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Abstract

We determine the exact reconstruction threshold for the symmetric three-state broadcast
process on every regular b-ary tree, b > 2, and every observed Poisson Galton-Watson tree of
mean d > 1. Reconstruction occurs exactly when dA? > 1, with d = b in the regular model;
there is non-reconstruction at equality for either sign of the channel parameter. The Poisson
advantage is averaged over trees and spins without conditioning on survival. This resolves
the all-degree three-state regular-tree prediction. Combining the Poisson theorem with known
tree-to-graph and algorithmic results gives the exact weak-recovery threshold for the symmetric
three-community sparse stochastic block model with independent uniform labels, fixed within-
and between-community rates a,b > 0, and mean degree (a + 2b) /3 > 1: recovery is possible
exactly when (a — b)? > 3(a +2b). Above this threshold it is achievable in O(n log 1) time; at
or below it, weak recovery is information-theoretically impossible.
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1 Introduction

The reconstruction problem asks whether many distant, noisy descendants retain information
about their common ancestor. On a tree, the growth in the number of descendants competes with
the loss of information across each edge. For a symmetric channel with nontrivial eigenvalue A and
mean offspring number d, the Kesten-Stigum condition dA? > 1 gives reconstruction. Whether
this condition is also necessary depends on the channel. We determine the answer for three
states at every branching parameter in two basic tree families. Through existing tree-to-graph
and algorithmic results, the Poisson theorem also determines the weak-recovery threshold for the
symmetric three-community sparse stochastic block model with positive connectivity parameters
and mean degree greater than one.



1.1 Model and result

Let the root spin ¢, be uniform on {1,2,3}. Along each edge, independently conditional on its
parent spin, transmit through

o fa+anyss, i=),
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The tree is either the rooted b-ary tree, with an integer b > 2 children at every vertex, or a Galton—
Watson tree with independent Pois(d) offspring counts, where d > 1. For the regular model
set d = b. The tree is independent of the root spin. The observation at depth ¢ consists of the
unlabelled tree T<, through that depth together with the spins attached to its vertices 9T, at depth
¢; neither interior spins nor an ordering of siblings are observed. Define

<A<l (1.1)

N|—=

a; =E|P(0, = - | T<y, 057,) — Unif{1,2,3} |1 - (1.2)

In the Poisson case this expectation includes both the tree and the spins, without conditioning on
survival. Reconstruction means lim,_,,, 4; > 0; non-reconstruction means that this limit is zero.
The limit exists by information degradation.

Theorem 1.1 (Exact threshold). For every integer b > 2 in the reqular model and every real d > 1 in the
Poisson model, reconstruction occurs if and only if

dA% > 1,
with d = b in the regular case. At every admissible equality dA?> = 1, there is non-reconstruction.

Thus the positive threshold is A = d~1/2. On the negative side reconstruction occurs precisely
whend > 4and —1/2 < A < —d /2. In particular, the three-coloring channel A = —1/2 is
non-reconstructible at branching parameter four in both models.

1.2 History and significance

The branching-process work of Kesten and Stigum [8] underlies the classical second-moment
reconstruction bound. Broadcasting and its relation to the Ising model were developed by Evans,
Kenyon, Peres, and Schulman [4]. For more than two states, nonlinear information in the boundary
can change the threshold. This possibility occurs for symmetric channels with five or more states
[13, Theorem 1.2]; the three-state assertion therefore needs more than the second-moment bound.

Mézard and Montanari [9, Conjecture 2 and the following paragraph] predicted sharpness
of the Kesten—Stigum bound for three-state symmetric channels of either sign up to a branching
cutoff, and proposed the extension to all branching parameters. See also Conjecture 1 of Sly [13] for
the all-degree regular-tree formulation. Sly proved this for all sufficiently large regular branching
parameters, including non-reconstruction at equality [13, Theorem 1.1]. Mossel, Sly, and Sohn
established the corresponding large-mean Poisson-tree result, for both signs and including equality
[10, Theorem 1.12]. At small degrees, Bhatnagar and Maneva developed finite representations
of posterior laws and proved, among other bounds, non-reconstruction for three-colorings on
the regular ternary tree [2, Theorem 12]. Theorem 1.1 removes the large-branching restriction in
these two tree families. It resolves the three-state regular-tree prediction in its all-degree form and
includes the low-branching and coloring endpoints for the observed Poisson tree.

For the symmetric stochastic block model, the cavity-method analysis of Decelle, Krzakala,
Moore, and Zdeborova predicted the Kesten-Stigum transition in the assortative three-community
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case [3, Section IV.A]. Ricci-Tersenghi, Semerjian, and Zdeborova gave further evidence for the
three-state prediction for either sign, through local analysis of the posterior recursion and numerical
cavity solutions [12, Sections III.D.1 and IV.H]. Mossel, Sly, and Sohn proved information-theoretic
impossibility at and below the Kesten-Stigum bound for three or four communities when the
mean degree is sufficiently large [10, Theorem 1.5]. Their tree-to-graph transfer has no large-
degree restriction [10, Theorem 2.1]. Together with the above-threshold algorithm of Abbe and
Sandon [1, Corollary 1 and Lemma 1], the Poisson part of our theorem therefore gives the exact
three-community weak-recovery threshold stated in Corollary 1.2 below.

A related three-state model with branch-dependent couplings on a binary Cayley tree is
studied by Mukhamedov and Akin [11]. Their work concerns disordered translation-invariant
Gibbs measures and their extremality; our theorem concerns the same homogeneous symmetric
channel on every edge of the regular or observed Poisson tree.

1.3 Proof strategy and its precedents

For a root posterior p = (p1, pa, p3), write m; = 3p; and identify the three spin labels with 1, w, w?,

where w = ¢2™/3, The complex posterior mean and its two basic invariants are

{ = p1+wps+wps, x =g, y = R(D).

The posterior recursion passes each child experiment through one edge and combines the resulting
conditionally independent branch observations. Section 2 gives this recursion and proves that the
limiting posterior law is a fixed point, including at the coloring endpoint. Non-reconstruction is
equivalent to Ex = 0 under that law. A linear estimator proves reconstruction above the threshold.
Channel and offspring degradation reduce the converse to critical equality and the coloring case at
branching parameter four.

At positive equality, Section 3 compares two expressions for the change of an entropy functional
across the recursion. The expected symmetrized-entropy identity goes back to Formentin and
Kiilske [5, Proposition 3.3 and equation (15)]. Our functional combines entropy and symmetrized
entropy with a quadratic centered-logarithm term. The fixed-point identities express its change
through the correlation generated by combining branches, while a radial inequality bounds it
below by a positive multiple of Ex?>. Moment estimates make these two bounds incompatible at a
nonuniform limiting fixed point. Appendix A proves the radial inequality analytically. Related
entropy methods include the sharp nonlinear information-contraction inequalities for the Potts
channel and non-reconstruction criteria of Gu and Polyanskiy [7].

The negative argument separates small and large posterior moments. Sly’s large-branching
proof already combines a moment estimate near the uniform posterior with a global Gaussian
contraction, including a rigorous numerical verification [13, Section 1.5, Lemmas 4.7—4.8, and
Appendix A]. Here Section 4 proves a uniform quantitative gap: at every negative equality, any
nonuniform symmetric fixed point satisfies Ex > 1/20. Pair inequalities for x, y, and x? yield this
gap through a moment bootstrap. Section 5 then uses weighted logarithm identities to exclude the
remaining fixed points away from the coloring channel.

Near coloring, Section 6 constructs finite experiments that are more informative than the true
boundary observation. It suffices for one such upper experiment to have Ex < 1/20: the true
limiting fixed point then falls below the gap and must be uniform. The upper recursion need not
itself converge to the uniform experiment. Bhatnagar and Maneva introduced finite surveys of
posterior laws and combined certified finite recursion with local contraction [2, Sections 3.1-3.3
and Theorem 12]. Their construction includes completion by perfectly informative messages for



omitted offspring tails and downward-rounded masses [2, Section 3.3, implementation remarks 1
and 4]. We use this finite-experiment approach with the gap above and explicit three-state refine-
ment kernels. Gu’s recent binary-hypertree work proves a related rigorous population-dynamics
procedure and proposes a Potts extension based on degradation and local non-reconstruction [6,
Sections 4 and 7].

The quantitative radial bound, uniform fixed-point gap, and exact certificates supply the esti-
mates needed throughout the parameter range. The negative argument is computer-assisted: the
polynomial, interval, and finite-experiment programs are printed in Appendix D. Their mathe-
matical interpretation and arithmetic bounds are proved in the text. All decimal constants denote
exact terminating rationals, and no simulation estimate enters a certification decision. Section 7
assembles the tree classification; Table 1 there records the parameter ranges of its analytic and
finite arguments.

1.4 A consequence for community detection

We now use a and b for within- and between-community connectivity parameters, independently
of the notation for regular branching above. Fix a,b > 0 with d = (a+2b)/3 > 1. For all
sufficiently large 1, choose 01, ..., 0, independently and uniformly from {1,2,3}. Conditional
on these labels, form a graph G, on {1, ...,n} by including each unordered pair independently,
with probability a/n if its endpoints have the same label and b/n otherwise. For two labelings
0,0 € {1,2,3}", define their overlap by

~ 1 ¢
ov(o,0) = max — 15 .
( ) TESy 1 Z; {Go=mt(c)}
The permutation accounts for the fact that the names of the communities cannot be recovered from
the graph.

Corollary 1.2 (Exact weak-recovery threshold for three communities). In the model above, the
following statements hold.

(i) If (a — b)? < 3(a + 2b), then every sequence of estimators G, using only G, and independent

randomization satisfies

. A 1
nh_r)golEov(a,Jn) =3

(ii) If (a — b)? > 3(a + 2b), there are ¢ > 0 and an algorithm, allowed to depend on the fixed parameters
a, b, which runs in O(nlogn) time and satisfies

~ 1
H’(ov(a,an) > 3 —l—E) — 1.

Thus weak recovery is possible exactly under the strict inequality, and is information-theoretically impossible
at equality.

The proof of Corollary 1.2, including the passage from averaged tree non-reconstruction to the
fixed-tree hypothesis of the transfer theorem, is given in Section 7.



2 Posterior experiments and reductions

We represent the spin set by S = {1, w, w?}, where w = exp(27ti/3), and write S, for the complex
spin at a vertex v. In the probabilistic recursions, D denotes an offspring count, and

d =ED, n =

E[D(D-1)] _ {1—1/d, D=d=b, 21)

d? 1, D ~ Pois(d).

All probabilities in the Poisson model are unconditional: the observed tree is part of the data, and
extinction is not removed from the sample space.

2.1 Observations, likelihoods, and posterior coordinates

For calculations we construct the tree with ordered children. At each vertex, independently, we
draw its offspring count and then the spins of its children through K. The root spin is uniform
and is independent of all offspring counts. The resulting tree is locally finite almost surely. Let

O¢ = (T<t, (Sv)o|=¢)

denote its depth-¢ observation, initially with this auxiliary ordering retained. The unlabelled
observation retains the rooted tree and its boundary-spin decoration, but forgets all sibling orders.

Lemma 2.1 (Removing sibling orders). The ordered and unlabelled depth observations are equivalent
for inference of the root spin. In particular, they have the same reconstruction advantage and the same
distribution of the root posterior.

Proof. Fix a finite unlabelled boundary-decorated tree. Conditional on any specified root spin,
the probabilities of all its distinct ordered representatives are equal. Indeed, a permutation of
siblings permutes independent, identically distributed descendant constructions; summing over
unobserved internal spins preserves this invariance. The group of such sibling permutations is
transitive on the distinct representatives. Repeated representatives caused by identical subtrees
have equal stabilizer multiplicities, so they do not alter the equality of these probabilities.
Consequently, conditional on the unlabelled observation, the law of the ordering is independent
of the root spin. Forgetting the ordering is a deterministic operation, and sampling an ordering
from this conditional law is an operation that does not use the root spin. These two operations
establish the claimed equivalence, including when the boundary is empty. O

An experiment consists of a uniform spin S € § and an observed datum Y. Write
pi=P(S=il|Y), m; = 3p;, vi=m; —1, ieS. (2.2)
Thus the likelihood vector m takes values in the compact simplex
M = {(m;)ies : m; >0, Y;m; = 3}.

For coordinatewise expressions we use (h) = % Y ics hi. When coordinates are written as numerical
triples indexed by 0, 1,2, coordinate i € {0,1,2} corresponds to the spin label w'. The complex
posterior and its two basic invariants are

C=E[S|Y]=(im), x=Ii> y=Re(?). (2.3)



Here the 7 inside the coordinate average is the spin label, not the imaginary unit. Fourier inversion
on the three-element group gives

v;={i+Ci=2Re(gi), (v*)=2x, (v°) =2y (2.4)
More precisely, each of the three coordinates satisfies
03 = 3xv; + 2y, [T +t) =1-32x+28%. (2.5)
€S

To verify the first identity, expand (i + {i)® and use i = 1. The second follows from }_; v; = 0,
Y vlz = 6x, and []; v; = 2y. The convex-hull constraint on , together with [ ]; m; > 0, gives

0<x<1, |y <+¥%,  1-3x+42y>0. (2.6)

For later use these also imply, when x > 0,

1
3-2r
Indeed |r] < y/x < 1, and the last inequality in Equation (2.6) gives the upper bound on x.
Combining the two bounds on x gives 0 < 1 —3r% + 23 = (1 — r)?(1 +2r), and hence r > —1/2.

The marginal law of a posterior likelihood vector is always balanced: [Em; = 1. Bayes’
formula states that its conditional law under input i is tilted by m;. More generally, for a bounded
measurable function g of the original datum,

Elg(Y) | S =il = E[m;(Y)g(Y)]. (2.8)

1
—Egm:%gL P <x< 2.7)

Conversely, every probability law Q on M satisfying [ m; Q(dm) = 1 defines an experiment by
taking Q(dm | S = i) = m;Q(dm). Its posterior likelihood vector is precisely the observed m. Thus
balanced laws on M are sufficient to describe the experiments used below.

The posterior vector also loses no inferential information from an existing experiment. In
fact P(S =i |Y,m) =m;/3 =P(S =1i|m), soS and Y are conditionally independent given
m. The original datum can therefore be conditionally simulated from m without knowing S. All
observation spaces here are standard Borel, so the required conditional kernels exist.

Our experiments are invariant under every permutation of the three spin labels. In complex
coordinates these permutations are generated by { — w{ and { + . This invariance is retained
by all the tree recursions and limits below.

Lemma 2.2 (Total variation and the posterior second moment). For every posterior vectot,

. 2
’\% < |lp — Unif(S) |y < 2121 29)

Consequently, writing yuy, = Ex, for the depth experiment and a, for its mean total variation advantage,

Focp <2 2.10
\@_6_3\/776 (2.10)

In particular, vanishing advantage is equivalent to vanishing posterior second moment.

Proof. For any three real numbers with zero sum, half the sum of their absolute values equals their
largest absolute value. Applying this to v gives ||p — Unif(S)||rv = max; |v;| /3. If M = max; |v;|,
their squared sum is at most 2M?: after choosing the coordinate of absolute value M, the other
two have the opposite sign and their absolute values sum to M. Equation (2.4) therefore yields
6x < 2M?. The same equation gives M < 2|{|, proving Equation (2.9). Now use |{|?> < || and
Cauchy-Schwarz to obtain Equation (2.10). O



2.2 The exact posterior recursion

Suppose Y is a child experiment with likelihood vector m. The child spin has a uniform marginal,
and the conditional law of Y given parent spin i, relative to the child marginal law, has density

mei =Y Ky(i,k)mg =14 A(m; —1) =1+ Av;. (2.11)
kesS

Thus the datum retains its original marginal law under the uniform parent prior. The edge
operation sends
T AL, x— A%,y Al (2.12)

To combine 1 experiments that are independent conditional on a common input, let Qy, ..., Qy
be their marginal likelihood laws. Under the product marginal law Q1 ® - - - ® Qy,, set

Wi

> (Z>0). (2.13)

n
1
Wi = I |mi,]-, Z = <W> = g 2 Wi, m?ut =
j=1 icS

Conditional on input i, the joint datum has density W; relative to that product law. Averaging
over the input gives the marginal density Z, and Bayes’ formula gives the last expression in
Equation (2.13). In particular, [ Zd(Q1 ® - - - ® Q,) = 1. The value of m®* on {Z = 0} may be set
equal to (1,1, 1); this set has zero probability after the tilt. When n = 0, empty products are one,
Z =1, and the output is the uninformative vector (1,1,1).

Proposition 2.3 (Density evolution). Let Qg be the marginal likelihood law of the depth-{ root experiment.
Then 1
Qri1 = RAp(Qu), Qo = 3 Y 83e, (2.14)
ieS

where e; is the coordinate unit vector and, for every bounded measurable f,

[ £aRu0(Q) = L P(D=n) [ Zf () dQ™". (2.15)

n>0

In this formula Equation (2.13) is applied to m;; = 1+ A(m;; — 1), where . ; are the independent vectors
sampled from Q. Each conditional integral has total mass one. The operator preserves balanced laws and
permutation symmetry.

Proof. Conditional on the offspring count and the parent spin, the child subtree observations
are independent copies of the depth-¢ experiment passed through one edge. Equations (2.11)
and (2.13) give their combination. The count is observed and independent of the parent spin,
so it is mixed with its original law in Equation (2.15). For each i, the expectation of the output
coordinate is [ W;dQ®" = 1, proving balance. Relabelling the input coordinates commutes with
every operation. At depth zero the root itself is observed, giving Qp. Random subtree shapes
are already included in each child datum; no additional conditioning or averaging convention is
required. O

We say that one experiment is degraded from another when its datum is obtained from the
latter by a random kernel independent of the input spin. If Y’ is degraded from Y, their posterior
likelihoods satisfy

m(Y) = Efm(Y)| Y],  E®(m(Y')) < Ed(m(Y)) (2.16)



for every integrable convex function @ of the posterior vector. This is the tower property followed
by conditional Jensen. In particular it applies to total variation, x, and x%: total variation is the
convex function max; |m; — 1|/3, while ( is linear in m and its squared and fourth powers of
the modulus are convex. Applying degradation kernels separately to conditionally independent
branches shows that edge transmission and branch composition preserve this order.

