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Abstract

We prove the subcritical Hénon-Lane-Emden conjecture: for every dimension n > 2,
positive powers p, ¢, and real weights A, B, the system has no strictly positive entire solution
when (n+ A)/(p+1)+ (n+B)/(g+1) > n—2. Solutions need only be continuous at the origin
and classical elsewhere, without a condition at infinity. For n > 3 and A, B > —2, combining
this result with the radial existence theorem of Bidaut-Véron and Giacomini proves Phan’s
Conjecture C in full: a positive radial entire solution exists whenever the strict inequality fails.
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1 Introduction
The Hénon—Lane-Emden system is

—Au = |z]|AP, —Av = |z|Pud
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in R™ \ {0}. (1.1)

Its subcritical nonexistence conjecture asks whether the weighted hyperbola alone rules out
positive solutions, without symmetry or conditions at infinity. The unweighted case A = B =0 is

the classical Lane-Emden system.

The scalar subcritical Liouville theorem of Gidas and Spruck is a starting point for this
question [5]. For systems, Mitidieri developed a Rellich identity and early nonexistence regions [11,
12]. Serrin and Zou proved the unweighted three-dimensional assertion under a growth condition;



Polécik, Quittner, and Souplet removed that condition, and Souplet settled dimension four [14-16].
Li, Li, and Wei obtained a further unweighted nonexistence region for p,q > 1 in every dimension
n > 5 [9, Theorem 1.1]. Liouville theorems also serve as inputs to rescaling arguments for a priori
bounds and singularity estimates [6, 14].

For the weighted system, Bidaut-Véron and Giacomini identified the critical hyperbola in the
regular radial theory under admissible weights [1]. Phan formulated the unrestricted weighted
question for A, B > —2 as Conjecture C and established bounded, low-dimensional, and conditional
cases [13]. Fazly and Ghoussoub obtained bounded and stability-based results for nonnegative
weights [4]; Li and Zhang subsequently proved the weighted conjecture in dimension three without
a boundedness assumption [10]. Results in restricted exponent ranges extend to dimensions four
and five [8]. More recently, Huang and Zou stated the all-real-weight, origin-continuous assertion
as Conjecture B and proved cases with stability, decay, or energy hypotheses [7]. Xu and Luo
obtained a higher-order weighted theorem over the full exponent range for radial solutions subject
to regularity and growth conditions [17]. The full nonradial question in higher dimensions is the
subject of this paper.

Theorem 1.1. Let n > 2 be an integer, let p,q > 0, and let A, B € R. Suppose that

n+A n+B
p+1 g+1

n—2. (1.2)

There are no functions
u,v € C*(R™\ {0}) N C(R"), u(z) >0, ov(z)>0 (xeR"),
satisfying Equation (1.1) at every x # 0.
Corollary 1.2 (Unweighted Lane-Emden conjecture). For every integer n > 3 and p,q > 0

satisfying
1 1 n—2

+ >
p+1 qg+1 n

)
there is no strictly positive C*(R™) solution of
—Au =P, —Av =u? in R"™.

In particular, positivity at the origin is part of the hypothesis, but differentiability there is
not. No radial symmetry, boundedness, integrability, finite energy, stability, or growth or decay
condition at infinity is required.

Theorem 1.1 resolves Huang and Zou’s Conjecture B positively and yields Corollary 1.2 by
setting A = B =0. Forn > 3and A, B > —2, its nonexistence conclusion joins the radial existence
theorem of Bidaut-Véron and Giacomini [1, Theorem 1.4(i)] to prove Phan’s Conjecture C in
full, including existence on the critical hyperbola. Corollary 6.2 records this derived classification.
The weak regularity at the origin is genuine: positivity and continuity, rather than a prescribed
order of vanishing or smoothness there, are all that is assumed.

The weighted assertion cannot be inferred merely by applying the unweighted assertion at the
same exponents. For instance, n =5, p = ¢ = 4, A = B = 3 satisfies Equation (1.2), whereas
1/(p+1)+1/(¢g+1)=2/5<3/5. Likewise, the unweighted input in Phan’s transfer argument
must remain within its actual scope; weighted subcriticality does not imply that input [13].



The weighted argument. Rellich-Pohozaev identities and spherical estimates have long been
central to system Liouville proofs [11,13,16]. Chen and Li used Newtonian integral representations
with moving planes under integrability hypotheses [2]; Cheng and Huang later formulated an
energy-estimate criterion for the unweighted conjecture [3]. The passage from a uniform local
weighted-energy bound to nonexistence by origin-centered dilation also appears in Li [8, Section 2].
Here a localized potential-kernel virial identity and an energy-relative interval-pressure estimate
supply that bound throughout the subcritical range.

There are two difficulties in passing from unweighted source layers to Equation (1.1). Trans-
lations do not preserve the equation, and an endpoint of a layer {|z|Bu(z)? > t} has value
(t/|z|%)"/4, not the constant t'/9. We address both directly.

First, origin-centered dilations give uniform source masses and truncated-potential bounds
on a fixed ball. A compactly supported virial identity then retains the exact spatial-weight
coefficients. Second, the interval comparison is applied with directions in a small cap around the
radial direction and with weights constant on each retained interval. Retained intervals are short
enough that their endpoint weight variation is small. The discarded intervals are controlled by
polar integration of source masses and a high/low layer decomposition.

All errors are arbitrarily small relative to a fixed localized energy, up to a universal additive
constant. No bound on that energy is assumed in obtaining the error estimates. The weighted
subcritical gap then supplies such a bound, and dilation gives a contradiction. This combination
of spatially varying directional cutoffs, intervalwise infima, and energy-relative layer errors is the
part of the method that may be useful for other weighted potential systems. The elementary
interval comparison itself is reproved below.

