
particular, the positive collar of S belongs to U .
Proof. The unique asymptotic end lies in U outside a compact set. Any other component V of P
therefore has compact closure in the original exterior Ω, with its boundary included. Its frontier
lies in S ∪Z: an interior frontier point with N > 0 would have a connected positive neighborhood
meeting V and hence belong to V . The frontier is nonempty, since otherwise V would be both
open and closed in the connected interior of Ω, which also contains U .

The continuous function λ =
√
N vanishes on this frontier and is positive in V . It therefore

attains a positive maximum at an interior point of V . The strong maximum principle for ∆hb
λ = 0

makes λ constant on V , contradicting its zero frontier values. Thus there is no such component
V . The collar supplied by Theorem 31.1 lies in P = U , as claimed. □

Proposition 32.5 (Completeness and regular horizon attachment). The component U satisfies
0 < λ < 1. Every approach in U to an interior zero of N has infinite hb-length. Adjoining S
gives a complete manifold with smooth one-sided metric hb and lapse λ, in the boundary structure
specified below, and
(32.16) hb|TS = g|TS , λ|S = 0, ∂νhb

λ = κ, IIhb
= 0.

Here νhb
points into the base exterior. The metric has an even reflection and the lapse an odd

reflection of class at least C2. More precisely:
(i) If u|S > 0, then N is a defining function in the original smooth structure and dN = 2κX♭

on S. The base boundary structure uses λ =
√
N in place of N . In that structure the

reflected metric and signed lapse are smooth.
(ii) If u|S = 0, the one-sided base metric and lapse are smooth in the original boundary

structure. Their even and odd reflections in base normal distance are C2.
In either case the base attachment is homeomorphic to the original attachment of S. There are
no other finite-distance boundary attachments.
Proof. First consider an interior approach to Z. With the notation of Lemma 32.2, Equa-
tion (32.11) and F = 0 give

B2dD logN = Xj(dX♭)ij dxi, |dD logN |g ≤ C.

Together with (32.7) this yields

(32.17) |d logN |2hb
= |dD logN |2g + (eN)2

u2N
≤ C

on the positive set near Z. Along any curve approaching Z, logN → −∞, which is incompatible
with finite length and (32.17).
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The original space (Ω, g), with its boundary included, is a complete locally compact length
space and hence proper. Since hb ≥ g on U , a finite-length base curve is g-Cauchy and has a limit
in Ω. A limit in the interior with N > 0 lies in U and is a regular base point. A limit in Z is
excluded by the preceding bound. Escape to the asymptotic end also has infinite length. Thus the
only possible finite-distance attachment is S, whose positive collar belongs to U by Lemma 32.4.

Next, λ tends to one at infinity, and it tends to zero at any finite limiting boundary of U in
the original manifold. If λ > 1 somewhere, continuity on the compact part of the original space
and its end limit give an attained interior maximum. The strong maximum principle in (32.15)
would make λ constant on U , contradicting its limit one. Hence λ ≤ 1. If equality held at an
interior point, the same principle would give N ≡ 1 on U . Such a component has no interior
frontier, because continuity would give N = 1 > 0 at each frontier point. It is therefore both open
and closed in the connected int Ω, so it is the entire interior. This contradicts N → 0 at S. Thus
0 < λ < 1.

It remains to construct and check the attachment of S.
Positive boundary lapse. Here dN = 2uκν♭ on S, with u > 0, so (N, yA) are original local
boundary coordinates. The identity dN = 2κX♭ at N = 0 and smooth division give

X♭ = a dN +NβA dy
A, a(0, y) = 1

2κ,

where a and βA are smooth in (N, y). Passing to (λ, y), with N = λ2, the base metric components
are

(hb)λλ = 4λ2gNN + 4a2,

(hb)λA = 2λ(gNA + aβA),
(hb)AB = gAB + λ2βAβB.

(32.18)

All original coefficients on the right are evaluated at (λ2, y). The first and third expressions are
smooth even functions of signed λ, and the middle one is smooth odd. They therefore define a
smooth metric invariant under (λ, y) 7→ (−λ, y). At the boundary the cross terms vanish and
(hb)λλ = κ−2; the tangential metric is g|TS . Nondegeneracy holds on both sides after restricting
the collar. The reflection fixes S, so its second fundamental form vanishes, and its inward unit
normal is κ∂λ there. This proves (32.16). The lapse is the signed coordinate λ, hence is smooth
and odd. Changes between these boundary charts are smooth after the substitution N = λ2, so
the construction is compatible on overlapping collars.
Zero boundary lapse. Equation (32.14) gives

hb = g + s2Y ♭
2 ⊗ Y ♭

2
d2 − s2|Y2|2

, λ = s
√
d2 − s2|Y2|2.

Both are smooth one-sided in the original boundary structure, hb = g at S, and ∂νhb
λ = κ. Since

Richb
is smooth up to S, the first equation in (32.15) extends continuously and gives Hesshb

λ = 0
there. Its tangential part equals κIIhb

, proving that the second form vanishes. Use base Gaussian
coordinates (ρ, y), so hb = dρ2 + hAB(ρ, y)dyAdyB. At ρ = 0 we have

∂ρhAB = 0, λ = 0, ∂2
ρλ = 0.

Even reflection of hAB and odd reflection of λ thus match derivatives through order two. This
proves the claimed C2 reflection and all of (32.16).

These constructions give a positive one-sided smooth base metric up to S. In the first case
replacing N ≥ 0 by λ =

√
N ≥ 0 is a homeomorphism; in the second case the original structure

is retained. The attachment therefore has the same underlying topology as the original one.
If a base Cauchy sequence approaches S in the original topology, the corresponding regular
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base coordinates converge, so it converges in the attached base metric as well. Combining this
observation with the finite-length argument above proves completeness with S included. □

33. Classification of the four-dimensional static base

We now classify the static base obtained in Proposition 32.5. The positive set U = {N > 0} is
connected and contains the boundary collar. On U the metric hb and the lapse λ =

√
N satisfy

(33.1) λRichb
= Hesshb

λ, ∆hb
λ = 0, Scalhb

= 0, 0 < λ < 1.
The base is complete with S attached; approaches to interior zeros of N have infinite base length.
Its boundary data are

(33.2) hb|TS = g|TS , λ|S = 0, ∂νhb
λ = κ, IIhb

= 0, κ = 1√
2m

.

These are conclusions of the preceding argument, not hypotheses on the original data. In particular,
neither simple connectivity nor absence of additional complete ends of the base is available yet.

Our goal is both the explicit static metric and the identity U = int Ω in Proposition 33.5.
The argument allows additional complete ends until Euclidean rigidity of the conformal double
excludes interior null regions and identifies the whole exterior.

33.1. Improvement of the static asymptotics. After a constant linear change of the co-
ordinates at infinity, the positive limiting matrix of hb becomes the identity. For a fixed
q0 ∈ (1,min{q, 2}) we then have hb − δ = O2(r−q0) and λ− 1 = O2(r−q0). Introduce
(33.3) U = log λ, γ = λhb.

The conformal length factor from hb to γ is eU/2. The four-dimensional Ricci transformation and
(33.1) give

(33.4) Ricγ = 3
2 dU ⊗ dU, ∆γU = 0.

Indeed, Richb
= Hesshb

U + dU ⊗ dU and ∆hb
U = −| dU |2hb

, which yield both identities directly.

Lemma 33.1 (Static end expansion). There are coordinates harmonic for γ on a sufficiently
distant part of the end, a number ϵ ∈ (0, 1), a constant M1 > 0, and homogeneous harmonic
polynomials H1, H2 of degrees one and two such that, for every fixed nonnegative integer k,

γ − δ = Ok(r−2−ϵ),(33.5)

U = −M1
r2 + H1(x)

r4 + H2(x)
r6 +Ok(r−4−ϵ).(33.6)

In addition γ − δ = Ok(r−3).

Proof. We give the coordinate and expansion arguments, since the initial falloff alone would not
justify the compactification below.

Extend γ from a sufficiently distant region to a smooth metric on R4, using a cutoff interpolation
with δ. Write its Laplacian as

∆γ = ∆δ +Dij∂i∂j +Di∂i.

By making the interpolation sufficiently far out, the scaled C0,α norms of Dij and (1 + r)Di

are as small as desired, for any fixed α ∈ (0, 1). Here a scaled norm means the ordinary norm
after rescaling each annulus to fixed size. The initial differentiated falloff gives the needed Hölder
estimates: second derivatives bound the scaled Hölder seminorm of first derivatives. Moreover
Di = O(r−1−q0) in these scaled norms.



212 OPENAI

Put a = 1 − q0 ∈ (−1, 0). On all of R4, with weight 1 + r, the Euclidean Newton operator maps
scaled C0,α functions of order a− 2 to scaled C2,α functions of order a. For completeness, the
zeroth-order estimate follows from the kernel C|x− y|−2 by splitting the integral into |y| < r/2, a
comparable annulus, and |y| > 2r; convergence uses −2 < a < 0. Interior elliptic estimates after
rescaling give the two derivative and Hölder bounds. The small coefficient norms therefore make
the map obtained from

∆δv
i = −Di −Dab∂a∂bv

i −Da∂av
i

a contraction in that weighted space. Its solution satisfies v = O(r1−q0) with the stated scaled
C2,α bounds, and xi + vi are γ-harmonic coordinates on the far end. They are indeed coordinates
there: their first derivative tends to the identity, and a cutoff of the correction can be chosen
to have globally small first derivative. Local elliptic regularity makes the coordinates smooth
wherever the original metric is smooth.

In the harmonic chart, γ − δ and U initially have order −q0 in scaled C1,α: one derivative
of the transformed metric uses two derivatives of the coordinate correction. We do not assume
a weighted second-derivative estimate at this stage. The chart and the fields are nevertheless
smooth locally, so Equations (33.4) take the coupled elliptic form

(33.7) −1
2γ

ab∂a∂bγij +Qij(γ, ∂γ) = 3
2UiUj , γab∂a∂bU = 0,

where Q is quadratic in first derivatives, with smooth coefficients depending on γ. On an annulus
rescaled to unit size, the initial C1,α norms of γ − δ and U are O(R−q0). Both quadratic right
sides have C0,α norm O(R−2q0), and the principal coefficients are uniformly elliptic with bounded
C1,α norm. Interior Schauder estimates on a smaller annulus therefore restore C2,α bounds
of order R−q0 for both unknowns. Differentiating this coupled system now inductively gives
γ − δ, U = Ok(r−q0) for every fixed k. Thus no higher derivative falloff is being assumed in the
original coordinates. It follows in particular that

(33.8) ∆δ(γ − δ), ∆δU = Ok(r−2−2q0).

We use the following elementary multipole fact in dimension four. If a decaying smooth function
w on an end satisfies

∆δw = Ok(r−4−j−η), j ∈ {0, 1, 2, . . .}, 0 < η < 1,

then

(33.9) w =
j∑

d=0

Pd(x)
r2+2d +Ok(r−2−j−η),

with Pd homogeneous harmonic of degree d. To prove this, cut w off to the end and represent the
result by the whole-space Newton potential of its Laplacian. The difference is an entire harmonic
function tending to zero, hence vanishes. The source has convergent moments through degree j.
Taylor expansion of the kernel in the region |y| < r/2 has remainder bounded by Cr−3−j |y|j+1;
integration, and estimation of the complementary region after subtraction of the same moments,
gives the error in (33.9). The local singularity of the Newton kernel is integrable. Rescaled elliptic
estimates supply the differentiated error bounds. This also proves the statement simultaneously
for each fixed finite number of derivatives.

Choose ϵ ∈ (0, 1) with 4 + ϵ < 2 + 2q0. Applying (33.9) first with j = 0 gives monopole
expansions for γ − δ and U . Write the metric monopole as Dij/r

2. The harmonic-coordinate
condition is

∂j
(√

det γ γji
)

= 0.
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Its leading homogeneous term implies(
D − 1

2(trD) Id
)
x = 0 for every x.

Taking the trace in dimension four gives D = 0. This proves (33.5). Since U = Ok(r−2), its
equation now improves to ∆δU = Ok(r−6−ϵ). The case j = 2 of (33.9) gives (33.6), with the
sign of its constant temporarily undetermined. In particular, the strict exponent in this source
estimate excludes a logarithmic term at quadrupole order. The first use of (33.9) likewise accounts
for the entire order r−2 tensor term, rather than only its spherical average. The metric equation
in (33.7) has Euclidean source Ok(r−6) at this stage. The case j = 1 of (33.9), with any smaller
positive exponent if necessary, gives γ − δ = Ok(r−3). No expansion of the metric beyond this
order is asserted or needed.

Finally −U is a positive γ-harmonic function. On a sufficiently distant region the function
r−2 + r−2−ϵ is positive and subharmonic for γ; its favorable Euclidean Laplacian dominates the
metric error. A small positive multiple lies below −U on a fixed large sphere, and both tend
to zero at infinity. The maximum principle therefore keeps it below −U throughout the region.
Taking the limit of r2(−U) proves M1 > 0. □

Remark 33.2. The coefficient in Lemma 33.1 has the expected four-dimensional mass normalization:
hb = e−Uγ = (1 +M1/r

2)δ +Ok(r−3), λ = 1 −M1/r
2 +Ok(r−3).

Direct substitution in the energy flux with factor 1/(6ω3) gives base energy M1. We have not
identified that chart with the original ADM frame. The equality M1 = m will instead follow from
the boundary constant κ.

33.2. The complete conformal double. Define on U

(33.10) k± =
(1 ± λ

2

)2
hb.

The four-dimensional scalar conformal formula is
(33.11) Scalf2h = f−3(−6∆hf + Scalh f).
Thus both k+ and k− are scalar flat. In the variables of (33.3), the useful exact identities are
(33.12) k+ = cosh2(U/2)γ, k− = sinh2(U/2)γ.

Lemma 33.3 (A zero-mass complete space). Glue a plus and a minus copy along their common
attached boundary S, and add one point at the minus asymptotic end. The resulting space W is a
connected orientable smooth boundaryless four-manifold with a complete C2 scalar-flat metric k0.
This metric is smooth except possibly at the compact gluing hypersurface and the added point, and
has a distinguished end satisfying
(33.13) k0 − δ = Ok(r−3) for every fixed k.
No assertion about the other ends of W is needed here.

Proof. The smooth manifold structure is fixed before the metric is smoothed. At the seam use
product charts from the regular base collar, with a signed normal coordinate on the double. In
the positive boundary-lapse case this coordinate is signed λ; in the zero boundary-lapse case one
can use signed base normal distance. Tangential chart changes come from S, so these charts are
smoothly compatible across the seam. Their overlaps with the original open base are smooth away
from the seam. The added-point chart below is also smoothly compatible on every punctured
overlap. Smoothness of this atlas does not assert smoothness of the reflected metric.

By (33.12) and Lemma 33.1, the plus metric satisfies k+ − δ = Ok(r−3); in particular its energy
is zero.
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For the minus end use inversion x = y/|y|2 and put s = |y|. Equation (33.6) gives

(33.14) U(x(y))
s2 = −M1 +H1(y) +H2(y) +Ok(s2+ϵ).

Differentiating the transformed remainder costs the corresponding powers of s−1. The Jacobian of
inversion is s−2A(y), where A(y) = Id −2yyt/|y|2 is orthogonal. Consequently the compactifying
expression for k− is

(33.15)
(sinh(U/2)

s2

)2 [
Id +A(y)

(
γ(x(y)) − Id

)
A(y)

]
.

The first factor is the product
1
4

(
U

s2

)2 (sinh(U/2)
U/2

)2
.

It has a C2 extension with positive value M2
1 /4 at the origin. For the second factor, (33.5) gives

γ(x(y)) − Id = Ok(s2+ϵ). Each derivative of the angular matrix A costs at most one power of s−1,
so its conjugated error also has continuous derivatives through order two vanishing at the origin.
This proves a nondegenerate C2 extension of (33.15) across the added point. Scalar flatness
extends there by continuity.

Proposition 32.5 supplies the even C2 reflection of hb and the odd C2 reflection of λ. The two
conformal factors in (33.10) are one expression ((1 + λ)/2)2 in that signed lapse. They therefore
glue to a C2 scalar-flat metric. Orient the second copy oppositely before gluing. The resulting
manifold is orientable, and the punctured-ball chart above extends its orientation over the added
point.

It remains to check completeness, including possible escapes toward interior zeros of N . The
plus length factor is at least 1/2. On the minus copy its length factor is bounded below away from
the chosen end: if a sequence there had λ → 1, compactness in the original exterior would give
either a positive-lapse limiting point with value one, contrary to the strict maximum principle, or
a limiting boundary of the positive component, where λ → 0. The latter possibility includes all
interior zero loci and the attachment to S. Thus the complete base ends remain complete for
both conformal metrics. The seam and the added point are regular metric neighborhoods. These
observations exhaust the possible finite-distance escapes by Proposition 32.5 and the completeness
of the original exterior. □

33.3. Zero-mass rigidity without assumptions on the other ends. We use only the non-
negativity part of a smooth positive-mass theorem. The precise statement needed is Theorem 1.2
of Lesourd–Unger–Yau [36]: a complete smooth orientable manifold of dimension 3 ≤ n ≤ 7,
with nonnegative scalar curvature and a distinguished asymptotically Schwarzschild end, has
nonnegative mass at that end; its other ends are unrestricted. Definition 1.9 in that reference
requires the remainder from the Schwarzschild metric to have weighted C2,α order n− 1. There
is no spin hypothesis. The following argument reduces our C2 zero-mass situation to exactly that
smooth nonnegativity statement.

Lemma 33.4 (Zero-mass rigidity for the constructed space). Let (W,k0) have the properties in
Lemma 33.3. Then (W,k0) is isometric to Euclidean R4. The isometry is smooth on every region
where k0 is smooth, including each smooth one-sided structure at the seam.

Proof. Suppose first that Rick0 is nonzero somewhere. By continuity it is nonzero at a point in
the smooth part of the metric. Choose a smooth compactly supported symmetric tensor p in that
part for which

(33.16) I :=
∫
W

Scal′k0(p) dVk0 = −
∫
W

⟨Rick0 , p⟩ dVk0 > 0.
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For example, a negative cutoff multiple of Rick0 works. In this proof only, s > 0 denotes a small
metric-variation parameter. Smooth the compact nonsmooth loci to obtain smooth metrics ℓs
equal to k0 outside one fixed compact set, with

ℓs = k0 + sp+ o(s) in C2

on that compact set. More explicitly, choose fixed nested relatively compact neighborhoods
of the attachment loci, and a smooth cutoff χ equal to one on the smaller neighborhood and
supported in the larger one. Finite-chart mollification and a partition of unity give a smooth
tensor ts approximating k0 + sp in C2 on the larger neighborhood with error at most s2. Set
ℓs = χts + (1 − χ)(k0 + sp) there and retain k0 + sp elsewhere. Where χ is not one, the old
metric is smooth, so this defines a globally smooth metric. The perturbation and all smoothing
are confined to a fixed compact set; every other end is unchanged. For small s the metrics are
uniformly comparable to k0 and therefore complete. Their scalar curvatures Rs = Scalℓs have
support in a fixed compact set K, satisfy ∥Rs∥∞ = O(s), and obey

(33.17)
∫
W
Rs dVℓs = sI + o(s) > 0.

