Spontaneous magnetization in the quantum Heisenberg ferromagnet

OpenAl

September 24, 2026

Abstract

For every dimension d > 3 and every spin S € {%, 1, %, ...}, we prove that the nearest-

neighbor isotropic quantum Heisenberg ferromagnet has a translation-invariant, spontaneously
magnetized equilibrium state at every sufficiently low positive temperature. The same state
satisfies the KMS condition for the zero-field dynamics and has magnetization at least S/4. This
resolves the low-temperature ordering problem in the spontaneous-magnetization formulation.
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1 Introduction

The nearest-neighbor quantum Heisenberg ferromagnet assigns a quantum spin to each lattice site
and favors parallel neighboring spins. Its Hamiltonian is invariant under simultaneous rotations
of all spins. Spontaneous magnetization asks whether, at zero applied field, an infinite-volume
equilibrium state can nevertheless select a direction and have a nonzero one-site spin expectation.
The distinction between an individual ordered state and its rotation-invariant average is essential.

1.1 The model and the result

Fix an integer d > 3 and a spin S € {%, , %, ...}. At each site use C2*! with orthonormal basis
(em)S __g and operators

S%em = mem, Sten, = \/S(S +1)—m(m+1)enti, Steg = 0.

Set S™ = (ST)*, S* = (St +S57)/2 and SY = (ST — 57)/(2i), and write S¢ for the corresponding
operator at a site z. For finite A C Z%, the free-boundary Hamiltonian at coupling one is

Hy=- > Y S5 (1.1)
{z,y}CA ac{z,y,2}
lz—yl1=1
The outer sum counts each unordered edge once; in its inner sum the letters a = z,y, z designate
spin components.
For a finite set F C Z%, let Ap = Qrer M2s4+1(C), with the usual embeddings obtained
by adjoining identity factors. The quasi-local algebra A is the norm completion of their union.
The bounded finite-range interaction in (1.1) defines a dynamics 7; by the norm limit, on local

observables, of
TtA(A) — eitHAAe_itHA

along increasing boxes. This limit is independent of the boxes. We use the resulting norm-
continuous orbit ¢ — 7,(A) for every A € A. The locality estimates underlying this construction



originate in Lieb and Robinson [23]. Existence and independence of the exhausting boxes follow
from [30, Theorem 2.2]; its hypotheses are checked when we use this dynamics in Section 8.2.

A state is a positive linear functional w on A4 with w(1) = 1. For 0 < 8 < oo, it is a -KMS
state for 7 if, for every A, B € A, there is a bounded function F4 g, continuous on the closed strip
0 <Imz < § and analytic in its interior, such that

Fa p(t) = w(An(B)), Fap(t+if) =w(m(B)A) (teR). (1.2)

This is the algebraic equilibrium condition developed by Haag, Hugenholtz and Winnink [17].
We call such a state an equilibrium state at inverse temperature 8. If T, denotes translation by
x € Z%, translation invariance means w o T}, = w for every .
Theorem 1.1. For every integer d > 3 and every S € {%, 1, %, ...}, there is a finite By(d,S) > 0
such that, for every finite 5 > [o(d,S), the dynamics associated with (1.1) has a translation-
invariant B-KMS state w satisfying

w(S§) > S/4.

Thus the zero-field model has spontaneously magnetized equilibrium states at every sufficiently
low positive temperature, for each allowed spin. This magnetization is a property of the chosen
state and need not be retained by a rotation-invariant average.

1.2 Historical context and significance

Heisenberg’s exchange model provided a quantum mechanism for ferromagnetism [18]. Bloch’s spin-
wave picture predicted the low-temperature reduction of magnetization, and Dyson developed the
theory of interacting spin waves and their thermodynamic corrections [3, 12, 13]. These predictions
explain why an ordered phase is expected; proving that a zero-field equilibrium state retains a
nonzero spin expectation requires control at all length scales at one fixed positive temperature.

The dimension restriction has a rigorous basis. The Mermin-Wagner theorem excludes positive-
temperature ferromagnetism in one and two dimensions for finite-range isotropic Heisenberg
models [27]. In dimensions at least three, Frohlich, Simon and Spencer established low-temperature
ordering for classical continuous-spin models through infrared bounds [15, Theorem 3.1]. Dyson,
Lieb and Simon proved quantum antiferromagnetic ordering for spin at least one in those dimensions,
and for spin one half in sufficiently large dimension [14, Theorem 6.2]. Kennedy, Lieb and Shastry
subsequently proved ground-state Néel order for the spin-one-half antiferromagnet on the three-
dimensional cubic lattice [19]. The corresponding ferromagnetic problem resisted this approach:
the reflection-positivity argument does not provide the needed ferromagnetic Duhamel infrared
bound, as explained by Dyson, Lieb and Simon [14, pp. 339-340].

Probabilistic representations offer another route. Powers related the isotropic Heisenberg model
to random walks on the permutation group [32]. Conlon and Solovej developed random-walk
representations for the Heisenberg model and proved a low-temperature free-energy upper bound
for spin one half [5, 6]. Téth’s exchange-cycle representation sharpened the pressure bound [36].
General-spin geometric representations were developed by Nachtergaele [29, 28]; the symmetric-
slot and endpoint-permutation formulation is also given by Bjornberg, Frohlich and Ueltschi [2,
Section 3.2]. Their ordering results concern the complete graph, whereas the representation rests
on finite-spin algebra. Section 2 rederives that algebra for the nearest-neighbor interaction and its
normalization here. Positive loop weights alone do not establish ordering: the needed additional
estimate controls how often an interior cycle avoids pins on the boundary.



Two algebraic methods enter this pin comparison. The stable-polynomial and negative-
dependence results of Borcea, Briandén and Liggett [4] underlie the simultaneous pin test in
Section 3. The exterior-moment identity used in Section 4 belongs to the determinant-preserving
framework of Dereziniski, Liang and Mahoney [8]: expected minors agree with the minors of the
mean, and this property is preserved under independent matrix products. The conditional next-pin
formula needed here is derived in Section 4.

Correggi, Giuliani and Seiringer proved the fixed-spin low-temperature free-energy asymptotics
predicted by spin-wave theory in three dimensions [7, Theorem 2.1]. Their bounds also control
correlations on a temperature-dependent finite length scale of order 3%/4 [7, equations (2.6)—(2.8)].
More recently, Klippel proved the corresponding free-energy asymptotics in two dimensions [20)].
These are thermodynamic and finite-scale advances; the present result constructs an ordered state
at a fixed positive temperature in d > 3.

Lieb explicitly posed the quantum ferromagnetic ordering problem in 1999 [22, Problem A].
Seiringer’s 2025 account records it using a volume-averaged finite-volume two-point order pa-
rameter [33]. Theorem 1.1 resolves the low-temperature ordering problem in the spontaneous-
magnetization formulation stated here: it constructs a translation-invariant zero-field KMS state
selecting a spin direction, for every allowed spin and every d > 3. The precise conclusion is the
one-point state assertion above; the finite-volume correlation criterion in the cited account is a
different formulation and is not used in this proof.

1.3 Proof strategy and the main mechanisms

The proof starts in finite cubes. Replace a spin S by £ = 25 spin—% slots at its site and project
onto their symmetric subspace. Rate—% Poisson transpositions across neighboring sites, together
with uniform within-site permutations at the time seam, give an exchange-path representation.
Each cycle has weight two, corresponding to its two spin colors. A pin is a slot-time point whose
cycle is required to have the up color; a cycle meeting a pin has weight one. Section 2 derives the
full spectral law of magnetization and a bound on inserted exchange marks under these pin laws.

Pin every boundary slot throughout the time period, and choose a finite time grid. We prove,
by downward induction on the number of grid pins, that under every such pin law the probability
that m prescribed points all belong to cycles missing the pins is at most p™, for a small fixed p.
The test points lie at one time and form a sparse set: the number in a spatial ball grows at most a
small power of its radius. This restriction is enough both to control obstacle components and, at
the end, to bound the probability for a single interior slot.

The induction step adds the test set T to the existing pins F, forming P = EUT. The
bound for this larger pin set is already available. Section 3 uses stable multiaffine permutation
polynomials to show that the desired avoidance probability under the E-law is at most (2r)™.
Here r is the mean fraction of points of T" whose lines, under the P-law, return to 1" at positive
elapsed time before reaching E. It therefore suffices to use the larger-pin induction hypothesis to
prove r < p/2.

For this return estimate, expose exactly the cycles that miss P. The unexposed slots support
independent heat exchanges and prescribed transports, conditioned on every remaining cycle
meeting a pin. Section 4 first identifies this conditional law and its exposure marginal. An
exterior-power and determinant calculation then identifies the conditional next-pin first moment
with that of a single Markov walk using fresh randomness on successive periods. The exposure itself
is still averaged under its original P-law; no independence of the conditioned cycles is required.

Ignore the other interior pins in the walk’s stopping rule, retaining boundary killing. Let U be



its one-period kernel, and let f be one on T and elsewhere the probability of a future visit to T’
before killing. Section 4 proves

m(l—r) = Ep(f,(I -U)f).

The needed lower bound on this quadratic loss is nearly m: a bound of m(1 —¢) gives r < . Write
f =17+ g. The two summands are initially disjoint, but their propagated masses can overlap;
controlling that overlap is the main analytic task.

The larger-pin induction hypothesis bounds the probability that every site in a prescribed
sparse collection has no unexposed slots. Section 5 turns this information into short surviving
connections near most anchors and bounds on the sizes of distant obstacle components. The first
property supplies a local Nash inequality, which spreads the mass initially on T'. The second allows
Section 6 to route decaying finite-energy flows through the available sites. These flows control the
pairing of the spread mass with the propagated g by its Dirichlet energy at that same time.

Section 7 applies these estimates in short portions at both ends of a period. A weighted time
average absorbs the pairing into the energy dissipated by the heat flow, yielding a quadratic loss
at least m(1 — e(p)), with e(p) = o(p). Choose p small enough that 2e(p) < p; the pin test then
closes the finite downward induction. Its singleton conclusion says that under continuous boundary
pinning an interior slot is unlikely to lie on a cycle avoiding the boundary.

Finally, requiring every boundary-touching cycle to be up costs only an exponential in the
boundary size. The pin estimate therefore gives a macroscopic magnetization tail in the free
zero-field Gibbs state. Section 8 selects this tail with a homogeneous field tending to zero as the
boxes grow, and averages translations. It verifies both KMS strip boundaries for the same limiting
state and the original zero-field dynamics, completing Theorem 1.1.

1.4 A hard-core boson consequence

The spin-one-half correspondence of Matsubara and Matsuda [25, Sections 2-3] turns the ordered
state into a state with averaged off-diagonal long-range order. For § = %, put b, = S, and
ng = blb, = Sz + 4. If E, is the set of unordered nearest-neighbor edges in A, then (1.1) becomes

Hy=—y 3 Olby4olb) — 3 (ne— 3y~ )

{I7y}EEA {x7y}eEA

This is the particle-hole-symmetric attractive hard-core hopping model. For each inverse tem-
perature in Theorem 1.1, rotate the full mean-spin vector (w(S¥),w(SY),w(S§)) to the positive x
direction. Simultaneous spin rotation commutes with the zero-field dynamics and translations, so
the rotated state v is again a translation-invariant S-KMS state. It satisfies v(b;) =7 > 1/8 and
v(ng) = 1/2, where r is the length of the original mean-spin vector. In particular, it breaks the
U(1) symmetry by, +— e~ b,.
For every nonempty finite A, set By = > cpby and ay = IA|=Y/2B,. Positivity gives
v(BL\By) > [v(By)? > |A|2/64, hence
f 1 i 1A
x%E:A v(blby) > 64 viayap) > R
The first bound gives averaged off-diagonal long-range order; the diagonal contribution is only
1/(2|A]). Since v(3°,cp ne) = |A[/2, the uniform-mode occupation is at least 1/32 of the expected
particle number. These bounds concern restrictions of the chosen infinite-volume state, not
finite-volume Gibbs states.



1.5 Conventions

Unless a different norm is displayed, spatial distances and balls use the sup norm on Z¢; lattice
edges always join nearest neighbors. All matrix kernels for one-particle motion act on column
vectors of masses, so their columns describe a fixed starting point. Inner products and ¢ norms on
slots use counting measure. Unless explicitly indicated otherwise, constants may depend on d and
S and on explicitly fixed geometric parameters, but not on the volume, the pin set, or the time
period. The order of choosing the small pinning parameter and the geometric scales is specified in
Sections 5 and 7.

2 Spin slots, loops, and pins

We first express the finite-volume Gibbs state by exchange paths. The representation will iden-
tify the entire spectral distribution of total magnetization, which is needed when a small field
is introduced at the end of the proof. We then define the pin laws used in the intervening
probabilistic argument and establish their two elementary measure bounds. Powers related the
isotropic Heisenberg model to random walks on permutations [32]. Téth gave the random-stirring
representation for spin 1/2 [36]. Nachtergaele developed general-spin symmetric-slot representa-
tions [28, Section 2.2, equations (2.23)—(2.25), and Theorem 2.4]; see also his account of geometric
representations [29]. For the endpoint-permutation realization and the magnetization transform,
see also Bjornberg, Frohlich and Ueltschi [2, Section 3.2, Proposition 3.2 and equation (3.19)].
Their representation is presented for the complete graph with a different coupling normalization.
We derive the finite-graph algebra here for our nearest-neighbor Hamiltonian, including its rates
and full spectral law, before introducing the pin weights needed in the proof.

Fix a finite cube A C Z%, S € {%, 1, %, ...}, and 0 < B < co. Set £ = 2S5 and introduce the slot
set

VA:AX{L...,K}.

A slot i = (z,a) is located at the site z. Two slots form a slot edge if their sites are nearest
neighbors; all ¢? pairs above each lattice edge are included. Let £, be this set of unordered slot

edges and put gy = |Ex|. On
Ha= ) C?
i€V
write s§ for the spin—% matrix in direction a acting on slot i. For a permutation 7 of the slots, U;

denotes the tensor permutation sending the factor originally at i to 7(7); in particular Urld, = Usrop.

Lemma 2.1 (Symmetric-slot realization). At each site x, the operators 5,‘; = Z§:1 s‘(lx ;) restrict

on Symg(CQ) to the spin-S matrices defined in Section 1.1. The orthogonal projection onto this

subspace is
1
Sx - E Z Z/[R@.
KEG)

With Sp = [I,en Sz, define

Hy = - 3 ST o8ess, My=) st

{z,y}CA: |z—y|[1=1 a=T,Y,2 1€V



Both operators commute with every within-site permutation and with Sy. Their restrictions to
ran Sy are unitarily equivalent to Hy and My = Y o SZ, respectively. Moreover,

~ 1
Hy=—3 > U+ 2L (2.1)
{i,j}ESA

Proof. Let 1 be the normalized sum of the (ﬁ) elementary tensor vectors having exactly k up
spins, for 0 < k < ¢. These form an orthonormal basis of the symmetric subspace, and

S = (k — £/2).

For 0 < k < {, each elementary vector with k£ + 1 up spins occurs k + 1 times in }; sjz/;k.
Consequently

(k1)
()
Also Sty = 0. Under m = k — S, the squared coefficient is S(S 4 1) — m(m + 1). The lowering,
x, and y matrices follow by adjunction and the definitions. Thus e,, — g4, gives the claimed

unitary identification.

The average over the finite permutation group is self-adjoint and idempotent, and its range
is exactly the invariant subspace, proving the projection formula. Conjugation by a within-site
permutation merely reorders the summands of each §‘; It therefore commutes with H A and M A-
Equivalently, in the slot-edge expression, conjugation permutes the complete collection of ¢? slot
pairs above every incident lattice edge. This last observation is essential: an individual inter-site
transposition need not commute with S,.

Finally, on two spin—% factors, direct calculation in the up/down basis gives

STy, = (k+1) Vip1 =/ (L = k) (k + 1) Yrsr.

1 1
Z 3?3? = 5(/{(”) — ZI

Summing this identity over the slot edges proves (2.1) and the asserted restrictions. O

The base exchange law Py is defined as follows. Independently on each edge of &4, put a
Poisson process of rate 1/2 on the time interval [0, ). At a mark, exchange the two slot lines.
At the end of the interval, apply an independent uniform permutation of the ¢ slots at each
site, and then identify time § with time 0. An exchange picture w comprises these marks and
endpoint permutations. Following its lines forward through repeated copies of the same picture
gives directed loops, which we call its cycles. They correspond to the cycles of its one-period slot
permutation 7, and can wind through several periods. Let ¢(w) be their number. In particular,
c(w) < |Vi.