Organization. Section 2 treats the origin, the low-exponent cases, and the potential estimates.
Section 3 proves the localized virial identity and compares the two localized interaction marginals.
Section 4 gives the geometric interval inequality. Section 5 proves its weighted pressure consequence,
including the needed layer-error bounds. Section 6 completes the proof by scaling and derives the
existence—nonexistence classification from the radial theorem.

2 Reductions and Newton potentials

We begin with consequences of positivity that do not require the subcritical inequality. Throughout
this section, a solution means a pair

u,v € C?(R™\ {0}) N C(R™), u,v >0 onR",
where n > 2, p,q > 0, and A, B € R, satisfying
—Au = |z AP, —Av = |z|Pu? on R™\ {0}.
We write Br(z) = {z : |xr — 2| < R} and Br = Bg(0).
Lemma 2.1 (Origin reductions). The existence of a solution implies n > 3 and A, B > —2.

Proof. For a function h continuous on each sphere about the origin, write

— 1
h(’l") = W 1 h(’f’e) d9



Integration of the equations on annuli gives, for r > 0,
(T’nilﬁl(r))/ _ —rnflJrAUip(T),
(r" 1 (1)) = =" Bud(r).

In particular, each flux on the left is strictly decreasing. Its extended limit as r | 0 exists. If
that limit were nonzero or infinite, the flux would have a fixed sign and absolute value bounded
below by a positive constant for all sufficiently small r. Since fol r1=" dr = oo, integration would
contradict boundedness of the corresponding spherical mean at zero. Thus both limits are zero,
and both fluxes are strictly negative for every r > 0.

If n = 2, then r@'(r) < W/(1) < 0 for r > 1. Consequently u(r) < u(l) + @'(1)logr,
contradicting positivity for large r.

Continuity and v(0) > 0 give vP > ¢ > 0 near zero. Integrating the first equation in (2.1) over
[r/2,r] and using the negative flux at r/2, we obtain

(2.1)

,
' (r) > crlfn/ s ds = cqrttA, ca > 0.
r/2

The equality remains valid when n + A = 0, with the corresponding constant containing log 2. If
A < —2, integrating this inequality towards zero contradicts continuity of u there. Interchanging
the two equations proves B > —2. ]

Henceforth assume n > 3 and A, B > —2. Define, off zero,

fla) =lalPu(@)?,  g(@) = |zt ()", 0
,n B 1 2.2
S

We set f(0) = g(0) = 0, which has no effect on any integral. All unspecified integrals below are
Lebesgue integrals. A constant called universal may depend on n,p,q, A, B and on explicitly
indicated auxiliary parameters, but not on the particular solution. In contrast, constants denoted
by C.,, are allowed to depend on the solution.

Lemma 2.2 (Distributional extension and potentials). For every solution with n > 3 and
A, B > =2, the sources f, g belong to L] _(R") and
—Au =g, —Av = [ in distributions on R".
The Newton potentials are finite everywhere and satisfy
K *x g < u, Kxf<wv onR" (2.3)
There are constants ¢, c, > 0 such that
u=cy, + K*g, v=c, +K=x*f (2.4)

almost everywhere on R™ and pointwise on R™\{0}. On the latter set the potentials are continuously
differentiable, and

Vu(z) = - VK (z —y)g(y) dy,
Vo(z) = - VK(x —y)f(y) dy, (2.5)
VK(z) = —(n— 2)#1{(2:).

Both gradient integrals converge absolutely at every x # 0.



Proof. Local boundedness of u,v gives g(z) < Cy,|z|4 and f(x) < Cyy|z|P near zero. Since
n+ A,n+ B > 0, both sources are locally integrable. Let ¢ € C°(R"™) and choose £ € C°(R"™)
equal to one near zero. Test the equation for v away from zero against p(z)(1 — &(z/p)). After
expanding its Laplacian, the terms involving first and second derivatives of £(x/p) have absolute
values bounded respectively by CU7U7@,5;)"_1 and C’um,%gpn_? They tend to zero. The remaining
terms pass to the limit by local integrability, proving the first distributional equation. The second
follows in the same way.

Let ¢, be a nonnegative, compactly supported smooth approximate identity, and put u, = ux*(,
and g, = g * (,. Then u, > 0 and —Au, = g, > 0 on all of R". Two integrations of the spherical
flux formula, now about an arbitrary point x, give

1 _ 2—n 2—n
up(x) — T Jon up(x + RE) df = ¢, /x_y|<R(]a: —y|" ™" = R")g,(y) dy.

The spherical average is positive. Monotone convergence as R — oo therefore yields K x g, < u,,.
As p | 0, uy(xz) — u(x) for every z, while g, — g almost everywhere. Fatou’s Lemma proves
K * g(z) < u(z) at every point. The same argument proves K  f < v.

The normalization of K gives —AK = 4 in distributions: K is harmonic off zero, — [ B, oK =
1, and [, B, K = O(r), so integration by parts outside B, and passage to r = 0 gives the assertion.
To apply this to K * g, note that for every compactly supported smooth ¢,

Lo [ Ka-plac@)| dedy = [ (59 @)|ap@) do < [ ula)|Ap@)] do < o,

Fubini’s Theorem thus gives —A(K * g) = g. The difference h = v — K * g is a nonnegative locally
integrable harmonic distribution. Every h * (, is a nonnegative entire harmonic function. Such a
function H is constant: for b = |x — z|, the mean-value property and Bgr(z) C Brys(z) imply
R+b\"
H(z) < (;) H(z).

Letting R — oo and then interchanging x, z proves equality. Passing back to distributions shows
that A itself is a nonnegative constant. The argument for v — K % f is identical.

