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Abstract
We prove that the Hausdorff dimension of every finite real self-similar measure equals the

minimum of one and its random-walk entropy rate divided by its Lyapunov exponent. Exact
overlaps are allowed, and the contraction ratios may be unequal and negative. This resolves the
entropy-rate dimension conjecture.
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1 Introduction
Let Λ be a finite nonempty alphabet, and let

Φ = (φi)i∈Λ, φi(x) = rix + ti, ti ∈ R, 0 < |ri| < 1.

The family is indexed: different symbols may specify the same map. Given a probability vector
p = (pi)i∈Λ with pi > 0, its self-similar measure is the unique Borel probability measure satisfying

µ =
∑︂
i∈Λ

pi(φi)∗µ.

1



Equivalently, µ is the law of limn→∞ φI1 ◦ · · · ◦ φIn(0), where the symbols Ij are independent with
law p. The limit exists uniformly in the address: if rmax = maxi |ri| and T0 = maxi |ti|, all coding
limits have absolute value at most T0/(1 − rmax).

For a word w = i1 · · · in, write φw = φi1 ◦ · · · ◦ φin and pw = pi1 · · · pin . An exact overlap is an
equality φu = φv for distinct words of the same positive length. Equality here means equality of
the complete affine maps, including both the signed slope and the translation. We allow all such
overlaps.

The relevant entropy counts maps rather than addresses. Set
Gn = φI1 ◦ · · · ◦ φIn , P(Gn = g) =

∑︂
w∈Λn: φw=g

pw.

All logarithms below have base two. For a finite-valued random variable Z, its Shannon entropy is
H(Z) = −

∑︁
z P(Z = z) logP(Z = z), with 0 log 0 = 0. Define the random-walk entropy rate and

the Lyapunov exponent by

h = hRW(Φ, p) := lim
n→∞

H(Gn)
n

= inf
n≥1

H(Gn)
n

, χ = −
∑︂

i

pi log |ri| > 0. (1.1)

Indeed, a length-(n + m) map is a function of two independent maps with laws Gn, Gm, so
H(Gn+m) ≤ H(Gn) + H(Gm); subadditivity gives the displayed limit and infimum. Also 0 ≤ h ≤
H(p) := −

∑︁
i pi log pi. The ratio h/χ is independent of the common logarithm base.

We use the lower Hausdorff dimension of a measure:
dimH ν = inf{dimH E : E ⊂ R Borel, ν(E) > 0}.

Feng–Hu’s exact-dimensionality theorem [7, Theorem 2.8] applies to finite self-similar systems
without separation. Indeed, the maps preserve a sufficiently large compact interval, extend to
contracting smooth diffeomorphisms, and have derivative norm and least singular value both equal to
|ri|. The system is therefore conformal, and its Bernoulli coding law is ergodic. These observations
also cover negative ratios and repeated indexed maps. Thus, for the measure µ above, there is a
constant d such that

lim
s↓0

log µ(B(x, s))
log s

= d for µ-almost every x. (1.2)

For an exact-dimensional measure this constant equals both dimH µ and inf{dimH E : µ(E) = 1}. To
see the equivalence, restrict to countably many sets on which the local bounds sd+ε ≤ µ(B(x, s)) ≤
sd−ε hold uniformly for all sufficiently small s. The lower mass bound gives a full-measure union of
sets of dimension at most d + ε by a covering argument; the upper mass bound gives dimension at
least d − ε for every positive-mass set. Let ε ↓ 0. Consequently either Hausdorff measure-dimension
convention gives the same statement below.
Theorem 1.1. For every finite nonempty indexed family φi(x) = rix + ti on R with 0 < |ri| < 1,
and every strictly positive probability vector p, its self-similar measure satisfies

dimH µΦ,p = min
{︃

1,
hRW(Φ, p)

χ(Φ, p)

}︃
.

No separation assumption is required; exact overlaps and repeated generators are allowed.
This proves the entropy-rate dimension conjecture, formulated as Conjecture 3 in Varjú’s survey

[22]. When there are no exact overlaps, H(Gn) = nH(p), and the theorem gives the usual entropy-
to-Lyapunov formula. Section 6 records this case, the attractor formula, and the homogeneous
all-weight consequence, including the three-map family {λx, λx + 1, λx + t}. The theorem includes
critical and supercritical entropy rates. It asserts dimension, without an assertion of absolute
continuity.
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1.1 Background and proof strategy

The dimension of a self-similar set is classical when its pieces are sufficiently separated. Moran’s
construction [13] and Hutchinson’s iterated-function-system framework [11] give the similarity-
dimension formula under the open set condition. Hutchinson also established the invariant-measure
construction used above [11, Theorem 4.4(1)]. Removing separation leads to the exact-overlap
problem: can dimension fall below its natural upper bound when distinct words never define the same
map? The set version is associated with Simon [18]; see also the formulation and historical discussion
in [22, Section 1]. The entropy-rate formulation addresses the additional loss of information when
exact overlaps do occur.

Bernoulli convolutions provide an early and influential model for this question. These are the
laws of

∑︁
j≥0 εjλj , where 0 < λ < 1 and the εj are independent equiprobable signs. Erdős proved

singularity for reciprocal Pisot parameters in (1/2, 1) [5]. A Pisot number is a real algebraic integer
greater than one whose other conjugates have modulus less than one. Solomyak proved absolute
continuity with an L2 density for almost every parameter in (1/2, 1) [19]; Peres–Solomyak later
gave a simpler proof [14]. Garsia introduced the discrete entropy rate in this setting and related it
to singularity [9, Theorem 1.2]. These results illustrate the sensitivity to overlaps and arithmetic;
absolute continuity and Hausdorff dimension are distinct questions.

Hochman showed that dimH µ < min{1, H(p)/χ} forces superexponential concentration of
cylinder maps [10, Theorem 1.1], using inverse theorems for entropy growth under convolution. For
unequal ratios his entropy formulation already keeps track of the full affine map, including its slope
[10, Theorem 1.4]. The entropy-rate formula under weak exponential separation follows from his
work; the version allowing exact collisions is proved in Bárány–Verma [3, Theorem 3.5]. For Bernoulli
convolutions, Breuillard–Varjú developed approximation by algebraic parameters with controlled
entropy [4]. Building on these and earlier entropy methods, Varjú proved full dimension for every
transcendental parameter in (1/2, 1) [21, Theorem 3]. Rapaport proved the no-exact-overlap formula
for algebraic contraction ratios and arbitrary real translations, allowing signed unequal ratios [15,
Theorem 2].

Rapaport–Varjú extended entropy and approximation methods to homogeneous three-map
systems [16]. For equal weights, their results include an exceptional parameter set of Hausdorff
dimension zero and the no-overlap formula when λ > 2−2/3 [16, Corollary 1.4 and Theorem 1.8].
Rapaport–Varjú proved the entropy-rate formula, including exact overlaps, for rational translations
and a positive common ratio [16, Theorem A.1]. Feng–Feng proved the no-exact-overlap formula for
algebraic translations and a signed common ratio [6, Theorem 1.2]. The distinction in Theorem 1.1
is that the entropy rate of the full affine-map walk is sharp even when exact collisions occur, with
no arithmetic or separation assumption.