Slot-time points belong to Vi x (R/BZ). At an exchange we use the slot just after the exchange;
time 0 is understood just after the within-site endpoint permutations and the wrapping of time.
Thus every cycle has a well-defined set of slots at the time-zero cut. Write a¢ for the number of
these slots on a cycle C; then Y o ac = |Vi|.

Proposition 2.2 (Exact spin-to-loop representation). For every finite cube A, spin S, and
0 < B < o as above, the partition function is

Za(B) = Try, e BHA — Par/4 EbZC(“’). (2.2)



More generally, for every function ® on the finite spectrum of My,

1
Ey Z d (2 Z €Cac>
TI'HA (G_BHA(E(MA)) . 56{_171}{0ycles of w} C

ZA(B) B EbQC(w) ‘

(2.3)

Thus the spectral law of My is obtained by weighting the base picture by 2°“), then coloring each
cycle independently up or down with equal probabilities, and summing the corresponding +1/2 or
—1/2 over its slots at time 0.

Proof. Let ¢ be the permutation generated by the inter-site marks up to time ¢, without the
endpoint permutations. Independent increments, or the Poisson expansion in time-ordered marks,
give

{ivj}egA

Indeed, over an interval of length dt, the expectation is I + %z{iﬁj}(u@) — I)dt + o(dt); the
resulting constant-coefficient matrix differential equation gives the displayed exponential. Averaging
the independent endpoint permutations now gives

Eyly, = e Pa0/48) e FHA, (2.4)

Lemma 2.1 identifies the trace on the range of Sy with the physical trace. Moreover, M, A commutes
with every slot permutation, since it is the sum of the same one-slot observable over all slots.
Therefore (2.4) yields

Tryg, (e PN B(My)) = PN By, Tryy (Un, B(My)). (2.5)

To calculate the last trace, index the elementary up/down tensor basis by 7 € {—1,1}VA. The
diagonal entry of U, at 1 is one exactly when 7 is constant on every cycle of 7, and is zero
otherwise. For such a basis vector the eigenvalue of M, is %ZC ecac. Hence

—~ 1
Trg (Un, ®(My)) = > P <2 > goac> .
Ee{,ljl}{cycles of w} C
Taking ® = 1 proves (2.2); dividing (2.5) by it proves (2.3). In particular, taking ® to be the
indicator of any spectral subset proves the claim about the spectral distribution, not only its
moments. ]

2.1 Pin laws and the boundary limit

The factor two in the representation records the two colors of each cycle. A pin fixes the color of
every cycle it meets. This motivates a family of measures in which only the cycles avoiding the
pins retain their factor two.

For a deterministic pin set D C Vj x (R/BZ), let

np(w) =#{C : C is acycle of w, CND = &}, wp(w) = 2"PW), Zp = Epwp.



We use finite pin sets and their unions with the continuous boundary set defined below. Their
cycle-incidence events are measurable. The pin law and its expectation are

wp(w)

Pp(dw) = 75

Pp(dw),  Epl]. (2.6)

The set of slot-time points on cycles missing D is denoted by

Bp(w) = U C.

C:CND=o

In fixed volume, 1 < wp < 2Vl so Zp is finite and strictly positive. The empty-pin law Py is
exactly the picture marginal in Proposition 2.2.
The inner boundary and the continuous boundary pin set are

ON={zeA:Ty¢A, |[v—yl =1}, Do =0Ax {1,...,£} x (R/BZ). (2.7)

Every slot above a boundary site is therefore pinned at every time. The following fixed-volume
approximation allows finite-layer arguments to be applied with this boundary condition.

Lemma 2.3 (Dense boundary pins). Fiz a finite cube A, 0 < < oo, and a finite deterministic
pin set F. Let (Cy)n>1 be increasing finite sets of times, each containing 0, whose union is dense
in R/BZ, and put

DomzaAX{l,...,f}ch, Dn:FUDom, D = F U D,.
For Py-almost every picture there is a finite ni(w) such that, for all n > n.(w),
wp, (w) =wp(w),  Bp,(w)=Bp(w).

The laws Pp, converge to Pp in total variation. More generally, if ®, — ® almost surely under
Py and sup,, |®,| < A < oo, then

Proof. In one period the number of Poisson marks is finite almost surely. Their times are distinct
and avoid the countable collection of deterministic cut times and pin times, almost surely. A line
that visits a boundary site occupies that site on a time interval of positive length: inter-site marks
do not coincide, and endpoint permutations preserve the site. This remains true for a visit crossing
the time seam. A dense collection of cuts detects every such visit, with every slot included at each
boundary cut.

There are only finitely many cycles. For a fixed picture, choose one detecting cut for each
cycle that meets Dy and take the largest of their finite indices. After this index every cycle has
the same incidence with D,, as with D. This proves both eventual equalities. Also wp,, | wp and
wp, < 2IVal. Dominated convergence gives Zp, — Zp and
wp, Wp

- —| —0,

E
"\ Zp.  Zp

which proves total-variation convergence. Applying dominated convergence to wp, ®,, proves (2.8).
The dominating constant here depends on the fixed volume; no uniform-in-volume bound on the
total loop weight is asserted. O



2.2 Factorial domination for exchange marks

The pin weights alter the distribution of the Poisson marks. The bound needed later is on ordered
lists of distinct marks; it does not require independence under a pin law.

Let X) = &x x [0, 8) and let u be the measure satisfying u({e} x dt) =1 5 dt. Write wy, for the
counting measure of inter-site marks in the picture. For n > 1, the notation (wm);é means ordered
n-tuples of distinct marks, even when some of their edge labels agree.

Lemma 2.4 (Factorial-measure domination). For every finite pin set D, or such a set united with
Dy, every integer n > 1, and every nonnegative measurable function F' : X} — [0, o0],

n
Ep > F(uy,...,u,) <2" [ F(u,... H (duy). (2.9)
(W10t ) € (i), X3 j=1

In particular, the estimate holds with the marks restricted to any specified time interval and with
any specified chronological order.

Proof. Inserting one inter-site transposition into a picture cuts two directed strands and reconnects
them with their outgoing portions exchanged. If they lie on different cycles, those cycles join; if
they lie on one cycle, that cycle splits into two. The union of their slot-time strands, and hence
all pin incidences on that union, is retained. On joining, the number of cycles missing D cannot
increase. On splitting, it increases by at most one: a cycle missing D gives two such cycles, while
a cycle meeting D has at least one descendant still meeting D. Thus, away from coincident mark
times,

n
wp | w+ Z 0u; | < 2"wp(w). (2.10)
j=1
For finite pins coincidences with pin times have product-intensity measure zero; including Dy
does not change the surgery argument. The endpoint permutations are held fixed throughout this
insertion.

The identity used to integrate (2.10) is the iterated Mecke formula [26]; its factorial form is
stated in [21, Theorem 4.4]. We derive it here under the base Poisson law, with the pin weight
retained inside the integrand. Write A = (X, ). For a fixed endpoint permutation, expand the
Poisson measure as

00 1 k
e Z i H p(duy).
k=0 j=1

In the weighted sum over ordered distinct n-tuples, the k-mark term has k!/(k — n)! choices of the
distinguished marks. Relabel them uy, ..., u, and sum the remaining k — n marks. Averaging also
over the independent endpoint permutations gives the exact identity

Ey, |wp(w) Z F(uy, ... up)

(ul,...,un)e(wm);

n n
= F(ui,...,un)Ey |wp w—l—Zéu]. H (duy).
XN j=1 j=1

All terms are nonnegative, so this manipulation is justified also when an integral is infinite. By
(2.10), the expectation inside the integral is at most 2" Zp. Division by Zp proves (2.9). O

10



The estimate is unconditional under Pp. If an independent fresh Poisson family is also sampled,
mixed lists of distinct actual and fresh marks satisfy the corresponding product bound: an actual
mark contributes 24, and a fresh mark contributes p. Indeed, fix which entries in the list come
from each family, use independence to factor the two factorial measures, and apply Lemma 2.4 to
the actual-mark factor. This observation will permit chronological path estimates after averaging
over an exchange picture and fresh randomness; it makes no conditional factorial-domination
assertion at a fixed path exposure.

We now have the exact spectral representation and a family of pin laws with controlled
mark counts. The next section estimates the probability that many prescribed slot-time points
simultaneously belong to cycles avoiding the existing pins.

3 A simultaneous pin test

We relate the probability that many specified points lie on cycles missing the pins to a mean
return probability after those points are pinned. The estimate uses the complete pin law, before
any trajectories are exposed.

Fix a finite volume and a finite period 8 > 0. Let E be a finite pin set, or the union of a finite
pin set with Dy, and let T" be a nonempty finite set of slot points at one time, disjoint from E. Put
m=|T|and P=FEUT. Fori €T, let R;(E,T) be the event that the line started at i reaches T'
again, at strictly positive elapsed time, before it reaches E. The same sampled exchange picture is
repeated when following this line through successive periods. Define

1
r=r(ET):=—> Pp(Ri(E,T)). (3.1)
M ier
Thus 0 < r < 1. The positive elapsed-time convention excludes the starting point from the return
test.

Proposition 3.1 (Simultaneous pin test). For every finite volume, every 5 > 0, every pin set E
that is finite or a finite set together with Dqy, and every nonempty finite single-time set T disjoint
from E, the return fraction in (3.1) satisfies

Pg(T C Bg) < (2r)/7. (3.2)

We first assume that E, and hence P = E UT), is finite. For each exchange picture, let ¢ be
the permutation of P that maps each pin to the next pin on its directed cycle, at strictly positive
elapsed time. The random subset o(7) has exactly m elements. Its relation to the event we want
to bound is

{T € Bg} = {o(T) = T} = {T  o(T)}. (3.3)

Indeed, if every cycle meeting T avoids F, its successive pins all belong to T. Conversely, if
o(T) =T, iterating o from a point of T visits every pin on that cycle without reaching E. The
last equality uses |o(T)| = |T|.

The return fraction also has a subset interpretation:

mr = Ep|TNo(T)| = 3 Pp(j € o(T)). (3.4)
JjET

Bijectivity of o makes the returning starting points and their outputs in 7" have the same cardinality.
We will prove stability of the subset generating polynomial Ep ]_[jeg(T) y; and deduce that the
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probability of containing all of 7" is at most the product of its presence probabilities. By (3.4) that
product is at most ™. A final comparison between the laws Pr and Pp supplies the factor 2" in
(3.2).

3.1 The stability operations

Write H = {z € C:Imz > 0}. A nonzero polynomial in finitely many complex variables is stable
if it has no zero when every variable belongs to H. A polynomial is multiaffine if its degree in
each variable separately is at most one.

Lemma 3.2 (Closure operations). For polynomials in a fized finite set of variables the following
operations preserve stability, with the possibility of producing the zero polynomial: coefficientwise
limits with a common degree bound, specialization of a variable to a real number, and partial
differentiation. Identifying two variables preserves stability. In particular, identifying two variables
as t and extracting the coefficient of t preserves stability up to zero.

Proof. Let F, be stable polynomials of bounded degree converging coefficientwise to a nonzero
polynomial F'. If F' vanished at a point of a product of upper half-planes, choose a complex line
through that point on which the restriction of F' is not identically zero. A sufficiently small disk in
this line lies in the product of upper half-planes. The restrictions of F;, converge uniformly on the
disk. On a smaller circle avoiding the isolated zeros of the restriction of F', the argument principle
(or Rouché’s theorem) forces F;, to have a zero inside for large n. This is impossible. The existence
of the line follows, for example, by choosing a direction where the first nonzero homogeneous term
of the Taylor expansion of F' at the purported zero does not vanish.

Specialization at a € R is the limit of specialization at a + i/n, so the first assertion applies.
Identification of variables is immediate from the definition.

For differentiation in ¢, let k£ be the degree of F' in ¢t. The case k = 0 gives the zero polynomial.
If kK > 1, the leading coefficient is the nonzero coefficientwise limit

lim (iR)™*F(z1,...,20_1,iR).
R—oo
It is therefore stable. Consequently, after fixing all other variables in H, the resulting polynomial

in t still has degree k. Write its roots, with multiplicity, as (1, ..., (x; each has imaginary part at
most zero. For t € H,

OF 1
77215—@‘

j=1
has strictly negative imaginary part. It cannot vanish, proving stability of the derivative. Finally,
taking the linear coefficient after identification is differentiation in ¢ followed by t = 0. 0

The next operation is the partial-symmetrization principle in the stable-polynomial approach to
negative dependence [4, Theorem 4.20]. For an elementary proof using complex bivariate sections,
see also Liggett [24, Section 5]. We give the calculation in the form needed here.

Lemma 3.3 (Partial symmetrization). Let F' be a stable multiaffine polynomial, let T exchange
two of its variables, and let 0 < u < 1. Then (1 — u)F + utF is stable and multiaffine.

Proof. Fix every other variable in H and write the two-variable section as

q(z,w) = a+ bz + cw + ezw,
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where a, b, ¢, e can be complex. For every z € H,
N(z) :=1Im((a+ bz)(c+ez)) > 0. (3.5)

Indeed, if c+ez # 0, the root —(a+bz)/(c+ez) in the w variable cannot belong to H; if c4+ez = 0,
the displayed quantity is zero. The swapped section g(w, z) is also stable, so

N7 (z) :=Im((a + cz)(b+ez)) > 0.
Put b, = (1 — u)b+ uc and ¢, = (1 — u)c + ub. Direct expansion gives
Im((a+ byz)(cy +e2)) = (1 —u)N(2) + uNT(2) + u(l — u)|b — ¢|*Tm z. (3.6)

If 0 < u <1 and b # c, the right-hand side is strictly positive. In particular ¢, + ez # 0, and the
root in w of the mixed section lies strictly below the real axis. If uw € {0,1} or b = ¢, the section is
the original section or its swap. These cases also exclude zeros in H?. Since the other variables
were arbitrary, the mixed polynomial is stable; multiaffinity is preserved directly. O

The complex coefficients in this proof matter: other variables have already been fixed in the
upper half-plane. No reality assumption on those sections was used.

3.2 Layering the exchange picture and removing unpinned points

For a permutation m of a finite set V', define its polynomial

eV

Each x; and each y; occurs with degree at most one.

Lemma 3.4 (Stable exchange symbols). For a permutation obtained by a finite product of inde-
pendent Bernoulli transpositions and deterministic permutations on a finite set V', the polynomial
EF; is stable. Here each Bernoulli transposition uses an arbitrary probability in [0,1]. The same
conclusion holds for any limit of these permutation laws.

Every finite independent product of finite-time Poisson exchange permutations, uniform permu-
tations on specified subsets of V', and deterministic permutations has such a limit representation.

Proof. For the identity permutation the polynomial is [];cy (2 + ¥i), a product of nonvanishing
upper-half-plane sums. Composing the output with a transposition either leaves the polynomial
unchanged or interchanges the corresponding two y variables. Averaging an independent Bernoulli
choice is precisely the operation in Lemma 3.3. Deterministic permutations only relabel variables.
Repetition proves the first assertion. Convergence of permutation laws gives coefficientwise
convergence of their symbols, whose degrees are bounded and whose value at all variables equal to
1is 2IVl. Lemma 3.2 therefore proves stability of every such limit, with zero excluded.

For a finite-time Poisson exchange process, partition its time interval into slices of length at
most 6. On each edge and slice record whether the Poisson clock has at least one mark; these
indicators are independent Bernoulli variables. Apply the indicated transpositions in a fixed order
within a slice. This coupled approximation agrees with the actual process whenever every slice has
at most one mark in total. If the total rate is A and the interval length is ¢, the probability of
disagreement is at most CA%(¢ + 6)§, which tends to zero. This constructs the required limit of
Bernoulli-product laws.
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To approximate a uniform permutation on a subset A C V', run Poisson transpositions at
positive rates on every pair in A. For |A] < 1 there is nothing to prove. Otherwise the unit-time
transition matrix on the finite group of permutations of A has all entries positive: every target
permutation is a finite word in these transpositions, and that word can occur in the prescribed
order within unit time with no other marks. The uniform distribution is invariant, since each step
is multiplication by a random group element. If the group has M elements and the minimum
transition entry is 17 > 0, the transition matrix has a common uniform part of mass M. Splitting
off that part shows that distance from the uniform law contracts by at most 1 — M7 at each unit
step (and is already zero if Mn = 1). Hence the law converges to uniform as time tends to infinity.
At each finite time the small-slice construction gives a Bernoulli-product approximation. Taking a
sequence with both errors tending to zero proves the asserted representation of the uniform law.
For a finite independent product, approximate its factors independently; their product laws then
converge to the desired product law. O

Now assume P = E U T is finite. Cut the time circle at every time represented in P, and
include the time 0 cut if necessary. Let V' be the disjoint union of a copy of V) at every cut. Assign
an endpoint permutation to the interval ending at time 0, so that this cut has the post-completion
convention. Following a line from one cut to the next defines a permutation 7 of V. Its cycles are
exactly the cycles of the exchange picture, with the cut points inserted as vertices.