Fix xg # 0. The sources are locally C! near x(, because u,v are strictly positive there
and p,q > 0. Split g by a smooth cutoff supported near zy and equal to one on a smaller
neighborhood. For the compactly supported part, local integrability of K and VK gives a
continuously differentiable convolution with the asserted derivative. For the other part, |z — y|
stays bounded away from zero as x varies in a sufficiently small neighborhood of xg. There both
K(x —y) and |VK(z — y)| are bounded by a fixed multiple of K (z9 — y). The latter is integrable
against g by (2.3). Dominated convergence proves continuity and differentiation of this part as
well. The almost-everywhere identity in (2.4) is therefore pointwise off zero, and (2.5) follows.
The proof for f is the same. O

For z,y € Bg, the kernel satisfies K (z — y) > c¢R?>™™. Thus Lemma 2.2 gives the centered
lower bounds

u(z) > cR*™" g, v(x) > cR*™" f (x € Br), (2.6)
Br Br

where ¢ > 0 depends only on n.

Lemma 2.3 (Exclusion of small products). A solution with n > 3 and A, B > —2 necessarily
has pg > 1.



Proof. Set m,(R) = infp,, u and m,(R) = infp, v. Both are positive by positivity and continuity
on Bg. Integrating the weights in (2.6) yields

mu(R) > cR*™m,(R)?, my(R) > cR**Bm,(R)%.
Combining them and dividing by m,(R)P? > 0 gives

Mo (R) 1—pg > CR2+A+;D(2+B) )

The exponent on the right is positive. If pg < 1, the left side is at most w(0)! 774, and if pg = 1, it
is one. Either case contradicts the inequality as R — oo. O

We may consequently assume n > 3, A, B > —2, and pg > 1. Introduce

L _2TA+p(2+B) 5_2+B+q(2+A)
B pg —1 ’ B pg—1 ’
- o (2.7)
g+ 1 Cp+1

Both « and § are positive, and
pB=a+2+A, qu=p3+2+B.
For every R > 0, the pair

ur(z) = R*u(Rz), vr(z) = RPv(Rz),
fr(@) = |2[Pup(z)? = R***f(Rx), (2.8)
gr(x) = || vp(z)? = R**?g(Rx)

again solves the same system, with the same parameters and regularity. These are dilations about
the origin, where the weights are centered.

Proposition 2.4 (Universal centered estimates). Fixn >3, p,q >0, A, B > —2, and pq > 1.
There is a universal constant C' such that every solution satisfies, for all R > 0,

f<CR™*P, / g < CR"2-2, (2.9)
Br Br

The constants in (2.4) vanish, so that
u=Kxg, v=K=xf onR"\{0}. (2.10)

Moreover,

/ (f+g+u+v) <C,
" (2.11)
/|H|>£K(x — ) (f(y) +g(y)) dy < CE™  (z€ By, 0<L<1).



Proof. Write My = [p f and My = [z g. The lower bounds (2.6), followed by integration of
|z|B and |z|4 on By, give
MfZCfMg, MQZCQMJ}Z,
where cf,c, > 0 are universal. In particular, My > cfch]’?q, and My > 0 and pg > 1 give a
universal upper bound for M;. The interchanged argument bounds M. Apply these bounds to
the scaled pair (2.8); changing variables proves (2.9). The argument uses only positive powers,
and requires neither p > 1 nor ¢ > 1.
If ¢, > 0in (2.4), then u > ¢, almost everywhere and

"

R™E,
n+ B

e[ ol do=cf
Br Br
This contradicts (2.9) as R — oo, sincen+ B — (n—2— ) = B+ 2+ = ga > 0. Likewise
¢y, = 0, proving (2.10).

For z € By and j > 3, the annulus 2/ < |y| < 2/*! has |z — y| > 2771, Its contribution to the
f potential is at most

21(2—n) / f< 02—]'5’
sz+1

and its contribution to the g potential is at most C277%. The two series converge because o, 5 > 0.
Thus the potentials of the sources restricted to R™ \ Bg are uniformly bounded on By. On the
other hand,

sup / K(z —y) de S/ K(z) dz < 0.

yEBg J/ By B2
Tonelli’s Theorem, the source bounds on Bs, and (2.10) now bound [ (u + v). The source part
of the first estimate in (2.11) follows directly from (2.9).

Finally, on |z —y| > £ the kernel is at most c,#?>~™. This bounds the contribution from y € Bg

by C¢2~". The contribution from y ¢ Bs has already been bounded by C; since 0 < ¢ < 1 and
n > 3, this proves the second estimate in (2.11). O

The bounds (2.9) are centered at the origin. For example, when a later argument uses a
ball By(z) C Bu, its source mass is bounded by the mass of By in (2.11). No translation of the
weighted equation or source estimate is needed. Also, local energy is finite for each solution:

fu = |z|Pudtt gv = |z[*P*!  belong to L (R™).

This statement follows from local boundedness and A, B > —2; it is not yet a bound uniform
over solutions. We assume no finiteness of either energy integral on all of R".
To connect the centered dilation with the subcritical hypothesis, define

v:=a(n+B)+bn+A) —(n—2)
=(1-a-b)(a+p+2—n),
Ppq —

(p+1)(g+1)

Indeed, the numerator of a+f is (¢+1)(2+ A) + (p+1)(2+ B), and substitution gives the identity.
The strict inequality in Theorem 1.1 is precisely v > 0, and hence implies « + 8 +2 —n > 0.
Finally, changing variables in (2.8) gives the local energy identity

|| Unur+ grom) = B2 [ (pusgo. (213)
Bq Br

(2.12)

l—a—-0b= > 0.