Absence of exact overlaps does not itself supply a quantitative separation estimate. Baker
[1, Theorem 1.3] and, independently, Bárány–Käenmäki [2, Theorem 2.1] constructed systems
without exact overlaps whose distinct cylinders approach one another at arbitrarily prescribed
superexponential rates. Thus the entropy carried by extremely close maps must be handled without
bounding the smallest positive separation.

Our proof combines the entropy retained by this map walk with a finite-law estimate that
detects information across arbitrarily fine scales. It uses translation averaging, developed by
Wang [23, Section 4.1], and the entropy calculus and fair-pair arguments of Varjú [20, Section 2.2,
Propositions 20–21, and Lemma 22]. Uniform nonsaturation has an antecedent for Bernoulli
convolutions in Breuillard–Varjú [4, Lemma 13]. We prove the required entropy estimates here; the
only external dimension theorem used in the proof is exact dimensionality.

The argument has three steps. First, for a finite real law ν, compare its exact entropy with the
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entropy of its grid cell at a fixed scale. The difference is information hidden inside those cells. A
bound for the sum of several independent copies forces this information to be witnessed by fair
(equal-weight) two-point laws at smaller scales. The estimate is independent of the smallest distance
between support points.

Second, group the coding symbols into blocks and condition on their symbol counts. This is the
block-type disintegration of Galicer–Saglietti–Shmerkin–Yavicoli [8, Section 6.4 and Lemma 6.6], also
developed by Saglietti–Shmerkin–Solomyak [17, Lemma 6.2]; Käenmäki–Orponen [12, Section 2.2]
explicitly allow repeated indexed maps in this construction. Here the counts fix each block’s signed
contraction. For a sequence of such blocks, its translation then identifies its complete composed map.
Conditioning costs only the entropy of the counts, so the map-entropy rate gives a lower bound for
the remaining translation entropy even when addresses collide. The same fixed contractions give a
small sumset bound. A hypothetical dimension deficit therefore yields a linear amount of fair-pair
mass across a finite band of very fine scales.

Third, each pair produces a positive entropy gain against the unobserved tail. The bands
may end at arbitrarily large depths. We choose successive block lengths only after the preceding
endpoints are known. At each observation scale their retained blocks are disjoint, so their gains
telescope to a bounded total. Averaging over observation scales gives a fixed positive contribution
from every band, a contradiction as the number of bands grows.

Section 2 proves the entropy calculus, nonsaturation, and two-point gain. Section 3 proves the
finite-law estimate. Section 4 applies it to conditional map laws, and Section 5 arranges the disjoint
gains and completes the proof. Section 6 derives the no-overlap measure and attractor formulas,
followed by the homogeneous and three-map specializations. No quantitative bound on the fine-scale
endpoints is needed.

1.2 The entropy-rate upper bound

We prove the upper bound before turning to the contradiction argument. Fix a positive integer
n. Use the finite set of distinct maps in the support of Gn as a new alphabet, giving each map
g its exact probability qg = P(Gn = g) > 0. Grouping independent coding symbols into n-blocks
shows that this new system has the same measure µ. Its one-symbol entropy is H(Gn) and its mean
contraction depth is nχ, since coincident maps have the same absolute slope.

For 0 < ε < nχ, the strong law shows that almost every address in this block system eventually
has, at every length j, a prefix of probability at least 2−j(H(Gn)+ε) and absolute contraction at most
2−j(nχ−ε). There are at most 2j(H(Gn)+ε) such prefixes. For each fixed eventual starting length
J , let EJ be the closed set of addresses satisfying both conditions for every j ≥ J . Its compact
coding image is covered by intervals of diameter at most C2−j(nχ−ε), where C bounds the attractor
diameter. The total ath power of these diameters tends to zero when a > (H(Gn) + ε)/(nχ − ε).
The countable union over eventual starting lengths is a full-measure Borel set with this dimension
bound. The case of zero attractor diameter is immediate. Letting ε ↓ 0, then taking the infimum
over n, gives

d ≤ min{1, h/χ}. (1.3)

In particular, the conclusion of Theorem 1.1 already holds when h = 0, including a single-map
system. To prove equality in all other cases, it suffices to rule out

d < 1, dχ < h. (1.4)

These inequalities are the contradiction hypothesis in Sections 4 and 5.
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2 Entropy between two scales
We first establish the entropy estimates that turn a separated pair of translations into a definite
gain. The decisive property of the self-similar measure is uniform nonsaturation: if its dimension is
less than one, every one-bit scale interval leaves a positive entropy deficit. The intermediate entropy
identities apply to arbitrary compactly supported probability measures on the line.

For a finite-valued variable Z, write H(Z) = −
∑︁

z P(Z = z) logP(Z = z), with 0 log 0 = 0.
Conditional entropy is the average entropy of the conditional law, and I(Z; Y ) = H(Z) − H(Z | Y );
conditional mutual information is defined similarly. We use the entropy chain rule and nonnegativity
of conditional mutual information. For a bounded real random variable X and s > 0, define

H0
s (X) = H(⌊X/s⌋), Hs(X) =

∫︂ 1

0
H(⌊X/s + u⌋) du.

We use the same notation for the law of X. For s, t > 0, put

Gs,t = Hs − Ht, ∆s = 1 − Gs,2s.

As throughout the paper, all logarithms and entropies are in base 2. Write h(f) = −
∫︁

f log f for
differential entropy and Vs for an independent uniform random variable on [0, s].

The smoothing and nested-grid identities are the averaged-entropy calculus of [20, Section 2.2,
Lemmas 5, 6, and 10]; we include their proofs.

Lemma 2.1 (Entropy calculus). For every compactly supported real law,

Hs(X) = h(X + Vs) − log s, Hs(aX + b) = Hs/|a|(X) (a ̸= 0). (2.1)

If t/s = N is a positive integer, then Gs,t is concave in the law,

0 ≤ Gs,t ≤ log N, Gs,t(X + Y ) ≥ Gs,t(X) (2.2)

for independent bounded X, Y . For arbitrary z ≥ s > 0,

Hs − log(z/s + 2) ≤ Hz ≤ Hs + 1. (2.3)

Furthermore,
|Hs(X) − H0

s (X)| ≤ 1, |H0
s (X + b) − H0

s (X)| ≤ 1. (2.4)

Proof. The density of X + Vs is fs(z) = s−1P(X ∈ [z − s, z)) almost everywhere. It is bounded by
1/s and has bounded support, so its differential entropy is finite, even when the law of X has atoms.
Set pj(u) = P((j − u)s ≤ X < (j + 1 − u)s). At z = (j + 1 − u)s we have pj(u) = sfs(z) almost
everywhere. Changing variables in the sum of the integrals −pj(u) log pj(u) therefore gives

Hs(X) = −
∫︂
R

fs(z) log(sfs(z)) dz.