The random interval bijections are independent. Moreover, the x variables on an interval’s
starting layer and the y variables on its ending layer are disjoint from the variable sets used by all
other intervals. Consequently

Fy(z,y) :==Ey [[ (@i + yx) (3.7)
eV
is the product of the stable interval symbols of Lemma 3.4, with cyclic relabeling of their output
variables. It is therefore stable. This also covers a single cut, where there is just one interval
wrapping around the circle.
The next-pin permutation o is obtained from this layered permutation by following its cycles
between successive points of P. Let np(m) denote the number of cycles of 7 missing P.

Lemma 3.5 (Splicing and output extraction). Starting from (3.7), eliminate each ¢ € V' \ P by
setting x4 = yq =t and extracting the coefficient of t. The resulting nonzero stable polynomial is

FP(xa y) = Ep QnP(ﬂ—) H(xl + yo(z)) : (38)
ep

If T C P, then the probability generating polynomial of the random subset o(T) under Pp is stable.
More precisely, with Zp = Ep2"P(™) > 0, it is
1

GT(y) =Ep H Yo (i) = 7 H aacz FP(m) y) : (39)

Proof. Consider first one deterministic permutation. If ¢ is not a fixed point, write i = 771(¢) and
J = m(q); the two factors involving y, and x4 become

(l‘i + t)(t + yj).
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Their linear coefficient is x; 4+ y;. Thus deleting ¢ splices the directed edges i — ¢ — j into i — j.
This includes a two-cycle, for which i = j. If ¢ is a fixed point, its factor is x4, + y, = 2t, giving a
factor 2. Successive deletion leaves the next-pin permutation on every cycle meeting P. A cycle
missing P eventually becomes a fixed point and contributes exactly one factor 2. Linearity gives
(3.8); Lemma 3.2 gives stability up to zero. Its nonnegative coefficients and positive value at all
surviving variables equal to 1 exclude zero.

In each product on the right of (3.8), differentiation in z;, i € P\ T, selects the z; term
from exactly those factors. Setting every remaining x variable to zero, including those indexed
by T, selects y,(;) from each remaining factor. Division by Zp gives (3.9). Derivatives and real
specialization preserve stability up to zero; Gp(1) = 1 excludes zero. Since o is a permutation,
the product contains m = |T'| distinct y variables, so this is indeed a multiaffine subset generating
polynomial with nonnegative coefficients. O

We have now encoded the outputs of T under the correct pin weight. The next lemma turns
stability of this particular generating polynomial into the simultaneous return bound. This is
the subset-presence consequence of the strongly Rayleigh framework [4, Theorem 4.9]; the short
conditional covariance argument below proves exactly what is required.

3.3 Covariance, normalization, and the dense-boundary limit

Lemma 3.6 (Presence probabilities). Let A be a random subset of a finite set I. Suppose its
generating polynomial G(y) = Eljcay; is stable. For every J C I,

Pr(J C A) < J] Pr(j € A). (3.10)
Jj€J
The same assertion holds after conditioning on B C A, whenever that event has positive probability,
for subsets of I\ B.

Proof. Write X; = 1yjca). Conditioning on B C A gives, for the indicators outside B, the
generating polynomial

(HjEB 8yj) G(y)‘yjﬂ (jEB)
Pr(B C A)
It is nonzero and stable by Lemma 3.2. Under this conditional law, keep only two variables z, w

and specialize all others to 1. The resulting stable polynomial has the form a + bz + cw + ezw,
where a,b,c,e >0 and a + b+ ¢+ e = 1. Applying (3.5) with real coefficients gives

0 <Im((a+bz)(c+ez)) = (bc — ae) Im z.
Thus bc > ae. The covariance of the corresponding presence indicators equals
e—(b+e)c+e)=ae—bec<O.

Whenever the second indicator has positive probability of being one, conditioning it to be one
therefore cannot increase the probability that the first is one.

Order J = {j1,...,Jx}. If any prefix-presence event has probability zero, (3.10) is immediate.
Otherwise, for each h, remove the conditions X;, | =1,...,X; = 1 one at a time. The preceding
conditional covariance inequality gives

h—1

Pr(th:Hlez---:X

Jh—1
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Multiplying the conditional probabilities proves (3.10). Applying the same argument to the
conditional generating polynomial proves the final assertion. ]

Proof of Proposition 3.1. Suppose first that E is finite, and use the layered construction above
with P = FUT. By Lemmas 3.5 and 3.6, followed by the arithmetic—geometric mean inequality
and (3.4),
Pp(T Co(T)) < [[Pr(j € o(T)) <™ (3.11)
jeT

If one of the factors is zero this conclusion is interpreted directly; no conditioning on a zero-
probability event is needed.

By (3.3), the event on the left is H = {T' C Bg}. It remains to compare its probability under
the two pin laws.

For clarity, write wp = 2™P, where np is the number of cycles missing D, and Zp = Eywp.
Deleting the m pins in T' changes the number of unpinned cycles by the number of cycles that
meet T but miss £. That number lies between 0 and m. Hence, picture by picture,

wp < wg < 2Mwp, Zp > Zp > 0.
‘We obtain E (1 7
Py(H) = Ev(ywe) omZP L (H) < 2mpm,
ZE ZEg

This proves the finite-pin case with the required normalization.

Finally let £ = F'UDg with F finite. Choose increasing finite sets of boundary cuts with dense
union, and let Dy, contain all boundary slots at those cuts. Put E,, = FFU Dy, and P, = E, UT.
Then E,, and T are disjoint and the finite-pin inequality applies. As in Lemma 2.3, almost every
picture has finitely many marks, and every boundary visit contains an interval of positive duration.
Thus every boundary-touching cycle is eventually detected, and

WEg, — WEg, wp, — wp, Yircng, v — Liress}-

The weights are bounded by 2/VAl in this fixed volume, and all their normalizers are positive, so
the corresponding normalized probabilities converge by dominated convergence.

The same reasoning applies to the return test, with a useful finite horizon. Starting from i € T,
follow the uncensored line until its first positive return to 7. This time is finite, since the line
eventually returns to ¢ on its finite permutation cycle. If the line meets F' before that return, every
finite-cut test fails. If it first meets the boundary before that return, one of its positive-duration
boundary visits before the return contains a cut from the dense union, so all sufficiently fine tests
fail. If it meets neither, every test succeeds. Since T is disjoint from Dy, a boundary visit cannot
first occur only at the return point. Consequently, for every ¢ € T,

1z, (g, 7) — 1r,(e,r) almost surely.

Bounded convergence with the weights wp, now gives r(E,,T) — r(E,T). Taking limits in
Pg, (T C Bg,) < (2r(E,,T))™ proves (3.2) for continuous boundary pins. Ounly scalar probabilities
and bounded weights are passed to this limit; no polynomial with infinitely many variables is
required. O
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4 Exposed paths and a one-particle return identity

The simultaneous test in Proposition 3.1 reduces the probability of many pin-free points to an
expected fraction of returns. Our objective here is to express that first moment through a Markov
walk. We first describe the conditional exchange picture after all pin-free cycles have been exposed.
A determinant identity then removes the remaining cycle condition from the first moment. Finally,
we relate the return probability to the loss of a quadratic form under one period of the walk.

Throughout this Section, the volume and period are finite. Let F = Dg U E¢, where Ef is a
finite set of slot-time points. Let T" be a nonempty set of m distinct slot points at one time 6,
disjoint from E, and put P = EUT. Under Pp, let

1
r=— Z]P’p (the next point of P after i belongs to T). (4.1)
M ier
“After” always means at strictly positive elapsed time. In particular, a return to the same slot
point after one or more periods counts.

4.1 Conditional exchanges on the unexposed slots

Label every line by its slot at time 0, immediately after the within-site completion. The one-period
endpoint permutation sends these labels to their slots at the next time 0. Expose the initial labels
on cycles missing P, their trajectories over one period, and their endpoint mappings. Write H for
the sigma-field generated by these data and a for an exposure. At time ¢, let Hi(a) be the set
of slots not occupied by an exposed label. We call these slots holes. All pins are holes at their
respective times; in particular every boundary slot is a hole throughout the period.

The histories are finite-jump paths on a finite state space, together with finite endpoint
data. Their spaces, and the finite disjoint union over possible exposed initial sets, are standard
Borel spaces. Thus the conditional laws below can be taken as regular conditional probabilities.
Equalities of such laws are always asserted almost surely for the specified outer measure.

For a fixed exposure a, define a probability law Q, on the remaining exchange picture as
follows. Independently put rate-1/2 Poisson exchanges on each slot edge during the time intervals
when both endpoints are holes. At a jump of an exposed label from a slot to a hole, transport
the hole in the opposite direction, into the vacated slot. This is a prescribed bijection between
the hole sets just before and just after that jump. A swap of two exposed labels leaves the holes
unchanged. At the end of the period, complete the revealed within-site mappings by independent
uniform bijections of the remaining slots at each site. The hole sets and the forced transports are
fixed by a; the Poisson exchanges and the completions are the randomness in Q.

Let Gp be the event that every cycle of this remaining picture meets P, and define

gp(a) = Qa(Gp). (4.2)

The set of exposed labels is selected by the condition that their cycles miss P. To compute its
law, we first follow a deterministic label set A under the base law. Requiring those labels to close
among themselves and avoid P, and every complementary cycle to meet P, then selects exactly
one A in each complete picture. The next proposition sums these disjoint possibilities and records
both the conditional law and the exposure marginal used in later averages.

Proposition 4.1 (Exposed-path disintegration). For P as above, the conditional law of the
unexposed picture given H under Pp is Qa(- | Gp), and gp(a) > 0 for almost every exposure under
this pin law.
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More precisely, fix a deterministic initial label set A C Vi, and let pa be the distribution under
Py, of the histories and endpoint mappings of these labels. Let F 4 mean that their endpoint set is A
and their paths avoid P. On Fga, let co(a) be the number of cycles in their endpoint permutation.
If Zp is the normalizer defining Pp, then for every bounded measurable function ® of the exposure
and remaining picture,

Ep®(a,wn)
1

- L 204 B [1, (@, wn)] 4 ( da). (43)
Zp Ay, JFa

Consequently, the exposure marginal on the A-branch is

1

15, (2)24@gp(a) pa(da). (4.4)
.

The same conclusions hold with P any finite deterministic pin set.

Proof. We first fix A under the base law and verify the conditional construction before imposing
any cycle condition. For each slot edge e, take two independent rate-1/2 Poisson clocks Ne(l), Ne(2),
all independent across edges. Accept a mark of Nél) exactly when at least one endpoint contains
an A-label immediately before it. Accept a mark of NE(Q) exactly when neither endpoint contains
an A-label.

This construction has the base exchange law. To see this directly, if there are b slot edges, the
superposed clock has rate b, and its next mark has an independent uniform type among the 2b
clocks. For each edge exactly one of its two types is accepted, whatever the past configuration.
Thus, conditionally on the past, the next superposed mark is accepted on any specified edge with
probability 1/(2b), and is rejected with probability 1/2. Iterated conditioning shows that these
accepted-edge or rejection outcomes have the fixed product distribution and are independent of
the superposed waiting times. Poisson splitting therefore yields independent rate-1/2 accepted
processes on the edges. If there are no edges the assertion is immediate.

The motions of the A-labels before the endpoint permutations use only the first clock family:
second-family marks always exchange two other labels. At each site, condition a uniform endpoint
permutation on its images of the A-labels that are there just before the endpoint. Each bijection
between the remaining source and target slots has the same number, namely one, of extensions
with those prescribed images. The conditional completion is therefore uniform. Completions at
different sites remain independent, since the endpoint permutations were independent and each
revealed restriction concerns its own site.

It follows that the full specified histories, including endpoint images, are determined by the
first clock family and these revealed restrictions, without using the second family or the remaining
completions. More explicitly, the pre-completion locations of the A-labels depend only on the first
clock family. The endpoint permutations are independent of both clock families, so conditioning
on these locations and the selected endpoint images leaves the second clock family independent.
Conditional on each revealed source and target restriction, the remaining bijection is uniform over
its allowed completions. Conditional on the histories, the second-family clocks are still independent
Poisson clocks. Restricting them to the now fixed intervals with two hole endpoints gives the
independent exchanges in Q4. The cross jumps and the remaining endpoint completions give
exactly its other prescribed operations. Although conditioning on histories may leave unobserved
first-family marks, those marks are rejected whenever they have two hole endpoints and cannot
affect the remaining picture. This proves the claimed base conditional kernel on F4.
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On Fj, the labels of A form a union of whole time cycles missing P. Their number is c4(a),
which is determined by the endpoint mapping of A. Requiring in addition that every remaining
cycle hit P makes A exactly the initial labels of all the missing cycles. Therefore for each base
picture exactly one initial set satisfies both requirements. If np is the number of cycles missing P,
the pointwise identity is

2°P = > 15,2 1¢,, (4.5)
ACV)
where each summand is defined as zero off F)4. Apply the base conditional kernel on each branch
of this finite sum. Dividing by Zp = E;,2"P gives (4.3). Integrating the remaining picture gives
(4.4). Exposures with gp(a) = 0 consequently have zero outer measure; on its positive set, division
by gp(a) gives the asserted conditional law.

For finite pins the same argument applies without change. For pins including Dy, avoidance of
the boundary is a measurable property of the finite-jump histories. Thus the argument applies
directly to that case as well. O

Only the independent law Q, will enter the linear-algebra calculation below. Conditioning
it on Gp may destroy the exterior-moment identity for the original layered permutation. The
factor gp(a) in (4.4) also remains present when those conditional first moments are subsequently
averaged under Pp.

4.2 An exterior-power identity and all-hit conditioning

If M is a matrix on a finite set V, write A¥ M for its action on the k-th exterior power; its entries
are the k-row, k-column minors of M, with respect to the chosen ordering of V. The convention is
AY M = 1. Permutation matrices are column-forward: Ile; = x(i)-

The all-minors identity below is the determinant-preserving property studied by Derezinski,
Liang and Mahoney [8, Definition 4, Example 2, and Lemma 4]. Their rank-one example and
closure under independent sums and products give the finite-product case below. We include the
rank-one argument and the passage to the exchange law needed here.

Lemma 4.2 (Exterior moments before conditioning). Let II be a random permutation matriz

on a finite set V. Suppose its law is a limit of laws of finite products of independent Bernoulli

transpositions and deterministic permutations. Here a Bernoulli transposition equals a fized

transposition with an arbitrary probability u € [0,1], and equals the identity otherwise. Then,
writing K = EII,

k k
ENT=N\NK (0<k<V]. (4.6)
In particular, fix an exposure from Proposition 4.1 and finitely many time cuts. Under Qa, the

permutation on the disjoint union of the hole layers, obtained by following each hole from a cut to
the next cyclic cut, satisfies (4.6).

Proof. If T;; transposes two coordinates, then
Tij — I = —(ei — ej)(es — €j)"

Every minor of I +u(T;; —I) is affine in u: a term using two columns of the rank-one perturbation
has determinant zero. Therefore

A=l +uTy) =1 - N T+u N\ 13
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This is (4.6) for one Bernoulli transposition. For independent factors A, B satisfying the identity,
k k k k k
EN (4B)=EN AE/\ B = /\ (EAEB) = /\ E(4B).

Deterministic permutations satisfy the identity as well, so induction proves it for finite products.
All the matrix entries and minors are bounded continuous functions on the finite permutation
space, which proves passage to limits.

We verify the limit representation for the hole picture. Between successive exposed jumps
and endpoint times, the hole set is fixed and the available exchanges have constant rates. Their
permutation law has the Bernoulli-product approximation proved in Lemma 3.4. The forced
transports are deterministic bijections between equally sized hole sets.

The same lemma supplies this approximation for every uniform completion. When its source
and target slot sets differ, precede or follow a uniform permutation of one fixed set by a deterministic
bijection.

