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Abstract
We prove the second Kahn–Kalai conjecture. For every finite simple graph H with h ≥ 1

edges and at most n vertices, the threshold for G(n, p) to contain an ordinary copy of H is at
most CpE(n, H)(1 + log2 h), where C is universal. Here pE(n, H) is the least density at which
every subgraph of H has expected copy count at least one half.

1 Graph thresholds and the main result
When does a random graph contain a prescribed graph? A necessary condition is that each subgraph
of the target have a reasonable expected number of copies. Kahn and Kalai [8] conjectured that
this elementary obstruction determines the containment threshold within a logarithmic factor,
uniformly over the target graph. We prove this conjecture, with the logarithm depending on the
number of target edges.

For finite simple graphs G and F , write N(G, F ) for the number of subgraphs of G isomorphic
to F . These are ordinary copies: additional edges between the chosen vertices are allowed. Let
G(n, p) be the random graph on [n] = {1, . . . , n} in which each edge is present independently with
probability p. For a graph H with at least one edge and at most n vertices, define

pc(n, H) = inf{p ∈ [0, 1] : P(N(G(n, p), H) > 0) ≥ 1
2},

pE(n, H) = inf{p ∈ [0, 1] : EN(G(n, p), F ) ≥ 1
2 for every subgraph F ⊆ H}.

The first quantity is the containment threshold; the second is the graph expectation threshold. Both
infima are attained, since the relevant probabilities and expectations are continuous, there are
only finitely many constraints, and p = 1 satisfies all of them. The single-edge constraint gives
pE(n, H) > 0. If H appears with probability at least one half, then so does every F ⊆ H, and its
expected count is at least one half. Thus pE(n, H) ≤ pc(n, H).

Theorem 1.1. For every n ≥ 2 and every finite simple graph H with h = e(H) ≥ 1 edges and at
most n vertices,

pc(n, H) ≤ min{1, 2048e50pE(n, H)(1 + log2 h)}. (1.1)

In particular,
pc(n, H) ≤ 6144e50pE(n, H) log2 n.

Here e is the base of the natural logarithm. The constants are explicit and universal; the graph
H may vary with n. Kahn and Kalai use expected count one in their formulation. Replacing one
half by one changes the graph expectation threshold by a factor between one and two: for each
subgraph with r ≥ 1 edges its expected count is proportional to pr, so its constraint changes by
21/r ≤ 2. This normalization therefore gives the same conjecture.
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1.1 History and the obstruction

For a fixed target, threshold questions are part of the classical random-graph theory of Erdős
and Rényi [5]; Bollobás [2] treated threshold functions for general fixed subgraphs. Here the
target can grow with the host graph. For example, let H be a perfect matching on an even
number n of vertices. Then pE(n, H) = Θ(1/n), whereas pc(n, H) = Θ(log n/n) [6, 8]. The larger
scale is needed to eliminate isolated vertices of the host: a perfect matching must cover every
vertex. Hamilton cycles exhibit the same logarithmic gap [8]. These examples show why a uniform
comparison must allow a logarithm. Other spanning targets have required different methods:
Riordan [14], for example, proved that for every fixed p > 1/4, G(2d, p) contains the d-dimensional
cube with probability tending to one.

To distinguish the two Kahn–Kalai conjectures, consider a nonempty proper increasing family
F ⊆ 2X , where X is finite. A cover is a family G ⊆ 2X such that every F ∈ F contains some
S ∈ G. Its cost at density p is

∑
S∈G p|S|. The integral expectation threshold q(F) is the largest

p for which a cover has cost at most 1/2. A fractional cover assigns weights wS ≥ 0 to S ⊆ X,
requires

∑
S⊆F wS ≥ 1 for each F ∈ F , and has cost

∑
S wSp|S|. Allowing these covers defines

qf (F) with the same budget 1/2. Union bounds and expectations give q(F) ≤ qf (F) ≤ pc(F),
where pc(F) is the density at which an independent random subset belongs to F with probability
1/2.