This proves the first identity. Translation rotates the grid shift modulo 1, and positive scaling
changes the cell length. Reflection also preserves averaged entropy: −X + Vs is a translate of
−(X + V ′

s ), where V ′
s = s − Vs is independent uniform. These observations prove the signed affine

identity.
Suppose t = Ns. Let A be independent uniform on [0, t) and define

F =
⌊︃

X + A

s

⌋︃
, C =

⌊︃
X + A

t

⌋︃
.
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These are jointly translated nested grids, with C = ⌊F/N⌋. Averaging their entropies gives

Gs,t(X) = H(F | C, A). (2.5)

Each coarse cell contains N fine cells, proving the two bounds. For a mixture of laws, conditioning
additionally on its mixing variable can only reduce the right-hand side; this proves concavity,
including for general probability mixtures. A convolution is a mixture of translates, so translation
invariance proves the convolution inequality.

Finally, for any two translated grids of lengths s ≤ z, a z-cell intersects at most ⌊z/s⌋ + 2 fine
cells, and an s-cell intersects at most two coarse cells. The chain rule bounds the two conditional
entropies by log(z/s + 2) and 1. Averaging gives (2.3). The same argument for two grids of equal
length proves (2.4).

The integer-ratio hypothesis is essential to our use of concavity. In the argument below it is
applied only with ratios 2, a chosen integer K, or the square of a chosen integer M .

Lemma 2.2 (Entropy and dimension). Let ν be a compactly supported exact-dimensional probability
measure on R of dimension d. Then

lim sup
s↓0

max{Hs(ν), H0
s (ν)}

log(1/s) ≤ d. (2.6)

Proof. Fix η > 0. Exact dimensionality gives a measurable set E of mass at least 1 − η and a
common threshold r0 > 0 such that

ν(B(x, r)) ≥ rd+η (x ∈ E, 0 < r < r0).

Indeed, the sets where this eventual inequality holds below a fixed reciprocal-integer threshold
exhaust a set of full measure; rational radii and monotonicity suffice to make this construction
measurable.

For any translated grid of length s < 2r0, choose one point of E in each cell meeting E. Within
each of the three residue classes of cell indices modulo 3, the chosen points have disjoint balls of
radius s/2. Each ball has mass at least (s/2)d+η. Thus at most 3(2/s)d+η cells meet E. Compact
support bounds the total number of occupied cells by C/s, uniformly over grid translations and
small s. Conditioning the cell label on membership in E yields

H(cell label) ≤ 1 + ν(E) log
(︁
3(2/s)d+η)︁+ ν(Ec) log(C/s) ≤ (d + 2η) log(1/s) + Oη,ν(1).

This controls both the fixed grid and its average. Divide by log(1/s) and let η ↓ 0.

For Bernoulli convolutions, the following nonsaturation property appears in Breuillard–Varjú [4,
Lemma 13]. The stopping-time argument below extends it to unequal contractions of either sign.

Lemma 2.3 (Uniform nonsaturation). Let µ be a self-similar probability measure for a finite affine
system x ↦→ rix + ti with 0 < |ri| < 1. If µ is exact dimensional with dimension d < 1, then

δ := inf
v>0

∆v(µ) > 0. (2.7)

No separation or orientation assumption is needed.
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Proof. By Lemma 2.1, 0 ≤ ∆v ≤ 1. We show that a vanishing one-bit deficit would force almost
maximal entropy in a fixed wider scale interval. Stopped self-similarity then transfers that estimate
to every smaller scale, contradicting the entropy bound supplied by exact dimensionality. Suppose
there are vn > 0 with ∆vn(µ) → 0. For X ∼ µ, let λv be the law of X + Vv. An independent fair
bit J gives

∆v(µ) = h(X + V2v) − h(X + Vv) = I(J ; X + Vv + vJ). (2.8)
Thus the equal mixture of λv and its translate by v carries little information about its input label.

Here is a quantitative form of that observation. For two laws P, Q, write ∥P − Q∥TV =
supB |P (B) − Q(B)|. Observing whether the mixture sample lies in B bounds the information in
(2.8) below by

h2
(︁
(P (B) + Q(B))/2

)︁
− 1

2h2(P (B)) − 1
2h2(Q(B)),

where h2 is binary entropy. Since h′′
2(u) = −1/(ln(2)u(1 − u)) ≤ −4/ ln 2, this expression is at least

(P (B) − Q(B))2/(2 ln 2). Consequently, for ev = ∥λv − Tvλv∥TV, where Tv denotes translation by v,

ev ≤
√︂

2 ln(2)∆v(µ). (2.9)

Fix an integer K ≥ 2. The laws Pi = Tivλv, 0 ≤ i < K, have densities fi and satisfy
∥Pi − P0∥TV ≤ iev. Their common density f∗ := min0≤i<K fi has mass mv with

1 − mv ≤
K−1∑︂
i=1

∫︂
(f0 − fi)+ ≤ K(K − 1)

2 ev. (2.10)

For each input label, decompose its law into this same common submeasure and a residual submeasure
of mass 1 − mv. The common/residual flag can be sampled independently of the input label. On
the common branch the output gives no information; on the residual branch it gives at most log K.
The mutual information of the uniform mixture is therefore at most (1 − mv) log K. That mixture
is µ ∗ Law(VKv), and all its conditional differential entropies equal h(X + Vv). For this fixed K,

Gvn,Kvn(µ) −→ log K. (2.11)

We next transfer this near-saturation to every smaller scale. Put a∗ := mini |ri| > 0. For
0 < s < v, stop the independent coding at the first prefix whose absolute contraction is at most s/v.
The stopping time is bounded because maxi |ri| < 1. The stopped contractions have absolute values
in (a∗s/v, s/v], and the remaining coding is independent with law µ. Thus µ is a finite mixture of
affine images of itself with these contractions. Signed scaling and integer-ratio concavity give

Gs,Ks(µ) ≥ inf
z∈[v,v/a∗]

Gz,Kz(µ)

≥ Gv,Kv(µ) − C∗, C∗ := log(1/a∗ + 2) + 1. (2.12)

For the second inequality, apply (2.3) at (v, z) and (Kv, Kz). The loss C∗ is independent of K and
the scales.

Choose an integer K with (1 − d) log K > C∗ + 2. Then choose one v = vn such that Gv,Kv(µ) >
log K − 1, using (2.11). For every 0 < s < v,

Gs,Ks(µ) > B := log K − C∗ − 1 > d log K.

At sm = vK−m, telescoping gives

Hsm(µ) − Hv(µ) =
m∑︂

j=1
GvK−j ,vK−(j−1)(µ) > mB.
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Its entropy ratio has lower limit at least B/ log K > d, contradicting Lemma 2.2. This proves the
lemma.

The next estimate explains how the deficit produces gain. Unlike the concavity statements,
it does not require an integer ratio of scales. The fair-pair comparison follows the method of [20,
Proposition 20 and Lemma 22].

Lemma 2.4 (Two-point gain). Let X be bounded and J an independent fair bit. For 0 < s < v < t,

Gs,t(X + vJ) − Gs,t(X) ≥ ∆v(X) − s/v − v/t. (2.13)

The same estimate holds for convolution with any fair two-point law whose two points have distance
v.