7



We shall obtain a universal upper bound for the left side, valid for every scaled solution. Positivity
of the exponent in (2.13) will then yield the final contradiction.

3 A localized virial identity

System Rellich-Pohozaev identities have a long history [11,16]; Phan gave a weighted version [13].
We use a potential-kernel form that retains the spatial weights in a compactly supported interaction
identity.

We retain the parameters and exact potentials of the preceding section. Define the nonnegative
interaction measure by

dn(z,y) = f(z)g(y)K(z — y) dzdy,
m(dz,R") = f(z)u(z)dz, =(R", dy) = g(y)v(y)dy.
The marginal identities follow from Tonelli’s Theorem and (2.10). This measure is locally finite:
on each compact set the sources are integrable and the potentials are bounded. Its total mass is
not assumed finite. Values of the density or of the quotients below on the diagonal may be set to
zero. For a unit vector e € S*~ 1, put

z—1)-e)? x
((|x_yzj|2)7 Wy = —, D(z,y) = Dy, (z,y).

(3.1)

De(x,y) =

Choose any unit vector as wp; this convention does not affect any integral.
The cutoff will vanish to a sufficiently high order at its outer boundary. Writing ¢y = max{t, 0},
fix

d(z) = min{l, (2 — |z|)+}, m=mn-+3, kE=n(m+1), N=k+n+2,
n@) =[(1- (=1 -1, 1Y,  w@)=-z V@), X =an().

Thus 1 € C2(R") equals one on By, and w > 0 vanishes unless 1 < |z| < 2. The cubic term makes
the first two derivatives match at radius one, and the power N makes them vanish at radius two.
On the intervening annulus, with s = |2| — 1, 1 — 5% = d(z)(1 + s + s?). Differentiation therefore
gives

(3.2)

dN<p<cd¥,  |Vnl+w<cd¥, (3.3)
V29| 4 |Vw| + |V2X| < CdV~2,  dw < Ch. '

Set
Ey = / nfudz, E, = / ngv dx, E =E;+ Ey,
R™ R

Wf:/ wfudx, Wg:/ wgv dzx.
R" R

All these quantities are finite for each solution: u,v are bounded on Ba, and |z|4,|z|P are
integrable there because A, B > —2 and n > 3. This asserts finiteness only; a bound independent
of the solution remains to be proved.

Lemma 3.1 (Localized virial identity). The following identity holds, with an absolutely convergent
integral:

a(n+ B)Ey +bn+ A)By = aWy = bW, = (n=2) [ ®(a,y) dn(z,y).

(X(z) = X(y) - (z —y)
|z —y|? '

(3.4)

(I)('r7y) -



Proof. We first justify absolute convergence of the separate kernel-gradient integrals, before
combining them. For r = |z| sufficiently small, local boundedness of v gives g(y) < Cy 7" when
|z —y| <r/2. Hence

r/2
| X ()] / |z — y|1_”g(y) dy < Cyor ’I“A/ ds < C’uﬂ,r2+A.
lz—y|<r/2 0

On the complementary region, | X (z)| < r < 2|z — y|, so the same expression with that region in
place of the ball is at most C'(K * g)(x) = Cu(z). Both bounds remain bounded as x — 0. On
compact subsets away from zero, the nearby source is bounded and |V K| is locally integrable;
the remaining part is bounded by a constant times the finite potential. Since X is supported in
B and f is locally integrable, this proves

/ f(x)’X(:””/ IVE (2 — y)lg(y) dy dz < oo.
R Rn

Interchanging (f,u, B) and (g, v, A) proves the other assertion. In particular, fX -Vu and ¢X -Vuv
are absolutely integrable.
Since a = 1/(¢q + 1), integration by parts outside B,, with 0 < p < 1, gives

—/ fX-Vudx:a/ |2[Buttt ((n 4+ B)n — w) dx
|z|>p |z|>p
+ apB“/ witlds.
0B,

Here div(|z|?X) = |z|®((n + B)n — w), and the boundary term has the displayed positive sign
because the outward normal of the punctured domain on 0B, is —w,. Its magnitude is Ou,v(p”J“B ),
which tends to zero. The corresponding term for gX - Vv is positive and O, ,(p"*4), and also
tends to zero. There is no outer boundary term because X is compactly supported. Consequently,

—/fX-Vudx—/gX-Vvda::a(n—i—B)Ef—}—b(n—f—A)Eg—an—ng.

Finally substitute the differentiated potential identities and VK (z) = —(n — 2)2K(2)/|z|*
Absolute convergence permits Fubini’s Theorem and interchanging the variables in the second
integral; their sum is exactly the right side of (3.4). O

Lemma 3.2 (Localization). For every e > 0, there is a constant C, independent of the solution,
such that

By =Byl + [, 19(2.) = (@) + w(@)D(a,y)| dn(z,y) < E +C-. (35)

Proof. Fix 0 < § < 1/4, and write ¢(z) = dd(z)"™ whenever d(z) > 0. Call a pair (z,y) close if
|z — y| < £(z) for at least one endpoint z € {z,y} with d(z) > 0, and far otherwise. Since d is
1-Lipschitz, for a close pair every point £ of the segment [z, y] satisfies

(1 =0)d(z) < d(§) < (14 6)d(2).
In particular, the entire segment is inside Bo. The derivative matrix of X is

VX(z)=n(z)ld —w(@)w, ® wy,



with its second term zero on Bj. Taylor’s formula and (3.3) give, on close pairs with = # y,

|® — n(z) + w(z)D| < Cod(2)N 2™ = Cdd(z)N T+,
In(z) —n(y)| < C5d(z)N_1+m — Cdd(Z)N—‘rn—&—Q'

Both are at most Cdd(z)". Since d(2)V < n(z) < n(x) + n(y), the marginal identities in (3.1)
bound the integral of their sum over close pairs by CoF.

