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Abstract

We construct a single matrix substitution that detects every nonzero size-s division-free
noncommutative formula in n variables over every field of a given positive characteristic. One
deterministic machine, given a promised prime p in binary and n, s in unary, outputs matrices
over Fp of dimension O(n3s6) in polynomial bit time. The same tuple works with arbitrary
extension-field coefficients, including in characteristic two. The construction also applies to the
stated acyclic algebraic path programs.

1 Introduction
Polynomial identity testing asks whether a polynomial given by arithmetic operations is zero. In
the noncommutative setting, variables are evaluated on matrices: scalar substitutions would, for
example, erase the nonzero commutator x1x2 − x2x1. The question considered here is whether one
can construct a single matrix substitution, using only the characteristic, the number of variables,
and a formula-size bound, that detects every nonzero formula of that size. We construct such a
substitution over the prime field in every positive characteristic. Its dimension and the time needed
to print all its entries are polynomially bounded.

1.1 The result

For a field F , the free associative algebra F ⟨x1, . . . , xn⟩ has as an F -basis the finite ordered words
in x1, . . . , xn, including the empty word 1; multiplication concatenates words. A noncommutative
formula is a rooted tree whose leaves are variables or scalars in F , and whose internal vertices are
binary addition or ordered multiplication gates. Its size is the number of all vertices, including scalar
leaves. Thus there are no inverse gates and no shared subexpressions. Scalars may be arbitrary
elements of F . When evaluating at d × d matrices, a scalar a is interpreted as aId.

Theorem 1.1. There is a deterministic Turing machine and absolute positive integers C, k with
the following property. Given a prime p in binary and positive integers n, s in unary, the machine
outputs a positive integer d = O(n3s6) and a tuple

(T1, . . . , Tn) ∈ Matd(Fp)n.

For every field F of characteristic p and every nonzero f ∈ F ⟨x1, . . . , xn⟩ computed by a formula of
size at most s, the same tuple, viewed over F , satisfies

f(T1, . . . , Tn) ̸= 0.

1



Writing L = ⌈log2 p⌉, the total running time and output length are at most C(n + s + L + 1)k. All
matrix entries are output densely as ordinary binary residues in {0, . . . , p − 1}, with dimensions and
separators included. Primality of p is promised.

The generator receives no formula or coefficients. In particular, its guarantee is uniform over
arbitrary extensions of Fp, and applies to p = 2 without any relation between the characteristic and
the formula size. The required conclusion is matrix nonvanishing. The time to evaluate a formula
over an unspecified coefficient field is separate from the bit complexity of constructing the tuple.

The proof also applies to an acyclic algebraic path program: a finite directed acyclic graph with
a designated source and sink, edges labelled by scalars or variables, and value equal to the sum of
ordered label products over source–sink paths. Replacing the formula-size parameter by the number
of vertices gives the same polynomial construction; see Corollary 5.2. This extension follows from
the coefficient representation used in the proof.

1.2 Context and the characteristic obstruction

Noncommutative identity testing has distinct tests that use the internal representation and tests that
only evaluate the polynomial. Nisan characterized homogeneous noncommutative branching-program
complexity by ranks of coefficient matrices [8, Theorem 1]. Raz and Shpilka gave a deterministic
polynomial-time identity test for noncommutative formulas and algebraic branching programs when
their descriptions are available [10]. Matrix evaluation also underlies randomized black-box tests;
Bogdanov and Wee gave such a test for circuits with a supplied degree bound, using polynomial
identities of matrix algebras [1, Theorem 4.2].

For deterministic black-box testing, Forbes and Shpilka constructed quasipolynomial-size matrix
hitting sets for noncommutative algebraic branching programs, under a field-cardinality hypothesis
[5, Corollary 4.7]. A block-diagonal sum can combine a finite hitting set into one tuple, but its
dimension grows with the size of that set. Lakhani and Mukhopadhyay constructed one integer
matrix tuple for sparsity-bounded polynomials over characteristic-zero fields [6, Theorem 2.1 and
Remark 2.6]; their finite-field formulation also distinguishes a succinct extension-field description
from its explicit coordinate cost. Sparsity is a different parameter: a formula of small size can have
exponentially many words. These results provide relevant benchmarks, while the construction here
is polynomial in formula size and in the binary length of the characteristic.