Proof. Put Y = X + vJ . For each a > 0, let Ua be independent uniform on [0, 1) and write
Za = ⌊Y/a + Ua⌋. Translation invariance of the averaged entropy gives

Da := Ha(Y ) − Ha(X) = I(J ; Za | Ua).

Uniform smoothing also gives Dv = h(X + V2v) − h(X + Vv) = ∆v(X).
To compare s and v, use independent shifts Us, Uv and the same sample Y . The information

chain rule gives
I(J ; Zv | Us, Uv) ≤ I(J ; Zs | Us, Uv) + H(Zv | Zs, Us, Uv).

The first two terms are Dv and Ds because the unused shift is independent. For each fixed fine grid
and each of its cells of positive probability, the conditional sample law is independent of Uv. That
cell, of length s < v, contains a boundary of the v-grid on a proportion s/v of its shifts. Otherwise
the coarse label is fixed; when a boundary occurs there are at most two coarse labels. Averaging
therefore gives H(Zv | Zs, Us, Uv) ≤ s/v, whence Ds ≥ Dv − s/v.

For the coarse-scale gain, adjoining X to the observation yields

Dt ≤ I(J ; Zt, X | Ut) = I(J ; Zt | X, Ut).

For fixed X = x, the two labels at x and x + v differ on a proportion v/t of shifts. Their conditional
information is then one bit and is otherwise zero. Thus Dt ≤ v/t. Subtracting proves (2.13). The
proof allows atoms, since boundary coincidences occur on null sets of shifts. Finally, any fair pair is
a translate of {0, v} after ordering its two points; translation invariance proves the last assertion,
including for reflected pairs.

3 Pair mass below a fixed scale
We next consider a finite probability law without any separation assumption. Its exact entropy may
greatly exceed its entropy at a prescribed scale. The following lemma detects that excess through
the mass that can be placed in fair pairs at smaller scales. An upper bound for a sumset will make
the lemma useful for the block laws in the next section. Varjú’s scale-local decomposition into fair
two-point submeasures [20, Proposition 21] is a predecessor of this approach. Here the sumset term
controls the total capacity over all finer bands; we prove the needed estimate by randomized nested
partitions.
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Definition 3.1 (Pair capacity). Let ν be a probability law with finite support F ⊂ R. For ℓ ∈ Z,
let Eℓ(F ) be the set of unordered pairs {x, y} ⊂ F satisfying 2−ℓ ≤ |x − y| < 21−ℓ. Define cℓ(ν) as
the maximum of ∑︂

e∈Eℓ(F )
we subject to we ≥ 0,

1
2
∑︂
e∋x

we ≤ ν({x}) (x ∈ F ).

When Eℓ(F ) is empty, this maximum is zero.

Thus cℓ(ν) is the largest total weight of fair two-point laws in the indicated distance band whose
weighted sum is a submeasure of ν. Summing the constraints gives

∑︁
e we ≤ 1; the feasible set is

compact, so the maximum exists and 0 ≤ cℓ(ν) ≤ 1. For example, if ν = pδx + (1 − p)δy with x ̸= y,
then the capacity in the band containing |x − y| is 2 min{p, 1 − p}, and all its other capacities vanish.

Lemma 3.2 (Finite-law pair bound). For every integer k ≥ 1 there is a finite constant Ck such
that every finitely supported probability law ν on R and every ρ > 0 satisfy

k
(︁
H(ν) − H0

ρ (ν)
)︁

≤ log |kF | + Ck

∑︂
ℓ: 2−ℓ≤2ρ

cℓ(ν), F = supp ν, (3.1)

where kF = {x1 + · · · + xk : xi ∈ F}. The constant is independent of the smallest positive distance
in F .

Proof. Let X1, . . . , Xk be independent with law ν, write X = (X1, . . . , Xk), and put Y = X1 +
· · · + Xk. Knowing the initial length-ρ cells leaves k(H(ν) − H0

ρ(ν)) bits of uncertainty about
X. Revealing Y costs at most log |kF | bits. We bound the remaining uncertainty by successively
refining those cells. The refinement cuts are random, independent of the samples, to prevent atoms
close to a fixed boundary from being charged too often.

The partitions. Set ρh = ρ4−h for integers h ≥ 0, and start with the half-open grid intervals
of length ρ. Suppose a parent at level h has length L ∈ [ρh/2, 2ρh]. Let N be a nearest integer to
L/ρh+1, with ties resolved by a fixed rule. Then 2 ≤ N ≤ 8. Divide the parent into N equal pieces,
and perturb its internal cuts independently and uniformly by amounts in [−ρh+1/10, ρh+1/10].
The unperturbed child lengths belong to [0.75ρh+1, 1.25ρh+1]; after perturbation they belong to
[0.55ρh+1, 1.45ρh+1]. Thus the cuts remain ordered and every child has length in [ρh+1/2, 2ρh+1].
Conditional on the previous partitions, every new cut has density at most

5
ρh+1

= 20
ρh

. (3.2)

All cuts are sampled independently of X; a parent that contains several coordinates uses the same
cuts for each coordinate.

If F is a singleton, the lemma is immediate. Otherwise choose an integer J such that

2ρJ < min{|x − y| : x, y ∈ F, x ̸= y}.

Every level-J cell then contains at most one point of F , for every realization of the partitions. No
bound on J will be needed.
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For a fixed partition scheme, denote by Ch the tuple of level-h cells containing the samples.
Nesting and separation at level J give

k
(︁
H(ν) − H0

ρ (ν)
)︁

= H(X | C0)
≤ log |kF | + H(X | C0, Y )

= log |kF | +
J−1∑︂
h=0

H(Ch+1 | Ch, Y ). (3.3)

The whole partition scheme is sampled independently of X. We now average this finite chain over
the schemes; equivalently, the conditional entropies on its right also condition on that scheme. For
the summand at level h, the cell labels involved use only cuts through level h + 1. Conditional on
those cuts, all later cuts are independent of X and hence of Y and these labels, so they may be
discarded from the conditioning.

One refinement after observing the sum. Fix the partitions through level h, and condition first
on a tuple of current cells A1, . . . , Ak of positive probability. The coordinates remain independent,
with laws ν(· | Ai). Write mi = EXi in this conditional law. Each mean belongs to its half-open
parent, since it is an average of finitely many points of that parent. Fix the new cuts and let

a = min
1≤i≤k

c a new internal cut of Ai

|mi − c|.

This minimum is positive almost surely in the new cuts. Call coordinate i exceptional when
|Xi − mi| ≥ a/(4k), let pi be its probability, and put t =

∑︁
i pi. Let E be the event that at least

two coordinates are exceptional, and write q = P(E). Independence, before conditioning on Y , gives

q ≤
∑︂
i<j

pipj ≤ t2, q ≤ t. (3.4)

Also put

B =
{︄⃓⃓⃓⃓
⃓Y −

∑︂
i

mi

⃓⃓⃓⃓
⃓ ≥ a/2

}︄
.