Talagrand [15, Section 6] introduced the fractional formulation and its dual description by
spread probability measures. Alweiss, Lovett, Wu, and Zhang [1], building on the regularity
viewpoint of Lovett, Solomon, and Zhang [9], developed the fragment method in their work on
sunflowers. Frankston, Kahn, Narayanan, and Park [7] proved pc(F) = O(qf (F) log ℓ), where ℓ is
the maximum of two and the largest size of a minimal member of F . Park and Pham [13] proved
the corresponding bound with q in place of qf , resolving the abstract Kahn–Kalai conjecture by
a minimum-fragment argument. The integral and fractional thresholds are within a universal
constant factor at the common one-half budget [12, Theorem 1.1]. This comparison is contextual;
the proof below does not use it.

For the family FH of edge sets containing a copy of H, the copies of any one subgraph form a
cover. Thus pE(n, H) ≤ q(FH), and the abstract theorem alone does not give the desired bound
in terms of pE(n, H). Mossel, Niles-Weed, Sun, and Zadik [11, Theorem 1] obtained a single
logarithm using the modified graph threshold

p̃E(n, H) = min{p : EN(G(n, p), F ) ≥ N(H, F )/2 for every F ⊆ H}.

The factor N(H, F ) records that containing H supplies all its copies of F . By symmetry this
parameter equals qf (FH) [3, Equation (1)]; comparing it with pE(n, H) is the additional graph-
specific problem.

Dubroff, Kahn, and Park [3, Theorems 1.2–1.5] proved qf (FH) = O(pE(n, H) log2 n) and hence
pc(n, H) = O(pE(n, H) log3 n), using a rooted-extension decomposition. They also established the
conjectured single-logarithm bound when pE(n, H) < 1/(3n). In further work [4, Theorems 1.4–
1.5], they proved N(H, F ) ≤ EN(G(n, min{1, Lq}), F ) whenever all subgraphs of H have expected
count at least one at density q, for test graphs F that are cliques, cycles, or bounded-degree trees.
The constant L is universal for cliques and cycles and depends on the degree bound for trees.
Tran [16] then obtained qf (FH) = O(pE(n, H) log(2e(H))), reducing the general containment loss
to O(log2(2e(H))). He removed the loss in the comparison of expectation thresholds for trees
and for graphs whose average degree is at least the logarithm of their maximum degree, thereby
proving the second conjecture for these classes. His ratio-maximizing cores give the conditional
graph-extension distributions used here.
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Tran [16, Section 4] also proposed a coupling conjecture that would absorb successive conditional
extensions while paying the logarithmic sampling cost once. We prove the required containment
bound through a tree reduction: we keep all possible extension histories in a tree and reduce
every level with the same random set. Disjointness along a history supplies the precise control of
dependence that this reuse requires.

1.2 Proof strategy and method ancestry

Start with a nonempty edge subset I of H. Among its subgraphs, choose S maximizing the
probability that a fixed copy S0 on [n] lies in a uniform copy of I, after division by a suitable
exponential weight in e(S). The first-moment constraints force S to be smaller than I by a fixed
factor. Maximality also bounds the probability that a prescribed set J of added edges appears,
conditional on any copy of S, by (C0pE(n, H))|J | for a universal constant C0. Repeating the choice
gives nested subgraphs. The tree branches over all their possible copies; its arc labels are the
added edges. Those labels are disjoint along each path, and their sizes increase geometrically. This
maximization argument is the graph-specific spread-link construction of Tran [16, Section 3]. Its
conditioning step has antecedents in the large-link argument of Lovett, Solomon, and Zhang [9,
Claim 29] and the spread-link extraction from a maximal violating core in Alweiss, Lovett, Wu,
and Zhang [1, Lemma 2.4].

For one distribution of labels, we use the Bayesian resampling construction of Mossel, Niles-
Weed, Sun, and Zadik [10]. Plant a source label into an independent random set W , sample a
target label from the posterior distribution given their union, and retain the part of the target
outside W . This remainder is also a subset of the source. Section 2 proves that large remainders
are exponentially unlikely and bounds the change of measure on coordinates outside the target.