For completeness, the layered permutation has the same product structure. The total number
of holes is constant, so identify every cut layer with one fixed set of that size. The independent
interval maps act on separate layer blocks; their direct sum, followed by the fixed cyclic shift of
the layers, is the layered permutation. Each random operation within a block is a transposition on
the full layered set, and each fixed transport is a permutation there. Independence of exchanges
on disjoint intervals and of the completions proves the required representation. ]

The return test allows a line started in 7" to reach a different point of T'. If 3 is the column-
forward matrix of a next-pin permutation on a finite pin set containing 7', its number of returns
from T to T is 37, ;er Xji, rather than its trace. A diagonal-only first-moment identity would
therefore not suffice. The following finite-dimensional statement recovers every entry of the mean
by allowing an arbitrary matrix W.

Proposition 4.3 (Conditional next-pin first moment). Let V = J U Q be a finite set with J # &.
Let 11 be a random permutation matriz satisfying (4.6), and put K = EIl. Let G be the event
that every cycle of II meets J. On Gy, let ¥ be the column-forward permutation matriz of the next
visit to J at positive time along the cycles. Then

IFD(GJ) = det(I — KQQ). (47)
If this probability is positive, Kqq is transient and
EX|Gyl=H:=Kj;+ K;o(I - Kog) 'KqJ. (4.8)

The matriz H is the first positive J-hitting kernel for the Markov chain with transition matriz K,
using independent transitions on successive steps. More strongly, for every complex J x J matriz
W,

E[det(I — WX) | G;] = det(I — WH). (4.9)

An empty Q is allowed, with determinant of the empty matrix equal to one and the Schur correction
in (4.8) equal to zero.

For time-homogeneous interchange with a single pin, G; is the event that the sampled
permutation consists of one cycle. In that setting, (4.7) is equivalent to the single-cycle formula of
Alon and Kozma [1, Theorem 1].
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Proof. For a fixed matrix D, the principal-minor expansion and multiplicativity of exterior powers
give

V]
Edet(I — DIT) = 3 (~1)* Tr (/\kDIE/\k H>
k=0
=det(/ — DK).

Take D = diag(W, Ig). If a permutation cycle lies entirely in (), its indicator vector v, extended
by zero on J, satisfies DIlv = v, even for arbitrary W. Thus the determinant on that picture is
zero. On Gy, Ilgq is nilpotent: a sufficiently long path confined to () would contain a cycle there.
Its inverse resolvent is a finite sum, and block elimination gives

det(I — DII) = det(I — Tgq) det (I — W [Ty, + Myo(I — Tgg) 'Tgy|)
= det(] — WX).

Here det(f —Ilgg) = 1, and each term of the resolvent follows the permutation through a specified
number of intermediate nonpins. Consequently the preceding determinant identity reads

(4.10)

E[1g, det(I — WX)] = det (I ~ WKy _WKJQ> .

—Kgg I - Kgo

At W =0, this proves (4.7) without any invertibility assumption. If its value is positive, I — Kgq
is invertible. The Schur complement on the right of (4.10), followed by division by that positive
determinant, gives (4.9).
To extract the first moment, use det(I —tWA) =1 —t Tr(WA) + O(t?). The linear terms in
(4.9) yield
Tr(WE[Z | Gy]) = Te(WH) for every W.

Taking the matrix units for W gives each entry of (4.8).

Finally, K is nonnegative and doubly stochastic, as the mean of permutation matrices. Its
restriction K is substochastic. If a state in ) could not reach J by any positive-probability
path, its reachable set would be a nonempty closed subset of (). The restriction to that set would
have column sums one and eigenvalue one, forcing I — Kgg to be singular. Therefore every state
in @ has a positive path to J. Since there are finitely many states, some integer n and number
€ > 0 make the probability of leaving ) within n steps at least &, uniformly over starting states in
Q. It follows that

o0
IK&ho < (1—2)F,  (I—-Kgo) ' = ;)Kégq
]:

The first term of H records a direct next-step hit of J, and the term K JQKéQKQ 7 records a first
hit after j + 1 intervening steps in ). This proves its Markov interpretation and completes the
proof. O

We have now identified the conditional first moment at a finite set of cuts. In the hole
construction, each application of K in this Markov interpretation resamples the relevant interval
transition. It does not follow a single sampled permutation repeatedly. This distinction permits
the return calculation to use one-particle heat flow in the fixed exposed environment. Figure 1
summarizes the finite-cut reduction and the two probability laws it distinguishes.
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Unconditioned hole picture Q, on G Conditioned hole picture
—
K = EqlI Qa(- | Gy)
retain the retain the
one-step mean next-pin mean

Markov walk with transition K Conditional next-pin mean
First positive J-hitting kernel equal EX | GJ]

kernels

Figure 1: The first-moment reduction at a fixed exposure and a finite set J of pins on selected
time cuts, with Qa(G ;) > 0. The exterior-moment identity is used for the unconditioned law in
the upper-left box; Proposition 4.3 proves that the two routes to the lower-right box agree. The
lower-left walk resamples its transitions, whereas the upper-right law follows a single sampled
permutation. The equality concerns the next-pin mean and does not identify these two path laws.
When the exposure is averaged, its actual marginal still contains the factor gp(a) in (4.4).

4.3 Fresh turns and continuous boundary pins

Given an exposure a with gp(a) > 0, define the fresh-turn walk on holes as follows. Repeat
periodically the hole sets, forced transports, and revealed endpoint restrictions. Between those
prescribed changes, the walk jumps across every available slot edge at rate 1/2. At a forced
transport it follows that transport; at an endpoint completion it uses an independent uniform
completion at the current site. Use fresh Poisson exchanges and completion choices in each turn.
These prescriptions define a time-inhomogeneous Markov walk. On every bounded time interval it
has finitely many jumps almost surely. For a starting point i € T, write ij for its first strictly
positive visit to T, and 7g for its first visit to F, allowing infinite hitting times.

Lemma 4.4 (Return identity with boundary pins). For Pp-almost every exposure and every
1e€T,
Pp(next pin after i lies in T | H) = PY5 (7t < 75). (4.11)

In particular the first moment in (4.1) is the Pp-average of the corresponding fresh-turn return
probabilities in the exposed enviromment.

Proof. Fix an exposure for which Proposition 4.1 holds and gp(a) > 0. Choose increasing finite
deterministic time sets 7, with dense union, and let Dy ,, contain all boundary slots at the times
in 7,. Put

E, = Er U Dy, P,=FE,UT.

The cuts used below include all times occurring in P, as well as time 0 if necessary. An extra
unpinned cut merely subdivides an interval and does not change which cycles hit P,.

Under Qa, let G,, be the event that all hole cycles meet P,, and set g, = Qa(G,). The
events GG, increase. Almost surely the one-period hole picture has only finitely many random
exchanges, in addition to the finitely many prescribed changes. Its spatial visits have positive
residence time: independent Poisson jumps do not coincide with any prescribed change, and
within-site completions do not change the site. The exposed histories avoid Dy, so their cross
jumps cannot create an instantaneous boundary excursion either. Every boundary visit by a hole
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cycle is therefore detected by some cut in the dense union. There are finitely many cycles, whence

1g, T1g, Qa-almost surely, gn T gp(a) > 0. (4.12)

In particular, g, > 0 for all sufficiently large n. No invertibility is required for the earlier indices.

For such an n, Lemma 4.2 applies to the unconditioned layered hole permutation. With J = P,,,
Proposition 4.3 identifies each next-pin probability under Qa( - | Gy,) with the corresponding first-
hit probability for its matrix K. The latter is precisely the walk just defined, observed at the
finitely many cuts: interval choices are independent, including on later passes through the same
interval. Thus, if A, is the event in a fixed hole picture that the next P,-pin after ¢ belongs to T,

Qa(Gn N An) _ Pwalk
9n 2
On the picture side, a cycle through ¢ € T returns to 1" after finitely many periods, regardless
of which other pins it meets. Detection of boundary visits before that return shows that 14,
decreases to the event A that the next full P-pin is in 7. Together with (4.12) and bounded
convergence, this gives

(7';5 < TEg,)- (4.13)

Qa(GnNA,) — Qa(Gp N A).

Dividing by the positive limiting denominator yields the return probability under Qa( - | Gp).
For the walk side, use a single uncensored fresh-turn trajectory for all the tests. Its first positive
T-hitting time 7'; is then fixed, independently of n. The events on the right of (4.13) decrease.
A path in their intersection has Tj'f < 00, since this is already part of each event. If that path
had visited the boundary before ij , the positive residence time of the visit would make one of
the dense cuts detect it before 7/ Thus their intersection is exactly {7 < 7g}, up to a null set.
Continuity from above gives convergence of the probabilities. Finally Proposition 4.1 identifies the
limiting conditional picture law with the conditional law under Pp. This proves (4.11). O

4.4 Minimal hitting probabilities and return energy

We now ignore all pins of E except Dy in the stopping rule for this walk. The exposed environment
is kept fixed. This can only increase its probability of returning to 7. Let U = U(a) be its
one-period column-forward transition matrix from the cut at 6 to that same cut one period later,
killed upon every visit to the boundary, including at its initial point. Boundary coordinates can be
retained with value zero. With the post-jump convention at deterministic cuts, a period includes
all changes after its starting cut and through its ending cut; in particular the within-site completion
is included exactly once. All subsequent periods use fresh randomness.

We record the basic contraction property for later heat-flow estimates. For any subinterval, a
realization of all exchanges, forced transports, and completions gives a bijection between its initial
and final hole sets. Keeping only trajectories that avoid the boundary gives a partial permutation:
its matrix has at most one entry equal to one in each row and in each column. The killed transition
matrix C is the mean of these matrices. Hence

Ciyj >0, Y Cy<l, Y Cy<l,  [Colz< vl (4.14)
i i

Indeed Cauchy-Schwarz in each row gives >, [(Cv)i|* < Y2, Cyjlvj|* < 325 |v;/%. The same
inequalities apply to adjoints and to additional killing. Row sums bound propagated values by
one; column sums bound the total mass from a unit starting point. These are statements at a
fixed exposure, without any assertion of symmetry of U or invariance of the exposure law under
time reversal.
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Lemma 4.5 (Minimal hitting function and return energy). For almost every exposure under
Pp, let U be the boundary-killed one-period matriz just defined. There is a smallest nonnegative
function f on its cut holes satisfying

f=1onT, U'f=7Ffoff T. (4.15)

It is given off T by the probability of ever reaching T on a future turn before boundary killing. In
particular 0 < f <1, and f is zero on the boundary. With counting inner products,

(LU= =2 0-U ), m-r)=Ep(f,(I-U)f). (4.16)

€T
Both U and f in this expectation are functions of the same exposure, with the outer law in (4.4).

Proof. Set fo = 17 and recursively define

o1 =10+ 10 U™ fn, (4.17)

where the multiplication by the indicator is pointwise. Nonnegativity and the substochasticity of
U* show inductively that 0 < f,, < f,41 < 1. The Markov property identifies f,, off T', with the
probability of reaching T" within the next n periods before killing. Thus its pointwise limit f has
the asserted probability interpretation. There are finitely many coordinates, so passage to the
limit in (4.17) gives (4.15). A boundary starting point is killed immediately, and consequently
every f, and f is zero there.

If h is any nonnegative solution of (4.15), then h > fj and induction in (4.17) gives h > f,
for every n; hence h > f. This proves minimality. In particular f is zero on any closed class that
cannot reach 7. No assumption of certain absorption by the boundary is needed.

Since T occurs at a single time modulo the period, a strictly positive return from that cut to
T occurs after an integer number of periods. Conditioning on the first period therefore shows that
the relaxed return probability from i € T is (U*f);. By Lemma 4.4, the conditional probability
gi(a) contributing to (4.1) is the return probability with all of E retained. Hence

qi(a) < (U*f)Z (Z € T).
The vectors are real, so transposition in the scalar quadratic form and harmonicity off T" give

=2 (1= (U f)) <01~ aia).
i€l €T
Averaging under the actual exposure marginal gives (4.16). Measurability causes no additional

limiting issue: finite-time transition probabilities are measurable functions of the finite-jump
exposure, and f is the increasing limit of the finite-horizon functions in (4.17). O

For the estimates that follow, write n = 1p and g = f — 7. Then 0 < g < 1, (n,9) = 0, and
both functions have zero boundary values. Lemma 4.5 shows that the desired scale of quadratic
loss is m: for any € > 0,

Ep(f,(I-U)f)>m(l—¢) = r<ec.

The simultaneous pin test then bounds the old-pin avoidance probability by (2¢)™. The next
sections obtain this lower bound with a small error from the spatial distribution of holes and the
corresponding heat flow.
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5 Sparse obstacles and local diffusion

The return-energy problem requires two spatial estimates in each exposed environment. Mass
initially on T" must spread through nearby holes, and its pairing, after propagation, with the
remainder g = f — 1p of the hitting function must be bounded by the energy of that propagated
remainder. Short connections near each starting point supply the first estimate; flows through the
rest of the lattice will supply the second. We now derive the geometric conditions for both from
the sparse pin-test induction. This section bounds the probability that these conditions fail and
proves the local Nash inequality. Section 6 constructs the flows, and Section 7 uses both estimates
to close the induction.

5.1 The induction input and blocking between cuts
Fix throughout

1 1 Rt
“1000 YT 10040 YT 100
All spatial distances in this and the following two sections are in the supremum norm, and
Bp(z) ={z € Z%: |z — 2|00 < h}. A finite collection of slot points with spatial coordinates (z;)ic
is called sparse if

(5.1)

#lic Az € By(2)y <L+ h)*  (2€Z% h>0). (5.2)

Repeated spatial coordinates are counted with their slot multiplicities. The constant L >
max{2d, ¢,4} is fixed independently of all scales. For a set of distinct sites, sparseness means the
same inequality with one point per site. Every subset of a sparse collection is sparse.
Let 0 <p < 1, put
s=p 9 R = [C,s], B > b5s, (5.3)

and choose a finite circular time grid G C R/SZ containing 0, whose successive gaps are at most
p*®. Here C, > 1 is a fixed constant, to be chosen for the localization estimate. Write Vg = Vy xG.
For D = Dy U F', where F' C Vg, let |,(D) denote the assertion

Pp(A C Bp) < plAl for every nonempty sparse set A C Vg \ D at a single grid time.  (5.4)

There are only finitely many grid points outside Dy. Thus one may prove these assertions by
downward induction on the number of pins, starting from the vacuous assertion when every grid
point is pinned. In a step with pin set £ and test T', the set P = E UT has strictly more pins. In
the present section we assume l,(P); we do not assume |,(E). Under this hypothesis we will seek
a bound r(E,T) < e(p) with £(p) = o(p). Proposition 3.1 then yields the required p/”! bound for
the test under Pg, once 2¢(p) < p.

Expose Bp under Pp as in Proposition 4.1. A site is blocked at time t if none of its ¢ slots is a
hole. Denote the blocked set by ;. Extend the environment to Z? by making all slots outside A
available. Boundary sites also have all slots available because Dy C P. In particular O is finite
and is disjoint from the inner boundary.

Sparse growth serves two purposes. A blocked path crossing a large spatial scale will supply
a separated collection satisfying (5.2), so the restricted induction hypothesis can still detect
large obstacles. Later, the same growth bound on the test points will make overlaps between
their decaying flows summable. The component estimate below and the energy estimate in
Proposition 6.4 implement these two uses.
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At a grid time ¢, the induction input gives
Pp(A C O,) < pH! for every prescribed sparse set of distinct sites A. (5.5)

Indeed, choose one fixed slot at each site. If any chosen slot is pinned, or any site is outside the
volume, blocking is impossible. Otherwise the chosen slot points form an admissible test in |,(P).

Lemma 5.1 (Blocking at a deterministic time). Assume |,(P), and let t be any deterministic
time. There is a constant Co = Cy(d,£), uniform in p < 1, the volume, the period, the grid, and
P, such that, for every prescribed finite set A C Z% of distinct sites,

Pp(A C O;) < Cop*® if | Al = 2d, (5.6)
Pp(AC O) < (Co\/i))‘A' if A is a nonempty sparse set of distinct sites. (5.7)

Proof. Let q be the preceding grid time and I = (g, ], interpreted cyclically, so that |I| < p*?.
On-site permutations do not change the number of holes at a site. Consequently a site blocked at
t was either blocked at ¢ or has an incident inter-site mark in I. This remains true when I crosses
the time seam. By Lemma 2.4, the expected number of marks in the edge star of a prescribed site
during I is at most 2d¢?|I|. If all 2d prescribed sites are blocked at ¢, either they were all blocked
at q, or one of these finitely many edge stars contains a mark. Their set is sparse since L > 2d.
The union bound and (5.5) give p?¢ 4+ Cp*? < Cp*?.