The characteristic-zero companion [9, Theorem 1.1] constructs one rational matrix tuple for
formulas, with dimension at most 2ns2 and polynomial bit complexity. Its proof encodes words by
iterated integrals, puts the encoding of a formula into a finite differential system, and applies an order-
of-vanishing bound before truncating. The representation by an acyclic path program is independent
of the characteristic. The analytic-looking part of the construction is not: formal integration divides
by positive integers, ordinary differentiation annihilates pth powers in characteristic p, and distinct
integer pole locations may coincide. Nor does reduction of a rational hitting tuple automatically
preserve its guarantee at every prime.

We retain the word-series and matrix-system organization, replacing the differential operator by
an infinite-order multiplicative shift. The resulting order bound and the final descent to prime-field
matrices are proved directly in the given characteristic. The dimension bound is larger than in the
companion, but remains polynomial without any lower bound on p.

1.3 Proof strategy

Fix an arbitrary coefficient field F and introduce an indeterminate t over it. Over K = F (t), let σ
act on formal series in z by σ(g)(z) = g(tz). For each letter i, define the operator Ji by requiring
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Ji(g) to have zero constant term and

(σ − 1)Ji(g) = z

1 − (1 + t)iz
g.

On the coefficient of zr for r ≥ 1, this divides by tr − 1, which is nonzero in every characteristic.
Iteration defines a series hw for each word w, starting from hϵ = 1 for the empty word ϵ. Section 2
proves that these series are linearly independent. A minimal-relation argument reduces the claim
to a pole obstruction: a difference σ(R) − R, with R ∈ K(z), cannot have just one pole in an
infinite shift orbit, whereas the poles (1 + t)−i lie in disjoint such orbits. Thus a nonzero polynomial
f =

∑
w fwxw gives a nonzero series hf =

∑
w fwhw.

Formula size bounds how late the first nonzero coefficient of hf can appear. Section 3 finds a row
u, a column v, and strictly upper triangular m × m matrices B1, . . . , Bn over F , with m ≤ 2s, such
that fw = uBwv; here Bi1···iℓ

= Bi1 · · · Biℓ
and Bϵ = Im. The finite sum H =

∑
w Bwhw satisfies

H(0) = I and σ(H) = (P/Q)H, with z-degrees at most n and Q(0) = 1. Section 4 proves the
reusable bound

uHv ̸= 0 =⇒ ordz(uHv) ≤ n

(
m

2

)
.

The proof adapts the determinant method for differential systems: a basis of series with distinct
leading orders ci has a shifted determinant whose leading coefficient is a Vandermonde determinant
on tci . These elements remain distinct in small characteristic. Rational degree bounds then control
the orders of the relevant minors.

Truncating in z now gives matrices over Fp(t) that detect all the required formulas. Section 5
removes t without choosing a large finite extension. Strict triangularity supplies one denominator
clearing every evaluated word, together with a polynomial bound on the remaining t-degree.
Reduction modulo a sufficiently large power tE preserves nonvanishing. Finally, representing
multiplication on Fp[t]/(tE) by matrices over Fp gives the output tuple. The shift order bound is
useful independently of the formula application; the last step is a general way to retain bounded-
degree rational data in ordinary matrices over the base field.

2 Independent word series from a multiplicative shift
We first encode free polynomials by formal power series without losing any nonzero polynomial.
No size bound is needed in this section. Fix a field F , let t be an indeterminate over F , and put
K = F (t). For a second formal variable z, define

σ : K((z)) −→ K((z)), σ(g)(z) = g(tz).

This automorphism fixes K and preserves both K[[z]] and K(z), where rational functions are
embedded by Laurent expansion at z = 0. Since tr ̸= 1 for every nonzero integer r, coefficient
comparison gives

K((z))σ = K. (1)

In particular, this remains true when the characteristic divides r.
For 1 ≤ i ≤ n, set

ai = (1 + t)i, bi(z) = z

1 − aiz
. (2)

Given g ∈ K[[z]], define Ji(g) to be the unique series h ∈ zK[[z]] satisfying

(σ − 1)h = big. (3)
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Indeed, the right side has zero constant coefficient, and the coefficient of zr in h, for r ≥ 1, is
obtained by dividing the corresponding coefficient of big by tr − 1. Thus Ji is K-linear and

Ji
(
zjK[[z]]

)
⊆ zj+1K[[z]] (j ≥ 0). (4)

The role of the transcendental parameter is already visible: all these divisions are valid in every
characteristic.