Section 3 applies this transition simultaneously at every node of the fixed tree. A recursively
defined potential bounds the probability that too many continuations fail. Below a target arc, all
labels avoid that arc’s label, so the local change-of-measure estimate applies to the entire descendant
potential. This is the step that permits one W to halve every level’s capacity while preserving
spread at a controlled conditioning cost. Iteration needs only logarithmically many successful
draws. Finally, Section 4 constructs the graph hierarchy, with the ordinary-copy normalization
explicit, and applies the tree covering theorem. All these arguments are proved below.

Throughout, log without a subscript is the natural logarithm. For a finite set X and 0 ≤ ρ ≤ 1,
let µρ be the law of a random subset of X that includes each element independently with probability
ρ.

2 Resampling a spread family
The graph argument will produce distributions of edge extensions. We first show how one product
sample can replace a set from such a distribution by a smaller remainder, and bound the resulting
change in the law of coordinates outside the chosen set.

For a > 0, a probability distribution on subsets A ⊆ X is a-spread if

P(J ⊆ A) ≤ a|J | (∅ ̸= J ⊆ X). (2.1)

We allow the distribution to be carried by a finite indexed family (Ab)b∈B: distinct indices may
have the same label, and labels may be empty. Write νb > 0 for the weights, with

∑
b νb = 1.

The transition below is the planted-set and posterior-resampling construction of Mossel, Niles-
Weed, Sun, and Zadik [10, Sections 2.1–2.3]. We record a capacity-dependent failure estimate and
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a change-of-measure bound for functions of coordinates outside the target label; the latter will
control the dependence between successive tree levels.

Fix 0 < ρ < 1 and W ⊆ X. The following transition will be used at every node of a tree:

1. Choose a source c with law ν, and set Y = W ∪ Ac.

2. Choose a target b with conditional probabilities

νbρ
−|Ab|1{Ab⊆Y }

Z(Y ) , Z(Y ) =
∑
d∈B

νdρ−|Ad|1{Ad⊆Y }. (2.2)

3. Retain the fragment T = Ab \ W .

The denominator is positive because Ac ⊆ Y and νc > 0. To see why these are posterior
probabilities, now let W ∼ µρ independently of the source. For a fixed source c, the probability
mass of the planted union at a set Y is µρ(Y )ρ−|Ac|1{Ac⊆Y }. After averaging over c, the law of Y
therefore has density Z relative to µρ, and Bayes’ formula gives (2.2). At a specified W , however,
only the source is guaranteed to have its original law ν; the target law may differ.

For every transition of positive probability,

T ⊆ Ac ∩ Ab, Ab ⊆ W ∪ T. (2.3)

The first inclusion will preserve spread by comparing the fragment with the source. The second
lets us recover the chosen target from W and its fragment. In the tree application, that target also
specifies which child and its continuations are kept. The entire transition, including its fragment,
only inspects membership in W on

⋃
b∈B Ab.

Lemma 2.1 (Local resampling). Suppose that |Ab| ≤ m for a positive integer m, the law ν is
a-spread, and

0 < ρ < 1, a/ρ ≤ e−50.

Let W ∼ µρ, independently of the source choice, and perform the transition above. Call the
transition a local failure if

Z(Y ) < e−10m or |T | > m/2.

Then
P(local failure) ≤ e−9m. (2.4)

Moreover, for each fixed target b and every nonnegative function f depending only on W ∩ (X \ Ab),

E
[
1{target=b, Z(Y )≥e−10m}f(W )

]
≤ e11mνb Ef(W ). (2.5)

The expectation on the right is with respect to W ∼ µρ.