2.3 Convergence, fixed points, and extinction

Proposition 2.4 (The limiting posterior). On a common realization of the tree and spins, the root posterior
likelihood vectors m*) converge almost surely to a vector m'®). Their laws converge weakly to a symmetric
balanced law Qe satisfying

Qo = R\, p(Qco)- (2.17)

The advantages ay and moments y, = IEx, are nonincreasing and converge to their corresponding expecta-
tions under Qeo. This holds throughout —1/2 < A <1, including parameters for which edge probabilities
vanish.

Proof. The observations O, themselves do not generate a decreasing sequence of sigma-fields.
Instead put
Fr=0(0Or:k>1).

Given Oy, the shapes and spins below its boundary are generated independently of the root spin.
This statement includes every finite collection of subsequent depth observations, and hence their
generated sigma-field. Therefore

. V4
Ellgs,—iy | Fil =P(S, =i | 0p) = tm".

The reverse martingale convergence theorem, applied to these bounded indicators and the decreas-
ing fields JF, gives almost-sure and L! convergence. The limit is the root posterior given (N, 7.
Every continuous function of the posterior converges in expectation by bounded convergence on
the compact simplex. Moreover m(*1) = E[m(") | F,,4], so conditional Jensen proves the stated
monotonicity. Lemma 2.1 transfers these conclusions to the required unlabelled observations.

It remains to pass Equation (2.14) to the limit. For a fixed count n and a bounded continuous f,
the integrand Z f (m°"!) in Equation (2.15) is continuous where Z > 0. Give it the value zero where
Z = 0. This extension is continuous, since

|Zf (™) < [ fllZ

and Z is continuous and nonnegative. Weak convergence of the finite product laws therefore gives
convergence of the integral for each fixed 7, even at the coloring endpoint. The tail of the count
mixture is uniformly bounded by

Y P(D=n) / 7 (m®) dQ®"

n>M

<[ flleP(D > M), (2.18)

because each conditional tilted law has mass one. First truncate the count, then pass to the weak
limit, and finally let M — co. Thus R, p is weakly continuous on balanced laws. Since both Qy
and Qg1 converge to Q«, Equation (2.17) follows. O



Unless a different experiment is specified, we henceforth use
u = Ex, v = Ex?, n = IEy (2.19)

for the limiting experiment. Its law is trivial precisely when y = 0, since x = 0 is equivalent to
m = (1,1,1). By Lemma 2.2 and Proposition 2.4, non-reconstruction is equivalent to y = 0.

Lemma 2.5 (Logarithms at interior channel parameters). If —1/2 < A < 1, every fixed point of R\ p
has strictly positive coordinates almost surely. Every polynomial in its coordinates and their logarithms is
integrable under either offspring law in Equation (2.1).

Proof. For every m € M, its edge coordinates lie in [c_, ¢ |, where
c- =min(1—A,142A) >0, c+ = max(1—A,142A).
At count 1, both W; and Z lie in [¢”, ¢’} |. Hence
| log m®™| < nlog(cy/c-). (2.20)

The count has its original law in the tilted output construction, and either specified law has finite
moments of every order. The coordinates themselves lie in [0, 3]. The bound proves the assertion,
and also bounds each centered log coordinate log m; — (log m) by 2nlog(c+/c—). At count zero all
these logarithms are zero. No claim of this kind is needed at A = —1/2. O

Lemma 2.6 (The extinction factor). Let s = 1 in the reqular model and let s be the survival probability in
the Poisson model. For the limiting experiment,

pr<sv, |yl <uv. (2.21)
In the Poisson model withd > 1,0 < s < 1and
—log(1—s) =ds, s <2(1—1/4). (2.22)
In particular, at dA*> = 1,s < 2(1 — A2).

Proof. On extinction the boundary is empty at all sufficiently large depths. An observation with
empty boundary consists only of a tree shape, which is independent of the root spin; its posterior
is uniform. Thus xe = 0 on extinction. Cauchy-Schwarz gives p = E[Xeol{surviva}] < v/5V- Also
7| < Ex%2 <, /uv by Equation (2.6).

For completeness, the extinction probability is the increasing limit of the probabilities of an
empty generation. The offspring generating function gives it as the smallest solution g € [0, 1]
of ¢ = exp(d(q —1)). Strict convexity and the derivative d > 1 at g4 = 1 show that this smallest
solution belongs to (0,1). Setting g = 1 — s proves the first identity in Equation (2.22). For

0<s <1,

| sk> sk s
- Og(l—s):Zf— szfl T 1-5/2

k>1 k>1

where 26=1 > k. Dividing by s and using the survival equation gives d > (1 —s/2)~!, equivalently
the second inequality in Equation (2.22). O
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2.4 Reconstruction above the second-moment threshold

Proposition 2.7 (A linear estimator). In either model, dA> > 1 implies reconstruction, for either sign of
A

Proof. The hypothesis implies A # 0. Define the observable, order-independent estimator

Ly=(@A) " Y Sy,  Lo=S,. (2.23)
|u|=¢
The sum is zero on an empty boundary. Since E[Scilq | Sparent) = ASparent, induction gives

E[L, | Sp] = Sp.

Let Lg ) denote the corresponding estimator in the subtree rooted at child j. Then L, =
(dA)~1 2?:1 Léj ). Conditional on Sp and D, these variables are independent, and each has mean
AS,. The diagonal terms in the squared modulus sum to dE|L,|?; each ordered off-diagonal pair
has expectation A2. Consequently, with g = (dA?)~! < 1,

2 2 2_ 0, 14 a
The factor « is the normalized factorial moment, rather than the normalized second moment,
because it counts distinct branches.

The correlation with the root equals one. Conditioning on the observed experiment and
applying Cauchy-Schwarz gives

1=E[LS,] =E[LZ], 1<E|LJE|g|-

Thus u, > C~! at every depth, and Equation (2.10) gives a;, > (v/3C)~! > 0. The limiting
advantage exists by Proposition 2.4, so it is positive. In particular, this argument uses the original
Poisson experiment, without conditioning on survival. O

2.5 Decreasing the channel strength or the offspring mean

Proposition 2.8 (Channel and offspring degradation). At every finite depth, each of the following
changes produces a degraded root experiment:

1. replacing A by cA, where 0 < ¢ < 1;
2. replacing a regular offspring count by by an integer 2 < b_ < b,;
3. replacing a Poisson offspring mean dy by 0 < d_ <d..

Consequently each change can only decrease the expected total variation advantage and the moments Ex
and Ex?, both at finite depth and in their limits.

Proof. The channel admits a group-increment construction. On each edge ¢ take an independent

G, € S with
1+2A 1-A
— 2 PGo=w) = PG = w?) = 2,
3 3
and set Sy = Sp[lec|p,] Ge- The increment law is invariant under conjugation and has mean
EG, = A. Independently generate increments H, with the same form of law at parameter c. A

conjugation-invariant probability law on & is uniquely determined by its real mean: if its mass at 1

P(G. =1)

11



is p, that mean is (3p — 1) /2. The independent products G.H, are conjugation-invariant and have
mean cA, so they have exactly the channel increment law for cA.

Given only the observed tree through depth ¢ and its boundary spins, generate the H,’s on its
edges and replace each boundary spin by

S, =S, [] He

e€[o,0]

This kernel requires neither the root spin nor any unobserved internal spins, and the output has
exactly the depth experiment for parameter cA. Shared path increments give the required joint law
of the transformed boundary, not merely its individual marginals.

For regular trees, in the ordered representation retain the first b_ children at each retained
vertex and discard the rest of their subtrees. The retained boundary and tree have the smaller
regular experiment. For Poisson trees, independently keep each child of a retained vertex with
probability p = d_/d. If D is its original count and D_ its retained count, then

EzP- = E(1—p + pz)P* = exp(d_(z —1)).

Independence across vertices and independence from the edge increments show that the retained
observation has the Poisson broadcast law with mean d_. These operations are performed only on
the known tree and observed boundary; neither requires a survival event.

By Lemma 2.1, an unlabelled observation can first be randomly ordered without accessing
the root, and the final ordering can then be forgotten. All the preceding kernels are therefore
valid for the unlabelled model as well. Their comparison of the stated quantities follows from
Equation (2.16), and passes to the limits by Proposition 2.4. O

At A = 0, every positive-depth boundary is independent of the root conditional on the tree, so
the advantage is zero. For each fixed d, Proposition 2.8 reduces the remaining subcritical channel
parameters of either sign to their admissible equality parameters. Negative equality is admissible
exactly when d > 4; for smaller branching parameters, non-reconstruction at the coloring channel
A = —1/2 and branching parameter four will imply all the needed negative-channel statements
by the same proposition.

3 Positive channels at equality

We prove that the limiting posterior is uniform when 0 < A < 1 and dA? = 1. Throughout this
section, m has the limiting fixed-point law supplied by Proposition 2.4, v = m — 1, and

ED(D -1
u = Ex, v =Ex?, n = Ry, oc:—[ (dZ )]
Thus « = 1 — 1/d for the regular model and & = 1 for the Poisson model. A subscript e means
evaluation at the edge message m, = 1 4+ Av. We argue by contradiction, assuming y > 0.

3.1 An entropy identity with an additive correction

For a positive message of coordinate average one, define

I = (mlogm), ] = =(vlogm),

(3.1)

NI~ N~

u; = logm; — (logm), B = —(mu?).
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Here and below logarithms are natural. The expected additivity of | below is the symmetric-
channel form of the symmetrized-entropy recursion of Formentin and Kiilske [5, Proposition 3.3,
equation (15)]: their functional equals 2] in our normalization. We prove the identities needed here,
including the centered-log correction B. Lemma 2.5 gives strictly positive fixed-point coordinates
and integrability of these functions: their coordinate factors are bounded, and their logarithmic
factors have degree at most two.

Under a fixed input spin i, tilting and permutation symmetry give

Elu; | S =i] = E{meue) = 2EJ,,  E[ul;| S =i] = E(m.u?) = 2EB..

Centered log coordinates add under products: the common normalizing constant disappears on
centering. Conditional independence of the branches therefore gives

E] = dEJ,,  EB =dEB, +2a(E])>. (3.2)

For clarity, the off-diagonal term in the second formula, before division by two, is 4E[D(D —

D](EJ.)
For a product of n edge experiments write Z,, for its likelihood normalizer relative to their
independent marginal laws, and set

Hy = EprodZulog Z,],  H = EHp.

This is a relative entropy and is nonnegative. Expanding the logarithm of the normalized output
likelihood gives
EI =dEI — H.

Each branch retains its original marginal distribution after the joint likelihood tilt, which justifies
the individual terms in this expansion. The combination

4
F:3I—2]+5B (3.3)
therefore satisfies the exact identity
E(F —dF,) = —3H + ga(IE])Z. (3.4)

The useful feature of this combination is its positive radial defect: for every positive message
of coordinate average one,

1— A2
x* (0<A<). (3.5)

F(m) — A72F(1+ Av) >

Lemma A.1 proves this pointwise inequality by radial differentiation and explicit polynomial sign
decompositions. Since d = A2, its expectation and Equation (3.4) imply

1— )2
2

v+3H < gzx(IE])Z. (3.6)

We will contradict this inequality by bounding [E] above and H below. The additive identity for |
also restricts the possible values of y, v, 77; we establish those restrictions first.

13



3.2 Moment information from the additive identity

The cubic identity in Equation (2.5), together with (v) = 0 and (v?) = 2x, gives the additional
moment relation

(v*) = 3x(v?) + 2y (v) = 6x%. (3.7)
We also use |y| < x3/? from Equation (2.6).

Lemma 3.1. Put

Co 57 q_Z—i—A’ c = co+2Aq.
Then
0<E]<pu—Aqu, cv<n</pv (3.8)
If s = 1 in the regular model and s is the survival probability in the Poisson model, then
2

K K 5

— <v< = < —. .

s V=@ H=2 (3:9)

Proof. The integral expression

and E] = A2EJ, imply

o3

1
1E/o t<(1+tv)(1+t)\v)>

Indeed, the difference of the two integral expressions for | and A 2], is —(1 — A)/2 times this
integrand. Define

dt = 0. (3.10)

A—IE/lt2< o ) dt Q—llE/lt2< o! ) dt
o M1+t 2 )0 ‘(I+to)(1+tro) T

Subtracting (3.10) from the corresponding integral expressions gives the exact formulas

E] =u—AQ, 1n=A+2AQ. (3.11)

For the first, use y — A 2EJ, = 4E fo (v*/(1 + tAv)) dt. For the second, use 7 = E fo 3) dt.
Both subtractions reduce to mult1p11cat1on by the two positive denominators. All these mtegrals
are absolutely integrable: the powers of v are bounded, 1 4 tAv > 1 — A, and integration of the
only possibly small denominator 1 + tv is controlled by 1 + |log m;|. Thus the previous logarithmic
bounds justify the interchanges of expectations and integrals.

For x > 0,putr = /x < land k = y/r® € [—1,1]. Using Equations (2.5) and (3.7),

4 6 — 10trk + 4+2r2k?
h(t):x_2< v >: rk + r
1+t 1 — 3t2r2 4 21313k (3.12)
i>4+%(tr_l)2 .
— 1+tr—21212 — 9 27

To verify the first inequality, write z = tr < 1. The numerator is positive and decreases as k

increases to 1, while the denominator increases and remains positive. Evaluation at k = 1 gives the

displayed fraction. For the second inequality use
6—4z 8(z—1/2)2

0T g4 0\ A)
14z — 272 +1—|—z—222'

00\@

0<14z-22%<

14



Since

5 192’

integration gives fol t2h(t) dt > 37/27 = co. Consequently A > cov.
At each t, assign the three coordinates weights proportional to v}/ (1 + tv;). Their weighted
mean of {v; is

1 _ 2
/0 Pl 1par= T =3/8 1

(o*) — (v*/(1 + tv)) 6 1
= -1< .
(v*/(1+ tv)) h(t) -2
The function z — (1 + Az) ! is convex and decreasing on the relevant interval. Jensen’s inequality
therefore yields

ot 2 o
<(1+tv)(1+t)\v)> = 2—|—)\<1+tv>"

Messages with x = 0 contribute zero throughout. Integrating proves Q > A/(2+ A) > gv. Now
J > 0 pointwise, because v;log(1 + v;) > 0. Equations (3.11), followed by Cauchy-Schwarz, prove

0<E]<u-Aq, CVSUSIEXWZS\/‘MU.
Finally, Lemma 2.6 gives u?> < sv. Squaring cv < ,/fiv gives v < u/c?, and combining the two
bounds gives the remaining assertion. O
3.3 Correlation generated by successive branches

Lemma 3.2. In either offspring model,

« = 2(1+2u/3)  2'

Proof. First consider two independent marginal experiments with posterior means (o and ¢, the
latter an edge experiment. Their product normalizer is 1 + z, where

z= goa + 5€e-

Writing po = E|{o|? and 770 = ER(Z3), rotation and reflection symmetry give

(3.13)

Ez =0, TEz*>=2uoA\%y,  Ez> =21A%.

For z > —1, Taylor’s theorem, with fourth derivative 2/ (1 +z)? > 0, gives

2 3

(1+2)log(1+2) > 2+ - %
The inequality extends continuously to z = —1. Thus the correlation increment Cy, itself a
nonnegative relative entropy, satisfies
3Co > 3\ %pupo — An1o. (3.14)

The increments telescope to total correlation by the identity for I.

For the regular model, the partial experiment with a fixed number j < d of branches is degraded
from the full fixed-point experiment by discarding branches. For the Poisson model, the partial
experiment is the whole mixture with observed count N; ~ Pois(t), 0 < t < d; thinning the full

15



experiment produces this mixture. The degradation comparison in the Poisson case is applied to
this observed-count mixture. Conditional Jensen for the convex function |{|* consequently gives

E|Zo|* < v, and hence
o < \/HoV-

There is also a useful lower bound on 9. Put 8 = A%u. Each edge posterior mean {, has
E[Z. | S=1i]=ip, E[Z.S] :E|€6|2:ﬁ~

The first identity follows by tilting by the edge likelihood and using rotation symmetry. For the
sum T; of j edge posterior means, conditional independence therefore gives

E[T;S] =jp,  E|Tj|> =jp+j(j—1)p>
Conditioning on the entire partial observation and applying Cauchy-Schwarz gives

jp

Here 1; denotes its posterior second moment.
We explain carefully how to substitute this lower bound into (3.14). Since 0 < n < ,/uv, any
partial product with g > L > 0 satisfies

Av
3Cy > 3)\2 (1 - > .
0 JiHo 3 i

The factor in parentheses is increasing in . If it is nonnegative at L, both factors can be bounded
below at L. If it is negative there, the same resulting lower bound follows from Cyp > 0. In either
case,

3Cy > 3A%uL — A3/ vV/L. (3.16)
In the regular case use L = L;, and note ,/L; < Ay/ju. Summing the increments yields

d—1 . d—1
3H>342Y — T 4y ;.
”]§1+(]—1)A2y P‘EW

Weighted Jensen, with weights proportional to j, uses

A227;11]'(1' -1)  2(d-2)

2 a1 b
— = <% AYj==.
27;11] 3d 3 = 2

Cauchy-Schwarz gives

These are precisely (3.13).