Now let n = |A| and assume A is sparse. If every site of A is blocked at ¢, either at least [n/2]
of its sites were blocked at ¢, or at least [n/2] have an incident mark in /. For the first alternative,
summing (5.5) over subsets costs at most 2npln/2] For the second, one of the two lattice parities
supplies at least k = [n/4] sites with incident marks. Edge stars of distinct sites of the same
parity are disjoint. If NV, counts marks in the star of z during I, then for any such prescribed k-set
A’, the product [],c 4/ N, counts choices of k distinct marks. The factorial bound therefore yields

Pp(N. > 1forall z € A) <Ep [[ N. < (2d¢*|1|)F.
ze A’

Summing over at most 2”1 possible choices bounds the second alternative by 2”“(C’p4d){”/ 41,
As 4d[n/4] > dn > n/2, both alternatives are bounded together by (Co,/p)", after enlarging
Cy. These are separate event bounds combined by a union bound; no independence between old
blocking and intervening marks is required. O

5.2 Admissible binary witnesses and component tails

Join two blocked sites when their supremum distance is at most 8. All components and paths of
blocked sites below use this adjacency. For z € Oy, let Ci(z) be its component and set

d.Ci(z) = iy
rad, Cy(z) wrélczié)]w 2|

The next lemma gives a tail uniform even as the bootstrap parameter is subsequently decreased.

Lemma 5.2 (Uniform component tail). There are pg > 0 and ¢,C,~ > 0, depending only on d, £
and the fized sparse-growth choices, such that whenever 0 < p < pg and |,(P) holds,

Pp(z € Oy, rad, Ci(z) > h) < Cexp(—ch?)  (2€2Z% h>1) (5.8)

at every deterministic time t. The constants ¢, C,y are fized once pg is fired and work simultaneously
for all p < pg.
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Proof. Fix an integer b > 100 so large that 0 > 4, and put h; = 16b7. We first describe exactly
which site lists will be used as witnesses. Their separated binary-tree structure is also used in
multiscale cascading-event arguments; see, for example, [34, Section 3]. Here the leaf probabilities
will come directly from (5.7). A depth-j witness rooted at z is an assignment of sites z,, to the
vertices w of a rooted ordered binary tree of depth j, with x5 = z. If a vertex w has k > 1 levels
below it, require

L0 = Taw, Tyl € Bhk+8<xw)a diStoo(Ew(]a Ewl) > hk/47 (59)

where L, is the set of leaf sites descended from child wa. Call such an assignment admissible. Its
leaves are distinct by the separation condition. Depth zero has just the prescribed root as its leaf.

A blocked crossing from z to distance at least h; produces an admissible witness all of whose
leaves are blocked. For j = 0 use the root alone. For j > 1, truncate the crossing at its first exit
to distance hy; it is contained in B, g(2). One child crossing starts at z. The other starts at the
first site whose distance from z is at least h;/2, hence at distance at most h;/2 + 8. The remaining
part of the parent crossing reaches distance at least h;/2 — 8 from this second start. Each child
can thus be truncated at its first exit to distance h;_1, and is contained in its start-centered ball
of radius hj_1 + 8. The distance between these two balls is at least

hj/2 —2(hj_1 +8) > h;/4.

Recurse on the two truncated child crossings. Every descendant leaf remains in its child’s truncated
crossing, so all the separation conditions in (5.9) hold.

Every admissible witness has a sparse leaf set. Indeed, for 1 < k£ < j, a ball of diameter strictly
less than hj /4 meets at most one child at every split of scale at least hy. It therefore contains at
most 2871 leaves. If hy_1/8 < h < hy/8, this bound is at most L(1 + h)®, since

L(1+ h)* > L(2bF 1™ > 2k-1,

For h < hg/8 there is at most one leaf, and for h > h;/8 the same calculation allows all 27 leaves.
The depth-zero case is immediate. This verifies (5.2) for all centers and real radii, including the
scale endpoints.

Let A; be an upper bound on the number of admissible assignments rooted at any prescribed
site. At the top split the first child root is fixed and the second has at most (thj)d choices.
Ignoring restrictions between the two child assignments gives the numerical overcount

Ao=1,  A; < (Cahy)?AZ .
In particular
J .
277 log A; < d 27 "log(Cahy) < log €y, < o0, A;<CF.
k=1
Only admissible assignments enter the probability union bound. The unrestricted product used to
bound their number need not itself consist of sparse witnesses.

For each admissible assignment, Lemma 5.1 bounds the probability that all its leaves are
blocked by (Co\/ﬁ)QJ. Choose pp < 1 once and for all so that Cy,Cyy/po < e~2. For every p < po,

Pp(z € Oy, tad, Cy(2) > hy) < exp(—2-279). (5.10)

For h > 16, choose j > 0 with h; < h < h;+1. Then 29 > (h/(16b))", where v = log;, 2 > 0. This
proves (5.8); increasing C' covers 1 < h < 16. No constant in this last step changes when p is
decreased further. O

27



5.3 Regular anchors

We now separate the geometry near the starting point of a localized mass from the geometry
farther away. Nearby, fewer than 2d blocked sites in each fixed-radius ball will preserve short
lattice connections; these connections transfer the lattice Nash inequality to the holes. Farther
away, a sublinear bound on component radii will control the displacement of the routes used for
flows to infinity in Section 6. The first condition gives local diffusion, and the second permits the
global energy comparison. Let M, be a fixed positive integer. Its required size will be specified
below, independently of p.

Definition 5.3 (Regular anchor). For a spatial anchor € Z¢, call time t regular for x at scale R
if both conditions hold:

1. For every z € Biir(z), #(O: N By, (2)) < 2d.
2. For every z € Oy \ Bior(z), rad, Ci(2) < (1 + |z — z|0)”.
For i € T, “regular for i” means regular for its spatial coordinate x;.

Proposition 5.4 (Probability of irregularity). Fiz M,. Under |,(P), for all 0 < p < pg, all
deterministic times t, and all spatial anchors x,

Pp(t is not regular for x) < § := CR¥p*? + C exp(—cR®), E=vy>0. (5.11)

Here R > 1, and the constants may depend on M, but are uniform in p < pg, volume, period, grid,
pin set and anchor.

Proof. There are at most CR? centers in Byjr(x), and a ball of radius M, has a fixed number of
2d-element subsets. The union bound and (5.6) therefore bound failure of the first condition by
CR%?*. By Lemma 5.2, failure of the second has probability at most

C Z exp(—c(1+ |z — 2|e)"?) < Cexp(— R™).
z:|z—2|0o >10R

For the last inequality, count at most C(1 + n)%~! sites at distance n and absorb this polynomial
and the tail summation into half of the exponential. Since vy > 0 is fixed, the resulting constants
are uniform. Add the two bounds. O

We will use (5.11) only at prescribed times and after integration in time. It asserts neither
independence between slices nor regularity simultaneously at every time.

5.4 Local connections and the Nash inequality

The remaining statements in this section are deterministic. At a fixed time let H; be the graph
whose vertices are the available slots on the extended lattice and whose edges join every pair of
available slots above nearest-neighbor sites. For a real function v on its vertices define

Di(v) = = Z (v; — ;)2 (5.12)

{i,J}YEE(H4)

Edges in this sum are unoriented and counted once. Norms use counting measure on the available
slots. When a function describes killed mass, its values at the physical boundary and outside the
volume are zero. Thus (5.12) includes the edges into the zero-valued boundary, as required by
Dirichlet killing.
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Lemma 5.5 (Uniform local connectivity). Let d > 2 and K > 1 be fixzed. There is an integer
p = pld,K) > K + 1 such that the following holds. If u,v € Z%, |u — v|eo < K, and F C Z¢
satisfies

u,v ¢ F, #(F N By(u)) < 2d,

then a nearest-neighbor path from u to v avoids F, lies in B,(u), and has length at most (2p + 1)%.

Proof. First suppose F' is a set of fewer than 2d sites in the whole lattice. The complement of a
box containing F is connected when d > 2, so Z% \ F has only one possible infinite component. It
has no finite component: from a vertex of such a component the first exit along each of the 2d
positive and negative coordinate rays must lie in F, giving 2d distinct deleted sites. Hence Z¢ \ F
is connected.

The confinement radius can be uniform when the two endpoints have bounded separation.
Otherwise, after translating the first endpoint to 0, there would be sets F,, with |F,| < 2d and
surviving endpoints v, € Bg(0), admitting no path inside B, (0). Pass to a subsequence with
vy, = v and with the indicators of F}, converging pointwise on Z%. The limiting set F., has fewer
than 2d sites and avoids both endpoints. By the preceding paragraph there is a finite path from 0
to v avoiding Fi,. For all sufficiently large n, this path lies in B,,(0) and avoids F},, a contradiction.
Choose a uniform radius p > K + 1.

For the asserted local version apply this conclusion to F' = F'N B,(u), a set of fewer than 2d
sites in the whole lattice. The resulting path lies in B,(u), where F’ and F agree. Erasing loops
gives the claimed length bound. O

We may now make the local radius choice without reference to p. Fix
Keonn = 8(2d — 2) + 12, M, > max{8(2d), p(d, Kconn) + 2}. (5.13)

We henceforth require R to exceed these fixed local radii, which is achieved by decreasing the final
p. At a regular anchor, Lemma 5.5 is now available for surviving sites within separation Kconn,
whenever its first endpoint lies in Bjjg(x). In particular, it applies to every short connection used
below. This choice also serves the local source connections in Section 6.

The next estimate uses Nash’s norm—energy inequality and its diffusion mechanism [31, Part IJ.
The transfer to the available slots uses path comparison of Dirichlet forms, a method developed
systematically by Diaconis and Saloff-Coste [9, Theorem 2.1]. We supply the comparison for the
present obstacles and zero extension explicitly.

Proposition 5.6 (Local Nash inequality). Fiz d > 3, £, and M, as in (5.13). Let H; be an
available-slot graph with at least one and at most £ slots at every unblocked site, and suppose t is
reqular for x at scale R > My + Kconn + 3. FEvery nonnegative function v supported on slots above
Bpg(x) satisfies
2+4/d 4/d
ol < CDi(o) 0]y, (5.14)

where C' depends only on d,f and the fized local radii.

Proof. We transfer v to a lattice function while controlling energy, then prove the lattice inequality
by averaging. At every surviving site z, choose an available slot maximizing v, and let V(z) be
this maximum. Every blocked site in Br43(x) has a surviving nearest neighbor: otherwise its 2d
neighbors alone would violate the first regularity condition in the ball centered there. Choose one
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such neighbor ¢(z) and define

V(z), z ¢ O,
w(z) = V(¢(2)), 2z€ OrN Brys(z),
0, z € Ot\BR+3($).

The function w is supported in Br1(z). Since a site’s value is copied only by its nearest neighbors,
[oll3 < lwl3,  llwlli < (2d + Dol (5.15)

For a lattice edge {z, 2’} with a nonzero endpoint value, both endpoints belong to Bryao(x).
Each of w(z),w(z’) is the value at a chosen maximizing slot over a surviving site, say u,u’, at
distance at most one from the corresponding endpoint. Thus |u — u/|o < 3 and u,u’ € Brys(x).
Lemma 5.5 joins them through surviving sites within a fixed radius of u, with a fixed length
bound. Lift this path using the chosen maximizing slot at every site. Every lifted edge is available
because all pairs of available slots across a lattice edge are joined. If u = o/, the difference is zero.
Otherwise telescoping and Cauchy—Schwarz show that (w(z) — w(2’))? is at most a fixed constant
times the sum of (v; —v;)? along the lifted path. For any fixed slot edge, only a bounded number
of the original lattice edges can have a path using it: all of their endpoints lie within a fixed radius
of that edge. Hence, summing,

Z (w(z) —w(2))? < CDy(v). (5.16)

{z,2' }:|]z—2'|1=1

For completeness, write £;q4(w) for the sum on the left of (5.16). For an integer k > 1, let Apw
be the average of translates of w by the points of {0,...,k — 1}, Telescoping a translate along
coordinate directions, followed by Cauchy—Schwarz, gives

|w — Agw||3 < Cak?Epa(w).

The averaging kernel has counting 2-norm k~%2; the convolution inequality therefore gives

|Apw||? < k~4||w||?. Consequently
[w]|3 < Cak*Ega(w) + 2k~ ||wl]3.

If w # 0, choose k = [(4]|w]|?/||w]|3)/4]. The second term is at most ||wl|3/2, and ||w||?/||w]|3 > 1
bounds the effect of rounding. Absorption yields

2+4/d 4/d
lwll37 < Caga(w) ol
For w = 0 the inequality is immediate. Finally use (5.15) and (5.16) to obtain (5.14). O

The order of choices is now explicit. First fix d, ¢, the exponents in (5.1), the witness scale
ratio b, and L. Next fix the preliminary pg and the uniform tail constants in Lemma 5.2. Fix the
connectivity radii and M, by (5.13); this fixes the constants in Proposition 5.4 and Proposition 5.6.
Choose C, for localization, and only then decrease p < pg so that R exceeds the fixed radii and
the leakage error is small enough to close the induction. Thus no tail constant deteriorates as the
final p is decreased. The next section uses the same regularity conditions to construct flows to
infinity, complementing the local diffusion bound proved here.
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6 Flows around the blocked components

Fix one time slice t. The graph H; consists of the available slots, including all ¢ slots at every
site outside A, with all available slot pairs across each nearest-neighbor site edge. Write Z = O,
for its finite blocked set. We will represent masses near regular anchors as divergences of flows
with controlled energy. This will bound their pairing with a function by that function’s Dirichlet
energy, the estimate needed for the cross term in Section 7. The divergence and energy viewpoint
is the classical electrical-network flow method; see [11, Sections 1.3.5 and 2.4.6]. The geometric
work here is to retain a quantitative decay bound after routing through this dependent obstacle
configuration.

Give every unoriented slot edge e a reference orientation (e, e™). A flow is a real function J on
these reference edges; its divergence is outgoing minus incoming flow. Thus a signed unit path from
a to b has divergence 1y, — 1g). Write dist(e,y) = min{|z — y|w : @ is an endpoint site of e}.
Constants in this Section depend only on d, £ and the fixed geometric constants in Section 5, never
on the slice or volume.

The construction begins with a full-lattice unit flow whose strength at distance h from its
source is O((1 + h)'~%). We replace each oriented lattice edge by a path through available slots,
with endpoints given by one application of a map on the original vertices. A short additional path
then restores the source at the specified slot. The geometry below bounds the displacement of the
replacement paths, and hence the number of original edges that can contribute to a given available
edge. The resulting decay will let us add flows from a sparse collection of sources with controlled
total energy.

6.1 Filled hulls and their surviving boundaries

We first thicken each blocked component to obtain clearance for routes around it. After filling the
finite pockets of its complement, we will show that the exterior vertex boundary is connected by
sup-norm steps of length at most one. These steps can be replaced by unblocked nearest-neighbor
paths. The filled sets may be nested; their inclusion-maximal members will give disjoint regions
on which to define the vertex map.

Let C range over the components of Z for steps of sup norm at most eight. Set

Ac ={z €7 dist(z,0) <4},  Hc=12%\Ug,

where Ug is the infinite nearest-neighbor component of Z%\ Ac. Such an infinite component is
unique: the exterior of a box containing A¢ is connected when d > 2. Thus H¢ is A¢ with its
finite complementary components filled in. The exterior vertex boundary of H¢ is

Sc ={v ¢ Hc : some u € He satisfies |u —v|; = 1}.

The exterior-boundary connectivity in the next lemma is the lattice case of Timéar’s boundary-
connectivity result [35, Lemmas 1-2]. We include the plaquette proof together with the separate
hull and clearance estimates needed for the routes.

Lemma 6.1 (Hull topology and clearance). Let d > 2 and let Z C Z¢ be finite. The sets Ac are
pairwise disjoint and nearest-neighbor connected. Each Heo is finite, is nearest-neighbor connected,
has connected complement, and is contained in the coordinate bounding box of Ac. Any two hulls
are disjoint or one contains the other.
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For every edge {u,v} with uw € He, v ¢ He,
dist(u, C) = 4, dist(v, C') = 5. (6.1)

Both endpoints are unblocked. The set Sc¢ is connected by steps of sup norm at most one. Fach
such step can be replaced by a nearest-neighbor path of unblocked sites, contained in the unit
enlargement of the bounding box of Ac. Consequently any two points of Sc can be joined by a
finite path of unblocked sites in that enlargement.

Proof. Distinct components have mutual distance at least nine, so their radius-four thickenings
are disjoint. The radius-four lattice cubes about successive points of a component intersect; their
union is connected. Every finite complementary component has a neighbor in A¢, which proves
that filling preserves connectivity. A vertex outside the coordinate bounding box has a coordinate
ray avoiding that box, so it belongs to Up. This proves finiteness and the claimed containment.