Proof. The density identity above gives

P
(
Z(Y ) < e−10m) = EY ∼µρ

[
Z(Y )1{Z(Y )<e−10m}

]
≤ e−10m. (2.6)

We will use the following consequence of spread. For a fixed b, let R = |Ac ∩ Ab|, where c has
law ν. For every 0 ≤ r ≤ m, including the trivial case r = 0,

P(R = r) ≤
∑

J⊆Ab
|J |=r

P(J ⊆ Ac) ≤
(

m

r

)
ar. (2.7)
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On Z(Y ) ≥ e−10m, bound the reciprocal denominator in (2.2) by e10m. For a fixed pair (c, b), the
condition Ab ⊆ W ∪ Ac requires Ab \ Ac ⊆ W , an event of probability ρ|Ab\Ac|. Also, |T | > m/2
implies |Ac ∩ Ab| > m/2. Therefore

P
(
Z(Y ) ≥ e−10m, |T | > m/2

)
≤ e10m

∑
c,b

νcνbρ
−|Ac∩Ab|1{|Ac∩Ab|>m/2}

≤ e10m
∑

r>m/2

(
m

r

)
(a/ρ)r ≤ e10m2me−25m.

Together with (2.6), this gives

P(local failure) ≤ e−10m + e−(15−log 2)m ≤ e−9m,

as m ≥ 1.
For (2.5), again bound the reciprocal denominator and then sum over sources. The event

Ab \ Ac ⊆ W uses only coordinates inside Ab, so it is independent of f(W ). Hence

E
[
1{target=b, Z(Y )≥e−10m}f(W )

]
≤ e10mνb

∑
c

νcρ
−|Ab|E

[
1{Ab\Ac⊆W }f(W )

]
= e10mνb Ef(W )

∑
c

νcρ
−|Ac∩Ab|

≤ e10mνb Ef(W )
m∑

r=0

(
m

r

)
(a/ρ)r ≤ e11mνb Ef(W ).

The penultimate inequality is (2.7); the last uses (1 + a/ρ)m ≤ em.

3 Covering a tree
We now cover an entire chain of extensions. The input is a finite tree whose edge labels are disjoint
along each path and whose child laws are spread. The aim is to put the labels of one full path
inside a product sample, with a cost logarithmic in the largest extension size.

A probability tree on X is a finite rooted tree with all leaves at the same depth, together with
a probability distribution νv on the children Ch(v) of each non-leaf node v and a label Av(b) ⊆ X
on the arc from v to each child b. We delete zero-weight children. Different nodes or arcs may
carry identical labels; nodes are never identified merely because their labels agree. A path always
means a full root-to-leaf path, unless otherwise specified. Write

U(P ) =
⋃

(v,b)∈P

Av(b)

for its union of labels.
The tree is disjoint if the labels along each path are pairwise disjoint. A level has capacity

m if all its labels have size at most m. A level is a-spread if the child distribution at every
node immediately above that level is a-spread. Thus all requirements concern individual child
distributions; no spread assumption is made on the distribution of a full path.
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Theorem 3.1 (Tree covering). Let T be a disjoint probability tree on a finite set X, with k ≥ 1
levels. Suppose that every level is σ-spread, where σ > 0, and that its positive integer capacities
satisfy

ℓi+1 ≥ 16ℓi (1 ≤ i < k).

Set
r = min{1, 16e50σ(1 + log2 ℓk)}.

Then
PW ∼µr

(
U(P ) ⊆ W for some path P of T

)
≥ 2

3 .

Section 4 constructs such a tree for H with σ = 128pE(n, H) and ℓk ≤ e(H). We prove the
tree theorem by repeatedly pruning and reweighting the tree while replacing its labels by smaller
subsets. Empty labels and unequal label sizes must therefore be allowed.

3.1 One simultaneous reduction

Lemma 3.2 (Reduction). Let T be a disjoint probability tree with k ≥ 1 levels and positive integer
capacities m1, . . . , mk satisfying mj+1 ≥ 16mj. Suppose level j is αj-spread, where

0 < αj ≤ a, ρ = e50a < 1.

There is a deterministic procedure which, given W ∼ µρ, succeeds with probability at least 3/4 and
on success returns a disjoint probability tree T ′ with the same levels, such that:

(i) level j has capacity ⌊mj/2⌋ and is αj/(1 − e−mj )-spread;

(ii) for every path Q of T ′ there is a path P of T with

U(P ) ⊆ W ∪ U(Q). (3.1)

Proof. The output will be a subtree with labels Av(b) \ W and child laws obtained from the target
marginals of the local transition. We first identify which children can be retained while discarding
at most e−mj of the transition mass at each retained node with outgoing level j. Keep the input
tree fixed throughout this analysis. At a node whose outgoing level is j, use the transition of
Section 2 with its child distribution and capacity mj . All nodes use the same set W . At fixed
W , write dv(W ) for the probability of local failure at v, and tvb(W ) for the probability of local
non-failure with target b. Thus

dv(W ) +
∑

b∈Ch(v)
tvb(W ) = 1. (3.2)

All these probabilities refer to the child laws of the fixed input tree, before any pruning or
conditioning.