We construct a positive smooth conformal factor satisfying
−6∆ℓsfs +Rsfs = 0, fs = 1 +O(s) uniformly on W,(33.18)

fs − 1 = Ok(r−2) on the distinguished end,(33.19) ∫
SR

∂νℓs
fs dAℓs = 1

6

∫
W
Rsfs dVℓs for every sufficiently large R.(33.20)

In particular, the flux in (33.20) is not being obtained by assuming zero flux at unspecified ends.
Take connected smooth compact exhaustions Dj whose boundary in the distinguished end is a

large coordinate sphere SRj . The remaining boundary components lie outside each prescribed
compact subset for sufficiently large j. Such an exhaustion is obtained by exhausting the
complement of a fixed end neighborhood, joining to full coordinate annuli, and smoothing the
compact joins. Impose f = 1 on SRj and homogeneous Neumann conditions on every other
boundary component. These boundary components are disjoint, so the mixed problem has no
interface corners.

We first record a uniform estimate for the compactly supported potential. If v has zero Dirichlet
value on SRj , then for every fixed compact set K ′ in a fixed connected core neighborhood,
(33.21) ∥v∥L2(K′,ℓs) ≤ CK′∥∇v∥L2(Dj ,ℓs),

with a constant independent of sufficiently large j and small s. To see this first on a fixed end
annulus, integrate along coordinate rays to the Dirichlet sphere. In Euclidean polar coordinates,

|v(t, θ)|2 ≤
(∫ Rj

t
r3|∂rv(r, θ)|2 dr

)(∫ Rj

t
r−3 dr

)
,

∫ Rj

t
r−3 dr ≤ 1

2t2 .

Integration over the unit sphere and over the fixed annulus controls its L2 norm by the full
gradient energy. On a fixed connected neighborhood joining that annulus to K ′, the Poincare
inequality with the annulus as an anchor propagates the estimate. Uniform metric comparison on
that neighborhood and the tail makes the constants uniform in s.

For v = f − 1 the variational problem is

(33.22)
∫
Dj

(
⟨∇v,∇w⟩ + Rs

6 vw

)
dVℓs = −1

6

∫
Dj

Rsw dVℓs ,

for tests w vanishing on the Dirichlet sphere. By (33.21) with a fixed neighborhood of K, the left
quadratic form is bounded below by (1 − Cs)∥∇v∥2

2, and the right side is bounded in absolute
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value by Cs∥∇w∥2. On each finite domain the gradient norm is a Hilbert norm on the Dirichlet
test space. Lax–Milgram therefore solves (33.22) for small s, with

(33.23) ∥∇v∥L2(Dj) = O(s), ∥v∥L2(K′) = O(s)

for every fixed compact K ′ as above. Smooth elliptic regularity holds for the finite-domain
solutions.

These estimates also give a uniform supremum bound near K. First, interior W 2,2 estimates
for ∆ℓsv = (Rs/6)(1 + v) give O(s) on a slightly smaller fixed neighborhood. In dimension four
this implies every finite local Lp bound, though not yet an L∞ bound. Applying the equation
once more gives W 2,p = O(s) for p > 2, and hence ∥v∥∞ = O(s) there. The constants are uniform
because the metrics have uniform C2 bounds and uniform ellipticity on those neighborhoods,
and Rs = O(s) in L∞. Derivative bounds on the smoothing error beyond those needed here are
unnecessary.

Outside a fixed neighborhood of K, the function v is harmonic. Its values at the inner boundary
are bounded by Cs, its outer Dirichlet values are zero, and its other outer normal derivatives are
zero. Here is a global weak test that avoids assumptions on the remaining components. Take
(v − Cs)+, which vanishes near K, and extend it by zero through that neighborhood. It is an
admissible test in (33.22); both terms containing Rs vanish, leaving the integral of its squared
gradient equal to zero. Connectedness of Dj and its zero Dirichlet trace imply (v − Cs)+ = 0
everywhere. The negative excess gives the other bound. Thus |v| ≤ Cs throughout Dj , with no
geometry of the other ends used. On the distinguished end, a multiple of r−2(1 − r−η), with
0 < η < 1, is a positive strictly superharmonic barrier sufficiently far out for the metric (33.13).
Comparison on the truncated annuli gives the uniform bound |v| ≤ Csr

−2 there.
For each fixed small s, pass to a subsequence converging smoothly on compact subsets as

j → ∞. The limit yields (33.18) and the zeroth-order decay in (33.19). Rescaled end estimates
and differentiation give all its fixed differentiated orders. Positivity follows from the uniform
bound fs = 1 +O(s). For a fixed sphere SR outside the support of Rs, integrate the finite-domain
equation on

Bj,R = Dj \ {x in the distinguished end : r > R}.
Its boundary consists of SR and only artificial boundaries with homogeneous Neumann data; the
Dirichlet sphere SRj has been removed. For large j it contains the whole support of Rs, so∫

SR

∂νℓs
fs,j dAℓs = 1

6

∫
Dj

Rsfs,j dVℓs .

The curvature has fixed compact support. Local convergence thus passes the derivative on the
fixed sphere and the integral on that fixed support to the limit, proving (33.20) exactly. No
integration over a limiting noncompact inner region is involved. The limiting factor may have
harmonic behavior at the other ends; neither its limiting values nor individual end fluxes are
required.

The metric f2
s ℓs is smooth, complete and scalar flat by (33.11) and the uniform positive bounds

for fs. Its distinguished end is asymptotically Schwarzschild in the precise sense required by
the stated positive-mass theorem. Indeed, on that end ℓs = k0 = δ + Ok(r−3) and ∆ℓsfs = 0.
Combining this with (33.19) gives ∆δ(fs − 1) = Ok(r−7). The multipole estimate (33.9) therefore
implies

(33.24) fs = 1 + as
r2 +Ok(r−3), f2

s ℓs = (1 + as/r
2)2δ +Ok(r−3).

The differentiated bounds supply the weighted C2,α remainder of order three, required in dimension
four.
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On the other hand, (33.17) and the uniform bound in (33.18) give∫
W
Rsfs dVℓs = sI + o(s) > 0.

Thus (33.20) has strictly positive outward flux. Physical and Euclidean fluxes have the same limit
by the falloff. From (33.24), that limit is −2ω3as, so as < 0. Equivalently, direct computation
with the prescribed energy normalization gives

(33.25) E(f2
s ℓs) = − 1

ω3
lim
R→∞

∫
SR

∂rfs dAδ = 2as < 0.

The background end contributes zero energy, and products of its error with the conformal error
contribute zero limiting flux. This contradicts the smooth arbitrary-ends positive-mass theorem:
the dimension is four, the manifold is orientable and boundaryless, the metric is complete and
smooth, its scalar curvature vanishes, and (33.24) has exactly the required distinguished end.
Hence Rick0 = 0.

For clarity concerning regularity, a C2 Ricci-flat metric becomes smooth in harmonic coordinates
by the elliptic Ricci equation; this is the harmonic-coordinate regularity statement of DeTurck–
Kazdan [25, Theorem 5.2] for C2 Einstein metrics in dimension at least three. We may consequently
apply Bishop–Gromov comparison and its rigidity statement [46]. The asymptotic volume ratio
is at least the Euclidean value using the distinguished end alone: paths from a fixed base point to
a fixed end sphere, followed by coordinate rays, have length r + o(r) uniformly in angle, and the
end volume form tends to its Euclidean value. Thus large metric balls contain asymptotically
Euclidean coordinate annuli of the corresponding radius. Ricci nonnegativity gives the opposite
inequality for the volume ratio. Its value is therefore one, and the equality case of Bishop–Gromov
implies that W is Euclidean space globally.

The isometry is smooth wherever the original metric is smooth. Its smoothness in each one-sided
seam structure can also be seen directly, without asserting that the reflected metric was smooth.
The C2 metric has C1 connection coefficients in the original seam charts. A flat parallel coframe
extends across the seam by parallel transport, with at least C1 dependence on its base point. In
coordinates each member α satisfies

∂jαi = Γkjiαk.
On each closed one-sided chart the connection coefficients are smooth up to the boundary. This
identity inductively makes the coframe smooth up to that boundary. Its closed forms integrate to
Euclidean coordinates agreeing with the isometry on the open side after a fixed Euclidean motion,
hence also at the seam by continuity. This proves the asserted smoothness separately in both
one-sided structures. □
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33.4. The original positive component and its spherical boundary.
Proposition 33.5 (Global static classification). The positive component is the whole original
open exterior: U = int Ω and N > 0 there. Its attached boundary is S. There is a global isometry
of the static base onto the Schwarzschild–Tangherlini spatial exterior of mass m, under which

(33.26) hb =
(

1 + m

2ρ2

)2
( dρ2 + ρ2gS3), λ = 1 −m/(2ρ2)

1 +m/(2ρ2) , ρ ≥
√
m/2.

The isometry is smooth on the open base and in its one-sided regular boundary structure. The
attachment is homeomorphic to the original attachment of S in Ω and restricts smoothly on
S. In particular the open base is simply connected and S is a round three-sphere in its induced
metric. The base reflection is smooth in signed λ in the positive boundary-lapse case; its angular
coordinates can be taken constant along base normal geodesics.
Proof. By Lemmas 33.3 and 33.4, the constructed space W is Euclidean. Suppose a sequence in
U approaches an interior zero of N in the original compact part of Ω. It escapes every compact
subset of W : the zero locus is not a point of the plus copy, it cannot converge to S, and the only
new point lies at the minus end in a neighborhood disjoint from that sequence. Yet the sequence
remains outside a fixed distant tail of the distinguished end of W .

This is impossible in Euclidean space. A coordinate cross-sphere in the distinguished end is
a compact embedded sphere. Its tail has only that sphere as its frontier and is the unbounded
component of its complement. Jordan–Brouwer separation makes the other side bounded; its
closure is compact. Thus the complement of the tail is compact. This use of separation does not
require a smooth Schoenflies theorem in dimension four.

It follows that U has no boundary in int Ω. The latter is connected, so U = int Ω. We now
identify the plus and minus copies in the Euclidean double explicitly.

At S, under the change k+ = f2hb with f = (1 + λ)/2, the shape operator transforms by
Sk+ = f−1(Shb

+ νhb
(log f) Id

)
.

Using (33.2), its value is 2κ Id for the normal toward the plus side. In Euclidean coordinates
write z for position and ν for that normal. With d∗ = (2κ)−1, the tangential derivative of z− d∗ν
vanishes. Connectedness of S makes this vector a constant center. The image of S lies on the
sphere of radius d∗ about that center, and is both open there by local immersion and closed
by compactness. It is the entire round sphere. Embeddedness follows from the global ambient
isometry. The plus side, which contains the distinguished infinity, is its Euclidean exterior.

Set ψ = 2/(1 + λ). Then hb = ψ2k+. Scalar flatness and (33.11) show that ψ is harmonic on
that Euclidean exterior. It is equal to two on the sphere and tends to one at infinity. Uniqueness
by the maximum principle therefore gives, in centered Euclidean radius ρ,

(33.27) ψ = 1 + d2
∗
ρ2 , λ = 1 − d2

∗/ρ
2

1 + d2
∗/ρ

2 .

Since κ = 1/
√

2m, we have d2
∗ = m/2, which proves (33.26). For an invariant check on the

coefficient from Lemma 33.1, the flux of the γ-harmonic function U is independent of the end
cross-section. Its limit is 2ω3M1 in the harmonic coordinates and 2ω3m in the explicit coordinates
of (33.27). The divergence theorem between homologous cross-sections therefore gives M1 = m,
without identifying the two asymptotic charts. The area radius

r = ρ

(
1 + m

2ρ2

)
satisfies

(33.28) N = 1 − 2m
r2 , hb = N−1 dr2 + r2gS3 on int Ω.
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The apparent degeneracy of the area-radius expression at the boundary is removed by the isotropic
radius or the regular base collar. Its boundary radius is r0 =

√
2m.

The smooth one-sided boundary assertion follows from Lemma 33.4 and the regular base collar
of Proposition 32.5. In the positive boundary-lapse case this collar is expressed in λ =

√
N , with

a smooth reflection; replacing an original defining coordinate N by
√
N changes the smooth

boundary coordinate but not the underlying topology or the smooth structure on S itself. In the
zero boundary-lapse case the base collar is already smooth in the original one-sided structure.
The spherical angular coordinates in (33.26) are constant along the base normal geodesics from S.
In a reflected collar their normal projection to S is smooth and invariant under reflection. These
facts give precisely the regular boundary identification needed to recover the hypersurface in
horizon coordinates. Finally the Euclidean exterior of a ball in dimension four is simply connected,
proving the topological assertions. □

34. Recovery of the original hypersurface and the converse

The static classification identifies a metric on the orbit space. We now recover the original
spacelike hypersurface, including its second fundamental form and its smooth structure at the
horizon. We then compute the invariant ADM mass of every admissible Tangherlini slice, allowing
a nonzero asymptotic boost.

34.1. The original graph in the open exterior. Throughout the forward implication, assume
equality and all the horizon hypotheses of Definition 22.3. Retain

m =
√
E2 − |P |2, r0 =

√
2m, κ = r−1

0 .

Proposition 33.5 identifies the whole open base int Ω with the Tangherlini spatial exterior of mass
m:

(34.1) hb = N−1 dr2 + r2gS3 , N = 1 − r2
0
r2 , r > r0.

In particular N > 0 throughout the original interior, the open base is simply connected, and its
regular boundary attachment is homeomorphic to the original attachment of S. The adjoint field
is the original field of Theorem 31.1; all occurrences of X♭ below use the original metric g.

Lemma 34.1 (Recovery on the open exterior). There is a smooth function T0 on int Ω such that
the map

x 7−→
(
T0(x), r(x), ϑ(x)

)
into the static Tangherlini exterior induces the original g and K. Here (r, ϑ) are the global base
coordinates in Equation (34.1), with ϑ ∈ S3.

Proof. The one-form Ab = N−1X♭ is closed by the staticity conclusion. Simple connectedness
gives a global primitive with
(34.2) dT0 = −Ab.
On R × int Ω put T = t + T0(x). The definitions of hb, Ab, and N = u2 − |X|2g give the exact
identity

−N dT 2 + hb = −N( dt−Ab)2 + hb

= −u2 dt2 + gij( dxi +Xi dt)( dxj +Xj dt).
(34.3)

Thus the graph T = T0 is exactly the original t = 0 slice and induces g. Static time is future
increasing, and its future unit normal is n = u−1(∂t −X). With the convention of the theorem,
the lapse–shift identity is

∂tg = 2uK + LXg.
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The metric on the right of Equation (34.3) is stationary, and Equation (31.2) therefore gives its
second form as −LXg/(2u) = K. This proves the claim for the original tensor, without a further
deformation. These local sign conventions also agree with the Killing initial data identities in [13,
Equations (2.6) and (2.14)]. □

34.2. Extension through the horizon in the original smooth structure. The base has two
possible regular boundary structures. When u|S > 0, N is an original smooth defining function,
whereas the regular base coordinate is λ =

√
N . When u|S = 0, the base is smooth in the original

collar coordinate. The following lemma treats these cases before passing to regular spacetime
coordinates.
Lemma 34.2 (Smooth horizon extension). The graph in Lemma 34.1 extends smoothly, in the
original smooth structure of Ω, to S in the regular maximal Tangherlini extension. Its boundary
is a smooth section of the corresponding future horizon if u|S > 0, and is the bifurcation sphere if
u|S = 0.
Proof. Connectedness of S and Theorem 31.1 leave exactly the two cases just described.
Positive boundary lapse. Equation (31.9) states that dN = 2κX♭ on S and that N is an original
defining function. Consequently the smooth covector X♭ − (2κ)−1 dN vanishes on S. Dividing its
components by N in an original collar gives a smooth one-form β0 such that

(34.4) Ab = 1
2κ d logN + β0, T0 = − 1

2κ logN +B0.

Here B0 is smooth up to S: its differential is −β0, and its values on an interior collar section deter-
mine its smooth extension by integration along collar segments. The primitive in Equation (34.2)
is already single-valued, so this construction has no period ambiguity.

We also need the angular coordinate ϑ to be smooth in the original coordinate N , not only in
λ. The specific reflection matters here. In the original-derived coordinates (λ, y), with N = λ2,
Equation (32.18) has even λλ and AB coefficients and odd λA coefficients, all original functions
being evaluated at (λ2, y). Thus the smooth isometric reflection is exactly

R(λ, y) = (−λ, y).
Let p be normal projection to S in this reflected base collar. Reflection fixes S pointwise and
reverses its unit normals, so p ◦ R = p. The smooth one-sided isometry in Proposition 33.5
sends these normal geodesics to the radial normal geodesics of the classified base. If ϑS denotes
its smooth angular boundary identification, the original angular map on the positive collar is
therefore ϑ = ϑS ◦ p. This formula extends it smoothly to the reflected collar and makes it
invariant under the displayed R. In particular it is even in the specific λ coordinate obtained
from original N , with its tangential parameters fixed. A smooth even function of λ is a smooth
one-sided function of λ2: Taylor expansion has only even powers, and the differentiated remainder
gives this assertion to every finite order. Applying this in angular charts proves that ϑ is smooth
in the original (N, y) collar.
Zero boundary lapse. Let s ≥ 0 be original outward collar distance. By Equation (31.10), there
are smooth d, Y2 with
(34.5) u = sd, X = s2Y2, d|S = κ, N = s2(d2 − s2|Y2|2g

)
.

It follows that Ab, and hence T0, extend smoothly and finitely to S. The positive square root on
the exterior is

λ = s
√
d2 − s2|Y2|2g,

which is smooth one-sided in s. In this case the original and regular one-sided base structures
agree. The smooth one-sided base identification therefore makes ϑ smooth in the original collar
as well.
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Regular spacetime coordinates. Define the tortoise coordinate and Kruskal coordinates by

r∗ = r + r0
2 log r − r0

r + r0
,

U = − exp
(
−κ(T − r∗)

)
, V = exp

(
κ(T + r∗)

)
.

(34.6)

Differentiation gives dr∗/ dr = N−1. More precisely,

(34.7) eκr∗ =
√
N D∗(N), D∗(N) = er/r0 r

r + r0
, r = r0√

1 −N
.

Thus D∗ is smooth positive near N = 0, with D∗(0) = e/2. The two-dimensional static part
becomes

−N dT 2 +N−1 dr2 = − 1
κ2D∗(N)2 dU dV.

Moreover −UV = ND∗(N)2 has a smooth local inverse for N near zero. These are regular horizon
coordinates: the coefficient of dU dV is smooth negative nonzero and r is smooth across the
horizon.

In the positive boundary-lapse case, substituting Equation (34.4) into Equation (34.6) on the
graph gives

(34.8) U = −ND∗(N)e−κB0 , V = D∗(N)eκB0 .

Both functions are smooth in the original collar, and S maps to U = 0, V > 0. Since its angular
map identifies S with S3, this is a smooth section of the future horizon.