For a far pair, every endpoint z in By satisfies [z —y| > £(z). Using |®| < (| X (z)|+|X (y)|)/|z—
yl and 0 < D < 1, we obtain

2 N
[ — (@) + w(@)D| + [n(@) ~ nw)| < C Y <d<z)w—1+d<> )

ze{z,y}
d(z)>0
Pairs with both endpoints outside By contribute zero. For the terms associated with x, the tail
estimate in Proposition 2.4, (2.11), bounds the integral by
d(z)™
(z)

<C [ fa) (8 "d(@) T 4 8 md(e) ) de < G
Bs

B2

C | f(x) (d(w)Nl + ) {(x)* " dx

Indeed the two exponents are
N—-1—-m(n—-2)=4n+7> 0, N—-—m(n—1)=3n+5>0,

and [p, f < C by (2.11). The terms associated with y satisfy the same bound with g. All these
constants are independent of the solution.
Finally, both cutoff marginals are finite, so

‘Ef - Eg‘ =

L @) = ) dnta)| < [ )~ n(w)l dn(e.).
R2n

R2n

The preceding estimates bound the left side of (3.5) by CJE + Cs. Choosing ¢ sufficiently small
proves the result. O

To obtain a uniform bound for F, it remains to prove that, for every ¢ > 0,
aWy 4+ bWy — (n —2) /w(a:)D(x,y) dr(z,y) <eE+C..

The next two sections establish this comparison from source-layer intervals. In Section 6, it will
combine with the marginal estimate above and the positive subcritical gap v to give the energy
bound.

4 An interval-pair inequality

We first isolate the geometric comparison used in the pressure estimate. It is a statement about
two parallel lines and does not involve the equations. The self-contained midpoint argument
below gives the comparison; its nonnegative formulation also permits unbounded intervals of
weight zero.

10



Fix a unit vector e and distinct z, 2’ € el. Write
T = z+ se, y =2 +se, A=|z—-2]>0, h=s—5.

The restricted Newton kernel and its directional factor are

()\2 + h2)(2—n)/2 h2

N _ N —
K(s,s") = CED T D(s,s)—)\2+h2.

For a bounded interval I = (s_, sy ), let

(s') = K(s—,s") —;’C(S.;,_, s’)‘

For a bounded interval J = (s”_, s/, ), define K (s) by averaging in the second variable. When
I and J are bounded, write my, m  for their midpoints and dy = m; — m; for their midpoint

separation.

do =mr —my

T I
{ e
mr :
A l
J l
o ] ; e
Y my |
h=s—s

Figure 1: The transverse separation is A, whereas the kernel depends on the longitudinal difference
h. The distribution of h over I x J is symmetric about the midpoint separation dy, which need
not be zero.

Lemma 4.1 (Weighted interval comparison). Let n >3, A > 0, and let I,J C R be nonempty
open intervals, possibly unbounded. Let cy,cy > 0, with I bounded whenever c; > 0 and J bounded
whenever cy > 0. Then

/ (C[ + CJ)/C ds ds’ < / {C[E[ + CJEJ
IxJ IxJ (4'1)

+ ((n — 2)min(er, ¢j)D + |ef — CJ’)IC} ds ds'.

FEvery term is nonnegative and the inequality is understood for extended integrals. An endpoint
term with coefficient zero is defined to be zero, without evaluating the endpoint average.

Proof. If at most one coefficient is positive, then |c; — cj| = ¢f + ¢, so the inequality holds
pointwise before integration. Suppose now that both coefficients are positive. Both intervals are
bounded and A > 0, so all integrals in the following calculation are finite.

Integration by parts in the first variable gives

/I(’C —Kp) ds = —/I(s —myp)0sK ds.

11



The corresponding identity in the second variable, together with

h h

85’C:—(n—2)mlc, aS/]C:(TL—Q)m

K,

yields
h? — dgh

K — K —Kj) ds ds’ = —2/ -
/IXJ( ! 7) ds ds’ = (n—2) IxJ A2+ h2

The sign of the midpoint term follows directly from interval overlap. If L = |I| and M = |J|,
the pushforward of ds ds’ under (s,s’) — h = s — s’ has density

K ds ds'. (4.2)

L+M
p(h) = F(lh — dol), F(r):max{o,min{L,M, _; —r}} (r>0).
Indeed, p(h) = |I N (J + h)|, the overlap length of two intervals whose centers are separated by
|h — dg|. The function F' is nonincreasing. If dg > 0 and h > 0, then |h — dg| < |h + dp]|, hence

p(h) > p(—h); for dy < 0 the inequality is reversed. Pairing positive and negative h against the
odd function hXC(h)/(A% + h?) therefore proves

h
do /IXJWIC ds ds’ > 0.
Consequently the left side of (4.2) is at most (n —2) [;, ; DK.

Multiply this last estimate by ¢ = min(cy, ¢y). Each individual endpoint defect is bounded
above by [;, ; K, because its subtracted endpoint average is nonnegative. The remaining coeffi-
cients are ¢; — ¢ and ¢ — ¢, whose sum is |c; — ¢y|. Adding these estimates and moving the finite
endpoint terms to the right proves (4.1). O

The nonnegative formulation is essential when n = 3: even for A > 0, an integral of I over an
unbounded partner interval can diverge. Lemma 4.1 makes no subtraction on such an interval.