Pruning. For the remainder of the construction, fix W and put ϵj = e−mj . Declare all leaves good.
Working upward, declare a node v with outgoing level s good if∑

b∈Ch(v)
b good

tvb(W ) ≥ 1 − ϵs. (3.3)

The attempt succeeds exactly when the root is good.
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To bound the probability that the root is bad, define a nonnegative potential on every node of
the input tree. Set Dv(W ) = 0 at leaves and, at a node with outgoing level s, define recursively

Dv(W ) =
dv(W ) +

∑
b∈Ch(v) tvb(W )Db(W )

ϵs
. (3.4)

Every bad node satisfies Dv(W ) > 1. Indeed, assuming this for its bad children, the numerator in
(3.4) is at least

dv(W ) +
∑

b bad
tvb(W ) > ϵs,

where the last inequality follows from (3.2) and the failure of (3.3). This proves the assertion by
backward induction.

Expected potential. We now average over W ∼ µρ. Fix a child b of a node v with outgoing level
s, and abbreviate its incoming label to Ab. Every label in the entire subtree below b is disjoint
from Ab: each such label lies on a path containing the arc into b. The transition at any node in
that subtree only inspects W on the union of that node’s child labels. By its recursive definition,
Db(W ) therefore depends only on W outside Ab.

This statement concerns every node of the fixed input tree, before conditioning on that node
being good or being retained. Figure 1 shows the disjointness that makes this possible.

v

b c

b1 b2

Av(b) Av(c)

Every label below b avoids Av(b).
Hence Db(W ) uses only W \ Av(b).

The same set W is used at every node.

Figure 1: Disjointness along paths controls the change of measure. Every arc below b lies on a path
through its incoming arc, so the potential Db is a function of coordinates outside the incoming
label. The diagram is schematic; labels on different branches may overlap.

In the local transition at v,

tvb(W ) ≤ P
(
target = b, Z(Y ) ≥ e−10ms | W

)
.

We may consequently apply (2.5) with f(W ) = Db(W ). Together with (2.4) and ϵ−1
s = ems , the

recurrence gives
EDv(W ) ≤ e−8ms + e12ms

∑
b∈Ch(v)

νv(b)EDb(W ). (3.5)

This step controls the dependence caused by reusing W . Since the child weights sum to one,
backward induction yields

EDv(W ) ≤
k∑

j=s

exp

12
j−1∑
h=s

mh − 8mj

 .
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In particular, if o is the root, then

P(o is bad) ≤ EDo(W )

≤
k∑

j=1
exp

12
∑
h<j

mh − 8mj

 < 1
4 .

For the last inequality, geometric growth gives
∑

h<j mh ≤ mj/15, and the mj are distinct positive
integers. Thus the sum is at most

∑
m≥1 e−7m < 1/4.

The reduced tree. On success, start from the good root. At any good node v with outgoing level j,
put

γv(W ) =
∑

b good
tvb(W ) ≥ 1 − ϵj .

Retain each good child b with tvb(W ) > 0, give it weight tvb(W )/γv(W ), replace its incoming label
by

Tb = Av(b) \ W,

and continue recursively into b. The result is a pruned and reweighted subtree of the input tree. It
has the same depth because γv > 0 at every retained non-leaf node. Its labels are subsets of the
old labels, so it is disjoint. Since Av(b) ⊆ W ∪ Tb on every retained arc, it also satisfies (3.1). A
retained child has tvb > 0, which implies |Tb| ≤ ⌊mj/2⌋.