This second event is known once Y is known, and P(B) ≤ t: if every coordinate is nonexceptional,
the sum deviation is less than a/4.

On Ec ∩ Bc, every child label equals the child label of its mean. Indeed, a changed label forces
|Xi − mi| ≥ a for some i, including a change at a half-open endpoint. There is then at most one
exceptional coordinate, so ⃓⃓⃓⃓

⃓⃓∑︂
j

(Xj − mj)

⃓⃓⃓⃓
⃓⃓ ≥ a − k − 1

4k
a > a/2,

a contradiction. Each coordinate has at most eight child labels. In the next display, conditioning on
the fixed partitions and new cuts is implicit. By revealing the flag 1E in addition to Y , we obtain

H(Ch+1 | Y, Ch = (Ai)) ≤ h2(q) + 3k
(︁
q + P(B)

)︁
≤ (3 + 6k)t ≤ 9k

∑︂
i

pi. (3.5)

Here h2(q) ≤ 3√
q and (3.4) were used. The elementary binary entropy bound follows from

−(1 − q) ln(1 − q) ≤ q and −√
q ln q ≤ 2/e. There is no binary-entropy cost for B, since it is

determined by the conditioned observation Y . This distinction is what makes (3.5) linear in the
exceptional probabilities.
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Averaging the cuts and converting to pairs. For a fixed value of Xi, set u = |Xi − mi|. The
event a ≤ 4ku requires one of at most 7k cuts to be within 4ku of its corresponding mean. The
density bound (3.2) and a union bound give

Pcuts(a ≤ 4ku) ≤ 7k
20
ρh

(8ku) = 1120k2 u

ρh
.

Consequently

Ecutspi ≤ 1120k2

ρh
E|Xi − mi| ≤ 1120k2

ρh
E|Xi − X ′

i|,

where X ′
i is an independent copy in the same current cell. The last inequality is Jensen’s inequality.

These expectations still use the current-cell conditional laws.
For a fixed level-h partition, integrating the cells out gives the symmetric coupling

πh =
∑︂

A: ν(A)>0
ν(A)

(︁
ν(· | A) ⊗ ν(· | A)

)︁
.

Both its marginals equal ν, and its pairs have distance at most 2ρh. Each of the k coordinate
contributions becomes the same integral against πh. Thus (3.5), averaged over the new cuts and
current cells, is at most

10080k4

ρh

∫︂
|x − y| dπh(x, y). (3.6)

For each band 2−ℓ ≤ |x − y| < 21−ℓ, the corresponding portion of πh supplies a feasible mixture
in Definition 3.1. Explicitly, the weight assigned to the unordered pair {x, y} is πh(x, y) + πh(y, x) =
2πh(x, y). The resulting submeasure has mass

∑︁
y: 2−ℓ≤|x−y|<21−ℓ πh(x, y) at x, which is at most

ν({x}). Its total weight equals the mass of that band under πh. Therefore (3.6) is at most

20160k4 ∑︂
ℓ: 2−ℓ≤2ρh

2−ℓ

ρh
cℓ(ν). (3.7)

This estimate also holds after averaging the previous partitions; its right side refers only to the
original law ν.

Summing all finer scales. For a fixed ℓ, the factors 2−ℓ/ρh grow by four at each step and are
summed only while they are at most two. Hence

∑︂
h≥0: 2−ℓ≤2ρh

2−ℓ

ρh
≤ 8

3 .

Summing (3.7) in (3.3) proves (3.1); one may take Ck = 60000k4. The separating depth J
disappears from the bound. In particular, the estimate includes separations smaller than any
prescribed exponential scale.

For a fixed finite law only finitely many pair capacities are nonzero. Later we will apply
Lemma 3.2 to a finite family of finite laws for each fixed block count. Their nonzero capacities
therefore lie in a common finite range, although the upper endpoint need not have any effective
bound.
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4 Conditioning on block types
Let Φ = (φi)i∈Λ be a finite affine iterated function system on R, where φi(x) = rix + ti and
0 < |ri| < 1. Let p = (pi)i∈Λ be a strictly positive probability vector, and let µ be its self-similar
measure. Write Gn for the random complete affine map obtained from n independent symbols with
law p, and let h = limn→∞ H(Gn)/n be its entropy rate. Throughout this section assume

d := dimH µ < 1, dχ < h, χ = −
∑︂
i∈Λ

pi log |ri|. (4.1)

All logarithms have base 2. We will find finite conditional coding laws whose exact entropy exceeds
their entropy at a prescribed scale by a positive multiple of the number of blocks. Lemma 3.2 will
then turn this deficit into pair mass across finite bands of arbitrarily fine scales.

We condition on the number of occurrences of each symbol in a short block. These counts fix its
signed contraction. Once all block contractions are fixed, the translation determines the complete
composed map. The entropy cost of recording the counts is small, so the conditional translations
retain almost all the map entropy. This argument allows distinct words to define the same map. The
block-type disintegration is due to Galicer–Saglietti–Shmerkin–Yavicoli [8, Section 6.4, Lemma 6.6]
and is developed further by Saglietti–Shmerkin–Solomyak [17, Lemma 6.2]; Käenmäki–Orponen
explicitly allow repeated indexed maps [12, Section 2.2, Proposition 2.8]. We retain the signed
contraction and estimate the entropy of the complete map after collisions have been combined.

4.1 Parameters and conditional coding laws

Write m = |Λ|. The second inequality in (4.1) implies h > 0, hence m ≥ 2. Choose α > χ such that
dα < h. For d > 0 we may take χ < α < h/d; for d = 0 we may take α = χ + 1. Choose an integer
b ≥ 1 sufficiently large that

m log(b + 1) < b
(︁
h − dα

)︁
,

and set
A = bα, A′ = b(χ + α)

2 , hb = bh − m log(b + 1). (4.2)

Then
bχ < A′ < A, γ := hb − dA > 0. (4.3)

These parameters remain fixed throughout the rest of the proof.
Group the iid symbols with law p into words W0, W1, . . . ∈ Λb. For w ∈ Λb let type(w) = (κi)i∈Λ,

where κi counts the occurrences of i in w. The set Tb of types consists of the nonnegative integer
vectors with

∑︁
i κi = b, and has cardinality at most (b + 1)m. For κ ∈ Tb, define

Nκ = b!∏︁
i κi!

, qκ = Nκ

∏︂
i

pκi
i , Qκ = Law

(︁
W0 | type(W0) = κ

)︁
.

Every word of type κ has probability
∏︁

i pκi
i , so Qκ is uniform on its Nκ words. Equivalently, we can

generate the original coding by first choosing independent types ω0, ω1, . . . with distribution q, then
choosing the words independently with respective conditional laws Qω0 , Qω1 , . . .. This follows by
multiplying the probabilities of any finite sequence of blocks. In particular it preserves the original,
possibly unequal, symbol weights pi.