Let {1, . . . , n}∗ denote the set of finite words, including the empty word ϵ. For w = i1 · · · iℓ,
write xw = xi1 · · · xiℓ

, with xϵ = 1. Define

hϵ = 1, hiw = Ji(hw), (5)

where iw means that i is prefixed to w. Our objective is to prove that these series are linearly
independent, even with rational-function coefficients. The relevant obstruction is that a rational
difference cannot have an isolated pole in an infinite shift orbit. Such pole-orbit obstructions are
central to rational q-summation; see Chen and Singer [3, Section 2.3] for a systematic residue
criterion in characteristic zero. The elementary form needed here has the following proof in arbitrary
characteristic.

Lemma 2.1 (A rational difference obstruction). With K, σ, and b1, . . . , bn as above, suppose

n∑
i=1

cibi = σ(R) − R, ci ∈ K, R ∈ K(z).

Then c1 = · · · = cn = 0.

Proof. The unique finite pole of bi is αi = (1 + t)−i, a nonzero element of K. The orbits

Oi = {tjαi : j ∈ Z}

are infinite and pairwise disjoint. To check the latter assertion, an orbit intersection would give
(1 + t)i−i′ = ta for an integer a. The order at t = 0 forces a = 0, and the order at t = −1 then forces
i = i′. Orders of rational functions are integers; this reasoning is unchanged when the characteristic
divides i − i′.

Suppose ci ̸= 0. The left side has exactly one pole on Oi. The rational function R has only
finitely many poles there. If it has none, neither does σ(R) − R. Otherwise let j− and j+ be the
smallest and largest indices of its poles in this orbit. Substitution z 7→ tz moves each pole from
index j to index j − 1. At index j− − 1, only σ(R) has a pole; at index j+, only −R has one. These
are two distinct poles of σ(R) − R, a contradiction. The argument does not depend on the pole
orders or on cancellation at interior indices; Figure 1 illustrates precisely this point.
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σ(R) − R
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interior poles may cancel;
the two ends cannot

Figure 1: Pole indices in one orbit {tjα : j ∈ Z}, illustrated with pole set {1, 3, 4} for R. The
shift lowers indices by one. The open point allows cancellation at an overlapping pole, while the
circled endpoint poles always survive. The proof uses the same endpoint argument for every finite
nonempty pole set.

The proof below is a shift analogue of the minimal-relation argument for differential word
series in Deneufchâtel, Duchamp, Hoang Ngoc Minh, and Solomon [4, Theorem 1]. We include the
argument: σ − 1 is not a derivation, and the field here may have positive characteristic.

Proposition 2.2 (Word-series independence). For every field F and every positive integer n, the
series (hw)w∈{1,...,n}∗ in (5) are linearly independent over F (t)(z).

Proof. Suppose there is a nontrivial finite relation∑
w

Rwhw = 0, Rw ∈ K(z). (6)

Choose one with smallest maximum occurring word length ℓ, then with fewest nonzero coefficients
at length ℓ. Since hϵ = 1, we have ℓ ≥ 1. Divide by one nonzero length-ℓ coefficient to make it 1.

Apply σ to (6) and subtract the original relation. By (3), the coefficient of hw in the resulting
relation is

R̃w = σ(Rw) − Rw +
n∑

i=1
biσ(Riw), (7)

where missing coefficients are zero. This relation has no words longer than ℓ, introduces no new
length-ℓ coefficient, and removes the normalized coefficient. If any R̃w were nonzero, one of the two
minimality conditions would fail. Therefore all of them vanish.

For |w| = ℓ, Equation (7) gives σ(Rw) = Rw, so (1) implies Rw ∈ K. For each |w| = ℓ − 1, it
then gives

n∑
i=1

biRiw = σ(−Rw) − (−Rw).

Lemma 2.1 forces every Riw to vanish. Every word of length ℓ occurs in exactly one such family,
contradicting the choice of the original relation.