This new child law is the target marginal of the joint transition conditioned on local non-failure
and a good target. Denote this conditioning event by Ev. For the spread bound, use the source:
(2.3) gives T ⊆ Av(c) for every transition, and the unconditioned source has law νv even at fixed
W . Thus, for every nonempty J ⊆ X,

P(J ⊆ T | Ev, W ) ≤ Pc∼νv (J ⊆ Av(c))
γv(W )

≤
α

|J |
j

1 − ϵj
≤
(

αj

1 − ϵj

)|J |

.

This proves all the assertions. The quantities tvb(W ) define the entire construction deterministically;
sources and targets are auxiliary random variables used to analyze its weights.

3.2 Iteration

Proof of Theorem 3.1. If r = 1, the conclusion is immediate. Suppose r < 1, and set

a = 4σ, ρ = e50a, s = ⌊log2 ℓk⌋ + 1.

In particular 0 < ρ < 1. Start with T and make successive attempts using fresh independent sets
of law µρ. A failed attempt leaves the current tree unchanged. After a successful attempt, retain
the tree provided by Lemma 3.2. Conditionally on the complete past, the current tree is fixed and
the next draw still has law µρ.

After t successes, the capacity at original level i is

mi(t) =
⌊

ℓi

2t

⌋
, (3.6)
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using ⌊⌊x⌋/2⌋ = ⌊x/2⌋. Levels of zero capacity form an initial segment. After each success,
choose any one path through that segment and keep its ending subtree, deleting the segment.
All committed labels are empty, so each path of the retained subtree extends to a full path by
adjoining the chosen empty prefix. This preserves the recovery guarantee and every bound at a
retained node. If no levels remain, only the root is left. Fix a tie-breaking rule for these choices.
The remaining positive capacities still satisfy mi+1(t) ≥ 16mi(t), since ⌊16x⌋ ≥ 16⌊x⌋.

At a remaining original level i, a valid spread parameter after t successes is

αi(t) = σ
t−1∏
u=0

(
1 − e−⌊ℓi/2u⌋

)−1
. (3.7)

The positive integers ⌊ℓi/2u⌋ in this product are distinct. The infinite product over all positive
integers is less than 4, because

∞∑
m=1

− log(1 − e−m) ≤ 1
1 − e−1

∞∑
m=1

e−m

= e−1

(1 − e−1)2 < log 4.

Consequently αi(t) ≤ 4σ = a. The initial tree satisfies these bounds, and Lemma 3.2 proves them
inductively after every success. Thus every attempt before completion has conditional success
probability at least 3/4.

After s successes, (3.6) is zero at every level. Composing (3.1) through the successful reductions
shows that the union of their draws contains the labels of a path in the original tree. The expected
waiting time for each next success is at most 4/3: conditionally on the past, its tail is bounded by
that of a geometric random variable with success probability 3/4. Hence the expected number of
attempts needed is at most 4s/3. By Markov’s inequality, completion occurs within 4s attempts
with probability at least 2/3.

Predraw 4s independent sets of law µρ, including any that the procedure ultimately does not
use, and take their union W∗. It has law µr∗ , where

r∗ = 1 − (1 − ρ)4s ≤ 4sρ = 16e50σs ≤ 16e50σ(1 + log2 ℓk) = r.

With probability at least 2/3, W∗ contains a path union. The same bound holds for µr by
monotonicity.

4 Application to graph containment
It remains to construct the tree required by Theorem 3.1. We use the normalized-containment
maximization and conditional-extension argument of Tran [16, Section 3, Lemma 3.1], with
constants suited to the factor-16 separation of capacities. The copy-count identity below also
appears in Mossel, Niles-Weed, Sun, and Zadik [11, Equation (5)].

Put q = pE(n, H) and σ = 128q. Delete the isolated vertices of H and of each graph
subsequently considered, and identify these graphs with their edge sets. This does not change the
event of containing H: any copy of its nonisolated part can be extended by choosing the required
number of additional vertices, since n ≥ |V (H)| and copies need not be induced. Every edge subset
used below, on its incident vertices, is a subgraph of the original H, so its expectation at q is at
least 1/2. Throughout this deletion, q remains the threshold defined using the original graph H.
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For a graph F without isolated vertices, let

M(F ) = N(Kn, F ), M(I, F ) = N(I, F ).