For laminarity, take two disjoint connected thickenings A¢, Acr. The second lies in a single
component of the complement of the first. If it lies in a finite component, then Ug is an infinite
connected subset of the complement of Axr, whence Ug C U and Her C He. The reversed
containment is treated identically. In the remaining case each thickening lies in the infinite
complementary component of the other. Then H¢ avoids A¢r and is connected; since it contains
Ac C Ugr, it lies wholly in Ugr. Hence Ho and Her are disjoint.

We next prove connectivity of the exterior boundary without a planar separation argument. Let
Ec be the edges between He and Ug, and join two of these edges when they lie on an elementary
lattice plaquette. Every plaquette meets £ an even number of times, and all cut edges of one
plaquette belong to the same component of this edge relation. Thus each component separately
meets every plaquette evenly. It then meets every finite closed lattice walk evenly: modulo two,
such a walk is a sum of elementary plaquettes, as follows by commuting successive steps in different
coordinate directions and canceling inverse steps. If the cut had two components, take one edge
from each, join their inner endpoints within Hc and their outer endpoints within Ug. The resulting
closed walk uses exactly one cut edge from each chosen component, a contradiction. The cut is
therefore connected by plaquettes. The outer endpoints of cut edges on a common plaquette have
sup distance at most one. This proves the asserted connectivity of S¢.

An inner cut endpoint v must belong to Ag: otherwise a complementary pocket containing u
would be adjacent to the infinite component through v, which is impossible. Since v ¢ A¢ and
|u — v|oo = 1, the distances to C are exactly four and five. For another component C’; separation
gives dist(v,C") > 4 and dist(u,C’) > 5. To interpolate a sup step between two points of S¢,
change the differing coordinates one at a time. Every intermediate vertex is within sup distance
one of its starting point, hence has distance at least four from C and at least three from every
other component. All these vertices survive. They also remain in the coordinate bounding box of
Sc, which is contained in the unit enlargement stated above. O

Keep only the inclusion-maximal hulls and denote their family by $. They are pairwise disjoint
and contain all blocked sites. Choose one representative rg € So for each H = Hg € §, and
define a map on sites by

o(z) = {T‘H, ze e, (6.2)

z, 2 ¢ Upeg H.

All images are unblocked. The map is applied once. A representative can lie in another hull, so no
identity p(rg) = rg is assumed.
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For each oriented lattice edge (u,v), join p(u) to p(v) as follows. If both endpoints are in the
same hull, use the empty path. If neither is in a hull, use the edge itself. If only u belongs to a hull
H, then v € S and a path along its surviving boundary joins 77 to v; reverse this prescription
when only v is in a hull. Finally, if u € H and v € H' for distinct maximal hulls, both v and v
survive and the signed route is

TH — U — u — Tp. (6.3)

The first portion uses the exterior boundary of H, the last the exterior boundary of H’, and the
middle portion traverses the original edge in reverse. Indeed v € S¢ and u € S¢r. Erase loops from
the resulting walk, leaving a simple path with the same endpoints. This path stays in the enlarged
bounding boxes of the hulls incident to the original edge, together with that edge. Figure 2 shows
an exterior-boundary detour and the adjacent-hull case in which the one-use convention and the
sign of the middle portion matter.

33



(a) A filled pocket and an exterior detour
TH

surviving route
from rgy to v

blocked
ring C

filled pocket

B,(0)
.A;C ........... He — Buo(0)
(b) Adjacent hulls exchange representatives
Hy = [~4,4)¢ Hy = 9eq + [—4, 4]

original edge
0 9e1
- {e -
U

=4dey =rp, v = de; = T,

routed edge

p(u) =v, pv)=u
div 1'U—>u = l{v} — 1{u}

Figure 2: Replacing lattice edges by surviving paths. In (a), a two-dimensional example, C' =
{z : |z]oc = 6} is a blocked ring. Its radius-four thickening is Ac = {2z : 2 < |z|o < 10}; filling
the surviving pocket B;(0) gives Ho = Bjo(0). The original edge u — v, with v = (10,0) and
v = (11,0), is replaced by the indicated path from rg = (0,11) to v. The open corner is a surviving
interpolation vertex outside S¢: a nearest-neighbor route need not remain in S¢ itself. In (b),
the only blocked sites are 0 and 9e;. Their filled radius-four hulls are the two displayed lattice
cubes, shown schematically in a coordinate slice; the transverse scale is compressed. Both u = 4e;
and v = He; survive. Choosing ry, = v and 7y, = u sends the oriented original edge u — v to
the reverse edge v — u. This is the case of (6.3) in which the two boundary portions are empty.
Applying p again would undo this required image exchange. Panel (a) illustrates the definitions in
d = 2; the hull and boundary properties in every d > 2 are proved in Lemma 6.1.
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6.2 A decaying unit flow from every nearby slot

The topology gives routes for all lattice edges. Regularity now bounds their displacement, which
will bound the number of routes using any one target edge.

Proposition 6.2 (Decay of a routed unit flow). Let d > 3, v = 1/(100d), and suppose the anchor
x is regular in the sense of Definition 5.3. Fix the local constant M, as in (5.13) and take R
sufficiently large in terms of those fized constants. For every available slot a at any site y € Br(x)
there is a flow J, on the available-slot graph such that

div J, = g4, |Ju(e)| < C(1 +dist(e,y)) %,  k=d—1—dv (6.4)
In particular, ", Ja(€)? < 0o.

Proof. First we quantify the hull sizes. A blocked component meeting Bigr(x) has fewer than
2d vertices. Otherwise, starting at a vertex there, a connected exploration would find 2d vertices
within 2d — 1 component steps, all in a ball of radius 8(2d — 1) < M,, contradicting regularity.
Such a component has diameter at most 8(2d — 2), and its hull has diameter at most

Dige = 8(2d — 2) + 8.

For a component avoiding Bigg(x), let bo = min,co |2 — 2|0 > 10R. Applying remote regularity
at a minimizer gives
diam He < 2(1 + beo)” + 8. (6.5)

This also bounds the diameter of its coordinate bounding box. Since v < 1, increasing a fixed
lower threshold for R makes the right side, plus any of the fixed enlargements used above, at
most bo/10. All sites of these enlarged boxes then have distance comparable to be from every
y € Bgr(z). In particular, no such remote box contains y.

Apply the routes following (6.2), using fixed choices of representatives and paths. The preceding
size bounds show that the route of a lattice edge e lies within distance

C(1 + dist(e,y))” (6.6)

of that edge. For a local hull this is the fixed bound Dj,. + 2. For each remote hull incident to e,
an endpoint of e belongs to its bounding box, so its bc is comparable to 1 + dist(e, y); now use
(6.5). The same reasoning applies when the edge joins two hulls. These comparisons are uniform
over all injection sites y € Br(x).

Choose one canonical available slot ¢(z) at each unblocked site z. Lift every routed site path
to these canonical slots. All its edges exist because every pair of available slots across a lattice
edge is present. The map of the original lattice vertices into slots is 1(z) = ¢(p(z)). Its preimages
are finite: outside the finitely many finite hulls it is injective, and only those hulls can supply
additional preimages.

We also need a bounded path from the specified slot a to ¥ (y). If y is in a hull, that hull
is local and the separation between y and p(y) is at most Dy, + 1. Both sites are unblocked,
so Lemma 5.5 joins them through survivors in a fixed neighborhood of y. Its assumptions hold
because y € Bgr(x), the neighborhood has fixed radius, and R dominates that radius. Lift this
path, starting at a. If p(y) = y but a # ¢(y), use a two-edge path through a surviving neighbor
of y. Such a neighbor exists, since blocking all 2d neighbors would violate local regularity. Thus
in all cases there is a simple slot path @, from a to ¥ (y) of bounded length and displacement.
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The choice Kconn > 8(2d — 2) + 12 in the local-connectivity construction covers these requirements
before M,, R, and finally p are fixed.

Start with an explicit unit flow F, on the full lattice. In the positive orthant based at y, give
each site y +n, n € Z4,, |n|; = N, mass

N4d—1\"
a =
N d—1 )
and send the fraction (n; + 1)/(IN + d) along its edge in direction e;. Put zero on all other edges.
At a site y + n of level N > 1, the incoming mass is

25Ny —u N _
N+d—1 N INtad-1

which equals its outgoing mass. The outgoing mass at y is one. Consequently

anN_—1 an,

divF, =1g,  |[Fy(e)] < C(1+dist(e,y))' (6.7)

For each lattice edge, send its signed Fy-value along its lifted simple path. To justify this
infinite sum and estimate it, fix a target slot edge f and write h = dist(f,y). If the route of an
original edge e uses f, put ¢t = dist(e, y). The displacement bound gives

lh—t|<C(1+t)"+C.

Because v < 1, this implies 1 + ¢ < 1 + h, with uniform constants: above a fixed threshold the
error is at most (14 ¢)/2, and below that threshold all quantities are bounded. It follows also that
e lies within distance C'(1 4 h)¥ of f. There are at most

C(1+h)¥ (6.8)

such lattice edges. Each routed path is simple, so any one of them uses f at most once. Sum-
ming (6.7) over this finite set gives a well-defined flow J? with

1T2(f)] < C(1+ h)t -,

The count (6.8) already counts all contributions to f; no path-length factor is present.
Local finiteness of the path sum and finiteness of the vertex preimages justify the divergence
calculation at any slot b:

divJi(0) = > Fye)(Lipw=t) — L{pw)=t})

e=(u,v)
= Z leFy(Z) = 1{1/1(y):b}'
zp(z)=b
Here one fixed orientation is used for each original lattice edge; the signed route is always from
¥(u) to ¥(v). Adding the unit path flow from a to 1 (y) therefore gives
Jo=Jy +1q,,  divJ,=1,.

The connector has fixed bounded support near y, so enlarging C' preserves the envelope (6.4).
Finally, 2k > d for d > 3, and the number of slot edges at radius A is at most C(1+h)4~!. Squaring
the envelope and summing proves finite energy. Equivalently, this is a unit flow to infinity: its net
outward flux across any finite vertex set containing a is one. O
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6.3 Overlap and arbitrary subunit injections

We now combine the individual flows. Their decay, rather than a disjointness property of their
routes, controls their total energy.

Lemma 6.3 (Overlap of two flows). Suppose two flows on an available-slot graph obey
[ 7(e)] < Co(1+dist(e,y)) ™", |J(e)] < Co(1 +dist(e, )",
where d/2 < k < d. Then

Z!J ) S CL+y —yle) ", (6.9)

where C' depends only on d, ¢, k,Cp.

Proof. Write H = 1+ |y — /|- For bounded H the assertion follows by summing the squared
envelopes and Cauchy—Schwarz. Otherwise, in the ball of radius (H — 1)/3 about either center,
the other envelope is at most CH ¥, whereas the sum of the nearer envelope is at most CH%*.
These two regions cost C H% 2. In the remaining region the two distances are comparable. Dyadic
annuli of radii comparable to 2/H, j > 0, cost at most

CZ(2jH)d—2k < CHd_2k,
Jj=0

since 2k > d. Changing a site distance to the distance from an incident edge changes it by at most
one, and the number of slot edges per site is bounded by 2d¢?. Thus the same estimates apply to
the stated edge sum. O

Proposition 6.4 (Energy for arbitrary injections). Let d > 3, a = 1/100, and v = 1/(100d). Fiz
M, as in (5.13) and take R sufficiently large as in Proposition 6.2. Let T be a finite set of m
anchor slots with sites x;, satisfying

#{ieT:z;€By(2)} <LA+h)* forallzeZ% h>0.

Fixz an available-slot graph and a subset I C T of anchors reqular for this graph. For each i € I,
let p; be any nonnegative mass on its slots, supported over Br(z;) and satisfying >, pni(a) < 1.
There is a flow J such that

divJ = i, > J(e)* < C|I|R* < CmR*. (6.10)
i€l e

Consequently every finitely supported real function g on the graph satisfies

(o)

All constants are uniform over the choices of I and of the masses.

1/2

(CmR*D(g)) D(g) =

> (gle™) —g(eh))*. (6.11)

e

Proof. The empty case uses J = 0. Otherwise, for each slot a in the support of u;, take a unit
flow J; o from Proposition 6.2, using anchor z;, and set

J = Z Zﬂi(a)Jla

i€l a
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This is a finite linear combination, and its divergence is as asserted. Put ¢ = 2k—d = d—2—2dv > a.
By Lemma 6.3, the absolute overlap of J; , and J; is at most C(1 + |ya — Yb|oo) ~7, Where Yo, Yp
are the sites of their injection slots. If |z; — | > 4R, then |y, — Ynloo > |Ti — Tj|oo/2, uniformly
over both supports. For the remaining anchor pairs use the uniform constant overlap bound. The
mass bound of one per anchor therefore gives

S I <OY R T ey —wilo ARV Y (L — i)
e icl jerI
|zj—i|co>4R
The first term is at most CLR®. Splitting the second into annuli 274R < |zj — Ti|oo < 2tI4R
bounds it by
CLY (2’R)* 1< C,
Jj=20
because R > 1 and ¢ > «. This proves (6.10), including repeated anchor sites since the growth
assumption counts slots.
Finally, finite support of g permits summation by divergence without a term at infinity:

<Z Mi79> = J(e)(gle™) —g(eh)).

Cauchy—Schwarz and Y, |V.g|? = 2D(g) give (6.11). In particular it applies to functions that
vanish on the killed boundary and outside the physical box, with exactly the energy normalization
in (5.12). O]

The construction is deterministic at a single slice. Thus the masses and the set of regular
anchors may depend on the whole exposed environment; the pairing bound requires neither
independence nor a choice of flows continuous in time.

7 Heat-flow leakage and the pin bootstrap

We now use the geometric estimates to bound the return fraction in the simultaneous pin test.
The main task is to prove that the hitting function loses nearly m units of squared norm during
each of two short portions of a period, where m is the number of new pins. Local diffusion spreads
the mass on those pins, and the flow estimate controls its pairing with the rest of the hitting
function. Averaging the accumulated heat dissipation will absorb this pairing. The Nash method
for Markov semigroups is developed in [10, Section 3]. The proof below accounts explicitly for the
changing hole sets, killing, instantaneous contractions, and the restriction of the Nash inequality
to regular times.

Throughout the section, d > 3, £ = 25, and A is a finite cube. We use the parameters of
Section 5, namely

1 1 11
= — V= ——— —_
100° 100d "7 10
The spatial growth constant L, the regularity radius M,, and the constant C, will be fixed

independently of the final choice of p. The test T consists of m > 1 distinct slot points at one
time, is disjoint from E D Dy, and satisfies

#{ieT:x€Byz)y <L(A+h)* (ze€z% h>0). (7.1)

s=p 9, R = [C.s], B > 5s.
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Here x; denotes the site of the slot point ¢. Write P = E U T, and sample the exposed paths
under Pp, as in Proposition 4.1. Expectations of quantities determined by these paths use their
actual marginal, including the factor gp in (4.4). At a fixed exposure, the propagators use the
unconditioned fresh-turn walk. As in Proposition 3.1, r is the expected fraction of points of T’
whose next pin along the actual cycle again belongs to T'.

Recall the one-period, column-forward kernel U of the fresh-turn walk, killed on visiting Dy.
At the cut containing 7', the function f of Lemma 4.5 is 1 on T" and, off T', is the probability of a
future visit to T" before killing, namely the minimal nonnegative hitting solution. In particular,

0<f<1, flaa=0, U f=foff T, md—r)=Ep(f,(I-U)f). (7.2

The last inequality incorporates the conditional first-moment identity of Proposition 4.3 and the
relaxation of the other pins of E. A class of the relaxed walk that never reaches T has f = 0;
certain absorption is unnecessary. In particular f is a function of the exposed paths, and we
will not require it to be independent of any geometric event. All the propagators below are
measurable functions of finite-jump data. The hitting function is measurable as the increasing
limit of finite-horizon hitting probabilities, so the expectations used below are well defined.

For grid pin sets satisfying the larger-pin induction hypothesis I,(P) of (5.4), our aim is

Ep(f,(I=U)f)=zm[l —e(p)],  &(p)=o(p). (7.3)

Together with (7.2), this gives r < e(p). The simultaneous pin test then recovers Pg(T C Bg) < p™
once 2¢(p) < p, closing the induction step. To obtain (7.3), split f = n + g, where n = 17 and
g=f—mn. Then 0 < g <1 and (n,g) = 0. We first relate the quadratic form to norm losses at
both ends of the period. The Nash estimate will make the propagated n small in squared norm,
while the flow estimate will control its pairing with the propagated g through the square root of
that function’s energy at the same time.