For the Poisson model, let Ny ~ Pois(t), 0 < t < d, and let h(t) = EHy,. Because H, =
nEl, —EI, and 0 < I, I, < log3 in expectation, 0 < H,, < nlog3. The Poisson series can therefore
be differentiated termwise on bounded intervals, giving

h/(t) = IE(HNH-l - HNt)'
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Thus K’ (t) is the expected correlation increment on adding one edge to the partial experiment of
intensity t. Indeed, if Z, is the normalizer of the first n branches and Z,, . is the normalizer for their
posterior experiment paired with the new edge, then Z, 1 = Z,Z, .. Integrating the logarithm of
this identity under the full likelihood tilt gives H,, 11 — H, = [E[Z, . log Z, .|, where the expectation
on the right is under the independent partial and edge marginals. Averaging over the observed
Poisson count gives the asserted increment. The same projection proof, now using EN; = ¢ and
EN;(N; — 1) = 2, gives
Me > Ly : P

T 1+t

Thinning proves the required degradation and fourth-moment bound. Applying (3.16) for t > 0,
integrating from 0 to d, and using 11(0) = 0, gives

3H>3A4y2/dtdt—)\4y1//d\/fdt.
- 0o 1+1tA%u 0

Weighted Jensen with weights t dt uses A2 fod t2dt/ fod tdt = 2/3, while A* fod tdt = 1/2. The loss
equals (2/3)Auv, which is at most Auv/+/2. As & = 1, this proves the claim. O

3.4 The strict contradiction

Proposition 3.3. At every positive equality parameter dA> = 1, the limiting posterior is uniform in both
tree models. Consequently reconstruction is impossible for 0 < A < d—1/2,

Proof. Suppose > 0. Since 0 < EJ <y —Agqvandv < u/c?,

A
(EJ)* < u* — Aquv <2 - Cf) :

Substituting this estimate and Equation (3.13) into Equation (3.6) gives

1—A2 3u? 8 , 8 Aq 1
<2 =—q(2-5)-—. :
(2a +gA”>“+2(1+2y/3)—5”' $ 5q<2 c2> V2 (3.17)
Here
s © L<L
1= 3" (co+2Aq)% ~ 8¢’

and the second inequality is equivalent to (co —2Ag)? > 0. Consequently
L1117
§<781 a2 25

For the strict comparison, both sides of 113/81 — 17/25 > 1/+/2 are positive, and their squares
compare as 14482 /20252 > 1/2. Sinceaw < 1and v > ]/l2 /s, (3.17) implies

1—A2 3 17Au 8
T .= < —. Nt
2s + 2(1+2u/3) + 25s =5 (3.18)
We show that this is impossible using 0 <s <1, u <s/ c2, and
c>c(A) :=co(1+27/3). (3.19)
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First suppose 0 < A < 3/10. Dropping the last term of T and using u < 1/¢?, it suffices that

2 A2 2 /11 A2

Indeed, this is exactly the inequality obtained by requiring (1 — A?) /2 + (3/2)/(1+2/(3¢?)) >
8/5. By (3.19), the left side of (3.20) is at least

g+ 8 3 /6 2 A —2738+162911A
5 15 20 \5 3645 273375
Here we used A2 < (3/10)A and 1 +2A/3 < 6/5, and discarded a nonnegative quadratic term.
The right side is at most 11/15 4+ A/10. The constant terms have difference 13/729 > 0, and

162911/273375 > 1/10, proving (3.20).
Next suppose 3/10 <A <1/ V2. Since

5

we have

8_ 2
T-2>%_
5<5

Thus it suffices to prove

The difference of these two functions is concave, because

g 1369
f'(A) = = 35505

At the first endpoint, f(3/10) = 194398/202500 > 19/20, whereas 1 — (17/25)(3/10) =
199/250 < 4/5. At the other endpoint,

1369 (11 V2 3 17 13
T~~~ - + o~ > 7[ 1 - T = < ——
729 \ 60 10 5 252 25

120A% 4 180A +29) < 0.

f(1/v2) =

The first comparison follows already from /2 > 7/5; the second from 1/+/2 > 707/1000. Concav-
ity now proves the strict inequality on the entire interval.

Finally suppose 1/v/2 < A < 1, which can occur at equality only in the Poisson model.
Lemma 2.6, with d = A2, gives s < 2(1 — A?). Hence

8 3 1-17A/25
> —_—
5720 2

It remains to check (3/20)c(A)? > 1—17A/25. At A = 1/+/2 this is precisely the strict endpoint
inequality just proved. Its left side increases with A, while its right side decreases, so it holds
throughout the remaining interval.

All cases contradict (3.18). Thus u = 0, which makes the limiting posterior uniform. Same-sign
degradation extends the conclusion to smaller positive parameters, and A = 0 is the independent
channel. O
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4 Negative equality: exclusion of small fixed points

Throughout this section A = —4,0 <a <1/2,and d = a=2> 4. The offspring count is either the
constant integer d or Pois(d). We consider a permutation-invariant fixed point of the posterior
recursion and use

x=1C* y=%R(), w=Ex, v=Ex’ n=Ey.

All finite decimals in this section and the next denote exact rational numbers. In particular, none of
the strict comparisons below is a floating-point comparison.

Proposition 4.1 (Local gap at negative equality). Every nontrivial permutation-invariant fixed point at
da* = 1 satisfies y > 1/20. This includes a = 1/2 in both offspring models.

We first establish the pair inequalities used in the proof. If a current message has invariants
(X,y0) and an edge message has invariants (z, By), define dy, d,, d, to be the output means of
x,y, x> minus X + z,yo + Bo, X? + 22, respectively. The output mean here averages the six relative
label permutations with their likelihood tilt. Conditional on the permutation orbits of two inde-
pendent symmetric marginal messages, these are exactly the relative orientations of their product
experiment. If the child before the edge has invariants (w, Y), then

z = a2w, By = —aY.

Set
5
Sa=X?2, Sp=Xz*, S=S4+Sp W =yoz+ XBy, C=23.

(The letter W in this section denotes only this pair expression.)

Lemma 4.2 (Certified pair inequalities). For any current and child posterior vectors, including vectors
on the boundary of the simplex, and any 0 < a <1/2,

13 79
< =X —— Xz <d, <11X 4.1
dn < 5 Xz, Heg X7 < de < 11Xz, (4.1)
51
dy < —Xz —2W +2yBy + %S, (4.2)
19
6Xz — 6W + 9By — ?S <d, <6Xz—6W +1yoBy+S, (4.3)
111
Cd, —2d, < =2Xz 4 22W — 7yoBy + 2654 + TSB. (4.4)

Proof. For a = 1/2 and strictly positive input vectors, Section D.1 proves the inequalities by
coefficientwise nonnegativity of fourteen integer polynomials. That derivation identifies each
cleared polynomial with a pair inequality, including the likelihood tilt and the cancellation between
the two reflection classes. We now extend those inequalities to all the inputs in the statement.

For general a € [0,1/2], replace the child vector m = 1+ v by 1 + 2av, a valid convex mixture
with the uniform likelihood vector. Its coloring edge is 1 — av, so the same certificate gives the
desired edge invariants z = a?w and By = —a’Y.

Finally approximate boundary vectors by positive mixtures with the uniform vector. For
each relative permutation, write Z and m°" for the normalizer and output likelihood vector in
Equation (2.13). Its contribution to a tilted moment is Z f (m°") /6, where f = x,y, x* is bounded
and continuous on the simplex. This contribution is continuous when Z > 0 and tends to zero as
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Z — 0. Thus the tilted expectations extend continuously over every zero-normalizer orientation,
as do the polynomial right-hand sides. Taking limits proves the full closed simplex statement,
including a = 1/2. O

Proof of Proposition 4.1. Suppose 0 < pu < mg := 1/20. We introduce a common notation for
summing partial-product increments. In the regular model let (y;, v}, 7;) be the moments from j
edge branches, s = j/d, 0 < j < d, and set

141 1
anj:H.Z(;fj’ oczl—a.
]:

A normalized increment is d times the increment from j to j + 1. In the Poisson model the partial
product has Pois(sd) branches, 0 < s < 1; the subscript j below denotes this partial product,
av means integration in s over [0,1], and « = 1. Its normalized increment is the derivative in s.
Differentiating the Poisson series for the bounded functions x,y, x> gives d times the expected
single-branch increment; absolute convergence justifies this differentiation. In both models the
endpoint is the fixed-point law, the initial moments vanish, and

avs = %, avs? < %. (4.5)
For regular counts the second average is (d — 1)(2d — 1)/ (6d?); for Poisson it is 1/3.

At equality the standalone edge contributions to x sum to da’y = u, which is already the
fixed-point endpoint moment. The average of the actual normalized pair excess in x is therefore
zero. We will contradict this identity by showing that the pair upper bound has negative average
when y < my. To control its higher moments, we first bound the partial-product moments and
then determine the sign of #.

The projection bound gives, respectively,

S
1+su’

0> ja

. J 7 S >
“1+ (D M=

For completeness, one edge posterior complex mean has correlation a*u with the spin, conditional
mean a’y times that spin, and second moment a?i. The sum of j independent branches conditional
on the spin consequently has second moment ja?u + j(j — 1) (a?u)? and correlation ja?u. Condi-
tional expectation followed by Cauchy-Schwarz proves the first bound. Poisson factorial moments
sd and (sd)? prove the second. It follows that

(s —mos*)p < pj < 1.14sp. (4.6)

Here is a derivation of the upper bound. Every simplex message satisfies
—S<y<x 4.7)

For x > 0 this is Equation (2.7), and at x = 0 both sides vanish by Equation (2.6). Thus, when
Xz >0,
—3<y/X<1,  —3<Bo/z=-aY/w<y z<L

Checking the four corners of this ratio rectangle gives —2(r + t) + 2rt < 5/2. Equation (4.2)

therefore gives
dy 5 51 75
X < i _ - .
X S 1+2+20(1+1/4) 16<5
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If Xz = 0, one input is uniform and the excess vanishes. Hence the pair gain of x is at most
z(1 4 5X). Iterating, or solving the corresponding differential inequality, gives y; < (e —1)/5.
The function (e — 1)/t increases for t > 0, and

1/4<1+ L1, (1/4P/6 1849

= 1.285.
32 1-1/16 1440 < 1.285

This proves the upper bound in (4.6).

The standalone normalized increments in x,v, x> are u, —ay, a*v, respectively. The partial
product and the next edge branch are independent under the product marginal law, and each
has a symmetric law. Conditional on their two permutation orbits, Lemma 4.2 therefore applies;
averaging its bounds factors every mixed invariant moment. In particular, Equation (4.1) gives

(1—a)v < 65uavy, —3lopavy; < (1+a)y < 1lpavy;.
Using Equations (4.6) and (4.5), 1 — a®> >3/4,a/(14+a) <1/3,and & < 1, we obtain
2
<494, T <1235, —061 <2 <209, (4.8)
H H H

The endpoint bound for v/u? before rounding is 6.5(1.14)a/[2(1 — a?)]. The upper bound for
1/ u?is 11(1.14)a/ [2(1 + a)], and the bound on its negative magnitude is .316(1.14)a/[2(1 + a)].
Summing to a partial endpoint also yields

Y < 1,235 + 3.705 (4.9)
2=t . , .
—2.09s — .181s% < Zg < .061s + 6.2752. (4.10)

For example the quadratic coefficients come from 6.5(1.14) /2 = 3.705, .316(1.14) /2 = .18012 <
181, and 11(1.14) /2 = 6.27. In the discrete case we used d ! Zf;é(i/d)k < s*1/(k+1); in the
Poisson case this is the exact integral of the monomial.

The sharper y inequality improves the sign information. Independence gives

dEW = i —anpj,  dE(yoBo) = —any;,  dES = pvj+a’vp;.
Thus the normalized y excess is bounded below and above by
(6 + 6an + ca®v)u; + (—6u — an)y; + cpvj,  c=—95,1, (4.11)
respectively. The coefficient of 7; is negative, since 6y +an > (6 —.061mo)p > 0. For the lower
estimate the coefficient of y; is positive, since
6y + 6an — 9.5a*v > [6 — (6(.061) +9.5(1.235))(.05)]u = 5.395075u > 0.

These observations determine the valid directions of all substitutions. Adding the standalone
increment and averaging, define R = (1 + a)n/(apu?). Equations (4.6)—(4.10) give

R < 6.689(.57) + (6 +.105)(.05)(2.09/2 + .181/3) +.05(1.235/2 + 3.705/3)
2121379
= So0000 ~ +%
R > [6— (6(.061) +9.5(1.235))(.05)](1/2 — .05/3)
— (6 +.105)(.05)(.061/2 + 6.27/3) — 9.5(.05)(1.235/2 + 3.705/3)
25929587
= 24000000 ~
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Here 6 + (6(2.09) + 1.235)(.05) = 6.68875 < 6.689, 2.09(.05) = .1045 < .105, and 1.14/2 = .57.

Consequently

an _ 4.25
— < —— < 1417. 4.12
2S5 < (412)

The standalone y increment is now nonpositive. Keeping the preceding coarse partial bounds in
the upper expression of (4.11), its coefficients of s and s? after division by 2 are at most

n=0, 0<

6.689(1.14) + (6 + .105)(.05)(2.09) + .05(1.235) = 8.3251825 < 8.34,

(6+.105)(.05)(.181) + .05(3.705) = .24050025 < .242.
Summation or integration therefore improves the partial bound to

ni/u* < 4.17s% + .081s%, (4.13)

since 8.34/2 = 4.17 and .242/3 < .081.
The sign information now lets us estimate the average pair excess in x. Taking the marginal
expectation in Equation (4.2) and multiplying by d gives the upper bound

—ppj — 2y — anp;) — 2ani; +2.55(uv; + a*vy).
The terms —2un; + Cuv; suggest keeping their combination together. Define
Kj=Cvj—2y;,  G=2any+ Ca’v.
Using 2.55 = C + .05, an exact rearrangement of the bound gives
(—p+ G+ (p + an)K; — Canv; + .05(uv; + a’vy;). (4.14)

The term —Canv; is nonpositive. The remaining new quantity is the average of K;, which we
estimate before returning to the x excess.
The standalone normalized K increment is G, with

0 < G < [2(1.417) 4 2.5(1.235))p* = 5.9215u° < 5.9221°. (4.15)
Equation (4.4) bounds its normalized excess by
(=2 — 22am + 55.50%v); + (22 + 7an)n; + 264v;.

After discarding —22a# < 0, the coefficient of y; divided by y is at most —2 + 55.5(1.235)(.05) =
1.427125 < 1.43. The coefficient of 7; is positive, allowing use of (4.13).

The average of a partial sum equals the weighted average of its increments. More precisely, in
the regular case, for w; = (d—1—7)/d,

av K] = av{w]-d(K]-H — K])}

In the Poisson case Fubini gives the same identity with weight 1 — s and derivative in s. Direct
finite sums, or the corresponding integrals, give

avw = av(ws) < =, av(ws?) < (4.16)

N R
Sk

a
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The latter two discrete values are (d —2)(d — 1)/ (6d?) and (d —2)(d — 1)%/(12d°), respectively.
Since s® < 52, applying (4.6), (4.9), (4.13), and (4.15) gives

av K]-
< 5.922/2+1.43(1.14) /6
ap?

+ (22 + 7(1.417)(.05))(.05) (4.17 + .081) /12
+26(.05)(1.235/6 + 3.705/12)
20640565669

= 2800000000~ 3T @17)

No nonnegativity of K; has been assumed.

We can now average Equation (4.14). The third term is nonpositive. Use the lower bound on
pj for —pup; and the upper bound for Gyj, where G > 0. For the K; term first use (4.17), since
p +an > 0, and then bound its positive coefficient. After division by au? > 0, the average of (4.14)
is at most

—(1/2 — .05/3) +5.922(.05)(.57) + (1 4 1.417(.05))(.05)(4.31)
2321911

+.05(.05)(1.235/2 4 3.705/3 +1.235(.57)) = — 2500050

< 0.

This contradicts the zero actual excess average and proves the proposition. The omitted case y = 0
is exactly the uniform posterior experiment. ]

5 Negative equality: a global weighted logarithm inequality

The local result leaves only fixed points with p > 1/20. We now exclude these except in a short
interval near the coloring channel. The scalar inequality in this section is certified by the integer
interval calculation in Appendix B, with its complete source in Section D.2.

Proposition 5.1 (Global exclusion away from coloring). At A = —a, d = a~2, the uniform posterior
law is the only permutation-invariant fixed point in either of the following ranges:

1. regular offspring, with integer d and 0 < a < .448;

2. Poisson offspring, with 0 < a < 477.

In particular the regular assertion covers every integer d > 5.

For a positive likelihood vector m = 1 + v define
G = (mymmy)Y3, T=1-G, u;=logm;— (logm), W=Gu?), Y=Gud. (51

Here (-) is the average of the three coordinates. Edge subscripts mean evaluation on 1 — av, and

we use R N N
T - dTe, W - dWe, Y - dYe.

The functions T, W, Y extend continuously to the closed simplex, with T = land W =Y =0
whenever any coordinate vanishes. Indeed G times any fixed power of the logarithms tends to
zero as a coordinate vanishes: for example the product []; m}/ 3 times Y; | log m;|° is bounded by a
sum of terms having a factor mil/ 3|log m;|> — 0 and the other coordinates are bounded by three.
This observation also proves boundedness of these extensions.
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Lemma 5.2 (Weighted fixed-point identities). Let 0 < a < 1/2,d = a~2, and let the fixed point be
nontrivial. Set

1—®(A) D'(A)
_ D _ — _ — AN — ¢ =
o(t) =Et°, A=EG, z=d(1-A), h T A 1-¢ - 62
Then0 < A<1,0<¢<1,and
ET = hET, EW=(1-¢EW, EY=(1-¢EY, ET=z. (5.3)

Proof. Edge likelihood coordinates lie in [1 — 24,1 + 4], so G, > 0. Their coordinate average is
one, hence G, < 1, with strict inequality on nonuniform messages. Nontriviality and 2 > 0 thus
give 0 < A < 1. The assertions about & follow from ®(A)/d = A%"! in the regular case and
@' (A)/d = ¢“4=1) in the Poisson case.

For n branches let Z = <H;-“:1 me,j> be the product likelihood normalizer, and let g; = G-
Under the independent marginal branch law the actual output law is tilted by Z, whereas its geo-
metric mean equals []; g;/Z. Their product is [ ]; gj. Centered log coordinates add, uouti = ¥; te,j,is
because normalization changes all three logs by the same constant. For each fixed coordinate i,
permutation invariance and centering give

E(Ggue’i) — 0 .

the three expectations are equal and their sum is zero. Consequently every cross term in the square
or cube of }; u, j; has a vanishing first-moment factor. Independence therefore proves, forn > 1,

E(Gout | 1) = A", EWout | n) = nA" YEW,, E(You | 1) = nA"1EY,.

At n = 0 the output is uniform, so the contributions to T, W, Y are zero. Mixing over D gives (5.3).
All terms are integrable: the edge logs are uniformly bounded and the output centered logs grow
at most linearly in n, while both offspring laws have finite moments of every fixed order. No
conditioning on survival enters these identities. O

Lemma 5.3 (Scalar bounds). In the reqular range of Proposition 5.1, or in its Poisson range, one can use

constants 1 15

hgﬁ::1—g—ng—§g3, z>z:=&+ U (5.4)

to obtain

For Poisson offspring the stronger values (H, U) = (1/12,1/2) also hold. Every nontrivial fixed point in
the claimed ranges satisfies .03 < ¢ < 1.