5 Pressure from weighted source layers

We retain the sources, potentials, interaction measure, and cutoffs defined above. In particular,
n>3,A,B>—-2 p,q>0,and pqg > 1. All constants in this section are uniform over admissible
solution pairs. A subscript records permitted dependence on the auxiliary parameters; constants
are always independent of the direction e.

Proposition 5.1 (Localized pressure). Let (u,v) be a positive solution pair as in Theorem 1.1,
withn >3, A,B > —2, and pg > 1. For every € > 0 there is a constant C, depending only on
the equation parameters and €, such that

aWy + bW, < (n — 2)/ w(z)D(x,y) dr(z,y) + eE + Ce. (5.1)
R7 xR™

The proof must accommodate the spatial factors at source-layer endpoints. We localize to
short intervals, where those factors vary by at most Cdd(x), and use caps of angular radius
proportional to d(x). The factor d converts both errors into multiples of F, by dw < Cn from
(3.3).

12



5.1 Angular localization

Write E, and P, for expectation and probability under normalized surface measure on S*~!. Fix
0<k<land0<d<1/4,and put

l(x) = od(z)™ (d(z) > 0).

Choose a fixed nonnegative smooth function ¢ on [0,0), equal to one near zero, supported in
[0,1], and bounded by one. For 0 <1 <1 and any § € S"~!, set

Z(l) = Ecy(|e — 0]/1).

Rotational invariance makes this independent of . Chordal polar coordinates give

n—2
Z(l) = én 1:5” 1/ (21— 122 /4) 2 e

and therefore cI"~! < Z(I) < CI"! and |Z'(1)| < CI"~2.
Define the cap weight by
P(le — wal/(rd(2)))
Z(kd(x))

Its exact normalization is Eche(z) = w(z). Differentiation, using (3.3), gives

0 < he(z) < Crd(z)¥ ™, |Vhe(z)| < Cod(x)V "1 (1 < |z| < 2). (5.3)

he(z) = w(x) (1< |z| <2), he(z) =0 otherwise. (5.2)

To check the second estimate, derivatives of the cap profile cost at most Cy/d, and differentiation
of Z(kd)~! costs the same relative factor. The profile is constant near its center, so the norm
|e — w,| causes no differentiability problem there. The weight extends continuously by zero across
both boundary spheres: w vanishes quadratically at |z| =1, and N —n > 1 at |z| = 2.

As in Lemma 3.2, call a pair close if |x — y| < ¢(z) for at least one endpoint z € {z,y} with
d(z) > 0. On its segment, d is comparable to d(z) because d is 1-Lipschitz and £(z) < dd(z).
Integrating the derivative bound across the pieces of this segment proves

|he(z) — he(y)] < Crdd(2)N "1™ < Cod(2)N, (5.4)

where N —n — 1+ m = N + 2. The interaction marginals bound the integral over close pairs by
CxéE. On the complementary pairs, (5.3) and the tail bound (2.11) give, for example, the bound

Cu [ f@)d(z)¥"(z)> ™ dz < Cy s,
Bo

since N —n —m(n — 2) = 3n + 8 > 0; the other endpoint is identical with g in place of f. We
have proved

/|h y)| dr(w,y) < CudE + Cros. (5.5)
Moreover, on the support of he(x),
[De(,y) = D(z,y)| < 2[e — wa| < 2rd(x).
Averaging and using dw < Cn gives
E. /h (z,y) dn(z,y) < /w(:c)D(x,y) dr(z,y) + CkE. (5.6)

Here the constant C is independent of &, d.
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5.2 Measurable intervals and their loss

For 0 <t < f(z), let I be the connected component containing x of the source layer {f > ¢} on
the line = + Re. Assign it the weight

{inf he, I bounded and |I| < 25 inf; d,
xr=4 1! (5.7)
0, otherwise.

Set xf(e,x,t) = xr. Define x4(e,y,t") = xs in the same way from {g > t'}. In particular,
0< Xf(@,x,t) < he(-r) and 0 < Xg(eay7t,) < he(y)'

All these functions, as well as finite endpoints, are jointly measurable. Indeed, with the
convention f(0) = 0, the set {(z,t) : x # 0, 0 <t < f(z)} is open. The forward exit distance
of its line component exceeds r > 0 exactly when the compact segment {z + se : 0 < s < r}
is contained in the layer. This is an open condition in (e,x,t); the backward exit distance is
treated in the same way. Their sum, including the value 400, is the measurable component
length. The infima in (5.7) can be taken over rational offsets between these two exits, since d and
he are continuous. This proves the assertion, including measurability in e, without a choice of
coordinates on the varying spaces e=.

For each direction define the nonnegative losses

f(x)

Ly(e) :/Rn u(x)/o (he(z) — xs(e,2,t)) dt da,
9(y)

Ly(e) = [ o) [ (hew) = xale.v.t)) ¥ dy.

They are finite for each fixed solution and direction, since h. is bounded and supported on the
compact annulus 1 < |z| < 2. This finiteness does not assert a uniform bound on those marginals.

Lemma 5.2 (Averaged layer loss). For the cap weights (5.2) and component weights (5.7), under
the hypotheses of Proposition 5.1, every P > 1 satisfies

Ee(Ls(e) + Ly(e)) < (Cxd + Cu 5P )E + CP. (5.8)

The constants in the relative coefficient are independent of P, and the last constant is independent
of k,6, P.

Proof. We prove the assertion for f,u; the same argument applies to g,v. Only 1 < |z| < 2
contributes. Fix such an x and write d = d(x) and ¢ = §d™. If the component I at level ¢ has
|I| < ¢, then

ir}fdzd—ﬁz(l—é)d, |I|§(5d§25ir}fd.

It therefore passes the length condition in (5.7). Estimate (5.4) shows that its entire loss of weight
is at most C,o0d™.