In the zero boundary-lapse case, the same graph formulas are

U = −λD∗(N)e−κT0 , V = λD∗(N)eκT0 .

Equation (34.5) makes them smooth in s, and both vanish on S. Together with the angular
identification, they map S onto the bifurcation sphere. This proves the asserted smooth extension
in both cases. □

Proposition 34.3 (Global recovery of the original exterior). Equality under the horizon hypotheses
gives a global smooth spacelike embedding of the original Ω, including S, in the regular maximal
Tangherlini extension of mass m. The embedding pulls back the spacetime metric and the future
second fundamental form to the original g and K. Its image lies in the closure of the corresponding
exterior, its boundary has the form stated in Lemma 34.2, and its end approaches the corresponding
spatial infinity.

Proof. Combine the maps in Lemmas 34.1 and 34.2. Their pullback metric is g on the open
exterior and remains g at S by continuity. Since g is positive definite, the extended map is a
spacelike immersion there.

It is injective on the interior by the global base identification, and on the boundary by the
round-sphere identification. No interior point can have the same image as a boundary point, since
their area radii are respectively r > r0 and r = r0. It is also proper. A compact set of the regular
spacetime has bounded area radius; its preimage is a closed subset of a bounded annulus in the
attached base. Such an annulus is compact, and the base attachment is homeomorphic to the
original attachment. A proper injective immersion is an embedding.

To obtain the normal at the boundary, take a smooth future timelike field in regular spacetime
coordinates, project it to the normal line of the spacelike image, and normalize. Its normal
projection is timelike and nonzero; the result is a smooth future unit normal. It agrees with
the interior normal by uniqueness of the future choice. Hence the second-form identity from
Lemma 34.1 extends to S. If desired, the smooth collar expressions extend locally across S as a
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spacelike immersion, since immersion and spacelikeness are open conditions. No data beyond S
are prescribed or asserted.

Finally the inverse-base identity gives

(34.9) | dT0|2hb
=

|X|2g
u2N

−→ |b|2

(b0)2 < 1,

using Equation (31.5) and N → 1. Choose a < 1 slightly larger than the limiting slope. Increasing
a fixed base radius if necessary absorbs the radial length factor N−1/2, so integration along base
radial rays, starting on a compact sphere, gives |T0| ≤ ar + C uniformly on the end. Thus the
end remains in a spacelike cone of the static exterior and approaches its spatial infinity. □

34.3. Asymptotic geometry of an admissible Tangherlini slice. For the converse write
M0 > 0 for the geometric mass parameter of the ambient Tangherlini spacetime, to distinguish
it from the invariant ADM mass that we will compute. In isotropic spatial coordinates y on its
chosen exterior, with future static time T , its metric is

(34.10) gM0 = −
(

1 −M0/(2|y|2)
1 +M0/(2|y|2)

)2

dT 2 +
(

1 + M0
2|y|2

)2 4∑
i=1

( dyi)2.

The following argument applies to the end of every slice in the converse class. It derives its
asymptotic plane from the prescribed intrinsic decay.

Lemma 34.4 (Asymptotic affine plane). Let a smooth spacelike hypersurface in the Tangherlini
exterior of mass M0 > 0 have an end with coordinates x ∈ R4 \B and induced data satisfying

g − δ = O2(|x|−q), K = O1(|x|−1−q), q > 1.

Assume the hypersurface is smoothly embedded with a compact remaining part and boundary, if
present, in the exterior closure. For any 1 < q0 < min(q, 2) there are constants L ∈ GL(4,R),
a ∈ R4, L0 ∈ R4, and a0 ∈ R such that on the end

y = Lx+ L0 +O2(|x|1−q0),
T = a · x+ a0 +O2(|x|1−q0), LtL− a⊗ a = I.

(34.11)

In particular the limiting tangent plane is spacelike and x gives Euclidean orthonormal coordinates
on it.

Proof. We first control the spatial projection and then obtain its affine asymptotics.
The end leaves every bounded area radius. Gauss and Codazzi express the all-tangential and
one-normal spacetime curvature components in a slice orthonormal frame in terms of Rmg, K2,
and ∇K. All tend to zero by the stated decay. Vacuum Ricij = 0 expresses the two-normal
curvature components as sums of all-tangential ones. Thus every component tends to zero, and
so does the spacetime curvature-square invariant.

In the static orthonormal frame of Tangherlini, curvature components with one time index and
three spatial indices vanish. All remaining squared components contribute nonnegatively to that
invariant. The angular sectional curvature, computed from the static warped product, is

1 − |∇r|2hstatic

r2 = 2M0
r4 .

The invariant is consequently bounded below by a positive constant times M2
0 /r

8, including at
the horizon by regularity. Hence the area radius r, and therefore |y|, tend to infinity as |x| → ∞.
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A finite timelike limiting normal. For the estimates in original end coordinates, write R = |x|.
Decompose the future static Killing field along the slice as ∂T = un + X. On its exterior tail
u > |X|g. Local translates along this transverse field give stationary lapse–shift coordinates. The
vacuum Killing initial data equations, with the present second-form convention, are
(34.12) ∇(iXj) = −uKij , ∇2u = u(Ricg +τK − 2K2) − LXK.

These follow respectively from the Killing equation and its normal derivative using the vacuum
spatial Ricci equation. Their local form is dimension independent; we use them here in four
spatial dimensions. The same local identities are recorded in [13, Section 2].

Commuting derivatives in the first equation expresses ∇2X as curvature times X and permuta-
tions of ∇(uK). If Y denotes the coordinate components of the pair (u,X), the prescribed decay
therefore gives
(34.13) |∂2Y | ≤ C|x|−1−q0 |∂Y | + C|x|−2−q0 |Y |.

Here only two derivatives of g and one of K are used.
The metric g is uniformly comparable to the Euclidean metric on the end, the lapse and shift

are causal, and q0 > 1. Applying Lemma 31.4 to Equation (34.13) gives finite constant limits with
O2(R−q0) errors. Their normalization follows separately from u2 − |X|2g = −gM0(∂T , ∂T ) → 1,
using the already proved |y| → ∞. Thus

(34.14) u = u∞ +O2(R−q0), X = X∞ +O2(R−q0), u2
∞ − |X∞|2δ = 1.

Proper spatial projection and affine jets. Set N = u2 − |X|2g. Pairing ∂T with tangent vectors to
the slice gives the exact identities

(34.15) dT = −X♭

N
, y∗hstatic = hb = g +N−1X♭ ⊗X♭.

The spatial projection y is a local diffeomorphism, since the static Killing field is timelike and
transverse to the spacelike hypersurface. Equation (34.14) makes hb asymptotic to a positive
constant matrix. Because |y| → ∞, both its Jacobian and inverse Jacobian are uniformly bounded
far out.

We make the target coverage and path lifting explicit. Choose R∗ large enough that the
preceding Jacobian bounds hold on the original end E∗ := {|x| > R∗}. Choose R0 larger than
the maximum of |y| on ∂E∗, and put

V0 = {y ∈ R4 : |y| > R0}, U0 = E∗ ∩ y−1(V0).
The local diffeomorphism y : U0 → V0 is proper. Indeed a sequence whose images remain in
a compact subset of V0 cannot escape to original infinity, by |y| → ∞, or approach ∂E∗, by
the choice of R0. It therefore has a convergent subsequence in U0. The image is open by local
invertibility and closed by properness. It is nonempty, and V0 is connected, so the image is all of
V0.

A proper local diffeomorphism is a covering: inverse neighborhoods of its finite fibers give
evenly covered neighborhoods, with properness excluding additional sheets arriving from outside
those neighborhoods. In particular, radial paths down to a fixed sphere |y| = R1 > R0 lift. Their
endpoints lie in the compact preimage of that sphere. The uniform inverse-Jacobian bound gives a
lifted length at most C(|y| −R1) and hence |x| ≤ C ′(1 + |y|). Conversely, integrating the Jacobian
bound along original coordinate rays gives |y| ≤ C(1 + |x|). Hence |y| ≍ |x|.

The connection transformation law for Equation (34.15) now yields ∂2y = O(|x|−1−q0): the
connection of hb has that order, while the static connection is O(|y|−3), and q0 < 2. The first
identity in Equation (34.15) similarly gives the required Hessian bound for T . Integration on
radial rays and comparison on spheres first yield constant gradient limits and then constant
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translation limits. The latter comparison costs O(R1−q0), which tends to zero. This proves the
two expansions in Equation (34.11). Finally the limit of the induced metric is LtL− a⊗ a = I.
In particular L is invertible and the affine plane is spacelike. □

34.4. The invariant ADM mass of the slice.

Proposition 34.5 (Mass of every admissible Tangherlini slice). Every hypersurface in the converse
class of Theorem 22.4, in Tangherlini spacetime of geometric mass M0 > 0, has invariant ADM
mass M0. More precisely, in coordinates adapted to its asymptotic boost, its charges are E = M0Γ
and P = M0Γv e1, where 0 ≤ v < 1 and Γ = (1 − v2)−1/2.

Proof. We compare the slice with its limiting plane and compute the flux on that plane.
Comparison with the affine plane. Apply Lemma 34.4. Use the same parameter x on the affine
plane in Equation (34.11), and denote its induced data by (g∗,K∗). In affine Minkowski coordinates
adapted to this plane, the residual displacement of the actual embedding is a spacetime vector Z,
with time component Z0, satisfying Z = O2(|x|1−q0). The ambient metric differs from Minkowski
by O2(|x|−2) near both embeddings. Consequently

gij − g∗
ij = ∂iZj + ∂jZi +O1(|x|−2q0),

Kij −K∗
ij = ∂i∂jZ

0 +O(|x|−1−2q0).
(34.16)

Here the indices on the spatial components of Z are Euclidean. To check the error orders, the
quadratic Minkowski metric term is O1(|x|−2q0). Evaluation of the ambient perturbation at the
displaced point, or its contraction with a displaced tangent vector, gives O1(|x|−2−q0), which
is smaller since q0 < 2. For the second form use −⟨n,∇i∂jι⟩. The normal differs from the
constant future affine normal by O(|x|−q0); multiplying this by ∂2Z gives O(|x|−1−2q0). Ambient
connection and evaluation errors have order O(|x|−3−q0), again smaller. Euclidean trace reversal
may be used in the difference with errors of the same allowed order.

The only possible additional limiting fluxes in Equation (34.16) come from its displayed linear
terms. For the metric term the energy vector is

Fi = ∆Zi − ∂i divZ, ∂iFi = 0.
For the second-form term the momentum tensor is

Bij = ∂i∂jZ
0 − δij∆Z0, ∂jBij = 0.

Extend Z smoothly by a cutoff through the bounded Euclidean interior. The divergence theorem
makes both linear fluxes exactly zero on every sufficiently large sphere. The remaining flux errors
are O(R2−2q0), and hence tend to zero because q0 > 1. It is therefore enough to compute the
charges of the affine plane in the ambient metric (34.10).
The four-dimensional boost calculation. Translations change the ambient leading mass terms only
by O(|x|−3) and do not affect the charges. After spatial rotations and an orthogonal choice of x
on the plane, write it as

T = Γvx1, y1 = Γx1, yA = xA (A = 2, 3, 4).
Extend these coordinates by T = Γ(t+ vx1) and y1 = Γ(x1 + vt). The leading perturbation of
the ambient Minkowski metric is

M0|y|−2
(

2 dT 2 +
∑
i

( dyi)2
)
.

Set s2
∗ = Γ2x2

1 + |x⊥|2 and H∗ = M0s
−2
∗ . The needed components of its boost are

h11 = Γ2(1 + 2v2)H∗, hAB = δABH∗, ht1 = 3Γ2vH∗, ∂tH∗ = v∂1H∗.
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Since Γ2(1 + 2v2) + 2 = 3Γ2, differentiation gives
(34.17) ∂jg

∗
ij − ∂ig

∗
jj = 6M0Γ2xis

−4
∗ + o(|x|−3).

For the stated future convention, the linear second form is (∂thij − ∂ihtj − ∂jhti)/2. Its trace
reversal is

(34.18) K∗ − (trg∗ K∗)g∗ = 3M0Γ2vs−4
∗

(
x1 xt⊥
x⊥ −Γ2x1I3

)
+ o(|x|−3).

This also fixes the sign of P1 in the chosen boost coordinates.
The ellipsoid {Γ2x2

1 + |x⊥|2 < 1} has Euclidean volume ω/(4Γ). Its radial volume formula gives

(34.19)
∫
S3

(
Γ2n2

1 + |n⊥|2
)−2 dA = ω

Γ .

Equations (34.17)–(34.19), with the energy factor 1/(6ω) and momentum factor 1/(3ω), give
(34.20) E = M0Γ, P1 = M0Γv, PA = 0 (A = 2, 3, 4).
The transverse momentum integrals vanish by oddness. Thus

√
E2 − |P |2 = M0, as asserted. □

Lemma 34.6 (Volume of a horizon section). A smooth spacelike section of a future Tangherlini
horizon of geometric mass M0 > 0, including its bifurcation sphere, has induced metric (2M0)gS3

and three-volume ω(2M0)3/2.

Proof. In the regular coordinates of Equation (34.6), the future horizon is U = 0 with area radius
r =

√
2M0. The generator direction ∂V is the kernel of its induced form. Thus pullback to any

section leaves precisely r2gS3 , regardless of the value of V along the section. A compact connected
spacelike section has an angular projection which is a local diffeomorphism and hence a covering
of S3; compactness gives surjectivity, and simple connectedness of S3 makes that covering a
diffeomorphism. The same induced metric holds at the bifurcation sphere. Taking its volume
proves the formula. □

Completion of the proof of Theorem 22.4. For equality data, Theorem 22.2 gives m > 0. The
preceding adjoint, staticity, and classification results apply to the original exterior, and Proposi-
tion 34.3 supplies the required global smooth embedding with the original g and K, including its
normal and its horizon boundary. The ambient mass is the same m =

√
E2 − |P |2 by the scale in

Equation (34.1).
Conversely, take a Tangherlini hypersurface satisfying every exterior, decay, and horizon

hypothesis in the theorem. If its ambient geometric mass is M0, Proposition 34.5 gives invariant
ADM mass M0, and Lemma 34.6 gives A = ω(2M0)3/2. Outer area minimization, which is part
of this converse class, identifies A with the original enclosing infimum. Therefore√

E2 − |P |2 = M0 = 1
2

(
A

ω

)2/3
.

This proves both directions, including slices with nonzero original K or nonzero original ADM
momentum. □

Part 5. Local anti-de Sitter perturbations

35. Local conformal perturbations of Schwarzschild–anti-de Sitter

For cosmological constant Λ = −3, the Schwarzschild–anti-de Sitter mass–horizon relation
suggests

(35.1) mAH ≥

√
A

16π

(
1 + A

4π

)
,
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where mAH is the Lorentz norm of the hyperbolic mass covector. We prove this inequality for
sufficiently small maximal vacuum conformal perturbations of any positive-mass Schwarzschild–
anti-de Sitter exterior, using the area A of its prescribed future marginally outer trapped
boundary. The transverse-traceless (TT) tensor generating the perturbation is fixed before the
small parameter interval is chosen. The result concerns each given solution branch; it asserts
neither a uniform neighborhood theorem nor existence of a branch for every seed.

Khuri and Kopiński [32, Theorem 2] proved a perturbative inequality in this conformal setting
under an additional condition: the static-lapse-weighted integral of the squared seed norm must
dominate a multiple of the squared H1 norm of its normal component on a domain containing
the boundary [32, Equation (2.5)]. Both sides scale quadratically with the seed, so shrinking the
perturbation parameter alone cannot remove that condition. Our sharp TT boundary identity
and treatment of its null directions remove this requirement for each fixed seed and branch.

The geometric ingredients have related precedents. Chruściel and Herzlich [22] develop the
hyperbolic mass covector and its covariance. Neves and Tian [42] construct constant mean curva-
ture (CMC) foliations near infinity under positive-mass Schwarzschild–anti-de Sitter asymptotic
hypotheses, and Ambrozio [6] proves a local Riemannian Penrose inequality using CMC foliations.
Here we derive the mass identities and finite Taylor families of CMC spheres directly. We need
neither an actual global CMC foliation at nonzero parameter nor a spacetime extension through
the inner boundary.

Proof strategy. Call the left side of (35.1) minus the right side the deficit. The proof separates
three cases for the fixed seed. After establishing actual mass and area expansions, we show that
the constant and linear coefficients vanish and the quadratic coefficient is nonnegative. Its kernel
has one radial direction and three directions with degree-one angular dependence. A static TT
identity will identify these four directions explicitly.

The nonradial kernel directions require a fourth-order argument. A change of spacetime
slice, made only at the level of finite Taylor expansions, removes their first extrinsic-curvature
coefficient. Null transport preserves the boundary area through the required order, and a second
TT square gives a nonnegative quartic deficit. Equality would force the changed metric to be a
round warped-product jet through second order. Conformality of the original branch then gives a
differential identity incompatible with a nonzero decaying degree-one mode. Thus every nonradial
null direction has a strictly positive quartic coefficient.

The remaining radial seeds satisfy an exact conserved-mass identity. Combining these alterna-
tives with the actual remainder estimates proves (35.1), with equality precisely for radial seeds at
sufficiently small positive parameters. The interval may depend on the fixed background, seed,
and branch. The main theorem uses the actual boundary area without outermostness or outer
area-minimization; a separate corollary adds those geometric hypotheses and identifies this area
with the least enclosing area.

36. Geometric setting and the theorem

Fix m0 > 0, and let a > 0 be the unique positive root of 1 + a2 − 2m0/a = 0. On

M = [0,∞) × S2, S = {0} × S2,

let

(36.1) g0 = ds2 + r(s)2σ, r(0) = a, r′(s) > 0 (s > 0), (r′)2 = 1 + r2 − 2m0
r
,
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where σ is the unit round metric. The coordinate s is smooth at the boundary, and n = ∂s points
from S toward infinity. On the end, r = r(s) is a coordinate and

(36.2) b = dr2

1 + r2 + r2σ = dη2 + sinh2 η σ, η = arsinh r.

In particular, r is asymptotic to a positive constant times es.
Our Laplacian is ∆ = div grad, with nonpositive eigenvalues on a closed manifold. The spaces

Ck,ατ use the hyperbolic metric b in the end: the tensor and its covariant derivatives through order
k are O(e−τs), and the correspondingly weighted α-Hölder seminorms on unit background balls
are bounded. On a compact set we use ordinary Ck,α regularity. This definition is equivalent to
one using hyperbolic distance.

Fix 0 < α < 1, 3/2 < τ < 3, and a smooth symmetric tensor q ∈ C1,α
τ , smooth up to S,

satisfying

(36.3) trg0 q = 0, divg0 q = 0.

Throughout this part the seed q is independent of ϵ. Suppose a smooth branch of positive
solutions, defined for 0 ≤ ϵ < ϵ∗, satisfies

∆g0ϕϵ = 3
4(ϕ5

ϵ − ϕϵ) − ϵ2

8 |q|2g0ϕ
−7
ϵ on M,(36.4)

∂sϕϵ = ϵ

4qssϕ
−3
ϵ on S,(36.5)

ϕ0 = 1, ϕϵ − 1 ∈ C2,α
τ , ∥ϕϵ − 1∥

C2,α
τ

−→ 0 as ϵ −→ 0.(36.6)

No differentiability in stronger weighted spaces is assumed. Set

(36.7) gϵ = ϕ4
ϵg0, Kϵ = ϵϕ−2

ϵ q, Aϵ = |S|gϵ .