Proof. Regular offspring in the stated range have integer d > 5. Since 1 — & = A%~ the finite
geometric sum gives

h:1

QU

d—1
2 (1 o g)i/(d—l)'
i=0

For Poisson offspring 1 — ¢ = e * and




In either expression the averaging law of t is symmetric under t — 1 —t, so [E;t = 1/2. For
0 < t < 1 all nonconstant coefficients in the binomial expansion of (1 — ¢)* are nonpositive. The
first three negative coefficients, after averaging, are

1 E[t(1—1)] Et(1—t)(2—1)]  E(ft(1—1)]

2’ 2 ’ 6 B 4

The last equality uses symmetry, since the #(1 — t)-weighted mean of f is 1/2. In the regular case

d—2 1

Bli(1-0))= gy 2 ¢

g/
in the Poisson case it is 1/6. Truncating after degree three gives the bound for k. It holds at { =1
as well by continuity.

For regular offspring,

z=d{1—(1-¢)"" V1.

All coefficients of this series are nonnegative. Its linear coefficient is d/(d —1) > 1, and its
quadratic coefficient obeys

dd—2) 15 (d—-5)(d+3)

—_— s — = > 0.

2d—1)2 32  3d-12 ~
This proves the claimed lower bound. For Poisson offspring z = —log(1—¢&) > ¢ + &2 /2; the
weaker values of H, U are consequently valid there too.

Finally G2 =1-3a% — 2a3y, so, since d = a2,

3x + 2ay S

o Sr+2y
1+G3+G3 -

(1—a/3)x. (5.5)

For this inequality use G, < 1 and y > —x/2 from (4.7); the numerator is nonnegative. By
Proposition 4.1 and a < 477,

z=ET > (1 - .477/3)/20 = .04205 > .042.
For regular d > 5,
log(1—-¢)=(d—1)log(1 —z/d) < —(1—-1/d)z < —.8z

for Poisson, 1 — ¢ = e % < ¢ 8. Since1 —e~f > t/(1+t) fort > 0, in either case

.0336 21
— = — > .0325 > .03.
> 150336  oa6 > PP >0
This verifies the complete ¢ domain required below. O

5.1 A pointwise inequality from exact identities

The identities above give several functions with expectation zero. We combine them so that the
scalar bounds on & and z produce a function that is strictly positive at every message. For a
nontrivial fixed point, choose signed rational constants ¢, c1,s; and a positive rational J, and put

so=co+1/3, c(¢) =co+ g, s(&) = so + s1C.
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The relation defining sp removes the cubic term of T + coW + spY near the uniform message.
Indeed, expansion at v = 0 gives

T=x-3y+0(ol*), W=2x-2y+0(ol*), Y =2y+0(|o||*).

Its quadratic term also cancels on subtracting d times its edge evaluation, since da> = 1. By
Lemma 5.2, the random expression

Eo=T—hT +c(&)[W— (1= W] +s(&)[Y — (1 -¢)Y]
+06&(z—T) (5.6)
has expectation zero. In particular, the final term changes the pointwise expression without
changing its expectation, since ET = z. B
Fix an applicable pair (H,U) from Lemma 5.3. Replace h in (5.6) by h = 1 —&/2 — HE* —

(H/2)& and z by z = & + U¢?, and call the resulting expression P. The only changes are in terms
whose signs are controlled:

P—Ey=(h—hT+6&z—2z) <0 (5.7)

Here T > 0,6 > 0, and ¢ > 0. The possibly negative coefficients ¢(¢) and s(&) multiply identities
that remain exact. Thus EP < 0 for any nontrivial fixed point; it remains to choose the constants
so that P > 0 pointwise.

Expanding the relaxed expression gives

P = Do+ D1§ + D28* + D3¢, (5.8)
where
Do=T—T+co(W—W)+so(Y —Y),
Dy = Cl(w — W) —I—S1(Y— ?) —|—COW—|—So?—|— (1/2 — 5)?,
Dy, = C1W+51?—|—HT—|—5,
D3 = Us+ (H/2)T. (5.9)
We use the following rational choices on three closed a bands:

aband | 1000co 1000c; 1000s; 10005 | H U
[0,190] | —268 —60 —55 130|1/16 15/32
(190, .448) | —269 67 47 55|1/16 15/32
(448, 477] | —271 58 49  50|1/12 1/2

(5.10)

The final row uses the stronger scalar bounds for Poisson offspring. Overlapping endpoints can
use either applicable row. For purposes of the pointwise inequality, extend the hatted functions to
a =0by

T = X, W= 2x, Y =0.
These are their continuous limits: use G3 = 1 — 3a2x — 2%y for T and log(1 — av;) = —av; + O(a?)
for the centered edge logarithms.

Lemma 5.4 (Certified global inequality). For each row of (5.10), every posterior probability vector, every
a in that row’s closed band, and every .03 < ¢ < 1, the polynomial (5.8) satisfies P > 0.
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Proof. Appendix B proves the exact interval certificate for this inequality, with the complete source
in Section D.2. It parametrizes sorted probability vectors as (1,4'®,78) /(1 + ¢'® + r'8), where
0 < r < g < 1. In these coordinates the weighted logarithmic functions have continuous first
derivatives at zero coordinates. The appendix derives formulas for the hatted functions without
division by a, so their values and first derivatives are enclosed also at a = 0. It then identifies the
four expressions computed by the program with Dy, D1, D,, D3 above.

The certificate covers the full (g,7,a) domain by closed boxes and partitions ¢ € [.03,1] at

.03, .05, .075, .10, .15, .20, .30, .40, .50, .65, .80, .90, 1.

On every resulting interval it certifies strictly positive lower bounds for the four cubic Bernstein
coefficients. All enclosures, including the derivative bounds used for midpoint acceptance and
subdivision, follow from integer arithmetic and explicit analytic remainder bounds. The appendix
proves coverage of every simplex boundary and band endpoint and records normal completion
of all three prescribed runs with assertions enabled. Positive Bernstein coefficients imply P > 0
throughout each closed ¢ interval. At the uniform message this also follows directly from P =
5E2 + Us& > 0. O

Proof of Proposition 5.1. Suppose a nontrivial fixed point exists. Lemmas 5.2 and 5.3 place its scalar
¢ in the certified interval. Choose the applicable row of (5.10). Equation (5.6) has expectation zero,
so (5.7) gives EP < 0. On the other hand, Lemma 5.4 gives P > 0 pointwise. The functions in P
are bounded on the closed simplex for the fixed 2 < 1/2,s0 EP > 0, a contradiction.

For the final assertion, a = 1/vd < 1/+/5 < .448 whenever d > 5: the strict comparison
follows from 5(.448)? = 1.00352 > 1. O

6 A finite certificate at the coloring boundary

We now prove non-reconstruction at the remaining negative equalities, including the channel
A = —1/2. Throughout this sectiona = —A > 0, p = (po, p1, p2) is a posterior probability vector,
and { = Y7 , piw', where w = ¢2™/3, In this section the input spin S denotes its index in {0,1,2};
its complex representative is wS. Write u = [E|{|?. Proposition 4.1 says that a symmetric fixed
point at da* = 1 with u < 1/20 is the uniform posterior. It will therefore suffice to dominate one
finite-depth experiment by an explicit experiment with y < 1/20. The dominating process need
not itself be at equality or converge to the uniform posterior.

6.1 Explicit refinements of posterior experiments

The finite representation follows the survey method of Bhatnagar and Maneva [2, Sections 3.1-3.3
and Theorems 5-8]: posterior vectors are replaced by barycentric mixtures on a finite grid, and
rounding deficits and omitted offspring tails are completed by perfectly informative messages.
We give explicit refinement kernels for every operation and exact arithmetic certificates for the
three-state parameter ranges used here.

For experiments with the same input spin S, write £ < F if a Markov kernel, independent
of S, transforms the data of F into data with the conditional laws of £. Such a kernel is called a
garbling. Under the uniform prior, an experiment with datum Y, marginal law p, and posterior
p(Y) satisfies

P(S=1iY edy)=pi(y)e(dy), P edy|S=1i)=3pi(y)e(dy). (6.1)
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Its full labeled posterior is an equivalent experiment: the reverse kernel from p to Y is the con-
ditional marginal law p(dy | p(Y) = p). Equation (6.1) proves that this kernel also works under
every input spin. All conditional distributions used here exist on the finite or standard Borel spaces
in question.

We compress a permutation-invariant posterior law by storing one mass for each orbit under
the six coordinate permutations. The represented datum is always the full labeled posterior. Under
its marginal law, draw an orbit, uniformly permute its representative, and retain the resulting
vector. Repeated coordinates cause no difficulty, since each distinct orientation has the same
multiplicity among the six permutations. Observing only the orbit index would be a different
experiment and is not used below.

Lemma 6.1 (Barycentric refinement). Suppose that for every old datum y there are probabilities a,(z) on
a finite set of posterior vectors such that Y, a,(z)z = p(y). Then the posterior law v(z) = [ a,(z)p(dy)
defines an experiment that dominates the old one.

Proof. Here is an explicit refinement conditional on the input spin. Given S = iand Y = y with
pi(y) > 0, choose z with probability
ay(2)z;
Ri(y,z) = 22 (6.2)
i:2) pi(y)

Choose any distribution on the null event p;(y) = 0. The barycenter identity makes this a
probability kernel. Its joint law is P(S = i, Y € dy, Z = z) = p(dy)a,(z)z;, so that the posterior
given (Y, Z) is Z. After retaining just Z, the reverse garbling is

p(dy)ay(z)
v(z)
It is independent of i and recovers the old conditional law, since Y, 3z;v(z)G(z,dy) = 3pi(y)p(dy).

Arbitrary kernels at v(z) = 0 are harmless. In particular «, specifies marginal spreading probabili-
ties; the actual refinement conditional on the spin is (6.2). O

G(z,dy) = ifv(z) > 0. (6.3)

Lemma 6.2 (Symmetric completion by pure posteriors). Let a finite symmetric posterior law have
orbit masses W,, and suppose 0 < L, < W, for each orbit. The law retaining masses L, and putting the
remaining mass 1 — Y, L, at the uniformly permuted pure orbit dominates the original experiment.

Proof. On a datum p in orbit o, retain p with probability t(p) = L,/ W, (put t = 0 when W, = 0).
Otherwise reveal the input spin. More precisely, conditional on (S = i, p) the refined datum
is (p,0) with probability #(p) and (p, 1,i) otherwise. Forgetting the flag and the revealed spin
recovers p, so this is a refinement. The respective posteriors are p and ¢;, and their full posterior is
sufficient by (6.1). Removal is constant across each orbit, whence
. 1 Wo — Lo
IP(S = i,removed from o) = (W, — L,) g neze‘la(np)l 3

Thus the revealed part is exactly the stated pure orbit, with no change to the uniform input prior.
This also covers removal from the pure orbit: retaining a pure posterior and revealing the already
known spin are disjoint flagged outcomes that compress to the same posterior, so their masses add.
For completeness, if p(p) denotes an old labeled posterior mass and v(z) the resulting mass, the
reverse kernel after posterior compression is explicitly

(p)
z)

)

2
G(z,p) = Hp)lz=py + (1= £(p)) ;)Pil{z:ei} (v(z) > 0). 0

—~
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Both independent composition and edge transmission preserve <. In detail, if G; garbles
the jth upper branch into the jth lower branch, instantiate the upper branch data independently
conditional on their common input spin, and use the product kernel J]; G; with independent auxiliary
randomness. Under each input this recovers the product of the lower conditional laws. For an
edge, averaging these same conditional identities against the channel K, (i, j) proves the claim.
Mixing over an input-independent count also preserves the order: retain the count and apply
the appropriate product garbling conditional on it. These facts justify each induction below; no
monotonicity of the numerical rounding map is assumed.

6.2 Grid spreading and exact product tables
Fix
H=72, N =102, H={(ho,l,h2) € Z3y:ho>h1 >hy, ho+h1 +hy = H}.

There are 469 representatives in 7. An integer vector of nonnegative masses (11, ),cy summing
to N represents the symmetric posterior law with orbit probabilities m;, /N and posteriors h/H.
Denote the pure and uniform orbit laws by P and U.

For an integer vector r > 0 of positive total T, set

Yib;
T

1,2},
T € {0,1,2}

ni:{I_IrZJ, b; = Hr; — n;T, k:H—Z”i:
1

If k = 0, choose n/H. If k = 1, choose (n + ¢;)/H with probability b;/T. If k = 2, choose
(n+1 —¢;)/ H with probability (T — b;)/T. These are valid grid vectors and probabilities. For
k = 2 the expected increment in coordinate j is Y ;+;(1 — b;/T) = b;/T; the other two cases are
immediate. The chosen vector therefore has mean r/T, and Lemma 6.1 proves refinement. The
construction commutes with label permutations.

For rational edge magnitude a = A/B < 1/2, first reduce A/ B to lowest terms. A child grid
posterior q/ H gives parent likelihood entries

e.

W), e(q) = (B+ A)H - 34,
whereas its plain likelihood entries are 3g;/ H. To combine two orbit representatives p, g, fix the
orientation of p and average the six relative permutations 7t of 4. This is sufficient because a
simultaneous permutation changes only the output orientation, which remains uniform within its
orbit. The following table specifies the three operations used by the verifier:

mode ‘ operation ‘ 7 ‘ Db
0 plain—plain | p; 3g,(; 6H?
1 plain—edge | pieq:;)(q) 6BH?
2 edge—edge | ¢;(p)e () | 18B*H?

(6.4)

In each case, with T = } ; 7;, the posterior is 7/ T and the relative permutation’s probability after the
likelihood tilt is T/ Dy,p. For example the mode 1 tiltis 1 y;(3p;/H) (ex(1)(9)/(BH)) = T/(BH?);
the additional permutation factor is 1/6. The other rows follow in the same way. A permutation
with T = 0 has zero probability and contributes nothing, including ata = 1/2.

Multiply these probabilities by the grid spread. The resulting table numerators are respectively
T when k =0, b; when k = 1, and T — b; when k = 2, all over the row’s common denominator
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Dy Aggregate contributions reaching the same output orbit. Write the integer result as wy, 4(1).
For every pair,

Wp,q(h) =0, pr,q(h) = Dtap- (6.5)
h

Indeed the spread has mass one, and averaging either input likelihood over uniform label permu-
tations gives one in each coordinate. The verifier additionally asserts (6.5) for every entry.
For input integer mass laws m, n, keep output units

/" Zp,qmpnqulq(h)
" NDeop ’

(6.6)

and add N — ), ¢, units to the pure orbit. The unfloored quantity divided by N is the exact orbit
mass of the spread product, so Lemma 6.2 proves that this operation dominates the indicated exact
product. Denote it by Cy,C; or C;. Modes 0 and 2 have symmetric tables in p, q: exchange the
inputs, invert the relative permutation, and relabel the output. Thus their code uses pairs p < g
with diagonal coefficient m,n, and off-diagonal coefficient m,n, + m,n,. Mode 1 uses all ordered
pairs.

6.3 Regular and Poisson upper recursions

For the regular tree with four children at each vertex at a = 1/2, start at m® = P and set
WY = Co(m®,m®)),  mtHD = co(h®, n®). (6.7)

The two copies of h() are independent conditional on the root; each dominates the product of two
edge-transformed upper child experiments. The refinement and composition arguments give, by
induction, domination of the exact four-branch depth-t experiment.

For a Poisson tree of chosen mean d and rational magnitude a., fix an upper child law m. Its
count-specific upper laws are

Qo =1, Qn = C1(Qp-1,m). (6.8)

Each Q, dominates the exact n-branch experiment, with the child law m held fixed throughout
this count recursion. Write g,,(h) for its integer units. If p, = e~%d". /n! and w), are integer lower
weights satisfying 0 < w, /N < p,, form

b= Y V‘”’(’“)J (6.9)

n retained N

and complete the mass to N at the pure orbit.

To justify the count and tail operations, first draw the count with its exact probabilities p,,, then
the upper experiment Q, conditional on that count and the common input spin. For omitted
counts one may take Q, = P, which dominates every experiment: given a revealed spin, simulate
the required conditional data. With count included as data the resulting mixture dominates the
exact Poisson experiment. For each count 7, the upper law is a calibrated posterior experiment: if
pn is its labeled marginal law, then its conditional law under input i is 3p;p,(dp), as in (6.1). The
product tilt, barycentric refinement, and pure completion all preserve this identity, including the
chosen pure law at omitted counts. Since the count has input-independent probabilities p, its joint
law with the input and posterior is P(S = i,n, p € dp) = pupipn(dp). Consequently the posterior
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given (n,p) is p. Posterior sufficiency therefore allows count to be forgotten while preserving
equivalence. Its orbit masses are W, = Y, puqn(h)/N, interpreting g, as the chosen pure law on
omitted counts. Equation (6.9) satisfies £,/ N < W), for every orbit. Lemma 6.2 applies to this one
exact mixture, including the tail and all rounding losses. Thus iterating this completed Poisson
operation from P gives upper laws at every depth.

Here the weights are constructed entirely with integers. Put Sy = 10'°> and d = dax/200 <
881/200. Beginning with Iy = 1y = Sp, compute for 1 < n < 41

[ — Zn—ldmax U = un—ldmax
"L 200m 7 "l 200m |

ds

These enclose Sod"} /n!. The degree-41 Taylor polynomial of e~%+ is a lower bound, since its

degree-42 Lagrange remainder is positive. Hence, with

NL
L=So+ Y, Li— Y, un woz{J, (6.10)
1<n<41 1<n<41 S0
1 even n odd

we have wy/N < e+, Positivity of L, and all arithmetic bounds, are proved in Appendix C.
Continue with w, = |w,;_1dmax/(200n)] until the first zero. Induction gives w,/N < p,. For
n >9onehasd; /n < 1/2,so the positive integer weights eventually vanish.