7.1 Ordered propagation and the two ends of a period

We first fix one exposed environment. Between its finitely many instantaneous changes, the
surviving interior holes carry the symmetric rate-1/2 heat equation. A boundary hole is assigned
value zero. Thus the generator on an interior hole k is

(L) =5 > (@ — ), (7.4)

j:{J,k} is an available slot edge

where v equals v on interior holes and zero on boundary holes. The diagonal includes the escape
rates to the boundary. This is continuous killing throughout the heat interval.

At an instantaneous change, let F' be the forced bijection or the average of the allowed within-
site completion bijections, from the hole set just before the change to that just after it. If R_ and
R are the projections deleting killed coordinates on those two sets, respectively, the killed factor
is

R.FR_, (R.FR_)*=R_F*R,. (7.5)

The projections remain in this order. For heat intervals, the corresponding assertion follows either
from the symmetric Dirichlet generator or by transposing the sampled surviving paths.

By the subpermutation argument in (4.14), these matrices, their products, and their adjoints
are nonnegative, have row and column sums at most one, and contract the counting ¢? norm. We
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will also use the two sum bounds separately: the row bound gives 0 < Av < 1 when 0 < v <1,
while the column bound gives ||Av||; < ||v||; for v > 0.

Put the time of T at the beginning and end of a period. Let C\, be the initial propagation
of duration u, and let C}*¥ be the adjoint of the ending propagation of duration u. Forward
propagation includes the changes after its initial cut through its final cut, under the post-completion
convention at time zero. Reverse propagation traverses precisely those factors in the opposite
order. If the ending cut is a completion cut, its adjoint completion is the first factor traversed in
reverse time. It is included exactly once, including when it occurs immediately at elapsed time
zero. We set Cp = C{®¥ = I on the initial, already unkilled coordinates and count any such initial
reverse jump in every positive duration that traverses it. This convention allows a contraction
jump at u = 0+.

Lemma 7.1 (Leakage at both ends). For every fixed exposed environment, s > 0, and period
B > 4s, the preceding killed propagators satisfy, for every real vector v on the holes at the
distinguished cut with zero boundary values,

1 rev
(v, (T = U)o) = 3 (Iloll3 = ICasvll3 + [10]13 — 157 013) - (7.6)

Both u — ||Cyv||2 and u — ||CLVv||2 are nonincreasing.

Proof. The nonoverlapping initial and ending portions factor U = BM A, with A = Cy,, B* = C5YY,
and M the intervening propagation. At 5 = 4s, assign every shared-cut jump once according to
the preceding convention and take the intervening identity on that cut. All factors are contractions,
SO

(v,Uv) = (B*v, MAv) < ||B*0||2]|Av[l2 < 5| B™|3 + [ Av]]3).

This proves (7.6). Longer initial portions are obtained by left multiplication by further contraction
factors. For the ending adjoints the same fact follows after reversing the factor order, using (7.5).
It proves both monotonicity assertions. O

The reverse construction has symmetric heat between changes, inverse forced transports,
averages of inverse completion bijections, and the ordered killing projections. Thus it has the same
deterministic analytic properties as forward propagation. Its environment is the original exposed
environment read in reverse order; no invariance of the environment law under time reversal is
asserted or needed.

Thus (7.3) will follow if each of these two propagations loses at least m[1 — e(p)] in expected
squared norm by time 2s. We prove both estimates through the same argument.

For the rest of the estimates, C,, denotes either of the two propagations, and t(u) denotes its
physical time slice modulo 8. On the available slot graph, extended by all slots outside A, use the
energy

Di(v) = = Z (vj — vg)?.
{j,k} available at t
Vectors propagated in the box are extended by zero on its boundary and outside. Since the
boundary is the inner boundary, any edge crossing out of the box has two zero values.

Write 1, = Cun, gu = Cug, and L(u) = ||f||3 — ||Cuf||3. For a jump traversed at elapsed time

v, let
AQ(U) = ||gv,before”§ - ”gv,afterH% > 0.
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Here “before” and “after” refer to the chosen direction of propagation. Denote the finite list of
jumps traversed by duration u by J(u), including an initial reverse jump when present. Between
jumps, (7.4) gives

d
@ngH% = _2Dt(u) (9u)-

To check the normalization, an interior-interior edge contributes —(g; — gr)? to this derivative,
and an interior-boundary edge contributes —gjz. These are exactly the contributions to —2D.
Summing continuous and instantaneous losses and then expanding |1, + g.||3 yields the exact
identity

L(u) =m— |03 = 2(7u gu)

+2 / D) dv+ 3 Ay(w). (7.7)
0 veJ (u)

The sum includes a completion at an endpoint whenever that completion is a factor of the
propagation. Dropping it gives

£(w) 2 m = [l = 200 92) +2 [ Dugy92) . (78)

Keeping this as an inequality is necessary even when a completion is the only nontrivial instanta-
neous operation.

7.2 Localization with actual and fresh marks

For i € T, let n; , be the propagation from unit mass at 7, with the additional rule that a path is
killed when its site leaves Br(x;). Use this additional killing for continuous moves and on both
sides of instantaneous changes. Positivity and the path description give

0<Cui=> Mmu<m<L | <1 (7.9)
€T

Lemma 7.2 (Localization averaged over the pin law). Fiz d and (. There is a constant Cy =
Cy(d, ) such that for s > 1, R = [Cys]|, B > bs, every finite cube, every E 2 Dy consisting of Dy
and finitely many pins, and every disjoint single-time test T, one has

Ep|[ny — Culli < Cme™ (0 < u < 2s) (7.10)

for either direction of propagation. The constants are independent of the volume, the pin sets, (3,
and s.

Proof. First sample a complete actual exchange picture with law Pp and expose its missing cycles.
Conditional on that exposure, realize the unconditioned one-particle propagation of Proposition 4.1
using independent fresh rate-1/2 Poisson clocks on all slot edges, accepting a fresh mark only
when its two endpoints are holes. The forced moves use marks of the actual picture. Completion
randomness changes slots only within a site. This construction is for the unconditioned fresh walk;
its exposure still has the marginal induced by the full pin law.

The difference in (7.9), summed over output slots, is bounded by the sum of the probabilities
that these individual walks exit their respective balls before elapsed time u. Exiting requires at
least R nearest-neighbor spatial steps. The first R such steps give a chronological list of marks,
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each from either the actual picture or the fresh family. For a fixed list of sites, slot edges, and
choices of source, the actual marks used are distinct: the time interval has length at most 2s < g,
so its image on the time circle does not use a mark twice. This remains true if the interval crosses
time zero, and if it is traversed backwards. Fresh marks in the list are distinct as well.

Suppose a source choice uses k actual marks and R — k fresh marks. By Lemma 2.4, the
joint factorial measure of the actual marks is bounded by 2F times their base product intensity.
Independence of the fresh family then bounds the mixed measure by

1*(1/2)f*at, - -deg

on the prescribed edge coordinates. All source choices are integrated over the same ordered simplex
0<ty <---<tr<u,of volume u*/R!. At each spatial step there are at most 2d¢? choices for
the next site and the slot edge, even if one ignores constraints from the current slot. Summing
source choices and edge choices therefore bounds the expected number of such lists, for one initial
point, by R n
U 2Ks

(2d0*) (1 + 1/2)Rﬁ < (2Ks)7 R!) ,

The existence of an exit path is bounded by this count; the counted lists need not themselves be
realizable walk histories. In particular, the restrictions imposed by the exposure can be ignored
when taking this upper bound. No factorial bound conditional on a fixed exposure has been used.
Since R! > (R/e)*, choosing C, > 4eK bounds the last expression by 2% < e7®. Sum
over i € T to obtain (7.10). Transposition merely reverses the chronological lists and the forced
transports. The same mixed factorial estimate applies under the original law Pp, which proves the
reverse assertion too. [

K = 3d¢*. (7.11)

7.3 Diffusion during regular times

We now use the downward-induction hypothesis only through the three proved inputs from
Sections 5 and 6. Assume |,(P), as defined in (5.4). With the fixed choices of constants there,
Proposition 5.4 gives

Pp(t is not regular for i) < § :== CR%p?*? + Ce R (teT,tel0,p)), (7.12)

where £ > 0 and the constants are fixed for all p below a preliminary threshold. At a regular slice,
Proposition 5.6 states

v]l37* < CDy(v) o]} (7.13)

for nonnegative v supported on surviving slots above Bpr(z;), with zero extension. Finally,
Proposition 6.4 applies to any subset of the anchors regular at that same time and to any
nonnegative injections of mass at most one per anchor supported above its R-ball. Their sum is
the divergence of a flow J with
> J(e)* < CmR™. (7.14)
e

The flow estimate follows from Proposition 6.2 and the growth condition; its applicability to
arbitrary injection points and subunit masses is part of its statement.

Lemma 7.3 (Decay after enough regular time). Let T satisfy (7.1), and assume |,(P) for
P =FEUT, with p below the preliminary threshold in Proposition 5.4. For the localized propagators
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defined above, in either direction and for s < u < 2s,

Eplmiul3 < C(s™? +6) (i€T), (7.15)
Eplln.)3 < Cm[e™* + R*(s™%* +4)]. (7.16)
Proof. Put gi(u) = ||niu|l3. All localized factors are contractions, so 0 < ¢ < 1 and ¢; is

nonincreasing, including at jumps. Between jumps the additional killing gives the Dirichlet
generator with zero values outside Bg(x;) as well as on the physical boundary. Consequently, at
every regular smooth time, (7.13) and ||7;4]/1 < 1 imply

qi(w) = —2Dy( (0iu) < —cgi(u) /4. (7.17)

At other smooth times ¢/ < 0. As long as ¢; > 0, the function ¢; /4 thus increases at a fixed
positive rate during regular time and cannot decrease at other times or jumps. If ¢; reaches zero,
it stays zero. It follows in either case that

/0 1{t(v) regular for i} dv > 3/2 = ql(u) < Cs_d/2 (8 Su< 28)'

The expected amount of nonregular time in [0, s] is at most sé by (7.12) and Fubini. Markov’s
inequality bounds the probability of its exceeding s/2 by 26. This proves (7.15). For reverse
propagation, t(v) simply runs in the opposite direction; the same fixed-time estimate (7.12) gives
the same integral bound, without changing the probability law.

At any slot above z, only anchors with x; € Br(z) can contribute to ¢,. Their number is at
most L(1 + R)* < CR* by (7.1). Hence pointwise Cauchy-Schwarz and summation give

Iull3 < CR™ Y gi(u).
€T
Since 0 < §, <y < 1,
HnuH% - HC’LLH% = Z(nu(k> - Cu(k))(nu(k) + Cu(k)) < 2H77u - Cqu
k
Use Lemma 7.2 and (7.15) to obtain (7.16). O
The initial pin mass has now spread sufficiently in mean square. The remaining term in (7.8)

is its pairing with g,. We next use flows at the very slice where this pairing occurs, so that the
positive heat energy can absorb it.

7.4 Absorbing the interaction at the same time

Proposition 7.4 (Expected leakage). Fiz the constants in the preceding geometric estimates and
choose Cy as in Lemma 7.2. For all sufficiently small p > 0, every finite cube, every circular grid
of mesh at most p*¢, every E consisting of Dy and grid pins, and every disjoint single-time grid
test T' satisfying (7.1), assume |,(P) for P =EUT. If § > 5s, then, for each of the forward and
reverse propagations,

Ep[[I£113 = ICos fI3] = m[1 — (p)], (7.18)

where one may take
€(p) - C [e—cs + R“ (S_d/2 45+ 8—1)} 7 5= Cde2d + Ce_CRé. (719)

All constants are independent of the volume, period, grid, pin sets, and final p.
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Proof. For s <u < 2s, let

Hu = Z -

i:t(u) regular for ¢

By (7.9), 0 < py, < 1. The nonnegative discarded mass is bounded by the localization error plus
the masses attached to nonregular anchors. Since 0 < g, < 1 and each local mass is at most one,
Lemma 7.2 and (7.12) give

Ep(Mu — pou, gu) < Cm(e”™ % +9). (7.20)

This uses only pointwise bounds, so dependence of g, on the same environment causes no change.
At a fixed regular slice, each summand of pu,, meets exactly the support and mass hypotheses of
(7.14). Choose a reference orientation for the available edges, with div J equal to outgoing minus
incoming flow. Since g, is finitely supported, summation by parts has finitely many nonzero terms
and gives
<M1ugu> - Z J(@(Qu(]) - gu(k))

e=(j,k)

Cauchy-Schwarz, (7.14), and 3", |Vegu|? = 2Dy(y)(gu) imply the deterministic inequality

(as 9| < (ADyy(90))'?, A= CmR". (7.21)

It suffices that a flow exists at each time: the resulting inequality contains only measurable
propagated vectors and energies, so no measurable or continuous choice of flows is required.

To make the remainder in weighted Young’s inequality integrable at the final time, use an
averaging density that vanishes linearly there; its tail weight then vanishes quadratically. Average
(7.8) over u € [s,2s]| with probability density

2(2s —u) (25 — u)?

5> W(u) = /js w(v)dv = 2

w(u) = .

Since £ is nondecreasing, £(2s) > | 828 w(u)L(u) du. Tonelli’s theorem shows that the positive
energy in this average contains

2s
2/ W (u) Dy (9u) du;

the additional contribution from [0, s] is nonnegative. At each s < u < 2s, weighted Young’s
inequality gives

Aw(u)?
2W (u)
The same-time energy has therefore absorbed the retained pairing. The remaining integral is finite,
because

(7.22)

2 (u)

s Wi(u)

The endpoint u = 2s has measure zero; the quotient has the constant value 4/s% on [s, 2s).
Taking expectation, using (7.20), and then Lemma 7.3, we conclude that

4
du=—. (7.23)

EpL(2s) >m — Cmle % + R*(s™Y? +§)] — Cm(e™% +8) — CmR"/s
>m {1 -C (e_cs + RY(s™ % 45+ 3_1))} .

Here R > 1 allows the unweighted ¢ error to be included in R*0. Every step applied to either
ordered propagation, which proves both assertions. O
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7.5 Choosing the constants and closing the finite induction

The error has enough room to recover the assumed sparsity with the same parameter p. Indeed,

after Cy is fixed, R is comparable to s = p~® for p < 1. The nonexponential errors R/s, Ros—4/2,
and R*%p?d in (7.19) are bounded by constant multiples of
pa(lfa)7 pa(d/Qfa)’ p2d7a(d+a)7 (724)

respectively. Their exponents satisfy

1089 1639 2689
l—-a)=——>1 d/2—a)>—=>1 2d — a(d >_——— > 1.
all =) =1g00 > b ald/2=a) 2 3555 > 1. ald+a) 2 3555 >
The last two lower bounds use d > 3; each exponent increases with d. Both e™“ and Ree—°E* are

smaller than every fixed power of p. Thus

e(p) =o(p) (p10). (7.25)

For clarity, the constant choices can be made in the following order. Fix d, ¢, a, v, a. Fix the
witness scale b and then its growth constant L > max{2d,¢,4} as in Lemma 5.2. Fix the local
connectivity radii and a sufficiently large M, for Proposition 5.6 and the hull and flow constructions
of Lemma 6.1 and Proposition 6.2. Fix a preliminary pg > 0 that absorbs the admissible witness
count in Lemma 5.2; retain the resulting fixed constants in Proposition 5.4, including ¢ and &.
Next choose C, for Lemma 7.2. Finally reduce p < pg so that R exceeds the fixed local radii
and the fixed lower bounds needed for the flow comparisons, p < 1/4, and 2¢(p) < p. The limit
(7.25) permits all of these final requirements simultaneously. No constant in the component tail is
recomputed using this final p.

Theorem 7.5 (Uniform pin estimate). For every integer d > 3 and integer slot multiplicity £ > 1,
there exist L > max{2d,¢,4} and p. € (0,1/4) with the following property. Let 0 < p < p, and
B > 5p~ 110 In any finite cube A, choose a finite circular time grid containing zero and of
mesh at most p*®. Let E consist of Dy and any subset of the slot points on this grid. Then every
nonempty test T' at a single grid time, disjoint from E and satisfying (7.1), obeys

Py (T C Bg) < p/Tl. (7.26)
In particular, with p = px and By = 5p*_11/10 < 00, for every finite B > By, every cube, and every
slot j at time zero,

Pp,(j € Bp,) < D« (7.27)

The constants depend only on d and (.