36.1. Mass and boundary conventions. Let xi, 1 ≤ i ≤ 3, be the coordinate functions on the
unit sphere. Define V0 =

√
1 + r2, Vi = rxi, and eϵ = gϵ − b. We use the flux normalization

pµ(ϵ) = 1
16π lim

R→∞

∫
{r=R}

[
Vµ(divb eϵ − d trb eϵ)

+ (trb eϵ) dVµ − eϵ(gradb Vµ, ·)
]
(νb) dAb,

(36.8)

where νb points toward increasing r. All operators and the area form in this formula are those of
b. Assume that these limits are finite and that the covector is future timelike for all sufficiently
small positive ϵ. Thus

mAH(ϵ) =

√√√√p0(ϵ)2 −
3∑
i=1

pi(ϵ)2

is the positive mass norm. This normalization gives p0(0) = m0 and pi(0) = 0. The pi are spatial
components of the hyperbolic mass covector, not angular momentum charges.

For a two-sided surface with unit normal ν toward the chosen end, put

H = divΣ ν, θ+ = H + trΣK.

For a spacetime realization our convention is K(X,Y ) = ḡ(∇̄Xnfuture, Y ); in Gaussian normal
coordinates this means ∂tg = 2K. A future marginally outer trapped surface, or MOTS, has
θ+ = 0.

The standard conformal identities give

(36.9) trgϵ Kϵ = 0, divgϵ Kϵ = 0, Rgϵ + 6 = |Kϵ|2gϵ
.
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Indeed, for a tracefree q the divergence identity is divϕ4g0(ϕ−2q) = ϕ−6 divg0 q. Also

Rϕ4g0 = ϕ−5(−8∆g0ϕ− 6ϕ) = −6 + ϵ2ϕ−12|q|2g0 .

The boundary S is totally geodesic for g0. Its normal in gϵ is ϕ−2
ϵ ∂s, and

(36.10) Hgϵ(S) = 4ϕ−3
ϵ ∂sϕϵ = ϵϕ−6

ϵ qss, trSKϵ = −ϵϕ−6
ϵ qss.

Consequently it is a future MOTS. Its mean curvature need not vanish.

36.2. Statement. Define

(36.11) b∗(A) =

√
A

16π

(
1 + A

4π

)
, Dq(ϵ) = mAH(ϵ) − b∗(Aϵ).

A tensor is called radial if it is invariant under every rotation of the S2 factor.

Theorem 36.1. For every background, fixed TT seed, and solution branch satisfying (36.1)–(36.6)
and the mass assumptions above, there is 0 < ϵ0 ≤ ϵ∗ such that

mAH(ϵ) ≥

√
Aϵ
16π

(
1 + Aϵ

4π

)
(0 ≤ ϵ < ϵ0).

For all sufficiently small positive ϵ, equality holds if the seed is radial, and the inequality is strict
otherwise.

The theorem makes no sign assumption on qss|S . It also does not require outermostness or outer
area-minimization. In particular it implies the following formulation with the usual geometric
boundary hypotheses. Here an enclosing surface separates S from the end and bounds with S a
compact region. Write Amin(S) for the infimum of areas of smooth enclosing surfaces, allowing
disconnected competitors and S itself.

Corollary 36.2. In addition to the hypotheses of Theorem 36.1, suppose qss ≥ 0 on S. Assume,
for every sufficiently small positive ϵ, that no compact smooth embedded two-sided surface in the
interior enclosing S has θ+ ≤ 0 everywhere, and that every smooth enclosing surface has area
at least Aϵ. Disconnected enclosing competitors are allowed, and S itself is allowed in the area
infimum. Then the exact local Penrose inequality holds with Amin(S) = Aϵ.

The outermostness condition excludes all weakly future outer trapped enclosing surfaces, not
only additional MOTS. These additional assumptions are relevant to the geometric formulation
of the conjecture but are not needed in the coefficient argument below.

36.3. Static operators and Taylor notation. We use

(36.12)
N = r′, κ = N ′(0) = 1 + 3a2

2a , B = Ricg0 +3g0,

L = ∆g0 − 3, D = −∆a2σ + 2κ
a
.

The letter D denotes the boundary operator, while Dq denotes the mass deficit.

Lemma 36.3. The tensor B and the static lapse satisfy

B = Bs ds2 +Btr
2σ, Bs = 1 − 2m0

r3 , Bt = 1 + m0
r3 ,(36.13)

∇2N = NB, trg0 B = 3, divg0 B = 0, LN = 0.(36.14)
Moreover D is positive on all spherical harmonics and

(36.15) b∗(4πa2) = m0, b′
∗(4πa2) = κ

8π .
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Proof. The radial and tangential sectional curvatures of ds2 + r2σ are −r′′/r and (1 − (r′)2)/r2.
Differentiating (36.1) gives N ′ = r +m0/r

2 and N ′′ = N(1 − 2m0/r
3). The Ricci eigenvalues are

therefore −2 − 2m0/r
3 and −2 +m0/r

3, giving (36.13) and Rg0 = −6. The radial and tangential
Hessian eigenvalues of N are N ′′ and N ′N/r, respectively, proving the first identity in (36.14).
Its trace gives LN = 0. The divergence identity follows from the contracted Bianchi identity and
the constant scalar curvature. At S, Bt = κ/a and 2κ/a > 0, so D > 0. Finally 2m0 = a(1 + a2)
gives (36.15) by direct differentiation. □

We write [F ]j for the coefficient of ϵj in a Taylor expansion; coefficients do not include an
extra factorial. Thus uj [q] = [ϕϵ − 1]j and cj [q] = [Dq]j when the indicated actual expansions
have been established. For a tensor T we also use the weighted function norm

∥T∥β = sup
M

eβs|T |g0 .

On the end this is equivalent to using b. Finite angular type means that the span of all rotational
pullbacks of the function or tensor is finite-dimensional. For functions this is precisely a finite
sum of spherical-harmonic spaces, with arbitrary smooth radial coefficients.

Some geometric arguments use Taylor families of metrics and surfaces only to order p, with
identities read in the finite Taylor algebra R[ϵ]/(ϵp+1). On any compact radial interval, their
coefficients can be represented by a smooth family and all differential-geometric identities then
hold to the retained order. At S, a formal displacement may have negative first coefficient. It is
evaluated using the given smooth one-sided jets: extend sufficiently many coefficients smoothly
across s = 0, perform the finite Taylor calculation, and retain only the prescribed order. Every
boundary derivative of an identity holding on s ≥ 0 is fixed by those jets. This convention does
not assume a constrained extension at a fixed point with s < 0. The time-recursion argument
below will specify how the constraint identities are used after such a displacement.

37. Weighted coefficients and actual expansions

We first justify the passage between finite Taylor calculations and the given solution branch.
Throughout this section, fix

(37.1) 3
2 < β < min{τ,

√
3}.

We use the weighted norms and Taylor conventions of Section 36.3. Boundary norms without a
weight are uniform norms on S.

37.1. A scalar inverse and its asymptotics. Equivariant linear differential operations preserve
finite angular type. Products and contractions preserve it after enlarging the angular space by a
finite tensor product. On functions, the round Laplacian preserves these spaces: it is the sum of
squares of the three infinitesimal rotation fields. Its restriction is self-adjoint, so we may split
into finitely many eigenspaces with eigenvalues λ ≥ 0 for −∆σ.

Lemma 37.1 (Comparison and finite angular inverse). There are constants cβ, Cβ > 0 with the
following properties. Suppose z = o(e−βs) uniformly at infinity and

(L− V )z = F, ∥V ∥C0(M) ≤ cβ.

If either z|S = b or ∂sz|S = b, then

(37.2) ∥z∥β ≤ Cβ
(
∥F∥β + ∥b∥C0(S)

)
.

The constants do not depend on an angular cutoff. The same estimate holds for ∂sz − a∗z = b if
∥a∗∥C0(S) ≤ β/2.
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If F and b are smooth and of finite angular type, and F = O(e−γs) for some γ > 3, there is
a unique decaying finite angular type solution of Lu = F with either of the above Dirichlet or
Neumann data. It satisfies
(37.3) u = r−3ζ(x) + o(r−3), ∂s

(
u− r−3ζ(x)

)
= o(r−3)

for a smooth finite angular type function ζ. These statements hold after any fixed number of
angular differentiations. If ∂jsF = O(e−γs) for 0 ≤ j ≤ k, the remainder in (37.3) can also be
differentiated in s through order k + 2, with each resulting remainder o(r−3).

Proof. Let h = e−βs. Since N/r ≥ 0,

Lh = (β2 − 2βN/r − 3)h ≤ −(3 − β2)h.
Choose cβ < (3 − β2)/2. A sufficiently large multiple Ah satisfies (L − V )(Ah) ≤ −|F |. For
Dirichlet data, enlarge A to dominate |b|. For Neumann data, enlarge it so that −βA− b < 0 and
−βA+ b < 0 on S. The functions Ah− z and Ah+ z are positive sufficiently far out. A negative
interior minimum contradicts their differential inequalities, because the zeroth-order coefficient of
L − V is negative. A negative minimum on S is impossible in the Neumann case: the inward
derivative at such a minimum is nonnegative, whereas the chosen derivative is negative. This
proves (37.2). For the Robin condition, apply the maximum argument to z/h. At a positive
boundary maximum its inward derivative is nonpositive, whereas ∂s(z/h) = (β + a∗)(z/h) + b
on S. Since β + a∗ ≥ β/2, a sufficiently large positive maximum is impossible; apply the same
argument to −z/h.

For the existence assertion, work in each angular eigenspace. The radial equation is

(37.4) y′′ + 2N
r
y′ −

(
3 + λ

r2

)
y = Fλ.

First impose the required condition at 0 and y(T ) = 0 on a finite interval. The homogeneous
problem has trivial kernel: multiplication by r2y and integration gives

0 = −
∫ T

0
r2(y′)2 ds−

∫ T

0
(3r2 + λ)y2 ds,

with zero boundary terms. Thus the finite-interval linear problem is solvable. The barrier estimate
is independent of T . On each compact interval, the equation bounds y′ and then y′′: the mean
value theorem supplies a point with bounded y′, and the first-order equation for y′ propagates that
bound. A subsequence therefore converges on compact intervals to a solution with y = O(e−βs).
The same local argument on unit intervals gives y′ = O(e−βs).

Now N/r = 1 +O(e−2s) and r−2 = O(e−2s). Hence

y′′ + 2y′ − 3y = G, G = O(e−γ′s), γ′ = min{γ, β + 2} > 3.
Variation of constants for the roots 1,−3 eliminates the growing homogeneous term and gives

y = ce−3s +O(e−γ′s), y′ = −3ce−3s +O(e−γ′s).
For example the particular solution is a linear combination of

es
∫ ∞

s
e−tG(t) dt and e−3s

∫ ∞

s
e3tG(t) dt;

both integrals converge with the claimed bounds. Since r = Ces(1 +O(e−2s)), this is (37.3). The
equation gives the second differentiated remainder, and differentiated equations give the rest.
Angular differentiations are bounded operations on the fixed finite spaces. Any other solution
tending uniformly to zero also satisfies the initial weighted bound: compare on sufficiently long
intervals with Ah+ δ, where δ > 0 dominates the far boundary value, and then let δ ↓ 0. The
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same ODE improvement applies. The improved decay permits comparison for a difference of two
solutions, proving uniqueness. □

37.2. Coefficient equations and the required spatial derivatives. Put ψ = ϕ−1, hq = qss|S ,
and Qq = |q|2g0 . Define

A(z) = 15
2 z

2 + 15
2 z

3 + 15
4 z

4 + 3
4z

5,

Nϵ,q(z) = A(z) − ϵ2

8 Qq(1 + z)−7,

Bϵ,q(z) = ϵ

4hq(1 + z)−3.(37.5)

The actual equations become
(37.6) Lψ = Nϵ,q(ψ), ∂sψ|S = Bϵ,q(ψ|S).

For a finite angular type seed, define uj = uj [q] recursively. Set Pj−1 =
∑
i<j ϵ

iui, and let

(37.7)
Fj = [Nϵ,q(Pj−1)]j , Bj = [Bϵ,q(Pj−1|S)]j ,
Luj = Fj , ∂suj |S = Bj , uj −→ 0.

Here [·]j extracts the coefficient of ϵj ; inverse powers are Taylor expanded at 1. The first two
equations are explicitly

F1 = 0, B1 = 1
4hq,

F2 = 15
2 u

2
1 − 1

8Qq, B2 = −3
4hqu1|S .(37.8)

Only preceding coefficients occur on the right of (37.7). The construction does not require an
actual solution branch for the seed.

Lemma 37.2 (Finite coefficient asymptotics). For every smooth finite angular type seed in C1,α
τ ,

the coefficients through degree two are well defined and
uj = r−3ζj(x) + o(r−3), j = 1, 2.

The first coefficient has this asymptotic with arbitrarily many spatial derivatives. The second has
it with the first spatial derivatives, in particular with every derivative needed at degree two below.

For the fourth-order construction, suppose specifically that

(37.9)
q = Hess v −Bv, Lv = 0, v −→ 0,

v|S has only constant and degree-one spherical modes.
Corollary 39.3 will show that every seed with zero quadratic deficit has this form, so fourth-
order estimates are needed only in this class. Then q and all its derivatives have O(r−3) scaled
components. The coefficients u1, . . . , u4 exist and have the above asymptotic with arbitrarily many
spatial derivatives.

Let p = 2 in the first case and p = 4 in the second. In the coordinate η = arsinh r, the conformal
metric jet G = (1 +

∑p
j=1 ϵ

juj)4g0, taken through degree p, satisfies

(37.10)
G− b = r−3(C dη2 + Er2σ

)
+ o(r−3),

C = 2m0 + 4
p∑
j=1

ϵjζj , E = 4
p∑
j=1

ϵjζj .

For coefficient j, the remainder has this decay after angular and η derivatives through order
p− j + 1, in scaled coframes dη, r dx.
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Proof. Lemma 37.1 constructs u1 with homogeneous interior equation. Its derivatives have the
asserted asymptotics by (37.4). In degree two the interior source is a sum of u2

1 = O(r−6) and
|q|2 = O(r−2τ ), with min{6, 2τ} > 3. Its first radial derivative has the same bound because
q ∈ C1,α

τ . Finite angular type supplies any fixed number of angular derivatives. The inverse
lemma therefore gives the claimed second coefficient and, in particular, its first differentiated
asymptotic. No bound on higher radial derivatives of a general seed is asserted here.

For (37.9), solve the homogeneous Dirichlet problem separately in its four boundary modes.
The homogeneous ODE gives v = O(r−3) with all differentiated versions. The scaled components
of the connection, B, and all their derivatives are bounded at infinity. It follows that Hess v−Bv
has O(r−3) components with all derivatives. Inductively, every interior source in (37.7) is a sum
of products containing at least two factors among lower solution coefficients and q. It therefore
has O(r−6) decay with all derivatives. Another application of the inverse lemma completes the
induction through degree four.

Finally g0 − b = 2m0r
−3 dη2 + O(r−5) in scaled components, with all derivatives. In each

positive degree the only r−3 term in (1+
∑
ϵjuj)4−1 is 4r−3ζj ; products of two solution coefficients

are O(r−6). This proves (37.10). At p = 2, the derivative count is two for coefficient one and one
for coefficient two, both already established. At p = 4 all the needed derivatives are available
from the stronger case. □

37.3. An exact Green formula for the mass. Define the test functions
(37.11) W0 = N, Wi = rxi (1 ≤ i ≤ 3).
The background identities and the radial equation give
(37.12) LW0 = 0, LWi = −3m0r

−2xi.

Lemma 37.3 (Green representation of the mass). For every sufficiently small member of the
actual branch,

(37.13) pµ(ϵ) − pµ(0) = 1
2π

{∫
S

(
ψ∂sWµ −Wµ∂sψ

)
dAg0 −

∫
M

(
WµLψ − ψLWµ

)
dVg0

}
.

In particular the right-hand side is an absolutely convergent integral expression. More generally
the linear functional

(37.14) Gµ(u, F,B) = 1
2π

{∫
S
(u∂sWµ −WµB) dAg0 −

∫
M

(WµF − uLWµ) dVg0

}
is bounded in the norms ∥u∥β + ∥F∥2β + ∥B∥C0(S). For finite angular type coefficient jets, this
same functional computes the coefficient of their metric mass.

Proof. First fix ϵ; no parameter limit is taken in this argument. The assumed weighted regularity
gives ψ,∇bψ = O(r−τ ). The difference between the actual metric perturbation ϕ4g0 − g0 and 4ψb
consists of terms with scaled components and first derivatives

O(r−2τ ) +O(r−τ−3).
Indeed ϕ4 − 1 − 4ψ = O(ψ2) and g0 − b = O1(r−3). Since a mass test function and its derivative
have size O(r) and the sphere area has size O(r2), these terms give flux errors
(37.15) O(r3−2τ ) +O(r−τ ) −→ 0.
For the tensor 4ψb in dimension three,

divb(4ψb) − d trb(4ψb) = −8 dψ,
and the remaining two terms of the prescribed mass integrand add 8ψ dVµ. Thus the flux
difference is 1/(2π) times the flux of ψ gradb Vµ − Vµ gradb ψ. Replacing the hyperbolic normal
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by ∂s produces a vanishing error since the relative normal change is O(r−3). For the time test,
replacing

√
1 + r2 by N also produces a vanishing error, because their difference and its first

radial derivative are O(r−2). The sphere area forms are the same.
The g0 divergence of ψ gradWµ −Wµ gradψ is ψLWµ −WµLψ. Apply the divergence theorem

to [0, T ] × S2. The outward normal of this integration domain at its inner boundary is −∂s,
yielding exactly the sign of the boundary term in (37.13). Finally Lψ = O(r−2τ ) by (37.6); hence
the bulk integrals converge, and T → ∞ proves the identity.

For the asserted boundedness, Wµ = O(es) and dVg0 = O(e2s) ds dω. The WµF term is
dominated by a constant times

∥F∥2βe
(3−2β)s,

which is integrable by (37.1). The uLWi term is dominated by C∥u∥βe−βs, and LW0 = 0. The
boundary terms are bounded by the stated norms. For finite coefficient jets, apply the same
finite-radius identity coefficientwise. Lemma 37.2 supplies their differentiated asymptotics, and
all nonlinear coefficient products discarded from the flux are O(r−6) with first derivatives. Thus
their coefficient flux is also (37.14). □

37.4. Approximation on the full space of seeds. Let Tτ,α denote the real vector space of
smooth TT tensors in C1,α

τ . No boundary sign is imposed on this space. We shall construct
coefficient functionals on it even when no actual branch is being considered.