6.4 Closed parameter coverage and certificate outputs

Forj=0,...,26 set
Amin = 800 +3j, dmax = 803+ 3j, [j = [dmin/200, dmax/200], dy = dmax/200. (6.11)
Choose a; = A/10°, where A is the least positive integer such that
A2%din > 200 - 10%2, (6.12)

The integer binary search in the verifier finds this A without square roots. Its upper endpoint 500000
is valid since dpin > 800, s0a, < 1/2is admissible. Minimality also gives (A — 1)?dmyin < 200-10'2.
For every equality pointd € [;, a = d=V2, wehaved < d, anda < a,.

By Proposition 2.8, these coordinatewise bounds imply that, at every finite depth, the equality
experiment with parameters (d, —a) is degraded from the single corner experiment (d, —a ). The
two kernels use thinning probability d/d and channel factor c = a/ay € [0, 1], respectively. They
require only the observed tree, its boundary spins, and independent randomness, and remain
valid at the closed bin endpoints, including a, = 1/2.

The intervals (6.11) share endpoints and have union [4,881/200]. There is overlap with the
analytic Poisson range in Proposition 5.1, because

881 1 _ 453049
200  (477/1000)2 ~ 45505800

0. (6.13)

Consequently these rectangles cover every Poisson equality not already covered there. No continu-
ity assertion about the rounded recursion, or sampling of intermediate parameters, is involved.
Figure 1 illustrates the domination in the first bin.
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a= Al

thin offspring (dy,ay)
L]

1/2
l reduce magnitude

a=dv

4 803/200

Figure 1: Domination in the first closed Poisson bin [4,803/200]; the two axes use different
enlarged scales. The upper corner has a; = 1/2 and d = 803/200, so it dominates every equality
experiment in the bin by thinning offspring and reducing the channel magnitude. It lies above the
equality curve. The certificate only brings its finite-depth upper law below p = 1/20; the local
tixed-point gap is applied to the target equality experiment.

For each grid representative,

2
Z Ewi _1_ 3(]’10]’11 4 h1h2 —+ hgl’lo)
T~ H H? '
Define the integer
M(m) =Y my, [HZ — 3(hoh1 + hiho + hahg)]. (6.14)
h

The certificate stops exactly when 20M(m) < NH?, equivalently u(m) < 1/20. The exact code
is included in Section D.3. With assertions enabled it returns iteration 162 for argument —1, the
regular coloring recursion with four children at each vertex. For arguments j = 0,...,26, the
Poisson recursions return, in order,

104,103,103,103,102,102,102,102,102,
101,101,101,101,101, 101,
100, 100, 100, 100, 100, 100, 100,
99,99,99, 99, 99.

(6.15)

All comparisons determining these integers use exact integer arithmetic. Appendix C gives
the bounds preventing overflow and the correspondence between each code operation and the
constructions proved above.

Proposition 6.3 (Completion of the negative threshold). For both tree models, every admissible negative
parameter with da? < 1 is non-reconstructible (with d = b for a regular tree).

Proof. Consider first negative equality. For the regular tree with b = 4, the upper law at depth 162
has p < 1/20. For every Poisson equality d € [4,881/200], choose a bin containing d and its stop-
ping depth from (6.15). The corresponding upper law dominates the exact equality depth experi-
ment by the recursion and the two garblings above. Conditional Jensen gives piyrye < Hupper < 1 /20
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at that depth. By Proposition 2.4, the actual depth laws have a symmetric fixed-point limit and
their moments decrease to its moment. The limit therefore has < 1/20 and is uniform by
Proposition 4.1. This proves non-reconstruction in the certified range.

Proposition 2.4 includes the coloring endpoint: its proof extends the tilted recursion continu-
ously across zero likelihood normalizers and controls the Poisson count tail. Thus the preceding
tixed-point inference also applies ata = 1/2.

Every remaining admissible regular equality has integer b > 5 and a < 1/+/5 < 448/1000.
Every remaining Poisson equality beyond 881/200 has a < 477/1000 by (6.13). Proposition 5.1
excludes nonuniform fixed points in these ranges, completing all negative equalities.

For d > 4, every parameter —d~!/2 < A < 0 is obtained by the independent increment garbling
from the equality parameter —1/+/d; hence its advantage also tends to zero. For the remaining
parameters, first compare the coloring experiment with branching parameter four to a smaller-
branching coloring experiment. For a regular tree keep a fixed b children at each vertex, and for a
Poisson tree retain each child with probability d/4, using the tree observation and independent
randomness. This gives the smaller-tree observation without the root. Finally apply the increment
garbling from —1/2 to the desired negative parameter. Thus all admissible negative channels with
branching parameter below four are non-reconstructible as well. These are statements about the
unconditional Poisson experiments, so the conclusion uses exactly the averaging convention of the
problem. O

7 Completion and the stochastic block model

Table 1 collects the arguments for the equality cases. In the table, 2 = |A| denotes the negative
channel magnitude.

Equality case Parameter range Argument

Positive channel All admissibled > 1 Analytic exclusion, Section 3
Negative, regular b>5s0a=>b12< 448 Weighted identities, Section 5
Negative, regular b=4,a=1/2 Finite domination, Section 6
Negative, Poisson a=d 12 < 477 Weighted identities, Section 5
Negative, Poisson 4 <d<881/200 Finite domination, Section 6

Table 1: Coverage of dA?> = 1, with a = |A| on the negative side. The two Poisson ranges overlap
since 881/200 > (1000/477)?. Below branching parameter four, negative channels follow by
degradation from the coloring case.

Proof of Theorem 1.1. Proposition 2.7 proves reconstruction whenever dA? > 1. Conversely, Propo-
sition 3.3 proves non-reconstruction for 0 < A < d~1/2, and Proposition 6.3 proves it for every
admissible negative parameter with dA? < 1. These conclusions include all equality cases and ex-
haust the channel domain. The Poisson statements use the original tree law, without conditioning
on survival. O

We return to the stochastic block model of Section 1.4, where a,b > 0 are the within- and
between-community connectivity parameters and d = (a + 2b) /3 > 1. The remaining step is to
apply the external tree-to-graph and algorithmic results to the tree theorem.
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Proof of Corollary 1.2. Set

a—>b

_ o 2 _ (a—0b)*
_a+2be( 1/2,1), dA

~ 3(a+2b)

The corresponding Poisson broadcast process has exactly the transition matrix (1.1). Suppose first
that dA? < 1. Theorem 1.1 gives a, — 0 for this process.

To match the fixed-tree formulation of non-reconstruction, let T be the entire Poisson tree and
put

AT) =E [H]P(crp — | T, 091,) — Unif{1,2,3} ||y, ) T] .

For almost every fixed T, the boundary experiment is degraded as ¢ increases, so A;(T) decreases
to a nonnegative limit A« (7). The offspring beyond depth ¢ are independent of the root and
depth-¢ spins conditional on T, and hence EA;(T) = a,. Bounded convergence therefore gives
EAw(T) = 0,50 Aw(T) = 0 for almost every T. If y?/i is the boundary law conditional on root

state i and 7, = % Y. 1} ., Bayes’ formula gives

13 _
Ay(T) = 3 Y drv(u; 1),
i=1

where dty denotes total-variation distance. The triangle inequality now shows that the pair-
wise total-variation distances between the ]/teT,i tend to zero for almost every T. This is the non-
reconstruction hypothesis of the tree-to-graph transfer of Mossel, Sly, and Sohn [10, Theorem 2.1].
Their conclusion, with the overlap of their Definition 1.4, gives
. . 1
limsupEov(c,0,) < 3
n—oo

for deterministic estimators. Any violation by randomized estimators would, for each n, admit
a deterministic choice of the independent seed with expected overlap at least the randomized
expectation minus 1/n, contradicting the same bound. For every pair of labelings, the average
agreement over all six permutations is 1/3, so its maximum is at least 1/3. This proves (i).

If dA?> > 1, Corollary 1 of Abbe and Sandon [1], with three communities, gives an O(nlogn)
algorithm for detection. Their Lemma 1 converts their two-set detection criterion, for uniform
community probabilities, into overlap exceeding 1/3 by a fixed positive amount with probability
tending to one. This proves (ii). O

The corollary covers both 2 > b and a < b. Its positive-parameter hypothesis is part of the
statement: the boundary cases 2 = 0 or b = 0 are not included. In particular, the negative equality
has d > 4 here; the coloring equality a = 0, b = 6, d = 4 is excluded.

A The radial inequality

This appendix proves the pointwise inequality used for positive channel parameters. Its algebraic
certificates are given explicitly, so the proof requires no numerical or computer-assisted verification.

Lemma A.1 (Radial inequality). Let m = (my, my, m3) have positive coordinates and (m) = 1, where
(w) =1 Y7 | w;. Put

v=m-—1, X = 7<vz>, g = (logm), u; =logm; — g,
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J= %(Ulogm>, B= %(mu2>, F(m) =3g+4] + %B.

Since I = g + 2], this is the functional F in Equation (3.3). Then, for every 0 < A < 1,

) 1-A% ,
F(m) — A7°F(1+ Av) > 5 X (A1)
Proof. Fix the message in the statement and write
mr) =1+700,  x(r) =7, F(1)=F@m(r), 0<r<1,

where v(%) = m — 1 and xg = 1((0?))?). Every coordinate of m(7) is positive on this interval. The

functions are analytic near T = 0. Since (v(?)) = 0, we have g(t) = O(7?), J(t) = O(7?) and
B(t) = O(7?), 50 F(1) = O(7?). Let = T4-. We claim that it suffices to prove

(0 —1)(0 —2)F(1) > 12x(1)> (0<T<1). (A2)
To see this, suppose the bound holds along the ray. Define
Y=0-2)F—-x(t), Z=0-1)Y.

The operator d — 2 annihilates the quadratic Taylor term, giving Y = O(7®) and Z = O(7®) as T |, 0.
Since 3(d — 1)x(7)? = 12x(7)?, Equation (A.2) gives dZ > 0. For T > 0 this means Z’(t) > 0, and
Z(0) = 0 therefore gives Z > 0. Next,

T

The limit of Y(7) /7 at zero is zero, so Y > 0. Finally,

d [J-"(T) — ;T‘*x%] _Y(7)

dt T2

Evaluating the resulting monotonicity between T = A and T = 1 gives

! 1
Flm) = 3 > AF(1 4+ 20%) — 2 2%,

which is Equation (A.1).

It remains to establish Equation (A.2) for every positive message. All quantities in the following
calculation refer to the current message on the ray. Set

Thus dv = v, 9x = 2x, and dy = 3y. Introduce
U= (m7), S=(um’), U=, S=S, M=2], V=2B W=u?.
In particular M = (mu), since (u) = 0, and F = 3g + 2M + V. The identities

dlogm; =1 — mi’l, du; = U — mlfl
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give
ag=1-U, OM=M+U-1,
oV =V-W+2UM, oW = 2§, (A.3)
IS =U>—U—S+5, ;= j(Uj —Uj).
For example, differentiating V = (mu?) gives (vu?) + 2(mu(U —m~1)) = V — W + 2UM,; differ-
entiating S gives the next-to-last identity in (A.3). Applying these identities to F yields
G:=0d(0—1)(0—2)F

+ % [S2 =35+ (2Us — 3U2)M +3(U — 1) (U2 — U)].

Our remaining goal is G > 12x2.
The elementary symmetric identities for the three zero-sum coordinates v; are

3
03 = 3xv; + 2y, Di:=]](1+ty) =1- 3t%x + 21%. (A.5)
i=1
Write D = D;. For 0 < t <1 all the factors in D; are positive and have arithmetic mean one, so
0<D <1 (A.6)

Define the coordinate polynomials

hi =1—v; +v7 — 3x, ki(t) = v; — t(v? — 2x).

1
The product of the two factors 1 + v; with j # i is h;, hence m;” ! = h;/D. Similarly, centering the

logarithmic integral gives

v v ki(t) _ [Vki(t)
i e ui= | p, * (A7)

Dy’ l o Dy

The first identity follows by multiplying by D; and using (A.5); the second follows by integra-
tion. All denominators here are bounded away from zero for the fixed positive message under
consideration.

Put H; = (I/). Substitution of these formulas into (A.4) separates its polynomial and logarith-
mic terms:

1
D3(G —12x*) = R+ / Nt dt, (A.8)
0o Dy
where
R = (6 — 12%*)D® — 12H,D? + 8H,D — 2H; 412 = (H1 D)(H, — HiD),
(A.9)
4
N(t) = 2 (k(t) [W*D — 3hD? + (2H; — 3H,D)v]).

In particular N(f) is affine in t. Let

L= R+/ )(2 — Dy) dt. (A.10)
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Since

1 (1 — Dy)?
_ — = >
D, (2—Dy) D, 0,
it suffices for (A.2) to prove
N(0) >0, N(1) >0, L>0. (A.11)

Indeed, the first two inequalities imply N(¢) > 0 on [0, 1], and then (A.8) is at least L.
We give the polynomial computations and their sign certificates in full. For their verification
one only needs the recurrence

Po=1, P =0, P,=2x, DPj=3xPr+2yPi5 (j>3), P= (7).
The remaining moments that occur in (A.9) are
Py =2y, Py=6x>, Ps=10xy, Ps=18x>+ 4y

Expanding // and using these moments gives
H1 =1- X,
Hy =3x* —4y +1, (A.12)
H; = —9x° +9x% + 6xy + 3x + 4y* — 14y + 1.

The two coefficients of the affine polynomial N(t) are explicitly

%N(t) A(x,y) +tC(x,y),

Alx,y) = 3x* + 1203 4+ 2% + (—6x° — 28x% — 2x)y + (26x — 2)y” — 4%, (A13)
C(x,y) = 6x* — 2x% + (—13x° — 10x* — x)y + (10x* + 22x + 4)y* — 16y°.

In particular their sum factors as

%N(l) — (x—y)(9x — 10y + 1) (x> + x — 2y). (A14)

Integrating (A.13) against 2 — D; in (A.10), and using (A.12), gives

2
€5L = 1500x° — 1020x* + 240x> + 168y*

+ (—480x* — 756x — 52)y° (A.15)
+ (2114x% 4 710x% 4 48x — 80)y/?
+ (—3093x* 4 736x° — 35x?)y.
These are finite polynomial identities: the displayed moment recurrence provides a direct way to
check every coefficient.

We next describe the domain on which their signs are required. Positivity and }_; m; = 3 imply
Y mz2 < 9, and therefore 0 < x < 1. The discriminant identity for (A.5) is

[T (vi—v))*=108(x> - y?),

1<i<j<3
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3/2

so |y| < x°/%. Consequently each factor in (A.14) is nonnegative, as is seen from

oy > x(1- V),
9x — 10y +1 > (1 — v/x)(10x + /x + 1),
x* +x—2y > x(1— )%
This proves N(1) > 0.

If x = 0, then v = 0 and the lemma is immediate, so henceforth take x > 0. Set r = y/x. Then
r> <xandr < /x < 1, while D > 0 gives

2 < . Al
rx<g— (A.16)
The denominator is positive. Combining these inequalities yields
0<1—r*(3—2r)=(1—-r)*2r+1),
and hence —1 < r < 1. Every point of (A.16) is represented by
r>+2z/(3—2r) x —1?
— = = >0. A.17
* 14z ’ y=r z 1/(3—2r)—x_0 (A17)

Thus the parametrization includes x = r? without a limiting argument; the excluded upper
endpoint corresponds to a zero coordinate of .

For clarity write No(r,z) and L(r, z) for N(0) and L after the substitution (A.17), and keep x on
the left sides below as the expression in that substitution. The exact coefficient identity for N(0) is

2 Sﬁ()

(1+2)%(3—2r) i

= ag(r) +a1(r)z + ax(r)2?%, (A.18)
where

ao(r) = (1 —7r)%(3 —2r)2(10r* + 7 + 1),
a1(r) = 2(1 —r)3(3 — 2r)(9 + 5r + 201> — 4r°),
ay(r) = 48(1 —r)3.

All three coefficients are nonnegative for —3 < r < 1. For the first, the quadratic 10r> + r + 1 has

positive leading coefficient and discriminant 1 — 40 = —39 < 0. For the second,
2 3 2 13
9+5r+20r° —4r° =9+ 5r +r°(20 — 4r) > >

The remaining factors in these expressions are visibly nonnegative. Since the multiplier on the left
of (A.18) is positive on our domain, N(0) > 0 follows.
The corresponding identity for L is
3 325L 2 3
(1+2)°(3—2r) o= bo(r) + b1(r)z + ba(r)z” + bs(r)z>, (A.19)
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where

bo(r) = *(1—1)3(3 —2r)>fo(r),
bi(r) = (1—=1r)>(3 —2r)*fi(r),
ba(r) =2(1—71)3(3 —2r) fo(r),
by(r) = 24(1 —r)3(25 — 41> — 10r),

and every coefficient of the three remaining polynomials is as follows:

fo(r) = 480r* — 842r° — 1171 + 4457 + 160,
f1(r) = 336r° — 10087° + 1096r* — 8961° + 6312 + 6857 4 240, (A.20)
fo(r) = 440r* — 11047° + 368r% + 4137 + 210.

Identities (A.18) and (A.19) follow by substituting (A.17) into (A.13) and (A.15), respectively, and
clearing the displayed denominators. The factor 25 — 4r2 —10ris atleast 11 on [— %, 1]: its derivative
is —8r — 10 < 0 throughout that interval. It remains to establish the signs of fo, f1, f>.

Use the bijective change of variable

_p—1/2 _r+1/2> _1<
r= 1+P’ p= 1, >0 2_r<1 .

The resulting polynomial identities, with all coefficients displayed, are

s+ (PR

504p* + 4386p° + 12267p* — 1161p + 174,

1/2
14 p)® <) 2064p° + 15486p° + 36669p* + 31368p°
+p AT, p p p p (A21)

+20184p? — 2724p + 522,

4(1+p)f (p 1_ ! ; 2) = 1308p* + 7650p° + 12366p> — 1842p + 1044.