Write ω = (ωh)h≥0 for the type sequence and θω = (ωh+1)h≥0 for its shift. For j ≥ 0, let Fj

be the sigma-algebra generated by ω0, . . . , ωj−1; F0 is trivial. For a type κ and an environment ω,
define

r(κ) =
∏︂
i∈Λ

rκi
i , Rj = Rj(ω) =

∏︂
h<j

r(ωh), σj = − log |Rj |, (4.4)
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with R0 = 1 and σ0 = 0. Thus Rj is Fj-measurable, including its sign. Let

D = max
κ∈Tb

(︁
− log |r(κ)|

)︁
.

The increments of σj are iid bounded positive random variables of mean bχ, and 0 ≤ σj ≤ Dj.
Given ω, use the independent conditional block draws above to define

νω,n = Lawω

(︄
n−1∑︂
h=0

RhφWh
(0)
)︄

, µω = Lawω

(︄ ∞∑︂
h=0

RhφWh
(0)
)︄

. (4.5)

Here Lawω denotes the law under those conditional word draws. The infinite sum converges
uniformly, since the block translations form a finite set and maxi |ri| < 1. The law νω,n depends only
on Fn, whereas µω can depend on the entire environment. Averaging over the types gives µ = Eµω.
For any real u ̸= 0 and any law λ, write Duλ = Law(uX) when X has law λ; this notation retains
the sign of u.

For n ≥ 1, let Ωn = (ω0, . . . , ωn−1) be the tuple of the first n types, and put

ρn = 2−⌈An⌉, En = {ω : σn ≤ A′n}, an = ⌈An⌉ − 1. (4.6)

Lemma 4.1 (Entropy retained by types). For a system satisfying (4.1), with the parameters (4.2)
and conditional laws (4.5), for every n ≥ 1 and s > 0 we have

EH(νω,n) = H(Gbn | Ωn) ≥ nhb, (4.7)
EH0

s (νω,n) ≤ H0
s (µ) + 1. (4.8)

Moreover, there are ε > 0 and an integer n0 such that for every n ≥ n0,

E
[︂
1En

(︁
H(νω,n) − H0

ρn
(νω,n)

)︁]︂
≥ εn. (4.9)

Proof. Fix Ωn. The composition corresponding to a tuple (w0, . . . , wn−1) of allowed blocks is

φw0···wn−1(x) = Rnx +
∑︂
h<n

Rhφwh
(0).

Its signed slope Rn is fixed by Ωn, and its translation has law νω,n. Thus the complete map and its
translation determine one another under this conditioning, even when several words give the same
map. It follows that

EH(νω,n) = H(Gbn | Ωn).

There are at most (b + 1)m types, and the block types are independent, so H(Ωn) ≤ nm log(b + 1).
The entropy-rate definition gives H(Gbn) ≥ bnh. Therefore

H(Gbn | Ωn) ≥ H(Gbn) − H(Ωn)
≥ bnh − nm log(b + 1) = nhb.

This conditioning inequality does not require Ωn to be a function of Gbn; equal maps may arise
from different type tuples. This proves (4.7).

We next compare the finite sum with the original measure at a fixed grid scale. Translation
changes fixed-grid entropy by at most one bit: for any bounded random variable X and t ∈ R,

H0
s (X + t) ≥ H0

s (X) − 1. (4.10)
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This is the fixed-grid bound in Lemma 2.1, Equation (2.4).
Condition now only on Fn. The original symbols after the first bn positions are still independent

with law p, and are independent of the prefix. Consequently the full coding law conditional on Fn is

λω = νω,n ∗ DRnµ, µ = Eλω.

For each fixed type prefix this convolution is a mixture of translations of νω,n. Applying concavity
of fixed-grid entropy first to these translations and then to the type mixture, and using (4.10), gives

H0
s (µ) ≥ EH0

s (λω) ≥ EH0
s (νω,n) − 1.

All entropies are finite because the laws have bounded support. The sign of Rn affects only the
random translation in this argument. This proves (4.8).

Set Vn = H(νω,n) − H0
ρn

(νω,n). Quantization is a function of the exact finite value, so

0 ≤ Vn ≤ H(νω,n) ≤ nb log m. (4.11)

By Lemma 2.2, lim sups↓0 H0
s (µ)/ log(1/s) ≤ d. Choose η = γ/(4A) > 0. For all sufficiently large n,

the preceding estimates give

EVn ≥ nhb − (d + η)⌈An⌉ − 1
≥ 3

4γn − (d + η) − 1 ≥ 1
2γn.

The law of large numbers and bχ < A′ imply P(Ec
n) → 0. By (4.11), after increasing the threshold

on n,
E[1Ec

n
Vn] ≤ nb log mP(Ec

n) ≤ 1
4γn.

Thus (4.9) holds with ε = γ/4.

4.2 From the deficit to bands of pair mass

The preceding lemma produces entropy that is invisible at scale ρn. To apply the finite-law estimate,
we must also control the number of possible sums of several independent copies of a conditional
prefix. Fixing the types makes that count uniform in the environment.

Proposition 4.2 (Pair mass in finite scale bands). Under the assumptions and notation of
Lemma 4.1, there exist c > 0 and an integer n0 such that, for each n ≥ n0, there is a deterministic
finite integer Bn ≥ an satisfying

E

⎡⎣1En

Bn∑︂
ℓ=an

cℓ(νω,n)

⎤⎦ ≥ cn. (4.12)

Here cℓ(ν) is the maximum total weight of fair two-point laws with separations in [2−ℓ, 21−ℓ) whose
weighted sum is a submeasure of ν, as in Lemma 3.2. The constants b, A, A′, c, n0 are independent
of n and ω; no growth bound on Bn is asserted.

Proof. Let Db = {φw(0) : w ∈ Λb}. It has at most mb elements. For fixed types, write S = supp νω,n.
Since every Rh is fixed by the types,

S ⊆
∑︂
h<n

RhDb, kS ⊆
∑︂
h<n

Rh(kDb) (k ≥ 1).
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A sum of k elements of Db is specified by the number of occurrences of each digit. Each count
belongs to {0, . . . , k}, so |kDb| ≤ (k + 1)mb and hence

log |kS| ≤ nmb log(k + 1). (4.13)

This is an upper bound regardless of any collisions among the represented sums and regardless of
the signs of the Rh.

With b and ε already fixed, choose an integer k so large that

mb log(k + 1) <
kε

2 .

Apply Lemma 3.2 to each νω,n at scale ρn. Its conclusion, with a positive constant Ck depending
only on k, is

k
(︁
H(νω,n) − H0

ρn
(νω,n)

)︁
≤ log |kS| + Ck

∑︂
ℓ≥an

cℓ(νω,n);

the index condition follows from 2−ℓ ≤ 2ρn if and only if ℓ ≥ an. Multiply by 1En and take
expectations. Lemma 4.1 and (4.13) give

CkE

⎡⎣1En

∑︂
ℓ≥an

cℓ(νω,n)

⎤⎦ ≥ kεn − nmb log(k + 1) ≥ kεn

2 .

For fixed n there are finitely many type prefixes and thus finitely many laws νω,n, all with finite
support. Collect the dyadic band indices of all distinct pairs of support points in all these laws into
a finite set Jn ⊂ Z, and set

Bn = max
(︁
{an} ∪ Jn

)︁
.