Lemma 37.4 (Rotation approximation and coefficient continuity). Every q ∈ Tτ,α is a limit, in
∥ · ∥β, of finite angular type tensors qν ∈ Tτ,α. The approximants may be chosen as averages of
rotated copies of q. Their weighted norms are uniformly bounded, and the construction preserves
a nonnegative boundary value qss|S when that condition holds.

The maps q 7→ u1[q] and q 7→ u2[q] defined for finite angular type seeds extend uniquely by
these approximations to continuous, respectively linear and quadratic, maps on Tτ,α with values
in the weighted uniform norm. The corresponding pairs (Fj , Bj) in (37.8) extend continuously in
the norms ∥ · ∥2β and ∥ · ∥C0(S).

Proof. Let U(R)q denote the pullback by a rotation R ∈ SO(3), and let dR be normalized
invariant volume. Define

kν(R) = cν

(1 + trR
4

)ν
,

∫
SO(3)

kν dR = 1, qν =
∫
SO(3)

kν(R)U(R)q dR.

The expression raised to the power ν lies in [0, 1] and attains one only at the identity. The
normalized densities therefore concentrate there. To verify this directly, outside any fixed
neighborhood their base is at most 1 − δ, whereas on a smaller neighborhood of positive volume
it is at least 1 − δ/2; the ratio of the corresponding integrals tends to zero.

The map R 7→ U(R)q is continuous in ∥ · ∥β. On a compact part of M this follows from
smoothness. On the tail, the bound Ce−(τ−β)s is uniform in R, so the strict weight margin
controls it. Concentration gives ∥qν − q∥β → 0. Rotations preserve g0, the end background, and
s. They commute with trace and divergence and preserve the weighted regularity. Consequently
each average is smooth and TT, with the asserted uniform bounds. They also preserve the radial
normal, so positivity of qss|S is retained by the nonnegative average.

For fixed ν, the density is a polynomial in matrix entries. After a change of integration
variable, the rotation orbit of qν depends on translates of this polynomial. These translates lie
in a finite-dimensional polynomial space; their coefficients multiply finitely many fixed averaged
tensors. Thus qν has finite angular type.
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It remains to check that the coefficient limits are independent of the approximation. On a
bounded set in ∥q∥β, comparison applied to (37.8) gives, for finite type seeds q, q̂,

∥u1[q] − u1[q̂]∥β ≤ C∥q − q̂∥β,
∥F2[q] − F2[q̂]∥2β + ∥B2[q] −B2[q̂]∥C0(S) ≤ C∥q − q̂∥β,

∥u2[q] − u2[q̂]∥β ≤ C∥q − q̂∥β.

Here the elementary product estimate is∥∥|q|2 − |q̂|2
∥∥

2β ≤ (∥q∥β + ∥q̂∥β)∥q − q̂∥β.

The comparison constant has no angular-cutoff dependence. These estimates prove existence,
uniqueness, and continuity of the limits in the complete weighted uniform space. Formula (37.8)
preserves their linear and quadratic dependence. No derivative convergence of the limiting
coefficients is needed in this construction or in the mass functional. □

37.5. Actual expansions and mass coefficients.

Proposition 37.5 (Expansions of the given branch). For every prescribed seed and branch in
the theorem, set p = 2 and take uj , Fj , Bj from Lemma 37.4. If the seed has the form (37.9), we
may instead take p = 4 with the finite coefficient construction. In both cases,∥∥∥∥∥∥ψ −

p∑
j=1

ϵjuj

∥∥∥∥∥∥
β

= O(ϵp+1),

∥∥∥∥∥∥Lψ −
p∑
j=1

ϵjFj

∥∥∥∥∥∥
2β

= O(ϵp+1),

∥∥∥∥∥∥∂sψ|S −
p∑
j=1

ϵjBj

∥∥∥∥∥∥
C0(S)

= O(ϵp+1).(37.16)

The area and all four mass components have actual expansions to the same order. Their mass
coefficients are

(37.17) aµj [q] = Gµ(uj , Fj , Bj), pµ(ϵ) = pµ(0) +
p∑
j=1

ϵjaµj [q] +O(ϵp+1).

In particular, the actual deficit satisfies

(37.18) Dq(ϵ) = c2[q]ϵ2 +O(ϵ3)

for every seed under consideration. The coefficient c2 is a continuous quadratic form on Tτ,α in
the ∥ · ∥β topology, invariant under rotations. For seeds of the form (37.9) there is additionally
the actual expansion

(37.19) Dq(ϵ) = c2[q]ϵ2 + c3[q]ϵ3 + c4[q]ϵ4 +O(ϵ5).

The subsequent geometric arguments determine the signs and the vanishing of these coefficients.

Proof. Initial estimate. The given convergence of ψ in C2,α
τ implies that ∥ψ∥C0 is small. Write

A(ψ) = Vψψ, extending the quotient by zero at ψ = 0. Then ∥Vψ∥C0 = o(1). Moving this term
to the potential in (37.6) leaves an interior source bounded by Cϵ2e−2τs and boundary derivative
bounded by Cϵ. Since ψ = o(e−βs), Lemma 37.1 gives

(37.20) ∥ψ∥β = O(ϵ).
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Finite angular type seeds. Suppose first that the needed coefficients have been constructed by
(37.7). The first bound (37.20) starts an induction. If

∥ψ − Pj−1∥β = O(ϵj),

then ψ and Pj−1 are both O(ϵe−βs). For such arguments, the mean value theorem applied to
(37.5) gives

|Nϵ,q(ψ) − Nϵ,q(Pj−1)| ≤ Cϵe−βs|ψ − Pj−1| = O(ϵj+1e−2βs).
Taylor substitution into the finite polynomial Pj−1 leaves an error of this same order after its
coefficients through degree j are extracted. Every interior term contains at least two decaying
factors, counting the factor Qq as two. On S,

|Bϵ,q(ψ) − Bϵ,q(Pj−1)| ≤ Cϵ|ψ − Pj−1| = O(ϵj+1),

and the boundary Taylor error has the same order. Thus ψ − Pj has interior source O(ϵj+1e−2βs)
and boundary derivative O(ϵj+1). It is o(e−βs) at infinity, so comparison improves its weighted
norm to O(ϵj+1). This proves all three assertions in (37.16) inductively through the required
degree. In particular, it proves the fourth-order assertions in the special case (37.9).

Arbitrary seeds through degree two. Let qν be the approximants of Lemma 37.4, and put
dν = ∥q − qν∥β. Write uj,ν , Fj,ν , Bj,ν for their coefficients. These have uniform bounds in the
norms of that lemma. We compare them directly with the given branch for q; no branch for
qν is introduced. Using (37.20), the equation for ψ − ϵu1,ν has source O(ϵ2e−2βs) and boundary
derivative O(ϵdν + ϵ2). Hence
(37.21) ∥ψ − ϵu1,ν∥β ≤ C(ϵdν + ϵ2).
Expanding the nonlinearities once more, formula (37.8) and (37.21) imply

∥Lψ − ϵ2F2,ν∥2β ≤ C(ϵ2dν + ϵ3),
∥∂sψ|S − ϵB1,ν − ϵ2B2,ν∥C0(S) ≤ C

(
(ϵ+ ϵ2)dν + ϵ3

)
.(37.22)

For clarity, the only quadratic interior discrepancies are ψ2 − ϵ2u2
1,ν and ϵ2(Qq − Qqν ); their

weighted norms are bounded by the first right-hand side. At the boundary the linear discrepancy
is ϵ(hq − hqν )/4, and the next one contains ϵhqψ− ϵ2hqνu1,ν , producing exactly the second bound.
All remaining terms are cubic with the stated weights. Comparison applied to ψ − ϵu1,ν − ϵ2u2,ν
now gives

∥ψ − ϵu1,ν − ϵ2u2,ν∥β ≤ C
(
(ϵ+ ϵ2)dν + ϵ3

)
.

The constants are independent of ν. Letting ν → ∞ and using coefficient continuity proves the
full three estimates (37.16) for p = 2 and the original arbitrary seed.

Mass, area, and the deficit. Apply the bounded functional in Lemma 37.3 to the three
remainders. This proves (37.17) directly. The area is the compact-boundary integral

Aϵ =
∫
S
(1 + ψ)4 dAg0 ,

so its expansion follows from the first remainder alone. If Aϵ = A0 + ϵA1 + ϵ2A2 +O(ϵ3), then

A1 = 4
∫
S
u1 dAg0 , A2 =

∫
S
(4u2 + 6u2

1) dAg0 .

The mass norm is smooth near (m0, 0, 0, 0) and b∗ is smooth near A0 = 4πa2. Their expansions
therefore have the same controlled remainders. The constant deficit is zero. Also F1 = 0, N |S = 0,
∂sN |S = κ, and LN = 0, so

a01 = κ

2π

∫
S
u1 dAg0 = b′

∗(A0)A1.
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The spatial mass components have zero base value and first enter the mass norm quadratically.
This proves that the linear deficit coefficient vanishes.

In degree two the scalar expression is explicitly

(37.23) c2[q] = a02 − 1
2m0

3∑
i=1

a2
i1 − b′

∗(A0)A2 − 1
2b

′′
∗(A0)A2

1.

Lemma 37.4 and the bounded Green functional show that this is a continuous quadratic form
on the entire formal seed space Tτ,α. Formula (37.23) uses only the coefficient functions and
absolutely convergent Green integrals; it does not assume a geometric integral formula for arbitrary
seeds. Rotations leave the area invariant, fix the time mass component, and rotate the three
spatial components. Thus c2 is rotation invariant. The identical finite coefficient argument
through degree four proves (37.19). □

Remark 37.6. The derivative control used in (37.15) comes from each actual member’s assumed
C2,α
τ decay. It is not a consequence of the weighted uniform Taylor estimates. The radius limit

is taken for each fixed member to obtain the exact identity (37.13); only then are its integrals
expanded. Similarly, each finite angular type coefficient is identified with its own flux before
passing to an approximant limit in the bounded functional (37.14). No uniform convergence of
discarded derivative flux errors in either parameter or angular cutoff is used.

38. CMC sphere jets and their Hawking mass

We use the finite Taylor conventions of Section 36.3. Taylor expansions of inverses, compositions,
and other smooth geometric operations at a rotation-invariant background preserve finite angular
type at each fixed order: each coefficient uses only finitely many linear differential operations and
tensor products.

38.1. The sphere construction. In the end put η = arsinh r, so that
b = dη2 + sinh2 η σ.

An estimate for a tensor below refers to its components in scaled coframes dη, r dxA, in fixed
smooth angular coordinate charts. A differentiated little-oh estimate includes all mixed radial
and angular derivatives of the stated total order.

Proposition 38.1 (CMC sphere jets). Let p ≥ 1, and let G be a smooth Riemannian metric jet
of order p, with base G0 = g0, whose coefficients have finite angular type. Suppose that there are
angular scalar jets C,E, with C0 = 2m0 and E0 = 0, such that
(38.1) G− b = r−3(C dη2 + Er2σ

)
+ o(r−3).

For the coefficient of degree j, 1 ≤ j ≤ p, suppose that the remainder satisfies this estimate after
every mixed radial and angular derivative of total order at most p− j + 1.

There is a smooth family of sphere jets Σs, 0 ≤ s < ∞, given by graphs over {s} × S2, with
the following properties:

(1) Σs has constant outward mean curvature through order p, and Σ0 is minimal through that
order.

(2) The graph coefficients have finite angular type. The normal lapse f for variation in s has
base value f0 = 1.

(3) If A(s) and H(s) are the area and mean curvature jets, then the CMC Hawking mass

(38.2) mH(Σs) =

√
A(s)
16π

(
1 − (H(s)2 − 4)A(s)

16π

)
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satisfies, coefficientwise,

(38.3) lim
s→∞

mH(Σs) = mAH(G) :=

√√√√p0(G)2 −
3∑
i=1

pi(G)2.

Here pµ(G) is the coefficientwise flux (36.8), and the square root is its formal branch with
base value m0 > 0.

The expression (38.2) is the CMC specialization of the asymptotically hyperbolic Hawking
mass used in [6, Equation (2)]. The proof below checks its limiting normalization against (36.8)
directly.

Proof. We first solve the Jacobi equations on finite radial intervals. At infinity, hyperbolic boosts
account for the order-one degree-one displacement. The asymptotic CMC equation selects a
frame in which the spatial mass components vanish. We then choose the free graph means to join
those spheres to the minimal first leaf.
The graph equation on finite radial intervals. For a normal variation with speed w, the mean-
curvature variation is
(38.4) Jw = −∆Σw −

(
RicG(ν, ν) + |II|2

)
w.

Indeed, the induced metric varies by 2wII, the variation of the unit normal is − gradΣw, and
differentiation of the second form gives the Hessian term, the ambient curvature term, and the
quadratic second-form term. Tracing, including the variation of the inverse induced metric, gives
(38.4). A tangential velocity adds the directional derivative of H.

For a background coordinate sphere, H0 = 2N/r and

Ricg0(∂s, ∂s) = −2 − 2m0
r3 , |II0|2 = 2N2

r2 .

Thus its Jacobi operator is

(38.5) J0
s = −∆r2σ − 2

r2 + 6m0
r3 .

On degree-ℓ spherical harmonics its eigenvalue is

(38.6) λℓ(s) = ℓ(ℓ+ 1) − 2
r2 + 6m0

r3 .

It is strictly positive on every nonconstant mode. In particular, the degree-one eigenvalue is
6m0/r

3 > 0. At s = 0, using 2m0 = a(1 + a2), the constant eigenvalue is

− 2
a2 + 6m0

a3 = 3 + 1
a2 = 2κ

a
,

and hence J0
0 = D, positive on all modes.

Write a graph as s+ ρ(s, x; ϵ), with ρ0 = 0. At degree j, its mean-curvature coefficient is
J0
s ρj + Rj(s, x),

where Rj is known from the metric coefficients and the lower graph coefficients. To make the
first sphere minimal, solve this equation at s = 0 with right-hand side zero, using D−1. At
general s, prescribe any smooth round mean for ρj that agrees with this value at zero, and solve
the projection of the equation onto the nonconstant modes. The operator (38.5) preserves the
splitting into constants and nonconstants, so the latter equation has a unique solution. At each
order it is a finite-dimensional linear equation with a smooth invertible coefficient matrix at every
finite radius. This produces smooth coefficients on each finite interval. Induction also shows
that the resulting graph at zero is exactly the minimal graph jet already constructed there. The
constant eigenvalue need not be inverted away from zero.
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The flux aspect. For an angular scalar F , write ⟨F ⟩σ = (4π)−1 ∫
S2 F dAσ. The asymptotic form

(38.1) gives

(38.7) (p0(G), p1(G), p2(G), p3(G)) = ⟨µ(x)(1, x)⟩σ , µ = C + 3E
2 .

Here µ denotes only a flux aspect. To verify the formula directly, let e = G− b. Its leading trace
is (C + 2E)r−3, and its radial divergence-minus-trace derivative is

(divb e− d trb e)(∂η) = 2 coth η(C − E)r−3 − 2∂η(Er−3) + o(r−3)
= (2C + 4E)r−3 + o(r−3).

For V0 =
√

1 + r2 or Vi = rxi, let v = 1 or xi, respectively. Both V and ∂ηV have leading term
rv. The terms (trb e) dV − e(gradb V, ·) add 2Evr−2 + o(r−2) to the normal flux integrand. The
total is therefore (2C + 6E)vr−2 + o(r−2). Multiplying by r2 dAσ/(16π) proves (38.7). The first
differentiated remainder assumed in (38.1) makes every omitted flux integral tend to zero.
Boosted coordinates. Realize hyperbolic space as

(cosh η, sinh η x) ⊂ R3,1.

Let B(d) be the exponential of the Lorentz Lie-algebra matrix with time-space entries d ∈ R3 and
zero spatial rotation part. Thus B(0) is the identity. Write its action on future null vectors as

(38.8) B(d)(1, x) = k(x)(1, y(x)).

For small d, k > 0. In pullback coordinates the old radius is kr +O(r−1), the old radial distance
is η + log k +O(r−2), and the old radial unit covector agrees with the new one up to O(r−1) in
hyperbolic norm. These statements, including all their needed derivatives, follow by applying
the matrix B(d) to the displayed hyperboloid coordinates. Since B(d) preserves b, the leading
coefficients of its pullback of G are

(38.9) Cd = k−3C ◦ y, Ed = k−3E ◦ y.

For example, the angular part of d log k has hyperbolic norm O(r−1); it therefore changes neither
leading scaled diagonal coefficient in (38.1).

Differentiating (38.8) tangentially and taking Minkowski inner products gives y∗σ = k−2σ.
Consequently dAσ(y) = k−2 dAσ(x), and (1, x) = kB(d)−1(1, y). Changing angular variables
proves the exact leading-flux transformation

(38.10)
〈
k−3µ(y)(1, x)

〉
σ

= B(d)−1 ⟨µ(x)(1, x)⟩σ .

This establishes the needed covariance directly for the specified flux.
The asymptotic CMC equation. For large s, put R = r(s) and ηR = arsinhR. In the coordinates
obtained from B(d), seek a graph

(38.11) η = ηR + h(x)
R

,

where d and h are jets with zero base values, and every coefficient of h has zero constant and
degree-one components. The parameters d, h are held fixed when computing an individual leaf.
We claim, coefficientwise for bounded input jets in fixed finite angular spaces, that

(38.12) R3(H − 2 coth ηR
)

= −(∆σ + 2)h− (Cd + 3Ed) + o(1).

Here are the estimates underlying this claim. In b, the unit normal to (38.11) is

∂η − r−2 gradσ(h/R)√
1 + r−2| d(h/R)|2σ

.
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Its divergence gives
Hb = 2 coth ηR −R−3(∆σ + 2)h+O(R−4).

Indeed the slope has hyperbolic norm O(R−2), its normalization differs from one by O(R−4), and
the second Taylor term in 2 coth(ηR + h/R) is O(R−4). These estimates hold for every coefficient
of the finite Taylor expansion when the input coefficients are bounded.

On an unshifted sphere the perturbation in (38.1), after boosting, changes the radial lapse by
CdR

−3/2 + o(R−3). This contributes −CdR−3 + o(R−3) to H. The relative area density changes
by EdR−3 + o(R−3); its radial logarithmic derivative contributes −3EdR−3 + o(R−3). The mixed
components in the remainder contribute o(R−3), including their tangential-divergence term. For
completeness, on a fixed surface the comparison between two metrics b and ĝ is

IIĝ(X,Y ) = ĝ(νĝ, νb)IIb(X,Y ) − ĝ
(
νĝ, (∇

ĝ − ∇b)XY
)
.

It follows by splitting ∇b
XY into its tangential and normal parts and using normal orthogonality.

After tracing, the linear metric correction depends smoothly on the tangent plane, the background
shape operator, and the scaled components of ĝ − b,∇b(ĝ − b). The slope of (38.11) tends
to zero, and its background shape operator differs by o(1) from that of a coordinate sphere.
Its displacement is O(R−1) in radial distance. The leading metric correction on that graph
is consequently still −(Cd + 3Ed)R−3. Quadratic metric corrections are O(R−6). This proves
(38.12).