In particular, M(F ) = (n)v(F )/| Aut(F )|, where (n)v = n(n − 1) · · · (n − v + 1) and Aut(F ) is the
group of vertex permutations preserving adjacency. Dividing by this group counts each ordinary
copy once; M(I, F ) likewise counts copies, rather than vertex embeddings. For the empty edge set
use M(∅) = M(I,∅) = 1. If I is a uniformly chosen copy of I on [n], and F0 is any fixed copy of
an edge subset F ⊆ I, then

P(F0 ⊆ I) = M(I, F )
M(F ) . (4.1)

Indeed, permutation symmetry makes the probability independent of the chosen copy F0. Summing
it over all M(F ) copies counts the M(I, F ) copies contained in each I.

Lemma 4.1 (Graph hierarchy). There is a disjoint probability tree on X =
([n]

2
)

whose path unions
are copies of H with its isolated vertices removed, such that every level is σ-spread and its label
sizes ℓ1, . . . , ℓk satisfy

1 ≤ ℓ1, ℓi+1 ≥ 16ℓi, ℓk ≤ e(H).

Proof. For a current nonempty edge set I ⊆ H, choose an edge subset S ⊆ I maximizing

Rσ(I, S) = σ−|S|P(S0 ⊆ I), (4.2)

where S0 is any fixed copy of S on [n]. The empty set is allowed and has value 1. Fix any
deterministic rule for breaking ties.

Write hI = |I| and r = |S| > 0. The expectation constraint gives M(S)qr ≥ 1/2, while
M(I, S) ≤

(hI
r

)
. By (4.1),

Rσ(I, S) ≤ 2
(

hI

r

)
(q/σ)r = 2

(
hI

r

)
128−r.

For r ≥ hI/17, the bound
(hI

r

)
≤ (ehI/r)r gives

Rσ(I, S) ≤ 2(17e/128)r < 1.

Thus every maximizing predecessor satisfies |S| < |I|/17.
Repeat the selection until the empty set is reached, and write the resulting nested sequence in

reverse order as
∅ = H0 ⊂ H1 ⊂ · · · ⊂ Hk = H, |Hi−1| < |Hi|/17.

Here and below H denotes its edge set. Build a tree rooted at the empty set. From each reached
copy S0 of Hi−1, take as children all copies of Hi containing S0, with the uniform distribution,
and label the arc to a child I0 by I0 \ S0. Such children exist, since every copy of Hi−1 extends to
a copy of Hi on [n]. Keep distinct histories as distinct tree nodes. The labels on every path are
disjoint and their union is a copy of H. Their sizes are

ℓi = |Hi| − |Hi−1| > 0, ℓi+1 > 16|Hi| ≥ 16ℓi.

It remains to check conditional spread. At a node S0, let A be its random added label. If
J ∩ S0 ̸= ∅, then P(J ⊆ A) = 0. Otherwise, for a uniform copy I of Hi,

P(J ⊆ A) = P(S0 ∪ J ⊆ I)
P(S0 ⊆ I) . (4.3)
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If the numerator is positive, S0 ∪ J is isomorphic to an edge subset U ⊆ Hi. Maximality of Hi−1
in (4.2) gives

σ−(|S0|+|J |)P(S0 ∪ J ⊆ I) ≤ σ−|S0|P(S0 ⊆ I).

Together with (4.3), this gives P(J ⊆ A) ≤ σ|J |. If the numerator is zero, the same bound is
immediate. This proves the lemma.

Proof of Theorem 1.1. Apply Theorem 3.1 to the tree of Lemma 4.1, with σ = 128q. Since
ℓk ≤ h = e(H), a Bernoulli edge set with parameter

r = min{1, 2048e50q(1 + log2 h)}

contains a copy of H with probability at least 2/3. This proves (1.1). Finally, h ≤
(n

2
)

≤ n2 and
n ≥ 2 give 1 + log2 h ≤ 3 log2 n, and hence the stated constant C = 6144e50.
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