For a free polynomial f =
∑

w fwxw over F , put

hf =
∑
w

fwhw = f(J1, . . . , Jn)1. (8)

The rightmost operator acts first, so the second equality follows from the prefix convention in (5).
Proposition 2.2 shows that f ≠ 0 implies hf ≠ 0. To turn this encoding into finite matrices, we
must now bound how far into hf its first nonzero coefficient can occur. Formula size supplies that
bound through a finite matrix system.
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3 From formulas to finite shift systems
The word series of Section 2 send every nonzero polynomial f =

∑
w fwxw to a nonzero series

hf =
∑

w fwhw. To bound the order of this series in terms of formula size, we first represent the
word coefficients fw by matrices of bounded dimension. We use the standard passage from formulas
to path programs [10, Section 2.1, Lemma 2, Step 1] and the resulting coefficient representation [9,
Lemma 3.1]. We give the construction over an arbitrary field, keeping track of scalar edges and the
order of multiplication.

An acyclic scalar/variable-labelled path program over a field F is a finite directed acyclic graph,
with parallel edges allowed, whose edges are labelled by scalars in F or by variables x1, . . . , xn. It has
designated source and sink vertices; these vertices may coincide and need not be first and last in a
topological ordering. The value of a directed path is the product of its edge labels in traversal order.
The value of the program is the sum of these products over all paths from the designated source
to the designated sink. When the two vertices coincide, the empty path contributes 1. Acyclicity
makes this a finite sum in F ⟨x1, . . . , xn⟩.

Lemma 3.1 (Coefficient representation of a path program). Let F be a field, and let a path program
with m ≥ 1 vertices have value f =

∑
w fwxw. There are a row u ∈ F 1×m, a column v ∈ F m×1, and

strictly upper triangular matrices B1, . . . , Bn ∈ Matm(F ) such that

fw = uBwv, Bi1···iℓ
= Bi1 · · · Biℓ

, Bϵ = Im. (9)

In particular, Bw = 0 whenever |w| ≥ m.

Proof. Number the vertices in a topological order, so every edge goes from a smaller index to a
larger one. Matrix rows index starting vertices and columns index ending vertices. Let (E0)ab be
the sum of the scalar labels on edges from a to b. Let (Xi)ab be the sum of one copy of 1F for each
edge from a to b labelled xi. All these matrices are strictly upper triangular. Consequently

S = Im + E0 + · · · + Em−1
0

has as its (a, b) entry the sum of the values of all scalar-only paths from a to b, including the empty
path when a = b.

Write src and snk for the designated vertices, and let ea denote the ath coordinate column.
A path whose sequence of variable labels is i1 · · · iℓ decomposes uniquely into scalar-only paths
separated by these variable edges. Since scalar labels are central, summing over these decompositions
gives

fi1···iℓ
= eT

srcSXi1S · · · Xiℓ
Sesnk. (10)

For the empty word the right-hand side is eT
srcSesnk. Taking

u = eT
srcS, Bi = XiS, v = esnk

proves (9). The product of a strictly upper triangular matrix with an upper triangular matrix is
strictly upper triangular, so each Bi has this property. Any product of m such m × m matrices is
zero.

Lemma 3.2 (Formula representation). Let F be a field, and let f be computed by a noncommutative
formula of size at most s, counting all vertices including scalar leaves. Then f is the value of an
acyclic scalar/variable-labelled path program with at most 2s vertices. Its coefficients therefore have
a representation (9) with m ≤ 2s.
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Proof. Associate two vertices, an entrance and an exit, to each formula vertex. For a leaf, join
its entrance to its exit by one edge labelled by the leaf’s variable or scalar. At a sum gate, join
its entrance to both child entrances and both child exits to its exit, using edges labelled 1. At an
ordered product gate, use edges labelled 1 from its entrance to the first child entrance, from the
first child exit to the second child entrance, and from the second child exit to its exit.

The child subtrees have disjoint vertices because the computation is a formula. Recursively order
the vertices of each subtree with its entrance first, its first child subtree before its second, and its
exit last. Every edge points forward in this ordering, so the graph is acyclic. A path through a sum
gate chooses one of its two child programs; a path through a product gate traverses the two child
programs in their prescribed order. Induction on the formula therefore shows that the program from
the root entrance to the root exit has value f . There are two program vertices per formula vertex,
including each scalar leaf. The claimed coefficient representation now follows from Lemma 3.1.

We now return to a field F of characteristic p and to K = F (t). We combine the word series
with the coefficient matrices in (9) to form one invertible matrix. Strict upper triangularity makes
the following sum finite.