If |I| > ¢, at least one of its two portions from z contains a segment of length ¢/2. Let F
be the set of directions whose forward segment of that length lies in {f > t}. Polar integration

centered at x gives
n—1
[ r= B ey m),
By o ()

n
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The long-interval event is contained in F'U (—F"). Antipodal symmetry, followed by the source
bound in (2.11), yields
P|I| > 0} < C/ r< & (5.9)
I AN 5 1 R 740
Here By(x) C Ba; only its containment in a fixed centered ball is used.
For t > Pd~", the expected loss on long intervals is bounded using the supremum of h.(z)
times the probability in (5.9). No independence is needed. The result is

CrodN ™" C5" P T = O s PN,

because k = n(m + 1). Integrating the short- and long-interval estimates over these high levels,
and then against u(x) dz, gives at most (Cyxd + Cnngfl)Ef.
For the remaining levels use the exact cap normalization:

min{ f(x),Pd—*}
/ E.(he(z) — xf(e,2,1)) dt < Pd"*w(z) < CPIN~1"% < CP,

0

The last exponent equals n + 1. Integration against u is bounded by C'P by (2.11). Repeating
the proof for g,v proves (5.8). O

5.3 Weighted endpoints and nonnegative integration

Suppose x; > 0 for an f-layer at level ¢t. Then I is bounded and h. > x5 > 0 on it. Continuity
gives the same inequality at its two endpoints z_,z, so they lie in the annulus 1 < |z| < 2.
Continuity of f there and maximality of the component imply

Fao) = fla) =t ules) = Vs | P00,

For any z € I, (5.7) gives |z+ — x| < 2dd(z). The positive radial function |z|~5/4 has a bounded
relative Lipschitz constant on 1 < |z| < 2. Thus, with u; = (u(z_) + u(z+))/2, we have

]m - (t/|1:|B)1/q‘ < Cod(x)(t/)z]B)V4 < Cod(x)ulx). (5.10)

The same statement holds for a positive-weight g-component J, with endpoint average v; and
ideal value (t'/|y|*)'/?. When a component weight is zero, every product involving its endpoint
average is defined as zero without selecting or evaluating endpoints.

Fix a direction e and levels ¢,# > 0. On two distinct parallel lines = z + se and y = 2’ + s'e,
apply Lemma 4.1 to each pair of layer components I,J with ¢; = x7 and c¢; = x . Since
min(x7, xj) < he(x), it gives

/ (xr +x5)K S/ [XIKI +xJK
IxJ IxJ

(5.11)
+ (0 = 2)he(@) De,y) + Ix1 = xa1)K],
where the measures are ds ds’. At this stage all terms are nonnegative extended integrals.
Each open line layer has at most countably many components. Sum (5.11) over the two sets
of components, and integrate in z, 2’ € e+ and t,# > 0. The summed functions are the jointly
measurable functions described above; hence Tonelli’s Theorem applies. The coincident-line set
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z = 2’ is null and may be omitted. By the potential identities (2.10), the two terms on the left

become
// (e,z,t)u(x) dt dx,

9(y)
e—// gle,y, t)u(y) dt’ dy.

Similarly, the endpoint terms become

I(z)
Vi(e) = // x¢(e,z, t)ur dt dz,
0
9(y)
e) = // Xg(e y, t)vy dt’ dy.
0

For example, integrating K; over all (y,t') layers recovers the average of K x g at x_,x,. For
each selected endpoint the omitted y-points comprise one affine line, which is Lebesgue null in
R"™, so the recovered potential is exactly u;.

We now verify finiteness before any subtraction. Set

)) = [he@ @@ de,  Hye) = [hewgl)o(y) dy.

Both are finite for every fixed solution and direction because the cap weights are bounded and
supported on a compact annulus. We have Uy < Hy, U, < H,, while (5.10) gives Vy < CHy and
Vy, < CHy. The integrated pressure term is at most (n — 2)Hy. Finally,

|Xf(ea$at) - Xg(evy?t/)| S he(l‘) + he(y)a

so its integrated contribution is at most Hy+ Hy, again by Tonelli and the two potential marginals.
All the integrated terms are therefore finite, even when n = 3. In particular, we have never
subtracted the possibly infinite integrals over an unbounded line component.

It is now legitimate to subtract Vy + V;. The sharper mismatch bound

Ixs(e,x,t) — xgle,y, )] < |he(x) — he(y)|
+ (he(z) = xp(e,2,t) + (he(y) — xq(e, 4, 1))

shows that the resulting finite quantity
S—// rle,z,t)(u(x) —ur) dt do
+// (e, t)(v(y) —7y) At dy
satisfies
Se < (n=2) [ he(@)Del.y) dra.y) + [ Ihel@) = he(w)] drla,g) + Ly(e) + Lye).  (5.12)

The quantity S, need not be nonnegative; only the preceding unsubtracted expressions were
treated with Tonelli’s Theorem.
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5.4 Recovery of the cutoff pressure

The exact weighted layer identity is

f(z) z)u(z
[ [ute) = @apya] ae = LD apayu) o) (5.13)

Indeed, the integral of (t/|x|?)'/? equals ¢f(z)u(z)/(q + 1). The analogous identity for g has
coefficient b = 1/(p + 1). To compare (5.13) with S, set 7 = (t/|z|?)9. Since 0 < 7 < u(x),

he(x)(u(z) —7) = xg(e, z, ) (u(z) —ur)
= (he(x) = xs(e, 2, 1)) (u(x) — 7) + xs(e, 2, ) (U — 7)
< (he(z) — xp(e,z,t))u(x) + Cod(x)he(x)u(z),

by (5.10); the zero-weight case has the same bound under the convention already stated. Inte-
grating and treating the g-layer in the same way gives

aHg(e) +bHy(e) < Se + Ly(e) + Lg(e)
+C(5/d(x)he(x)f(x)u(x) dz (5.14)