The estimate just proved also justifies its use at every Taylor order through p. A coefficient of
G of degree j can undergo at most p− j spatial differentiations from Taylor composition with the
graph and the boost. Mean curvature requires one additional derivative of the metric. Thus the
mixed derivative allowance p− j + 1 in (38.1) controls the coefficient of every remainder after
multiplication by R3. The base g0 has the required bounds to all orders. Angular differential
operators cause no further restriction within a fixed finite-dimensional angular space. More
explicitly, denote the degree-j residual in (38.1) by Ej , and set

ωj(R) = max
a+b≤p−j+1

sup
r≥R/2

∥∥∥∂aη∇b
σ(r3Escaled

j )
∥∥∥

∞
.

Then ωj(R) → 0. For every n ≤ p, bounded coefficients of d, h in fixed finite angular spaces give
the estimate∥∥∥[R3(H − 2 coth ηR) + (∆σ + 2)h+ Cd + 3Ed ]n

∥∥∥
∞

≤ Cp,V,M

R−1 +
n∑
j=1

ωj(R)

 .
Here V denotes the finitely many angular spaces and M a bound for the input coefficients; the
fixed metric coefficients may also enter the constant. The explicit base residual is O(r−5) with
all derivatives and is included in the R−1 bound. The preceding graph estimates, the product
rule, and the derivative count prove this estimate term by term. It is an estimate for Taylor
coefficients, exactly as needed for the recursion.
Solving the rescaled equation. Project R3(H − 2 coth ηR) onto the nonconstant modes and set
the projection equal to zero, through order p. At the background, the finite-radius linearization
preserves the splitting between the h-modes, of degrees at least two, and the three boost modes.
Set

αR =
√

1 +R2

N(R) .

A graph variation h/R in η has physical normal displacement αRh/R. Equations (38.5)–(38.6)
give its exact degree-ℓ multiplier in the rescaled equation:
(38.13) αR

(
ℓ(ℓ+ 1) − 2 + 6m0/R

)
, ℓ ≥ 2.
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An infinitesimal boost has η-displacement d · x. Its physical normal displacement is αRd · x, so its
multiplier is 6m0αR. These blocks converge respectively to ℓ(ℓ+ 1) − 2 and 6m0, both invertible.
Equivalently, the latter sign and coefficient follow by differentiating 2m0k

−3 in (38.12), since
k = 1 + d · x+O(|d|2).

At each Taylor order only fixed finite angular spaces are involved. In particular, the Taylor
coefficients at d = 0 of the boost map and its compositions are finite sums of coordinate functions
and angular derivatives of the given profiles. This assertion concerns the finite Taylor expansion:
it does not require a finite harmonic cutoff to be preserved by a finite nonzero boost. One can see
the closure directly from the infinitesimal boost field

Ka = (a · x)∂η + coth η gradσ(a · x).

It follows by differentiating the hyperboloid coordinates. Its Lie derivative, repeated finitely
many times, uses only radial derivatives, angular derivatives, and multiplication by degree-one
profiles, also for tensor fields. It follows that the inverses of the finite-dimensional blocks above
are bounded for all sufficiently large R and converge as R → ∞.

Now solve successively for the coefficients of h, d. At each order their linear operator is
the displayed background linearization. The remaining source depends only on lower solved
coefficients and the prescribed metric coefficients. Equation (38.12), with its uniform coefficientwise
remainder estimate, shows inductively that this source converges once the lower coefficients do.
The converging inverse then gives bounded coefficients of h, d with limits. This starts at degree
one and proves the assertion through order p. Smooth dependence on s follows at every finite
radius from the smooth finite-dimensional equations.

In original coordinates these spheres are graph jets over the background sphere: the angular
map has identity as base and can be inverted formally. Their round mean graph heights are
smooth scalar functions of s. Choose the free means in the finite-radius recursion to agree with
these functions for all sufficiently large s, and to agree with the minimal graph’s means at zero,
using a smooth interpolation. Inductive uniqueness of the nonconstant graph coefficients makes
the resulting recursion coincide with the far construction. This gives the family on the whole
half-line. Its base is the coordinate-sphere family, so its lapse has base one.
The Hawking mass limit. Let d∞ be the coefficientwise limiting boost. The degree-one projection
of (38.12) gives

⟨µd∞xi⟩σ = 0, µd = (Cd + 3Ed)/2.

Writing
Hb(R) = 2 coth ηR, BR = R3(H −Hb(R)),

the round average of that same equation gives

BR = −2⟨µd⟩σ + o(1).

The area of (38.11) satisfies

(38.14) A

4πR2 = 1 + δR, δR = O(R−2)

coefficientwise. To see the relevant cancellation, the relative hyperbolic area density is

1 + 2 coth ηR
h

R
+O(R−2),

and the metric correction is O(R−3). The sole possible relative term of order R−1 integrates to
zero because every coefficient of h has zero round mean.
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Since Hb(R)2 − 4 = 4/R2, direct substitution into (38.2) gives

mH = − RδR
2
√

1 + δR − Hb(R)BR
4 (1 + δR)3/2

− B2
R

8R3 (1 + δR)3/2.

Therefore
lim
s→∞

mH(Σs) = ⟨µd∞⟩σ.

By (38.10), this last scalar is the time component of B(d∞)−1p(G), whose spatial components
vanish. Lorentz invariance and its positive base value m0 identify it with the formal square root
in (38.3). □

Remark 38.2. Lemma 37.2 supplies the derivative budget used here: for a general finite-angular-
type seed, the homogeneous first coefficient has all differentiated asymptotics and the second has
the first differentiated asymptotic required at order two. The fourth-order construction is used
only after reduction to q = Hess v−Bv, with Lv = 0 and v consisting of constant and degree-one
angular modes. All required differentiated decay is available in this class.

38.2. The Hawking variation identity. On the sphere jets of Proposition 38.1, write

⟨u⟩ = 1
A

∫
Σs

u dAG, f̄ = ⟨f⟩, δf = f − f̄ .

Here averages are with respect to the induced metric; the round average retains the subscript σ.
Let J be the full Jacobi operator (38.4), and let II◦ be the tracefree second fundamental form.

Lemma 38.3 (CMC Hawking variation). The following identity holds through the order of the
sphere and metric jets:

(38.15) d
dsmH =

√
A

16π
HA

8π

[
f̄

〈
ScalG +6 + |II◦|2

2

〉
+ 1
f̄

⟨δf Jδf⟩
]
.

Proof. The area and mean-curvature variation formulas give

A′ = AHf̄, H ′ = Jf.

The latter is a constant on each leaf; any tangential transport term vanishes since H is constant
there. For brevity put

c = 4π
A

+ 3 − 3H2

4 , QH = ScalG +6 + |II◦|2

2 .

Differentiation of (38.2) gives

(38.16) m′
H =

√
A

16π
HA

8π (cf̄ −H ′).

The Gauss equation and |II|2 = H2/2 + |II◦|2 imply

J1 = KΣ + 3 − 3H2

4 −QH ,

where KΣ is intrinsic Gauss curvature. The sphere jets have
∫
KΣ dAG = 4π coefficientwise. One

can verify this without a limiting argument: the variation of integrated scalar curvature on a
closed two-dimensional metric is the integral of a divergence minus its variation tensor paired
with Ric −1

2 Scal g. The latter tensor is zero in dimension two, so that integral is constant under
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every variation and equals its round value. Applying the same identity to the Taylor coefficients
proves the assertion for jets. Consequently

⟨J1⟩ = c− ⟨QH⟩.
The operator J is self-adjoint on the closed leaf. Since ⟨δf⟩ = 0 and Jf = H ′ is constant,

H ′ = f̄
(
c− ⟨QH⟩

)
+ ⟨δf J1⟩,

0 = ⟨δf Jf⟩ = f̄⟨δf J1⟩ + ⟨δf Jδf⟩.

The scalar jet f̄ is invertible because its base value is one. Eliminating the common term gives
cf̄ −H ′ = f̄⟨QH⟩ + f̄−1⟨δf Jδf⟩.

Substitution into (38.16) proves the identity. All calculations may first be made on a compact
radial interval. Smooth representatives of the metric and graph jets realize the ordinary geometric
variation identities there, and the imposed CMC identities hold to the required Taylor order. □

38.3. The first nonzero coefficient.

Proposition 38.4 (Leading coefficient as a positive integral). Use the construction of Proposi-
tion 38.1 through order 2l, where l ≥ 1, and let Aleaf = A(0) be the area jet of its minimal first
leaf. Suppose, as ambient and leafwise coefficient identities, respectively, that
(38.17) ScalG +6 = ϵ2l|k|2g0 +O(ϵ2l+1), II◦ = ϵlU +O(ϵl+1), δf = ϵlF +O(ϵl+1).
Here k is a smooth tensor on M ; the fields U,F on the background spheres are identified with
fields on M . Then every coefficient below degree 2l of mAH(G) − b∗(Aleaf) vanishes, and[

mAH(G) − b∗(Aleaf)
]
2l

= 1
16π

∫ ∞

0
N(s)

∫
{s}×S2

(
|k|2 + |U |2 + 2FJ0

sF
)

dAg0 ds ≥ 0.
(38.18)

All norms in this formula use the background metrics. The displayed iterated integral is finite. If
it vanishes, then k, U, F vanish for s > 0, and also at the boundary by continuity.

Proof. The first nonzero coefficient F has zero round mean on each background sphere: extract
degree l from

∫
Σs
δf dAG = 0, using the vanishing of all lower coefficients of δf . Every term in

the bracket in (38.15) starts at degree 2l. At that degree, all exterior factors can therefore be
evaluated at the background:

A0 = 4πr2, H0 = 2N/r, f̄0 = 1,

√
A0
16πH0 = N.

The same reasoning evaluates the norms, the induced measure, and the Jacobi operator inside
the leading terms at the background. Composing the ambient scalar coefficient with a graph
displacement changes only higher degrees. It follows that

(38.19) [m′
H ]2l = N(s)

16π

∫
{s}×S2

(
|k|2 + |U |2 + 2FJ0

sF
)

dAg0 ,

and all lower coefficient derivatives vanish.
The integrand in (38.19) is nonnegative after sphere integration. Indeed, on the mean-zero

field F , ∫
{s}×S2

FJ0
sF dAg0 =

∑
ℓ≥1

(
ℓ(ℓ+ 1) − 2

r2 + 6m0
r3

)
∥Fℓ∥2

L2(r2σ).

Only finitely many modes occur, and every displayed eigenvalue is strictly positive at a finite
radius. Also N(s) > 0 for s > 0.
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For any finite T , integrate the coefficient identities on [0, T ]. The first leaf is minimal to the
required order, so mH(Σ0) = b∗(Aleaf) through that order. The coefficientwise endpoint limits
exist by (38.3). For degree 2l, the right-hand side of the integrated (38.19) is an increasing
function of T and its limit equals the finite limiting endpoint coefficient. This proves both its
convergence and (38.18). For lower degrees the integrated derivative is zero, proving their claimed
vanishing.

This order of operations uses only smooth jets on finite radial intervals and coefficientwise
endpoint limits. In particular, convergence of the derivatives of the asymptotic graph coefficients
or of their lapse is not needed to obtain the integral’s convergence. If the integral is zero, each of
its continuous nonnegative sphere-integrated summands is zero for every s > 0. The positivity
just established forces k = U = F = 0 there. Smoothness gives their boundary values. □

39. The quadratic estimate and its complete kernel

All contractions in this section, unless a different metric is indicated, use g0. We write dV0
and dA0 for its volume form and its induced area form. A function appearing in an integral over
S is understood to be restricted to S. Introduce

Q(v) = Hessg0 v − vB.

The boundary normal n = ∂s points into M ; the outward normal of the domain M along its inner
boundary is therefore −n.

Lemma 39.1 (The weighted TT square identity). Let k be a smooth TT tensor of finite angular
type, with decay k = O(r−γ) for some γ > 3/2. Let v be the decaying solution of

(39.1) Lv = 0, v|S = D−1(kss|S).

Then Q(v) is TT, Q(v)ss|S = kss|S, and

(39.2)
∫
M
N |k|2 dV0 − κ

∫
S
vDv dA0 =

∫
M
N |k −Q(v)|2 dV0.

All integrals in this identity converge. In particular, no sign assumption on kss|S is needed.

Proof. The operator D = −∆S + 2κ/a is strictly positive on all spherical harmonics. Lemma 37.1,
applied to the finitely many modes of the boundary datum, gives the unique solution of (39.1); it
has v = O(r−3) with the differentiated asymptotics needed below.

The background identities trB = 3, divB = 0, and B = Ricg0 +3g0 imply, by commuting the
derivatives of a function,

trQ(v) = ∆v − 3v = Lv, (divQ(v))i = ∇i∆v + (Ricij −Bij)∇jv = ∇iLv.

Thus Q(v) is TT. Since S is totally geodesic, the tangential trace of Hess v on S is ∆Sv. Moreover
Bt(0) = κ/a. Taking the tangential trace of Q(v) and using its vanishing full trace therefore
yields

(39.3) Q(v)ss|S = −∆Sv + 2(κ/a)v = Dv.

Set ω = N dv − v dN . With the averaged convention for the symmetric gradient, sym ∇ω =
(∇iωj + ∇jωi)/2, the mixed products cancel and the static identity HessN = NB gives

sym ∇ω = N Hess v − vHessN = NQ(v).

Symmetry and vanishing divergence of k consequently give, on MR = {0 ≤ s ≤ s(R)},∫
MR

N⟨k,Q(v)⟩ dV0 =
∫
∂MR

k(ν, ω♯) dA0.
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On S, N = 0 and dN = κ ds, so that ω♯ = −κvn. Since ν = −n there, the inner contribution is
+κ

∫
S vkss dA0. At infinity, |ω| = O(r−2), and hence the outer contribution is O(r−γ) and tends

to zero. We obtain

(39.4)
∫
M
N⟨k,Q(v)⟩ dV0 = κ

∫
S
vkss dA0 = κ

∫
S
vDv dA0.

The same calculation with k replaced by Q(v) gives
∫
M N |Q(v)|2 dV0 = κ

∫
S vDv dA0. Expanding

the square proves (39.2). Finally, N dV0 has radial size O(r3) ds dAσ, so the integral of N |k|2
converges because 2γ > 3. The stronger decay of Q(v) gives all remaining convergence assertions.

□

39.1. The boundary area correction. For the moment let q have finite angular type, and
use the conformal metric jet g = ϕ4g0 through order two. Write u = u1[q], so that Lu = 0 and
us|S = qss/4. Apply Proposition 38.1, and let Aleaf denote the area of its first, minimal Taylor
leaf. This notation concerns that formal leaf alone; it is not an enclosing-area infimum. Let

U = [II◦]1, F = [f − f̄ ]1,

where f is the lapse and f̄ its area average on each leaf. Thus F has zero round mean on each
background sphere.

Let v solve (39.1) with k = q. At the fixed boundary, the conformal boundary equation gives

Hg(S) = ϵϕ−6qss.

If h1 is the first normal height of the minimal Taylor leaf, its mean-curvature equation is

Dh1 + qss = 0, h1 = −v|S .

The height difference from that leaf to S is therefore ϵv|S +O(ϵ2). Area has zero first variation
at a minimal leaf, and its Hessian at the base sphere is D. Taylor expansion about the minimal
leaf gives

(39.5) A(S) −Aleaf = ϵ2

2

∫
S
vDv dA0 +O(ϵ3) as an identity of jets.

Indeed, a first-order perturbation of the area Hessian would multiply two first-order displacements
and first enter order three. The first variation at the minimal Taylor leaf vanishes to the order
needed. This reasoning also applies when its leading displacement points across the boundary:
it uses only the smooth boundary jets and their Taylor extension, as in the construction of the
formal leaves.

Proposition 39.2 (The quadratic deficit). On the real linear space of all smooth TT seeds
with the prescribed decay, the first deficit coefficient is zero and the second coefficient c2[q] is a
continuous, rotation-invariant, nonnegative quadratic form. For a finite-angular-type seed it is
given by

(39.6)
c2[q] = 1

16π

∫
M
N
(
|q −Q(v)|2 + |U |2 + 2FJ0

sF
)

dV0,

J0
s = −∆r2σ − 2

r2 + 6m0
r3 .

The last term is integrated on the spheres before radial integration. For every actual branch in
Theorem 36.1,

(39.7) Dq(ϵ) = c2[q]ϵ2 + o(ϵ2).

In particular, c2[q] > 0 implies a strictly positive deficit for all sufficiently small positive ϵ.
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Proof. For a finite-angular-type seed the scalar constraint gives Scalg +6 = ϵ2|q|2 +O(ϵ3). Propo-
sition 38.4, with l = 1, shows that the constant and first coefficients of the mass norm minus
b∗(Aleaf) vanish, and that its second coefficient is

1
16π

∫
M
N
(
|q|2 + |U |2 + 2FJ0

sF
)

dV0.

The areas in (39.5) agree through order one, so the first coefficient of the original deficit is also
zero. Since b′

∗(4πa2) = κ/(8π), the contribution to its second coefficient from that area difference
is −κ(16π)−1 ∫

S vDv dA0. Lemma 39.1 now proves (39.6) with precisely the displayed factor and
sign.

On a spherical harmonic with −∆σ eigenvalue λ ≥ 2, the eigenvalue of J0
s is

λ− 2
r2 + 6m0

r3 > 0.

Thus its quadratic form is strictly positive on mean-zero functions at every finite s, and N > 0
for s > 0. This proves nonnegativity for finite-angular-type seeds without any boundary sign
restriction.

Proposition 37.5 defines c2 on the full real space Tτ,α of smooth TT seeds as a continuous,
rotation-invariant quadratic form, independently of branch existence and boundary sign, and
proves c1 = 0. For an arbitrary seed q, take the finite-angular-type TT approximants qν from
Lemma 37.4. The formula proved above gives c2[qν ] ≥ 0, and continuity in ∥ · ∥β gives c2[q] ≥ 0.
Proposition 37.5 also supplies (39.7) for every prescribed actual branch. □

39.2. All null directions. Define the fixed vector space
(39.8) K = {Q(v) : Lv = 0, v decays, v|S ∈ spanR{1, x1, x2, x3}} .

The decaying solutions in this definition have finite angular type and O(r−3) decay with all the
differentiated bounds obtained from their homogeneous radial equations.

Corollary 39.3 (The complete quadratic kernel). The kernel of c2 is exactly K, a four-dimensional
real vector space. In particular, the nonzero degree-one directions are genuine quadratic null
directions.

Proof. First suppose q has finite angular type and c2[q] = 0. Equation (39.6) and the strict
positivity just proved imply
(39.9) q = Q(v), U = 0, F = 0 on s > 0.
Smoothness extends these equalities to the boundary. Coordinate spheres are umbilic under
conformal changes of g0. At the base minimal sphere, the tracefree second-form variation due to
a normal height h1 is −(HessS h1)◦: the radial curvature term is pure trace. Since h1 = −v|S , the
vanishing of U |S implies (Hessσ(v|S))◦ = 0. For completeness, the divergence of this equation on
the unit sphere gives d(∆σv+2v) = 0. Subtracting the mean reduces it to Hessσ(v−v̄) = −(v−v̄)σ.
This equation determines its solution along every geodesic from its value and differential at one
point, and its solutions are precisely the linear coordinate functions. Thus v|S is a constant plus
a linear harmonic.