Proposition 3.3 (Shift system for a coefficient representation). Let F be a field of characteristic
p and put K = F (t). Suppose u ∈ F 1×m, v ∈ F m×1, and strictly upper triangular B1, . . . , Bn ∈
Matm(F ) represent the coefficients of a polynomial f as in (9). With the word series from Section 2,
define

H(z) =
∑
w

Bwhw(z). (11)

Then H ∈ GLm(K[[z]]), H(0) = Im, and

hf = uHv, σ(H) = A(z)H,

A(z) = Im +
n∑

i=1
bi(z)Bi = P (z)

Q(z) ,
(12)

where
Q(z) =

n∏
i=1

(1 − aiz), Q(0) = 1,

degz Q ≤ n, degz Pab ≤ n (1 ≤ a, b ≤ m).
(13)

Here P ∈ Matm(K[z]), and ai = (1 + t)i and bi = z/(1 − aiz) are as in Section 2. If f ≠ 0, then
uHv ̸= 0.

Proof. Only words of length less than m contribute to (11), so the sum is finite. The empty word
contributes Im, whereas every nonempty word series has zero constant term. Hence H(0) = Im and
H is invertible over K[[z]]. The coefficient representation gives

uHv =
∑
w

(uBwv)hw =
∑
w

fwhw = hf .

In particular, Proposition 2.2 gives uHv ̸= 0 when f ̸= 0.
The shift fixes every Bi, and the defining recursion for the word series gives σ(hiw) − hiw = bihw.

Splitting the nonempty words according to their first letter, we obtain

σ(H) − H =
n∑

i=1

∑
w

BiBwbihw =
(

n∑
i=1

biBi

)
H.
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This proves the shift equation with the displayed order of matrix factors. Finally, multiplying A by
Q gives

P (z) = Q(z)Im +
n∑

i=1
z
∏
j ̸=i

(1 − ajz)Bi.

Each summand has degree at most n, proving (13).

For a size-s formula, Lemma 3.2 makes the system dimension at most 2s. The next section
bounds the order of every nonzero scalar component uHv using this dimension and the degree
bound in (13).

4 An order bound for multiplicative-shift systems
A bound on the order of a nonzero scalar series produced by the formula system will make a finite
truncation possible. We prove such a bound for a general rational system under a multiplicative shift.
We adapt the derivative-row and minor comparison underlying Moura’s multiplicity estimate [7], in
the formal presentation of [9, Section 4, Theorem 4.2], to successive shifts. The distinct-order basis
and leading-term calculation parallel the Wronskian argument of Bostan and Dumas [2, Lemmas 1–3].
Here the leading determinant uses distinct powers of the shift parameter, and remains nonzero in
every characteristic.

For a nonzero series h ∈ K[[z]], write ordz h for its least exponent with nonzero coefficient, and
put ordz 0 = +∞.

Theorem 4.1 (Order bound). Let K be a field, let τ ∈ K× have infinite multiplicative order, and
let σ be the automorphism of K((z)) that fixes K and sends z to τz. Let m ≥ 1 and ν ≥ 0 be
integers. Suppose that H ∈ GLm(K[[z]]) satisfies

σ(H) = AH, A = P

Q
, (14)

where P ∈ Matm(K[z]), Q ∈ K[z], Q(0) ̸= 0, and Q and every entry of P have degree at most ν.
For every constant row u ∈ K1×m and constant column v ∈ Km×1,

uHv ̸= 0 =⇒ ordz(uHv) ≤ ν

(
m

2

)
. (15)

Proof. Set g = uH and suppose that y = gv ≠ 0. Let V ⊆ K[[z]] be the K-linear span of the m
components of g, and put k = dimK V . Then 1 ≤ k ≤ m and y ∈ V . We first express the orders
occurring in V through a determinant, and then bound that determinant using the rational system.

There is a basis w1, . . . , wk of V whose orders satisfy

0 ≤ c1 < c2 < · · · < ck, ci = ordz wi.

To construct it, choose a nonzero element of smallest order in V . The coefficient functional at that
order is nonzero, so its kernel has codimension one and every nonzero element of the kernel has
larger order. Repeat inside this kernel, and continue until the dimension is zero. In any nonzero
linear combination of the resulting basis, the first basis element with a nonzero coefficient supplies
the unique lowest-order term. In particular,

ordz y ≤ ck. (16)
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Consider the determinant of successive shifts, or Casoratian,

C(w1, . . . , wk) = det
(
σj(wi)

)
0≤j<k
1≤i≤k

.