Proof of Proposition 5.1. Combine (5.12) and (5.14), and average over e. This incurs two copies
of Ly + Ly. The identities Ech, = w and dw < Cn, together with (5.5), (5.6), and Lemma 5.2,
give
aWy 4+ bW, < (n—2) /w(a:)D(:c,y) dr(x,y)
+ (Ck + Cpd + Cr P~ )E + Cro s p-

The constant multiplying x is independent of all three auxiliary parameters; the one multiplying
§ is independent of §, P; and the one multiplying P~! is independent of P. First choose &
sufficiently small, next § sufficiently small, and finally P sufficiently large, so that the relative
coefficient is at most €. The remaining additive constant is finite and uniform over the solution
pair. This proves (5.1). O

6 The energy bound and the scaling contradiction

We now close the argument. Throughout this section the reductions of Section 2 have been made,
son >3, A,B> —2,pg > 1, and the gap 7 in Equation (2.12) is positive.

Proposition 6.1 (Uniform local energy bound). For the fized equation parameters there is a
constant C, independent of the solution pair, such that

/ (|z[Buttt + |z[AP) dz < E < C. (6.1)
B
Proof. Write

7= [w@De.y)drzy). Q= [ (@)~ @) +u(@)Di.y)) dr(r.v)
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Lemma 3.2 gives, for every € > 0,
QI+ By — By| < B+ C.. (6.2)
The virial identity, Equation (3.4), is therefore exactly

aEf+ By =aW; + bWy — (n—2)T + (n — 2)Q, (6.3)

ca=an+B)—(n—2), c2=bn+A). .

Proposition 5.1 bounds the first three terms on the right from above by ¢ E + C.. Consequently
cby+cEy < (n—1)eE + C-..

Here and below the additive constant may change, but remains independent of the solution. Since
1+ c2 =7,

c1—c
cﬁﬁ+@E::%E+12 2(Ef — Ey).
Using Equation (6.2), we obtain
%Eg (n—l%—Cl;CQ‘)EE—i—CE.

Choose € so that the coefficient of E on the right is at most /4. This proves the universal bound
on E. The first inequality in Equation (6.1) follows from 7 = 1 on By and the nonnegativity of
the energy densities. O

Proof of Theorem 1.1. The elementary reductions in Section 2 already exclude n = 2, weights at
most —2, and pg < 1. Suppose a solution exists in the remaining range. For every R > 0, the pair

ur(x) = R%u(Rx), vp(z) = RPv(Rx)

is an admissible solution with the same equation parameters. Proposition 6.1 applies to every
such pair with the same constant. Both energy terms have the same dilation exponent:

/ (2 Bur(@) + o[ og(z)P*) do

1

:Ra+ﬁ+27n/B (’w‘Bu(l‘)qul + ‘x’Av(a:)erl) dz.

R

For R > 1, the last integral is at least its fixed, strictly positive value on Bj. It is finite on
every bounded ball. Equation (2.12) and 1 —a —b > 0 give a + + 2 —n > 0, so the displayed
expression tends to infinity as R — oco. This contradicts the uniform bound. O

Corollary 6.2 (Hénon-Lane-Emden classification; Phan’s Conjecture C). Let n > 3 be an
integer, let p,q > 0, and let A, B > —2. There is no pair

u,v € C?(R™\ {0}) N C(R"), u(z) >0, ov(z)>0 (xeR"),
satisfying Equation (1.1) at every x # 0 if and only if

n+A n+B

>n—2.
p+1 gyt "

When the reverse weak inequality holds, such a pair exists and can be chosen radial.
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Proof. The strict inequality gives nonexistence by Theorem 1.1. Suppose instead that

n+A n+B
+

<n_o.
p+1 g1 ="

Sincen+ A,n+B>n—2>0,

1 1 1 n+A n+B
+ < + <1
p+1 qg+1 n-2\p+1 qg+1

Thus pg > 1, because 1 —1/(p+1) —1/(¢g+1) = (pg—1)/((p+ 1)(¢ + 1)).

We now apply Proposition B of Phan [13], which states the radial ground-state theorem of
Bidaut-Véron and Giacomini [1, Theorem 1.4(i)] for the same equation and solution class, with
n >3, A, B> -2 and p,q > 0. Its radial existence region is exactly the displayed reverse weak
inequality, including equality on the critical hyperbola. In the original Hamiltonian notation, the
substitution is N =n,a= A, b= B, § = p, and u = ¢, with both differential-operator exponents
equal to 2; the preceding calculation verifies the standing superlinearity condition D = du—1 > 0.

The original ground states have positive radial profiles U,V on (0, c0), classical there and
continuous at zero. This origin regularity gives the strict positivity at zero required here: the
radial equation makes 7" ~1U’(r) strictly decreasing. Its limit as » | 0 must be zero: a nonzero
or infinite limit would contradict continuity of U at zero after integration against r'~". Hence
U'(r) <0, and U(0) > U(r) > 0 for every r > 0. The same argument applies to V. Thus
u(x) = U(|z|) and v(z) = V(|z|) belong to the stated solution class and are strictly positive on
all of R™. Radial existence in this class rules out unrestricted nonexistence under the reverse
weak inequality, completing the equivalence. ]

This classification is a consequence of Theorem 1.1 joined to the cited radial existence theorem,
rather than a new construction of ground states. The complementary existence assertion is
restricted to n > 3 and A, B > —2; the broader nonexistence statement of Theorem 1.1 is
unchanged.
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