For every environment, cℓ(νω,n) = 0 when ℓ > Bn. Thus the infinite sum in the last inequality
equals the sum from an to Bn, and (4.12) follows with c = kε/(2Ck).

The bands in Proposition 4.2 can extend far beyond the scale 2−An. Their finiteness is enough:
the next step will select successive block lengths after the earlier upper endpoints Bn are known.
No quantitative separation of distinct cylinder translations has been used.

5 Disjoint windows of entropy gain
Proposition 4.2 supplies a linear amount of fair-pair weight in a finite interval of logarithmic depths
for every sufficiently long block segment. We now turn this weight into entropy gain. The difficulty
is that the depth interval may extend arbitrarily far. We choose several segments whose depth
intervals are separated, and show that their gains occupy disjoint windows of block indices. At each
physical scale the total gain is bounded, whereas every chosen interval contributes the same positive
amount after averaging over scales.

Throughout this section, retain the environment and constants from Section 4. Thus σj =
− log |Rj | is the contraction depth after j blocks, D bounds each block’s depth, and Fj =
σ(ω0, . . . , ωj−1) records the first j types. In particular, σj ≤ Dj. The logarithmic-depth bands are
[an, Bn], where an = ⌈An⌉ − 1, and their expected total weight on En = {σn ≤ A′n} is at least cn.

Let θ denote the left shift of the type sequence. Define the suffix laws, including their contraction
from the initial scale, by

τj = DRj µθjω, j ≥ 0.
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The independent conditional block draws give the pathwise identity

τj = (DRj νθjω,n) ∗ τj+n, n ≥ 1. (5.1)

All these laws have compact support. The signs of Rj are retained in the laws; only scale changes
use |Rj |.

By Lemma 2.3, choose δ > 0 such that

∆v(µ) := 1 − Gv,2v(µ) ≥ δ (v > 0).

Fix an integer M > 4 with 5/M < δ/2. For an integer target depth L ≥ 1, write r = 2−L and define

gj = Gr/M,Mr(τj). (5.2)

Here and below gj depends on L and ω. The ratio of the two window scales is the integer M2.
Lemma 2.1 and (5.1) therefore imply, for every environment,

0 ≤ gj ≤ 2 log M, gj ≥ gj+1. (5.3)

5.1 A gain after averaging the unobserved future

An individual conditional tail need not satisfy the nonsaturation bound for µ. To use that bound,
we condition only on the types through the end of the finite block segment producing a fair pair.
The unobserved future types then average its tail law back to a scaled copy of µ.

Lemma 5.1 (Conditional pair gain). For all integers j ≥ 0, n ≥ 1, and L ≥ 1, with gj as in (5.2),

E
[︁
gj − gj+n | Fj+n

]︁
≥ δ

2cL−⌈σj⌉(νθjω,n). (5.4)

Proof. Condition on Fj+n and put ℓ = L−⌈σj⌉. The finite law νθjω,n, the signed products Rj , Rj+n,
and ℓ are now fixed. Choose a fair-pair decomposition attaining cℓ(νθjω,n). Such a choice is
measurable in Fj+n: for fixed j, n, L there are only finitely many initial type sequences, so one may
fix a maximizer for each of them.

A selected pair of distance u ∈ [2−ℓ, 21−ℓ) has distance v = |Rj |u after scaling. Since r = 2−L,

v

r
∈
[︁
2⌈σj⌉−σj , 21+⌈σj⌉−σj

)︁
⊂ [1, 4).

Thus r/M < v < Mr and
r/M

v
+ v

Mr
≤ 5

M
.

Even if Rj is negative, the scaled pair, after ordering its endpoints, is a translate of the fair law on
{0, v}. Translation invariance and Lemma 2.4 show that this pair increases the window entropy of
τj+n by at least

∆v(τj+n) − 5
M

.

The types beginning at index j + n are independent of Fj+n. Since averaging µω over the
environment gives µ, their conditional mean is the identity of measures

E[τj+n | Fj+n] = DRj+nµ.
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The functional ∆v = 1 − Gv,2v is convex by Lemma 2.1. Each chosen distance v is fixed under the
present conditioning. Hence Jensen’s inequality and signed scaling give

E[∆v(τj+n) | Fj+n] ≥ ∆v(DRj+nµ)
= ∆v/|Rj+n|(µ) ≥ δ.

Apply concavity of Gr/M,Mr to the selected pairs and the residual positive measure in the prefix
law. If the residual mass is nonzero, normalize it to a probability law; convolution with that law
contributes a nonnegative gain by Lemma 2.1, since the scale ratio is M2. The same statement is
vacuous when the residual mass is zero. Summing the conditional lower bounds for all the selected
pairs therefore gives

E[gj − gj+n | Fj+n] ≥
(︃

δ − 5
M

)︃
cℓ(νθjω,n) ≥ δ

2cℓ(νθjω,n),

as required.

5.2 Choosing disjoint block windows

Fix any positive integer q. Choose sufficiently large integers n1 < · · · < nq successively so that
Proposition 4.2 applies, ani ≥ 1, and

ani − A′ni − 1 > Bnh
(h < i). (5.5)

This is possible because the previously chosen Bnh
are finite and

an − A′n − 1 = ⌈An⌉ − A′n − 2 ≥ (A − A′)n − 2 −→ ∞.

In particular, the choice uses no upper bound on how fast Bn grows. Call [ani , Bni ] band i. Larger
i means finer physical scales, since (5.5) gives ani > Bnh

for h < i.
Choose an even integer T with

T

2 > max
1≤i≤q

Bni . (5.6)

For band i, use the candidate starts

Ji =
{︃

kni : k ∈ Z, 0 ≤ k ≤
⌊︃

T

2Dni

⌋︃}︃
. (5.7)

For each target L ∈ {1, . . . , T}, retain the window [j, j + ni), j ∈ Ji, exactly on the event

Ai,j,L =
{︁
σj+ni − σj ≤ A′ni, ani ≤ L − ⌈σj⌉ ≤ Bni

}︁
. (5.8)

This event belongs to Fj+ni , the same sigma-algebra as the conditioning in Lemma 5.1.
The reason for the separation condition is simple. As a block start j moves forward, the adjusted

target depth L − ⌈σj⌉ is nonincreasing. A retained window in a finer band cannot decrease this
depth far enough to reach any coarser band. The next lemma makes this order precise for every
environment.

17



block index
j j + ni k k + nh

band i band h < i

xj+ni > Bnh
≥ xk

Figure 1: At a fixed target depth, a retained window from a finer band ends before any retained
window from a coarser band begins. Here xj = L − ⌈σj⌉ is nonincreasing in the block index. The
schematic is not to scale.