Write the leading term of wi as λiz
ci , with λi ∈ K×. After factoring zci from column i, the constant

term of the determinant that remains is(
k∏

i=1
λi

)
det
(
(τ ci)j)

0≤j<k
1≤i≤k

=
(

k∏
i=1

λi

) ∏
1≤i<h≤k

(τ ch − τ ci).

This expression is nonzero because τ has infinite multiplicative order. Therefore

ordz C(w1, . . . , wk) =
k∑

i=1
ci. (17)

Every other K-basis of V gives a Casoratian of the same order: its matrix of successive shifts is
obtained by an invertible change of columns over K, which is fixed by σ.

To bound this order, we compare the shifted components of g with rational rows obtained from
the system. Define rational rows

R0 = u, Rj+1 = σ(Rj)A (j ≥ 0). (18)

Equation (14) gives σj(g) = RjH by induction. Each row has a presentation

Rj = Nj

Dj
, Dj(z) =

j−1∏
e=0

Q(τ ez), (19)

where Nj is a polynomial row whose entries have degree at most jν; the empty product is D0 = 1.
Indeed, take N0 = u and then Nj+1 = σ(Nj)P . Substitution by τz preserves polynomial degree,
which proves the degree bound. Moreover, Dj(0) = Q(0)j ̸= 0, so every entry of every Rj belongs
to K[[z]].

Let M be the k×m matrix with rows R0, . . . , Rk−1. Its product MH has rows g, σ(g), . . . , σk−1(g).
For a k × m matrix X and a k-element subset J ⊆ {1, . . . , m}, let XJ denote the square matrix
formed by the columns indexed by J , in increasing order. A determinant det((MH)J) is the
Casoratian of the corresponding components of g. It vanishes when those components are K-linearly
dependent. Otherwise they form a basis of V , and (17) shows that its order is

∑
i ci. Some k

components form a basis of V , so at least one of these determinants is nonzero. Consequently,

min
J

ordz det((MH)J) =
k∑

i=1
ci. (20)

Right multiplication by H preserves the minimum order of the k × k minors. To see this directly,
Cauchy–Binet expresses every minor of MH as a K[[z]]-linear combination of minors of M . The
minimum order therefore cannot decrease. Applying the same argument to M = (MH)H−1 proves
the reverse inequality, since H−1 also has power series entries. Thus

min
J

ordz det(MJ) = min
J

ordz det((MH)J). (21)

In particular, M has a nonzero k × k minor.
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By (19), any such nonzero minor has denominator
∏k−1

j=0 Dj , a unit at zero, and a nonzero
polynomial numerator of degree at most

k−1∑
j=0

jν = ν

(
k

2

)
.

Its order is at most this degree. Combining (16), (20), and (21) gives

ordz y ≤ ck ≤
k∑

i=1
ci ≤ ν

(
k

2

)
≤ ν

(
m

2

)
,

as claimed.

The characteristic plays no role in the Vandermonde calculation: distinct orders ci yield distinct
powers τ ci . In the application, K = F (t) and τ = t, so this condition holds for every coefficient
field F . The other essential local condition is that H be invertible over K[[z]], as required to use
both H and H−1 in (21).

5 Truncation and construction over the prime field
The order bound gives a finite amount of information in the variable z that detects every nonzero
formula. We first express the operators on this finite space as matrices over Fp(t). We then retain
bounded Taylor expansions in t and represent multiplication by these truncated polynomials as
matrices over Fp. A common denominator bound ensures that the second truncation preserves the
nonvanishing established by the first.

5.1 Truncating the word operators

Fix a prime p and integers n, s ≥ 1, and set

N = 1 + n

(
2s

2

)
. (22)

Let F be any field of characteristic p and put K = F (t), with t an indeterminate over F . Each
operator Ji raises z-order by at least one, so it induces an operator on K[[z]]/(zN ). In the ordered
basis 1, z, . . . , zN−1, with vectors represented by coefficient columns, its matrix is

(Ui)r,q =


(1 + t)i(r−q−1)

tr − 1 , 0 ≤ q < r < N,

0, 0 ≤ r ≤ q < N,

1 ≤ i ≤ n. (23)

Indeed, the coefficient of zr in bi(z)zq = zq+1/(1− (1 + t)iz) is (1 + t)i(r−q−1) for r > q, and inverting
σ − 1 divides that coefficient by tr − 1. In particular, Ui ∈ MatN (Fp(t)), independently of the choice
of F .