Each right side is a polynomial with nonnegative coefficients in degrees at least three, plus a strictly
positive quadratic. The exact discriminants of those quadratic tails are
(—1161)% —4-12267 - 174 = —7189911 < 0,
(—2724)% —4-20184 - 522 = —34724016 < 0,
(—1842) —4-12366 - 1044 = —48247452 < 0.
Their leading coefficients are positive, so all three tails are strictly positive on the real line. Thus
fi(r) > 0for —5 < r < 1; their values at r = 1 are, respectively, 126,516, 327, also positive. Every

bj(r) is consequently nonnegative on [—3,1]. Equation (A.19) proves L > 0, finishing (A.11) and
hence (A.2). The initial reduction now proves the lemma. O

B Correctness of the interval certificate

This appendix explains the integer interval certificate for the strict positivity of the polynomial (5.8).
The coefficients are those in (5.9), with the matching parameter choices in (5.10). The certified
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domain consists of every probability vector on three states, every ¢ € [3/100,1], and each of the
three closed a intervals

(0,190/1000],  [190/1000,448/1000],  [448/1000,477/1000].

The third interval uses the Poisson values H = 1/12, U = 1/2; the firsttwouse H = 1/16, U =
15/32. The source is supplied unchanged as verification/interval.cpp; see also Section D.2.
Assertions and signed 128-bit integer arithmetic are part of the certificate. We first explain what
its arithmetic computes and then why normal completion proves the claimed inequality over the
entire domain.

B.1 Coordinates, formulas, and boundary extensions

The quantities being checked are invariant under permutation of the three coordinates. After
sorting a probability vector in decreasing order, it has the representation

(1/ q18, 1,.18)

R Z=1+¢%+r8, 0<r<g<1 (B.1)

Indeed, the largest probability is positive; take the eighteenth roots of the other two probabilities
divided by it. The formulas below are valid on the larger square 0 < g,7 < 1, which will allow
rectangular intervals that cross the diagonal r = g.

Set m; = 3p; and v; = m; — 1. Then

3 3q'8 3r18 > 1& 5, 1
v=|=--1——-1,— -1, x:fZU', Y = S010203.
(Z Z z 6= 2

In particular, —1 < v; < 2 everywhere on the square. For positive g,r, write L; = logq and
L, = logr. The centered logarithms u; = logm; — %Zj logm; are

(=6(Ly + L), 12L, — 6L,, 12L, — 6L,).

Consequently the functions used in the weighted argument are exactly

3¢°r®
G="—, T=1-G,
Z
216
W= g°r°(L; + L} — LyLy),
648 6.6 3 3 2 2
Y = —=q°r*(2L; + 2L} — BLgLy — 3LyL7). (B.2)

These expressions explain the constants 216 and 648 in coeff. The entries returned by qt are
enclosures of q'8 and 4°(log q)/, 0 < j < 3, together with their derivatives; the analogous entries
are used for r.

For the edge functions put

—log(1—t)/t, t#0,

ej =1 —av, Ge = (e1e263)'/3, L(t) = {1 i~ 0

Define

bi = —Uiﬁ(avi)/ w; = bl’ — g Zb]'.
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For a > 0, b; = log(e;)/a, so the centered edge logarithms are aw;. Since }_; v; = 0,
G2 =1—3a*x —2a%.

Factoring 1 — G2 gives the formulas used in the code:

W=-2 Y = aG,wwHrws. (B.3)

7’ w [ 7
1+ G, + G? 3 &
Here T = T,/a?, W = W,/a%, and Y = Y./a?> when a > 0. The last identity uses % Y wd = wiwows
for three centered coordinates. Thus the code variables Te, We, and Ye are the hatted quantities. At
a = 0, the formulas give continuously

A~

G.=1, T=x, W = 2x, Y =0.

There is no division by a in the implemented expressions. Substituting (B.2) and (B.3) into the four
entries returned by coeff gives, term by term, (Do, D1, D2, D3) in (5.9). In the parameter structure,
del, ch, and cu mean ¢, H, U, and the code forms sy = ¢ + 1/3.

All boundary probability vectors are included. Each function g°(log g)/, 0 < j < 3, is assigned
value zero at g = 0. Its derivative for g > 0 is

6q°(log )/ + jq°(logq) ', (B.4)

where the second term is omitted when j = 0. Both the function and its derivative tend to zero at
zero. Thus the expressions have continuous first derivatives up to the boundary; when gr = 0 they
giveT =1land W =Y = 0. Since Z > 1 and ¢; > 0 throughout the domain, all four D; have the
same regularity, including at a = 0.

B.2 Integer intervals and machine safety

Let S = 2%0. An object I with integer endpoints (I, %) represents [[/S,h/S]. The functions unit
and integer represent a grid point and a small integer, respectively. With positive denominator,

rat(b, c) represents
|Sb/c] [Sb/c]
R
The helpers nf (b, ¢) and floor_div(b, ¢) compute the mathematical floors of bc/S and b/ ¢, also
for negative numerators: the negative branch uses the negative of the corresponding positive
ceiling. Upper endpoints are obtained by negating a floor of a negated expression. Addition and
subtraction are exact on the grid. Multiplication chooses the appropriate endpoint extrema in each
sign case; when both intervals cross zero it takes the minimum of the two potentially negative
products and the maximum of the two potentially positive products. The square operation assigns
lower endpoint zero when its input crosses zero.
For a positive interval [I/S, h/S], the reciprocal is enclosed by

[LSZS/M, (525/11] .

Negative reciprocals use odd symmetry. An assertion excludes intervals containing zero. Con-
sequently all elementary interval operations contain their exact real counterparts. Intersecting a
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value interval with a separately established range is also sound. The two uses of this operation,
clip, are the range [—1,2] for v; and the logarithmic-product bounds proved below.

These statements concern exact integer operations, so absence of overflow must be established
before using their outputs. Every potentially growing endpoint calculation is passed through safe,
which asserts

—202 < p < 2%

before converting the signed 128-bit integer b to a signed 64-bit endpoint. Inductively, two input
endpoints have product of magnitude less than 224, The product is formed after promoting to
signed 128 bits, and the rounding offset S — 1 still leaves its magnitude below 2'%’. Endpoint
addition is also promoted before checking. Reciprocal numerators are S> = 280; adding the
denominator minus one for upward rounding is safe. Rational-construction numerators and
denominators in the prescribed runs are small fixed integers. No unchecked negation or absolute
value can encounter the minimum signed 64-bit integer, because endpoints have magnitude below
262,

The remaining raw integer expressions have separate small bounds. All box coordinates
lie in [0, S] in grid units, so midpoint sums are at most 25. Cube-root search candidates are
below 25, their endpoint sums are at most 45, and the two cube-comparison operands are below
853 = 2!2. The fixed multiples of S, loop indices, and initial-grid numerators fit signed 64 bits.
The unchecked visit counter is treated separately by the concrete sanitized executions recorded
below; the depth bound alone does not keep its total number of increments within the signed
64-bit range. Logarithm scaling uses at most forty doublings on the actual arguments. Thus a
range assertion is never being asked to detect an overflow that has already occurred: oversized
derivative or value enclosures stop at safe before narrowing. All floating-point casts in this source
occur in failure diagnostics, not in acceptance tests.

B.3 Logarithms, divided logarithms, and cube roots

The function atanh?2 evaluates the fifteen terms

14 w2n+1

27;271—#1

by Horner’s rule with outward interval operations. For |w| < u < 1 the absolute remainder is at

most
2u31

31(1 —u?)’
The code asserts |w| < 1/3+4/S < 3/8. With u = 3/8, the remainder bound, in grid units, is the
exact rational number

2(3/8)3! 617673396283947 1
= <— <2 (B.5)
31(1—(3/8)2) ~ 119978708822917120 100

The padding [—2/5,2/S] therefore covers the omitted tail; all polynomial-evaluation errors are
already covered by interval rounding.

To enclose log(x/S) for a positive integer endpoint x, 1n scales an interval containing x/S by
powers of two. If m is the resulting interval and k the accumulated exponent, then x/S € 2km.
Multiplication by two is exact on this grid; halving, when used, rounds outwards. The identities

t—1

1
logt = 2atanh Y log2 = 2atanh 3
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give the enclosure after adding klog 2. The domain assertion in atanh2 checks the needed range
even after rounding. All positive arguments actually passed to 1n are either coordinate endpoints
in [1/S, 1], or endpoints of 1 — av; bounded away from zero, so the scaling loops terminate within
the stated bounds.

The divided logarithm has the integral and power-series representations

.C(t):/1 s _ v " (<) (B.6)

For |t| < 1/4,L_endpoint evaluates Y22, "/ (n + 1) and its derivative Y22 ; nt"~!/(n + 1) inde-
pendently. Bounding both coefficient sequences by one bounds their absolute tails by

(1/4)23 B L (1/4)22 B L
1—1/4 485’ 1—-1/4 128’

(B.7)

respectively. Each receives padding [—1/S,1/S]. Outside this small interval the exact identities

fy= 980 gy 0= L0

use only nonzero denominators. On the entire real domain t < 1, differentiation of the integral
representation gives

1 sds s2ds
/ o " _
E(t)_/o (1—st)2>0' £ 2/ (1—st)3

Thus both £ and £’ increase, including at negative arguments. The lower enclosure at the left
endpoint and upper enclosure at the right endpoint suffice to enclose each function on an interval.
This is precisely the rule used by L.

For a nonnegative integer x < 85, cb_floor uses binary search and the exact comparison

m3 < x§?

to return | S(x/S)'/3]. Its initial search bracket [0,25] is valid by x < 8S. Applying this function to
the two input endpoints, then increasing the upper result by one grid unit, encloses the cube root.
The derivative enclosure is obtained from 1/(3t?/3) using the already enclosed positive root.

The outward rounding of an a endpoint enlarges the prescribed bands by less than 1/S, and
never introduces negative a. Hence throughout the actual boxes a < 477/1000 + 1/S. Even the
interval enclosures of 1 — av;, after multiplication rounding and clipping v; to [—1,2], have lower
endpoint greater than 45/1000 and upper endpoint less than 1478 /1000. The successive product
of the three factors has lower endpoint at least (45/1000)% — 3/S > 0 and upper endpoint at most
(1478/1000)° + 3/S < 8. These bounds justify the logarithm, divided-logarithm, reciprocal, and
cube-root domains on every initial box and descendant. The cube-root lower enclosure is positive
as well, so its derivative reciprocal is valid.

B.4 Logarithmic products and derivative propagation

The zero endpoints in (B.1) are treated without evaluating their logarithms. For 0 < q < 1, set
t = —logg > 0. For integers 0 < j < 3andreal h > 5,

qh/ZHqu’j _ efht/ztj <1.
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For j = 0 this is immediate. For j > 0 its maximum is (2j/(he))/ < 1, since 2j/h < 6/5 < e. It
follows that ' '
9°(ogq)| <g°2 < |9°(logq)’| < ¢* (B.8)

For even j the products are nonnegative, and for odd j they are nonpositive. These are the exact
external ranges used by qt_direct to intersect the power-and-logarithm enclosures. When the
lower endpoint is zero, the same ranges directly supply an enclosure, with no logarithm call. When
the lower endpoint is positive, monotonicity of log supplies its interval, and intersecting its upper
bound with 0 is valid because g < 1. The derivative returned for every logarithmic product is
exactly the interval version of (B.4). The derivative of g'® is 184'”. Cached enclosures depend only
on the interval endpoints; qt puts their derivatives in the appropriate g or r gradient coordinate.

An object J consists of a value interval and three derivative intervals, corresponding to (g, 7, a).
Constants have zero gradients and variables have the appropriate unit gradient. Addition, multi-
plication, squares, and reciprocals apply the identities

A(fg) = foig+gaif,  Au(f)=2faif,  du(f ') =—f20f.

Cube roots and £ use the derivative enclosures just proved and the chain rule. Induction over
these operations proves that the value and every first partial derivative of the actual formula are
enclosed throughout the box. Tightening a value enclosure by an external range does not replace
the underlying function by a clipped function: its previously enclosed derivatives remain valid,
and the tighter values can be used in subsequent product and chain rules. All these statements
extend to zero coordinate endpoints by the continuous derivative extensions already established.

B.5 Bernstein coefficients and the acceptance test

For fixed (g,,a) write the polynomial as P(&) = Do + D1 + Dy&? + D33, On a subinterval [I, i],
substitute { =1+ (h —1)t,0 < t <1, and express P in the basis (?)t] (1 —t)>7J. The multipliers of
D1, Dy, D3 in the four coefficients are

i| D D, Ds
0 I 2 3
1| 2+h)/3 1(I1+21)/3 1Pk (B.9)
2 (1+2h)/3 h(h+2)/3 K2
3 h K2 h3

and the multiplier of Dy is always one. Expanding the four basis polynomials verifies these
identities. All basis polynomials are nonnegative and their sum is one; strictly positive coefficients
therefore imply P({) > 0 on the whole closed subinterval.

The function rows uses successive intervals with endpoints

101W (30, 50,75,100, 150, 200, 300, 400, 500, 650, 800, 900, 1000). (B.10)
These twelve intervals cover [3/100, 1] without gaps. For each it stores the first three rows of (B.9);
the fourth row equals the first row for the next interval. It finally adds (1,1,1). Thus the 37 stored
rows account for all 48 coefficients of the twelve cubic representations, including both extreme
endpoints. The row multipliers are themselves evaluated by rational interval arithmetic and have
zero gradients with respect to (g,7,4).
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Let F denote one of these Bernstein coefficients on a box B = [T;_,[l;/S, h;/S]. The interval
calculation in dot encloses F and all its first derivatives. A positive lower endpoint immediately
accepts this coefficient. Otherwise define the grid midpoint and coordinate radii by

LG+ hi)/2) = [+ hi)/2)
C= g p;i = 5 )

Nonnegative endpoints ensure that C++ integer division computes this floor; p; is the larger of
the two distances to the endpoints. If M; is the maximum absolute endpoint of the derivative
enclosure, in real units, then for every z € B the segment from c to z lies in B and

F(z) > F(e) — Y. Mips B.11)
i=1

This follows by integrating the gradient along that segment, also when a coordinate endpoint is
zero. The code encloses F(c) anew, rounds each product M;p; upwards, and adds their integer
upper endpoints with overflow checks. Its strict comparison value.v.1 > total is therefore
sufficient for F > 0 throughout B. A box is accepted only when every stored row passes one of
these two tests.

B.6 Subdivision, coverage, and observed completion

For a band [a_, a4 ], the initial exact boxes before outward rounding are

[i i+1} y [j j+1} % [g+k(a+—a),a+k+1(ﬂ+—ﬂ) , (B.12)

24" 24 24" 24 16 16

where 0 <i<24,0<j<iand0 < k < 16. Every (g,7) with0 < r < g < 1 belongs to one
of the displayed g, 7 rectangles, including all grid boundaries. There are 16 Y22, (i + 1) = 4800
initial boxes per run. Their endpoints are rounded outwards, so none of the required domain is
lost. The extra points included by rounding are harmless, as are portions of diagonal rectangles
with 7 > g: the same functions and derivative bounds are valid there. The a enlargement and all
analytic domains were checked above. Adjacent bands may use different parameters, since each
certifies its own entire closed band.

On entry, visit skips a box only if its lower r endpoint exceeds its upper g endpoint. Such a
box contains no point with » < g. If any coefficient fails both acceptance tests, the code chooses a
coordinate with maximal recorded derivative-radius contribution and cuts at its grid midpoint.
The choice affects efficiency only. The two closed children include the midpoint and their union is
the parent. If the chosen contribution is zero, the depth exceeds 80, or the chosen grid radius is at
most one, an assertion fails rather than accepting an unresolved box.

Induction back up any normally completed recursion tree now proves that every required
point in its root box has all Bernstein coefficients strictly positive. The leaves either pass the
sound acceptance tests or contain no required point. Together with (B.12), (B.10), and the sorted
parametrization, normal completion of all three runs proves the pointwise inequality on the full
stated domain. This includes the uniform message, boundary probability vectors, 2 = 0, all band
endpoints, and all { endpoints. In particular there is no exception at the uniform message: there
P(&) = 6&% 4+ UsZ > 0.

The unchanged source was replayed with GCC 13.3.0 on x86_64 Linux, using assertions enabled.
From the package root the reproduction commands are
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g++ -std=c++17 -03 -UNDEBUG verification/interval.cpp \
-0 /tmp/appendix_b

/tmp/appendix_b 0

/tmp/appendix_b 1

/tmp/appendix_b 2

Only the documented arguments 0, 1,2 are part of this protocol; the source does not validate other
argument values. Compiling with assertions disabled is not this certificate. All three runs exited
normally with status zero and the following visit counts:

argument ‘ a interval ‘ calls to visit
0 [0,190/1000] 414080
1 [190/1000, 448 /1000] 756096
2 [448/1000,477/1000] 1004426

The counts include internal subdivision nodes and boxes skipped by the diagonal test. All three exe-
cutions were also repeated on the unchanged source with -02 -UNDEBUG -fsanitize=undefined
and -fno-sanitize-recover=undefined. They completed with the same counts and no sani-
tizer diagnostics. This supplies the separate check of the unchecked visits++ counter for these
prescribed executions. The counts identify the finite completed executions; their correctness impli-
cation is the enclosure and coverage argument above, not a sample-based inference. The source
SHA-256 is

76d1443b1194597ee77749e8030c825f2b9%aae46b5c172d9eccf0745078c28e3

C Exact arithmetic and reproduction of the grid certificate

The complete C++17 program in Section D.3 implements the recursions of Section 6. Its parameters
are fixed at H = 72, N = 10'2, and SCALE = 10%. It uses signed 64-bit integers for table coefficients
and mass units, and signed 128-bit integers for products and accumulators. The compiler must
also provide a plain int type of at least 32 bits. Assertions must be enabled; in particular the build
must not define NDEBUG. For example, from the paper directory, the following commands compile
and run all 28 cases:

g++ -std=c++17 -03 -UNDEBUG -Wall -Wextra \
verification/grid.cpp -o grid
for j in $(seq -1 26); do ./grid "$j"; done

The program writes progress diagnostics to standard error and the case number followed by its
stopping iteration to standard output. Only the diagnostics convert to floating point. Successful
outputs are specified in (6.15), together with -1 162.