Uniqueness of the decaying Dirichlet problem for L then excludes every other angular mode
throughout M . Each degree-one radial coefficient is a multiple of the same decaying solution of

(39.10) V ′′ + 2N
r
V ′ −

(
3 + 2

r2

)
V = 0.

Hence q ∈ K. Conversely, every element of K is null, as we now check; the conditions U = F = 0
do not impose a further restriction on its degree-one part.
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Take q = Q(v) ∈ K. The first conformal coefficient u also has only constant and linear modes,
by its Neumann equation and decaying uniqueness. Let h(s, x) be the first height coefficient of
the CMC spheres, and put p = N/r. Conformal variation of mean curvature and first variation of
the lapse give
(39.11) [H]1 = J0

sh+ 4(us − pu), [f ]1 = hs + 2u.
Here the second identity follows by taking the normal component of the velocity of the graph
s+ ϵh(s, x) in g0 + 4ϵug0. On the degree-one part, the CMC equation therefore fixes

(39.12) h = − 2r3

3m0
(us − pu).

All formulas in the next calculation are componentwise on that part. The background equations
and (39.10) give

p′ = 3m0
r3 − 1

r2 , p2 = 1 + 1
r2 − 2m0

r3 , u′′ = −2pu′ +
(

3 + 2
r2

)
u.

Consequently,
1
r3∂s

[
r3(u′ − pu)

]
= 3p(u′ − pu) + u′′ − p′u− pu′

=
(

3 + 2
r2 − p′ − 3p2

)
u = 3m0

r3 u.(39.13)

It follows that hs = −2u on the degree-one part, so its lapse fluctuation vanishes. The freely
chosen radial mean of h changes [f ]1 only by a radial function, which disappears upon subtracting
the mean. Thus F = 0 independently of the radial labeling.

At every background sphere, the tracefree second-form variation of these graphs is −(Hessr2σ h)◦;
the conformal variation and radial curvature terms are pure trace. The constant and linear
modes of h have vanishing tracefree spherical Hessian, so U = 0 as well. At S there is also exact
agreement with the prescribed first minimal height: on degree one,

D1 = 6m0
a3 , h(0) = −4us(0)

D1
= −v(0).

We already have q = Q(v), and hence (39.6) proves c2[q] = 0. Existence and uniqueness for
each of the four boundary modes show that K has dimension at most four; it has dimension
exactly four because (39.3) and invertibility of D make the map from these boundary data to
Q(v) injective.

It remains to rule out additional null directions of arbitrary angular type. Let Z = {q : c2[q] = 0}
in the full smooth TT space. A nonnegative quadratic form has a linear kernel: if c2[q] = 0,
nonnegativity of c2[q + th] for all real t forces its polarized bilinear form to vanish on (q, h) for
every h. By Proposition 39.2, Z is also closed in ∥ · ∥β and invariant under rotations. For q ∈ Z,
let qj be its polynomial rotational averages from Lemma 37.4. Each such average is a norm limit
of finite linear combinations of rotations of q; therefore qj ∈ Z. Each qj has finite angular type,
so the preceding argument puts it in K. Since qj → q in norm and the fixed finite-dimensional
space K is closed in that norm, q ∈ K. This proves the full assertion without applying a pointwise
geometric limit to the CMC fields U and F . □

Remark 39.4 (The boundary sign and the null space). If v|S = c+ d · x, then

Q(v)ss|S = D0c+D1d · x, D0 = 2κ
a
, D1 = 2

a2 + 2κ
a

= 6m0
a3 .

Thus Q(v)ss|S ≥ 0 is equivalent to D0c ≥ D1|d|. A nonzero pure dipole fails that condition, but a
sufficiently large positive radial component makes a mixed radial–dipole seed satisfy it. This is a
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compatibility statement about seeds, not an existence claim for branches satisfying outermostness
and outer area-minimization. In particular, the boundary sign cannot be used to discard the
degree-one null directions from the proof.

40. Fourth order in the quadratic kernel

We now treat the kernel left by Proposition 39.2. A statement about a fourth-order jet is an
identity modulo ϵ5, in the conventions of Section 36.3; it does not assert the existence of the
corresponding geometric object at a nonzero parameter.

Proposition 40.1 (The quartic coefficient). Suppose that c2[q] = 0. Write the representation
furnished by Corollary 39.3 as

q = Q(v) := Hessg0 v −Bv, Lv = 0, v = v0(s) + v1(s, x),
where v1 has only degree-one spherical modes and v decays at infinity. Then

c0[q] = c1[q] = c2[q] = c3[q] = 0, c4[q] ≥ 0.
If v1 ̸≡ 0, then c4[q] > 0. In particular, in that case the actual deficit Dq(ϵ) is strictly positive for
all sufficiently small positive ϵ.

The proof has three steps. Lemmas 40.2 and 40.3 change the slice and compare its boundary
area with a minimal leaf, giving a quartic TT square. If that square vanishes, Sections 40.4–40.5
force the degree-one profile to vanish. The actual expansion from Proposition 37.5 then proves
the assertion for the given branch.

Throughout the proof we use the stronger decay supplied by the kernel representation. The
homogeneous separated equations for v, and Lemma 37.1, give O(r−3) decay with every required
derivative for v and q = Q(v). The conformal coefficients through degree four consequently have
differentiated O(r−3) decay and finite angular type. Put

u = [ϕϵ]1, Lu = 0.
We use the fourth-order jets of the original data gϵ = ϕ4

ϵg0 and Kϵ = ϵϕ−2
ϵ q. Their initial

constraints and their boundary expansion equation hold as Taylor identities.

40.1. A change of slice at the level of jets.

Lemma 40.2 (The corrected slice). There is a decaying finite-angular-type function w, with
w|S = 0, for which the following construction is defined through degree four. Formally evolve the
initial jets in Gaussian time and take the graph
(40.1) T = −ϵv + ϵ2w.

The induced metric and future second fundamental form, denoted by g̃ and K̃, satisfy

K̃ = ϵ2k +O(ϵ3), trg0 k = 0, divg0 k = 0,(40.2)
Scalg̃ +6 = ϵ4|k|2g0 +O(ϵ5).(40.3)

Here k = O(r−3), with all derivatives needed for the fourth-order CMC construction. Coefficient-
wise through degree four,
(40.4) g̃ − gϵ = O(r−6)
with the required differentiated bounds. Thus the mass covectors and their Lorentz norms agree
through that degree. Moreover,
(40.5) [g̃ − gϵ]2 = −2vq −Bv2 − dv ⊗ dv = − Hessg0(v2) + dv ⊗ dv +Bv2.
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Proof. We give the formal evolution and its constraint justification before performing the graph
calculation. Write

g = − dt2 + γ(t), γ(0) = gϵ, K(0) = Kϵ,

and determine a full formal time series recursively from

∂tγ = 2K,
∂tK = − Ricγ −3γ − (trγ K)K + 2K ◦γ K.(40.6)

The coefficients take values in the ring of smooth spatial jets modulo ϵ5. At each time order the
right side is a known spatial differential expression in previously determined coefficients, so the
recursion is well defined. A substitution t = T = O(ϵ) uses only finitely many of these coefficients.
Keeping a full time series here ensures that taking time derivatives never treats an omitted time
coefficient as zero.

Let H = trγ K. The time-index Christoffel symbols are

Γtij = Kij , Γitj = Ki
j ,

and direct contraction of the curvature gives

Ricij = Ricγ,ij +∂tKij +HKij − 2(K ◦γ K)ij ,
Rictt = − trγ(∂tK) + |K|2γ , Ricti = (divγ K)i − ∂iH.(40.7)

Consequently E := Ric+ 3g has Eij = 0. The initial Hamiltonian and momentum constraints give
Ett = Eti = 0 at t = 0. For completeness, the Hamiltonian constraint is Scalγ +H2 − |K|2γ = −6;
tracing (40.6) at t = 0 therefore gives trγ ∂tK = −3 + |K|2γ , which proves the asserted tt equation
with the required sign.

The contracted Bianchi identity propagates these remaining equations formally. Indeed, if
e = Ett and ji = Eti, the trace reversal of E has components

Êtt = e/2, Êti = ji, Êij = eγij/2.

Its vanishing divergence, evaluated with the displayed Christoffel symbols, is

(40.8) ∂te = 2 divγ j − 2He, ∂tji = 1
2∂ie−Hji.

This homogeneous system determines each next time coefficient of (e, j) from the preceding ones.
All coefficients vanish by induction. Thus

(40.9) Ric = −3g

as a formal time series modulo ϵ5.
There is no extension hypothesis hidden in this construction. The original coefficient fields

are smooth up to S, and their constraint residuals and all one-sided spatial derivatives vanish
there. The recursion and (40.8) therefore also hold in their spatial Taylor jets at S. Each finite
calculation below involves only finitely many such derivatives. They may, if desired, be realized
in a collar across S by their Taylor polynomials in s, to an order larger than the differential order
of that calculation. Curvature and its residual are formed before substituting a displacement of
order ϵ. Their retained boundary jets vanish, so the substitution is valid even when the leading
displacement is negative. This neither constructs nor uses an actual Einstein extension on the
other side of S.

Gauss–Codazzi applied as a differential identity to any spacelike graph now gives

(40.10) Scalslice +6 = |Kslice|2 − (trKslice)2, div
(
Kslice − (trKslice)gslice

)
= 0.
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Equivalently one can form Gaussian coordinates about that graph by the Taylor recursion for its
normal geodesics and use (40.7). Either interpretation needs only differential identities of finite
jets.

We next compute the graph second form explicitly. With Ti = ∂iT , its tangent fields are
Xi = ∂i + Ti∂t, and its future unit normal is

nT =
∂t + gradγ(t) T√

1 − | dT |2γ(t)

∣∣∣∣
t=T

.

Using −g(nT ,∇XiXj) gives

(40.11) K̃ij =
Kij(t) + (Hessγ(t) T )ij − Tk

(
TiKk

j(t) + TjKk
i(t)

)√
1 − | dT |2γ(t)

∣∣∣∣∣∣
t=T

.

The Hessian connection in this formula is taken at fixed time before evaluation at t = T . The
induced metric is g̃ = γ(T ) − dT ⊗ dT .

At the background initial slice, K = 0 and ∂tK = −B. A first-order time displacement b
therefore changes the second form by Hess b−Bb = Q(b). Equation (40.1) gives

[K̃]1 = q −Q(v) = 0.
We choose w to remove the trace at the next degree. This can be done with an explicit scalar
source. Since [γ(0)]1 = 4ug0, the conformal Ricci variation and Lu = 0 give

[∂tK(0)]1 = 2 Hessu− 6ug0, [K(0)]2 = −2uq.
At the background ∂2

t K(0) = 0: differentiating (40.6) there uses ∂tγ(0) = 0 and K(0) = 0.
Expanding (40.11) to degree two thus gives

k = Q(w) − 2uq − 2vHessu+ 6uvg0

+ 2 du⊗ dv + 2 dv ⊗ du− 2⟨ du, dv⟩g0g0.(40.12)
In particular,

trg0 k = Lw + 12uv − 2⟨ du, dv⟩g0 .

Choose the unique decaying solution of
(40.13) Lw = 2⟨ du, dv⟩g0 − 12uv, w|S = 0.
Its right side is O(r−6), with differentiated bounds, so Lemma 37.1 applies and gives w = O(r−3)
with the corresponding derivatives. Formula (40.12) gives the asserted decay of k. The degree-two
momentum equation in (40.10), together with trg0 k = 0, gives divg0 k = 0.

The full transformed trace is O(ϵ3). Its square consequently begins in degree six, whereas

|K̃|2
g̃

= ϵ4|k|2g0 +O(ϵ5).

This proves (40.3); maximality at higher orders on the changed slice is not needed.
Finally,

γ(T ) − γ(0) = 2K(0)T + 1
2∂

2
t γ(0)T 2 + · · · .

In every retained coefficient the first term is O(r−6), and every subsequent term has at least
two decaying time-displacement factors multiplying bounded background time coefficients. The
recursion preserves these bounded differentiated estimates: in the scaled coframe ds, r dx, the
background connection and curvature, with their required derivatives, are bounded; each coefficient
is obtained by finitely many covariant differentiations, contractions, and inverse-metric Taylor
operations from the smooth initial coefficients. The same bounds hold for dT ⊗ dT , proving
(40.4). An O(r−6) metric coefficient with its first covariant derivative contributes O(r−3) to the
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integrated mass flux, since the test potentials and their gradients are O(r) and the sphere area
is O(r2). Thus the leading asymptotic data, every mass component, and the mass norm are
unchanged through degree four.

Since ∂2
t γ(0) = −2B at the background, the degree-two difference is −2vq −Bv2 − dv ⊗ dv.

Substituting q = Hess v −Bv and using Hess(v2) = 2vHess v + 2 dv ⊗ dv proves (40.5). □

40.2. Transport of the boundary and its area.

Lemma 40.3 (The null cut). For the changed slice of Lemma 40.2 there is a sphere jet S♯, based
at S, such that

|S♯|g̃ = |S|gϵ +O(ϵ5),(40.14)

Hg̃(S
♯) = ϵ2kss|S +O(ϵ3).(40.15)

Let Smin be the minimal Taylor leaf of the CMC construction for g̃. Their height jets agree through
degree one. If
(40.16) z = D−1(kss|S),
then the height of S♯ minus that of Smin is ϵ2z +O(ϵ3), and

(40.17) |S♯|g̃ − |Smin|g̃ = 1
2ϵ

4
∫
S
zDz dAg0 +O(ϵ5).

These statements remain valid when some leading boundary displacements are negative.

Proof. On the original initial slice take the future outward null normal ℓ = nfuture + ν to S. Its
affinely parametrized null geodesics determine a null hypersurface jet, with parameter λ zero
at S. These are Taylor solutions of the geodesic and Jacobi equations for the formal metric g
constructed above. At the initial sphere the expansion is identically zero by the original boundary
equation.

Write χ for the null second form and θ = trχ for its expansion. The initial sphere is umbilic
in ϕ4

ϵg0. Moreover the coefficient of ϵ in the tracefree tangential part of Kϵ equals the tracefree
tangential part of Q(v). Since S is totally geodesic in g0, that part is (Hessa2σ(v|S))◦. It vanishes
for the constant and degree-one modes of v|S . The vanishing initial expansion and this shear
calculation together give
(40.18) χ(0, ϵ) = O(ϵ2).

The screen space is the positive-definite quotient ℓ⊥/ span{ℓ}. In a parallel orthonormal frame
of this space the null shape operator obeys the optical Riccati equation

∂λχ = −χ2 − Rℓ, ∂λθ = −|χ|2 − Ric(ℓ, ℓ).
These equations follow directly from the Jacobi equation: angular Jacobi fields remain orthogonal
to ℓ, and their derivative matrix times their inverse is the shape operator. At (λ, ϵ) = (0, 0),
spherical symmetry makes Rℓ a scalar multiple of the screen identity. Its trace is Ric(ℓ, ℓ) = 0 by
(40.9) and nullness, so this curvature endomorphism is zero. Thus ∂λχ(0, 0) = 0.

It follows from (40.18) that every retained monomial of χ has total degree at least two in (λ, ϵ).
Raychaudhuri and the identically zero initial expansion then imply
(40.19) χ = Otot(2), θ = Otot(5).
Here Otot(j) means that each monomial λaϵb has a+ b ≥ j. The order statements are made in
the formal series modulo ϵ5. Equivalently one can choose any sufficiently high finite Taylor lift:
an Einstein residual of order ϵ5 integrated along a segment λ = O(ϵ) contributes only beyond
every degree used here. Since the logarithmic screen area density has derivative θ, its change
along such a segment vanishes through degree four.
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Intersect this null hypersurface jet with t = T . At the background initial point, the derivative of
t−T along its generator is one. Successive Taylor substitution therefore solves for the intersection
parameter, which is O(ϵ). The angular projection has identity background differential and likewise
has a formal inverse. The resulting cut S♯ is a graph over S in the changed slice.

The area conclusion also holds for this variable-parameter cut. If JA are the transported
angular Jacobi fields, its tangent fields are JA + (∂Aλ)ℓ. Nullness and g(JA, ℓ) = 0 show that the
additional terms do not change the induced metric. Its area density is just the transported screen
density evaluated at the variable parameter. This proves (40.14).

The outward future null normal obtained from the new slice differs from ℓ by a scalar with
positive, nonzero background value. Expansion is multiplied by that scalar, so it still vanishes
through the needed orders. At leading order

trS♯ ,̃g K̃ = −ϵ2kss|S +O(ϵ3),

because trg0 k = 0. Its zero null expansion gives (40.15).
Both S♯ and the minimal Taylor leaf have zero mean-curvature coefficients through degree

one. The difference of their first height coefficients is therefore annihilated by the background
operator D, which is invertible. At degree two, their already equal first coefficients make all
common nonlinear terms cancel, leaving D(h♯2 − hmin

2 ) = kss|S . This proves (40.16). The first
variation of area at the minimal Taylor leaf vanishes to the retained order. A height difference
beginning with ϵ2z consequently has, at degree four, only the base second-variation contribution
1
2
∫
S zDz dAg0 . This is (40.17).
All of these assertions are identities in the joint spatial, λ, and ϵ Taylor jets at the original

boundary. The boundary-jet justification in Lemma 40.2 permits their evaluation at negative
leading displacements. Neither the sign of an affine segment nor that of a height coefficient
changes the order calculation or the area Hessian. No area inequality for an actually extended
manifold is being applied. □

40.3. The quartic square and its vanishing consequences. Null transport preserves the
boundary area through degree four. The subsequent minimal-graph correction contributes the
area Hessian in Lemma 40.3; the TT identity absorbs this boundary term.

S in gϵ
null transport−−−−−−−−−→ S♯ in g̃

minimal graph−−−−−−−−−−→ Smin in g̃.

Figure 4. Finite Taylor boundary comparisons. The first arrow preserves area
through degree four. The signed height difference for the second is h♯−hmin = ϵ2z+
O(ϵ3), producing the quartic area Hessian (40.17). Negative leading displacements
are included.

Apply Proposition 38.1 to g̃ through degree four. Its hypotheses follow from Lemma 40.2,
including the unchanged leading asymptotic data. Denote by f the lapse, by f̄ its area average
on each leaf, and set

δf = f − f̄ , Uj = [II◦]j , Fj = [δf ]j .
At degree two, the scalar contribution is zero by (40.3). Equations (40.14) and (40.17), and the
preserved mass, identify the quadratic coefficient of mass minus b∗ of the minimal-leaf area with
the original zero coefficient c2[q]. The leading-energy identity, Proposition 38.4, with its scalar
tensor equal to zero, gives

0 = 1
16π

∫
M
N
(
|U1|2 + 2F1J

0
sF1

)
dVg0 .
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The lapse coefficient is mean free on each background sphere, and J0
s is strictly positive on that

space. Since N > 0 for s > 0, sphere integration and smoothness imply
(40.20) U1 = 0, F1 = 0.