Let e0 be the coefficient column of the constant series 1. The recursion hiw = Ji(hw) gives

f(U1, . . . , Un)e0 = the coefficient column of hf mod zN (24)

for every f ∈ F ⟨x1, . . . , xn⟩. The order of the operators agrees with the order of matrix multiplication:
the rightmost operator of a word acts first.
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Suppose that f is nonzero and has a formula of size at most s. Word-series independence gives
hf ≠ 0. Section 3 represents this series as uHv in a system of dimension m ≤ 2s with numerator
and denominator degrees at most n. Theorem 4.1 therefore gives

ordz hf ≤ n

(
m

2

)
≤ n

(
2s

2

)
= N − 1.

Thus (24) is nonzero, and in particular

f(U1, . . . , Un) ̸= 0. (25)

The tuple U already has the required simultaneous detection property, but its entries are rational
functions. We next replace these functions by finite matrices while preserving this property.

5.2 Retaining finitely many coefficients of t

All denominators in (23) are nonzero at t = 0. Moreover, one denominator clears every polynomial
evaluated at U . Define

D(t) =
N−1∏
r=1

(tr − 1), E = 1 +
(

N

2

)
+ n(N − 1). (26)

For every f ∈ F ⟨x1, . . . , xn⟩, each entry of Df(U) is a polynomial in F [t] of degree less than E. To
verify this, consider a nonzero summand in the (r, q) entry of a word product Ui1 · · · Uik

. Since the
matrices are strictly lower triangular, the summand follows a chain

q = j0 < j1 < · · · < jk = r < N.

Its denominator is
∏k

a=1(tja − 1), which divides D because the indices ja are distinct. Its numerator
is a power of 1 + t whose exponent is

k∑
a=1

ik−a+1(ja − ja−1 − 1) ≤ n(r − q − k) ≤ n(N − 1).

Multiplying by D therefore gives degree at most deg D + n(N − 1) = E − 1. For the empty word
the assertion follows from deg D =

(N
2
)
; words of length at least N give zero. Taking F -linear

combinations proves the assertion for f . This reasoning does not require the factors of D to be
relatively prime.

We use the following elementary descent statement to turn this degree bound into matrices over
the coefficient field. For a field k, write

k[t](t) =
{

a(t)
b(t) : a, b ∈ k[t], b(0) ̸= 0

}
.

Reduction modulo tE defines a k-algebra map from this ring to k[t]/(tE), since a polynomial with
nonzero constant term is a unit in the quotient.

Lemma 5.1 (Descent by a finite coefficient ring). Let k be a field, let n, N, E ≥ 1, and let
V1, . . . , Vn ∈ MatN (k[t](t)). Reduce their entries modulo tE, and replace each resulting entry
by its matrix of multiplication on k[t]/(tE) in the basis 1, t, . . . , tE−1. This produces matrices
T1, . . . , Tn ∈ MatNE(k).

11



Let F/k be any field extension and f ∈ F ⟨x1, . . . , xn⟩. Suppose that a polynomial D ∈ F [t] with
D(0) ̸= 0 satisfies

Df(V ) ∈ MatN (F [t]), degt

(
(Df(V ))a,b

)
< E whenever (Df(V ))a,b ̸= 0.

If f(V ) ̸= 0 over F (t), then f(T ) ̸= 0 over F .

Proof. Put RF = F [t]/(tE) and let πF : F [t](t) −→ RF be reduction. Since f(V ) ̸= 0, some entry of
Df(V ) is a nonzero polynomial of degree less than E. Its reduction is nonzero. Hence

πF (D) f(πF (V )) = πF (Df(V )) ̸= 0,

and therefore f(πF (V )) ̸= 0.
Multiplication on RF gives a unital F -algebra map

ρF : RF −→ MatE(F ).

It is injective: if multiplication by a ∈ RF is zero, applying it to 1 gives a = 0. Replacing entries by
their multiplication matrices thus gives an injective unital F -algebra map

ρ
(N)
F : MatN (RF ) −→ MatNE(F ).

The maps πF and ρF extend the corresponding maps over k. Consequently ρ
(N)
F (πF (Vi)) is the

matrix Ti viewed over F , and
f(T ) = ρ

(N)
F

(
f(πF (V ))

)
̸= 0.

Unital F -linearity also shows that every scalar a ∈ F acts as aINE throughout this evaluation.