C.1 Correspondence of code and probability operations

The routine init enumerates all sorted nonnegative integer triples of sum 72. It finds 469 triples,
identifies the pure representative (72,0,0) and the uniform representative (24,24,24), and stores
an index for every representative. The routine indexof sorts a candidate triple and verifies the
resulting index. A Law is a vector of orbit masses in units of 1/N. The routine complete adds the
missing units at the pure orbit, which is exactly Lemma 6.2.
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The constructor Table (mode, A, AD) first reduces the channel fraction. The variables 1hs, rhs,
raw, T, and den are the entries and denominator of (6.4). For each of the six relative permutations,
n, rem, and miss are the floor vector, remainders, and deficit in the grid spread. The corner weights
are T, rem[c], or T-rem[c], as appropriate. After aggregating equal output indices, the constructor
checks that their sum is den. These checks include every grid pair, not only pairs visited by an
iteration. Zero normalizers are omitted because they have zero tilted mass.

The routine combine implements (6.6). Symmetric modes use the triangular pair table and the
stated off-diagonal coefficient; mode 1 uses ordered pairs. Its row-skipping condition is safe: an
ordered row contributes zero when its first mass is zero, while a triangular row contributes zero
when both first-index masses are zero. The table position advances by the full skipped row length.
After division by N den, each mass is rounded down and complete is applied.

The functions down and up compute floor and ceiling of a nonnegative integer ratio. The latter
uses [x/y] = [(x+y—1)/y] for x > 0, y > 0. The function w_zero implements (6.10). The
routine poisson fixes its incoming child law inc, starts part at the uniform zero-count law, and
uses mode 1 once for each positive count weight. Its orbit sums are exactly (6.9); the final complete
handles all omitted mass. No count product is needed after the first zero weight. The regular
branch of run is (6.7). Finally, mu_num is M in (6.14), and the strict stopping test is 20M < NH?2.
Each run allows 400 iterations and asserts failure if none succeeds. All reported stopping iterations
are below that bound.

C.2 Bounds on every arithmetic class
For all Poisson table calls, the reduced fraction satisfies B < 10° and A < B/2. Thus
0 <e; < (B+ A)H < 108000000, Dyy, = 6BH? < 31104000000, Hr; < 559872000000.

Each total T is at most three times the bound on a raw coordinate; all of these quantities fit signed
64 bits. The only mode 2 call is at the reduced fraction A/B = 1/2, where Dy, = 373248 and
Hr; < 3359232. Mode 0 has smaller bounds. Every nonnegative aggregated table weight and every
partial sum of weights is bounded by its denominator, by (6.5).

Input masses are nonnegative and sum to N, so their ordered pair mass is N 2 The triangular
implementation has the same total after the off-diagonal terms are combined. Consequently every
nonnegative product accumulator and its partial sums are at most

DiapN? < 31104000000000000000000000000000000 < 2127 — 1.

The source casts an input factor to the 128-bit type Big before multiplying. Dividing by N D4,y
yields a mass between zero and N, safely convertible back to 64 bits. The uncompleted masses sum
to at most N; likewise the Poisson mixture masses sum to at most N, since they are lower bounds
on a probability mixture. These facts bound all 64-bit partial sums in complete and poisson.

Here are bounds for the Taylor calculation independent of machine floating point. If ¢, =
Sod' /n!, the lower and upper endpoint errors satisfy

0<t,—1, <e, 0<uy, —t, <.

Indeed an error satisfies €, < (d4/n)e,_1 + 1; expanding this recurrence bounds it by

Yi>0 dér /j! = e+, since each product of j successive denominators is at least jI. Asd; < 5
and e < 3, the endpoint errors are less than 243. The sum of all endpoint magnitudes through
degree 41 is therefore bounded by

Soet +42-243 < 243(Sg 4 42) < 2% — 1.
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This also bounds every signed partial sum in (6.10). The endpoint multiplication by dmax < 881
is carried out in 128 bits before division, and the same holds for multiplication by N and for the
Poisson weight recurrence. These products are all less than 2!%” — 1 under the displayed bounds.
The lower sum L is positive. In fact Taylor’s theorem gives

42
L4y 41243 - i—w—”— 9963

Sy = 421 S, 243 1055 = 0

The middle inequality uses the elementary integer comparison 5%/42! < 10~2°. Thus the
nonnegative-argument conditions of down hold at the final Taylor step as well as in its term
recurrences. Since w,/N < p,, every Poisson weight is at most N. In particular wg < N < 240
and the recurrence gives w, < w,_1/2forn > 9,sinced /n < 1/2. Thus wyg < 1, so the first zero
occurs by n = 48. The count loop and its denominator therefore satisfy n < 48 and 2001 < 9600,
well within the plain integer type. Every product w,q,(h) is at most N? and is evaluated in 128
bits.

For h € H, the bracket in (6.14) belongs to [0, H2]. Hence every partial sum in mu_num is at most

NH? = 5184000000000000 < 2% —1.

The factor 20 in the stopping comparison is applied after converting to Big. The binary-search
comparisons for (6.12) likewise use 128 bits before taking integer squares and products.

There are at most 18 unaggregated contributions per grid pair (six permutations, at most three
corners). Thus even a full ordered table has at most 18 - 469> = 3959298 entries before aggregation.
All table positions and vector indices fit an ordinary signed 32-bit integer, and the source also
checks an explicit 100000000 entry limit. Candidate grid coordinates belong to {0, ..., H}, and all
small grid sums and products fit these integer types. This accounts for the unguarded indexing
arithmetic as well as the probabilistic accumulators.

The supplied source therefore implements a finite exact-arithmetic certificate: positivity, normal-
ization, rounding direction, all parameter choices, and the final strict inequalities are independent
of compiler floating-point behavior.

D Exact verification programs

The three programs below are part of the proof. They use integer or rational arithmetic for every
certification decision. In the C++ programs, floating-point conversion is used only for diagnostic
output. The mathematical meaning and arithmetic guarantees of the programs are proved in
Sections 4-5, Section 6, and Appendices B and C, and in the pair derivation below.

Reproduction protocol

The accompanying directory verification/ contains pair.py, interval.cpp, and grid.cpp,
exactly the sources printed below. Run Python with SymPy installed and with assertions enabled.
Compile the C++ sources with a compiler supporting signed __int128 and a plain int type of at
least 32 bits, also with assertions enabled. For example, from the paper directory:

python verification/pair.py

g++ -std=c++17 -03 -UNDEBUG verification/interval.cpp -o interval
gt++ -std=c++17 -03 -UNDEBUG verification/grid.cpp -o grid

for j in 0 1 2; do ./interval "$j"; done

for j in -1 $(seq 0 26); do ./grid "$j"; done
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Do not use Python’s -0 option, and do not define NDEBUG. Only the displayed argument ranges are
part of the protocol. The bundled runner verification/reproduce.py verifies the source hashes,
runs this suite, checks the expected outputs, and saves the commands, software versions, exit
statuses, and logs in its designated output directory. Its usage is documented in the accompanying
README.

Successful execution of the pair program produces no output. The interval runs finish with
visited-box counts 414080, 756096, and 1004426, respectively. The grid run with argument —1
stops at iteration 162. The other grid stopping iterations are recorded in Section 6. The cer-
tificate sources were replayed with Python 3.12.13, SymPy 1.14.0, and GCC 13.3.0 on x86_64
Linux; all 32 mathematical executions and five environment/compiler checks passed. Sepa-
rately, the three interval cases were replayed with -02 -UNDEBUG, -fsanitize=undefined, and
-fno-sanitize-recover=undefined. All three exited successfully, with the same progress logs
and no sanitizer diagnostics. This supplemental check is distinct from the ordinary runner protocol
and supplies the execution check on the visit counter discussed in Appendix B.

The SHA-256 digests of the three source files, in the above order, are

ab775c3a63fb1d2713bfe058af2decedceda99627c17cel18£51f817b69410bba
76d1443b1194597ee77749e8030c825f2b%aaed6b5c172d9eccf0745078c28e3
03¢c92321efedd0db53b1e91372918dfcd68d459db0223cb160c39df3bd645283

These digests identify the exact files; the correctness arguments are provided in the text, and the
successful runs establish the finite assertions required there.

D.1 Pair coefficient certificate

We prove the a = 1/2 case of Lemma 4.2 for strictly positive input vectors, using its notation for
the input invariants and pair excesses. The main-text proof then extends these bounds to every
0 <a <1/2and to the closed simplex. Parametrize sorted unnormalized vectors by

p=(6s+3t+2,3t+2,2), qg=(6u+3v+23v+2,2), s, t,u,v > 0.

This covers every strictly positive sorted vector up to scale: for hp > h; > hy > 0, take s =
(ho — h1)/(3hy) and t = 2(hy — hy)/(3hy) to obtain p = 2h/hy. Put P = Y, p;, Q = Y. g;, and
e; = Q—gq;, withE =Y ;e; = 2Q. Thene;/E = (1 — g;/Q)/2, as required for the coloring edge.
For an unnormalized vector r of total R, put

3y, 1% — R? 27117 — R3+3R
Nx(f’) = 721 12 ’ Ny(r) = Hl i 5 +3 Nx(i")‘

The identities for the posterior invariants give N, (r) = R?*x(r/R) and N, (r) = R%y(r/R). These
are the two numerators returned by xy in the source.
For each of the two choices e = (e, e1,e2) and € = (eg, ez, €1), let

W=peg, G=Lr j=012
1

with indices modulo three. The likelihood normalizer is 3T;/(PE); multiplying by the cyclic
probability 1/3 gives weight Tj/ (PE). Since Zj T] = PE, these are probability weights. The two
choices, each followed by the three rotations, enumerate all six relative permutations. Repeated
representatives at a stabilizer remain valid uniform group averages.

49



For each reflection class separately, clear the positive denominator
D = PE(TyT, T»)*P*E*. (D.1)
The three expressions out [0], out [1], and out [2] divided by D are exactly

i Nx(r(f))2
3 7
= PET].

i Nx (r1)) i Ny (r)
= PET, & PET?

namely the tilted output means of x, y, x2 within that class. For every call in the source,

mon(i, j, k,1)
D
The powers 4 — 2i — 3j and 4 — 2k — 3] in these calls are nonnegative, so the cleared objects are

polynomials. Hence dx, de, and dn are D times the class-specific excesses.
The correction im, after division by D, is

dd(p) odd
[ =270 64(52; @, odd(p) = 4(p1 — p2) (po — p1) (o — p2). (D2)

= Xiy{)szé.

Indeed this follows immediately by dividing 27 odd(p) odd(¢)[PE(ToT:T2)*]PE/64 by (D.1).
Swapping the last two edge coordinates negates I. Although D itself depends on the reflection
class, the normalized correction in (D.2) has exactly the indicated sign change.

To see explicitly what is certified, temporarily write dy, d., d,, for the excesses within one reflec-

tion class. The seven polynomials checked in that class are the following expressions multiplied by
D:

13Xz —2d,,
11Xz —d,,
250d, + 79Xz,

— 20Xz — 40W + 40yoBy + 515 — 20(d, — 21I),

6Xz —6W +yoBy+S— (de + 1),

2(d, + 1) — 12Xz + 12W — 2yBy + 195,

— 4Xz 4 44W — 14yBy + 5254 + 111S5 — {5(d,, + 10I) — 4(d. + 1) }.

The last line, divided by two, bounds Cd,, — 2d, + 231. All arithmetic in this certificate consists
of integer polynomial addition and convolution, and exact scalar division, in Zs, t, u, v]. Each of
the fourteen polynomials has total degree 28 and all its coefficients are nonnegative. For either
reflection the numbers of nonzero coefficients in the displayed order are

13672, 13672, 13674, 13625, 13625, 13625, 13625.

The supplied executable certificate checks every coefficient by the assertion min (f.coeffs())>=0;
absent monomials have coefficient zero. Its unchanged-source execution, with Python assertions
enabled, terminates successfully. Thus these are exact polynomial nonnegativity statements on the
entire nonnegative quadrant, rather than evaluations on a set of test points.

Divide each class’s seven inequalities by its own positive D and then average the two normal-
ized classes. All right-hand invariant terms are unchanged by reflection, and the I terms cancel by
(D.2). This gives precisely (4.1)—(4.4) fora = 1/2.

The complete polynomial calculation is the following source.
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import sympy as S

W N =

vs=S.symbols(’s t u v’)
pol=lambda a:S.Poly(a,*vs,domain=S.ZZ)
4 s,t,u,v=map(pol,vs)
5 def probs(s,t): return [6*s+3*t+2,3*t+2,pol(2)]
6 def xy(p):
7 P=sum(p)
8 X=(3*sum(i*i for i in p)-P+*P).exquo_ground(2)
9 Y=(27*S.prod(p) -P**3+3%X*P) .exquo_ground(2)

10 return X,Y,P

11 p=probs(s,t); gq=probs(u,v)

12 edge=[sum(q)-i for i in q]

13 x,y,P=xy(p); z,B,E=xy(edge)

14 for ed in (edge, [edge[0],edge[2],edgel[1]]):

15 os=[xy([pl[il*ed[(i+j)%3] for i in range(3)]) for j in range(3)]
16 Ts=[o[2] for o in os]

17 base=P*E*S.prod (Ts) **3

18 out=[pol(0),pol(0),pol(0)]

19 for j,(xx,yy,T) in enumerate(os):

20 £=8.prod(Ts[:jl+Ts [j+1:])**3*P**4xE*x*4

21 out [0] +=xx*T**2xf

22 out [1]+=yy*T*f

23 out [2] +=xx**2*f

24 def mon(i,j,k,1):

25 return basexxk¥ixykxkj*zx*kk*Bxk1*Px* (4-2%1i-3%])*Ex* (4-2%k-3*1)
26 dx=out [0]-mon(1,0,0,0)-mon(0,0,1,0)

27 de=out [1]-mon(0,1,0,0)-mon(0,0,0,1)

28 dn=out [2] -mon(2,0,0,0)-mon(0,0,2,0)

29 xz=mon(1,0,1,0); W=mon(0,1,1,0)+mon(1,0,0,1)

30 A=mon(2,0,1,0); F=mon(1,0,2,0); H=A+F

3 yB=mon(0,1,0,1)

def odd(p):
r=2*p[0]-p[1]-p[2]; g=p[1]-p[2]
return gk (r**2-gx*2)
im=(27*o0dd (p) *odd (ed) *base*P*E) . exquo_ground (64)

DR =

SIS

W oW W W W W W C

6 checks=[

7 13%xz-2*dn, 11l*xz-de, 250*de+79%*xz,

8 —20%xz-40*W+40%yB+51*xH-20% (dx-2%im) ,

9 6*xz-6*W+yB+H- (de+im),

10 2% (de+im) -12%xz+12%W-2*%yB+19%H,

41 —4xxz+44*%W-14*yB+52%A+111*F- (5% (dn+10*im) -4* (de+im))
4 ]

43 assert all(min(f.coeffs())>=0 for f in checks)

D.2 Interval positivity certificate

#include <algorithm>

#include <array>

#include <cassert>

4 #include <cstdint>

5 #include <cstdlib>

6  #include <iostream>

7 #include <map>

§ #include <vector>

9 using namespace std;

10 using LL=int64_t;

11 using Big=__int128_t;

12 const LL S=1LL<<40;

13 LL safe(Big x){ assert(x > -(Big(1)<<62) && x < (Big(1)<<62)); return LL(x); }
14 LL mf(LL a,LL b){

15 Big x=Big(a)*b;

16 if (x>=0)return safe(x>>40);
17 return safe(-((-x+S-1)>>40));
18 |

W N =
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19 LL floor_div(Big x,Big y){
20 assert(y>0);

21 if(x>=0) return safe(x/y);
22 return safe(-((-x+y-1)/y));

23|}

24 struct I{

25 LL 1=0,h=0;

26 };

27 I units(LL 1,LL h){assert(1<=h);return {1,h};}

28 I unit(LL x){return {x,x};}

29 I integer(int x){return unit(x*S);}

30 I rat(LL x,LL y){return {floor_div(Big(x)*S,y),-floor_div(-Big(x)*S,y)};}
31 I operator+(I a,I b){return units(safe(Big(a.l)+b.1l),safe(Big(a.h)+b.h));}
32 I operator-(I a){return {-a.h,-a.l};}

33 I operator-(I a,I b){return a+ -b;}

34 I operator*(I a,I b){

W W
a1

if(a.1>=0){

if(b.1>=0)return {mf(a.l,b.1),-mf(-a.h,b.h)};
if (b.h<=0)return {mf(a.h,b.l),-mf(-a.l,b.h)};
return {mf(a.h,b.1),-mf(-a.h,b.h)};

X

N

W W W
®

9 }
40 if(a.h<=0)return -((-a)*b);
41 if(b.1>=0)return {mf(a.l,b.h),-mf(-a.h,b.h)};
42 if(b.h<=0)return -(a*x(-b));
43 return {min(mf(a.l,b.h),mf(a.h,b.1)),max(-mf(-a.1,b.1),-mf(-a.h,b.h))};
44 | }
45 I sq(I a){
46 if(a.1<0 && a.h>0)return {0,max(-mf(-a.l,a.l),-mf(-a.h,a.h))};
47 return a*a;

18 | }
49 I inv(I a){

if (a.h<0)return -inv(-a);

assert(a.1>0);

return {safe(Big(S)*S/a.h),safe((Big(S)*S+a.1l-1)/a.1)};
}

I operator/(I a,I b){return a*inv(b);}

I clip(I a,LL lo,LL hi){return units(max(a.l,lo),min(a.h,hi));}
LL mag(I a){return max(-a.l,a.h);}

I atanh2(I z){ // /z/<= .334

assert (mag(z)<=S/3+4);
59 I z2=sq(z);
60 const int N=14;
61 I sum=rat(1,2*N+1);
62 for(int n=N-1;n>=0;n--)sum=rat (1,2%n+1)+z2*sum;
63 return integer(2)*z*sum+units(-2,2); // tail < 2/S
64 }
65 I 1n(LL x){
66 assert(x>0);
67 I m=unit(x);
68 int k=0;
69 while(m.1<S){m=m*integer(2);k--;}
70 while(m.1>=2%S){m=m*rat (1,2) ;k++;}
71 static const I log2=atanh2(rat(1,3));
72 return integer(k)*log2+atanh2((m-integer(1))/(m+integer(1)));
73|}
74 pair<I,I> L_endpoint (LL x){
75 I z=unit(x),val,der;
76 if (abs(x)<=8/4){
77 const int N=22;
78 val=rat (1,N+1) ;der=rat (N,N+1);
79 for(int i=N-1;i>=0;i--){