We can now use Proposition 38.4 at order four: the scalar-curvature defect starts with ϵ4|k|2,
and both geometric square terms start in degree four. It follows first that mass minus b∗ of the
minimal-leaf area has no coefficients below degree four. The area correction (40.17) also starts in
that degree. Thus c3[q] = 0, as well as the previously known lower vanishings.

Let vk be the decaying solution
(40.21) Lvk = 0, vk|S = z = D−1(kss|S).
It is supplied by Lemma 37.1. The TT tensor k has the decay and finite angular type required in
Lemma 39.1. Since b′

∗(4πa2) = κ/(8π), subtracting the area correction from the leading-energy
identity and applying that lemma gives

(40.22) c4[q] = 1
16π

∫
M
N
(
|k −Q(vk)|2g0 + |U2|2 + 2F2J

0
sF2

)
dVg0 .

Indeed the subtracted boundary term is exactly κ(16π)−1 ∫
S zDz dAg0 . The integrals are un-

derstood with sphere integration first, as in Proposition 38.4; no pointwise sign is asserted for
F2J

0
sF2. Its sphere integral is nonnegative. This proves c4[q] ≥ 0, and equality implies

(40.23) δf = O(ϵ3), II◦ = O(ϵ3)
on every leaf. Boundary values follow by smoothness. We show next that (40.23) excludes a
nonzero degree-one part of v.

40.4. Round angular jets and conformal coordinates. We now assume equality in the
quartic square. The vanishing in (40.23) makes the changed metric a warped product through
degree two. The following lemma will round its angular metric before we compare it with the
conformal class of g0.

Lemma 40.4 (Rounding a two-jet on the sphere). Let γϵ = σ + ϵP1 + ϵ2P2 be a smooth metric
two-jet on S2 of finite angular type. Suppose its scalar curvature is angularly constant through
degree two. Then there are a positive scalar two-jet aϵ, with a0 = 1, and a diffeomorphism two-jet
Φϵ, based at the identity, such that

γϵ = aϵΦ∗
ϵσ +O(ϵ3).

All coefficients can be chosen of finite angular type.

Proof. We first prove the infinitesimal decomposition used twice below. For a symmetric tensor
P on the round sphere, there are a vector field Y and a function h such that
(40.24) P = LY σ + hσ.

For finite-angular-type P , the choices may retain that property.
Let P ◦ = P − 1

2(trσ P )σ, and identify vector fields and one-forms using σ. Define
C(Y )ij = ∇iYj + ∇jYi − (div Y )σij .

On the curvature-one sphere, commuting covariant derivatives gives
(40.25) div C(Y ) = (∆σ + 1)Y, (∆σ + 1) df = d(∆σ + 2)f.
Here the Laplacian on one-forms is the rough Laplacian ∇i∇i. The second identity also holds
after applying the parallel Hodge star ∗ to one-forms.

Put α = divP ◦. To decompose it, solve the scalar equations
∆σφ = divα, ∆σψ = − div(∗α)
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with zero means. Both right sides have zero integral. In finite angular spaces these equations are
solved by inversion on the nonconstant spherical modes. The residual ω = α− dφ− ∗ dψ is closed
and co-closed. Commuting derivatives of a closed one-form of zero divergence gives ∇i∇iω = ω;
integration against ω forces ω = 0. We have therefore obtained

α = dφ+ ∗ dψ.
The one-forms dxi and ∗ dxi correspond to conformal Killing vector fields. Integration by parts

against the tracefree tensor P ◦ consequently shows that α is orthogonal to all of them. It follows
that both φ and ψ have zero degree-one components. Thus we may solve

(∆σ + 2)A = φ, (∆σ + 2)C = ψ

on their angular modes, and set Y ♭ = dA+ ∗ dC. Equation (40.25) gives div C(Y ) = divP ◦.
The tracefree tensor P∗ = P ◦ − C(Y ) is consequently divergence free. Such a tensor vanishes

on the round sphere; here is a direct verification. In an orthonormal frame write its components
as
(
a b
b −a

)
. Its two divergence equations are precisely the two independent Codazzi equations

∇i(P∗)jk = ∇j(P∗)ik. Contracting and commuting these equations on the curvature-one sphere
gives

∇i∇i(P∗)jk = 2(P∗)jk − σjk trσ P∗ = 2(P∗)jk.
Integration yields −

∫
|∇P∗|2 = 2

∫
|P∗|2, hence P∗ = 0. Taking h = 1

2 trσ P −div Y proves (40.24).
Every operation used above commutes with rotations or inverts a scalar operator within finitely
many spherical eigenspaces, so it preserves finite angular type.

The scalar-curvature derivative in the direction hσ is
(D Scal)σ(hσ) = −∆σh− 2h.

The derivative in a Lie direction is zero because the background scalar curvature is constant. If
the scalar-curvature variation of P is constant, (40.24) therefore implies that h consists only of a
constant and degree-one modes. A degree-one function h1 satisfies Hessσ h1 = −h1σ, so

h1σ = L− 1
2 gradσ h1

σ.

Thus P is a Lie derivative plus a constant multiple of σ.
Apply this conclusion to P1. A formal inverse flow and a scalar scaling remove its first coefficient.

Both operations preserve the property that curvature is angularly constant. The resulting metric
two-jet has the form σ+ ϵ2P̂2, so its degree-two curvature equation is the same linearized equation,
with no quadratic contribution from a first coefficient. The argument just given removes P̂2 by a
degree-two flow and scaling. Undoing the two operations proves the stated rounding. This proves
only an identity of two-jets, which is exactly what is required. □

Local conformal tangency forced by equality. Suppose now that c4[q] = 0. Fix a compact interval
I ⋐ (0,∞). In coordinates of the CMC sphere jets we can remove tangential shift through degree
two by integrating its tangential reparametrization equation on I. Its background value is zero,
so the coordinate change is based at the identity. In these coordinates (40.23) says that the lapse
is a function of the leaf parameter only and that II = (H/2)gleaf through degree two. Since H is
constant on each leaf, the normal metric variation is

∂sgleaf = 2fII = fHgleaf .

Consequently on I × S2 the metric has the form
(40.26) f∗(s)2 ds2 + b(s)2γϵ(x) +O(ϵ3),
where all quantities are two-jets, with backgrounds f∗ = 1, b = r, and γ0 = σ. Angular finiteness
is preserved by these Taylor coordinate changes and integrations.
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For this warped metric the scalar curvature through degree two is

(40.27) b−2 Scalγϵ − 4
f∗b

d
ds

(
b′

f∗

)
− 2

(
b′

f∗b

)2
.

Equation (40.3) makes it the constant −6 through degree two. The last two terms in (40.27)
are radial, so Scalγϵ is angularly constant to that order. Lemma 40.4 makes γϵ round up to
diffeomorphism and scaling. Absorbing the scaling into b, we obtain f2

∗ ds2 + b2σ.
This last two-jet is locally conformal to a pullback of g0. Indeed solve, coefficientwise on I,

(40.28) y′

r(y) = f∗
b
,

with background y = s and a fixed identity background initial value at an interior point of I.
This is a nonsingular scalar ODE, and it gives

f2
∗ ds2 + b2σ = b2

r(y)2
(

dy2 + r(y)2σ
)

mod ϵ3.

Composing the coordinate changes already made shows, in the original coordinates on the interval,
that
(40.29) g̃ = ωϵΨ∗

ϵg0 +O(ϵ3), ω0 = 1, Ψ0 = id.
Only this local statement is used.

There is a useful consequence of the known first coefficient in (40.29). Write ωϵ = 1 + ϵa1 + ϵ2a2
and express the diffeomorphism two-jet as

Ψ∗
ϵg0 = g0 + ϵLXg0 + ϵ2

(
LZg0 + 1

2L2
Xg0

)
.

The graph calculation shows that g̃ − gϵ starts in degree two, so [g̃]1 = 4ug0. Hence LXg0 = λg0
for some function λ. It follows that

L2
Xg0 = (Xλ+ λ2)g0,

and the mixed scalar term a1LXg0 is pure trace as well. Therefore
(40.30) [g̃]2 = LZg0 + cg0

for a function c on I × S2. The original metric coefficient [gϵ]2 is itself pure trace. Thus the
same Lie-derivative-plus-trace conclusion holds for their difference. Since Hess(v2) = 1

2Lgrad(v2)g0,
(40.5) gives the necessary condition
(40.31) dv ⊗ dv +Bv2 = LY g0 + cg0 on I × S2

for some local Y, c. Their choices may depend on I.

40.5. The degree-one obstruction.

Lemma 40.5 (A nonzero degree-one mode is obstructed). Let v = v0(s) + V (s)x solve Lv = 0,
where x is one fixed unit-axis linear coordinate on S2 and V = O(r−3). If (40.31) holds on every
compact radial interval in the interior, with possibly different local vector fields and functions,
then V ≡ 0.

Proof. Set Y2 = x2 − 1/3, a degree-two spherical eigenfunction. Project (40.31) onto its scalar,
gradient, and tangential Hessian modes. Write the contributing radial vector-field coefficient as
p(s)Y2∂s, its tangential coefficient as d(s) gradσ Y2, and the scalar-multiple coefficient as c(s)Y2.
These are the only generator components contributing to the tested modes. This follows either
from the one-form decomposition in Lemma 40.4 or by integration by parts, using ∆σY2 = −6Y2.
In particular, the coexact component is orthogonal to both the gradient test and the electric
Hessian test, and the other spherical eigenspaces are orthogonal as well.
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For clarity, the angular identity

dx⊗ dx = 1
2 Hessσ Y2 + x2σ

shows all terms of the left side in these modes. With B = Bs ds2 +Btr
2σ, equality of the radial,

mixed, Hessian, and tangential scalar coefficients respectively gives

V ′2 +BsV
2 = 2p′ + c,

V V ′

2 = p+ r2d′,

V 2

2 = 2r2d, V 2 + r2BtV
2 = 2rNp+ r2c.(40.32)

Terms involving v0 have only degrees zero or one and do not enter these equations. Solving the
last three equations yields

d = V 2

4r2 , p = NV 2

2r , c = 3m0V
2

r3 .

Substitute these expressions in the first equation and use

Bs = 1 − 2m0
r3 , Bt = 1 + m0

r3 , N ′ = r + m0
r2 , N2 = 1 + r2 − 2m0

r
.

After cancellation one obtains

(40.33)
(
V ′ − N

r
V

)2
= 6m0

r3 V 2.

The local generators have disappeared from this relation. Because the radial interval was arbitrary,
it holds throughout the end even though their choices need not agree on overlapping intervals.

For z = V/r, (40.33) reads
|z′| =

√
6m0 r

−3/2|z|.
The coefficient on the right is integrable toward infinity, and z → 0. The integral differential
inequality, applied backwards between s and S > s, gives

|z(s)| ≤ |z(S)| exp
(∫ S

s

√
6m0 r(t)−3/2 dt

)
.

Letting S → ∞ proves z = 0 on the end. The homogeneous degree-one ODE obtained from
Lv = 0 then gives V ≡ 0 by uniqueness. □

Completion of the proof of Proposition 40.1. The coefficient vanishings and nonnegativity were
proved in (40.20)–(40.22). Suppose that the degree-one part of v is nonzero and that c4[q] = 0.
All three degree-one radial coefficients solve the same decaying homogeneous ODE. Decaying
uniqueness makes them proportional, so after a fixed rotation their sum is V (s)x for one axis and
a nonzero radial function V . The vanishing consequences of (40.22) give (40.31) on each interior
radial interval. Lemma 40.5 forces V = 0, a contradiction. Thus c4[q] > 0.

Finally this is a statement about the actual deficit, not only a formal inequality. The kernel
representation gives precisely the finite angular type and differentiated decay needed for the
fourth-order expansion in Proposition 37.5. Lemma 37.3 converts the weighted function and
equation remainders to the mass remainder. Consequently

Dq(ϵ) = c4[q]ϵ4 +O(ϵ5)

in the case under consideration. Its positive coefficient gives strict positivity for all sufficiently
small positive ϵ, with the interval allowed to depend on the fixed data. The radial kernel, including
the zero seed, is handled by the exact argument in the next section. □
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41. Radial equality and the nonlinear conclusion

Proposition 41.1 (Exact radial equality). Suppose the fixed TT seed q is invariant under
rotations of S2. Every branch in Theorem 36.1 is radial for all sufficiently small ϵ, and on that
parameter interval

mAH(ϵ) = b∗(Aϵ).
This includes the zero seed, and requires no sign for qss|S.

Proof. We first prove radiality of the actual solution, rather than merely of its Taylor coefficients.
Fix a rotation R, and set ϕ̂ = ϕϵ ◦ R and w = ϕ̂− ϕϵ. Because q is radial, ϕ̂ satisfies the same
equation and boundary condition as ϕϵ. Their difference satisfies
(41.1) (∆g0 − cϵ)w = 0, ws|S = c∗

ϵw|S ,
where divided differences of the nonlinearities give, uniformly on M and uniformly in R,

cϵ = 3 + o(1), c∗
ϵ = O(ϵ).

Indeed, the derivatives of the interior and boundary nonlinearities with respect to their positive
scalar argument z are respectively

3
4(5z4 − 1) + 7ϵ2

8 |q|2z−8, −3ϵ
4 qssz

−4.

The asserted bounds follow from boundedness of q and the given uniform convergence ϕϵ → 1.
Choose 3/2 < β < min(τ,

√
3). Then w = o(e−βs), and (41.1) has the form of Lemma 37.1

with V = cϵ − 3, Robin coefficient a∗ = c∗
ϵ , and zero interior and boundary data. For sufficiently

small ϵ, uniformly in the rotation, ∥V ∥∞ ≤ cβ and ∥a∗∥∞ ≤ β/2. The comparison estimate gives
w = 0, so the actual ϕϵ is radial.

Write the invariant seed as q = Aq(s) ds2 +Bq(s)r2σ. Its trace and divergence equations give
Bq = −Aq/2, A′

q + 3(N/r)Aq = 0.
Consequently, for a constant Cq ∈ R,

(41.2) q = Cqr
−3
(

ds2 − 1
2r

2σ

)
.

Fix a sufficiently small parameter. Define proper radial distance ℓ and the actual area radius R
by

dℓ = ϕ2
ϵ ds, R = rϕ2

ϵ .

Then the actual metric and second-form data are

gϵ = dℓ2 +R2σ, Kϵ = −2k dℓ2 + kR2σ, k = − ϵCq
2R3 .

A dot denotes an ℓ-derivative. The momentum and scalar constraints are therefore

(41.3) k̇ = −3Ṙ
R
k, −4R̈

R
+ 2(1 − Ṙ2)

R2 + 6 = 6k2.

The scalar-curvature formula here follows from the sectional curvatures −R̈/R and (1 − Ṙ2)/R2

of this warped product.
Define

(41.4) M = R

2
(
1 +R2 − Ṙ2 +R2k2

)
.

Direct differentiation, using the momentum equation, gives

Ṁ = Ṙ

2
(
1 + 3R2 − Ṙ2 − 2RR̈− 3R2k2

)
= 0
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by the scalar equation in (41.3). No division by Ṙ has been used, so conservation is valid at
turning points of R as well. At the boundary the MOTS equation reads

2Ṙ
R

+ 2k = 0.

Substitution in (41.4) yields

(41.5) M|S = R|S
2
(
1 + (R|S)2) = b∗

(
4π(R|S)2) = b∗(Aϵ).

We identify the same constant with the specified mass flux at infinity. Put ψ = ϕϵ − 1. Its
actual radial equation gives

ψ′′ + 2N
r
ψ′ − 3ψ = O(ψ2) +O(r−6),

where (41.2) was used in the source estimate. The assumed weighted decay gives ψ,ψ′ = O(e−τs),
and N/r = 1 +O(e−2s). It follows that

ψ′′ + 2ψ′ − 3ψ = O(e−γs), γ = min(2τ, τ + 2, 6) > 3.

Variation of constants for the roots 1,−3 excludes the growing solution by the prescribed decay
and yields, as in Lemma 37.1, a constant c = c(ϵ) with

(41.6) ϕϵ = 1 + cr−3 + o(r−3), ∂sϕϵ = −3cNr−4 + o(r−3).

In particular,

R = r + 2cr−2 + o(r−2), Ṙ = N + 2r∂sϕϵ
ϕϵ

= N − 6cNr−3 + o(r−2).

Using N2 = 1 + r2 − 2m0/r, we obtain

1 +R2 − Ṙ2 = 2m0 + 16c
r

+ o(r−1).

Also R3k2 = O(R−3), so

(41.7) lim
ℓ→∞

M = m0 + 8c.

For a direct flux normalization check, rotational invariance implies pi = 0 for i = 1, 2, 3.
Equation (41.6) implies

gϵ − g0 = 4cr−3b+ o(r−3)
in scaled components, with its first differentiated asymptotic. For a perturbation fb in dimension
three, the mass-flux covector integrand with test function V simplifies to 2(f dV − V df). With
f = 4cr−3, V = V0 =

√
1 + r2, and νb =

√
1 + r2 ∂r, its normal component is

2
(
f∂νb

V0 − V0∂νb
f
)

= 32cr−2 + 24cr−4.

The error terms give zero limiting flux. Integrating over a coordinate sphere of area 4πr2 and
dividing by 16π gives p0 −m0 = 8c. Since p0 → m0 > 0 as ϵ → 0,

mAH = p0 = m0 + 8c = M = b∗(Aϵ)

for sufficiently small ϵ, by (41.5)–(41.7). This argument includes Cq = 0. In that case one can
also apply the comparison estimate of Lemma 37.1 to ϕϵ − 1 and conclude ϕϵ ≡ 1 directly. □
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Completion of the proof of Theorem 36.1. Fix the seed and the given solution branch. If q is
radial, Proposition 41.1 gives exact equality on a sufficiently small parameter interval. Suppose
henceforth that q is not radial. Proposition 39.2 gives the actual expansion

Dq(ϵ) = c2[q]ϵ2 + o(ϵ2), c2[q] ≥ 0.

If c2[q] > 0, this proves strict positivity of the deficit for every sufficiently small positive ϵ.
If c2[q] = 0, Corollary 39.3 gives q = Q(v) with Lv = 0 and with only constant and linear

angular modes. Its linear part is nonzero, for otherwise q would be radial. These homogeneous
modes have the stronger differentiated decay needed for the actual fourth-order expansion in
Proposition 37.5. Proposition 40.1 then gives

Dq(ϵ) = c4[q]ϵ4 + o(ϵ4), c4[q] > 0,

with all coefficients below order four equal to zero. Again the actual deficit is strictly positive for
every sufficiently small positive ϵ.

At ϵ = 0 the background identity m0 = b∗(4πa2) gives equality. The preceding alternatives
exhaust all fixed seeds. Choose ϵ0 > 0 small enough for the applicable alternative and the given
branch, with ϵ0 ≤ ϵ∗. This proves the exact inequality on 0 ≤ ϵ < ϵ0, equality for radial seeds,
and strict inequality for nonradial seeds at positive parameters in that interval. The size of the
interval is allowed to depend on the fixed seed and branch; no uniform positive lower bound for
c2 or c4 is asserted or required. □
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