Apply the construction in Lemma 5.1 with k = Fp and Vi = Ui, using the parameters in (22)
and (26). We denote the resulting tuple by

Tp,n,s = (T1, . . . , Tn), d = NE. (27)

Only multiplication and reduction of functions regular at t = 0 enter this step. The shift automor-
phism is used before truncation; no shift on Fp[t]/(tE) is needed.

5.3 The uniform algorithm and the main theorem

Proof of Theorem 1.1. We first verify the simultaneous guarantee. Fix any field F of characteristic
p and any nonzero polynomial f over F computed by a formula of size at most s. Equation (25)
gives f(U) ̸= 0 over F (t). The degree bound following (26) verifies the hypotheses of Lemma 5.1,
which gives f(T ) ̸= 0. The tuple in (27) depends only on p, n, s. Thus this argument applies to all
choices of F and all their scalar coefficients with the same prime-field output.

Here is a finite deterministic algorithm for producing that output. Compute the integers N, E, d.
Represent elements of Fp[t]/(tE) by length-E coefficient arrays, keeping each coefficient as its residue
in {0, . . . , p − 1}. For 0 ≤ q < r < N , the required denominator inverse is explicitly

(tr − 1)−1 = −
⌊(E−1)/r⌋∑

j=0
trj (mod tE). (28)

Indeed, its product with tr − 1 is 1 − tr(⌊(E−1)/r⌋+1), which is 1 in the quotient. Form (1 + t)i(r−q−1)

by repeated multiplication by 1 + t, reducing modulo tE and modulo p after every operation, and

12



multiply it by (28). This computes the reduction of every entry in (23); the remaining entries are
zero.

If such an entry is c0 + c1t + · · · + cE−1tE−1, its multiplication block has entry ca−b in row a,
column b when 0 ≤ b ≤ a < E, and zero when a < b. Thus each block is obtained by shifts and
truncations of one coefficient array. Output d and the matrices Ti densely, with these blocks in the
positions prescribed by Ui and with every entry written as its ordinary binary residue.

We record the cost in the Turing model. Put L = ⌈log2 p⌉ and B = n + s + L + 1. The parameter
formulas give

N = O(ns2), E = O(n2s4), d = O(n3s6),

and in particular N = O(B3), E = O(B6), and d = O(B9). All exponents used above are at most
n(N − 1). With schoolbook polynomial arithmetic, at most

O
(
(1 + nN)E2)

residue operations suffice per entry of the N -by-N matrices, including the construction of its
multiplication block. For all nN2 entries this is O(B23) residue operations. Elementary binary
arithmetic and division with remainder implement each residue operation in a number of bit
operations polynomial in L + 1.

The dense output has bit length

O
(
log(d + 1) + nd2(L + 1)

)
= O(B20),

including entry separators and dimensions. The algorithm stores only polynomially many bits:
coefficient arrays, matrices, and loop counters all have polynomial size in B. On an ordinary Turing
machine, even locating every array entry by a scan of this storage adds only a polynomial factor.
Integer parameter calculations and input processing also have polynomial bit cost. These explicit
finite loops therefore give absolute constants C, k bounding both running time and output length by
CBk, as claimed.

The same construction applies to the acyclic scalar/variable-labelled path programs of Section 3.
Their significance here is that their state bound is the number of graph vertices, even when different
paths share subpaths.

Corollary 5.2. There is a deterministic algorithm which, on input (bin(p), 1n, 1m) with p prime
and n, m ≥ 1, outputs a tuple in Matd(Fp)n detecting every nonzero polynomial computed by an
acyclic scalar/variable-labelled path program with at most m vertices, simultaneously over every field
of characteristic p. One may take

N = 1 + n

(
m

2

)
, E = 1 +

(
N

2

)
+ n(N − 1), d = NE = O(n3m6).

The running time and dense output length are polynomial in n + m + ⌈log2 p⌉.

Proof. Section 3 gives the same strictly upper triangular coefficient representation using at most
m states. Thus Theorem 4.1 yields ordz hf ≤ n

(m
2
)

for every nonzero path polynomial. With
this value of N , define Ui by (23) and apply Lemma 5.1 with k = Fp and E as displayed above.
The same degree bound and bit analysis apply. When m = 1, every path polynomial is constant
and N = E = d = 1; the output consists of zero 1-by-1 matrices, which detect every nonzero
constant.
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