(SRS S S IS, RS, BT, B |
RS - N S; BT SCE R N

IS
&

80 val=rat(1,i+1)+z*val;

81 if (i>0)der=rat (i, i+1)+zx*der;

82 }

83 val=val+units(-1,1) ;der=der+units(-1,1);
84 Yelse{

85 val= -1n(S-x)/z;

86 der=(inv(integer(1)-z)-val)/z;
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87 | }

83 return {val,der};

89}

90 LL cb_floor(LL x){

91 assert(x>=0 && x<8%S);

92 LL 1l0=0,hi=2%S;

93 while(hi-lo>1){

94 LL m=(hi+lo)/2;

95 if (Big(m) *m*m<=Big(x)*S*S)lo=m;else hi=m;

% }

97 | return lo;

98 | ¥}

99

100 const int dim=3;

101 struct J{

102 I v;

103 array<I,dim> g{}; // gradients

104 | };

105 J cn(I v){return {v,{}};}

106 ' J cn(int x){return cn(integer(x));}
107 J rj(LL x,LL y){return cn(rat(x,y));}
108 J var(I v,int i){J a=cn(v);a.gli]=integer(1);return a;}
109 J operator+(J a,J b){

110 a.v=a.v+b.v;for(int i=0;i<dim;i++)a.glil=a.gli]l+b.gl[i];return a;
11 | }

112 J operator-(J a){

113 a.v= -a.v;for(I& x:a.g)x= -x;return a;

114 | }

115 J operator-(J a,J b){return a+ -b;}

116 J operator*(J a,J b){

1177 J c=cn(a.v*b.v);

118 for(int i=0;i<dim;i++)c.glil=a.v*b.glil+a.glil*b.v;
119 return c;

120 | }

121 J sq(J a){

122 J c=cn(sqla.v));

123 for(int i=0;i<dim;i++)c.gli]l=integer(2)*a.v*a.glil;
124 return c;

125 | }

126 J inv(J a){

127 J c=cn(inv(a.v));I deriv= -sq(c.v);

128 for(int i=0;i<dim;i++)c.glil=deriv*a.glil;

129 return c;

130 | }

131 J operator/(J a,J b){return a*inv(b);}

132 J cube_root(J a){

133 J c=cn(units(cb_floor(a.v.1l),cb_floor(a.v.h)+1));
134 I deriv=inv(integer(3)*sq(c.v));

135 for(int i=0;i<dim;i++)c.glil=deriv*a.g[i];

136 return c;

37 |}

138 J L(J a){

139 auto p=L_endpoint(a.v.1l);

140 auto g=L_endpoint(a.v.h);

141 = J c=cn(units(p.first.l,q.first.h));

142 I deriv=units(p.second.l,q.second.h);

143 for(int i=0;i<dim;i++)c.gli]l=deriv*a.gl[i];

144 return c;

145 | }

146

147 | // compute v,g of q~18 and q 6(log q)"j, 7=0..3
148 using QT=array<pair<I,I>,5>;

149 | QT qt_direct(I q){

150 array<I,19> pw;pw[0]=integer(1);

151 for(int i=1;i<=18;i++)pwlil=pwli-1]*q;

152 QT out;

153 out [0]={pw[18],integer (18)*pw[17]1};

154 I logs=integer(1),ll=integer(0);
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if(q.1>0)11=units(1n(q.1).1,min(LL(0),1n(q.h) .h));
I prev5{};
for(int j=0;j<=3;j++){
I i5,i6;
if (j==0 || q.1>0){ib=pw[b]l*logs;i6=pw[6]*logs;}
else{ i5=units(-pw([2].h,pw[2].h);i6=units(-pw[3].h,pw[3].h); }
// q~(h/2)[log ql"j <=1 for h>=5, j<=3
auto trim=[&] (I x,LL bound){
return clip(x,j%2? -bound:0,j%27 0:bound);
};
i5=trim(i5,pw[2] .h) ;i6=trim(i6,pw[3].h);
out [j+1]1={i6,integer(6)*ib+integer(j)*prev5};
prevb=i5;
if (j<3)logs=logs*1l;
¥
return out;
}
array<J,5> qt(I q,int i){
static map<pair<LL,LL>,QT> cache;
auto key=make_pair(q.l,q.h);
auto it=cache.find(key) ;
if (it==cache.end())it=cache.emplace(key,qt_direct(q)) .first;
array<J,5> out;
for(int j=0;j<5;j++){
auto p=it->second[j]l;out[jl=cn(p.first);out[j].gli]l=p.second;
}
return out;
}
struct Params{
J c0,cl,s1,del,ch,cu;
};
array<J,4> coeff (array<I,3> box,const Params& par){
auto gq=qt(box[0],0),r=qt(box[1],1);
J a=var(box[2],2);
J iz=inv(cn(1)+q[0]+r[0]);
array<J,3> v={cn(3)*iz-cn(1),cn(3)*iz*q[0]-cn(1),cn(3)*iz*xr[0]-cn(1)};
for(J& u:v)u.v=clip(u.v,-S,2%S);
J T=cn(1)-cn(3)*iz*q[1]*r[1];
J W=cn(216) *iz*(q[3]*r[1]1+q[1]*r[3]-q[2]*r[2]);
J Y=cn(648)*izx(cn(2)*(q[4]*r[1]1+q[1]1*r[4])-cn(3)*(q[3]1*r[2]+q[2]*r[3]));
J prod=cn(1),x=cn(0),y=v[0]*v[1]*v[2]*rj(1,2);
array<J,3> log_over;
for(int i=0;i<3;i++){
J z=axv[il;
prod=prod*(cn(1)-z);
x=x+sq(v[i])*rj(1,6);
log_over[il= -v[i]l*L(z);
}
J root=cube_root (prod) ;
J Te=(cn(3)*x+cn(2)*axy)/(cn(1)+root+sq(root));
J avg=(log_over[0]+log_over[1]+log_over[2])*rj(1,3);
for(J& h:log_over)h=h-avg;
J We=root*(sq(log_over[0])+sq(log_over[1])+sq(log_over[2]))*rj(1,3);
J Ye=a*root*log_over [0]*log_over[1]*log_over[2];
auto [c0,cl1,s1,del,ch,cul=par;
J s0=c0+rj(1,3);
return {
T-Te+cO* (W-We) +s0* (Y-Ye) ,
clx(W-We)+s1*(Y-Ye) +cO*We+sOxYe+(rj(1,2)-del) *Te,
cl*We+sl*xYe+ch*Te+del,
cuxdel+rj(1,2)*ch*Te
};
}
vector<array<J,3>> rows(){
vector<array<J,3>> rows;
vector<int> nodes={30,50,75,100,150,200,300,400,500,650,800,900,1000};
for(unsigned i=1;i<nodes.size();i++){
J a=rj(nodes[i-1],1000) ,b=rj(nodes[i],1000) ;
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rows.push_back({a,sq(a),a*sq(a)});
rows.push_back({(cn(2)*a+b)*rj(1,3),a*(atcn(2)*b)*rj(1,3),sq(a)*bl});
rows.push_back({(a+cn(2)*b)*rj(1,3) ,b*(b+cn(2)*a)*rj(1,3),a*sq(b)});
}
rows.push_back({cn(1),cn(1),cn(1)});
return rows;
}
LL visits;
void visit(array<I,3> box,const Params& par,int depth=0){
visits++;
if (box[1].1>box[0] .h)return; // use symmetry; boundary still covered
auto cs=coeff (box,par);
array<J,4> mid_cs{};
bool have_mid=false;
array<I,3> mid,rad;
for(int i=0;i<3;i++){
auto [1,h]=box[i];
mid[i]=unit ((h+1)/2);
rad[il=unit (h-mid[i].1);
}
static const auto rs=rows();
array<LL,dim> issues{};
bool failed=false;
for(auto row:rs){
auto dot=[&] (array<J,4>& vv){return vv[0]+row[0]*vv[1]+row[1]*vv[2]+row[2]*vv[3];};
J bound=dot (cs);
if (bound.v.1>0)continue;
if (thave_mid){have_mid=true;mid_cs=coeff (mid,par);}
J value=dot (mid_cs);
LL total=0;array<LL,dim> term;
for(int i=0;i<dim;i++){
term[i]=(unit (mag(bound.g[i]))*rad[i]) .h;
total=safe(Big(total)+term[i]);
}
if (value.v.1>total)continue;
failed=true;
for(int i=0;i<dim;i++)issues[i]l=max(issues[i],term[i]);
}
int split=max_element (issues.begin(),issues.end())-issues.begin();
if (!failed)return;
assert (issues[split]>0);
if (depth>80 || rad[split].l<=1){
for(auto b:box)cerr<<double(b.1l)/S<<" "<<double(b.h)/S<<"; ";
cerr<<" depth "<<depth<<endl;
assert(false);
}
auto next=box;next[split].h=mid[split].1l;
visit(next,par,depth+1);
next=box;next[split].l=mid[split].1;
visit(next,par,depth+1);
}
void run(int id){
array<Params,3> params={{
{rj(-268,1000),rj(-60,1000) ,rj(-55,1000) ,rj(130,1000) ,rj(1,16),rj(15,32)},
{rj(-269,1000) ,rj(67,1000) ,rj (47,1000),rj(55,1000) ,rj(1,16),rj(15,32)},
{rj(-271,1000) ,rj(58,1000) ,rj (49,1000) ,rj(50,1000) ,rj(1,12),rj(1,2)}
1}
// initial boxes to avoid overly loose derivative overflow
vector<int> endpoints={0,190,448,477};
visits=0;
for(int i=0;i<24;i++){
for(int j=0;j<=1i;j++)for(int k=0;k<16;k++){
int alo=endpoints[id],ahi=endpoints[id+1];
array<I,3> box={
units(rat(i,24).1,rat(i+1,24).h),
units(rat(j,24).1,rat(j+1,24).h),
units(rat(16*alo+(ahi-alo)*k,16000).1,rat(16*alo+(ahi-alo)*(k+1),16000) .h)
};
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291 visit (box,params[id]);

292 }

293 cerr<<id<<","<<i<<": "<<visits<<endl;
294}

205  }

296 int main(int argc,char*xargv){

297 assert(argc==2) ;run(atoi(argv[1]));

298 | }

D.3 Finite experiment certificate

#include <algorithm>

#include <array>

#include <cassert>

#include <cstdint>

#include <cstdlib>

6 #include <iostream>

7  #include <numeric>

§ #include <vector>

9 using namespace std;

10 using LL=int64_t;

11 using Big=__int128_t;

12 const int H=72;

13 const LL N=1000000000000LL, SCALE=1000000000000000LL;
14 using Triple=array<int,3>;

15 vector<Triple> states;

16 int index_[H+1] [H+1];

17 int pure,unif;

18  int indexof (Triple t){

19 sort(t.rbegin(),t.rend());

20 assert(accumulate(t.begin(),t.end(),0)==H);
21 int k=index_[t[0]][t[11];

22 assert(k>=0 && states[k]==t);
23 return k;

TR W N =

24}

25 void init(){

26 assert (H/3==0);

27 for(auto& row:index_)for(int& z:row)z=-1;
28 for(int i=0;i<=H;i++)for(int j=0;j<=i;j++){
29 int k=H-i-j;

30 if (k<0 || k>j)continue;

31 index_[i] [jl=states.size();

32 states.push_back({i,j,k});

33}

34 pure=indexof ({H,0,0}) ;unif=indexof ({H/3,H/3,H/3});
35|}

36 using Law=vector<LL>;

37 Law atom(int k){Law m(states.size());m[k]=N;return m;}
38  void complete(Law& m){

39 LL sum=accumulate(m.begin(),m.end(),LL(0));

40 assert(sum>=0 && sum<=N);

11 m[pure]+=N-sum;

42}

43  struct Table{

44 bool symmetric;

45 | LL den;

16 vector<int> off,to;

47 | vector<LL> wt;

18 // mode 0 grid-grid, 1 grid-edge, 2 edge-edge

49  Table(int mode,LL A=0,LL AD=1):symmetric(mode!=1){

50  LL g=gcd(A,AD);A/=g;AD/=g;

51 den=(mode==076LL:mode==176*AD:18*AD*AD) xH*H;
52 assert(den>0);

53 int K=states.size();
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54 off.reserve((symmetric?K*(K+1)/2:K*K)+1) ;

55 size_t reserve=(symmetric?K*(K+1)/2:K*K)*14LL;

56 to.reserve(reserve) ;wt.reserve(reserve);

57 for(int i=0;i<K;i++)for(int j=(symmetric?i:0);j<K;j++){
58 assert (to.size()<100000000) ;

59 off .push_back(int (to.size()));

60 auto p=states[i],q=states[jl;

61 array<LL,3> lhs,rhs;

62 for(int c=0;c<3;c++){

63 lhs [c]=mode==27 (AD+A) *H-3*A*p[c] :p[c];

64 rhs [c]=mode==073*q[c] : (AD+A) *H-3*A*q[c] ;

65 assert(lhs[c]>=0 && rhs[c]>=0);

66 }

67 vector<pair<int,LL>> entries;

68 array<int,3> perm={0,1,2};

69 do{

70 array<LL,3> raw;

71 LL T=0;

7 for(int c=0;c<3;c++){rawlc]=1lhs[c]*rhs[perm[c]];T+=rawlc];}
73 if (!T)continue;

74 Triple n;

75 array<LL,3> rem;

76 int miss=H;

77 for(int c=0;c<3;c++){

78 assert (raw[c]<=INT64_MAX/H) ;

79 LL v=H*rawl[c];

80 nlc]=int (v/T) ;rem[c]=v}T;miss-=n[c];

81 }

82 assert(miss>=0 && miss<=2);

83 if (!miss)entries.push_back({indexof (n),T});

84 else for(int c=0;c<3;c++){

85 LL w=miss==17rem[c]:T-reml[c];

86 if ('w) continue;

87 Triple corner=n;

88 for (int h=0;h<3;h++)if ((h==c)==(miss==1))corner[h]++;
89 entries.push_back({indexof (corner) ,w});

90 }

91 }while(next_permutation(perm.begin() ,perm.end()));

922 sort(entries.begin() ,entries.end());

93 LL sum=0;

94 for(unsigned k=0;k<entries.size();){

95 unsigned h=k+1; LL w=entries[k].second;

9% while(h<entries.size() && entries[h].first==entries([k].first)
97 w+=entries[h++].second;

98 to.push_back(entries[k].first);wt.push_back(w) ;sum+=w;k=h;
99 }

100 assert (sum==den) ;

101 }

102 assert (to.size()<100000000) ;

103 off .push_back(int(to.size()));

104 cerr<<"table "<<mode<<" entries "<<to.size()<<endl;

105}

106 ~Law combine(const Law& x,const Law& y)const{

)7 int K=states.size(),pos=0;

108 vector<Big> sums(K) ;

9 for(int i=0;i<K;i++){

110 int start=symmetric?i:0;

111 if (x[i]==0 && (!symmetric || y[i]l==0)){pos+=K-start;continue;}

112 for(int j=start;j<K;j++,pos++){

113 Big mass=Big(x[il)*y[jl;

114 if (symmetric && i'!'=j)mass+=Big(x[j])*y[i];
115 if ('mass)continue;

116 for(int z=off [pos];z<off [pos+1];z++)

117 sums [to[z]]+=mass*wt [z] ;

118 }

119 }

120 assert (pos+1l==(int)off.size());

121 Law m(K);
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for(int k=0;k<K;k++)m[k]=LL(sums[k]/(Big(N)*den));
complete(m) ;return m;
}
};
LL down(Big x,Big y){assert(x>=0 && y>0 && x/y<=N*Big(SCALE));auto z=x/y;assert(z<=INT64_MAX);return LL(z)
H
LL up(Big x,Big y){return down(x+y-1,y);2}
LL w_zero(int dnum){
LL 10=SCALE,hi=SCALE, sum=SCALE;
for(int n=1;n<=41;n++){
lo=down(Big(lo)*dnum, 200%n) ;
hi=up(Big(hi)*dnum,200%n) ;
sum+=(n%27 -hi:lo);
}
return down(Big(sum)*N,SCALE);
}
Law poisson(const Law& inc,int dnum,const Table& step){
LL w=w_zero(dnum);
Law mix(states.size()) ;mix[unif]=w;
Law part=atom(unif);
for(int n=1;;n++){
w=down (Big(w) *dnum, 200%*n) ;
if ('w)break;
part=step.combine(part,inc);
for(unsigned k=0;k<mix.size();k++)mix [k]+=down(Big(w)*part[k],N);
}
complete(mix) ;
// mo squares
return mix;
}
const LL AD=1000000;
LL a_upper(int dmin){
int 10=0,hi=500000;
while(hi-lo>1){
int m=(lo+hi)/2;
if (Big(m)*m*dmin>=Big (AD) *AD*200)hi=m;else lo=m;
}
return hi;
}
LL mu_num(const Law& m){
LL sum=0;
for (unsigned k=0;k<m.size();k++){
auto [a,b,c]=states[k];
sum+=m [k] * (H*H-3* (a*b+b*c+c*a)) ;
}
return sum;
}
int run(int id){
bool regular=id<0;
int dmin=regular?800:800+3*id,dmax=dmin+3;
LL A=a_upper (dmin) ;
Table step(regular?2:1,A,AD);
Law m=atom(pure) ;
auto test=[&] (int it){
LL sum=mu_num(m) ;
if (it%10==0) cerr<<id<<" "<<it<<" "<<count_if (m.begin(),m.end(), [J(LL v){return v>0;})<<" "<<double(sum)/(
N*H*H) <<endl;
return 20*Big(sum)<Big(N)*HxH;
};
if (regular){
Table prod(0);
for(int it=1;it<=400;it++){
Law half=step.combine(m,m) ;
m=prod.combine (half,half);
if (test(it))return it;
}
Yelse{
for(int it=1;it<=400;it++){
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188
189
190
191
192

193 | }

m=poisson(m,dmax,step);
if(test(it))return it;
}
}

assert(false) ;return O;

194  int main(int argc,char**argv){

195
196
197
198
199

200 | }

Re
[1]

(2]

3]

[4]

[5]

6]

[7]

8]

9]

assert (argc==2) ;

init();

int id=atoi(argv[1]);

assert (id>=-1 && id<27);
cout<<id<<" "<<run(id)<<endl;
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