Proof. Fix all auxiliary constants in the stated order and choose p, so that every 0 < p < p, meets
the final requirements. The set of interior slot points on a fixed finite grid is finite. Induct on the
number of these points missing from E. When none is missing there is no disjoint nonempty test,
so |,(E) holds vacuously.

Assume the assertion for pin sets with fewer missing grid points than F, and let T be a test for
E. Since T is nonempty and disjoint from F, the set P = E'UT has strictly fewer missing points.
The induction hypothesis therefore supplies |,(P), exactly the hypothesis used in Proposition 5.4
and Proposition 7.4. The two leakage estimates and Lemma 7.1 give

Ep(f,(I =U)f) 2 m(1 —(p)).
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By Lemma 4.5, or (7.2), it follows that r < e(p). Proposition 3.1 now yields
Pp(T' C Br) < (2r)™ < (2¢(p))™ < p™.

This proves the induction step for every allowed T, and finiteness of the grid completes the
induction. A singleton interior slot test at time zero satisfies the growth bound, so taking E = Dy
gives (7.27). A boundary slot belongs to Dy, and its missing-cycle probability is zero. This covers
all slots. O

Theorem 7.5 supplies the uniform missing-cycle bound required for the magnetization argument.
The grid and the larger pin sets were devices for a finite induction; the conclusion (7.27) concerns
the original continuous boundary pins alone.

8 From pinned loops to a magnetized equilibrium state

Theorem 7.5 says that, under boundary pinning, each slot has small probability of belonging to a
cycle that misses the boundary. We now turn that statement into a state for the original zero-field
dynamics. First we obtain a tail bound for the exact spectral distribution of total magnetization
in a free box. A field tending to zero selects that tail, and translation averages produce a state
with positive magnetization. The last step verifies both boundary values of the KMS strip for that
same state.

Fixd >3 and S € {%, 1,3,...}. Let p. be the threshold supplied by Theorem 7.5 for £ = 25,

)9
and put p = p, and 5y(d, S) = 5p*_11/10. Throughout this Section, 5 > Fy(d, S) is fixed and finite.

Write
Ay = [-N,N¢nz, Vn = |An], My= > Sz, Hy = Hy,,.

TEAN

The quantity Vy here is the number of sites; the slot set remains Vj,, = Ax x {1,...,¢}, with
£ =2S5. Let uy be the spectral distribution of My in the free zero-field Gibbs state:

Tl“(e_fBHN II(MN))

un(I) = Tr(e—PHn) for Borel sets I C R.

By Proposition 2.2, this is exactly the time-zero magnetization distribution in the cycle-coloring
representation.
8.1 A spectral tail with surface-order cost

Lemma 8.1 (Boundary coloring and a spectral tail). For every N > 1, let G be the event in
the zero-field mark-and-color law that every cycle meeting Dy is colored up. There is a constant
Cg,4,5 < 00, independent of N, such that

exp{—C3,4,5|0AN|}, (8.1)
% eXp{—CﬁjdjsyaANH.

Conditionally on Gy, the uncolored picture has law Pp,, and the cycles missing Dy still have
independent fair colors.
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Proof. Let ng be the number of cycles meeting Dy, and let Jy count inter-site marks incident to a
boundary site during one period. Every cycle meeting the boundary either contains a time-zero
boundary slot or uses an inter-site mark incident to the boundary. Indeed, in the absence of a
time-zero boundary slot on that cycle, a boundary visit must begin by a spatial jump; within-site
endpoint permutations do not change the site. Each mark has two strands and can witness at
most two cycles. Consequently, picture by picture,

ng < €\6AN] + 2Jn.

There are at most 2d¢?|0A | slot edges incident to the boundary. Their base rate is 1/2. The first
factorial bound of Lemma 2.4, applied with no pins, therefore gives

EoJy < 2dB%|0AN|,  Eong < (€ +4dB0%)|0AN|.

Given a picture, Gy has probability 27"0. Jensen’s inequality now proves (8.1), for example with
Csas = (log 2)(£ + 4dB¢2).

Multiplying the zero-field picture weight 2#cYeles by 2770 Jeaves precisely the weight for cycles
missing Dg. This proves the assertion about the conditional picture; conditioning fixes only the
colors of the other cycles. For a time-zero slot i, its conditional mean spin is thus

1

5(1 — ]P)Do(i S BDO))-

For an unpinned slot the probability on the right is at most p by the singleton case of Theorem 7.5;
for a boundary slot it is zero. Summing over the ¢V slots gives

E []“g‘a}v} > S(1—p).

Here My denotes the random variable in the coloring representation. If ¢ = Pr(My/Vy > S/2 |
Gy ), its upper bound My /Vx < S implies

S 1
S(l—p)§5q+§(1—Q), g=1-2p> ;.

Multiply by Pr(Gx) and use the exact spectral interpretation of the unconditioned coloring law to
obtain (8.2). O

The boundary event has not changed the Hamiltonian whose spectral law appears in (8.2).
It supplies a tail event in the free Gibbs state whose logarithmic cost is of order the boundary
size. We next select this tail by a homogeneous field whose volume contribution is larger than
that cost, although the field itself tends to zero. The relation between the zero-field magnetization
distribution and field-selected spontaneous magnetization goes back to Griffiths [16]; see also [14,
Section 1]. Here the surface-order tail permits the explicit volume-dependent field used below.

Proposition 8.2 (An explicit vanishing-field limit). For N > 1, set

_ Tr(e PENC)

_oar—1/2 _ _ in
hny = N"77, Ky = Hy — hyMy, PN (C) = Te(e PEN)

(C € AAN)-
Extend p3 to a state py on A by the product normalized trace outside Ay, and define

()= 5= ¥ on (L), (83)

TEAN
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There is a subsequence Nj — 0o on which wy, converges pointwise on A to a translation-invariant
state w, and every such subsequential limit satisfies

w(S5) > S/4. (8.4)

Proof. Each interaction term commutes with the sum of the two endpoint z-spins. This follows

directly from
Sy - Sy =828+ 5(S5S, + S, 5.

Thus [Hy, My]| = 0. For any h > 0, the spectral law in the Gibbs state of Hy — hMy is exactly
Bhm
e (dm)
dm) = o AN
() =

Bound the numerator on m < SV /4, and retain only m > SV /2 in the denominator. Lemma 8.1

then gives
BhS }

paval(=50,SViv/4)) < 2exp { Cpaslon] - 27V

(8.5)

For these cubes,

yaAN|_1_<2N—1>d< 2d
VN 2N +1) —2N+1

At h = hy, the exponent in (8.5) tends to —oo: its negative term has order N9=1/2 whereas its
positive term has order N%~1. Hence, writing gn = pin sy ((—00, SV /4)), we have gy — 0. The
spectral bounds —S < My /Vy < S imply

pN(Mn/VN) > g(l —qn) — Sqn = g — %QN- (8.6)
In particular this estimate uses a single explicit volume-field sequence for the fixed .

Choose a countable norm-dense set in the union of local matrix algebras, closed under rational
complex linear combinations and adjoints. The bound |wy(A)| < ||A| permits diagonal subsequence
selection on that set. Norm approximation then gives pointwise convergence on 4. The resulting
functional w is linear, normalized and positive, since these properties hold for each wy and pass to
pointwise limits. It is therefore a state.

For every fixed y € Z% and A € A,

[(An +y) A Ay
Vn

|wn (T (A)) —wn (A)] < [A]| — 0.

This proves translation invariance of w. Finally,

on(S5) = = 2 w(SD) = AR (M Vi),

TEAN

Taking the limit in (8.6) proves (8.4). O
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8.2 Dynamics far from the translated boundary

Fix from now on one state subsequence N; provided by Proposition 8.2. We will prove the KMS
condition along this same subsequence for every local pair; no further subsequence depending
on that pair will be taken. The needed dynamical approximation must hold uniformly over
translations whose distance from the box boundary diverges.

We first check the hypotheses of the dynamics existence theorem cited in Section 1.1, [30,
Theorem 2.2]. Use the lattice graph metric and the summable function F(r) = (1 4+ 7)~%~!, which
has the convolution bound required there. The interaction is supported on nearest-neighbor pairs,
each term has norm at most 352, and every site belongs to 2d such pairs. Thus its interaction
norm in that theorem is finite, with parameter a = 0.

For a finite cube T, write 7} (B) = ™t Be=#Hr acting trivially outside I'. Likewise let

oY (B) = et~ Be= KN (z € C).
For real ¢, these maps are isometric automorphisms. For complex z, o is defined on the entire
quasi-local algebra because K is a bounded local operator.

Lemma 8.3 (Uniform approximation in deep translated boxes). Let B be a local observable, let L
be a finite set containing supp B and the origin, and let 0 < T < co. Then

lim sup sup |7 (B) — m(B)|| = 0. (8.7)
=00 T 4 finite cube [t|I<T
distoo (L,I'¢)>r

Here T¢ =74\ T. If
In = {2 € Ay : distoo(z, AS) > |V N},

then |[An \ In|/VN — 0 and

lim sup sup ||l (T(B)) — T (7:(B))|| = 0. (8.8)
N—=oogely |¢<T

Proof. First fix t. If (8.7) failed at that time, there would be £ > 0 and cubes I';, whose distances
from L to their complements tend to infinity, with |7} *(B) — 7(B)|| > e. Such cubes contain
centered boxes with radii tending to infinity. We can therefore select a subsequence that is
increasing by inclusion and exhausts Z%: after any finite selected cube, a sufficiently late cube
contains it and the next prescribed centered box. This contradicts the norm convergence along
increasing boxes in the definition of 7.

To make this convergence uniform in time, write ®({u,v}) = —S, - S,. Only edges meeting L
contribute to [Hr, B], so for every T’

I[Hr, B]|| < 2|B| > |[®(e)|| =: cp < o0.

e nearest-neighbor edge
eNL#Y

Consequently |7/ (B) — 71 (B)|| < cg|t — u|. Passing to the infinite-volume limit gives the same
bound for 7(B). A finite mesh of [T, T, together with the fixed-time conclusion, proves (8.7).

For x € Iy, set I' = Ay — z. Then distoo (L, I'¢) — oo uniformly over these x, since L is fixed.
For all sufficiently large N, L C I'. Define the local rotation

7QL(B) _ eiezueLsgBe—wZuELS;
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The commutation [Hy, My| = 0 and translation of the finite Hamiltonian give the exact formula
To(af (To(B))) = 72 (Yope(B)). (8.9)

The norm effect of this rotation is bounded by

V2 e(B) = Bl < hult]

5]

ueL

Use the isometry of 7}, followed by (8.7), to prove (8.8). Finally, the excluded sites lie in a layer
of thickness at most [v/N|, whose fraction of the cube is O(N~1/2). O

8.3 The analytic strip and its two boundary values

We will use the following elementary strip lemma. Its first part establishes a common strip bound
from finite, possibly nonuniform interior bounds. Only after obtaining that common bound does
its second part use Gaussian decay to control convergence on the whole boundary.

Lemma 8.4 (Bounded strip limits). Fiz § > 0, and put S3 = {z € C: 0 <Imz < B}. Let
(Fn)n>1 be functions continuous on Sg, analytic in its interior, and individually bounded there.
Suppose a constant C' > 0 satisfies

|F.(t)] < C, |Fo(t+1i8)| <C (n>1, teR).

Then |F,(z)| < C throughout Sg. If the two boundary sequences converge locally uniformly on R
to fo and fg, respectively, then the full sequence F,, converges locally uniformly on the closed strip
to a bounded function F', continuous on the closed strip and analytic in its interior, with

[F(z)l<C,  F(t) = folt),  F(t+if) = fa(t).

Proof. Fix n, and let M,, < oo bound |F},| on the strip. For € > 0, apply the maximum principle
to e7¢%° F,(2) on L—R, R] +i[0, 8]. Its modulus is at most Ce®?* on the horizontal sides and at
most Mne_aRZJrEfB on the vertical sides. Send R — oo while holding a point z fixed, then send
e | 0. This proves |F,(z)| < C. Only the already assumed finite bound M,, was needed to remove
the vertical sides.

Now set Gy (2) = e Fj,(z). The common bound just proved implies

|Gt +iy)| < Ce P (0 <y < B).

Local uniform convergence of the two boundary sequences and the Gaussian tail therefore make
(G},) uniformly Cauchy on both horizontal edges. Write

Spm = max_sup|Gp(t +iy) — G (t +iy)|; On,m — 0.
y€{0,8} teR

The maximum principle on the same rectangles, now applied to G;, — G, has horizontal bound
On,m and vertical bound 20 e~ R*+8?, Letting R — oo shows

sup |Gn(2) — Gm(2)| < dnm-
2E€8p

Hence G,, converges uniformly on the closed strip to a continuous function G, analytic in the
interior. Multiplication by e gives local uniform convergence of F}, on the closed strip to F' = e”G.
Its claimed boundary values and the bound |F| < C follow by taking pointwise limits. O
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Completion of the proof of Theorem 1.1. Let w and N; be as in Proposition 8.2. For local observ-
ables A, B, define the entire functions

FAP) = = 3 pn(Tu(A)o (T(B))). (8.10)

CCEAN

Trace cyclicity gives both identities

FyP(t) = — Z pn (Te(A)ay (T:(B))), (8.11)
.’JUGAN

FiP(t+if) = = Z pn (@ (T (B))T.(A)). (8.12)
CEGAN

These formulas also hold when the translated supports cross the boundary of Ay. To see this
without a support restriction, take a finite set containing Ay and both translated supports. On
its matrix algebra the density of py is e PK~ / Tr(e B#KN) tensored with a normalized identity.
Equivalently, it is the Gibbs density for the operator K ® I on that larger algebra. The dynamics
is generated by that same operator, so finite-dimensional trace cyclicity proves (8.12) there as well.

For real t, the isometry of o)¥ bounds both right-hand sides by ||A||||B||. Before using any
common strip bound, we also have the finite bound

A .
| P (¢ +iy)| < Al Ble®PIENT (t e R, 0 <y < B).

Indeed, the real-time unitary factors have norm one, and [|e*¥5~|| < AIK~I. The first part of
Lemma 8.4 therefore applies and gives the uniform bound

FRP @ < AlIB] (2 € Sg, N >1). (8.13)

We next identify the two boundary limits. Given 0 < T' < 0o, Lemma 8.3 supplies numbers
en(T) — 0 bounding the norm error in (8.8) on Iy. On its complement the error is at most 2|| B,
since both real-time dynamics are isometric. It follows that, uniformly for |t| < T,

() - wn(An(B)] < |Allen(T) + 2) 4] B) 22N

‘\AN\INl

(8.14)

(BN E(t+i8) — wn(n(B)A)] < | Allen(T) + 2] ]| B (8.15)

For example, the comparison term in the first line is exactly V' 3, pn (T (A)Ti(7:(B))), which
equals wy (A7 (B)); the second line retains the opposite operator order. Thus both error bounds
tend to zero.

The maps ¢ — Ar(B) and ¢t — 7+(B)A are norm-continuous. Their images of a compact time
interval are norm-compact. Pointwise convergence wy,(C) — w(C') is uniform over each such
image: use a finite norm net and the common functional norm one. Therefore, along the already
chosen subsequence,

FyP(t) — w(An(B)),
FiP(t+iB) — w(n(B)A)
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locally uniformly for real t. Lemma 8.4 now gives a bounded continuous function F4 p on the
closed strip, analytic in its interior, with precisely these two boundary values and

sup |Fap(2)| < [|A|l|B]]- (8.16)
2€83

Since the strip limit uses the full state subsequence, the bilinearity of (8.10) passes to F4 p.

It remains to obtain the asserted condition on the entire algebra. Let A, B, be local observables
converging in norm to arbitrary A, B € A. Bilinearity and (8.16) imply

sup [Fa,, B, (2) = Fa,.B, (2)| < [|An = Anll| Bl + [|Am[[|| Bn — Bum|-

ZESﬁ
Hence these functions converge uniformly on the closed strip to a bounded continuous F4 g,
analytic in the interior. The same inequality proves independence of the approximating sequences
and the bound sup |Fa g| < [|A]|||B]|. Since states have norm one and 7 is isometric, norm
approximation passes both boundary identities to the limit, uniformly in real ¢:

Fap(t) =w(An(B)),  Fap(t+if) = w(n(B)A).

This is the full 8-KMS condition (1.2) for the zero-field dynamics 7 defined in Section 1.1. The
state is translation invariant and satisfies w(S§) > S/4 > 0 by Proposition 8.2. Since § was any
fixed finite number at least By(d, S), Theorem 1.1 follows. O
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