Lemma 5.2 (Disjoint retained windows). For each fixed environment and target L ∈ {1, . . . , T},
all the retained windows in (5.8) are pairwise disjoint. Consequently,

q∑︂
i=1

∑︂
j∈Ji

1Ai,j,L
(gj − gj+ni) ≤ 2 log M. (5.9)

Proof. Set xj = L − ⌈σj⌉; this is nonincreasing in j. If the band-i window [j, j + ni) is retained, then

⌈σj+ni⌉ − ⌈σj⌉ ≤ σj+ni − σj + 1 ≤ A′ni + 1,

so
xj+ni ≥ ani − A′ni − 1. (5.10)

If [k, k + nh) is a retained window in a coarser band h < i, then xk ≤ Bnh
. By (5.5) and (5.10),

xj+ni > Bnh
≥ xk.

Monotonicity of xj forces k > j + ni. Thus the window from the finer band ends before the window
from the coarser band starts. Within a single band, distinct starts are distinct multiples of its length
ni, so its half-open windows also do not overlap.

List the retained windows in increasing order as [u1, v1), . . . , [uN , vN ), with vt ≤ ut+1. By (5.3),

N∑︂
t=1

(gut − gvt) ≤ gu1 − gvN ≤ 2 log M.

The empty sum is zero. This proves (5.9).

Figure 1 shows the order of retained windows from two different bands in this proof.

5.3 Summing over target depths

The disjointness lemma bounds the total gain at one physical scale. Summing over targets recovers
every pair scale in each band. Indeed, for a candidate j ∈ Ji,

0 ≤ σj ≤ Dj ≤ T/2.

Because T is even, this also gives 0 ≤ ⌈σj⌉ ≤ T/2. Each integer ℓ ∈ [ani , Bni ] therefore occurs
exactly once as L − ⌈σj⌉ for 1 ≤ L ≤ T : take L = ℓ + ⌈σj⌉. Its lower bound is 1, and its upper
bound is at most Bni + T/2 < T .

Each band has at least T/(2Dni) candidate starts, and each contributes expected pair mass
at least cni after summing the targets. The block length cancels, so every band supplies a fixed
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multiple of T . Take expectations in (5.9). Since the retention indicator is Fj+ni-measurable, the
tower property and Lemma 5.1 apply to each summand. Sum the result over L = 1, . . . , T and use
the preceding exact correspondence to obtain

2T log M ≥ δ

2

q∑︂
i=1

∑︂
j∈Ji

E

⎡⎣1Eni
(θjω)

Bni∑︂
ℓ=ani

cℓ(νθjω,ni
)

⎤⎦
≥ δc

2

q∑︂
i=1

|Ji|ni ≥ δcqT

4D
. (5.11)

The second inequality uses Proposition 4.2 and the identical distribution of the type environment
under θj ; independence between different candidate windows is not needed. The last inequality
follows from the exact count

|Ji| =
⌊︃

T

2Dni

⌋︃
+ 1 ≥ T

2Dni
.

After canceling T , (5.11) bounds the arbitrary integer q by 8D log M/(δc). All the constants in this
bound were fixed before q was chosen, so this is impossible.

Completion of the proof of Theorem 1.1. The standard upper bound gives dimH µ ≤ min{1, h/χ}.
If the inequality were strict, then d = dimH µ would satisfy d < 1 and dχ < h. Section 4 would supply
the pair bands used above, and (5.11) would give a contradiction. Therefore dimH µ = min{1, h/χ}
for the prescribed positive vector p. Since p was arbitrary, the conclusion holds for every such vector,
including the cases h = χ and h > χ.

6 Overlap conventions and dimension of the attractor
We first reconcile the two usual word-length conventions for an exact overlap. The following
observation also appears in [10, footnote 3]. The nonzero contraction hypothesis is useful here as
well as in the proof of the measure theorem.

Lemma 6.1. For a finite family of maps x ↦→ rix + ti with 0 < |ri| < 1, an equality of maps for
two distinct nonempty words of arbitrary lengths implies such an equality for two distinct words of
the same length.

Proof. Suppose φu = φv and u ̸= v. If u were a proper prefix of v, writing v = uw and cancelling
the invertible map φu would give φw = id. This is impossible because a nonempty word has absolute
contraction less than one. The same applies with the words interchanged. Now φuv = φu ◦ φv =
φv ◦ φu = φvu. The words uv and vu have the same length and are distinct: if they were equal,
their first min{|u|, |v|} symbols would show that either u = v or the shorter word is a proper prefix
of the longer.

Corollary 6.2 (No exact overlaps). Let Φ be a finite nonempty indexed family of real similarities
with 0 < |ri| < 1 and no exact overlaps. For every strictly positive probability vector p,

dimH µΦ,p = min{1, H(p)/χ(Φ, p)}.

Proof. At every length n, distinct words give distinct complete maps. Hence Gn is an injective
function of its symbol word, so H(Gn) = nH(p) and hRW = H(p). Apply Theorem 1.1.
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Let KΦ be the compact attractor, equivalently the set of all coding limits. Its similarity dimension
s∗ is the unique number s∗ ≥ 0 satisfying ∑︂

i∈Λ
|ri|s∗ = 1.

For at least two symbols, existence and uniqueness follow because this sum is continuous and strictly
decreasing from |Λ| > 1 to zero. For one symbol its unique solution is zero.

Corollary 6.3. For a finite nonempty family of similarities of R with arbitrary real translations
and 0 < |ri| < 1, absence of exact overlaps implies

dimH KΦ = min{1, s∗}.

Proof. For one map the attractor is its fixed point and s∗ = 0. For at least two maps choose the
strictly positive weights pi = |ri|s∗ . Then H(p) = s∗χ(Φ, p). Corollary 6.2 gives a measure supported
on KΦ of dimension min{1, s∗}, which is a lower bound for its set dimension. For the upper bound,
if a > s∗, the level-n cylinder sets cover KΦ, their diameters tend uniformly to zero, and

∑︂
u∈Λn

(diam φu(KΦ))a = (diam KΦ)a

(︄∑︂
i

|ri|a
)︄n

−→ 0.

The zero-diameter case is immediate. Thus dimH KΦ ≤ s∗, and the ambient upper bound is one.

Corollary 6.4. Let m ≥ 2, 0 < λ < 1, and t1, . . . , tm ∈ R. If the maps x ↦→ λx + ti have no exact
overlaps, then for every strictly positive probability vector p their self-similar measure has

dimH µ = min
{︃

1,
H(p)

log(1/λ)

}︃
.

Proof. Apply Corollary 6.2 with ri = λ for every i. Since the weights sum to one, χ = log(1/λ).

Corollary 6.5 (Three maps). Let 0 < λ < 1 and t ∈ R. If the indexed maps

x ↦−→ λx, x ↦−→ λx + 1, x ↦−→ λx + t

have no exact overlaps, then for every p0, p1, p2 > 0 with p0 + p1 + p2 = 1, their self-similar measure
satisfies

dimH µ = min
{︄

1,
−
∑︁2

i=0 pi log pi

log(1/λ)

}︄
.

Proof. Apply Corollary 6.4 with translations 0, 1, t.

No claim of absolute continuity, effective separation, or a quantitative rate of convergence follows
from these dimension statements. In particular, the finite upper endpoints of the scale ranges used
in the proof have no asserted effective bound.
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